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UNTTARIZATION OF THE DUAL RESONANCE AMPLITUDE.
ITT. GENERAL RULES FOR THE ORTENTABLE AND

 NONORTENTABLE MULTILOOP AMPLITUDES

Michio Kakul and TLoh-ping Yu
‘Lawrence Radiation Laboratory

 University of California
Berkeley, California 94720

November 5, 1970

ABSTRACT
We complete the KSV unitarization scheme foi‘the
,dual resonance ampiitude by presenting the nonorieﬁtable
and Qverlapping multiloop amplitudes. We also present
ruies for writing down arbitrarily mixed planar, nonﬁlanar,
,vnonorientable, and §verlapping multiloop amplitudes by |

inspection.
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I. INTRODUCTTON

.This paper is'the last in a series of three papers on the.
unitarizatioh of the Veneiiéno amplitude.l__5 " Remarkably, thé nonorient—
éble énd éverlapping lodp ampliﬁudes retain most of fhé essential feétureé‘
of thévihtégrand of the planar and nonplanar multiloop aﬁplitudgs. Each
nonoriéntable loop is distinguished by'thé fact that its projective |
transformation is loxddroﬁic (i.e., its‘mﬁltiplief is negative); The
overlapping loop amplitudes have hyperbolic projective transformations
(as in the case with the planar and nonplanar loops); the differenée lies
in the>faCt that the two pairs of invariant points are found to have'
overlapping orderings.

Fortunately, the momehtum-dependent factors in the integraﬁd
are independent of the arrangement of the various loops in a multiloop
amplitude. We give simpie rules for writing down by_inspectibn_the

factors raised to the «

o 1 power, which are sensitive to the

topology of the diagram.
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I GENERAL MULTILOOP FORMULAS
A. The Nonorientable Multiloop Amplitude

5in”ouf previous pa.pexj.s,l-5 we went into considerable detail in
deriving.the”plenar and‘ﬁonplaner multiloop amblitudes by Joining the -
factorlzed legs of the N- reggeon tree as well as Sceuto three-reggeon
vertices. Because all multiloop amplltudes share many of the same
characterlstlcs, we shall present only the nonorlentable and overlapplng
loop formulas without the derlvatlon |

In Ref 5, we fbund that the partlcular factorlzed tree used to
calculate the multlloop amplltudes was often not the most des1rable onel
from the v1ewp01nt of obtalnlng symmetry among all quark loops and in
d1scuss1ng the llmlts of 1ntegrat10n. In Fig. 1, for example, we display
the faetbrized tree which was used in the caleﬁlation of the nonplanar
.ﬁultiiooﬁ amplitude.x To.festore.the symmetry ameng all the éuark%loops,-
however, we found it convenlent to move all external lines lying on the
outer quark loop away from the loops. In Ref. 3 we fbund that these
_external variables, when bunched together, are confined to lie between
the invariant points of the product of all projective transformatiohs :
taken in‘order (éee Fig; 2). The symmetry among all quark loops is
restored, because the Koba-Nielsen variables associated with external
legs trabped within a loop are confined to. lie between the invariant
points of that loop, whereasethe.variables associated with the outer quark
loop eie confineé to lie between the invariant points of the product of |

all projective transformations.
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Esséntially all features of the multiloop amplitude remain the '
rsame if we go from.Fig. l to Fig. 2, except for the‘facﬁors raised to -
the power ao = l and the region of 1ntegrat10n | |

U31ng the notation of Refs. 1, 2, and 3, we let y repreéént
. each external leg and yB and Yy ﬁhe invariant points of the (QB)
loop. As we move external legs lylng on the outer quark loop away from

thevloops5 the critical - ao

-1 factors, which are sen31t1ve to the

quark toﬁplogy, change from-

(ag)=((} | | |
: 05-1’ . _ ' ’ ab—l
y (Vg - yB)(RBa(yBﬂ) “v )| a1t IR R go1) 7 Vo)
M A - R(gn) @ - Faol¥p1)
' o (2.1)
to |
~ _ -1 4 ~
-Gy PRy v, D] /TVQE (¥5.17p) Ba(yB - yoz+l)
. {
G- R (cp)={K] @, - Rt_sot(ys-l>
/‘-\‘r X, X W) (2 2).
: O(B /'\_l ’ ) *
- F S

where R = RBGRSY.'.RXU and x(g) = ﬁ’x(z).‘ [Notice that we have

dropped all factors like (yi - Vi for simplicity.]

@) _ .y o1 (o) e 4k
(x is the multiplier of Rye Also, Xog = Vg = Raa(zl) ,’zl.ﬁ Xom

and x(l) Vg = RBa(ze), z, # xéé) )
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The factor raised to the %(do-;"l) power is projectively,
iﬁvariant‘and symﬁetric in all quark 1oops.6 It arises only wheh all
external l}neé are remoyed from the region betWeeﬂ'two or-more léops. é

Nowiégsume that we add anvexira twist operator to fig} l_for'v |
eacﬂ loop; éo that it now describes the nonprientébie mﬁltiloop,amplitﬁde}
Applying:the techniques used in Refs. 1 and 2, wévfind thét the projective
transformation describing each loop is loxodr¢ﬁic (i.e., it has a nega-

: )
tive multiplier lying between zero and minus one) and that the 9 ; 1

factors change slightly from the analogous factors given in (2.1):

- (ag)=(L)

a
< (Y5417, ﬁ)@ /N 5,01 ° (yBl B)<R (V1) 1)
@ —Rm(y&l)} - @ - ¥ <yB 1>)

- Notice that the only difference between the nonplanar and nonorientable

. (2.3)

factors is that we have exchanged the roles of some of the‘ y’é.

In the nonplanar case, lines trapped between the invariant pdints
of the same loop remain there, though lines occurring witﬁin noﬁorient-
able loops afe free to move out, due to duality. Mathematically, this
corresponds to:

) v

Nonplanar case: YB+1 < yB < ¥y —*YB < Y < Rﬁa(y5+l



-5- . - UCRL-2010k4

Nonorientatable case:

Ve <¥p < Vg1 “Ya "V “Vp1 C Ry (ya+l) “ Yo
~ and | ,yB <¥g.y <Vgop © ya_._)yﬁ < yé_‘ <Vy < RBa(yB R l(?,h)

In the nonplanar case, the proaectlve transformatlon is hyperbollc, and

therefore can send external llnes past the 1nvar1ant points. In the

2
-nonorlentatable case, the transformat1on is loxodromlc, so R® is

respons1ble for sendlng external llnes past loops

As before, Flg. l is an awkward conflguratlon to dlscuss the
llmlts of 1ntegrat10n for the nonorlentable case. Assume that we have
pushed all external lines away from the loops, as in Flg 2 (notlce thaﬁ

the lines s1tuated between the various invariant points no longer exist).

" Since Rig is,responsible for sending external lines past the iﬁh-loop,
. we expecﬁ that the product of the squares of all projective transforma-

tions, taken in order, will send a line completely around the diagram.

We thus'find that the analogous factors in Fig. 2 are

6’0 } x(2)><§(y0) l ya-1> o l ' Xae'2 x-;l.{ § ", (2.5)
/ (2) — ‘ (043)={Ef] R : .
@ - R(YO» ,

; -._ 2 2..» 2 : (2)‘.——‘-"0} |
where ‘R = Baa Rey R, o ‘end‘ X = R (z),:

As in Refs. 2 and 3, we expect the region ofvintegration'for

Fig. 2 in the nonorientable case to be
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and  x1) <EF) < Vo £

A

MO - © L (2.6)

§, which is arbitrary, is introduced to eiiminate periodicities, exaétly,
as in Refs..Q and 3.
A1)l other factors in the integrand of the'nonorientable.loop v

amplitude are identical to‘the planar case.(except fOrvthe l-X's).‘

B. Overlapping Multiloop Amplitude
. The douﬁle ovérlapping loop émplitude can be calculated by |

joininé the (oB) and (¥d) pairs as shown in Fig. 3. As in the case
with the nonorientable loop, all the essential features of the intégrand
remain the same aé in the nonplanar case, except for the Qy = 1 factors.
A direct calculation reveals that, for Fig. 3, we have the saﬁe form as -
the nonplanar case, except thatvthe invariant points of different loops
are‘allowgd to overlap. vDuality allows us to successively move external

lineSpaétthe loops; mathematically, this corresponds to
Your < Vo Vg <Vy S Vg 2Vg < Vg < ¥y <Rgy{¥gn) <3 2
- : _ L
V¥ < YB < RBéRBY‘y6+l) < Yy < Yo ™

Vg < R8¥RB;R8Y<y8+l) < yB < ¥y < Yy o

~ Vs <‘¥B SYy SV < RBaRé#RééRSY(y8+1)‘ | (2.7)
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We are then free to bunch all external liﬁés,’as in Fig. 4. In-
~ this case, we find thatvthevoperator RIBQ-lRl-lkz is responsible for :
sending external lines past loops 1 and 2. Again, from projeétive

inv&riande, we find that the a, - 1 factors become -

" 7‘ - X_(g)) R(y).. OCO--l - 849_"_]; ' ‘ o
(ge) <x(._2) -<R( ;g) )) Ys-fQ [X12x2'2X'R-1] = '» ‘ (2.5
0’5 |

. co ,

. _ -1, -1 2 -
where R = RIFE 1Rl R2 and x( ) = R °°(Z) .

As in the previous cases, we f£ind. that the 1 mits of integration

 for Fig. U can be expressed as

(@) () ¢ o) < 4) . ) <@
sl < xM <) < xg? <

2 1 2

x

. . oY) -
SRyy) S¥g3 =¥ S 77 2V1 29 5"( :

(2) : - (2.9)

and x(l) <SRY) =¥y < vy <x

We end our discussion by stating that the linear dependence correction
. | > _
factor is (1 - X) for each planar loop, (L - X)~ for each nonplanar

and overlapping loop, and (1 + |X|)2 for each nonorientable loop.
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II1. ILLUSTRATIVE EXAMPLE |

We shall 1llustrate our pr1nc1ples, ‘which apply to all multlloop
dlagrams, by wrltlng down the amplltude for a spec1f1c example.- We shall
flnd it convenlent to make certaln dual manlpulatlons on the multlloop
dlagram such that (a) no loop ever occurs w1th1n another loop, ®)
external legs conflned between nonorlentable and overlapplng loops are
removed, (c) all external legs not confined w1th1n nonplanar loops are
bunched together, (d) no more than two loops ever overlap. In this
configuration, all ﬁultiloop diagrams'cen be reduced to planar, nonp;aner,
nonorienﬁable, and double overlapping loops placed in series along a
chain. |

Now c0neider the diagram)corresponding to Fig. 5, which contains
two planar, two nonplanaf, one double o&erlapping; and oﬁe nonorientable
loobs; Applying our techniques, we know that the operator |
ﬁ;é'a 2 -1 1 -l -1 -1_ -1

R R R is responsible for moving

7 R6 R5 R6 R5 Ru 3 o 1

external lines past the region occupied by the loops. Therefore, we

o o [ 4 e
Uy U, i=1 =1 |

find

' 1=l ’

o o
vy = )y, - ¥, - ¥,) " Jl

- X R
x Qj%@ﬂ% (Q) : o | v

X =% - %) - 1050 - )70 - 1P - k) @+ %)

Equation continued on next page



9= | : UCRL-2010k

Equa.tioﬁ. continué’d..

S : N 1 . ao-l
I ) L/ R, ()1 - v
| IRAE SR 5 K R ) T |
- ik : | Xy - RB(ym)
(ifﬂ,n_l,S)‘ 2 | SR
: do-l '

Lypy - Ru(ys)][xﬁl) - ¥g) ° iy, - R'(yl)]’[x(?) - ¥4]

'- | Ak k,
)( 2 " % - [R*] (y )} 9
ij' :J—l ‘
n=0,1#£j)
a.-1/
2 %
| X % XKk X62x7 o1 -'2—'

o 1k , K L,
(2) [Rﬁ(“)i(x(??.) £ £

T (== e

@iz =0 K



and

and

and

" where

D)

o)
L)

N

, _x§2),

(1)

A

B VA

(2)
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2) . @)

S <o D o ) ) 50 )

1A

Vg S Vg.y S0 S ¥pyp S ¥ SRL0G)

@) : Ly .
Xy SV ¥y = SV 2 Vg4

IA

<%

(@) (@) . ,(2) i_’él_) < x§2_)

. Rj(ym) < x3 < xS X5

LA

(@)

) -1 -
<Y, 2V, S <¥, =¥ SRy, 2x

7
e

%, < g SBGE,) < x0)

7, < v, < BTy < 1)

TasY, S ﬁ_'l(y;?) <x(®,

R, (2)s 7 # Xi(g) ,

o (a), l 2 ;é xH,

Ry, n x®, e

l’q‘—oo(z‘h)’v,‘ ‘ z), ;é X(;l) o

set of allclosed paths = set of all group elements ‘gener-

|
i

ated by products of Ri:t sﬁch that cyclic permutations and
inverses of such permutations of previously included members

are excluded.
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[R*%;?zsf, = set of all open paths = set of all group elementé‘

' generated by products of Rg, such that first {(ess)
+ . : N : ) ' . v

element is Ro:(, last is R:Z/, and n represents the

-number 'of R's in the.producf;

U

1 is determihedimplicitLyfrom the conditions on U,.

In passing, we néte thaf the.renormalization program7;is'compli-

. cated by the fact that the in&ariant points can.overlap in a general
multiloop amplitude. The results for the diVergence of the N-loop
planar amplitude8’9 do not apply in this case (pf‘iﬁ the case where we

have loxodromic transformations).
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FIGURE CAPTIONS
The éeneral nonplanar double loop amplltude
The orderlng of the variables in a general nonplanar multlléop
amplitude (notice that variables located between dlfferent»:
loops‘havé been moved via duality). » | |
Thé general'overlapping double loop'amplitudé.

The ordering of the variables in the overlapping dbuble loop . .

“amplitude (notice that variables located within the loops have

pushed out via duality).

An illustrative example: a multiloop amplitude containing two

planar, two nonplanar, one overlapping, and one nonorientable

lbops.
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Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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