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Evidence for deconfined U(1) gauge theory at the transition
between toric code and double semion

Maxime Dupont,1, 2 Snir Gazit,3 and Thomas Scaffidi4

1Department of Physics, University of California, Berkeley, California 94720, USA
2Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

3Racah Institute of Physics and the Fritz Haber Center for Molecular Dynamics, The Hebrew University, Jerusalem 91904, Israel
4Department of Physics, University of Toronto, Toronto, Ontario, M5S 1A7, Canada

Building on quantum Monte Carlo simulations, we study the phase diagram of a one-parameter
Hamiltonian interpolating between trivial and topological Ising paramagnets in two dimensions,
which are dual to the toric code and the double semion. We discover an intermediate phase with
stripe order which spontaneously breaks the protecting Ising symmetry. Remarkably, we find evi-
dence that this intervening phase is gapless due to the incommensurability of the stripe pattern and
that it is dual to a U(1) gauge theory exhibiting Cantor deconfinement.

Introduction.— At first sight, non-trivial bosonic
symmetry-protected topological (SPT) phases [1–7] look
very similar to their trivial counterparts since they share
the same symmetries, behave in the same way in the
bulk, and do not possess a local order parameter. Sev-
eral tools were proposed to unveil the differences between
these phases, like comparing their edge properties, look-
ing at their entanglement spectrum or their many-body
wave function directly [1–10]. Another way is to gauge
the protecting symmetry [11], since each SPT class is dual
to a different Dijkgraaf-Witten gauge theory [1–3, 11, 12].
As a result, if one attempts to interpolate from one class
to the other, something drastic must happen on the way:
Either a quantum phase transition or an intermediate
phase of matter which breaks spontaneously the protect-
ing symmetry.

Exploring quantum phase transitions featuring SPTs is
therefore a good place to look for exotic quantum critical-
ity. In fact, transitions between different SPT phases [13–
27], and transitions between SPTs and symmetry-broken
states [28–34], have both attracted tremendous attention.
Most of the existing work on transitions between SPTs
has focused on continuous symmetries with “large” sym-
metry groups such as O(N), and relations with decon-
fined quantum criticality have been established in that
context [18–20, 22, 24, 27, 35, 36]. On the other hand,
the study of microscopic models with discrete symmetries
has mostly been limited to one dimension (1D) [21, 23].

In this Letter, we investigate the quantum phase dia-
gram of a one-parameter Hamiltonian interpolating be-
tween trivial and topological Ising (Z2) paramagnets in
2D, which are dual [11] to the toric code (TC) [37] and
the double semion (DS) [38–41], respectively. Unlike
many other transitions between topological phases, this
transition cannot be described in terms of anyon con-
densation [42], and one has to resort to numerical stud-
ies [15, 43–45]. Although the double semion model it-
self has a sign-problem that was proven to be irremedia-
ble [46, 47], we have developed a sign-problem-free quan-
tum Monte Carlo algorithm [48] which takes advantage
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FIG. 1. (a) Phase diagram of the model (1) with interme-
diate stripe phase centered around α = 1/2. Domain walls,
which separate up and down regions of σz, are represented
for typical configurations, in the case of (b) the trivial para-
magnetic phase (PM), (c) the stripe ordered phase, and (d)
the topological paramagnetic phase (SPT). The only differ-
ence between the trivial and topological paramagnet is that
the latter has a fugacity of −1 for each domain wall.

of its SPT formulation. This allows us to access system
sizes an order of magnitude larger than previous work,
which relied on exact diagonalization [15]. We find evi-
dence for an intermediate incommensurate stripe phase
which is dual to a deconfined U(1) gauge theory, and
which therefore evades Polyakov’s result on the confine-
ment of compact U(1) gauges theories in (2 + 1)D [49].
To the best of our knowledge, this is one of the first ob-
servations of “Cantor deconfinement” in a microscopic
system [50–54].

Model.— A conventional Z2 paramagnet is described
by the simple Hamiltonian, Htr = −∑j σ

x
j , where σx,y,zj

are Pauli matrices that live on the sites j of the trian-
gular lattice [55]. It has a single gapped ground state
|ψtr〉, which is an equal superposition of all σz configu-
rations. Since domain walls of Ising spins on the trian-
gular lattice form closed non-intersecting domain walls
on the dual honeycomb lattice, we can equally think of
|ψtr〉 as an equal superposition of all domain wall con-
figurations, see Fig. 1, which we denote symbolically as
|ψtr〉 =

∑
dw |dw〉 [56].
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FIG. 2. (a) Stripe structure revealed by 〈σzrσz0〉 at α = 1/2 for
a periodic system of size N = 10 × 10. (b) Sketch of a spin
configuration displaying 2 non-contractible oriented domain
walls (orange lines). The black arrows are oriented unit length
vectors dr̃ orthogonal to the domain wall edges r̃. (c) Square
of the order parameter D2 defined in Eq. (2) versus α for
increasing system sizes. The data is symmetric around α =
1/2 for α > 1/2.

In 2D, there exists a second type of Z2 paramagnet,
which is fundamentally different from the trivial one as
long as the Z2 symmetry is preserved [1–3, 11]. A par-
ent Hamiltonian for this topological phase is given by
Htop = U†HtrivU , where U = (−1)Ndw is a unitary op-
erator giving the parity of the number of domain walls
Ndw, see the supplemental material (SM) for an explicit
form of Htop [55]. This Hamiltonian also has a single
gapped ground state which is a superposition of all do-
main wall configurations. The only difference with the
trivial paramagnet is that each domain wall comes with
a −1 fugacity, i.e., |ψtop〉 =

∑
dw(−1)Ndw |dw〉.

In this work, we interpolate between the two phases
with the following one-parameter Hamiltonian,

H = (1− α)Htr + αHtop, α ∈ [0, 1]. (1)

Intermediate stripe order.— We investigate the
model (1) by means of quantum Monte Carlo simula-
tions [57]. Since U = U†, the phase diagram is symmet-
ric around α = 1/2, see Fig. 1 (a). It is therefore natural
to start the analysis at α = 1/2, where the real-space
two-point correlation 〈σzrσz0〉 reveals a stripe structure,
as shown in Fig. 2 (a) for a prototypical N = 10 × 10
system size.

We can already give an intuitive explanation for the ap-
parition of these stripes. The Hamiltonian (1) is simply
a transverse field model for which the value of the trans-
verse field on a given site can take two values, depending
on whether flipping that spin changes the parity of Ndw.
The field amplitude is 1−2α if it changes the Ndw-parity,
and 1 if it does not. At α = 1/2, Ndw-parity-changing
spin flips become thus strictly disallowed, creating a lo-
cal kinetic constraint which bears some similarities with
quantum dimer models [58]. Specifically, one cannot per-
form a spin flip that would create or annihilate a single

domain wall, or that would merge two domain walls into
one. The tendency of the ground state to maximize the
number of flippable spins creates a non-trivial effective
interaction for the domain walls: It is attractive at long
distance (since a large ferromagnetic region has no flip-
pable spins), and repulsive at short distance (since merg-
ing two domain walls is prohibited). In the spin language,
this corresponds to an interaction that is ferromagnetic
at short distance and antiferromagnetic at long distance,
like in the anisotropic next-nearest neighbor Ising model
(which is a textbook model for incommensurate stripe
order) [59] .

We observe that the stripe pattern has a period given
by |Q| ' 2π/5, where Q is the stripe wavevector (we
take the lattice spacing equal to unity). However, the
orientation of Q (given by the polar angle ϕ) and the
precise value of the period vary depending on the finite-
size system geometry [55]. Depending on the system size,
the stripe orientation belongs to one of two sets, which
we call “vertical”, with ϕ = Z2π/6, and “horizontal”,
with ϕ = (Z + 1

2 )2π/6. Remarkably, these two sets of
orientations are not related by symmetry, which is a good
indication that the stripe order is only weakly pinned by
the lattice. However, this makes a finite-size analysis
based on peaks of the structure factor hazardous.

Instead, we define an order parameter which takes ad-
vantage of the domain wall representation. Whereas a
paramagnetic phase has domain walls of all shapes and
sizes, a perfect stripe phase only has non-contractible do-
main walls (NCDW) wrapping around the same handle
of the torus, see Fig. 1 (b, c, d). Let us define an order
parameter D that is proportional to the number of non-
contractible domain walls NNCDW. In order to do this,
it is useful to define an integer-valued height field h liv-
ing on the direct lattice which jumps by one unit every
time a domain wall is crossed, and whose winding num-
ber around a given handle of the torus will give NNCDW.
First, we give the same (arbitrary) orientation to each
NCDW: For example, for vertical stripes, we choose an
“upwards” orientation for each of them, see Fig. 2 (b)
and 3 (a) [60]. This turns each domain wall strand into
a vector which we call Er̃ in anticipation of a gauge in-
terpretation given later (r̃ is an edge of the dual lattice).
We can then define the vector field giving the gradient
of h: ∇h ≡ dr̃ = Er̃ × z, where z is the unit vector
perpendicular to the plane.

A macroscopic number of NCDWs translates into a
macroscopic tilt for the height field along the direction
perpendicular to the domain walls. The squared norm of
the tilt, defined as,

D2 =

〈
1

N

∑
r̃
dr̃

〉2

, (2)

can thus be used as (the square of) our order parame-
ter [61]. For a perfectly ordered stripe phase, there is



3

a simple relation with the the stripe wavevector: D2 =
(3/2π)2Q2. As shown in Fig. 2 (c) at α = 1/2, it takes
a finite value D2 ' 0.3 almost independently of the sys-
tem size. Away from that point, our simulations do not
allow us to draw a definite conclusion but from general
arguments developed in the following, we expect a finite
intermediate ordered phase centered around α = 1/2,
albeit very small [55]. In fact, the extrapolation of the
data as N → +∞ is consistent with a jump of D2 around
αc ≈ 0.48−0.49, suggestive of a first order transition be-
tween the stripe phase and the paramagnetic phase (and
symmetrically at αc ≈ 0.51 − 0.52 for the topological
side).

Field theory.— Following previous works on stripe
magnetism [62] and quantum dimer models [51, 58,
63–66], we posit that the coarse-grained height field
gives the phase of the local magnetization, mz(r) =
|mz| cos(πh(r)), and that it is described by the La-
grangian,

L =
1

2

(
∂τh

)2
+ V

[
h
]

+ λ cos
(
2πh

)
,

V
[
h
]

=
ρ2
2

(
∇h
)2

+
ρ4
2

(
∇2h

)2
+
g4
2

(
∇h
)4

+ L6,
(3)

where L6 is a term which breaks the full rotational sym-
metry down to the six-fold rotation symmetry of the tri-
angular lattice, and where we have kept implicit the term
which accounts for vortices of h. The stripe phase occurs
for ρ2 < 0, for which minimizing V [h] leads to a tilt of the
height field: h(r, τ) = π−1Q · r + δh(r, τ), where δh are
the fluctuations around the perfectly tilted configuration.

Two different scenarios are possible in order to melt the
stripe order. The first one is to tune ρ2 to 0, which contin-
uously tunes Q to 0 until the multicritical Lifhistz point
at ρ2 = 0 [51, 58, 63–67]; It is also known as Rokhsar-
Kivelson (RK) point in the context of quantum dimer
models [68]. The second one is to fix ρ2 but to increase
the vortex fugacity, whose proliferation should mark the
phase transition to a paramagnetic phase. We propose
that this second scenario is the one at play at αc.

Before discussing the transition, let us analyze the
properties of the stripe phase. In order to find the locus
of Q values minimizing V [h], we need to specify the form
of L6. The lowest order terms allowed which break the
full rotational symmetry are L6 = −g6|∇h|6 cos(6ϕ) −
g12|∇h|12 cos(12ϕ), where ϕ is the polar angle of ∇h.
Since we find both “vertical” and “horizontal” stripes
for finite-size systems, we can conclude that g6 is sub-
dominant compared to g12, leading to two different sets
of 6 minima with almost degenerate values of V [h]. We
expect that only of these two sets survives in the ther-
modynamic limit, but larger systems would be required
to determine which one.

Neglecting λ for now, a long wavelength expansion
around one of the minima of V [h] leads to the follow-
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FIG. 3. (a) The domain walls, once oriented, become electric
field lines in the gauge description. The orange arrows indi-
cate the direction of the electric field. The surgery process
of going from (b) to (d) merges two non-contractible domain
walls into one contractible one, and only becomes possible
away from α = 1/2 (due to periodic boundary conditions, the
top and bottom of each drawing should be identified). This
process creates an electric dipole with charges q = ±2.

ing Goldstone theory,

L =
1

2

(
∂τδh
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+
v2L
2
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+
v2T
2

(
∂Tδh

)2
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where L and T stand for the direction longitudinal and
transverse to Q, respectively [69]. The corresponding
emergent continuous U(1) symmetry is given by h→ h+
c, with c ∈ R and describes the longitudinal translation
of the stripe pattern with respect to the lattice.

We note that Eq. (3) is dual to a compact U(1) gauge
theory for an electric field given by E = z×∇h [51, 63–
66, 70, 71]. Due to ρ2 being negative, this theory has
an unconventional “Mexican hat” electric energy density
which goes like −E2 +E4. This favors a finite density of
electric field lines in the ground state, which correspond
to the non-contractible domain walls of the stripe phase,
see Fig. 3 (a). An expansion around this configuration
leads to the photon of Eq. (4). A vertex operator of the
type ei2πph maps to a monopole of charge p, and a vor-
tex for h of vorticity q maps to a charge-q electric charge
[66]. We also provide in the SM a more microscopic justi-
fication for a U(1) gauge theory description of the stripe
phase [55].

We now turn our attention to λ, following Ref. 51. This
term imposes discrete values for the height field, and cor-
responds to the addition of p = 1 monopoles in the gauge
theory. When Q is incommensurate, λ is irrelevant, and
the gapless mode of Eq. (4) survives. This gapless regime
is therefore dual to a deconfined U(1) gauge theory, in
which test charges experience logarithmic interactions.
By contrast, when Q is commensurate, λ is relevant and
gaps out the photon, leading to a confined phase. As
we will now show, we find good numerical evidence for
a gapless Goldstone boson described by Eq. (4), and we
thus surmise that λ is irrelevant — or very weakly rele-
vant [72], leading to a deconfined U(1) gauge theory.

We probe the Goldstone boson by computing numeri-
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FIG. 4. Dab(q) at α = 1/2 for various system sizes (Lx×Ly)
leading to vertical (orange) and horizontal (violet) stripes. (a)
Longitudinal correlation DLL(qL, qT = 0) ∝ |qL| for qL → 0
and (b) transverse correlation DTT(qL = 0, qT) ∝ |qT| for
qT → 0, in good agreement with Eq. (6). (c) Same data as
(b) for the smallest qT value for each system size, highlighting
agreement with the linear prediction.

cally the following two-point function:
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which is displayed in Fig. 4 at α = 1/2, see also SM [55].
Identifying dr̃ with the height gradient ∇h, one can de-
rive from Eq. (4) the following prediction [55]:

Dab

(
q
)

=
qaqb

2
√

(vLqL)2 + (vTqT)2
. (6)

Note that, in the gauge picture, this is nothing but
an electric field correlator [73]. The linear behavior
Daa(qa, qb = 0) ∼ qa/2va for qa → 0 is observed in
Fig. 4, and we estimate the velocities to be vL ' 1.2
and vT ' 0.3. Based on this, we extract the following
field theory parameters (3): g12 ' 6.5, ρ2 ' −0.72 and
g4 ' 2.25 [55].

Melting the stripe order.— Now that we have a good
picture of the stripe order at α = 1/2, we can ask how
this order gives way to a trivial (respectively topological)
paramagnet, when the parameter δα ≡ 1/2− α is tuned
to positive (respectively negative) values. As discussed
before, terms proportional to δα are the only ones allow-
ing spin flips that change the number of domain walls by
±1. Therefore, at δα = 0, the number of non-contractible
domain walls is almost [74] conserved (see numerical evi-
dence in the SM [55]), and the physics is simply described
by their vibrations with Eq. (4).

By contrast, for δα 6= 0, it becomes possible to cre-
ate non-contractible domain walls, either from the vac-
uum or by doing surgery on two non-contractible domain
walls, see Fig. 3 (b, c, d). As |δα| is increased, these con-
tractible domain walls will proliferate, eventually leading
to a condensate of domain walls of all shapes and sizes,
i.e., a paramagnetic phase. The negative sign of δα on
the topological side ensures that each contractible do-
main wall occurs with the appropriate −1 factor.

As seen in Fig. 3 (d) (see also SM), in the gauge pic-
ture, a contractible domain wall can be described as a ±2
electric dipole created to screen the background electric
field [75]. This means that δα controls the fugacity of ±2
electric dipoles and the transition to the paramagnetic
phases occurs when these charges condense, giving rise
to a “Higgs” phase. Since the condensation of charge
q particles in a U(1) gauge theory leads to a Zq gauge
theory [76–79], we recover that the paramagnetic phases
are dual to Z2 gauge theories, as expected. The conden-
sation of charge-2 matter in a (2 + 1)D compact U(1)
gauge theory was studied before in the case of ρ2 > 0,
in which case the U(1) gauge theory is confined due
to monopoles [76, 80–83]. However, to the best of our
knowledge, the nature of this transition in the case of
ρ2 < 0 has not been considered before, and is left for
future work.

To sum up, transitioning from the trivial to the topo-
logical paramagnet requires changing the fugacity of con-
tractible domain walls from +1 to −1 [84]. In order to
do so, the fugacity has to go through zero in the mid-
dle, leading to an intermediate stripe phase with (al-
most) no contractible domain walls. In the gauge pic-
ture, contractible domain walls are described by ±2 elec-
tric dipoles, and the intermediate phase is thus described
by a Coulomb phase with (almost) no electric charges.

Note that q = ±2 are the smallest dynamical charges
allowed by the Hamiltonian since q = ±1 charges would
require a dangling domain wall configuration (called π-
flux excitation), which are only allowed as static excita-
tions in the TC/DS models. In fact, the q = ±1 charge
survives as one of the gapped quasiparticles of the Higgs
phases: It becomes the bosonic e excitation of TC, and
one of the semions of DS [11].

The other excitation to survive in the Higgs phases
is the p = 1/2 monopole, which is dual to cos(πh) in
the height language, and is created by σzj in the origi-
nal microscopic model. The fact that such a fractional
monopole is allowed can be traced back to the non-trivial
mapping between Ising spins and domain walls: Translat-
ing all domain walls by one inter-domain-wall separation
is a good symmetry for the domain walls (h → h + 1),
but not for the spins (since up and down regions are in-
terchanged in the process). The p = 1/2 monopole is
denoted m and is bosonic in both toric code and double
semion [11].

Summary and discussions.— Naively, one might have
expected an intermediate phase which breaks a discrete
symmetry to be gapped, and dual to a confined theory.
This would have been the case for a ferromagnetic phase
for example, for which confinement is a natural conse-
quence of the fact that only short domain walls exist.
We have found instead a phase which breaks the Ising
symmetry but that has nevertheless long, fluctuating do-
main walls which allow for a dual deconfined theory.

The nature of the transition between the stripe phase
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and the paramagnetic phases would require further work
to be pinned down. Our current results point towards a
first-order transition, but another possibility would be an
intervening nematic phase, which breaks rotation but not
translation symmetry. Besides, the behavior of entangle-
ment entropy across the transitions could have unique
properties, since both toric code and double semion have
the same topological contribution, but the intermediate
U(1) gauge theory should have a logarithmic contribu-
tion instead [85]. We also expect the stripe phase to
have anomalous edge properties on the topological side,
inspired by previous work on gapless SPTs [29–33].

Finally, our sign-problem-free Monte Carlo algorithm
enables us to add a variety of other terms in the Hamil-
tonian, and to study other classes of SPT protected by
discrete symmetries [48]. This could enable us to tune
ρ2 towards the quantum Lifshitz point, and to study
the “Devil’s staircase” of commensurate-incommensurate
transitions predicted to happen on the way [51, 52].
Another potentially nearby multicritical point could be
QED3 with Nf = 2, which was predicted to describe the
transition between toric code and double semion in the
presence of SU(2) symmetry [86]. The closely related de-
confined quantum critical point of the J-Q model [87]
was in fact recently shown to appear at the tip of a heli-
cal valence bond phase which resembles the stripe phase
presented in this work [54].
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Supplemental material to “Evidence for deconfined U(1) gauge theory
at the transition between toric code and double semion”

In this supplemental material, we provide the explicit form for the topological Hamiltonian,
additional numerical data as well as additional details regarding the field theory. The numerical
data include evidence for the incommensurability of the stripe order, the extrapolation of the
order parameter D2 in the thermodynamic limit (as N → +∞), an additional comparison
between the microscopic model and the field theory predictions and a discussion regarding the
average number of non-contractible domain walls at α = 1/2. The field theory section includes
a part regarding the tilted phase, a dictionary translating between height and gauge theories,
and a microscopic justification for a U(1) gauge theory description of the stripe phase.

Appendix A: Explicit form of Htop
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<latexit sha1_base64="ilWDRSN3Ol6sR+35+Iug3kdWrek="></latexit>

Plaquette term

<latexit sha1_base64="NUg6g3m+87Mt5Tfo6Og33brurc8=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIjHxRHYJiR6JXjxiIo8EkMwOvTBhdnad6dWQDf/hxYPGePVfvPk3DrAHBSvppFLVne4uP5bCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiOTR4JCPd9pkBKRQ0UKCEdqyBhb6Elj++nvmtR9BGROoOJzH0QjZUIhCcoZXu65I9JIAIFEGH/WLJLbtz0FXiZaREMtT7xa/uIOJJCAq5ZMZ0PDfGXso0Ci5hWugmBmLGx2wIHUsVC8H00vnVU3pmlQENIm1LIZ2rvydSFhozCX3bGTIcmWVvJv7ndRIMLnupUHGCoPhiUZBIihGdRUAHQgNHObGEcS3srZSPmGbcZmAKNgRv+eVV0qyUvWq5elsp1a6yOPLkhJySc+KRC1IjN6ROGoQTTZ7JK3lznpwX5935WLTmnGzmmPyB8/kDoGiSmA==</latexit>

On-site term

<latexit sha1_base64="SkN6WZrsu/CIau8BqNPkmuCDqTg=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4sSSloMeiF29WsB/QhrLZTtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4dua3n0AbEatHnCTgR2yoRCg4Qyv17tWlEQgUQUf9UtmtuHPQVeLlpExyNPqlr94g5mkECrlkxnQ9N0E/YxoFlzAt9lIDCeNjNoSupYpFYPxsfvOUnltlQMNY21JI5+rviYxFxkyiwHZGDEdm2ZuJ/3ndFMNrPxMqSREUXywKU0kxprMA6EBo4CgnljCuhb2V8hHTjNsMTNGG4C2/vEpa1YpXq9QequX6TR5HgZySM3JBPHJF6uSONEiTcJKQZ/JK3pzUeXHenY9F65qTz5yQP3A+fwCkk5Fu</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

FIG. S1. The one-parameter model of Eq. (1) in the main text is defined on the triangular lattice and made of two distinct
terms. (a) The first one describes a trivial Ising paramagnet with on-site terms and the second (b) describes a topological Ising
paramagnet protected by the Z2 Ising spin-flip symmetry, with plaquette terms involving the six nearest neighbors of a given
lattice site j, see Eq. (S1).

We give an explicit form for the topological Ising paramagnet Hamiltonian Htop, part of the one-parameter model
of Eq. (1) in the main text, interpolating between trivial and topological phases, and which is studied in this work.
Following [1–3, 11],

Htop = −
∑

j

(
σxj
∏
4jkl

i
1
2 (−1−σ

z
kσ

z
l )

)
, (S1)

where the product runs over the six triangles containing the site j, see Fig. S1 (b). This product has a simple
interpretation in terms of domain walls: It gives a minus sign if flipping the spin of σj changes the parity of the
number of domain walls NDW.

Appendix B: Additional numerical data

1. Incommensurate stripe order

To probe long-range order, one can look at the structure factor, corresponding to the Fourier transform of the
two-point correlation function 〈σzrσz0〉,

S
(
q
)

=
1

N

∑
r

e−iq·r
〈
σzrσ

z
0

〉
. (S1)

It is displayed in Fig. S2 for various system sizes at α = 1/2. Going from one system size to the next, the position
in the Brillouin zone of the maximum intensity changes, although it always remains at |Q| ≈ 2π/5. This makes it
difficult to do any consistent finite-size study of what appears to be a putative incommensurate ordered phase.

Denoting the polar angle of Q by ϕ, we find “vertical” stripes (with ϕ = Z2π/6) when Lx is close to a multiple
of 5, and “horizontal” stripes (with ϕ = (Z + 1

2 )2π/6) when Ly is a multiple of 6. Remarkably, these two sets of
orientations are not related by symmetry.
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(a)
<latexit sha1_base64="Iv6t1NS9lDoFjrmKTHEJEmvIWtg="></latexit>

(b)
<latexit sha1_base64="OOXKqRhsbY+wqvDiqMvEDX5yjIM="></latexit>

(c)
<latexit sha1_base64="gB4iFo2DUyOYCHDCe259zbIAv24=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpiB6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRvKqH7AmDMKPT83654tScOexV4uakAjma/fKXN4hpGjGJVBCte66ToJ8RhZwKNi15qWYJoWMyZD1DJYmY9rP5zVP7zCgDO4yVKYn2XP09kZFI60kUmM6I4EgvezPxP6+XYnjtZ1wmKTJJF4vCVNgY27MA7AFXjKKYGEKo4uZWm46IIhRNTCUTgrv88ipp12vuRe3yvl5p3ORxFOEETqEKLlxBA+6gCS2gkMAzvMKblVov1rv1sWgtWPnMMfyB9fkD00WRjA==</latexit>

(d)
<latexit sha1_base64="q6m7o+bWAeqESSp0Bxk/V/M6MHg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpiB6LXjxWsB/QhLLZbtqlm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRvKqH7AmDMBtMz/vlilNz5rBXiZuTCuRo9stf3iCmacQkUkG07rlOgn5GFHIq2LTkpZolhI7JkPUMlSRi2s/mN0/tM6MM7DBWpiTac/X3REYirSdRYDojgiO97M3E/7xeiuG1n3GZpMgkXSwKU2FjbM8CsAdcMYpiYgihiptbbToiilA0MZVMCO7yy6ukXa+5F7XL+3qlcZPHUYQTOIUquHAFDbiDJrSAQgLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucP1MuRjQ==</latexit>

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

0

<latexit sha1_base64="E0H4qpcBLSd+MHc3raGLKiTivB4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBe1+Muw==</latexit>

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

0.1

<latexit sha1_base64="sv3sE75aD1jm9zsGn0L1mxvHcUw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoN6KXjxWtB/QhrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHjzX75UrnuvNQVaJn5MK5Kj3yl/dfsKymCtkkhrT8b0UgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVdK8cP2qe31frdRu8jiKcAKncA4+XEIN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNXXI0z</latexit>

0.2

<latexit sha1_base64="mn5leYoNWuG8egKooXTBPmyTyuQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKQb0VvXisaGuhDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGodkg1Ci6xabgR2E4V0jgU+BiObmb+4xMqzRP5YMYpBjEdSB5xRo2V7j232itXPNebg6wSPycVyNHolb+6/YRlMUrDBNW643upCSZUGc4ETkvdTGNK2YgOsGOppDHqYDI/dUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+53UyE10GEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JdfXiWtquvX3Ku7WqV+ncdRhBM4hXPw4QLqcAsNaAKDATzDK7w5wnlx3p2PRWvByWeO4Q+czx9Y4I00</latexit>

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

0

<latexit sha1_base64="E0H4qpcBLSd+MHc3raGLKiTivB4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBe1+Muw==</latexit>

0.06

<latexit sha1_base64="5M2i6igpdcRjHy6hBUgZUQrr9hc=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxI8bErunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+Ymc5CWw+EHM65l3vvCWLOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJJLfuXg6rNfvlQKvEK0gNCrSG1a/BKCKJoNIQjrXue25s/BQrwwin88og0TTGZIrHtG+pxIJqP813naMzq4xQGCn7pEG5+rsjxULrmQhspcBmope9TPzP6ycmvPZTJuPEUEkWg8KEIxOh7HA0YooSw2eWYKKY3RWRCVaYGBtPxYbgLZ+8SjoXda9Rv3lo1Jq3RRxlOIFTOAcPrqAJ99CCNhCYwDO8wpsjnBfn3flYlJacoucY/sD5/AHNJo1y</latexit>

0.12

<latexit sha1_base64="oG85wOKBJqdFvvtr4+fmj5CH+ks=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hKQb0VvXisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkuf69WG15rneAmid+AWpQYHWsPo1GMUkFVQawrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpia6DjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fUb7s1Do9a8LeIowxmcwyX4cAVNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w/Im41v</latexit>

qx

<latexit sha1_base64="jbySZQgINGKZOUXCcdT2g8mqaBA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMaB6QhDA76U2GzM6uM7NiWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj66nffESleSTvzTjGbkgHkgecUWOlu4feU69YcsvuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDRTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zspepXx5WylVr7I48nAEx3AKHpxDFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDcIKN7A==</latexit>

qy

<latexit sha1_base64="uC3jtiioZpy5w25q6LLo5ykANjo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbuToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK94+9ca9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDC/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1au780rtOo+jCEdwDKfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz9yBo3t</latexit>

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

(e)

<latexit sha1_base64="iFS5hhPdkqeajG00/tODyQNmkqA=">AAAB83icbVBNS8NAEN3Ur1q/qh69BItQLyUpgnorevFYwX5AE8pmO2mXbjZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBYngGh3n2yqsrW9sbhW3Szu7e/sH5cOjto5TxaDFYhGrbkA1CC6hhRwFdBMFNAoEdILx7czvPILSPJYPOEnAj+hQ8pAzikbyqh7CEwZhBtPzfrni1Jw57FXi5qRCcjT75S9vELM0AolMUK17rpOgn1GFnAmYlrxUQ0LZmA6hZ6ikEWg/m988tc+MMrDDWJmSaM/V3xMZjbSeRIHpjCiO9LI3E//zeimGV37GZZIiSLZYFKbCxtieBWAPuAKGYmIIZYqbW202oooyNDGVTAju8surpF2vuRe16/t6pXGTx1EkJ+SUVIlLLkmD3JEmaRFGEvJMXsmblVov1rv1sWgtWPnMMfkD6/MH1+2Rkw==</latexit>

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

0

<latexit sha1_base64="E0H4qpcBLSd+MHc3raGLKiTivB4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBe1+Muw==</latexit>

0.06

<latexit sha1_base64="5M2i6igpdcRjHy6hBUgZUQrr9hc=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxI8bErunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+Ymc5CWw+EHM65l3vvCWLOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJJLfuXg6rNfvlQKvEK0gNCrSG1a/BKCKJoNIQjrXue25s/BQrwwin88og0TTGZIrHtG+pxIJqP813naMzq4xQGCn7pEG5+rsjxULrmQhspcBmope9TPzP6ycmvPZTJuPEUEkWg8KEIxOh7HA0YooSw2eWYKKY3RWRCVaYGBtPxYbgLZ+8SjoXda9Rv3lo1Jq3RRxlOIFTOAcPrqAJ99CCNhCYwDO8wpsjnBfn3flYlJacoucY/sD5/AHNJo1y</latexit>

0.03

<latexit sha1_base64="KW0IjW6DoRhDBoJx9DKfBRD66Ck=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVgnorevFYwW0L7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxyya27l4NqzX5zoFXiFaQGBVqD6ld/GJNUUGkIx1r3PDcxQYaVYYTTWaWfappgMsEj2rNUYkF1kM13naEzqwxRFCv7pEFz9XdHhoXWUxHaSoHNWC97ufif10tNdB1kTCapoZIsBkUpRyZG+eFoyBQlhk8twUQxuysiY6wwMTaeig3BWz55lbQv6l6jfvPQqDVvizjKcAKncA4eXEET7qEFPhAYwzO8wpsjnBfn3flYlJacoucY/sD5/AHImo1v</latexit>

0.00 0.02 0.04 0.06 0.08 0.10 0.12

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

0

<latexit sha1_base64="E0H4qpcBLSd+MHc3raGLKiTivB4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBe1+Muw==</latexit>

0.06

<latexit sha1_base64="5M2i6igpdcRjHy6hBUgZUQrr9hc=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxI8bErunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+Ymc5CWw+EHM65l3vvCWLOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJJLfuXg6rNfvlQKvEK0gNCrSG1a/BKCKJoNIQjrXue25s/BQrwwin88og0TTGZIrHtG+pxIJqP813naMzq4xQGCn7pEG5+rsjxULrmQhspcBmope9TPzP6ycmvPZTJuPEUEkWg8KEIxOh7HA0YooSw2eWYKKY3RWRCVaYGBtPxYbgLZ+8SjoXda9Rv3lo1Jq3RRxlOIFTOAcPrqAJ99CCNhCYwDO8wpsjnBfn3flYlJacoucY/sD5/AHNJo1y</latexit>

0.12

<latexit sha1_base64="oG85wOKBJqdFvvtr4+fmj5CH+ks=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hKQb0VvXisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkuf69WG15rneAmid+AWpQYHWsPo1GMUkFVQawrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpia6DjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fUb7s1Do9a8LeIowxmcwyX4cAVNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w/Im41v</latexit>

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

0

<latexit sha1_base64="E0H4qpcBLSd+MHc3raGLKiTivB4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBe1+Muw==</latexit>

0.06

<latexit sha1_base64="5M2i6igpdcRjHy6hBUgZUQrr9hc=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxI8bErunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+Ymc5CWw+EHM65l3vvCWLOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJJLfuXg6rNfvlQKvEK0gNCrSG1a/BKCKJoNIQjrXue25s/BQrwwin88og0TTGZIrHtG+pxIJqP813naMzq4xQGCn7pEG5+rsjxULrmQhspcBmope9TPzP6ycmvPZTJuPEUEkWg8KEIxOh7HA0YooSw2eWYKKY3RWRCVaYGBtPxYbgLZ+8SjoXda9Rv3lo1Jq3RRxlOIFTOAcPrqAJ99CCNhCYwDO8wpsjnBfn3flYlJacoucY/sD5/AHNJo1y</latexit>

0.03

<latexit sha1_base64="KW0IjW6DoRhDBoJx9DKfBRD66Ck=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVgnorevFYwW0L7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFaE+iXmsuiHWlDNJfcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxyya27l4NqzX5zoFXiFaQGBVqD6ld/GJNUUGkIx1r3PDcxQYaVYYTTWaWfappgMsEj2rNUYkF1kM13naEzqwxRFCv7pEFz9XdHhoXWUxHaSoHNWC97ufif10tNdB1kTCapoZIsBkUpRyZG+eFoyBQlhk8twUQxuysiY6wwMTaeig3BWz55lbQv6l6jfvPQqDVvizjKcAKncA4eXEET7qEFPhAYwzO8wpsjnBfn3flYlJacoucY/sD5/AHImo1v</latexit>

4 ⇥ 4

<latexit sha1_base64="CRuAnbUCCq35SL8lk+Wj6Sij/aU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/ShrLZbtqlm03YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHms9FBE3pNYvV9yqOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkXtGj+bHzwlZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9n3ZCA0ZygnllCmhb2VsBHVlKHNqGRD8JZfXiWti6pXq17f1yr1mzyOIpzAKZyDB5dQhztoQBMYRPAMr/DmaOfFeXc+Fq0FJ585hj9wPn8A/caP5g==</latexit>

6 ⇥ 6

<latexit sha1_base64="1j0ppNox7ZWP4Sa1c7h4wniyIc0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiHoLevEYwTwkWcLsZDYZMju7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrPVa7KCJuSLVXLLlldw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxW1a/zJ/OApObNKn4SxtqWQzNXfExMaGTOOAtsZURyaZW8m/ud1Ugyv/IlQSYpcscWiMJUEYzL7nvSF5gzl2BLKtLC3EjakmjK0GRVsCN7yy6ukeVH2KuXr+0qpdpPFkYcTOIVz8OASanAHdWgAgwie4RXeHO28OO/Ox6I152Qzx/AHzucPA/WP6g==</latexit>

8 ⇥ 8

<latexit sha1_base64="/Ir22Mb0GbXtqvCoEqGdjmY1kII=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN6KXjxWsB/ShrLZbtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRA04S7is6jEQoGEUrPdZ6KBQ3pNYvV9yqOwdZJV5OKpCj0S9/9QYxSxWPkElqTNdzE/QzqlEwyaelXmp4QtmYDnnX0ojaNX42P3hKzqwyIGGsbUVI5urviYwqYyYqsJ2K4sgsezPxP6+bYljzMxElKfKILRaFqSQYk9n3ZCA0ZygnllCmhb2VsBHVlKHNqGRD8JZfXiWti6p3Wb2+v6zUb/I4inACp3AOHlxBHe6gAU1goOAZXuHN0c6L8+58LFoLTj5zDH/gfP4AChWP7g==</latexit>

10 ⇥ 10

<latexit sha1_base64="D3IZfIzQVUiREQZclvWM1ObQTg0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WRJZoVS+jO8eFDEq7/Gm//GtN2Dtj4IPN6bycy8KJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozjDeYltq0I2q5FIo3UKDk7dRwmkSSt6LR3cxvPXFjhVaPOE55mNCBErFgFJ3UCfwuioRbEvi9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSa91nKYYTalAwyaelbmZ5StmIDnjHUUXdnHAyX3lKzpzSJ7E27ikkc/V3x4Qm1o6TyFUmFId22ZuJ/3mdDOPrcCJUmiFXbDEoziRBTWb3k74wnKEcO0KZEW5XwobUUIYupZILIVg+eZU0L6rBZfXm4bJSu83jKMIJnMI5BHAFNbiHOjSAgYZneIU3D70X7937WJQWvLznGP7A+/wB1PCQVA==</latexit>

12 ⇥ 12

<latexit sha1_base64="mKia+kaHSFtsx2Qdm3mFBau0xBQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5uwOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUr9bxaH0XEDfFqg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxV1O7xs8XJM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIMr/1MqCRFrthyUZhKgjGZ/0+GQnOGcmoJZVrYWwkbU00Z2pRKNgRv9eV10q5VvXr15qFeadzmcRThDM7hEjy4ggbcQxNawCCGZ3iFNwedF+fd+Vi2Fpx85hT+wPn8AdsSkFg=</latexit>

FIG. S2. Structure factor based on the real-space correlation function 〈σzrσz0〉, computed from Eq. (S1) at α = 1/2 for system
sizes (a) N = 4 × 4, (b) N = 6 × 6, (c) N = 8 × 8, (d) N = 10 × 10, and (e) N = 12 × 12. Going from one system size
to the next, the position in the Brillouin zone of the maximum intensity changes, but remains around |Q| ' 2π/5. Precisely,
(a) Q = (±π/2, 0), (b) Q = (±2π/3

√
3, 0), (c) Q = (±π/4,±π/2

√
3), (d) Q = (±2π/5, 0), and (e) Q = (±2π/3

√
3, 0).

Following the notation explained in the text, these system sizes display “vertical” stripes for (a),(d) and “horizontal” stripes
for (b),(c),(e).
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↵ = 0.5

<latexit sha1_base64="o3iIBg2yPviC1x8vDS+ui39jx5I=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9YLsQim5cVrCt2A7lTpq2oZnMkGSEMvQv3LhQxK1/486/MX0IKnogcHLOvdx7TxALrg0hH05mZXVtfSO7mdva3tndy+8ftHSUKMqaNBKRug1AM8ElaxpuBLuNFYMwEKwdjC9nfvueKc0jeWMmMfNDGEo+4BSMle66IOIRnBO30ssXiFurElIqYvutkFqRWFKqlEtVgj2XzFFASzR6+fduP6JJyKShArTueCQ2fgrKcCrYNNdNNIuBjmHIOpZKCJn20/nGU3xilT4eRMo+afBc/d6RQqj1JAxsZQhmpH97M/Evr5OYQdVPuYwTwyRdDBokApsIz87Hfa4YNWJiCVDF7a6YjkABNTaknA3h61L8P2kVXa/s1q7LhfrFMo4sOkLH6BR56AzV0RVqoCaiSKIH9ISeHe08Oi/O66I04yx7DtEPOG+fyPWQXg==</latexit>

↵ = 0.49

<latexit sha1_base64="EHwylHM5M9JqAomPZwhqnXpo3N8=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSZtYtOFUHTjsoJ9QBrKZDpph04ezEyEEvoZblwo4tavceffOH0IKnrgwuGce7n3niDlTCqEPozC2vrG5lZxu7Szu7d/UD486sgkE4S2ScIT0QuwpJzFtK2Y4rSXCoqjgNNuMLme+917KiRL4js1Takf4VHMQkaw0pLXxzwd40tk2o1BuYJMt+o4DoLItBrItS80qdWculuFlokWqIAVWoPye3+YkCyisSIcS+lZKFV+joVihNNZqZ9JmmIywSPqaRrjiEo/X5w8g2daGcIwEbpiBRfq94kcR1JOo0B3RliN5W9vLv7leZkKXT9ncZopGpPlojDjUCVw/j8cMkGJ4lNNMBFM3wrJGAtMlE6ppEP4+hT+TzpV07LNxq1daV6t4iiCE3AKzoEF6qAJbkALtAEBCXgAT+DZUMaj8WK8LlsLxmrmGPyA8fYJW4aQrw==</latexit>

↵ = 0.48

<latexit sha1_base64="pFpexWfqjQJPdk+5i5KXIN0vxAs=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw8w4rdOFUHTjsoJ9wHQomTTThmaSIckIpfQz3LhQxK1f486/MX0IKnog5HDOvdx7T5wxqrTjfFgrq2vrG5uFreL2zu7efungsKVELjFpYsGE7MRIEUY5aWqqGelkkqA0ZqQdj65nfvueSEUFv9PjjEQpGnCaUIy0kcIuYtkQXTq2H/RKZfNVA9/3oGM7gX9eqRniezWvUoWu7cxRBks0eqX3bl/gPCVcY4aUCl0n09EESU0xI9NiN1ckQ3iEBiQ0lKOUqGgyX3kKT43Sh4mQ5nEN5+r3jglKlRqnsalMkR6q395M/MsLc50E0YTyLNeE48WgJGdQCzi7H/apJFizsSEIS2p2hXiIJMLapFQ0IXxdCv8nLc92fbt265frV8s4CuAYnIAz4IILUAc3oAGaAAMBHsATeLa09Wi9WK+L0hVr2XMEfsB6+wRf2ZCy</latexit>

↵ = 0.47

<latexit sha1_base64="O6OB0Awlch2dO6QPpM6a5uK9mhQ=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjI6troQim5cVrAPmA4lk2ba0EwyJBmhlH6GGxeKuPVr3Pk3pu0IKnrgwuGce7n3nijlTBuEPpzC0vLK6lpxvbSxubW9U97da2mZKUKbRHKpOhHWlDNBm4YZTjupojiJOG1Ho+uZ376nSjMp7sw4pWGCB4LFjGBjpaCLeTrEl8j1a71yBblezfdPqxC5aA5LTqse8s6glysVkKPRK793+5JkCRWGcKx14KHUhBOsDCOcTkvdTNMUkxEe0MBSgROqw8n85Ck8skofxlLZEgbO1e8TE5xoPU4i25lgM9S/vZn4lxdkJj4PJ0ykmaGCLBbFGYdGwtn/sM8UJYaPLcFEMXsrJEOsMDE2pZIN4etT+D9pnbie717c+pX6VR5HERyAQ3AMPFADdXADGqAJCJDgATyBZ8c4j86L87poLTj5zD74AeftEx8CkIU=</latexit>

↵ = 0.5

<latexit sha1_base64="o3iIBg2yPviC1x8vDS+ui39jx5I=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9YLsQim5cVrCt2A7lTpq2oZnMkGSEMvQv3LhQxK1/486/MX0IKnogcHLOvdx7TxALrg0hH05mZXVtfSO7mdva3tndy+8ftHSUKMqaNBKRug1AM8ElaxpuBLuNFYMwEKwdjC9nfvueKc0jeWMmMfNDGEo+4BSMle66IOIRnBO30ssXiFurElIqYvutkFqRWFKqlEtVgj2XzFFASzR6+fduP6JJyKShArTueCQ2fgrKcCrYNNdNNIuBjmHIOpZKCJn20/nGU3xilT4eRMo+afBc/d6RQqj1JAxsZQhmpH97M/Evr5OYQdVPuYwTwyRdDBokApsIz87Hfa4YNWJiCVDF7a6YjkABNTaknA3h61L8P2kVXa/s1q7LhfrFMo4sOkLH6BR56AzV0RVqoCaiSKIH9ISeHe08Oi/O66I04yx7DtEPOG+fyPWQXg==</latexit>

↵ = 0.49

<latexit sha1_base64="EHwylHM5M9JqAomPZwhqnXpo3N8=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSZtYtOFUHTjsoJ9QBrKZDpph04ezEyEEvoZblwo4tavceffOH0IKnrgwuGce7n3niDlTCqEPozC2vrG5lZxu7Szu7d/UD486sgkE4S2ScIT0QuwpJzFtK2Y4rSXCoqjgNNuMLme+917KiRL4js1Takf4VHMQkaw0pLXxzwd40tk2o1BuYJMt+o4DoLItBrItS80qdWculuFlokWqIAVWoPye3+YkCyisSIcS+lZKFV+joVihNNZqZ9JmmIywSPqaRrjiEo/X5w8g2daGcIwEbpiBRfq94kcR1JOo0B3RliN5W9vLv7leZkKXT9ncZopGpPlojDjUCVw/j8cMkGJ4lNNMBFM3wrJGAtMlE6ppEP4+hT+TzpV07LNxq1daV6t4iiCE3AKzoEF6qAJbkALtAEBCXgAT+DZUMaj8WK8LlsLxmrmGPyA8fYJW4aQrw==</latexit>

↵ = 0.48

<latexit sha1_base64="pFpexWfqjQJPdk+5i5KXIN0vxAs=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw8w4rdOFUHTjsoJ9wHQomTTThmaSIckIpfQz3LhQxK1f486/MX0IKnog5HDOvdx7T5wxqrTjfFgrq2vrG5uFreL2zu7efungsKVELjFpYsGE7MRIEUY5aWqqGelkkqA0ZqQdj65nfvueSEUFv9PjjEQpGnCaUIy0kcIuYtkQXTq2H/RKZfNVA9/3oGM7gX9eqRniezWvUoWu7cxRBks0eqX3bl/gPCVcY4aUCl0n09EESU0xI9NiN1ckQ3iEBiQ0lKOUqGgyX3kKT43Sh4mQ5nEN5+r3jglKlRqnsalMkR6q395M/MsLc50E0YTyLNeE48WgJGdQCzi7H/apJFizsSEIS2p2hXiIJMLapFQ0IXxdCv8nLc92fbt265frV8s4CuAYnIAz4IILUAc3oAGaAAMBHsATeLa09Wi9WK+L0hVr2XMEfsB6+wRf2ZCy</latexit>

↵ = 0.47

<latexit sha1_base64="O6OB0Awlch2dO6QPpM6a5uK9mhQ=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjI6troQim5cVrAPmA4lk2ba0EwyJBmhlH6GGxeKuPVr3Pk3pu0IKnrgwuGce7n3nijlTBuEPpzC0vLK6lpxvbSxubW9U97da2mZKUKbRHKpOhHWlDNBm4YZTjupojiJOG1Ho+uZ376nSjMp7sw4pWGCB4LFjGBjpaCLeTrEl8j1a71yBblezfdPqxC5aA5LTqse8s6glysVkKPRK793+5JkCRWGcKx14KHUhBOsDCOcTkvdTNMUkxEe0MBSgROqw8n85Ck8skofxlLZEgbO1e8TE5xoPU4i25lgM9S/vZn4lxdkJj4PJ0ykmaGCLBbFGYdGwtn/sM8UJYaPLcFEMXsrJEOsMDE2pZIN4etT+D9pnbie717c+pX6VR5HERyAQ3AMPFADdXADGqAJCJDgATyBZ8c4j86L87poLTj5zD74AeftEx8CkIU=</latexit>

(a)
<latexit sha1_base64="Iv6t1NS9lDoFjrmKTHEJEmvIWtg="></latexit>

(b)
<latexit sha1_base64="OOXKqRhsbY+wqvDiqMvEDX5yjIM="></latexit>

10 ⇥ LT

<latexit sha1_base64="VYA2mye2/gwYc9MSeVg/1sQF4K0=">AAAB/nicbVBNS8NAFNzUr1q/ouLJy2IRPJVECuqt6MWDhwqtLTQhbLabdulmE3ZfhBIK/hUvHhTx6u/w5r9x0/agrQMLw8x7vNkJU8E1OM63VVpZXVvfKG9WtrZ3dvfs/YMHnWSKsjZNRKK6IdFMcMnawEGwbqoYiUPBOuHopvA7j0xpnsgWjFPmx2QgecQpASMF9pHreMBjpvFd4MUEhirOW5PArjo1Zwq8TNw5qaI5moH95fUTmsVMAhVE657rpODnRAGngk0qXqZZSuiIDFjPUEnMRT+fxp/gU6P0cZQo8yTgqfp7Iyex1uM4NJNFQr3oFeJ/Xi+D6NLPuUwzYJLODkWZwJDgogvc54pREGNDCFXcZMV0SBShYBqrmBLcxS8vk4fzmluvXd3Xq43reR1ldIxO0Bly0QVqoFvURG1EUY6e0St6s56sF+vd+piNlqz5ziH6A+vzB8F/lWQ=</latexit>

5 ⇥ LT

<latexit sha1_base64="wKDXTRauTvzaHh9xgUsT4ZqB24s=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWakou6Kbly4qNAXdIYhk2ba0CQzJBmhDsVfceNCEbf+hzv/xkw7C209EDiccy/35IQJo0o7zre1tLyyurZe2ihvbm3v7Np7+20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtFN7nceiFQ0Fk09TojP0UDQiGKkjRTYh+eeppwoeBd4HOmh5FlzEtgVp+pMAReJW5AKKNAI7C+vH+OUE6ExQ0r1XCfRfoakppiRSdlLFUkQHqEB6RkqkLnoZ9P0E3hilD6MYmme0HCq/t7IEFdqzEMzmSdU814u/uf1Uh1d+hkVSaqJwLNDUcqgjmFeBexTSbBmY0MQltRkhXiIJMLaFFY2JbjzX14k7bOqW6te3dcq9euijhI4AsfgFLjgAtTBLWiAFsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPVjGVLg==</latexit>

LL ⇥ 10

<latexit sha1_base64="MXs8Y7SRPt+UchU5OG1m0mUNzsw=">AAAB/nicbVBNS8NAFHypX7V+RcWTl8UieCqJFNRb0YuHHipYW2hC2Gy37dLNJuxuhBIK/hUvHhTx6u/w5r9x0+agrQMLw8x7vNkJE86Udpxvq7Syura+Ud6sbG3v7O7Z+wcPKk4loW0S81h2Q6woZ4K2NdOcdhNJcRRy2gnHN7nfeaRSsVjc60lC/QgPBRswgrWRAvuoGXgR1iMZZc2pp1lEFXKdwK46NWcGtEzcglShQCuwv7x+TNKICk04VqrnOon2Myw1I5xOK16qaILJGA9pz1CBzR0/m8WfolOj9NEgluYJjWbq740MR0pNotBM5lHVopeL/3m9VA8u/YyJJNVUkPmhQcqRjlHeBeozSYnmE0MwkcxkRWSEJSbaNFYxJbiLX14mD+c1t167uqtXG9dFHWU4hhM4AxcuoAG30II2EMjgGV7hzXqyXqx362M+WrKKnUP4A+vzB79slVw=</latexit>

LL ⇥ 8

<latexit sha1_base64="/gp/utxAIrSun8i5E0g22J613EQ=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWakYN0V3bjoooJ9QGcYMmmmDU0yQ5IR6lD8FTcuFHHrf7jzb8y0s9DWA4HDOfdyT06YMKq043xbK6tr6xubpa3y9s7u3r59cNhRcSoxaeOYxbIXIkUYFaStqWakl0iCeMhINxzf5H73gUhFY3GvJwnxORoKGlGMtJEC+7gZeBzpkeRZc+ppyomC9cCuOFVnBrhM3IJUQIFWYH95gxinnAiNGVKq7zqJ9jMkNcWMTMteqkiC8BgNSd9QgcwZP5uln8IzowxgFEvzhIYz9fdGhrhSEx6ayTypWvRy8T+vn+qo7mdUJKkmAs8PRSmDOoZ5FXBAJcGaTQxBWFKTFeIRkghrU1jZlOAufnmZdC6qbq16dVerNK6LOkrgBJyCc+CCS9AAt6AF2gCDR/AMXsGb9WS9WO/Wx3x0xSp2jsAfWJ8/VHyVKQ==</latexit>

10 ⇥ LT

<latexit sha1_base64="VYA2mye2/gwYc9MSeVg/1sQF4K0=">AAAB/nicbVBNS8NAFNzUr1q/ouLJy2IRPJVECuqt6MWDhwqtLTQhbLabdulmE3ZfhBIK/hUvHhTx6u/w5r9x0/agrQMLw8x7vNkJU8E1OM63VVpZXVvfKG9WtrZ3dvfs/YMHnWSKsjZNRKK6IdFMcMnawEGwbqoYiUPBOuHopvA7j0xpnsgWjFPmx2QgecQpASMF9pHreMBjpvFd4MUEhirOW5PArjo1Zwq8TNw5qaI5moH95fUTmsVMAhVE657rpODnRAGngk0qXqZZSuiIDFjPUEnMRT+fxp/gU6P0cZQo8yTgqfp7Iyex1uM4NJNFQr3oFeJ/Xi+D6NLPuUwzYJLODkWZwJDgogvc54pREGNDCFXcZMV0SBShYBqrmBLcxS8vk4fzmluvXd3Xq43reR1ldIxO0Bly0QVqoFvURG1EUY6e0St6s56sF+vd+piNlqz5ziH6A+vzB8F/lWQ=</latexit>

10 ⇥ 4

<latexit sha1_base64="G7lDPDZtqkNqO0C9E2YOnD+Hun0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHj23hyLihtT65Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqqoXeNn84un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzJ7nwyE5gzlxBLKtLC3EjaimjK0IZVsCN7yy6ukdVH1atXr+1qlfpPHUYQTOIVz8OAS6nAHDWgCAwXP8ApvjnFenHfnY9FacPKZY/gD5/MHaJaQHQ==</latexit>

10 ⇥ 8

<latexit sha1_base64="7w4sGZgAcloVWfVzItBRFozMwqA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN6KXjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHj23hyLihtT65Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqqoXeNn84un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphjW/EyoJEWu2GJRmEqCMZm9TwZCc4ZyYgllWthbCRtRTRnakEo2BG/55VXSuqh6l9Xr+8tK/SaPowgncArn4MEV1OEOGtAEBgqe4RXeHOO8OO/Ox6K14OQzx/AHzucPbqaQIQ==</latexit>

10 ⇥ 10

<latexit sha1_base64="D3IZfIzQVUiREQZclvWM1ObQTg0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WRJZoVS+jO8eFDEq7/Gm//GtN2Dtj4IPN6bycy8KJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozjDeYltq0I2q5FIo3UKDk7dRwmkSSt6LR3cxvPXFjhVaPOE55mNCBErFgFJ3UCfwuioRbEvi9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSa91nKYYTalAwyaelbmZ5StmIDnjHUUXdnHAyX3lKzpzSJ7E27ikkc/V3x4Qm1o6TyFUmFId22ZuJ/3mdDOPrcCJUmiFXbDEoziRBTWb3k74wnKEcO0KZEW5XwobUUIYupZILIVg+eZU0L6rBZfXm4bJSu83jKMIJnMI5BHAFNbiHOjSAgYZneIU3D70X7937WJQWvLznGP7A+/wB1PCQVA==</latexit>

5 ⇥ LT

<latexit sha1_base64="wKDXTRauTvzaHh9xgUsT4ZqB24s=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWakou6Kbly4qNAXdIYhk2ba0CQzJBmhDsVfceNCEbf+hzv/xkw7C209EDiccy/35IQJo0o7zre1tLyyurZe2ihvbm3v7Np7+20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtFN7nceiFQ0Fk09TojP0UDQiGKkjRTYh+eeppwoeBd4HOmh5FlzEtgVp+pMAReJW5AKKNAI7C+vH+OUE6ExQ0r1XCfRfoakppiRSdlLFUkQHqEB6RkqkLnoZ9P0E3hilD6MYmme0HCq/t7IEFdqzEMzmSdU814u/uf1Uh1d+hkVSaqJwLNDUcqgjmFeBexTSbBmY0MQltRkhXiIJMLaFFY2JbjzX14k7bOqW6te3dcq9euijhI4AsfgFLjgAtTBLWiAFsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPVjGVLg==</latexit>

5 ⇥ 8

<latexit sha1_base64="pyEBT/D7+Dm7mtaD4fVdstZ+AV8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKxHgLevEYwTwkWcLsZDYZMju7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrPV52UUTckGqvWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lipq1/iT+cFTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhW/YlQSYpcscWiMJUEYzL7nvSF5gzl2BLKtLC3EjakmjK0GRVsCN7yy6ukeVH2KuXr+0qpdpPFkYcTOIVz8OAKanAHdWgAgwie4RXeHO28OO/Ox6I152Qzx/AHzucPBXGP6w==</latexit>

5 ⇥ 10

<latexit sha1_base64="otL1BB+Hgp0fZ4/2dfU992f081o=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW9FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKjxddFBE3xHN75YpbdWcgy8TLSQVy1Hvlr24/ZmnEFTJJjel4boJ+RjUKJvmk1E0NTygb0QHvWKqo3eNns4sn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzJ9n/SF5gzl2BLKtLC3EjakmjK0IZVsCN7iy8ukeVb1zqvX9+eV2k0eRxGO4BhOwYNLqMEd1KEBDBQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8fa42QHg==</latexit>

5 ⇥ 12

<latexit sha1_base64="4KWYvghRd7QPvY7rxswaDtMnSEM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiHoLevEYwTwwWcLsZDYZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrPV50UUTcEK/SK5bcsjsHWSVeRkqQod4rfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWK2j3+ZH7xlJxZpU/CWNtSSObq74kJjYwZR4HtjCgOzbI3E//zOimGV/5EqCRFrthiUZhKgjGZvU/6QnOGcmwJZVrYWwkbUk0Z2pAKNgRv+eVV0qyUvWr5+r5aqt1kceThBE7hHDy4hBrcQR0awEDBM7zCm2OcF+fd+Vi05pxs5hj+wPn8AW6VkCA=</latexit>

5 ⇥ 14

<latexit sha1_base64="exEclBo1HtPxymlV6QeK65wyXR4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolU1FvRi8cK9gPbUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilx4suiogb4lV7pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKqo3eNns4sn5NQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzJ9n/SF5gzl2BLKtLC3EjakmjK0IRVtCN7iy8ukeV7xqpXr+2q5dpPHUYBjOIEz8OASanAHdWgAAwXP8ApvjnFenHfnY9664uQzR/AHzucPcZ2QIg==</latexit>

5 ⇥ 16

<latexit sha1_base64="yEpPeZUMCMk+T5GBcSVGvAxo0gY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfN2CXjxGMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1gOOY+yEdKNEXjKKVHs87KEJuiHfRLZbcsjsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JF7R4/nV08ISdW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9Kz8VKk6QKzZf1E8kwYhM3yc9oTlDObaEMi3srYQNqaYMbUgFG4K3+PIyaZyVvUr5+r5Sqt5kceThCI7hFDy4hCrcQQ3qwEDBM7zCm2OcF+fd+Zi35pxs5hD+wPn8AXSlkCQ=</latexit>

5 ⇥ 18

<latexit sha1_base64="ABYD5gduGsearg1Spfk74hhZC4Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKxHgLevEYwTwwWcLsZDYZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrPV52UUTcEK/aK5bcsjsHWSVeRkqQod4rfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWK2j3+ZH7xlJxZpU/CWNtSSObq74kJjYwZR4HtjCgOzbI3E//zOimGVX8iVJIiV2yxKEwlwZjM3id9oTlDObaEMi3srYQNqaYMbUgFG4K3/PIqaV6UvUr5+r5Sqt1kceThBE7hHDy4ghrcQR0awEDBM7zCm2OcF+fd+Vi05pxs5hj+wPn8AXetkCY=</latexit>

Increasing LT

<latexit sha1_base64="wXhdNPnxHBVKb2XuWS3WH1a3H7g=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKrspMEdRd0Y2Ciwp9QTsMmTTThiaZIckIZahu/BU3LhRx61e482/MtF1o64HA4Zxzyb0niBlV2nG+rdzS8srqWn69sLG5tb1j7+41VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqGV5nfuidS0UjU9SgmHkd9QUOKkTaSbx/cCGzyior+Q+nW73KkB5Kn9XHJt4tO2ZkALhJ3Ropghppvf3V7EU44ERozpFTHdWLtpUhqihkZF7qJIjHCQ9QnHUMF4kR56eSEMTw2Sg+GkTRPaDhRf0+kiCs14oFJZiuqeS8T//M6iQ7PvZSKONFE4OlHYcKgjmDWB+xRSbBmI0MQltTsCvEASYS1aa1gSnDnT14kzUrZPS1f3FWK1ctZHXlwCI7ACXDBGaiCa1ADDYDBI3gGr+DNerJerHfrYxrNWbOZffAH1ucPN9SXVA==</latexit>

Increasing LL

<latexit sha1_base64="jC37w9NMtEgEMDNgyKTQySK+W+U=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKrspMEdRd0Y1CFxXsA9qhZNJMG5pkhiQjlKG68VfcuFDErV/hzr8x085CWw8EDuecS+49fsSo0o7zbeWWlldW1/LrhY3Nre0de3evqcJYYtLAIQtl20eKMCpIQ1PNSDuSBHGfkZY/ukr91j2RiobiTo8j4nE0EDSgGGkj9eyDG4FNXlExeCjVel2O9FDypDYp9eyiU3amgIvEzUgRZKj37K9uP8QxJ0JjhpTquE6kvQRJTTEjk0I3ViRCeIQGpGOoQJwoL5meMIHHRunDIJTmCQ2n6u+JBHGlxtw3yXRFNe+l4n9eJ9bBuZdQEcWaCDz7KIgZ1CFM+4B9KgnWbGwIwpKaXSEeIomwNq0VTAnu/MmLpFkpu6fli9tKsXqZ1ZEHh+AInAAXnIEquAZ10AAYPIJn8ArerCfrxXq3PmbRnJXN7IM/sD5/ACukl0w=</latexit>

10 ⇥ 10

<latexit sha1_base64="D3IZfIzQVUiREQZclvWM1ObQTg0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WRJZoVS+jO8eFDEq7/Gm//GtN2Dtj4IPN6bycy8KJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDozjDeYltq0I2q5FIo3UKDk7dRwmkSSt6LR3cxvPXFjhVaPOE55mNCBErFgFJ3UCfwuioRbEvi9csWv+nOQVRLkpAI56r3yV7evWZZwhUxSa91nKYYTalAwyaelbmZ5StmIDnjHUUXdnHAyX3lKzpzSJ7E27ikkc/V3x4Qm1o6TyFUmFId22ZuJ/3mdDOPrcCJUmiFXbDEoziRBTWb3k74wnKEcO0KZEW5XwobUUIYupZILIVg+eZU0L6rBZfXm4bJSu83jKMIJnMI5BHAFNbiHOjSAgYZneIU3D70X7937WJQWvLznGP7A+/wB1PCQVA==</latexit>

LL ⇥ 10

<latexit sha1_base64="MXs8Y7SRPt+UchU5OG1m0mUNzsw=">AAAB/nicbVBNS8NAFHypX7V+RcWTl8UieCqJFNRb0YuHHipYW2hC2Gy37dLNJuxuhBIK/hUvHhTx6u/w5r9x0+agrQMLw8x7vNkJE86Udpxvq7Syura+Ud6sbG3v7O7Z+wcPKk4loW0S81h2Q6woZ4K2NdOcdhNJcRRy2gnHN7nfeaRSsVjc60lC/QgPBRswgrWRAvuoGXgR1iMZZc2pp1lEFXKdwK46NWcGtEzcglShQCuwv7x+TNKICk04VqrnOon2Myw1I5xOK16qaILJGA9pz1CBzR0/m8WfolOj9NEgluYJjWbq740MR0pNotBM5lHVopeL/3m9VA8u/YyJJNVUkPmhQcqRjlHeBeozSYnmE0MwkcxkRWSEJSbaNFYxJbiLX14mD+c1t167uqtXG9dFHWU4hhM4AxcuoAG30II2EMjgGV7hzXqyXqx362M+WrKKnUP4A+vzB79slVw=</latexit>

LL ⇥ 8

<latexit sha1_base64="/gp/utxAIrSun8i5E0g22J613EQ=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWakYN0V3bjoooJ9QGcYMmmmDU0yQ5IR6lD8FTcuFHHrf7jzb8y0s9DWA4HDOfdyT06YMKq043xbK6tr6xubpa3y9s7u3r59cNhRcSoxaeOYxbIXIkUYFaStqWakl0iCeMhINxzf5H73gUhFY3GvJwnxORoKGlGMtJEC+7gZeBzpkeRZc+ppyomC9cCuOFVnBrhM3IJUQIFWYH95gxinnAiNGVKq7zqJ9jMkNcWMTMteqkiC8BgNSd9QgcwZP5uln8IzowxgFEvzhIYz9fdGhrhSEx6ayTypWvRy8T+vn+qo7mdUJKkmAs8PRSmDOoZ5FXBAJcGaTQxBWFKTFeIRkghrU1jZlOAufnmZdC6qbq16dVerNK6LOkrgBJyCc+CCS9AAt6AF2gCDR/AMXsGb9WS9WO/Wx3x0xSp2jsAfWJ8/VHyVKQ==</latexit>

5 ⇥ 8

<latexit sha1_base64="pyEBT/D7+Dm7mtaD4fVdstZ+AV8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKxHgLevEYwTwkWcLsZDYZMju7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrPV52UUTckGqvWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lipq1/iT+cFTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhW/YlQSYpcscWiMJUEYzL7nvSF5gzl2BLKtLC3EjakmjK0GRVsCN7yy6ukeVH2KuXr+0qpdpPFkYcTOIVz8OAKanAHdWgAgwie4RXeHO28OO/Ox6I152Qzx/AHzucPBXGP6w==</latexit>

10 ⇥ 8

<latexit sha1_base64="7w4sGZgAcloVWfVzItBRFozMwqA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN6KXjxWsB/YhrLZbtqlm03YnQgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHj23hyLihtT65Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqqoXeNn84un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphjW/EyoJEWu2GJRmEqCMZm9TwZCc4ZyYgllWthbCRtRTRnakEo2BG/55VXSuqh6l9Xr+8tK/SaPowgncArn4MEV1OEOGtAEBgqe4RXeHOO8OO/Ox6K14OQzx/AHzucPbqaQIQ==</latexit>

5 ⇥ 10
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FIG. S3. Order parameter value D2 versus the inverse system size 1/N for different values of α. (a) Two different series of
system sizes N = 10× LT and N = 5× LT, with increasing length LT along the stripes direction. (b) Two different series of
system sizes N = LL × 10 and N = LL × 8 with increasing length LL transverse to the stripes direction. The order parameter
takes a finite value D2 ' 0.3 at α = 0.5 and goes to zero as N → +∞ at α = 0.47, but it is difficult to draw any definite
conclusion for intermediate values of α.

2. Thermodynamic extrapolation of D2

Additionally to Fig. 2 (c) of the main text showing the order parameter value D2 versus α for different system sizes,
we display in Fig. S3 the order parameter D2 versus 1/N for different values of α close to α = 1/2. In particular, we
consider two cases corresponding to increasing one length of the system along or perpendicular to the stripes. In each
case, we show that D2 ' 0.3 as N → +∞ at α = 0.5. We also show that it goes to zero as N → +∞ for α = 0.47.
However, it is difficult to draw any definite conclusion for intermediate values of α except that the stripe ordered
phase is relatively small. The data is consistent with a jump of D2 around αc ≈ 0.48− 0.49, indicative of a first order
transition, as discussed in the main text.

3. Field theory comparison

Additionally to Fig. 4 of the main text, aiming at comparing the microscopic model with the field theory predictions,
we display in Fig. S4 the full color map intensity of the correlation functions DLL and DTT (see Eqs. (5) and (6) of
the main text). There is a good qualitative agreement, and we have used vL = 1.2 and vT = 0.3 for the field theory
prediction, as estimated from Fig. 4 in the main text.
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FIG. S4. (a, c) Color map intensity of the field theory prediction for the correlation function of Eq. (6) in the main text, using
vL = 1.2 and vT = 0.3. (b, d) Color map intensity of the correlation function of Eq. (5) in the main text computed in quantum
Monte Carlo for a system of size 10× 10 at α = 1/2 There is a good qualitative agreement between the field theory predictions
and the data of the microscopic model.
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<latexit sha1_base64="uIrb2SACjnExhtdHEMoCKAPqHi4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoN6KXjx4qGA/IA1ls920Sze7YXcihNCf4cWDIl79Nd78N27bHLT1wcDjvRlm5oWJ4AZc99spra1vbG6Vtys7u3v7B9XDo45RqaasTZVQuhcSwwSXrA0cBOslmpE4FKwbTm5nfveJacOVfIQsYUFMRpJHnBKwkt/oA4+ZwfeDbFCtuXV3DrxKvILUUIHWoPrVHyqaxkwCFcQY33MTCHKigVPBppV+alhC6ISMmG+pJHZRkM9PnuIzqwxxpLQtCXiu/p7ISWxMFoe2MyYwNsveTPzP81OIroKcyyQFJuliUZQKDArP/sdDrhkFkVlCqOb2VkzHRBMKNqWKDcFbfnmVdC7qXqN+/dCoNW+KOMroBJ2ic+ShS9REd6iF2ogihZ7RK3pzwHlx3p2PRWvJKWaO0R84nz+6KZDq</latexit>
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<latexit sha1_base64="blnHIUzDlheyeZtvAqdoe/juCkY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXjwEME8ILuE2clsMmT2wUyvsCz5DS8eFPHqz3jzb5wke9DEgoaiqpvuLj+RQqNtf1ultfWNza3ydmVnd2//oHp41NFxqhhvs1jGqudTzaWIeBsFSt5LFKehL3nXn9zO/O4TV1rE0SNmCfdCOopEIBhFI7mO7aIIuSb3g2xQrdl1ew6ySpyC1KBAa1D9cocxS0MeIZNU675jJ+jlVKFgkk8rbqp5QtmEjnjf0IiaRV4+v3lKzowyJEGsTEVI5urviZyGWmehbzpDimO97M3E/7x+isGVl4soSZFHbLEoSCXBmMwCIEOhOEOZGUKZEuZWwsZUUYYmpooJwVl+eZV0LupOo3790Kg1b4o4ynACp3AODlxCE+6gBW1gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDJVeRIQ==</latexit>

5 ⇥ Ly

<latexit sha1_base64="MNn6evyTf38LvdV1D3fyryWJQ/8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUW9FLx48VLAfkIay2W7apZvdsDsRQujP8OJBEa/+Gm/+G7dtDtr6YODx3gwz88JEcAOu++2UVlbX1jfKm5Wt7Z3dver+QduoVFPWokoo3Q2JYYJL1gIOgnUTzUgcCtYJx7dTv/PEtOFKPkKWsCAmQ8kjTglYyb/oAY+Zwff9rF+tuXV3BrxMvILUUIFmv/rVGyiaxkwCFcQY33MTCHKigVPBJpVealhC6JgMmW+pJHZRkM9OnuATqwxwpLQtCXim/p7ISWxMFoe2MyYwMoveVPzP81OIroKcyyQFJul8UZQKDApP/8cDrhkFkVlCqOb2VkxHRBMKNqWKDcFbfHmZtM/q3nn9+uG81rgp4iijI3SMTpGHLlED3aEmaiGKFHpGr+jNAefFeXc+5q0lp5g5RH/gfP4Au7eQ6w==</latexit>

}
}

FIG. S5. (a) Expectation value of the number of non-contractible domain walls 〈NNCDW〉 for various system sizes at α = 1/2. It
is displayed against the length L⊥ of the system that perpendicular to the orientation of the stripes. This number is extremely
close to an integer, meaning that it is almost conserved. (b) Ratio of the number of non-contractible domain walls over the total
number of domain walls (contractible and non-contractible together) 〈NNCDW〉/〈NDW〉 for various system sizes at α = 1/2.
This number is extremely close to 1, which means that the system mostly consists of non-contractible domain walls at α = 1/2,
supporting the microscopic origin of the stripe order of non-contractible domain walls wrapping around the torus. The orange
symbols correspond to system sizes with vertical stripes while the violet symbols correspond to those with horizontal stripes.

4. Number of non-contractible domain walls at α = 1/2

In the quantum Monte Carlo simulations, we compute the expectation value of the number of contractible and
non-contractible domain walls: 〈NDW〉 and 〈NNCDW〉, respectively. It is shown in Fig. S5 (a) at α = 1/2 for various
system sizes. We find that the average number of non-contractible domain walls is extremely close to an integer,
meaning that it is almost conserved. Moreover the ratio of the number of non-contractible domain walls over the total
number of domain walls 〈NNCDW〉/〈NDW〉 is extremely close to 1, as displayed in Fig. S5 (b). This means that the
system mostly consists of non-contractible domain walls at α = 1/2, supporting the microscopic origin of the stripe
order of non-contractible domain walls wrapping around the torus.
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Appendix C: Additional details regarding the field theory

1. Tilted phase

In the main text, we put forward the following Lagrangian:

L =
1

2

(
∂τh

)2
+ V

[
h
]

+ λ cos
(
2πh

)
, with V

[
h
]

=
ρ2
2

(
∇h
)2

+
ρ4
2

(
∇2h

)2
+
g4
2

(
∇h
)4

+ L6, (S1)

with L6 = −g6|∇h|6 cos(6ϕ) − g12|∇h|12 cos(12ϕ). Since we observe both vertical and horizontal stripes, we will
neglect g6 in the following. There are therefore 12 minima, at angles ϕ = Z2π/12. We consider a solution with a
uniform tilt and fluctuations around it: h(r, τ) = π−1Q ·r+ δh(r, τ). First, we find Q which minimizes V [h]. For the
sake of simplicity, we can make the assumption that g12 has a subleading effect (except for choosing the orientation),
and we can work to leading order in g12. This leads to the simple formula,

|Q|
π

=

√
|ρ2|
2g4

. (S2)

Expanding around one of the 12 minima leads to,

L =
1

2

(
∂τδh

)2
+
v2L
2

(
∂Lδh

)2
+
v2T
2

(
∂Tδh

)2
, (S3)

with v2T = 132 g12(|Q|/π)10 and v2L = 2ρ2 (again, to leading order in g12). We use indices L and T for directions
longitudinal and transverse to Q, respectively.

Given the numerically observed values of |Q|/π ' 2/5, vL ' 1.2, and vT ' 0.3, we extract the following field
theory parameters: g12 ' 6.5, ρ2 ' −0.72, and g4 ' 2.25. The Goldstone action described by Eq. (S3) leads to the
Matsubara Green’s function G(q, ω) = (ω2 +ω2

q)−1 for the h field, with ωq =
√

(vTqT)2 + (vLqL)2. Height correlation
functions are then computed as,

〈
δh
(
r1, τ1

)
δh
(
r2, τ2

)〉
=

1

2π

∫
dω

∫
dq eiω(τ2−τ1)eiq·(r2−r1)

1

ω2 + ω2
q

=
1

2

∫
dq

1

ωq
eiq·(r2−r1)e−ωq|τ2−τ1|,

(S4)

and Dab(q) of Eq. (6) in the main text is computed by differentiation,

Dab(q) ≡
∫

dr1

∫
dr2 e−iq·(r2−r1)

〈
∂aδh

(
r1, τ

)
∂bδh

(
r2, τ

)〉
=
qaqb
2ωq

. (S5)

2. Gauge theory description

The height theory is dual to a U(1) gauge theory [51, 63–66, 70, 71] for an electric field given by E = z×∇h, and
the tilt corresponds to a finite density of electric field lines wrapping around the torus. A dictionary between the two
descriptions is given in Tab. I.

Height theory Gauge theory

Vortex of h with vorticity q Electric particle with charge q

Operator ei2πph Monopole with charge p

Incommensurate stripe order with gapless phason Coulomb phase with gapless photon

Paramagnetic phase Higgs phase

TABLE I. Dictionary translating between height and gauge theories.
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(b)
<latexit sha1_base64="OOXKqRhsbY+wqvDiqMvEDX5yjIM="></latexit>

(a)
<latexit sha1_base64="Iv6t1NS9lDoFjrmKTHEJEmvIWtg="></latexit>

FIG. S6. Edges of the honeycomb lattice are given a fixed orientation, given by a unit vector E. The orientation is chosen so that
E always has a positive vertical component. Note that these vectors are fixed, independently of the domain wall configuration.

(b)
<latexit sha1_base64="OOXKqRhsbY+wqvDiqMvEDX5yjIM="></latexit>

(a)
<latexit sha1_base64="Iv6t1NS9lDoFjrmKTHEJEmvIWtg="></latexit>

+2

<latexit sha1_base64="a+TgA9lVvcp40esHElZO1efXNzo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3BNRb0IvHKOYByRJmJ7PJkNnZZaZXCCF/4MWDIl79I2/+jZNkD5pY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Mbz1xbUSsHnGccD+iAyVCwSha6eGi0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5pVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0mzUvaq5ev7aql2k8WRhxM4hXPw4BJqcAd1aACDEJ7hFd6ckfPivDsfi9ack80cwx84nz/mPIz3</latexit>
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(c)
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<latexit sha1_base64="FXb57etZsmECuMEW+U/p5wDdMWo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot6MVjBPOA7BJmJ7PJkNkHM71iWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nUeutIijB5wk3AvpMBKBYBSN5FZd5E/oB9lget4vV+yaPQdZJU5OKpCj2S9/uYOYpSGPkEmqdc+xE/QyqlAwyaclN9U8oWxMh7xnaERDrr1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQZXXiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukfVFz6rXr+3qlcZPHUYQTOIUqOHAJDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucP1weRlA==</latexit>

(e)

<latexit sha1_base64="V+6H12DvtpshqQJhNXeJbNqGL5I=">AAAB83icbVBNS8NAEN3Ur1q/qh69BItQLyWRgnorevFYwX5AE8pmO2mXbjZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBYngGh3n2yqsrW9sbhW3Szu7e/sH5cOjto5TxaDFYhGrbkA1CC6hhRwFdBMFNAoEdILx7czvPILSPJYPOEnAj+hQ8pAzikbyqh7CEwZhBtPzfrni1Jw57FXi5qRCcjT75S9vELM0AolMUK17rpOgn1GFnAmYlrxUQ0LZmA6hZ6ikEWg/m988tc+MMrDDWJmSaM/V3xMZjbSeRIHpjCiO9LI3E//zeimGV37GZZIiSLZYFKbCxtieBWAPuAKGYmIIZYqbW202oooyNDGVTAju8surpH1Rc+u16/t6pXGTx1EkJ+SUVIlLLkmD3JEmaRFGEvJMXsmblVov1rv1sWgtWPnMMfkD6/MH2I2RlQ==</latexit>

(f)

<latexit sha1_base64="vyuvvmnFpjkI9Mcb2JFlWNXPSKc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRgnorevFYwX5AE8pmu2mXbjZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBYngGh3n2yqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJW3YBoJrhkLeQoWDdRjESBYJ1gfDvzO49MaR7LB5wkzI/IUPKQU4JG8qoesicMwiycnvfLFafmzGGvEjcnFcjR7Je/vEFM04hJpIJo3XOdBP2MKORUsGnJSzVLCB2TIesZKknEtJ/Nb57aZ0YZ2GGsTEm05+rviYxEWk+iwHRGBEd62ZuJ/3m9FMMrP+MySZFJulgUpsLG2J4FYA+4YhTFxBBCFTe32nREFKFoYiqZENzll1dJ+6Lm1mvX9/VK4yaPowgncApVcOESGnAHTWgBhQSe4RXerNR6sd6tj0VrwcpnjuEPrM8f2hORlg==</latexit>

(g)

<latexit sha1_base64="KKi9ypKg7qvwHvN/7HbfNqnsL10=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRgnorevFYwX5AE8pmu2mXbjZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBYngGh3n2yqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJW3YBoJrhkLeQoWDdRjESBYJ1gfDvzO49MaR7LB5wkzI/IUPKQU4JG8qoesicMwmw4Pe+XK07NmcNeJW5OKpCj2S9/eYOYphGTSAXRuuc6CfoZUcipYNOSl2qWEDomQ9YzVJKIaT+b3zy1z4wysMNYmZJoz9XfExmJtJ5EgemMCI70sjcT//N6KYZXfsZlkiKTdLEoTIWNsT0LwB5wxSiKiSGEKm5utemIKELRxFQyIbjLL6+S9kXNrdeu7+uVxk0eRxFO4BSq4MIlNOAOmtACCgk8wyu8Wan1Yr1bH4vWgpXPHMMfWJ8/25mRlw==</latexit>

(h)

<latexit sha1_base64="d1dKcMEOnLMQYNUyuGz9fZQbRwg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWRgnorevFYwX5AE8pmu2mXbjZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmBYngGh3n2yqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJW3YBoJrhkLeQoWDdRjESBYJ1gfDvzO49MaR7LB5wkzI/IUPKQU4JG8qoesicMwmw0Pe+XK07NmcNeJW5OKpCj2S9/eYOYphGTSAXRuuc6CfoZUcipYNOSl2qWEDomQ9YzVJKIaT+b3zy1z4wysMNYmZJoz9XfExmJtJ5EgemMCI70sjcT//N6KYZXfsZlkiKTdLEoTIWNsT0LwB5wxSiKiSGEKm5utemIKELRxFQyIbjLL6+S9kXNrdeu7+uVxk0eRxFO4BSq4MIlNOAOmtACCgk8wyu8Wan1Yr1bH4vWgpXPHMMfWJ8/3R+RmA==</latexit>

FIG. S7. The arrows show the fixed unit vector E on each edge. On a given edge, the electric field is either E = 0 if there is
no domain wall strand on it (drawn in black), or E = E if there is a domain wall strand on it (drawn in orange). (a) (b) (c)
(d) (e) (f) (g) (h) Domain walls (i.e. electric field lines) are drawn in orange. Excluding configurations with dangling domain
walls, there are 8 possible vertices. Gauss’s law states that the charge on a given site is given by the number of outgoing electric
field lines minus the number of incoming ones. In (g) and (h), the circle represents the charge, which can be either +2 or −2.

3. Microscopic justification for the U(1) gauge description of the stripe phase

Since Ising domain walls are unoriented, naively one would think they can only describe the electric field lines of
a Z2 gauge theory: A Z2 electric field can only take two values, 1 or 0. This corresponds to having one domain wall
strand, or no domain wall strand, on a given edge of the dual lattice. In the absence of electric charges, Gauss’s law
is ensured by the fact that domain walls are always closed.

By contrast, the electric field lines of a U(1) gauge theory need to be oriented, since the electric field is now a vector
E. In order to have a U(1) gauge description of an Ising system, it must therefore be possible to orient Ising domain
walls in a local way, in order for the theory to be local. Further, if the goal is to describe a Coulomb phase, this rule
for orienting domain walls should be such that the charge given by Gauss’s law Q = ∇ ·E is dilute.

In the Higgs phases, one is dealing with a condensate of domain walls of all shapes and sizes, and it is not possible
to find such a rule. Indeed, these phases are described by Z2, rather than U(1) gauge theories [11]. On the other hand,
in the stripe phase, most domain walls are non-contractible, and it is possible to choose a local rule of orientation
which creates an almost “pure gauge” configuration.

For example, let us consider the case of a phase with vertical stripes. First, we give a fixed orientation to each edge
of the honeycomb lattice, see Fig. S6, thereby decorating each edge with a unit vector E. This vector is chosen so
as to always have a positive vertical component. Now, on each edge, the electric field E can only take two possible
values: either E = 0, if there is no domain wall strand on the edge, or E = E if there is one. Finally, a charge variable
is defined on each honeycomb site, and ensures Gauss’s law: Q counts the number of outgoing electric vectors, minus
the number of incoming ones, see Fig. S7.

With this definition, we can see that, as long as non-contractible domain walls go “in the right direction”, there is no
charge needed, see Fig. S8 (a). This means that, deep in the stripe phase, where all domain walls are non-contractible
and their local orientation fluctuates only weakly from the vertical upwards orientation, the configurations will be
pure gauge, i.e., there will be almost no charge. Indeed, if a non-contractible domain walls starts changing its local
orientation too much (corresponding to a overhang or hairpin turn, in the language of directed polymers [88]), this
would create local charges. However, deep in the stripe phase, these configurations are disfavored. This is why the
U(1) gauge theory description becomes warranted in the stripe phase.
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(d)

<latexit sha1_base64="FXb57etZsmECuMEW+U/p5wDdMWo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot6MVjBPOA7BJmJ7PJkNkHM71iWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nUeutIijB5wk3AvpMBKBYBSN5FZd5E/oB9lget4vV+yaPQdZJU5OKpCj2S9/uYOYpSGPkEmqdc+xE/QyqlAwyaclN9U8oWxMh7xnaERDrr1sfvOUnBllQIJYmYqQzNXfExkNtZ6EvukMKY70sjcT//N6KQZXXiaiJEUescWiIJUEYzILgAyE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukfVFz6rXr+3qlcZPHUYQTOIUqOHAJDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucP1weRlA==</latexit>

+2

<latexit sha1_base64="a+TgA9lVvcp40esHElZO1efXNzo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3BNRb0IvHKOYByRJmJ7PJkNnZZaZXCCF/4MWDIl79I2/+jZNkD5pY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Mbz1xbUSsHnGccD+iAyVCwSha6eGi0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5pVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0mzUvaq5ev7aql2k8WRhxM4hXPw4BJqcAd1aACDEJ7hFd6ckfPivDsfi9ack80cwx84nz/mPIz3</latexit>

�2

<latexit sha1_base64="2d0xwcMht78d5MLgtYQMN8fZUNk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbAuot6MVjFPOAZAmzk9lkyOzsMtMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWjzhOuB/RgRKhYBSt9HBR6RVLbtmdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn80ik5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/8iVBJilyxxaIwlQRjMnub9IXmDOXYEsq0sLcSNqSaMrThFGwI3vLLq6RZKXvV8vV9tVS7yeLIwwmcwjl4cAk1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx/pRoz5</latexit>

+2

<latexit sha1_base64="a+TgA9lVvcp40esHElZO1efXNzo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3BNRb0IvHKOYByRJmJ7PJkNnZZaZXCCF/4MWDIl79I2/+jZNkD5pY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Mbz1xbUSsHnGccD+iAyVCwSha6eGi0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5pVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY26QvNGcqxJZRpYW8lbEg1ZWjDKdgQvOWXV0mzUvaq5ev7aql2k8WRhxM4hXPw4BJqcAd1aACDEJ7hFd6ckfPivDsfi9ack80cwx84nz/mPIz3</latexit>

�2

<latexit sha1_base64="2d0xwcMht78d5MLgtYQMN8fZUNk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbAuot6MVjFPOAZAmzk9lkyOzsMtMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWjzhOuB/RgRKhYBSt9HBR6RVLbtmdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn80ik5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/8iVBJilyxxaIwlQRjMnub9IXmDOXYEsq0sLcSNqSaMrThFGwI3vLLq6RZKXvV8vV9tVS7yeLIwwmcwjl4cAk1uIM6NIBBCM/wCm/OyHlx3p2PRWvOyWaO4Q+czx/pRoz5</latexit>

FIG. S8. (a) As long as domain walls have a locally vertical direction, the configuration is pure gauge, i.e. there is no charge.
(b-c) For δα 6= 0, it becomes possible to create these configurations: either a new contractible domain wall, or recombine two
non-contractible domain walls. In both cases, a vertical ±2 dipole was created. (c) shows a configuration after the recombination
process showed in Fig. 3 of the main text. (d) A dangling domain wall (i.e. π flux) has either charge q = +1 or −1.

On the other hand, when δα 6= 0, it becomes possible to create non-contractible domain walls, which are described
by an electric q = ±2 dipole, see Fig. S8 (b, c). Besides, after gauging the Ising symmetry, it becomes possible to
create static excitations called π fluxes which have a dangling domain wall. According to Gauss’s law, they would
have electric charge q = ±1, see Fig. S8 (d).
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