UC Berkeley

UC Berkeley Electronic Theses and Dissertations

Title
A fourth-order adaptive mesh refinement solver for Maxwell's Equations

Permalink
https://escholarship.org/uc/item/1vp1238d

Author
Chilton, Sven

Publication Date
2013

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/1vp1238g
https://escholarship.org
http://www.cdlib.org/

A fourth-order adaptive mesh refinement solver for Maxwell’s Equations
by
Sven Chilton
A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy
in
Engineering — Nuclear Engineering
in the

Graduate Division
of the

University of California, Berkeley

Committee in charge:

Professor Phillip Colella, Co-chair
Professor Edward Morse, Co-chair
Professor Karl van Bibber
Professor Jonathan Wurtele

Fall 2013






Abstract

A fourth-order adaptive mesh refinement solver for Maxwell’s Equations
by
Sven Chilton
Doctor of Philosophy in Engineering — Nuclear Engineering
University of California, Berkeley
Professor Phillip Colella, Co-chair

Professor Edward Morse, Co-chair

We present a fourth-order accurate, multilevel Maxwell solver, discretized in space with
a finite volume approach and advanced in time with the classical fourth-order Runge Kutta
method (RK4). Electric fields are decomposed into divergence-free and curl-free parts; we
solve for the divergence-free parts of Faraday’s Law and the Ampere-Maxwell Law while
imposing Gauss’ Laws as initial conditions. We employ a damping scheme inspired by the
Advanced Weather Research and Forecasting Model to eliminate non-physical waves reflected
off of coarse-fine grid boundaries, and Kreiss-Oliger artificial dissipation to remove standing
wave instabilities. Surprisingly, artificial dissipation appears to damp the spuriously reflected
waves at least as effectively as the atmospheric community’s damping scheme.
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Chapter 1

Introduction

1.1 Wave Reflection Problem

Multigrid and adaptive grid schemes are efficient techniques for solving systems of differential
equations numerically. The benefits of such schemes manifest themselves prominently in
systems with multiple, vastly different length scales, for example. Despite the complexity
often required to implement such algorithms, resolving only certain regions of the problem
domain finely saves significant computer time and processor power over covering the entire
problem domain with a fine grid [Berger and Colella, 1989].

However, complications arise with propagating wave solutions to systems lacking signifi-
cant dissipation, e.g. the simple wave equation, Maxwell’s Equations and extensions thereof.
In such systems, a wave traveling from a finely resolved region into a coarsely resolved re-
gion will not be transmitted correctly across the refinement boundary. Part of the wave is
reflected from the coarse-fine grid boundary and trapped inside the fine region. This is the
numerical analog of an impedance mismatch between two dielectrics.

The waves reflected from the coarse-fine grid boundaries are not physical. However, they
can interfere with physical effects. This interference limits the degree to which grid size can
be varied, which in turn limits the benefits of a multilevel scheme.

Analyzing and testing methods of overcoming these non-physical reflections and their
effects comprised a large portion of this dissertation’s background work. Ultimately, two
schemes are employed to mitigate the reflection problem: damping and artificial dissipation.
In damping schemes, one constructs a so-called sponge layer adjacent to the fine side of
a coarse-fine grid boundary, in which one adds a term which induces exponential decay of
the difference between a given variable at the current level of resolution and the next lower
resolution to the right hand side (RHS) of the PDE one is advancing in time. Artificial
dissipation schemes, in turn, entail adding appropriately-scaled, higher-derivative terms to
the RHS, not merely inside a sponge layer, but over the entire problem domain.

The damping scheme implemented in this dissertation draws inspiration from two sources:
a very similar damping scheme developed for atmospheric and climate modeling and (Asym-



metric) Perfectly Matched Layers ((A)PMLs). Damping in climate modeling problems is
discussed in Sec. 1.2. While (A)PMLs also mitigate problems associated with non-physical
reflections, they are used in a rather different context from those outlined in Sec. 1.2 and in
this thesis, as Sec. 1.3 explains.

1.2 Damping in Climate Modeling

Designing appropriate radiation BCs for numerical simulations of wave equations is a long-
standing issue, which is further complicated in simulations with nested grids at differing
resolutions. Since wave equations occur frequently in climate modeling problems, the atmo-
spheric modeling community has developed the Weather Research and Forecasting (WRF)
Model and, more recently, the Advanced Weather Research and Forecasting Model (WREF-
ARW) to address these difficulties [Davies, 1976, Skamarock et al., 2005, Harris and Durran,
2010]. WRF-ARW provides a damping scheme to minimize reflections of outgoing waves
from finely resolved regions off of coarse-fine grid boundaries, and distortion of incoming
waves from coarsely resolved regions.

Inside a so-called sponge layer adjacent to a refinement boundary, on the coarse side,
damping terms are added to the RHS of each time evolution equation in the given wave
system. One damping term is linearly proportional to the difference between fine and coarse
quantities. The other, which is not implemented in this project, is linearly proportional to
a numerical approximation of the Laplacian of that difference.

1.3 (Asymmetric) Perfectly Matched Layers

The Perfectly Matched Layer (PML) [Berenger, 1994, Berenger, 1996] and Asymmetric Per-
fectly Matched Layer (APML) [Vay, 2000, Vay, 2001, Vay, 2002] are useful techniques for
solving Maxwell’s Equations over an infinite domain numerically. In both cases, the system
is closed via the insertion of an artificial layer outside the domain of interest wherein damp-
ing terms are added to the time derivatives. In APML implementations, damping terms
are added to the spatial derivatives as well. PML methods thus form a subset of APML
methods. The damping terms are chosen such that there are no non-physical reflections of
EM field components back into the domain of interest.

There are two crucial differences between (A)PML methods and the damping scheme
used in the present work. One, in (A)PMLs, the damping term associated with each field
component is proportional to the entire field component, not the difference in that component
between two successive levels of resolution. Two, (A)PMLs are placed outside the (truncated)
problem domain, rather than inside finely resolved grids.



1.4 Artificial Dissipation

In testing our Maxwell solver on a problem with a divergence-free current source and all field
components initially equal to 0, we observed a non-physical, standing wave phenomenon in
the center of the problem domain (also the center of the current source) even with damping
terms added. Thus, we added the well-known Kreiss-Oliger artificial dissipation term [Kreiss
and Oliger, 1972, Kreiss and Oliger, 1973| to the Faraday-Ampere-Maxwell system, i.e. the
subset of Maxwell’s Equations being advanced in time. This term is added globally, not
just in the sponge layer, and on all levels. Kreiss and Oliger added their dissipation terms
to maintain stability in simulations of propagating waves with discontinuities, but the logic
behind adding them in this context is similar.

[Harris and Durran, 2010] describe a fourth-derivative artificial dissipation term, which
the authors obtained by analogy to the sixth-derivative scheme of [Knievel et al., 2007], who
in turn cite [Xue, 2000] for proposing the general scheme. In both [Knievel et al., 2007]
and [Xue, 2000], the dissipation terms are added as corrections to the flux, i.e. the first-
order spatial derivative terms of the equations being advanced in time. Curiously, we did
not observe the Gibbs overshoot mentioned in [Knievel et al., 2007].

For a more detailed discussion on artificial dissipation, in particular on choosing appro-
priate scaling coefficients, see Sec. 5.4.

1.5 Adaptive Mesh Refinement

Block-structured adaptive mesh refinement (AMR) is a powerful tool for computing numer-
ical solutions to partial differential equations involving multiple length scales and strongly
localized effects [Vay et al., 2002, Vay et al., 2004a, Vay et al., 2004b, Samtaney et al., 2004].
In the simplest form of AMR (to which we will limit ourselves in this document) a rect-
angular problem domain is first divided into evenly sized cells. Regions requiring greater
resolution (according to a user-specified criterion) are identified and covered in a disjoint
union of rectangles, which are then refined by an integer factor. The refinement procedure
is applied recursively until a maximum number of levels is reached or an accuracy criterion
is met. Fig. 1.1 depicts a typical hierarchy of AMR levels.
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Figure 1.1: A typical hierarchy of AMR levels. In this case, there is a refinement ratio of 2
between each coarse level and the next finer level.

For time-dependent problems, we refine the time spacing as well as the spatial grid to
use the same CFL number (wave propagation speed times time step divided by spatial
grid spacing) at all levels of resolution. In this case, we typically advance the equation
via subcycling in time (explained in Sec. 3.2) as opposed to advancing the equation on all
refinement levels simultaneously.

We discretize the spatial domain using a finite volume approach. Each quantity for which
we solve is approximated by its cell average, which in a given cell is the integral of the quantity
over the cell in question divided by the cell volume. These volume integrals are typically
converted to integrals over the cells’ boundary faces through the divergence theorem and
then approximated by quadratures [McCorquodale and Colella, 2011, McCorquodale, 2012].
We employ standard Cartesian finite difference approximations of spatial derivatives. We
will not consider more complicated problem domains involving embedded boundaries (which
cut across rectangular cells) or mapped grids (non-rectangular problem domains and cells
mapped to rectangular problem domains and cells) in this dissertation.

The work in progress described in this thesis represents the first 4th-order, finite volume,
AMR scheme for Maxwell’s Equations. Most Maxwell solvers employ Yee-type schemes with
staggered grids [Yee, 1966]. For example, if the magnetic fields in a Yee scheme are face-



centered, the electric fields are node-centered. Staggering has the advantage of ensuring that
B and E are manifestly divergence-free in a vacuum. However, Yee schemes are in general
2nd-order accurate, and like many other types of spatial discretization, they lose an order of
accuracy at boundaries of non-uniform grids [Monk and Siili, 1994]. Moreover, the author

knows of no successful efforts to modify a Yee scheme to allow for 4th-order accuracy and
AMR capabilities.



Chapter 2

Maxwell’s Equations

2.1 Description of equations

Maxwell’s Equations form the foundation of classical electromagnetism. They consist of a
coupled system describing the evolution of electric and magnetic fields subject to charge
densities, current densities, and boundary conditions. They can be expressed in differential
or integral form, in terms of total or free charge and current, in SI or cgs units. The
last distinction arises because charge is defined differently in cgs than SI units. Unless
explicitly stated otherwise, all equations related to Maxwell’s Equations in this document
are represented in SI units. Likewise, we will not consider the integral forms of Maxwell’s
Equations.
In terms of total charge and current, Maxwell’s Equations can be expressed as

0B

— =_-VxE

ot vV xE,

oE J

AV xB- =

ot VP Ty (2.1)
V-E:ﬁ,

€0

V-B=0.

When solving the first two of Egs. (2.1) numerically on a refinement level [ > 0, we replace
the time derivatives as indicated in the damping scheme below:

OF! OF!

—— = F'—I(F7). 2.2

o (1) 23
The damping coefficient o has units of inverse time. Associated numerical stability concerns
and final choice of o are discussed in Sec. 2.6 and Sec. 3.3, respectively. F' stands for a
component of either the magnetic field B or the electric field E. In turn, p and J are the
total electric charge and current densities, respectively. ¢, is the permittivity of free space,



and ¢ = (ppeg)~Y/? is the speed of light in a vacuum. pq, in turn, is the permeability of free

space. Numerical values of these free space quantities are given in Table 2.1.

Table 2.1: Values of free space quantities in Maxwell’s Equations.

Symbol ‘ Value ‘ Units
c 2.9979 x 10° | ms!
€0 8.8542 x 10712 | Fm™! = (C?s? kg7 m™3
140 47 x 1077 Hm™ ! =kgm C2

The top line of Egs. (2.1) is Faraday’s Law, which states that time-varying magnetic fields
yield electric fields. The second line, the Ampere-Maxwell Law, shows that magnetic fields
arise from electric currents and so-called displacement currents, i.e. time-varying electric
fields. The equations in Egs. (2.1) involving divergences are Gauss’ Laws of Electricity and
Magnetism, respectively. The former states that electric charges yield electric fields, while
the latter implies that magnetic monopoles do not exist.

In terms of free charges and currents, Maxwell’s Equations can be expressed as

0B

P . _VXE
ot S
oD
o5 = VxH-Jp, (2.3)
VD:pf?
V-B=0.

The subscript f stands for free. D is the electric displacement field, given by D = €E, where
€ is the permittivity of the medium in which the equations are to be solved. Similarly, the
magnetizing field H is given by H = B/u, where p is the permeability of the medium. Note
that if the medium is a vacuum, € = €y, u = o, and Eqgs. (2.3) are equivalent to Egs. (2.1).

2.2 Helmholtz Decomposition

Helmholtz’s Theorem guarantees that, as long as the necessary partial derivatives exist, any
vector field V can be decomposed as follows:

V=Vp+Vyp,
Vp=VA'V.V,
=Q(V)
Vr=(1-VATV).V, (2.4)
=P(V),
V xVp=0,

V.-Vr=0.



A is the Laplacian operator, given in a Cartesian space of dimension D by

U

o2
02

0

A

(2.5)

a
I
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Formulas for the Laplacian in curvilinear coordinates are given in [Arfken et al., 2005]. A~
is the inverse Laplacian, defined such that if AF = f, ' = A~ f. The form of A~! f depends
on the number of spatial dimensions D in the problem [Evans, 2010]. For D = 2,

Fz) = A f(z) = % / f(@)In|w — 2| &2, (2.6)

while for D = 3,

F(z) = A" f(z

Since B is divergence-free by Gauss’ Law of Magnetlsm, we see that the Helmholtz
decomposition of Maxwell’s Equations can be written as

(2.7)

Iw - w’l

0B
E:—VXET,
OBr P(J)
T 2V xB-
otV & (2.8)
V.-E,=2L
€o
V-B=0.

The transverse electric field and current density are expressed with different (though still
equivalent) notation because we assume that J is specified as a whole, while we are free to
solve for Er and Ep separately.

This decomposition of the electric fields in Maxwell’s Equations allows us to recast the
Faraday and Ampere-Maxwell Laws as two second-order equations in B and E, namely

0°B ) 1
and O°F 1 9P(3)
T 2
AE;, — ——2, 2.1
Ot2 T e Ot (2.10)

In the limit of no current, both Eqgs. (2.9) and (2.10) reduce to basic wave equations. Thus,
we expect that our damping algorithm can be applied successfully to Maxwell’s Equations.



2.3 Continuous Damped Maxwell Equations

Substituting Eq. (2.2) into Egs. (2.8) yields the (continuous) damped Helmholtz- decomposed
Maxwell Equations on refinement level [ > 0:

OB!
- = VX E) + o (B' - I1(B")),
OBy _ , P(J")
— L -V xB' - —"2 45 (E, - I(E:Y),
o © o o (Br—I(E) (2.11)
l
P
V-Ep =",
€0
V- -B' =0.

Recall that for [ = 0, the damping terms are not present. The charge and current densities
are related by the continuity equation
op'

W va=n, (2.12)

and, by definition,
V-EL=0. (2.13)
For the remainder of this document, we will concern ourselves primarily with the Faraday-
Ampere-Maxwell (FAM) system, i.e. the top two equations in Egs. (2.11). In solving this
system approximately (or exactly, when possible) we will assume that P(J') is known and
the divergence-free conditions on the magnetic and transverse electric fields are imposed as
initial conditions.

2.4 Faraday-Ampere-Maxwell System

We recast Faraday’s Law and the Ampere-Maxwell Law into a system of the form

oU" _
E+V-F(Ul) =S5 —o (U =1(UT)). (2.14)
Here,
Bl
I _
Ul = ( Bl ) : (2.15)
0 —EL. Eépy 0 *B! —c2B§J
F(UY = E.. 0 —E.. B 0 Bl (2.16)
—ElTy EL. 0 CZBL —c?B! 0
and
0
St = P(JY) (2.17)

€0
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In Egs. (2.14) — (2.17), the [ superscript denotes data at the current level, while [ — 1 denotes
data at the next coarser level, if it exists. The same will apply in all future equations in this
document containing terms with such superscripts.

We define the divergence of a two-dimensional array F' as

or;

(V-F); = Pr;

(2.18)

employing the Einstein summation convention. Eq (2.18) allows us to express the curl of an
arbitrary vector field V as the divergence of a two-dimensional array 7', as shown below:

VxV = eijkaijei

= 0j(€ijx Vi) e
= 0j(—€jikVi)ei (2.19)
= 0;Tjei
=V.T,
with 7" defined as
0o -V, V,
T = V. 0o Vi |. (2.20)
-V, Vi 0

Before discussing the FAM system further, we will develop the mathematical machinery
necessary to solve and analyze the system discretely.

2.5 Fourth-Order Discretization

2.5.1 Finite Volume Basics

Our discretization, advancement scheme, and interpolation algorithms are based heavily on
the work described in [McCorquodale and Colella, 2011]. However, since our flux array F is
a linear function of our field component array U (a consequence of the linearity of Maxwell’s
Equations) and the variables in our U are both conserved and primitive, we make many
simplifications, which are noted accordingly.

Each level in our problem domain is divided into rectangular control volumes. In physical
space, a control volume Vj is given by

V; = [ih, (i +u)h] foricZP u=(1,..,1), (2.21)

where h = Az = Ay = Az is the grid spacing. For the remainder of this document, h, Az,
etc. will be used interchangeably. ¢ is the control volume’s cell index. The bracket notation
in Eq. (2.21) denotes the lower left and upper right corners of the control volume in physical
space, respectively. Elsewhere, this same notation is employed to denote the indices of the
cells at the lower left and upper right corners of grids and problem domains.
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We discretize U in space by taking its average over a control volume, i.e.

(U)ilt) = hiD /V Ul 1) P (2.22)

One may specify the initial conditions of (U); either by an exact evaluation of Eq. (2.22) or
a quadrature, which must be at least fourth-order accurate for the code to achieve fourth-
order accuracy. Note that (U);(¢) is also an approximation of U at the center of cell 7 (a.k.a.
control volume V;), i.e.

(U)i(t) =U ((i + 2u)h,t) + O(h?) (2.23)

We compute the evolution of the spatially discretized system by a method-of-lines ap-
proach:

AUy 1 .
== S—V-F)d-x 2.24
At hD v;-( ) (2.24)

1

= ()i = 7 2 ((Fises = (Fio1e)
d
1 _

<Fd>i:|:%ed = W/Ai FidP e, (2.25)

d

where A;t are the high and low faces bounding V;, with normals pointing in the e, direction.
Note that (F' d)ii%ed is also an approximation of F' at the center of the high or low d-face of
Vi, i.e.

(F%) =F(U((i+ 3u + teq)h,t)) + O(h?) (2.26)

.1
itseq

2.5.2 Spatial Discretization

[McCorquodale and Colella, 2011, Sec. 2.3] describes the spatial discretization of a general
finite volume scheme for advancing hyperbolic equations. However, since our fluxes are
linear and our system makes no distinction between conserved and primitive variables, our
procedure for computing approximate face averages and approximations to derivatives is
considerably simpler. Our fourth-order accurate approximation to face averages of U is

given by . .
U110, = 15 (Oires = ) = 5 (U)isaeg = (Uie,). (2.27)

Since, in general,

oU . ;
" <a_xd> = (Dirtes = Uiz, (2.28)

Eq. (2.27) is consistent with the fourth-order approximation

8:cd

m(Fo) = 15 (W= Wee) = 5 (Whises = Wine)) 229
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Because F is linear,
(Firse, = F ((0)00,) (2.30)

Eq. (2.28), in turn, suggests the following formula for computing (fourth-order accurate
approximations to) divergences:

(V)i (D Fli= 2 5 (P g0, — (s, (2.31)
d

2.5.3 Temporal Discretization

On a single level, we advance Eq. (2.24) via the standard RK4 scheme. We approximate it
as

Wi~ (51— (0 P,

1 (2.32)

= ()i =3 2 (Fieges = Fise,)

Given (U)" ~ (U)(t"), we compute (U)" ™! ~ (U)(t" + At) as follows:
(U)(" 4+ At) = (U) (") + (k1 + 2ks + 2k3 + ky) + O(AL)°, (2.33)

with

() = (U)(t") k= ((S)(t") = D - F({U)!")) At (2.34)
UV =) + 1k ko = ((S)(t" + $At) — D - F((U)V)) At (2.35)
YD =) 4 1k, ks = ((S)(t" + $At) — D - F((U)®))) At (2.36)
(B = (YO 1 ky ko= ((S)(t" + At) — D - F((U)®)) At (2.37)

2.5.4 Interpolation in time

When filling in ghost cells outside a grid in level [ > 0, or in computing the damping term
in Eq. (2.14) (which only applies inside the sponge layer described in Sec. 3.4) we must

interpolate (U)=1(t71) to (U)!1(#), with ¢ € [#1 ¢171 + A1,
In [Fok and Rosales, 2008], the authors derive the following formula for interpolating

(U)'~! to times between ¢~! and /=1 + At'~1:
2
UV E 4 YA = (U)O 4 ey + X (=3 + 2y + 2ks — ka)
s 2 (2.38)
+ %(/ﬁ — kg — ks + ka) + O((AFHY

with x € [0,1], (U)© = (U)=1(#71), and each k; defined as in Eqgs. (2.34) — (2.37). Given
n ' = At/ At we must interpolate to each time ¢ = tF1 + sA#!, with s = 0,1, ..., n' ' —

Mot = ) Myt
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1= anref. At each of these times, we need to find fourth-order approximations to each (U )(i),

as defined in Egs. (2.34) — (2.37).
Through a complicated derivation [McCorquodale and Colella, 2011, McCorquodale, 2012]
we find

S
:<U>(O) + <nz—1> k1
ref
L (—3ky -+ 2k + 2ks — ki)
2 \ (nl')? ! 2 o
2 53 4
3\ ) (= ke = Ry o+ k) + O((AL)). (2.39)
(nref )
()0 =) + (i + ) 2
o 2ngd
*1( . )(3k+2k+2k ks)
2 - - oM 2 3 R4
2 \(n)?  (nig')?
2 53 352
"3 ((n"l)3 " Q(nl_l)?’) (k1 = ko — ks + ka) + O((AE)"); (2.40)
ref ref

+1( A S >(3k+2k+2k k)
5 _ _ — —OK] 2 3 — Ryq
2 (nf‘efl)2 (nf“ef1>2 Q(nief1)2
2 s3 352 3s 3
+ = + + + ki — ko — ks + k
3 ((nieR)?’ 2(mg ) 2(ng')? 8<n£e£>3) (o = Fa = ks + B
1
T (ke — ks) + O((At')); (2.41)
ref
S 1
<U>(3) :<U>(0) + (F + ﬁ) Ky
ref ref
1 ( 52 25 1 )
+ = — + — + — (—3k1 + 2kg + 2k3 — k4)
2 (niefl)Q (nf“efl)Q (nlref1>2
2 ( 53 352 3s 3 >
+ = —— + ——+ —— + — (k1 — ko — k3 + ky)
3 (nf‘efl)g (niefl>3 (nlref1>3 4(nf‘ef1)3
1
+ (ks — ko) + O((A)Y). (2.42)

2(nl_1)2
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2.5.5 Interpolation in space

Consider the ghost cell layer just outside and the sponge layer just inside each grid in level
[ > 0. For each component u of our array of conserved variables U, we fill in ghost cells and
compute damping terms by interpolating (u)!~! (averages over coarse cells) to (u)! (averages
over fine cells) with cubic Taylor polynomials. We assume that (u)"~! has already been
interpolated to the correct time, if necessary.

For each coarse cell indexed by ¢ € ZP, we use the following notations [McCorquodale
and Colella, 2011, Sec. 3.2]:

e F(2) is the set of fine cells contained within .

e a;, (for p € NP such that ||p[l; = >, [pal < 3) are the coefficients that will be used
for interpolation to (u)k for all k € F(z). These will be the coefficients of the Taylor
polynomial of degree 3 for v around the center of cell 2. The number of coefficients for
each coarse cell in 2D is 10, and in 3D is 20. The coefficients will be computed from
values of (u)'=t.

e N (3) is the set of coarse cells used as a stencil from which to take (u)'~! in order to
find the coefficients a;,. See [McCorquodale and Colella, 2011, Sec. 3.2.2] for a more
detailed description.

-1

For z € RP and p € NP, we write (2P);

over coarse cell 7 or fine cell k, of

2 = [~ K@), (2.43)

d

or (2P)L to denote the average, respectively

where

2-4
if ¢ > 0 and q is even;
Kq)=4 q+1 1 1 (2.44)
0 otherwise.

This constant is included to simplify numerical calculations; the average of zP on the cube
[—3,3]P is 1if p =0, and 0 otherwise.
To obtain the coefficients a; , for coarse cell 2, we solve a constrained linear least-squares

problem [Golub and Van Loan, 1996, pgs. 585-586] for the overdetermined system
> aipl@— @) = (w7 for all § € N(3) — {i}, (2.45)

peND
lpll1<3

where N (i) — {4} is the set of all coarse cells in the stencil ezcept for ¢ itself. Eq. (2.45) is
subject to the conservation constraint

D aipll@— )Pt = () (2.46)
Hﬁ?;
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where x; is the center of cell 2. We then use the coefficients a;;, to interpolate for each fine

cell k € F(2):
(Wi =Y aip((@ —z:)")i. (2.47)

peND
lpll1<3

The conservation constraint Eq. (2.46) follows from the general definition of averaging
down: .
D > (u) = ()i (2.48)
ref keF (i)

This is true whether one computes the average as defined in Eq. (2.22) or Eq. (2.43). Sub-
stituting Eq. (2.47) into Eq. (2.48) yields

5 > D aipll@—@)P) = ()i (2.49)

( ref ke}‘ () peNP
lIplli<3

But it also follows from Eq. (2.48) that for each p,
1
(nlfl)[) Z <(CU - m'b)p>§c = <<.’B - wz) >l ! (250)
ref /' ke F(4)

For D = 2, Eq. (2.45) contains 10 variables (i.e. the a;j, coefficients) and 11 or 12
equations. For D = 3, we have 20 variables and 30 to 32 equations. Converting these
constrained least-squares problems to unconstrained ones is described in [McCorquodale,
2012, pgs. 23-24], which, in turn, relies on formulas from [Golub and Van Loan, 1996].

2.6 Stability Analysis of the
Faraday-Ampere-Maxwell System

2.6.1 Source-Free Faraday-Ampere-Maxwell System

For simplicity, let us first consider the undamped, source-free Maxwell Equations. These can
be expressed as

0B

— =-VxE

Bt e

oE

5 — ¢V xB, (2.51)
V-E=0,

V-B=0.

In this case, E = Er and Ep = 0, since V - Er = 0 by definition, while V - Ep = 0 by virtue
of an absence of charge density.
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Equivalently, the undamped, source-free Faraday-Ampere-Maxwell (FAM) system may
be written as

oU!
—— 4+ V-FU") =0, (2.52)
ot
o 0 0 0 0
B B B B
— Ay — A, — A, - — =0, 2.53
sile) 45 (e) v g (e ) 2a(E) (2:53)
where
0 0 0
O 00 -1
01 0
A, = 00 0 , (2.54)
0 0 ¢
0 -2 0 O
001
O 000
-1 00
0 0 O
0 0 O
and
0 -1 0
O 1 00
0O 00
A, = 0 & 0 ) (2.56)
- 0 0
0O 0 0 O

The eigenvalues of each A; matrix are —c¢, 0 and ¢, each with a multiplicity of 2. Each
A; has an associated matrix R; with each column given by a right eigenvector of A;. Con-
ventionally, the columns are arranged such that the leftmost column in R; is associated with
the lowest eigenvalue in A;, the second leftmost column is associated with the second lowest
eigenvalue, and so on. Thus,

0 0 1 0 0 0
¢! 0 00 —ct 0
0 —c' 00 0 ¢t
Ry = 0 0 01 0 0 ’ (2'57)
0 1 0 0 0 1
1 0 0 0 1 0



0 —ct
0 0
¢l 0
Ry = 1 0
0 0
0 1
and
¢! 0
0 —ct
0 0
R, = 0 1
1 0
0 0

o OO o= O

OO = OO

0

SO = O O OO

_ o O O O O

-1

0 c
0 0
ct 0
1 0
0 0
0 1
cl 0
0 c!
0 0
0 1
1 0
0 0
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, (2.58)

(2.59)

Likewise, each A; has an associated matrix L;, defined as the inverse of R;. Each row
in L; is a left eigenvector of A;. Following the convention by which the R; matrices are
constructed, the top row in L; is associated with the lowest eigenvalue of A;, the second row
in is associated with the second lowest eigenvalue, and so on. Thus,

0 ¢/2 0
0 0 —c¢/2
1 0 0
La = 0 0 0
0 —¢/2 0
0 0 c/2
0 0 ¢/2
—¢/2 0 0
0 1 0
Ly = 0 0 0
0 0 —c¢/2
c/2 0 0
and
c/2 0 0
0 —¢/2 0
0 0 1
L 0 0 0
¢/2 0 0
0 c/2 0

1/2

0

1/2

OO = O OO

1/2
0

1/2

o= O OO

0

, (2.60)

, (2.61)

(2.62)

For any A;, R;, and L; (not just those defined for the Faraday-Ampere-Maxwell system),
L; - A; - R; = diag(\; ), where A, < X1 Vm € [1,dimU — 1]. Thus, for the Faraday-

Ampere-Maxwell system,

L;-A; - R; = diag(—c, —¢,0,0, ¢, c).

(2.63)
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2.6.2 Damped, Source-Free Faraday-Ampere-Maxwell System

Now we consider systems of the form

W ) = o (0 1Y), 20

For Maxwell’s Equations, the terms in Eq. (2.64) are as defined at the beginning of Sec. 2.4.
To assist in the analysis of the damped, source-free Maxwell system, we define

U=U"—1U1 (2.65)

for each component of U. Since F' as defined in Eq. (2.16) is a linear operator of U, we have

%—Z:%—V-F(U) = —old, (2.66)
which can also be expressed as
B, B,
9 gy o =& & 0 B, —c*B, gy
% gz +V- E 0 =& —c3B, 0 B, | =—0o gz . (2.67)
r _ 2 2 T
g, & & O By, —c°B; 0 g,
£, &,
or equivalently,
B, 00 O B,
B, O 00 —1 B,
2 B. | _ 01 0 2 B.
ot & | 0O 0 0 or | &
&, 0 0 ¢ &,
£, 0 —c* 0 O £,
0 0 1 B,
O 0 00 B,
-1 0 0 0 B,
— 0 0 —c2 3_y c. (2.68)
0 0 O &y
20 0 O £,
0 —1 0 B, B.
O 1 00 B, B,
_ 0O 00 2 B. | B.
0 @0 2| & | 7 &
-2 0 0 O &y &y
0 0 0 E. o
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Now, we express U in terms of discrete Fourier transforms (DFTs) as

u(jx7jy,jz) — E u(kx7ky7kz)e2mkz]zAz/Lz 627T’kaijy/Ly e2mkzjzAz/Lz ) (269)
kkayykz

Assuming periodic boundary conditions, and using the fourth-order stencils for first deriva-
tives described in Eq. (2.29), we have

ou

dr

Z:l(kxykyvkz) 8 onik (jz+1)Az/L 2miky (ju—1)Ax/L
Z Az 12 (6 — ¢ )

(Jady»iz) K ky ko

1 i »
_E (627F’Lkz(jz+2)A$/Lz . 627”161(305*2)A90/Lz)

o @2mikydyAy/Ly ,2miksj:Az/Le

_ Z Z;[k o) 2ikejaAe/ Ly ,2mikyjy Ay/ Ly ,2mikzj=Az/ L
ook,

1 8 mike Ax /Ly —2miky Az /Ly
XA_x|:_(62 koL _ ,—2nik /L) (2.70)
1 Amiks Az /L, —4miky Az /Ly
1o (€ e ")
_ Z z;[(kl,ky,k’ )e27rzkxijm/LxeZwikyijy/Ly e27rikzjzAz/Lz
:c,kya z
" 1 8 i 2wk Az . (4Ank. Az
—_— my|y\ ——m—m —sim |\ ———-—-
_ Z i0 Z/A{(k:gc ky’kz)€27rikzjzA:r/LzeQwikyijy/Ly€2m'kzjzAz/LZ’
ke ky,k-
with 1 2k, A\ 4k, A
2= [8 sin (%) — sin (%)} . (2.71)

If we define 2, and €, similarly, the DFTs of %—Z and g—LZ’ are analogous to Eq. (2.70).
Substituting Eq. (2.70) into Eq. (2.68), we find that at each Fourier node (k,, ky, k.), we

B, 0 —i i, B,

B, 2, 0 =i, B,
d| B | ol —iQ, Q0 B, (2.72)
at | & | 0 ic*Q,  —ic*Q, E, '

s —ic?Q, 0 ic?Q, &

5 ic*Q,  —ic*Q, 0 O-]I 5

I
I
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With the help of a computer algebra system (or through exceedingly tedious algebra by
hand) we see that the matrix on the right side of Eq. (2.72) has the following eigenvalues,

each with multiplicity 2: —o —ic\/Q2 + QF +Q2, —0, —0 +ic\/QF + Q7 + Q2.

We see that Eq. (2.72) is of the form

dU
—=M-U 2.73
— , (273

where U and M are generic 1- and 2-D (square) arrays, respectively. If the components of
M are constant in time, the exact solution to Eq. (2.73) is given by

U(t) = exp(Mt) - U(0), (2.74)
or, if M is diagonalizable (which ours is),
U(t) = V- exp(At) - V=1 - U(0), (2.75)

where V' is a matrix of right eigenvectors of M and A is a diagonal matrix of eigenvalues of M.
Proving that Eq. (2.75) follows from Eq. (2.74) for diagonalizable matrices is a reader exercise
in [Iserles, 1996, pg. 304]. It follows readily from the definition of the matrix exponential

exp(M) =1+ Z M (2.76)

and the fact that for any diagonalizable matrix M = VAV ™! and integer n > 1,

M" = (VAV H(VAV Y - (VAV
= (VAV WAV Y ... (VAV T
= (VA VH ... (VAVTY
=VA'V!

(2.77)

If we advance Eq. (2.73) in time with a Runge-Kutta method, we find that U at the nth
time step is approximately given by

UnAt) ~U" =V - R(AAY)" - V1. U(0) (2.78)
[Iserles, 1996, pg. 60], where

R(MAD) 0
R(AAt) = ay 7 (2.79)
0 R(\At)

and R(z) is the stability function [Hairer and Wanner, 1996, pg. 40] of the Runge-Kutta
method used to advance Eq. (2.73). It is given by

R(z) =1+zb" - (I —2zA)""-e. (2.80)
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Here, z is the complex variable x + 7y, the T superscript denotes a transposition, e =
(1,...,1)T, with dim e equal to the number of stages of the Runge-Kutta advance, and I is an
identity matrix. A and b refer to the Butcher diagram of the advance [Butcher, 1964, Hairer
et al., 1993], given by

c A

(2.81)
bT
In the case of the RK4 advance, we have
0 0 00
e /2 0 00
0 1/2 0 0
0 0 10 (2.82)
v! = (1/6,2/6,2/6,1/6)
c=(0,1/2,1/2,1)T,
Straightforward algebra shows that for the RK4 advance,
2 3 4
=1 —+ =+ —. 2.83
R(z) tat o+ tg; (2.83)

For a general Runge-Kutta advance to be stable, we must have |R(\,At)] <1V m €
[1,dim U]. For our problem, —cAt & ic,/Q2 + Q2 + QZAt must lie in the region of absolute
stability (RAS), the region in the complex plane in which |R(z)| < 1. Each Runge-Kutta
scheme has an associated RAS. The RAS for RK4 is depicted in the figure below:
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Figure 2.1: Plot of the region of absolute stability for the RK4 advance. Here, the argument
of the stability function R is z = x + iy = —0 At fic\/Q7 + Q2 + Q2AL.

Let w, = 6Axz€),. Define w, and w, similarly. Through straightforward application of
calculus, algebra and trigonometry (in particular the double-angle identities) we find the

maximum value of each w; is
Wi = \/9 + 24V/6 ~ 8.233. (2.84)

The maximum height with respect to the x-axis of the region of absolute stability for RK4
is approximately 2.937, which implies that

cAt
max (c, /o2 + 02+ Q;At) — max <6A—x, Jo? + w2+ wz) ~ 2.937, (2.85)

assuming that Az = Ay = Az. Using Eq. (2.84), we find that advancing the source-free
Maxwell system in space via the fourth-order stencils [to be given earlier] and in time via
RK4 implies the approximate CFL condition

cAt _ (2.937)(6)
Az ¥ (8.233)V/3

A

~ 1.236. (2.86)

L



23

In general, when advancing hyperbolic equations, % ~ const. is necessary for resolving

waves within the specified accuracy. This constant is typically the inverse of the maximum
wave speed of the given system, so Eq. (2.86) does not constitute an excessively restrictive

CFL condition for Maxwell’s Equations [LeVeque, 2002, pgs. 68-71].
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Chapter 3

Implementation

3.1 Chombo code library

Chombo is a set of C++ classes designed to support block-structured AMR applications. The
Applied Numerical Algorithms Group (ANAG) at Lawrence Berkeley National Laboratory
(LBNL) develops, maintains, and tests these classes [Colella et al., 2012]. While Chombo
uses C++ for structure and code steering, most array operations are carried out in Fortran
for performance reasons. Chombo provides an interface macro, ChomboFortran, that allows
the user to write dimension-independent Fortran code, which itself can be called from C++.
We will use the following libraries:

e BaseTools, for dimension-independent helper and data holder classes

e BoxTools, for rectangular array operations, Z" set operations, defining data on unions
of rectangles, and assigning such data to processors

e AMRTools, for operations common in AMR algorithms, such as interpolation, averag-
ing, and refluxing

e AMRTimeDependent, for advancing hyperbolic PDEs, such as gas dynamics and the
Faraday-Ampere-Maxwell system

The most general structure of an AMR code with Chombo classes is illustrated in Fig. 3.1
below:
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AMRLevelFactory:new_amrlevel )

AMRLevel:define

AMR::define

AMRLevel:initialGrid )
AMRLevel:initialData )

|
|
/—( AMR::setupForNewAMRRun

AMR::initialGrid

AMRLevel:tagCellsiInit )

Initialization

AMRLevel:postinitialize )

AMRLevel:computelnitialDt )

AMRLevel:readCheckpointHeader )
AMR::setupForRestart
AMRLevel:readCheckpointLevel )

AMRLevel:tagCells )
AMRLevel:preRegrid )

AMRLevel:regrid

AMRLevel:postRegrid )

AMR::regrid

AMR::timeStep

AMRLevel:computeDt )
AMRLevel:advance )
AMRLevel:postTimeStep )

AMRLevel:writePlotHeader )

AMR::writePlotFile
AMRLevel:writePlotLevel )

AMRLevel:writeCheckpointHeader )
AMR::writeCheckpointFile
AMRLevel:writeCheckpointLevel )

Figure 3.1: General structure of an AMR code. The user typically writes classes derived
from AMRLevel for specific problems. Reprinted from [Claridge, 2011] with permission from
the author.

The primary classes for solving the Faraday-Ampere-Maxwell system, and their basic
relationships, are illustrated in Fig. 3.2 below:



™ LevelGridMetrics

LevelData<FluxBox>m_N
LevelData<FArrayBox> m_J
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AMRLevelMaxwell initialGrid() PatchMaxwellOperator
LevelGridMetrics m_levelGridMetrics pOSlIn.lllﬂlGrld() GodunovPhysics* m_gdnvPhysics
LevelConsOperator m_levelConsOperator poslllem.edS[ep() GodunovUtilities m_util
FourthOrderFineInterp m_fineInterp Ser;ris(g)n 0 setCurrentBox()
LevelData<FArrayBox> m_Uold, m_Unew X .

setCurrentTime()

advance() evalRHS()

postTimeStep() updateODE()

tagCells() LevelMaxwellOperator

:ﬁillijgn 40 PatchConsOperator m_patchConsOperator

L FourthOrderFillPatch m_patcher

initialData()

postInitialize() evalRHS()

computeDt() updateODE()

computelnitialDt()

computePNDcomp()

computeDiv()

FourthOrderFillPatch
FourthOrderFinelnterp m_spacelnterpolator
TimelnterpolatorRK4 m_timeInterpolator
LevelData<FArrayBox> m_coarsenedFineData
LayoutData<IntVectSet> m_coarsenedGhosts
TimelnterpolatorRK4 filllnterp()

LevelData<FArrayBox> m_taylorCoeffs

FourthOrderFmeInterp LevelData<FArrayBox> m_rhsCopy

FourthOrderPatchInterp m_patchInterp

LevelData< BaseFab<IntVect> > m_stencilHere setD[(). .
LevelData<FArrayBox> m_coarseData savelnitialSoln()
Vi ate T2 X coars ala
Y - saveRHS()
interpToFine() interpolate()

interpOnPatch()

FourthOrderPatchInterp

BaseFab<FourthOrderInterpStencil*> m_stencils

setCoarseBox()

setStencil() FourthOrderInterpStencil
interpToFine()

FArrayBox m_coarseToFineFab
Vector<int> m_coarseBaselndices

fillFine()

Figure 3.2: Software configuration for the Maxwell code. Modified from Fig. 6 in [Mc-
Corquodale, 2012] with permission from the author.

3.1.1 Important Chombo tools

A rectangular problem domain in Chombo is covered by disjoint unions of rectangles at
different resolutions. Each such union at a particular level of resolution [ is termed €', which
is given by

o =[ ot (3.1)

k

where QVF is a rectangle at the Ith level of resolution. Each Q'*, in turn, is divided into
square control volumes, or cells. Each cell is identified with a D-dimensional array of integer
components (ig, ...,ip_1) = ¢ € ZP. The cell identified with % occupies the physical space
[y + ih, 2o + (i + w)h], where &y € RP represents some sort of coordinate origin or offset,
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w = (1,...,1) € ZP, and h is the mesh spacing. The bracket notation lists the coordinates of
the lower left and upper right corners of (in this case) the cell, i.e. [lower left corner, upper
right corner].

The integer array ¢ is represented by the class IntVect in the BoxTools library.

Each rectangular grid at a given resolution level [ is termed a grid or a box, and is
expressed as I', B, or Q"% depending on context. A box B is typically expressed in the
abbreviated bracket notation given above as [Ziower lefts Tupper right], Where each 2 is an IntVect.
B is represented by the class Box in the BoxTools library.

Q! in turn, is represented by the class DisjointBoxLayout, which also handles the
assignment of the Boxes in Q' to different processors.

At each time step, we calculate an m-component array U at each cell in each box on each
level. In the context of this project, m = 6: 3 components each for B and E. Our array can
thus be described as U : RP — R™, or more accurately as a mapping from a subset of RP to
R™. Though it is expressed in terms of IntVect cell indices rather than physical coordinates,
each Box B is a subset of RP. U over such subsets, i.e. U : B — R™ or U : Q" — R™,
is represented by the class FArrayBox. In turn, U : Q' — R™ is represented by the class
LevelData<FArrayBox>, essentially a union of FArrayBoxes [Colella et al., 2012].

3.2 Subcycling in time

Subcycling consists of first advancing the coarsest level (I = 0) from time ¢ to t + At (i.e. ¢
plus the coarsest time step), then the next coarsest level (I = 1) from ¢ to ¢t + At!, and so on
until we reach the final refinement level /... Then we keep advancing level [,., from t to
t 4 nhreT I Aphax = ¢ 4 Aphwax—1 ] gince nplmex—! = Aghmax—1 /A¢lmax We then amend the level
Imax — 1 solution at time ¢ + At'mex—1 with data from level [, using so-called flux registers.
We then repeat the process of advancing level /., and amending level [, — 1 until we reach
time ¢t + At'==x=2_ at which point we amend the data on level [, — 2 as well. We then work
our way down the levels recursively until all are advanced to t + At and corrected with
the appropriate flux registers. This process is illustrated in all the advancement algorithms

described in Chapter 2, for example in Alg. 3, and in Fig. 3.3 below.
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level O level 1 level 2

Figure 3.3: Illustration of subcycling in time with a refinement ratio of 2 between levels
0 and 1 and a refinement ratio of 4 between levels 1 and 2. The vertical arrows indicate
advancement in time by A#!. The horizontal, dotted arrows indicate updates of coarse data
via averaging and flux registers. The numbers indicate the order in which the advancements
and updates take place.

3.2.1 Averaging down fine solutions to coarse solutions

Now we need to clarify what is meant by amending a coarse solution and flux registers. First,
we define a coarsening operator

Co(3) = Q%J VD;D , (3.2)

where |x] is the largest integer less than or equal to . We can also apply C, to IntVectSets,
Boxes, and DisjointBoxLayouts. In particular, C,i—: QY Cc Qe Cot (Q2') is the portion

of Q! that O covers. Similarly, we have an inverse coarsening operator, defined such that
C—ll,1 (Cnl7f1 (Ql)> — Ql.
Tref re
After computing (U)max=1(t 4 Atlmax=1) and (U )lmex(t + nlma"*lAtlma") = (U)hmax(t +

ref

Atmax=1) we first replace (U)max=1(¢+At'm»~1) with an averaged-down version of (U)!max (¢ +
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Atlmax=1) in accordance with Eq. (2.48), i.e
<U>émax_l(t + Atlmax_l) —

1 max max — y max 33
= ST U AT Y € € (2), (3.3)

lmax - 1
(nref ) keF(i)

3.2.2 Flux Registers

Now, because D - F' is computed with face averages, when we replace (U )max=1(¢ 4 Aglmax—1)
with its averaged-down equivalent on ann%ax_l(lea"), we also need to replace (F'?)max—1 on
the d-faces of the cells bounding ann}ax_l(leaX) with values averaged down from (F?)max on

those boundary faces. We define the sets of d-faces in Q'm=~1 adjoining Q'm=x as
(lir,n:le;x ={i+ %ed citeg ¢ ann}ax—l(leax)’ ic Cnl"}ax_l(leax)}. (3.4)

Gt bmax are, respectively, the sets of high and low d-faces of Q'=» expressed in indices of Qlmax~1

For each 1 + 1 5€q € Clma" U Clm‘”‘ and each integer s € [1, ..., nlr‘gfa"*l], we compute

_lmax 1
(FO)iire, (t+ sAth) = (T > (FY Wi, (t o sA). (3.5)
ref k+ie eFd

The sum is over the set of all boundary d-faces of Q= which coincide with the d-face 4+ %ed

e Olmax— d ! 1,1 . B Imax—1 | 1
in Qmax=t e, F= [intt T + 5eq, (1 +u — eq)n i + 5eq

On ¢, . U Imax we define the flux register 5Fall‘“a" as

lmaxfl
1 nref —lmax
St At = oo 3 (P77t + sAt) (3.6)
ref s=1 ’

and the reflux divergence operator Dy as

lmax pu— f
Dp(6F"™); = hlmax Z > EF, (3.7)

d=0 4+=+,—:
i+3 edGClmaX

The flux register and the reflux divergence are defined to be zero everywhere else.

After updating (U)bmax—1(¢ 4 Attmax=1) on anniaxq(leaX) as in Eq. (3.3), we increment it
with —Aglmax=1 ) p (§ Flmax), "

Averaging down and refluxing are carried out recursively down through the refinement
levels, whenever (U)!(t + nl'At)) = (U)!(t + At"™!) has been computed and amended ap-

propriately. We simply replace all references to level [, in the equations and definitions in
Sec. 3.2.1 and Sec. 3.2.2 with level [.
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The notation in this section differs from that of [Colella et al., 2012, Sec. 3.1.2.3]. This
is an attempt to maintain consistency with Sec. 2.5 and the earlier sections of this chapter,
not to mention to avoid using (-) to denote two different types of averages.

Tagging cells for further refinement, storing and advancing data on multiple levels, and
subcycling in time require more complex algorithms and data structures than traditional
single-level schemes. Moreover, these algorithms are much more difficult (if not impossible)
to implement with procedural rather than object-oriented programming. However, despite
the complexity of tagging cells for refinement and of subcycling in time, employing AMR to
obtain fine grids only where they are necessary and using coarser grids everywhere else offers
tremendous savings in time and computational cost (storage, memory, etc.).

3.3 Damping Coefficient

In choosing the optimum damping coefficient o, we would ideally specify the various Fourier
nodes k;, space steps Az; and domain lengths L;, from which we would compute the €,
values, which we would then use to determine the o that minimizes |R(z)|, with z = —cAt+
cAt,/Q2 + Q2 + Q2. However, because our code does not employ spatial Fourier transforms
in advancing PDEs, implementing such a function, we choose as our damping coefficient the
value of o corresponding to the tallest part of the RAS. For an RK4 advance of the source-
free Maxwell system (for that matter, of any non-dispersive, non-dissipative wave equation)
this yields o ~ 0.329/At. This choice allows the greatest possible range of Fourier nodes
while remaining inside the RAS.

3.4 Construction of the Sponge Layer

In implementing the damping scheme, we will solve Eq. (2.52) on most of the problem
domain. We will only solve Eq. (2.64) in the complement to the proper nesting domain in
each refined box B. The proper nesting domain Bp,q of each box B is defined as the set
of all points contained within B that lie no fewer than p units away from any edge of the
disjoint union of refined rectangles €2, not including edges of B or any rectangle contained
in Q' abutting the problem domain boundary. The complement to the proper nesting domain
of each box B, therefore, is the set of all points contained within B that lie no more than
p units away from any edge of the disjoint union of refined rectangles Q', not including the
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problem domain boundary. In set theoretic notation,

Bpnd = ﬂ ((Qinod + U) N Bmod)

vE[—pu,pu]

= m ((Ukﬂgﬁ)d + U) N Bmod) (38)
vE[—pu,pu]
= 1 U (kg +0) N Bua)

vE[—pu,pu]

where [ is the refinement level of the disjoint union of boxes of which B is a part, Q5% denotes
an arbitrary box within Q!, v is an offset vector, u is a vector with components all equal to
+1, and v € [—pu, pu] is an abbreviated notation meaning v € p(£1,+1,...,£1). Bpoq is
defined by the following algorithm

Algorithm 1 B,,0q4(B,2): Growing a box B so that B,,q abuts the problem domain (2 if
B abuts 2

Bmod = B

11, = cell index of lower left corner of Boq

2p; = cell index of upper right corner of Biyoq

Ji1o = cell index of lower left corner of problem domain

Jni = cell index of upper right corner of problem domain

for d € [0,D — 1] do

if 2, - e4 = 710 - €4 then

1o 1= 1 — €q
end if
if ihi c€yq = jhi * €y then
Thi == Thi + €4
end if
end for

with each box Q4%  within Q! defined similarly.

The complement to Bpua, By, 1s given by
gnd = (Bmod - Bpnd) N B. (39)
Fig. 3.4 illustrates the relationships between B, Buod, Bpnds Bpuas Q! and QL _, for an

arbitrary B and Q.
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13 Lk 0o
Qmod Q- Ql(mod) = Uk Q(mod)
QZ,Q
B = Q0
Bpnd Bpnd
Ql,l
Bmod = Qi;lood

Figure 3.4: An arbitrary box B = Q" abutting the boundary of the problem domain °,
the disjoint box layout Q! to which the box belongs, the box’s proper nesting domain By,
and the complement to the proper nesting domain By 4, a.k.a. the sponge layer.

The sponge layer is constructed in the levelSetup () function of the class AMRLevelMaxwell.
As sponge layers and grids are intrinsically related, the two are created simultaneously. We
have added the following two functions to the AMRLevelMaxwell class to assist in the con-
struction of the sponge layer:

e IntVectSet shiftVectSet(const int& a_sf)

Construct a complete set of IntVects with all components equal to +a_sf. Corre-
sponds to the set of vectors v by which we shift the box Q'F in Eq. (3.8).

— a_sf: The absolute value of each component of each vector in the set of shifting
vectors. Corresponds to p in Eq. (3.8).

e IntVectSet computePNDcomp(const Box& a_box,
const inté& a_shift,
const DisjointBoxLayout& a_dbl)

Compute the PND complement of a_box as in Alg. 1, Eq. (3.8), and Eq. (3.9).



33

— a_box: Box whose PND complement we are computing. Corresponds to B in

Eq. (3.8).

— a_shift: Integer specifying the magnitude of each component of the shifting
vectors. Corresponds to p in Eq. (3.8).

— a_dbl: Set of all boxes at the level [ where this function is called. Corresponds
to Q' in Eq. (3.8).

Numerical experiments with the scalar wave equation (and [Harris and Durran, 2010])
seem to suggest that ramping up o from the inside of the sponge layer (the layer of cells
directly adjacent to the proper nesting domain of the fine region) to the outside (the layer
of cells adjacent to the coarse-fine grid boundary) yields better damping than would be
obtained from a single ¢ in the entire sponge layer. We have tested several formulas for
ramping up o in a sponge layer N cells thick. To simplify our damping coefficient formulas,
let us define n as an integer € [1,N], £ = n/N, and oy = 0.329/At. In this case, n = 1
corresponds to the layer of coarse cells adjacent to the proper nesting domain and n = N is
the layer of coarse cells just on the fine side of the coarse-fine grid boundary.

Harris and Durran ramp up o linearly [Harris and Durran, 2010]:

(&) = ooé. (3.10)

As such, this was the first damping coefficient ramp-up scheme we implemented.
However, we then began to experiment with ramp-up schemes smoother at n = 1 and
n = N. To that end, we tested ramp-up formulas of the form

s

o(€) = o sin? (7> : (3.11)

where p is a positive integer.

We determined through more numerical experimentation that the sinusoidal ramp-up
schemes resulted in greater errors and erroneous growth in £, in the case of a plane wave
propagating along the z-axis from a finely resolved to a coarsely resolved region, with the
wave marginally resolved on the fine grid and clearly underresolved on the coarse grid. We
also implemented several ramp-up schemes of the form

o(€) = 00C / (6(1— &))Pde. (3.12)

with no integration constant and C' chosen such that C fol (&(1 = &))PdE = 1. In theory, this
results in as much cumulative damping as the linear scheme in Eq. (3.10), since

/Olsdfz%:/010/05(5,(1_5,))%5, s,
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assuming C is chosen as described above. Furthermore, since (£(1 —¢&))P is symmetric about
§ = 1/2, o chosen according to Eq. (3.12) will equal 1/2 at { = 1/2, i.e. halfway into By ;.

We construct the sponge layer with varying o via the following pseudocode:

Algorithm 2 Construction of the sponge layer at level [

for n € [1,N] do
p=(N—-n+1)Az""/Az!
for each Box B in DisjointBoxLayout Q' do

Bpnd = ﬂve[—pu,pu} Uk ((lekod + U) A Bmod)
Bgnd = (Bmod - Bpnd) NnB

o=o0c(§) in B¢ a
end for

end for

3.5 Interpolation

The basic algorithm for constructing the right hand side of Eq. (2.64) in Chombo is:

e Set up coarsened versions of the fine grids, with the appropriate number of coarse
ghost cells. The first part of this is carried out with the coarsen modification function
defined in the DisjointBoxLayout class. The coarse level ghost vectors and coarsened
version of the fine grids are then used in defining a LevelData<FArrayBox> named
coarsenedFineU.

Interpolate coarse data on coarsened versions of fine grids, defined at #~! (i.e., the
time on the next coarser level from which we’re advancing) to coarse data on coars-
ened versions of fine grids, defined at ' + At! (i.e., the time on the current level to
which we’re advancing). This is carried out when the interpolate function of the
TimeInterpolatorRK4 class.

Interpolate coarsened fine data at t 4+ A#! to fine data at t' + At!. This is carried out
FArrayBox by FArrayBox, as follows:

e for cach FArrayBox in U’

— Get the associated coarsened fine Box

— Grow that Box by the number of coarse ghost cells corresponding to the fine ghost
cells that need to be filled

Convert the ghosted, coarsened fine Box to an IntVectSet.

Interpolate coarsened data on the ghosted, coarsened fine Box
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e endfor

e for each FArrayBox in U!

Negate interpolated coarse data (I(U'!)) with the %= operator.
— Add fine data (U') with += operator.
Multiply by 1/At with *= operator.

Multiply by o At, which is non-zero in the sponge layer and zero everywhere else.

e endfor

3.6 Advancing the basic, source-free hyperbolic
system

We will advance Eq. (2.52) as described in [McCorquodale and Colella, 2011] and [Colella
et al., 2012, Ch. 5]. As indicated in [Colella et al., 2012], the advancement algorithm for this
system is given by Alg. 3:

Algorithm 3 advance(l): Advancing a simple hyperbolic conservation system
ULt + Atl) := RK4 (U'(#), ¢, At!), with &0 = v . F(U)
if | < lp. then
0Fy=—Fyon ¢t juct) Vde[0,D—1]

end if
ifl >0 then_l
0F) = 4<F4 on ¢ ,U¢ ,Vde[0,D—1]
nrcf ’ ’
end if

for ¢ € [0,nl; — 1] do
advance(l + 1)
end for
U'(t' + At') = average(U™ (' + At'), njy) on C (Q71)

Ut + A = Ut + At — AEDR(sFH)

th=1t + At

nétep = nétep + 1

if (nétep =0 mod 7Nyegria) and (nét_e; # 0 mod Nyegria) then
regrid(/)

end if
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3.7 Advancing the damped, source-free system

Advancing Eq. (2.64) is similar to advancing Eq. (2.52). We merely add the steps outlined
in Sec. 3.5 to Alg. 3, as indicated below:

Algorithm 4 advance(l): Advancing a damped hyperbolic conservation system
Ul + At') == RK4 (U'(t), ', At)), with &' = —v . F(U")
if [ > 0 then
copy U= (#71) on Q1 to U1(#171) on Cnic—fl(ﬂl)
ULt + At) == timeInterp (U (#71), ¢ + At!)
LU (t' + At') := spacelnterp (U (¢! + At'))
Ut + At == Ut + At') — oA [UN(E + AtY) — I(U) (' + At
end if
if | <. then
0F)=—Fjon¢tjuct) Vdel0,D—1]

end if
ifl>0 then_l

OF! = nll,le on ¢\ UL, Vde[0,D—1]
end if -

for ¢ € [0,n!; — 1] do
advance(l + 1)
end for
Ul(t' + At!) = average(U™(t! + At!),nl ;) on Crt Q)

ef
Ult'+ At .= Ut + At') — A DR(6F)

thi=1t"+ At

nétep = nétep +1

if (nfe, =0 mod Nyegria) and (Nbser, # 0 mOd Nyegria) then
regrid(l)

end if

3.8 Advancing the damped system with sources

Assuming that the current density J is specified and that we can compute its divergence-free
projection P(J) we need only make slight modifications to Alg. 4, as indicated below:
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Algorithm 5 advance(l): Advancing a damped hyperbolic system with sources

Ut + Aty := RK4 (U' (), ¢, At!), with & = §' — v . F(U)
if { > 0 then
copy U=H(#71) on Q71 to U-(#171) on angfl(Ql)
U=t + At') = timelnterp (U (#71), ¢ + At)
LUt + At') := spacelnterp (U7t + Atl))
Ut + At = Ut + At') — oA U + At') — I(U) (' + At)]
end if
if | <. then
0Fy=—Fyon ¢t juct) Vde[0,D—1]

end if
ifl >0 then_l

§F} = n}_f Feon ¢\ ,uct ;,¥Vdel0,D—1]
end if

for ¢ € [0,nl; — 1] do
advance(l + 1)

end for

U'(t' + At') = average(U™ (' + At'), nj) on C (Q)

Ut + Ath) .= Ut + At') — A" Dg(6F™*)

th=t+ At

nétep = nétep + 1

if (nétep =0 mod Nyegia) and (nét’e; # 0 mod Nyegria) then
regrid(l)

end if
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Chapter 4

Source-Free Maxwell’s Equations:
Test Problems and Results

4.1 2D test problems

For the remainder of this section, we will assume that no quantity depends on z. We can
think of this as a two-dimensional system, where B, and E, are scalar-valued. In that case,
Eq. (2.52) decouples into

B, B 9
25 +v.(0 B CBy):o (4.1)

2
ot o E, 0 c*B,
and
E
0 v 0 *B, E,

Let us now restrict ourselves to systems in which B,, B, and E, are initially equal to 0
and thus, according to Eq. (4.1), equal to 0 for all time. The simplest possible such solutions
to Eq. (4.2) and Gauss’ Laws are systems of the form

E,(x,t) =0,
By (o, 1) = Ef (holx — 1), (4.3
&
B.(x,t) = — f(ky(z — ct)),
c
where f(k,(xz — ct)) is an arbitrary, dimensionless function and £ is a constant with units of
electric field (kg m C~' s72 in ST units). Note that E, and B, are solutions to wave equations:

E,(x,0) « B,(z,0) < f(kyx) and E, and B, maintain their forms while propagating along
the z-axis at speed c.
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A more general system of waves propagating in any direction in the zy plane can be
expressed as

Ey(z,y,1) = E f (ko + kyy — wit),
E,(z,y,t) = & f(kyx + kyy — wt), (4.4)
B.(z,y,t) = B, f(kyx + kyy — wt).

Gauss’ Law of Magnetism is automatically satisfied.

From Gauss’ Law of Electricity, we have

k& + kyEy = 0. (4.5)
If £ # 0, then
ku&s
= — 4.6
&= (16)
while if & =0, k, = 0.
Faraday’s Law yields
—k
B, = hey y€x7 (4.7)
w
or, if £, # 0,
—(k2+ k)&,
B, = (k: + k) (4.8)
wky

The Ampere-Maxwell Law yields
—w&, — kB, =0 (4.9)
and
—w&, + kB, = 0. (4.10)
Substituting Eq. (4.9) and Eq. (4.10) into Eq. (4.7) yields

(k2 + k2
B, = #Bz, (4.11)
w
which in turn implies that
w? = Ak + k). (4.12)
Eqgs. (4.3) are a special case of Eqs. (4.4), with &, =0, &, = &, k, = 0, with all other
equivalences following from these.
Test problems we programmed and ran include:

fkz(z — ct)) = cos(2n K, (z — ct)), (4.13)

with K, the number of periods per unit length, equal to 1 rad™' m™! (k, = 27K, is the
wave number);

w2

F(koz — ct)) = exp <—4ln QM) : (4.14)
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where w (equal to 1 m in our simulations) is the full width at half maximum of the Gaussian
pulse, related to the standard deviation o by w = 20v/21n 2 (note that the standard deviation
of a Gaussian o is completely unrelated to the damping coefficient o);

fksx + kyy — wt) = cos (27r [Kxx + Kyy — /K2 + K} ctD : (4.15)

with (K, K,) = (1,1), (1,2), and (2,1) rad™* m™%;
f(ksx + kyy — wt) = cos (2n K [(cos o) + (sin )y — ct]) , (4.16)
with K =1 rad™! m™ and a = 7/6, 7/4, and 7/3 rad; and

[(cos )z + (sina)y — ct]z)

flkyx + kyy — wt) = exp <—41n2 (4.17)
with w = 1 m and o = /6, 7/4, and 7/3 rad.

The plane wave problems were advanced on a 32 m X 4 m coarse grid, with an [ = 1
refined patch of 4 m X 4 m on the left side of the problem domain. To check convergence, the
angled plane wave problems, i.e. those with solutions corresponding to Eqs. (4.15) and (4.16),
were also advanced on this grid, albeit without the refined patch. When possible, periodic
boundary conditions were employed. This was not possible with the refined patch on the
left side of the problem domain, as the left and right xz-boundaries were resolved differently.
Likewise, the periodicity of Eq. (4.16) did not match that of the problem domain. In those
cases, the actual solutions were imposed as boundary conditions.

The Gaussian pulse problems were advanced on a 32 m X 8 m coarse grid, with an [ =1
refined patch of 4 m X 4 m in the center of the problem domain. To test convergence,
Eq. (4.17) was also advanced on this grid, without the refined patch. For both Eqgs. (4.14)
and (4.17), the actual solution was imposed on the z-boundaries. We also had to impose
the actual solution on the y-boundaries for Eq. (4.17), but were able to employ periodic
boundary conditions in y for Eq. (4.14).

4.2 3D test problems

Let us now consider the source-free Maxwell Equations in 3 dimensions. Since Egs. (2.51) can
be expressed as wave equations in B and E, traveling wave solutions are worth investigating.
A fairly general solution to the scalar wave equation (not the most general, but general
enough for our purposes) can be written as f(k,x +kyy+ k.2 —wt+a) = f(k -z —wt+«),
provided that w? = ¢?k* = ¢*(k7 + k; + k2). Thus, it seems reasonable to consider electric

fields of the form
E(x,t) = f(k-x —wt+ a)e,, (4.18)

where e, is an arbitrary unit vector [Jackson, 1998]. Clearly,

V- E=¢f(k-x—wt+a)k-e,. (4.19)
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Ifk L e, ie k-e, =0, V-E =0 and the source-free version of Gauss’ Law of Electricity
is satisfied. However, for any k in 3-dimensional space, there exists an entire plane of vectors
perpendicular to k. Thus, we may choose unit vectors e; and e, that are perpendicular to
each other and to k. If we define n = k/|k| (borrowing Jackson’s notation), we may further
specify e; and ey by requiring

e X e =mn,
e X n=ey, (4.20)
n x e = e;.

Since Maxwell’s Equations and the wave equation are linear, a more general traveling

electric field can be written as

E($,t) = glfl(k - — wt+ al)el + ngg(k? - — wt + OZQ)BQ, (421)

where f; and fy; both solve the scalar wave equation, but may otherwise be completely
unrelated to each other. Moreover, the phase angles a; and as need not be equal, and &
need not equal &.

Now suppose that

£ £
B(z,t) = —ffZ(k @ — wt+ ao)ey + gfl(k @ — wt + o )es. (4.22)

We will see shortly that E and B defined thus satisfy the source-free Maxwell Equations.
Gauss’ Laws are automatically satisfied, as we know from Eq. (4.19) and our requirements
that k-e; =0=k - es.

Faraday’s Law becomes

%Eifi'(k-m—wt—i—ai) = K&k - — wt + o), (4.23)

where the ¢ subscript stands for either 1 or 2. Assuming that our waves travel only along k
and not —k, w = ck and Eq. (4.23) is an identity.
Similarly, the Ampere-Maxwell Law becomes

WEfi(k-x —wt+ ;) = ck& f{(k - x — wt + ), (4.24)

which is also an identity.

Thus, E and B as defined by Eq. (4.21) and Eq. (4.22) form a broad class of traveling
wave solutions to the source-free Maxwell Equations. Indeed, Eqs. (4.4) are a special case
of Egs. (4.21) and (4.22), with

k= k.e, + kye,,

—k,e, + k,e

e, = y - v

e =e,, (4.25)
k., — k,Es

51 — Y k Y 7

52 - O

We also need Eq. (4.5) for Egs. (4.25) to hold.
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4.3 Results

For plane waves and Gaussian pulses propagating solely along the z-axis, i.e. solutions pro-
portional to Egs. (4.13) and (4.14), we observed 4th-order convergence (assuming sufficient
resolution), as illustrated below:
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a) Sponge layer thickness: 1 coarse cell (4 fine cells)

E, error at t = 4.1695 x 1078 s vs. step size and damping scheme
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b) Sponge layer thickness: 2 coarse cells (8 fine cells)

E, error at t = 4.1695 x 1078 s vs. step size and damping scheme
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¢) Sponge layer thickness: 4 coarse cells (16 fine cells)

E, error at t = 4.1695 x 1078 s vs. step size and damping scheme
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Figure 4.1: Log-log plots of error in E, vs. Level 1 step size and damping scheme for a plane
wave propagating along the x-axis, i.e. Eq. (4.13). The red curves represent linear ramp-up
in o, while the green curves represent sinusoidal ramp-up.
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E, error at t = 6.6713 x 1078 s vs. step size

log, (max |E, — sza“ b
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log,(Az")

Figure 4.2: Log-log plots of error in E, vs. Level 1 step size for a Gaussian wave propagating
along the z-axis, i.e. Eq. (4.14). In this case, we have a sponge layer 2 coarse cells thick and
linear ramp-up in o.

In advancing Eq. (4.15) with K, = K, = 1 rad™* m™' on an unrefined grid, and with
periodic boundary conditions, we observed (nearly) 4th-order accuracy, given proper resolu-
tion:

E, error at t = 4.1695 x 1078 s vs. step size: propagation angle 45°
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Figure 4.3: Log-log plot of error in E, vs. step size on an unrefined grid and with periodic
BCs for Eq. (4.15) with K, = K, =1rad ™' m™".
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However, we observed decidedly slower convergence for both plane waves and Gaussian
pulses when refined grids and sponge layers were involved, and when we needed to impose
exact solutions as boundary conditions, as Fig. 4.4 illustrates. At present, the cause of this
loss of accuracy remains uncertain. Perhaps there is an error in imposing the exact solutions

as boundary conditions.

a) Sponge layer thickness: 0 coarse (0 fine) cells

E, error at t = 6.6713 x 1078 s vs. step size and propagation angle
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Figure 4.4: Log-log plot of error in E, vs. step size and propagation angle, with several
sponge layer thicknesses, for Eq. (4.17). Propagation angles o = 7/6, w/4, and 7/3 rad are
represented respectively by the red, green, and blue curves.
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Figure 4.5: Log-log plot of error in E, vs. step size and propagation angle, with several
sponge layer thicknesses, for Eq. (4.15). Wave number pairs (K, K,) = (1,1), (1,2), and
(2,1) rad~! m™! are represented respectively by the red, green, and blue curves.
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Chapter 5

A divergence-free, cylindrical current
source with a non-zero magnetic
dipole moment

5.1 Definitions

We consider a cylinder with radius a and height d centered at (x,y,z) = (z1,91,0) with a
current density J running through it. We wish to design a J such that V -J = 0 everywhere.
Since J = 0 outside the cylinder, it must also equal 0 and be smooth on the cylinder
boundaries.

Let us ignore time dependence for the moment, and define

o,y ) = M cos® (71‘\/(!15 —x1)2 4 (y — y1)2> cos® (E) ' (5.1)

3 2a d

« is an integer index, which will become convenient when we consider sums of currents. J,
is a constant with units of current density. The factor of a/(37) is arbitrary, but it ensures
that J, has the proper units and results in nice cancellations.

Note that cos®(0) = 1, cos(+n/2) = 0, and cos® is very smooth at its extrema. Thus,
given our cylinder, defined by (z — z1)? 4+ (y — y1)* < a? and z € [—d/2,d/2], vy = 0 and is
smooth on the cylinder boundaries.

For our current density J, resulting from 1, let us take

Jo(z,y,2) = V X ¢o(z,y,2)e,
Oy O
- dy €2 o &
= Jou(2,y, 2)es + Joy(2,y, 2)€y

(5.2)

inside our cylinder and 0 outside the cylinder. Thus, J, is manifestly divergence- free
everywhere except perhaps the cylinder boundaries. If, however, J, = 0 and is smooth
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enough on the cylinder boundaries, V - J, = 0 everywhere. Since 1, = 0 and is smooth on
the cylinder boundaries, we expect the same of J,, but we should verify it.
Through straightforward (though perhaps tedious) application of the chain rule, we see

that
_ (y—w) . (v 5 (7T 6 (T2
Joz(2,y,2) = —JQT sin <%> cos <%) cos (7) (5.3)
and ( )
e Ty (T e (T
Joy (T, Y, 2) = Jqo . sin (2a> oS <2a> oS < y ) , (5.4)
with
r= (e —2)?+ (y— ) (5.5)

For notational convenience, and ease in computing the magnetic dipole moment later, let

us make the substitutions
xr=2x1+1rcoso

5.6
Yy =1y +rsing, (56)
with 7 still defined by Eq. (5.5). Then
T osndan (T 5 (T 6 (T2
oz (1, 0, 2) = —J, sin ¢ sin <2a> cos <2a> cos ( y ) (5.7)
and or or Tz
_ ; e 5 (20 6 (.~
Joy (T, ¢, 2) = Jo cOS P sin <2a> cos <2a> cos ( y ) . (5.8)

In these coordinates, the cylinder boundaries are r = a, z = +d/2. We see immediately that

Jax(ra ¢,z = :l:d/2) =0

Jay(ry 2 ==£d/2) =0

Jox(r =a,¢,2) =0 (59)
)=0

Joy(r =a, ¢, 2

and can verify easily enough that all spatial derivatives are 0 at the cylinder boundaries as
well. Thus, V - J, = 0 everywhere.