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has always been a role model and inspired me to pursuit a career in academia;

to my father, Luis, who taught me the qualities of imagination, dedication and

integrity, so important in research and in life; to Mercedes, with whom I found love

when I least expected it—and needed it the most; to Miguel, whose unrelenting

friendship across the ocean supported me in moments of distress; and last, but not

least, to the rest of my family and loved ones in Spain, for their generous support,

understanding, and patience during all this time half a world away from them.

This dissertation includes reprints or adaptations of the following papers:

R. Vazquez and M. Krstic, “Explicit integral operator feedback for local stabiliza-

tion of nonlinear thermal convection loop PDEs,” Systems and Control Letters,

vol. 55, pp. 624–632, 2006. (Chapter 2)

R. Vazquez and M. Krstic, “Explicit output feedback stabilization of a thermal

convection loop by continuous backstepping and singular perturbations,” submit-

ted, 2007 American Control Conference, New York, 2007. (Chapter 3)

R. Vazquez and M. Krstic, “A closed-form feedback controller for stabilization

of linearized Navier-Stokes equations: the 2D Poiseuille flow,” Proc. of the 2005

CDC, Sevilla, Spain, 2005. (Chapter 4)

R. Vazquez and M. Krstic, “Higher order stability properties of a 2D Navier-Stokes

xi



system with an explicit boundary controller,” Proc. of the 2006 ACC, Minneapolis,

2006. (Chapter 4)

R. Vazquez and M. Krstic, “A closed-form observer for the channel flow Navier-

Stokes system,” Proc. of the 2005 CDC, Sevilla, Spain, 2005. (Chapter 5)

R. Vazquez, E. Schuster and M. Krstic, “A closed-form feedback controller for

stabilization of magnetohydrodynamic channel flow,” submitted, 2007 European

Control Conference, Kos, Greece, 2007. (Chapter 6)

R. Vazquez, E. Schuster and M. Krstic, “A closed-form observer for the 3D in-

ductionless MHD and Navier-Stokes channel flow,” Proc. of the 2006 CDC, San

Diego, 2006. (Chapter 7)
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ABSTRACT OF THE DISSERTATION

Boundary Control Laws and Observer Design

for Convective, Turbulent and Magnetohydrodynamic Flows

by

Rafael Vazquez Valenzuela

Doctor of Philosophy in Engineering Sciences (Aerospace Engineering)

University of California, San Diego, 2006

Professor Miroslav Krstić, Chair

The dissertation introduces a constructive and rigorous approach to de-

sign boundary controllers and boundary estimators for flow control problems.

We study several flow control applications, including thermal fluids with

convective-type instabilities, Navier-Stokes channel flow, and magnetohydrody-

namic channel flow, which are considered benchmark models to problems such

as turbulence control, drag reduction, model-based turbulence estimation, cooling

systems (computer systems, fusion reactors), hypersonic flight and propulsion. For

all systems considered, we solve both the problem of (full state) boundary stabi-

lization and boundary estimation, and the combination of the two, output feedback

boundary stabilization. We also consider a tracking problem for the Navier-Stokes

channel flow.

While some of these problems have been solved in the past, previous so-

lutions were mainly done for spatially discretized versions of the models; however,

controllers designed for a discretized plant do not always converge (when the grid

size goes to zero) to stabilizing controllers for the continuous plant. In addition,

the computational complexity of discretization-based methods may become over-

whelming if a very fine grid is necessary in the discretizations to accurately describe

the system (for example, in the case of very large Reynolds numbers in the channel

flow stabilization problem).

xv



In contrast, our method uses a continuum approach and does not re-

quire discretization. Our approach exploits the spatially invariant geometry of our

model problems to apply the backstepping control/observer design method for 1-

D infinite-dimensional linear parabolic systems. Backstepping produces explicitly

computable control and output injection gains, which are found from the solutions

of linear hyperbolic PDEs. For all considered problems we show stability of the

closed-loop system (for stabilization problems) and observer estimate convergence

(for estimation problems).

Finally, we also provide an extension of the backstepping method that

allows to solve boundary control problems for a class of nonlinear parabolic PDEs.

While boundary control of linear parabolic PDEs is a well established subject,

boundary control of nonlinear parabolic PDEs is still an open problem as far

as general classes of systems are concerned. Applications of interest include not

only fluids but also many others like flexible structures, atomic force microscopy,

aeroelasticity, chemical systems and quantum systems.

xvi



Chapter 1

Introduction

Motivation

Recent years have been marked by dramatic advances in the field of active

flow control. This explosion can be credited not only to advances in the various

fields that intersect at the discipline (such as control theory, fluid mechanics, PDE

theory, and numerical methods), but also to technological developments such as

Micro-Electro-Mechanical Systems (MEMS) sensors and actuators and the ever-

increasing prowess of last-generation computers, that have augmented the possi-

bilities of effective implementation in both real-life and numerical experiments.

However, the area is far from being mature with still many opportunities and chal-

lenging open problems. See for instance the survey [21] for a friendly and balanced

perspective on the state of the field.

When looking at the flow control literature, one finds countless papers

with a wealth of applications and methods, but most results roughly fit into one

of the following two categories:

1. Constructive results [3–9, 20, 23, 32, 42, 62, 63, 77, 78, 86, 87, 109], which range

from theoretically-inspired designs (usually borrowing from well-established

finite-dimensional control techniques) to hands-on experimentally-driven de-

signs; both are mostly problem- and geometry-specific and share the objective

1
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of obtaining an implementable solution, in many cases without a mathemat-

ically sound proof. Usually, a discretization-based approach is used and the

results are proven by simulations or experiments.

2. Controllability/Stabilizability results [13–17,35,46,50,53–55,57,64,88,96,104,

106,110], which are usually given for broad classes of systems in general ge-

ometries, but generally fail to produce an effective solution, being mostly

existence-and-uniqueness type of results in the framework of functional anal-

ysis. However general and precise these results may be, they do not go very

far, considering there are still very basic open questions such as the well-

posedness of the open-loop 3-D Navier-Stokes equations [48], still a (million-

dollar) open problem.

These two schools of research certainly benefit from some interaction; on

the one hand controllability results give a clue about which problems are actu-

ally solvable (and sometimes point in the right direction to solve it), while on the

other hand the more application-oriented research community provides controlla-

bility theorists with an endless supply of models of relevant, physically meaningful

systems.

This dissertation aims towards providing results which are both construc-

tive and rigorous from a mathematical point of view. Our work is based on the

recently developed continuous backstepping control/observer design method for 1-

D infinite-dimensional linear parabolic systems [101–103]. Backstepping exploits

the structure of parabolic systems, and has the striking property that it both pro-

duces explicitly computable (symbolically, numerically, and in some cases, even in

closed-form) gains, and at the same time provides a flexible framework that greatly

facilitates mathematical proofs of stability and well-posedness even for complex

systems. We exploit the spatially invariant [12] geometry of several benchmark

flow control problems to apply the backstepping method.

Our applications include thermal fluids with convective-type instabili-

ties, Navier-Stokes channel flow, and magnetohydrodynamic channel flow, which
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are considered benchmark models to problems such as turbulence control, drag re-

duction, model-based turbulence estimation, cooling systems (computer systems,

fusion reactors), hypersonic flight and propulsion. In all the systems we consider

both the problem of (full state) boundary stabilization and boundary estimation,

and the combination of the two: output feedback boundary stabilization. We also

consider a tracking problem for the Navier-Stokes channel flow. Many of these

problems have been solved in the past, but previous solutions were mainly done

for spatially discretized versions of the models; it is known [124] that controllers

designed for a discretized plant do not always converge (when the grid size goes

to zero) to stabilizing controllers for the continuous plant (specially for those of

hyperbolic type).

The continuum approach also has computational advantages; the compu-

tational complexity of any discretization-based approach may become overwhelm-

ing if a very fine grid is necessary in the discretizations to accurately describe the

system (for example, in the case of very large Reynolds numbers in the channel

flow stabilization problem). In contrast, control and output injection gains in the

backstepping method are computed solving linear hyperbolic PDEs in very simple

domains.

We also provide an extension of the backstepping method that allows to

solve boundary control problems for a class of nonlinear parabolic PDEs. While

boundary control of linear parabolic PDEs is a well established subject, boundary

control of nonlinear parabolic PDEs is still an open problem as far as general

classes of systems are concerned. Potential applications include not only fluids

but also many other interesting physical problems like flexible structures, atomic

force microscopy, aeroelasticity, chemical systems, electromagnetic systems and

quantum systems.
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Contributions

1. Boundary Stabilization and Boundary Estimation for a Thermal-

Fluid Convection Loop ( [112,120], Chapters 2, 3). We consider a 2-D

model of thermal fluid convection that exhibits the prototypical Rayleigh-

Bernard convective instability. We design boundary controllers and observers

for a collocated setup, with actuation and measurements located at the outer

boundary. Our design is based on a combination of singular perturbation the-

ory and the backstepping dual control/observer method, allowing to prove

system stability in the L2 and observer error convergence in the H1 norm in

the case of a large Prandtl number. The results are illustrated with simula-

tions for a physically meaningful case.

2. Boundary Stabilization and Boundary Estimation for 2-D Navier-

Stokes Channel Flow ( [113–115], Chapters 4, 5). We present an

explicit formula for a boundary control law which stabilizes the 2-D infinite

channel flow benchmark problem for arbitrary Reynolds numbers. Our result

uses backstepping and a Fourier transform approach, achieving exponential

stabilization in the L2, H1 and H2 norms for the linearized Navier-Stokes

equations. Explicit solutions are obtained for the closed loop system, which

is shown well-posed. We also introduce a nonlinear PDE observer that es-

timates the velocity and pressure fields in the channel using measurements

of pressure and skin friction at one of the walls, at arbitrary Reynolds num-

bers. The observer structure is similar to an Extended Kalman Filter, with

gains designed to guarantee observer error convergence for the linearized ob-

server. Finally, combining the state feedback controller and the observer,

an stabilizing output feedback controller for the linearized channel flow is

derived.

3. Boundary Stabilization and Boundary Estimation for 3-D Magne-

tohydrodynamic Channel Flow ( [117, 121], Chapters 6, 7). We
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design a boundary controller that stabilizes the velocity, pressure, and elec-

tromagnetic fields in a magnetohydrodynamic 3-D channel flow, a benchmark

model for applications such as cooling systems, hypersonic flight and propul-

sion. We also present an observer to estimate the various electromagnetic and

mechanical fields inside the channel from measurements at the walls. The

design is based on an extension of the 2-D non-conducting case, and deals

with some issues unique to 3-D. For example, the velocity field equations

(and the velocity error system for the observer), written in some appro-

priate coordinates, is very similar to the Orr-Sommerfeld-Squire system of

PDE’s and presents the same difficulties (non-normality leading to transient

growth). Thus we use actuation (output injection gains in the case of the

observer) not only to guarantee stability but also to decouple the system in

order to prevent transients. For zero magnetic field or non-conducting fluids,

the problem reduces to the 3-D Navier-Stokes channel flow and the control

and observer design still hold.

4. Stable Poiseuille Flow Transfer for 2-D Navier-Stokes Channel Flow

( [116], Chapter 8). We consider the problem of stable flow transfer be-

tween two arbitrary steady-state profiles in a 2-D periodic channel flow (for

example, rest to fully developed profile for a given Reynolds number). We

generate an exact velocity trajectory of the nonlinear Navier-Stokes equa-

tions that approaches exponentially the objective. A boundary control law

guarantees then that the error between the state and the trajectory decays

exponentially in the L2, H1, and H2 norms and that the closed-loop sys-

tem is well-posed. The result is first proved for the linearized Navier-Stokes

equations, then shown to hold for the fully nonlinear Navier-Stokes system.

5. Boundary Control of a Class of 1-D Parabolic Nonlinear PDEs

( [118,119], Chapter 9). Boundary control of nonlinear parabolic PDEs is

a completely open problem as far as general classes of systems are concerned.
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In this paper we present results identifying a broad class of systems that is

stabilizable, at least locally, by a feedback law designed constructively. Our

approach is a direct infinite dimensional extension of the feedback lineariza-

tion/backstepping approach and employs Volterra series nonlinear operators

both in the transformation to a stable linear PDE and in the feedback law.

We present in full detail our design method and give several examples, ana-

lytical and numerical, for which we include simulations. We study some the-

oretical properties of the transformation, showing that the nonlinear Volterra

operators are globally well-defined, and explicitly construct a local inverse of

the feedback linearizing Volterra transformation; this, in turn, allows us to

prove L2 and H1 local exponential stability and derive explicit closed loop

solutions for the nonlinear system.



Chapter 2

Boundary Stabilization of a

Thermal-Fluid Convection Loop

2.1 Introduction

In this chapter we consider a 2-D model of thermal fluid convection that

exhibits the prototypical Rayleigh-Bernard convective instability [44]. The fluid is

enclosed between two cylinders, heated from above and cooled from below. Im-

posing a temperature gradient induces density differences, which creates a circular

motion that is opposed by viscosity and thermal diffusivity. For a large enough

Rayleigh number, which is a function of physical constants of the system, geometry

and temperature difference between the top and the bottom, the plant develops

an instability.

Stabilizing controllers have been designed for this problem in the past,

including an LQG controller by Burns et al [30] who formulated the problem,

and a nonlinear backstepping design for a discretized version of the plant [24].

The present design is simpler than the former, not needing a solution of Ricatti

equations, only a linear hyperbolic equation; and more rigorous than the latter,

which does not hold in the limit when the discrete grid approaches the continuous

domain.

7
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The main ingredients of our design are singular perturbation theory and

the backstepping method for infinite dimensional linear systems. Singular pertur-

bation theory is a mature area [70] with a wealth of control applications, while

backstepping for linear parabolic PDEs is a recent development [101,102] but has

already found other applications in flow control [3]. Combining both methods it

is possible to design a feedback control law which stabilizes the closed loop; this

is proved for a large enough Prandtl number, which is the ratio between kine-

matic viscosity and thermal difussivity. In this problem, the inverse of the Prandtl

number plays the role of the singular perturbation parameter. Using the methods

of [101], a highly accurate approximation to the control law is found in closed form

The theoretical result is suported by a simulation study for physically

meaningful plant parameters, in which numerical computations of the evolution of

the closed loop nonlinear plant and control effort is shown. In these simulations

the Rayleigh number is large enough for the plant to go open loop unstable, but

the controller is able to overcome the instability

2.2 Problem Statement

For the convection loop we employ the model derived in [24]. The geom-

etry of the problem is shown in Fig. 2.1, and consists of fluid confined between

two concentric cylinders standing in a vertical plane. The main assumption of this

model is that the gap between the cylinders is small compared to the radius of the

cylinders, i.e. R2 − R1 � R1 < R2. Then, introducing the Boussinesq approxi-

mation, other standard assumptions for the velocity in this 2D configuration, and

integrating the momentum equation along circles of fixed radius r, the following

plant equations are derived

vt =
γ

2π

∫ 2π

0

T (t, s, φ) cosφdφ+ ν
(
− v

r2
+
vr
r

+ vrr

)
, (2.2.1)

Tt = −v
r
Tθ + χ

(
Tθθ
r2

+
Tr
r

+ Trr

)
, (2.2.2)
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Figure 2.1: Convection Loop.

where v stands for velocity, which only depends on the radius r, T for the temper-

ature, which depends on both r and the angle θ, ν is the kinematic viscosity, χ the

thermal diffusivity, and γ = gβ, with g representing the acceleration due to gravity

and β the coefficient of thermal expansion. The boundary conditions are Dirichlet

for velocity, with actuation by rotating the outer boundary, while the temperature

has Neumann boundary conditions, namely Tr(t, R1, θ) = Γ1, Tr(t, R2, θ) = Γ2,

with Γ1 = K sin θ and Γ2 = Γ + K sin θ , where K a constant parameter repre-

senting the imposed heating and cooling in the boundaries and Γ is the actuation

variable. Thus we actuate the heat flux in the outer boundary, which is more

realistic than direct temperature actuation.

Defining τ = T −Kr sin θ we shift the equilibrium to the origin. Then,

we introduce nondimensional coordinates and variables, r′ = r/d, t′ = tχ/d2,

v′ = vd/χ, τ ′ = τ/∆T , Γ′ = Γ/∆T , Ra = (1/C)γ∆d3/2νχ, P = ν/χ, where

d = R2 − R1, ∆T = −(4/π)K(R1 +R2/2), C is a constant to be defined, and Ra

and P are respectively the Rayleigh and Prandtl numbers. The nondimensional

plant equations are, dropping primes, as follows:

vt =
1

π
PRaC

∫ 2π

0

τ(t, s, φ) cosφdφ+ P
(
− v

r2
+
vr
r

+ vrr

)
, (2.2.3)

τt =
dπ

2(R1 +R2)
v cos θ − v

r
τθ +

τθθ
r2

+
τr
r

+ τrr. (2.2.4)

The boundary conditions are

v(t, R1) = 0, v(t, R2) = V (t), (2.2.5)
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τr(t, R1, θ) = 0, τr(t, R2, θ) = Γ(t, θ), (2.2.6)

where V and Γ are, respectively, the nondimensional velocity and temperature

control. Note that for a given time V is an scalar, while Γ is a (periodic) function

of the angle.

Following the lines of the stability study of these equations in [24], the

value of C is set so the system is stable for Rayleigh numbers less than unity and

unstable otherwise.

Defining ε = P−1, A1 = RaC/π, A2 = dπ/2(R1 + R2), dropping time

dependence, and neglecting the nonlinear term, the linearized plant equations are

the following:

εvt = A1

∫ 2π

0

τ(r, φ) cosφdφ− v

r2
+
vr
r

+ vrr, (2.2.7)

τt = A2v cos θ +
τθθ
r2

+
τr
r

+ τrr, (2.2.8)

with the same boundary conditions.

We will stabilize this linearized plant around its equilibrium at zero, there-

fore stabilizing —at least locally— the full nonlinear plant.

2.3 Reduced Model

For dealing with this plant assume that the parameter ε is small enough

so we can use singular perturbation theory.

For obtaining the value for the quasi-steady-state, we set ε = 0 and solve

(2.2.7):

0 = A1

∫ 2π

0

τ cosφdφ− v

r2
+
vr
r

+ vrr. (2.3.9)

The general solution for (2.3.9) is [100]:

v = C1r + C2
1

r
− A1

2

∫ r

R1

∫ 2π

0

r2 − s2

r
cosφτ(s, φ)dsdφ.

The values of C1 and C2 depend on the boundary conditions, and therefore on

the velocity actuation. The quasi-steady-state, substituted into (2.2.8), gives the
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reduced system, which will be stabilized via the backstepping method. For this

procedure to be applicable we need the quasy-steady-state to have a strict integral

feedback form [71], i.e., v(t, r) should not depend on any value of τ after r. Based

on this consideration we set the velocity actuation:

V = −A1

2

∫ R2

R1

∫ 2π

0

R2
2 − s2

R2
cosφτ(s, φ)dsdφ, (2.3.10)

and then the final expression for the quasi-steady-state is

v = −A1

2

∫ r

R1

∫ 2π

0

r2 − s2

r
cosφτ(t, s, φ)dsdφ, (2.3.11)

which plugged into equation (2.2.8) renders the following reduced system:

τt = −A12

∫ r

R1

∫ 2π

0

r2 − s2

r
cosφ cos θτ(s, φ)dsdφ+

τθθ
r2

+
τr
r

+ τrr, (2.3.12)

where A12 = A1A2/2. Note that the reduced system has an integral term which is

in the desired strict feedback form.

2.4 Backstepping Controller for Temperature

For stabilization of the reduced system we apply the backstepping tech-

nique for parabolic PDEs [101], which allows for compensation of integral terms

like the one that appears in (2.3.12).

2.4.1 Target system

The target system is going to be:

wt =
wθθ
r2

+
wr
r

+ wrr, (2.4.13)

with w periodic in θ and the following boundary conditions in r:

wr(R1) = 0, wr(R2) = qw(R2), (2.4.14)

where q is negative and used for tweaking. Note that this system is exponentially

stable, which follows from a standard argument taking as a Lyapunov functional

the L2 norm of w.
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2.4.2 Backstepping transformation

For transforming (2.3.12) into (2.4.13) we are going to use the following

change of variables:

w(r, θ) = τ(r, θ) −
∫ r

R1

∫ 2π

0

k(r, θ, s, φ)τ(s, φ)dsdφ. (2.4.15)

For calculating the kernel, we introduce (2.4.15) into (2.4.13) and then we apply

integration by parts to arrive at an ultra-hyperbolic PDE which must be verified

by the kernel,

krr = −kθθ
r2

− kr
r

+
kφφ
s2

− ks
s

+ kss +
k

s2
+ A12

(∫ r

s

∫ 2π

0

k(r, θ, ρ, ψ)

×ρ
2 − s2

ρ
cosψdρdψ − r2 − s2

r
cos θ

)
cosφ, (2.4.16)

with periodic boundary conditions in both φ and ψ, and the following boundary

conditions in the radial variables:

ks(r, θ, R1, φ) =
k(r, θ, R1, φ)

R1

, (2.4.17)

k(r, θ, r, φ) = 0. (2.4.18)

By inspection of (2.4.16) and looking for a solution, we insert the following partic-

ular shape of the kernel:

k(r, θ, s, φ) = cos θ cosφk̄(r, s), (2.4.19)

which verifies the periodic boundary conditions, and substituted in (2.4.16) yields:

k̄rr =
k̄

r2
− k̄r

r
− k̄s

s
+ k̄ss −A12

(
r2 − s2

r
− π

∫ r

s

k̄(r, ρ)
ρ2 − s2

ρ
dρ

)
, (2.4.20)

completely eliminating the angular dependence. Also, introducing k̄ =
√

s
r
k̂(r, s)

in the last equation we get:

k̂rr − k̂ss =
3

4

(
1

r2
− 1

s2

)
k̂ − A12

(
r2 − s2

√
rs

− π

∫ r

s

k̂(r, ρ)
ρ2 − s2

√
ρs

dρ

)
,(2.4.21)
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a hyperbolic partial integro-differential equation, in the region TR = {(r, s) : R1 ≤

r ≤ R2, R1 ≤ s ≤ r} with boundary conditions:

k̂s(r, R1) =
k̂(r, R1)

2R1
, (2.4.22)

k̂(r, r) = 0. (2.4.23)

The kernel in this form can be calculated numerically, using a simple finite dif-

ference scheme, or rewritten into an integral equation (useful for proving well-

posedness and smoothness). This last step can be done introducing the following

variables ξ = r + s, η = r − s, and denoting

G(ξ, η) = k̂(r, s) = k̂

(
ξ + η

2
,
ξ − η

2

)
(2.4.24)

transforming the problem into the following PIDE:

Gξη = 3

(
ξη

(ξ2 − η2)2

)
G−A12

(
ξη

2
√
ξ2 − η2

− π

∫ 2η

0

G
(
ξ +

ρ

2
, η − ρ

2

)

×(ρ+ ξ − η)2 − (ξ − η)2

2
√

(ρ+ ξ − η)(ξ − η)
dρ

)
. (2.4.25)

This equation can be transformed into a pure integral equation, doing several

integrations and employing the boundary conditions, arriving at

G = −A12

(∫ ξ

2R1+η

∫ η

0

γσ

2
√
σ2 − γ2

dγdσ +

∫ η

0

∫ σ

0

e
η−σ
R1

× (2R1 + σ)γ√
(2R1 + σ)2 − γ2

dγdσ

)
+

∫ ξ

2R1+η

∫ η

0

(
3

(
γσ

(σ2 − γ2)2

)
G(γ, σ)

+

∫ 2γ

0

A12πG
(
σ +

ρ

2
, γ − ρ

2

) (ρ+ σ − γ)2 − (σ − γ)2

2
√

(ρ+ σ − γ)(σ − γ)
dρ

)
dγdσ

+

∫ η

0

∫ σ

0

6e
η−σ
R1

(∫ 2γ

0

A12π
(ρ+ 2R1 + σ − γ)2 − (2R1 + σ − γ)2

6
√

(ρ+ 2R1 + σ − γ)(2R1 + σ − γ)

×G
(
2R1 + σ +

ρ

2
, γ − ρ

2

)
dρ+

G(γ, σ)(2R1 + σ)γ

((2R1 + σ)2 − γ2)2

)
dγdσ. (2.4.26)

Note that the first lines of this expression, which do not depend on G and are

therefore the initial term in a successive approximation series for symbolically
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computing G, can be found in an explicit form:

G0(ξ, η) = −A12

[
1

6
(ξ3 − η3 − (ξ2 − η2)3/2) +

5

2

√
πR3

1e
1+η/R1

×
(
erf(1) − erf

(√
1 + η/R1

))
+R3

1

(
6eη/R1 − 34/3

)
− 8R2

1η

−2R1η
2 +

5

3

√
R2

1 +R1η
(
5R2

1 + 2R1η
)]

. (2.4.27)

Using (2.4.26) and the same argument as in [101] the following result holds:

Theorem 2.1. The equation (2.4.21) with boundary conditions (2.4.22)-(2.4.23)

has a unique C2(TR) solution.

Therefore a smooth solution exists for equation (2.4.16) with boundary

conditions (2.4.17)-(2.4.18).

2.4.3 Control law

Once the kernel is found, it is easy to derive the control law. Substituting

the backstepping transformation into the outer boundary condition for the target

system,

τr(R2, θ) =

∫ 2π

0

(∫ R2

R1

kr(R2, θ, s, φ)τ(s, φ)ds+ k(R2, θ, R2, φ)τ(R2, φ)

)
dφ

+qτ(R2, θ) − q

∫ R2

R1

∫ 2π

0

k(R2, θ, s, φ)τ(s, φ)dsdφ, (2.4.28)

and then the control law for the derivative of the temperature at the outer boundary

becomes

Γ(t, θ) = qτ(R2, θ) − cos θ

∫ R2

R1

∫ 2π

0

√
s cosφ√
R2

((
q +

1

2R2

)
k̂(R2, s)

−k̂r(R2, s)
)
τ(t, s, φ)dsdφ. (2.4.29)

Note that q is a design parameter that does not enter the kernel equations at any

point; it is set externally and enhances stability.

As we shall see in Section 2.6, k̂(R2, s) is very close to G0(R2 + s, R2 − s)

and k̂r(R2, s) is very close to ∂G0

∂ξ
(R2 + s, R2 − s) + ∂G0

∂η
(R2 + s, R2 − s), where
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G0(ξ, η) is defined in (2.4.27). This means that, introducing these approximations,

we get explicit control laws (2.4.29), (2.3.10), using

k̂ ≈ −A12

[
1

3
(s3 + 3r2s− 4(rs)3/2) − 2R1(r − s)2 +

5

2

√
πR3

1e
1+ r−s

R1

×
(

erf(1) − erf(

√
1 +

r − s

R1
)

)
+

5

3

√
R2

1 +R1(r − s)
(
5R2

1 + 2R1(r − s)
)

+R3
1

(
3e

r−s
R1 − 34/3

)
− 8R2

1(r − s)
]
. (2.4.30)

2.4.4 Inverse transformation

Having found the backstepping change of variables, we also look for the

inverse of it. Postulating it as

τ(r, θ) = w(r, θ) −
∫ r

R1

∫ 2π

0

l(r, θ, s, φ)w(s, φ)dsdφ, (2.4.31)

then, introducing the expression for w in terms of τ an integral equation is found

for this inverse kernel; introducing, as it was done for the direct transformation,

l(r, θ, s, φ) = cos θ cosφl̄(r, s), (2.4.32)

the equation for the inverse transformation is

l̄(r, s) = −k̄(r, s) + π

∫ r

s

l̄(r, ρ)k̄(ρ, s)dρ. (2.4.33)

Using this integral equation a similar result to Theorem 2.1 holds for the inverse

kernel.

2.5 Singular Pertubation Analysis for the Entire System

Now that we have derived a control law for the reduced system, we can

drop the assumption that ε = 0 and instead consider it a small but nonzero parame-

ter, and analyze the stability of the closed loop system. Now the quasi-steady-state

solution is no longer the exact solution of the v PDE, but still plays an important

role. Calling this previously calculated fast solution vss,

vss = −A1

2

∫ r

R1

∫ 2π

0

r2 − s2

r
cos φτ(s, φ)dsdφ, (2.5.34)
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an error variable z that measures the deviation of the velocity from the fast solution

can be introduced:

z(t, r) = v(t, r) − vss(t, r). (2.5.35)

We start by deriving the PDE that is verified by z:

εzt = − z

r2
+
zr
r

+ zrr + ε
A1

2

∫ r

R1

∫ 2π

0

r2 − s2

r
cos φτt(s, φ)dsdφ, (2.5.36)

where we have used the fact that vss verifies equation (2.3.9). This PDE without

the last term is usually referred to as the Boundary Layer model; note that it

is exponentially stable. The last term of (2.5.36) can be expressed in terms of τ

introducing its differential equation and applying integration by parts and the τ

boundary conditions, and then in terms w by using the inverse kernel.

The overall plant written in (z, w) variables has the form

εzt = − z

r2
+
zr
r

+ zrr + ε

(∫ r

R1

Qzz(r, s)z(s)ds

+

∫ r

R1

∫ 2π

0

Q1
zw(r, s, φ)w(s, φ)dsdφ+

∫ 2π

0

Q2
zw(r, φ)w(r, φ)dφ

+

∫ 2π

0

Qzw0(r, φ)w(R1, φ)dφ

)
, (2.5.37)

wt =
wθθ
r2

+
wr
r

+ wrr +Q2
wz(r, θ)z(r) +

∫ r

R1

Q1
wz(r, s, θ)z(s)ds, (2.5.38)

together with boundary conditions z(R1) = z(R2) = 0, wr(R1, θ) = 0, wr(R2, θ) =

qw(R2, θ), and periodic angular boundary conditions for w. For simplicity, we have

denoted the following kernels:

Qzz = A12π
r2 − s2

r
, (2.5.39)

Q1
zw = −A1

2
cosφ

(
2πl̄(r, s) + A12 cosφ

r4 − s4 − 4r2s2 ln r
s

4r

)
, (2.5.40)

Q2
zw = A1 cos φ, (2.5.41)

Q1
wz = −A2π cos θk̄(r, s), (2.5.42)

Q2
wz = A2 cos θ, (2.5.43)

Qzw0 =
A1

2

r2 +R2
1

rR1
cosφ. (2.5.44)
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For the stability proof we are going to use the following energy Lyapunov func-

tionals:

Ew(t) =
1

2

∫ 2π

0

∫ R2

R1

w2(t, s, φ)sdsdφ, (2.5.45)

Ez(t) =
1

2

∫ R2

R1

z2(t, s)sds. (2.5.46)

The time derivative of Ew can be bounded in the following way:

dEw
dt

≤ −
∫ 2π

0

∫ R2

R1

w2
θ

s2
sdsdφ− 1

2

∫ 2π

0

∫ R2

R1

w2
rsdsdφ+

(
q +

R2

4(R2 − R1)

)

×
∫ 2π

0

R2w(R2, φ)2dφ− 1

8(R2 − R1)2

∫ 2π

0

∫ R2

R1

w2sdsdφ

+β1

(∫ 2π

0

∫ R2

R1

w2(s, φ)sdsdφ

)1
2
(∫ R2

R1

z2(s)sds

)1
2

, (2.5.47)

where

β1 =
√

2π

(
‖Q2

wz‖∞ +

√
(R2

2 − R2
1) ln

R2

R1
‖Q1

wz‖∞

)
. (2.5.48)

The time derivative of Ez has the following bound:

dEz
dt

≤ −
(

1

εR2
2

− γ

)∫ R2

R1

z2sds+ β2

(∫ 2π

0

∫ R2

R1

w2(s, φ)sdsdφ

)1
2

×
(∫ R2

R1

z2(s)sds

) 1
2

+ β3

∫ 2π

0

w2(t, R2, φ)dφ

+
1

2

∫ R2

R1

∫ 2π

0

w2
r(t, r, φ)sdsdφ, (2.5.49)

where

β2 =
√

2π

(
‖Q2

zw‖∞ +

√
(R2

2 −R2
1) ln

R2

R1
‖Q1

zw‖∞

)
, (2.5.50)

β3 = −R2

2
(q +

R2

4(R2 − R1)
), (2.5.51)

γ = γ1 + 2γ2 +
γ3

β3
, (2.5.52)

γ1 =

√
(R2

2 −R2
1) ln

R2

R1
‖Qzz‖∞, (2.5.53)

γ2 = π2(R2 −R1)
2‖Qzw0‖2

∞R2, (2.5.54)

γ3 =
π2

2
(R2 − R1)‖Qzw0‖2

∞. (2.5.55)
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In both of the previous calculations repeated use of Cauchy-Schwartz’s and Young’s

inequality has been made, and the following Lemma (a version of Poincare’s in-

equality) has been employed.

Lemma 2.2. For any τ ∈ H1(R1, R2) the following inequality holds:∫ 2π

0

∫ R2

R1

τ 2(r, θ)rdrdθ

≤ 2R2(R2 −R1)

∫ 2π

0

τ 2(R2, θ)dθ

+4(R2 − R1)
2

∫ 2π

0

∫ R2

R1

τ 2
r (r, θ)rdrdθ. (2.5.56)

We skip the proof which is standard, see, e.g., [72].

Selecting the following Lyapunov function,

E(t) = Ew(t) + Ez(t), (2.5.57)

we find its time derivative to be:

dE(t)

dt
≤ −

∫ 2π

0

∫ R2

R1

w2
θ

s2
sdsdφ+

R2

2

(
q +

R2

4(R2 −R1)

)

×
∫ 2π

0

w(t, R2, φ)2dφ− 1

8(R2 − R1)2

∫ 2π

0

∫ R2

R1

w2sdsdφ

+(β1 + β2)

(∫ R2

R1

z2(s)sds

) 1
2
(∫ 2π

0

∫ R2

R1

w2(s, φ)sdsdφ

)1
2

−
(

1

εR2
2

− γ

)∫ R2

R1

z2sds. (2.5.58)

In this equation we have to choose q and ε so the final expression is

negative definite. We set the first as:

q = −1 − R2

4(R2 − R1)
. (2.5.59)

For finding a value for ε, we identify the quadratic form which appears in

(2.5.58) and call its matrix A:

A =


 1

8(R2−R1)2
−β1+β2

2

−β1+β2

2
1
εR2

2
− γ


 . (2.5.60)
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Our interest is to find the maximum possible value of ε so A > 0. From Sylvester’s

criterion we get the condition for A to be positive definite:

0 <

(
1

εR2
2

− γ

)
− 2(R2 − R1)

2(β1 + β2)
2. (2.5.61)

Solving for 1/ε,

1

ε
> 2R2

2(R2 − R1)
2 (β1 + β2)

2 +R2
2γ. (2.5.62)

Substituting γ, we can define an upper bound for ε:

1

ε∗ = 2R2
2(R2 −R1)

2 (β1 + β2)
2 +R2

2

(
γ1 + 2γ2 + 2

γ3

R2

)
. (2.5.63)

Note that this bound is a function which depends exclusively of the geometry and

physical parameters of the plant.

This establishes asymptotic stability for the plant in the z, w coordinates,

when ε ∈ (0, ε∗). Stability in the original coordinates follows from the following

inequalities:

‖τ‖2
2 ≤ ‖w‖2

2


1 + ‖l̄‖∞

√
π(R2 −R1)(R

2
2 −R2

1)

R1




2

(2.5.64)

and

‖v‖2
2 ≤ 2‖z‖2

2 + 2‖w‖2
2

(
(R2 − R1)(R

2
2 − R2

1)
2

R3
1

)

×


1 + ‖l̄‖∞

√
π(R2 − R1)(R2

2 − R2
1)

R1




2

(2.5.65)

which are derived taking norm in the respective definitions. We have just proved

the following theorem:

Theorem 2.3. For a sufficiently small ε, the system (2.2.7)-(2.2.8) with boundary

conditions (2.2.5)–(2.2.6) and control laws (2.3.10) and (2.4.29) is exponentially

stable at the origin in the L2 sense, that is, there exist positive constants M and
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Figure 2.2: Exact (solid) and approximate (dashed) control kernels at R2.

α, independent of the initial conditions, such that∫ R2

R1

(
v2(t, s) +

∫ 2π

0

τ 2(t, s, φ)dφ

)
sds

≤ Me−αt
∫ R2

R1

(
v2(0, s) +

∫ 2π

0

τ 2(0, s, φ)dφ

)
sds (2.5.66)

The proof of existence and uniqueness of classical solutions has been

skipped, but follows from standard arguments due to linearity of (2.2.7)-(2.2.8)

and due to the form of the boundary conditions.

2.6 Simulation Study

We show a prototypical simulation case. For numerical computations, a

spectral method combined with the well-known Crank-Nicholson method (see, for

example, [59]) has been used, using the following numerical values: R1 = 0.369 m.,

R2 = 0.39 m., P = 8.06, Ra = 50, C = 7.8962 × 103, K = 9.11 ◦C/m. Note that

the Prandtl number has a value greater than unity, but not too large; that value

is typical, for instance, of water.

Interestingly, it can be shown that a discretized version of our plant ap-

proximates the ordinary differential equations of Lorenz’s simplified model of con-
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Figure 2.3: Open loop evolution of temperature at radius r = 0.37 m.

vection [83]. However, with the chosen plant parameters, the plant does not show

chaotic behavior. On the other hand it is well known that the parameter values

that lead to chaos in Lorenz’s equations are not physical [56].

In Fig. 2.2 the shape of the control kernel, k̂(R2, s) is plotted, showing

that information near the inner boundary is given more weight in the control

law, which makes sense as the boundary controller is on the opposite side and

therefore has to react more agressively to compensate fluctuations of temperature

in the interior part of the domain. The approximate kernel given by G0(R2 +

s, R2 − s), which is (2.4.30) is also shown, and it can be seen that it is an excellent

approximation. Fig. 2.3 is an open loop simulation of temperature, which grows

very positive or very negative, depending on the angle, eventually becoming too

large for further computations. In Fig. 2.4 closed loop simulations of the plant are

shown in physical variables (velocity and temperature) showing how they reach

the equilibrium state quickly, staying there afterwards. The magnitude of heat

flux control is also shown, while the velocity actuation can be seen just looking

at the r = R2 section in the velocity plot, which is the outer cylinder rotation

imposed by the control law. There is an initial, apparently instantaneous change

in the velocity, which happens in a faster time scale than the evolution of the other
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variable, a typical behavior of singularly perturbed systems; since the boundary

layer system is exponentially stable, once the control is set, the velocity goes very

fast to the quasi-steady state and remains there for the rest of time. Fig. 2.5

provides a detail of this initial evolution. As can be seen, the only jump in velocity

is located in the outer boundary, since the (closed loop) boundary conditions are

not verified by the initial conditions and we do not consider actuator dynamics,

but this is not particularly unrealistic—the velocities considered are of the order

of milimeters per second.

This chapter is a partial reprint of the material as it appears in

R. Vazquez and M. Krstic, “Explicit integral operator feedback for local stabiliza-

tion of nonlinear thermal convection loop PDEs,” Systems and Control Letters,

vol. 55, pp. 624–632, 2006.

The dissertation author was the primary author and the coauthor listed in this

publication directed and supervised the research, which is the basis for this chap-

ter.
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Figure 2.4: Closed-loop simulation. a) temperature at radius r = 0.37 m.
b) temperature at radius r = 0.38 m. c) velocity d) temperature control effort.
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Chapter 3

Boundary Estimation for

Output-Feedback Stabilization of

a Thermal-Fluid Convection Loop

3.1 Introduction

In this chapter we consider the problem of designing an output feedback

controller for the thermal fluid convection loop presented in Chapter 2.

Instead of using the direct approach of Chapter 2 (which will make the

design problem technically difficult), we first reduce the complexity of the plant

by showing that the temperature can be decomposed into two new independent

variables. This allows us to express the system as the combination of two sepa-

rate subsystem, which are stabilized separately. One of the subsystems is easily

tractable and a Lyapunov method is used for obtaining an explicit output feed-

back stabilizing law. For the other subsystem we design a full state control law

and an observer using singular perturbations and the dual PDE backstepping con-

trol/observer design methods [101, 102]. The observer is then used to obtain esti-

mates for the control law. The design method is as in Chapter 2 and allows us to

obtain explicit control and output injection gains.

24
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Thus we obtain an output feedback control law, which is shown to stabi-

lize the linearized closed loop system. As in Chapter 2, this is proved for a large

enough Prandtl number and the theoretical result is supported by a numerical

study.

3.2 Problem Statement

We start from the nondimensional linearized model of Section 2.2, which is

given by (2.2.7)–(2.2.8) with boundary conditions (2.2.5)–(2.2.6). Our objective is

to design stabilizing output feedback laws for V and Γ, the nondimensional velocity

and temperature control, assuming that measurements of vr(r) (proportional to

skin friction) and τ(r, θ) are available only for r = R2.

3.3 System Decomposition

Defining new variables

u(t, r) =
1

π

∫ 2π

0

τ(t, r, θ) cos θdθ, (3.3.1)

U(t) =
1

π

∫ 2π

0

Γ(t, θ) cos θdθ, (3.3.2)

and letting ζ = τ − u cos θ and Υ = Γ−U cos θ, we can write the plant in (v, u, ζ)

variables as

εvt = πA1u−
v

r2
+
vr
r

+ vrr, (3.3.3)

ut = A2v −
u

r2
+
ur
r

+ urr, (3.3.4)

ζt =
ζθθ
r2

+
ζr
r

+ ζrr, (3.3.5)
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with boundary conditions

v(t, R1) = 0, v(t, R2) = V (t), (3.3.6)

ur(t, R1) = 0, ur(t, R2) = U(t), (3.3.7)

ζr(t, R1, θ) = 0, ζr(t, R2, θ) = Υ(t). (3.3.8)

Remark 3.1. The variable u is the first cosine coefficient of the Fourier series

of the periodic variable τ whereas ζ contains the remaining periodic components.

The variable ζ verifies∫ 2π

0

ζ cos θdθ =

∫ 2π

0

τ cos θdθ − πu = 0, (3.3.9)

and therefore is orthogonal (in the L2(0, 2π) sense) to u cos θ. Hence, both u and

ζ are independent and needed to recover τ .

Our design task is to find output feedback control laws Υ, V and U

such that the equilibrium profile ζ ≡ v ≡ u ≡ 0 is exponentially stable. For the

statement of stability, we define the norms

‖f‖2
L2

θ
=

∫ 2π

0

∫ R2

R1

f(r, θ)2rdrdθ, (3.3.10)

‖f‖2
H1

θ
= ‖f‖2

L2
θ
+ ‖fr‖2

L2
θ
+ ‖fθ

r
‖2
L2

θ
, (3.3.11)

for functions f that depend both on angle θ and radius r, and

‖f‖2
L2 =

∫ R2

R1

f(r)2rdrdθ, (3.3.12)

‖f‖2
H1 = ‖f‖2

L2 + ‖fr‖2
L2 , (3.3.13)

for functions f only depending on the radius.

Remark 3.2. Lemma 3.7 (see Section 3.8) shows that the L2 and H1 norms of τ

can be written as a combination of the same norms of u and ζ . Hence, exponential

stability in the L2 norm (resp. H1 norm) of the origin for both ζ and u is equivalent

to exponential stability of the origin in the L2 norm (resp. H1 norm) of τ .
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Thus, we study stability in the (v, u, ζ) system of equations (3.3.3)–

(3.3.5). This system can be decomposed in two subsystem, the ζ subsystem with

control law Υ, and the (v, u) subsystem with control laws V, U . Both subsystem

are not coupled so we analyze and control them independently.

3.4 Stabilization of ζ Subsystem

For Υ we set the following output feedback law

Υ = −q0ζ(R2, θ), (3.4.14)

where q0 = 1
2(R2−R1)

. Then, we get the following stability property (see Section 3.8

for the proof).

Proposition 3.3. Consider (3.3.5) with boundary conditions (3.3.8) and control

law (3.4.14). Then, the equilibrium ζ ≡ 0 is exponentially stable in the H1 norm,

i.e., there exists C1, c1 > 0 s.t.

‖ζ(t)‖H1
θ
≤ C1e

−c1t‖ζ(0)‖H1
θ
. (3.4.15)

3.5 Stabilization of (v, u) Subsystem

In dealing with the (v, u) subsystem we follow a similar strategy to Chap-

ter 2, but also adding an observer for state estimation.

First, we eliminate the convective term (vr for (3.3.3) and ur for (3.3.4).

Define v̌ = v
√
r, ǔ = u

√
r. Then v̌ and ǔ verify

εv̌t = πA1ǔ− λ(r)v̌ + v̌rr, (3.5.16)

ǔt = A2v̌ − λ(r)ǔ+ ǔrr, (3.5.17)

and boundary conditions

v̌(R1) = 0, v̌(R2) = V̌ , (3.5.18)

ǔr(R1) =
ǔ(R1)

2R1
, ǔr(R2) = Ǔ , (3.5.19)
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where λ(r) = 3
4r2

, V̌ =
√
R2V , Ǔ = ǔ(R2)

2R2
+
√
R2U . We drop checks in the sequel

for simplicity.

3.5.1 Control Design

First we design full state feedback laws V and U . As in Chapter 2 we

assume that the parameter ε is small enough so we can use singular perturbation

theory [70].

Quasi-steady-state

The first step is to compute the quasi-steady-state (QSS) by setting ε = 0

in Equation (3.5.16). Then, the QSS is the solution of the linear ODE

vrr − λ(r)v + πA1u(r) = 0, (3.5.20)

with boundary conditions v(R1) = 0, v(R2) = V . The solution is

v =

∫ r

R1

f(r, s)u(s)ds− fR(r)

(∫ R2

R1

f(R2, s)u(s)ds− V (r)

)
, (3.5.21)

where

f(r, s) = −πA1

2

r2 − s2

√
rs

, (3.5.22)

fR(r) =
r2 −R2

1

R2
2 −R2

1

√
R2

r
. (3.5.23)

The velocity control V appears inside (3.5.21). We use it to put the QSS in strict-

feedback form [71], by eliminating the non-strict-feedback integral in the second

line of (3.5.21), so we can use the backstepping method for strict-feedback parabolic

PDE’s [101]. For that, set

V =

∫ R2

R1

f(R2, s)u(s)ds, (3.5.24)

then the QSS is

v =

∫ r

R1

f(r, s)u(s)ds. (3.5.25)
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Reduced model

The reduced model is obtained by plugging the QSS into Equation (3.5.16).

We get

ut = urr − λ(r)u+ A2

∫ r

R1

f(r, s)u(s)ds, (3.5.26)

ur(R1) =
u(R1)

2R1
, ur(R2) = U, (3.5.27)

an strict-feedback parabolic PIDE with reaction and integral terms. We apply

backstepping [101] to map (3.5.26)–(3.5.27) into the target system

wt = wrr − λ(r)w, (3.5.28)

wr(R1) =
w(R1)

2R1
, wr(R2) = 0, (3.5.29)

where the reaction term λ has been kept since it helps stability. The backstepping

transformation is defined as follows

w = u−
∫ r

R1

k∗(r, s)u(s)ds. (3.5.30)

We use k∗ to avoid confusions with the kernel k of Chapter 2. The kernel k∗(r, s)

is found to verify the following hyperbolic partial integro-differential equation in

the domain TR

k∗rr − k∗ss = (λ(r) − λ(s))k∗(r, s) − A2f(r, s)

+A2

∫ r

s

f(σ, s)k∗(r, σ)dσ, (3.5.31)

k∗(r, r) = 0, k∗s(r, R1) =
k∗(r, R1)

2R1

. (3.5.32)

If we substitute k∗ = πk̂ in (3.5.31)–(3.5.32), we obtain exactly (2.4.21)–(2.4.23).

Hence, k∗ = πk̂ and the approximate expression (2.4.30) gives also a explicit

formula for k∗. Using the kernel k, the control law U is found to be

U =

∫ R2

R1

k∗r(R2, s)u(s)ds. (3.5.33)

The same argument as in Section 2.5 proves that for sufficiently small ε, the control

laws V and U stabilize the system.
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3.5.2 Observer Design

Since control laws (3.5.24) and (3.5.33) require knowledge of the full state

of the system, we design an observer to estimate the state from the measurements

vr(R2) and u(R2). We postulate our observer as a copy of the plant with output

injection of measurement error, as follows

εv̂t = v̂rr − λ(r)v̂ + πA1û, (3.5.34)

ût = ûrr − λ(r)û+ A2v̂ + p1(r) (u(R2) − û(R2))

+p2(r) (vr(R2) − v̂r(R2)) , (3.5.35)

v̂(R1) = 0, v̂(R2) = V, (3.5.36)

ûr(R1) =
û(R1)

2R1
, (3.5.37)

ûr(R2) = U − p10 (u(R2) − û(R2)) , (3.5.38)

where hats denote estimated variables, and p1, p2 and p10 are output injection

gains, to be found. Defining the observer error variables as ṽ = v − v̂, ũ = u− û,

the observer error equations are

εṽt = ṽrr − λ(r)ṽ + πA1ũ, (3.5.39)

ũt = ũrr − λ(r)ũ+ A2ṽ − p1(r)ũ(R2) − p2(r)ṽr(R2), (3.5.40)

ṽ(R1) = ṽ(R2) = 0, (3.5.41)

ũr(R1) =
ũ(R1)

2R1

, ũr(R2) = p10ũ(R2). (3.5.42)

As in Section 3.5.1, we apply singular perturbation theory to design output injec-

tion gains p1, p2 and p10.

Quasi-steady-state

Setting ε = 0 in (3.5.39), the QSS is the solution of

ṽrr − λ(r)ṽ + πA1ũ = 0, (3.5.43)

with ṽ(R1) = ṽ(R2) = 0. The solution is

ṽ = −
∫ R2

r

f(r, s)ũ(s)ds+

∫ R2

R1

h(r, s)ũ(s)ds, (3.5.44)
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where

h(r, s) = fR(R2 +R1 − r)f(R1, s). (3.5.45)

Using the measurement vr(R2) to write the solution, the QSS is

ṽ = −
∫ R2

r

f(r, s)ũ(s)ds+ hR(r)vr(R2), (3.5.46)

where

hR(r) =
r2 − R2

2

2
√
R2r

. (3.5.47)

Note that we have written the QSS in terms of an “upper-triangular” rather than

a strict-feedback (“lower-triangular”) integral of the state ũ. This is necessary for

applying the backstepping observer design method for collocated systems [102],

which makes use of an upper-triangular transformation.

Reduced Model

Plugging (3.5.46) into (3.5.39) we get the reduced model for the observer

error, which is

ũt = ũrr − λ(r)ũ− A2

(∫ R2

r

f(r, s)ũ(s)ds− hR(r)vr(R2)

)
−p1(r)ũ(R2) − p2(r)ṽr(R2), (3.5.48)

Set p2(r) = A2hR(r). Then,

ũt = ũrr − λ(r)ũ− A2

∫ R2

r

f(r, s)ũ(s)ds− p1(r)ũ(R2), (3.5.49)

is a parabolic PDE equation in u with an upper-triangular integral term, and

boundary conditions

ũr(R1) =
ũ(R1)

2R1
, ũr(R2) = p10ũ(R2). (3.5.50)

Following the backstepping observer design method for collocated systems [102],

we apply an upper-triangular transformation,

ũ = w̃ −
∫ R2

r

p(r, s)w̃(s)ds, (3.5.51)
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where w̃ verifies

w̃t = w̃rr − λ(r)w̃, (3.5.52)

w̃r(R1) =
w̃(R1)

2R1

, w̃r(R2) = 0. (3.5.53)

The kernel p(r, s) is found to verify the following equation in the domain TR

pss − prr = (λ(s) − λ(r)) p + A2f(r, s) −A2

∫ s

r

f(r, σ)p(σ, s)dσ (3.5.54)

pr(R1, s) =
p(R1, s)

2R1
, p(r, r) = 0. (3.5.55)

From the kernel p the output injection gains in (3.5.49) and (3.5.50) are found to

be p1 = −pr(r, R2) and p10 = 0.

Defining š = r, ř = s and p̌(ř, š) = p(r, s), the kernel p̌ verifies

p̌řř − p̌ss = (λ(ř) − λ(š)) p̌+ A2f(š, ř) − A2

∫ ř

š

f(š, σ)p̌(ř, σ)dσ, (3.5.56)

p̌š(ř, R1) =
p̌(ř, R1)

2R1
, p̌(ř, ř) = 0. (3.5.57)

Since f(r, s) = −f(s, r), equations (3.5.56)–(3.5.57) are the same as equations

(3.5.31)–(3.5.32), verified by k. Hence, it follows that (3.5.56)–(3.5.57) is well-

posed and p(r, s) = k∗(s, r), so that p1(r) = −k∗s(R2, r). Equation (2.4.30) gives

then an explicit expression for the output injection gain p1.

3.5.3 Output feedback controller

Combining the results of Sections 3.5.1 and 3.5.2, we get the following

output feedback controller:

V =

∫ R2

R1

f(R2, s)û(s)ds, (3.5.58)

U =

∫ R2

R1

k∗r(R2, s)û(s)ds, (3.5.59)
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where the estimate û(r) is obtained from

εv̂t = v̂rr − λ(r)v̂ + πA1û, (3.5.60)

ût = ûrr − λ(r)û+ A2v̂ − k∗s(R2, r) (u(R2) − û(R2))

+A2hR(r) (vr(R2) − v̂r(R2)) , (3.5.61)

v̂(R1) = 0, v̂(R2) = V, (3.5.62)

ûr(R1) =
û(R1)

2R1
, ûr(R2) = U. (3.5.63)

The backstepping method [101, 102] guarantees that the output feedback control

laws stabilize the reduced model (3.5.26), thus stabilizing the system when ε = 0.

3.5.4 Singular perturbation analysis for small ε

Assume that ε is small but nonzero. Since u = û + ũ and v = v̂ + ṽ, we

show stability of the (u, v) system by proving stability in the (v̂, ṽ, û, ũ) coordinates.

We begin stating the following proposition regarding (ṽ, ũ) (see Section 3.8 for the

proof).

Proposition 3.4. Consider equations (3.5.39)–(3.5.40) with boundary conditions

(3.5.41)–(3.5.42). Then, there exists ε∗ such that if ε ∈ (0, ε∗), the equilibrium

ũ ≡ ṽ ≡ 0 is exponentially stable in the H1 norm, i.e., there exists C2, c2 > 0 s.t.

‖ṽ(t)‖H1 + ‖ũ(t)‖H1 ≤ C2e
−c2t (‖ṽ(0)‖H1 + ‖ũ(0)‖H1) . (3.5.64)

Now we study the (v̂, û) subsystem, which verifies (3.5.34)–(3.5.35). Since

ṽr(R2) and ũ(R2) feed into (3.5.35), it is not possible to obtain stability for (v̂, û)

alone; rather, the whole (v̂, ṽ, û, ũ) subsystem has to be considered. We get the

following result.

Proposition 3.5. Consider equations (3.5.34)–(3.5.35) and (3.5.39)–(3.5.40),

with boundary conditions (3.5.36)–(3.5.38) and (3.5.41)–(3.5.42), and control laws

(3.5.58)–(3.5.59). Then, there exists ε∗ such that if ε ∈ (0, ε∗), the equilibrium
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û ≡ v̂ ≡ ũ ≡ ṽ ≡ 0 is exponentially stable in the H1 norm, i.e., there exists

C3, c3 > 0 s.t.

‖v̂(t)‖H1 + ‖û(t)‖H1 + ‖ṽ(t)‖H1 + ‖ũ(t)‖H1

≤ C3e
−c3t (‖v̂(0)‖H1 + ‖û(0)‖H1‖ṽ(0)‖H1 + ‖ũ(0)‖H1) . (3.5.65)

We skip the proof of Proposition 3.5, since it follows exactly the same

lines as the proof of Proposition 3.4 (see Section 3.8); using the same argument, the

(v̂, û) system can be proven exponentially stable in the H1 norm when ṽ ≡ ũ ≡ 0.

Since the (v̂, û) system is driven by ṽr(R2) and ũ(R2), using the estimates in the

proof of Proposition 3.4 the whole system is shown to be exponentially stable.

3.6 Main Result

Using the definition of Γ in terms of U and Υ, and writing the observer

equations in terms of the original measurements vr(R2) and τ(R2, θ), we get the

output feedback control laws for the entire system

V =

∫ R2

R1

f(R2, s)√
R2

û(s)ds, (3.6.66)

Γ =
cos θ

π

(
q0 +

1

2
√
R3

2

)∫ 2π

0

τ(t, R2, φ) cosφdφ− q0τ(t, R2, θ)

+ cos θ

∫ R2

R1

k∗r(R2, s)√
R2

û(s)ds, (3.6.67)

where

εv̂t = v̂rr − λ(r)v̂ + πA1û, (3.6.68)

ût = ûrr − λ(r)û+ A2v̂ − k∗s(R2, r)

(√
R2

π

∫ 2π

0

τ(t, R2, φ) cosφdφ− û(R2)

)

+A2hR(r)
(√

R2vr(R2) − v̂r(R2)
)
, (3.6.69)

v̂(R1) = 0, v̂(R2) =

∫ R2

R1

f(R2, s)û(s)ds, (3.6.70)

ûr(R1) =
û(R1)

2R1
, ûr(R2) =

∫ R2

R1

k∗r(R2, s)û(s)ds. (3.6.71)
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Figure 3.1: Control kernel k∗r(R2, r) (solid), observer output injection kernel
k∗s(R2, r) (dashed), and velocity control kernel f(R2, r) (dash-dotted).

From Propositions 3.3 and 3.5, Lemma 3.7 and Remark 3.2, we get the following

result.

Theorem 3.6. Consider system (2.2.7)–(2.2.8) with boundary conditions (2.2.5)–

(2.2.6) and output feedback control laws (3.6.66)–(3.6.71). Then, there exists ε∗ >

0 such that for ε ∈ (0, ε∗), the equilibrium v ≡ τ ≡ ṽ ≡ ũ ≡ 0 is exponentially

stable in the H1 norm, i.e., there exists C4, c4 > 0 s.t.

‖v(t)‖H1 + ‖τ(t)‖H1
θ

+ ‖ṽ(t)‖H1 + ‖ũ(t)‖H1

≤ C4e
−c4t

(
‖v(0)‖H1 + ‖τ(0)‖H1

θ
+ ‖ṽ(0)‖H1 + ‖ũ(0)‖H1

)
. (3.6.72)

3.7 Simulation Study

We use for simulation the same prototypical case that was shown open-

loop unstable in Chapter 2. Numerical computations are carried out using a spec-

tral method combined with the Crank-Nicholson method.

In Fig. 3.1 we show the shape of the kernels appearing in our control

law. Note that the temperature control kernel k∗r(R2, s) gives more weight in the
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control law to information near the inner boundary—as the boundary controller is

on the opposite side, it has to react more agressively to compensate fluctuations

of temperature in the interior part of the domain. This is also true for the velocity

control kernel f(R2, r) and velocity output injection gain hR(r) (which is not ex-

plicitly shown as hR(r) = f(R2, r)/πA1). The temperature output injection gain

k∗s(R2, s) is larger in the middle of the loop, where the states are somewhat more

difficult to estimate (near the boundaries some information is known a priori).

In Fig. 3.2 closed loop simulations of the plant perturbation variables

show how the states converge exponentially towards the equilibrium profile fairly

quickly. We also plot the observer error, that converges to zero. In Fig. 3.3 we

show the magnitude of the control law Γ.

3.8 Auxiliary Technical Results

In this section we prove some technical results that were used in the

chapter.

Lemma 3.7. For u and ζ defined as in Section 3.3, we have that

‖τ‖2
L2

θ
= π‖u‖2

L2 + ‖ζ‖2
L2

θ
, (3.8.73)

‖τ‖2
H1

θ
= π‖u‖2

H1 + π

∫ R2

R1

u2(t, r)

r2
rdr + ‖ζ‖2

H1
θ
, (3.8.74)

and the ‖τ‖H1
θ

norm is equivalent to the norm

‖u‖H1 + ‖ζ‖H1
θ
. (3.8.75)

Proof. Using (3.3.9), we get∫ 2π

0

∫ R2

R1

τ 2rdrdθ = π

∫ R2

R1

u2(t, r)rdr +

∫ 2π

0

∫ R2

R1

ζ2rdrdθ

+

∫ R2

R1

u(t, r)

∫ 2π

0

ζ cos θdθrdr

= π

∫ R2

R1

u2(t, r)rdr +

∫ 2π

0

∫ R2

R1

ζ2rdrdθ, (3.8.76)
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Figure 3.2: Closed loop simulation for the output feedback controller. a) temper-
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so (3.8.73) follows. Similarly, we have that∫ 2π

0

∫ R2

R1

τ 2
r rdrdθ = π

∫ R2

R1

u2
r(t, r)rdr +

∫ 2π

0

∫ R2

R1

ζ2
r rdrdθ

+

∫ R2

R1

ur(t, r)

∫ 2π

0

ζr cos θdθrdr

= π

∫ R2

R1

u2
r(t, r)rdr +

∫ 2π

0

∫ R2

R1

ζ2
r rdrdθ, (3.8.77)

and we also have that∫ 2π

0

∫ R2

R1

τ 2
θ

r2
rdrdθ = π

∫ R2

R1

u2(t, r)

r2
rdr +

∫ 2π

0

∫ R2

R1

ζ2
θ

r2
rdrdθ

−
∫ R2

R1

u(t, r)

∫ 2π

0

ζθ sin θdθrdr

= π

∫ R2

R1

u2(t, r)

r2
rdr +

∫ 2π

0

∫ R2

R1

ζ2
θ

r2
rdrdθ

+

∫ R2

R1

u(t, r)

∫ 2π

0

ζ cos θdθrdr

= π

∫ R2

R1

u2
r(t, r)rdr +

∫ 2π

0

∫ R2

R1

ζ2
r rdrdθ, (3.8.78)

so (3.8.74) follows. The norm equivalence follows from (3.8.74) and Poincare’s

inequality for u.

Proof of Proposition 3.3. Define

L =
1

2

∫ 2π

0

∫ R2

R1

(
ζ2
θ (r, θ)

r2
+ ζ2

r (r, θ) + ζ2(r, θ)

)
rdθdr

+
q0R2

2

∫ 2π

0

ζ2(R2, θ)dθ, (3.8.79)

then

dL

dt
= −

∫ 2π

0

∫ R2

R1

(
ζθθ
r2

+ ζrr +
ζr
r

)2

rdθdr

−
∫ 2π

0

∫ R2

R1

(
ζ2
θ

r2
+ ζ2

r

)
rdθdr

+

∫ 2π

0

R2ζr(R2, θ)ζ(R2, θ)dθ

≤ −DL (3.8.80)
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for someD > 0, where we have used (3.4.14), Poincare’s inequality as in Lemma 2.2

and the fact that R2 − R1 < 1. As L is equivalent to the H1
θ norm of ζ , H1

exponential stability follows.

Proof of Proposition 3.4. Define z̃ = ṽ − ṽss, where

ṽss = −
∫ R2

r

f(r, s)ũ(ξ)dξ +

∫ R2

R1

h(r, s)ũ(ξ)dξ, (3.8.81)

and define w̃ by the backstepping transformation (3.5.51). From (z̃, w̃) definitions

and the fact that the kernel of the transformation is C2, exponential stability in

(z̃, w̃) coordinates implies exponential stability for (ṽ, ũ). The observer error plant

in (z̃, w̃) coordinates is

εz̃t = z̃rr − λ(r)z̃ − ε(ṽss)t, (3.8.82)

w̃t = w̃rr − λ(r)w̃ + A2z̃ −A2p2(r)z̃r(R2), (3.8.83)

z̃(R1) = z̃(R2) = 0, (3.8.84)

w̃r(R1) =
w̃(R1)

2R1

, w̃r(R2) = 0. (3.8.85)

In (3.8.82) we need to express (ṽss)t in terms of z and w. First, we write

ṽss =

∫ R2

r

f̃(r, s)w̃(s)ds+

∫ R2

R1

h̃(r, s)w̃(s)ds, (3.8.86)

where

f̃(r, s) = −f(r, s) +

∫ R2

r

f(r, σ)p(σ, s)dσ, (3.8.87)

h̃(r, s) = h(r, s) −
∫ R2

R1

h(r, σ)p(σ, s)dσ. (3.8.88)

Then, using (3.8.83),

(ṽss)t =

∫ R2

r

(
f̃ss(r, s) − f̃(r, s)λ(s)

)
w(s)ds+

∫ R2

R1

(
h̃ss(r, s) − h̃(r, s)λ(s)

)

×w(s)ds− (f̃s(r, R2) + h̃s(r, R2))w(R2) − A2zr(R2)

(∫ R2

r

f̃(r, s)p2(s)ds

+

∫ R2

R1

h̃(r, s)p2(s)ds

)
+
(
h̃s(r, R1) − qh̃(r, R1)

)
w(R1) + f̃s(r, r)w(r)

+A2

∫ R2

r

f̃(r, s)z(s)ds+ A2

∫ R2

R1

h̃(r, s)z(s)ds. (3.8.89)
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Define the Lyapunov functions

L1 =
1

2

∫ R2

R1

(
z̃2
r + 3

z̃2

R2
1

)
dr, (3.8.90)

L2 =
1

2

∫ R2

R1

(
w̃2
r + 3

w̃2

R2
1

)
dr +

w̃(R1)
2

4R1
, (3.8.91)

which are equivalent, using Poincare’s inequality, to the H1 norms of z̃ and w̃,

respectively. Then

dL1

dt
= −1

ε

∫ R2

R1

(
ẑ2
rr +

(
λ+

3

R2
1

)
ẑ2
r + 3

λẑ2

R2
1

)
dr

+
1

ε

∫ R2

R1

λ′′(r)

2
ẑ2dr +

∫ R2

R1

(
−ẑrr + 3

ẑ

R2
1

)
(ṽss)tdr

≤ −D1

ε

∫ R2

R1

(
ẑ2
rr + ẑ2

r + 3
z̃2

R2
1

)
dr

+D2

∫ R2

R1

(
ẑ2
rr + ẑ2

r + w2
r + w2

)
dr, (3.8.92)

where D1 and D2 are positive, and where we have used that λ′′(r) ≤ 3λ(r)/R2
1, and

Poincare’s and Young’s inequality to bound all the terms from (vss)t. Similarly,

dL2

dt
= −

∫ R2

R1

(
ŵ2
rr +

(
λ+

3

R2
1

)
ŵ2
r + 3

λŵ2

R2
1

)
dr +

∫ R2

R1

λ′′(r)

2
ŵ2dr

+
ŵ(R1)ŵt(R1)

2R1
− ŵr(R1)ŵt(R1) −

(
λ(R1) +

3

R2
1

)
× ŵr(R1)ŵ(R1)

+
λ′(R1)

2
ŵ(R1)

2 +

∫ R2

R1

(
−ŵrr + 3

ŵ

R2
1

)
A2 (z̃ − p2(r)z̃r(R2)) dr

≤ −D3

(∫ R2

R1

(
ŵ2
rr + ŵ2

r + 3
w̃2

R2
1

)
dr +

ŵ(R1)
2

4R1

)

+D4

∫ R2

R1

(
ẑ2
rr + ẑ2

r

)
dr. (3.8.93)

Setting L3 = L1 +D5L2, and using Poincare’s inequality, it follows that for some

positive (and possibly large) D5, there exists ε∗ such that for ε ∈ (0, ε∗), one has

that
dL3

dt
≤ −D6L3, (3.8.94)

from which exponential stability is obtained.
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Chapter 4

Boundary Stabilization of 2-D

Navier-Stokes Channel Flow

4.1 Introduction

We present an explicit boundary control law which stabilizes the bench-

mark 2-D linearized Navier-Stokes channel flow. Despite the deceptive simplic-

ity of the geometry, there is a number of complex issues underlying this prob-

lem [63,66,89,95], making it extremely hard to solve. The fact that the channel is

unbounded further complicates the problem [105].

Optimal control has so far been the most successful technique for ad-

dressing channel flow stabilization [63], in a periodic setting, by using a discretized

version of the equations and employing high-dimensional algebraic Riccati equa-

tions for computation of gains. The computational complexity of this approach

is formidable if a very fine grid is necessary in the discretizations, for example if

the Reynolds number is very large. Using a Lyapunov/passivity approach, another

control design [1,10] was developed for stabilization of the (periodic) channel flow;

the design was simple and explicit and did not rely on discretization or lineariza-

tion, but its theory was restricted to low Reynolds numbers though in simulations

the approach was successful at high Reynolds numbers, above the linear instabil-

42
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ity threshold. Other works make use of nonlinear model reduction techniques to

solve the problem, though they employ in-domain actuation [6, 7, 9]. Boundary

controllers using spectral decomposition and pole-placement methods have been

developed, using normal actuation [15] or tangential actuation in an arbitrarily

small subset of the walls [110].

The approach we present in this chapter is the first result that provides

an explicit control law (with symbolically computed gains) for stabilization at an

arbitrarily high Reynolds number in non-discretized linearized Navier-Stokes equa-

tions. Thanks to the explicitness of the controller, we are able to obtain approxi-

mate analytical solutions for the linearized Navier-Stokes equations. Exponential

stability in the L2, H1 and H2 norms is proved for the linearized system. We also

justify the well-posedness of the system.

The main idea of our design is to use a Fourier transform, which allows

separate analysis for each wave number. For certain wave numbers, a normal

velocity controller puts the system into a form where a backstepping transforms

the original normal velocity PDE into a stable heat equation. The rest of wave

numbers are proved to be open loop exponentially stable, and left uncontrolled.

These two results are combined to prove stability of the closed loop system for all

wave numbers and in physical space.

4.2 Model

We consider a 2-D channel flow, also called Poiseuille flow [18]. This flow

consists of an incompressible fluid between two parallel infinite plates separated

from each other by a distance Lp and subject to a pressure gradient ∇P parallel

to the plates. Denote Uc as the maximum centerline velocity of the Poiseuille

flow (determined by ∇P ), ρ and ν respectively as the density and the kinematic

viscosity of the fluid, and the Reynolds number Re = UcLp/ν. Define Uc, Lp,

Lp/Uc and ρνUc/Lp as velocity, length, time and pressure scales respectively, and
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set nondimensional spatial coordinates (x, y) where x is the streamwise direction

(parallel and opposite to the pressure gradient) and y the wall normal direction,

so that (x, y) are in a semi-infinite rectangle, (x, y) ∈ Ω = (−∞,∞) × [0, 1] as

shown in Figure 4.1. Assuming that the flow is two dimensional, the velocity field

is determined by the dimensionless incompressible 2-D Navier-Stokes equations

which are the following:

Ut =
1

Re
(Uxx + Uyy) − UUx − V Uy − Px , (4.2.1)

Vt =
1

Re
(Vxx + Vyy) − UVx − V Vy − Py , (4.2.2)

and the continuity equation

Ux + Vy = 0, (4.2.3)

where U , V and P denote respectively the nondimensional streamwise velocity,

wall-normal velocity, and pressure. The boundary conditions for the velocity field

are the no-penetration, no-slip boundary conditions for the uncontrolled case, i.e.,

V (x, 0) = V (x, 1) = U(x, 0) = U(x, 1) = 0. (4.2.4)

Instead of using (4.2.3) we can derive a Poisson for P , by combining (4.2.1), (4.2.2)

and (4.2.3),

Pxx + Pyy = −2(Vy)
2 − 2VxUy, (4.2.5)

with boundary conditions

Py(x, 0) =
Vyy(x, 0)

Re
, Py(x, 1) =

Vyy(x, 1)

Re
, (4.2.6)

which are obtained evaluating (4.2.2) at y = 0, 1.

The equilibrium solution of (4.2.1)–(4.2.4) with unity centerline velocity

is the parabolic Poiseuille profile

Ue = 4y(1 − y), (4.2.7)

V e = 0, (4.2.8)

P e = P0 −
8

Re
x, (4.2.9)



45

y = 0

y = 1

x

y
U(y)

Figure 4.1: 2-D channel flow and equilibrium profile. Actuation is on the top wall.

shown in Figure 4.1. This equilibrium is unstable for high Reynolds numbers [95],

even though the non-normality of the problem [89] may lead to large transient

growth and enable a transition to turbulence at substantially smaller Reynolds

number. Defining the fluctuation variables u = U − Ue and p = P − P e, and

linearizing around the equilibrium profile (4.2.7)–(4.2.9), the plant equations are

ut =
1

Re
(uxx + uyy) + 4y(y − 1)ux + 4(2y − 1)V − px, (4.2.10)

Vt =
1

Re
(Vxx + Vyy) + 4y(y − 1)Vx − py, (4.2.11)

pxx + pyy = 8(2y − 1)Vx, (4.2.12)

with boundary conditions

u(x, 0) = 0, (4.2.13)

u(x, 1) = Uc(x), (4.2.14)

V (x, 0) = 0, (4.2.15)

V (x, 1) = Vc(x), (4.2.16)

py(x, 0) =
Vyy(x, 0)

Re
, (4.2.17)

py(x, 1) =
Vyy(x, 1) + (Vc)xx(x)

Re
− (Vc)t(x). (4.2.18)

The continuity equation is still verified

ux + Vy = 0. (4.2.19)
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We have added in (4.2.14) and (4.2.16) the actuation variables Uc(x) and Vc(x),

respectively for streamwise and normal velocity boundary control. The actuators

are placed along the top wall, y = 1, and we assume they can be independently

actuated for all x ∈ R. No actuation is done inside the channel or at the bottom

wall.

Taking Laplacian in equation (4.2.11) and using (4.2.12), we get an au-

tonomous equation for the normal velocity, the well-known Orr-Sommerfeld equa-

tion,

�Vt =
1

Re
�2V + 4y(y − 1)�Vx − 8Vx, (4.2.20)

with boundary conditions (4.2.15)–(4.2.16), as well as Vy(x, 0) = 0, Vy(x, 1) =

−(Uc)x, derived from (4.2.13)–(4.2.14) and (4.2.19). This equation is numerically

studied in hydrodynamic theory to determine stability of the channel flow [89].

Defining Y = −Vy and using the Fourier transform, it is possible to

partially solve (4.2.20) and obtain an evolution equation for Y ,

Yt =
1

Re
(Yxx + Yyy) + 4y(y − 1)Yx +

∫ y

0

∫ ∞

−∞
Y (ξ, η)

∫ ∞

−∞
16πke2πik(x−ξ)

× [πk(2y − 1) − 2 sinh (2πk(y − η)) 2πk(2η − 1) cosh (2πk(y − η))] dkdξdη

+

∫ 1

0

∫ ∞

−∞
Y (ξ, η)

∫ ∞

−∞
32πke2πik(x−ξ) cosh (2πky)

sinh (2πk)
[cosh (2πk(1 − η))

+πk(2η − 1) sinh (2πk(1 − η))] dkdξdη

+

∫ ∞

−∞

∫ ∞

−∞

(
Yy(ξ, 1) − (Vc)xx(ξ)

Re
+ (Vc)t(ξ)

)
2πke2πik(x−ξ) cosh (2πky)

sinh (2πk)
dkdξ

−
∫ ∞

−∞

∫ ∞

−∞

Yy(ξ, 0)

Re
2πke2πik(x−ξ) cosh (2πk(1 − y))

sinh (2πk)
dkdξ, (4.2.21)

with boundary conditions Yy(x, 0) = 0 and Y (x, 1) = (Uc)x. Equation (4.2.21) gov-

erns the channel flow, since from Y and using (4.2.19), we recover both components

of the velocity field:

V (x, y) = −
∫ y

0

Y (x, η)dη, (4.2.22)

u(x, y) =

∫ x

−∞
Y (ξ, y)dξ. (4.2.23)
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Equation (4.2.21) displays the full complexity of the Navier-Stokes dy-

namics, which the PDE system (4.2.10)–(4.2.12) conceals through the presence

of the pressure equation (4.2.12), and the Orr-Sommerfeld equation (4.2.20) con-

ceals through the use of fourth order derivatives. Besides being unstable (for high

Reynolds numbers), the Y system incorporates (on its right-hand side) the com-

ponents of Y (x, y) from everywhere in the domain. This is the main source of

difficulty for both controlling and solving the Navier-Stokes equations. A pertur-

bation somewhere in the flow is instantaneously felt everywhere—a consequence of

the incompressible nature of the flow. Our approach to overcoming this obstacle

is to use one of the two control variables (normal velocity Vc(x), which is incor-

porated explicitly inside the equation) to prevent perturbations from propagating

in the direction from the controlled boundary towards the uncontrolled boundary.

This is a sort of “spatial causality” on y, which in the nonlinear control literature

is referred to as the ‘strict-feedback structure’ [71].

4.3 Controller

The explicit control law consists of two parts—the normal velocity con-

troller Vc(x) and the streamwise velocity controller Uc(x). Vc(x) makes the integral

operator in the third to fifth lines of (4.2.21) spatially causal in y,1 which is a nec-

essary structure for the application of a “backstepping” boundary controller for

stabilization of spatially causal partial integro-differential equations [101]. Uc(x)

is a backstepping controller which stabilizes the spatially causal structure imposed

by Vc(x). The expressions for the control laws are

Uc(t, x) =

∫ 1

0

∫ ∞

−∞
Qu(x− ξ, η)u(t, ξ, η)dξdη, (4.3.24)

Vc(t, x) = h(t, x), (4.3.25)

where h verifies the equation

ht = hxx + g(t, x), (4.3.26)

1The first, second and sixth lines are already spatially causal in y.
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where

g =

∫ 1

0

∫ ∞

−∞
QV (x− ξ, η)V (t, ξ, η)dξdη

+

∫ ∞

−∞
Q0(x− ξ) (uy(t, ξ, 0) − uy(t, ξ, 1))dξ, (4.3.27)

and the kernels Qu, QV and Q0 are defined as

Qu =

∫ ∞

−∞
χ(k)K(k, 1, η)e2πik(x−ξ)dk, (4.3.28)

QV =

∫ ∞

−∞
χ(k)16πki(2η − 1) cosh (2πk(1 − η)) e2πik(x−ξ)dk, (4.3.29)

Q0 =

∫ ∞

−∞
χ(k)

2πki

Re
e2πik(x−ξ)dk. (4.3.30)

In expressions (4.3.28)–(4.3.30), χ(k) is a truncating function in the wave

number space whose definition is

χ(k) =


 1, m < |k| < M

0, otherwise
(4.3.31)

where m and M are respectively the low and high cut-off wave numbers, two design

parameters which can be conservatively chosen asm ≤ 1
32πRe

andM ≥ 1
π

√
Re
2

. The

function K(k, y, η) appearing in (4.3.28) is a (complex valued) gain kernel defined

as

K(k, y, η) = lim
n→∞

Kn(k, y, η), (4.3.32)

where Kn is recursively defined as 2

K0 = −2πk
cosh (2πk(1 − y + η)) − cosh (2πk(y − η))

sinh (2πk)

+4iReη(η − 1) sinh (2πk(y − η))

−Re
3
πikη

(
21y2 − 6y(3 + 4η) + η(12 + 7η)

)
−6ηi

Re

πk
(1 − cosh (2πk(y − η))) (4.3.33)

Kn = Kn−1 − 4πkiRe

∫ y+η

y−η

∫ y−η

0

∫ δ

−δ

{
sinh (πk(ξ + δ))

πk
− (2ξ − 1)

2This infinite sequence is convergent, smooth, and uniformly bounded over (y, η) ∈ [0, 1]2, and analytic
in k. See Proposition 4.8 for details.



49

+2(γ − δ − 1) cosh (πk(ξ + δ))

}
Kn−1

(
k,
γ + δ

2
,
γ + ξ

2

)
dξdδdγ

+
Re

2
πik

∫ y+η

y−η

∫ y−η

0

(γ − δ)(γ − δ − 2)Kn−1

(
k,
γ + δ

2
,
γ − δ

2

)
dδdγ

+2πk

∫ y−η

0

cosh (2πk(1 − δ)) − cosh (2πkδ)

sinh (2πk)

×Kn−1 (k, y − η, δ) dδ. (4.3.34)

The terms of this series can be computed symbolically as they only involve in-

tegration of polynomials and exponentials. In implementation, a few terms are

sufficient to obtain a highly accurate approximation because the series is rapidly

convergent [101].

Formulas (4.3.24)–(4.3.34) constitute the complet statement of our feed-

back law. Their mathematical validity is established in Theorem 4.4 and Proposi-

tion 4.8.

Remark 4.1. (4.3.25) is a dynamic controller whose magnitude is determined

by the variable h(t, x), which evolves according to (4.3.26). The initial condition

h(0, x) must verify the compatibility condition for the plant to be well-posed. This

amounts to setting h(0, x) ≡ V (0, 1, x).

Remark 4.2. Control kernels (4.3.29) and (4.3.30) can be explicitly expressed as

QV (ξ, η) = 8(2η − 1)
RV (ξ, η,M) − RV (ξ, η,m)

ξ2 + (1 − η)2
(4.3.35)

Q0(ξ, η) =
R0(ξ, η,M) − R0(ξ, η,m)

Re ξ
, (4.3.36)

where RV (ξ, η, k) and R0(ξ, η, k) are defined

RV =
((1 − η)2− ξ2)sin(2πkξ)cosh(2πk(1 − η))

π(ξ2 + (1 − η)2)

+2kξ cos (2πkξ) cosh (2πk(1 − η))

−2ξ(1 − η) cos (2πkξ) sinh (2πk(1 − η))

π(ξ2 + (1 − η)2)

−2k(1 − η) sin(2πkξ) sinh(2πk(1 − η)) (4.3.37)

R0 = 2k cos (2πkξ) − sin (πkξ)

2πξ
. (4.3.38)
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Using the explicit formulae in (4.3.35)–(4.3.38) and approximating the

kernel K by K0 from (4.3.33), we compute the kernels Qu, QV and Q0 in (4.3.29)–

(4.3.30) and show them in Fig. 4.2. The kernels are computed for the case of low

Reynolds numbers, for which it holds that K ≈ K0; for large Reynolds numbers,

the kernel QV does not change (since it does not depend on Re), while Q0 will be

smaller and Qu larger, with a qualitatively similar shape. The most visible feature

of the kernels is their spatial decay for increasing values of the argument |x − ξ|;

this property, which we formalize in Theorem 4.4, allows to truncate the integrals

with respect to ξ to the vicinity of x, which allows sensing to be restricted just to

a neighborhood (in the x direction) of the actuator. Note also that, for Qu and

especially for QV , information about the states close to the uncontrolled end (and

thus far away from the actuators and harder to stabilize) is given more weight in

the control law, as one would expect from common sense.

4.4 Main Results

Due to the explicit form of the controller, the solution of the closed loop

system is also obtained in the explicit form,

u(t, x, y) = u∗(t, x, y) + εu(t, x, y), (4.4.39)

V (t, x, y) = V ∗(t, x, y) + εV (t, x, y), (4.4.40)

where

u∗ = 2
∞∑
j=1

∫ ∞

−∞

∫ ∞

−∞
χ(k)e−t

4k2π2+π2j2

Re
+2πik(x−ξ)

×
[
sin (πjy) +

∫ y

0

L(k, y, η) sin (πjη) dη

]

×
∫ 1

0

[
sin (πjη) −

∫ 1

η

K(k, σ, η) sin (πjσ) dσ

]
×u(0, ξ, η)dηdξdk , (4.4.41)

V ∗ = −2

∞∑
j=1

∫ ∞

−∞

∫ ∞

−∞
χ(k)e−t

4k2π2+π2j2

Re
+2πik(x−ξ)
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right) and Q0(x− ξ) (bottom).
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×
[ ∫ y

0

(∫ y

η

L(k, σ, η)dσ

)
sin (πjη) dη

+
1 − cos (πjy)

πj

] ∫ 1

0

[
πj cos (πjη)

+K(k, η, η) sin (πjη) −
∫ 1

η

Kη(k, σ, η)

× sin (πjσ) dσ

]
V (0, ξ, η)dηdξdk. (4.4.42)

The variables εu(t, x, y) and εV (t, x, y) represent the error of approxima-

tion of the velocity field and are bounded in the following way

||εu(t)||2L2 + ||εV (t)||2L2 ≤ e−
1

4Re
t
(
||εu(0)||2L2 + ||εV (0)||2L2

)
, (4.4.43)

where both εu(0, x, y) and εV (0, x, y) can be written in terms of the initial condi-

tions of the velocity field as

εu(0, x, y) = u(0, x, y)−
∫ ∞

−∞

sin (2πMξ) − sin (2πmξ)

πξ

×u(0, x− ξ, y)dξ, (4.4.44)

εV (0, x, y) = V (0, x, y) −
∫ ∞

−∞

sin (2πMξ) − sin (2πmξ)

πξ

×V (0, x− ξ, y)dξ, (4.4.45)

The bound on the errors is proportional to the initial kinetic energy of εu and εV ,

which, as made explicit in the expressions (4.4.44)–(4.4.45), is in turn proportional

to the kinetic energy of u and V at very small and very large length scales (the

integral that we are substacting from the initial conditions represents the inter-

mediate length scale content), and decays exponentially. Therefore, this initial

energy will typically be a very small fraction of the overall kinetic energy, making

the errors εu and εV very small in comparison with u∗ and V ∗ respectively.

The kernel L in (4.4.42) is defined as a convergent, smooth sequence of

fuctions

L(k, y, η) = lim
n→∞

Ln(k, y, η), (4.4.46)
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whose terms are recursively defined as

L0 = K0, (4.4.47)

Ln = Ln−1 + 4iRe

∫ y+η

y−η

∫ y−η

0

∫ δ

−δ
{2πk(γ + ξ − 1) cosh (πk(ξ − δ))

+ sinh (πk(ξ − δ)) − πk(2δ − 1)}Ln−1

(
k,
γ + ξ

2
,
γ − δ

2

)
dξdδdγ

−Re
2
πik

∫ y+η

y−η

∫ y−η

0

(γ + δ)(γ + δ − 2)

×Ln−1

(
k,
γ + δ

2
,
γ − δ

2

)
dδdγ . (4.4.48)

Control laws (4.3.24)–(4.3.34) guarantee the following results.

Theorem 4.3. Assume u0(x, y) and V0(x, y), initial conditions for u and V , belong

to H2(Ω) and that the following compatibility conditions3 are verified

∂

∂x
u0(x, y) +

∂

∂y
V0(x, y) = 0, (4.4.49)

u0(x, 1) =

∫ 1

0

∫ ∞

−∞
Qu(x− ξ, η)u0(ξ, η)dξdη, (4.4.50)

Then, the equilibrium u(x, y) ≡ V (x, y) ≡ 0 of system (4.2.10)–(4.2.18), with feed-

back law (4.3.24)–(4.3.34) where the function h(t, x) in (4.3.26) verifies the initial

condition h(0, x) = V0(x, 1), is exponentially stable in the L2, H1 and H2 norms.

Moreover, the solutions for u(t, x, y) and V (t, x, y) belong to L2 ((0,∞), H2(Ω))

and are given explicitly by (4.4.39)–(4.4.48).

Theorem 4.4. Under the same assumptions of Theorem 4.3, control laws Uc,

Vc and kernels Qu, QV , Q0, as defined by (4.3.24)–(4.3.34), have the following

properties:

i. Uc and Vc are spatially invariant in x.

ii.
∫∞
−∞ Vc(t, ξ)dξ = 0 (zero net flux).

iii. |Q| ≤ C/|x− ξ|, for Q = Qu, QV , Q0.

3The compatibility condition
R ∞
−∞ Vc(t, x)dx = 0 is automatically verified, see Theorem 4.4.
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iv. Uc and Vc are smooth functions of x.

v. Qu, QV , Q0 are real valued.

vi. Qu, QV , Q0 are smooth in their arguments.

vii. Uc and Vc are L2 functions of x.

viii. All spatial derivatives of Uc and Vc are L2 function of x.

Remark 4.5. By Sobolev’s Embedding Theorem [107], H2 stability suffices to es-

tablish continuity of the velocity field when the domain is bounded. The argument

is not applicable to the infinite channel, but it holds if the channel is periodic, a

setting for which our design extends trivially.

Remark 4.6. Theorem 4.4 ensures that the control laws are well behaved and

their formal definition makes sense. Property i, spatial invariance, means that

the feedback operators commute with translations in the x direction [12], which is

crucial for implementation. Property ii ensures that we do not violate the physical

restriction of zero net flux, which is derived from mass conservation. Property iii

allows to truncate the integrals with respect to ξ to the vicinity of x, which allows

sensing to be restricted just to a neighborhood (in the x direction) of the actuator.

Properties iv to vi ensure that the control laws are well defined. Properties vii

and viii prove finiteness of energy of the controllers and their spatial derivatives.

These properties are illustrated in Fig. 4.2, which show the decay and smoothness

of the kernels.

The next sections are devoted to proving these theorems. We first derive

a priori estimates; then we prove well-posedness in a direct way using explicit

closed-loop solutions.
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4.5 L2 stability

As common for infinite channels, we use a Fourier transform in x. The

transform pair (direct and inverse transform) has the following definition:

f(k, y) =

∫ ∞

−∞
f(x, y)e−2πikxdx, (4.5.51)

f(x, y) =

∫ ∞

−∞
f(k, y)e2πikxdk. (4.5.52)

Note that we use the same symbol f for both the original f(x, y) and the image

f(k, y). In hydrodynamics, k is referred to as the “wave number.”

One property of the Fourier transform is that the L2 norm is the same in

Fourier space as in physical space, i.e.,

||f ||2L2=

∫ 1

0

∫ ∞

−∞
f 2(k, y)dkdy=

∫ 1

0

∫ ∞

−∞
f 2(x, y)dxdy, (4.5.53)

allowing us to derive L2 exponential stability in physical space from the same prop-

erty in Fourier space. This result is called Parseval’s formula in the literature [28].

Remark 4.7. Given a state f , we define feedback operators that act on the state

for each wave number k. Calling the result of the operator Kf(k),

Kf(k) =

∫ 1

0

K(k, y)f(k, y)dy, (4.5.54)

where K is a kernel that is itself a function of k. Applying the inverse transform

we can write (4.5.54) in physical space

Kf(x) =

∫ 1

0

∫ ∞

−∞
K(k, y)f(k, y)e2πikxdkdy, (4.5.55)

or in terms of f in physical space

Kf(x) =

∫ ∞

−∞

∫ 1

0

(∫ ∞

−∞
K(k, y)e2πik(x−ξ)dk

)
f(ξ, y)dydξ. (4.5.56)

This is known as the Convolution Theorem. Supposing that f is an L2 function of

space, and thatK is bounded and has finite support in k, it follows that Expression

(4.5.56) makes sense and defines an L2 function in space.
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We also define the L2 norm of f(k, y) with respect to y:

||f(k)||2
L̂2 =

∫ 1

0

|f(k, y)|2dy. (4.5.57)

The L̂2 norm as a function of k is related to the L2 norm as

||f ||2L2 =

∫ ∞

−∞
||f(k)||2

L̂2dk (4.5.58)

Equations (4.2.10)–(4.2.12) written in the Fourier domain are

ut =
−4π2k2u+ uyy

Re
+ 8kπiy(y − 1)u

+4(2y − 1)V − 2πikp, (4.5.59)

Vt =
−4π2k2V + Vyy

Re
+ 8πkiy(y − 1)V − py, (4.5.60)

−4π2k2p + pyy = 16πki(2y − 1)V, (4.5.61)

with boundary conditions

u(k, 0) = 0, (4.5.62)

u(k, 1) = Uc(k), (4.5.63)

V (k, 0) = 0, (4.5.64)

V (k, 1) = Vc(k), (4.5.65)

py(k, 0) =
Vyy(k, 0)

Re
, (4.5.66)

py(k, 1) =
Vyy(k, 1) − 4π2k2Vc(k)

Re
− (Vc)t(k), (4.5.67)

and the continuity equation (4.2.19) is now

2πkiu(k, y) + Vy(k, y) = 0. (4.5.68)

Thanks to linearity and spatial invariance, there is no coupling between

different wave numbers. This allows us to consider the equations for each wave

number independently. Then, the main idea behind the design of the controller is

to consider two different cases depending on the wave number k. For wave numbers

m < |k| < M , which we will refer to as controlled wave numbers, we will design
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a backstepping controller that achieves stabilization, whereas for wave numbers in

the range |k| ≥ M or in the range |k| ≤ m, which we will call uncontrolled wave

numbers, the system is left without control but is exponentially stable. This is a

well-known fact from hydrodynamic stability theory [95].

Estimates of m and M are found in the Section 4.5.2 based on Lyapunov

analysis and allow us to use feedback for only the wave numbers m < |k| < M .

This is crucial because feedback over the entire infinite range of k’s would not be

convergent. The truncations at k = m,M are truncations in Fourier space which

do not result in a discontinuity in x.

We now analyze equations (4.5.59)–(4.5.61) in detail, for both controlled

and uncontrolled wave numbers.

4.5.1 Controlled wave numbers

For m < |k| < M we first solve (4.5.61) in order to eliminate the pres-

sure. The equation can be easily solved since it is just an ODE in y, for each k.

Introducing its solution into (4.5.59), we are left with

ut =
1

Re

(
−4π2k2u+ uyy

)
+ 8πkiy(y − 1)u+ 4(2y − 1)V

+16πk

∫ y

0

V (k, η)(2η − 1) sinh (2πk(y − η)) dη + i
cosh (2πk(1 − y))

sinh (2πk)

×Vyy(k, 0)

Re
− 16πk

cosh (2πky)

sinh (2πk)

∫ 1

0

V (k, η)(2η − 1) cosh (2πk(1 − η)) dη

−icosh (2πky)

sinh (2πk)

(
Vyy(k, 1) − 4π2k2Vc(k)

Re
− (Vc)t(k)

)
. (4.5.69)

We don’t need to separately write and control the V equation because, by the

continuity equation (4.5.68) and using the fact that V (k, 0) = 0, we can write V

in terms of u

V (k, y) =

∫ y

0

Vy(k, η)dη = −2πki

∫ y

0

u(k, η)dη. (4.5.70)

Introducing (4.5.70) in (4.5.69), and simplifying the resulting double integral by

changing the order of integration, we reduce (4.5.69) to an autonomous equation
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that governs the whole velocity field. This equation is

ut =
1

Re

(
−4π2k2u+ uyy

)
+ 8πkiy(y − 1)u+

2πk cosh (2πk(1 − y))

sinh (2πk)

uy(k, 0)

Re

+8i

∫ y

0

{πk(2y − 1) − 2 sinh (2πk(y − η)) − 2πk(2η − 1) cosh (2πk(y − η))}

×u(k, η)dη + 16i
cosh (2πky)

sinh (2πk)

∫ 1

0

{πk(2η − 1) cosh (2πk(1 − η))

+ sinh (2πk(1 − η))}u(k, η)dη

+i
cosh (2πky)

sinh (2πk)

(
2πkiuy(k, 1) + 4π2k2Vc(k)

Re
+ (Vc)t(k)

)
, (4.5.71)

with boundary conditions

u(k, 0) = 0, (4.5.72)

u(k, 1) = Uc(k). (4.5.73)

Note that the relation between Y in (4.2.21) and u in (4.5.71) is that Y (k, y) =

2πkiu(k, y).

Now, we design the controller in two steps. First, we set Vc so that

(4.5.71) has a strict-feedback form in the sense previously defined:

(Vc)t =
2πki (uy(k, 0) − uy(k, 1)) − 4π2k2Vc

Re

−16πki

∫ 1

0

(2η − 1)V (k, η) cosh (2πk(1 − η)) dη. (4.5.74)

This can be integrated and explicitly stated as a dynamic controller in

the Laplace domain:

Vc =
2πki

s+ 4π2k2

Re

[
uy(s, k, 0) − uy(s, k, 1)

Re

−8

∫ 1

0

(2η − 1)V (s, k, η) cosh (2πk(1 − η)) dη

]
. (4.5.75)

Control law (4.5.74) can be expressed in the time domain and physical space as

(4.3.25)–(4.3.27) and (4.3.29), (4.3.30), by use of the convolution theorem of the

Fourier transform.
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Introducing Vc in (4.5.71) yields

ut =
1

Re

(
−4π2k2u+ uyy

)
+ 8πkiy(y − 1)u+ 8i

∫ y

0

{πk(2y − 1)

−2 sinh (2πk(y − η)) − 2πk(2η − 1) cosh (2πk(y − η))}u(k, η)dη

−2πk
cosh (2πky) − cosh (2πk(1 − y))

sinh (2πk)

uy(k, 0)

Re
. (4.5.76)

Equation (4.5.76) can be stabilized using the backstepping technique for parabolic

partial integro-differential equations [101]. This method consists in finding an

invertible Volterra transformation that maps the original unstable equation into a

target system with the desired stability properties.

Using backstepping, we map u, for each wave number m < |k| < M , into

the family of heat equations

αt =
1

Re

(
−4π2k2α + αyy

)
, (4.5.77)

α(k, 0) = 0 , (4.5.78)

α(k, 1) = 0 , (4.5.79)

where

α = u−
∫ y

0

K(k, y, η)u(t, k, η)dη , (4.5.80)

u = α +

∫ y

0

L(k, y, η)α(t, k, η)dη , (4.5.81)

are respectively the direct and inverse transformation. The kernel K is found by

substituting (4.5.76) and (4.5.80) into (4.5.77)–(4.5.79). Then integration by parts,

following exactly the same steps as in [101], leads to the following equation that

K must verify.

1

Re
Kyy =

1

Re
Kηη + 8πikη(η − 1)K − 8i {πk(2y − 1) − sinh (2πk(y − η))

−2πk(2η − 1) cosh (2πk(y − η))}

+8i

∫ y

η

{πk(2ξ − 1) − 2 sinh (2πk(ξ − η))

−2πk(2η − 1) cosh (2πk(ξ − η))}K(k, y, ξ)dξ, (4.5.82)
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a hyperbolic partial integro-differential equation (PIDE) in the region T = {(y, η) :

0 ≤ η ≤ y ≤ 1} with boundary conditions:

K(y, y) = −2Re

3
πiky2(2y − 3) − 2πk

cosh (2πk) − 1

sinh (2πk)
, (4.5.83)

K(y, 0) =
2πk

sinh (2πk)

{
cosh (2πky) − cosh (2πk(1 − y))

+

∫ y

0

K(k, y, ξ) [cosh (2πk(1 − ξ)) − cosh (2πkξ)] dξ

}
.(4.5.84)

Regarding (4.5.82)–(4.5.84) we have the following result.

Proposition 4.8. Consider equation (4.5.82) in the domain (k, y, η) ∈ C×T with

boundary conditions (4.5.83)–(4.5.84). There is a solution K, given by (4.3.32)–

(4.3.34), such that K belongs to C2 (T ). Moreover K as a complex-valued function

of k is analytic in the annulus m < |k| < M .

Sketch of Proof. We transform (4.5.82)–(4.5.84) into an integral equation. This is

done following the same steps as in [101], by defining new variables a = y + η,

b = y − η. Then one obtains a PIDE in a and b and parameterized by k, that can

be partially solved by integration, finally reaching an integral equation of Volterra

type in two variables. The integral equation can be solved explicitly for each k

via a successive approximation series; this explicit solution is given by (4.3.32)–

(4.3.34). For each k ∈ C, the same method of [101] proves convergence of the series

and hence the existence of a solution. One gets the following estimate when k is

in the annulus m < |k| < M ,

|K| ≤ Ne2N , (4.5.85)

where N = Re (12πM + 2 sinh(2πM) + 2πM cosh(2πM)). Moreover using the

estimate and the fact that the terms in the series definition (4.3.33)–(4.3.34) of K

are analytic in k, it is shown that the kernel itself is also analytic as a complex

function of k, for compact subsets of the annulus m < |k| < M . This implies

analyticity in the given annulus [91]. C1 smoothness in y and η is shown by

differentiating the integral equation, which yields the same type of equation for
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Ky and Kη; then the argument for K holds for Ky and Kη (with a different but

similarly looking exponent). Since the coefficients in the integral equation are

smooth, this procedure can be iterated for Kyy, Kyη and Kηη (and even for higher

derivatives, getting more smoothness, but we don’t pursue that result). Thus C2

smoothness follows.

Remark 4.9. Proposition 4.8 implies that the kernel and its first and second order

derivatives in y and η are bounded for m < |k| < M and (y, η) ∈ T .

Remark 4.10. Using Proposition 4.8, Equations (4.5.80)–(4.5.81) and Remark 4.9,

it is shown that the backstepping transformation (4.5.80) maps the spaces L2, H1

and H2 back to themselves.

Remark 4.11. See also Theorem 8.25 for the statement and more detailed proof

of a result that includes Proposition 4.8 as a particular case, since it considers

equations of the kind of (4.5.82)–(4.5.84) with time-varying coefficients.

From the transformation (4.5.80) and the boundary condition (4.5.72)

the control law is

Uc =

∫ 1

0

K(k, 1, η)u(t, k, η)dη. (4.5.86)

Using the convolution theorem of the Fourier transform (see Remark 4.7)

we write the control law (4.5.86) back in physical space. The resulting expressions

is (4.3.24).

The equation for the inverse kernel L in (4.5.81) is similar to the one of

K and enjoys similar properties

1

Re
Lyy =

1

Re
Lηη − 8πiky(y − 1)L− 8i {πk(2y − 1) − 2 sinh (2πk(y − η))

−2πk(2η − 1) cosh (2πk(y − η))}

−8i

∫ y

η

{πk(2y − 1) − sinh (2πk(y − ξ))

+2πk(2ξ − 1) cosh (2πk(y − ξ))}L(k, ξ, η)dξ, (4.5.87)
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again a hyperbolic partial integro-differential equation in the region T with bound-

ary conditions

L(y, y) = −2Re

3
πiky2(2y − 3) − 2πk

cosh (2πk) − 1

sinh (2πk)
, (4.5.88)

L(y, 0) =
2πk

sinh (2πk)

{
cosh (2πky) − cosh (2πk(1 − y))

}
. (4.5.89)

The equation can be transformed into an integral equation and calcu-

lated via the successive approximation series (4.4.47)–(4.4.48). A similar result to

Proposition 4.8 holds for L.

By using (4.5.70) and (4.5.80)–(4.5.81), V can also be expressed in terms

of α

α = i
Vy −

∫ y
0
K(k, y, η)Vy(t, k, η)dη

2πk
(4.5.90)

V = −2πki

∫ y

0

[
1 +

∫ y

η

L(k, η, σ)dσ

]
α(t, k, η)dη . (4.5.91)

Since (4.5.80)–(4.5.81) map (4.5.76) into (4.5.77), stability properties of

the velocity field follows from those of the α system.

Proposition 4.12. For any k in the range m < |k| < M , the equilibrium profile

u(t, k, y) ≡ V (t, k, y) ≡ 0 of system (4.5.59)–(4.5.67) with control laws (4.5.74),

(4.5.86) is exponentially stable in the L2 norm, i.e.,

||V (t, k)||2
L̂2 + ||u(t, k)||2

L̂2 ≤ D0e
−1
2Re

t
(
||V (0, k)||2

L̂2 + ||u(0, k)||2
L̂2

)
, (4.5.92)

where D0 is defined as:

D0 = (1 + 4π2M2) max
m<|k|<M

{(1 + ||L||∞)2(1 + ||K||∞)2}. (4.5.93)

Proof. First, from the α equation (4.5.77) it is possible to get an L2 estimate

||α(t, k)||2
L̂2 ≤ e−

1
2Re

t||α(0, k)||2
L̂2, (4.5.94)

then employing the direct and inverse transformations (4.5.80)–(4.5.81) and (4.5.91)

we get (4.5.92)–(4.5.93).
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Now, if we apply the feedback laws (4.5.74), (4.5.86) for all wave numbers

m < |k| < M , then the control laws in physical space are given by expressions

(4.3.24)–(4.3.30), where the inverse transform integrals are truncated at k = m,M

in (4.3.28)–(4.3.30). If we define

V ∗(t, x, y) =

∫ ∞

−∞
χ(k)V (t, k, y)e2πikxdk, (4.5.95)

u∗(t, x, y) =

∫ ∞

−∞
χ(k)u(t, k, y)e2πikxdk, (4.5.96)

which are variables that contain all velocity field information for wave numbers

m < |k| < M , the following result holds.

Proposition 4.13. Consider equations (4.2.10)–(4.2.18) with control laws (4.3.24)–

(4.3.25). Then the variables u∗(t, x, y) and V ∗(t, x, y) defined in (4.5.95)–(4.5.96)

decay exponentially:

||V ∗(t)||2L2 + ||u∗(t)||2L2 ≤ D0e
−1
2Re

t
(
||V ∗(0)||2L2 + ||u∗(0)||2L2

)
. (4.5.97)

Proof. The Fourier transform of the star variables is, by definition, the same as the

Fourier transform of the original variables for m < |k| < M , and zero otherwise.

Therefore, applying Parseval’s formula and Proposition 4.12,

||V ∗(t)||2L2 + ||u∗(t)||2L2 =

∫ ∞

−∞

(
||V ∗(t, k)||2

L̂2 + ||u∗(t, k)||2
L̂2

)
dk

=

∫ ∞

−∞
χ(k)

(
||V (t, k)||2

L̂2 + ||u(t, k)||2
L̂2

)
dk

≤ D0e
−1
2Re

t

∫ ∞

−∞
χ(k)

(
||V (0, k)||2

L̂2 + ||u(0, k)||2
L̂2

)
dk

= D0e
− 1

2Re
t
(
||V ∗(0)||2L2 + ||u∗(0)||2L2

)
, (4.5.98)

proving (4.5.97).

4.5.2 Uncontrolled wave number analysis

For the uncontrolled system (4.5.59)–(4.5.60), we define, for each k, the

Lyapunov functional

Λ(k, t) =
1

2

(
||V (t, k)||2

L̂2 + ||u(t, k)||2
L̂2

)
(4.5.99)
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The time derivative of Λ is

Λ̇ = −8π2k2

Re
Λ − 1

Re

(
||uy(k)||2L̂2 + ||Vy(k)||2L̂2

)
+4

∫ 1

0

(2y − 1)
uV̄ + ūV

2
dy, (4.5.100)

where the bar denotes the complex conjugate, and the pressure term cancels out

using integration by parts and the continuity equation (4.5.68). The second term

in the first line of (4.5.100) can be bounded using the Poincare inequality, thanks

to the Dirichlet boundary condition at y = 0:

−||uy(k)||2L̂2 − ||Vy(k)||2L̂2 ≤ −Λ

2
. (4.5.101)

Consider now separately the two cases |k| ≤ m and |k| ≥M . In the first case, we

can bound the second line of (4.5.100) as

Λ̇ ≤ −8π2k2

Re
Λ − 1

2Re
Λ + 4Λ, (4.5.102)

so, if |k| ≥ 1
π

√
Re
2

, then

Λ̇ ≤ − 1

2Re
Λ. (4.5.103)

Now, consider the case of small wave numbers. We bound the second line of

(4.5.100) using the continuity equation (4.5.68)

Λ̇ ≤ −8π2k2

Re
Λ − 1

2Re
Λ + 8π|k|Λ, (4.5.104)

so, if |k| ≤ 1
32πRe

, then

Λ̇ ≤ − 1

4Re
Λ. (4.5.105)

We have just proved the following result:

Proposition 4.14. If m = 1
32πRe

and M = 1
π

√
Re
2

, then for both |k| ≤ m and

|k| ≥ M the equilibrium u(t, k, y) ≡ V (t, k, y) ≡ 0 of the uncontrolled system

(4.5.59)–(4.5.67) is exponentially stable in the L2 sense:

||V (t, k)||2
L̂2 + ||u(t, k)||2

L̂2 ≤ e
−1
4Re

t
(
||V (0, k)||2

L̂2 + ||u(0, k)||2
L̂2

)
. (4.5.106)
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Since the decay rate in (4.5.106) is independent of k, that allows us to

claim the following result for all uncontrolled wave numbers.

Proposition 4.15. The variables εu(t, x, y) and εV (t, x, y) defined as

εu(t, x, y) =

∫ ∞

−∞
(1 − χ(k)) u(t, k, y)e2πikxdk, (4.5.107)

εV (t, x, y) =

∫ ∞

−∞
(1 − χ(k))V (t, k, y)e2πikxdk, (4.5.108)

decay exponentially as

||εV (t)||2L2 + ||εu(t)||2L2 ≤ e
−1
4Re

t
(
||εV (0)||2L2 + ||εu(0)||2L2

)
. (4.5.109)

Proof. As in Proposition 4.13.

4.5.3 Analysis for the entire wave number range

Using (4.4.39)–(4.4.40),

||V (t)||2L2 =

∫ ∞

−∞
||V (t, k)||2

L̂2dk

=

∫ 1

0

∫ ∞

−∞
(V ∗(t, k, y) + εV (t, k, y))2 dkdy

=

∫ 1

0

∫ ∞

−∞

(
(V ∗)2 + ε2V + 2V ∗εV

)
dkdy

= ||V ∗(t)||2L2 + ||εV (t)||2L2, (4.5.110)

where we have used the fact that V ∗(t, k, y)εV (t, k, y) = χ(k)(1 − χ(k))V (t, k, y)

and χ(k)(1 − χ(k)) is zero for all k by its definition (4.3.31).

This shows that the L2 norm of V is the sum of the L2 norms of V ∗(t, k, y)

and εV (t, k, y). The same holds for u. Therefore, Theorem 4.3 follows from Propo-

sitions 4.13 and 4.15. Noting that D0 as defined in (4.5.93) is greater than unity,

we obtain the following estimate of the decay:

||V (t)||2L2 + ||u(t)||2L2 ≤ D0e
−1
4Re

t
(
||V (0)||2L2 + ||u(0)||2L2

)
. (4.5.111)
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4.6 H1 stability

We define the H1 norm of f(x, y) as

||f ||2H1 = ||f ||2L2 + ||fx||2L2 + ||fy||2L2. (4.6.112)

We also define the H1 norm of f(k, y) with respect to y as

||f(k)||2
Ĥ1 = (1 + 4π2k2)||f(k)||2

L̂2 + ||fy(k)||2L̂2. (4.6.113)

The Ĥ1 norm as a function of k is related to the H1 norm as

||f ||2H1 =

∫ ∞

−∞
||f(k)||2

Ĥ1dk. (4.6.114)

4.6.1 H1 stability for controlled wave numbers

For each k, one has that

||f(k)||2
Ĥ1 ≤ (5 + 16π2M2)||fy(k)||2Ĥ1, (4.6.115)

where we have used (4.6.113) and Poincare’s inequality. This proves the equiv-

alence, for any k, of the Ĥ1 norm of f(k, y) and the L̂2 norm of just fy(k, y).

Therefore, we only have to show exponential decay for uy and Vy.

Due to the backstepping transformations (4.5.80), (4.5.81) and (4.5.90)

(4.5.91),

αy = uy −K(k, y, y)u−
∫ y

0

Ky(k, y, η)u(t, k, η)dη , (4.6.116)

uy = αy + L(k, y, y)α+

∫ y

0

Ly(k, y, η)α(t, k, η)dη , (4.6.117)

α =
−1

2πki

(
Vy−

∫ y

0

K(k, y, η)Vy(t, k, η)dη

)
, (4.6.118)

Vy = −2πki

(
α +

∫ y

0

L(k, y, η)α(t, k, η)dη

)
, (4.6.119)

and then it is possible to write the following estimates, which are derived from

simple estimates on α and αy from (4.5.77)

||uy(t, k)||2L̂2 ≤ D1e
− 2

5Re
t||uy(0, k)||2L̂2, (4.6.120)

||Vy(t, k)||2L̂2 ≤ D0e
− 1

2Re
t||Vy(0, k)||2L̂2, (4.6.121)



67

where

D1 = 5 max
m<|k|<M

{
(1 + 4||L||∞ + 4||Ly||∞)2(1 + 4||K||∞ + 4||Ky||∞)2

}
. (4.6.122)

Using these estimates the following proposition can be stated regarding the velocity

field at each k in the controlled range.

Proposition 4.16. For any k in the range m < |k| < M , the equilibrium pro-

file u(t, k, y) ≡ V (t, k, y) ≡ 0 of the system (4.5.59)–(4.5.67) with control laws

(4.5.74), (4.5.86) is exponentially stable in the H1 sense

||V (t, k)||2
Ĥ1 + ||u(t, k)||2

Ĥ1 ≤ D2e
−2
5Re

t
(
||V (0, k)||2

Ĥ1 + ||u(0, k)||2
Ĥ1

)
,(4.6.123)

where D2 is defined as:

D2 = (5 + 16π2M2) max{D0, D1}. (4.6.124)

Thanks to the same argument as in Proposition 4.13, for all wave numbers

m < |k| < M , the following result holds.

Proposition 4.17. Consider equations (4.2.10)–(4.2.18) with feedback control

laws (4.3.24)–(4.3.25). Then the variables u∗(t, x, y) and V ∗(t, x, y) defined in

(4.5.95)–(4.5.96) decay exponentially in the H1 norm:

||u∗(t)||2H1 + ||V ∗(t)||2H1 ≤ D2e
−2
5Re

t
(
||u∗(0)||2H1 + ||V ∗(0)||2H1

)
. (4.6.125)

4.6.2 H1 stability for uncontrolled wave numbers

Following the same argument as in (4.5.99)–(4.5.105), a slightly different

bound can be derived that keeps some of the Ĥ1 norm in (4.5.104)

Λ̇ ≤ − Λ

8Re
− ΛH

2Re
, (4.6.126)

where

ΛH(k, t) =
1

2

(
||uy(t, k)||2L̂2 + ||Vy(t, k)||2L̂2

)
. (4.6.127)
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The time derivative of ΛH can be bounded as

dΛH

dt
=

∫ 1

0

uyūyt + ūyuyt + V̄yVyt + VyV̄yt
2

dy

= −
∫ 1

0

uyyūt + ūyyut + V̄yyVt + VyyV̄t
2

dy

= − 1

Re

(
||uyy||2L̂2 + ||Vyy||2L̂2

)
+ 4k2π2

∫ 1

0

uyyū+ ūyyu+ V̄yyV + VyyV̄

2Re
dy

+2πki

∫ 1

0

uyyp̄− ūyyp

2
dy −

∫ 1

0

V̄yypy + Vyyp̄y
2

dy

−4

∫ 1

0

(2y − 1)
uyyV̄ + ūyyV

2
dy

+8πki

∫ 1

0

y(y − 1)
uyyū− ūyyu− V̄yyV + VyyV̄

2
dy, (4.6.128)

where we have used integration by parts and the Dirichlet boundary conditions of

the uncontrolled wave number range. Doing further integration by parts and using

the divergence free condition, we can simplify a little the previous expression:

dΛH

dt
= − 1

Re

(
||uyy||2L̂2 + ||Vyy||2L̂2

)
− 8k2π2

Re
Λh

−16π2k2

∫ 1

0

(2y − 1)
ūV − uV̄

2
dy − V̄yyp+ Vyyp̄

2

∣∣∣∣
1

0

. (4.6.129)

Only the last term remains to be estimated. Using (4.5.66)–(4.5.67) with Vc being

zero for uncontrolled wave number, the last term in (4.6.129) can be expresssed as

V̄yyp+ Vyyp̄

2

∣∣∣∣
1

0

= Re
p̄yp+ pyp̄

2

∣∣∣∣
1

0

. (4.6.130)

This quantity can be estimated using the following lemma.

Lemma 4.18. If the pressure p verifies the Poisson equation (4.5.61) with bound-

ary conditions (4.5.66)–(4.5.67), then

− p̄yp+ pyp̄

2

∣∣∣∣
1

0

≤ 16||V (t, k)||2
L̂2. (4.6.131)

Proof. Multiplying equation (4.5.61) by p̄ and integrating from zero to one, one

gets:

−4π2k2||p(t, k)||2
L̂2 +

∫ 1

0

p̄pyydy =

∫ 1

0

16πki(2y − 1)p̄V dy, (4.6.132)
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which integrated by parts, becomes

−p̄py
∣∣∣∣
1

0

= −4π2k2||p(t, k)||2
L̂2 − ||py(t, k)||2L̂2 −

∫ 1

0

16πki(2y − 1)p̄V dy. (4.6.133)

Now using Young’s inequality one finally arrives at

−p̄py
∣∣∣∣
1

0

≤ 16||V (t, k)||2
L̂2. (4.6.134)

For the other conjugate pair one proceeds analogously, thus completing the proof.

Using the lemma, the time derivative of ΛH can be estimated as follows:

dΛH

dt
≤ −8k2π2

Re
ΛH + 16π2k2Λ + 16ReΛ. (4.6.135)

We take the following Lyapunov functional

ΛT = ΛH + (1 + 64Re2 + 4π2k2 + 64Reπ2k2)Λ, (4.6.136)

which is equivalent to the H1 norm, whose definition in terms of Λ and ΛH is

||u(t, k)||2
Ĥ1 + ||V (t, k)||2

Ĥ1 = 2(1 + 4π2k2)Λ + 2ΛH . (4.6.137)

Computing the derivative of (4.6.136)

dΛT

dt
≤ − ΛH

2Re
− 1 + 4π2k2

8Re
Λ ≤ −d1ΛT , (4.6.138)

where d1 is a (possible very conservative) positive constant, which depends on the

Reynolds number (but not on k)

d1 =
1

8D3Re
, (4.6.139)

and where

D3 = max{1 + 64Re2, 1 + 16Re}. (4.6.140)

Deriving an estimate of the H1 norm from this estimate for ΛT , one reaches the

following result.
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Proposition 4.19. If m = 1
32πRe

and M = 1
π

√
Re
2

, then for both |k| ≤ m and

|k| ≥ M the equilibrium u(t, k, y) ≡ V (t, k, y) ≡ 0 of the uncontrolled system

(4.5.59)–(4.5.67) is exponentially stable in the H1 sense:

||V (t, k)||2
Ĥ1 + ||u(t, k)||2

Ĥ1 ≤ D3e
−d1t

(
||V (0, k)||2

Ĥ1 + ||u(0, k)||2
Ĥ1

)
.(4.6.141)

Since the decay rate in (4.6.141) is independent of k, that allows us to

claim the following result for all uncontrolled wave numbers.

Proposition 4.20. The variables εu(t, x, y) and εV (t, x, y) defined as in (4.5.107)–

(4.5.108) decay exponentially in the H1 norm as

||εu(t)||2H1 + ||εV (t)||2H1 ≤ D3e
−d1t

(
||εu(0)||2H1 + ||εV (0)||2H1

)
. (4.6.142)

4.6.3 Analysis for all wave numbers

From Propositions 4.17 and 4.20, and using the same argument as in

Section 4.5.3, the H1 stability part of Theorem 4.3 is proved. One gets that

||u(t)||2H1 + ||V (t)||2H1 ≤ D4e
−d1t

(
||u(0)||2H1 + ||V (0)||2H1

)
, (4.6.143)

where D4 = max{D2, D3}.

4.7 H2 stability

The H2 norm of f(x, y) is defined as

||f ||2H2 = ||f ||2H1 + ||fxx||2L2 + ||fxy||2L2 + ||fyy||2L2 . (4.7.144)

We also define the Ĥ2 norm of f(k, y) with respect to y as

||f(k)||2
Ĥ2 = ||f(k)||2

Ĥ1 + 16π4k4||f(k)||2
L̂2

+4π2k2||fy(k)||2L̂2 + ||fyy(k)||2L̂2. (4.7.145)

The Ĥ2 norm as a function of k is related to the H2 norm as

||f ||2H2 =

∫ ∞

−∞
||f(k)||2

Ĥ2dk. (4.7.146)
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4.7.1 H2 stability for controlled wave numbers

Thanks to the backstepping transformations (4.5.80), (4.5.81) and (4.5.90),

(4.5.91), one calculates the second order derivative of both u and V from α and

its derivatives,

αyy = uyy −K(k, y, y)uy − (2Ky(k, y, y) +Kη(k, y, y))u

−
∫ y

0

Kyy(k, y, η)u(t, k, η)dη , (4.7.147)

uyy = αyy + L(k, y, y)αy + (2Ly(k, y, y) + Lη(k, y, y))α

+

∫ y

0

Lyy(k, y, η)α(t, k, η)dη , (4.7.148)

αy =
−1

2πki

(
Vyy −K(k, y, y)Vy −

∫ y

0

Ky(k, y, η)Vy(t, k, η)dη

)
,(4.7.149)

Vyy = −2πki

(
αy + L(k, y, y)α+

∫ y

0

Ly(k, y, η)α(t, k, η)dη

)
. (4.7.150)

It is possible then to write the following estimates, which are derived from simple

estimates on α, αy and αyy from (4.5.77):

||u(t, k)||2
Ĥ2 ≤ D5e

− 2
5Re

t||u(0, k)||2
Ĥ2, (4.7.151)

||V (t, k)||2
Ĥ2 ≤ D6e

− 2
5Re

t||V (0, k)||2
Ĥ2. (4.7.152)

The positive constants D5 and D6 are defined as in (4.6.122) and depend only on

K and L.

Using these estimates the following proposition can be stated regarding

the velocity field at each k in the controlled range.

Proposition 4.21. For any k in the range m < |k| < M , the equilibrium pro-

file u(t, k, y) ≡ V (t, k, y) ≡ 0 of the system (4.5.59)–(4.5.67) with control laws

(4.5.74), (4.5.86) is exponentially stable in the H2 sense

||V (t, k)||2
Ĥ2 + ||u(t, k)||2

Ĥ2 ≤ D7e
−2
5Re

t
(
||V (0, k)||2

Ĥ2 + ||u(0, k)||2
Ĥ2

)
,(4.7.153)

where D7 is defined as:

D7 = max{D5, D6}. (4.7.154)
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Thanks to the same argument as in Proposition 4.13, the following result

holds for all wave numbers m < |k| < M .

Proposition 4.22. Consider equations (4.2.10)–(4.2.18) with feedback control

laws (4.3.25)–(4.3.24). Then the variables u∗(t, x, y) and V ∗(t, x, y) defined in

(4.5.95)–(4.5.96) decay exponentially in the H2 norm:

||u∗(t)||2H2 + ||V ∗(t)||2H2 ≤ D8e
−2
5Re

t
(
||u∗(0)||2H2 + ||V ∗(0)||2H2

)
. (4.7.155)

4.7.2 H2 stability for uncontrolled wave numbers

For the uncontrolled wave number range, thanks to the Dirichlet bound-

ary conditions, the Ĥ2 norm ||u(t, k)||Ĥ2 is equivalent to the norm

||u(t, k)||2
Ĥ1 +

∫ 1

0

∣∣uyy(t, k, y) − 4π2k2u(t, k, y)
∣∣2dy, (4.7.156)

i.e., to the Ĥ1 norm plus the L̂2 norm of the Laplacian, which we denote for short

||�ku(k)||2L̂2. The proof of the norm equivalence is obtained integrating by parts,

||�ku(k)||2L̂2 =

∫ 1

0

∣∣−4π2k2u(y, k) + uyy(y, k)
∣∣2 dy

=

∫ 1

0

[
16π4k4|u|2(y, k) + |uyy|2(y, k) − 4π2k2 (uūyy + ūuyy)

]
dy

= 16π4k4||u(k)||2
L̂2 + ||uyy(k)||2L̂2 + 8π2k2||uy(k)||2L̂2. (4.7.157)

The next norm equivalence property is less obvious and we state it in the following

lemma:

Lemma 4.23. Consider u and V verifying equations (4.5.59)–(4.5.60). Then, for

the uncontrolled wave number range, the norm ||u||2
Ĥ2 + ||V ||2

Ĥ2 is equivalent to the

norm

||u||2
Ĥ1 + ||V ||2

Ĥ1 + ||ut||2L̂2 + ||Vt||2L̂2. (4.7.158)

This means the Laplacian operator in norm (4.7.156) can be replaced by

a time derivative, when considering the H2 norm of u and V together.
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Proof. Let us call

Λ1 = ||ut(t, k)||2L̂2 + ||Vt(t, k)||2L̂2, (4.7.159)

Λ2 =
||�ku(t, k)||2L̂2 + ||�kV (t, k)||2

L̂2

Re2
. (4.7.160)

Substituting in (4.7.159) equations (4.5.59)–(4.5.60),

Λ1 = Λ2 + Λ3, (4.7.161)

where Λ3 contains the following terms

Λ3 = −
∫ 1

0

−2πki�kup̄+ �kV p̄y
Re

dy − 2πki

∫ 1

0

4y(1 − y)

×�kuū+ �kV V̄

Re
dy +

∫ 1

0

4(1 − 2y)
�kuV̄

Re
dy −

∫ 1

0

(
2πkipūt + pyV̄t

)
dy

+2πki

∫ 1

0

4y(1 − y)
(
uūt + vV̄t

)
dy +

∫ 1

0

4(1 − 2y) (V ūt) dy. (4.7.162)

Now one can estimate this quantity:

|Λ3| ≤ 48(||u(k)||2
Ĥ1 + ||V (k)||2

Ĥ1) +
1

2
(Λ1 + Λ2) , (4.7.163)

in which we have used integration by parts, Young’s inequality, and Lemma 4.18.

Therefore:

||u||2
Ĥ2 + ||V ||2

Ĥ2 ≤ D8

(
||u||2

Ĥ1 + ||V ||2
Ĥ1 + Λ1

)
, (4.7.164)

and

||u||2
Ĥ1 + ||V ||2

Ĥ1 + Λ1 ≤ D8

(
||u||2

Ĥ2 + ||V ||2
Ĥ2

)
, (4.7.165)

where D8 = 97 max{Re2, 1/Re2}.

From Lemma 4.23 one gets Ĥ2 stability for the uncontrolled wave num-

bers. This is obtained by considering the norm ||ut||2L̂2 + ||Vt||2L̂2 as a Lyapunov

functional whose derivative can be bounded as

d

dt

||ut||2L̂2 + ||Vt||2L̂2

2
≤ − 1

4Re

(
||ut||2L̂2 + ||Vt||2L̂2

)
, (4.7.166)
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which follows by taking the time derivative of (4.5.59)–(4.5.60) and applying the

same argument as for L2 stability. Thus,

||ut(t, k)||2L̂2 + ||Vt(t, k)||2L̂2 ≤ e−
1

2Re
t
(
||ut(0, k)||2L̂2 + ||Vt(0, k)||2L̂2

)
. (4.7.167)

Noting that d1 ≤ 1/2Re and D3 ≥ 1, adding (4.7.167) to (4.6.141) and employing

(4.7.164), (4.7.164) we obtain the following result.

Proposition 4.24. If m = 1
32πRe

and M = 1
π

√
Re
2

, then for both |k| ≤ m and

|k| ≥ M the equilibrium u(t, k, y) ≡ V (t, k, y) ≡ 0 of the uncontrolled system

(4.5.59)–(4.5.67) is exponentially stable in the H2 sense:

||V (t, k)||2
Ĥ2 + ||u(t, k)||2

Ĥ2 ≤ D2
8D3e

−d1t
(
||V (0, k)||2

Ĥ2 + ||u(0, k)||2
Ĥ2

)
. (4.7.168)

Since the decay rate in (4.7.168) is independent of k, that allows us to

claim the following result for all uncontrolled wave numbers.

Proposition 4.25. The variables εu(t, x, y) and εV (t, x, y) defined as in (4.5.107)–

(4.5.108) decay exponentially in the H2 norm as

||εu(t)||2H2 + ||εV (t)||2H2 ≤ D2
8D3e

−d1t
(
||εu(0)||2H2 + ||εV (0)||2H2

)
. (4.7.169)

4.7.3 Analysis for all wave numbers

From Propositions 4.22 and 4.25, and again by the same argument as in

Section 4.5.3, the H2 stability part of Theorem 4.3 is proved. One gets that

||u(t)||2H2 + ||V (t)||2H2 ≤ D9e
−d1t

(
||u(0)||2H2 + ||V (0)||2H2

)
, (4.7.170)

where D9 = max{D7, D
2
8D3}.

4.8 Proof of well-posedness and explicit solutions

For showing well-posedness and derive the explicit solutions we decom-

pose the system in two parts in the wave number space, using (4.4.39)–(4.4.40).
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The star variables represent the controlled wave numbers in physical space and are

defined in (4.5.95)–(4.5.96). The epsilon variables represent the uncontrolled wave

number content in physical space and are defined in (4.5.107)–(4.5.107). Consider

then the initial conditions u0 and V0 in Fourier space. Define

V ∗
0 (x, y) =

∫ ∞

−∞
χ(k)V0(k, y)e

2πikxdk, (4.8.171)

u∗0(x, y) =

∫ ∞

−∞
χ(k)u0(k, y)e

2πikxdk, (4.8.172)

and similarly,

εV 0(x, y) =

∫ ∞

−∞
(1 − χ(k))V0(k, y)e

2πikxdk, (4.8.173)

εu0(x, y) =

∫ ∞

−∞
(1 − χ(k)) u0(k, y)e

2πikxdk. (4.8.174)

Note that V ∗
0 , u

∗
0, εV 0, εu0 ∈ H2(Ω) and also verify the required compatibility condi-

tions. Define the following initial-boundary value problems for the star and epsilon

variables.

P1 ≡




(u∗, V ∗) verify (4.2.10)–(4.2.11) and (4.2.19),

u∗(t, x, 0) = V ∗(t, x, 0) = 0,

u∗(t, x, 1) = (4.3.24),

V ∗(t, x, 1) = (4.3.25),

u∗(0, x, y) = u∗0(x, y), V
∗(0, x, y) = V ∗

0 (x, y).

(4.8.175)

and

P2 ≡




(εu, εV ) verify (4.2.10)–(4.2.11) and (4.2.19),

εu(t, x, 0) = εV (t, x, 0) = 0,

εu(t, x, 1) = εV (t, x, 1) = 0

εu(0, x, y) = εu0(x, y), εV (0, x, y) = εV 0(x, y).

(4.8.176)

By linearity and spatial invariance (implying that different wave numbers are in-

dependent of each other) the solution of the linearized Navier-Stokes equations is

the sum of the solutions of P1 and P2. Hence if both systems are well-posed then

the original problem is well-posed too.
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System P2 is the (uncontrolled) channel flow with no-slip, no-penetration

boundary conditions. See [108, Proposition 1.2, pages 265–269], for an analysis of

the linear Navier-Stokes equations and their regularity that allows for unbounded

domains. It is shown that with the given degree of regularity of the initial con-

ditions, the problem is well posed in the space L2((0, T ), H2(Ω)). Combining this

fact with the a priori bounds of Section 4.7, it follows that P2 is well-posed in

L2((0,∞), H2(Ω)). Moreover the decay rate of the epsilon variables is given in

Proposition 4.15.

We prove now that P1 is well-posed using a direct method, taking ad-

vantage of the possibility of writing the exact solution of the problem. This is a

classical way of showing well-posedness, see for example [29], where existence of

solutions is shown by solving explicitly the problems with Fourier transform and

series methods, and uniqueness is proved by energy methods.

Explicit solutions (4.4.41)–(4.4.42) are obtained in the following way.

Equation (4.5.77) is a heat equation in α(t, k, y) and can be solved explicitly. The

initial condition for this equation is

α0(k, y) = u∗0(k, y) −
∫ y

0

K(k, y, η)u∗0(k, η)dη, (4.8.177)

and, since u∗0 ∈ H2(Ω), then α0 ∈ H2(Ω), moreover the compatibility condition

α0(k, 0) = α0(k, 1) = 0 is verified from (4.8.177) and (4.4.50). Hence the solution

of (4.5.77), a stable heat equation, is L2((0,∞), H2(Ω)). Using then (4.5.81) and

(4.5.91), and applying the inverse Fourier transform, the solution for u∗ and V ∗ is

recovered in physical space, as given by (4.4.41)–(4.4.42). Both the inverse back-

stepping transformation and the inverse Fourier transform map L2((0,∞), H2(Ω))

back into itself, hence the existence of a solution with the desired regularity proper-

ties follows. Explicit formulas can be written for the control laws; in particular Vc(t)

is well-defined as the traces uy(0, k) and uy(1, k) appearing in Equation (4.3.27)

can be computed due to the regularity of u.

Remark 4.26. Note that in fact a higher regularity can be proved for P1, due
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to the smoothing properties of the heat equation. We don’t pursue more than

H2 regularity in this work. Note also that regularity in x, which is determined in

Fourier space by the behavior of the solution for large values of k, is guaranteed

for P1 because the solution is nonzero only for a finite subset of wave numbers.

Hence the solution of P1 is smooth in x.

Uniqueness follows from the a priori bounds shown in Sections 4.5–4.7.

Given two solutions in the same space, their difference verifies as well the a priori

bounds with zero initial conditions, hence its norm is zero for all times and both

solutions must be the same.

4.9 Proof of Theorem 4.4

Consider expressions (4.3.24)–(4.3.34).

Points i and iv are deduced trivially from the fact that (4.3.24) and

(4.3.27) are defined as convolutions, and properties of the heat equation (4.3.26).

Point ii is verified if ∫ ∞

−∞
Vc(t, x)dx = 0. (4.9.178)

From the definition of the Fourier transform of Vc,

Vc(t, k = 0) =

∫ ∞

−∞
Vc(t, x)dx. (4.9.179)

Therefore, as k = 0 lies on the uncontrolled wave number range −m < k < m,

then Vc(t, k = 0) = 0 and the property is verified.

Point iii bounds the decay rate of kernels (4.3.28)–(4.3.30). Kernel defi-

nitions are of the form

Q(x− ξ, y) =

∫ ∞

−∞
χ(k)f(k, y)e2πik(x−ξ)dk, (4.9.180)

for some f analytic in k and smooth in y. Then, integrating by parts, we find that

|Q(x− ξ, y)| ≤ (M −m)

π|x− ξ| max
m<|k|<M

∣∣∣∣ dfdk (k, y)

∣∣∣∣+ 2

π|x− ξ| max
m<|k|<M

|f(k, y)|

=
C

|x− ξ| , (4.9.181)
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showing that the kernels decay at least like 1/|x− ξ|. This bound is made explicit

in Remark 4.2.

From the definition of the inverse Fourier transform (4.5.52), it is straight-

forward to show that if the real part of f(k, y) is even and the imaginary part of

f(k, y) is odd, then the resulting f(x, y) will always be real. Then, Point v can be

proved showing that the functions under the integrals in (4.3.28)–(4.3.30), which

are inverse Fourier transforms, have this property. This is immediate for (4.3.29)

and (4.3.30). For (4.3.28), the property must be shown for the kernel K, defined

by the sequence (4.3.33)–(4.3.34). Since K is the limit of the sequence, it will

have the property if all Kn share the property. This can be proved by induction.

For K0, the property is evident from its definition (4.3.33) and can be immediately

verified. For Kn, if the property is assumed for Kn−1, then from expression (4.3.34)

and taking into account that the product of even or odd functions is even and the

product of an even function times an odd function is odd, then follows that Kn

also shares the property. Therefore, the limit K has a real inverse transform, and

kernel Qu is real.

Point vi is deduced from the definition of the kernels (4.3.28)–(4.3.30)

as truncated Fourier inverse integrals, which makes the kernels smooth in x − ξ.

Smoothness in η is deduced from smoothness of the functions under the integrals.

For Point vii, consider expression (4.3.24) and (4.3.28). Then,

||Uc||2L2 =

∫ ∞

−∞
Uc(t, x)

2dx

=

∫ ∞

−∞
|Uc|(t, k)2dk

=

∫ ∞

−∞
χ(k)

∣∣∣∣
∫ 1

0

K(k, 1, η)u(t, y, k)dη

∣∣∣∣
2

dk

≤ 2(M −m) max
m≤|k|≤M

{||K||∞}||u(t)||2L2, (4.9.182)

and the result follows from Theorem 4.3.

On the other hand, for Vc one has to use its dynamic equation (4.3.26)–

(4.3.27), and a Lyapunov functional consisting in half its L2 norm. One then has,
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using Young’s inequality

d

dt

|Vc(k)|2
2

≤ −π2k2

Re
|Vc(k)|2 +

|uy|2(t, k, 0) + |uy|2(t, k, 1)

Re

+64 cosh (2πM) ||V (t, k)||2
L̂2, (4.9.183)

and supposing the control law is initialized at zero (see Remark 4.1), and using

the H2 norm to bound the second line of (4.9.183) one gets

|Vc(t, k)|2 ≤
∫ t

0

e−
π2m2

Re
(t−τ)

[
10

||u(τ, k)||2
Ĥ2

Re

+64 cosh (2πM) ||V (τ, k)||2
L̂2

]
dτ. (4.9.184)

Integrating in k

||Vc(t)||2L2 ≤
∫ t

0

e−
π2m2

Re
(t−τ)

[
10

||u(τ)||2H2

Re

+64 cosh (2πM) ||V (τ)||2L2

]
dτ, (4.9.185)

and then the result follows from Theorem 4.3.

For Point viii, consider the jth spatial derivative of Uc and calculate its

L2 spatial norm ∣∣∣∣
∣∣∣∣ djdxjUc

∣∣∣∣
∣∣∣∣
2

L2

=

∫ ∞

−∞

(
dj

dxj
Uc(t, x)

)2

dx

=

∫ ∞

−∞
|2πk|2j|Uc|(t, k)2dk

≤ (2πM)2j ||Uc||2L2, (4.9.186)

so the result for Uc follows from Point vii. We proceed similarly for Vc, thus proving

Point viii.

This chapter is a partial reprint of the material as it appears in

R. Vazquez and M. Krstic, “A closed-form feedback controller for stabilization

of linearized Navier-Stokes equations: the 2D Poiseuille flow,” Proc. of the 2005

CDC, Sevilla, Spain, 2005.
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R. Vazquez and M. Krstic, “Higher order stability properties of a 2D Navier-Stokes

system with an explicit boundary controller,” Proc. of the 2006 ACC, Minneapolis,

2006.

The dissertation author was the primary author and the coauthor listed in these

publications directed and supervised the research, which is the basis for this chap-

ter.



Chapter 5

Boundary Estimation for 2-D

Navier-Stokes Channel Flow

5.1 Introduction

The absence of effective state estimators for Navier-Stokes equations mod-

eling turbulent fluid flows is considered one of the key obstacles to reliable, model-

based weather forecasting. We present a nonlinear observer for the channel flow,

a benchmark problem in turbulence. The observer measures pressure and skin

friction at one of the walls of the channel (which have been called the “footprints”

of turbulence [22], in the sense that they completely determine the flow inside the

domain) and estimates velocities and pressure throughout the channel. Previous

observer designs for the channel flow were in the form of an Extended Kalman

Filter for the spatially discretized Navier-Stokes equations and employed high-

dimensional algebraic Riccati equations for computation of observer gains [32,62].

Our obsever consists of a copy of the nonlinear plant with output injection of

measurement errors, with output injection gains designed for the linearized error

system. Thus, in structure our observer is also similar to an Extended Kalman Fil-

ter, however it is designed for the continuum Navier-Stokes model and the output

injection gains are are given explicitly, by a symbolically computable formula.

81
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As done for the control design in Chapter 4, we use a Fourier transform

approach allowing separate analysis for different wave numbers. For a range of wave

numbers, we design output injection gains to guarantee observer convergence, while

for the very large and small wave numbers the system is known to be exponentially

stable, and simply a copy of the plant is used. These two results are combined to

prove observer error convergence for all wave numbers.

5.2 Observer

The observer consists of a copy of (4.2.1)–(4.2.2), to which we add output

injection of the pressure P and the streamwise velocity gradient Uy (proportional

to friction) at the wall

Ût =
1

Re

(
Ûxx + Ûyy

)
− P̂x − Û Ûx − V̂ Ûy

+

∫ ∞

−∞
Q1(x− ξ, y)

(
Uy(ξ, 0) − Ûy(ξ, 0)

)
dξ

+

∫ ∞

−∞
Q2(x− ξ, y)

(
P (ξ, 0)− P̂ (ξ, 0)

)
dξ, (5.2.1)

V̂t =
1

Re

(
V̂xx + V̂yy

)
− P̂y − Û V̂x − V̂ V̂y

+

∫ ∞

−∞
Q3(x− ξ, y)

(
Uy(ξ, 0) − Ûy(ξ, 0)

)
dξ

+

∫ ∞

−∞
Q4(x− ξ, y)

(
P (ξ, 0)− P̂ (ξ, 0)

)
dξ, (5.2.2)

where as usual the observer (estimated) variables are denoted by a hat. In addition

the observer verifies the continuity equation

Ûx + V̂y = 0, (5.2.3)

and boundary conditions

Û(t, x, 0) = Û(t, x, 1) = V̂ (t, x, 0) = V̂ (t, x, 1) = 0. (5.2.4)
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The observer employs four output injection kernels defined as follows.

Q1(x, y) =

∫ ∞

−∞
χ(k)l(k, y, 0)e2πikxdk +

R1(x, y,M) −R1(x, y,m)

Re
, (5.2.5)

Q2(x, y) = R2(x, y,M) −R2(x, y,m), (5.2.6)

Q3(x, y) = −
∫ ∞

−∞

∫ y

0

χ(k)2πkil(k, η, 0)e2πikxdηdk

−R2(x, y,M) − R2(x, y,m)

Re
, (5.2.7)

Q4(x, y) = R1(x, y,M) −R1(x, y,m), (5.2.8)

where

R1(x, y, k) =
2x

π(x2 + y2)2
[y cosh (2πky) sin (2πkx) − x sinh (2πky) cos (2πkx)]

− 2k

(x2 + y2)
[y cosh (2πky) cos (2πkx) + x sinh (2πky) sin (2πkx)]

+
sinh (2πky) cos (2πkx)

π(x2 + y2)
, (5.2.9)

R2(x, y, k) =
2x

π(x2 + y2)2
[x cosh (2πky) sin (2πkx) + y sinh (2πky) cos (2πkx)]

− 2k

(x2 + y2)
[x cosh (2πky) cos (2πkx) − y sinh (2πky) sin (2πkx)]

−cosh (2πky) sin (2πkx)

π(x2 + y2)
, (5.2.10)

χ(k) is defined as in (4.3.31), and

l(k, y, η) = lim
n→∞

ln(k, y, η), (5.2.11)

where ln is recursively defined as 1

l0 = −iπkRe(1 − y)

(
(1 − η2) +

(1 − y)2

3
− 2(1 − η) + 2(y − η)(2 − y + η)

−4(y − η)(1 − η)

)
− 4iRe(1 − y)(y − 2η) sinh (2πk(y − η)) , (5.2.12)

ln = ln−1 +
Re

4

∫ 2−(y+η)

y−η

∫ y−η

0

∫ γ−δ+y−η

γ

f

(
k, 1 − γ − ξ + δ

2
, 1 − ξ − δ

2

)

×ln−1

(
k, 1 − γ − δ

2
, 1 − γ + δ

2

)
dξdδdγ +

Re

2

∫ 2−(y+η)

y−η

∫ y−η

0

(γ − δ − 2)

1This recursion is proved convergent, smooth, and uniformly bounded over (y, η) ∈ [0, 1]2, with a
bound continuously dependent on k, as stated in Proposition 5.3
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×(γ − δ)πikln−1

(
k, 1 − γ − δ

2
, 1 − γ + δ

2

)
dδdγ, (5.2.13)

where f is defined as

f(k, y, η) = 8i {πk(2y − 1) − sinh (2πk(y − η))

−2πk(2η − 1) cosh (2πk(y − η))} . (5.2.14)

The terms of this recursion can be computed symbolically as they only involve

integration of polynomials and exponentials. In implementation, only a few steps

will be sufficient to obtain a highly accurate approximation because the recursion

is rapidly convergent [101].

Remark 5.1. Note that the observer equations (5.2.1)–(5.2.2) can be regarded as

forced Navier-Stokes equations, with the output injection acting as a body force.

This means that any standard DNS solver for the forced Navier-Stokes equations

can be used to implement the observer without needing major modifications.

As we did in Section 4.3, we illustrate the properties of the output injec-

tion kernels Q1, Q2, Q3 and Q4 in Fig. 5.1. In the plot, we have used the explicit

formulae in (5.2.5)–(5.2.8) and approximated the kernel l by l0 from (5.2.12). The

kernel are computed for the case of low Reynolds numbers, for which it holds that

l ≈ l0; for large Reynolds numbers, Q2 and Q4 remain the same (as they do not

depend on Re), while Q1 and Q3 will have a similar shape with increased gains due

to the contribution of the l kernel, which grows with Re. Note that in all cases,

the gains are larger when closer to the y = 1 wall (and thus far away from the

measurements).

Remark 5.2. The output injection terms in (5.2.1)–(5.2.2) and output injection

operators defined in (5.2.5)-(5.2.8) share the properties of the feedback operators

that were stated in Theorem 4.4. In particular, they are spatially invariant, well-

defined, smooth, have a finite energy, i.e., finite L2 norm, and, as illustrated in

Fig. 5.1, are decaying in the x direction—a property that allows to truncate the
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Figure 5.1: Output injection kernels Q1(x, y) (upper left), Q2(x, y) (upper right),
Q3(x, y) (lower left) and Q4(x, y) (lower right).
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integrals in (5.2.1)–(5.2.2) with respect to ξ to the vicinity of x, which allows

sensing to be restricted just to a neighborhood (in the x direction) of the portion

of the channel whose velocity one wants to estimate.

5.3 Observer Convergence Proof

Substracting the observer equations from the plant equations we obtain

the error equations, with states Ũ = U − Û , Ṽ = V − V̂ , P̃ = P − P̂ .

Ũt =
1

Re

(
Ũxx + Ũyy

)
− P̃x + Ũ Ũx + Ṽ Ũy − UŨx − V Ũy − ŨUx − Ṽ Uy

+

∫ ∞

−∞
Q1(x− ξ, y)Ũy(ξ, 0)dξ +

∫ ∞

−∞
Q2(x− ξ, y)P̃(ξ, 0)dξ, (5.3.15)

Ṽt =
1

Re

(
Ṽxx + Ṽyy

)
− P̃y + Ũ Ṽx + Ṽ Ṽy − UṼx − V Ṽy − ŨVx − Ṽ Vy

+

∫ ∞

−∞
Q3(x− ξ, y)Ũy(ξ, 0)dξ +

∫ ∞

−∞
Q4(x− ξ, y)P̃(ξ, 0)dξ, (5.3.16)

the continuity equation

Ũx + Ũy = 0, (5.3.17)

and boundary conditions

Ũ(t, x, 0) = Ũ(t, x, 1) = 0, (5.3.18)

Ṽ (t, x, 0) = Ṽ (t, x, 1) = 0. (5.3.19)

We define the fluctuation variable as in Chapter 4,

u(t, x, y) = U(t, x, y) − Ue(y), (5.3.20)

where Ue(y) was defined in (4.2.7). Using this variable we can write the equations

as

Ũt =
1

Re

(
Ũxx + Ũyy

)
− P̃x + NU

(
Ṽ , Ũ , u, V

)
− UeŨx − Ue

y Ṽ

+

∫ ∞

−∞
Q1(x− ξ, y)Ũy(ξ, 0)dξ +

∫ ∞

−∞
Q2(x− ξ, y)P̃(ξ, 0)dξ, (5.3.21)

Ṽt =
1

Re

(
Ṽxx + Ṽyy

)
− P̃y + NV

(
Ṽ , Ũ , u, V

)
+ UeṼx

+

∫ ∞

−∞
Q3(x− ξ, y)Ũy(ξ, 0)dξ +

∫ ∞

−∞
Q4(x− ξ, y)P̃(ξ, 0)dξ, (5.3.22)
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and higher order terms

NU = ŨŨx + Ṽ Ũy − uŨx − V Ũy − Ũux − Ṽ uy, (5.3.23)

NV = Ũ Ṽx + Ṽ Ṽy − uṼx − V Ṽy − ŨVx − Ṽ Vy, (5.3.24)

which are quadratic in Ṽ , Ũ , u, V .

When the observer state (Û , V̂ ) is close to the actual state (U, V ), and

when the fluctuation (u, V ) around the equilibrium state is small, then the nonlin-

ear terms NU(Ũ , Ṽ , u, V ), NV (Ũ , Ṽ , u, V ) are small and dominated by the linear

terms in the equations.

We use the Fourier transform defined in (4.5.51)–(4.5.52). The output

injection kernels defined in (5.2.5) and (5.2.6) written in Fourier space are

Q1(k, y) = χ(k)l(k, y, 0) + χ(k)
2πk sinh (2πky)

Re
, (5.3.25)

Q2(k, y) = χ(k)2πki cosh (2πky) , (5.3.26)

Q3(k, y) = −χ(k)2πki

∫ y

0

l(k, η, 0)dη − χ(k)
2πki cosh (2πky)

Re
, (5.3.27)

Q4(k, y) = χ(k)2πk sinh (2πky) , (5.3.28)

where we have used the truncating function χ(k).

Equations (5.3.21)–(5.3.22) in Fourier space are

Ũt =
1

Re

(
−4π2k2Ũ + Ũyy

)
− 2πkiP̃ − 2πkiU eŨ − Ue

y Ṽ

+Q1(k, y)Ũy(k, 0) +Q2(k, y)P̃ (k, 0), (5.3.29)

Ṽt =
1

Re

(
−4π2k2Ṽ + Ṽyy

)
− P̃y − 2πkiUeṼ

+Q3(k, y)Ũy(k, 0) +Q4(k, y)P̃ (k, 0), (5.3.30)

with boundary conditions

Ũ(t, k, 0) = Ũ(t, k, 1) = 0, (5.3.31)

Ṽ (t, k, 0) = Ṽ (t, k, 1) = 0. (5.3.32)

and the continuity equation, whose expression in Fourier space is

2πkiŨ(k, y) + Ṽy(k, y) = 0. (5.3.33)
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Equations (5.3.29)–(5.3.33) are uncoupled for each wave number, and

therefore, as in Chapter 4, can be studied separately for m ≤ |k| ≤ M , which we

will refer as the observed wave number range, and |k| > M , |k| < m, the unobserved

wave number range, where m and M are parameters that ensure stability for the

unobserved wave number equations.

5.3.1 Observed wave number analysis

First we use (5.3.29)–(5.3.33) to derive an equation for the pressure error,

in order to eliminate it from (5.3.29)–(5.3.30). This is done as in Chapter 4,

taking divergence of equations (5.3.29)–(5.3.30) and using (5.3.33). Note that,

from (5.3.25)–(5.3.28),

2πikQ1 +Q3y = 0, 2πikQ2 +Q4y = 0, (5.3.34)

hence the output injection terms are cancelled when obtaining the pressure equa-

tion, which is

−4π2k2P̃ + P̃yy = −4πkiUe
y Ṽ . (5.3.35)

We solve (5.3.35) in terms of the boundary values at y = 0, which are P̃ (k, 0), a

measured state, and

P̃y(k, 0) = −2πki
Ũy(k, 0)

Re
, (5.3.36)

which has been obtained from (5.3.30) at y = 0 using that in (5.3.27)–(5.3.28),

Q3(k, 0) = Q4(k, 0) = 0, and from (5.3.33) Ṽyy(k, 0) = −2πkiŨy(k, 0). The solution

to (5.3.35) is

P̃ = 4i

∫ y

0

sinh (2πk(y − η))Ue(η)Ṽ (k, η)dη

+ cosh (2πky) P̃ (k, 0) − i
sinh (2πky)

Re
Uy(k, 0). (5.3.37)
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Inserting (5.3.37) into (5.3.29)–(5.3.30), and using (4.2.7), we see that the output

injection kernels eliminate the terms with P̃ (k, 0), yielding

Ũt =
1

Re

(
−4π2k2Ũ + Ũyy

)
+ 8iπky(y − 1)Ũ + (2y − 1)Ṽ + l(k, y, 0)Ũy(k, 0)

+16πk

∫ y

0

sinh (2πk(y − η)) (2η − 1)Ṽ (k, η)dη, (5.3.38)

Ṽt =
1

Re

(
−4π2k2Ṽ + Ṽyy

)
+ 8iπky(y − 1)Ṽ − 2πki

∫ y

0

l(k, η, 0)dηŨy(k, 0)

−16πki

∫ y

0

cosh (2πk(y − η)) (2η − 1)Ṽ (k, η)dη, (5.3.39)

with boundary conditions (5.3.31)–(5.3.31).

We don’t need to separately control the Ṽ equation because, by the con-

tinuity equation (5.3.33) and using the fact that Ṽ (k, 0) = 0, we can write Ṽ in

terms of Ũ

Ṽ (k, y) =

∫ y

0

Ṽy(k, η)dη = −2πki

∫ y

0

Ũ(k, η)dη. (5.3.40)

Introducing (5.3.40) in (5.3.38), and simplifying the resulting double integral by

changing the order of integration, we reduce (5.3.38) to the following autonomous

equation that governs the observer error system

Ũt =
1

Re

(
−4π2k2Ũ + Ũyy

)
+ 8iπky(y − 1)Ũ

+8i

∫ y

0

{πk(2y − 1) − 2 sinh (2πk(y − η))

−2πk(2η − 1) cosh (2πk(y − η))}u(k, η)dη + l(k, y, 0)Ũy(k, 0). (5.3.41)

Defining for notational convenience

ε =
1

Re
, (5.3.42)

φ(k, y) = 8πiky(y − 1), (5.3.43)

we can write (5.3.41) as

Ũt = ε
(
−4π2k2Ũ + Ũyy

)
+ φ(k, y)Ũ +

∫ y

0

f(k, y, η)u(k, η)dη

+l(k, y, 0)Ũy(k, 0), (5.3.44)
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where f was defined in (5.2.14). For showing error convergence, we need to prove

convegence of Ũ to the origin. We design the gain l(k, y, 0), using the backstep-

ping observer design technique for parabolic PDEs [102]. The idea of the method

is to transform (5.3.44), for m ≤ |k| ≤ M , into the family of heat equations

(parametrized by k)

αt = ε
(
−4π2k2α + αyy

)
(5.3.45)

α(k, 0) = 0 (5.3.46)

α(k, 1) = 0 , (5.3.47)

where

Ũ = α−
∫ y

0

l(k, y, η)α(t, k, η)dη (5.3.48)

is the backstepping transformation as defined in [102]. The kernel l is found to

verify the following equation

εlηη = εlyy + φ(k, y)l(k, y, η)− f(k, y, η) +

∫ y

η

f(k, y, ξ)l(k, ξ, η)dξ, (5.3.49)

a hyperbolic partial integro-differential equation in the region T with boundary

conditions

l(k, y, y) =
2

ε

∫ 1

y

φ(k, η)dη, (5.3.50)

l(k, 1, η) = 0. (5.3.51)

We have the following result regarding (5.3.49)–(5.3.51).

Proposition 5.3. Consider equation (5.3.49) in the domain (k, y, η) ∈ C×T with

boundary conditions (5.3.50)–(5.3.51). There is a solution l, given by (5.2.11)–

(5.2.13), such that l belongs to C2 (T ). Moreover l as a complex-valued function of

k is analytic in the annulus m < |k| < M .

Proof. Following [102], (5.3.49)–(5.3.51) can be transformed into an equation anal-

ogous to (4.5.82)–(4.5.84). Then, applying Proposition 4.8, the result follows.
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Once the kernel l is found, the gain that appears in (5.3.39) is explicitly

known. Since (5.3.45)–(5.3.48) is analogous to (4.5.77)–(4.5.80), by the same ar-

guments of Sections 4.5–4.7, exponential stability in L2, H1 and H2 norms of Ũ

and Ṽ follow for all m ≤ |k| ≤ M .

5.3.2 Unobserved wave number analysis

When |k| < m or |k| > M , the observer error linearization verifies the

following equations

Ũt =
1

Re

(
−4π2k2Ũ + Ũyy

)
− 2πkiP̃ + 8iπky(y − 1)Ũ + (2y − 1)Ṽ , (5.3.52)

Ṽt =
1

Re

(
−4π2k2Ṽ + Ṽyy

)
− P̃y + 8iπky(y − 1)Ṽ , (5.3.53)

the continuity equation (5.3.33) and boundary conditions (5.3.31)–(5.3.31). These

are just the linearized, uncontrolled Navier-Stokes equations that were studied in

Section 4.5.2. Then, following exactly the same arguments of Sections 4.5–4.7

for the uncontrolled Navier-Stokes equations, it follows that for m = 1
32πRe

and

M = 1
π

√
Re
2

we get exponential stability of the unobserved wave number range in

the L2, H1 and H2 norms.

5.3.3 Analysis for the entire wave number range

The analysis sketched in the previous section can be combined for all

wave numbers, to prove the following result.

Theorem 5.4. Consider the (U, V ) system (4.2.1)–(4.2.3), with boundary con-

ditions (4.2.4), and the (Û , V̂ ) system (5.2.1)–(5.2.3) with boundary conditions

(5.2.4), and suppose that both are well posed in L2 ((0,∞), H2(Ω)). Consider now

the observer error system (Ũ , Ṽ ). There exists positive constants C1 and C2 such

that, if the L2 norms of the initial conditions for Ũ and Ṽ are less than C1, i.e.∫ 1

0

∫ ∞

−∞

(
Ũ2(0, x, y) + Ṽ 2(0, x, y)

)
dxdy < C1, (5.3.54)
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and if the turbulent kinetic energy of U and V (defined as the L2 norm of the

fluctuation with respect to the Pouisseuille equilibrium profile) is less than C2 for

all time, i.e. ∀t ≥ 0,∫ 1

0

∫ ∞

−∞

(
u2(t, x, y) + V 2(t, x, y)

)
dxdy < C2, (5.3.55)

then the L2 norms of Ũ , Ṽ converge to zero:

lim
t→∞

∫ 1

0

∫ ∞

−∞

(
Ũ2(t, x, y) + Ṽ 2(t, x, y)

)
dxdy = 0. (5.3.56)

Proof. Exponential stability in the L2 norm follows for the linearized (Ũ , Ṽ ) system

from the analysis of Sections 5.3.1–5.3.2. Hence local L2 exponential stability

follows for the nonlinear system (5.3.21)–(5.3.22). We set C1 and C2 in conditions

(5.3.54)–(5.3.55) small enough to guarantee that the nonlinear system is “close”

enough to the linearized system (in the L2 sense) so that the local exponential

stability property holds for all times.

Remark 5.5. Following [32], we may consider the mean turbulent profile instead

of considering the exact laminar equilibrium profile. This amounts to changing Ue

in (5.3.21)–(5.3.22) and following the same steps as in Sections 5.3.1–5.3.2 for the

new observer error system. Hence, the observer gains and cutoff wave number M

and m will change (but only quantitatively) for the turbulent mean profile. Then

Theorem 5.4 still holds and guarantees convergence of estimates under the same

assumptions, meaning now that the state has to stay close enough to the mean

turbulent profile at all times.

Remark 5.6. The meaning of this theorem is that, for a fully developed channel

flow (whether laminar or turbulent), with a Reynolds number possibly above the

critical value (the boundary of linear stability) but not too far above it, the observer

is guaranteed to be convergent to the real velocity and pressure field, provided its

initial estimates are not too far from the actual initial profile.

Remark 5.7. We have assumed the well-posedness of the nonlinear Navier-Stokes

system for Theorem 5.4, as a proof is beyond the scope of this dissertation. For the
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linearized case, assumptions (5.3.54)–(5.3.55) can be dropped and, under certain

compatibility conditions on the initial conditions of both the observer and the

plant, well-posedness follows as in Section 4.8.

5.4 An Output Feedback Stabilizing Controller

We combine the result of Chapter 4 and the observer of Section 5.2 to

obtain an output feedback controller for the linearized Navier-Stokes controlled

system (4.2.10)–(4.2.18). The expression of the control laws are as follows

Uc(t, x) =

∫ 1

0

∫ ∞

−∞
Qu(x− ξ, η)û(t, ξ, η)dξdη, (5.4.57)

Vc(t, x) = h(t, x), (5.4.58)

where h verifies the equation

ht = hxx + g(t, x), (5.4.59)

where

g =

∫ 1

0

∫ ∞

−∞
QV (x− ξ, η)V̂ (t, ξ, η)dξdη

+

∫ ∞

−∞
Q0(x− ξ) (ûy(t, ξ, 0) − ûy(t, ξ, 1))dξ, (5.4.60)

with Qu, QV and Q0 as in (4.3.28)–(4.3.30) and where (V̂ , û) in (5.4.57)–(5.4.60)

are obtained from

ût =
1

Re
(ûxx + ûyy) − p̂x + 4y(y − 1)ûx + 4(2y − 1)V̂

+

∫ ∞

−∞
Q1(x− ξ, y)(uy(ξ, 0) − ûy(ξ, 0))dξ

+

∫ ∞

−∞
Q2(x− ξ, y) (p(ξ, 0) − p̂(ξ, 0))dξ, (5.4.61)

V̂t =
1

Re

(
V̂xx + V̂yy

)
− p̂y + 4y(y − 1)V̂x

+

∫ ∞

−∞
Q3(x− ξ, y) (uy(ξ, 0) − ûy(ξ, 0))dξ

+

∫ ∞

−∞
Q4(x− ξ, y) (p(ξ, 0) − p̂(ξ, 0))dξ, (5.4.62)
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with Q1, Q2, Q3 and Q4 as in (5.2.5)–(5.2.8), equation

ûx + V̂y = 0, (5.4.63)

and boundary conditions

û(t, x, 0) = V̂ (t, x, 0) = 0, (5.4.64)

û(t, x, 1) = Uc, (5.4.65)

V̂ (t, x, 1) = Vc. (5.4.66)

Equations (5.4.66)–(5.4.57) are the complete statement of a dynamic controller

that guarantees the following result.

Theorem 5.8. Consider the (u, V ) system (4.2.10)–(4.2.18) and the (û, V̂ ) system

(5.4.61)–(5.4.66), with feedback laws (5.4.57)–(5.4.60), and assume both are well-

posed in the L2 ((0,∞), H2(Ω)) space. Then, the equilibrium u(x, y) ≡ V (x, y) ≡

û(x, y) ≡ V̂ (x, y) ≡ 0 is exponentially stable in the L2, H1 and H2 norms.

Proof. Since the plant is linearized, the proof is standard and follows from the

stabilizing properties of the full state controller and the observer convergence result.

We sketch the details. First, we express the plant in (Ũ , Ṽ , û, V̂ ) coordinates; since

the (Ũ , Ṽ ) verifies (5.3.29)–(5.3.33), the proof of Section 5.3 applies and we get

exponential stability for (Ũ , Ṽ ) in the L2, H1 andH2 norms (without the additional

conditions of Theorem 5.4, because the (Ũ , Ṽ ) is already linearized in this case).

Then, the (û, V̂ ) system is like the (u, V ) system in (4.2.10)–(4.2.18) but with

additional, smooth (see Remark 5.2) forcing terms, as stated in Remark 5.1, that

exponentially decay. Hence from the proof of Theorem 4.3, we get exponential

stability for (û, V̂ ).

Remark 5.9. For simplicity we have skipped the statement of explicit solutions

and the proof of well-posedness, which would follow as in Section 4.8. For the

uncontrolled/unobserved wave numbers the system (Ũ , Ṽ , û, V̂ ) is decomposed
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into two well-posed, uncoupled Navier-Stokes channel flow systems, while for con-

trolled/observed wave numbers the system (Ũ , Ṽ , û, V̂ ) is mapped to two heat

equations which are well-posed, given certain compatibility conditions (which are

rather involved for this case and whose statement we skip). Hence, well-posedness

and explicit solutions follows.

This chapter is a partial reprint of the material as it appears in

R. Vazquez and M. Krstic, “A closed-form observer for the channel flow Navier-

Stokes system,” Proc. of the 2005 CDC, Sevilla, Spain, 2005.

The dissertation author was the primary author and the coauthor listed in this

publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 6

Boundary Stabilization of 3-D

Magnetohydrodynamic Channel

Flow

6.1 Introduction

In this chapter we consider an incompressible 3-D magnetohydrodynamic

(MHD) channel flow, also known as the Hartmann flow, a benchmark model for

applications such as cooling systems (computer systems, fusion reactors), hyper-

sonic flight and propulsion. In this flow, an electrically conducting fluid moves

between parallel plates and is affected by an imposed transverse magnetic field.

When a conducting fluid moves in the presence of a magnetic field, it produces an

electric field due to charge separation and subsequently an electric current. The

interaction between this created electric current and the imposed magnetic field

originates a body force, called the Lorentz force, which acts on the fluid itself.

The velocity and electromagnetic fields are mathematically described by the MHD

equations [85], which are the Navier-Stokes equation coupled with the Maxwell

equations.

The area of conducting fluids moving in magnetic fields, even though

96
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rich in applications, has only been recently considered and is under development.

There are some recent results in stabilization of magnetohydrodynamic flows, for

instance using nonlinear model reduction [8], open-loop control [20] and optimal

control [42]. Applications include, for instance, drag reduction [86], or mixing

enhancement for cooling systems [94]. Some experimental results are available as

well, showing that control of such flows is technologically feasible; actuators consist

of magnets and electrodes [23, 86, 109]. Mathematical studies of controllability of

magnetohydrodynamic flows have been done, though they do not provide explicit

controllers [14, 106].

Our controller is designed for the continuum MHD model and is designed

similarly to the 2-D channel flow controller of Chapter 4. Following Chapter 4,

control synthesis is done in the wave number space after application of a Fourier

transform in the spatially invariant directions (x and z). Large wave numbers are

found to be stable and left uncontrolled whereas for small wave numbers control

is used. Writing the velocity field in some appropriate coordinates, the resulting

system is very similar to the Orr-Sommerfeld-Squire system of PDE’s for non-

conducting fluids and presents the same difficulties (non-normality leading to a

large transient growth mechanism [66, 95]). Thus, applying the same ideas as

in [34], we use backstepping not only to guarantee stability but also to decouple

the system in order to prevent transients. The control gains are computed solving

linear hyperbolic PDEs—a much simpler task than, for instance, solving nonlinear

Riccati equations. Actuation of velocity and electric potential is done at only one

of the channel walls. Full state knowledge is assumed, but the controller can be

combined with the dual observer for 3-D MHD channel flow that we present in

Chapter 7 to obtain an output feedback controller. For zero magnetic field or non-

conducting fluids, the problem reduces to the 3-D Navier-Stokes Channel flow and

the control design still holds.
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Figure 6.1: Hartmann Flow.

6.2 Model

We consider a 3-D MHD channel flow, also called Hartmann flow [60].

This flow consists of an incompressible conducting fluid enclosed between two par-

allel plates, separated by a distance Lp, under the influence of a pressure gradient

∇P parallel to the walls and a magnetic field B0 normal to the walls, as shown in

Figure 6.1. Under the assumption of a very small magnetic Reynolds number

ReM = µmσUcLp � 1, (6.2.1)

where µm is the magnetic permeability of the fluid, σ the conductivity of the fluid,

and Uc the reference velocity (maximum velocity of the Hartmann equilibrium pro-

file), the dynamics of the magnetic field can be neglected and the dimensionless

velocity and electric potential field is governed by the inductionless MHD equa-

tions [79].

We set nondimensional coordinates (x, y, z), where x is the streamwise

direction (parallel to the pressure gradient), y the wall normal direction (parallel

to the magnetic field) and z the spanwise direction, so that (x, y, z) ∈ (−∞,∞)×

[0, 1] × (−∞,∞). The governing equations are

Ut =
�U
Re

− UUx − V Uy −WUz − Px +Nφz
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−NU , (6.2.2)

Vt =
�V
Re

− UVx − V Vy −WVz − Py , (6.2.3)

Wt =
�W
Re

− UWx − VWy −WWz − Pz −Nφx

−NW , (6.2.4)

�φ = Uz −Wx , (6.2.5)

where U , V and W denote, respectively, the streamwise, wall-normal and spanwise

velocities, P the pressure, φ the electric potential, Re = UcLp

ν
is the Reynolds

number and N =
σLpB2

0

ρUc
the Stuart number. Since the fluid is incompressible, the

continuity equation is verified

Ux + Vy +Wz = 0 . (6.2.6)

The boundary conditions for the velocity field are

U(t, x, 0, z) = U(t, x, 1, z) = Uc(t, x, z), (6.2.7)

V (t, x, 0, z) = V (t, x, 1, z) = Vc(t, x, z), (6.2.8)

W (t, x, 0, z) = W (t, x, 1, z) = Wc(t, x, z), (6.2.9)

where Uc(t, x, z), Vc(t, x, z) and Wc(t, x, z) denote, respectively, the actuators for

streamwise, wall-normal and spanwise velocity in the upper wall. Assuming per-

fectly conducting walls, the electric potential must verify

φ(t, x, 0, z) = 0, φ(t, x, 1, z) = Φc(t, x, z), (6.2.10)

where Φc(t, x, z) is the imposed potential (electromagnetic actuation) in the upper

wall. The nondimensional electric current, j(t, x, y, z), is a vector field that can be

computed from the electric potential and velocity fields as follows:

jx(t, x, y, z) = −φx −W, (6.2.11)

jy(t, x, y, z) = −φy, (6.2.12)

jz(t, x, y, z) = −φz + U, (6.2.13)
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where jx, jy, and jz denote the components of j.

We assume that all actuators can be independently actuated for every

(x, z) ∈ R2. Note that no actuation is done inside the channel or at the bottom

wall.

6.3 Equilibrium profile

The equilibrium profile for system (6.2.2)–(6.2.5) with no control can be

calculated following the same steps that yield the Poiseuille solution for Navier-

Stokes channel flow. Thus, we assume a steady solution with only one nonzero

nondimensional velocity component, Ue, that depends only on the y coordinate.

Substituting Ue in equation (6.2.2), one finds that it verifies the following equation,

0 =
Ue
yy(y)

Re
− P e

x −NUe(y) , (6.3.14)

whose nondimensional solution is, setting P e such that the maximum velocity

(centerline velocity) is unity,

Ue(y) =
sinh(H(1 − y)) − sinhH + sinh(Hy)

2 sinhH/2 − sinhH
, (6.3.15)

V e = W e = φe = 0, (6.3.16)

P e =
N sinhH

2 sinhH/2 − sinhH
x, (6.3.17)

jxe = jye = 0, jze = Ue(y). (6.3.18)

where H =
√
ReN = B0Lp

√
σ
ρν

is the Hartmann number. In Fig. 6.3(left) we show

Ue(y) for different values of H . Since the equilibrium profile is nondimensional the

centerline velocity is always 1. For H = 0 the classic parabolic Poiseuille profile

is recovered. In Fig. 6.3(right) we show Ue
y (y), proportional to shear stress, whose

maximum is reached at the boundaries and grows with H .
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Figure 6.2: Streamwise equilibrium velocity Ue(y) (left) and Ue
y (y) (right), for

different values of H . Solid, H = 0; dash-dotted, H = 10; dashed, H = 50.

6.4 The Plant in Wave Number Space

Define the fluctuation variables

u(t, x, y) = U(t, x, y) − Ue(y), (6.4.19)

p(t, x, y) = P (t, x, y) − P e(y), (6.4.20)

where Ue(y) and P e(y) are, respectively, the equilibrium velocity and pressure

given in (6.3.15) and (6.3.17). The linearization of (6.2.2)–(6.2.4) around the Hart-

mann equilibrium profile, written in the fluctuation variables (u, V,W, p, φ), is

ut =
�u
Re

− Ue(y)ux − Ue
y (y)V − px +Nφz −Nu , (6.4.21)

Vt =
�V
Re

− Ue(y)Vx − py , (6.4.22)

Wt =
�W
Re

− Ue(y)Wx − pz −Nφx −NW . (6.4.23)

The equation for the potential is

�φ = uz −Wx , (6.4.24)

and the fluctuation velocity field verifies the continuity equation,

ux + Vy +Wz = 0 , (6.4.25)
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and the following boundary conditions

u(t, x, 0, z) = W (t, x, 0, z) = V (t, x, 0, z) = 0, (6.4.26)

u(t, x, 1, z) = Uc(t, x, z), (6.4.27)

V (t, x, 1, z) = Vc(t, x, z), (6.4.28)

W (t, x, 1, z) = Wc(t, x, z), (6.4.29)

φ(t, x, 0, z) = 0, φ(t, x, 1, z) = Φc(t, x, z). (6.4.30)

To guarantee stability, our design task is to design feedback laws Uc, Vc,

Wc and Φc, so that the origin of the velocity fluctuation system is exponentially

stable. Full state knowledge is assumed.

Since the plant is linear and spatially invariant [12], we use a Fourier

transform in the x and z coordinates (the spatially invariant directions). The

transform pair (direct and inverse transform) is defined as

f(kx, y, kz)=

∫ ∞

−∞

∫ ∞

−∞
f(x, y, z)e−2πi(kxx+kzz)dzdx, (6.4.31)

f(x, y, z)=

∫ ∞

−∞

∫ ∞

−∞
f(kx, y, kz)e

2πi(kxx+kzz)dkzdkx. (6.4.32)

As in Chapter 4, we use the same symbol f for both the original f(x, y, z) and

the image f(kx, y, kz). As k in Chapter 4, kx and kz are referred to as the “wave

numbers.”

The plant equations in wave number space are

ut =
−α2u+ uyy

Re
− βu− Ue

yV − 2πkxip+ 2πkziNφ−Nu, (6.4.33)

Vt =
−α2V + Vyy

Re
− βV − py, (6.4.34)

Wt =
−α2W +Wyy

Re
− βW − 2πkzip− 2πkxiNφ−NW (6.4.35)

where α2 = 4π2(k2
x + k2

z) and β = 2πikxU
e.

The continuity equation in wave number space is expressed as

2πikxu+ Vy + 2πkzW = 0, (6.4.36)
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and the equation for the potential is

−α2φ+ φyy = 2πi (kzu− kxW ) . (6.4.37)

The boundary conditions are

u(t, kx, 0, kz) = W (t, kx, 0, kz)=V (t, kx, 0, kz)=0, (6.4.38)

u(t, kx, 1, kz) = Uc(t, kx, kz), (6.4.39)

V (t, kx, 1, kz) = Vc(t, kx, kz), (6.4.40)

W (t, kx, 1, kz) = Wc(t, kx, kz), (6.4.41)

φ(t, kx, 0, kz) = 0, φ(t, kx, 1, kz) = Φc(t, kx, kz). (6.4.42)

6.5 Control Design

We design the controller in wave number space. Note that (6.4.33)–

(6.4.42) are uncoupled for each wave number. Therefore, as in Chapter 4 and [34],

the range k2
x + k2

z ≤ M2, which we refer to as the controlled wave number range,

and the range k2
x + k2

z > M2, the uncontrolled wave number range, can be studied

separately. If stability for all wave numbers is established, stability in physical

space follows as in Section 4.6.3. The number M , which will be computed in

Section 6.5.2, is a parameter that ensures stability for uncontrolled wave numbers.

As in (4.3.31), we define χ, a truncating function, as

χ(kx, kz) =


 1, k2

x + k2
z ≤M2,

0, otherwise.
(6.5.43)

Then, we reflect that we don’t use control for large wave numbers by

setting 


Uc(t, x, z)

Vc(t, x, z)

Wc(t, x, z)

Φc(t, x, z)




=

∫ ∞

−∞

∫ ∞

−∞
χ(kx, kz)




Uc(t, kx, kz)

Vc(t, kx, kz)

Wc(t, kx, kz)

Φc(t, kx, kz)




×e2πi(kxx+kzz)dkzdkx. (6.5.44)
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Next we design stabilizing control laws for small wave numbers and ana-

lyze uncontrolled wave numbers.

6.5.1 Controlled wave number analysis

Consider k2
x + k2

z ≤ M2. Then χ = 1, so there is control. Using the

continuity equation (6.4.36) and taking divergence of (6.4.33)–(6.4.35), a Poisson

equation for the pressure is derived,

−α2p+ pyy = −4πkxiU
e
y (y)V +NVy. (6.5.45)

Evaluating equation (6.4.34) at y = 0 one finds that

py(kx, 0, kz) =
Vyy(kx, 0, kz)

Re

= −2πi
kxuy0 + kzWy0

Re
, (6.5.46)

where we use (6.4.36) for expressing Vyy at the bottom in terms of uy0 = uy(kx, 0, kz)

and Wy0 = Wy(kx, 0, kz). Similarly, evaluating equation (6.4.34) at y = 1 we get

py(kx, 1, kz) =
Vyy(kx, 1, kz)

Re
− (Vc)t − α2 Vc

Re

= −2πi
kxuy1 + kzWy1

Re
− (Vc)t − α2 Vc

Re
, (6.5.47)

where we use (6.4.36) for expressing Vyy at the top wall in terms of uy1 = uy(kx, 1, kz)

and Wy1 = Wy(kx, 1, kz) and the controller Vc.

Equation (6.5.45) can be solved in terms of integrals of the state and the

boundary terms appearing in (6.5.46) and (6.5.47).

p = −4πkxi

α

∫ y

0

Ue
y (η) sinh (α(y − η))V (kx, η, kz)dη

+N

∫ y

0

sinh (α(y − η))

α
Vy(kx, η, kz)dη + 2πi

cosh (α(1 − y))

α sinhα

kxuy0 + kzWy0

Re

+
4πkxi cosh (αy)

α sinhα

∫ 1

0

Ue
y (η) cosh (α(1 − η))V (kx, η, kz)dη

−N cosh (αy)

α sinhα

∫ 1

0

cosh (α(1 − η))Vy(kx, η, kz)dη

−2πi
cosh (αy)

α sinhα

kxuy1 + kzWy1

Re
− cosh (αy)

α sinhα

(
(Vc)t + α2 Vc

Re

)
. (6.5.48)
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We proceed as in Section 4.5.1 and use the controller Vc, which appears inside the

pressure solution (6.5.48), to make the pressure strict-feedback (spatially causal in

y), which is a necessary structure for the application of a backstepping boundary

controller [101]. Since the first two lines in (6.5.48) are already spatially causal,

we need to cancel the third, fourth, and fifth lines of (6.5.48). Set

(Vc)t = α2 Vc
Re

+ 2πi
kx(uy0 − uy1) + kz(Wy0 −Wy1)

Re

+4πkxi

∫ 1

0

Ue
y (η) cosh (α(1 − η))V (kx, η, kz)dη

−N
∫ 1

0

cosh (α(1 − η))Vy(kx, η, kz)dη, (6.5.49)

which can be written as

(Vc)t = α2 Vc
Re

+ 2πi
kx(uy0 − uy1) + kz(Wy0 −Wy1)

Re

−NVc +

∫ 1

0

cosh (α(1 − η))V (kx, η, kz)
(
N + 4πkxiU

e
y (η)

)
dη.(6.5.50)

Then, the pressure is written in terms of a strict-feedback integral of the

state V and the boundary terms uy0, Wy0 (proportional to the skin friction at the

bottom) as follows

p = −4πkxi

α

∫ y

0

Ue
y (η) sinh (α(y − η))V (kx, η, kz)dη

−2πi
cosh (αy) − cosh (α(1 − y))

Reα sinhα
(kxuy0 + kzWy0)

+N

∫ y

0

sinh (α(y − η))

α
Vy(kx, η, kz)dη. (6.5.51)

Similarly, solving for φ in terms of the control Φc and the right hand side of its

Poisson equation (6.4.37),

φ =
2πi

α

∫ y

0

sinh (α(y − η)) (kzu(kx, η, kz) − kxW (kx, η, kz)) dη

−2πi sinh (αy)

α sinhα

∫ 1

0

sinh (α(1 − η)) (kzu(kx, η, kz) − kxW (kx, η, kz)) dη

+
sinh (αy)

sinhα
Φc(kx, ky). (6.5.52)
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As in the pressure equation (6.5.48), an actuator (Φc in this case) appears inside

the solution for the potential. The second line of (6.5.52) is a non-strict-feedback

integral and needs to be cancelled to apply the backstepping method. For this we

use Φc by setting

Φc(kx, ky) =
2πi

α

∫ 1

0

sinh (α(1 − η)) (kzu(kx, η, kz) − kxW (kx, η, kz)) dη.(6.5.53)

Then the potential can be expressed as a strict-feedback integral of the states u

and W as follows

φ =
2πi

α

∫ y

0

sinh (α(y − η)) (kzu(kx, η, kz) − kxW (kx, η, kz)) dη. (6.5.54)

Introducing the expressions (6.5.51) and (6.5.54) in (6.4.33) and (6.4.35),

we get

ut =
−α2u+ uyy

Re
− βu− Ue

y (y)V −Nu− 4π2kx

×cosh (αy) − cosh (α(1 − y))

Reα sinhα
(kxuy0 + kzWy0)

−8πk2
x

α

∫ y

0

Ue
y (η) sinh (α(y − η))V (kx, η, kz)dη

−2πikxN

∫ y

0

sinh (α(y − η))

α
Vy(kx, η, kz)dη

−4π2kzN

α

∫ y

0

sinh (α(y − η)) (kzU(kx, η, kz) − kxW (kx, η, kz)) dη, (6.5.55)

Wt =
−α2W +Wyy

Re
− βW −NW − 4π2kz

×cosh (αy) − cosh (α(1 − y))

Reα sinhα
(kxuy0 + kzWy0)

−8πkxkz
α

∫ y

0

Ue
y (η) sinh (α(y − η))V (kx, η, kz)dη

−2πikzN

∫ y

0

sinh (α(y − η))

α
Vy(kx, η, kz)dη

+
4π2kxN

α

∫ y

0

sinh (α(y − η)) (kzU(kx, η, kz) − kxW (kx, η, kz)) dη. (6.5.56)

We have omitted the equation for V since, from (6.4.36) and using the fact that

V (kx, 0, kz) = 0, V is computed as

V = −2πi

∫ y

0

(kxU(kx, η, kz) + kzW (kx, η, kz)) dη. (6.5.57)
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Now we use the following change of variables and its inverse,

Y = 2πi (kxu+ kzW ) , ω = 2πi (kzu− kxW ) , (6.5.58)

u =
2πi

α2
(kxY + kzω) , W =

2πi

α2
(kzY − kxω) . (6.5.59)

Defining ε = 1
Re

and the following functions

f = 4πikx

{
Ue
y

2
+

∫ y

η

Ue
y (σ)

sinh (α(y − σ))

α
dσ

}
+Nα sinh (α(y − σ)) ,(6.5.60)

g = −αcosh (αy) − cosh (α(1 − y))

Re sinhα
, (6.5.61)

h1 = 2πikzU
e
y , (6.5.62)

h2 = −Nα sinh (α(y − η)) , (6.5.63)

equations (6.5.55)–(6.5.56) expressed in terms of Y and ω are

Yt = ε
(
−α2Y + Yyy

)
− βY −NY + gYy0

+

∫ y

0

f(kx, y, η, kz)Y (kx, η, kz)dη , (6.5.64)

ωt = ε
(
−α2ω + ωyy

)
− βω −Nω + h1(y)

∫ y

0

Y (kx, η, kz)dη

+

∫ y

0

h2(y, η)ω(kx, η, kz)dη , (6.5.65)

where we have used the inverse change of variables (6.5.59) to express uy0 and Wy0

in terms of Yy0 = Yy(kx, 0, kz) as follows

Yy0 = 2πi (kxuy0 + kzWy0) , (6.5.66)

with boundary conditions

Y (t, kx, 0, kz) = ω(t, kx, 0, kz) = 0, (6.5.67)

Y (t, kx, 1, kz) = Yc(t, kx, kz) (6.5.68)

ω(t, kx, 1, kz) = ωc(t, kx, kz), (6.5.69)

where

Yc = 2πi (kxUc + kzWc) , (6.5.70)

ωc = 2πi (kzUc − kxWc) . (6.5.71)



108

Equations (6.5.64)–(6.5.65) are a coupled, strict-feedback plant, with in-

tegral and reaction terms. As in [34], a variant of the design presented in [101] can

be used to stabilize the system using a double backstepping transformation. The

transformation maps, for each kx and kz, the variables (Y, ω) into the variables

(Ψ,Ω), that verify the following family of heat equations (parameterized in kx, kz)

Ψt = ε
(
−α2Ψ + Ψyy

)
− βΨ −Nψ, (6.5.72)

Ωt = ε
(
−α2Ω + Ωyy

)
− βΩ −NΩ, (6.5.73)

with boundary conditions

Ψ(kx, 0, kz) = Ψ(kx, 1, kz) = 0, (6.5.74)

Ω(kx, 0, kz) = Ω(kx, 1, kz) = 0. (6.5.75)

The transformation is defined as follows,

Ψ = Y −
∫ y

0

K(kx, y, η, kz)Y (kx, η, kz)dη, (6.5.76)

Ω = ω −
∫ y

0

Γ1(kx, y, η, kz)Y (kx, η, kz)dη

−
∫ y

0

Γ2(kx, y, η, kz)ω(kx, η, kz)dη. (6.5.77)

As in Section 4.5.1 and following [34, 101], the functions K(kx, y, η, kz),

Γ1(kx, y, η, kz), and Γ2(kx, y, η, kz) are found as the solution of the following partial

integro-differential equations,

εKyy = εKηη + (β(y) − β(η))K − f +

∫ y

η

f(η, ξ)K(y, ξ)dξ, (6.5.78)

εΓ1yy = εΓ1ηη + (β(y) − β(η)) Γ1 − h1 +

∫ y

η

Γ2(y, ξ)h1(ξ)dξ

+

∫ y

η

f(η, ξ)Γ1(y, ξ)dξ, (6.5.79)

εΓ2yy = εΓ2ηη + (β(y) − β(η)) Γ2 − h2 +

∫ y

η

h2(ξ, η)Γ2(y, ξ)dξ. (6.5.80)

Equations (6.5.78)–(6.5.80) are hyperbolic partial integro-differential equation in



109

the region T = {(y, η) : 0 ≤ y ≤ 1, 0 ≤ η ≤ y}. Their boundary conditions are

K(y, y) = −g(0)

ε
, (6.5.81)

K(y, 0) =

∫ y
0
K(y, η)g(η)dη− g(y)

ε
, (6.5.82)

Γ1(y, y) = 0, (6.5.83)

Γ1(y, 0) =

∫ y
0

Γ1(y, η)g(η)dη

ε
, (6.5.84)

Γ2(y, y) = 0, Γ2(y, 0) = 0. (6.5.85)

Remark 6.1. Equations (6.5.78)–(6.5.85) are well-posed and can be solved sym-

bolically, by means of a successive approximation series, or numerically [34, 101].

Note that (6.5.78) and (6.5.80) are autonomous. Hence, one must solve first for

K(kx, y, η, kz) and Γ2(kx, y, η, kz). Then the solution for Γ2 is plugged in Equa-

tion 6.5.79 which then can be solved for Γ1(kx, y, η, kz).

Control laws Yc and Wc are found evaluating (6.5.76)–(6.5.77) at y = 1

and using (6.5.68)–(6.5.69) and (6.5.74)–(6.5.75), which yields

Yc(t, kx, kz) =

∫ 1

0

K(kx, 1, η, kz)Y (kx, η, kz)dη, (6.5.86)

ωc(t, kx, kz) =

∫ 1

0

Γ1(kx, 1, η, kz)Y (kx, η, kz)dη

+

∫ 1

0

Γ2(kx, 1, η, kz)ω(kx, η, kz)dη. (6.5.87)

Using (6.5.58)–(6.5.59) to write (6.5.86)–(6.5.87) in (u,W ), we get

Uc =

∫ 1

0

KUu(kx, 1, η, kz)u(kx, η, kz)dη

+

∫ 1

0

KUW (kx, 1, η, kz)W (kx, η, kz)dη, (6.5.88)

Wc =

∫ 1

0

KWu(kx, 1, η, kz)u(kx, η, kz)dη

+

∫ 1

0

KWW (kx, 1, η, kz)W (kx, η, kz)dη, (6.5.89)
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where 


KUu

KUW

KWu

KWW




= A




K(kx, y, η, kz)

Γ1(kx, y, η, kz)

0

Γ2(kx, y, η, kz)



, (6.5.90)

and where the matrix A is defined as

A = −4π2

α2




k2
x kxkz kxkz k2

z

kxkz k2
z −k2

x −kxkz
kxkz −k2

x k2
z −kxkz

k2
z −kxkz −kxkz k2

x



. (6.5.91)

Using the same argument as in Section 4.5.1, stability in the controlled

wave number range follows from stability of (6.5.72)–(6.5.73) and the invertibility

of the transformation (6.5.76)–(6.5.77). We get the following result, whose proof

we sketch (see [34] for more details).

Proposition 6.2. For k2
x + k2

z ≤ M2, the equilibrium u ≡ V ≡ W ≡ 0 of system

(6.4.33)–(6.4.42) with control laws (6.5.50), (6.5.53), (6.5.88)–(6.5.89) is expo-

nentially stable in the L2 norm, i.e.,∫ 1

0

(
|u|2 + |V |2 + |W |2

)
(t, kx, y, kz)dy

≤ C1e
−2εt

∫ 1

0

(
|u|2 + |V |2 + |W |2

)
(0, kx, y, kz)dy, (6.5.92)

where C1 ≥ 0.

Proof. From equations (6.5.72)–(6.5.73) we get, using a standard Lyapunov argu-

ment, ∫ 1

0

(
|Ψ|2 + |Ω|2

)
(t, kx, y, kz)dy

≤ e−2εt

∫ 1

0

(
|Ψ|2 + |Ω|2

)
(0, kx, y, kz)dy, (6.5.93)
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and then from the transformation (6.5.76)–(6.5.77) and its inverse (which is guar-

anteed to exist [101]), we get that∫ 1

0

(
|Y |2 + |ω|2

)
(t, kx, y, kz)dy

≤ C0e
−2εt

∫ 1

0

(
|Y |2 + |ω|2

)
(0, kx, y, kz)dy, (6.5.94)

where C0 > 0 is a constant depending on the kernels K, Γ1 and Γ2 and their

inverses. Then writing (u,W ) in terms of (Y, ω) and bounding the norm of V by

the norm of Y (using Y = −Vy and Poincare’s inequality), the result follows.

6.5.2 Uncontrolled wave number analysis

When k2
x + k2

z > M , the plant verifies the following equations

ut =
−α2u+ uyy

Re
− βu− Ue

y (y)V − 2πkxip+ 2πkziNφ−Nu , (6.5.95)

Vt =
−α2V + Vyy

Re
− βV − py , (6.5.96)

Wt =
−α2W +Wyy

Re
− βW − 2πkzip− 2πkxiNφ−NW , (6.5.97)

the Poisson equation for the potential

−α2φ+ φyy = 2πi (kzu− kxW ) (6.5.98)

the continuity equation

2πikxu+ Vy + 2πkzW = 0, (6.5.99)

and Dirichlet boundary conditions

u(t, kx, 0, ky) = V (t, kx, 0, ky) = W (t, kx, 0, ky) = 0, (6.5.100)

u(t, kx, 1, ky) = V (t, kx, 1, ky) = W (t, kx, 1, ky) = 0, (6.5.101)

φ(t, kx, 0, ky) = φ(t, kx, 1, ky) = 0. (6.5.102)

Using the transformation (6.5.58) to write the system in (Y, ω) coordinates, one

gets the following equations for Y and ω.

Yt = ε
(
−α2Y + Yyy

)
− βY − 2πkxiU

e
yV + α2p−NY, (6.5.103)

ωt = ε
(
−α2ω + ωyy

)
− βω − 2πkziU

e
yV − α2Nφ−Nω. (6.5.104)
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The Poisson equation for the potential is, in terms of ω,

−α2φ+ φyy = ω. (6.5.105)

Consider the Lyapunov function

Λ =

∫ 1

0

|u|2 + |V |2 + |W |2
2

dy, (6.5.106)

where we write
∫ 1

0
f =

∫ 1

0
f(kx, y, kz)dy. The function Λ is the L2 norm (kinematic

energy) of the velocity field.

Substituting Y and ω from (6.5.59) into (6.5.106), we get

Λ =

∫ 1

0

4π2

[
k2
x|Y |2 + k2

z |ω|2 + kxkz(Ȳ ω + Y ω̄)

2α4

+
k2
z |Y |2 + k2

x|ω|2 − kxkz(Ȳ ω + Y ω̄)

2α4

]
dy +

∫ 1

0

|V |2
2
dy

=

∫ 1

0

|Y |2 + |ω|2 + α2|V |2
2α2

dy. (6.5.107)

Define then a new Lyapunov function,

Λ1 = α2Λ =

∫ 1

0

|Y |2 + |ω|2 + α2|V |2
2

dy. (6.5.108)

The time derivative of Λ1 can be estimated as follows,

Λ̇1 = −2εα2Λ1 − ε

∫ 1

0

(
|Yy|2 + |ωy|2 + α2|Vy|2

)
−N

∫ 1

0

(
|Y |2 + |ω|2

)
−
∫ 1

0

πiUe
y (y)V (2kxȲ + kzω̄) +

∫ 1

0

πiUe
y (y)V̄ (2kxY + kzω)

−α2N

∫ 1

0

φ̄ω + φω̄

2
+ α2

∫ 1

0

P̄Y + P Ȳ − P̄yV − PyV̄

2
. (6.5.109)

For bounding (6.5.109), we use the following two lemmas.

Lemma 6.3.

−α2

∫ 1

0

φ̄ω + φω̄

2
≤
∫ 1

0

|ω|2. (6.5.110)
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Proof. Note that substituting α2φ from (6.5.105), we can write

−α2

∫ 1

0

φ̄ω + φω̄

2
= −

∫ 1

0

φ̄yyω + φyyω̄

2
+

∫ 1

0

|ω|2. (6.5.111)

Therefore, we need to prove that∫ 1

0

(
φ̄yyω + φyyω̄

)
≥ 0. (6.5.112)

Substituting ω from equation (6.5.105) into (6.5.112), we get∫ 1

0

(
φ̄yyω + φyyω̄

)
=

∫ 1

0

|φyy|2 − α2

∫ 1

0

(
φ̄yyφ+ φyyφ̄

)
=

∫ 1

0

|φyy|2 + α2

∫ 1

0

|φy|2, (6.5.113)

which is nonnegative.

Lemma 6.4.

|Ue
y (y)| ≤ 4 +H. (6.5.114)

Proof. Computing Ue
y (y) from (6.3.15),

Ue
y (y) = H

cosh(Hy) − cosh(H(1 − y))

2 sinhH/2 − sinhH
. (6.5.115)

Calling g1(y) = cosh(Hy) − cosh(H(1 − y)), we get

g′1(y) = H (sinh(Hy) + sinh(H(1 − y))) . (6.5.116)

Since g′1(t) is always positive for y ∈ (0, 1), the maximum of g1 must be in the

boundaries. Therefore g1 ≤ coshH − 1. Call

g2(H) = H
coshH − 1

sinhH − 2 sinhH/2
. (6.5.117)

We have that |Ue
y (y)| ≤ g2(H). One can rewrite g2 as

g2 = H
sinhH/2

coshH/2 − 1
. (6.5.118)
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Since, by L’Hôpital’s rule, g2(0) = 4, it suffices to verify that g′2(H) ≤ 1. Comput-

ing g′, we get

g′2(H) =
g3

g4
, (6.5.119)

where g3 = sinhH/2−H/2 and g4 = coshH/2−1. We need to show that g3 ≤ g4.

Since g3(0) = g4(0) = 0, it is enough that g′3 ≤ g′4, which follows from

g′3 = 1/2 (coshH/2 − 1) ≤ 1/2(sinhH/2) = g′4, (6.5.120)

because cosh x− 1 ≤ sinh x for x ≥ 0.

Integrating by parts and applying Lemma 6.3,

Λ̇1 ≤ −2εα2Λ1 − ε

∫ 1

0

(
|Yy|2 + |ωy|2 + α2|Vy|2

)
+

∫ 1

0

πiUe
y (y)V̄ (kxY + kzω)

−
∫ 1

0

πiUe
y (y)V (kxȲ + kzω̄) −N

∫ 1

0

|Y |2. (6.5.121)

Using Lemma 6.4 to bound Ue
y in (6.5.121),

Λ̇1 ≤ −2ε
(
1 + α2

)
Λ1 −N

∫ 1

0

|Y |2dy

+2π (4 +H)

∫ 1

0

(|V |(|kx||Y | + |kz||ω|)dy

≤
(
4 +H − 2ε

(
1 + α2

))
Λ1 (6.5.122)

where we have applied Young’s and Poincare’s inequalities. Hence, if α2 ≥ 4+H
2ε

,

Λ̇1 ≤ −2εΛ1. (6.5.123)

Dividing (6.5.123) by α2 and using (6.5.108), we get that

Λ̇ ≤ −2εΛ, (6.5.124)

and stability in the uncontrolled wave number range follows when k2
x + k2

z ≥ M2

for M (conservatively) chosen as

M ≥ 1

2π

√
(H + 4)Re

2
. (6.5.125)

We summarize the result in the following proposition.
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Proposition 6.5. For k2
x + k2

z ≥ M2 where M ≥ 1
2π

√
(H+4)Re

2
, the equilibrium

u ≡ V ≡ W ≡ 0 of the uncontrolled system (6.5.95)–(6.5.102) is exponentially

stable in the L2 sense, i.e.,∫ 1

0

(
|u|2 + |V |2 + |W |2

)
(t, kx, y, kz)dy

≤ e−2εt

∫ 1

0

(
|u|2 + |V |2 + |W |2

)
(0, kx, y, kz)dy. (6.5.126)

6.5.3 Main result

Substituting (6.5.50), (6.5.53) and (6.5.88)–(6.5.89) in (6.5.44), and using

the Fourier convolution theorem, we get the control laws in physical space, which

can be expressed compactly as


Uc

Wc

Φc


 =

∫ ∞

−∞

∫ 1

0

∫ ∞

−∞
Σ(x− ξ, η, z − ζ)

×


 u(ξ, η, ζ)

W (ξ, η, ζ)


 dξdηdζ, (6.5.127)

where

Σ(ξ, η, ζ) =

∫ ∞

−∞

∫ ∞

−∞
Σ(kx, η, kz)

×χ(kx, kz)e
2πi(kxξ+kzζ)dkzdkx, (6.5.128)

and

Σ=



KUu(kx, 1, η, kz) KUW (kx, 1, η, kz)

KWu(kx, 1, η, kz) KWW (kx, 1, η, kz)

2πikz sinh(α(1−η))
α

−2πikk sinh(α(1−η))
α


, (6.5.129)

where the kernels appearing in (6.5.129) were defined in (6.5.90). Control law Vc is

a dynamic feedback law computed as the solution of the following forced parabolic

equation

(Vc)t =
(Vc)xx + (Vc)zz

Re
−NVc + g(t, x, z), (6.5.130)
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where g(t, x, z) is defined as

g=

∫ ∞

−∞

∫ ∞

−∞

[∫ 1

0

gV (x− ξ, η, z − ζ)V (ξ, η, ζ)dη

+gW (x− ξ, z − ζ) (Wy(ξ, 0, ζ)−Wy(ξ, 1, ζ))

+gu(x− ξ, z − ζ) (uy(ξ, 0, ζ)−uy(ξ, 1, ζ))
]
dξdζ, (6.5.131)

and

gu=

∫ ∞

−∞

∫ ∞

−∞
2πi

kx
Re

χ(kx, kz)e
2πi(kxξ+kzζ)dkzdkx, (6.5.132)

gV =

∫ ∞

−∞

∫ ∞

−∞
cosh (α(1 − η))

(
N + 4πkxiU

e
y (η)

)
×χ(kx, kz)e

2πi(kxξ+kzζ)dkzdkx, (6.5.133)

gW =

∫ ∞

−∞

∫ ∞

−∞
2πi

kz
Re

χ(kx, kz)e
2πi(kxξ+kzζ)dkzdkx. (6.5.134)

As in Section 4.6.3, considering all wave numbers and using Proposi-

tion 6.2 and Proposition 6.5, the following result holds regarding the convergence

of the closed-loop system.

Theorem 6.6. Consider the system (6.4.21)–(6.4.30) with control laws (6.5.127)–

(6.5.134). Then the equilibrium profile u ≡ V ≡ W ≡ 0 is asymptotically stable in

the L2 norm, i.e.,∫ ∞

−∞

∫ 1

0

∫ ∞

−∞

(
u2 + V 2 +W 2

)
(t, x, y, z)dxdydz

C2e
−2εt

∫ ∞

−∞

∫ 1

0

∫ ∞

−∞

(
u2 + V 2 +W 2

)
(0, x, y, z)dxdydz. (6.5.135)

where C2 = max{C1, 1} ≥ 0.

Remark 6.7. We have assumed in the above result that the closed-loop linearized

system is well-posed and that the velocity and electromagnetic field equations have

at least L2 solutions. See [99] for a statement of well-posedness of MHD equations

in bounded domains. However, there are no results about well-posedness of 3-D

MHD equations in unbounded domains and such an study is beyond the scope of
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this dissertation. Hence we assume that the solutions for the velocity field, pressure

and electric field, and their estimates, exist, are unique and regular enough for all

statements and a priori estimates to make sense.

Remark 6.8. In case that N = 0, meaning that either there is no imposed mag-

netic field or the fluid is nonconducting, Equations (6.2.2)–(6.2.4) are the Navier-

Stokes equations and our controller solves the stabilization problem for a 3-D chan-

nel flow. The solution is the same as obtained beginning with the 3-D problem and

using the same tools [34] . Some physical insight can be gained analyzing this case.

In the context of hydrodynamic stability theory, the linearized system written in

(Y, ω) variables verify equations analogous to the classical Orr-Sommerfeld-Squire

equations. These are Equations (6.5.64)–(6.5.65) for controlled wave numbers and

Equations (6.5.103)–(6.5.104) for uncontrolled wave numbers. As in [34], we use

the backstepping transformations (6.5.76)–(6.5.77) not only to stabilize (using gain

K) but also to decouple the system (using gains Γ1, Γ2) in the small wave number

range, where non-normality effects are more severe. Even if the linearized system

is stable, non-normality produces large transient growths [89,95], which enhanced

by nonlinear effects may allow the velocity field to wander far away from the origin.

This warrants the use of extra gains to map the system into two uncoupled heat

equations (6.5.72)–(6.5.73).

This chapter is a partial reprint of the material as it appears in

R. Vazquez, E. Schuster and M. Krstic, “A closed-form feedback controller for

stabilization of magnetohydrodynamic channel flow,” submitted, 2007 European

Control Conference, Kos, Greece, 2007.

The dissertation author was the primary author and the coauthors listed in this

publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 7

Boundary Estimation for 3-D

Magnetohydrodynamic Channel

Flow

7.1 Introduction

In this chapter we design an observer for the MHD channel flow intro-

duced in Chapter 6. Our observer obtains estimates of the velocity, pressure,

electric potential and current fields in the whole domain, derived only from wall

measurements. Obtaining such an estimate can be of interest in itself, depending

on the application. For example, the absence of effective state estimators modeling

turbulent fluid flows is considered one of the key obstacles to reliable, model-based

weather forecasting. In other engineering applications in which active control is

needed, such as drag reduction [86] or mixing enhancement for cooling systems,

designs usually assume unrealistic full state knowledge, therefore a state estimator

is necessary for effective implementation. If the fluid is not conductive, or there is

no magnetic field, the result still holds and the observer reduces to an estimator

for the 3-D channel flow, which is an important result on its own.

Our design for the MHD system extends the 2-D channel flow observer

118
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of Chapter 5 using similar ideas. The observer is designed for the continuum

MHD model and consists of a copy of the plant together with output injection

of measurement error. As happened with the MHD system in Chapter 6, the

observer error system is similar to the Orr-Sommerfeld-Squire system of PDE’s

and presents the similar difficulties (non-normality leading to a large transient

growth mechanism [66,95]).

7.2 Observer

For simplicity, we first design an estimator for the linearized system. In

Section 7.4, using the linear gains, we present a nonlinear observer following the

procedure of Chapter 5.

We employ the fluctuation variables around the equilibrium of the Hart-

mann flow, u and p, which were defined in (6.4.19)–(6.4.20).

The linearization of the uncontrolled MHD equations (6.2.2)–(6.2.10)

around the Hartmann equilibrium profile, written in the fluctuation variables

(u, V,W ), is

ut =
�u
Re

− Ue(y)ux − Ue
y (y)V − px +Nφz −NU, (7.2.1)

Vt =
�V
Re

− Ue(y)Vx − py, (7.2.2)

Wt =
�W
Re

− Ue(y)Wx − pz −Nφx −NW . (7.2.3)

The potential verifies the equation

�φ = uz −Wx , (7.2.4)

and the fluctuation velocity field verifies the continuity equation,

ux + Vy +Wz = 0 , (7.2.5)
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and boundary conditions

u(t, x, 0, z) = W (t, x, 0, z) = V (t, x, 0, z) = 0, (7.2.6)

u(t, x, 1, z) = W (t, x, 1, z) = V (t, x, 1, z) = 0, (7.2.7)

φ(t, x, 0, z) = 0, φ(t, x, 1, z) = 0. (7.2.8)

We design the observer for the linearized equations. It consists of a copy

of (7.2.1)–(7.2.8), to which we add output injection of the pressure p, the potential

flux φy (proportional to current), and both the streamwise and spanwise velocity

gradients, uy and Wy, (proportional to friction) at the bottom wall.

Denoting the observer (estimated) variables by a hat, the equations for

the estimated velocity field are

ût =
�û
Re

− Ue(y)ûx − Ue
y (y)V̂ − p̂x +Nφ̂z −Nû−QU , (7.2.9)

V̂t =
�V̂
Re

− Ue(y)V̂x − p̂y −QV , (7.2.10)

Ŵt =
�Ŵ
Re

− Ue(y)Ŵx − p̂z −Nφ̂x −NŴ −QW . (7.2.11)

The additional Q terms in the observer equation are related to output injection

and defined as follows.




QU

QV

QW


=

∫ ∞

−∞

∫ ∞

−∞
L(x− ξ, y, z − ζ)




p(ξ, 0, ζ)− p̂(ξ, 0, ζ)

uy(ξ, 0, ζ)− ûy(ξ, 0, ζ)

Wy(ξ, 0, ζ)− Ŵy(ξ, 0, ζ)

φy(ξ, 0, ζ)− φ̂y(ξ, 0, ζ)



dξdζ,(7.2.12)

where L is an output injection kernel matrix, defined as

L =




LUP LUU LUW LUφ

LV P LV U LVW LV φ

LWP LWU LWW LWφ


 , (7.2.13)

whose entries will be designed to ensure observer convergence. The estimated

potential is computed from

�φ̂ = ûz − Ŵx, (7.2.14)
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and the observer verifies the continuity equation,

ûx + V̂y + Ŵz = 0, (7.2.15)

and Dirichlet boundary conditions,

û(t, x, 0, z) = Ŵ (t, x, 0, z) = V̂ (t, x, 0, z) = 0, (7.2.16)

û(t, x, 1, z) = Ŵ (t, x, 1, z) = V̂ (t, x, 1, z) = 0, (7.2.17)

φ̂(t, x, 0, z) = φ̂(t, x, 1, z) = 0. (7.2.18)

The estimated current field is computed from the other estimated variables using

a copy of equations (6.2.11)–(6.2.13).

ĵx(t, x, y, z) = −φ̂x − Ŵ , (7.2.19)

ĵy(t, x, y, z) = −φ̂y, (7.2.20)

ĵz(t, x, y, z) = −φ̂z + û. (7.2.21)

Remark 7.1. Note that the observer equations (7.2.9)–(7.2.21) can be regarded

as forced MHD equations, with the output injection acting as a body force. This

means that any standard DNS solver for the forced MHD equations can be used

to implement the observer without the need of major modifications.

As inputs to the observer, appearing in (7.2.12), one needs measurements

of pressure, skin friction and current in the lower wall. For obtaining these mea-

surements, pressure, skin friction and current sensors have to be embedded into

one of the walls. Pressure and skin friction sensors are common in flow control,

while for current measurement one could use an array of discrete current sensors,

as depicted in Figure 7.1.

7.3 Observer design and convergence analysis

Substracting the observer equations from the linearized plant equations

we obtain the error equations, with states Ũ = u − û = U − Û , Ṽ = V − V̂ , W̃ =
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Figure 7.1: An array of current sensors in the lower wall.

W − Ŵ , P̃ = p− p̂, φ̃ = φ− φ̂,

Ũt =
�Ũ
Re

− Ue(y)Ũx − Ue
y (y)Ṽ − P̃x +Nφ̃z

−NŨ +QU , (7.3.22)

Ṽt =
�Ṽ
Re

− Ue(y)Ṽx − P̃y +QV , (7.3.23)

W̃t =
�W̃
Re

− Ue(y)W̃x − P̃z −Nφ̃x −NW̃ +QW . (7.3.24)

The observer error verifies the continuity equation,

Ũx + Ṽy + W̃z = 0, (7.3.25)

while the potential error is governed by

�φ̃ = Ũz − W̃x. (7.3.26)

The boundary conditions for the error states are

Ũ(t, x, 0, z) = Ṽ (t, x, 0, z) = W̃ (t, x, 0, z) = 0, (7.3.27)

Ũ(t, x, 1, z) = Ṽ (t, x, 1, z) = W̃ (t, x, 1, z) = 0, (7.3.28)

φ̃(t, x, 0, z) = φ̃(t, x, 1, z) = 0. (7.3.29)

To guarantee observer convergence, our design task is to design the output

injection gains L defined in (7.2.12) that appear in QU , QV and QW , so that the

origin of the error system is exponentially stable.
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Using the Fourier transform defined in (6.4.31)–(6.4.32), we get the ob-

server error equations in Fourier space, which are

Ũt =
−α2Ũ + Ũyy

Re
− βŨ − Ue

y Ṽ − 2πkxiP̃ + 2πkziNφ̃−NŨ

+LUPP0 + LUUUy0 + LUWWy0 + LUφφy0, (7.3.30)

Ṽt =
−α2Ṽ + Ṽyy

Re
− βṼ − P̃y

+LV PP0 + LV UUy0 + LVWWy0 + LV φφy0, (7.3.31)

W̃t =
−α2W̃ +Wyy

Re
− βW̃ − 2πkziP̃ − 2πkxiNφ̃−NW̃

+LWPP0 + LWUUy0 + LWWWy0 + LWφφy0 (7.3.32)

where α2 = 4π2(k2
x + k2

z), the L’s are the entries of L in Fourier space, and

where we have used the definition (7.2.12) of the output injection terms as con-

volutions, which become products in Fourier space. We have written for short

P0 = P̃ (kx, 0, kz), Uy0 = Ũy(kx, 0, kz), Wy0 = W̃y(kx, 0, kz), φy0 = φ̃y(kx, 0, kz).

The continuity equation in Fourier space is expressed as

2πikxŨ + Ṽy + 2πkzW̃ = 0, (7.3.33)

and the equation for the potential is

−α2φ̃+ φ̂yy = 2πi
(
kzŨ − kxW̃

)
. (7.3.34)

Note that (7.3.38)–(7.3.33) is uncoupled for each wave number. Therefore, as

in Chapter 5, we define the range k2
x + k2

z ≤ M2 as the observed wave number

range, and the range k2
x + k2

z > M2 as the unobserved wave number range, and

study them separately. If stability for all wave numbers is established, stability in

physical space follows as in Section 4.6.3. The number M , which will be computed

in Section 7.3.2, is a parameter that ensures stability for the unobserved wave

number range.

We reflect that we don’t use output injection for unobserved wave num-

bers by writing

L = χ(kx, y, kz)R(kx, y, kx), (7.3.35)
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where χ was defined in (6.5.43). Then L can be written in physical space, using

the definition of the Fourier transform and the convolution theorem, as

L(x, y, z) =

∫ ∞

−∞

∫ ∞

−∞
χ(kx, y, kz)R(kx, y, kz)e

2πi(kxx+kzz)dkzdkx. (7.3.36)

The matrix R is defined as

R =




RUP RUU RUW RUφ

RV P RV U RVW RV φ

RWP RWU RWW RWφ


 , (7.3.37)

and using R we can write the observer error equations as

Ũt =
−α2Ũ + Ũyy

Re
− βŨ − Ue

y Ṽ − 2πkxiP̃ + 2πkziNφ̃−NŨ

+χ(kx, kz)
{
RUPP0 +RUUUy0 +RUWWy0 +RUφφy0

}
, (7.3.38)

Ṽt =
−α2Ṽ + Ṽyy

Re
− βṼ − P̃y

+χ(kx, kz)
{
RV PP0 +RV UUy0 +RVWWy0R

V φφy0
}
, (7.3.39)

W̃t =
−α2W̃ +Wyy

Re
− βW̃ − 2πkziP̃ − 2πkxiNφ̃−NW̃

+χ(kx, kz)
{
RWPP0 +RWUUy0 +RWWWy0 +RWφφy0

}
. (7.3.40)

7.3.1 Observed wave number analysis

Consider k2
x + k2

z ≤ M2. Then χ = 1, so output injection is present. Us-

ing the continuity equation (7.3.33) and equations (7.3.38)–(7.3.40), the following

Poisson equation for the pressure is derived,

−α2P̃ + P̃yy = Υ − 4πkxiU
e
y (y)Ṽ +NVy, (7.3.41)

where Υ contains all the terms due to output injection,

Υ = P0

(
2πikxR

UP +RV P
y + 2πkzR

WP
)

+Uy0
(
2πikxR

UU +RV U
y + 2πkzR

WU
)

+Wy0

(
2πikxR

UW +RVW
y + 2πkzR

WW
)

+φy0
(
2πikxR

Uφ +RV φ
y + 2πkzR

Wφ
)
. (7.3.42)
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We want to make (7.3.41) independent of the output injection gains, for which we

need Υ = 0. Hence, we set

RV P (kx, y, kz) = RV P (kx, 0, kz) − 2πi

∫ y

0

(
kxR

UP

+kzR
WP

)
(kx, η, kz)dη, (7.3.43)

RV U(kx, y, kz) = RV U(kx, 0, kz) − 2πi

∫ y

0

(
kxR

UU

+kzR
WU

)
(kx, η, kz)dη, (7.3.44)

RVW (kx, y, kz) = RVW (kx, 0, kz) − 2πi

∫ y

0

(
kxR

UW

+kzR
WW

)
(kx, η, kz)dη, (7.3.45)

RV φ(kx, y, kz) = RV φ(kx, 0, kz) − 2πi

∫ y

0

(
kxR

Uφ

+kzR
Wφ

)
(kx, η, kz)dη, (7.3.46)

which means that, in physical space, ∇ · L = 0. Hence, as Equation (7.3.41) is

derived by taking divergence of (7.3.38)–(7.3.40), the output injection terms cancel

away.

Expression (7.3.41) can be solved in terms of the values of the pressure

at the bottom wall.

P̃ = −4πkxi

α

∫ y

0

Ue
y (η) sinh (α(y − η)) Ṽ (kx, η, kz)dη + cosh (αy)P0

+
sinh (αy)

α
P̃y(kx, 0, kz) +N

∫ y

0

sinh (α(y − η))

α
Ṽy(kx, η, kz)dη. (7.3.47)

Evaluating equation (7.3.39) at y = 0 one finds that

P̃y(kx, 0, kz) = Υ0 +
Ṽyy(kx, 0, kz)

Re

= Υ0 − 2πi
kxUy0(kx, 0, kz) + kzW̃y0

Re
, (7.3.48)

where we have used (7.3.33) for expressing Ṽyy at the bottom in terms of measure-

ments. In (7.3.48),

Υ0 = P0R
V P (kx, 0, kz) + Uy0R

V U(kx, 0, kz)

+Wy0R
VW (kx, 0, kz) + φy0R

V φ(kx, 0, kz), (7.3.49)
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and as before we need the pressure to be independent of any output injection gains.

Hence, we set

RV P (kx, 0, kz) = RV U(kx, 0, kz) = RVW (kx, 0, kz) = RV φ(kx, 0, kz) = 0. (7.3.50)

Then, the pressure can be expressed independently of the output injection gains

in terms of a strict-feedback [71] integral of the state Ṽ and measurements,

P̃ = −4πkxi

α

∫ y

0

Ue
y (η) sinh (α(y − η)) Ṽ (kx, η, kz)dη + cosh (αy)P0

−2πi
sinh (αy)

Reα
(kxUy0 + kzWy0)

+N

∫ y

0

sinh (α(y − η))

α
Ṽy(kx, η, kz)dη. (7.3.51)

Similarly, solving for φ in terms of the measurement φy0 and the right hand side

of its Poisson equation (7.3.34),

φ̃ =
2πi

α

∫ y

0

sinh (α(y − η))
(
kzŨ(kx, η, kz) − kxW̃ (kx, η, kz)

)
dη

+
sinh (αy)

α
φy0. (7.3.52)

Introducing the expressions (7.3.51) and (7.3.52) in (7.3.38) and (7.3.40),

we get

Ũt =
−α2Ũ + Ũyy

Re
− βŨ − Ue

y (y)Ṽ −NŨ

+P0

(
RUP − 2πkxi cosh (αy)

)
+ Uy0

(
RUU − 4π2k2

x

αRe
sinh (αy)

)

+Wy0

(
RUW − 4π2kxkz

αRe
sinh (αy)

)
+ φy0

(
RUφ +N

2πkzi

α
sinh (αy)

)

−8πk2
x

α

∫ y

0

Ue
y (η) sinh (α(y − η)) Ṽ (kx, η, kz)dη

−4π2kzN

α

∫ y

0

sinh (α(y − η))
(
kzŨ(kx, η, kz) − kxW̃ (kx, η, kz)

)
dη

−2πikxN

∫ y

0

sinh (α(y − η))

α
Ṽy(kx, η, kz)dη, (7.3.53)

W̃t =
−α2W̃ +Wyy

Re
− βW̃ −NW̃
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+P0

(
RWP − 2πkzi cosh (αy)

)
+ Uy0

(
RWU − 4π2kxkz

αRe
sinh (αy)

)

+Wy0

(
RWW − 4π2k2

z

αRe
sinh (αy)

)
+ φy0

(
RWφ −N

2πkxi

α
sinh (αy)

)

−8πkxkz
α

∫ y

0

Ue
y (η) sinh (α(y − η)) Ṽ (kx, η, kz)dη

+
4π2kxN

α

∫ y

0

sinh (α(y − η))
(
kzŨ(kx, η, kz) − kxW̃ (kx, η, kz)

)
dη

−2πikzN

∫ y

0

sinh (α(y − η))

α
Ṽy(kx, η, kz)dη. (7.3.54)

Note that we have omitted the equation for Ṽ since, from (7.3.33) and using the

fact that Ṽ (kx, 0, kz) = 0, Ṽ is computed from Ũ and W̃ :

Ṽ = −2πi

∫ y

0

(
kxŨ(kx, η, kz) + kzW̃ (kx, η, kz)

)
dη. (7.3.55)

We now set the output injection terms to directly cancel the boundary terms

coming from (7.3.51) and (7.3.52), while still leaving some additional gains to

stabilize the system. Thus, we define

RUP = 2πkxi cosh (αy) , (7.3.56)

RWP = 2πkzi cosh (αy) , (7.3.57)

RUU =
4π2k2

x

αRe
sinh (αy) + Π1(kx, y, kz), (7.3.58)

RWU =
4π2kxkz
αRe

sinh (αy) + Π2(kx, y, kz), (7.3.59)

RUW =
4π2kxkz
αRe

sinh (αy) + Π3(kx, y, kz), (7.3.60)

RWW =
4π2k2

z

αRe
sinh (αy) + Π4(kx, y, kz), (7.3.61)

RUφ = −N 2πkzi

α
sinh (αy) , (7.3.62)

RWφ = N
2πkxi

α
sinh (αy) , (7.3.63)

where the gains Π1, Π2, Π3 and Π4 are to be defined later. From (7.3.43)–(7.3.46),

(7.3.50) and (7.3.56)–(7.3.63), we get a explicit expression for the remaining entries
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of R,

RV P = α sinh (αy) , (7.3.64)

RV U = 2πi(kx + kz)
1 − cosh (αy)

Re
− 2πi

×
∫ y

0

(kxΠ1(kx, η, kz) + kzΠ2(kx, η, kz)) dη, (7.3.65)

RVW = 2πi(kx + kz)
1 − cosh (αy)

Re
− 2πi

×
∫ y

0

(kxΠ3(kx, η, kz) + kzΠ4(kx, η, kz)) dη, (7.3.66)

RV φ = 0. (7.3.67)

Introducing (7.3.56)–(7.3.67) in equations (7.3.53)–(7.3.54) we get

Ũt =
−α2Ũ + Ũyy

Re
− βŨ − Ue

y (y)Ṽ −NŨ + Π1Uy0 + Π3Wy0

−4π2kzN

α

∫ y

0

sinh (α(y − η))
(
kzŨ(kx, η, kz) − kxW̃ (kx, η, kz)

)
dη

−8πk2
x

α

∫ y

0

Ue
y (η) sinh (α(y − η)) Ṽ (kx, η, kz)dη

−2πikxN

∫ y

0

sinh (α(y − η))

α
Ṽy(kx, η, kz)dη, (7.3.68)

W̃t =
−α2W̃ +Wyy

Re
− βW̃ −NW̃ + Π2Uy0 + Π4Wy0

−8πkxkz
α

∫ y

0

Ue
y (η) sinh (α(y − η)) Ṽ (kx, η, kz)dη

+
4π2kxN

α

∫ y

0

sinh (α(y − η))
(
kzŨ(kx, η, kz) − kxW̃ (kx, η, kz)

)
dη

−2πikzN

∫ y

0

sinh (α(y − η))

α
Ṽy(kx, η, kz)dη. (7.3.69)

Now, we introduce the following change of variables and its inverses,

Y = 2πi
(
kxŨ + kzW̃

)
, ω = 2πi

(
kzŨ − kxW̃

)
, (7.3.70)

U =
2πi

α2
(kxY + kzω) , W =

2πi

α2
(kzY − kxω) . (7.3.71)

Defining ε = 1
Re

and the following functions

β = 2πikxU
e, (7.3.72)
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f = 4πikx

{
Ue
y

2
+

∫ y

η

Ue
y (σ)

sinh (α(y − σ))

α
dσ

}
+Nα sinh (α(y − σ)) , (7.3.73)

h1 = 2πikzU
e
y , (7.3.74)

h2 = −Nα sinh (α(y − η)) , (7.3.75)

equations (7.3.68)–(7.3.69) expressed in terms of Y and ω are

Yt = ε
(
−α2Y + Yyy

)
− βY −NY

−4π2

α2

(
k2
xΠ1 + kxkzΠ2 + kxkzΠ3 + k2

zΠ4

)
Yy0

−4π2

α2

(
kxkzΠ1 + k2

zΠ2 − k2
xΠ3 − kxkzΠ4

)
ωy0

+

∫ y

0

f(kx, y, η, kz)Y (kx, η, kz)dη, (7.3.76)

ωt = ε
(
−α2ω + ωyy

)
− βω −Nω

−4π2

α2

(
kxkzΠ1 − k2

xΠ2 + k2
zΠ3 − kxkzΠ4

)
Yy0

−4π2

α2

(
k2
zΠ1 − kxkzΠ2 − kxkzΠ3 + k2

xΠ4

)
ωy0

+h1(y)

∫ y

0

Y (kx, η, kz)dη +

∫ y

0

h2(y, η)ω(kx, η, kz)dη, (7.3.77)

where we have used the inverse change of variables (7.3.71) to express Uy0 and Wy0

in terms of Yy0 = Y (kx, 0, kz) and ωy0 = ω(kx, 0, kz). We define now the output

injection gains Π1, Π2, Π3 and Π4 in the following way


Π1

Π2

Π3

Π4




= A−1




l(kx, y, 0, kz)

0

θ1(kx, y, 0, kz)

θ2(kx, y, 0, kz)



, (7.3.78)

where the matrix A was defined in (6.5.91). Note that since det(A) = −1 its

inverse appearing in equation (7.3.78) is well-defined. The functions l(kx, y, η, kz),

θ1(kx, y, η, kz), and θ2(kx, y, η, kz) in (7.3.78) are to be found. Using (7.3.78), equa-
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tions (7.3.76)–(7.3.77) become

Yt = ε
(
−α2Y + Yyy

)
− βY −NY + l(kx, y, 0, kz)Yy0

+

∫ y

0

f(kx, y, η, kz)Y (kx, η, kz)dη, (7.3.79)

ωt = ε
(
−α2ω + ωyy

)
− βω −Nω + θ1(kx, y, 0, kz)Yy0

+θ2(kx, y, 0, kz)ωy0 + h1

∫ y

0

Y (kx, η, kz)dη

+

∫ y

0

h2(y, η)ω(kx, η, kz)dη. (7.3.80)

Equations (7.3.79)–(7.3.80) are a coupled, strict-feedback plant, with integral and

reaction terms. A variant of the design presented in [102] can be used to design the

gains l(kx, y, 0, kz), θ1(kx, y, 0, kz) and θ2(kx, y, 0, kz) using a double backstepping

transformation as in Section 6.5.1. The transformation maps, for each kx and kz,

the variables (Y, ω) into the variables (Ψ,Ω), that verify the following family of

heat equations (parameterized in kx, kz).

Ψt = ε
(
−α2Ψ + Ψyy

)
− βΨ −Nψ, (7.3.81)

Ωt = ε
(
−α2Ω + Ωyy

)
− βΩ −NΩ, (7.3.82)

with boundary conditions

Ψ(kx, 0, kz) = Ψ(kx, 1, kz) = 0, (7.3.83)

Ω(kx, 0, kz) = Ω(kx, 1, kz) = 0. (7.3.84)

The transformation is defined as follows,

Y = Ψ −
∫ y

0

l(kx, y, η, kz)Ψ(kx, η, kz)dη, (7.3.85)

ω = Ω −
∫ y

0

θ1(kx, y, η, kz)Ψ(kx, η, kz)dη

−
∫ y

0

θ2(kx, y, η, kz)Ω(kx, η, kz)dη. (7.3.86)

Following Section 6.5.1 and [101,102], we find the functions l(kx, y, η, kz),

θ1(kx, y, η, kz), and θ2(kx, y, η, kz) solving the following partial integro-differential
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equations,

εlηη = εlyy − (β(y) − β(η)) l − f +

∫ y

η

f(y, ξ)l(ξ, η)dξ, (7.3.87)

εθ1ηη = εθ1yy − (β(y) − β(η)) θ1(y, η)− h1 + h1

∫ y

η

l(ξ, η)dξ

+

∫ y

η

h2(y, ξ)θ1(ξ, η)dξ, (7.3.88)

εθ2ηη = εθ2yy − (β(y) − β(η)) θ2 − h2 +

∫ y

η

h2(y, ξ)θ2(ξ, η)dξ. (7.3.89)

Equations (7.3.87)–(7.3.89) are hyperbolic partial integro-differential equation in

the region T = {(y, η) : 0 ≤ y ≤ 1, 0 ≤ η ≤ y}. Their boundary conditions are

l(kx, y, y, kz) = l(kx, 1, η, kz) = 0, (7.3.90)

θ1(kx, y, y, kz) = θ1(kx, 1, η, kz) = 0, (7.3.91)

θ2(kx, y, y, kz) = = θ2(kx, 1, η, kz) = 0. (7.3.92)

Remark 7.2. Equations (7.3.87)–(7.3.92) are well-posed and can be solved sym-

bolically, by means of a successive approximation series, or numerically. See [101,

102] for techniques in solving similar equations. Note that both Equation 7.3.87

and Equation 7.3.89 are autonomous. Hence, one must solve first for l(kx, y, η, kz)

and θ2(kx, y, η, kz). Then the solution for l is plugged in Equation 7.3.88 which

then can be solved for θ1(kx, y, η, kz). The observer gains are then found just by

setting η = 0 in the kernels l(kx, y, η, kz), θ2(kx, y, η, kz) and θ1(kx, y, η, kz).

Stability in the observed wave number range follows from stability of

(7.3.81)–(7.3.82) and the invertibility of the transformation (7.3.85)–(7.3.86), as in

Proposition 6.2.

7.3.2 Unobserved wave number analysis

When k2
x + k2

z > M , there is no output injection, as χ = 0, and the

linearized observer error verifies the following equations

Ũt =
−α2Ũ + Ũyy

Re
− βŨ − Ue

y (y)Ṽ − 2πkxiP̃ + 2πkziNφ̃−NŨ, (7.3.93)
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Ṽt =
−α2Ṽ + Ṽyy

Re
− βṼ − P̃y, (7.3.94)

W̃t =
−α2W̃ +Wyy

Re
− βW̃ − 2πkziP̃ − 2πkxiNφ̃−NW̃ , (7.3.95)

the Poisson equation for the potential (7.3.34) and the continuity equation (7.3.33).

Note that (7.3.93)–(7.3.95) are the same equations as (6.5.95)–(6.5.97).

Hence the analysis of Section 6.5.2 can be applied, obtaining a result similar to

Proposition 6.5. Hence, stability in the unobserved wave number range follows

when k2
x + k2

z ≥M2 for M (conservatively) chosen as

M ≥ 1

2π

√
(H + 4)Re

2
. (7.3.96)

7.3.3 Main result

As in Section 4.6.3, considering all wave numbers, the following result

holds regarding the convergence of the observer.

Theorem 7.3. Consider the system (7.2.1)–(7.2.8), and the system (7.2.9)–(7.2.18),

and suppose that both have classical solutions. Then, the L2 norms of Ũ , Ṽ , W̃

converge to zero, i.e.,

lim
t→∞

∫ ∞

−∞

∫ 1

0

∫ ∞

−∞

(
Ũ2 + Ṽ 2 + W̃ 2

)
(t, x, y, z)dxdydz=0. (7.3.97)

Remark 7.4. The convergence result stated in Theorem 7.3 guarantees asymptotic

convergence of the estimated states to the actual values of the linearized plant.

For this to be true for the nonlinear plant, as in Theorem 5.4, we need additional

conditions. Namely, the estimates have to be initialized close enough to the real

initial values and the MHD system has to stay in a neighborhood of the equilibrium

at all times.

Remark 7.5. In case that N = 0, meaning that either there is no imposed mag-

netic field or the fluid is nonconducting, Equations (7.2.1)–(7.2.3) are the linearized

Navier-Stokes equations and the observer reduces to a velocity/pressure estimator

for a 3D channel flow. This is a result of high interest on its own that can be seen
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as dual to the 3-D channel flow control problem. See Remark 6.8 for some physical

insight for this case.

Remark 7.6. As in Section 5.4, we can combine the results of this chapter and

Chapter 6 to obtain an output feedback law that stabilizes the plant (6.4.21)–

(6.4.30) using only wall measurements. Such a control law would use the esti-

mates (û, V̂ , Ŵ ) from the observer (7.2.1)–(7.3.26) with boundary conditions for

(û, V̂ , Ŵ ) as in (6.4.26)–(6.4.30), replacing the real states (u, V,W ) in the control

laws (6.5.127)–(6.5.134). Then, using Theorems 6.6 and 7.3 and standard argu-

ments for linear output feedback controllers, a similar result to Theorem 5.8 holds

guaranteeing the L2 stability of the closed-loop system.

7.4 A nonlinear estimator

As we did in Chapter 5, we postulate a nonlinear observer to improve the

convergence result of the linear estimator. This observer has the same structure

and gains as the linear observer, but the nonlinear terms are added. In this we

follow the design technique of Chapter 5 which used an approach similar to an

Extended Kalman Filter, in which gains are deduced for a linearized version of the

plant and then used for a nonlinear observer.

The nonlinear observer equations are the following

Ût =
�Û
Re

− ÛÛx − V̂ Ûy − Ŵ Ûz − P̂x +Nφ̂z

−NÛ −QU , (7.4.98)

V̂t =
�V̂
Re

− Û V̂x − V̂ V̂y − Ŵ V̂z − P̂y −QV , (7.4.99)

Ŵt =
�Ŵ
Re

− ÛŴx − V̂ Ŵy − Ŵ Ŵz − P̂z −Nφ̂x

−NŴ −QW . (7.4.100)

The estimated potential is computed from

�φ̂ = Ûz − Ŵx, (7.4.101)
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and the observer verifies the continuity equation,

Ûx + V̂y + Ŵz = 0, (7.4.102)

and Dirichlet boundary conditions,

Û(t, x, 0, z) = Ŵ (t, x, 0, z) = V̂ (t, x, 0, z) = 0, (7.4.103)

Û(t, x, 1, z) = Ŵ (t, x, 1, z) = V̂ (t, x, 1, z) = 0, (7.4.104)

φ̂(t, x, 0, z) = φ̂(t, x, 1, z) = 0. (7.4.105)

The estimated current field is computed from the other estimated variables using

a copy of equations (6.2.11)–(6.2.13).

ĵx(t, x, y, z) = −φ̂x − Ŵ , (7.4.106)

ĵy(t, x, y, z) = −φ̂y, (7.4.107)

ĵz(t, x, y, z) = −φ̂z + Û . (7.4.108)

In (7.4.98)–(7.4.100), the Q terms are the same as for the linear observer.

Hence, the observer is designed for the linearized plant and then the linear gains

are used for the nonlinear observer. Such a nonlinear observer will produce closer

estimates of the states in a larger range of initial conditions.

Using the fluctuation variable and the observer error varaibles, we can

write the nonlinear observer velocity field error equations as follows.

Ũt =
�Ũ
Re

− Ue(y)Ũx + N U(Ũ , Ṽ , W̃ , u, V,W )

−Ue
y (y)Ṽ − P̃x +Nφ̃z −NŨ +QU , (7.4.109)

Ṽt =
�Ṽ
Re

− Ue(y)Ṽx + N V (Ũ , Ṽ , W̃ , u, V,W ) − P̃y +QV , (7.4.110)

W̃t =
�W̃
Re

− Ue(y)W̃x + NW (Ũ , Ṽ , W̃ , u, V,W )

−P̃z −Nφ̃x −NW̃ +QW , (7.4.111)
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where we have introduced

N U = Ũ Ũx − uŨx − Ũux + Ṽ Ũy − V Ũy − Ṽ uy

+W̃ Ũz −WŨz − W̃uz, (7.4.112)

N V = Ũ Ṽx − uṼx − ŨVx + Ṽ Ṽy − V Ṽy − Ṽ Vy

+W̃ Ṽz −WṼz − W̃Vz, (7.4.113)

NW = ŨW̃x − uW̃x − ŨWx + Ṽ W̃y − V W̃y − Ṽ Wy

+W̃ W̃z −WW̃z − W̃Wz, (7.4.114)

Assuming, for the purposes of observer design and analysis, that the ob-

server state (Û , V̂ , Ŵ ) is close to the actual state (U, V,W ) (i.e., the error state is

close to zero), and that the fluctuation (u, V,W ) around the equilibrium state is

small, then NU(Ũ , Ṽ , W̃ , u, V,W ), NV (Ũ , Ṽ , W̃ , u, V,W ) and NW (Ũ , Ṽ , W̃ , u, V,W )

are small and dominated by the linear terms in the equations, so they can be ne-

glected. The linearized error equations are then

Ũt =
�Ũ
Re

− Ue(y)Ũx − Ue
y (y)Ṽ − P̃x +Nφ̃z −NŨ +QU , (7.4.115)

Ṽt =
�Ṽ
Re

− Ue(y)Ṽx − P̃y +QV , (7.4.116)

W̃t =
�W̃
Re

− Ue(y)W̃x − P̃z −Nφ̃x −NW̃ +QW , (7.4.117)

which are the same as (7.3.22)–(7.3.24). Thus, as expected, the error equations for

the observer designed for the linearized plant, and the linearized error equations

for the nonlinear observer are the same; this is the main reason why the same

gains derived in Section 7.3 are used. A similar result to Theorem 5.4 holds for

the nonlinear observer (7.4.98)–(7.4.100). We skip the details.

Remark 7.7. Following [32], we may consider the mean turbulent profile instead of

considering the exact laminar equilibrium profile. This amounts to changing Ue in

definition (6.3.15). Since Ue appears in Equations (7.3.72)–(7.3.75), which are used

to compute output injection gains in Equations (7.3.87)–(7.3.89), the observer gains
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will change (quantitatively) for the turbulent mean profile. However Theorem 7.3

still holds and guarantees convergence of estimates, but for these estimates to be

good enough we require the same assumptions, meaning now that the state has

to stay close enough to the mean turbulent profile at all times. The use of the

nonlinear observer of Section 7.4 will allow larger discrepancies between the state

and the profile while still producing valid estimates.

This chapter is a partial reprint of the material as it appears in

R. Vazquez, E. Schuster and M. Krstic, “A closed-form observer for the 3D in-

ductionless MHD and Navier-Stokes channel flow,” Proc. of the 2006 CDC, San

Diego, 2006.

The dissertation author was the primary author and the coauthors listed in this

publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 8

Stable Poiseuille Flow Transfer for

2-D Navier-Stokes Channel Flow

8.1 Introduction

In this chapter we consider a 2-D channel flow and solve the problem

of transferring the velocity field from one steady state (Poiseuille equilibrium) to

another. The transition has to be fast and stable, following a “nice” (in some

adequate sense) pre-determined flow trajectory. For example, we may wish to

smoothly accelerate fluid at rest up to a given Reynolds number, probably close

or over the critical value (which may change due to unsteady pressure gradient

effects [68]), avoiding transition to turbulence. The means at our disposal are the

imposed pressure gradient and velocity actuation at one of the walls.

Most works in channel flow control in the literature consider a constant

pressure gradient (fixed Reynolds number) and a developed flow which is already

close to the desired solution. The problem of generating and tracking flow trajec-

tories has not been considered so far for a channel flow. Velocity tracking problems

have been considered, from the point of view of mathematical controllability, in

the setting of an optimal control framework [57].

Steady-state transfer problems for wide classes of infinite dimensional

137
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systems have been solved in the past using quasi-static deformation theory. Ex-

amples include semilinear heat equations [37], semilinear wave equations [38], and

Schrödinger’s equation [19, 39]. Other applications are the shallow water prob-

lem [36] and the Couette-Taylor flow controllability problem [96]. For the channel

flow, this approach would require to modify the pressure gradient very slowly, and

simultaneously gain-schedule a fixed Reynold number boundary controller like the

one designed in Chapter 4. However, we follow an alternative approach, finding

analytically an exact, fast and well-behaved trajectory of the system which is then

stabilized by means of boundary control. This approach allows for a fast transfer

and requires less actuation—since the tracked trajectory is an exact solution, the

boundary velocity control effort is only necessary for stabilization and will be zero

in the absence of perturbations.

The stabilization part of the design follows a similar approach to Chap-

ter 4, however since the problem is unsteady, it uses the backstepping method for

time-varying infinite dimensional parabolic systems [103]. This method requires

to solve a nonstandard partial integro-differential boundary value equation, and

we provide a very general proof of its well-posedness. A similar looking equation

was proved well-posed [40,97], requiring analyticity in time of the unsteady coef-

ficients. Later it was shown ill-posed [67] for C∞ unsteady coefficients. We settle

the issue identifying the most natural class of functions for which the equation is

solvable, which is the Gevrey class [58] (consisting of functions whose Taylor series

“almost” converge).

8.2 Trajectory generation and control objective

The stationary family of solutions of (4.2.1)–(4.2.4) is the (nondimen-

sional) Poiseuille family of parabolic profiles, Pδ, which is described by a single

parameter δ (the maximum centerline velocity, which is determined by the magni-
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tude of the pressure gradient) in the following way

Pδ = (U δ, V δ, P δ) =

(
4δy(1 − y), 0,− 8δ

Re
x

)
. (8.2.1)

Note that the velocity actuation at the wall is zero for Pδ, since both U δ and V δ

are zero at the boundaries. For δ = 1 we obtain the fully developed profile at

the given Reynolds number. The pressure gradient P δ
x = − 8δ

Re
must be externally

sustained for (8.2.1) to be a stationary solution [18].

Our first task is, given δ0 and δ1, to generate an unsteady trajectory

path Θ(t) = (U(t), V (t), P (t)), where space dependence is omitted for clarity,

connecting Pδ0 to Pδ1 . We assume δ0 = 0 and δ1 = 1 (rest to fully developed

flow) for simplicity. Other values (for instance for a deceleration problem) may be

considered as well.

Consider the trajectory Θq(t) defined by

Θq(t) = (U q(t), V q(t), P q(t)) = (g(t, y), 0,−xq(t)), (8.2.2)

where q is the chosen external pressure gradient. Then, by substitution we see

that (8.2.2) verifies (4.2.1)–(4.2.4) whenever

gt =
gyy
Re

+ q. (8.2.3)

Since P0 ≡ 0, we set Θq(0) = 0, which implies g(0, y) = q(0) = 0.

We impose g(t, 0) = g(t, 1) = 0 so no velocity control effort is needed to steer

the trajectory, only to stabilize it. Given these initial-boundary data, choosing q

completely determines g from (8.2.3) and consequently Θq(t), so q(t) parameterizes

Θq(t).

Choosing q(t) as

q(t) =
8

Re

(
1 − e−ct

)
, (8.2.4)

with c > 0 a design parameter, then q(0) = 0 and limt→∞ q(t) = 8/Re. This

selection of q, determines a value g in (8.2.3) that verifies the following result.
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Proposition 8.1. Let κm = π(2m+1). Consider g(t, y) defined by (8.2.3) where q

is given by (8.2.4), boundary conditions g(t, 0) = g(t, 1) = 0 and initial conditions

g(0, y) ≡ 0. Assume as well that cRe �= κ2
m for any m ∈ N. Then g has the

following properties.

i. The explicit expression for g in (0,∞) × [0, 1] is given by

g = 16

∞∑
m=0

sin (κmy)

κm


1 − e−

κ2
m

Re
t

κ2
m

− e−ct − e−
κ2

m
Re

t

κ2
m − cRe


. (8.2.5)

ii. The following limit holds.

lim
t→∞

g(t, y) = 4y(1 − y). (8.2.6)

iii. The function g belongs to the space Cω(0,∞) × C∞[0, 1], i.e., it is analytic

in time and smooth in space.

iv. The following estimates are verified for every time t ≥ 0, and every y ∈ [0, 1].

0 < g(t, y) ≤ 1, (8.2.7)

|gy(t, y)| ≤ 4, (8.2.8)

−8 < gyy(t, y) ≤ 0. (8.2.9)

Proof. In the proof we make use of many properties of the heat equation [45].

Point i is obtained by a Fourier expansion and application of Duhamel’s

Principle for solving (8.2.3). That yields the solution

g(t, y) = 2
∞∑
m=0

sin (κmy)

κm

∫ t

0

e−
κ2

m
Re

(t−τ)q(τ)dτ, (8.2.10)

and plugging in the expression (8.2.4) for q and solving explicitly the integral

(where the assumption on c is used), (8.2.5) is found.

Point ii can be obtained by taking limit in (8.2.5) as t goes to infinity.

Then

lim
t→∞

g(t, y) = 16
∞∑
m=0

sin (κmy)

κ3
m

= 4y(1 − y), (8.2.11)
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which can be verified by computing the Fourier series of 4y(1− y) and noting that

it coincides with the infinite sum.

Point iii is a standard property of the solutions of the heat equation,

taking into account that q itself is Cω(0,∞) × C∞[0, 1].

Point iv is proved using the maximum principle for the heat equation.

Having proved smoothness in Point iii, we can first consider the equation that gyy

verifies by differentiation of (8.2.3)

(gyy)t =
1

Re
(gyy)yy. (8.2.12)

The boundary conditions for (8.2.12) can be determined plugging (8.2.4) in (8.2.3),

and taking limit as y goes to 0 and 1. Then, using the fact that g(t, 0) = g(t, 1) =

0, it follows that gyy(t, 0) = gyy(t, 0) = −8(1 − e−ct). The initial condition is

gyy(0, y) = 0, and it holds that limt→∞ gyy(t, y) = −8. By the maximum and

minimum principle, and since −8 < gyy(t, 0) < 0, it follows that −8 < gyy < 0.

Consider now gy. The fact that the boundary conditions of g are g(t, 0) =

g(t, 1) = 0, the initial condition is zero, and (8.2.3) has constant coefficients in y,

implies that g is symmetric around y = 1/2, i.e., g(y) = g(1− y). Hence, it follows

that gy(y) = −gy(1 − y), which implies gy(1/2) = 0. Then,

gy(t, y) =

∫ y

1/2

gyy(t, η)dη, y ∈ (1/2, 1), (8.2.13)

gy(t, y) = −
∫ 1/2

y

gyy(t, η)dη, y ∈ (0, 1/2), (8.2.14)

so taking absolute value and using the previous bound,

|gy(t, y)| ≤ 8(y − 1/2) ≤ 4, y ∈ (1/2, 1), (8.2.15)

|gy(t, y)| ≤ 8(1/2 − y) ≤ 4, y ∈ (0, 1/2), (8.2.16)

and the bound follows. For g, one has that

g(t, y) = −
∫ 1

y

gy(η)dη = −
∫ 1

y

∫ η

1/2

gyy(t, σ)dσdη, y ∈ (1/2, 1), (8.2.17)

g(t, y) =

∫ y

0

gy(η)dη = −
∫ y

0

∫ 1/2

η

gyy(t, σ)dσdη, y ∈ (0, 1/2), (8.2.18)
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Figure 8.1: Evolution of g(t, y) for c = 1, Re = 1.

so taking absolute value and using the bound on gyy, we get from the integrals

that

|g(t, y)| ≤ 4y(1 − y) ≤ 1, y ∈ (1/2, 1), (8.2.19)

|g(t, y)| ≤ 4y(1 − y) ≤ 1, y ∈ (0, 1/2), (8.2.20)

thus finishing the proof of Point iv.

In Figure 8.1 we represent g, computed numerically from (8.2.3), for

c = 1, Re = 1.

It follows from (8.2.4) and Proposition 8.1 that Θq(t) is a solution of the

trajectory generation problem, since its components are smooth and solve (4.2.1)–

(4.2.4), and additionally, we have that Θq(0) = P0 and limt→∞ Θq(t) = P1, so

Θq(t) connects the chosen Poiseuille profiles1.

Remark 8.2. The fact that an exact trajectory is obtained from a linear parabolic

PDE, Equation (8.2.3), can be exploited to move between equilibria in arbitrary

finite time, since it is known [47] that this kind of equations have finite-time zero

1Reaching P1 only after an infinitely long time, however by construction through rapidly decaying
exponentials, Θq closely approaches P1 after a short time, as shown in Fig. 8.1. In this sense, we consider
Θq a fast trajectory.
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controllability for even initial data (i.e., g(0, 1 − y) = g(0, y), for every y ∈ [0, 1]).

Motion planning theory for the heat equation [75] allows to define an explicit

finite-time trajectory, in the framework of Gevrey functions. We do not pursue

a finite-time result2, however we present in Section 8.7 a proof guaranteeing that

our method allows tracking of trajectories defined in Gevrey spaces.

Using (8.2.2) and following the notation of Chapter 4, we define the fluc-

tuation variables as

(u, V, p) = (U, V, P ) − Θq(t)

= (U − g(t, y), V, P + xq(t)). (8.2.21)

The fluctuation variables verify the following equations,

ut =
�u
Re

− px − uux − V uy − g(t, y)ux − gy(t, y)V, (8.2.22)

Vt =
�V
Re

− py − uVx − V Vy − g(t, y)Vx, (8.2.23)

where we have used � = ∂xx + ∂yy for simplicity, and boundary conditions

u(t, x, 0) = V (t, x, 0) = 0, (8.2.24)

u(t, x, 1) = Uc(t, x), (8.2.25)

V (t, x, 1) = Vc(t, x), (8.2.26)

where Uc and Vc are respectively the streamwise and normal velocity actuators at

the upper wall. Our new control objective is to stabilize the equilibrium at the

origin in (8.2.22)–(8.2.23) using Uc and Vc. That will imply, considering (8.2.21),

that the trajectory Θq is stabilized.

Linearizing (8.2.22)–(8.2.23), we obtain

ut =
�u
Re

− px − g(t, y)ux − gy(t, y)V, (8.2.27)

Vt =
�V
Re

− py − g(t, y)Vx, (8.2.28)

2Exponential stability is enough for practical purposes.
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with boundary conditions (8.2.24)–(8.2.26).

We consider the problem of stabilizing the origin of (8.2.27)–(8.2.28), and

later show how its solution locally3 stabilizes the origin of (8.2.22)–(8.2.23).

8.3 Mathematical preliminaries

In this section we present the framework that we use to solve the stabi-

lization problem. We begin by stating our main work assumption.

Assumption 8.3. Assume that the perturbation velocity field (u, V ) and the pres-

sure p are periodic in x with some period 2h > 0.

Remark 8.4. In Assumption 8.3 we follow [96, 108]. This assumption allows to

derive existence and uniqueness results.

8.3.1 Periodic function spaces

Denote the boundaries of Ω as ∂Ω0 = {(x, y) : x ∈ R, y = 0} (the uncon-

trolled boundary) and ∂Ω1 = {(x, y) : x ∈ R, y = 1} (the controlled boundary).

Under Assumption 8.3, we can identify Ω and its boundary with

Ωh = {(x, y) ∈ Ω : −h ≤ x ≤ h}, (8.3.29)

∂Ωhi = {(x, y) ∈ ∂Ωi :≤ x ≤ h}, i = 0, 1. (8.3.30)

Let L2(Ωh) be the usual Lebesgue space of square-integrable functions, endowed

with the scalar product

(φ, ψ)L2(Ωh) =

∫ h

−h

∫ 1

0

φ(x, y)ψ(x, y)dydx. (8.3.31)

Define then L2
h(Ω) = L2(Ωh), where now

(φ, ψ)L2
h(Ω) = (φ|Ωh

, ψ|Ωh
)L2(Ωh). (8.3.32)

3Local stabilization of the origin of (8.2.22)–(8.2.23) suffices, since we assume the initial data are zero,
i.e. the velocity field starts at the origin itself.
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8.3.2 Fourier series expansion

Given a function φ defined on Ω, we define the sequence of its complex

Fourier coefficients (φn(y))n∈Z as

φn(y) =
1

2h

∫ h

−h
φ(x, y)e

inπ
h
xdx, n ∈ Z. (8.3.33)

We will write simply φn in the sequel. It is well known that if φ ∈ L2
h(Ω), then

(8.3.33) is well defined and (φn(·))n∈Z is in the (complex valued) �2 (Z, L2(0, 1))

space, i.e., ∑
n∈Z

∫ 1

0

|φn(y)|2dy <∞. (8.3.34)

One can recover φ from its Fourier series,

φ(x, y) =
∑
n∈Z

φn(y)e
− inπ

h
x. (8.3.35)

Equation (8.3.35) always yields a L2
h(Ω) function, if (φn(·))n∈Z ∈ �2 (Z, L2(0, 1)).

Actually it can be considered the “inverse” of (8.3.33) in the sense of L2 functions,

i.e., applying consecutively (8.3.33) and (8.3.35) or vice versa yields the same

function almost everywhere.

One important result is Parseval’s formula, which allows to compute

scalar products in L2 using Fourier coefficients. Consider φ, ψ ∈ L2
h(Ω). Then,

(φ, ψ)L2
h(Ω) = 2h ((φn) , (ψn))�2(Z,L2(0,1)) (8.3.36)

where the �2 (Z, L2(0, 1)) scalar product is

((φn) , (ψn))�2(Z,L2(0,1)) =
∑
n∈Z

∫ 1

0

φn(y)ψn(y)dy, (8.3.37)

and where the bar denotes the complex conjugate.

Using (8.3.36), and given ψ in L2(Ωh), we can compute its norm by com-

puting its Fourier coefficients ψn. Then,

‖ψ‖2
L2(Ωh) = 2h‖ψn‖2

�2(Z,L2(0,1)) = 2h
∑
n∈Z

‖ψn‖2
L2(0,1), (8.3.38)
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where

‖ψn‖2
L2(0,1) =

∫ 1

0

|ψn(y)|2dy. (8.3.39)

In the sequel we omit the subindexes when clear from the context.

8.3.3 H1 and H2 spaces

We define the spaces

H1
h(Ω) = {f |Ωh

∈ H1(Ωh), f |x=−h = f |x=h a.e.}, (8.3.40)

H2
h(Ω) = {f |Ωh

∈ H2(Ωh) ∩H1
h(Ω), ∇f |x=−h = ∇f |x=h a.e.}, (8.3.41)

where H1(Ωh) and H2(Ωh) are defined as usual. The norms of these spaces are

‖φ‖2
H1

h(Ω) = ‖φ‖2
L2

h(Ω) + ‖φy‖2
L2

h(Ω) + ‖φx‖2
L2

h(Ω), (8.3.42)

‖φ‖2
H2

h(Ω) = ‖φ‖2
H1

h(Ω) + ‖φyy‖2
L2

h(Ω) + ‖φxx‖2
L2

h(Ω) + ‖φxy‖2
L2

h(Ω), (8.3.43)

or, in terms of the Fourier coefficients, by

‖φ‖2
H1

h(Ω) = 2h
∑[

(1 +
π2n2

h2
)‖φn‖2

L2(0,1) + ‖φny‖2
L2(0,1)

]
. (8.3.44)

‖φ‖2
H2

h(Ω) = 2h
∑

(1 +
π2n2

h2
+
π4n4

h4
)‖φn‖2

L2(0,1) + 2h
∑

(1 +
π2n2

h2
)‖φny‖2

L2(0,1)

+2h
∑

‖φnyy‖2
L2(0,1). (8.3.45)

The following lemmas hold in these spaces.

Lemma 8.5. (Poincaré’s inequality in H2(0, 1)). Suppose that f is a complex val-

ued function belonging to H2(0, 1), such that f(0) = f(1) = 0. Then ‖fy‖2
L2(0,1) ≤

‖fyy‖2
L2(0,1).

Proof. Set f1(y) = �(f) and f2 = �(f).

There exists a ∈ (0, 1) such that f1y(a) = 0. Therefore,

f1y(y) =

∫ y

a

f1yy(η)dη, y ∈ (a, 1), (8.3.46)

f1y(y) = −
∫ a

y

f1yy(η)dη, y ∈ (1, a). (8.3.47)
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Taking absolute value and bounding the integrals,

|f1y(y)| ≤
∫ 1

a

|f1yy(η)|dη ≤
∫ 1

0

|f1yy(η)|dη, y ∈ (a, 1), (8.3.48)

|f1y(y)| ≤
∫ a

1

|f1yy(η)|dη ≤
∫ 1

0

|f1yy(η)|dη, y ∈ (1, a), (8.3.49)

which implies the bound for the whole interval. Then, by Cauchy-Schwarz inequal-

ity,

|f1y(y)|2 ≤
(∫ 1

0

|f1yy(η)|dη
)2

≤
∫ 1

0

f 2
1yy(η)dη, (8.3.50)

and integrating,

‖f1y‖2
L2(0,1) =

∫ 1

0

f 2
1y(y)dy ≤

∫ 1

0

f 2
1yy(η)dη = ‖f1yy‖2

L2(0,1), (8.3.51)

and analogously for f2. Thus,

‖fy‖2
L2(0,1) = ‖f1y + if2y‖2

L2(0,1) = ‖f1y‖2
L2(0,1) + ‖f2y‖2

L2(0,1)

≤ ‖f1yy‖2
L2(0,1) + ‖f2yy‖2

L2(0,1) = ‖fyy‖2
L2(0,1), (8.3.52)

thus proving the result.

Lemma 8.6. (Poincaré’s inequalities in H1
h(Ω) and H2

h(Ω)). Let φ ∈ H1
h(Ω) be

such that φ|∂Ω0 ≡ 0, and ψ ∈ H2
h(Ω) such that ψ|∂Ωi

≡ 0 for i = 0, 1. Then

‖φ‖2
L2

h(Ω) ≤ ‖φy‖2
L2

h(Ω), (8.3.53)

‖ψy‖2
L2

h(Ω) ≤ ‖ψyy‖2
L2

h(Ω). (8.3.54)

Proof. Using Parseval’s formula,

‖φ‖2
L2

h(Ω) =
∑

‖φn‖2
L2(0,1)

≤
∑

‖φny‖2
L2(0,1), (8.3.55)

where we have used the classical Poincaré’s formula for functions ofH1(0, 1) vanish-

ing at 0, since φ ∈ H1
h(Ω) implies φn ∈ H1(0, 1), and φ|∂Ω0 ≡ 0 implies φn(0) = 0.
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By the same reasoning, ψ ∈ H2
h(Ω) implies ψn ∈ H2(0, 1), and ψ|∂Ωi

≡ 0

implies ψn(i) = 0, for i = 0, 1. Applying Lemma 8.5 for every n,

‖ψy‖2
L2

h(Ω) =
∑

‖ψny‖2
L2(0,1)

≤
∑

‖φnyy‖2
L2(0,1) = ‖ψyy‖2

L2
h(Ω), (8.3.56)

thus proving the lemma.

Remark 8.7. As in Lemma 8.6, let φ ∈ H1
h(Ω) be such that φ|∂Ω0 ≡ 0, and

ψ ∈ H2
h(Ω) such that ψ|∂Ωi

≡ 0 for i = 0, 1. Then we can redefine the H1 norm of

φ and H2 norm of ψ as

‖φ‖2
H1

h(Ω) = ‖φy‖2
L2

h(Ω) + ‖φx‖2
L2

h(Ω), (8.3.57)

‖ψ‖2
H2

h(Ω) = ‖ψyy‖2
L2

h(Ω) + ‖ψxx‖2
L2

h(Ω) + ‖ψxy‖2
L2

h(Ω), (8.3.58)

or, in terms of the Fourier coefficients,

‖φ‖2
H1

h(Ω) =
∑[

π2n2

h2
‖φn‖2

L2(0,1) + ‖φny‖2
L2(0,1)

]
, (8.3.59)

‖ψ‖2
H2

h(Ω) =
∑[

π4n4

h4
‖ψn‖2

L2(0,1) +
π2n2

h2
‖ψny‖2

L2(0,1) + ‖ψnyy‖2
L2(0,1)

]
.(8.3.60)

8.3.4 Spaces for the velocity field

Calling w = (u, V ), we define

H0h(Ω) = {w ∈ [L2
h(Ω)]2 : ∇ · w = 0,w|∂Ω0 = 0}, (8.3.61)

H1
0h(Ω) = H0h(Ω) ∩ [H1

h(Ω)]2, (8.3.62)

H2
0h(Ω) = H0h(Ω) ∩ [H2

h(Ω)]2, (8.3.63)

endowed with the scalar product of, respectively, [L2
h(Ω)]2, [H1

h(Ω)]2 and [H2
h(Ω)]2.

See [108, page 9] for the precise meaning of the terms in (8.3.61).

These are the spaces for the velocity field and where the main results

have to be considered.
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8.3.5 Transformations of L2 functions

The following definitions establish facts and notations useful for our so-

lution, based on the backstepping method [101]. This method consists in finding

an invertible transformation of the original variables into others whose stability

properties are easy to establish. We study the kind of transformations that appear

in the method.

Definition 8.8. Let T = {(y, η) ∈ R
2 : 0 ≤ η ≤ y ≤ 1}. Given complex

valued functions f ∈ L2(0, 1) and K ∈ L∞(T ), we define the transformed variable

g = (I −K)f , where the operator Kf is defined by

Kf(y) =

∫ y

0

K(y, η)f(η)dη, (8.3.64)

i.e. a Volterra operator. We call I −K the direct transformation with kernel K.

Now, if there exists a function L ∈ L∞(T ) such that f = (I + L)g, then we say

that the transformation is invertible, and we call I +L the inverse transformation,

and L the inverse kernel (or the inverse of K).

The following result is immediate from the theory of Volterra integral

equations [61].

Proposition 8.9. For K ∈ L∞(T ), the transformation I−K is always invertible.

Moreover, L is related to K by

L(y, η) = K(y, η) +

∫ y

η

K(y, σ)L(σ, η)dσ

= K(y, η) +

∫ y

η

L(y, σ)K(σ, η)dσ. (8.3.65)

The following result holds.

Proposition 8.10. If f ∈ L2(0, 1) then g = (I −K)f is in L2(0, 1). Similarly, if

g ∈ L2(0, 1) then f = (I + L)g is in L2(0, 1). Moreover,

‖g‖2
L2(0,1) ≤ (1 + ‖K‖L∞)2‖f‖2

L2(0,1), (8.3.66)

‖f‖2
L2(0,1) ≤ (1 + ‖L‖L∞)2‖g‖2

L2(0,1). (8.3.67)
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Proof. Calculating the L2 norm on the transformed variable in Definition 8.8, and

then using Cauchy-Schwarz inequality repeatedly,∫ 1

0

|g(y)|2dy =

∫ 1

0

∣∣∣∣f(y) −
∫ y

0

K(y, η)f(η)dη

∣∣∣∣
2

dy

=

∫ 1

0

(
|f(y)|2 − f(y)

∫ y

0

K(y, η)f(η)dη − f(y)

∫ y

0

K(y, η)f(η)dη

+

∣∣∣∣
∫ y

0

K(y, η)f(η)dη

∣∣∣∣
2

dη

)
dy

≤
∫ 1

0

(
|f(y)|2 + 2‖K‖L∞|f(y)|

∫ y

0

|f(η)|dη

+‖K‖2
L∞

∫ y

0

|f(η)|2 dη
)
dy, (8.3.68)

and now since∫ 1

0

|f(y)|
∫ y

0

|f(η)|dηdy ≤
(∫ 1

0

|f(y)|dy
)2

≤
∫ 1

0

|f(y)|2dy, (8.3.69)

then ∫ 1

0

|g(y)|2dy ≤
∫ 1

0

(
1 + 2‖K‖L∞ + ‖K‖2

L∞
)
|f(y)|2dy

= (1 + ‖K‖L∞)2

∫ 1

0

|f(y)|2dy, (8.3.70)

so one has that

‖g‖2
L2(0,1) ≤ (1 + ‖K‖L∞)2‖f‖2

L2(0,1), (8.3.71)

and similarly for the inverse transformation.

Proposition 8.10 allows to define a norm equivalent to the L2 norm,

‖f‖2
KL2(0,1) = ‖(I −K)f‖2

L2(0,1) = ‖g‖2
L2(0,1). (8.3.72)

For C1(T ) and C2(T ) kernels K and L, one has an equivalent version of

Proposition 8.9 and Proposition 8.10, allowing to define respectively a KH1(0, 1)

and KH2(0, 1) norm, which are equivalent to the H1(0, 1) and H2(0, 1) norm.

‖f‖2
KH1(0,1) = ‖(I −K)f‖2

H1(0,1) = ‖g‖2
H1(0,1), (8.3.73)

‖f‖2
KH2(0,1) = ‖(I −K)f‖2

H2(0,1) = ‖g‖2
H2(0,1). (8.3.74)
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where higher derivatives are calculated from the transformation in the following

way

gy = fy −K(y, y)f(y)−
∫ y

0

Ky(y, η)f(η)dη, (8.3.75)

gyy = fyy −K(y, y)fy(y) − 2Ky(y, y)f(y)−Kη(y, y)f(y)

−
∫ y

0

Kyy(y, η)f(η)dη, (8.3.76)

and similarly for the inverse transformation. This implies that the following esti-

mates hold

‖f‖2
KH1(0,1) ≤ (1 + ‖K‖L∞ + ‖Ky‖L∞)2‖f‖2

H1(0,1), (8.3.77)

‖f‖2
KH1(0,1) ≥ (1 + ‖L‖L∞ + ‖Ly‖L∞)−2‖f‖2

H1(0,1), (8.3.78)

and other similar estimates for the H2 norm.

8.3.6 Transformations of the velocity field

We define transformations of functions in H0h(Ω).

Definition 8.11. Consider a set of indices A = {a1, . . . , aj} ⊂ Z, and K =

(Kn(y, η))n∈A a family of L∞(T ) kernels. Then, for w = (u, v) ∈ H0h(Ω), one

defines the transformed variable ω = (α, β) = (I −K)w, through its Fourier com-

ponents,

ωn =


 ((I −Kn)un, 0) forn ∈ A,

wn, otherwise.
(8.3.79)

The inverse transformation, w = (I + L)ω, is defined by

w =


 ((I + Ln)αn, L̂nαn) forn ∈ A,

ωn, otherwise,
(8.3.80)

where the new operator L̂n is defined by

L̂nf = −πin
h

∫ y

0

(
f(η) +

∫ η

0

L(η, σ)f(σ)dσ

)
dη. (8.3.81)
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It is straightforward to show that w is well defined in (8.3.80). We only

need to check the second component of w in (8.3.80) when n ∈ A, which is

L̂nαn = −πin
h

∫ y

0

(
αn(η) +

∫ η

0

L(η, σ)αn(σ)dσ

)
dη, (8.3.82)

and then substituting the definition of αn from the direct transformation, and after

some manipulation,

L̂nαn = −πin
h

∫ y

0

(
un(η) −

∫ η

0

[
Kn(η, σ) − Ln(η, σ)

+

∫ η

σ

Ln(η, δ)Kn(δ, σ)dδ

]
un(δ)dσ

)
dη, (8.3.83)

where the expression in brackets is zero by Proposition 8.9. Then,

L̂nαn = −πin
h

∫ y

0

un(η)dη, (8.3.84)

and since the divergence-free condition in Fourier space is πin
h
un + vny = 0 and

vn(0) = 0 one gets that

L̂nαn =

∫ y

0

vny(η)dη = vn(y) − vn(0) = vn(y). (8.3.85)

This way, even though the second component of the velocity is apparently

lost in the direct transformation, it can be recovered and the transformation is still

invertible. Using a similar argument as in Proposition 8.10,

‖ω‖2
H0h(Ω) ≤ (1 + ‖K‖L∞)2‖w‖2

H0h(Ω), (8.3.86)

‖w‖2
H0h(Ω) ≤ (1 +N2)(1 + ‖L‖L∞)2‖ω‖2

H0h(Ω), (8.3.87)

where N = maxn∈A{π nh}, and

‖K‖L∞ = max
n∈A

{‖Kn‖L∞}, (8.3.88)

‖L‖L∞ = max
n∈A

{‖Ln‖L∞}. (8.3.89)

This allows the definition of a norm, as in (8.3.72), equivalent to the H0h(Ω), that

we call KH0h(Ω),

‖w‖2
KH0h(Ω) = ‖ω‖2

H0h(Ω). (8.3.90)
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For C1(T ) and C2(T ) kernel families one can define as well KH1
0h(Ω) and KH2

0h(Ω)

norms, respectively equivalent to the regular H1
0h(Ω) and H2

0h(Ω) norms.

Remark 8.12. All previous results hold for transformation kernels depending on

time, as long as they are uniformly bounded on the time interval (finite or infinite)

considered (see Proposition 8.21 for such a statement).

8.4 Main result

First, we state the stabilizing control laws for the controllers Vc and Uc.

The controller Vc(t, x) is a dynamic controller, found as the unique solu-

tion of the following forced parabolic equation

Vct =
Vcxx
Re

−
∑

0<|n|<M

∫ h

−h
eiγn(ξ−x)

[
2i

∫ 1

0

gy(t, η) cosh (γn(1 − η)) v(t, ξ, η)dη

−iuy(t, ξ, 0) − uy(t, ξ, 1)

Re

]
dξ, (8.4.91)

initialized at zero4, with periodic boundary conditions, i.e., Vc(t,−h) = Vc(t, h).

The control law Uc is given by

Uc(t, x) =
∑

0<|n|<M

∫ h

−h

∫ 1

0

eiγn(ξ−x)Kn(t, 1, η)u(t, ξ, η)dηdξ, (8.4.92)

where M = 2h
√
Re
π

, and γn = πn/h. For every integer n such that 0 < |n| < M ,

Kn in (8.4.92) is the solution of the following kernel equation5

Knt =
1

Re
(Knyy −Knηη) − λn(t, η)Kn + fn(y, η)

−
∫ y

η

fn(ξ, η)Kn(t, y, ξ)dξ, (8.4.93)

a linear partial integro-differential equation in the region Γ = {(t, y, η) ∈ (0,∞)×
4If the velocity field initial conditions at the boundary were not zero, then it is required that Vc(0, x) =

V (0, x, 1). We asume for simplicity V (0, x, 1) = 0.
5See Proposition 8.21 in Section 8.5 regarding the solvability of (8.4.93)–(8.4.95).
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T }, where T = {(y, η) ∈ R2 : 0 ≤ η ≤ y ≤ 1}, with boundary conditions

Kn(t, y, y) = −Re
(∫ y

0

λn(σ)

2
dσ + µn(0)

)
, (8.4.94)

Kn(t, y, 0) = Re

[∫ y

0

µn(σ)Kn(t, y, σ)dσ −µn(y)
]
, (8.4.95)

and where the coefficients in (8.4.93)–(8.4.95) are

λn(t, y) = −iγng(t, y), (8.4.96)

fn(t, y, η) = − iγn

[
gy(t, y) + 2γn

∫ y

η

gy(t, σ) × sinh (γn(y − σ)) dσ

]
,(8.4.97)

µn(y) =
γn
Re

cosh (γn(1 − y)) − cosh (γny))

sinh γn
. (8.4.98)

Remark 8.13. Averaging (in x) Equation (8.4.91) it can be seen that the mean

component of Vc is zero (provided it is initialized at zero), thus the physical con-

straint of zero net flux is enforced. This can be written as∫ h

−h
Vc(t, ξ)dξ = 0. (8.4.99)

Verifying this condition is crucial, since its violation would imply not satisfying

mass conservation in the channel. Also it is mathematically important to ensure

the well-posedness of the closed-loop problem.

In the sequel, let the letter C with a subindex denote a positive constant.

We now state our results.

Proposition 8.14. Define w(t) = (u(t), V (t)). Call w0 the initial condition of the

velocity field. Suppose that w0 ∈ H2
0h(Ω) and verifies the compatibility conditions

V0(x, 1) = 0 and

u0(x, 1) =
∑

0<|n|<M

∫ h

−h

∫ 1

0

eiγn(ξ−x)Kn(0, 1, η)u0(ξ, η)dηdξ. (8.4.100)

Then, for any Reynolds number, there exists a unique solution w(t) of (8.2.27)–

(8.2.26) with control laws (8.4.91)–(8.4.92), with w ∈ L2((0,∞), H2
0h(Ω)). More-

over, the equilibrium w ≡ 0 is exponentially stable in the L2, H1 and H2 norms,
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i.e., there exist numbers C1(Re, h), C2(Re, h) > 0 such that for t ≥ 0, the solution

w satisfies

‖w(t)‖ ≤ C1e
−C2t‖w0‖, (8.4.101)

where ‖ · ‖ represents the H0h(Ω), H1
0h(Ω) or H2

0h(Ω) norm.

The result above is valid for any initial condition. If we consider the

nonlinear terms, we obtain just local stability.

Proposition 8.15. Suppose that w0 ∈ H2
0h(Ω) verifying V0(x, 1) = 0 and (8.4.100).

Then, for every Reynolds number, there exists ε > 0 such that if ‖w0‖ < ε then

there is a unique solution w(t) of the Navier-Stokes system (8.2.22)–(8.2.23) with

boundary conditions (8.2.24)–(8.2.26) and control laws (8.4.91)–(8.4.92), such that

w ∈ L2((0,∞), H2
0h(Ω)). Moreover the equilibrium w ≡ 0 is locally exponentially

stable in the L2, H1 andH2 norms, i.e., there exist numbers C1(Re, h), C2(Re, h) >

0 such that, for t ≥ 0, the solution w satisfies

‖w(t)‖ ≤ C1e
−C2t‖w0‖, (8.4.102)

where ‖ · ‖ represents the H0h(Ω), H1
0h(Ω) or H2

0h(Ω) norm.

Recall that the aim is to pass asymptotically and robustly from one

Poiseuille flow (or from a point in a neighborhood) to another arbitrary Poiseuille

flow (or a neighborhood), for the nonlinear Navier-Stokes equations. From the re-

sults of Section 8.2 and Proposition 8.15, we obtain our main result, which solves

the problem.

Theorem 8.16. Call W = (U, V, P ). Consider two arbitrary Poiseuille flows Pδ1

and Pδ2 , as in (8.2.1). Then for every Reynolds number there exist neighborhoods

V0 of Pδ0 and V1 of Pδ1 , in H2(Ω), such that, for every W0 ∈ V0 such that

W0 − Pδ0 is periodic in x, there exists a unique solution W of (4.2.1)–(4.2.3),

with imposed pressure gradient (8.2.4), and control laws (8.4.91)–(8.4.98), which

writes W(t) = Θq(t) + w(t), where Θq(t) is given by (8.2.2), such that W(t) ∈ V2
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for t large enough. Moreover, there exist numbers C1(Re, h), C2(Re, h) > 0 such

that, for t ≥ 0, w satisfies

‖w(t)‖ ≤ C1e
−C2t‖w0‖, (8.4.103)

where ‖ · ‖ represents the H0h(Ω), H1
0h(Ω) or H2

0h(Ω) norm.

Remark 8.17. If in the previous results, the initial data is only in H1
0h(Ω) (small

enough for Proposition 8.15 in the H1
0h(Ω)-norm), even without the compatibility

condition (8.4.100), we still have a unique solution w(t) in L2((0,∞), H1
0h(Ω)) and

the exponential decay of the H1
0h(Ω)-norm.

Remark 8.18. To make a faster tranfer, the exponential decay rate C2 in Propo-

sitions 8.14 and 8.15 and Theorem 8.16 can be made as large as desired, just

increasing as much as necessary M and λn in (8.4.96), so that

M =
2h

√
Re

π
+ M̄, (8.4.104)

λn = −iγng(t, y) + λ̄, (8.4.105)

for large enough M̄, λ̄ > 0. Increasing M means that more modes are controlled,

whereas the modes left uncontrolled (see Section 8.5.1) are more damped. Increas-

ing λ means that more damping is added in the target system (8.5.160), so that

controlled modes (see Section 8.5.2) decay faster.

The next sections are devoted to proving the results, explaining the con-

trol design method, and studying the solvability of Equations (8.4.93)–(8.4.95).

8.5 Proof of Proposition 8.14

Equations (8.2.27)–(8.2.28) written in the periodic Fourier space are

unt =
�nun
Re

− iγn(pn + g(t, y)un) − gy(t, y)Vn, (8.5.106)

Vnt =
�nVn
Re

− pny − iγng(t, y)Vn, (8.5.107)
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where �n = ∂yy − γ2
n has been introduced for simplifying the expressions, and

where γn = πn/h. The boundary conditions are

un(t, 0) = Vn(t, 0) = 0, (8.5.108)

un(t, 1) = Ucn(t), (8.5.109)

Vn(t, 1) = Vcn(t), (8.5.110)

and the divergence-free condition is

γnun + Vny = 0. (8.5.111)

From (8.5.106)–(8.5.107) an equation for the pressure can be derived,

pnyy − γ2
npn = −2iγngy(t, y)Vn, (8.5.112)

with boundary conditions obtained from evaluating (8.5.107) at the boundaries

and using (8.5.109)–(8.5.110),

pny(t, 0) = −iγn
uny(t, 0)

Re
, (8.5.113)

pny(t, 1) = −iγn
uny(t, 1)

Re
− V̇cn − γ2

n

Vcn
Re

. (8.5.114)

As in Chapter 4 for the continuous-spectrum Fourier space, the equations

for different n are uncoupled due to linearity and spatial invariance, allowing sep-

arate consideration for each mode n. As before, most modes, which we refer to

as uncontrolled, are naturally stable and thus left without control. A finite set of

modes, called controlled, are unstable and require control.

8.5.1 Uncontrolled modes

These are n = 0 and large modes that verify |n| ≥ M , where M > 0 will

be made precise.

n = 0 (mean velocity field)

From (8.5.111), V0 ≡ 0. Then, u0 verifies

u0t =
u0yy

Re
, (8.5.115)
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with u0(0) = u0(1) = 0. The following estimates hold by applying Lemma 8.5,

d

dt
‖u0‖2

L2(0,1) ≤ − 2

Re
‖u0‖2

L2(0,1), (8.5.116)

d

dt
‖u0‖2

H1(0,1) ≤ − 2

Re
‖u0‖2

H1(0,1), (8.5.117)

d

dt
‖u0‖2

H2(0,1) ≤ − 1

Re
‖u0‖2

H2(0,1), (8.5.118)

implying

‖u0(t)‖2
L2(0,1) ≤ e−

2
Re
t‖u0(0)‖2

L2(0,1), (8.5.119)

‖u0(t)‖2
H1(0,1) ≤ e−

2
Re
t‖u0(0)‖2

H1(0,1), (8.5.120)

‖u0(t)‖2
H2(0,1) ≤ e−

1
Re
t‖u0(0)‖2

H2(0,1). (8.5.121)

Modes for large |n|

If wn = (un, Vn), then, considering no control (Vcn = Ucn = 0),

d

dt
‖wn‖2

L2(0,1)2 = −2
‖wny‖2

L2(0,1)2

Re
− 2γ2

n

‖wn‖2
L2(0,1)2

Re
− (gyun, Vn)L2(0,1)2

− (gyVn, un)L2(0,1)2 − (un, iγnpn)L2(0,1)2 − (iγnpn, un)L2(0,1)2

− (Vn, pny)L2(0,1)2 − (pny, Vn)L2(0,1)2 . (8.5.122)

Consider the pressure terms like those in the last two lines of (8.5.122). Using the

divergence- free condition iγnun + Vny = 0, and integrating by parts,

− (un, iγnpn)L2(0,1)2 = − (Vny, pn)L2(0,1)2 = (Vn, pny)L2(0,1)2 . (8.5.123)

Therefore, the pressure terms in (8.5.122) cancel each other. Then, using Cauchy-

Schwarz inequality and ab ≤ (a2 + b2)/2,

d

dt
‖wn‖2

L2(0,1)2 ≤ −2
‖wny‖2

L2(0,1)2

Re
− 2γ2

n

‖wn‖2
L2(0,1)2

Re

+‖gy‖L∞(0,1)‖wn‖2
L2(0,1)2 . (8.5.124)

Since |gy(t, y)| ≤ 4, choosing |γn| ≥
√

2Re, i.e.,

|n| ≥ M =
2h

√
Re

π
, (8.5.125)
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yields

d

dt
‖wn‖2

L2(0,1)2 ≤ −2
‖wny‖2

L2(0,1)2

Re
− γ2

n

‖wn‖2
L2(0,1)2

Re
≤ −2

‖wn‖2
L2(0,1)2

Re
, (8.5.126)

by Poincaré’s inequality, therefore achieving L2 exponential stability for large

modes (|n| ≥M).

H1 exponential stability is proved for the same set of modes. For this,

calculate first the time derivative of ‖wny‖2
L2(0,1)2

d

dt
‖wny‖2

L2(0,1)2 , = (wny,wnyt)L2(0,1)2 + (wnyt,wny)L2(0,1)2

= −(wnyy,wnt)L2(0,1)2 − (wnt,wnyy)L2(0,1)2

= −2
‖wnyy‖2

L2(0,1)2

Re
− 2γ2

n

‖wny‖2
L2(0,1)2

Re

+iγn(wnyy, gwn)L2(0,1)2 − iγn(gwn,wnyy)L2(0,1)2

+iγn(unyy, pn)L2(0,1) − iγn(pn, unyy)L2(0,1)

−(Vnyy, pny)L2(0,1) − (pny, Vnyy)L2(0,1)

−(unyy, gyVn)L2(0,1) − (gyVn, unyy)L2(0,1). (8.5.127)

Let us study first the terms without pressure. We have that

iγn(wnyy, gwn)L2(0,1)2 − iγn(gwn,wnyy)L2(0,1)2

−(unyy, gyVn)L2(0,1) − (gyVn, unyy)L2(0,1)

= −iγn(wny, gwny + gywn)L2(0,1)2 + iγn(gwny + gywn,wny)L2(0,1)2

+(uny, gyyVn + gyVny)L2(0,1) + (gyyVn + gyVny, uny)L2(0,1)

= −iγn(wny, gywn)L2(0,1)2 + iγn(gywn,wny)L2(0,1)2

+(uny, gyyVn)L2(0,1) + (gyyVn, uny)L2(0,1)

+iγn(uny, gyun)L2(0,1) − iγn(gyun, uny)L2(0,1)

= −iγn(wny, gywn)L2(0,1)2 + iγn(gywn,wny)L2(0,1)2

+(uny, gyyVn)L2(0,1) + (gyyVn, uny)L2(0,1)

≤ γ2
n + 1

Re
‖wny‖2

L2(0,1)2 +Re
(
‖gy‖2

L∞(0,1) + ‖gyy‖2
L∞(0,1)

)
×‖wn‖2

L2(0,1)2 , (8.5.128)
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where we have used repeatedly integration by parts, Cauchy-Schwarz inequality

and the divergence-free condition.

Now for the pressure terms, proceeding as before,

iγn(unyy, pn)L2(0,1) − iγn(pn, unyy)L2(0,1) − (Vnyy, pny)L2(0,1) − (pny, Vnyy)L2(0,1)

= −
[
Vnyy(t, y)pn(t, y) + V nyy(t, y)pn(t, y)

]y=1

y=0

= −Re
[
pny(t, y)pn(t, y) + pny(t, y)pn(t, y)

]y=1

y=0

, (8.5.129)

where the last equality is deduced from (8.5.107) evaluated at the boundaries.

Regarding (8.5.129) we have the following result.

Lemma 8.19.

−
[
pny(t, y)pn(t, y) + pny(t, y)pn(t, y)

]y=1

y=0

≤ 2‖gy‖2
L∞(0,1)‖Vn‖2

L2(0,1) (8.5.130)

Proof. Multiplying the Poisson pressure equation (8.5.112) by pn and integrating,

one has

(pnyy, pn)L2(0,1) − γ2
n‖pn‖2

L2(0,1) = −2iγn(gy(t, y)Vn, pn)L2(0,1) (8.5.131)

integrating by parts, and using (8.5.113)–(8.5.114), it follows that

[
pny(t, y)pn(t, y)

]y=1

y=0

− ‖pny‖2
L2(0,1) − γ2

n‖pn‖2
L2(0,1)

= −2iγn(gy(t, y)Vn, pn)L2(0,1), (8.5.132)

and using Cauchy-Schwarz inequality,

−
[
pny(t, y)pn(t, y)

]y=1

y=0

= −‖pny‖2
L2(0,1) − γ2

n‖pn‖2
L2(0,1)

+2iγn(gy(t, y)Vn, pn)L2(0,1)

≤ ‖gy‖2
L∞(0,1)‖Vn‖2

L2(0,1). (8.5.133)

Adding (8.5.133) to its complex conjugate yields the result.
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By previous estimates we reach then

d

dt
‖wny‖2

L2(0,1)2 ≤ −2
‖wnyy‖2

L2(0,1)2

Re
− 2γ2

n

‖wny‖2
L2(0,1)2

Re
+
γ2
n + 1

Re
‖wny‖2

L2(0,1)2

+Re
(
3‖gy‖2

L∞(0,1) + ‖gyy‖2
L∞(0,1)

)
‖wn‖2

L2(0,1)2 , (8.5.134)

and using Lemma 8.5, and substituting the bounds on g, one gets that

d

dt
‖wny‖2

L2(0,1)2 ≤ −
‖wnyy‖2

L2(0,1)2

Re
− γ2

n

‖wny‖2
L2(0,1)2

Re

+C3‖wn‖2
L2(0,1)2 . (8.5.135)

So then, setting

L =
1 +ReC3 + γ2

n

2
‖wn‖2

L2(0,1)2 + ‖wny‖2
L2(0,1)2 , (8.5.136)

which is obviously equivalent to the H1 norm, one has

d

dt
L ≤ −1 + γ2

n

Re
‖wn‖2

L2(0,1)2 −
1

Re
‖wny‖2

L2(0,1)2

≤ −C4L, (8.5.137)

where C4 > 0 depends on Re, but not on n, therefore achieving H1 stability for

wn with decay rate independent of n.

We next prove H2 stability. The definition of the H2 norm for the modes

|n| ≥M is, using Remark 8.7,

‖wn‖2
H2(0,1)2 = ‖unyy‖2

L2(0,1) + ‖Vnyy‖2
L2(0,1) + γ2

n

(
‖uny‖2

L2(0,1) + ‖Vny‖2
L2(0,1)

)
+γ4

n

(
‖un‖2

L2(0,1) + ‖Vn‖2
L2(0,1)

)
. (8.5.138)

Since

‖�nun‖2
L2(0,1) = (�nun,�nun)L2(0,1)

= (unyy − γ2
nun, unyy − γ2

nun)L2(0,1)

= ‖unyy‖2
L2(0,1) + γ4

n‖un‖2
L2(0,1) − γ2

n(unyy, un)L2(0,1)

−γ2
n(unyy, un)L2(0,1), (8.5.139)
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hence, integrating by parts,

‖�nun‖2
L2(0,1) = ‖unyy‖2

L2(0,1) + γ4
n‖un‖2

L2(0,1) + 2γ2
n‖uny‖2

L2(0,1).(8.5.140)

This shows that ‖�nwn‖2
L2(0,1)2 is equivalent to ‖wn‖2

H2(0,1)2 . The next norm equiv-

alence is less obvious and we state it in a lemma.

Lemma 8.20. For w verifying (8.5.106)–(8.5.107), the norms ‖�nwn‖2
L2(0,1)2 and

therefore ‖wn‖2
H2(0,1)2 areequivalent to the norm ‖wn‖2

H1(0,1)2 + ‖wnt‖2
L2(0,1)2 .

Proof. We compute ‖wnt‖2
L2(0,1)2 from (8.5.106)–(8.5.107).

‖wnt‖2
L2(0,1)2 =

‖�nwn‖2
L2(0,1)2

Re2
+ Λ, (8.5.141)

where Λ is defined as

Λ = −iγn(pn, unt)L2(0,1) − iγn(g(t, y)un, unt)L2(0,1)

−(gy(t, y)Vn, unt)L2(0,1) − (pny, V nt)L2(0,1) − iγn(g(t, y)Vn, V nt)L2(0,1)

+
1

Re

(
iγn(�nun, pn)L2(0,1) + iγn(�nun, g(t, y)un)L2(0,1)

−(�nun, gy(t, y)V n)L2(0,1) − (�nVn, pny)L2(0,1)

+iγn(�nVn, g(t, y)V n)L2(0,1)

)
. (8.5.142)

Integrating by parts and using the divergence-free condition,

−iγn(pn, unt) − (pny, V nt)L2(0,1) = (pn,−iγnunt + V nt)L2(0,1) = 0. (8.5.143)

Similarly,

iγn(�nun, pn)L2(0,1) − (�nVn, pny)L2(0,1) = (�nun + iγn�nVny, pn)L2(0,1)

− [�nVn(t, y)pn(t, y)]
y=1
y=0

= − [�nVn(t, y)pn(t, y)]
y=1
y=0 , (8.5.144)

and using Equation (8.5.129) and Lemma 8.19,

− [�nVn(t, y)pn(t, y)]
y=1
y=0 = −Re [pn(t, y)pn(t, y)]

y=1
y=0 ≤ Re‖gy‖2

L∞(0,1)‖Vn‖2
L2(0,1),

(8.5.145)



163

hence

Λ ≤ ‖gy‖2
L∞(0,1)‖Vn‖2

L2(0,1) − iγn(g(t, y)un, unt)L2(0,1) − (gy(t, y)Vn, unt)L2(0,1)

−iγn(g(t, y)Vn, V nt)L2(0,1) +
1

Re

(
iγn(�nun, g(t, y)un)L2(0,1)

−(�nun, gy(t, y)V n)L2(0,1) + iγn(�nVn, g(t, y)V n)L2(0,1)

)
. (8.5.146)

Then,

|Λ| ≤ C1‖wn‖2
H1(0,1)2 +

1

2

(
‖wnt‖2

L2(0,1)2 +
‖�nwn‖2

L2(0,1)2

Re2

)
, (8.5.147)

for some C1 > 0. It follows that

‖wn‖2
H1(0,1)2 + ‖wnt‖2

L2(0,1)2 ≤ C2‖�nwn‖2
L2(0,1)2 , (8.5.148)

‖�nwn‖2
L2(0,1)2 ≤ C3

(
‖wn‖2

H1(0,1)2 + ‖wnt‖2
L2(0,1)2

)
. (8.5.149)

Since we get the result for ‖�nwn‖2
L2(0,1)2 , we also get it for ‖wn‖2

H2(0,1)2 , thus

completing the proof.

Now, taking a time derivative in equations (8.5.106)–(8.5.107), and re-

peating the same argument as in the L2 proof of stability, the following estimate

holds.

d

dt
‖wnt‖2

L2(0,1)2 ≤ −2
‖wnt‖2

L2(0,1)2

Re
+ C4‖wnt‖L2(0,1)2‖wn‖L2(0,1)2 , (8.5.150)

where the last term is due to the time-varying coefficients. Combining Equation

(8.5.150), the previous estimates for the L2 and H1 norms and Lemma 8.20, H2

stability follows.

8.5.2 Controlled modes. Construction of control laws

The remaining modes, 0 < |n| < M , are open-loop unstable and must be

controlled. We design the control in several steps.
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Pressure shaping

Solving (8.5.112)–(8.5.114),

pn = −2i

∫ y

0

gy(t, η) sinh (γn(y − η))Vn(t, η)dη

+2i
cosh (γny)

sinh γn

∫ 1

0

gy(t, η) cosh (γn(1 − η))Vn(t, η)dη

+i
cosh (γn(1 − y))

sinh γn

uny(t, 0)

Re

−cosh (γny))

sinh γn

(
i
uny(t, 1)

Re
+
V̇cn
γn

+ γn
Vcn
Re

)
. (8.5.151)

As in (4.5.69), Vcn appears “inside” (8.5.151), allowing to “shape” it.

We follow Section 4.5.1 and design Vcn to enforce in (8.5.151) a strict-feedback

structure [71] in y. Hence,

V̇cn
γn

= −γn
Vcn
Re

− i
uny(t, 0) − uny(t, 1)

Re

−2i

∫ 1

0

gy(t, η) cosh (γn(1 − η))Vn(t, η)dη, (8.5.152)

i.e.,

Vcn = −i
∫ t

0

e−γ
2
nτ

(
γn
uny(τ, 0) − uny(τ, 1)

Re

+2

∫ 1

0

gy(τ, η) cosh (γn(1 − η))Vn(τ, η)dη

)
dτ. (8.5.153)

Plugging (8.5.152) into (8.5.151), the pressure reduces to

pn = −2i

∫ y

0

gy(t, η) sinh (γn(y − η))Vn(t, η)dη

+i
cosh (γn(1 − y)) − cosh (γny)

sinh γn

uny(t, 0)

Re
. (8.5.154)

Substituting (8.5.154) into (8.5.106)–(8.5.107) yields

unt =
unyy
Re

− γ2
nun
Re

− iγng(t, y)un − gy(t, y)Vn

−2γn

∫ y

0

gy(t, η) sinh (γn(y − η))Vn(t, η)dη
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+γn
cosh (γn(1 − y)) − cosh (γny)

Re sinh γn
uny(t, 0), (8.5.155)

Vnt =
Vnyy
Re

− γ2
nVn
Re

− iγng(t, y)Vn

+2iγn

∫ y

0

gy(t, η) cosh (γn(y − η))Vn(t, η)dη

+iγn
sinh (γn(1 − y)) + sinh (γny)

Re sinh γn
uny(t, 0). (8.5.156)

Control of velocity field

Our objective is now to control (8.5.155)–(8.5.156) by means of Ucn.

By (8.5.111), Vn can be computed as Vn(y, t) = −iγn
∫ y
0
un(t, η)dη. Then, only

(8.5.155) has to be considered. Using (8.5.111) to express (8.5.155) as an au-

tonomous equation in un,

unt =
�nun
Re

+ λn(t, y)un +

∫ y

0

fn(t, y, η)un(t, η)dη

+µn(y)uny(t, 0), (8.5.157)

with boundary conditions

un(t, 0) = 0, (8.5.158)

un(t, 1) = Ucn(t), (8.5.159)

where λn, fn and µn were defined in (8.4.96)–(8.4.98). This is a boundary control

problem for a parabolic PIDE with time-dependent coefficients, solvable by back-

stepping [103] thanks to the strict-feedback structure. Following [103] we map un,

for each mode 0 < |n| < M , into the family of heat equations

αnt =
1

Re

(
−γ2

nαn + αnyy
)

(8.5.160)

αn(k, 0) = αn(k, 1) = 0 , (8.5.161)

where

αn = (I −Kn)un (8.5.162)

un = (I + Ln)αn, (8.5.163)
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are respectively the direct and inverse transformation. The kernel Kn is found to

verify Equations (8.4.93)–(8.4.95), and Ln verifies a similar equation, or can be

derived from Kn using Proposition 8.9. For (8.4.93)–(8.4.95), the following result

holds.

Proposition 8.21. For every n ∈ A, there exists a solution Kn(t, y, η) of (8.4.93)–

(8.4.95) defined in Γ = {(t, y, η) ∈ (0,∞) × T } and such that we have Kn ∈

L∞((0,∞), C∞(T )), where T = {(y, η) ∈ R2 : 0 ≤ η ≤ y ≤ 1}.

We prove this Proposition in Section 8.7.

The control law is, from (8.5.162), (8.5.161) and (8.5.159),

Ucn =

∫ 1

0

Kn(t, 1, η)un(t, k, η)dη, (8.5.164)

Stability closed-loop properties follow from (8.5.160)–(8.5.163). Since

from (8.5.160)–(8.5.161), one has that

‖αn(t)‖2
L2(0,1) ≤ e−

2
Re
t‖αn(0)‖2

L2(0,1), (8.5.165)

‖αn(t)‖2
H1(0,1) ≤ e−

2
Re
t‖αn(0)‖2

H1(0,1), (8.5.166)

‖αn(t)‖2
H2(0,1) ≤ e−

1
Re
t‖αn(0)‖2

H2(0,1). (8.5.167)

Hence, from (8.5.162)–(8.5.163) and using the norms (8.3.71) and (8.3.73)–(8.3.74),

we obtain

‖un(t)‖2
KnL2(0,1) ≤ e−

2
Re
t‖un(0)‖2

KnL2(0,1), (8.5.168)

‖un(t)‖2
KnH1(0,1) ≤ e−

2
Re
t‖un(0)‖2

KnH1(0,1), (8.5.169)

‖un(t)‖2
KnH2(0,1) ≤ e−

1
Re
t‖un(0)‖2

KnH2(0,1). (8.5.170)

8.5.3 Stability for the whole system

If we call A = {n ∈ Z : 0 < |n| < M}, and K = Kn(t, y, η)n∈A, and apply

the control laws (8.5.164) and (8.5.153) in physical space, which yield (8.4.91)–

(8.4.92), then we can prove stability for the KH0h(Ω) norm, defined by (8.3.90),
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as follows:

‖w‖2
KH0h(Ω) =

∑
n/∈A

‖wn‖2
L2(0,1)2 +

∑
n∈A

‖un‖2
KnL2(0,1)

≤ e−
2

Re
t

[∑
n/∈A

‖wn(0)‖2
L2(0,1)2 +

∑
n∈A

‖un(0)‖2
KnL2(0,1)

]

≤ e−
2

Re
t‖w(0)‖2

KH0h(Ω). (8.5.171)

By norm equivalence, this proves the L2 part of Proposition 8.14. Similarly,

‖w‖2
KH1

0h(Ω) = ‖u0‖2
H1(0,1) +

∑
0<|n|<M

‖un‖2
KnH1(0,1) +

∑
|n|≥M

‖wn‖2
H1(0,1)2

≤ e−
2

Re
t‖u0(0)‖2

H1(0,1) +
∑

0<|n|<M

e−
2

Re
t‖un(0)‖2

KnH1(0,1)

+
∑
|n|≥M

C1e
−C2t‖wn(0)‖2

H1(0,1)2

≤ C3e
−C4t‖w(0)‖2

KH1
0h(Ω). (8.5.172)

The same argument shows H2 stability.

‖w‖2
KH2

0h(Ω) = ‖u0‖2
H2(0,1) +

∑
0<|n|<M

‖un‖2
KnH2(0,1) +

∑
|n|≥M

‖wn‖2
H2(0,1)2

≤ e−
1

Re
t‖u0(0)‖2

H2(0,1) +
∑

0<|n|<M

e−
1

Re
t‖un(0)‖2

KnH2(0,1)

+
∑
|n|≥M

C5e
−C6t‖wn(0)‖2

H2(0,1)2

≤ C7e
−C8t‖w(0)‖2

KH2
0h(Ω). (8.5.173)

The first part of Proposition 8.14 is proved.

8.5.4 Well-posedness

It remains to prove the well-posedness of (8.2.27)–(8.2.26) with control

laws (8.4.91)–(8.4.92).

Define the space H1
per(−h, h) = {φ ∈ H1(−h, h) : φ(h) = φ(−h)}. Define

in a similar way H2
per(−h, h) = {φ ∈ H2(−h, h) : φ(h) = φ(−h), φx(h) = φx(−h)}.

We first show the following result regarding the regularity of the control laws.
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Proposition 8.22. Given any T > 0, assume that the velocity field (u, V ) verifies

(u, V ) ∈ L2((0, T ), H2
0h(Ω)). (8.5.174)

Then, control laws Vc(t, x) and Uc(t, x) defined by (8.4.91) and (8.4.92) respectively

verify

Uc, Vc ∈ L2((0, T ), H2
per(−h, h)) ∩H1((0, T ), H1

per(−h, h)). (8.5.175)

Proof. We begin showing (8.5.175) for Vc. From (8.4.91) we can write

Vct =
Vcxx
Re

− f(t, x), (8.5.176)

where

f(t, x) =
∑

0<|n|<M

∫ h

−h
eiγn(ξ−x)

[
2i

∫ 1

0

gy(t, η) cosh (γn(1 − η))C(t, ξ, η)dη

−iuy(t, ξ, 0) − uy(t, ξ, 1)

Re

]
dξ, (8.5.177)

with Vc(t, h) = Vc(t,−h), and initial conditions Vc(0, x) = 0. Note that f in

(8.5.177) is defined as a finite sum of convolutions in the periodic domain of certain

functions with the smooth function eiγnx. Hence, even though there is a gradient

and a trace in the definition of f , from the smoothing properties of convolution we

have that f ∈ L2((0, T ), Cpper([−h, h]) for every integer p, where for any function

φ, φ ∈ Cpper([−h, h]) means that φ is of class Cp and φ(i)(−h) = φ(i)(h) for every

i ∈ {0, . . . , p}, and where Cpper([−h, h] is equipped with the usual Cp-topology.

Therefore by standard properties of the heat equation (see for example [45, pg.

360, Theorem 5] for the non-periodic case), we get that Vc ∈ H1([0, T ), Cpper([−h, h])

for every integer p. Hence,

Vc ∈ L2((0, T ), H2
per(−h, h)) ∩H1((0, T ), H1

per(−h, h)). (8.5.178)

Similarly, the definition of Uc is

Uc(t, x) =
∑

0<|n|<M

∫ h

−h

∫ 1

0

eiγn(ξ−x)Kn(t, 1, η)u(t, ξ, η)dηdξ, (8.5.179)
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again a finite sum of convolutions with a smooth function. Hence, by the same

argument it follows that

Uc ∈ L2((0, T ), H2
per(−h, h)) ∩H1((0, T ), H1

per(−h, h)), (8.5.180)

proving the result.

We apply a slightly modified version of [57, Theorem 2.1]; see also [55,

Theorem 4.4] for a similar argument. Note that from Remark 8.13 and the as-

sumptions of Proposition 8.14, the following compatibility conditions are verified

u0(x, 1) = Uc(0, x), V0(x, 1) = Vc(0, x),

∫ h

−h
Vc(t, x)dx = 0. (8.5.181)

Then, for Uc and Vc satisfying (8.5.175), we get that there exist a unique solution to

the linearized Navier-Stokes equations such that (u, V ) ∈ L2((0, T ), H2
0h(Ω)). But

Proposition 8.22 guarantees that then (8.5.175) is true. Hence the result follows

for any finite time T .

Estimates in Section 8.5.3 guarantee the decay of the H2
0h(Ω) norm of the

velocity field (this implies that the H2
0h(Ω) norm does not blow up). Therefore the

argument can be applied repeatedly any number of times, thus proving (u, V ) ∈

L2((0,∞), H2
0h(Ω)).

8.6 Proof of Proposition 8.15

We now consider the fully nonlinear Navier-Stokes equations (8.2.22)–

(8.2.23). Denote the nonlinear term as N = (Nu, Nv), where

Nu = −uux − V uy, (8.6.182)

Nv = −uVx − V Vy. (8.6.183)

One has by using [108, Lemma 3.4 p. 292],

(w,N)H0h(Ω) ≤ ‖w‖KH0h(Ω)‖w‖2
KH1h(Ω), (8.6.184)
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The bound above is valid not only for (w,N)H0h(Ω) but for any partial sum of

(wn,Nn)L2(0,1)2 , by the same argument.

The application of pressure shaping and backstepping transformation to

the nonlinear system results in a new term in the target system, which appears as

αnt =
1

Re

(
−γ2

nαn + αnyy
)

+Nα
n , (8.6.185)

where Nα
n is defined by

Nα
n = (I −Kn)N

u
n + (I −Kn)N

p
n. (8.6.186)

The term Np
n is due to pressure shaping and is defined by

Np
n = 2

∑
j∈Z

[
cosh (γny)

sinh γn

∫ 1

0

N q
nj cosh (γn(1 − η)) dη

+

∫ y

0

N q
nj sinh (γn(y − η)) dη

]
, (8.6.187)

where

N q
nj = −γjγn−jujun−j − iγn−jujyVn−j . (8.6.188)

Then, for n ∈ A,

(αn, N
α
n )L2(0,1) ≤ C2

[
(|αn|, |Nu

n |)L2(0,1) + (|αn|, |Np
n|)L2(0,1)

]
≤ C2‖αn‖L2(0,1)

∑
j∈Z

{[
|γj|‖ujun−j‖L2(0,1) + ‖ujyVn−j‖L2(0,1)

]
× [1 + C3|γn−j|]} , (8.6.189)

where C2 = 1 + ‖K‖L∞ and C3 = 2( sinh(γ1) sinh(γM )+cosh2(γM )
sinh(γ1)

). Bounding (8.6.189)

further, one gets

(αn, N
α
n )≤ C2

2
‖αn‖L2(0,1)

∑
j∈Z

{
2|γj|2‖uj‖2

L2(0,1) + 2‖ujy‖2
L2(0,1)

+
[
1 + C2

3 |γn−j|2
] [

‖u(n−j)‖2
L2(0,1) + ‖V(n−j)‖2

L2(0,1)

]}
≤ C4‖αn‖L2(0,1) ‖w‖2

KH1h(Ω), (8.6.190)
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for some positive C4. Calculate now the KL2 norm of the velocity field for the

controlled Navier-Stokes equation. As in (8.5.171),

‖w‖2
KL2

0h(Ω) =
∑
n/∈A

‖wn‖L2(0,1)2 +
∑
n∈A

‖un‖2
KnL2(0,1). (8.6.191)

We next compute the derivatives for each term in (8.6.191). We have that

d

dt

∑
n/∈A

‖wn‖2
L2(0,1)2 ≤

∑
n/∈A

[
−2

Re
‖wny‖2

L2(0,1)2 −
γ2
n

Re
‖wn‖2

L2(0,1)2 + (wn,Nn)L2(0,1)2

]
,

(8.6.192)

and for n ∈ A, since ‖un‖KnL2(0,1) = ‖αn‖L2(0,1), one has

d

dt
‖un‖2

KnL2(0,1) =
d

dt
‖αn‖2

L2(0,1) ≤
−2

Re
‖αny‖2

L2(0,1) −
2γ2

n

Re
‖αn‖2 + (αn, N

α
n )L2(0,1).

(8.6.193)

Then, summing (8.6.193) for n ∈ A, adding (8.6.192), and applying norm

equivalences and the estimate (8.6.184), we get for some C0 > 0

d

dt
‖w‖2

KH0h(Ω) ≤ −C0‖w‖2
KH1h(Ω) +

∑
n/∈A

(wn,Nn)L2(0,1)2 +
∑
n∈A

(αn, N
α
n )L2(0,1)

≤ ‖w‖2
KH1h(Ω)

(
C4‖w‖KH0h(Ω) + ‖w‖KH0h(Ω) − C0

)
. (8.6.194)

Suppose that ‖w‖KH0h(Ω) < ε. Then

d

dt
‖w‖2

KH0h(Ω) ≤ ((C4 + 1)ε− C0) ‖w‖2
KH1h(Ω), (8.6.195)

and choosing ε such that ε < C0

2(C4+1)
,

d

dt
‖w‖2

KH0h(Ω) ≤ −C0

2
‖w‖2

KH1h(Ω)

≤ −C5‖w‖2
KH0h(Ω), (8.6.196)

by Poincaré’s inequality, where C5 > 0. This proves local exponential stability in

the KH0h(Ω) norm and therefore in the H0h(Ω) norm.

A similar argument applies to the H1
0h(Ω) and H2

0h(Ω) norms, for prov-

ing local exponential stability; we skip the details since it is clear that the extra

nonlinear convection terms that would appear in the proof (in a similar way to the
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proof for the H0h(Ω) norm) can be bounded by the linear terms in w, wx and wy

for small H1
0h(Ω) and H2

0h(Ω) norms6. Well-posedness follows as in Section 8.5.4,

as the argument in [57] applies to the nonlinear Navier-Stokes equations.

8.7 Proof of Proposition 8.21

In this section we prove a general result which includes Proposition 8.21

as a particular case.

We first recall the definition of the Gevrey class of functions, which plays

an important role in studying solutions of the heat equation [31,58]. As shown later,

solutions to kernel partial integro-differential equations that appear in unsteady

backstepping problems are members of some Gevrey class.

Definition 8.23. A smooth function f(t) defined on (0, T ), for T ∈ (0,∞], is

Gevrey of order α if there exists numbers Q,R > 0 such that, for all positive

integers k,

sup
t∈(0,T )

∣∣∣∣dkfdtk
∣∣∣∣ ≤ Q

(k!)α

Rk
. (8.7.197)

We write f ∈ Gα(0, T ).

For functions of time and space, we define the following classes, denoting

H0,∞(0, 1) = L∞(0, 1).

Definition 8.24. Given m ≥ 0 integer, a function f(t, y) is said to be Gevrey of

order α in time t ∈ (0, T ), and Hm,∞(0, 1) in space y, if f(t, ·) ∈ Hm,∞(0, 1) for

every time t ∈ (0, T ), f(t, ·) possesses derivatives of all orders which also belong to

Hm,∞(0, 1), and there exist numbers Q,R > 0 such that, for all positive integers

k,

sup
t∈(0,T )

∣∣∣∣
∣∣∣∣dkfdtk

∣∣∣∣
∣∣∣∣
Hm,∞(0,1)

≤ Q
(k!)α

Rk
. (8.7.198)

We write f ∈ Gα((0, T ), Hm,∞(0, 1)).

6The only extra detail required would be a minor modification of Lemma 8.19 to account for the extra
nonlinear terms in the pressure Poisson equation.
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For functions having two or more space variables we similarly define

Gα((0, T ), Hm,∞(Ω)) where Ω ⊂ R2 is any bounded set. Consider now the ker-

nel equation

εKyy − εKηη −Kt(t, y, η) = λ(t, η)K(t, y, η)− f(t, y, η)

+

∫ y

η

K(t, y, ξ)f(t, ξ, η)dξ, (8.7.199)

with boundary conditions

K(t, y, y) =
−1

2ε

∫ y

0

λ(t, σ)dσ − g(t, 0)

ε
, (8.7.200)

K(t, y, 0) =

∫ y

0

K(t, y, σ)
g(t, σ)

ε
dσ − g(t, y)

ε
, (8.7.201)

in the domain (0, T )×T , where ε, T > 0, and the coefficients f(t, y, η), g(t, y) and

λ(t, y) verify

f ∈ Gα((0, T ), Hm−1,∞(T )), (8.7.202)

λ ∈ Gα((0, T ), Hm,∞(0, 1)), (8.7.203)

g ∈ Gα((0, T ), Hm+1,∞(0, 1)). (8.7.204)

The following result regarding Equation (8.7.199) holds.

Theorem 8.25. (Finite time) Assume T ∈ (0,∞). For coefficients f , g, λ as

in (8.7.202)–(8.7.204), Equation (8.7.199) with boundary conditions (8.7.200)–

(8.7.201) has a unique solution K ∈ Gα((0, T ), Hm+1,∞(T )).

For the infinite time interval, the result is similar.

Theorem 8.26. (Infinite time) For coefficients f , g, λ verifying

f ∈ Gα((0,∞), Hm−1,∞(T )) ∩ L∞((0,∞), Hm−1,∞(T )), (8.7.205)

λ ∈ Gα((0,∞), Hm,∞) ∩ L∞((0,∞), Hm,∞(0, 1)), (8.7.206)

g ∈ Gα((0,∞), Hm+1,∞(0, 1)) ∩ L∞((0,∞), Hm+1,∞(0, 1)), (8.7.207)

it follows that Equation (8.7.199) with boundary conditions (8.7.200)–(8.7.201)

has a unique solution

K ∈ Gα((0,∞), Hm+1,∞(T )) ∩ L∞((0,∞), Hm+1,∞(T )). (8.7.208)
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Note that Theorem 8.26 includes Proposition 8.21 as a particular case,

with α = 1, and taking limit for m going to infinity.

8.7.1 Proof of Theorem 8.25

In the following it will be assumed that 1 ≤ α < 2. For α < 1 one has to

substitute everywhere in the section α by 1.

We follow [101] to transform the PIDE into an integral equation. Apply-

ing the change of variables ξ = y + η and β = y − η, and denoting

G(t, ξ, β) = K(t, y, η) = K

(
t,
ξ + β

2
,
ξ − β

2

)
, (8.7.209)

the PIDE (8.7.199) is transformed into

4εGξβ = Gt(t, ξ, β) + A(t, ξ, β)G(t, ξ, β)−B(t, ξ, β)

+

∫ ξ+β
2

ξ−β
2

G

(
t,
ξ + β

2
+ σ,

ξ + β

2
− σ

)

×f
(
t, σ +

ξ − β

2
, σ − ξ − β

2

)
dσ, (8.7.210)

with boundary conditions

Gξ(t, ξ, 0) =
−A(t, ξ, 0)

4ε
, (8.7.211)

G(t, ξ, ξ) =
−g(t, ξ)

ε
+

∫ ξ

0

G (t, ξ + σ, ξ − σ)
g(t, σ)

ε
dσ, (8.7.212)

in the domain (0, T ) × T1, where T1 = {(ξ, β) : 0 ≤ ξ ≤ 2, 0 ≤ β ≤ min ξ, 2 − ξ},

and where now

A(t, ξ, β) = λ

(
t,
ξ − β

2

)
∈ Gα((0, T ), Hm,∞(T1)), (8.7.213)

B(t, ξ, β) = f

(
t,
ξ + β

2
,
ξ − β

2

)
∈ Gα((0, T ), Hm−1,∞(T1)). (8.7.214)

Changing the integration variable, we can rewrite Equation (8.7.210) as

4εGξβ = Gt(t, ξ, β) + A(t, ξ, β)G(t, ξ, β)− B(t, ξ, β)

+

∫ β

0

G (t, ξ + σ, β − σ) f (t, σ + (ξ − β), σ) dσ, (8.7.215)
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and integrating (8.7.215) and making use of the boundary conditions (8.7.211)–

(8.7.212) we reach

G(t, ξ, β) =
1

4ε

∫ ξ

β

∫ β

0

Gt(t, τ, σ)dσdτ

+
1

4ε

∫ ξ

β

∫ β

0

A(t, τ, σ)G(t, τ, σ)dσdτ − 1

4ε

∫ ξ

β

∫ β

0

B(t, τ, σ)dσdτ

+
1

4ε

∫ ξ

β

∫ β

0

∫ σ

0

G (t, τ + µ, σ − µ) f (t, µ+ (τ − σ), µ) dµdσdτ

− 1

4ε

∫ ξ

β

A(t, τ, 0)dτ − 1

ε
g(t, β)

+
1

ε

∫ β

0

g(t, σ)G (t, β + σ, β − σ) dσ, (8.7.216)

an integro-differential equation that only contains time derivatives and spatial

integrals.

Following the same method of proof as in [101], we look for a successive

series approximation solution, such that

G =

∞∑
n=0

Gn(t, ξ, β), (8.7.217)

with

G0(t, ξ, β) = − 1

4ε

∫ ξ

β

∫ β

0

B(t, τ, σ)dσdτ

− 1

4ε

∫ ξ

β

A(t, τ, 0)dτ − 1

ε
g(t, β), (8.7.218)

and for n > 0,

Gn(t, ξ, β) =
1

4ε

∫ ξ

β

∫ β

0

(Gn−1)t(t, τ, σ)dσdτ

+
1

4ε

∫ ξ

β

∫ β

0

A(t, τ, σ)Gn−1(t, τ, σ)dσdτ

+
1

4ε

∫ ξ

β

∫ β

0

∫ σ

0

Gn−1 (t, τ + µ, σ − µ) f (t, µ+ (τ − σ), µ) dµdσdτ

+
1

ε

∫ β

0

g(t, σ)Gn−1 (t, β + σ, β − σ) dσ. (8.7.219)
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Since A, B and g are Gevrey in time and at least bounded in space (as

m ≥ 1), they can be simultaneously bounded7 by a Gevrey function Q(t), so

A ≤ Q, B ≤ Q, g ≤ Q, with Q a function such that there exist M , R such that

for all k ≥ 0, t ∈ (0, T ), one has

∂kQ(t)

∂tk
≤M

(k!)α

Rk
. (8.7.220)

Define now

h(t, t0) =
1

1 − t−t0
R1/α

, (8.7.221)

for t0 ∈ [0, T ). Hence, when t ∈ [t0,
R1/α

2
+ t0), it follows that 1 ≤ |h(t, t0)|. Since

∂kh(t, t0)

∂tk
=

k!(
1 − t−t0

R1/α

)k+1
Rk/α

=
k!h(t, t0)

k+1

Rk/α
, (8.7.222)

it is evident that for t ∈ [t0,
R1/α

2
+ t0), one has

k!

Rk/α
≤ ∂kh(t, t0)

∂tk
, (8.7.223)

hence
∂kQ(t)

∂tk
≤M

(
∂kh(t, t0)

∂tk

)α

. (8.7.224)

We partition the interval (0, T ) uniformly into a finite number m of subintervals,

in the following way:

(0, T ) = (0,
R1/α

2
) ∪ [

R1/α

2
, R1/α) ∪ . . . ∪ [(m− 1)

R1/α

2
, T ), (8.7.225)

where m is chosen such that the length of the last subinterval is equal or less than

R1/α

2
. For each subinterval, set t0 as the infimum of the subinterval. Then, for t in

the subinterval, h(t, t0) bounds Q as in (8.7.224).

Consider first t0 = 0. We show the proof for the subinterval t ∈ (0, R
1/α

2
);

it proceeds equally for the rest of the subintervals because t0 does not appear ex-

plicitly in the computations. This means that any bound obtained for the interval

(0, R
1/α

2
) uniformly holds in the whole interval (0, T ). Hence, it suffices to prove

the result for t ∈ (0, R
1/α

2
) and t0 = 0.

7For example take Q = A2 + B2 + g2.
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Denote h(t, 0) = h(t) for simplicity. We prove the existence of the solu-

tion defined by the successive approximation series using a variant of the classical

method of majorants. See [75] for a similar proof.

We claim that for all n ≥ 0, k ≥ 0, and (t, ξ, β) ∈ (0, R
1/α

2
) × T1, one has

∣∣∣∣ ∂k∂tkGn(t, ξ, β)

∣∣∣∣ ≤
(
∂k

∂tk
h(t)n+1

)α
Cn+1

√
βn(ξ + β)n

(n!)γ
, (8.7.226)

where γ = 2 − α > 0 and

C =
2

εR
+

5M

ε
. (8.7.227)

Assume the above formula is true (it is proved next). Then, substituting

in the successive approximation series (8.7.217), one has, for k ≥ 0,

∣∣∣∣ ∂k∂tkG(t, ξ, β)

∣∣∣∣ ≤
∞∑
n=0

(
∂k

∂tk
h(t)n+1

)α
Cn+1

√
βn(ξ + β)n

(n!)γ

=
∞∑
n=0

(
∂k

∂tk
h(t)n+1C

(n+1)/α 2α
√
βn(ξ + β)n

(n!)γ/α

)α

≤
(
∂k

∂tk

∞∑
n=0

h(t)n+1C
(n+1)/α 2α

√
βn(ξ + β)n

(n!)γ/α

)α

≤
(
∂k

∂tk
H(t, ξ, β)

)α
, (8.7.228)

where

H(t, ξ, β) =

∞∑
n=0

h(t)n+1C
(n+1)/α 2α

√
(1 + β)n(1 + ξ + β)n

(n!)γ/α
, (8.7.229)

is an analytic function in all its variables in (t, ξ, β) ∈ [0, R
1/α

2
] × T1, when α < 2.

This is easily seen for ξ and β. To see it for t, substitute ξ and β by their maximum

(2 and 1 respectively). Then,

H(t, ξ, β) =
∞∑
n=0

h(t)n+1C
(n+1)/α 2α

√
12n

(n!)γ/α
=

∞∑
n=0

h(t)n+1D
n+1

(n!)δ
. (8.7.230)

To check analyticity on [0, R
1/α

2
], since all terms in the sum are already analytic, we

extend H to a disk of radius R1/α in the complex plane, i.e. t ∈ C, |t| ∈ [0, R
1/α

2
] and
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check convergence for t on compact subsets [91] of the disk. Set then t = R1/α

2
(1−σ),

where σ ∈ [0, 1]. Then,

H(t, ξ, β) ≤
∞∑
n=0

(
2D

σ + 1

)n+1
1

(n!)δ
, (8.7.231)

which converges for all values of D, σ, δ. Therefore H is also analytic in t. Then,

by using (8.7.228), it follows that G is bounded in ξ and β, and Gevrey of order

α in t. Note that, as was stated before, the proof holds as well when using h(t, t0)

instead of h(t, 0), for t ∈ [t0, t0 + R1/α

2
).

It remains to prove the estimate (8.7.226), by induction on n.

For n = 0 and k = 0, one has

|G0(t, ξ, β)| ≤ 1

4ε

∫ ξ

β

∫ β

0

Q(t)dσdτ

+
1

4ε

∫ ξ

β

Q(t)dτ +
1

ε
Q(t)

=
Q(t)

ε

(
1 +

1

4
(ξ − β) +

1

4
β(ξ − β)

)

≤ h(t)α
2M

ε
≤ h(t)αC, (8.7.232)

and for n = 0, k > 0,∣∣∣∣∂kG0(t, ξ, β)

∂tk

∣∣∣∣ ≤ 1

4ε

∫ ξ

β

∫ β

0

∂kQ(t)

∂tk
dσdτ

+
1

4ε

∫ ξ

β

∂kQ(t)

∂tk
dσ +

1

ε

∂kQ(t)

∂tk
dσdτ

≤
(
∂k

∂tk
h(t)

)α
2M

ε
≤
(
∂k

∂tk
h(t)

)α

C, (8.7.233)

so (8.7.226) is true for n = 0.

Suppose now it is true for n− 1. Then, for k = 0,

|Gn(t, ξ, β)| ≤ 1

4ε

∫ ξ

β

∫ β

0

∣∣∣∣∂Gn−1

∂t

∣∣∣∣ (t, τ, σ)dσdτ

+
1

4ε

∫ ξ

β

∫ β

0

Q(t) |Gn−1| (t, τ, σ)dσdτ
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+
1

4ε

∫ ξ

β

∫ β

0

∫ σ

0

|Gn−1| (t, τ + µ, σ − µ)Q(t)dµdσdτ

+
1

ε

∫ β

0

Q(t) |Gn−1| (t, β + σ, β − σ)dσ, (8.7.234)

and using the induction hypothesis (8.7.226) and the bound on Q(t) given in

Equation (8.7.224),

|Gn(t, ξ, β)| ≤ 1

4ε

∫ ξ

β

∫ β

0

(
∂

∂t
h(t)n

)α Cn
√
σn−1(τ + σ)n−1

((n− 1)!)γ
dσdτ

+
1

4ε

∫ ξ

β

∫ β

0

M
(
h(t)n+1

)α Cn
√
σn−1(τ + σ)n−1

((n− 1)!)γ
dσdτ

+
1

4ε

∫ ξ

β

∫ β

0

∫ σ

0

M
(
h(t)n+1

)α Cn
√

(σ − µ)n−1(τ + σ)n−1

((n− 1)!)γ
dµdσdτ

+
1

ε

∫ β

0

M
(
h(t)n+1

)α Cn
√

(β − σ)n−1(2β)n−1

((n− 1)!)γ
dσ. (8.7.235)

Regarding the integrals, we have the following lemma.

Lemma 8.27. For (ξ, β) ∈ T1 = {(ξ, β) : 0 ≤ ξ ≤ 2, 0 ≤ β ≤ min{ξ, 2 − ξ}}, we

have that

1.

∫ ξ

β

∫ β

0

√
σn−1(τ + σ)n−1dσdτ ≤ 8

√
βn(ξ + β)n

(n+ 1)2
,

2.

∫ ξ

β

∫ β

0

∫ σ

0

√
(σ − µ)n−1(τ + σ)n−1dµdσdτ ≤ 4

√
βn(ξ + β)n

(n+ 1)2
,

3.

∫ β

0

√
(β − σ)n−1(2β)n−1dσ ≤ 2

√
(β + ξ)n(β)n

n + 1
.

Proof. For the integral in Point 1, the following chain of inequalities holds.

∫ ξ

β

∫ β

0

√
σn−1(τ + σ)n−1dσdτ ≤ 2

∫ β

0

√
σn−1(ξ + σ)n+1

n + 1
dσ

≤ 2

√
(ξ + β)n+1

∫ β
0

√
σn−1dσ

n+ 1

≤ 4

√
βn+1(ξ + β)n+1

(n + 1)2

≤ 8

√
βn(ξ + β)n

(n+ 1)2
. (8.7.236)
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Similarly, for the integral in Point 2, we have that∫ ξ

β

∫ β

0

∫ σ

0

√
(σ − µ)n−1(τ + σ)n−1dµdσdτ =

∫ ξ

β

∫ β

0

2

√
(σ)n+1(τ + σ)n−1

n+ 1
dσdτ

= 8

√
(β)n+3(ξ + β)n+1

(n+ 1)2(n+ 3)

≤ 4

√
βn(ξ + β)n

(n + 1)2
. (8.7.237)

Finally, Point 3 is deduced using the following reasoning:∫ β

0

√
(β − σ)n−1(2β)n−1dσ = 2

√
(2β)n−1(β)n+1

n+ 1

≤ 2

√
(β + ξ)n−1(β)n+1

n + 1

≤ 2

√
(β + ξ)n(β)n

n + 1
. (8.7.238)

This proves the result.

Using Lemma 8.27 in (8.7.235), we reach

|Gn(t, ξ, β)| ≤ 2

ε

(
h(t)n+1

)α nα
R

Cn

((n− 1)!)γ

√
βn(ξ + β)n

(n + 1)2

+
2M

ε

(
h(t)n+1

)α Cn

((n− 1)!)γ

√
βn(ξ + β)n

(n + 1)2

+
M

ε

(
h(t)n+1

)α Cn

((n− 1)!)γ

√
βn(ξ + β)n

(n+ 1)2

+
2M

ε

(
h(t)n+1

)α Cn

((n− 1)!)γ

√
(β + ξ)n(β)n

n+ 1

≤
(

2

R
+ 5M

)(
h(t)n+1

)α Cn
√
βn(ξ + β)n

ε(n!)γ

≤
(
h(t)n+1

)α Cn+1
√
βn(ξ + β)n

(n!)γ
(8.7.239)

Similarly, for k > 0, and using Leibnitz’s formula,

∣∣∣∣∂kGn

∂tk

∣∣∣∣ ≤ 1

4ε

∫ ξ

β

∫ β

0

∣∣∣∣∂k+1Gn−1

∂tk+1

∣∣∣∣ (t, τ, σ)dσdτ +
1

4ε

∫ ξ

β

∫ β

0


 k∑
i=0


 k

i




×
∣∣∣∣∂iQ∂ti

∣∣∣∣
∣∣∣∣∂k−iGn−1

∂tk−i

∣∣∣∣ (t, τ, σ)

]
dσdτ +

1

4ε

∫ ξ

β

∫ β

0

∫ σ

0


 k∑
i=0


 k

i



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×
∣∣∣∣∂iQ∂ti

∣∣∣∣
∣∣∣∣∂k−iGn−1

∂tk−i

∣∣∣∣ (t, τ + µ, σ − µ)

]
dµdσdτ +

1

ε

∫ β

0


 k∑
i=0


 k

i




×
∣∣∣∣∂iQ∂ti

∣∣∣∣
∣∣∣∣∂k−iGn−1

∂tk−i

∣∣∣∣ (t, β + σ, β − σ)

]
dσ, (8.7.240)

and using the induction hypothesis (8.7.226) and (8.7.224),

∣∣∣∣∂kGn

∂tk

∣∣∣∣ ≤ 1

4ε

∫ ξ

β

∫ β

0

(
∂k+1

∂tk+1
h(t)n

)α
Cn

√
σn−1(τ + σ)n−1

((n− 1)!)γ
dσdτ

+
1

4ε

∫ ξ

β

∫ β

0


 k∑
i=0


 k

i


M

(
∂i

∂ti
h(t)

)α(
∂k−i

∂tk−i
h(t)n

)α

×C
n
√
σn−1(τ + σ)n−1

((n− 1)!)γ

]
dσdτ +

1

4ε

∫ ξ

β

∫ β

0

∫ σ

0


 k∑
i=0


 k

i


M

×
(
∂i

∂ti
h(t)

)α(
∂k−i

∂tk−i
h(t)n

)α
Cn

√
(σ − µ)n−1(τ + σ)n−1

((n− 1)!)γ

]
dµdσdτ

+
1

ε

∫ β

0


 k∑
i=0


 k

i


M

(
∂i

∂ti
h(t)

)α(
∂k−i

∂tk−i
h(t)n

)α

×C
n
√

(β − σ)n−1(2β)n−1

((n− 1)!)γ

]
dσ, (8.7.241)

The integrals appearing in (8.7.241) can be bounded applying Lemma 8.27,

reaching ∣∣∣∣∂kGn

∂tk

∣∣∣∣ ≤ 2

ε

(
∂k+1

∂tk+1
h(t)n

)α
Cn

√
βn(ξ + β)n

(n+ 1)2((n− 1)!)γ

+
M

ε


 k∑
i=0


 k

i


(

∂i

∂ti
h(t)

)α(
∂k−i

∂tk−i
h(t)n

)α



× (3 + 2(n+ 1))
Cn

√
βn(ξ + β)n

(n + 1)2(n− 1)!)γ
. (8.7.242)

For the first line in (8.7.242) we use

∂i

∂ti
h(t)n =

n

R1/α

∂i−1

∂ti−1
h(t)n+1. (8.7.243)
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Using (
∂i

∂ti
h(t)

)(
∂k−i

∂tk−i
h(t)n

)
= n

i!(n + k − i− 1)!

(n+ k)!

(
∂k

∂tk
h(t)n+1

)

= n
i!

(n + k)(n+ k − 1) . . . (n+ k − i)

×
(
∂k

∂tk
h(t)n+1

)
, (8.7.244)

we estimate the term in brackets that appears in the second line in (8.7.242),

obtaining

k∑
i=0


 k

i


(

∂i

∂ti
h(t)

)α(
∂k−i

∂tk−i
h(t)n

)α

=

(
∂k

∂tk
h(t)n+1

)α

nα




k∑
i=0


 k

i


(

i!

(n+ k)(n + k − 1) . . . (n+ k − i)

)α




=

(
∂k

∂tk
h(t)n+1

)α

nα

{
k∑
i=0

(i!)α−1k(k − 1) . . . (k − i+ 1)

(n + k)α . . . (n+ k − i)α

}
. (8.7.245)

The term in braces in (8.7.245) can be bound using the following lemma.

Lemma 8.28. For n, k ≥ 1 we have that

k∑
i=0

(i!)α−1k(k − 1) . . . (k − i+ 1)

(n+ k)α . . . (n+ k − i)α
≤ 1

n
. (8.7.246)

Proof. We can rewrite the inequality as follows:

1

(n+ k)α

k∑
i=0


 k

i





 n− 1 + k

i



α ≤ 1

n
. (8.7.247)

Since for 1 ≤ α < 2,

1

(n+ k)α

k∑
i=0


 k

i





 n− 1 + k

i



α ≤ 1

n + k

k∑
i=0


 k

i





 n− 1 + k

i



, (8.7.248)
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it is enough to prove the lemma for α = 1. We prove it by induction on n. For

n = 1, it is obviously verified. For n ≥ 2, it is convenient to write the inequality

we want to prove as

1

(n + k)

k∑
i=0

k!(n− 1 + k − i)!

(k − i)!(n− 1 + k)!
≤ 1

n
, (8.7.249)

and cancelling some of the products, we arrive at the following inequality∑k
i=0 ((n− 1 + k − i)(n− 2 + k − i) . . . (k − i+ 1))

(n+ k)(n + k − 1) . . . (k + 1)
≤ 1

n
. (8.7.250)

Assuming it true for n, we have for n+ 1 that∑k
i=0 ((n+ k − i)(n− 1 + k − i) . . . (k − i+ 1))

(n+ 1 + k)(n + k) . . . (k + 1)

≤
(

n+ k

n+ 1 + k

)∑k
i=0 ((n− 1 + k − i)(n− 2 + k − i) . . . (k − i+ 1))

(n+ k)(n + k − 1) . . . (k + 1)

≤
(

n+ k

n+ 1 + k

)
1

n

≤ 1

n
, (8.7.251)

hence the inequality holds for all n.

Using Lemma 8.28 in Equation (8.7.245), we reach

k∑
i=0


 k

i


(

∂i

∂ti
h(t)

)α(
∂k−i

∂tk−i
h(t)n

)α

≤
(
∂k

∂tk
h(t)n+1

)α

nα−1. (8.7.252)

Introducing (8.7.243) and (8.7.252) in (8.7.242), we obtain

∣∣∣∣∂kGn

∂tk

∣∣∣∣ ≤ 2

εR

(
∂k

∂tk
h(t)n+1

)α

nα
Cn

√
βn(ξ + β)n

(n+ 1)2((n− 1)!)γ

+
M

ε

(
∂k

∂tk
h(t)n+1

)α

nα−1 (3 + 2(n+ 1))

× Cn
√
βn(ξ + β)n

(n + 1)2(n− 1)!)γ
, (8.7.253)
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hence ∣∣∣∣∂kGn

∂tk

∣∣∣∣ ≤
(
∂k

∂tk
h(t)n+1

)α(
2

εR
+

5M

ε

)
Cn

√
βn(ξ + β)n

(n!)γ

=

(
∂k

∂tk
h(t)n+1

)α
Cn+1

√
βn(ξ + β)n

(n!)γ
, (8.7.254)

thus proving (8.7.226).

We have shown that G ∈ Gα((0, T ), L∞(T1)). To get higher regularity in

space, we differentiate in the ξ variable the integral equation (8.7.216), obtaining

Gξ(t, ξ, β) =
1

4ε

∫ β

0

Gt(t, ξ, σ)dσdτ

+
1

4ε

∫ β

0

A(t, ξ, σ)G(t, ξ, σ)dσdτ − 1

4ε

∫ β

0

B(t, ξ, σ)dσdτ

+
1

4ε

∫ β

0

∫ σ

0

G (t, ξ + µ, σ − µ) f (t, µ+ (ξ − σ), µ) dµdσdτ

− 1

4ε
A(t, ξ, 0)dτ, (8.7.255)

which explicitly defines Gξ. Next, we differentiate in the β variable the integral

equation (8.7.216), reaching

Gβ(t, ξ, β) =
1

4ε

∫ ξ

β

Gt(t, τ, β)dτ − 1

4ε

∫ β

0

Gt(t, β, σ)dσ

+
1

4ε

∫ ξ

β

A(t, τ, β)G(t, τ, β)dτ − 1

4ε

∫ β

0

A(t, β, σ)G(t, β, σ)dσ

− 1

4ε

∫ ξ

β

B(t, τ, β)dτ +
1

4ε

∫ β

0

B(t, β, σ)dσ

+
1

4ε

∫ ξ

β

∫ β

0

G (t, τ + µ, β − µ) f (t, µ+ (τ − β), µ)dµdτ

− 1

4ε

∫ β

0

∫ σ

0

G (t, β + µ, σ − µ) f (t, µ+ (β − σ), µ) dµdσ

+
1

4ε
A(t, β, 0)dτ − 1

ε
gβ(t, β) +

1

ε
g(t, β)G (t, 2β, 0)

+
1

ε

∫ β

0

g(t, σ)Gβ (t, β + σ, β − σ) dσ

+
1

ε

∫ β

0

g(t, σ)Gξ (t, β + σ, β − σ) dσ, (8.7.256)
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an integral equation for Gβ. Equation (8.7.256) can be written as

Gβ(t, ξ, β) = Φ(t, ξ, β) +
1

ε

∫ β

0

g(t, σ)Gβ (t, β + σ, β − σ) dσ. (8.7.257)

The function Φ(t, ξ, β) is computable from G and the coefficients A, B, and g.

Then, Equation (8.7.257) is solved using a successive approximation scheme as

before. We skip the details.

Hence, Gξ and Gβ are well-defined, as long as gβ, which was used in

Equation (8.7.256), is well-defined. Iterating this process, higher order derivatives

can be computed as long as the coefficients are differentiable. It follows that the

regularity of G is determined by the regularity of the coefficients; it is proven by

induction that the exact degree of regularity is exactlyG ∈ Gα((0, T ), Hm+1,∞(T1)).

This means that G has the same regularity as g, has one more derivative than λ,

and two more derivatives than f . Moreover, repeating this argument for all values

of m, if the coefficients are smooth in space, then the kernel is smooth in ξ and β.

8.7.2 Proof of Theorem 8.26

We proceed as in Section 8.25; covering the infinite interval (0,∞) with

an infinite number of uniform subintervals of the form [t0,
R1/α

2
+ t0), the previous

proof applies. We obtain always the same bounds for G. Hence a compactness

argument is not required, as we obtain an uniform, finite bound for G, showing

that the successive approximation series is well-defined for all times.

This chapter is a partial reprint of the material as it appears in

R. Vazquez, E. Trélat and J.-M. Coron, “Stable Poiseuille flow transfer for a Navier-

Stokes system,” Proc. of the 2006 ACC, Minneapolis, 2006.

The dissertation author was the primary author and the coauthors listed in this

publication directed and supervised the research, which is the basis for this chap-

ter.



Chapter 9

Boundary Control of a Class of

1-D Nonlinear Parabolic PDEs

9.1 Introduction

Boundary control of linear parabolic PDEs is a well established sub-

ject with extensive literature. On the other hand, boundary control of nonlinear

parabolic PDEs is still an open problem as far as general classes of systems are

concerned. Applications of interest include not only fluids, thermal, chemically-

reacting, and plasma systems, such as the systems presented in Chapters 2–7, but

also flexible structures, atomic force microscopy [90,122], aeroelasticity, and quan-

tum systems. The book [33] solves problems of nonlinear parabolic PDE control

but for inside-the-domain actuation, rather than with boundary control. The prob-

lem of motion planning for boundary controlled nonlinear PDEs has been solved

for parabolic systems [84] (using flatness and formal power series) and structural

systems [74] (with a flatness/passivity approach).

When attempting to develop general methods for nonlinear PDEs, it is ad-

visable to take a clue from finite dimensional nonlinear systems. Clearly, one should

bet on methods that have emerged as successful there. This pretty much eliminates

(direct) optimal control methods, because of the requirement to solve Hamilton-

186
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Jacobi-Bellman PDEs, and leaves feedback linearization/backstepping/Lyapunov

approaches [65, 69, 71, 98] as candidates for extension to PDEs.

The backstepping approach for linear PDEs has reached the level of ma-

turity where a systematic design procedure [101] is available for a broad class

of parabolic integro-differential equations in 1-D. This systematic procedure has

found many applications [73, 112, 113] and is the starting point for our nonlinear

developments here.

In [111] we presented some preliminary results and outlined our approach;

in this chapter, we have shown the general method in full detail and present several

examples. Our results are based on Volterra series. Previous similar nonlinear

efforts [2, 24–26] were discretization-based and were successful in addressing some

applications but in general cannot be expected to converge when the discretization

step goes to zero, as shown in [11].

After presenting in full detail and with examples a method for designing

stabilizing boundary controllers for a class of nonlinear 1-D parabolic PDEs, we

study of some of the theoretical properties of the method. More specifically, we

give some reasonable assumptions under which the feedback linearizing Volterra

transformation and the control law, both defined by nonlinear operators involving

infinite series, are well defined. We show that the transformation is at least locally

invertible and include an explicit construction for computing the inverse of the

transformation. Using the inverse, we show L2 and H1 local exponential stability

and explicitly construct the exponentially decaying closed-loop solutions.

9.2 Class of Systems Under Study

We study the following class of parabolic systems,

ut = uxx + λ(x)u+ F [u] + uH [u] , x ∈ (0, 1) (9.2.1)

with the following boundary conditions

ux(t, 0) = qu(t, 0), u(t, 1) = U(t), (9.2.2)
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where U(t) is the control input and F [u] and H [u] are Volterra series nonlinearities

as explained below. In (9.2.2), q is a number that can take any value. The

particular cases q = 0 and q = ∞ can be used to model, respectively, Neumann

and Dirichlet boundary conditions at x = 0. For simplicity we consider a Dirichlet

boundary condition at x = 1, but different boundary conditions at the controlled

end can be easily accommodated in our design.

A Volterra series is defined as a functional (i.e., a function that depends

on another function), and has the form

F [u](t, x) =

∞∑
n=1

Fn[u](t, x), (9.2.3)

where the notation Fn[u](t, x) emphasizes the fact that each Fn[u](t, x) is defined

as a functional of u(t, x) and also depends on x and t. The precise definition of

each term is

Fn[u](t, x) =

∫ x

0

∫ ξ1

0

· · ·
∫ ξn−1

0

fn(x, ξ1, . . . , ξn)

×
(

n∏
j=1

u(t, ξj)

)
dξ1 . . . dξn (9.2.4)

where fn is called the n-th Volterra (triangular) kernel.

Volterra series [123] are widely known and studied in the control liter-

ature [27, 65, 76, 93]. They are causal functionals [51] that represent the general

solution for nonlinear equations, generalizing the convolution solution for linear

systems. An excellent exposition on Volterra series can be found in [92].

9.3 Motivating Examples

We give two examples of nonlinear plants that fall into the class of systems

of Section 9.2.
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9.3.1 Coupled nonlinear plant

Consider the following nonlinear plant

ut = uxx + µv, (9.3.5)

0 = vxx + ω2v + uv + u, (9.3.6)

where µ and ω are plant parameters, with boundary conditions

u(t, 0) = v(t, 0) = 0, (9.3.7)

u(t, 1) = U(t), v(t, 1) = V (t), (9.3.8)

where U(t) and V (t) are actuation variables.

This kind of plant structure, consisting of a parabolic equation coupled

with an elliptic equation, arises in some relevant applications, for example fluid

mechanics, where the pressure verifies a nonlinear elliptic equation (4.2.5), struc-

tural problems [73], or singularly perturbed problems in chemical reactors [25] or

in thermal fluid convection—the plant in Chapters 2–3 has a similar (but two-

dimensional) structure.

To obtain a plant equation in the class of (9.2.1), we solve for v in terms

of u from (9.3.6).Define

v(t, x) =

∞∑
n=1

vn(t, x), V (t) =

∞∑
n=1

Vn(t), (9.3.9)

where v1 verifies,

0 = v1xx + ω2v1 + u, (9.3.10)

and for n > 1, vn verifies

0 = vnxx + ω2vi + uvn−1, (9.3.11)

with boundary conditions, for each n,

vn(t, 0) = 0, vn(t, 1) = Vn(t). (9.3.12)
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We are free to choose Vn(t) in any meaningful way if the series for V in (9.3.9)

converges and the solution for (9.3.10)–(9.3.12) also makes (9.3.9) convergent.

In this case, it is possible to solve (9.3.10)–(9.3.11) explicitly. Denoting

v0 = 1, we get the following recursive solution for i ≥ 1

vn = −
∫ x

0

sin (ω(x− ξ))

ω
vn−1(ξ)u(t, ξ)dξ

+
sin (ωx)

sinω

(
Vn(t) +

∫ 1

0

sin (ω(1 − ξ))

ω
vn−1u(t, ξ)dξ

)
. (9.3.13)

Set the control law V (t) as follows.

Vi(t) = −
∫ 1

0

sin (ω(1 − ξ)

ω
vi−1u(t, ξ)dξ. (9.3.14)

The reason to choose this particular control law is to get a spatially strict-feedback

system, as in (9.2.1).

With this control law the solution to the equation (9.3.6) is

vn =

∫ x

0

sin (ω(x− ξ))

ω
vn−1(ξ)u(t, ξ)dξ. (9.3.15)

Denoting ξ0 = x, we can solve the recursion in (9.3.15), getting

vn =
(−1)n

ωn

∫ ξ0

0

· · ·
∫ ξn−1

0

n∏
j=1

[sin (ω(ξj−1 − ξj)) u(ξj)] dξ1 . . . dξn.(9.3.16)

Plugging (9.3.16) into (9.3.14), we obtain a general formula for Vn as follows:

Vn(t) =
(−1)n

ωn

∫ 1

0

∫ ξ1

0

· · ·
∫ ξn−1

0

sin (ω(1 − ξ1)) u(ξ1)

×
n−1∏
j=1

[
sin (ω(ξj − ξj+1)) u(ξj+1)

]
dξ1dξ2 . . . dξn. (9.3.17)

Assuming that u(t, x) ∈ L2(0, 1), both series in (9.3.9) converge in L2 since using

that | sin(ω)/ω| ≤ 1, one can bound ‖vn‖2
L2 as follows.

‖vn‖2
L2 ≤

∣∣∣∣sin(ω)

ω

∣∣∣∣
2n ∫ 1

0

(∫ x

0

∫ ξ1

0

· · ·
∫ ξn−1

0

n∏
j=1

u(ξj)dξ1 . . . dξn

)2

dx

≤
∣∣∣∣sin(ω)

ω

∣∣∣∣
2n

1

n!2

∫ 1

0

(∫ x

0

u2(ξ1)dξ1

)n

dx ≤ ‖u‖2n
L2

n!2
. (9.3.18)
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Hence, using the Cauchy-Schwartz inequality in �2,

‖v‖2
L2 =

∫ 1

0

( ∞∑
n=1

vn(x)

)2

dx ≤
( ∞∑
n=1

n2‖vn(x)‖2
L2

)( ∞∑
n=1

1

n2

)

≤ 2
∞∑
n=1

‖u‖2n
L2

(n− 1)!2
, (9.3.19)

where we used
∑∞

n=1
1
n2 = π2/6 ≤ 2. Hence, ‖v‖2

L2 ≤ 2‖u‖2
L2 exp

(
‖u‖2

L2

)
. Simi-

larly |V | ≤ 2‖u‖2
L2 exp

(
‖u‖2

L2

)
.

Plugging the solution for v into (9.3.5), we reach

ut = uxx + µ

∞∑
n=1

(−1)n

ωn

×
∫ ξ0

0

· · ·
∫ ξn−1

0

n∏
j=1

(sin (ω(ξj−1 − ξj))u(ξj)) dξ1 . . . dξn, (9.3.20)

an autonomous system in u with boundary conditions

u(t, 0) = 0, u(t, 1) = U(t), (9.3.21)

and now the problem is reduced to designing U such that the above system is

guaranteed to be stable in L2.

Equation (9.3.20) is a particular example of (9.2.1) with

fn = µ
(−1)n

ωn

n∏
j=1

sin (ω(ξj−1 − ξj)) , (9.3.22)

λ = H = 0, and q = ∞.

9.3.2 Parabolic semilinear equation

Consider the plant

vt = vxx + f(v), (9.3.23)

where f(v) is a nonlinear function analytic at the origin, verifying f(0) = 0, with

boundary conditions

v(t, 0) = 0, vx(t, 0) = U(t), (9.3.24)

where U(t) is the actuation variable.
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Remark 9.1. For the open-loop plant (9.3.23), finite-time blow up instabilities

are likely to occur when f(u) is superlinear. This was first studied in a classical

paper [52] for power-like nonlinearities, and has been the subject of systematic

study in subsequent years (see the reviews [43, 80]). More recently the question

of controllability of this kind of equations has been considered. For superlinear

functions which grow faster than |u| log2(1 + |u|) lack of global controllability is

proved in [49]. Therefore, for many nonlinearities f(v) only local or restricted

results can be achieved; for example in [37] boundary control is used to move

between sets of steady states for plants with superlinear nonlinearities.

To cast (9.3.23) into the form of (9.2.1) we differentiate (9.3.23) in x,

getting

vxt = vxxx + f ′(v)vx. (9.3.25)

Call u = vx. Then, v =
∫ x
0
u(t, ξ)dξ and (9.3.25) yields

ut = uxx + f ′(

∫ x

0

u(t, ξ)dξ)u, (9.3.26)

with boundary conditions

ux(t, 0) = 0, u(t, 0) = U(t). (9.3.27)

The boundary condition at 0 was obtained evaluating (9.3.23) at x = 0 and using

(9.3.24) and f(0) = 0. Expanding f ′ in its Taylor series at the origin, and calling

λ = f ′(0), (9.3.28)

hn = f (n+1)(0), n > 1, (9.3.29)

we can write (9.3.26) as

ut = uxx + λu+ u
∞∑
n=1

hn
n!

(∫ x

0

u(t, ξ)dξ

)n
, (9.3.30)

and since(∫ x

0

u(t, ξ)dξ

)n
= n!

∫ x

0

∫ ξ1

0

· · ·
∫ ξn−1

0

n∏
j=1

u(ξj)dξ1dξ2 . . . dξn, (9.3.31)
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we get

ut = uxx + λu+ u

∞∑
n=2

∫ x

0

∫ ξ1

0

· · ·
∫ ξn−1

0

hn

n∏
j=1

u(ξj)dξ1dξ2 . . . dξn, (9.3.32)

with boundary conditions (9.3.27). Equation (9.3.32) falls in the class of (9.2.1)

with F = 0, q = 0, and λ and H given by (9.3.28)–(9.3.29). Note that stability of

u in the L2 norm implies stability of v in the H1 norm, as u(t, 0) = 0.

9.4 Control Strategy

The objective is to find a Volterra feedback law U(t), so the controlled

system (9.2.1)–(9.2.2) is stable. To achieve that, a new PDE system is introduced,

the target system, which is the following

wt = wxx, (9.4.33)

with homogeneous boundary conditions

wx(t, 0) = q̄w(t, 0), , w(t, 1) = 0, (9.4.34)

where q̄ = max{0, q}. The plant (9.4.33)–(9.4.34) is an L2 and H1 exponentially

stable system by standard results from linear PDE theory.

The idea of the method is to transform (9.2.1) into (9.4.33). For this we

use a change of variables based on a Volterra series,

w(t, x) = u(t, x) −K[u](t, x)

= u(t, x) −
∞∑
n=1

Kn[u](t, x). (9.4.35)

Evaluating (9.4.35) at x = 1 and using (9.2.2) and (9.4.34), we arrive at the control

law

U(t) =
∞∑
i=1

Ki[u](t, 1). (9.4.36)

Therefore, the control is computed using the Volterra kernels that define

(9.4.35). Assuming that the series can be differentiated term by term in (9.4.35),
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and using (9.2.1) and (9.4.33) the following equation is obtained:

λ(x)u+

∞∑
i=1

Fi[u] + u

∞∑
i=1

Hi[u] =

∞∑
i=1

(
∂

∂t
Ki[u] −

∂2

∂x2
Ki[u]

)
. (9.4.37)

Using (9.4.37), the definition of each term in the Volterra series, integration by

parts, and change of the order of integration in the multiple integrals, we obtain a

set of partial integro-differential equations (PIDEs) for the kernels ki that define

the control (9.4.36). See Section 9.11.1 for a detailed derivation.

The PIDE verified by the n-th order kernel is

∂xxkn =

n∑
i=1

∂ξiξikn +

n∑
i=1

λ(ξi)kn + In[kn, f1] − fn

+

n∑
m=2

Bm
n [kn−m+1, fm] +

n−1∑
m=1

Cm
n [kn−m, hm]. (9.4.38)

The functions Bm
n , Cm

n and In in (9.4.38) have an involved definition that requires

additional notation and the introduction of some intermediate functions. Hence

for clarity we first finish stating and discussing the kernel equations and then

introduce the concepts towards the precise definition of Bm
n , Cm

n and In, which is

given respectively in (9.4.58), (9.4.59) and (9.4.60).

The solution to the PIDE (9.4.38) needs to satisfy the following boundary

conditions. For n = 1,

k1(x, x) = q̂ − 1

2

∫ x

0

λ(s)ds, (9.4.39)

k1ξ1(x, 0) = qk1(x, 0), (9.4.40)

where q̂ = min{0, q}, while for n ≥ 2,

kn(x, x, ξ2, ξ3, . . . , ξn) = −1

2

∫ x

ξ2

hn−1(s, ξ2, ξ3, . . . , ξn)ds, (9.4.41)

knx(x, x, ξ2, ξ3, . . . , ξn) =
1

4
(hn−1(ξ2, ξ2, ξ3, . . . , ξn) − hn−1(x, ξ2, ξ3, . . . , ξn))

+
1

2

∫ x

ξ2

φn(s, ξ2, ξ3, . . . , ξn)ds, (9.4.42)

∂ξi−1
kn(x, ξ1, . . . , ξn)

∣∣∣
ξi−1=ξi

= ∂ξikn(x, ξ1, . . . , ξn)
∣∣∣
ξi−1=ξi

, i = 2, .., n, (9.4.43)

knξn(x, ξ1, . . . , ξn−1, 0) = qkn(x, ξ1, . . . , ξn−1, 0), (9.4.44)
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which are of mixed kind. In (9.4.42), the function φn is defined as

φn =

[
n∑
i=2

∂ξiξikn +

n∑
i=1

λ(ξi)kn + In[kn, f1] − fn

+
n∑

m=2

Bm
n [kn−m+1, fm] +

n−1∑
m=1

Cm
n [kn−m, hm]

]
x=ξ1

. (9.4.45)

Note that the bracket in (9.4.45) is evaluated at x = ξ1 and thus can be computed

from (9.4.41), without needing to know a priori kn. We illustrate the value of

φ2 and φ3 in (9.4.72) and (9.4.79) respectively. Equation (9.4.38) is a hyperbolic

PIDE, for each kn, evolving in the interior of a domain Tn = {(x, ξ1, . . . , ξn) : 0 ≤

ξn ≤ . . . ≤ ξ1 ≤ x ≤ 1}, a “hyper-pyramid” of dimension n + 1 (in particular, a

triangle for n = 1, and a pyramid for n = 2). Note that the volume of Tn decreases

rapidly as the dimension n increases, as given by the following formula:

Vol (Tn) =
1

(n + 1)!
. (9.4.46)

Remark 9.2. The domain Tn has n + 2 “sides” (which are n-dimensional hyper-

planes) on its boundary. These are

R0 = {(x, ξ1, . . . , ξn) : 0 < ξn < . . . < ξ1 < x = 1}, (9.4.47)

R1 = {(x, ξ1, . . . , ξn) : 0 < ξn < . . . < ξ1 = x < 1}, (9.4.48)

Ri = {(x, ξ1, . . . , ξn) : 0 < ξn < . . . < ξi = ξi−1 < . . . < x < 1}, (9.4.49)

Rn+1 = {(x, ξ1, . . . , ξn) : 0 = ξn < . . . < ξ1 < x < 1}, (9.4.50)

where in (9.4.49), i = 2, . . . , n. The boundary conditions (9.4.41)–(9.4.42) are

non-homogeneous and given on R1. The boundary condition (9.4.43) is given on

Ri, for i = 2, . . . , n and represents the value of the normal derivative of kn in the

boundary Ri, hence it is of Neumann type. The boundary condition (9.4.44) is of

Robin type and given on Rn+1. The value of the function kn on R0 is what needs

to be found for the control law (9.4.36).

Remark 9.3. Equation (9.4.38) with its boundary conditions can be reinterpreted

as a wave equation in spacetime. If one thinks of x as time (time-like variable) and
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the other variables ξ1, ξ2, . . . , ξn as space coordinates (space-like variables), then the

domain can be seen as a n-dimensional hyper-pyramid in Rn that grows (linearly

in “time” x), with boundaries R1,R2, . . . ,Rn+1 that are also growing in time. In

particular, it can be seen that the boundaries R2, . . . ,Rn+1 are time-like (they

grow slower than the characteristic speed of wave propagation, lying inside the

“causality” cone), but the boundary R1 is space-like, i.e., it grows faster than the

characteristic speed of wave propagation (and lies outside the causality cone). For a

wave equation to be well-posed [41], it is necessary that it has exactly one boundary

condition on its time-like boundaries and two boundary conditions (initial data)

on its space-like boundaries. That is the reason why the boundary R1 has two

boundary conditions. The only exception is k1, for which R1 is characteristic (i.e.,

the boundary condition is of Goursat type) and thus only needs one boundary

condition, which is (9.4.39).

The term In[kn, f1] is the homogenous integral term of the PIDE (Partial

Integro-Differential Equation), while Bm
n [kn−m+1, fm] and Cm

n [kn−m, hm] are forcing

terms, where only terms including previous kernels km with m < n appear. This

means the set of PIDE’s can be solved recursively up to any desired order n,

beginning with k1.

We introduce now some additional definitions needed for writing the ex-

pressions for Bm
n [kn−m+1, fm], Cm

n [kn−m, hm] and I[kn, f1] in (9.4.38).

Definition 9.4. Given a set S = {a1, a2, . . . , ak} of k ordered variables and given

m such that 0 ≤ m ≤ k, we define Pm(S) as the set of all posible ordered k-tuples

that can be formed in the following way. The first m elements of the k-tuple are

any m members of S ordered by their indices. The last k − m elements of the

k-tuple are all the remaining members of S, also ordered by their indices.

Example 9.5. If S = {a1, a2, a3, a4}, then:

P0(S) = {(a1, a2, a3, a4)}, (9.4.51)

P1(S) = {(a1, a2, a3, a4), (a2, a1, a3, a4), (a3, a1, a2, a4), (a4, a1, a2, a3)},(9.4.52)
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P2(S) = {(a1, a2, a3, a4), (a1, a3, a2, a4), (a1, a4, a2, a3), (a2, a3, a1, a4),

(a2, a4, a1, a3), (a3, a4, a1, a2)}, (9.4.53)

P3(S) = {(a1, a2, a3, a4), (a1, a2, a4, a3), (a1, a3, a4, a2), (a2, a3, a4, a1)},(9.4.54)

P4(S) = {(a1, a2, a3, a4)}. (9.4.55)

Remark 9.6. If S has k elements, the number of elements of Pm(S) is
 k

m


 =

k!

m!(k −m)!
. (9.4.56)

Define ξ0 = x and given i ≤ n, ξ̂ni = (ξi, . . . , ξn) and γ̂ni = (γi, . . . , γn).

Set, for any function g(x, ξ1, . . . , ξn+m) = g(ξ̂n+m
0 ), and 1 ≤ j ≤ n,

Dn,m
j [g(ξ̂n+m

0 )] =
∑

γ̂n−j+m
1 ∈Pn−j(ξ̂

n+m
j+1 )

g(ξ̂j0, γ̂
n−j+m
1 ). (9.4.57)

Then, the definition of the term Bm
n [kn−m+1, fm] is

Bm
n [kn−m+1, fm] =

n−m+1∑
j=1

∫ ξj−1

ξj

Dn−m+1,m
j

[
kn−m+1(ξ̂

j−1
0 , s, ξ̂n−mj )

× fm(s, ξ̂nn−m+1)
]
ds. (9.4.58)

The term Cm
n [kn−m, hm] is defined as

Cm
n [kn−m, hm] =

n−m∑
j=1

Dn−m,m
j

[
kn−m(ξ̂n−m0 )hm(ξj, ξ̂

n
n−m+1)

]
. (9.4.59)

The definition of In[kn, f1] is, using (9.4.58),

In[kn, f1] = B1
n[kn, f1]. (9.4.60)

Remark 9.7. The number of terms of Bm
n [kn−m+1, fm] is, using Remark 9.6,

n−m+1∑
j=1


 n− j + 1

n− j −m+ 1


 . (9.4.61)

The number of terms of In[kn, f1] is

n∑
j=1


 n− j + 1

n− j


 =

n∑
j=1

(n− j + 1) = n(n + 1)/2. (9.4.62)
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Hence in the PIDE for kn, the total number of integrals in In and Bm
n is

n∑
m=1

n−m+1∑
j=1


 n− j + 1

n− j −m+ 1


 =

n∑
j=1

n−j+1∑
m=1


 n− j + 1

n− j −m+ 1




=
n∑
j=1

n−j∑
m=0


 n− j + 1

m




=
n∑
j=1

(2n−j+1 − 1)

= 2n+1

n∑
j=1

2−j − n

= 2n+1(2(1 − 2−n−1) − 1) − n

= 2n+1 − n− 2. (9.4.63)

Similarly, the number of terms in Cm
n is 2n − n− 1.

We next show, as an illustration of the general case, the PIDE equations

that the first three kernels, k1, k2 and k3, verify.

The PIDE equation for k1 is

∂xxk1 = ∂ξ1ξ1k1 + λ(ξ1)k1 − f1(x, ξ1) +

∫ x

ξ1

k1(x, s)f1(s, ξ1)ds, (9.4.64)

with boundary conditions

k1(x, x) = q̂ − 1

2

∫ x

0

λ(s)ds, (9.4.65)

k1ξ1(x, 0) = qk1(x, 0). (9.4.66)

This equation evolves on the triangle T1 = {(x, ξ1) : 0 ≤ ξ1 ≤ x ≤ 1}, which is

drawn in Fig. 9.1(left).

Remark 9.8. Equation (9.4.64) is an autonomous equation in k1. It is a particular

case of the kernel equation for backstepping control of linear parabolic PDEs. Its

well-posedness is already established [101], where symbolic and numerical methods

of solution are proposed.
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x

ξ1

1 x1

ξ1
ξ2

Figure 9.1: Left: The domain T1. Boundary conditions are given at ξ1 = 0 and
x = ξ1 (lower and diagonal lines, respectively). The feedback law requires to
compute the kernel k1 at the boundary x = 1 (the vertical bold line). Right: The
domain T2 shown in perspective. Robin boundary conditions are given at ξ2 = 0
(the ground surface), while at x = ξ1 (normal to the ground and hidden behind
the figure due to the perspective) we have both Dirichlet and Neumann boundary
conditions (initial-like conditions). A Neumann boundary condition is given at
ξ1 = ξ2 (the surface that lies in front of a viewer looking in the ξ1 direction). The
feedback law requires to compute the kernel k2 at the boundary x = 1 (the shaded
surface).

The PIDE equation verified by k2 is

∂xxk2 = ∂ξ1ξ1k2 + ∂ξ2ξ2k2 + (λ(ξ1) + λ(ξ2)) k2 − f2(x, ξ1, ξ2)

+

∫ x

ξ1

k1(x, s)f2(s, ξ1, ξ2)ds+

∫ ξ1

ξ2

k2(x, ξ1, s)f1(s, ξ2)ds

+

∫ x

ξ1

k2(x, s, ξ1)f1(s, ξ2)ds+

∫ x

ξ1

k2(x, s, ξ2)f1(s, ξ1)ds

+k1(x, ξ1)h1(ξ1, ξ2), (9.4.67)

with boundary conditions

k2(x, x, ξ2) = −1

2

∫ x

ξ2

h1(s, ξ2)ds, (9.4.68)

k2x(x, x, ξ2) = −1

4
(3h1(ξ2, ξ2) + h1(x, ξ2))

+
1

2

∫ x

ξ2

φ2(s, ξ2)ds, (9.4.69)

k2ξ2(x, ξ1, 0) = qk2(x, ξ1, 0), (9.4.70)

∂ξ1k2(x, ξ1, ξ2)
∣∣∣
ξ2=ξ1

= ∂ξ2k2(x, ξ1, ξ2)
∣∣∣
ξ2=ξ1

, (9.4.71)
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where

φ2(x, ξ2) =

∫ x

ξ2

h1ξ2ξ2(s, ξ2)ds− 2h1ξ2(ξ2, ξ2) − h1ξ1(ξ2, ξ2)

+ (λ(x) + λ(ξ2))

∫ x

ξ2

h1(s, ξ2)ds+ 2f2(x, x, ξ2)

+

∫ x

ξ2

∫ x

s

h1(σ, s)f1(s, ξ2)dσds+ h1(x, ξ2)

∫ x

0

λ(s)ds. (9.4.72)

This equation evolves on the pyramid T2 = {(x, ξ1, ξ2) : 0 ≤ ξ2 ≤ ξ1 ≤

x ≤ 1}, which is shown in Fig. 9.1(right). Once k1 is solved from (9.4.64), it can

be plugged into (9.4.67) which becomes an autonomous equation for k2.

The equation verified by k3 is the following.

∂xxk3 = ∂ξ1ξ1k3 + ∂ξ2ξ2k3 + ∂ξ3ξ3k3 + (λ(ξ1) + λ(ξ2) + λ(ξ3)) k3

−f3(x, ξ1, ξ2, ξ3) +

∫ x

ξ1

k1(x, s)f3(s, ξ1, ξ2, ξ3)ds

+

∫ ξ1

ξ2

k2(x, ξ1, s)f2(s, ξ2, ξ3)ds+

∫ x

ξ1

k2(x, s, ξ1)f2(s, ξ2, ξ3)ds

+

∫ x

ξ1

k2(x, s, ξ2)f2(s, ξ1, ξ3)ds+

∫ x

ξ1

k2(x, s, ξ3)f2(s, ξ1, ξ2)ds

+

∫ ξ2

ξ3

k3(x, ξ1, ξ2, s)f1(s, ξ3)ds+

∫ ξ1

ξ2

k3(x, ξ1, s, ξ2)f1(s, ξ3)ds

+

∫ ξ1

ξ2

k3(x, ξ1, s, ξ3)f1(s, ξ2)ds+

∫ x

ξ1

k3(x, s, ξ2, ξ3)f1(s, ξ1)ds

+

∫ x

ξ1

k3(x, s, ξ1, ξ3)f1(s, ξ2)ds+

∫ x

ξ1

k3(x, s, ξ1, ξ2)f1(s, ξ3)ds

+k2(x, ξ1, ξ2)h1(ξ2, ξ3) + k2(x, ξ1, ξ2)h1(ξ1, ξ3)

+k2(x, ξ1, ξ3)h1(ξ1, ξ2) + k1(x, ξ1)h2(ξ1, ξ2, ξ3), (9.4.73)

with boundary conditions

k3(x, x, ξ2, ξ3) = −1

2

∫ x

ξ2

h2(s, ξ2, ξ3)ds, (9.4.74)

k3x(x, x, ξ2, ξ3) = −1

4
(3h2(ξ2, ξ2, ξ3) + h2(x, ξ2, ξ3))

+
1

2

∫ x

ξ2

φ3(s, ξ2, ξ3)ds, (9.4.75)

k3ξ3(x, ξ1, ξ2, 0) = qk3(x, ξ1, ξ2, 0), (9.4.76)
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∂ξ1k3(x, ξ1, ξ2, ξ3)
∣∣∣
ξ2=ξ1

= ∂ξ2k3(x, ξ1, ξ2, ξ3)
∣∣∣
ξ2=ξ1

, (9.4.77)

∂ξ2k3(x, ξ1, ξ2, ξ3)
∣∣∣
ξ3=ξ2

= ∂ξ3k3(x, ξ1, ξ2, ξ3)
∣∣∣
ξ3=ξ2

, (9.4.78)

where φ3 is

φ3(x, ξ2, ξ3) =

∫ x

ξ2

h2ξ2ξ2(s, ξ2, ξ3)ds− 2h2ξ2(ξ2, ξ2, ξ3) − h2ξ1(ξ2, ξ2, ξ3)

+

∫ x

ξ2

h2ξ3ξ3(s, ξ2, ξ3)ds+ (λ(x) + λ(ξ2) + λ(ξ3))

∫ x

ξ2

h2(s, ξ2, ξ3)ds

+2f3(x, x, ξ2, ξ3) +

∫ x

ξ2

∫ x

s

h1(σ, s)f2(s, ξ2, ξ3)dσds

+

∫ ξ2

ξ3

∫ x

ξ2

h2(σ, ξ2, s)f1(s, ξ3)dσds+

∫ x

ξ2

∫ x

s

h2(σ, s, ξ2)f1(s, ξ3)dσds

+

∫ x

ξ2

∫ x

s

h2(σ, s, ξ3)f1(s, ξ2)dσds+ h1(ξ2, ξ3)

∫ x

ξ2

h1(s, ξ2)ds

+h1(x, ξ3)

∫ x

ξ2

h1(s, ξ2)ds+ h1(x, ξ2)

∫ x

ξ2

h1(s, ξ3)ds

+h2(x, ξ2, ξ3)

∫ x

ξ2

λ(s)ds (9.4.79)

This equation evolves on the 4-dimensional hyper-pyramid T3 = {(x, ξ1, ξ2, ξ3) :

0 ≤ ξ3 ≤ ξ2 ≤ ξ1 ≤ x ≤ 1}. Once k2 and k1 are known from (9.4.64) and (9.4.67)

the equation (9.4.73) becomes autonomous in k3.

Note the increasing complexity of the kernel PIDEs but also the common

recursive structure that underlies all the equations.

9.5 An Analytic Example of a Stabilizable Super-Linear

System

Consider for this section the simpler case for which λ = 0 and H = 0,

so only the F nonlinearity is present in (9.2.1), and q = ∞ (Dirichlet boundary

conditions).

In Section 9.6 we discuss a numerical approach that would be used for

solving for the controller gain kernels. However, at this point we don’t have a proof
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of well posedness of the series of PIDEs for the gain kernels. For this reason, in this

section we present an “inverse” where, instead of solving for the k-kernels with the

f -kernels as given, we solve for the f -kernels with the k-kernels as given. This is not

possible in general, however, in the case where f1 = 0, i.e., the “purely nonlinear”

case where the plant doesn’t have a linear term in its Volterra series, it is possible to

find the f -kernels when the k-kernels are given, i.e., it is possible to find the plant

that is stabilized by a pre-assigned controller. This is easy to see by examining the

equations (9.4.64)–(9.4.78). First, when f1 = 0, then k1 = 0. Second, for any k2

that satisfies the boundary conditions (9.4.68)–(9.4.71), the kernel f2 is obtained

by direct evaluation of the derivatives of k2 from (9.4.67). Third, for any k3 that

satisfies the boundary conditions (9.4.74)–(9.4.78), the kernel f3 can be obtained

by direct evaluation of certain integrals in (9.4.73). And so on for f4, f5, . . .

So, starting with a controller as simple as possible—yet nonlinear—in

this section we illustrate how it is possible to solve (9.4.38)–(9.4.44) to find the

(nonlinear) plant which is stabilized by the preassigned controller

The simplest possible (nonlinear) controller we can think of comes from

a single second order control kernel, k2 = σ1σ2(x − σ1)(x − σ2), whose particular

form is chosen to satisfy (9.4.68)–(9.4.71). All other control kernels are set to zero,

i.e., k1 = k3 = . . . = kn = . . . = 0. Then the control input, U(t) = K[u](t, 1), is:

U(t) = K[u](t, 1) =

∫ 1

0

∫ ξ1

0

ξ1ξ2(x− ξ1)(x− ξ2)

×u(t, ξ1)u(t, ξ2)dξ1dξ2, (9.5.80)

which can be written shorter thanks to the symmetry of the kernel:

U(t) = 1
2

(∫ 1

0
ξ(x− ξ)u(t, ξ)dξ

)2

. (9.5.81)

The plant kernels derived from (9.4.38) are f1 = 0,

f2 = 2ξ2ξ1 + 2ξ2x− 2ξ2
2 + 2ξ1x− 2ξ2

1 , (9.5.82)

f3 = ξ1ξ2x

(
xξ2
3

(ξ2
2 + ξ1x) −

ξ4
2

6
− ξ4

1

6
− x3

2
(ξ1 + ξ2) +

ξ3
1

3
(x− ξ2)
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+
ξ2ξ1
3

(x2 − ξ2
2) +

x4

3

)
+ ξ1ξ3x

(
x4

3
+
ξ3
1

3
(x− ξ3) +

2ξ3ξ1x
2

3

−ξ
4
1

6
− x3

2
(ξ1 + ξ3)

)
+
ξ2
1

6

(
ξ5
2 + ξ3

1(ξ
2
3 + ξ2

2)
)

+ ξ2ξ3x
2

(
x2

3

−x
2
(ξ2 − ξ3) +

2ξ2ξ3
3

)
+
ξ2
1ξ2ξ3
6

(
4ξ3ξ2(2ξ1 + ξ2) − 7ξ3

2

−7ξ2
1(ξ2 + ξ3)

)
+
xξ1ξ2ξ3

6

(
6xξ3ξ1 + 7ξ3

2 + 14ξ3
1 − 20ξ2

1x

+6xξ3ξ2 + ξ2
2(10ξ1 − 4ξ3 − 10x) + 2x2(3x− ξ1 − ξ2 − ξ3)

+6ξ1(ξ3ξ1 + ξ2ξ1 + xξ2 − 3ξ2ξ3)) , (9.5.83)

fn = Bn−1
n [k2, fn−1], (9.5.84)

where we can write (9.5.84) using definition (9.4.58) as

fn =

∫ ξ1

ξ2

k2(x, ξ1, s)fn−1(s, ξ2, . . . , ξn)ds

+

∫ x

ξ1

∑
γ̂n
1 ∈P1(ξ̂n

1 )

k2(x, s, γ1)fn−1(s, γ2, . . . , γn)ds. (9.5.85)

Using this definition and employing a symbolic calculation program, it is possible

to get all the kernels up to a desired order. Higher order kernels get smaller

and smaller, and their influence becomes almost negligible. This is stated in the

following lemma, that guarantees convergence of the Volterra series of the plant

defined by (9.5.82)–(9.5.84).

Proposition 9.9. The kernels f2, . . . , fn, . . . defined by (9.5.82)–(9.5.84) verify

the following bound.

|fn(x, ξ1, . . . , ξn)| ≤
x5n−8

4
. (9.5.86)

Hence, the Volterra series defined by
∑∞

i=2 Fi[u](t, x) converges for u ∈ L2(0, 1).

Proof. For every n one has that ξn ≤ ξn−1 ≤ . . . ≤ ξ1 ≤ x. Note that

|k2| = |ξ1ξ2(x− ξ1)(x− ξ2)| ≤
x4

16
. (9.5.87)
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For n = 2,

|f2| =
∣∣2ξ2ξ1 + 2ξ2x− 2ξ2

2 + 2ξ1x− 2ξ2
1

∣∣
= |2ξ2ξ1 + 2ξ2(x− ξ2) + 2ξ1(x− ξ1)|

≤ x2(2 + 1/2 + 1/2) = 3x2. (9.5.88)

Assume now the claim of the theorem is true for n− 1. Then, for n,

|fn| =

∣∣∣∣
∫ ξ1

ξ2

k2(x, ξ1, s)fn−1(s, ξ2, . . . , ξn)ds

+

∫ x

ξ1

∑
γ̂n
1 ∈P1(ξ̂n

1 )

k2(x, s, γ1)fn−1(s, γ2, . . . , γn)ds

∣∣∣∣∣∣
≤ x4

16


∫ ξ1

ξ2

3s5n−13ds+

∫ x

ξ1

∑
γ̂n
1 ∈P1(ξ̂n

1 )

3s5n−13ds




=
x4

16

(
3
n+ 1

5n− 12
x5n−12

)

= 3x5n−8 n + 1

16(5n− 12)

≤ x5n−8

4
, (9.5.89)

since for n ≥ 3, n+1
16(5n−12)

≤ 1/12. This gives us (9.5.86).

Since x ∈ (0, 1), we have that |fn| ≤ 1
4
. Hence if u ∈ L2(0, 1),

∫ 1

0

( ∞∑
n=2

Fn[u](t, x)

)2

dx =

∫ 1

0

( ∞∑
n=2

∫ x

0

∫ ξ1

0

· · ·
∫ ξn−1

0

fn(x, ξ1, . . . , ξn)

×
(

n∏
j=1

u(t, ξj)

)
dξ1 . . . dξn

)2

dx

≤ 1

16

∫ 1

0

( ∞∑
n=2

(∫ x
0
u(t, ξ)dξ

)n
n!

)2

≤
‖u‖2

L2exp
(
‖u‖2

L2 − 1
)

8
, (9.5.90)

where we have followed similar steps as in (9.3.18). This completes the proof.

For the purpose of illustrating the effect of the functional operators K

and F , we plot the effect of both of them on an example function, u(t, x) =
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x

u(x)

F[u](x) 

20K[u](x)  

Figure 9.2: Effect of K and F on u(t, x) = 100 sin(2πx)

100 sin(2πx), in Figure 9.2. The order of magnitude of K is much less than the

order of magnitude of F , so we plot 20K for the sake of clarity.

9.6 Numerical Simulations

In general it is not possible to obtain analytic expressions for the Volterra

kernels. Thus we have to rely on numerical simulations to compute the kn’s. The

first-order kernel is computed with a finite differences scheme from [101]. Using a

similar finite difference scheme, we were able to compute the second-order kernels

for the examples of Section 9.3 and then used them for closed-loop simulations of

the system. The main additions to the method of [101] were the use of the extra

boundary condition (9.4.69) and using a smaller discretization step for x than for

the ξ variables, which is essential for stability [81].

9.6.1 Coupled nonlinear plant

Consider the example plant given in Section 9.3.1. Its Volterra nonlin-

earity is explicitly written in Equation (9.3.20). We set the numerical values for

the parameters of the plant as µ = 50, ω = 2.5. A simple linear stability analysis

shows that the equilibrium at the origin is unstable for these values.

To find a control law to stabilize the system, we apply the design method
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outlined in Section 9.4, and numerically solved for the kernels. In Fig. 9.3 we show

the numerical value of the first two kernels, k1 and k2, at x = 1, which is the value

appearing in the control formula (9.4.36). We found that using just the linear

kernel k1 in the feedback law (9.4.36)1, stabilized the system for a wide range of

initial conditions. However, for initial conditions of large enough size (with a peak

of the order of 1000), the linear controller fails to stabilize the system, as shown in

Fig. 9.4. In Fig. 9.5 we show how the same initial condition is stabilized when the

second-order kernel is used in (9.4.36), i.e., truncating the control law to second

order is enough for stabilization for that size of initial conditions.

9.6.2 Quadratic nonlinearity

Consider the plant

ut = uxx + u2, (9.6.91)

with boundary conditions

u(t, 0) = 0, ux(t, 1) = U(t). (9.6.92)

This plant is in the class of the example of Section 9.3.2, with f(u) = u2. Then,

in (9.3.32), λ = 0, h1 = 2, and for n > 1, hn = 0. In this case, k1 = 0 as the

plant does not have linear terms. In Fig 9.6 we show the numerical value of the

second order control kernel k2. We tested numerically the control law (9.4.36)

using only k2. We found that, for initial conditions of size large enough (with a

peak value approximately more than 4), the open-loop system blows up (in finite

time), as shown in Fig. 9.7 (left). In Fig. 9.7 (right), we show how the second-

order controller is able to prevent the blow-up and stabilize the system for the

same initial conditions. However, the same controller fails to stabilize u for larger

initial conditions (with peaks over 8). This restricted local result is not only due

to truncation of (9.4.36), but to the fact that (9.6.91) is not globally stabilizable

1This is equivalent to applying the result of [101] to the linearized system.



207

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

 ξ
1

 k
1
(1,ξ

1
)

0

0.5

1

0

0.5

1
−0.2

−0.1

0

ξ
2ξ

1

 k
2
(1,ξ

1
,ξ

2
)

Figure 9.3: Control kernels k1(1, ξ1) (left) and k2(1, ξ1, ξ2) (right) for the example
of Section 9.3.1, with µ = 50, ω = 2.5. Note that the kernel k2(1, ξ1, ξ2) is only
defined for ξ2 ≤ ξ1.
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Figure 9.4: Closed-loop simulation for u(t, x) using only the first (linear) order
kernel k1, in the example of Section 9.3.1.

(see Remark 9.1). Thus increasing the controller-order may enlarge the basin of

attraction of the origin for the closed-loop system, but only up to a certain limit.

9.6.3 Simulations results for the example of Section 9.5

We made numerical simulations of the nonlinear plant introduced in Sec-

tion 9.5. Starting with a large enough initial condition (of the order of 200), the

uncontrolled system diverges to infinity in finite time, as seen in Figure 9.8. With

the controller (9.5.80), this behavior is suppressed and the system is stabilized, as
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Figure 9.5: Closed-loop simulation for u(t, x) (left) and v(t, x) (right) in the exam-
ple of Section 9.3.1. The control law is approximated to second order using control
kernels k1 and k2.
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Figure 9.6: Second-order control kernel k2(1, ξ1, ξ2) for the example of Section 9.3.2
with f(u) = u2 (quadratic nonlinearity). Note that the kernel k2(1, ξ1, ξ2) is only
defined for ξ2 ≤ ξ1.
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Figure 9.7: Uncontrolled (left) and controlled system (right) for the example of
Section 9.3.2 with f(u) = u2 (quadratic nonlinearity). The control law is truncated
to second order. The solution of the uncontrolled system blows up in finite time,
while the controlled system converges to the origin.
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Figure 9.8: Uncontrolled (left) and controlled system (right) for the example of
Section 9.5. The solution of the uncontrolled system blows up in finite time. The
trayectory of the control input (right) is u(t, 1). The size of the control effort (-400)
is reasonable given the size of the initial condition (with a peak about 200).

shown in Figure 9.8.

9.7 Convergence Analysis for the Transformation

In this section we study the convergence of (9.4.35) and (9.4.36).

9.7.1 Mathematical Preliminaries

First we establish some notation and state some results about Volterra

series.

Define Tn(x, ξ) =
{

(ξ̂n1 ) : 0 ≤ ξn ≤ . . . ≤ ξ1 ≤ x ≤ 1
}

. Note that Tn =

Tn(1, ξ). Define also

i∏
u =

i∏
j=1

u(t, ξj),

i,k∏
u =

i∏
j=1
j 
=k

u(t, ξj), (9.7.93)

∫
Tn(x,ξ)

f(ξ̂n0 )dξ̂n1 =

∫ x

0

∫ ξ1

0

· · ·
∫ ξn−1

0

f(x, ξ1 . . . ξn)dξ1 . . . dξn. (9.7.94)

We formalize the concept of convergence of Volterra series with L2(Tn)

kernels. Consider a Volterra series F [u] with kernels fn(ξ̂
n
0 ), i.e.,

F [u](t, x) =

∞∑
n=1

Fn[u](t, x) =

∞∑
n=1

∫
Tn(x,ξ)

fn(ξ̂
n
0 )

i∏
udξ̂n1 , (9.7.95)
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The following definition quantifies the convergence of (9.7.95) in L2(0, 1) (in the

sequel we will write just L2 for simplicity).

Definition 9.10. Given (9.7.95) with kernels fn ∈ L2(Tn), we define the radius

of convergence ρ as

ρ =


lim sup

n→∞

(
‖fn‖2

L2(Tn)

n!

)1/n



−1

, (9.7.96)

and the gain bound function f(s) : [0, ρ) → [0,∞) as

f(s) = 2

∞∑
n=1

n2‖fn‖2
L2(Tn)

n!
sn. (9.7.97)

Using ρ and f from Definition 9.10 we can state a result that guarantees

convergence of the Volterra series (9.7.95).

Theorem 9.11 (Gain Bound Theorem). Given a Volterra series F [u] as in

(9.7.95), with kernels fn ∈ L2(Tn), radius of convergence ρ and gain bound function

f , the following results hold.

1. The integrals and sums in (9.7.95) converge for u ∈ L2 verifying that ‖u‖2
L2 <

ρ.

2. F [u] satisfies ‖F [u]‖2
L2 ≤ f(‖u‖2

L2) and consequently F maps balls of L2 into

balls of L2.

Proof. From the definition (9.7.95), and using the Cauchy-Schwartz inequality,

Fn[u]
2 ≤ ‖fn‖2

L2(Tn)

(∫
Tn(x,ξ)

n∏
u2dξ̂n1

)
=

‖fn‖2
L2(Tn)‖u‖2n

L2

n!
, (9.7.98)

hence,

F [u]2 =

∫ 1

0

( ∞∑
n=1

Fn[u]

)2

dx

≤
( ∞∑
n=1

n2Fn[u]
2

)( ∞∑
n=1

1

n2

)

≤ 2

∞∑
i=1

n2‖fn‖2
L2(Tn)‖u‖2n

L2

n!
, (9.7.99)
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where we used that
∑∞

n=1
1
n2 = π2

6
≤ 2. Thus we obtain

‖F [u]‖2
∞ = max

x∈(0,1)
F [u]2 ≤ 2

∞∑
i=1

n2‖fn‖2
L2(Tn)‖u‖2n

L2

n!
. (9.7.100)

Then from elementary theory of power series and noting that limn→∞
n
√
n2 = 1

and that ‖F [u]‖2
L2 ≤ ‖F [u]‖2

∞, the result follows.

We give now some examples illustrating Theorem 9.11.

Example 9.12. Let F [u] be a Volterra series with kernels fn and let C and D be

generic positive constants.

1. If the kernels fn verify an uniform bound ‖fn‖2
L2(Tn) ≤ D, then ρ = ∞

and the series is everywhere convergent for u ∈ L2. We also have that

f(s) = 2s(s+ 1)Dexp(s). Note also that f(s) ≤ 2D (exp(3s) − 1).

2. If the kernels fn grow exponentially like ‖fn‖2
L2(Tn) ≤ DCn, then again ρ = ∞

and the series is everywhere convergent. We have in this case that f(s) =

2sC(sC + 1)Dexp(Cs). Note also that f(s) ≤ 2D (exp(3Cs) − 1).

3. If the kernels fn grow as fast as ‖fn‖2
L2(Tn) ≤ n!DCn, then ρ = 1/C and the

series convergence can only be guaranteed if ‖u‖L2 ≤ 1/C. We have in this

case that f(s) = 2sC(sC+1)D
(1−sC)3

. Note that f(s) ≤ 2D(sC)2

(1−sC)4

Remark 9.13. Since ‖fn‖2
L2(Tn) ≤

‖fn‖2∞
n!

, if fn ∈ L∞(Tn), similar results to The-

orem 9.11 can be stated in terms of the L∞ norms of the fn’s. Note also that by

(9.7.100) the L∞ norm of F [u] is well defined for u ∈ L2.

Remark 9.14. From (9.4.35),

wx = ux − k1(x, x)u(x) − u(x)
∞∑
n=1

∫
Tn(x,ξ)

kn+1(x, x, ξ̂
n
1 )
∏
n

udξ̂n1

−
∞∑
n=1

∫
Tn(1,ξ)

knx(x, ξ̂
n
1 )
∏
n

udξ̂n1

= ux − k̄(x)u(x) − u(x)K̄[u] − K̃[u], (9.7.101)
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where K̄[u] and K̃[u] are Volterra series in u (not in ux) with kernels k̄n =

kn+1(x, x, ξ̂
n
1 ) and k̃n = knx(x, ξ̂

n
1 ). Note that from the boundary condition (9.4.41),

we have that

k̄ = q̂ − 1

2

∫ x

0

λ(s)ds, k̄n = −1

2

∫ x

ξ1

hn(s, ξ̂
n
1 )ds, (9.7.102)

where q̂ = min{0, q}. Hence,

‖wx‖2
L2 ≤ 4

(
‖ux‖2

L2 + ‖u‖2
L2‖k̄‖2

∞ + ‖u‖2
L2‖K̄[u]‖2

∞ + ‖K̃[u]‖2
L2

)
, (9.7.103)

which means that the H1 norm of w can be computed from the H1 norm of u.

9.7.2 Assumptions

In the sequel, we assume the following hypothesis are true.

Assumption 9.15. We assume the following holds.

1. λ(x) ∈ C1[0, 1], hn ∈ C1[Tn], fn ∈ C0[Tn].

2. The sequence hn(ξ̂
n+1
0 ) verifies the following bound

max
(ξ̂n

0 )∈Tn

{∣∣∣hn(ξ̂n0 )
∣∣∣ +

n∑
i=0

∣∣∣hnξi(ξ̂n0 )
∣∣∣
}

≤ Dh

(
1

ρh

)n−1

n!. (9.7.104)

3. The parameter λ(x) verifies

max
x∈[0,1]

{|λ(x)|} ≤ Dh. (9.7.105)

4. The sequence fn(ξ̂
n+1
0 ) verifies the following bound

max
(ξ̂n

0 )∈Tn

{∣∣∣fn(ξ̂n0 )
∣∣∣} ≤ Df

(
1

ρf

)n−1

n!. (9.7.106)

5. Under the above assumptions, for each n, there exists a H1(Tn) solution kn

of the kernel PIDE equations (9.4.38)–(9.4.44).



213

Remark 9.16. In Assumption 9.15, point 1 specify some continuity and differen-

tiability requirements for the parameters of the plant. Points 2 and 4 quantify the

convergence of the plant nonlinearities H and F . Point 5 ensures that the set of

kernel PIDE equations is well-posed.

9.7.3 Main Convergence Result

We next show a result that relates the convergence of the transformation

and the feedback law series, respectively (9.4.35) and (9.4.36), to the convergence

of the plant nonlinearities F [u] and H [u]. The result also studies the convergence

of the transformation (9.7.101) for wx.

Theorem 9.17. Under Assumption 9.15, the Volterra series in the transforma-

tion (9.4.35), the control law (9.4.36) and the wx transformation (9.7.101) are

convergent with radius of convergence

ρk =

(
min{ρf , ρh}

2

)2

exp (−2
√
γ) , (9.7.107)

where γ = max{1, ‖f1‖∞ + ‖λ‖∞}. Moreover, kn verifies

‖kn‖2
L2(Tn) ≤ (n− 1)!4D2C2n−2 exp (2n

√
γ + 2Υ + |q̂|) , (9.7.108)

‖knx‖2
L2(Tn) ≤ n!2D2C2n−2 exp (2n

√
γ + 2Υ + |q̂|) , (9.7.109)

where D = Df + ρhDh + 2((1 + ρh)Dh)(|q| + 1) exp(1 + |q̂|)
√

(1 + ρh)2D2
h +D2

f ,

C =
(

min{ρf ,ρh}
2

)−1

and Υ = 4
D2(1+2 4

√
γ)2

γ2 .

See Section 9.11.2 for the proof.

Remark 9.18. In the above theorem, if q = ∞ (meaning the plant has a Dirichlet

boundary condition at the uncontrolled end), then the above bounds hold setting

q = 0.

Corollary 9.19. Under the same assumptions of the theorem, if the Volterra se-

ries nonlinearity of the plant is globally convergent in L2, then the transformation

Volterra series (9.4.35), the control (9.4.36) and the wx transformation (9.7.101)

converge globally in L2 as well.
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Proof. If the Volterra series nonlinearity of the plant F and H are everywhere

convergent, then by the limit (9.7.96) being infinity, for any ε > 0 (possibly very

small), there exists Dε > 0 (possibly very large) such that both fn and hn verify

max{|hn|, |fn|} ≤ n!Bεε
n−1. (9.7.110)

Hence under the assumptions of Theorem 9.17, the kernel solution kn verifies

‖kn‖2
L2(Tn) ≤ (n− 1)!4D2

ε

( ε
2

)2n−2

exp (2n
√
γε + 2Υε + |q̂|) , (9.7.111)

where Dε and Υε are defined as in Theorem 9.17 replacing Dh = Df = Bε and

ρh = ρf = 1/ε, but note that γ = max{1, ‖f1‖∞ +‖λ‖∞ + c} does not depend on ε.

Then the radius of convergence of the Volterra series defined by kn is ρk ≥ 4 exp(2
√
γ)

ε2
.

Since this holds for any positive ε, we must have ρk = ∞.

9.8 Stability Analysis

We now study the properties of the closed-loop system (9.2.1)–(9.2.2),

(9.4.36). To analyze the behavior of this system, we study the invertibility of the

change of variables (9.4.35). It is natural to seek also a Volterra formulation for

this inverse change of variables, which is assumed as having the following form

u = w + L[w], (9.8.112)

which is expanded as

u(t, x) = w(t, x) +

∞∑
n=1

∫
Tn(x,ξ)

ln(ξ̂
n
0 )
∏
n

wdξ̂n1 . (9.8.113)

The existence of this inverse change of variables can be guaranteed em-

ploying the theorem for inversion of Volterra series, which is proved in [27, Theorem

3.3.1.].

Theorem 9.20 (Volterra series inversion). A Volterra series has a local inverse

at the origin if and only if its first (linear) kernel is invertible.
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In that context, the word “local’ means that a unique Volterra series

representation can be found for the inverse transformation, which has the form

specified by (9.8.113), and whose radius of convergence (in the sense of Defini-

tion 9.10 and Theorem 9.11) is possible finite, even if the transformation is globally

convergent.

The direct and inverse transformations give a relation between u and w

that can be exploited to obtain properties of u (governed by a complex nonlinear

equation) from properties of w (that verifies an easy to analyze heat equation).

The commutative diagram of Fig. 9.9 illustrates our strategy. We have denoted

the initial conditions for u and w as u(0, x) = u0 and w(0, x) = w0, respectively.

In the left, Tu(t) is the semigroup that governs the behavior of u when the loop is

closed, so that u(t) = Tu(t)u0; its generator can be obtained homogenizing (9.2.1)

and taking (9.4.36) into account. In the right, Tw(t) is the semigroup generated by

the laplacian operator in (9.4.33), so that w(t) = Tw(t)w0. Above and below are

respectively the direct and inverse transformation, Id−K and Id+L that relate u

and w. We are interested in the properties of u, but direct analysis of Tu(t) is very

difficult—it is generated by a nonlinear operator. Instead, from Fig. 9.9, we use

that Tu(t) = (Id + L) ◦ Tw(t) ◦ (Id −K), dividing the analysis into smaller, more

tractable pieces. The transformations Id + L and Id − K are still nonlinear but

time invariant, and are analyzed within the framework of Volterra series, whereas

the heat equation semigroup Tw(t) is linear and simple, producing even explicit so-

lutions. We begin by analyzing Tw, whose behavior is summarized in the following

lemma, which follows from standard estimates for the heat equation [45, 82].

Lemma 9.21. Consider the system (9.4.33) with boundary conditions (9.4.34).

Then, the equilibrium w ≡ 0 is exponentially stable in the L2 and H1 norms, i.e.,

∀t ≥ 0

‖w(t)‖2
L ≤ e−t‖w0‖2

L, (9.8.114)

where L is either L2 or H1.
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u0(x)
Id −K� w0(x)

u(t, x)

Tu(t)

�
�Id + L

w(t, x)

Tw(t)

�

Figure 9.9: Commutative diagram for the closed-loop system.

Using Lemma 9.21 and the relations illustrated by Fig. 9.9, we get the

following result about the stability properties of the closed-loop system.

Theorem 9.22. Let Assumption 9.15 hold and assume that there is a L2 (resp.

H1) solution u to the closed loop system (9.2.1) with boundary conditions (9.2.2)

and control law (9.4.36). Then, the origin u ≡ 0 of the closed loop system is locally

exponentially stable in the L2 (resp. H1) norm, i.e., denoting the initial condition

for u as u(0, x) = u0(x), there exists C1, C2 > 0 such that, if ‖u0‖2
L ≤ C1, then

∀t ≥ 0

‖u(t)‖2
L ≤ C2e

−t‖u0‖2
L, (9.8.115)

where L is either L2 or H1, and C1, C2 depend on the plant parameters, but not

on u0.

Proof. Under Assumption 9.15, the transformation (9.4.35) exists and converges

for ‖u(t)‖2
L2 ≤ ρK , where ρK denotes the radius of convergence of the transfor-

mation Volterra series. The first kernel of (9.4.35) is Id − K1 and constitute the

linear part of the transformation. In [101] it is shown that this linear part is always

invertible. Hence, using Theorem 9.20, the whole transformation is locally invert-

ible and the inverse transformation has the form specified by (9.8.113). Therefore

there exists ρL > 0 such that, if ‖w(t)‖2
L2 < ρL, then (9.8.113) converges.

Denote by k(s) and l(s) the gain bound functions of the direct and inverse

Volterra series transformation respectively, as defined in (9.7.97).
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From (9.4.35), we have that

w0 = u0 −K[u0]. (9.8.116)

Set C1 = k−1(ρL)/2 < ρK . Hence, if u0 ≤ C1 we get that

‖w(t)‖2
L2 ≤ ‖w0‖2

L2 ≤ k(‖u0‖2
L2) ≤ k(C1) < ρl (9.8.117)

for all time t. Therefore, the inverse (9.8.112) converges and the relations of

Fig. 9.9 hold for all time t ≥ 0. Set now C3 = k(C1)
C1

and C4 = l(C1C3)
C1C3

. Then,

for ‖u0‖2
L2 < C1, since ‖w(t)‖2

L2 ≤ C3C1 and both k(s) and l(s) are class K

functions [69], we have that

‖u(t)‖2
L2 ≤ l(‖w(t)‖2

L2) ≤ C4‖w(t)‖2
L2 ≤ C4e

−t‖w0‖2
L2 ≤ C3C4e

−t‖u0‖2
L2 ,

(9.8.118)

so setting C2 = C3C4, (9.8.115) follows for the L2 norm. To obtain the bound for

the H1 norm we use (9.7.101) and (9.7.103), and note that

ux = wx − (w + L[w])(k̄(x) + K̄[w + L[w]]) − K̃[w + L[w]]. (9.8.119)

Hence ux can be recovered from wx when the Volterra series in (9.8.119) converge.

If ‖u0‖2
H1 ≤ C1, then obviously ‖u0‖2

L2 ≤ C1, and since the radius of convergence

of both K̄ and K̃ is at least ρK , all the series in the right hand side in (9.8.119)

converge. Then we use Lemma 9.21 and proceed in the same way as in (9.8.118)

for the H1 norm (using the gain bound functions for K̄ and K̃), obtaining possibly

a different C2; to get the same C2 for both L2 and H1 we pick the maximum of

the two. Then the result follows.

Remark 9.23. In Theorem 9.22 we have assumed well-posedness of the closed-

loop system. For the case q = ∞ (Dirichlet boundary condition at x = 0), since

(9.4.33)–(9.4.34) is well-posed in H1 and since (9.7.101), (9.8.119) allow to prove

local equivalence of the H1 norms of u and w, the assumption can be dropped,

provided u0 verifies some compatibility conditions [101] (see Proposition 9.29 for

an example). For other values of q, (9.4.33)–(9.4.34) is well-posed in H2 and this

argument is not enough.
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Remark 9.24. Note that (9.4.33) can be solved explicitly. This means that, when

‖u0‖L < C1, u can be obtained explicitly for all times. We give an illustration for

the simplest case, when q = ∞. Then, u is given as

u = 2
∞∑
n=1

e−π
2n2t sin(πnx)

∫ 1

0

sin(πnξ) [u0(ξ) −K[u0](ξ)] dξ

+L

[
2

∞∑
n=1

e−π
2n2t sin(πnx)

∫ 1

0

sin(πnξ) [u0(ξ) −K[u0](ξ)] dξ

]
.(9.8.120)

For other values of q similar formulas can be written.

The constant C1 for which Theorem 9.22 holds determines the “basin

of attraction” of the equilibrium at the origin for the closed-loop system. Since

C1 = k−1(ρL), if ρL and some bound on the kn’s is known then C1 can be more

precisely quantified. We state a Corollary for Theorem 9.22 for some particular

cases, introduced in Example 9.12, that occur frequently in practice.

Corollary 9.25. Let ρK , ρL > 0 denote the radii of convergence of the direct and

inverse Volterra transformation, (9.4.35) and (9.8.113), respectively. Let C and

D denote generic positive constants.

1. If ρK = ρL = ∞, then Theorem 9.22 holds globally, i.e., for all u ∈ L2.

2. If the kernels kn verify ‖kn‖2
L2(Tn) ≤ D, then ρK = ∞ and Theorem 9.22

holds at least for ‖u‖2
L2 ≤ 1

3
log

(
1 + ρL

2D

)
.

3. If the kernels kn grow like ‖kn‖2
L2(Tn) ≤ DCn, then ρK = ∞ and Theorem 9.22

holds at least for ‖u‖2
L2 ≤ 1

3C
log

(
1 + ρL

2D

)
.

4. If the kernels kn grow as |kn‖2
L2(Tn) ≤ n!DCn, then ρK = 1/C and Theo-

rem 9.22 holds for ‖u‖2
∞ ≤ 1

C

(√
1 +

√
D

2ρL

)(√
1 +

√
D

2ρL
− 4

√
D

2ρL

)
> 0.

9.9 Inverse Transformation

Theorem 9.22 depends critically on the inverse transformation and its

properties. Next we give explicit formulas that allow to compute the inverse from
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the kernels kn.

Define l1 as the unique function that verifies the following well-posed [101]

PIDE

∂xxl1(x, ξ1) = ∂ξ1ξ1l1(x, ξ1) − λ(x)l1 − f1(x, ξ1)

−
∫ x

ξ1

l1(s, ξ1)f1(x, s)ds, (9.9.121)

with boundary conditions

l1(x, x) = q̂ − 1

2

∫ x

0

λ(s)ds, (9.9.122)

l1ξ1(x, 0) = ql1(x, 0). (9.9.123)

The following result holds.

Proposition 9.26. The first kernel l1 of the inverse (9.8.112) is given by the

solution of (9.9.121)–(9.9.123), whereas for n ≥ 2, ln is given by the following

formula

ln(ξ̂
n
0 ) = gn(ξ̂

n
0 ) +

∫ x

ξ1

l1(x, s)gn(s, ξ̂
n
1 )ds. (9.9.124)

In (9.9.124), the gn are functions defined as follows:

gn =
∑

i1,...,ij≥1,j≥2
i1+···+ij=n

pj[kj; li1 , . . . , lij ], (9.9.125)

where the function pj[kj ; li1, . . . , lij ] is recursively computed in the following way.

Let

p1[kj ; li1, . . . , lij ] =


 kj(ξ̂

j
0) +

∫ ξj−1

ξj
kj(ξ̂

j−1
0 , s)l1(s, ξj)ds, ij = 1,∫ ξj−1

ξj
kj(ξ̂

j−1
0 , s)lij (s, ξ̂

j+ij−1
j )ds, ij > 1,

(9.9.126)

and for 1 ≤ m ≤ j − 1, pm+1[kj; li1 , . . . , lij ] is computed from pm[kj; li1 , . . . , lij ] as

follows:

pm+1[kj ; li1, . . . , lij ] =


 pm[kj; li1, . . . , lij ] + qm[pm], ij−m = 1,

qm[pm], ij−m > 1.
(9.9.127)
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In (9.9.127),

qm[pm] =

∫ ξj−m−1

ξj−m

D
αm,ij−m

j−m

[
pm[kj; li1 , . . . , lij ](ξ̂

j−m−1
0 , s, ξ̂αm−1

j−m )

×lij−m
(s, ξ̂αm+ij−m−1

αm
)
]
ds, (9.9.128)

where αm = j −m+
∑j

β=j−m+1 iβ and the function D
αm,ij−m

j−m is given in (9.4.57).

Proof. Consider the transformation (9.4.35) and the inverse (9.8.113),

w = u−K[u], (9.9.129)

u = w + L[w]. (9.9.130)

We expand (9.9.129) as a sum of K1 (the linear transformation) and the rest of

the transformation (which is nonlinear). Then, we get

w = u−K1[u] − K̂[u], (9.9.131)

where K̂[u] =
∑∞

n=2Kn[u]. Calling z = w + K̂[u], we get

z = u−K1[u], (9.9.132)

which is the equation of a linear Volterra transformation; hence, we can use the

result of [101] to show that it is invertible and explicitly compute the kernel l1 of

the (linear) inverse L1, obtaining

u = z + L1[z]. (9.9.133)

Substituting now the definition of z in (9.9.133),

u = w + K̂[u] + L1[w + K̂[u]], (9.9.134)

and using the linearity of L1,

u = w + L1[w] + K̂[u] + L1[K̂[u]]. (9.9.135)

Replace now (9.9.130) in (9.9.135). Then,

u = w + L1[w] + K̂[w + L[w]] + L1[K̂[w + L[w]]]. (9.9.136)
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We define G[w] = K̂[w+L[w]], the composition of two Volterra series. Introducing

G in (9.9.136) and using the definition of the inverse series (9.9.130) we get

L[w] = L1[w] +G[w] + L1[G[w]], (9.9.137)

which expanded for each n ≥ 2, gives (9.9.124). The expression for g given by

(9.9.125)–(9.9.128) follows from repeatedly applying Lemma 9.30 in Section 9.11.1

to the definition of G as the composition of two Volterra series.

Remark 9.27. From (9.9.125)–(9.9.128) we get that the n-th kernel gn depends

only on the kernels k1, . . . , kn−1 and l1, . . . , ln−1. Hence, Equation (9.9.124) gives

a recursive, explicit formula to compute the kernels ln beginning at n = 2 (l1 is

computed directly from (9.9.121)–(9.9.123)) up to any desired order.

9.9.1 Analytic example

For the analytic example of Section 9.5, we have K[u] = K2[u] = K̂[u]

and l1 = 0 because k1 = f1 = 0. These facts greatly simplify the formulas for ln in

Proposition 9.26. We have that l2 = k2 and for n > 2,

ln =

∫ ξ1

ξ2

k2(x, ξ1, s)ln−1(s, ξ2, . . . , ξn)ds

+
n−2∑
i=2

∫ x

ξ1

Dn−i+1,i
1

[(∫ σ

ξ1

k2(x, σ, s)ln−i(s, ξ̂
n−i
1 )ds

)
li(σ, ξ̂

n
n−i+1)

]
dσ

+

∫ x

ξ1

D2,n−1
1 [k2(x, s, ξ1)ln−1(s, ξ̂

n
2 )]ds. (9.9.138)

Using formula (9.9.138) and symbolical software, we explicitly find the

first three kernels as l1 = 0 and

l2 = ξ1ξ2(x− ξ1)(x− ξ2), (9.9.139)

l3 = ξ1ξ2ξ3

[
(2x− ξ2 − ξ3)

(
ξ5
1 − x5

5
+
x4 − ξ4

1

4
(x+ ξ1) +

ξ3
1 − x3

3
xξ1

)

+ (x(ξ2 + ξ3) − ξ2ξ3)

(
x4 + ξ4

1

4
+
ξ3
1 − x3

3
(x+ ξ1) +

x2 + ξ2
1

2
xξ1

)

+ (x− ξ1)

(
ξ5
2 − x5

5
+
x4 + ξ4

2

4
(x+ ξ2 + ξ3) +

ξ3
2 − x3

3
(x(ξ2 + ξ3)
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+ξ2ξ3) +
x2 + ξ2

2

2
xξ2ξ3

)]
. (9.9.140)

Using (9.9.138) we can study the convergence of the inverse Volterra series for the

example. First we analyze the growth of the kernels.

Lemma 9.28. For ln defined as in (9.9.139) and (9.9.138), it holds that for n ≥ 2,

|ln(x, ξ1, . . . , ξn)| ≤ n!
1

16n−1
x5n−6. (9.9.141)

Proof. For n = 2, the claim of (9.9.141) is true since l2 = k2 ≤ 1
16
x4 as we found

in (9.5.87). We now assume (9.9.141) for n − 1, n − 2, . . . , 2 and prove it holds

for n ≥ 3. Taking absolute values in (9.9.138), using (9.4.57) and (9.9.141) for

n− 1, n− 2, . . . , 2, we get

|ln| ≤ x4

16


(n− 1)!

16n−2

∫ x

0

s5n−11ds+
n−2∑
i=2


 n

i


 (n− i)!i!

16n−i−1+i−1

∫ x

0

s5(n−i)−6ds

×
∫ x

0

s5i−6ds+
n(n− 1)!

16n−2

∫ x

0

s5n−11ds

)
, (9.9.142)

where the binomial coefficients come from using Remark 9.6. Hence,

|ln| ≤ n!
x4

16n−1

(
n+ 1

n

∫ x

0

s5n−11ds+
n−2∑
i=2

∫ x

0

s5(n−i)−6ds

∫ x

0

s5i−6ds

)

≤ n!
x4

16n−1

(
n + 1

n(5n− 10)
x5n−10 + x5(n−i)−5+5i−5

n−2∑
i=2

1

(5(n− i) − 5)(5i− 5)

)

≤ n!
x5n−6

16n−1

(
n + 1

n(5n− 10)
+

1

5n− 10

n−2∑
i=2

(
1

(5(n− i) − 5)
+

1

5i− 5

))

≤ n!
x5n−6

16n−1

(
n+ 1

n(5n− 10)
+

n− 3

5n− 10

(
1

5
+

1

5

))

≤ n!
x5n−6

16n−1

(
5 + n(n + 2)

5n(5n− 10)

)
, (9.9.143)

and since 5 + n(n + 2) ≤ 5n(5n − 10) for n ≥ 3, inequality (9.9.141) follows for

n.

We now state the result of Theorem 9.22 for the example, illustrating

how to prove well-posedness for Dirichlet boundary conditions.
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Proposition 9.29. Consider the closed-loop plant (9.2.1)–(9.2.2) where H = 0,

λ = 0, q = ∞, and F is given by f1 = 0, (9.5.82)–(9.5.85) and control law

(9.5.80). Let u0 ∈ H1(0, 1) be the initial condition for u verifying the compatibility

conditions

u0(0) = 0, u0(1) =
1

2

(∫ 1

0

ξ(x− ξ)u(ξ)dξ

)2

. (9.9.144)

Then, there is a unique solution u(t, x) such that u ∈ L2((0,∞), H1(0, 1)) and the

origin u ≡ 0 of the closed loop system is locally exponentially stable in the L2 and

H1 norm, i.e., there exists C2 > 0 such that, if ‖u0‖2
L ≤ 32, then ∀t ≥ 0

‖u(t)‖2
L ≤ C2e

−t‖u0‖2
L, (9.9.145)

where L is either L2 or H1 and C2 > 0 does not depend on u0. Moreover, we can

write the closed-loop solution for u(t, x) as

u = 2
∞∑
n=1

e−π
2n2t sin(πnx)

∫ 1

0

sin(πnξ)

[
u0(ξ) −

1

2

(∫ ξ

0

η(ξ − η)u0(η)dη

)2
]
dξ

+L

[
2

∞∑
n=1

e−π
2n2t sin(πnx)

∫ 1

0

sin(πnξ)

[
u0(ξ) −

1

2

×
(∫ ξ

0

η(ξ − η)u0(η)dη

)2
]
dξ

]
. (9.9.146)

Proof. Using Lemma 9.28, since x ≤ 1 we get that, for all n, |ln| ≤ n!
16n−1 . Hence,

from Definition 9.10 and Example 9.12, we have that for the inverse Volterra series

defined by l2 = k2 and (9.9.138), the radius of convergence is ρL = 162 = 256.

The gain bound function for the transformation (9.4.35), since k is finite, can be

written as k(s) = 2s + s2/32. Using ρL and k(s), and proceeding as in Corol-

lary 9.25, we get the L2 and H1 results of Theorem 9.22 for initial conditions

u0 verifying ‖u0‖2
L2 ≤ C1 = k−1(ρL)/2 = 32. Moreover, (9.9.144) implies that

w0(0) = w0(1) = 0 and since w0 ∈ H1, the equation (9.4.33) has a unique solu-

tion in L2((0,∞), H1(0, 1)) [45, Theorems 3 and 4, pages 356–358] (in fact more
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regularity is obtained, but we skip the details). Using that

wx = ux −
1

2

(∫ x

0

(2x− ξ)u(t, ξ)dξ

)2

, (9.9.147)

ux = wx +
1

2

(∫ x

0

(2x− ξ) (w + L[w]) (t, ξ)dξ

)2

, (9.9.148)

is valid (L[w] converges) if ‖u‖2
L2 ≤ 32 (which is also implied in the L = H1 case if

‖u‖2
H1 ≤ 32), then u also has a L2((0,∞), H1(0, 1)) solution. The explicit solutions

are obtained solving the heat equation.

As simulation results in Section 9.5 show for the example, where u0 =

400x(1 − x) implying that ‖u0‖2
L2 ≈ 5000, the result is far from limited to such a

small neighborhood of the origin. This illustrates the rather conservative nature

of Theorem 9.22.

9.10 Open Problems

The efforts on nonlinear boundary control of PDEs of parabolic type have

so far resulted primarily in negative results—results that show that control cannot

prevent finite time blow up. While in this chapter we formulate the first general

framework in which the problem is tractable, there are some missing pieces in the

analysis that prevent our solution to be complete.

In our formulation, finding the controller’s Volterra kernels is the main

design task. We have derived the set of equations that the kernels need to verify,

a recursive set of linear hyperbolic PDEs on domains of increasing dimension and

decreasing volume, with moving boundaries. In Section 9.5 we present a particular

solution in detail, and then we show numerical examples in Section 9.6. However,

beyond numerical evidence we have not provided any general well-posedness proof

for the kernel equations and just assumed it. Nevertheless in Section 9.7 we de-

rived a priori estimates to show that the existence of an H1 solution to the kernel

equations is enough to define a convergent Volterra series in the transformation

and the control feedback law.
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In Section 9.8 we provided a result of L2 and H1 exponential stability. We

have not pursued the study of stability in higher regularity functional spaces, like

the H2 space—which would be useful to establish well-posedness of the closed-loop

system. Such spaces are endowed with norms whose study under our framework

require some manipulation (term by term second-order differentiation) of the trans-

formation Volterra series. Before justifying such an operation we need more insight

into the regularity of the kernel equation solutions.

The stability result is local in nature because it relies critically on the

properties of the inverse transformation (9.8.113). Even if the transformation

(9.4.35) is globally convergent in L2, it is not possible to generically guarantee

that it has an everywhere defined inverse. We have shown through an example

that this result is too conservative and there is room for improvement. However,

there are plants falling in the class of (9.2.1) that are not globally stabilizable (see

Sections 9.3.2 and 9.6.2), therefore a global stability result is not possible for the

whole class. Thus, to obtain a global result, we need to refine (9.2.1) and identify a

subclass of systems for which the Volterra series transformation (9.4.35) is globally

invertible. This implies, by Corollary 9.25, that those plants are globally stabilized

by feedback law (9.4.36).

9.11 Auxiliary Technical Results

9.11.1 Derivation of the general kernel equations

Here we show the derivation of the general kernel PIDE equation for any

order n.

We first state a technical result.

Lemma 9.30. Given n positive, 1 ≤ j ≤ n and an arbitrary function fn(ξ̂
n
0 ), it

holds that∫
Tn(x,ξ)

fn(ξ̂
n
0 )dξ̂n1 =

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

fn(ξ̂
j−1
0 , s, ξ̂n−1

j )dsdξ̂n−1
1 . (9.11.149)
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If m is positive and gm(ξ̂m0 ) is another arbitrary function, then∫
Tn(x,ξ)

fn(ξ̂
n
0 )

∫
Tm(ξj ,σ)

gm(ξj, σ̂
m
1 )dσ̂m1 dξ̂

n
1

=

∫
Tn+m(x,ξ)

Dn,m
j [fn(ξ̂

n
0 )gm(ξj, ξ̂

n+m
n+1 )]dξ̂n+m

1 . (9.11.150)

Proof. Identity (9.11.149) is derived directly from Fubini’s theorem. For (9.11.150),

write ∫
Tn(x,ξ)

fn(ξ̂
n
0 )

(∫
Tm(ξj ,σ)

gm(ξj, σ̂
m
1 )dσ̂m1

)
dξ̂n1

=

∫
Ωm

j (ξ̂n+m
1 )

fn(ξ̂
n
0 )gm(ξj, ξ̂

n+m
n+1 )dξ̂n+m

1 , (9.11.151)

where

Ωm
j (ξ̂n+m

1 ) = {x ≥ ξ1 ≥ . . . ≥ ξn ≥ 0; ξj ≥ ξn+1 ≥ . . . ≥ ξn+m ≥ 0}. (9.11.152)

For any m and 1 ≤ j ≤ n, it holds that

Ωm
j (ξ̂n+m

1 ) =
⋃

γ̂n−j+m
1 ∈Pn−j (ξ̂n+m

j+1 )

{ξ1 ≥ ξ2 ≥ . . . ≥ ξj ≥ γ1 ≥ . . . ≥ γn+m−j ≥ 0}.

(9.11.153)

To prove (9.11.153), we first note that if j = n or m = 0, Ωm
j (ξ̂n+m

1 ) =

Tn(x, ξ), while if j < n and m ≥ 1, since

{ξj ≥ ξj+1 ≥ 0} = {ξj ≥ ξj+1 ≥ ξn+1} ∪
(
n−1⋃
l=2

{ξn+l ≥ ξj+1 ≥ ξn+l+1}
)

∪{ξn+m ≥ ξj+1 ≥ 0}, (9.11.154)

we get

Ωm
j (ξ̂n+m

1 ) = Ωm
j+1(ξ̂

n+m
1 ) ∪

(
m−1⋃
l=2

Ωm−l
j+1 (ξ̂j1, ξ̂

n+l−1
n+1 , ξ̂nj+1, ξ̂

n+m
n+l )

)

∪Ω0
j+1(ξ̂

j
1, ξ̂

n+m
n+1 , ξ̂

n
j+1). (9.11.155)

Similarly, for j = n or m = 0, the symbol Pn−j(ξ̂n+m
j+1 ) = {ξ̂n+m

j+1 }, and if j < n and

m ≥ 1, verifies that

Pn−j(ξ̂n+m
j+1 ) = {ξj+1, Pn−j−1(ξ̂

n+m
j+2 )} ∪

(
m−1⋃
l=2

{ξ̂n+l−1
n+1 , ξj+1, Pn−j−1(ξ̂

n
j+2, ξ̂

n+m
n+l )}

)

∪{ξ̂n+m
n+1 ξ̂

n
j+1}. (9.11.156)
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Note (9.11.156) and (9.11.155) is essentially the same identity (the former

expressed as a combinatorial identity and the later given as a geometric identity).

This fact allows to easily prove (9.11.153) by double induction on j and m.

With (9.11.153) established, we have that

∫
Tn(x,ξ)

fn(ξ̂
n
0 )

(∫
Tm(ξj ,σ)

gm(ξj, σ̂
m
1 )dσ̂m1

)
dξ̂n1

=
∑

γ̂n−j+1
1 ∈Pn−j(ξ̂

n+m
j+1 )

∫
Tn+m(x,ξ)

fn(ξ̂
j
0, γ̂

n−j
1 )gm(ξj, γ̂

n−j+m
n−j+1 )dξ̂n+i

1

=

∫
Tn+m(x,ξ)

Dn,m
j [fn(ξ̂

n
0 )gm(ξ̂j, ξ̂

n+m
n+1 )]dξ̂n+m

1 , (9.11.157)

where we have used (9.4.57). Then, (9.11.150) follows.

We next derive the general kernel equation for n ≥ 2 (the case n = 1 is

covered in [101]). We start from Equation (9.4.37),

0 =

∞∑
n=1

(
λ(x)u+ u(t, x)

∫
Tn(x,ξ)

hn(ξ̂
n
0 )

n∏
udξ̂n1 +

∫
Tn(x,ξ)

fn(ξ̂
n
0 )

n∏
udξ̂n1

+

(
∂2

∂x2
− ∂

∂t

)∫
Tn(x,ξ)

kn(ξ̂
n
0 )

n∏
udξ̂n1

)
. (9.11.158)

The second spatial derivative in (9.11.158) is

∂2

∂x2

∫
Tn(x,ξ)

kn(ξ̂
n
0 )

n∏
udξ̂n1

=

∫
Tn(x,ξ)

∂xxkn(ξ̂
n
0 )

n∏
udξ̂n1 + ux(t, x)

∫
Tn−1(x,ξ)

kn(x, ξ̂
n−1
0 )

n−1∏
udξ̂n−1

1

+u(t, x)

∫
Tn−1(x,ξ)

(
2∂xkn(x, ξ̂

n−1
0 ) + ∂ξ1kn(x, ξ̂

n−1
0 )

) n−1∏
udξ̂n−1

1

+u(t, x)2

∫
Tn−2(x,ξ)

kn(x, x, ξ̂
n−2
0 )

n−2∏
udξ̂n−2

1 , (9.11.159)

whereas the time derivative in (9.11.158) is as follows

∂

∂t

∫
Tn(x,ξ)

kn(ξ̂
n
0 )

n∏
udξ̂n1
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=

n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )uxx(t, ξj)

n,j∏
udξ̂n1 +

n∑
j=1

∫
Tn(x,ξ)

λ(ξj)kn(ξ̂
n
0 )

n∏
udξ̂n1

+
n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )H [u](ξj, t)

n∏
udξ̂n1

+

n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )F [u](ξj, t)

n,j∏
udξ̂n1 . (9.11.160)

Using (9.11.149) for the first term in (9.11.160),

n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )uxx(t, ξj)

n,j∏
udξ̂n1

=

n−1∑
j=1

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

kn(ξ̂
j−1
0 , s, ξ̂n−1

j )uxx(s, t)

n−1∏
udξ̂n−1

1

+

∫
Tn−1(x,ξ)

∫ ξn−1

0

kn(ξ̂
n−1
0 , s)uxx(s, t)

n−1∏
udξ̂n−1

1 , (9.11.161)

and integrating by parts,

n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )uxx(t, ξj)

n,j∏
udξ̂n1

=

n∑
j=1

∫
Tn(x,ξ)

∂ξjξjkn(ξ̂
n
0 )

n∏
udξ̂n1

+

n∑
j=1

∫
Tn−1(x,ξ)

kn(ξ̂
j−1
0 , ξj−1, ξ̂

n−1
j )ux(t, ξj−1)

n−1∏
udξ̂n−1

1

−
n−1∑
j=1

∫
Tn−1(x,ξ)

kn(ξ̂
j−1
0 , ξj, ξ̂

n−1
j )ux(t, ξj)

n−1∏
udξ̂n−1

1

−
n∑
j=1

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

∂ξjkn(ξ̂
j−1
0 , ξj−1, ξ̂

n−1
j )u(t, ξj−1)

n−1∏
udξ̂n−1

1

+

n−1∑
j=1

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

∂ξjkn(ξ̂
j−1
0 , ξj, ξ̂

n−1
j )u(t, ξj)

n−1∏
udξ̂n−1

1

−ux(t, 0)

∫
Tn−1(x,ξ)

kn(ξ̂
n−1
0 , 0)

n−1∏
udξ̂n−1

1

+u(t, 0)

∫
Tn−1(x,ξ)

knξn(ξ̂n−1
0 , 0)

n−1∏
udξ̂n−1

1 . (9.11.162)
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In (9.11.162), some terms cancel out, yielding

n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )uxx(t, ξj)

n,j∏
udξ̂n1

=

n∑
j=1

∫
Tn(x,ξ)

∂ξjξjkn(ξ̂
n
0 )

n∏
udξ̂n1 + ux(t, x)

∫
Tn−1(x,ξ)

kn(x, x, ξ̂
n−1
1 )

n−1∏
udξ̂n−1

1

−u(t, x)
∫
Tn−1(x,ξ)

∂ξ1kn(x, x, ξ̂
n−1
1 )

n−1∏
udξ̂n−1

1

+

n−1∑
j=1

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

(
∂ξjkn(ξ̂

j−1
0 , ξj, ξ̂

n−1
j )

−∂ξj+1kn(ξ̂
j−1
0 , ξj, ξ̂

n−1
j )

)
u(t, ξj)

n−1∏
udξ̂n−1

1

+u(t, 0)

∫
Tn−1(x,ξ)

(
knξn(ξ̂n−1

0 , 0) − qkn(ξ̂
n−1
0 , 0)

) n−1∏
udξ̂n−1

1 . (9.11.163)

In the last line of (9.11.163) we have used the Robin boundary condition for u at

x = 0. The third term in (9.11.160) can be written as

n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )H [u](ξj, t)

n∏
udξ̂n1

=

n∑
j=1

∞∑
m=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )

(∫
Ti(ξj ,σ)

hm(ξj, σ̂
m
1 )

m∏
udσ̂m1

)
n∏
udξ̂n1

=

n∑
j=1

∞∑
m=1

∫
Tn+m−1(x,ξ)

Dn,m
j [kn(ξ̂

n
0 )hm(ξj, ξ̂

m+n
n+1 )]

n+m∏
udξ̂n+m

1 , (9.11.164)

where we have applied (9.11.150). Then, we can write

∞∑
n=1

n∑
j=1

∞∑
m=1

∫
Tn+m(x,ξ)

Dn,m
j [kn(ξ̂

n
0 )hm(ξj, ξ̂

m+n
n+1 )]

n+m∏
udξ̂n+m

1

=

∞∑
n=1

n−1∑
m=1

n−m+1∑
j=1

∫
Tn(x,ξ)

Dn−m,m
j [kn−m(ξ̂n−m0 )hm(ξj, ξ̂

n
n−m+1)]

n∏
udξ̂n1

=

∞∑
n=1

∫
Tn(x,ξ)

n−1∑
m=1

Cm
n [kn−m, hm]

n∏
udξ̂n1 (9.11.165)
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Similarly, the fourth term in (9.11.160) can be written as

n∑
j=1

∫
Tn(x,ξ)

kn(ξ̂
n
0 )F [u](ξj, t)

n,j∏
udξ̂n1

=

n∑
j=1

∞∑
m=1

∫
Tn+m−1(x,ξ)

Dn,m
j [kn(ξ̂

n
0 )fm(ξj, ξ̂

m+n
n+1 ]

n+m,j∏
udξ̂n+m

1

=
n∑
j=1

∞∑
m=1

∫
Tn+m−1(x,ξ)

∫ ξj−1

ξj

Dn,m
j [kn(ξ̂

n
j−1, s, ξ̂

n−1
j )fm(s, ξ̂m+n−1

n )]ds

×
n+m−1∏

udξ̂n+m−1
1 , (9.11.166)

where we have applied (9.11.150) and (9.11.149). Then, as in (9.11.165),

∞∑
n=1

n∑
j=1

∞∑
m=1

∫
Tn+m−1(x,ξ)

∫ ξj−1

ξj

Dn,m
j [kn(ξ̂

n
j−1, s, ξ̂

n−1
j )fm(s, ξ̂m+n−1

n )]ds

×
n+m−1∏

udξ̂n+m−1
1

=
∞∑
n=1

∫
Tn(x,ξ)

(
I[kn, f1] +

n∑
m=2

Bm
n [kn−m+1, fm]

)
n∏
udξ̂n1 . (9.11.167)

Collecting all the terms (9.11.159), (9.11.163), (9.11.165) and (9.11.167)

into (9.11.158), we get

0 =

∞∑
n=1

∫
Tn(x,ξ)

[
fn + ∂xxkn −

n∑
j=1

∂ξjξjkn −
n∑
j=1

λ(ξj)kn − I[kn, f1]‘

−
n∑

m=2

Bi
n[kn−m+1, fm] −

n−1∑
m=1

Cm
n [kn−m, hm]

]
n∏
udξ̂n1

+u(t, 0)
∞∑
n=1

∫
Tn−1(x,ξ)

(
knξn(ξ̂n−1

0 , 0) − qkn(ξ̂
n−1
0 , 0)

) n−1∏
udξ̂n−1

1

+
∞∑
n=1

n−1∑
j=1

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

(
∂ξjkn(ξ̂

j−1
0 , ξj, ξ̂

n−1
j ) − ∂ξj+1kn(ξ̂

j−1
0 , ξj, ξ̂

n−1
j )

)

×u(t, ξj)
n−1∏

udξ̂n−1
1

+u(t, x)

[
λ(x) +

∞∑
n=1

∫
Tn−1(x,ξ)

(
hn−1 + 2

d

dx
kn(x, x, ξ̂

n−1
1 )

) n−1∏
udξ̂n−1

1

]

+u2(t, x)
∞∑
n=2

∫
Tn−2(x,ξ)

kn(x, x, x, ξ̂
n−2
1 )

n−2∏
udξ̂n−2

1 , (9.11.168)



231

where we define the total derivative d
dx

of the kernel kn as

d

dx
kn(x, x, ξ̂

n−1
1 ) = knx(x, x, ξ̂

n−1
1 ) + knξ1(x, x, ξ̂

n−1
1 ). (9.11.169)

Since (9.11.168) has to be verified for arbitrary u, we get that the terms inside the

integrals must be zero. Hence, we get

∂xxkn =
n∑
i=1

∂ξiξikn +
n∑
j=1

λ(ξj)kn − fn + In[kn, f1]

+

n∑
m=2

Bm
n [kn−m+1, fm] +

n−1∑
m=1

Cm
n [kn−m, hm], (9.11.170)

and

∂ξi−1
kn(ξ̂

n
0 )
∣∣∣
ξi−1=ξi

= ∂ξikn(ξ̂
n
0 )
∣∣∣
ξi−1=ξi

, i = 2, .., n, (9.11.171)

knξn(ξ̂n−1
0 , 0) = qkn(ξ̂

n−1
0 , 0), (9.11.172)

d

dx
kn(x, x, ξ̂

n
2 ) = −1

2
hn−1(x, ξ̂

n
2 ), (9.11.173)

kn(x, x, x, ξ̂
n
3 ) = 0. (9.11.174)

Equations (9.11.170)–(9.11.174) are the general kernel equations, but we still need

to derive boundary conditions (9.4.41) and (9.4.42)

Integrating (9.11.173) and using (9.11.174) to determine the constant of

integration, we get (9.4.41):

kn(x, x, ξ̂
n
2 ) = −1

2

∫ x

ξ2

hn−1(s, ξ̂
n
2 )ds. (9.11.175)

Boundary condition (9.4.42) is built into (9.11.170). Defining φn as in

(9.4.45), when ξ1 = x (9.11.170) reduces to

∂xxkn(x, x, ξ̂
n
2 ) = ∂ξ1ξ1kn(x, x, ξ̂

n
2 ) + φn(x, ξ̂

n
2 ). (9.11.176)

Taking derivative with respect to x in (9.11.173),

(∂xxkn + ∂ξ1ξ1kn + 2∂xξ1kn) (x, x, ξ̂n2 ) = −1

2
∂xhn−1(x, ξ̂

n
2 ), (9.11.177)
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which substituted in (9.11.176) gives

2 (∂xxkn + ∂xξ1kn) (x, x, ξ̂n2 ) = −1

2
∂xhn−1(x, ξ̂

n
2 ) + φn(x, ξ̂

n
2 ), (9.11.178)

hence
d

dx
knx(x, x, ξ̂

n
2 ) = −1

4
∂xhn−1(x, ξ̂

n
2 ) +

1

2
φn(x, ξ̂

n
2 ). (9.11.179)

From (9.11.171) at i = 2, ξ1 = x, we get that

knξ1(x, x, x, ξ̂
n
3 ) = knξ2(x, x, x, ξ̂

n
3 ) (9.11.180)

and since (9.11.174) implies

(knx + knξ1 + knξ2) (x, x, x, ξ̂n3 ) = 0, (9.11.181)

we get, from (9.11.173), that

knx(x, x, x, ξ̂
n
3 ) = −hn−1(x, ξ̂

n
2 ). (9.11.182)

Integrating (9.11.179) and using (9.11.182) to find the constant of inte-

gration, we get

knx(x, x, ξ̂
n
2 ) = −1

4
hn−1(x, ξ̂

n
2 ) − 3

4
hn−1(ξ2, ξ̂

n
2 )

+
1

2

∫ x

ξ2

φn(s, ξ̂
n
2 )ds. (9.11.183)

9.11.2 Proof of Theorem 9.17

Define the (x-dependent) L2(Tn) norm of kn(ξ̂
n
0 ) as

‖kn(x)‖2
L2(Tn(x)) =

∫
Tn(x,ξ)

k2
n(ξ̂

n
0 )dξ̂n1 (9.11.184)

For simplicity we will write ‖kn(x)‖2
L2(Tn).

The proof of the theorem requires a number of technical results. The first

result is used to get a simpler expression for the number of terms in the right hand

side of the kernel PIDE equation.
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Lemma 9.31. For n ≥ m ≥ 0, we have that

n−m∑
j=0


 m+ j

j


 =

(n+ 1)!

(m+ 1)!(n−m)!
. (9.11.185)

Proof. We have that

n−m∑
j=0


 m+ j + 1

j




=


 m+ 1

0


 +

n−m∑
j=1


 m+ j + 1

j




= 1 +

n−m∑
j=1


 m+ j

j


 +

n−m∑
j=1


 m+ j

j − 1




=
n−m∑
j=0


 m+ j

j


 +

n−m−1∑
j=0


 m+ j + 1

j


 , (9.11.186)

where we have used the fact that
 n+ 1

k + 1


 =


 n

k + 1


+


 n

k


 . (9.11.187)

Hence, solving in (9.11.186) for the left hand side of (9.11.185), we get

n−m∑
j=0


 m+ j

j


 =

n−m∑
j=0


 m+ j + 1

j


−

n−m−1∑
j=0


 m+ j + 1

j




=


 n+ 1

n−m


 , (9.11.188)

and the result follows.

The next result allows to estimate the various norms arising in the proof

of the theorem.

Lemma 9.32. The following estimates hold.
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1. For D defined in (9.4.57), we have that for any function gn(ξ
n
0 ),

‖Dn,m
j [gnfm](x)‖2

L2(Tn+m) ≤ xm
‖fm‖2

∞
m!

(m+ n− j)!

m!(n− j)!

×‖gn(x)‖2
L2(Tn). (9.11.189)

2. For B defined in (9.4.58), we have that

‖Bm
n [kn−m+1, fm](x)‖2

L2(Tn) ≤ xm
(n+ 1)!(n−m+ 1)

(m+ 1)!(n−m)!

‖fm‖2
∞

m!

×‖kn−m+1(x)‖2
L2(Tn−m+1). (9.11.190)

3. For C defined in (9.4.59), we have that

‖Cm
n [kn−m, hm](x)‖2

L2(Tn) ≤ xm
n!(n−m)

(m+ 1)!(n−m− 1)!

‖hm‖2
∞

m!

×‖kn−m(x)‖2
L2(Tn−m). (9.11.191)

Proof. Using the definition of D, we have that

‖Dn,m
j [gn, fm](x)‖2

L2(Tn+m) =

∫
Tn+m(x,ξ)

Dn,m
j [gn, fm]2(ξ̂n+m−1

0 )dξ̂n+m
1

=

∫
Tn+m(x,ξ)

( ∑
γ̂n−j+m
1 ∈Pn−j(ξ̂

n+m
j+1 )

gn(ξ̂
j
0, γ̂

n−j
1 )

×fm(ξj, γ̂
n+m−j
n−j+1 )ds

)2

dξ̂n+m
1 . (9.11.192)

Since Pn−j(ξ̂
n+m
j+1 ) has (n+m−j)!

m!(n−j)! elements and as (
∑n

k=1 pk)
2 ≤ n

∑n
k=1 p

2
k, (9.11.192)

yields

‖D[gn, fm, j](x)‖2
L2(Tn+m)

≤ (n+m− j)!

m!(n− j)!

∫
Tn+m−1(x,ξ)

∑
γ̂n−j+m
1 ∈Pn−j(ξ̂

n+m
j+1 )

(
g2
n(ξ̂

j
0, γ̂

n−j
1 )

×f 2
m(ξj, γ̂

n+m−j
n−j+1 )

)
dξ̂n+m

1

=
(n+m− j)!

m!(n− j)!

∫
Tn+m−1(x,ξ)

Dn,m
j [g2

n, f
2
m](ξ̂n+m

0 )dξ̂n+m
1 . (9.11.193)
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From Lemma 9.30, ∫
Tn+m(x,ξ)

Dn,m
j [g2

n, f
2
m, j](ξ̂

n+m
0 )dξ̂n+m

1

=

∫
Tn(x,ξ)

g2
n(ξ̂

n
0 )

(∫
Tm(ξj ,σ)

f 2
m(ξj, σ̂

m
1 )dσ̂m1

)
dξ̂n1

≤ ‖fm‖2
∞x

m

m!

∫
Tn(x,ξ)

g2
n(ξ̂

n
0 )dξ̂n1 , (9.11.194)

hence

‖Dn,m
j [gn, fm, j](x)‖2

L2(Tn+m) ≤
(n +m− j)!

m!(n− j)!

‖fm‖2
∞x

m

m!
‖gn(x)‖2

L2(Tn), (9.11.195)

which gives (9.11.189). For (9.11.190), and using Lemma 9.30

‖Bm
n [kn−m+1, fm](x)‖2

L2(Tn)

=

∫
Tn(x,ξ)

(
n−m+1∑
j=1

∫ ξj−1

ξj

Dn−m+1,m
j

[
kn−m+1(ξ̂

j−1
0 , s, ξ̂jn−m)fm(s, ξ̂nn−m+1)

])2

dξ̂n1

≤ (n−m+ 1)
n−m+1∑
j=1

∫
Tn(x,ξ)

∫ ξj−1

ξj

Dn−m+1,m
j

[
kn−m+1(ξ̂

j−1
0 , s, ξ̂jn−m)

×fm(s, ξ̂nn−m+1)
]2

dξ̂n1

= (n−m+ 1)

n−m+1∑
j=1

∫
Tn+1(x,ξ)

Dn−m+1,m
j [kn−m+1(ξ̂

n−m+1
0 )fm(ξj, ξ̂

n+1
n−m)]2dξ̂n1

= (n−m+ 1)

n−m+1∑
j=1

‖Dn−m+1,m
j [kn−m+1fm](x)‖2

L2(Tn+1), (9.11.196)

and using (9.11.189) we get

‖Bm
n [kn−m+1, fm](x)‖2

L2(Tn) ≤ (n−m+ 1)

(
n−m+1∑
j=1

(n+ 1 − j)!

m!(n−m+ 1 − j)!

)

×xm‖fm‖2
∞

m!
‖kn−m+1(x)‖2

L2(Tn−m+1). (9.11.197)

and using Lemma 9.31 on the sum in (9.11.197), we obtain

n−m+1∑
j=1

(n+ 1 − j)!

m!(n−m+ 1 − j)!
=

n−m∑
j=0


 m+ j

j


 =

(n+ 1)!

(m+ 1)!(n−m)!
, (9.11.198)
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hence, we get (9.11.190). The estimate for C is obtained in the same way as the

estimate for B. The result then follows.

Remark 9.33. Since I[kn, f1] = Bn
1 [kn, f1], we get

‖I[kn, f1](x)‖2
L2(Tn) ≤

n2(n + 1)

2
‖f1‖2

ξ∞‖kn(x)‖2
L2(Tn). (9.11.199)

The next lemma is useful to treat the Robin boundary condition.

Lemma 9.34. Let n ≥ 1, q > 0, kn(ξ̂
n
0 ) ∈ H1(Tn). Then

q

∫
Tn−1(x,ξ)

k2
n(ξ̂

n−1
0 , 0)dξ̂n−1

1 ≤ q

∫
Tn−1(x,ξ)

k2
n(x, x, ξ̂

n−1
1 )dξ̂n−1

1

+q2‖k2
n(x)‖L2(Tn)

+

n∑
j=1

‖k2
nξj

(x)‖L2(Tn). (9.11.200)

Proof. By the fundamental theorem of calculus,

q

∫
Tn−1(x,ξ)

k2
n(ξ̂

n−1
0 , 0)dξ̂n−1

1 − q

∫
Tn−1(x,ξ)

k2
n(ξ̂

n−1
0 , ξn−1)dξ̂

n−1
1

= −q
∫
Tn(x,ξ)

∂ξnk
2
n(ξ̂

n
0 )dξ̂n1 = −2q

∫
Tn(x,ξ)

knknξn(ξ̂n0 )dξ̂n1 . (9.11.201)

Similarly, using Lemma 9.30, for j = 0, . . . , n− 2,

q

∫
Tn−1(x,ξ)

k2
n(ξ̂

j
0, ξj+1, ξ̂

n−1
j+1 )dξ̂n−1

1 − q

∫
Tn−1(x,ξ)

k2
n(ξ̂

j
0, ξj, ξ̂

n−1
j+1 )dξ̂n−1

1

= −q
∫
Tn(x,ξ)

∂ξjk
2
n(ξ̂

n
0 )dξ̂n1 = −2q

∫
Tn(x,ξ)

knknξj+1
(ξ̂n0 )dξ̂n1 , (9.11.202)

hence

q

∫
Tn−1(x,ξ)

k2
n(ξ̂

n−1
0 , 0)dξ̂n−1

1 − q

∫
Tn−1(x,ξ)

k2
n(x, x, ξ̂

n−1
1 )dξ̂n−1

1

= −2q

∫
Tn(x,ξ)

kn

(
n∑
j=1

knξj

)
(ξ̂n0 )dξ̂n1

≤ q2‖k2
n(x)‖L2(Tn) +

n∑
j=1

‖k2
nξj

(x)‖L2(Tn), (9.11.203)

and the result follows.
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The next lemma is used to get a precise estimate of the kernel growth.

Lemma 9.35. Let n > 2, x ∈ [0, 1] and Υ > 0. Then∫ x

0

ξ
n−1

2 exp (Υξ) dξ ≤ x
n
2 exp (Υx)√
n + 1

√
D

(9.11.204)

Proof. Using the Cauchy-Schwartz inequality,

∫ x

0

ξ
n−1

2 exp (Υξ) dξ ≤

√(∫ x

0

ξn−1dξ

)(∫ x

0

exp

(
Υ

2
ξ

)
dξ

)

=

√
xn

(
exp

(
Υ
2
x
)
− 1

)
2nΥ

≤ x
n
2 exp (Υx)√
n+ 1

√
Υ
, (9.11.205)

where we have used that n + 1 ≤ 2n. Hence the result follows.

The next result is the main ingredient in the proof of Theorem 9.17.

Proposition 9.36. Let gn(x) ≥ 0 be a sequence of differentiable functions defined

for n ≥ 1, x ∈ [0, 1], and verifying gn(0) = 0. Assume the following estimate holds

for n ≥ 1,

d

dx
gn(x) ≤ (nB + E)gn(x) + Cn−1D

√
xnn!

2
+

√
(n+ 1)!

B

n∑
m=2

Cm−1

×Dgn−m+1(x)

√
xm

m(n−m+ 1)!

(
1 +

2√
(n+ 1)x

)
, (9.11.206)

where B,C,E > 0 and D ≥ B2. Then, gn(x) verifies the following bound:

gn(x) ≤
√
n!DCn−1xn/2 exp ((nB + E + Υ)x)) , (9.11.207)

where Υ = 4D
2(1+2

√
B)2

B4 > 1.

Proof. We prove the claim by complete induction. For n = 1, the bound for g1 is

not dependent on other gn’s:

d

dx
g1(x) ≤ (B + E)g1 +D

√
x

2
. (9.11.208)
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Using the comparison principle (Khalil), since g1(0) = 0,

g1(x) ≤ D
1√
2

∫ x

0

√
ξ exp ((B + E)(x− ξ))) dξ

≤ D
√
x exp ((B + E)x)

≤ D
√
x exp ((B + E + Υ)x) , (9.11.209)

so the result follows for n = 1. For n ≥ 2, we assume that the claim holds for gj

if j = 1, . . . , n− 1. Then g′n(x) is bounded as follows

d

dx
gn(x) ≤ (nB + E)gn(x) + Cn−1D

√
xnn!

2
+

√
(n+ 1)!xn+1

B

n∑
m=2

Cn−1D2

√
m

× exp ((B(n−m+ 1) + E + Υ)x)

(
1 +

2√
(n+ 1)x

)

= nBgn(x) + Cn−1D

√
xnn!

2
+ Cn−1D

2

B

√
(n+ 1)!xn+1 exp ((Υ + E)x)

×
n∑

m=2

exp (B(n−m+ 1)x)√
m

(
1 +

2√
(n+ 1)x

)
. (9.11.210)

Now, call z = exp (Bx). Note that the sum in the last line of (9.11.210) can be

written as

n∑
m=2

exp (B(n−m+ 1)x)
1√
m

=

n∑
m=2

zn−m+1

√
m

≤ 1√
2

n−1∑
m=1

zm

=
1√
2

zn − z

z − 1
. (9.11.211)

Since z = exp (Bx), we have that z − 1 ≥ Bx, which implies that

n∑
m=2

exp (B(n−m+ 1)x) ≤ exp (Bnx) − exp (Bx)

exp (Bx) − 1

≤ exp (Bnx)

Bx
. (9.11.212)
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Similarly, we can also write

n∑
m=2

exp (B(n−m+ 1)x) =



√√√√ n∑

m=2

exp (B(n−m+ 1)x)




2

≤
√

exp (Bnx)

Bx

√
(n− 1) exp (B(n− 1)x)

=

√
n + 1

Bx
exp (Bnx) . (9.11.213)

We use (9.11.213) for the part of (9.11.210) affected by 2√
(n+1)x

, and (9.11.212) for

the rest. Then (9.11.210) yields

d

dx
gn(x) ≤ (nB + E)gn(x) + Cn−1D

√
xnn!

2
+ Cn−1D

2

B2

√
(n+ 1)!

√
xn−1

× 1√
2

exp (Bnx+ Ex+ Υx)
(
1 + 2

√
B
)

(9.11.214)

Integrating and since gn(0) = 0,

gn(x) ≤ Cn−1D

√
n!

2

∫ x

0

exp ((Bn + E)(x− ξ)) ξn/2dξ + Cn−1
√

(n+ 1)!

× D2

B2
√

2

(
1 + 2

√
B
)∫ x

0

exp ((Bn+ E)x) ξ
n−1

2 exp (Υξ)dξ

≤ Cn−1D

√
n!

2
exp ((Bn+ E)x)

∫ x

0

ξn/2dξ + Cn−1
√

(n + 1)!
D2

B2
√

2

×
(
1 + 2

√
B
)

exp ((Bn + E)x)

∫ x

0

ξ
n−1

2 exp (Υξ) dξ

≤ Cn−1D

√
n!

2
xn/2+1 2

n+ 2
exp ((Bn + E)x) + Cn−1

√
(n+ 1)!

D2

B2
√

2

×
(
1 + 2

√
B
)

exp ((Bn + E)x)
x

n
2

√
n+ 1

exp (Υξ)

2D(1+2
√
B)

B2

≤
√
n!xn/2Cn−1D exp (Bnx+ Ex+ Υx)

1√
2

(
2

n+ 2
+

1

2

)
≤

√
n!xn/2Cn−1D exp (Bnx+ Ex+ Υx) , (9.11.215)

where we have used Lemma 9.35 and the definition of Υ = 4D
2(1+2

√
B)2

B4 . This

completes the proof.
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Proposition 9.37. Let Assumption 9.15 hold. Define for each n ≥ 1 the function

ψn(ξ
n
0 ) as the solution of the wave equation

ψnxx =
n∑
i=1

ψnξiξi , (9.11.216)

with boundary conditions

ψn(x, x, ξ
n
2 ) = φ̂n(x, ξ

n
2 ), (9.11.217)

∂ξi−1
ψn(ξ

n
0 )
∣∣∣
ξi−1=ξi

= ∂ξiψn(ξ
n
0 )
∣∣∣
ξi−1=ξi

, i = 2, .., n, (9.11.218)

ψnξn(ξn−1
0 , 0) = qψn(ξ

n−1
0 , 0), (9.11.219)

where φ̂1(x) = q̂ − 1/2
∫ x
0
λ(s)ds, and for n ≥ 2, φ̂n(x, ξ

n
2 ) = −1/2

∫ x
ξ2
hn−1(s, ξ

n
2 ).

Then

‖ψn(x)‖2
L2(Tn) + ‖ψnx(x)‖2

L2(Tn) ≤ 4((ρh + 1)Dh)
2xn(1 + |q|)2 exp(1 + |q̂|)(n− 1)!

×
(

1

ρh

)2(n−1)

, (9.11.220)

‖ϕn‖2
L2(Tn) ≤ D2

ϕ

(
1

ρϕ

)2(n−1)

n!xn, (9.11.221)

where

ϕn = −
n∑
i=1

λ(ξi)ψn − In[ψn, f1] − cψn

−
n∑

m=2

Bm
n [ψn−m+1, fm] −

n−1∑
m=1

Cm
n [ψn−m, hm] (9.11.222)

and ρϕ =
min{ρf ,ρh}

2
, Dϕ = 2((ρh + 1)Dh)(|q| + 1) exp(1 + |q̂|)

√
(ρh + 1)2D2

h +D2
f .

Proof. Under Assumption 9.15, there is a H1 solution to (9.11.216)–(9.11.219).

Consider

Lψn(x) =

∫
Tn(x,ξ)

(1 + q̂2)ψ2
n + ψ2

nx +
∑n

j=1 ψ
2
nξj

2
(x, ξ̂n1 )dξ̂n1

+
q

2

∫
Tn−1(x,ξ)

ψ2
n(x, ξ̂

n−1
1 , 0)dξ̂n−1

1

+
|q̂|
2

∫
Tn−1(x,ξ)

φ̂2
n(x, ξ̂

n−1
1 )dξ̂n−1

1 . (9.11.223)
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By Lemma 9.34, Lψn(x) ≥ 0. It is straightforward to show (see Proof of Theo-

rem 9.17 below), using (9.11.216)–(9.11.219), that for n ≥ 2,

L′
ψn

(x) = (1 + q̂2)

∫
Tn(x,ξ)

ψnψnx(x, ξ̂
n
1 )dξ̂n1 + |q̂|

∫
Tn−1(x,ξ)

φ̂nφ̂nx(x, ξ̂
n−1
1 )dξ̂n−1

1

+

∫
Tn−1(x,ξ)

(1 + q̂2)φ̂2
n + φ̂2

nx +
∑n

j=2 φ̂
2
nξj

2
(x, ξ̂n2 )dξ̂n2

+
q

2

∫
Tn−2(x,ξ)

φ̂2
n(x, ξ̂

n−2
1 , 0)dξ̂n−2

1 +
|q̂|
2

∫
Tn−2(x,ξ)

φ̂2
n(x, x, ξ̂

n−2
1 )dξ̂n−2

1

≤ (1 + |q̂|)Lψn(x) + (n− 1)!2D2
h

(
1

ρh

)2(n−2)

×
(
xn−1(1 + |q̂|)2

(n− 1)!

n+ 2

8
+

|q|
2

xn−2

(n− 2)!

x2

8

)
≤ (1 + |q̂|)Lψn(x) + (n− 1)!xn−1D2

h

×
(

1

ρh

)2(n−2)

(1 + |q̂|)2(1 + |q|)n+ 2

8
. (9.11.224)

Since Lψn(0) = 0, integrating (9.11.224) and using that

‖ψn(x)‖2
L2(Tn) + ‖ψnx(x)‖2

L2(Tn) ≤ 2Lψn(x), (9.11.225)

we get (9.11.220) for n ≥ 2. For n = 1, (9.11.220) follows similarly.

Finally, to get the estimate on ϕ we use (9.11.220) and Lemma 9.32 in

the definition of ϕ, obtaining (9.11.221). This finishes the proof.

Now we prove the main Theorem.

Proof of Theorem 9.17. We obtain the estimates (9.7.108) by a Lyapunov method.

First, we homogenize the equation defining k̂n(ξ
n
0 ) = kn(ξ

n
0 ) − ψn(ξ

n
0 ), where ψn

was defined in Proposition 9.37.

Then the kernels k̂n verify (9.4.38)–(9.4.45) with (9.4.41) replaced by

k̂n(x, x, ξ
n
2 ) = 0 and an additional right-hand side term, ϕn, as defined in Proposi-

tion 9.37, in (9.4.38). For simplicity, we drop hats and define γ = max{1, ‖f1‖∞ +

‖λ‖∞}.
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Consider, for each n ≥ 1, the following Lyapunov function

Ln(x) =

∫
Tn(x,ξ)

(n2γ + q̂2)k2
n(x, ξ̂

n
1 ) + k2

nx(x, ξ̂
n
1 ) +

∑n
j=1 k

2
nξj

(x, ξ̂n1 )

2
dξ̂n1

+
q

2

∫
Tn−1(x,ξ)

k2
n(x, ξ̂

n−1
1 , 0)dξ̂n−1

1 , (9.11.226)

which is positive definite by application of Lemma 9.34. Note that (9.11.226) is

equivalent to the H1 norm in Tn(x):

Ln(x) =
n2γ‖kn(x)‖2

L2(Tn) + ‖knx(x)‖2
L2(Tn) +

∑n
j=1 ‖knξj(x)‖2

L2(Tn)

2
. (9.11.227)

If q = ∞ (Dirichlet boundary condition at x = 0), then set q = 0 in (9.11.226) and

the rest of the proof.

Taking the x derivative of (9.11.226), we get

L′
n(x) = (n2γ + q̂2)

∫
Tn(x,ξ)

knknx(x, ξ̂
n
1 )dξ̂n1

+

∫
Tn(x,ξ)

(
knxknxx(x, ξ̂

n
1 ) +

n∑
j=1

knξjknξjx(x, ξ̂
n
1 )

)
dξ̂n1

+

∫
Tn−1(x,ξ)

γk2
n(x, x, ξ̂

n−1
1 ) + k2

nx(x, x, ξ̂
n−1
1 ) +

∑n
j=1 k

2
nξj

(x, x, ξ̂n−1
1 )

2
dξ̂n−1

1

+q

∫
Tn−1(x,ξ)

knknx(x, ξ̂
n−1
1 , 0)dξ̂n−1

1

+
q

2

∫
Tn−2(x,ξ)

k2
n(x, x, ξ̂

n−2
1 , 0)dξ̂n−1

1 . (9.11.228)

From the boundary conditions, k2
n(x, x, ξ̂

n−1
1 ) = 0, so k2

nξj
(x, x, ξ̂n−1

1 ) = 0 for j ≥ 2,

and knx(x, x, ξ̂
n−1
1 ) = −knξ1(x, x, ξ̂n−1

1 ). Hence, the third line of (9.11.228) is greatly

simplified as follows.

∫
Tn−1(x,ξ)

(n2γ + q̂2)k2
n(x, x, ξ̂

n−1
1 ) + k2

nx(x, x, ξ̂
n−1
1 ) +

∑n
j=1 k

2
nξj

(x, x, ξ̂n−1
1 )

2
dξ̂n−1

1

=

∫
Tn−1(x,ξ)

k2
nx(x, x, ξ̂

n−1
1 )dξ̂n−1

1 . (9.11.229)

Using the kernel PIDE equation for the first term in the second line of
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(9.11.228) we get∫
Tn(x,ξ)

knxknxx(x, ξ̂
n
1 )dξ̂n1

=

n∑
j=1

∫
Tn(x,ξ)

knxknξjξj (x, ξ̂
n
1 )dξ̂n1 +

∫
Tn(x,ξ)

(
n∑
j=1

λ(ξj)

)
knxk(x, ξ̂

n
1 )dξ̂n1

−
∫
Tn(x,ξ)

(knxfn(x, ξ̂
n
1 )dξ̂n1 +

∫
Tn(x,ξ)

(knxϕn(x, ξ̂
n
1 )dξ̂n1

+

∫
Tn(x,ξ)

knxI[kn, f1](x, ξ̂
n
1 )dξ̂n1

+

n∑
m=2

∫
Tn(x,ξ)

knxB
m
n [kn−m+1, fm](x, ξ̂n1 )dξ̂n1

+

n−1∑
m=1

∫
Tn(x,ξ)

knxC
m
n [kn−m, hm](x, ξ̂n1 )dξ̂n1 . (9.11.230)

Now the first integral in the second line of (9.11.230) can be expressed as

n∑
j=1

∫
Tn(x,ξ)

knxknξjξj (x, ξ̂
n
1 )dξ̂n1

=

n−1∑
j=1

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

knxknξjξj (x, ξ̂
j−1
1 , s, ξ̂n−1

j )dsdξ̂n−1
1

+

∫
Tn(x,ξ)

knxknξnξn(x, ξ̂n1 )dξ̂n1 . (9.11.231)

Integrating by parts in ξj in (9.11.231),

n∑
j=1

∫
Tn(x,ξ)

knxknξjξj(x, ξ̂
n
1 )dξ̂n1

= −
n−1∑
j=1

∫
Tn−1(x,ξ)

∫ ξj−1

ξj

knxξjknξj(x, ξ̂
j−1
1 , s, ξn−1

j )dsdξ̂n−1
1

−
∫
Tn(x,ξ)

knxξnknξn(x, ξ̂n1 )dξ̂n1

+

n−1∑
j=1

∫
Tn−1(x,ξ)

(
knxknξj(x, ξ̂

j−1
1 , ξj−1, ξ̂

n−1
j ) − knxknξj(x, ξ̂

j−1
1 , ξj, ξ

n−1
j )

)
dξ̂n−1

1

+

∫
Tn(x,ξ)

(
knxknξn(x, ξ̂n−1

1 , ξn−1) − knxknξn(x, ξ̂n−1
1 , 0)

)
dξ̂n−1

1

= −
n∑
j=1

∫
Tn(x,ξ)

knxξjknξj(x, ξ̂
n
1 )dξ̂n1 +

∫
Tn−1(x,ξ)

knxknξ1(x, x, ξ̂
n−1
1 )dξ̂n−1

1
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+
n−1∑
j=1

∫
Tn−1(x,ξ)

(
knxknξj+1

(x, ξ̂j1, ξj, ξ̂
n−1
j ) − knxknξj (x, ξ̂

j−1
1 , ξj, ξ

n−1
j )

)
dξ̂n−1

1

−
∫
Tn−1(x,ξ)

knxknξn(x, ξ̂n−1
1 , 0)dξ̂n−1

1 , (9.11.232)

and using the Neumann boundary conditions for ξj = ξj+1 and the Robin boundary

conditions for ξn = 0, we get

n∑
j=1

∫
Tn(x,ξ)

knxknξjξj(x, ξ̂
n
1 )dξ̂n1

= −
n∑
j=1

∫
Tn(x,ξ)

knxξjknξj(x, ξ̂
n
1 )dξ̂n1 −

∫
Tn−1(x,ξ)

k2
nx(x, x, ξ̂

n−1
1 )dξ̂n−1

1

−q
∫
Tn−1(x,ξ)

knxkn(x, ξ̂
n−1
1 , 0)dξ̂n−1

1 , (9.11.233)

where we have used again that knξ1(x, x, ξ̂
n−1
1 ) = −knx(x, x, ξ̂n−1

1 ). Then some

terms cancel out, leaving

d

dx
Ln = (n2γ + q̂2)

∫
Tn(x,ξ)

knknx(x, ξ̂
n
1 )dξ̂n1 +

∫
Tn(x,ξ)

(
n∑
j=1

λ(ξj)

)
knxk(x, ξ̂

n
1 )dξ̂n1

−
∫
Tn(x,ξ)

knxfn(x, ξ̂
n
1 )dξ̂n1 +

∫
Tn(x,ξ)

(knxϕn(x, ξ̂
n
1 )dξ̂n1

+

∫
Tn(x,ξ)

knxI[kn, f1](x, ξ̂
n
1 )dξ̂n1

+
n∑

m=2

∫
Tn(x,ξ)

knxB
m
n [kn−m+1, fm](x, ξ̂n1 )dξ̂n1

+
n−1∑
m=1

∫
Tn(x,ξ)

knxC
m
n [kn−m, hm](x, ξ̂n1 )dξ̂n1 , (9.11.234)

and using Cauchy-Schwartz and Young’s inequalities, and the definition of γ (note

that if f1 = 0 then I[kn, f1] = 0),

d

dx
Ln ≤ (n

√
γ + |q̂|)

∫
Tn(x,ξ)

(n2γ + q̂2)k2
n(x, ξ̂

n
1 ) + k2

nx(x, ξ̂
n
1 )

2
dξ̂n1

+

√∫
Tn(x,ξ)

k2
nx(x, ξ̂

n
1 )dξ̂n1

(
‖fn‖∞

√
xn

n!
+

√∫
Tn(x,ξ)

ϕ2
n(x, ξ̂

n
1 )dξ̂n1

)

+
n∑

m=2

√∫
Tn(x,ξ)

k2
nx(x, ξ̂

n
1 )dξ̂n1

√∫
Tn(x,ξ)

(
Bm
n [kn−m+1, fm](x, ξ̂n1 )

)2

dξ̂n1
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+
n−1∑
m=1

√∫
Tn(x,ξ)

k2
nx(x, ξ̂

n
1 )dξ̂n1

√∫
Tn(x,ξ)

(
Cm
n [kn−m, hm](x, ξ̂n1 )

)2

dξ̂n1

+n
√
γ

∫
Tn(x,ξ)

k2
nx +

I2[kn,f1](x,ξ̂n
1 )

n2‖f1‖∞
2

dξ̂n1 , (9.11.235)

and using Lemma 9.32,

d

dx
Ln ≤ (2n

√
γ + |q̂|)

∫
Tn(x,ξ)

(n2γ + q̂2)k2
n(x, ξ̂

n
1 ) + k2

nx(x, ξ̂
n
1 )

2
dξ̂n1

+

√∫
Tn(x,ξ)

k2
nx(x, ξ̂

n
1 )dξ̂n1

(
‖fn‖∞

√
xn

n!
+

√∫
Tn(x,ξ)

ϕ2
n(x, ξ̂

n
1 )dξ̂n1

)

+

√∫
Tn(x,ξ)

k2
nx(x, ξ̂

n
1 )dξ̂n1

√
(n + 1)!

[
n∑

m=2

‖fm‖∞
√
xm

m!

√
n−m+ 1

m(n−m)!

×
√∫

Tn−m+1(x,ξ)

k2
n−m+1(x, ξ̂

n−m+1
1 )dξ̂n−m+1

1 +
1√
n + 1

n−1∑
m=1

‖hm‖∞
√
xm

m!

×
√

n−m

m(n−m− 1)!

√∫
Tn−m(x,ξ)

k2
n−m(x, ξ̂n−m1 )dξ̂n−m1

]

≤ (2n
√
γ + |q̂|)Ln(x) +

√
2Ln(x)

(
‖fn‖∞

√
xn

n!
+ ‖ϕn‖L2(Tn)

)

+2

√
(n+ 1)!Ln(x)

γ

n∑
m=2

‖fm‖∞
m!

√
xmLn−m+1(x)

m(n−m+ 1)!

+2

√
n!Ln(x)

γ

n−1∑
m=1

‖hm‖∞
m!

√
xmLn−m(x)

m(n−m)!
. (9.11.236)

Using Assumption 9.15 and Proposition 9.37,

d

dx
Ln ≤ (2n

√
γ + |q̂|)Ln(x) +

√
2Ln(x)

((
1

ρf

)n−1

Df +

(
1

ρϕ

)n−1

Dϕ

)
√
xnn!

+2

√
(n+ 1)!Ln(x)

γ

n∑
m=2

(
1

ρf

)m−1

Df

√
xmLn−m+1(x)

m(n−m+ 1)!

+2

√
n!Ln(x)

γ

n−1∑
m=1

(
1

ρh

)m−1

ρhDh

√
xmLn−m(x)

m(n−m)!
. (9.11.237)

Call C = 1/ρϕ. Then 1/ρf ≤ C and 1/ρh ≤ C. Call D = Df + ρhDh + Dϕ.
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Dividing (9.11.237) by 2
√
Ln(x), getting

d

dx

√
Ln(x) ≤ (n

√
γ +

|q̂|
2

)
√
Ln(x) + Cn−1D

√
xnn!

2
+

√
(n+ 1)!

γ

n∑
m=2

Cm−1D

×
√

xmLn−m+1(x)

m(n−m+ 1)!

(
1 +

2√
x(n+ 1)

)
. (9.11.238)

Calling gn(x) =
√
Ln(x) in (9.11.238), we get

d

dx
gn(x) ≤ (n

√
γ +

|q̂|
2

)gn(x) + Cn−1D

√
xnn!

2
+

√
(n + 1)!

γ

n∑
m=2

Cm−1D

×gn−m+1(x)

√
xm

m(n−m+ 1)!

(
1 +

2√
x(n + 1)

)
. (9.11.239)

Since gn > 0 and gn(0) =
√
Ln(0) = 0, we can use Proposition 9.36 with B =

√
γ,

E = |q̂|
2
. Thus we obtain

√
Ln(x) ≤

√
n!DCn−1xn/2 exp

(
n
√
γx+

|q̂|
2
x+ Υx

)
, (9.11.240)

where Υ = 4
D2(1+2 4

√
γ)2

γ2 > 1. Squaring (9.11.240) yields

Ln(x) ≤ n!D2C2n−2xn exp (2n
√
γx+ |q̂|x+ 2Υx) . (9.11.241)

Hence, recovering the hat notation,

n2γ

2
‖k̂n(x)‖2

L2(Tn) ≤ Ln(x) ≤ n!D2C2n−2 exp (2n
√
γ + |q̂| + 2Υ) , (9.11.242)

and since γ−1 ≤ 1,

‖kn(x) + ψn(x)‖2
L2(Tn) ≤ (n− 1)!2D2C2n−2 exp (2n

√
γ + |q̂| + 2Υ) , (9.11.243)

where ψn was defined in Proposition 9.37. Then, using the definition of C and D,

‖kn(x)‖2
L2(Tn) = ‖kn(x) + ψn(x) − ψn(x)‖2

L2(Tn)

≤ (n− 1)!4D2C2n−2 exp (2 (n
√
γ + Υ) + |q̂|) , (9.11.244)

and we get that the Volterra series defined by kn is convergent with radius of

convergence

ρk = C−2 exp (−2
√
γ) =

(
min{ρf , ρh}

2

)2

exp (−2
√
γ) . (9.11.245)
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Similarly we get

‖knx(x)‖2
L2(Tn) ≤ n!2D2C2n−2 exp (2 (n

√
γ + Υ) + |q̂|) , (9.11.246)

which used in (9.7.101) gives the convergence of the transformation for wx, thus

proving the theorem.

This chapter is a partial reprint of the material as it appears in

R. Vazquez and M. Krstic, “Control of 1-D parabolic PDEs with Volterra nonlin-

earities —Part I: Design,” in preparation, 2006.

R. Vazquez and M. Krstic, “Control of 1-D parabolic PDEs with Volterra nonlin-

earities —Part II: Analysis,” in preparation, 2006.

The dissertation author was the primary author and the coauthor listed in these

publications directed and supervised the research, which is the basis for this chap-

ter.



Chapter 10

Future Work

The results presented in this dissertation provide a starting point towards

more complex and realistic boundary control and observer problems for convec-

tive, turbulent and magnetohydrodynamic flows and other nonlinear distributed

parameter systems modeling physical systems.

We present several open questions and possible directions of future re-

search that extend our results in a natural way.

1. We proved closed-loop stability and estimator convergence for the Navier-

Stokes and MHD control laws and observers of Chapters 4–8, however we

did not show simulation results. To verify the theory and give further insight

into the properties of our controllers and estimators, DNS simulations need

to be done. The numerical tests need to focus on turbulence-critical issues

like the behavior of the controller at small kx for moderate-to-large kz.

2. While the problems solved in Chapters 2–8 were tractable due to their sim-

ple (spatially-invariant) geometry, many engineering problems of interest are

formulated in non-spatially-invariant geometries, for instance finite or irreg-

ular channels, or the problem of vortex shedding stabilization. However the

extension of the backstepping method to a 2-D or 3-D general geometry is

still an open problem; preliminary results lead to challenging ultra-hyperbolic

equations for the kernels.

248
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3. Our methods were successful in handling problems with one boundary ac-

tuator/measurement for each infinite-dimensional state of the system. We

did not consider “underactuated” systems (in the sense of having less ac-

tuators/sensors than infinite-dimensional states), but such systems are very

likely to arise in practice. For example, one would like to achieve channel flow

relaminarization by means of injection/suction actuators (i.e., using only the

normal component of the velocity) and pressure sensors at the wall, or, for

the case of the convection loop of Chapter 2, stop the convective instability

just by rotating the outer cylinder. Under such conditions, the plant be-

comes non-strict-feedback and the backstepping method, based on a linear,

strict-feedback Volterra operator, fails to address them. A promising tool

for extending the method is the theory of Fredholm operators, which are

non-strict-feedback in form, however the Fredholm approach leads to many

new difficult technical questions (non-causal equations, operator invertibility,

kernel solvability) and is yet to be explored.

4. In this dissertation we have always considered incompressible fluid, for both

Navier-Stokes and MHD flows; however in many situations compressibility

effects cannot be neglected. Then, the physical and mathematical nature

of the equations changes radically, as the system becomes hyperbolic. Our

design relies critically on the parabolicity of the equations (once the pressure

is taken care of) and does not extend in a simple manner to the compressible

equations, even in the inviscid case. Nevertheless, recent breakthroughs have

allowed to extend the backstepping method to simple hyperbolic systems and

offer some new possibilities in the area of compressible flows.

5. If the assumption of a low magnetic Reynolds number is dropped, the induc-

tionless MHD equations become the full-blown MHD equations, and instead

of the simple additional electric field static equation, there are three addi-

tional dynamic equations, one for each component of the magnetic field. The
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problem becomes then extremely challenging, and at the same time opens up

new possibilities, such electromagnetic-only actuators. Those will be more

implementable in practice than mechanical actuators, allowing, for instance,

the design of “electromagnetic pumps” which would find application for cool-

ing systems.

6. The problems solved in Chapters 2–8 were all nonlinear; however, we lin-

earized the plant equations in order to apply the infinite-dimensional linear

backstepping technique. In Chapter 9 we provide a method to solve nonlin-

ear problems, however the class of systems considered is not broad enough

to include the Navier-Stokes or MHD systems. Future work includes ex-

tending the class of systems to include convective nonlinearities and higher-

dimensional coupled systems in spatially-invariant geometries.

7. New developments in the linear backstepping method have successfully ad-

dressed a wide range of linear problems such as cylinder wake, strings, elastic

beams, and infinite-dimensional delay systems. Since our nonlinear design

naturally extends the linear method for the parabolic case, similar develop-

ments are possible for the nonlinear versions of those problems.

8. While we addressed nonlinear control of parabolic PDEs, the problem of

observer design is amenable to the same treatment and presents some pio-

neering opportunities in state estimation for nonlinear PDEs.

9. In Section 9.10 we provided a number of open questions for the nonlinear

method. Those include the very important unanswered question of global

stabilization. Since the nonlinear plants we consider include some which are

not globally stabilizable, we need to refine the class of systems to be con-

trolled. Such a refinement will possibly need a result establishing a connec-

tion between the global invertibility of the Volterra series transformation for

a given plant (since global invertibility leads to global stabilization) and the

plant parameters (which determine controllability properties of the plant).
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