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ABSTRACT OF THE DISSERTATION

Boundary Control Laws and Observer Design

for Convective, Turbulent and Magnetohydrodynamic Flows
by

Rafael Vazquez Valenzuela
Doctor of Philosophy in Engineering Sciences (Aerospace Engineering)
University of California, San Diego, 2006

Professor Miroslav Krsti¢, Chair

The dissertation introduces a constructive and rigorous approach to de-
sign boundary controllers and boundary estimators for flow control problems.

We study several flow control applications, including thermal fluids with
convective-type instabilities, Navier-Stokes channel flow, and magnetohydrody-
namic channel flow, which are considered benchmark models to problems such
as turbulence control, drag reduction, model-based turbulence estimation, cooling
systems (computer systems, fusion reactors), hypersonic flight and propulsion. For
all systems considered, we solve both the problem of (full state) boundary stabi-
lization and boundary estimation, and the combination of the two, output feedback
boundary stabilization. We also consider a tracking problem for the Navier-Stokes
channel flow.

While some of these problems have been solved in the past, previous so-
lutions were mainly done for spatially discretized versions of the models; however,
controllers designed for a discretized plant do not always converge (when the grid
size goes to zero) to stabilizing controllers for the continuous plant. In addition,
the computational complexity of discretization-based methods may become over-
whelming if a very fine grid is necessary in the discretizations to accurately describe
the system (for example, in the case of very large Reynolds numbers in the channel

flow stabilization problem).
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In contrast, our method uses a continuum approach and does not re-
quire discretization. Our approach exploits the spatially invariant geometry of our
model problems to apply the backstepping control/observer design method for 1-
D infinite-dimensional linear parabolic systems. Backstepping produces explicitly
computable control and output injection gains, which are found from the solutions
of linear hyperbolic PDEs. For all considered problems we show stability of the
closed-loop system (for stabilization problems) and observer estimate convergence
(for estimation problems).

Finally, we also provide an extension of the backstepping method that
allows to solve boundary control problems for a class of nonlinear parabolic PDEs.
While boundary control of linear parabolic PDEs is a well established subject,
boundary control of nonlinear parabolic PDEs is still an open problem as far
as general classes of systems are concerned. Applications of interest include not
only fluids but also many others like flexible structures, atomic force microscopy,

aeroelasticity, chemical systems and quantum systems.
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Chapter 1

Introduction

Motivation

Recent years have been marked by dramatic advances in the field of active
flow control. This explosion can be credited not only to advances in the various
fields that intersect at the discipline (such as control theory, fluid mechanics, PDE
theory, and numerical methods), but also to technological developments such as
Micro-Electro-Mechanical Systems (MEMS) sensors and actuators and the ever-
increasing prowess of last-generation computers, that have augmented the possi-
bilities of effective implementation in both real-life and numerical experiments.
However, the area is far from being mature with still many opportunities and chal-
lenging open problems. See for instance the survey [21] for a friendly and balanced
perspective on the state of the field.

When looking at the flow control literature, one finds countless papers
with a wealth of applications and methods, but most results roughly fit into one

of the following two categories:

1. Constructive results [3-9,20,23, 32,42 62,63,77,78,86,87,109], which range
from theoretically-inspired designs (usually borrowing from well-established
finite-dimensional control techniques) to hands-on experimentally-driven de-

signs; both are mostly problem- and geometry-specific and share the objective



of obtaining an implementable solution, in many cases without a mathemat-
ically sound proof. Usually, a discretization-based approach is used and the

results are proven by simulations or experiments.

2. Controllability/Stabilizability results [13-17,35,46,50,53-55,57,64,88,96,104,
106, 110], which are usually given for broad classes of systems in general ge-
ometries, but generally fail to produce an effective solution, being mostly
existence-and-uniqueness type of results in the framework of functional anal-
ysis. However general and precise these results may be, they do not go very
far, considering there are still very basic open questions such as the well-
posedness of the open-loop 3-D Navier-Stokes equations [48], still a (million-

dollar) open problem.

These two schools of research certainly benefit from some interaction; on
the one hand controllability results give a clue about which problems are actu-
ally solvable (and sometimes point in the right direction to solve it), while on the
other hand the more application-oriented research community provides controlla-
bility theorists with an endless supply of models of relevant, physically meaningful
systems.

This dissertation aims towards providing results which are both construc-
tive and rigorous from a mathematical point of view. Our work is based on the
recently developed continuous backstepping control/observer design method for 1-
D infinite-dimensional linear parabolic systems [101-103]. Backstepping exploits
the structure of parabolic systems, and has the striking property that it both pro-
duces explicitly computable (symbolically, numerically, and in some cases, even in
closed-form) gains, and at the same time provides a flexible framework that greatly
facilitates mathematical proofs of stability and well-posedness even for complex
systems. We exploit the spatially invariant [12] geometry of several benchmark
flow control problems to apply the backstepping method.

Our applications include thermal fluids with convective-type instabili-

ties, Navier-Stokes channel flow, and magnetohydrodynamic channel flow, which



are considered benchmark models to problems such as turbulence control, drag re-
duction, model-based turbulence estimation, cooling systems (computer systems,
fusion reactors), hypersonic flight and propulsion. In all the systems we consider
both the problem of (full state) boundary stabilization and boundary estimation,
and the combination of the two: output feedback boundary stabilization. We also
consider a tracking problem for the Navier-Stokes channel flow. Many of these
problems have been solved in the past, but previous solutions were mainly done
for spatially discretized versions of the models; it is known [124] that controllers
designed for a discretized plant do not always converge (when the grid size goes
to zero) to stabilizing controllers for the continuous plant (specially for those of
hyperbolic type).

The continuum approach also has computational advantages; the compu-
tational complexity of any discretization-based approach may become overwhelm-
ing if a very fine grid is necessary in the discretizations to accurately describe the
system (for example, in the case of very large Reynolds numbers in the channel
flow stabilization problem). In contrast, control and output injection gains in the
backstepping method are computed solving linear hyperbolic PDEs in very simple
domains.

We also provide an extension of the backstepping method that allows to
solve boundary control problems for a class of nonlinear parabolic PDEs. While
boundary control of linear parabolic PDEs is a well established subject, boundary
control of nonlinear parabolic PDEs is still an open problem as far as general
classes of systems are concerned. Potential applications include not only fluids
but also many other interesting physical problems like flexible structures, atomic
force microscopy, aeroelasticity, chemical systems, electromagnetic systems and

quantum systems.



Contributions

1. Boundary Stabilization and Boundary Estimation for a Thermal-
Fluid Convection Loop ( [112,120], Chapters 2, 3). We consider a 2-D
model of thermal fluid convection that exhibits the prototypical Rayleigh-
Bernard convective instability. We design boundary controllers and observers
for a collocated setup, with actuation and measurements located at the outer
boundary. Our design is based on a combination of singular perturbation the-
ory and the backstepping dual control/observer method, allowing to prove
system stability in the L? and observer error convergence in the H! norm in
the case of a large Prandtl number. The results are illustrated with simula-

tions for a physically meaningful case.

2. Boundary Stabilization and Boundary Estimation for 2-D Navier-
Stokes Channel Flow ( [113-115], Chapters 4, 5). We present an
explicit formula for a boundary control law which stabilizes the 2-D infinite
channel flow benchmark problem for arbitrary Reynolds numbers. Our result
uses backstepping and a Fourier transform approach, achieving exponential
stabilization in the L?, H' and H? norms for the linearized Navier-Stokes
equations. Explicit solutions are obtained for the closed loop system, which
is shown well-posed. We also introduce a nonlinear PDE observer that es-
timates the velocity and pressure fields in the channel using measurements
of pressure and skin friction at one of the walls, at arbitrary Reynolds num-
bers. The observer structure is similar to an Extended Kalman Filter, with
gains designed to guarantee observer error convergence for the linearized ob-
server. Finally, combining the state feedback controller and the observer,
an stabilizing output feedback controller for the linearized channel flow is

derived.

3. Boundary Stabilization and Boundary Estimation for 3-D Magne-
tohydrodynamic Channel Flow ( [117,121], Chapters 6, 7). We



design a boundary controller that stabilizes the velocity, pressure, and elec-
tromagnetic fields in a magnetohydrodynamic 3-D channel flow, a benchmark
model for applications such as cooling systems, hypersonic flight and propul-
sion. We also present an observer to estimate the various electromagnetic and
mechanical fields inside the channel from measurements at the walls. The
design is based on an extension of the 2-D non-conducting case, and deals
with some issues unique to 3-D. For example, the velocity field equations
(and the velocity error system for the observer), written in some appro-
priate coordinates, is very similar to the Orr-Sommerfeld-Squire system of
PDE’s and presents the same difficulties (non-normality leading to transient
growth). Thus we use actuation (output injection gains in the case of the
observer) not only to guarantee stability but also to decouple the system in
order to prevent transients. For zero magnetic field or non-conducting fluids,
the problem reduces to the 3-D Navier-Stokes channel flow and the control

and observer design still hold.

. Stable Poiseuille Flow Transfer for 2-D Navier-Stokes Channel Flow
( [116], Chapter 8). We consider the problem of stable flow transfer be-
tween two arbitrary steady-state profiles in a 2-D periodic channel flow (for
example, rest to fully developed profile for a given Reynolds number). We
generate an exact velocity trajectory of the nonlinear Navier-Stokes equa-
tions that approaches exponentially the objective. A boundary control law
guarantees then that the error between the state and the trajectory decays
exponentially in the L?, H', and H? norms and that the closed-loop sys-
tem is well-posed. The result is first proved for the linearized Navier-Stokes

equations, then shown to hold for the fully nonlinear Navier-Stokes system.

. Boundary Control of a Class of 1-D Parabolic Nonlinear PDEs
( [118,119], Chapter 9). Boundary control of nonlinear parabolic PDEs is

a completely open problem as far as general classes of systems are concerned.



In this paper we present results identifying a broad class of systems that is
stabilizable, at least locally, by a feedback law designed constructively. Our
approach is a direct infinite dimensional extension of the feedback lineariza-
tion /backstepping approach and employs Volterra series nonlinear operators
both in the transformation to a stable linear PDE and in the feedback law.
We present in full detail our design method and give several examples, ana-
lytical and numerical, for which we include simulations. We study some the-
oretical properties of the transformation, showing that the nonlinear Volterra
operators are globally well-defined, and explicitly construct a local inverse of
the feedback linearizing Volterra transformation; this, in turn, allows us to
prove L? and H! local exponential stability and derive explicit closed loop

solutions for the nonlinear system.



Chapter 2

Boundary Stabilization of a

Thermal-Fluid Convection Loop

2.1 Introduction

In this chapter we consider a 2-D model of thermal fluid convection that
exhibits the prototypical Rayleigh-Bernard convective instability [44]. The fluid is
enclosed between two cylinders, heated from above and cooled from below. Im-
posing a temperature gradient induces density differences, which creates a circular
motion that is opposed by viscosity and thermal diffusivity. For a large enough
Rayleigh number, which is a function of physical constants of the system, geometry
and temperature difference between the top and the bottom, the plant develops
an instability.

Stabilizing controllers have been designed for this problem in the past,
including an LQG controller by Burns et al [30] who formulated the problem,
and a nonlinear backstepping design for a discretized version of the plant [24].
The present design is simpler than the former, not needing a solution of Ricatti
equations, only a linear hyperbolic equation; and more rigorous than the latter,
which does not hold in the limit when the discrete grid approaches the continuous

domain.



The main ingredients of our design are singular perturbation theory and
the backstepping method for infinite dimensional linear systems. Singular pertur-
bation theory is a mature area [70] with a wealth of control applications, while
backstepping for linear parabolic PDEs is a recent development [101,102] but has
already found other applications in flow control [3]. Combining both methods it
is possible to design a feedback control law which stabilizes the closed loop; this
is proved for a large enough Prandtl number, which is the ratio between kine-
matic viscosity and thermal difussivity. In this problem, the inverse of the Prandtl
number plays the role of the singular perturbation parameter. Using the methods
of [101], a highly accurate approximation to the control law is found in closed form

The theoretical result is suported by a simulation study for physically
meaningful plant parameters, in which numerical computations of the evolution of
the closed loop nonlinear plant and control effort is shown. In these simulations
the Rayleigh number is large enough for the plant to go open loop unstable, but

the controller is able to overcome the instability

2.2 Problem Statement

For the convection loop we employ the model derived in [24]. The geom-
etry of the problem is shown in Fig. 2.1, and consists of fluid confined between
two concentric cylinders standing in a vertical plane. The main assumption of this
model is that the gap between the cylinders is small compared to the radius of the
cylinders, i.e. Ry — Ry < R1 < R2. Then, introducing the Boussinesq approxi-
mation, other standard assumptions for the velocity in this 2D configuration, and
integrating the momentum equation along circles of fixed radius r, the following

plant equations are derived

v 2m (t ) < v (™ ) ( 1)
v = — T S, o COS(Zb(](b +v|l—+—+ Vrr | 2.2.
t 2 0 )9 2

T T,
T, = _ETQ +x (g + —+ Trr) , (2.2.2)
T T T



1,

2

Figure 2.1: Convection Loop.

where v stands for velocity, which only depends on the radius r, T for the temper-
ature, which depends on both r and the angle 6, v is the kinematic viscosity, y the
thermal diffusivity, and v = g3, with g representing the acceleration due to gravity
and [ the coefficient of thermal expansion. The boundary conditions are Dirichlet
for velocity, with actuation by rotating the outer boundary, while the temperature
has Neumann boundary conditions, namely T,(¢, Ry,6) = Ty, T,(t, Re,0) = T's,
with I'y = Ksinf) and I'y; = I' + Ksinf , where K a constant parameter repre-
senting the imposed heating and cooling in the boundaries and I' is the actuation
variable. Thus we actuate the heat flux in the outer boundary, which is more
realistic than direct temperature actuation.

Defining 7 = T' — Krsin# we shift the equilibrium to the origin. Then,
we introduce nondimensional coordinates and variables, ' = r/d, t = tyx/d?,
v =wd/x, 7 = 7/AT, T = T/AT, R, = (1/C)yAd*/2vx, P = v/x, where
d=R2— R1, AT = —(4/m)K(R; + R2/2), C is a constant to be defined, and R,
and P are respectively the Rayleigh and Prandtl numbers. The nondimensional

plant equations are, dropping primes, as follows:

1 2m v Uy
v = —PRC /0 7(t,s, ) cos pdo + P (—ﬁ ++ vrr) . (223)

dm v Too
T, = —————vcoslt ——Tp+ —

.
s 2.2.4
2(Ry + R2) r 2 T T ( )

The boundary conditions are

U(t,Rl) = O, U(t,RQ):V(t), (225)
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Tr(t,Rl,e) = O, Tr(t,RQ,Q):F(t,G), (226)

where V' and I' are, respectively, the nondimensional velocity and temperature
control. Note that for a given time V' is an scalar, while I is a (periodic) function
of the angle.

Following the lines of the stability study of these equations in [24], the
value of C'is set so the system is stable for Rayleigh numbers less than unity and
unstable otherwise.

Defining ¢ = P~', Ay = R,C/7w, Ay = drw/2(R; + Ry), dropping time
dependence, and neglecting the nonlinear term, the linearized plant equations are

the following:
2m v v,
vy = Al/ 7(r, @) cos pdp — 2 + " + Uy, (2.2.7)
0
7, = Ayvcosl + % + % + Trrs (2.2.8)

with the same boundary conditions.
We will stabilize this linearized plant around its equilibrium at zero, there-

fore stabilizing —at least locally— the full nonlinear plant.

2.3 Reduced Model

For dealing with this plant assume that the parameter € is small enough
so we can use singular perturbation theory.

For obtaining the value for the quasi-steady-state, we set ¢ = 0 and solve

(2.2.7):
27 v Uy
0= Al/ TCoSpdp — — + — + Upp. (2.3.9)
0 r2 oo
The general solution for (2.3.9) is [100]:

v o= 017'4—021——/ /
Ry

The values of C'y and C5 depend on the boundary conditions, and therefore on

cos ¢T(s, ¢)dsde.

the velocity actuation. The quasi-steady-state, substituted into (2.2.8), gives the
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reduced system, which will be stabilized via the backstepping method. For this
procedure to be applicable we need the quasy-steady-state to have a strict integral
feedback form [71], i.e., v(¢,7) should not depend on any value of 7 after r. Based

on this consideration we set the velocity actuation:

A Ra 21 RQ 2
V=- / R o7(s, ¢)dsdp, (2.3.10)
2 Rl 0 R2
and then the final expression for the quasi-steady-state is
A T 2 2 .2
v = ——1/ / D770 cos o7(t, s, p)dsde, (2.3.11)
2 Jr, Jo r
which plugged into equation (2.2.8) renders the following reduced system:
r 2m 2 .2
n o= —A12/ / =% cosgeosOr(s, ¢)dsdg + 2 + 7 4 7, (2:3.12)
g Jo r r r

where Ay = A1 Ay/2. Note that the reduced system has an integral term which is

in the desired strict feedback form.

2.4 Backstepping Controller for Temperature

For stabilization of the reduced system we apply the backstepping tech-
nique for parabolic PDEs [101], which allows for compensation of integral terms

like the one that appears in (2.3.12).

2.4.1 Target system

The target system is going to be:

w, = % v w7 +w,,, (2.4.13)

with w periodic in 6 and the following boundary conditions in r:
wy(Ry) =0, w,.(Rs) = quw(Ry), (2.4.14)

where ¢ is negative and used for tweaking. Note that this system is exponentially
stable, which follows from a standard argument taking as a Lyapunov functional

the L? norm of w.
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2.4.2 Backstepping transformation

For transforming (2.3.12) into (2.4.13) we are going to use the following

change of variables:

w(r,0) = 7(r, 8) — /R ' /0 K0, 5, 6) (s, 6)dsdo. (2.4.15)

For calculating the kernel, we introduce (2.4.15) into (2.4.13) and then we apply
integration by parts to arrive at an ultra-hyperbolic PDE which must be verified

by the kernel,

k k., k kq k T
ke = —g——+#——+kss+—2+Au(// k(r,0,p.9)
r r s s s s Jo
2 L2 2 .2
x5 s Wdpdy — T 75 cos 9) cos ¢, (2.4.16)

with periodic boundary conditions in both ¢ and v, and the following boundary

conditions in the radial variables:

k(r,0, By, ¢)
Ry ’

k(r,0,r,¢) = 0. (2.4.18)

ks(r,0, Ry, ®) (2.4.17)

By inspection of (2.4.16) and looking for a solution, we insert the following partic-

ular shape of the kernel:
k(r,0,s,¢) = cosf cos ¢pk(r, s), (2.4.19)

which verifies the periodic boundary conditions, and substituted in (2.4.16) yields:

2 2

]21 ]_C B o o 2 2
ky = ————;S—sts—AlQ (T i —7T/ k(rap)p pS dp)7(2'4'20)

completely eliminating the angular dependence. Also, introducing k = \/El%(r, s)
in the last equation we get:

~ ~ 3 /(1 1\ - r? — s "a p? — s?
kpp —kss = = | w—= | k—Ap | —— — k(r, dp) ,(2.4.21
r 4 (TQ 82) 12( Jrs 77/8 (r,p) NG p) ( )
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a hyperbolic partial integro-differential equation, in the region 7z = {(r,s) : R; <
r < Ry, Ry < s < r} with boundary conditions:
. k(r, Ry)
ks(r, Ry) = , 2.4.22
(R = S (2422
k(r,r) = 0. (2.4.23)

The kernel in this form can be calculated numerically, using a simple finite dif-
ference scheme, or rewritten into an integral equation (useful for proving well-
posedness and smoothness). This last step can be done introducing the following

variables £ = r 4 s, 7 =r — s, and denoting

G(&,m) = k(r,s) =k (g;—n’ - 5 n) (2.4.24)

transforming the problem into the following PIDE:

&1 &n 2 p o p
ng = 3(W)G—Alg<m—ﬂ' ; G<€+§,77—§>

(p+&—n)°—=(£—n)?
><2\/p+§ == d,o) (2.4.25)

This equation can be transformed into a pure integral equation, doing several

integrations and employing the boundary conditions, arriving at
13 n n o
Yo n-—o
G = —Ap / /7d7d0+//eﬂf1
2R1+nJo 2y/0% — 2

Tt [ (0 (5 5m) oo

o[ unG (180 8) LTl v> )MU

2 2(/(p+0—7)(0—1)
nope o 2 )2 (2 — )2
+//66R_1 / A127T(p+ f+o—9) - QRhto—1)
o Jo 0 6/ (p+2R +0—7) (2R +0—7)

G <2R1 Yot g, v — g) dp + %Rl i(i])%ljf;)) ) dydo.  (2.4.26)

Note that the first lines of this expression, which do not depend on G and are

therefore the initial term in a successive approximation series for symbolically
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computing G, can be found in an explicit form:

Galen) =~ (68— = (€= PP) 4 SRR
X (erf(l) — erf (W)) + R} (6e"fr — 34/3) — 8Rin
—2Rn? + g«/R% + Ryn (5R + 2317;)} . (2.4.27)
Using (2.4.26) and the same argument as in [101] the following result holds:

Theorem 2.1. The equation (2.4.21) with boundary conditions (2.4.22)-(2.4.23)

has a unique C*(Tg) solution.

Therefore a smooth solution exists for equation (2.4.16) with boundary
conditions (2.4.17)-(2.4.18).
2.4.3 Control law

Once the kernel is found, it is easy to derive the control law. Substituting
the backstepping transformation into the outer boundary condition for the target

system,

2 Ro2
o (Rof) — / (/R krmg,e,s,qb)r(s,wdwk(Rg,e,RQ,qb)r(Rg,qb))d¢

R 2r
sar(Bad)=a [ [ K(Ra.0,5.0)7(s, 0)dsdo, (2.4.28)
R1 0

and then the control law for the derivative of the temperature at the outer boundary

becomes

2m 1 R
D(t,0) = qr(Rs.0) cose/ \/gcow g+ — ) k(Ry, )
2R,

ko (Ry, s)) T(t, s, ¢)dsd¢. (2.4.29)

Note that ¢ is a design parameter that does not enter the kernel equations at any
point; it is set externally and enhances stability.

As we shall see in Section 2.6, k(Rj, s) is very close to Go(Ry + 5, Ry — s)
and k,(Ry, s) is very close to aGO(RQ + 5, Ry — 5) + %—GUO(RQ + s, Ry — s), where
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Go(&,n) is defined in (2.4.27). This means that, introducing these approximations,
we get explicit control laws (2.4.29), (2.3.10), using

r—s

~ 1 5
E ~ —Ap [5(53 + 3r%s — 4(rs)*?) — 2Ry (1 — 5)* + 5\/7_TR:1)’e1Jr i

r—S
Ry
+R <3e%5 . 34/3) SR (r — s)] . (2.4.30)

X (erf(l) —erf(y/1+ )) + g\/R% + Ri(r — s) (5R + 2Ry (r — s))

2.4.4 Inverse transformation

Having found the backstepping change of variables, we also look for the

inverse of it. Postulating it as

7(r,0) = w(r,0) — /RT /0 ﬂl(r,@, s, p)w(s, ¢)dsde, (2.4.31)

then, introducing the expression for w in terms of 7 an integral equation is found

for this inverse kernel; introducing, as it was done for the direct transformation,

l(r,0,s,¢) = cosfcosl(r,s), (2.4.32)

the equation for the inverse transformation is

l(r,s) = —k(r,s) + 7T/r I(r, p)k(p, s)dp. (2.4.33)

Using this integral equation a similar result to Theorem 2.1 holds for the inverse

kernel.

2.5 Singular Pertubation Analysis for the Entire System

Now that we have derived a control law for the reduced system, we can
drop the assumption that ¢ = 0 and instead consider it a small but nonzero parame-
ter, and analyze the stability of the closed loop system. Now the quasi-steady-state
solution is no longer the exact solution of the v PDE, but still plays an important

role. Calling this previously calculated fast solution vy,

A r 2 2 .2
Vgs = ——1/ / T 7% cos o1 (s, ¢)dsde, (2.5.34)
2 R1 JO

r
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an error variable z that measures the deviation of the velocity from the fast solution

can be introduced:
z(t,r) = v(t,r) — vss(t, 7). (2.5.35)

We start by deriving the PDE that is verified by z:

2T 2
o= Ty, / / = cos gm(s, 6)dsdg, (25.36)
Ry

r2
where we have used the fact that v, verifies equation (2.3.9). This PDE without
the last term is usually referred to as the Boundary Layer model; note that it
is exponentially stable. The last term of (2.5.36) can be expressed in terms of 7
introducing its differential equation and applying integration by parts and the 7
boundary conditions, and then in terms w by using the inverse kernel.

The overall plant written in (z,w) variables has the form

o= —ha MTH( Q.- (r, 5)2(5)ds

21
/ / QL (r, 5, O)w(s, ¢)dsdd + / Q2 (1. O)w(r, §)do
Rl 0

+ [ Qi )is). (2537
wy = % + =+ wy + @ (r,0)2(r) + ' QL (r,s,0)z(s)ds, (2.5.38)
Ry

together with boundary conditions z(R;) = z(Rs) = 0, w,.(R1,6) = 0, w,(R2,0) =
quw(Rs,0), and periodic angular boundary conditions for w. For simplicity, we have

denoted the following kernels:

Q. = Apr — a (2.5.39)
= —% Ccos ¢ (27rl_(r, s) + Ajz cos ¢T4 _° _4;” o g) , (2.5.40)
Q2, = Aicosg, (2.5.41)
we = —AgmcosOk(r,s), (2.5.42)
b = Ascost, (2.5.43)
Qowy = A 1y cos ¢. (2.5.44)

2 TRl
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For the stability proof we are going to use the following energy Lyapunov func-

tionals:

E,(t) = /%/ 2(t, s, p)sdsd, (2.5.45)

E.(t) = i/R %(t, s)sds. (2.5.46)

The time derivative of F,, can be bounded in the following way:

< e [ e ()

x / Row(Ry, ¢)*d¢ — 32 R1 / / w?sdsde

(/ / (5. Sd5d¢) (/R 2(s )SdS)Q, (2.5.47)

B = Vor (HquzHooJr\/(R%—R%) ln%n@;znw). (2.5.48)

The time derivative of E, has the following bound:

dFE, 1 :
v < (e )/R ”d“ﬂ?(/ / o)
Ro 3
2 d R d
><(/R1 2°(s)s 8) +ﬂ3/0 *(t, Ry, ¢)do

1 Ro 2
+—/ / w(t,r, ¢)sdsdg, (2.5.49)
2R Jo

where

where

B = m(uczzwuoo+wR%—R%)ln%ju@inm), (2:5.50)

Ry Ry

_ 2 2.5.51

53 92 (Q+ 4(R2 _Rl))7 ( )

Y o= m2p+ 2 (2.5.52)
3

w o= JEm- e, (2.5.53)

Y2 = 7T2(R2 _Rl) ||sz0||goR27 (2554)

2

T
V3= 3(R2_R1)HQZU10H§0‘ (2.5.55)
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In both of the previous calculations repeated use of Cauchy-Schwartz’s and Young’s
inequality has been made, and the following Lemma (a version of Poincare’s in-

equality) has been employed.

Lemma 2.2. For any 7 € H'(Ry, Ry) the following inequality holds:

27
/ / (r,0)rdrdd

< 2Ry(Ry — Rl)/ 7%(Ry, 0)d0

2
4(Ry — Ry) / / (r,0)rdrdd. (2.5.56)

We skip the proof which is standard, see, e.g., [72].

Selecting the following Lyapunov function,
E(t) = E,(t) + E.(t), (2.5.57)

we find its time derivative to be:

dE(t) 2n w32 Ry 1%2
7 < _v = - s
p < / / 25dsdqb—|— 5 q+4(R

2 —
2m
X/O w(t, Ry, ¢)*dp — R2 A / w?sdsde

#5+ 5) /R | sds) (/ ) / Sdsdd)f
(%) R 2sds, (25.58)

In this equation we have to choose ¢ and e so the final expression is

negative definite. We set the first as:

Ry

ISyl (2.5.59)

g=—-1-

For finding a value for €, we identify the quadratic form which appears in

(2.5.58) and call its matrix A:

A= | 8®-R? . (2.5.60)
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Our interest is to find the maximum possible value of € so A > 0. From Sylvester’s

criterion we get the condition for A to be positive definite:

1
0<<—7—V)—2UQ—RQ%&+%E? (2.5.61)
eR3
Solving for 1/e,
1
- > 2R(Ry— Ri)* (B + B2)" + Ry (2.5.62)

Substituting ~, we can define an upper bound for e:

1
Pl 2R5(Ry — Ra)? (61 + () + Rj (’71 + 272 + 2%) . (25.63)

Note that this bound is a function which depends exclusively of the geometry and
physical parameters of the plant.
This establishes asymptotic stability for the plant in the z, w coordinates,

when € € (0,€*). Stability in the original coordinates follows from the following

inequalities:
2
= 7(Re — R1)(R3 — R}
Il < ol 1+||u|oo\/ e crrn
and
(R — o) (R — R’
ol < 21alf + 2 (2RO
1
2
. Ry — R (R — R
X 1+Hmw¢ﬂ(2 2(2 ) (2.5.65)
1

which are derived taking norm in the respective definitions. We have just proved

the following theorem:

Theorem 2.3. For a sufficiently small €, the system (2.2.7)-(2.2.8) with boundary
conditions (2.2.5)—(2.2.6) and control laws (2.5.10) and (2.4.29) is exponentially

stable at the origin in the L? sense, that is, there exist positive constants M and
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12 1.25 1.29
r (ft.)

Figure 2.2: Exact (solid) and approximate (dashed) control kernels at Rj.

a, independent of the initial conditions, such that

Ro 27
/ (vQ(t, s) +/ T(t, s, ¢)d¢) sds
R 0

Ry i
< Me_at/ (02(0,3)—1-/2 T2(O,S,¢)d¢) sds (2.5.66)
0

Ry
The proof of existence and uniqueness of classical solutions has been
skipped, but follows from standard arguments due to linearity of (2.2.7)-(2.2.8)

and due to the form of the boundary conditions.

2.6 Simulation Study

We show a prototypical simulation case. For numerical computations, a
spectral method combined with the well-known Crank-Nicholson method (see, for
example, [59]) has been used, using the following numerical values: R; = 0.369 m.,
Ry = 0.39 m., P =8.06, Ra = 50, C' = 7.8962 x 10?>, K = 9.11 °C/m. Note that
the Prandtl number has a value greater than unity, but not too large; that value
is typical, for instance, of water.

Interestingly, it can be shown that a discretized version of our plant ap-

proximates the ordinary differential equations of Lorenz’s simplified model of con-
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Figure 2.3: Open loop evolution of temperature at radius » = 0.37 m.

vection [83]. However, with the chosen plant parameters, the plant does not show
chaotic behavior. On the other hand it is well known that the parameter values
that lead to chaos in Lorenz’s equations are not physical [56].

In Fig. 2.2 the shape of the control kernel, l%(RQ, s) is plotted, showing
that information near the inner boundary is given more weight in the control
law, which makes sense as the boundary controller is on the opposite side and
therefore has to react more agressively to compensate fluctuations of temperature
in the interior part of the domain. The approximate kernel given by Go(Rs +
s, Ry — s), which is (2.4.30) is also shown, and it can be seen that it is an excellent
approximation. Fig. 2.3 is an open loop simulation of temperature, which grows
very positive or very negative, depending on the angle, eventually becoming too
large for further computations. In Fig. 2.4 closed loop simulations of the plant are
shown in physical variables (velocity and temperature) showing how they reach
the equilibrium state quickly, staying there afterwards. The magnitude of heat
flux control is also shown, while the velocity actuation can be seen just looking
at the r = Ry section in the velocity plot, which is the outer cylinder rotation
imposed by the control law. There is an initial, apparently instantaneous change

in the velocity, which happens in a faster time scale than the evolution of the other
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variable, a typical behavior of singularly perturbed systems; since the boundary
layer system is exponentially stable, once the control is set, the velocity goes very
fast to the quasi-steady state and remains there for the rest of time. Fig. 2.5
provides a detail of this initial evolution. As can be seen, the only jump in velocity
is located in the outer boundary, since the (closed loop) boundary conditions are
not verified by the initial conditions and we do not consider actuator dynamics,
but this is not particularly unrealistic—the velocities considered are of the order
of milimeters per second.
This chapter is a partial reprint of the material as it appears in

R. Vazquez and M. Krstic, “Explicit integral operator feedback for local stabiliza-
tion of nonlinear thermal convection loop PDEs,” Systems and Control Letters,
vol. 55, pp. 624-632, 2006.

The dissertation author was the primary author and the coauthor listed in this
publication directed and supervised the research, which is the basis for this chap-

ter.
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Chapter 3

Boundary Estimation for
Output-Feedback Stabilization of

a Thermal-Fluid Convection Loop

3.1 Introduction

In this chapter we consider the problem of designing an output feedback
controller for the thermal fluid convection loop presented in Chapter 2.

Instead of using the direct approach of Chapter 2 (which will make the
design problem technically difficult), we first reduce the complexity of the plant
by showing that the temperature can be decomposed into two new independent
variables. This allows us to express the system as the combination of two sepa-
rate subsystem, which are stabilized separately. One of the subsystems is easily
tractable and a Lyapunov method is used for obtaining an explicit output feed-
back stabilizing law. For the other subsystem we design a full state control law
and an observer using singular perturbations and the dual PDE backstepping con-
trol/observer design methods [101,102]. The observer is then used to obtain esti-
mates for the control law. The design method is as in Chapter 2 and allows us to

obtain explicit control and output injection gains.

24
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Thus we obtain an output feedback control law, which is shown to stabi-
lize the linearized closed loop system. As in Chapter 2, this is proved for a large
enough Prandtl number and the theoretical result is supported by a numerical

study.

3.2 Problem Statement

We start from the nondimensional linearized model of Section 2.2, which is
given by (2.2.7)—(2.2.8) with boundary conditions (2.2.5)—(2.2.6). Our objective is
to design stabilizing output feedback laws for V" and I', the nondimensional velocity
and temperature control, assuming that measurements of v,(r) (proportional to

skin friction) and 7(r, @) are available only for r = Rs.

3.3 System Decomposition

Defining new variables

2m

u(t,r) = %/0 T(t,r,0) cos0db, (3.3.1)
2

U) = % /0 I(t, 0) cos 0o, (3.3.2)

and letting ( =7 —wucosf and T =I'— U cos ), we can write the plant in (v, u, ()

variables as

ev, = TAU— —1; + o + Uy, (3.3.3)
r r
u = Agv — _u2 L4y Upy, (3.3.4)
r r
C@G CT

Ct = 3 + =+ Crra (335)
T T



26

with boundary conditions

o(t,Ry) = 0, w(t,Ry)=V(t), (3.3.6)
w(t,R) = 0, wlt,R)=U(t), (3.3.7)
Gt Ri.0) = 0, ((t, R 0) =T(t). (3.3.8)

Remark 3.1. The variable u is the first cosine coefficient of the Fourier series
of the periodic variable 7 whereas ( contains the remaining periodic components.

The variable ¢ verifies

27 2
/ ¢ cosfdf = / T cos0df — mu = 0, (3.3.9)
0 0

and therefore is orthogonal (in the L?(0,27) sense) to ucosf. Hence, both u and

¢ are independent and needed to recover 7.

Our design task is to find output feedback control laws T, V and U
such that the equilibrium profile ( = v = u = 0 is exponentially stable. For the

statement of stability, we define the norms

2m
£z = / frermw (3.3.10)
11l = HfHLz+HfrHL2+H 117, (3.3.11)

for functions f that depend both on angle # and radius r, and

Ro

Ifll7: = F(r)?rdrde, (3.3.12)
Ry

1l = N7 + £ 017, (3.3.13)

for functions f only depending on the radius.

Remark 3.2. Lemma 3.7 (see Section 3.8) shows that the L? and H' norms of 7
can be written as a combination of the same norms of u and (. Hence, exponential
stability in the L? norm (resp. H' norm) of the origin for both ¢ and u is equivalent

to exponential stability of the origin in the L? norm (resp. H' norm) of 7.
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Thus, we study stability in the (v,u,() system of equations (3.3.3)—
(3.3.5). This system can be decomposed in two subsystem, the ¢ subsystem with
control law Y, and the (v, ) subsystem with control laws V,U. Both subsystem

are not coupled so we analyze and control them independently.

3.4 Stabilization of ( Subsystem

For T we set the following output feedback law
T = —qo((R2,0), (3.4.14)

where ¢y = m. Then, we get the following stability property (see Section 3.8
for the proof).

Proposition 3.3. Consider (3.53.5) with boundary conditions (3.3.8) and control
law (3.4.14). Then, the equilibrium ¢ = 0 is exponentially stable in the H' norm,

i.e., there exists Cp,c; > 0 s.t.

ISy < Cre™[1C0) |1y (3.4.15)

3.5 Stabilization of (v,u) Subsystem

In dealing with the (v, u) subsystem we follow a similar strategy to Chap-
ter 2, but also adding an observer for state estimation.
First, we eliminate the convective term (v, for (3.3.3) and w, for (3.3.4).

Define © = v+/r, @ = uy/r. Then v and @ verify

ety = mAU— Ar)0+ Opp, (3.5.16)
U = A0 — Nr)a + Uy, (3.5.17)
and boundary conditions
o(R)) = 0, o(Ry) =1V, (3.5.18)
o (k) = W ey g (3.5.19)
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where \(r) = %, V=RV, U= iLQ(T%) + vV RoU. We drop checks in the sequel
for simplicity.
3.5.1 Control Design

First we design full state feedback laws V' and U. As in Chapter 2 we
assume that the parameter € is small enough so we can use singular perturbation
theory [70].

Quasi-steady-state

The first step is to compute the quasi-steady-state (QSS) by setting e = 0
in Equation (3.5.16). Then, the QSS is the solution of the linear ODE

Vpr — AN(r)v + A u(r) =0, (3.5.20)

with boundary conditions v(R;) = 0,v(Rs) = V. The solution is

v o= Rr f(r,s)u(s)ds — fr(r) ( i 2 f(R2, s)u(s)ds — V(r)) . (3.5.21)
where
f(r,s) = T s (3.5.22)

2 \Jrs '’
TQ—R% RQ
= —/—. 3.5.23
fr(r) R%_R%\/ . (3.5.23)

The velocity control V' appears inside (3.5.21). We use it to put the QSS in strict-
feedback form [71], by eliminating the non-strict-feedback integral in the second

line of (3.5.21), so we can use the backstepping method for strict-feedback parabolic
PDE’s [101]. For that, set

V= " f(Ry, s)u(s)ds, (3.5.24)

Ry

then the QSS is

vo= /r f(r, s)u(s)ds. (3.5.25)

Ry
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Reduced model

The reduced model is obtained by plugging the QSS into Equation (3.5.16).

We get
U = Uy — Ar)u+ Ay [ f(r,s)u(s)ds, (3.5.26)
Ry
w(m) = "B gy (3.5.27)
2Ry

an strict-feedback parabolic PIDE with reaction and integral terms. We apply
backstepping [101] to map (3.5.26)—(3.5.27) into the target system

wy = Wer — A(r)w, (3.5.28)
w(R) = w;gj),wr(RQ):o, (3.5.29)

where the reaction term A has been kept since it helps stability. The backstepping
transformation is defined as follows

wo = u—/Rr E*(r, s)u(s)ds. (3.5.30)

We use k* to avoid confusions with the kernel & of Chapter 2. The kernel £*(r, s)
is found to verify the following hyperbolic partial integro-differential equation in

the domain 7

ki =k = (Ar) = M)k (r,s) = Ao f (7, 5)
/ f(o,s8)k*(r,0)do, (3.5.31)
k (7“, Rl)

E*(r,r) = 0, ki(r,Ry) = (3.5.32)

2R,
If we substitute k* = 7k in (3.5.31)(3.5.32), we obtain exactly (2.4.21)—(2.4.23).
Hence, k* = 7k and the approximate expression (2.4.30) gives also a explicit
formula for £*. Using the kernel k, the control law U is found to be

U= / e (Ry, s)uls)ds. (3.5.33)

Ry

The same argument as in Section 2.5 proves that for sufficiently small €, the control

laws V' and U stabilize the system.
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3.5.2 Observer Design

Since control laws (3.5.24) and (3.5.33) require knowledge of the full state
of the system, we design an observer to estimate the state from the measurements
v-(R2) and u(Ry). We postulate our observer as a copy of the plant with output
injection of measurement error, as follows

€y = Uy — A(r)0 + mA 4, (3.5.34)
U = Upp — A1)+ A0 + pr(r) (u(Ry) — u(R2))
+p2(r) (v (R2) — 0,(R2))

{)(Rl) = 07 ’O(RQ):Va

(3.5.35
(
a(Ry) (
(

3.5.36
3.5.37

2Ry’

)
)
)
U, (Ry) = U —pio(u(Re) —u(Ry)), )

3.5.38

where hats denote estimated variables, and p;, ps and p;y are output injection
gains, to be found. Defining the observer error variables as v = v — 0, u = u — 1,

the observer error equations are

ey = Uy — Nr)0+ TALG, (3.5.39)

U = — M)t + A0 — p1(r)a(Ry) — p2(r)v,.(R2), (3.5.40)

0(Ry) = 9(Ry) =0, (3.5.41)
_ _a(Ry) L

- (Ry) = 2R, Ur(R2) = prot(Re). (3.5.42)

As in Section 3.5.1, we apply singular perturbation theory to design output injec-

tion gains py, p2 and pqo.

Quasi-steady-state

Setting € = 0 in (3.5.39), the QSS is the solution of

Opr — A1) + A0 = 0, (3.5.43)
with 9(Ry) = 0(R2) = 0. The solution is
R2 R2
U= — f(r,s)u(s )ds—i—/ h(r, s)u(s)ds, (3.5.44)
r R1
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where
h(r,s) = fr(Ra+ Ri—1r)f(Ry,s). (3.5.45)

Using the measurement v, (Ry) to write the solution, the QSS is

Ro

v=— f(r,s)a(s)ds + hr(r)v.(Rz), (3.5.46)
where
_ r? — R3

2\/ RQT

Note that we have written the QSS in terms of an “upper-triangular” rather than

hg(r) (3.5.47)

a strict-feedback (“lower-triangular”) integral of the state %. This is necessary for
applying the backstepping observer design method for collocated systems [102],

which makes use of an upper-triangular transformation.

Reduced Model

Plugging (3.5.46) into (3.5.39) we get the reduced model for the observer

error, which is

B = e — A(r)i— A ( * F(r, s)ii(s)ds — hR(r)vT(Rg))
—p1(r)i(Rg) — pa(r)0,(Rz), (3.5.48)

Set po(r) = Ashg(r). Then,

B = = A=Ay | F(rs)i(s)ds — p(r)i(Ra),  (3.5.49)

,
is a parabolic PDE equation in v with an upper-triangular integral term, and
boundary conditions

u(Ry)
2R, ’

i (Ry) = Ur(Ra) = prou(Rz). (3.5.50)

Following the backstepping observer design method for collocated systems [102],

we apply an upper-triangular transformation,

u=1w-— / 2 p(r, s)w(s)ds, (3.5.51)
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where W verifies

By = = AP, (3.5.52)
Wy (Ry) = wz(}};ll)’ iy (Ry) = 0. (3.5.53)

The kernel p(r, s) is found to verify the following equation in the domain 7x

Dss — P = (A(s) = A(r))p+ Axf(r,s) — Ag /S f(r,o)p(o, s)do (3.5.54)

Ry, s
po(Ris) = PID e~ (3.5.55)
1

From the kernel p the output injection gains in (3.5.49) and (3.5.50) are found to
be py = —p,(r, Rz) and pyo = 0.
Defining § = r, 7 = s and p(7, §) = p(r, s), the kernel p verifies

B — s = (A = A3+ A2 f(5,7) / 1(5,0)p(7, 0)do, (3.5.56)
p(7, R
ps(r, Ry) = B R) 1>, p(7,7) = 0. (3.5.57)
2R,y
Since f(r,s) = —f(s,r), equations (3.5.56)—(3.5.57) are the same as equations

(3.5.31)(3.5.32), verified by k. Hence, it follows that (3.5.56)-(3.5.57) is well-
posed and p(r,s) = k*(s,r), so that pi(r) = —kI(Rz,r). Equation (2.4.30) gives

then an explicit expression for the output injection gain p;.

3.5.3 Output feedback controller

Combining the results of Sections 3.5.1 and 3.5.2, we get the following

output feedback controller:

Voo [ (R s)is)ds, (3.5.58)
Ry
Ro
= [ (B, s)is)ds, 5.
U /R K (R, i) (3.5.50)
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where the estimate @(r) is obtained from

€y = Uy — Ar)0+ A4, (3.5.60)
ﬁt = '&rr )\(T)ﬁ + A2’0 - ks (R27 T) (U(RQ) - ’&(R2>)
+A2hR(T) (UT(RQ) - {)r(R2)) ’ (3561)
B(R) = 0, o(Ry) =V, (3.5.62)
. (i) _
W(l) = Spc (i) =U. (3.5.63)

The backstepping method [101, 102] guarantees that the output feedback control

laws stabilize the reduced model (3.5.26), thus stabilizing the system when e = 0.

3.5.4 Singular perturbation analysis for small ¢

Assume that € is small but nonzero. Since u = 4 + @ and v = 0 + 0, we
show stability of the (u, v) system by proving stability in the (0, 0, @, @) coordinates.
We begin stating the following proposition regarding (v, @) (see Section 3.8 for the
proof).

Proposition 3.4. Consider equations (3.5.39)—(3.5.40) with boundary conditions
(3.5.41)-(3.5.42). Then, there exists €* such that if € € (0,€*), the equilibrium

=0 = 0 is exponentially stable in the H* norm, i.e., there exists Cy,co > 0 s.t.
[o@O e + a@)llm < Coe™ ([J0(0) [ + |a(0)[[rr) . (3.5.64)

Now we study the (v,
0,(R2) and u(R2) feed into (3.

) subsystem, which verifies (3.5.34)—(3.5.35). Since

o

35), it is not possible to obtain stability for (v, a)
alone; rather, the whole (0,9, @, ) subsystem has to be considered. We get the

following result.

Proposition 3.5. Consider equations (3.5.34)-(5.5.35) and (3.5.39)-(3.5.40),
with boundary conditions (3.5.36)—(3.5.38) and (3.5.41)—(3.5.42), and control laws
(3.5.58)-(3.5.59). Then, there exists €* such that if € € (0,€*), the equilibrium
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~

U =17 = 0 is exponentially stable in the H' norm, i.e., there exists

Il
N

U

03,03 >0 s.t.

[o@) |z + @)l + 0@ a1 + (@) ar

< Cse @ (0(0) [ + | @(O) [ [|0(0) [ 72 + |E(0)lgrn) . (3.5.65)

We skip the proof of Proposition 3.5, since it follows exactly the same
lines as the proof of Proposition 3.4 (see Section 3.8); using the same argument, the
(0, 1) system can be proven exponentially stable in the H! norm when ¢ = @ = 0.
Since the (0, 1) system is driven by o,(R2) and @(Rz), using the estimates in the

proof of Proposition 3.4 the whole system is shown to be exponentially stable.

3.6 Main Result

Using the definition of I' in terms of U and T, and writing the observer
equations in terms of the original measurements v,(Rs) and 7(R2,#), we get the

output feedback control laws for the entire system

fi2 f(R27 S)
o VR
cos 1 m
I = - <QO+ 27\/}7%)/0 7(t, Ra, ¢) cos pdd — qoT(t, R, 0)
fi2 k:(R% S) ~
R VR

v

u(s)ds, (3.6.66)

+ cosd (s)ds, (3.6.67)

where

€y = Uy — Ar)0 + TA 4, (3.6.68)

2
8 [ et B cosodo — i)

+Ashi(r) (VRaur(Ro) = 00(R)) (3.6.69)

Gy = Gy — A(r)a+ Agd — k*(Ra, 1) (

@(Rl) = O,@(RQ): Rgf(RQ,S)lAL(S)dS, (3670)
i (R) = QQ(?, iy (Ry) = /R "k (R, s)il(s)ds. (3.6.71)



35

40
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r

Figure 3.1: Control kernel k}(Ry,r) (solid), observer output injection kernel
k*(Rz,r) (dashed), and velocity control kernel f(Ra,7) (dash-dotted).

From Propositions 3.3 and 3.5, Lemma 3.7 and Remark 3.2, we get the following

result.

Theorem 3.6. Consider system (2.2.7)-(2.2.8) with boundary conditions (2.2.5)-
(2.2.6) and output feedback control laws (3.6.66)-(3.6.71). Then, there exists € >
0 such that for e € (0,€"), the equilibrium v = 7 = 0 = a4 = 0 is exponentially

stable in the H' norm, i.e., there exists Cy,cq > 0 s.t.

lo()ll + 17 Lz + 15 e + G0 0
< G (o)l + 17Oy + 15Ol + @Ol ) . (3.6.72)

3.7 Simulation Study

We use for simulation the same prototypical case that was shown open-
loop unstable in Chapter 2. Numerical computations are carried out using a spec-
tral method combined with the Crank-Nicholson method.

In Fig. 3.1 we show the shape of the kernels appearing in our control

law. Note that the temperature control kernel k(Rs,s) gives more weight in the
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control law to information near the inner boundary—as the boundary controller is
on the opposite side, it has to react more agressively to compensate fluctuations
of temperature in the interior part of the domain. This is also true for the velocity
control kernel f(Ry,7) and velocity output injection gain hg(r) (which is not ex-
plicitly shown as hgr(r) = f(Rg,r)/mA;). The temperature output injection gain
k*(Rz,s) is larger in the middle of the loop, where the states are somewhat more
difficult to estimate (near the boundaries some information is known a priori).

In Fig. 3.2 closed loop simulations of the plant perturbation variables
show how the states converge exponentially towards the equilibrium profile fairly
quickly. We also plot the observer error, that converges to zero. In Fig. 3.3 we

show the magnitude of the control law I.

3.8 Auxiliary Technical Results

In this section we prove some technical results that were used in the

chapter.

Lemma 3.7. For u and ¢ defined as in Section 3.3, we have that

Iz = wllullzz + ICIZ;. (3.8.73)

Ry 2
w?(t,r)
el = e+ [

rdr +[¢]1 7. (3.8.74)
and the ||| gz norm is equivalent to the norm
lellzr + NSy - (3.8.75)

Proof. Using (3.3.9), we get

Ro 27 Ro

/ / 2rdrdd = 7r/ (t,7) rd?“—l—/ C*rdrdd
R1 0 Ry
Ry

+/ u(t,r) Qcos OdOrdr

Ro 21 Ro
= 7r/ u2(t,r)7“d7°+/ Crdrdf,  (3.8.76)
0

Ry



37

) velocity v(t,r), c¢) observer

b

iy

el

ittty

e,

) ey
5L /AL T

0555587
7

— RitRy
2

) at radius Rg

%
%
il
g agiee,
L

TN
AN
T iﬁﬂt

0

NaassYe

SR
WS g
et g umt
AR

B

60

) observer error o(t,r).
I'(z, 0)

Y

i, r)

error u
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so (3.8.73) follows. Similarly, we have that
2 R> 2 R
/ / 2rdrdd = 7T/ u?(t, T)rdr—i—/ C2rdrdd
0o Jr
~(t, ) / (, cos OdOrdr

Ro Ro
u?(t,r) rdr—i—/ CPrdrdd,  (3.8.77)
0

R1

and we also have that

21 Ro 27 Ro g
/ / —rdrde - 7r/ d +/ / % rdrdf
R1

u(t,r / Cp sin OdOrdr

) 27 Ro2 C
= 7T/ TdT+/ / erdrdO
R1

Ry
+/ utr/ ( cos @dOrdr
Ry

= 7T/ r(t,r)rdr—i—/ Crdrd@ (3.8.78)
R1 0 Rl

o (3.8.74) follows. The norm equivalence follows from (3.8.74) and Poincare’s

inequality for u. O

Proof of Proposition 3.3. Define

s, (O

+q052 / C2(Ry, 0)d6), (3.8.79)
0

+ C(r,0) + C3(r, 9)) rdfdr

then

L[ (e &)
/ / ( ) rd@dr

+/ R2CT(R27 )C(R276>d9
0
< -DL (3.8.80)
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for some D > 0, where we have used (3.4.14), Poincare’s inequality as in Lemma 2.2
and the fact that Ry — Ry < 1. As L is equivalent to the H} norm of ¢, H'

exponential stability follows. O

Proof of Proposition 3.4. Define Z = v — 0,5, Where
Ro> Ry

to=— [ fosa@ag+ [ hrsjae)ds (3.8.81)

r Ry

and define @ by the backstepping transformation (3.5.51). From (Z, @) definitions
and the fact that the kernel of the transformation is C?, exponential stability in
(Z,) coordinates implies exponential stability for (0, ). The observer error plant

in (Z,w) coordinates is

€ = = A1)Z — e(Oys)s (3.8.82)
U~}t = ?IJW« — )\(7’)’&) + Agg — AQpQ(T)gr(R2>, (3883)
(R
Wy (Ry) = w;R11>,wr(R2) = 0. (3.8.85)
In (3.8.82) we need to express (Uss); in terms of z and w. First, we write
Ro Ra
Vgs = f(r,s)w(s)ds +/ h(r, s)w(s)ds, (3.8.86)
r Ry
where
~ R2
f(ra 8) = _f(ra S) + f(ra O')p(O', S)daa (3887)
) R,
h(r,s) = h(r,s) —/ h(r,o)p(o, s)do. (3.8.88)
Ry
Then, using (3.8.83),
Ry , B Ry ,_ B
~sst: ss\!l - 5 A d hss ; —h ) A
(5s) / (Foslrys) = Flr 9A(s)) wis)ds + /R - (Jalr:9) = Bl 5)05))

R>

xw(s)ds — (fs(r, Ry) + hy(r, Ry))w(Ry) — Az (Ry) ( f(r,s)pa(s)ds

T

+ /1:271(7’, S)pg(s)ds) + <l~ls(7“a Ry) — qﬁ(r, Rl)) w(Ry) + fs(r? ryw(r)

R2 RQ -

+A, f(r,s)z(s)ds + Ag/ h(r, s)z(s)ds. (3.8.89)

r Ry
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Define the Lyapunov functions

1 Ro 22
L = —/ (§3+3—) dr, (3.8.90)

2 Ry R%
1 Ra U~)2 ’(I)(R1)2
Ly = — 2 +3— | d 3.8.91
’ 2 /Rl (wT N R%) T 4R, ’ ( )

which are equivalent, using Poincare’s inequality, to the H' norms of Z and o,

respectively. Then

dL, 1 [, 3\ ., A2?
—_— = —— At — 3— | d
i /R (*( +R%)“ 7))
1 /R2 )\”(T) I /R2 ( . 2 ) ~
+_ - z d?“ + _er + 3_ USS d/r
€ R1 2 R1 R% ( )t

l)1 Ry ) ) 22
= 2 4224355 )d
¢ /R1 (zrr + 2y R% T

Ry
+D, / (224 22+ u? 4+ w?) dr, (3.8.92)
Ry

IN

where D; and D, are positive, and where we have used that \’(r) < 3\(r)/R?, and

Poincare’s and Young’s inequality to bound all the terms from (vg),. Similarly,

dL, Re | 3\ ., o Aw? B X(r)
—— = _ A+ — Z_\d d
it = [, (o (e gt Jar [0

W(R)w, (R X ) 3 ) R
+M — (R )Wy (Ry) — ( AM(R1) + —5 ) x w0, (Ry)i(Ry)
2R, R?
N(R fia 0
PRV / iy + 3 ) Ay (2 — pa(r)Z,(Re)) dr
2 Ry Ri
Ro ~92 (R )2
< _D ~2 ~2 3w_ d w(il
< 3(/121 (wrr+wr+ Rf r 4+ AR,
R
+D, / (22, + 22) dr. (3.8.93)
Ry

Setting Ls = Ly + DsL4, and using Poincare’s inequality, it follows that for some
positive (and possibly large) Ds, there exists €* such that for € € (0, €*), one has
that

dLs

—= < —DgL 3.8.94
dt =~ 61443, ( )

from which exponential stability is obtained. O
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This chapter is a partial reprint of the material as it appears in
R. Vazquez and M. Krstic, “Explicit output feedback stabilization of a thermal
convection loop by continuous backstepping and singular perturbations,” submit-
ted, 2007 American Control Conference, New York, 2007.
The dissertation author was the primary author and the coauthor listed in this
publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 4

Boundary Stabilization of 2-D

Navier-Stokes Channel Flow

4.1 Introduction

We present an explicit boundary control law which stabilizes the bench-
mark 2-D linearized Navier-Stokes channel flow. Despite the deceptive simplic-
ity of the geometry, there is a number of complex issues underlying this prob-
lem [63,66,89,95], making it extremely hard to solve. The fact that the channel is
unbounded further complicates the problem [105].

Optimal control has so far been the most successful technique for ad-
dressing channel flow stabilization [63], in a periodic setting, by using a discretized
version of the equations and employing high-dimensional algebraic Riccati equa-
tions for computation of gains. The computational complexity of this approach
is formidable if a very fine grid is necessary in the discretizations, for example if
the Reynolds number is very large. Using a Lyapunov/passivity approach, another
control design [1,10] was developed for stabilization of the (periodic) channel flow;
the design was simple and explicit and did not rely on discretization or lineariza-
tion, but its theory was restricted to low Reynolds numbers though in simulations

the approach was successful at high Reynolds numbers, above the linear instabil-

42
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ity threshold. Other works make use of nonlinear model reduction techniques to
solve the problem, though they employ in-domain actuation [6,7,9]. Boundary
controllers using spectral decomposition and pole-placement methods have been
developed, using normal actuation [15] or tangential actuation in an arbitrarily
small subset of the walls [110].

The approach we present in this chapter is the first result that provides
an explicit control law (with symbolically computed gains) for stabilization at an
arbitrarily high Reynolds number in non-discretized linearized Navier-Stokes equa-
tions. Thanks to the explicitness of the controller, we are able to obtain approxi-
mate analytical solutions for the linearized Navier-Stokes equations. Exponential
stability in the L?, H'* and H? norms is proved for the linearized system. We also
justify the well-posedness of the system.

The main idea of our design is to use a Fourier transform, which allows
separate analysis for each wave number. For certain wave numbers, a normal
velocity controller puts the system into a form where a backstepping transforms
the original normal velocity PDE into a stable heat equation. The rest of wave
numbers are proved to be open loop exponentially stable, and left uncontrolled.
These two results are combined to prove stability of the closed loop system for all

wave numbers and in physical space.

4.2 Model

We consider a 2-D channel flow, also called Poiseuille flow [18]. This flow
consists of an incompressible fluid between two parallel infinite plates separated
from each other by a distance L, and subject to a pressure gradient VP parallel
to the plates. Denote U, as the maximum centerline velocity of the Poiseuille
flow (determined by VP), p and v respectively as the density and the kinematic
viscosity of the fluid, and the Reynolds number Re = U.L,/v. Define U,., L,,

L,/U. and pvU./L, as velocity, length, time and pressure scales respectively, and
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set nondimensional spatial coordinates (x,y) where z is the streamwise direction
(parallel and opposite to the pressure gradient) and y the wall normal direction,
so that (z,y) are in a semi-infinite rectangle, (z,y) € Q = (—o00,00) x [0, 1] as
shown in Figure 4.1. Assuming that the flow is two dimensional, the velocity field
is determined by the dimensionless incompressible 2-D Navier-Stokes equations

which are the following:

1
1
Vi = E(Vm’x‘i‘%y)_UVx_VVy_Pyv (4.2.2)

and the continuity equation

U, +V, =0, (4.2.3)

where U, V and P denote respectively the nondimensional streamwise velocity,
wall-normal velocity, and pressure. The boundary conditions for the velocity field

are the no-penetration, no-slip boundary conditions for the uncontrolled case, i.e.,
V(z,0) =V(z,1) =U(z,0) =U(z,1) =0. (4.2.4)

Instead of using (4.2.3) we can derive a Poisson for P, by combining (4.2.1), (4.2.2)
and (4.2.3),
Py + Py = —2(V,)* = 2V, U, (4.2.5)

with boundary conditions

Vyy(xv 0)
Re '’

V;,y(x, 1)

Py(l’,O) = Re 9

P,(z,1) = (4.2.6)

which are obtained evaluating (4.2.2) at y = 0, 1.
The equilibrium solution of (4.2.1)—(4.2.4) with unity centerline velocity

is the parabolic Poiseuille profile

Ue = 4y(1—vy), (4.2.7)
ve = 0, (4.2.8)
e S (4.2.9)

Re
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X

U(y)

>
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Figure 4.1: 2-D channel flow and equilibrium profile. Actuation is on the top wall.

shown in Figure 4.1. This equilibrium is unstable for high Reynolds numbers [95],

even though the non-normality of the problem [89] may lead to large transient

growth and enable a transition to turbulence at substantially smaller Reynolds

number. Defining the fluctuation variables u = U — U® and p = P — P¢, and

linearizing around the equilibrium profile (4.2.7)—(4.2.9), the plant equations are

1
u = 5 (U + Uyy) +4y(y — Duy + 42y — 1)V — py, (4.2.10)
1
Vi = & (Vaz + Vi) + 4y(y — 1)V, — py, (4.2.11)
DPaz + Py = 82y — 1)V, (4.2.12)
with boundary conditions
u(z,0) = 0, (4.2.13)
u(z,1) = Usx), (4.2.14)
V(z,0) = 0, (4.2.15)
V(z,1) = V.(x), (4.2.16)
Vi (2, 0)
py(,0) = ==, (4.2.17)
Vi, 1) + (Vo) ez (x
py(x,1) = ! )Re( Jer () (Vo)i(2) (4.2.18)
The continuity equation is still verified
uy +V, = 0. (4.2.19)
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We have added in (4.2.14) and (4.2.16) the actuation variables U.(z) and V.(z),
respectively for streamwise and normal velocity boundary control. The actuators
are placed along the top wall, y = 1, and we assume they can be independently
actuated for all x € R. No actuation is done inside the channel or at the bottom
wall.

Taking Laplacian in equation (4.2.11) and using (4.2.12), we get an au-
tonomous equation for the normal velocity, the well-known Orr-Sommerfeld equa-
tion,

1
AV, = EAQV +4y(y — 1)AV, — 8V, (4.2.20)

with boundary conditions (4.2.15)—(4.2.16), as well as V,(z,0) = 0, V,(z,1) =

—(U.)y, derived from (4.2.13)-(4.2.14) and (4.2.19). This equation is numerically

studied in hydrodynamic theory to determine stability of the channel flow [89].
Defining ¥ = —V, and using the Fourier transform, it is possible to

partially solve (4.2.20) and obtain an evolution equation for Y,

1 A
Y, = Te (You +Y,,) +4y(y — 1)Y, —|—/ / / 167 ke i (=—¢)
X [mk(2y — 1) — 2sinh (27k(y — n)) 2wk(2n — 1) cosh (27k(y — n))] dkd&dn
. h (27ky)
Y ( 32 kQ’”’“(‘” €>L h (27k(1 —
[ v [ s o RO o s —

+7k(2n — 1) sinh (27T]€(1 —n))] dkd&dn

/ / ( _(EVC)M(OJF(V;%(E)) 2M¥”’““‘®%dkdé

. h (27k(1 —y))
_ 0(&0), 1 2mik(e—g) €08 4.2.21
/_Oo /_OO Re mhe sinh (27k) kg, ( )

with boundary conditions Yy (x,0) = 0 and Y (z,1) = (U.),. Equation (4.2.21) gov-

erns the channel flow, since from Y and using (4.2.19), we recover both components

of the velocity field:

V(z,y) = /y Y (z,n)dn, (4.2.22)

u(z,y) = / Y (& y)d (4.2.23)
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Equation (4.2.21) displays the full complexity of the Navier-Stokes dy-
namics, which the PDE system (4.2.10)—(4.2.12) conceals through the presence
of the pressure equation (4.2.12), and the Orr-Sommerfeld equation (4.2.20) con-
ceals through the use of fourth order derivatives. Besides being unstable (for high
Reynolds numbers), the Y system incorporates (on its right-hand side) the com-
ponents of Y (z,y) from everywhere in the domain. This is the main source of
difficulty for both controlling and solving the Navier-Stokes equations. A pertur-
bation somewhere in the flow is instantaneously felt everywhere—a consequence of
the incompressible nature of the flow. Our approach to overcoming this obstacle
is to use one of the two control variables (normal velocity V.(x), which is incor-
porated explicitly inside the equation) to prevent perturbations from propagating
in the direction from the controlled boundary towards the uncontrolled boundary.
This is a sort of “spatial causality” on y, which in the nonlinear control literature

is referred to as the ‘strict-feedback structure’ [71].

4.3 Controller

The explicit control law consists of two parts—the normal velocity con-
troller V.(x) and the streamwise velocity controller U.(z). V.(x) makes the integral
operator in the third to fifth lines of (4.2.21) spatially causal in y,* which is a nec-
essary structure for the application of a “backstepping” boundary controller for
stabilization of spatially causal partial integro-differential equations [101]. U.(x)
is a backstepping controller which stabilizes the spatially causal structure imposed

by V.(z). The expressions for the control laws are
1 00
vita) = [ [ Que—empute.condsan (4.3.24)
0 —00
Ve(t,z) = h(t, x), (4.3.25)
where h verifies the equation

IThe first, second and sixth lines are already spatially causal in y.
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where

1 oo
- /0 /_ Qv(z — &)V (L, & n)dédn

-/ Z Qolw — €) (uy(1,€,0) — uy(1,€, 1)) de, (4.3.27)
and the kernels @,, Qv and )y are defined as
Qu = / h X(k)K (k, 1, 7)™ @=9dk (4.3.28)
Qv = /Oo x(k)167ki(2n — 1) cosh (27k(1 — 1)) ™ *@=Odk, (4.3.29)
Qo = / h X(k)QZ—IZZe%’k S dk. (4.3.30)

In expressions (4.3.28)—(4.3.30), x(k) is a truncating function in the wave

number space whose definition is

I, m<|kl<M
x(k) = (4.3.31)

0, otherwise

where m and M are respectively the low and high cut-off wave numbers, two design
parameters which can be conservatively chosen as m < 55— and M > %. The
function K (k,y,n) appearing in (4.3.28) is a (complex Valued) gain kernel defined
as

K(k,y,n) = lim K,(k,y,n), (4.3.32)
where K, is recursively defined as 2

cosh (27k(1 —y +n)) — cosh (27k(y — 1))
sinh (27k)
+4iRen(n — 1) sinh (27k(y — 1))

K() = 27k

R
—?em'kn (21y* — 6y (3 + 4n) +n(12 + 7))

—6m’R—:(1 — cosh (27k(y —n))) (4.3.33)

K, = n1—47rk2Re/ / /{Smh”“””—(%—n

>This infinite sequence is convergent, smooth, and uniformly bounded over (y,7) € [0, 1)?, and analytic
in k. See Proposition 4.8 for details.
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+2(y — 6 — 1) cosh (wk(€ + 8)) } - (k % . 5) dedsdry

—mk/ / (v=98)(y—90—-2)K ( 1+0 7= )déd
y=n

Y71 cosh (2mk(1 — §)) — cosh (27k0)
2k
e /0 sinh (27k)
XK1 (k,y —n,0)dd. (4.3.34)

The terms of this series can be computed symbolically as they only involve in-
tegration of polynomials and exponentials. In implementation, a few terms are
sufficient to obtain a highly accurate approximation because the series is rapidly
convergent [101].

Formulas (4.3.24)—(4.3.34) constitute the complet statement of our feed-
back law. Their mathematical validity is established in Theorem 4.4 and Proposi-
tion 4.8.

Remark 4.1. (4.3.25) is a dynamic controller whose magnitude is determined
by the variable h(t,z), which evolves according to (4.3.26). The initial condition
h(0, x) must verify the compatibility condition for the plant to be well-posed. This
amounts to setting h(0,z) = V(0, 1, x).

Remark 4.2. Control kernels (4.3.29) and (4.3.30) can be explicitly expressed as
RV(fu 7, M) - RV(fu 7, m)

Qlen) = s(zg - pHELI) I (13.35)
o Ro(fa 1, M) — RO(&) 1, m)
Qo(&,m) = e : (4.3.36)
where Ry (§,n,k) and Ro(§,n, k) are defined
R — (1 —n)?— &¥)sin(27kE)cosh(2mk(1 — 7))
' m(&+ (1 —n)?)
+2k& cos (2mk€) cosh (27k(1 — n))
~ 2§(1 — ) cos (2mkE) sinh (27k(1 — 7))
m(&+ (1 —n)?)
—2k(1 — n) sin(27k€) sinh(27k(1 — 1)) (4.3.37)
Ry = 2k cos (27k§) — % (4.3.38)

2mé
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Using the explicit formulae in (4.3.35)—(4.3.38) and approximating the
kernel K by Kj from (4.3.33), we compute the kernels @Q,,, @y and Qg in (4.3.29)—
(4.3.30) and show them in Fig. 4.2. The kernels are computed for the case of low
Reynolds numbers, for which it holds that K ~ Kj; for large Reynolds numbers,
the kernel @y does not change (since it does not depend on Re), while @y will be
smaller and @, larger, with a qualitatively similar shape. The most visible feature
of the kernels is their spatial decay for increasing values of the argument |z — &|;
this property, which we formalize in Theorem 4.4, allows to truncate the integrals
with respect to £ to the vicinity of x, which allows sensing to be restricted just to
a neighborhood (in the x direction) of the actuator. Note also that, for @, and
especially for Qy, information about the states close to the uncontrolled end (and
thus far away from the actuators and harder to stabilize) is given more weight in

the control law, as one would expect from common sense.

4.4 Main Results

Due to the explicit form of the controller, the solution of the closed loop

system is also obtained in the explicit form,

u(t,z,y) = u(t,z,y) + e (t, z,y), (4.4.39)

Vitz,y) = Vi(ta,y) +evit z,y), (4.4.40)

where

X [Sm (mjy) + /0 L(k,y,n) sin (7 jn) dn}

1 1

in (rjn) — | K(k in (rjo) d
X/o [sm(ﬂjn) / (k,o,n)sin (mjo) a]
xu(0,&,n)dndEdk, (4.4.41)

V* — _22/ / 4k27|—2+7r] Tomik(z— )
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Figure 4.2: Feedback control kernels @Q,(z — &, n) (upper left), Q,(x —&,n) (upper
right) and Qo(xz — &) (bottom).
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« [/Oy (/nyL(k,a, n)da) sin () dn

+Lﬁ(ﬂi@)} /01 [wj cos (mjn)

T

1
+K (K, m,m) sin (wjn) —/ Ky(k, 0,m)
X sin (mjo) da] V(0,&,n)dndédk. (4.4.42)

The variables €,(t, z,y) and €y (¢, x,y) represent the error of approxima-

tion of the velocity field and are bounded in the following way
1
eIz + llev®)llz < e ([lea(0)[172 + lev(0)]72) . (4.4.43)

where both €,(0,z,y) and ey (0,z,y) can be written in terms of the initial condi-

tions of the velocity field as

eu(0,2,y) = u(0,2,y) —/_OO sin (QWM@W;SiH (27mé)
xu(0,z — & y)dg, (4.4.44)

EV(O’ v y) _ V(O, .. y) B /oo sin (27TM€) — sin (27Tmf)

o0 €

xV (0,2 — &, y)dE, (4.4.45)

The bound on the errors is proportional to the initial kinetic energy of €, and €y,
which, as made explicit in the expressions (4.4.44)—(4.4.45), is in turn proportional
to the kinetic energy of u and V' at very small and very large length scales (the
integral that we are substacting from the initial conditions represents the inter-
mediate length scale content), and decays exponentially. Therefore, this initial
energy will typically be a very small fraction of the overall kinetic energy, making
the errors ¢, and €y very small in comparison with v* and V* respectively.

The kernel L in (4.4.42) is defined as a convergent, smooth sequence of

fuctions
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whose terms are recursively defined as

Ly = Ko, (4.4.47)
y+n  py-n o
Lo = Lo+ 42'Re/ / / (27k(y + € — 1) cosh (nk(& — 5))
y—n JO =4
. y+§{ -0
+sinh (7k(§ —0)) — k(20 — 1)} Ly | k, —— 5 dédodry
y+n y=n
——mk/ / (v+0)(y+6—-2)
Loy 1 (k i ; 0 7 ; 5) dsdy . (4.4.48)

Control laws (4.3.24)—(4.3.34) guarantee the following results.

Theorem 4.3. Assume ug(x,y) and Vo(z,y), initial conditions for w and V', belong

to H*(QY) and that the following compatibility conditions® are verified

0 0
a—IuO(fr, y) + a—yVo(I, y) = (4.4.49)

wola,1) = / / Qule — &, n)uo(€, n)dedn, (4.4.50)

Then, the equilibrium u(x,y) = V(x,y) = 0 of system (4.2.10)—(4.2.18), with feed-
back law (4.3.24)—(4.3.34) where the function h(t,x) in (4.3.26) verifies the initial
condition h(0,z) = Vy(x,1), is exponentially stable in the L*, H' and H* norms.
Moreover, the solutions for u(t,z,y) and V(t,x,y) belong to L*((0,00), H*())
and are given explicitly by (4.4.39)—(4.4.48).

Theorem 4.4. Under the same assumptions of Theorem 4.3, control laws U.,,

Ve and kernels Qu, Qv, Qo, as defined by (4.53.24)-(4.3.34), have the following

properties:
1. Ue. and V, are spatially invariant in x.
i. 7 Ve(t,§)dE =0 (zero net fluz).

190 |Q| S O/|ZE - §|; fOT’ Q = QU7QV7QO'

3 The compatibility condition fix;o Ve(t,z)dz = 0 is automatically verified, see Theorem 4.4.
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w. U. and V. are smooth functions of x.
v. Qu, Qv, Qo are real valued.
vi. Qu, Qv, Qo are smooth in their arguments.
vii. U, and V. are L? functions of x.
vigs. All spatial derivatives of U, and V, are L? function of x.

Remark 4.5. By Sobolev’s Embedding Theorem [107], H? stability suffices to es-
tablish continuity of the velocity field when the domain is bounded. The argument
is not applicable to the infinite channel, but it holds if the channel is periodic, a

setting for which our design extends trivially.

Remark 4.6. Theorem 4.4 ensures that the control laws are well behaved and
their formal definition makes sense. Property i, spatial invariance, means that
the feedback operators commute with translations in the x direction [12], which is
crucial for implementation. Property ii ensures that we do not violate the physical
restriction of zero net flux, which is derived from mass conservation. Property iii
allows to truncate the integrals with respect to £ to the vicinity of x, which allows
sensing to be restricted just to a neighborhood (in the x direction) of the actuator.
Properties iv to vi ensure that the control laws are well defined. Properties vii
and viii prove finiteness of energy of the controllers and their spatial derivatives.
These properties are illustrated in Fig. 4.2, which show the decay and smoothness

of the kernels.

The next sections are devoted to proving these theorems. We first derive
a priori estimates; then we prove well-posedness in a direct way using explicit

closed-loop solutions.
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4.5 L? stability

As common for infinite channels, we use a Fourier transform in x. The

transform pair (direct and inverse transform) has the following definition:
flkyy) = / [z, y)e ™ da, (4.5.51)

flz,y) = / h f(k,y)e* k= dk. (4.5.52)

Note that we use the same symbol f for both the original f(x,y) and the image
f(k,y). In hydrodynamics, k is referred to as the “wave number.”
One property of the Fourier transform is that the L? norm is the same in

Fourier space as in physical space, i.e.,

1 poo 1 poo
Hf||%2=/0 /Oof2(k‘,y)dkdy:/0 /Oof2(x,y)dxdy, (4.5.53)

allowing us to derive L? exponential stability in physical space from the same prop-

erty in Fourier space. This result is called Parseval’s formula in the literature [28].

Remark 4.7. Given a state f, we define feedback operators that act on the state

for each wave number k. Calling the result of the operator K f(k),

Kf(k) = / K (k) (k, y)dy, (4.5.54)

where K is a kernel that is itself a function of k. Applying the inverse transform

we can write (4.5.54) in physical space

Kf(z) = /0 / " K (k) f(k, g dkdy, (4.5.55)

or in terms of f in physical space

Kf(z) = / Z /O 1 ( / Z K(/g,y)e%i’f@—f)dk) f(€,y)dydé. (4.5.56)

This is known as the Convolution Theorem. Supposing that f is an L? function of
space, and that K is bounded and has finite support in k, it follows that Expression

(4.5.56) makes sense and defines an L? function in space.



We also define the L? norm of f(k,y) with respect to y:

1R, = / ko) Pdy.

The L? norm as a function of k is related to the L? norm as

1£]2 = / ()] 2,k

Equations (4.2.10)—(4.2.12) written in the Fourier domain are

— AT kU + Uy,

U = oo + 8kmiy(y — 1)u
+4(2y — 1)V — 2mikp,
—AT?K2V + V,
V, = Y o kig(y — DV - .
Re
—AT*k*p + pyy 167ki(2y — 1)V,

with boundary conditions

V(k,1) = V(k),
V., (k0
Py :0 = yyée ):
Vi (k, 1) — A2 k2 V()

Re - (‘/C)t(k)a

and the continuity equation (4.2.19) is now

2rkiu(k,y) + Vy,(k,y) = 0.
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(4.5.57)

(4.5.58)

(4.5.59)
(4.5.60)
(4.5.61)

4.5.62

e~
ot
(@)
w

— —~ —~ —~ —~
-
(@) [@p)
Ut =~

N~— N~— N~— N~— N~—

4.5.66

(4.5.67)

(4.5.68)

Thanks to linearity and spatial invariance, there is no coupling between

different wave numbers. This allows us to consider the equations for each wave

number independently. Then, the main idea behind the design of the controller is

to consider two different cases depending on the wave number k. For wave numbers

m < |k| < M, which we will refer to as controlled wave numbers, we will design
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a backstepping controller that achieves stabilization, whereas for wave numbers in
the range |k| > M or in the range |k| < m, which we will call uncontrolled wave
numbers, the system is left without control but is exponentially stable. This is a
well-known fact from hydrodynamic stability theory [95].

Estimates of m and M are found in the Section 4.5.2 based on Lyapunov
analysis and allow us to use feedback for only the wave numbers m < |k| < M.
This is crucial because feedback over the entire infinite range of k’s would not be
convergent. The truncations at £k = m, M are truncations in Fourier space which
do not result in a discontinuity in x.

We now analyze equations (4.5.59)—(4.5.61) in detail, for both controlled

and uncontrolled wave numbers.

4.5.1 Controlled wave numbers

For m < |k| < M we first solve (4.5.61) in order to eliminate the pres-
sure. The equation can be easily solved since it is just an ODE in y, for each k.

Introducing its solution into (4.5.59), we are left with

1
up = — (—47°k*u + uyy) + 8wkiy(y — Du+4(2y — 1)V

Re

Y _ .cosh (27k(1 — y))
167k k 2n —1 h (2nk(y — d
16k [V (k) (20— 1) sinh (2rk(y ) dn-+ i<

% . 16wk% /1 V(k,1)(2n — 1) cosh (2mk(1 — 1)) dn
cosh (2mky) (Vi (k, 1) — 472k V.(k)
~sinh (27k) ( Re B (Vc)t(k)) ' (4:5.69)

We don’t need to separately write and control the V' equation because, by the
continuity equation (4.5.68) and using the fact that V(k,0) = 0, we can write V

in terms of u

V(k,y) — /0 "V (k, m)dn = —2rki /0 ", m)dn. (4.5.70)

Introducing (4.5.70) in (4.5.69), and simplifying the resulting double integral by

changing the order of integration, we reduce (4.5.69) to an autonomous equation
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that governs the whole velocity field. This equation is

2k cosh (27k(1 — y)) uy(k,0)
sinh (27k) Re

48 /Oy {mk(2y — 1) — 2sinh 27k(y — 1)) — 2k(2n — 1) cosh (27k(y — 1))}

1
u = oo (—47%k*u + uyy) + 8mkiy(y — 1)u

wu(k,n)dn + 16i %/ {rk(2n — 1) cosh (2nk(1 — 7))
+sinh (27k(1 —n)) }u(k,n)dn

ZCS()IZ}L((QQZTT];{%) (%Muy(k’ 1)];6 TRVeR) (Vc)t(k)) : (4.5.71)

with boundary conditions

u(k,0) = 0, (4.5.72)
u(k,1) = U.(k). (4.5.73)

Note that the relation between Y in (4.2.21) and w in (4.5.71) is that Y (k,y) =
2rkiu(k,y).

Now, we design the controller in two steps. First, we set V. so that
(4.5.71) has a strict-feedback form in the sense previously defined:
2mki (uy (k, 0) — u,(k, 1)) — 472k*V,

Re

—167ki /1(27] — 1)V(k,n) cosh (2rk(1 —n))dn.  (4.5.74)

0

(Vo) =

This can be integrated and explicitly stated as a dynamic controller in

the Laplace domain:

‘/;:

2ki {uy(s, k,0) — uy(s, k, 1)

s+ 4m2k2 Re

Re

—8/0 (2n — 1)V (s, k,n)cosh (2mk(1 —n)) dn| . (4.5.75)

Control law (4.5.74) can be expressed in the time domain and physical space as
(4.3.25)-(4.3.27) and (4.3.29), (4.3.30), by use of the convolution theorem of the

Fourier transform.
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Introducing V, in (4.5.71) yields

1 Yy
u = (=47 k% + uy, ) + 87kiy(y — Du + 8@'/0 {mk(2y — 1)

—2sinh (27k(y —n)) — 27k(2n — 1) cosh (27k(y — 1)) } w(k, n)dn
cosh (2mky) — cosh (27k(1 — y)) uy (k, 0)'

—27k
: sinh (27k) Re

(4.5.76)

Equation (4.5.76) can be stabilized using the backstepping technique for parabolic
partial integro-differential equations [101]. This method consists in finding an
invertible Volterra transformation that maps the original unstable equation into a
target system with the desired stability properties.

Using backstepping, we map u, for each wave number m < |k| < M, into

the family of heat equations

1
o = @(—4W2k2a+ayy), (4.5.77)
a(k,0) = 0, (4.5.78)
alk,1) = 0, (4.5.79)
where
Yy
a = u—/ K (k,y,n)u(t, k,n)dn, (4.5.80)
0
Yy
w = a+ [ Liky.maltknan (15.81)
0

are respectively the direct and inverse transformation. The kernel K is found by
substituting (4.5.76) and (4.5.80) into (4.5.77)—(4.5.79). Then integration by parts,
following exactly the same steps as in [101], leads to the following equation that

K must verify.

1 1 . : i

@Kyy - @Knn +8mikn(n — 1)K — 8i {wk(2y — 1) — sinh (2k(y — 1))
—2mk(2n — 1) cosh (27k(y — 1))}
+8@'/ {mk(26 — 1) — 2sinh (27k(§ — 7))

—27k(2n — 1) cosh (27k(§ —n))} K (k,y, §)dE, (4.5.82)
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a hyperbolic partial integro-differential equation (PIDE) in the region 7 = {(y,n) :

0 <n <y <1} with boundary conditions:

2Re . cosh (27k) — 1
K = - 22y —3) =2 4.5.
(y,y) 5 miky (2y —3) — 27k b (2rk) (4.5.83)
K, 0) = —2 L cosh (2rky) — cosh (27k(1 — y))
v ~ sinh (27k) Y " Y

y
—I—/ K(k,y,&) [cosh (2mk(1 — &) — cosh (27k€)] d{}.(4.5.84)
0
Regarding (4.5.82)—(4.5.84) we have the following result.

Proposition 4.8. Consider equation (4.5.82) in the domain (k,y,n) € CxT with
boundary conditions (4.5.83)—(4.5.84). There is a solution K, given by (4.3.32)-
(4.3.34), such that K belongs to C*(T). Moreover K as a complez-valued function

of k is analytic in the annulus m < |k| < M.

Sketch of Proof. We transform (4.5.82)—(4.5.84) into an integral equation. This is
done following the same steps as in [101], by defining new variables a = y + 7,
b =1y —n. Then one obtains a PIDE in a and b and parameterized by k, that can
be partially solved by integration, finally reaching an integral equation of Volterra
type in two variables. The integral equation can be solved explicitly for each k
via a successive approximation series; this explicit solution is given by (4.3.32)—
(4.3.34). For each k € C, the same method of [101] proves convergence of the series
and hence the existence of a solution. One gets the following estimate when £ is
in the annulus m < |k| < M,

|K| < Ne*™, (4.5.85)

where N = Re (12nM + 2sinh(2r M) + 27 M cosh(2wM)). Moreover using the
estimate and the fact that the terms in the series definition (4.3.33)—(4.3.34) of K
are analytic in k, it is shown that the kernel itself is also analytic as a complex
function of k, for compact subsets of the annulus m < |k| < M. This implies
analyticity in the given annulus [91]. C! smoothness in y and 7 is shown by

differentiating the integral equation, which yields the same type of equation for
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K, and K,; then the argument for K holds for K, and K, (with a different but
similarly looking exponent). Since the coefficients in the integral equation are

smooth, this procedure can be iterated for K

vy, Kyn and K, (and even for higher

derivatives, getting more smoothness, but we don’t pursue that result). Thus C?

smoothness follows. O

Remark 4.9. Proposition 4.8 implies that the kernel and its first and second order

derivatives in y and 1 are bounded for m < |k| < M and (y,n) € 7.

Remark 4.10. Using Proposition 4.8, Equations (4.5.80)—(4.5.81) and Remark 4.9,
it is shown that the backstepping transformation (4.5.80) maps the spaces L?, H*

and H? back to themselves.

Remark 4.11. See also Theorem 8.25 for the statement and more detailed proof
of a result that includes Proposition 4.8 as a particular case, since it considers

equations of the kind of (4.5.82)—(4.5.84) with time-varying coefficients.

From the transformation (4.5.80) and the boundary condition (4.5.72)

the control law is
1
U, / Kk, 1, n)u(t, k. m)dn. (4.5.86)
0

Using the convolution theorem of the Fourier transform (see Remark 4.7)
we write the control law (4.5.86) back in physical space. The resulting expressions
is (4.3.24).

The equation for the inverse kernel L in (4.5.81) is similar to the one of

K and enjoys similar properties

1 1

L. &= —

Re ™ Re
—2mk(2n — 1) cosh (27k(y — 1))}

—8i /y {mk(2y — 1) — sinh 27k(y — &))
+27k(2 — 1) cosh (2mk(y — &)} L(k, €, n)dE, (4.5.87)

L,, — 8miky(y — 1)L — 8i{mwk(2y — 1) — 2sinh (27k(y — n))
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again a hyperbolic partial integro-differential equation in the region 7 with bound-

ary conditions

2Re . cosh (27k) — 1
L(y7 y) = _Tﬂ'lkin(Qy - 3) — 27k Sin<h (271')k) ;

(4.5.88)

2k

Liy.0) sinh (27k)

{ cosh (2mky) — cosh (27k(1 — y)) } (4.5.89)

The equation can be transformed into an integral equation and calcu-
lated via the successive approximation series (4.4.47)—(4.4.48). A similar result to
Proposition 4.8 holds for L.

By using (4.5.70) and (4.5.80)—(4.5.81), V' can also be expressed in terms

of v
V, — [V K(k,y,n)V,(t, k n)d
21k
y y
vV = —27rki/ {1—1—/ L(k,n,a)da} a(t, k,n)dn. (4.5.91)
0 n

Since (4.5.80)—(4.5.81) map (4.5.76) into (4.5.77), stability properties of

the velocity field follows from those of the a system.

Proposition 4.12. For any k in the range m < |k| < M, the equilibrium profile
u(t,k,y) = V(t,k,y) = 0 of system (4.5.59)—(4.5.67) with control laws (4.5.74),
(4.5.86) is exponentially stable in the L* norm, i.e.,

IVt R)IZ. + llult k)7, < Doeme’ (||[V(0, k)7, + [|u(0.&)|[3,) , (4.5.92)
where Dy s defined as:

Dy = (1 +47°M?) max {(1+||L||so)*(1+ ||K]|s)?} (4.5.93)
m<|k|<M

Proof. First, from the o equation (4.5.77) it is possible to get an L? estimate

lla(t, k)[[3, < e 2 [|a(0, k)| |3 (4.5.94)

i2

then employing the direct and inverse transformations (4.5.80)—(4.5.81) and (4.5.91)
we get (4.5.92)—(4.5.93). O
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Now, if we apply the feedback laws (4.5.74), (4.5.86) for all wave numbers
m < |k| < M, then the control laws in physical space are given by expressions

(4.3.24)—(4.3.30), where the inverse transform integrals are truncated at k = m, M

in (4.3.28)—(4.3.30). If we define

Vit a,y) = / VBV (E b, )62 o . (4.5.95)
u (t,x,y) = / x(k)u(t, k,y)e ™ *dk, (4.5.96)

which are variables that contain all velocity field information for wave numbers

m < |k| < M, the following result holds.

Proposition 4.13. Consider equations (4.2.10)—(4.2.18) with control laws (4.3.24)-
(4.3.25). Then the variables u*(t,x,y) and V*(t,z,y) defined in (4.5.95)-(4.5.96)

decay exponentially:

VOl + w7 < Doem=" (J[VF(O)|[7: + [lu*(0)[[72) - (4.5.97)

Proof. The Fourier transform of the star variables is, by definition, the same as the
Fourier transform of the original variables for m < |k| < M, and zero otherwise.

Therefore, applying Parseval’s formula and Proposition 4.12,

(e 9]

V@O + [l (0|17 :/ (V= R)IE + [ (2, R)17) dk

oo

_ /“X@gmv@mm;+wwmkm;%%

oo

< m&W/'nmmvwm%ﬁwmmm&g%

L * *
= Doe” =" (|[V*(0)|[72 +[|u*(0)][72) . (4.5.98)

proving (4.5.97). O

4.5.2 Uncontrolled wave number analysis

For the uncontrolled system (4.5.59)—(4.5.60), we define, for each k, the

Lyapunov functional

Ak 1) = 5 (VG R)IB + fult, ) (45.99)
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The time derivative of A is

; 8m2k? 1
N (Y CIRATI
! V+aV
+4/ (2;,—1)%0@, (4.5.100)
0

where the bar denotes the complex conjugate, and the pressure term cancels out
using integration by parts and the continuity equation (4.5.68). The second term
in the first line of (4.5.100) can be bounded using the Poincare inequality, thanks
to the Dirichlet boundary condition at y = 0:

A
—luy(B)[[72 = Vy(R)I[72 < =5 (4.5.101)

Consider now separately the two cases |k| < m and |k| > M. In the first case, we

can bound the second line of (4.5.100) as

. srk? 1
A< - 7;%(3 A = A 4A, (4.5.102)
so, if [k| > L4/H¢ then
. 1
A< —gpn (4.5.103)

Now, consider the case of small wave numbers. We bound the second line of

(4.5.100) using the continuity equation (4.5.68)

: 8r2k? 1
A< — A — A + 87 |k|A 4.5.104
-~  Re 2Re T TIk[A, ( )
so, if |k| < 5527, then
A<——ta (4.5.105)

~ 4Re

We have just proved the following result:

Proposition 4.14. If m = and M = L\/E¢ then for both |k| < m and

327%Re g 2
|k| > M the equilibrium u(t,k,y) = V(t,k,y) = 0 of the uncontrolled system

(4.5.59)-(4.5.67) is exponentially stable in the L? sense:

IV R)IZ +llut WG < e ([[V(0, k)7, + [u(0, k)[[7,) - (4.5.106)
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Since the decay rate in (4.5.106) is independent of k, that allows us to

claim the following result for all uncontrolled wave numbers.

Proposition 4.15. The variables €,(t, x,y) and ey (t,x,y) defined as

etz y) = / (1= (R) ult, k, y)e?m i (4.5.107)
ev(t,zy) = / T (1= () V(E b, y)e e dn, (4.5.108)

decay exponentially as
lev Oz + llea®ze < e ([lev (0)]|Z2 + [leu(0)][Z2) . (4.5.109)

Proof. As in Proposition 4.13. O

4.5.3 Analysis for the entire wave number range

Using (4.4.39)~(4.4.40),

VIR = / 1V (¢, k)| odk

— 00

1 ')
= / / (V*(t, k,y) + ev(t, k,y))” dkdy
0 —00

1 o)
= / / (V*)? + & + 2V*ey) dkdy
0 —00

= |V OI1Z + llev )]z, (4.5.110)

where we have used the fact that V*(t, k,y)ey (¢, k,y) = x(k)(1 — x(k))V(t, k,y)
and x(k)(1 — x(k)) is zero for all k by its definition (4.3.31).

This shows that the L? norm of V' is the sum of the L? norms of V*(¢, k, y)
and ey (t, k,y). The same holds for u. Therefore, Theorem 4.3 follows from Propo-
sitions 4.13 and 4.15. Noting that Dy as defined in (4.5.93) is greater than unity,

we obtain the following estimate of the decay:

VO + w72 < Doewe ([[V(0)[[72 + [[u(0)[[72) - (4.5.111)
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4.6 H' stability

We define the H' norm of f(z,y) as

I e = I + 1 fell2e + A2 (4.6.112)

We also define the H! norm of f(k,y) with respect to y as

1F (I = (L + 4m* B (R + [1fy ()1 (4.6.113)

The H' norm as a function of k is related to the H' norm as

171 = [ Rk (4.6.114)

4.6.1 H! stability for controlled wave numbers
For each k, one has that

If G < (54167 M7)||f, ()|l (4.6.115)

U
where we have used (4.6.113) and Poincare’s inequality. This proves the equiv-
alence, for any k, of the H' norm of f(k,y) and the L? norm of just f,(k,v).
Therefore, we only have to show exponential decay for u, and V.

Due to the backstepping transformations (4.5.80), (4.5.81) and (4.5.90)
(4.5.91),

Yy
oy = uy - K- [ K(kymutkandy, (16110
0
Yy
uy, = Oéy+L(k',y,y)Oé+/ Ly(k,y,n)a(t, k, n)dn, (4.6.117)
0
-1 y
= —(v,—| K& t,k,n)d 4.6.11
el %ki(‘/y /O (ks y, mVy(t, k,m) n), (4.6.118)
Yy
V, = —27?1{;2'(04—1—/ L(k‘,y,n)a(t,k,n)dn), (4.6.119)
0

and then it is possible to write the following estimates, which are derived from

simple estimates on « and «, from (4.5.77)

__2
[y (8 B)I17. < Die™ 50 |uy (0, k)| [3., (4.6.120)

1
IVy(t, B)lI7. < Doe™ ="V, (0, k)17 (4.6.121)

2
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where

D; = 5 max {(1+4|\L|\oo+4|\Ly||oo)2(1+4||K||oo+4||Ky||oo)2}.(4.6.122)

m<|k|<M

Using these estimates the following proposition can be stated regarding the velocity

field at each k in the controlled range.

Proposition 4.16. For any k in the range m < |k| < M, the equilibrium pro-
file u(t,k,y) = V(t,k,y) = 0 of the system (4.5.59)-(4.5.67) with control laws
(4.5.74), (4.5.86) is exponentially stable in the H' sense

—2
V(B + lut, B[ < Daesse ([[V(0, k)|, + [u(0, k) (%) ,(4.6.123)
where Dy s defined as:
Dy = (54 167°M?*) max{Dy, D}. (4.6.124)

Thanks to the same argument as in Proposition 4.13, for all wave numbers

m < |k| < M, the following result holds.

Proposition 4.17. Consider equations (4.2.10)—(4.2.18) with feedback control
laws (4.3.24)-(4.3.25). Then the variables u*(t,z,y) and V*(t,z,y) defined in
(4.5.95)—(4.5.96) decay exponentially in the H' norm:

IOl + V@l < Daedre’ ([[u(0)[ + [V (0)[[71) - (4.6.125)

4.6.2 H! stability for uncontrolled wave numbers

Following the same argument as in (4.5.99)—(4.5.105), a slightly different
bound can be derived that keeps some of the H' norm in (4.5.104)

. A Ay
A —— — = 4.6.12
~ 8Re 2Re’ (4.6.126)
where
1
Ak 1) = 5 (It W, + 1V (8, B)2.) (4.6.127)
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The time derivative of Ay can be bounded as
dAy /1 WUyt + Uyt + Vi Ve + Vi Vit
dt 0 2
_ /1 UyyUs + UyyUs + Vi Vi + Vi Vi
0

dy

2 dy

1 ) ) o o [ Uyl + Uyu+ V,, V4V, V
= " Re (|‘uyy|‘p+|‘vz;y||f;2)+4k T SRe dy

0

1 _ By _
— V, V,
L onki / UyyD > UyyP dy — / yyPy ;‘ yyPy dy
0 0

1 o _
_4/ (2y — 1)Mdy
0

2
Uy U — Vny + Vny
2

! Uy U —
+8rki | y(y—1) dy, (4.6.128)
0

where we have used integration by parts and the Dirichlet boundary conditions of
the uncontrolled wave number range. Doing further integration by parts and using

the divergence free condition, we can simplify a little the previous expression:

dAH 1 8k27T2
T = (i + Vi) — =2
1 o _ 11
_167T2k2/ (2y — 1)UV 2 “de — Ll ;— e (4.6.129)
; 0

Only the last term remains to be estimated. Using (4.5.66)—(4.5.67) with V, being

zero for uncontrolled wave number, the last term in (4.6.129) can be expresssed as

— 1
VP + Viyp

: _ peluP T PyP

0 2

1

(4.6.130)

0

This quantity can be estimated using the following lemma.

Lemma 4.18. If the pressure p verifies the Poisson equation (4.5.61) with bound-
ary conditions (4.5.66)—(4.5.67), then

1

< 16|V (¢, k)]]%,. (4.6.131)
0

_ Pyp+pyp
2

Proof. Multiplying equation (4.5.61) by p and integrating from zero to one, one
gets:

1 1
—47T2k‘2||p(t,k)||2i2+/ PPy dy = /167Tk;i(2y—1)]3de, (4.6.132)
0 0
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which integrated by parts, becomes

1

1
—ppy| = —ATE|p(t, k)17, — Iy (. B)I13 —/O 16mki(2y — 1)pVdy. (4.6.133)
0

Now using Young’s inequality one finally arrives at

1
< 16[|V (¢, k)]]%,. (4.6.134)
0

_ﬁpy

For the other conjugate pair one proceeds analogously, thus completing the proof.

O

Using the lemma, the time derivative of Ay can be estimated as follows:

dAH < _8l€271'2
dt — Re

Ag + 1672K*A + 16 ReA. (4.6.135)
We take the following Lyapunov functional

Ar = Ay + (1 + 64Re* + 4n°k* + 64Rem’k?) A, (4.6.136)
which is equivalent to the H! norm, whose definition in terms of A and Ay is

u(t, k)| 5 + V(R[5 = 201+ 4n2k*)A 4 2A4. (4.6.137)

2
Ir
Computing the derivative of (4.6.136)

dAT < _ AH _ 1 +47T2k2
dt — 2Re S8Re

A < —dyAr, (4.6.138)

where d; is a (possible very conservative) positive constant, which depends on the

Reynolds number (but not on k)

1
dy = —— 4.6.139
1 8D3R€’ ( )

and where
D3 = max{1+ 64Re* 1+ 16Re}. (4.6.140)

Deriving an estimate of the H' norm from this estimate for Az, one reaches the

following result.
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Proposition 4.19. If m = ﬁ and M = % %, then for both |k| < m and

|k| > M the equilibrium u(t,k,y) = V(t,k,y) = 0 of the uncontrolled system
(4.5.59)-(4.5.67) is exponentially stable in the H' sense:

V(&) + ult )IE, < Dse™™ (|[V(0,B)|[5, + [|u(0, k)|[%,) (4.6.141)

2
1%
Since the decay rate in (4.6.141) is independent of k, that allows us to

claim the following result for all uncontrolled wave numbers.

Proposition 4.20. The variables €,(t,x,y) and ey (t,x,y) defined as in (4.5.107)-

(4.5.108) decay exponentially in the H' norm as

leu®lFn +llev®lln < Dse™ ([lea(O)lzn + [lev (0)[[7n) . (4.6.142)

4.6.3 Analysis for all wave numbers

From Propositions 4.17 and 4.20, and using the same argument as in

Section 4.5.3, the H' stability part of Theorem 4.3 is proved. One gets that
lu@in +IVOlE < Dae™ ([lu(0)|3n + [[V(O)][F) . (4.6.143)

where D, = max{D,, D3}.

4.7 H? stability

The H? norm of f(z,y) is defined as

1/ e = £ 1+ faallZe + 1 fayllZe + [ fyul 22 (4.7.144)

We also define the H2 norm of f (k,y) with respect to y as
1f () = ILF (I + 167K | f(R)]]3.
HATR2|| fy (B)|[22 + [ fuu (R (4.7.145)

The H? norm as a function of k is related to the H2 norm as

171 = [ TRk (4.7.146)
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4.7.1 H? stability for controlled wave numbers

Thanks to the backstepping transformations (4.5.80), (4.5.81) and (4.5.90),
(4.5.91), one calculates the second order derivative of both «w and V from « and

its derivatives,

Oéyy — _K k Y, y) (2Ky(k7y7y)+Kﬂ(k7y>y))u
/ y(k,y,mu(t, k,n)dn, (4.7.147)
uyy = C(yy + L(ka Y, ?J)O‘y (2Ly(k: Y, y) + Ln(ka Y, y))&
y
+/ Lyy(kvyun)a(tukun)dnu (47148)
0
-1
a, = %(%y—l{(k‘yy / K, kyn)V(tkn)dn)(47149)
y
Vi = —2mki (ay +L(k,y,y)a+/ Ly(kj,y,n)a(t,k‘,n)dn). (4.7.150)
0

It is possible then to write the following estimates, which are derived from simple

estimates on «, o, and oy, from (4.5.77):

lu(t, k)%, < Dse™5{|u(0, k) (4.7.151)

[

VR, < Dgesmet|[V(0, k)|, (4.7.152)

The positive constants D5 and Dg are defined as in (4.6.122) and depend only on
K and L.
Using these estimates the following proposition can be stated regarding

the velocity field at each k in the controlled range.

Proposition 4.21. For any k in the range m < |k| < M, the equilibrium pro-
file u(t,k,y) = V(t,k,y) = 0 of the system (4.5.59)—(4.5.67) with control laws
(4.5.74), (4.5.86) is exponentially stable in the H* sense

[Vt R Fe + llult, )5 < Drese’ (|[V(0, k)| % + [1u(0, k)|[7.) ,(4.7.153)
where Dy s defined as:

D7 = maX{D5,D6}. (47154)
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Thanks to the same argument as in Proposition 4.13, the following result
holds for all wave numbers m < |k| < M.

Proposition 4.22. Consider equations (4.2.10)—(4.2.18) with feedback control
laws (4.3.25)-(4.3.24). Then the variables u*(t,x,y) and V*(t,z,y) defined in
(4.5.95)-(4.5.96) decay exponentially in the H* norm:

I Oz + VO < Dsesme ([[u™(0)][72 + [V (0)|[72) - (4.7.155)

4.7.2 H? stability for uncontrolled wave numbers

For the uncontrolled wave number range, thanks to the Dirichlet bound-

ary conditions, the H? norm ||u(t, k)|| 4> is equivalent to the norm

1
e, B[ + / [y (8, k) — 4n°K2ut, b, y) P dy, (4.7.156)
0

i.e., to the H! norm plus the L2 norm of the Laplacian, which we denote for short

||Agu(k)[[2,. The proof of the norm equivalence is obtained integrating by parts,

1
1 Agu(k)|2, = / |4 k2u(y, k) + uyy(y, k)| dy
0

1
_ / (167 K ul* (y, k) + |ugy|*(y, k) — 47°K> (uilyy + Uuy,)] dy
0

167T4I€4HU(]€)H%2 + [luyy (k)

12, + 87K |y (R)] 3. (4.7.157)

The next norm equivalence property is less obvious and we state it in the following

lemmas:

Lemma 4.23. Consider u and V verifying equations (4.5.59)—(4.5.60). Then, for
the uncontrolled wave number range, the norm |[u||%, +[|V|[%, is equivalent to the

norm
[l %0 4+ V5 + w32+ (VA7 (4.7.158)

This means the Laplacian operator in norm (4.7.156) can be replaced by

a time derivative, when considering the H? norm of u and V together.
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Proof. Let us call

Ay = u(t, B2, + Vit B)I1%, (4.7.159)
ANpu(t, B))|%, + [|ALV (E K)|]2
p, = o )HLQR 2“ WAL (4.7.160)
e

Substituting in (4.7.159) equations (4.5.59)—(4.5.60),
AL = Ay + As, (4.7.161)

where Az contains the following terms

b —2rkiNjup + ALV p
A3 _ _/ ki klép—i- kprdy
0 €

Agui+ DGV !
(oruut SV / A(1 — 2y)
Re 0

1

- 27?1{:2'/ 4y(1 —y)
0

Aku‘_/

(&

dy — /01 (27Tkip11t + py\_/t) dy
+2mki /01 4y(1 —y) (uty +vV;) dy + /01 41 —2y) (Vi) dy.  (4.7.162)
Now one can estimate this quantity:
A < 48([[u(®)[[F: + IV (R + % (A +A79), (4.7.163)

in which we have used integration by parts, Young’s inequality, and Lemma 4.18.

Therefore:

[l + VI < Ds(nungl VIR, + Al), (4.7.164)
and

[l + VI + A < Dg(uuuip ; Hvuip), (47.165)
where Dg = 97 max{Re?, 1/ Re*}. O

From Lemma 4.23 one gets H? stability for the uncontrolled wave num-
bers. This is obtained by considering the norm [|u[|2, + |[Vi|3, as a Lyapunov
functional whose derivative can be bounded as

d |12, + VA1
dt 2

1 , )
< ~1ge lallZ +1IVilIZ:) (4.7.166)
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which follows by taking the time derivative of (4.5.59)—(4.5.60) and applying the

same argument as for L? stability. Thus,
1
lue(t, R[5, + Vit BT, < e 7 ([|ue(0, B)I[7, + [[Ve(0, k)II7,) - (4.7.167)

Noting that d; < 1/2Re and D5 > 1, adding (4.7.167) to (4.6.141) and employing
(4.7.164), (4.7.164) we obtain the following result.

Proposition 4.24. If m = ﬁ and M = % %, then for both |k| < m and

|k| > M the equilibrium u(t,k,y) = V(t,k,y) = 0 of the uncontrolled system
(4.5.59)-(4.5.67) is exponentially stable in the H* sense:

V(B3 + lut W)IF. < DEDse™* (IV(0, )[3 + [[u(0, k)][7.) - (4.7.168)

Since the decay rate in (4.7.168) is independent of k, that allows us to

claim the following result for all uncontrolled wave numbers.

Proposition 4.25. The variables €,(t,x,y) and ey (t, x,y) defined as in (4.5.107)-

(4.5.108) decay exponentially in the H?* norm as
leu®|iz + llevO)llF: < DEDze™ ™ ([leu(0)] |32 + v (0)[[72) - (4.7.169)

4.7.3 Analysis for all wave numbers

From Propositions 4.22 and 4.25, and again by the same argument as in

Section 4.5.3, the H? stability part of Theorem 4.3 is proved. One gets that
lu@®)[[72 + [IV@IGz < Doe™ ([lu(0)l[72 + [V (O)l[72) . (4.7.170)

where Dy = max{ Dy, D3Ds}.

4.8 Proof of well-posedness and explicit solutions

For showing well-posedness and derive the explicit solutions we decom-

pose the system in two parts in the wave number space, using (4.4.39)—(4.4.40).
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The star variables represent the controlled wave numbers in physical space and are
defined in (4.5.95)—(4.5.96). The epsilon variables represent the uncontrolled wave
number content in physical space and are defined in (4.5.107)—(4.5.107). Consider

then the initial conditions ug and V{ in Fourier space. Define

Volzy) = /Oo x(k)Vo(k, y)e™ dk, (4.8.171)
ug(z,y) = /00 x(k)uo(k, y)e*™**dk, (4.8.172)
and similarly,
evol(z,y) = /OO (1 = x(k)) Vo(k,y)e* " dk, (4.8.173)
€wo(T,y) = /00 (1 — x (k) uo(k, y)e*™*=dk. (4.8.174)

Note that Vi, uf, €vo, €uo € H*(Q2) and also verify the required compatibility condi-

tions. Define the following initial-boundary value problems for the star and epsilon

variables.
(u*, V*) verify (4.2.10)~(4.2.11) and (4.2.19),
u*(t,xz,0) = V*(t,x,0) = 0,
Pr=1 wi(t,x, 1) = (4.3.24), (4.8.175)
V(t,z,1) = (4.3.25),
| v (0,2,9) = ug(e, y), V*(0,2,y) = Vi (z,y).
and )
(€u, €y) verify (4.2.10)—(4.2.11) and (4.2.19),
€ult,z,0) = ey (t,x,0) =0,
p=] @bnl=altn) (4.8.176)

eult,z,1) =ey(t,z,1) =0

\ €u(0,2,y) = ewo(x,y), ev(0,2,y) = eyolx, y).

By linearity and spatial invariance (implying that different wave numbers are in-
dependent of each other) the solution of the linearized Navier-Stokes equations is
the sum of the solutions of P, and P,. Hence if both systems are well-posed then

the original problem is well-posed too.
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System P, is the (uncontrolled) channel flow with no-slip, no-penetration
boundary conditions. See [108, Proposition 1.2, pages 265-269], for an analysis of
the linear Navier-Stokes equations and their regularity that allows for unbounded
domains. It is shown that with the given degree of regularity of the initial con-
ditions, the problem is well posed in the space L*((0,7), H*(Q2)). Combining this
fact with the a priori bounds of Section 4.7, it follows that P, is well-posed in
L?((0,00), H*(2)). Moreover the decay rate of the epsilon variables is given in
Proposition 4.15.

We prove now that P, is well-posed using a direct method, taking ad-
vantage of the possibility of writing the exact solution of the problem. This is a
classical way of showing well-posedness, see for example [29], where existence of
solutions is shown by solving explicitly the problems with Fourier transform and
series methods, and uniqueness is proved by energy methods.

Explicit solutions (4.4.41)-(4.4.42) are obtained in the following way.
Equation (4.5.77) is a heat equation in a(t, k,y) and can be solved explicitly. The

initial condition for this equation is

)
colky) = uilh) = [ Kkyouitendn, (@817
0

and, since uj € H*(Q), then oy € H?(Q), moreover the compatibility condition
ap(k,0) = ap(k, 1) = 0 is verified from (4.8.177) and (4.4.50). Hence the solution
of (4.5.77), a stable heat equation, is L?((0,00), H*(2)). Using then (4.5.81) and
(4.5.91), and applying the inverse Fourier transform, the solution for u* and V* is
recovered in physical space, as given by (4.4.41)—(4.4.42). Both the inverse back-
stepping transformation and the inverse Fourier transform map L?((0, c0), H*((2))
back into itself, hence the existence of a solution with the desired regularity proper-
ties follows. Explicit formulas can be written for the control laws; in particular V_(t)
is well-defined as the traces u,(0, k) and u,(1, k) appearing in Equation (4.3.27)

can be computed due to the regularity of u.

Remark 4.26. Note that in fact a higher regularity can be proved for P, due
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to the smoothing properties of the heat equation. We don’t pursue more than
H? regularity in this work. Note also that regularity in z, which is determined in
Fourier space by the behavior of the solution for large values of k, is guaranteed
for P; because the solution is nonzero only for a finite subset of wave numbers.

Hence the solution of P; is smooth in z.

Uniqueness follows from the a priori bounds shown in Sections 4.5-4.7.
Given two solutions in the same space, their difference verifies as well the a priori
bounds with zero initial conditions, hence its norm is zero for all times and both

solutions must be the same.

4.9 Proof of Theorem 4.4

Consider expressions (4.3.24)—(4.3.34).

Points i and iv are deduced trivially from the fact that (4.3.24) and
(4.3.27) are defined as convolutions, and properties of the heat equation (4.3.26).

Point ii is verified if

/00 Ve(t, z)dx = 0. (4.9.178)

—00

From the definition of the Fourier transform of V,

Ve(t,k=0)= /Oo Ve(t, z)dz. (4.9.179)

— 00

Therefore, as kK = 0 lies on the uncontrolled wave number range —m < k < m,
then V.(t,k = 0) = 0 and the property is verified.
Point iii bounds the decay rate of kernels (4.3.28)—(4.3.30). Kernel defi-

nitions are of the form

Qe &)= [ xR Oar, (49.180)
for some f analytic in k£ and smooth in y. Then, integrating by parts, we find that
(M —m) df 2
- < —(k k
Q(x =& y)| < o] mlEX, ko) + - mi?;f}fM‘f( Y)
C

= — 4.9.181
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showing that the kernels decay at least like 1/|x — £|. This bound is made explicit
in Remark 4.2.

From the definition of the inverse Fourier transform (4.5.52), it is straight-
forward to show that if the real part of f(k,y) is even and the imaginary part of
f(k,y) is odd, then the resulting f(x,y) will always be real. Then, Point v can be
proved showing that the functions under the integrals in (4.3.28)-(4.3.30), which
are inverse Fourier transforms, have this property. This is immediate for (4.3.29)
and (4.3.30). For (4.3.28), the property must be shown for the kernel K, defined
by the sequence (4.3.33)—(4.3.34). Since K is the limit of the sequence, it will
have the property if all K, share the property. This can be proved by induction.
For Ky, the property is evident from its definition (4.3.33) and can be immediately
verified. For K,, if the property is assumed for K,,_1, then from expression (4.3.34)
and taking into account that the product of even or odd functions is even and the
product of an even function times an odd function is odd, then follows that K,
also shares the property. Therefore, the limit K has a real inverse transform, and
kernel @, is real.

Point vi is deduced from the definition of the kernels (4.3.28)—(4.3.30)
as truncated Fourier inverse integrals, which makes the kernels smooth in z — &.
Smoothness in 7 is deduced from smoothness of the functions under the integrals.

For Point vii, consider expression (4.3.24) and (4.3.28). Then,

U] |32 =/ Ued(t, 2)*dx

:/ ]UC\(t,k)Qdk
—;o 1 2
=/ x(k) / K(k,1,n)u(t,y,k)dn| dk
—00 0
< — 2 9.
< 2(M —m) mg‘l]fr};M{HKHoo}Hu(t)HL% (4.9.182)

and the result follows from Theorem 4.3.
On the other hand, for V, one has to use its dynamic equation (4.3.26)—

(4.3.27), and a Lyapunov functional consisting in half its L? norm. One then has,
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using Young’s inequality

d |Vo(k)|? —7r2k2 o Juy?(t, K, 0) + Juy |2 (¢, k, 1)
_ < k, Yy ' Yy ) vy
dt 2 - Ve(R)I" + Re

+64 cosh (27 M) ||V (¢, k)

(4.9.183)

HLQ’

and supposing the control law is initialized at zero (see Remark 4.1), and using

the H? norm to bound the second line of (4.9.183) one gets

L u(T, k)||%
H/C(t7 k)‘Q S / e  Re (t*T) llow
0 Re

+64 cosh (20 M) ||V (7, k;)HQp] dr. (4.9.184)

Integrating in k
't o e
V.2, < ~TRe (77
A A
+64 cosh (2 M) ||V(T)||%2:| dr, (4.9.185)

and then the result follows from Theorem 4.3.

For Point viii, consider the jth spatial derivative of U. and calculate its

2 00 d‘] 2
' :/ (—.Uc(t,x)> dx
12 oo \ ATV
:/ 2k |2 |UL (£, k) 2dk
< 2rM)¥||U,||3z, (4.9.186)

L, spatial norm

d7

—U,
dxi

so the result for U, follows from Point vii. We proceed similarly for V,, thus proving
Point wviii.

This chapter is a partial reprint of the material as it appears in
R. Vazquez and M. Krstic, “A closed-form feedback controller for stabilization
of linearized Navier-Stokes equations: the 2D Poiseuille flow,” Proc. of the 2005
CDC, Sevilla, Spain, 2005.
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R. Vazquez and M. Krstic, “Higher order stability properties of a 2D Navier-Stokes
system with an explicit boundary controller,” Proc. of the 2006 ACC, Minneapolis,
2006.

The dissertation author was the primary author and the coauthor listed in these
publications directed and supervised the research, which is the basis for this chap-

ter.



Chapter 5

Boundary Estimation for 2-D

Navier-Stokes Channel Flow

5.1 Introduction

The absence of effective state estimators for Navier-Stokes equations mod-
eling turbulent fluid flows is considered one of the key obstacles to reliable, model-
based weather forecasting. We present a nonlinear observer for the channel flow,
a benchmark problem in turbulence. The observer measures pressure and skin
friction at one of the walls of the channel (which have been called the “footprints”
of turbulence [22], in the sense that they completely determine the flow inside the
domain) and estimates velocities and pressure throughout the channel. Previous
observer designs for the channel flow were in the form of an Extended Kalman
Filter for the spatially discretized Navier-Stokes equations and employed high-
dimensional algebraic Riccati equations for computation of observer gains [32,62].
Our obsever consists of a copy of the nonlinear plant with output injection of
measurement errors, with output injection gains designed for the linearized error
system. Thus, in structure our observer is also similar to an Extended Kalman Fil-
ter, however it is designed for the continuum Navier-Stokes model and the output

injection gains are are given explicitly, by a symbolically computable formula.

81
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As done for the control design in Chapter 4, we use a Fourier transform
approach allowing separate analysis for different wave numbers. For a range of wave
numbers, we design output injection gains to guarantee observer convergence, while
for the very large and small wave numbers the system is known to be exponentially
stable, and simply a copy of the plant is used. These two results are combined to

prove observer error convergence for all wave numbers.

5.2 Observer

The observer consists of a copy of (4.2.1)—(4.2.2), to which we add output
injection of the pressure P and the streamwise velocity gradient U, (proportional

to friction) at the wall

~ A~

1 A A A ~
0, = (Um+Uyy) p,— U0, - VU,

/ Qi — &) (U,(€,0) — Ty (€,0) ) de
/ Qulr — &) (PIE,0) ~ P(€,0)) d (521)
U = (Vo4 V) = B, = OV, = VY,

P, —
/ Qs(x — &, y) (Uy(é,O) U, (¢, 0)) de
+/OO Qu(x =&, y) (P(f,o) — P(g,o)) de, (5.2.2)

where as usual the observer (estimated) variables are denoted by a hat. In addition

the observer verifies the continuity equation
U, +V, =0, (5.2.3)

and boundary conditions

<

Ut,2,0) = U(t,2,1) = V(t,z,0) = V(t,z,1) = 0. (5.2.4)
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The observer employs four output injection kernels defined as follows.

Oua,y) — / ) x<k>Z<k,y,0>eW$dk+ UUGHE e NG Y
Q2($7y) = R2 x,y, M R2(f y,m )7 (5'26)

Qs(x,y) = / / k)2rkil(k,n, 0)e*™ ™ dndk
R2 l‘ 'Y, M) RQ(I‘ y,m )

5.2.7
- , (5:27)
Q4(33',y) = Rl(xayaM) _Rl(xayam>7 (528)
where
2
Ry(z,y, k) = m [y cosh (27ky) sin (27kx) — x sinh (27ky) cos (2mkx)]
2k
D [y cosh (2mky) cos (2mkx) 4+ x sinh (27ky) sin (2wkx)]
sinh (27ky) cos (2mkx) | (5.2.9)
m(z? +y?)
2
Ry(x,y, k) = m [z cosh (27ky) sin (27kx) 4 y sinh (27wky) cos (2mkx)]
2k
D [ cosh (2mky) cos (2mkx) — ysinh (27ky) sin (2mkx)]
_ cosh (2mky) sin (2mkx) | (5.2.10)
7@+ 7)
X (k) is defined as in (4.3.31), and
[(k,y,m) = lim ©,(k,y,mn), (5.2.11)
where [,, is recursively defined as !
— - 2 (1-y)?
lo = —imkRe(l—y) | (1 —n)+ —— =201 =n)+2(y —n)2 -y +n)
Ay =)L)~ AiRe(1 = )y~ 20)sinh (2mky ), (52.12)

L n1+_/ y+n)/ /75+y77 (kl— €+5 5 5)

_5 6 y+7) y—n
xzn_l(k,1—72 ,1—7; )dfdédw+% / (v—6—2)
y—n 0

!This recursion is proved convergent, smooth, and uniformly bounded over (y,n) € [0,1]?, with a
bound continuously dependent on k, as stated in Proposition 5.3
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=0 7—”) dsdy, (5.2.13)

_ ikl 1—
X (v — 0)mikl,—4 (k, 5 5

where f is defined as

f(kyy,m) = 8i{mk(2y — 1) — sinh (27k(y — 7))
—27k(2n — 1) cosh (27k(y —n))} . (5.2.14)

The terms of this recursion can be computed symbolically as they only involve
integration of polynomials and exponentials. In implementation, only a few steps
will be sufficient to obtain a highly accurate approximation because the recursion

is rapidly convergent [101].

Remark 5.1. Note that the observer equations (5.2.1)-(5.2.2) can be regarded as
forced Navier-Stokes equations, with the output injection acting as a body force.
This means that any standard DNS solver for the forced Navier-Stokes equations

can be used to implement the observer without needing major modifications.

As we did in Section 4.3, we illustrate the properties of the output injec-
tion kernels @1, @2, @3 and ()4 in Fig. 5.1. In the plot, we have used the explicit
formulae in (5.2.5)—(5.2.8) and approximated the kernel [ by [y from (5.2.12). The
kernel are computed for the case of low Reynolds numbers, for which it holds that
[ = ly; for large Reynolds numbers, ()3 and ()4 remain the same (as they do not
depend on Re), while ()1 and Q)3 will have a similar shape with increased gains due
to the contribution of the [ kernel, which grows with Re. Note that in all cases,
the gains are larger when closer to the y = 1 wall (and thus far away from the

measurements).

Remark 5.2. The output injection terms in (5.2.1)-(5.2.2) and output injection
operators defined in (5.2.5)-(5.2.8) share the properties of the feedback operators
that were stated in Theorem 4.4. In particular, they are spatially invariant, well-
defined, smooth, have a finite energy, i.e., finite L? norm, and, as illustrated in

Fig. 5.1, are decaying in the z direction—a property that allows to truncate the
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Figure 5.1: Output injection kernels Q1 (z,y) (upper left), Qa(x i
: , ,y) (upper right),
Qs(z,y) (lower left) and Q4(x,y) (lower right). ( st
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integrals in (5.2.1)—(5.2.2) with respect to £ to the vicinity of x, which allows
sensing to be restricted just to a neighborhood (in the = direction) of the portion

of the channel whose velocity one wants to estimate.

5.3 Observer Convergence Proof

Substracting the observer equations from the plant equations we obtain
the error equations, with states U = U — U, V=V- V, P=P-P.
O = = (Ve + U = P+ 00, + VO, ~ UT, ~ VI, ~ OV, - 7T,
/ Ao~ EDE0E+ [ Qula—g)PE 0, (5319
v, = (vmvyy) P+ UV, +VV, — UV, — VV, — OV, — V'V,
/ Qula — €060+ [~ Qula—E0)PE0E (5310

the continuity equation

U, + U, =0, (5.3.17)

and boundary conditions
Ut,z,0) = U(t,z,1) =0, (5.3.18)
V(t,z,0) = V(t,z,1)=0. (5.3.19)

We define the fluctuation variable as in Chapter 4,
u(t, z,y) = U(t,,y) — U(y), (5.3.20)

where U°(y) was defined in (4.2.7). Using this variable we can write the equations

as
0, — (Um +0y) = Po+ Ny (V,0,0,V) = U0, — UgV

; / Qu(x — &,9)0,(&,0)dé + / T Qulw— €, 9)P(E,0)dE, (5.321)
v, = (Vxﬁvg,y) B, + Ny <V 0, u v) LU,

/ Qal( — &, 4)0, (€, 0)dé + /_ Qulw — £,9)P(E,0)de, (5.3.22)
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and higher order terms

Ny = UU, +VU, —uU, — VU, — Uu, — Vu,, (5.3.23)
Ny = UV, +VV,—uV, - VV, - UV, - VV,, (5.3.24)

which are quadratic in V, U, u, V.

When the observer state (I, V) is close to the actual state (U, V), and
when the fluctuation (u, V') around the equilibrium state is small, then the nonlin-
ear terms Ny (U, V,u, V), Ny (U, V,u,V) are small and dominated by the linear
terms in the equations.

We use the Fourier transform defined in (4.5.51)—(4.5.52). The output

injection kernels defined in (5.2.5) and (5.2.6) written in Fourier space are

27k sinh (27ky
Qulk.y) = xRk y,0) + x () ZTER TR, (5.3.25)
Q2(k,y) = x(k)2mkicosh (27ky), (5.3.26)
Y 2mki cosh (2rk
Quliy) = —x(0)2eki [ 100,00y — () TR 5507
0
Qs(k,y) = x(k)2mksinh (27ky) , (5.3.28)
where we have used the truncating function x (k).
Equations (5.3.21)—(5.3.22) in Fourier space are
0, = — (—4n2k20 + 01, — 20kiP — 20kil“T — UV
t—§<—7r +yy)—7rz—7rz — Uy
+Qu(k, y)U, (k. 0) + Q2(k, y) P(k, 0), (5.3.29)
o 1 212 -rreY)
Vi = = (—4mk2V + Vi) = B, — 2mkiU“V
+Qs(k, y)U,(k,0) + Qu(k,y) P(k,0), (5.3.30)
with boundary conditions
Ut k,0) = Ut k,1)=0, (5.3.31)
V(t,k,0) = V(tk1)=0. (5.3.32)

and the continuity equation, whose expression in Fourier space is

21kil (k,y) + V, (k,y) = 0. (5.3.33)
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Equations (5.3.29)—(5.3.33) are uncoupled for each wave number, and
therefore, as in Chapter 4, can be studied separately for m < |k| < M, which we
will refer as the observed wave number range, and |k| > M, |k| < m, the unobserved
wave number range, where m and M are parameters that ensure stability for the

unobserved wave number equations.

5.3.1 Observed wave number analysis

First we use (5.3.29)—(5.3.33) to derive an equation for the pressure error,
in order to eliminate it from (5.3.29)-(5.3.30). This is done as in Chapter 4,
taking divergence of equations (5.3.29)—(5.3.30) and using (5.3.33). Note that,
from (5.3.25)—(5.3.28),

2mikQy + ng =0, 2mkQs+ Q4y =0, (5334)

hence the output injection terms are cancelled when obtaining the pressure equa-

tion, which is

—An’k*P + Py, = —4nkiUZV. (5.3.35)

We solve (5.3.35) in terms of the boundary values at y = 0, which are P(k,0), a

measured state, and

. T, (k
B, (1,0) = ~2mki D)

which has been obtained from (5.3.30) at y = 0 using that in (5.3.27)—(5.3.28),

Qs3(k,0) = Qu(k,0) = 0, and from (5.3.33) V,,(k,0) = —27kiU,(k, 0). The solution
to (5.3.35) is

(5.3.36)

P o= 4 /0 " sinh 27k (y — n)) US(m)V (k. n)dn

. inh (27k
+ cosh (2rky) P(k,0) — iw%(/ﬂ, 0). (5.3.37)

(&
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Inserting (5.3.37) into (5.3.29)—(5.3.30), and using (4.2.7), we see that the output

injection kernels eliminate the terms with P(k, 0), yielding

- 1 - - - - -
Ui = %= <—47r2k2U + Uyy) + 8irky(y — VU + (2y — 1)V + U(k,y,0)U,(k,0)
Yy ~
—|—167Tk/ sinh (27k(y — 1)) (2n — 1)V (k,n)dn, (5.3.38)
0

1 ~ _ _ Y ~
‘/t = @ <—47T2]€2V + Vyy) + 827rky(y - 1)V - 277']”/ l(ka , O)dWUy(k: 0)
0

167k /0 " cosh (27k(y — 1)) (20 — 1) (k. 5)dn, (5.3.39)

with boundary conditions (5.3.31)—(5.3.31).
We don’t need to separately control the V equation because, by the con-
tinuity equation (5.3.33) and using the fact that V(k,0) = 0, we can write V in

terms of U

~ y . Y
V(k,y) :/ Vy(k,n)dn = —27rki/ U(k,n)dn. (5.3.40)
0 0
Introducing (5.3.40) in (5.3.38), and simplifying the resulting double integral by

changing the order of integration, we reduce (5.3.38) to the following autonomous

equation that governs the observer error system

-1 o ' .
0 = - (—47 K20 + Uyy) + Sirky(y — 1)U

48 /Oy {rk(2y — 1) — 2sinh (27k(y — 1))

—21k(2n — 1) cosh (27k(y — n)) Y u(k, n)dn + 1(k,y,0)U,(k, 0). (5.3.41)

Defining for notational convenience

1
= — 5.3.42

o(k,y) = 8miky(y —1), (5.3.43)

we can write (5.3.41) as

U = e (—4w2k20 + (7yy) + ok, y)U + /Oyf(k,y,n)u(k,n)dn

+(k,y,0)U,(k,0), (5.3.44)
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where f was defined in (5.2.14). For showing error convergence, we need to prove
convegence of U to the origin. We design the gain I(k,y,0), using the backstep-
ping observer design technique for parabolic PDEs [102]. The idea of the method
is to transform (5.3.44), for m < |k| < M, into the family of heat equations

(parametrized by k)

o = e(—ATKa+ ay) (5.3.45)
a(k,0) = 0 (5.3.46)
a(k,1) = 0, (5.3.47)
where
. y
U = a—/o Uk, y,m)a(t, k,n)dn (5.3.48)

is the backstepping transformation as defined in [102]. The kernel [ is found to

verify the following equation

ey = elyy + Ol )k, y,m) — £, y,) + / £k, Ok, € m)de, (5.3.49)
n

a hyperbolic partial integro-differential equation in the region 7 with boundary

conditions
2 1
Uk y,y) = ;/ o(k,m)dn, (5.3.50)
y
l(k,1,n) = 0. (5.3.51)

We have the following result regarding (5.3.49)—(5.3.51).

Proposition 5.3. Consider equation (5.8.49) in the domain (k,y,n) € Cx T with
boundary conditions (5.3.50)-(5.5.51). There is a solution [, given by (5.2.11)-
(5.2.18), such that | belongs to C* (T). Moreover 1 as a complex-valued function of

k is analytic in the annulus m < |k| < M.

Proof. Following [102], (5.3.49)—(5.3.51) can be transformed into an equation anal-
ogous to (4.5.82)—(4.5.84). Then, applying Proposition 4.8, the result follows. [
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Once the kernel [ is found, the gain that appears in (5.3.39) is explicitly
known. Since (5.3.45)—(5.3.48) is analogous to (4.5.77)—(4.5.80), by the same ar-
guments of Sections 4.5-4.7, exponential stability in L2, H' and H? norms of U

and V follow for all m < |k| < M.

5.3.2 Unobserved wave number analysis

When |k| < m or |k| > M, the observer error linearization verifies the
following equations
8 1 _ g - -
O = = (—4w2k2U v Uyy) — ki P+ Sinky(y — VU + (2y — DV, (5.3.52)

e

3 1 o 3
Vo= = (—4mk2V + Vi ) = P, + Simhy(y — DV, (5.3.53)

e

the continuity equation (5.3.33) and boundary conditions (5.3.31)—(5.3.31). These
are just the linearized, uncontrolled Navier-Stokes equations that were studied in
Section 4.5.2. Then, following exactly the same arguments of Sections 4.5-4.7

for the uncontrolled Navier-Stokes equations, it follows that for m = and

_1
327 Re
M = % % we get exponential stability of the unobserved wave number range in

the L?, H' and H? norms.

5.3.3 Analysis for the entire wave number range

The analysis sketched in the previous section can be combined for all

wave numbers, to prove the following result.

Theorem 5.4. Consider the (U, V') system (4.2.1)-(4.2.3), with boundary con-
ditions (4.2.4), and the (U,V) system (5.2.1)-(5.2.3) with boundary conditions
(5.2.4), and suppose that both are well posed in L*((0,00), H*(Q)). Consider now
the observer error system ([7, f/) There exists positive constants C7 and Cy such

that, if the L* norms of the initial conditions for U and V are less than C4, i.e.

1 [e%e)
/ / (02(0, z,y) + V20, y)) dzdy < Ch, (5.3.54)
0 —00
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and if the turbulent kinetic energy of U and V (defined as the L? norm of the
fluctuation with respect to the Pouisseuille equilibrium profile) is less than Cy for

all time, 1.e. YVt >0,

/ / 2tz y) + V3t z,y)) dedy < Cs, (5.3.55)
then the L* norms of U, V converge to zero:
1 00 5 5
tlim / / <U2(t, z,y) + V3(t, x, y)) dxdy = 0. (5.3.56)
—>Jo —00

Proof. Exponential stability in the L? norm follows for the linearized (U , f/) system
from the analysis of Sections 5.3.1-5.3.2. Hence local L? exponential stability
follows for the nonlinear system (5.3.21)—(5.3.22). We set C} and C; in conditions
(5.3.54)—(5.3.55) small enough to guarantee that the nonlinear system is “close”
enough to the linearized system (in the L? sense) so that the local exponential

stability property holds for all times. O

Remark 5.5. Following [32], we may consider the mean turbulent profile instead
of considering the exact laminar equilibrium profile. This amounts to changing U*¢
n (5.3.21)—(5.3.22) and following the same steps as in Sections 5.3.1-5.3.2 for the
new observer error system. Hence, the observer gains and cutoff wave number M
and m will change (but only quantitatively) for the turbulent mean profile. Then
Theorem 5.4 still holds and guarantees convergence of estimates under the same
assumptions, meaning now that the state has to stay close enough to the mean

turbulent profile at all times.

Remark 5.6. The meaning of this theorem is that, for a fully developed channel
flow (whether laminar or turbulent), with a Reynolds number possibly above the
critical value (the boundary of linear stability) but not too far above it, the observer
is guaranteed to be convergent to the real velocity and pressure field, provided its

initial estimates are not too far from the actual initial profile.

Remark 5.7. We have assumed the well-posedness of the nonlinear Navier-Stokes

system for Theorem 5.4, as a proof is beyond the scope of this dissertation. For the
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linearized case, assumptions (5.3.54)—(5.3.55) can be dropped and, under certain
compatibility conditions on the initial conditions of both the observer and the

plant, well-posedness follows as in Section 4.8.

5.4 An Output Feedback Stabilizing Controller

We combine the result of Chapter 4 and the observer of Section 5.2 to
obtain an output feedback controller for the linearized Navier-Stokes controlled

system (4.2.10)—(4.2.18). The expression of the control laws are as follows

Ult,z) = / /OO Qulx — & m)a(t, €. n)dedy. (5.4.57)
Ve(t,z) = h(t z) (5.4.58)

where h verifies the equation
where
1 o]
- - S V ’ S d d
o= [ | avta-caviendsa
[ Qe - ) @lt.6.0) — inft.6 1) e (5.4.60)

with Qy, Qv and Qq as in (4.3.28)(4.3.30) and where (V, ) in (5.4.57)(5.4.60)

are obtained from

= é (Gl + Uyy) — Do + dy(y — 1)ty + 4(2y — 1)V

[ Qe = (6,0 — e, 0

[ Qule =€) 016, 0) = 6,00 (5.4.61)
V, = é (VM + Vyy) — py +Ay(y — DV,

- Z Qs(w — &, y) (1y (£,0) — i1, (€, 0)) de

[ Qua €0 ((60) — e 0) s (5.4.62)
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with @1, @2, Q3 and Q4 as in (5.2.5)—(5.2.8), equation

Uy +V, =0, (5.4.63)
and boundary conditions
a(t,z,0) = V(t,z,0)=0, (5.4.64)
a(t,xz, 1) = U, (5.4.65)
Vit,z,1) = V. (5.4.66)

Equations (5.4.66)—(5.4.57) are the complete statement of a dynamic controller

that guarantees the following result.

Theorem 5.8. Consider the (u, V) system (4.2.10)~(4.2.18) and the (i, V) system
(5.4.61)—(5.4.66), with feedback laws (5.4.57)—(5.4.60), and assume both are well-
posed in the L? ((0,00), H*(Y)) space. Then, the equilibrium u(z,y) = V(z,y) =

a(x,y) = V(z,y) =0 is exponentially stable in the L*, H' and H? norms.

Proof. Since the plant is linearized, the proof is standard and follows from the
stabilizing properties of the full state controller and the observer convergence result.
We sketch the details. First, we express the plant in (U V., V) coordinates; since
the (U, V) verifies (5.3.29)-(5.3.33), the proof of Section 5.3 applies and we get
exponential stability for (U7, V) in the L2, H' and H? norms (without the additional
conditions of Theorem 5.4, because the (U, V) is already linearized in this case).
Then, the (i, V) system is like the (u,V) system in (4.2.10)-(4.2.18) but with
additional, smooth (see Remark 5.2) forcing terms, as stated in Remark 5.1, that
exponentially decay. Hence from the proof of Theorem 4.3, we get exponential

stability for (a, V). O

Remark 5.9. For simplicity we have skipped the statement of explicit solutions
and the proof of well-posedness, which would follow as in Section 4.8. For the

uncontrolled /unobserved wave numbers the system (U, V1, V) is decomposed
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into two well-posed, uncoupled Navier-Stokes channel flow systems, while for con-
trolled /observed wave numbers the system (U, V1, f/) is mapped to two heat
equations which are well-posed, given certain compatibility conditions (which are
rather involved for this case and whose statement we skip). Hence, well-posedness

and explicit solutions follows.

This chapter is a partial reprint of the material as it appears in
R. Vazquez and M. Krstic, “A closed-form observer for the channel flow Navier-
Stokes system,” Proc. of the 2005 CDC, Sevilla, Spain, 2005.
The dissertation author was the primary author and the coauthor listed in this
publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 6

Boundary Stabilization of 3-D
Magnetohydrodynamic Channel
Flow

6.1 Introduction

In this chapter we consider an incompressible 3-D magnetohydrodynamic
(MHD) channel flow, also known as the Hartmann flow, a benchmark model for
applications such as cooling systems (computer systems, fusion reactors), hyper-
sonic flight and propulsion. In this flow, an electrically conducting fluid moves
between parallel plates and is affected by an imposed transverse magnetic field.
When a conducting fluid moves in the presence of a magnetic field, it produces an
electric field due to charge separation and subsequently an electric current. The
interaction between this created electric current and the imposed magnetic field
originates a body force, called the Lorentz force, which acts on the fluid itself.
The velocity and electromagnetic fields are mathematically described by the MHD
equations [85], which are the Navier-Stokes equation coupled with the Maxwell
equations.

The area of conducting fluids moving in magnetic fields, even though

96
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rich in applications, has only been recently considered and is under development.
There are some recent results in stabilization of magnetohydrodynamic flows, for
instance using nonlinear model reduction [8], open-loop control [20] and optimal
control [42]. Applications include, for instance, drag reduction [86], or mixing
enhancement for cooling systems [94]. Some experimental results are available as
well, showing that control of such flows is technologically feasible; actuators consist
of magnets and electrodes [23,86,109]. Mathematical studies of controllability of
magnetohydrodynamic flows have been done, though they do not provide explicit
controllers [14,106].

Our controller is designed for the continuum MHD model and is designed
similarly to the 2-D channel flow controller of Chapter 4. Following Chapter 4,
control synthesis is done in the wave number space after application of a Fourier
transform in the spatially invariant directions (x and z). Large wave numbers are
found to be stable and left uncontrolled whereas for small wave numbers control
is used. Writing the velocity field in some appropriate coordinates, the resulting
system is very similar to the Orr-Sommerfeld-Squire system of PDE’s for non-
conducting fluids and presents the same difficulties (non-normality leading to a
large transient growth mechanism [66,95]). Thus, applying the same ideas as
in [34], we use backstepping not only to guarantee stability but also to decouple
the system in order to prevent transients. The control gains are computed solving
linear hyperbolic PDEs—a much simpler task than, for instance, solving nonlinear
Riccati equations. Actuation of velocity and electric potential is done at only one
of the channel walls. Full state knowledge is assumed, but the controller can be
combined with the dual observer for 3-D MHD channel flow that we present in
Chapter 7 to obtain an output feedback controller. For zero magnetic field or non-
conducting fluids, the problem reduces to the 3-D Navier-Stokes Channel flow and
the control design still holds.
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Figure 6.1: Hartmann Flow.

6.2 Model

We consider a 3-D MHD channel flow, also called Hartmann flow [60].
This flow consists of an incompressible conducting fluid enclosed between two par-
allel plates, separated by a distance L,, under the influence of a pressure gradient
V P parallel to the walls and a magnetic field By normal to the walls, as shown in

Figure 6.1. Under the assumption of a very small magnetic Reynolds number
REJV[ = ,umaUch < 1, (621)

where p,, is the magnetic permeability of the fluid, ¢ the conductivity of the fluid,
and U, the reference velocity (maximum velocity of the Hartmann equilibrium pro-
file), the dynamics of the magnetic field can be neglected and the dimensionless
velocity and electric potential field is governed by the inductionless MHD equa-
tions [79].

We set nondimensional coordinates (x,y, z), where x is the streamwise
direction (parallel to the pressure gradient), y the wall normal direction (parallel
to the magnetic field) and z the spanwise direction, so that (z,y, z) € (—o0, 00) X

[0,1] x (—o0,00). The governing equations are

AU
U = E—UUx—VUy—WUz—Px%—NqSZ
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~NU, (6.2.2)

A % — UV, —VV, - WV, - P,, (6.2.3)
W, = ARVBV ~UW, — VW, —WW, — P, = N¢,

~NW, (6.2.4)

Ap = U, —W,, (6.2.5)

where U, V and W denote, respectively, the streamwise, wall-normal and spanwise

velocities, P the pressure, ¢ the electric potential, Re = % is the Reynolds
number and N = ULP”UB‘% the Stuart number. Since the fluid is incompressible, the

continuity equation is verified
U, +V,+W,.=0. (6.2.6)

The boundary conditions for the velocity field are

Ult,z,0,z) = Ul(t,z,1,z) =U.(t,z,z2), (6.2.7)
V(t,z,0,2) = V(t,x,1,2) =V.(t,x,2), (6.2.8)
Wi(t,z,0,2) = W(t,z,1,2)=W.tx,z), (6.2.9)

where U.(t,x, z), V.(t,x,z) and W.(t,z, z) denote, respectively, the actuators for
streamwise, wall-normal and spanwise velocity in the upper wall. Assuming per-

fectly conducting walls, the electric potential must verify
o(t,x,0,2) =0, ¢(t,x,1,2) = P, 2, 2), (6.2.10)

where ®.(t, z, z) is the imposed potential (electromagnetic actuation) in the upper
wall. The nondimensional electric current, j(t, z,y, z), is a vector field that can be

computed from the electric potential and velocity fields as follows:

jx(taxayaz) = _¢x_W7 (6211)

jy(t,:l:,y,z) = _¢y7 (6212)

ey, z) = —¢,+U, (6.2.13)



100

where 5%, 7Y, and j* denote the components of j.
We assume that all actuators can be independently actuated for every
(z,z) € R% Note that no actuation is done inside the channel or at the bottom

wall.

6.3 Equilibrium profile

The equilibrium profile for system (6.2.2)—(6.2.5) with no control can be
calculated following the same steps that yield the Poiseuille solution for Navier-
Stokes channel flow. Thus, we assume a steady solution with only one nonzero
nondimensional velocity component, U¢, that depends only on the y coordinate.

Substituting U*¢ in equation (6.2.2), one finds that it verifies the following equation,

Ue
0= % — P — NU“(y), (6.3.14)

whose nondimensional solution is, setting P¢ such that the maximum velocity

(centerline velocity) is unity,

Uly) = sinh(H(1 —y)) — sinh H + sinh(Hy)
2sinh H/2 — sinh H ’
Ve — We=gf =0,
N sinh H
2sinh H/2 —sinh H
jxe — jye — O’jze — Ue(y)

P =

where H = v/ ReN = BOLp\/pEV is the Hartmann number. In Fig. 6.3(left) we show
U¢(y) for different values of H. Since the equilibrium profile is nondimensional the
centerline velocity is always 1. For H = 0 the classic parabolic Poiseuille profile
is recovered. In Fig. 6.3(right) we show Uy (y), proportional to shear stress, whose

maximum is reached at the boundaries and grows with H.
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Figure 6.2: Streamwise equilibrium velocity U¢(y) (left) and Ug(y) (right), for
different values of H. Solid, H = 0; dash-dotted, H = 10; dashed, H = 50.

6.4 The Plant in Wave Number Space

Define the fluctuation variables

u(t,z,y) = U(t,x,y) — U(y), (6.4.19)

p(t,z,y) = P(t,x,y) — P(y), (6.4.20)

where U¢(y) and P¢(y) are, respectively, the equilibrium velocity and pressure
given in (6.3.15) and (6.3.17). The linearization of (6.2.2)—(6.2.4) around the Hart-

mann equilibrium profile, written in the fluctuation variables (u, V, W, p, ¢), is

Au

Uy = Re U(y)uy — U;(y)v —pz+N¢, — Nu, (6.4.21)
AV .

v, = S Us(y)Va — py (6.4.22)
AW

W = = U)W —p: = Ny — NW. (6.4.23)

The equation for the potential is
Ap=u, —W,, (6.4.24)
and the fluctuation velocity field verifies the continuity equation,

Uy +Vy,+ W, =0, (6.4.25)
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and the following boundary conditions

= W(t,z,0,2) =V(t,z,0,z2) =0,
- Uc(t7 I? Z)7

) (6.4.26)
) (6.4.27)
t,x,1,z) = Vit x,z), (6.4.28)
) = Welt,z,2), (6.4.29)

) (6.4.30)

= 0, ¢(t,z,1,2) = .(t, z, 2).

To guarantee stability, our design task is to design feedback laws U,, V/,
W. and ®., so that the origin of the velocity fluctuation system is exponentially
stable. Full state knowledge is assumed.

Since the plant is linear and spatially invariant [12], we use a Fourier
transform in the z and z coordinates (the spatially invariant directions). The

transform pair (direct and inverse transform) is defined as

f(k:vuyakz):/ /f(x,y,z)e‘Qﬂi(kakzz)dzd:r, (6.4.31)
f(z,y,z)= / / f kg, y, ko)X ket th=2) gL dk, . (6.4.32)

As in Chapter 4, we use the same symbol f for both the original f(z,y,z) and
the image f(k.,y,k.). As k in Chapter 4, k, and k, are referred to as the “wave
numbers.”

The plant equations in wave number space are

)
u = %W’ — Bu— USV — 2rhyip + 27keiN¢ — Nu,  (6.4.33)
(3
—a?V 4V,
= —— "~ TW_ 3y — 6.4.34
v, e BV —py, ( )
)
W, = w ~ BW — 2rkyip — 27k,iNé — NW  (6.4.35)
e

where o = 472(k2 + k?) and 8 = 2mik,U°.

The continuity equation in wave number space is expressed as

2mik,u + V, + 21k, W =0, (6.4.36)
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and the equation for the potential is
—a?¢ + ¢y = 2mi (kyu — k,W). (6.4.37)
The boundary conditions are

ult, ky,0,k) = Wit ky,0,k.) =V (¢, ky, 0, k) =0, 6.4.38

D
H~
w
N

U ta kxalak = Uc(ta kxakz>7

~—~ —~ — — ~—~
o O ¢
.
e~ =~
— @)

SN— SN— S~— N~— SN—

W(t, k1, k.

( =)
( )

Vit kay 1, k) = Ve, ka, k),
( ) = Welt, ko, k2),
( =)

Ot ky, 0,k2) = 0, ¢t by, 1, k) = Dul(t, ko, k). 6.4.42

6.5 Control Design

We design the controller in wave number space. Note that (6.4.33)—
(6.4.42) are uncoupled for each wave number. Therefore, as in Chapter 4 and [34],
the range k2 + k* < M?, which we refer to as the controlled wave number range,
and the range k2 + k? > M?, the uncontrolled wave number range, can be studied
separately. If stability for all wave numbers is established, stability in physical
space follows as in Section 4.6.3. The number M, which will be computed in
Section 6.5.2, is a parameter that ensures stability for uncontrolled wave numbers.

As in (4.3.31), we define x, a truncating function, as

1, k2+4+k*< M2
X (ke k2) = (6.5.43)

0, otherwise.

Then, we reflect that we don’t use control for large wave numbers by

setting
Ut x, 2) U.(t, ks, k)
Ve(t, x, 2) _ /OO /OO k) Ve(t, ks, k)
W.(t,z, 2) —o0 J —o0 We.(t, ks, k)
D(t, 2, 2) Dc(t, ks, k)

x e2milkanthaz) gl k. (6.5.44)
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Next we design stabilizing control laws for small wave numbers and ana-

lyze uncontrolled wave numbers.

6.5.1 Controlled wave number analysis

Consider k% + k? < M?. Then xy = 1, so there is control. Using the
continuity equation (6.4.36) and taking divergence of (6.4.33)—(6.4.35), a Poisson

equation for the pressure is derived,
—a?p + pyy = —Awk,iU; (y)V + NV, (6.5.45)

Evaluating equation (6.4.34) at y = 0 one finds that

Viy (K, 0, k)

Re

.k;tuyo + szyO
™ Re s

py(k:m 07 kz) =

= -2 (6.5.46)

where we use (6.4.36) for expressing V,,, at the bottom in terms of u,y = u,(k;,0, k)

and Wy = W, (k;, 0, k,). Similarly, evaluating equation (6.4.34) at y = 1 we get

Viy (b, 1, K, Ve
py(k:va 17kz) = yy( Re ) - (‘/c)t - 052R€
Ky + kW Ve
= -2 v v —a?= 5.4
Iy e (Vc)t «@ Re’ (65 7)

where we use (6.4.36) for expressing V,, at the top wall in terms of u,; = w,(k,, 1, k.)
and Wy, = Wy (k,, 1, k,) and the controller V..
Equation (6.5.45) can be solved in terms of integrals of the state and the

boundary terms appearing in (6.5.46) and (6.5.47).

drkyi (Y :
p = — / U () sinh (a(y — 1)) V (ks m, k:)dn

«Q 0
Y o B B
+N/ sinh (a(y n))vy(kx,ﬁ, kz)dn—i-Qm'COSh (0.4(1 y))kxuy0+kzwy0
0 @ asinh a Re
4rkyicosh (o) (!
y h (a(1— koon, k. )d
* asinh « /O Uy(’f]) cos (O[( n)) V( x> T Z) n
cosh (ay) /1
N h(a(l — koo, K )d
asinha [, cosh (a(1 =) Vi (ke, n, k2)dn

_cosh (ay) kyu,n + kW1 cosh (ay) V.

—2mi - ((Vc)t + O‘Qﬁ) : (6.5.48)

asinh a Re asinh o
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We proceed as in Section 4.5.1 and use the controller V., which appears inside the
pressure solution (6.5.48), to make the pressure strict-feedback (spatially causal in
y), which is a necessary structure for the application of a backstepping boundary
controller [101]. Since the first two lines in (6.5.48) are already spatially causal,
we need to cancel the third, fourth, and fifth lines of (6.5.48). Set

Fo(tyo — uy) + k. (Wyo — Wy)
Re

1
+47Tk$i/0 U, (n) cosh (a(1 —n)) V(ks,n, k.)dn

Vo) = a2% + 27

N /0 cosh (a(1 = ) Vi (ks . k.)dn, (6.5.49)

which can be written as

ko (uyo — uy1) + k. (Wyo — W)
Re

_NV + /0 cosh (a1 = 1) V ks, k) (N + ArkyiUS (n)) din.(6.5.50)

(Vo)e = a2%+27ri

Then, the pressure is written in terms of a strict-feedback integral of the
state V' and the boundary terms u,o, Wy, (proportional to the skin friction at the

bottom) as follows

4rk,i

p = / " U () sinh (aly — ) V (ka, . k)

o
_cosh (ay) — cosh (a(1 — y))
2mi Reasinh a (atiyo - k:Wio)
Y sinh _
—|—N/ sin (Oé((jJ n))%(kx’ 0, k) dn. (6.5.51)
0

Similarly, solving for ¢ in terms of the control ®,. and the right hand side of its
Poisson equation (6.4.37),

2w (Y .
o = - sinh (a(y — 1)) (kyu(kz,n, k) — kW (kyyn, k) dn
0
2misinh (ay) /1 _
_ 7 h 1— k.u(k k) —k k k) d
) [ sinh (a1 =) (e ) = RV (. 2))
inh
Ly (ay)@c(kx,ky). (6.5.52)

sinh «
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As in the pressure equation (6.5.48), an actuator (®. in this case) appears inside
the solution for the potential. The second line of (6.5.52) is a non-strict-feedback
integral and needs to be cancelled to apply the backstepping method. For this we
use . by setting

omi !

(ki ky) = o [ sinh(a(l =) (kau(ks, 0, k) — koW (ke, 1, k2)) dn.(6.5.53)
@ Jo

Then the potential can be expressed as a strict-feedback integral of the states u

and W as follows

I

0
Introducing the expressions (6.5.51) and (6.5.54) in (6.4.33) and (6.4.35),
we get

2
%—i_uyy — Bu—Uy(y)V — Nu — 47k,

y cosh (ay) — cosh (a(1 — y))
Reasinh o

/Oy U, (n)sinh (a(y —n)) V (g, n, k.)dn

Y o3 _
—QWikxN/ sinh (O‘é‘y n) Vy(ke,n, k2)dn
0

Uy =

(k’xuyo + kZWyo)
B 8mk?2

Ar?k,N [V
A / sinh (ay — 1)) (kU (ke 1, k) — kW (Ko, 1, ko)) i, (6.5.55)
0
)
W, = w_ﬁW_NW_47T2kz
e

y cosh (ay) — cosh (a(1 — y))
Reasinh «

/Oy US () sinh (a(y — n)) V (ke 1, k=)

Y o3 h _
_Qm'kZN/ ik (&éy m)Vy(kx,n,kz)d??
0

(k’xuyo + kZWyo)
B 8k k.

4%k, N [V
T / sinh (a(y — 1)) (k.U (ky,n, k) — kW (kzym, k) dn. (6.5.56)
0

a
We have omitted the equation for V' since, from (6.4.36) and using the fact that
V(kz,0,k,) =0, V is computed as

Yy
V= —om / (eulU (s, s) + eV (e, 7, ) . (6.5.57)
0
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Now we use the following change of variables and its inverse,

Y = 2mi(kyu+ kW), w=2mi(ku— kW), (6.5.58)
211 21

Defining € = ﬁ and the following functions

f = Adrik, {? + /y U, (o) sinh (aly - J»da} + Nasinh (a(y — 0)),(6.5.60)

«
cosh (ay) — cosh (a(1 — y))

= — 6.5.61

g “ Resinh « ’ ( )

b= 2mik.UY, (6.5.62)

hy = —Nasinh (a(y —n)), (6.5.63)

equations (6.5.55)—(6.5.56) expressed in terms of Y and w are

YV, = e(=a’Y +Y,) —BY — NY +gYy,
/ f(keyyym, k2)Y (keym, k2 )dn, (6.5.64)
Y
wy = €(—*w+wyy) — Bw— Nw+ hi(y )/ Y (ks,n, k.)dn
0
Yy
+/ ha(y, n)w(ks, n, k2)dn , (6.5.65)
0

where we have used the inverse change of variables (6.5.59) to express u,o and Wy

in terms of Yy = Y, (ks,0, k,) as follows

Yo = 2mi(kyuy+k.Wy), (6.5.66)
with boundary conditions
Y(t, ky,0,k,) = w(t, kg 0,k,) =0, (6.5.67)
Y(t, kyy 1, k) = Yot ke k) (6.5.68)
w(t ke, 1,k = wel(t, ke, k), (6.5.69)
where
Y. = 2mi(kU.+ kW,), (6.5.70)

we = 2mi(k,U. — kW) . (6.5.71)
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Equations (6.5.64)—(6.5.65) are a coupled, strict-feedback plant, with in-
tegral and reaction terms. As in [34], a variant of the design presented in [101] can
be used to stabilize the system using a double backstepping transformation. The
transformation maps, for each k, and k,, the variables (Y,w) into the variables

(¥, ), that verify the following family of heat equations (parameterized in k,, k.)

Uy = e(-a®V+V,) - [BY— Ny, (6.5.72)
Q = e(—a’Q+Q,) — Q- NQ, (6.5.73)

with boundary conditions

U(ky,0,k,) = U(ky 1,k,) =0, (6.5.74)
Qky, 0, k) = Qks,1,k.) = 0. (6.5.75)

The transformation is defined as follows,

Yy
vo— y- / K (ky,y,m, k)Y (., k), (6.5.76)
0

Yy
Q0 = w_/ Fl(k:t:y:n:kz>Y(k:ta777kz)d77
0

Yy
—/ Lok, y, 0, ko )w(ke, m, k) dn. (6.5.77)
0

As in Section 4.5.1 and following [34,101], the functions K(k.,y,n,k.),
Uy (kye,y,n, k), and T'y(k,, y,n, k.) are found as the solution of the following partial

integro-differential equations,

Ky = Kot (B(y) — BN K — f + /yf<n,5>f<<y,§>df, (6.5.78)

ey = €l + (Bly) = Bm) Ty — hy + /y Da(y, §)hi(§)dE

n

n / " Fn, )T (g, €)de, (6.5.79)

Loy = €loyy + (Bly) = B()) 2 — ha + / ’ ha(€,m)Ta(y, €)dE. (6.5.80)

n

Equations (6.5.78)—(6.5.80) are hyperbolic partial integro-differential equation in
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the region 7 = {(y,n) : 0 <y < 1,0 < n < y}. Their boundary conditions are

K(y>y) — —@7

Koy = LK@= o)
Ii(y,y) = 0,

Li(y,0) = foyrl(y’:)g(n)dﬂ,
To(y,y) = 0, Da(y,0)=0.

(6.5.81)

(6.5.82)
(6.5.83)
(6.5.84)
(6.5.85)

Remark 6.1. Equations (6.5.78)—(6.5.85) are well-posed and can be solved sym-

bolically, by means of a successive approximation series, or numerically [34,101].

Note that (6.5.78) and (6.5.80) are autonomous. Hence, one must solve first for

K(ky,y,n,k,) and I'y(ks,y,n,k,). Then the solution for I'y is plugged in Equa-

tion 6.5.79 which then can be solved for I'y (k,, y,n, k).

Control laws Y, and W, are found evaluating (6.5.76)—(6.5.77) at y = 1

and using (6.5.68)—(6.5.69) and (6.5.74)—(6.5.75), which yields
1

Yot ko k) = / K (b, 1,7, k)Y (s, B2,
0
1

et bek) = [ il Lo k)Y (b k)

0

1
+/ FQ(ka:a 177]7 kz)w(kimn’ k’z)d’f]
0

(6.5.86)

(6.5.87)

Using (6.5.58)—(6.5.59) to write (6.5.86)—(6.5.87) in (u, W), we get

1
U, - / KUk, 1, k(s s )l
0

1
+ / KW (kyy 1,m, k)W (Kyy , k) dn,
0

1
W, = /KW“(kx,1,77,kz)u(kx,77,kz)d77
0

1
+ / KW (ky, 1, k)W (k1 k),
0

(6.5.88)

(6.5.89)
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where
KUt K(ke,y,m, k2)
KUW F k:m ) 7kZ
_a | DRy (6.5.90)
KWu 0
KWW P2(kac7 y,n, kz)

and where the matrix A is defined as

47'('2 kxkz k,z _k;% _kxkz
o gk k2 K —kk.

K —kok, —kok, k2

z

A= (6.5.91)

Using the same argument as in Section 4.5.1, stability in the controlled
wave number range follows from stability of (6.5.72)—(6.5.73) and the invertibility
of the transformation (6.5.76)—(6.5.77). We get the following result, whose proof

we sketch (see [34] for more details).

Proposition 6.2. For k2 + k? < M?, the equilibrium w =V =W = 0 of system
(6.4.33)—(6.4.42) with control laws (6.5.50), (6.5.53), (6.5.88)—(6.5.89) is expo-

nentially stable in the L? norm, i.e.,
1
| 4 [V 4 W) (8 b )y
0
1
< G [ (P VP W) (0, K, (6.5.92)
0
where Cp > 0.

Proof. From equations (6.5.72)—(6.5.73) we get, using a standard Lyapunov argu-

ment,

1
/ ([ + Q) (t, ks, y, k2)dy
0

1
< ot / (12 + (902 (0, k., k.)dy, (6.5.93)
0
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and then from the transformation (6.5.76)—(6.5.77) and its inverse (which is guar-
anteed to exist [101]), we get that

1
/ (1Y ]? + |wl?) (¢t ke, y, ko) dy
0

1
< Coe* / (VT + |wl?) (0, ks, y. k2 )dy. (6.5.94)

0
where C)y > 0 is a constant depending on the kernels K, I'; and I'y and their
inverses. Then writing (u, W) in terms of (Y,w) and bounding the norm of V' by
the norm of Y (using Y = —V,, and Poincare’s inequality), the result follows. O

6.5.2 Uncontrolled wave number analysis

When k2 + k? > M, the plant verifies the following equations

9
w = %*“w — Bu— U(y)V — 2mkyip + 2rk.iN¢ — Nu,, (6.5.95)
—a?V +V,
Voo 20V AEVe g 6.5.96
t Re ﬁ py7 ( )
9
W, — % — BW — 2nkyip — 2rk,iN¢ — NW | (6.5.97)

the Poisson equation for the potential
—a?p + ¢y = 2mi (kyu — kW) (6.5.98)
the continuity equation
2mikyu + Vy + 2wk, W = 0, (6.5.99)

and Dirichlet boundary conditions

u(t, kg, 0, ky) = V(t, ks, 0,k,) = W(t, ky,0, k,) =0, (6.5.100)
u(t, kg, 1, ky) = V(t ko, 1, k) = W(t, ky, 1, k,) =0, (6.5.101)
O(t, kg, 0, ky) = @(t, kay 1, k) = 0. (6.5.102)

Using the transformation (6.5.58) to write the system in (Y,w) coordinates, one

gets the following equations for Y and w.
Y, = e(=a®Y +Y,) - BY —2nk, UV 4+ o’p— NY,  (6.5.103)

wy = €(—a’wtwy) — Pw—2mkiUV —a’Né — Nw.  (6.5.104)
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The Poisson equation for the potential is, in terms of w,
¢+ gy = w. (6.5.105)

Consider the Lyapunov function

1 2 V2 W2
A:/ ul” + | 2‘ Ll (6.5.106)
0

where we write fol f= fol f(ks,y, k.)dy. The function A is the L? norm (kinematic
energy) of the velocity field.
Substituting Y and w from (6.5.59) into (6.5.106), we get

1 2Y2 2 2 17 Y&
A = /47T2 {kx\ |* + EZ|w|® + kok.(Yw + Y®)
0

204
ElY |2+ B2|w|? — kk,(Yw+ Yo L2
AR <w+w>dy+/rrdy
204 0 2
1 2 2 2 2
Y[* + |w]* + ?|V|
— dy. 6.5.107
/O e y ( )

Define then a new Lyapunov function,

1Y2 2 2V2
A1:a2A:/ YT+ Wl + e VE (6.5.108)
0

2

The time derivative of A; can be estimated as follows,
_ 1 1
Ay = —2ea’A, — e/ (Y51 + lwy * + o[V, [?) — N/ (I + |wl?)
0 0

1 1
—/O milUg (y)V (2k,Y + k.0) + /0 milUg (y)V (2k,Y + k.w)

_a2N/1 Pw + Pw o /1 PY +PY - P,V — P,V
— :
0 0

6.5.109
; (6.5.109)

For bounding (6.5.109), we use the following two lemmas.

Lemma 6.3.

1 7 - 1
—oz2/ Mg/ w2, (6.5.110)
0 2 0
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Proof. Note that substituting a?¢ from (6.5.105), we can write

—a /0 ¢w+¢”— /¢yyw+¢yyw /MQ (6.5.111)

Therefore, we need to prove that

1
/0 (Pyyw + dyy@) > 0. (6.5.112)
Substituting w from equation (6.5.105) into (6.5.112), we get
1 —
/0 (¢yyw + ¢yy@)
1 1 B
= [1onP—a* [ oo+ 0md)
1 1
= / |Byy|* + OZQ/ |y*, (6.5.113)
0 0
which is nonnegative. O
Lemma 6.4.
Uy (y)] <4+ H. (6.5.114)

Proof. Computing Uy (y) from (6.3.15),

. cosh(Hy) — cosh(H (1 — y))

Uyly) = 2sinh H/2 — sinh H (6.5.115)
Calling g1(y) = cosh(Hy) — cosh(H (1 —y)), we get
g1(y) = H (sinh(Hy) + sinh(H(1 — y))) . (6.5.116)

Since g}(t) is always positive for y € (0,1), the maximum of g; must be in the

boundaries. Therefore g; < cosh H — 1. Call

coshH —1
H)=H . b1
ol ) = 0 e b 2 (6:5.117)
We have that [Uy(y)| < ga(H). One can rewrite gy as
inh H/2
gg = o SmbH/2 (6.5.118)

coshH/2 —1
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Since, by L’Hopital’s rule, go(0) = 4, it suffices to verify that g5(H) < 1. Comput-
ing ¢, we get

gy(H) =%, (6.5.119)
94

where g3 = sinh H/2 — H/2 and g4 = cosh H/2 —1. We need to show that g3 < g4.

Since g3(0) = ¢g4(0) = 0, it is enough that g5 < ¢}, which follows from
g5 =1/2(cosh H/2 — 1) < 1/2(sinh H/2) = ¢, (6.5.120)
because coshz — 1 < sinh x for x > 0. I
Integrating by parts and applying Lemma 6.3,
A £ —2e0®A; — 6/1 (1Y + |wy | + @[V, )
0
+ /1 Tl (y)V (koY + k.w)
0
1 1
—/O milUs (y)V (koY + k.w) — N/O Y2 (6.5.121)
Using Lemma 6.4 to bound Uy in (6.5.121),
Al < 2e(1+a®) A — N/1 Y |dy
0

+27r(4+H)/0 (IVICE| Y]+ [k lw]) dy
< (A+H=-2(1+0%)) A (6.5.122)

where we have applied Young’s and Poincare’s inequalities. Hence, if a® > 5=,

Ay < —2€A;. (6.5.123)
Dividing (6.5.123) by a? and using (6.5.108), we get that
A < —2€A, (6.5.124)

and stability in the uncontrolled wave number range follows when k2 + k2 > M?

for M (conservatively) chosen as

1 [(H+4
M>— (H+4)Re (6.5.125)
27 2

We summarize the result in the following proposition.
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Proposition 6.5. For k2 + k2 > M? where M > &= w, the equilibrium

u=V =W =0 of the uncontrolled system (6.5.95)-(6.5.102) is exponentially

stable in the L? sense, i.e.,
1
|l [V + W) (6 by ko)
0

1
< e_2€t/ (uf2 + V2 + [W2) (0, k. y, k) dy. (6.5.126)
0

6.5.3 Main result

Substituting (6.5.50), (6.5.53) and (6.5.88)—(6.5.89) in (6.5.44), and using
the Fourier convolution theorem, we get the control laws in physical space, which

can be expressed compactly as

[ [

u ? Y
Em O N geandc, (6.5.127)
W (&, Q)
where
2(&n,¢ / / (ks ke
X x kg, ks )e2m i hasth=0) g e, (6.5.128)
and

KUu(k:mlana kz) KUW(kxalana kz)

S=| KWe(k, 1,0, k) K"V (k1,0 k) |, (6.5.129)
2mik. sinh(a(1—n)) _ 2miky sinh(a(1-n))

where the kernels appearing in (6.5.129) were defined in (6.5.90). Control law V. is
a dynamic feedback law computed as the solution of the following forced parabolic

equation

‘/C Trxr -‘/YC zZz
(Vc)t:( ) ];Le( ) — NV, +g(t, 2, 2), (6.5.130)
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where ¢g(t, z, z) is defined as

g=/:/: [/Olgv(x—S,n,z—C)V(é,mC)dn

+gw($ - 57 z— C) (Wy(gv O: C) - Wy(€7 17 C))

+gu(r — &2 — () (uy(§,0,0) —uy(&, 1,¢))|dédC, (6.5.131)
and
Gu= / ) / OOQm’%x(kx, ke, )em ikt th0) g _dk,, (6.5.132)

gV:/_Z /_Z cosh (a(1 —n)) (N + drk,iUy (1))

X (ky, ks )e2m etk g e, (6.5.133)
gw = / / QWiR—X(kx,kz)eQ’”(’“”“kZOdkzdkx. (6.5.134)
—00 — 00 €

As in Section 4.6.3, considering all wave numbers and using Proposi-
tion 6.2 and Proposition 6.5, the following result holds regarding the convergence

of the closed-loop system.

Theorem 6.6. Consider the system (6.4.21)—(6.4.30) with control laws (6.5.127)-
(6.5.134). Then the equilibrium profile u =V = W = 0 is asymptotically stable in

the L? norm, i.e.,

00 1 o)
/ / / (u2 + Vi WQ) (t,z,y, z)dxdydz
—o0 J0 —00
o) 1 o)
02e26t/ / / (u2 +Viy WQ) (0, z,y, z)dxdydz. (6.5.135)
—o0 J 0 —00
where Cy = max{Cy, 1} > 0.

Remark 6.7. We have assumed in the above result that the closed-loop linearized
system is well-posed and that the velocity and electromagnetic field equations have
at least L? solutions. See [99] for a statement of well-posedness of MHD equations
in bounded domains. However, there are no results about well-posedness of 3-D

MHD equations in unbounded domains and such an study is beyond the scope of
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this dissertation. Hence we assume that the solutions for the velocity field, pressure
and electric field, and their estimates, exist, are unique and regular enough for all

statements and a priori estimates to make sense.

Remark 6.8. In case that N = 0, meaning that either there is no imposed mag-
netic field or the fluid is nonconducting, Equations (6.2.2)-(6.2.4) are the Navier-
Stokes equations and our controller solves the stabilization problem for a 3-D chan-
nel flow. The solution is the same as obtained beginning with the 3-D problem and
using the same tools [34] . Some physical insight can be gained analyzing this case.
In the context of hydrodynamic stability theory, the linearized system written in
(Y, w) variables verify equations analogous to the classical Orr-Sommerfeld-Squire
equations. These are Equations (6.5.64)—(6.5.65) for controlled wave numbers and
Equations (6.5.103)—(6.5.104) for uncontrolled wave numbers. As in [34], we use
the backstepping transformations (6.5.76)—(6.5.77) not only to stabilize (using gain
K) but also to decouple the system (using gains I'y, I's) in the small wave number
range, where non-normality effects are more severe. Even if the linearized system
is stable, non-normality produces large transient growths [89,95], which enhanced
by nonlinear effects may allow the velocity field to wander far away from the origin.
This warrants the use of extra gains to map the system into two uncoupled heat

equations (6.5.72)—(6.5.73).

This chapter is a partial reprint of the material as it appears in
R. Vazquez, E. Schuster and M. Krstic, “A closed-form feedback controller for
stabilization of magnetohydrodynamic channel flow,” submitted, 2007 European
Control Conference, Kos, Greece, 2007.
The dissertation author was the primary author and the coauthors listed in this
publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 7

Boundary Estimation for 3-D
Magnetohydrodynamic Channel
Flow

7.1 Introduction

In this chapter we design an observer for the MHD channel flow intro-
duced in Chapter 6. Our observer obtains estimates of the velocity, pressure,
electric potential and current fields in the whole domain, derived only from wall
measurements. Obtaining such an estimate can be of interest in itself, depending
on the application. For example, the absence of effective state estimators modeling
turbulent fluid flows is considered one of the key obstacles to reliable, model-based
weather forecasting. In other engineering applications in which active control is
needed, such as drag reduction [86] or mixing enhancement for cooling systems,
designs usually assume unrealistic full state knowledge, therefore a state estimator
is necessary for effective implementation. If the fluid is not conductive, or there is
no magnetic field, the result still holds and the observer reduces to an estimator
for the 3-D channel flow, which is an important result on its own.

Our design for the MHD system extends the 2-D channel flow observer

118
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of Chapter 5 using similar ideas. The observer is designed for the continuum
MHD model and consists of a copy of the plant together with output injection
of measurement error. As happened with the MHD system in Chapter 6, the
observer error system is similar to the Orr-Sommerfeld-Squire system of PDE’s
and presents the similar difficulties (non-normality leading to a large transient

growth mechanism [66,95]).

7.2 Observer

For simplicity, we first design an estimator for the linearized system. In
Section 7.4, using the linear gains, we present a nonlinear observer following the
procedure of Chapter 5.

We employ the fluctuation variables around the equilibrium of the Hart-
mann flow, u and p, which were defined in (6.4.19)—(6.4.20).

The linearization of the uncontrolled MHD equations (6.2.2)—(6.2.10)
around the Hartmann equilibrium profile, written in the fluctuation variables

(u, VW), is

wo= o - Uy = Ug)V —po+ No. - NU,  (121)
AV .
AW

Wi = —— = U(y)Wo—p. = Ny = NW. (7.2.3)

The potential verifies the equation
Ap=u, —W,, (7.2.4)
and the fluctuation velocity field verifies the continuity equation,

uy +Vy,+ W, =0, (7.2.5)
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and boundary conditions

u(t,z,0,2) = W(t,z,0,2)=V(t,z,0,z2) =0, (7.2.6)
u(t,z,1,2) = Wi(t,z,1,2)=V(t,z,1,2z) =0, (7.2.7)
o(t,x,0,2) = 0, ¢(t,x,1,2) =0. (7.2.8)

We design the observer for the linearized equations. It consists of a copy
of (7.2.1)—(7.2.8), to which we add output injection of the pressure p, the potential
flux ¢, (proportional to current), and both the streamwise and spanwise velocity
gradients, u, and W, (proportional to friction) at the bottom wall.

Denoting the observer (estimated) variables by a hat, the equations for
the estimated velocity field are

At

i = o= Ui~ Uy()V = o+ No. = Na— QY. (7.2.9)
. AV N
Vo= Sh- US(y)Vy — p, — QY (7.2.10)
e
) AW . A .
W, = e —U(y)W, —p, — Ny — NW — Q. (7.2.11)

The additional @) terms in the observer equation are related to output injection

and defined as follows.

QU p(€707<) _ﬁ(gaoaC)
QY :/M/WL@—@%z—o &0 )= BE00) e (7.0.12)
QW oo Tee Wy(gvovg) - Wy(§707C)

¢y(€7 07 C) - éy(&a O: C)

where L is an output injection kernel matrix, defined as
LUP LUU LUW LU¢>
L=| vp [vu pvw pve |, (7.2.13)
LWP LWU LWW LW¢>
whose entries will be designed to ensure observer convergence. The estimated

potential is computed from

NG =i, — W, (7.2.14)
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and the observer verifies the continuity equation,
Uy + V, + W, =0, (7.2.15)

and Dirichlet boundary conditions,

a(t,z,0,2) = W(t,2,0,2)=V(tz,0,z2) =0, (7.2.16)
u(t,z,1,z) = W(t, x,1,2) = V(t, x,1,2) =0, (7.2.17)
b(t,2,0,2) = ot x,1,2) =0. (7.2.18)

The estimated current field is computed from the other estimated variables using

a copy of equations (6.2.11)—(6.2.13).

Ptay.z) = —g— W, (7.2.19)
jy(tax:yaz) = _¢2ya (7-2-20)
Fta,y,2) = —¢.+a. (7.2.21)

Remark 7.1. Note that the observer equations (7.2.9)—(7.2.21) can be regarded
as forced MHD equations, with the output injection acting as a body force. This
means that any standard DNS solver for the forced MHD equations can be used

to implement the observer without the need of major modifications.

As inputs to the observer, appearing in (7.2.12), one needs measurements
of pressure, skin friction and current in the lower wall. For obtaining these mea-
surements, pressure, skin friction and current sensors have to be embedded into
one of the walls. Pressure and skin friction sensors are common in flow control,
while for current measurement one could use an array of discrete current sensors,

as depicted in Figure 7.1.

7.3 Observer design and convergence analysis

Substracting the observer equations from the linearized plant equations

we obtain the error equations, with states U = v — 4 = U — U, V=V- V, W=



Current Density Sensor Array

Figure 7.1: An array of current sensors in the lower wall.

W—W,P:p—ﬁ,ggng—gg,

- AU 8 N s
Ut - E_Ue(y)Ux_Uye(y)V_Px"i_Ngbz
_NU+QU7
- AV -
- = _ U - P v
Vi Re Us(y)Ve — P, + Q7
- AW - - -
VVt = Re_ e(y)Wx_Pz_N¢x_NW+QW

The boundary conditions for the error states are

Ut,r,0,2) = V(t,x,0,2)=W(tz,0,z) =0,

Ult,z,1,2)

¢(ta xz, 07 Z)

V(t,z,1,2)=W(t,x,1,2) =0,

o(t,x,1,2) = 0.

122

(7.3.22)

(7.3.23)

(7.3.24)

(7.3.25)

(7.3.26)

(7.3.27)
(7.3.28)
(7.3.29)

To guarantee observer convergence, our design task is to design the output

injection gains L defined in (7.2.12) that appear in QY, Q¥ and Q" so that the

origin of the error system is exponentially stable.
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Using the Fourier transform defined in (6.4.31)—(6.4.32), we get the ob-

server error equations in Fourier space, which are

~ - 2 J ) i > D x 7
0, — w — BU — UV — 27k, i P + 27k.iN§ — NU
€

+LYP Py + LYY U, + LYWWy + LY%,, (7.3.30)

S
vV, = ———— W_ g3y _Pp
! Re b Y

+LYP Py + LYU 0 + LYW W,0 4+ LY %40, (7.3.31)

~ —_— 2 1 ~ ~ ~ ~
W, — w _ BW — 2k P — 27kyiNG — NW
e

+LVP Py + LWV + LYWWy + L9, (7.3.32)

where o? = 47%(k? + k?), the L’s are the entries of L in Fourier space, and
where we have used the definition (7.2.12) of the output injection terms as con-
volutions, which become products in Fourier space. We have written for short
Py = Pks, 0,k2), Uyo = Uy (kz, 0, k), Wyo = Wy ks, 0,k2), 6,0 = &y (K, 0, k).

The continuity equation in Fourier space is expressed as
2mik,U + Vi, + 2wk, W = 0, (7.3.33)
and the equation for the potential is
026+ Gy = 2mi (kT — KW ). (7.3.34)

Note that (7.3.38)-(7.3.33) is uncoupled for each wave number. Therefore, as
in Chapter 5, we define the range k? + k> < M? as the observed wave number
range, and the range k2 + k? > M? as the unobserved wave number range, and
study them separately. If stability for all wave numbers is established, stability in
physical space follows as in Section 4.6.3. The number M, which will be computed
in Section 7.3.2, is a parameter that ensures stability for the unobserved wave

number range.
We reflect that we don’t use output injection for unobserved wave num-

bers by writing
L = x(ks,y, ko) R(ks, y, k), (7.3.35)
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where y was defined in (6.5.43). Then L can be written in physical space, using

the definition of the Fourier transform and the convolution theorem, as

L(z,y, 2 / / X (ks 4, ko) Rk, y, K, )e2m ke th=2) gL qk. . (7.3.36)

The matrix R is defined as
RUP RU U RU w RU ¢
R = RVP RVU RVW RV¢ , (7.3.37)

RWP RWU RWW RW¢>

and using R we can write the observer error equations as

~ — 2 J 7 ~ ~ ~ ~ ~
0, — % — B0 — UV — 2rkyiP + 2mk.iNG — NU
+x(ka, ko) { RV Py + R"Uyo + RV Wy + R0y}, (7.3.38)
~ —onV \7 -
7= 29 gy p
! Re —B Y
+X (ks k) { RV Py + RV Uy + RV W, oR % ¢y0 } (7.3.39)
~ — 2 1 ~ ~ ~ ~
W, — w _ BW — 2k iP — 27kyiNG — NW
e

+x (ko ko) {RVF Py + RV Uy + RV Wyo + RV 99,0} . (7.3.40)

7.3.1 Observed wave number analysis

Consider k2 + k? < M?. Then y = 1, so output injection is present. Us-
ing the continuity equation (7.3.33) and equations (7.3.38)—(7.3.40), the following

Poisson equation for the pressure is derived,
—a’P + Py, =T — Ark,iUg (y)V + NV, (7.3.41)
where T contains all the terms due to output injection,
T = P (2mik,R"" + Ry + 2rk.R"")
+Uyo (2mik, R"Y + RV + 2wk R™Y)

+Wyo (2mik, 7Y + R/" + 2mk.R"Y)

+¢yo (2mik, RY? + R)® + 2k, RV?) . (7.3.42)
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We want to make (7.3.41) independent of the output injection gains, for which we

need T = 0. Hence, we set

RV (ky,y, k) = RVP(kx,O,kz)—Qm/y (kR

+k. RV (kg kz)dv;), (7.3.43)
RYY(ky,y,k.) = RYY(k,,0,k,) — 2mi / ’ (k,RVY

+k. RYY) (kg m, k;z)dq;), (7.3.44)
R"W(ky,y, k) = RVW(k;x,O,k;z)—Qm/y (k.R"™

0

+k. RV (ky,m, k. )dn, (7.3.45)

Yy
RV (ky,y,k.) = RY%(k,,0,k,) — 2mi / (k,RY?
0

+hRYO) (K, ke2)dn, (7.3.46)
which means that, in physical space, V - L = 0. Hence, as Equation (7.3.41) is
derived by taking divergence of (7.3.38)—(7.3.40), the output injection terms cancel
away.

Expression (7.3.41) can be solved in terms of the values of the pressure

at the bottom wall.

p 471']{;32 Y e . ~
= - i ¢(n)sinh (a(y — 1)) V(ks,n, k.)dn + cosh (ay) Py

(0%

inh - Y sinh - B
+m&ﬂpy(kmoakz)+N/ sin (oziy U))%(k%n’ k), (7.3.47)
0

Evaluating equation (7.3.39) at y = 0 one finds that

- Vyy(ka, 0, k)
P,(k,,0.k) = To+ ez
y( 77) O+ Re

kayO(k:m 07 kz) + szyO

= TO — 2m Re

(7.3.48)

where we have used (7.3.33) for expressing f/yy at the bottom in terms of measure-

ments. In (7.3.48),

TO = PORVP(kxa O: kz) + UyORVU(k:u 07 kz)
+WyoRYW (ky, 0, k2) + dyoRY? (K, 0, k), (7.3.49)
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and as before we need the pressure to be independent of any output injection gains.

Hence, we set
RYP(ky,0,k.) = R"Y(ky,0,k,) = RVW(k,,0,k.) = RV?(k,,0,k.) = 0. (7.3.50)

Then, the pressure can be expressed independently of the output injection gains

in terms of a strict-feedback [71] integral of the state V and measurements,

- Amk,i (Y . y
P = - - U, (n)sinh (a(y —n)) V(kz, 0, k.)dn + cosh (ay) Py
0
_sinh (ay)
—QWZW (k;thO + szyO)
Y sinh _ .
+N/ o (O‘S’ ’mv;j(kx,n, k,)dn. (7.3.51)
0

Similarly, solving for ¢ in terms of the measurement ¢,y and the right hand side

of its Poisson equation (7.3.34),

~ 2t (Y. ~ ~
¢ - sinh (C((y - 77)) <sz(kI7 n, kz) - k:tW(kxa n, kz)) d77

a Jo
inh («
+W¢yo. (7.3.52)

Introducing the expressions (7.3.51) and (7.3.52) in (7.3.38) and (7.3.40),

we get
- —a?U + 7, - - .
U, = Tyy - BU = Uy (y)V — NU
UP - oo AT%kG
+P (R — 27k, i cosh (ay)) +Up | R” — e sinh (ay)
2 .
+W,o [ RYV — Am Rk sinh (« + RY¢ + Nzﬁkzl sinh («
40 e y Pyo - Y
8wk [V . _ -
=5 [T us s (aly — ) V (ke . )y
0
Am2k,N [V | - -
- a / sinh (a(y - 77)) <sz(k:va 7, kz) - ka(k:va 7, kz)) d77
0
Y sinh _ -
ik, N / sinb (@ly = M) 5 k), (7.3.53)
0 Q@
- —2W + W, - -
W, = W Wy BW — NW

Re
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4k, k,
+Py (R — 2mk,i cosh (o)) + Uyo (RWU — 7;76 sinh (ay))
472k 21k,
+Wyo (RWW T sinh (ozy)) + dyo (RWd) — N - sinh (ozy))
8mkyk, [V . . ~
= [ g s oty =) Vs
0
A7k, N [Y . ~ -
+ a / sinh (a(y - 7])) <sz(kaca 7, kz) - kacW(kaca 7, kz)) d77
0
Y ginh — ) -
—9mik. N / sinh (a(y — 7)) V, (k. k). (7.3.54)
0 a

Note that we have omitted the equation for V since, from (7.3.33) and using the
fact that V(k,,0,k,) =0, V is computed from U and W:

- Y - -
V= —2m'/ <ka(kx,77, ko) + kW (ko kz)) . (7.3.55)
0

We now set the output injection terms to directly cancel the boundary terms
coming from (7.3.51) and (7.3.52), while still leaving some additional gains to

stabilize the system. Thus, we define

RYP = 27k,icosh (ay), (7.3.56)
RV = 2rk.icosh (ay), (7.3.57)
pov ATk sinh (ay) + I, (ko, y, k2) (7.3.58)
- aRe ) 1Rz, Y, Rz), +.
Arlk.k,
RVY = —p— sinh (o) + My (kg y, ks), (7.3.59)
Arlk.k,
RW = —p— sinh (o) + s(ke, y, kz), (7.3.60)
pow AT sinh () + Iy (ky, ¥, k) (7.3.61)
- aRe Yy 4\Fz, Y, Rz), <.
2k, i
RV = —N-inh (ay), (7.3.62)
ki
R = N Wa“ sinh (ay) (7.3.63)

where the gains Ty, Iy, TI3 and T1; are to be defined later. From (7.3.43)—(7.3.46),
(7.3.50) and (7.3.56)—(7.3.63), we get a explicit expression for the remaining entries
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of R,
RYP = asinh(ay), (7.3.64)
1 — cosh
R = amifk, + k) OO o
Yy
X/ (kacHI (kaca 7, kz) + sz2(k:v7 7, kz)) dﬁ; (7365)
0
1 — cosh
RV omi(h, + k)b lan)
Re
y
X / (koTLy (koy 1, o) + Ko TLa (ks m, K2)) iy, (7.3.66)
0
RV = 0. (7.3.67)

Introducing (7.3.56)—(7.3.67) in equations (7.3.53)—(7.3.54) we get

0, — @ — BU = Ug(y)V = NU + 11Uy + T3 W0
_4”25ZN /Oy sinh (a(y — 1)) (kzﬁ(kx, 0, k) = kW (k.. kz)) o
_87;@ /Oy U, (n) sinh (a(y —n)) V(kg,n, k.)dn
il /Oy sinh (aéy = k), (7.3.68)
W - w ~BW — NW + ILU + I, W,
_8”’3’“2 /Oy Uy (n) sinh (a(y — n)) V (kz, n, k- )dn
+47T2ij /Oy sinh (a(y — 1)) (k‘zU(’% 0, kz) = ke W (k. m, kz)) o
omik.N /Oy sinh (aéy — n))vy(,% 0,k )dn. (7.3.69)

Now, we introduce the following change of variables and its inverses,

Y = 2mi (k0 + kW), w =27 (k0 = kW) (7.3.70)
21 2me
v= (kY + kow), W= 7z (kY — kyw) . (7.3.71)

L

7 and the following functions

Defining € =

3 = 2mik,U°, (7.3.72)
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. 4m'kx{§+/yU;(a)Smh(O‘(y_">>da}

a

+Nasinh (a(y — 0)), (7.3.73)
h = 2mikU?, (7.3.74)
hy = —Nasinh (a(y —7n)), (7.3.75)

equations (7.3.68)—(7.3.69) expressed in terms of Y and w are

Y, = (— 2Y—i—Yyy) — BY — NY

4

—i(k2nl+k kol + kTl + K1) Yo
47T 9 9
(k’ k H1 + k H2 k H3 - kxk‘zlh) Wyo

/ f(keyyom, k2)Y (keym, k2 )dn, (7.3.76)
wy = &w—l—wyy) fw— Nw

47T

— (kok: X1y — K210y + 2105 — kyk.I1y) Yo

4
—i (K2TL, — kyeaTly — keoke s + K2T1,) wyo
o?

Yy Yy
h(y) / Y (ko m, )y + / by, )eo (o, o), (7.3.77)
0 0

where we have used the inverse change of variables (7.3.71) to express Uy and Wy
in terms of Yo = Y (k;,0,k,) and wyy = w(k,,0,k,). We define now the output

injection gains Il;, Ily, II3 and Il in the following way

Hl l(k:va Y, 07 kz)
II 0
2 l=A" , (7.3.78)
H3 01 (k:ta Y, O: kz)
H4 QQ(k:ta Y, O: kz)
where the matrix A was defined in (6.5.91). Note that since det(4) = —1 its

inverse appearing in equation (7.3.78) is well-defined. The functions I(k,, y,n, k.),
01(kz,y,m, k), and O5(k,y,n, k) in (7.3.78) are to be found. Using (7.3.78), equa-
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tions (7.3.76)—(7.3.77) become

i = 2Y+Y;/y) ﬁY NY+l(kxay707 kz)YyO
/ f(keyy,n, k)Y (Keym, k) dn, (7.3.79)
Wy = —« w+wyy) fw — Nw + 1 (ks y,0,k.)Yy0

y
+02(k$7y70,kz)wy0 —|—h1/ Y (ky,n, k.)dn
0

Y
+/ ha(y, mw ke, n, k) dn. (7.3.80)
0

Equations (7.3.79)—(7.3.80) are a coupled, strict-feedback plant, with integral and
reaction terms. A variant of the design presented in [102] can be used to design the
gains (k;,y,0,k,), 01(ks,y,0,k.) and 65(k,,y,0,k,) using a double backstepping
transformation as in Section 6.5.1. The transformation maps, for each k, and k.,
the variables (Y,w) into the variables (W, (), that verify the following family of

heat equations (parameterized in k,, k.).

U, = e(—a?VU+V,,)— ¥ — Ny, (7.3.81)
Q = e(—a’Q+Q,) — Q- NQ, (7.3.82)

with boundary conditions

U(ky,0,k) = U(ky1,k) =0, (7.3.83)
Qky, 0,k) = Q(ky, 1, k) = 0. (7.3.84)

The transformation is defined as follows,

Yy
Y = \If—/ ke, y,m, k)W (ke n, k. )dn, (7.3.85)
0
)
w = Q_/ Ql(kacayunakz)\ll(kxvnvkz)dn
0

)
— [ Oulhs o R )y (7.3.86)
0

Following Section 6.5.1 and [101,102], we find the functions ((k., y,n, k.),

01(kz,y,m, k), and 65(k,,y,n, k) solving the following partial integro-differential
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equations,

lyy = dw—Qﬂw—ﬂWDl—f+/wﬂu®K&MQ} (7.3.87)

" :G%W—W@%ﬁmm%@m%4h+M/%@mM€

n

i / "oy, )01 (. m) e, (7.3.88)

€2y = €bayy — (B(y) — B(n)) b2 — ha + /y ho(y, €)05(€,m)d€E. (7.3.89)

n

Equations (7.3.87)—(7.3.89) are hyperbolic partial integro-differential equation in
the region 7 = {(y,n) : 0 <y < 1,0 <n < y}. Their boundary conditions are

Wke,y,y, ko) = ke, 1,m, k) =0, (7.3.90)
el(kwuyayukz) = 91(743:1:71,777 kz) = 07 (7391)
‘92(kx7yayukz) = = QQ(kacylanu kz) = 0. (7392)

Remark 7.2. Equations (7.3.87)—(7.3.92) are well-posed and can be solved sym-
bolically, by means of a successive approximation series, or numerically. See [101,
102] for techniques in solving similar equations. Note that both Equation 7.3.87
and Equation 7.3.89 are autonomous. Hence, one must solve first for I(k,,y,n, k.)
and 02(k,,y,n, k.). Then the solution for [ is plugged in Equation 7.3.88 which
then can be solved for 0;(k,,y,n, k.). The observer gains are then found just by
setting n = 0 in the kernels l(k,,y,n, k,), O2(ks,y,n, k,) and 61 (k.,y,n, k.).

Stability in the observed wave number range follows from stability of
(7.3.81)—(7.3.82) and the invertibility of the transformation (7.3.85)—(7.3.86), as in
Proposition 6.2.

7.3.2 Unobserved wave number analysis

When k2 + k* > M, there is no output injection, as y = 0, and the
linearized observer error verifies the following equations

N —a?U + T, . - - -
0, — O‘TW — BU — US(y)V — 21k,iP + 27k, iN$ — NU, (7.3.93)
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- —a?V +V, - -
V. = — VW _ gy _p 7.3.94
t Re g v ( )
~ — 2 7 ~ ~ ~ ~
W, - % _ BW — 2k iP — 27k, iNG — N, (7.3.95)

the Poisson equation for the potential (7.3.34) and the continuity equation (7.3.33).

Note that (7.3.93)—(7.3.95) are the same equations as (6.5.95)—(6.5.97).
Hence the analysis of Section 6.5.2 can be applied, obtaining a result similar to
Proposition 6.5. Hence, stability in the unobserved wave number range follows
when k2 + k? > M? for M (conservatively) chosen as

(H +4)Re

1
M > o 5 (7.3.96)

7.3.3 Main result

As in Section 4.6.3, considering all wave numbers, the following result

holds regarding the convergence of the observer.

Theorem 7.3. Consider the system (7.2.1)-(7.2.8), and the system (7.2.9)-(7.2.18),
and suppose that both have classical solutions. Then, the L* norms of U, V., W

converge to zero, i.e.,

oo 1 o0
lim / / / <U2 +V2 4 W2)(t, x,y, z)drdydz=0. (7.3.97)
—o0 JO J—oo

t—o00

Remark 7.4. The convergence result stated in Theorem 7.3 guarantees asymptotic
convergence of the estimated states to the actual values of the linearized plant.
For this to be true for the nonlinear plant, as in Theorem 5.4, we need additional
conditions. Namely, the estimates have to be initialized close enough to the real
initial values and the MHD system has to stay in a neighborhood of the equilibrium

at all times.

Remark 7.5. In case that N = 0, meaning that either there is no imposed mag-
netic field or the fluid is nonconducting, Equations (7.2.1)—(7.2.3) are the linearized
Navier-Stokes equations and the observer reduces to a velocity/pressure estimator

for a 3D channel flow. This is a result of high interest on its own that can be seen
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as dual to the 3-D channel flow control problem. See Remark 6.8 for some physical

insight for this case.

Remark 7.6. As in Section 5.4, we can combine the results of this chapter and
Chapter 6 to obtain an output feedback law that stabilizes the plant (6.4.21)—
(6.4.30) using only wall measurements. Such a control law would use the esti-
mates (@, V, W) from the observer (7.2.1)-(7.3.26) with boundary conditions for
(4, V,W) as in (6.4.26)(6.4.30), replacing the real states (u, V, W) in the control
laws (6.5.127)-(6.5.134). Then, using Theorems 6.6 and 7.3 and standard argu-
ments for linear output feedback controllers, a similar result to Theorem 5.8 holds

guaranteeing the L? stability of the closed-loop system.

7.4 A nonlinear estimator

As we did in Chapter 5, we postulate a nonlinear observer to improve the
convergence result of the linear estimator. This observer has the same structure
and gains as the linear observer, but the nonlinear terms are added. In this we
follow the design technique of Chapter 5 which used an approach similar to an
Extended Kalman Filter, in which gains are deduced for a linearized version of the
plant and then used for a nonlinear observer.

The nonlinear observer equations are the following

>
:>
>
>
>
>

U, = R——UUI—VUy—W . — P, + No,
(3
—NU - QY, (7.4.98)
. AV o R .
Wy = = = UW, = VW, = WW. - P. - No,
—NW —QW. (7.4.100)

The estimated potential is computed from

~ A

Ao =U, —W,, (7.4.101)
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and the observer verifies the continuity equation,
Uy +V, + W, =0, (7.4.102)

and Dirichlet boundary conditions,

Ult,z,0,2) = W(tz0,z2) =V(taz0z2) =0, (7.4.103)
U(t, xr,1,2) = W(t,x, 1,z) = V(t,x, 1,z) =0, (7.4.104)
o(t,x,0,2) = ot ,x,1,2)=0. (7.4.105)

The estimated current field is computed from the other estimated variables using

a copy of equations (6.2.11)—(6.2.13).

.}.y(tal‘?y7z) - _qua (74107)
}Z(t,:l:,y,z) = _¢Zz + [j (74108)

In (7.4.98)—(7.4.100), the @ terms are the same as for the linear observer.
Hence, the observer is designed for the linearized plant and then the linear gains
are used for the nonlinear observer. Such a nonlinear observer will produce closer
estimates of the states in a larger range of initial conditions.

Using the fluctuation variable and the observer error varaibles, we can

write the nonlinear observer velocity field error equations as follows.

- AU . L
Uy = E—Ue(y)UerNU(U,V,W,u,V,W)
~Ug(y)V = Po+ No. — NU +QY, (7.4.109)
N AV - o .
Vi = R—V—Ue(y)%+NV(U,V,W,u,V,W)—Py+QV, (7.4.110)
€
. AW . VR
We = - = UWe + N UV, W, 0, VW)

—P,— Né, — NW +Q", (7.4.111)



135

where we have introduced

NY = UU, —ulU, — Uu, + VU, — VU, — Vu,

+WU, - WU, — Wu,, (7.4.112)
NY = UV, —uV, — UV, +VV, - VV, - VY,

+WV, =WV, = WV, (7.4.113)
NV = OW, —uW, — OW, + VW, - VIV, — VIV,

+WW, — WW, — WW,, (7.4.114)

Assuming, for the purposes of observer design and analysis, that the ob-
server state (U, V, W) is close to the actual state (U, V, W) (i.e., the error state is
close to zero), and that the fluctuation (u,V, W) around the equilibrium state is
small, then Ny (U, V, W, u, V, W), Ny, (U, V,W,u, V,W) and Ny (U, V, W, u, V, W)
are small and dominated by the linear terms in the equations, so they can be ne-

glected. The linearized error equations are then

U0 = S = U@~ Ugy)V = Pt No. = NU +QY, (74.115)
- AV N N
V, = R—‘e/ ~Uy)Ve — P, + QY (7.4.116)
N AN N N N N
W, = RW —U(y)Wy — P. = N — NW +Q", (7.4.117)
(&

which are the same as (7.3.22)—(7.3.24). Thus, as expected, the error equations for
the observer designed for the linearized plant, and the linearized error equations
for the nonlinear observer are the same; this is the main reason why the same
gains derived in Section 7.3 are used. A similar result to Theorem 5.4 holds for

the nonlinear observer (7.4.98)—(7.4.100). We skip the details.

Remark 7.7. Following [32], we may consider the mean turbulent profile instead of
considering the exact laminar equilibrium profile. This amounts to changing U* in
definition (6.3.15). Since U¢ appears in Equations (7.3.72)—(7.3.75), which are used

to compute output injection gains in Equations (7.3.87)—(7.3.89), the observer gains
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will change (quantitatively) for the turbulent mean profile. However Theorem 7.3
still holds and guarantees convergence of estimates, but for these estimates to be
good enough we require the same assumptions, meaning now that the state has
to stay close enough to the mean turbulent profile at all times. The use of the
nonlinear observer of Section 7.4 will allow larger discrepancies between the state

and the profile while still producing valid estimates.

This chapter is a partial reprint of the material as it appears in
R. Vazquez, E. Schuster and M. Krstic, “A closed-form observer for the 3D in-
ductionless MHD and Navier-Stokes channel flow,” Proc. of the 2006 CDC, San
Diego, 2006.
The dissertation author was the primary author and the coauthors listed in this
publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 8

Stable Poiseuille Flow Transfer for
2-D Navier-Stokes Channel Flow

8.1 Introduction

In this chapter we consider a 2-D channel flow and solve the problem
of transferring the velocity field from one steady state (Poiseuille equilibrium) to
another. The transition has to be fast and stable, following a “nice” (in some
adequate sense) pre-determined flow trajectory. For example, we may wish to
smoothly accelerate fluid at rest up to a given Reynolds number, probably close
or over the critical value (which may change due to unsteady pressure gradient
effects [68]), avoiding transition to turbulence. The means at our disposal are the
imposed pressure gradient and velocity actuation at one of the walls.

Most works in channel flow control in the literature consider a constant
pressure gradient (fixed Reynolds number) and a developed flow which is already
close to the desired solution. The problem of generating and tracking flow trajec-
tories has not been considered so far for a channel flow. Velocity tracking problems
have been considered, from the point of view of mathematical controllability, in
the setting of an optimal control framework [57].

Steady-state transfer problems for wide classes of infinite dimensional

137
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systems have been solved in the past using quasi-static deformation theory. Ex-
amples include semilinear heat equations [37], semilinear wave equations [38], and
Schrodinger’s equation [19,39]. Other applications are the shallow water prob-
lem [36] and the Couette-Taylor flow controllability problem [96]. For the channel
flow, this approach would require to modify the pressure gradient very slowly, and
simultaneously gain-schedule a fixed Reynold number boundary controller like the
one designed in Chapter 4. However, we follow an alternative approach, finding
analytically an exact, fast and well-behaved trajectory of the system which is then
stabilized by means of boundary control. This approach allows for a fast transfer
and requires less actuation—since the tracked trajectory is an exact solution, the
boundary velocity control effort is only necessary for stabilization and will be zero
in the absence of perturbations.

The stabilization part of the design follows a similar approach to Chap-
ter 4, however since the problem is unsteady, it uses the backstepping method for
time-varying infinite dimensional parabolic systems [103]. This method requires
to solve a nonstandard partial integro-differential boundary value equation, and
we provide a very general proof of its well-posedness. A similar looking equation
was proved well-posed [40,97], requiring analyticity in time of the unsteady coef-
ficients. Later it was shown ill-posed [67] for C* unsteady coefficients. We settle
the issue identifying the most natural class of functions for which the equation is
solvable, which is the Gevrey class [58] (consisting of functions whose Taylor series

“almost” converge).

8.2 Trajectory generation and control objective

The stationary family of solutions of (4.2.1)-(4.2.4) is the (nondimen-
sional) Poiseuille family of parabolic profiles, P°, which is described by a single

parameter § (the maximum centerline velocity, which is determined by the magni-
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tude of the pressure gradient) in the following way

P = (U°,V°, P%) = (4@(1 —),0, —%ix) . (8.2.1)

Note that the velocity actuation at the wall is zero for P?, since both U? and V?°

are zero at the boundaries. For § = 1 we obtain the fully developed profile at

_8

» must be externally

the given Reynolds number. The pressure gradient P’ =
sustained for (8.2.1) to be a stationary solution [18].

Our first task is, given dy and d;, to generate an unsteady trajectory
path ©(t) = (U(t),V(t), P(t)), where space dependence is omitted for clarity,
connecting P to P%. We assume § = 0 and d; = 1 (rest to fully developed
flow) for simplicity. Other values (for instance for a deceleration problem) may be

considered as well.

Consider the trajectory ©%(t) defined by

O1(t) = (U(t), VA(t), PU(t)) = (9(t,y), 0, —wq(t)), (8.2.2)

where ¢ is the chosen external pressure gradient. Then, by substitution we see

that (8.2.2) verifies (4.2.1)—(4.2.4) whenever

yy
= =22 4 gq. 8.2.3
gt Re q ( )

Since P° = 0, we set ©9(0) = 0, which implies g(0,y) = ¢(0) = 0.
We impose ¢(t,0) = g(¢t,1) = 0 so no velocity control effort is needed to steer
the trajectory, only to stabilize it. Given these initial-boundary data, choosing ¢
completely determines g from (8.2.3) and consequently ©9(t), so ¢(t) parameterizes
O1(t).

Choosing ¢(t) as

q(t) = % (1—e), (8.2.4)

with ¢ > 0 a design parameter, then ¢(0) = 0 and lim; . ¢(t) = 8/Re. This

selection of ¢, determines a value g in (8.2.3) that verifies the following result.
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Proposition 8.1. Let k,,, = m(2m+1). Consider g(t,y) defined by (8.2.3) where q
is given by (8.2.4), boundary conditions ¢(t,0) = g(t,1) = 0 and initial conditions
g(0,y) = 0. Assume as well that cRe # k2, for any m € N. Then g has the

following properties.

i. The explicit expression for g in (0,00) x [0, 1] is given by

2L sin (kmy) | 1— e~ el ot _ g Rt
= 16 — . 8.2.5
g T;) Km K2, k2, — cRe ( )
it. The following limit holds.
lim g(Z,y) = 4y(1 - y). (8.2.6)

iti. The function g belongs to the space C¥(0,00) x C*°[0,1], i.e., it is analytic

i time and smooth in space.

iv. The following estimates are verified for every timet > 0, and everyy € [0, 1].

0<glty) < 1, (8.2.7)
l9y(t, )] < 4, (8.2.8)
—8 < gy(ty) < 0. (8.2.9)

Proof. In the proof we make use of many properties of the heat equation [45].
Point i is obtained by a Fourier expansion and application of Duhamel’s
Principle for solving (8.2.3). That yields the solution

o . ¢ 2
g(t,y) =2 Z sin (my) / e~ re (1) dr, (8.2.10)
0

K
m=0 m

and plugging in the expression (8.2.4) for ¢ and solving explicitly the integral
(where the assumption on c¢ is used), (8.2.5) is found.

Point ii can be obtained by taking limit in (8.2.5) as t goes to infinity.
Then

' o~ sin(kny) B
lim g(t,y) = 16 Z_O —a —Wl-y), (8.2.11)
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which can be verified by computing the Fourier series of 4y(1 —y) and noting that
it coincides with the infinite sum.

Point iii is a standard property of the solutions of the heat equation,
taking into account that ¢ itself is C*(0, 00) x C*°[0, 1].

Point iv is proved using the maximum principle for the heat equation.
Having proved smoothness in Point iii, we can first consider the equation that gy,
verifies by differentiation of (8.2.3)

(gyy)t = é(gyy)yy' (8.2.12)

The boundary conditions for (8.2.12) can be determined plugging (8.2.4) in (8.2.3),
and taking limit as y goes to 0 and 1. Then, using the fact that g(¢,0) = g(¢,1) =
0, it follows that g,,(¢,0) = g¢,,(t,0) = —8(1 — e~*). The initial condition is
Gyy(0,y) = 0, and it holds that lim; ., g,,(t,y) = —8. By the maximum and
minimum principle, and since —8 < g,,(¢,0) < 0, it follows that —8 < g¢,,, < 0.

Consider now g,. The fact that the boundary conditions of g are g(¢,0) =
g(t,1) = 0, the initial condition is zero, and (8.2.3) has constant coefficients in y,
implies that ¢ is symmetric around y = 1/2, i.e., g(y) = g(1 —y). Hence, it follows
that g,(y) = —g,(1 — y), which implies g,(1/2) = 0. Then,

gy(t,y) = /y gyy(t,m)dn, y € (1/2,1), (8.2.13)
1/2
1/2
gt y) = —/ Gyy(t,m)dn, y € (0,1/2), (8.2.14)

so taking absolute value and using the previous bound,

lg,(t, )| < 8(y —1/2) <4,y € (1/2,1), (8.2.15)

|9y (8, y)| < 8(1/2—y) <4,y €(0,1/2), (8.2.16)

and the bound follows. For g, one has that

olty) = — / g,(n)dn = — / /1;729yy<t,o>dodn,ye<1/2,1>, (8.2.17)

Y y p1/2
olt,y) = / g,(n)idn = — / / gyt 0)dodn, y € (0,1/2), (82.18)



142

8(ty) :
8 t‘\\\\\\\\\“\\\\\\\\\\\\\@%??\\\
/ ’llli::i#$§\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ \\\\\\\\\\\\\\\\\\\\\\ \\\\\\\\\\\\
paasss )
.~.~..... A0 \\ "
SN ¢
10

Figure 8.1: Evolution of ¢(t,y) for ¢ = 1, Re = 1.

so taking absolute value and using the bound on g,,, we get from the integrals

that
lg(ty)l <4y(1 —y) <1,y € (1/2,1), (8.2.19)
l9(t,y)| < 4y(1—-y) <1,y € (0,1/2), (8.2.20)
thus finishing the proof of Point iv. O
In Figure 8.1 we represent g, computed numerically from (8.2.3), for
c=1 Re=1.

It follows from (8.2.4) and Proposition 8.1 that ©%(t) is a solution of the
trajectory generation problem, since its components are smooth and solve (4.2.1)—
(4.2.4), and additionally, we have that ©7(0) = P° and lim, .., ©(t) = P', so

©(t) connects the chosen Poiseuille profiles'.

Remark 8.2. The fact that an exact trajectory is obtained from a linear parabolic
PDE, Equation (8.2.3), can be exploited to move between equilibria in arbitrary

finite time, since it is known [47] that this kind of equations have finite-time zero

1Reaching P! only after an infinitely long time, however by construction through rapidly decaying
exponentials, ©7 closely approaches P! after a short time, as shown in Fig. 8.1. In this sense, we consider
07 a fast trajectory.
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controllability for even initial data (i.e., g(0,1 —y) = ¢(0,y), for every y € [0, 1]).
Motion planning theory for the heat equation [75] allows to define an explicit
finite-time trajectory, in the framework of Gevrey functions. We do not pursue
a finite-time result?, however we present in Section 8.7 a proof guaranteeing that

our method allows tracking of trajectories defined in Gevrey spaces.

Using (8.2.2) and following the notation of Chapter 4, we define the fluc-

tuation variables as

(u,V,p) = (U, V,P)—0%t)
= (U —g(t,y), V. P+ zq(t)). (8.2.21)

The fluctuation variables verify the following equations,

Au

Up = o T Dr T Ul Vu, — g(t, y)us — g,(t,9)V, (8.2.22)
AV

Vi = o mp Ve =V =gt y)Va, (8.2.23)

where we have used A = 0,, + 0,, for simplicity, and boundary conditions

u(t,z,0) = V(t,z,0) =0, (8.2.24)
u(t,z,1) = Ut x), (8.2.25)
V(t,z,1) = V.(t,x), (8.2.26)

where U, and V, are respectively the streamwise and normal velocity actuators at
the upper wall. Our new control objective is to stabilize the equilibrium at the
origin in (8.2.22)—(8.2.23) using U, and V.. That will imply, considering (8.2.21),
that the trajectory ©1 is stabilized.

Linearizing (8.2.22)—(8.2.23), we obtain

Au

U = o P g(t, y)us — g,(t, y)V, (8.2.27)
AV
V, = Te P g(t,y)Va, (8.2.28)

2Exponential stability is enough for practical purposes.
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with boundary conditions (8.2.24)—(8.2.26).
We consider the problem of stabilizing the origin of (8.2.27)—(8.2.28), and
later show how its solution locally® stabilizes the origin of (8.2.22)(8.2.23).

8.3 Mathematical preliminaries

In this section we present the framework that we use to solve the stabi-

lization problem. We begin by stating our main work assumption.

Assumption 8.3. Assume that the perturbation velocity field (u, V') and the pres-

sure p are pertodic in x with some period 2h > 0.

Remark 8.4. In Assumption 8.3 we follow [96,108]. This assumption allows to
derive existence and uniqueness results.

8.3.1 Periodic function spaces

Denote the boundaries of 2 as 9Qy = {(z,y) : « € R,y = 0} (the uncon-
trolled boundary) and 0 = {(z,y) : « € R,y = 1} (the controlled boundary).

Under Assumption 8.3, we can identify (2 and its boundary with

Q, = {(z,y) €Q:—h <z <h}, (8.3.29)
i = {(z,y) € 0 <z <h}, i=0,1. (8.3.30)

Let L?(94) be the usual Lebesgue space of square-integrable functions, endowed

with the scalar product

(6,0) 12, = / h /0 o(z, ) (z, y)dyda. (8.3.31)

Define then L2 (Q2) = L?(€2,), where now

(9. )2 = (Blon, V0o, r2@u)- (8.3.32)

3Local stabilization of the origin of (8.2.22)—(8.2.23) suffices, since we assume the initial data are zero,
i.e. the velocity field starts at the origin itself.
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8.3.2 Fourier series expansion

Given a function ¢ defined on €2, we define the sequence of its complex

Fourier coefficients (¢, (y))nez as

I
only) = o /h o(z,y)en *dr, n € L. (8.3.33)

We will write simply ¢,, in the sequel. It is well known that if ¢ € L?(Q), then
(8.3.33) is well defined and (¢,,(+))nez is in the (complex valued) ¢%(Z, L*(0,1))

space, i.e.,

Z/O |6n(y)|*dy < oo. (8.3.34)

neL

One can recover ¢ from its Fourier series,

Slw,y) =Y buly)e 7. (8.3.35)

nez
Equation (8.3.35) always yields a L () function, if (¢,(-))nez € €% (Z, L*(0,1)).
Actually it can be considered the “inverse” of (8.3.33) in the sense of L? functions,
i.e., applying consecutively (8.3.33) and (8.3.35) or vice versa yields the same
function almost everywhere.
One important result is Parseval’s formula, which allows to compute

scalar products in L? using Fourier coefficients. Consider ¢, € L?(Q). Then,

(¢7 w)Li(Q) =2h ((¢n) s (w"»ﬁ(Z,LQ(O,l)) (8336)

where the (2 (Z, L*(0, 1)) scalar product is

((#n), (¢n))e2(Z,L2(o,1)) = Z/o ¢n(y)@n(y)dyv (8.3.37)

nez
and where the bar denotes the complex conjugate.
Using (8.3.36), and given v in L?(£2;,), we can compute its norm by com-

puting its Fourier coefficients ,,. Then,

191120,y = 20l1¢ullE 200y = 20 D WnlZ2e), (8.3.38)

neL
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where
1
llZa0) = / ()| dy. (8.3.39)
0

In the sequel we omit the subindexes when clear from the context.

8.3.3 H' and H? spaces

We define the spaces

H%(Q) {f|ﬂh € Hl(Qh)v f|:v:—h = f|:v:h a"e‘}7 (8340)

HZ(Q) = {fla, € H* (%) NHL(Q), Vfloen = Vflo=p ae.}, (8.3.41)
where H'(Q,) and H?(Q,) are defined as usual. The norms of these spaces are

I8l ) = N61Z20) + I0ulZ20) + 192l22 ). (8.3.42)
h

161520 = N6lk@ + 10wliz@ + 16l 0) + I dayllzz o) (8-343)
h h

or, in terms of the Fourier coefficients, by

16150 = 20D { chnlleol + |yl 01} . (8.3.44)
2 min 7T2n2

||¢||§{,§(Q) = 2h2(1+ 52 )||¢n“L2(o1 +2hz ’|¢ny||L2(01)

+2hz H¢nyyHL2(o,1)' (8.3.45)

The following lemmas hold in these spaces.

Lemma 8.5. (Poincaré’s inequality in H*(0,1)). Suppose that f is a complex val-
ued function belonging to H*(0,1), such that f(0) = f(1) = 0. Then nyH%Q(OJ) <

nyy||%2(0,1)'
Proof. Set fi(y) = R(f) and fo = 3(f).
There exists a € (0,1) such that fi,(a) = 0. Therefore,

fuly) = /yflym)dn,ye(a,l), (8.3.46)
fly) = —/aflyy(n)dn, y € (1,a). (8.3.47)
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Taking absolute value and bounding the integrals,

Syl < /|f1yy(77)|dn§/0 | fryy(m)ldn, y € (a,1), (8.3.48)

)l < /la\flyy(n)\dng / Gl v e (L), (33.49)

which implies the bound for the whole interval. Then, by Cauchy-Schwarz inequal-
ity,
1 2 1
P < ([ Untan) < [ 72,00 (8.3.50)
0 0

and integrating,

1 1
1inlZa0n) = / 12 (y)dy < / 72,00 = [ Fay o (8.3.51)

and analogously for fs. Thus,

nyH%Q(O,l) = Hfly + if2y”%%o,1) = HflyH%2(o,1) + HnyH%2(o,1)

< HflyyH%%o,l) + HnyyH%%O,l) = nyyH%2(o,1): (8-3-52)
thus proving the result. O

Lemma 8.6. (Poincaré’s inequalities in H} () and H?(Q)). Let ¢ € H}(Q) be
such that ¢lan, =0, and ¢ € HE(Q) such that ¥|sq, =0 for i =0,1. Then

H¢Hi%(g) < H¢y”%i(9)a (8.3.53)

Hwa%%(Q) < ’Wyy”%%(g)- (8.3.54)

Proof. Using Parseval’s formula,

H¢Hi%(ﬂ) - ZH¢TLH%2(O,1)
< ZH¢TL3/H%2(O71)7 (8.3.55)

where we have used the classical Poincaré’s formula for functions of H'(0, 1) vanish-

ing at 0, since ¢ € H\(Q) implies ¢, € H*(0,1), and ¢|s0, = 0 implies ¢,,(0) = 0.
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By the same reasoning, ¢ € H?(Q) implies 1, € H?(0,1), and ¢|gn, = 0

implies ¢, (i) = 0, for i = 0, 1. Applying Lemma 8.5 for every n,

Wy”%g(ﬂ) = ZHwHyH%Q(O,l)
< Z HgbnyyH%?(O,l) = H@Z)yynii(g)a (8.3.56)

thus proving the lemma. O

Remark 8.7. As in Lemma 8.6, let ¢ € H}.(Q2) be such that ¢|sq, = 0, and
1 € H?(Q) such that ¥]sq, = 0 for i = 0,1. Then we can redefine the H' norm of
¢ and H? norm of ¢ as

H¢H§{}l(ﬂ) = H¢y”i%(9>+”¢x”i%(ﬂ)a (8.3.57)

H¢H§{§(Q) = ||¢yy||ig(g) + ||¢xx’|%i(n) + ’ny”ig(ﬂ)a (8.3.58)

or, in terms of the Fourier coefficients,

w2n?
Dl = 3 [T lonlon + Imlon] (8350

7T4n4 7T2n2
WH?{%(Q) = Z[ i [¢nll 22001y + ?WnyH%?(o,n + [[nyy 1 72(0,1) | -(8.3.60)

8.3.4 Spaces for the velocity field

Calling w = (u, V'), we define

Hop(Q) = {we[Li(Q)]*:V-w=0,w|sq,= 0}, (8.3.61)
Hy(Q) = Hou(Q) N [HLQ)P, (8.3.62)
H3,(Q) = Ho(Q) N [HAQP, (8.3.63)

endowed with the scalar product of, respectively, [L2(Q)]?, [H}(Q)]* and [HZ(Q)]2.
See [108, page 9] for the precise meaning of the terms in (8.3.61).
These are the spaces for the velocity field and where the main results

have to be considered.



149

8.3.5 Transformations of L? functions

The following definitions establish facts and notations useful for our so-
lution, based on the backstepping method [101]. This method consists in finding
an invertible transformation of the original variables into others whose stability
properties are easy to establish. We study the kind of transformations that appear

in the method.

Definition 8.8. Let T = {(y,n) € R* : 0 < n < y < 1}. Given complex
valued functions f € L*(0,1) and K € L>(T), we define the transformed variable
g = (I1—K)f, where the operator K f is defined by

Kf(y) = /OyK(y,n)f(n)dn, (8.3.64)

i.e. a Volterra operator. We call 1 — K the direct transformation with kernel K.
Now, if there exists a function L € L*>°(T) such that f = (I1+ L)g, then we say
that the transformation is invertible, and we call I + L the inverse transformation,

and L the inverse kernel (or the inverse of K ).

The following result is immediate from the theory of Volterra integral

equations [61].

Proposition 8.9. For K € L*(T), the transformation 1 — K is always invertible.
Moreover, L is related to K by

Lly,n) = K(y.n)+ /nyK(y,a)L(U, n)do
= K(y,n)+ /y L(y,o)K(o,n)do. (8.3.65)
n
The following result holds.
Proposition 8.10. If f € L*(0,1) then g = (I — K) f is in L*(0,1). Similarly, if
g € L*(0,1) then f = (14 L)g is in L*(0,1). Moreover,
lglZ200) < U+ 1K) 1720,y (8.3.66)

1220 < (L ILIz=)llglz20.y- (8.3.67)
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Proof. Calculating the L? norm on the transformed variable in Definition 8.8, and

then using Cauchy-Schwarz inequality repeatedly,

/01 l9(y)[Pdy = /01

= /O (If(y)l2—f(y)/OyK(y,n)f(n)dn—m/oyf((y,n)f(n)dn

dn) dy
/ (If(y)|2+2!|KHLoo|f(y)| [ trwian
K2 / )P dn) dy, (8.3.68)

2

dy

fly) — /OyK(y,n)f(n)dn

+ /OyK(y,n)f(n)dn

IN

and now since

/01 \f(y)!/oy!f(n)\dndy < (/01 !f(y)\dy)2 < /01 £ (y)Pdy. (8.3.69)

then

1 1
[ lawPay < [ (U4 21Kl + 1K) 170y
0 0

1
= (IR [ 17w (8.3.70)

so one has that
1911Z20,1) < (14 1K) (1 £ Z2(0.1): (8.3.71)
and similarly for the inverse transformation. O

Proposition 8.10 allows to define a norm equivalent to the L? norm,

Hf”%(ﬂ(o,n = H(I - K)f”%%o,n = "9”%2(0,1)- (8-3-72)

For C'(7T) and C*(7T) kernels K and L, one has an equivalent version of
Proposition 8.9 and Proposition 8.10, allowing to define respectively a K H'(0, 1)
and K H?(0,1) norm, which are equivalent to the H'(0,1) and H?(0,1) norm.

Hf”%(Hl(o,l) = [(I - K)fH?ﬂ(O,l) = HgH%ﬂ(O,l)a (8.3.73)

1m0 = 1= K)flizen = 1917200 (8.3.74)
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where higher derivatives are calculated from the transformation in the following

way
gy = fy— / Ky(y,n) f(n)dn, (8.3.75)
Gyy = - K y y)fy( ) - 2Ky( Y,y )f(y) - Kﬁ(ya y)f(y)
/ Kyy(y,n) f(n)dn, (8.3.76)

and similarly for the inverse transformation. This implies that the following esti-

mates hold

1Ay < U+ Iz + 1K) 1 0,y (8.3.77)

1m0 = A+ ILIze + I Lyllz) I 700y (8.3.78)

and other similar estimates for the H? norm.

8.3.6 Transformations of the velocity field
We define transformations of functions in Hyy(52).

Definition 8.11. Consider a set of indices A = {a1,...,a;} C Z, and K =
(Kn(Y,m)pea @ family of L>(T) kernels. Then, for w = (u,v) € Hon(S2), one
defines the transformed variable w = (o, 8) = (I — K)w, through its Fourier com-

ponents,

I - K,)u,,0) forn € A,
oy = 4 Jun, 0) forn (8.3.79)

w,, otherwise.

The inverse transformation, w = (I + L)w, is defined by

I+ L,)a,, f/nan forn € A,
—— ( ) ) (8.3.80)

wy,, otherwise,

where the new operator Ly, is defined by

Lnf = —m% /Oy (f(n) +/0nL(n,a)f(o)do) dn. (8.3.81)
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It is straightforward to show that w is well defined in (8.3.80). We only

need to check the second component of w in (8.3.80) when n € A, which is

fm@n:—ﬂﬂgiéy(@Mﬁ)+¥AnLﬁpaﬁmﬁﬂdJ)dW, (8.3.82)

and then substituting the definition of «, from the direct transformation, and after

some manipulation,

ﬁmn:-m%f(%w—lwmm@—%m@

n
+/ L, (n,0)K,(9, U)d5:| un(é)da) dn, (8.3.83)
where the expression in brackets is zero by Proposition 8.9. Then,
~ n Y
Lo, = —mz/ un(n)dn, (8.3.84)
0

and since the divergence-free condition in Fourier space is migu, + vp, = 0 and

v,(0) = 0 one gets that

A

Lut = [ gl = 0a(0) = 0n(0) = (). (5.3.85)

This way, even though the second component of the velocity is apparently
lost in the direct transformation, it can be recovered and the transformation is still
invertible. Using a similar argument as in Proposition 8.10,

2 2 2
[l < A+ 1K) W]l @) (8.3.86)

Wl ) < (14 N2+ L]z w0l 0 (8.3.87)

where N = max,ca{77}, and

Il = max{ ]| K1}, (8.3.88)
1€l = max{[|Ly[[z>}. (8.3.89)

This allows the definition of a norm, as in (8.3.72), equivalent to the Ho,(€2), that
we call KHo,(2),

W 1 110,20 = 91l 00 (8.3.90)
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For C'(7') and C*(T) kernel families one can define as well KH}, (Q) and KHE, (Q)

norms, respectively equivalent to the regular H}, (Q) and HZ, () norms.

Remark 8.12. All previous results hold for transformation kernels depending on
time, as long as they are uniformly bounded on the time interval (finite or infinite)

considered (see Proposition 8.21 for such a statement).

8.4 Main result

First, we state the stabilizing control laws for the controllers V. and U..
The controller V,(¢,z) is a dynamic controller, found as the unique solu-

tion of the following forced parabolic equation

‘/cacac " ; !
Ve = e 5 e [zi [ onttmy cosh (a1 = ) et &
Re —h 0
0<|n|<M
_Zuy(tafuo) B uy(tvfu ]-)
Re

} dg, (8.4.91)
initialized at zero?, with periodic boundary conditions, i.e., V.(t, —h) = V.(t, h).
The control law U, is given by

hopl
Udt,z) = Z /h/o &K (¢, 1, n)ult, €, n)dndé, (8.4.92)

0<|n|<M

where M = %T‘/E, and 7, = mn/h. For every integer n such that 0 < |n| < M,

K, in (8.4.92) is the solution of the following kernel equation®

1
=
_ / Fol€m Kt . €)de, (3.4.93)

Knt = Knyy - Kmm) - )‘n(tv n)Kn + f”(y’ 7])

a linear partial integro-differential equation in the region I' = {(t,y,n) € (0, 00) X

41f the velocity field initial conditions at the boundary were not zero, then it is required that Ve (0,x) =
V(0,z,1). We asume for simplicity V (0, z,1) = 0.
®See Proposition 8.21 in Section 8.5 regarding the solvability of (8.4.93)—(8.4.95).
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T}, where 7 = {(y,n) € R? : 0 < n <y < 1}, with boundary conditions

Ko(t.y,y) = —Re ( /0 ’ )\"T@da + un(())) | (8.4.94)

Ko(t,y,0) = Re [ /0 D () Kot y, 0)do —un(y)], (8.4.95)

and where the coefficients in (8.4.93)—(8.4.95) are

Mlty) = —ivg(ty), (8.4.96)
falt y,m) = — i lgy(t,y) + 2%/ gy(t, o) x sinh (v, (y — 0)) da] ,(8.4.97)
() = % cosh (v, (1 —Slgjlil)vz cosh (7,9)) ' (8.4.98)

Remark 8.13. Averaging (in z) Equation (8.4.91) it can be seen that the mean
component of V, is zero (provided it is initialized at zero), thus the physical con-
straint of zero net flux is enforced. This can be written as
h
/ Vi) = 0. (8.4.99)
Verifying this condition is crucial, since its violation would imply not satisfying
mass conservation in the channel. Also it is mathematically important to ensure

the well-posedness of the closed-loop problem.

In the sequel, let the letter C' with a subindex denote a positive constant.

We now state our results.

Proposition 8.14. Define w(t) = (u(t), V(t)). Call wy the initial condition of the
velocity field. Suppose that wy € H3, (Q2) and verifies the compatibility conditions
Vo(z,1) =0 and
hoplo
wie )= 3 [ [ eI 0, L (e mdnde, (8.4.100)
0<|n|<M —h JO

Then, for any Reynolds number, there exists a unique solution w(t) of (8.2.27)-
(8.2.26) with control laws (8.4.91)—(8.4.92), with w € L*((0,00), HZ,(Q2)). More-

over, the equilibrium w = 0 is exponentially stable in the L?, H' and H? norms,



155

i.e., there exist numbers Cy(Re, h), Cy(Re, h) > 0 such that for t > 0, the solution

w satisfies
[w(t)[| < Cre™|lwy, (8.4.101)

where || - || represents the Ho,(Q), H}, (Q) or HE, (Q) norm.

The result above is valid for any initial condition. If we consider the

nonlinear terms, we obtain just local stability.

Proposition 8.15. Suppose that wy € H3, () verifying Vo(z,1) = 0 and (8.4.100).
Then, for every Reynolds number, there exists € > 0 such that if ||wo|| < € then
there is a unique solution w(t) of the Navier-Stokes system (8.2.22)—(8.2.23) with
boundary conditions (8.2.24)—(8.2.26) and control laws (8.4.91)—(8.4.92), such that
w € L*((0,00), H3,(Q)). Moreover the equilibrium w = 0 is locally exponentially
stable in the L?, H' and H* norms, i.e., there exist numbers Cy(Re, h), Cy(Re, h) >

0 such that, fort > 0, the solution w satisfies
[w(t)]| < Cre™|lwy, (8.4.102)

where || - || represents the Ho,(Q), H}, (Q) or HE, (Q) norm.

Recall that the aim is to pass asymptotically and robustly from one
Poiseuille flow (or from a point in a neighborhood) to another arbitrary Poiseuille
flow (or a neighborhood), for the nonlinear Navier-Stokes equations. From the re-
sults of Section 8.2 and Proposition 8.15, we obtain our main result, which solves

the problem.

Theorem 8.16. Call W = (U,V, P). Consider two arbitrary Poiseuille flows P
and P%2, as in (8.2.1). Then for every Reynolds number there exist neighborhoods
Vo of P% and Vi of P%, in H*(Q), such that, for every Wy € Vy such that
Wy — P% is periodic in x, there exists a unique solution W of (4.2.1)-(4.2.3),
with imposed pressure gradient (8.2.4), and control laws (8.4.91)—-(8.4.98), which
writes W (t) = O1(t) + w(t), where ©4(t) is given by (8.2.2), such that W (t) € Vs,
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for t large enough. Moreover, there exist numbers Cy(Re, h), Co(Re, h) > 0 such
that, fort > 0, w satisfies

[w(t)]| < Cre™|lwo, (8.4.103)

where || - || represents the Ho,(Q), H}, (Q) or HE, (Q) norm.

Remark 8.17. If in the previous results, the initial data is only in Hg,(Q2) (small
enough for Proposition 8.15 in the Hy,(Q)-norm), even without the compatibility
condition (8.4.100), we still have a unique solution w(t) in L((0,c0), Hy,(2)) and

the exponential decay of the Hj, (€2)-norm.

Remark 8.18. To make a faster tranfer, the exponential decay rate C5 in Propo-
sitions 8.14 and 8.15 and Theorem 8.16 can be made as large as desired, just

increasing as much as necessary M and A, in (8.4.96), so that

2hA/ _
mo= VR (8.4.104)

™

A = —i9(ty) + A, (8.4.105)

for large enough M, X > 0. Increasing M means that more modes are controlled,
whereas the modes left uncontrolled (see Section 8.5.1) are more damped. Increas-
ing A means that more damping is added in the target system (8.5.160), so that

controlled modes (see Section 8.5.2) decay faster.

The next sections are devoted to proving the results, explaining the con-

trol design method, and studying the solvability of Equations (8.4.93)—(8.4.95).

8.5 Proof of Proposition 8.14

Equations (8.2.27)—(8.2.28) written in the periodic Fourier space are

Anun

Ut = = = (e gt y)un) = gy y) Vo, (8.5.106)

ATZVTZ
Re

Vnt =

— Py — 19 (t,Y)Va, (8.5.107)



157

where A, = 9,, — 72 has been introduced for simplifying the expressions, and

where 7, = mn/h. The boundary conditions are

Un(t,0) = V,(t,0) =0, (8.5.108)
Un(t,1) = Unplt), (8.5.109)
Va(t, 1) = Veal(), (8.5.110)

and the divergence-free condition is
Yty + Vi = 0. (8.5.111)
From (8.5.106)—(8.5.107) an equation for the pressure can be derived,

Pryy = YaPn = =20%ngy(t, y)Va, (8.5.112)

with boundary conditions obtained from evaluating (8.5.107) at the boundaries

and using (8.5.109)—(8.5.110),

. Uny(t,0)
Pay(t:0) = =i (8.5.113)
Cupy(t, 1) %
t,1) = —iy,—2L 2LV, — 2 5.114
Pry(t, 1) o Ven =T e (8.5.114)

As in Chapter 4 for the continuous-spectrum Fourier space, the equations
for different n are uncoupled due to linearity and spatial invariance, allowing sep-
arate consideration for each mode n. As before, most modes, which we refer to
as uncontrolled, are naturally stable and thus left without control. A finite set of

modes, called controlled, are unstable and require control.

8.5.1 Uncontrolled modes

These are n = 0 and large modes that verify |n| > M, where M > 0 will

be made precise.

n =0 (mean velocity field)

From (8.5.111), Vy = 0. Then, uy verifies

ony
= X 8.5.115
Uot Re ’ ( )
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with u(0) = up(1) = 0. The following estimates hold by applying Lemma 8.5,
d 2

%HUOH%%OJ) >~ _ﬁHuOH%Q(O,IV (85116)
d ) 2 )
EHUOHHl(oJ) < _EHUOHHl(OJ), (8.5.117)
d 1
aHuOH%’Q(O,I) < _EHUOH%’Q(OJ)’ (8.5.118)
implying
_2
luo(O)lIZ201) < e 7 [[uo(0) 220, (8.5.119)
_2
luo)Fr o < e 7 uo(0) 10,0, (8.5.120)
_1
Huo(t)H?ﬂ(o,n < e we! uO(O)H?ﬂ(O,l)' (8.5.121)
Modes for large |n|
If w,, = (up, V,,), then, considering no control (V,, = U, = 0),
d HwnyHi2(o,1)2 HWTLH%Q(O,I)Q
Ll = —2iozon g pllivor o s

- (gyVTH un)LQ(O’l)Z - (Un, iVnpn)L2(071)2 - (Z’%’Lpny un)LQ((),l)Z

- (Vnypny)L2(071)2 - (pny7 Vn)LQ(OJ)Q . (85122)

Consider the pressure terms like those in the last two lines of (8.5.122). Using the

divergence- free condition iy, u, 4+ V,, = 0, and integrating by parts,

- (un:i’)/npn)m((),l)? = - (Vnyapn)L2(071)2 = (Vn,pny)La(mP . (8.5.123)

Therefore, the pressure terms in (8.5.122) cancel each other. Then, using Cauchy-

Schwarz inequality and ab < (a? 4 b%)/2,

d 9 Hwny||%2(071)2 2 ||VV7’L||%2(0,1)2
%H"VnHL?(o,l)2 < _QT 2% Re

Hlgyll =0 Wl Z2(0.1)2- (8.5.124)

Since |g,(t,y)| < 4, choosing |y,| > V2Re, i.e.,

2hVR
In| > M = ‘ (8.5.125)

™
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yields
d

_||Wn||%2(0,1)2 < -2

dt

Woyl|? w,||? w,||?
H ny||L2(0,1)2_,72|| nHL2(o,1)2 <_2|| n||L2(0,1)2

Re " Re - Re

. (8.5.126)

by Poincaré’s inequality, therefore achieving L? exponential stability for large
modes (|n| > M).
H' exponential stability is proved for the same set of modes. For this,

calculate first the time derivative of [[Wy, |72 12

d

a||wny“%2(o71)27 = (Wny7 VVnyt)LQ(O,l)2 + (Wnyta VVny)LQ(O,l)2

= _(Wnyy7 Vth)LQ(O,l)2 - (Wnta VVnyy)LQ(O,l)2

W |2 W2
_ _2H nyyHL2(0,1)2_2%21H nyHL2(o,1)2

Re Re

+i7n(wnyy: gvvn)LQ(O,l)2 - Z’Vn(gwna VVnyy)LQ(O,l)2
+i7n(unyy7 pn)L2 (0,1) — Z’%’L (pTu unyy)LQ(O,l)
_(Vnyyvpny)LQ(Ovl) — (Pny> Vnyy)LQ(O,l)

_(unyya gyvn)LQ(O,l) - (gyvn: unyy)LQ(O,l) . (85127)

Let us study first the terms without pressure. We have that

Y (Wnyys Wn) 12(0,1)2 = 1 (GWn, Wayy ) 12(0,1)2
—(Unyy, gyvn)LQ(Ovl) —(9yVn, unyy>L2(071)
= 1Y Wny, GWny + GyWn) 220,12 + 1V (GWny + Gy Wi, Wny) £2(0,1)2
+(Unys Gyy Vi + gyVny)LQ(Ovl) + (G Vo + 9y Vo uny)L2(071)
= =1V (Wny, Gy W) £2(0,1)2 + i (9yWn, Wny) 12(0,1)2
+(tny, Gyy Vo) L2(0,1) + (9yy Vs tny) L2(0,1)
+i%n (Uny, Gytin) 12(0,1) — ©Yn(GyUn, Uny) £2(0,1)
= —iYp(Wpy, GyWn)12(0,1)2 + Y (GyWn, Wy ) 12(0,1)2
+2(unyv Gyy V) 12(0,1) + (Gyy Vs Uny) 12(0,1)
B gl + e (l0ulm0n) + )
X Hwn||%2(0’1)2, (8.5.128)

IN
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where we have used repeatedly integration by parts, Cauchy-Schwarz inequality
and the divergence-free condition.

Now for the pressure terms, proceeding as before,

i’yn(unyy:pn>L2(0,1) - V)/n(pn: unyy)LQ(O,l) - (Vnyy:pny)LQ(O,l) - (pny: Vnyy)LQ(O,l)

= = Vo Pult.0) + Vot

y=1
- —Re[pnya,y)fon(t,y)+pny<t,y>pn<t,y>] , (8.5.129)
y=0
where the last equality is deduced from (8.5.107) evaluated at the boundaries.

Regarding (8.5.129) we have the following result.

Lemma 8.19.

y=1
- p"y(t7 y)ﬁn(ta y) +ﬁny(tay)pn(tay) S 2Hng%°°(0,1)HVHH%Q(OJ) (85130)
y=0

Proof. Multiplying the Poisson pressure equation (8.5.112) by p,, and integrating,

one has

(Pryy> Pn)220,1) = VellPnllZ2(0.0) = =209 (9y (8 9) Ve Pr) 220y (8.5.131)

integrating by parts, and using (8.5.113)—(8.5.114), it follows that

y=1
{pny(t,y)ﬁn(t,y)} - ||pnyH%2(0,1) - ’7721||pn||%2(0,1)
y=0
= _Qi’yn(gy(tvy)vmpn)LQ(O,l)y (85132)

and using Cauchy-Schwarz inequality,

y=1

— |:pny(t7 Y)Pn(t, y)} = —||pny||%2(o,1) - %%Han%?(o,n
y=0

+21’7n (gy (t7 ?J)Vm pn)LQ(O,l)

< Hng%‘x’(O,l)HVnH%%O,l)- (8.5.133)

Adding (8.5.133) to its complex conjugate yields the result. O
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By previous estimates we reach then

d

Hwnyy||%2(0 1)2 ||W7’LyH%2(O 1)2 ,-)/721 + 1
R S L LU e N VA

+Re (3l gyllZe o) + I9sll i) IWallZzory,  (8:5.134)

and using Lemma 8.5, and substituting the bounds on g, one gets that

d 9 HWnyyH%?(o,l)2 2 HWnyH%?(O,l)2
%HWHZ/HLQ(OJ)Q > - Re T Re
+Cs|wa 132 (0,1)2- (8.5.135)
So then, setting
1+ ReCq + ")/T2L
L= 5 HWHH%Q(OJ)Q + HWnyH%Q(o,l)?v (8.5.136)

which is obviously equivalent to the H! norm, one has

d 1+92 1
%L < - Re HWTLH%Q(O,I)Q - @HWnyH%%OJ)?
< —C4L, (8.5.137)

where Cy > 0 depends on Re, but not on n, therefore achieving H' stability for
w, with decay rate independent of n.
We next prove H? stability. The definition of the H? norm for the modes

|n| > M is, using Remark 8.7,

HWnHJQLI?(O,l)2 = ||unyyH%2(0,1) + HVnyyH%Q(O,l) + 7721 <Huny||%2(0,1) + HVnyH%Q(O,l))
78 (lunlZ20) + VallZ)) - (8.5.138)

Since

HAnunH%Q(O,l) = (Dnty, Anﬂn)LQ(OJ)
= (unyy - %%Um Enyy - Vgﬂn)LQ(O,l)
= HunyyH%%o,l) + 73“””“%2(0,1) - ”YZ(“nyyv Un)12(0,1)

—Y2 (Tnyy, Un) L2(0,1); (8.5.139)
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hence, integrating by parts,

HAnunH%%o,n = HunyyH%%o,l) + ”YiHunH%%og) + 2%%HunyH%2(o,1)'(8'5'14O)

This shows that || A, w72 )2 is equivalent to [|[Wi||72 )2 The next norm equiv-

alence is less obvious and we state it in a lemma.

Lemma 8.20. Forw verifying (8.5.106)—(8.5.107), the norms ||Anwnl|%2(071)2 and

therefore ||Wn||H2 01)2 areequivalent to the norm Hwn||Hl onz T ||Wm]|%2(071)2.
Proof. We compute ||[Wi|72 ). from (8.5.106)-(8.5.107).

HAnwnH%%o 1)2
Wt 20,1 = o + A, (8.5.141)

where A is defined as

A = =i (Pn, Unt) 2(0,1) = 19 (9L, Y)tn, Tnt) L2(0,1)

~(9y(t,9) Vo Tnt) 120.1) = (Prys Vint) 2201 = 19 (9, 9) Vi Vint) 12(0.1)
+Ri (Wn(Anumpn)LQ(O,l) + Y (Dntin, gt Y)0n) £2(0,1)
—(Anun, gy(t, y)vn)m(o,n - (ATLVTL7]_9ny)L2(O,1)

+i%n (Dn Vs g6, ) V) 1201)) - (8.5.142)
Integrating by parts and using the divergence-free condition,
—i%n Py Tnt) — Py V) £201) = (Pry —%nTnt + Vi) £2(0.1) = 0. (8.5.143)
Similarly,

Z.’%’L(Anunuj_gn)LQ(O,l) - (Anvnypny)LQ(O,l) = (Anun + Z.VnAnVnyypn)LQ(O,l)
- [Anvn (ta y)ﬁn (ta y)]yio
= —[AValt, )Pt y)]Iy . (8.5.144)

and using Equation (8.5.129) and Lemma 8.19,

— [An Vo, )P (6, )=y = —Re [pa(t, )P (8 01Z0 < Rellgyll 7o IVall T2,
(8.5.145)
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hence

A < Hng%OO(O,l)HVTZH%Q(O,I) — (9, Y)Uns Tnt) 12(0,1) — (948 Y) Virs Unt) £2(0,1)

. — 1. _
_V)/n(g(ta y>vn7 Vnt)LQ(O,l) + @ (Z’Vn(Anum g(ta y)“n)LQ(O,l)
_(Anuna gy(ta y>vn)L2(O,1) + ZPYTL(ATLVTH g(ta y)vn>L2(O,1)) . (85146)
Then,
1 HATLW"H%Q(OJ)Q
Al < (/NIH"Vnmarl(o,l)2 + ) <HwntH%2(o,1)2 + Re?2 , (8.5.147)

for some C > 0. It follows that

HWnH%ﬂ(o,lﬁ+HwntHi2(o,1)2 < C2HAanH%2(0,1)2a (8.5.148)

|AwwallZzne < Cs (IWallisgo + 1WndlFa. ) - (8:5.149)

Since we get the result for [[A,w, |72y, we also get it for [[wy [}z y2, thus

completing the proof. O

Now, taking a time derivative in equations (8.5.106)—(8.5.107), and re-
peating the same argument as in the L? proof of stability, the following estimate

holds.

d
_’|Wnt||%2(o,1)2 < -2

dt

HWntHiz(o,m

Re + Ct4||vvnt||LQ(O,1)2||VV7—LHL2(O,1)27 (85150)

where the last term is due to the time-varying coefficients. Combining Equation
(8.5.150), the previous estimates for the L? and H' norms and Lemma 8.20, H>

stability follows.

8.5.2 Controlled modes. Construction of control laws

The remaining modes, 0 < |n| < M, are open-loop unstable and must be

controlled. We design the control in several steps.
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Pressure shaping

Solving (8.5.112)~(8.5.114),
. y .
pn = —2i / gy(t,m) sinh (7, (y — 1)) Va(t,n)dn
0

+2iM/O gy(t,m) cosh (v,(1 = n)) Vi (t,m)dn

sinh vy,
cosh (31— ) tny (1, 0)
sinh 7, Re
COSh (%y)) vuny (ta 1) ‘/cn ‘/cn
- - n . 8.5.151
sinh v, ! Re * Y 7 Re ( )

As in (4.5.69), V., appears “inside” (8.5.151), allowing to “shape” it.
We follow Section 4.5.1 and design V., to enforce in (8.5.151) a strict-feedback

structure [71] in y. Hence,

‘./cn _ ‘/;n o .uny(tao) - uny(ta 1)
Yo o Tn Re Re
1
—Qi/ gy(t,m) cosh (v,(1 = n)) Vi, (¢, n)dn, (8.5.152)
0
ie.,
t
2 n ) - Unp 71
V., = —i/ e~ T (%lu y(7,0) = upy(7,1)
0 Re

+2/0 gy(7,m) cosh (v,(1 — 1)) V,.(7, n)dn) dr. (8.5.153)

Plugging (8.5.152) into (8.5.151), the pressure reduces to

pn = —21 /Oygy(t,n) sinh (v, (y — 1)) Va(t,m)dn

h (7,(1 — y)) — cosh t
49080 (11 — y)) — cosh (yny) tny (£, 0) (8.5.154)
sinh v, Re

Substituting (8.5.154) into (8.5.106)—(8.5.107) yields

2
Unyy  YpUn .
= oy Inne o a(t y)u, — gy (t y) Vi
Un R T s T gt y)un — gy(t, y)

~2y, /0 y gy(t;m) sinh (1 (y — 1)) Va(t, 1)
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cosh (7,(1 — y)) — cosh (7,v)
Re sinh v,

Uny (£, 0), (8.5.155)

n

L nyy /7721 i n .
‘/ = —_ —_ t ‘/
nt Re R@ ZVng( ) ?J) n

Yy
+2i, / gy(t,m) cosh (v, (y —n)) Va(t,n)dn
0

sinh (v,(1 — y)) + sinh (7,y)
Resinh v,

Uny (£, 0). (8.5.156)

n

Control of velocity field

Our objective is now to control (8.5.155)—(8.5.156) by means of U.,.
By (8.5.111), V,, can be computed as V,(y,t) = —iv, [ ua(t,n)dn. Then, only
(8.5.155) has to be considered. Using (8.5.111) to express (8.5.155) as an au-

tonomous equation in u,,

Anun

Y
Unt = R + )\n(tvy)un + / fn(t7y7n)u”(t’n)dn
€ 0

1 (4 )ty (£, 0), (8.5.157)

with boundary conditions

un(t,0) = 0, (8.5.158)

Un(t,1) = Unm(t), (8.5.159)

where \,, f, and p, were defined in (8.4.96)—(8.4.98). This is a boundary control
problem for a parabolic PIDE with time-dependent coefficients, solvable by back-
stepping [103] thanks to the strict-feedback structure. Following [103] we map u,,

for each mode 0 < |n| < M, into the family of heat equations

1
Uy = E(—%‘fozmu%,y) (8.5.160)
an(k,0) = au(k,1)=0, (8.5.161)
where
a, = (I —Kp)uy, (8.5.162)

Un = (I+ Ly)a, (8.5.163)
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are respectively the direct and inverse transformation. The kernel K, is found to
verify Equations (8.4.93)—(8.4.95), and L, verifies a similar equation, or can be
derived from K, using Proposition 8.9. For (8.4.93)-(8.4.95), the following result
holds.

Proposition 8.21. For everyn € A, there exists a solution K, (t,y,n) of (8.4.93)-
(8.4.95) defined in I' = {(t,y,n) € (0,00) x T} and such that we have K, €
L>((0,00),C®(T)), where T = {(y,n) e R*: 0 < n <y < 1}.

We prove this Proposition in Section 8.7.

The control law is, from (8.5.162), (8.5.161) and (8.5.159),

1
Uan/ K, (t, 1,n)u,(t, k,n)dn, (8.5.164)
0

Stability closed-loop properties follow from (8.5.160)—(8.5.163). Since
from (8.5.160)-(8.5.161), one has that

lan®lZ201) < e % lan(0)lI720, (8.5.165)
_2

low Ol < ¢ % N0 (0)701), (8.5.166)
_ L

low Ol < ¢ N0 (0)l72(0,)- (8.5.167)

Hence, from (8.5.162)—(8.5.163) and using the norms (8.3.71) and (8.3.73)—(8.3.74),

we obtain

Hu"(t)H%(nLQ(O,l) < eiﬂt un(o)Hi(nm(o,na (8-5-168)
_2

Hun(t)H%(nHl(o,l) < e RetHun(O)H%(nHl(o,l); (8.5.169)
_L

lun % 20y < € N[un(0)l, r200,1)- (8.5.170)

8.5.3 Stability for the whole system

Ifwecal A={n€Z:0<|n| <M}, and K = K,,(t,¥,7),ca>
the control laws (8.5.164) and (8.5.153) in physical space, which yield (8.4.91)—

and apply

(8.4.92), then we can prove stability for the KHo,(2) norm, defined by (8.3.90),
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as follows:

HWHIQCH%(Q) = Z ||Wn||%2(o,1)2 + Z ’|Un’|§<nL2(o,1)

n¢A neA
_2
S e Ret Z ||WTL(O)H%2(O,1)2 + Z HUTL(O)H%(RLQ(OJ)
n¢A neA
_2
< e RetHW(O)HIQCHOh(Q)' (8.5.171)

By norm equivalence, this proves the L? part of Proposition 8.14. Similarly,

IWlkay @ = luolinon+ D2 lualimon + D Iwallinoa:
0<|n|<M n|=M
_2 —%
< T uOlroen+ > e = lunOlimron
0<|n|<M
—+ Z C’le_CQtHWn(O)H%[l(OJF
[n|>M
< Cge_c4t||W(0)||2;cth(Q)‘ (8.5.172)

The same argument shows H? stability.

HWHQICth(Q) = HUOH§{2(0,1)+ Z Hunuinm(o,n"‘ Z HWHH§12(0,1)2
0<|n|<M In|=M

_L _L

< e RetHUO(O)H§12(0,1)+ Z e Ret”“n(o)"%nm(o,n
0<|n|<M

+ Z Cse_cﬁt’|wn(0)’|12ﬁ12(0,1)2

In|>M
< O7e_CSt||W(0)HI2Cth(Q)‘ (8.5.173)

The first part of Proposition 8.14 is proved.

8.5.4 Well-posedness

It remains to prove the well-posedness of (8.2.27)—(8.2.26) with control
laws (8.4.91)—(8.4.92).
Define the space H),.(—h,h) = {¢ € H'(=h,h) : ¢(h) = ¢(—h)}. Define

in a similar way HZ, (—h,h) = {¢ € H*(=h,h) : ¢(h) = ¢(=h), pz(h) = ¢o(—h)}.

We first show the following result regarding the regularity of the control laws.
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Proposition 8.22. Given any T > 0, assume that the velocity field (u, V') verifies
(u, V) € L*((0,T), H3,(Q)). (8.5.174)

Then, control laws V.(t, x) and U.(t, z) defined by (8.4.91) and (8.4.92) respectively

verify

Us, Ve € L*((0,T), H>.(—=h, h)) " H*((0,T), H_.(—h, h)). (8.5.175)

per per

Proof. We begin showing (8.5.175) for V.. From (8.4.91) we can write

‘/CZEZE
Vo = = = f(t,2), (8.5.176)

where

fta) = 3 [ e [22' | attemcosh (a1 = ) €.y

0<|n|<M —h

_Z-uy(ta 57 O) - Uy(t, 57 1)
Re

} de, (8.5.177)

with V.(¢,h) = V.(t,—h), and initial conditions V,(0,z) = 0. Note that f in
(8.5.177) is defined as a finite sum of convolutions in the periodic domain of certain
functions with the smooth function e”»*. Hence, even though there is a gradient
and a trace in the definition of f, from the smoothing properties of convolution we
have that f € L*((0,T),CE,([—h, h]) for every integer p, where for any function
¢, ¢ € Ch,.([—h,h]) means that ¢ is of class C? and ¢!)(—h) = ¢')(h) for every
i € {0,...,p}, and where C5_ ([—h,h] is equipped with the usual CP-topology.
Therefore by standard properties of the heat equation (see for example [45, pg.
360, Theorem 5] for the non-periodic case), we get that V, € H'([0,T),C2,.([=h, h])

for every integer p. Hence,

V. € L*((0,T), H2. .(—=h,h)) N H*((0,T), H:_(—h,h)). (8.5.178)

per per

Similarly, the definition of U, is

hopl
Uct,x) = Z /h/o DK (¢, 1, n)ult, €, n)dndé, (8.5.179)

0<|n|<M
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again a finite sum of convolutions with a smooth function. Hence, by the same

argument it follows that

U, € L*((0,T), H2, .(—h,h)) " H*((0,T), H:..(—h, h)), (8.5.180)

per per
proving the result. O

We apply a slightly modified version of [57, Theorem 2.1]; see also [55,
Theorem 4.4] for a similar argument. Note that from Remark 8.13 and the as-

sumptions of Proposition 8.14, the following compatibility conditions are verified
h

wo(z,1) = U.(0,2),  Vo(z, 1) = Vi(0, 7). /_hVC(t, Ddz = 0. (8.5.181)

Then, for U, and V, satisfying (8.5.175), we get that there exist a unique solution to

the linearized Navier-Stokes equations such that (u, V) € L*((0,T), H%,(2)). But

Proposition 8.22 guarantees that then (8.5.175) is true. Hence the result follows
for any finite time 7.

Estimates in Section 8.5.3 guarantee the decay of the HZ, (2) norm of the

velocity field (this implies that the HZ, () norm does not blow up). Therefore the

argument can be applied repeatedly any number of times, thus proving (u,V) €

LQ((Ov OO), th(Q))

8.6 Proof of Proposition 8.15

We now consider the fully nonlinear Navier-Stokes equations (8.2.22)-

(8.2.23). Denote the nonlinear term as N = (N*, NV), where

N" = —uu, —Vu,, (8.6.182)
N = —uV,—VV, (8.6.183)

One has by using [108, Lemma 3.4 p. 292],

(WvN)Hoh(Q) < ||W||/CH0h(Q)||WHI2CH1h(Q)7 (8.6.184)
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The bound above is valid not only for (w,N)g,, ) but for any partial sum of
(Wi, Ny)r2(0,1)2, by the same argument.
The application of pressure shaping and backstepping transformation to

the nonlinear system results in a new term in the target system, which appears as

1
Re

Qnt = (_730‘” + O‘nyy) + Ny (8.6.185)
where N; is defined by
Ny = (I = Ko)N; + (I = Ku) Ny (8.6.186)

The term N? is due to pressure shaping and is defined by

h (v,
Nfi:?Z[COS vy/Nq cosh (y,(1 —n)) dn

sinh 7,
/ Ny sinh (7, (y — n))dn} ) (8.6.187)
where
Nij = = Vn—tjtng = Pn—jtjyVoj. (8.6.188)

Then, for n € A,

(@, N2y < Co [(Janl, INGD 220y + (el [INE]) 22(0.0)]
< Gollanllzz,) Z { U”Yj\HujunfjHLQ(o,l) + H“jyvnfjHLQ(o,l)}
JEZ
X [1+ Cs]vn—jll}, (8.6.189)

where Cy = 1 + || K[|z~ and € = 2(S2bndsmbOarsteodur)) - Bounding (8.6.189)

further, one gets
N < Cy 2 2 2
(o, Np) < 7’|an||L2(0,1)Z 2|l ||“j||L2(0,1) +2’|ijHL2(o,1)
JEL
+ [+ C3 il [lun-n a0 + WVen-a Bz §

< Cullanllzzon Wk, @) (8.6.190)



171

for some positive Cy. Calculate now the XL* norm of the velocity field for the

controlled Navier-Stokes equation. As in (8.5.171),
IWlkiz, ) = 2 1wl + D lunll, 20y (8.6.191)
n¢A neA

We next compute the derivatives for each term in (8.6.191). We have that

2
Tn
it E HWnHL2 012 = E { HwnyHL2(0 2 @HWnH%Q(OJ)Q + (Wn, N ) £2(0,1)2

n¢A n¢A
(8.6.192)
and for n € A, since |[us ||, 22(0,1) = [[@nllr2(0,1), one has
d d - Tn o
%Hun\@nm(o,n = %HO‘HH%Q(O,I) < @H%yHé(m) - @H%HQ + (OémNn)L?(o,l)-
(8.6.193)

Then, summing (8.6.193) for n € A, adding (8.6.192), and applying norm

equivalences and the estimate (8.6.184), we get for some Cy > 0

d
DI 0y < —ColW oy + 39 N+ 3 v N
n¢A neA

W 11K, 0) (CallWllicron @) + Wl = Co) - (8.6.194)

IN

Suppose that ||W||xcu,, ) < €. Then

d
%HWHIQCHO;L(Q) < ((Cs 4+ 1)e = Co) [[W[Kep1,,0 0 (8.6.195)
and choosing € such that € < (c +1)
dtH HICHOh(Q) < THWHICHM(Q)
< =C5llwlZn,, @) (8.6.196)

by Poincaré’s inequality, where C5 > 0. This proves local exponential stability in
the K Hon(€2) norm and therefore in the Hyp,(€2) norm.

A similar argument applies to the Hy,(Q2) and HZ, () norms, for prov-
ing local exponential stability; we skip the details since it is clear that the extra

nonlinear convection terms that would appear in the proof (in a similar way to the
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proof for the Hpp,(£2) norm) can be bounded by the linear terms in w, w, and w,
for small Hg, () and Hy,(2) norms®. Well-posedness follows as in Section 8.5.4,

as the argument in [57] applies to the nonlinear Navier-Stokes equations.

8.7 Proof of Proposition 8.21

In this section we prove a general result which includes Proposition 8.21
as a particular case.

We first recall the definition of the Gevrey class of functions, which plays
an important role in studying solutions of the heat equation [31,58]. As shown later,
solutions to kernel partial integro-differential equations that appear in unsteady

backstepping problems are members of some Gevrey class.

Definition 8.23. A smooth function f(t) defined on (0,T), for T € (0,00], is
Gevrey of order « if there exists numbers QQ, R > 0 such that, for all positive

integers k,
d*f
dtk

(k)
Rk

<@ (8.7.197)

sup
te(0,7)

We write f € G*(0,T).

For functions of time and space, we define the following classes, denoting

H%(0,1) = L*>(0,1).

Definition 8.24. Given m > 0 integer, a function f(t,y) is said to be Gevrey of
order « in time t € (0,T), and H™>(0,1) in space y, if f(t,-) € H™>(0,1) for
every time t € (0,T), f(t,-) possesses derivatives of all orders which also belong to
H™>(0,1), and there exist numbers Q, R > 0 such that, for all positive integers

k,
dr f
sup ||—+
te(0,7) dtk

We write f € G*((0,T), H™>(0,1)).

(k)

<Q =

H™0(0,1)

(8.7.198)

5The only extra detail required would be a minor modification of Lemma 8.19 to account for the extra
nonlinear terms in the pressure Poisson equation.
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For functions having two or more space variables we similarly define
G*((0,T), H™*(Q)) where Q C R? is any bounded set. Consider now the ker-
nel equation

6[(yy - eKnn - Kt(ta Y, 77) = )‘(ta U)K(tay:n> - f(tay:n>

+/y K(t,y,&)f(t,&,n)dE,  (8.7.199)
7

with boundary conditions

_1 Yy t O
Ktyy) = - . Wv”)d”—@a (8.7.200)
v / t
K(t,y,0) = /K(t,y,a)g(e’g)da—g(e’y), (8.7.201)
0

in the domain (0,7") x 7, where €, T > 0, and the coefficients f(¢,y,n), g(t,y) and
A(t,y) verify

f € G*(0,T), H™1>(T)), (8.7.202)
A€ G*(0,T), H™>(0,1)), (8.7.203)
g € G0, 7), H™1>(0,1)). (8.7.204)

The following result regarding Equation (8.7.199) holds.

Theorem 8.25. (Finite time) Assume T € (0,00). For coefficients f, g, \ as
in (8.7.202)-(8.7.204), Equation (8.7.199) with boundary conditions (8.7.200)-
(8.7.201) has a unique solution K € G*((0,T), H™1>°(T)).

For the infinite time interval, the result is similar.
Theorem 8.26. (Infinite time) For coefficients f, g, X verifying
f € G*((0,00), H"1°°(T)) N L*=((0,00), H™ (7)), (8.7.205)
A€ G*(0,00), H™>) N L>((0,00), H™*>(0,1)), (8.7.206)
g € G*((0,00), H™(0,1)) N L=((0,00), H™1>°(0,1)), (8.7.207)

it follows that Equation (8.7.199) with boundary conditions (8.7.200)-(8.7.201)

has a unique solution

K € GY((0, 00), H™1°(T)) 0 L¥((0, 00), H™1(T)). (8.7.208)
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Note that Theorem 8.26 includes Proposition 8.21 as a particular case,

with a = 1, and taking limit for m going to infinity.

8.7.1 Proof of Theorem 8.25

In the following it will be assumed that 1 < o < 2. For a < 1 one has to
substitute everywhere in the section a by 1

We follow [101] to transform the PIDE into an integral equation. Apply-
ing the change of variables £ =y +n and § =y — 1, and denoting

G(t,&,B)=K(t.y,n) =K (t, # %) , (8.7.209)
the PIDE (8.7.199) is transformed into
deGeg = Gult, 5 5)+A(t £, B)G(,€, B) — B(L,€,B)
+/ G( 5;5 &;ﬁ_g)
x f (t, o+ # o— #) do, (8.7.210)
with boundary conditions
Ge(t,€,0) = #, (8.7.211)
G(t,£,€) = @ + /OE G(t.E+0.6—0) g(tcja)da, (8.7.212)

in the domain (0,7") x 77, where 7; = {(£,0) : 0 < £ <2,0 < < min§,2 — ¢},

and where now

A6 B) = X (t,#) € Go((0,T), H™>™(T,)), (8.7.213)
Bt,&8) = f (t # #) € G((0,T), H™°(T;)). (8.7.214)

Changing the integration variable, we can rewrite Equation (8.7.210) as

4€G§,@ - Gt(ta 57 ﬁ) + A(ta 57 ﬁ)G(t7£7ﬁ) - B(t7£7ﬁ)
B
+/ G(t7£+0—75_0)f(t70-+(g_ﬁ%a)do-u (87215)
0
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and integrating (8.7.215) and making use of the boundary conditions (8.7.211)—
(8.7.212) we reach

1 § B
G(t, &, 0) = 4—6/[3 /0 Gy(t, 7,0)dodr

1 § B 1 § B
—|——/ / A(t,T,0)G(t,T,0)dodT — —/ / B(t,,0)dodr
4e 8 0 4e 8 0

1 § B o
+—///G(t,TJru,a—u)f(t,qu(7—0),u)dud0d7

4e 8 0 0

1 §

1
_— A —_—
de P (ta T, O)dT Eg(t’ B)

B
+l / g(t,o)G(t,6+ 0,8 —0)do, (8.7.216)
0

€

an integro-differential equation that only contains time derivatives and spatial
integrals.
Following the same method of proof as in [101], we look for a successive

series approximation solution, such that

n=0
with
1 & B
GO(tEaﬂ) = _4_6/,8 /0 B(ta T, O’)dO’dT
3
1 A(t,,0)dr — 1g(t, B), (8.7.218)
de Jj €

and for n > 0,
1 § B
Gut.60) = 1 [ [ Guitt.ropdodr
4e 8 0
1 £ B
+—/ / A(t,7,0)Gy-1(t, T, 0)dodT
4e 8 0
1 § B po
+—/ / / Groa (74 py0 = p) f (¢, p+ (7 — 0), p) dudodr
4e 8 0 0

8
1 / 9(t,0)Gni (t, B+ 0,8 — o) do. (8.7.219)
0

€
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Since A, B and g are Gevrey in time and at least bounded in space (as
m > 1), they can be simultaneously bounded” by a Gevrey function Q(t), so
A< @, B<Q, g<@, with @ a function such that there exist M, R such that
for all k>0, ¢t € (0,7, one has

P _ (k)
<M . 8.7.220
otk — RF ( )
Define now
1
h(ta tO) = | _ =t (8.7.221)
Rl/a

for ¢y € [0, 7). Hence, when t € [to, %/a + to), it follows that 1 < |h(¢,to)|. Since

O"h(t, to) k! KIA(t, to) !
ot Co N e . Rbfa (8.7.222)
(1 o Rl/a) R
it is evident that for ¢ € [to, %/a + to), one has
k! Okh(t,t
Ria = a(tk o) (8.7.223)
hence
*Q(t O h(t,to)\ "
815’5 b (%) : (8.7.224)

We partition the interval (0,7) uniformly into a finite number m of subintervals,
in the following way:

Rl/a Rl/a Rl/a

2

(0,7) = (0, JRYYU ... U[(m—1)——,T), (8.7.225)
where m is chosen such that the length of the last subinterval is equal or less than

Rl/a
2

the subinterval, h(t,%y) bounds @ as in (8.7.224).

. For each subinterval, set t; as the infimum of the subinterval. Then, for ¢ in

Consider first ¢ty = 0. We show the proof for the subinterval ¢ € (0, %/a);
it proceeds equally for the rest of the subintervals because ty does not appear ex-
plicitly in the computations. This means that any bound obtained for the interval

(0, %/a) uniformly holds in the whole interval (0,7"). Hence, it suffices to prove

the result for ¢ € (0, RIQ/Q) and ty = 0.

"For example take Q = A% + B? + ¢°.
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Denote h(t,0) = h(t) for simplicity. We prove the existence of the solu-
tion defined by the successive approximation series using a variant of the classical
method of majorants. See [75] for a similar proof.

We claim that for all n > 0, £ > 0, and (¢,&, 8) € (0, %/a) x 7T;, one has

ak akz 1 @ C?’H—l ﬁn(é‘ + B)
‘Gtk n(t €, ﬁ)‘ (%h(t) ) (i) (8.7.226)
where vy =2 —a > 0 and
2 HM
C= T + — (8.7.227)

Assume the above formula is true (it is proved next). Then, substituting

in the successive approximation series (8.7.217), one has, for k > 0,

@k 0 ak i «a Cn—i—l ﬂ"(f+ﬁ)n
G.e9)| < 3 ( gk +) o

otk

_ fﬁ ( n X ﬂ"@w)")a

c— \ Ot (nl)/e
9 [ (n-l-l)/a 2a ﬁn(f_}_ﬁ)n ¢
= (6—; (nl)v/
oF “
< (% t &, ) , (8.7.228)
where
(n+1)/a 22 n n

(nl)v/ ’

is an analytic function in all its variables in (¢,&, 3) € [0, %/a

| X 77, when a < 2.
This is easily seen for £ and 3. To see it for ¢, substitute £ and ( by their maximum
(2 and 1 respectively). Then,
C(n+1)/a 22/19n i Dn+1
H(t,€,0) = Z h(t)"+ Z t)ntt (8.7.230)

fn/‘ v/

To check analyticity on |0, %/a], since all terms in the sum are already analytic, we

extend H to a disk of radius RY* in the complex plane, i.e. t € C,|t| € [0, %M] and
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B (1),

check convergence for ¢ on compact subsets [91] of the disk. Set then ¢ =

where o € [0, 1]. Then,

e8] n+1
H(t,&,0) < Z (U+ 1) (nll)é, (8.7.231)

which converges for all values of D, o, §. Therefore H is also analytic in t. Then,
by using (8.7.228), it follows that G is bounded in £ and 3, and Gevrey of order

a in t. Note that, as was stated before, the proof holds as well when using h(t, ty)

instead of h(t,0), for t € [to, to + Rl/a)
It remains to prove the estimate (8.7.226), by induction on n.

For n =0 and k£ = 0, one has
1 £ B
Gote.ol < o [ [ Qdodr
€ 8 0
I 1
+— / Q(t)dr + -Q(t)
de Jj €

o (PSR )
< w2 M < hayec (8.7.232)

€

and forn =0, k > 0,

akGO(tvfaﬁ)' < / /
otk = e 875’“
10"Q(t)

£9FQ(1)
4_e Lok o

< (%h(t))a% < (g—;h(t))ac, (8.7.233)

€

dodrt

o0 (8.7.226) is true for n = 0.

Suppose now it is true for n — 1. Then, for k =0,

Gt 6, 8)] < aG” !

(t,7,0)dodr

+4—€/,g /0 Q) |Gp-1| (t, T,0)dodT
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1 & B po
+_/ / / |Gr1| (6,7 + 0 — 1) Q(t)dudodr
4e 5 Jo Jo

B
+%/ Q(t) ‘anl‘ (taﬁ + O'aﬁ - O')dO', (87234)
0

and using the induction hypothesis (8.7.226) and the bound on Q(t) given in
Equation (8.7.224),

CutEA| < - /: [ (gt ) EVT T

1 [e P O G e o N
A R e i

/// £y CV“(_(H_:;)TJF“) dudodr

+E/o o ey EVU ((n_:)!l)?ﬁ)nlda. (8.7.235)

Regarding the integrals, we have the following lemma.

Lemma 8.27. For (§,6) € T, = {(£,8): 0 < £ < 2,0 < 8 < min{¢,2 — €}}, we
have that

// \/0” Y1+ o) dodr <8 f;(jj;)ﬂ) ,

/// (0 = p)" (7 + o) dudodr < 4 ﬂn(erﬂ)’

(n+1)2
_ n—1 n—1 (ﬂ+£)n(ﬂ)n
3. /0 V(B =) 1(28) 1do < 2 e

Proof. For the integral in Point 1, the following chain of inequalities holds.

§ B B n—1 n+1
/ / Vol 4 o)n—ldodr < 2 / Voi(E+o) do
3 Jo 0

n+1

2\/(£ + ﬁ)n-{-l fOﬁ \/O'n_ldO'
n+1
LV BE S B
SRS
B (& + B)"
(n+1)2 °

8 (8.7.236)



180

Similarly, for the integral in Point 2, we have that

3 B o B n+1
/ / / V(e — )1 + o)~ ldudodr = / / \/ (r+0)" dO’dT
B Jo Jo n+1

B3 (€ + )
(n+1) (n+3)
A pr(E+ B
(n+1)2 ~

(8.7.237)

Finally, Point 3 is deduced using the following reasoning:
(26)" 1 (B)"+!
n 1 2 n 1d = 9
/ \/ (26) n+1
VAR T (o
n+1

(B+m(B)"
n+1 ‘

IN

IN

(8.7.238)
This proves the result. O
Using Lemma 8.27 in (8.7.235), we reach
2

Cnlt- &P = E(h(t)n+l)an_}:((nf7;)!)v ?;(f-j;)f)n

M e Cv N JFETA
a0 A rompe iy e
M ninye O B+ B)"

= GO T e
oM o (B+HmB)"

OO oy e

< (jroow) ourey LR
o C"H /(€4 B
(n!)

Similarly, for £ > 0, and using Leibnitz’s formula,

< (h(t)"*) (8.7.239)

akJrlGn 1
8tk < 46// T tTU)dadT—l—— |:Z 0( )
azQ 8’“‘iGn,1 k
[2e| |z (tw}dgm_/// {z
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9'Q| |6FiG,_y 1 (B k k
x| 50 T (t, 74+ p,0 — u)} dudodr + - /0 ; i
azQ 8’“‘iGn,1
|5 pvi (t,8+0,0— 0)} do, (8.7.240)

and using the induction hypothesis (8.7.226) and (8.7.224),

i [ () Sy
iu 5 () () ()
ST T s / [ {z( )

X (g—;h(t))a (aa;_ih(t) ) oy ((n_ 1))7 o 1] dpdodr

LB (2) oo (3

8t’f

1

C"/(B — o)1 (2B) !
x (CESVIE ] do, (8.7.241)

The integrals appearing in (8.7.241) can be bounded applying Lemma 8.27,

reaching

o cny/ (€ + B)n

< (WW)Q (1 =D

Ve O (8.7.242)

(n +1)%(n — 1))

kG,
otk

x (3+2(n + 1))

For the first line in (8.7.242) we use

0" n n 01
@h(t) T R/ gpi-1

h(t)" . (8.7.243)
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(200)) (nty) = nMt et 2 (B

il
"Rtk —1) ... (n+k—i)

0" +1
— " 7.244
< (ghior=) (8.7.241)
we estimate the term in brackets that appears in the second line in (8.7.242),
obtaining
k o ; a
o akfz .
5 (1) G (00)
ak « k k il «
— —h(t n+1 o
( th ®) ) " ZO i ((n+k)(n+k—1)...(n+k—i))
o\ E @ k(k—1).. . (k—i+1)
= | == " @ . 7.24
(6tkh(t> ) n {; ket k=)o (8.7.245)

The term in braces in (8.7.245) can be bound using the following lemma.

Lemma 8.28. Forn,k > 1 we have that

k

e k(k—1). .. (k—i+1 1
3@ Iia ) (k it 1 (8.7.246)
—~ (n+tk)...(nt+k—1i n
Proof. We can rewrite the inequality as follows:
k
k 7 1
k‘ ~ 7 < —. (8.7.247)
n + =0 n—1 + k n
i
Since for 1 < a < 2,
k k
k i L i
> (8.7.248)
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it is enough to prove the lemma for « = 1. We prove it by induction on n. For
n = 1, it is obviously verified. For n > 2, it is convenient to write the inequality
we want to prove as

k

1 Klin—1+k—4d)! 1
(n+ k) ; (k —i)!(n 1 k)! < E’ (8.7.249)

and cancelling some of the products, we arrive at the following inequality

SE (n=1+k—d)(n—2+k—1d)...(k—i+1)) -

1
R+ k—1).. . (k+1) n (8.7.250)

Assuming it true for n, we have for n + 1 that

SE ((n+k—id)n—14k—i)...(k—i+1))
(n+1+k)(n+k)...(k+1)
n+k )zf0((n—1+k—¢)(n—2+k—¢)...(k—¢+1))
m+k)n+k—1)... (k+1)

< - (8.7.251)
hence the inequality holds for all n. O
Using Lemma 8.28 in Equation (8.7.245), we reach
k i « i «
k o akfz
—h(t -h(t)"
>\ L) Go) Geor)
=0
< a—kh(t)”“ ) n! (8.7.252)
ST : 7.

Introducing (8.7.243) and (8.7.252) in (8.7.242), we obtain

alen 2 (0" o\ . CBHE+B)”
otk | = eR (%h(t) H) T D2((n— D))y
% (g—;h(t)"“) n* 1 (3+2n+1))

Cry e+ B (8.7.253)

(n+1)%(n— 1))’
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hence
G, o " “ 72 S5MY\ C™\/pB™(&+ )"
otk = (ﬁh(t) +1) (E * € ) (n!)Y
(9T OB (E D)
- (%h(t) + ) Ok : (8.7.254)

thus proving (8.7.226).
We have shown that G € G*((0,7"), L>°(77)). To get higher regularity in
space, we differentiate in the £ variable the integral equation (8.7.216), obtaining

B
Gf(tvé.vﬁ) = i/@ Gt(t,f,d)dOdT
1 [P
+_ A(t, &, 0)G(t, &, 0)dodT — —/ (t,&,0)dodr
/ / (L€ + 0 — 1) f (b o+ (€ — o), 1) dpudords
_EA(tvao)dTv (87255)

which explicitly defines G¢. Next, we differentiate in the [ variable the integral
equation (8.7.216), reaching

3 B
Gﬁ(tafaﬁ) = i/ Gt(taTaﬁ)dT_i/ Gt(taﬁag>da

_/ (t,7,0)G tTﬁdT——/ (t,8,0)do
_E/g B(t,T,ﬂ)dT“r‘E/o B(t, B,0)do

1 (& 8
+E/ﬁ /0 G(t. 7+, B—p) f(t, p+ (T — B),p) dpdr

1 [P e
_4_6/0 /0 G (£, B+ po —p) f (tp+ (B —0), ) dudo
iA(t, 3,0)dr — %gg(t, B) + %g(t, B)G (t,28,0)
1 B
+_/ g(t7U)G,@ (t75+0—75 - U) do
0

€

B
—1-1 /0 g(t,o0)Ge (t,B+ 0,8 —0) do, (8.7.256)

€
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an integral equation for Gz. Equation (8.7.256) can be written as

B
Golt,6,0) = Bt.6,5)+ / 9(t,0)Gs (1,6 + 0,3 — o) do. (8.7.257)

The function ®(t,&, 3) is computable from G and the coefficients A, B, and g.
Then, Equation (8.7.257) is solved using a successive approximation scheme as
before. We skip the details.

Hence, G¢ and G are well-defined, as long as gz, which was used in
Equation (8.7.256), is well-defined. Iterating this process, higher order derivatives
can be computed as long as the coefficients are differentiable. It follows that the
regularity of G is determined by the regularity of the coefficients; it is proven by
induction that the exact degree of regularity is exactly G € G*((0,T), H™1°°(Ty)).
This means that G has the same regularity as g, has one more derivative than A,
and two more derivatives than f. Moreover, repeating this argument for all values

of m, if the coefficients are smooth in space, then the kernel is smooth in & and (.

8.7.2 Proof of Theorem 8.26

We proceed as in Section 8.25; covering the infinite interval (0, c0) with
an infinite number of uniform subintervals of the form [to, %/a +tp), the previous
proof applies. We obtain always the same bounds for G. Hence a compactness
argument is not required, as we obtain an uniform, finite bound for G, showing
that the successive approximation series is well-defined for all times.

This chapter is a partial reprint of the material as it appears in
R. Vazquez, E. Trélat and J.-M. Coron, “Stable Poiseuille flow transfer for a Navier-
Stokes system,” Proc. of the 2006 ACC, Minneapolis, 2006.

The dissertation author was the primary author and the coauthors listed in this
publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 9

Boundary Control of a Class of

1-D Nonlinear Parabolic PDEs

9.1 Introduction

Boundary control of linear parabolic PDEs is a well established sub-
ject with extensive literature. On the other hand, boundary control of nonlinear
parabolic PDEs is still an open problem as far as general classes of systems are
concerned. Applications of interest include not only fluids, thermal, chemically-
reacting, and plasma systems, such as the systems presented in Chapters 2-7, but
also flexible structures, atomic force microscopy [90,122], aeroelasticity, and quan-
tum systems. The book [33] solves problems of nonlinear parabolic PDE control
but for inside-the-domain actuation, rather than with boundary control. The prob-
lem of motion planning for boundary controlled nonlinear PDEs has been solved
for parabolic systems [84] (using flatness and formal power series) and structural
systems [74] (with a flatness/passivity approach).

When attempting to develop general methods for nonlinear PDEs, it is ad-
visable to take a clue from finite dimensional nonlinear systems. Clearly, one should
bet on methods that have emerged as successful there. This pretty much eliminates

(direct) optimal control methods, because of the requirement to solve Hamilton-

186
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Jacobi-Bellman PDEs, and leaves feedback linearization/backstepping/Lyapunov
approaches [65,69,71,98] as candidates for extension to PDEs.

The backstepping approach for linear PDEs has reached the level of ma-
turity where a systematic design procedure [101] is available for a broad class
of parabolic integro-differential equations in 1-D. This systematic procedure has
found many applications [73,112,113] and is the starting point for our nonlinear
developments here.

In [111] we presented some preliminary results and outlined our approach;
in this chapter, we have shown the general method in full detail and present several
examples. Our results are based on Volterra series. Previous similar nonlinear
efforts [2,24-26] were discretization-based and were successful in addressing some
applications but in general cannot be expected to converge when the discretization
step goes to zero, as shown in [11].

After presenting in full detail and with examples a method for designing
stabilizing boundary controllers for a class of nonlinear 1-D parabolic PDEs, we
study of some of the theoretical properties of the method. More specifically, we
give some reasonable assumptions under which the feedback linearizing Volterra
transformation and the control law, both defined by nonlinear operators involving
infinite series, are well defined. We show that the transformation is at least locally
invertible and include an explicit construction for computing the inverse of the
transformation. Using the inverse, we show L? and H'! local exponential stability

and explicitly construct the exponentially decaying closed-loop solutions.

9.2 Class of Systems Under Study

We study the following class of parabolic systems,
Ut = Uge + N@)u + Flu] +uH[u], =z €(0,1) (9.2.1)
with the following boundary conditions

ur(t,0) = qu(t,0), wu(t,1)=U(t), (9.2.2)
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where U(t) is the control input and F'[u] and H [u] are Volterra series nonlinearities
as explained below. In (9.2.2), ¢ is a number that can take any value. The
particular cases ¢ = 0 and ¢ = oo can be used to model, respectively, Neumann
and Dirichlet boundary conditions at = 0. For simplicity we consider a Dirichlet
boundary condition at x = 1, but different boundary conditions at the controlled
end can be easily accommodated in our design.

A Volterra series is defined as a functional (i.e., a function that depends

on another function), and has the form

Flul(t,z) =) Fu[u](t, ), (9.2.3)

where the notation F,[u](¢,x) emphasizes the fact that each F, [u](t, x) is defined

as a functional of u(¢,z) and also depends on x and t. The precise definition of

z r& En—1
Fulul(t2) = /O/O /0 Fo(a.6r 6
X (H u(t,gj)> déy . .. de, (9.2.4)

where f, is called the n-th Volterra (triangular) kernel.

each term is

Volterra series [123] are widely known and studied in the control liter-
ature [27,65,76,93]. They are causal functionals [51] that represent the general
solution for nonlinear equations, generalizing the convolution solution for linear

systems. An excellent exposition on Volterra series can be found in [92].

9.3 Motivating Examples

We give two examples of nonlinear plants that fall into the class of systems

of Section 9.2.
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9.3.1 Coupled nonlinear plant
Consider the following nonlinear plant

U = Ugy + U0, (9.3.5)

0 = Vg +w?v+uv+u, (9.3.6)
where ;1 and w are plant parameters, with boundary conditions

u(t,0) = wv(t,0) =0, (9.3.7)
u(t,1) = U(t), wo(t,1)=V(), (9.3.8)

where U(t) and V(t) are actuation variables.

This kind of plant structure, consisting of a parabolic equation coupled
with an elliptic equation, arises in some relevant applications, for example fluid
mechanics, where the pressure verifies a nonlinear elliptic equation (4.2.5), struc-
tural problems [73], or singularly perturbed problems in chemical reactors [25] or
in thermal fluid convection—the plant in Chapters 2-3 has a similar (but two-
dimensional) structure.

To obtain a plant equation in the class of (9.2.1), we solve for v in terms

of u from (9.3.6).Define

v(t,z) = Y wa(tx), V()= Vu(t), (9.3.9)

where vy verifies,

0 = V1pp + Wy +u, (9.3.10)

and for n > 1, v, verifies
0 = Ve + W20; + UVp_1, (9.3.11)
with boundary conditions, for each n,

va(£,0) = 0, wvu(t, 1) = Vi (b). (9.3.12)
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We are free to choose V() in any meaningful way if the series for V' in (9.3.9)
converges and the solution for (9.3.10)—(9.3.12) also makes (9.3.9) convergent.
In this case, it is possible to solve (9.3.10)-(9.3.11) explicitly. Denoting

vg = 1, we get the following recursive solution for ¢ > 1

o = / i@ =O) el €)de

w
. 1 -
+% (Vn(t) +/O an_lu(t,g)df) . (9.3.13)
Set the control law V() as follows.
v = - [ e L3 (9.3.14)
0

The reason to choose this particular control law is to get a spatially strict-feedback
system, as in (9.2.1).
With this control law the solution to the equation (9.3.6) is

Uy = /0 Si“(”(Lf))vnfl(f)u(t, £)dt. (9.3.15)

w

Denoting &, = z, we can solve the recursion in (9.3.15), getting
_1 n &o En—1 1 )
b = L [ [ Tlsin e - ) a6 i . déu (9316)
0 0 i

Plugging (9.3.16) into (9.3.14), we obtain a general formula for V, as follows:

&1 En—1

Va(t) sin (w(1 — &) u(&)

XH[sm(w(fj—fjH)) wW(&j1)|déids ... dE,. (9.3.17)

Assuming that u(t,z) € L*(0,1), both series in (9.3.9) converge in L? since using

that | sin(w)/w| < 1, one can bound ||v,]|7, as follows.

foali2 < |22 /(/ /él /g“ﬁugjdsl )
< Smug”) %ﬁ/o (/0 (gl)dgl) _”' . (9.3.18)
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Hence, using the Cauchy-Schwartz inequality in /s,

Iof2 = /01 (ivn(x)>2dx§<gn2“vn ||L2> (2%)

n=1
ol 72
< 22 - DE (9.3.19)
where we used Y 07, 5 = 72/6 < 2. Hence, [[v[|3. < 2[jul|32exp (|lul?,). Simi-

larly [V] < 2||u||22exp (lull32).

Plugging the solution for v into (9.3.5), we reach

= (—1
w o= >

o En—1 "
X/o /0 ]H sin (w(€j_1 — &) u(&;)) ey . .. dén,  (9.3.20)

=1

an autonomous system in v with boundary conditions
u(t,0) = 0, wu(t,1)=U(t), (9.3.21)

and now the problem is reduced to designing U such that the above system is
guaranteed to be stable in L2
Equation (9.3.20) is a particular example of (9.2.1) with

7’1

H w1~ &), (0.3.22)

A=H=0,and g =

9.3.2 Parabolic semilinear equation

Consider the plant
U = Vg + f(0), (9.3.23)

where f(v) is a nonlinear function analytic at the origin, verifying f(0) = 0, with

boundary conditions

V(t,0) =0, v,(t,0) = U(t), (9.3.24)

where U(t) is the actuation variable.
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Remark 9.1. For the open-loop plant (9.3.23), finite-time blow up instabilities
are likely to occur when f(u) is superlinear. This was first studied in a classical
paper [52] for power-like nonlinearities, and has been the subject of systematic
study in subsequent years (see the reviews [43,80]). More recently the question
of controllability of this kind of equations has been considered. For superlinear
functions which grow faster than |u|log®(1 + |u|) lack of global controllability is
proved in [49]. Therefore, for many nonlinearities f(v) only local or restricted
results can be achieved; for example in [37] boundary control is used to move

between sets of steady states for plants with superlinear nonlinearities.

To cast (9.3.23) into the form of (9.2.1) we differentiate (9.3.23) in =z,
getting
Vgt = Vg + [ (V)0 (9.3.25)

Call u = v,. Then, v = [ u(t,§)d¢ and (9.3.25) yields

Uy = s+ F( /0 " u(t, ), (9.3.26)
with boundary conditions

u.(t,0) =0, wu(t,0)=U(t). (9.3.27)

The boundary condition at 0 was obtained evaluating (9.3.23) at = 0 and using
(9.3.24) and f(0) = 0. Expanding f’ in its Taylor series at the origin, and calling

A o= f(0), (9.3.28)

hy = fO0), n>1, (9.3.29)

we can write (9.3.26) as

00 h z n
L= Upy + A on ,6)d , 9.3.30
Up = Ugy + u+u;n! (/0 u(t, §) f) ( )

and since

(/Oxu(t,ﬁ)dé)nzn! /0 /051.../Oén_lﬁu(fj)déldfg...dfn, (9.3.31)
j=1
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we get

n

o z  r& En—1
ut:um—i-/\u—i—u;/o /O /0 ho [ [ u(§))déads . d,,  (9.3.32)

j=1
with boundary conditions (9.3.27). Equation (9.3.32) falls in the class of (9.2.1)
with /=0, ¢ =0, and A and H given by (9.3.28)—(9.3.29). Note that stability of

w in the L? norm implies stability of v in the H! norm, as u(t,0) = 0.

9.4 Control Strategy

The objective is to find a Volterra feedback law U(t), so the controlled
system (9.2.1)—(9.2.2) is stable. To achieve that, a new PDE system is introduced,

the target system, which is the following
Wy = Wy, (9.4.33)

with homogeneous boundary conditions
we(t,0) = qu(t,0), ,w(t,1)=0, (9.4.34)

where ¢ = max{0, ¢}. The plant (9.4.33)—(9.4.34) is an L? and H' exponentially
stable system by standard results from linear PDE theory.
The idea of the method is to transform (9.2.1) into (9.4.33). For this we

use a change of variables based on a Volterra series,
’LU(t, .CE) = U(t, .CE) - K[u] (ta 33')
= u(t,x) — Z K, [u](t, x). (9.4.35)
n=1

Evaluating (9.4.35) at = 1 and using (9.2.2) and (9.4.34), we arrive at the control

law
U(t) =Y Kiful(t,1). (9.4.36)

Therefore, the control is computed using the Volterra kernels that define

(9.4.35). Assuming that the series can be differentiated term by term in (9.4.35),
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and using (9.2.1) and (9.4.33) the following equation is obtained:

Az)u + Z Eful +uy  Hfu] = Z (%Ki[u] - %Ki[u]) : (9.4.37)

Using (9.4.37), the definition of each term in the Volterra series, integration by
parts, and change of the order of integration in the multiple integrals, we obtain a
set of partial integro-differential equations (PIDESs) for the kernels k; that define
the control (9.4.36). See Section 9.11.1 for a detailed derivation.

The PIDE verified by the n-th order kernel is

=1 =1

n n—1
m=2 m=1

The functions B)", C/" and I,, in (9.4.38) have an involved definition that requires
additional notation and the introduction of some intermediate functions. Hence
for clarity we first finish stating and discussing the kernel equations and then
introduce the concepts towards the precise definition of B, CI" and I,,, which is
given respectively in (9.4.58), (9.4.59) and (9.4.60).

The solution to the PIDE (9.4.38) needs to satisfy the following boundary

conditions. For n =1,

1 T
ki(z,z) = §— 5 / A(s)ds, (9.4.39)
0
ke (2,0) = gkai(z,0), (9.4.40)
where ¢ = min{0, ¢}, while for n > 2,
1 T
kn(xaxaf%g&"'agn) = _5\/ hnfl(sag%g&"'afn)d‘ga (9441)
&2
1
knx(xa xz, 627 537 cee 7€n> = Z (hn71(€2, 527 537 cee 7€n> - hnfl(xa 627 537 s 7571))
1 T
+§ ¢n(S, gg, fg, e ,gn)dé’, (9442)
&2
65i71kn(x,$1,...,§n) = 65ikn(x,§1,...,fn) s 1= 2,..,71,, (9443)
&i—1=&; &i-1=¢;

knfn (ZE, fl, ce 7§n—17 O) = qk’n(l', fl, ce 7§n—17 O), (9444)
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which are of mixed kind. In (9.4.42), the function ¢,, is defined as

bn = | Ocekn+ Y M&kn + Llkn, fi] — fu
=2 =1

n n—1
+ Y B knemsts fn] + Y Ol b . (9.4.45)
m=2 m=1 1251

Note that the bracket in (9.4.45) is evaluated at = & and thus can be computed
from (9.4.41), without needing to know a priori k,. We illustrate the value of
¢2 and ¢3 in (9.4.72) and (9.4.79) respectively. Equation (9.4.38) is a hyperbolic
PIDE, for each k,, evolving in the interior of a domain 7,, = {(z,&;,...,&,) : 0 <
€n < ... <& <z <1}, a “hyper-pyramid” of dimension n + 1 (in particular, a
triangle for n = 1, and a pyramid for n = 2). Note that the volume of 7, decreases
rapidly as the dimension n increases, as given by the following formula:

1
(n+ 1)l

Vol (T,,) = (9.4.46)

Remark 9.2. The domain 7, has n + 2 “sides” (which are n-dimensional hyper-

planes) on its boundary. These are

Ro = {(,&,...,&):0<& < ... <& <x=1}, (9.4.47)
Ri = {(x,&,...,6):0<& < ... <& =x <1}, (9.4.48)
Ri = {(z,&,...,6):0<&, <. <& =60 <...<x <1}, (94.49)
Ro1 = {(x,&,...,&):0=¢§,<... <& <x <1} (9.4.50)

where in (9.4.49), i = 2,...,n. The boundary conditions (9.4.41)—(9.4.42) are
non-homogeneous and given on Ry. The boundary condition (9.4.43) is given on
R;, for i = 2,...,n and represents the value of the normal derivative of k,, in the
boundary R;, hence it is of Neumann type. The boundary condition (9.4.44) is of
Robin type and given on R, 1. The value of the function £, on Ry is what needs

to be found for the control law (9.4.36).

Remark 9.3. Equation (9.4.38) with its boundary conditions can be reinterpreted

as a wave equation in spacetime. If one thinks of z as time (time-like variable) and
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the other variables £, &, . . ., &, as space coordinates (space-like variables), then the
domain can be seen as a n-dimensional hyper-pyramid in R™ that grows (linearly
in “time” x), with boundaries R, Ra, ..., R,+1 that are also growing in time. In
particular, it can be seen that the boundaries R, ..., R,y are time-like (they
grow slower than the characteristic speed of wave propagation, lying inside the
“causality” cone), but the boundary R, is space-like, i.e., it grows faster than the
characteristic speed of wave propagation (and lies outside the causality cone). For a
wave equation to be well-posed [41], it is necessary that it has exactly one boundary
condition on its time-like boundaries and two boundary conditions (initial data)
on its space-like boundaries. That is the reason why the boundary R; has two
boundary conditions. The only exception is kp, for which R; is characteristic (i.e.,
the boundary condition is of Goursat type) and thus only needs one boundary

condition, which is (9.4.39).

The term I, [k,, fi1] is the homogenous integral term of the P/DE (Partial
Integro-Differential Equation), while B[k, —m+1, fm] and CI*[ky—m, by are forcing
terms, where only terms including previous kernels k,, with m < n appear. This
means the set of PIDE’s can be solved recursively up to any desired order n,
beginning with £;.

We introduce now some additional definitions needed for writing the ex-

pressions for Bl [kn—m+1, fml, Co'kn—m, hm] and I[k,, fi] in (9.4.38).

n

Definition 9.4. Given a set S = {ay,as,...,a;} of k ordered variables and given
m such that 0 < m < k, we define P,,(S) as the set of all posible ordered k-tuples
that can be formed in the following way. The first m elements of the k-tuple are
any m members of S ordered by their indices. The last k — m elements of the

k-tuple are all the remaining members of S, also ordered by their indices.
Example 9.5. If S = {ay, as, as, as}, then:

P(S) = {(a1,a2,a3,a4)}, (9.4.51)

PI(S) — {(a17a27a37a4)7(a27a17a37a4)7(a37a17a27a4)7(a47a17a27a3)}7(9‘4'52)
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Py(S) = {(ay,a9,as3,a4), (a1, as,as,ay), (a1, a4,as,a3), (az, as, ay, ay),

(a2, a4, a1, as), (as, as, a1, az)}, (9.4.53)
Py(S) = {(a1,a9,a3,a4), (a1, az,ay,a3), (a1, a3, aq,as), (az, as, as,aq)},(9.4.54)
Py(S) = {(a1,a9,a3,a4)}. (9.4.55)

Remark 9.6. If S has k elements, the number of elements of P,,(S) is

k k!
SR — (9.4.56)

m m!(k —m)!

Define 50 = x and given i < n, ézn = (517 s 7671) and :){L = (P)/Za s 7’771)
Set, for any function g(z, &1, ..., &em) = g(Angm), and 1 < j <mn,

D™ = > 9@ AT, (9.4.57)

AT eP, S (ER™)
Then, the definition of the term B [kyn—m+1, fim] 18

n—m+1 &1

Billwmersfnl = 30 [ D bt @ 7
=1 &
X f(s €M H)} ds. (9.4.58)

The term CI"[kp—m, hi) is defined as
Coonms o] = D2 D" e (6 o (65 i) |- (9.4.59)
=1
The definition of I, [k, fi1] is, using (9.4.58),

Remark 9.7. The number of terms of B! [kn_m+1, fm] 1S, using Remark 9.6,

n—m+1

n—j+1
/ (9.4.61)
j=1 n—j—m-+1
The number of terms of I,[k,, f1] is
" [ n—-j+1 a .
> =) (n—j+1)=n(n+1)/2 (9.4.62)

j=1 n—Jj j=1
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Hence in the PIDE for £, the total number of integrals in I,, and B]" is

n n—m-+l n-j-'-l n n—j+1 n—y—i—l
mzzl jzl n—j—m-+1 N ]Zlmzzl n—j—m-+1
& (n—j+1
= Zn:(zn—j“—l)
j=1

= 21y 92—
j=1
= 2121 -2 ~1)—n

= 2" p—2 (9.4.63)
Similarly, the number of terms in C}" is 2" —n — 1.

We next show, as an illustration of the general case, the PIDE equations
that the first three kernels, ki, ko and k3, verify.
The PIDE equation for k; is
Opekt = Oge,k1 + A&k — fi(z, &) +/ ki(x,s)fi(s,&1)ds, (9.4.64)
&1

with boundary conditions

(e, z) — q—% /0 " As)ds, (9.4.65)
kig, (z,0) = qki(z,0). (9.4.66)

This equation evolves on the triangle 77 = {(x,&;) : 0 < & < z < 1}, which is
drawn in Fig. 9.1(left).

Remark 9.8. Equation (9.4.64) is an autonomous equation in k. It is a particular
case of the kernel equation for backstepping control of linear parabolic PDEs. Its
well-posedness is already established [101], where symbolic and numerical methods

of solution are proposed.
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& A
&

A

Figure 9.1: Left: The domain 7;. Boundary conditions are given at £ = 0 and
x = & (lower and diagonal lines, respectively). The feedback law requires to
compute the kernel k; at the boundary = = 1 (the vertical bold line). Right: The
domain 75 shown in perspective. Robin boundary conditions are given at & = 0
(the ground surface), while at x = & (normal to the ground and hidden behind
the figure due to the perspective) we have both Dirichlet and Neumann boundary
conditions (initial-like conditions). A Neumann boundary condition is given at
& = & (the surface that lies in front of a viewer looking in the & direction). The
feedback law requires to compute the kernel ky at the boundary = 1 (the shaded
surface).

The PIDE equation verified by ks is

Oprka = a5151]@12 + 85252]{52 + (/\(fl) + )‘(52)) ko — f2(‘r7 SE 52)
x &1
+/ ki(z,s)fa(s, €1, &2)ds +/ ka(z, &1, 8) f1(s,&2)ds

&1 &2
+/ k2(33,3,§1)f1(3,§2)d3+/ kao(x, s, &) f1(s,&1)ds
&1 &1
+ky (2, &) hi (&1, &2), (9.4.67)

with boundary conditions

1 x
ko, 2,6) = —= [ hi(s,&)ds, 9.4.68
e &) = = [ mis &) (9.4.68
kow(m,2,8) = —1 (3h1(&2,&2) + hu(z,&2))

4
% . Pa(s, &2)ds, (9.4.69)
k2§2(x7§170) = ng(.f,fl,(]), (9470)
351762(%51752)5 = 3527432(95,51752)

2=&1

+

) 94.71
&2=61 ( )
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where
¢2(x7 §2) = /5 h1§2§2 (37 SQ)dS - 2h1§2 (527 52) - hlEl (527 52)

(@) + M) / (s, E2)ds + 2fal, 1. 69)

&2

+ /; /j hi(o,s) f1(s,&)dods + hy(z, &) /01 A(s)ds. (9.4.72)

This equation evolves on the pyramid 7o = {(2,£,&) : 0 < & < & <
x < 1}, which is shown in Fig. 9.1(right). Once k; is solved from (9.4.64), it can
be plugged into (9.4.67) which becomes an autonomous equation for k.

The equation verified by k3 is the following.

Orcks = Ogie ks + Ogperkis + Ogyes ks + (A(&1) + A(&2) + A(E3)) ks
—f3($af1,§2,§3)+/ ki(z,5)f3(s,61, 6, &3)ds

&

&1 x
+/ ka(z, &1, 8) fa(s 52753)d5+/ ko(, 8,61) fa(s, &2, €3)ds

&2
+/§1 kol 5,6) fols £1,53d5+/& o, 5,E5) fol, €1, €2)ds

&2 &1
+/§ ks(z, 1,82, 9) f1(s, &3 d8+/§ ks(x,&1,5,82) fi(s,&3)ds

xT

&1
+/§ ks(w,&1,8,63) f1(s, &2 dS—i‘/ (z,5,&,&3) f1(5,&1)ds

+/ ks(x,s,&1,63) f1(s fQ)dS‘i‘/ ks(x,s,&1,82) fi(s,&3)ds
&1 &

z ély £2)h1(§2, 53) + k’g(l‘, §17 £Q)h1(£1, 63)
z ély é3)h1(§17 52) + kl('rv él)hQ(élv 627 63)7 (9473)

+ko

—~

+ko

with boundary conditions

k’g(l‘,l’,f%fﬁ’)) = _%/;xhg(s,fg,fg)ds, (9474)

kso(x,x,82,83) = —i(3h2(52752753)+h2(513752753))

+§ . ¢3(s,&2,E3)ds, (9.4.75)
kse,(2,61,62,0) = qks(z,&,&,0), (9.4.76)
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Gk 60,66 = Oukslnb6.6)| (9.4.77)
duks(r,6066)| = duholw668)| ) (9.4.78)
where @5 is
ol 606 = | (5 €0 €95 — 2 (62,60, 69) = P .09
[ 0.0+ () 4 MED) M) [ 61

+2f3(w, ,82,8&3) + /x /x hi(o,s) fa(s, &2, &3)dods
&2

S

/52/ he(o, &2, 8) f1(s, &3 dads+/ / ho(0, s, &) f1(s, &5)dods

/52 / ho(o,s,&3) f1(s, &)dods + h (&, &) /5 1(s,&)ds
T hy(z, ha(s, £)ds + hi(x, hy(s, €)d
1(z,&3) /52 1(5,&2)ds + hy(, &) /52 1(5,&3)ds

—f-hg (l‘, ég, £3) /gér A(S)dS (9479)

This equation evolves on the 4-dimensional hyper-pyramid 73 = {(z,&;,&2,&3) :
0<& <& <& <a<1}. Once ky and ky are known from (9.4.64) and (9.4.67)
the equation (9.4.73) becomes autonomous in k.

Note the increasing complexity of the kernel PIDEs but also the common

recursive structure that underlies all the equations.

9.5 An Analytic Example of a Stabilizable Super-Linear

System

Consider for this section the simpler case for which A = 0 and H = 0,
so only the F' nonlinearity is present in (9.2.1), and ¢ = oo (Dirichlet boundary
conditions).

In Section 9.6 we discuss a numerical approach that would be used for

solving for the controller gain kernels. However, at this point we don’t have a proof
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of well posedness of the series of PIDEs for the gain kernels. For this reason, in this
section we present an “inverse” where, instead of solving for the k-kernels with the
f-kernels as given, we solve for the f-kernels with the k-kernels as given. This is not
possible in general, however, in the case where f; = 0, i.e., the “purely nonlinear”
case where the plant doesn’t have a linear term in its Volterra series, it is possible to
find the f-kernels when the k-kernels are given, i.e., it is possible to find the plant
that is stabilized by a pre-assigned controller. This is easy to see by examining the
equations (9.4.64)—(9.4.78). First, when f; = 0, then k3 = 0. Second, for any k,
that satisfies the boundary conditions (9.4.68)—(9.4.71), the kernel f5 is obtained
by direct evaluation of the derivatives of ko from (9.4.67). Third, for any k3 that
satisfies the boundary conditions (9.4.74)—(9.4.78), the kernel f; can be obtained
by direct evaluation of certain integrals in (9.4.73). And so on for fy, fs, ...

So, starting with a controller as simple as possible—yet nonlinear—in
this section we illustrate how it is possible to solve (9.4.38)-(9.4.44) to find the
(nonlinear) plant which is stabilized by the preassigned controller

The simplest possible (nonlinear) controller we can think of comes from
a single second order control kernel, ky = 0y09(x — 01)(x — 02), whose particular
form is chosen to satisfy (9.4.68)—(9.4.71). All other control kernels are set to zero,
ie, ki =ks=...=k,=...=0. Then the control input, U(t) = K[ul(t, 1), is

&1
Uty = Kul(t,1) / / Q6lr — )0 — &)
xu(t, &)u(t, &2)d& dés, (9.5.80)

which can be written shorter thanks to the symmetry of the kernel:
(fo ult g)dg) (9.5.81)
The plant kernels derived from (9.4.38) are f; = 0,

fo = 26& + 26w — 265 + 26,1 — 262, (9.5.82)
B 23, 1 5 & a2 3
f3 = & (52 +&6iz) — = - 2 — — (& + &)+ (v — &)
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25351332
3

4 4 3
+%(:1:2 - &)+ %) + &iés (% + %(m — &)+

i ‘75—3(51 + &)) +8 (62 +&(&5 + &2)) + &a6aa? (‘T—Q
6 2 6 3
~He- e+ B0 1 558 g0 4 ) - 1y
—TE (& + &) + x&?&” (62€a&1 + 75 + 1485 — 20€3
62636y + E2(106; — 4€5 — 102) 4 2223z — & — & — &)
+6&1 (66 + L& + 26 — 368)) (9.5.83)
fo = By ks, fa-il, (9.5.84)

where we can write (9.5.84) using definition (9.4.58) as
&
o= [ el 6 ),
+ ' Z ko(z,8,71) fa-1(8,72, - -+ s Yn)ds. (9.5.85)
S spemEp)

Using this definition and employing a symbolic calculation program, it is possible
to get all the kernels up to a desired order. Higher order kernels get smaller
and smaller, and their influence becomes almost negligible. This is stated in the
following lemma, that guarantees convergence of the Volterra series of the plant

defined by (9.5.82)—(9.5.84).

Proposition 9.9. The kernels fo,..., fn,... defined by (9.5.82)-(9.5.84) verify
the following bound.
x5n78

4

Hence, the Volterra series defined by > i, F;[u](t, ) converges for uw € L*(0,1).

Proof. For every n one has that £, < §,_1 < ... <& < z. Note that

4

ko| = [61&2(r = &)(z = &)] < f_6 (9.5.87)
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For n = 2,
fo] = [26&1 + 26a — 265 + 26,3 — 287
= 266 + 26 (v — &) + 261 (z — &)
< 2?2+ 1/2+1/2) = 32°. (9.5.88)

Assume now the claim of the theorem is true for n — 1. Then, for n,

&1
‘fn’ = ’/& kQ(x:é-las)fnfl(Sag%'"7§n>d8

+/ Z ]{32(1'7 S>71)fn—1(87’727“‘77n)d8
&1

pePu(Er)
74 &1 x
< — / 35" 13(s +/ Z 35 13(s
16 &2 & :
A ePi(Er)
_ x_4 3 n+1 on—12
16 \ 5n — 12
_ gns_ " +1
16(5n — 12)
l.5n78
< 9.5.89
< T (9.5.89)
. n+1 . .
since for n > 3, g% < 1/12. This gives us (9.5.86).

Since x € (0,1), we have that | f,| < 1. Hence if u € L?(0, 1),

2

/01 <§;Fn[U](t,x)> de = /01 <§;/0$/0&“-/05n1fn(x,£1,...,§n)
x (: u(t, gj)) dgl...dgn)de

1 (S (S ede)"
<L (Z(I A ))

n=2

[l Zeexp (Jlull7= — 1)

< )
- 8

(9.5.90)
where we have followed similar steps as in (9.3.18). This completes the proof. O

For the purpose of illustrating the effect of the functional operators K

and F, we plot the effect of both of them on an example function, u(t,z) =
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300

200/ Flul)

u(x)
100}

20K

1065 0.5 1

X

Figure 9.2: Effect of K and F on u(t, ) = 100sin(27x)

100sin(27x), in Figure 9.2. The order of magnitude of K is much less than the
order of magnitude of F', so we plot 20K for the sake of clarity.

9.6 Numerical Simulations

In general it is not possible to obtain analytic expressions for the Volterra
kernels. Thus we have to rely on numerical simulations to compute the k,,’s. The
first-order kernel is computed with a finite differences scheme from [101]. Using a
similar finite difference scheme, we were able to compute the second-order kernels
for the examples of Section 9.3 and then used them for closed-loop simulations of
the system. The main additions to the method of [101] were the use of the extra
boundary condition (9.4.69) and using a smaller discretization step for x than for

the ¢ variables, which is essential for stability [81].

9.6.1 Coupled nonlinear plant

Consider the example plant given in Section 9.3.1. Its Volterra nonlin-
earity is explicitly written in Equation (9.3.20). We set the numerical values for
the parameters of the plant as u = 50, w = 2.5. A simple linear stability analysis
shows that the equilibrium at the origin is unstable for these values.

To find a control law to stabilize the system, we apply the design method
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outlined in Section 9.4, and numerically solved for the kernels. In Fig. 9.3 we show
the numerical value of the first two kernels, k; and ko, at £ = 1, which is the value
appearing in the control formula (9.4.36). We found that using just the linear
kernel k; in the feedback law (9.4.36)!, stabilized the system for a wide range of
initial conditions. However, for initial conditions of large enough size (with a peak
of the order of 1000), the linear controller fails to stabilize the system, as shown in
Fig. 9.4. In Fig. 9.5 we show how the same initial condition is stabilized when the
second-order kernel is used in (9.4.36), i.e., truncating the control law to second

order is enough for stabilization for that size of initial conditions.

9.6.2 (Quadratic nonlinearity

Consider the plant
Up = Ugy + U2, (9.6.91)

with boundary conditions
uw(t,0) =0, wug(t,1)="U(t). (9.6.92)

This plant is in the class of the example of Section 9.3.2, with f(u) = u?. Then,
in (9.3.32), A =0, hy = 2, and for n > 1, h, = 0. In this case, k; = 0 as the
plant does not have linear terms. In Fig 9.6 we show the numerical value of the
second order control kernel ky. We tested numerically the control law (9.4.36)
using only ks. We found that, for initial conditions of size large enough (with a
peak value approximately more than 4), the open-loop system blows up (in finite
time), as shown in Fig. 9.7 (left). In Fig. 9.7 (right), we show how the second-
order controller is able to prevent the blow-up and stabilize the system for the
same initial conditions. However, the same controller fails to stabilize u for larger
initial conditions (with peaks over 8). This restricted local result is not only due

to truncation of (9.4.36), but to the fact that (9.6.91) is not globally stabilizable

!This is equivalent to applying the result of [101] to the linearized system.
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Figure 9.3: Control kernels k;(1,&;) (left) and ko(1, &, &) (right) for the example

of Section 9.3.1, with x4 = 50, w = 2.5. Note that the kernel ko(1,&1,&s) is only
defined for & < &.

Figure 9.4: Closed-loop simulation for u(¢,x) using only the first (linear) order
kernel ki, in the example of Section 9.3.1.

(see Remark 9.1). Thus increasing the controller-order may enlarge the basin of

attraction of the origin for the closed-loop system, but only up to a certain limit.

9.6.3 Simulations results for the example of Section 9.5

We made numerical simulations of the nonlinear plant introduced in Sec-
tion 9.5. Starting with a large enough initial condition (of the order of 200), the
uncontrolled system diverges to infinity in finite time, as seen in Figure 9.8. With

the controller (9.5.80), this behavior is suppressed and the system is stabilized, as
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Figure 9.5: Closed-loop simulation for u(t, z) (left) and v(t, z) (right) in the exam-
ple of Section 9.3.1. The control law is approximated to second order using control

kernels k; and k.
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Figure 9.6: Second-order control kernel ky(1, &1, £2) for the example of Section 9.3.2
with f(u) = u? (quadratic nonlinearity). Note that the kernel ky(1,&1, &) is only

defined for & < &.
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Figure 9.7: Uncontrolled (left) and controlled system (right) for the example of

Section 9.3.2 with f(u) = u? (quadratic nonlinearity). The control law is truncated
to second order. The solution of the uncontrolled system blows up in finite time,

while the controlled system converges to the origin.
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Figure 9.8: Uncontrolled (left) and controlled system (right) for the example of
Section 9.5. The solution of the uncontrolled system blows up in finite time. The
trayectory of the control input (right) is u(¢, 1). The size of the control effort (-400)
is reasonable given the size of the initial condition (with a peak about 200).

shown in Figure 9.8.

9.7 Convergence Analysis for the Transformation

In this section we study the convergence of (9.4.35) and (9.4.36).

9.7.1 Mathematical Preliminaries

First we establish some notation and state some results about Volterra
series.

Define 7, (z,&) = {(A?) 0<E, <. <G << 1}. Note that 7, =
7.(1,€). Define also

i

Hu = H (t,&5), Hu = Hu (t, &), (9.7.93)

7 k:

i
/Tn(xyg)f(ég’l)dé? - //51 /Enl flz & &)dér .. dén. (9.7.94)

We formalize the concept of convergence of Volterra series with L?(7,,)

kernels. Consider a Volterra series F[u] with kernels f,,(£2), i.e.,

(¢, z) ZF (¢, ) Z/ﬂm 2 (€M) Hudfl, (9.7.95)
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The following definition quantifies the convergence of (9.7.95) in L*(0,1) (in the

sequel we will write just L? for simplicity).

Definition 9.10. Given (9.7.95) with kernels f, € L*(7,), we define the radius

of convergence p as

Il )\
p = | limsup (W) ) (9.7.96)
n—00 n.
and the gain bound function f(s):[0,p) — [0,00) as
=L 2| full
_ nNL2(Tn) n
s) =2 Z o s". (9.7.97)

Using p and f from Definition 9.10 we can state a result that guarantees

convergence of the Volterra series (9.7.95).

Theorem 9.11 (Gain Bound Theorem). Given a Volterra series Flu| as in
(9.7.95), with kernels f,, € L*(T,,), radius of convergence p and gain bound function
f, the following results hold.

1. The integrals and sums in (9.7.95) converge foru € L* verifying that ||ul|3, <
p-

2. Flu] satisfies || Flu]ll32 < f(||ull32) and consequently F maps balls of L* into
balls of L2.

Proof. From the definition (9.7.95), and using the Cauchy-Schwartz inequality,

2 2 - 2 1én anH%?(Tn)HUH%g
Falul™ < fallzz ) T(g)H“d& = - . (9.7.98)

Flu? = /01 (i Fn[u]>2 da
s

00 2
22 an|| 7 lullZ | (9.7.99)

hence,
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where we used that > 7 el % = %2 < 2. Thus we obtain

1F ] 1% = Jnax Flu

| /\

fj "l 07100

Then from elementary theory of power series and noting that lim, .. vVn? = 1

and that ||Flu]]|3. < || F[u]||2, the result follows. O
We give now some examples illustrating Theorem 9.11.

Example 9.12. Let F[u] be a Volterra series with kernels f,, and let C' and D be

generic positive constants.

1. If the kernels f, verify an uniform bound || an%g(Tn) < D, then p =
and the series is everywhere convergent for v € L?. We also have that

f(s) = 2s(s+ 1)Dexp(s). Note also that f(s) < 2D (exp(3s) — 1).

2. If the kernels f,, grow exponentially like || f,||7. (7,) < DC™, then again p = oo
and the series is everywhere convergent. We have in this case that f(s) =

2sC(sC + 1)Dexp(C's). Note also that f(s) < 2D (exp(3C's) — 1).

3. If the kernels f, grow as fast as an||%2(7n) < n!DC", then p=1/C and the
series convergence can only be guaranteed if ||ul|,2 < 1/C. We have in this

case that f(s) = % Note that f(s) < ?1D(SC§

Remark 9.13. Since || ful|727,) < ”f’;l!&, if f, € L>(7,), similar results to The-
orem 9.11 can be stated in terms of the L® norms of the f,’s. Note also that by

(9.7.100) the L>™ norm of F[u] is well defined for u € L.

Remark 9.14. From (9.4.35),

Wy = Uy — ki(x,x)u(r) — u(z) Z /T( . kst (2, 2, €1 l_Iualé}1

_ ; /T » e (2, €1) 1;[ wdér

= uy — k(2)u(z) — u(z)Ku] — Klu), (9.7.101)
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where K[u] and K[u] are Volterra series in u (not in wu,) with kernels k, =
bengr (2, €7) and Ky, = kg (2, €7). Note that from the boundary condition (9.4.41),

we have that

_ z _ 1 [* .
k=q- —/ A(s)ds, kn = ——/ (s, E0)ds, (9.7.102)
0 &1

where ¢ = min{0, ¢}. Hence,
ol < 4 (s s + ol B2 + BN Rl + IR TI%) . (97103

which means that the H; norm of w can be computed from the H' norm of w.

9.7.2 Assumptions
In the sequel, we assume the following hypothesis are true.
Assumption 9.15. We assume the following holds.

1. XNz) € CH0,1], h, € CM[T,], fn € C°[T,].

2. The sequence hy,( AQH) verifies the following bound

R n R 1 n—1
max 4 |hn(§))] + Z hngi(gg)’ < Dy, (—) nl. (9.7.104)
(E(T)L)GTn i=0 Ph

3. The parameter \(x) verifies

max {|A(z)|} < Dy,. (9.7.105)

x€[0,1] -

4. The sequence fn(A(’}H) verifies the following bound

. 1 n—1
fn(fg)]} < Dy (p—f) nl. (9.7.106)

max {
(&p)ETn

5. Under the above assumptions, for each n, there exists a H*(7,) solution k,

of the kernel PIDE equations (9.4.38)—(9.4.44).
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Remark 9.16. In Assumption 9.15, point 1 specify some continuity and differen-
tiability requirements for the parameters of the plant. Points 2 and 4 quantify the
convergence of the plant nonlinearities H and F. Point 5 ensures that the set of

kernel PIDE equations is well-posed.

9.7.3 Main Convergence Result

We next show a result that relates the convergence of the transformation
and the feedback law series, respectively (9.4.35) and (9.4.36), to the convergence
of the plant nonlinearities F[u] and H[u|. The result also studies the convergence

of the transformation (9.7.101) for w,.

Theorem 9.17. Under Assumption 9.15, the Volterra series in the transforma-
tion (9.4.35), the control law (9.4.36) and the w, transformation (9.7.101) are

convergent with radius of convergence

Pp = (W) exp (—2v/7), (9.7.107)

where v = max{1, || filloc + |[Mlec}. Moreover, k,, verifies
Hkn“%g(%) < (n—1)M4D*C* %exp (2ny/y + 2T +|4]), (9.7.108)

Hka%g(Tn) < nl2D*C*"2exp (2nyv + 2T + 14), (9.7.109)

where D = Dy + ppDp, + 2((1 4 pr)Dr)(lg| + 1) exp(1 + |Q|)\/(1 + pn)?D?: + D3,
C= <%>1 and T = 4%

See Section 9.11.2 for the proof.

Remark 9.18. In the above theorem, if ¢ = co (meaning the plant has a Dirichlet
boundary condition at the uncontrolled end), then the above bounds hold setting
q=0.

Corollary 9.19. Under the same assumptions of the theorem, if the Volterra se-
ries nonlinearity of the plant is globally convergent in L?, then the transformation

Volterra series (9.4.35), the control (9.4.36) and the w, transformation (9.7.101)

converge globally in L* as well.
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Proof. 1If the Volterra series nonlinearity of the plant F' and H are everywhere
convergent, then by the limit (9.7.96) being infinity, for any € > 0 (possibly very
small), there exists D, > 0 (possibly very large) such that both f,, and h,, verify

max{|hn|, |fa|} < n!Be" (9.7.110)

Hence under the assumptions of Theorem 9.17, the kernel solution k,, verifies
2n—2

kel < (0= DUD2 (5)7 exp 20y, + 20+ ) (9.7.111)

where D, and T, are defined as in Theorem 9.17 replacing D, = Dy = B. and
prn = pr = 1/€, but note that v = max{1, || f1]|c + || M||cc + ¢} does not depend on e.

Then the radius of convergence of the Volterra series defined by k,, is p,, > %.

Since this holds for any positive €, we must have p, = co. O

9.8 Stability Analysis

We now study the properties of the closed-loop system (9.2.1)-(9.2.2),
(9.4.36). To analyze the behavior of this system, we study the invertibility of the
change of variables (9.4.35). It is natural to seek also a Volterra formulation for

this inverse change of variables, which is assumed as having the following form
u=w + Lw], (9.8.112)
which is expanded as

u(t,z) = w(t,x)+g/

The existence of this inverse change of variables can be guaranteed em-

- 0 (60) [ [ wdés- (9.8.113)
n(x,€ n

ploying the theorem for inversion of Volterra series, which is proved in [27, Theorem

3.3.11.

Theorem 9.20 (Volterra series inversion). A Volterra series has a local inverse

at the origin if and only if its first (linear) kernel is invertible.
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In that context, the word “local’ means that a unique Volterra series
representation can be found for the inverse transformation, which has the form
specified by (9.8.113), and whose radius of convergence (in the sense of Defini-
tion 9.10 and Theorem 9.11) is possible finite, even if the transformation is globally
convergent.

The direct and inverse transformations give a relation between v and w
that can be exploited to obtain properties of u (governed by a complex nonlinear
equation) from properties of w (that verifies an easy to analyze heat equation).
The commutative diagram of Fig. 9.9 illustrates our strategy. We have denoted
the initial conditions for v and w as u(0,z) = ug and w(0,x) = wy, respectively.
In the left, 7,(t) is the semigroup that governs the behavior of u when the loop is
closed, so that u(t) = T, (t)uo; its generator can be obtained homogenizing (9.2.1)
and taking (9.4.36) into account. In the right, 7,,(¢) is the semigroup generated by
the laplacian operator in (9.4.33), so that w(t) = 7,,(t)wy. Above and below are
respectively the direct and inverse transformation, Id — K and Id 4 L that relate u
and w. We are interested in the properties of u, but direct analysis of 7, (t) is very
difficult—it is generated by a nonlinear operator. Instead, from Fig. 9.9, we use
that 7,(t) = (Id + L) o 7,,(t) o (Id — K), dividing the analysis into smaller, more
tractable pieces. The transformations Id + L and Id — K are still nonlinear but
time invariant, and are analyzed within the framework of Volterra series, whereas
the heat equation semigroup 7,(t) is linear and simple, producing even explicit so-
lutions. We begin by analyzing 7,,, whose behavior is summarized in the following

lemma, which follows from standard estimates for the heat equation [45,82].

Lemma 9.21. Consider the system (9.4.33) with boundary conditions (9.4.34).
Then, the equilibrium w = 0 is exponentially stable in the L* and H' norms, i.e.,
vVt >0

lw(®)llZ < e~ [lwollZ, (9.8.114)

where L is either L?> or H'.
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u() wo()
7.(1) 7,,(1)
u(t, x) d+ L w(t, )

Figure 9.9: Commutative diagram for the closed-loop system.

Using Lemma 9.21 and the relations illustrated by Fig. 9.9, we get the

following result about the stability properties of the closed-loop system.

Theorem 9.22. Let Assumption 9.15 hold and assume that there is a L? (resp.
H?') solution u to the closed loop system (9.2.1) with boundary conditions (9.2.2)
and control law (9.4.36). Then, the origin u = 0 of the closed loop system is locally
exponentially stable in the L* (resp. H') norm, i.e., denoting the initial condition
for u as u(0,x) = ug(z), there exists Cy,Cy > 0 such that, if ||ug|% < Ci, then
Vvt >0

u(®) 2 < Coelusl 2, (9.8.115)

where L is either L? or H', and C, Cy depend on the plant parameters, but not

on ug.

Proof. Under Assumption 9.15, the transformation (9.4.35) exists and converges
for |Ju(t)||3. < pk, where px denotes the radius of convergence of the transfor-
mation Volterra series. The first kernel of (9.4.35) is Id — K and constitute the
linear part of the transformation. In [101] it is shown that this linear part is always
invertible. Hence, using Theorem 9.20, the whole transformation is locally invert-
ible and the inverse transformation has the form specified by (9.8.113). Therefore
there exists p;, > 0 such that, if [Jw(¢)||7, < pr, then (9.8.113) converges.

Denote by k(s) and I(s) the gain bound functions of the direct and inverse

Volterra series transformation respectively, as defined in (9.7.97).
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From (9.4.35), we have that
wo = ug — Kug]. (9.8.116)
Set Oy = k™' (pr)/2 < px. Hence, if uy < C} we get that
lw(®)[Z2 < llwollZ: < k(lluoll72) < k(Ch) < pu (9.8.117)

for all time t. Therefore, the inverse (9.8.112) converges and the relations of

Fig. 9.9 hold for all time ¢t > 0. Set now C5 = %Cll) and Cy = % Then,
for fJugll3. < Ch, since |lw(t)||3. < C3C; and both k(s) and I(s) are class K

functions [69], we have that

a2 < 1(lw®)l72) < Callw(®)]72 < Cae™wollze < CsCae™ [luoll72,
(9.8.118)
so setting Cy = C3Cy, (9.8.115) follows for the L? norm. To obtain the bound for
the H' norm we use (9.7.101) and (9.7.103), and note that

Uy = w, — (w4 L[w])(k(z) + K[w + L{w]]) — K[w + L{w]]. (9.8.119)

Hence u, can be recovered from w, when the Volterra series in (9.8.119) converge.
If ||luol|3,, < Ch, then obviously ||ugl|3. < Ci, and since the radius of convergence
of both K and K is at least pg, all the series in the right hand side in (9.8.119)
converge. Then we use Lemma 9.21 and proceed in the same way as in (9.8.118)
for the H! norm (using the gain bound functions for K and K ), obtaining possibly
a different Cs; to get the same C, for both L? and H' we pick the maximum of
the two. Then the result follows. O

Remark 9.23. In Theorem 9.22 we have assumed well-posedness of the closed-
loop system. For the case ¢ = oo (Dirichlet boundary condition at x = 0), since
(9.4.33)-(9.4.34) is well-posed in H' and since (9.7.101), (9.8.119) allow to prove
local equivalence of the H' norms of w and w, the assumption can be dropped,
provided ug verifies some compatibility conditions [101] (see Proposition 9.29 for
an example). For other values of ¢, (9.4.33)—(9.4.34) is well-posed in H? and this

argument is not enough.
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Remark 9.24. Note that (9.4.33) can be solved explicitly. This means that, when
|luol|z < C1, u can be obtained explicitly for all times. We give an illustration for

the simplest case, when ¢ = co. Then, u is given as

u = 2 Ze "sin an)/o sin(mné) [ug(&) — Klupl(§)] d€

+L QZe ™%t gin an)/o sin(mné) [up(§) — Kluo](§)] d€ | .(9.8.120)

For other values of ¢ similar formulas can be written.

The constant C; for which Theorem 9.22 holds determines the “basin
of attraction” of the equilibrium at the origin for the closed-loop system. Since
C1 = k7 Y(py), if pr and some bound on the k,’s is known then C; can be more
precisely quantified. We state a Corollary for Theorem 9.22 for some particular

cases, introduced in Example 9.12, that occur frequently in practice.

Corollary 9.25. Let pi, pr, > 0 denote the radii of convergence of the direct and
inverse Volterra transformation, (9.4.35) and (9.8.113), respectively. Let C' and

D denote generic positive constants.

1. If px = pr, = 0o, then Theorem 9.22 holds globally, i.e., for all u € L?.

2. If the kernels k, wverify Han%Q(Tn) < D, then px = oo and Theorem 9.22
holds at least for ||ul|3. < %log (1 + £5).

3. If the kernels k,, grow like ||k‘ H22 ) < DC", then pi = oo and Theorem 9.22

holds at least for ||ul|3, < 35 log (1 L),

4. If the kernels k, grow as |k‘nH%Q(Tn) < n!DC", then px = 1/C and Theo-
2 1 ( |/ D / D D
rem 9.22 holds for ||u||5, < & ( 1+ ‘/2TL> ( L+ /5 — 4/%) > 0.
9.9 Inverse Transformation

Theorem 9.22 depends critically on the inverse transformation and its

properties. Next we give explicit formulas that allow to compute the inverse from
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the kernels k,,.
Define [; as the unique function that verifies the following well-posed [101]
PIDE

amcll(xa 51) = aﬁlélll(xa 51) - )‘(x)ll - fl(x:€1>

—/ li(s, &) fi(z, s)ds, (9.9.121)
&1
with boundary conditions
N
Liz,z) = q—i/ A(s)ds, (9.9.122)
0
Lie, (2,0) = qli(x,0). (9.9.123)

The following result holds.

Proposition 9.26. The first kernel Iy of the inverse (9.8.112) is given by the
solution of (9.9.121)-(9.9.123), whereas for n > 2, 1, is given by the following

formula
L&) = 0@ + [ (e )a(s.Eds (99.124)
&1
In (9.9.124), the g, are functions defined as follows:
gn= > pilkili, ), (9.9.125)
i1y >1,5>2
it =n
where the function pj[k;;li,, ..., ;] is recursively computed in the following way.

Let

k](é(j)) + fg;il kﬂ( A6_17 S)l1(87£j)d87 Z.j - ]-7

j—1 Fi—1 2i+ij—1 . (99126)
fgj kj( 0 as)lz’j(S,fj )ds, 1 > 1,

pl[kj;lily .. .,li].] =

and for 1 <m < j — 1, pryakjiliy, ..., 1] is computed from py[k;; Ly, ... 1) as

follows:

mkvlzyulz + Gm|Pm]s i'—mzla
perl[kj;liN"'alij]: P [] ' ]] Q[ ] ’ (9'9'127)

Qm[pm]: Z'jfm > 1.
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In (9.9.127),

fj—m—l . A ~ _
qm[ m] - / Dj:ny’njim [ m[kjvlua)lzj]( (j) lasaf;?imml)

éjfm

Xy, (s, ot i) ds, (9.9.128)
where a,, = j —m + Z%:j_mﬂ ig and the function D;Tgij’m is given in (9.4.57).
Proof. Consider the transformation (9.4.35) and the inverse (9.8.113),

w = u— Klul, (9.9.129)

u = w+ Lw|. (9.9.130)

We expand (9.9.129) as a sum of K; (the linear transformation) and the rest of

the transformation (which is nonlinear). Then, we get
w=u— K[u] — Kul, (9.9.131)
where K[u] = 32°°, K,[u]. Calling z = w + K[u], we get
z=u— Kiul, (9.9.132)

which is the equation of a linear Volterra transformation; hence, we can use the
result of [101] to show that it is invertible and explicitly compute the kernel I; of

the (linear) inverse L, obtaining
w=z+ L[z (9.9.133)
Substituting now the definition of z in (9.9.133),
u=w+ Ku] + L [w + K[u]], (9.9.134)
and using the linearity of Ly,
w=w+ Li[w] + K[u] + Ly [K[u]]. (9.9.135)
Replace now (9.9.130) in (9.9.135). Then,

u=w+ Li[w] + K[w+ L{w]] + L1 [K[w + L[w]]]. (9.9.136)
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~

We define G[w] = K|w+ L[w]], the composition of two Volterra series. Introducing
G in (9.9.136) and using the definition of the inverse series (9.9.130) we get

Liw] = Ly[w] + Glw] + L [G[w]], (9.9.137)

which expanded for each n > 2, gives (9.9.124). The expression for g given by
(9.9.125)—(9.9.128) follows from repeatedly applying Lemma 9.30 in Section 9.11.1

to the definition of G as the composition of two Volterra series. 0

Remark 9.27. From (9.9.125)—(9.9.128) we get that the n-th kernel g,, depends
only on the kernels kq,...,k,_y and [y,...,l,_1. Hence, Equation (9.9.124) gives
a recursive, ezplicit formula to compute the kernels [, beginning at n = 2 (I; is

computed directly from (9.9.121)—(9.9.123)) up to any desired order.

9.9.1 Analytic example

For the analytic example of Section 9.5, we have K[u] = Ky[u] = K|u]
and [; = 0 because k; = f; = 0. These facts greatly simplify the formulas for [, in
Proposition 9.26. We have that I = ko and for n > 2,

&1
ln = / kQ(xaglas)lnfl(Sag%'"7£n>d8

&
n—2 T ) ) o . ] R

3 [0 (] e s 708 ) (o, )| o
i=2 /&1 &

+ [ DY Mka(x, s, €)1 (s, E)]ds. (9.9.138)
&1

Using formula (9.9.138) and symbolical software, we explicitly find the

first three kernels as [y = 0 and

la = &z —&)(r— &), (9.9.139)
- ot

3.3
I3 = &§1&83 [(233 — & — &) (f 5 + 1 (x+&)+ 3 3 & 9551)

4, ¢4 3_ .3 2, ¢2
+ ((& + &3) — £263) (x Zfl +£1 3x (:1:+§1)+x —21-51]:61)
Goa atre g

+(33—51)( : 1 (z+&+ &)+ 3 (z(&2 + &3)
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2 2
+éats) + _2%2 x&&;)} : (9.9.140)

Using (9.9.138) we can study the convergence of the inverse Volterra series for the

example. First we analyze the growth of the kernels.

Lemma 9.28. Forl, defined as in (9.9.139) and (9.9.138), it holds that forn > 2,

1
(2,61, ., &)] < n!16n71:1:5”_6. (9.9.141)

Proof. For n = 2, the claim of (9.9.141) is true since l = ks < ;-2 as we found

in (9.5.87). We now assume (9.9.141) for n — 1,n — 2,...,2 and prove it holds
for n > 3. Taking absolute values in (9.9.138), using (9.4.57) and (9.9.141) for

n—1n—2...,2 we get

ad [(n=1) [* S(n ) =i e
ln < Snflld A : 5(n71)76d
‘ ‘ - 16 16n—2 /0 § s+ ; i 16n—i—14i—1 0 $ §

o n(n—1)0 [* ..
X/o s 6ds+W/O s Hds), (9.9.142)

where the binomial coefficients come from using Remark 9.6. Hence,

4 1 T n—2 T ‘ . ‘
L] < n! L n+ 85"711(15—1—2 $5(=)=6 ¢ PR
16 " 0 i=2 70 0

at n+1 ) oonz2 1
< ! 5n—10 5(n—i)—5+5i—5
T n(bn — 10)31j i ; (5(n — 1) —5)(hi — 5)

n—2

2P =6 n+1 1 1 1
< n
= g n(5n—10)+5n—102((5(n—i)—5)+52’—5)>

< n‘x‘r’"*6 n-+1 n n—3 l—l-l

- 16t n(bn—10) 5n—10\5 5
5n—6

< o 5+ n(n+2) 7

- 1671 \ 5n(5n — 10)

(9.9.143)

and since 5 + n(n + 2) < 5n(5n — 10) for n > 3, inequality (9.9.141) follows for
n. U

We now state the result of Theorem 9.22 for the example, illustrating

how to prove well-posedness for Dirichlet boundary conditions.
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Proposition 9.29. Consider the closed-loop plant (9.2.1)-(9.2.2) where H = 0,
A=0,q = o0, and F is given by fi = 0, (9.5.82)-(9.5.85) and control law
(9.5.80). Let ug € H'(0,1) be the initial condition for u verifying the compatibility

conditions

o (0) = 0, ( / £(z — 5)2 (9.9.144)

Then, there is a unique solution u(t,x) such that v € L*((0,00), H*(0,1)) and the
origin u = 0 of the closed loop system is locally exponentially stable in the L? and

H' norm, i.e., there exists Cy > 0 such that, if ||ug||% < 32, then ¥Vt > 0
lu(@®)llz < Cae™[luollZ, (9.9.145)

where L is either L?* or H' and Cy > 0 does not depend on ug. Moreover, we can

write the closed-loop solution for u(t,x) as

u = QZe “sin () / sin(mne) [UO(@—%( / 5vv(f—n)uo(maznf] ¢

2 Ze ™% in an)/o sin(mné) [uo(ﬁ) — %

x ( /0 5n(é“ —n)uO(n)dn) ] df] . (9.9.146)

Hence,

+L

Proof. Using Lemma 9.28, since z < 1 we get that, for all n, |I,| < 2.
from Definition 9.10 and Example 9.12, we have that for the inverse Volterra series
defined by Iy = ko and (9.9.138), the radius of convergence is p; = 16% = 256.
The gain bound function for the transformation (9.4.35), since k is finite, can be
written as k(s) = 2s + s%/32. Using pr and k(s), and proceeding as in Corol-
lary 9.25, we get the L? and H! results of Theorem 9.22 for initial conditions
up verifying |lug|3. < C1 = k™ *(pr)/2 = 32. Moreover, (9.9.144) implies that
wo(0) = wo(1) = 0 and since wy € H', the equation (9.4.33) has a unique solu-

tion in L?((0,00), H'(0,1)) [45, Theorems 3 and 4, pages 356-358] (in fact more
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regularity is obtained, but we skip the details). Using that
1/ (" ?
Wy = Uy — = (/ (2x — f)u(t,{)df) : (9.9.147)
0

Uy = wﬁ;( /:<2x—s><w+L[w1><t,5>ds)2, (9.9.148)

is valid (L[w] converges) if ||ul|7, < 32 (which is also implied in the £ = H' case if
|ul|3: < 32), then u also has a L*((0, c0), H*(0,1)) solution. The explicit solutions

are obtained solving the heat equation. O

As simulation results in Section 9.5 show for the example, where uy =
400z(1 — x) implying that |lug||2, &~ 5000, the result is far from limited to such a
small neighborhood of the origin. This illustrates the rather conservative nature

of Theorem 9.22.

9.10 Open Problems

The efforts on nonlinear boundary control of PDEs of parabolic type have
so far resulted primarily in negative results—results that show that control cannot
prevent finite time blow up. While in this chapter we formulate the first general
framework in which the problem is tractable, there are some missing pieces in the
analysis that prevent our solution to be complete.

In our formulation, finding the controller’s Volterra kernels is the main
design task. We have derived the set of equations that the kernels need to verify,
a recursive set of linear hyperbolic PDEs on domains of increasing dimension and
decreasing volume, with moving boundaries. In Section 9.5 we present a particular
solution in detail, and then we show numerical examples in Section 9.6. However,
beyond numerical evidence we have not provided any general well-posedness proof
for the kernel equations and just assumed it. Nevertheless in Section 9.7 we de-
rived a priori estimates to show that the existence of an H'! solution to the kernel
equations is enough to define a convergent Volterra series in the transformation

and the control feedback law.



225

In Section 9.8 we provided a result of L? and H'! exponential stability. We
have not pursued the study of stability in higher regularity functional spaces, like
the H? space—which would be useful to establish well-posedness of the closed-loop
system. Such spaces are endowed with norms whose study under our framework
require some manipulation (term by term second-order differentiation) of the trans-
formation Volterra series. Before justifying such an operation we need more insight
into the regularity of the kernel equation solutions.

The stability result is local in nature because it relies critically on the
properties of the inverse transformation (9.8.113). Even if the transformation
(9.4.35) is globally convergent in L?, it is not possible to generically guarantee
that it has an everywhere defined inverse. We have shown through an example
that this result is too conservative and there is room for improvement. However,
there are plants falling in the class of (9.2.1) that are not globally stabilizable (see
Sections 9.3.2 and 9.6.2), therefore a global stability result is not possible for the
whole class. Thus, to obtain a global result, we need to refine (9.2.1) and identify a
subclass of systems for which the Volterra series transformation (9.4.35) is globally
invertible. This implies, by Corollary 9.25, that those plants are globally stabilized
by feedback law (9.4.36).

9.11 Auxiliary Technical Results

9.11.1 Derivation of the general kernel equations

Here we show the derivation of the general kernel PIDE equation for any
order n.

We first state a technical result.

Lemma 9.30. Given n positive, 1 < j < n and an arbitrary function fn(ég), it
holds that

ég 1
/ FulE)dE / / I s, 7N dsdE T (9.11.149)
Tn(2.8) -1(2,¢)
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If m is positive and gm(f(’)”) 1s another arbitrary function, then

/ Ful€D) / gonl&y, 6T 6T ET
Tn(z,6) Tm(§5,0)

= [ Dl e (9150
Tntm(z,€)
Proof. Identity (9.11.149) is derived directly from Fubini’s theorem. For (9.11.150),
write
[oon@ ([ sneomasy ) dé
Tn(:E:g) Tm(&‘jvo—)
= [ B Gt (9.11.151)
QrErT™)
where
Q7 ( ) > 6 > > 6 206 > g > > g > 0) (9.11.152)
For any m and 1 < j < n, it holds that
Q&) = U (626> ...262>2m2> . 2 Yosmy 20}

AT e (6

(9.11.153)
To prove (9.11.153), we first note that if j = n or m = 0, Q7( cntmy
To(x, &), while if 7 < n and m > 1, since
n—1
1§26 >0r = {§ >80 2> 86mU (U{§n+l > &ip1 > §n+z+1}>
1=2
U{&ntm > &1 > 0}, (9.11.154)
we get
QT( ?—’—m) = Q;Z—l n+m <U Q]Jrl j Z—i—’——i_l7 ;L—f—lv Zilm)>
Ul (&, € €0 (9.11.155)
Similarly, for j = n or m = 0, the symbol P,,_;( A;lj:f%) = { ﬁflm} and if j < n and
m > 1, verifies that
Pui (") = A&, Paoja (€5 U (U {7 &n, Pacjma (s, Zi?)]’)

u{&nrer ). (9.11.156)
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Note (9.11.156) and (9.11.155) is essentially the same identity (the former
expressed as a combinatorial identity and the later given as a geometric identity).
This fact allows to easily prove (9.11.153) by double induction on j and m.

With (9.11.153) established, we have that

/ faléD) ( / @xmdér) aéy
Tn(z,6) Tm(&5,0 )

_ 3 / Pl A1 Vg (& 30T

:Yzl*]”rlepn _j Jn:-{n n+m :Ef
= / D™ [ fu(&8)gm (&, EptrdETH™, (9.11.157)
Tntm(,)
where we have used (9.4.57). Then, (9.11.150) follows. 0

We next derive the general kernel equation for n > 2 (the case n = 1 is

covered in [101]). We start from Equation (9.4.37),
Dutult) [ @ [[udg+ [ gl [ oty
g ( Lo [ L Twe) [ L
82 9 cn - cn
+ (@ — E) [fn(%é) e (E2) Hud§1> : (9.11.158)

The second spatial derivative in (9.11.158) is
aa; k&) [ [ iy
= /T e amkn@z:) H udg]! + ug(t, ) /T e & H udéy ™!
+u(t, z) /Tnl(a;,g) <28xkn(x,é Y + O, kn, ) H ud€n™
+u(t,x)2/7_( ) (2,2, €0~ Hudf : (9.11.159)

whereas the time derivative in (9.11.158) is as follows

9 Fn - Fn
ol R N EZS
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;AM @mﬂ&h@+2/ (&) T iy
+Z/ u)(&;,t Hudé‘l
+Z/ u)(&;,t Hudfl (9.11.160)

Using (9.11.149) for the first term in (9.11.160),

Zﬁw)gwwgﬂml

&1 . ) n-1
= / / k(€0 8,80 (s, ) | [ udéy ™
Tn-1(z,8) j
En—1 R n—1 )
/ / 0 8 uaa(s, 1) | [ udé ™, (9.11.161)
Tn-1(2.8)

and integrating by parts,

Z[f(xs GO H“dfl
- ;/Tn(:c,g) a&j&jkn(gg)HUdf?
- cj—1 Fn—1 it “n—1
+Z/ ) ( 7§j—17£j )ux(t,fj_l)Hudfl
N n—1 )
—Z/ ( 5 (&7 &, 8 ua(t, &) [ [ udé ™
§i-1
_Z/ ( E)/ aﬁg 57175] 17§n 1 tf] 1 H’LLdf
&i—1
+Z/ 1@ /s O hnlS 5.6 ult &) H“d£

n—1
—ug(t,0) / ke (£271,0) T udép—?
Tn—l(xvf) H

n—1
+u(t,0)/ Fne, (507", 0) [ [ udéy . (9.11.162)
Tnfl(l’,f)
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In (9.11.162), some terms cancel out, yielding

Z /T L Fnl@un(t.6) ] s
= Z/T( . 85j5jkn(fg)Hudé?—i—ux(t,x)/ (z,x, 0" Hud{
j=1 / Tnle,

Tn—l(xvf)

_u(t’x)/fnlxg O, kn, xxf Hudf
-1
a 717 i A}lfl
+Z/n 1M/ 3 &8 )
n—1
ek (&7 65,67 ult, &) [T wdéy™!

n—1
+u(t,0) [ L (ne@ o ok o) [Tuag . w1116
Tn—1(z,¢

In the last line of (9.11.163) we have used the Robin boundary condition for u at
x = 0. The third term in (9.11.160) can be written as

Z/n(:c@ Hia? Hudfl
DO ( ., ottt ot ) [T

j=1 m=1
n+m

- ZZ/ D" e (€6 han (&5, Ei) T [ wdé ™, (9.11.164)

j=1m=1 Tntm—1(2,8)

where we have applied (9.11.150). Then, we can write

n+m

3595 DY I CIURCRCESY | 7SR
n=1 j=1 m=1 Tn+m (2,

co n—1n—m+1

=22 Z/ R OV |

n=1m=1 j=1 Tn(z,6)

= Z/ Cm Ko hn] | [ udé (9.11.165)
n=1 n(2,8) ;=1
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Similarly, the fourth term in (9.11.160) can be written as

n

DY IRCOERICN) | K

j=1 Y Tn(z:€

n oo n+m,j

- >y D" e (€8) fn (&5 €5577) T i

j=1 m=1" Tntm-1(2.€)

& R
/ D (€01, 5,€870) f(s, £ ds
(x,8) J¢&;

j=1 m=1" Tntm-1(z,

o (9.11.166)

where we have applied (9.11.150) and (9.11.149). Then, as in (9.11.165),

2030 DY MY i GRS TR S

n=1 j=1 m=1
n+m—1

> H udérﬂrmfl

Z/( E)( [ f1] +ZB n— mﬂ,fm]) [T s (9.11.167)

Collecting all the terms (9.11.159), (9.11.163), (9.11.165) and (9.11.167)
into (9.11.158), we get

-3 ..

n—1
- Z B; [kn—m—I—lv fm] - Z Orrzn [kn—m? hm]] H Udé?
m=2 m=1

Fot Onckin — > Ocye kin Z A& kn — I[kn, 1]
j=1

A0S [ (@0 k@) [T

+§:Z / o / " (96 kn(& 667 = O kal @ 65.67Y)
(t,&;) Hudf

+u +Z/n I(N( 1+2di (x, 2, €0 )Hudf ]

+u?(t, x);/%g(mk N Hudg , (9.11.168)
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where we define the total derivative % of the kernel k,, as

d . . .
%k‘n(x, 2,607 = (2, 2, 607 + Ky (2,2, 6070, (9.11.169)

Since (9.11.168) has to be verified for arbitrary u, we get that the terms inside the

integrals must be zero. Hence, we get

i=1 j=1

n n—1
+ 3 Blkacmits fl + Y Ok ), (9.11.170)

m=2 m=1

and

Oskn(&)|, = Oehl&)| _ i=2.m (910471)
Fng, (§5710) = qka(§71,0), (9.11.172)

d . 1 .
%kn(x,x,fg) = —ahn_l(x,ég), (9.11.173)
k(2,2 2,€0) = 0. (9.11.174)

Equations (9.11.170)—(9.11.174) are the general kernel equations, but we still need
to derive boundary conditions (9.4.41) and (9.4.42)
Integrating (9.11.173) and using (9.11.174) to determine the constant of

integration, we get (9.4.41):

1

kn(z, 2, E8) = —§/§ 1 (s, EX)ds. (9.11.175)
2

Boundary condition (9.4.42) is built into (9.11.170). Defining ¢,, as in
(9.4.45), when & = x (9.11.170) reduces to

Onahin (4,2, ED) = Oeye ke (i, 2, E8) + ¢, ED). (9.11.176)
Taking derivative with respect to = in (9.11.173),

A 1 A
(Gmkn + (95151/{” -+ anélkn) (33', xZ, f;) = —§6xhn,1(1:, f;), (911177)
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which substituted in (9.11.176) gives

A 1 A A
2 (Opakn + Ove, k) (x,2,85) = —aaxhn_l(x, )+ onlx, &), (9.11.178)
hence
d “n 1 *n 1 n
%km(x,x, &) = —Zﬁxhn,l(aj, £y + §¢n(x,f2). (9.11.179)

From (9.11.171) at i = 2, & = x, we get that
ke, (z, z, T, &0 = ke, (x, x, z, &P (9.11.180)
and since (9.11.174) implies
(kg + kne, + kne,) (2, 2,2, E8) = 0, (9.11.181)
we get, from (9.11.173), that
bena (2,2, 2, E) = —hy_y (2, E3). (9.11.182)

Integrating (9.11.179) and using (9.11.182) to find the constant of inte-

gration, we get

- 1 A 3 R
knx(xaxagg) = _Zhnfl(xagg)_zhnfl(g%gg)
1 [* N
+5 [ ouls,&)ds. (9.11.183)
2 &2

9.11.2 Proof of Theorem 9.17

Define the (2-dependent) L2(7,) norm of k, (&) as
@iy = [ KEE (9.11.184)
Tn(2,8)
For simplicity we will write ||k, (x)||, (T.)-
The proof of the theorem requires a number of technical results. The first

result is used to get a simpler expression for the number of terms in the right hand

side of the kernel PIDE equation.
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Lemma 9.31. Forn > m > 0, we have that

m+ !
3 / ("T ) ' (9.11.185)
g j (m+ 1)l(n —m)
Proof. We have that
7=0 J
m+ 1 o mAj+l
= +
0 j=1 J
- 145
j=1 J j=1 J—1
n—m - n—m-—1 .
m + m+9+1
_ Ay J , (9.11.186)
=0 J =0 J
where we have used the fact that
n+1 n n
= + . (9.11.187)
k+1 k+1 k
Hence, solving in (9.11.186) for the left hand side of (9.11.185), we get
g m+ j Tf m+j+1 ”‘Zm‘l m+j+1
=0 J =0 J =0 J
n+1
_ 7 (9.11.188)
n—m
and the result follows. O

The next result allows to estimate the various norms arising in the proof

of the theorem.

Lemma 9.32. The following estimates hold.
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1. For D defined in (9.4.57), we have that for any function g,(&}),

g llfmllS (m A+ = )
m!  ml(n—j)!
X[\ gn (@) 72z,)- (9.11.189)

1D3 ™ (gnfm) @) 727y <

2. For B defined in (9.4.58), we have that

m m (Dl —m+1) [|finll3

XN kn-mir (@) 72z, (9:11.190)

3. For C defined in (9.4.59), we have that

'(n —m) 12 13
om kn—m hm 22 < m n m || oo
Iewl Sl @iery < @ (m+ Dl (n—m-—1)! m!
X || ke (2) 172z, .- (9.11.191)

Proof. Using the definition of D, we have that

1D g fnl () 2ory = / D g fu2(EH )
Tn-‘rm(xvf)

-/ < S @A)
Tn-‘rm(xvf)

It ep, (Entm)

2
X fon (&5 AT )ds) der+m., (9.11.192)

Since P,_;( Aﬁr{”) has (TT::(:__JJ)),' elements and as (37—, pe)> <n S0, p2, (9.11.192)

yields

1D1gn, fms ) @) 22z, )

(n—i—m—j)!/ 2(6) an—i
— 9n (&0, )
m'(n - ,])' Tn+m,1($,§) ’Ayn,]q,m Z ) ’ !

1

X fa (&, &Zfﬁlj)) dgptm

(n+m —j)! / e 9 1A .
= — D" gz, fRl(EgTm™)dert™, 9.11.193
m(n =) Jr we [ J(&™ ™ )de; ( )
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From Lemma 9.30,

[ Dyt gl g

Tn+m(x7£)

:/ 2 (/ 72 j,a{”>d&;”> aéy
Tn(z,6) Tm(&5,0)

fm goxm n n
Ul i, (9.11.194)

IN

hence

(n+m — ) | fmll2®
ml(n — j)! m!

1D (g, s S (@) N2z, ) < 19 (@) 1227, (9.11.195)

which gives (9.11.189). For (9.11.190), and using Lemma 9.30
1B (kn—mr1, ful (@) 1227,

n—m-+1 &1 A ) A
B /T( 5)( 2 e [’“” (&5, € )fm(s,fﬁ_mﬂ)]) der

j=1 &5
n—m+1 &1

< (n—m+1 Z [f(:v@

xfm<s,f;:,m+1>} aé;

1 filq n.
DTL b |:kn*m+1( (]) 757531—771)

n—m+1

= o) 2, Lo D i G s R
n+1 735
n— m+1
= (n=m+1) > D7 ks ful (2) |22z, (9.11.196)
j=1

and using (9.11.189) we get

n—m+1 o
1B Eonemrs Fnl (@) 20z < (n—m+1)< 3 m'((n+1 i )

= l(n—m+1—j)!
||meoo

a1 ()27, 0. (9:11.197)

and using Lemma 9.31 on the sum in (9.11.197), we obtain

n—m

(n+1—j)! m+j (n+1)!
= ., (9.11.198
]Z:; ml(n —m+1— j)! JZ:; j (m+ 1)l(n —m)! ( )
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hence, we get (9.11.190). The estimate for C' is obtained in the same way as the
estimate for B. The result then follows. O

Remark 9.33. Since I[k,, fi] = B}[kn, f1], we get

(n—l—l)

1k, Si) @)z, < LAlE L Non (@) 1727, - (9-11.199)

The next lemma is useful to treat the Robin boundary condition.

Lemma 9.34. Let n > 1, ¢ > 0, k(&) € HY(T,). Then

g / RE0)da < g / K2 (a0, ) dEp
Tn—1(z,§) Tn—1(x,8)
+ K0

+Z 1k2¢ (2) L2z, (9.11.200)

Proof. By the fundamental theorem of calculus,
of @ odt-gf RGN ed
T’n«*l(x:E) Tnfl(l’ﬂg)
— o @ =2 Rk @ o120
Tn(xyé) Tn(xvf)
Similarly, using Lemma 9.30, for j =0,...,n — 2,
q/ ki(é(]ﬁ §j+17 41 )df / k2 (£O7£J7 i+ )d§
Tn 1(175) Tn 1(3775)
- —¢ / O,k (€5)dET = —2q / Fkng, 1 (65)dET, (9.11.202)
Tn(x.8) Tn(,6)

hence

g / R2(E, 04 — g / K2 (o, @, ) dEp
Tn— l(xf) Tn—l(xvf)

-y / <Z kngj> (én)dés

|1k ()| 2z +ZH/~% M2, (9.11.203)

IN

and the result follows. O
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The next lemma is used to get a precise estimate of the kernel growth.

Lemma 9.35. Letn > 2, x € [0,1] and Y > 0. Then

n

z2 exp (Tx)

=1/D (9.11.204)

/0 " e oxp (TE) de <

Proof. Using the Cauchy-Schwartz inequality,

/0 T exp (TE)dE < \/ ( /0 xinldf) ( /0 " exp (gf) dé)

\/xn (exp (£2) - 1)

2nY
z3 exp (V)
_— 9.11.205
NCESVAS ( )
where we have used that n + 1 < 2n. Hence the result follows. O

The next result is the main ingredient in the proof of Theorem 9.17.

Proposition 9.36. Let g,(x) > 0 be a sequence of differentiable functions defined
forn > 1, z €0,1], and verifying ¢,(0) = 0. Assume the following estimate holds

forn >1,

d _ zrn!l W/ (n+ 1) O _
el < n—1 m—1
gn(r) < (nB+ E)gy(z)+C D\/ + 5 ;C’

dx 2

xm 2

where B,C, E > 0 and D > B?. Then, g,(z) verifies the following bound:

gn(z) < VnIDC" 2% exp (nB 4 E + Y)z)), (9.11.207)
where T = 4D2(1+24\/_B)2 > 1.

Proof. We prove the claim by complete induction. For n = 1, the bound for g; is

not dependent on other g,’s:

d

X
o9i(@) < (B+ E)gi + D\/;. (9.11.208)
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Using the comparison principle (Khalil), since ¢;(0) = 0,

91()

1 xT
D / VEexp (B + E)(x — £))) de
Dy/zexp ((B+ E)z)
< Dvzexp((B+E+7T)z), (9.11.209)

IN

so the result follows for n = 1. For n > 2, we assume that the claim holds for g;

if j=1,...,n—1. Then ¢/ (x) is bounded as follows

d azrn! 4/ n+ 1)lzntt IS C71D?
_ < n—1
dxgn(x) < (nB+ E)gu(z)+C D\/ 5 + N
m=2
2
xexp(B(n—m+1)+E+T)z) |1+ ——
(n+ 1)z

D2
= nBg,(z)+C"'D = +C"” 1D \/(n—l—l)!x"“ exp (T + E)x)

exp (B(n —m+ 1)z) 2
x 1+ — . (9.11.210)
Z vm (n+ 1)z
Now, call z = exp (Bz). Note that the sum in the last line of (9.11.210) can be
written as
exp (B —m ) = = 3
exp(B(n—m+1)z) — =
m=2 m m=2 \/m
1 n—1
< —= ) 2"
2 m=1
1 2" —=z
= — . 9.11.211
551 ( )
Since z = exp (Bx), we have that z — 1 > Bz, which implies that
& exp (Bnx) — exp (Bx)
B(n — 1
mZ::Qexp( (n—m+1)z) < oxp (Br) — 1
B
exp (Bn) (9.11.212)

- Bx
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Similarly, we can also write

n n

Zexp (B(n—m+1)z) = Zexp(B(n—m—I—l)x)
m=2 m=2
B
< /2B e (Bln— 1)
Bz
1
- ”l;; exp (Bnz) . (9.11.213)
2
We use (9.11.213) for the part of (9.11.210) affected by T and (9.11.212) for
the rest. Then (9.11.210) yields
d n—1 "'n n— ll)2 1
(@) < (nB+ E)ga(z) + "D\ —=+C -/ (n+ HVan-
1
xﬁexp (Bnx + Ex + Tx) <1 +2\/§) (9.11.214)

Integrating and since ¢,(0) = 0,

o) < C“D\/g/ exp (Ba+ B)w — )€ + 0" T
0

<1+2\/_>/ exp((Bn+E)x)§%exp(Tf)df

BQ\/_

< C"'Dy/ n! exp ((Bn + E)zx) /m 2de 4 0"/ (n 4+ 1)! D
B 2 0 22V0)

X (1 + 2\/5) exp ((Bn + E)z) / €7 exp (T€) d¢

0

< " 1D\/ n ”ﬂﬂiexp (Bn + E)z) +C"'\/(n +1)! D
- 2 n+ 2 B2y/2

X (1 + 2\/5) exp ((Bn + E)z) i e (T

P V/n+19Db0+2VB)
B2
1 2 1

< Vnlz"?C" 'Dexp (Bnz + Ex + Tz) 7 (n——i—Q + 5)
< Vnalz"?C"'Dexp (Bnx + Ex + Yx), (9.11.215)

where we have used Lemma 9.35 and the definition of T = 4]32(%24\@)2. This

completes the proof. O
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Proposition 9.37. Let Assumption 9.15 hold. Define for each n > 1 the function

Un (&) as the solution of the wave equation

Unez = Y Uneices (9.11.216)
i=1
with boundary conditions
Un(w,2,68) = ulw,&3), (9.11.217)
Oatn(&)|, . = Outnl&)| _ . i=2.,n  (911.218)
Une, (§5750) = qn(&571,0), (9.11.219)
where ¢1(z) =G —1/2 Jy A(s)ds, and for n > 2, bz, E) = —1/2 fg n—1(8,&%).

Then

[4n (@)1 22020y + 1na(@) T2y < 4((on + 1) Dn)*2™(1 + |g])? exp(1 + [g])(n = 1)!

1 2(n—1)
X (—) , (9.11.220)
Ph
1 2(n—1)
lonllzz,y < D3 (p—) nlz", (9.11.221)
©

where

= —ZA@ n — L[t f1] — ety

n—1
- Z BTTW)”_W‘H’ fm] - Z C:zn[qﬁn—m; hm] (911222)
m=2 m=1

and p, = min{/;fvph}’ D, =2((pr +1)Dp)(|q| + 1) exp(1 + ’Cﬂ)\/(ph +1)2D2 + D2,

Proof. Under Assumption 9.15, there is a H; solution to (9.11.216)—(9.11.219).

Counsider

L+ @) + e + 200 Ve, o
Ly (x) = /T( 5)( Z) 2=ty o gén

2

q n—1
+= ,0)d
/nl(x£¢($§1 )5

|q|/ G2 (x, Ep71)dép, (9.11.223)
n 1 735
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By Lemma 9.34, Ly, (x) > 0. It is straightforward to show (see Proof of Theo-
rem 9.17 below), using (9.11.216)—(9.11.219), that for n > 2,

@) = (1+@) / Ut (1, E1)AET + 1] / Do, €7 1) D
Tn(z,€) Tn—1(z,8)

(14 )2 + 02, + X0y 02%, o -
of v T T )y
n—1\Z,

q i ATL— An_ qA in ATL— ATL—
L pegrowge D [ g
Tn—Q(xvf) Tn—Q(Ivé)

IN

) 1 2(n—2)
(14 Q) Lo, (2) + (n — 1)D? (p—)

(x”_1(1+IQ\)2n+2 lg| a2 x2)

(n—1)! 8 2 (n—-2)!'8
(1 +14)) Ly, (z) + (n = 1)la""' Dy
n+ 2

1 2(n—2)
(2) 7 arlaras ot 011221
Ph

IN

Since Ly, (0) = 0, integrating (9.11.224) and using that

1on(@) 72z, + 1¥ne (@)I72(7,,) < 2Ly, (2), (9.11.225)

we get (9.11.220) for n > 2. For n =1, (9.11.220) follows similarly.
Finally, to get the estimate on ¢ we use (9.11.220) and Lemma 9.32 in
the definition of ¢, obtaining (9.11.221). This finishes the proof. O

Now we prove the main Theorem.

Proof of Theorem 9.17. We obtain the estimates (9.7.108) by a Lyapunov method.
First, we homogenize the equation defining k,(&2) = kn(£2) — ¥, (€7), where v,
was defined in Proposition 9.37.

Then the kernels k, verify (9.4.38)—(9.4.45) with (9.4.41) replaced by

kn(z,x,&y) = 0 and an additional right-hand side term, ¢, as defined in Proposi-
tion 9.37, in (9.4.38). For simplicity, we drop hats and define v = max{1, || fil|c +

[Alloo}-
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Consider, for each n > 1, the following Lyapunov function

n2y 4 G2 (x, €0) + k2, (2, €7) + S K2, (x,€7) .
Ln(l') _ / ( F)/ q ) ( 51) ( 51) Z]_l gj( gl)dg?
Tn(x,€) 2
+g/ k2 (x, &7 0)dgy (9.11.226)
2 )16

which is positive definite by application of Lemma 9.34. Note that (9.11.226) is

equivalent to the H' norm in 7, (z):

n2y k()2 + ke ()] 37 ke ()12
Lo(z) = ol ()||L2(Tn) | ()HQLQ(Tn) Z;AH & )Hmm)' (9.11.227)

If ¢ = oo (Dirichlet boundary condition at x = 0), then set ¢ = 0 in (9.11.226) and
the rest of the proof.
Taking the x derivative of (9.11.226), we get

() = (ny + @) / oo (2, €7 AET
Tn(z,€)

- /T ( )(kmkm(x,éﬁ +angjkn§jx(x,é?)> déy
n x7§

j=1

. / vk (e, w, 677 + k(w677 + 200 ke (@, 60 gén-1
1
Tnfl(

2,6) 2
g / o (1, €71, 0)dEp !
Tn—1(x,8)

q

+= / k2, z, €772, 0)dEr—1. (9.11.228)
2 )1 5@

From the boundary conditions, k2(z, x,é?_l) =0, so k’%gj (z,z, f{‘_l) =0 for j > 2,
and k. (z, x, é{‘_l) = —kne, (z, 2, é?‘l). Hence, the third line of (9.11.228) is greatly

simplified as follows.

/ (n*y + ¢*)k2(z, x, é?_l) + k2 (2, x, é{‘_l) + Z?Zl kiéj (z,z, g{‘_l) gér1
1
Too1(2.8) 2
= / k2 (s, &) dER (9.11.229)
T (2.6)

Using the kernel PIDE equation for the first term in the second line of
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(9.11.228) we get

/ ks (2, € dED
(x,8)

n

— Z /T . knaknge, (2, E7)dET + /T - (ZA@ )kzlm £1)dEy

_ / (ko fo (i, E1)ET + / (hotpnl, 1) ET
Tn(ac,f) Tn(ac,f)

_|_/ ke [y f1] (0, E7)dET
Tn(x,6)
+Z/ Kna By k- m+1,fm](l’ 51 >d§1

2> / b O o, 605 (9.11.250)

Now the first integral in the second line of (9.11.230) can be expressed as

Z / Bncknese, (2, E0) 7
Tn(z,€)

n—1 &1
= / / knwkn&;ég(x 51 ) S gn 1)d5d§
n 17:5

" / kg (2 E1)ED. (9.11.231)
Tn(,6)

Integrating by parts in &; in (9.11.231),

Z/ kn:tknéjfj X 51 )dgl
Tn(z,8)

n—1 5]
- / ( / oot b, (2, 6170 5, €0 V) dsdép !
n le

Tn(l’,f)
n—1

+ Z / (6) <kna:knfj (l‘, é{_17 gj—lu é}l_l) - knxknfj (ZE, é{_la fj? éy_l)) dé?_l

J=1

+ / <knxkn§n (33', 5?717 gnfl) - knxknﬁn (33', é?ila O)) dé?il
Tn(x,8)

- _Z/ wag nf ZL‘ fl )dfl / knwknfl(xvx’é?_l)dé?_l
Tn(z,£) Tn—1(,€)
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n—1
+ Z / ©8) <knxkn§j+1 (33', 5{7 5]’7 5]7‘171) - knxknﬁj (.T, 5{717 Sja 5;171)) dg?il
n—1(z,¢

j=1

_/ knmknfn(‘r7é?_l70)dé?_l7 (911232)
n-1(z,£)

and using the Neumann boundary conditions for ; = {;;1 and the Robin boundary

conditions for &, = 0, we get

Z/ knxkn§j§j X 51 )dgl

:—Z/ bt by 0, 00T = [ (o
T (.) T ()
—q / kenahin (z, €77, 0)dEN, (9.11.233)
n—1(z,8)

where we have used again that ke, (z,7,0Y) = —kpe(z,2,€7Y). Then some

terms cancel out, leaving

d . .
4 r = Pyt / oo (2, €1VAET + / ME) | k(€1 dén
17 ( )Tn(x,é) (@, £1)d&; S Z J LS|

_/ kmsfn(xaé@dé?"i‘/ (knxﬁpn(xafmdé?
Tn(z,€) Tn(z,€)

N / oI o, 1) (2, €1)dET
Tn(:t,é)

1D DY e R A

m=2

+Z/( Fna o ks ] (2, 1) dET, (9.11.234)
z,8)

and using Cauchy-Schwartz and Young’s inequalities, and the definition of v (note
that if f; = 0 then I[k,, fi] = 0),

d (n®y + ¢k (x, é?) + k2, (2, €7)

Tln < v |

déy
(@)

+\// . k2 (x, Em)dén (||fn“oo\/7 \// e 02 (, &7 d§1>
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\// o @ da\//n(w (RN E

k2 IQ[kn fl(z, 51
+nﬁ/ Wil gén, (9.11.235)
To(w.6)

2

and using Lemma 9.32,
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Using Assumption 9.15 and Proposition 9.37,

d
—L,
dx

Call C

1

< (2ny7 + 4L ((pf Df+( )n_1D¢>\/W

)
D\/ Lymir(z
(@ Z( ) o1 D % (9.11.237)

= 1/p,. Then 1/py < C and 1/p, < C. Call D = D¢ + p, Dy, + D,,.

(n + DHIL,(x )

+2
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Dividing (9.11.237) by 24/L,(x), getting

x Ln m+1( )
x\/m(n_mﬂ)' <1+7x(n+1)> (9.11.238)

Calling gn(x) = \/Ly,(z) in (9.11.238), we get

d ‘Q| n—1 xnnl m—1
(7)< (/7 + 5 )gn(x) + C"TID ZC D

Since g, > 0 and g,(0) = y/L,(0) = 0, we can use Proposition 9.36 with B = /7,
E= ‘q‘ Thus we obtain

L (z) < Vn!DC"'2™/? exp (nﬁx + %x + Ta:) : (9.11.240)
where T = 4% > 1. Squaring (9.11.240) yields
Ln(z) < nlD*C?" 22" exp (2ny/yx + |G|z + 2Yz) . (9.11.241)
Hence, recovering the hat notation,
n’y - 2 1 )2 12n—2 5
7’|kn(x)||L2(Tn) < L,(x) <nlD°C*"“exp (2ny/v + |¢| +27),  (9.11.242)
and since v~ < 1,
[k (2) + n (@)1 227,y < (n— 1)12D*C*" 2 exp (2n/7 + || +27T),  (9.11.243)
where 1, was defined in Proposition 9.37. Then, using the definition of C' and D,
len(@) oy = en() + Yulz) — ¥u(@)ll72(z,)
< (n—1)M4D*C* ?exp (2 (ny/y + 1)+ 1d]), (9.11.244)

and we get that the Volterra series defined by k, is convergent with radius of

convergence

pr = C % exp (—=2y/7) = (%f””’}) exp (—24/7) - (9.11.245)
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Similarly we get
[kna () 722,y < n12D*C*" 2 exp (2 (ny/7 + 1) +4]) (9.11.246)

which used in (9.7.101) gives the convergence of the transformation for w,, thus

proving the theorem. O

This chapter is a partial reprint of the material as it appears in
R. Vazquez and M. Krstic, “Control of 1-D parabolic PDEs with Volterra nonlin-
earities —Part I: Design,” in preparation, 2006.
R. Vazquez and M. Krstic, “Control of 1-D parabolic PDEs with Volterra nonlin-
earities —Part II: Analysis,” in preparation, 2006.
The dissertation author was the primary author and the coauthor listed in these
publications directed and supervised the research, which is the basis for this chap-

ter.



Chapter 10

Future Work

The results presented in this dissertation provide a starting point towards
more complex and realistic boundary control and observer problems for convec-
tive, turbulent and magnetohydrodynamic flows and other nonlinear distributed
parameter systems modeling physical systems.

We present several open questions and possible directions of future re-

search that extend our results in a natural way.

1. We proved closed-loop stability and estimator convergence for the Navier-
Stokes and MHD control laws and observers of Chapters 4-8, however we
did not show simulation results. To verify the theory and give further insight
into the properties of our controllers and estimators, DNS simulations need
to be done. The numerical tests need to focus on turbulence-critical issues

like the behavior of the controller at small k, for moderate-to-large k..

2. While the problems solved in Chapters 2-8 were tractable due to their sim-
ple (spatially-invariant) geometry, many engineering problems of interest are
formulated in non-spatially-invariant geometries, for instance finite or irreg-
ular channels, or the problem of vortex shedding stabilization. However the
extension of the backstepping method to a 2-D or 3-D general geometry is
still an open problem; preliminary results lead to challenging ultra-hyperbolic

equations for the kernels.
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3. Our methods were successful in handling problems with one boundary ac-
tuator/measurement for each infinite-dimensional state of the system. We
did not consider “underactuated” systems (in the sense of having less ac-
tuators/sensors than infinite-dimensional states), but such systems are very
likely to arise in practice. For example, one would like to achieve channel flow
relaminarization by means of injection/suction actuators (i.e., using only the
normal component of the velocity) and pressure sensors at the wall, or, for
the case of the convection loop of Chapter 2, stop the convective instability
just by rotating the outer cylinder. Under such conditions, the plant be-
comes non-strict-feedback and the backstepping method, based on a linear,
strict-feedback Volterra operator, fails to address them. A promising tool
for extending the method is the theory of Fredholm operators, which are
non-strict-feedback in form, however the Fredholm approach leads to many
new difficult technical questions (non-causal equations, operator invertibility,

kernel solvability) and is yet to be explored.

4. In this dissertation we have always considered incompressible fluid, for both
Navier-Stokes and MHD flows; however in many situations compressibility
effects cannot be neglected. Then, the physical and mathematical nature
of the equations changes radically, as the system becomes hyperbolic. Our
design relies critically on the parabolicity of the equations (once the pressure
is taken care of) and does not extend in a simple manner to the compressible
equations, even in the inviscid case. Nevertheless, recent breakthroughs have
allowed to extend the backstepping method to simple hyperbolic systems and

offer some new possibilities in the area of compressible flows.

5. If the assumption of a low magnetic Reynolds number is dropped, the induc-
tionless MHD equations become the full-blown MHD equations, and instead
of the simple additional electric field static equation, there are three addi-

tional dynamic equations, one for each component of the magnetic field. The
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problem becomes then extremely challenging, and at the same time opens up
new possibilities, such electromagnetic-only actuators. Those will be more
implementable in practice than mechanical actuators, allowing, for instance,
the design of “electromagnetic pumps” which would find application for cool-

ing systems.

. The problems solved in Chapters 2-8 were all nonlinear; however, we lin-
earized the plant equations in order to apply the infinite-dimensional linear
backstepping technique. In Chapter 9 we provide a method to solve nonlin-
ear problems, however the class of systems considered is not broad enough
to include the Navier-Stokes or MHD systems. Future work includes ex-
tending the class of systems to include convective nonlinearities and higher-

dimensional coupled systems in spatially-invariant geometries.

. New developments in the linear backstepping method have successfully ad-
dressed a wide range of linear problems such as cylinder wake, strings, elastic
beams, and infinite-dimensional delay systems. Since our nonlinear design
naturally extends the linear method for the parabolic case, similar develop-

ments are possible for the nonlinear versions of those problems.

. While we addressed nonlinear control of parabolic PDEs, the problem of
observer design is amenable to the same treatment and presents some pio-

neering opportunities in state estimation for nonlinear PDEs.

. In Section 9.10 we provided a number of open questions for the nonlinear
method. Those include the very important unanswered question of global
stabilization. Since the nonlinear plants we consider include some which are
not globally stabilizable, we need to refine the class of systems to be con-
trolled. Such a refinement will possibly need a result establishing a connec-
tion between the global invertibility of the Volterra series transformation for
a given plant (since global invertibility leads to global stabilization) and the

plant parameters (which determine controllability properties of the plant).
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