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I. INTRODUCTION

PLAQUETTE FORMULATION AND THE BIANCHI IDENTITY

*
FOR LATTICE GAUGE THEORIES : 1 : .
. Some time ago, Halpern proposed two related new formulation

of continuum gauge theories: A field strength formulation and a

— e —— -

Ghassan G. Batrouni

. dual poteﬁtial formulation. It is the purpose of this papét to
Lawrence Berkeley Laboratory :

and ) L extend these formulations onto the lattice and study the connections
Department of Physics . ’
University of California L with other lattice formalisms.

Berkeley, California 94720°
Following Halpern's steps, we achieve then a plaquette variable

ABSTRACT formulation for all lattice gauge theories. For Abelian theories

We extend Halpern's field-streﬁgth formulation and dual we also show how the dual potential aqd the Cou}omb gas are related

. th .
potentials (for continuum gauge theories) to Abelian and non- to g‘plaquette fornulation

- As in th tin th :
Abelian lattice gauge theories. New results include 1) Plaquette As in the continuum, e central step in the formulation is

the latti i i ' . F
formulation of all lattice gauge theories, 2) the strong coupling e lattice Bianchi identity among ;he plaquettes or Abelian

: theori i i i
expansion is seen as (a) a perturbation in dual links or (b) lagtice gauge theories, the Bianchi identity forms ;he pivot point

' hich spri : : £ 1
a gradual restoration of the lattice Bianchi identity. To leading from which springs easily the three major known tools for analyz ne

. . . tati i
order in the ‘strong coupling expansion the lattice Bianchi these theories (Coulomb gas representation, duality transformation,

identity is:completely ignored. Geometrical interpretation of and strong coup*ing expansion).. 1) The lattice Bianchi identity

the lattice ﬁianchi identity is presented along with a discussion contains the monopole currents explicitly and independent of the

of thei"Abglianizqtion" of the non-Abelfan identity and its action. 2) The dual links are conjugate to the Bianchi identity.

: ' 11 L i t i t d
connection with gauge invariant variables. For Abelian theories 3) The strong coupling expansion is seen to be an expgns on towards

' Bianchi identity: In leading order of th
we also show that the dual potential is Fourier conjugate to the restoring the lat;ice anc entity n tea ng‘or er ot the

‘ ifon the Blanchi identity is ignored. Higher
Bianchi identity and that the Coulomb gas representation of strong coupling expansion the Blanc dentity is —gﬂgng ghe

i : in the st ling expansion correspond t‘.restorin
these theories is easily obtained in this formulation. order termﬁ n the strong 9°“p ng exp P O restoring

the Bianchi identity in a'éystematic fashion. Point (3) above, is

* Based on'wbrk for Ph.D. Thesis. This w@tk_was supported by _ also shqwn“for non-Abelian theories. For these theories, we also
the Director, Office of Energy Reséarch,'offibe of High Energy discuss "Abelianization" of the lattice Bianchi identity, i.e. putting
“and Nuclear Physics, Division of High Energy Physics of the U.S. ) it in the form of the product of the six gauge invariant plaquettes

Department of Energy under Contract DE-AC03-76SF00098. . forming the sgrface of_a cube.



The techniques and resuits presented in this paper will bé
useful for a gauge invariant mean-plaquette formulation 6f lattice
gauge theoriés to be presented in another paper.

The paper is otgﬁniiea as follows, in Sections II and III .
we present respectively the plaquette formulation of Abelian and
non—Abel}an lattice gauge theories. In Section IV we discuss the
Abelianization of the nén-Abelian‘lattice Bianchi identi%y.and its -
geometrical 1nterpretatioﬁ. Duality transformations and Cbulomb
gas representations for Abelian theories are presented in Section
V. .Sections V1 and VII discuss tye strong éoupling expansion for
Abelian and non-Abelian theories réspéctively. Conclusions and some

comments are-in Section VIII.

II. PLAQUETTE FORMULATION OF ABELIAN LATTICE GAUGE THEORIES

In this section we expréss lattice QED4 in terms of plaquette

variables. This same derivation holds for other Abelian theories

"with any action but for i1llustration we will use the Wilson action.

The partition function is

1

[P ()+PT ()]
Z = JI)U"(r)el’82 LA

(I1.1)

where Uu(r)'is the U(1l) link variable and Puv(r) is a plaquette

P, () uu(r)uy(r +4bu:(r + G)U:(r). (11.2)

In order to express the link variables, Uu(r), in terms of the
plaquette variables, Puv(r), we gse the completely fixed "path
gauge”. A’path gauge is defined as follows. Choose an origin
(xoyozoto) and construct a path to an arbitrary point (xyzt). For

example, we start along the t-axis to the point (xoyozot), then

~parallel to the y-axis to (xoyzot), then parallel to the x-axis to

(kyzot) and finally to (xyzt). All links lying on this path are
gauge fixed to unity. This is done with paths to all sites on the
lattice. The dotted lines in Figure 1(a) show such paths (in '3

dimensions). The above path gauge is therefore

U3(txyz) = Ul(txyzo) = Uz(txoyzo) = Uo(txoyozo) =1 (11.3)

it is then easy to express links in ﬁerms of plaquettes
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5
. zo-l, P
= . : -
.Ul(txyz) z'Ez Pls(txyz ) | (1II.4a)
zo—l xo-l .
U (txyz) = 0 P .(txyz') N P, (tx'yz)) - (11.4b)
2 stmg 23 crey 21 0
2g-1 xo-1 o-1
- ] 1 L ]
Uo(cxyz) - z? ] Po3(txyz ) ? POI(tx yzo) ? Poz(txoy zo)

(II.4¢)
Thésé equations have a very simple geometrical interpretation
_in the above gauge, each link is a closed Wilson 1ooé, formed by the
path from (xoyozoto),.along the gauge lines fo and through the
iipk and back to (yoyozoto) along the gauge lines. This is shown
for Ué(xyz) (in. 3 dimensions) in Figure 1(a). Dotted lines Qenote
gauge lines. Each of these Wwilson loops may be filled with plaquettes
as 1s also shown in the}figure. This is the geometrical content of
(1I. 4a,b,c). .

To change from link to plaquette variables in (II. 1), we fix
the gauge by inserting ‘
. . - . - _1
$(COP) = 81U, (exyz)-11810, (txyzg)-116[0, (ex yzg)-11810(txgygzg)-1]

(11.5)

where CGF stands for complete gauge fixing. Then insert in (I1I.1)

1= fap 8B, (0)(, (r)!{,(r+p)U:(r+v)U:(r))+-1] (11.6)

for every plaquette and do the Uu(r) integrals. The crucial result is

-

..
ol

6
- Jou ROLIC R KN ROICNOLN (r+u)U (r+v) U] Fy)t-1)
1A ) (r)
- t?vs[e LAY | : (1.7
where
18 (r)

Puv(r) ze W (11.8a)
and

8 (0 = 3e €pvpothol™) (11.8b)

:
. S
The proof of (I1.7) is left for an appendix. So, the latrice |

Bianchi identity is given by

IR A

ia 8 (1) C l
e e (11.9)

and is the product of the six plaquettes forming the six faces

|
of a three dimensional cube. : ‘
Equation (I1.1) thus becomes l

]

8 (r) iA 0 (r) 2 cose (t)
T, )

(11.10)

We have, therefore, obtained a result similar to the continuum:

The integral over plaquettes is constrained only by the lattice

Bianchi identity.

The same éerivatibn 15 applicable to other éauge theories like
Z(N)“in‘anyvnumbetvof dimensions. The number of Bianchi identities
will depend on the dimensionaiity of the theory: it is the number

of different types of three dimensional cubes one can construct in

. -
the space. For example, in two dimensional theories there are no



cubes (and therefore no Bianchi identity), in three dimensional

(xyz) theories, there is ohly one kind of cube: xyz (and thus one
Bianchi identity). In general, for an N dimensional theory there
are N(N-1) (N-2)/6 different types of three dimensional cubes and

thus the same number of Bianchi identities.

II1. PLAQUETTE FORMULATION OF LATTICE QCD

For illustration, we will use QCD3. QCDA has four types of
cubes (and therefore Bianchi idenfities), each of which is handled
the same way.

The partition function for lattice QCD3 is given by

. 8 +
.- Jnuﬁeh ugv Tr[Puv(r)+%n;r)]

where Pu“(r) is given by (II.2).

(111.1)

We go through exactly the same steps as in Section II to -
change the variables of integration in Z from links to plaquettes.
The result is

B s rip (m+t ()
= _ 4 p<v NN

Z= JDPuv[gé(Pc 1) le (I11.2)

where

G(Pc—l) = 6[Plz(xyz)P23(xyz)Uz(xyz+1)P13(xy+lz)U1(xy+lz+l)
x U+(x+1 z+1)P+ (x+1yz)U+(x z+1)P+ (xyz)U, (xyz+1)
2T 23 1'% 13 1
+ + +
x Uz(x+1yz+1)U1(xy+1z+1)U2(xyz+1)P12(xyz+1)—1]. (1I11.3)

The links Ul and U2 are given in terms of the plaquettes by
(II.ha—b)-G(Pc—l) is a 6function of the non-Abelian lattice Bianchi
identity associated with a given cube C. -This is the lattice version

of Halpern's result in the continuum.l g denotes a product over all

cubes pf'the lattice. .



Notice that for every Ui that appears in the non-Abelian lattice
Bianchi identity (III.3), there also appears‘its”coﬁjugate. However,
because the group is noh—Abelian, U1 and UI cannot be made to cancel.

In cheaABelian case, the U, terms cancel out and we are left with

i
the product of the six'plaquettes forming a cube.
We can also express the partition function in terms of uncon-

strained plaquette variable by solving the lattice Bianchi identities

as Halpern did in the continﬁum.l Using équétions (II.4a-b) we get
P ‘(xyz) =U (xyé)U'(x+1yz)U+(xy+lz)U+(x z)
12 1 2 1 2%y

[zo—l zo—l xo-l .
= n P,.(xyz') NP, (x#ly2) T P, (x'yz,)
z'=z 13 o 2'=z 23 x'=x*112 °

13

z'=z . = x"=x

+ +
zo-l zo—l xo-l +
n P..(xy+lz') 'Hsza(xyz') b1 Plz(x'yzo) (111.4)

It is trivial to check that this 1s the solution to the lattice Bianchi
identity. Thus

B Z

4 1=1,2

Z = IDP DP,.DP.. (xyz.)e &
13723712 0 (111.5)

where Plz(r) is given by equation (III.&). -This form of the'partitién
function, and. others like it (from differenf gauges), involve no .
plaquetté constraints, but a compliéated effective action. We mention
that these remaining plaquetfes‘can be thought of as gauge invariant
‘plaquettes (in analogy with Mandelstam's gauge-invariant field
strengthsz), with their tails along the gauge lines. This is shown

in Figure 1(b).

Finally we mention that if the point Z, is chosen at infinity.

The unconstrained partition function (I1I.5) may be formally considered

as over only DP13DP23w

Tr[Pi3(r)+PI3(r)]+%§Ir[P12(r)+PIZ(rﬂ

satisfied by his path dependent magnetic fields.

M
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IV. ABELIANIZATION OF THE NON-ABELIAN LATTICE BIANCHI IDENTITY
We have noticed that under the following change of variables

= Ul(xyz+1)P2$(x+1yz)UI(xyz+1)

Péa(x+1yz) (IVfla)

» +
Pi3(xy+lz) = U2(xyz+1)P13(xy+lz)U2(xyz+1)

the lattice Bianchi identity (I1I1.3), for a given cube becomes

6[Piz(xyz)Pé3(xyz)Pi3(xy+lz)PIZ(xyz+1)Pé;(x+1yz)PI3(xyz)-}]

' (Iv.zil
which Qe call "Abelianization" because it has the form of the lattile
Bianchi identity for an Abelian theory. This simplification apparently
correspoﬁds to Mandelstam's2 "Abelianized" non-Abelian Bianchi idenéity

v +B(x,P) =0 (1v.3)

The important question arises, whether this Abelianization
can be globally implemented, and variables changed from Puv to P;v
(as in the above example) such that Puv and PJQ are in one to one

cotfespondence. If pbssible, this would result in a "totally

Abelianized" or local QCD, integrated over the new variables P;v

As it stands, we have‘failed to do this. We have howevér, foun?

|
‘variable changes over large but not complete subspaces of the latticg,

for example a two by two by infinite sublattice, where this can be

accomplished.
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After the completion of this algebraic approach, J. Kiskis3
informed us of the geometrical interpretation of identities such as
(1v.2), and it is easiest to explain the more complicated variable
changes that we found in that geometrical language.

The lattice Bianchi identity (IV.2) is equivalent to Figure

2 in terms of the indicated gauge invariant plaquettes. -The change

of variables -.(IV.la-b) is precisely the change to these gauge invariant

plaquettes in the ﬁ3 = 1 gauge. In addition, Equations (III.3) and
(Iv.2) and Figure 2 are unitarily'equivalent to Figure 3 and to many
others one can draw. So, Abelianization is expressing the lattice
Bianchi identity for a given cube as a product of the six gauge
invatiant'plaquettes forming that cube. Furthermore, the question
of the "totally Abelianized QCD" is the question whether each
geometrical plaquette corresponds to just one gauge—iﬁvariant
plaquette.

Now notice that if, in FigureAk, we use Figure 2 for cubes
1, 3, 5, and 7 and Pigure 3 f;r cubes 2, 4, 6 and 8, all the gauge
invariant plaquettes shared by these cubes are the same. This can
be continuedito infinity in the z direction. This is the geometrical
interpretation of the algebraic Abelianizatioﬁ ment ioned above for
large but incomplete regions of the lattice.

It is aléo easy to see that this Abelianization works for the(-
2 x 2 x infinite lattice by reflecting the figures associated with
cubes 1 to 7 in the yz plane at x(Fig. 4). To see what is meant by

réflection,,imagine glueing the cube in Figure 3 to the left xz face

12

of the cube in Figure 2. The gauge invariant plaquettes of cubes 2
and 3 ‘are reflections of each other (except for the sense of the
arrows) in the common xz plaquette. The sense of the arrows can be
reyersed by taking the copjugate of the Bianchi identity. .

We can also show that we can Abelianize the lattice Bianchi
identity for cubes 9 and 10 (Fig. 4) and so on in the y direction
(and for many other paths). However, in the presence of cubes 9 and
10 we have not managed to Abelianize the identity for cubé 11. We
foundﬁthat it will involve plaqhettes from nearby cubes, and thus
not have an Abelianized (local) form.

The overall pattern seems to be the following. Space can be
filled with cubic (i.e. Abelianized) lattice Bianchi identities sharing
the same gauge invariant plaquettes, except that cavities will develop
in which the identities are not cubic -as for cube 11 in Figure 4.
This seems to correspond to the‘typ;s of regions over which
Mandelstam's path dependent phase2 can be defined by parallel
transport in sﬁch a way as to satisfy (IV.3). |

The fact that the lattice Bianch:l"identity can be Abelianized
for some reéioné‘éf fhe lattice, as described above, provides a
simplification both in the strong coupling expansion described
in Section VIiI, and in a new gauge-invariant mean-plaquette
formﬂlation.of lattiE; gauée theories whiﬁh we wi;l describe

elsewhere.

A
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V. DUALITY TRANSFORMATION AND COULOMB GAS
REPRESENTATION FOR ABELIAN THEORIES
We will show in this section how the duality transformation and
the Coulomb gas representation arise from two different ways of writing
the Sfunction of the lattice Bianchi'ideﬁtity. The form that gives
the Coulomb gas is
1Auévv(t) s .
n6fe ° -1] = z 0 206[A 6 (x)-2um (p)]
r,v - r,v TSTIV v
{m, (o)==} 7
+eo . +o 1% (p)(a 8 (r)+2mm_(p)
= I (msa m’(”)][w e ° MW v
v v v
{m (p)=—}
(Vv.1)
It is clear from (V.l) that the Coulomb gas arises from the lattice
- Bianchi identity independent of the action being used. It is easy
_to see that substituting (V.1) in the lattice QED, partition function

with Villain actiona and doing the‘plaquette'and xvintegrals immediately

yields the well known Coulomb gas representation

_
: -2n
C e Zm (p)G(p-p"Im (o")
z= 5 [mao_m ()le & v (v.2)
o (p)==} ® WU
vwhere
AuA_uG(p—p') = - Spp, , . (V.3a)
b_E() = £(n) - £(r - ). , (V.3b)

For the duality transformation, we use the Fourier series
expansion of the periodic éfunction

1A & (1) ®  4Zn (p)a 8 {p)
ole WUy = T e Y MW (v.4)

fnu(o)=-w}

[
M
&

nv(p) and xv(p) are both lattice versions of Halpern's continuum

dugl poténtial Au,'aﬁd bﬁth l;e on the link.dual‘to the cube formed
by the six plaquettes in exp iAuéuv(r)f In general, in D dimensions
the dug; potential has as many components as there are Bianchi
identities.

Substitﬁting (V.4) in (II.10) and doing the plaquétte integrals
glves the dual to lattice QEDQ with a Wiison action

4o

-2 ’ .
Z= ( I~ (g D1 (v.5)
ugv nuv(o) : v e

)>
‘{nu(o)=—w}

where In(B) is a modified Bessel function and

- 1 ) : z
nuv(p) = ieuqu[AunB(o) - ABna(p)]- . (v.6)

This method of doing the duality transformation shows that the
dual potential nu(p) is the Fourier conjugate to the lattice Bianchi

identity. This is the same as Halpern's result in the continuum.
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VI. STRONG COUPLING EXPANSION AS A RESTORATION OF THE BIANCHI IDENTITY:

ABELIAN CASE

From equation (V.5) it is clear that the strong coupling
expansion is a perturbation expénsion in small nuv' This means that
in such an expansion, we keep only somé of the terms in the expansion
of the lattice Bianchi identity (V.4).

This leads to the interpretation of the strong coupling expansion
as an expansion towards restoring the lattice Bianchi identity: To
leading. order we ignore it completely; The higher the order of the
terms we keep, the cloéer the ﬁartition function is to accepting
" contributions only from plaquette configurations that satisfy the
lattice Bianchi identity.

It should be clear that the strong coupling expansion obtained in
this formalism gives the same results as those obtainéd by, ‘'say,
cluétér expansions because both methods give the same dual.

To illustréte these points, we will calgulate the first two terms
in the strong coupling expansion of the striné tension in lattice
QEDa.

Consider a Wilson loop of minimal surface area A and lying in
the xy plane. The loop can be expressed in terms of the plaquettes
forming the minimal surface giving for the expectation value

+eo +7

<wlc] >= 2zt z [ Do e
(nv(o)=-") - W

15 (0)88  (r)

1

rw Xcoseuv(r)ﬂ. fg(y(r)

(VI.1)
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here exp 1 ﬁexy(r) is the Wilson loop expressed in terms of its
minimal plaquettes. Note that exp inv(p)Auéuv(r) is the product of
six plaquettes forming a cube raised to the power nv(p).
Thus it is clear that keeping such  terms with nonzero n, amounts
to including contributions from nonminimél surfaces. A

To obtain the first two terms in the strong coupling expansion,
we iénore the Bianchi identity everywhere except at cubes in contact
with the minimal surfacé of the loop. In other words, the expansion
(V.4) of the § function of the Bianchi identity is replaced by 1
everywhere except at the cubes mentioned above. - At these cubes, we
ignore most of the Bianchi identity by replﬁcing (V.4) by fhe
n =0, *1 terms of the expansion. With'fhis approximation to the

v
Bianchi identity, Eq. (VI.1)'becomes

+r +1A 9 (r')l
. -1 ' [ Houy
>a n 1+
<w (€] z L’ Deuv . e
v=t,z
-1
A5 coss + ) ‘ '
28 cos.uv(r) 1¥ xy(r) (Vi.2)

' is defined to mean that we take the product over all r' such that
exp * iAuéuv(r') has a face in common.with the minimal sutféce, and the
sign of:the exponent is chosen gb that this common face cancels. v 15
restricted to be t or z because when v = t the cube formed ﬁy the

exponential is an xyz cube and when v = z it is an xyt cube, and

these are the only cubes that have a face in the xy plane.

"The integrals are easy to do giving
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A A A
> 7 _ s+ 4 , _ 7+ 6
‘ I, G 2) 12 il G 2y aZ 1, (g 2, a
SO > =0 + 5 +0 ("‘—2‘)
_ I, ) a (s ") ' 196 Y
(VI.3)

where a 1s the lattice spacing.’
The first term in (VI.3) results from the 1 (Bianchi identity _
gone) in the product in (VL2), and by itself gives the familiar

leading term in the strong coupling string tension

-2 .
. I.(g ")
L on ( 0 ) (VI.&)

Il(g'z)
Therefore, we see that ignoring the Bianchi identity everywhere gives
the correct ieading term for the string tension. This of course
_amounts to ignoring all correlations.among the plaquettes because, as
is clear from (II.10), the lattice Bianchi identity is the only
source of such correlations. Mofeover, this contribution of the
n = 0 term is the contribution of the ﬁinimal surface of the Wilson
loop.
The second term in (VI.3)§tises from the cross terms in the
product in (VI.2) that contain only one exponential. This says that
the first correction to the leading term in (VI.3) comes from putting
all dual links (n“) except one equal to zero. The nonzero link (whoge
" value and sign were discussed above) is dual to a cube in contact with
the minimal surface. The-ltA/a2 factor counts the number of allowed

locations for such a cube. Clearly this is the contribution of the

smallest nonminimal ‘surface.

Thus, the first step towards restoring the Bianchi identity,

Eq. V1.3, gives the string tension

18

1 Ii Io(g—zA) ’ Il(g_z)
O'a_zlln( _z)—a( _2)
a Il(g Io(g )

which agrees. with cluster expansioﬂ results.

(VI.5)

The procedure for catculating higher order corrections(i.e. con-
tributions from more non'minimal sur;aces) to (VI.§) is now clear:‘ We
keep moré Fourier components of the § function of the lattice Bianchi
identity. Clearly, the more Fourier components we keep, the closer
we get to restoring the Bianchi identity.

We thetefote reach quite a striking picture of strong coupling
confinement. The strong coupling limit corresponds to totally
ignoring the Bianéhi identity, and is thus a state of maximal
disorder améng the plaquettes. The strong cqupling expansion is a

gradual restoration of the Bianchi identity, i.e. a gradual restoration

of a certain degree of order among the plaquettes.



- 19

VII. STRONG COUPLING EXPANSION AS A RESTORATION OF THE BIANCHI IDENTITY:
NON-ABELIAN CASE

-
In this section we will show that the strong coupling expansion

for QCD3, as for Abelian theories, 1s an expansion towaﬁds restoring
the non-Abelian lattice Bianchi identity. The same method applies to
QCDa and other non-Abelian theories. : ~

2
product of the links forming the boundary of the loop. We need to

Consider a rectangular Wilson loop l-Ttw, where W is the ordered

express TrW in terms of plaquettes, and since it is gauge invariant,

we are free to choose the gauge in such a way as to make this expression

. ' 1 .
as simple as possible. Following Halpern, we choose the Wilson loop

in the xy gauge plane at z This makes both of its sides that are

0
parallel to the x-axis equal to unity . Furthermore,
we can choose one of the y sides along the gauge line x = Xgs 2= 2

(the y-axis in Fig..1l). This reduces the Wilson loop to

yZ"l
ltwaln n U,(x,y'z,)
2 2 , 2\%17 2¢
y =y1

y.-1 x -1 .

SR 2n 0n P (x'y'z )
' ' 12% Y %9 (VIt.1)

y'=y; Lx'=x, ' ) ;
where (xlylzo) and (xlyzzo) are, respectively, the begining and end
of the remaining side of the Wilson loop. This is Halpern's 1

" "Abelianized" Wilson loop (involving only the plaquettes of the
minimal area).

The expectation value of this loop is given by

20

+

83 Tr[P (r)+P (1))
1 N | W Ay<y uv uv

< 3 >=7 JDPw[l'[s(Pc-l)]Trie

(V1I.2)
where Tr g is given by (VII.1). The §function of the Bianchi
identity hasg the form G(Pc-l) where Pc is an SU(2) matrix. 6(Pc-1)
is invariant under similarity transformations and may therefore be

character expandéd

‘G(Pc~1) = }L (2Jc+1)ch(Pc)

1 3
Jc = 0, 3 1, 7 e ) (Vi1.3)

The subseript c refers, as before, to the cube which is associated

with the Bianchi identity we are considering. xJ (Pc) is the trace
c

of Pc in the (2Jc+;) dimensional representation.

Jc is the dual potehtial for lattice QCD. This is the non-Abelian

generalization of the Abelian case where the dual potential was shown to
be the Fourier conjugate to the létticg Bianchi identity.

Substituting (VII.3)in(VII.2) gives'

B ) +
. i Te[P (r)+P  (r)]
TrW -1 W 4y uv uv

< =2>= e .
3 z anuvlg §c(2J?+1)ch(Pc)] T 3
- (VII.4)
For .8‘<< 1, the dominant contribution to %{TrW? comes from all
J =0, {.e. we ignore the Bianchi identity, which means we have
c ) o T

piaquette disorder. This contribution is the familiar leading terms

2
I,(8) Ala
L (VII.5)

TrW
<7 [Il(s)
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where A-is_the minimal area of the loop and a the lattice'spacing.
The next contribution comes from_putt::lng'Jc =0 for:a;l cubes
except for one cube in contact with the minimal surfaoevof the loop.
In other words, the next contribution comes from ignoring the Bianchi
identity at all cubes except one which is iIn contact with the‘minimal
surface. At this cube we take Jc =-%,
ignore most of the lattice Bianchi identity by ignoring most of the

i.e. at this cube we still ‘

characters in its expansion. The term that we keep from this expansion

has the form

2Tr [sz (xyz JPB&yz 8Q2&y20+1%36:y+lz Ji(xy-i—l vm;( x+lyz 0-'0-1 ) P;;’(xi-l yz ()U;.(xyzb+1)

+ + ' + SRS
P13(xyzo)Ul(xyzo+1)Uz(x+1yzo+1)Ul(gy+]zo+1)02(xyzo+1)P12(xyzo+1)].
(VIIi6)

Applying the change of variable (Iv.la-b) Abelianizes it into the form

. + + + -
2Tr[P12(xyzo)P23(xyzo)P13(xy+lzo)Plz(xyzo+1)Pia(x+1yzo)P13(xyzo)].

(VI1.7)
Now, by applying the Gross and Witten trick,§ we change the trace

in (VI1.7), and TrW, into a product of the traces of single plaquettes.

It is simplest to apply this trick to all plaquettes appearing in (VII.7)

and TrW except Plz(szd) because. it is the on}y one that appears in both.

The plaonette integrals are then easy to do, and up to this order we get
cmis 1,(8) /e’ 1, (s)) (12(3) 51
1 L®| 1 ® “")11(3) V1.8
In fact it would have been just as simple, in this case, to use

the Gross and Witten trick directly on the plaquettes P23(xyzo),

+ + +
P13(xy+lzo), P23(x+1yzo), P13(xyzo) and Plz(xyzo+1) in (VIL6) in

e
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which case, the rest of the U1 variables cancel.” However, we wanted

to demonstrate the use of Abelianization because for higher order terms
(such as two cubes sharing a plaquetteand ly;ing on the surfaceof the Wilson
loop, tobediscussed below), we fodno_it much simpler to Abelianize before
using.the Gross and Witten trick.

The next contribution comes from Jc = 0'£or all cubes except one
cube not touching the minimal surface. For this cube Jc = %. The
contribution after this comes from Jc = 0 for all cubes except two that
lie on the minimal surface and at the same time share a face. - For

each of these two cubes Jc = The string temsion up to this order

E‘-
is

o= =30l - 20" + a0 - eutv

Iz(s)v © 1308 :
e YT n®m L)

This result agrees with the result from cluster expansions.
We therefore see that, as in the Abelian case, the strong
coupling expansion is an expansion towards restoring the lattice

Bianchi identity.

Finally a comment about the use of Abelianization in this calcu-
lation. Since we carried the strong ooupling expansion only to low
order, we only needed to consider the contributions from a few Bianchi

identities. This enabled us to Abelianize them as discussed in Section



R X

IV  and thus simplify the calcuiation. Hoﬁever,.going to higher 6tders,
one will encounter situations where not all Biaﬁchi 1dentitieé can be
Abelianized. Moreover, the lower the temperature, ;he more of these
nqn—Abelianized Bianchi identities will contribute. So, it seems that
the high temperature region is adequately described by Abelianized
Bianchi identities while in the low tempe;ature region non-Abelianized

identities will play an important role.

e

4
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VIII CONCLUSIONS

We have accomplished in this paper a lattice analogue of Halpern's
field strength ana dual potentials for gauge theories. As in the
continuum, the lattice Bianchi identity is the pivot point for the
structure of these theories.

One of our most interesting resultsis the interpretation
of the.;trong coupling expansion as a restoration of the Bianchi
identity. In a gauge.theory, the Bianchi identity is the only
source of plaquette correlations, and it is ignored in the strong
coupling limit, This éorreséonds to maximal plaquette disorder. As

the strong coupling expansion proceeds, the Bianchi identity, and thus

plaquette order, are gradually restored.

We can, therefore, say that the confining phase in lattice gauge
theories (Abelian and non-Abelian) corresponds to disordered plaquettes.

Thié is seen very clearly in two dimensional theories. In such

" theories, there are no Bianchi identities and thus no correlations

among the plaquettes; the plaquettes are disordered aé all couplings,

and. therefore these theories always confine. Another way of saying

what we have seen here is then that the only kind of confinement we

have so far seen in models is "plaquette disorder confinement'-the

-comﬁon ingredient in all gauge theories in any number of dimensions.

Another very interesting result is the "Abelianization" of the
non-Abelian lattice Bianchi identity and the connection of this
procedure to gauge invariant plaquettes. Ihis is interpreted as the
iattice version of Mandelstam'52 Abelian ﬁianchi identity satisfied

by gauge invariant non-Abelian field-strengths.
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Finally, we mention that everything discussed 1n~£his’paper
can be applied to spin systems. There one changes frém’éiie to

link variables and the Bianchi identity is a plaquette. o

& -
L
e Wy
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APPENDIX
Appendix: Proving Equation (II.7).
Written out in full, the left hand side of (II.7) is

Jou, b, U,

6[Ul(txyz°)~1]6[02(txoy zo)-I]GIUo(txoyozo)-ll

x 6[P°1(txyz)Ul(txyz)Uo(tx+1yz)U;(t+1xyz)U;(txyz)-1]
% 8, (txyz)U, (txyz) U (ExyHlz) U (t+lxyz) Up(txyz) -1]
x 5[pog(txyz)ud&xyz+nb;(txyz)-11
x 6[Plz(txyz)Uz(txyz)ulétxy+lz)U;(tx+1yz)UI(txyz)-1]
x 6[P) ,(txyz) U, (txyz+1)U] (txyz)-L18 [P, (txyz) U, (txy 241)
: xu;(txyz)slj

(a.1)

vwhere we have already performed the trivial integration over U3(t).
The Ul(r) integral can be easily done using the first and eighth$
functions. It gives Equation (il.ka) for U1 in terms of 213.

To do the U, integral, I change variables from U

2 to V21(txyz)

2
according to
zg-1
Uz(txyz) = J

ey st(txyz') V21(txyz) . (A.2)

The second § function simply becomes G(Vél(txoyzo)-l). Making this ©

substitution (A.1l) becomes

28

fDVZI(txyz)DUO(txyz)G[V21‘(txoyzo)-llfluo(tx -1]

0"0%0

z~1 z -i

0 07" + oyt
x 6[P01(txyz) z]LZPB(thz')Uo(tx+1yz)zn P13(t+1*yz')Uo(txyz)-1]

"=z

. z,~1 , z.~-1 +
x G[Poz(txyz)zg zP23(txy.z")Vzi(t:xyz)Uo(txy+lz)z"ﬂ=zP2

3 (t+lxyz"™)
+ o+ .
x VZl(t+lxyz)U0(txyz)-1]

+, ,
x 6[P03(txyz)Uo(txyz+1)Uo(txyz)-li5[V21(txyz+1)vzl(txyz)—1]

z,-1 ‘ z -1 S
x6[212(txyz)zggzP23(txyz')Vzl(txyz) R ey Cexyiiz))

z,=2
z -1 z,-1 ‘
0 + . + 0+
P 1lyz" -
x zgaz 23 (tx+lyz )V21(tx+lyz)z:=zP13(txyzz) 1]

' (A.3)
Calling the product of variables in the last § function A(txyz), we )

can rewrite the last 6 as

8(A(txyz)-1) = é[A(:xyzo)-11s[A(txyz+1)A+(cxyz3-11 (A.4)

i.e. -we split it into a § function of the 1nitialjcondi;1on at z = 2
and a relation between A and A+ at two neighboring z. It is trivial
to see that the R.H.S. of (A.4) is the. same as the L.H.S. Working

ouf'A(txyzo) aﬁd A(tkyz+f) A+(txyz) (A.4) becomes

I3
I

1Aueuo(r)_

8(A(txyz)-1) = 5[plz(txyzo)vzl(cxyzo)v;I(:x+1yz°)-11s[e 1]

(A.5)

0
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AS T

where I put Pﬂs) =.e .and I used V21(txyz+1) = V21(txyz) as

demanded by one of the § functions. So, replacing (A.5) in (A.3) and

doing the integral gives

21

. - xﬁ-l .
- '
V21(§xyzo) ) P21(tx yzo) » o (A.6)
y x'ex. -
and (A.3) becomes

. z.~1
jDUo(tkyz)G[UO(tﬁﬁbzo -1]6[P°1(txyz) g Pla(txyz')vo(tx+1yz)
s S ‘ ) z'=z .
z -1 :
T o it n)
X, Pls(t+1xyz )Uo(txyz)-ll

zZ - x,-1 )
x 6[Poz(txyz)zg-zP23(txyz')xg.xPZI(tx yz,)U (txy+lz)z§ P23(t+1xyz“)

%l +
x n le(t+ "yzo)Uo(txyz)-I]

x-x

1a 8 (1)
x 6[P03(txyz)U (txyz+1)U (exy2)-1] sle WH0 ] D

To do the Uy integral we again change variables to Vo(txyz)

z 8-1' ) xﬂ-l ! yﬁ-l o -
Uo(txyz) = z'ﬂ,zl’(-”(txyz )x'-xPol(tx yzo)y'-y?oz(txoy zO)Vo(txyz)
(A.8)

(A.7) becomes

" expressions were becoming cumbersomg. U

o
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cleiAuepo(r)—ll]bvoclvo(tkoyozo)-ll5[P01(txyz)Ul(txyz)Uo(tx+lyz)

x UI(t+1xyz)U;(txyz)-i]
x 6[P02(txyz)U2(txyz)Uo(txy+lz)U;(t+1xyf)?;(txyz)-1]
x 81V, (txyz+l) Vo (txyz)-1] ' )

U, and U, because the

where we wrote variables in terms of Ul’ 0 2

1 02 and Uo are given by

(11.4a), (II.4b) and (A.8) respectively. As we did before, if we

call the product of variables in the second § function of (A.9)

A(txyz); we can split this 6 as we did in (A.4). The result is

6[POI(t;y;)Ul(txyz)Uo(tx+1yz)UI(t+1xyz)U;(txyz)-ll
z(') ~118 [V (tx+1yz) Vi (txyz)-1] (A.10)

- 5[e

therefore (A.9) becomes

sl 18, uo") js[eiAueuz(')-11fnv 81V (txygzg) ~11 61V, (Exyz+ 1)V (txyz) -1]
x 5tv;(fxyzo)vo(tx+1yzo)-1]
x 5[Poz(txyzjUz(txyz)Uo(txy+lz)U;(t+1xyz)Uz(txyz)-1] ‘(A.ll)

Again splitting the last § at Z, and Xo (in the same manner as before)

0
we finally end up with
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18 8 (r) 1A 8

sfe w0 e M uz(r)_lulemuéul(r) 188 3(txyzo)-

-1]8[e 11

x IDVOG[Vo(txoyozo)-llB[VO(txyz+1)V;(txyz)-}]G[VE(txyzo)Vo(tx+ly§}-1]
x81Vy(txgyHzg) V;(txoyz Q-1 (A.12)

It is trivial to'see that the solution to all the 8§ functions in

the integrand is Vo(txyz) = 1 because the second § function tells us
that‘Vo(txyz) = Vo(txyzo). The third & says Vo(txyzo) = Vo(txoyzo)

and the last that: Vo(txoyzo) = Vo(tx . .But by the first § this

_ 070%0
is 1. Therefore Vo(txyz) =1,
Thus, we have shown that (A.1) is equal to:

186 (r) 185 (x) 188 () 18 8, (tiyz )

ste "M Tagste MM Tagste MM agste MW 1]

(A.13)

These are the "3.1" Bianchi 1dent1tiés which can be easily shown to
imply the full 4 Bianchi identities.
So, finally, the Jacobian of the variable change from links to

plaquetts is-

ia 6 (x)

\,"r‘“e W pv -1} (A.14)
L d
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FIGURE CAPTIONS ,

Uz(x&z) as a Wilson loop filled with plaquettes. The
dotted lines are gaﬁge lines. }

A gaugé'invariant plaqﬁette. The tail runs along gauge
(dotteé) lines and is thereforé invisible.

The ga;ge invariant plaquettes whose product, in the
order abedef, gi?es the lattice Bianchi identity for
the cube. -

The product of these gauge invariant plaquettes, in the

order afedcb, givesfa lattice Bianchi identity which is
‘unitarily equivalent to that of Fig: 2.

The. lattice Bianchi identity can be Abelianized for

cubes 1 through 10 but not 11.

%
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