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ABSTRACT OF THE DISSERTATION

New Classes of Moving Anchor Extragradient Algorithms for Saddlepoint Problems
by
James K. Alcala

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2024
Dr. Yat Tin Chow, Chairperson

This work introduces a moving anchor acceleration technique to extragradient al-
gorithms for smooth structured minimax problems. The moving anchor is introduced as
a generalization of the original algorithmic anchoring framework, i.e. the EAG method
introduced in [46], in hope of further acceleration. We show that the optimal order of con-
vergence in terms of worst-case complexity on the squared gradient, O(1/k?), is achieved by
our new method (where k is the number of iterations). We also extend the moving anchor
to a more general nonconvex-nonconcave class of saddle point problems using the frame-
work of [23], which generalizes [46]. We obtain similar order-optimal complexity results
in this extended case. A preconditioned version of our algorithms is also introduced and
analyzed to match optimal theoretical convergence rates. Our final theoretical contribution
is the development and analysis of a moving anchor with a stochastic oracle, which matches
accelerated convergence rates for convex-concave problems. Underlying these theoretical
contributions is a selection of robust new Lyapunov/energy functional techniques that ac-

count for the moving anchor structure while maintaining the optimal order of complexity

vi



under minimal assumptions. Various numerical experiments demonstrate the efficacy of the
moving anchor extragradient algorithms compared to their fixed anchor variants, and in
many cases suggest a more optimal constant in the big O notation that may surpass the
traditional fixed anchor methods. We conclude by discussing current challenges and future

directions this work may lead.
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Chapter 1

Introduction

1.1 Background

Minimax, min-max, or saddle point problems of the form

i L 1.1
min max L(z,y) (1.1)

have received considerable attention from optimization researchers and, in particular, ma-
chine learning practitioners because of applications including but not limited to Game The-
ory, Online Learning, GANs [15], [5], adversarial learning [28], and reinforcement learning
[12]. Measuring the duality gap sup,«cgm L(z,y*) — infz+crn L(2*, y) on averaged (ergodic)
iterates or last-iterates of algorithms is one natural way to measure the suboptimality of
methods designed to solve . This is a clear analog to measuring suboptimality for
algorithms for minimization problems. On the other hand, such a measurement is not as
natural to consider when is nonconvex-nonconcave, and the convergence guarantees

for this measure may be limiting.



When problem ([1.1)) is differentiable, another meaningful measure of suboptimality
is the squared gradient norm or Hamiltonian of L, Hamp (z,y) = |[VL(x,y)|*. (Sometimes

this includes an extra factor of %, which is not included in this paper. No physical in-

2
terpretation of this quantity is used here.) This suboptimality measure retains meaning
for nonconvex-nonconcave problems and convergence rates on the squared gradient-norm
have only recently attained order-optimal convergence rates in these problem settings. This
is especially important, as many machine learning settings involve neural networks which
result in problems that are inherently nonconvex-nonconcave - and as our results indicate,
there may still be room for numerical improvements.

The EAG (extra-anchored gradient) class of algorithms, first introduced in [46],
combines extragradient and the more recently developed anchoring methods in a single
framework to tackle smooth-structured convex-concave minimax problems. With the pri-
mary assumptions being R—smoothness and convexity-concavity of , EAG achieved
O(1/k?) = Q(1/k?) convergence rates on the squared gradient-norm; that is, the algorithm
is order-optimal. This achievement has inspired a flurry of research activity in recent years
[22], [42], [46]. To show optimality, the authors of [46] adapt arguments from [33], [34] to
construct a worse-case analysis for a large class of algorithms that contain EAG.

As anchoring is relatively new compared to extragradient, much of the literature
written as a direct consequence of these results emphasizes anchoring and other Halpern
adjacent techniques [24], [44], [43]. However, the EAG class is not without limitations. The
two sub-variants of EAG, EAG-V with varying step-size and EAG-C with constant step-

size, have difficult convergence analyses and are both relegated to the convex-concave class



of smooth functions. Addressing some of these issues, the authors of [23] introduced the
Fast ExtraGradient Method, or FEG. This method generalizes the results of EAG and EG
+ [11] to introduce the order-optimal pairing of the extragradient anchor to the setting of
certain nonconvex-nonconcave problems (specifically, negative comonotone) and introduces
an analysis dependent on terms that are less difficult to work with. Furthermore, their work
improves upon the bounding constant attained by EAG in convex-concave problems while
retaining optimal convergence rates for a broader class of problems that are of particular
importance to machine learning practitioners, among many others.

In the spirit of these previous works, our contributions are as follows.

1. We introduce a new technique, called the ‘moving anchor,” into the algorithmic set-
tings of EAG-V and FEG under minimal assumptions. We demonstrate that in both
settings, introducing the moving anchor retains order-optimal O(1/k?) convergence
rates across a range of parameter choices that using the moving anchor gives one ac-
cess to. One may recover the original fixed-anchor algorithms via parameter tuning,

so our algorithms generalize much of the current anchoring literature.

2. We develop a theoretical version of the moving anchor algorithms (in both the convex-
concave EAG-V and nonconvex-nonconcave FEG) with a proximal anchoring step with

fruitful implications for future research.

3. We develop a stochastic moving anchor EAG-V variant that retains order-optimal
convergence guarantees for this problem setting. Many modern optimization prob-
lems involve computations in very high dimensions, so this development is especially

valuable for many applications.



4. For both the EAG-V moving anchor and the FEG moving anchor, we run a variety
of numerical examples by comparing multiple versions of our moving anchor algo-
rithms with their fixed anchor counterparts. We also perform some experiments in
the stochastic setting. These numerical examples demonstrate the efficacy of our al-
gorithms, as in all deterministic cases, one of the moving anchor algorithm versions in
each example is the fastest algorithm by a constant. The stochastic algorithms also

demonstrate favorable convergence behavior across anchor variants.

1.2 Literature Review

1.2.1 Halpern Iteration and Anchoring

Introduced in 1967 and inspired by Browder’s classical fixed point theorem, the
Halpern iteration [I§] is an algorithm built for approximating fixed point(s) of nonexpanding
maps in a Hilbert space. Its convergence has been studied in [25], and it is extensively used
in monotone inclusion-type problem settings [10], [44], [4]. A recent paper [43] draws an
explicit connection between Halpern-inspired methods and Nesterov’s AGM [35], linking
two very active strains of acceleration literature.

Directly inspired by Halpern, algorithmic anchoring was recently introduced in the
literature [40] and has since been utilized to establish optimal O(1/k?) convergence rates for
smooth-structured convex-concave minimax problems [46]. Since then, these methods have
been extended to the nonconvex-nonconcave, negative comonotone problem setting [23] and
analogous settings for composite problems in a multi-step framework [24]. Interestingly, this

latter framework introduces ‘semi’-anchoring, where only one part of the descent-ascent step



is anchored, and a unique anchor occurs at each step of the multi-step. To our knowledge,
this is the first instance of an anchoring method that goes beyond a single fixed anchor. In
[44], the authors develop an anchored Popov’s scheme and a splitting version of the EAG

developed in [46], with a similar analysis.

1.2.2 Extragradient Methods

The extragradient method first appeared in [21I] and has since been an important
acceleration method extensively studied in the optimization literature [2], [45], [27], espe-
cially in the context of generative adversarial networks [I5], [5] and adversarial training
[28]. A classical result regarding these methods is that if X € R™ Y € R™ are compact
domains, then for the duality gap maxy.cy L(x,y*) — ming.cx L(x*,y), the ergodic iter-
ate of extragradient-type methods [30], [36] have an O(1/k) rate, which is order-optimal
[37], [32]. Recently, it was shown that the last iterate convergence rate for extragradient
also attains O(1/k) convergence [17], with only monotonicity and Lipschitz assumptions.
This closes the gap between the last-iterate and ergodic-iterate convergence rates for ex-
tragradient discussed in [14]. Another recent interesting result was attained in [11], where
the authors developed the Extragradient+ method, a variant of extragradient extended to
various nonconvex-nonconcave problem settings.

On the other hand, when the problem at hand has certain smoothness properties,
the squared gradient norm ||V L||? for extragradient-type algorithms recently achieved order-
optimal convergence of O(1/k?) [46], [23], thanks in part to the synthesis with anchoring.
This breaks the bound of the SCLI class of algorithms discussed in [I4], which contains

the unmodified extragradient, because EAG is not SCLI, but specifically 2-CLI or in an



extended class of 1-CLI algorithms. See Appendix D.2 of [46] for a best-iterate (NOT last
iterate, at the time of writing this quantity doesn’t seem to be known) convergence analysis
of extragradient and Appendix E of [46] and [14] for more details on the relationships
between these classes of algorithms. We conclude this discussion by remarking that for
smooth problems, the bound on the squared gradient norm is meaningful in nonconvex-
nonconcave problem settings, and as demonstrated in this work and these recent works, has

room for numerical improvement.

1.2.3 Stochastic Algorithms

Stochastic methods in optimization have a long and celebrated history owing to
their ability to reduce the computational bottlenecks commonly encountered in modern,
high-dimensional problems [3], and the literature regarding such methods in closely aligned
fields is rich [23], [19], [20], [29], [31], [40], [41], [48]. We remark that [23] and [40] presented
the first results regarding stochastic anchoring algorithms. [4] studies monotone inclusions
with a stochastic Halpern iteration, combining these techniques with variance reduction
to achieve optimal results in terms of stochastic oracle complexity. Crucially, the former
work develops deterministic methods for certain nonmonotone operators, however, it de-
velops stochastic methods for monotone operators associated to convex-concave problems
only. Whereas [4] attains stronger stochastic oracle complexity results, but only in the
case of monotone operators. In general, developing theory for the accelerated stochastic
versions of algorithms in these nonconvex-nonconcave settings (and the associated non-
monotone operators) seems to be a hard problem. In [48] the authors develop stochastic

methods for a class of nonconvex minimization problems referred to as wvariationally co-



herent, equivalent to the Minty Variational Inequality condition, which includes convexity
and other interesting problem classes as sub-classes. Referring to this problem class as
coherent non-monotone variational inequalities, the authors in [41] develop similarly pow-
erful stochastic methods in the variational inequality setting (ie, a problem setting that
contains saddle point problems). Until fairly recently, the most prominent article on the
subject of stochastic nonconvex-nonconcave saddle point problems was [10], which develops
the Extragradient+ method for a large class of nonmonotone problems, up to and includ-
ing the very broad weak Minty Variational Inequaltiy class of problems. More recently,
[13] provides an analysis of stochastic extragradient algorithms in the strongly monotone,
affine, and monotone settings when random reshuffling, a popular computational technique
for stochastic algorithms, is involved. [16] provides a very general framework to analyze
stochastic extragradient algorithms and their variants. To conclude this section on a more
optimistic note, both [7] and [26] have very recently developed stochastic extragradient

methods with robust analyses for settings beyond monotone operators.



1.3 Notation and Basic Results

A saddle function L : R"xR"™ — R is (non)convex-(non)concave if it is (non)convex
in x for any fixed y € R™ and (non)concave in y for any fixed z € R™. A saddle point
(z,9) € R™ x R™ is any point such that the inequality L(Z,y) < L(Z,y) < L(x,g) for all
x € R™ and y € R™. Solutions to are defined as saddle points. Throughout this paper,
we assume the differentiability of L, and we are especially interested in the so-called saddle

operator associated to L,

VCCL($7 y)
GL(z) = (1.2)

—VyL(z,y)

where the L subscript is omitted when the underlying saddle function is known. When
our problem is convex-concave, the operator is known to be monotone [39], meaning
(Gr(z1) — Gr(z2),21 — 22) > 0 Vz1,29 € R™ x R™. We assume that this operator G, is
R-Lipschitz, or has certain stronger Lipschitz properties we detail later; this is sometimes
referred to as L being R-smooth. With these properties in mind, one may introduce an
assumption that generalizes monotonicity: let p € (—i, +00). In this paper, we assume

that when GG, is not monotone, it satisfies
<GL(21) — GL(ZQ),Zl — 22> Z p”GL(Zl) — GL(22)||2 VZl,ZQ S Rn X Rm.

When p > 0, this is called co-coercivity; when p = 0, this recovers monotonicity; when
p < 0, this is called negative comonotonicity. This latter condition on allows one
to consider certain nonconvex-nonconcave problems L, and is also going to be a central
focus of this work. Note, however, that these assumptions need not cover all smooth

nonconvex-nonconcave problems of interest. Figure 1, Table 1, and Example 1 of [23]



illustrate broader problem classes than negative comonotonicity that retain smoothness
while being nonconvex-nonconcave. Finally we state that although VL # G, we have

IVL|| = ||GL]|, so we may use these expressions interchangeably.



Chapter 2

Previous Fixed Anchor Methods

In this chapter, we outline the specifications and convergence results of the two
original fixed anchor methods, the Extra Anchored Gradient (EAG) [46] and Fast Extra-

Gradient (FEG) [23].

2.1 The Extra Anchored Gradient

The Extra Anchored Gradient Algorithm, or EAG with varying step size (EAG-V)

has a simple statement and a relatively simple proof of convergence:

2 = 2k 4 (20 — 2F) — apG(2P) (2.1)
L= 2F 4 5L (20 — 2F) — apG(ZFTY/?) (2.2)
p— 1 J—
T TR < (k+1)(k+3) "

1 a2 R?
-k (1 T k+D(k+3)1 —ZiR?) (23)

10



with ag € (0,1/R), and R a predetermined constant. Here, G is the so-called saddle
operator, G := (V,L,—V,L) and L is a convex-concave saddle function in a minimax
optimization problem. It is a nontrivial fact that G is monotone [46]. The structure of the
ap’s and B;’s are detailed below alongside auxiliary sequences A and Bj. We state the
convergence of this algorithm as a theorem and relay the details of its convergence via a
specific Lyapunov functional as a lemma. For more details, including a version of EAG with

a non-varying step size, see [46].

Theorem 1 (EAG-V convergence rate [46]) Assume L : R"xXR™ — R is an R-smooth

convex-concave function with a saddle point z*. Assume further that o € (0, %) and define

Qoo = limg_yo0 . Then EAG-V converges, with rate

4(1 + apaseR?) |20 — 2¥||?
aZ, (k+1)(k+2)

IVG(M)||? <
where G = (VL|zern, —VL|_yc_grm).

Since 2* is the saddle point, this theorem demonstrates O(1/k?) convergence of

the algorithm. To derive this order of convergence, the following lemma is necessary.

Lemma 2 (EAG Lyapunov Functional [46]) Let {8;}1>0 € (0,1) and ag € (0, %) be

given. Consider the following sequences defined by the given recurrence relations for k > 0 :

823

A,=—B 2.4
B
Bipr = 1 —kﬁk (2.5)
1— a2R? _ 32

Br(1 = Br)(1 — o} R?)

11



where By = 1. Assume that oy, € (0, }%) holds for all k > 0, and that L is R—smooth and

convex-concave. Then the sequence {Vi}i>o (2.7) defined below is nonincreasing in k.
Vi := Ag||G(ZF)||> + Br(G (%), 2F — 20) (2.7)

Remark 3 Within (2.7)), choosing By = k%ﬂ yields By = k+ 1, A = M, and the

construction of a1 in (2.6)).

We also need the clarify the behavior of (2.6)), as this will be needed in multiple analyses

later.

Lemma 4 If ag € (0, %), then the sequence {a}3, of (2.6) monotonically decreases to

a positive limit.

Proof. This is proved as a corollary of Theorem ]

2.2 The Fast Extra Gradient

In [23], the methods in [46] are expanded to a broader class of smooth structured
nonconvex-nonconcave minimax problems, bringing an O(1/k?) rate of convergence rate to
a larger class of problems in the setting of minimax games. This algorithm class is called

the FEG, or Fast Extra Gradient method.

P2 = 2 g B2 = 2% — (1= B + 2p0) G() (28)

L= 2F 4 B0 = 2F) — apGEFTY?) — (1 — B)20kG(ZF) (2.9)

12



First, we remark that each update , is mostly very similar to the corresponding
updates in EAG-V, (2.I), (2.2). The reuse of the term G(2*) is useful for handling the
negative comonotonicity that is represented by the parameter pg; in (strongly) monotone
problems, pi(>) = 0. To obtain the accelerated convergence results, one may choose

ap = %, B = %—Fl’ pr, = p for all k > 0, and we have the following theorem resulting.

Theorem 5 (Fixed Anchor FEG Convergence) For the R— Lipschitz continuous and
p-comonotone operator G with p > 0 and for any z* in the set of points fized by G, the

sequence {z¥}1>0 generated by FEG satisfies, for all k > 1,

4)|2° — 2*||?
(& +20)%k2

NP
1G(=")|I7 <
Notably, this bound given by [23] is a significant improvement over the bound in [46], and
the authors also provide a stochastic version with analogous convergence guarantees. The
analysis of this algorithm is also completed using a powerful Lyapunov descent lemma. We

direct interested readers to Section 7 of [23] to see its details, in particular Lemma 7.1, and

to Theorem [12| for the more general moving anchor version of this descent lemma.

13



Chapter 3

Moving Anchor EAG-V

In this section, we construct and analyze a new version of the EAG-V algorithm.
Here, the anchoring point moves at each time step. We call this the moving anchor algo-
rithm; it utilizes a similar extragradient step. Further down, we demonstrate comparable
rates of convergence to the original EAG algorithm with varying step-size. For the k — th

iterate of 2% € R” x R™, the EAG-V with moving anchor is defined as

L0 — 50
1
k+1/2 _ k sk _ kY _ k 3.1
z z+k+2(z 2¥) — a,G(27) (3.1)
1
=k 4 P (28 — 2F) — apG(ZFH1/?) (3.2)
2 = 2P 4y G (3.3)

The major structural difference is the introduction of the regularly-updating z*, analogous
to the role of z¥ in the EAG-V detailed in the previous section. (3.3)) is the regular update
for this anchor; it depends on the algorithm update (3.2]) rather than exclusively on itself.

However, the fact that the anchor is now moving requires some additional machinery to

14



ensure that a new, more general Lyapunov functional is still nonincreasing. To these ends,
the previously defined sequences remain the same, with new additions in the following

sequences.

Ck

—_ 4
1+(5k’ (3 )

Crp1 <

Bj41

) (3.5)

Vi1 <

We choose d;, so that ilog(l + 0) < 0o. The ¢ terms are part of the definition of the
k=0

Lyapunov functional we use in our analysis; these come in handy when we use 7, to absolve
terms. Let ¢ 1= limp_oo . = <o H;}“;o ﬁ. As a general rule, one wishes to choose ¢
so that c. satisfies some specified convergence constraint; these constraints will appear
throughout the major convergence theorems in this chapter and the chapters relating to
the moving anchor FEG and the stochastic moving anchor EAG-V. While the choice of ¢
is therefore limited to according to certain problem/algorithm constraints, in general there
seems to be much freedom in choosing ¢y and the sequence {0y }. For the rest of this work,
we take and to be given with equal signs instead of inequalities. As in the fixed
anchor case, we will take 3, = k%ﬂ, resulting in similar sequences , , for
the moving anchor. Before we proceed with the analysis, we emphasize that the original
EAG-V algorithm may be recovered simply by setting 511 := 0 for all k.

Now, we give the definition of the Lyapunov functional and show that it is nonin-

creasing:
Lemma 6 The Lyapunov functional

Vi = ARlIGER) 1P + B(G(29), 2% — 2%) + |2* = 2¥)1%, (3.6)

15



corresponding to the moving anchor EAG-V algorithm (3.1) through (3.3) with constants
Ak, B, ¢, B defined as in (2.4), (2.5), (2.6), and Theorem@ along with sequences cg, Vi
defined in (3.4)), (3.5)), is non increasing.

Proof.

First we reorganize some of the algorithm statements and label them for use later.

Sk kL Bk(zk _ Ek) + akG(zk“/Q) (3.7)
ShH1/2 kD ak(G(zk+1/2) _ G(Zk)) (3.8)
2= = (1= B)(F" - 2F) + anG(MT?) (3.9)
P — = LGP (3.10)

(3.7) comes from rearranging (3.2)), (3.8) comes from taking the difference between (3.1))

and ({3.2]), is ¥ minus (3.2), and (3.10)) is (3.3 rearranged. The overall goal of this

proof is to show that the difference Vi, — Vi41 is nonnegative.

Vie = Vi

>A|GEOP = Apn |G 2 +Bi(e* — 2%, G(="))
I

— Bt (2P = ML GEMY) el = 2P - e |2 - 2

II

By,

Bk <Zk _ Zk—f—l’ G(Zk) _ G(zk+1)>

I
Notice that the last term above, I1I, is not part of the definition of Vi, nor Vi, 1. It has been
introduced to aid in the proof and is nonnegative by the monotonicity of G. We would like

sk+1

to absolve any terms containing the 2%, z terms. To accomplish this, our next goal is to

16



focus on turning the labeled parts (I, II, IIT) of the above line into IV below. We may take

advantage of the previously established identities (3.7)) through ({3.10].

B B
akBk+1<G(Zk+1/2’ G(Zk+1)> + ﬁ”ik B 2k+1H2 Qi Dp
Vk+1 Bk

v

<G(Zk+1/2), G(Zk) o G<Zk+1)> ]

We now detail this process. The term I does not change. For II, on the other hand, we have

_Bk+1<zk+1 _ 2k+1, G(zk+1)>

~~

II

= By (¥ = 2L GEMY) = B (7 - 2L G (M) (3.11)
= Bri((1 = Bi) (2° = 2) + axG(ZH1%), G(ZH)) = Broa (e G, GEH)
(3.12)

where the first equality comes from recognizing zF+1 — zF+1 = 2k+1 _ zk 4 zk _ zk+1 and

the second comes from substituting in equality (3.9) and (3.10)). For III,

T = LGN - GEY)
111
- _?@’“ — AL G () + ?W’“ =ML G () (3.13)
k k
= —?“wk(z’“ — 2 + aG(Z"?), G(M) + ?“(m(% — 2 + apG(ZM?), G ),
k k
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where the last equality is a result of substituting in (3.7]) in each of the first arguments of

the two terms in (3.13)). Now, we can begin simplify everything we’ve done to obtain IV.

(zF — 2% G (M) (3.14)
I
(1= B = ) — aGEHY2) 3 nGEY, GEHY) (3.15)
11
B )+ G, 6() (3.16)
111
A - )+ G, G ) (317
]
From here, we’ll use two facts. First, By41 = f ’E}k This allows us to combine and cancel

the very first component of (3.15) with the Bx(2* — 2*) component of (3.17). Additionally,

(3.14)) cancels with the B (2% — 2F) component of (3.16]). This leaves us with

— 0, Bt (G(F2), GER) + Bt (e G, GEH)
11

By.ay,

Br

By.ay,

(G(F2),G(F)) +
Bk

<G(Zk+1/2), G(Zk—f—l))

II1

By, _ ~
= OékBk+1<G(zk+1/2)’ G(zk+1)> + ﬁnzk _ Zk+1||2
_l’_

N~

v
oy By,

" (G(FT12),G (%) — G ),

v

where the last equality is a result of applying the anchor update to get the norm squared

term, and combining the latter two terms while leaving G (zkH/ 2) fixed. Thus, we've shown
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ARG 2 = A |G P

+By (2" = 24, G(2P)) = By (M = 2L G(HY)

B
Ferllz” = 2P el = B - S - L GE) - GG
=ARIGEI? = Apa|GEFDIP + B (GE2), GEH) (3.18)
B
—TE G, G — ) (3.19)
k
* = * = B = =
Ferlle” = 2P — el — 2R TR - (3.20)

Now, we continue on with our goal of absolving terms. From Cauchy, we have that

1
[l = 212 < (1 + )l = 28° + (1 + ﬁ)Hik =M (3.21)

and from the algorithm definition,

o Ve+1 = Bt
) +1= 1
+ O, cr1(l+5)

Chr1 = | (3.22)

We apply (3.21]) to (3.20) to obtain

> ARG = At |GEIP + arBr (GMH2), GMH)

arB
- %Mzk*m), G(2*) — GFN)) + x|z — 2|
1 B
— o1 (L4 6p))12* — 22+ (1 + a)\l?’“ — 2% + ﬁ\l?’“ — ZFH?
+
and now we apply (3.22)):
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> AR GE)P = ApllGE P + ai B (GEM2), G ()

oarB
- BB k%), G(4) — ) + el — P
= Bri1, . Bri1, . _
el — k2 = Btk ey B ey

V41 Vi+1
=AR|G(Z")|1? = Apr||GEEI? + apBra (G(2RT2), G(F))

oy By,

G (GE, 66 —GEH) 0.

At this point, showing that the remaining terms are nonnegative is nontrivial, but
directly follows the arguments made in the proof of Lemma 2 in [46]. Specifically, following

(29) onwards in [46], one will find that

ARG = A [GEIP + anBra (GEFH2), GH)

o By,

ﬂk <G(Zk+1/2), G(Zk) - G(Zk—‘rl))

>0

)

which completes the proof. m

Now we have the primary result of this section.

Theorem 7 The FEAG-V algorithm with moving anchor (3.1), (3.2), and (3.3)) together

with the Lyapunov functional Vi, (3.6) described in Theorem@ has convergence rate

aoR? + c)||2Y — 2*[|*2Vp
Qe (k+1)(k+2)

leEP < (3.23)

as long as we assume CooQoo > 1.
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Proof. For the most part, this argument parallels the analogous argument found in [46].

We use the Lyapunov functional to isolate and bound ||G(2*)]|2.

Vi < Vo = aol|G() 1 + cofl2” — =" (3.24)

< (aoR? + ¢o)||2” — =*|*
by R—smoothness. On the other hand,

Vi = ARG P + Bo(G(2F), 2% — 25) + x| 2" — 2°)°

> AIGGH) 2 + Bul(G(), 2" — 2) + ]| =" — 2

2

Ak k\| 12 Blc * k|12
SIGEIIP + (= 5" = 2]

= Al VELD g2 4 o -

k+1
Oék(k—i-Q)

)l=* = 2|7

Qoo 1 .
> %% 4 1)k + DICE) + (e — )27 — 22

o0

> Sk + 1) (k+2)|GH)?

As long as ¢y > é, the second to last line above is positive, and we may focus on the

inequality given to us by the last line above:
« *
— Dk + 2)[|G(")|1? < (a0 R? + co)||2° — 2*||*.

Dividing both sides by the constant “¢=(k + 1)(k + 2) gives the desired result. m

We next show that, for a slightly restricted choice of 7, our proof works for —x
in place of . This is of interest as numerical results indicate that certain problem settings
favor —v; in terms of convergence speed by a constant, while +~; seems to be favored in

other settings.
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Lemma 8 Replacing v with —yi in the definition of the EAG-V algorithm with moving

. B €k+1
anchor (8.1), B2), B.3), and suppose 411 = min ; , where
crp1(1+ 5) 2B || G512

> er < oo. Then the Lyapunov functional (3.6|) is nonincreasing, and has the same order

of convergence O(1/k?) as in the positive v, moving anchor EAG-V algorithm (3.23)).

Proof. First, note that the anchor update (3.3]) has been modified to become

By 1

Ykl = 1> (3.25)
k(1 +3-)
resulting in the following modification to (3.10)):
ZF — = 4 LGP, (3.26)

We see the first adjustment in the previous lemma in the transition from line (3.11) to

(3.12); note that we focus only on the terms dependent on (3.26]):

_Bk+1 <§k _ —kJrl’ G(2k+1)>
= —Bjs1 (M1 G, G(ZF )
= —Bi1{(274+1 — Te41)G(ZF), G(F )

= —Brs1 (211G ("), GEM) + B (men G, GEM). (3.27)

The latter term in line (3.27) will go on and cancel in a quadratic form as in the proof of the
original lemma. We are left with the term — By (27,41 G(2F1), G(2Ft1)). At this point,

if we proceed as in Theorem [6 we end up with the inequality
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Vi — Vir1 = =291 Be | G(ZFT)|? <=

Vi — Vi1 + 29641 Bra |G(ZFTH|12 > 0.

By construction, the left-hand side of the inequality should remain nonnegative. Now, by

the new construction of v; we have

€k+1
Yk+1 S )
= 9B |G|

when we proceed as in the proof of Theorem [7] to show convergence, getting to the line

(3.24), we get the chain of inequalities

k—1
Vi <Vo+ Y2 B;[|G()|
j=1

k-1 00
Vot e <Vo+ )y e

j=1 j=1
:vaa

where C' is a constant. This completes the proof that our algorithm has both a nonincreasing
Lyapunov functional and the O(1/k?) convergence under the assumption of a (slightly
restricted) negative 7 term. m It is worth noting that z**! is computed before 741
within the algorithm, so the restriction in Theorem [§ may not be too restrictive to work
with. Our numerical tests allowed us to simply put a negative sign in front of the 4 terms
to attain convergence matching the optimal rate, and which is in some cases markedly
faster. Unfortunately, these results do not give much of an indication as to how the tuning
of 7, benefits numerical convergence rates. We leave the theoretical exploration of this

phenomena to future work.
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Chapter 4

Moving Anchor FEG

We introduce the moving anchor to the expanded framework of [23] involving cer-
tain nonconvex-nonconcave objective functions with associated negative comonotone saddle
gradients. We show that a moving anchor with the same conditions to the convex-concave
setting is a feasible approach in this broader class of problems. Below we give the explicit
definition of this FEG modified via a moving anchor, and state its convergence results via
a nonincreasing Lyapunov functional and a theorem bounding the squared gradient norm.

The FEG with moving anchor, following [23], is given as
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U2 kg 2R Ry (1 — By (a + 2p1)G(2Y) (4.1)

K= 2k 4 B (28 — 2F) — G2 — (1 - Br)2pkGl(2) (4.2)

Fhtl _ sk +’yk+1G(Zk+1) (4.3)

S (4.4)
B

Ve+1 = ——E (4'5)

k(1 + i)

oo

where {d;} is chosen so that Zlog(l + 0;) < oo, with {7%}, and {cx}, and co chosen in
i=0

the same method given in the EAG-V with moving anchor, and, as before, 2° = 20. Before

we state the results, two remarks are in order:

Remark 9 An additional assumption on the saddle-gradient operator G is needed: for some
pE (— 5 oo)7 (G(2) = G(2), z—2") > p||G(2) — G(2)|]? Vz,2' € R™ xR"™. (Note z, 2" are
vectors, not matrices.) This is known as p—comonotonicity, and has three sub-conditions.
For p > 0, we have cocoercivity; for p = 0, we have monotonicity; and with p < 0 we have
(negative) comonotonicity. This condition will hold whenever any FEG variant is discussed

throughout this work.

Remark 10 As in the FAG with moving anchor, one may recover the original fized anchor
FEG by setting v, = 0 for all k. This allows us to state our algorithm while also offering

an easy reference point for the original fired anchor version.

Remark 11 Many of the sequences defined in the following lemma have similar naming

conventions to those defined in Theorem [0 However, the instance of the moving anchor
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FEG class (4.1), (4.2), (4.3) for which we state convergence results utilizes oy, = %,Bk =
ﬁ,pk =p,Rr = R for k > 0. To be clear, Theorem is more general and does NOT
require these definitions, while Theorem uses these definitions for explicit convergence

results.

Lemma 12 Suppose that the sequences {ck}r>0,{Vk}k>0, are defined as in , ,
and the sequences {ag}tr>0, {Bk}r>0, and {Ri}r>0 C (0,00), and {pr}r>0 C R satisfy
ap € (0,00), ay € (0, R%C)’ﬁo = 1,{Br}tx>1 C (0,1) for all k. Additionally, assume that the
following bound, Lipschitz conditions, and comonotonicity conditions respectively hold for a

sequence {pr} C R for allk >0:

(1= Bry1)
2Bk+1

1
3 (o + 2p1) — pr

(i1 + 2pk41) — pr < T

IG(=") = GO < Rollz" — 2°)|
IG(M) = G2 < Ryl = 2172

(G(ZM1) = G(27), P11 = 2F) > pp |G () — G(F) |12

L3k -1
If also Ag = 0‘0(030)’30 =0,B1=1, and
Bi(1— B
A = k(mkﬁk)(ak + 2pi) = Brpk, By = 1_7%7
then the Lyapunov functional
Vi i= Ap||G(2M)||2 — Br(G(2F), 2% — 2F) + ¢ ]| 2% — 282, (4.6)

where z* is a saddle point, is nonincreasing.
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Proof. This proof proceeds similarly to that of the convex-concave, monotone

case in the previous section. First, we write out some relations which will be used shortly:

k+1 _ _k _ Br “k _k+1y %%k k+1/2y k

2 = - (zF — 2 T —»Bk;G(Z H2) —20,.G(2") (4.7)
Lok = Bu(FF — ) — g GEFTY?) — 201 — BR)G(2P) (4.8)
M2 = (1= ARG (") - GM2) (4.9)
2 — 2 = 1 G (4.10)

As in the proof in the convex-concave case of EAG-V with moving anchor, we introduce a

term to the difference of two arbitrary consecutive functionals in our sequence:

Vi = Vit

>A| GNP = Be(G(2*), 25 = 25) = Apa|[GEM P + Braa (G, 2571 — 25

+egllz” — 22 — cppa [l2F — 22
B ?,f(@(z’““) — G(2F), 211 = 2F) — pp|GRT) - G(M)|1?)

=Al|G(zF) 1 — Br(G(2"), 28 — 2F) (4.11)
— ApllGGEETY P 4 Bryr (G(FH), 244 — 51 (4.12)
+erlla® = 28] = cppall2F — 2P
B B

(G, F+1 ) 4 Bgf‘“ 1G5+ — G(h)?

(G(FHh), M =2k 4 ==
B

Bk
From here, we first simplify the introduced term further and then substitute (4.7) into the

inner product which has a By out front, and then substitute (4.8)) into the inner product with

a Byy1 out front; these are in lines (4.11)) and (4.12]), respectively. After some computation,
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Vie = Viera

> (4 - FPLLZ I [GEHE - A |GEH DI + 5P GEH), 6H12)
LB (G, G — HEPHG(H), G HI2) o+ B (G(H), 24+ = )
DGR G + el = 1P - e’ P

B 1-2
—(ar - PLZ2) gk
(A = DGR TGk, () (1.13)

B Br(1 = Br) ’

_akBk

<G(Zk),G(Zk+1/2)> + Bk+1<G(2k+1),2k+1 _ 2k> + CkHZ* o ZkHZ o ck‘+1HZ* - 2k+1||2'

Bk
(4.14)

Next, let’s focus on the last three terms in (@.14): By, 1(G(2F1), 281 — 28) ¢y || 2% — 2F|2 —

cry1ll2* — 2F11|%. By Cauchy-Schwartz,
1
HZ* o §k+1||2 S (1 + 5k)Hz* o Ek”Q + (1 + Kk)sz . 2k+1H2.
Second, by construction

k- Bryi, e L
Bk+1<G(Zk+1), Zk - Zk+1> — 7+H2:k‘ o zk+1||2

V41
and
Ck By 1
Cpy1 < y Vel S —————.
B T Y )

Now we may judiciously apply these facts to the three terms in (4.14]) under consideration

in the following manner.
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B (G(2F), 27 — 27) + o]z — 287 — g ||27 — 25H1)2

Bk Lz z * > * — 1 _ _
> L R |27 — 2 — i (14 80)ll2" — 282 + (1 + ) 12 — 251 2)
Vk+1 .
By 1., _ B .
>hHL (14 )| — 2 4 o2t — 262
Bk+1 O
_ 1 _ B
— cppr (14 0p) 12" = 2¥(° — crn (1 4 5—k)|]zk — zH)2

>epllz* = 257 = e (L+ ) [12" = 2512 = epll2® = 28)1° — enl2* — 2"|* > 0.

While this takes care of the latter three terms in lines (4.13]) to (4.14)), that every-
thing else is nonnegative is a nontrivial argument. However, it directly follows the proof of
Lemma 7.1 in [23], so as before we refer to their proof, and then our Lyapunov functional

is also nonincreasing. m

Theorem 13 (O(1/k?) convergence rate for FEG with moving anchor)

For the R— Lipschitz continuous and p—comonotone operator G where p > —ﬁ, and z* €

Z.(@Q), Zo(G) == {z* € R%: G(z*) = 0}, and coo —

T >0, the sequence {2} >0 generated
=1+2p =

by FEG with moving anchor satisfies

4epl|2° — 2|2

Gk2<
loCHIE < S

for all k > 1.

Proof. Under the same assumptions as Theorem we take a, = 1/R, B =
k%rl, Ri = R, pr = p, which satisfy the conditions in the statement for all k greater than or

equal to 0. These give us By = k, Ay, = 1“2—2(% + 2p) — kp. From here,
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2

. K21 _ .
alle = 1P = Vo = Vi = (4 (G + 20) = ko ) IGGHIE ~ K(GGH), 2 = ) + el = P,

so then

k2 1 .
§(Z+2P)IIG(Z’“)H2+%HZ — 2|2

<E(G(2*), 25 = 2F) + kpl| G(P)|1P + coll 2 — o
<k(G(2"), 2" — 2*) + co||z* — 20||* (by comonotonicity condition)
<kIGE) 12 = 2%l + coll=* — 2ol

k2

5
<o IGENIP + 5112 = 271 + coll2™ — 2o

From here, define % = ﬁ + p. Then we have that

e +2 : IG(*)I1P + ! 125 — 2% < collz* — 20]?
— = - — - z Coo — 57— ||IZ° — 2 collz* — =
2\R TR © 142 = o

and as long as the constant co, — ﬁ > 0, we obtain the desired result by dividing both
R

sides of the inequality

L L ) IGGERIE < ol — 2o
9 o°R P z S CpllR 20

by % (2% + p). m See [23]’s proof of Theorem 4.1 for the analogous result with a fixed
anchor. Next, we show that having —vj;41 in place of y;4+1 may also, with some additional

assumptions, provide a convergent algorithm.

Lemma 14 In the setting of Theorem[13, replace ~y, with —vy in the definition of the FEG

Bk+1 €k+1
hr1(1+ 5-) 2Bpa |G|

where Y e, < co. Then the Lyapunov functional described in Theorem 18 monincreasing,

algorithm with moving anchor, and suppose 41 = min

and we attain the same order of convergence for the FEG with moving anchor and —y.
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Proof. The proof proceeds in exactly the same manner as that in Theorem ]
As in the EAG-V with moving anchor case, we suspect this restriction is not too
major a restriction based off of numerical results, and that there is a ‘better’ way to show

that the —~; version of our algorithm converges.
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Chapter 5

Preconditioned Versions of Moving

Anchor Algorithms

In this chapter, we introduce a sort of ‘preconditioned’ version of the previously
developed moving anchor algorithms. The insight here is that the algorithms developed in
previous chapters may utilize a proximal update for the anchoring step without any major
modifications to the convergence theory. In particular, the descent lemmas and optimal
order of convergence may be retained. The motivation for doing this is twofold: first,
introducing a proximal update breaks these algorithms out of the class of deterministic
algorithms where optimal complexity results are well-established. This motivates these
preconditioned algorithms as objects of interest for both theoretical and computational

purposes in future study.
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5.1 Modified EAG-V with moving anchor

We begin with developing the proximal version of the EAG-V with moving anchor.

Definition 15 (Modified EAG-V with moving anchor) In the setting of EAG-V with

moving anchor, consider equation from the proof of Theorem @
L e anny)
and now let us consider the same equation with an additional term introduced:
Zh R — g G~ (H(ZF) — H(ZFTY), (5.1)

where H is a monotone operator and ty is nonnegative. This only modifies the anchor

update within the algorithm itself, and it does so in the following way:
PR = (Tt H) T (Z + e GERTY) + . H(ZY)). (5.2)
This is the modified FAG-V with moving anchor.
Lemma 16 Under the same conditions as Theorem[6] and with H any monotone operator,
tr a nonnegative parameter, the Lyapunov functional for the modified EAG-V algorithm
with moving anchor is nonincreasing. Specifically, replacing the previous 2541 update in the
unmodified EAG-V moving anchor algorithm with equation (5.2)) still results in a nonin-
creasing Lyapunov functional.
Proof. Within the proof of Theorem [f] recall the following line:
_Bk—i-l <zk+1 _ Zk+1, G(zk+1)>

= By (28 — L GEM) = B (2 = 2L G,
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Within this proof that the functional is nonincreasing, the primary change is that we must

use equation (5.1)) for substituting G(z**!). This results in

—Bk+1<2k o ZkJrl’ G(Zk+1)>

sk sk+1 sk sk+1
_ _Bk+1<2k: gkt 2T F T (H(ZY) - H(Z" ))>
~Vk+1
B
= Dt (k= b = A G - HGH)
Vr+1

The term 5:—:;”2’“ — 2F12 will be utilized elsewhere (see Theorem @) so we don’t need to

worry about it here, and the term f:—;ltk(ék — zZF1 H(ZF) — H(ZF1) is nonnegative by

monotonicity and the fact that t; is also nonnegative. This completes the proof. =

Theorem 17 The modified EAG-V algorithm with moving anchor has convergence rate

O(1/k?).

Remark 18 While H may be any monotone operator, in practice one may wish to take

H=aG.

5.2 Modified FEG with moving anchor

Definition 19 (Proximal FEG with moving anchor) In the setting of FEG with mov-

ing anchor, consider ([4.10)) from the proof of Theorem [13:

Sk gkl _

z = — 1 G(P

and now let’s consider the same term with a proximal term introduced:
2= = oy G~ (H(ZY) - H(ZMY),
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where H is a monotone operator just as before. This modification affects the anchor update

in the same way as in the previous case:
= (I + 6 H) 7 Z + o1 GRFTY) + 4 H (2F)) (5.3)

Lemma 20 Under the same conditions as Theorem |14 and with H any monotone opera-
tor, ti nonnegative for all k, the Lyapunov functional for the modified FEG algorithm with

k+1 update in the un-

moving anchor is nonincreasing. Specifically, replacing the previous z
modified FEG moving anchor algorithm with (5.3|) still results in a nonincreasing Lyapunov

functional.

Proof. The proof proceeds in the same manner as in that of Theorem The
only minor difference is that in this case, we begin with By 1(G(2¥*1), 281 — 2F). We still

obtain from this the terms

B B
k+1 sz’ o Zk’-i—lHZ + k+1 tk<2k‘ o 2k+1,H(2k> o H(2k+1>
Yk+1 YE+1

9

where the first term is utilized elsewhere in the larger proof of the functional being nonin-

creasing and the latter term is monotone, thus nonnegative. m

Theorem 21 The modified FEG algorithm with moving anchor has convergence rate O(1/k?).
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Chapter 6

Stochastic Moving Anchor EAG-V

Let G be an R—Lipschitz, monotone operator on R™ x R™, and let N = n +

m. To develop the stochastic moving anchor EAG-V algorithm, the following additional

clarifications and assumptions are necessary.

1.

N

%Z Gi(z) = E[Gg(2)|z] = G(z), or the expectation of G(z) given z is G(z) for 6 iid
i=1

onl,...,N.

. G has condition number C/(z) which depends on the point z currently being evaluated

N
1 — _
by G, such that NZ 1Gi(2)|]* < Cq(2)||G(2)]]* and 1 < Cg(z) < N are true for
i=1
all z € R® x R™, with the constant Kg(z) := NCg(2) resulting in 1 < Kg(z) < N2

Note that this also gives us an a priori bound on certain variance terms. Additionally,

given three indices i, j, k, (whose meaning will become apparent below), we have
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Var(z) := E[(G(2) — G (2),G(z) — G ()]

J J

1 N
¥ 2 G = G|
i=1
< (Ca(z) = DIG(2)|? (6.1)

no matter what values 7, j, k, may take. Note that the condition number, as defined,
has this property (6.1]) that holds for any z; however, we are particularly interested in
the behavior of Var(z*), Var(z*+1/2), where 2* is the k—th iteration of a stochastic

k+1/2 ig a sort of half-way, ‘interpolation’ step. Therefore, we impose

algorithm and z
one other useful bound regarding this condition number C(z) as it relates to the

stochastic iterates and half-iterates in the stochastic algorithm we define below.

Condition 22 The function Cq depends on the local value z being evaluated by the
operator G in such a way that the following inequalities hold for all k, where k is the

iteration count of a stochastic algorithm:

(Ca(=*) — DGR < (kfll)4 (6.2)
B{(Cal/%) ~ )IGEA Pl 4 < i, (6.3)

where Cy,Co are fixed positive constants.

With Theorem [22/in mind, we will henceforth use the notation C(2), Kg(2*) to indi-

cate two nonnegative, real-valued functions from R"™ x R™ to R that behave according

to (). 3.
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In particular, we note that for any z* coming from a stochastic algorithm, we have
that eventually,

Ca(2¥) < Cg, (6.4)

where we define C as the supremum of appropriate condition numbers, independent

of z.

3. For all 21,25 € R* x R™, ||Gi(z1) — Gi(z)|* < R?||z1 — 2||* with R = \/>_ R;.

Furthermore, define {1%,1%,1%}2":1 to be uniformly iid random on {1,...,N}. Then the

stochastic EAG-V with moving anchor is defined as

A2 = Gk i 2(2k — M) — oGy (2F) (6.5)
A= i S(2 = ) — kG (H41?) (6.6)
=2 1 3G (M) (6.7)
Vi1 = D1 (6.8)

ckr1Ka(l+5)
where each Gii ,7 =1,2,3, is assumed to be an unbiased estimator of G(z), meaning that
for & ;1x(2) == G(z) — Gii(z), E[& ;k(2)]2] = 0. With these modifications, we may keep the
update the same as in the stochastic setting. First, we offer a lemma that clarifies the
behavior of ay; our primary modification to the original version of this lemma, due to [46],

is an updated bound for ayg.

; —mi 3 _1 -
Lemma 23 The sequence ay, (2.6)) starting at ag € (0,m), n = m1n{4R\/K:G, \/iR}’ mono

tonically decreases to a positive limit. In particular, when \/Kg = 1, we recover Theorem |Z|

Remark 24 Squeezing down the interval where oy may start is a choice made to force the
positivity of the term (1 —aiR* — Bg) in (6.43) for ease of analysis. With a different choice
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1-p
of Br., one may wish to modify the upper bound n by choosing the second term to be 7

where B := sup Bk is not equal to 1.

Proof. We assume R = 1 and \/Kg = 1 without loss of generality. We may

rewrite (2.6)) as
a
k+1)(k+3)(1—a3)

O — Ogy1 = ( (6.9)

Suppose that we have established that for some N > 0, 0 < any < p for some p € (0,1)

that satisfies
2

._1( 1 n 1 ) P
TN F1 T Nt 21 2

<1. (6.10)

(6-10) holds for all N > 0 if p < 3. We now show that with (6.10),
an > any1 > o> anyk > (L —n)ay for all k£ > 0,

allowing us to obtain aj as a monotonically decreasing sequence to some « such that
a > (1 —n)ay. It suffices to prove (1 — n)any < anix < p for all k£ > 0, as indicates
that {a}72, is decreasing. Use induction on & to prove that ayyi € ((1 —n)an,p). The
case k = 0 is trivial. Now suppose that (1 —n)ay < an4; < p holds true for j =0,... k.

Then by , for each 0 < j < k we have

k

1 pray
O<C¥N—CVN+]€+1 <Z (
j=0

N+j+D)(N+j+3)1—p?

2 [e.@]
pran 1

< _ .
1—p2j:0(N+j+1)(N+j+3)
play 1< 1 1 )

= — = [0
1-p22\N+ 1N 2/ "%

which gives (1 — n)ay < antr+1 < ay < p, completing the induction. m
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We need a careful Lyapunov analysis to handle the newly introduced stochasticity.
Rather than focusing on making a nonincreasing Lyapunov functional as was previously
the goal, we aim to control how negative the differences between subsequent terms may be
via variances. The analysis here is inspired by the analogous stochastic Lyapunov lemma

in [23].

Lemma 25 (Stochastic Lyapunov Functional, Moving Anchor EAG-V) Consider
the stochastic EAG-V with moving anchor (6.5), (6.6), (6.7), (6.8), (3.4) along with condi-
tions @, @ and {lew iz, z%}i"zl as previously described. Suppose we are given the sequences
{ARY2 0, {Br}72, as described in Theorem[3 and the sequence {og}32, described in Theo-

rem [23. Define the stochastic Lyapunov functional as
Vie = Al|GERIP + Bi(G(2"), 28 = 28) + enl2™ = 2°|%, (6.11)

Then, (6.11)) satisfies the following:

E[Vy — Viey1|25, Zk} >

24y

—2ArapRVar(2F) — 5
— Bk

akRE[Var(zkH/Q) 2%, 2¥]

Proof. With our Lyapunov functional (6.11)) in mind, we derive the following useful rela-

tions:

2K — L = B(2F — 2F) + akGiz(zkHﬂ) (6.12)
SR/ kel (Gi% (K172 — Gi}c(zk)) (6.13)
2= = (1= B) (28 = 2F) + G (2 (6.14)
2= = G (). (6.15)
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(6.12) is z* subtract , is subtract , is z¥ subtract , and
is rearranged. As already evidenced, much of this proof will parallel the previous
descending Lyapunov lemmas from the deterministic cases, but our end goal is to capture
how negative the differences can be rather than force positivity. We introduce a nonnegative

inner product to begin the process of simplifying:

Vie = Vi1 >

ARG 2 + Bi{G(2F), 25 = 25) — A |G

B

= B (G, A = 25 = ZRER - L GE - GG
k

+epllz® = 2] = el — 22

After some additional computation utilizing (6.12)) through (6.15)), we obtain

Vie— Vi1 =

OékBk
Bk

I

AGED? = e |GEH) - (G (F172),G(4) - (M)

Yk

+Oszk+1<G(Zk+1)7 Gii(zk+1/2)> +CkHZ* . Zk||2 . Ck—i—lHZ* . §k+1”2

I I

FBiii (G (1), G

II

From here, we will deal with I and II separately. We will deal with II first. To begin, let’s

analyze the inner product contained within II under expectation:
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E[Bj+17k+1(Gyg (2" 1), G(2FH1)) |27, 2] (6.16)

=By 1k 1 E[E[(Gia (M), G |28 28, 24|28, 2] (6.17)
=Br 11 B[ G724, 2 (6.18)
ZBHﬁHlE[W|Zk,zk] (6.19)
:BkHE[m zkzk] (6.20)

From (6.16) to (6.17) to (6.18), we apply the law of iterated expectation to get G(z**+1).

Knowing z**1, we recall that Gi% is an unbiased estimator of G to get (6.18). The inequality

(6.19) results from 2} and (6.20) results from (6.15]).

Thus after taking expectation, II changes into the following;:

E[L1] 2%, 2¥] (6.21)
SEfopllz" — 31 — cppnllz® — P2 4+ L5k kel 2k, (6.22)
Yr+1Ka
>Eleg]|2* = 2% = cppa (1 + 0p)ll2" = 2¥(* + (1 + (Slk)llfk — 22
Bit1 2% — 2512|2824 (6.23)

41 K (2F+1)

where (6.23) is an application of Cauchy-Schwartz to ||z* — 2¥+1||. Because

1 Bri1

= kL we find
Kg Ck+1(1+i)7

Vi1 =

E[I1|Z*, 2*] > 0,

and now we are left with I:
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E[Vi, — Vi1 |25, 2% > E[1]2, 2¥]

ay By,

B

+ B 1 (G2, Gz (2P F1/2))| 2F, 4]

k

=E[A|GEO)? = Apn G2 ~ (G

K

(Zk+1/2), G(Zk) . G(zk+1)>

First, we note that

||G(Zk+1/2) _ G(zk—i-l)HQ < R2sz+1/2 _ Zk—f—lHZ

= R2}[G (F17) — Gy (M (624)
=
G () - Gy I S G <0 029
by R—smoothness, so that
E[1|z*, 2% >
E[AIGER)2 = At [GER 2 = 086 (55172), G(F) - G(H+))

B

+ OékBkH(G(ZkH)a G (MH172)) — AkHGz‘z(ZkH/Q) - Gii(zk)Hz

%
R2 2 IG(F1/2) — G| 2|2, 2] (6.26)
B
=E[Ak|G(M)? = ApallGR))1? - %(Giz(f«”k“ﬂ), G(2F) = G(M))

+ OékBk+1<G(ZkH)a G2 (Zk+1/2)>

— Ak (G (PP — 2G (M), Gy (24)) + 1G5y (M)

Ay,
R%az

To be clear, (6.26)) is I subtract (6.25)), and (6.27)) is (6.26]) with the terms introduced from

+ (IGEH2)2 = 2(G(H12), GEY) + [GEHHP) |2 2] (6.27)

(6.25)) expanded. Rearrange (|6.27) to visualize cancellations and groupings of terms:
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Ay,

B[4k G()7 = Al Gyt (M)]° = Akl GNP + o 5 1GEH)?
k
arB oarB
F(EZE By (G (25FY2), G — ZEZR (G (5412), G(2F))
Bk k Bk K
Ag
~AGig (MU + o S IGETE + 245G (HF12), G ()
k
_ 2A <G(zk+1/2) G(Zk-i-l))‘zk Zk] (6 28)
RQCKz b b .
> E[(—Ak CAK ()G 4 ()G 2
- RQai Rzai

B
F2AKG (), Gy () = TG (5172), G
k

apB
TR 4 g By ) (G (51?), GMT)

Bk

24,
R2oz%

_|_( <G(Zk+1/2),G(Zk+1)>}2k,zk],

(6.29)
where the first two terms of (6.28)) cancel by the law of iterated expectation applied to

1Ga (2%)||? and the first term in (6.29) comes from applying 2| to —Ap||Gy2 (ZFH12)))12 +-

Ag

207 |G(251/2)||2. Now, we may apply the law of iterated expectation to modify the two

terms in the second line of (6.29):

E[244(Gi (/%) Gy (M) — “’;B’“ (G (M%), G(M))|, ]
k k k k
=E[E[243(Gpz ("), Gy (=) — “;B’“ (G (M), (M) 2%, 24, i} 24, 2]
k k k k
—E[244(G(1), Gy () - EPEGEFH), G|, . (6.30)
k k

With observation ([6.30) under our belts, we continue by introducing some terms at the tail

end of an updated (6.29):
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Ay, A
S — AR (ZPY)) |G 4 (S

T —A k+1y12
e ez ~ Al GE

E[(

424G, Gy () - 2
k

+ . Bi1) (G (F712), G(F)) -

(G(FT1/2), G (M)

oy By,

Bk

+244{(G(M2), G(2P)) — 244(G(M2), G(M)

924,

(G(FH12), G(Fh))
Rzai

+

o B
T 2kk + o By ) (G(2"T), G(FT1/2))
o B
— ( ;kk +@kBk+1)<G(Zk+1)aG(zk+1/2)>‘zk7Zk]
>H*3[(i — ARKa(ZFT2)IG(2) |12 + ( A A ) |GEEY)1?
- RQO% R%zi
o B
+ (241 = = GE),GEN)
Biy1 — G(F1), G(ZF+1/2
H(OR F arBrt 1 ) (A, G

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

Let us momentarily ignore the latter two terms ([6.34)), (6.35). Note (6.32)) is zero by the

definition of Ay, and for the other coeflicients,
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Ay, Ap(1 — a2 R?Kq(2411/2))

oy Ang(zkH/z) _ ka2R2 )
k k

A(1— OJ%R2 — ,3,3)
(1—ajR?)(1 — Bi)?
Ay, Ap(1 = 02R? — B;)?
A = .
a2R? T Q2R2(1— a2R?)(1 - By)? (6.37)

B o2 R? 11— 5 o2 R?

_ _2Ak(1 - aiRQ — Br)
azRQ(l — Bk)

(6.36)

Apy1 =

agBg1 +

(6.38)

which, if we continue ignoring (6.34) and (6.35) while substituting in (6.36)), (6.37)), and

6-39), yields

Vie = Vi1 2
E[I|zF, 2%] >
Ap(1 — 2 R? K (2+1/2)) k+1/2y 12 Ap(1 — o R? — By,)? k14112
E[( e )G (1)) 4 (O[%RQ(1 2RI Bk)Q)HG(z )l
(6.39)
2 P2
B QAk(l — OékR - ﬂk’) <G(Zk+1)7 G(Zk+1/2)>‘5k, zk] (640)

aiRQ(l - Bk)
Our aim is to complete the square via Young’s inequality to demonstrate the nonnegativity
of these terms. A slight complicating factor exists in the extra K(;(zkH/ 2) in a coefficient

within (6.39)), which we deal with in the following way.
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(Ak(l — fR*Kg(F1/2))
a2 R?

245(1 — afR* —

OdzR2(1 — Bk)

=(1 - o} R K (M) | G2 +

Ar(1 — aiR?* — B)?

Jk1/2y )12
N i m - sy

JIGER)?

P, o)

(1- asz — Bp)?
(1—aiR?)(1— B)

k+1y12
ZIGET)

_2(1 —(104%}%;]6)_ Bk) <G(Zk+1), G(Zk+1/2)> (6.41)
1— 2R2 k+1
:||\/1 — aFR2K (2 H12)G(MH2)|1? + ( (1a_k a2R2 H 1— By H
e TR
— Dr _ ak G zZ
+(1 —aiR? - 5k>2‘ G(ZkH) H2
I e

G(ZkJrl) H2

—(1- oziR2 - 5kz)2‘
(1— ) \/1 - a2R2K0(2k+1/2)

_ 2p2 k+1 _2p2 k+1
_(1 arR 5k) ‘ H (1 —-apR* - H H (6.42)
1—@ R2 1—ﬁk 1—a R2K02k+1/2 1—,8k
k
2R+ 1 — aiR* - B) (1— i R* — By)
_ 2 _ k B k

where at (6.41]), we drop the common factor of % since it is positive and won’t affect
the latter computations. The inequality (6.42)) is due to the ‘Peter-Paul’ variant of Young’s

inequality. Continuing on, we see that
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) 2
~1- o~ 0| G|
‘ (1 B (1—aiR?)

(1 — a2 R?Kq(F172))

1 1
(1 - 2R2Kg(z*1/2)) (1 - agm)))

+5kz(

k+1)H2

=(1 = 0B = i) H (1— B

)
a2R2(1 — Kg(2F1/2)) ap R By (Kg(2511/%) — 1)
. <(1 — QQRQKG( k+1/2)) (1 _ Olk,RZKG( k+1/2))(1 _ Oszz))
1)

2
_2p2
(L= apht = H 1= 5 H
. (aiRQBk(l — Kg(zM1/%)) ap R By(Kg(zF11/%) — 1) ) (6.44)
(1= Q2REG(17) | (1= aZRKa(/2)(1 - a2 ) |
(1_a R 8) H k+1)H2 2R2ﬁk(1—Kg(Zk+l/2)) 2R25kz(KG( k+1/2)_1)
k 1— ﬁk:) (1 _ OZkRQKG( k+1/2)) (1 _ akRzKG( k+1/2))
(6.45)
=0,
and we note (6.44) and (6.45)) are due to 0 < B < 1 and 1 < (112R2)’ respectively.
—a2

For clarity, the term (1 — aiR2 — PBk) is positive because of the starting point of «ag in
Theorem so there are no issues with bringing this factor to the front of the expression

for our analysis. Bringing back our other terms, this demonstrates that
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Vie = Vg1 2

E[1|zF, 2*] >
+ 24(G(M), Gy () = G(M) (6.46)
+ (@gf’f T B 1) (G(HHY), G (5F1/2) — GH1/2) |25, 2] (6.47)
=+ 24,(G(F1/?), Gizf(z’“) EIP)

For (6.46]), we note that

0= (—G(zk + Br(zF — %) — akG(zk)),E[G-1 (zF) — G(2F)|Z%, 2*)), (6.48)

*k

which allows us to compute

[ELG(*+172), G (%) — G(M))2*, 24|
=[E[G(EH?) = Q" + Bu(z" = %) — anG(h)), G () — G(M) |2, 2|
<E[||G(F?) = G(F + Br(z" = ) — anG (M) | - [|Gir (%) — G(M)]J112%, 2]
<E[R||2M/2 — (2% 4 Bi(2F — 25) — e G(M) || - [|Gar (2F) = GER) [112%, 2]

=E[Ray||G1 (=) — G(F)[]*|2", 2]

=Roy,Var(z"), (6.49)

via an application of Cauchy-Schwartz, the Lipschitz property, and the definition of the
algorithm, where V;(z) := E[(G;(2) — G(2), Gi(z) — G(z))|z] is the variance of the difference.

Similarly, for (6.47) we obtain
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[E(G (M), Gz (M%) — G(H12)) 2%, 24|
=[E[(G(Z"") = G(" + Br(z" = 27) — apG(Z*1/2)), Gia (2FT1/2) — G (M) |25, 21|
<E[||G(") = G (" + B(2" = 2) — apGEFT2) || - |G (FF12) — G2 |12, 2]
<E[R[|251 = (8 4 (2" — 2%) — apG (M) || ]| Goa (FH12) — G (A 1/2)][|2, 2]
—E[E[R||251 = (2 + B(z* - 25) — axG(172)) |

G (FF12) = G2 |F41/2, 20, 2825 ]

=E[Ray |G (+4F1/2) — G(MH1/2) 2244172, 28, 4

=RoyE[Var(zFt1/2)|2¢, 2F] (6.50)

by the law of iterated expectation and reasoning similar to that of (6.46)). Equipped with

(6.49) and (6.50), we get

Vi — Viey1 > =240 RV ar(2") o RE[V ar(2F1/2)|2F 2F) (6.51)

1 — B
and the lemma is proved. m
To proceed towards convergence, we need the following.
Definition 26 The filtration
Frb=o(20,20, 24, 24, 2R 2R 0 09,49, ik ik ik

; 2503 15925%3

represents the history of of iterates, anchors, and choices of component i up through the

current step k.
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Theorem 27 (Supermartingale Convergence Theorem [8]) Let P*, J* and W* be

positive sequences adapted to F*, and suppose W¥ is summable with probability 1. If

E[P*FM + J* < PP+ W,

[e.o]

then with probability 1, P* converges to a [0, c0)—valued random variable and P JF < .

Now, we may apply Theorem [22] to satisfy the conditions of Theorem

Lemma 28 (Summability of Variances) Consider the stochastic Lyapunov functional

Vi (6.11)) discussed in Theorem along with conditions , , , the choice By = ﬁ_Q

made in Theorem@ and Theorem . Given (6.51)), the extraneous sequence of terms

E[Var(2F+1/2)|25, 2¥] )

2AkakR<Va7“(zk)+ -
— Bk

1s summable.

Proof. Because of (6.1f) in and Theorem it is sufficient to demonstrate

that

> 2410 R((Cal) -G [+ BI(Cal /A -DIGE )25 ) (652)
k=0

is finite. By construction, «y is a nonnegative term bounded above by the choice «, so the
following bound for each summand exists if we substitute in the definition of A; made in

Theorem [3
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oFR(k + 1)(k+2)((Ca(zh) = DIGE)|?

+ 5 BTG - DG, )
gagR(k+1)(k+2)<(k i11)4 + (k+1)40(21 —Bk)> (6.53)
_adR(k+1)(k+2) (Ci(1 - Bi) +C
— (= (k+"i)4 ) (6.54)
<202R(k + 1) (k + 2)<(CI;L(’;Z) (6.55)

where (6.53) results from Theorem (6.54) results from rationalizing the denominator

with (1— ), and the last inequality (6.55)) is a result of the facts that 1 — 5 < 1, ﬁ < 2.

For the summation, these facts result in

- 1
kEZ:OQAkakR((CG(zk) ~DIGEIP + =

k2 +3k+2

2 2
<202R(C} + Cs) kzzo )

E[(Cal=112) = 1) |G 112)| 2[4, 24

=203 R(C} + Cy) E % + other terms more summable than 7z < oo
k=0

Theorem 29 (Stochastic Lyapunov Functional Convergence)
Consider the stochastic Lyapunov functional Vi, (6.11]) along with conditions , , ,
the choice By = %4_2 made in Theorem @ and Theorem . Then with probability 1, Vi

converges to a nonnegative, finite-valued random variable.
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Proof. Apply Theorem [27] and Theorem [28| with

Wk = 2AkakR<Var(zk) + E[Var(zitlﬁ/i)‘gk’zk])),Pk =V, J¥ = 0. m Equipped with these

results, we may now state the convergence of stochastic moving anchor methods.

Theorem 30 (Stochastic Moving Anchor EAG-V Convergence)

Consider the stochastic moving anchor EAG-V algorithm , , along with con-
ditions , , , the choice By = %H made in Theorem @ and Theorem for the
Lyapunov function . If coo > t, then the stochastic moving anchor EAG-V algo-
rithm converges with rate

4[(aoR2 + o) |20 — 2|2 + sum(k — 1)}

G2 < T ,

E[Var(z71/2)|77, 27

1 —p;

k—1
where sum(k — 1) := Z 24;05R(Var(z7) +
=0

Proof. By (6.51)), we see that

24,1

Vi < Vi1 + 24101 RVar(z" 1) + ———
1— Br—1

g1 RE[V ar(z(F=D+1/2)|zh=1 k=1
< Vp + sum(k — 1)
= agl|G(=°)|* + coll2® — 2] + sum(k — 1)

< (@R + c)||2° = z|* + sum(k — 1).
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Going in the opposite direction, we see that

Vi = Al GNP + Br(G(2F), 2 — 2%) + el =" — 2°))°

> Ap|GEM)|? + Br(G(25), 2* — ZF) + ¢ ||2* — 2F||* (monotonicity of G)

A B}
> —kHG(zk)HZ + (e — —E)||12* = 2F)? (Young’s inequality)
2 24
_ og(k+1)(k+2) ky (12 _ k+1 k2
= L6 + - g I = 2

Qoo 1 .
2~ (k+ 1)k + 2)G(")? + (oo — Pl 2?

00 . 1
> O‘T(k +1)(k + 2)|G(z")||? (coo dominates —)

Qoo

As long as ¢ > é, the second to last line above is positive, and we may focus on the

inequality given to us by the last line above:
O‘f’(k +1)(k+2)[|G(")]* < (aoR? + o) |12° = 2*||* + sum(k — 1).

Finally, one divides both sides by the constant “¢=(k + 1)(k + 2) to achieve the result. m
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Chapter 7

Numerical Experiments

7.1 Deterministic Examples

In this section we detail several numerical experiments. First, we visualize two
thousand iterations of EAG-V and FEG, each moving anchor versus the fixed anchor, on
a toy ‘almost bilinear’ example. Next, we look at the log of the grad norm squared versus
the log of iterations for the EAG examples. Note that this error graph is an example in the
monotone convex-concave case. We then run a nonconvex-nonconcave negative comonotone
example for FEG variants, where some interesting convergence behaviors among the moving
anchor variants are exhibited. Finally, we study monotone FEG variants (moving and fixed
anchor) on a nonlinear two player game. Throughout all of these examples, ¢; = 72/6,

Ck—1

cr = m(k = 2,3,...), and in all except for the negative comonotone FEG example,

is chosen to be exp(k?) — 1.
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EAG-V 06 EAG-V moving anchor

0.5

0.4

0.3

0.2

0.1

Figure 7.1: The first two thousand iterations of the EAG algorithm with varying step-size,
or EAG-V, compared to the first two thousand iterations of the moving anchor EAG-V
algorithm.

Figure [7.1] compares the iterations of EAG-V with a fixed anchor to the iterations

for the moving anchor EAG-V. Figure Figure and Figure [7.3] all display iterations

where the function used is the ‘almost bilinear’ function f : R? — R, f(z,y) = eH‘é“ +

2
(x,y) — e@. Here, € is small, for these experiments set to 0.01, and the straightforward
nature of the example allows for ease of visualizing the iterations as well as their differences

when it comes to comparing convergence rates. In particular, the unique saddle-point is

(0,0).
Positive ~ Negative -
0.5 1
0%

*
,F

0.5 %

-1
-1.5
0 0.5 1 1.5

Figure 7.2: The two moving anchor EAG-V variants compared in red, along with their
anchors in green.
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Figure compares, via the same function as Figure the two moving anchor
variants of EAG-V. When the 7, parameter is positive, the anchor iterations moves away
from the saddle and the algorithm updates very rapidly. When 7 has only its sign changed
to negative, the anchor (seen in green) seems to stay much closer to the iterations and the
saddle-point. The iterations appear to converge at a markedly faster rate (by a constant)
for this latter case over both the fixed anchor and the positive 7; setting, an observation

that is confirmed below.

1 Positive -+, FEG 1 Negative -+, FEG

0.8

0.5
0.6
0 0.4
0.2

-0.5
0
1 -0.2

0 0.5 1 1.5 2 0.5 0 0.5 1

Figure 7.3: The two moving anchor FEG variants compared in red, along with their anchors
in green.

Figure compares the two moving anchor versions of the FEG method, in the
same manner as the comparison shown in Figure red dots are the algorithm updates,
green dots are the anchor updates, and the function is the ‘almost bilinear’ one previously
described. In [23], the authors established that even on convex-concave problems, FEG
performs at the same optimal order of convergence as EAG, but at a significantly faster
rate. This behavior seems to have carried over to our algorithm where we introduce the

moving anchor to these frameworks.
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IG(2')11%, EAG-V and Moving Anchors

5 '
EAG-V (fixed)
Moving (v > 0)
0 - Moving (+<0) |
N
5 NN
N\ B
AV
10 AVEN
SaW
o
-15
-20
-25 -
0 1 2 3 4 5 6 7 8 9

Figure 7.4: Comparison of the grad-norm squared of three EAG-V variants of interest on a
toy ‘almost bilinear’ problem.

Figure captures the behavior of ||G(2¥)||? across all three convex-concave al-
gorithms of interest: EAG-V, moving anchor EAG-V with positive 7, and moving anchor
EAG-V with negative ~,. Each algorithm attains the optimal order of convergence, while
the negative ~; algorithm is markedly faster than both algorithms by a constant. Identical
behavior occurrsed under the same problem setting with the FEG and FEG with moving
anchors (positive and negative ~;), with the negative v, algorithm again being the fastest,
so we do not include this figure here.

Figure[7.5| captures the error of FEG across all three anchor variants in a numerical

example that is explicitly negative comonotone with a nonconvex-nonconcave objective:

R? R?
L(z,y) = pTa:2 + Rv/1— p?2R2zy — PTyz

with L : R?> - R, R = 1,p = —1/3 1—smooth and —1/3-negative comonotone. Interestingly,

in this scenario a variant of the positive v, moving anchor algorithm is the fastest when ¢y, is
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5Deterministic FEG fixed anchor, fastest known positive and negative ~ variants
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Figure 7.5: Comparison of the errors of three FEG variants in a nonconvex-nonconcave
setting. Note the positive v with ¢ scaled by 1/25 converges fastest.

scaled by 1/25, in sharp contrast to the result displayed in Figure The fixed anchor and
the negative 7, values seem to almost coincide. This result suggests that different problem
settings offer different optimal anchoring choices.

Finally, Figure[7.6and Figure[7.7]compare three different monotone FEG variants

on a particular nonlinear game that was studied extensively in [0]:

1
i - K
Join, max 2<Qx7w> + (Kz,y)

where Q = AT A is positive semidefinite for A € R¥*™ which has entries generated indepen-
dently from the standard normal distribution, K € R"™*" with entries generated uniformly
and independently from the interval [—1,1], and A" A™ are the n— and m—simplices,

respectively:
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n m
A = {ZL‘ER?_:ZZI,‘Z‘Il}, A = {yERT:Zyjzl}.
i=1 j=1

One may interpret this as a two person game where player one has n strategies to choose
from, choosing strategy i with probability z; (i = 1,...,n) to attempt to minimize a loss,
while the second player attempt to maximize their gain among m strategies with strategy j
chosen with probability y; (j = 1,...,m). The payoff is a quadratic function that depends
on the strategy of both players. This was implemented following the 3 operator splitting
scheme in [9], with parameter A = 0.25

For this example, we used FEG fixed and moving anchor variants in the monotone
(that is, p = 0) setting of the algorithm. For the high dimensional setting, we compute
20,000 iterations and view the log of the grad norm squared of the fixed anchor versus the
positive and negative v, moving anchor variants. Here, m = 2500,n = 500, resulting in
an operator with 9 million entries. For the low dimensional setting, we compare the same
algorithms but only compare this on 8,000 iterations, as the convergence behavior in this
lower dimensional setting is more quickly distinguished. In the lower dimensional setting,
m = 25,n = 5. In both settings, the positive ~y; variant is the fastest (ie, most accelerated)
algorithm by a significant margin, even with different random seeds selected across test runs.
This is a significant contrast to the EAG-V toy example, also a convex-concave problem,
where the —~; variant of the moving anchor is the fastest algorithm. Taken together, both
results are promising for the moving anchor framework, but suggest that more theoretical
work is necessary to understand the acceleration mechanism offered by anchoring variants,

and what variant will be fastest in a given problem.

60



Nonlinear 2-player game, high dimensional
T T T T T T T
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Figure 7.6: High dimensional nonlinear game.

Nonlinear 2-player game smallest dim
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Figure 7.7: Low dimensional nonlinear game.
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7.2 Stochastic Examples

In this section, the choices made for oy and ¢y change significantly to accommodate
our stochastic theory. Specifically, we choose oy = 0.9(3/4)(1/R)(1/v/K¢) and then ¢y =

(1.01)(4/3)es RVEG.

Stochastic EAG-V on almost bilinear example

Fixed anchor
Positive ~
ok p Negative -

i

B S AT A

Figure 7.8: Comparison of the grad-norm squared of three stochastic EAG-V variants of
interest on a toy ‘almost bilinear’ problem.

In Figure [7.8] one observes that, on a toy example, the behavior of the —; and
+; variants of the moving anchor seem to parallel the deterministic setting of the same
problem [I], in that the negative version is the fastest and the positive version is the slowest.

Next, Figure showcases a stochastic moving anchor on a smooth nonconvex
nonconcave operator that results in a negative comonotone operator [I], [23] using the theory

we develop in this work. While this example is outside the scope of the theory developed,
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Stochastic FEG on negative comonotone example

Fixed anchor
10+ Positive ~
Negative -

|.
20

-25

Figure 7.9: Comparison of the grad-norm squared of three negative comonotone stochastic
FEG variants of interest on a test problem.

we note that the starting constants cy and oy were informed by the stochastic theory and
across all three variants, this still seems to result in the average of the squared gradient
norm decreasing significantly. Our numerical result is significant, then, as it suggests that
our framework hints at a theory for such problems, even with a fixed anchor, despite the
obvious noise.

In Figure [7.10] the 2 player nonlinear game studied in Figure [7.6]and Figure [7.7] is
studied with our stochastic moving anchor EAG-V algorithm and compared to a stochastic
fixed anchor EAG-V algorithm. We set m = 2 and n = 48, for a more moderately sized
problem with a well-behaved condition number.

A few remarks are in order. This game was previously studied in both [6] and
[1], where in the latter case the authors encountered favorable results using deterministic

moving anchor algorithms. However, in both high and low dimensional examples, the choice
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Stochastic 2-player game
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Figure 7.10: Comparison of the grad-norm squared of three stochastic EAG-V anchoring
variants on a nonlinear game.

of positive 7, resulted in the most significant acceleration beating the fixed anchor in the
deterministic case. Here in our stochastic variant, we encounter the opposite behavior: a
moving anchor variant indeed provides the most significant acceleration, but it is the nega-
tive v that does so. One possibility is that the EAG-V algorithm structure somehow favors
the negative ~; variant of moving anchor algorithms, while the FEG algorithm structure
- whether on a convex-concave problem or a nonconvex-nonconcave problem Secondly, al-
though our theory calls for setting K¢ to be the operator’s condition number times the
dimensions in the domain of the objective function, setting Ko = 1 resulted in significant
numerical improvements, especially as even with m = 2,n = 48, the condition number in
this type of problem can be very large. Finally, the choice of the parameter A relating to
the three operator splitting structure differs a large amount from that used in [I], and it is

unclear why this is the case.
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Chapter 8

Conclusion

The moving anchor variants of anchored acceleration methods retain optimal con-
vergence rates and also demonstrate superior-to-comparable numerical performance with
parameter tuning. The optimal order of convergence is obtained across different problem
settings, from convex-concave to negative co-monotone problems and also in stochastic
convex-concave problems. Interestingly, across numerous problem settings there exists a
version of the moving anchor algorithm, parametrized by ~;, that demonstrates superior
numerical performance compared to other state-of-the-art algorithms. However, future work
may explore further the exact conditions and parameters for optimal choice of anchor in
one’s anchored extragradient algorithm. The variety of numerical examples demonstrates
a wide array of applications for our algorithms in both theoretical and applied settings.
In addition, we develop a moving anchor with a sort of preconditioned anchoring step in
both the convex-concave and negative co-monotone problem settings and demonstrate its

convergence. The last theoretical contribution made in this work is the development and
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implementation of a stochastic moving anchor algorithm, developed for convex-concave func-
tions but with some numerical indications of a theory for nonconvex-nonconcave functions.

Some immediate considerations for future work are the following:

e Numerical examples exploring the ‘proximal’ moving anchor variants;

e More practical numerical experiments such as image processing or neural network

performance;

e Parallelized/asynchronous implementations of moving anchor algorithms for further

computational ease;

e Tighter analyses of the convergence of —v; variants of the moving anchor;

e Extensions of the moving anchor algorithmic framework to other anchoring and Halpern

adjacent techniques such as [44], [43];

e Theoretical analyses that determine what problem/algorithm settings enable the fastest

convergence of anchored algorithms;

e Analyses that clarify the discrepancy between the behavior of the various moving

anchor variants parametrized by 7y, and dg.

More ambitious, long-term goals may include extending these methods (and their associated
convergence guarantees) to broader classes of problems such as the (weak) Minty Variational

Inequality classes, and their stochastic extensions to such problem classes.
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