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In this dissertation, we study multiple nonequilibrium many-body systems from different
aspects. We begin with a brief introduction to nonequilibrium system and general discussions
of terminology. In Chapter 2, we study locally scrambled quantum evolution and develop a
novel formalism to describe entanglement dynamics. In Chapter 3, we examine quantum quench
across quantum phase transition in the presence of decoherence. We found a new scaling law in
strong decoherence limit. In Chapter 4, we investigate multiple one-particle probes to diagnose

the properties of steady states under dissipative and decoherent dynamics.
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Chapter 1

Introduction

Physics is the branch of science which studies the nature and properties of matter. Matter
is any substance with masses, including fundamental particles, materials around our daily life,
and the largest galaxy in universe. The wide range of spatial scales and number of particles
involved in matter match along with different branches in physics. Note that this scale hierarchy
does not imply any subordinance or superiority between these branches. As Philip Anderson
mentioned in his well-known article, "More is different”[2], new generalization and concepts are
required in different scales.

One significant example is the many-particle system with an enormously large number
of particles, a typical number scale being the Avogadro’s Number (~ 6.02 x 10?%). Studying a
generic many-particle system is a challenging problem. However, under equilibrium assumption,
we could simplify the many-particle system and utilize a relatively small number of thermody-
namic variables to characterize it. This characterization does not allow complete and detailed
descriptions of the system, such as the exact velocity of a certain particle. Instead, it means
that the physical quantities could be described by a statistical ensemble average. The type of
the statistical ensembles depends on system nature. For the classical system, the particles are
distinguishable and the particle statistics is Maxwell-Boltzmann statistics. As for quantum
systems, two types of spins along with indistinguishable particles give two different particle

statistics, Bose-Einstein statistics and Fermi-Dirac statistics [3]. In addition, different conserved



quantities in the system would lead to different ensembles, including micro-canonical, canonical,
and grand-canonical ensembles. These tools in statistical mechanics enable us to describe a many-
body system in equilibrium and compute physical quantities of interest from the well-established
protocols.

By contrast, a nonequilibrium system fails to provide such universal protocols, which not
only increases the difficulty in modeling nonequilibrium systems but also triggers much interest
in exploring unique physical phenomena in nonequilibrium systems. In this thesis, I focus on
several nonequilibrium systems and study their physical properties and behaviors. In Chap. 2,
the target nonequilibrium system is a multi-qubit system under locally scrambled quantum
dynamics which are realized by local random circuits. To characterize how this system arrives at
equilibrium, we study the dynamics of quantum entanglement. Entanglement represents how
separate portions in the system are correlated and dependent on each other. This correlation
could exhibit differently in classical and quantum systems. To elaborate this dependence and the
difference between classical and quantum systems, [ would use a two-qubit system as an example.
The qubit is a quantum-mechanical system with two states which are labeled by | 1),| ]). To
quantitatively compute the dependence between these two qubits, I would use the information

measure, mutual information, (A, B), defined as

I(A,B) = H(A)+H(B) — H(A,B) (1.1)

where A, B represent different regions and H(X) is the information entropy of region X. To
compute the information entropy, I would first define reduced density matrix px. Suppose the
density matrix for the full system is p, the reduced density matrix of the region X is px = Trg p
where X is the complement of the region X. The information entropy of the region X is defined
as

H(X)=—Trpxlogpx. (1.2)



In the following, I would compute the mutual information for three different two-qubit
systems. The region A is the first qubit, whereas the region B is the second qubit. The first system
is that these observed states of these two qubits are independent. The corresponding density

matrix is

1 1 1 1
p =MD+ IO+ 2D AT+ 7 DL (1.3)

The reduced density matrices are

1 1 1 1
pA:§\T><T|+§|¢><¢I,p32§!T><T|+§|¢><H (1.4)

The mutual information is zero since H(A) = H(B) = 3H(A,B) = log2. The second system is

that these two qubits are perfectly correlated. The density matrix is

p = SI T [+ 5 L | (1.5

The reduced density matrices are equal to the first example,

1 1 1 1
pa = §|T><T|+§| Wl pe= §!T><T|+§\ W (1.6)

However, the information entropy for the full system is different, H(A,B) = log2. Hence, the

mutual information is I(A,B) = log2. The third system is a quantum maximally entangled

system. One typical example is the Bell state, |¢) = \/Liﬂ 1) +14,1)). Then, we can construct

the density matrix as

p = ZI T 43I [+ 5] L 5] (L | 1.7

Since this density matrix is constructed from a pure state, the corresponding information entropy

is simply zero. As for the reduced density matrices, they are equal to the previous examples.



Hence, the resultant mutual information is 21log2. This simple example quantitatively presents
the difference between classical correlation and quantum entanglement (quantum correlation).
Since quantum entanglement builds on quantum nature of the system, quantum entanglement
dynamics is an unique and useful tool to diagnose nonequilibrium quantum many-body systems.
In this work, we developed a new formalism to describe entanglement dynamics under locally
scrambled quantum dynamics. This new framework provided us with a novel perspective to view
the entanglement dynamics with an imaginary-time Schrodinger equation.

In Chap. 3, the nonequilibrium system is a quantum many-body system under quantum
quench dynamics across a critical point with decoherence. In a quantum quench, the system is
prepared at the ground state of the initial Hamiltonian (Hp). Then, the system evolves with a
different Hamiltonian (H,). Typically, these two Hamiltonians have the same format but with
different parameters (mg/m,). Based on how the Hamiltonian is tuned between Hy and H,, the
quantum quench can be divided into two types: sudden quenches and continuous quenches.
The sudden quenches indicated a sudden change of parameter from myg to m, at t = 0. As for
continuous quenches, the parameter would gradually change from my to m, with a quench rate
1 /7. The sudden quenches can be also considered as a limiting case as T — 0. This quench rate
serves a source which drives the system out of equilibrium, whereas another important time scale,
the intrinsic relaxational time scale, would try to bring system back to equilibrium. This intrinsic
relaxational time scale is determined by the inverse of energy gap. For any nonzero energy gap,
it’s always possible to find a slow enough quench rate to maintain system equilibrium. However,
the equilibrium could not be achieved with the existence of critical point during continuous
quench. The gap-closing behavior at the critical point leads to a divergent relaxational time scale.
Hence, the final state of the system fails to arrive equilibrium regardless of the quench rate. Even
though the final state is a non-equilibrium system, its universal length scale can still be predicted
from Kibble-Zurek scaling[4, 5, 6, 7], which contains correlation length exponent and dynamical
critical exponent of the critical point. This Kibble-Zurek scaling serves as a strong tool under

nonequilibrium dynamics. In this work, we incorporate the environmental decoherence during



the continuous quench, which leads to a new scaling relation in strong decoherent limit. We
perform numerical simulation to verify our analytical prediction.

In Chap. 4, the non-equilibrium system is the quasi-periodic system under dissipative and
dephasing dynamics. Our quasi-periodic system is the one-dimensional Aubry-Andre-Harper
model which could exhibit extended and localized phases under different relative strengths
between nearest-neighboring and incommensurate on-site potential. In this work, we cou-
ple Aubry-Andre-Harper model with the environment and aim at studying the corresponding
non-equilibrium steady states. The probes are participation ratio, one-particle von Neumann
entropy and one-particle logarithmic negativity. Our results suggest their ability to capture
phase properties and potential future application to investigate different phases in open quantum

system.



Chapter 2

Markovian entanglement dynamics under
locally scrambled quantum evolution

2.1 Synopsis

We study the time evolution of quantum entanglement for a specific class of quantum
dynamics, namely, the locally scrambled quantum dynamics, where each step of the unitary
evolution is drawn from a random ensemble that is invariant under local (on-site) basis transfor-
mations. In this case, the average entanglement entropy follows a Markovian dynamics, such
that the entanglement property of the future state can be inferred from the entanglement property
of the unitary operator of the underlying quantum dynamics. We introduce the entanglement
feature formulation to concisely organize the entanglement entropies over all subsystems into
a many-body wave function, which allows us to describe the entanglement dynamics using an
imaginary-time Schrodinger equation, such that various tools developed in quantum many-body
physics can be applied. The framework enables us to investigate a variety of random quantum
dynamics beyond Haar random circuits and Brownian circuits. We perform numerical simula-
tions for these models and demonstrate the validity and prediction power of the entanglement

feature approach.



2.1.1 Contribution of the author

The author has contributed in developing the main formalism and in writing the paper.

He has performed the numerical calculations together with A. A. Akhtar.

2.2 Introduction

Quantum entanglement dynamics[8, 9, 10, 11, 12] is an emerging field that ties several
interesting topics together, including non-equilibrium and driven quantum systems[13, 14,
15], many-body localization and thermalization[16, 17, 18, 19, 20, 21], quantum chaos and
holography([22, 23, 24,25, 26]. The central theme is to understand the production and propagation
of quantum entanglement in quantum many-body systems. For pure states, the amount of
quantum entanglement between a subsystem A and its environment A can be quantified by
the (Rényi) entanglement entropy (EE) S (A) = 1=-logTra p where ps = Trg |¥) (| is the
reduced density matrix of subsystem A. Various quantum information measures (such as mutual
and tripartite information) can be constructed from the EE over different regions. Here, we
would like to focus on the 2nd Rényi entropies S ) (A) and establish their dynamic equations
under quantum evolution.

As a quantum state |¥) evolves in time, its EE’s S?)(A) over different regions A will
also change with respect to time in general. It is desired to understand how the unitary evolution
of the quantum state induces the dynamics of quantum entanglement. There have been several
works on the entanglement growth in quantum many-body systems[27, 28, 29, 12, 24, 30, 31, 32,
33, 34, 35, 36, 37]. The main focus has been on the half-system (or a single region) EE. To gain
more resolution of the many-body entanglement structure, we extend our scope to all possible
bipartitions of the system (including multiple disconnected entanglement regions). The question
we would like to address is that given S() (A) at initial time over all possible subsystems A, what
will be the equation of motion governing the evolution for all of them jointly in later time?

However, EE’s over all regions contain a large amount of data, because the number of



possible bipartitions 2% grows exponentially in system size L. We need a conceptually concise
way to organize these entropy data, in order to make progress in describing their dynamics. In
Ref. [38], it was proposed that all these EE’s can be organized into “entanglement features”,
which admit compact representations in terms of Boltzmann weights of Ising models. The key
idea is to label each entanglement region A by a set of Ising variables 6 = (07,02, - - ), such that
0; =} (or 1) corresponds to i € A (or i € A) for each site i. Then the EE S(?) A)=S (2) [0] can be
treated as a free energy associated to the Ising configuration &, and the entanglement feature

s@o] _ 1y p3, which is simply

(EF) refers to the corresponding Boltzmann weight W[0] = e~
the purity for the 2nd Rényi case. Its time evolution can be related to the Loschmidt echo on
the duplicated system,[12] which could be of experimental relevance. In this work, we further
develop the Ising formulation by encoding the EF as a fictitious spin state |W) = Y s W[0]|0),
which we called the EF state. This rewriting packs the exponentially many entanglement data
into a single EF state (as a many-body wave function). This conceptual simplification enables
us to formulate the entanglement dynamics in a concise form of imaginary-time Hamiltonian

evolution of the EF state

o |W) = —Hgg|W), (2.1)

which can be further analyzed using powerful tools that have been developed in quantum many-
body physics. Our development is along the line of mapping entanglement dynamics to statistical
mechanical problems, as discussed in a few recent works [39, 28, 30, 40, 32, 33, 41, 42]. Given
the equivalence between statistical mechanics and imaginary-time quantum mechanics, it is not
surprising that the entanglement dynamics could admit a quantum mechanical formulation as
Eq. (2.1).

Treating the EF W[6| as an (unnormalized) probability distribution of entanglement
regions O, the proposed dynamic equation in Eq. (2.1) could be interpreted as a Markov equation.
The assumption behind this equation is that the future EF of a many-body state can be entirely

determined based on the current EF without the need to know about the past EF or about other



information beyond the EF. Unfortunately, this assumption does not hold in general! In fact, the
entanglement dynamics is generally non-Markovian, meaning that knowing the present EE’s
even for all possible regions is still insufficient to determine their evolution in the future,! so
we should not expect Eq. (2.1) to work in general. In this work, we point out a specific yet rich
enough class of quantum dynamics, called the locally scrambled quantum dynamics, whose
entanglement dynamics can be described by Eq. (2.1) (or some discrete version of it). Quantum
dynamics can always be formulated as a unitary evolution U = [], U; that can be chopped up
into products of simpler unitaries U; at each time slice ¢ following a time ordering. A quantum
dynamics is said to be locally scrambled, if for every time step, the unitary U; is drawn from a
random unitary ensemble that is invariant under local (on-site) basis transformations, and U;
at different time ¢ are sampled independently. Such dynamics can be constructed by inserting
local scramblers (product of on-site Haar random unitaries) between every time step, as if the
system constantly forget about the choice of local basis from one time step to another. It can
be used to model those quantum many-body systems with fast and random dynamics on each
site, such that the quantum information is scrambled on each site quickly and sufficiently during
each step of the time evolution. One famous example in this class is the Haar random unitary
circuit[28, 40, 31, 32]. We will provide more examples of locally scrambled quantum dynamics
in this work.

The reason that the future EE can be uniquely determined by the present EE under the
locally scrambled quantum dynamics is related to the fact that the EE is a local-basis-independent
quantity. As the local scramblers constantly remove the local-basis-dependent information in
the quantum many-body state, only the local-basis-independent information can survive in time
to govern the future evolution. Such local-basis-independent information can be captured by
EE’s over all possible entanglement regions, which are summarized as the EF of the quantum

many-body state. In this work, we develop the theoretical framework to derive the dynamic

!One can easily construct examples like | 11) and | 1)), which are both product states, but their evolution under
the same Hamiltonian H = S - §, will result in states of different entanglements.



equation governing the evolution of the EF under locally scrambled quantum dynamics. We
establish a systematic approach to construct the EF Hamiltonian Agp based on the entanglement
properties of the physical Hamiltonian or unitary operators that describe the quantum dynamics.
We also carry out numerical simulations to justify the assumptions made in the theoretical
development, and demonstrate the prediction power of the EF approach.

The paper is organized as follows. In Sec. 2.3, we first develop the theoretical framework
for the EF and its application to the locally scrambled quantum dynamics. We start with the
definition of EF for both quantum many-body state and quantum unitary circuits in Sec. 2.3.1.
We then promote these notions to their quantum mechanical versions, introducing the EF
states and EF operators in Sec.2.3.2. With this setup, in Sec.2.3.3, we prove an important
relation between the the state and the unitary EF’s, thereby mapping the unitary evolution of the
quantum state to the dissipative evolution of the EF state under the corresponding entanglement
dynamics in Sec.2.3.4. Taking the continuum limit, we obtain the Schrodinger equation for
EF state and derived the most generic form of the EF Hamiltonian in Sec.2.3.5. We analyze
the spectral properties of the EF Hamiltonian and their consequences on the universal behavior
of entanglement dynamics in Sec.2.3.6. We investigate the excitation spectrum of the EF
Hamiltonian and obtain the quasiparticle dispersion in Sec.2.3.7, which allows us to predict
the long-time saturation behavior of the entanglement. We will provide numerical evidences in
Sec. 2.4 to demonstrate the validity of the EF approach. We first introduce two models of locally
scrambled quantum dynamics in Sec. 2.4.1, namely the locally scrambled quantum circuit and the
locally scrambled Hamiltonian dynamics, which are further discussed in details in Sec.2.4.2 and
Sec. 2.4.3 separately. We sum up in Sec. 2.5 making connections to related topics and potential

future development.

2.3 Theoretical framework
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2.3.1 Definition of entanglement features

Let us consider a quantum many-body system consisting of L qudits, where each qudit
(d-dimensional quantum system) has a d-dimensional physical Hilbert space, such that the total
Hilbert space dimension is d”. To define the 2nd Rényi entropy, we will need to duplicate the
system and evaluate the expectation value of swap operators within a subsystem A of interest.
There are altogether 2% possible choices of a subsystem A, as each qudit can independent decide
to be included in A or not. To label the 2% different bipartitions of the system, we introduce a set
of classical Ising variables 6 = (07,03, - -, 01 ), such that the Ising variable o; determines if the
ith qudit belongs to region A or its complement A, following

1T i€A,

o = (2.2)
l i€A.

These Ising variables do not correspond to any degrees of freedom of the underlying quantum
many-body system. Instead, they represent the identity or swap operator supported on the

duplicated system, which are used to define the 2nd Rényi entropy. To be more specific, we

define a permutation operator 2, acting on the duplicated Hilbert space of the ith qudit,

;= ch,ﬁzl joB)(aBl; if o; =T,
Xi = Z?x,ﬁzl |O‘B>i<ﬁa|i if 0; =4,

%(y —

i (2.3)
which is assigned to the identity operator ||; or the swap operator ¥; depending on the Ising
variable 0;. Assembling these permutation operators together, we define Z¢ = ®iL: | X, for
the duplicated L-qudit system, which implements swap operations in the region A specified by
the Ising configuration o .

With these notation setup, we can define the entanglement feature (EF) of quantum

many-body states and time-evolution unitary circuits[43, 38]. The EF of a many-body pure state
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Figure 2.1. Diagrammatic representation of (a) the state EF Wy, [o] and (b) the unitary EF

Wy|o,1]. The Tr operator contracts the dangling bottom legs with the corresponding dangling
top legs.

|W) is defined as
Wig[6] = 57100 = Tr (25(1W) ())*2), (2.4)

which resembles Boltzmann weights for Ising configurations ¢ labeling different entanglement
regions. In terms of the tensor network representation, the state EF can be depicted as Fig. 2.1(a).
Not only for quantum states, the EF can also be defined for unitary circuits under the state-

operator correspondence.[23, 44, 45] The EF of a unitary circuit U is defined as
Wylo,t] = Tr (26U 27U7?), (2.5)

which depends on two sets of Ising configurations ¢ and 7 that separately specifies the entangle-
ment regions on the past (input) and the future (output) sides of the unitary circuit, as illustrated
in Fig.2.1(b). The state EF W}y, (o] provides a comprehensive description of the entanglement
properties of the pure state |¥), which contains the information about EE, mutual information

and multipartite information among different subsystems. Similarly, the unitary EF Wy [0, 7]
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characterizes the entanglement properties of the unitary circuit U, including the EE and mutual
information between past and future degrees of freedoms, which are also closely related to
the operator-averaged out-of-time ordered correlator (OTOC)[23, 46, 47] under the quantum
dynamics U.

It worth mention that entanglement features are invariant under local basis transforma-
tions. A generic local basis transformation takes the form of V = ®{f:1 V; with V; being a unitary
operator acting on the ith qudit. It is easy to see that both the state EF and the unitary EF are

independent of the choice of local basis, i.e.

In this way, the EF forgets about the local basis dependent information in quantum states or
unitary circuits, and only captures the entanglement properties that are universal to local basis

choices.

2.3.2 Operator formalism of entanglement features

To make our notation more concise, let us introduce a set of Ising basis |6, then we can

pack Wiy, to an entanglement feature state (EF state) [Wy) as

W) =) Wy lo]lo), (2.7)

and Wy to an entanglement feature operator (EF operator) Wy as
Wy =Y |o)Wwylo,7)(z]. (2.8)
0,7

The Ising basis |6') span a 2F-dimensional Hilbert space of L qubits, called the entanglement
feature Hilbert space (EF Hilbert space). It should not be confused with the d’-dimensional

physical Hilbert space of the underlying quantum many-body system. Each Ising basis state |o)
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in the EF Hilbert space simply corresponds to a bipartition of the L physical qudits following
Eq.(2.2).
Given the EF state |Wiy), the EE S(?)[6] over all regions can be retrieved from the inner

product of |W\y> with the corresponding Ising basis state
eSVl0] — W, (0] = 2.9
= Wiy 0] = (0] Wep). (2.9)

In particular, a product state |¥poa) = ®; | i) has zero EE in any region (Vo : $©)[6] = 0), so

its EF state is therefore a equal weight superposition of all Ising configurations,
[Woroa) = Y_|6)  (product state), (2.10)
(e}

which corresponds to the (ideal) paramagnetic state of Ising spins. On the other hand, a Page
state[48] |Wpage) exhibits the maximal volume-law EE, whose EF state is given by
cosh(n ¥i; 01)
(Whage) = Z cosh(nL) |o)  (Page state), (2.11)

c

where 1 = 1logd and we have adopted 6; = +1 in the formula to represent 1, spins. This
result follows from the definition. Its detailed derivation can be found in Appendix A.1. The
state |Wp,ge) contains extensive ferromagnetic correlations among Ising spins. In this picture, the
process of quantum state thermalization corresponds to the process of building up ferromagnetic
correlations in the EF state (until saturation to the Page state).

Let us also provide some examples for the EF of unitary gates which will be useful later.
The EF of a single-qudit identity operator is straightforward to calculate based on the definition

in Eq. (2.5),

Wi =d>(| ) [+ DD+ DA+ DD,

—d(d+X),

(2.12)
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where X denotes the Pauli-X operator acting on the qudit site (acting in the EF Hilbert space, not
in the qudit Hilbert space), and d is the qudit dimension. A more non-trivial example is the EF
of a two-qudit Haar random unitary gate U;; (averaged over Haar ensemble) that acts on qudits i

and j,

WHaar :d2 (d + Xi) (d + Xj)

AP -1)1-27;
d?+1 2

(2.13)
(d* — X:X;),

where X; and Z; are Pauli-X and Z operators acting on site i. The derivation can be found in

Appendix A.2.

A

U Wy

I R I

() U )| =W(Wu)( Wu, )

0 b I
Physical Hilbert space EF Hilbert space

Figure 2.2. The mapping from the unitary operator in the physical Hilbert space to the corre-
sponding EF operator in the EF Hilbert space. Locality is preserved under the mapping, enabling
us to factorize the operators in the same manner on both sides.

Unitary gates are the building blocks to construct more complicated unitary circuits.
One nice property of the EF operator is that it preserves the locality in space, meaning that if a
unitary U operator can be factorized to smaller unitaries U, over the space x, its corresponding

EF operator Wy is also factorized in the same manner

U=QRU:. = W =W, (2.14)
X X

as examplified in Fig. 2.2. This property allows us to assemble the local EF operators together.

For example, the EF operator Wy of the identity operator for a L qudit system be obtained by
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assembling the single-qudit result in Eq. (2.12) together

L L
Wi = []d(d +X;) = (coth § csch 8)- [T %%, (2.15)

i=1 i=1

where we have introduced the constant o

d+1
d—1

1
0 = arccothd = = log

5 (2.16)

to exponentiate the operator. The exponential form allows us to take the operator inverse easily,
such that
Wt f[ 1-d7'% (tanhss'nhé)LfI —8X; (2.17)
=||—= i e o, .
! i=1 d>—1 i=1
These results will be useful in later discussions. In the following, we will show how the evolution

of the EF state can be inferred from the EF operator of the unitary circuit.

2.3.3 Relation between state and unitary entanglement features

Suppose U describes a unitary circuit that evolves an initial quantum many-body state
|¥) to the final state U|W¥). This quantum dynamics will induce a corresponding entanglement
dynamics, under which the EF of the initial state W)y, evolves to that of the final state Wy y).
Can we predict the final state EF Wy based on our knowledge about the initial state EF Wy
and the EF Wy of the unitary evolution?

In general, this problem is not well-posed. Because U and |¥) contain many ‘“non-
universal” features that are specific to the choice of local basis, such features may affect the
final state entanglement, but they are not captured by the EF, as the EF is invariant under local
basis transformations. Therefore, the final state EF can not be inferred from the initial state EF
and the unitary EF in general. However, instead of dealing with a specific unitary circuit U, we

consider an ensemble of unitary circuits U’ = VUV related to U by local basis transformations
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V, denoted by
L
&y = {v*Uv’v ~RViVie Haar}, (2.18)
i—=1

where each V; is independently drawn from the Haar random unitary ensemble defined on the ith
qudit. We will call &y the locally scrambled unitary ensemble associated with U. According
to Eq. (2.6), one immediately sees that all unitary operators U’ € &y in the ensemble share the
same entanglement feature as that of U, i.e. Wy = Wyy. Rather than asking about the EF of a
specific final state U|W¥), if we are allowed to consider the ensemble average of the EF over
all final states U'|'¥) with U’ € &y, the final state EF Wy gy will indeed be constructable from
the initial state EF Wjyy and the unitary EF Wy = Wy on the average level. Using the operator

formalism, the relation can be written in a concise form as

E [Wyn) =WyWy ' |Wa), (2.19)
U/Géau

where W is the EF operator for the identity evolution 1 and W]fl is its inverse, which was
given in Eq. (2.17) explicitly. One can derive Eq. (2.19) using tensor network diagrams, see
Appendix A.3 for details. To simplify the notation, we may suppress spelling out the ensemble
average Eyrcg, explicitly in later discussions, with the understanding that in this work any
unitary operator appearing in the subscript of the EF operator will be implicitly averaged over
local basis transformations. Eq. (2.19) establishes an important relation between the state and
the unitary EF’s, which enables us to compute the evolution of the state EF induced by the
underlying quantum dynamics, given the EF of the corresponding unitary evolution U. A special
case of Eq.(2.19) has been discussed in Ref. [38, 47], where the initial state is restricted to
product states.

As a side remark, we would like to provide some justifications for the use of locally
scrambled unitary ensembles &7. Technically speaking, working with these ensembles enables

us to predict the future evolution of EE’s purely based on their current data, because the
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local-basis-dependent features of a quantum state are removed by local scrambling and the
remaining local-basis-independent features are captured by the EF?. This setup allows us to
make progress in understanding the entanglement dynamics with a tractable theoretical limit.
Physically speaking, we can imagine systems with separating time scales between the on-site
and the inter-site quantum dynamics. Suppose the on-site dynamics is fast and random, then
the quantum information would be sufficiently scrambled on every site, before it can spread
out to other sites at a longer time scale. So the overall unitary evolution will constantly be
interrupted by the insertion of local scramblers V; € Haar, making the evolution effectively
local-basis-independent. In fact, many well explored random unitary ensembles in the field of
entanglement dynamics are local-basis-independent (or “locally scrambled” in our language),
including random unitary dynamics[49, 50, 28], random Hamiltonian dynamics[38, 51, 52, 53]
and random Floquet dynamics[54, 55]. This strategy has also been adopted in the discussion of
operator dynamics[30, 31, 32, 35, 36] and random tensor networks[39, 43, 56, 42]. Historically,
the study of these models has advanced our understanding about the universal behavior of

entanglement dynamics, so we would like to carry on this line of research.

2.3.4 Markovian entanglement dynamics

As long as we know how to construct the EF operator Wy, for any unitary evolution
U of interest, we can apply the operator formalism in Eq. (2.19) to compute the entanglement
dynamics. However, calculating the EF for a large and deep unitary circuit is a difficult many-
body problem, hence the relation Eq. (2.19) is still hard to apply. But if all unitary gates in the
unitary circuit are independently drawn from locally scrambled unitary ensembles, they will be
decoupled in time, such that we can apply the EF operator iteratively to drive the evolution of
the EF state.

To be more concrete, let us consider the case where the full unitary evolution can be

2Strictly speaking, all the local-basis-independent features are capture by the full set of Rényi entropy to all
Rényi orders. But here we only focus on a subset described by the 2nd Rényi entropy.
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Figure 2.3. Quantum dynamics induces entanglement dynamics, assuming each unitary U; is
drawn from local basis invariant ensemble independently. The operator entanglement property
of U; determines the transfer matrix 7; that evolves the EF state via Eq. (2.25), and the EF state
|Wy,) encodes the entanglement properties of the quantum state |¥;).
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broken up into discrete time steps (or layers), and each single-step unitary evolution at time ¢ is
described by U, as illustrated on the left of Fig. 2.3. Then the quantum many-body state |¥;)

evolves from step to step following
|Tz+1> - Ut‘l}’t> (220)

Suppose U; at different time ¢ are independently drawn from random unitary ensembles (not
necessary Haar random) which are invariant under local basis transformation, then the full unitary
evolution

U=T]U =UU_---U:iUp (2.21)
t

will form a random unitary circuit that defines a locally scrambled quantum dynamics. If we

spell out the local basis transformations V; that has been made at each time step, 1.e. U; = V,T U/v;,
U=V U VV U Vi, (2.22)

we can see that the neighboring transformations VtVLI can merge into a single layer of local
scramblers. Therefore a locally scrambled quantum dynamics can also be viewed as repeatedly
applying the on-site scrambling VIVJ_I followed by the inter-site unitary U/. In this way, the
quantum many-body state is always sufficiently scrambled on each qudit and the scrambling
is uncorrelated in time, such that the information about local basis choice does not pass on
from step to step. Separating each step of the unitary evolution by local scramblers is our key
assumption about the quantum dynamics, which enables us to proceed.

The entanglement dynamics induced by the locally scrambled quantum dynamics is
Markovian, and admits a simple transfer matrix description. To see this, we evaluate the final

state EF averaging over all locally scrambled unitary ensembles at different steps

Wg,,,) =E E - [Wyu,_,.w,)- (2.23)

tYr—1
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Applying Eq. (2.19), we arrive at the recurrent equation for the ensemble averaged EF state
Wa,..,) = T |Wap,), (2.24)
where we have introduced the transfer matrix
T, = Wy, Wy ! (2.25)

to evolve the EF state |Wy,) according to the EF of the single-step unitary U;. As summarized
in Fig. 2.3, Eq. (2.25) is the key equation that bridges the quantum dynamics and entanglement
dynamics, allowing us to predict the evolution of entanglement properties of a quantum state
based on the entanglement properties of the unitary operator applied at each time step. If we
further assume locality of the quantum dynamics such that U; = @, U; « can be decomposed into
products of non-overlapping local unitary gates U; , (each gate only acts on a few qudits and
its spatial position is labeled by x), the EF operator Wy, can be factorized in the same manner
following Eq. (2.14)

Wy, = @ Wu,., (2.26)
X

where VAVUt_’x is the EF operator for each local unitary gate, which can be easily computed (as it
only involves a few qudits). Along this line, the transfer matrix 7; can be constructed purely
based on our knowledge about the EF of each unitary gate involved in the quantum dynamics.
Using Eq. (2.24), we can evolve the EF of any initial quantum state in time, given the
locally scrambled quantum dynamics. The time evolution of the (2nd Rényi) EE can be read out
from the EF by
sPe](1) = —log (6| We,), (2.27)

following Eq. (2.9). Strictly speaking, there is a subtle issue about exchanging the order of the

logarithm with all the ensemble average in Eq. (2.23). We are typically more interested in the
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ensemble average of the EE other than the EF. So the correct average for the EF should be
the geometric mean exp(ElogW|[o]), but we are replacing it by the algebraic mean EW[6] in
Eq. (2.23), which always overestimates the EF and hence underestimates the EE. So the EE
obtained in Eq. (2.27) only serves as a lower bound of the ensemble averaged EE. We may
treat this lower bound as an approximation, but we can not claim that it is always a good
approximation, because there are known scenarios where this approximation is problematic. For
example, near the entanglement transition[42, 57, 58] where critical fluctuation is important, this
approximate treatment gives wrong answers about the universality class and critical exponents.
There have been more rigorous treatments developed in Ref. [42, 59] using replica tricks, but we
will not pursuit that direction in this paper. For thermalizing dynamics and volume-law states,
we believe that the lower bound estimation in Eq. (2.27) will provide a decent approximation,
because the EF of thermalizing state contains strong ferromagnetic correlation to suppress the
spin fluctuation, which allows us to replace the geometric mean by the algebraic mean as the
fluctuation is small. We will rely on numerical simulations in Sec. 2.4 to justify this assumption.

To conclude, the EF formalism provides a concise description for the entanglement
dynamics, when the underlying quantum dynamics is locally scrambled. However, there are also
several limitations of locally scrambled quantum dynamics. First of all, the dynamics is not trans-
lation invariant in time, because the local scrambles at each step must be sampled independently.
As aresult, energy is not conserved under such dynamics. Secondly, global symmetry[35, 60]
can not be implemented in the current scheme, because symmetry representations on each site
will all be scrambled together, such that the symmetry can not be preserved. Finally, in lack
of the local-basis-specific information, we can not discuss the operator dynamics for specific
local operators[61] (but we can discuss operator averaged behaviors). To go beyond the local
scrambling assumption, one idea could be to gradually introduce the correlation of unitary gates
in time. But we will leave that for future study. We believe that our discussion of the locally

scrambled quantum dynamics will set a cornerstone for future developments.
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2.3.5 Entanglement feature Hamiltonian

In the previous section, we have derived the dynamic equation Eq. (2.24) for EF states
under discrete time dynamics. We can also consider the continuum limit of the dynamics, where
we refine the time step and take U; to be close to identity (up to local basis transformation).

For example, we can consider generating U; by a local Hamiltonian for a short amount of

“time” € < 1 with the local basis scrambled

Uy =V, e iy, (2.28)

where V; = ®I-L:1 V;i 1s a layer of local scramblers and each scrambler V; ; is an on-site unitary
operator independently drawn from Haar random ensemble. The full unitary evolution U =[], U;
is given by the time-ordered product. The onsite scrambling does not generate entanglement
(among different sites). The entanglement generation and propagation all depend on the inter-site
couplings in the Hamiltonian H. As € is small, the entanglement dynamics will be slow (smooth)
enough that it admits a continuum time description. We will study this model in more details
later, but the goal here is to first establish a Hamiltonian formulation for the evolution of EF state
in the continuum limit.

When U; is close to an identity operator (up to local basis transformations), its EF operator
WU, will approach Wi, hence the transfer matrix 7; = VAVUZ W]f ! will also be close to the identity
operator 1 (in the EF Hilbert space). It turns out that the difference between 7, and 1 is of the
order €2 (not € as one may expect). A general argument for this property is as follows. Given U;

in Eq. (2.28), its EF is described by

Wy, [6,7] = Tr( X e €8 276H), (2.29)

with H=H ® 1+ 1 ® H. It can be shown that Wy, [0, T] must be even in €, because it is real by

definition but € comes with the imaginary unit in Eq. (2.29), thus the odd-power expansions of
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Wy, [0, 7] in € could only be imaginary, and must therefore vanish altogether. So the operators
WU, and 7, are even in €, hence the leading order deviation of T, from 1 is of the order £2.
Given this, we expand 7; around the identity operator 1 and define the entanglement

feature Hamiltonian (EF Hamiltonian)

Hpp = g(]l 1) = g(]l — Wy Wi h), (2.30)

such that the recurrent equation Eq. (2.24) transforms to an imaginary-time Schrodinger equation

in the continuum limit of € < 1,
o [Way,) = —Hgp|Wap,). (2.31)

The differentiation J;|Wy,) should be considered as the limit of (’let+€2> — |W,)) /€%, where
€2 serves as the infinitesimal time step. In general, Hgp can be time-dependent, but let us omit
the explicit time dependence for simplicity. The locality of the EF operator WU, as discussed
in Eq. (2.26) translates to the locality of the EF Hamiltonian Hgg, which allow us to write
Hgr = Y H, as sum of local terms. In principle, the specific form of these local terms H, can
be derived from the terms in the quantum many-body Hamiltonian H that drives the quantum
dynamics, which we will demonstrate later in Sec. 2.4.3. However, even if we have no specific
knowledge about H, we can already learn a lot about Hgr based on the general properties
of entanglement dynamics. In the following, we will show how the physical constraint of
entanglement dynamics can pin down the general form of the EF Hamiltonian.

Let us consider the two-local EF Hamiltonian, meaning that the local terms A, span

over two sites at most. We find that the most general two-local EF Hamiltonian should take the

following form

N 1-27,7;
HAgp = Zgij#e*ﬁin;Xj*MXﬁXj)

; , (2.32)

i,J

where g;; > 0 and fB;; € R are model parameters and the constant 0 is fixed by the qudit dimen-
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sion d via coth 8 = d. Here X;, Z; are Pauli operators acting on the ith Ising spin (that labels the
entanglement region). Each local term in the Hamiltonian consists of a term e~ BiXiXj—8(Xi+X;)
that fluctuates Ising spins, followed by a ferromagnetic projection operator (1 —Z;Z;)/2. Al-
though we call Agp a Hamiltonian, it is not a Hermitian operator as expected in conventional
quantum mechanics, because fluctuation term and the projection term do not commute. As a
result, the left- and the right-eigenstates of Hgg could be different. The coupling strength g; j
describes the entangling power of the quantum dynamics, i.e. the velocity that the entanglement
builds up between sites i and j if initialized from a product state.

The derived form of Agg in Eq. (2.32) is constrained by the following physical require-

ments (or assumptions).

* Pure state remains pure under quantum dynamics (i.e. a Z Ising symmetry),

[Agk, HX"] =0. (2.33)

An important entanglement property of pure states is that the EE of a region A should
be the same as that of its complement A, therefore the pure state EF must be invariant
under Ising symmetry, i.e. Wy)[06] = W)y [—0], which can be equivalently written as
|W) = T1; X;|Wy). Since any quantum dynamics (described by a unitary evolution) will
preserve the purity of the quantum state, the entanglement dynamics should also respect
this Ising symmetry, such that the EF Hamiltonian Hgr must commute with the symmetry

operator [[; X; as asserted in Eq. (2.33).

* EE must vanish for empty entanglement regions,

(111 -+ |Her = 0. (2.34)

By empty entanglement region, we mean A = () is an empty set, which correspond to the

Ising configuration 6 = 111 --- = {} (i.e. Vi: 0; = +1). Hereinafter we use the symbol
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1t to denote the all-up configuration to simplify the notation. When the entanglement
region is empty, the EE must be zero, i.e. S?)[{] = 0. This requires (1} [Wiy) = W) [
| = ¢=SPM = 1 to remain constant under any entanglement dynamics. Now suppose
|Wyg,) is time dependent under the entanglement dynamics. Taking the time derivative on
both sides of ({} [Wi,) = 1 and applying the dynamic equation Eq. (2.31), we can see that
(11 10:|Wg,) = — (1 | Hgp|Wsg,) = 0 must hold for any EF state |Wy,), therefore we must

require (1} |Hgr = 0 as claimed in Eq. (2.34).

* Statistical time-reversal symmetry of random unitary ensembles,
Wi HY, = HepWi. (2.35)

We assume that the random unitary gates in the circuit are statistically invariant under
time-reversal, meaning that U; and U: will appear with equal probability in the unitary
ensemble. Then according to the definition of unitary EF in Eq. (2.5), the time-reversal
symmetry implies to Wy[o,T] = Wy[t, 6], i.e. W) = Wy. As a special case, we also
have W] = Wy by definition. Transposing both sides of WUW]I*I =1 — €2Agp, we obtain
W, 'Wy = 1 — e2AJ;. Therefore A and Hgr must be related by Wy Al = HgrWy as
stated in Eq. (2.35). One known scenario that the statistical time-reversal symmetry is
broken is that the unitary operators cyclically permute the qudit along one direction, which
describes a quantum dynamics that has dynamic anomaly.[62, 63] We conjecture that
the statistical time-reversal symmetry effectively restricts the quantum dynamics to be

anomaly free.

With these conditions, we can start from a generic two-local Hamiltonian Hgp = Y H; j
and derive the generic form of Eq. (2.32). First of all, the Ising symmetry in Eq. (2.33) restricts
I:Ii_,- to be a linear combination of the following operators H; = X1+ 00X + 03X + x4 XX +

xsY;Y; +xeY,Zj+x72;Y; + x8Z;Z;, which contains all the two-local operators that commute with
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XiX;. Then the left-null-state requirement in Eq. (2.34) further requires x; = —xg,x = ix7,x3 =
ixg, x4 = x5, which reduce H; jto (1 =ZZ;j)(x1 +x2X; +x3X; + x4X;X;). Finally, the statistical
time-reversal symmetry in Eq. (2.35) requires

d(x; +x4)

X = X3 = _412—4—1’ (236)

leaving only two independent parameters x| and x4. This relation can be resolved by introducing
another two parameters g and f to parametrize x| +x2X; +x3X; + x4 X;X; = %e*ﬁxixf —8(Xi+X;)

with coth 8 = d fixed, such that

g(d?cosh B — sinh 3)

X1 =

2(d2—1) ’
de P
Xy = x3 = _%, (2.37)
_ g(cosh B —d?*sinh )
= 20d2—1)

automatically satisfies Eq. (2.36). The resulting local term reads H;; = g#e—ﬁxix,»—&xmux,-)’

which matches the form of Eq. (2.32).

2.3.6 Universal behaviors of entanglement dynamics

The generic form of the EF Hamiltonian Hgp in Eq. (2.32) is already useful to illustrate
several universal behaviors about the entanglement dynamics. Suppose the EF Hamiltonian

admits the following spectral decomposition

where |R,) and (L,| are respectively the right- and left-eigenstate of the eigenvalue A,. The right-

eigenstate is related to the corresponding left-eigenstate by |R,) o< ((L,|Wy)T, which follows
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from Eq. (2.35). Then the Schrodinger equation for EF state Eq. (2.31) can be formally solved as

Wi,) = Y e Ra) (Lo Wigy ). (2.39)
a
The dynamics of the EE can be inferred from Eq. (2.27) as

SP[o](t) = —log (c|W,)
(2.40)
= —log) e (6|Ry) (La|Whp, ).

Independent of the choice of model parameters g;;, Bi j» the EF Hamiltonian Hgp has the
following spectral properties:
o Hgpis positive semi-definite (all its eigenvalues A, > 0 are real and non-negative),

e HAgp always has (at least) a zero eigenvalue Ao = 0 in the Z; (Ising parity) even sector,

whose left- and right-eigenstates are

o= 0]
(2.41)
|RO> = |WPage>-

The left zero mode (Lg| is the Ising symmetric superposition of the all-up and the all-down

states. The right zero mode |Ry) is the Page EF state given in Eq. (2.11).

The proof can be found in Appendix A.4. With these results, we can obtain several universal
behaviors of entanglement dynamics with local scrambling in the short-time and long-time limit.
In the short-time limit (f — 0), expanding the solution of EF state in Eq. (2.40) to first

order in ¢, we can show that the EE grows linearly in time,

s@[o](1) = $?[6](0) + vV 6] x 1 + O (1), (2.42)
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(2)

where the linear-time coefficient vy, ’[6] is the entanglement growth rate, which is related to the

entanglement velocity introduced in Ref. [64, 65]

| Her| Wi,

w(gz) (6] = 3,5¥[6](0) = < (W) (2.43)

The entanglement velocity v](iz) [0] characterizes how fast the EE grows in a given entanglement
region specified by 6. It is proportional to the matrix element of the EF Hamiltonian Hgp, as can
be seen in Eq. (2.43), because Hgp is the time-evolution generator that drives the entanglement
dynamics. In particular, if the initial state is a generic product state, i.e. [W,) = [Wprod) = L5 |0)

(2)

as given in Eq. (2.10), the entanglement velocity v;’[0] admits an explicit formula

1—o0;0;
wWiel=Y & = (2.44)
(ij)

where g;; = g; je_ﬁii ~20 > () is the effective coupling. Eq. (2.44) describes how the entanglement

velocity v](az) depends on the choice of the entanglement region ©. It is obvious that the entangle-

ment velocity v}(iz) [o] > 0 is non-negative for all choices of entanglement regions, because the EE
can only grow from an unentangled product state. If g;; = ¢ is uniform through out the system,
vl(iz) [o] will simply be proportional to the number of domain walls in the Ising configuration o,
which is also the area |dA| of the entanglement region A. Therefore the entanglement velocity
follows the area-law scaling,

W = glaA], (2.45)

which can be expected from the locality of the entanglement dynamics in our setup.
In the long-time limit (+ — o), the EF state is dominated by the zero mode (assuming
the zero mode is unique) and all the other modes decays exponentially with time. The positive

semi-definite property of the EF Hamiltonian, i.e. A, > 0, ensures that all modes (except the zero
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mode) will decay exponentially in time. As ¢t — oo, Eq. (2.39) reduces to

|Wag_.) = |Ro) (Lo|W,), (2.46)

with the left and right zero modes given by Eq. (2.41). Given that the EE vanishes in trivial
regions, (1 |[Wy) = ({ [Wy) =1, so (Lo|Wg) = 1 for any EF state |Wy). Then Eq. (2.46) results
in

(W) = [Ro) = |WPage>a (2.47)

meaning that the EF always converge to that of the Page state in the long-time limit regardless
what the initial state is. All states are doomed to thermalize under the quantum dynamics with

local scrambling. The Page state will be their final destiny, whose EE reads

cosh(n ¥ 01)

S(z) ol=-1 2.48
lo] © cosh(nL) ’ (2.48)

which follows from Eq. (2.11). For |A| < L, the EE exhibits the volume-law scaling
s®(a) =2n|A], (2.49)

with the volume law coefficient given by 211 = logd. It worth mention that the above conclusion
is based on the assumption that the zero mode is unique. If there are other degenerated zero
modes (other than |Wpage>), the final state may not converge to the Page state and the system can
evade thermalization. We will discuss such a possibility later with a more concrete model in

Sec.2.4.2.

2.3.7 Excitation spectrum of the entanglement feature Hamiltonian

Having discussed the ground state property of the EF Hamiltonian Hgg, let us turn

to the low-lying excited states of Hgr. According to Eq. (2.39), every eigenmode with finite
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eigenenergy A, will decay exponentially in time as el Eventually, only the ground state with
zero eigenenergy (49 = 0) would survive, and the system thermalizes to Page states. Hence the
low-energy excitation spectrum determines how the EE approaches to its thermal limit in the
late-time regime. Here we will focus on the spectrum of two kinds of excitations, namely the
two-domain-wall excitation and the single spin-flip excitation, which dominate the low-energy
excitations. We obtain the analytical expression of their dispersion relations, from which we
can estimate the excitation gap and determine the relaxation time. In Sec.2.4.3, we further
compare the analytically estimated relaxation time with the numerical fitted one, and find good
consistency.

For simplicity, we assume the parameters g;;, 8;; in the EF Hamiltonian Hgr are spatially
homogeneous (i.e g;; = g, Bij = B). For the parameter 3, any unitary evolution generated from
Hamiltonian e ¢# would have nonzero 8 only at the order of ¢'(£?) in small & limit (see
Appendix A.7 for details). Hence, we will take B = 0 in the following. More general results for
B # 0 can be found in Appendix A.5 and Appendix A.6. To first gain some intuitions about the
excitation spectrum, we start with the exact diagonalization (ED) of EF Hamiltonian. The result
is shown in Fig. 2.4. Apart from the eigenenergy A,, every state |R,) is also label by its crystal
momentum k,, which is defined through its translation eigenvalue as T|R,) = ¢*«|R,), where the
translation operator T is defined by its action on the Ising basis T|c,0,---01) = |01.0] - OL—1).
Note that the periodic boundary is assumed in our system. One can see that above the ground
state at A ) = 0 and ky = 0, there is a continuum of excited states.

To better understand these excited states, we look into their wave function. We realize
that the excitation can be classified based on the number of domain walls in the /eft-eigenstate.
For instance, (1--- 1} --- |1 --- 1| is an example of two-domain-wall states. As mentioned in
Eq. (2.41), the left ground state (Lo| = ((} |+ ({} |)/2 contains no domain wall and hence no
excitation. Other excited left-eigenstates will be a superposition of states of different domain-wall

number. Note that the corresponding right eigenstates can be obtained from |R) = ((L|Wy)T.

Fig. 2.5 shows the weights of different domain-wall states in the lowest-energy excited state of
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Figure 2.4. We perform exact diagonalization for the EF Hamiltonian Hgp with 8 = 0,L = 10.
Each small circle represents an eigenstate label by its eigenenergy A and its crystal momentum k.
The blue curve is the analytical result of two-domain-wall ansatz Eq. (2.52). The red curve is the
analytical result of single spin-flip ansatz Eq. (2.54).

various momenta. The ED result indicates that the lowest-energy excited state mainly consists of
two-domain-wall states, so we will focus on them in the following.
Based on the numerical observation, we approximate low energy excitation by the

two-domain-wall (2DW) ansatz state as follows,

i) N . .
(k| o<} e iy iy (015 02], (2.50)

i1,02

where (i1,i2| = (I} |H§2:7.ll X; is a two-domain-wall state with domain walls located at i1 and i>.
k labels the center of mass momentum of the pair of domain walls. ¢,; is a variational wave

function that describes the relative motion between the domain walls. We can then evaluate the

)

energy expectation value A (k) on the ansatz state (k

_ (k|AgpWi k)
)LZDW(k)_—<k]W1\k> ; (2.51)
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Figure 2.5. We perform exact diagonalization for the EF Hamiltonian Agp with g = 1,8 =
0,L = 6. The weight is defined as follows: the left excited state (L| can be expressed as the
linear combination of two-, four- and six-domain-wall states with the coefficient (¢7,c4,c6). The
weight of individual type is equal to |c,|?. For k = 0, zero-domain wall states take half of the
weight in the lowest-energy excited state. However, they have no contribution in dispersion
relation since their eigenenergy is zero.
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where Wy |k) is understood as the corresponding right-state of the ansatz left-state (k|. Two
assumptions are made to derive the analytical expression of the dispersion relation. The first
assumption is that these domain walls have no interaction with each other and thus ¢,; can be
approximated by plane waves. The second assumption is the thermodynamic limit L — oo, which
would simplify the calculation but suppress the contribution from short two-domain-wall states
(see Appendix A.5 for details). Based on these assumptions, the dispersion relation for § = 0

can be derived as,

1\ 4g & )
Aapw () :2g(1+d—2) —ggcos§+ﬁ(d 3). 2.52)

The band minimum is at k = 0, which defines the excitation gap

. 12 }
A:mkln/l(k):2g<1—g) +Od?). (2.53)

It turns out that the gap remains open (i.e. A > 0) for any finite g > 0.

1.4}
1.2}
1.0
0.8}
0.6}
0.4}
0.2}
0.0k , , , , ,

4 6 8 10 12 14

== Numerics

— Analytics (L - o0)

Gap A/g

System size L

Figure 2.6. Comparison of the excitation gap between the finite-size ED result and the analytical
result of two-domain-wall ansatz in the thermodynamic limit for the qudit dimension d = 2. The
analytical result A = g/2 is given by Eq. (2.53).

The comparison between ED result (black circles) and our analytical expression (blue
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curve) is shown in Fig. 2.4. The lower-edge of the excitation spectrum is pretty well captured by
the two-domain-wall ansatz. The comparison also reveals a finite-size-effect in the spectrum. In
Fig. 2.6, we show how the gap at k = 0 (from ED) approaches to the analytic result of Eq. (2.53)
with increasing system size L. We also observe a systematic deviation of our analytical result
from the excitation edge near k = . The reason is that the eigenstate around k = 7 is dominated
by single-site excitations, where the domain-walls are next to each other such that their interaction
can not be ignored. To capture the interaction effect, we switch to another ansatz state, which
describes the motion of a tightly-bound domain-wall pair, or equivalently a single spin-flip (SSF)

excitation (see Appendix A.6 for details). The dispersion of the SSF excitation reads
Assr(k) = 2g, (2.54)

which turns out to be independent of the qudit dimension d and the momentum k. This dispersion
relation basically passes a series of points in Fig. 2.4 and only becomes the lowest excited state

around k = 7.

2.4 Applications and numerics
2.4.1 Models of locally scrambled quantum dynamics

In the following, we will apply the entanglement feature formalism to several scenarios
of locally scrambled quantum dynamics. We will consider two types of models: random circuit
models with discrete time as in Fig.2.7(a), and Hamiltonian generated evolutions with local
scramblers in the limit of continuous time as in Fig.2.7(b). For the discrete time models,
namely locally scrambled random circuits, we will adopt the transfer matrix method to study the
entanglement dynamics. For the continuous time models, namely locally scrambled Hamiltonian
dynamics, we will apply the EF Hamiltonian approach.

The random circuit we consider will be of the “brick wall” structure as shown in

Fig.2.7(a). The entire unitary circuit U = []; U; is constructed by stacking layers of unitary gates.
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Figure 2.7. (a) Locally scrambled random circuit. The gates are drawn independently in both
space and time (as indicated by different colors). (b) Locally scrambled Hamiltonian dynamics.
The unitary operators generated by the local Hamiltonian are overlapping gray ovals in each
layer. The on-site scramblers are uncorrelated in both space and time (as indicated by different
colors).
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Each layer U; is described by

X Urox—12¢ t € 0dd,
U = YRS (2.55)

@, Urax 241t € even,

where Uy,;; denotes the two-qudit unitary gate acting on sites i and j at time 7. Each gate Uy;;; is
independently sampled from a locally scrambled unitary ensemble, so the quantum circuit U will
be dubbed as a locally scrambled random circuit. In fact, any gate can be made locally scrambled
by symmetrizing over local basis transformations as constructed in Eq. (2.18). The construction
here is more general than the Haar random unitary circuit[28], as the unitary gate here does not
need to be Haar random. As the quantum state evolves by |¥;11) = U;|¥;), the corresponding

EF state evolves by [Wy,, ) = T,|ny,). The transfer matrix 7; follows the same structure as U;,

A X Tz —12x € odd,
7 = e (2.56)

X Toxpxr1 t € even.

According to Eq. (2.25), T; ; 1s fully determined by the EF of Uy,;; via

Tij = Wu,,, Wy, (2.57)

Here we have assumed that Uy;;; are drawn from identical unitary ensembles, such that T; j 18 time-
independent (despite of the time-dependence in Uy;;;). In the following, we will provide examples
of the locally scrambled two-qudit unitary ensemble. We will use the transfer matrix approach
to calculate the entanglement dynamics. The result will be compared with exact numerics by
explicitly constructing the random circuit and average the final state EE over random realizations.
Another type of locally scrambled quantum dynamics that we will consider is generated

by a local Hamiltonian H = Z<l~ ) Hij, which is a sum of local terms H;; defined on nearest

neighboring bonds (ij) along a 1D chain. Each step of the unitary evolution U; is independently
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drawn from the locally scrambled unitary ensemble &,-ien generated by the Hamiltonian H,

&, ien = {Vie €y |V = é)w,v,- € Haar}, (2.58)
i=1

which may be simply denoted by U; = Vje‘ieH Vi, as in Eq. (2.28). Combining the adjacent local
scramblers following Eq. (2.22), the unitary evolution can be considered as repeatedly applying
a short-time unitary evolution e ¢ followed by a layer of local scramblers, as illustrated in
Fig.2.7(b). Such dynamics will be called the locally scrambled Hamiltonian dynamics. It is
similar to the Brownian random circuit model[66] in that each step of the evolution is driven
by a different random Hamiltonian, but our construction is more general in that the random
Hamiltonian ensemble only needs to be invariant under local basis transformations other than the
full basis transformation of the many-body Hilbert space. For small €, we can take the continuous
time approach to calculate the entanglement dynamics by solving the imaginary-time Schrédinger
equation d,|Wi,) = —Hgr|Wy,) in Eq. (2.31). It worth mentioning that the locally scrambled
quantum dynamics we considered here should be distinguished from Trotterizing a Hamiltonian
—ieH

dynamics. Here, the short-time evolutions e are interrupted by local scramblers, such that

they do not combine to a coherent long-time evolution generated by the same Hamiltonian
H. The local scramblers destroy the original notion of time. In the quantum dynamics, e '€/
advances the quantum state by € in time, but after the insertion of layers of local scramblers,
the entanglement dynamics only progress by €2, which is much slower. This phenomenon is
analogous to the quantum Zeno effect due to the insertion of measurement. We conjecture that

the local scramblers play a similar role as random local measurement in implementing random

local basis transformations, such that the quantum dynamics is no longer coherent.

2.4.2 Locally scrambled random circuits

Let us first consider the locally scrambled random circuit as in Fig. 2.7(a). The building

blocks of the random circuit are two-qudit unitary gates. Each gate is independently drawn
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from local basis-independent random ensembles. The EF of a two-qudit unitary operator U;; is
completely characterized by two parameters: the cross channel mutual information IS and the
tripartite information 15. Let us label the input and output channels of the two-qudit unitary by

A,B,C,D as shown in Fig. 2.8(a), then Iij and Iiz are defined as follows

I =1%A:D)=1%(B:C),
(2.59)
I =19A4:0)+1%(A:D)-1%(A: CD).

The mutual information, such as () (A:D) = S[(‘Z) + S(DZ) — Sf(ng, is understood by treating the
unitary gate as a quantum state by bending the input and output legs to the same side, and

calculating the operator EE following the definition in Ref. [23, 44].

(a) (b) (©) (d)

output T;
(future) Cl (-J’j qj 5< )
Z] )

Identity  Swap Haar
+ local scrambling random

input Al

Figure 2.8. (a) A generic two-qudit gate acting on qudits 7 and j. The input channels are labeled
by A and B, and the output channels are labeled by C and D. The EF of the gate will be labeled
by the Ising configuration ¢ = (0;, 0;) on the input side and T = (7;, 7;) on the output side. (b-d)
Examples of local basis independent ensembles of two-qudit gates: (b) identity gate with local
scrambling, (c) swap gate with local scrambling, (d) Haar random unitary gate acting on both
qudit (local basis automatically scrambled).

In terms of these information measures Il.j and 15 of the unitary gate U;;, the EF operator
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WUU is given by

Wy, = d*(d +X;)(d +X;)

1-2Z
i (Aij — BijXiX;), 2.60)
Aij=d*(1= 1),

B,‘j = dz(el’é — 1).

The cross channel mutual information IS > 0 1s non-negative by the subadditivity[67] of entropy.
It describes the entanglement propagation, as it measures the amount of information transferred
between site i and j. The tripartite information 15 must be negative for unitary gates[23], and
therefore Il.? — Iiz > 0 holds. The negative tripartite information (—15) is proposed[23] to be a
description of information scrambling, since it measures the amount of information about A that
is encoded in C and D jointly but can not be told by local measurements exclusively performed
onC or D.

To gain more intuition about 7;; and I

ij» let us provide a few examples of local basis

independent ensembles of two-qudit gates, as pictured in Fig. 2.8(b-d).

* Identity gate with local scrambling, i.e. two on-site Haar random unitary gates direct

product together, as Fig. 2.8(b). In this rather trivial case, we have
I =17 =0, (2.61)

such that the EF operator in Eq. (2.60) reduces to Wy = d*(d + X;)(d + X i), consistent

with the previous result in Eq. (2.15) by direct evaluation.

» Swap gate with local scrambling, i.e. two on-site Haar random unitary gates followed by

an inter-site swap operator, as Fig. 2.8(c). In this case,

I =2logd, I} =0, (2.62)
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such that the EF operator in Eq. (2.60) reduces to

Wswap = dz(d+Xi)(d +Xj>

- 72, (2.63)

—d*(d* 1) (1-XX;).

The swap gate can generate and propagate quantum entanglement due to the non-vanishing
cross channel information Il.?. But there is no information scrambling happening between
the qudits (despite of the sufficient on-site scrambling), because the qubits are simply
interchanged by the swap gate, such that local operators do not spread out other than being
moved around in the space. The zero scrambling power of the swap gate is reflected in the

zero tripartite information I;.

Haar random unitary gate acting on the two qudits, as Fig. 2.8(d). In this case,

2d? 4>

=log——. I¥=log———
a1 i Og(d2+1)2’

Ii§ (2.64)
such that the EF operator in Eq. (2.60) reduces to Witaar given in Eq.(2.13), see Ap-
pendix A.2 for derivation. The Haar random unitary gate not only propagates quantum

entanglement, but also scrambles the quantum information efficiently, as it has a negative

tripartite information 15 (aslongasd > 1).

The above are examples of locally scrambled random unitary ensembles. Unitary gates

drawn from such ensembles serve as the building block of locally scrambled random circuits.

The entanglement dynamics of locally scrambled random circuits can be universally described

by the transfer matrix approach as has been discussed in Sec.2.4.1. On the level of EF, the

formulation is exact: the evolution of the average state EF can be precisely calculated from

Wy, ,) = Wy, Wy ! [Wag,) given the EF of the unitary. However, when applying the result to

predict the EE, we rely on the assumption that the average EE can be approximated by the

negative log of average EF following Eq. (2.27), where we effectively switch the order between
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the ensemble average and the logarithm. One major goal of the following is to provide numerical

evidences to check this assumption in various different cases. It turns out that the negative log

of EF generally provides a good estimate of the averaged EE, which makes our EF formulation

useful in describing the entanglement dynamics for a broad class of random unitary circuits.

SOla] (H)/bit  SP[a] (t)/bit

O N W T OF N W oY O DN Wk Ot

S[o] (t)/bit

(@)

@) o= UMM

¢ Numerics
— EF approach

((b) o = LT

(©) o= LTI

0 5 10 15
t

20

Figure 2.9. The finial state EE of the Haar random circuit on a 10-site system for different
choices of the entanglement regions: (a) single site, (b) half-system, (c) alternating[1]. The qudit
dimension is d = 2 and the entropy is measured in unit of bit (= log?2).

Our first example is the standard Haar random unitary circuit, where each two-qudit gate

is drawn from Haar random unitary ensemble independently. The model has be extensively
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studied in the literature,[28, 31, 35, 32] and the statistical mechanical model description has
been developed by Zhou and Nahum in their pioneering work Ref. [40]. We revisit this model
to show that our formalism is equivalent to the Zhou-Nahum approach and can reproduce the
known behaviors. Let us first calculate the transfer matrix 7; j of a single Haar random unitary

gate U;; from its EF. Based on Eq. (2.13) and Eq. (2.17), we obtain

Ty = Wby = (14 DTN T2 22 (2.65)
Using the Ising basis |0;0;), Eq. (2.65) can be expressed as
f}jzmw|+d2+1<m><ﬁ|+|¢T><M|)
(2.66)
L 1 2 (DG ),

which is equivalent to the triangle weights v = 1 and &7 = & = d/(d? + 1) that defines the Ising
model in Ref. [40]. An equivalent form of the transfer matrix Eq. (2.65) was previously obtained
in Ref. [68]. Plugging Eq. (2.65) into Eq. (2.56), we obtain the transfer matrix T, that describes
the EF state evolution under the quantum dynamics of the Haar random circuit. We assume the
initial state is a product state, s.t. [Wp) = |[Wprod). We evolve the EF state by Eq. (2.24). We can
then compute the EE following Eq. (2.27) and compare the result with the numerical simulation.
In the simulation, we applied randomly sampled unitary gates to an initial product state and
measured the final state EE, then performed the ensemble average of the EE. As shown in Fig. 2.9,
the EF approach provides pretty precise prediction of the EE that matches the numerical result.

Now let us turn to a new example of locally scrambled random circuits, namely the swap
gate circuit, which is designed to mimic the entanglement dynamics in integrable conformal field
theories (CFT) where entanglement spreads with the propagation of quasi-particles.[8, 44, 45]
The circuit takes the architecture of the brick wall circuit in Fig. 2.7(a) with gates drawn from

the locally scrambled swap gate ensemble in Fig. 2.8(c), the resulting circuit is equivalent to
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Initial state Initial state

Figure 2.10. (a) Swap gate circuit. Gray blocks mark out the swap gates. (b) Locally scrambled
fractional swap gate circuit. Each swap gate is powered by the fraction 0 < o < 1.
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an interweaving network as shown in Fig.2.10(a). The local scramblers in different layers
can commute through the swap gates and combine to a single scrambling layer acting on the
initial state, which can further be dropped as long as the initial state ensemble is already local
basis invariant. For this model, we use a different initial state other than the product state. As
illustrated in Fig. 2.10(a), the initial state is chosen to be a product of Einstein-Podolsky-Rosen

(EPR) pairs arranged along a one-dimensional chain, whose EF can be described by

1 1
[Wo) = H (1 + EXfol + EXZX +X2x71X2x> 1) (2.67)
X

For each EPR pair, the qudit labeled by L (or R) will travel to the left (or right) in the swap gate
circuit, which mimics the behaviors of left (or right) moving quasi-particles in an integrable
CFT. In this way, entanglement spread out along the chain as EPR pairs stretch out, following
the steps depicted in Fig.2.11. On a finite-sized chain with periodic boundary condition, we
expect to observe the half-system entanglement entropy to first grow and then decrease in time,
and continue to oscillate like this. This recurrent behavior can be perfectly produced by the EF
formulation, because, based on Eq. (2.63), the transfer matrix for a single swap gate turns out to
be

Tij = WewapWy ' = %(1 +X.X;+YY;+ZZ)), (2.68)

which is precisely the swap operator for Ising spins. In this way, the permutation of entangled
qudits under the quantum dynamics is equivalently modeled by the permutation of correlated
Ising spins in the EF formulation.

The recurrent (periodically oscillating) behavior of the half-system EE is demonstrated
in Fig. 2.12(a), where the EF approach matches the numerical simulation perfectly. The periodic
recurrence of the low-entanglement state in the swap gate circuit seems to contradict with our
previous conclusion in Sec. 3.3 that locally scrambled quantum dynamics generally thermalize.

The swap gate circuit evades thermalization because its corresponding EF transfer matrix admits
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Figure 2.11. Evolution of EPR pairs under the swap gate circuit on a 12-site chain with
periodic boundary condition. The entanglement entropy between the left- and right-half system
is proportional to the EPR pairs across the cut (indicated by dotted vertical line).

more than one leading eigenstate. Let T = X, sz,ljzx (e szg” 1 be two steps (one period) of
the transfer matrix that translates the L (or R) sublattice to the left (or right) by one unit-cell.
On a chain of 2x sites, the operator T has n~! Ldjn (p(d)4”/ 4 fold degenerated eigenstates of
eigenvalue 1, with @(d) being the Euler totient function and d running over all divisors of .
These eigenstates can be constructed by taking any Ising basis state and symmetrizing over
the cyclic group generated by 7. Their degeneracy can be counted by mapping the problem to
the number of n-bead necklaces with four colors,[69] where the four colors correspond to the
four choices of 11, 1],/ T, ]| configurations in each unit-cell. Therefore the Page state is not the
unique state that can survive in the long-time limit, and thermalization is not the ultimate fate.

The swap gate circuit model can be generalized by introducing the fractional swap gate
that interpolates between the identity gate and the swap gate. The fractional swap gate can be
written as a fractional power & of the swap gate with 0 < or < 1

1 + i@ 1 _olom

SWAP% = 5 ||+ X (2.69)

The fractional swap gate reduces to the identity gate (or the swap gate) at o« =0 (or @ = 1).
But unlike both identity and swap gates which do not scramble quantum information between
the two qudits, the fractional swap gate does have finite scrambling power. We can construct a

locally scrambled fractional swap gate circuit by starting from the architecture of the random
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Figure 2.12. Half-system entanglement entropy of the locally scrambled fractional swap gate
circuit on a 12-site system with different fraction a: (a) o =1, (b) @ =3/4, (c) oo = 1/2, (d)
o = 1/4. The model is realized on a 12-site chain with periodic boundary condition. The
entanglement region is chosen to be the first 6 sites. The qudit dimension is d = 2 and the entropy
is measured in unit of bit (= log2).
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circuit in Fig. 2.7(a) and sampling every gate independently from local basis invariant fractional
swap gate ensemble, as illustrated in Fig. 2.10(b). The EF operator of the fractional swap gate

follows the general form of Eq. (2.60) with parameters A;; and B;; given by

3 o o
Ay = d2(d? —1)2 T80T G2 O
gm 2 (2.70)
Bij = dz(dz — l)sin4 7

Based on this result, the corresponding transfer matrix 7; ; can be constructed by Eq. (2.57) and
the evolution of the EF state can be calculated following the transfer matrix approach described
in Eq. (2.56). In Fig. 2.12(b-d), we compare the EE calculated based on the EF approach with
the ensemble averaged EE from numerical simulation. They match perfectly for different values
of a. Because the fractional swap gate has finite scrambling power, the recurrence behavior no
longer persist and the system can now thermalize. The entanglement dynamics is somewhat
between that of the swap gate circuit and the Haar random circuit, in that the EE grows mostly
linearly in time with small oscillations, until the EE eventually saturates to the thermal limit.
As o becomes small, the system will take longer time (more steps) to thermalize. As shown
in Fig. 2.12(d), the oscillation of EE is suppressed and its growth curve is more smooth. In the
o — 0 limit, the entanglement dynamics approaches the continuum limit that can be described

by the EF Hamiltonian, which is the topic of the following discussion.

2.4.3 Locally scrambled Hamiltonian dynamics

Now we turn to the locally scrambled Hamiltonian dynamics as illustrated in Fig. 2.7(b).
We consider the local Hamiltonian H =} ;;y H;j and assume that H;; on every bond is drawn
from a local-basis-independent ensemble of two-qudit Hermitian operators. Equivalently, we can
choose H to be a fixed Hamiltonian and construct a locally scrambled unitary ensemble &,-ier by

applying local basis transformations following Eq. (2.58). The quantum dynamics is described
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by the unitary
U=T](Vie ) 2.71)

t
where V; describe the layer of local scramblers at time ¢, as illustrated in Fig.2.7(b). The
corresponding entanglement dynamics is described by the imaginary-time Schrodinger equation

Eq. (2.31), where the EF Hamiltonian takes the form of

A ZiZ;
Age = ZgijT AR O, (2.72)
(i)
It turns out that the parameters f3;; ~ (&%) always vanish in the € — 0 limit. The parameters
gij are the only non-trivial parameters to the leading order of €, which are determined by the
local terms H;; in the Hamiltonian
8ij -2 ((TrH; )2 +d* Tr(H?)
! dr(dr-1) g 4

—dTr(Tr; ,]) dTr,(Tr]H,])z).

(2.73)

The detailed derivation of these results can be found in Appendix A.7.

One well-studied example of the locally scrambled Hamiltonian dynamics is the Brow-
nian random circuit,[66] where each step of the time evolution is generated by a random
Hamiltonian drawn from the Gaussian unitary ensemble (GUE). The Hamiltonian can be written
as a random U(d) spin model,

= thaf’JT“Tb (2.74)

where T¢ (fora = 1,2,---,d?) are U(d) generators on site i with Tr T“T T? = 5. The coupling

Jab

1.i; are independently drawn for each time 7 and indices i, j,a, b from the Gaussian distribution

with zero mean and d 2 variance. The quantum dynamics is described by U = [, e . The
operator growth dynamics and the spectral form factor of the Brownian random circuit has been

investigated in Ref. [70, 71, 72, 73] recently, where differential equations governing the evolution
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of operator weight distribution were derived. Our approach also applies to the Brownian circuit
model and results in similar differential equations for the evolution of EF state, whose EF

Hamiltonian reads (see Appendix A.7 for derivation)

A 1 -ZZ; _sx+x;)
Hep = =5 ) — e o), (2.75)
We will not discuss this model in further details, given the extensive study of Brownian circuits in
the literature. Instead, we will consider a new type of locally scrambled Hamiltonian dynamics.

We start with a fixed Hamiltonian on the one dimensional chain of qudits
H=-Y TT; (2.76)

where T; is one particular traceless Hermitian operator on site i that squares to identity (i.e. Tr7; =
0 and Ti2 = 1). For the qubit case (d = 2), Eq. (2.76) reduces to an Ising model. Note that there is
no randomness in the Hamiltonian H. The randomness will be introduced by the local scramblers,
when we use H to generate the locally scrambled Hamiltonian dynamics following Eq. (2.71).

The entanglement dynamics will be described by the following EF Hamiltonian

. 24> 1-27;
Agp= ——— Y — e 0tk (2.77)
ol 2

which takes the same form as Eq. (2.75) but with a different parameter g. We can test the
EF approach with numerical simulation on a 12-qubit system with the choice of € = 0.01.
We start with a product state |Way,) = [Wprod), evolve the EF state by Eq. (2.31) and calculate
the EE from Eq. (2.27). The result is shown in Fig.2.13. We can see that the averaged EE
obtained from numerics matches well with the result of the EF approach over different choices
of the entanglement regions. These numerical evidences suggest that exchanging the order

between taking ensemble average and taking logarithm does not seem to matter much, so the
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evolution equation we established for the EF in this work can provide reliable descriptions for
the entanglement dynamics under locally scrambled quantum dynamics. Comparing Fig.2.13
with Fig. 2.9, one can see that the entanglement dynamics of the locally scrambled Hamiltonian
dynamics closely resembles that of the Haar random unitary circuit. Thus the former can be

considered as a continuum limit of the later.

6 T T T T T
£ tf@ o= Tt
= 4
o) 3 — Numerics
B 9 --- EF approach
~ 1
D ool | | .
£ o0 o = WLt
= 4 e
= 3 //

S

5 1t/

n ol |

£ tf© o= LNt
= 4

=3/

5 off

~ 1

0 O

0 2 4 6 8 10

Figure 2.13. The final state EE of the locally scrambled Hamiltonian dynamics on a 12-site
system for different choices of the entanglement regions: (a) single site, (b) half-system, (c)
alternating [1]. The qudit dimension is d = 2 and the entropy is measured in unit of bit (= log?2).

We also notice that, in agreement with the imaginary time EF Schrodinger equation, the
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EE always approaches to its final thermalized value exponentially with the same relaxation time

T independent of the choice of the entanglement region,
S@1[6](r) — 8§ [6](c0) — A[a]e /7. (2.78)

The relaxation time 7 is intrinsically related to the excitation gap A of the EF Hamiltonian Hgp,
which can be estimated by Eq. (2.53) in the thermodynamic limit,

1\2 4
-1
=A=2 <1—— == 2.79

where the coupling g, according to Eq. (2.77), is given by g = 2d?/(d*> — 1) = 8/3 for qubits
(d =2). To check this prediction, we fit the numerical simulation data using Eq. (2.78) in the
late-time regime to extract the excitation gap A. As shown in Fig. 2.14, the EE approaches to
the thermal value with the same rate (within error bars) regardless of the different choice of
entanglement regions. The numerically fitted gap is around A = 1.48, which is close to the
thermodynamic-limit analytic prediction A = 4/3 = 1.33. The small discrepancy mainly arises
from the finite-size effect. If we use the finite-size gap formula A = 0.56g based on the ED result
in Fig. 2.6 at the system size L = 12, we will obtain a better prediction of the gap A = 1.49,

which matches the simulation result perfectly.

2.5 Summary and discussions

In this work, we introduced the concept of locally scrambled quantum dynamics, where
each step of the unitary evolution is randomized by local scramblers (on-site Haar random unitary
gates). Surrounding each unitary gate in a quantum circuit by local scramblers effectively blocks
the local-basis-specific quantum information from propagating in the circuit and decouples the
gates from each other under ensemble average. In this way, the average EF of the entire circuit

can be constructed piece-by-piece from the EF of each gate, which makes the entanglement
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Figure 2.14. The difference between the EE and its final saturation value, i.e. A[G]e™’ /e, plot in

the logarithmic scale vs time ¢. Different colors correspond to different choices of entanglement
region (labeled by &). The shaded region indicates the error interval. The excitation gap A = 77!
is extracted by fitting the decay rate.

dynamics Markovian and enables us to write down the evolution equation for the EF of quantum
states. The framework provides us the freedom to design the EF for each gate, such that we
can go beyond the conventional Haar random gates and build the random circuit with more
general random gates as long as their ensemble is local-basis-independent. This enables us to
define and explore the continuum limit of locally scrambled quantum dynamics, under which
the evolution of the EF state will be governed by an EF Hamiltonian. We obtained the general
form of the EF Hamiltonian on symmetry ground and discussed the implication of its spectral
properties on the entanglement dynamics. When the EF Hamiltonian is gapped, the excitation

$ ~ ¢7!/T, which corresponds

modes in the EF state will decay exponentially in time Wy = e~
to a linear growth of EE in time, i.e. S ~ t/7, as the system thermalizes. What has not been
much discussed previously is the possibility that the EF Hamiltonian can become gapless under

$ ~ =%, which corresponds

fine-tuning, then the EF will decay in a power-law manner Wy, = e~
to a logarithmic growth of EE, i.e. § ~ alogt. Such scenario could happen at entanglement

transitions,[42, 58, 57] where the entanglement scaling of the long-time final state switches from
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volume-law to area-law. The transition can be interpreted as an order to disorder phase transition
of the EF Hamiltonian. One interesting future direction is to explore different models of the EF
Hamiltonian and to map out the phase diagram using analytical and numerical tools developed in
quantum many-body physics.

Although we focused on the entanglement dynamics of pure states in this work, the
EF formulation can be easily generalized to describe mixed state or operator entanglement.
Following Eq. (2.4), it is straight forward to define the EF Wy[6| for any many-body operator O

(including the density matrix p as a special case),
Wolo] = Tr(250%?), (2.80)

and quantize the EF to a state [Wp) = ¥(5) Wo[0]|0). Suppose the operator evolves in time
under a locally scrambled quantum dynamics O’ = UOU', the average EF will still be described
by the same set of equation |Wy) = Wy Wy ! [Wo) as Eq. (2.19). Based on this, all the dynamic
equation that we developed in this work applies directly, such that we do not need to derive a
new set of equations for operator dynamics. The EF state W) encodes the operator EE[29]
over all possible regions, which can be used to construct various quantities characterizing
the operator size. To name a few, let us first assume O to be a traceless Hermitian operator
normalized to Tr O? = d~. We can decompose the operator O = Y Olg Tl in the operator basis
Tl = [1; T (where T denotes the SU(d) generator on the ith qudit), and define the operator
weight py, = O[za}.[32, 35, 70, 72] The fraction of the operator in a subsystem A then reads
PA = XldeA Pl ;> which can be extracted from the EF state [W,) by taking its inner product with

a state |P4) that labels the subsystem A:

1
pa = (PalWo), |Pa) = ﬁH(dXi— D). (2.81)
icA

. 2_ . . L ..
3The notation Yiajea =ITica ZZI_: ]1 denotes the summation over the operator configuration [a] which is non-trivial
in region A.
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The fraction p4 can be further used to characterize the average operator size {9 = Y 4 palA|.
The evolution equation for p4 under Brownian dynamics is recently discussed in Ref. [70, 72].
Another way to probe |Wp) is to consider the variance of the expectation value of O on random
mixed states p, i.e. var, (0), = E, (Trp0)?. Suppose p is drawn from a local-basis-independent
ensemble characterized by its EF state |W),), then the variance of operator expectation value is
given by

varp (0)p = (W, |W ! [Wo). (2.82)

It was recently pointed out by Ref. [74] that var,(0)p = Y4 pa(d + 1)~} can be expressed in
terms of pg, if p is uniformly sampled from the ensemble of pure product states. The fact that
vary (0)p and py are related to each other is less surprising in the EF formulation, because they
are simply two different ways to probe the same EF state |Wy). The evolution equation of |Wp)
under locally scrambled quantum dynamics is identical to that of |Wiy), from which the evolution
equations of py, £o or var, (O), follow automatically. In this way, the EF formulation developed
in our work provides a unified framework to discuss various aspects of the operator dynamics.
Another immediate generalization of the framework is to extend the unitary evolution
to generic quantum channels allowing measurements to take place. The recent observation
of measurement-induced entanglement transition in random unitary circuits [75, 76, 59] has
attracted much research interest.[77, 78, 79, 58, 57, 80] In these models, the quantum circuit
is doped with local measurements (which can be either weak measurements or projective
measurements performed with some probability), and the final state EE is studied conditioned
on the measurement outcome. If each measurements basis is randomly chosen each time, or if
the local measurement take place only after the local basis has been sufficiently scrambled by
the unitary evolution, the whole quantum channel still falls in the scope of locally scrambled
quantum dynamics, which can be described by the EF approach developed in this work. In this

case, each measurement, described by the Kraus operator M, is also a local-basis-independent
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component in the quantum circuit, and has its own EF similar to Eq. (2.5)
Wy(o, 7] = Tr (ZeM®> 2:MT?), (2.83)

from which the EF operator

Wu =) |6)Wulo,7](1| (2.84)

can be constructed. The EF state will evolve under measurement by [Wigr) = Wy W, ! [Wip), such
that the approaches developed in this work seamlessly apply. The EF provides a finer resolution
of the entanglement structure of a quantum many-body state beyond the single region scaling of
EE, which turns out to be useful in diagnosing the error correction capacity[79] in the volume-law
states prepared by the measurement-doped quantum circuits. We will leave this topic to future
works[81]. More generally, the EF formulation can be further generalized to locally scrambled
tensor networks, which does not even need to have a preferential time direction. As long as each
tensor in the tensor network is independently drawn from local-basis-independent ensembles,
the entanglement structured of the random tensor network can be described by the EF approach.
The freedom to design the EF for each separate tensor in the tensor networks opens up a large
space of models to explore in the future.

There are also a few more challenging future directions that are worth further investigation.
The first direction is to generalize the 2nd Rényi EF to arbitrary Rényi index. As a consequence,
the Ising variable on each site will be promoted to a permutation group element o; € S,,. Such
generalization will also allow us to access other measures of entanglement, such as Rényi
negativity[45, 82, 83], as the moment of the partial transposed density matrix pT4[84, 85, 86, 87,

88, 89] can be expressed in terms of the nth Rényi EF,

(n---21) i€A,
Tr(p™)"=Wylg], gi= ) (2.85)

(12---n) i€A.
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The nth Rényi generalization of EF states |Wiy) and EF operators Wy can still be defined,
but it will be more difficult to perform explicit calculations given that the number of group
elements n! grows quickly with n. Perhaps the most subtle issue is how to take the n — 1 replica
limit systematically, which has been identified[42, 57, 58] as an important step to understand
the nature of entanglement transitions. The second direction is to include global symmetries
and conservation laws[35, 60] into the discussion. This amounts to refining the generic local
scramblers to symmetry-preserving local scramblers, which only performs basis transformations
within each irreducible representations of the symmetry group. The formulation to describe the
interference between the entanglement dynamics and the flow of symmetry representations in
the quantum circuits still need to be developed. The third direction is to go beyond the locally
scrambled quantum dynamics and to gradually introduce correlations among random gates in
the spacetime. Can the current EF formulation serves as a good starting point to construct
phenomenological descriptions for weakly correlated random gates? Can we eventually approach
the limit of coherent quantum evolution for Hamiltonian or Floquet dynamics? There are many
interesting open question awaiting us to explore.

Chapter 2 is, in part, a reprint of material from published work done in collaboration
with A. A. Akhtar, Daniel P. Arovas, and Yi-Zhuang You, as it appears in Physical Review B.
Wei-Ting Kuo, A. A. Akhtar, Daniel P. Arovas, and Yi-Zhuang You, "Markovian Entanglement
Dynamics under Locally Scrambled Quantum Evolution,” Phys. Rev. B 101, 224202 (2020).

The dissertation author was the primary investigator and author of this material.
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Chapter 3

Decoherent quench dynamics across quan-
tum phase transitions

3.1 Synopsis

We present a formulation for investigating quench dynamics across quantum phase
transitions in the presence of decoherence. We formulate decoherent dynamics induced by
continuous quantum non-demolition measurements of the instantaneous Hamiltonian. We
generalize the well-studied universal Kibble-Zurek behavior for linear temporal drive across the
critical point. We identify a strong decoherence regime wherein the decoherence time is shorter
than the standard correlation time, which varies as the inverse gap above the groundstate. In

2vz/(1+2vz)

this regime, we find that the freeze-out time f ~ T for when the system falls out of

equilibrium and the associated freeze-out length 5 ~ v/ (14+2v2)

show power-law scaling with
respect to the quench rate 1/7, where the exponents depend on the correlation length exponent v
and the dynamical exponent z associated with the transition. The universal exponents differ from
those of standard Kibble-Zurek scaling. We explicitly demonstrate this scaling behavior in the
instance of a topological transition in a Chern insulator system. We show that the freeze-out time
scale can be probed from the relaxation of the Hall conductivity. Furthermore, on introducing
disorder to break translational invariance, we demonstrate how quenching results in regions

of imbalanced excitation density characterized by an emergent length scale which also shows

universal scaling. We perform numerical simulations to confirm our analytical predictions and
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corroborate the scaling arguments that we postulate as universal to a host of systems.

3.1.1 Contribution of the author

The author has contributed in developing the main formalism and in writing the paper.

He has performed the numerical calculations together with Prof. Yi-Zhuang You.

3.2 Introduction

Nonequilibrium properties associated with quenches across a continuous phase transition
are exhibited in a range of physical systems, from quantum magnets at the nanoscale to the
cosmos itself. Close to the critical point separating the two phases, the intrinsic relaxation time,
equivalently, the correlation time diverges. In this regime, no matter how slow the tuning rate for
the quench, the system is driven faster than it can respond, and thus plunges out of equilibrium.
Universal properties of the phase transition have powerful implications for the nonequilibrium
dynamics associated with the quench. A paradigm example is Kibble-Zurek scaling[4, 5, 6, 7],
which states that both the time scale of the out-of-equilibrium dynamics and the length scale of
the post-quench nonequilibrium region scale as power laws with the quench rate. The power
law exponent depends only on universal properties of the equilibrium phase transition and is
independent of microscopic details of the system.

The combined effects of quantum measurement and decoherence on quantum critical
quenches largely remains uncharted ground, despite the growing research interest in open
quantum systems and measurement-impacted quantum dynamics([75, 78, 79, 90, 76, 59, 57, 80,
58, 81]. Unitary evolution combined with intermittent measurement can generate nontrivial
quantum dynamics by repeatedly collapsing the quantum state to the measured basis, following
Born’s rule. Such processes generally modify the quantum state drastically and create high-energy
excitations in the system. However, if the measurement observable commutes with the system
Hamiltonian, while the system becomes entangled with its environment, no such high energy

excitations are produced, a state of affairs known as a quantum non-demolition measurement[91,
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92,93, 94, 95, 96, 97]. In particular, the quantum non-demolition measurement of the system
Hamiltonian itself has recently been proposed in Ref. [98, 99] for trapped-ion systems, as an
indirect measurement realized by coupling the system with an environment through the energy
channel. The process also can be interpreted as the environmental monitoring of the system
energy, under which the system will decohere in the energy basis. It was further demonstrated
in Ref. [100, 101, 102] that repeatedly measuring local terms of the many-body Hamiltonian
during the quantum dynamics can stabilize different quantum phases in the final steady state.
One can even drive quantum phase transitions by varying the measurement strength of different
Hamiltonian terms. This provides us an opportunity to consider the critical quench dynamics
driven by quantum non-demolition measurement of the system energy, and to investigate its
effect on universal scaling behaviors.

In this work, we present a formulation for integrating the physics of quantum measure-
ment and decoherence with that of quantum critical quench dynamics. The formulation provides
a description of continuous measurement of the system Hamiltonian, while the Hamiltonian itself
is dynamically driven across the quantum phase transition. Averaging over energy measurement
outcomes leads to decoherence in the energy basis. The decoherence time enters the dynamics
as a time scale distinct from that set by the correlation time. As the system is tuned through
the critical point, both the decoherence time 7, and the correlation time &, diverge, such that
the quantum dynamics slows down and the system is unable to equilibrate in the face of the
parameter tuning. As a result, the system is effectively frozen near the critical point and falls
out of equilibrium after the quantum quench. The freeze-out time is set by the choice of time
scale between &; and T, that remains shorter at the moment. As the two time scales &, and 7.
diverge with different exponents near the critical point, they lead to different scaling behaviors of
the freeze-out time (also known as the Kibble-Zurek scaling in the coherent limit). In the strong
decoherence regime, we derive the critical quench scaling exponents for both length and time
scales, and demonstrate how they differ from the standard Kibble-Zurek predictions.

We apply our formulation to topological transitions in Chern insulators and show how
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these strong-decoherence scaling laws become manifest. Our choice of system stems from the
surge of interest in these materials, the plethora of experiments, the ability to tune through these
transitions, and the straightforward theoretical formulation that enables adding the complexity of
the decoherent aspects. Given that much of Kibble-Zurek physics has focused on systems having
spontaneous symmetry breaking and local order, we focus on an alternate set of observables
for probing our predicted novel scaling behavior in the case of topological order. In particular,
we propose that the out-of-equilibrium time scale can be obtained from the relaxation of Hall
conductivity across the topological transition. We also propose the extraction of the post-quench
correlation length from the autocorrelation function of excitation density in the presence of weak
disorder.

While this work offers a framework for describing decoherent quantum critical quenches
and applies it to a specific example, we believe its scope is very broad!. The formulation itself
can be applied to vast and diverse systems ranging from symmetry broken phase in cosmology,
solid state, and cold atomic gases to topological systems in the latter two settings. Almost
invariably, decoherence goes hand in hand with quenching, and in the case of ultracold gases, it
can even be engineered. In general, its effects can be murky. But for universal regimes defined
by critical points, not only are the effects much more clear-cut, the interplay between the two
distinct time scales allows demarcating a testable strong decoherence regime showing entirely
new scaling.

In what follows, in Sec. 3.3, we introduce the general formulation of quantum dynamics
with energy-basis decoherence, realized by quantum non-demolition measurement of the system
Hamiltonian. We derive the master equation that governs the decoherent dynamics. Based on the
master equation, having recapitulated standard Kibble-Zurek scaling in quantum quenches, we
analyze its behavior in the presence of decoherence.We discuss the regimes of weak versus strong

decoherence and associated scaling. In Sec. 3.4, we demonstrate our treatment for quenches in

I'The general behavior of quantum systems undergoing decoherence remains an open question. Our formalism
applies to any model so long as the decoherence mechanism can be modeled by continuously measuring the system’s
energy.
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Chern insulators tuned through topological phase transitions. We present the corresponding non-
interacting fermionic Hamiltonian and describe the dynamics in terms of associated pseudo-spin
degrees of freedom for each momentum sector. We next derive our predicted scaling behavior in
the relaxation of Hall conductivity. We adapt numerical techniques to describe quenches and
further corroborate our results. We introduce weak disorder to break translational invariance
and extract correlation lengths and related scaling behavior via post-quench correlation of
emergent regions having high excitation densities. In Sec. 3.5, we summarize our work, consider

ramifications, and make connections with possible experiments.

3.3 Universal scaling of decoherent critical quench

We begin with the overarching set-up for describing the decoherent system at hand and
its dynamics. We then show how even in the simplest case of a two-level system, one can
extract a decoherence time that is intimately tied to the gap between states. Our formulation
immediately enables us to study the general scenario of quenching through a quantum critical
point. We therefore then proceed to derive the universal argument for a competition between
three timescales—the inverse quench rate, the intrinsic coherent timescale of the system (the
correlation time), and the decoherence time. Based on the competition, we are able to identify
strong and weak decoherence regimes and the different associated scaling behavior of the critical

quench.

3.3.1 Decoherent Quantum Dynamics

The decoherence of a quantum system in its energy eigenbasis can be effectively mod-
eled by an environment that monitors the energy of the quantum system through continuous
measurements[103, 104]. Under this protocol, the dynamics of the quantum system is non-
unitary and can be formulated as a quantum channel[105]. The quantum channel formulation

provides a unified description of the effect of both unitary evolution and quantum measurement
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on the density matrix p of an open quantum system,

p(r+61) = L K,(0p(0K] (1) . G.)
J

specified by a set of Kraus operators[106] K(r) satisfying ¥ ; K; (t)K;(r) = 1. Unitary evolution
corresponds to the presence of a single unitary Kraus operator K (1) = U (1) = e (") (setting

h = 1); in this case, one has the familiar behavior
p(t+81)=p(t) =it [H(1),p(1)] + O(51%), (3.2)

where H (t) is the Hamiltonian of the quantum system that generates the coherent time-evolution.

The environmental monitoring of the energy of a quantum system can be described by a
set of measurement operators K; (1), where the index j labels the possible measurement outcomes.
We consider an indirect (or ancilla) weak measurement[107] scheme, in which the system couples
to some ancilla qubits in the environment via the interaction term Hin () = H(¢) ® A. Here,
H (t) is the Hamiltonian of the quantum system and A is some Hermitian operator acting on the
ancilla qubits. Suppose the ancilla qubits start in a random initial state |¢) and evolve jointly
with the quantum system under H;,(¢) for a short period of time, after which they collapse to
the measurement basis |j) via a projective measurement. The effect on the quantum system is

described by the following Kraus operator

Ki(t)=(jlo)I—ieH(t) (j|A|o)— 12 H(t)* (j|A*| ¢ )+ O(€) (3.3)

where € 1s proportional to the coupling time and can be viewed as a parameter controlling
the measurement strength. Here Il is the identity operator acting on the Hilbert space of the system.

This procedure weakly measures the energy of the quantum system because the observable being
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measured in a quantum measurement is determined by the particular operator that couples the
system to the environment[108, 109], which in this case is the system Hamiltonian H (7) itself.
Such a measurement protocol will gradually decohere the system to disperse among different

energy levels. Applying the Kraus operator to the density matrix, we obtain

Y K(t)p(t)K[(t) = p(t) —ie [H(t),p(1)] (¢ |A|9)

J

_%SZ[H(I%[H(I%P(I)H<¢’A2’¢>+ﬁ(83) . (3.4)

We assume that the ancilla state |¢) and the ancilla operator A satisfy <¢ |A | [0 > = 0, such that
the measurement process will not bias the energy of the system. Typically this is true if |¢) and A
are random, as we have no prior knowledge of how the environment will monitor the energy. We
also ignore the memory effect of the environment, and assume that the dynamics is Markovian.

With this assumption, the density matrix evolves under the environmental measurement as
p(t+8t) =p(t) — ydt [H(t),[H(1),p(t)]] + O(1%) , (3.5)

where a new parameter ¥ = ( ¢ ‘Az ] ¢) €?/(28¢) is introduced to represent the quantum non-
demolition measurement strength (or the decoherence rate). To approach the limit of continuous
measurement, we should take the 5 — 0 limit keeping the ratio £2 /8¢ held fixed so as to respect
the quadratic time scaling[110, 111, 112] required by the quantum Zeno effect.

Combining Eq. (3.2) with Eq. (3.5), and taking the continuum limit ¢ — 0, we arrive at

the master equation for decoherent quantum dynamics

o =—i[HO).p(O)] =y [H@).[H(").p()] - (3.6)

This is the Lindblad equation (in double-commutator form)[113, 114, 115] for the Lindblad

operator being the Hamiltonian itself. Note that we derive this result from the time evolution
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of density matrix (Eq. (3.2)) with continuum limit. It describes how an open quantum system
evolves under a time-dependent Hamiltonian as it continues to decohere among the instantaneous
energy eigenstates.

If H is time-independent, then it is easy to see that the off-diagonal elements of p ()
expressed in the eigenbasis of H all collapse to zero provided they are between states of different
energy, i.e. Ppun(t) — 0 if E,, # E,. For time-dependent H (t), however, as we shall see, the

dynamics is nontrivial.

3.3.2 Decoherence time and excitation energy

To gain more intuition regarding the decoherent quantum dynamics described by Eq. (3.6),
we consider a quantum system close to its ground state. As a toy model, we focus on the low-
energy subspace spanned by the ground state (energy E) and the first-excited state (energy Ey),

in which H and p can be represented as

Ey O
H— 0 p= Poo  Po1 ' (3.7)

0 E; Pio P11
Within this two-level subspace, Eq. (3.6) implies

Py

P =i (E] - E())pm - 7(E1 - Eo)zp()p (3.8)

which indicates that the off-diagonal density matrix element (i.e. the quantum coherence between
the ground state and the excited state) decays exponentially in time as |p,, | o< exp(—¢/7,,.)-

Here, the decoherence time is given by

Tdec — W, (39)

65



where A = E| — Ey denotes the excitation energy. This demonstrates that Eq. (3.6) indeed
describes the energy level decoherence in which the decoherence time 7, is set by the energy A

(or more generally, the level spacing).

3.3.3 Kibble-Zurek scaling under decoherent quench

With the general formulation of the decoherent quantum dynamics now in place, captured
by the master equation in Eq. (3.6), we can now investigate quenches in the presence of decoher-
ence. Specifically, we analyze the effect of introducing decoherence to the universal behavior
exhibited by quantum systems dynamically tuned between two phases through a continuous
quantum phase transition. Quantum quenches, in general, form a fertile and currently active
field of study (see e.g., Ref. [116]), encompassing condensed matter physics, atomic, molecular
and optical physics (AMO), cosmology, and quantum information. Quenches near quantum and
thermal critical points exhibit Kibble-Zurek behavior[4, 5, 6, 7], which reflects the universal
non-equilibrium power-law scaling of several quantities, such as quench-induced density of
defect. Note that here we focus on quantum quenches, as opposed to thermal. The source of the
non-equilibrium behavior is that the intrinsic relaxational timescale of the system diverges as a
universal power-law close to the critical point, and thus, no matter how slow the quench rate, the
system cannot relax fast enough in a certain window. The size 5 of the local equilibrium domain

after the quench scales with the quench rate 1/7 as

E ~gv/itva) (3.10)

where v and z are the correlation length exponent and dynamic critical exponent associated with
the quantum critical point. We will show that the same scaling holds under decoherence as long

as the decoherence rate Y scales together with the quench rate as y ~ 7v#/(14v2) However, in the
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strong decoherence limit (Y — o), we find a new combined scaling

&~ (yr)¥/(F2v (3.11)
which is unique to the decoherent dynamics.

These trends in scaling behavior can be derived from an analysis of the dynamic equation
Eq. (3.6). Here, we generalize the standard approach for Kibble-Zurek physics in absence of
dissipation to include and pinpoint its effects. We assume the quantum critical point can be
describe by a critical Hamiltonian H._ica. Quenching through the critical point corresponds to
tuning the relevant perturbation Hpee (which drives the phase transition) through zero, which can
be formally described by

H(t) = Hritical + 6(I)Hpert 5 (3.12)

where 8(t) = o(t) — o measures the deviation of the driving parameter o away from its critical
point a,. In the vicinity of the critical point, we focus on the most general quench case where
the deviation is tuned linearly with time &(¢) = ¢/, which introduces the quench rate 1/t (or
equivalently the quench time scale 7). However, the linear tuning of the driving parameter does
not tune the excitation energy linearly. Near the quantum critical point, low-energy collective
properties of the system, such as the correlation length & or the excitation energy A, scale with

the deviation 6 according to power laws set by universal relations
EnVn (/1) AnET~ (/1) (3.13)

The many-body excitation energy A will be the only relevant energy scale that enters Eq. (3.6) in
the replacement of H(¢) near the critical point.
Following the form of Eq.(3.8), we ignore all the level-specific details, which are

secondary to universal behavior, and put forth a heuristic dynamic equation for the purpose of
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scaling analysis, viz.

N\ V2 1\2vz (3.14)
~iE) G e
We can eliminate the 7-dependence in Eq. (3.14) by rescaling ¢ and ¥ jointly as follows:
t— g/ Utvayd oy v/ Ve (3.15)

implying that the quantum quench dynamics is universal if the time ¢ and the decoherence rate y
scale accordingly. In the large y regime, Eq. (3.14) is dominated by the decoherence dynamics

(i.e. the y-term only), viz.

) 1\ 2vz
hp~—YAp~ —7(;) p . (3.16)
It is then possible to simultaneously eliminate both the y- and the 7-dependences in Eq. (3.16)

by the following rescaling of time:

t— (y lg2va)l/a+2va) (3.17)
which gives a different, but consistent, scaling of time in the strong decoherence limit as compared
to Eq. (3.15), which holds for all decoherence rates.

Underlying the different scaling behaviors is the competition between two distinct time
scales: the correlation time & and the decoherence time Tyec (defined in Eq. (3.9)),

& ~ % ~ (%)VZ, Ty ~ ﬁ ~ 31/ (%) v (3.18)

As we quench through a quantum critical point, the many-body excitation energy A closes and

reopens. As the critical point is approached, namely A — 0, both the correlation time &, and the
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Figure 3.1. The divergent correlation time &; and decoherence time 7, near the critical point
under (a) weak decoherence (quantum regime) and (b) strong decoherence (classical regime).
The first intersection point marks the freeze-out time # when the system loses/restores adiabaticity.
Thus, during the quench process, the freeze-out time in (a) is determined by &, and in (b) by 7.

decoherence time 7, diverge, as shown in Fig. 3.1. The system effectively freezes due to the
critical slowing down and falls out of equilibrium. The freeze-out time 7 is set by the smaller
time scale min(&;, 7,..). These time scales correspond to two different mechanisms to maintain
adiabaticity: beyond the correlation time &, the system can respond to the parameter tuning by
unitary evolution, while beyond the decoherence time 7, the system can follow the energy
level by the quantum Zeno effect (the effect that frequent measurements can slow down the
quantum evolution).

The competition between &, and 7, is dependent upon the decoherence rate 7, as can be
seen from Eq. (3.18). When the decoherence rate Y is small, the system is in the coherent quantum
regime, where &, is the shorter time scale, and the freeze-out time 7 is set by 7 ~ &,(7) ~ (f /1)~

The solution then conforms to standard Kibble-Zurek behavior and reads
Fro VeV B (/)Y gV YD) (3.19)
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which is consistent with Eq. (3.15) and Eq. (3.10). When the decoherence rate ¥ is large, the
system is in the decoherent “classical” regime, where 7y is the shorter time scale, and the
freeze-out time 7 is set by 7 ~ 7, (f) ~ y~'(f/7)">Y*. The term “classical” here means that
the density matrix is diagonal in the energy basis. The off-diagonal terms vanish in the strong
decoherence regime, and information about the relative phase is washed out. Thus, we called

this strong decoherence limit as “classical” limit. The solution then reads

7~ (,},—ITZVz)l/(l—va) 7 5 -~ (t_/‘C)_v -~ (,)/,L.)v/(l—i—sz)7 (3.20)

which is consistent with Eq. (3.17) and Eq. (3.11). The crossover between the two regimes occurs
at a decoherence rate ¥ = 7"%/(11V2) when all the time scales meet # ~ &, ~ Tyec» as indicated by
Eq. (3.15).

Regarding the new scaling found in the strong decoherence regime (Eq. (3.20)), we wish
to stress the following: The exponent in the strong decoherence regime can be obtained by
replacing the dynamical exponent z in conventional Kibble-Zurek scaling (Eq. (3.19)) with 2z.
This simple replacement results from the peculiar excitation energy dependence in decoherence
time (Tgec ~ A2 in Eq. (3.9)). Note that the time scale & in standard Kibble-Zurek scaling
is inversely proportional to the excitation energy & ~ A~!. This crucial difference leads to a
doubling of the conventional KZ dynamical exponent in strong decoherence regime.

This new scaling is expected to emerge due to the introduction of decoherence rate .
Similar change of scaling by introducing new parameter can be achieved by coupling the system
with thermal bath with tuning parameter temperature[117]. The main difference between our
decoherent formulation and regular thermal coupling is the interaction term, in that we choose
an interaction which commutes with the system Hamiltonian. In the strong decoherence regime,
the final density matrix becomes diagonal in the energy basis, but does not belong to any thermal
ensemble. This leads to the new scaling form in this regime of strong decoherence.

In conclusion, our analysis shows that, depending on the ratio y/y = y/t¥¥/(1+v3),
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the quench dynamics can cross over from the quantum limit (y/ < 1) to the “classical”
limit (y/9. > 1). A combined scaling behavior Eq. (3.20) emerges in the strong decoherence
“classical” regime, which is different from (but consistent with) the Kibble-Zurek behavior of

Eq. (3.19).

3.4 Decoherent quench through topological transitions

In order to demonstrate our arguments and explore new terrain in decoherent dynamics,
we now apply the general framework developed above to investigate quantum quenches in
topological insulators. We focus mainly on quenches across the topological transition separating
a Chern insulator from a trivial insulator. Most of our results can be easily generalized to
topological insulators in other dimensions and they demonstrate the principles behind a diverse
range of systems, both topological and non-topological.

In what follows, we first introduce the model Hamiltonian parametrized by a pseudo-
magnetic field in momentum space. We then formulate the related density matrix in terms of
the pseudo-spin vector. By applying the master equation for decoherent quantum dynamics
developed in the previous section, we obtain the effective dynamical equation for the pseudo-spin,

based on which we analyze the universal scaling behavior for the topological transition.

3.4.1 Model Hamiltonian and band topology

Consider a two-band Hamiltonian of spinless fermions in (2+1) dimensions having a

time-dependent band structure

Hit)==Y cih (1) 0c, (3.21)

k

| =

where ¢y is the fermion annihilation operator in momentum space, 6 = (Oy, Oy, O;) represents
the pseudo-spin operators as Pauli matrices, and h,(t) is the time-dependent pseudo-magnetic

field defined for each momentum k = (ky,ky). As opposed to actual spins in magnetic fields,
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the pseudo-spin describes orbital degrees of freedom of spinless fermions. The (instantaneous)
band dispersions are given by +|h, |. The two bands are separated by a gap so long as || # 0
throughout the Brillouin zone. We assume that the number of fermions is such that they can
fully fill a single band, and that the fermion number does not change with the ensuing quantum
dynamics.

Depending on the winding number of izk =h, / |h, | in momentum space

w=$/d2kﬁk-g—2‘xz—2 (3.22)
the band structure can be classified as trivial (if w = 0) or topological (if w # 0). Our quench
consists of tuning the band structure between the trivial and the topological phases. Such
quenches have been studied extensively in the literature[118, 119, 120, 121, 122, 123, 124, 125,
126, 127, 128, 129, 130, 131, 132, 133, 134, 135], but the effect of decoherence is still largely
not understood. Our goal is thus to examine the interplay between critical quench dynamics and
quantum decoherence in topological insulators.

To analyze the critical behavior, we invoke the linearized band structure near the Dirac
point,

h (1) = (kg ky t/T) (3.23)

which describes the low-energy Dirac Hamiltonian with linearly tuned mass term. We assume

that the mass term m =t /7 is tuned linearly across the phase transition.

3.4.2 Quench protocol and density matrix

For the quench protocol, we start with the ground state of an initial Hamiltonian H (z,))
(ty < 0), where the bottom band is filled and the upper band is empty. We then tune the band
structure through a topological transition, where the band gap closes and reopens. We define
our time origin such that the critical point is always reached at t = 0. The time evolution of

the system is governed by the dynamical equation Eq. (3.6). True to a free fermion system, the
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quantum dynamics takes place at each momentum point independently. Since the initial state is
a product state over momentum states, the density matrix of the system continues to take the

product form throughout the evolution

p(1) =TTk 10)pe(1) (Ol ey (3.24)
k
where pg (1) is the single-particle density matrix at momentum k,

(1+n,(1)-0) . (3.25)

| —

Pk(t) =

The pseudo-spin vector n, () = Trp(z) c,t O c, is introduced in momentum space to parameterize
the density matrix. The “purity” of the density matrix is given by Tr(p?) = [Ix %(1 + |nk|2), such
that the system is pure if and only if ]nk\z =1 for all k, i.e. when the pseudo-spin vector lies
on the unit sphere. Due to the non-unitary decoherent dynamics, the density matrix in general
becomes mixed under the time-evolution such that the pseudo-spin vectors shrink toward the
origin, i.e. n, — 0. In this limit, the density matrix for each k is proportional to the identity,

corresponding to ‘infinite temperature’.

3.4.3 Dynamics of pseudo-spin vectors

To describe the pseudo-spin dynamics, we substitute the Hamiltonian H (¢) from Eq. (3.21)f
and the density matrix p(z) from Eq. (3.24) into the master equation Eq. (3.6). Note that each
momentum sector is decoupled in the free fermion model. In terms of the pseudo-magnetic field

h,(t) and the pseudo-spin n, (t), the dynamic equation reads

on
8_tk =h, xn, +7vh, x (h,xn,) . (3.26)
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(a) (b)

Figure 3.2. Comparison of the effects of (a) the damping term A in the LLG equation and (b)
the decoherence term 7y in Eq. (3.26).The contribution to the rate of change of the pseudo-vector
is denoted by the green arrow. The dynamics in (a) preserves the norm of the pseudo-vector but
it does not in (b).

Note that Eq. (3.26) is different from the Landau-Lifshitz-Gilbert (LLG) equation,

aa—?:hxn+lnx(hxn) ) (3.27)

used to describe the damping of spin precession in a magnetic field. The LLG equation is
nonlinear in n and preserves the norm of n. In contrast, Eq. (3.26) is linear in n, with the norm of
n, generally decreasing under evolution, which reflects the non-unitary nature of the decoherent
dynamics. Their differences are clearly demonstrated in Fig. 3.2. Under the decoherent dynamics,
the pseudo-spin n, tends to be projected onto the direction of the pseudo-magnetic field h,, which
precisely describes the decoherence of off-diagonal density matrix elements in the diagonal basis
set by the Hamiltonian hy - 6. Similar decoherence term was also studied in Ref. [136].

As the system equilibrates to the ground state, the pseudo-spin n, anti-aligns with the
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pseudo-magnetic field h,, i.e. n, — —izk, so as to minimize the energy
E=Tr(Hp)=%)Y h,n, . (3.28)
k

When the pseudo-magnetic field h,, flips between topological and trivial configurations, there are
two mechanisms to maintain the pseudo-spin in alignment with the field. In the weak deoherence
regime (Y < 7). as the pseudo-spin precesses about the pseudo-magnetic field it is also driven
by the damping towards its new equilibrium position, as shown in Fig. 3.3(a). In the strong
decoherence regime (Y >> 7.), the pseudo-spin is driven by the quantum Zeno effect to follow the
field, as shown in Fig. 3.3(b), since it is constantly being measured by the environment along the
field direction. The crossover decoherence rate . scales as Y. ~ 71/2 with the quench rate 1/7.

In the vicinity of the Dirac point at k = 0, where the band gap closes, the pseudo-magnetic
field vanishes as the system is driven through criticality. In this case, the pseudo-magnetic
field ceases to provide the alignment impetus to the pseudo-spin. Therefore, both alignment
mechanisms fail in this region, and the system falls out of equilibrium as the pseudo-spin loses

track of the pseudo-magnetic field. The above argument can be confirmed by the numerical

Figure 3.3. Pseudo-spin dynamics under (a) weak decoherence y = 0.17'/2 and (b) strong

decoherence Y = 107!/2. The rainbow colors (from blue to red) trace the time evolution.
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simulation of the pseudo-spin dynamics Eq. (3.26) using the linearized model Eq. (3.23),

5 n 0 —l‘/T ky n
3 |m| =t/ 0 k| |m (3.29)
n3 ~ky ke 0 | |n3
+/1)? —kky  —ka/T| |n

V| —kky KE+(t/7)? —kt/T| |m2

—kt/T —kt/T ki tk | |n3

A typical result (at Y = . ~ 7/2) is shown in Fig.3.4. As h; flips across the critical point, n;
is expected to follow the sign change if the dynamics were the adiabatic. However, due to the
gap closing at the Dirac point k = 0, the system can not maintain adiabaticity in the vicinity of
the Dirac point, no matter how slow the driving parameter is tuned. As a result, a portion of the
pseudo-spins fails to flip after the quench, which leads to an emergent nonequilibrium region in

the momentum space within the momentum range k in Fig. 3.4(e).

3.4.4 Universal scaling for topological transition

To understand how the nonequilibrium momentum range k scales with the quench rate
1/7, we perform a scaling analysis of the dynamic equation Eq. (3.29). It is straightforward
to check that rescaling variables r — t'/2¢/, k — 7= '/2k/, and y — 11/2}/ eliminates the 7-
dependence in the equation entirely. This implies that the quench dynamics is universal if the
time ¢, the momentum k and the decoherence rate 7y scale with the quench time 7 accordingly.
Therefore, we conclude that the freeze-out time 7, the nonequilibrium momentum range k and

the local equilibrium domain size 'g'_ scale as

Frotl2 ) kW2 B2 (3.30)
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Figure 3.4. Evolution of pseudo-spin vectors in momentum space at (a) ¢ = —5t1/2, (b)

t=—11/2 ©r=0,dr= 7l/2, (e)r=5 7!/2. The black arrow indicates the in-plane component
(g, ni) and the background color indicates the n; component.

which is consistent with the Kibble-Zurek scaling given in Eq. (3.19), with v =1 and z = 1 for
the topological transition of Dirac fermions. The scales k and E are dual to each other: the system
falls out of equilibrium within k in momentum space, which translates to the non-adiabaticity
beyond & in the real space.

To quantify the nonequilibrium region in the momentum space, we define the excitation

density

Pexc(k) = hm (1+hk() nk(t>> ) (3.31)

and the thermal entropy density

1—|—s|nk ] 1+s|n, (1)
Sin(k) = — Jim Z log, 5 : (3.32)

in the late time limit. The late time limit is defined to be long enough for the energy-basis

decoherence to have effect but short enough for other possible relaxation mechanism to influence
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the system. The excitation density pex((k) measures the probability that the fermion at momentum
k is found to be excited in the upper band after quench. The thermal entropy density Sy, (k)
reflects the distribution of thermal entropy in momentum space after the quench. Our results
are shown in Fig. 3.5 for different decoherence rates y. Separated by a crossover decoherence

1/2

rate % ~ 7'/, the weak decoherence (Y < ¥) and the strong decoherence (y > ¥.) regimes

clearly exhibit different behaviors. In the coherent limit (y — 0), the nonequilibrium momentum

1/2

range k ~ T~ !/ is simply set by the quench rate 1/7. As decoherence sets in, k will continue to

shrink with 7, because decoherence helps drive the system back to equilibrium. In the strong

decoherence regime, a new set of scaling emerges,
e e () R I (333)

which describes how the momentum range k shrinks with the decoherence rate ¥ (see the dashed

0 05 1 0 05 1
BT ] Pexc  ——— 5

1072 Y <<‘

0.0 05 1.0 1.5 2.000 0.5 1.0 1.5 2.0

k /2 k /2

Figure 3.5. (a) Excitation density and (b) thermal entropy distribution in momentum space
for different decoherence rates y. The line }, demarcates the weak versus strong decoherence
regimes in both plots. The dashed black lines indicate emergent new scaling in the strong
decoherence limit.
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curves in Fig. 3.5). These scaling behaviors are consistent with the general result in Eq. (3.20)
with v =1 and z = 1. They may also be obtained by a scaling analysis of the dynamical
equation Eq. (3.29). In the limit ¥ — oo, Eq.(3.29) is dominated by its second term, which
allows us to simultaneously remove both y and 7 dependences by rescaling t — y‘l/ 372/3¢ and

k — (yt)~'/3k’, which in turn leads to the scaling as claimed above.

3.4.5 Numerical demonstration of temporal scaling

To test the above universal scaling behaviors, we propose to monitor the topological
response of the fermion system as it is tuned between the topological and trivial phases. The
topological response that typically characterizes Chern insulators is the Hall conductivity, which
can be measured in transport experiments.

To define the instantaneous Hall conductivity for nonequilibrium systems, we consider

perturbing the system by a weak electric field E(z) cranked up over a short time scale 7,

Ee=0)/T fort < %
E(r)= (3.34)

0 forz > 1,

We assume that the probe time scale 7" is much smaller than the quench time 7, i.e. T < T, so
that H () remains almost unchanged during this period, and can be approximated by H(%,). In
response to the perturbation, the current can be calculated from the current-current correlation

function I(z,,t), using —0,A(t) = E(t), viz.

- (3.35)

0
=—E T/dt’ M(ty,1,+1") e /7
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I(zy,t) is given by standard linear response theory as

T(ry,t) = —iTr ([J(;()) ()] p(t0)> , (3.36)
where J(t,) = d,H(t,) and at a later time, we have
J(t)=U(t —1,)J(1,) U(t —1,) (3.37)

with U(t —1y) ~ e # (to)(t=1y) | The Hall conductivity oy (t,) can be read off from Eq. (3.35),

0
oylty) =iT [di' &'/ Tr<[Jx(t0) Ity +1)] p(t0)> . (3.38)

Here, we assume that p(z,,) does not significantly vary during the short time scale T'. Employing
H(t,) and p(t,) from Eq. (3.21) and Eq. (3.24), we obtain the instantaneous Hall conductivity

Oy (%) in terms of the pseudo-spin vector n,(#,) and pseudo-magnetic field h, (%),

1 / >, M (O by % O hy)
o, =— | d°k . (3.39)
Ho 2 hl 4+ T2

As a special case, when the system equilibrates to the ground state, i.e. n, = —itk, Eq. (3.39)
then reduces to oy = —27w in the static limit 7 — oo, where w € Z is the band winding number
defined in Eq. (3.22), as expected in the quantum Hall effect. However, away from equilibrium,
the Hall conductivity does not need to be quantized.

From Eq. (3.39), we calculate the behavior of the Hall conductivity as the system is
quenched from a topological band structure (w = —1) to a trivial band structure (w = 0). The
result is shown in Fig. 3.6. The Hall conductivity deviates from the original quantized value
and relaxes to a new quantized value after the quench. It is worth mentioning that several prior

studies[119, 124] have stressed that the Chern number of the fermion state, which is defined only
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Figure 3.6. Hall conductivity across the quench (from topological to trivial phase) with the
decoherence rate (a) y=0, (b) vy = 7l/2, ©)y= 107!/2. The arrows indicate the time scale t, at
which the Hall conductivity relax to halfway between the initial and final quantized values.

for pure states under coherent evolution, and is given by

C:%/dzknk-ﬂx% (3.40)
T ok,  dky
remains unchanged across the quantum quench, simply because the continuous time evolution of
n, is a smooth deformation that can not change the topological index. While this is a correct
statement, its meaning may be misinterpreted. The conservation of Chern number does not
imply that the system remains in the original phase, because the Chern number is not a physical
observable and can not be used to characterize the topological property of a system. Topological
properties must be characterized by physical responses, such as the Hall conductivity, which
does switch between different quantized values across the quench (as shown in Fig. 3.6(a)), even
if the Chern number remains the same under coherent evolution.

To further understand the relaxation of Hall conductivity and its associated universal

scaling near the critical point, we invoke the linearized model Eq. (3.23), for which the Hall
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Figure 3.7. The Hall conductivity oy, is calculated under different quench rate 1/7, from which

the halfway time #, is extracted. This timescale, #,, exhibits two different scaling behaviors,
consistent with Eq. (3.42).

conductivity becomes?

_l 2 ”i(t)
ouln) = 5 [ & R0 T2

(3.41)

After the quench, in the long time limit, the denominator is dominated by the (¢/ ’c)2 term, and
the numerator n; becomes concentrated about the Dirac point within the momentum range k, as
shown in Fig. 3.4(e). So the integral scales as oy (t) ~ k*/(¢/7)? ~ (t/) 2, where the time scale
f ~ kt is introduced according to Eq. (3.30) and Eq. (3.33) in both weak and strong decoherence
regimes. Thus we conclude that the Hall conductivity relaxes to the new equilibrium with a
power-law tail behaving as (¢/7)~2.

We can estimate the time scale 7 from the Hall conductivity data. One possibility is to
consider the time #, at which the Hall conductivity relaxes to halfway between the initial and
final value, i.e. oy (1) = % (see Fig.3.6). Because 7 is the only time scale governing the critical

quench, the halfway time #, is expected to scale in the same way as . If we fix the decoherence

2The Hall conductivity should be regularized by an additional factor of % in the case of the linearized model.
This regularization is due to the Brillouin zone boundary. We ignore the regularization here, as it does not affect any
scaling analysis.
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rate ¥ by controlling the temperature and the environmental coupling and perform the quench

experiment with different quench rates 1/7, we should expect the following scaling behavior of

_ 23 for T < V2,
7 (3.42)

71/2 for 7> ¥

This behavior is verified in Fig. 3.7 by our numerical simulations. It provides a testable prediction
for the scaling behavior of the decoherent critical quench. Observation of the crossover from
the % to the % power laws will then serve as an indicator of decoherence in quantum quench

dynamics.

3.4.6 Numerical demonstration of spatial scaling

To demonstrate the universal scaling of the length scale & after the quench, we break
space-translational symmetry by weak disorder, and investigate the disorder-induced inhomo-
geneous spatial distribution of the excitation density in the final state. For this purpose, we
study the spinless Bernevig-Hughes-Zhang (BHZ) model[137] with bond disorder. Following a
similar quench protocol to that described above, we can elicit the decoherence-driven crossover
of scaling behaviors in real space.

Our purpose of introducing disorder is merely to provide some randomness to seed the
spatial inhomogeneity after the critical quench. However, introducing disorder at a quantum
critical point can sometimes alter the universal properties, as the disorder can be relevant, which
then drives the system to a strong disorder fixed point that is distinct from the clean limit[138].
To prevent the disorder from affecting the universality, we add irrelevant disorder, such as bond
disorder (i.e. random modulation of bond strengths)3.

We consider the following lattice model, with static randomness in the hopping amplitude

3 Although mass disorder is marginally irrelevant for (2+1)D Dirac fermions, given the finite system size in our
numerics, mass disorder would still have a considerable effect. For this reason, we do not consider it.
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and the time-dependent on-site potential:

Hn)=Y Y {trclré“ (GZ—iG“)Cr-i—h.C.}
" onelx} (3.43)

+ (m(t) —2) ZCI o‘c,

where ¢, = (c,;, ¢,,)T, ¢;o annihilates a fermion at site r in orbital &, and &, is a unit vector
in the u € (x,y) direction. The mass term m(t) =¢/7 is linear in time. The hopping term
tr = 1+ 8t, fluctuates with 61,, independently drawn from uniform distribution over [— &7, +0t].
The disorder strength Ot is irrelevant to the critical behavior and fixed at ¢ = 0.1 in our
simulation.

The quench dynamics is described by the master equation of Eq. (3.6). Although a Gaus-
sian state does not remain Gaussian under this evolution in general, we make the approximation
to project the density matrix to the single particle subspace &, = Tr (cb cl p). Then, given the

quadratic Hamiltonian H =Y, , 72, cl ¢, » one can derive the equation

0
e —i[, P~y [, 2] . (3.44)

Our quench protocol starts with the disordered spinless BHZ Hamiltonian H(f,) given in
Eq. (3.43) having m(t,) = —0.5 and a random profile of §z,. We use 30 x 30 site square lattice
in which the chemical potential is chosen to yield a half-filled band. The initial density matrix in
its first quantization form can be expressed as the projection operator onto the states below the

Fermi level, viz.

P (1) = YW (to)) (W, (1) |O(—E, (15)) (3.45)

where |y, (#,)) is the instantaneous eigenstate of H(f,) with the eigenenergy E, (¢,), and O(x) is
a step function guaranteeing that only negative energy states are included in the sum. The time

evolution of the density matrix & follows Eq. (3.44) until #; such that m(z;) = 0.5. The spatial
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distribution of any physical observable O can be computed as O(r) =Y, (r, o ‘ 0 2(t;) | r.o)
for each random realization. We average the disorder over 50 different random realizations.
Following the recent study of Kibble-Zurek behavior in disordered Chern insulators[139],
we utilize the spatial excitation density as a physical observable and extract the correlation length
scale from the spatial autocorrelation function. The operator for the excitation density is the

projector onto the positive energy bands of the final Hamiltonian H (t;), viz.

lel/n 1)) (Wa(t) | O(E, (1)), (3.46)

and the spatial excitation density is given by

fx(r) =) (r,0| Pes 2(t) | r,0) . (3.47)

The time evolution of the spatial excitation density in a specific random realization is shown
in Fig. 3.8. Initially, the spatial excitation pattern is determined by the bond disorder. In the
earliest stage of the evolution, the system evolves adiabatically, and the spatial excitation pattern
remains almost unchanged until the freeze-out time #/7 = —0.2. After 1 /T = —0.2, the evolution
becomes diabatic and the spatial excitation pattern reshapes significantly. After passing the
second freeze-out time #/7 = 40.2, the evolution is again quasi-adiabatic and the pattern of the
spatial excitation density again remains mostly unchanged.

To extract the length scale from the spatial excitation density fex(r), we compute the

auto-correlation function A(r),

=Y 8f(r) 3 fex(r) 8, / Y (8fux(r)? (3.48)

where fox = V7!Y, fox(r) is the average excitation density and & fux (r) = fex(r) — fox . We

collect the auto-correlation A(r) for each random realization separately, which typically exhibits
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Figure 3.8. Time evolution of the excitation density distribution fe () across the critical quench.

an exponentially decaying behavior in r. We define the correlation length £ as the length scale

when A(§) — 0. For each quench rate 1/7, we compute the disorder-averaged correlation length
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é_ . From the scaling behavior mentioned above, we expect the following scaling behavior of 5_:

- 7l/3 for T < 72,
&~ (3.49)

/2 for 1> Y.
This behavior is supported by our numerical simulations, as shown in Fig. 3.9. Thus we have
demonstrated that the scaling of the freeze-out length scale & can be extracted from the excitation

density profiles after the quench, which provides another experimental scheme to test the

proposed scaling behavior.
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Figure 3.9. The correlation length scale &, in each trial is defined by the spatial decay of
auto-correlation function A(§,) defined inEq. (3.48). The disorder averaged &, is obtained from
50 trials. The critical exponents in the strong and weak decoherence limits are consistent with
Eq. (3.49).
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3.5 Summary and outlook

In conclusion, we have offered a framework for studying the quantum critical quench
dynamics in the presence of decoherence in the energy basis, corresponding to the system
energy being continuously monitored by its environment. In the strong decoherence limit, we
have found a cross-over to a scaling regime (Eq. (3.20)) that differs from that on the standard

2vz/(1+2v2) and the freeze-out

Kibble-Zurek form and is governed by the freeze-out time f ~ T
length é ~ t2V/(1+2v2)  Thig scaling behavior would be universal and manifest in a slew of
observables, such as defect densities. We have applied our formulation to the case of quenching
through a topological phase transition in a Chern insulating system and shown scaling in the
relaxation of the Hall conductivity and in post-quench autocorrelations of post-quench spatial
domains of excitation densities.

Immediate further work would involve analyses of scaling behavior in other measurable
quantities, such as residual energies and entanglement entropy. While this work has been
confined to global quenches, it can also provide a starting point for local quenches across
topological transitions. In this case, we expect a highly interesting interplay between propagation
of boundary modes and decoherence. As another direction of study, while the topological system
in consideration here is two-dimensional, the analysis for such free fermionic models is very
easily extendable to other dimensions. In three-dimensions, scaling analyses can be applied
and contrasted for observables that target the bulk versus the surface. In one-dimension, the
Kitaev chain would offer a beautiful prototype for studying much sought-after Majorana fermion
physics and the crucial role of decoherence in topological qubits.

Our results apply to decoherent quench dynamics through generic quantum phase tran-
sitions, and is not limited to the topological transition examined in this work. For example,
our analysis could be applied to symmetry breaking transitions in spin models of different
dimensions, where the post-quench magnetic domain size will follow the scaling behavior of &.

In superconductors and Bose-Einstein condensates, our analyses would apply to the generation
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and dynamics of vortices, now with the twist of having decoherence present. In the presence of
more complex order parameters, Kibble-Zurek physics has probed more exotic defects; here too,
dissipation effects would give rise to new dynamics and possibly even stabilization of some of
these defects.

The discussion of critical quench dynamics in open systems has also been emphasized
within other scenarios[140, 141, 142, 143, 144, 145]. Specifically, Ref. [143] studied a critical
quench as the system weakly couples to a thermal bath. Ref. [145] studied a critical quench in
the presence of dissipation due to the system-environment interaction. The coherent unitary
dynamics will compete with dissipative dynamics to determine the time scale when the system
falls out of equilibrium. The scaling behavior will cross over from the weak dissipation to the
strong dissipation regimes in the vicinity of a crossover temperature 7; [143] or a crossover

dissipation rate u. [145] which scale with the quench rate 1/7 as
kBTC ~ T—VZ/(H—VZ) or Up ~ T—VZ/(H—VZ) ) (3.50)

In these cases, the system-environment coupling term generally does not commute with the
system Hamiltonian, which allows the system to exchange both energy and quantum information
with its environment (in the static limit). However, in this work, we considered a different
class of system-environment interaction, where the interaction term commutes with the system
Hamiltonian, such that the system only exchanges quantum information with the environment,
with energy preserved (again in the static limit). In particular, we focused on decoherence in
the energy eigenbasis, which can be realized by a quantum non-demolition measurement of
the system Hamiltonian. In this case, the coherent dynamics will compete with the decoherent
dynamics. Because the correlation time and the decoherence time scale differently with the
excitation energy as the system approaches the critical point, their competition leads to the
crossover from weak to strong decoherences regimes at a crossover decoherence rate (quantum

1+vz)

non-demolition measurement strength) Y. that scales as . ~ Vel , which resembles the
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case of dissipation in Eq. (3.50).

Finally, turning to experiments, the range of systems in which quantum Kibble-Zurek
physics has been explored provides a very fertile arena for studying the effect of decoherence,
both in terms of it being integral to physics systems as well as in accessing the new strong
decoherence regime predicted in this work. Controlled tuning and state-of-the-art probes are
enabling access to rich non-equilibrium regimes. Critical quantum quench dynamics and as-
sociated Kibble-Zurek behavior have been actively studied in superconductors[146, 147, 148]
and a variety of ultracold atomic[149, 150, 151, 152, 153] and ionic systems[154, 155, 156].
Kibble-Zurek scaling has been recently applied to identify universality classes of quantum
critical points in experiments[157, 158, 159]. While any of these systems could perhaps form
candidates for probing decoherence effects, the specific instance of Chern insulators studied
here could potentially be realized in cold atom systems[124, 125, 160] and Moire superlattice
systems[161, 162, 163, 164, 165, 166, 167]. With regards to settings where decoherence is
naturally present, perhaps the most germane situations involve qubits, and quantum simulators
and annealers[168, 169, 170, 171, 172]; with the increasing focus on quantum information
and computation, and the need to harness speed and efficient switching of quantum states,
understanding the interplay between quantum quenching and decoherence is now crucial.

Chapter 3 is, in part, a reprint of material from published work done in collaboration
with Daniel P. Arovas, Smitha Vishveshwara,and Yi-Zhuang You, as it appears on Scipost. Wei-
Ting Kuo, Daniel P. Arovas, Smitha Vishveshwara, and Yi-Zhuang You, "Decoherent Quench
Dynamics across Quantum Phase Transitions,” SciPost Phys. 11, 084 (2021). The dissertation

author was the primary investigator and author of this material.
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Chapter 4

One particle perspective of nonequilib-
rium steady state property for Aubry-
Andre-Harper model under dissipative
and decoherent dynamics

4.1 Synopsis

We investigate the one-dimensional Aubry-André-Harper model of fermion hopping in a
quasiperiodic potential and coupled to an external environment. The dynamics of the system’s
density matrix are modeled by the Gorini-Kossakowski-Sudarshan-Lindblad (GKLS) master
equation, with jump operators corresponding to random dissipative and decohering processes.
While the Liouvillian itself is non-Hermitian and has a complex eigenspectrum, the NESS
itself is Hermitian and may be written as p = exp(—K). We investigate the properties of the
resulting non-equilibrium steady state (NESS) density matrices, including participation ratio,
von Neumann entropy, logarithmic negativity, and adjacent gap ratios for K. Our results indicate
that there is one phase for the NESS, which undergoes a crossover behavior between regimes of

small and large localization length.
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4.1.1 Contribution of the author

The author has contributed in developing the formalism and in writing this paper. He has

performed numerical analysis together with Jyotsna Gidugu.

4.2 Introduction

Identifying and investigating multiple phase properties under different theoretical or
experimental settings is a key topic in condensed matter field. One important and common
example is the delocalized phase which could result from periodic lattice structure[173]. The
breaking of periodicity, by adding disorder or quasi-periodic potential, leads to the localization
phase. In low dimensions (d = 1,2), any non-vanishing disorder drives the system to the
localization phase, also known as Anderson localization[174, 175]. As for the quasi-periodic
potential, the delocalization-localization phase transition occurs at finite potential strength[176,
177, 178]. The localized and delocalized phases can be characterized by the static and dynamical
probes. The static probes study the wave function distribution (e.g. localization length[179]
and inverse participation ratio) or the spectral statistics of the Hamiltonian (e.g. adjacent gap
ratio[ 180]); whereas the dynamical probe focuses on how the initial localized wave function
spreads out over the system volume. These multiple probes help us identify and reveal different
phase properties in closed system.

In open system, similar dynamical probes can be realized in boundary-driven system
which couples the system boundaries with two reservoirs with different temperature/chemical
potential. The energy/particle gradient created by the reservoirs leads to a persistent steady current
Joo With the resistance R = 1/ j... The size-dependent resistance in one dimension is R ~ LP and
reveals diffusive (8 = 1), subdiffusive (8 > 1) and localization (divergent 3) behaviors. The
different transport properties are highly sensitive to the disorder[181, 182, 183, 184, 185], the
incommensurate potential[186, 187, 188], many-body interaction term[189, 190, 191, 192], and

recently studied on-site dephasing term[193, 194, 195]. The transport properties characterized
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by steady currents lead to rich discoveries of phases. However, if the system fails to maintain a
conserved current, could we utilize different probes to diagnose the non-equilibrium system ?
Here, we would like to address this problem by utilizing multiple one-particle probes to study the
non-equilibrium steady state under dissipative and dephasing dynamics. One particle probes can
be computed from the one particle correlation matrix alone. The reason for using one-particle
probes is two-fold. First, the commonly used dynamical probe is also a one-particle probe.
The off-diagonal entries of the one-particle correlation matrix were required to compute the
dynamical probe. Its ability to distinguish different phases motivates us to use other one-particle
probes. With more information from the one-particle correlation matrix, we expect to obtain
richer information about different phases in open system. Second, one-particle probes can
provide potential connections between open and closed system where many one-particle probes
have provided much understanding of different phases. Using similar probes enables us to learn
the similarity and difference between phases in open and closed system. The rest of this paper is
organized as follows. In Sec. 4.3, we introduce our formalism to describe the dissipative and
dephasing dynamics and define all the one-particle probes used in our study. Their results and
further discussion are also provided. Sec.4.4 summarizes our work and points out potential

future directions.

4.3 Model and result

We start with the Lindblad master equation which describes the nonunitary dynamics of

the system coupled to a Markovian environment[196] and is given by,

dp(t)
dt

= il p()] + ¥ (Lup ()L}, — 3 {LiLup (1)) @)
u

where p(7) and H are the density matrix and Hamiltonian of the system. L, is the Lindblad
operator which represents how environmental coupling affects the system. To explore how

one-dimensional localized and extended states evolve under environmental coupling, we consider
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the one-dimensional Aubry-Andre-Harper (AAH) Hamiltonian,

H= ZCZJAC" + CZCnH +2A cos(27rnﬁ)cl:cn. 4.2)

where n labels the site index and f3 is an irrational number. The first term represents the nearest-
neighboring hopping, and the second term stands for the quasi-periodic incommensurate potential.
The competition between these two terms leads to the delocalization-localization phase transition
at A=1[176, 177, 178]. In our model setup, we apply open boundary condition and choose f3
as the inverse of the golden ratio (8 = (v/5 —1)/2).

We consider three kinds of on-site Lindblad operators, the gain operator (L), the loss

operator (L;), and the dephasing operator (L, ),
Lg,n =V Wn+CZaLl,n =V Wn_cnaLde,n =V Fnczcrv (4.3)

The gain and loss operators add and remove particles in our system, which couple different
particle number sectors and represent the dissipative dynamics. These two operators would be
also called the dissipative Lindblad operators in our work. As for the dephasing operator, it
adds dephasing noise to the system without changing the number of particles. In this work, we
study the interplay between the strength of the incommensurate potential (A) and the strength
of the dissipative (W,",W, ") and dephasing (') Lindblad operators. We consider two kinds of
non-unitary evolutions: purely dissipative evolution and dissipative-dephasing evolution. In both
cases, we sample the amplitude of the corresponding Lindblad operators (W,", W, )/(T,)) from a
uniform distribution ranging from zero to W /T

To probe the persistent feature under the dissipative and dephasing dynamics, we focus
on the density matrix for the non-equilibrium steady state (NESS) p,.ss. To extract essential

features from p,,s, we utilize the one-particle correlation matrix of the NESS to compute several
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one-particle probes. The one-particle correlation matrix can be constructed as

ny,ness = Tr(pnesscicy) . (44)

To obtain Cyy sess, We explicitly compute C,ys in purely dissipative dynamics (details in Ap-

pendix B.1). As for the dissipative-dephasing dynamics, we utilize iterative algorithm to obtain

Chess (details in Appendix B.1) [193, 194, 195].

(A) Purely dissipative dynamics
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Figure 4.1. Participation ratio for purely dissipative and dissipative-dephasing dynamics. The
color plots show the participation ratio under different parameter regimes. The curve plots show
different scaling behaviors in the extended and localized phases.

Next, we use the one-particle correlation matrix to compute the following one-particle
probes, the averaged participation ratio (PR)[197], von Neumann entropy, and logarithmic
negativity. Note that von Neumann entropy and logarithmic negativity computed from the
one-particle correlation matrix are exact when the density matrix of the NESS is Gaussian. In our
cases, the density matrix would remain Gaussian during the purely dissipative evolution. As for
the dissipative-dephasing dynamics, we still compute these quantities based on the one-particle

correlation matrix and aim at exploring the phase structure from the one-particle perspective.
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First, we start with defining the average participation ratio (PR) and presenting the corre-
sponding results in both dissipative and dissipative-dephasing dynamics. The main ingredients
in computing PR from Cy,y s are the eigenvalues {rnq } of Cyy ess and their corresponding eigen-
vectors { Y } which are called natural orbitals. The a-th eigenvalue n, represents the occupation
number at the a-th natural orbital y,. Effectively, these natural orbitals represent the eigenstates
of the one-particle Hamiltonian H,,, which can be defined from the one-particle density matrix
as Pone ~ exp(—H,,ne’i jcjc J-). These are the orbitals where the particles would naturally live.

To quantify the property of each natural orbital, we can use the usual definition of the
inverse participation ratio (IPR), ) ; |l[/a7,-|4. Hence, the average IPR would be the sum of the IPR
weighted by their respective particle number. The average PR (Epg) is simply the inverse of the

average IPR,

Epr = (Z”oc ; |‘I’a,i|4/(2”a))71- (4.5)

When all natural orbitals are strictly localized/extended coherently, the average PR arrives at
the value of one/the system size L. This size-dependence of the extended state enables us to
distinguish the extended and localized states by computing the PR for multiple system sizes.
Before presenting our average PR results for different strengths of W and I', we first
discuss the result when the dynamics only contain the dissipative operators and their strengths
(W,F,W,") are spatially uniform. One can show that the resultant correlation matrix of the NESS
is an identity matrix multiplied by a factor v. This factor v represents the expectation value of
the particle number per site and is controlled by the strength of the gain and loss operators.
The PR result of the NESS under random on-site dissipative and dephasing dynamics
is presented in Fig.4.1. The first row in Fig. 4.1 shows the phase diagram of the average PR
when the time evolution is purely dissipative. When the random dissipative strength is weak
(W ~ 1072), the system seems to preserve the eigenstate properties in the original AAH model.
When A < A, the PR scales with the system size, which serves as a signature of the extended

system. As for A > A, case, the system-size independent PR represents the localized system.
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The main distinction is that the crossover occurs between these two phases instead of the phase
transition in the AAH model. This crossover can be verified by both smoothly converging PR
and the invariant order of the system size in PR when the system transits between two phases.
Similar crossovers can be found if we increase the random dissipative strength such as the path
B in Fig. 4.1. This similarity implies that the random on-site dissipation would drive the system
to the localized NESS. The second row in Fig. 4.1 shows the phase diagram of the average PR
when the time evolution is dissipative-dephasing dynamics. When the on-site potential strength
and random dissipative strength are both small (A = 0.2 and W ~ 102), the NESS of the system
also tends to cross from the extended phase to the localized phase as the random dephasing
amplitude increases. This property suggests that the random on-site dephasing term would also
lead to a localized NESS.

Here, we would like to comment the physical meaning of the localization in PR. The
PR stands for the spatial coherence length. Since our setup has local dissipative and dephasing
Lindbladian operators which lead to quantum decoherence in the positional basis, the system
ultimately arrives at the localization in PR when the dissipation and dephasing are strong
enough. This conclusion seems to contradict the previous studies which state that the dephasing
noise leads to an enhanced transport and destroys the localization [193, 194, 195]. However,
the “localization” in the transport property is different from the localization” in PR. Here,
we would like to demonstrate a simple example which shows a nonzero steady current and
strong localization in PR. This example contains the tight-binding model with the gain and loss
operators located on the opposite boundaries and uniform on-site dephasing operators. The
hopping amplitude and the boundary couplings W1+,WL_ are set to be one. We choose four
different uniform dephasing amplitudes, I',, = 0.01,0.1, 1, 10. In this setup, the steady current
exists for all dephasing amplitudes. Fig. 4.2 show the diagonal entries of the correlation matrix at
NESS and the PR for different dephasing amplitudes. The increasing dephasing amplitude drives
the on-site particle number from mostly uniform distribution to a linear gradient distribution

across the one-dimensional chain. Besides, the PR decreases with the increasing dephasing
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amplitude. This results from that the linearly decreasing gradient makes the eigenvectors of
the one-particle correlation matrix more localized. Physically, this localization occurs due to
the decoherence at the positional basis. This simple example demonstrates the possibility of

non-vanishing steady current with localized PR.
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Figure 4.2. The on-site particle number and the PR result for the boundary-driven system under
uniformly dephasing coupling.

In addition to the study of PR, we also investigated the spectral statistics of the one-

particle Hamiltonian (the results and details are in Appendix B.2). Their results show similar
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phase structure with that of PR. To further explore the properties of the extended and lo-
calized phases in open system, we utilize two quantum information probes, the one-particle
von-Neunmann entropy and logarithmic negativity. Typically, their scaling relation with respect
to the system size reveals the nature of the phase. The one-particle von Neumann entropy (Syne)

1s defined as

Sone = — Z[’h}sub log N sub + (1 - ni,sub) 10g(1 - ni,sub)] (4.6)
i

where n; g, are the eigenvalues of the ng,, X ng, submatrix of the full correlation matrix
at NESS. For the mixed density matrix, the von Neumann entropy measures the classical
correlations between the system and environment. Since our dissipative and dephasing Lindblad
operators couples the system with environment locally, the von Neumann entropy would increase
linearly with the sub-system size. This linear behavior can be also seen in the one-particle
von Neumann entropy for both dissipative and dissipative-dephasing dynamics (in Fig.4.3).
Moreover, the extended and localized phases exhibit different entropy slopes in the plot of
entropy versus system size. To better quantify this difference, we define the von Neumann
entropy density, Sone = Sone/N, Which represents the increment of classical correlation between
system and environment when one extra site is added. The phase with larger entropy density
(e.g. the extended phase) implies a stronger classical correlation. In purely dissipative dynamics,
increasing the strength of the quasi-potential and dissipative operator both lead to decreasing
entropy densities (shown in the first row in Fig.4.4). Under the dephasing and dissipative
dynamics, however, the entropy density increases with the dephasing amplitudes (shown in the
second row in Fig. 4.4), especially in large quasi-potential strength regime. This dephasing-
enhanced classical correlation resonates with the previous studies of the dephasing-enhanced
transport phenomena.

The last probe is the one-particle logarithmic negativity [198, 199, 200, 201]. The
logarithmic negativity is used as a probe to capture quantum correlation in the mixed state. To

define the one-particle logarithmic negativity, we first define the covariance matrix (£) from the
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Figure 4.3. The plot of the one-particle entropy versus the subsystem size under purely dissipative
and dissipative-dephaing dynamics.

one-particle correlation matrix (C) as & = [ —2C. Next, we divide the full system into two parts,

A, A and construct the transformed matrix (Cz) as
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Figure 4.4. The slope of the one-particle entropy volume-law curve for different parameter
regimes.

where Z can be constructed from the covariance matrix,

—Eaa i, ws)

(x]
H-
I

FiEiy i

Suppose the eigenvalues of the correlation matrix (C) and the transformed matrix (Cz) are {n;}

and {&;}, the one-particle logarithmic negativity (E) is defined as
1
E=Yn [éil/z (11— gi)l/z} +5¥n ((1 )2 +n,.2> . 4.9)
i i
Due to the widespread dissipative and dephasing operators in the system, the long-range quantum
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correlation would fail to persist and only live on the boundary, which would give us the area-law
relation between the negativity and sub-system size. The one-particle logarithmic negativity (the
panel (a) in Fig. 4.5) quickly increases for small sub-system sizes and then arrives at the plateau
with a constant negativity value. This behavior appears in the extended and localized phases
but with different plateau values. When both dephasing and dissipative strengths are weak, the
plateau value for half-system size would cross from the extended value to the localized one as the
quasi-potential strength increases. In strong dephasing limit, the plateau values stays small (the
panel (b) in Fig. 4.5). This suggests that the on-site dissipative and dephasing Lindblad operators

reduce the quantum correlation existing in the system.

(A) Purely dissipative dynamics
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Figure 4.5. (a) The plot of the one-particle logarithmic negativity versus the subsystem size
under purely dissipative and dissipative-dephaing dynamics. (b,c) The one-particle logarithmic
negativity of the half-system size for different parameter regimes.
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4.4 Summary and outlook

Here, we presented results from several one-particle probes for the non-equilibrium
steady state of the Aubry-Andre model under dissipative and dephasing dynamics. For strong
enough dissipative and dephasing Lindblad operators, the system would ultimately arrive at the
localized NESS; whereas in the weak dissipative and dephasing cases, the system exhibits a
delocalization-localization crossover when we tune the strength of the quasi-periodic potential.
We also discussed and compare the difference between the localization in participation ratio
and that in transport property. Both extended and localized phases show volume-law classical
correlation and area-law quantum correlation but with different slopes and saturation plateau
values. Our results show the ability of one-particle probes to identify fruitful phase structure in
open system.

One potential future direction is to study whether the original fractal property still persists
under dissipative and dephasing dynamics. One common probe to detect the fractal property in
closed system is the generalized inverse participation ratio (GIPR) which computes different
moments of the wave function. Following similar idea, we can compute GIPR of the natural
orbitals around A = 1 in weak dissipative and dephasing Lindblad operators to study whether the
fractal critical point still exists.

Chapters 4 is, in part, a reprint of material from work done in collaboration with Jyotsna
Gidugu and Daniel P. Arovas, as it will appear on the arXiv. The dissertation author was the

primary investigator and author of this material.
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Appendix A
Appendix for Chapter 2

A.1 Entanglement feature of page state

The Page state can be considered as a single random tensor. According to Ref. [39], the
2nd Rényi entanglement feature of a random tensor network can be calculated as the partition

function of an Ising model,
1
~ Z ¢~ Eran[07], (A.1)

T

Wrrn[O] =

where each random tensor is mapped to an Ising spin 7; coupled together via the network, and
the boundary condition pinned by external Zeeman field along the direction specified by ©.

Applying this result to the Page state,
Wpage[O Ze” Lo (A.2)

where there is only one Ising spin 7 because the Page state is only a single random tensor. The
T spin couples to the boundary condition ¢ via uniform field strength n = %logd, which is
determined by the qudit Hilbert space dimension d (see Ref. [39] for derivation). Completing the

summation over Ising spin 7, we obtain

Whage[G] = —cosh( Z o). (A3)
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The normalization constant Z is determined by the condition that Wpaee [f] =1, such that Z =

2cosh(nL), hence

_cosh(nyi, o)
WPage[o-] - COSh(T]L) 3 (A4)

which can be rewritten as the EF state |[Wp,ge) in Eq. (2.11).

A.2 Entanglement feature of two-qudit Haar random
unitary

Here we derive the ensemble averaged EF operator for two-qudit Haar random unitary

gate. We start with the definition
2
Wy, l0,%] = Te( 26U 2:U172). (A.5)

Ui; is a two-qudit gate acting on qudits labeled by i and j. Focusing on these two qudits, the Ising
variables 6 = (0;,0;) and T = (7;, 7;) both contain only two components. Consider averaging

the EF Wy,; over unitary gates U;; in the Haar random unitary ensemble,

IEU,-jeHaar‘/VUij [G; T] = IEU,-jeHaar TI'( %O‘Ui(?z %TU;;@z)

- Z Wg(g_lhudz)Tr('/g{/Vg%Gl)Tr(‘%:g’%ﬁz)Tr(‘%lgﬁ)Tr<‘%}’l%Tz>7

&,heS
(A.6)
where Wg is the Weingarten function[202, 203] and g, & are S, group elements
1 ~1
— g h=l
Weg(g 'h,d?) = =1 : (A.7)

1 -1 _
“rEen & h =
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The cycle counting function Tr( %, %},) follows

d> gh=
Tr( 2, 25) = . (A.8)

d gh=¥
Substituting Eq. (A.7) and Eq. (A.8) into Eq. (A.6), we can evaluate EU,-J-EHaarWUi ; [0, ] for all
configurations of &, T. In terms of Ising variables (following the identification || <1 and X <),

we can summarize the result as the following matrix in the Ising basis 6,7 =11, 1., 1,4J

& & &P d?

43 244 244 43

y d’+1  d?+1
EUijeHaarWUi_,- = 3 2d4 2d4 3 ) (Ag)
d d>+1  d*+1 d

& a3 B dt

which is also the matrix representation of the (ensemble averaged) EF operator WU,- ;- The matrix
can as well be written in terms of Pauli operators as

d*(d*—1)

Ev, enaurW; = d*(d+X0)(d +X)) = S s

(1 —ZZ;)(d* - X;X;}), (A.10)

as claimed in Eq. (2.13). For simplicity, we have omitted Ey,;cHaar notation in Eq. (2.13), with

the understanding that the EF for an ensemble of unitaries is implicitly averaged.

A.3 Relation between state and unitary entanglement
features

Here we prove Eq. (2.19). Consider a many-body state (multi-qudit) state |¥) and an
unitary operator Uy in the same Hilbert space. Suppose that |¥') = U;|¥), our goal is to derive
the time evolution of the corresponding EF state. In general, this is not tractable since the unitary

operator U; contains many non-universal features that are specific to the choice of local basis.
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Such features may affect the entanglement of the final state but such features are not captured in
EF formalism. To keep track of universal features, we instead consider an ensemble of unitary
operator U,

L
&y = {V*UV‘V —QViVie Haar}, (A.11)
i—=1

where each V; independently follows Haar random unitary distribution on the ith qudit. Our goal
is to compute Eyre5, Wy w)[0],
E Wywlo]l= E Ti[2s(U'[¥)(¥lU")*
U'eéy U'eéy

= E T[2Zs(VIuv®)(®|viUuTv)#?
V €Haar

_ Ve%aar <\P’®2vT®2UT®2V®2 e%/'o_VT®2U®2V®2|1P>®2
- E <\P|®2VT®2UT®2 %0U®2V®2|‘P>®2 (A12)
V eHaar

= Y Te( 2| ) (¥|*?) Te( 20U (1)** 26UE?) HWg “1,,d)

7,7

=) Wy ltlWylo, 7 HWg ~'1.d),

7,7

where Wg denotes the Weingarten function[202, 203] originated from the Haar ensemble average
of VT®2y©2 "and 7,7’ are new set of Ising variables. The derivation in Eq. (A.12) can also be
diagrammatically represented as Fig. A.1.

By definition, the Weingarten function, when viewed as a matrix indexed by T and 7/, is
the inverse of the Gram matrix Tr 2727 = (t'|Wy|T), which is simply the matrix representation
of the EF operator Wy of the identity operator. So the Weingarten function is given by the matrix

element of VAVIf as

ng “lg.d) = (¢'|W ). (A.13)
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E
VeHaar ]

Figure A.1. Diagrammatic proof of Eq. (2.19)
Therefore, in operator form, we have
Eyres, Worw) = Y Wy lo]|o
(e}
= Y (o)Wylo,7)(7|)Wy ! (Wi [7]|7)) (A.14)
o,7.T
= WyWy ' (W),
as stated in Eq. (2.19).

A.4 Spectral properties of entanglement Hamiltonian

Let us start with the most general form of the EF Hamiltonian Hgr given in Eq. (2.32)

and investigate its spectral properties.

. . . |- 2:Z;
App =Y Hij,  Hij=gij— ¢ PuXiXj=8(XitX;) (A.15)
i
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with coth § = d. Our first goal is to show that Hgp is positive semi-definite. The trick is to first

deform Hgp to a Hermitian version Hyg, given by
! & —1/2 4 l /2

Because Agp and FI]/EF are related by similarity transformation, they share the same set of
eigenvalues. So the positivity of the original EF Hamiltonian Hgr is equivalent to the positivity
of the transformed Hermitian version I-AI]’EF The later turns out to be easier to prove. By the
way, to see that PAII’EF is Hermitian (or real symmetric to be more precise), we use W = Wy and

Eq. (2.35) that Wy A, = HggW, then

1/2 A —1/2 —1/2 —1/2 —1/2 ~ 1/2
AT =W, AL W =W PR AT W = Wy R (B )Wy = Wy R B
:[:II/EE
(A.17)

meaning that 1':1}’EF is transpose symmetric. Moreover I—AI]’EF is real by definition, so HéF is real and
symmetric and therefore Hermitian. As a real symmetric operator, I:II/EF admits the following

spectral decomposition

Aip =Y Vi) Aa(Val, (A.18)

with |V,) = (V,|T being the eigenvector corresponding to the eigenvalue A,. If we can show that
the expectation value (V|Hf:|V) > 0 is non-negative on any state V) in the EF Hilbert space
(including the eigenstates |V,)), we will be able to prove that all eigenvalues A, = (V| Hfg|V,) >0
are non-negative, hence I-AI]’SF will be positive semi-definite.

We can show (V|H[g|V) > 0 by finding the Cholesky decomposition for each terms in

HY,... A useful trick is to note that d(d +X;) = %% /(tanh § sinh §) given d = coth §, so Wy can

109



be rewritten as

L L €6Xi 1

Wi =T1dd+X,) = = 0X; A.19
! g (d+X) EtanthinhS (tanhSSinhS)Lge (A.19)
such that any W]f‘ can be simply calculated,
A L
W* = (tanh § sinh &) ~*- T e*%:. (A.20)
i=1
With this, and substitute Eq. (A.15) in Eq. (A.16), we can show that
HEF - Z ijs
A 1/2 4 #,1/2
H WIL H; W
L L
— e %A H 5
i=1 i=1 (A.21)
— e*g(XiJer)[f]. .eg(XﬁXj)
:gije_g(XH'X)l ZZJ _szXXje—j(X-FX)
“dxxy) L —ZiZj XiX; 1 —ZiZ; _5x.1x;
:glje 2( + J)T ﬁ Te 2( + ])‘
In the last step, we use the fact that Z’Z’ is a projection operator, so (17?21» )2 = 175,»21 . Also
1_—5’21 and ¢~ PiXiXi commute with each other, so we are free to move e BiXiXi through 12z,

The final form of FIZ’ ; admits the following Cholesky decomposition explicitly

A PO A Bijvy 1 —=ZiZ; _s
1/2 " 3
A =ATAy, Ay =glffe 2 XX — Lo 2(XitXj), (A.22)
For any state |V) in EF Hilbert space, the expectation value (V|H/ V) = <V|AlTin vy >0
is non-negative, therefore I:If - s positive semi-definite. In consequence, the transformed EF
Hamiltonian HEF =Y, jH;; is also positive semi-definite, as it is the sum of positive semi-

definite terms Hi’ ;- Recall that the similarity transformation does not affect the eigenvalues, so
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Hgr = VAV]ll / ZI:II’EFW]f 1/2 s also positive semi-definite.

We can further show that Hgp always has two zero modes: one is even under Z; Ising
symmetry, and the other is odd. Using the left-null-state property (1} |HEF =0 given in Eq. (2.34),
itis ensured that (1} | is an left-eigenstate of Hgg with zero eigenvalue. Since Hgpis Z» symmetric,
the Z, related state ({} | = (f |[1; X; is also a left zero mode. So by explicit construction, we
have shown that Agp has at least two zero eigenvalues. The left zero mode subspace is spanned
by (| and (|} |. Using the relation between left- and right-eigenstate |R,) o ({L,|W1)T, the
corresponding right zero mode subspace is spanned by Wy | #}) and Wy | {}).

Since we are most interested about the EF of pure states, we should focus on the Z; even
state in the zero mode subspace. In that regard, the left and right zero modes in the Z; even

sector are given by

IRE]]
1 L
— 5 (TTata+x0 ) +10)
i=1
L (A.23)
=5 (TIE@+e ) )0 +19) (1= dloga)
i=1
— ld3L/ZZ (flenci’o-> +ﬁe_n6i|d>>
2 o \i=1 i=1
L
= d3L/ZZcosh (n Z G,') o).
c i=1
The normalization of |Ry) is determined by the condition (Lg|Rp) = 1, such that
h(nxs, o
PR hl UDYL) I (A.24)

5 cosh(nL)

In summary, we have shown that in the Z; even sector, the EF Hamiltonian Hgp has at least one

111



zero eigenvalue Ao = 0, whose left- and right-eigenstates are given by

(o = TERL o) = Wouge, (a.25)

as claimed in Eq. (2.41).

A.5 Derivation of the dispersion relation for two-domain-
wall ansatz

Here, we show the derivation of Eq. (2.52). Our goal here is to obtain the analytical
expression of excited state energy, namely dispersion relation, ®(k). Note that the left and right
eigenstates are not simply each other’s conjugate transpose due to the non-hermitian nature
of EF Hamiltonian (Eq. (2.32)). For simplicity, we focus on the excitation of left eigenstates
and construct the corresponding right eigenstate with |R) = ((L|Wy)T. From the discussion in
Sec. 3.3, the universal left ground state for any parameters g;;, B is the linear combination of all
spin-up and spin-down state,

(r+ W

(Lol = 5. (A.26)

Based on our ED result in Fig. 2.5, the low energy left excited state mainly consists of two-

domain-wall states. The generic form of two-domain-wall state can be expressed as

n+a

(k| =C Y (knyal = C Y 0 (a) (1 | HXl- (A.27)

where Cy is the normalization constant and (k,,a| represents the two-domain-wall state ranging
from n to n+a.

We start by deriving the normalization constant.

n+a m+b

(ki) = 1G> Y, e @ b) (i [T X [ xil 1) = 1. (A.28)

n,m,a,b
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The next step is to evaluate (f) | [T X;Wy ;”jnlz X;| ). The physical meaning is the transition
amplitude between two Bethe string states with evolution as Wy . There are two possibilities
for each site. When both Bethe strings have/do not have excitation at site i, the answer would
be (ff |(W1):| 1) = d*>. When either Bethe string has excitation on site #, the result becomes
(1 |X;(Wp)i| ft) = d. To evaluate this quantity, we perform perturbative expansion as 1/d series.
To obtain analytical expression of |Cy|2, we also approximate ¢ (a) as plane wave ~ e~ *¢/2,
Physical intuition is that we assume these domain walls have little interaction with each other
and thus they can move through each other almost freely. Consequently, plane wave solution

is assumed and a/2 represents the center location of domain wall. Let’s start evaluating the

normalization constant up to the order of 1/d?,

n+a m+b

M ITTXWa T X0 1) = Sumbapd™
i=n j=m

+ (6n,m5a,b+1 + 5n,m6a,b—1 + 5n,m+1 6a,b—1 + 5n,m71 6a,b+1 )dzN_]

(A.29)
+ ((Sn,m 5a7b+2 + 5n,m6a,b—2 + 5n,m72 5a,b+2 + 5n,m+2 5a7b—2

+ 6n,m+1 5a7b + 3n.,m+1 5a7b—2 + (Sn,mfl 5a7b + 5n,m71 5a7b+2>d2N_2

+0(d*N3)

For b = 0,1, we would have different terms,

n+a
<ﬂ | HXiW]le| ﬂ> — 5n,m6a70d2N + (5n.,m5a71 + 5n7m—16a,1)d2N_1
i=n

+ (6n7m6a,2 + 6n,m726a,2 + 6n,m+1 6a.,O + 3n,m71 6a,0 + 6n,mfl 6a,2)d2N_2
+0(d*N73)

(A.30)

113



n+a
<ﬂ | HXiWILXme+1 | TT> = 6rz71115a,1dzN + (Sn,mSa,Z + 6n7m§a,0 + 3n,m+1 6a,O + 6n,m71 6a,2)d2N_1

i=n

+ (an,m5a,3 + 5n,m—28a,3 + 5n,m+1 5a,1 + 5n,m—1 5a,1 + 8n,m—1 5a,3)d2N72 + ﬁ(d2N73)

(A31)
Put them back to Eq. (A.28) and we can obtain
N-2 4 k 1 1 2 k 1
G |Pd* M N*{—=[1+ = cos = + — (24 6cosk)] + —[1 + = cos = + — (1 +4cosk)]
N d 2 d2 N d 2 d2 (A32)
4 ko1 . '
—[1~|—Ecos2 d2(1+4cosk)]+ﬁ(d p=1

To simplify the whole calculation, the thermodynamics limit is taken N — o. The main
effect of thermodynamic limit is that the contribution from short two domain wall states (e.g.

single-site or two-site excitations) is fully suppressed. Thus, up to & (dlz), we have

4 ko1
|Ck|2d2NN2[1+g 5+ 3(2+6cosk)] =1 (A.33)

Now, we are ready to evaluate the energy expectation value of our two-domain-wall state,

(k|HgF |k). For simplicity, we assume g;; = 1, B;; = B and reorganize the EF Hamiltonian

A 1-27:7;
HEF — Z 5 1 Je*[)’Xin75(Xi+Xj)
ij

—ZiZ, d2 1 |
_Z 1[coshﬁ—smhﬁXX][ E(Xi+Xj)+EXin]
l
1-2Z; d? sth 1 ) coshf .
LT po [ shff — —— E(COShB—smh[)’)(X,——i—Xj)—i—(T—smhﬁ)X,-Xj]
i.j
1_ZiZi+1

Y 57 alB.d) +b(B.d) (Xi+ Xiy1) + c(B,d)XiXi 1]

(A.34)
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where

2 o
a(B.d) = d ( hﬁ_smhﬁ) hB+coshﬁd2s1nhﬁ+ﬁ(d_l4)
b(B,d) = _dzd l(coshﬁ —sinh ) = —%(coshﬁ —sinh ) + ﬁ(d%) (A.35)
2 o
C(ﬁ’d):dzd_l<cozhﬁ _sinhB) = COSthgsth —sinhﬁ+ﬁ(di4).
The first term in (k|Hgr |k) is
— 717 mi
|Ck|2 Bd Z o k(n—m) lka b/2ﬂ|HXZ ll+1 HXHT
n,m,a,b . (A36)

2a(B,d)|Ce* Y e*mmleikla Wmnxwﬂnxm = 2a(B,d)

n,m,a,b J=m

As for the second term, since b(f3,d) already contains 1/d power, we just compute the terms up

to 1/d order and the result is

7.7 . m+b
Celb(B,d) Y, e*rmeitambl/z TT|HXZ l S+ X)W TT X501
n.m,a,b j=m
_ |Ck|2b(B,d) Z eik(n—m)eik(a—b)/Z (A.37)
n.m,a,b

X [h(n—1,m,a+1,b)+h(n+1,m,a—1,b)+h(n,m,a+1,b) + h(n,m,a—1,b)]

where
n+a m+b

h(n,m,a,b) = ﬂ|HXW]1HX|ﬂ (A.38)

For each h(n,m,a,b), the boundary terms would have different result. For example, the results
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of h(n—1,m,a+ 1,b) are as follows

h(n—1,m,a+1,0) = (8pmr184.0+ SnmSa0)d™N 1 4+ 0(d*N2)
h(n—1,m,a+1,1) = 8y 1840d™ 4+ (Sum+18a1 + SumSu1)d*N 1 + 0(d*N72)
h(n—1,m,a+1,2) = 8 s 18,1d*"

(A.39)
+ (an,m+1 6a,2 + 5n,m+16a70 + 6n,m+25a,0 + an,m6a72)d2N_l + ﬁ(dZN_z)
h(n—1,m,a+1,b#0,1,2) = 8, 118, 1d*"

+ (Sn,m+1 6a,b + 6n,m+15a7b—2 + 6n,m+25a7b—2 + 6n,m6a7b)d2N_] + ﬁ(dZN_2)~

Since the thermodynamics limit would be taken (N — o), the “boundary effect” from short
two-domain-wall states would be suppressed. Consequently, we only keep the last term in our
calculation. Combine these four terms and compute the sum with thermodynamic limit,

k
ICe|*b(B,d)d*N N*[4cos =

> +g(1 + cosk)] +ﬁ(d2)

K16k 4 1
:b(ﬁ,d)[4cos§—g 2+d(2—|—2cosk)]—|—ﬁ(ﬁ)

(A.40)

For the third term, the following quantity is computed

7.7 . m-+b
CilPe(B.d) Y e*meikla= b/zmnxz d IHXZXHIWIHXJ-M). (A.41)

n,m,a,b j=m

The EF Hamiltonian would give extra X;X;, | term. In most two-domain-wall states
(Iength > 1), the two-domain-wall structure would destroyed. However, for single site excitation,
this X;X; 1 term would only shift the position of excitation with one site. Due to the suppression

of thermodynamic limit, we would also drop this term. Eventually, we obtain

k1 4 k
c(B, d)[ 0052 d2(8+8cosk)](1—gcosz)—i—ﬁ(a@)

k1 16 k (A42)
c(B, d)[ Scos >+ d2(8~|—8cosk)—ﬁc052 5} +ﬁ(d3)
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Combining Eq. (A.36), Eq. (A.40) and Eq. (A.42) and keeping terms up to ﬁ’(d%), (k|HEF|k) is

cosh 3 —sinh 3
d? )

(k|HEF|k) = 2[cosh B +

1 kK 16 k 4
— E(coshﬁ —sinh )[4 cos 3 gcos2 3 + d(2 +2cosk)] (A.43)
k1 16 k
—smhﬁ[ cosz+d2(8—|—800sk)—d—cosz—}—|—ﬁ(d3)

A.6 Derivation of the dispersion relation for single-site
excitation ansatz

This appendix is similar with the calculation in Appendix A.5. The only difference is the

ansatz state we use. The single-site excitation ansatz is defined as
(k| = Ce(th | Y. Xne™, [k) = W1 Y Xue ™| ). (A.44)
n n
First, we start from the normalization condition (k|k) = 1,

kk) =1=Cet | Y X, Wi X, 1) = CN? VD (@? = 1) + N8 0d*NV]. (A 45
: ( )

n,m
Following the expression in Eq. (A.46),

1 -ZiZ;i 1y

Hgp = ZT [a(B,d)+b(B.d)(X;i+Xis1) +c(B,d)XiXit1] (A.46)
where
alB.d) = 2 (cosnp— S0,
b(B.d) =~ E 7 (coshp —sinh ), (A.47)
c(p.d) = (0B _ o).
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The first term is

ZlZl—H ZIZH-I

a(B,d)( k]Z W|k)—a[3deZe’k" m) n|): — = Wy m)

= a(ﬁ,d)Ck Z eik n—m) <7l| 2(517,,_1 + 517,1)W]1 |m>
m,n ]
— 2a(B.d)C X 0 )

2B (18, )

2a(B,d)Ce[Nd* NV (d? — 1) + N8 od*V~V] = 2a(B, d).

(A.48)
The second term is
b(B.d) (K] ;%@z X WiK)
= b(B,d)C Y &) |Z — 2121 XZ+XI+])Wn|m>
=b(B,d)Cy Y. " (1| (X1 +2X + X1 ) Wa )
= b(B,d)Ci Y e ") ((n,n— 1Wy|m) + (n,n+ 1|Wy [m) +2(4) Wy |m))
=b(B,d)Ci Y @V (1= 80) (1= Sn—1) +d™ (1= 8pn) (1 = Sni1)

+ dZN_ ! (6m,n + 5m,n71> + dZN_l (am,n + 5m,n+1) + ZdZN_]]

— b(ﬁ,d)Ckzeik(n_m) [2d2N_3+2d2N_] + (d2N—] _dZN_3)<6m7n71 +26m,n+6m7n+1)]

= b(B,d)Cy[N*8.02d*N 7> (d* + 1) +2d*V 73 (d* — 1)N(1 + cosk)].

(A.49)
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For single-site excitation, we focus on the region which & # 0. The result would be

1 +cosk 2b(B,d)

2b(B,d)

The third term is

D22 iy = (L) Y M 3

X Ce[Nd*N=2)(a? —1)] = (1 +cosk).

~Z1Z1:1)Xi X141 ¢

c(B.) L
m,n l

c(B,d)Ci Y et n|Z (8101 + 81.0) X1 X1 1 Wi |m)

m,n

2

= c(B,d)C Y, """ ((n— 1{ Wy |m) + (n+ 1| Wy m))
= c(B.d)Ck Y e M 2PN 4 (8t + St ) (2N — PN

2¢(B,d)Ci[Nd®N =V (a* — 1) cosk + N2d* N~V §, o] = 2¢(B,d) cosk

The overall result would be

) = 2a(p.d) + 2B

=2a(B,d) + Zb(ﬁ’d) +cosk2c(B,d) +

2d? smh B 2
= 1(cosh[i— 7 )— d2—1(

d? —
2d*> coshB |
7 _1( 7 —sinh ) —

(1 +cosk)+2c(B,d)cosk
2b(B,d)
7]

cosh 8 —sinh f3)

+cosk| (cosh B —sinh 8)]

d?—1
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A.7 Diagrammatic expansion of entanglement feature
Hamiltonian

In this appendix, we derive the EF Hamiltonian for the locally scrambled Hamiltonian

dynamics. We start from the definition of the EF for e '€/ following Eq. (2.5),
W, ien[0,7] = Tr (2o (e )2 27(e*)9?) = Tr (Zge M 2re ), (A.53)

where we have introduced H = H ® 1 + 1 ® H to denote the double Hamiltonian. Given the
locality of H =Y, H,, the double Hamiltonian H is also a sum of local terms H =} H, with
H, = H,® 1 + 1 ® H, being the doubled version of H,. Expanding around € — 0 to the order of

2

£“, we obtain

W, ien[0,T] = Tr( X X7) — 2 Tr( Lo ZeH? — ZoH2H) + O(eY),

=Wi[o,7]— &Y Tr( 26 ZeHHy — Z6H, 2:Hy) + O(e*),

xx!

(A.54)

=Wi[0,7]— &Y Tr( 26 27H; — ZoH, 2H,) + O (¢)

where the first order term in € vanishes by the cyclic identity of trace, confirming the argument
in Sec. 2.3.5 that Wy (¢) will be even in €. The last equality in Eq. (A.54) relies on the fact that

Tr(Ze Z7HHy — Z6H, 27H,) = 0 as long as x # x’. To prove this, we first consider the case
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when x = (ij) and x’ = (kl) do not overlap,

TI'%O-H<I~J~> C%TH&I) =Tr %O‘H@j} (%Tir%fj%fk%ﬁ ® %%)HU(I)
m#i, j .kl

=T 25 (2520 R X, )HypHu (252%)
m#i, j k.l

= Te( 25 24) 26 (20 2y @ X, )HipHy) (A.55)
mai, j k]

=Tr %o‘(%ﬁ%’tj%fk%fl ® %Tm>H<1J>H<kZ>
m#i, jk,l

=Tr Zo Z<H ;i Hy,

where we have used the fact that [H;;), 27, 2% ] = 0 for i, j # k,1, and [Z5,;, Z%;] = 0 for any
i, j as the S, group is Abelian. We then consider the case when x = (i) and X’ = (jk) overlaps

on a single site j,

m#i, j.k
:Tr%b-(:%%k ® ‘%Tm>H<l]>%TJH<]k>‘%‘Tz
m=#i, j .k

(A.56)

At this point, it seems that 27, is caught between H;;, and H ;. The solution is to make use of
the property that H ;) = 5&”051 %O;IH< ) Zoy X, for any @ = o € S, due to the permutation

symmetry to exchange the two replicas of the double Hamiltonian. Now we choose @j = oy = 7,
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such that 27, 3&”051 =1, then

Tr 2o M) 2y = Te 2o (2, R Py My 2, 2 2 Wiy Zoy 2y 2
m#i, j.k

Q) s )Hiyy) 2 iy 2y 2, 2

| |
q
/\ —~
§§
<

m#i, j.k
— o 2020, 2oy X Zg' X %m> i How (A.57)
m#i, j.k
=Tr 2o (20 2 20 @ 23, )HiyHyy

m#ij k

=Tr %G%TH<ij)H(jk)-

Hence we have shown that Tr ZH;j 27 H gy = Tr 6 Z¢H;jH ) as long as (ij) # (kl),
meaning that Tr( 25 27 H,Hy — 26H, 27Hy) = 80 Tr( 26 Z¢H2 — 26H, 27H,). Thus the
derivation of Eq. (A.54) is justified.

If we consider the difference between W,-iex and Wy, denoted as oW,
SW[o,T| =W, en[0,T] —Wi[0,T] = —SZZTr (s XH2 — ZeH, 27H,) + O(%). (A.58)

oW[o, 1] =Y 0W,[0,T|W1, [0, T] can be expressed as a sum of terms on each bond x (at least
to the order of £2). To carry out the £ expansion more systematically, we choose to focus on a

single bond, and define the EF difference
SWy(0,T] =W, icn, [0, 7] — W1,[0, 7] = Tr (Zge " 27 ™) —Tr (26 27),  (AS9)

where 6 = (0;,0;) is restricted to the two sites 7, j connected by the bond x and similarly for
T. 6W,[o, 7] = 0 vanishes as long as ¢; = o; or T; = T;, because in that case, Zg or 27 will

commute with H, and hence the two traces will cancel with each other. Therefore there are only
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two independent non-trivial components of W [0, 7], which we denote as u and v:

u=8WIIX: x| = OWI[xil;,Xill ],
Jotling il (A.60)

v =0WIliX;,Xill;] = OW[xill ;11X ]

So we only need to focus on these terms and perform the € expansion following the definition

SWi[o, 1] =Tr (%Ge_iEHX ® e 1eHx 9 pleHx ) eieHX) —Tr (%a 5&”‘;)

:OOSZk
L )}

ny+ny+n3 +n4:2k ni

i—nl—n2+n3+n4 (A61)
- ni ny n3 ng
'ny!n3lng! Tr (LM @ H2 22H S HY).

The € odd power terms must vanish because §W,[6, 7] must be real. To the £* order, we found

=g ( — 0=+ (245D +2d@2) — (4d2@)>
(@Jr (4@ 1B-18) + 7r ((B+28)+24(R)
+4 (4@ ~4d@) - 4d@> +4 (4d2@)> +O(e5)

2 (H2) (12) (D(2) 2 p(12)
=—&°(2R \, —2d (R}, + R +2d“R
( (H(2) ( (D2 (12) ) (12)) (A.62)
4 (13)(24) (124)(3) (12)(34) (123)(4) 1 (1234)
+€ (R(12)(34) +2(R(123)(4) _R(123)(4) _R(12)(34)) + 2 (R +dR (12)(34) +dR 1234 )

2 [ p(123)(4) (1234) (123)(4 2 1»(1234) 6
+ 3 (R 12 - dR(123)(4) - dR(1234 ) d R (1234) ) + ﬁ(g )a

= (@ @+ (S + 5+ 1) @) +oe

4 p(1432) (1243) (1234) 6
=& (R(1234) 2R(1234 +R(1234))+ﬁ(8 )

In the diagrams, each small red block represents a copy of the bond Hamiltonian H,. Their
legs are contracted according to the assignment of the permutations ¢ and 7. The result can
be expressed in terms of the generalized spectral form factor Ri{ , labeled by two permutations

8i,8j € Sy, acting separately on sites i and j,

R¢l = Te(H" Zgig,)- (A.63)
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where 2o, = X, 2y, is the representation of g; and g; in the n-replicated Hilbert space. For
example, R})>) = (TrH;;)?, R\\}),, = Tr;(Tr; H;j)* (where Tr; denotes the partial trace over site i),
(12) _ 2
and R ;) = Tr(Hj}).
Given the components u and v, we can rewrite W |0, 7] in the operator form
. 1-7Z 1-ZZ;

oW, = T(M+VXIXJ) ) )

(A.64)

therefore the EF operator reads

- - A “ - 1-277; 1-2727; .
Woen =Wi + Y We@ Wy, =Wi + ) “L(u+vXiX;) ~L oW (A.65)
X ij
The EF Hamiltonian is therefore given by
N 1 “ N
Hgp = g(]l —W, e Wy )
|l «1-2Z; 1-ZZ; .
= —?Z > (u+vX,-Xj) > WILU-
ij

1— ZiZj 1 (A66)

- ~S(X+X;)

1 7Z;
— X,X;
82%: 7 W) e

:_Zl—ZiZj utvXiXi  s(xitxy)
= 2 gdXd>-1)

Therefore the EF Hamiltonian generally take the form of

A 1-2Z7;
Hip = Zg 21 je_,BXin—6(X,~+Xj)’ (A.67)
ij

consistent with the general form in Eq. (2.32). Comparing Eq. (A.66) with Eq. (A.67), we should

identify

pxix; _ _ Ut vXiX; (A.68)

8¢ T el(dE—1)
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which indicates

u 1 2 4
gcoshﬁ:—szdz(dz_l) = d2<d2_1)(u2—u48 +0(g%))

. _ v _ 1 2 4

(A.69)

where the coefficients uy,uy4,v4 are defined in terms of generalized spectral form factors Rﬁf as

_ (H(2) (12) (1D(2) 2 p(12)
uy = 2R ) = 2d (Rijy) + Ripyy” ) +2d°Ry5),
(13 (124)(3) (12)(34) (123)(4) 1 ( p(12)(34) (1234) (12)(34)
ug = R(12 )(34) +2(R (123)(4) R(123)(4) _R(lz)(34)> + Z(R(lz 34) +dR (12)(34) +dR (1234) ) (A 70)
2 ( p(123)(4) (1234) (123)( 1 42 pp(1234)
+ 3 (R(]23)(4) - dR(123)(4) - dR (1234) ) + Gd R(1234)7

_ 5(1432) (1243) (1234)
V4 = R(1234) —2R, (1234) +R (1234)°

For specific model of H;;, we can evaluate the generalized spectral form factors, then we can

determine the parameters g and 8 as well as the EF Hamiltonian. In the following, we will

perform the calculation for random U(d) spin model and the locally scrambled Ising model.
For two-qudit GUE Hamiltonians, the generalized spectral form factors, defined in

Eq. (A.63), can be evaluated under the GUE average using the basic property that

[
E H??= E ,.zj
GUE Y  GUEpX

1 1
dth hx 72 202:012)

(A.71)

the GUE average of n-replicated Hamiltonian H;; can be obtained by summing over Wick

contractions

d"Yp—n.ecp, Znn, nEeven,
B H = hi=h;j€Fy j (A.72)

ij
GUE 0 n € odd,

where P, denotes all possible pair-wise exchange of n replicas. Then the generalized spectral
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form factor reads

. 1
E Ry =— Y Tr(2y 25) Tr( Xy, Z0), (A.73)
GUE d" s,

whose results are enumerated in Tab. A.1. Substituting these results to Eq. (A.70), we find
uy = 2(d* —1)%, uy = 2(d*> — 1), and v4 = 2(d*> — 1)?/d*. By solving Eq. (A.69), we can
determine the parameters g and 3 to the order of &2,

g=2(1-d?)(1-He*+0o(eh),

(A.74)
B =¢e%/d*+O(e*).

In conclusion, as we consider the locally scrambled quantum dynamics by alternatively applying
the small unitary e '¢# and the local scramblers, the evolution of the corresponding EF state will
be governed by J;|Wy,) = —Hgr|Wy, ), with the EF Hamiltonian Hgp given by Eq. (A.67). The
random U(d) spin model H in Eq. (2.74) corresponds to the set of parameters in Eq. (A.74) for
Her.

Table A.1. Spectral form factor of two-qudit GUE Hamiltonian

Mg = 1 L Rg & 0 LRy &
Rin)ya & 3 R(123)() @ 3 R (123)(4) @ 2d +
Ry @ @+2 | Ko & @+2 [Ropy &  d+2
MO 2 A @ A @]
[t BCCAN SCWANL N W
RO S it A2, &) il
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Appendix B
Appendix for Chapter 4

B.1 Detailed calculations of the two-point correlation
matrix of the non-equilibrium steady state

B.1.1 Dissipative Lindblad operator

Liouville space

In this section, we define the original Hilbert space .7¢ spanned by the ket vectors
|n1,--- ,np). These basis ket vectors are generated by applying creation operators clT i=1,---,L)
on the vacuum state |0). The creation and annihilation operators cj,ci satisfy the following

anti-commutation relation,
{eivej} ={c,cl} =0,{c],c;} = . (B.1)

The Liouville space .77 is defined as a linear space spanned by all the linear operators acting on
. For a general linear operator A(c', ) acting on in %, we can define a ket vector |A) in .
The orthonormal basis in .77 can be constructed from the orthonormal basis in .77. Suppose

|ny,---,np) € 7 and satisfies

Z|nla"' anL><n17"' 7nL| - Z|n><n| = 1La<nll7"' 7n2 ny,--- >nL> = <n,|n> = 6n’n7 (B2)
n n
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the orthonormal basis in .77 can be constructed as |n,m) which satisfies

Z ’n7m> <nam| - 1L2a <n,7m/|n7m> = SynOm/m- (B.3)

n,m

Thus, we can express the ket vector |A) as

[A) =Y} In,m)(n,m|A) (B.4)

n,m

where (n,m|A) = (n|A(c’,c)/m). Henceforth, we will use the eigenstate of the number operator
n; = cl.Tci to be the orthonormal basis. Each n; can be either O or 1. Besides, we define the

superoperators c;( ,Ci, dj ,d; as

¢/ In,m) = ¢ [n)(m|

ci|n, m) = ¢;[n) (m|

(B.5)
d} n,m) = (=1)" ) (m|c;
difn, m) = (=1)" |m)(m|c].
From these superoperators, we can explicitly write down the identity state |I) as
L : L
1y =Y jm,m) =exp(}_c/d})|0,0) = [J(1+c[a)|0,0) = (1] = (0,0 T](1 +dic;). (B.6)
m i i=1 i=1
The ensemble average of the operator A(c',¢) can be expressed as
L
Tr(pA) = (I|A(c,0)|p) = (0,0| [J(1 +dic)A(cT ) p)- (B.7)
i=1

Before we plug in our target operators, we need to command normalization on the density matrix,

Tr(p) =1= (I|p) = 1. (B.8)
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This condition is very important to determine the correct normalization condition for the eigen-

vector.
Formalism for the quadratic Hamiltonian under dissipative dynamics[204]

The Lindblad master equation of the density matrix p is written as

dp(t)

L2 ——ilH.p(: 1+2(Lup L S AL p(0)}) (B.9)
where L, represents the pth Lindblad operator. The generic density matrix can be written as
P (t) = Y n Pmn(f)/m)(n| where |m) is the complete orthonormal basis which spans the Hilbert
space .7 . First, we perform the vectorization of the density matrix as [0 ()) = Y n Pmn(?)|m, n).

The Lindblad master equation can be recast as id|p(¢)) = .#|p(t)) where .# is non-Hermitian

(1)),

superoperator,
. 1 BN
M=Ho1-1 ®H+l§ (LuoLl— W@ 1+10LiL)).  ®B10)

Hereinafter, we focus on the quadratic fermionic Hamiltonian and the Lindblad operators which

involves the linear combination of gain and loss operators,

H=Y Hycley, L = Zl* ol L, = Zlaxcx (B.11)
Xy

For convenience, we define Pxfx, =Yu lj xl;*, and Pv= Yu Ly, x- One can derive the corre-

sponding non-Hermitian superoperator .# as

MM M c
] S N I I ol et L(Pr 4 P) (B.12)

4=%d d
My M| |d, x
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where

i _
My = Hyy+ E(P;y —Py), M =Hyy +

i

2<Px_,y _Px—t_y)aMIZ - iP+ M21 = iPx_,y‘ (B13)

x'/y7

Solving the one-particle correlation matrix at NESS from the eigenvectors of the
non-Hermitian superoperator .7

Here, we would like to investigate the eigenvalues and eigenvectors of the non-Hermitian
superoperator .# which can be recast as

iN+iPT iPt c

C
///:{cf d*} +iTrA+:[CT dT]M +iTrAt  (B.14)
d

iP~ IN+iP | |d

where c,d", c,d are all L dimensional vectors. Let’s analyze the eigenvector and eigenvalue
t

of M. Suppose the eigenvector of M can be written as {(p, 1//} , we can derive the following

equations,

i(A+PHO+iPTy=w¢,iA+P )y +iP ¢ = oy (B.15)

where @ is the corresponding eigenvalue. By setting ¢ = —y, we can obtain iA¢ = w¢. If
we add two equations in Eq. (B.15) together, we would obtain —iA"(¢ + y) = ®(¢ + ). This
suggests that the eigenvalues of M must come in pairs, (iAy, —iAy). This motivates us to rewrite
M as

M=i) (AalRo)(La| —AqIRe) (Lyl)- (B.16)

t
By defining |x) = {c d} (Xl = {c* dT} , the eigen-fermionic operators can be defined

far = (LEIX). fh s = (XIRE). (B.17)
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Therefore, the superoperator .# would become

M =Y (iRafiy _for —irgfa fas)TiY Ay (B.18)
o o

Note that the NESS state is the state with zero eigenvalue. Thus, the NESS ket vector can
be constructed as |Ppess) = [1o ffi +|0). The normalization condition for |pjey;) is to demand
(I|Pness) = 1. One way to obtain the (/| in terms of foi +» fa+ operators is to start with (/|M = 0.
Thus, we can easily see the left identity vector is simply (0| [T, f«,+. To compute the correlation

matrix,
<I’C:€Cy‘pneSS> = SxaVyp <I’fgif[3 |Press) = ZSX,(XV g (B.19)
A

Note that S,V can be constructed from the transformation matrix which transforms the original

basis to the diagonal basis. The transformation matrices are

fu=Rajcj, ff=Lpcf=S=L"",V =R"". (B.20)

Thus, the one-particle correlation matrix can be computed by
Gy =Y L gR o (B.21)
A

B.1.2 Dephasing Lindblad operator

The generic dephasing Lindblad operator is defined as

Ly =Y mgxcicy. (B.22)
X
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The dynamics of the two-point correlation matrix Gy, can be derived as

d 1 -
TGy =T [(atp)c;cy] ap =—i[H,p]+ Y (LapL; — SLiLap - EpL('xLa) (B.23)
o

The only difference between the dissipative and dephasing Lindblad operators is the second term.

By plugging the dephasing Lindblad operator (Eq. (B.22)), one can obtain

1 1
Z Mo M, Tr € [ leupc) cchcy — Ecchc cupcl Cy — Epcicvc,icuc}:cy]
e X | (B.24)
— Z ma7um*a7vTr [p(c cvckcycd(cu — Eckcyc cvcfcu— Ec*cvc’cu Tcy)].

u,v,0

Let’s move the fermonic operators explicitly,

1 1
cchcTcycTcu — chcyc cchcu — EcchcTcu Tcy
=clecleycie, — l5 ciecte, — lCTCTC c cTc — Oux l fc c Cy— 1c e CTCTC c
— My VvExEytutu 2nyVuM2 y=v u v )’2 v y-u

T

f TCvCuCy 4 3 Syucvcvcxcu.

1 1 :
= —anvCinCZcu + ESXVCICYCMCM - 5614ch

1 1 1 1 1 1
1 1 1 1
= §5xvCICyCZCu — §5ux5quICy — §5uxclcycicv + §5ux5vyc,icv
1 1 1 1
1 1 1 1
— §5xvc1cyc;§cu — EBMXCchcicv + Eé‘yucicvc};cu — ESychcucicv
1 1 1 1
- Eéuxéuvc‘tc_y + 551,”5‘;);6'2;6"; - 55})\;5”\/6;6” + 55yv6xu€;€v
(B.25)
Let’s define M,,, =Y mmumav and one can combine the first four terms together as
! i 1 Pt
Z(MW —M,,)(Tr [EP(SXVC cye,, cu)} +Tr [ZP(QWCVCCCXCM)] ). (B.26)

u,v
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vu, the four-point correlation functions would not appear in the

If we assume that M, =
dynamics of the two-point correlation function. The last four terms in the last line of Eq. (B.25)

can be combined as

1 1
5 My + My — My = Myy) Gry = Myy Gy —  (Myx + Myy) (B.27)
The dynamical equation of two-point correlation function becomes
(B.28)

1
——iZG H) +H],G, y) + 5 (M = My — Myy)G

For the on-site dephasing Lindblad operator, we have mq ;, = \/Ya0a,u = Myy = OxY;. Thus

one can derive

d 1
—G ——ZZ G HT +HTG E(Zzsa,xaa,yya_%_f)@)ny
a (B.29)

. 1 1
= —ZZ (GuiH,ly,+ HE Guy) + 8y Gy — DGy = 5 Gy Ty

where I', v = %40, . The dynamical equation can be recast in matrix form

i[G,H] —%{F,G}JFF*G (B.30)

d
—G=—
dt

where * represents the element-wise multiplication. Combined with the dynamical equation with

the dissipator, one can derive

d 1

—G=—i[G,H|— - {P"+P +T,G} +T+*G+P"

dr 2 (B.31)
d 1 '

= —G! =i[G" ,H] - §{P++P’ +1,GTy 4T« G +P*

dt
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The two-point correlation matrix for the non-equilibrium steady state can be obtained from
i[GT,H]—%{P++P_+F,GT}+F*GT+P+:0. (B.32)
The solution of G” for the long time limit can be constructed from
Gl (t=c0) = /OoodseSWPeSWT,W =—iH— %(P* +P +D),P=Tx«G' +P".  (B33)
To compute this integral, we express W /W in terms of their left/right eigenvectors,

7 D s sAo swt SVRI T )
W= Y AR LW = Y Vg L) (R = ™ = Yo% [R) (L%, = Y "0 |1F) (RP).
(04 ﬁ o

(B.34)
With assumption for Re(Ay + vg) > 0 for any «, 3, one can derive
Gt=c0)=-Y Mm%(éﬂ,paﬁ = (L*IC«G" +PT|LP). (B.35)
o )u(x + Vﬁ

To solve this equation, we iteratively update the two-point correlation function until | ¥ (G (¢t +

1) = G (1)) < 107°.

B.2 Spectral statistics of the one-particle Hamiltonian

The second probe is the adjacent gap ratio (r,) of the one-particle Hamiltonian. The
adjacent gap ratio is defined as: let E,,_, E,, E,+1 be three successive eigenvalues of H,,.. Then,

the adjacent gap ratio can be computed from

in{E,—E,_1,E —E
, min{E, —E,_1,E,+1 n}' (B.36)
max{E, —E,_1,E,t1 —E}

The adjacent ratio reflects the spectral statistics of the one-particle Hamiltonian. The two most

common examples are the ergodic phase and localized phase. The ergodic phase gives the value
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of Gaussian Unitary Ensemble statistics (~ 0.599), whereas the localization phase would be the
value of Poisson statistics (~ 0.386). Our results for both dissipative and dissipative-dephasing
dynamics are shown in Fig. B.1, which shares a similar structure with the phase diagram of PR.
In addition, the extended/localized phase exhibit GUE-like/Poisson values, which suggests that
the localization/delocalized phase under non-unitary dynamics behave more similarly with those
in the disordered Hamiltonian instead of quasi-periodic Hamiltonian.

(A) Purely dissipative dynamics
0.37 044 0.56

B /n
00 GUE (a) Path A  GUE (o) Path B } GUE (c) Path C

-05
=
o —1.0
IS}

~15 .

Poisson Poisson __________ "= Poisson
—20 .
0.5 1.0 15 0.5 1.0 15 -20 -15 -10 -05 00 05 1.0 1.5
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(B) Dissipative-dephasing dynamics for log W = —1.0
0.37 044 056
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Figure B.1. The adjacent gap ratio for the one-particle Hamiltonian of the NESS

B.3 Detailed calculations of one-particle von Neumann
entropy

To calculate the one-particle von Neumann entropy, we divide the system into two

subsystems A and A of sizes Ly and Lp respectively. Let ppess . be the NESS density matrix
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corresponding to the subsystem A. We can construct the one-particle correlation matrix as

ny,ness = Tr(pness,ACjcCy)- (B.37)

This correlation matrix contains all the one-particle correlation functions within region A. Our
goal is to use this one-particle correlation matrix to construct the corresponding Gaussian density

matrix,

1
PAone = ZGXP <_ Z Kx,ycicy> (B.38)

X,yEA

The one-particle von Neumann entropy can be defined as
SA70ne = - TrpA,one lnpApne (B.39)

With n; 4 being the eigenvalues of Cyy s,

SA,one = —Z (l’l,'7A lnn,-7A + (1 —njA 11’1(1 — I’li7A))> (B.40)

1
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