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Abstréct'

An approximate treatment of the effect of recoil in single nucleon
transfer in heavy.ion reactions is outlined. It is ého%n‘that the effect of
recoil is to remove the restrictions on the orbital angular momentum transfer.
vThe effect of reéoil is shown to depend upon the energy Of the projectile
becoming moré»significaht at higher projectiie energies;_and'for the case
where the néutron binding to fhe residual nucleus is small, it is more im-
portant for smaller fingl binding energies. A simplé expression is obtained

for the recoil amplitudé and cross-section for p-wave projectiles.

d

* .
Work performed under the auspices of the U. S. Atomic Energy Commission.
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1. Introduction

Recently, there has been a large amount of experimental data available
on single and multinuclear transfer reactions induéed by heavy ions. It was
first pointed out by Breit, Hull, and Glucksternl) that nucleon transfer
reactions at energies below the coulomb barrier could be treated‘quantitatively_
because of the possibilities of giving a classical description for the
trajectories of the heavy ions. The theory has been extended by Breit and
Wbelg). Buttle and Goldfarb3) proposed a distorted wave Born approximation
which could be épplied to the case where the energy of the projectile was
close to the éoulomb barrier. Schmittroth, Tobocman, and Golestanehh), using
a method developed by Sawaguri and Tbbocmans), improve upon the formalism of
Buttle and Goldfarb by treating the nuclear form factor more accurately. The
transition amplitude in the distorted wave Born approximation (DWBA) involves
a six dimensional integration. Buttle and Goldfarb3) introduced an appréxima—
tion of neglecting terms of the order of the ratio Mh/Mc’ where Mn is fhe
mass of the transferred nucleon an@ ME is the mass of the nuclear core, which
enabled them to rewrite the integral in a form resembling the transition
amplitudes in ﬁhe DWBA treatment of inelastic nucleon-nucleus scattering or in
the zero-range deuteron stripping theory. (In spite of the'similarity, a
zero range a?proximation is not implied in the theory of Buttle and Goldfarb3)
or that of Tobocman g&_g;,h). We shall refer to the approximation as the
no—recoii approximation. A number of single nucleon transfer reactions have
been analyzed6) ﬁsing the theory of Buttle and Goldfarb, and the spectroscopic
factors extracted from these reéctions have been found to be consistent with

with those from light projectile induced reactions.
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One of the consequences of the no-recoil approximation is a severe
limitation obtained on the allowed orbital angular momentum transfer. In

particular, if the transferred particle occupies puré sihgle particle states

;‘bv

' in the projectile and the residual nucleus, characterized by the respective
orbital and total angular momenta (Qljl) and (sze), the transfer angular

momentum L satisfies the relations,

L < j +, : (1.1a)

IA

ljl_ng

A

[2,-0,] < L g 2%, | (1.1b)

even . - (1.1ce)

21+22 + L

If jl = 1/2, as in the case of‘(l60,lsN)o? (160,150) reactions, one obtains
one single L characterizing the nuclear form factor.

Greider7) has pointéd out the importaﬁce of the effects of recoil on
the angular distributions in heavy-ion single nucleon transfer reactions.
The exact treatment of recoil wquld necessitate the numerical computation of
the six dimensﬁoﬁal integral. This has 5een done by'Kamamuri and Yoshida8).
Recently, Buttle and Goldfarb9) have.considered the effect of recoil in trying
to explain thevpost—prior discrepancy. Their approximate method of including
the recoil effect changes the wave numbers gf the incident projectile and
that of the outgoing ﬁarticle. ‘They do not, howevef, consider the other
important effeét of recoii, which is the violation of the selection rules,
eq. (1.1). The magnitude of the predicted cross section is very sensitive to
E‘/ the value of L. Hence, one could experimentally determine the importance of

the recoil corrections. |

We consider the case where the target nucleus is very massive relative

to the projectile. Hence the important recoll effect will be the inclusion
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of the terms of the order Mh/Mﬁ and neglecting those of order Mn/Mc . Where
1 2

Ma is the mass of the projectile, Mc2,-that of the target, and Mh, that of
l .

the transferred particle.

2. The Formalism

. ‘ ) - .3 .
We shall use the notation of Buttle and Goldfarb~ ). The reaction we

consider is

+c_ = +c. = +n) + .
cagte, S (cl+n) + o, > oayte) (c2 n) ° (2.1)
The co-ordinate system is shown in fig. 1.
n
\\ ; > > >
. 2 r2 = rl -r
™~
e / > \\s. M
e r ~ > - - _n -
L TR (2:2)
Lo e 1
- -> > 2
c r =T -> >
1 £ e =~ r

The transition amplitude is given by

> > (1) (2) Z Z :
gjfi (kpok;) = 93121 3ty 1 & 5 (292 1/2 v |30/
V1P MoVoPo

(i 3¢ 5 )¢ o)
J0qeyv; laja? Casepev,lasar (o, 1/2 v, [3,50,

X

(=)%¥2 2 ¥ > >
(k.,r) V¥ (r,)) V. (r ) ¥, ,(x))
£ 22A2 2" Ten71 | Ql%l 1

X

fadr fd3rl X

(+),> »

XX (ki,ri) | (?.3)



<«

-5- - | LBL-697

where the letters a., 8 represent the spins of the respective

1 > C

22 C10 2

nuclei represented by the same letters, while ul, Oss Ys and Y2 represent
thelr respective z-components. If the bound states of the neutron .in the
projectile and the residual nucleus are not pure single particle states, one

should allow for a sum on the angular momenta (jlﬁl) and (j, 2

Jo If the mass

2)'
ratio Mn/Mal is sufficiently small compared to unity, one could make a Taylor
(+) ' |

-5
expansion of the initial distorted wave X ki,ri), i.e., .

> > ++ M  ->+
X(+)(ki,ri) = (+)( 1oF) - ﬂi— r, - v ‘x(+)(ki,r) (2.5)
1

where we have terminated the series after the term of order Mn/Mal' Up to
order Mn/Mal’ the transition amplitude could be written as .
g @) =00y a3 Wg gy .<26)
£fitTei fi £271 M fi £271 '
a1
where Ejgg) is the no-recoil amplitude considered by Buttle and Goldfarb.

We use the approximation that

-

>

v x(+)(£;,;5 ik, X(+)(£;,r) B (2.7)

R

1

which is the correct relation for a plane wave. The recoil amplitude is then

given by

D¢ 2 = iki[gﬂj oll) o2) j{: Coih; 1/2 v]3,0)

e Ity J222 AV p
L ol
2 P2
X (jlplclyllalal><22X 1/2 V|J202 Jopsc 2Y2|a
x fa’r fa r (=) DY @)y )V (r)
1 X £ Por, 20 T1T10 T cn 1
<y G K@D | (2.8)
oA \Tp/ X0 ARy LT )
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-> s 1
where we have chosen ki as the z-axis and have assumed Vc n to be spin-~

1
independent.

We shall first calculate the nuclear structure form factor. Following
. / .
Buttle and GoldfarbB), we assume that the bound state wave function WR A (r2)
' S ' 22 A
could be represented by its asymptotic form,

> (1),. >
¥ (r.) =N, h,"/(ix.r,) Y (r,) (2.9)
Z2A2 2 2 22 22 2212 2

(1)

where hz (z) is a spherical Hankel function of the first kind and of order
2

22. Using the expansioh of the spherical Hankel function in terms of spherical

4 .
Hankel and Bessel functions ), we obtain

3 ¥ -> -> ->
Ja r. V¥ (r ) r, Y. (r. )V _(r.)V (r
1784, 1727 71 71071 Tegn 1Y TaoA M
: ' 1/2
‘ (20+1) (20, +1)(22,.+1)3
R
= nyhn [ (-1)H/ 22" [ L= ]
28 hm(22'+1)
At
x <zxzzxglz'x'>§zozzo|z*o><zlxljolz'x'><zlo|o|z'o>
x 0 iy ) ¥ (D) B : (2.10)
o VEXoT Taa AN .
where the factor B is defined by
'L
1
5 fw%r 2 Gyr) v () U, (r)) O (2a11)
= r ix,r r r, .
“'21 o 1191742717 Tent1t Tty

Using the recurrence relations for the spherical Bessel functions,

one can show that
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a 1 : _
B =il - Az for &' = 2 +1 (2.12a)
'8 Xo  Xol % 1 '
. 1
a | At
‘ = -1+ -l Ay for &' = 21—1 (2.12b)
e Xo X 1

The factor AR » which also appears in the no-recoil approximation, is given
1 .

by

B ® o . : , '
A, = JC rldr1.321 (1x2rl) Vcln(rl) Ukl(rl) | (2.13)

For reactions whose Q value is close to zero, if we use the form for A2 given

1
N
by )
L w2 L. -f.-1
~ 1 h* 1 1
1 n
it can be verified that
B =0 for £ - 2,41 .  (2.15a)
2'2 '
1
i(221+1)
= o — A for L' = 2_-1 (2.15b)
X5 %y 1 |

.In the Appendix; we have shown that eq. (2.15) are valid as long as XoBy < Ql,
_ where R1 is the radius of the projectile.

) - . . 16 12 e
' -‘In particular, for p-wave projectiles like 0 or C, this implies
that if the neutron is captured in the residual nucleus with small binding
energy, &' = 0, and from the vector addition coefficient <20220|2'0), we
obtain the condition that g = 22. The recoil amplitude is thus characterized

by the transfer angular momentum which is the orbital angular momentum of the
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captured particle in the residual nucleus. Secondly, it can be verified

that the parity of & 1is opposite that of the transfer orbital angular

momentum appearing in the no-recoil approximation. ' The differential cross-

section for the recoil term is

where

and

where

X2R < 1

U 2
a R AV i W I CO TN C B
dQ'recoil (2ﬂh2)2 ki- M X2 Jlﬁl 3222, 2
(2a,+1) 3 7 (108 MILM)
x x = (29,.+1) ' U(lj 5d531/2 L)
(2c2+15 2 72 @ (20+1) 172 272
xt, ul° (2.16)
2
- ) 1 . N . 7 .
tgzM = Jar X( ) (Ef,;) hée)(lxzr) Y22M(r) X(+)(§i?;) (2.17)
U(abed;ef) = [(20+1)(2£41)1Y/2 W(abedser) ' (2.18)

W(abedjef) is a Racah coefficient. The above expressions are valid for

and 21 = 1, In the general case both R' = 21-1 and &' ='21+l would

be permitted. Inspection of the form factor, eq. (2.10)‘shows that we obtain

the -following selection rules

1 '

127-0,] < 2 < 2"+, | (2.19a)
- _ .
L'+07+% = even _ (2.l9b)v

lo-1] < 2 < 8,+1

2.%% 41 = even B |  (2.294)
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which implies that &' = Ql + 1, and
|2,-1-2,] < & < 8,404 S : (2.20a)
- and : : : . :
R R =vodd | . (2.20pb)

Equations (2.20a) and (2.20b) represent the only selection rules on the
transfer angular momentum, £. The above results are due to a first order
treatment of the recqil term. It can be realized that our result is an

approximation to the method suggésted by Dodd and Greiderlo) where one writes

x(+)(§i,?i) = x(+)(§i,?) exp(i E~?l) | | (2.21a)
where
3 = ¥9~ X, - (2.21b)
=y 55 .
8

' (i g'r L
exp(i E-?l) = E: “‘—”ETL"" ' . (2.22)
' n=0

We will have all the powers of ry appearing in integrals of the form

. [eo]
- L+2 r ¥ ,, -
Borre "_jr v a4y dp(xgry) V() Uy () (2.23)

1 0 1
Tt can be shown that for p-wave projectiles as long as the general form of
A" is of the type given by eq. (2.14) or eq. (A7), the only nonvanishing

1 : ' : o

integral corresponds to &' = 0. Hence, the first order expression obtained

remains valid even for higher energies as long as we consider transitions to

‘states of very low binding energy in the residual nucléus.
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In the case of strongly bound final states, the validity of using the

: M k,
Taylor expansion would depend upon the parameter ﬁﬂ_ ii-. _As long as the
ATay 2

parameter is considerably smaller than unity, ouriapproximation would be
justifiable. When the parameter becomes large it is preferable to use an
exact computation similar to that of Kamamuri and YoshidaB) or the expression

given by eq. (22a) in the paper of Sawaguri and Tobocm@ns).

© 3. Conclusion

We have presented an approximate first order treatment of the recoil
efféct in heavy ion single nucleon transfer reactions. We have shown that it
violates the selection rules on the tranéfer angular momentum. Unlike the
usual belief that it violates only the parify selectioh'rule, eq. (1.1lc), an
éxact calculation will violate all the selection rules, eq. (1.1), and there
is no limitation on the f-transfer. We have been gble to show that for very
low binding energies of the nucleon in the residuél nucleus, a considerable
simplification is obtained. In particular, in the case of the p-wave pfo~
Jectiles, the transfer angular momentum for the recoil term is specified uniquely
by the orbital angular momentum of the captured‘nucleon in the.residual
nucleus, independent of the detailed nature of the projectile. This is in
contrast to the no-recoil amplitude which distinguishes between p-wave pro-
jectiles such as 16O or 120.

In & later paper, numerical results of the recoil terms will be

presented. - o ' EV%
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Appendix

. : ® *
R , The Evaluation of A, = ‘r2dr 3o (ix,r) V(r) U, (r)
_ e 0 g2 R

We shall make the assumption that the binding interaction is approxi-
mated by a‘squaré well potential of range Rl’ where'Rl is the radius of the

projectile. The integral is then given by

Rl 2 * :
Ay =_V0_ Cj; roar Jo(ix,r) j,(ar) : ' (A1)
where
oM oM :
2__1D (y_ . _n., 2 R ‘
L Vs Bl) "2 VoXp . (a2)

where V_ is the depth of the potential and B

0

1 is the binding energy of the

nucleon in the projectile and C is a normalization constant..

| —-———_VOIC (53(3i%or) s 34(ar)) | (a3)
A, = W(jo{ix,r)s J,(ar _ o A3
2 (q2+Xg) 2 2 A r—R:L . :

where the Wronskian W(a,b) is defined by

@ as v I . _
W(a,b) = a i b e o o (Ah)

vAt the radius R the internal wave function has to be matched to an

1’
exponentially decaying solution, i.e.,
(1)

C 3(aR)) = D hy"'(ix,R,) | o (85)

Thus, we obtain

v D | |
By = - "”2“0“2—W(JZ(1X2R1)’ hs(&l)(iX:LRl)) - - (86)

(a"+x5)
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Ir x2 is small and XERl < Ql, we can show that

. %
V.D (ix,R,)
, ~_ 0 __ 21~ . (1) ,,
By == 2 wn ¥ (~1xp) gy (1R,

LBL-697

(A7)

which is valid for all values of Xq- Using eq. (A7) it immediately follows

that
.1 a 2
B .: = ip— -] A, =0 .
2+1,8 dx2 X5 2

(A8)



10.

F.
T.

. U

-13- LBL-697

References
Breit, M. H. Hull, and R. L. Gluckstern, Phys. Rev. 87 (1952) Tk
Breit and M. E. Ebel, Phys. Rev. 103 (1956) 679 -

Breit, K. W. Chun, and H. G. Wahsweiler, Phys. Rev. 133.(1964) BhoL

. J. A. Buttle and L. J. B. Goldfarb, Nucl. Phys. 78 (1966) 409

Schmittroth, W. Tobocman, and A. A. Golestaneh, Phys. Rev. cl (1970) 377
Sawaguri and W. Tobocman, J. Math. Phys. 8 (1967) 2223

Schotthauer-Voos, H. G. Bohlen, W. voh Qertzen, and R. Bock, Nucl. Phys.

A180 (1972) 385 (see references therein).

K.

R;‘Greider, Proceedings of the Conference on Nuclear Reactions induced

by Heavy Ions (1969), Heidelberg, (North-Holland Publishing Co., Amsterdam,

1970).

T. Kamamuri and H. Yoshida, Nucl. Phys. A129 (1969) 625

R.

P.

L.

Bock  and H. Yoshida, Nucl. Phys. A189 (1972) 177
J. A. Buttle and L. J. B. Goldfarb, Nucl. Phys. A176 (1971) 299

R. Dodd and K. R. Greider, Phys. Rev. 180 (;969)- 1187



-] EGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.




+ -

-

TECHNICAL INFORMATION DIVISION
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720






