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S L :  A  Subjective ,  Intensiona l  Logi c o f  Belie f 

Hans Chalupsky and Stuart C. Shapiro 
Departmen t  o f  Compute r  Scienc e 

Stat e Universit y o f  N e w Yor k a t  Buffal o 
22 6 Bel l  Hal l 

Buffalo,  N Y 1426 0 
hansQcs.buffalo.ed u shapiro@cs.buffalo.ed u 

Abstrac t 

Logic s o f  belie f  ar e usuall y eithe r  quit e complex ,  unintuitive , 
make overl y idealisti c  assumptions ,  o r  al l  o f  th e above ,  becaus e 
the y hav e t o cop e wit h th e unusua l  characteristic s o f  th e be -
lie f  operato r  (relation ,  predicate) .  Som e o f  thes e problemati c 
characteristic s ar e referentia l  opacity ,  th e possibl e falsehoo d 
of  object s o f  belief ,  belie f  recursion ,  identificatio n o f  referent s 
fro m outsid e o f  th e belie f  operato r  i n quantificatio n contexts , 
etc .  Th e difficultie s face d b y traditiona l  logica l  treatment s see m 
t o ste m mainl y fro m th e fac t  tha t  a n essentiall y  subjective ,  in -
tensiona l  phenomeno n get s analyze d fro m a n objective ,  outsid e 
observer' s poin t  o f  vie w i n a n extensional ,  logica l  framework . 
As a n alternative ,  w e propos e a  subjective ,  intensiona l  logi c 
SL,  whic h take s seriousl y th e usua l  characterizatio n o f  belie f 
as a  propositiona l  attitude ,  tha t  is ,  i n S L belie f  i s treate d a s 
a relatio n betwee n a n agen t  an d a  propositio n (a n intensiona l 
object) .  A s result s w e gai n technica l  simplicit y an d a  simple , 
intuitiv e semantic s fo r  belie f  sentences . 

I n t r o d u c t i o n 

A unifyin g characteristi c o f  standar d logica l  treatment s o f 
knowledg e an d belie f  i s  tha t  the y are ,  i n som e aspec t  o r  other , 
quit e complicated .  Syntacti c approaches ,  fo r  example ,  (Ka -
plan ,  1968 ;  Haas ,  1990) ,  usuall y emplo y a  quotatio n devic e 
whic h lead s t o a  notationall y comple x hierarch y o f  objec t  an d 
metalanguages .  Sententia l  o r  moda l  approaches ,  fo r  example , 
(Hintikka ,  1962 ;  Levesque ,  1982 ;  Halper n an d Moses ,  1992) , 
commonl y us e a  comple x an d somewha t  unintuitiv e semanti c 
notion ,  set s o f  possibl e worlds ,  t o interpre t  belie f  sentences . 
Referentia l  opacit y o f  belie f  contexts ,  quantifyin g in ,  possibl e 
falsehoo d o f  beliefs ,  o r  simpl y technica l  difficultie s wit h th e 
formalization ,  m a k e i t  necessar y t o complicat e thing s wit h re -
stricte d equalit y reasoning ,  standar d names ,  rigi d designators , 
namin g maps ,  etc . 

I t  seem s tha t  on e o f  th e mai n source s o f  thes e variou s 
complexitie s i s tha t  a n inherentl y subjective ,  intensiona l  phe -
nomenon suc h a s belie f  get s analyze d i n a n objective ,  exten -
siona l  way .  Notion s suc h a s trut h an d possibl e world s ar e 
extensiona l  notions ,  whic h ar e the n use d t o objectivel y ana -
lyz e th e menta l  state s o f  believer s fro m a n outsid e observer' s 
poin t  o f  view .  Rectifyin g assertion s o f  truth s abou t  th e worl d 
wit h assertion s abou t  th e menta l  state s o f  believer s tha t  ar e i n 
some wa y abou t  thi s worl d seem s t o b e th e mai n stumblin g 
block .  A s a n alternative ,  w e propos e a  subjective ,  intensiona l 
model  whic h w e wil l  describ e below . 

A L o g i c o f  T h o u g h t 

The authors' interest in the subject of belief representation 
and reasonin g result s fro m thei r  long-ter m goa l  t o buil d a n 
artificia l  cognitiv e agen t  capabl e o f  communicatin g wit h othe r 
agent s i n natura l  language .  Suc h a n agent ,  whic h fro m no w 
on w e wil l  cal l  Cassie ,  wil l  nee d wha t  i s commonl y calle d a 
belie f  system ,  tha t  i s s o m e sor t  o f  representatio n an d reasonin g 
scheme tha t  describe s th e se t  o f  belief s hel d b y th e agent , 
and it s  reasonin g wit h them .  Intuitively ,  Cassie' s min d ca n 
be though t  o f  a s a  containe r  tha t  i s filled  wit h s o m e sor t  o f 
"objects" ,  som e o f  whic h w e wil l  cal l  Cassie' s beliefs .  Th e 
questio n is :  W h a t  ar e thes e objects ,  an d h o w ca n the y b e 
described ? 

Followin g logica l  tradition ,  w e wil l  pic k a  forma l  languag e 
whos e expression s wil l  denot e th e object s o f  Cassie' s beliefs . 
Belie f  i s  usuall y characterize d a s a  propositiona l  attitude , 
tha t  i s a  relatio n betwee n a n agen t  an d a  proposition .  Tak -
in g thi s characterizatio n seriously ,  w e wil l  defin e a  languag e 
whos e expression s denot e propositions ,  an d w e wil l  construc t 
Cassie' s min d a s a  se t  o f  suc h expressions .  Dependin g o n 
a particula r  implementatio n o r  storag e scheme ,  no t  al l  ex -
pression s i n Cassie' s min d wil l  denot e proposition s actuall y 
believe d b y her .  S o m e migh t  jus t  b e residu e fro m ponderin g 
certai n questions ,  other s migh t  b e par t  o f  othe r  propositions . 
To b e abl e t o singl e ou t  Cassie' s actua l  beliefs ,  w e wil l  thin k 
of  ever y expressio n i n he r  min d t o b e associate d wit h a  flag, 
which ,  i f  i t  i s  on ,  wil l  indicat e tha t  th e propositio n denote d b y 
tha t  expressio n i s actuall y believe d b y Cassie . 

We ar e o f  cours e wel l  awar e tha t  i n tryin g t o buil d a n 
artificia l  cognitiv e agen t  w e wil l  hav e t o b e concerne d wit h 
m a ny othe r  importan t  aspect s o f  agenthoo d suc h a s plans , 
actions ,  intentions ,  sensor y apparatus ,  etc. ,  however ,  i n thi s 
pape r  w e wil l  onl y tal k abou t  th e par t  tha t  deal s wit h beliefs . 

I t  shoul d b e eviden t  fro m th e abov e tha t  w e tak e belie f 
space s t o b e set s o f  proposition s rathe r  tha n set s o f  sentences . 
For  argument s i n favo r  o f  thi s vie w an d agains t  viewin g belie f 
as a  relatio n betwee n a n agen t  an d a  sentenc e see ,  fo r  example , 
(Church ,  1950 ;  Shapiro ,  1993) .  B y now ,  th e concerne d reade r 
migh t  b e worrie d abou t  th e fundamenta l  buildin g bloc k o f  ou r 
theory ,  propositions ,  sinc e thei r  natur e ha s bee n subjec t  o f 
m u ch philosophica l  debate .  W e wil l  no t  ad d t o thi s debate . 
For  u s proposition s ar e abstract ,  intensiona l  entitie s tha t  ar e 
i n th e domai n o f  discourse ,  or ,  a s (Creary ,  1979 ,  p .  176 )  put s 
it ,  the y ar e "abstraction s o f  thing s psychological. " 

Befor e w e g o on ,  tw o thing s shoul d b e clarified :  1 )  O u r  lan -
guag e o f  proposition s wil l  hav e interna l  structur e an d quan -
tification ,  an d 2 )  eve n thoug h w e mode l  Cassie' s belief s a s a 
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set  o f  expression s denotin g th e proposition s believe d b y her , 
our  mode l  i s no t  th e databas e approac h t o belie f  representa -
tio n a s describe d an d criticize d b y (Moore ,  1977) ,  hence ,  i t 
doe s no t  suffe r  fro m th e problem s o f  tha t  approach .  Figur e 1 
show s a n exampl e snapsho t  o f  Cassie' s min d tha t  contain s 
variou s differen t  kind s o f  proposition s tha t  coul d b e believe d 
by her .  Note ,  tha t  th e top-leve l  expression s ar e Cassie' s im -
mediat e beliefs ,  hence ,  the y nee d no t  b e frame d i n a n extr a 
applicatio n o f  th e belie f  functio n B .  Onl y he r  belief s abou t 
othe r  agent' s belief s a s wel l  a s he r  introspectiv e belief s hav e 
t o mak e us e o f  B .  I t  shoul d b e pointe d ou t  tha t  despit e th e 
standar d logica l  notatio n al l  "predicate "  name s a s wel l  a s th e 
logica l  connective s ar e actuall y proposition-value d functions . 
Thi s wil l  becom e mor e clea r  below . 

S L :  A  Ful l y Intensional ,  Sub jec t iv e L o g i c o f 

Belie f 

S L i s th e logi c underlyin g S imba .  S imba ,  a n acrony m fo r 
simulativ e belie f  ascription ,  i s th e nam e o f  a  reasonin g syste m 
tha t  w e ar e currentl y developin g a s par t  o f  a  forthcomin g 
doctora l  dissertatio n (Chalupsky ,  1994) .  Th e mai n emphasi s 
o fS iMB A i s o n th e reasonin g wit h othe r  agents '  beliefs ,  or ,  pu t 
mor e concretely ,  Cassie' s reasonin g wit h belief s sh e believe s 
ar e hel d b y othe r  agents . 

S L i s intende d t o b e th e basi c buildin g bloc k o f  th e belie f 
syste m o f  a n artificia l  cognitiv e agent s suc h a s Cassie .  It s 
language,  Ls l  .  i s  th e representationa l  substrat e fo r  thing s i n 
Cassie' s mind ,  hence ,  i t  i s  a  belie f  representatio n languag e 
as oppose d t o a  worl d representatio n languag e (se e (Maid a 
and Shapiro ,  1982 ,  p.296 )  fo r  a  discussio n o f  thi s distinction) . 
D ue t o thi s poin t  o f  view ,  th e desig n o f  Ls l  i s  guide d b y 
th e followin g principl e assumption s whic h ar e derive d fro m 
(Maid a an d Shapiro ,  1982 )  an d (Shapiro ,  1993) : 

•  Th e domai n o f  discourse ,  X> ,  whos e element s ar e denote d 
by term s o f  Ls l ,  i s  a  se t  o f  intensiona l  entitie s suc h a s 
propositions ,  object s o f  thought ,  fictiona l  objects ,  etc . 

•  V  consist s o f  a  se t  o f  atomi c objects ,  V a ,  withou t  interna l 
structure ,  an d a  se t  o f  structure d objects ,  P, ,  whos e struc -
tur e derive s i n som e well-define d wa y fro m mor e primitiv e 
objects . 

•  T w o distinc t  term s o f  Ls l  canno t  denot e th e sam e entity ,  a 
restrictio n whic h i s calle d th e uniquenes s principle ,  becaus e 
ever y objec t  i s denote d b y a  uniqu e term . 

Sinc e w e tak e intension s o r  set s o f  intensiona l  object s a s 
a completel y independen t  realm ,  a s oppose d to ,  fo r  example , 
th e notio n use d b y Montagu e wher e intension s ar e define d 
i n term s o f  set s o f  extension s (Montague ,  1974) ,  w e cal l  ou r 
approac h full y  intensiona l  {se c (Shapir o an d Rapaport ,  1987 ) 
fo r  mor e discussio n o n thi s vie w o f  intensionality) .  O n e 
reaso n fo r  thi s approac h i s tha t  i t  provide s elegan t  solution s t o 
problem s o f  indirec t  referenc e suc h a s McCarthy' s telephon e 
number  proble m (McCarthy ,  1979 ;  Maid a an d Shapiro ,  1982) , 
or  problem s o f  representatio n wit h d e r e an d d e dict o belie f 
report s (Rapaport ,  1986) . 

Sinc e L s l  i s  intende d t o b e Cassie' s languag e o f  though t 
i n whic h sh e represent s an d reasons ,  w e cal l  S L a  subjectiv e 
logic .  Note ,  tha t  i n Cassie' s representation s o f  othe r  agents ' 
beliefs ,  imputation s o f  he r  o w n vie w ar e a  necessar y con -
sequenc e o f  subjectivity :  Cassi e ca n onl y thin k i n he r  o w n 

languag e o f  thought ,  hence ,  sh e ca n onl y represen t  an d un -
derstan d othe r  agents '  belief s i n he r  o w n term s (thi s intuitio n 
als o provide s a  stron g reaso n agains t  th e us e o f  a  syntacti c 
approach) . 

Finally ,  th e uniquenes s principl e i s no t  s o muc h a  require -
ment  tha n a  reflectio n o f  h o w w e vie w cognitiv e function : 
Whenever  Cassi e create s a  ne w (mental )  individua l  (o f  Ls l ) 
fo r  som e objec t  o f  P ,  sh e doe s s o becaus e n o alread y existin g 
individua l  denote s tha t  objec t  fo r  her ,  hence ,  i t  mus t  b e a n 
intensionall y differen t  object .  Ha d i t  bee n th e same ,  th e pre -
existin g individua l  woul d hav e bee n use d a s a  consequenc e 
of  cognitiv e economy . 

Fo rma l i za t i o n o f  S L u 

S L i s a  nonmonotoni c logi c tha t  support s belie f  revision ,  how -
ever ,  a t  th e tim e o f  ou r  writin g it s ful l  formalizatio n i s stil l 
wor k i n progress ;  hence ,  w e onl y presen t  it s monotoni c pre -
curso r  whic h w e wil l  cal l  SLq . 

The cor e ide a i n th e formalizatio n o f  SL q i s derive d fro m 
(Shapiro ,  1993) :  I t  i s  tha t  LsL o ' S primaril y a  languag e o f 
terms ,  no t  o f  sentences .  Th e mai n vehicl e fo r  constructin g 
thes e term s ar e proposition-value d functions .  Logica l  con -
nectives ,  th e mai n sentenc e constructor s i n standar d logica l 
treatments ,  ar e jus t  a  specia l  subse t  o f  thes e functions .  Sen -
tence s o f  LsL o ar e onl y use d t o associat e a  particula r  ter m 
wit h a n agen t  suc h a s Cassie .  Consequently ,  an d hopefull y 
not  surprisingly ,  w e d o no t  dea l  wit h trut h values .  A n expres -
sio n suc h a s B(Mary ,  B(Sally ,  Cute(John)) )  i s the n simpl y a 
neste d functio n applicatio n whic h yield s a  propositio n a s it s 
result ,  an d no t  a  higher-orde r  expressio n a s i t  woul d b e i n a 
standar d treatmen t  wher e B  i s viewe d a s a  relation . 

Notationa l  conventions :  W e wil l  us e san s seri f  fo r  object -
languag e terms ,  italic s fo r  meta-variable s rangin g ove r  suc h 
terms ,  bol d san s seri f  fo r  domai n objects ,  an d bol d italic s 
fo r  meta-variable s rangin g ove r  suc h objects .  Th e denota -
tio n relatio n i s expresse d wit h th e usua l  doubl e brackets ,  fo r 
example ,  IMan(Hans) ]=Man(Hans) ,  |[pij=pi .  /(x) i  wil l 
mean tha t  /  i s define d fo r  x ,  f {x) \  tha t  i t  i s not . 

Syntax 

LsL o ' s a n interna l  language ,  hence ,  i t  i s  o r  a t  leas t  ca n b e 
differen t  fo r  ever y agent .  However ,  ther e i s a  certai n structur e 
tha t  w e requir e fo r  ever y instanc e o f  Lslo -  Fo r  tha t  reason , 
we describ e th e variou s set s o f  symbol s define d belo w a s set s 
of  metavariables .  Wher e appropriate ,  typica l  object-languag e 
instance s o f  thes e variable s ar e given . 

The atom s o f  Lsl o ar e define d a s th e followin g set s o f 
symbols : 

1.  P  =de j  {(,), ,  ,V ,  3,!} ,  punctuation ,  quantifiers ,  assertio n 
2.  I  =de j  {11,12,13 ,  • } .  th e se t  o f  individua l  constants ,  e.g. , 

Mary,Bi,B2,.. . 
3.  ie ,  th e eg o o r  sel f  concept ,  e.g. ,  I 
4.  I p C  I ,  th e se t  o f  individua l  propositiona l  constant s 
5.  F "  =de j  {/" ,  /" ,  / a ,  •  • • } ,  th e se t  o f  n-ar y functio n con -

stant s 
6.  F  =de f  U n > i  ̂ " '  ̂^ ^  se t  o f  al l  functio n constants ,  e.g. . 

Loves ,  Knowsi,. .  . 
7.  F p C  F ,  th e se t  o f  propositiona l  functio n constant s 
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Cassi e 
!Loves(John ,  Mary ) 
!Vx(Man(x )  D  Mortal(x) ) 
!B(Mary ,  B(Sally ,  Loves(John ,  Sally)) ) 
!B(l,Loves(John,Mary) ) 
!-B(l,Equiv(P,IMP) ) 
!B(John ,  Nice(Mary) )  V  B(John ,  ̂ Nice(Mary) ) 
!Smart(l ) 
!Va(B(a ,  Exists(Santa) )  D  Child(a) ) 
pa- p 

...plai n belie f 

...quantifie d belie f 

...neste d belie f 

...positiv e introspectio n 

...negativ e introspectio n 

...disjunctiv e belie f 

...fals e belie f 

...agen t  quantificatio n 

...conceptio n withou t  belie f 

Figur e 1 :  A  snapsho t  o f  Cassie' s mind :  B  i s th e nam e o f  th e belie f  functio n an d I  i s  Cassie' s sel f  concept .  T h e intende d 
interpretation s o f  th e othe r  symbol s shoul d b e evident .  Th e '! '  i s  use d t o flag  th e proposition s believe d b y Cassie . 

8.  ̂ /  =de /  {  /-. ,  / a ,  /v ,  / d ,  / = } ,  th e se t  o f  logica l  connectiv e 
functions ,  F i  C  Fp ,  e.g. ,  -> ,  A ,  V ,  D ,  = 

9.  /b ,  th e belie f  function ,  e.g. ,  B 
10.  V  =de j  {3:i,X2,X3,...} ,  th e se t  o f  variables ,  e.g. , 

x,y2,dog,.. . 

The substitutio n Cr/ ,  i s  define d a s th e expressio n obtaine d 
fro m replacin g al l  fre e occurrence s o f  x  i n th e expressio n e 
by i . 

The se t  o f  terms ,  T ,  i s  define d b y th e followin g inductiv e 
rules : 

1.  Ever y i  6  /  i s  a  term .  I f  i  £  I p the n i  i s  a  propositiona l 
term . 

2.  I f  <!,...,< „  ar e term s an d / "  G  F  the n /"(<i ,  •  •  .,<„ ) 
i s  a  functio n term .  I f  / "  G  F p the n /"(<i,. .  .,<« )  i s a 
propositiona l  functio n term . 

3.  I f  X  i s a  variabl e an d i  i s  a  propositiona l  functio n ter m wit h 
an individua l  i  a s a  subter m suc h tha t  n o occurrenc e o f  i 
i s  i n th e scop e o f  a  quantifie r  V i  o r  3x ,  the n "ixti/ x  an d 
3xiii x  ar e propositiona l  terms . 

Finally ,  le t  T p b e th e se t  o f  propositiona l  terms .  The n 
S =ie s V A ^  ^ T p )  i s th e se t  o f  al l  sentences . 

The onl y rol e o f  sentence s i s t o flag  th e se t  o f  propositiona l 
term s tha t  ar e actuall y believe d b y th e agen t  unde r  consider -
ation .  Function s ar e intende d t o generat e structure d name s 
tha t  denot e structure d individuals ,  fo r  example ,  th e functio n 
symbol  Love s i s intende d t o denot e th e functio n whic h ha s al l 
proposition s o f  th e for m tha t  on e individua l  love s anothe r  indi -
vidua l  a s it s  range .  Th e ter m Loves(John ,  Mary )  i s intende d 
t o denot e th e propositio n tha t  Joh n love s Mary .  Th e ter m 
B(Lucy ,  Loves(John ,  Mary) )  i s  intende d t o denot e th e propo -
sitio n tha t  Luc y believe s tha t  Joh n love s Mary ,  a  propositio n 
whic h contain s th e propositio n fro m th e previou s exampl e a s 
apart . 

For  now ,  w e assum e tha t  th e structur e define d b y th e stan -
dar d synta x o f  functio n applicatio n an d compositio n i s suffi -
cien t  t o describ e th e structur e o f  object s suc h a s propositions . 
The mai n drawbac k o f  thi s schem e i s tha t  i t  alway s encode s th e 
orde r  o f  th e argument s eve n i f  th e resultin g propositio n shoul d 
be orde r  independent .  Th e logical-connectiv e function s pro -
vid e a  goo d example :  I n ou r  curren t  schem e th e term s A (  P ,  Q ) 
and A(Q ,  P ) ^  denot e tw o differen t  proposition s (becaus e o f 

'  Usually ,  th e logica l  connectiv e function s ar e writte n i n th e stan -
dar d prefi x an d infi x notatio n (se e Figur e I )  instea d o f  a s functio n 
applications . 

th e uniquenes s principle) ,  bu t  on e coul d m a k e a n argumen t 
tha t  thi s shoul d no t  b e so .  Ther e ar e solution s t o thi s problem , 
but  w e wil l  no t  discus s the m here . 

A g e n t  Interpretation s 

Intuitively, Cassie's belief system is filled with a set of Z/sLo 
expressions ;  hence ,  Lsl o ca n b e viewe d a s Cassie' s languag e 
of  thought .  I t  i s  a n interna l  language ,  muc h lik e th e languag e 
use d insid e th e scop e o f  Konolige' s moda l  belie f  operato r 
[Si ]  (Konolige ,  1986) ,  bu t  SL q doe s no t  defin e a n externa l 
languag e tha t  describe s Cassie' s belie f  syste m fro m a n outsid e 
observer' s poin t  o f  view .  Sinc e LsL o ' s Cassie' s languag e o f 
thought ,  sh e use s tha t  ver y languag e t o represen t  othe r  agents ' 
beliefs ,  an d ther e i s n o nee d fo r  quotation ,  standar d names , 
namin g maps ,  etc . 

As builder s o f  Cassie ,  w e ar e o f  cours e intereste d i n h o w he r 
interna l  languag e i s linke d t o th e outside .  Tha t  thes e interna l 
expression s denot e th e prope r  individual s an d proposition s 
i s a  prerequisit e fo r  he r  bein g abl e t o understan d an d b e un -
derstoo d b y othe r  agents .  Th e connectio n betwee n Cassie' s 
interna l  languag e an d th e external ,  thoug h no t  extensional , 
domai n V  wil l  b e mad e vi a agen t  interpretations . 

Definition :  A n intensiona l  domai n o f  discourse ,  V ,  i s  a 
non-empt y se t  o f  intensiona l  individual s whic h consist s o f 
tw o disjoin t  subsets :  V a ,  a  se t  o f  atomi c elements ,  an d V, ,  a 
set  o f  structure d elements .  Eac h o f  thes e part s i s furthe r  spli t 
int o a  propositiona l  part ,  V a ^  an d V^ ^  whic h take n togethe r 
for m V p ,  an d a  non-propositiona l  part ,  X>a„ p an d Vs„ ^  whic h 
take n togethe r  for m X>„p . 

An intensiona l  domai n i s intende d t o contai n object s o f 
thought ,  discours e entities ,  concepts ,  propositions ,  impossibl e 
objects ,  fictional  objects ,  etc. ,  al l  o f  whic h ar e denote d b y 
term s o f  LsL o •  Fo r  th e purpose s o f  ou r  exposition ,  i t  suffice s 
t o mainl y distinguis h betwee n proposition s an d othe r  objects . 
To provid e prope r  denotation s fo r  functio n term s w e nee d 
actua l  function s tha t  operat e o n V .  Becaus e o f  th e uniquenes s 
principle ,  no t  jus t  an y se t  o f  function s wil l  do .  Th e followin g 
definitio n specifie s som e necessar y characteristic s fo r  a  se t  o f 
domai n function s tha t  ca n b e use d i n a n interpretation : 

Definition :  Le t  V  b e a n intensiona l  domai n o f  discourse . 
A se t  o f  function s .? ^  i s  a  basi s fo r  V ,  if f 

1. every / G :F is an n-ary, injective (or 1-to-l) function 
P"  ̂ P , , n > l.an d 
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2.  fo r  ever y / i ,  / 2 G  - ^  suc h tha t  f \  ̂  / a th e rang e o f  j \  i s 
disjoin t  fro m th e rang e o f  / 2 ,  an d 

3.  fo r  ever y t  G  P j  ther e i s a n n-ar y functio n / "  G  / " 
and a  se t  o f  argument s xi,. .  .,Xn,a; i  6  " P suc h tha t 
/"(x,, . . . ,x„ )  =  i . 

The conditions that the functions need to be 1-to-I, and 
tha t  thei r  range s ar e require d t o b e mutuall y disjoin t  ar e direc t 
consequence s o f  th e uniquenes s principle .  I f  a  particula r 
functio n wer e no t  1-to-l ,  the n ther e woul d b e tw o differen t 
set s o f  argument s fo r  whic h th e functio n woul d hav e th e sam e 
value .  I f  th e range s wer e no t  disjoint ,  the n ther e woul d b e 
tw o differen t  function s wit h a  valu e i n common .  I f  suc h a  se t 
of  function s wer e t o b e use d i n a n interpretatio n the n ther e 
woul d b e a t  leas t  tw o differen t  term s o f  Lsl q wit h th e sam e 
denotation ,  a  violatio n o f  th e uniquenes s principle . 

Findin g a n actua l  basi s o f  domai n function s i s a  ver y har d 
and mainl y unsolve d problem .  I t  amount s t o th e construc -
tio n o f  a  theor y abou t  h o w natura l  languag e get s mappe d int o 
prepositiona l  meanin g representations .  Ever y domai n func -
tio n ca n b e viewe d a s a  kin d o f  cas e frame ,  an d th e proble m 
the n become s t o fin d a  correc t  an d complet e se t  o f  suc h cas e 
frames .  Thi s proble m i s no t  uniqu e t o ou r  approach ,  ever y 
standar d logica l  approac h face s a  simila r  proble m a s soo n a s 
an actua l  domai n theor y ha s t o b e constructed . 

The denotation s o f  th e logica l  connectiv e function s an d th e 
belie f  functio n ar e th e onl y one s define d b y SL q itself ,  a s 
oppose d t o leavin g tha t  u p t o a  particula r  interpretation : 

Definition :  Th e se t  o f  logica l  connectiv e functions ,  Ti , 
i s  th e se t  {f-, ,  f a ,  fv ,  *̂ d ,  f = }  whos e individua l  element s ar e 
define d a s follow s (le t  p ,  g  6  X> p b e arbitrar y propositions) : 

f- ,  :  X> p - *  X>,p .  Th e valu e o f  f-,(p )  i s th e propositio n tha t  i t 
i s  no t  th e cas e tha t  p . 

f A :  P p ^  X>,̂ .  Th e valu e o f  f a (p,q )  i s th e propositio n 
tha t  i t  i s  th e cas e tha t  p  an d q . 

f v :  X' p —<•  Vs^ .  Th e valu e o f  fv(p ,  g )  i s  th e propositio n 
tha t  i t  i s  th e cas e tha t  eithe r  p  o r  g  o r  both . 

\ ^  :  V' i  ̂  V,^ .  Th e valu e o f  fpCp ,  g )  i s th e propositio n 
tha t  i f  i t  i s  th e cas e tha t  p  the n i t  i s  th e cas e tha t  q . 

f  =  :  D ^  — X>,̂ .  Th e valu e o f  f=(p ,  g )  i s  th e propositio n 
tha t  i t  i s  th e cas e tha t  p  i f  an d onl y i f  i t  i s  th e cas e tha t  q . 

Definition :  Th e belie f  function ,  fe ,  i s  define d a s follow s 

( letaeX>a„, ,pG2>p) : 

ff l  :  2?a„ p X  "D p —•  V,^ .  Th e valu e o f  feCa.p )  i s th e propo -
sitio n tha t  a  believe s p . 

Sinc e w e d o no t  hav e a  forma l  theor y o f  proposition s (ou r 
semanti c domain) ,  w e use d Englis h sentence s t o defin e th e 
clas s o f  proposition s yielde d b y th e proposition-value d func -
tion s define d above .  So ,  i n a  sense ,  Englis h i s ou r  externa l 
languag e tha t  w e us e t o interpre t  Cassie' s interna l  language . 
Thi s i s no t  al l  tha t  muc h differen t  fi-om  standar d trut h recursio n 
rule s whic h usuall y defin e th e trut h o f  compoun d expression s 
wit h hel p o f  natural-languag e conjunction s whos e semanti c 
functio n i s take n t o b e understood . 

Terms o f  LsL o wil l  b e mappe d ont o th e domai n o f  discours e 
by mean s o f  a n interpretatio n functio n whic h ha s t o fulfil l  th e 
followin g requirements : 

Definition :  Le t  V  b e a n intensiona l  domai n o f  discours e 
and J ^  a  basi s fo r  V, .  A  functio n in t  :  T  -̂ ^  2 )  i s  a n admissibl e 

LsL o interpretatio n functio n fo r  V  an d / "  i f  i t  satisfie s th e 
followin g conditions : 

1.  If i e / thenm<(i)€X>a . 

2.  Ift G / p the n m<( i ) € Pa, . 
3.  I f / € F  the n m<( / )  6  :F . 
4.  I f / G F p the n m<( / )  e  Jp . 
5.  int{^ )  =  f̂ ,  m < ( A )  =  f̂ ,  m<(V )  =  fy , 

int{D )  =  f^ .  int {  =  )  =  f= .  int{B )  =  fe -
6.  I f  t  i s  a n n-ar y functio n ter m o f  th e for m /"(xi,. .  .i„ ) 

the n int{t )  =  m<(/")(m<(xi),... ,  int{x„)) . 
7.  I f  <  i s a  ter m o f  th e for m Vx< '  the n int{t )  i s  th e proposi -

tio n tha t  fo r  ever y atomi c domai n elemen t  int{i )  suc h tha t 
int{t'x/i) i  i t  i s  th e cas e tha t  int{t'xn) . 

8.  I f  <  i s a  ter m o f  th e for m 3x/ '  the n int{t )  i s  th e propositio n 
tha t  ther e i s a n atomi c domai n elemen t  int{i )  suc h tha t 
int{t'xii) [  an d i t  i s  th e cas e tha t  int{t'j:/i) . 

9.  Fo r  an y tw o term s <i,< 2 'f̂ i  ̂  < 2 the n int{ti )  : ^  int{t2) . 

N o w w e ca n finally  defin e ho w LsL o term s i n th e "mind " 
of  a n agen t  ar e t o b e interpreted : 

Definition :  Le t  a  =  {T>,J^,B,eJnt )  b e a n agen t  inter -
pretatio n structure ,  wher e V  i s a n intensiona l  domai n o f  dis -
course ,  . F i s a  basi s fo r  V, ,  B  C  T> p i s th e bas e se t  o f  th e 
agent' s beliefs ,  e  6  X>a„ p ' S th e agent' s eg o o r  self-concept , 
and in t  i s  a n admissibl e Lsl o interpretatio n functio n fo r  V 
and :r .  The n fo r  ever y t e T :  {tj a =de f  intH) . 

The agent' s bas e se t  o f  belief s B  i s intende d t o describ e 
th e se t  o f  proposition s believe d b y th e agen t  withou t  bein g 
justifie d b y th e logi c SL q itself ,  i.e. ,  the y serv e a s a  se t  o f  extra -
logica l  belie f  axioms .  Intuitively ,  suc h belief s ar e forme d 
fro m sensor y information ,  fro m bein g tol d b y somebody ,  etc . 
Sinc e w e ar e concerne d wit h th e modelin g o f  realisti c  agents , 
we wil l  usuall y tak e B  t o b e finite. 

Apar t  fro m bein g abl e t o interpre t  wha t  actua l  proposition s 
ar e believe d b y a n agent ,  i t  woul d b e interestin g t o kno w 
whethe r  th e agen t  behave s rationally .  On e aspec t  o f  rationa l 
behavio r  i s t o dra w prope r  conclusion s fro m one' s curren t  se t 
of  beliefs .  Belo w w e presen t  a  notio n o f  justificatio n whic h 
define s whethe r  a n agen t  i s justifie d i n believin g a  certai n 
propositio n relativ e t o som e agen t  interpretation .  W e wil l  us e 
th e notatio n J= a ! p ( a turnstil e wit h a  J-ba r  fo r  'justification' ) 
t o expres s tha t  a n agen t  i s justifie d i n believin g lp] a relativ e 
t o som e interpretatio n a .  Intuitively ,  i f  Cassi e tell s  u s tha t  sh e 
believe s som e propositio n [p] ,  the n w e ca n verif y whethe r  sh e 
i s justifie d i n believin g i t  b y checkin g whethe r  i = ! p holds . 
I f  Cassi e tell s  u s tha t  sh e doe s no t  believ e [[pj ,  the n checkin g 
whethe r  J = ! p i s no t  o f  muc h help ,  becaus e w e d o no t  assum e 
tha t  Cassie' s belief s ar e deductivel y closed .  I n tha t  sense ,  ou r 
notio n o f  justificatio n characterize s th e reasonin g o f  a n idea l 
agent ,  or ,  t o us e Levesque' s terminology ,  i t  specifie s th e se t 
of  implici t  belief s o f  Cassi e (Levesque ,  1984) . 

Definition :  Le t  t,<i,< 2 b e propositiona l  term s o f  Lslq -
a =  {V,T,B,e,int )  b e a n agen t  interpretatio n structure , 
and i t  b e th e i  G  /  suc h tha t  \i\ a =  e .  The n w e defin e 
whethe r  a n agen t  i s justifie d i n believin g Jtj a relativ e t o a n 
agen t  model ,  writte n j= a \t .  T o avoi d a  circula r  definitio n w e 
do thi s i n tw o steps .  Firs t  w e defin e ^ a ' ^  whic h doe s no t  sa y 
anythin g abou t  belie f  sentence s tha t  involv e othe r  agents : 

1.  IfM„G6the n A  !< . 
2.  H  !- < if f  A  H. 
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3.  A U i  A<2if f  A  inlan d î a !<2 -

5. A.!<iD<2iff i^<z!<ior A !'2-
6.  J= a !Vx < if f  J= a !<̂ / j  fo r  al l  i  G  /  suc h tha t  p^/.lJ . 

7.  A  B x t  if f  j \  !/r/ < fo r  som e i  G  /  suc h tha t  [<r/ilai -

8.  J^JB(ze,0'f f  >^a!< . 

N o w w e ca n defin e J= a !< : 

9.  H  !B(6 ,  <)_ ;  6  9 ^  J e if f  ther e ar e term s pi,... ,  p„ ,  n  >  0 
suc h tha t  J=a!B(6,pi),... ,  A ! B ( 6 , p „ ) a n d 

H '  ! < wit h a '  =  (P ,  /• ,  {[pila ,  .  .  .  ,  [Pnja} ,  M a ,  2>l<) -
10.  Otherwise :  H  ' < if f  A  '< • 

The case s fo r  th e logica l  connective s i n th e definitio n abov e 
ar e ver y simila r  t o th e trut h recursio n rule s use d i n standar d 
semantic s o f  first-order  predicat e logic .  Th e mai n differenc e 
i s th e terminology ,  becaus e w e ar e no t  concerne d wit h th e 
notio n o f  truth .  Th e interestin g case s ar e discusse d below : 

Case 1  deal s wit h th e fac t  tha t  ou r  interpretatio n functio n 
simpl y map s propositiona l  term s ont o propositions .  I t  doe s 
not  sa y anythin g abou t  th e agent' s belie f  statu s regardin g thes e 
propositions .  B y comparison ,  th e correspondin g cas e i n a 
standar d first-order  semantic s i s th e on e tha t  handle s th e trut h 
of  groun d sentence s suc h a s Red (  Applei) .  Ther e th e interpre -
tatio n functio n map s predicat e o r  relatio n name s onto  sets ,  an d 
th e trut h o f  atomi c sentence s i s determine d b y membershi p o f 
th e interprete d argument s i n thes e sets . 

Case 8  define s th e semantic s o f  introspection .  I t  exempli -
fies  bes t  th e subjectiv e characte r  o f  SLo ,  sinc e th e sel f  belie f  i s 
base d o n a  "plain "  propositio n tha t  i s no t  itsel f  neste d insid e 
a belie f  functio n (thoug h i t  coul d be) .  Thi s cas e ha s som e 
similarit y wit h a  subjectiv e versio n o f  th e inferenc e rul e S 4 
of  moda l  systems ,  bu t  o f  course ,  S 4 i s a n inferenc e rul e o f  th e 
deductiv e syste m o f  certai n moda l  logics ,  whil e th e abov e i s 
a definitio n o f  th e semantic s o f  introspectio n i n SLq .  W e d o 
not  nee d a n extr a cas e J= ,  !-iB(ie ,  0  if f  A .  ' ^  t o character -
iz e negativ e introspection ,  becaus e tha t  follow s a s a  simpl e 
theore m fro m th e definition . 

Case 9  define s th e semantic s o f  a  mechanis m calle d simula -
tiv e reasonin g (Creary ,  1979 ;  Chalupsky ,  1993) ,  i n whic h a n 
agen t  suc h a s Cassi e hypotheticall y assume s belief s i t  think s 
ar e hel d b y othe r  agents ,  an d the n trie s t o infe r  consequence s 
fro m thes e belief s wit h it s o w n reasonin g mechanism .  Th e 
resul t  o f  suc h a  simulatio n get s the n ascribe d t o th e simulate d 
agent .  Th e semantic s o f  thi s i s capture d b y basin g th e justi -
fication  o f  a  belie f  sentenc e o n a  varian t  o f  th e agen t  mode ! 
whic h onl y contain s th e belief s o f  th e simulate d agen t  a s th e 
bas e set ,  an d whic h use s th e simulate d agen t  a s it s ego . 

Ther e ar e usuall y infinitel y man y interpretation s unde r 
whic h a  particula r  sentenc e i s justified ,  hence ,  w e normall y 
wor k wit h th e followin g stronge r  definitio n o f  justification : 

Definition :  !pi,... ,  !p „  i = !g ,  n  >  0  if f  al l  agen t  interpre -
tation s whic h justif y  !pi,... ,  !p „  als o justif y  \q . 

Sinc e B  migh t  contai n arbitrar y propositions ,  i t  i s als o use -
fu l  t o onl y conside r  consisten t  agen t  interpretations .  A n inter -
pretatio n a  i s consisten t  i f  ther e i s n o p  suc h tha t  J= a ! p A  -'p . 
An alternativ e t o th e consistenc y requiremen t  woul d b e t o re -
stric t  B  t o primitiv e proposition s whic h d o no t  contai n an y log -
ica l  connectiv e function s o r  quantifiers ,  however ,  thi s woul d 
not  allo w u s t o mode l  agent s w h o believ e i n universall y quan -
tifie d proposition s tha t  the y wer e simpl y tol d about . 

D i scuss i o n 

Di d w e achiev e ou r  goal ? I s SL o les s complicate d tha n stan -
dar d logic s o f  belie f  bu t  a t  leas t  a s expressive ,  an d doe s i t 
hav e a  mor e intuitiv e semantic s o f  belie f  sentences ? Peopl e 
hav e o f  cours e differen t  view s o n wha t  count s a s simpl e o r 
intuitive ,  bu t  le t  u s quickl y discus s som e o f  thes e points : 

Suppos e tha t  Cassi e believe s tha t  Joh n love s Mary ,  an d 
tha t  Sall y believe s tha t  Joh n love s Mary .  I n a  first-order 
syntacti c logi c th e abov e woul d b e expresse d wit h hel p o f 
some sor t  o f  quotatio n device ,  e.g. ,  Loves(John ,  Mary )  an d 

B(Sally ,  '̂ Loves(John ,  Mary)^) .  Thi s become s mor e compli -
cate d wit h deepe r  nestin g an d onc e quantificatio n int o quo -
tatio n context s i s considered .  I t  als o complicate s th e proo f 
theory .  Mor e seriou s tha n th e syntacti c complication s ar e th e 
semanti c implications .  Bot h sentence s denot e trut h values . 
Th e first  sentenc e describe s a  relatio n betwee n tw o agents ,  th e 
secon d describe s a  relatio n betwee n a n agen t  an d a  sentence , 
i.e. ,  a  syntacti c objec t  whic h basicall y  i s a  complicate d strin g 
constant .  Fo r  a n agen t  tha t  use s thi s a s it s languag e o f  though t 
th e expression s Loves(John ,  Mary )  an d '̂ Loves(John ,  Mary) ^ 
ar e o f  ver y differen t  character ,  the y mea n completel y differ -
ent  things .  I n (Shapiro ,  1993 )  i t  i s  argue d tha t  t o th e agen t 

B(Sally ,  '̂ Loves(John ,  Mary)^ )  actuall y mean s tha t  Sall y be -
lieve s som e incomprehensibl e gibberish ,  becaus e th e objec t 
of  th e belie f  i s  expresse d i n a  languag e differen t  fro m it s o w n 
languag e o f  thought . 

Modal  logic s o f  belie f  usuall y emplo y a  differen t  moda l 
operato r  fo r  ever y agent .  Thes e operator s ge t  applie d t o com -
plet e sentences ,  e.g. ,  BsaiiyLoves(John ,  Mary) .  Ther e i s n o 
nee d fo r  quotation ,  bu t  w e hav e th e disadvantag e tha t  w e can -
not  expres s sentence s tha t  quantif y ove r  agents .  Moreover ,  th e 
semantic s o f  suc h moda l  belie f  sentence s i s usuall y rendere d 
as somethin g lik e th e following :  Loves(John ,  Mary )  hold s i n 
al l  world s tha t  Sall y consider s possibl e accordin g t o som e ac -
cessibilit y  relation .  Whil e suc h Kripke-styl e possible-world s 
semantic s ar e technicall y elegant ,  the y ar e certainl y no t  a m o n g 
th e mos t  intuitiv e explanation s o f  th e concep t  o f  belief .  A n -
othe r  drawbac k o f  standar d possible-world s analyse s i s tha t 
agent s ar e modele d a s logicall y omniscient . 

I n S L o th e abov e situatio n woul d b e represente d wit h 
!Loves(John ,  Mary )  an d !B(Sally ,  Loves(John ,  Mary)) .  Th e 
semantic s o f  th e propositiona l  ter m Loves(John ,  Mary) ,  o r 
fLoves(John ,  Mary)] ,  i s  th e propositio n tha t  Joh n love s 
Mary .  Onc e on e accept s tha t  i t  i s  a s eas y t o accep t  tha t 
[B(Sally ,  Loves(John ,  Mary)) ]  i s  th e proposition s tha t  Sall y 
believe s tha t  Joh n love s Mary ,  a  propositio n tha t  contain s th e 
previou s on e a s it s  part ;  hence ,  th e semantic s o f  belie f  sen -
tence s i s exactl y th e sam e an d a s simpl e a s th e semantic s o f 
plai n sentence s (whic h ar e Cassie' s immediat e beliefs) .  Thi s 
model  als o meshe s wel l  wit h th e characterizatio n o f  belie f  a s 
a propositiona l  attitude .  Sinc e SL o i s subjective ,  al l  constant s 
ar e i n Cassie' s head ,  o r  pu t  differently ,  th e onl y wa y Cassi e 
ca n thin k abou t  othe r  agents '  belief s i s i n he r  o w n term s o r 
languag e o f  thought .  Therefor e ther e i s n o nee d fo r  technica l 
device s suc h a s standar d names ,  rigi d designators ,  namin g 
maps,  etc .  i n orde r  t o identif y object s acros s opaqu e belie f 
space s o f  agents ,  o r  acros s possibl e worlds . 

Becaus e o f  spac e restrictions ,  w e di d no t  presen t  th e in -
ferenc e mechanis m (o r  proo f  theory )  o f  SLq .  Th e curren t 
implementatio n o f  S i M B A whic h i s buil t  upo n SL q use s a 
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natural-deduction-base d inferenc e packag e t o perfor m rea -
soning .  Cassie' s reasonin g wit h th e belief s o f  othe r  agent s i s 
base d o n a  simulativ e reasonin g mechanism . 

SLo doe s o f  cours e hav e shortcoming s whic h wil l  b e over -
come b y it s full-blown ,  nonmonotoni c versio n SL .  On e o f 
the m i s a  for m o f  simulativ e idealization ,  wher e Cassi e 
assumes ever y agen t  t o mak e th e sam e inference s a s sh e 
doe s i n it s simulation ,  hence ,  sh e canno t  dea l  wit h a  situa -
tio n wher e sh e believe s B(Mary,P) ,  B(Mary, P D  Q ) ,  an d 
-iB(Mary,Q) .  Anothe r  shortcomin g i s tha t  SL o canno t 
handl e inconsisten t  agents ,  fo r  example ,  i f  Cassi e believe s 
B(Mary ,  P ) ,  B(Mary ,  P  D  Q )  an d B(Mary ,  P  D  - Q ) .  Suc h 
situation s ca n occu r  i f  Cassie' s mode l  o f  anothe r  agen t  i s in -
correct ,  o r  i f  tha t  agen t  reall y  i s inconsistent .  Inconsistencie s 
of  thi s kin d nee d t o b e handle d gracefull y withou t  jeopardizin g 
Cassie' s o w n reasoning . 
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