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ABSTRACT OF THE DISSERTATION

Essays on robust statistical estimation and inference

by

Myeonghun Yu

Doctor of Philosophy in Mathematics

University of California San Diego, 2024

Professor Ery Arias-Castro, Chair
Professor Wen-Xin Zhou, Co-Chair

Due to the advancements of modern technologies, large-scale and high-dimensional
data have been widely collected in almost every scientific disciplines. This introduces a several
challenges including that the data are often accompanied by outliers due to possible measurement
error, or many variables follow heavy-tailed distributions. To address these challenges, my thesis
proposes methodologies in the setting of the mean estimation and matrix recovery when the data
have asymmetric and heavy-tailed distributions. Additionally, I explore the characterization of
tail behavior in random outcomes, focusing on expected shortfall, which is widely recognized as

a measure of risk. I propose nonparametric approaches for estimating expected shortfall, aiming

Xvii



to enhance its accuracy and applicability.

In Chapter 1, we propose a robust estimator to recover approximately low-rank matrices
in the presence of heavy-tailed and asymmetric noises. Focusing on three archetypal applications
including matrix compressed sensing, matrix completion and multitask learning, we provide
sub-Gaussian-type deviation bounds when the noise variables only have bounded variances.
Computationally, we propose a matrix version of the local adaptive majorize-minimization
algorithm, which is much faster than the alternating direction method of multiplier used in
previous work and is scalable to large datasets.

Chapter 2 studies the problem of robust and differentially private mean estimation and
inference. We first provide a comprehensive analysis of the Huber mean estimator with increasing
dimensions, including non-asymptotic deviation bound, Bahadur representation, and (uniform)
Gaussian approximations. Then, we privatize the Huber mean estimator via noisy gradient
descent, and construct private confidence intervals for the proposed estimator by incorporating a
private and robust covariance estimator.

In Chapter 3, we consider the problem of nonparametric estimation of conditional
expected shortfall functions. To mitigate the curse of dimensionality, we propose a two-step
nonparametric ES estimator based on fully connected neural nets with the ReLU activation
function. This approach (i) involves unobservable surrogate response variables that must be
estimated from data in a preliminary step, and (ii) uses a properly chosen Huber loss to achieve
exponential deviation bounds under heavy-tailed response distributions. Using a plugged-in
nonparametric conditional quantile estimate, also trained on deep neural nets, we establish
non-asymptotic high probability bounds for the final robust ES estimator, which are optimal as
if the true quantile function were known without resorting to any type of sample splitting. We
demonstrate the effectiveness of deep robust ES regression with both numerical experiments
and an empirical study on the impact of El Nifio on heavy precipitations, for which effective tail
learning is imperative.

In Chapter 4, I introduce a two-step nonparametric ES estimator that involves a plugged-

xviii



in quantile function estimate without sample-splitting. We provide non-asymptotic estimation
and Gaussian approximation error bounds, depending explicitly on the effective dimension,
sample size, regularization parameters, and quantile estimation error. To construct pointwise
confidence bands, we propose a fast multiplier bootstrap procedure and establish its validity.
We demonstrate the finite-sample performance of the proposed methods through numerical
experiments and an empirical study aimed at examining the heterogeneous effects of features on

average and large medical expenses.
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Chapter 1

Low-rank Matrix Recovery under Heavy-
tailed Errors

1.1 Introduction

There has been a recent surge of interest in matrix recovery which aims to recover an
unknown matrix from noisy observations. Matrix recovery has wide applications in practice,
including collaborative filtering (Goldberg et al., 1992), multitask regression (Argyriou, Evgeniou
and Pontil, 2008), quantum state tomography (Gross et al., 2010) and face recognition (Luan et
al., 2014), to name a few. Statistically, it aims to estimate ®* € R%*¢2 based on n independently

and identically distributed (i.i.d.) observations {(y;,X;)}"_, following the generative model
Vi = tI'(XlTG*) + & =: <X,,®*> + &,

where X; € R91*% i a random measurement matrix, and & is an error variable satisfying
E(&|X;) =0 and E(e?|X;) < 0§ for some 0 > 0. We consider matrix recovery in high dimen-
sions, that is, d| X d, can be much larger than the sample size n, making the problem ill-posed.
It has been a common practice to assume that ®* is (approximately) low-rank, and the resulting
problem is referred to as low-rank matrix recovery.

The problem of low-rank matrix recovery can be naturally formulated as a nonconvex

empirical risk minimization problem subject to a rank constraint. To find local optima of such a



rank-constrained program, commonly used methods are Riemannian gradient descent (Wei et al.,
2016) and Burer-Monteiro type gradient descent (Burer and Monteiro, 2003; Chen, Liu and Li,
2020; Ma et al., 2020; Tong, Ma and Chi, 2021). The former views the set of rank-r matrices as a
smooth manifold, while the latter relies on the matrix factorization ® = UV™, where U € R%1*",
V € R2*" and r = rank(@") is assumed to be known. To relax the restrictive assumption that
the true rank r is known a priori, Li, Ma and Zhang (2018) and Zhang, Fattahi and Zhang (2021)
studied the gradient method for solving the reparameterized program in an over-parameterized
regime where @ = UV" with U € R4 and V € R‘bx’/, and ¥ > r is an upper bound of the
true rank.

Another line of research resorts to convex relaxation in order to obtain computationally
feasible solutions. Similar to Lasso (Tibshirani, 1996) in the context of sparse linear regression,
convex low-rank matrix recovery methods are based on either constrained nuclear norm min-
imization or nuclear norm penalized least squares formulation. The nuclear norm of a matrix
is defined as the sum of its singular values, and thus serves as a convex surrogate for its rank.
We refer to Candeés and Plan (2009), Candes and Recht (2009), Recht, Fazel and Parrilo (2010),
Candes and Plan (2011), Rohde and Tsybakov (2011), Negahban and Wainwright (2011, 2012)
and Klopp (2014) for an unavoidably incomplete list of notable works on exact and noisy low-
rank matrix recovery through convex relaxation. In the context of multitask learning, Lounici
et al. (2011) introduced an approach that utilizes the group Lasso penalty when only a small
number of rows in the matrix ®" are nonzero.

All the aforementioned methods, convex or nonconvex, are studied either in the noiseless
setting or under a sub-Gaussian/sub-exponential assumption on the random error. However,
both convex and nonconvex least squares estimators exhibit sub-optimal deviation bounds in
the presence of heavy-tailed errors that only have a small number of finite moments. To make
the estimator less sensitive to heavy-tailedness, a natural idea is to replace the ¢;-loss with a
robust loss function, such as the ¢;-loss or the Huber loss (Huber, 1973). For example, Elsener

and van de Geer (2018) proposed and studied nuclear norm penalized estimators using both



the /;-loss and the Huber loss; Tan, Sun and Witten (2023) considered robust sparse reduced
rank regression by minimizing the empirical Huber loss plus a combination of the nuclear norm
and entry-wise ¢;-norm penalties. For methods that rely on nonconvex optimization with robust
losses, Shen et al. (2022) proposed a Riemannian sub-gradient method and proved the statistical
properties of the iterates; Wang and Fan (2022) studied the statistical properties of vanilla
gradient descent iterates for solving reparameterized (regularized) Huber loss minimization. In
an over-parameterized regime, Ma and Fattahi (2023) showed that sub-gradient descent with the
¢1-loss function converges to the ground truth at a near-linear rate in the presence of arbitrarily
large outliers.

In this paper, we propose a robust approach to recover an approximately low-rank matrix
in a trace regression model with heavy-tailed and asymmetric error, which complements the
extant literature on low-rank matrix recovery via convex relaxation. Borrowing ideas from
robust (sparse) linear regressions (Fan, Li and Wang, 2017; Sun, Zhou and Fan, 2020), we adopt
the Huber loss function with a diverging robustification parameter to achieve sub-Gaussian-
type concentration bounds. We focus on three archetypal examples in matrix recovery: matrix
compressed sensing, matrix completion and multitask regression. For each problem, we study
the nonasymptotic deviation bounds of the nuclear norm penalized Huber estimator under
both the Frobenius and nuclear norms, which match the minimax optimal rates. Our main
contributions are as follows. First and foremost, we provide a comprehensive analysis of the
nuclear norm penalized Huber regression estimator to gain robustness without compromising
statistical efficiency. Our results either improve or complement those in Elsener and van de Geer
(2018), Fan, Wang and Zhu (2021) and Tan, Sun and Witten (2023). For example, Elsener and
van de Geer (2018) considered robust matrix completion under symmetric error distribution
and also required a constant lower bound for the error density function. Tan, Sun and Witten
(2023) examined the Huber-type estimator for sparse multitask regression but their analysis
cannot be directly extended to the non-sparse setting. Secondly, we provide a unified algorithmic

framework, which is a matrix variant of the local adaptive majorize-minimization (LAMM)



algorithm (Fan et al., 2018), to solve the three problems (matrix sensing, matrix completion and
multitask regression) all at once. By constructing an isotropic quadratic function that locally
majorizes the empirical Huber loss, the solution to each proximal optimization problem has
a closed form, which considerably facilitates the implementation. Compared to many other
algorithms used in the literature, our algorithm is first-order and thus more scalable to large data

sets.

1.1.1 Related work and paper organization

Our model setting is closely related to that in Fan, Wang and Zhu (2021), but the proposed
robust estimators provably achieve sharper convergence rates than those obtained in Fan, Wang
and Zhu (2021). More specifically, Fan, Wang and Zhu (2021) proposed a two-step procedure,
which in step one applies shrinkage operators to the empirical average (1/n)Y" ,y:X;. The
truncation level on y;’s, which appears in the final convergence rate, depends on the variance of y;
and thus is not proportional to the noise scale. In contrast, by employing the adaptive Huber loss
as in Sun, Zhou and Fan (2020) and the localized analysis developed by Fan et al. (2018), we
show that the convergence rates of our estimators are proportional to the noise scale for matrix
sensing and multitask regression; see Theorem 1.3.2, Theorem 1.3.4 and the subsequent remarks
for details. Moreover, Fan, Wang and Zhu (2021) required &; to have bounded (2k)-th moment
for some k > 1, while our estimators enjoy optimal rates as long as g;’s have bounded variances.
On the computational aspect, compared to the contractive Peaceman-Rachford splitting method
and the alternating direction method of multiplier (ADMM) employed by Fan, Wang and Zhu
(2021) to solve the nuclear norm penalized programs in step two, the proposed matrix variant
of the LAMM algorithm is first-order and has a lower computational cost per iteration. See
Section 1.2.2 for a more detailed comparison of computational complexity.

Although the proposed estimators satisfy exponential deviation bounds when the noise
distribution is asymmetric and has finite variance, this advantage is accompanied by a trade-off:

they sacrifice a considerable level of robustness when facing adversarial contamination of the data.



This is due to the use of a robustification parameter that increases with the sample size. In the
case of adversarial contamination, recent studies have introduced robust estimators that showcase
resistance to a small proportion of arbitrary outliers. For example, in sparse linear regression with
Gaussian errors and adversarially corrupted labels, Dalalyan and Thompson (2019) demonstrated
that the ¢;-penalized Huber’s M-estimator attains the optimal rate of convergence, up to a
logarithmic factor. Moreover, several recent studies (Chen et al., 2013; Li, 2013; Klopp, Lounici
and Tsybakov, 2017; Thompson, 2020) have specifically tackled the challenge of arbitrary
outliers in the context of matrix sensing and matrix completion. For multitask regression, a
robust multitask (reduced-rank) regression approach was introduced by She and Chen (2017)
for simultaneous modeling and outlier detection. To address data contamination caused by
arbitrary outliers, they formulated the problem as a regularized multivariate regression with a
sparse mean-shift parametrization and developed a thresholding-based iterative procedure for
optimization. It is worth noting that our methods and theory diverge from the conventional
notion of robust statistics. While the aforementioned works assume sub-Gaussian or Gaussian
noises, our work places emphasis on the distinct assumption of heavy-tailed errors rather than
corruption by (arbitrary) outliers. The proposed methods and analysis therefore provide a useful
complement to the current body of research on robust matrix completion and reduced-rank
regression.

The rest of the paper proceeds as follows. In Section 1.2, we first review the trace
regression model with three prototypical applications. Next, we introduce the nuclear norm
penalized robust matrix estimator via the use of adaptive Huber loss, followed by a unified
algorithm that applies to all three settings. We provide non-asymptotic high probability bounds
for the proposed estimators case-by-case in Section 1.3. Section 1.4 presents our numerical
experiments, conducted to demonstrate the advantage of our methods over their non-robust
counterparts and to corroborate the theoretical findings that the convergence rates are proportional
to the noise scale under the matrix sensing and multitask regression settings. All the proofs are

relegated to the Appendix in the Supplementary Material Yu, Sun and Zhou (2023).



NOTATION. For a matrix A = (Ajx)1<j<q,,1<k<d, € R%*% jts singular values are denoted as

01(A) > 02(A) > -+ > Opjin(q, 4,)(A)- Define its operator norm [|A|[2 = 61(A), its Frobenius
2

min(dy,d>)
=t 9

norm [[Al[p =Y (A), its nuclear norm ||A||. = Z?:ml(dl ) 0j(A) and its max norm
|A||e = max| < j<q, Maxj<g<d, |A jx|. For two matrices A,B € R"*% _let (A, B) be the matrix
inner product defined as (A,B) = tr(A"B). We use vec(A) € R4 to denote the long vector

obtained by stacking the columns of A.

1.2 Robust matrix recovery via adaptive Huber loss

1.2.1 Model and methods

Suppose we have collected # i.i.d. data points {(y;,X;)}"_, generated according to the

following heteroscedastic trace regression model
yi=(Xi,0") +¢, (LD

where X; € R4 %92’ are random measurement matrices, and &;’s are additive random noise vari-
ables satisfying E(&|X;) = 0 and E(&?|X;) < o7. Based on the noisy observations {(y;,X;)}",,
we are interested in recovering the unknown matrix @* € R%1*42 that is either exactly or approx-

imately low-rank. More specifically, assume for some 0 < g < 1 and p > 0 that

min(d;,d>)

0" c B,(p) = {(')GRledz: Y o-j(@))qu}. (1.2)
Jj=1
In particular, Zy(p) = {® € RY1*% : rank(®) < p} denotes the set of matrices with rank at
most p, and A, (p) with 0 < g < 1 is set of approximately low-rank matrices. Throughout the
rest of the paper, we assume without loss of generality that d; > d5.
The difficulty of recovering ®" varies depending on the random structures of the mea-
surement matrices X;. Below we list three prototypical applications of model (1.1), which will

be the main focus of this work.



@

(ii)

(111)

Matrix sensing: Matrix sensing often assumes that the entries of X; € R%1*¢2 are indepen-
dently generated from the .#"(0, 1) distribution. More generally, vec(X;)’s are assumed to

be zero-mean sub-Gaussian/sub-exponential random vectors.

Matrix completion: In matrix completion, X; are randomly drawn from the set

2 ={ej(d)ep(dr),1 < j<di,1 <k <dyp},

where e;(d),...,e;(d) are the canonical basis vectors in RY.

Multitask regression: The multitask (reduced-rank) regression assumes

in(@)*)Txi—l—Ei, i=1,...,n, (1.3)
where y; = (yi1,.--,Yid,)" € R®% are observed response vectors, X; € R% are covariate
vectors, @ € R4 i the target regression coefficient matrix, and &; = (&j,...,&q,)" €
R% are independent zero-mean random noise vectors. Fori=1,...,nand k= 1,...,d>,
define

T
Yi-D)dotk = Yiks X (i—1)dp+k = Xi€;(d2) and €;_1)g, 4k = Eix- (1.4)

Then the sample {(yj,Xj)}ij:] with N = nd, satisfies model (1.1).

For matrix sensing and matrix completion with noisy measurements, a popular approach

is the the following convex relaxation approach (Candes and Plan, 2009)

~ 1 &2
®, car min{— yi— (Xi,0)>+1]©® *}, (1.5)
1 € argmi 2”,;( (X:,0))"+ 1|0

where € is a convex feasible set of R *% and A > 0 is a regularization parameter. When

€ =R @ » 1s the matrix analog of the Lasso estimator for linear regression (Tibshirani,



1996). The statistical properties of o) 5, in (1.5), mainly nonasymptotic deviation bounds under
various matrix norms, have been studied in the literature when the additive noises &; are either
Gaussian or sub-Gaussian. The performance of such a least-square-type estimator may break
down quickly when the noise distribution is heavier-tailed. This is because outliers occur more
frequently and the square loss is very sensitive to outliers. The impact of heavy-tailed errors
on low-rank matrix recovery can be alleviated by replacing the ¢,-loss with a more robust loss
function, typified by the ¢;-loss and the Huber loss (Elsener and van de Geer, 2018). When the
error distribution is not only heavy-tailed but also asymmetric around zero, the use of /;-loss
or Huber loss with a fixed tuning parameter induces a bias that remains non-negligible as the
number of measurements grows. For a better trade-off between robustness and bias, in the
following we propose to use adaptive Huber loss (Fan, Li and Wang, 2017; Sun, Zhou and
Fan, 2020) for robust low-rank matrix recovery, with a focus on the above three prototypical
applications.

For matrix sensing and completion problems, i.e. applications (i) and (ii), we define the

empirical loss function to be
~ 1&
L:(©) =~} t:(i— (Xi,8)), @ RI*%, (1.6)
i=1

where £;(u) = min{u® /2, t|u| — 72 /2} denotes the adaptive Huber loss parameterized by 7 =
T, > 0, referred to as the robustification parameter in Sun, Zhou and Fan (2020). For any
pre-specified convex subset @ of R91*%2, we consider the following nuclear norm penalized

robust regression estimator

~

®,, € argmin {L;(®)+A|®|,}, (1.7)
Oc?

where 7 = 1, > 0 and A = A,, > 0 are the robustification and regularization parameters respec-

tively.



For the multitask regression problem — Application (iii), recall that the vector-valued
observations {(y;,x;)}""_, can be written as {(y;,X ;) ]Jyzl (N = nd,) via (1.4) so model (1.1) can
be used. The classical reduced-rank regression method is based on solving the rank-constrained

problem (Izenman, 1975)

j=1

n N
min {;Hy,-—eTxiu%:Z(yj—<x,~,®>>2},

rank(@®)<r

for which an analytic solution is available. To robustify this classical procedure, similarly to
the formulation (1.7) one may naively apply the Huber loss to each residual y; — (X ;,®). This,
however, is no longer plausible because X ;’s are now dependent random matrices. Moreover,
since we do not impose independence on the entries of & = (&1,... ,£l~d2)T, €;’s defined in (1.4)
may also be highly correlated. We propose to replace the ¢>-loss on |ly; — @"x;||, with the
Huber loss, leading to min,@)<, Li=1 L« ([|y; — ©®"x;||>), which is a highly nonconvex problem.
Similarly to (1.7), we resort to convex relaxation and consider the following nuclear norm

penalized estimator

. (1
0O, € argmin {;ng(H)’i_@TxiHZ)+M|®H*}- (1.8)
=1

OcR41 % i

In Section 1.3, we characterize the nonasymptotic statistical accuracy for the robust
low-rank estimator @@ 2, defined in (1.7) and (1.8) when the noise variables only have bounded
variances. The key is to seek a suitable choice of T and A jointly to trade off among robustness,

bias and approximation errors.

1.2.2 Algorithms

To solve the nuclear norm penalized optimization programs (1.7) and (1.8), in this section
we present a unified algorithm by extending the local adaptive majorize-minimization (LAMM)

principle proposed in Fan et al. (2018) to matrix settings. Recall that the proposed nuclear norm



penalized Huber regression estimators have a general form

®.; € argmin{L:(®) +1[@.},
(0]

€?

where L;(®) is the empirical loss in (1.6) or (1.8), and % is taken to be R%1%% or {@ € R41* .
1O]| < 0t} for some o > 0. The main idea of the LAMM principle is to construct an isotropic

quadratic function that locally majorizes the objective function at each iteration. In the matrix

(k=1)

setting, given the previous iterate ® at the k-th iteration, define the quadratic function

F(O:041), ) = 1:(04) 1 (VE.(8),0 -8~ )) + %@ |3,

satisfying F(G(k_l);@)(k_l),q)k) = ZT(@)(I‘_I)), where ¢y > 0 is a quadratic parameter. Next,
define the k-th iterate as

0® c argmin{F (©;0*V ¢,)+1|0|.}. (1.9)
Oc?%

The parameter ¢ needs to be sufficiently large so that ZT(@)(’()) <F (®(k);®(k_l) , &), which

further implies

L©W)+ 210l <F(©":0% 1,9+ 2|0,
<F(@O% ;0% ¢ )+ 2|0% D,

=L (0% D)y ra|@% b,

where the second inequality is due to the optimality of ©®"). This ensures the descent of the
objective function at each iteration. To choose a sufficiently large ¢, we start from a small
value, say ¢o = 0.01, and inflate it by a factor ¥ > 1, say ¥y = 2, until the local majorization
requirement L;(@%) < F(@®; 0% ¢, is met. Since F(@; 0% ¢,) > L.(0®) when ¢ is

no less than the largest eigenvalue of VZZT(G("*I)), the iteration will stop after sufficiently many

10



0% —@*V||x < & for a sufficiently

steps. Repeat the above steps until convergence (e.g.,

small € > 0) or until the maximum number of iterations is reached.

The main benefit of minimizing a penalized isotropic quadratic objective function is
that the minimizer often has a closed form. For any matrix ® € R91%42 with rank r, consider
the singular value decomposition (SVD) ® = ULV, where U and V are, respectively, d x r
and d X r matrices with orthonormal columns, and £ = diag({o;}i<;<,) is an r x r diagonal
matrix with 6; > 6, > --- > 0, > 0. For A > 0, define the soft-thresholding operator S(®,1) =
U - diag({max(c; — A,0)}1<i<,) - V™. By Theorem 2.1 in Cai, Candés and Shen (2010), @)

given in (1.9) with @ = R%1*42 admits the closed-form expression

0 =1, ,, (@) := 5@ — ¢ VL (@), 9, '2).

I

For a general convex subset 4 C R41*%2_ we can update 0¥ ag
0) =TI (T, 4, (@),

where IT, denotes Euclidean projection onto the subspace €. When € = {® € R4 *% : ||@|.. <
0o}, for example, I (@) = (max{min(@j, o), —0o})1<j<d,,1<k<d,- We summarize the key
steps in Algorithm 1.

As a unified algorithm, Algorithm 1 applies to all three problems considered in this
paper, matrix sensing, matrix completion and multitask regression. In terms of complexity,
at each iteration VL;(®*~1) and T;hq)k(@(k*l)) can be computed in O(nd d>) and O(d;d3)
operations (assuming d; > d»), respectively (Trefethen and Bau III, 1997). On the other hand,
Fan, Wang and Zhu (2021) employed the contractive Peaceman-Rachford splitting method for
matrix sensing and multitask regression, and an ADMM-based algorithm for matrix completion.
In addition to the operations described above, each ADMM iterate also involves computing the

inverse of 2X"'X/n +14,4,, where X is an n x djd, matrix whose i-th row is vec(X;), and I

11



Algorithm 1. LAMM algorithm for regularized adaptive Huber trace regression
Algorithm: {®"}=  « LAMM(1,0© ¢y, 7,¢)
Input: 1,0 ¢y,7,e
1: for k=1,2,... until |@% — @K% V|, < £ do
2 repeat
3 0W « 5(@* D — o VL (@K V) ¢7'1)
4 0¥ + T1,(@W)
5: if F(@%;0* ) ¢) <L (%) then
6
7
8

Or < V- O
end if
until F(@X); ¢, 0%y > T (@)
9: return ®%
10: end for

Output: e=0"

denotes the k X k identity matrix. By applying the Sherman—Morrison—Woodbury formula, this
step can be implemented in O(min{n,d d,}>) operations. Still, the computational complexity
and storage cost (per iteration) of ADMM are much higher than the LAMM algorithm in the

context of matrix completion, especially for large-scale datasets.

1.3 Theoretical guarantees

In this section, we establish the finite-sample statistical properties of the robust estimator

-~

©. , for matrix sensing, matrix completion and multitask regression. Throughout, the noise
variables €& in (1.1) and €; in (1.3) are assumed to have bounded variance only, and we do not

require independence between &; and X; or €; and x;.

1.3.1 Matrix sensing

In the case of matrix compressed sensing, we set € = R?1*% in (1.7), and impose the

following assumptions.
(A1) ®" € A, (p) for some 0 < g < 1andp > 0.

(A2) The random matrix X; € R4 *% satisfies (i) EX; = 0, and (ii) vec(X;) € RY1% is sub-

12



exponential, that is, there exists a constant vy > 1 such that for any A € Ré1*d2 gpd

u>0,
P(|vec(A)"vec(X;)| > vo||Alg-u) <2e7".

Moreover, there exists a constant ¢; > 0 such that A, (Evec(X i)vec(X l-)T) > ¢y

(A3) The noise variables &; are such that E(g;|X;) = 0 and ]E(£i2|X i) < 0'(% (almost surely) for

some constant oy > 0.

Remark 1.3.1. The parameter vy is often referred to as the sub-exponential parameter. For
various well-behaved distributions on R4 %% the associated sub-exponential parameters are
independent of the dimensions d; and d,. As prototypical examples, the distributions listed

below satisfy Condition (A2) with dimension-free parameters Vo and c;.
(i) (Multivariate normal) vec(X;) follow s .4 (0, %) with a positive-definite & € R(¢12)x(d1d2)

(i1) (Uniform distribution on the Euclidean sphere) X; follows the uniform distribution on
the sphere centered at the origin with radius (d;d>)'/?, namely, {X € R1*% : || X||g =

(dida)"/?}.

(iii) (Uniform distribution on the ¢;-ball) X; follows the uniform distribution on the ¢;-norm

ball centered at the origin with radius r =< d;d», that is, {X € R%1*% 2?1: 1 ZZi] (X <1}

Here, we note that the multivariate distributions in (i) and (ii) are not only sub-exponential but

also sub-Gaussian.

To derive the convergence rate of @, 3 under either the Frobenius norm or the nuclear
norm, we first define a probability event that concerns the local restricted strong convexity (RSC)

of the empirical loss ZT() For 5,1 > 0, define the Frobenius norm ball and trace norm cone
B(s) = {A € RU"*%: ||A|lp < s} and C(I) = {A € R"™*% . ||A|l, <I||A|g}, (1.10)

13



respectively.

Definition 1.3.1 (Local restricted strong convexity). Given radius parameters s,/ > 0 and a

curvature parameter K > 0, define the event

(1.11)

&(s.1,K) = o OB JOS00
0cO" +B(s)NC(1) 1© -0

which concerns the local restricted strong convexity of the empirical loss function.

We first provide a deterministic result on the convergence rate of (:)T’ »: for any choice of
A such that ||VL;(®")|» < A /2, and conditioned on event & (s, , k) with suitably chosen (s, 1),

we are guaranteed that
102 —O[r S VP (A/K)' 9% and [|©.; O $p(A/K) .
Theorem 1.3.1. Assume Condition (A1) holds. Let (4,s,1, k) satisfy A > 2||VL;(®")|2,
§>9.15,/p(A/k)'79% and 1>6.1,/p (x/A)7/2. (1.12)

Conditioned on the event &(s,/, k), the error matrix A := @, ; — @" satisfies

~ 2\ 179/2 . 2\ 14
”AHF§9-15\/§(E> and HAH*§56p(E> .

In the following two propositions, we first derive an upper bound of ||VL;(®")||, and
then establish the local RSC property of the empirical Huber loss function ZT() Together, these
results show that with properly chosen A, T that depend on (n,d, s,1) along with the distributional
parameters in Conditions (A2) and (A3), the event {A > 2||VL;(®")||2} N &(s,1,¢;/4) occurs

with high probability.
Proposition 1.3.1. Assume Conditions (A2) and (A3) hold. For any ¢ > oy and z > 0, the

14



empirical Huber loss L (-) with T = 61/n/(3d +z) satisfies

R 3d
IVE(®)]> < 10vg- 01/ :Z (1.13)

with probability at least 1 —e ™%, where d = d; + d>.

Proposition 1.3.2. Assume Conditions (A2) and (A3) hold. For any s,/ > 0 and z > 0, let T and

n satisfy

v >4\ /(263 +96v3s?) /i and n > Cy(1/5)*(Pd +2). (1.14)

where d = dj +d, and C; > 0 is a constant depending only on v and ¢;. Then, the local RSC

event &(s,1, k) with K = ¢;/4 occurs with probability at least 1 —e™%.

Combining these high probability bounds with Theorem 1.3.1 leads to the convergence

rate of @ ,, as stated in the following theorem.

Theorem 1.3.2. Assume Conditions (A1)—(A3) hold. For any z > 0, the robust (approximately)
low-rank matrix estimator (:)r,x defined in (1.7) with € = R4*% ¢ < oo\/n/(d+z) and

A =< 09/ (d+z)/n satisfies

n

~ X _ d+Z l/zfq/é" —~ N _ d+Z (lfq)/Z
60l ay Vp () and 8- @) Sy tp ()

with probability at least 1 —2¢™ as long as n = max {(p/og)z/(z_@, 1}(d +z), where d =

di+d;.

Remark 1.3.2. In the exact low-rank case, i.e. ¢ =0 and p = r = rank(®"), the results in
Theorem 1.3.2 imply that with high probability (over both the random sensing matrices X; and

noise variables &;), the robust estimator @L 2 satisfies with high probability that

~ d
1@, —O%|[r < 001\ / % as long as n 2> rd.
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Within a constant independent of (n,r,d;,d) and noise scale 0y, this upper bound matches
the information-theoretic lower bound established by Candes and Plan (2011) when ¢; are
iid. A4(0, 0'3). The robustness manifests in two aspects. First, the noise distribution is only
required to have bounded variance as opposed to sub-Gaussian tails. Secondly, we assume
the random vector vec(X;) is sub-exponential, whereas vec(X;) is often assumed to have i.i.d.

Gaussian/sub-Gaussian entries in the literature.

Remark 1.3.3. For matrix compressed sensing, based on a shrinkage principle Fan, Wang
and Zhu (2021) also proposed a robust low-rank estimator, which achieves near-optimal rate
under heavy-tailed noise distributions. Its recovery guarantees (see Theorem 3 therein), however,
depend on more stringent assumptions as needed in Theorem 1.3.2. In addition to Conditions (A2)
and (A3), Fan, Wang and Zhu (2021) assumed further that (i) vec(X;) is sub-Gaussian, and (ii)
E| y,~|2k < M, for some k > 1. Under these conditions and in the exact low-rank case (for brevity),

their truncate/shrinkage estimator, denoted by (:), satisfies with high probability the bound

~ d
1@ —0|F < M,:/(Zk)\/ " as long as n 2 rd.
n

The above convergence rate is sub-optimal in terms of its dependence on the noise scale 0p. As

(2k)

) 1 )
the noise scale decreases, Mk/ remains to be bounded away from zero because

M > By} = E(X,,0") + E(e}).

Remark 1.3.4. The sample size requirement in Theorem 1.3.2 becomes more stringent as oy
goes to 0 when g # 0. This is an artifact of the technical argument used in the proof of the
theorem. A similar sample size requirement, characterized by its inverse proportionality to the

moment of the response, can be found in Theorem 3 of Fan, Wang and Zhu (2021). To modify
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the sample size requirement, we can choose

7 < max(op,1)\/n/(d+z) and A <max(ocy, 1)/ (d+2z)/n

for a given z > 0. This results in a revised sample size requirement of n > max (p%/ 2= 1)(d +z),

accompanied by an error bound

d+z>1/2q/4

n

H@r,/l —-0@r S max(aé—qﬂ, 1)\/5<

with probability at least 1 —2e~*. This error bound is similar to the deviation bound in Corollary
5 of Negahban and Wainwright (2011), but it should be noted that they are not proportional to
the noise level. Additionally, Theorem 1.3.4 in Section 1.3.3 also relies on a similar technical

argument, necessitating a larger sample size as 6y approaches zero.

1.3.2 Matrix completion

This subsection investigates matrix completion under the following assumptions.

(B1) ®" € B,(p) and ||®*||. < ot for some ty > 0. We thus set € = {@ € R1*% ; ||@||, <
0o} in (1.7) so that @* € ¥

(B2) X; € R"*% is uniformly sampled from {e;(d1)e;(d2) }1<j<d, 1<k<a,» Where {e;(d)}1_,

are the canonical basis vectors in R?. Specifically, P{X; = e;(d; e} (d2)} = (did2)~".

(B3) E(&|X;) =0and E(£i2|X i) < Gg (almost surely) for some constant oy > 0.

Remark 1.3.5. In addition to the assumption that @ is of (approximately) low-rank, we require
in Condition (B1) that ||@||. < ag for some o > 0. Past works on noisy matrix completion also
imposed the same or similar conditions. For instance, Klopp (2014) and Minsker (2018) assumed
that ||®"||. is bounded; Negahban and Wainwright (2012) and Fan, Wang and Zhu (2021)
required the spikiness ratio ||@*||./||®||r to be bounded; Candés and Plan (2009) and Candés
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and Recht (2009) relied on matrix incoherence conditions. Without such extra conditions, the
number of measurements should satisfy n < d;d, in order to recover @ in the worst case; see

Candes and Recht (2009) and Negahban and Wainwright (2012) for details.

Similarly to the matrix sensing case, the key steps to establish the convergence rate of

©. , are (i) an upper bound of ||VZT(®*) ||2 as shown in Proposition 1.3.3 below, and (ii) a lower

bound for

(VL(®) — VL, (0"),0 — @)

uniformly over @ in a neighborhood of ®*. The sparsity of X; in this case (see Condition (B2))

introduces more subtleties into the analysis of the latter, as we will see from Proposition 1.3.4.

Proposition 1.3.3. Assume Conditions (B2) and (B3) hold. For any 6 > ¢y and z > 0, the loss

function L;(-) with T = o+/n/{dx(z+logd)} satisfies with probability at least 1 — e that

N . z+logd
IVL:(©%)]> < (300 +26/3)4/ dzng , (1.15)

where d = d; + d».

Proposition 1.3.4. Assume Conditions (B2) and (B3) hold. For any s,/ > 0 and z > 0, let 7 and

n satisty
2 27012 12 2
7= > 16max[ns”/{l°d{d>(z+1ogd)},05] and n>dylogd,
where d = d; + d». Define the constrain set

A(s l):{Ae]B%(s)mC(l)-&<l n } (1.16)
| A (didy) = 8\ z+1ogd | -

where B(s) and C({) are given in (1.10). Then, for all ® € R¥*% with A := @ — @* € A(s,]),
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we have with probability at least 1 — e~ * that

(VL:(®) - VL:(©"),0 - ®*>>—|IAIIF

di(z+logd)
pae0ed)
4d,d Co n

2
1Al

where Cy > 1 is an absolute constant.

With the above preparations, we now state the statistical guarantees for matrix completion

under heavy-tailed noise.

Theorem 1.3.3. Assume Conditions (B1)—(B3) hold. For any z > 0, set

n z+logd
=<0,/-————— and A <0}/ ,
\/ d2(z+1logd) drn

where 0 = max{op, &y} and d = d| + d>. Then, the robust (approximately) low-rank matrix

estimator (:)TJL defined in (1.7) with € = {® € R4"*% : |@|| < i} satisfies

dy(z+logd) ) 792 logd
di(z+logd) )} LRy [Fe (1.17)
n n

I A “ _
L1187 < max [oz ]

and

\/WHG‘L'?L @)*H*

(2 +logd) 3 de p 7 z+logd z(lzf;)
o ofB50) 5o (e
" (d1dp)?@-4) n

Remark 1.3.6. In the context of matrix completion, one is interested in recovering a large

with probability at least 1 —2e* whenever n 2 d»(z+ logd).

low-rank data matrix from a highly incomplete subset of its entries. A natural assumption
is n < dyd,, which in turn implies \/log(d)/n < d;log(d)/n, where d = d| +d, and d| > d5.

Therefore, taking z = logn, the maximum in (1.17) is often given by its first term. In the exact
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low-rank case, the general results in Theorem 1.3.3 imply that the proposed robust estimator

@M with T < 6gy/n/(dylogd) and A < cp+/log(d)/(dyn) satisfies the bound

rdi logd

1 P *
MHGLA — ©*||z < max{og, 04} (1.18)

with high probability as long as n = d,logd. Under our notations, Theorem 6 in Koltchinskii,
Lounici and Tsybakov (2011) shows that when & ~ .47 (0, Gg) is independent of X, there exist

absolute constants 8 € (0, 1) and ¢ > 0 such that

. 1 A . rd

inf sup IP’{—H@—@*HIZ:>cm1n(6§,a§)—l} > B,
® rank(®)<r||®|lu<ay L4142 n

where inf@ is the infimum over all estimators ® € R4*42 Therefore, the rate derived in

Theorem 1.3.3 is minimax optimal up to a logarithmic factor and a trailing term.

Remark 1.3.7 (Comparison to existing work on robust (noisy) matrix completion). In the context
of matrix completion with heavy-tailed noise, several robust estimators have been proposed and
studied. Minsker (2018) proposed a two-step method that computes a truncation-type matrix
estimator, denoted by (:), in step one and then solves the nuclear norm penalized optimization
|®— (:)H% /(d1dy) + A||®||.. In the exact low-rank case, this two-step estimator satisfies a high
probability bound, which is similar to (1.17) with g = 0, when ¢&; is independent of X; and has
bounded variance. The independence assumption can be removed by slightly modifying the
proof in Minsker (2018). For matrix sensing and multitask regression, it is unclear whether such a
two-step procedure will also lead to robust estimates that satisfy sharp error bounds proportional
only to the noise scale. Concurrently, Fan, Wang and Zhu (2021) considered a similar two-
step estimator, but their theoretical result requires a slightly stronger moment condition, i.e.
E{E(e?|X;)*} < M; for some k > 1. Our proposal is more relevant to Elsener and van de Geer
(2018), who also used the Huber loss for matrix completion in the presence of heavy-tailed errors.

Their results, however, depend on stronger assumptions on the error distribution. In addition to
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Conditions (B1) and (B2), they further assumed that (i) the distribution of &; is symmetric around
0, and (ii) there exists a constant C; > 0 such that the cumulative distribution function F(-) of g
satisfies

F(x+1)—F(x—1)>1/C} forall |x| <20 and T < 2a.

Under theses conditions and in the exact low-rank case, Elsener and van de Geer (2018) proved

that the nuclear norm penalized Huber regression estimator, denoted by O, satisfies

1 < " rd; 10g(d1 + dz)
16072 = 0s{ max(od. 2t

under the sample size requirement n 2 d; log(d»)log(d, + d»).

1.3.3 Multitask regression

In this section, we establish the statistical properties of the robust low-rank multitask

(reduced-rank) regression estimator @, ; (1.8). With slight abuse of notation, we write

~ 1&
LT(@)):;Z&(]\yi—@Txin), @ c R1*%, (1.19)
i=1

where 7 > 0 is the robustification parameter.

(Cl) ®" € #,(p) forsome 0 < g < 1and p > 0.

(C2) x; € R4 are i.i.d. zero-mean sub-Gaussian vectors, that is, there exists a (dimension-free)
constant Vy > 1 such that

T,. 2 2 .
Ee* % < ¢*0l413/2 " valid for any u € R,

Moreover, there exists a constant ¢; > 0 such that A, (Exix}) > c.

(C3) The noise vectors €; € R%2 are such that E(&;|X;) = 0 and Amax (E(€;€7|x;)) < of (almost

surely).

21



Proposition 1.3.5. Assume Conditions (C2) and (C3) hold. For any ¢ > 6 and z > 0, choose

T=0+/n/(z+1logd) with d = d| + d,. Then, it holds with probability at least 1 — e~ * that

~ d(z+logd
VL@ < vy | D2 2D)

where C > 0 is a universal constant.

Proposition 1.3.6. Assume Conditions (C2) and (C3) hold, and let s, 7 > 0 and z > 0 satisfy

T > max {46()\/612, 2vos\/2d, +3z+3logn}. (1.20)
Then, with probability at least 1 —2e™ %,
(VL(®) — VL(0"),0 — @) > %H@—@*II% for all ® € @ +B(s),

provided that n > v{ C;Z (d1 +2).

Theorem 1.3.4. Assume Conditions (C1)-(C3) hold. For any z > 0, the robust (approx-
imately) low-rank matrix estimator (:)17,1 defined in (1.8) with 7 < 0p\/n/(z+logd) and
A =< 0p\/d(z+1ogd)/n (d = d) + d,) satisfies the bounds

d(z+logd)};z

n

6.1 -0 < oo“q/zﬁ{

and

1—q
d(z+logd)} 2
n

A * 1-
16l S0} 7
with probability at least 1 —3e™* as long as

n z max{(p /0“9, 1} - (d+2+ logn) (z + logd).
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Remark 1.3.8. Again, in the exact low-rank case where p = r = rank(®") and ¢ = 0, The-
orem 1.3.4 shows that for an arbitrary accuracy € > 0, we have H(:)f 2 — O"||p < € with an

overwhelming probability provided that the number of measurements satisfies

,rdlogd
n z (o) 82

_ (1.21)

This result improves Theorem 5 in Fan, Wang and Zhu (2021) in several aspects. Under the
multitask regression model (1.3), they assumed that

Amax (E(y¥7)) <R < oo, max E{]E(eﬂxi)k} < My < oo for some k > 1,

1<i<n, 1<k<d,

and for each i, g;,..., &y, are pairwise (conditionally) independent given x;. In contrast, Condi-
tion (C3) only assumes bounded variances and allows arbitrary dependency between &;;’s. For
an arbitrary accuracy € > 0, the truncated/shrinkage matrix estimator ) proposed by Fan, Wang

and Zhu (2021) satisfies ||@ — @"||r < € with high probability provided

dlogd
n> R+M'" 8‘;‘% .

(1.22)

Here the term R +M,1 /K can be much larger than Gg in (1.21). More importantly, as the noise

scale oy decays, R stays away from zero because

R Z )Lfmax (Eyzsz> = A'max(((':'D*)TZG* +E£i£}) Z 2max(<("3)'<)Tz(")*)

1.4 Numerical studies
1.4.1 Finite-sample performance

In this section, we perform simulation studies to assess the finite-sample performance of

the nuclear norm penalized adaptive Huber trace regression method (Nuclear-AH) in all three
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Table 1.1. Mean relative Frobenius error ||® — @*||p/||®"||r (with standard deviations in
parentheses), averaged over 500 replications, under the matrix sensing, matrix completion and
multitask regression settings.

Matrix Sensing Normal t Pareto
Nuclear-LS 0.227 (0.010) 0.173 (0.052) 0.169 (0.093)
Nuclear-AH 0.227 (0.010) 0.132(0.008) 0.107 (0.007)

Matrix Completion Normal t Pareto
Nuclear-LS 0.424 (0.021) 0.280 (0.047) 0.315(0.041)
Nuclear-AH 0.445 (0.022) 0.223 (0.023) 0.252 (0.022)

Multitask Regression Normal t Pareto
Nuclear-LS 0.228 (0.005) 0.213(0.112) 0.237 (0.181)
Nuclear-AH 0.228 (0.005) 0.148 (0.003) 0.120 (0.003)

problems. As a benchmark, we implement the nuclear norm penalized least squares (Nuclear-LS)
estimator also via the LAMM algorithm.

In addition to the regularization parameter A, the use of an adaptive Huber loss also
involves a robustification parameter 7 that changes with data scales. We set T = c¢;-a, 4 and
A =c) - by 4, where c; and ¢, are positive constants that are independent of (n,d) but depend
on the noise scale, and a, 4 and b, 4 are determined by the theoretical results in Section 1.3, as

follows:
(a) For matrix sensing, we choose a, 4 = \/n/d and b, 4 = \/d /n.
(b) For matrix completion, we choose a, 4 = \/n/(dlogd) and b, 4 = +/log(d)/(dn).

(c) For multitask learning, we choose a,, 4 = \/n/logd and b, 4 = /dlog(d) /n.

Then we follow the following steps to tune c¢; and c; .

(i) First, choose the constant c; in the Nuclear-LLS method via five-fold CV with the absolute
median loss as the criterion. In particular, we use the “one-standard-error” rule, which

yields the most parsimonious model within one standard error of the minimum CV error.

(ii) Next, let {r; i, be the Nuclear-LS residuals with ¢ selected via CV as in Step (i). As
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a rule-of-thumb, we set ¢; as the median absolute deviation of {r;}, i.e. median{|r; —

median(r;)|}/0.6745.

(111) With ¢ determined after Step (i1), we choose the constant ¢ in the Nuclear-AH method

again via five-fold CV under the one-standard-error rule.

Under the matrix sensing and matrix completion setups, the data {(y;,X;)}"_, are gen-
erated from y; = (X;,®") + ¢, where & follows one of the following three distributions: (i)
A (0,0.5%)—centered normal distribution with standard deviation 0.5 (lighted-tailed and sym-
metric), (ii) 7.1 /8—scaled z-distribution with 2.1 degrees of freedom (heavy-tailed and sym-
metric), and (iii) Par(2, 1) /8—scaled Pareto distribution with scale parameter 1 and shape pa-
rameter 2 (heavy-tailed and asymmetric). For matrix sensing, we set (dy,d>,n) = (50,50, 1500),
0" ¢ RU*% js such that rank(®"*) = 5 and all nonzero singular values of @* are 1, and the
design matrix X; consists of i.i.d. standard normal entries. For matrix completion, we set
(d1,dp,n) = (50,50,2000), @ € R%*% js such that |@*||r = v/d1d> and rank(®*) = 5, and X ;
is uniformly sampled from {e;(d)e;(d>2)}1<j<a, ,1<k<a,- To implement LAMM, we use the ini-
tial estimates ®® = 0 and @) = (dida/n) Y, yiX;, respectively, under the two setups. In the
case of multitask regression, the data vectors {(y;,x;)}?_, are generated from y; = (@*)"x; + &;,
where @ € R% %% is the same as in the matrix sensing setting, x; € R% are i.i.d. standard
normal and &; = (&;,...,€q,)" consists of i.i.d. entries following one of the above three errors
distributions. In this case we set d; = d>» = 80 and n = 2000.

Simulation results on the relative Frobenius error ||@ — O"||p/||®"||r, averaged over
500 repetitions, are presented in Table 1.1. To better demonstrate the robustness property of
Nuclear-AH, Figure 1.1 shows the boxplots of (relative) Frobenius errors for the cross-validated
Nuclear-LS and Nuclear-AH estimators under three error distributions. We see that Nuclear-LS
and Nuclear-AH have almost identical performance when errors have symmetric and light tails,
while the latter achieves considerably better performance under all three settings in the presence

of heavy-tailed and/or asymmetric errors.
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1.4.2 Convergence rate versus noise scale

In this section, we numerically examine the dependence of H@ — @ || on the noise scale
under the matrix sensing and multitask regression settings. Our theoretical results, Theorem 1.3.2
and Theorem 1.3.4, indicate that in the exact low-rank case, H(:) — O"|| should be proportional
to the noise scale &, where 62 = E(&?) or 6% = Anax (E(&;€7)). To verify this, given a sequence
of ¢ values ranging from 107> to 1, we generate &; from either 6-.4/(0,1) or 6 -#5.1/16. The
specifications of ®* and X; or x; are the same as in Section 1.4.1.

Under the matrix sensing setting, we set (dj,d»,n) = (50,50,2000) and choose 7 =
20+/n/d and A = 6/d/n with d = d, +d,. For multitask regression, we set (d|,da,n) =
(100,100,3000) and choose T = 6/n/logd and A = 0.56+/dlog(d)/n. Figure 1.2 shows the
plots of the Frobenius error versus noise scale, based on 200 replications, under these two settings

and two error distributions. Consistent with the predictions of Theorems 1.3.2 and 1.3.4, we

observe a nearly perfect linear growth in all four plots.

1.5 Acknowledgements

This chapter, in full, is a reprint of the material in the paper “Low-rank matrix recovery
under heavy-tailed errors”, Yu, Myeonghun, Sun, Qiang and Zhou, Wen-Xin. The paper has been
published on Bernoulli, 30, 2326-2345. The dissertation author was the primary investigator and

author of this paper.

26



Normal distribution t distribution Pareto distribution

5
.o
g &

R
3

—

0.20- — . i %

01

Relative Frobenius Error

Relative Frobenius Error
Relative Frobenius Error

}F...... .

e ]

Nucleér—AH Nucléar—LS Nucle‘arfAH Nucléar—LS Nucle‘arfAH Nucle‘arfLS
(a) Matrix sensing setting with (d;,d,n) = (50,50, 1500)

Normal distribution t distribution Pareto distribution

°
S

.44-

40-

Relative Frobenius Error
o o
Relative Frobenius Error
° °
o S
}—m_i. .
*’ o
Relative Frobenius Error
° °
o @
-

. 0.2-

Nucléar—AH Nuclevar—LS NucIeSr—AH Nuclear-LS Nuclelar—AH NucIéar—LS
(b) Matrix completion setting with (d;,d>,n) = (50,50,2000)

Normal distribution t distribution Pareto distribution

— :
1 . | £ 1

—————

Relative Frobenius Error
Relative Frobenius Error

Relative Frobenius Error

}F__

Nuclear-AH Nuclear-LS Nuclear-AH Nuclear-LS Nuclear-AH Nuclear-LS

(c) Multitask regression setting with (d;,d»,n) = (80, 80,2000)

Figure 1.1. Boxplots of relative Frobenius errors ||@ — O"||g/||®"||r (based on 500 repetitions)
for the Nuclear-AH and Nuclear-LS estimators under the matrix sensing, matrix completion and
multitask regression settings.
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Chapter 2

Gaussian differentially private robust
mean estimation and inference

2.1 Introduction

We consider the problem of estimating the mean of a random vector x € R? based on
independent and identically distributed (i.i.d.) samples {x;}"" ;. When the data are generated
from heavy-tailed distributions and/or contaminated with outliers, this problem, known as robust
mean estimation, has received a lot of attention recently in both statistical and machine learn-
ing communities; see, for example, Catoni (2012); Bubeck, Cesa-Bianchi and Lugosi (2013);
Minsker (2015); Devroye et al. (2016); Chen, Gao and Ren (2018); Lugosi and Mendelson
(2019a); Hopkins (2022); Hopkins, Li and Zhang (2020); Lugosi and Mendelson (2021); De-
persin and Lecué (2022a,b); Mathieu (2022) for an unavoidably incomplete overview. For a
more thorough review of robust mean estimation and beyond, we refer to the survey articles
Diakonikolas and Kane (2019) and Lugosi and Mendelson (2019b).

It is well-known that the sample/empirical mean estimator has desired tail behaviors
when the distribution of x is light-tailed, but its performance deteriorates quickly and becomes
sub-optimal for heavy-tailed distributions. For example, for a Gaussian distribution with mean

and covariance matrix X, the following deviation bound of the sample mean is optimal (Catoni,

2012): for any z > 0, ||%, — p|l2 < \/tr(X)/n+ \/2||Z||2 - z/n with probability at least 1 —e %,

where X, = (1/n) ¥!_, x;. The worst-case analysis in (Catoni, 2012) shows that the deviations
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of the sample estimate significantly increase when the sample distribution is far from being
Gaussian. Over the past decade, significant effort has been dedicated to developing robust mean
estimators, both univariate and multivariate, that offer optimal Gaussian-type deviation bounds,
as demonstrated above, commonly referred to as sub-Gaussian deviation bounds. Although
certain estimators, such as the median-of-means tournaments (Lugosi and Mendelson, 2019a)
and the trimmed mean estimator (Lugosi and Mendelson, 2021), are capable of achieving the
sharp concentration bound under the bounded second moment condition, most of them are not
computationally feasible. Some recent works such as Hopkins (2022) and Depersin and Lecué
(2022a) have proposed polynomial-time mean estimation algorithms that achieve sub-Gaussian
rates. However, implementing these algorithms in practice remains a significant challenge. In
contrast, Huber’s M-estimator and its variants considered by Mathieu (2022) are computationally
more efficient as they are directly defined as minima of convex optimization problems. It is worth
noting that the M-estimation approach comes with a minor caveat. Specifically, Proposition 2
of Mathieu (2022) demonstrates that Huber’s M-estimator can attain the sub-Gaussian deviation
bound within a limited range of z when the distribution of x has finite g-th moment with g > 2.
However, when x only exhibits finite variance, the estimator attains the sub-optimal deviation
bound; see also Remark 2.2.1.

While most of the aforementioned results solely focus on statistical properties without
taking into account the potentially sensitive information contained in the data, there has been
an increasing demand for data privacy guarantees in statistical methods during the last decade.
Differential privacy (DP), arguably the first widely accepted rigorous definition of data privacy,
was introduced in Dwork et al. (2006b) and has since gained widespread acceptance and success.
Informally, a mechanism is said to be differentially private if its distribution over outputs is
insensitive to the change of only one datum. Gaussian differential privacy (GDP) Dong, Roth
and Su (2022) is an attractive variant of DP, especially for statisticians, due to its neat hypothesis
testing interpretation. The study of mean estimation with differential privacy is mostly limited in

the computer science literature. For example, Bun and Steinke (2019); Kamath et al. (2019);
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Karwa and Vadhan (2018) considered optimal private mean estimation in terms of sample
complexity under different differential privacy frameworks. Another work in statistics literature
Cai, Wang and Zhang (2021) proved minimax optimal mean estimation under squared error loss
under DP. However, these results all depend on the assumption that the underlying distribution is
sub-Gaussian.

Recently, the problem of private robust mean estimation under heavy-tailed distributions
has gained increasing interest in the literature. For instance, based on pairwise comparisons, Ka-
math, Singhal and Ullman (2020) introduced an algorithm for private mean estimation under
concentrate, pure, and (€,0)-DP when a distribution has a bounded ¢-th moment for g > 2.
Additionally, Liu et al. (2021) proposed a private iterative filtering-based algorithm designed
to estimate the mean vector of heavy-tailed distributions under (&, §)-DP, even when the data
is corrupted by arbitrary outliers. Hopkins, Kamath and Majid (2022) utilized the sum-of-
squares method to design private algorithms that are robust to heavy-tailed distribution and
arbitrary outliers under pure DP. However, most of the proposed methods, although achieved by
polynomial-time algorithms, are still not as computationally tractable as those based on convex
optimization.

Despite the growing interest in developing robust non-private and private mean estimators
with sub-Gaussian deviation bounds, existing results have mainly focused on providing con-
centration bounds. Robust inference with heavy-tailed data, however, has often been neglected.
Due to the high complexity of existing robust mean algorithms, it is challenging to track the
limiting distributions of the resulting estimators. Constructing differentially private confidence
sets presents an even greater challenge since it involves accounting for the additional noise
needed to guarantee privacy.

The main goal of this paper is to develop an easy-to-implement GDP robust mean
estimator and construct privacy-preserving confidence intervals for heavy-tailed data. To achieve
robustness, we adopt a Huber (robust) loss function with a diverging robustification parameter

T (Catoni, 2012; Mathieu, 2022). On the other hand, data privacy is typically guaranteed by
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randomly perturbing the output of non-private algorithms (Dwork et al., 2006b; McSherry and
Talwar, 2007). In particular, to privately release a non-private Huber-type robust estimator,
inspired by Song et al. (2013); Bassily, Smith and Thakurta (2014), we take a noisy optimization
approach by adding Gaussian noises in each iteration of the gradient descent method. This
noisy gradient decent procedure guarantees that the desired privacy level can still be met along a
sequence of outputs by carefully choosing the scale of the added noise. To make valid inferences,
one needs to leverage the distributional properties of the resulting private robust mean estimator.
Existing concentration/deviation bounds such as those in Mathieu (2022) do not allow us to
achieve this goal, even for the non-private Huber-type mean estimator. To this end, we first
provide a refined non-asymptotic analysis and establish Bahadur representation of the non-private
Huber-type mean estimator, which paves the road for the more challenging inference problem of
its private counterpart. In constructing the private confidence intervals, we show that the scale
of the privacy-inducing noise critically depends on the robustification parameter 7, which also
balances the bias and robustness of the non-private Huber-type estimator. The cost of privacy is
further revealed by our different choices of 7 and the resulting deviation bounds together with
Gaussian approximation bounds for private and non-private robust mean estimators.

Our contributions are mainly three-fold: (a) A comprehensive analysis of a Huber-type
robust mean estimator. While a concentration study already appeared in the literature for robust
M-estimators of locations, our first contribution is to go beyond deviation analysis and establish
Bahadur representation and (uniform) Gaussian approximation, which are key ingredients to
construct both non-private and private robust confidence intervals. Notably, our analysis of
the Berry-Esseen bound reveals that the choice of robustification parameter 7 that leads to the
smallest concentration bound results in a sub-optimal Berry-Esseen bound; see Remark 2.2.2 for
details. It is also worth mentioning that even for the concentration bounds with bounded second
moment assumption, our result still slightly improves that in Proposition 2 of Mathieu (2022)
due to using a different analysis. (b) Noisy gradient descent of Huber mean estimator. Our

second contribution is to privatize the Huber-type robust estimator via a noisy gradient descent
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algorithm. We provide a complete finite-sample convergence analysis, demonstrating that private
iterates converge linearly to a ball centered at the non-private Huber estimator with a radius
comparable to the noise added in each step. Different from most existing methods, one novelty is
that the privacy-inducing noise level critically depends on the robustification parameter 7, which
in turn controls the bias and robustness. In contrast to the non-private counterpart, the trade-off
between bias, robustness and privacy leads to a choice of 7 explicitly depending on the privacy
level. Consequently, we show the cost of privacy in a deviation bound for our private robust mean
estimator and demonstrate its optimality in terms of the dependence on privacy and moment
conditions for some scenarios. In particular, the cost of privacy of our proposed estimator with
an appropriate choice of 7 achieves the minimax optimal bound under the finite second moment,
and the estimator has the same cost as in Kamath, Singhal and Ullman (2020), which is the
smallest one in the literature under higher-moment assumptions. (c) Private robust confidence
intervals. The last but not least contribution is to construct both non-private and private robust
confidence intervals for linear projections of the mean under a bounded fourth moment condition.
We allow increasing dimension d due to the new Gaussian approximation results. The novel
construction of private robust confidence intervals is based on a noisy Studentized statistic. In
particular, to guarantee the privacy of the confidence interval, besides the private Huber-type
mean estimator, we further employ a robust and private estimator of the covariance.

Other related literature. In the statistics literature, a series of works are devoted to
developing differentially private approaches for statistical estimation with a focus on optimal
rates of convergence, including Wasserman and Zhou (2010); Barber and Duchi (2014); Duchi,
Jordan and Wainwright (2022); Cai, Wang and Zhang (2020, 2021); Rohde and Steinberger
(2020); Wang, Kifer and Lee (2019); Avella-Medina (2021); Avella-Medina, Bradshaw and
Loh (2023). For example, under the local differential privacy, a slightly stronger notion of DP,
Wasserman and Zhou (2010) revealed that existing private mechanisms lead to slower rates than
the minimax rates, and (Duchi, Jordan and Wainwright, 2022; Rohde and Steinberger, 2020)

further derived new minimax rates and corresponding private algorithms for several models.
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(Cai, Wang and Zhang, 2020, 2021) considered minimax optimality of mean estimation and
generalized linear regression with given differential privacy (DP) constraint under both the
low-dimensional and sparse high-dimensional settings. The studies in hypothesis testing and
confidence intervals with differential privacy are still limited in the statistical community. The
most relevant work to the current paper is Avella-Medina, Bradshaw and Loh (2023), which
considered optimization-based approaches for Gaussian differentially private M-estimators. In
particular, parametric inference problems are tackled by constructing private variance estimators.
While their general noisy gradient descent method can be applied for our robust mean estimation,
the inference analysis and results do not allow increasing dimensional settings. In contrast, our
newly established Gaussian approximation results together with a careful global convergence
analysis of the noisy optimization reveal the critical role of the robustification parameter, which
makes the inference under growing dimensions possible.

The rest of the paper is structured as follows. We first revisit the non-private robust
mean estimation problem under heavy-tailed distributions in Section 2.2. New concentration
bounds and normal approximation results are established for the proposed Huber estimator to
conduct robust inference, including constructing confidence intervals and sets in this section.
Section 2.3 introduces the basic background of Gaussian differential privacy and presents
our private Huber mean estimator via a noisy gradient descent algorithm with finite-sample
convergence analysis. New approaches for constructing private robust confidence intervals are
further presented in Section 2.3. Section 2.4 presents the numerical studies that evaluate the
performance of the proposed robust mean estimators, both non-private and private. Additionally,
a data-driven approach is proposed to choose the robustification parameter. Some proofs of
theorems in Section 2.2 are given in Appendix 2.5. The extension of our construction of private
robust estimators to other notions of differential privacy, a detailed description of the numerical
algorithm for computing private robust estimators, and remaining proofs for theoretical results

are relegated to the Supplementary Material Yu, Ren and Zhou (2023).
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NOTATION. The following notations will be used throughout this paper. For every integer d > 1,
we use R? to denote the d-dimensional Euclidean space. For any vector u = (uy,...,uy) € R?,
we use |[u[[,(1 < p < oo) to denote its £,-norm in R”: |lul[, = (Z;Ll |uj|P)V/P and ||u|. =
max <<y |u;|. The unit (d — 1)-sphere S?~! is defined as S*"! = {u € R? : |ju|j, = 1}. We
write a < b if there exists an absolute constant C > 0 such that a < Cb, and a 2 b if b < a.

Moreover, we write a < b if a < b and a 2 b.

2.2 Robust mean estimation and inference via Huber loss

In this section, we consider robust (multivariate) mean estimation using Huber loss
minimization. A more general version of this approach was proposed by Mathieu (2022), in
which concentration bounds are established. The idea of using a robust loss function with a
diverging robustification parameter (as a function of sample size) dates back to Catoni (2012),
and has also been employed in regression settings (Fan, Li and Wang, 2017; Zhou et al., 2018).
In Section 2.2.1, we first provide a concentration bound for the Huber mean estimator, denoted by
U, parameterized by T > 0, based on a different technical argument compared to that employed
in Mathieu (2022). Next, we provide a non-asymptotic Bahadur representation result, indicating
that v/n(l, — [) can be approximated by a linear statistic with higher-order remainders. Based
on this result, in Section 2.2.2 we establish several normal approximation results (through Berry-
Esseen-type bounds) for the proposed robust estimator, which pave the way for constructing
robust confidence intervals under heavy-tailed distributions.

Throughout, let x;, . .., x, be independent observations from a random vector x € R¢ with

mean i = (Ui, ..., Hq)" and covariance matrix ¥ = (Oy;) 1<k <4, both assumed to be unknown.

2.2.1 A concentration study of Huber mean estimator

Given 7 > 0, define the loss function p;(u) = 72p(u/7) for some continuously differ-
entiable convex function p : R — [0,00). Assume that y(u) = p’(u) is Lipschitz continuous,

concave, and differentiable almost everywhere on R ;. Mathieu (2022) provided a concentration
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study of the following M-estimator:

~ o~ ) —~ 1 &
[,L:ufeargmm{ff(e) ::—pr(||x,~—9||2)}. 2.1)
9cR? i3

Let y:(u) = pi(u) = Ty (u/7) be the score function. By the convexity of p;(-) and hence of
92/’; (-), the M-estimator Y can be equivalently defined as the solution to the equation

vellx—6])
xi—O =0.
; x o, %

In particular, Mathieu (2022) considered three robust mean estimators that are determined by

their corresponding score functions, which are
(i) (Huber’s score) W (u) = ul(|u| < 1)+sign(u)1(|u| > 1);
(ii) (Catoni’s score) w(u) = log(1 +u+u?/2)1(u > 0) —log(1 —u+u®/2)1(u < 0);

(iii) (Polynomial score) For p > 1, y(u) = 1(u>0)— ——57; 1(u <0).

_u
1+u!=1/p 1+(—u)

As demonstrated in Mathieu (2022), these three robust estimators exhibit similar theoreti-

cal and numerical performance. Therefore, we restrict attention to Huber’s estimator (Huber,

1964). The Huber loss is defined as

p(u) = min(u/2,[u] — 1/2),

with its score function listed in (i) above. A variety of smoothed Huber loss functions have
been discussed in the robust statistics literature (Hampel, Hennig and Ronchetti, 2011). See, for
example, Examples 1 and 2 in Avella-Medina, Bradshaw and Loh (2023).

Theorem 2.2.1 below provides a concentration bound for the (multivariate) Huber mean

estimator {1, with a sufficiently large 7, explicitly dependent on the robustification bias. Through-
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out the rest, we write
A =|Z|lz ;== max ||Zull, A= min ¥'Zu and r(X)=tr(X)/||Z|,
ucSa-1 ucSd-1

as the largest eigenvalue, smallest eigenvalue, and effective rank of the covariance matrix X,

respectively.

Theorem 2.2.1. Assume that the random vector x € R has mean vector g and covariance

matrix X. For any z > 0, the Huber mean estimator [, given in (2.1) with 7 > \/tr(X) satisfies

~ - YY)+ T
||#T—u||257t”2\/r<)TZ+f+bf 2.2)

with probability at least 1 —2e~% as long as n 2 r(X) + z, where

the bound

Atr(X)

p (2.3)
2

o bl

We refer to b; as the robustification bias. When 7 = oo, it is easy to see that b, = 0; in
general, b; > 0 for any fixed 7 > O unless the distribution of x is symmetric around W.

To determine the optimal robustification parameter 7 that minimizes the upper bound (2.2)
under higher moment assumptions, we next derive a bound for b;. Before doing so, we first
introduce some additional notations. Assuming that m, := E||x — p|| is finite for some g > 2,

we define

E|(x—p,u) E|x; — px|?
Vv, = d x, = .
17 st Bl )2 N T B By — )0

(2.4)

In particular, v4 and k4 denote, respectively, the supremum of the kurtosises of all linear

combinations of x and the maximum of the kurtosises of all coordinates of x. These quantities
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characterize the degree of skewness of the random vector x. It is easy to see that v4 > k4 > 1
if x is non-degenerate, and v4 = k4 = 3 when x ~ 4" (i, X). Also, note that when m, < oo for

q > 2, we have m}/ 7 > tr(X)!/2 by Jensen’s inequality, and Holder’s inequality yields

o= w14 3 )

k=1

d

< Y (Blle— ) Bl 9 <oy (), (2.5)
so that tr(2)1/2 < m;/ 1< qu / tr(2)'/2. With the notation, we now present the bound of the bias
bz.

Lemma 2.2.1. Assume that there exists some ¢ > 2 such that m, = E||x — p||? is finite. Then,

the bias term b, satisfies

7172, 1-1/q
: /g "my Mg

brémln{vq 71 ,Tq_l}.

Remark 2.2.1. By combining Lemma 2.2.1 and Theorem 2.2.1, we can choose 7 that minimizes

br + tz/n. For instance, when the variance exists (¢ = 2), the optimal choice for 7 is T <

A2 4r(2)1/4(n/2)"/2, which leads to the bound

~ )2}
= A 26)

1/2

with probability at least 1 —2e™% as long as n 2 max{r(X),r(X)"/z}. For heavy-tailed data

without adversarial corruption, the above bound slightly improves that in Proposition 2 of Mathieu
(2022) with g = 2 and g, = 0. In detail, Proposition 2 of Mathieu (2022) establishes that the

Huber estimator [, with T < tr(X)'/2(n/z)"/? satisfies
e nle Sy T2 A2 ey 2, 2
n n n
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e /32

with probability at least 1 —4e * — as long as n 2 z in our notations. Consequently, our

derived bound improves upon the multiplicative factor of r(Z)!'/2 in the bound of Mathieu (2022),
refining it to r(X)!/4.

Yet, the deviation bound (2.6) is still sub-optimal in terms of its dependence on Z, tr(X)
and z. Specifically, it includes an extra multiplicative factor of r(Z)l/ 4, compared to the optimal
Gaussian concentration bound. However, the main advantage of Huber loss minimization is
threefold: (i) the estimator is defined as the solution to a convex optimization problem, for which
the objective function is also locally strongly convex; (ii) the asymptotic distribution is easily
tractable, which significantly facilitates statistical inference; (iii) via noisy gradient descent,
we can construct differentially private robust mean estimator and the correspondent confident
intervals/sets as discussed in Section 2.3.

Moreover, the Huber estimator U attains the optimal concentration bound as long as z is

small under higher-moment assumptions. Specifically, when m, < e for g > 2, we can choose

T = mcl/ (n/z)'/4 to obtain a tighter concentration bound given by

~ tr(Z 1=1/q
el Sy () )

n

with probability at least 1 —2e . Applying the inequality m;/ 1< qu / Ttr(X) 1/2 we can see that
M, satisfies the optimal Gaussian concentration bound provided that z = O(n(q ~2)/Q4-2) 4.

r(£)~%/(@=2)). In this regime, the Huber estimator [, attains the optimal deviation bound.

Theorem 2.2.1 is restricted to establishing concentration/deviation bounds and thus
falls short in addressing the distributional characteristics of .. However, the latter is the
cornerstone for statistical inference. To fill this gap, we further establish a non-asymptotic
Bahadur representation result for ., which is the key to deriving Gaussian approximation

results with explicit error bounds.

Theorem 2.2.2. Assume that there exists some g > 2 such that m; = E||x — pt||4 < c. Givent >0,
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let the sample size satisfy n 2> r(X) + z. Then, the Huber mean estimator i, with T > +/tr(X)

satisfies
= L& y(xi—pl), < 312 r(X)+z My <
B.—H n; ||l — |2 (xi — 1) 5~ A n + n +be T4 * n

(2.8)

with probability at least 1 — 3e~%, where y;(u) = Ty(u/7) and b is defined in (2.3).

Theorem 2.2.2 shows that with high probability, \/n(l, — i) is first-order equivalent to

the linear term

1 Z‘VT (J]x;i — p]2)

X — y
Vit x—ph %M

which determines the asymptotic distribution of f .. Based on the Bahadur representation (2.8),
in Section 2.2.2, we establish several Gaussian approximation results for {i; under the bounded
third or fourth moment condition. In particular, the boundedness of the fourth moment is crucial

for robust covariance estimation (Minsker, 2018; Mendelson and Zhivotovskiy, 2020).

2.2.2 Gaussian approximations

In this section, we present two Gaussian approximation results for the Huber mean
estimator [ under the bounded third or fourth moment condition. The dimension d is allowed
to grow with the sample size n and enters the Gaussian approximation error bounds through the
moment parameter m, = E|x — p|| for g > 3.

Theorem 2.2.3 below provides a Berry-Esseen bound for all (deterministic) linear combi-

nations of [, from which the asymptotic normality immediately follows.

Theorem 2.2.3. Assume that m; = E|x — pt||3 < oo for some g > 3, and let the sample size

satisfy n 2> r(X) + logn. Then, the Huber mean estimator f, with 7 < mcl,/ %(n/logn)? for some

40



Y€ [1/(q—1),1/2] satisfies

1/q (4=2)/(g—1)
R my " logn 2/q ( logn V3
P =) <x) —@(0)| S5 ¢ q( ) o
ueéﬁgem‘ (vV(u/|ulls, iy — p) < x) (x>|~ll/z Jn Ve \ 7, T
2.9

where ||u|| := u™>u and ®(x) is the cumulative distribution function of .4"(0, 1).

Remark 2.2.2. In Theorem 2.2.3, we require x to have at least the finite third moment so that
the upper bound in (2.9) depends on n through n~'/2. Instead, if m>,, = E|jx — 137" < oo for
some 0 < 1 < 1, the dependence on n can at best be nv 2. see Heyde (1967) for details. To

-1/ 2_rate, Theorem 2.2.3 shows that the choice of T becomes more flexible

achieve the optimal n
as higher-order moments are bounded. It is worth noting that the choice 7 < mcl/ “(n/logn)?
with y € [1/(g—1),1/2] for Gaussian approximation does not lead to the smallest concentration

bound, as shown in (2.7) with a choice 7 < m;/ “(n/logn)'/4. Yet, for this choice of 7, we will

obtain an n~1/2+1/4_rate for the Berry-Esseen bound.

When the g-th moment (g > 3) is finite, the two parameters v, and k; defined in (2.4)
are essentially dimension-free. Using the inequality m;/ 1< K;/ qtr(Z)l/ 2 from (2.5), we can

substitute this bound into (2.9) to obtain a further bound for the first term on the right-hand side:
1 = r(X
) 1(1/2)" 2 (0gm) .

From an asymptotic view, with two dimension-free parameters v, and k;; defined in (2.4) and a
bounded condition number of X, this shows that any linear combination of the coordinates of
V([ — p) converges in distribution to the correspondent linear combination of .4#(0,X) as
n — oo under the growth condition r(X)log?(n) = o(n) as n — . Since r(X) < d, a sufficient
condition on the dimension is dlog?(n) = o(n).

To construct confidence intervals/sets based on the above result, we also need to robustly

estimate the variance ||u||# = u™Zu, or the covariance matrix . To this end, we consider a
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U-type robust covariance estimator proposed and studied by Fan et al. (2019) and Ke et al.
(2019). Given a robustification parameter & > 0, the U-type covariance estimator fé is defined

as

:T Z (Hx, xjH%) (xi];{)(xi_xj)T, (2.10)

2 <i<j l_xJ'H%

where Yg (1) = Sy(t/E). By choosing 6 = e~ in Theorem 3.2 of Ke et al. (2019) with a suitably
chosen &, the following proposition provides an exponential-type deviation bound for fg under

a bounded fourth moment condition.

Proposition 2.2.1 (Theorem 3.2 in Ke et al. (2019)). Assume x € R? has bounded fourth

moment, and write

v(2) :—HE{ X1 — )Q)()Cl x2 }2H2 (2.11)

Let ng = |n/2] be the largest integer not exceeding n/2. For any z > 0, the U-type covariance

estimator flg defined in (2.10) with & = vo+/ng/{log(2d) + z} satisfies

log(2d) +z

5 —]], < 20 252

with probability at least 1 —e™ <.

Remark 2.2.3. To compute f;; , the major barrier is due to the U-statistics structure of (2.10),
in which the sum consists of O(n?) terms. Clémengon, Bellet and Colin (2016) proposed a
resampling technique named incomplete U -statistics, which reduces the computation complexity

to O(n). Alternatively, we can use the following truncated plug-in covariance estimator

1 n i—A 2 ~ ~
_Z e ([|x NHZ)(xi_#)(xi_“)T7 (2.12)

Yy = !
: = Hxi—HH%
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where £ > 0 is a robustification parameter and J is a prespecified robust mean estimator. Given
& and L, the computational complexity of ié is O(nd?). Assume x has a bounded fourth moment

and let

0 = |E{(x— p)(x—p)" |-

For any z > 0, following the proof of Lemma 2.1 in Wei and Minsker (2017), it can be similarly

shown that conditioned on the event { ||t — pt||» < Cy+/tr(X)z/n} for some Cy > 0, the truncated
plug-in estimator fé with & = op+/n/(z+ logd) satisfies

- logd
IZ¢ —Z[]2 < 004/ Z+n0g 2.13)

with probability at least 1 —4e~% as long as n > Cy(0p/A)?(z +logd), where C; > 0 is a

constant depending only on Cj. Since 67 < V44 tr(Z) (see Lemma 4.1 in Minsker and Wei
(2020)), a sufficient sample size requirement for (2.13) is n = v4r(X)(z+logd). On the other
hand, it follows from Theorem 2.2.1 and Lemma 2.2.1 that the Huber mean estimator ﬁT with

1/4

T =< (myn/z)"/" satisfies

. tr(Z) + A 3/4
A ),

3/4
SR ey () gy

with probability at least 1 —2e~¢ when the sample size satisfies n 2 v41(X)(z +logd) and z > 1.
In other words, the Huber mean estimator satisfies the required bound (with high probability) for

the plug-in estimate in (2.12).

The following result complements Theorem 2.2.3 by providing a Berry-Esseen-type

bound for the studentized robust statistic /n(u, i, — i)/ (u"Zzu)'/? uniformly over u € RY.
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Theorem 2.2.4. Assume my = E||x — p||3 < o and let the sample size satisfy n > r(X) + logn.

For any v € [1/3,1/2], the Huber estimator i, with 7 < mi/4(n/ logn)? satisfies

_ IS 124 [1(E)log(nd)logn
sup  [P{v/nlu, fi,—p)/(u"Seu) 2 < x} —d(x)| S v,/ I\/ (2)log(nd)logn 1)
ucR9 xcR 42 n

where fé is the U-type covariance estimator defined in (2.10) with & < vo+/n/log(nd). In

particular, v% < 2wl tr(X).

From Theorem 2.2.4 we see that a sufficient condition for the asymptotic normality of
the Studentized statistic v/n(u, b, — @)/ (qug u)'/2 is dlog?(n) = o(n), the same as discussed
following Theorem 2.2.3. Consequently, for any (deterministic) vector u € R? of interest and
a € (0,1), we can construct robust (approximate) 100(1 — a)% confidence interval for (u, i) as

R (uTiéu)l/z R (quéu)l/z
<u7”"r>_Z(X/ZTv(u?“T)—}_Za/ZT ) (2.15)

where z4 /) = ®~!(1 - o/2) denotes the (1 — «/2)-th quantile of .4 (0, 1).
We end this subsection with a uniform Gaussian approximation result, which provides

theoretical guarantees for multiple testing procedures based on Studentized robust statistics.

Theorem 2.2.5. Assume my = E||x — p||3 < oo and let the sample size satisfy n > r(X) +logn.
Let G = (Gy,...,G4)" be a d-dimensional zero-mean Gaussian random vector with covariance
matrix cov(G) = corr(X) := (0k1//OkkO11) 1<k 1<q- For any y € [1/3,1/2], the Huber estimator
1/4 (

B, with 7<m,"(n/logn)? satisfies

ﬁ(ﬁk — )
V/Oik

where Oy is the k-th diagonal element of fg defined in (2.10) and & =< vg+/n/log(nd).

SVJ/Z%logz(d)logM)\/g, (2.16)

Sx}—]P’(HGHoo <)

sup P4 max
x>0 1<k<d
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Based on Theorem 2.2.5, we construct the confidence set

_ Gu - 5
<, {uk—wa\/%,uwwa\/ﬂ 2.17)

for € R¥, which has level 1 — o asymptotically under the growth condition dlog*(d)log?(n) =
o(n), where @y, is the (1 — a)-quantile of || G||-. This confidence set is less conservative than
the conventional multiple testing methods, such as the Bonferroni method and the Sidak method,
which ignore the dependence structure among the d coordinates.

Another challenge is to compute @y due to the unknown covariance matrix cov(G) =
corr(X), or equivalently X. To this end, we apply a plug-in method by replacing ¥ with its robust
estimate fg , and then compute the quantile of ||Z\'r'||oo with G ~ A (0, corr(fg )) via Monte Carlo
simulations. Its validity (consistency) is guaranteed by Proposition 2.2.2 below as long as the

right-hand side of the inequality is o(1).
Proposition 2.2.2. Assume my = E||x — p||3 < o, and let

-~

G=(Gy,...,Gg)" ~ N (0,corr(X)) and G=(G,...,Gy)" ~ N (0,corr(E)),

where £ = f‘.g is the U-type covariance estimator defined in (2.10) with & =< vy\/n/log(nd).

Then, with probability at least 1 — 2n~ !, we have

IP’( max |G| <t

X1y Xy | — P max |G| <t
1<k<d 1<k<d

<Vl og(d)tog()FLEM g 1)

sup
>0

Remark 2.2.4. In this section, the inference results of the Huber estimator i, are limited to
constructing a confidence interval for the one-dimensional projection of (u, ), where u is a
fixed direction in R¢, or for obtaining confidence intervals simultaneously for each coordinate of

u. It is interesting to explore the possibility of extending these results to establish a multivariate
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confidence region for the mean vector .

Following the idea from Spokoiny and Zhilova (2015); Chen and Zhou (2020), we
propose a likelihood-based confidence set using the multiplier bootstrap method. To elaborate,
let uy,...,u, be independent and identically distributed random variables that are independent of
the observed data &, := {x1,...,x,} and satisfy E(u;) = 0, var(u;) = 1 and Eexp(u?/A?) < o
for some constant A > 0. Introducing the random weights w; = 1 4 u;, we define the bootstrap

loss and bootstrap Huber estimator as
b Iy
27(0) = Y wipe(|lxi—0])2) for 6 €RY,
i=1

and [.At'; € argminne_ A< Ré}(e), respectively, where R > 0 is a prespecified radius parameter.
Let P* denote the conditional probability over the random multipliers given Z,,. Then, we denote

2 =22(2,) to be the upper a-quantile (0 < ot < 1) of ZP(fi..) — ZP(lD), that is,
ah =inf{z>0: P{ L} (i) - L} (1) > 2} < a}.
Based on this, a confidence region for g at the given confidence level 1 — « is given by
{0 cR!: Z:(0) ~ Ze(l) <)

Practically, the conditional quantiles of ﬁ(ﬁf) - @(ﬁz) can be computed with arbitrary
precision by using Monte Carlo simulations.

Since a significant amount of additional work, including the derivation of the concen-
tration property of the Wilks” expansion for the excess risk .Z; (n)— Z (K,) and theoretical
analysis of the bootstrap estimators, is still needed, we leave a rigorous theoretical investigation

and validation of this approach to future work.
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2.3 Differentially private robust mean estimation and
inference

In this section, we propose a Gaussian differentially private robust mean estimator via
the use of Huber loss and noisy gradient descent. The key observation is that the derivative of the
Huber loss p¢(-), denoted by y¢(-), is bounded in magnitude by 7. Therefore, we can utilize the
Gaussian mechanism (surveyed later in Section 2.3.1) to gain privacy. Note that g1 is defined as
the minimum of a convex loss function, solvable by gradient descent and its many variants, we
thus apply a noisy gradient descent method (Bassily, Smith and Thakurta, 2014) to construct a
private version of [, that is also statistically robust. We provide a deviation study of this private
robust mean estimator and establish a Bahadur representation result based on which the validity
of Gaussian approximation is also provided. This enables us to construct private confidence

intervals for any linear combination of the mean vector.

2.3.1 Background on Gaussian differential privacy

The notion of differential privacy (DP) was first proposed to formalize the ad-hoc data
privacy idea that a DP mechanism (randomized algorithm) M should make the distributions of
M(X) and M(X') similar for any pair of datasets X and X' that differ by only one entry or datum.
Intuitively, an attacker is not able to detect whether any datum x belongs to the dataset X when a

DP algorithm is applied to X.

Definition 2.3.1 (Dwork et al. (2006a,b)). A dataset X = (x,xp,...,X,) € 2" consist of n data
from some space 2". We say two datasets X and X’ are neighbors if they differ by one entry.
A randomized algorithm M : 2" — %/ is said to be (g, 0)-differentially private ((&,6)-DP) for

€,8 > 0 if for any neighboring datasets X and X', and any measurable set E C %/,

P{M(X) € E} <fP{M(X') € E} + 6,
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where the probabilities are computed only over the randomness of the mechanism M.

From a statistical viewpoint, it is more natural to understand differential privacy in a

hypothesis testing problem that takes the form

Hj : the underlying datasetis X vs H| : the underlying dataset is X'. (2.19)

As revealed by Wasserman and Zhou (2010), for any 0 < o < 1, the power of a-level test
based on the output of an (g, 5)-DP mechanism is upper bounded by efa + §. Therefore, it is
impossible to construct a powerful test based on the output of an (&, §)-DP mechanism for small
€ and 6.

Built upon the hypothesis testing interpretation, Dong, Roth and Su (2022) further
proposed and advocated a notion of Gaussian differential privacy (GDP). GDP has an attractive
interpretation to statisticians: the testing problem (2.19), e.g., identifying whether an individual
is in a dataset, is at least as difficult as distinguishing between .4#"(0,1) and .#"(&, 1) based on a
single draw for some € > 0. In other words, the privacy requirement in the notion of GDP can be

precisely characterized by a single parameter €. The formal definition is as follows.

Definition 2.3.2 (Dong, Roth and Su (2022)). Let M be a randomized algorithm. We say M is

&-Gaussian differentially private (GDP) if any o-level test ¢ for (2.19) has a power function

Bla)<1-@(@7'(1-a)—¢)

for all o € [0, 1], where ®(+) is the standard normal distribution function.

The definition might not be as transparent as the intuition described in the univariate
Gaussian distribution testing problem. Here, the function ®(®~!(1 — &) — &) describes the
supreme of the type II errors of all at-level tests for distinguishing .4#"(0,1) and .4 (€, 1) based
on a single draw, which is achieved by the likelihood ratio test. For formal proof, we refer to

Appendix A in Dong, Roth and Su (2022) for more details.
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Despite the remarkable success of (€, 6)-DP, GDP has a number of appealing properties
compared to (g,0)-DP, as highlighted in Dong, Roth and Su (2022). Notably, among these
distinct attributes, GDP has been proven to provide a tight privacy guarantee under composition, a
feature that is absent in the (&, §)-DP mechanism (Murtagh and Vadhan, 2016). Furthermore, the
GDP mechanism preserves a transparent hypothesis testing interpretation, while other relaxations
of the (&,9)-DP mechanism, including concentrated differential privacy (CDP) (Dwork and
Rothblum, 2016; Bun and Steinke, 2016) and Rényi differential privacy (Mironov, 2017), no
longer have hypothesis testing interpretations.

We summarize several properties of GDP in the remainder of this subsection which are
central in developing our private robust mean estimator. A variety of basic algorithms such as the
gradient descent method used in Section 2.3.2 can be made private by simply adding a properly
scaled Gaussian noise in the output. To this end, for any (non-private) statistics h(X) € R? of

the dataset X, define the sensitivity of h as

sens(h) :}s(u)BHh(X) —h(X")]2, (2.20)

where the supremum is taken over all pairs of datasets X and X' that differ by one entry or
datum. The following lemma provides the key device to construct Gaussian differentially private
estimators. It is worth mentioning that only the univariate case (d = 1) was stated in Theorem 1

of Dong, Roth and Su (2022) but the extension to general d > 1 is straightforward.

Lemma 2.3.1. (Theorem 1 in Dong, Roth and Su (2022)) Define the Gaussian mechanism that

operates on a statistic h € RY as

where g ~ .#7(0,1;). Then, the Gaussian mechanism M is e-GDP.

Many algorithms, including our gradient descent approach in this paper, involve a
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sequence of differentially private steps where the computation of each step relies on both the same
dataset and outputs from previous steps. The joint mechanism is called “k-fold composition”.
Intuitively, the privacy would be gradually decayed along a sequence of outputs as the same
dataset is used several times. One critical question is how privacy degrades given that each
step alone is private. While the computation of precise privacy guarantees for compositions of
(g,6)-DP mechanisms can be computationally challenging Murtagh and Vadhan (2016), the
overall privacy guarantee for a composition of GDP mechanisms can be accurately reduced to
the privacy guarantee of a single GDP mechanism. Indeed, this is one of the major reasons that

GDP is advocated.

Lemma 2.3.2. (Corollary 2 in Dong, Roth and Su (2022)) Let M; : 2" — %] be the first
mechanismand M; : 27" X % X --- X %_1 — %; be the t-th mechanism fort =2, ..., k. We define
the k-fold composed mechanism M : 27" — % x --- X %, as M(X) = (y1,2,---,yx) Where y; =
M;(X) and y, = M;(X,y1,...,y,—1) fort =2,... k. If M| is € -GDP and M; (-, y1,...,y;—1) is &-
GDP forany y; € #4,...,y;—1 € %;_1, then the k-fold composed mechanism M is 4 / 812 +...+ e,?—
GDP.

Of note, the k-fold composition is different from the traditional composition of functions
which is termed “post-processing” in the literature of privacy. In fact, privacy will not deteriorate
if a GDP mechanism/algorithm is simply post-processed independently of the original dataset,

as summarized in the lemma below.

Lemma 2.3.3. (Proposition 4 in Dong, Roth and Su (2022)) Let M : 27" — % be €-GDP.
Denote a post-processing (randomized) algorithm Proc : % — % that maps the input M (X) to

some space 2. Then the post-processing ProcoM : 2" — % is also e-GDP.

2.3.2 Private robust mean estimation: Finite sample theory

In this section, under the Gaussian differential privacy mechanism, we propose a differ-

entially private Huber mean estimator via noisy gradient descent and provide a finite-sample
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convergence analysis. Recall the non-private Huber estimator f . defined in (2.1), which can be

computed by gradient descent

—pu)
(r+1) — () 4 M0y Vel ([]x; 12) oy
u (xi—u'"), t=0,1,...,
i—zl i — (t) 2
where 19 > 0 is the step size (learning rate) and #(0) is the initial value. To achieve a certain
level of privacy, we consider the following noisy version of gradient descent (Bassily, Smith and

Thakurta, 2014). For a predetermined number of iterations 7', it computes

u

(1) — (o) 4 Mo g We(llxi = [E)P— 1/2..Mo

u (xi—p\") 42T "1—¢g (2.21)
; i — (t)”Z en”!

forr =0,1,...,T — 1, where 19 > 0 is the step size, {g,}tT:_Ol is a sequence of independent

standard d-variate normal random vectors, and € > 0 is the privacy parameter. The final private

estimator is denoted by u(T). Here the scale of the Gaussian noise is carefully chosen based on

the properties of GDP, i.e., Lemmas 2.3.1-2.3.2.

Proposition 2.3.1. Given an initial estimate u(o) € R? and dataset X,, = {x1,...,x,}, consider
the noisy gradient descent iterates { [.l(t)},TZO defined in (2.21). Then the final output p(7) is
e-GDP.

Proof. Consider two datasets X,, and X/, that differ by one datum, say x; € X, versus x’l eXx.

Let the (vanilla) gradient update be

xi—p®
A1) nozwf“x\ HZHZ)(xf—u(’)),
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and define h(X’, u")) similarly. At the first iteration, note that

1A(X,, 1) — (X, p )2

_ Mo || we(llx —#(0)||2)(x 0y v (]| x] —M(O)Hz)( O

2710
nil Jx—pO], x| —pOf, '

2 n

Therefore, the sensitivity of h is upper bounded by 271 /n. By Lemma 2.3.1, adding a Gaussian
noise 27'/2tny(en) ' g, to the gradient update makes this step (7~ '/2&)-GDP. Consequently,
pV is (T~1/2¢)-GDP since the initial estimate (%) is deterministic. The second iterate (> =
”(2) (X,) takes [,1(1) as input in addition to the dataset. It thus follows from Lemma 2.3.2 that
the two-fold composed (joint) mechanism ( u(l), u(z)) is \/m -GDP. Using the same
argument repeatedly, we conclude that the T-fold composed mechanism ([.L(l), ceey [.l(T)) is

e-GDP, and so is u(T). O]

To establish the statistical properties of the e-GDP robust estimate /.l(T), we first derive
a concentration bound conditioning on some “good” event with a set of parameters. Next, we
show that this event occurs with high probability when the parameters are properly chosen. To

begin with, given parameters ro > 0 and ) € (0, 1), define the event
& =& (ro,x) = {B € O(ro/2)} N {V2.Z;(8) = (1 — 1)Ly, V8 € O(r9) }, (2.22)
where
O(r):={0 cR?: (|0 — ||, < r} forevery r>0, (2.23)

and L = W is the non-private robust estimator defined in (2.1). We are now ready to present an

oracle-type concentration bound of the private estimator u(T) around I conditioning on &;.

Theorem 2.3.1. Consider the private estimate p(”) obtained from noisy gradient descent (2.21)

with step size 1o € (0, 1] and the initial estimate £(©) € @(ry) for some ry > 0. Let x € (0,1),z >
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Oand T > 1. Define the optimization error rqp; and the privacy error rp, as

T

2
AlT) = (1-p)" 73 and 2T =moTmo+ (120} (5 42) (&)

&n

where p = (1 — x)?n3. Assume that the sample size satisfies

>T1/2 Vd++/logT +z .

(1= 2)er 229

Then, conditioning on the event &1 = &7(ro, X), /.t(T) satisfies

I = B3 < () +rp(T)

with probability (over {g,}f;ol) at least 1 —2e7%.

Theorem 2.3.1 provides a concentration bound with two terms: optimization error rop(7')
and privacy error rp (7). As the number of iterations 7" increases and the step size 1o approaches
to 1, the optimization error decreases, whereas the privacy error increases. In addition to these
two errors, we also need to account for the statistical error of [ in (2.2) to obtain a deviation
bound for [J(T) around the true mean f. Hence, we need to select an appropriate number of
iterations T to balance rop(7') and rp,(T'), while also choosing 7 to balance bias, robustness and
privacy error.

Before selecting appropriate parameters in Theorem 2.3.1 to consider the trade-off
between different sources of error and make the event &] occur with high probability, we
provide a few remarks regarding the assumption on the initial iterate “(0)_ In Theorem 2.3.1,
the minimum sample size required and the event &} depend on ry, the ¢, distance between the
initial value u(©) and the true mean . The following proposition shows that if ||(®) — /> > ro,
implying R := || (%) — k|| > ro,/2 conditioning on the event & (o, x ), then it takes as many as

To = O((Ro/r9)?) noisy gradient descent iterations to ensure that the above initial value condition
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is met, that is, || p(70) — p ||, < r.

Proposition 2.3.2. Assume the step size 1o € (0, 1] and let Ry = ||u(?) — fi||5. For any z > 0

and A > 0, let Ty > R3/(1oA) and the sample size satisfy

T1/2B T(Ro+Tot) _ 7T ™o 2
nZ—TomaX (Ro +To ),To nO,TO Mo ,
€ A Ro Ry

where By, = By, (z) = V/d + /2(log Ty +z) and T is the predetermined number of iterations in
the definition of noisy gradient descent (2.21). Then, [J(TO) satisfies ,,5,/”; (;L(TO)) — .5,/”; (L) <A
with probability (over {gt}lTigl) at least 1 — e~%. In particular, conditioning on &} (rg, ) and

taking A = (1 — x)r3/8, we have

1T — 2 < ro (2.25)

with probability (over {g,}[Tgl) at least 1 —e ™%,

Next, the following proposition shows that, with suitably chosen (rg,)), the event

&1(ro, ) occurs with high probability.

Proposition 2.3.3. Assume the same conditions as in Theorem 2.2.1. Moreover, for a given
z> 0, let (ro, x, ) and n satisfy
_ 4r(X) Z

T
=5 and y = x(n,z) := 2 + 7

Then, the event &7 (ro, x) with 0 < x < 1 occurs with probability 1 —3e™% as long as 7 2 \/tr(X)

andn 2 1(X) +z
Combining Proposition 2.3.3 with Theorem 2.3.1 yields the following result.

Corollary 2.3.1. Let € > 0 be a predetermined privacy parameter. For any z > 1, let the sample
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size satisfy

{r(Z)+Z,T1/2\/E+ V:’gT“} (2.26)

n 2 max

with T > /tr(Z). Starting at u(®) € ®(1/2), the e-GDP robust estimator () defined through

noisy gradient descent (2.21) with o = 1 and T < log(n/z) satisfies the bounds
[T~ Rl S 7+ (d+2)'(10gm) ! 2.27)
n en
and

(1) _ gyl < 7172, [TE) F2
| pl2<A .

Z+r§+bf+(d+z)1/2(logn)l/2€in (2.28)

with probability at least 1 —Se™*, where b is the bias term defined in (2.3).

Remark 2.3.1. Taking ryp = 7/2 in Proposition 2.3.2, we observe that even when the initial
iterate p(%) fails to meet the assumption of Corollary 2.3.1, that is, when ||[g£©) — p|> > 7/2
which implies

T

~ T
7 <Ro= [ =gl < p® —plo+

conditioning on the event & (rg, %), we only need Ty < R}/7? iterations to satisfy the initial
condition. Then, provided that 7y < T', we can consider /.l(TO) as an initial estimate instead of

p© in Theorem 2.3.1, resulting in
") = ]l2 S rop(T = To) +rp(T = Tp)

with high probability, where rop(-) and rp(-) are defined in Theorem 2.3.1. Note that we require

T =< logn in Corollary 2.3.1, and we choose 7 to diverge as n — o to control the bias by,
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implying Ty < R% /72 = O(1). Consequently, we have T — Ty < T, and the deviation bound of
Corollary 2.3.1 remains valid even when the initial condition is not satisfied. Furthermore, we

also note that since Ty < R% /72, the sample size requirement of Proposition 2.3.2 reduces to

T/2B R T'/2B
nZ—Tomax (—O,To) = o
€ T €
Given that we have Ty = O(1), the sample size requirement of Corollary 2.3.1 implies that
the above inequality holds as long as n is sufficiently large. Therefore, Corollary 2.3.1 and
Proposition 2.3.2 together ensure that the accuracy of the initial estimator does not significantly

impact the algorithm’s convergence.

Remark 2.3.2. From Corollary 2.3.1 we see that the parameter T not only controls the bias-
robustness tradeoff, but also determines the global sensitivity. The latter is the key to the
privacy-preserving Gaussian mechanism (Dong, Roth and Su, 2022), as summarized in Lemma
2.3.1. Assume that x has bounded g-th moment m, = E|x — |4 (g > 2), satisfying tr(X)!/? <

m;/q < Kcyqtr(Z)l/2 according to (2.5). Taking z = logn and

1
T = vl/qil/@q)m(q—l)/qz{ en } /617
q ' /(d+1ogn)logn

employing Lemma 2.2.1 yields

1™ —p
1-1/
1/2 I'(Z) +logn n v;/q/_l'/(2Q)tr(2)(q_1)/(zq){ (logn)l/z(d+10gn)l/2 } q
n

S

>l

&n

with probability exceeding 1 — 5n~!. Comparing this result with the bound (2.7) for non-private

robust estimator [, with a dimension-free parameter Vv, and bounded A, we have a larger second
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term

1/2 /2y 1-1/ 1-1/
w}/‘fz1/<2q>tr<z)<q—1>/<zq>{ (logn)!/2(d +logn)/ } q<(dl°g”) "

en ~ en

which quantifies the “cost of privacy” of our €-GDP robust mean estimator [.t(T) compared to its
non-private counterpart ﬁ

Recently, Cai, Wang and Zhang (2021) showed that the minimax ¢ risk of sub-Gaussian
mean estimation with (g, 6)-differential privacy is at least O(\/g + W) explicitly
demonstrating its dependence on € and 6. By Corollary 1 in Dong, Roth and Su (2022), an
algorithm is e-GDP if and only if (€,5(¢€))-DP, where (&) = P(—1+¢€/2) —e*DP(—1—¢/2).
Consequently, the cost of privacy of sub-Gaussian mean estimation with €-GDP is thus at least
0(%), up to logarithmic factors. In fact, sup,>, qu/ 7 is upper bounded by a constant if x is
sub-Gaussian with a finite Orlicz y;-norm Vershynin (2018). In this case, it can be shown
from Corollary 2.3.1 that with T =< \/d + logn, the resulting e-GDP Huber estimator attains the
minimax-optimal ¢, convergence rate, up to logarithmic factors.

For mean estimation under bounded g-th moment, the ¢, error of the proposed robust
€-GDP estimator with the optimal 7 is of order O(\/d /n+ (%)1_1/ 7) with high probability, ig-

1-1/4 characterizes the impact of heavy-tailedness

noring the log(n)-factor. The slower term (%)
and privacy. For ¢ = 2, we find that this matches the lower bound on the /¢;-risk (Kamath,
Mouzakis and Singhal, 2022). The latter proposed an algorithm for achieving (&, d)-DP with
polynomial-time complexity, albeit with a more intricate implementation. The lower bound for
g > 2 remains unknown. Furthermore, for ¢ > 2, the privacy cost of the ¢,-risk of our estimator
aligns with that of the (g, §)-differentially private estimator proposed in Kamath, Singhal and
Ullman (2020). Finally, it is worth noting that the tail probability bound for the private robust
estimator we obtained decays exponentially with z, while the proof of Theorem 39 in Kamath,

Singhal and Ullman (2020) employs Markov’s inequality, resulting in a bound with a polynomial

decay.
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Combining the deviation bound (2.27) with Theorem 2.2.2, we obtain a non-asymptotic

Bahadur representation for the e-GDP Huber estimator p(7) as stated below.

Corollary 2.3.2. For any z > 0, assume that all the conditions in Corollary 2.3.1 hold. Then, the

e-GDP Huber estimator u(T) satisfies

(1) _ Ly YelUlxi = Hil2)
u u ) xi— U
H ili—] H‘xl ”’HZ ( ) )

S rE) 4z 2 my \/E 1/2 12T
N{/l S by (S )+ @2 P ogm) 2= 229)

n

with probability at least 1 —8e™ ¢

Corollary 2.3.2 shows that with high probability, /n( u(T) — W) is first-order equivalent

to the linear term

1 Z‘VT (|]xi — pel]2)

X — 3
Vit m—pl, ®H

which determines the asymptotic distribution of (") when 7 is chosen in a suitable way. Based
on the Bahadur representation (2.29), in Section 2.3.3 we obtain a Gaussian approximation result

for u(") under a bounded third or fourth moment condition.

2.3.3 Construction of private confidence intervals

In this section, we present a Gaussian approximation result for the e-GDP Huber estimator
u(T) under the bounded g-th moment condition with ¢ > 3, based on which differentially private

confidence intervals can be constructed. Without loss of generality, we assume € < 1.

Theorem 2.3.2. Assume m, =E|x — pt||3 < oo for some g > 3. Let the sample size satisfy (2.26)

andn > +/(d +logn)logn/e with z=1logn and TXm;/q{Sn/\/(d—f—logn) logn}!/4. For p© ¢
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O(1/2), the e-GDP Huber estimator g7 with 9 = 1 and T < log(n/logn) satisfies

sup  [P(v/n(u/||ulz, p") — p) < x) - D(x)|

ucR9 xcR
< m}/" V/(d+logn)logn 1=1/q 1 1/2_1/q+v2/q V/(d+logn)logn 1=2/4
~ 12 £ n 1 en ’

(2.30)

where v, is defined in (2.4).

Remark 2.3.3. Since mgl/ 7 < qu/ qtr(Z)l/ 2, the first term on the right-hand side of (2.30) is

further bounded, up to constants, by

1-1 1/2—1
o(D)1)2 \/(d +1logn)logn /a 1 /2-1/a
€ n ’
which is the leading term under mild conditions. This term quantifies the impact of the proposed

privacy-preserving random noise mechanism and the heavy-tailedness of x. When x follows

a sub-Gaussian distribution with a finite Orlicz y,-norm, the above rate can be improved to

e 1\/r(X)(d +logn)log(n)/n (as if ¢ = ). Comparing this result with Theorem 2.2.3 for

non-private robust estimator M, the different choice of 7 < m(l/ “Aen/+/(d+logn)logn}'/ is
due to the tradeoff among bias, robustness and global sensitivity. Consequently, we have a
slower rate for the Berry-Esseen bound. Similar to the discussion following Theorem 2.2.3,
from an asymptotic view with a fixed value of &, any linear combination of the coordinates
of /n( ™) — W) converges in distribution to a normal distribution under a sufficient growth

condition d?4~1/(@=2)(1ogn)(4-D/(4-2) = o(n).

To construct confidence intervals/sets in the differential privacy setting, the plug-in
method described in Section 2.2.2 cannot be directly applied. In the following, we introduce a

differentially private counterpart of the robust covariance estimator fé given in (2.10).
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Proposition 2.3.4. Let E € R?*¢ be a symmetric random matrix whose upper-triangular and
diagonal entries are i.i.d. .#7(0,1). For any robustification parameter & > 0, the perturbed robust

estimate fg + gE is €-GDP.

Proof. LetD = d(dz—+]), and denote by k(X ) the D-dimensional vector that consists of the upper-
triangular and diagonal entries of the covariance estimator ig = fg (X,) € R¥4_Consider two

datasets X, and X, that differ by one datum, say x; € X,, versus x| € X/,. We have

1(X,) — B2 < 1155 (Xa) — e (X))l
2 e =13 (x1 — ) (x1 — )"
A1) {"’5< 2 ) e 3

2<i<n
Ly ) —xil3 ) (¢ —x) () —x)"
2 Ix) —xil13

F

4¢

n

By Lemma 2.3.1, h(X ) gg with g ~ .#7(0,Ip) is €-GDP. Then it follows from Lemma 2.3.3
that fé + %E is also e-GDP. [

Remark 2.3.4. Based on Remark 2.2.3, we further consider a differentially private counterpart
of the truncated covariance estimator f‘,é given in (2.12), which has a much smaller computational
complexity than fg. Let E € RY*? be the same random matrix as above. Following a similar
argument as in Propositions 2.3.1 and 2.3.4, we see that given a robustification parameter
& > 0 and an e-GDP mean estimator [, the perturbed plug-in covariance estimator ig + i—iE is

v/2e-GDP.

Note that the perturbed matrix f‘g + %E may not be positive semi-definite, and therefore

. . . . . .. . S 4
is not always a valid covariance estimator. To avoid this issue, we project Xg + g—iE onto a cone
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of positive definite matrices {H : H > {T} and obtain

H- (ig + ﬁE)
En

where § > 0 is sufficiently small. By Lemma 2.3.3, f&e is also €-GDP because it is the outcome

fég = argmin
H~-(1

) (2.31)
2

of a deterministic post-processing step. The following proposition provides a non-asymptotic

concentration bound of the private covariance estimator X¢ .

Proposition 2.3.5. Assume x has the finite fourth moment so that v(z) given in (2.11) is well-

defined. Let ng = |n/2] be the largest integer not exceeding n/2. Then, the private covariance

estimator fé’g defined in (2.31) with & = vp+/no/log(2nd) satisfies

~ 1 d d
12 e =22 S vod /M_FE\/j
’ n & n

with probability at least 1 —2n~!.

Similarly to Theorem 2.2.4, we establish below a Berry-Esseen-type bound for the

studentized private statistic v/ (u, u(7) — )/ (qulg,Eu)l/ 2 for any u € R,

Corollary 2.3.3. Under the same conditions as in Theorem 2.3.2 with g > 4, we have

sup [B{v/n(u,u ™) — 1) /('S o) < x} — ()|

ucR9 xcR

1/q 1-1/q 1/2-1/q 2

m \/d+logn)logn 1 124 [logn 1\/3
< 4 - —\/ i —h Y (e

(2.32)

where & = vg+/n/log(2nd) and 2,578 is the differentially private covariance estimator defined
in (2.31).

Recall from Theorem 2.2.4 that v(z) < 2w, tr(X). Based on Theorem 2.3.2 and Proposi-

tion 2.3.5, the proof of (2.32) is almost identical to that of Theorem 2.2.4, and thus is omitted.
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Ignoring the moment parameters and the condition number A /A of X, the leading term on the

right-hand side of (2.32) is

r(2)1/2{ \/(d+logn)logn}11/q(l> I/Z*I/q,

€ n
which essentially matches the upper bound in (2.30). In other words, the covariance estimation
error is dominated by the Gaussian approximation error under privacy.

Based on the Gaussian approximation result in Corollary 2.3.3, for any o € (0,1) and
deterministic vector u € R?, we construct the following (1/2¢)-GDP (approximate) 100(1 — o) %
confidence interval of (u, u):

(uTi u)'/? (qu u)'/?
(.87 — ey (0 B ey |, (2.33)

where 4, denotes the (1 — a/2)-th quantile of .#7(0,1).

2.4 Numerical studies

In this section, we perform simulation studies to evaluate the numerical performance
of the Huber mean estimator and its differentially private counterpart. Regarding the choice of
robustification parameter 7, cross-validation provides a viable option but can be computationally
expensive and blind to problem structure. Recall from Theorem 2.2.3 that when the fourth
moment is finite, the Huber estimator with 7 < mi/ 4(n /logn)? for any y € [1/3,1/2] satisfies the
Berry-Esseen bound (2.9) that is of order mi/4(&n)*1/2 logn + vi/z{log(n)/n}3/4. Motivated
by this, we propose a heuristic data-driven approach to choose 7 as described below.

Let u(® = (1/n) ¥, x; be an initial estimate. At iteration z = 1,2, ..., we take

Y
20 =02x5x () with 59— Med ({2}
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Figure 2.1. Plots of estimation error (under ¢,-norm) versus sample size based on 500 repetitions
when d = 100.

and compute the gradient descent iterate

(-1
n 1% — ﬂ _
pl) = pl % Vool 2) ),

S i pl),
where 1o > 0 is the step size and y € [1/3,1/2]. Here, we compute the median of {|/x; —
p =V} ,, which is equivalent to taking the fourth root of the median of {[jx; — p=D |3},
for a robust estimation of mj‘/ = (E||lx; — p|3)"/4. Repeat the above two steps until convergence,
or until the maximum number of iterations is reached. Since the loss function is locally strongly
convex with high probability, we can either use a fixed step size, say 19 = 1, or apply the
Barzilai-Borwein method (Barzilai and Borwein, 1988) to compute the step size automatically
without requiring any parameters. We choose ¥ = 1/2 in the following simulation studies. The
algorithm for computing the GDP Huber estimator and its confidence interval is provided in the

Supplementary Material Yu, Ren and Zhou (2023).

2.4.1 Robust mean estimation and inference

For estimation purposes, we compare the Huber mean estimator, computed by the above
algorithm with automatically tuned 7, with the sample mean estimator and the geometric median
estimator (gmed) (Minsker, 2015) under the following three distributions, the multivariate
normal (lighted-tailed and symmetric), multivariate ¢ (heavy-tailed and symmetric) and Pareto

(heavy-tailed and asymmetric).
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Figure 2.2. Boxplots of estimation error (under />-norm) based on 500 repetitions when
(n,d) = (2000, 100).
(i) x~ A (u,X), where g = (u1,...,Hq)" with u;’s independently drawn from Rademacher

distribution, and £ = (0.8%~!1); 4 ;<4

(i) x follows a multivariate ¢ distribution with 2.1 degrees of freedom. The mean vector
U is generated the same way as in (i), and the covariance matrix is set to be ¥ = 21 %

(0811, < <.

(ili) x = (x1,...,x4)" has independent coordinates, and each x; follows a Pareto distribution

with shape parameter @ = 2.5 and scale parameter 1.

We refer to Mathieu (2022) for more comparisons on the estimation errors. For statistical
inference, we only compare the proposed robust confidence construction with that of the sample
mean. How to construct confidence intervals/sets for other well-known robust mean estimators,
such as the geometric median and the geometric median of means, remains an open question.
We fix d = 100 and let the sample size n increase from 1000 to 2000. Figure 2.1 depicts
the />-error versus sample size for the three methods, averaged over 500 repetitions. The
Huber estimator is almost identical to the sample mean with normally distributed data, and
considerably outperforms the latter for # and Pareto distributed data. The robustness of Huber can
be further demonstrated by the boxplot comparison (when (n,d) = (2000, 100)) in Figure 2.2.
These numerical results provide evidence that the Huber approach gains robustness against

heavy-tailedness without compromising efficiency.
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Next, we compare the proposed robust confidence intervals (Cls) based on the Huber
estimator with the standard Cls constructed from the sample mean and the sample covariance
matrix. We fix (n,d) = (3000, 100), and randomly generate a unit vector #. The robust 95%
CI for (u,u) takes the form of (2.15) but with fg replaced by ié in (2.12) to reduce compu-
tational cost. After obtaining the Huber mean estimator [, we use & = ﬁ/W with
§'=Med({||x; — |]2}"_,) to construct the robust covariance estimate. The empirical coverage
probabilities and average interval width (with its standard deviation in the parenthesis), averaged
over 500 Monte Carlo simulations, are reported in Table ??. Both methods achieve the nominal
coverage under the three distributions, but the robust Cls are consistently narrower and much
less variable in the case of heavy-tailed distributions.

In addition, we also conduct a comparative analysis of the performance of the proposed
robust multiple CIs against the Bonferroni method and the Sidak method. For o € {0.1,0.05},
we construct robust multiple 100(1 — o)% ClIs for u, which take the form of (2.17). For the
Bonferroni and Siddk methods, we replace @;_g by z;_ /24y and z; (1—(1=a)!/d} j2> respectively.
The empirical coverage probabilities under the multivariate normal and multivariate ¢-distribution,
averaged over 1000 Monte Carlo simulations, are presented in Table 2.2. The multiple CIs
based on the uniform Gaussian approximation consistently achieve the nominal coverage. In
contrast, the other two methods demonstrate a conservative behavior, indicated by their coverage
probabilities surpassing the nominal coverage. Hence, this empirical result supports the assertion

that our proposed multiple CIs are less conservative than the Bonferroni and Siddk methods.

2.4.2 Privacy-preserving robust mean estimation and inference

In this subsection, we first examine the numerical performance of the proposed private
robust algorithm for mean estimation when x = (xy,...,x;)" consists of i.i.d. #, |-distributed
coordinates. The marginal means i; = E(x;)’s are generated independently from the Rademacher
distribution so that |u;| =1 for all j=1,...,d. We fix the initial estimate p© =0ecR?and

step size M9 = 1, and set the number of iterations as T = |logn|. We implement the private
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Table 2.1. Empirical coverage probabilities and average interval widths (with standard deviation
in parenthesis) of two normal-based 95% ClIs for (u, i) using the sample mean and the Huber
estimator, respectively. The results are based on 500 Monte Carlo simulations when (n,d) =
(3000, 100).

Normal t Pareto
Coverage width (sd) Coverage width (sd) Coverage width (sd)
Sample 0.954 0.067 0.944 0.166 0.948 0.101
mean (0.001) (0.076) (0.020)
Huber | 0.954 0.067 0.938 0.101 0.954 0.090
(0.001) (0.003) (0.002)

Table 2.2. Empirical coverage probabilities of three multiple 100(1 — o)% Cls for p using the
Huber estimator with o € {0.1,0.05}. The results are based on 1000 Monte Carlo simulations
when (n,d) = (3000, 100).

Normal t
a=0.1 a=005 a=0.1 a=0.05
Proposed Cls 0.905 0.951 0.885 0.945
Bonferroni method 0.933 0.959 0.923 0.957
Sidak method 0.931 0.959 0918 0.957
Normal 15
a=0.1 a=005 a=0.1 a=0.05
Coverage | 0.898 0.960 0.896 0.934

Huber estimator under the following two scenarios.

(i) Fix d = 64, let n increase from 10000 to 50000, and set € € {0.3,0.5,0.9,}, the privacy

parameter. Here “€ = o” corresponds to the non-private Huber estimator.

(ii) Fix € =0.5, setd € {32,64,128}, and let n increase from 10000 to 50000.

The logarithmic ¢;-errors (log( ||ﬁ(T) — 1]|2)) versus sample size, averaged over 100 repetitions,
are depicted in Figure 2.3. As n increases, the correspondent logarithmic #,-errors with various
privacy parameters differ by a constant. This is consistent with the theoretical rate of convergence
stated in Theorem 2.3.1.

Next, we proceed to assess the performance of the proposed robust GDP CIs based on

the private robust estimator. We fix the parameters (n,d) = (50000,32),& = 0.5, and randomly
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Figure 2.3. Plots of logarithmic #,-error versus sample size, averaged over 100 repetitions, for
the private Huber mean estimator under the #, | sampling distribution.

generate a unit vector u € S9!, For p = (uy,...,1y)" with u;’s independently drawn from
the Rademacher distribution, we generate i.i.d. coordinates x;’s from (i) .4 (0,1) and (ii) the ¢
distribution with 2.5 degrees of freedom. We construct the (1/2€)-GDP robust 95% CI for (u, pt)
following the formulation outlined in (2.33). However, we replace 2673 with the perturbed plug-
in covariance estimator outlined in Remark 2.3.4 to reduce computational cost. The empirical
coverage probabilities, averaged over 500 Monte Carlo simulations, are presented in Table ??.
The result demonstrates that private confidence intervals achieve nominal coverage as long as the
sample size is sufficiently large to compensate for the efficiency loss due to privacy protection.
To highlight the robustness property of the proposed method, we further compare the
€-GDP Huber estimator with the (&, §)-DP truncated mean estimator with 6 = ®(—14¢/2) —
e ®P(—1—¢g/2) (see Algorithm 3.1 in Cai, Wang and Zhang (2021)) under normal and Pareto
distributions. For simplicity, we generate independent coordinates x;’s from .4"(0, 1) and the
Pareto distribution with shape parameter o = 2.1 and scale parameter 1. We fix d = 50, € = 0.5
(so that 6 ~ 0.05), and let the sample size n increase from 10000 to 50000. As before, we set
T = |logn] and g = 1 in the noisy gradient descent algorithm. Note that Algorithm 3.1 in Cai,
Wang and Zhang (2021) involves a truncation tuning parameter R. For normal distributions, we

use the theoretically optimal choice R = 4+/logn as suggested in Cai, Wang and Zhang (2021);
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Figure 2.4. Plots of logarithmic ¢,-error versus sample size, averaged over 100 repetitions, for
the e-GDP Huber estimator and (&, 8)-DP truncated mean estimator (Cai, Wang and Zhang,
2021) when d = 50.
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Figure 2.5. Boxplots of logarithmic ¢, error based on 100 repetitions for the e-GDP Huber
estimator and (&, 8)-DP truncated mean estimator (Cai, Wang and Zhang, 2021) when (n,d) =
(50000, 50).
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for the heavy-tailed Pareto distribution, there is no theoretical guidance for choosing R. We thus
take R € {5+/logn, 10/logn} in this case.

Figures 2.4 and 2.5 show that the two methods perform similarly in the normal case.
Interestingly, the private Huber estimator does exhibit a visible improvement. In the heavy-
tailed case (Pareto distribution), the private Huber method considerably outperforms the noisy
truncated sample mean, at least under the prespecified truncation levels. Together, the numerical
results in Sections 2.4.1 and 2.4.2 provide strong evidence that the Huber mean estimator, either
non-private or private, achieves a high degree of robustness against heavy-tailedness while

maintaining high efficiency under light-tailed (e.g., sub-Gaussian) distributions.

2.5 Proofs of main results

2.5.1 Proof of Theorem 2.2.1

For simplicity, we write £ = [ .. For some r > 0 to be determined, define gt = (1 —
u)U + upl, where u = sup{r € [0,1] : (i — ) € O(r)}. By this definition, u = 1 if 0¢c o(r),
and u € (0,1) otherwise. For the latter, £ € 9O(r).

Since Y minimizes the convex objection function ‘,2/’; (+), the first-order condition holds,
that is, V.,i/’z () = 0. Further, applying Lemma C.1 in the supplementary material of Sun, Zhou

and Fan (2020) implies
(VLe(l) =VZLr(p), =) Su(VL(R) = VZe(), B — p) < [[VZe(p) 2]l — p]]2-
For the left-hand side, since ft € ©(r), it follows from the mean value theorem that

(VZe(B) = VZelp) B =R = inf Join (V°.Z2(0) - [~ B3

where lmin(Vz.g; (0)) is the smallest eigenvalue of 27 (0). Forany z > 0 and r < 7, Lemma
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D.1 in Yu, Ren and Zhou (2023) implies that, with probability at least 1 —e™ %,

1—P(le—#||z>7')—\/%SuTVZE(e)ug1 (2.34)

holds uniformly over @ € ®(r) and u € S, where ¥ = 7 — r and ©(r) is defined in (2.23).

Furthermore, by Lemma D.2 in Yu, Ren and Zhou (2023), we have

—~ tr(X 2|1 4
||V$r(ﬂ)|\z§2\/ l )+\/ | ||2Z+ﬁ+bf (2.35)
n n 3n

with probability at least 1 —e~%. Therefore, denoting ¢, to be the event that (2.34) and (2.35) hold,
¢, occurs with probability at least 1 —2e~%. By Markov’s inequality, P(||x— > > 7) < y 2 tr(X).

Then, conditioned on ¥, the above upper and lower bounds yield

_ ~ ~ tr(X pPAID> 4t
<1—Y2tr<2)—\/§>-||u—u||%§||u—ullz{2\/ <n>+\/ ”n“22+bf+3—lj}.

This, combined with the local constraint £ € ©(r), implies

- tr(X) \/2||ZH2Z 41z tr(X) F4
— < — . — .
|p u||2_2\/ — p +br+ a7 " /5,

To conclude the proof, note from Lemma D.2 in Yu, Ren and Zhou (2023) that b; <

/|| Z||]2tr(X). Taking r = y = 1/2, and let (n, 1) satisfy n > r(X) +z and y > /tr(X), the

right-hand side of the above inequality is strictly less than r, indicating that gt falls in the interior

of ®(r). Via proof by contradiction, we reach the conclusion gt = ft € ©(r) (otherwise [t must

be on the boundary of ©(r)), and hence the same bound applies to M. [
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2.5.2 Proof of Theorem 2.2.2

For h € RY, define the function A(h) = V.,i/’;([.t +h)— Vci/”;([.t) — h. By the mean value

theorem for vector-valued functions,
1 o~ 1 —~
= / V2% (u+th)dr-h—h= / {V2Z(p+th)—1;}dt - h.
0 0

Hence, for any r > 0, we have sup| 4, <, [|A(h)[]2 < supgce(y) ||V2,§,”T( ) —1I4]|2 - r. This together

with Lemma D.1 in Yu, Ren and Zhou (2023) implies that, with probability at least 1 —e ™%,

up HVDSZ(MJrh)—V.,?;(u)—thgr(yqEHx—uH‘z’Jr zi) (2.36)
[|Al2<r n

where y=17—r.

For simplicity, we write i = fi,. Setting h = Ji — g1, Theorem 2.2.1 ensures that

A2 < ro with ro < VA{tr(E) +||Z][2z} /n+ tz/n+ b with probability at least 1 —2e %, provided
n2r(X)+zand v 2 \/tr(X). Note that the gradient of the empirical loss Z (-) is given by

v(||lxi—61)2)
V.Z,(6 _——; 0l 0 0 (x;—0) (2.37)

for @ € R4, Taking r = ry, the claimed bound (2.8) follows from (2.36), (2.37) and the fact that
V.Z (1) =0. N
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Chapter 3

Deep Neural Network Expected Shortfall
Regression with Heavy-tailed Data

3.1 Introduction

Expected shortfall (ES), also known as conditional value-at-risk or superquantile, is
defined as the expected value of a random variable, given that its realization falls below some
quantile of the underlying distribution. Initially introduced as a risk measure by Artzner et
al. (1997), ES has gained widespread recognition and applicability across various disciplines,
including finance (Acerbi and Tasche, 2002; Rockafellar and Uryasev, 2002), operations re-
search (Rockafellar and Uryasev, 2000; Rockafellar et al., 2008), engineering (Rockafellar and
Royset, 2010), and clinical studies (He et al., 2010), among others. Notably, in the recent
Fundamental Review of the Trading Book (Basel Committee, 2019), the Basel Committee on
Banking Supervision confirmed the replacement of the value at risk (quantile) with ES as the
standard risk measure for market risk. Furthermore, in the context of insurance regulation, ES
has been adopted as a risk measure in the Swiss Solvency Test.

Formally, let Y be a real-valued random variable, denoting for example the return of an
asset or investment portfolio. Let Fy be its cumulative distribution function (CDF). Denote the

quantile of Y at level o € (0,1) by g (Y) :=inf{y € R: Fy(y) > o}. Provided that E|Y| < oo,
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the ES of Y at level « is defined as
1
ealY) = E{Y|Y < qa(Y)} = —EV1{Y < qa(¥)}]

Intuitively, the a-level ES refers to the average of the lowest (100 - ¢&¢)% portion of Y, rescaled
by 1/a. If Fy is continuous at g4 (Y), the a-level ES can be equivalently expressed as eq(Y) =
é 5 qu(Y)du. We refer to Sections 2.2.4 of McNeil et al. (2015) for a brief introduction to the
expected shortfall and its basic properties.

In the presence of covariates X € RY, the objective of this study is to estimate the
conditional ES of Y given X, using a sample {(X;,Y;)}"_, of size n. One challenge of this problem
lies in the fact that ES is not elicitable (Gneiting, 2011), meaning that there is no loss function
such that ES is the unique minimizer of the expected loss. To tackle this challenge, Fissler
and Ziegel (2016) demonstrated that ES is jointly elicitable with the quantile by constructing a
class of joint loss functions that are strictly consistent. Expanding on this important property,
Dimitriadis and Bayer (2019) introduced a joint linear regression framework for modeling
conditional quantile and ES, while Patton et al. (2019) considered a semi-parametric model in
the autoregressive context. From an alternative perspective that regards the (conditional) quantile
as a nuisance parameter, Barendse (2020) and Peng and Wang (2023) each proposed two-step
estimators and established their asymptotic properties under the fixed-d regime. Although their
definitions differ, both methods rely on an orthogonality property, as we will revisit in Section 3.3.

In practice, the relationship between the response variable Y and covariates X often
displays a high degree of nonlinearity, requiring the use of nonparametric regression techniques.
To estimate nonlinear conditional ES functions, Scaillet (2005) employed the Nadaraya-Watson
estimator to estimate the conditional CDF of Y given X in the initial stage, followed by the
estimation of conditional ES functions. Furthermore, Cai and Wang (2008) and Kato (2012)
employed weighted Nadaraya-Watson estimators to estimate conditional CDFs and ES functions.

As the dimensionality of the covariate space increases, the amount of data required to obtain
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accurate estimations using the Nadaraya-Watson estimator grows exponentially. This is because
the estimator involves weighting each data point based on its distance from the point being
estimated. In higher dimensions, the “neighborhood” of a given point becomes sparser, making
it challenging to find enough nearby points for accurate weighting. Consequently, the estimator
suffers from reduced accuracy and efficiency when applied to moderate-dimensional data.

In the last decade, deep learning has achieved remarkable success and emerged as an
indispensable tool for analyzing nonlinear relationships between various types of outcomes
and explanatory variables. With the availability of vast amounts of digitized data and the
development of efficient computational algorithms, deep neural networks (DNNs) have become
widely used and consistently outperformed traditional methods in various machine learning
tasks, as exemplified by natural language processing (Otter, Medina and Kalita, 2021) and
image classification (Krizhevsky, Sutskever and Hinton, 2017). More recently, DNNs have also
demonstrated their exceptional performance in forecasting climate data. By elucidating intricate
nonlinear relationships with a variety of explanatory variables, DNN-based methods have shown
remarkable accuracy in predicting El Niflo—Southern Oscillation, precipitation and temperature
(Huang, Vega-Westhoff and Sriver, 2019; Jose, Vincent and Dwarakish, 2022; Wang et al., 2023).

From a statistical viewpoint, the success of DNNs can be attributed, in part, to their
ability to effectively approximate various complex functions. In particular, recent studies (Bauer
and Kohler, 2019; Schmidt-Hieber, 2020; Kohler and Langer, 2021) have shown that DNN-based
regression estimators can adapt to the intrinsic low-dimensional structure of the conditional
mean function, enabling them to circumvent the curse of dimensionality. Specifically, when
the conditional mean function can be represented as a hierarchical composition of several
smooth functions, with either a high degree of smoothness or low input dimension, DNN-based
estimators demonstrate an ability to adapt to the intrinsic low-dimensional structure of the
regression function. Moreover, DNNs have also found successful applications in estimating the
nonlinear component of semi-parametric models to mitigate the curse of dimensionality. This

enables the construction of statistically efficient inferences on the linear component of the model
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(Farrell et al., 2021; Zhong et al., 2022; Zhong and Wang, 2023).

In the aforementioned literature on deep neural network regression, the response or
noise variable is required to be either bounded or sub-Gaussian, which can be a fairly stringent
assumption in practice. In light of this issue, our aim is to develop a robust nonparametric
estimator of the conditional ES function that exhibits resilience in the presence of heavy-tailed
error distributions. It is worth noting that most of the extant studies on ES estimation primarily
focused on deriving the asymptotic properties of their estimators. Consequently, the asymptotic
results they provided can only yield polynomial-type (high probability) deviation bounds. One
notable exception is He et al. (2023), where the authors proposed a robust ES estimator that
exhibits insensitivity to heavy-tailed noise under joint linear conditional quantile and ES models.
They showed that the robust estimator outperforms the least-squares-type estimator from a non-
asymptotic perspective. Under such linear models, we note that both two-stage estimators exhibit
a convergence rate of & (W) under expectation, where n is the number of observations.

In the context of nonparametric regression with heavy-tailed errors, there has been a
growing interest in recent times. Notably, several recent works (Han and Wellner, 2018, 2019;
Kuchibhotla and Patra, 2022) have addressed the impact of heavy-tailed errors on the convergence
rate of LSEs that are constrained to the nonparametric function class to which the true conditional
mean function belongs. Due to the lack of robustness of LSEs, alternative robust methods have
been developed to address this issue, particularly when neural networks are employed. For
example, Shen et al. (2021); Padilla et al. (2022) focused on nonparametric robust regression
using the check loss, establishing the convergence rate of DNN quantile regression estimators.
Fan et al. (2022) considered nonparametric adaptive Huber regression and demonstrated that the
corresponding robust estimator achieves a faster convergence rate compared to the LSE when
the noise is heavy-tailed.

In this paper, we introduce a robust two-stage method for estimating the ES regression
function using DNNs. Building upon the approach of Barendse (2020), the proposed method

involves estimating the quantile regression (QR) function through any machine learning method

75



in the first stage, followed by nonparametric adaptive Huber regression (Fan et al., 2022) with
generated response variables in the second stage; see Section 3.3.2 for a rigorous construction of
the method. By employing neural networks, the estimator can adapt to the unknown hierarchical
composition structure of the true conditional ES function. Furthermore, the proposed method
demonstrates more robust behavior compared to a two-stage LSE in the presence of heavy-tailed
errors. The main contributions of this work are summarized as follows.

First, we establish a non-asymptotic deviation bound on the L,-error of the proposed
robust estimator. In detail, given a first-stage QR estimator, we establish an oracle-type upper
bound for approximate empirical risk minimizers trained on a neural network of arbitrary depth
and width, using a Huber loss with a reasonably large robustification parameter 7. The resulting
L,-error bound is comprised of six distinct terms. Notably, by using orthogonal score functions,
which are locally insensitive to first-stage QR estimators, the deviation bound is first-order
negligible with respect to the Ls-error of the QR estimator. For comparisons, oracle-type
deviation bounds are also presented for a two-stage LSE for the conditional ES.

Secondly, we derive a novel approximation error bound for a composition of Holder
smooth functions using ReLU-activated DNNs. This work builds upon the results of Jiao
et al. (2023) and Fan et al. (2022). Jiao et al. (2023) derived an approximation error bound
for a Holder smooth function with the smoothness index 8 > 1, and its prefactor depends on
the input dimension polynomially. Fan et al. (2022) derived an approximation error bound
for a composition of Holder smooth functions, which depends on the intrinsic dimension of
the composite function. However, the prefactor of their approximation error bound depends
exponentially on the input dimensions of the components of the composite function. We
establish an approximation error bound for composite functions that depends on the intrinsic
dimension, mitigating the curse of dimensionality to some extent. Furthermore, the prefactor of
the approximation bound significantly improves, exhibiting polynomial dependence on the input
dimensions of the component functions instead of exponential. Applying this approximation

result, we are able to establish an exponential-type deviation bound for a nonparametric QR
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estimator using DNNs, where the prefactor of this bound depends on the input dimension
polynomially.

To derive a specific error bound for the two-stage ES estimator based on the oracle
result, we need to select appropriate values for the depth and width of neural networks, the
robustification parameter 7, and choose a suitable QR estimator. By employing DNNs to estimate
the QR function and balancing the terms comprising the L, bound, we establish convergence
rates for both the robust two-stage estimator and two-stage LSE in cases where the true quantile
and ES regression functions are compositions of smooth functions. These results demonstrate
that both estimators effectively overcome the curse of dimensionality, as their convergence
rates depend solely on the intrinsic dimension while adapting to the underlying compositional
structure. In the presence of heavy-tailed errors, the robust estimator outperforms the LSE by
achieving a faster convergence rate. Moreover, from a non-asymptotic viewpoint, the robust
two-stage estimator exhibits exponential-type deviation bounds, whereas the LSE only exhibits
polynomial-type Ly-error bounds in high probability. Finally, by applying our new approximation
results, the prefactors of error bounds for both estimators exhibit a polynomial dependence on

the dimensions.

NOTATION. We use cy,c3,... to denote the global constants employed in the statements and
proofs of theorems, propositions, corollaries, and lemmas. We use C;, (5, ... to denote the local
intermediate constants within the proof. Thus, each cy,c3,... has a distinct referred numbers,
while Cy,C5, ... may vary from one line to another. We write a < b if there exists an absolute
constant C > 0 such that a < Cb, and a 2 b if b < a. Moreover, we write a < b if a < b and
a > b. We denote Ny = {0,1,2,...} and N* = {1,2,...} to be the sets of nonnegative integers
and positive integers, respectively. For any real-valued function 4 defined on a domain .2°, we
denote the supremum norm of & over 2 as ||h||. For the sample size n, we always assume

n > 3 so that logn > 1.
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3.2 Model Setup and Preliminaries

3.2.1 Model

Let {(Y;,X;)}", be a collection of independent observations from the random variable
(Y,X) e Rx 2", where 2" C R4 is a compact subset. Here, Y denotes a real-valued response
variable and X represents a d-dimensional vector of covariates that follows some distribution
Px. Without loss of generality, we assume 2~ = [0,1]%, the unit cube in R¢, throughout the
following. At some probability level & € (0, 1) of interest, we denote the conditional a-level
quantile and expected shortfall of Y given the covariates X as g4 (Y|X) and eq (Y |X), respectively.
Here, the conditional ES is formally defined as e (Y |X) = E{Y|Y < g (Y |X),X}. We consider

the following nonparametric joint quantile and ES regression model:
qa(YilXi) = fo(Xi) and eq(Yi|X;i) = go(Xi), 3.1

where fy, g0 : [0,1]¢ — R are two unknown functions satisfying P{Y < fo(X)|X = x} = « and
go(x) = a 'E[Y 1{Y < fo(X)}|X = x] for x € [0,1]%.

Our primary object is to propose a fully nonparametric estimator g of the function
go, and derive its rate of convergence under Ly-norm || - |2, defined as ||A]|2 := ||h||py2 =
\/W for any /: [0,1]? — R. Imposing smootheness assumption on the regression
function is essential to derive meaningful insights regarding the rate of convergence. Thus, we

begin by introducing the following definition of Holder smooth classes.

Definition 3.2.1 (Holder class of functions 78 (2", My)). Let B = r+ s for a nonnegative
integer r = |B] and 0 < s < 1, where |a| denotes the largest integer that is strictly smaller
than ¢ € R. Given a subset 2~ C R4 and a constant My > 0, a function f:Z = Ris
called (B, Mp)-smooth on 2" if for every & = (o,...,04)" € Ng with 27:1 o < r, the par-
tial derivative 0% f = () /(dx]" - dx;*) exists and satisfies max g, <, [[0% /]| < Mo and

Max||q|,—r SUPx, £x, |0 ¥ f(x1) — 0% f(x2)|/ X1 — %25 < Mo, where ||@|| = Z?:l aj. We then
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use 7P (2", M) to denote collection of all (8, My)-smooth functions on 2 .

Throughout the paper, we assume My > 1 without loss of generality. Moreover, note
that the definition of Holder class implies that if a function f belongs to .2 (Z,Mp), then f is
bounded in magnitude by M. This can be derived by considering & = 0 in the definition.

Nonparametric estimation of a function within Holder classes exhibits significantly
slower convergence rates as the dimension d becomes large. For example, it has been well
established that the minimax rate of convergence for estimating a mean regression function
within 5P (Z°,Mp) is of order n—B/(2B+d) (Stone, 1982). This phenomenon is commonly
recognized as the curse of dimensionality. In order to circumvent the curse of dimensionality, we
focus on functions that have a compositional structure, also known as the hierarchical interaction

model (Bauer and Kohler, 2019; Kohler and Langer, 2021).

Definition 3.2.2 (Hierarchical interaction model). Let [,d € N™, My > 1 and & be a subset of
[1,00) x N with sup(g ) 5 (B V1) < eo. The hierarchical interaction model 7#(d, 1, My, &) is

defined recursively as follows.

(i) We say that a function & : R — R satisfies the model .7 (d,1,My, Z?) if there ex-
ist some (B,t) € P, hy € H#P(R",My) and {ji,...,ji;} C{1,...,d} such that h(x) =

ho(xj,,...,xj,) forall x = (xq,...,x4)" € R4,

(ii) For I > 1, we say that a function 4 : R? — R satisfies the hierarchical interaction model
HA(d,1,My, ) if there exist some (B,1) € & with hg € P (R, My) and uy,...,u; €
H(d,1—1,My, P) such that h(x) = ho(u (x),...,u(x)) for all x € R,

As discussed in Kohler and Langer (2021), this general model encompasses various
well-known nonparametric and semiparametric models, including additive models (Stone, 1985),
single index models (Hérdle et al., 1993) and the projection pursuit (Friedman and Stuetzle,
1981). Extensive research (Bauer and Kohler, 2019; Kohler and Langer, 2021; Schmidt-Hieber,

2020) has established that the minimax optimal convergence rate for the hierarchical composition
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model is determined by the most challenging (least smooth) component within the composition.
This challenging component is characterized by the quantity
*

Y = B—*, where (B*,t") = argminE. (3.2)
! (Baez !

We refer to the ratio /¢ as the dimension-adjusted degree of smoothness.

3.2.2 ReLU neural networks

Our proposed nonparametric estimators for joint quantile and ES regression are con-
structed using truncated fully-connected deep neural networks with the rectified linear unit
(ReLU) activation function, denoted as &(-) = max(-,0). These networks are succinctly referred
to as truncated deep ReLU neural networks. To provide a brief introduction, we begin by
examining the structure of a fully-connected DNN. We introduce two positive integer parameters:
a depth parameter L and a width parameter N. Define a class of deep ReL.U neural networks,
represented as .Zpnn(d, L, N), which consists of functions f : RY — R that can be expressed as
f(x)=4111000 %000 L 000.%(x). Each % denotes an affine transformation, that
is, Z(x) = W)x+b;, where W, € R4*di-1 denotes the weight matrix, b; € R% denotes the bias
vector, and (do,dy,- - ,dr,d+1) = (d,N,--- ,N,1) is the width vector of layers. When x is a
vector, the ReLU function o (x) is defined by applying o (-) to each element of x.

Next, for any M > 0, we define a truncated ReLLU neural network as
yDNN(d,L,N,M) = yMyDNN(d,LJV) = {yM/’L che ﬁDNN(CLL,N)},

where the truncated function Jjh is given by (Jjh)(x) = sgn(h(x))(|h(x)| AM).
The following result provides an error bound for approximating functions within a

hierarchical interaction model using truncated deep ReLU neural networks. For a given index set

P C [1,0) x N*, recall the definition of ¥* in (3.2).
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Proposition 3.2.1 (Neural network approximation error for 57 (d,l, My, &?)). Given a hierarchi-
cal interaction model 7 (d,l, My, &), there exist universal constants c¢j—c3 such that, for any
Lo, Ny > 3 and a measure 4 on [0, 1]¢ that is absolutely continuous with respect to the Lebesgue

measure, it holds

1/2

sup inf {/[07”01 |f*(x) —fo(x)\zu(dx)} < e3(LoNo) 27,

foe A (d 1 My, 2) S €FDNN(dLN M)

where L = ¢ [LologLy| and N = c2[NologNy |, and [a] denotes the smallest integer no less

than a € R. Here, the constants cj—c3 depend on fmax = max g ;)c 4t polynomially.

It is worth noting that the above approximation result holds for general neural networks
without imposing any structural assumptions. Proposition 3.2.1 demonstrates the validity of
the approximation results across a wide range of neural networks, irrespective of sparsity or
boundedness of the network weights, or a specific architectural characteristic, such as being thin
and deep or wide and shallow. In comparison to the result in Fan et al. (2022), our approximation
error bound features a polynomial dependence on fy,x through the prefactor c3. Specifically,
our prefactor c3 depends on fy,x through the expression z&ﬁ';:““ﬁ max / 2(1 + Motr}n/ai)l —1 where
Brmax = Maxg ;e » B. In contrast, the prefactor of the approximation bound in Proposition
3.4 of Fan et al. (2022) depends on fm,x through (| Bmax| + 1)™(1 —|—M0tr£1/a%<)l_'. Hence,
our approximation error bound is more favorable when t,,x is larger than PBp.x, while still
being comparable to the result of Fan et al. (2022) if Bpax and fmax are of similar magnitudes.
Nevertheless, it should be noted that Proposition 3.2.1 establishes an L, approximation error
bound, while Fan et al. (2022) derived a uniform (L.) bound. By applying a similar line of
arguments in the proof of Propositon 3.2.1 combined with Corollary 3.1 of Jiao et al. (2023),
we can derive an L..-approximation error bound that also features a polynomial dependence
on tmax. However, this comes at the cost of necessitating an increase of the network width N.
In detail, our prefactor c¢; of the network width in Proposition 3.2.1 depends on fy,x through

the expression (| Bmax | + 1)%&@““’, whereas the prefactor of the network width required for
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Lo bound will depend on #y,,x exponentially through (| Bmax | + 1)2t§§;““’3fmax. Therefore, if

we employ these neural networks with enlarged network width to define an estimator, the error
bound will exhibit exponential dependence on fy,x; see Theorem 3.4.1 and Theorem 3.4.4. The

exact values of c¢1—cj3 are specified in the proof of Proposition 3.2.1.

3.3 Nonparametric Expected Shortfall Regression

In this section, we begin with a brief review of the joint loss minimization framework
introduced in Fissler and Ziegel (2016) and its limitations. Then we introduce a generic two-
step nonparametric ES regression estimator that uses an orthogonal score function to reduce
sensitivity to the estimation error of a quantile regression estimate in the first stage. Subsequently,
we propose a robust approach for estimating the conditional ES function in the presence of
heavy-tailed errors. A non-asymptotic (finite-sample) theory for the proposed estimators will be
established in Section 3.4.

Following Fissler and Ziegel (2016), let us consider a class of strictly consistent joint

loss functions for the pair of quantile and ES (with slight modifications)

Lo(g,e;Y) ={a—1(Y < q)H{Gi1(Y) - Gi(q)} (3.3)
—{9q+a(Y—q)V11(YSq)—ag}Gz(e)/a—%(e), e<gq,
=:Sa(g,6;Y)

where G is an increasing and integrable function, %, is a three-times continuously differentiable
function such that both G, = ¢, and G are strictly positive. With the data {(Y;,X;)}!_,, we

obtain the nonparametric estimator for the function pair (fp, go) as

~ . 1 n
(fn:8n) € argmin =Y Lo (f(X;),8(X):Y), (3.4)
fe€Fn,8c9, i1

where .%,,, %, are pre-determined classes of functions [0, 1] — R. Because the objective function

in (3.4) is non-differentiable and non-convex, the above estimator is not practically feasible,
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particularly when dealing with highly complex function classes.

3.3.1 A two-step approach for nonparametric ES regression

In the context of the joint conditional quantile and ES model (3.1), our primary objective
is to estimate the conditional ES function g, treating the conditional quantile function fj as a
nuisance function parameter. While the objective function (g,e) — Ly (g, e;Y ) may lack desirable

properties, it has been observed by Barendse (2020) and Peng and Wang (2023) that

I’E{La(f(X),8(X):Y[X)}} _ IE{Sa(f(X),8(X);Y)/a|X}
3q0¢ T G, (8(X)) 9 ‘f—fo
_ Glz(g(X))FYX(f((f)) —a 'ff _0

as long as the conditional distribution function of ¥ given X, denoted by Fy|y, is continuous.

Equivalently, we have
OE{Su(q. &)X}, ) = @~ Frx (fo(X)) =0, (3.5)
where
Sa(g,e;Y)=aqg+ (Y —q)1(Y < g)— ae forg,e € R. (3.6)

This indicates that the partial derivative of the score function (g,e¢) — E{Sq(q,e;Y)|X}, eval-
uated at the true conditional quantile function, is zero. Moreover, based on the definition
of (conditional) Expected Shortfall (ES), this score function satisfies the moment condition
E{Sa(fo(X),80(X);Y)|X} = 0. Thanks to this orthogonality property, both of the two-step ES
regression estimators proposed in Barendse (2020) and Peng and Wang (2023) exhibit local
robustness to prior quantile estimation under joint linear models.

Motivated by the orthogonal property of Sy, we propose a nonparametric two-step ES
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regression estimator using deep neural networks with the ReLLU activation function. Note that
quantile regression estimation is a self-contained problem. Therefore, it is natural to first obtain
a nonparametric QR estimator fn of fp, for which various methods can be applied. Next, for

each conditional quantile function candidate f, we define the surrogate response variables

Zi(f) = Y= F(X) JU{Y: < f(Xi) } + o f (X0). (3.7

By plugging-in f = ﬁl, we propose a two-step nonparametric ES regression estimator g,,, defined

as

g, € argminZ(fy,, 8), (3.8)
8€Y,

where % (f,8) ——ZSZ Z{Z (X))},

and ¥, is a pre-determined class of real-valued functions on [0, 1]%. In Section 3.4, we choose ¥,
to be a class of truncated deep ReLU neural networks and refer to g, as the deep least squares
ES regression (DES) estimator. We then proceed to analyze the convergence rate of g, that
explicitly depends on the sample size, network parameters, noise scale, as well as the prior
QR estimation error. This choice of the function class enables the estimator to adapt to the
hierarchical compositional structure of gg.

The formulation (3.8) provides a general two-stage approach for estimating ES regression
functions using a plugged-in QR estimator. Nonparametric quantile regression methods have
seen significant development and expansion, including local polynomial regression methods
(Chaudhuri, 1991), tree-based methods (Meinshausen, 2006), kernel ridge regression (regression
in reproducing kernel Hilbert spaces) (Li et al., 2007), QR-series method (Belloni et al., 2019),
and neural network regression (Padilla et al., 2022; Shen et al., 2021). To align with the theme of
this work, we focus on quantile regression using deep neural networks (DQR) with the ReLLU

activation function. Specifically, we define the DQR estimator within the class .%, of truncated

84



ReLU neural networks as

Fo < angmin{ Zu(1)i= 1 3 putt — £00) . (39)
i=1

feF,

where py(u) = {a@ — 1(u < 0)}u is the check function (Koenker and Bassett, 1978). The
convergence rate of fn (in high probability) will be established in Section 3.4.2 when the true
conditional quantile function f; also belongs to a hierarchical interaction model. Our results
complement those obtained in Padilla et al. (2022), where the authors focused on sparsely
connected networks with all the weight parameters and biases bounded by 1. Furthermore,
our convergence rate is faster than that in Shen et al. (2021); see Remark 3.4.2 for a detailed

comparison.

3.3.2 Robust nonparametric ES regression under heavy-tailed errors

The two-step estimator g,, defined in (3.8), can be regarded as a nonparametric least
squares estimator (LSE) with response variables Zi(]?,,) generated nonparametrically. The
underlying model can be expressed as E{Z;(fo)|X; = x} = ago(x), or equivalently, Z;(fo) =
0go(Xi) + w;, where w; = € — — E(g; _|X;), with & _ denoting the negative part of the quantile
regression error & :=Y; — fo(X;) defined as & _ = min(g;,0).

Due to the sensitivity of the quadratic loss function to outliers (Huber, 1973; Catoni,
2012), the aforementioned LSE is particularly sensitive to the tails of the distribution of 1);,
which correspond to the left tails of €. From a non-asymptotic perspective, the L,-error of the
LSE exhibits an exponential-type deviation (high probability) bound under light-tailed noise
distributions, while it only demonstrates a polynomial-type deviation bound under heavy-tailed
distributions. Furthermore, in contrast to the parametric setting where LSEs achieve the same
convergence rates in terms of mean squared error (MSE) under both (exponentially) light-tailed
errors and errors with bounded p-th (p > 2) moments, recent studies have shown that heavy-tailed

errors can degrade the convergence rate of nonparametric LSEs, resulting in a slower convergence
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rate (Han and Wellner, 2019; Kuchibhotla and Patra, 2022; Fan et al., 2022). Therefore, the LSE
g, may exhibit a slower convergence rate when the noise follows a heavy-tailed distribution.
To address this issue, we propose an alternative approach by replacing the quadratic loss
with a robust loss function that exhibits both global Lipschitz continuity and local quadratic
behavior near 0, ensuring insensitivity to heavy-tailed noises. Specifically, we employ the Huber
loss (Huber, 1964), defined as
=1 i<z (3.10)
Tlu|—7%/2 if |u|>7
Here, T > 0 is a robutification parameter that separates its quadratic and linear components. Then,
given an initial estimator ]/‘;l of fo, a nonparametric robust ES regression estimator is defined as

follows:

8nt € argmin Z;(fr, g)
8E€EYn
n 1 n

where 7(f,8) = - )" (<(Sa(F(X), 80 1) = - Y (/) — og(X)), G

=1 ni=

with Sy and Z; defined in (3.6) and (3.7), respectively. When the class ¥, consists of truncated
deep ReLU neural networks, we refer to g, ; as the deep robust (Huber) ES regression (DRES)
estimator.

The choice of the robustification parameter T plays a crucial role in achieving a balance
between robustness and bias (Zhou et al., 2018). To understand the impact of employing the

Huber loss, we define the global minimizer of the population Huber loss as

807 € Harﬁgmin K+ (fo,8) :=El(Se(fo(Xi),8(Xi): Y7)), (3.12)
8llo<My

where the minimization is performed over all measurable functions g satisfying ||g||. < My for
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some constant My > 0. Denoting the quantile regression residual as € =Y — fy(X), we can

express

Le(Sa(fo(X),80(X);Y)) = Le(afo(X) +{Y — fo(X)}I{Y < fo(X)} — ago(X))

= le(e- —E(e-[X)),

where €_ = min(g,0). From this definition, e_ —E(e_|X) is generally asymmetric (with respect
to zero), leading to a deviation between go ; and go. To quantify this deviation, we present the

following proposition, which provides an upper bound for the robustification bias, defined as

0.7 — &ol|2-

Proposition 3.3.1. Assume that £_ = min(e,0) satisfies E{|e_ —E(e_|X)|”|X} < v, almost
surely for some constant v, > 0 and p > 2. For any T > ¢4 = 2max{4M), (2vp)1/ P}, the global

minimizer go ; defined in (3.11) satisfies ¢t||go,z — goll2 < 2”“\/1,1'1”’.

Proposition 3.3.1 reveals that the upper bound on bias depends on the robustification
parameter T and the moment index p. Thus, to mitigate the bias induced by using the Huber loss,
it is necessary to employ a sufficiently large 7. However, a large value of 7 will increase the
statistical error, as demonstrated in Theorem 3.4.1. Therefore, it is crucial to carefully calibrate

the value of 7 in order to strike a balance between robustness and bias.

3.4 Statistical Theory

In this section, we analyze the statistical properties of the proposed nonparametric
quantile and expected shortfall regression estimators using ReLLU neural networks, with a focus
on the latter. In the two-step approach, estimating ES involves the use of (surrogate) response
variables that are not directly observable but need to be estimated from data in a preliminary step.
The first challenge is characterizing their impact on the statistical properties of the ES estimator

in the second stage. The second challenge arises when analyzing the robustified estimator for ES,
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even when the “noise” variable is heavy-tailed and skewed, despite having a zero conditional
mean. In this case, even with the oracle surrogate response variables incorporated into the
procedure, the existing results and techniques from Farrell et al. (2021), Padilla et al. (2022), and
Shen et al. (2021) do not apply.

In Section 3.4.1, we begin our analysis by deriving a generic upper bound on the es-
timation error for the robust ES estimator defined in (3.11). Our focus is on the case where
the noise distribution has a finite p-th moment (p > 2). We consider both the DRES and DES
estimators with various configurations of deep ReLU neural networks, as well as any quantile
regression estimator ﬁl We also derive non-asymptotic error bounds for the DRES estimators
under light-tailed noise distributions. This demonstrates that using a proper robust estimator
leads to minimal to no efficiency loss from a non-asymptotic perspective, in comparison to least
squares estimators.

In Section 3.4.2, we revisit deep QR estimators given in (3.9) and examine their non-
asymptotic statistical guarantees. Notably, we improve the existing results in the literature by
employing different proof techniques and leveraging the new approximation result, Proposi-
tion 3.2.1; see Remark 3.4.2 for a comprehensive comparison with two existing related works.
Finally, in Section 3.4.3, we combine the results from Sections 3.4.1 and 3.4.2 to establish the
convergence rate of deep ES estimators when a DQR estimator is used to construct the surrogate
responses. We specifically focus on the setting where both quantile and ES regression functions

lie in hierarchical interaction models.

3.4.1 A generic upper bound of deep ES estimator

Before presenting our theoretical results, we impose the following conditions on the
quantile regression residual € =Y — fp(X) and its negative part £ = min(&,0). In this notation,

we can equivalently express model (3.1) as Y = fy(X) + €, where the noise variable € and the
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conditional ES function g satisfy
1
P(e <OJX) = & and go(X) = fo(X) +—Efel(e < 0)|X}.

Condition 1 (Noise distribution). The conditional density function of € given X, denoted by
Pe|x exists and satisfies pg|x (u) < p for some constant p > 0 almost surely (over X) for all u € R.
Moreover, the negative part of the residual has uniformly bounded (conditional) p-th central
moments for some p > 2, that is, there exists v, > 0 such that E{|e_ —E(e_|X)|”|X} < v,

almost surely over X.

Condition 1 requires the existence of a bounded conditional density of the response
variable given covariates and that the negative part of the quantile residual € has a bounded
(conditional) p-th central moment.

Next, we recall the definition of the Pseudo dimension of a real-valued function class.

Definition 3.4.1 (Pseudo dimension (Anthony and Bartlett, 1999)). Let.# be a set of real-valued
functions on a domain 2. The pseudo dimension of .%, denoted by Pdim(.%), is defined to be
the largest integer N for which there exist {x1,x2,...,xy} € 2V and {r1,r2,...,rv} € RN such
that for any b = (b1,...,by)" € {0,1}", there is a function f € .# with 1{f(x;) > r;} = b; for

I <i<N.

To quantify the estimation accuracy, for any ¢ > 1, we use || - ||, to denote the function

Lg-norm, that is, ||h||, := ||Allpy.g = {Ex~py|A(X)|7}'/4 for any function 4 : [0,1]¢ — R.
Our first result is an oracle-type inequality that provides an upper bound on the Lj-error
of the DRES estimator for any truncated deep ReLU network architecture, any robustification

parameter T > c4, and any QR estimator.

Theorem 3.4.1 (Oracle-type inequality for the DRES estimator). Assume Condition 1 holds

with p > 2, and max(|| fol|c, ||g0l|) < Mo for some My > 1. Let T > ¢4, L,N € {3,4,...} and
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¢, = Fpnn(d,L,N,My). Given a class .%, of real-valued functions from [0, 1]¢ to [—M, My
with finite pseudo dimension, define
M = (T/;#v Na = infyeg, | — goll2,

(3.13)
s = (VP 43/ Voew,, 8= +/Pdim(F,)log(n)/n,

and V,, 7y, = LN\/log(LN) log(nzr/v;/p)/n. For any real-valued function f, let .7, :(n; f) be

the set of approximate empirical Huber risk minimizers with optimization error 7 > 0, that is,

Toe(if) = {8 € 9y Bel.0) < fnf Bel)+ ), G.19

where @T is defined in (3.11). Then, there exists a universal constant c¢s > 0 independent of

(N,L,n,v,,p,d, fo,80) such that, for any 1oy > 0 and u > 1, the following bound

C 1 u

sup  Jlg—goll2 < Es{ns+nb+na+65+6£+nopt+(vp/”+ﬁ)\/;} (3.15)
€T 1(Mopts fn)

holds with probability at least 1 — Ce™ conditioning on the event {f, € .Zo(83)} for some

04 > 0, where #((8) :={f € Z,:||f—folla < d}.

Theorem 3.4.1 establishes a non-asymptotic error bound for approximate DRES estima-
tors using a plugged-in QR estimator fn This upper bound consists of six distinct terms: two
stochastic error terms 1); and s that correspond to the (conditional) quantile and ES estimation
respectively, the bias 1, induced by the Huber loss, the neural network approximation error
Na for the underlying ES regression function gy, the optimization error 7)o, and the squared
Ly-error 8] for the QR estimator fo.

Proposition 3.2.1 shows that increasing LN reduces the approximation error 1, when go
belongs to a hierarchical interaction model. However, this increase results in a larger stochastic

error 1. Together, these two terms highlight the trade-off between the complexity of the network
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function class and its approximation power. Moreover, the term O + 54% + Ny + N5 explicitly
reveals the impact of nonparametric QR estimation in stage one and the use of the Huber loss.
The former is quantified by & and 64%. Thanks to the orthogonality condition (3.5), the squared
Ly-error of the nonparametric QR estimator contributes to the L-error bound for the two-step
ES estimator. Consequently, even if the QR estimator converges at a sub-optimal rate (under the
L4-norm), the ES estimator can still achieve the optimal convergence rate under the Ly-norm,
as if the true quantile function fy were known. On the other hand, 1y, + s clarifies the role of
the robustification parameter 7. A larger 7 reduces bias, resulting in a smaller 1n,. However, this
reduction comes at the expense of compromising robustness, leading to a larger 1. Therefore, it
is crucial to properly tune the robustification parameter 7 to balance bias and robustness.

As a benchmark method, we also derive non-asymptotic deviation bounds for DES
estimators with any truncated deep ReLLU network architecture and an initial nonparametric QR

estimator.

Theorem 3.4.2 (Oracle-type inequality for the DES estimator). Assume Condition 1 holds
with p > 2, and max (|| fo||s, ||go]|e) < Mo for some My > 1. Let 4, = Zpnn(d,L,N,My) with
integers L, N > 3, and .%, be a class of functions from [0, 1]¢ to [—My, M| with a finite pseudo

dimension. Define

Tl = It |lg— goll2, 1= Vol PV, + v/ @Y LP and 8 = /Pdim(Z,)log(n)/n, (3.16)

where V,, = LN+/log(LN)log(n)/n. If n is sufficiently large so that V;, < 1, there exists some

universal constant cg > 0 such that, for any 1oy > 0 and u > 1, the following bound

sup [lg—goll2 < co0 " Vu(ns+ Ma+ & + & + Nopr) (3.17)
ge%,w(nopt;fn)

holds with probability at least 1 —C (e_”Vn2 +u~P) conditioning on the event {f, € F(8)},

where 7}, .. is defined in (3.14) by taking T = oo.
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In contrast to the result of Theorem 3.4.1, Theorem 3.4.2 demonstrates that the deviation
bound of the DES estimator does not include the bias term. This is because the population
Huber loss minimizer g, ¢, defined in (3.12), coincides with gg when 7 = oo, resulting in 1, = 0.
However, since DES uses the L,-loss, the corresponding estimator exhibits only a polynomial-
type deviation bound, as shown in Theorem 3.4.2. This is in contrast to the exponential-type
deviation bound achieved by the DRES estimator.

To complement our analysis, we investigate the non-asymptotic error bound of the DRES
estimator under the presence of light-tailed noise distributions. Specifically, we assume that the

negative part of the quantile residual € follows a sub-Gaussian distribution as follows.

Condition 2 (Light-tailed noise). The conditional density function of € given X, denoted by
Pe|x» exists and satisfies sup,cp p£|X(u) < p for some constant p > 0 almost surely (over X).
Moreover, there exists a constant oy > 0 such that the negative part of the QR residual satisfies

Elexp({e- —E(e_|X)}?/03)|X] < 2 almost surely over X.

Theorem 3.4.3 (Oracle-type inequality for the DRES estimator with sub-Gaussian errors).
Assume Condition 2 holds for some oy > 0, and max (|| fo|e, [|g0]|e) < Mo for some My > 1. Let
LN € {3,4,...},%, = Zpn(d,L,N,My) and T > ¢7 := 2max{4My, (log4)'/>cy}. Given a

class .%, of real-valued functions from [0, 1]¢ to [—~My, M) with finite pseudo dimension, define

2 2 .
Mo = 2(2My+0p)e " /2%), 1, =infeeq, ||g — goll2,

Ns = 6oLN/log(LN)log(n)/n, & = \/Pdim(.%,)log(n)/n.

(3.18)

Then, there exists some universal constant cg > 0 such that for any 84 > 0, Nopt > 0 and u > 1,

the following bound

C u
sup [g—golla <= (ns+nb+na+85+5£+nopt+oo\ﬁ) (3.19)
~ o n
geyn,‘c(nnpﬂfn)

holds with probability at least 1 — Ce™ conditioning on the event { f, € .%(84)}, where T,z 18
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defined in (3.14).

In contrast to the setting where €_ only possesses a bounded (conditional) p-th central
moment, Theorem 3.4.3 reveals that the bias term 7, decays exponentially in 7 when €_
is (conditional) sub-Gaussian. In particular, we have 1, < oon~ /2 as long as T > op/logn.
Consequently, the impact of the robustification bias becomes negligible compared to the statistical

error 7 in (3.18), which is unaffected by 7.

Remark 3.4.1 (Sample splitting and cross-fitting). We can eliminate the statistical error term J,
induced by the estimation of the conditional QR function, from the error bounds of the proposed
estimator by incorporating a sample-splitting algorithm.

Specifically, we first split the entire dataset into two parts: {(X1,Y1),...,(Xy,,Y,, )} and
{Xn+1,Y0,41)s---, (Xu,Yn) }, where ny = [n/2]. The first subsample is used to train a QR
estimator fAn while the remaining subsample, together with fn is employed to compute the ES
regression estimator gpji. Following similar arguments as in the proofs of Theorems 3.4.1-3.4.3,
it can be established that under the same conditions as outlined in Theorems 3.4.1-3.4.3, gqpit
satisfies concentration bounds that are similar to (3.15), (3.17) and (3.19), without the appearance
of &. As a result, the impact of QR estimation is only reflected by 542.

Nevertheless, using only half of the data to compute ggpjic may result in a loss of statistical
efficiency. To mitigate this issue, the widely recognized approach is cross-fitting as discussed
in Chernozhukov et al. (2018). Nonetheless, it remains uncertain whether the cross-fitting
method improves the statistical efficiency over the basic sample-splitting method in our case. As
pointed out by Foster and Syrgkanis (2023), establishing this improvement typically requires the
demonstration of asymptotic normality or linear approximation of the nonparametric estimator
in the literature. However, it remains an open question whether a DNN estimator exhibits an
asymptotic linear approximation, which in turn leads to asymptotic normality. As a result, from
a theoretical perspective, it remains unclear whether the use of cross-fitting can enhance the

statistical efficiency over the basic sample-splitting in our setting.
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3.4.2 Deep quantile regression estimator

In this section, we provide concentration bounds for the DQR estimator defined in (3.9),
which is the nonparametric QR estimator obtained through empirical risk minimization over
truncated ReLU neural networks using the check loss. As is common in QR literature, we begin

by imposing certain regularity conditions on the conditional density function of € given X.

Condition 3 (Conditional density). The conditional density function of € =Y — fj(X) given X,

denoted by pg|x exists and is continuous on its support. It satisfies

P= ps\X(O) <suppex(u) <p
ueR

almost surely (over X) for some p > p > 0. Moreover, there exists a constant [y > 0 such that

|p£|x(u1) —p£|X(u2)] < l()|u1 — u2] for all uy,u, € R almost surely (over X).

Condition 3 is a standard assumption for the analysis of quantile regression estimators,
especially from a non-asymptotic perspective. See, for example, Belloni and Chernozhukov
(2011), Belloni et al. (2019), Pan and Zhou (2021) and Padilla et al. (2022).

We are now prepared to present an oracle-type error bound for the DQR estimator with
an arbitrary ReLLU neural network configuration. Recall that the empirical quantile loss Q\a is

defined as 2, (f) =n"'Y" | pa(Y; — f(X;)) for any real-valued function f.

Theorem 3.4.4 (Oracle-type inequality for the DQR estimator). Assume Condition 3 holds and
[ folles < Mo for some My > 1. Let LN € {3,4,...} and .%, = .Zpnn(d, L, N, My). Define
log(LN)1
Sz inf |[f— foll, and & = L 28EN) logn

feZn n

Let .#,(0) be the set of approximate empirical (quantile) risk minimizers with the optimization
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error 8 > 0, that is

S(8) = {f € F: Dalf) < inf Fu(]) +52}. (3.20)

feZ,

Then, there exists some universal constant cg > 0 independent of (N,L,n,d, o) and fy such that

for any &op > 0 and u > 1,

P{ sup [|f = foll2 > ¢9 (65+ 8a + Sopt + \/E) } <e ™, (3.21)
FEFn(Bopr) n

The non-asymptotic deviation bound, as presented in (3.21), comprises three main com-
ponents: the stochastic error s, the approximation error 8, concerning fy, and the optimization
error ope. Here, the statistical error term & increases as the network hyper-parameters L and
N grow, while the approximation error term 6, decreases; see Proposition 3.2.1. Furthermore,
it is important to note that exponential-type concentration inequalities naturally apply to non-
parametric QR estimators even without requiring moment conditions on &. However, specific
regularity conditions on its (conditional) density function are still necessary. This underscores
the robustness of quantile regression, particularly in handling the tails of the response variable.

By selecting suitable values for L and N to balance the stochastic and approximation er-
rors, we demonstrate in the following result that the DQR estimator achieves optimal convergence

rates when fj has a hierarchical interaction structure.

Theorem 3.4.5 (Convergence rate for the DQR estimator). Assume Condition 3 holds and
that Py is absolutely continuous with respect to the Lebesgue measure on [0, 1]¢. Let ¥* be as
in (3.2), and Ly, Ny > 3 be such that LoNy =< (n/ log® n)l/ (47"+2)  Consider the function class

Fn = FpNN(d,L,N,M), where the depth and width are given by

L= (L() logL(ﬂ and N = () [N() logN(ﬂ s (3.22)
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respectively. Here, ¢; and c; are positive constants from Proposition 3.2.1. Then, for any u > 1

and Sopt < 8, = (n/log® n) =Y/ @7 +1) it holds uniformly over fy € #(d,1,My, Z) and for all

}] Se,

where cj9 > 0 is a universal constant depending polynomially on fmax = max; gyc o 1.

sufficiently large n that

_|_

S | <

logtn\ 7 /@7 +)
n

P| sup ||f—fo||22010{(

FE€Lu(Oopt)

An immediate consequence of Theorem 3.4.5 is that
1 — follo = Op (l’fw/(zw“)(logn)67*/(2}f*+1)>_

By combining this upper bound with the following proposition, the DQR estimator, with an
appropriately chosen network structure, achieves the minimax optimal convergence rate for the

hierarchical interaction model, up to logarithmic terms. Recall the definition of t* in (3.2).

Proposition 3.4.1 (Minimax lower bound for the hierarchical interaction model). Assume d > t*

and that Condition 3 holds. Then, it holds

liminfinf ~ sup 22/ HIE||F - )3 >0,
X~Px

where the infimum is taken over all estimators constructed from the sample {(X;,Y;)}} ;.

Remark 3.4.2 (Comparison to existing work on DNN estimators for quantile regression). In
recent years, there has been a growing interest in applying DNNs for nonparametric quantile
regression due to its great success for solving classification and regression problems in general.
When the true conditional quantile function has a compositional structure, Shen et al. (2021)
derived upper bounds on a hybrid of Li- and L;-errors of the QR estimator using ReLLU neural

networks. Their analysis is restricted to the case where the smoothness of each component
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function does not exceed 1. Moreover, assuming that the response variable, or equivalently, the

regression error, has bounded p-th absolute moment, Shen et al. (2021) showed that
EAZ(]?, fo) < n—(2=2/p)v /2y +1) log?(n),

where A%(f, fo) = Exp, min{|f(X) — fo(X)|,|f(X) — fo(X)|*}, and y* plays a similar role as
that defined in (3.2), which is the dimension-adjusted degree of smoothness. First, we note that
the above bound does not imply an L-error bound but rather A% (£, fo) < || f — fo H% Furthermore,
the convergence rate is inflated by a factor of n2/P)Y/2Y'+1) ynder heavy-tailed errors compared
to that under exponentially light-tailed errors, making it sub-optimal. This contradicts, however,
the robustness nature of quantile regression in response to outliers in the response space.
Another recent work Padilla et al. (2022) also explored nonparametric QR estimators
using deep ReLLU neural networks and established optimal convergence rates for cases where
the quantile function is compositional with Holder smooth components or belongs to a Besov
space. Our results differ from Padilla et al. (2022) in several aspects. First, Padilla et al. (2022)
constrained their function class to sparse neural networks with bounded weights and biases,
while the function class examined in this section does not have such restrictions. As a result,
our approach is more practical, as implementing the restrictions mentioned in Padilla et al.
(2022) necessitates various techniques like projection and dropout, as described in Goodfellow
et al. (2016). Secondly, when the true quantile function is a composition of Holder smooth
functions, Theorem 2 in Padilla et al. (2022) requires the width of neural networks to increase as
a power of n, and the depth L to be L < logn to attain the optimal convergence rate. In contrast,
Theorem 3.4.5 only necessitates an assumption regarding the product of the depth and width
of neural networks, thereby offering flexibility in network design. This means that the optimal
rate can be achieved with wide and shallow neural networks, thin and deep neural networks,
or wide and deep neural networks as long as the product satisfies the assumption. Last but not

least, the prefactor in the error bounds derived from Padilla et al. (2022) grows exponentially
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with dimension, whereas the prefactor in Theorem 3.4.5 grows polynomially. Consequently, the
dimension-dependent prefactor in Padilla et al. (2022) can dominate the error bound when the

dimension is moderately large.

3.4.3 Convergence analysis of joint deep quantile and ES regression

Building on the results from Sections 3.4.1 and 3.4.2, in this section, we establish the
convergence rates of two-step DRES and DES estimators using an initial DQR estimate. Based on
the findings from the previous subsections, the key is to tune the hyper-parameters appropriately
to achieve an optimal balance among the various error terms.

We first consider the DRES estimator defined in (3.11) in the presence of heavy-tailed
noises. By combining Theorem 3.4.1, Theorem 3.4.4 and the neural network approximation

result, Proposition 3.2.1, we establish the convergence rate of the DRES estimator as follows.

Theorem 3.4.6 (Convergence rate for the DRES estimator using a plugged-in DQR estimate).
Assume Conditions 1 and 3 hold with p > 2. Additionally, assume that Py is absolutely
continuous with respect to the Lebesgue measure on [0, l]d . Let y* be as in (3.2), and Loy, Ny > 3

be such that

n ) Cp/ 4y +28p) 1

LONOX< with Cp:1_2p—1'

log®n

Consider the function classes .%, = ¥, = .%pnn(d,L,N,My) with depth L and width N satisfying

(3.22). Set

6.\ V' E/2Y+E)
n,’?H < max (v;/p, 1) . (_log n)
n

1 n
and T =< vp/p (—

2y (1-8p)/(2Y" +&p)
10g6n> '

Then, for any u > 1, opt < nAH and Nopt < nAH, it holds uniformly over fy, go € 22 (d,1, My, P)
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and for all sufficiently large n that

C11 1/(2 u _
P{ sup H8—80H227 n,?HwLmaX{vp/( p)al}\/—g}}ﬁe “
feyn((sopt)7g€<%t.r(nopt;f) ner

where .7, and .7,  are defined in (3.20) and (3.14), respectively. Here, c¢1; > 0 is independent

of (n,u, p,Vv,) and depends polynomially on fmax = max, gyc 1.

Next, we investigate the DES estimator defined in (3.8) in the presence of heavy-tailed
noises. By combining Theorem 3.4.4, Proposition 3.2.1 and Theorem 3.4.2, we derive the

convergence rate for the DES estimators as follows.

Theorem 3.4.7 (Convergence rate for the DES estimator using a plugged-in DQR estimate).

Under the same conditions as in Theorem 3.4.6, let Ly, Ng > 3 be such that

Ep/(4y"+2&p)
" ) with gp:1—l.

L()N() = (
p

log6 n

Consider the function classes %, = ¥, = Zpn~(d,L,N,My) with depth L and width N satisfy-
ing (3.22). Set n}° < max(v;/p, 1) - {log®(n)/n}¥ /(Y +%) Then, for any u > 1, Sopt < NpS
and Nopt < 1>, it holds uniformly for all fy, g0 € 5(d,l,My, &) and for all sufficiently large n

that

_ 1
P{ sup 18 —goll2 = ciocx l\/ﬁnbs} S -
.fgyn(80p1)7geeyn,f(nopt;f) u

Here, 12 > 0 is independent of (n,u, p,v,) and depends polynomially on fmax.

Given v, < 1, it is easy to see that nLS is larger than nAH because ¢p < €. Therefore,
the DES estimator converges at a slower rate than the DRES estimator. More importantly, the
deviation bounds in Theorem 3.4.6 and Theorem 3.4.7 confirm that, from a non-asymptotic

perspective, the DRES estimator is significantly more robust against heavy tails.
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Remark 3.4.3. When €_ has a (conditional) bounded p-th (p > 2) moment and fy,go €
H(d,l,My, Z), Theorem 3.4.6 and Theorem 3.4.7 establish that after selecting an appropriate

robustification parameter and network structures, the two-step robust estimator g, . satisfies
[8n.e = golla = O (7 5/ O 45 (10g ) /27 ) (3.23)
and the two-step LSE g, achieves the following convergence rate
|8 — golla = G (w7 /2T +50) (10g m) 7 /0T 450) ) (3.24)

respectively. We remark that when the function class .7 (d,l, My, &) satisfies d > t*, these
upper bounds are sharp up to a logarithmic factor of n. In detail, for given depth L and width N

of neural networks, define

T (Mopt) = {g € Fu(d,L,N,1): Z:(fo,8) < ge%i(g,fL,N,l)%r(fo’g)—Hliloo or

) <% Vv inf % Cin2
+(f0,8) < Z:(fo0,80,c) {geﬁig,L,N,l) (f0,8) + 1nopt}}>

where g ¢ is defined in (3.12). Furthermore, for a fixed function fj : [0, l]d — R, and a function
class 7 C {g: R? — [—1,1]}, define the family of data generating processes % (d, p,.¢) as
follows: (i) Each coordinate of X € [0,1]¢ follows the uniform distribution, (ii) ¥ = fo(X) + €
with P(e < 0|X) = a, (iii) eq(Y|X) = go(X) € A, and (iv) E{|e_- —E(e_|X)|P|X} < 1. We
denote 1, < n~7 /CY+%) (logn) =Y (&%+4)/2Y'+6) for a given s (d,l,1,7). Then, by

combining Lemma 4.1 Fan et al. (2022) and Theorem 4.1 in Fan et al. (2022), we have
liminf  inf sup P{3g e ,Z,ATH(nn*) such that ¢||g— goll2 > N} =1,

noee NLzGot2Gs (x y)yew (d.p. o)

where 7 = 7 (d,l,#,1) with d > t*. Therefore, the L, error bound (3.23) for g, ; is sharp
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up to logarithmic terms. In a similar manner, it can be shown that the bound (3.24) of g, is also

sharp up to logarithmic terms by Theorem 4.2 in Fan et al. (2022).

Finally, we consider the case where the noise is sub-Gaussian. The following theorem
shows that with a sufficiently large robustification parameter, the DRES estimator achieves the

same convergence rate as the DES estimator.

Theorem 3.4.8 (Convergence rate for the DRES estimator using a plugged-in DQR estimate
under sub-Gaussian noise). Assume Conditions 2 and 3 hold. Moreover, assume that Py is
absolutely continuous with respect to the Lebesgue measure on [0, 1]%. Let y* be as in (3.2), and
Lo, Ny > 3 be such that LyNy = {n/log®(n)}'/#7"+2)_ Consider the function classes .%, = 4, =
ZpNN(d,L,N,My), where the depth L and width N satisfy (3.22). Set 7 € [max(c7, 6p+/logn), ]
and n3"°C < {1og®(n) /n}Y"/ ' +1). Then, for any u > 1 and Spr, Nopt < M5°PF, it holds uniformly

over fo,g0 € H(d,l,My, &) that

C u
P{ sup g — goll2 > == max(oy, 1) (nZHbGJr \/j) } Se
feyjn(5opt)7g€<7n,‘r(nopt§f) x n

where c13 > 0 is independent of (n,u,0y) and depends polynomially on #px.

Remark 3.4.4. In order to apply the oracle inequalities established in Section 3.4.1, it is
necessary to establish an upper bound on the L4-error of the employed DQR estimators. However,
Theorem 3.4.4 only provides L,-error bounds for DQR estimators. The current proof technique
cannot directly control the Ls-error of a regression estimator using neural networks. Instead, we
will use the following crude bound for a function f with || f|l < Mo: ||f]|5 = Ex~py {f*(X)} <
M3 -Exp, {f?(X)} = Mj - || f]|3- As aresult, the L, convergence rate of ES estimators cannot
be faster than that of the DQR estimator, even when an orthogonal score function is used. Due to
the absence of results on tight Ls-error control for neural network estimators, it remains an open
question whether our two-step ES estimators can achieve a faster convergence rate compared

to DQR estimators when the conditional ES function is smoother than the conditional quantile
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function. In general, it is natural to assume that the two functions share the same structure.

On the other hand, note that || f||4 < || f||~ for any real-valued function f. Therefore,
the L, convergence rate of the two-step ES estimator may depend on ||f,, — fol|% instead, which
is often sharper than My||f, — fo||». However, it is inherently more challenging to establish
the L..-norm convergence rate for nonparametric QR estimators. This is achievable mostly for
linear-type nonparametric estimators that display asymptotic linear approximations, such as
the QR-series estimator (Belloni et al., 2019) and the (bias-corrected) kernel ridge regression
estimator (Singh and Vijaykumar, 2023). The L.-norm convergence rate of a kernel ridge
quantile regression estimator has not been investigated but is of independent interest. Recently,
Imaizumi (2023) proposed a DNN estimator with a novel adversarial training scheme. The author
not only derived a convergence rate for the L..-risk of the least squares estimator but also extended
the analysis to accommodate more general loss functions, including the check loss. However,
the convergence rate for the latter is sub-optimal, which leaves an open question regarding the
attainment of optimal L..-norm convergence rates for DQR estimators. The construction of this
estimator involves a preprocessing step where the output Y is transformed to yield a preprocessed
output Y. Due to this preprocessing step, the L., convergence rate of the proposed estimator
cannot surpass that of Y: see Theorem 3 therein. Given the absence of estimators adaptable to
hierarchical interaction models with an L., convergence rate, the proposed estimator in Imaizumi
(2023) is unsuitable for our context, where the true conditional quantile function belongs to a

hierarchical interaction model.
3.5 Numerical Study
3.5.1 Monte Carlo experiments

In this section, we perform numerical studies to assess the performance of the proposed
two-step deep ES regression estimator and its robust counterpart. We implement both methods
in Python using the PyTorch module. We first obtain a DQR estimator fn by solving (3.9),

and then compute the deep ES regression estimator g, 7 by solving (3.11). The estimator g, z
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involves a robustification parameter T = 7(n), which we select using a data-driven approach as
follows.

Recall from Section 3.3.2 that € is the quantile regression residual and that e = € A 0.
Assume that the (conditional) variance of €_ is bounded by v, > 0 almost surely. In light of
Theorem 3.4.6, ideally, T should be selected to be of order v21 / 2(n /log n)zW/ (6v'+2) However,
such a choice is practically infeasible because the intrinsic smoothness parameter ¥* defined
in (3.2) is unknown. As a trade-off, we replace the exponent 2y* /(6y* +2) by 1/3, which serves
as a good approximation provided that y* is sufficiently large. On the other hand, we use the
sample variance estimator of the fitted negative QR residuals {€ _ := min{Y; — F(X0), 0},
denoted by V;, as a proxy for the unknown noise scale v,. Consequently, we propose a rule-of-
thumb robustification parameter T = 921/ 2(n /logn) 1/3 that will be used throughout the numerical
studies.

For DQR and two-step deep ES regression estimators, we employ fully connected ReLU
neural networks with a depth of L =4 and a width of N = 256. The network weights are
optimized using the Adam optimizer (Kingma and Ba, 2014) for 200 epochs. We set the learning
rate to 5 x 107> and use a batch size of 128. We do not employ any other regularization
techniques except for early stopping, as described in Goodfellow et al. (2016). Specifically,
we randomly split 7 i.i.d. samples into training set with n,j, samples and validation set with
Nyalid = N — Myrain Samples. We then train the neural network models on the training set with 200
epochs and select the model that minimizes the empirical L; error on the validation set. In our
simulation, we set ny,ig = [1/8].

We compare the proposed deep robust ES regression estimator (DRES) to several com-
petitors: (i) the deep least squares ES estimator (DES) defined in (3.8); (ii) the oracle deep
robust ES estimator (oracle DRES); (iii) the oracle deep least squares ES estimator (oracle
DES); and (iv) the linear robust ES estimator (LRES) (He et al., 2023). In particular, LRES is an
adaptive Huber linear regression estimator with surrogate response variables constructed using a

plugged-in linear QR estimator. The oracle methods, oracle DRES and oracle DES, refer to
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Table 3.1. The empirical mean integrated squared error MISE (and standard error), when
d=8n=1024/(5c),c ={0.05,0.1,0.2} and & ~ 47(0, 1) or & ~ 1, 5/4, averaged over 100
replications.

g~ AN (0,1) g ~ts/4
Methods a=005 a=0.1 a=02]|a=005 =01 a=02
DRES 0.441 0.474 0.514 0.473 0.376 0.331
(0.006)  (0.008) (0.007) | (0.007) (0.005) (0.005)
DES 0.463 0.493 0.527 0.581 0.450 0.377

(0.007)  (0.008) (0.007) | (0.013) (0.010) (0.009)
0.379 0.418 0.477 0.451 0.368 0.309
(0.004)  (0.006) (0.008) | (0.009) (0.008) (0.005)
0.432 0.453 0.494 0.597 0.443 0.369
(0.006)  (0.006) (0.007) | (0.016) (0.011) (0.010)
1.109 1.036 0.952 0.972 0.948 0.933
(0.003)  (0.003) (0.003) | (0.004) (0.003) (0.003)

oracle DRES

oracle DES

LRES

the two-step robust ES estimate (3.11) and the two-step LSE (3.8), respectively. Both methods
use the true conditional quantile function fj to obtain the surrogate response variables. All
DNN-based estimators are implemented under the same configurations as that of DRES described
above. To assess the performance across different estimators g, we define the empirical mean

integrated squared error (MISE) as

1

MISE = — Y {2(X) — 20(X)},
=1

el

computed using an independently generated testing set with 7 = 10 samples. The empirical
MISE serves as an approximation to the squared Lp-error || — go|3 = Exp, {|(€ — g0) (X*)|?}.

We generate the data {(X;,Y;)}}_, from the heteroscedastic model

Y =h (X)) +m(X)- &,

where X; = (Xi1,...,X;3)" with X;; uniformly drawn from [0, 1], and the two functions Ay, h; :
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Figure 3.1. Boxplots of MISE (based on 500 repetitions) for the four estimators (DRES, DES,
oracle DRES and oracle DES) at quantile level @ = 0.025.

R® — R are defined as

1 1 1
hi(x) = 27 )
1( ) COS( Xl)"’ 1_}_67)627)(3 + (1 +x4+x5)3 +x6+ex7x8
(X1 +x2) 222 X8
hy(x) = sin (T) Flog(1+x3d) + T~

We consider two different types of random noise &;: (i) .#(0, 1), the standard normal distribution
(light-tailed); and (ii) 1, 5/4, the scaled 7-distribution with 2.5 degrees of freedom (heavy-tailed).
Since the function /; is nonnegative, the conditional a-level quantile and expected shortfall
functions are fy(x) = hy(x) + g (€) - h2(x) and go(x) = hy(x) + eq(€) - ha(x), where gq(€) and
eq(€) are the ar-level quantile and expected shortfall of €, respectively.

Simulation results for n = [1024/(5a)]| and the quantile level a € {0.05,0.1,0.2},
averaged over 100 repetitions, are reported in Table 3.1, for both random noise .47(0,1) and
tr.5/4. We first observe the inferior performance of the linear estimator LRES compared to all
nonparametric estimators. This performance difference is consistently observed across both
light- and heavy-tailed models, regardless of the quantile level. Evidently, this discrepancy can
be attributed to the misspecification of the linear model. When the noise is light-tailed, the
performance of both DRES and DES remains consistent across different quantile levels. They
exhibit analogous or slightly worse performance compared to the two oracle methods, which

are not available in practice. However, in the presence of heavy-tailed errors, the proposed
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Figure 3.2. Plots of empirical mean integrated squared error (@) versus sample size ranging
from [1024/(5c)] to [1024 /] based on 100 repetitions, when ¢ follows .47(0,1) or t, 5/4
and a € {0.1,0.05}.

robust estimator consistently outperforms DES. As a result, DRES demonstrates more reliable
performance in the presence of heavy-tailed errors without compromising statistical efficiency
under light-tailed noises.

To better demonstrate the robustness of DES, Figure 3.1 displays boxplots of MISE for
the DNN-based estimators (DRES, DES, oracle DRES, and oracle DES) at a quantile level of
o = 0.025, with noise following normal and 7 distributions. The boxplots clearly illustrate that
when the noise distribution exhibits heavy tails, the least squares estimator DES experiences poor
performance and high variability compared to the robust estimator DRES.

Thus far, we have compared various DNN-based estimators, with a specific focus on
the DRES estimator, known for its robustness against heavy-tailed errors and efficiency in the
presence of light-tailed errors. Note that after plugging in a QR estimate, in principle, any

nonparametric LSE can be used to estimate the conditional ES function. In the subsequent
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experiments, we implement an alternative two-step nonparametric ES estimator by combining
DQR with kernel ridge regression (KRR) employing the radial basis function kernel, using the
Python library scikit-learn. For simplicity, we refer to it as KRR. Under the same model as
above, we increase the sample size from 1024/(5a) to 1024 /a with o € {0.05,0.1}. Figure 3.2
plots the empirical MISE versus sample size for the four ES regression estimators: LRES, DES,
DRES and KRR. Due to model misspecification, the linear estimator fails to converge as the sample
size increases, which is as expected. On the other hand, it is worth noting that both the least
squares and robust DNN estimators consistently outperform the KRR estimator, regardless of the

error distribution.

3.5.2 Upper Tail Average of Precipitation at Continental United States

The El Nifio—Southern Oscillation (ENSO) is an irregular climate phenomenon charac-
terized by periodic variations in winds and sea surface temperatures across the tropical eastern
Pacific Ocean. The Climate Prediction Center in the United States (US) defines El Nifio con-
ditions (or La Nifio conditions) when the sea surface temperature in the Nifio-3.4 region of the
equatorial Pacific Ocean deviates more than 0.5°C above (or below) the normal temperature for
the same period. Substantial anomalies in seasonal precipitation have been associated with its
warm (EI Nifio) and cool (La Nifia) phases (Kahya and Dracup, 1993; Ropelewski and Halpert,
1986, 1996). Specifically, recent research indicates that ENSO may be associated with regional
increased rainfall variability (Yun et al., 2021). Consequently, it is important to understand the
relationship between ENSO and the upper tail average of precipitation.

We analyze the influence of El Nifio on the upper tail average of precipitation across the
continental US. To this end, we apply our proposed methodology to the US precipitation reanaly-
sis data set (Slivinski et al., 2019). This data set comprises of daily precipitation measurements
in millimeters, which are derived from reanalysis by integrating a wide range of observational
data and numerical modeling. The data set covers 819 grid points within the continental US at a

1° x 1° spatial resolution from year 1950 to year 2015. Subsequently, we pre-process the data by
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Figure 3.3. Subfigures (a)—(d) illustrate the predicted precipitation during periods of El Nifio
event in year 2010. Subfigures (e)—(h) display the predicted precipitation when El Nifio is not in
progress in year 2010.

summing the daily precipitation to obtain a monthly total precipitation. This pre-processed data
is then grouped into four seasonal categories: winter (December to February), spring (March to
May), summer (June to August), and fall (September to November). In the case of the winter
season, the pre-processed dataset comprises 161,343 data points, while each of the other seasonal
categories contains 162,162 data points.

For each seasonal dataset, we fit the proposed robust expected shortfall regression at
o = 0.9 (upper tail), where the robustification parameter is tuned by the procedure described in
Section 3.5.1. The covariate of interest is the Nifio-3.4 index, and we adjust for other variables
including the year, and latitude and longitude for each location in the continental US. To calculate
the Nifio-3.4 index, we compute monthly averages of sea surface temperatures in Nifio-3.4 region,
subtract the annual mean temperature, and subsequently normalize the data to have mean zero
and standard deviation one. We note that estimating conditional upper tail averages at o« = 0.9
is equivalent to fitting the proposed DRES method at level 1 — o after flipping the sign of the
response. We estimate the conditional quantile function at level o via a DQR estimator, which
solves (3.9). For the implementation in Python, we employ fully connected ReLU neural
networks with a depth of L = 6 and a width of N = 256 using PyTorch. We set the learning rate
to 10~3 and use a batch size of 256 for 500 epochs. Similar to the approach in Section 3.5.1, we

utilize the early stopping with the number of validation data ny,q = [1/8].
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Figure 3.4. The discrepancies between predicted ES precipitation during periods of El Nifio
event and those in the absence of El Nifio conditions for each season.

Figure 3.3 presents the predicted (upper tail) conditional ES of precipitation values
for each location in year 2010 at level o = 0.9. Subfigures (a)—(d) in the figure present the
predicted precipitation during El Nifio events, with the Nifio-3.4 index set to 2.0. The remaining
subfigures show predictions for non-El Nifio periods, with the Nifio-3.4 index set to 0. We see
from Figure 3.3 that the West Coast is predicted to experience significantly higher levels of
precipitation compared to other regions in most seasons.

To understand the impact of El Nifio on the (upper tail) ES of precipitation, we calculate
the discrepancies between predicted ES precipitation during periods of El Nifio event and those
in the absence of El Nifio conditions for each season, illustrated in Figure 3.4. Our results
reveal that the impact of El Nifo exhibits spatial and seasonal variation. In particular, during
the winter and spring seasons, we observe that in the presence of El Nifio, the north region is
predicted to experience drier weather compared to the normal condition, while conversely, the
south region becomes wetter. We remark that this pattern during the winter and spring aligns
with a well-known teleconnection known as the north-south seesaw in precipitation in climate
literature (Becker, Berbery and Higgins, 2009; Cayan, Redmond and Riddle, 1999; Dettinger
et al., 1998; Mo and Higgins, 1998). We enhance the current findings by offering a detailed
description of how El Nifio affects the upper percentile of precipitation averages.

To further illustrate the predictive capability of our estimators for heavy rainfall, we
examine a case study involving the devastating floods in Texas and Oklahoma in May 2015.
This particular month marked a historical record as the wettest May and the all-time wettest

month in the United States, based on 121 years of recorded data (Terti et al., 2019), which leads
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to deadly flash floods. Specifically, in Dallas, Texas, May 2015 witnessed a total precipitation
of 1175 mm, a substantial departure from the average spring precipitation of 379 mm from
the year 1950 to the year 2010. It’s important to note that the Nifio-3.4 index for May 2015
measured 1.60. Our DRES estimator predicts 1070 mm during El Nifio events, and 449 mm
for non-El Nifo periods. This result suggests that the extreme rainfall in Dallas in May 2015
could be largely associated with the El Nifio events. Concurrently, we also implemented deep
least squares (mean) regression using the same neural network configuration. The deep mean
regression estimator predicts 760 mm during El Nifio events, and 362 mm for non-El Nifio events.
This result demonstrates the importance of using the (conditional) upper-tail average to predict
extreme rainfall events, in contrast to the use of least squares regression methods that only focus
on centrality. Consequently, estimating the (conditional) upper-tail average is a more effective
method for predicting extreme rainfall events, enabling local water management to take early

precautions to mitigate flooding effectively.
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Chapter 4

Estimation and Inference for Nonpara-
metric Expected Shortfall Regression over
RKHS

4.1 Introduction

Since the seminal work of Koenker and Bassett (1978), quantile regression (QR) has
become a valuable statistical tool that provides deeper insights into distributional properties
beyond traditional mean-based regression models. This approach is particularly crucial when
the tails, either left or right, of the response distribution carry significant implications, such
as low birth weight, high precipitation or temperature, and low earnings or test scores. By
examining multiple quantiles, analysts gain a more comprehensive understanding of the factors
influencing different segments of the data. This enhances the robustness of statistical inferences
and facilitates a more comprehensive interpretation of complex relationships in various fields,
including finance, economics, and social sciences. We refer to Koenker (2005) and Koenker et al.
(2017) for a comprehensive overview of quantile regression methods, theory, computation, and
various applications.

In the application of quantile regression across diverse domains, practitioners commonly
execute a series of models at predefined quantile levels, such as 5%, 10%, 25%, 50%, 75%,

90%, and 95%, wherein they report the estimated coefficients along with the associated p-values
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or 95% confidence intervals. Despite the wealth of information provided by these summary
statistics, surpassing the insights offered by least squares estimates, their interpretation often
remains somewhat ambiguous. Illustratively, consider a study conducted by Coronese et al.
(2019) investigating the impact of natural disasters on economic damages, where the response
variable denotes yearly economic damages in US dollars (USD billion). In this context, if the
projected 95% single-event damage for the year 2010 is estimated at $10 billion, it signifies a 5%
probability of surpassing the $10 billion damage threshold. However, no specific quantitative
details are available regarding the extent of damages beyond this threshold. Consequently, an
additional question arises: How can we model and forecast the average damages incurred by
the most severely affected 5% of cases? Another potential concern arises when the statistical
significance of a predictor varies across different quantiles. For instance, a predictor that
demonstrates 5% statistical significance in a conditional 90% quantile model may lose this
significance at conditional 87.5% and 92.5% quantile models. This variability can result in
inconclusive findings, highlighting the sensitivity of the results to the chosen quantile levels.
To address the limitations associated with quantiles, we consider a set of functionals
that extend beyond mean and quantile measures, providing coverage for flexible prespecified
regions within a distribution. Let Y € R represent a generic dependent variable of interest,
which could represent earnings, test scores, precipitation, temperature, and economic damage,
among others. We denote its cumulative distribution function (CDF) and quantile function as
Fy(y) =P <y), fory € R, and gy(7) = inf{y € R: Fy(y) > t}, for T € (0,1). It is worth
recalling that E(Y) = [%_ydFy(y) = fol qy(u)du. Atlevel 7 € (0,1), we define the left-tail

average of ¥ as

1 T
ey(1) = _/0 qy (u)du. 4.1)

T

Under this notation, the right-tail average of Y (at level 1 —7) is % J 11_ +qy (u)du, which, through

a change of variable, is equivalent to —e_y (7), the negative left-tail average of Y at level 7. In
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particular, ey (1) = E(Y). The functional ey (7) is also recognized as the expected shortfall (ES)
or conditional value-at-risk, a widely employed risk measure in operations research (Rockafellar
and Uryasev, 2000) and quantitative risk management (McNeil et al., 2015), with applications in
banking, insurance and actuarial science. We refer to ey (7) in (4.1) as the 7-th ES in this work,
which is a natural coupling to the 7-th quantile gy (7) because if Fy is continuous at gy (7), ey (7)
can be equivalently written as ey (7) = E{Y|Y < gy(7)}.

In the presence of explanatory variables X € R¢, a variety of methods—ranging from
parametric and semiparametric to nonparametric—have been developed for estimating and in-
ferring the conditional ES of ¥ given X. Notable contributions include those by Dimitriadis
and Bayer (2019), Patton et al. (2019), Taylor (2019), Barendse (2020), Guillen, Bermuidez and
Pitarque (2021), Peng and Wang (2023) and He et al. (2023), which offer (semi-)parametric
approaches under either joint parametric quantile and ES models or specific families of response
distributions. In the context of nonparametric ES regression, we refer to Scaillet (2005), Cai
and Wang (2008), Kato (2012), Linton and Xiao (2013), Martins-Filho, Yao and Torero (2018),
Olma (2021) and Fissler, Merz and Wiithrich (2023), among others. It is worth noting that
a majority of prevailing nonparametric conditional ES estimators rely on Nadaraya-Watson
and local linear methods, along with various adaptations. Consequently, these methods are
particularly well-suited for low-dimensional settings, such as 1 < d < 3. To effectively address
covariates of moderate dimensionality, Fissler, Merz and Wiithrich (2023) proposed joint quantile
and ES regression estimators using a joint loss function and deep neural networks (DNNs). On
the downside, DNNs often require large amounts of training data to generalize well and are
prone to overfitting. The process of finding the optimal combination of hyperparameters for
DNNs may require extensive experimentation. From a different perspective, Chetverikov, Liu
and Tsyvinski (2022) considered a semiparametric model in which the conditional ES function
is linear. Meanwhile, the nuisance conditional CDF of Y given X is estimated nonparametrically
by a version of the random forest (RF) method. To establish the asymptotic normality of the

two-step linear ES estimator, the preliminary conditional CDF estimator must satisfy a high-level
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uniform consistency requirement. However, the justification for this requirement, particularly
regarding the RF estimator, remains unclear. For technical reasons, their approach also relies on
sample splitting, meaning the conditional CDF and ES regression coefficients are estimated on
different subsamples.

This paper aims to propose efficient estimation and inference methods for nonparametric
expected shortfall regression, helping bridge the gap between model flexibility and complex-
ity. To address the practical concerns associated with local polynomial and DNN regressions
mentioned earlier, we focus on nonparametric regression over reproducing kernel Hilbert spaces
(RKHSs) (Scholkopf and Smola, 2002). Specifically, we assume that both the conditional quan-
tile function and the conditional ES function of the response variable Y given the input covariates
X € RY belong to RKHSs. RKHS regression provides flexibility and nonlinear modeling, as
different choices of kernel functions capture various types of nonlinear relationships in the data.
The “kernel trick” implicitly maps the input data into a higher-dimensional space without ex-
plicitly computing the transformed features. Moreover, proper tuning of the ridge regularization
parameter helps prevent overfitting and improves generalization ability.

Motivated by the use of an orthogonal score for parametric ES regression (Barendse,
2020), we propose a fully nonparametric two-step method for fitting nonlinear conditional ES
functions. In the first step, we estimate the conditional quantile function through kernel ridge
regression (KRR) with the check loss and derive finite-sample, high probability bounds for the
resulting estimator in both L, and RKHS norms; see Theorem 4.3.1. These intermediate results
complement existing asymptotic convergence results for quantile KRR (Li et al., 2007; Lian,
2022) and are of independent interest. In the second step, we apply least squares KRR to estimate
the conditional ES function, using the quantile KRR estimates as surrogate response variables.
Both steps involve only convex optimization, and there is no need for sample splitting to facilitate
the corresponding theoretical analysis.

Subject to a high-level restriction on the accuracy of the quantile KRR estimator, we

establish finite-sample convergence rates for the two-step ES KRR estimator in Theorem 4.3.2.
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More specifically, we provide these rates in terms of exponential-type deviation bounds. For
conducting inference, we further establish a non-asymptotic functional Bahadur representation
(Theorem 4.3.3), which allows for an explicit characterization of Gaussian approximation error
bounds as functions of the effective dimension, sample size, regularization parameters, and QR
estimation error; see Theorem 4.3.4. As a byproduct, we also present parallel results for the
oracle two-step ES KRR estimator obtained by inserting the true conditional quantile function.
These results not only demonstrate that the impact of nonparametric QR estimation is first-order
negligible but also improve upon the best available results in KRR inference theory (Shang and
Cheng, 2013). Due to space constraints, we provide instantiations of the general bounds on
estimation error and Gaussian approximation error for various RKHSs in the supplementary
material.

Due to the complex nature of the asymptotic variance, the Gaussian approximation results
mentioned above are instructive but not directly applicable in practice. To address this limitation,
we employ a multiplier/weighted bootstrap procedure to construct pointwise confidence intervals
and provide rigorous theoretical guarantees for its validity; see Theorems 4.3.5 and 4.3.6. Guided
by bootstrap approximation theory, we propose a reduced-form bootstrap statistic. This eliminates
the need for solving weighted KRR repeatedly, thus considerably reducing the computational
cost.

We apply our method to medical expense data created by Lantz (2013), which uses
demographic statistics from the U.S. Census Bureau. The goal is to examine a key observation
in insurance claim size modeling that covariates may have different effects on the claim size
distribution. For instance, the age of the beneficiary enrolled in an insurance plan may be a
crucial variable in explaining systematic effects on large medical expenses charged to the plan
but may be irrelevant in describing such effects in average charges. Through this relatively small
dataset, we demonstrate the potential of nonparametric ES regression techniques for flexible
insurance claim size modeling, as opposed to relying on the popular gamma model. Our objective

is not to replace quantile regression but to provide an additional regression tool and insights to
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be incorporated into a broader system of risk analysis and tail learning.

The rest of this paper is organized as follows. We begin with a brief introduction to the
joint quantile and ES regression framework in Section 4.2. After providing some preliminaries
on RKHSs in Section 4.2.1, we propose the two-step ES estimator employing an orthogonal
score function in Section 4.2.2. The multiplier bootstrap procedure for statistical inference is
introduced in Section 4.2.3. In Section 4.3, we begin our analysis by deriving exponential-type
deviation bounds for the proposed estimators under general RKHSs. In Section 4.3.2, we derive
functional Bahadur representations and Berry-Esseen bounds for the proposed estimator, and
establish the theoretical validity of the bootstrap procedure. Section 4.4 examines the finite-
sample performance and usefulness of the proposed estimator through numerical experiments and
a real data demonstration. We conclude the paper with a discussion in Section 4.5. Instantiations
of the general bounds for various RKHSs in Section 4.3 and the proofs of all theoretical results

are deferred to the supplementary materials.

NOTATION. We use cy,ca,... to denote the global constants employed in the statements and
proofs of theorems, propositions, corollaries, and lemmas. On the other hand, Cy,C>, ... denote
local intermediate constants within the proofs and may vary from one line to another. For two

< b; if there exists a constant C > 0

Y

sequences of real numbers {a;};>1,{bi}i>1, we write a;
independent of i such that a; < Cb; for all i > 1, and a; 2 b; if b; < a;. Moreover, we write a; < b;
if a; < b; and a; 2 b;. For the sample size, we assume n > 3 throughout the paper, ensuring

logn > 1.

4.2 Model Setup and Methodologies

Let {(Y;,X;)}"_, be n independent random samples from (¥, X) € R x 2, where 2° C R¢
is a compact subset. Here, Y is a real-valued response variable and X € R? is a d-dimensional
vector of random covariates. For simplicity, we assume that 2 = [0,1]¢ is the unit cube in

RY. Let Fy(-|X) be the conditional CDF of Y given X. Given a 7 € (0, 1), the conditional 7-th

116



quantile and expected shortfall of Y given X are written, respectively, as
gy (t|X) =inf{y e R: Fy(y|X) >t} and ey(7|X)=E{Y|Y <gy(7|X),X}.
We consider the following nonparametric models for the conditional quantile and ES:
qv(7|Xi) = fo(X;) and ey,(7]Xi) = go(Xi), (4.2)

where fo,go : [0,1] — R are two unknown functions satisfying P{Y < f5(X)|X} = 7 almost
surely and go(x) = E{Y|Y < fo(X),X = x} for x € [0,1]¢. Under this assumption, it is well-
known that fy minimizes the population check loss objective 2;(f) — 2¢(0) over all functions
f:Z =R, where 2:(f) :=E{p:(Y — f(X))} and pz is the check function defined as p;(u) =
u{t —1(u < 0)} (Koenker and Bassett, 1978). In addition, provided that E(Y?) < oo, the
true conditional ES function gy minimizes the expected truncated squared error loss E[(Y —
2(X))?1{Y < fo(X)}] over all functions g : 2~ — R.

Our main objective is to develop inference methods for the nonparametric ES regression
function go. Specifically, we aim to construct (asymptotically) 100- (1 — a)% (e.g., a =
0.05) pointwise confidence intervals %y (x) = [g'(x),g"(x)] for go(x), satisfying that P{go(x) €
Cu(x)} = 1 —a as n — oo for each x € 2. Here, the probability is taken with respect to the

training sample {(X;,Y;)}?_, used to construct the confidence intervals.

4.2.1 Preliminaries on RKHS

Assume that the marginal distribution Py of X € 2" is non-degenerate. Let L;(Px)
be the Hilbert space of functions f : 2  — R square-integrable with respect to Py, that is,
Ly(Px) ={f: 2 = R] [, f*(x)dPx(x) < eo}. Denote by || - [|2 = || - [|,(py) the Lr-norm in
the space L, (Px) induced by the inner product (f,8)2 = (f,8)1,(py) = [2 f(x)g(x)dPx (x).

Let K : 2 x Z — R be a continuous, symmetric, and positive semidefinite kernel
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function, known as a Mercer kernel. Define the function K : 2" — R as K, (x') = K(x,x)
for any x,x’ € 2°. A reproducing kernel Hilbert space (RKHS) # = J# associated with
the Mercer kernel K is defined as the completion of the linear span of {Ky : x € 2"} with the
inner product (-, ), satisfying (K, Ky) ;» = K(x,x") (Aronszajn, 1950). Denote by || - || s the
RKHS norm induced by (-,-) 5. For any r > 0, let B ,,(r) be the ball of radius r with respect
to the RKHS norm, i.e., By (r) = {f € 5 : ||f|l.¢« < r}. Forevery f € 5 and x € 2, the
well-known reproducing property states that f(x) = (K, f)_». Moreover, define the integral

operator Tk : Ly(Px) — Ly (Px)

T (F) (x) = /% K, )f()dPx (), Vf € Lo(Px),x € 2. 43)

Throughout the manuscript, we impose the following boundedness condition on K.

Condition 4.2.1. The kernel function is uniformly bounded, that is, sup,. - /K(x,x) <1

By compactness of 2~ and boundedness of the kernel, the Mercer’s theorem ensures the
existence of a sequence of eigenfunctions {¢;} ;>1 that form an orthonormal basis of L,(PPx),

and an associated set of non-negative eigenvalues {u;} j>1 such that

K(x,x') =) ujo;(x)¢;(x') and Tx(9;) = u;¢;(x), j=1,2,..., (4.4)
=1

where the convergence of the infinite series holds absolutely and uniformly on 2" x 2. Without
loss of generality, we assume that {{;} j>1 is non-increasing. With this Mercer expansion, the
squared RKHS norm takes the form || f]|%, = Y sz/uj, where f; = [4 f(x)¢;(x)dPx (x) =
(f:9))2. Consequently, the RKHS 7 can be written as 5 = {f = Y7, f;9;]| Z;":lf]z/,uj <
}. By the spectral decomposition of K(-,-), we have Tx(f)(x) = L7, i;(¢;, f)2 9;(x) for
any x € 2 and f € Ly(Px). For any r > 0, we define the r-th power of Tx as T;(f)(x) =
YT W@y, f)2 05(x).

For the purposes of estimation and inference, we define .7 as {f = f'+b: f' € H#,b e
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R}. Since the commonly used Gaussian RKHS does not include non-zero constant functions
(Minh, 2010), the use of .# allows for a more flexible setting. Throughout the following
discussion, we will use the notation f for any function that belongs to an RKHS without an
additional intercept term. Following the approach of Zhang, Liu and Wu (2016), we assume that

each fin . can be uniquely decomposed as f’ + b, with f’ € 7 and b € R.

4.2.2 Expected shortfall regression in RKHS

We propose a two-step procedure for estimating the conditional ES function gg : 2~ — R
in (4.2) in the context of RKHS by treating the conditional quantile function fj as a nuisance
parameter (Barendse, 2020; He et al., 2023). Let Sz(q,e;Y) = tq+1(Y —q)L(Y < g) — Te with
g,e € R be a score function that satisfies the moment condition E{S(fo(X),g0(X);Y)|X} =0
almost surely. Assuming that the conditional distribution of ¥ given X, denoted as Fyy, is

continuous, we have the following orthogonality property:

;—QE{Sr(q,e;Y)IX} — o By (fo(X)) = 0. 45)

q=fo(X)
At the first step, we estimate fy nonparametrically via a kernel ridge regression:

n

~ 1
= itag) € sngmin{ 1Y oot 7060) + 21 | @)

fer i=1

~)

where A, > 0 is a regularization parameter. We refer to f as the quantile KRR (Q-KRR)
estimator (Takeuchi et al., 2006; Li et al., 2007). By the representer theorem (Kimeldorf and
Wahba, 1971), it suffices to consider output functions that belong to the span of the fundamental
functions defined by the kernel K and the training sample, i.e., {K(X;,-)}}_,, possibly including

an intercept term. Using the parameterization f(-) = f'(-) +b=Y"_ | ;K (Xi,-) + b, optimization
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problem (4.6) can be reformulated as
Yi—b—) o;K(X;,X; A, o' Ka 4.7
?é%lnn},lezﬁ { ZPT( ]_Zl ] Is )) T4y }7 4.7)

where K = (K(X;,X;))1<i j<n € R"" is the kernel matrix and & = (y,...,0;)".
At the second step, we construct surrogate response variables Zi = Zi(f) using the

nonparametric quantile estimate obtained at the first step, where

Zi(f) = of (Xi) +{¥i — f(X:) }1{Y; < f(Xi)} (4.8)

for any function f : 2~ — R. We then propose a two-step ES kernel ridge regression (ES-KRR)

estimator g = g,(A) of go defined as

geargmin %, (f,g) with Z,(f,g) =

gEF i

(Zi(f) /T — XD P + A€ 1% 4.9)

3| -
™=

1

where A, > 0 is a second regularization parameter. Similarly, (4.9) can be rewritten as

2
mlmmlze{lz<2/t b— ZO‘/ (Xi,X; ) +7Le-aTKa}. (4.10)

acR" beR

-~

Thus, we have g(-) = b+Z _1 0K (Xj,") where (@,b) is the solution to (4.10).

4.2.3 Pointwise inference with multiplier bootstrap

In this section, we propose a framework for conducting pointwise inference on the
conditional ES function g¢ in (4.2). Specifically, we propose a multiplier bootstrap procedure to
construct asymptotically valid confidence intervals for gg at any predetermined xo € 2.

Let Wy,...,W, ~ W be independently generated random weights that satisfy E(W) = 1
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and Var(W) = 1. We define the bootstrap ES-KRR estimator g” = g°,(A.) as

. ~ ) 1 &
¢ cargmin.Z)(f.g) with Z)(f.g) = Y WiAZi(/)/1-8(X)Y + Acllg' |5 @41D)
geEZ i=1

Denote by P* and E* the conditional probability and expectation given Z,, respectively, and
note that E* {.,2/’;5 (f.8)} = Z, (f.g). Therefore, .;25 is a conditionally unbiased “estimate” of
2 in the bootstrap world, so that g’ can be viewed as the bootstrap estimator of g.

To preserve the convexity of the loss function ,,215 , non-negative weights are typically
preferred. Two commonly used choices are W; ~ Exp(1), an exponential distribution with rate 1,
and W; ~ 1 +¢;, where ¢; ~ Unif({—1,1}) follows the Rademacher distribution. Using a similar
re-parametrization as in (4.10), we can compute ? by solving a quadratic program. Then, for
a prescribed nominal level & € (0, 1), we can construct confidence intervals for go(xg) via the
percentile, pivotal, or normal-based methods.

The computational complexity of the algorithm in Saunders, Gammerman and Vovk
(1998) for solving KRR problems scales as ¢ (n?). Consequently, the complexity of computing g
increases to ¢(Bn®), where B is the number of bootstrap samples. To mitigate the computational
cost, various algorithms such as the divide-and-conquer (Zhang, Duchi and Wainwright, 2013),
Nystrom method (Williams and Seeger, 2000), and randomized sketches (Yang, Pilanci and
Wainwright, 2017), can be used to approximate the solution.

In Section 4.3.2, we will establish a functional Bahadur representation of the ES-KRR

estimator g around the population (penalized) risk minimizer g, , defined as

83, = argmin [E{Zi(fo)/= — (%)} + AellgI5 ] (4.12)
gEF

Specifically, Theorem 4.3.3 provides an upper bound on the difference between 7(g — g,) and
n= 'Y {Zi(fo) — t80(Xi) }(Tx + A.I)~'Kx, under the supremum norm, where T is the integral

operator defined in (4.3), [ is the identity operator, and Ky,(-) = K(X;,-). Motivated by this
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Algorithm 2. Pointwise confidence interval construction using weighted bootstrap
Input: Training data {(¥;,X;)}"_,, number of bootstrap samples B, regularization parameters A,
and A, and nominal level @ € (0, 1).

1: Compute the Q-KRR and ES-KRR estimators defined in (4.6) and (4.9), respectively.

2: Calculate the n-vector vy, = (Vy,.1,-..,Vxn)" defined in (4.13).

3: forb=1,2,...,Bdo

4:  Generate independent random weights W(b) ,W(b) ~W.

5:  Compute bootstrap statistics B (xo) = (1/n) L1, (W, A ~){Zi(f) /7 — 8(Xi) }vxy.i-

6: end for

7: Compute the upper (a/ 2) th and (1 — o/2)-th sample quantiles of bootstrap statistics
{8’ (x0)}5_,, denoted by i’ ey and ii’ | /2, respectively.

Output: a-level confidence interval [g(xg) — a 28 g(xo) — Abl_ o /2].

representation, for any xo € 2", we can bypass the need to solve the quadratic program in
(4.11) for each bootstrap iteration by approximating the distribution of g(xg) — go(xo) with the
following quantity when the bias gy, (x0) — go(xo) is negligible:
1 ! ~ 1
=Y (Wi— D{Zi(F) /7= 8X) HT + 2e) ™' Kx; (x0)-

i=1

3

Here, T = (1/n) ¥}, Kx. ® K, is the empirical integral operator satisfying E(T') = Tk, where
the tensor product Ky, ® Kx, : 7€ — ¢ is defined as (Kx, ® Kx, ) (h) := (Kx,, h) »Kx, = h(X;)Kx..

To implement the proposed procedure, motivated by Singh and Vijaykumar (2023), we

provide an equivalent representation of B (xo) in Proposition 4.2.1. Let
Vip = (Vg 15y Vigm) " = (K/n+21,) 'ky, € RY, (4.13)

where ky, = (K(X1,%0),...,K(Xn,x0))" € R", and I,, is the identity matrix of size n.

Proposition 4.2.1 (Equivalent representation of B°(xg)). Let Vi, = (Vug.15---,Vxyn)" be the
n-vector defined in (4.13). The above bootstrap statistic iBb(xo) can be written as
1 n
=Y (W= 1){z(f 7)) T —8(X) Pongi (4.14)

i=1

3
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For any o € (0, 1), we construct a 100 * (1 — &) % confidence interval of go(xp) as

I (x0) = [8(x0) — u}y 1, 8(X0) — 16} _g10], (4.15)

where u?, := 1}, (x0, Z,) = inf{u € R : P*(B°(xo) > u) < a} denotes the upper a-quantile of
8P (xo) under P*. In practice, once the vector vy, is obtained, we can compute the quantity u?x

with arbitrary precision using Monte Carlo simulations; see Algorithm 2.

4.3 Statistical Theory: General Results

For notational convenience, we omit the intercept term throughout the statistical analysis.

We define the effective dimension of the operator Tk as

(o)

D) = Tr(Tx +AD "' T) = ¥

for any A > 0 (Zhang, 2002; Caponnetto and De Vito, 2007). The effective dimension plays
a central role in determining both the convergence rate of kernel ridge regression estimators
and the dependence of regularization on the sample size. Note that T is a trace-class operator,
i.e., the sum of all the eigenvalues of Ty is finite. To see this, Condition 4.2.1 ensures that
K(Xi,Xi) = X7 1 j¢JZ(Xl~) < 1. Since ¢;’s are orthonormal, taking the expectation over X;
yields Tr(Tx) = Y.7-1 Mj < 1. Therefore, D, is well-defined for any A > 0, satisfying ©; <
A1 Y m < A~1. Moreover, D is increasing as A decreases. Note that ©; > 1/2 for any
A < ;. Therefore, without loss of generality, we assume ©, 2> 1 throughout the paper. We refer
the reader to Section B of the supplementary material for explicit upper bounds on © for three

commonly used kernels.
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4.3.1 Convergence analysis

This section presents non-asymptotic deviation bounds for the proposed estimators.
We begin by providing the convergence rate of the Q-KRR estimator in (4.6). This serves
as an intermediate result for the analysis of the ES-KRR estimator, for which we provide a
self-contained proof. Under model (4.2), let & =Y; — fo(X;) be the QR residuals that satisfy
P(g; < 0]X;) = T almost surely. Consistent with common practice in the QR literature, we impose
some regularity conditions on the conditional distribution of &; given X; in Condition 4.3.1. High
probability error bounds under the || - ||> and || - || » norms for the Q-KRR estimator (4.6) are

presented in Theorem 4.3.1.

Condition 4.3.1 (Conditional density). The conditional density function of &; given X;, denoted
by pe,|x, exists and is continuous on its support. Moreover, there exists absolute constants

P,lo > 0 such that miny, <, pgi‘xi(u) > p almost surely (over X;).

Theorem 4.3.1 (Convergence rates for quantile KRR). Assume Conditions 4.2.1 and 4.3.1 hold,
and fy = T[?’f* for some 0 <r, <1/2and f* € 5. For any t > 0, let A, > 0 be such that
Ay > (D Ay +1)/n and quqH f*ll# < 1. Then, there exist constants cj,cp > 0, independent of
(n,24,t, fo) and S, such that with probability at least 1 —e 7, the Q-KRR estimator f= fn(?Lq)

satisfies || — folla < c1{Aq"" 2 f*le + /D2, +1)/n} and |IF = foll e < ca{A1F e +

AP J(@5, 1) /n}.

The non-asymptotic Ly-error bound in Theorem 4.3.1 consists of two components: the
regularization bias A;"H/ g |£*||. and the error term  /(D,_+1)/n. The bias term arises due
to the use of ridge penalty and grows proportionally with A, when r, is fixed. In contrast, the
variance term shrinks as A, increases. To determine the optimal convergence rate, we need to
choose a suitable value of A, to balance the trade-off between bias and variance. The assumption
that fy = T,?] f*forsome 0 <r, <1 /2 and f* € S is referred to as the source condition (see,

e.g., Chapter 3 in Engl, Hanke and Neubauer (1996)), also viewed as a smoothness assumption.
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As ry increases, the true quantile function becomes “smoother”, and the bias error term decreases
when 4, < 1. Finally, the Q-KRR estimator satisfies an exponential-type concentration inequality
without requiring any moment conditions on &;. This highlights the robustness of QR against
heavy-tailed response distributions.

Next, we shift our focus to the two-step ES-KRR estimator constructed from nonparamet-
rically generated surrogate response variables. To this end, we impose additional assumptions on

the QR residuals and eigenfunctions of the RKHS.

Condition 4.3.2 (Sub-Gaussian random noise). The conditional density function of € given X is
uniformly bounded from above, that is, sup,cg pe| x (1) < p for some constant p > 0. Moreover,
there exists oy > 0 such that the negative part of the QR residual, £_ := min(¢e,0), satisfies
log Ex [e'{&-~Ex(e-)}] < 62¢2/2 for all r € R almost surely (over X), where Ex(-) = E(-|X)

denotes the conditional expectation given X.

Condition 4.3.3 (Uniformly bounded eigenfunctions). The eigenfunctions {¢;} ;> are uni-

formly bounded, that is, sup ;~ [|¢;lc < Cy < oo for some universal constant Cy > 1.

The sub-Gaussian assumption is common in the literature on nonparametric statistics.
Under this assumption, nonparametric least squares estimators have nice properties, such as
rate-optimality. Referring back to (4.8), where Z;(fy) = 7fo(X;) + & — with & _ = min(g;,0),
we observe that it satisfies E{Z;(fy)|X;} = tgo(X;) or, equivalently, Z;(fo) = 180(Xi) + & .- —
Ex, (& —). Therefore, we impose the above moment condition on €_. The uniform boundedness
stated in Condition 4.3.3 dates back to Mendelson and Neeman (2010) and plays a crucial role in
our analysis of the two-step ES estimator. It facilitates the establishment of a non-trivial error
bound in the supremum norm for the Q-KRR estimator.

Our next result establishes non-asymptotic errors bound under the || - ||> and || - || s+ norms
for the ES-KRR estimator (4.9), conditioning on the event that the nuisance estimator ]?6 I

falls within a local neighborhood of fj.
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Theorem 4.3.2 (Convergence rates for expected shortfall KRR). Assume that Conditions 4.2.1,
4.3.2 and 4.3.3 hold, and that gy = T,?g* for some 0 <r, < 1/2and g* € 5. For any t > 0, let
A satisfy A, 2 (t+1og®,,)/nand n > C%@/Ie logn, and define the event &(8, ) := {fe I
If— foll3 —|—?Lq||f— foll%, < 83} for 8,4, > 0. Moreover, define

. D, +1 Dy, +1
=g e % = 00y T, 8= Co 857 [T

Then, there exist constants c3,c4 > 0, independent of (n, A, Ae,t, fo,80) and S, such that with

probability at least 1 —6e™" conditioned on the event &'(5,, A,), the ES-KRR estimator g = g,(A.)

satisfies
g 3|7 ; W+ %+ 8+ Pl — folli
t)|g—goll2 < c3(W + % + 8+ pI|f — fol5) and 7|[g— gol|w < ca s i/f I H4'
e

Theorem 4.3.2 establishes a non-asymptotic error bound for ES-KRR estimators using a
plugged-in QR estimator f The upper bound comprises four terms. Similar to the error bounds
for Q-KRR estimators, 4, captures the bias arising from the use of the ridge penalty, while ¥
corresponds to the variance of the estimator. When r, is fixed, an increase in A, results in a larger
bias and a smaller variance, highlighting the trade-off between bias and variance. Furthermore,
when A, < 1, the bias term decreases as r, increases.

The estimation error associated with the plugged-in estimate fis characterized by two
components: &g and 15||f— foll3- The term & arises when bounding the suprema of certain
product empirical processes. Notably, due to the orthogonal property (4.5) of the score function,
the squared L4-error of the nonparametric QR estimator contributes to the L,-error bound for
the ES-KRR estimator. Therefore, even if the QR estimator converges at a slower rate under
the Ls-norm, the ES estimator can still achieve the optimal convergence rate, as if the true
conditional quantile function fj is known. While Theorem 4.3.1 quantifies the accuracy of QR

estimation using L, and RKHS norms, an upper bound on the L4-norm can be derived from the
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inequality ||2]|§ < [|2]|2Ep, {h*(X)} = ||h||Z||k||3. As aresult, it is reasonable to anticipate that

the Ly-error Hf— fol|3 could be significantly smaller than Hf— foll2, depending on upper bounds

for || f = folle-
4.3.2 Theoretical guarantees for pointwise inference

The two-step ES-KRR estimator, denoted as g, minimizes the penalized empirical risk
g 92/”; (f, g) with nonparametrically generated response variables. As a crucial step towards
deriving the asymptotic distribution of g via Gaussian approximation, the following theorem
provides a non-asymptotic Bahadur representation of g. To assess the influence of QR estimation
on the inference for the ES function, we also establish a similar Bahadur representation for the
“oracle” estimator, denoted by gora = argming - % (fo,&)- This oracle estimator is obtained
by plugging in the true conditional quantile function fj in the empirical risk. Recall that the
population (penalized) risk minimizer g;, = argmin, ,» E{Z (fo,g)} defined in (4.12). Since
E{Z;(fo) — tg0(X;)} = 0, from Proposition 1 in Caponnetto and De Vito (2007) we see that g,
is uniquely determined by g; = (Tx + A) ™! Tk go.

In addition to the QR residuals & = Y; — fy(X;), define the zero-mean random variables
w; = & _ —Ex, (& ) with & _ = min{g;,0}, which can be viewed as ES residuals in the sense

that Z;(fo) = 780(Xi) + .

Theorem 4.3.3 (Functional Bahadur representations). Assume that Conditions 4.2.1-4.3.3 hold,
and (fo,g0) = (Tlg"f*,TI?g*) for some 0 < ry,7, < 1/2 and f*,g* € . For any t > 0, let
n> 64C$ D), (t+1ogn), Ay > (D, +1)/n, 2 f* ||z <1 and A, > (t+1og®,,)/n. Define

On := 8y(Ay,n,t) and ¥, := Yy (Ae,n,1) as

D, +t D, +t
12 Kk 2’ Te 12 * A«e
5,1:&?&/ If ||%’+\/ 2 and Y, = TA, 1/ 18" [l + 004/ —
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Then, with probability at least 1 — 8¢, the two-step ES-KRR estimator satisfies

1 n
T(8—82,) ZZ o;(Tx +Ad) ™ Ky,

< D)2 {A1(A) +Aa(Ag, Ao}, (4.16)

[e)

1/2 1/2
where A (4 }L/ Yo/ (t +1ogn)/n, Ax(Ay, Ae) :D/l; 0n{8n+/ (D, +1)/n}, and c5 =
¢s5(Cy) > 0. Moreover, with probability at least 1 —6e™, the two-step oracle ES-KRR estimator
satisfies

1

T(g’\ ora — n

n
Z (T + Aed) 'Ky

< 6D}’ A1(Ae), (4.17)

o)

where cg = C6(C¢) > 0.
Under Conditions 4.2.1, 4.3.2 and 4.3.3, for any xo € 2, it follows from the reproducing

property of K, the orthonomality and boundedness of ¢; that

E[0?{(Tk +2Ael)"'Kx,(x0)}*] S 05 E{(Tk +Ael) ™' Kx, (x0) }*

0 2 o N2
=05 {Z N]+/1 0;( i)¢j(xo)} =05 ), (ujijl ) ?(x0)

J

<Cy05 Z =C;059;,. (4.18)

This indicates (1/n) Y7 @;(Tx + Ael) ' Kx,(x0) = Op(1/Dy,/n). From (4.16) and (4.17) we
see that g and gor, are first-order equivalent, both well approximated by (1/n)Y" ; w;(Tx +
Ael) ' Kx.(x0), provided that A (A.) +Aa (g, Ae) = o(n~'/2). Tt is noteworthy that the functional
Bahadur representation provided in Theorem 4.3.3 improves the existing results, making it of
independent interest; see Section A in the supplementary material for details.

Building upon the functional Bahadur representations in Theorem 4.3.3, we establish
Berry-Esseen bounds for g(xp) and gora(xo) with xo € 2~ fixed. In particular, the following

theorem demonstrates that as long as A1 (A,) + A2 (A4, Ae) = o(n_l/ 2), the two-step estimator
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g(xp) is asymptotically equivalent to the oracle estimator goa(x9). The Berry-Esseen bound
quantifies the accuracy of Gaussian approximations, and therefore directly implies the asymptotic

normality under certain conditions.

Theorem 4.3.4 (Berry-Esseen bounds for ES-KRR estimators). Assume that the same set of

conditions as in Theorem 4.3.3 holds. For any xg € .2, let

. —1 2
P;. (xo0) = E{on(Tk H;;) Kx,(xo)} > 0. (4.19)

(4

Then, the two-step ES-KRR estimator g(x() and the oracle estimator g, satisfy

P{\/%m@—gm(%) <ub -6

and sup,eg [P{1/7/07,7(8ora — 82,) (X0)/ P2, (x0) < u} = G(u)| < cg/nAi(Ae) + 67", respec-

tively, where c7 = ¢7(Cy, p3,(x0),00) > 0, cg = c8(Cyp,py,(*0),00) > 0 and G(-) denotes the

< erv/n{A1(Ae) + Ar(Ag, Ae) } + 8¢

sup
ueR

standard normal CDF.

Corollary 4.3.1 (Pointwise asymptotic normality). Assume that the same conditions as in
Theorem 4.3.3 hold with ¢+ = logn, and that pi (x0) — p%(xo) for some p?(xp) > 0 as n —
oo, Moreover, let (A4, ¢,n) be such that Aj(A.) + Ax(Ay,Ae) = o(n~'/?). Then, as n — oo,
7\/n/D;, (8- g2,) (x0) N4 (0,p2(x0)), where 4, indicates “convergence in distribution”. The

same result holds for gor, when (A, n) satisfy Aj(A.) = o(n~1/?).

From (4.18), we see that pi (x0) < C(% og. Since A, is essentially a function of n, we
make the high-level assumption that the variance sequence p;_(xo) has a positive limit as n — co.
Similar conditions are often assumed in the literature (Shang and Cheng, 2013; Zhao, Liu
and Shang, 2021) to obtain asymptotic distributions of KRR estimators. To ensure that the
bias term g (x0) — go(xo) is negligible asymptotically, we prefer using smaller A, values that

correspond to undersmoothing. This is a common procedure in nonparametric inference (Hall,
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1992). Specifically, we choose a regularization parameter that yields a rate-suboptimal estimator

but with an asymptotically centered normal distribution.

Remark 4.3.1 (Confidence interval construction based on the asymptotic normality). Based on
the asymptotic results in Corollary 4.3.1, we may consider the (approximate) 100 (1 — ot)%
confidence interval g(xo) £ 7'z, /2 P2, (X0) \/W, where z4/, is the upper (a/2)-percentile
of the standard normal distribution. The variance term pi (x0), or equivalently, E[a)?{(TK +
AeI)~'Kx, (x0) }?], still needs to be estimated in practice. Assuming Var(g; _ |X;) = 62 for some

.. . 2 u?
constant 62 > 0, similar to (4.18) it can be calculated that pi (x0) = 5‘—@2 +—’M2¢]2 (x0)-

J=1 (wy
In some cases, such as when the RKHS is the periodic Sobolev space, an explicit formulation of
limy @;1 Y ,uqu)f (x0)/ (1 + 2A¢)? can be calculated (see, e.g., Lemma 6.1 in Shang and
Cheng (2013)). It then suffices to estimate o2. However, the above homoscedasticity condition

is fairly restrictive and neglects the heterogeneity in X at different quantile levels of the response

distribution. Without this condition, consistently estimating p/% (x0) becomes a challenging task.

To examine the validity of bootstrap-based confidence interval constructions described
in Section 4.2.3, we consider the bootstrap statistic iBb(xo) given in (4.14), with the random

weights W; satisfying the following condition.

Condition 4.3.4 (Sub-Gaussian bootstrap weights). The random weights {W;}"_, are indepen-
dent copies of some random variable W satisfying E(W) = 1 and Var(W) = 1. Moreover, there

exists a constant oy > 0 such that log E{e/W =1} < 67,¢%/2 for all € R,

Condition 4.3.4 is satisfied by commonly used Rademacher weights and Gaussian weights.
Recall that P*(-) = P(:|Z,) denotes the conditional probability given 7, = {(¥;,X;)}_,. The
next result shows that the conditional distribution of SBb(xo) approximates the distribution of

g(x0) — go(xo) well under suitable conditions.

Theorem 4.3.5 (Bootstrap approximation error). Assume that Conditions 4.2.1-4.3.4 hold,

(fo,80) = (Tlgqf*,TI?g*) for some 0 < ry, 7. <1/2 and f*,g* € . For any t >0, let n >
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64Cq2> D), (t +logn)logn, A5 > (D, +1)/n, ' 1f*|lw < 1 and A, 2 (¢ +1og®;_)/n. Then,

with probability (over the independent sample Z,,) at least 1 — 167,

sup [P{ (g — g0) (x0) < u} —P*{B’(x0) < u}|

ueR

< cov/n{A1(Ae) + Aa(Ag, o) + TAT P g} + 137, (4.20)

where cg = C9(C¢,G(), Oow, Py, (X())) > (0 and P, (XO) is as in (4.19).

For any a € (0,1), recall the definition of u, in (4.14). As a direct consequence of
Theorem 4.3.5, the following result provides a theoretical guarantee for the confidence interval

77 (xo) constructed using the multiplier bootstrap, as defined in (4.15).

Theorem 4.3.6 (Validity of bootstrap approximation). Under the same set of conditions as in
Theorem 4.3.5, there exists a constant c¢jo = ¢19(Cy, 60, Ow, P2, (X0)) such that, for any « € (0, 1),
[P{g0(x0) € Fg(x0)} — (1 = @)| < Err’(n,1), where Err’(n,1) = c10v/n{A1(Ae) +A2(Ag, Ae) +
AR T PARN

Since the convergence rates and conditions ensuring asymptotic normality vary consider-
ably among different kernel types, we defer instantiations of the general bounds on estimation

error and Gaussian approximation error for RKHSs to Section B in the supplementary material.

4.4 Numerical and Empirical Studies

The two-step nature of the proposed method offers advantages not only in terms of
desirable statistical properties, achieved through the use of an orthogonal score, but also in
facilitating practical implementations. The computation of the Q-KRR estimator involves
reformulating (4.7) into a quadratic program (Takeuchi et al., 2006):

1 n
minimize ~0'Ka — a'y, subjectto Cy(t—1) <o <Cu7,1<i<n, Z o; =0, (4.21)
ackr 2 i=1
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where y = (Y1,...,Y,)" and C, = 1/(2A4n). Let & = (0ly,...,&,)" be the optimal solution
from (4.21) and let b be the t-th sample quantile of y — K&t € R”. The Q-KRR estima-
tor f is then computed as f(x) = Z+):f’:l 0;K(X;,x). The quadratic program (4.21) can
be efficiently solved using off-the-shelf solvers. For relatively small to moderate sample
sizes, typically ranging from 500 to 2000, our Python implementation employs Clarabel
(https://oxfordcontrol.github.io/ClarabelDocs), an interior point numerical solver for convex
optimization problems that using a novel homogeneous embedding. In the second step, the
estimation of gg is performed through the least squares KRR, using the generated surrogate
response variables.

The primary computational effort of our proposed two-step procedure arises from the ker-
nel ridge regression with the check/quantile loss. To enhance the efficiency of handling large-scale
datasets, we propose a different approach combining convolution smoothing and quasi-Newton
methods, as recently advocated in He et al. (2023). Given a smoothing parameter/bandwidth
h > 0 and a nonnegative, symmetric kernel function H(-) that integrates to 1, the convolution-
smoothed check loss is defined as pz (1) = pr o Hy = (1/h) (=, p(v)H((v —u)/h)dv, where
Hy(u) = H(u/h)/h. To solve the smoothed version of problem (4.7), in which the check loss
pr is replaced by p; j,, we use the L-BFGS-B method, a limited-memory version of the BFGS
algorithm, in the minimize function from the scipy.optimize module. Figure 4.1 presents
a runtime comparison for computing the Q-KRR estimator using Clarabel and its smoothed
variant employing L-BFGS-B. In our implementation, the default smoothing parameter 4 is set to

max{10~4,6n~'/3}, where G denotes the sample standard deviation of the fitted KRR residuals

{Y: — e (X))} -
4.4.1 Synthetic data experiments

We conduct numerical studies to assess the out-of-sample performance of the two-step
expected shortfall KRR estimator and the finite-sample performance evaluation of the proposed

bootstrap inference procedure. We generate the data {(Y;,X;)}}_, from the location-scale model
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Figure 4.1. Numerical comparison between Q-KRR and smoothed Q-KRR when 7 = 0.1 and
Aq = 1/(2n). The former relies on a QP reformulation solved by the Clarabel solver, while the
latter uses the BFGS algorithm. Data are generated from Models (4.22) and (4.23) with n ranging
from 1000 to 3000. Left panels: average running time (in seconds) versus sample size. Right
panels: mean squared error (in-sample) versus sample size.

Y; = m(X;) + s(X;)n;, where X; € R? follows the uniform distribution on the unit cube [0, 1]¢ and
ni ~ A(0,1). Here, m: [0,1] — R is the conditional mean function and s : [0, 1]¢ — (0, )
corresponds to the heterogenous noise scale. For a given quantile level T € (0, 1), the associated

conditional quantile and ES functions of ¥; given X; = x are fo(x) = m(x) +s(x)q_4(0,1)(7) and

8o(x) =m(x) +s(x)e_y(o,1)(7), respectively. Throughout our numerical studies, we consider two
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Figure 4.2. The mean squared prediction error with n ranging from 500 to 3000, averaged over
200 replications, for two 10%-level ES-KRR estimators using RBF and polynomial kernels, and
the linear ES estimator under Models (4.22) and (4.23).

different nonparametric models with dimensions d = 5 and d = 8, respectively:

(

m(x) = —(x1 +x2 +x3)° — tanh (x| 4 x3 +x5),

d=5 (4.22)
s(x) =14 (x4 —0.5),

\
(

m(x) = cos(2mx;) +

1 1 1
14+e*27%3 + (1+X4+x§)3 + Xg+e'7*8 >

(4.23)

s(x) = sin(m(x; +x2)/2) +log(1 +x§x3x§) + #
\

We compute the two-step ES-KRR estimator using the radial basis function (RBF)
kernel K (x,x") = exp(—||x —x||3) (KRR-rbf) and the polynomial kernel K (x,x') = ({x,x') +1)*
(KRR-poly), x,x’ € R?. Both kernels are employed with regularization parameters A, = 244 =
1/n. For demonstrative purposes only, we also implement the two-step linear ES regression
estimator (LM) proposed in He et al. (2023). The out-of-sample performance is assessed using the
mean squared prediction error (MSPE) on a test set { (¥, X/*") } ¢t with a size of nes = 10000,
that is, e Y1t {go(X!®) — g(X°")}2. In Figure 4.2, we report the MSPE of different methods
under Models (4.22) and (4.23) at the quantile level T = 0.1, averaged over 200 replications, for

n € {500,750,1000,...,3000}. The MSPEs of KRR estimators under different kernels decrease
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Figure 4.3. 95% pointwise bootstrap confidence bands for the true 10%-level ES regression
function gg at xo € {0.05,...,0.95} with n € {250,500, 1000, 1500}. Normal weights W; ~
A (1,1) are used and the number of bootstrap samples is fixed at B = 1000.

as the sample size increases, while that of the LM method remains at a constant level due to
model misspecification. Compared to local polynomial-type ES estimators, which are mostly
applicable for uni- and bi-variate cases, the two-step kernel ridge regression method showcases
notable efficiency and accuracy in moderate-dimensional settings.

Next, we examine the effectiveness of the proposed multiplier bootstrap for construct-
ing pointwise confidence bands. We consider a univariate heteroscedastic model ¥ = 2X -
sin(3.57X) 4 {0.5 + |sin(7wX)|}n, where X ~ Unif(0, 1) and n ~ .#°(0,1). Fixing 7 = 0.1, we
generate training samples of size n € {250,500, 1000, 1500} and construct pointwise 95% confi-
dence intervals for go(xp), xo € {0.05,0.1,...,0.9,0.95} using Algorithm 2 with W; ~ A4(1,1),
B = 1000 and o = 0.05. Both Q-KRR and ES-KRR estimators use the polynomial kernel
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K(x,x') = (1 +xx')° and the ridge penalties are set to A, = 21, = 10~*/n. The upper and lower
confidence bands, averaged over 200 replications, are shown in Figure 4.3. Compared to the
computation of Q-KRR and ES-KRR estimators, the additional cost of bootstrapping is negligible.
Nevertheless, this rapid bootstrap method ensures good coverage, and the confidence interval

narrows with an increasing sample size n.

4.4.2 An Application to Medical Expense Data

We demonstrate the applicability of nonparametric ES regression on a simulated dataset
containing medical expenses for patients in the United States. This data was created by Lantz
(2013) using demographic statistics from the U.S. Census Bureau and thus approximately reflects
real-world conditions. In total, the dataset contains 1,338 beneficiaries enrolled in some insurance
plan, with features indicating characteristics of the patient, as well as the total medical expenses
charged to the plan for the calendar year. Let Y; be the insurance charges (in $1000) that range
from 1.12 to 63.77. Figure 4.4 shows the kernel density estimate of the insurance charges as well
as two vertical lines indicating the sample mean and sample 90% quantile. The empirical density
appears to be bimodal, with one mode occurring in the upper tail. This makes the prediction of
the upper tail average particularly relevant. The available features include age, gender (male
or female), BMI (body mass index), children (the number of children/dependents covered by
the plan), smoker (yes or no, depending on whether the insured regularly smokes tobacco), and
region (place of residence, divided into northeast, southeast, southwest, and northwest).

For our analysis, we partition the data into a training set of size 1003 (75% of the total)
and a validation set of size 335. We first fit standard KRR and 90%-quantile KRR on the training
set, with regularization parameters selected to minimize the mean squared error and the check
loss on the validation set, respectively. By plugging in fitted 90% quantiles f(Xi), we apply the
two-step approach to fit an upper 10%-level ES-KRR. Both methods employ a polynomial kernel
with a degree of 5.

To compare KRR for predicting average charges and ES-KRR for predicting the average
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Figure 4.4. Kernel density estimate of the insurance charges (in $).

of high chargers (those exceeding the 90% quantile), we use the variable permutation importance
(VPI) to measure the importance of individual feature components (Breiman, 2001). The VPI is
calculated by first randomly permuting one feature component at a time across the entire training
sample and then measuring the relative increase in loss obtained using the features with the
permuted component. For KRR, the mean squared error loss is used, and for ES-KRR, the mean
squared error loss is defined using the surrogate response variables given in (4.8), with f replaced
by fA Figure 4.5 displays the VPIs for the mean (left) and the upper 10% ES (right). The bars
display relative increases in losses, ordered by their magnitudes. The feature smoker is most
significant in both cases and is the overwhelmingly dominating factor for predicting average
charges. The ordering of the remaining features changes drastically. With KRR regression,
bmi and age arise after smoker, whose VPIs are much higher than the rest. With upper 10%
ES-KRR, region and age become the second tier, showing the importance of age and spatial
effect on higher insurance charges. Comparably, bmi and children are less important but
are not completely negligible. These results exactly reflect the potentially different effects of
the patients’ characteristics in average and large charges, bringing new insights into insurance

pricing.
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bmi region
age
region
gender children

children gender

0 2 4 6 8 10 0.00 0.05 0.10 0.15 0.20 0.25 0.30

Figure 4.5. Variable permutation importance for mean regression with KRR (left), and 10%
upper ES regression using the proposed two-step method (right).

4.5 Conclusion and Discussions

In this paper, we propose a two-step nonparametric method for estimating expected short-
fall regression and introduce efficient bootstrap procedures to construct pointwise confidence
intervals. We establish a finite-sample theoretical framework for this two-step method, including
high probability bounds, functional Bahadur representation, pointwise Gaussian approxima-
tions, and bootstrap validity. Numerical and empirical studies further confirm the efficacy and
usefulness of nonparametric ES regression in RKHS.

While our main focus is on pointwise inference, there is a natural interest in developing a
uniform confidence band for the conditional ES function with theoretical guarantees. That is, for
any o € (0, 1), construct a confidence band {%,(x) = [g¥(x),gY (x)] : x € 27} from {(¥;, X))},
satisfying that P{go(x) € %, (x) for all x € 2"} — 1 — ¢ as n — oo. Drawing on ideas from Singh
and Vijaykumar (2023), we consider the maximum bootstrap statistic 0 := sup, 5 |8’ (x)|
with 8° (x) given in (4.14). We then construct an approximate 100 (1 — &)% uniform confidence
band of gg as {%,(x) = [g(x) —1%,8(x) + 1] : x € 27}, where 2, denotes the upper a-quantile
of 9’ under P*. While the non-asymptotic theory developed in this work and a collection of
technical results provide a foundation for validating this method, a comprehensive theoretical

examination, including the derivation of Gaussian approximation inequalities for empirical
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processes, requires significant additional effort. This task is deferred to future research.

4.6 Acknowledgements

This chapter, in full, is currently being prepared for submission for publication of the
material. Yu, Myeonghun; Wang, Yue; Xie, Siyu; Tan, Kean Ming; Zhou, Wen-Xin. The

dissertation author was the primary investigator and author of this material.

139



Appendix A

Supplementary Material for Chapter 1

A.1 Proofs of matrix sensing

A.1.1 Proof of Theorem 1.3.1

For simplicity, we write 0= @n 2 and & = &'(s,1, k) with the parameters (s,/, k) satis-
fying (1.12). We prove the theorem by contradiction. Assume that HKHF > C/p (A/x)'~9/2 for
some C > 0 to be determined. Then there exists some 11 € (0, 1) such that (:)n =0"+n (C:) —0)
satisfies H@)n —@*||r=C/p (A/x)' /2. Applying Lemma F.2 in Fan et al. (2018) to the loss

function L;(-), we have
(VL:(©y) — VL(0%),0, —©*) < n(VL,(®) — VL.(6*),0 — 0"). (A.1)

To bound the right-hand side of (A.1), the first-order necessary condition for the convex

optimization problem (1.7) implies that
(VL:(®) +AZ,0—0%) <0,

where Z € 9||@||, satisfies (Z,0" — @) < ||@*||, — ||®||.. Whenever A > 2||VL(®")|, it
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follows that

T A > N * * ~ AA *
(VL(®) ~VL:(07),0 - 07) < A([|07[, —|®]) + 0 - 67,

3~
<|6-e., (A2)

where the last step uses the triangular inequality. To bound ||ZH* = H@ — @], we follow
the proof of Corollary 2 in Negahban and Wainwright (2011). Let ®* = UXV" be an SVD of
®*, where U € R4*% Y € R%2*% and the diagonals of £ € R%2*% are in descending order.
For some integer r < d; to be specified, define U" € R4*" and V' € R2*" whose columns

correspond to the first r columns of U and V, respectively. Moreover, define

M = {® € R"*% : row(®) C col(V"),col(®) C col(U")},

M = {® € R"*% ; 1ow(®) L col(V"),col(®) L col(U")},

where col(-) and row(-) denote the column space and row space, respectively. For any A € R91*4
and a closed subspace # of R% %% let Ay be the projection of A onto #. Applying Lemma 1
in Negahban et al. (2012) to A=0O— ®*, we obtain

1Al < 3[[Aglls +4 ) 0;(@").
j>r+1

Since rank(gm) < 2r, the above inequality implies
1AL < [l Agglle+ 1A Il < 4l|Aggll +4 Y, 0;(€7) <4V2rl|Allr+4 Y, 0;(@). (A3)
j>r+1 j>r+l

Set a threshold = A /k, we choose

r=1{je{1,2,....d2} : 6;(®) >1}|.
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Since 0 < g < 1, we have

ci(@) JICH! _ . _
ft <t Z(’ ) thch(@))qgthp.

j>r+ j>rtl

Y 0;(@)=: )

j>r+1 j>r+l

By the definition of r, we also have p > ¥ ;, 0;(®")7 > rt9, and hence r < pt~9. Combining

these two bounds with (A.3) and the assumption on HZHF (ie. HKHF > C\/ﬁ(/l/lc)l_qﬂ) yields

IA||x < 41/2pt 4| Al|p+ 4t p (A.4)
4?2
<@v2+a/c1vp () 1Al (A5)

Consequently, @)n € @ +B(s)NC(l) provided I > (4v/2+4/C),/p (k/A)?/2. Conditioning
on &, it follows from (A.1), (A.2) and (A.5) that

=~ %112 324 K q/2 N
k@ —O[[F < -+ (4v2+4/C)vp | 5 | -mlAlr.

Since n||Al|r = [|©, — ©*||r = C,/p (A/x)'~4/2 by construction, canceling out [|@, — ©*

from both sides yields
CVp (A/K)' % = @y — O [[r < (6v2+6/C)y/p (A/K)' .

Based on the above analysis, we choose C = 9.15 so that 62+ 6/C ~9.14 < C, which is a
contradiction. We thus conclude that HKHF <9.15,/p (A/K)'~4/2 conditioned on &
Combining this Frobenius norm error rate with (A.4) proves the claimed error bound

under nuclear norm. The proof is complete . 0
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A.1.2 Proof of Proposition 1.3.1

To begin with, define the zero-mean random matrix I' = VL;(®*) — EVL(@*) so that
IVE(©")> < |[T> + [EVLL(8")]2. (A6)

First, we bound |||, via a standard covering argument: there exist a (1/4)-net .4] of S“~! and
a (1/4)-net A3 of S2=1 with |.4]| < 9% and |.45| < 9% such that
1 n
|IT||2 <2 max max u'Tv =2 max max — Y {&u'X;v—E(u'Xv)}, (A7)

uc N veNs uc.Mvetsn =1

where & = y;(g). Since u"X;v = vec(uv")"vec(X;) is sub-exponential and |[uv’||r = 1, for

k=2,3,... we have
E|u"X vk = v(’)‘~k/0wuk‘IIP(|uTXiv| > vou)du < 2v§-k/0°° W e du =2kIvE.  (A8)
It follows that
E(&u"Xv)> < of-4v5, and E(|Eu"Xv|f) <2t 26 kIvE = %(403\/3)(7\/0)"—2.
Applying Bernstein’s inequality, we see that for every x > 0,
]P(uTl"v > 2\/§vocro\/§+ Vofz) <e

Taking the union bound over all vectors u € 4] and v € .45, and setting x = 3d 4z > log(9%) +

log(9%) 4z with d := d; + d, it follows from (A.7) that

(A9)

+2voT

3d 3d
IP’<||I‘||2 > 4v/2vp00 | 222 “) <e.
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For the second term |[EVL;(®")]| in (A.6), note that

n

! ZE(&,’MTX,'V).

n=

IEVL:(@")[2=  sup

ueSh -1 yesh-1

Recall that E(&]X;) = 0 and |; — &| = |(7(&;) — & < 81-2/’& Therefore, for each u € S4~! and

v € S%1 applying (A.8) with k = 2 gives

1 o2

E(u'Xv) < EE(8i2|uTX,~v|) < 2v070.

Combining this with (A.6) and (A.9), we conclude that with probability at least 1 —e™ =,

3d 3d o7
+Z+2V0T +Z+2V070.

IVL:(®") |2 < 4v2vy00

Therefore, for any ¢ > oy, taking T = o+/n/(3d + z) yields

~ /3d+z
||VL¢(® )||2 < 10\/0-(7 )

with probability at least 1 — e~ *. This proves the claimed bound. [

A.1.3 Proof of Proposition 1.3.2

Given s,/ > 0, define the local neighborhood of @*

A=A(s,) ={®@ c R : @ c @ +B(s)NC(])},
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where B(s) and C(/) are defined in (1.11). Since the Huber loss is convex and differentiable, we

have
D(®) := (VL,(®)—VL.(0%),0 — 0")
1 " %
= ;X{Wr(yi— (X:,0")) — yz(yi — (Xi,0)) HX;,0 -0
1 . .
> ZZ{WT(yi_ (X:,0%) =y (yi— (Xi,0))}{X;,0 - 0%) 14,
where 14 is the indicator function of the event
&= {lel < t/2}n{[(X;,©—-0")| < (1/25)|® — @[ }.
Noting that |y; — (X;,®)| < 7 for all ® € A on &;, and ¢//(u) = 1 for |u| < 7, we further obtain
1 n

>~y (X,0-0")? (A.10)
i=1

:

To lower bound the right-hand side of (A.10), we first introduce the following Lipschitz continu-

ous functions. For any given R > 0, define the function

x? if |x| <R/2,
Pr(x) = q {x— Rsign(x)} x| <R
0 if [x| >R
\

It is easy to see that Qg is R-Lipschitz continuous and satisfies

@er(cx) = ?@g(x) forany ¢ >0, and x*1(|x| <R/2) < @r(x) <x*1(]x| <R). (A.11)
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Therefore,

D(O©) 1 &
—*Z_
@ —-0"||z ~ nf

=

Pr/25)((Xi,©—O7)/||© —O7[[) 2, (A.12)
I

where Xi= ﬂ(|8i| < T/2> Write A = ® — ®* and (DA(X,',SZ') = ¢1/(2s)(<XlaA>/||A||F)Xt In the

following, we bound the expectation Ew, (X, &) and the random fluctuation term

1 n
Q= sup _Z{wA(Xiagi)_EwA(Xiagi)}7
AcC() 15

respectively.
Fix A= ® — @ for any ® € A and write A = A/||Al|r. By (A.11) and Markov’s

inequality,

Ewa (X, &)

> B0, A B0 A1 B) 2 ©/(45))) — E{(X; &)1 2 7/2))
2 2
>a-{ (%) eyt (2) mxare ).

Since ||A||r = 1, letting T > 4v, \/ (2063 +96V;s?) /c; and applying the moment bound in (A.8)

yields

16-48vys* + 16viog U1

E(DA(X[,SI') >c— 2 ECI forall A€ B(S) (A.13)

Next, we evaluate the random fluctuation term € which is the supremum of an empirical

process indexed by A € C(/). By the definition of w,, we have

2
0< wa(Xi &) < <4i> . and Eax(X:,&)? <E(X;,A)* < 48V,

S

By Bousquet’s inequality (see, e.g. Theorem 12.5 in Boucheron, Lugosi and Massart (2013)),
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for any z > 0 it holds with probability at least 1 — e~ * that

Q <EQ+ (EQ) /2% ,/ =
+( \/7 16s2 3n

6 4
<2EQ+4vE Z+ 1;2 3§ (A.14)

where the last inequality follows from the elementary inequality that ab < a® + b? /4 for all
a,beR.

To bound the expectation EQ, applying Rademacher symmetrization we get

1 n
EQSZE{ sup —Zei'wA(Xi,Si)},
AcC() 5

where ey,...,e, are independent Rademacher random variables. Since x; = 1(|g| < 1/2) €
{0, 1}, we can write WA (X, &) = @725 (i (X, A)). By the Lipschitz continuity of @, for each
sample (X;, &) and for any A, A’ € R91%4,

T
|0a(X i, &) — oy (Xis &)] < 5[ 1i(Xi A/ [Alle) — 2:(Xi, A/ | A'][e)].
Moreover, W (X, &) = 0 whenever ;(X;,A/||A||r) = 0. Define the subset T C R”" as

T={t=(t1,....ta)" 1= 2:(Xi, A/[|Al[p),i=1,....n, and A€ C(I)},

and the contraction ¢ : R — R as ¢(#) = (25/7) - 9 /(25)(¢). The Lipschitz continuity of ¢ ensures

that ¢ (-) is 1-Lipschitz. Applying Talagrand’s contraction principle (see, e.g., Theorem 4.12 and
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(4.20) in Ledoux and Talagrand (1991)), we have

1 n
EQ<2E{ sup —Ze,-wA(Xi,&')}
AcC()

{sup Ze, tl}

teT 1

T
< — (Sup — e,t,)
s tcT ”

T
; ( Sup —Ze, X,X,,A/||A”F>>

iXin

) (A.15)
2
=M

where the last inequality follows from the cone constraint that ||A|[. < I||A||g. It thus remains to
bound the spectral norm of the random matrix M.

By the variational characterization of the operator norm, we can write

|M|= sup sup u'Mv= sup sup Ze,x,

ueS4-1yesh -1 ueSh-lyesh-1i=1]

By a standard covering argument, there exist a (1/4)-net 4] of S“~! and a (1/4)-net .45 of

S%=1 with [A]| < 9% and |A5| < 992 such that

|M||> <2 max max u"Mv = 2 max max Ze,x,

UEN UEN, ueM ueJl/Q
Therefore,
1
—E|M|, <E max eixiu X;v/v A.16
Vo 1M]||> et e 212‘, iXi /Vo. ( )
— My
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For any (u,v) € A1 X 45, the moment bound (A.8) implies
T 2 T k k! k—2
E(eixiu XiV/V()) <4 and E|eixl~u X,'V/V()| <2-kl= 541 R

fork=3,4,.... Following the proof of Theorems 2.10 and 2.5 in Boucheron, Lugosi and Massart

(2013), it can be shown that for all A € (0,1/c¢),

2
AMyy o VA
logEe <wy(): 30— )

and hence

1 9d1+d2 A‘
E max Mu,< inf —2 V) _ \/2v1og99 + clog9?,
ucMuc st T Ae(0,1/c) A

where Vv =4n, c = 1 and d = d| + d». Substituting this bound into (A.16) and then (A.15) yields

! d d
E||M|> < 8.4voVdn +4.4vod, and EQ < 20 (8.4\/i+4.4—).
S n n

Together with the concentration inequality (A.14), this implies that with probability at least

1—e7%, Q< ¢;/4aslong as n > C(vo/c;)*(t/s)?(12d + z) for some universal constant C > 0.

Combining this with (A.12) and (A.13) proves Proposition 1.3.2. ]
A.1.4 Proof of Theorem 1.3.2

By Proposition 1.3.1, let A < 6p+/(d+z)/n and T < 6p\/n/(d+z) withd = d, + d»

so that 4 > 2||VL;(®")|» with probability at least 1 —e%. Next, choose s = T and [ =
(p/od)V/?(n/d)4/*. Then both (1.12) and (1.14) are satisfied under the sample size scaling
n 2 max{(p/og )?/(2=9) 1}(d +z). Applying Proposition 1.3.2, we conclude that the local RSC
event & (s,l,c;/4) occurs with probability at least 1 —e~%. The claimed bounds then follow

immediately from Theorem 1.3.1. ]
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A.2 Proofs of matrix completion
A.2.1 Proof of Proposition 1.3.3

Recall that VL;(®") = (1/n) Y7, X, where & = i (g). Similarly to the proof of
Proposition 1.3.1, we will bound VL (®*) — EVL,(®*) and EVL.(®"), respectively.

First, we bound ||VL;(®*) — EVL(®")||, using the matrix Bernstein inequality. For any

fixed u = (uy,...,uq ) € SU~!, we have
2 g 2 5 2 G(%
(Eé XXT Z”{ZE{é |X dl)ek(dZ)} u; < d_ Z uj= d, :
j :

Taking the supremum over u € S¥~! yields [|E(,2X,X]) |2 < 64 /d,. Similarly, it can be shown
that |E(E2XTX))|2 < 03 /dp. Write A; = EX; —E(EX;) € RU*%, Recall that d; > dy. We

have

2
O,
max (||[EA/AT |2, |EATA;]]2) < max (|EEXXT ||, |EEPXTX |2) < =2

On the other hand, ||A;||> < 27 due to the fact that |¢(u)| < 7 for all u € R. Applying the matrix
Bernstein inequality (see, e.g. Theorem 6.1.1 in Tropp (2015)) with modifications, we obtain

that for any x > 0,

~ 2x  2Tx
VL (®*) —-EVL < -
[VLe(®") ~EVL(®")[2 < ony [ + 5

with probability at least 1 — (d; +d)e™. Taking x = logd + z with d = d; + d», we obtain that

with probability at least 1 —e %,

2(logd +z) n 2tlogd +z

VL. (0" —EVL.(0%)|, <
VL (@) (@) ]2 < oo Do 3

(A.17)

For the second term |E&;X [, note that for any u = (uy,...,uq, ) € S4“—1 and v =
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(vl,...,vd2) € Sdzfl,

TE(EX; ZIIkZZE{é X; = e;(dh)el (d) bujne

dy d» 1
Y Y E{& X = ej(dh)ei(d2) Hujv
d1d2] 1i=1 T

2

’L'dld

2

l 2
Z |ujvi| < 20
j=1lk= T™Vd 2

Taking the supremum over u € S%~! and v € S22~ it follows that

IEVL(®")]]> < % __ %
! 2= tdidy, ~ tdy

For any ¢ > oy, setting T = 6+/n/{d2(z+1ogd)} in (A.17) and the above inequality leads to

the conclusion. O]

A.2.2 Proof of Proposition 1.3.4

We follow the same notations as in the proof of Proposition 1.3.2. For A € R4 *%  define
7'L'A<X,',8i) = QD%HA”F«XI,A)))(, with x; = ]l(|£,'| < 1/2)
In view of (A.12), we will show that with high probability,

||A||F 5131

dy(z+logd
et loed) (A18)

1 n
Z Z nA(ngl)

i=1 4d

holds uniformly for all A € A(s,/) whenever T and n are sufficiently large. The claimed bound

then follows immediately.
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Write A = (Ajk)1<j<d,,1<k<d,- By (A.11) and Markov’s inequality, we have

Ema(X;, &)

> B0 - ] (X471 (1068)] = 11k ) - B 471> 2/2)

> ﬁHAH% _ { (ﬁ)ZE(X,-,ijL (%) 2E(<Xi,A)2e,-2)}.

Note that

A 1 d d A 1
E(X; A = —— Ky < T IAIR A
oayt= g 3 St o aRIAE

and E((X;,A)%€?) < of||A||2/(d1dy). Provided t2 > 16 max[ns?/{I*d?d>(z +1ogd)}, 03] with

d = dj +d,, we have

E?‘L’A(X,‘,Si) >

d logd
ajp - et ed)
n

1
_— A2,
v H

1w

Consequently, to prove (A.18), it suffices to show that for all A € A(s,[), it follows with

high probability that

1 ¢ 1?d, (z+logd
—Z?’L’A(Xi,si)—EﬂA(X,',Si) %HAH&, (A.19)

i=1

A 12
212 81+

To prove (A.19), we extend the arguments from the proof of Lemma 12 in Klopp (2014)
to deal with the more complex function class {7ma : RY1*% x R — [0,00) } ac As,)- First, set

N = 84/(z+1ogd)/n and define the constrain set

A 2
D(l) = {A e R Al =1, |c|i ¢|1|F >n and ||A|, < lHAHF}.
142

By (A.11), it holds that ¢*7ma(X;, &) = m.a(X, &) for any ¢ > 0. This implies that if A satis-
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fies (A.19), then cA would also satisfy (A.19) for any ¢ > 0. Therefore, we only need to control

the probability of the event

&(1l) ::{EIA € D(I) such that

VN 51212d1(z+logd)}
n

:I*—*

n
; Xlagl EEA(Xiagi) 2d d

We estimate the probability of event &(I) by a standard peeling argument. For some

Y > 1 to be determined, define the subsets

Dm<z>={Ae.@<>w n<—uA|rF_V"n} m=12...  (A20)

On the event &(1), there exists some m > 1 such that A € D,,(1) and hence

1 ¢ 1%dy (z+1logd)
Z; AXi, &) —Ema(X;,&)| > 2d A ||AHF+512#
2
1
> —Y”'_]n+512l dy(z+1logd)
2 n
1 2 1
:_Vnn+5121 di(z+ Ogd). (A21)
2y n
Moreover, define the events
ém(l) = {EIA € Dy, (1) such that
1 & 1 1d logd
Y X6 - B (Kie)| > 5y s
i=1

Then, (A.21) implies that &(I) C Uy, _,&,(1) and hence P{& (1)} < Y,,>1 P{&,(I)}. The follow-

ing lemma provides an upper bound of P{&;, (1)} for each m > 1. Let

Zy = sup
AeD,, (1)

S| =

n
Y 7a(Xi &) —Ema(Xi,&)|-
=i
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Lemma A.2.1. Under Conditions (B2) and (B3), it holds

P{Zm > %/}”'TI + (16 Erloed) } < ¢ nrmR/(64r),
n

where d = d;| +d».

To conclude the proof, we choose ¥y = \/Q Then it follows from the union bound and

Lemma A.2.1 repeatedly that

P{&(1) i 1< i efnZ’"nz/lQS < i efmnn2/64 Z o~ mlz+logd)
e*Z

. —Z

= <er,

where the third step uses the basic inequality that 2" > 2m for any m > 1, and the last inequality

follows from the assumption d > 2. This completes the proof. [

A.2.3 Proof of Theorem 1.3.3

The proof employs techniques from the proof of Theorem 3 in Klopp (2014) and Corol-
lary 2 in Negahban and Wainwright (2012) as well as the localized analysis (via proof by
contradiction) as in the proof of Theorem 1.3.1. Throughout the proof, we write 0= @T’ 25
A—0@_-0©* and d = d; +d,.

For a threshold > 0 to be specified, choose r as
r={je{1,2,...,dr: 5;(@") >1}|.
Using the same arguments as in the proof of Theorem 1.3.1, we have
Al < 4y/2p14||Al[p +4¢'4p. (A22)

We now consider two cases. Suppose first that ||Z||2 (8d1dy)~'\/n/(z+1ogd) ||A||F
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By the definition of ® and condition (B1), we have HZHOO < 20. It thus follows that

| z+logd
—||AlI3 < 3208 .
7 181 < 328,/

Substituting this into (A.22) and taking ¢ = {0gd;dap~'\/(z+logd)/n}"/>~9), which mini-

mizes the right-hand side of (A.22), leads to an upper bound for ||@ — @"||. in this case.

Next suppose that ||Z||Z<> < (8d1dr)"'\/n/(z+1ogd)- ||KHIZ: In view of Proposition 1.3.3,

we choose

= 0+\/n/{dx(z+logd)}, and A =< o/ (z+logd)/(dan)

so that A > 2||VL(@")||» with probability at least 1 — e ™%, where ¢ = max{cp, 0 }. Using

similar arguments as in Theorem 1.3.1, this implies that with the same probability,
T A T N * 34~
(VLe(©) ~VL:(07),0 - 07) < — Al (A.23)

Moreover, choose s = C dldzp(\/dldzl)l"l/ 2 for a sufficiently large constant C > 0 and

assume that ||A||r > 5. Then, there exists 17 € (0,1) such that én = @ + 1 (O — O) satis-

fies H@n — @*||p = 5. Taking t = /didbA < 0/d;(z+logd)/n, we have (dldz)_l/zHZHF >
C/pt'~4/2. Substituting this into (A.22) gives

|A[| <4v/2p1=9||Allp+4+/pra-/pt'=1% < (4V/2+4/C)\/p1~ V| A|lr,

and hence ||K||* < l||£||p with [ = (4\/§+4/C)\/ﬁt’q/2. This means that Zn = @)n -0 ¢
A(s,1). Applying Lemma F.2 in Fan et al. (2018) to the loss function ZT() and by (A.23),

(VLi(©y) — VL(©%),8, —8*) < n(VL,(®) — VL.(8*),8 — 0") (A.24)

<

oW 3

~ 3~
A Al < SA1[Aglr (A.25)
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To lower bound the left-hand side of (A.24), note from the above choice of (4,s,1,t) that

ns? B ( C >2 ndydopt>—1
2d?d>(z+1logd) 4v2+44/C) pt~ididy(z+logd)

_( C >2 o
42+4/C) di(z+logd) ~ "’

which implies 72 > max[ns?/{[?d}da(z +logd)}, 03] as long as n > da(z +logd). Then, it

follows from Proposition 1.3.4 that with probability at least 1 — 24!,

T A T ¥\ o * 1 A — dl(Z+10gd)

1Aq]2  (A26)

for some constant C; > 0 independent of (n,d;,d,). Since Zn — nA, we also have ||Zn [loo <

HKHoo < 20p. Combining this with (A.25) and (A.26), we conclude that with probability at least

1—2e7%,
di(z+logd) 5 o a0y i Bl
A 2 < Cipt —q 2T O8) X AN/ didy - —.
Sety = ‘%, and note that y?> < a + by for some a,b > 0. It then follows that y < b+ +/a,

which in turn implies

HAnHF 200 di(z+logd)
< 6l\/didr A +4+/C t —a/ _
Jaid, = OV ahr e n

<24(V2+ 1/C)\/;6t1*Q/2 +4,/Cr/pt " aq di(z Zlogd)

<o! q/z\/—{dl(zﬂogd)}l/zw.

A sufficiently large constant C in the definition of s ensures that ”Zn |lp < s. This, however,
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contradicts the fact that Hzn ||r = s by construction. Therefore, we must have

1/2-4/4
1 ld BUPSE q/2\/—{d1(2+10gd)} !

L A<
vaig AlF < o

with high probability, as claimed.

Combining this Frobenius norm error bound with (A.22) proves the error bound under
O

nuclear norm, which completes the proof.

A.2.4 Proof of Lemma A.2.1

|(1/n) Z?:l EA(X,',S,') —Eﬂ:A<X,',8i)|, note that |<X,‘,A>| <1

To bound Z,, = supacp,, ()
(X;,A)> < 1by (A.11). Applying Theorem 3.26

for any A € D,,(), and hence 0 < mp (X, &) <
in Wainwright (2019), a functional Hoeffding inequality, yields

P(Zy > EZy+x) < e ™ /* forany x > 0. (A.27)

To bound the expectation EZ,,, by Rademacher symmetrization we have

1 &
EZmSZ]E{ sup ZeﬂtA XZ,E,)} :2E{ sup —Ze,‘(pr|AF(<X,',A>)X,~},
AeD, (1) i= AeD, () im

where ey, ..., e, are independent Rademacher random variables. By (A.11)

0z e (X, A)) = [|Al[E - 9z ((Xi, A/ [Allg)).

By the definition of Dy, (1) in (A.20), the expectation EZ,, is further bounded as

Ezmng{ an z < (X0 A/ 1Az }
AeDy, (1) i=1

Ze, CANINEY: \}

< 2-d1d2’}/"1’] E{ sup
AeD,, (1)
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Since x; = 1(|&| < 7/2) € {0, 1}, we can write @ /(25 ((Xi,A)) Xi = @r/(25) (Xi (X, A)) for any
A. Also, note that | (:X;,A/||A||g)| < (diday™'n)~'/? for any A € D,,,(I). By the definition of

@r(+), for each sample (X, &) and for any A,A’ € D, (),

0z (xi(Xi, A/ ||AllR)) — @z (2:(Xi, A/ || A']|F)

2
< ———=1[(X:, A/||AllF) — (2:Xi, A'/|A"][)]

— VdidyynIn

Moreover, @ /(25 (%i(Xi,A/||A[|r) = O whenever ;(X;,A/||Al|r) = 0. Define the subset T € R"

as
T={t=(r1,....t2)" : t; = (X0, A/||A|p), i =1,...,n, AcDy(l)},

and the contraction ¢ : R — R as ¢ (1) = @;/(25)(¢). Applying Talagrand’s contraction principle

yields

EZ, <2-did,Y"n E{ sup
AeD,, (1)

1 n
<oty ins{ s |13 (e, a/1lk)

AED, (1) 11D

1 n
< 84 /dldz'}”n+ln EH; ZeiXiXi
i=1

where the last step follows from the definition of D, (/) and the inequality (A, B) < ||A||.||B||>.

%Ze,{p;((XiXiaA/HAHF>)’}

s
i=1

) (A.28)
2

To bound the expected value of the operator norm, we apply the matrix Bernstein

inequality. Note that e¢;x;X; is a zero-mean random matrix with ||e;;X;[[» < 1. Also, for any

u=(u,...,us) €S“"!, we have
T T 1 4 & 2 1
u (EX; X, )u=— u; = —.
( v l) dleEI; J dl
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Taking the supremum over u € S¥~! yields ||EX;X7||, = 1/d;. Similarly, it can be shown that
|IEX/X;||» = 1/d>. Recall that d| > d». Applying the matrix Bernstein inequality (see, e.g.
Theorem 6.1.1 in Tropp (2015)), we have

< /2loga’+lloga’<2 /logal7
, nd> 3 n — nds

where the last inequality holds as long as n > d> logd. Combining this with (A.28), we obtain

1 n
]EH_ZeiXin
ni=

EZ, < 161\/y"+1nd, log(d) /n. By the elementary inequality that ab < a®/(4y) + yb?* for any

a,b € R, it follows that

lzdllogd zlzdl(z—i—logd).
n n

1 1 ) 1
_ < — < —
EZ,, + 4yq/"n < 2;/’/"” +(167) < 2yqf"n + (16Yy)

This, joint with the concentration inequality (A.27) (taking x = (4y)~!y"n), implies
1 d logd
P{Zm > Z/WTI + (167,)212M}
n

1
< P(Zm > EZ, + W’”n) oY/ (647,
as claimed. L]

A.3 Proofs of multitask regression

A.3.1 Proof of Proposition 1.3.5

By the definition of ZT() in (1.19) and the chain rule, we have

Ve = g veleil) 1 minlela o,
l
n.= HetHZ n.=3 |&:ll2

where W (u) = ¢/ (u) = sign(u) min(|u|, 7). Similarly to the proof of Proposition 1.3.1, we will

bound the spectral norms of VL. (@*) — EVL;(®") and EVL,(®"), respectively.
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First, we bound ||VL;(@*) — EVL;(®")||; using the matrix Bernstein inequality. Define

symmetric random matrices A; € R*? (d = d +d,) as

Od d B E:
Ai = 1 l With Bl = —IIITH(Q”le)xle;f c Rdlxdz.
BT 0d2><d2 2
It remains to bound the spectral norm of § := Y7 |(A; — EA;). We remark that ||S]|, =

max{Amax(S), |Amin(S)|}. Thus, we have P(||S||2 > 1) < P{Anax(S) > u} +P{Amax(—S) > u}
for any u > 0. Since the maximum eigenvalue can be represented as the supremum of an empiri-
cal process, via Rademacher symmetrization the problem boils down to bounding || Y | e;A]|2.
where eq,...,e, are independent Rademacher random variables that are independent of the
observations. See, for example, Example 6.14 in Wainwright (2019).

Next we show that the zero-mean symmetric random matrices ¢;A; satisfy Bernstein’s
condition for matrices. Note that E(e;A;)? = 0 for any odd integer p > 2. For any even integer
p>2,ie. p=2m(m>2), we have

(i)’ = (B:B;)" 0 ,
0 (B/B)"
implying that || E(e;A;)”||> < max{||E(BiB})" |2, | E(BiB;)" |2}
Starting with E(B;B})" € R it holds for any u € S¥~! that

T ng(“ein) oTp T\ _ 2m ] T \2 (T \m—1
u'E e (xiefeix))" pu=E{y:"(||€:]2) (xju)”(x{x;)" " }. (A.29)
ill2

Recall that |y;(+)| < 7 and by Condition (C3), E{y2(||&;|]2)|x:} < E(||&|/3|x:) < 63d>. Con-

cerning the moments of x;, under the sub-Gaussian assumption (C2), foreachk > 1 and u € Sh—1,
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we have

E|(1,x;) /vo|* = 2k/ PP (|, x7) | > vor)du
0

< 4k / WK1 2, — 4 / (2u) e du = 2T (k— 1) = 251k,
0 0

Applying the Cauchy-Schwarz inequality and the above moment bound, the expected value in

(A.29) is further bounded by

2. 63d, - E{ (xTu)? (xTx;)" ! }

< 2m=2 ngz ) {E(x}u)“}I/Z{E(x,?xi)zm_z}1/2

< 22 4v2oid, - {E(xfx,-)zm_z}l/z, (A.30)

To bound E(x]x;)? for any ¢ > 2, using the higher-order moment bound again yields
d
E(xx;)! = ( Y xu) < a’f_I]E( fof) <di-27 g1 vl (A31)
j=1
Substituting this (with g = 2m — 2) into (A.30), we obtain

E{y2"(|l&ill2) ()2 (xTx) "} < 222 4v2v30idy - A 2 (2m— 2) 1 vam 2

< (tvo/d) )" 2 -4V2vioidy - 2" (2m —2)m !
= (ZeTV()\/ d1)2m—2 -4\/§V36gd2 . <—>
e

< (etvo\/2d))*" % -4V2vicidy - 2" Him— 1)),

where the second and third inequalities follow from the fact that (k/e)* < k! < k¥ for any positive
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integer k. Taking the supremum over u € S1~! gives, for any m > 2, that

|E(B;BT)"||2 < 2" ' (m—1)!-4V2v3cid, - (etvor/2d,)* "2

< (2m)! -4\/(%0'(%(12 . (6TVO 2d1)2m_2.

| =

Moreover, it is easy to see that |E(B;B])||2 < 4v3 03 ds.
Turning to E(BB;)™ € R%*4 pote that for any v € S271,
v (ll&ill2) v (lill2) 2112
VIEC = = (Eixixig] )" pv =Eq 7= (&;v)7||xi]|7"
[€:13" 1€il12

2

8.

< ,L.2m—2E{ IIIT(H 12H2) (s?v)2||xi||%m}
[EA1E:

< 2R (1) i3}

< rzm_zcoz-]EHxiH%m.

Taking ¢ = m > 2 in (A.31) yields E||x;[|3" < v3"d[2"1m! < 2v3™d*(2m)!. Substituting this

into the above bound, and taking the supremum over v € S92~ we conclude that
1
|IE(BIB)" ||, < 5(@m)! -4vioidy - (tvor/dy)* "2, m> 2.

In particular, |[E(BB;)|» < 03d;.

Combining the above bounds on |E(B;B])™"||, and || E(B]B;)"||,, we obtain
1
IE(eA;)P |2 < Ep! -4viodd; - (etvo\/2d;)P~2, valid for any even integer p > 2.  (A.32)

Applying the matrix Bernstein inequality (see, e.g. Theorem 6.2 in Tropp (2012)), we obtain that
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for any x > 0,

5 Vo max(dl,dz) (Go\/g—f— 2)
2 n n

with probability at least 1 —2de™*. Taking x = log(2d) + z < 2logd + z for given z > 0, it

1 n
o
ni=

follows that

— ~ 1
VL (0%) — EVL(@)] < vm/max(dhdz){cm [atlogd | T(z+logd) } (A33)

n n

with probability at least 1 —e™*.
For the deterministic term ||[EVL;(®") |2, since E(g;|x;) = 0 and y; (1) = min(u, T) for

u > 0, we have for any u € S9! and v € S%2-1 that

u"{EVL.(@")}v = E{ %x}u : £I-Tv}
ill2

_ E{min(Heiﬂz,T) - Hs,-HleTu_e}v}
I€ill2

T—||&;
= E{fou-efv- 1(]|&]]2 > ’c)}
1€ill2

Noting that 1(||&;]|2 > 7) < 772||&;||3, this further implies
~ 1
W {EVL:(©7)}v| < “E{|x;ul-|[&il|€;vl}.
By Condition (C3) and the Cauchy-Schwarz inequality,
T 2 1/2 T.\211/2 2
E{|&illev|x} < (Ell&i]l3) "“{E(&v)*} '~ < 05/ db,

and E|x]u| < \/E(x]u)? < 2v, due to (A.8). Putting together the pieces, and taking the supre-
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mum over # € ST~ and v € S2~!, we conclude that

IEVL:(©)|]2 < 2vo03/d2 /7. (A34)

Finally, taking T = 6v/n/(z+logd) for any 6 > oy in (A.33) and (A.34) proves the claim. []

A.3.2 Proof of Proposition 1.3.6

To begin with, note that for each i, the function f;(-) : R4*% — R defined as f;(®)

Ce(||ly; — ® xi]|2) is a convex function since it is a composition of two convex functions. By

convexity, (Vf;(®) — Vfi(0*),0 —O®*) > 0 for any i, and hence

D(®) := (VL,(®)— VL, (0"),0 — 0*)
. . — T .
12 < "’T<||£’||2)x,.e}_ v (lly; (:) lelz)xi<yi_®Txi)T’®_®*>
nS\ el lyi — @'xi|>
Ly Jvellgillz) o we(llyi— ©'xill2) AT >
> = — o Xi€ — Xi yi_@)xi 79_@) ﬂéola
n;< I1€:]2 ly; — ©"xi]]2 ( )

where y;(-) = £7(-), and 1 is the indicator function of the event

5= {ledla < 7/2) N {1 (@~ 0")xi> < (25)' 7| @ ©° | }.

On event &, observe that y:(||€;2) = ||&|l2 and w:(|ly; — ®"xi||2) = ||y; — ®"x;||> for all

® € ®" +B(s). Consequently,

12 (0—0"),0—-0")1; forany @ € @ +B(s).

:

® — O with &, denoting the k-th column of A. Under this no-

Write A = (81,...,04,) =
|84/13 = llxilI3|All Provided

tation, note that ||(® — @")"x;[3 = £, (x18,)? < [lx[3 L&,
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T > 2smax;<;<p ||xi]|2, it holds
T
|A"x; ]| < 2_s||A||F for any A € B(s), (A.35)

which in turn implies

l

n
= Z 1A 3L (Jlei2 < 7/2)

) |
> AR inf LY @) (el < 7/2)
ueS? 1ni:1

1 n
= ||A||Z - Amin (; inxix,?) ;
i=1

where x; = 1(]|&i]2 < 7/2) € {0,1}. In what follows, we provide lower and upper bounds on
Amin(n ™! Y, xixix]) and maxi <<y, ||X;||2 with high probability, respectively.
Write £; = E(y;x;x] ). By Condition (C3) and Markov’s inequality,

12

-lk |

2
12 Pl < 7/20) 2 1 (2) w(Eleiefing) 2 1-

as long as T > 40p+\/d>, thus implying Apin(£:) > 3¢;/4. The sub-Gaussianity of x; (see
Condition (C2)) ensures that || (u, ;) ||y, < Vo2 for any u € RY, where || - ||, denotes the
Y, Orlicz norm or the sub-Gaussian norm. Following the proof of Theorem 1 by Zhivotovskiy

(2024), it can be similarly shown that for any z > 0,

di+z
) n

H%gxixix? -X

with probability at least 1 — e~ whenever n 2 d; + z. Thus, it follows from the above analysis

that with probability at least 1 —e ™%,



as long as T > 409\/d> and n > vgcl_z(dl +2).
For max <<, ||xi||2, applying first Theorem 2.1 in Hsu, Kakade and Zhang (2012) to

each ||x;||2, and then taking the union bound over i = 1,...,n, we see that for any x > 0,

IP’{ max %13 > v (dy —}—2\/d1x+2x)} <ne ™.
<i<n

With x = z+ logn, this further implies that max;<;<, ||x;||2 < vov/2d| +3z+ 3logn with prob-

ability at least 1 —ne 271087 = | — ¢=%, We thus let T > 2vs\/2d; + 3z+ 3logn so that (A.35)
holds with the same probability.

Putting together the pieces, we have shown that with probability at least 1 —2e™ %,

(VL:(®)—VL.(0),0—0) > %H@ —@"||2 forall ® € @ +By(s),

provided T > max{40p\/da,2vys\/2d; + 3z + 3logn} and n > vjc; *(dy +z). This completes
the proof. 0

A.3.3 Proof of Theorem 1.3.4

Similarly to the proof of Theorem 1.3.1, we employ the localized analysis via proof

by contradiction. Recall that d = d; +d,. In view of Proposition 1.3.5, we choose 7 =<

00+/n/(z+logd) and A = 6y+/d(z+logd)/n so that A > 2||VL,(®")|> with probability at

least 1 — e~ <. Choose

T n
5= = O
vo(d +z+1logn)!/2 0\/(d~|—z—|—logn)(z+logd)

so that (1.20) is satisfied. Moreover, Proposition 1.3.6 implies that with probability at least

1—2e7*
(VL(®) — VL(0"),0 — @) > %H@ —@"|2 forall ® € @ +B(s).
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under the sample complexity n 2 d(z+logd). Conditioning on the above good events, we see

from the proof of Theorem 1.3.1 that the robust matrix estimator @ , satisfies the error bounds

1 g
~ N 1—q/2 d(z+logd) )2 *
6.l s o) yp{ AT 0
and Y
A * 1— d(Z+10gd) E
6.1~ 6. 5 o *p{ A2
as long as
1/2—q/4
n _ 1-¢/2 d(z+logd)
=52 ,pAl"1?* =g, = .
GO\/(d+z+logn)(z+logd) sZVP % VP n

This requirement holds under the sample complexity
nz (p/q?)zm_q) (d+z+1logn)(z+1logd),

thus completing the proof. [
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Appendix B

Supplementary Material for Chapter 2

B.1 Extension to other differential private mechanisms

In this section, we briefly introduce the extension of our construction for e-GDP robust
mean estimators to incorporate other DP mechanisms.

Given a pair of positive privacy parameters € and &, we first construct an (&,0)-DP
estimator. The following two lemmas serve as pivotal tools to construct (&, §)-DP estimators,
which constitute counterparts to Lemma 2.3.1 and Lemma 2.3.2, respectively, in the context of

(£, 8)-DP mechanism. Recall the definition of the sensitivity of a statistic h € R? in (2.20).

Lemma B.1.1. (Gaussian mechanism Dwork and Roth (2014)) Define the Gaussian mechanism

that operates on a statistic h € R? as

M(X) = h(X)+ sens(h) jlog(2/5)g7

where g ~ .47(0,1;). Then, the Gaussian mechanism M is (&, §)-DP.

Lemma B.1.2. (Composition of DP Dwork et al. (2006b)) Let M, : 2" — %/ be the first
mechanismand M; : 27" X % X - -+ X %_1 — %; be the t-th mechanism fort =2, ..., k. We define
the k-fold composed mechanism M : 2" — % x --- x % as M(X) = (y1,y2,- .., Vx) Where y; =
M (X) and y, = M;(X,y1,...,y;—1) fort =2,... k. If M; is (€,61)-DP and M;(-,y1,...,yr—1)

is (&,6,)-DP for any y; € #,...,y;—1 € %_1, then the k-fold composed mechanism M is
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(Ef:l gl‘ 9 Zle 6; ) -DP
(0)

Next, we introduce a robust (&, 8)-DP estimator. Given initial estimator g, and prede-

termined number of iterations 7', define

n (t)
n (|2 —p No+/21og(2/0

= rxz bl

fort =0,1,...,7 — 1, where ng > 0 is the step size, {g,}[T:_O1 is a sequence of independent
standard d-variate normal random vectors. The final private estimator is denoted by ”’]()TP)' Given
ro > 0and yx € (0, 1), recall the event & (ro, x) defined in (2.22). In the following, we present
an oracle-type concentration bound for the (&, 8)-DP estimator /,t]()TP) around the Huber estimator
I conditioning on the event &]. Building upon Lemma B.1.1 and B.1.2, the proof is almost

identical to the proof of Theorem 2.3.1, so we omit the proof for brevity.

Proposition B.1.1. For the given step size 1Mo € (0, 1] and the number of iterations 7 > 1, the
private estimator /,t]()TP) obtained from (B.1) is (&, )-DP. Furthermore, assume that the initial
estimate satisfies ||[.t]()012 — M||2 < rp for some ryp > 0. Let x € (0,1),z > 0, and define

T log(2/6))2

d
G = (197 and £ = o7+ (1)} () (D

where p = (1 — x)?n3. Assume that the sample size satisfies

TT(\/E+ Vz+1logT)/log(2/6)
(1—x)ero '

Then, conditioning on the event & = & (ro, X ), u]()TP) satisfies

T ~
1bp —Ell2 < rop +1,
with probability (over {g,}7 ') at least 1 —2¢7%.
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We remark that the only difference between the deviation bound of the (&, §)-DP estima-
tor and £-GDP is the dependence on 7'. The deviation bound of £-GDP scales with /7', whereas
that of (g,8)-GDP scales with T. However, when we choose 7 < logn as in Corollary 2.3.1, the
non-asymptotic bounds for both estimators become almost the same up to logarithmic terms.
Nonetheless, it is important to note that, unlike the e-GDP estimator, the privacy of (g, 6)-DP
estimator is not tightly characterized.

We next introduce another variant of differential privacy known as zero-concentrated

differential privacy (zCDP). To begin with, we recall the definition of Rényi divergence.

Definition B.1.1. For o > 1, the Rényi divergence of order o or -Rényi divergence of a

distribution P from a distribution Q is defined to be

DelPl0) = - 1og (EXNQ[{%}D

Now, we are ready to introduce the definition of zCDP.

Definition B.1.2. (Bun and Steinke (2016)) A randomized algorithm M : 2" — % is said to
be e-zero-concentrated differential private (€-zCDP) for € > 0 if for any neighboring datasets

X, X' € 2", and any « > 1, the @-Rényi divergence between M (X) and M(X') satisfies

Do(M(X)||M(X')) < €a.

The following two lemmas provide essential tools for the construction of zCDP estima-

tors.

Lemma B.1.3. (Gaussian mechanism (Bun and Steinke, 2016)) Define the Gaussian mechanism

that operates on a statistic b € R? as

170



where g ~ .47(0,1,;). Then, the mechanism M is €-zCDP.

Lemma B.1.4. (Composition of zZCDP Bun and Steinke (2016)) Let M| : 2" — 2% be the first
mechanism and M; : 27" X %) X --- X %_1 — %; be the t-th mechanism for r = 2,... k. Define
the k-fold composed mechanism M : 27" — % X --- x % as M(X) = (y1,y2,---,Yx) Where
yvi=M(X)andy, =M, X,y1,...,y;—1) fort =2,... k. If My is €-zCDP and M; (-, y1,...,yi—1)
is &-DP for any y; € #4,...,y:_1 € %_1, then the k-fold composed mechanism M is (Zle &)-

zCDP.

We are now prepared to outline the procedure for constructing a robust £-zCDP. Given

an initial estimator “Sé)DP and predetermined number of iterations 7', define

()
+1 Mo v~ Ye(llxi — M eppll2) Mo
I'l'gCD}Z = “g()JDP T Y = (,)ZCDP (xi — “SC)DP) + ZTT\/T& (B.2)
i=1 [|%i— K,cppll2 €
fort =0,1,...,T — 1, where 19 > 0 is the step size, {g, ZT:_OI is a sequence of independent

standard d-variate normal random vectors and 7 is the robustification parameter. The final

(7)

private estimator is denoted by ungP. The following proposition gives a deviation bound for
the £-zCDP estimator l‘iQ)P around Y conditioning on &;. Combined with Lemma B.1.3 and
Lemma B.1.4, the proof of this proposition closely follows the same argument as the proof of

Theorem 2.3.1, so is omitted for brevity.

Proposition B.1.2. For the given step size 1o € (0, 1] and the number of iterations 7 > 1, the
(T)

estimator ungP obtained from (B.2) is €-zCDP. Furthermore, assume that the initial estimate

satisfies ||[.l§(é)DP — M||2 < rg for some ryp > 0. Let x € (0,1),z > 0, and define

L (d T\’
Bum 197 ana 2= (-2 (40) (5)
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where p = (1 — x)?n3. Assume that the sample size satisfies

o o Vd+z+TlogT
n2 Tt .
(1—x)Verg

Then, conditioning on the event &1 = &7(rg, X), “éQDP satisfies

T ~
Hﬂic%)P — Hl2 S Topt +1p

with probability (over {g,}lT:_Ol) at least 1 —2e7%.

It should be noted that the resulting €-zCDP estimator, in contrast to the (&,5)-DP
constructed by (B.1), has a tight privacy characterization. However, the concept of zCDP no

longer encompasses hypothesis testing interpretations.

B.2 Details of implementation

For the implementation of €-GDP robust mean estimators and Cls, we first need to choose
an appropriate robustification parameter 7. Motivated by the bound (2.28) in Corollary 2.3.1, we

take

o n 1/2
T<m, : (B.3)
\/(d +logn)logn

where m; is defined as my = E||x — p||3. Motivated by Liu et al. (2023), we use the histogram

learner algorithm (Karwa and Vadhan, 2018), summarized in Algorithm 3, to estimate m;. In
detail, for a prespecified number of partitions M, we first partition the set {||x2;—1 —X2;||2/2} l.LZ/]ZJ
into M batches, compute the median for each partition, and use the private histogram learner
algorithm with geometrically increasing bin sizes to get a private estimator. We describe the

algorithm in Algorithm 4. Here, we use the median for a robust estimation of m, = E||x; —x2||3/2.
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Algorithm 3. Private histogram learner (HL) algorithm

Input: privacy parameters (&, ), dataset {wm}%zl € OM for some domain €, collection of
disjoint bins {By}X_, defined on Q with K € NU {0}
1. fork=1,2,...,Kdo

2 pe=YM_ T(w, € By)/M

3:  if py =0 then

4: pr=0

5:  else

6: Generate a Laplace random variable Z; with mean 0 and scale 2/(eM);
7: Pk = Pk +Zi;

8: if pr+Z; < 2log(2/68)/(eM)+ (1/M) then
9: e =0;
10: end if
11:  endif
12: end for

Output: {p};_; = HL({wn},_;. (€, 9))

By combining Lemma 2.3 in Karwa and Vadhan (2017) and Corollary 1 in Dong, Roth
and Su (2022), the specific choice of 6 implies that Algorithm 4 gives an e-GDP estimator of m,
for a given € > 0. Based on this, we propose a heuristic data-driven approach to construct an
&-GDP robust estimator of W.

We initialize the initial estimate u(O) =0 e RY, the step size 1o = 1, and set the number
of iterations 7 = |logn]. We first run Algorithm 4 with M = |/n/2| and the privacy parameter
€/vT +1to getan (¢/+/T + 1)-GDP estimator denoted as 77y for m,. Subsequently, at iteration

t=1,2,...,T — 1, we compute

nooye. ._n®
w41 _ o0 Mo el —pl2) 1/22M0
u =p+— (x;— ") +2(T+1)/"7=g,.
n 1—21 lxi — @2 en”!

Here, {g, IT:_OI is a sequence of independent standard d-variate normal random vectors, and T is
defined as in (B.3) with m; replaced by m,. Following a similar line of arguments in the proof of
Proposition 2.3.1, it can be demonstrated that the final private estimator [,L(T) is e-GDP.

To construct a GDP CI for u, we follow the construction outlined in (2.33). However,

for computational efficiency, we replace f‘.g? ¢ with the following perturbed plug-in covariance
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Algorithm 4. Private and robust estimator for m;
Input: dataset {x;}”_,, privacy parameter &, the number of partitions M

1: Partition {||x2;—1 — x2||2/ 2}}1/12J into M partitions of equal size;
2: For 1 <m < M, compute wy, to be the median value of m-th partition;
3: Partition [0,0) into geometrically increasing intervals

0.0)= ¥ 25,257 U[0,0]:

k=—o0

4: Run (¢,8)-DP private histogram leaner HL({w,,}M_,, (&,8)) with § = ®(—1+€/2) —
eEfP(—1—¢/2);
5: Let k' € argmax ;.. Pk;

Output: oK

estimator:

2578 := argmin
H~(I

Y

vl =) e e, 26
H {ng Hxi_“(T)H% (ki —p) (i —p )—l—enE

where {H : H = (I} is a cone of positive definite matrices, whose minimal eigenvalues are
not smaller than a prespecified positive number {. Here, E € R4*? is a symmetric random
matrix where upper-triangular and diagonal entries are i.i.d. .4#°(0,1). The parameter £ > 0
represents the robustification parameter, and we use E = IOﬁizm with m, computed
during the estimation of u(”). We remark that the mechanism (75, (7)) is e-GDP. Combining
this with Lemma 2.3.2, we have that (u(T),fg’s) is a (v/2€)-GDP mechanism. Therefore, the
100(1 — a)% (approximate) confidence interval

(T) (uTiaeu)l/z (T) (MTEASu)I/z
(u,p >_Z(x/2Ta<uv”’ >+Za/2T

is (v/2€)-GDP.
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B.3 Proofs in Section 2.2
B.3.1 Supporting lemmas

We first provide several technical lemmas regarding the gradient and Hessian of the

empirical loss Z (+), given by

e vlla— 8l
v-Z4(6) ni_zl o, %9
27 0) < (x;i—0)(x;i—0)" | w(||lxi—06]>/7)
and v 1(0)_52’ Lo = x;— 0|2 xi— 0|/t
= |xi — 615 |x; — 612/
I & (xi—0)(xi—0)"
- i — 0 )

The concavity of y/(-) implies y(u) > uy’(u) for any u > 0, from which it follows that for any
ueSil,
n

1 , 1 v~ ty(llxi—6ll2/7)
- x;—0|,/t <uTV2$ - ) B.4
e T (B4

We denote the population loss .£7(0) = EZ, (0). For any r > 0, define the local ball
around the true mean vector g = E(x) as O(r) = {@ € R? : |@ — u||» < r}. The following

lemma demonstrates the local strong convexity of the empirical loss function XT()

Lemma B.3.1. Let r > 0 and 7 = y+r with Y > 0 and z > 0. Then, with probability at least

—I
1—e77%,

~B(lx—pl2> 1)~ /5 <u'VEZ(Ou <1

holds uniformly over @ € ®(r) and u € S~ 1.

Proof of Lemma B.3.1. For the Huber loss, y(u) = sign(u) min(|u|, 1) is 1-Lipschitz continuous

and differentiable except at £1. By (B.4), the sample Hessian Vz,i/”; () satisfies for any 8 € R?
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and u € S?1 that

%Z 1(Jx— 0]l < 7) < W'V>.Zo(O)u < 1.
i=1

For all 0 in the local region O(r), {||x; — tt|l2 < ¥} C {||xi — 6]|» < 7} and hence

1 & 1 &
Zzﬂ(“xl 0||2<T ZZH ||xt #HzSY)
i=1 i=1

ln
Z (Ilxi— pll2 > 7) = P(|lxi — pl2 > 7) }-

=1 B (> 7)

For the last term, applying Hoeffding’s inequality yields that, with probability at least 1 —e™ =,

[z
i —pll2>7)} < o

Putting together the pieces proves the claimed bound. [

D RU(CERR]

We next establish an upper bound of the sample gradient V(i/’z (n).

Lemma B.3.2. For any 7 > 0, the sample gradient A7 (p) satisfies the bound

_ X 2z 4
Hfo(n)Hzgz\/ al >+\/ [Zloz 47z,
n n 3n

with probability at least 1 — e~ for any z > 0, where b, < 7! 1tr(2) is defined in (2.3).

Proof of Lemma B.3.2. To begin with, note that

IVZe(w)ll2 = sup —Zﬂ/f i — I/ 7) e xi — ) /1% — a2,

ucSAa=1 =1 ~
= u(x,-)

where the function f,(-) : R? — R is such that |f,(-)| < T and Ef2(x;) < E{u,x; — p)* < ||Z]|2.

176



Moreover, using the fact that E(u,x; — pt) = 0 we obtain

min(||x; — @2, 7) — [|xi — K||2
) % -1l

o~ =l
PRIy =y > 1),
i LU= s> 1)

E{fu(xi)} = Eu,x; —

= E(“?'xi - “‘)

which in turn implies

Efule)] < 7 E(x— )] o — ) < 7Bl — 3B — )

~ Vu@)[E]2
= Y= (B.5)

For the supremum A := sup,cse-1(1/n) ¥, (1 —E) fu(x;), it follows from Talagrand’s

inequality (see, e.g., Theorem 7.3 in Bousquet (2003)) that, with probability at least 1 —e ™%,

2[hz 4
A§2EA+\/w+ﬂ.
n 3n

For EA, by the Cauchy-Schwarz inequality we have

E{ sup 1f<1—E>fu<xi>}
ueSd-1 1=

— E|[V.Z:(1) —EVZo(w) 2 < \/EIV.Z2 (1) — VL ()|

™

1/2
1n 1n ]
S{zmﬁ(llxi—#llﬁ} ={pZEmm<||x,-—u||%,r2)} <y
i=1 '

Note that HV.QZ(;L)HZ < A+ b, where

<t VI[E[Lu(E)

be= sup Efulxi) = H {x 1) ve(llx— #||z)}
2

ucSd—1 ”x “HZ

due to (B.5). Combining this with the concentration bound and the bound of EA proves the

177



claimed result. ]

B.3.2 Proof of Lemma 2.2.1

By the definition of b;, we have

vellx—pll) }
br = sup E{— ux—pn) ;.
e e R P

For any u € S?~! fixed, following the same argument as in the proof of Lemma B.3.2 we obtain

T—[lx—pf}

‘lfr(Hx_ﬂHZ)
E<{ ————= 1(||x—pl2> 7).
{ ||x—[,t||2 (H “2 )

e | =Bl

Since my = E||x — pt]|3 < oo, this further implies

x_
Y e b < Bl w1 > 9
1 _
< Bl (ux— ) — g
<yl (u"Zu) 2~

q ,rqfl ?

where the last inequality follows from Holder’s inequality. Since #"Zu < A uniformly over all
u € S, this proves the first inequality of Lemma 2.2.1. The second inequality of the claim

easily follows from the fact that |(u,x — pt)| < ||x — t||2, which completes the proof.

B.3.3 Proof of Theorem 2.2.3

Throughout the proof, let (n,7) satisfy n 2 r(X) 4+ logn and 7 2 m;/ 9(n/logn)"/ 4.

Since mcl/q > tr(X)"/2, we have t > tr(Z)'/? and m, /19 < \/(logn)/n. Therefore, applying
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(2.2) and (2.8) with z = logn yields that with probability at least 1 —3n~1,

~ tr(X) + Alogn logn
il 5y TEEAREN o
and
ve(|lxi — plf2) ‘
- - u7xi_‘l'
o) YV P )
V(D)1 A1/2] 1 1
< H"HZ{ r(X) ogr;—k ogn (bf—l—’c o;gl{n) Ofn

uniformly over all u € R?. For each u € R?, define independent random variables

5. _ Wellmi—pl)

: =l (u,xi—p), i=1,....n.
l

The definition of S; , is similar to that of f,(x;) in the proof of Lemma B.3.2, except that we
allow any u € R? here while u € S*~! in f,(x;). From the proof of Lemma 2.2.1, we bound the

mean of S; , as

1/g,,1-1 llulls
‘ESZ ‘ < vy /61 /q = — < e lHuH (B.6)
With the above notation, we have
NCIUNTE Z i — < |lull2-R
\/tr logn+7Ll/210gn t(logn)3/?  my\/n
with R, ; < NG + . + p (B.7)

with probability at least 1 —3n~! as long as n > r(X) + logn.

To establish the Gaussian approximation for the centered partial sum Y! | (S;i, —ES; 4),
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we need to control the second and third moments of S; ,,. For the second moment, note that

xi— |2 — 22
B(sfa) =l ~B{ Bt e -2 o),

i

-~

P

Analogous to (B.6), we have

1 _2 2q 1-2/q ||UlF
0 <1< —SE{i—pl§ 7w (o — o) (i — )"} < vy mg 10
from which it follows that
1=2/a E(s2) 2
2/q™Myg iu 2 2/a, 2-2/q |4z
1-— < <1 d (ES; <v, —_-—=.
q 792 — HuH% =1 an ( ,14) = Vg My 7292

2
Provided 7 2 v;(H) mé/ 7, this implies

5; = . (B.8)

| =

Si _
Var( lz,u) 1| < v(?/qm; Z/qu_q(l +quf_q) <
lullz
With the above preparations, we are ready to establish the Gaussian approximation for
Vvn(u, i, — p). Define two centered Gaussian random variables Z; ~ .4/(0,var(S; ,)) and

Zy ~ A (0,||u||?). By Lemma A.7 in Spokoiny and Zhilova (2015),

o
sup|P(Z) < x) —P(Z <x)| < .
xeR 2
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It then follows from the Berry-Esseen inequality (see, e.g., Shevtsova (2014)) that

P{% i_il(Si7u - ES,'#) S x} - P(Zz S x)

sup
xeR
1 n
<sup|P< — Z(S,-_‘u —ESiu) <xp—P(Z; <x)|+sup|P(Z; <x)—P(Z, <x)|
x€R \/7_1,':1 x€R

<IEZ,|SL,,—]ESL,,|3 8
= 2var(S14)32yn 27

(B.9)

This, together with the Bahadur representation (B.7), implies that for any x € R,

~ 1 & 3

BB~ ) ) < B3 (510~ BSia) 0 Rl 2
VS n

<P(Zy <x+Ryq|ul2)+—=+ 2 ’ 2

S P2 St Roclull2) 2 2var(517u)3/2\/ﬁ n

Ruzllull2 | 6: ]E|Sl7u_ES1,u|3+§

V2r|uls 2 2var(Siw)¥%y/n on

<P(Z; <x)+
For the third moment, we note that E|S; , — ES1 4[> < 4E|S1 4] +4|ES) 4|* < 8E|S) 4| and
E[S1 4)® <E|(x— p,u)|* < vs||u|3. Therefore, we have that

E[Siu—ESiu]’ _
2var(Sy 4)3/2v/n "~

van /2, (B.10)

To bound the above key quantities R, ¢||u||2/||u|x and 6;, we combine the definition of R, ;

in (B.7) with (B.8) after taking 7 < m,l/q(n/logn)y withy e [1/(¢—1),1/2] to get

Ruclluls _ v/u()logn +1'logn _my/*logn

ez ™ VAn AME

(q-2)/(q—1)
and 07 < qu/q (loﬂ> .
n

(B.11)
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Putting together the pieces and note that m;/ 7 > tr(2)'/2, we obtain

B(v/(u,fi — 1) <)~ P(Zy <) S

mtll/qlog”+v2/q logn (g—2)/(q—1) Vi
&1/2 \/ﬁ 9 n

for all x € R and u € R? as long as n > r(X) +logn. A reversed inequality can be obtained via

the same argument. Combining the two sides of the inequalities proves the claim. [
B.3.4 Proof of Theorem 2.2.4

Let T < m4 (n/logn)” with y € [1/3,1/2] and & < vgy/n/log(nd). Without loss of

generality, we assume

7\ 2
nz vy (%) r(X)log(nd); (B.12)

otherwise, the right-hand side of (2.14) is greater than 1 so that (2.14) holds trivially. As in the

proof of Theorem 2.2.3, define

5. _ Wellmi—pl)

“= Tmopl, W

for each u € R4, By (B.7) and (B.11) with g =4,

Vi — ) —n P (Siw— ESiw) L ViE )logn+2'logn +m4/ logn
]| VAn A2

1/41
< My logn

(B.13)
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with probability at least 1 —3n~! uniformly over all # € R?. On the other hand, using the

bound (B.8) and the Berry-Esseen inequality (B.9), we get

8 | ElS1u—ESiuf
2 2var(Sy4)3/2/n

(9-2)/(q—1)
12 (logn V3
Sy ( - ) + —\/r_l, (B.14)

sup
x€R

]l

_1/2 n Lo :
P{n Y1 (Siw—ESiu) Sx}—q)(x) <

for all u € R, By Holder’s inequality, E|(x — g, u)|> < (E{x — u,u>2)1/2( (x — W, u) )1/2 for

any u € S9! from which it follows that v3 < vi/ 2, Therefore, (B.14) is further bounded as

logn
< j/zw/%. (B.15)

For simplicity, we write £ = fé and HuH% = qugu. Note that v} can be written as

sup
x€R

—12yn (S, —ES;
IP’{” Y (Siu Eslv")gx}—‘b(x)

ae]]x:

SIE{( ) (e )P+ 0()2+ 252,

50 V3 < (va+1)Atr(E)/2+ A2 < 2v4Atr(X) according to Lemma 4.1 in Minsker and Wei (2020)

It then follows from Proposition 2.2.1 that with probability at least 1 —n

A tr(X)log(nd
il ] < v Hz\/%

b

for all u € R¥. This further implies

HuHA 1’ 1/2H“H2)Ll/2 [tr log (nd) % [r( log nd

7
lullg 17 ulg

Using the elementary inequality |x~' — 1| < 2|x?> — 1| for any x > 1/2, we obtain that with

183



probability at least 1 —n~!,

lullz | <122 [r(E)log(nd) (B.16)
lulls [~ 2 no '

and hence 1/2 < ||u|s/||u||z < 3/2 under the same size condition (B.12). Combining this with

(B.13) yields

Vilu e —p) 0 PEL (Siu—ESia)
]| ]|
'\/_ wo—p) nPY (Siw—ESia) | |2 2R (Siw—ESiu) (HMHE _ 1)‘
]l 5: [ ull: ]|z [ ull5:
m4/ logn vl/zz r(Z)log(nd). n_l/ZZ?:l(SW—ES,-#)
SAVZ e T A n ]| '

By the Gaussian tail inequality, P{|Z| > \/21log(2n)} <n~!, where Z ~ .#/(0,1). This together

with (B.15) implies

p{"

Combining the pieces yields that with probability at least 1 —C; v

12y (Siw—ESiu)
llul|s

logn)l/2

> \/210g(2n)} 1/2( ,

(n/logn) 12 _4p~1

\/_ u y”c > nil/ZZ?:l(Si,u _ESi,u)

Hqu

i
r(%)log(n)log(nd)

1/4
<My 10gn+v1/2), log (nd) \/—< 1/21\/ .

YA Ve

uniformly over all u, where the last inequality follows from the fact that ms < katr(X)* (see (2.5))
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Finally, we conclude that for any u € R¢ and x € R,

P(v/n(u/|ullg, B, — p) < x)

—1/2yn o 7
_pdm Y (Siu—ESiy )<HC2 1/2/1\/r(2)1og(n)1og(nd) e /logn+4_1
|||z A n n o n

ok [Eogte)ioglnd)

4 & n

<P(x)+C3v

A similar argument leads to a series of reverse inequalities, thus proving the claimed bound. [
B.3.5 Proof of Theorem 2.2.5

Let T < m4 (n/logn)” with y € [1/3,1/2] and & < vo+/n/log(nd). Define the random

vectors

v ([lxi — ul2)

Si =
lxi = pl2

(x,'—[.l.) = (Sil,...,Sid)T, i=1,...,n,

and write ff = i, = ([y,...,Hy)". Recall from Lemma 2.2.1 that |ES;|» = b < myt~>. Com-

bining this with (2.8) (z = logn) and the fact that tr(X) < m,/* yields

< \/tr(Z)logn—i—le/zlogn+m1/4logn<m1/4logn
2" Vn Yoy YT

Hﬁ(ﬁ—u)—%ié(&—ESa

with probability at least 1 —3n~!. Consequently, we have

max. |(fi — 1) — — Z ESi)| < |[vn(i —p) —iZn‘,s ES;)| < m!/408"
I<ked k k nl:l ik — lk nl:1 2N 4 \/ﬁ’
which in turn implies
~ _ . 1/4
V(i — ) —n” ' 2EE | (Si —ESi) m4/ logn
max S . (B.17)
1<k<d /Okk &1/2 vn
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Next we establish the Gaussian approximation for

i Slk ES; ik
\/_ v Okk

max
1<k<d

Let G = (Gy,...,G4)" be a zero-mean Gaussian vector whose covariance matrix, cov(G), is the

correlation matrix of X, and define the Gaussian approximation error

“12yn (Sy —ES;
Pn:sulg P{lrggzd " Z’:\}(_Gk;k i) Sx}—P(HGHoo <x)|.
X =r=

Denote by A = (Ay;) the covariance matrix of (S;;/\/G11,...,Si4/\/04a)"» and let 62 be the

smallest eigenvalue of B = (By;) := cov(G). Note that, for any 1 <k, <d,

Ay = (ESuSit —ESuESi1) //oron and By = E(xi — i) (xir — i) / /OO

Moreover, define

log(d log?(d " B (Sy —ESy)*
Ao = 0g(2 >HA—BHOO, Ay = ng (4> max Z—( e i) :
G* n G* lgkgdl.zl O'kk
S —ESz)* 1 S, S, )47/
M = {E{ max max M}} and M = max {E{ max ( ik 5 zk> }:| '
1<k<d 1<i<n Gkk 1<i<n 1<k<d Gkk

It thus follows from Theorem 2.2 in Chernozhukov, Chetverikov and Koike (2023) that

2
pa < Tog(n) {0 + Allogd+%}+<M/o*>210g<d>JM. (B.18)

¥ n

Note that (7*2 > &/maxlgkgd Ok = &/i, E(Slk —ESlk)4 < SE(S?k) +8(]E51k)4 < 16E(S‘1lk) and

E(S1,) < E(xy— p)* < k40 Therefore,

A < 16,{4‘@/&)2@,

n
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To bound .#, we have

Sit —ESi) d
//1421[*]{ max max ("‘—”‘}g ZZ

1<k<d 1<i<n Gkk

Similarly, it can be shown that M* < 16Kud. It remains to bound A, or equivalently,
|A =Bl =  max [E(x1x — pe) (xnr — p) — (ES1eS1 — ES(ES1)|/+/ Ok Our-
Recall that T < m4 (n /logn)? with y € [1/4,1/2]. By Holder’s inequality,

\E(ere — i) (x1; — py) —ES 1151

X — 2_12
- ‘E{ H |1|x1‘i||,,2¢||2 (1 — i) (x1z — ) L ([l — w2 > T)}‘
2

1
< Bl - B3| Cerke = pae) (eng = )|

1
< — (Bl —pl18) (e — o)} HE Gy — )}

1/2 logn 2y
S Ky OkkOl1 " .

On the other hand, it follows from (B.6) with slight modification that

1 3Y
ESix] S 1/4\/Gkk( Ofn>

Combining the above two inequalities, we obtain

logn \ " logn'\ ® logn\ 2"
A= Bl < /2 (1E) 2 (1) T ()

which further implies

2y 3
Ao < Kl/zi og(d)(loﬂ) < xj/z% og(d) 1"%



Putting together the pieces, we conclude that

p) 1 2 log*%(d p) d
o smg(n){rci/z;log(d)\/ %Hi”;"%”ﬂi/}log%d>\/;}

+ KJ/Z% log(d) log(n) 10g(nd)\/g

S Kj/z%log(d) log(n){\/ 10% —|—10g(d)\/g} < Ki/z%logz(d)log(n)\/g. (B.19)

Thus far, the obtained bounds (B.17) and (B.19) only involve the true variances. To
account for the impact of variance estimation error, let 0y be the k-th diagonal element of

Y= f‘,g , and recall from (B.16) that

\/ Ok _1‘ < vl/ZE [1(X)log(nd)
Vo ITF A n

with probability at least 1 —n~!. Without loss of generality, we assume sample size condi-

max
1<k<d

tion (B.12) holds; otherwise, the right-hand side of (2.16) is greater than 1 so that the claim

of Theorem 2.2.5 holds trivially. Consequently, 1/2 < /0 /0w < 3/2 for all 1 <k <d.
Combining this with (B.17) yields

max Vil =) n V2 EL (Su —ESq)
1<k<d \/ Ok v/ Okk
< max |V 1) — n 2R (Su—ESi)
T 1<k<d \/ Ok
+ max n*l/ZZ;l:l(Sik —ESi) (\/ikk B 1) ’
1<k<d v/ Okk v Okk

n Y2y (Si —ESy)
v/ Okk

1ate(E) 2 logn 1pA [t(E)log(nd)
SRR T IV T

(B.20)

with probability at least 1 —4n~!, where we used the property my < kytr(X)? in the last step. By
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the Gaussian tail inequality and a union bound argument,

1
IP’{ max. |G| > \/210g(2nd)} < -
n

1<k<
This together with the definition of p, implies

n 128 (Si —ESy)

P > +/2log(2nd

{I?f‘;‘d Vou = v2logln )}
1

< IP’{ 1211?<Xd|Gk| > \/210g(2nd)} +Pn < —+Pn-
n

Combining this with (B.20) yields

0, — —1/2yn . _TRS.
max \/ﬁ(ﬂkA ) n” Y (S — ESu) | < i/M log(nd) (%)
1<k<d Ok v/ Ok A n

with probability at least 1 — p, — 5n~!
With the above preparations, we are ready to prove the final claim. Let ¥(-) be the

distribution function of ||G||«. For any x > 0,

).}
Okk

IP’{ max

1<k<d

<o o [ S
1<k<d v/ Okk

A by 5
< IP’{ G| < x+C4vi/ZIlog(nd)\/¥} +2pa+

= W(x )+‘P<x+C4 l/zilog( d) @) —‘P(x)+2pn+%.

V(i — )

< x+C4vi/2%log(nd) @} +Pn +%

By Nazarov’s inequality (Nazarov, 2003),

sup
x>0

‘P<x+C4vi/2%log(nd) r(_Z)) -¥Yx)| <
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Substituting this into the earlier bound, we obtain that

V(e — )

IP’{ max —
1<k<d Ok
< r(Z)logled) | 1122 \/E

v, llog(na’) " +K llog (d)log(n) .

<1/& V@
v, Alog (d)log(n) ,

for all x > 0. A lower bound can be similarly obtained. Since all the bounds are independent of

gx}—wu)

x, taking the supremum over x > 0 proves the claim. [

B.3.6 Proof of Proposition 2.2.2

Recall that R = corr(X) and R = corr(E). We first claim that

max |Ry —Ry| < [E7125E712 12+ 271222 ). (B.21)
<k.[<

To show this, note that

_ L Xy
1n}<e}xd|Rkl Rl = 1H/l<é}xd _\/Z )y
<k, [< <k.,[I< S a
\/Zkkzll e 211
by ) ) )y
< max L K + max L M|, (B.22)
1<ki<d| [& & VIpXZy| 1<ki<d|VEgZy  VEIuZu
ik
Denoting e, e, ..., e, to be the canonical basis of R4, we have
Zu Xy eire, e le
max —
1<ki<d | XXy ZkZu 1 kd<d \/eZZekelZel Vertee e,
alx 125512, ala
= max —
1<ki<d | ||all2[a|l2 laxll2la:ll2
< |Z7PEETE — 1y, (B.23)
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where a;, = El/zek forl <k <d.

~

T Xy
\/Zkkzll \/ kk =1

Turning to the first term in the right-hand side of (B.22), it follows that
Yu | ‘1 [ EkZu

TIki<d| o o Yk
< /Zkkzll k11

Tl
< max |1— kk=I11
1<k,i<d Zka”

max
1<k,i<d

where the second inequality follows from the Cauchy-Schwarz inequality and the last inequality
can be derived from the elementary inequality |1 — /x| < |1 — x| for any x > 0. Together, by the

definition of the operator norm of a matrix, the earlier bound can be further bounded as

Ly Ly
1?112})251 S o \/Zka”
T \/ Lk X
aiZ_l/sz_l/zak a X" 1/25y-1/2q, azZ_l/ZEZ_l/zak
< max |1— 5 max |1 — 5 . 3
I<k=d [lall3 I<i<d a3 I<ksd [lall3

< HZfI/ZEEfI/Z _IdHZ + ”271/22271/2 N IdHZHZfl/ZEZfI/ZHZ.

Combining this with (B.22) and (B.23) proves the claimed bound (B.21).

Now, we are ready to prove Proposition 2.2.2. Without loss of generality, we assume
that the sample size n satisfies (B.12); otherwise, the right-hand side of (2.18) is greater than
1 so that (2.18) holds trivially. By Theorem 2.2.4, we have vg < 2v4itr(2). Combining

this with Proposition 2.2.1, the robust covariance estimator Y= fl{g defined in (2.10) with
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& < vp\/n/log(nd) satisfies

r(X)log(nd)

IE—x], <vi?A
~ n

with probability at least 1 — 2n~1. Thus, with the same probability, it follows that

”271/22271/2 . Vi/z(i/&) (%) l(:lg(nd).

This further implies that ||£~'/2Z£~1/2||, < 1 under the sample size condition (B.12). Combining

these two bounds with (B.21), we have

~ = Y)log(nd)
Ry Ryl < v'2(2 2, "2 loglnd).
1£3§d| w—Ri| Svy/ (A/A) "

Together, this bound and Theorem 1.1 of Fang and Koike (2021) prove the claim.

B.4 Proofs in Section 2.3
B.4.1 Supporting lemmas

To establish the statistical properties of the noisy gradient descent iterates [,t(’), the
landscape of the loss function plays an important role. The following lemma shows that
the empirical loss function 2 (-) : RY — R* is locally strongly convex and satisfies a local
smoothness condition. Recall that g = § . = argming cpd ,52(0) is the non-private Huber
estimator, satisfying VY, () =0.

Lemma B.4.1. Conditioned on the event &) = &7 (rg, ) defined in (2.22), we have
— Py — 1—
Z:(82) ~ Z2(81) ~ (V.Z:(81),0:— 81) = — %6203 forall 8:,6; € O(ro),

(B.24)
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Z0)— Zi(l) > —%ry- |0 —i» forall 8 € 0(rp) (B.25)

':)

and
Z:(0,)— Z:(01)— (V.Z(01),0,—01) < —|]02—01||2 forall 8,0, cRY.  (B.26)

Proof of Lemma B.4.1. For any 01,0, € O(rg), by Taylor’s theorem in several variables we

have

Z2(82) — Z:(81) — (V.Z2(61),0,— 01)

= %(92 - el)Tvzg(el +u(6>—61)) (0, —0) forsomeu € (0,1),

from which it follows that

e~ —~ — 1
Z:(07) — Z:(01)— (VL:(01),0,—01) > 5 ETIEII(’I Amm(VZ,ZT(quh))-||02—01||%.
rO

(B.27)

Conditioned on &7, this proves (B.24).

Given 4 € O(ry/2), set & = 6 — . It follows from the first-order Taylor’s theorem that

Re(8) = Z0(0) - ZulR) - (VZR),0 ) = [ (VT +ub) ~VZi(R), 8)du
=0

For any v € (0, 1), by the convexity lemma—Lemma C.1 in Sun, Zhou and Fan (2020),

V(i +u8) — Vi), u8) > (V.2 (fi + uv8) — V.Zu(fh),uv8), u >0,

<

which in turn implies R;(8) > v~ 'R.(v8). Hence, for any 6 € ©(ro)° so that || 8|, = [|0 — > >
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r0/2, taking v = ro/(2||0 — 1]|2) € (0,1) and 8o = v- (8 — i) € IB%(ry/2) we obtain that
Z:(8)— Zi(l) > 250 — Bl Re(80) = 21510 — [ { Ze(H + 80) — Ze(R) }.

Moreover, applying the bound (B.27) at 81 = i and 8, = i + 8¢ € O(ry) gives

1

(IJ+5()) (I/J'\) 5 mll('l )7L«m1n(V g’f(”’ +h>) ’ ||80||%

Together, the last two displays imply

Z:(0) - Z (i) > min Amm(vzzfmw)) —-He—ﬁnz,

1
2 heB(r)
verifying the second bound (B.25).

Finally, (B.26) is a direct consequence of (B.4) and Taylor’s theorem. L]

The following lemma provides upper bounds for the i.i.d. standard normal random
vectors {gt}tT:_O1 in the noisy gradient descent algorithm. In particular, inequality (B.29) is a

slightly improved version of the tail bound in Lemma 11 of Cai, Wang and Zhang (2021).

Lemma B.4.2. Let go,g1,...,87—1 € R? (T > 1) be independent standard multivariate normal

random vectors. Then, for any z > 0,

> 1/2 < e %
P{0<1}1<3TXI||&H2 d'’"+ 2(10gT+z)}_e . (B.28)

Moreover, for any p € (0, 1), we have with probability at least 1 — e~ * that

dz 2d 1
<— 2| ——+2z< 2z B.2
Tolels ey s 2 () @)

Proof of Lemma B.4.2. Foreacht=0,1,...,T — 1, we apply the concentration inequality for
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Lipschitz functions of standard normal random variables and obtain that
P(H&HZ > d'/? + \/2_Z) < e %, valid for any z > 0.

Combining this with the union bound (over t =0,1,...,7 — 1) yields (B.28).

Note that ||g,||3 follows the chi-square distribution x7, which is a special case of
the gamma distribution I'(d/2,1/2). The centered variable, ||g,||3 — d, is known to be sub-
gamma with parameters v = 2d and ¢ = 2 (Boucheron, Lugosi and Massart, 2013). Let

Z=Y"""p'(||g|3—d). Foreachtand 0 < A < 1/,

2 ~2t 2 2t
lOgEelP'(Hg;H%*d) < vA©p < VAP |
2(1—cAp’) = 2(1—cA)
By independence,
=l 2vT—1 321 5
log]EeAZ - Z lOgEeﬂ’pt(Hgtuﬁfd) < VA, Zt:() P < Vv )L

= =" 2(1—cA) —1-p22(1—chA)

Therefore, the centered variable Z is sub-gamma with parameters (v/(1 — p?),c) = (2d/(1 —
p?),2). Applying Chernoff’s bound to Z (see, e.g., Section 2.4 of Boucheron, Lugosi and
Massart (2013)) yields

P{Z > 2(dz)"*(1 - p?)"V/2 42z} <e™* forany z > 0.

This, combined with the elementary inequality Z,T:_ol p' <1/(1—p), proves (B.29). [l

Lemma B.4.3 below provides a useful property that will be needed in the proof of

Proposition 2.3.2.

Lemma B.4.3. Let Ry = ||u(%) — ||, and no € (0, 1]. For any T > 1 and z > 0, let the sample
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size satisfy

8(e—1) TyT'/*By, ™o [Tno\°
> — | — B.
n> s c max R "\ Ro , (B.30)

where By, = Vd+/ 2(log Ty + z). Then, the noisy gradient descent iterates [.L(’ ) defined in (2.21)

satisfy

O _ @i, <2R
122@(}”# K2 < 2R

with probability (over {g,}tTial) at least 1 — e~ 2.

Proof of Lemma B.4.3. Recall that p(+V) = p() — 0oV 2 (u®) + noh,, where h, = 2T1/27 5.

Moreover, HVDS?;(G)HZ < tand HVZE(G)HZ < 1 for all @ € R?. Therefore,
(VZ:(01) —VZ(0,),01 — 05) > |[V.Z(0,) —V.Z:(0,)|3, 61,0, R
Since V.,Sj”;(ﬁ) — 0, taking (01,0,) = (), 1) for any # gives
(VZe (). p) — 1) > [V.Ze(u) 3.
Then, for any fixed step size 0 < 1o < 1, we have

D — B3 = | — noVZe (D) + noh, — B3
= | — BB+ ndIV-Ze () — i3 —2mo(n®) — 5,V.Ze (") — hy)
< |l — BB +ndIV-Ze ()13 + 13 el + 203 | V-Ze (D) || e 2
—2m0)|VZe ()3 +2m0] | ") — 1|2 e 2
<[l ® = B3+ nd 3+ 2m0l e [l { ol V-Ze () 2+ (| ) — ]2}

<[ = B3+ 15 el 3+ 2101l |2 (moT + | — i ]2).- (B.31)
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For any integer 7p > 1 and z > 0, Lemma B.4.2 shows that

2T'/27B
max ||k |, < 0

=: ey
0<t<Tp—1 en pry

with probability at least 1 —e™*, where By, = d 124/ 2(log Ty + z). Throughout the rest of the
proof, we assume this inequality holds.

For some 1 € (0, 1) to be determined, it follows from (B.31) that

IO = BB < (14 m) B0 = BIF+ (14 1/m) e, + 205 Sepri,

fort =0,1,...,Ty — 1. This recursive bound further implies

r—1
™ —@)3 < (L+n) | p® = B3+ {1+ 1/n)ndeds, + 208 Teprvt Y (1+1)F
k=0

(1+n)—1

< (1+0)|p” - a3+ {(1+1/7)epriv + 2T} NG epriv-

Note that under the sample size requirement (B.30), we have

4—e
(e - 1>(T0 + I)Ton(%egriv < 2(€ - 1>T02n(%egriv < TR%7

and 27(e — 1) Tongeprv < (4 — e)R/2. Thus, provided Ty > 2, we take 1 = 1/Tj € (0,1) and

obtain
Hl-‘(t) — |5 <eR5+(e—1) {(To+1)epriv + ZT}TongepriV < eR3+ (4 — )R = 4R}
forallt =1,..., T, as claimed. ]
Finally, the following lemma is a direct consequence of Corollary 4.4.8 in Vershynin
(2018).
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Lemma B.4.4. Let E be a d x d symmetric random matrix whose entries E;; on and above the
diagonal are independent .4 (0, 1). Then, for any z > 0 we have ||E||» < v/d + z with probability

2
atleast 1 —4e™ %,

B.4.2 Proof of Theorem 2.3.1

Recall the event &1 = &7(rg, x) given in (2.22). To control the random perturbations in

noisy gradient descent, for some p € (0, 1) to be determined, define

T—1
6= 66 = { max el <Br O { L 0-p)ler 1 J3<2p a3, B3
0<t<T—1 for

where By = Br(z) :=d'/* 4 \/2(log T + z). It thus follows from Lemma B.4.2 that P{&>(z)} >
1 —2e % In the following, we prove the result by conditioning on the event & N &>. Starting
from an initial value p(©) € O(rp), the following proposition shows that all successive iterates

will stay in the ball O(ry).

Proposition B.4.1. Under the conditions of Theorem 2.3.1, and conditioning on &7, all the

iterates [,L(’) (t=1,...,T) stay in the local ball ®(ry).

Next, we establish a contraction property for the noisy gradient descent iterates. Define

g = 0 v Z(u) and ht=2T1/2£gp t=0,1,....,T -1,

t+1)

and note that [.t(’ +) = ﬁ( + Noh;. Under the sample size requirement (2.24), Proposition B.4.1

ensures that u(’ ) e O(rp) forallr =0,1,...,T. Similarly, it can be shown that the non-private

(1)

gradient descent iterates it also stay in the ball ®(rg) fort = 1,...,T. For simplicity, set

g -4 forr=0,1,...,T.
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~(1+1
For any 1 € (0, 1), at each iteration we bound ||5(t+1)||2 = ||5(t )+770hz||2 as

~(t+1) ~(r+1)
18 =118 B+ 3k +2m0(8 k)

~(t+
16

1) _
<(l+n) I3+ (1+n~")ngllA12

= (1 4+m)| 813+ (1+n"")nd|h|3

oo P20 - - B Y2 .

II

(B.33)

To bound IT, we use the local strong convexity and smoothness properties of 2 (+). From (B.24)

and (B.26) we see that

- _ N 1— .
Zi() - Z(u?) — (VZ(RO), B - ) = )~ B

and

. _ _ ~ 1, -
Z(@") - 2 (") < (vZe(u), B - p ) S

2

Together, these upper and lower bounds imply

0< 2@y~ Z )

—~ ~ ~ |
< (V2 (), mg Y o mt!

1
2
— ~ ~ - l_ ~
— (VZ ()5~ )+ V2w B -~ kO - B

1—x ~
e TR I

— N —~ 1— ~
= (VZ (D), n ) — ) —1o(1 = 1o/ V.Za ()3 — —=E | — )3

2
o~ - —~ 1— ~
< (V20— ) = DIVZ B - 2 k) - RIS
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Substituting this into (B.33) gives

87 V15 < {1+m —mo(1=2)(1+m) 18V 3+ (10~ ymi Ay I

= (LM {1= =20 I8 13+ (1 + 1~ md I3
Taking p = 2 and 1 = (1 — x)no, we conclude that
18 VB < (1 =p) 1813+ (1 +n " |Ih3, t=0,1,..., T —1.

This recursive bound further implies

2 T-1

~ _ T
™ =RI3< (1=p) I8V B+ 4nd(1+0 T 2o ¥ (1= lgroadl3 (B34
=0

Recall that ¥.. "' (1—p)'||g7_1_|13 < 2p~'d + 3z on & (z). Conditioned on &, the final

iterate [,l(T) satisfies the bound

- T
7= RIE < (1= p)" A+ 4o+ (1= 7)) 2~ d 43T (s

with probability (over {g,}7,'}) at least 1 —2e~%. This concludes the proof. O

B.4.3 Proof of Theorem 2.3.2

Recall that m; = E|jx — p||3 > tr(2)%/2 and € < 1. Throughout the proof, we assume
/

that (n, 7) satisfies T > m; ? so that m, /77 < 1. For each u € R?, define independent random

variables

5. Vellm—pl)
“T el

(u,x;— ), for i=1,...,n.
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From the proof of Theorem 2.2.3, we have |ES; | < ||u|2 b < ||ul|2-m,z! =9 for all u € RY.

Given 0 < € < 1, it follows from Corollary 2.3.2 with z = logn that

ot s, ) —
‘ﬂ /N, ™ — )~ fz i

||

< Vn iu—ES;,
||ll||2 (I‘l‘ Z u— u )
||ul|2 . tlogn  mgy/n\ (my  [logn
< —4 o
Sl \/tr(Z)+Alogn+ NG + s p + .
—|—mQﬁ#—(d—i—logn)l/z(logn)l/zi
791 e\/n

HuHZ 5 my logn mq\/_ 12 o T
< a —_—
Sy V) A oen (S ) S (@ logn) Hlogn) o n

J

~~

/
Ry ¢
n,T

SW

with probability at least 1 —8n~!

Combining this inequality with (B.8), (B.9) and in (B.10), we obtain that for any x € R,

P(v/n(u/|ullz, p'") - p) < x)

n /
Siu—ESiy R, 8
<P <x+C +-
(fz Julls 7 )t
Cs Ri: V3 2/q 1-2/q o2
< ®(x)+ \/_l’f/z—l—Cg %Jrvq/qmq lag2-q )
A reversed inequality can be similarly obtained. Choosing T < mq/ LR [/ E— d+l T }1/ 1, we
ogn)logn

obtain that

1

= d+logn) 1 T Toen loan) -2

Ry tr<>3>+llogn{\/( +logn) Og”+\/°g”}+mg/m{¢( Togn) Ogn} q
’ n

&n &n

1-1/
< m;/q{ \/(d+1(;g”)10g”} qn—(l/Zfl/q)’
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where the last step follows from the inequality ml/e > /tr(X) and T 2> mi/ >\ Jw(T)/n.
q ~ q ~

Moreover, it follows that

1-2/q
vg/qmé—Z/qu—q < vg/q{ \/(d+12;<:rn) logn} .

Combining these bounds and the two sides of the inequalities proves the claim. Note that our

/

assumption n 2> \/ (d+1logn)logn/€e guarantees the requirement T 2 m(ll 7 in the beginning of

the proof. [

B.4.4 Proof of Proposition 2.3.2

To begin with, for any Ty > 2 and z > 0, define the event

G0 = { Nl < B}

0<t<TH—

where By, := v/d + /2(log Ty + z). Lemma B.4.2 ensures that P{&3(z)} > 1 — e~%. Moreover,

we assume that the sample size n satisfies

n

1/2 _ 2
4T BTOmaX[1{2R0+(T0+1)(21+1/2)}72(e 1)Tomax{Lm,<T—m> }]
£ A 4—e Ry Ro
(B.35)

Recall that (1) = p ) — nOV.,éZ(u(t)) +nohy, where h, = 2T'/21g, /(en) and g € (0,1]. In

the following, we prove the result by conditioning on the event &3. By the definition of A,

max || |2 < epriy :I= ———. (B.36)
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From the smoothness property (B.26), we see that foreacht =0,1,...,7p—1,

— o~ —~ 1
Z(uD) < Ze(u) + (VL (n), p ) = pl) S - p)3
—_ —_ —_ 2 —_
= Ze(p) = no(V-Ze(p), V.2 (1) — b+ B | Zo () — )3
< Zo(1") = no(1 —0/2)|V-Ze(1")3

a1 ) [V Ze ) a2
Using the bound (B.36), and the facts that ||V02/’Z() |2 < 7t and ng € (0, 1], we obtain
Zi(u) < Zo(p) = TV .Z () B+ 2T+ e/ Depns (B.37)
for all + < Tp — 1. Moreover, the convexity of .5,/”; implies
Z:(n") < Ze() +(Ze(u?),n") ~ ),

and hence

Zi(nY) < Za(@) + (Ze(p), 10— B) = D IVZe () B+27 + epr/2)epr-

-

11
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To bound I1;, note that

1 e ~ —
I, = 5 (200 (Za(u), p) — ) = 3| V- Ze (1) 3)
210
1 . R —
= (I8 = BB~ 10 — B~ noV-Ze(n)]3)
210
1 ~
_ ) _ 112 (t+1) _ 2
e (1 = BB~ 10— i — o 3)
1 ~ ~
— o (I = R = )~ RI— d3 + 2 D~ )
1 ~ ~
< o (I = BI3— 00— BIE - nd A I3) + 180 B liA,
210
where the last step is due the Cauchy-Schwarz inequality. Summing overt =0,..., Ty — 1 gives
-1 .
Y {ZW")-Z(m)}
=0

To—1
< 7m {1 — I3~ 1 - B3} + L = Blallll + To2 + i/ 2) e

(B.38)

On the other hand, (B.37) implies
Zo(u)y < Zo(uD) + Ty (27 + epriy /2)epriy forall # < Tp.

Therefore,

g (“(T() < — Zz + T0(27+€pr1v/2)€PﬂV
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Combining this with (B.38) and Lemma B.4.3, we obtain

1 &

Z {g(“(t)) - cé;(ﬁ)} + TO(2T + epriv/z)epriv
=1

Ze(u ™) -~ 2 (1) < -
Ot—

1
> 2TIOTO R% + 2eprivRO + (TO + 1)(27 + epriv/z)epriv

<A,

provided that Ty > R3/(1oA) and

_ 42Ro+ (T +1)(27+ 1/2)}Bg,T'/*t
n .
- Aeg
Here we use the fact that e,y < 1 under the sample size condition (B.35).

It remains to prove the second claim (2.25). Recall that conditioning on &7, L € ®(ro/2)

and 2() satisfies (B.24). Define

—~

Ap = inf Z:(0)— Z:(]).
(0:10-l2>ro/2) '
The definition implies that any 6 such that Z (0) < Z () + Ay must satisfy |6 — ||, < ro/2.
By the convexity of .%; (), the infimum is achieved at some point it such that ||t — ft||> = ro/2.
Also, i1 € O(rp) due to the triangle inequality. Using (B.24) and conditioning on the event &7,
we get

g (1-2)rg

M=Ze(B) - Ze() = " B -RI3 =

Taking A = (1 — x)r3/8, we see that || (7o) — [i||, < ry/2 conditioned the event & N &3. By the

triangle inequality, || p(70) — p ||, < ro, as claimed. O

205



B.4.5 Proof of Proposition 2.3.3

Recall that i is the non-private robust estimator defined in (2.1). Leveraging Theo-
rem 2.2.1 and Lemma 2.2.1, we have

||ﬁ_“||2 < 11/2 @J_}_E_}_Zl/z—vtr@)
~ V n n

T

with probability at least 1 —2e~%. Thus, the event { £ € ®(7/4)} holds with the same probability,
provided that 7 2 \/tr(X) and n 2 r(X) 4 z. Turning to the second part of the event &7, combining

Lemma B.3.1 with Markov’s inequality yields that with probability at least 1 —e ™%,

. —~ 4tr(X) z
f . (V2 >1— = =1—y.
ee(lalér/z) Amin (V- 22(8)) = 72 2n x

Remark that y is strictly less than 1 as long as T = +/tr(X) and n 2 z. This proves the claim.

]

B.4.6 Proof of Proposition 2.3.5

By definition,

Y

2

T o (s %
Yee— | Ze+—E <|[Ze— | Ze+ —E
o (S )] = o ()
which further implies

85

4¢
+ - IEll2 < = [E]2.
2 n &n

BN N BN ~ 4
Hzé,e _E§H2 < Hzé,e - (Zé +£_flE>

Applying Lemma B.4.4 with t = /log(4n) we see that ||E||> < \/d + /log(4n) with probability

at least 1 —n~!. Combining this bound with Proposition 2.2.1 proves the claimed result.
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B.4.7 Proof of Proposition B.4.1

Note that p(+1) = p() — nOV.,i/’;([.t(’)) +210T"?t(en)"'g, fort =0,1,...,T — 1, and
p© € O(ry). Now assume that ||u) — p|» < ro for some 7 > 0. Proceeding via proof by
contradiction, suppose ||**t") — u||, > ro. From Lemma B.4.1 we see that, conditioning on &,

1— R —~ —~
e 1) <l < Zu ) - Zi(l).

For the right-hand side, we have

Z(u) ~ Zi() = Zo(u") - Z(u) + Z(n") - Zo()
0 _ R
< (VZ (), w5~ p0) 1 O gV Z (), i )

1 R 1 . R
= %(ﬂ("‘) —ﬂ(l+l),“(t+1) _“> + EH[J(H_]) _“(t)H%+2T1/25<g“#(,+]) _“>

N

1 1 1
_ N _ 512 _ (t+1) _ 73112 _ (t+1) _ 4 (0))2
g IH Rl = ke =5 le 1
1 T ~
g+ gy 012 /2 % (t+1) _
+oln POl 2T (g 1 1)
(i) 1

1 ~ T ~
< — g g2 — gt _ g2 1/2 Y% 14, @+1) _ .
< oI Rl = ok Bl +2T7 |1 Hl2-llg: 12

(iii) 1

~ 1 ~ T ~
< u® g2 — gt )12 1/2p % 414 @+1)
S g I Rl il Bl +2T7"Br _||n Ml

where inequality (1) follows from the smoothness property (B.26), inequality (ii) holds if 9 < 1,
and inequality (iii) uses conditioning on &>. Provided 2TY2By T(en)_l < 1TT%;’O, combining the

above lower and upper bounds on Z, (uth)) — . (u) yields

[ —pln < g — p)2 <o,

which leads to a contradiction. Therefore, starting from an initial value u(%) € ©(r), and

conditioning on the event & N & with suitably chosen parameters, we must have ||(") — ][> < rg
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forallt=1,...,T.
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Appendix C

Supplementary Material for Chapter 3

C.1 Proofs of Main Theorems
C.1.1 Supporting technical lemmas

We first introduce some basic notations which will be used throughout. Recall that
quantile regression residuals are defined as & =Y; — fo(X;) for | <i<nand e =Y — fy(X). For

any f:[0,1]¢ — R, we define
Z(f)(X, &) ={Y — fX)I{Y < f(X)} + af(X),
and denote Z;(f) := Z(f) (X, &) for 1 <i < n. Furthermore, we write
w; = Z(fo)(Xi, &) — ogo(Xi). (C.1)
Then, for any T > 0, we can express the empirical joint Huber loss (3.8) as
. 1 &
Re(f.8) = ;;&(Zi(f) —og(Xi))
for real-valued functions f,g on [0, 1]%. Also, note that
w; = &1(& <0)+ afo(Xi) — ago(Xi) = & - —E(& - |Xi),
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where & _ = &1(g < 0). Throughout the proof, we assume that max (|| fo|e, ||g0e) < Mop.
For ease of notations, we write .7 | (W; —EW;) = Y.! (1 — E)W; for any sequence of random
variables {W;}"_,.

Recall that Z+(-,-) represents the population joint loss function, which is the expectation

of the empirical joint Huber loss function,

Z:(f,8) = B%:(f,8) = Bl(Zi(f) — ag(Xy))

for any fixed functions f and g. The following two lemmas establish both lower and upper

bounds for the excess Huber risk under heavy-tailed noises and light-tailed noises, respectively.

Lemma C.1.1. Assume Condition 1 with p > 2 holds and let T > ¢4 = 2max{4My, (2v,)'/7}.

Then, for any f,g : [0,1]¢ — [—My, My], we have
R f.0)~ Rl .50) = Sl — g0l — g — ol 20 — o3+ — 2
T ) T »80) = 4 012 0112 2 0ll4 (T/Z)p_l )
and

2
o 2
e(1.9) - el 1.0) < 5 I~ ol + ol ol { D — ol + 2
Lemma C.1.2. Assume Condition 2 holds for some oy > 0 and let
T > ¢7 = 2max{4My, 60(10g4)1/2}.

For any functions f,g : [0,1]¢ — [~My, My], we have

o? 5 B
Hi(f,8) — % (f:80) = THg—é’oH%—O‘Hg—gon(g“f—fOHiJrcme 72/(2"3))
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and

o? 5 -
'%T<f7g)_'%1(f7g0) < —||g—g0||%+06||g—go||2 B”‘f—f0||421—|—cl4e ’L'z/(ZGg) ,
2 2

where ¢4 = 4My + 20y.

For the truncated neural network function class ¢, = .%pnn(d, L, N, M), define

%(n) = {g €Y, ||g_80H2 < 77}, n > 0.

Moreover, for any function pair (f,g), we denote the difference of Huber losses as
hrg(X,€) = l(Z(f)(X,€) — ag(X)) — Le(Z(f)(X,€) — ago(X)). (C2)

In order to obtain the convergence rate of the ES estimator g, given a generic QR estimate
]/‘;1 € #,, it is necessary to derive concentration inequalities for the supremum of local empirical

processes that are of the form

1 n
sup sup |— Z {hﬁg(Xi,Ei) _Ehf,g(Xivgi)}
fez, 8<%, (n) n i=1

for some 17 > 0. To this end, by the fundamental theorem of calculus and the triangle inequality,
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the supremum is upper bounded by a sum of three suprema, namely,

sup sup
fE€EFngedn(n)

SLo 2{] N et ziF) — 7o) +ar |

1 & oA (X))
< s Ly a-n] ww,-)dr}] ©3)
gG%(n) ni:1 0
1 oAy (Xi)
s Y a-m)| [ o - eo))al
8<%, (n) ni3 0
1
+ sup sup |—) (1—-E)
feFnged,(n) ”Z

Y

oA (Xi)
] {/0 {Wf(wi‘f’zi(f)_Zi<f0)+l‘)—ll/f(a)i—|—t)}dt]

where Ay (X) = go(X) — g(X). The following three lemmas give concentration inequalities for
the above three suprema. Recall that

log(LN)log(n2tv; /P log(LN)1
Vm:w\/ og(LW)log(Pey, ") [log(IN)logn,
n

n

Lemma C.1.3. Assume E(|w;|?|X;) < v, < oo almost surely (over X;) for p > 2. Then, there

exists a universal constant ¢;5 > 0 such that, for any 11 > max(\/?Vnmvp, 1/n),0<x<nn?/t
and T > VI],/ P

1
IP’{ sup Z(I—E)Ag(xi)lllr((ﬂi)
g€, () 1 =1

n

chs.n(v;/p—}—\/%) (Vn’avp‘i‘\/g) } Sefx.

Lemma C.1.4. There exists a universal constant ci¢ > 0 such that for any 7 > 0, >V, and
0<x< nnz,

n

oAg(X;)
ol B L e -vion

> c16- 0°N (Vn + \/E)]
n
<e .
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Lemma C.1.5. Write

W, e \/ {Pdim(7,) + (Llr\l’)zlog(LN)}logn'

There exists a universal constant c¢;7 > 0 such that forany 7> 0,7 > W, and 0 <x < nnz,

OCAg (Xi

)
{wf<w,-+zi<f>—zi<fo>+r>—wf<wi+r>}dz}

>c17-0M (Wn+ \/%)} <e .

Assuming that the random variables w; defined in (C.1) are sub-Gaussian, we can derive

P¢ sup sup
FETnge%n(n)

%2(1—1@){/0

a more refined tail inequality for the supremum of local empirical processes.

Lemma C.1.6. Assume that ®; satisfies
]E(e("i2 /93 |X,~) <2 almost surely (over X;) (C4)

for some oy > 0. Then, there exists a universal constant c1g > 0 such that for any n > V,, and

0<x< nnz, the following bound

a-n{ [ v

holds with probability at least 1 —3e™*.

< c18- 0o {Vn +eT/20%) 4 \/E}
n

To establish a convergence rate for the deep quantile regression estimator, we also require
lower and upper bounds on the excess quantile risk, similar to the analysis of ES estimators.

Recalling the definition of QA& (f) in (3.9), we define the population check loss function as

24(f) =EZ24(f) = Epa(Yi — £(X;))
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for any f:[0,1]¢ — R.

Lemma C.1.7. Assume Condition 3 holds. For any function f : [0,1]¢ — [~My,My], the

population check loss function satisfies

c19llf = foll3 < 2alf) — 2a(fo) < caollf — foll3,

where c19 = min{g/(SMo),Bz/(32Molo)} and ¢0 = p/2.

Next, we write %, = .%pnn(d,L,N, M), and for any 6 > 0,
FIn(8) ={f € Fn:|f—fol2 <8}

The next lemma characterizes the tail probabilities of the empirical quantile process.

Lemma C.1.8. There exists a universal constant ¢; > 0 such that for any § >V, and 0 < x <

né2,

n

Pl sup Z(l—E){Poc(Yi—f(Xi))—Poc(Yi—fo(Xi))}‘2621'5(Vn+\/§)]Se_x.

feZa(9)

S| =

i=1

C.1.2 Proof of Proposition 3.3.1

Following the proof of Lemma C.1.1, we can readily derive that provided 7 > c4,

Vp

o2
R+ (fo.8) — Z<(fo,80) > THg —goll3 - a||8—go||zm

for any real-valued function f with || f||e. < My. Taking g = g0 ¢, the claim follows immediately

from the fact that %Z+( fo,80.c) — %+ (fo,80) < 0. ]
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C.1.3 Proof of Theorem 3.4.1

To begin with, denote for any u > 1 fixed that

where c5 is given by

cs = max(v/24-7p,v/28-24,192¢15,192¢16,192¢17) > 1. (C.5)

Here, c15,c16 and c¢17 are defined in Lemma C.1.3, Lemma C.1.4 and Lemma C.1.5, respectively.

For integers j = 1,2,..., define donut-shaped sets
Dnj =20 )\ G (2 e f ) = {g €4, : 27 . < allg—golla <2/m.
Recall the local function class .%y(8) ={f € %, : ||f — foll4+ < 8} for any 6 > 0. Write

P{Hf € Z0(04) suchthat  sup  ollg—goll2 > r[*}
2€In(Mopt:f)

Z P{Hf € % 64) such that dg € .7, (60pt, ﬂ -@mj}- (C.6)
Then, it suffices to bound each probability on the right-hand side of (C.6). Conditioning on the
event {f € %y(64)}, Lemma C.1.1 implies that every g € ), ; satisfies

22j72
4

W < @ul.0) - el f o) + 2 (267 i)

_2 o4 2 22j 2
St%r(f;g)_%r(f7g0)+6p 84 +24nb +KTI*7 (C7)

where the last inequality follows from the basic inequalities ab < 124 + b* /48 and (a+b)? <

2(a® +b?) for any a,b € R.
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We will now establish an upper bound for Z.(f,g) — %<(f,8o), which appears on the
right-hand side of inequality (C.7). The definition of 1, in (3.2) allows us to choose g, € %, such
that ||g, — gol|2 < 2n.. When we condition on the event { f € .%((84),8 € Tu(Nopt: f) N D j }»

it follows from the definition of .7, (Nop; f) that

R:(f,8) — Z=(f,80)
< Re(f,8) — Re(f.8) + Rr(f.8n) — ([, 8n) + RBe(f,8n) — (1 80) + Mo

The upper bound in Lemma C.1.1 with g = g, implies

el = Bl o) < 20703+ o (5 4

17 _
S §TI§ +p2644 +4n§7
which, combined with the earlier inequality, further yields

R:(f,8) — B (f180) < Be(f18) — Re(f,8) + Br(fr8n) — Re(f 1 8n)

+307 4 P78 +4ng + Ny (C.8)
For any f € %, and g € ¥, recall the definition of /7 4(X, €) in (C.2). Moreover, define

n
Z {hfo(Xi,&) —Ehy o(Xi€) ), (C.9)

such that

Re(f+8) — Re(f18) + X[ 18n) — Be(f+8n) = Anlf,80) — Au(f,8)-
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Combining this with the bounds (C.7) and (C.8) yields

]P’{Elf € F0(04) such that 3g € T, (Nope; /) N @n,j}

< IP’{EIf € F0(064) and 3g € Z,, ; such that

2% _
Bl 0) = 1) > 52 =302 = 7783~ 280 i )

2j
< P{Elf € ﬁ0(64) and Jg € @n,j such that An(fagn) _An(fyg) > 23—2713}

(i) .
el s aGrelz g, 10
f€Fn gE%(ij/O‘)

where the second inequality (i) follows from the definition of c5 in (C.5) that

1
303+ 75781+ 281 + Moy < 57¢3(05 + 8 +15 + 1)
2%
< g forj>1,

and the last inequality (ii) follows from the choice of g,, which satisfies

lgn — goll2 < 21ma < 2/n./

forany j > 1.

So, the key task is to derive a concentration inequality for the supremum of the empirical
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process {A,(f,8) : f € Fn, g € 4,(2/n./a)}. From the bound (C.3), we can see that

Pl s n0l> gl
FETn gDy (2n. /) 64
=P 1i(l E){/aAg(Xi) ( )dt} LYY }
= sup - - l// ; el Tl*
g€%,(2in, /o) 1TV i=1 0 192
1 & g (X;) 1 )
+1P’{ sup —Z(l—E)[/ {we(wi+1) -y (o }dt} > 2’11*}
€%, (2in. o) I (=1 0 192
1& aAg(X;)
—HP’{ sup sup —Z(l—]E) {/ {ll/r(a),-—i—Z,-(f)—Zi(fo)+t)—wr(a)i+t)}dt}
FE€EFngeb(2in./a) M =] 0

1 o
= 92j
> 15520
=:P1+Py+P,. (C.11)
We proceed to bound the three probabilities P;,P, and P3, separately. We choose
N =2/n,/a and x = 2%/u for the given u > 1 to apply Lemma C.1.3. Note that n > max((v,l,/p +

V)V vy, 1/n) and 0 < x < nn?/7as 0 < a < 1 and c5 > 1. Furthermore, T > c4 implies

T/ vl/ P> 1. Therefore, applying Lemma C.1.3 gives

n

oAg(Xi) .
ya-p{ [ @) z"ﬁz%nf]
ni= 0 Cs

;n‘, ){Wr(wi)Ag(X)}’>CIS om(vp/”+f)< nfv,,+\/§)]

P sup
8€%(2/n. /)

<P sup
g€%,(2/n./a) | 1

_ _02j
<ex262u.

Here, we remark that the choice of ¢s in (C.5) is such that ¢15/cs < 1/192. Thus, the above

probability bound implies
Py <exp(—2%u).
Similarly, for 1 = 2/n. /o and x = 2%/u, it follows that 7 > max(W,,V,,) and x < nn?. Combin-
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ing Lemma C.1.4, Lemma C.1.5 with the choice of ¢5 in (C.5) yields
P, <exp(—2%u) and P3 <exp(—2%u).
Together, the above bounds on Py, P and P3, (C.6), (C.10) and (C.11) imply

P{Hf € Fo(04) suchthat  sup  ||g—goll2 > n*} < Z 3exp(—2%u)
8E€Tn(Nopt: f) j=1
< Z 3¢ JH
j=1

— 3(1 _e—uz)—le—u

<3(l—e ) leu

Y

where the last inequality uses the fact that u > 1. This completes the proof. [

C.1.4 Proof of Theorem 3.4.2

The proof employs the truncation argument as in Kuchibhotla and Patra (2022) and Fan
et al. (2022), and the peeling argument as in the proof of Theorem 3.4.1.

For any u > 1, define
M = €6 V/u(Ths+ T+ 8 + 87 + TNopy)
where cg 1s given by
6 =max (V24-45,v72,4-192¢15,2-192¢16,2 - 192¢17) > 4. (C.12)

We note that it is sufficient to consider the case where u < n and v, < n”. Otherwise, 7, 21,
so that the deviation bound becomes trivial due to the uniform bounded property of gy and

“4,. Denote Z(f,g) = E@(f, g) for any f,g, where R is given in (3.8), and define Z, ; =
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4,(2'n./a)\ 4,27 n./a) for any j > 1. Taking T = in Lemma C.1.1, every g € %, ;

satisfies

22j72
4

R
-2 o4 22 2
é%m@—%vgw+wsrﬁgm, (C.13)

conditioning on the event { f € .%((84)}. Choose g, € ¥, satisfying ||g, — gol|2 < 21,, which is
possible by the definition of 1,. Conditioning on the event { f € .%((6) and g € T, (Nopt) VD, }

we have

Z(f,8) —Z(f80)
< B(f.8) — R (f.g) + R (f.gn) — R(f,8n) +R(f,8n) — Z(f.80) + N
< B(f,8) ~ R(f.8) + R (f.80) — R(f.80) + 20703 + 01y~ 587 + 13y,

=~ =~ 33
SQ%@—%M@+%U£wﬂ%ﬁ&ﬂq?fﬁ+ﬁﬁ+ﬁw

)

where the second inequality follows from the upper bound in Lemma C.1.1. Combining this

bound with (C.13) gives

22j ~ ~
EfﬁS%mw—%U®+%W£d—%%&ﬂ4ﬁﬁ+M5m@,

conditioning on the same event. From the choice of cg in (C.12), we have

2]

96

2

APP87 4317 + Moy < =2

Then, by employing the peeling argument and following a similar line of reasoning that leads
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to (C.10), we can obtain

P{erﬁo(&;) suchthat  sup  allg—gol2 Zn*}
gG%(Tlopﬁf)

SZP{ up e, >'—6422’"*} (C.14)

j=1 fE€Fn g%, (2in./a
where A, (f,g) is defined as
l n
1.8 = 2—2 —ag(X) Y —{Zi(f) — ago(Xi)}7].

The bound (C.3) with T = o gives

feFngc9,(2in./ o)

|2 ahg(X;) L,
<P sup —Z (1-E / widr b | > ——2%n?
g€%,(2in, /o) 1T i = 0 192

" 2 20 /0 =192

IP’{ sup sup  |A(f,8)| > : 22]77*}

sup
g€%(2/n. /)

1 & alg(X;) 1 5
+P< sup sup —Z / { (f) —Zi(fo) }dt > 2 Jn*
f€Fnge%,(2in. /o) 1Tt =1 192
=:P1+Py+P>. (C.15)

For ) = 2/n,/a and x = 2%/nuV?2, it follows that 1 > V,, and x < nn?. By Lemma C.1.4,

we have

oA (Xl‘)
P|  sup lZ(I—IE){/ ’ tdt}‘ 216522
g€, (2in. /o) 1TV iZ] 0 6
oA (Xi)
<P sup lZ(I—IE){/ ’ tdt}‘Zcm-an(anL\/E)
€%, (2in. o) I i=1 0 n

< exp(—2%nuv?).
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By the definition of cg in (C.12), we have 2c1¢/cs < 1/192 so that Py < exp(—2%/nuV?). Simi-

larly, applying Lemma C.1.5 yields P3 < exp(—2%/nuV?).
We next derive an upper bound of the probability P;. Remark that

il— {awiA, }‘

sup
¢€%, (2. /)
1

8€%, (2. Ja) 1TV i=
(C.16)

Y

< sup Xn;(l —E){(Xll/Bj(wi)Ag(Xi)}‘
Zn: E){owl(|o] > Bj)A(Xi)}

+ sup
8€%:(2/n:/at)

n
where we choose B; = uvp/ Py, 2/P Given our assumption that # > 1 and V,, < 1, it follows that

Bj/ vl/ P> 1. Furthermore, we only consider the case u < n and v, <nP,implying B;/v r <y

Thus, 1, satisfies

2 1/p
Nx >4u(vp/pv +vp/2PV1 l/p) >LN l/p+\/— \/ NL log(nB Vp )
n

1/p /—
+ nB,,v,,

Choose T = B;,n = 2/1,/a and x = 22/nV?, which satisfy 7-x < nn?. From Lemma C.1.3 it

follows that

1 n .
P[ sup —Z E){ows,(ax) (X)}‘ > 2C1522] 2]
g€, (2. o) | T o] €6
1 n
gP[ sup —Z (1-E {OCIVB (01)Aq }‘ > a-cisn(v +\/ ( n.Bj.vp T \/j)]
g€%,(2in) 11 i =1
<e—221nvn2_
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Thus, from the choice of cg, the above probability bound implies that

:I»—

¥ (1= ) {aws ()8 ()| =

= 2. 19222’17*] <e T (CaT)

P sup
8€9(2/n. /)

Turning to the second term on the right-hand side of (C.16), we apply Markov’s inequality

to obtain that for any y > 0,

1 n
P[ sup —Z ){aco,-ll(|a),~] >Bj)Ag(Xi)}’ >y]
g€%,(2in, /o) 1TV =]
1 1 &
<-E| sup |- (I-E){awl(|lo]>B)j)A(X)}
Y | ge%,in o)1 Tt =1
4oM
< —E{|o1(|&i] > B))},

where the last inequality follows from the uniform boundedness of ¥, and g¢. Furthermore,

E(lof) _ v,
p—1  — pp—
B; B;

E{lai|1(las| > B))} < T

Combining this expectation bound with y = 22/172 /(2 - 192) in the earlier bound gives

Iy 1 8- 192M,Vv
P sup —Z (1-E){owl(|o;| > B;)A (X)}‘ > mzmnf Tplp
g%, (2. /a) 1TV i1 2°Im;B;
1

where the last inequality follows from the choice of B;, which satisfies

11-1/p.,—242 1/pe,2-2
p 1n2>up lvp /an +/p /pV /p _

P
=u’v,.
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Together, the above probability bound, (C.17) and the choice of cg yield

< _n2j 2
P; Sexp(—2 nVn)+up22j.

Finally, it follows from (C.14), (C.15) and the upper bounds on Py, P, and P3 that

P{erﬁo(&,) such that  sup Oc||g—g0||22n*}
gee?n(nopt;f)

[ee] . . 1
<) {exp(—Zanqunz) +exp(—2%nV?) + uP22f}
=1
< —nV? 1

e n+_
ub’

where the second inequality follows from the fact that u > 1. This proves the claim. 0

C.1.5 Proof of Theorem 3.4.3

For any u > 1, denote

n*:C8(ns+nb+na+6s+n0pt+642+60\/g)7

where cg is given by

cg = max(V24-7p,v/28-24,192¢16,192¢17,192¢15) > 1.

Recall the definition of notations .%((0) and A, in the proof of Theorem 3.4.1. By employing

the peeling argument and following a similar line of reasoning that leads to (C.10) in conjunction
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with Lemma C.1.2 and the definition of 7, it can be shown that

P{erﬁo(&) suchthat  sup  «allg—goll2 > n*}
gG:yn(Tloptif)

1 ..
SP{ sup  sup IAn(f,g)|Z6—422’nf}, (€.18)
feFugc9,(2in./a)

where A, is defined in (C.9). Moreover, we have for each j > 1 that

1 ..
P{ sup sup IAn(f,g)|Z6—422’nf}

fETngedy(2in. /o)

12 oA (X;) 1 )
- _ J
nlzl(l E){/O V8 (a)l)dt}‘ > 1922 n*]

<P sup
8€%n(2/14)

P Ly gy [ d JLIPLINE
+ (jup ;Z( - ) /O {‘VT a),+t) IVT ; } =z 192 Up

8€%u(2/m.) 1 i=1

1 ahg (X,
2y s s (LY 0-) [ ! (vl wl+z<f>—z,-<fo>+r>—wf<co,-+r>}dr]
[€Fnged,(n) I i1 0
1
— 2%
s

=:P; +P,+Ps.

To bound Py, we choose 1 = 2/n,/a and x = 2%/u. Then, n >V,, 0 < x < nn? and

V4 e 7/ (205) 4 x/n <21, /cg. Thus, applying Lemma C.1.6 yields

< oA (Xi) ' '
%Z(l _E){/O ' Wr(wl)dl’}‘ > Cﬂ221n3} < 6_221142,

i=1 8

P sup
8€%n(2/n./ @)

which, combined with the choice of cg, further implies

Pl < 6_22ju.
Moreover, for the same choice of 1) and x, Lemma C.1.4 and Lemma C.1.5 imply that P, < e~ 2%
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2j .
and P, < 2 u respectively.

Combining the upper bounds on Py, P; and P3 with (C.18) implies

IP’{EIf € F0(04) such that sup  lg—sgol> > 77*} <3 Z o2
ge'%(nopt;f) =
<3 Z e v
Jj=1

<3(1—e N le™,

which completes the proof. U

C.1.6 Proof of Theorem 3.4.4

Following a similar line to the proof of Theorem 3.4.1, we start with the peeling argument.

To begin with, let 0, = cg(8s + 8, + Sopt + \/u/n) for given u > 1, where c9 is given by

co = max{(/8ca0/c19,v/2/c19,16c21 /c1o} > 1. (C.19)

Here, c19 and ¢y are given in Lemma C.1.7 and ¢;; is given in Lemma C.1.8. We then define

the donut-shaped sets for integers j =1,2,... as
Dnji= TP 8\ Fn(2718,) = {f € F: 2718 < |If — foll2 < 276.3,
so that we can write

P{3f € Z(8p) such that |[f ~ foll2 > 8, } < Z P{3f € Su(op) T} (C20)
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Therefore, it reduces to bounding each probability P{3f € .7, (8opt) N Py j} separately. Follow-

ing Lemma C.1.7, any f € %, ; satisfies

1927282 < ol f — foll5 < La(f) — Lal(fo)- (C.21)

We next derive an upper bound of the right-hand side of (C.21). By the definition of 8,, there

exists f, € #, such that || f,, — fo|l2 < 268,. Now, for any f € .7, (8opt) N %y, j» We have

o@(x(f) - Qa(fO)
= 24(f) — 2a(f)+ 2a(f) — 2a(fn) + Lalfa) — 2a(fn) + 2a(fa) — 2alfo)

< 24(f) — 2a(f) + Lalfa) — 2a(fn) + Lalfs) — 2a(fo) + 82

where the last line follows from the definition of .7,(8yp). By Lemma C.1.7, it follows that

20 (fn) — 2a(fo) < 4c2062. Denoting

M=

M) =+ ¥ (1~ E){pulti — 1) ~ palti~ (%)},
i=1

the earlier inequality is further bounded as

2a(f) = 2a(fo) < Ma(fn) — Aul(f) +4c2087 + 8- (C.22)
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Note that f, € .%,(2/8,) for any j > 1 because 25, < 2/8, for any j > 1. Combining this

with (C.22) and (C.21), we obtain upper bounds of the probability P{3f € .7, (0opt) N Z,;} as

P{Hf S yn<50pt) N -@n,j}

< ]P’{Hf € P, j such that A, (f,) — Au(f) > ?22153 —4cy082 — 5§pt}

gP{ sup !An<f>\z%922f83}, (C.23)
feF(28,)

where the last line follows from the choice of ¢g in (C.19) that

C : C
5 2787 2 7B (8a+ opt)” = a0 + 8

for any j > 1.

We next bound the probability P{supsc 7 (2/5,) |8 (f)] = 192282 /16}. We choose
8 =278, and x = 2%/u to apply Lemma C.1.8. Since c9 > 1, we have § > & and 0 < x < nd>.

Then, Lemma C.1.8 yields

P{ sup |An<f>rz‘ﬂ22f53}

fE€F(218,) ©
i 1 n .
—p| s |LY¥0 —E){pam-f(xi))—pam—fo(xi»}\ > g2
| feZa(206.) 1 i=1 9
- O
<P| sup _Z(l_E){Pa(yi—f(xi))_pa(Yi—f0<Xi)>}‘ ECz16<6s+\/E>
| feZ,(208,) 1 iz n

< exp(—x) = exp(—2%u).
Since cg satisfies ¢21/c9 < ¢19/16, the above probability bound yields

P{ sup |An<f>|2%922f'63}Sexp<—22fu>.
feF,(218,)
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Combining this with (C.20) and (C.23) implies

{Elfeﬂ( Oopt) such that || f — f0||2>5} (—2%u)

| A

Lo
Lol

<1 _e—l)—le—u7

—~

which proves the claim. [

C.1.7 Proof of Theorem 3.4.5

The proof proceeds by specifying each term in the error bound in Theorem 3.4.4. By the
assumption, we have Sop; < 8,. For the approximation error, we can utilize Proposition 3.2.1
since the probability measure of X; is absolutely continuous with respect to the Lebesgue measure.
Applying Proposition 3.2.1 with our chosen values of Ly and Ny, there exists a universal constant

C; > 0 such that for any fy € 57 (d,l,My, &),

log6 n

)W/(ZV“H)

O = nf. 1f = foll2 < c3(LoNo) " < C103<

Furthermore, from the choice of L and N, we have

LN < cica|LologLo|[NologNy| < 4cica(LoNp)logLologNp.

Then, it follows that log(LN) < Cpc1cplog(LoNy) for some universal constant C; > 0. Combining

this with the choice of Ly and Ny gives

1/2
5, = LN log(LN)logn < C3(cre2)¥? (LoNolog Lolog Np){log(LoNo)logn}
" vn
LoNp)log? logbn\ ¥/ 2r+1)
< C4<C]C'2)3/2( 0 (\)}ﬁ n < C5(0102)3/2 <%>
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for some universal positive constants C3 — Cs. Remark that the prefactors ¢; — ¢3 have a
polynomial dependence on #y,ax so that the prefactors Cjc3 and Cs(c; cz)3/ 2 in the bounds of &,
and s also demonstrate a polynomial dependence on #,,x. Therefore, there exists a positive

constant cjo > 0, which depends on #ax polynomially and satisfies that for any u > 1,

09(6s+5a+50pt+%> §C10(5n+\/g)~

Plugging these values into the deviation bound in Theorem 3.4.4 establishes the claim. [l

C.1.8 Proof of Theorem 3.4.6

In a similar manner to the proof of Theorem 3.4.5, we proceed to specify each term that

constitutes the bound in Theorem 3.4.1. To begin with, recall that we choose 7 as

p( n 2y (1=8p)/ (Y +&p) 1
TXV with §, =1— .
b (10g6n> & 2p—1
Then, for all sufficiently large n satisfying
n 2y*—”+ép S 1/p 1/pyp—1/2
c 2 max {vp Mo/ V) } , (C.24)
log”°n

/p

2 ~1 . .
we have 7 2 v,/ and T > ¢4. Furthermore, we have 7v, /p < n. Thus, following a similar

argument in the proof of Theorem 3.4.5 yields

2 2., 1/P 3
ns = (V;/er\/?)\/(LN) log(LN)nlog(n Wy ) < Ci(crc2)* 2\/E—(LON%Og &

log®n\ 5
< Co(cren)¥2v)/ ) ( %) »
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for some universal constants C;,C, > 0. In addition, we have
27*(1-8p)(p—1)

v ¢
B vp < VI/P 10g6l’l 274G B v]/p 10g6l’l 27*+pCp
L Py Vo A N Y\, !

and there exist universal constants C3,C4 > 0 such that

vl
. 2 6 7
5 — \/Pdlm(ﬁn)logn < C3\/(LN) log(LN)logn < Calercn)?? <log n) 7

n n n

k

logbn\ 7%
v+
SC4(0162)3/2< ok ”) " (C25)

n

where the first inequality follows from Lemma C.2.4. Regarding the approximation error 1,,

Proposition 3.2.1 implies that there exists a universal positive constant Cs satisfying

log®n

v e/ (2Y +8p)
) VgQE%(d,l,M(),gz).

M= inf [lg— goll> < e3(LoNo) 2 scsc3<
8E%n

By the definition, the optimization error Nop; < nAH, Next, we apply Theorem 3.4.4 to find an
upper bound of || f — fo|l4 for f € .7 (8opt). By the definition, Sop < N/, and following the

same argument for deriving an upper bound of the approximation 71, gives

log6 n

Y 8o/ (27 +Ep)
inf ||f— foll2 < C5€3( ) -

fE€Fu

Combining the two bounds with (C.25) and applying Theorem 3.4.4, we have for any fy €
H(d,1,My, ) that

logbn\ 7 &/ CY +5)
P| sup ||f—fo||2zcé{max(v,i/",l)-(ﬂ) ; %} <o,
FE€Z (Bopt) n n
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where Cg has a polynomial dependence on fyax. Since || follo < Mo and || f|| < My for any

f € %,, this implies

log”n

y 6\ TS
P| sup Hf—fo|rizzMo~c6{max<vp",1)~<T) +\ﬁ} <ot

€7 (8opt)

Finally, under the scaling condition C.24, we have

/P < < /2P Vi 1p) [ u
(vp +f\/> \/_\/> Vo g Ay aag) = VP G

Putting the pieces together into the bound (3.15), there exists c¢1; > 0 with a polynomial depen-

dence on #p,x satisfying

+max{v;/(2p),l}

]P’{ sup ollg—goll2 > crr | mp
FE€Z1(0opt), 8€ Tt (Mopis f)

This concludes the proof of the claim. [

C.1.9 Proof of Theorem 3.4.7

To apply Theorem 3.4.2, we follow a similar line of argument in the proof of Theo-
rem 3.4.6. To begin with, from the choice of L and N, there exist some positive constants

C1,C, > O satisfying

LN)21og(LN)]1 LoNp) log?
v — \/( P log(LN)logn _ (. (. 13> (Lolo)logn
n N
6 T
log n) 7

n

< cg(clczﬁ/z( (C.26)
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Given that n is sufficiently large so that V,, < 1, we have

v&p
_ log® s

n
logtn\ 7%
v
< 2C2(C162)3/2 max (V;/p, 1) . <M) ' .
n

Furthermore, Proposition 3.2.1 implies

log®n

Y

v Ep/ 2y +Ep)
Na < C3¢3 ( )

and the optimization error satisfies Nop; < nLS. Turning to deriving a high-probability bound of

Hf_f()”4 fOff € LSﬂ(éopt), note that 80pt < anzJS and

inf ||f—f()||2§C4C3 VfoE%(d,l,Mo,@).

f€Fn

(10g6l’l) Vkép/(zf+§p)

Combining these two bounds with (C.26), Theorem 3.4.4 implies that there exists a constant Cs

with a polynomial dependence on i, satisfying

6.\ V& /(2r +&p)
IP’[ sup Hf—f()]|22C5{max(v;/p,l)~(log—n) —i-\/g}],ﬂex

€S (Sopt) n

for any x > 1. Taking x = n- u{log®(n)/n}2Y"%/(2¥"+%) > n1/P in this bound and recalling the
boundedness of .%,, and fj, we further have

10g6n) Y*ép/(zf}ﬁ‘f‘éﬂ)} < e_nl/p

FES (Sopt) n

IP’{ sup || f — foll3 > 4CsMov/u - max (v;/p, 1) (

Remark that it suffices to consider the case u < n?. Otherwise, the deviation bound becomes
trivial by the uniform boundedness of gg and %,,. Then, putting the pieces together and applying

Theorem 3.4.2, there exists a positive constant cjp with a polynomial dependence on #,,x, Which
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satisfies

_av2 . _pl/ 1
P sup allg—goll2 > cra-untS| S e e 4 —
feyn(aopt)ygeﬁz,r(nopﬁf) u
1
< oCon'? L
Se + >
<L 1
~u2r o oyp
<1
for sufficiently large n and 1 < u < n?. This proves the theorem. [

C.1.10 Proof of Theorem 3.4.8

By following a similar argument as presented in the proof of Theorem 3.4.6, the theorem

can be readily derived from Proposition 3.2.1, Theorem 3.4.5 and Theorem 3.4.3. O]

C.1.11 Proof of Proposition 3.2.1

The following ReLU network approximation result for the function class .78 ([0, 1]¢, My)

plays a crucial role in the proof of Proposition 3.2.1.

Lemma C.1.9 (Theorem 3.3 in Jiao et al. (2023)). For any Cy > 0, assume f € 7P ([0,1]4,Co)
with B =r+s,r=|B| € Ny and s € (0,1]. For any Ly,Nyp € N and 6 € (0,1/(3B)] with B =
[(LoNo)?/4], there exists a function ¢ € Fpnn(d, L, N) with depth L= 21(r+1)?Lo[log,(8Lo)]

and width N = 38(r+ 1)2d" "' Ny[log, (8Ny)] such that
(%) = 9 (x)| < 19Co(r+1)2a"*PYD2(LoNg) 2P 14

for all x € [0,1]9\ Q([0,1]¢,B, §), where

d B—1
o([0,114,B,8) = | J {x: (X1, ,x)" €[0,117: x5 € (b/B—S,b/B)}.
b=1

J=1
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We also need the following lemma which is derived from the discussions in Section B.1

of Fan et al. (2022).

Lemma C.1.10. Assume that g; € %pnn(d,L;,N;) for 1 < i <t for some r € N and h €

ZpNN(t,L,N). Then, we have

t
h(gi,....8) € Fonn | d,L LNV 2N ).
(81---+81) DNN( L ; ’)

The proof of Proposition 3.2.1 is based on and refines the argument presented in the proof
of Proposition 3.5 in Fan et al. (2022). The primary distinction lies in the use of Lemma C.1.9,
which results in a polynomial dependence on #,,x for the prefactors in our approximation bound
and the width N. In contrast, the approximation error from Proposition 3.5 in Fan et al. (2022)
exhibits an exponential dependence on t,,,,. Furthermore, the proof of Proposition 3.2.1 requires
a more delicate analysis to manage unfavorable subsets in which the approximation bound is not

valid.

Proof of Proposition 3.2.1. To begin with, define fnax = sup(g ;e » B and tmax = sup(g e -
We first show that there exist positive constants ¢ — ¢3 that depend on d polynomially such that

for any fy € 7 (d,l,My, &) and & € (0, 1), there exists a neural network
f* e Zpnn(d,c1[LologLy],ca[Nolog Ny, M)
such that
fo(x) — £*(x)] < c3(LoNo) ™" forall x € [0,1]9\ &y, (C.27)

where Z¢ C [0, 1]¢ is defined below and the Lebesgue measure of = is less than .
STEP 1. CONSTRUCTION OF NEURAL NETWORKS. For a fixed fy € 52(d,l,My, &) with

[ > 1, we denote hgl) (x) = fo(x). By the definition of ¢ (d,l,My, &), hgl) (x) is recursively
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computed consisting of various hierarchical interaction models at level i € {1,...,/ —1}. Let R;
denote the number of hierarchical composition models at level i, which are necessary to compute

hgl). For each level i € {I,...,l}, we denote hﬁ-i) :R? = R to be the j-th (j € {1,...,R;})
(i)

J
: 0 G N G
on functions at level i — 1 through a function gﬁ.’) e AP (R, My) with (ﬁ;’),tj(-l)) € &. Then,

hierarchical composition model at the i-th level. From the definition, each function /" depends

hgl) is recursively described as

) =¥ (h(i._l) PG R >(x)> (C.28)

j—1
i1l

forje{l,...,R;} andi € {2,...,l}, and

1 1
h§- )<x) :g§. )<le"“7xjt(1)>
J

for some {ji,....jm} C{l,...,d} and x € [0, 1]¢. Furthermore, we can recursively calculate
j
that
RSy
R;=1 and R = thj for i {1,...,1—1},
j:

sothat R; <rl—i foric {1,...,1}.

To approximate fp, we construct a sequence of deep ReLLU neural networks, approxi-
mating the sequence of functions hy) . For the given &y, we start withi=1and j € {1,...,R; }.
Note that it suffices to approximate each function gg.l) on the domain [0, l]tf(‘l). Define Bgl) =
((LONO)z/ ’1('1)1 and choose

5" = &/ (31 Rutl"'BY) € (0,1/(38)).

By applying Lemma C.1.9 with Cy = My, = [3}1) and 6 = 6}1), there exists a function ?jl) in
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QDNN(tﬁl),LSI),Nﬁl)) with some Lﬁl),Nj(l) € N such that

BTIOp0 -
|§§1)(}’)—g§(}’)‘ SCJ(I)(LONO) 251 SCﬁl)(LONO) 2 (C.29)

1

(1) (1) (1) (1
for all y € [0,1]% \ Q([0,1% B, ulM), where ¢{!' = 19| | + 124 15"/ and

J j

Q is defined in Lemma C.1.9. Here, the last inequality holds by the definition of y* and
recall that & € [1,00) x NT so that ﬁ;l) > 1. Remark that for any r € N,L; < L, and N} <
Ny, Zpnn(t,Li,N1) C ZpNn(t, Lo, N2). Therefore, we can regard g‘jl) to be a function in

ﬁDNN(lJ(-I),LI,N/), where
L' =C\[LologLy| and N' = C5[NylogNo]

with C; = 63(| Bmax | +1)% and C3 = 114(| Bmax | + l)ztﬂz&a’d“. Remark that the range of gﬁ.l)
-

may not be contained in [—Mj, Mp]. To correct this, we truncate each neural networks g jl) as
1 : 1 1
§§- )= max[mln{g{j )(2), Mo}, —My) = 6(2My — (M —§§- )(Z))) — Mo,

where o (+) is the ReLU activation function. Note that if g € #pnN(t,L1,N;) for some ¢,Ly,N; €
N, then for any a,b € R, ac(g) + b € Fpnn(t,L1 + 1,N;). Therefore, :gﬁ.l) € 9DNN(t§l),L’ +

2,N’). Now, we define

Zgl)(x) :?jl) (le,...,xj(l)) for x € [0,1]¢.
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Since [|g\"||.o < Mo, (C.29) implies that

< C3(LoNo) " (C.30)

for all x € [0,1]4\ EE.I), where C; is defined as

C3 =19- 2LﬁmaxJM$ﬁmaxJ+l(LﬁmaxJ + 1)2t1%€r;1axJ+ﬁmax/2.’ (C3l)
and
tgl) B(il)_1
5= {x: (v1,exa) € 0,11 e U (o/B) —5,b/B§1)>}.
k=1 b1

Note that the Lebesgue measure of UflzlEg-l) is not larger than &y/(31).

Next, we recursively construct a neural network Zy) forie{2,...,l}and j€{1,...,R;}

to approximate hg.i). Suppose that Z&i_l) is defined for j/ € {1,...,R;_1}. Define Bg.i) =
0) , :
((LONo)z/ /'] and choose 5}’) € (0,1/ (385.1))] to be determined. Note that it suffices to ap-

i (@)
proximate ggl) on the domain [—My, Mo’/ . Define the function

i)

i i (
3 (2) = 8V (2Moz— My) for z€ (0,17 .

) a4 .
,2ﬁf Mf’ ), and satisfies

1

. (i) . o gl !
Then, it is easy to see that g is contained in " ([0,1]"J

J
i _(i) (¥ +M, (@)
85)(}’) :gﬁ-) (yZTOO) for y € [~Mo,Mo]" . (C.32)
B 41

(@ i i . :
Applying Lemma C.1.9 with Cy = 2P) M, ,B=pB ]( ) and § = 5]( ), a similar argument as in
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the case of i = 1 gives a function (é(j) € Zpan(t; e ,L',M’") such that

87 (2) -3 (2)] < C3(LoNo) 2"

l

forall z € 0,117\ (0,11, B, 5

§ ;0 ). To ensure that the range of the approximating neural

30

network is in [—My, Mp], we truncate g ; as
g\ 1= max[min{3g" (), Mo}, Mo = o(2M — (Mo — & (2))) — Mo,

SO that§§) SEZUSN(S g ,L'+2,N'). Also, by (C.32), we have

) (YTMo\ ) (y+Mo < Ca(LaN) 2T
g; <—2M0 ) g; <—2Mo < C3(LoNo) (C.33)

()
forall y € [~Mo,Mo]'/ except the small subset. Now, we construct a neural network as

= ltk +1 i—1 1k

2M, T 2M,

(-1 (-1
i (g ry
X)) = .
J J ’

which approximates hg.i) defined in (C.28). To determine the value of 51@ given neural networks

o~ ; 0]
hEl, D for 1 < j' <R;_1, consider the map ry) :[0,1]9 = R’ defined as

i 1) ~i—1)
r(i) (x) . th 1 k ( )+M0 hZi:ltIEi) (x) +M0 for x € [O 1]d
; = 2MO gy 2MO ) .

(i)

Then, we choose &' i

such that the Lebesgue measure of U R Egl) is less than &y//, where

== (") (@(po,11 B

The existence of 5}1) is guaranteed, as each ry) is a continuous function. Finally, we set a neural
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()

network f* = h;’ recursively, which approximates fy. Remark that by the definition, we have
| £*]le < My. Also, denoting

=0

)
‘—‘O_Ul IUlel Jj

it follows that the Lebesgue measure of & is less than &y by construction.
STEP 2. CALCULATING WIDTHS AND DEPTHS. To calculate the width and depth of f*, we
7@

sequentially specify width and depth of h ./ fromi=1toi=1. Fori= 1, from the construction of

-~

h&l) , we have Zg ) e JDNN( ¢ ,L'+2,N"). Recursively, for 2 < i <[, combining Lemma C.1.10
with the inequality R; < '~ implies that h( ) e SZOSN((y 49 (L' +2),ti L N"). Therefore, we have

e Z(d,L,N), where the depth L satisfies
I(L'+2) <ci[Lologly] =: L
with ¢ = 2IC}, and the width N satisfies
= IN' < e3[NologNo] =: N,

where c; = t/-1C;.
STEP 3. CALCULATING APPROXIMATION ERRORS. Now, we calculate the approximation error

bound of f*. To this end, we show by induction on i that

A () — 1) (x)] < C (Mot + 1)~ (LoNo) ™ for x € [0,1)\ Z. (C34)

Starting with the case of i = 1, (C.34) holds for j = 1,...,R; by (C.30). Suppose that (C.34)

holds for some i — 1 and every j = 1,...,R;_. Denoting

w—(MFU (@wwﬁimﬁm)mmwz<ﬁF” (@,w%fWJ@)

i
Yie ltlgl i1t ¥ tk S+ i1t
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we have that for any x € [0,1]¢,

)= [ () ()
(%) (%) ()40 ()

Now, (C.33) gives that

A@(W%—Mg) B _(.i)<W+M0>‘ < Cr (LN =27
‘gj Mo & "oy < G3(LoNo) ™,

when x € [0,1]¢\ Zo. Moreover, note that &2 C [1,00) x N so that g(i) is Mp-Lipschitz by the

J
definition of the Holder function class. Therefore, when x € [0, 1]¢\ Z¢, we have

()

(5 (") - )

< Mo|[w — w2

1/2 y~

< Motal2 (1+ Motl2 )2 C5 (LoNo) 2T,

max

where the last inequality follows from the induction hypothesis. Together with earlier inequalities,

we have for x € [0,1]%\ ¢ that
Y (x) — hﬁ-") (x)| < C3(LoNo) ™ "’MOtrln/a%((l +Motr£1/a%<)ifzc3 (LoNo) 2"

< C3(1 4 Motal2 )Y (LoNo) 2

Therefore, inductively, we have
) (LoNg) ™2

max

1£x) — folo)| = 1) (x) =1 ()] < C3(1+ Mot

=3
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for any x € [0,1]?\ E¢, which establishes the claim. Remark that from the definition of C;
in (C.31), c3 also has a polynomial dependence on fy,x.

To complete the proof, fix a function fy € J(d,l,My, &) and € > 0. Since the given
measure U is absolutely continuous with respect to the Lebesgue measure, there exists 9y € (0, 1)
satisfying that any measurable set & whose Lebesgue measure is less than &y satisfies u (&) < €.
Then, there exist a measurable set £( whose Lebesgue measure is less than &y, and a neural
network f* € Zpnn(d,ci[LologLo],ca[NologNo|,Mp) which satisfies (C.27). Therefore, it

follows that

{/[o,l]d |fo(x) —f*(x)p“(dx)}l/z

A it oo} ] [ o wPuen

<c3 (L()N())_z}fk + 2M0€1/2.

1/2

Since € is arbitrary, this completes the proof. 0

C.1.12 Proof of Proposition 3.4.1

For simplicity, we only consider the case when 7 = 0.5. Also, we assume that X;
follows the uniform distribution and &; is independent with X; and follows the normal distri-
bution .#'(0,6?) with 62 = (27p?)~!. Remark that Pex,(0) = p. When t* < d, we have
AP ([0,117,My) C A (d,1, P, M), which implies

inf  sup  E[fy—foll2 > inf sup El|fu — foll2-
Jn foe(d 1,22 ,My) Jn f0€e7fﬁ*([0,1]’*7M0)
X~Py X~Unif([0,1)9)

242



Here, the supremum on the left-hand side is taken over all data generating processes (X,Y)

satisfying
Y=/ (X) + €,

where fy € 7(d,l, 2?,M), and the quantile regression noise € satisfies P(€ < 0|X) = 0.5 and
Condition 3. The supremum on the right-hand side is taken over all data generating processes
(X,Y) with fy € 2P ([0,1]"" ,My) and & ~ .#(0, 2). Then, applying Theorem 3.2 of Gydrfi et
al. (2002) establishes the claim. ]

C.2 Proof of Technical Lemmas

We frequently utilize Talagrand’s inequality throughout the proofs of technical lemmas
to obtain non-asymptotic bounds of suprema of empirical processes. The following refined
Talagrand inequality is derived from Theorem 7.3 in Bousquet (2003) combining with the basic

inequalities that vVa+b < \/5—|— Vb and 2/ ab <a+b forany a,b > 0.

Lemma C.2.1 (Talagrand’s inequality). Let Xj,...,X,, be i.i.d. random variables from some
distribution Py and .7 be a measurable class of functions such that Ef(X) = 0 for any f € .Z.
Assume sup ¢ 7 || f|l < A and let ¢ be a positive constant such that o2 > sup ez E F2(X;).
Then, for any x > 0,

<e .

n 3n

2x  4Ax
+04/ —+—

We next introduce the definition of uniform covering number followed by Lemma C.2.2

which bounds the uniform covering number of a function class with the finite pseudo dimension.

Definition C.2.1 (Uniform covering number). Letn € NT and % = {f : 2" — R} be a function

class. For a given € > 0, the uniform covering number under L.-norm for the function class .7
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is defined as

Ne(€,%,n)=  sup N(&,.F
(X1 yenesXn ) EZ

XlyeesXn || ' ||°°>7

where 7|y, v, = {(f(x1),....f(xn))" : f€ F} CR" and N(e,#,|| - ||) is the €-covering

number of a subset #° C R” under the supremum norm || - |e.

Lemma C.2.2 (Uniform covering number bound). Let .# be a set of real functions bounded by

A > 1 with finite pseudo dimension Pdim(.%) < eo. For any € € (0,A), we have
log No(€,.% ,n) < Pdim(.%) -log(enA/¢€).

Proof. By Theorem 12.2 of Anthony and Bartlett (1999), we have

PAmM(F) /N /AN
No(e..n) < < )(_)
1 ' €

= 1

Therefore, when n > Pdim(.%), it follows that N.(&,.7,n) < {enA/(ePdim(.%)}FPdm(F) 5o

the inequality holds. Meanwhile, when n < Pdim(.% ), we have

ernsg ()2 (-2

which establishes the claim since € € (0,A). O

~

We also need the following maximal inequality to prove technical lemmas.

Lemma C.2.3 (A maximal inequality (Chernozhukov, Chetverikov and Kato, 2014)). Denote
S=10, l]d x R and let .% be a measurable class of functions S — R, to which a measurable
envelope F is attached. Assume that ||F ||, < oo and let 6% > 0 be any positive constant such that

sup re 7 Ef (X, €)? < 62 < ||F||3. Furthermore, we assume that there exists constants A > e and
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v > 1 such that sup, N(g[|F[lg.2,7, | - [lo,2) < (A/€)” for any O < & < 1, where the supremum
is taken over all n-discrete probability measures Q on . and N(&,.Z#, || - ||02) is the €-covering

number of .% under the L,(Q) norm. Then,

AlIF|2\ | VIIF]2 AllF |2
< o4/vl 1
} ~ \/v Og( o + Vn 08 o ’

1 n
E = Yi7Xi —E Yi7Xi
{;;1; \/ﬁi;f( ) —Ef(Y;,Xi)

where F = max; <<, F(X;, &).

Finally, the next lemma bounds the pseudo dimension of the class of deep ReLLU neural
networks, which allows us to apply Lemma C.2.2 when .% is a class of ReLU deep neural

networks.

Lemma C.2.4. Let .% = Zpnn(d,L,N,M) be the function class of deep ReLU neural networks

truncated at M > 0. Then, it follows that
Pdim(.%) < (LN)*1og(LN).

Proof. Proof of Lemma C.2.4. Denote W to be the number of all parameters of the network
ZpNN(d,L,N). Then, we have Pdim(.#pnn(d,L,N)) < WL1log(W) by Theorem 7 of Bartlett ef

al. (2019). Since W < LN?, it follows that
Pdim(Zpnw(d,L,N)) < L2N?log(LN).

To calculate the pseudo dimension of the truncated neural network, note that the truncation
function Zj(-) is a non-decreasing function. Therefore, applying Theorem 11.3 of Anthony and

Bartlett (1999) completes the proof. [
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C.2.1 Proof of Lemma C.1.1

To begin with, we fix real-valued functions f and g. By the definition of the joint excess

risk, we can represent % as follows:

K (f,8) = ELe(Zi(f) — ag(X;)).

We first derive the lower bound of the excess joint risk %Z;. Recall that ¢, = yr, and y;
is absolutely continuous and has a derivative W.(r) = 1(|t] < 7). From the fundamental theorem

of calculus, it follows that for every a,b € R,

Ce(a+b) —tea) = %(a)b+/0b W (a+1)(b—1)dt.

Therefore, denoting A4 (X;) = go(X;) — g(X;), it follows that

K (f,8) = ([ 80) = Ble(Zi(f) — 00g(Xi)) — Elr(Zi(f) — 0tgo(Xi))

= E{y:(Zi(f) — ago(X)) - 0y (X))}

-~

oAy (X;)
/OA(X VL(Zi(f) — ago(Xi) + 1) {aAg(X;) —t}de| . (C.35)

. 7

=:1I

+E

We next bound I and II separately.
We first bound the term 1. Let Ey,; be the conditional expectation given X;. Observe that

we can write

Ex { ye(Zi(f) — ago(X:) } = Ex,{ y=(Zi(f) — ago(Xi)) — ye(@i) } +Ex,ye (). (C.36)

To bound the first term on the right-hand side of (C.36), the fundamental theorem of calculus
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and the definition of ®; in (C.1) imply

Ex,{w:(Zi(f) — ago(Xi)) — ye(@r) } = EX{/()Zi(f)—zi(fo)%(wi+l)dt}

Zi(
:ETXZ[/O {1— (Joi+1| > }dt} (C.37)

Denote Ar(X;) = fo(Xi) — f(X;), and pg,x, to be the conditional density function of &; given X;.

Then, we have

Zi(f)=Zi(fo)
EX,-{ /0 1 dt} = IEX[{Z,-(f) —Zi(f())}

= E[{Si —}—Af(Xl')}]l{Si < —Af(X,')} — (XAf(Xi) — 8,‘11(8,‘ < 0)}
Ar(X;) 0
= /_w {t +Af<Xi)}p£,|Xi(t)dt - /_wtps,-|Xi(t)dt - aAf(Xi)

—Ar(Xi) —Af(X;)
= [ b a8 [ pepnar,

where the last line follows from the model assumption P(g; < 0|X;) = a. Combining this with

Condition 1 gives

Z(f)~Z(fo)
Exi{ / 1 -dt}
0

To establish a bound of the remaining term on the right-hand side of (C.37), we find an upper

2

<Plaxy. ca®)

—Ap(X)
- ‘/0 {1+ A7 (Xi) } peix, (1)de

bound of Z;(f) — Zi(fo). We first assume that A¢(X;) < 0. From the definition of Z;( ), we have

|Zi(f) = Zi(fo)|
= [{¥; = FXDIL{Y: < (X))} = Y = fo(Xe) }1{Y; < fo(Xe)} + o {f(Xi) — fo(X0) }|

< {Ar(X)}L(Y < fo(Xo)} +{Yi— F(X)}L{fo(X) < Y: < f(X)} — adr(X:))|
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where the first inequality follows from the assumption A¢(X;) < 0 and the second inequality is

derived from the following inequality

Sfo(Xi) — f(X;) <{Yi— f(Xi)}1{ fo(X;) <Y; < f(Xi)} <O.

Exchanging the roles of f and f; gives the same inequality when A((X;) > 0, leading to

\Zi(f) = Zi(fo)| < |Ar(Xi)| = | (X)) = fo (X)) (C.39)

Therefore, we have

2(0) -2 fy)
EX,{/ (|41 > ‘C)dt}
0

A
/ 1(|wi+1t| > T)dt}
0
1A (%)]
/O (@] > 1/2) + 1(1Ap(X)| > T/Z)dt}

(C.40)

Il
=
2
S~
=
2
=
[
e
V
3}
~
N
o
-~
——

where the last step follows, provided T > 4Mj so that |A¢(X;)| = | f(Xi) — fo(Xi)| < 2Mp < 7/2.

By Markov’s inequality and Condition 1, it follows that

Ex (@) _27v,

Pl > ¢/20%) < = < P

(C.41)

Combining this with Fubini’s theorem gives

Zi(f)—~Zi(fo)
Exi{/ ]l(|a),-+t|>17)dt}
0

2Pv, 2P~2y,
< —p 1A (X))l < —5

where the last inequality follows given T > 8 M. Finally, for Ex.{ y;(@;)}, note that |y (¢) —t| =

248



(|t| —7)1(|t| > 7). Since Ex,(w;) = 0, we obtain

Ex{we(@)}] = [Ex{ (o) - oi}|

<Ex{(loi| - 1) 1(lay| > 7)}

]EXi(|wi|p) < Vp

S— o1 ST (C.42)
Putting the pieces into (C.36), we have
Ex el o)} < 2000+ 2o
which, combined with Holder’s inequality, further implies
2r=ly,
1< allg—soll (217 ol + 252 ) 43

when T > 8M,.

We next turn to bound II. By the definition of ¥ and ®;, we have

alg(X;)
nzﬁ[ [ 1020 - aso) 41 < 2 (gl )—r}dr}

alg(X;)
—u{ [ 1= 1l 20 - 20 411> ) (o)~

Furthermore, |Z;(f) — Zi(fo)| < |f(Xi) — fo(Xi)| < 2Mp from (C.39). Therefore, we obtain

s [ 1= 1l 200~ 20+ > 9] sy 0) 1)t

oA (X;)
> B { [ (11001 £/2) - 114,001 +losy ()] > 7/2)] %)~ ) |
:]EX,{/OOCAK(X") [1—1{|oi] > 7/2} ] { @Ay (X )—t}dt} (C.44)
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as long as T > 8M,. By Markov’s inequality and Condition 1,

2Py 1
IP)(|0),'| > ‘L'/2|X,') Tp < A

[\)

provided that 7 > 2(2vp)1/ P Therefore, taking the expectation, we obtain

2
N>E| o 2 14(% }{1— (lwi\>f/2rxi>}}zE[“Z{Aj(X">} ]zo‘z”g;go”%, (C.45)

as long as T > max{8My,2(2v,)"/7}.

Combining (C.43) with (C.45) yields that when 7 > max{8Mj, 2(2vp)1/ Py,

o? 5 2r=ly
K1 (f,8) — %:(f,80) > T||8—g0||% - OCHg—gon(ng—fonsz Tplp)-

Next, we derive the upper bound of the excess joint risk. From the decomposition (C.35),

we have the upper bound of the term |I| as in (C.43). In addition, 0 < y(-) < 1, so that

alg(X;)
n=g| [y - ason) +fan(x >—r}dr]

oA (X;) o 5
<e| [ {an0) -yt = S g~ solB: (C46)

Therefore, we obtain

'%T(fag) _'%T(fag()) S E

oA (X;)
/0 Vi(Zi(f) — oego(Xi) +1){ aAg (X, )_t}d,]

HE{% (Zi(f) — ago(X Xi)}|

2*1v
<—Hg gol3+allg— gol!z(-l!f pli+ 2 )

which completes the proof. ]

250



C.2.2 Proof of Lemma C.1.2

The proof follows a similar structure to that of Lemma C.1.1 with the exception that we
employ more refined bounds for (C.41) and (C.42) by utilizing the sub-Gaussian property of @.
Recall that Ey, represents the conditional expectation given X;. By Markov’s inequality,

we have

P(|ax| > 7/2|X;) = P{exp(@; /07) > exp(1*/(407))|X;}

< e Uy {exp(@? /of) } < 277 /1490), (C47)

where the last inequality follows from Condition 2. To find a refined bound of Ey, y(®;), note

that xe* /2 < & for any x > 0. Since Ey,w; = 0, it follows that

|Ex, we(0r)| = [Ex,{ we(@y) — o} | <Ex {|oi]1(|ay| > 7)}

= 00Ex, {| @/ 00|1(|@i/ 0| > T/00) }

w? v
= opEx, |:|(Di/60|1 exp <2c;2) > &Xp (fﬂ) H
0 0

2
05
0

< 6oe T/ %) By {exp(w?/o2)} < 20pe T/ (2%). (C.48)

Based on these two bounds, we prove the lemma. Provided that 7 > 4M;, (C.40)

and (C.47) give

Zi(f)—Zi(fo) |Af(X:)]
Exi{/ ()@ +1] > r)dt} gEX,{/ 1(|ay| > r/2)dt}
0 0

< 2¢7 /%) |A (X))

< 4Mpe 10D
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which, together with (C.36), (C.37), (C.38) and (C.48), further implies

IE{y:(Zi(f) — ago(X:)) - atg(X;

N2

i

If = foll3 + (4My + 2oo)efz/(2"5)}. (C.49)

\SRlasT

Sak—@h{

Next, we have from (C.44) that

ahg(X;)
E[ [ 1020~ s + 1 < 7 ang(x >—r}dr]
0
>E{ l/mx{l— (Joi| > 7/2) H{aAg( )—t}dt]}

as long as 7 > 8My. By (C.47), note that P(|e;| > 7/2|X;) < 1/2 provided that T > 206y+/log4.

Therefore, the earlier expectation bound is further lower bounded as

OCAg(Xi)
E[ / 1) - o) +1] < THady(X) 1|
0

Together, this bound, (C.49) and (C.35) give the lower bound of joint Huber loss.
For the upper bound of joint Huber loss, combining the decomposition (C.35) with (C.46)

and (C.49) yields the upper bound. O

C.2.3 Proof of Lemma C.1.3

Recall the definition of @; in (C.1). Denote

mg(Xi,Si) = Ag(Xi)lI/T(wi)
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for any g € ¢,,. From the definition of y;(-) and the boundedness of g € ¢, and gy, we obtain

sup |my(Xi, &) = sup |Ag(X;)|-T < 2Mpr,
8E%(n) 8EYu(n)

which further implies sup,cq () [mg (X, &) — Emg(X;, &) < 4Mot =: A. Moreover, since

(@) < |ajl, it follows that

2
sup E{mg(Xi, &)} < sup E{Aéz,(Xi)a)iz}
8€%n(n) 8€%n(n)

< vlz,/p sup E{g(X;) —go(X;)}?
gG%(n)

2/pn2,

where the second inequality follows from Jensen’s inequality. We thus have

sup E{mg(X,-,sl) Emyg (X, &) } < sup I[E‘,{mg(X,,,s‘l)}2 < vz/pnz— o’
8€%n(n) g€%(n)

Denoting E(n) := Esupyeq ) LY mg(X;) — Emg (X)),

22E<n>+6,/%+@}gex ©50)
n 3n

S

1
; Z mg(Xi, 8,') — Emg(Xi, 8,')
i=1

]P’{ sup
g% (n)
for any x > 0.

To establish an upper bound of E (1), we first find an upper bound of the uniform covering

number for the function class .#,(n) := {m, : g € 4,(n)}. For any g,g’ € 4,(n), it follows that

[mg (Xi, &) — my (X, &)| = |wr(8){Ag(Xi) — Ag (X)) }] < Tlg(X) — &' (Xi)]-
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Combining this with Lemma C.2.2 and Lemma C.2.4 yields

log Neo(€, (1), n) <1ogNo(€/(7),%,,n)

~Y

< log (%) (NL)?log(NL). (C.51)

Now, let F(X;,¢&) := 2Myt. Then, F is an envelop function of the function class .#,(n).

Denoting F := max<;<, F(X;, &) = F, we have
IFllg2 = [IFll2=2Mot, and |F|l2=2Mot
for any n-discrete probability measure Q. Therefore, for any n-discrete probability measure Q,

logN(g||F|

en
02201 l02) < Tog N (el o2 ,(1),m) 5 (LN Tog(LN) g ().

Combining this with Lemma C.2.3, it follows that for any 1 > 1/n and 7/ v;/ P>,

n

log(LN -2M LN)?1og(LN) - 2M, M
E(n)SG-LN\/ og( )log (en OT) +( )~log(LN) OTlOg (u)
n

2
< {V;/pn N log(LN) log ( lr;;rj ) N (LN) log(LN)‘L'log ( IrZ ) }
n v,''n n v, 'n

—1 -1
< {Vzly/prl -LN\/IOg(LN) loi(nzfvp /p) N T(LN)zlog(LNilog(nzrvp /p)}

1
= (Vp/pnvn,T,Vp + TVnzaTvvp).

Therefore, there exists a universal constant C; > 0 such that
1
E(n)<Ci-n (Vp/p V)V,

for any 11 > max(y/TVy.z,v,, 1/n). Also, if 0 < x < nn?/7, we have tx/n < 11/7+/x/n. Putting
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the pieces together in (C.50), there exists a universal constant ¢s > 0 such that for any 7/ v;/ P>

1,n> max(\/?Vn.‘T’vp, 1) and 0 < x < nn?/z,

IP’{ sup
8€%n(n)

which completes the proof. 0

1 n
- Z(l —B)mg(X;,&)| > c15-n(vy/" +/7) <Vnmvp + \/g) } <e,

i=1

C.2.4 Proof of Lemma C.1.4

For each g € ¢,(n), define
OCAg(Xi)
mg(X;, &) ::/0 {ve(wi+1) — ye (o) }dr,
and let #,(n) :={m=mg: g € 4,(n)}. To employ Lemma C.2.1, note that

sup |m(X;,&)| = sup

A (X;)
/ {ve(wi+1) — e (o) }dr
me.#,(n) §€Y(n) 170

ahg(X;)
/ |t|dt
0

where the first inequality follows from the Lipschitz property of y(-). Thus, we have

< sup < 2052M§,

8€%u (M)

sup |m(X;, &) —Em(X;,&)| < 40>M3 =: A.
meMu(N)

Also, by the Lipschitz property of y:(-) and the boundedness, we have

) oA (Xi) 2
sup E{m(Xi,&)} = sup E[/ {yr(wi+1)— ye(w)}dt
me () ge%(n) LJO
A (X;) 2 4
< sup E{/ g |t|dt} = sup SE{g(X) - go(X)}’
8€%(n) 0 gcu(n) 4

2
<oa'Mj sup E{g(X;)—go(X)} < a*Min?,
8% (n)
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which further implies

sup  E{m(X;,&) —IEEm(X,-,S,-)}2 < sup ]E{m(X,-,S,~)}2 < o*Min? =: o>
meMu(N) me.Mn(N)

Then, applying Lemma C.2.1 yields

1 n
p Y m(Xi, &) —Em(X;, &)
i=1

2x 44
JP{ sup 22E(n)+6\/—x+3—x} <e™  (C52)
me%ﬂ(n) n n

for any x > 0, where E(n) = Esup,,c 4 ) In7 1Y (1 -E)ym(X;, €)|.
We follow a similar argument as in the proofs of Lemma C.1.3 to derive a bound of E(7).
By the Lipschitz property of y;, we have for any g,¢’' € ¢, that

aAg(Xi)
/ {ye(@i+1) — ye(@;) bdr
OtAg/(Xi)

aAg(Xi)
< ‘ / |t|dr
OtAg/(Xi)

< 202Mo|g(X;) — &' (X0)|.

mg(Xi, &) —mg (X, &)| =
|mg g

2
— L (a)P — {8

Together with Lemma C.2.2 and Lemma C.2.4, we obtain for any 0 < € < 4052M§ that
10g Noo (€, A, (), 1) < 10gNeo(€/(202My), %, 1) < (LN)*log(LN)log(4a*M3ne /€).
We choose an envelope function F := 4a2M§. Then, for any n-discrete probability Q,

logN (|[Flg.2,#u(n), ]| l02) S (LN)*log(LN) log(ne/¢).
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Thus, by Lemma C.2.3, we have

1 LN 4a2M2 LN 21 LN '4(X2M2 4a2M2
E(n)gc-LN\/Mlog(en G o)+( )*log(LN) Olog(enTO)

n n

< az{n ~LN\/Mlog (@) +Mlog (@)}
n n n m

< 2NV, +V3),

as long as 1 > 1/n. Thus, we have E(n) < o?n -V, for n > V,. Also, if 0 < x < nn?, then
x/n < n+/x/n. Putting the pieces together in (C.52), there exists a universal constant cjg > 0

satisfying

'ya-m [ / " () w(w,-)}dr]

> c160°M (Vn + \/g) } <e*

for n > V,,. This establishes the claim. 0

C.2.5 Proof of Lemma C.1.5

For each given g € ¥%,(n) and f € .%,, define

aAg(X;)
myo(Xi, &) = /() {v/f(a)i+Zi(f) —Zi(fo)+1) — l[lf(a)i—l-t)}dt,

and let #,(n) ={m=my,: f € F,and g € 4,(n)}. Then, we need to find a high probability

bound of the following empirical process,

n

Z(l — E)m(Xi, 8,') .

i=1

S| =

sup
meMu(N)
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To apply Lemma C.2.1, it follows from the bounded property of .%,,%,, fo and g¢ that

sup |m(X;,&)| = sup sup

(XAg(Xi)
/ {we(wi+Zi(f) = Zi(fo) +1) — we(wi+1) bdr
meMy(N) f€Fnge%n(n) 0

< supsup alAg(X))|f(Xi) — fo(Xi)| < 4aMg,
feF,ge%,(n)

where the first inequality follows from (C.39) and

\We(0i+Zi(f) = Zi(fo) +1) — we(@;+1)| <|Zi(f) = Zi(fo)-

Therefore, we obtain sup,,c 4, ) [m(Xi, &) — Em(X;, &)| < 8aM? =: A. Moreover, it follows

from (C.39) that

2
sup E{m(X;, &)} < 4MZo®  sup E{g(X;) — g0(X)}? < 4M3a*n?,
me.AMn(N) 8€%n(n)

which further implies

sup E{m(X;,&) —Em(Xi,e,-)}z < sup E{m(Xi,ei)}z < 4Mio’n® =: c°.
meMn(M) me .My (n)

Denoting E(n) = Esup,,c_z,(n) In 'Y m(X;, &) —Em(X;, )|, Lemma C.2.1 gives

zzEm)M./z_xﬂ}gex 3
n 3n

n

1
. Y m(X;, &) —Em(X;, &)
i=1

P sup
me.Mn(M)

for any x > 0.
Next, we turn to bounding the expectation, E(1n). We choose F = 405M(2) to be an

envelope function of .#,(n). To calculate the uniform covering number of the function class
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Ay, (N), note that following a similar argument which leads to (C.39) gives that

Zi(f) = Zi(f)] < |f(Xi) — f (X))
for any f, f' € %,. Thus, given f, f' € %, and g,g' € ¥,, we have

|mf7g(Xi78i> —mgr g (Xiaei)|

< |my o (Xi, &) —mp o(Xi, &)+ [mp o (Xi, &) —myp o (Xi, &)

[ o200 - 20 + 1)~ v 21~ 7o) 40}

aAg(X;)
+ / {wel@i+Zi(f") = Zil fo) +1) — ye(wi+1) pde

OCAg/ (Xi)

< alg(X;) — go(X)|Zi(f) — Zi(f")| + alg(Xi) — &' (X1 Zi(f) — Zi(fo)]

<o 2Mo|f (X)) — f(X)| + a - 2My|g(X;) — go(X:)],

where the second inequality follows from the Lipschitz property of w;, and the last inequality

holds by the bounded property. Thus, it follows that

Nuo(&-4MG 0L, M, (N), 1) < Noo(€ - My, Fp,1) - Noo(€ - Mo, Gy, 1),

which, combined with Lemma C.2.2 and Lemma C.2.4, implies that

logN(€[|Flg2:-#u(n), || - l02) S {(LN)*log(LN) + Pdim(%,,) } log(en/€)
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for any n-discrete probability Q. Together, this and Lemma C.2.3 give

~ n c

E(n) < G\/(LN)Hog(LN) + Pdim(.%#,) log (M)

N 4aMj - {(LN)*1og(LN) + Pdim(.%,)} log (en : 4aM§)
n

S a(MWa+W;7),

as long as N > 1/n. Therefore, there exists a universal constant C; > 0 satisfying E(n) <
CionW, for n > W,. Combining this with (C.53), there exists a universal positive constant c17

such that for any 0 < x < nnz,

1 n
Pl sup LY () —ER(X)| > crram (Wn+\/§) <o
hetn(n) 1™ i n
This completes the proof. ]

C.2.6 Proof of Lemma C.1.6

To begin with, note that

sup |E [y (o) {g(X;) —go(X) }]| < sup E[[E{yz(w)|Xi}|-|g(Xi) —go(Xi)]]
8<%, (n) 8<%, (n)

©/(205) .

<20pe” n, (C.59)

where the last inequality follows from (C.48). Therefore, it suffices to derive a bound for the tail

probabilities of

n

sup |2 Y we(e){g(X) — g0(X)}|.
g%, (n) 1 i21

To this end, we first fix covariates (Xi,...,X,) and let Ex and Px be the conditional expectation

and conditional probability given (X,...,X,), respectively. Consider the stochastic process
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{Se:8€%,U{go}}, where S, is defined as

Sg = % i {vi(o) —Ex ()} {g(Xi) — go(Xi) }-
i=1

, the assumption (C.4) implies that Ex exp(y?(w;)/03) < 2. Combining this

t

Since |y (t)| <
with Proposition 2.6.1 and Lemma 2.6.8 in Vershynin (2018), there exists a universal constant

C > 0 such that

x2

Px(|S, —S,| >x) <2exp| — —————
x (| g g|—x)— p< C1G§Hg—gl||%

) forg,8" € 9, U{go},
where || - ||2 is the empirical L, norm defined as
me._ 1y 12
I8 —&'ll7 == ;i; {e(Xi) —&'(Xi)}"
Now, we denote
A (v) = M (v (X1, X)) = {g € GnU{g0} : I8 —golln < v}

for any v > 0. Applying Theorem 8.1.6 in Vershynin (2018), there exists an absolute constant

C> > 0 such that for every v,x > 0,

2v
Py sup |Sg _Sg/| > C2GO{ /0 \/logN(e,%l U {g0}7 H ’ ||n)d€+\/\/.;} < 2e .

8.8 €M (v)

(C.55)

For any (Xi,...,X),), it follows that

N(e,%nU{go}: [l ln) <1+ Neo(€,%,m).
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Then, by combining Lemma C.2.2 and Lemma C.2.4, it follows that

2v
| VioeN(e 0Tz} - )de

2v
g/ 1+ 108N (€, G om)de
0

< /OZV \/l + (LN)?log(LN)log(enMy/€)de

< LN\/log(LN){v—i—v\/log(enMo) +/02V V/log(1/¢€) \/O}.

By the inequality [ \/log(1/€)V 0de < xy/(1/x)V 1, we obtain

[ VROV S v/ TV < v g

for any v > 1/n. Thus, the earlier inequality gives

2v
| VioeN(e. 4,0 {o} - )de < v+ LN log(LV)Togn.
0

which, combined with (C.55), further implies that for any x > 0,

Py [ sup  [|Sg —Sg| > C3Go{v\/(LN)210g(LN) logn+v\/)_c}} <2e 7,
8.8'eM (v)

as long as v > 1/n, where Cs is a universal constant. Since gg € . (v) for any v > 0, this tail

probability further implies with probability at least 1 —2¢™* (conditioned on (X, ...,X,)) that

s '121 [ye(@n) — Exwe(o)Hg(X) —go<xi>}\ < csoov(vn " \ﬁ)
lg—golln<v
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for v > 1/n and x > 0. Moreover, it follows from the Cauchy-Schwartz inequality that

e 12 5 1/2
sup |~ 1{EXWT(a)i)}{g(Xi)—go(Xi)}‘ < {Z;{EXWT(@')} v

llg—golln<v 1T i=

_ 2 2 2
Szaove T/( GO)7

where the last inequality follows from (C.48). Together, this bound and the earlier tail probability

imply that with probability at least 1 —2e™",

l n
sup |3 () o)~ o)} | < max(@s Dow v o4 [HL e
8€Yn i=1

llg=golla<v

Note that when T = o, we have

1 aAg(Xi) o? 5 5
Y -B)| [ {yor 0 —we(@)hdr| = S (s = g0l ~ s —s0l13):
Therefore, Lemma C.1.4 with T = co implies that for 7 > V;, and 0 < x < nn? that

X
sup |llg—gollz — llg — goll3] < 2ci6m (vn + \ﬁ) < 4cien? (C.57)
g€%,(n) n

with probability at least 1 —e™*. Conditioned on the event where the inequality (C.57) holds, we

obtain

sup |lg—gall2 < sup |llg—goll2—llg—sgol3| + sup llg—goll3 < (1+4ci6)n*
2€%,(n) 8€4 (M) 8€%,(n)

Thus, for the event (1) defined as

B(n) = { sup llg—golln < (1 +4c16>1/2n},
8€%,(n)

we have P{%(n)} > 1 — e~ for any 0 < x < nn?. Therefore, denoting C4 = max(C3,2)(1 +
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4c16)1/2, we obtain

sup Zwr ;) {g(X; }’ >C4con{vn+e—f2/<263>+ f}]
g€, (n) 11 n
—12/(263) X X
<P| sup Zl[/f ; {g } > Cyopn Vo +e o)+ /= B(M)| +e
ge%(ﬂ) n
<3e*

— Y

where the last inequality follows from (C.56) after taking v = (1 +4c 16)1/ 7. Combining this
with (C.54) gives

1 n
sup | = Y (1 —E)yz (o) {g(X; (Xl)}‘ > (C4+2)oon {Vn e T/(20%) 4 \/E}
ge%,(n) 1 i1 - n
<3e™ (C.58)
for 1 >V, and 0 < x < nn?. This completes the proof. 0

C.2.7 Proof of Lemma C.1.7

We first prove the lower bound. From the Lipschitz continuity of pg| x(+), it follows that

Pex (t) > p/2 when [t| < p/(2ly). Then, we apply Lemma S6 in the supplement of Padilla and
Chatterjee (2022) to obtain

.

24 (f) = 2a(fo) > min ( » 1610)Emin [1£00) = o)A FX) = fo(X)}?].

EIRS

On the other hand, we have {f(X) — fo(X)}? < 2My|f(X) — fo(X)| by the definition of .%,.

Combining this with the earlier inequality and the assumption that My > 1, we have the desired

lower bound of the excess quantile risk.

We next prove the upper bound. From Knight’s inequality (see, e.g., Knight (1998)), for
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any u,v € R, it follows that

et —v) = pe(ut) = —v{T—1(u < 0)}+/0V{Il(u <1)—1(u<0)}dr.

Taking expectation this equality with u = & and v = f(X;) — fo(X;), we obtain

fX)=foX) t 7
Le(f) ~Le(fo) =E | | pext)dsar < 21— s,

where the last inequality follows from Condition 3. This concludes the proof.

C.2.8 Proof of Lemma C.1.8

For each f € .%#,(6), denote

my(Xi, &) := pa(¥; = f(Xi)) = pa(¥i = fo(Xi))-
Since pg(-) is a Lipschitz function, we have

sup |my (X&) < sup (X)) — folXp)| < 2Mo.
fE€Fu(98) fE€Fu(9)

Therefore, sup sc z,(s) |ms(Xi, &) — Ems(X;, &)| < 4Mp =: A. Moreover,

sup E{mp(Xi.&)} < sup E{f(X;)— fo(X))}> < 8%
feZ.(8) feFn(8)

which further implies

sup E{ms(X;,€) —Emf(X,-,si)}2 < sup IE{m]c(Xi,&‘,-)}2 < 8% =:0"
feFn(8) feFn(8)
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Denoting E(6) = Esupyc z,s) In Y me(X;, &) —Emg(X;, €)|, Lemma C.2.1 gives

n

1
— E mf(Xi,Ei)—Emf(Xi,Ei)
n

i=1

2 4A
> 2E(8)+ 0y~ + = x} <e (C59)
n

n

P<  sup
FE€Tn(9)

for any x > 0.
Now, we find an upper bound of the expectation E(5). We denote .#,(8) := {m(X;, &) :
f € %#,(8)}. Combining the Lipschitz continuity of py(-) with Lemma C.2.2 and Lemma C.2.4

gives that for any € € (0,M)),
log N (&, M (8),n) < log Ne(€, Fy,n) < (LN)?log(LN) log(Mone/€).

Also, the Lipschitz property of py(+) implies that F = 2M is an envelope function of .#,(J).

Thus, for any n-discrete probability measure Q,
logN(e[|Flo2:-#u(8). || lo,2) S (LN)*1og(LN) log(en/ (2¢)).

Applying Lemma C.2.3, we have

~Y

E(8) < G\/(LN)Zl:;g(LN) log (eni/lo) M, (LN)zl;l)g(LN) log (enc]:/[0>

<8V, + V2

for any 8 > 1/n. Thus, when 6 > V,,, we have E(6) < 0V,. By combining this and (C.59), there

ut{r )]

exists a universal positive constant co; > 0 such that

1 n
p Y mp(Xi, &) —Emp(X;, &)
i=1

P<  sup
FETn()

<e
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holds for any 0 < x < n§? and § > V,,. This completes the proof.
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Appendix D

Supplementary Material for Chapter 4

D.1 Some Comparisons with Previous Studies

COMPARISON WITH EXISTING WORK ON QUANTILE KERNEL RIDGE REGRESSION. Nonpara—
metric quantile regression using the kernel method has been extensively studied in the literature.
For instance, Takeuchi et al. (2006) and Li et al. (2007) explored quantile KRR estimators
and developed efficient algorithms for their implementation. They also established theoretical
properties of the estimators, with a focus on excess risk analysis under strong assumptions, such
as a uniformly bounded function class or bounded quantile residuals. Furthermore, their analysis
is confined to the scenario where r, = 0. Under the assumption of bounded response variables,
Steinwart and Christmann (2011) derived convergence rates in the L,-norm for quantile KRR
estimators, which are minimax optimal.

Using kernels with eigenvalues that decay polynomially, Lian (2022) established the L,
convergence rate for Q-KRR estimators without imposing the above restrictive assumptions.
Upon closer examination, we identify a potential minor gap in the proof of Theorem 1 therein,
which relies on a local strong convexity of the expected risk that for some constant C > 0,
E{p:(Y; — f(Xi)) — p<(Yi — fo(Xi))} > C||f — foll5 whenever || f — fol| s < 1. However, in the
proof of Theorem 1, this local strong convexity is used without ensuring that fsatisﬁes ||]?—
folls# < 1. Our result extends Theorem 1 of Lian (2022) to any RKHS satisfying Condition 4.2.1.

We present a self-contained proof of Theorem 4.3.1, addressing the above gap in Lian (2022).

268



Furthermore, our finding eliminates the need for the stringent moment/boundedness assumptions

frequently imposed in the literature.

COMPARISON WITH EXISTING WORK ON FUNCTIONAL BAHADUR REPRESENTATION. Recall
that gor, is a standard KRR estimator obtained by regressing Z;(fy)/t on X;. The functional Ba-
hadur representation provided in Theorem 4.3.3 is of independent interest and, more importantly,
improves the existing results in certain cases, as we explain below.

Shang and Cheng (2013) studied penalized nonparametric estimators when E(Y|X) =
F(go(X)) for some known link function F'(-), and the unknown function go belongs to an RKHS
with eigenvalues that decay polynomially with exponent B > 1. Their estimator reduces to the
least squares KRR estimator when F is the identity function. Under our notations, Theorem 3.5
and Lemma 3.1 in Shang and Cheng (2013) imply that with high probability,

1
n

1/2

T(gora — D;Le Asc(Ae,n),

i T[(-I—), lKXi

[e)

where Agc(Ae) := (Ae V/@B)-1/2 +ll/z)/'te_@ﬁ_l)/(zﬁz)(loglogn)l/znfl/z. By Example B.2,
D), X Ae /P \when the kernel has B-polynomially decaying eigenvalues. Applying The-
orem 4.3.3 with r, = 0 yields Aj(A,) < (A, V@) 172 +7Ll/2)/1;1/(2ﬁ log(n)/n. Since
(38 —1)/(2B%) > 1/(2B) for any B > 1/2, we have Asc > A, for all 0 < A, < 1. Furthermore,
for Asc(Ae) = o(n~1/?) to be achieved, it is necessary to have B > (3++/5)/2 ~ 2.618, whereas

we only need 8 > 1.

D.2 Statistical Theory for Finite-rank, Polynomial and
Exponential Decay Kernels

We first explore three classes of kernel functions: finite-rank kernels, polynomial decay

kernels, and exponential decay kernels, while determining their respective effective dimensions.

Example 1 (Finite-rank kernels). The kernel K is considered to have a finite rank of m when its
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eigenvalues u; = 0 for all j > m. An illustrative example is the m-th order polynomial kernel,
defined as K (x1,x2) = (1+x]x2)™, x1,x, € RY, which has a rank of (d;m). This class of kernels
encompasses linear and polynomial functions, and more broadly, any function class based on
finite dictionary vectors. It is easy to see that ©; < m for any A > 0 when the kernel has a finite

rank of m.

Example 2 (Polynomial decay kernels). Another commonly used class of kernels has eigenvalues
that exhibit f-polynomial decay u; =< j B for some B > 1. Typical examples include spline
kernels, Sobolev kernels, and Laplacian kernels. To calculate the effective dimensions of
such kernels, note that i /(u; +A) < 1/(1+AjP) when the kernel K has eigenvalues with f3-
polynomial decay. By bounding the sums with integrals, we obtain ©, <}, (I1+A- P =

clg/l_l/ B, where cp is a positive constant depending only on f3.

Example 3 (Exponential decay kernels). The eigenvalues {u;} ;> exhibit B-exponential decay
if, for some 8 > 0, they satisfy p; < exp(—cg jP) for some cg > 0. This class of kernels includes
Gaussian kernels defined as K (x,x') = exp(—||x — ¥'||3/0?) for x,x € 2" and 62 > 0, where
|| - ||2 denotes the Euclidean distance. Similar to the case of polynomial decay kernels, the
effective dimension can be computed by bounding the sums with integrals. For 0 < A < 1, it
holds ©, < ¥7 (1 +4 -ecﬁjﬁ)_l = Clog!/B(1/1), where the constant C depends only on f8

and Cp-

By applying the theoretical results from Section 4.3, we explicitly provide upper bounds
for the convergence rate of the proposed estimator for each type of RKHS, followed by pointwise
asymptotic normality. For ease of presentation, we impose the following condition throughout

this section.

Condition D.2.1 (Source condition). The true conditional quantile and expected shortfall func-

tions satisfy fo = Tlgqf* and go = T*g* for some f*,¢* € B (1) and 0 < ry,r, < 1/2.
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D.2.1 Finite-rank kernels

We first consider a kernel with a finite rank of m for some m € N. In this case, we have
®, < mforany A > 0. Combining this with Theorems 4.3.1 and 4.3.2, we obtain the following

corollary for kernels with a finite rank.

Corollary D.2.1 (Convergence rates under finite-rank kernels). Assume Conditions 4.2.1, 4.3.1,
4.3.3 and D.2.1 hold. Forany ¢ > 0, (f,3) = (ﬁ()tq),gn(ze)) with A, < A, < (m+1)/n satisfy

that, with probability at least 1 —7e™",

~ m-+t - m-t
1f=foll2 S " and THg—goﬂzf,\/T

as long as n 2 mlog(n).

The above rates are minimax-optimal, as shown in Theorem 2 of Raskutti, Wainwright
and Yu (2012). Next, we establish the pointwise asymptotic normality of the ES-KRR estimator

under finite-rank kernels and verify the validity of the bootstrap procedure.

Corollary D.2.2 (Pointwise asymptotic normality under finite-rank kernels). Assume that the
same conditions as in Corollary D.2.1 hold with ¢t = logn, m = 0(n1/3) and W > Up > -+ >
W > 0. If pi (x0) — p%(xp) for some p?(xp) > 0, the two-step ES-KRR estimator g satisfies

T\/nfm(g - 20)(x0) & A (0,p%(x0))-

Corollary D.2.3 (Validity of bootstrap under finite-rank kernels). Assume that the same condi-
tions as in Corollary D.2.2 hold. If xy € .2 satisfies p/% (x0) > C for any sufficiently small A > 0

with a constant C > 0, then we have [P{go(x0) € .73 (x0)} — (1 — )| = o(1) for any & € (0,1).
D.2.2 Polynomial decay kernels

We next consider an RKHS whose kernel has -polynomially decaying eigenvalues for
some 3 > 1, thatis, u; < j P for j > 1. Recall that the effective dimension satisfies D =< AVB.

The following corollary establishes non-asymptotic L,-error bounds for j?and g
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Corollary D.2.4 (Convergence rates under polynomial decay kernels). Assume Conditions 4.2.1—

4.3.3 and D.2.1 hold. For any ¢ € (0,n), we choose

Ay = n PACADB) L T ang g, = BB T
n n

Then, fand g satisfy that, with probability at least 1 —7e™",

~ 1t Y ¥ t
||f—fo||2§n(zr‘1+l)ﬁ/{(4’q+2)ﬁ+2}+\/; and tllg—goll2 Sn ¢ +4/ -,

n

where

e*_mm{ (2r.+1)B (4rq+2)ﬁ—1}
N (4re+2)B+2" (4rg+2)B+2 )"

In particular, if (ry, 7., B) satisfy
{(@rg+ 1B =2{2re+ 1) +2} > -3, (D.1)

then with the same probability,

—~ _ _(@rg+DB t _ _(2ret1)B t
IF =~ folla S a2 +\/; and 7| - golls S 0”2 +\/;.
~ _ (rgtDB
An immediate consequence of Corollary D.2.4 is that ||f — fo|lo = Op(n #at2P+2),
implying that fattains the minimax optimal convergence rate by Theorem 4 of Suzuki and
Sugiyama (2013) with d = M = 1 in their notations. Given that 0 < r,,r, < 1/2, a sufficient
condition for (D.1) is B > (v/3+1)/2 ~ 1.366; see Lemma D.4.1 for details. Thus, under this
mild condition on 3, even when r, > r,, g achieves the minimax optimal convergence rate,
T||g — goll2 = ﬁp(rf%). If (r4,7e,B) fail to satisfy (D.1), implying r, > ry, g does not

attain the above minimax optimal convergence rate. Nevertheless, as e* is strictly larger than
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(2rgy+1)B/{(4ry+2)B +2}, g achieves a faster convergence rate compared to the nuisance

estimator f This is attributed to the orthogonal property (4.5) of the score function.

Remark D.2.1 (An alternative assumption to condition (D.1)). With an additional strong as-
sumption on the RKHS, g can attain an optimal convergence rate for any (r,, 7., ). Specifically,
assume that the function Ky, satisfies the following L4—L, norm equivalence: (E(Ky,, h)f;f)l/ 4 <
K(]E(Kxi,h)éf)l/ 2 for any h € ., where k > 0 is a dimension-free constant. This Ly—L,
norm equivalence can be interpreted as the uniform boundedness of the kurtosis of the one-
dimensional marginal (Kx;, ) ,» for any direction i € .. Then, by the definition of the RKHS,
the equivalence implies that ||4[|2 = (E(Kx;, h)*,)"/? < k*E(Kx,, h)%, = k*||h||3 for any h € 2.
Following a similar line of arguments as in the proof of Corollary D.2.4, we can conclude that g
attains the optimal convergence rate for any 0 < ry, 7., < 1 /2,and B > 1.

However, we note that, to the best of our knowledge, there are no specific settings in which
a polynomial decay kernel satisfies the L4—L, norm equivalence. One sufficient condition for the
equivalence is that Ky, is a Gaussian random element in .77, or more generally, {(Kx,,h)_» : h €
2} is a sub-Gaussian function class (Lecué and Mendelson, 2013). Nevertheless, it remains
uncertain when these conditions can be fulfilled. Thus, our analysis does not assume this stringent

theoretical conditions.

Next, by combining the bound for the effective dimension with Corollary 4.3.1 and
Theorem 4.3.6, we establish the pointwise asymptotic normality of the ES-KRR estimator
and verify the validity of the confidence interval .#)(xo), defined in (4.15) for any o € (0, 1),

respectively.

Corollary D.2.5 (Pointwise asymptotic normality under polynomial decay kernels). Assume
Conditions 4.2.1-4.3.3 and D.2.1 hold. Moreover, we assume that (2r,+ 1) >2,(2r.+ 1) >3
and 0 < r, < 1/2, and choose A, < n PAZra+DB+1} and A, < n=t with 1/(2r,+1) <1 <

min(1,3/2). If pi (xo) — p2(x0) for some p?(xy) > 0, the two-step ES-KRR estimator g
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satisfies

7\ [ (E = 0)(0) & A (0,97 (x0)).
Ae

Corollary D.2.6 (Validity of bootstrap under polynomial decay kernels). Assume that the same
conditions as in Corollary D.2.5 hold. If xo € 2~ satisfies p;zL (xo) > C for any sufficiently small
A > 0 with a constant C > 0, then we have |P{go(xo) € Z2(x9)} — (1 — )| = o(1) for any

ac(0,1).

As a concrete example, consider the p-th order periodic Sobolev space Hg [0, 1] defined

as follows:

HY0,1] := {h :10,1] — R :hY) is absolutely continuous and satisfies 1) (0) = A1) (1)

1
for j=0,1,...,p—1, and / {]’l(p)(x)}zdx<oo},
0

where p is larger than 1/2 and h\Y) denotes the j-th derivative of h. Assuming that Py is the

uniform distribution on [0, 1], the corresponding Sobolev kernels are

= 2cos(2mj(x—x'))
K(x,x')=1+ . ;
,; (27 )P
see Chapter 4 in Gu (2013) for details. The Sobolev kernel has uniformly bounded eigenfunctions

l, j:O,
¢;(x) = V2cos(jmx), j=2kfork=1,2,..., (D.2)
V2sin((j+ rx), j=2k—1fork=1,2,...,
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and the corresponding eigenvalues are

1, j=0,
wj=q (jm)=?, j=2kfork=1,2,..., (D.3)
{(j+D)r}y%P, j=2k—1fork=1,2,....

Moreover, by following a similar argument as in the proof of Lemma 4.1 in Zhao, Cheng and
Liu (2016), there exists a lower bound for p? (xo) for any sufficiently small A > 0 and x, € [0, 1],

affirming that this kernel satisfies the condition in Corollary D.2.6.

Lemma D.2.1 (Lower bound for p/% (x0) under periodic Sobolev spaces.). Assume that Py is
the uniform distribution over [0,1] and " = HJ[0,1] with eigenfunctions (D.2) and eigen-
values (D.3). Moreover, suppose that there exists an absolute constant & > 0 satisfying
E(®?|X;) > o>. Then, there exists a constant ¢j; = cy1(p) > 0 such that for any A € (0, (27)~27)

and xg € [0, 1], we have pZ (xo) > ¢1107.

D.2.3 [Exponential decay kernels

Finally, we consider an RKHS whose kernel has 3-exponentially decaying eigenvalues
for some 8 > 0, that is, p1; < exp(—cp jP) for some cg > 0. Since the effective dimension of
this type of kernels satisfies D, = log!/#(1/1) for any A € (0,1), applying Theorem 4.3.1 and

Theorem 4.3.2 establishes non-asymptotic L,-error bounds for fand g as follows.

Corollary D.2.7 (Convergence rates under exponential decay kernels). Assume Conditions 4.2.1—
4.3.3 and D.2.1 hold. For any t > 0, f and g with Ay =< Ao < {t +10g"/P (n)}/n satisfy that, with

probability at least 1 —7e ™",

t+1log'/B(n)

t+1log'/B(n)
n n

and 7/g—goll2 <

I1f = foll2 <
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Corollary D.2.7 implies that

log'/®B)(n)

log!/B) (n)
7 )

1 = foll2 = @ﬁ»( NG

) and r||§—go||2:m»(

and the rates are minimax optimal by Zhang, Duchi and Wainwright (2013) when 8 = 2. We
next derive the pointwise asymptotic normality and verify the validity of the confidence intervals

I (x0).

Corollary D.2.8 (Pointwise asymptotic normality under exponential decay kernels). Assume
Conditions 4.2.1-4.3.3 and D.2.1 hold. Moreover, we assume that 0 < r, < 1/2, and choose 4, <
Ae < 1og"/B(n)/n. If pi (x0) — p*(xo) for some p2(xg) > 0, the two-step ES-KRR estimator g

satisfies

n

D (8- 20)(x0) S H(0,p%(x0))-

Corollary D.2.9 (Validity of bootstrap under exponential decay kernels). Assume that the same

conditions as in Corollary D.2.8 hold. If xy € 2~ satisfies p;% (x0) > C for any sufficiently small

A > 0 with a constant C > 0, then we have |P{go(xo) € Z2(x0)} — (1 — )| = o(1) for any
€ (0,1).

To illustrate a specific example, assume that .2~ = [—x, 7| and Py is the uniform distri-
bution on 2. For any 6 > 0, the periodic Gaussian reproducing kernel on [—7, 7], introduced

in Smola, Scholkopf and Miiller (1998), is defined as follows:

Zexp 7262 /2) cos(j(x—x')),

along with the corresponding RKHS space Hy’ given by
H?::{h:[—n,n]%R:Z vzj/ {nV) }zdx<c>o}
J=0
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referred to as the infinite-order periodic Sobolev space Hy’ (Lin and Brown, 2004). The infinite-

order periodic Sobolev space also has uniformly bounded eigenfunctions

1 S
\/TT‘L” J_07
0j(x) =\ zcos(jmx/2), j=2kfork=1,2,..., (D.4)
1

\/—Esin((j+l)7rx/2), j=2k—1fork=1,2,...,

and the associated eigenvalues are

1, j=0,
1j=1q exp(—;j*6%/8), j=2kfork=1,2,..., (D.5)
exp(—(j+1)26%/8), j=2k—1fork=1,2,....

Furthermore, the following lemma demonstrates an explicit lower bound for pi (xo) for any suffi-

ciently small A and x € [0, 1], implying that this kernel satisfies the condition in Corollary D.2.9.

Lemma D.2.2 (Lower bound for p/% (x0) under infinite-order periodic Sobolev spaces.). Assume
that Py is the uniform distribution over [—x, 7] and ¢ = Hy with eigenfunctions (D.4) and
eigenvalues (D.5). Moreover, suppose that there exists o > 0 satisfying E(®?|X;) > o2. Then,

there exists a constant cjp = ¢12(0) > 0 such that for any A € (O,min(l/e,efzez)) and xp €

[—7, 7], we have pZ (xo) > c1207.

D.3 Proofs for Section 4.3

This section presents the proofs of the results in Section 4.3, and also Proposition 4.2.1.
The proofs for the technical lemmas involved are deferred to Section D.5. For ease of notation,
we use the expression }' | (R; —ER;) =Y. (1 — E)R; for any sequence of random variables

n
Rllzl .
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D.3.1 Proof of Proposition 4.2.1

Let S : # — R" be the sampling operator defined as S(f) = ((Kx,, f).» )1, = (f(Xi))1;.
Its adjoint operator S* : R" — JZ is given by S*(a) = Y" , a;Kx, for any a = (aj,a2,...,a,)".

To see this, note that

W)=Y as() = (£ Y ks ) =8 @)
i=1 i=1

H

Recall that K = (K(X;,X;))1<i j<n € R"". Then, for any f € 7 and a € R",

S'S(/) = S (/X)) = X, /)Ry, = ¥ (K @Ky and
i=1 i=1 -
=nT
os{on) - (onon) (oo -

Therefore, we have $*S/n = T and $$* /n = K /n. Moreover,
kyy = (K(X1,%0),. . . K(Xn,x0))" = (Kxy(X1),- -, Ky (X)) " = S (K, ),
which implies that vy, = (Vi 1,...,Vx.0)" € R" defined in (4.13) satisfies
= (K/n+2A1,) 'k, = (SS*/n+2A.L,) 'k, = (SS*/n+ A L,) "!S(Ky, ).
Denoting ﬁe = T + Al with the identity operator /, we have
(fAZIKXi(XO»?:] - (<?,1;1KX1"KX0>%’)?:1 = (<KXi7T)L:1Kx0>%”)?:1 - S(?);leo)’

where the second equality is due to the fact that ﬁe is an invertible self-adjoint operator.
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Let U; = W; — 1 be the centered random weights, and define the n-vector

u= (UHZ1(F)/7-8X)} U{Z(f) /1= 8(X2)}, - UndZal ) [T — 8(X)})

The above calculations imply

u'v

ln../\ -~ .___lT * —1
E;U,{Z,(f)/f g(Xi) vy = . —nll (SS*/n+Ael,) " S(Ky,)

and

LY Ui e 800V, K o)
i=1

| 1
= ZuTS(TileO) = ;uTS(S*S/nqL?LeI)’I(KXO).

Hence, it suffices to prove that
(SS*/n+2AL,) 'S =S(S*S/n+ A1)~ (D.6)
Note that

(SS* /n+ AJ,)S(S*S/n+ A ) ! = (SS*S/n+ A,8)(S*S/n+ A1)~}
= S(S*S/n+A0)(S*S/n+ A1)

=S.

Multiplying (SS* /n + A.1)~! on both sides of the above equation yields (D.6), thereby complet-

ing the proof. [
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D.3.2 Proof of Theorem 4.3.1

To prove Theorem 4.3.1, we first introduce two technical lemmas as building blocks. The

first lemma below establishes a lower bound for the expected excess risk using the check loss.

Lemma D.3.1. Under Condition 4.3.1 on the conditional density function pg,y,, the population

excess risk satisfies the lower bound

E{p(Y;— £(X)) — pe(Vi— o)} = 27 fol}

forall f: 2" — R satisfying || f — fol|c <M with M > 1, where ¢13 = min{p/2, plo/4}.

Without loss of generality, throughout the following we assume cj3 < 1 for ease of
presentation; otherwise, it suffices to define ¢3 = min{1, p/2, ply/4}.
Next, we characterize the concentration properties of the empirical excess risk around

the population excess risk uniformly in a local neighborhood of fj.

Lemma D.3.2. Assume Condition 4.2.1 holds. There exists a universal constant cj4 > 0 such

that for any ,A > 0 and &,, d» > 0, the bound

n

1
sup —2(1—E){pfm—f(xi))—pfm—fo(xi))}' ©.7)
IS Al i

holds with probability at least 1 —e ™!, where 82 = 67 + 15%

Lemma D.3.2 presents a localized version of Lemma 1 in Lian (2022), the latter ad-
dressing a ratio-type suprema of empirical processes. For ratio-type empirical processes, the
applicability of the standard contraction inequality may raise concerns. Instead, we direct our
attention to the original empirical process, restricting the function f to a local neighborhood of

Jfo. With the above preparations, we are ready to prove Theorem 4.3.1.
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Proof of Theorem 4.3.1. For any t > 0 and &,,0» > 0, let £(5,,0 ) be the event on which
(D.7) holds with 62 = 87 + A,6%,, that is, &(8,,8) = {(D.7) holds}. By Lemma D.3.2,
P{&(6,,0#)} > 1—e". For some C| > 1 to be determined, assume that the KRR estimator f

defined in (4.6) satisfies

C13

r D, +t
Hf follz+5 l *I1f - f0|bf>C15ni—C1( qH/ZHf | ; ) (D.8)

By the optimality of f, we have

l n
_ZP’L‘Y FX0)) + 2411 £ <=2 pe(Vi— folXi) +2 1foll%-
i=1
Since both pz(+) and || - ||, are convex, there exists some f = vf+ (1 —V)fy with v € (0,1)
such that
C13 7
Hf foll2+7 /1 217 = follow = €18, (D.9)
and

_pry FO)) + 2l F1%0 < = prY o(Xi) +Agl ol %

It follows that

E{p:(¥: — f(X:) — pe(Yi— fo(Xi)) }

< A1l = 171Be) +, 3500 =) {petri— () —petri— 7))

_ 1
< A (Ifoll % = I1£15) + y j‘qu N ZZ(l_E){Pr(Yi_fO(Xi))_Pr(Yi_f(Xi))} 7
—Jfoll2< i=1
Il f=Sollw <

(D.10)
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3
where & = \/8/c13C;/%8, and 8,0 = 2C1A; /28, Since C1/c13 > 1, 82+ 2,82, < 12%5,3.

C

Provided that A, > ¢ /n, conditioned on &'(8,, ) we have

wp L3028 o= o) peli— 100}
s,

12 £y 8 t _ t
< cm(, /—cf/zan\/ﬁJr,/—cf/zsn\ﬁwclxq 1/25n->
C13 n C13 n n
12¢, |9 8C, [t t
§614C15n<\/ 1\/ )L“r\/ 1\/j+2\/j)
C13 n C13 n n

(D.11)

where the third inequality uses the fact that C;/c13 > 1. For the term A,(|| foH% — ||f||27%) on

the right-hand side of (D.10), note that

A (Ifoll — 1F130) = —224 (0, F — fohowr = 2|l F — ol %
< 22g|(fo. f = fo) el = Ag|l.f — foll2e
= 2T £, F — fo) ol — Al T~ foll %
QoA T (F = 1o)) el = Al T~ ol 2

@, . i . -
<A e 1A T PTE(F — fo)lle — Al f — fol2e (D.12)

where step (1) follows from the self-adjoint property of TI?’ and step (i1) 1s based on Cauchy-
Schwarz inequality. To further bound the first term on the right-hand side of (D.12), we claim

that forany h € 7 and 0 <r, < 1/2,

(g T ) < (gl + T )y ) (D.13)
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To see this, write h(-) = Y7, h;9;(-), and note that

1=2r,, 21, o 20 1220 B N,
(Ag T "h,h) Z Aq :Z Ayt (K32
j=1 /-LJ i M
(1—=2ry)A, Z + 2ry Z h2 <by Young’s inequality)
< Z + Z i

:lq||h||éf+<TKh,h>%.

This verifies (D.13), from which it follows by taking h = f — f, that

lag " PTEF e = (g PTG S 2 PTG - 1))
< (F~ for gl + TR)F ~ 10))
<A \F = foll e+ 17 = folla-

Combining this bound with (D.12) yields

Aq(I£ol12 = 1IF12)

< 22,75 uyfnf follw +22g

rq+l/2

rg+1/2

Ll IF = foll = Allf = foll 3

£l ll/z\lf foll#

1+2 +1/2
<22, R + "||f follop +2247"

1 el F = follz = A4llF = foll 5

1+2r r,+1/2
= U3 +2400

8C1

1 llllf = foll = —Hf foll%

<287 +2C qu foll e (D.14)

where the last inequality follows from the definition of g, in (D.8) and (D.9).
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Turning to the left-hand side of (D.10), again using (D.8) and (D.9) yields

~ ~ _ Y Dy +t
If = follee < ||f = Sfollw £ 2C1 44 125, =2C1< g || 1/2\/ qT> <4y,

where the last inequality is due to the conditions imposed on A, that is, 4, > (D 2t t)/n and
/lqrqu*H% < 1. Combining (D.10), (D.11) and (D.14), and taking M = 4C) in Lemma D.3.1,

we obtain that conditioned on &(01, ),

c 8C
13|rf fo||2<5c14cu/ 52+252+2c =15 "Ilf ol

which further implies

—4C,
/| C 18C

< (56‘14C1 il +2+2C; —1> 5,%
C13 C13

Based on the above inequality, we can choose a sufficiently large C; > 1 such that

5¢14C1+/C1/c13+2+2C1+/8C1/c13 < C%. However, the construction of ]"v assuming fsatisﬁes

(D.8), ensures that

2
( = ||f foll2+ 5 L ||f—fo||3f> < BUF-fl+ "||f foll%

2
( 1 ||f foll2+ 3 1 |\f—f0|’%> =352,

This leads to a contradiction conditioned on &(8,, 8 ). Therefore, we must have

C13 | > | BN
RS/ - <06

on the event &(8,,0) that occurs with probability at least 1 —e~". This implies the claimed

bounds with ¢; = C/*\/8/c13 and ¢, = 2. 0
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D.3.3 Proof of Theorem 4.3.2

To begin with, we introduce the following notations that will be used frequently. Recall
the QR residuals defined as € =Y; — fo(X;) for 1 <i<nand € =Y — fy(X). For any function

f: Z — R, define

Z(N)(X,&) ={Y = f(X)}{Y < f(X)} + 1f(X), (D.15)

and Z;(f) = Z(f)(X;, &) for 1 <i < n. Furthermore, define the zero-mean ES residuals

w; = Z(fo)(Xi, &) — 180(Xi),

which can be equivalently expressed as

o; = &1(& <0)+1fo(Xi) —180(Xi) = & — —E(& - |Xi),

where & _ = &1 (g < 0). Condition 4.3.2 implies that logE(e/® |X;) < 63t?/2 (almost surely)
for any t € R.
Similar to the proof of Theorem 4.3.1, we also need to establish concentration bounds

for the empirical processes that will arise in the proof. For any function & : 2~ — R, define

the empirical Ly-norm ||A], = /(1/n) Y™, h2(X;). The following lemma characterizes the

relationship between the empirical and population L,-norms for functions in J7.

Lemma D.3.3. Assume Condition 4.2.1 holds and let A, > 9/n. Then, the following event

1|42+ 2|
Yzy(le)::{—< Il e | Hf%ﬂ<§forallh€¢%”}

27 Bl + Acllnll%, ~ 2

holds with probability at least 1 — 14D 166*3"’%/ 32 Here we use the convention 0/0 = 1.

Next, Lemma D.3.4 and Lemma D.3.5 provide high probability bounds for a multiplier
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empirical process and a product empirical process, respectively. In the majority of RKHS
literature, the zero-mean error terms @; in the multiplier process {(1/n)Y wh(X;) : h € 2}
are typically assumed to be bounded. However, this constraint is relaxed, as demonstrated in
Lemma D.3.4. In comparison to the analysis for joint linear models, the primary technical
challenge lies in controlling the multiplier process in Lemma D.3.5. Specifically, the bound
(D.16), a nontrivial extension of Lemma G.1 in He et al. (2023), relies on a Gaussian comparison
inequality for product empirical processes, an upper bound (under expectation) on the opera-
tor norm of sums of bounded random matrices, along with a series of intricate probabilistic
inequalities. Lemma D.3.5 can be more broadly applied to the analysis of KRR estimators with

nonparametrically generated response variables, and therefore is of independent interest.

Lemma D.3.4. Assume Conditions 4.2.1 and 4.3.2 hold. There exists an absolute constant

c15 > 0 such that for any ¢ > 0, the following event

e
4

1 & 1 D, +t
//4:={;Zwih(xi>s;1\|hlri+ I4l1% + 1505 = ,wze%}
i=1

satisfies P(.Z N.7) < 4e™", where the event . is defined in Lemma D.3.3.

Lemma D.3.5. Assume Conditions 4.2.1, 4.3.2 and 4.3.3 hold. There exists a universal constant
c16 > 0 such that for any 0 < 1 < A.nand n > C¢2>©7Le logn, with probability at least 1 —e™, the
bound
n 2 2
T T AT
p Y {Zi(f) — Zi(fo) He(Xi) — go(Xi)} < 16 g —goll3+ 16 g —goll3
i=1

2, (O, +1)

T £y
+ 2207 = folillg — 8ol + c16C3 3 (D.16)

holds uniformly over f,g € # satisfying || f — fol|3 + 24|/ — foll%, < 5.

With the above preparations, we are ready to prove Theorem 4.3.2.
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Proof of Theorem 4.3.2. Note that g can be equivalently defined as the minimizer of g —

(1/n) Y, {Z:(f) — tg(X:) )2 + 2e||7g||%,- We consider the change of variables
h=1g, h= g and hy = g0,

so that @; = Z;(fo) — ho(X;). By the optimality of g,

1 n

—Z{Z XY + Akl <~ Y AZ() = ho(Xi)} + Ael| ol -
=1
After a simple algebra, this further implies
~ , 28~
[h=hollz < =} @i(h—ho) (X;) +~ Z{Z Zi( fo) HR(X:) — ho(X1)}
i=1
+ e ([0l 3 = I17113). (D.17)

For any r > 0, let . and . be the events defined in Lemma D.3.3 and Lemma D.3.4, respectively.

In addition, let & be the event on which the bound (D.16) holds uniformly for f,g € Z with

. log(14®
I = folB+Agllf = foll < 8. Provided that 2, > 21HoE1422)

, we have
149, exp(—3nl./32) = exp{log(14D,,) —3nA./32} <e".
Together, Lemma D.3.3, Lemma D.3.4 and Lemma D.3.5 imply

P(S°UMEUPE) <P(F°UME)+P(P) = P(F°) + P(F N M)+ P(FC) < 6

By the definition of these events and the notations in Theorem 4.3.2, it follows from (D.17) that
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conditioned on .Z; N %,

~ 1~ I~ 5he
i holl2 < 51lh —holl3+ 5 I — holl3 + g o~ holl3

+ pllh—hollall 7 = foll2 + Ae (1ol % — I1A]|%) +C1 (2 + 82), (D.18)

where C; > 0 is a universal constant. Recall that go = 7}*g* with 0 <r, < 1/2 and g* € J7Z.

Following a similar argument that leads to (D.14), we have

Ae(llgollZe — l1&11%)

~ +1/2 ~ ~
<247 gL llg— g0l + 245 T g L llg — goll2 — AellZ — goll%

Ae i~ +1/2 N ~
<162 g |5 + Te 18~ goll 2 + 22 g7 Lllg - soll2 = Aellg = gol3r (19)

Moreover, conditioned on .¥ it holds
L. »_ 1 2 Ay~ 2
“llg— < Zlg— Zllog— .
T8 g0l < 5 18— gl + 18— g0l
Combining this with (D.18) and (D.19), we obtain that on the event . N.#; N &,

1~ 2 1~ 2 Aey > 2
gl =holl3 < 51k —holl3 + Il — ko5
L~ N _ e+1/2 7 %
< glh—=holl3 1= holl2 (17 = folld 22217 )

A - *
— el — holl % + 1642 || (5 +Ci (% + 82),

which further implies
N 2 n 2 N 2
2[|h—hol|z < 2[lh— holl3 + Aellh — ol 5

N _ re+1/217 % *
< ||h—holl2(16p||f — foll5 + 322 12)h ) +256A2 < | 1|13, + 16C1 (2 + 82),
(D.20)
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where h* = tg*. By reorganizing the terms, it follows that

17— holly < 8P/ — foll 3 +16(1+ 1/vV2)AS 2| 0¥ ||y +2v/2C1 /2 + 62

< sV e + BIIF - Fol3+ %+ 6)

for some absolute constant ¢z > 0. Finally, combining this L,-error bound with (D.20) results in

the claimed bound on || — /|| s, thereby completing the proof. O

D.3.4 Proof of Theorem 4.3.3

Under Condition 4.3.3, we can define an equivalent kernel (Silverman, 1984) and use its
norm to establish a tighter upper bound for the L.-norm of functions in 7¢’; see Lemma D.3.6
and the subsequent discussion for details.

For any A > 0 fixed, define a new inner product (-,-); on . as

(f,8)r = (f-8)2+A(f,8)w for f.geH,

where (f,8)2 = (f,8)1,(px) = [ f(x)g(x)dPx (x). Recall that {¢;} ;> are the eigenfunctions

of Tk with the associated eigenvalues {{i;};>1. For f =Y7 , f;¢; and g =} 7, g;¢;, we have

fv )L—Zf]g]"i‘/lzfjgj ijgj,

Hj i3 Vi

where

Tl A

for j>1.

Let .77, be the new RKHS associated with (-,-), . Note that .77 is the same functional space as
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2, but with a different reproducing kernel K, referred to as the equivalent kernel, defined as
K;L(xl,)Cz) = Z Vj¢j(xl)¢j(X2), X1, x € Z.
j=1

In the following, we write || f||5 = (f, f)a forany f € 5, and let || - llop,2 be the operator norm

with respect to .77, that is, for any T : 5 —

”T”opJL = Ssup <Tf>f>7t‘
I £lla<1

Here A is the regularization parameter, which is typically chosen as a small number. We remark
that the above || - ||; should not be confused with the L,-norm || - ||,.
We first describe a relationship between the norms || - || and || - ||, the proof of which is

established in (D.79) within the proof of Lemma D.3.5.

Lemma D.3.6. Under Conditions 4.2.1 and 4.3.3, the bound [[A]|. < CyD}/ ||, holds for any
he .

This lemma demonstrates that the norm || - ||;, can provide a tighter upper bound for the
supremum norm of functions in .7’ compared to using the original RKHS norm || - || s». To
illustrate, Condition 4.2.1 implies that ||/||e. < ||%|| s for any h € 7. However, Lemma D.3.6

shows that

1/2 1/2
[l < Co[1l12 = Co@ Y/ 1AI3 + AllAI1-

Therefore, if D, (||h]|3+A||h||%,) is smaller in order than ||4||%,, using the norm || - || results in
a tighter bound for the supremum norm compared to using || - || .

Next, define

~ 1& ~ ~
Ty=Tk+Al, T=-) Kx,®Ky, and T) =T +Al (D.21)
ni=
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Here, for hy,hy € 2, their tensor product hy @ hy : 7€ — F¢ is a rank-one operator satisfying

(hy @ hp)h = (ha,h) sh; for any h € 7. Note that E(Kx, ® Kx,) = Tx by definition (4.3).

Lemma D.3.7. Suppose that HTA_] (T —Tx) lop.a < € < 1 for some A > 0. Then, there exists an

operator A : 7 —  such that

~

_ _ T 4
Tl I_Tl 1 :ATA 1 with HA”0pJ~ < q

Finally, we compile several concentration results necessary for proving the functional

Bahadur representation.

Lemma D.3.8. Assume that Conditions 4.2.1, 4.3.2 and 4.3.3 hold. Then, there exists a universal

constant cy7 > 0 such that for any # > 0 and A 2> (¢ +1og®, ) /n, we have

l n
P H— Z OJiTl_lKXi
i3 A

53 t
> 1700 *;)ssw, (D.22)

and

>~ t+logn 12 [t+logn 149, _,
{HT (T -Tx)|,, z4(c¢m VD — = | s — "¢’ (D23

Moreover, if we further assume that n > qu,i) 1, logn, then, with probability at least 1 —e™’, the

t+% 7
<618C¢52©1/2\/TM+§||f—f0Hi (D.24)

holds uniformly for f € J# with || f — fol|3 + A4/ f — fol|%» < 83, where ¢i3 > 0 is an absolute

bound

H 3 (21) -2

constant.
Now, we are ready to prove Theorem 4.3.3.

Proof of Theorem 4.3.3. To begin with, recall the population (penalized) risk minimizer g, given
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in (4.12), which can be written as g; = TA_ITKgO. We first prove the Bahadur representation of

the two-step ES estimator g € argmin,¢ ;- Z (f, g). Write the empirical risk Z (fA, g) as

Z{Z 1)/t —gX) P+ Aelgl%
:—Z{Z /7= (8. Kx) e} +Ael8,8)

ln 2 n
=—Z{z P/ + <(—2Kxi®z<xi+xez)g,g> —<—zzl Kxﬂg> |
N s\ H

. i=1

-~

= Tle

By taking the Fréchet derivative of g — 2 (]/‘\, g), the empirical risk minimizer g admits the

closed-form expression
n A~
g=T1"— Zzi(f)Kxi- (D.25)

STEP I. DECOMPOSITION OF g — g, . From the model setup Z;(fy) = 780(X;) + @; and the

reproducing property of Ky., we derive that

T(8—8x)
~1ly 2 ~1
_Tg n Zi<f)KXi_TTAe TKg()
=1
_T_ Z{Z Zi(fo) + Zi(fo) }Kx, — Ty, ' Tk go
Z{Z Zi(fo)}Kx, + T, Za)iKXi—I—’L'a:lfgo—TT/{elTKgo
{ Z{Z fO)}KX‘|‘ Z(DZKX:|+’FT Tg()—’FT TKg()
. 12
+(I, -1, {;Z Zi(fo) }Kx; + = Z@Kx} (D.26)
=1 l 1
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Observe that

Tilfgo_Ti]TKgO:(?[l T, ) Tgo+ Ty, (T — Tk )go (D.27)

Here, note that

(Til - T,fl)TKgo + T;L_l (T —Tx)go
?e (T3, —T)L)T "Tkgo+T,, T —Tx)go
=T, (T —Tk)gs, + T, (T — Tx)go
=—(T;.' - TAZI)(T —Tk)8s, — T,il(/T\— k)8 + T,il(/T\— Tk)go

= —(T,' =T, )T - Tx)ea, + T, (T = Tx) (20 — ga,)-
Together, the above equality and (D.27) yield
T, 'Tgo—T; 'Txgo = (T, =T, )T —Tk) (80— g2,) + Ty, (T — T) (20— g1,);
which, combined with (D.26), further implies

N 1 & _
T(§—8a) — . Y a)iT;LeIKX,-
i=1
[ Z{Z () — Zi(fo) YKx, + ©(T — Tx) (g0 — g2, (D.28)

~ 1 & ~ 1 & ~
+(T -1 {; Y {Zi(f) = Zi(fo) }Kx, + - Y @Kx, + (T —Tx)(g0—82,) |-
i=1 i=

STEP II. OCCURRENCES OF “GOOD” EVENTS WITH HIGH PROBABILITY. The decomposition
in (D.28) suggests that (1/n) Y., a),-T/l_lKXi should be the leading term, while the remaining

terms are of higher order. In this step, we introduce the “good” events on which the remainders
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are well controlled and then establish high probability bounds for these events. To this end, let

n> 64C£©,1€ (t+1logn) so that § :=4Cy+/D;, (t +logn)/n < 1/2. It then follows from (D.23)

that the event

& —{HT T TK)Hop,l —C}

occurs with probability at least 1 —e ™.
To apply (D.24), we need to determine the order of &, and establish the convergence rate
of funder the Ls-norm. For the former, Theorem 4.3.1 implies that with probability at least

1—e,

2
~ ~ D, +t
rg+1/2 A
||f—fo||%+/1q||f—fo||§f§< R )

By taking

D, +t
+1/2 A
& = 2" P )

and applying Lemma D.3.6, we conclude that with probability at least 1 —e ™7, ||]?— foll3 +
2l f = Foll% < &3,

1/2

17~ foll < CoD}/> (17 = ol + AgllF o) < o226,

and moreover,

1/2

17 = foll3 = {Exmy (F= )* GO} < I = follwllF = foll < Co2;%83. (©29)

Let %, be the event on which the following bounds

Dy +t
< N i=c1700y) —
2 n

e

e
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and

sz 2T K,

D
<1 —C18C¢52@]/2\/ +n 2y B2 c :01/252
Ae

hold. By Lemma D.3.8 and (D.29), the event %, occurs with probability at least 1 — 7e™".

Consequently, we have P(&§N%;) > 1—8e .

STEP III. HIGH PROBABILITY BOUND FOR THE REMAINDER TERM. We combine the results

in Step I and Step II to complete the proof of the Bahadur representation of g. Define

Rem, :=7(g—g,) Zwl . 'Kx,,

which equals the right-hand side of (D.28). Conditioned on &; N %, it is easy to see that

{Z{Z Zi(fo)}Kx, + (T — TK)(go—gx)} <p+1tClg0— gl

Ae
On the other hand, it follows from Lemma D.3.7 that,
(7 [Zu mmﬁ—z@@+m"nmrmﬂ‘
i—=1 Lo
gﬁ%- L -zt Lok - R -a)
l 1 Ao

<28(n+r+1¢lgo—2glla),

where the second inequality is due to the fact that { < 1/2. Combining the above bounds, we

obtain that conditioned on &; N %;,

[Remy|, <%+ 7880 —&alla, +28 (1 +7+ 7880 — &a,l12,)

<2y +218|lgo—galla +2¢n.
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It remains to bound the (deterministic) bias term ||go — g3, |2, - Recalling that gg = T¢*g* with

g'= Z;?:lgj(])j € J, we have

(o] (o]

—1 - T .uj T, )Le T
80—8, =80 —T, Tkgo= ) M 8jPj— ) —— M 8= ) ——— M1 8iP
Ae j_z:l]JJ j_zluj+;LeJJJ j;uﬁ%;u

Hence,
lgo—gn 5, = Y, ——5u; 8 —— (D.30)
he j_z’l(ujJr?Le)z R 1
) Al—2re“2i’e g2 o0 g2
142r, e 1427, 4 2re+1 2
=AY ! L <D, ey =L =27 g%

j=1 (nuj + /'Le)lizre (.uj ‘I'}“e)zre .u_] - j=1 Uj

Putting the pieces together and recalling the notations in Theorem 4.3.3, we obtain that with

probability at least 1 — 8¢,
Fe 1/2 *
[Remy 1, <28 (v +The o 187 M172) +27 =< At (Ae) + Ao (Ag, Ae)-

Combining this bound on the || - || 3, -norm with Lemma D.3.6 completes the proof of (4.16).

To obtain the functional Bahadur representation (4.17) for the oracle estimator gy, note
that gor, is the empirical risk minimizer of g — 2 (fo,g) when the true conditional quantile
function is plugged in. Therefore, using a similar argument that leads to (D.25), we obtain the

following closed-form expression of gora:

SO
Bora =15 ' — Y Zi(fo)Kx;.
© Mg
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Following a similar line of arguments that leads to (D.28), it can be shown that

Rem,, ,ora

A 1 ¢ _
:= T(Zora _gle) T Z wiT?Le 1KX,~
i=1

~

) (1
= rTxgl(T—TK)(go—gA)"'(Txel _Tlel){ﬁ

1

wiKx, + (T —Tx) (g0 — 82,) }

n
=1

The rest of the proof closely resembles that in the case of g, and is therefore omitted here to

avoid repetitive calculations. [

D.3.5 Proof of Theorem 4.3.4

Keeping the notations used in Theorem 4.3.3 and fixing xo € Z°, we write

E{wiTA_lKXi()%)}Z C
o} o )~ O KOy
=1

D Ao \/ﬁ f
throughout the proof.
We first prove the Berry-Esseen bound for the two-step estimator g. From (4.16) we see

that with probability at least 1 — 8¢,

< 6533;12{&(%) +242(Ag,2e) }

(o)

~ 1 ¢ _
(8 —gn) =~ ) oy 'Kx,
i=1
which implies
[Tv/n(8 — 82,) (%) = Su| < esD} 2 v/n{A1 () + ARy, Ae)}- (D.31)

Applying the Berry-Esseen theorem (see, e.g. Tyurin (2011)), we obtain

EloT; 'Ky, (x0)]? 1
sup [P{S, < Var(S,)"/*u} — G(u)| < 0.5 | L ol )2| 32 T
sup [E{orT,, 'Ky, (x0)}2]3/2 v/n
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where G(-) denotes the standard normal distribution function, that is,

By definition of pj in (4.19),

E{oT 'Ky, (x0) 2P =D %3 .

For the third absolute moment, let Py, and Ey, be the conditional probability and conditional

expectation given X;, respectively. Condition 4.3.2 implies that for any u > 0,

Py, (o] > u) < ing{e—W]EXi(eS‘“’”)}
5>

< inf {e "By (¢ +¢ )} < ing(ze—we<’352/ 2y = 9~/ (205), (D.32)
5> 5>

where the first inequality follows from Markov’s inequality and the last step is obtained by

choosing s = u/0§. Therefore, the (conditional) third moment of | ;| satisfies

Ex,(|oi®) =3 /0 WPy, (|or] > u)du < 6 /0 e/ 4

=6V20; / u'2e™"du = 3v210;,
0

where the second equality is obtained by a change of variables. Moreover, note that

Hj

—_ <C2D ,
auj+)~e =T

‘T/’LZIKXi(XO)‘ = Z
=

9;(Xi)9;(x0)

and IE{T/IZIKXl. (x0)}? < Cé@ 2, by a similar argument as in (4.18). Combining the above bounds
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yields

E‘(D,‘T_IKX (X())|3 1

sup |P{S, < Var(S,)"/?u} —G(u)| <0.5 —
ueR‘ { b | 2)3/2p/1 vn
3\/27: C¢©;LE{T 'Ky, (x0) }? ks
2 93/2%6 vn
<3V % [Pr. (D.33)
2 P, n

Let & ~ .4(0,1) and recall that Var(S,)'/? = @l/ p;,- Denoting A; = Aj(4.) and
Ay = Ay (A4, Ae) for brevity, it follows from (D.31) and (D.33) that, for any u € R,

F o e - ea) ) <
S]P’{Var( )12, <u-+tcsp, \/_(A1+A2)}+8e*t

3v2 )
gP{&§u+cspi1ﬁ(A1+A2)}+8e4+ ”cq,p Vo
Ae

2
_ 3\/27( l C5 -1
P(E <u)+8e '+ + n(A]+Ar).
(& <u) 7 px Nl V(A +Ar)

Here, the last inequality follows from the fact that G(b) — G(a) < (27)~'/2(b—a) for any a < b.
A similar argument leads to a series of reverse inequalities. The above bounds are independent
of u, so that the same inequalities hold uniformly over u € R. Moreover, by the definition
of Ay, GO\/W < /nA;. This completes the proof of the Berry-Esseen bound for g with
c1=¢1(Cy,p3,,00) = 3V2mCy03p; > +cs5(2m) "' 2p; .

For the two-step oracle estimator gqr,, the bound (4.17) yields that, with probability at

least 1 —6e~ 7,

(gora 8, __sz 1KX

1/2
< c6®k/ Alv

oo
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thus implying

1

T\/ﬁ(g’\ora _g/lg)<x0) S

n
_ 1/2

Z CO,'Tle]Kxi(X(ﬁ < 6694 \/ﬁAl.

i=1

By combining the above inequality with (D.33), the Berry-Esseen bound for go, can be es-
tablished using a similar line of reasoning as in the case of g. The proof is omitted here for

brevity. [

D.3.6 Proof of Theorem 4.3.5

Following the notation in the proof of Proposition 4.2.1, define centered random weights
U =W, —EW;=W;—1 fori=1,...,n. We begin by establishing an upper bound on the
difference between 798’ (x) = Ly vz, (f) — T§(Xi)f;;] Ky, (xo) and the sum L Y U; o T, Ky (x0)
under the | - ||;,-norm. Recall that P*(-) = P(-|%Z,) denotes the conditional probability given
D ={(Y;,Xi)}!_,. Let E*(-) = E(:|Z,) and Var*(-) = Var(-|Z,) be the conditional expectation

and conditional variance given %, respectively.

Lemma D.3.9. Assume that Conditions 4.2.1-4.3.4 hold, and fj = TI?’ f* and go = Tg*g* for
some 0 <ry,7. <1/2and f*,g* € . Forany t >0, let 4, > (@M—H)/n, Aqr"Hf*H% <1,A 2>

(t+1log®,,)/nandn > 64C£ D,,(t+logn)logn. Define &, := 8,(A4,n,t) and ¥, := Yu(Ae,n,1)

D;, +t D,, +t
1/2 A +1/2 Ae
8= 24 U f e+ | = and g = TAET g+ 00| R

Moreover, denote

as

t+9
8= 8,0}/

Then, there exists an event ¢ (¢) with P{%(r)} > 1 — 12¢~" such that, with P*-probability at least
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1 —5e~! conditioned on ¥ (¢),

1 ¢ ~ N ~_ 1 ¢ _
H ;l Z Ui{Zl’(f) — Tg(Xi>}T7Le IKXi - Z Z iniTle IKXi < ClgAb(}Lq,le,l’t,l‘)7
i=1 i=

1

e

where

1
8y (s 1) = 1Dy 4 (6,4D1/782) = A1 (Re) + s (A, o)

and c19 = ¢19(Cy, 0, Ow ) is a positive constant depending only on (Cy, Gy, Ow ).

Now, we are ready to prove Theorem 4.3.5.
Proof of Theorem 4.3.5. Following the notations in the proof of Theorem 4.3.4 and fixing x¢ €
2, we write pi = pi (x0). Without loss of generality, assume that the sample size satisfies

n > 256C5(00/ps,) Dyt (D.34)

Otherwise, the right-hand side of the bound (4.20) exceeds 1, so that (4.20) holds trivially.
By combining Lemmas D.3.6 and D.3.9 and denoting A, = A, (A, A¢, n,t) for simplicity,

it follows that, conditioned on ¥ (¢) defined in Lemma D.3.9, the bound

<C2)7A,

1y N orvN1A— 1 ¢ -
H =) U{Zi(f) = T@(X)}T; Ky, — = Y UionTy 'K,
i=1 i=1

oo

holds with P*-probability at least 1 —Se™’, where C; only depends on (Cy, 0y, 0w). Given

xo € Z, define

I & _
Sb Ui CO,'T)LE IKXi (xo).
=1

n:%i
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Then, with P*-probability at least 1 —5¢™" conditioned on ¥ (1),

PV (50) 831 = | 2 Y UZ) RO K o) - 2 Y Uiy Ky (o)
i=1

<10 Van,. (D.35)

Applying a conditional version of the Berry-Esseen inequality, we have

-1 n 3
G n |COT Kx (X0)|
sup ‘IP’*{SZ < Var*(S;:)l/zu} —Gu)| < v L

sup [F7150 < ST (B30

where Var*(S?) = n~ ! Y7 1 07Ty TKx. (x0)}2.

We then establish high probability bounds for the data-dependent quantities, Var* (SZ)
and n~' Y1, |@T, 'Ky, (x0)’. Note that E{&T;_'Kx,(x0)}* = p3 D;, by the definition of p,
in (4.19). Thus

2 -1 2
1 o {T, "Kx,(x0)}
|Var*(85) /E{ /T, 'K, (x0)}* — 1| = |- Y (1-E A
anl pﬂ,egke

Next, we apply Bernstein’s inequality to bound the right-hand side. By (D.32), we have for any
u> 0 that Py (0? > u) = P, (|| > v/u) < 2¢7%/2%), which implies Py, (0? > 263u) < 2¢™*
Then, for any / > 1, it follows that

Ex, (jo?) = (203)11/ WPy, (0F > 20%u)du < 2(205)11/ W e du
0 0

=2(2063)'1". (D.37)

Moreover,

y

j=1

17, B (o). =

9,(X)9;(x0)| <C3Ds,,

o0

u+/l
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so that

E{T,'Kx,(x0)}* < ||T,1:1KX,~(XO)||35—2E{T,121Kx,~(m)}2

— 7, 'K )25 { T

j=1

2
) |

= 17, K (o) 2 ZZ(WA) 07 0

< (2o, Y

j=1

CoDy,-

)

S (Cq%@le)ZZ—Z

Combining the above inequalities, we have

< 16Cq6) 0 Dy,
P;Le

[P K (o) ?
P;. s

and for [ > 2

o {T; 'Kx,(x0)}? |!
Pl D,

2 2\ -2
§2<20;o) el < B iees G, (c;}@ﬁ%) .
Pi. 2 *p3, Pi.

Applying Bernstein’s inequality (see, e.g. Lemma 2.2.10 in van der Vaart and Wellner (1996)),

it follows that with probability at least 1 —2e~7,

ol Dyt of Dyt
[Var*(83) /E{xT;_ ' Kx,(x0) } —1]<4fc3 0\/ = +8(:;}p—§i
PR
Q/It
<8C¢— : (D.38)
Pi,

where the last inequality follows from the fact that 8Cy @}L/ 2\ /t/n < 1. Moreover, combining
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(D.38) and (D.34) yields

—E{wlT Kx, (x0)}? < Var*(8)) = Za)z{T 'Ky (x0)}? < ]E{a)lT 'Ky, (x0)}?, (D.39)

which further implies

Ly —1 3 —~1 1y -1 2
Zi:ZN(DiT;Le Kx.(x0)|” < 1??§)(n|wiT/1e Kxi(xo)|-r_lizzi|a),-Tle Kx, (x0)|

3
< - 11’2113.<X ‘(DZT KX (X())‘ ]E{(DlT KXl(x())} . (D.40)

By Condition 4.3.2 and the fact that ||T;L:1KX; (x0)]]e0 < C(zp@,le, we have

]P{ max |@;T, 'Ky (x0)| > C(%,G()@,le 2(t—|—logn)} < IP’{ max |w;| > oy 2(t—|—logn)}

1<i<n 1<i<
< n]P’{]a)l\ > ) 2(t—|—10gn)}

<27,

where the last inequality follows from (D.32). In view of this and (D.38), the event ¢’ (¢), defined

as

Var* (S, 1
ar’ (S,) — 1] < -, max [@T, Kx(xo)|§qu,Go©;Le 2(t+logn)},

7() :_{‘E{wl Ky, (%)) 2 12ien

satisfies P{¥'(t)} > 1 —4e™" given the sample size requirement (D.34). Moreover, it follows

from (D.36), (D.39) and (D.40) that, conditioned on the event ¢’ (z),

o, C500\/t +logn D3 E{o T, Kx, (xo
sup [P {S;, < Var*(s;)"/2u} — G(u)| < ;= DaBlonTy, K 2)3}2
" Vi E{onT,, Ky (x0) 12
oy C500 [D,, (1 +logn)

=Cs , (D.41)
Pa. n
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where the last line uses the fact that E{®, T/IZIKX1 (x0)}? = pi@ A,» and C3 > 0 is an absolute
constant.

To compare the two normal distribution functions G(u/[E{®;T) 1KX (x0)}?]"/?) and
G(u/Var* (Si) 1/ 2), we apply the following inequality that can be derived from Pinsker’s inequal-

ity (see, e.g. Lemma A.7 in the supplement of Spokoiny and Zhilova (2015)):

G(m) _G([E{wiTxellgxi(Xo)}z]'ﬂ)‘ : %’E{wlvarfgg 0P

sup
ueR

(D.42)

as long as |Var* (Sb)/E{a), 1KX (x0)}? — 1] < 1/2. Recall the notations A; = Aj(A.) and

Ay = Ay(Ay, A.) in Theorem 4.3.4. Applying Lemma D.3.6 and (D.30) gives
1/2 0 re+1/2)
82, (30) — 80(30) | < llgz, — goll < Co A2 "L

Combining the above calculations with Theorem 4.3.4, we conclude that for any u € R,

there exists a constant C; depending only on (oW, 0o,Cy, p3,) such that, conditioned on ¥'(t),

P{7v/n(g— g0)(x0) < u}
=P{t\/n(g—g3,)(x0) < u—7v/n(g, — g0)(x0) }

<O Far ) o e

1/2 re+1/2
u—CiD,; "Ay/n VI{CIA, +TCo A" 7 Ig" || e}
<G + Al +A))+8e ' +
- ([E{w, 1Kx (xo)}2]1/2> V(i +42) +8e V2”P7Le

’Dll‘
n

IN

G

(u—cli)fAb\/ﬁ

Cov/n(Ar +Ap + Al ge " +4C3 0
G ) o+ b R ) e 4G

Ae
(D.43)

305



Here, the second inequality follows from the fact that for any u; < uy,

G( u )_G< uj >< uy —uj
[E{wiT,i]Kxi(XO)}z]l/z [E{wiT;Qlei(XO)}z]l/z B (2”9,%6@&)1/2’

and the last inequality is a consequence of (D.38) and (D.42). Moreover, combining (D.35)

and (D.41) yields that conditioned on ¢ (1) N ¥4’ (z),

1/2 32
M_CIQA Ab\/ﬁ 1/2 GWC (o)) @l (t-}-]ogn)
G 2 <P S <u—C;D%A G0 [T
( Var* (52)1/2 ) = { n>Uu 1 Ao b\/ﬁ} +C3 ple n

GSVC(ZPGO D,,(t+logn) N

< P{1y/nB’ (x0) < u}+Cs . 5S¢,

e

This, joint with (D.43), yields that conditioned on ¢ (t) "%’ (¢) that satisfies P{4 (1) N¥'(¢)} >
1—16e77,

P{2(x0) — go(x0) < u} —P*{B(x0) < u} < cov/n(A; +As+ A2 g% p) + 137,

where cg = ¢9(Cy, 00, 0w, p;,) > 0. A similar argument leads to a series of reverse inequalities,

which completes the proof. [

D.3.7 Proof of Theorem 4.3.6

Following the notations in the proof of Theorem 4.3.5 and fixing xo € Z°, we write
p/%e = p/%e (x0), A1 = A1(Ae) and Ay = Ay(Ay, A,) for brevity. We first claim the following anti-

concentration inequality for g(xo) — go(xo):

P{g(x0) — go(x0) > u} <P{g(x0) — go(x0) > u+1n} + Agni(n) + 16¢~" (D.44)
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forany u € R and n > 0, where

T n
Aani (M) 1= 2c7v/n(A +Ay) + N / o n. (D.45)

We prove (D.44) through Gaussian approximation. By Theorem 4.3.4, it holds for any «' € R

that

P{g(x0) —ga,(x0) > u'} < P(é > pi,/gil/) +c7v/n(A1+Az) +8e 7,
Ae Ae

where & ~ .47(0, 1). Moreover,

T n T n T n
ple> " _M'>gp{ LA }+ /
<é pa, \ Dy, . Pa, @;Le( n) V27p;, Qﬂten
T n
< Plg(xg) — x0)>u +nb+ N
{g( 0) gle( 0) 77} \/ﬁp&, @/1677
+C7\/E(A1 —|—A2) —I—Se_’,

where the first inequality uses G(b) — G(a) < (27)~"/2(b— a) for any a < b and the second

follows from Theorem 4.3.4 again. Combining the above inequalities, we have

P{g(x0) — g3, (x0) > u'} —P{g(x0) — g2, (x0) >u'+n}
T 7
<2 AL +A) + +16e".
< 2¢7v/n(A1 +A2) \/EP)L@”@/L” e

Since the above inequality holds for any #’ € R, the claim (D.44) follows by taking u' =

u+go(xo) — gz, (o).

Now, we are ready to prove Theorem 4.3.6. Define

g = ug(xo) = inf {u € R: P{g(x0) — go(x0) > u} < a} forae(0,1),
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and denote
A = cor/n(Ay + A+ TAT V2|1 g%|Lp) + 137, (D.46)

where ¢y is defined in Theorem 4.3.5. Theorem 4.3.5 ensures that there exists an event ¥ (t)

satisfying P{¥(¢t)} > 1 — 15¢" such that conditioned on ¥ (1),

o —0<a if a <A,
P*{B"(x0) > ug—a'}
<P{g(x0) —go(x0) > ug_n} +A <o if a>A.

This implies that u?x defined in (4.15) satisfies u?x < ug_n- Similarly, conditioned on the same

event ¢ (t), it holds
P{g(x0) — go(x0) > )} <P*{B(x0) > up} +A < +A,
which implies ug o < uEx. In sum, conditioned on ¥ (¢), we have
U in < Uy < lg - (D.47)

Remark that by the definition of u, if the distribution of g(xp) — go(xo) is continuous at u,
then P{g(xo) — go(x0) > uq} = a; otherwise, P{g(xo) — go(xo) > ugq — N} > a for any n > 0.

Combining this observation with (D.47) and the anti-concentration inequality (D.44), we obtain

P{g(x0) — go(x0) > uly}

> P{g(x0) — go(x0) > ug_n} — 15¢”"

1/2 1/2
> P gt Qle @le _
= g(X()) - gO(XO) > Ug—N — — Aanii T —3le

n
Dl/2

> a—A’—Aami(i) —31e .
n
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Similarly, it can shown from (D.47) that
P{g(x0) — g0(x0) >y} < P{g(x0) — go(x0) > ttg s} +15e " <+ A +15¢".

Combining the above two bounds with the definitions of A,y in (D.45) and A in (D.46), we

conclude that for any a € (0,1),

1/2
N Ae —
\P{g(xo)—go<xo>>uz}—a\SA’+Aami( . )+31e’

< Crv/n(Ar + 8+ T8 g ) + 3167,

where C| = C; (C¢,, 0o, Ow, P?Le) is a positive constant. This proves the claim of the theorem by

noting that

[P{go(x0) € Fg(x0)} — (1— )]
< [P{&(x0) — g0(x0) > u3 2} — /2| + [P{&(x0) — g0(x0) <t} 1o} — /2]

= |P{&(x0) — g0(x0) > o} — /2] + [P{&(x0) — g0(%0) = u_g o} — (1 - t/2)].

D.4 Proofs for Section D.2
In this section, we give the proofs of the results in Section D.2.

D.4.1 Proof of Corollary D.2.1

To begin with, recall that A5 < A, < (m+1)/n. Since ©; < m, it follows by Theo-
rem 4.3.1 that || £ — fo|l3 + A4|lf — foll3, < (m+1)/n with probability at least 1 — e, establish-

ing the claimed bound for fA" Moreover, conditioned on this event, Theorem 4.3.2 yields that,
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with probability at least 1 — 6~

m+t m-t
Tlg— go||z<cm/ +c¢@1/2 + 57— foll3- (D.48)

Applying (D.29) gives || f — folli S C¢£‘3Z2(m +1)/n. Combining this with (D.48) and the fact

that © PHRS lq_ I establishes the bound for g, which completes the proof. [

D.4.2 Proof of Corollary D.2.2

Since A, < A, < (m+logn)/n and ©, < m for any A > 0, we have

1 I
8 (2gumogn) S+ /708 and (s logn) < 4 P08
n n

Then, it follows that

A = yngl/z\/logn < V/m(logn)(m+1logn) _ o(n 1)

e n =~ n

and

I D
Az(lq,ke)&,{@zz, /Og”TW—PDZZan} \/—m+10gn o(n172)

provided that m> = o(n). Moreover, pi (x0) = p*(x0) and D, /m — 1 as n — oo. Thus, applying

Corollary 4.3.1 gives

o /2 @800 S 070, (.49
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For the bias term (g3, — go)(x0), we first remark that there exists g* = Y L18j9; € A satisfying

g0 = TI;/ 2g* when g € S and u,, > 0. To see this, note that

4 <g07¢j> w ) -4
; 80,9j)20; = ]_Zl I VH®j = ;gj\/;T](b],

where g; = (g0,9;)2/+/l; for 1 < j <m. Then, it is obvious that gy = Té/zg* and g* satisfies
18*11%, = X711 (20,903 /17 < iy, ' [|g0l|3, < oo. Combining this with (D.30) and Lemma D.3.6

gives

2 2, —1)2
(g2, — 80)(x0)| < llga, — 8ol < CpD;. 22 lg* I~ <C¢@1/ Aelt llgoll-

Thus,

n D,;, m+logn
e~ S Vi e R oy,

m n

where the last equality is derived by the assumption m> = o(n). Combining this with (D.49)

establishes the claim. ]

D.4.3 Proof of Corollary D.2.3

We show that A;(A.) = o(n~'/2) and Ay(A4,A.) = o(n~'/?) in the proof of Corol-
lary D.2.2. Moreover, there exists g* € J¢ satisfying go = TI;/ 2g* and /nA, = o(1) under
the given assumptions. By examining the proof of Theorem 4.3.6, we observe that the prefactor
term c1o depends on the inverse of py (xo); that is, c1g is uniformly bounded as long as p;, (xo)
is uniformly lower bounded by some constant for any sufficiently small A, > 0. Thus, applying

Theorem 4.3.6 with r = logn leads to

[P{g0(x0) € F5(x0)} — (1 - &) = o(1),
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thereby completing the proof.

D.4.4 Proof of Corollary D.2.4

For completeness, we first demonstrate that ©; =< A~!/8 for any A € (0,1) when the

kernel has f3-polynomially decaying eigenvalues with > 1. To establish this, note that

91—2

j= 1.“] ;1+)~]ﬁ

For a fixed A, (1 + A jB) is decreasing with respect to j, so we can further deduce that

= 1 = Lo =
D, < dx=A"1/B dx:),l/ﬁ(/ dx / —dx)
Ao 14 AxP 0 14+xB 0o 1+xP * 1 1+xP

~1/B 1 _ B -1/B
<A (HB—l)_B—lA . (D.50)

where the first equality is derived by a change of variables. Similarly,

D / dx > l/B/ dx>7tf1/ﬁ midx_;xfl/ﬁ
A~ 1+/'Lxﬁ L1+ T2 L BT 2(B-1) ’

where the second inequality follows from a change of variables and the fact that A < 1. Combin-

ing the above two bounds shows that ®; =< A/B,

Since we choose

Ay = n~BHCrFDB+1} | r
n

312



Theorem 4.3.1 yields that, with probability at least 1 — e’

2

T I lq_l/ﬂ +1t
=4 —f—T

§n_(2rq+1)ﬁ/{(2rq+1)ﬁ+1}_|_5 (D.51)
n

~ ~ 2r+1
I1f = foll3+Agllf = foll 3 S A5 +

provided that 0 <t < n.
Turning to g, conditioned on the event where the inequality (D.51) holds, applying (D.29)

gives

I~ ol S Coy? |- s 8/ B 1) 1

< {21}/ ((r42)B+2) 4 \ﬁ ,
n

Then, Theorem 4.3.2 implies that, conditioned on the event where the inequality (D.51) holds, it

follows with probability at least 1 — 6¢~" that

t)g—goll S A+ o Prtl | G-/ (r0p2y | L
n

n
/ —-1/B
+C¢ n—(2’q+1)ﬁ/{(4”q+2)ﬁ+2}+\/Z )L_l/(zﬁ) i
n g n

< - Qret DB e+ 2)B+2} = {(ry+2)B=1}/{(4ry+2)8+2} | \ﬁ _
n

This proves the claim. ]

D.4.5 Sufficient conditions for (D.1)

By Corollary D.2.4, g attains the minimax optimal convergence rate when (7, ., B) sat-
isfy (D.1). The following lemma identifies several sufficient conditions for (D.1), but additional

conditions may also exist.

Lemma D.4.1 (Sufficient conditions for (D.1)). Let0 <r,,r. <1/2and B > 1. Then, (r4,r., )
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satisfy (D.1) when one of the following inequalities holds:
* (2rg+1)B >2;
* re <rg;or

« B>(V3+1)/2.

Proof. Recall the inequality (D.1),

{2+ DB —2}{(2re+ 1B +2} > -3.

First, it is obvious that (2r, 4+ 1)B +2 > 0, so the inequality holds when (2r,+ 1) —2 > 0.

Second, if r, < r,, then it follows for any 0 < r.,r, <1 /2 and B > 1 that

{(2rg+ 1)B —2H{2re + 1)B +2} = 214+ 1) (2re + 1)B? — 4(re —ry) B — 4

> B2 —4> -3,

implying the inquality (D.1).

Finally, we remark that by the quadratic formula, any r,, 7, € [0,1/2] satisfy (D.1) if

B> sup —2rg+2re+\/4(rg—re)? + (2rg+1)(2r. + 1)
T 0<rgne<1/2 (2rg+1)(2re+1)

1
= sup
0<ryre<1/2 20 = 2o/ A(rg = re)* + (2rg + 1) (2re +1)

-1 V341
= | inf —y)? — } =
[]Slxr}ygz{\/(x y)2+xy+x—y} 5

where the last equality follows from the fact that the infimum is obtained at x =1 and y = 2.

This completes the proof. 0
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D.4.6 Proof of Corollary D.2.5

Recall that A, < n~PAZr+DB+1} and 2, =< n=" with 1/(2r, 4+ 1) < 1 < min(1,3/3).
Since ©; =< A~ VB for A € (0,1), we have

80y, logn) = ATV || 4 | 2 1OBT o )B (2142,
n
reb1/2)) s tlogn . ir1/2) L (-B)/(2B)
’)/I’l(l&nulogn) - Tz‘é’e ||g ||%+ (0)) ET 5 n ¢ +n

< n(t=P)/(2B),

and

Then, it follows that

A (Af ) Yn@l/z\/@g n(l*ﬁ)/ﬁ 10g1/2(n) _ 0(’171/2)’
n

where the last equality follows by the assumption t < f3/3. Moreover,

AZ(Aqvle)

logn+
:5n{@;/2,/—°g”+ lem;/z(sn}
q n q
/’D 10 /

—(2rg+1)B/{(2rg+1 ﬁ+1}10g1/2<n)+n7(2rq+1)ﬁ/{(2rq+1)[3+1}n1/(2ﬁ)
4+ U= (4rg+2) B} /{(4rg+2)B+2}

=on™11),
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where the last equality follows from the assumption (2r,+1)B > 2 and 1 < /3. Combining

the above bounds with Corollary 4.3.1 gives

n

7\ [ 8= 8a)(0) 5 A (0,9 (x0)). (D.52)

e

For the bias term (g;, — go)(x0), combining Lemma D.3.6 and (D.30) yields

1/2 4 re+1/2 %
(82, — 80)0)| < llg2, — 80lle < CoD AL g% |

Thus,

n

EK&% —80)(x0)| < Vun e H2) = (1),

(4

where the last inequality is derived by the assumption 1 > 1/(2r, + 1). Combining this

with (D.52) establishes the claim. [

D.4.7 Proof of Corollary D.2.6

The proof follows a similar line of argument as the proof of Corollary D.2.3; therefore,

we omit it for brevity. [

D.4.8 Proof of Corollary D.2.7

We first show that when the kernel has B-exponentially decaying eigenvalues with § > 0,

D, =<log!/B(1/1) for any A € (0,1). To establish this, we have that for some cg >0,

,;1 Hj+A ]_; 1+ A’
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Thus, we can deduce that

dx+ —dx

/{cﬁllog 1/A)}1/B 1 oo 1
0 1+ Aecs™” {e5 log(1/2) /B 1 4 s

D /w dx
b 01+7LecﬁxB

IN

log(1/A)\ VB 1 e 1
{ } +pcﬁ/o (1 e {x+log(1/2) BB

<{1og(1/z)}‘/ﬁ+1og<ﬁ1>/ﬁ(1//1)/°° Lo
- B ﬁCB o 1+¢€*

<log'/B(1/2), (D.53)

where the second inequality follows from a change of variables. Moreover,

e {c5 ' og(1/2)}1/P
0.2 [ a7 e S [{eg og(1/A)}/P 1]
L1+ Ae s 1 14 LB 2

>log'/B(1/2). (D.54)

Combining the above two bounds shows that ©; = log!/#(1/21).
Now, recall that A, < {r +1log'/B(n)} /n, implying Dy, S log!/ (n). Thus, Theorem 4.3.1

implies that, with probability at least 1 —e™’

b

n -~ t+log'/P
17~ ol + 2yl 7~ folPy < HOE)

Moreover, conditioned on the event where the above inequality holds, applying (D.29) gives

1/2t+10g 1/B (n) t +1log'/P(n)

n

If = folli < Co®;) Slog'/P(n).-
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Combining this with Theorem 4.3.2 gives

R Dy, +1 t +1log'/B(n t+1og'/B(n
T||g—go||2§00\/ ; +\/ i ( )+logl/(2ﬁ)(n)-g—()

n

t+1log"/P(n t+log'/B(1/2,
a0 >10g1/ﬁ(1/1q)\/ £ /P(1/2)

n

t+1log'/B(n)

n

which completes the proof. ]

D.4.9 Proof of Corollary D.2.8

Recall that 4, < A, =< log!/B(n)/n and 0 < r, < 1/2. Since D, = log!'/P(1/1) for
A €(0,1), we have

~ )
n

D, +logn 1/B
ra+1/2) o A g log'/P (n) +1log(n)
5,(2g.nlogm) = 17| H;zﬂr\/ Sk <\/

and

D 1 logl/B 1
Yn(le,n,logn)=T7Lere+1/2|]g*H%+Go / )Le*’: ogns\/og (n’)1+ og(n).

Then, it follows that

1
Bi(e) = 10} | 228 = o(n112),
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and

I
Ao(AgsAe) = &, {@”ﬂ/mwfﬂa }
&@l lOg / @1/262 71/2)

Combining the above bounds with Corollary 4.3.1 gives

n

T a(?-gxe)(xo)g«/V(O,PZ(Xo))~ (D.55)

e

For the bias term (g;, — go)(x0), combining Lemma D.3.6 and (D.30) yields

125 re+1/2

(&2, — £0)(x0)| <, —golle < CoDY 222 g
Thus,
7 o 1/B n re+1/2
al(er, el S v T o),

where the last equality is derived by the assumption 7, > 0. Combining this with (D.55) estab-

lishes the claim. [

D.4.10 Proof of Corollary D.2.9

The proof follows a similar line of argument as in the proof of Corollary D.2.3, and

therefore is omitted. [
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D.4.11 Proof of Lemma D.2.1

To begin with, recall the eigenfunctions (D.2) and eigenvalues (D.3). Then, for any

xo € [0, 1], we have

E{oi(Tx + A1)~ Kx,(x0)}* > 0°B{ (T + A1)~ Ky, (x0) }?

2
b m( >¢j<x,->}

=20 ; T an)zp}z (D.56)
For a fixed A > 0, {1 + A (2km)?"}? is decreasing with respect to k, so it follows that
* 1/(2p)
1;1 {1+7L(;kﬂ)2”}2 Z/1 {1+7L(;x7r)2p}2dxZ : 2n : /1 (1+12p)2dx
—1/(2p)  peo
2 |
—1/(2p)
_4A - ! 4p1_17 (D.57)

where the second inequality follows by a change of variables and the assumption A < (27)~%”.

On the other hand, following a similar argument as in (D.50) gives

= 1 & 1 1 -
_ _ > < o[ — L4
=L A T PR T A S 1A o Ti A

j=0
1 A V@2p) e
o [l
1+A4 T 0o 1+4x2p

1 A-1@P) 2p
< +
144 T 2p—1

A= e
~2p—1
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Combining this with (D.56) and (D.57) yields

2 ]E{wl'(lK '/LI)_IKXI'(XO)}Z 2p—1 2
ple(xo) = . ( 1)2 o

This implies the claimed lower bound with ¢j; = (2p — 1) /{4 (4p —1)?}. O

D.4.12 Proof of Lemma D.2.2

By the eigensystem (D.4) and (D.5), it follows that for any xo € [, 7],

E{i(Tx + A1) "' Kx,(x0)}* > 0°B{ (Tx + A1)~ Kx, (x0) }?

> 5{ B0 0)o,(x >}2

i . (D.58)

Then, applying a similar argument as in (D.54) gives

oo o 1 ﬂ@”log'/z(l/l) 1
> dx>/ dx
;1 1—|—/lek292/2) /1 (14Aex02/2)27 — (1+ Ae6%/2)2
V2, p
>
> 4{ 5~ log!2(1/2) -
> %log1/2<1/l>, (D.59)
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where the last inequality follows from the assumption log(1/A) > 262. On the other hand, by

following a similar argument as in (D.53), we have

M 1 - 1 1 /w 1

— — 2 < 2| ——————dx
o ,-ZZ)MJM Y kg‘l L4402 S T4 " Jo 14 20702
1 /ﬂ@llogl/z(l/l) 1 1

L P / S
0 1+ Aex’0%/2 V26-110g!2(1/2) 1 4 Ae¥ 0%/2

= +2

IN
- +‘_ +‘_ +‘
> >

V2 i Loy I
Tl (1/)“”&9/0 (14 e (xt Tog(1/A 12

V2, log '2(1/A) [~ 1
g log!Pa1/2)+ 2 [T
B 2V/2 log(2)log™'/2(1/2)
=7+ leg! A/ + NiT

2V/2 10g2> 12
<(1+==+=—=2)1 1/2),
—(+9+ﬁ9 og/“(1/4)

IN

where the last inequality follows from the assumption A < 1/e. Combining this with (D.58) and

(D.59) yields the claimed lower bound, where ¢, only depends on 6.

D.5 Proof of Technical Lemmas

D.5.1 Proof of Lemma D.3.1

By Lemma S6 in the supplement of Padilla and Chatterjee (2022), we have

E{p:(Yi— f(X;) — p(Yi— fo(X:)) }
I
> min (%, OTB)]E{]]‘(X,‘) — fo(X)| A | f(X:) —fo(Xi)P},

When || f — follee <M with M > 1, we get

F(Xe) = fo(Xi)| = | f(Xi) = fo(X)?/M  almost surely,
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which further implies

o~

op

B{pe(ti 06)  pelti - o))} = ymin (8.8 )17 ol

as claimed. O]

D.5.2 Proof of Lemma D.3.2
To begin with, for any 0,, 8 > 0, define the following random fluctuation term:

n

Y (1—E){pc(Y; — £(X:)) — p=(Y; — fo (X)) }|-

i=1

Q(6,07) = sup
f€<%7”f7f0”2§527Hfff()Hff‘ééﬁﬁ

S| =

Since pz(-) is a Lipschitz function and || f — fol| < ||.f — foll# by Condition 4.2.1, we have

Var(pe(Yi — £(Xi)) — pe(Yi — fo(X:))) <E{pe(Yi— £(X0) — pe(Yi— fo(X)}’

<E{f(X:) - fo(X;)}* < &3,
and
|o(Yi — £(Xi) — p(Yi — fo(X0)) || <11 = folleo < 80,

when || f — fol|2 < & and || f — fol| s < 8,». By Theorem 7.3 in Bousquet (2003), for any ¢ > 0,
Q(6,,8,p) satisfies

Q85.8,) < 25080 )+ 00y 2 45,2 (D.60)

with probability at least 1 —e .

For the expected value EQ(6,,8,,), applying Rademacher symmetrization and Tala-
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grand’s contraction principle (see, e.g. Theorem 4.12 in Ledoux and Talagrand (1991)) yields

Q(8,,8,) < 2E sup
fG%GHf Jolo <&l f—foll <8 I

Ze,{pf Y, — f(X, Pr(Yi_fO(Xi))}'

<A4E sup Z e { f(X }‘ ,
| FEA I f~fol <82l f—foll <80 1T
where eq,e»,...,e, are independent Rademacher random variables that are independent of
{XiH

A f = foll3e < 8% := 63 +A83,. Thus, the expected value is further bounded as

}.

For any h € .# with the expansion h(-) = Y7 6,¢;(-), we have ||]|3 = X7, 6} and ||A]3, =

1 n
— Zeih(Xi)
iz

Q(8,0.7) §4E{ sup

he A, |h5+A| k|2, <62

Y7167 /1. This implies that if & = Y7 6,¢; satisfies [|2]|3 + 4[4[, < 87, then {6;}7_,
satisfy Y7, GJ.Z/VJ < &2, where vi=u;/(uj+A) for j > 1. Combining this with the above

inequality, we have

Q(&,05¢) < 4E{ Sup Zel Z 6;9;(X }
{GJ};O:I j=1 J/v]<62 i=1 _]:1
4 oo 9} n
=-E sup Y Xei/vigi(Xi
{037 :X7, 67/v;<8% | j=1 V V] i=1
(i) 4 © 9. o 1/2
: -[E{ w |55 Eavmon }]
" {6)}5 X7, 07 /v;<82 | j=1 VViisi

]:] =
(iii) 48 ( > )1/2 K303
= = Vi =484 == (D.61)
Vn ,; ! n

Here, step (i) is due to Jensen’s inequality, step (ii) is obtained by the Cauchy-Schwarz inequality,

and step (iii) follows from the orthonormality of {¢;}7_,. Combining this with (D.60), we have
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with probability at least 1 — e that

Q(6,6) < 614{5\/ &+52\/Z+5%£},
n n n

where c14 = 8. This completes the proof. 0

D.5.3 Proof of Lemma D.3.3

We introduce the following notations that will be used frequently. Let £, = ¢»(N) be the

Hilbert space of square-summable infinite sequences, that is,
by = {0 = (91,92,...)T GRN: Z 6} < 00}.
j=1

Denote by || -[[¢, = || - [[1,v) the £2-norm in the space ¢(N) induced by the inner product
(01,02)¢, = (01,02) ) = L7, 61,62, for @1 = (61,1,612,...)" and 83 = (621,62,...)".

Now, we define

®(x) = (VI (x), /e (x),..)T for xe 2,

where {¢;};>1 is a sequence of orthonormal eigenfunctions of Tx with an associated set of
non-negative eigenvalues {f;};>1. Recall the relationship (4.4) and Condition 4.2.1. Thus,
]|<I>(x)||%2 =Y 1,uj¢ (x) = K(x,x) <1, which implies ®(x) € ¢, for any x € 2. For any h €
J, we can express h(-) = (0, ®(-))¢,, where 8}, = (6,1, 6),2,...)" with 6, ; = (h,9;)2/\/IL;.
Here, we adopt the convention 0/0 = 0. With this representation, ||h||%, = |6}, ||§2 and ||h||3 =
Y My 92

For any self-adjoint operator A on a separable Hilbert space, ||A||op denotes the operator
norm of A. Moreover, given two self-adjoint opeartors A and B, we write A < B (A > B) if and
only if A — B is negative (positive) semidefinite. In the proof, we utilize the following Bernstein

inequality for a sum of self-adjoint operators. The proof can be found in Section 3.2 of Minsker
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(2017).

Lemma D.5.1 (Bernstein’s inequality for bounded self-adjoint operators). Let M{,M;,..., M,
be n independent self-adjoint operators on a separable Hilbert space. Assume that for any
1 <i<n, EM; =0 and ||M;|op < B for some B > 0. Moreover, there exist positive trace-
class operator V and ¢ > 0 such that (1/n) Y7, EM? < V with ||V||,, < 62. Then, for any

u>B/(3n)++/0?/n,

“

In particular, for any r > 1/2,

]P’( zo\/%+§5> < 14"V
op n 3n o

With these notations and Lemma D.5.1, we are ready to prove Lemma D.3.3.

1 n

_ZMi

ni=

tr(V 2/2
2u>§14r<2)exp(—2’m—/).
op c 02+Bu/3

)
Y M,
iz

Proof of Lemma D.3.3. Define
T s_ 1§ T
L=E{®X)P(X)'} and L=-) ®(X)P(X;)",
ni=

which are self-adjoint operators in ¢,. We remark that ¥ is the infinite-dimensional diagonal
matrix with entries y > ptp > --- > 0. For any & € J¢ with the expansion & = (0, ®),,, we can

write

|13 = (64,2604),, and |||z = . Y (04, ®(X))7, = (84,Z04)s,,
i=1

which further imply

I3+ 2 llhl2p = (B4, (E+Ac)Bh)e, and |[A]3+Ae|lhl3p = (B, (E+Ad)O1)es-

326



Thus, it suffices to prove that

%(2+,1e1)j§+7u

(PN
| W

(Z+ ).
To this end, for any 1 <i < n, define

M; = (Z+Ad) " 2{E - @(X)P(X) HE+ D)2,
which is well-defined for any A, > 0. Since £ = E{®(X;)P(X;)"}, M; satisfies

M| op <2 sup H<2+7Lel)‘1/2<1><x)<1>(x)T(2+M)‘”zHop
xed

2

2 2
< 7 sup @) P(x)]],, = 5 sup ||P(x Hfz o

e xe & Ae xeZ
where the second inequality follows from £+ A.I > A.I and the last inequality is obtained by

Condition 4.2.1. Moreover,

EM? < E{(Z+ A1)~ 20(X)@(X) (T + A1)~ /2}

(Z+Ad) I/ZE{CID(Xi)CI:(Xi)T}(Z_Hu)—l/z

Hr?’

= —(Z4 D) PEE D)2 =0V,

Q

where the second inequality follows from X+ 4,1 = A.I and ||P(X;) H%z < 1 by Condition 4.2.1.
Remark that V is the infinite-dimensional diagonal matrix with entries t/(Acpy +A2) >

o)Aty +A2) > -+ >0, so tr(V) =D, /A, and ||V|op < A, !. Therefore, Lemma D.5.1

1&
*(;
anl

implies that

1 3n
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as long as nA, > 9. Note that

n

%ZMi = (Z+2D) PHE-Z)(E+ )2
i=1

Consequently, the previous probability bound implies that the bounds

DI

1 1 - 1 1
Z Z Yy < _ Z
22-1— 2161, and Y —-X < 22+ 2161

hold with probability at least 1 — 149D, exp(—3nA./32). This is equivalent to
2

]P’{l(ZJr)LeI) <S4 A = %(zwu)} > 1 14D, exp (-%7@),

which establishes the claim.

0
D.5.4 Proof of Lemma D.3.4
To begin with, note that
1 ¢ h(X; 1 ¢
wp;Z@ Qg < sup ;Z@Mm. (D.62)
ne St Nl AWl | e sl e<a 2 ST

To establish a non-asymptotic bound for the right-hand side, we begin by fixing covariates
X;}" . and define [Ex and Py as the conditional expectation and conditional probability given
i=1
it ively. ) h=n" 1 0;h(X;
{X;}"_,, respectively. Moreover, let S, = n~'/2Y | ayh(X;) for any h € 5 and recall that
| - ||ln denotes the empirical Ly-norm. By following a similar line of arguments as in (D.32),

Condition 4.3.2 implies that for any u > 0 and h,h’ € 7,

2
u
IP’XOSh—Sh/\ > u) < 26Xp (——)
204 —1|3
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Therefore, (S),),c» is a sub-Gaussian process with respect to the metric d,,, which is defined as
dn(h,h') = oo =1 |-

Denoting T =T(A,) ={h € 7 : ||h]|, < L,||h]| . < Ae 172 }, it is easy to see that the
diameter of T with respect to d,, that is, SUpy, et dn(h,h’ ), is bounded by 20p. Define the

1>-functional y;(T,d,) as

r(T,d,) = inf sup Z 2k/2 1nf d,(h, 1),
(T4 ¢ Tol=1,|T| <22 heT k=0 WeT
where (Ty);_ is a sequence of subsets of T and |Ty| denotes the cardinality of T;. Applying a
conditional version of the generic chaining bound (e.g., Theorem 8.5.5 in Vershynin (2018)),

there exists a universal constant C; > 0 satisfying

sup S| = sup | —=
heT heT

sz

< Cl{yz(T d )+oo\/} (D.63)

with P -probability at least 1 —2e~". To bound y»(T,d,), let &, ..., &, be independent standard
normal random variables, which are independent of {X;}! |, and define G, = 6p—- \[ Y &h(X;)
for h € A . Then, (Gj)pet is a mean-zero Gaussian process on T with the metric d,, conditioned
on {X;}" ,. By a conditional version of Talagrand’s majorizing measure theorem (e.g., Theorem

8.6.1 in Vershynin (2018)), there exists a universal constant C; > 0 satisfying

M:

©(T,d,) < CEx (sup |Gh|) = CZGOEX{ sup |—
heT heT

:1
Combining this bound with (D.63), we have

n

1
IP’X{sup —Z Ex{sup
heT |12 heT

where C3 > 0 is an absolute constant.

(x)ih(Xl'> < C3 (o))

Zél

sRE

To establish a high probability bound for Ex {sup,cr|(1/n) Y1, &ih(X;)|},

} >1-2¢", (D.64)

which repre-
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sents the empirical Gaussian complexity of the set T, we utilize Cauchy-Schwarz and Hoffmann-
Jgrgensen inequalities to bound it by the empirical Rademacher complexity of T. Subsequently,
we apply Klein’s version of Talagrand’s inequality to establish a high probability bound for the
empirical Rademacher complexity in terms of the population Rademacher complexity as in the
proof of Proposition 5 in Koltchinskii and Yuan (2010).

To begin with, we first derive a bound for the empirical Gaussian complexity in terms
of eigenvalues of the normalized kernel matrix. In detail, let iy > tr > --- > 1, > 0 be the
eigenvalues of the normalized kernel matrix K/n, where K = (K(X;,X;))1<;, j<. Following a
similar argument as in the proof of Lemma 13.22 in Wainwright (2019), the empirical Gaussian

complexity can be written as

1 n n
Ex{sup -y &n(X; } :EX{ sup &6 }, (D.65)
heT |1 ;5 l ( l) 0cT \/ﬁl; l
where the set T/ C R” is defined as
n
T'::{6:(91,62,...,9n)T€R”' \BHZ Zﬁ—lg } (D.66)

Denote V; = l;/(H; + A.) for 1 <i < n, and define the ellipsoid set D(n) C R” for any 1 > 0 as

follows:

D(n);:{e:(el,ez,...,e) eRn-ngn}. (D.67)
1 Vi

1=

It is easy to see that T C ID(2), which implies

Zé

{ sup 3
6cT |

0}

}SEx{ sup Z
0cD(2) | =1
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Then, by applying Jensen’s inequality and the Cauchy-Schwarz inequality, we obtain

2 2
(o (amlBon) ' < ) ool £ v 5
0cT | = 0eD(2) 6cD(2

— 2Ey ( Z v,-gf) =2 Z Vi, (D.68)

i=1

n

Y &6

i=1

which, combined with (D.65), further implies

sup |- ¥ &h(X, } < \/j ( vl-> ) (D.69)
{he'ﬂ‘ Z n ;
Now, let e1,ez,...,e, be independent Rademacher variables that are independent of

{X:}!_,. Following a similar argument as in (D.65) yields

}:Ex(sup 91').
6cT’

By the definitions of T’ in (D.66) and D(n) in (D.67), it is obvious that D(1) C T', which implies

} Z]Ex{ sup Ze,-@i'}.
0cD(1) | i=1

Remark that |e¢;6;| < 1 for any 8 € D(1) and 1 <i < n. Hence, applying Hoffmann-Jgrgensen

n

Ex{ sup l Z e,-h(X,-)

heT |12

1 n
N

]EX{ sup Ze,

0cT | j=

inequality (see, e.g. Theorem 6.20 in Ledoux and Talagrand (1991)) gives

i

Note that Ex {supgcp1) | iz €6 ?} =Y, V; by employing a similar argument as in (D.68).

n

iei()i‘} Z {Ex{ sup Z
i=1 0eD(1) | j=

=1

Ex{ sup e,~9,-

0<D(1)

Putting the pieces together, we obtain

n

Ex{ sup l Z €,'h(Xl')

heT |1 ;25

1 n

i L

(e 12
6| 2 — Vi - —,
257 -7

} > ]EX{ sup
0cD(1)
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which, combined with (D.69), further implies

} <Cy {EX{ sup |—
heT

Zél

Zez

1
, D.70
se{ s} e om

where C4 > 0 is a universal constant.

Turning to establish a high-probability bound for the empirical Rademacher complex-
ity of T in (D.70), note that for any 2 € T and 1 <i < n, we have ||e;h(X;)||w < lefl/z and
(1/n) YL Ex{e?h*(X;)} = ||4||?> < 1. Thus, applying a conditional version of Theorem 3.3.10
in Giné and Nickl (2016) yields that the bound

Ex{sup— eih(X; }<Sup eih(X; +\/j+l z
heT n,; %) heT ”E{ (i) )
1 & t
< sup eih(X, \/7
heT ”;{ n

holds with Px -probability at least 1 —e~’, where the last inequality follows from the fact A, > ¢ /n.
Combining this with (D.64) and (D.70) and taking expectation over {X;}?_,, there exists an

absolute constant Cs > 0 satisfying

t+1
n

> C500 | sup |—

heT

Lt

} <3e . (D.71)

Now, recall the definition of the event . = .¥(A,) in Lemma D.3.3. Conditioned on .,
h € T satisfies ||| < v/3. Thus, conditioned on .,

sup |—
heT

LY e

sup
HthS\/iHhH.%”S/I 1/2

Zth

Remark that for any 1 < i < n and h € J# with ||h]| < /3 and ||| » < A /2, we have

leih(Xi)||eo < Ae /2 and E{e?h*(X;)} < 3. Therefore, by applying Theorem 7.3 in Bousquet
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t/n, it follows that, with probability at least 1 — e/,

t
,SIE{ sup } \/j (D.72)
<3l <A /2 "

We next derive a bound for the expectation in the above inequality. If we write 2(-) =}¥7_, 6,;9,(-)

(2003) and recalling the fact A, 2

~J

l n
sup " Z eih(X;)
=1

ll2<v/3,||All o <Ae

ze,
n;

1/2

for any function i € 7 with ||h|l, < /3 and ||h||» < A, 1/2 , {017 satisfy Y7, 9 [Vie <4,

}.

where v, = 1;/(uj+ Ac). Thus, we have

E{ sup } < E{ sup
[V Py s {0,717, 07 /v <4

Then, following a similar argument as in (D.61) gives

o 1/2 )
E{ sup }<—<Zv]e> =2y e,
Il <2, [kl e <as "

Putting the pieces together, (D.71), (D.72) and the above inequality yield

D, +1
> Cs00 1/ l;f }ﬂy] <de!, (D.73)

where Cq is a universal positive constant. Combining this bound with (D.62), we have

1 n
€l‘l’l(Xl')
ni=

% Zn: i:l 9j¢j(Xt)

1 n
eih(X;)
n=

n

Z w;h (Xi)

1
P|< sup|—
heT i=1

n:

thlﬁl 1nl1%) +2C5 05

}ﬂy] <de .

{{ego

hes#

This proves the claimed bound with ¢;5 = 2CZ. O
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D.5.5 Proof of Lemma D.3.5
For any real-valued functions f,g on 2", note that

n

—Z{Z Zi(fo) He(Xi) — go(Xi) }
—%Z L= B)ZF) — Z4 o) He(X) — 80(X0)} + EAZ ) — (o) He (%) — g0(X0)}-

STEP I. BOUND FOR THE EXPECTED VALUE TERM. We first establish a bound for the ex-
pectation E{Z;(f) — Zi(fo) }{g(Xi) — go(Xi) }. Let Ex, be the conditional expectation given X;
and denoting Ar(X;) = fo(X;) — f(X;). Recall that & = Y; — fo(X;) and pg,y, is the conditional

density function of &; given X;. By the definition of Z;(f), we have

Zi(f) —Zi(fo)
={Yi = f(X)}{Y; < f(X)} —{Yi — fo(X) }1{Y: < fo(Xo) } + o{f(Xi) — fo(Xi)},  (D.74)

which implies

Ex{Zi(f)—Zi(fo)}

= EX,' [{Si —l—Af(X,‘)}]l{Si < —Af(Xl')} — 8,']1(8,‘ < 0) — ’L'Af(X,’)]
—AF(X;) 0

= [ e A0 P ()~ [ upe ()~ 7 (X)
—A(Xi)

:/ Ap(X, up£,|XA(u)du—|—Af(Xi)/

—o0

_ / {u+Af D)} pex; (u)du

—As(X)) 0
e (u)du =A%) [ peyx, ()

where the third equality follows from the model assumption P(&; < 0|X;) = 7. By Condition
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4.3.2 that sup,,cp pe,|x;(4) < p for some constant p > 0, it holds

Ex{z(F) -z} < [ A0 Y| < 20 — olx

SRt

Consequently,

|E{Zi(f) — Zi(fo) }H{go(X:) — g(Xi)}| < E[|Ex,{Zi(f) —Zi(fo)}| : ’g(Xi) —g0(Xi)|]
E[{£(X:) — fo(Xi)}*|g(X;) — g0(X)|]

1f = foll3llg — goll2, (D.75)

IN

N|"B| l\-)|"B|

where the last line follows from Holder’s inequality.

STEP II. HIGH PROBABILITY BOUND FOR THE RANDOM FLUCTUATION TERM. In this step,
we establish a high probability bound for the random fluctuation term by applying Talagrand’s

inequality. Denote Ay = fo — f for any f € 5 and
F (&) = F(8,0q) = {h € A+ |3+ Ag |15 < 83}

It is evident that

1 & Zi X;
ap [L3 1y AU~ AGOHEX) o >}|
AreF(8).gen |Miml lg — goll2+ A "*|lg — goll#
1
< sup sup Z EY{Zi(f) - Zi(fo) }h(X:) (D.76)
il e e e

I $

We first establish a relationship between Z;(f) — Z;(fo) and f — fo. Suppose Ar(X;) = fo(Xi) —
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f(X;) <0. By (D.74), we have

\Zi(f) = Zi(fo)]
= |[{¥; = f(X)}I{Y; < F(X)} — {¥i — fo(X) Y 1{Y: < fo(Xi) } + o{f(Xi) — fo(X:) }]
< ALY < fo(X)} + Y — FX)IL{fo(X0) <Yi < F(X0)} — TAF(X)]

< max(7,1—17)|Ar(X)| < |Ar(X5)], (D.77)

where the first inequality follows from the assumption A¢(X;) < 0, and the second inequality is

obtained by the following inequality

Jo(Xi) = f(X:) <{Yi— f(X) }IL{fo(Xi) <YV < f(X;)} <O.

By exchanging the roles of f and fy in (D.77), the same inequality holds when A¢(X;) > 0,

leading to

\Zi(f) = Zi(fo)| < |F(Xi) = fo(Xi)|. (D.78)
Now, we claim for any & € 5% and A > 0 that

17l < CgDalIRlz +AllRl5,)- (D.79)
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Write () = X7, 0;¢;(-) and v; = u;/(u; + A) for j > 1, we have

2(y
sup h“(x) = sup { 0;d;(x }
xeZ xeZ Z ak

where the first inequality follows from the Cauchy-Schwarz inequality and the second inequality
follows from Condition 4.3.3. This verifies (D.79). Thus, for any Ar € .7 (68,) and h € 7 with
1]l < Ae /* and ||}, < 1. combining (D.78) and (D.79) with A = A, yields

HZi(5) = Zi o) 30| < [12:(0) = Zi(fo) |- | XD .
< [l1C6) — folXi)||.- (X0 . < D3P &2 2.

Moreover,

Var({Zi(f) — Zi(fo) }h(X;)) <E[{Zi(f) _Zi(fo)}h<Xi)]2
<|N\Zi(f) = Zi(fo) IZE{n* (X:)}
<CyD;, & E{R* (X))} < C3D;, 8.

By applying Theorem 7.3 in Bousquet (2003), the bound

2t —1/2 8t
Q <2EQ+Co0 "8\ =+ Cpyon
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holds with probability at least 1 — e~ for any ¢ > 0. Since A, 2 t/n, it follows that

t
Q <EQ+Cy0) 252\/; (D.80)

with the same probability.

STEP III. BOUND FOR THE EXPECTED VALUE OF THE RANDOM FLUCTUATION TERM. We

next establish an upper bound for EQ. By employing Rademacher symmetrization, we have

LY ez F)~ Zi(fo) }hx)

i=1

EQ <2E sup sup

Ar€Z(82) |n| yo<as V2 Ihf2<1

where ej,ey,...,e, are independent Rademacher random variables. Now, we write h(-) =
Y7 1hj$;(-). Then, [|h]l» < A, " and ||Alla < Vimply ¥y (14 Ae/1j)h5 = Ljo1 b3/ Vje < 2,

where vj . = u;/(uj+ Ae) for j > 1. Consequently, we have

EQ <2E| sup sup Z ei{Zi(f)—Zi(fo)} Z hjo;(X,
AEF(8) Yo 12 vy <2 T =1
Note that
E| sup sup Zei{Zi(f)_Zi(fO)} Zhj¢j(X
ApeF(8) Lo 3/ vie<2 li=1 J=1
oo n 2
=E| sup sup Z Z ) = Zi(fo) }\/Vje9i(X:)
Afefi(éz)zplh JVie<2lj=1 :1
2
<2E| sup Z Z ei{ Zi(f) — Zi(fo) } \/ V)i (Xi)

AreF (&) j=1

2
<2) Vj7eE{ up Zez{Z —Zi(fo) } 9;(Xi }
j=1 Afe/
2
= 2Cq25 Z vj,eE{ sup {Z }M },
j=1 AreF(8,) C¢
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where the first inequality comes from the Cauchy-Schwartz inequality, and the second inequality
follows by the triangular inequality. Now, we fix j > 1. To employ Theorem 4.12 in Ledoux
and Talagrand (1991), we take F (u) = u? for u > 0, which is convex and increasing for u > 0.

Moreover, let T be a subset of R” such that
T:={t=(t,t2,....,tn) ER":1; = f(X;) — fo(Xi), 1<i<n},

and define ¢; : R — R as

= U (6~ a)i e < @) + 2o (X) + 70— Zi o)}

so that @;(f(X:) — fo(Xi)) = {Zi(f) — Zi(fo)} ¢;(Xi)/Cy. Moreover, note that ¢; is a contraction
for 1 <i < n by Condition 4.3.3 and (D.78). Then, by Theorem 4.12 in Ledoux and Talagrand
(1991), we have

g

ez -z}

sup Co

AfEf

Ze (Pz tl

2
=EF (sup
teT

)

< 4EF(sup Ze,t, )

teT
2
=4E { sup {f } } .
Any
After writing f — fo = Y>1 fi®x. it follows that
n 2 n oo 2
E{ sup | Y e{ f(Xi)— fo(Xi)} } :E{ sup | Y e Y fid(X) }
AreZ (&) li=1 AreZ (&) li=1 k=1

Since Ay € F (&) is equivalent to Y5 | f2/Vig < 67 with vy 4, = /(e + Ag) for k > 1, we
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have

@ Vi,q

(%) 2}

i ifk@c(X
=1 =l

2 oo
i) } = E{ sup
AreZ(8) 1k Z

<87 Z {Ze,ﬁ% }2

k=1

[ sup
AreF (&)

[}

Z { Y Vk7q¢k2(Xi)} =120,
i=1

where the first inequality follows from the Cauchy-Schwartz inequality. Putting the pieces

together and applying Jensen’s inequality, we obtain

E| sup sup

Zel{Z )=Zi(fo)} Y hjoi(Xi
AreF(8) ¥ jo1 b3 Jvje<2 T j=1

8 12 8
< C¢\/;5z\/©aq (]:21 Vj,e) = C¢52\/;\/@zq©ze,

which further implies
329, 9,,
EQ <Cydrf| ——. (D.81)
n

STEP I'V. CONCLUSION OF THE PROOF. Putting the pieces together, (D.76), (D.80) and (D.81)

yield

Q/lq(t+©le)

wp |13 (1 ) AU —ZU) He ) — g0 (X))

172 <QS G
ApeZ (8).ge |1V i=1 llg —goll2+ 24" ||g — goll.#

(D.82)
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with probability at least 1 — e~'. This implies

n

sup | =Y (1= E)Z(f) — Zi( fo) Ha(X:) — go(X:)}

AreF(8).ge | iZ]

2 2
T AT D,,(D,, +1)
< Tl soll+ 25 g goll3p + rgcgaz e

for a universal constant ¢ > 0 with the same probability. Together, this bound and (D.75) give

that with probability at least 1 — e, the bound

T 72 5 AeT? 5
- Y {Zi(f) — Zi(fo) He(Xi) — go(Xi)} < EHg—gOHzJF 7”8—(?0“%
i1

7 D, (D, +1)
P A\,
+ §T||f—fo||421||g—go||2 +¢16C5 8 ————

holds uniformly for all g € 7 and f € J# with || f — fo||3+ Agl| f — fol|%, < 85, which completes

the proof.

D.5.6 Proof of Lemma D.3.7

To begin with, we denote E = T; — Ty, = T — Tx. Since T), = Al and T), = AI, T) and

T), are invertible. Note that (7 + TA_]E )f{l = T/l_l. To see this,
U+T, BT =T, w1 BT =T+ 1 (T - T)T =T (D.83)

Since HTA_IE lop.a < € < 1 by the assumption, the operator (1 + TA_]E ) is invertible and its
inverse can be written as (1 + T[IE )yl = Z,;“’:O(—T[IE )¥ (see, e.g. Corollary VII.2.3 in Conway
(1990)). Therefore,

—1 -1
II+T E)" —Illopr =

Y (-7, 'E)
k=1

)

=) 3 k ) C
VNG Elgpa < X8 =177
p,A k=1 k=1
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LetA:= (I+ T;L_IE)*1 —1. By (D.83), we have
F-1 _ =1 _ —lp\—lp—1 _ =1 _ gp—1
T -1 =+ T E) T T T = AT

and ||Al|op 2 < &/(1— ), thereby completing the proof. O

D.5.7 Proof of Lemma D.3.8

Proof of (D.22). Since A 2 (t +1og®} ) /n, it follows from Lemma D.3.3 that the event

L_ lallz+ AR, _ 3
S = ES h; PATAE giforallhe%
1Al + 212115,

occurs with probability at least 1 —e~'. Conditioned on ., ||A||,, < 1 implies ||A||, < /3/2 and

\ll2 < A~1/2. Furthermore, if we write & = ):;'0:1 hig;,

[e]

(Ty 'Kx,,h), = < Y " = +f 7 95(X:)0, Zh,-¢,-> =) hj9;(X;) = h(X;). (D.84)
J j=1 A j=1

j=1

Thus,

1 n
= sup <—Za)iTllKXi,h>
A

1 & i
-Y oT; 'Ky,
iz

A <t N =
1 n
< sup r—lZ(Dih(Xi) .
[7lln</3/2,||Rl| e <A—1/2 17 i=1

Then, by employing the same argument which derives (D.73) in Lemma D.3.4, it can be shown

that there exists an absolute constant c17 > 0 satisfying

> 17004/ an—H } ﬂ&’] < 4e !,

)
n P (4 1

P H sup
IAlln</3/ 2,11l <A=1/2
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Combining this probability bound with the fact that P(.#’) > 1 — e~ establishes the bound (D.22).
]

Proof of (D.23). Define ® (x) = (1/Vi91(x),/Va¢a(x),...)" forx € 27, where v; = u;/(u; +
A) for j > 1. By Condition 4.3.3,

”cI)l ”Ez Z v]¢j < qu)gl < oo,

so that @, (x) € ¢, for any x € Z". Also, for any i € J, we can express h(-) = (0, P4 (:))e,,
where 8, = (6),1,0,2,...)" with 6, ; = (h,¢;)2/./V;. Then, |||} = [0,]? . Since ET = T,

we can write

|7, (T —Tik)llopa = sup
Ihlx<1

<%i KX ® Ky, )h, h>

i=1

A

For h = (0),,®; ), with 8, = (6;1,6)2,...)", we have

<T)L_] (Kxi ®KXi)h7h>/l - <h(Xi)T;L_1KXi7h>/l
:h(X,-)-<i“ +7L ¢J,Zeh,]\/_¢,>
Z On,j/Vi9i(Xi) = (85, P (X0)7,-

Thus,

HT)CI(f_ TK)Hop,l = Ssup
[l <1

1 n

=Y (1-E)®@, (X)) P, (X;)"

ni=

<1 zn:(l —E)®, (X)), (X;)" 0y, 9h>

n i—1

%)

(D.85)

op
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Define M; = (1 — E)®, (X;)®, (X;)". By the definition, M; is centered and satisfies

<2C39;.

[V <2 50p [[@2,(0) 22 () llp = 2 sup [ 2.9,

Moreover,
EM; = E||@,(X)[17,®2 (X))@ (X))" < C3D,E®) (X;)®; (X;)" =: V.

Since v; = u;/(u; +A), we have

H 2 2 v M 22
Vl]lop = C3D; max —— < C2D;, w(V)=C39, Y —L— =C297.
” ||0p ) )LJ'ZI,U]‘FA_ 0~ A ( ) ) ljzz,l‘uj_‘_l O~A
Applying Lemma D.5.1 yields that for any ¢ > 0,
1< 4 r+1 t+1
P{H_ZMZ 2 _ 2971,( + Ogl’l) +2C¢ g/l( + Ogl’l)} g 14@,16_t_10gn,
n ‘= 3 n n

which, together with (D.85), establishes the bound (D.23).

Proof of (D.24). To begin with, observe that

lzn:{Zi(f)—Zi(fo)}T,{lKX,-
izl AT
= wp LYz -z hx)

Al <1 i=1

where the last step follows from (D.84). This implies

lz )= Zi(fo)} T, 'Kx,| < sup 121— E){Z:(f) — Zi(fo) }h(X,
n= A k<t 1=

+ sup E|{Z(f)—Z(fo) }h(Xi)|.

]| <1
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(D.86)

]

(D.87)



For the expectation bound, we remark that 2 € 77 with | |||, < 1 satisfies ||A||2 < 1. Therefore,

by (D.75), we have for any f € 77 that

sup E|{Zi(f) —Zi(fo) }h(X;)| < sup —Hf foH4Hh||z<—Hf foll3. (D.88)

Al <1 (|7 ||2<

Turning to the random fluctuation term, we note that 7 € 2 with ||h||; < 1 satisfies
|A]l2 < 1 and ||| » < A~'/2. Thus, if we denote Ay = fo — f for any f € 7 and F(8,) :=
{h € A :||h||3+ Aq||h||%, < 83}, we have

sup  sup Z (1-E){Z(f) - Zi(fo) }h(X;)
AreF (&) hllp <117 i=

i {Zi(f) = Zi(fo) }(X:) .

iz

< sup sup
Ar€F (&) ||hll <A~/ |21

Since the right-hand side of the above inequality is identical to the random variable Q introduced

in (D.76) within the proof of Lemma D.3.5, (D.82) implies that, with probability at least 1 —e 7,

n D, (D, +t
sup sup Z (1=E){Z(f) - Zi(fo) }h(Xi)| S Cy 62 M
ArEF (8) [hl| o <A1/ <1 1T i=1 "
Combining this bound with (D.87) and (D.88) establishes the claim. ]

D.5.8 Proof of Lemma D.3.9

In the proof, we need Bernstein’s inequality for unbounded self-adjoint operators. The
following lemma is an extension of Proposition 4.1 in Klochkov and Zhivotovskiy (2020)
to self-adjoint operators in an infinite-dimensional separable Hilbert space. This extension
follows a similar argument as the one presented in Section 3.2 of Minsker (2017), so we omit
the proof details for brevity. For any p > 1, define || - ||y, to be the y,-Orlicz norm, that is,

|R|ly, :=inf{u > 0: Ew,(|R|/u) < 1} for any random variable R, where ¥, : R — R is defined

as Yy(x) =exp(x”) — 1.
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Lemma D.5.2. Let M|, M;,..., M, be n independent self-adjoint random operators on a sep-
arable Hilbert space. Assume that EM; = 0 for 1 <i <n and || max;<j<p ||Mi||op|ly;, < B
for some B > 0. Moreover, there exist positive trace-class operator V and ¢ > 0 such that

(1/n) Y% EM? <V and ||V||op < 62. Then, there exists an absolute constant C > 0 such that

forany u > B/n++/0?/n,

1 n
PO&EMf

tr(V 2
>u | <15 r(z)exp{—C<—nu2+@)}.
op c c B

Now, we are ready to prove the lemma.

Proof of Lemma D.3.9. To begin with, recall that

D, +t D,, +t
1/2 A o+1/2 Ae
8= 2g 1S o ) T and 3 = TAET g g + o0/ R

Theorem 4.3.1 implies that the event

G (1) == {|If — fol 3+ A4||f — foll3» < C}82}

t

occurs with probability at least 1 —e™", where C; > 0 is an absolute constant. Then, conditioned

on % (r), (D.79) implies || f — foll3 < |f — folleo || f — foll2 < C12C¢©Z25,12. Combining this with
Theorem 4.3.2 and recalling the definition of J;, there exists an absolute constant C; > 0 such

that the event
~ ~ _ 1/2
ZIOES {Ilg—goH%Jr?tellg—gollzjfSC%F%/Tz2=C§(Vn+5s+pc¢©lg 53)2/T2} (D.89)

satisfies P{% (1) N % (1)} > 1 —Te™".
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Now, note that @; = Z;(fy) — Tgo(X;) and thus

Y U{zi(f) - w8 (X))} T, 'Ky — ZUw, 1Ky,
:(f { ZU{Z —13(X }KX]

73 |3 X URT) 2100+ w0 (%) — 080 K
= (T, - TAZI); Z UioiKy;

~

L (7 { 3 UH7) - 200) + () — 7080

{ ZU {Z:(f) = Zi(fo) + T80(X;) — Tg(xi)}KX[1~ (D.90)

When n > 64C(2P®;Le(t +logn)logn, § := 4C¢©Zzw/(t+logn)/n < 1/2 and Lemma D.3.8

implies that the event

)= {71 (T = Tic)|opp, <}

occurs with probability at least 1 —e~'. Denote

, Doy = sup
Ae AreF(C16,)

" Z Urt{g(Xi) - g0(X))} Ty, 'Kx,

H ZU(O, 1KX

Z U{Zi(f) = Zi(fo) } Ty, 'Ky,

Y

e

and D3 := sup
llg—gollz, <Carn/7

Y

e

where Ay = fo— f for f € 7 and 7 (C18,) := {h € A : ||h||3+ Aq||h||%, < C387}. By applying

a similar argument as in the proof of Theorem 4.3.3, Lemma D.3.7 and the decomposition (D.90)
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imply that, conditioned on ¥ (1) N4, () N%4(t),

1 n ~ - ~_ 1 . —
H - Z Ui{Zi(f) — Tg(Xi)}T/lelKXi - Z iniT)Le 1KX,-
i=1 i=1

<2¢D; + (1+28)(Dy +D3)

(4

<2¢D|+2(Dy+ D3). (D.91)

Therefore, it suffices to establish high-probability bounds for Dy, D; and D3, respectively.

STEP I. BOUND FOR Dj. Note that (7, 'Kx;,h);, = h(X;) for any h € 2 by (D.84). Thus,

1 & _
Dy = H; Z iniT)Lg]KXi
i=1

n
= Ssup <lZiniT;L_1KXi;h>
Ae Bl <1 NV ¢ A
1
= sup —ZU,‘(D,'/’Z(X,').
7l <1™i=1

Applying a similar argument as in the proof of Lemma D.3.4, combining conditional versions of
the generic chaining bound (Theorem 8.5.5 in Vershynin (2018)) and Talagrand’s majorizing
measure theorem (Theorem 8.6.1 in Vershynin (2018)) yields that, with P*-probability at least
1 —2e71,

n

1
sup — Z U,‘(D,‘/’l(Xi)
Al <17 i=1

1 1/2 P
E*{ sup }+ sup {—Zw}hz(x,.)} \ﬁ] (D.92)
1Al <1 Il <1 L1 is) n

where &;,...,&, ~ 47(0,1) are mutually independent, and are also independent of &,

n

% Y &ioh(X;)
i=1

S ow

We next establish bounds for the data-dependent quantities on the right-hand side
of (D.92). By Jensen’s inequality, we have

- )

If we write h(-) = X7 0,,;9;(-) with [|a[|, <1, then {6} ;}7_, satisfies Y7, 9}%1./vj7(3 <1,

. 1/2

E*<  sup Z
Al <11i=1

n

E*<  sup Z
[2ll5, <1 1i=1

éia)ih(Xi) éiwih(X,-) (D.93)
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where V;, = 11;/(l; + A.). By the Cauchy-Schwarz inequality,

2
=FE* sup
Y5167/ Vie<l

< E* Z [ 00; + / Vj,e¢j<Xz
j=11li=1

oo n n
2 ) 2
<C, Zlvj,eziwi =CyDy, Xia)i ,
Jj= = =

n

E*<  sup Z
IAllz, <1 Ti=1

ZZ a)lehdq)j Xi)
j=1li=1

2

Siwih(X;)

To bound the data-dependent quantity ) ;" 2 note that j is sub-Gaussian, so Lemma 2.7.6 in
Gg. Then, by Theorem

Vershynin (2018) implies @? is sub-exponential and ||@? |y, = ||co,||,1,,2 <

2.8.1 in Vershynin (2018), we have

1 1 & o2 tot ’
~) o =Eo ;Zl_ <Go+00(\/;\/;)§(70

=

with probability at least 1 —2e~" when n 2> ¢. Thus, it follows that, with probability at least

1—2e7",

n

E*{ sup Zé,-co,-h(X,-)
1Al <11i=

2
}<C2 @;Ln

i=1

which, combined with (D.93), further implies

1 & £y
E{ sup |- Y E@ih(X)| ¢ S Coooy] —x. (D.94)
A1z, <117 =] n
Turning to the second term in the right-hand side of (D.92), remark that
1 & 1 &
sup — Z 0?h?(X;) < sup — Z(l —E)w?h?(X;)+ sup Ew?h’(X;)
IAlla, <17 i=1 IAlla, <17 i=1 [[All2, <1
I 2,120y 2
< sup (1 —E)w h*(X;) + 40y, (D.95)
Rl <17 =1
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where the last inequality follows by (D.37) and the fact that 4 € 7 with ||h[[;, < 1 satisfies
||h||2 < 1. Now, denote (I)le(') = (4 /V1 1 (+);§ /V27e¢2('), ...)T with Vie= [.Lj/([.Lj-i-)Le) for j > 1.
Note that ||CI>;L6(-)||%2 =Y Vieti(-)? < Cé@;te. Moreover, if we write A(-) = (0, (-))¢, with

0 =(6,6,,...)", then ||h||i =Y 9]2 = ||0H%2. Therefore, we have

1 & 1 ¢
sup — Y (1-E)oh*(X;) = sup _Z(l_E)wz?(eache(Xi))%z
]2, <17 =] |\9|\€2<1” =
Z )P @y, (X:) P, (X:)"
: Op
To apply Lemma D.5.2, remark that
_ 2 ‘ AT : AT
ln<1?<an (1 -E)w; Pz, (X) Py, (X)" |, ) <2 ln<1la<ana> Dy, (Xi) @3, (X3)"| y
<2 |® @, (X; 2
”1I21121<Xn‘ l ) A( ) ‘op ‘ 11’I<llEl<Xn0) 4]

SHle‘anq’ i>||§2Hw10g( max 67|y,

< C(ZP G&@,le logn,

where the third inequality follows from Lemma 2.2.2 in van der Vaart and Wellner (1996) and

the last inequality uses [|®? ||y, < 0F again. Moreover,

liE{(l—E)wfd);L X)) = = ZE(D“{(ID;L )@ (X))
iz
= 160) sup [z, (x x)||7, By, (Xi) @z, (Xi)"

-<16GOC QAE(DA< )CI)A (X) =:Vi.

Then, it is obvious that tr(V;) = 1666‘@%@1 and ||Vi|lop < 1663C¢2>©7Lg- Note that under the

sample size requirement n > 64C(2p® 2. (t +1logn)logn, 15D, e '71°¢" < ¢~'. Thus, under this
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sample size requirement, Lemma D.5.2 implies that, with probability at least 1 — e/,

1 & 12 [t+logn CZG(%@,L log(n)(t+10gn)
‘Z )7 @y, (X:) P, (X:)" 5%“35‘3/ \/ 2
n= op e n n

<o

Combining the above inequality with (D.92), (D.94) and (D.95), we conclude that there exists an

event 94 (¢) such that P{%,(¢)} > 1 — 3¢ and with P*-probability at least 1 —2¢~" conditioned

1 ¢ [0, +t
D, = sup - Zinih(Xi) < (3 Ae—, (D96)
IAlla, <1 i=1 n

where C3 = C3 (C¢, Op, Gw) > 0.

on (1),

STEP II. BOUND FOR D,. Remark that

D= sup
Afe?(C] 5,1)

= sup sup < ZU{Z Zi(fO)}T,llKth>
¢ A

Are.F (C18y) ||hl[3, <1 e

% i‘, UAZi(f) — Zi( o) } Ty, ' Kx,
i—1

(4

1
= sup sup —ZU{Z Zi(fO)}h(Xl)
AFeZ(C18,) |hlp, <1 T iZ1

By following a similar argument as (D.92) in Step I, combining conditional versions of the generic

chaining bound and Talagrand’s majorizing measure theorem gives that, with P*-probability at
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least 1 —2e7 7,

1
sup sup — Z U Zi(f) —Zi(fo) th(Xi)
AeF(C18,) A, <1 i=1
< owE* { sup  sup Z EAZi(f) — Zi(fo) ph(X,
AreF (€16, )||h|\/1¢<1

|

tow sup { Z{z ~(fo)}2h2(Xi)] 1/2\/; (D.97)

Af€§"(C1 )Hh||xe<1

where &, ...,&, ~ 4(0,1) are mutually independent, and are also independent of Z,.

We first establish a high probability bound for the first term on the right-hand side
of (D.97). To apply a similar argument as in the derivation of (D.81), write a(-) = ¥ ;>1 h;¢;(-).
Then, [|A]|;, < 1is equivalent to }" ;= h?/VLe <1, where v;,=pu;/(uj+A.) for j > 1. Applying

the Cauchy-Schwartz inequality yields

= Z EL{Zi(f) - Zi(fo) ph(X;

E* [ sup sup
AreF (C18:) [Ihllp, <117

Iv h oy L7.0¢)_ 7. — .
—Zl m;é{zm Zi(fo) }/Vie9i(Xi)

SE*{ sup Z"J@{ igi{zi(f)—Zi(fo)}%(Xi)r}

AreF(C(6,)

§C$ZVf7eE*{ sup [25’{2 }¢Jé¢)} }

j=1 AreZ(C18,)

:E*[ sup sup
ApeF(C16y) ||hll5, <1

Now, fix j > 1 and take F (1) = u? for u > 0. Moreover, let T be a subset of R” such that
T:={t=(t1,t2,....,1n) ER":1; = f(Xi) — fo(Xi), 1 <i<n,Ar€F(Ci16,)},
and define ¢; : R — R as

—a)l(& <a)+fo(Xi) +ta—Z(fo)},
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so that @;(f(X;) — fo(Xi)) = {Zi(f) — Zi(fo) }9;(Xi)/Cy. Since ¢; is a contraction for 1 <i<n

by Condition 4.3.3 and (D.78), applying Corollary 3.17 in Ledoux and Talagrand (1991) gives

2
=E'F ( sup

teT

i@{zi(f)—zi(fo)}w

> G

sup
AfG 7(C1 S, )

Z ﬁz(Pz tl
Z Eiti

i=1

< 16E*F ( sup

teT

)

n 2
= 16E*[ sup Zél{f(Xi) — fo(Xi) } }
AfeJ(CIS i=1

After writing f — fo = Y>1 fi ¥k it follows that

2
] = IE*[ sup
ArEF(C15,)

Zéz{f X;)}

l

Since Ay € #(C18,) is equivalent to Y| f7/Vig < C762 with Vi, = i/ (e + Ag) for k > 1,

ol }

g, ik‘?k

E* { sup
AreF(C16,)

we have

8

Zgz ka(])k

=1

Vi,q

2
]: { sup
AeF(C18,) |
n 2
<5 ZE*{Z Ve }
k=1 i=1

ery E{ y vk7q¢k2(X,-)} < G520,
k= i=1

E* [ sup
AeF (C18,) | ]

where the first inequality follows from the Cauchy-Schwartz inequality. Putting the pieces
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together and applying Jensen’s inequality, we have

B s L&zt -zt o)
sy 7 18 il <1 |7
1/2 0,9,
<4C(C; 8, ( Z vj, e> =4Ci1C58, | — (D.98)

For the second term on the right-hand side of (D.97), recall that Ay = fy — f and % (C16,) =
{h € A :||n||3+ Ay||h||%, < C382}. Combining (D.78) and (D.79) with A = A, gives

sup ||IZi(f) = Zi(fo)lla < sup || = follZ < CTC3D,, 67
AreF(C16,) AreF(C16,)

Thus, we have

1 & 1 ¢
sup sup =Y {Z(f)—Zi(fo)} R (X;) < C2C¢©,1 §;- sup — Y (X))
AfeF(C18,) |hlp, <1 ™ i=1 ]|, <17 i=1

Moreover, if we write h(-) = (0,®,_(-))r,, where 8 = (61,6,,...)" with 8; = (h,¢;)2/\/V]e,
then we have ||h||)2Le =Y 9]-2 = ||6||%2. Therefore,

n 1 n

1
sup — Y r*(X;)= sup - Y (0,®; (X H ZCI),I (X;)"
7l <1™i=1 8], <1 i1

op

To derive a high probability bound for the operator norm, we apply the bound (D.86) for A = A,

leading to

|

< 14D, ¢ " loen,

4 9, (t+logn)
Y (1 -E)®;, (X)Py, (X)" gcé—

i=1

>
op

+ 2C¢

n

D, (t+logn) }

Under the sample size requirement n > 64C29,_(t +logn), the above probability bound implies
9~ Ae
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that the event % (z), defined as

0

satisfies P{%s(¢)} > 1 —e~". Then, since HECI))LE (X1)®,, (XI)THop < 1, conditioned on ¥ (t), we

3 L1 ) (), (%)

< 1} (D.99)
op

have

1
=Y @), (Xi)P,, (X)"
i op
1
< 22(1—1&)%()(,)@ (X)'|| + [|EPy, (X)Pa, (X)), <2, (D.100)
i=1 op
which implies
su Iy iz, 2(x) < 2C3C2D;_ 67
P sup — Y {Zi(f)-Z } h( C C¢,ZD,1 .

AreF(C18,) |Ihllp, <1 i=1

By combining the above bound, (D.97) and (D.98), it follows that

[D, ®
Dy < Gwc(zp O A + GWC¢©}L/26,1\/Z
n q n
D t
< C,8, @1/2\/% (D.101)

with P*-probability at least 1 —2e~" conditioned on %5 (1), where C4 = C4(Cy, Ow ).
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STEP III. BOUND FOR Dj3. Note that

1 n
— ) Ue{a(X:) — g0 (X) } T3 'K
i=1

D3 = sup
g=8ollz, <Carn/7

1 & _
= sup sup <ZZUZ-”L'{g(Xi)—go(Xi)}T;LeIKX,»J1>)L

lg=golln, <Carn/T ||l <1 \ ™ i=1

(4

1 n
= sup sup = Y Uit{g(Xi) — go(Xi) }h(X;)
”g_gOH?Lg SCZrn/T ||h”,1€§1 n i=1
1 n
=Cory sup  sup — Y Uihi(Xi)a(X)). (D.102)
1l <1 122, <1 7 i=1

Recall that @, (-) = (\/Vie01(-),/V2.e®2(:),...)" with v;, = p;/(u;+ A.) and when h(-) =

(0,2;,(-)) 0,5 HhHi < 1 is equivalent to ||6||§2 < 1. Thus, we have

1 n
sup  sup = Y Uil (Xi)ha(X))
<1 ol <1
1 n
= sup  sup =) Ui(01,D;, (X)), (02,Py, (Xi))e,
161116, <162l¢, <1 T i=1

1 n
= H?z Z Ui®@;, (X;)Py, (X;)" (D.103)
i=1

op

To apply Lemma D.5.2, note that ||®; (X;)®; (Xi)"|lop < || P, (Xi)||%2 < C%D,le. Therefore,

128 Ve GO0 o | | g 92 0022 07 |- o 1Al
2 .
<GP lrgflgxnwl‘ v
S Chonviown max o],
,SCé@le\/lOgndw,

where the third inequality is obtained by Lemma 2.2.2 in van der Vaart and Wellner (1996) and
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the last inequality is due to Condition 4.3.4. Furthermore,

1 &, 2
— Y B { Ui, (X) Py (X chm 17,92, (X) Py, (X))
i=1

sz

Zq)l ) :ZV3.

It is obvious that tr(V3) = C¢©;L Y|P, (X ,)H%Z/n < Cgii)ie. Moreover, conditioned on ¥s(r)
defined in (D.99), [|V3|lop < 2C3D;, by (D.100). Note that 15tr(V3)e ™ ~1°2"/(2C5D;, ) < e’

by the sample size requirement. Thus, applying Lemma D.5.2 yields that, conditioned on ¥5(z),

the bound
Iy t+logn logn 1/2t+10 n
H—ZUZ'CDM(X,')CD,Ie(Xi)T <C¢©1/z g +C§©ww( gn) /“(t+logn)
iz op n .
t+1
¢ n

holds with P*-probability at least 1 — e, where the last inequality follows from the sample size
requirement. Combining this bound with (D.102) and (D.103) yields that, conditioned on ¥5(t),

it holds with P*-probability at least 1 — e~ that

1/2 t+logn
n )

D3 < Csrp®)

(D.104)

where C; =C;5 (C¢, Gw).

STEP IV. CONCLUDING THE PROOF. Let 4 (1) = 4, (t) N% (1) N4 (1) "G4 (1) NY5(t ), which
satisfies P{¥4 (1)} > 1 — 12¢~". Recall that { = 4C¢©/11/2‘ /(t +1logn)/n < 1/2 under the sample
size requirement. Combining the decomposition (D.91) with the bounds (D.96), (D.101) and

(D.104), and recalling the definition of r, in (D.89), it follows that, conditioned on the event
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< (t), the bounds

1 n ~ - ~_ 1 i —
H - Z Ui{Zi(f) — fg(Xi)}T/lglei - Z iniT/'LelKXi
i=1 i=1

1 Ky} t t+9
55‘3,11/2\/t+ Ogn\/ 2 T _'_6’1@}1/2 +9),
€ n n q n
1/2 cov1/2 [T+1oOgn
+(Vn+5s+@/1,, 6,,)@,% \/—n
|
<G (myﬂ/—” Og”+as+@;/25,$)
e n q

hold with P*-probability at least 1 —Se™", where Cs = C(Cyp, 00, Ow) > 0 and the last inequality

(4

follows by the sample size requirement n > 64C(%© 2, (t +logn). This establishes the claim. []
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