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Abstract of the Dissertation

Wave Propagation in Multiferroic Materials

by

Scott M. Keller

Doctor of Philosophy in Mechanical Engineering

University of California, Los Angeles, 2013

Professor Gregory P. Carman, Chair

Based on an idea that using novel materials could be useful for antenna appli-

cations, we began looking at the use of multiferroics. These novel materials exhibit

a cross-coupling between electric and magnetic ordering parameters, which tech-

nically is saying that an electric field applied to one these materials can turn the

material into a magnet (i.e. - it produces magnetization in the material). The con-

verse of this statement, that a magnetic field applied to the material can produce

an electric polarization is also true. The notion that an applied voltage can drive

the intrinsic magnetization in a material to produce a controlled magnetic field,

not relying on current-driven-coupling through Ampere’s Law, is a very powerful

one and the potential of this coupling phenomena for use in electromagnetic de-

vices is enormous. The focus of the work contained herein is to help assess if and

how that potential can be utilized.

My dissertation concentrates on modeling linear multiferroic (MF) materials

and examines the potential for their use in electromagnetic (EM) wave “process-

ing” applications. In the interest of pursuing various applications of magneotelec-

tic (ME) materials a fundamental understanding of the nature of waves in these

materials is required. The wave equation for a general linear ME material system

is developed and presented here with a discussion of the unique features of ME

waves. This discussion is on wave transmission in extended mediums; interface be-
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havior of ME composites and phase matching issues with transmission/reflection

characteristics of the MF materials are discussed.

Further, single phase ME materials have been known to exist for about 50

years, but the cross-coupling of these materials is too weak to be of interest for

most applications. To enhance cross-coupling effects, strain coupled materials

have been developed. While these strain coupled materials show enhanced cross-

coupling, typical coefficients reported in the literature are two to three orders of

magnitude lower than desired for significant influence on EM waves. To assess

the feasibility of strain coupled materials in EM applications, a homogenization

model is developed that accommodates the effects of elastic coupling in multi-

phase composite materials and predicts the resultant constitutive parameters of

the material.

The resulting homogenization model produces constitutive parameters for a

material which is magnetoelectroelastic (MEE), extending the complexity of the

original magnetoelectric coupling in the material. The additional coupling re-

flects the additional “predominately acoustic” modes which exist in the combined

material system. To understand the wave behavior of this extended system a

wave equation is developed for the solution of the propagation modes and phase

velocities of the MEE system.

While MEE systems are of significant in their own right, it is desirable to have

effective properties of an MEE material that resemble the EM system so that the

computational and physical complexity can be reduced. This facilitates design

codes and a functional understanding of the “purely electromagnetic” properties

of an MEE system in device implementations. To address this properly, the MEE

system is reduced to an effective ME system. This is more involved than simply

looking at the effective permeability, permittivity and magnetoelectric coupling

terms in the MEE constitutive form as is commonly done. The importance of the

mechanical coupling is demonstrated.
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Finally, an application of multiferroic coupling principles is applied to the

design of an extreme sub-wavelength receive antenna. The complexity and com-

putational size of the antenna concept requires numerical simulation. The three

step FEM modeling process used to design the receive antenna is discussed in

detail as well as suggestions for improved performance in future devices.
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same speed, other directions can vary. Red line indicates ê1 axis.
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xi



2.6 (Color online) The electric field envelope of a wave in a conventional

material (or an ME medium with ξ33 coupling). The dash-dot or-

ange line indicates the electric field at z = 0 with t ∈ [0, 2π] and

the dashed red line shows t = π
4

over the range of z. The red arrow

indicates the Mode 1 basis vector and the green arrow indicates

Mode 2. Transverse isotropic permittivity and permeability are as-

sumed with ε = 20 and µ = 20. Mode 2 component π
2

out of phase

with Mode 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.7 (Color online) The electric field envelope of a wave in a ME medium

with ξ11 coupling. This coupling induces a rotation of the basis

vectors off the normal axes. The blue and black arrows indicate the

normal x and y basis (axes) for Mode 1 and Mode 2 propagation

respectively. The red arrow indicates the Mode 1 basis vector and

the green arrow indicates Mode 2. The dashed red line shows t = 0

over the range of z. The orange line indicates the electric field

at z = 0 with t ∈ [0, 2π]. Transverse isotropic permittivity and

permeability are assumed with ε = 20 and µ = 20. ξ parameter is

taken to be 3
4

of maximum. . . . . . . . . . . . . . . . . . . . . . . 54

2.8 (Color online) The electric field envelope of a wave in a ME medium

with ξ31 coupling. The Mode 2 basis indicates the z component

present. The distribution of electric field through the media looks

like a wave propagating at an angle to the z axis. Transverse

isotropic permittivity and permeability are assumed with ε = 20

and µ = 20. ξ parameter is taken to be 3
4

of maximum. . . . . . . 55

xii



2.9 (Color online) The electric field envelope of a forward wave in a

ME medium with ξ12 coupling. This coupling has no effect on the

eigenbasis of the conventional material. The orange line indicates

the electric field at z = 0 with t ∈ [0, 2π] and red dashed line

is the isochrone for t = π
2
. Transverse isotropic permittivity and

permeability are assumed with ε = 20 and µ = 20. ξ parameter is

taken to be 3
4

of maximum. . . . . . . . . . . . . . . . . . . . . . . 56

2.10 (Color online) The electric field envelope of waves in a Faraday

(gyrotropic) medium. The upper (right handed) wave is in the ar-

bitrarily chosen forward direction and the lower (left handed) wave

is the reverse direction. At any cross section in the propagation
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CHAPTER 1

Introduction

ME materials exhibit a cross-coupling between electric and magnetic fields not

seen in common materials. For example, a typical dielectric will become polarized

in the presence of an electric field but does not respond to the application of a

magnetic field. Likewise, a permeable material becomes magnetized in a magnetic

field but is non-responsive electrically. Multiferroics (MFs), on the other hand,

exhibit magnetization under an applied electric field and electric polarization when

placed in a magnetic field.

Consequently, EM wave propagation in ME materials is different from typi-

cal materials and understanding these differences is critical to advantageous ap-

plication of ME’s to new devices. Mathematically, we see the difference from

conventional material in the “extra” terms present in the following constitutive

relations.

Ē = κD̄ + αH̄

B̄ = α
T
Ē + µH̄

(1.1)

Here Ē, D̄, H̄, and B̄ are the electric field, electric displacement, magnetic field

and magnetic induction while κ, µ and α are the inverse permittivity, permeability

and magnetoelectric coupling tensors. We see that α represents a direct coupling

between the electric field and the magnetic field. And while we all know that

electric and magnetic fields are coupled, the coupling commonly thought of is due

to Ampere’s Law

∇× H̄ =
∂D̄

∂t
+ J̄ (1.2)
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where J̄ is the free electric current flowing in the system. J̄ is generally regarded

as the causal term in Ampere’s Law. While strictly speaking, Ampere’s Law is not

a causal relationship, it is still fair to say the electric current produces a magnetic

field dependent on J̄ and as it turns out the power dissipation in the system is

proportional to current. This points out that a major advantage of multiferroics

lies in their potential to reduce current requirements.

Because multiferroics exhibit cross-coupling in the constitutive relations these

materials provide unique and valuable opportunities for producing or sensing mag-

netic fields directly without the need for a proportional current. This becomes

increasingly important as the scale of the device being sought decreases since gen-

erating large currents at small sizes tends to be become more and more difficult.

The opposite effect is also true, that a magnetic field can produce a direct electric

field. This will be of use in sensor applications where it is desirable to detect

magnetic fields without having to drive a signal current in a coil for example.

The effectiveness of an ME material for generating or receiving magnetic fields

depends largely on the strength of the cross-coupling parameter ξ seen in equation

(1.1). Consequently there has been renewed interest in ME materials in the last

couple of decades since the experimental demonstration of large ME cross-coupling

coefficients in composite materials [RCU01][RPU02] [LVC04][Isl06][PID07]. Bet-

ter coupling in magnetoelectric (ME) materials increases potential usage in sen-

sors, antennas, circulators and other electromagnetic devices.

1.1 History of MF

The materials we refer to here as multiferroic have a long history in science. As

early as 1888 Rontgen[Ron88b] had performed experiments observing a magneti-

zation develop in a dielectric material as it was being moved through an electric

field. A few years later, Pierre Curie[Cur94] hypothesized that a cross-coupling
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effect between magnetization and polarization would exist based on symmetry as-

sumptions related to his studies of piezoelectric materials. His assumptions were

incorrect, but an additional 60 years passed before this mistake was realized. In

the meantime, researchers around the world searched for material combinations

that would produce this intriguing phenomena. In the mid 1920’s, Debye coined

the phrase “MagnetoElectric” (ME) for the illusive materials, a terminology still

in common use today. In retrospect, we know Debye had much greater success

with the naming of these materials, as his efforts to produce one were never suc-

cessful. Considering his status as a Nobel Laureate, one of at least five to take an

active interest in the search for multiferroic materials, it is difficult to feel to sorry

for his failure in this endeavor. Following Debye’s lack of success, Zocher and

Torok[ZT53] published a paper proving that magnetoelectric materials could not

exist. While they had properly identified Curie’s error in “symmetry arguments”

they made an incorrect assumption of their own regarding time symmetry invari-

ance of crystal properties invalidating their disproof of magnetoelectrics. About

the same time van Vleck presented symmetry arguments[Van32] that single phase

materials with both a dipole moment (polarization) and a magnetic moment (mag-

netization) should not exist because they have to be paramagnetic or diamagnetic.

Fortunately, scientists like to disagree and in 1957 Landau [LL57] used symme-

try arguments of his own to identify which crystal structures would permit the

required spatial symmetries and requisite time anti-symmetry to allow a single

phase magnetoelectric effect. Only a few years later Rado and Folen [RF61] ex-

perimentally demonstrated the long sought after coupling between electric and

magnetic polarizations. To do so required cryogenic temperature and the highest

sensitivity electronics available at the time, so needless to say, hopes for multi-

ferroic materials in applications at the time were low. Fortunatley for the hero

of our story, other researchers, starting with Tellegen in the late 40’s[OD70], had

begun considering the possibility of alternative coupling mechanisms to produce
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a hybrid multiferroic and in 1972 van Schutelen [Van72] began studying eutectic

composites to produce a “product effect” that would show multiferroic coupling

by strain coupling a ferroelectric (capable of straining under polarization) with

a magnetoelastic (magnetizes under strain) inducing magnetization under strain

and vice versa. In the early 1990’s a couple of efforts on the experimental verifi-

cation of magnetoelectric effects in piezoelectric/piezomagnetic layered materials

by Harshe[Har91] and additional theoretical work on the combined constitutive

relations of such composites by Getman[Get94]. In the same year as the paper

by Getman, the phrase “Multiferroic” was coined by Schmid[Sch94] to relate the

cross-coupling to order parameters, a concept from ferromagnetism which by this

time had spread to many different different disciplines.

While many of these results showed promise, the strength of the cross-coupling

to date was still relatively weak. Then, in 2001 and 2002, Ryu published re-

sults [RCU01][RPU02] of a reasonably strong magnetoelectric coupling. This was

shortly followed by a number of works examining the potential for strain coupled

multiferroics (really magnetoelectroelastic) materials, for use as magnetoelectrics

[BP12, BPA10b, BPA10a, LAG10, PSB09, BVS08, PSB07, BVS07, BPR05, SB05,

SDL05, BFP03, BPS03]. These, like almost all of the approximately 500+ pa-

pers published in the last 50 years on magnetoelectric multiferroics address low

frequency quasi-static applications of multiferroics for transducer or sensor type

applications.

While various sensors and transducers will probably be obvious candidates for

multiferroic applications, my interest here is in the use of multiferroics for elec-

tromagnetic wave propagation applications. An area, I believe, that will have

significant impact on next generation antenna designs and tunable phase shifting

applications. Unlike typical sensor applications where metallic electrodes are in-

terwoven into the layers of the composite structure and prescribed boundary condi-

tions can be assumed uniformly to hold, wave handling materials need to be largely
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metal free internally and the directions of EM fields in the materials are expected

to vary dynamically. These are conditions that in many respects are not addressed

properly by the majority of material models and analysis provided in the current

literature. Of the roughly dozen or so papers in the current literature that address

radio frequency (RF) or higher spectrum applications of multiferroics, about half

are looking at phase shifting[FS05] applications or impedance matching/loading

of antenna designs [PTP08][BVT03]. Others look at materials property character-

ization of specific crystal structure[BPK02] or are commonly simplified two layer

models with limited material structure[BKP01]. There are also papers describing

numerical calculations of modes in waveguides[XB95] or plate modes of propaga-

tion as well as some very complete works from the past[OD70] which describe the

theory of magnetoelectrics and general wave solutions in abstract form. But while

the formal theory for handling Maxwell’s equations with ME materials has been

understood for a long time, very little work has been done on explicit solutions

and behavior of the wave equation in these materials.

The focus of this thesis is the analytic solution of waves in magnetoelectric and

magnetoelectroelastic multiferroic materials and prominent characteristics of these

solutions. In addition, to facilitate this study a unique methodology for predicting

homogenized constitutive parameters for 2-2 layered composite MEE materials is

presented. In all work presented here the formalism does not discriminate against

particular material symmetries but is valid for general linear constitutive forms.

1.2 Forward

1.2.1 Electromagnetic Waves in Magnetoelectric Materials

As indicated previously there are a number of conceptual applications of mul-

tiferroic (MF) materials to antenna or wave “processing” which may be useful

and of benefit in understanding how wave propagation in multiferroic materials is
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different than conventional materials, and which should allow us to better under-

stand how to take advantage of these materials. Throughout this presentation,

consideration is given to plane wave propagation in linear multiferroic or mag-

netoelectroelastic materials. This research examines the nature of the transition

from “standard” electromagnetic material behavior to ME materials. While this

may appear limiting given the nonlinear nature of many common electromagnetic

materials this serves as a quite reasonable starting point for a more fundamen-

tal understanding of the subject matter in much the same way as plane wave

propagation is the basis for understanding fundamental behavior in conventional

electromagnetic or acoustic materials. This is done here largely by looking at plane

wave propagation modes in “pure” multiferroic materials and showing how these

vary from conventional materials. A method of analyzing electromagnetic plane

wave in a multiferroically coupled material as a quadratic eigenvalue problem and

wave propagation in extended (bulk) lossless media is discussed.

This method analytically provides all eigenvalues (the phase velocity of the

propagating mode) and eigenvectors for a general linear multiferroic system. In

addition the electromagnetic modes of the multiferroic material are contrasted

with conventional material modes and a number of features unique to MF ma-

terial are indicated as well as some some possible areas of application. Working

in frequency and reciprocal space, the cross-coupled constitutive relations for a

linear ME material are combined with Maxwell’s equations to yield a wave equa-

tion in the form of a generalized eigenvalue problem. The eigenvalues of the wave

equation correspond to the allowable phase velocities and the eigenvectors repre-

sent the associated field modes, where the field solved for is typically the electric

field or magnetic induction, depending on the particular formulation of the wave

equation. Each mode corresponds to a particular polarization direction of the field

quantities, for example the orientation of the electric field vector. The total elec-

tric field is then a linear combination of distinct modes. It is demonstrated how
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the cross-coupling modifies the propagation characteristics of travelling waves typ-

ically by altering the phase velocity and rotating the field polarizations away from

the wavevector, in contrast with the uncoupled material modes. In fact a general

ME material has four distinct phase velocities in contrast to the two degenerate

velocities encountered for non-coupled materials. This implies ME materials are

generally non-reciprocal with different forward and reverse phase velocities and

polarization rotatory behavior. The magnitude of the cross-coupling coefficients

determines the “strength” of the non-reciprocity. Furthermore, the magnitude

of the cross-coupling parameters is generally a function of an applied (DC) bias

field quantity such as stress, electric or magnetic field. Therefore, the ME cross-

coupling parameters have an “active” quality which allows them to be adjusted

in situ. In short, there are a number of interesting characteristics of wave propa-

gation in multiferroics.

1.2.2 Need for Homogenization

While ME waves show a number of interesting features, without strongly cross-

coupled materials this behavior will not be seen. After consideration of the nature

of EM propagation in MF materials and identification of interesting properties for

these systems it is natural to ask whether or not it is possible or reasonable to

obtain materials with sufficient cross-coupling to physically realize the behavior

identified in chapter one. So having examined interesting behavior in multiferroics

in the last section, Chapter 3 tries to answer the question whether it is possible

to create magnetoelectric multiferroics with significant cross-coupling to produce

the effects predicted.

While single phase ME materials have been known to exist for about 60 years,

the cross-coupling of these materials is too weak to be of interest for most applica-

tions. In fact for many single phase materials, experiments have to be conducted at

cryogenic temperatures for the magnetoelectric effect to be observed. To enhance
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cross-coupling effects, strain coupled materials have been developed. Fortunatley,

it has been found that by the mixing of ferroelectric and ferromagnetic (ferroelas-

tic) materials it is possible to induce a product coupling magnetoelectric effect.

Currently there is limited data available on these composite multiferroics (also

referred to as hybrid MF or just MF) and limited homogenization models avail-

able to predict possible material properties of these composite materials. With

this in mind a simple homogenization model for 2-2 connected piezoelectric and

piezomagnetic materials (actually the model can accommodate general linear mag-

netoelectroelastic properties of which piezoelectric and piezomagnetic response is

a limiting behavior) has been implemented in chapter three which shows not only

that it is it possible to achieve reasonable magnitudes of the desired cross-coupling

coefficient and all linear constitutive parameters, but that this can be done for an

arbitrary number of different phases and material orientations/configurations.

Through the engineering of strain coupled composite materials it has been

found that the cross-coupling can be many orders of magnitude higher than in

single phase counterparts[Ast60][RPU02]. While these strain coupled materials

show enhanced cross-coupling, typical coefficients reported in the literature are

two to three orders of magnitude lower than desired for significant influence on

EM waves (based on modeling results herein). This introduces the need to be

able to predict the effective ME properties obtainable by the selective assembly

of composite materials to assess the feasibility of strain coupled materials in EM

applications. Consequently, a homogenization model for predicting the effective

constitutive properties of layered (2-2 coupled) materials is developed. 2-2 coupled

materials were selected due to their prominence in strain coupled multiferroic re-

search and the relative ease with which they can be analyzed. Various researchers

have looked at homogenization models [Cha08][BP12][Alu11][BRM09] for the ef-

fective ME parameters of composite materials. Laminated composite materials are

of particular interest due to the relative ease with which they can be fabricated.
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As it turns out, the uniform structure of these materials also makes it quite easy to

develop a laminate composite model for these materials, extending the techniques

of Composite Laminate Theory to combinations of piezoelectric, piezomagnetic

and magnetoelectroelastic materials. In this paper we provide a straightforward

method for obtaining the homogenized magnetoelectroelastic materials properties

for laminated composite materials. The method presented properly preserves the

mechanical and electromagnetic boundary conditions at the interface of materi-

als within the composite. Further the homogenization model accommodates the

effects of elastic coupling in multi-phase composite structures.

From this model and a review of reported constitutive parameters for common

piezoelectric and piezomagnetic materials, estimated cross-coupling parameters

have been predicted. The effective properties found for homogenized materials

indicate that coupling two to three orders of magnitude higher than current ma-

terials, are theoretically possible and that it should be possible to achieve sufficient

cross-coupling to demonstrate the effects of multiferroic coupling on wave propa-

gation for applications of interest.

1.2.3 Waves in Magnetoelectroelastic Materials

So our homogenization model indicates that multiferroic material coupling of suffi-

cient magnitude should be possible by the proper assembly of layers of piezoelectric

and piezomagnetic materials. A side effect of producing magnetoelectric coupling

via strain transfer is that the resultant material behaves, from a homogenized

perspective at least, as a magnetoelectroelastic material (MEE). MEE materials

have even greater complexity and cross-coupling behavior than the ME materials

addressed above. In addition to the “desired” electromagnetic modes sought there

exist modified acoustic modes for the coupled material.

A MEE material has additional terms in the constitutive relations and can be
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written as follows:

S̄ = sT̄ + d
T
Ē + q

T
H̄

D̄ = dT̄ + eĒ + ξH̄

B̄ = qT̄ + ξ
T
Ē + µH̄

(1.3)

where in addition to the previously defined electromagnetic field quantities we have

S̄ which represents the strain tensor in Voigt Notation (VN), T̄ is the stress tensor

in VN, while s, d and q are the stiffness, piezoelectric and piezomagnetic coupling

tensors in VN. Here ξ and ε is the magnetoelectric coupling and permittivity, as

opposed to α and κ used in equation (1.1) due to the different, but equivalent,

constitutive relations. The other tensor quantity, µ is the “same” as before in the

sense that it relates the same field quantities in the same order although actual

tensor coefficients need to be mapped from one system to the other.

Due to the additional mechanical coupling in the piezoelectric (d) and magne-

toelectric (q) coupling the MEE materials exhibit five modes of wave propagation.

The three natural acoustic modes (two shear and one longitudinal) become “pre-

dominately” acoustic modes and the natural electromagnetic modes transform to

predominately electromagnetic. So this further suggests the need to examine and

understand the behavior of wave propagation in MEE materials. To this end an

analytic derivation of the wave equation in bulk materials is presented and some of

the prominent features of such solutions are discussed. Similar to the plane wave

eigensystem developed for the magnetoelectric case, a wave equation is derived

for the fully coupled MEE system. Additionally, since there are frequently cases

where the acoustic waves are predominate, a low frequency quasi static solution

is presented which accommodates the piezoelectric and piezomagnetic de-coupled

wave system.

With the two forms of plane wave systems given, essentially any plane wave

phenomena in a general linear MEE material can be solved. While not presented

here, the same equations can be used to study the complex, potentially penta-
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refringent, interface reflection/transmission problem in the same manner as the

magnetoelectric case.

1.2.4 Effective Magnetoelectric Properties of Magnetoelectroelastic

Materials

Having solved the general wave problem in MEE materials, this section returns to

the original problem of studying fundamental characteristics of electromagnetic

wave propagation in multiferroic materials by reducing the MEE material to an

operative ME form. We find by writing the mechanical equation of motion in

reciprocal form and combining with the strain-displacement equation that stress

and strain can be largely decoupled from the constitutive relations of the MEE

material. This provides effective constitutive parameters for a reduced or operative

ME material. Using the same formalism derived in the second chapter, the EM

wave modes and associated phase velocities can be calculated for this operative

ME system. The importance of including the mechanical coupling effects for the

EM modes is emphasized and a range of examples are shown demonstrating that

even for the predominately electromagnetic modes the strain effects are significant.

While the same results can be obtained using the full MEE system equations,

the operative ME system allows for a large reduction in computational complexity.

Further, the effective parameters obtained here might be more suitable for incor-

poration in electromagnetic design codes and frame the system in more familiar

form to designers of electromagnetic devices.

1.2.5 Application of Multiferroic Materials to Receive Antenna Design

In this final chapter before the conclusion, I describe modeling and research on an

application of of multiferroic principles to design a receive antenna element. The

goal of this effort was to find a conceptual design for a subwavelength receiving
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element that could detect a dynamic magnetic wave at RF frequencies. Present

day antenna designs rely on electric current flow to detect or create magnetic

fields through Ampere’s Law. The intrinsic coupling between polarization and

magnetization in MF materials is in sharp contrast to the present approach of

using electric current through a wire to generate or receive electromagnetic (EM)

waves. First, multiferroic approaches scale with size, a feature absent in the elec-

tric current through a wire approach that prevents miniaturization. Second and

maybe more important, the antenna size in modern antenna designs is dictated

by the EM wavelength in free space. With multiferroics it is possible to transduce

the EM wave from free space into a mechanical domain slowing the wave speed

dramatically and reducing the wavelength. With this multiferroic innovation, it is

now possible to design advanced antenna elements with sizes dramatically smaller

than the conventional thinking suggests without violating Chu’s Limit1.

Current antenna designs rely primarily on the electromagnetic resonance char-

acteristic of an electrically conductive antenna structure. This results in large an-

tenna sizes and makes communications at VHF and UHF frequencies challenging

for a wide range of platforms, but most notably for small Unmanned Air Vehicles

(UAV)s and portable low power systems. Recent developments in multiferroics

suggest a breakthrough in reducing antenna size for these platforms by exploiting

(1) Voltage Control of Magnetization (VCM) and (2) a dramatic reduction in wave

speed through MF coupling of the EM wave to acoustic resonant modes. There-

fore, new multiferroic antenna systems offer the potential to increase efficiency

and dramatically reduce the size of conventional antenna platforms.

In summary, the work here indicates that idealized ME materials possess

unique properties useful in wave propagation applications. Furthermore, realistic

strain coupled composites can, in theory, produce these types of ME materials.

1Chu’s Limit is a derivation of the maximum Gain possible for an omnidirectional antenna
based on the overall size of the antenna. In essence, it imposes fundamental limits on the
size/performance of an antenna system, subject to fairly general assumptions

12



While the work of this thesis ignores issues of material losses and frequency de-

pendence, all of the analytic work performed directly applies to these situations

and will hopefully be examined more closely as experimental data becomes avail-

able. As a preliminary step, the work here demonstrates a number of interesting

features possible with the use of ME materials that justifies continued effort in

this field.
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CHAPTER 2

Electromagnetic Wave Propagation in

(Bianisotropic) Magnetoelectric Materials

he propagation of electromagnetic (EM) plane waves in linear MagnetoElectric

(ME) materials are studied. The wave equation is derived as a generalized two

dimensional eigenvalue problem and a method of calculating the propagating wave

modes is presented. An analytic dispersion relation for general bianisotropic ma-

terials is given. Additionally, an analytic model is presented which decomposes

electric and magnetic fields into coupled and un-coupled components. This model

provides a methodology for characterizing the coupled field parameters in terms

of the polarizations induced by cross-coupling effects in ME materials. From this

formulation, the interactions of applied fields in ME materials are contrasted with

conventional material counterparts. This is then used to characterizes the fields in

terms of polarizations induced by the un-coupled components and cross-coupling

parameters. Reciprocal and non-reciprocal configurations of ME materials are

identified. The similarities and differences of non-reciprocal ME’s to Faraday ma-

terials is described. Directional dependence of the propagating modes are shown

graphically and described.

2.1 Introduction

There are many names and categories of electromagnetically coupled materials

such as complex, bianisotropic, multiferroic, metamaterial and magnetoelectric.
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The class of materials studied in this paper are linear magnetoelectric. Magneto-

electric (ME) materials have been contemplated since the end of the 19th century

by Curie and Roentgen and studied from a rigorous theoretical perspective since

the mid-1950’s by Landau, Dzyaloshinksi and others [OD70]. The primary dis-

tinction of ME materials is cross-coupling in the constitutive relations between

magnetic and electric fields leading to both electric and magnetic polarization

effects. Despite a long history in research describing the interesting behavior of

cross-coupled materials, the influence of ME materials on EM wave propagation

is not widely known and their use in applications is sparse.

Early research focused on single phase materials, showing that the strength

of the cross-coupling effect is generally too weak to be of practical value [Ast60].

However, the development of composite materials significantly increased coupling

effects [RPU02], and new interest has been generated in these unique materials

over the past decade. A related topical area is chiral materials with applications

such as phase shifters, Radar Absorbing Materials (RAM), plate retarders, radome

and polarization rotators [Cor95, FS05]. These chiral applications are equally

possible with ME materials; however, we believe the fabrication of ME materials is

far simpler when compared with chiral media. Indeed, chiral media often require

periodic structures to be embedded in composite materials, making fabrication

difficult[AN08]. In contrast, ME materials can be formed by bonding or depositing

layers of piezomagnetic and piezoelectric materials together and thus present a

fairly simple manufacturing process.

A number of papers have been published on ME materials. Starting in the

60’s and 70’s papers on wave propagation analysis in magnetoelectric materials

began to appear, though they generally concentrated on theoretical development

and restricted problems. In the work by O’Dell [OD70], a general plane wave

equation is derived in covariant notation with wave speeds determined from the

characteristic equation of a 6 x 6 wave equation matrix. Fuchs [Fuc65] looked at
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plane wave behavior considering only diagonal cross-coupling terms. Tsutsumi et.

al. [TTA69] were among the first to consider wave propagation in ME filled wave

guides. More recent papers on wave propagation have often focused on specific

material systems such as uniaxial materials [VL93, LV93], Faraday Chiral sys-

tems [Vyt01], Gyrotropic media [She06] or specific crystallographic symmetries

[IPC09] which restrict cross-coupling parameters or other subclasses of materials

for backward wave propagation with negative index chiral materials [QYL07]. All

of these papers highlight interesting properties of their respective ME materials,

but do not relate the cross-coupling influence on specific EM wave behavior in

general. Weiflhofer [Wei99, Wei00] gives an interesting mathematical explanation

of some apparent anomolies of wave propagation (in contrast to the thermody-

namic explanation discussed further herein). Additionally, there has been work

on theoretical formulations for simplifying or solving electromagnetics problems

of complex materials on arbitrary domains or scattering problems with various

ME materials interactions via Green’s Functions [PB81, He92], transmission line

modeling [PCT99, CPT01] and finite difference time domain modeling [AW04]

methods. All of these are appropriate methods for numerical solutions to gen-

eral engineering problems, though the systems analyzed tend to become abstract

mathematical objects and the connection to more fundamental behavior and the

development of intuition for the function of these complex material systems is

often less clear.

On the other end of the spectrum, plane wave behavior in conventional ma-

terials is well understood and provides an intuitive framework to examine ME

materials. Conventional materials are defined here as materials where the electric

polarization is independent of magnetic field and the magnetization is indepen-

dent of electric field or equivalently, the cross-coupling tensors are zero in the

constitutive relations. Consequently the focus of this paper is to evaluate specific

differences in magnetoelectric materials in comparison with conventional mate-
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rials, i.e. materials without cross-coupling, by examining the behavior of plane

waves in extended ME media. In this paper we have derived an algebraic wave

equation in frequency and reciprocal space for a general magnetoelectric (bian-

isotropic) material. The wave equation is presented as a 2 x 2 matrix eigenvalue

problem by taking advantage of a coordinate transformation to reduce the number

of variables solved for. An analytic dispersion relation is provided for a general

linear material. The effects of specific magnetoelectric cross-coupling terms as well

as differences from conventional electromagnetic materials are discussed. The so-

lutions to the field equations are presented for several simple cases of a lossless

system with real parameters and provide a basic understanding of the influence

ME materials have on EM wave propagation which is the primary contribution of

this paper.

2.2 Analytical

The analytical development is divided into two sections. The first section de-

velops an analytical framework for solving Maxwell’s equations for plane wave

propagation in a general linear magnetoelectric (bianisotropic) material. The sec-

ond section develops an analytic model for describing the differences observed

between conventional and ME materials.

2.2.1 Formulation of the Wave Equation for General Linear Material

The following provides a general framework that may be used to solve Maxwell’s

equations for the phase velocities of traveling waves and the associated elec-

tric/magnetic field vectors. For plane wave solutions in linear homogeneous media,

the field quantities assume the form

Z̄(x̄, t) = Z̄ei(kp̂·x̄−ωt), (2.1)
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where Z̄ represents one of the fields, and the wavevector is k̄ = kp̂ where p̂ defines

a unit vector in the propagation direction 1. Using equation (2.1), the source free

Maxwell’s equations become

1
c
p̂× Ē = B̄ 1

c
p̂× H̄ = −D̄

p̂ · B̄ = 0 p̂ · D̄ = 0
(2.2)

where c = ω
k

is the phase velocity of the wave while D̄, B̄, Ē and H̄ are the

field quantities of electric displacement, magnetic induction, electric and magnetic

fields respectively. Taking note of the fact that B̄ and D̄ are both perpendicular

to the direction of propagation k̄, we can simplify the solutions of the field equa-

tions by transforming to a coordinate system where the propagation direction is

aligned with the ε3 axis. This causes the last two relations in (2.2) to be satisfied

automatically and allows the wave equation to be formulated as a 2 x 2 matrix

problem instead of 3 x 3.

Solution of these equations requires specification of the constitutive relations.

Most of the experimental literature reports constitutive parameters with electric

displacement and magnetic induction in terms of electric and magnetic fields as:

D̄ = ε0εĒ + c−1
0 ξH̄ B̄ = c−1

0 ζĒ + µ0µH̄. (2.3)

The tensors ε, µ, ξ, and ζ are the normalized and non-dimensional values for

permittivity, permeability, magnetoelectric and electromagnetic coupling param-

eters of the material. The normalizing factors ε0, µ0 and c0 = 1√
ε0µ0

are the free

space permittivity, permeability and speed of light in vacuum. The constitutive

equations in this form are herein referred to as the EH representation. Due to

the availability of materials parameters for this constitutive form, it is intuitive

to discuss results in terms of the permittivity, permeability and magnetoelectric

1A more general formulation for non-homogeneous waves would allow p̂ to be complex. The
current approach still applies but introduces additional complexity that is not needed for the
types of materials analyzed in the present work, and so is not considered here. The assumption
that k̄ = kp̂ is fine for lossless materials, or at least systems with hermitian κ and ν matrices.
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relations. Unfortunately, these do not provide the most straightforward solution

for Maxwell’s equations in the current context, as shown below.

An alternative but equivalent constitutive representation in terms of electric

displacement and magnetic induction (DB formulation) can be written as

Ē =
1

ε0
κD̄ + c0χB̄ H̄ = c0γD̄ +

1

µ0

νB̄. (2.4)

where tensors κ, χ, γ and ν are non-dimensional. For linear constitutive relations

there is a one to one correspondence between EH and DB representations as

κ = (ε− ξµ−1
ζ)−1 χ = −(ε− ξµ−1

ζ)−1ξµ
−1

γ = (µ− ζε−1ξ)
−1
ζε
−1

ν = (µ− ζε−1
ξ)
−1
.

(2.5)

From thermodynamic considerations, κ, ν, ε and µ are generally invertible and so

without loss of generality, either constitutive form is acceptable. For our purposes,

constitutive relations in DB form will be used to simplify analytic development

while a discussion of results will be presented in the more familiar EH constitutive

parameters.

Figure (2.1) defines the relationship between the principal material coordinate

system and the “kDB” coordinate system[Kon90] we will use in our development.

Material parameters are specified in the material coordinate system, “xyz”. The

“kDB” system axes are referred to by êi and the coordinate system is defined

as follows. The axis of propagation is aligned with ê3 = p̂. Consequently, the

components of B̄ and D̄ in the ê3 direction will be zero. It would be tempting to

take either the B̄ or the D̄ direction as the first axis of our new coordinate system;

however, since it is possible for the polarization to rotate as the wave travels

through the medium (i.e. B̄ and D̄ change direction during propagation), this

would make transforming back to our original system problematic and dependent

on z position. To avoid this difficulty we select the intersection of the “DB” plane,

see Figure (2.1), with the “xy” plane of the material coordinate system to be the

ê1 axis. We define the last axis by ê2 = ê3× ê1. If we take the angle of the ê3 axis
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with ẑ to be θ and the projection of k̄ onto the “xy” plane to form an angle of φ

with the x̂ axis, then we find the transformation matrix from “xyz” to “kDB” is :

T =


sin(φ) −cos(φ) 0

cos(θ)cos(φ) cos(θ)sin(φ) −sin(θ)

sin(θ)cos(φ) sin(θ)sin(φ) cos(θ)

 (2.6)

and the transpose of this matrix, T
−1

, transforms from kDB to xyz. Given a

propagation direction and constitutive parameters defined in the principal mate-

rial coordinate system, all tensor and vector quantities can be easiliy transformed

to the kDB system.

Since k̄ = kê3 in the “kDB” system, and taking advantage of B3 = 0 and

D3 = 0, equations (2.2) imply E1

E2

 = c

 0 1

−1 0

 B1

B2

 (2.7)

and  H1

H2

 = c

 0 −1

1 0

 D1

D2

 . (2.8)

Using the constitutive relations (5.40) we arrive at E1

E2

 =
1

ε0
ˆ̄κ

 D1

D2

+ c0 ˆ̄χ

 B1

B2

 (2.9)

 H1

H2

 = c0 ˆ̄γ

 D1

D2

+
1

µ0

ˆ̄ν

 B1

B2

 . (2.10)

The “hat-bar” notation on constitutive tensors indicates the 2 x 2 matrix derived

from the corresponding 3 x 3 matrix quantity by deleting the third row and

third column. Only constitutive parameters in the 2 x 2 matrices are needed to
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determine E1, E2, H1 and H2 since D3 and B3 are zero. Substituting (2.9) and

(2.10) into (2.7) and (2.8) we obtain

1

ε0
ˆ̄κ

 D1

D2

 =

c
 0 1

−1 0

− c0 ˆ̄χ

 B1

B2

 (2.11)

1

µ0

ˆ̄ν

 B1

B2

 =

c
 0 −1

1 0

− c0 ˆ̄γ

 D1

D2

 . (2.12)

Combining (2.11) and (2.12) yields the wave equation for magnetic inductionη
 0 −1

1 0

− ˆ̄γ

 ˆ̄κ−1

η
 0 1

−1 0

− ˆ̄χ

− ˆ̄ν

 B1

B2

 =

 0

0

 (2.13)

where η = ω
c0k

= c
c0

is the relative phase velocity. The above eigenvalue problem

for the magnetic induction has non trivial solutions only if the determinant of the

matrix equation multiplying B is zero. This occurs for values of η which satisfy

the characteristic polynomial of the matrix determinant. In the general case the

characteristic polynomial, or dispersion relation, is of fourth order, so we expect

a maximum of four independent eigenwave solutions for a given set of material

parameters. Once the eigenvectors for B̄ are determined, substitution into (2.11)

provides D̄:  D1

D2

 = − 1

η0

ˆ̄κ−1

 1

n

 0 −1

1 0

+ ˆ̄χ

 B1

B2

 . (2.14)

The remaining fields, Ē and H̄, are then found from the constitutive relations

(5.40).

The characteristic polynomial of (5.38) is found to be:

η4 + C3η
3 + C2η

2 + C1η
1 + C0 = 0. (2.15)
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with polynomial coefficients Ci defined as

C3 = (χ21 − χ12) + (γ12 − γ21) (2.16a)

C2 = | ˆ̄χ|+ |ˆ̄γ| − |ˆ̄κ| ˆ̄κ
−1

: ˆ̄ν + (γ12 − γ21)(χ21 − χ12) (2.16b)

C1 = | ˆ̄χ|(γ12 − γ21) + |ˆ̄γ|(χ21 − χ12) (2.16c)

+ κ11 (−ν22(χ21 + γ12) + ν12γ22 + ν21χ22)

+ κ12 (ν12(χ21 − γ21)− ν11χ22 + ν22γ11)

+ κ21 (−ν21(χ12 − γ12)− ν11γ22 + ν22χ11)

+ κ22 (ν11(χ12 + γ21)− ν12χ11 − ν21γ11)

C0 = |ˆ̄κ||ˆ̄ν|+ |ˆ̄γ|| ˆ̄χ| (2.16d)

+ κ11χ22 (γ12ν21 − γ22ν11) + κ11χ21 (γ22ν12 − γ12ν22)

+ κ12χ22 (γ21ν11 − γ11ν21) + κ12χ21 (γ11ν22 − γ21ν12)

+ κ21χ11 (γ12ν22 − γ22ν12) + κ21χ12 (γ22ν11 − γ12ν21)

+ κ22χ11 (γ21ν12 − γ11ν22) + κ22χ12 (γ11ν21 − γ21ν11)

where |ˆ̄z| represents the determinant of ˆ̄z. The roots of equation (5.43) are the

relative phase velocities of the propagating wave modes. Each solution of B̄ cor-

responds to the particular phase velocity η. In this paper, we focus on analytic

solutions for specific cases which are tractable and provide insight to the funda-

mental behavior of ME materials.

2.2.2 Effects of Coupling Coefficients on Phase velocities

To analytically examine the phenomenological manner in which the coupling coef-

ficients impact ME materials, the problem is reformulated in terms of the electric

and magnetic polarizations. We rewrite Maxwell’s equations to accommodate the

polarization terms by writing field quantities as the sum of uncoupled and cou-

pled terms. The uncoupled fields represent the effect of conventional material

properties, i.e., permittivity and permeability with coeficients of ξ and ζ all zero.
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The coupled fields represent the influence of MEs on the EM wave, viewing the

conventional material fields as a source for the coupled fields.

From fundamental definitions of D̄ = ε0Ē + P̄ and H̄ = µ−1
0 B̄ − M̄ , we split

the fields in the constitutive equations into:

D̄n + D̄c = ε0
(
Ēn + Ēc

)
+ P̄n + P̄c (2.17)

and

B̄n + B̄c = µ0

(
H̄n + H̄c + M̄n + M̄c

)
(2.18)

where subscripts “n” and “c” indicate the uncoupled field and the coupled field

quantities respectively. The term P̄n is defined as the electric polarization due to

the conventional field Ēn. For linear materials, P̄n = ε0χeĒn = ε0χeĒ − ε0χeĒc

where χe is the electric susceptibility. The inclusion of the term ε0χeĒc reflects

the difference between the total electrically induced electric polarization and the

portion of electric polarization due to the conventional electric field. Substituting

the relation for P̄n into (2.17) and combining this with the constitutive equations

in EH form, equation (2.3), we find:

D̄ = ε0
(
Ēn + Ēc

)
+ ε0χeĒ − ε0χeĒc + P̄c (2.19)

= ε0εĒ − ε0χeĒc + P̄c (2.20)

= ε0εĒ + c−1
0 ξH̄. (2.21)

This implies P̄c = ε0χeĒc + c−1
0 ξH̄. Defining

P̄m = c−1
0 ξH̄ (2.22)

lets us write

P̄c = ε0χeĒc + P̄m (2.23)

where P̄m represents the portion of electric polarization that has been magnetically

induced. Using a similar approach and defining M̄n = χmH̄n = χmH̄ − χmH̄c we
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find the relation

µ0M̄c = µ0χmH̄c + µ0M̄e (2.24)

where

µ0M̄e = c−1
0 ζĒ (2.25)

is the electrically induced magnetization. We desire to consider P̄m and µ0M̄e

as applied sources and calculate the fields they produce. These fields are exactly

what differentiates the ME materials from their conventional base materials.

Following the same approach of dividing the field components in Maxwell’s

equations gives:

∇× Ēn +∇× Ēc = iω
(
B̄n + B̄c

)
(2.26a)

∇× H̄n +∇× H̄c = −iω
(
D̄n + D̄c

)
(2.26b)

∇ ·
(
D̄n + D̄c

)
= 0 (2.26c)

∇ ·
(
B̄n + B̄c

)
= 0. (2.26d)

Since the conventional fields satisfy Maxwell’s equations, the same set of equations

is valid with all coupled field quantities set to zero. This implies the coupled fields

satisfy

∇× Ēc = iωB̄c ∇× H̄c = −iωD̄c

∇ · D̄c = 0 ∇ · B̄c = 0

D̄c = ε0Ēc + P̄c B̄c = µ0

(
H̄c + M̄c

)
.

(2.27)

Rearranging (2.27) and combing terms we obtain the equations,

Bc = ∇× Ēc
iω

(2.28a)

H̄c = µ−1
0 B̄c − M̄c (2.28b)

∇× H̄c = −iωε0Ēc − iωP̄c (2.28c)
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which further simplifies to

∇× B̄c = ∇×∇× Ēc
iω

= −iωε0µ0Ēc − iωµ0P̄c +∇× µ0M̄c. (2.29)

Applying the vector identity, ∇×∇×Ā = ∇(∇·Ā)−∇2Ā, in (2.29) and grouping

terms in Ēc we find

∇(∇ · Ēc)−∇2Ēc − ω2ε0µ0Ēc = ω2µ0P̄c + iω∇× µ0M̄c. (2.30)

From the divergence of the coupled field electric displacement and constitutive

relations in (2.27),

∇ · Ēc = −ε−1
0 ∇ · P̄c

which when substituted into equation (2.30) becomes

∇2Ēc + k2
0Ēc = −ε−1

0 ∇(∇ · P̄c)− k2
0ε
−1
0 P̄c − ik0c0∇× µ0M̄c. (2.31)

This provides a non-homogeneous wave equation for Ēc in terms of the sources P̄c

and M̄c. From equations (2.28b) and (2.28a), we obtain for the magnetic field in

terms of Ēc

H̄c = µ−1
0

(
ik0c0∇× Ēc − µ0M̄c

)
. (2.32)

So given the sources, P̄c and M̄c, we can solve the wave equation (2.31) for the

electric field produced by cross-coupling, which can be used to determine the

magnetic field H̄c from (2.32). Looking specifically at plane wave behavior 2 and

using polarization source terms of the form P̄c = P̄ce
ikp̂·x̄ and µ0M̄c = µ0M̄ce

ikp̂·x̄,

equations (2.31) and (2.32) become

Ēc =
1

ε0(1− η2)

(
η2P̄c − (p̂ · P̄c)p̂− η p̂× c−1

0 M̄c

)
(2.33)

H̄c =
1

1− η2

(
η2M̄c − (p̂ · M̄c)p̂+ η p̂× c0P̄c

)
. (2.34)

2For the present analysis where the source terms are due to the conventional fields present
in the material, then the source terms automatically have the form of plane waves when the
conventional fields are plane waves.

25



Since η is of order one, each of the terms in the expression for Ēc is of the order

of the respective source term. The same is true for H̄c and further, we see that

since the order of Mc ≈ c0Pc then Ec ≈ 1
ε0c0

Hc = η0Hc where η0 ≡
√

µ0
ε0

is the free

space impedance.

In practice, the calculation of Ēc and H̄c requires an iterative process since the

expressions for

P̄c = ε0χeĒc + c−1
0 ξ(H̄c + H̄n) = ε0χeĒc + P̄m(H̄c, H̄n)

and

µ0M̄c = c−1
0 ζ(Ēc + Ēn) + µ0χmH̄c = µ0M̄e(Ēc, Ēn) + µ0χmH̄c

are implicit in Ēc and H̄c. Since the coupled fields are small relative to the

conventional fields,

P̄c ≈ c−1
0 ξH̄n (2.35)

and

µ0M̄c ≈ c−1
0 ζĒn (2.36)

are reasonable first order approximations and if higher precision is desired the

fields calculated from this step can be used to create new source terms that would

in turn be solved using (2.33) and (2.34) with an iterative scheme. In general, to

obtain complete solutions for the wave speeds and field quantities, the eigenvalue

problem developed in the theory Section (2.2.1) is more appropriate; however,

to better understand qualitatively the influence of coupling terms, the equations

(2.33) and (2.34) are more useful. Therefore, Ēc and H̄c will be used in the results

section to describe the solutions for individual coupling factors.

2.3 Results

For simplicity we restrict our discussion and presentation of results to lossless

materials. In general, for materials to be lossless[Kon90], both the permittivity
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and permeability tensors are hermitian (ε
†

= ε, µ
†

= µ), and ζ = ξ†, where the

superscript dagger indicates conjugate transpose. We further restrict the consti-

tutive parameters to diagonal permittivity (ε11, ε22 and ε33 non-zero), diagonal

permeability (µ11, µ22 and µ33 non-zero) and a single coupling factor (one ξij non-

zero). While not exploring the entire parameter space available, this highlights

the unique effects of cross-coupling on wave propagation. These assumptions will

be used throughout this paper in both the numerical and analytic results.

For calculations we use constitutive parameters in EH representation (per-

mittivity, permeability and ξ) and transform these to the DB representation for

solution and then transform back to EH representation, when needed, for pre-

sentation purposes. In the following sections, we begin with numerical results

showing the phase velocity profiles for an EM wave propagating in a ME mate-

rial at arbitrary direction through space. Next, we examine analytically how the

ME cross-coupling coefficients affect the EM modes of propagation, in contrast to

conventional materials.

2.3.1 Numerical Results Showing Velocity Profiles

For plots shown here, the relative material parameters are isotropic in permeability

and permittivity with ε = 20 and µ = 20 respectively. The respective cross-

coupling parameter is ξij = 14.25. This value is 3
4

the magnitude of the maximum

value allowed from the thermodynamic limit discussed in Section (2.3.2.3). The

same material with cross-coupling ξij equal to zero, has a relative phase velocity

c
c0

= 0.05 due to the relatively high permittivity and permeability chosen.

In general, the phase velocity of wave propagation is dependent on the direction

of the wavevector. Given the constitutive parameters we solve the characteristic

polynomial, (5.43) to obtain the relative phase velocity for each mode and plot as

a function of propagation direction p̂. In contrast, for conventional isotropic ma-
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terial, the plots of relative velocity versus direction are spherical for both modes,

since propagation speed is the same in any direction. The radius of the spheres

for the conventional material is the relative phase velocity of 0.05.

Figure (2.2) and Figure (2.3) shows the velocity profiles for an ME material

with ξ33 non-zero. The first plot corresponds to the first eigenmode of electric

polarization and the second plot corresponds to Mode 2. The blue line, in the

upward direction, is the ẑ axis, the red line pointing to the lower left is the ŷ

axis. Given a point on one of the surfaces, the vector from the origin to the

point represents the direction of wave propagation and the magnitude of this

vector is the relative phase velocity in that particular direction. The surface color

corresponds to the relative velocity. The relative phase velocities range from a

maximum of 0.05 to a minimum of 0.0382 for Mode 1 and a maximum of 0.0933

to a minimum of 0.05 for Mode 2. The velocity profiles for both modes of ξ33

coupling are symmetric, indicating reciprocal behavior. While both modes have

the same velocity along the ẑ axis, at all other directions the phase velocities

differ causing the polarization to rotate as the wave advances. The single factor

coupling velocity profiles for ξ11 and ξ22 have similar shapes to those shown for ξ33

since each of these factors can be viewed as a rotation of the material coordinate

systems. The ξ33 coupling profiles are presented as representative of all ξii type

coupling.

In Figure (2.4) and Figure (2.5) the two eigenmode plots are shown for a ξ12

coupling term. As can be seen these velocity surfaces are distinctly different from

the spherical shapes found in isotropic conventional materials. For Mode 1 the

relative phase velocities range from 0.05 to 0.0292 and for Mode 2 the range is

from 0.1739 to 0.05. The coupling shown in Figure (2.4) and Figure (2.5) is repre-

sentative of all off-diagonal coupling coefficients since the off-diagonal coefficients

can be related through rotations of the coordinate system in the same manner as

the diagonal coefficients. While the figures show signs of a four fold rotational
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symmetry about the ẑ axis, the surfaces lack inversion symmetry indicating that

the reverse phase velocities are not the same as the forward velocities; hence, a

characteristic of off-diagonal coefficients is non-reciprocal propagation.

In conclusion, ME coupling has a significant impact on the properties of EM

waves traveling in the material. For diagonally coupled materials, the maximum

phase velocity is almost double the phase velocity of the conventional material

while for off-diagonal coupling the maximum phase velocity is over three times

that seen in the conventional material. Our numerical results show that diagonal

coupling is reciprocal while off-diagonal coupling leads to non-reciprocal behavior

in all ME materials.

2.3.2 Analytical Results of Single Factor Interactions

In this section we analyze how ME wave propagation characteristics differ from

conventional materials for specific ξij parameters. For this purpose, we select

the ê3 axis as the direction of wave propagation for all examples discussed. The

solutions of the fields are then given by the real part of

Z̄(x̄, t) = A1Z̄1e
i(
k0z
η1
−ωt)

+ A2Z̄2e
i(
k0z
η2
−ωt)

(2.37)

where Z represents either E,D,B or H. The Z̄i are the eigenmodes found from

the solution of the wave equation in Section (2.2.1), Ai is an arbitrary amplitude

factor for each mode, the ηi are the relative phase velocities (eigenvalues) in the

forward or reverse direction and k0 = ω
c0

is the free space wavenumber. We begin

our analytic results with a review of wave propagation in conventional material,

then proceed to look at specific coupling cases.

While there are nine distinct coupling coefficients for consideration in the ξ ten-

sor, the effects of single factor coupling can be divided into the four distinct groups

(ξ33), (ξ11, ξ22), (ξ13, ξ31, ξ23, ξ32) and (ξ12, ξ21) where elements in each grouping be-

have similarly with respect to propagation in the ê3 direction. This is due to the
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geometric similarity of ê1 and ê2 to the ê3 axis and to the duality 3 of magnetic and

electric phenomena. So for example, ξ13 and ξ23 behave similarly due to geometric

configuration while ξ12 and ξ21 are electric and magnetic analogs of each other.

Table (2.1) shows the relationship between EH representation and its trans-

formed DB parameters for each of the four distinct groups studied in this section.

The table indicates that for single factor interactions the structure of the DB

representation follows the same form as the EH representation; for example, κ

and ν are diagonal if ε and µ are, and when ξ12 is the only non-zero coupling

parameter in ξ, then χ12 is the only non-zero parameter in χ. In the following

sections we first review conventional material wave propagation, followed by the

four representative ξij groups.

2.3.2.1 Conventional Materials

As a point of reference, it is of interest to compare the cross-coupled, or ME,

material behavior to conventional, non-coupled, materials. When comparing the

results for ME materials to their conventional variants, the non-coupled properties

are those found by setting all ξ cross-coupling coefficients to zero.

Using diagonal parameters as stated previously and solving for the coefficients

of the characteristic polynomial, (5.44), we find immediately that C3 = 0 and

C1 = 0, leaving a quadratic equation with coefficients C2 = −(κ11ν22 + κ22ν11)

and C0 = κ11κ22ν11ν22. Using these in the characteristic polynomial (5.43), we find

that the propagating waves have two distinct eigenvalues, or physically speaking,

relative phase speeds, n−1
1 = ±√κ11ν22, n−1

2 ±
√
κ22ν11 (DB representation)

or n1 = ±√ε11µ22, n2 ±
√
ε22µ11 (EH representation). These phase velocities

3A well known feature of Maxwell’s equations is the dual nature of the electric and magnetic
field quantities, or the invariance of the equations under a particular mapping of Ē to H̄, H̄
to −Ē, etc. The duality relations can be expressed several ways and the particular form is not
important here. It is sufficient to note that the coefficient ξij is dual to ξji and so the behavior
of one is the same as the other with the roles of electric and magnetic fields suitably switched.
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are relative to the speed of light in vacuum, c0, consequently, n−1
1 = c1

c0
and

n−1
2 = c2

c0
where c1 and c2 represent the absolute velocities for the two modes of

propagation. The relative phase velocity also corresponds to the inverse of the

index of refraction, prompting the use of the letter n. These eigenvalues can be

fed back into the wave equation (5.38) and time varying solutions for the magnetic

and electric fields obtained.

There are two modes or two propagating electromagnetic waves in the ê3 direc-

tion for conventional materials. The first, refered to herein as the Mode 1 solution,

is characterized by electric polarization in the ê1 direction and has phase velocity

n−1
1 = 1√

ε11µ22
. The second wave, Mode 2, corresponds to electric polarization in

the ê2 direction with speed n−1
2 = 1√

ε22µ11
. The respective magnetic fields are ori-

ented along the ê2 and −̂e1 directions. Waves traveling in the −ê3 direction have

phase velocities of −n−1
1 and −n−1

2 for Mode 1 and Mode 2 respectively. Plotting

equation (2.37) parametrically, Figure (2.6) shows the envelope of the electric field

for an isotropic material with relative parameters ε = 20 and µ = 20. The lines

circulating around the tubular form represent the electric field advancing through

time at fixed z; the surface is closed since the electric field is plotted over one

temporal period. In this case, the second mode is phase shifted by π
2

to produce a

circular polarization (i.e. A2 = A1e
iπ
2 ). Since the phase velocities of both modes

are equivalent, circular polarization is maintained at every cross-section in the ê3

direction. This is in sharp contrast to what will be found for ME materials.

For the conventional materials we designate the eigenvalues, or relative phase

velocities as n−1
1 and n−1

2 in distinction from η which is used for ME material

phase velocities. The index of refraction for the conventional material, ni, is

introduced here since it is generally more convenient to represent the velocities

of the coupled material solutions in terms of ni instead of directly in terms of

constitutive parameters and indicates more clearly how the cross-coupling affects

the base modes of the system. The η expressions turn out to be dependent on n1
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and n2 and we see that in the limit of cross-coupling factors tending to zero, the

relative phase velocity η tends to n1 or n2.

2.3.2.2 ME materials with ξ33 coupling

We begin with an ME material in which ξ33 is the only non-zero cross-coupling

term. From the last row of Table (2.1) we find that for ξ33 coupling the material

is not coupled for ê3 propagation, i.e., the upper 2 x 2 matrix of χ is zero and the

ξ33 coefficient does not appear in the κ or ν tensors. So this coupling does not

influence the phase velocity when compared to conventional materials reviewed in

Section (2.3.2.1).

As seen from the source terms of equations (2.35) and (2.36), ξ33 coupling

can produce only components of the form Pc3 = c−1
0 ξ33Hn3 or µ0Mc3 = c−1

0 ξ33En3

which require either Hn3 or En3. For the Mode 1 and Mode 2 propagating waves

with electric (magnetic) field components En1 (Hn2) and En2 (-Hn1) respectively,

there are no En3 or Hn3 components, and hence no coupled field components are

produced.

The electric field profile for this case is the same as for conventional material

(propagation along ê3) and is identical to Figure (2.6). Table (2.2) summarizes the

phase velocites and field quantities for this coupling. The first row, to the right of

ξ33 represents the Mode 1 polarization and the second row indicates Mode 2. The

relative velocites are given in terms of n1 and n2 as defined in Section (2.3.2.1).

The electric and magnetic field vectors associated with both modes are presented

in the two right most columns, with the magnetic field scaled to appropriately

match the magnitude of the electric field. For presentation purposes, an additional

factor of η−1
0 , the inverse free space impedance, is not shown in the magnetic field

vector. So the smallest of the four single factor interactions groups, ξ33, does not

impact the propagation of waves in the ê3 direction and behaves identically to the
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conventional material.

2.3.2.3 ME materials with ξ11 and ξ22 coupling

Consider a material with ξ11 non-zero (the treatment of ξ22 is similar). Mode

1 propagation, with its non-zero En1 and Hn2 components, produces a source

magnetization µ0Mc1 = c−1
0 ξ11En1 in the ê1 direction, while the Hn2 component

does not couple, i.e. P̄c = 0̄. From equation (2.33), with p̂ = ê3,

Ēc ∝ ê3 × µ0Mc1ê1 = −µ0Mc1ê2.

We find that the magnetization in the first direction has induced a coupled electric

field in the negative ê2 direction. Equation (2.34) shows that

H̄c ∝ µ0Mc1ê1.

So the electrically induced magnetization in the ê1 direction produces both an

electric field component in the ê2 direction and a magnetic field component in

the ê1 direction. Both components of the induced fields are perpendicular to

the fields in the conventional material and consequently both the electric and

magnetic field eigenvectors rotate off the “normal” axes when coupling exists. For

the Mode 2 case, we have conventional fields En2 and −Hn1 which, from equations

(2.35) and (2.36), generate a source term of the form Pc1 = c−1
0 ξ11Hn1 without a

magnetization term. Using equations (2.33) and (2.34) again we find

Ēc ∝ Pc1ê1 and H̄c ∝ Pc1ê2,

exhibiting the same coupling fields generated perpendicular to the field compo-

nents in conventional materials. Table (2.3) gives the exact solutions for phase

velocities, electric field and magnetic field eigenvectors, i.e., similar to Table (2.2).

Since the additional Ēc and H̄c field quantities induced in the ME material are

still in the “xy” plane, both electric and magnetic fields remain perpendicular

33



to the propagation direction. Figure (2.7) shows the electric field envelope of a

wave with ξ11 coupling, which is in sharp contrast with field envelopes presented

for either ξ33 coupling or conventional isotropic materials, i.e., shown in Figure

(2.6). Arrow vectors indicate the eigenbasis for the electric field and the ê1 and

ê2 axes, shown at z = 0 in the plot. The periodic segmentation of the plot is due

to the effect of the cross-coupling on the phase velocities of the eigenmodes and

is discussed further below.

In terms of the change in phase velocity, we expect contributions from two fac-

tors. First, the phase velocity of a traveling wave is dependent upon the permit-

tivity along the direction of the electric field and the permeability in the direction

of the magnetic field4. For conventional materials, or equivalently the unaffected

Mode 1 wave in this example, the relative phase velocity is due to the permittiv-

ity in the ê1 direction and the permeability in the ê2 direction, giving a relative

phase velocity η = 1√
ε11µ22

. For an incoming wave polarized off axis, the effective

permittivity along the direction of the electric field is no longer equal with the

axial or principle material properties. The permittivity (permeablity) in a given

direction will be a mixture of the principle axis permittivities (permeabilities)

and in general would be calculated using a tensor transformation of the material

constitutive parameters.

The second factor influencing the phase velocity is the source terms added

by coupling. If we consider that permittivity (permeability) reflects the electric

(magnetic) polarization of the material, any change in polarization characteristic

reflects a change in permittivity (permeability) and hence affects the wave’s phase

velocity in the material. In terms of the polarizations induced by cross-coupling we

have a similar situation, where changes in the electric polarization characteristic

along the electric field direction affects phase velocity, and the same is true with

4This is strictly true only for orthotropic (diagonal) permittivity and permeability but the
basic idea is similar for more complex cases.
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respect to magnetic field direction and magnetizations. We expect the relative

phase velocity to decrease (increase) when the polarization or magnetization is

increased (decreased).

Solving the characteristic equation (5.43) to find the relative velocities analyt-

ically we find

η =
±
√

2√
n1

2 + n2
2 ±

√
(n2

1 − n2
2)2 + 4n2

1n
2
2

ξ211
ε11µ11

. (2.38)

Table (2.3) provides the relative phase velocities for each cross-coupling term. For

equation (2.38) there are only two distinct phase velocities, the forward (positive)

and reverse (negative) velocities being equal in magnitude and thus reciprocal

(see Section (2.3.1) as is true for all the velocities shown in Table (2.3). It is also

observed that the expression involves a combination of terms in n1 and n2 as well

as the ξ11 coupling term. The combination of n1 and n2 relates to the commentary

above about the mixing of the axial material characteristics for the field vectors

rotated off axis, and secondary effects of induced polarization are exhibited in the

ξ11 term. The ξ11 coefficient produces a splitting of the modal phase velocities

about a normalized value and rotates the field quantities off their normal axial

alignment as illustrated in Figure (2.7). We see from (2.38) that one mode trav-

els faster and the other slower than
√

2√
n2
1+n2

2

with the
√

(n2
1 − n2

2)2 + 4n2
1n

2
2

ξ211
ε11µ11

term acting as a modifier. This is a common form seen in the relative velocities

of anisotropic materials as well. Referring to Figure (2.7), we see the change in

phase velocity for each mode causes the polarization vector to rotate as the wave

progresses along the ê3 axis. Since there is an accumulation of phase between the

modes, proportional to the difference in modal phase velocities |η1 − η2|, the po-

larization at various cross-sections changes from linear to circular. Depending on

whether the Mode 1 phase velocity is higher or lower than the Mode 2 phase veloc-

ity, the major axis of the polarization ellipse rotates clockwise or counterclockwise

while advancing in space along the propagation axis.
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There are a couple of additional features associated with this coupling group

that are worth noting. First, in the case that the cross-coupling, ξ11 → 0, the

relative velocities reduce to η = ± 1
n1
,± 1

n2
. These correspond to the conventional

material phase velocities as one would expect. On the other hand, in the limit

that
ξ211

ε11µ11
→ 1 , the apparent phase velocities are η = ± 1√

n2
1+n2

2

,±∞, and this is

an unexpected result. This result is erroneous however, since the maximum value

achievable by
ξ211

ε11µ11
is not equal to one, but depends on both ε11 and µ11 as well

as ξ11. Although correct and frequently seen in the literature [BHS68, EMS06]

the relation ξ2
ij < εiiµjj (without summation on repeated indices ) is not the

most restrictive relation applicable to this system. Thermodynamic considerations

[AJ69, Yat73] limit ξ to values

ξ2
ij < (εii − 1)(µjj − 1) (no summation). (2.39)

For the present case this implies

ξ2
11

ε11µ11

< 1− ε11 + µ11

ε11µ11

+
1

ε11µ11

so while
ξ211

ε11µ11
is always bounded by 1, this bound can only be reached in the

limit of ε11µ11 → ∞ with the ratio
ξ211

ε11µ11
varied appropriately. When the more

restrictive thermodynamic bound is used, the relative phase velocities obtained

are always bounded by one and superluminal phase velocities do not appear.

Observing the more restrictive limit also provides an explanation to some of the

“anomalous” behavior discussed by other authors [Wei99, Wei00]. Future work in

this area should adhere to the more restrictive and appropriate bound of equation

(2.39).

A second feature we note in the solutions for η is that taking the limit of

ξ → 0 requires knowledge of whether n1 > n2 or vice versa. Depending on

whether n1 > n2 or n2 > n1 the particular η value that associates with the first

propagation mode switches. This requires some care in the association of an

eigenvalue, η, with its appropriate eigenvector for both ξ11 and ξ22 coupling (this
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artifact does not come up in the other single factor coupling coefficients). For

example, the wave equation for the above velocities is:

 −ε22η
2 + 1

µ11
−ηξ11

µ11

−ηξ11
µ11

−ε11η
2 + 1

µ22
+

η2ξ211
µ11

 B1

B2

 =

 0

0

 .
If we solve for the eigenvector associated with η =

√
2√

n1
2+n2

2+

√
(n2

1−n2
2)2+4n2

1n
2
2

ξ211
ε11µ11

in the limit as ξ11 → 0 the matrix simplifies to 1
µ11
− 2ε22

n2
1+n2

2+
√

(n2
1−n2

2)2
0

0 1
µ22
− 2ε11

n2
1+n2

2+
√

(n2
1−n2

2)2


 B1

B2

 =

 0

0

 .
Under the assumption of n1 > n2 the magnetic induction eigenvector is

B̄ =

 0

1


whereas for n2 > n1 the corresponding eigenvector is

B̄ =

 1

0

 .
The first solution is associated with the Mode 1 propagation and the second with

Mode 2. In either case, in the limit of ξ11 → 0 the phase velocity of the Mode 1

propagation is 1
n1

, it is just a matter of determining which eigenvalue expression

tends to this value.

In the limits of n1 → n2 and ξ11 → 0 there is some unusual behavior in the

eigenbasis representation of Ē and H̄. If we look at the solutions presented in

Table (2.3) we see there are terms of the form (1− n2
2 η

2) in the denominators of

the basis vectors for Ē and H̄. When we consider that in the above limits these

terms tends to zero, a singularity appears. Fortunately, this apparently singular

behavior is balanced by a corresponding zero in the numerator of each term, and

the whole expression tends toward unity in the limit. This leaves us with the

following basis for the modes of electric field (n1 = n2, ξ11 → 0):
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Mode 1: Ē = [1, 1, 0] and Mode 2: Ē = [−1, 1, 0].

Contrasting these with the modes of a conventional birefringent material (n1 6= n2,

ξ11 → 0),

Mode 1: Ē = [1, 0, 0] and Mode 2: Ē = [0, 1, 0],

unusual wave propagation phenomena starts to emerge. In a conventional isotropic

material, we can arbitrarily choose the basis orientations any way we like as long

as these basis vectors are independent. As soon as this symmetry is broken, for

example by birefringence, the basis directions are no longer arbitrary but must

correspond to the principle axes of the material as seen from the solutions of

equations (5.38), (5.39), and (5.40). The isotropic symmetry of the material can

also be broken by a non-zero value of the cross-coupling coefficients for an ME

material, and once again this forces a particular solution and orientation of the

modal basis. What is interesting in this case is that there are two competing effects

breaking the symmetry of the “reference” isotropic material: The birefringent

effect trying to orient the basis along the system axes and the cross-coupling

working to rotate the basis 45 degrees off axis. By choosing a material of weak

birefringence, we can produce an arbitrarily sharp rotation of the modal basis

from zero to forty five degrees with a very small change in coupling parameters.

Since the basis relates to the physically observable decomposition of waves into

the material’s natural modes we find this feature important.

A final note on the rotation of the eigenbasis vectors from their typical posi-

tions, as in Figure (2.6), peculiar to magnetoelectrics as shown in Figure (2.7): For

a standard eigenvalue problem, Ax = λx, it is well known that if A is hermitian,

the distinct eigenvalues of the A matrix correspond to orthogonal eigenvectors.

This is no longer required in the extended eigenvalue problem for ME materi-

als. The impact of this is that the eigenvectors associated with the first and

second modes of propagation are not necessarily orthogonal except in the limit
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of ξ11 → 0 where the problem reduces to a standard eigenvalue problem. As the

magnitude of the cross-coupling coefficient is increased toward its maximum, the

non-orthogonality of the field vectors can become significant. In practical appli-

cations, where ξ may be varied[WCC09] in real time 5 , the basis alignment may

need to be taken into account since it will alter the decomposition of incoming

waves into their modal components and could produce some interesting filtering

or phase shifting phenomena.

In this section we have described the behavior of the magnetoelectrically cou-

pled waves under the influence of ξ11 coupling. All of the above discussion applies

equally to the action of waves under ξ22 coupling. To summarize, what has been

shown in this section is that these couplings raise the phase velocity of one mode

while simultaneously decreasing the phase velocity of the second mode. Further,

the coupling coefficients induce a rotation of the electric and magnetic basis vectors

away from the ê1 and ê2 axes normally associated with the eigenbasis directions of

propagating waves. These findings are summarized in Table (2.3) and illustrated

in Figure (2.7).

2.3.2.4 ME materials with ξ13, ξ23, ξ31 and ξ32 coupling

In DB representation, the elements of the ξ13 set (ξ13, ξ23, ξ31, ξ32), appear cross-

coupled only through changes of the κ and ν tensors; since, as seen in Table (2.1),

for these materials the upper two by two ξ matrix is zero and consequently so is χ.

As shown in Section (2.2.1), only the upper 2 x 2 portion of κ, χ, ν is needed for

the solutions of B̄ and D̄ fields and the phase velocity determination. For these

quantities coupling only results in different “effective” values for κ and ν. For

example, as seen in Table (2.1), the ξ13 coupling term makes κ11 = µ33
ε11µ33−ξ213

, but

the phase velocity of Mode 1 is still η =
√
κ11ν22 just as in a conventional material.

However, the electric and magnetic fields, unlike B̄ and D̄ are calculated from the

5Quasi-static experimental results indicate ξ is a function of Ē and H̄ fields.
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full 3 x 3 constitutive relations and so Ē and H̄ are influenced. For the present

case, the constitutive equations (5.40) indicate that ξ13 produces an H3 = c0ξ13D1

component of magnetic field while H3 would be zero for conventional materials.

Choosing ξ13 non-zero and using a similar analytical approach as Section

(2.3.2.2), we first observe that the Mode 1 fields with En1 along the the ê1 axis and

Hn2 along the ê2 axis produce source terms of the form µ0Mc3 = c−1
0 ξ13En1 and

P̄c1 = 0̄. Reviewing equations (2.33) and (2.34) we see that electric field coupling

is absent for this case, but that magnetic coupling is present, with H̄c = −Mc3ê3.

Now, the magnetic field produced has orientation along the propagation direction,

similar in form to a mechanical compression wave. Table (2.4) shows the relative

phase velocity, electric and magnetic basis vectors for each mode and for each

coupling coefficient in this grouping. We see for the ξ13 coupling described here

that the magnetic field basis for Mode 1 has an H3 component in addition to

the “normal” H2 contribution. The coupled field generated, Hc3, also produces a

higher order Pc1 term that can contribute to the E1 field, albeit weakly. Since the

2nd order electric field produced from Pc1 is aligned with the conventional field, no

additional components are observed in the field quantities, though the magnitude

of the E1 component is altered. The effect of this coupling is apparent through

the changes in κ, as shown in Table (2.1), which changes the phase velocity. Mode

2 does not influence the propagation behavior since the En2 and −Hn1 field terms

do not produce any source terms through the ξ13 coupling.

Figure (2.8) presents the electric field envelope for the ξ31 coupling; note this

is different than the ξ13 coupling discussed previously 6, and as can be seen it is

distinctly different than the conventional material shown in Figure (2.6) and the

ME material shown in Figure (2.7). The plot shows the rotation of the electric field

about the ê2 axis due to the additional ê3 component. Figure (2.8) is similar in

6ξ13 coupling alters the magnetic field but not the electric field and ξ31 affect electic field but
not magnetic. Since all other plots were of electric field, for consistency the electric field of ξ31,
the dual of ξ13, is plotted.

40



appearance to a wave propagating at an angle to the ê3 axis, but the distribution

of electric field through the media is quite different. While the propagation of the

wave is not off axis, the Poynting vector, or direction of the flow of energy, is off

axis. For the material parameters being used in this example, the time averaged

Poynting vector is

< S > =
1

2
Re[Ē × H̄∗]

=
1

2

[
Ē1 × H̄1 + Ē2 × H̄2

+

(
Ē1 × H̄2 + Ē2 × H̄1

)
cos

(
k0

(
1

η1

− 1

η2

)
z

)]
≈ 1

2η0

[
−0.489 e−i3.599z, − 0.520, 1.928

]
.

(2.40)

This corresponds to a negative 15.1 degree angle with respect to the ê3 axis in

the ê2 direction and an angle that oscillates as a function of z from negative 14.2

degrees to positive 14.2 degrees in the ê1 direction. If the material has a second

coupling factor, ξ13 for example, in conjunction with ξ31 then it is possible to

produce fixed angles of Poynting’s vector in the material or “adjust” the angle

by varying the ξ parameters. We note that the angle of energy flow is not the

apparent angle of the electric field with respect to the ê3 axis, the Poynting angle

being less in general than the electric rotation off axis.

The ξ31 coupling behaves in a similar fashion to ξ13 with the roles of electric

and magnetic fields reversed. For Mode 1 polarized waves, En1 and Hn2 do not act

as sources of polarization and the wave properties are unaltered. The second Mode

produces Pc3 = c−1
0 ξ31Hn3 and no magnetization term. The Pc3 term generates

an Ec3 field component but no magnetic coupled field. So as described in the

preceding paragraphs, the ξ13 coupling produces an ê3 component of magnetic

field, while ξ31 produces an ê3 component of electric field. The relation of ξ23 and

ξ32 is similar.

In summary, single factor coupling of the form ξi3 or ξ3i alters the phase velocity

of one of the eigenmodes and leaves the remaining mode unaffected. The forward
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and reverse phase velocities have the same magnitude and coupling coefficients of

this group are all reciprocal with respect to propagation in the ê3 direction. In

addition, for the affected mode, either Ē or H̄, not both, a vector component in

the propagation direction is produced. This causes the direction of energy flow

to be altered off the propagation axis and depending on the material parameters,

the effect can be significant. The behavior of this coupling has some interesting

ramifications especially when considering the possibility of altering the values of

the ξ coefficients with the application of an electric (or magnetic) bias as pointed

out in Section (2.3.2.3).

2.3.2.5 ME materials with ξ12 and ξ21 coupling

The ξ12 (and ξ21) coupling is perhaps the most interesting in that it produces non-

reciprocal behavior of the material with respect to propagation in the ê3 direction.

Looking at the influence of ξ12 on the first propagation mode we see that the Hn2

field component produces a Pc1 = c−1
0 ξ12Hn2 polarization and the En1 component

links to the µ0Mc2 = c−1
0 ξ12En1. From (2.33) and (2.34),

Ēc ∝ ηP̄c1ê1 − ê3 × c−1
0 M̄c2ê2 = (ηPc1 + c−1

0 Mc2)ê1 (2.41)

and

H̄c ∝ ηM̄c2ê2 − ê3 × c0P̄c1ê1 = (ηMc2 + c0Pc1)ê2. (2.42)

The coupled field terms Ēc and H̄c are aligned with original field components En1

and Hn2 respectively, so neither Ē nor H̄ is rotated off the axes of the conven-

tional field basis. Consequently, the traveling wave looks essentially the same as

conventional waves with Ē and H̄ perpendicular to the wavevector, although the

phase velocity will be altered. Table (2.5) summarizes the solutions for the phase

velocity, electric basis and magnetic basis for ξ12 and ξ21 coupling terms. We see

in equations (2.41) and (2.42) that when the propagation direction switches, i.e.,
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ê3 becomes negative ê3, the second term in the right hand side of these equations

switches sign. So the coupled field expressions for Ēc and H̄c in the forward di-

rection have different magnitudes than Ēc and H̄c in the reverse direction. The

change in magnitude for Ēc and H̄c associated with the reversal of propagation di-

rection produces a different phase velocity in the forward versus reverse directions

for the Mode 1 wave propagation being considered. This difference in forward

propagation phase velocity and reverse propagation phase velocity indicates the

material is non-reciprocal. For the second mode of propagation, no polarization

terms are produced from En2 or Hn1 for the ξ12 coupling and waves in this mode

propagate the same as the second mode in the conventional material. Similar to

previous plots, Figure (2.9) shows the forward envelope of the electric field prop-

agating through space. Unlike the ξ11 and ξ13 coupling groups shown in Figures

(2.7) and (2.8), the basis is not altered with respect to the conventional material

by the ξ12 coupling. In common with ξ11 and ξ13 coupling though is the bire-

fringence which leads to the periodic segmentation of the envelope as the wave

transitions from linear polarized to circularly polarized states.

It is interesting to compare the above results with that of a gyrotropic medium

or Faraday rotator. Considering a material without cross-coupling, but perme-

ability and permittivity of the form

µ =


µ11 iµ12 0

−iµ12 µ11 0

0 0 µ33

 and ε =


ε11 0 0

0 ε11 0

0 0 ε33


we find relative phase velocities

η =
1

n
√

1± |µ12
µ11
|

(2.43)

for the forward propagation modes and the negative of η for the reversed modes.

The corresponding field quantities are:
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Mode 1: Ē = [1,−i, 0] H̄ = η−1
0 ε11η[i, 1, 0]

Mode 2: Ē = [1, i, 0] H̄ = η−1
0 ε11η[−i, 1, 0].

There are only two distinct phase velocities for a Faraday rotator, but the complex

valued field vectors cause waves in the reverse direction to switch chirality from

the forward directed wave. Figure (2.10) shows the envelopes of a forward and

reverse wave in a Faraday material, using equation (2.37) to plot the electric field.

The overall angular rotation (accumulation of phase) of the electric polarization

is the same in both directions, unlike reciprocal materials. Figure (2.11) presents

a forward and reverse traveling wave in an ME material with ξ12 coupling. Unlike

Faraday materials, the cross-coupled ME material has real electric field basis vec-

tors, but the phase velocity of one of the modes is higher (lower) in the forward

direction and has lower (higher) phase velocity in the reversed direction compared

with the Mode 2 phase velocity. This relative change in phase velocity between

forward and reverse direction of propagation also causes the polarization angle

of Ē to be cumulative, in common with the Faraday rotator. Faraday rotators

maintain a linearly polarized field cross-section as seen Figure (2.10), whereas

ME materials behave as birefringent materials. Unlike the helical waves of the

Faraday material, the ME material exhibits changing polarization from linear to

circular, similar to that seen for other ME couplings described in this document.

The field envelopes for ξ12 coupling however, show the counter rotation, spatially,

of the electric polarization for the forward direction versus the reverse direction of

travel similar to the Faraday material, a consequence of the non-reciprocal nature

of this coupling.

In terms of ME materials, the modes of a Faraday material look like a linear

combination of a forward wave and a reverse wave in the ME material with an

appropriate relative phase shift between modes; so it should be theoretically pos-

sible to produce Faraday type effects by splitting an incoming wave into separate

channels of the ME material and then multiplexing the wave after the appropriate
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length scale to simulate chiral propagation. Unlike conventional Faraday rotators,

ME materials do not require a magnetic field bias to produce rotatory behavior

and thus may be an interesting phenomena for further investigation.

To summarize, single factor interactions of ξ12 terms, like the ξ13 couplings,

change the phase velocity of one mode but leaves the second mode unaffected.

Unlike the ξ13 group, for both eigenmodes of the ξ12 system the conventional

basis vectors are not altered by the coupling. The ξ12 coupling has been shown

to be non-reciprocal, i.e., the forward phase velocity and reverse phase velocity

differs in the affected mode. The phase accumulation and rotatory behavior of ξ12

coupled materials are similar to that seen in Faraday rotators and the significant

differences in polarization characteristics have been described.

2.4 Conclusion

We have presented an analytic plane wave solution for the wave equation of a

ME cross-coupled material in a reduced matrix form. The analytic form of the

dispersion equation is also given. We have shown the effects of single factor cross-

coupling on electromagnetic wave propagation in ME materials and have indicated

the unique behavior associated with the respective modes. While more complex

and interesting behavior can be obtained with multi-factor cross-coupling, e.g.,

ξ12 and ξ13 non zero, it is beyond the scope of this manuscript. Unfortunately, the

non-linearity, in terms of constitutive tensors, of wave equation (2.11) prevents

the simple superposition of single factor results. Typical anisotropic effects of

ME cross-coupling on phase velocity have also been shown. For wave propagation

in a specific direction we have shown the specific single factor influence of each

cross-coupling coefficient, summarized as follows:

• ξ11 type coupling produces a strong rotation of the basis vectors associated

with the modes of propagation and the ξ coupling can be modulated to
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produce a variable field decomposition.

• ξ13 type coupling alters the phase velocity of one mode while the other

is unaffected. It induces a component of electric or magnetic field in the

propagation direction that looks like a small rotation of the field vector off

the direction of propagation and alters the direction of the Poynting vector

off the “typical” propagation direction.

• ξ12 type coupling has been shown to be non-reciprocal and to act in a manner

similar to a Faraday Rotator with the advantage of not requiring a magnetic

bias field or rotation of the conventional field basis vectors.

By tailoring of the material properties we can achieve from one to three distinct

phase velocities (four velocities for mult-factor coupling) in ME materials; two

speeds relate to the forward phase velocity and two to the reverse phase velocities.

In particular we have shown how the cross-coupling factors act to perturb the

phase velocity of one or both propagation modes of a conventional material so

that polarization rotation is induced.

his work was supported by the Air Force Office of Scientific Research (AFOSR)

under grant No. FA9550-09-1-0677 managed by Byung-Lip (Les) Lee
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κ ν χ

ξ11


µ11

ε11µ11−ξ112 0 0

0 1
ε22

0

0 0 1
ε33




ε11
ε11µ11−ξ112 0 0

0 1
µ22

0

0 0 1
µ33




ξ11
−ε11µ11+ξ112

0 0

0 0 0

0 0 0



ξ12


µ22

ε11µ22−ξ122 0 0

0 1
ε22

0

0 0 1
ε33




1
µ11

0 0

0 ε11
ε11µ22−ξ122 0

0 0 1
µ33




0 ξ12
−ε11µ22+ξ122

0

0 0 0

0 0 0



ξ13


µ33

ε11µ33−ξ132 0 0

0 1
ε22

0

0 0 1
ε33




1
µ11

0 0

0 1
µ22

0

0 0 ε11
ε11µ33−ξ132




0 0 ξ13
−ε11µ33+ξ132

0 0 0

0 0 0



ξ33


1
ε11

0 0

0 1
ε22

0

0 0 µ33
ε33µ33−ξ332




1
µ11

0 0

0 1
µ22

0

0 0 ε33
ε33µ33−ξ332




0 0 0

0 0 0

0 0 ξ33
−ε33µ33+ξ332


Table 2.1: Transformation of constitutive parameters from EH to DB representa-

tion preserves sparsity of κ, ν, and χ for single factor coupling.

η Ē η0H̄

ξ33

±1
n1

[
1 · ·

] [
· 1

n1µ22
·
]

±1
n2

[
· 1 ·

] [
−1

n2µ11
· ·
]

Table 2.2: The relative velocity, electric and magnetic field vectors (eigenmodes)

for ξ33 coupling. The first row is Mode 1 polarization and the second row is Mode

2. The ± reference on the relative velocities indicates the forward velocity (+)

and the reverse velocity (-).
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Figure 2.1: ”kDB” Coordinate System - The principal material coordinate system

is aligned with x̂ŷẑ. The kDB system is formed by ê3 = k̄
|k| , ê1 = the intersection

of the DB plane with the x̂ŷ plane, and ê2 = ê3 × ê1.
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Figure 2.2: (Color online) Relative phase velocity for the ξ33 coupling, Mode 1.

Although both propagation modes in the ê3 direction have the same speed, other

directions can vary. Red line indicates ê1 axis. Blue line (up) indicates ê3 axis.
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Figure 2.3: (Color online) Relative phase velocity for the ξ33 coupling, Mode 2.

Although both propagation modes in the ê3 direction have the same speed, other

directions can vary. Red line indicates ê1 axis. Blue line (up) indicates ê3 axis.
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Figure 2.4: (Color online) Relative phase velocity for the ξ12 coupling, Mode

1. Asymmetry in opposite directions indicate non-reciprocal behavior. Red line

indicates ê1 axis. Blue line (up) indicates ê3 axis.
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Figure 2.5: (Color online) Relative phase velocity for the ξ12 coupling, Mode

2. Asymmetry in opposite directions indicate non-reciprocal behavior. Red line

indicates ê1 axis. Blue line (up) indicates ê3 axis.
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Figure 2.6: (Color online) The electric field envelope of a wave in a conventional

material (or an ME medium with ξ33 coupling). The dash-dot orange line indicates

the electric field at z = 0 with t ∈ [0, 2π] and the dashed red line shows t = π
4

over

the range of z. The red arrow indicates the Mode 1 basis vector and the green

arrow indicates Mode 2. Transverse isotropic permittivity and permeability are

assumed with ε = 20 and µ = 20. Mode 2 component π
2

out of phase with Mode

1.
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Figure 2.7: (Color online) The electric field envelope of a wave in a ME medium

with ξ11 coupling. This coupling induces a rotation of the basis vectors off the

normal axes. The blue and black arrows indicate the normal x and y basis (axes)

for Mode 1 and Mode 2 propagation respectively. The red arrow indicates the

Mode 1 basis vector and the green arrow indicates Mode 2. The dashed red line

shows t = 0 over the range of z. The orange line indicates the electric field at

z = 0 with t ∈ [0, 2π]. Transverse isotropic permittivity and permeability are

assumed with ε = 20 and µ = 20. ξ parameter is taken to be 3
4

of maximum.
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Figure 2.8: (Color online) The electric field envelope of a wave in a ME medium

with ξ31 coupling. The Mode 2 basis indicates the z component present. The

distribution of electric field through the media looks like a wave propagating at

an angle to the z axis. Transverse isotropic permittivity and permeability are

assumed with ε = 20 and µ = 20. ξ parameter is taken to be 3
4

of maximum.
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Figure 2.9: (Color online) The electric field envelope of a forward wave in a ME

medium with ξ12 coupling. This coupling has no effect on the eigenbasis of the

conventional material. The orange line indicates the electric field at z = 0 with

t ∈ [0, 2π] and red dashed line is the isochrone for t = π
2
. Transverse isotropic

permittivity and permeability are assumed with ε = 20 and µ = 20. ξ parameter

is taken to be 3
4

of maximum.
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Figure 2.10: (Color online) The electric field envelope of waves in a Faraday

(gyrotropic) medium. The upper (right handed) wave is in the arbitrarily chosen

forward direction and the lower (left handed) wave is the reverse direction. At

any cross section in the propagation direction, ê3, the waves are seen to be linearly

polarized.
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Figure 2.11: (Color online) The electric field envelope of a wave in a ME medium

with ξ12 coupling. The upper, forward wave, polarization rotates opposite to the

lower, reverse wave, polarization. The chirality of the modes is not well defined and

the polarization direction oscillates between cross section of linear polarization.
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η Ē η0H̄

ξ11

±
√

2√
n2
1+n2

2+

√
(n2

1−n2
2)2+4n2

1n
2
2

ξ211
ε11µ11

[
η − η2ξ11

1−n2
2η

2 ·
] [

ε22η3ξ11
1−n2

2η
2

1
µ22

·
]

±
√

2√
n2
1+n2

2−
√

(n2
1−n2

2)2+4n2
1n

2
2

ξ211
ε11µ11

[
µ22
µ11

η2ξ11

1−n2
1η

2

(
1−

ξ211
ε11µ11

) −η ·
] [

−1
µ11

(1−n2
1η

2)

1−n2
1η

2

(
1−

ξ211
ε11µ11

) − ηξ11
µ11

1−n2
1η

2

(
1−

ξ211
ε11µ11

) ·
]

ξ22

±
√

2√
n2
1+n2

2+

√
(n2

1−n2
2)2+4n2

1n
2
2

ξ222
ε22µ22

[
η

µ11
µ22

η2ξ22

1−n2
2η

2

(
1−

ξ222
ε22µ22

) ·
] [

−1
µ22

ηξ22

1−n2
2η

2

(
1−

ξ222
ε22µ22

) 1
µ22

(1−n2
2η

2)

1−n2
2η

2

(
1−

ξ222
ε22µ22

) ·
]

±
√

2√
n2
1+n2

2−
√

(n2
1−n2

2)2+4n2
1n

2
2

ξ222
ε22µ22

[
−η2ξ22
1−n2

1η
2 −η ·

] [
1
µ11

−ε11η3ξ22
1−n2

1η
2 ·

]
Table 2.3: For each coupling coefficient, ξii, the relative velocity, electric and

magnetic field vectors associated with both modes are shown. The first row is

Mode 1 polarization and the second row is Mode 2. The ± reference on the

relative velocities indicates the forward velocity (+) and the reverse velocity (-).
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η Ē η0H̄

ξ13

±1

n1

√
1−

ξ213
ε11µ33

[
η · ·

] [
· 1

µ22

−ηξ13
µ33

]
±1
n2

[
· η ·

] [
−1
µ11

· ·
]

ξ31

±1
n1

[
η · ·

] [
· 1

µ22
·
]

±1

n2

√
1−

ξ231
ε33µ11

[
· η

− ξ31
ε33µ11(

1−
ξ231

ε33µ11

)
] [

−1
µ11(

1−
ξ231

ε33µ11

) · ·
]

ξ23

±1
n1

[
η · ·

] [
· 1

µ22
·
]

±1

n2

√
1−

ξ223
ε22µ33

[
· η ·

] [
−1
µ11

· −ηξ23
µ33

]

ξ32

±1

n1

√
1−

ξ232
ε33µ22

[
η ·

− ξ32
ε33µ22(

1−
ξ232

ε33µ22

)
] [

·
1
µ22(

1−
ξ232

ε33µ22

) ·
]

±1
n2

[
· η ·

] [
1
µ11

· ·
]

Table 2.4: For each coupling coefficient, ξij, the relative velocity, electric and

magnetic field vectors associated with both modes are shown. The first row is

Mode 1 polarization and the second row is Mode 2. The ± reference on the

relative velocities indicates the forward velocity (+) and the reverse velocity (-).

η Ē η0H̄

ξ12

−1
n1−ξ12 ; 1

n1+ξ12

[
η · ·

] [
· 1−ηξ12

µ22
·
]

±1
n2

[
· η ·

] [
−1
µ11

· ·
]

ξ21

±1
n1

[
η · ·

] [
· 1

µ22
·
]

−1
n2+ξ21

; 1
n2−ξ21

[
· η ·

] [
−(1+ηξ21)

µ11
· ·
]

Table 2.5: For each coupling coefficient, ξij, the relative velocity, electric and

magnetic field vectors associated with both modes are shown. For each coefficient,

the first row represents the Mode 1 polarization and the second row indicates Mode

2. The ± reference on the relative velocities indicates the forward velocity (+)

and the reverse velocity (-).
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CHAPTER 3

Homogenization Model for 2-2 Connected

Magnetoelectroelastic Materials

3.1 Introduction

There is increasing interest in magnetoelectric materials for various applications

such smart sensors and signal processing devices Linear magnetoelectric (ME) or

bianisotropic materials are materials which couple electrical and magnetic degrees

of freedom. The primary distinction of ME materials is the cross-coupling in the

constitutive relations between magnetic and electric fields leading, to both electric

and magnetic polarization effects. While the magnetoelectric effect was discovered

125 years ago by Roentgen[Ron88b] it was not until recently [RPU02] that a

sufficiently strong ME effect was produced to generate interest in the engineering

applications community. Ryu used a composite magnetoelectric/piezoelectric to

produce this strong coupling. A common method used today is laminating layers

of piezoelectric and piezomagnetic materials together to produce a magnetoelectric

response through strain coupling.

It is advantageous to have a method for estimating the effective parameters

of layered multiferroic materials that can be used to assist in material “design”

or for simplified modeling of macroscopic systems where it is difficult to model

each subcomponent. A number of papers have been written on the homogenized

effective parameters of ME materials. In reality however, combining piezoelectric

and piezomagnetic materials produces a magneotelectroelastic material[Get94].
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Common to all these papers is the tendency to apply the homogenization to a

specific two phase material configuration or under certain limiting considerations

as to the direction of the applied electric and magnetic fields. In the present work,

a unique analytic method that provides effective parameters for a laminated MEE

system of N arbitrary phases of material with arbitrary orientation is presented.

An advantage of the current method is that is does not make some of the a priori

assumptions that other authors have used and allows much greater flexibility in

variety of materials and their orientation. Thus, the method extends naturally

to an arbitrary number of different material phases. Further, many of the other

homogenization models seem to predict cross-coupling parameters much higher

than that found in experiments. This has prompted some authors to assume

the cause must be poor coupling between the layered phases of the composite

[BPS03, OR10] and use an assumed interface coupling parameter to derate the

homogenized material parameters. Some theoretical results show coupling factors

approximately twice the observed experimental values[OR10]. While the method

used is plausible, in the present work the authors find that this formalism is

unnecessary and that the artifacts experienced by previous authors are most likely

due their use of an incomplete set of material parameters in their homogenization

process.

A word about the applicability of the homogenization procedure is in order.

Typically, so long as the incident wavelength is much greater than the material

dimensions the homogenization process is reasonable. As the wavelength ap-

proaches the characteristic dimension of the composite assembly the individual

material phases need to be taken into account.
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3.2 Analytical

In the following section the mathematical formulation for the homogenization

process is presented. Starting with the common linear constitutive forms for the

MEE materials, the continuous field quantities are separated by a rearrangement

of the matrix form so that the discotinuous field quantities appear on the left hand

side of the equation. This allows the integration of the layered structure through

the normal (out of plane) spatial component thus providing effective constitutive

parameters for the composite assembly. For our purposes of this paper we assume

that the wavelength in the normal direction, or the component of the wave vector

normal to the layered composite, is sufficiently larger than the thickness of the

composite).

For linear magnetoelectroelastic materials there are two common constitutive

form . Both are indicated below in equations (3.1) and (3.2). The ‘TEH’ form,

named for the independent variables, is

S̄ =sT̄ + d
T
Ē + q

T
H̄

D̄ =dT̄ + eĒ + ξH̄

B̄ =qT̄ + ξ
T
Ē + µH̄

(3.1)

where S̄, D̄, B̄, T̄ , Ē and H̄ are the field quantities for strain, electric displacement,

magnetic induction, stress, electric and magnetic fields respectively. The material

parameters s, d, q, e, ξ and µ are the compliance, piezoelectric, piezomagnetic,

permittivity, magnetoelectric and permeability tensors respectively. The second,

‘SEH’, form is

T̄ =cS̄ − eT Ē − h
T
H̄

D̄ =eS̄ + εĒ +mH̄

B̄ =hS̄ +m
T
Ē + µH̄

(3.2)

where the field names are the same as previously stated and the material param-

eters c, e, h, ε, m and µ are the stiffness, piezoelectric, piezomagnetic, dielectric,
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magnetoelectric and permeability tensors respectively.

In compact form the previous constitutive equations (3.2) can be written

T̄ ∗ = c
∗
S̄∗ where T̄ ∗ =


T̄

D̄

B̄

 , c∗ =


c e

T
h
T

e −ε −m

h −mT −µ

 and S̄∗ =


S̄

−Ē

−H̄

 .
(3.3)

We assume that we have a 2-2 connected composite structure where each indi-

vidual layer of the composite has material properties adequately described by the

constitutive equations (3.2). Our goal is to obtain the homogenized or effective

material properties for an arbitrary stacking sequence of separate phase MEE

materials, which by definition are represented by

< T̄ ∗ >= c
∗
< S̄∗ > (3.4)

with < · >= 1
h

∫
h
(·)dξ the averaged field quantity over the normal direction (for

example the z-direction as indicated in Figure (3.1) through the thickness of the

laminate and c∗ represents the combined properties of the composite layers (see

Figure 3.1). Looking at the individual components of the strain tensor S̄ we find

that, under the assumption of perfectly bonded layers, the strain components

S1, S2 and S6 must be continuous across layer boundaries. The remaining three

components, S3, S4 and S5, are not, in general, continuous across layer bound-

aries. Conveniently, the stress components, T3, T4 and T5, conjugate to the non-

continuous strain comments are also continuous while T1, T2 and T6 are generally

not. Likewise, so long as it is assumed that there are no free surface currents at

the interface between layers, then the electromagnetic boundary conditions require

the tangential components of the electric and magnetic fields, E1, E2, H1 and H2,

to be continuous 1.

1The free surface current requirement here does not preclude conductive materials and in-
duced surface currents of the form J̄ = σĒ.
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Figure 3.1: Stacked layer sequence being homogenized. The layer stacking (out

of plane) direction is along z-axis.
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This allows us to rewrite the constitutive equations in matrix form as

T1

T2

S3

S4

S5

T6

D1

D2

E3

B1

B2

H3



= M



S1

S2

T3

T4

T5

S6

E1

E2

D3

H1

H2

B3



(3.5)

where [M ] is the constitutive parameters for this constitutive form. See Appendix

(3.5) for algebraic details of the transformation from c
∗

to M . Integrating over

the direction normal to the composite layup we obtain

< T1 >

< T2 >

< S3 >

< S4 >

< S5 >

< T6 >

< D1 >

< D2 >

< E3 >

< B1 >

< B2 >

< H3 >



=
1

h

∫
h

M



S1

S2

T3

T4

T5

S6

E1

E2

D3

H1

H2

B3



dξ =
1

h

N∑
i=1

∫
hi
M

i



S1

S2

T3

T4

T5

S6

E1

E2

D3

H1

H2

B3



dξ. (3.6)
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where the superscript i represents the individual layer index, which ranges from 1

to N for an N layer system.
∫
hi

indicates integration over the ith layer thickness.

We assume that the individual material phases are homogeneous within the layer

so that the constitutive parameters matrix comes out of the integrand and

< T1 >

< T2 >

< S3 >

< S4 >

< S5 >

< T6 >

< D1 >

< D2 >

< E3 >

< B1 >

< B2 >

< H3 >



=
1

h

N∑
i=1

M
i
∫
hi



S1

S2

T3

T4

T5

S6

E1

E2

D3

H1

H2

B3



dξ =
1

h

N∑
i=1

[
M i
] ∫

hi



S0
1 − ξK1

S0
2 − ξK2

T3

T4

T5

S0
6 − ξK12

E1

E2

D3

H1

H2

B3



dξ.

(3.7)

where in the final term on the right hand side we have allowed for bending, subject

to the Kirchhoff-Love Hypothesis, with

S1 = S0
1 − ξK1

S2 = S0
2 − ξK2

S6 = S0
6 − ξK12

and

K1 = ∂2w0

∂x2

K2 = ∂2w0

∂y2

K12 = ∂2w0

∂x∂y

(3.8)

so that K ′is represent curvatures and the superscript zero refers the quantity to

the reference plain chosen for the laminate.

Since the right hand side field variables are continuous, each of them can

be approximates by a polynomial. If we wish to choose the best zeroth order

polynomial estimate for a continuous function f(ζ), a least squares approximation

minimizing the quadratic error, which results in approximating f (ζ) as its average
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over the region of interest, Error =
∫

(f − C)2dx

3.3 Results

As a first look at the plausibility of the method we homogenize a bilayer mechanical

system and compare with classical models known in the literature[Jon99]. For

the resulting material properties (see Table 3.1) we find that s
(c)
11 =s

(c)
22 , s

(c)
12 =s

(c)
21 ,

s
(c)
13 =s

(c)
31 =s

(c)
23 =s

(c)
32 and s

(c)
44 =s

(c)
55 . The left side of Table (3.1) shows the resultant

constitutive parameters for two isotropic materials homogenized. The right side

of the table shows the 1D “Rule of Mixtures” limit obtained when the shear term

s12 → 0. It is interesting to note that these classical limits, historically derived in

an alternative manner, can also be viewed more generally as enforcing continuity

conditions at material interfaces.

The limitation of the current method, and for that matter all 2-2 connected

homogenization models, is the assumption that there is no variation in the com-

posite material perpendicular to the plane of the composite. Consequently, the

final solution of a homogenized material can never be exact, except under ideal

conditions. Of course any assumption of a homogenized material is at best an ap-

proximation since the goal of the process is to determine constitutive parameters

which predict the average field quantities; there is no “actual” homogenization

value for material parameters. In the limit of thin layers and the assumption that

the in-plane field quantities are essentially constant for out of plane (z-direction)

variation the approximation should be reasonable The only way to test the appro-

priateness of a homogenization process is to compare the output against results

on non-homogenized systems.

68



Isotropic BiLayer Mech. of Mat. (1D Limit)

s
(c)
11

(
ν(1)s

(1)
11

(s(1)11 +s
(1)
12 )(s(1)11 −s(1)12 )

+
ν(2)s

(2)
11

(s(2)11 +s
(2)
12 )(s(2)11 −s(2)12 )

)
(

ν(1)

(s(1)11 +s
(1)
12 )

+ ν(2)

(s(2)11 +s
(2)
12 )

)(
ν(1)

(s(1)11 −s(1)12 )
+ ν(2)

(s(2)11 −s(2)12 )

) (
ν(1)E

(1)
1 + ν(2)E

(2)
1

)−1

E
(c)
1

s
(c)
33

(
ν(1)s

(1)
11 + ν(2)s

(2)
11

)
− 2ν(1)ν(2)

(
s
(1)
12 −s

(2)
12

)2(
ν(1)

(
s
(2)
11 +s

(2)
12

)
+ν(2)

(
s
(1)
11 +s

(1)
12

))
(
ν(1)

E
(1)
1

+ ν(2)

E
(2)
1

)−1

E
(c)
1

s
(c)
12

(
ν(1)s

(1)
12

(s(1)11 +s
(1)
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+
ν(2)s

(2)
12

(s(2)11 +s
(2)
12 )(s(2)11 −s(2)12 )

)
(

ν(1)

(s(1)11 +s
(1)
12 )

+ ν(2)

(s(2)11 +s
(2)
12 )

)(
ν(1)

(s(1)11 −s(1)12 )
+ ν(2)

(s(2)11 −s(2)12 )

) 0 s
(c)
12

s
(c)
13

(
ν(1)s

(1)
12

(s(1)11 +s
(1)
12 )

+
ν(2)s

(2)
12

(s(2)11 +s
(2)
12 )

)
(

ν(1)

(s(1)11 +s
(1)
12 )

+ ν(2)

(s(2)11 +s
(2)
12 )

) 0 s
(c)
13

s
(c)
44 2

(
ν(1)
(
s

(1)
11 − s

(1)
12

)
+ ν(2)

(
s

(2)
11 − s

(2)
12

)) (
ν(1)

G
(1)
23

+ ν(2)

G
(2)
23

)−1

G
(c)
23

s
(c)
66

(
ν(1)

2
(
s
(1)
11 −s

(1)
12

) + ν(2)

2
(
s
(2)
11 −s

(2)
12

)
)−1 (

ν(1)G
(1)
12 + ν(2)G

(2)
12

)
G

(c)
12

Table 3.1: Effective mechanical properties (compliance) for a two layer system are

shown in the left half of the table. The right hand columns shows the familiar

relations for the limiting one dimensional cases normally arrived at in a much

different (though equivalent) manner[Jon75]. The notion of “parallel” and “serial”

connections used in the development of homogenization schemes[BP12, Cha08] are

closely related to the continuity of the related field variable at an interface.
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3.3.1 Comparison with Existing Models

Figure (3.2) compares the results of the current model with that presented in[Get94].

The horizontal axis is volume fraction of the piezoelectric material and vertical

axis is the normalized magnetoelectric constant (m33). Note that the effective

value for our model is significantly lower than Getman’s. The present result is

more consistent with experimental data. Most models over-predict the values of

coupling coefficients, but as shown here the influence of the “extra” coupling coef-

ficients in our model produces a more realistic value for constitutive parameters.

Note that this comparison is against another theoretical model[Get94]. Another

effect, that will be discussed more detail below, that causes a difference in model

vs experimental values is the demag/depol effect. This again shows the effect and

importance of forming a better estimator, i.e. collecting the continuous terms to

the right hand side of the equations.

We see above that our method differs from that of reference [Get94]. The

predicted theoretical values were lower than predicted from that model due to

the additional coupling parameters and methodology. Looking at the paper by

Osaretin[OR10] they cite some experimental evidence for CFO. They provide both

the experimental and predicted values in this work. If we compare our results to

another model from Osaretin[OR10] we see that in all of the cases presented, (

PZT4:CFO, PZT5H:CFO, PZT:CFO, PZT8:CFO), for a bylayer system, our the-

oretical model coincides with theirs, see Figure (3.4). The constitutive parameters

used are those cited by reference[OR10].

3.4 Conclusions

Given the similarity of laminated ME (or MEE) composite materials to common

structural layered composites, whose properties are reasonably well predicted by

Composite Laminate Theory (CLT), it seems more reasonable to the authors

70



Figure 3.2: Shows normalized magnetoelectric sensitivity α = E2

H3
(red curves) and

magnetoelectric cross-coupling coefficient m33 (blue) versus volume fraction along

horizontal. The dashed curves are Getman’s calculations and the solid lines are

the current model.

Figure 3.3: Material parameters from Getman 1994 model.
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Figure 3.4: Shows normalized magnetoelectric sensitivity α = E2

H3
(red curves) and

magnetoelectric cross-coupling coefficient m33 (blue) versus volume fraction along

horizontal. The dashed curves are Getman’s calculations and the solid lines are

the current model.

that the predicted accuracy of MEE homogenization should approach that of

conventional composite CLTs which are on the order of 10 percent error or less.

Overall the homogenization model presented here seems to predict reasonable

constitutive parameters for a bulk material. This is difficult to see if one is not

careful separating bulk material behavior from local boundary effects such as

demagnetization fields and shear lag.

This work was supported by the Air Force Office of Scientific Research (AFOSR)

under grant No. FA9550-09-1-0677 managed by Byung-Lip (Les) Lee.

3.5 Appendix A - Derivation of matrix row inversion.

In order to satisfy the boundary conditions at the interface between two mate-

rial phases the constitutive equations need to be transformed. Essentially the

method used herein is to shift the constitutive form shifts the continuous field
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Figure 3.5: Table showing material properties of piezoelectric and piezomagnetic

material used in homogenization from Osaretin 2010 model.

Figure 3.6: Comparison with Experimental Work.
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quantities to the right hand side of the linear constitutive form for each layer

in the composite. This rearrangement of the constitutive form can be seen as a

transformation of a standard linear system of equations (or a Legendre transform

of the individual components in the thermodynamic potential) where 5 of the

field quantities, {T33, T23, T13, D3 and B3} are moved from the left hand side of

equation (3.5) to the right hand side. In this section, we will describe the details

of the transformation of the component of in the matrix equation Ax̄ = b̄ where

A is an n x n matrix, x̄T = (x1, x2, . . . , xn) and b̄T = (b1, b2, . . . , bn) into the

corresponding matrix equation Ãx̃ = b̃ where x̃T = (x1, . . . , xj−1, bj, xj+1, . . . , xn)

and b̃T = (b1, . . . , bj−1, xj, bj+1, . . . , bn) and Ã is the transformed matrix. Starting

with
N∑
j=1

AJjxj =

(
n∑
j 6=J

AJjxj

)
+ AJJxJ = bJ (3.9)

and solve for

xJ =
1

AJJ

(
bJ −

∑
j 6=J

AJjxj

)
(3.10)

From the system equation in terms of bi and substituting for xJ we find

bi =
n∑
i=1

Aijxj =
n∑
i 6=J

Aijxj + AiJxJ =
n∑
i 6=J

Aijxj + AiJ
AJJ

(
bJ −

n∑
i 6=J

AJjxj

)
= AiJ

AJJ
bJ +

n∑
i 6=J

(
Aij − AiJAJj

AJJ

)
xj

. (3.11)

In matrix form this yields

A



x1

x2

...

xj−

bj

xj+
...

xN



=



b1

b2

...

bj−

xj

bj+
...

bN



(3.12)
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where A =

This transformation of the system of linear equations is possible so long as

ajj 6= 0. For the systems being analyzed here this is generally true.

3.6 Appendix B - Derivation of demagnetization field cor-

rection for experimental measurements on rectangular

samples.

From the constitutive equations (3.1) and the relationship B̄ = µ0

(
H̄ + M̄

)
we

can write

M̄ = qT̄ + ξ
T
Ē +

(
µr − I

)
H̄ (3.14)

where µr = µ
µ0

is the relative permeability. All field quantities in this equation

are expected to be local, i.e. the total field at given point in space. Local field

quantities differ from the applied fields due to the magnetization and polarization

effects of the material in the applied field. We can assume H̄ = H̄a+H̄d where the

right hand side represent the applied and demagnetization fields respectively. If

we assume we are evaluating the demag field over a simple prismatic rectangular

structure and that the demag fields inside the structure are essentially uniform,

we can represent H̄d = −N
d
M̄ where N is diagonal and can be calculated as given

in [Aha98]. Than

H̄d = −N
d
M̄ = −N

d
(
qT̄ + ξ

T
Ē

)
−N

d (
µr − I

)
H̄a −N

d (
µr − I

)
H̄d (3.15)

and

H̄d = −
(
I +N

d (
µr − I

))−1

N
d
(
qT̄ + ξ

T
Ē

)
−
(
I +N

d (
µr − I

))−1

N
d (
µr − I

)
H̄a.

(3.16)
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or

H̄ = −
(
I +N

d (
µr − I

))−1

N
d
(
qT̄ + ξ

T
Ē

)
+

(
I +N

d (
µr − I

))−1

H̄a.

(3.17)

Substituting H̄ into the second relation in (3.1) and solving for Ē

D̄ =

[
d− ξ

(
I +N

d (
µr − I

))−1

N
d
q

]
T̄ (3.18)

+

[
e− ξ

(
I +N

d (
µr − I

))−1

N
d
ξ
T

]
Ē + ξ

[
I +N

d (
µr − I

)]−1

H̄a (3.19)

leads to

Ē =

[
e− ξ

(
I +N

d (
µr − I

))−1

N
d
ξ
T

]−1

D̄ (3.20)

−

[
e− ξ

(
I +N

d (
µr − I

))−1

N
d
ξ
T

]−1 [
d− ξ

(
I +N

d (
µr − I

))−1

N
d
q

]
T̄

(3.21)

−

[
e− ξ

(
I +N

d (
µr − I

))−1

N
d
ξ
T

]−1

ξ

[
I +N

d (
µr − I

)]−1

H̄a (3.22)

From the common definition of α by Ē = αH̄ this gives us alpha applied due to

the applied magnetic field Ē = αaH̄a where

αa = −

[
e− ξ

(
I +N

d (
µr − I

))−1

N
d
ξ
T

]−1

ξ

[
I +N

d (
µr − I

)]−1

. (3.23)

This is in contrast to the normal relation which we obtain in the limit of N
d
→ 0

α = −e−1
ξ. (3.24)

For the special case of a diagonal permittivity and permeability, and a thin plate

of infinite dimension

αa = −


ξ11
e11

0 0

0 ξ22
e22

0

0 0 ξ33
e33µ33−ξ233

 . (3.25)
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More general cases, while still analytic, are not as convenient to present. In

contrast to the “real” α33 = ξ33
ε33

we see that

α33

αa33

= µr33 −
ξ2

33

e33

. (3.26)

Further noting that the last term in the above equation tends to be small since

permittivities are generally large while magnetoelectric coefficients are small we

can approximate the ratio of the homogenized alpha in the material to values

typically measured in experiments not compensation for demag effects as µr33.

78



CHAPTER 4

Plane Wave Behavior in Linear

Magnetoelectroelastic Materials.

4.1 Introduction

Linear magnetoelectric (ME) or bianisotropic materials are materials which cou-

ple electrical and magnetic degrees of freedom. For example, a typical dielectric

will become polarized in the presence of an electric field but does not respond to

the application of a magnetic field. Likewise, a permeable material becomes mag-

netized in a magnetic field but is non-responsive electrically. Multiferroics (MFs),

on the other hand, exhibit magnetization under an applied electric field and elec-

tric polarization when placed in a magnetic field. The primary distinction of ME

materials is the cross-coupling in the constitutive relations between magnetic and

electric fields leading to both electric and magnetic polarization effects.

Although the magnetoelectric effect was discovered 125 years[Ron88a] ago by

Roentgen, known single phase ME materials are very weak and do not exhibit

strong coupling effects[Ast60][Fie05]. Theoretical and experimental investigations

on magnetoelectric multilayered composite heterostructures dating back to the

early nineties[AH94, Get94] studied the relationship of various constitutive pa-

rameters in these two phase systems. Using composite strain coupled magne-

toelectric/piezoelectric creates a product effect, coupling electric and magnetic

polarization through strain, to form a hybrid magnetoelectric material. In 2002

Ryu[RPU02], also using strain coupled materials, produced a large magnetoelec-

79



tric coefficient creating renewed interest in the engineering community for the ME

applications.

While most of the early engineering work focused on static applications of ME

materials for sensors and transducers, it was not long before higher frequency

applications became of interest, and promising quantitative information on mi-

crowave ME effects for potential device applications using multilayer composites

were presented by Bichurin and Kornev[BKP01]. Their work studied ME coupling

near ferromagnetic resonance in simple two-layer bimorphs and homogenized mul-

tilayer structures. Using coupled piezoelectric and piezomagnetic layers produces

a magnetoelectroelastic (MEE) material which has acoustic modes as well as elec-

tromagnetic modes. A MEE material has additional terms in the constitutive

relations and can be written as follows:

S̄ = sT̄ + d
T
Ē + q

T
H̄

D̄ = dT̄ + eĒ + ξH̄

B̄ = qT̄ + ξ
T
Ē + µH̄

(4.1)

where in addition to the previously defined electromagnetic field quantities we have

S̄ which represents the strain tensor in Voigt Notation (VN), T̄ is the stress tensor

in VN, while s, d and q are the stiffness, piezoelectric and piezomagnetic coupling

tensors in VN. Here ξ and ε is the magnetoelectric coupling and permittivity, as

opposed to α and κ used in equation (1.1) due to the different, but equivalent,

constitutive relations. The other tensor quantity, µ is the “same” as before in the

sense that it relates the same field quantities in the same order although actual

tensor coefficients need to be mapped from one system to the other.

Due to the additional mechanical coupling in the piezoelectric (d) and magne-

toelectric (q) coupling the MEE materials exhibit five modes of wave propagation.

The three natural acoustic modes (two shear and one longitudinal) become “pre-

dominately” acoustic modes and the natural electromagnetic modes transform to

predominately electromagnetic.
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Magnetoelectroelastic materials, like magnetoelectric, have also been of in-

terest for some time[KE90] although most of the work on wave propagation has

been recent. In 2007, Liu[JFX07] showed that a shear horizontal wave can prop-

agate along the surface of a semi-infinite ME material and derived the phase

speed of wave propagation in an explicit form. The effects of a weak interface

between two dissimilar magnetoelectric or magnetoelectroelastic materials on the

shear propagation was considered by Huang[Hua10]. Melkumyan[Mel07] showed

that surface waves with 12 different velocities in cases of different magnetoelectric

boundary conditions can be guided by the interface of two identical magnetoelec-

troelastic half-spaces. Wei in 2008[JX08] used the self-adjoint method to study

the wave propagation in a magnetoelectroelastic plates. The material properties,

the space structure and boundary condition of the guided-wave system are com-

bined together in this method, and a guided-wave restriction condition is derived

to describe the inner relations of the guided-wave system. The analytic dispersive

equation, the group velocity equation and the steady-state response are obtained

in the frequency domain after defining the orthogonal sets.

In the area of bulk wave propagation, Chen et al.[CCP07] employed the state-

vector approach to study the propagation of harmonic waves in an infinite magneto-

electro-elastic multilayered plates. The propagator matrix is obtained assum-

ing continuity across interfaces and the dispersion equation by applying general

traction-free boundary conditions on the top and bottom surfaces of the layered

plate. Numerical results of dispersion curves, modal shapes and natural frequen-

cies presented were found to be strongly dependent on the stacking sequence of

the piezoelectric and piezomagnetic layers. This method was also applied by

Chen et al.[CPC07] to the modal analysis of the free vibration of a simply sup-

ported multilayered MEE plate. Wu[YMS08] employed the Legendre orthogonal

polynomial expansion approach to study the propagation of harmonic waves in

inhomogeneous (functionally graded) magnetoelectroelastic plates composed of
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piezoelectric BaTiO3 and magnetostrictive CoFe2O2. The wave propagation in

layered periodic composites consisting of piezoelectric and piezomagnetic phases

was investgated by Pang[PY08] and the dispersion relations of Lamb waves are

derived. Their numerical results for BaTiO3/CoFe2O4 composites show that

the dispersion curves resemble the symmetric Lamb waves in a plate. Ribichini

et al.[RCN10] used a finite element model to account for the main transduction

mechanisms in the material and were able to predict the wave amplitude depen-

dence on significant parameters for transducer optimization.

So while there have been on the order of 10 to 20 papers on MEE wave propa-

gation for different material configurations or for specific geometric structures, no

one has presented to date a complete theoretical model for magnetoelectroelastic

waves of a general linear medium. So this further suggests the need to examine

and understand the behavior of wave propagation in MEE materials. To this end

an analytic derivation of the wave equation in bulk materials is presented and

some of the prominent features of such solutions are discussed. In this section,

I present an eigenvalue system for the solution of all the electro-acoustic modes

present in a bulk (unbounded) linear MEE material. Similar to the plane wave

eigensystem developed for the magnetoelectric case, a wave equation is derived

for the fully coupled MEE system. Additionally, since there are frequently cases

where the acoustic waves are predominate, a low frequency quasi static solution

is presented which accommodates the piezoelectric and piezomagnetic de-coupled

wave system. With the two forms of plane wave systems given, essentially any

plane wave phenomena in a general linear MEE material can be solved. While not

presented here, the same equations can be used to study the complex, potentially

penta-refringent, interface reflection/transmission problem in the same manner as

the magnetoelectric case.
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4.2 Analysis

In this section we derive the wave equation for the fully coupled magnetoelectroe-

lastic system. The solutions are for plane wave propagation in a bulk linear MEE

material in several different forms. The first form is a quasistatic approximation

where it is assumed that neither ∂B̄
∂t

nor ∂D̄
∂t

are of significant contribution. While

this form is embedded in the fully dynamic form presented afterwards, it is shown

here for completeness and because of its reduced complexity which is appropriate

for many circumstances. Starting with the constitutive equations in matrix form:
S

D

B

 =


s d

T
q
T

d e ξ

q ξ
T

µ



T

E

H

 . (4.2)

4.2.1 QuasiStatic MEE Waves

In the quasistatic approximation we assume that

∇× E = 0̄ or ikp̂× E = 0̄

and

∇×H = 0 or ikp̂×H = 0̄

Now assuming propagation in the the k̄ direction where k̄ = kα̂ = k (α1, α2, α3),

this imposes the following conditions on the components of Ē and H̄:

αiEj = αjEi → Ej = αj
E(k)

α(k)

for any αk 6= 0

where (k) indicates no summation over the index k. It should be noted that for

any αk = 0 the corresponding component of electric field is necessarily zero, i.e.

Ek = 0 in the plane wave modes of the system. Since the rotation of H̄ is zero a

similar relation exists.

From the Maxwell Equations for the divergence of electric displacement and
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magnetic induction, ∇ · D̄ = 0 and ∇ · B̄ = 0 respectively and the last two rows

of the constitutive form (4.2) dotted with k̄ we have

k̄ · D̄ = 0 = k̄.dT̄ + k̄.eĒ + k̄.ξH̄ (4.3)

0 = αidijTj + αieijEj + αiξijHj (4.4)

0 = αidijTj + αieijαj
E(k)

α(k)

+ αiξijαj
H(m)

α(m)

(4.5)

0 = ᾱ.dT̄ + ᾱ.eᾱ
E(k)

α(k)

+ ᾱ.ξᾱ
H(m)

α(m)

(4.6)

and similarly

k̄ · B̄ = 0 = k̄.qT̄ + k̄.ξ
T
Ē + k̄.µH̄

0 = ᾱ.qT̄ + ᾱ.ξᾱ
E(k)

α(k)

+ ᾱ.µᾱ
H(m)

α(m)

.

Rearranging these last equations we have

ᾱ.dT̄ = −ᾱ.eᾱ
E(k)

α(k)

− ᾱ.ξᾱ
H(m)

α(m)

and

ᾱ.qT̄ = −ᾱ.ξᾱ
E(k)

α(k)

− ᾱ.µᾱ
H(m)

α(m)

or
E(k)

α(k)

= − ᾱ.dT̄
ᾱ.eᾱ

− ᾱ.ξᾱ

ᾱ.eᾱ

H(m)

α(m)

and
H(m)

α(m)

= − ᾱ.qT̄
ᾱ.µᾱ

− ᾱ.ξᾱ

ᾱ.µᾱ

E(k)

α(k)

.

Substituting for H̄ in the first equation

E(k)

α(k)

=− ᾱ.dT̄

ᾱ.eᾱ
+
ᾱ.ξᾱ

ᾱ.eᾱ

(
ᾱ.qT̄

ᾱ.µᾱ
+
ᾱ.ξᾱ

ᾱ.µᾱ

E(k)

α(k)

)

=− ᾱ.µᾱ

ᾱ.eᾱ ᾱ.µᾱ
ᾱ.dT̄ +

ᾱ.ξᾱ

ᾱ.eᾱ ᾱ.µᾱ
ᾱ.qT̄ +

(ᾱ.ξᾱ)2

ᾱ.eᾱ ᾱ.µᾱ

E(k)

α(k)

ᾱ.eᾱ ᾱ.µᾱ
E(k)

α(k)

=− ᾱ.µᾱ ᾱ.dT̄ + ᾱ.ξᾱ ᾱ.qT̄ + (ᾱ.ξᾱ)2 E(k)

α(k)

(4.7)
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(
ᾱ.eᾱ ᾱ.µᾱ− (ᾱ.ξᾱ)2

) E(k)

α(k)

=− ᾱ.µᾱ ᾱ.dT̄ + ᾱ.ξᾱ ᾱ.qT̄

Ek =

(
−ᾱ.µᾱ ᾱ.dT̄ + ᾱ.ξᾱ ᾱ.qT̄

ᾱ.eᾱ ᾱ.µᾱ− (ᾱ.ξᾱ)2

)
αk.

(4.8)

Following the same process for H̄

H(m)

α(m)

=− ᾱ.qT̄

ᾱ.µᾱ
+
ᾱ.ξᾱ

ᾱ.µᾱ

(
ᾱ.dT̄

ᾱ.eᾱ
+
ᾱ.ξᾱ

ᾱ.eᾱ

H(m)

α(m)

)

=− ᾱ.eᾱ

ᾱ.eᾱ ᾱ.µᾱ
ᾱ.qT̄ +

ᾱ.ξᾱ

ᾱ.eᾱ ᾱ.µᾱ
ᾱ.dT̄ +

(ᾱ.ξᾱ)2

ᾱ.eᾱ ᾱ.µᾱ

H(m)

α(m)

ᾱ.eᾱ ᾱ.µᾱ
H(m)

α(m)

=− ᾱ.eᾱ ᾱ.qT̄ + ᾱ.ξᾱ ᾱ.dT̄ + (ᾱ.ξᾱ)2 H(m)

α(m)

(4.9)(
ᾱ.eᾱ ᾱ.µᾱ− (ᾱ.ξᾱ)2

) H(m)

α(m)

=− ᾱ.eᾱ ᾱ.qT̄ + ᾱ.ξᾱ ᾱ.dT̄

Hm =

(
−ᾱ.eᾱ ᾱ.qT̄ + ᾱ.ξᾱ ᾱ.dT̄

ᾱ.eᾱ ᾱ.µᾱ− (ᾱ.ξᾱ)2

)
αm.

(4.10)

Now if we assume that the phase velocity is negligible, then

NT̄ = 0̄ (4.11)

from the mechanical equation of motion. The null space of this equation can be

evaluated to find the stress mode solutions for T̄ . Once these are known they can

be substituted into equations (4.8) and (4.10) to determine the field quantities for

electric and magnetic fields.

4.2.2 General MEE Wave Solution

In this section we present the full dynamic wave equation in eigensystem form.

This incorporates Maxwell Equations in full form as well as the equations of

elastodynamics. Small strain is also assumed. For fully dynamic plane wave

(harmonic) solutions we note that

ū = −i k
ρω2

NT̄ S̄ = ikN
T
ū (4.12)
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where

T̄ =



T11

T22

T33

T23

T13

T12


S̄ =



S11

S22

S33

2S23

2S13

2S12


N =


α1 0 0 0 α3 α2

0 α2 0 α3 0 α1

0 0 α3 α2 α1 0

 ū =


u1

u2

u3

 .

(4.13)

Combining the equilibrium and small strain equations in equation (5.10) leads to

S̄ =
1

ρc2
N
T
NT̄ . (4.14)

From Maxwell Equation’s

kPĒ = ωB̄

and

kPH̄ = −ωD̄.

Putting these together in a combined matrix form
S

D

B

 =


1
ρω2N

T
N 06x3 06x3

03x6 03x6 −1
c
P

03x6 −1
c
P
T

03x3



T

E

H

 .
Together with the constitutive relations in (4.2) these form an eigenvalue prob-

lem for the solution of the propagating wave modes in the MEE material:


1
ρc2
N
T
N 06x3 06x3

03x6 03x6 −1
c
P

03x6 −1
c
P
T

03x3

−

s d

T
q
T

d e ξ

q ξ
T

µ




T

E

H

 = 0̄.

4.2.3 Wave Equation for MEE in Vector Potential Formulation

In the interest of reducing the general eigenvalue problem for the MEE system from

a 12 x 12 matrix to 6x6 system we will now rewrite the equations of motion and
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the constitutive relations in terms of the electromagnetic potentials and tractions.

For this purpose it is convenient to start with the alternative constitutive form

for the MEE system. 
T

D

B

 =


C −eT −h

T

e ε Ξ

h Ξ
T

m



T

E

H

 . (4.15)

For linear systems this is of course equivalent to the previously used form

The traction t̄ at any point on a surface can be obtained from the stress tensor

by

t̄ = T n̄

where n̄ = (n1, n2, n3) is the normal to the surface at the point where the traction

is to be determined. We can write this in Voigt notation matrix form with

t̄ = QT̄

where T̄ is the stress ‘vector’ in Voigt notation and

Q =


n1 0 0 0 n3 n2

0 n2 0 n3 0 n1

0 0 n3 n2 n1 0

 .

We notice that Q has the same form as the propagation direction matrix N and

further that if we let Q = N we have the traction on the surface perpendicular to

the direction of propagation (i.e. on a constant phase surface). Now, considering

Ē and B̄ in terms of their potential φ and Ā in reciprocal space

∇× Ā = B̄ implies ikP Ā = B̄ (4.16)

and

Ē = −∇φ− ∂Ā

∂t
implies Ē = −ikφp̂+ iωĀ. (4.17)
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With Lorentz gauge

∇ · Ā+
1

c2

∂Ā

∂t
= 0

then

ikp̂ · Ā− i ω
c2
φ = 0.

Rewriting above as

ik

(
p̂ · Ā− 1

c
φ

)
= 0 implies p̂ ·

(
cĀ− φp̂

)
= 0 (4.18)

so long as k 6= 0.

Starting with the equations of motion in reciprocal space

PĒ = cB̄

PH̄ = −cD̄

NT̄ = −ρω2

ik
ū

.

∇ · D̄ = 0 implies p̂ · D̄ = 0

Substituting for D̄ and B̄ and multiplying the first row of the constitutive form

by N

NT̄ = NCS̄ −NeT Ē −Nh
T
H̄

−1
c
PH̄ = eS̄ + εĒ + ΞH̄

−1
c
P
T
Ē = hS̄ + Ξ

T
Ē +mH̄

(4.19)

Simplifying the last two lines of (4.19), and noting that P
T

= −P

−
(

1
c
P + Ξ

)
H̄ = eS̄ + εĒ

−
(

1
c
P
T
Ē + Ξ

T
)
Ē = hS̄ +mH̄

(4.20)

Solving the last of equations (4.20) for H̄:

H̄ = −m−1
hS̄ −m−1

(
1

c
P + Ξ

)T
Ē. (4.21)
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Simplifying the remaining equation in (4.20) by substitution of S = ikN
T
ū and

H̄

ik

[(
1

c
P + Ξ

)
m
−1
h− e

]
N
T
ū+

[(
1

c
P + Ξ

)
m
−1

(
1

c
P + Ξ

)T
− ε

]
Ē = 0̄.

(4.22)

Returning to the first equation in (4.19) and replacing H̄, NT̄ = −ρω2

ik
ū and

S = ikN
T
ū

−ρω
2

ik
ū = ikNCN

T
ū−NeT Ē +Nh

T

(
m
−1
h

(
ikN

T
ū

)
+m

−1

(
1

c
P + Ξ

)T
Ē

)
(4.23)

becomes

−ik
[
−ρc2I +N

(
C + h

T
m
−1
h

)
N
T
]
ū+N

(
e
T − h

T
m
−1

(
1

c
P + Ξ

)T)
Ē = 0̄.

(4.24)

With Ē = −ik
(
φp̂− cĀ

)
, equations (4.22) and (4.24) become[(

1
c
P + Ξ

)
m
−1
h− e

]
N
T
ū−

[(
1
c
P + Ξ

)
m
−1
(

1
c
P + Ξ

)T
− ε
] (
φp̂− cĀ

)
= 0̄

(4.25)[
−ρc2I +N

(
C + h

T
m
−1
h

)
N
T
]
ū

+N

(
e
T − h

T
m
−1

(
1

c
P + Ξ

)T)(
φp̂− cĀ

)
= 0̄.

(4.26)

Taken together, equations (4.18) and (4.26) form a system of seven equations

in the seven unknown quantities ū, Ā and φ. From equation (4.18) we can set

φ = p̂·cĀ and noting the identity, P
T
P = I−p̂⊗p̂, for a general operator (matrix)

G,

G
(
φp̂− cĀ

)
= G

[(
p̂ · cĀ

)
p̂− cĀ

]
= G

[
(p̂⊗ p̂) cĀ− cĀ

]
= −GP

T
PcĀ.
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With this, equations (4.26) reduce to[(
1
c
P + Ξ

)
m
−1
h− e

]
N
T
ū+

[(
1
c
P + Ξ

)
m
−1
(

1
c
P + Ξ

)T
− ε
]
P
T
PcĀ = 0̄

[
−ρc2I +N

(
C + h

T
m
−1
h

)
N
T
]
ū−N

[
e
T − h

T
m
−1
(

1
c
P + Ξ

)T]
P
T
PcĀ = 0̄.

(4.27)

In symmetric matrix form this becomes
[
−ρc2I +N

(
C + h

T
m
−1
h

)
N
T
]

N

[
h
T
m
−1
(
P + c Ξ

)T
− c eT

]
[(
P + c Ξ

)
m
−1
h− c e

]
N
T

[(
P + c Ξ

)
m
−1
(
P + c Ξ

)T
− c2 ε

]


×

 c ū

P
T
P cĀ

 = 0̄.

(4.28)

Taking the determinant of this matrix yields a sixth order characteristic equation

for the MEE system in terms of c. Solving for c, i.e. taking the roots of the

characteristic equation, provides the phase velocities for the various propagation

modes. These are then substituted back into the matrix one by one and the

corresponding eigenvector for each mode is obtained. From the eigenvector, ū is

determined directly. Noting from equation (4.17) that Ē = −ik
(
φp̂− cĀ

)
, with

equation (4.18) that p̂ · cĀ = φ and

P
T
PcĀ =

(
I − p̂⊗ p̂

)
cĀ = cĀ−

(
p̂ · cĀ

)
p̂ = −

(
φp̂− cĀ

)
(4.29)

we find

Ē = −ik
(
φp̂− cĀ

)
= ik

(
P
T
PcĀ

)
. (4.30)

To find B̄ we note that

PP
T
P = P

(
I − p̂⊗ p̂

)
=
(
P − P p̂⊗ p̂

)
= P (4.31)

since

P (p̂⊗ p̂) v̄ = (p̂ · v̄) p̂× p̂ = 0. (4.32)
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Together with equation (4.16)

B̄ = ikP Ā =
ik

c
PP

T
PcĀ =

ik

c
P

(
P
T
PcĀ

)
. (4.33)

With these relations and the constitutive equations all the field quantities can be

determined.

4.3 Results

Below these results are applied to a couple of fictions MEE materials. Material

properties used here are based on the homogenization model of Chapter 3. The

material shown in Figure (4.1) is the result of layering Barium Titanate with

Cobalt Ferrite. The Barium Titanate is x-direction polled and the Cobalt Ferrite

is z-direction polled.

Figures (4.2) and (4.3) represent Lead Magnesium Niobate (PMN) with Cobalt

Ferrite (CFO). The PMN is polled in the z-direction while the CFO is assumed

to have x-direction orientation.

91



Figure 4.1: (Color online) Relative phase velocity for all five propagating modes.

This plot was constructed from eigenvalues of the fully coupled MagnetoElectroE-

lastic solution. Note that only four distinct modes appear. The smallest sphere

represents the phase velocity of the acoustic shear modes which are doubly de-

generate.Note that the lower three modes have been scaled by a factor of 500 for

presentation purposes.
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Figure 4.2: (Color online) Relative phase velocity for all five propagating modes.

This plot was constructed from eigenvalues of the fully coupled MagnetoElectroE-

lastic solution. In this case all five modes are distinct. Note that the lower three

modes have been scaled by a factor of 500 for presentation purposes.
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Figure 4.3: (Color online) Inset of previous plot showing clearer picture of mode

inter-relationship of the five distinct modes. Note that the lower three modes have

been scaled by a factor of 500 for presentation purposes.
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4.4 Conclusion

Three forms of the general linear magnetoelectroelastic system are derived. The

first set of equations provides the simplest solution when quasistatic assumptions

are justifiable. The second solution produces a set of equations that is more

intuitive in form but is significantly more computationally intensive to solve and

tends to be numerically unstable. The third system is the one I generally apply in

practice as it contains the full dynamics of Maxwell Equations and is the simplest

system possible for a general result.

4.5 Appendix - Constitutive Form Relationships

In this document two common forms of the linear magnetoelectroelastic consti-

tutive relations are used. Due to the linearity of the relations these forms are

equivalent. Here, the translation from one form to the other is given. From

equation (4.2) we have

S = sT̄ + d
T
Ē + q

T
H̄

D = dT̄ + eĒ + ξH̄

B = qT̄ + ξ
T
Ē + µH̄.

(4.34)

Solving the first equation for T (knowing compliance is always invertible) and

substituting for T in the other equations lead to

T = s
−1
S̄ − s−1

d
T
Ē − s−1

q
T
H̄

D = ds
−1
T̄ +

(
e− ds−1

d
T
)
Ē +

(
ξ − ds−1

q
T
)
H̄

B = qs
−1
T̄ +

(
ξ − ds−1

q
T
)T

Ē +
(
µ− qs−1

q
T
)
H̄.

(4.35)
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Comparison with equation (4.15) shows

C = s
−1

e = ds
−1
T̄ h = qs

−1
T̄

ε =

(
e− ds−1

d
T
)

Ξ =
(
ξ − ds−1

q
T
)

m =
(
µ− qs−1

q
T
)
.

(4.36)
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CHAPTER 5

Operative Magnetoelectric Properties of

Magnetoelectroelastic Materials and Plane Wave

Dynamics.

In this paper we analyze the 3D modes of a linear homogeneous magnetoelectroe-

lastic (MEE) material reduced to magnetoelectric (ME) constitutive form. This

allows convenient examination of the predominately electromagnetic behavior in

a mechanically coupled MEE material system. We find that the behavior of the

electromagnetic modes are strongly influenced by the mechanical coupling present

in the MEE material system. A number of papers refer to the cross-coupling of

laminated piezoelectric and piezomagnetic materials as magnetoelectric materi-

als. We discuss here that the composite materials are MEE systems and that

the constitutive relations need to reflect the mechanical coupling also. Further,

we find that the mechanical coupling has a significant impact on the electro-

magnetic propagation modes of the composite material. Through examples of

homogenized MEE materials we show possibilities for remarkable electromagnetic

material characteristics which are not conventionally obtainable in single phase

materials.

5.1 INTRODUCTION

Historically, magnetoelectric (ME) materials were nothing more than scientific cu-

riosity. In the 1950’s and 60’s, research on single phase materials proved both the
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existence of ME materials[LL57] and that single crystal materials are inadequate

for most engineering applications, since the cross-coupling effect was generally

too weak to be of practical value [Ast60, Fie05]. The development of composite

materials, however, has produced orders of magnitude increase in the strength of

magnetoelectric coupling effects [RPU02]. New curiosity has been generated in

these unique materials over the past decade, with interest in applications such

as magnetometers, phase shifters[FS05], Radar Absorbing Materials (RAM) and

microwave devices[Fie05, Sri06], to mention but a few. While initial research has

focused largely on low frequency and static type applications, there has been grow-

ing interest in higher frequency applications. These high frequency applications

require a solid understanding of wave propagation in these materials in order to

determine how best to apply and design them.

Our primary interest here is understanding the electromagnetic (EM) wave

behavior of ME materials. In most ME candidate materials potentially useful

for electromagnetic wave applications the ME effect is produced through strain-

coupling of a ferroelastic-ferroelectric phase with a magnetostrictive phase[ZXD08,

Sri06] (for example, bonding together thin layers of piezoelectric and piezomag-

netic films). Under an applied electric field, the strain produced in the ferroelec-

tric phase causes the material to strain (ferroelastic response). This strain is then

transferred through mechanical bonding to the ferromagnetic phase, producing

a change in the magnetization of the ferromagnetic material thru magnetostric-

tion. This is a product ME effect. When the magnetoelectric effect is produced

through strain-coupling, however, the constitutive relations for the materials are

no longer strictly ME but now have additional mechanical coupling. Consequently,

to understand the EM wave propagation in these materials it is required to un-

derstand the wave behavior of the multi-physics coupling of the composite. In

such applications, it is useful and more efficient to treat the composite material

as a homogeneous mixture rather than separate ferroelectric and ferromagnetic
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phases. This is reasonable for wavelengths substantially greater than the dimen-

sions of individual phases in the composite material and becomes essential for

computational capability and for understanding the wave propagation behavior

of the material in a macroscopic sense. These homogenized versions of the com-

posite material are not strictly magnetoelectric anymore due to the mechanical

coupling, the resultant constitutive relations being magnetoelectroelastic (MEE).

So the problem of understanding wave propagation in strain-coupled ME materials

is actually the problem of understanding wave propagation in MEE materials.

While MEE materials have been studied for quite some time, there are surpris-

ingly few papers on wave propagation in MEE materials. Chen[CCP08] did work

on reflection and transmission coefficients in MEE materials in the quasi-static

limit, while Iadonisi[IPC09], published a paper on wave propagation for specific

material symmetries with full dynamics included, though only considering prop-

agation along crystal axes. Yang[YXD09] has worked on magnetoelectroelastic

wave propagation in materials with equations of mechanical dynamics but quasi-

static electromagnetics. The focus of our paper is to examine wave propagation

in MEE materials. A new approach that reduces the MEE material system to a

system of equations resembling an ME system with new “effective” properties is

proposed that includes the relevant mechanical effects.

5.2 Background

ME materials exhibit cross-coupling between the magnetic and electric fields such

that an electric field can induce magnetization and, similarly, a magnetic field can

induce polarization in the material. Assuming linear response, the constitutive

relations that capture this behavior contain cross terms in the electric flux density

(displacement field), D̄, and the magnetic flux density (magnetic induction), B̄
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such that

D̄ = εĒ + ξH̄ and B̄ = ξ
T
Ē + µH̄ (5.1)

where Ē and H̄ are the electric and magnetic fields. Plane wave solutions to

Maxwell’s Equations combined with the above constitutive form produces two

modes of propagation and two, possibly degenerate, phase velocities for each di-

rection of propagation. In conventional isotropic materials, these modes are elec-

trically and magnetically polarized perpendicular to the direction of wave propa-

gation and are often referred to as the transverse electric and transverse magnetic

modes. Furthermore, in isotropic materials the phase velocity does not depend

on direction, while in anisotropic and cross-coupled materials, this is usually not

the case. The electric and magnetic fields are no longer assured to be transverse

or mutually perpendicular, and the velocities and modes vary with the direction

of propagation.

Similarly, if we consider a purely mechanical system with linear constitutive

relations of the form S̄ = sT̄ where S̄ is the strain, T̄ the stress and s the compli-

ance tensor in Voigt notation, then plane wave solutions of this system yield three

acoustic modes with possibly degenerate phase velocities: two corresponding to

shear modes, and the third to a longitudinal wave along the direction of the wave

vector. As with general electromagnetic materials, the velocities and modes for

mechanical propagation vary with direction in the material.

For MEE materials, it is necessary to combine the equations of motion for both

electromagnetic and mechanical degrees of freedom. In general, MEE materials

will have five modes of propagation and five different phase velocities in each direc-

tion. The five modes are not directly the acoustic plus electromagnetic modes that

one would obtain if considering the mechanical properties (stiffness/compliance

tensor) and electromagnetic properties (permittivity and permeability) separately.

Rather, the coupling of the mechanical and electromagnetic properties through
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piezoelectric and piezomagnetic phenomena cause a hybridizing of the ”base”

modes of the system, causing a shift in the phase velocities and “mixing” of eigen-

modes of the system, depending of course upon the particular combination of ma-

terial parameters associated with the system. In the MEE system, we can think

of the modified acoustic modes as “primarily acoustic” and the electromagnetic

modes as “primarily electromagnetic.”

5.3 Analysis

For a general lossless homogeneous linear magnetoelectroelastic material the con-

stitutive equations are represented by

S̄ = sT̄ + d
T
Ē + q

T
H̄ (5.2)

D̄ = dT̄ + εĒ + ξH̄ (5.3)

B̄ = qT̄ + ξ
T
Ē + µH̄. (5.4)

The tensors s, d and q are the compliance, piezoelectric and piezomagnetic mate-

rial properties while ε, µ, ξ, and ζ are the permittivity, permeability, and magne-

toelectric coupling parameters of the material.

Our interest here is on the electromagnetic material parameters; the mechani-

cal properties may seem incidental. However, as we show in this article, ignoring

the non-magnetoelectric parameters (stress and strain) produces results which

are different from those which include these parameters. Consequently, it is inap-

propriate to ignore the effects of the mechanical coupling on the electromagnetic

wave modes. In what follows, we use the equations of mechanical equilibrium

and small deformation in the strain constitutive relation, (5.2), to account for

the induced stresses and strains and then ”eliminate” the stress dependence from

the constitutive relations for electric and magnetic flux densities. This provides

a general framework that may be used to solve the mechanical equilibrium and
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Maxwell’s Equations for the phase velocities of traveling waves and the associated

electric/magnetic field vectors.

The equations of motion for a mechanical system without body loads and small

strains are

∇ · T = ¨̄u S =
1

2

(
∇ū+∇ūT

)
(5.5)

where T is the stress tensor, S is the strain tensor and ū is the displacement

vector. The source free Maxwell’s Equations are

∇× Ē = − ˙̄B ∇× H̄ = ˙̄D

∇ · D̄ = 0 ∇ · B̄ = 0 (5.6)

where D̄, B̄, Ē and H̄ are the field quantities of electric displacement, magnetic

induction, electric and magnetic fields respectively. For plane wave solutions in

linear homogeneous media, the field quantities assume the form

Z̄(x̄, t) = Z̄ei(kp̂·x̄−ωt), (5.7)

where Z̄ represents one of the fields, and the wavevector is k̄ = kp̂ where p̂ =

(α1, α2, α3) defines a unit vector in the propagation direction1 and the αi are

direction cosines. Substituting into equations (5.5) and (5.6), the resultant equa-

tions in reciprocal space become

−i k
ρω2

p̂ · T = ū S = i
k

2
(p̂ : ū+ ū : p̂) (5.8)

1

c
p̂× Ē = B̄

1

c
p̂× H̄ = −D̄

p̂ · B̄ = 0 p̂ · D̄ = 0 (5.9)

where c = ω
k

is the phase velocity of the wave.

1A more general formulation for non-homogeneous waves would allow p̂ to be complex. The
current approach still applies but introduces additional complexity that is not needed for the
types of materials analyzed in the present work, and so is not considered here. The assumption
that k̄ = kp̂ is fine for lossless materials, or at least systems with hermitian κ and ν matrices.
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From equation (5.8) we see that the displacement ū is linear in the stress

components and likewise the strains are linear in the displacements. For plane

wave (harmonic) solutions this prompts us to rewrite the equations in (5.8) as

matrix equations in terms of the “Voigt vectors” for stress and strain as follows:

ū = −i k
ρω2

NT̄ S̄ = ikN
T
ū (5.10)

where the “vectors” for stress, T̄ , strain, S̄, the displacement vector, ū and direc-

tion operator matrix N are expanded as

T̄ =



T11

T22

T33

T23

T13

T12


S̄ =



S11

S22

S33

2S23

2S13

2S12


N =


α1 0 0 0 α3 α2

0 α2 0 α3 0 α1

0 0 α3 α2 α1 0

 ū =


u1

u2

u3

 .

(5.11)

Combining the equilibrium and small strain equations in equation (5.10) leads to

S̄ =
1

ρc2
N
T
NT̄ . (5.12)

The traction t̄ at any point on a surface can be obtained from the stress tensor

by

t̄ = T n̄ (5.13)

where n̄ = (n1, n2, n3) is the unit normal to the surface at the point where the

traction is to be determined. We can write this in Voigt notation matrix form as

t̄ = QT̄ (5.14)

where T̄ is the stress ‘vector’ in Voigt notation and

Q =


n1 0 0 0 n3 n2

0 n2 0 n3 0 n1

0 0 n3 n2 n1 0

 . (5.15)
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We notice that Q has the same form as the propagation direction matrix N and

further that if we then let Q = N we have the traction on the surface perpendicular

to the direction of propagation (i.e. on a constant phase surface). This allows us

to write the strain in Voigt Notation in terms of the traction as

S̄ =
1

ρc2
N
T
t̄ (5.16)

as well as the displacement

ū = − ik

ρω2
t̄. (5.17)

For the strictly mechanical system where S̄ = sT̄ this allows us to form the

following eigenvalue problem as:

S̄ =
1

ρc2
N
T
t̄ = sT̄ so that T̄ =

1

ρc2
s−1N

T
t̄. (5.18)

Multiplying both sides of the previous equation by N results in(
1

ρc2
Ns−1N

T
− I3

)
t̄ = 0. (5.19)

We digress briefly to show that the eigenvalues of this 3x3 system are the same

as those of the 6x6 system of the matrix L =

(
1
ρc2
N
T
N − s

)
. Since s is assumed

invertible on physical grounds, the system

s

(
1

ρc2
s
−1
N
T
N − I6

)
T̄ = 0̄ (5.20)

is equivalent to(
1

ρc2
s
−1
N
T
N − I6

)
T̄ = 0̄ →

(
1

ρc2
Ns
−1
N
T
N −N

)
T̄ = 0̄ (5.21)

and right factoring N from the parenthesis(
1

ρc2
Ns
−1
N
T
− I3

)
t̄ = 0̄ (5.22)

indicating that both the eigenvalue problem in terms of traction or in terms of

stress has the same eigenvalues and the eigenvectors are related by T̄ = 1
ρc2
s−1N

T
t̄.
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Also, once t̄ is known, S̄ = 1
ρc2
N
T
t̄ and ū = − ik

ρω2 t̄. It is interesting to note, that

while the eigenvectors in t̄ span a three dimensional space, the stress eigenvectors

in T̄ do not span a six dimensional space but rather form a 3D subspace within

a 6D space and have a rank 3 kernel. These “extra” stress modes correspond to

static, (c2 = 0), modes that produce zero valued tractions along the propagation

direction since they span the kernel of matrix N . This can be seen by looking at

the original mechanical equation of motion which for ω = 0 becomes NT̄ = 0 or

equivalently t̄ = 0. It is also easy to see that the 3 x 6 N matrix has at least a

rank 3 kernel. As it turns out, for these directions, the N matrix has exactly a

rank 3 kernel which allows for exactly 3 non-zero eigenvalues or phase velocities

in the mechanical problem.

Mathematically, this can be shown quickly from the eigenvalue problem form,

equation (5.21). Changing this slightly to(
s
−1
N
T
N − λI6

)
T̄ =

(
s
−1
N
T
N

)
T̄ = 0̄ (5.23)

where λ is assumed to be zero on the right hand side. Then without loss of

generality, we can assume the propagation direction to be (0, 0, 1) and the inverse

compliance matrix, (i.e stiffness), to be fully populated which when multiplied out

becomes 

0 0 c13 c14 c15 0

0 0 c23 c24 c25 0

0 0 c33 c34 c35 0

0 0 c43 c44 c45 0

0 0 c53 c54 c55 0

0 0 c63 c64 c65 0


T̄ = 0̄. (5.24)

Clearly, the kernel here is rank 3. The non-propagating stress eigenmodes which

produce the zero tractions are pure stress in the e1 or e2 direction or a 12 shear

mode which by no coincidence are the modes disassociated with the selected e3

propagation direction.
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5.3.1 Inverse of L

Noting that L has the form 1
λ
(A− λB) where λ = ρc2, A = N

T
N and B = s; we

focus first on the form of the inverse for (A−λB). We assume that the eigenpairs

are φ̄i and µi such that

Aφ̄i = µiBφ̄i or in matrix form Aφ̄ = Bφ̄D (5.25)

with φ the matrix of eigenvectors and D the corresponding diagonal matrix of

eigenvalues, µi. For convenience we further assume that the eigenvectors are

normalized to unity. Since the matrix of eigenvectors is invertible we have

A = BφDφ
−1
. (5.26)

Now,

A− λB = Bφ(D − λI6)φ
−1

(5.27)

and for λ 6= µi,

(A−λB)−1 = φ(D−λI6)−1φ
−1
B
−1

→ L
−1

= φ(
1

λ
D− I6)−1φ

−1
B
−1
. (5.28)

Now examining the diagonal term we find that

(
1

λ
D − I6)−1 =

−



(1− µ1
λ

)−1 0 0 0 0 0

0 (1− µ2
λ

)−1 0 0 0 0

0 0 (1− µ3
λ

)−1 0 0 0

0 0 0 (1− µ4
λ

)−1 0 0

0 0 0 0 (1− µ5
λ

)−1 0

0 0 0 0 0 (1− µ6
λ

)−1


(5.29)

When considering the predominately electromagnetic modes, the phase velocity

(i.e. the eigenvalue associated with the electromagnetic wave speed) is generally
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much larger than the typical acoustic wave phase velocity. Consequently, µi
λ
<< 1

and to very good approximation

1

(1− µ3
λ

)
≈ 1 +

µi
λ
. (5.30)

It should be pointed out that µi = ρc2
a where ca is one of the three possible acoustic

velocities and λ = ρc2 is one of the five phase velocities for the magnetoelectroe-

lastic system. Assuming we select one of the two predominately electromagnetic

modes, typically
µi
λ

=
(ca
c

)2

<< 10−4. (5.31)

With this approximation,

(
1

λ
D − I6)−1 ≈ −I −



µ1
λ

0 0 0 0 0

0 µ2
λ

0 0 0 0

0 0 µ3
λ

0 0 0

0 0 0 µ4
λ

0 0

0 0 0 0 µ5
λ

0

0 0 0 0 0 µ6
λ


= −

(
I + ε

)
(5.32)

where ε represents a diagonal matrix of small terms in µi
λ
. This implies

L
−1

= −φ(I + ε)φ
−1
B
−1

= −B
−1
− φεφ

−1
B
−1

= −s−1 − φεφ
−1
s
−1
. (5.33)

For typical MEE materials the second term has an impact of less than 1% and

so L−1 can be conveniently replaced by −s−1. For unusual MEE materials, (or

usually for particular directions within an MEE material), were the EM phase

velocities are reduced by four or more orders of magnitude then the effects of

the second term should not be ignored. The same is true when working with

predominately acoustic modes. In these situations it is generally as easy to use

the exact inverse given by equations (5.28) and (5.29).
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5.3.2 Discussion of degenerate acoustic modes

In the previous section the calculation of the inverse of L was discussed under

the assumption that L−1 exists. Here we would like to briefly discuss what is

meant when this is not the case. Ultimately, this indicates that the phase velocity

or eigenvalue found for the problem is identical to the acoustic eigenvalue and

indicates that the stress (or traction) eigenvector for this value is equivalent to

an acoustic mode eigenvalue. This could either be due to zero piezoelectric and

piezomagnetic coefficient coupling for the mode in question or due to an exact

canceling of the piezoelectric and piezomagnetic coupling (i.e. d
T
Ēi + q

T
H̄ i = 0̄),

where the electric and magnetic fields here are the eigenmodes associated with

the eigenvalue. While the latter is theoretically possible it seems unlikely to occur

unless the material is specifically engineered to have this property. Returning to

the coupled magnetoelectroelastic problem, we proceed in a similar manner by

substitution of equation (5.12) into the constitutive equation (5.2) (note this is

not a reduced assumption) to obtain

LT̄ = d
T
Ē + q

T
H̄. (5.34)

We would like to solve this equation for T̄ by taking the inverse of L. We know

from consideration of the purely mechanical problem that the inverse of L exists

whenever the value of c2 is not an eigenvalue (i.e. mechanical wave speed) of

the strictly mechanical material with d and q zero. On physical grounds, we

expect the phase velocities of the magnetoelectroelastic system to have phase

velocities different from the purely mechanical system so long as d and q are not

identically zero. This equation indicates that the mechanical wave is coupled

to the electromagnetic wave. Consequently, we conclude that the matrix L is

invertible for the coupled system under analysis. This leads to

T = L
−1
d
T
Ē + L

−1
q
T
H̄ (5.35)
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which when substituted into equations (5.3) and (5.4) produces

D̄ =

(
ε+ dL

−1
d
T
)
Ē +

(
ξ + dL

−1
q
T
)
H̄ (5.36)

B̄ =
(
ξ + dL

−1
q
T
)T

Ē +
(
µ+ qL

−1
q
T
)
H̄. (5.37)

This provides the effective electromagnetic constitutive relations for a material

with elastic coupling. The solution of the electromagnetic problem for a magne-

toelectrically coupled material was addressed by the authors in a previous paper

and relevant details are summarized in Appendix(5.6).

For the purely ME system, direct analytic solutions for the phase velocities of

the material are possible (see Appendix). In the reduced MEE system however,

the effective tensor properties are functions of the phase velocity through their

dependence on L(c). Consequently this implicit system does not in general yield

analytic solutions for phase velocity since the characteristic polynomial can be of

10th order, requiring numerical solution for the roots. Alternatively, the phase

velocities can be found by iterative methods by assuming an initial value for the

phase velocity, calculating a fixed estimate of L and using this to calculate the

effective parameters and eigenvalues of the system. Theoretically, this can be

iterated to desired accuracy.

5.4 Results

In this section we focus on the discussion of the electromagnetic modes of prop-

agation rather than the acoustic modes even thought both are present in our

formulation. We note that equation (??) for L looks like a modification of the

negative compliance matrix. In the limit of large c (phase velocity), the direc-

tional term in L, i.e. 1
ρc2
N
T
N has negligible effect on compliance and the inverse

of L is approximately −s−1
= −c, equation (5.33), the negative inverse of the

mechanical compliance tensor. In light of this, we can view each of the effective
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electromagnetic parameters as being the “normal” parameter modified by a stiff-

ness coupling term. For example, the dielectric tensor εeff = ε+ dL−1dT consists

of the material permittivity plus a piezoelectric “stiffening” term. We can see

the effects of these stiffening factors by plotting the relative phase velocity of each

mode as a function of direction in space (i.e. plot the parametric surface
(
θ, φ, c

c0

)
where c is the phase velocity, c0 is the speed of light in vacuum and θ, φ specify

the direction of wave propagation).

Figure (5.1) shows a relative velocity profile for a LeadMgNiobate and Co-

Ferrite composite with a 61% volume fraction of LeadMgNiobate. The MEE

material parameters for compliance, piezoelectric, piezomagnetic, permittivity,

magnetoelectric and permeability tensors are estimated from the homogenization

of a ferroelectric and ferromagnetic phase. The homogenization model assumes

layered materials that are stacked in the z-direction. The polling of the piezoelec-

tric and piezomagnetic phases are along the x-axis. While the composite materials

are theoretical, the parameters of the single phase materials from which they are

“constructed” are real. The material constants of the single phase materials have

been collected from the literature. Due to the lack of availability of high frequency

data on the materials referenced, the values used here are measured at quasi-static

frequencies. For real composites at higher frequencies the actual dynamic values

of the materials are expected to be different. The effects of the stress-strain on

the resultant values however, will still be significant.

For the LeadMgNiobate and CoFerrite material, the Mode 1 phase velocity in

the plot with stress effects, Figure (5.2), is about 39% higher on the bulbous ends

compared with the plot without stress effects, Figure (5.1). It is assumed that the

ferroelectric and magnetic phases are polled along the x-direction. This produces

strong anisotropy in the material. The material parameters are shown in Figure

(5.6). The velocity profiles for the second mode 2 are essentially unchanged. This

behavior is not uncommon based on the configurations examined by the authors
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Figure 5.1: (Color online) Phase Velocity Lead Magnesium Niobate (X Polled)

- Cobalt Ferrite (X Polled). Relative phase velocity for the Mode 1 (left) and

Mode 2 (right) propagating electromagnetic modes. These modes to not include

the effects of strain-coupling in the material. The phase velocity range of Mode

1 is 0.0016804 to 0.017661. The phase velocity range of Mode 2 is 0.0022018 to

0.060663.
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Figure 5.2: (Color online) Phase Velocity Lead Magnesium Niobate (X Polled)

- Cobalt Ferrite (X Polled). Relative phase velocity for the Mode 1 (left) and

Mode 2 (right) propagating electromagnetic modes. These plots reflect the added

”stiffening“ terms in the respective permittivity, permeability and magntoelectric

tensors. Note that the second mode is almost unaffected by change, while the

velocity profile of the first mode is visually different. The phase velocity range of

Mode 1 is 0.0019582 to 0.024752 . The phase velocity range of Mode 2 is 0.0030843

to 0.06068.

Figure 5.3: Material data used for LeadMgNiobate-CoFerrite MEE material
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Figure 5.4: (Color online) Phase Velocity Lead Magnesium Niobate (Y Polled)

- Metglas (X Polled). Relative phase velocity for the Mode 1 (left) and Mode

2 (right) propagating electromagnetic modes. These modes to not include the

effects of strain-coupling in the material. The phase velocity range of Mode 1

is 0.0022463 to 0.017345. The phase velocity range of Mode 2 is 0.0030396 to

0.094609.

to date.

Looking at a more extreme example, Figure (5.4) shows the velocity profile

of a LeadMgNiobate - Metglas composite without stress interaction effects and

with stress interaction effects, Figure (5.4) . These figures illustrate the dramatic

changes in phase velocity that can occur due to strain loading the material. It is

interesting to note that the shifts in phase velocity can work in both directions (i.e.

faster and slower) in a single propagation mode, see for example Figure (5.5) Mode

2, or leave a mode almost unaffected, Figure (5.2) Mode 2. As a homogenization

model, the effective coefficients suggest how materials can be created with unusual
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properties not generally occurring in single phase materials.

An interesting property to note, however, is that as the material’s electromag-

netic mode phase velocity drops, due to permittivity or permeable loading for

example, an effective directional compliance factor can become significant in L

and consequently feeds back into the other electromagnetic material parameters

as well. In these extreme cases, the electromagnetic phase velocity becomes too

close to the acoustic phase velocities and the L tensor becomes ill-conditioned. In

these cases, iteration to determine the phase velocity becomes un-stable.

5.5 Conclusions

By applying the mechanical equations of motion and small strain equations to the

MEE constitutive relations, we derived an eigenvalue problem that can be solved

for the appropriate phase velocities and eigenmodes. For high fequency ME appli-

cations this provides an effective solution of the coupled mechanical, electromag-

netic MEE system. The effective parameters given yield reasonable values to treat

systems as homogeneous magnetoelectric materials for typical applications. We

find that the results obtained from our system including stress interaction effects

are significantly different from those obtained from solutions which use only the

permittivity, permeability and magnetoelectric coupling tensors. Further, we have

shown that homogenized MEE materials can produce significant wave propagation

effects not normally found in single phase materials.
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Figure 5.5: (Color online) Phase Velocity Lead Magnesium Niobate (Y Polled)

- Metglas (X Polled). Relative phase velocity for the Mode 1 (left) and Mode 2

(right) propagating electromagnetic modes. These plots reflect the added ”stiffen-

ing“ terms in the respective permittivity, permeability and magntoelectric tensors.

Note that the second mode is almost unaffected by change, while the velocity pro-

file of the first mode is visually different. The phase velocity range of Mode 1

is 0.0024691 to 0.026794 . The phase velocity range of Mode 2 is 0.012881 to

0.34783.

Figure 5.6: Material data used for LeadMgNiobate-Metglas MEE material
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Figure 5.7: (Color online) Showing modes with estimated strain. Note the appar-

ent singularity on the first (right hand side) mode. For extreme material cases

where the phase velocity is reduced several orders of magnitude the L inverse

estimate is not effective. In the central region acoustic modes are found rather

than the intended EM mode. The second mode reproduces correctly from the

approximation
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Figure 5.8: (Color online) Relative phase velocity for the Mode 1 (left) and Mode

2 (right) propagating electromagnetic modes. This plot was constructed from

eigenvalues of the fully coupled MagnetoElectroElastic without use of the reduced

formalism presented here. Comparison with previous figure indicates excellent

agreement with results obtained from reduced formalism. Approximate calcula-

tion time with the reduced method is two orders of magnitude faster.
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Figure 5.9: (Color online) Showing the modes as they appear using iteration. Note

that the second mode shows no significant change from the un-iterated calculations

that use the approximate L
−1
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Figure 5.10: (Color online) Relative phase velocity for the Mode 1 (left) and

Mode 2 (right) propagating electromagnetic modes. This plot was constructed

from eigenvalues of the fully coupled MagnetoElectroElastic without use of the

reduced formalism presented here. Comparison with previous figure indicates

excellent agreement with results obtained from reduced formalism. Approximate

calculation time with the reduced method is two orders of magnitude faster.
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Figure 5.11: (Color online) It can be seen here that as the two mode approach

a degenerate phase velocity there is a tendency to mode hop, producing some

irregularities in the velocity profile.
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5.6 Appendix - ME Plane Wave Solutions

Plane wave solutions are obtained as solutions of the following wave equation

(5.38), presented here in the form of an eigenvalue problem.η
 0 −1

1 0

− ˆ̄γ

 ˆ̄κ−1

η
 0 1

−1 0

− ˆ̄χ

− ˆ̄ν

 B1

B2

 =

 0

0

 (5.38)

where η = ω
c0k

= c
c0

is the relative phase velocity. The phase velocities are the

eigenvalues of (5.38). Once B̄ is obtained, D̄ can be found from,

 D1

D2

 = − 1

η0

ˆ̄κ−1

 1

n

 0 −1

1 0

+ ˆ̄χ

 B1

B2

 . (5.39)

This formulation uses the alternative but equivalent constitutive representation

in terms of electric displacement and magnetic induction (DB formulation) can

be written as

Ē = κD̄ + χB̄ H̄ = γD̄ + νB̄. (5.40)

where tensors κ, χ, γ and ν are given in terms of the constitutive parameters (5.1)

as

κ = (ε− ξµ−1
ζ)−1 χ = −(ε− ξµ−1

ζ)−1ξµ
−1

γ = (µ− ζε−1ξ)
−1
ζε
−1

ν = (µ− ζε−1
ξ)
−1
.

(5.41)

The constitutive parameters (5.41) are transformed to a directional coordinate

system by the transformation:

T =


sin(φ) −cos(φ) 0

cos(θ)cos(φ) cos(θ)sin(φ) −sin(θ)

sin(θ)cos(φ) sin(θ)sin(φ) cos(θ)

 (5.42)

where θ is the angle of the ê3 axis with propagation direction and φ is the angle

in the ê1ê2 plane w.r.t. ê1. The first 2 columns and rows of each constitutive
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tensor (in the transformed coordinate system) is then used in the 2 x 2 matrix

equation (5.38). This reduced 2 x 2 matrix constitutive form is represented by

the ˆ shown over tensors in equations (5.38) and (5.39). The characteristic

polynomial of (5.38) is found to be:

η4 + C3η
3 + C2η

2 + C1η
1 + C0 = 0. (5.43)

with polynomial coefficients Ci defined as

C3 = (χ21 − χ12) + (γ12 − γ21) (5.44a)

C2 = | ˆ̄χ|+ |ˆ̄γ| − |ˆ̄κ| ˆ̄κ
−1

: ˆ̄ν + (γ12 − γ21)(χ21 − χ12) (5.44b)

C1 = | ˆ̄χ|(γ12 − γ21) + |ˆ̄γ|(χ21 − χ12) (5.44c)

+ κ11 (−ν22(χ21 + γ12) + ν12γ22 + ν21χ22)

+ κ12 (ν12(χ21 − γ21)− ν11χ22 + ν22γ11)

+ κ21 (−ν21(χ12 − γ12)− ν11γ22 + ν22χ11)

+ κ22 (ν11(χ12 + γ21)− ν12χ11 − ν21γ11)

C0 = |ˆ̄κ||ˆ̄ν|+ |ˆ̄γ|| ˆ̄χ| (5.44d)

+ κ11χ22 (γ12ν21 − γ22ν11) + κ11χ21 (γ22ν12 − γ12ν22)

+ κ12χ22 (γ21ν11 − γ11ν21) + κ12χ21 (γ11ν22 − γ21ν12)

+ κ21χ11 (γ12ν22 − γ22ν12) + κ21χ12 (γ22ν11 − γ12ν21)

+ κ22χ11 (γ21ν12 − γ11ν22) + κ22χ12 (γ11ν21 − γ21ν11)

where |ˆ̄z| represents the determinant of ˆ̄z. The roots of equation (5.43) are the

relative phase velocities of the propagating wave modes. Each solution of B̄

corresponds to the particular phase velocity η.
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CHAPTER 6

Modeling: A Novel Magnetoelectric Antenna

Receiver using Surface Acoustic Wave

Technology

This report is submitted in partial completion of the requirements set forth in

summary of a funded research project from the dates August 1st 2011 to Octo-

ber 1st 2012. This is part one of two parts total which make up the completed

document.

6.1 Introduction

The detection of radio frequency (RF) fields in the sub 500 MHz regime where

wavelengths are on the order of one meter can prove difficult in a small device.

The goal of this project is to design, fabricate and test a novel magnetic wave

sensing device that can overcome this difficulty and demonstrate proof of concept

for a sub-millimeter size receiving antenna. The novel technology indicated is

based on magnetoelectric material concepts that utilize cross-coupling effects to

measure the incident magnetic field associated with an RF wave.

Magnetoelectric materials are of interest because of their coupling of different

physical phenomena in a “single” material. Magnetoelectric (ME) materials show

cross-coupling between electric and magnetic ordering parameters. So, for exam-
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ple, under illumination by an RF wave an ME material can become polarized

and produce an output voltage in response to the magnetic field of the wave.

That premise is explored in this research effort. To create a suitable ME mate-

rial for this purpose we combine piezomagnetic materials on a piezoelectric (PE)

substrate. The incoming magnetic field couples to the piezomagnetic materials

through magnetostriction. The strain developed in the magnetostrictive element

is transferred to the piezoelectric substrate transducing the strain into an electri-

cal signal. The electrical signal should be representative of the original incident

magnetic and of sufficient strength to be reliably measured.

An ideal device would be able to detect very low amplitude magnetic fields (-

100dBa) over a wide bandwidth in the ultra high frequency (UHF) regime. Our

role at UCLA is to model, design and fabricate a sensor array demonstrating proof

of concept for the above device application.

At the outset of this project, we had a design concept and basic operation criteria

for the proposed device. Their original design concept utilized piezoelectric micro

pillars oriented vertically (relative to a substrate) with magnetostrictive “sides”

that would couple to a magnetic field. The strain induced in the magnetostrictive

sides of the pillar imparts strain to the piezoelectric bulk of said pillar. The

electrical signal would be produced from the strain induced in the piezoelectric

center of the pillar material (See Figure 6 below).

After some consideration of design and fabrication issues associated with the origi-

nal design concept, a second “surface acoustic wave generator” (SAW) concept was

proposed (See Figure 10 below). The second concept relied on low profile magne-

tostrictive structures applied on top of a piezoelectric substrate. The transduction

concept is similar to the original device concept; incident magnetic field couples

to the magnetostrictive structures which then transmit strain to the piezoelectric

substrate to produce a voltage output. The most significant difference in the sec-

ond device concept is that the voltage signal measured from the device is from
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an interdigitated electrode (IDT) that is placed physically away from the mag-

netostrictive elements. Energy is carried to the IDT by surface acoustic waves.

These acoustic strain waves are responsible for producing voltage differences in

the PE material at the electrodes.

It was recognized at inception that the manufacturing processes for micro-scale

pillars of PE with magnetostrictive cladding and the associated electronic con-

nections would be very challenging. SAW type devices are far more easily imple-

mented than the pillar type, though SAW devices too present substantial diffi-

culties for fabrication. It was felt that if electrical performance of the SAW type

device was acceptable, it would be a better candidate for the proof of concept

sought in this program. Due to these considerations and the ultimate goal of

finding a suitable means for detection of RF magnetic waves with a small scale

magnetoelectrically coupled system, it was decided to pursue both design strate-

gies initially and let our findings determine the “final” device design. During the

course of the program other designs were examined, but each of these designs were

considered variations of those described above. Consequently, the design concepts

discussed throughout are referred to as either Pillar or SAW type designs.

Due to a number of factors, such as uncertainty in material constitutive parameters

and differences between the mathematical model and the physical reality, it was

anticipated that an actual device, while designed to operate at this frequency, may

not in fact operate accordingly, and consequently the frequency selected should

allow sufficient range above and below the design value to allow detection with the

measuring equipment available to this program. For the current effort we targeted

175MHz as the nominal frequency we wanted to detect and 15 microvolts as the

minimum voltage signal threshold. Both of these values seemed reasonable given

testing capabilities and programmatic goals.

In brief, a SAW type array structure feeding an IDT was determined to be the

most feasible for this project. Several iterations of this design were modeled and
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Figure 6.1: S12 response of nickel element array on lithium niobate. Incident

magnetic field from planar “patch” antenna. Design frequency 175MHz. Shows

clear response of interaction with nickel elements at design frequency.

tested. The last variant fabricated seems to respond well to magnetic field at the

design frequency. The magnetostrictive element used is nickel and the piezoelectric

substrate used is Lithium Niobate. Throughout the rest of this document, we will

describe the process of modeling and the lessons learned during this project in

addition to providing a detailed description of the final device selected for testing.

6.2 Analytic Development

Since the objective of this research is to show the viability of a device that operates

on the magnetoelectric concept of producing a voltage due to an incident magnetic

field, a brief review of the relevant areas is included.
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6.2.1 Feasibility

Of concern in this work is the theoretical probability of detecting a low level

magnetic field at RF frequencies with a magnetoelectric device. To motivate

the possibility we first consider an idealization of the intended device. If we

assume an incident magnetic field can produce on the order of 1 micro-strain in

the receiving element, a value thought not unfeasible given that nickel can produce

approximately 25 to 40 micro-strain in moderate to large fields, and that strain

can be transmitted to electrical energy to be measured at the electrodes, we can

estimate the potential output. The mechanical strain energy is Energy = 1
2
Y S2

where Y is Young’s modulus, S is strain and n is the volume of the receiving

element. For the electrical energy in a capacitive circuit Energy = 1
2
CV 2 where

C is the capacitance and V is the voltage. Equating these we find the output

voltage

V =

√
Y ν

C
S = 577 [µV ] (6.1)

where we have used Y=200[GPa], for nickel, n??e-17[mˆ3], S=1[me] and estimated

the capacitance of the electric circuit to be C=12[pF]. The resulting value of 577

microvolt is well within measurement capability. While we realize this value is

somewhat idealized, it at least shows the potential for low level magnetic field

measurements exists. Given the potential for a magnetoelectric device, we now

cover some background on the underlying technologies.

6.2.2 Magnetoelectric Effect

Magnetoelectric materials are classified as materials exhibiting electric polariza-

tion in the presence of a magnetic field or magnetization in the presence of an

electric field. This unusual coupling makes them of interest in various electromag-

netic wave handling devices and they have generated significant interest over the

last ten years in particular. What this means for this application is the capability
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to transduce a dynamic magnetic input signal into a voltage output. While it

would be desirable to do this with a single phase crystal, materials with strong

enough magnetoelectric coupling to make this work do not exist today. So the

strategy used in this program is to combine two distinct materials, a piezoelectric

material and a magnetostrictive material, to accomplish the same effect.

The combination of the magnetostrictive and piezoelectric materials creates a

magnetoelectric material via the strain coupling mechanism described previously.

The advantage of this artificial ME material is that it allows for the possibility of

electrically measuring a magnetic field “directly” without the use of a pickup coil

or other current-driven sensing element.

6.2.3 Magnetostriction

The primary characteristic of magnetostrictive materials is that strain is induced

in the presence of a magnetic field. More specifically, magnetostriction is the de-

formation of a body in response to a change in its magnetization. Mathematically,

the strain is related to the magnetization by the relation[New05]:

Sij = NijklMkMl (6.2)

where Sij are the strain components, Mk the magnetization and the Nijkl are

the magnetostrictive coefficients. All magnetic materials exhibit some degree of

magnetostriction.

The magnetoelastic coupling is due to the tendency of neighboring ions to shift

their positions in response to the rotation of the magnetic moment. The anisotropic

electron charge cloud, from where the magnetization originates, acts as if it is

rigidly attached to the ion. As the magnetization rotates this produces a “tug-

ging” on the ions and induces strain in the material. This results in the anisotropic

change in length of the crystal due to the application of a magnetic field (i.e.

magnetostriction). To complicate matters, not all change in magnetization is ac-
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companied by rotation of the magnetization. Due to the lower energy involved

in moving a domain wall versus rotating magnetization with respect to the crys-

talline easy axes, domain walls will first move as far as possible with negligible

rotation. This accounts for the gradual increase in magnetization with low mag-

netic fields (See Figure 2). As the magnetic field increases and the domain walls

have moved as much as possible, then the magnetization rotates with respect to

the crystal axes and the strain increases more rapidly.

Quantitatively, magnetostriction is a change in elastic energy associated with a ro-

tation of the magnetic moment or the converse change in the magnetic anisotropy

energy due to an induced strain. As indicated above, induced strain is related to

the rotation of the magnetic moment, and consequently both strain and magne-

tization saturate at large magnetic fields. The saturation magnetostriction is λs

and the saturation magnetization is Ms. The saturation strain in any direction

can be evaluated as follows [1]

λs =
3

2
λ100

(
α2

1β
2
1 + α2

2β
2
2 + α2

3β
2
3

)
+ 3λ111 (α1α2β1β2 + α2α3β2β3 + α3α1β3β1)

(6.3)

where (α1, α3, α) specify the direction of the magnetization relative to the crystal

axes. A second set of direction cosines (β1, β2, β3) specify the direction in which

the strain is measured. The magnetostrictive coefficients λ100 and λ111 are the

saturation strains measured along the specified crystal directions. The greater

part of the induced strain is caused by rotation of the magnetic dipoles rather

than domain wall motion.

In contrast to magnetostriction, piezomagnetism refers to a strain response lin-

early related to magnetization. Piezomagnetism is easier to use in modeling and

analytic contexts due to its linear nature, though magnetostriction is more com-

mon and generally a stronger phenomena (Empirical evidence shows that, for most

cases, the second order magnetostriction effect is far larger than the first order

piezomagnetic effect). In the modeling and work completed under this proposal we
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have assumed piezomagnetic material properties to simplify our work. In practice

it is always possible to linearize the magnetostrictive behavior about a suitable

operation point with the application of a static bias field. For our purposes here,

magnetic field biasing is used although the possibility exists for other types of bias

field (e.g. strain).

Due to the complex nature of the magnetostrictive materials, it is not reasonable

or necessary to model the behavior in terms of history dependent second order

phenomena. In practice we assume that the material properties are linearized and

behave as a piezomagnetic material with the following constitutive form

Sij = sijklTkl + qkijHk

Bi = qiklTkl + µikHk

(6.4)

Here S is the strain, T the stress, H the magnetic field and B the magnetic induc-

tion. The constitutive parameters for compliance, piezomagnetic and permeability

are represented by s, q and m respectively. This is reasonable under the assump-

tion that the dynamic magnetic field being measured is reasonably small compared

to the static magnetic field to be used to bias the magnetostrictive material into

the linear region.

In this research, nickel was selected for the magnetostrictive material to be used,

primarily because of its reasonable magnetostrictive properties and ease of fabri-

cation. For our purposes here, we have taken the value of q33 (q333 without Voigt

notation) = -0.4e-6 [1/Oe], based on the work of Sreenivasulu et al.[SMB11].

6.2.4 Piezoelectricity

When the magnetostrictive material is bonded to a piezoelectric material, the

bond between the materials causes the strains in the magnetostrictive material

to be transferred into the piezoelectric material. The piezoelectric material then
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Figure 6.2: Linearization of magnetostriction. By biasing the material with a

static magnetic field into the linear regime, the material will act as a piezomagnetic

material for small dynamic magnetic fields.

develops an electric field or voltage field in response to the strain.

The complex oxides, more specifically the perovskites, form a prevalent source

class of piezoelectric materials. The perovskite crystal system is characterized

by the general stoichiometric formula ABO3, where A and B are cationic metals.

Perovskite materials have some of the largest piezoelectric coefficients known to

date. A depiction of the perovskite structure is shown below, see Figure 3. While

there are many oxide crystals that display a piezoelectric response, the best piezo-

electrics tend to also be ferroelectric. Ferroelectrics are materials which exhibit a

spontaneous polarization (the electrical equivalent of a ferromagnetic material).

A ferroelectric system can switch between states under the influence of an applied

electric field. This changes the relative energy of the states through the coupling

of the field to the polarization. Each of these states is a crystallographic equiv-

alent. In ferroelectrics, these orientation states can be visualized as energy wells

positioned symmetrically around the cation. The applied electric field drives the

131



—-

Figure 6.3: Perovskite Structure

ion over the energy barrier to a different stable orientation. By selectively ap-

plying a strong electric field to the ferroelectric substrate, the material can be

poled, or oriented so that the cations are displaced in the direction of the electric

field and “locked” into position. This results in piezoelectric properties with the

specific crystallographic orientation assumed here.

The constitutive form used for modeling the piezoelectric behavior here is

Sij = sijklTkl + dkijEk

Di = diklTkl + µikEk
(6.5)

where, as before, Sij is strain, Tkl is stress and sijkl is compliance as before. For

piezoelectrics though we have electric field Ek and electric displacement Di, the

piezoelectric coefficients dkjl and the permittivity eij.

During this program we used two piezoelectric materials, PMN-PT and LiNbO3.

Their properties are summarized in Figure 4. Apparent in this figure, for typical

piezoelectric materials, such as the varieties used in this program, the key prop-

erties are d33, d31, and d15. By proper design of the magnetostrictive structures

involved, there should be significant transfer of the magnetic field energy into the
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Figure 6.4: Material properties for PMN-PT (left) and LiNbO3 (right).

electric voltage signal produced in the piezoelectric to be measured to determine

the presence and magnitude of the applied magnetic signal.

6.2.5 SAW Waves

While both the Pillar and SAW type devices rely on piezomagnetic and piezoelec-

tric coupling, only the second concept relies on the generation of surface acoustic

waves. In the SAW device, an interdigitated electrode (IDT) is used to read out

an electric signal representing the incident magnetic field. An IDT is a general

term for a set of electrodes interleaved on the surface of a piezoelectric. The

voltage at the IDT is produced by a travelling acoustic wave on the surface of

the piezoelectric substrate. An acoustic (strain) wave in a piezoelectric material

produces a corresponding voltage wave. The voltage difference in the material is

picked up by the IDT provided the pattern of peaks and valleys in the voltage

correlate to the placement of the alternating polarity electrodes. The voltage wave

in the substrate is produced by the strain amplitude by the piezoelectric effect.

SAW devices, in the general sense, have been in use for about forty years and

applied in many areas of filtering and RF signal processing. Essentially, the
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SAW magnetic field receiver considered here uses existing SAW technology to

read out the signal from our magnetic receiver array. This allows us to focus on

two relatively distinct tasks in the second device concept: transducing the inci-

dent magnetic field to an acoustic phenomena and then reading the signal out of

the acoustic phenomena. This is largely the benefit of the SAW device concept.

Since the basis for the proposed device relies on piezoelectrics and propagation of

electroacoustic waves, some background on acoustic waves is in order. In contrast

with electromagnetic waves, which have two propagating modes in each direction,

acoustic waves have three distinct modes. In the electromagnetic case there are

two, possibly degenerate, phase velocities linked to the propagating modes, while

for the acoustic case there are generally three phase velocities, with two pos-

sibly degenerate. Electromagnetic waves are generally regarded as shear waves

with the electric (and magnetic) field oriented perpendicular to the direction of

propagation, although there are modes in anisotropic materials that are not fully

perpendicular to the propagation direction. Similar to the electromagnetic case,

acoustic waves also have two shear waves largely perpendicular to the propagation

direction. However, in addition to the two shear waves, there is an additional com-

pression or longitudinal wave with displacement polarization along the direction

of propagation. Like the electromagnetic case, in anisotropic materials these wave

modes may no longer be pure shear or pure compression modes but can become

mixed modes that combine shearing displacements with a compression component

or vice versa. The respective hybrid shear modes retain most of their shearing

nature and are often referred to as primarily shear modes. The situation is similar

for the compression case and these modes are referred to as primarily compres-

sion. In general, λf = c where l is the wavelength, f the frequency and c the

phase speed of the wave phenomena. For PMN-PT materials, a large variation in

phase velocities of the acoustoelectric waves is found in the literature. This is due

to the large variation in mechanical properties since the phase speed is propor-
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Figure 6.5: Left graph shows the velocity (m/s) as a function of direction in the

xy plane for PMN-PT. The three curves correspond to the different modes of

propagation (Longitudinal – fastest, and two shear modes). The figure on the

right indicates the velocity profile as a function of direction in 3D and indicates

how drastic the changes in velocity may be as a function of propagation direction.
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tional to the square root of the Young’s Modulus divided by the material density.

The examples below show a typical speed scenario with resulting wavelength for

frequencies in the range of interest for this program.

ν ≈
√

Y
ρ

=
√

14.5GPa
8090kg/m3 ≈ 1340m/s

λ200 = ν
f

= 1340m/s
200MHz

= 6.7µm

λ150 = 1340m/s
150MHz

= 8.9µm

(6.6)

6.2.6 Systems of Equations

For systems or device concepts modeled under this program the following systems

of equations ultimately determine the operational behavior.

Maxwell’s Equations

∇̄ × Ē = − ˙̄B

∇̄ × H̄ = ˙̄D

∇̄ · B̄ = 0

∇̄ · D̄ = 0

(6.7)

Mechanical Equation of Motion

σij,j = ρüi

εij = 1
2
(ui,j + uj,i)

(6.8)

Piezoelectric Constitutive Relations

S = sT + dTE

D = dT + eE
(6.9)

Piezomagnetic Constitutive Relations

S = sT + qTH

B = qT + µH
(6.10)

The combination of these equations should adequately cover the models used

herein. While these equations are well known, combining all of them in a single
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model or device is fairly rare. This appropriate combination of these equations is

the primary focus of the work here.

The following sections give a detailed explanation of the models used for the re-

ceiver device developed under this program. Comsol Multiphysics (Comsol) finite

element method (FEM) software is used to implement the models used for our

analysis. Comsol has an advantage over most analysis software packages currently

on the market in that it allows additional equations of motion and degrees of free-

dom to be added to a simulation, in addition to the coupling of different physical

domains. So, for example, while Comsol does not have magnetostrictive coupling

implemented by default, it is possible to alter the constitutive equations to ac-

commodate this additional phenomena. The ability to combine several types of

physical models and solve for the combined effects simultaneously is the primary

focus of Comsol’s marketing effort. For the modeling done on this project, which

combines piezoelectric, piezomagnetic and electromagnetic effects to study acous-

tic wave propagation, this cross coupling is required. Further, Comsol provides

many different solvers which can be configured quite flexibly to facilitate solution

of the coupled models developed - something not always so easily achieved.

6.3 Early Modeling Effort

Preliminary FEM models were developed to look at the feasibility of the two

design concepts. For both design concepts, single element and element array

models were examined. The initial models were focused on comparing the relative

merit of proposed design concepts with the goal of determining which design was

most suitable to pursue for this study. The modeling effort at this stage focused on

the use of nickel and PMN-PT for the piezomagnetic and piezoelectric materials

respectively.
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Figure 6.6: Shows the conceptual design for a single pillar. The blue portions of

the figure are nickel, a ferromagnetic and magnetostrictive material. The substrate

and central portion of the pillar are of PMN-PT, a piezoelectric material. The

gold traces are the electrical contacts for the detection of a voltage signal.

6.3.1 Pillar Type Device

The pillar type device concept is that a projection of piezoelectric material, see

Figure 6, could be formed on a piezoelectric substrate (by milling away excess

material, for example) and then the appropriate two sides of the pillar would be

covered in a magnetostrictive material. The magnetoelastic (and conductive) ma-

terial would then be connected to the “receiving” electrodes. An incident magnetic

field would induce a strain in the magnetoelastic material. The magnetoelastic

material orientation would be such that a magnetic field aligned along the axis of

the pillar, i.e. magnetic field perpendicular to the substrate, would create an axial

strain in the thin magnetostrictive material cladding the pillar. This strain would

transfer to the pillar causing an elongation of the pillar. The poling orientation

of the PE material would be such that an axial strain in the pillar will induce a

voltage across the pillar from one magnetostrictive face to the other. This will

simultaneously allow the magnetostrictive cladding to act as a sensor for the in-

cident magnetic field and as a collection electrode for the charge induced across

the PE through strain coupling.

In the first models of pillars, magnetic loading was simulated by applying a

uniform strain load to the nickel portions of the pillar model’s edge, conceptually

similar to the magnetostrictive loading expected from an applied magnetic field,

but quicker and easier to model. From the longitudinal phase velocity of the PMN-

PT=3228 [m/s], the wavelength of a 175MHz travelling wave is approximately 20

micron. The height of the pillar was chosen to be significantly less than one

138



wavelength. Simulations were run with height varying from approximately 2 to

10 micron in different aspect ratios of height to width. The essential points are

discussed below.

Frequency domain simulations from below 10MHz to over 200MHz, see typical

displacement profile in Figure 7, were conducted. These tests showed it was

difficult to find a reasonable geometric configuration that produced a significant

voltage output from the PE material. At low frequency, the desired extensional

mode of the pillar (i.e. stretching in length along the direction of the intended

dynamic magnetic field) produced voltage differences across the pillar in a manner

suitable for measurement by electrodes (note: actual electrodes were not modeled)

but the overall voltage was too low for detection in a device (on the order on nano-

volts). At higher frequencies, resonant modes were excited in the pillar and large

strains produced with large local voltages, but the aggregate voltage or charge

that would be collected at the electrodes was insignificant due to self cancelling

effects.

Similar results were seen in arrays of pillar elements where at lower frequency

(below resonant modes), coherent operation was assured. Coherent operation is

important since the amount of charge potentially generated in a single pillar is

below our intended measurement threshold. By forming an array of cooperative

elements we can magnify the total charge to a level reasonable to detect. At higher

frequency operation, the pillar arrays would interact and decohere, see Figure 7.

To better understand the results being seen in the above analysis, 2D pillar designs

and a 3D eigenfrequency model were constructed. The geometric configuration of

the Pillar design is suitable for eigenfrequency analysis. Eigenfrequency analysis

was carried out for single element pillars and eigenmodes in the frequency range

of interest were isolated. While modes existed which produced high voltage dif-

ferences in the piezoelectric structure of the pillar, pure extensional modes that

produce a uniform voltage difference across the pillar were not found in the fre-
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Figure 6.7: Frequency domain model of single pillar on substrate (left). Pillar

type element array correlation at lower frequency operation, 10 MHz (Center).

Right picture shows decoherent operation of array as frequency increases (Shown

at 38 MHz, Right). Strain field applied to nickel to simulate applied magnetic

field, H.

quency range of interest. This was due largely to the eigenmodes that develop

in the beam structures. Bending and twisting modes are more likely to develop

than the desired extensional modes. These undesirable modes, see Figure 8, while

capable of inducing large strains and producing large voltage differences locally

in the PE, tend to induce charges of both polarities at each side of the pillar and

so the net charge output is reduced from charge cancelation. Although unrelated

to device performance specifically, another aspect of the early modeling effort on

Pillar devices relates to performance metrics that can be used for simplified mod-

els or automated detection of enhanced operation geometries. For the single pillar

designs shown above, the accumulated charge on the nickel walls was calculated

and compared against individual strain components and a scalar Von Mises strain

calculation. While for some models, or specific operating modes within the model,

a particular strain component (e.g. e11) provided the best correlation between out-

put charge and strain, Von Mises strain provided a convenient metric for rapidly

assessing which models were likely to produce the best output. Consequently,
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Figure 6.8: 2D model indicating complexity of mode shapes that develop for pillar

type element at higher frequency (Left). Typical result for eigenmodes of beam

structure. The non-uniform displacement profile is mirrored in induced voltage,

making eigenmodes unsuitable for significant voltage/charge generation.

Figure 6.9: Left plot shows charge accumulation on nickel sides of pillar due to

piezoelectric coupling versus frequency of excitation. Right plot shows correlation

of charge accumulation with Von Mises strain versus frequency.
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Von Mises strain was found useful and used frequently to sort through multiple

model simulations in parametric runs studying various model parameters. This

was useful even for scoping models when direct output of charge or voltage was

not easy to produce or unavailable due to model simplifications.

A pillar type element array worked adequately for lower frequency range, well

below resonance, but the design was not effective in the range of interest. In

practice, to get reasonable extension modes at high frequency we have to shorten

the pillars so that the width of the pillar is much greater than the height. This in

turn makes the nickel cladding very poor at transferring strain to the PE material

because of shear lag. Shear lag effects cause only a small amount of the PE

material to be strained from the nickel sides so that the bulk of the PE pillar does

not generate any voltage. To reduce shear lag losses, the ratio of height to width

must be increased, but this allows undesirable resonant modes to dominate the

behavior of the pillars. This is one of the primary reasons for tabling this design

concept. The other is the difficulty in fabrication of the pillars and then adding a

nickel cladding to two side faces of the pillar. While the resonant mode operation

may be addressable by a modified low profile design, the foreseen difficulties in

doing this would result in an even more difficult fabrication process. For these

reasons, and the results to be discussed below on the SAW type device concept,

work on the Pillar device was discontinued at this point.

6.3.2 SAW Type Device Concept

In parallel with preliminary work on the Pillar style device concept described

above, a second device concept, referred to as SAW herein, was explored, see

Figure 10. The SAW style device differs from the previous concept in a num-

ber of ways. First, the SAW device is designed to detect an incident magnetic

field parallel to the piezoelectric substrate on which the structures are fabricated.
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Figure 6.10: Schematic of Surface Acoustic Wave (SAW) based design.

The incident magnetic field, which is aligned with the axis of the magnetoelastic

element induces strain in the element. The dynamic strain field of the magne-

toelastic element transfers to the piezoelectric substrate and produces a surface

acoustic wave (SAW) in the substrate. The wave travels outward from the magne-

toelastic element to the inter-digital fingers, i.e. interdigitated electrodes (IDT).

Since the substrate is piezoelectric the strain wave produces a voltage wave in the

substrate which is picked up by the conductive IDT. The IDT measure changes

in the electric field due to SAW strain gradients.

Initial models investigated the possibility for detection of field coupling with

surface resonators (magnetostrictive elements) and several variations on resonator

shape were tested, Figure 11. An applied dynamic strain “driving” the long axis

of the resonating element simulated the effect of an incident magnetic field. Since

the intended operation of the design required a wave traveling “outward” along

the surface of the PE substrate, more complex boundary conditions were required

to allow the desired wave propagation.

An acoustic Perfectly Matched Layer (PML) was added, surrounding the sub-

strate. This allows for impedance matching of the outgoing wave, into the PML,

and then damping properties in the PML absorb the wave before it can reach

the outermost boundary of the model and reflect energy back into the domain of

interest.

The driving frequency of the resonator was varied from 100 to 200MHz and then

the resulting voltage response in the substrate was examined. Voltage levels on the

order of 25-75[mV/me] were generated in the substrate over a range of frequencies.

The different shape variants of the resonator did not show a conclusive difference

and so the simpler rectangular elements were adopted for succeeding work.
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Figure 6.11: Single nickel elements of different shape. Strain induced in nickel

to approximate incident magnetic field. Strain coupling of nickel to PMN-PT

substrate generated electric potential in PMN-PT which was used to estimate

feasibility of detecting magnetic wave.

6.3.3 Alternative Design Configurations

We looked at variations on the SAW design described above, using a 2D model

with periodic boundary condition and an eigenfrequency analysis, Figure 12. The

model considered used the same basic design as the SAW device above but alter-

nates the poling of the piezoelectric substrate under each resonator. Rather than

receive the measured signal with an IDT, the nickel magnetostrictive elements

themselves would act as electrodes. Figure 13 shows the simulated output from

the alternative design with promising voltage levels. The 2D modeling results

shown above indicate potential surface wave phenomena for a couple different

modes (different frequencies). Of interest here is that the design variation showed

potential for a wider bandwidth (as judged by portion of output voltage above

0.01[V]) than other designs, see Figure 13.

A word of caution is in order when looking at eigenfrequency results. Since the

modeling is looking at idealized lossless materials, the eigenmodes, while providing

realistic information about the mode shapes and solution characteristics, generally

take on unrealistic and large values that are not actually achievable. This was

the case also with the Pillar design eigenfrequency analysis, though it was not
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Figure 6.12: SAW Design Variation – 2D periodic model of nickel resonators on

a PE substrate. Poling alternates in substrate to maximize voltage generation

effects.

as obvious in the result plots shown. Further, the analysis here is independent

of any magnetic field (or strain) input, the purpose of the analysis being to find

promising modes of operation and the frequency of these modes. The supposition

is that once the modal frequencies are determined, magnetic field excitation at this

frequency should couple strongly to the identified mode and produce a relatively

stronger voltage output than excitation at a non-modal frequency.

This alternative design, however, would require poling and/or assembly that

would be extremely difficult to fabricate or produce. So, while bandwidth features

of this variation were potentially of interest, we did not pursue this design due to

the inability to produce physical devices with the same structure material poling

structure.

6.3.4 Increasing Model Complexity

In conjunction with modeling above, various test models were constructed to incor-

porate the desired coupling between incident magnetic field and the ferromagnetic

elements in the model. Prior to this point, essentially all models simulated the
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Figure 6.13: Estimated voltage output from alternative designs.

incident magnetic field by direct strain input to the resonator.

While direct strain coupling is easier to model and adequate for looking at quali-

tative behavior of the modeled systems, it is not sufficient for quantitative analysis

on a testbed device. For incorporating the additional complexity of the incident

magnetic field interaction with the magnetostrictive resonator, two modifications

to the previous modeling were made. First, an incident electromagnetic wave is

created by using a current source to induce the magnetic field. This has to be

incorporated with an air boundary surrounding the magnetostrictive elements in

the model since air must generally be modeled in electromagnetic simulations to

allow for the solution/propagation of EM waves through space. The Maxwell’s

Equations are solved separately to evaluate the dynamic magnetic (also electric,

though not of direct interest here) field incident on the magnetostrictive elements.

The resultant magnetic field is then used to calculate the dynamic strain induced

in the magnetostrictive elements and this becomes the driving term for the piezo-

electric model which calculates the acoustic dynamics and the voltages in the rest
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Figure 6.14: Model incorporating incident magnetic field and magnetostrictive

effects in nickel elements on top of a piezoelectric substrate.

of the model. It should be noted that the magnetic field coupling is one directional.

In reality, the strain induced in the magnetostrictive element alters the induced

magnetization in the element as well. This change in magnetization then modifies

the local magnetic field found from Maxwell’s Equations. This feedback term is

generally negligible (in terms of magnetic field change) while actually modeling

this feedback term is computationally costly; consequently, it has been dropped

in all modeling done under this program. In summary, the modeling solutions are

conceptually as follows:

1. A current sheet applied above the device produces an incident magnetic

field with the desired orientation (and additional B.C.’s support this as well)

which then interacts electromagnetically with the device structure (partic-

ularly the magnetostrictive elements) being modeled to produce a resultant

magnetic field in the device.

2. The magnetic field output from step one is then coupled, via the piezomag-

netic constitutive relations described earlier, to the piezoelectric model of
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the substrate plus magnetostrictive elements as a driving strain.

3. The piezoelectric model is solved for the resulting output voltages.

6.3.5 Selection of SAW Device Concept

Up to this point in the program the designs and modeling efforts indicated were

investigated in parallel. After the preliminary modeling of these designs it is

believed that all the designs looked at have potential for detecting incident mag-

netic waves and each in turn has significant problems to overcome to produce a

functioning prototype.

For the Pillar Device concept the advantages were that the device behavior is

much easier to understand. The performance and design of the beam structures

involved yielded more predictable results. On the downside, the desired modes of

operation were not well separated from undesirable modes, preventing resonant

operation (higher voltage differential modes) in the manner envisioned. Coherent

operation of arrays of pillars was not possible at higher frequencies for geometries

where the height of the pillar is greater than the width. The manufacturing issues

involved with creating prototypes of the Pillar Device, while not discussed in this

modeling report, are much more difficult to overcome and could probably not be

adequately addressed in the time period allocated to this research program.

The SAW Device concept did not show as large of a potential difference as the

pillar for the idealized single element studies (SAW models cannot use eigenfre-

quency analysis which showed promising voltage levels in the Pillar device), but

did show a significant and measurable voltage output within the range required

(˜50 to 150 microvolts). Perhaps more importantly, process development efforts

for the structures to be fabricated for SAW types of design were showing promise

and seemed realistic to fabricate. This advantage is significant in comparison

with the Pillar design, which would require all of the process elements of the SAW
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Figure 6.15: At low frequencies, 37MHz shown here, a waveform of expected wave-

length is produced (Left). At higher frequencies issues with boundary reflections

past the PML occurred (Right).

device and a number of additional processing steps that would still need develop-

ment. With this in mind our recommendation was to focus the remainder of our

efforts with this program to developing the SAW Device concept.

6.3.6 Issues to overcome with SAW device

Continued modeling on a single element SAW resonator indicated issues with

waveform generation. At sufficiently low frequencies (similar to the pillar design) a

surface wave could be produced as expected. At higher frequencies the waveforms

degraded. This also brought concern about the need for more reliable boundary

conditions. The PML boundary being used did not always perform as expected,

Figure 15.

It was found that the PML layer being used for the boundary did not properly

absorb the acoustic energy that flowed to the boundary. This problem was largely

improved by manually calculating the expected wavelength at each frequency and

inputting this directly to the PML setup in the modeling software, see upper left
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plot, Figure 16. The PML layer still did not perform ideally. The software being

used, COMSOL Multiphysics, by default calculates this value internally from the

constitutive parameters supplied in the model, but we found this to be ineffective.

While we found that manually setting the desired wavelength for the PML greatly

improved absorption/performance, there was still some interaction occurring at

the PML interface and maximum values in field variables, e.g. strain, voltage etc.,

were generally seen just inside the PML boundary. The PML produces, for ex-

ample, a strain magnification close to the PML boundary calling the effectiveness

of the PML into question.

Further, waveforms generally had standing wave appearance rather than a trav-

elling waveform. This is important for two reasons. First, standing waves only

occur due to geometric interaction as waves reflect off boundaries (PML error).

Second, for the SAW device to work we will need a traveling wave that moves

out past the IDT on the substrate. The acoustic wave is carrying the transduced

magnetic field energy to the IDT. So at this point PML/boundary conditions

still require some additional modifications or understanding to reliably model a

working device.

Another feature notable in the plots of Figure 16 is the propagation of a wave-

front at an angle to the expected direction. The original conception of device

operation was that the outgoing SAW wave would be aligned with the long axis

of the resonator elements rather that at the approximately 45 degree angle seen

in the plot. This characteristic had been seen in numerous simulations but the

explanation for it was not fully understood.

It was suspected that the Poisson’s Ratio coupling was generating the surface

waves at an angle and the PML’s were allowing enough reflection to produce

standing wave patterns.
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Figure 6.16: Waveform generated from a single element SAW type resonator with

modified PML setup (Upper left). 2D models examining wave propagation angle

from excitation direction and effectiveness of PMLs.
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6.3.7 Improving SAW Model Performance

Additional tests were done to examine the effectiveness of the PML boundaries

being used. This consisted of running 2D models with a circular PML boundary

with a 4 x 4 array of resonator elements in the center. Running the model with

a different rotational alignment of the resonator array it was found that there are

some directional dependencies in the PML’s. The directional dependencies were

largely second order effects if certain “criteria” were observed. By second order, it

is meant that the characteristic elements of the solution, basic waveform direction

and general magnitudes of the largest displacements were reasonably close in the

models tested, but the rotation of the model relative to the PML was clearly

visible in the result. The Cartesian PML’s also seemed preferable to the circular

PML’s for the geometries examined (the circular PMLs were generally quicker and

easier to place in a model, hence their appeal originally). It was found generally

effective to use a PML boundary one wavelength thick and to allow about five

wavelengths between the resonator area of interest and the PML. In later models

we also adopted the convention of having two boundary layers; one layer was

the actual PML and a second layer, interior to the first acted as a PML affected

interaction zone. Typically this is a region about one wavelength thick used as

a “sacrificial” model area that could be turned off during postprocessing and the

resulting field values in this layer, like the PML layer, are ignored.

The second issue to be understood was the propagation behavior of the acoustic

waves in the substrate in relation to the magnetostrictive elements. A number

of 2D models were constructed to examine this propagation behavior. By setting

Poisson’s Ratio to zero and running the models, it was found that the basic

characteristics expected in the wave propagation were obtained. The resultant

waveforms propagated inline with the resonators as expected. Further, sizing

the resonator one wavelength long and one half wavelength wide, as determined

by λ = c
f

in terms of wave speed in material, c , and frequency, f , produced
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Figure 6.17: Models of resonator structures “on” substrate with Poisson’s Ratio

= 0. The waveforms produce are aligned with the geometry of the resonators.

The apparent wavelength of the pattern is consistent with design criteria.

the expected superposition of the wavefronts across the substrate, see Figure 17.

The reasoning behind the results is that with Poisson’s Ratio set to zero the

axial motion of the resonator is decoupled from the perpendicular motion and the

system acts essentially as a one dimensional system. This also reduces shearing

effects produced in the substrate due to unequal deformation of the material

along axial and perpendicular directions that occur due to Poisson’s Ratio effects

that produce tension in one direction and compression perpendicular. The results

shown in Figure 17 were tested with different spacing and boundary configurations

and consistent results were obtained. Note: Later versions of COMSOL, after 4.1,

PML performance has changed/improved some.

Models were also run with normal values for Poisson’s Ratio restored, Figure 19.

With Poisson’s ratio restored to appropriate values the angular generation of the

surface waves returns. This helped confirm our understanding of the influence of

Poisson’s Ratio and its effect on the wave propagation behavior.

Additional simulations were performed to examine which acoustic velocity seemed

to dominate the performance and models were run using different assumed wave
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Figure 6.18: PML performance continues to improve in later versions. Here, very

little difference in results is discernible (as should be) for a 2D resonator test case.

Figure 6.19: Similar models to those shown above with Poisson’s Ratio reset to

proper values.

velocities to size the elements to see which was most effective. The longitudinal

velocity seemed most consistent with expectations and was used as the primary

parameter to scale resonator dimensions in succeeding models.

With a methodology for using the PMLs established as best as possible and a

better understanding of the production of acoustic waves from the resonators, our

next effort was to determine a better geometry to launch the wave along the axis

of the resonator and produce higher strain (hence voltage) in the substrate.

A parametric series of simulations were run with a 1 x 4 array of nickel magne-

tostrictive elements. The width of the nickel elements were varied from 1/16 λ
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Figure 6.20: Simulation results for 2D resonator models showing strain profiles

for longer element lengths.

to 7/8 λ in 1/16 λ increments. The length of the elements were varied from 1
2
λ

to 4 λ in 1
4
λ increments. Vertical spacing and offsets to material boundaries were

varied over similar ranges.

It was found for the 2D model that longer and thinner nickel strips produced a

better overall output waveform. It was originally thought that resonators 1 λ long

by 1
2
λ wide with a perpendicular spacing of 1

2
λ and integral λ spacing along axis

of resonators would be close to the optimum dimensions. For a one dimensional

system this would allow for superposition of the axial wave and cancelation of

the perpendicular wave; reasonably close to what was found with zero Poisson’s

Ratio. Using the magnitude of strain difference in each model as a rough measure

of performance, model outputs were sorted and the “best” performing model was

decided by visually looking at the strain field produced in plots similar to those

shown above.

We next tried to repeat our 2D efforts in 3D models. The 3D models performed

very differently than the 2D models in a number of respects. Part of this problem

was due to limitations of resources. The 3D models were significantly larger and

it was difficult to obtain stable results since we could not make the elements small
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enough.

At each stage in the modeling efforts discussed above models were tested for con-

vergence by reducing the element size to see if the calculated outputs of the model

changed. Often times models were run to obtain better qualitative understanding

of the various elements of the design even though it was apparent through tests

that the results were not fully converged. As the degree of coupling was increased

it was found that generally smaller element sizes were required for more reliable

results (on the order of lambda/14 for maximum element dimension as opposed

to lambda/6 which was adequate for simpler “strain only” models). What we

found from the above efforts was that we needed to use more/smaller finite ele-

ments than expected to get reasonable convergence and with the longer thinner

nickel elements this was becoming a problem. Also independent of convergence

issues, the reflection of some of the wave energy from the bottom of the simulated

substrate and additional coupling into the third special dimension would require

a different resonator geometry and the 2D geometry found previously did not

directly apply.

6.4 Final Modeling Effort

6.4.1 Need to Break Problem Into Manageable Size

One of the realizations of the first half of this project is that we needed a more

efficient methodology. Even with the reasonably small models produced to date

it has been found that due to the small wavelength (magnetoelectroelastic) inside

the materials the mesh size required for a converged result is prohibitively small.

Full scale models simply are not possible with current resources.

To address this issue, the following strategy was adopted. A one quarter symmetry

model would be used to simulate the incident magnetic field and the resonator

156



array designed to detect it. The output of the simulated resonator array would

be input to a model of the electrodes (IDT). A circuit model connected to the

electrodes would estimate the output voltage produced in the device.

Quarter Symmetry Model of Resonator Array First, a 3D one-quarter

symmetry model was constructed (see Figure 21). The quarter symmetry model

is used to considerably reduce the amount of computational resource needed to

analyze the device performance. Even though the physical dimensions of the de-

vice are quite small, the even smaller wavelengths involved for the frequencies of

interest necessitate a large number of elements. Typical mesh dimensions were

sized so that the largest element length dimension was lambda/12 to lambda/14.

In some cases coarser meshes were used due to a lack of sufficient computer mem-

ory to handle the size of the models. In these cases it was generally noted that

the solutions were not fully converged and results from these cases were used as

relative measures of performance, i.e. to compare the results of two models with

similar meshes to see how the behavior differed in response to a particular pa-

rameter change. While these models did not appear fully converged, they were

determined to be qualitatively correct and sufficient for the comparisons for which

they were used. Initially, the model consists of a substrate block of PMNPT for

the piezoelectric with a nickel element on top for the magnetostrictive material.

Over the PMNPT and nickel is a block of air. The air block is needed to simulate

the incoming magnetic wave form. The nickel element shown in the above figure

represents one quarter of an actual nickel element. Symmetry conditions on either

side of the nickel boundary faces (i.e. the negative z and negative x faces in Figure

21) allow the quarter element to perform like the full element for simulation pur-

poses. By further applying symmetry conditions to the positive x and y faces of

the model the quarter nickel element on PMNPT substrate simulates an infinite

array of resonators. Of course an actual device cannot have an infinite number of
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Figure 6.21: Showing quarter symmetry model, applying strain to nickel to sim-

ulate incoming EM wave, non-conducting nickel element. Final quarter scale

infinite array model coupled to a 2D model for analysis of design performance.
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resonators but the assumption made here is that for a large number of resonators,

the performance would be similar. Further, if we optimize the geometry for an

infinite array, the same geometric configuration should be reasonably optimal for

the finite array.

The appropriate boundary condition for symmetry of mechanical degrees of free-

dom is u · n̂ = 0 where ū is the displacement vector and n̂ is the normal vector on

the boundary. The model is mechanically symmetric on four sides with the top

surfaces traction free, so σ · n̂ = 0 . The bottom surface of the PMN-PT is fixed,

i.e. ū = 0̄ equals zero.

For the electronic degrees of freedom we have a couple of scenarios. In the quasi-

static regime used for piezoelectric modeling, continuity of voltage and D̄ · n̂ = 0

on the symmetry surfaces. For electrodynamics (RF, etc), as used for the incident

magnetic field, a perfect electric conductor (PEC) is used on two faces (z faces)

and a perfect magnetic conductor (PMC) is used on the others (the two x faces). A

PEC constrains electric field to be normal at the boundary while the PMC forces

magnetic fields to be normal to the boundary. Although this is not symmetric

in the same sense of the mechanical and voltage conditions, the PEC and PMC

boundaries cause the incident magnetic field to have the right orientation and

look like a wavefront of much greater dimension than the nickel element. This is

appropriate since the free space wavelength of the incident magnetic wave is on

the order of one and one half meters, vastly greater than the size of a resonator

bed, approximately 1 millimeter.

Although Comsol provides automatic meshing functionality, a customized mesh

was created. Quad elements were used to mesh specific layers of the model and

the 2-D mesh was swept in the Z dimension to form brick elements.

The solution of the quarter symmetry model is segregated into two parts. The

first solution uses Comsol’s Electromagnetic Waves module to simulate the in-

coming magnetic wave and interaction with the PMNPT and nickel, “physical”,
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components of the model. All geometric objects of the model are included for

the Electromagnetic Wave section of the model. The incoming magnetic wave is

produced by applying a surface current to the top, air portion, of the model. The

direction of surface current is along the z-axis of the model, perpendicular to the

long axis of the nickel element. This produces a magnetic field aligned with the

long axis of the nickel. The magnitude of the surface current density is 1 A/m,

which produces an incoming magnetic field strength of 1 A/m. Boundary con-

ditions are applied to enforce the alignment of the magnetic field along the long

direction of the nickel element. This entails specifying the two sides along the long

axis of the nickel element, parallel to xy-plane, as PMC and for the sides parallel

to yz-plane and bottom of the model as PEC. The PMC ensures that there is no

normal component of magnetic field at the PMC boundary while the PEC does

the same for electric field components.

Maxwell’s Equations are solved for the air, the PMN-PT and the nickel element.

This yields the magnetic field throughout the structure and particularly the in-

teraction with the ferromagnetic nickel element. The magnetic field distribution

throughout the device structure, i.e. the nickel and PMN-PT materials, is then

used as input for a piezoelectric model with piezomagnetic strain coupling.

After the solution of the electromagnetic wave equations, the second phase of the

simulation calculates the piezoelectric response. The piezoelectric response of the

device is modeled with Comsol’s Piezoelectric Devices module. A magnetostrictive

material, like the nickel element, should be strained by the incident magnetic

wave so this coupling must be added to the model. The strain coupling then

becomes input to the piezoelectric portion of the model, which is then solved for

the piezoelectric degrees of freedom, i.e. the displacement and voltage.

Magnetostrictive coupling was achieved by adding an additional strain term to the

Piezoelectric Devices module that was proportional to the magnetic field calcu-

lated by the Electromagnetic Waves portion of the model. Technically, a similar
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Figure 6.22: Picture above shows quarter symmetry model with incoming EM

field but non-conducting electrode.

term adding an additional magnetic field component due to the induced strain

should be added in the EMW portion of the model, but since this effect would

be quite small compared to the incoming magnetic wave this term was ignored.

The bottom of the PMNPT substrate is electrically grounded and the mechanical

degrees of freedom are fixed. The piezoelectric degrees of freedom (DOF), voltage

and displacement, are solved for the PMN-PT substrate and the nickel element

only.

The solution of the electromagnetic wave portion of the model is first solved, then

the piezoelectric portion of the model is solved, alternating from one to the other

until the solution is converged. This process is repeated for each frequency of

interest. Once the frequencies of interest have been calculated, the voltage and

displacement DOFs at the outer boundary of the model are saved and used as

input to the models described below.
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Interdigitated Electrode Model A 2D extension model was created for the

purpose of testing the IDT configuration and estimating the voltage output (See

Figure 28). The reduction to 2D is helpful to speed up the testing of different

model configuration. The dimensions of the extension domain and the intended

electrode configuration are much larger than the quarter symmetry model dis-

cussed above. It is much faster than modeling in 3D and we were not certain we

would have the resources for a 3D model.

The concept for this model was to connect the output of the 3D simulation (i.e.

the displacement and voltage) to the inboard side of the 2D domain. This acts as

the driving force for the 2D model. Electrodes are included in the model and after

simulation, the charge on the electrodes is estimated. By assuming a capacitance

at the electrodes of 10 picofarad, the voltage output is estimated by V = ∆
C

where

V is the voltage, ∆Q = Q+ − Q− is the accumulated charge on the IDT and C

is the capacitance. The plus and minus subscripts indicate the positive versus

negative electrode (note: positive and negative are only reference designations as

the signal is harmonic and will be measured differentially).

The outboard side of the PMN-PT is terminated in a PML. The perfectly matched

layer absorbs the outgoing wave to prevent reflections back into the model domain

where the electrodes are placed. Since the model assumes lossless materials, when

PML’s are not used a standing wave pattern is established throughout the PMN-

PT domain. While it would be possible to measure a standing wave pattern,

this would require careful placement of the electrodes around the voltage nodes

and very precise knowledge of the PMN-PT boundary distances. Further, 3D

models which include all boundaries would be needed to properly determine the

standing wave pattern. On the other hand, if the outgoing waves are absorbed

at the boundary, then a travelling wave pattern is established and the electrode

placement is far less critical.

In actual devices, acoustic waves are expected to travel on the order of centime-
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ters before damping out due to the stiffness and loss characteristics of typical

piezoelectric crystals. For fabricated devices, an artificial absorber placed on the

edge of the device will most likely be needed to effectively measure the surface

waves generated. Examples of these absorbers are acoustically damped putties or

silicone beads, although a suitable absorber has not yet been identified.

For mesh creation, the electrodes were meshed first using rectangular elements so

that there would be a depth of three elements across the shallow dimension of

the electrode. The electrodes are very thin in comparison with the substrate and

are generally not visible in plots showing the full 2-D model. Typical electrode

dimensions are 4 micron width by 2 to 3 hundred nanometer height. Pitch spac-

ing is determined by substrate wave velocity and desired frequency operation as

discussed under SAW Waves. Pitch spacing of 10.75 micron was used for final

models.

For each configuration and at each frequency of interest, the 3-D quarter symmetry

model solution for voltage and displacement at the outer boundary surface was

saved to a text file. This text file is then used as the input source for the 2-D

model described in this section. In actuality, since we are transforming from 3-D

to 2-D, only part of the boundary surface output from the 3-D model is used.

Boundaries in 3-D are surfaces while in 2-D they are lines. For the modeling done

here, the output along a given boundary line was used as the input for the 2-D

model. Figure 23 shows the connection between the 3-D and 2-D models.

Resistive Circuit for Output Voltage In earlier models, the voltage was

estimated by summing up the induced charge on the electrodes and using an

estimated IDT capacitance to calculate the voltage as discussed above. Later

models incorporated a circuit model, based on Comsol’s Circuit Module, which

added in a resistive load applied across the IDT electrodes to determine the output

voltage.
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For this, an external circuit model was added to the extended domain model. The

ground plane of the piezoelectric was shorted to the ground terminal of the circuit

model. The rest of the external circuit model consists of a resistor connected

across the IDT electrodes to simulate a load. The value of the resistor was varied

from 10 to 1,000 MOhm. The voltage across the resistor was then calculated

in the model. Simulations were run to verify and compare the output voltages

previously calculated from the surface charge calculations. The output voltages

found across the resistor matched quite well with the voltage estimate based on

charge output described under the Interdigitated Electrode Model. The voltages

were on the order of microvolts for the non-conductive variant and picovolts for

the conductive version; essentially the same as the voltage calculations determined

previously. The difference in output due to changing the resistor values was not

significant.

Validation of Methodology When first contemplating the use of the 3-D

quarter symmetry model in conjunction with a 2-D extension model, there was

some concern as to whether or not this arrangement would be a sufficient ap-

proximation of the underlying physics. To examine this question, iterations of

the 3-D model were performed with different resonator geometries. The results

were inspected and results that looked good and others that appeared bad were

selected as test cases to see if the good geometries from the infinite array can be

distinguished from bad geometries. Good, as used here, refers to 3-D models with

relatively high voltage differentials generated in the upper one third of the piezo-

electric substrate and seeming to produce a coherent waveform or pattern in the

piezoelectric. Similarly, bad configuration had lower voltage differentials and less

coherent voltage patterns. Figure 23 shows results of connecting the boundary

of the infinite array to a 2D model for a good and bad configuration. This was

performed for about a dozen configurations. As seen in the pictures above the
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Figure 6.23: “Bad” model left exhibits poor waveform in the quarter symmetry

model and low voltage differential from red to blue spots. The right side “good”

model has a better voltage distribution pattern and higher differential voltages.

This correlates with the voltages developed in the extended 2-D model.

poor performance in the quarter symmetry model translates to poor performance

in the extended model and likewise for the good configuration. This allowed us

to assume the output voltage differential in the 3-D model to be a reasonable

predictor of higher outputs in the 2-D model and vice versa.

From the above, we adopted the strategy of optimizing the resonator array inde-

pendently of the IDTs and then selecting the highest voltage differential cases as

inputs to the 2-D model. The best performer in the subsequent 2-D model would

be selected for fabrication.

A few items should be pointed out. The criteria for choosing “good” 3-D models

based upon the voltage differential in the upper third of the piezoelectric was

from the knowledge that the bulk of the energy in a SAW should be located near

the surface. So, as part of the evaluation criteria, the total energy in the upper

substrate was divided with the energy in the lower portion of the piezoelectric

substrate and cases with ratios over one were preselected as possible “good” cases

in later tests.
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The modeling for the test validation cases did not incorporate PML boundaries

due to problems with mixed 3D, 2D modeling effort at the time these tests were

conducted (this produces higher voltages in the 2-D model than can be reason-

ably expected); however, the magnitudes of the resulting fields in the extended

2D media seem to properly reflect the relative magnitudes found in models with

PMLs.

While not shown, additional modeling to show the effects of PML versus reflecting

boundaries indicates the need for absorbing boundary. Otherwise the standing

wave pattern developed in the substrate must match the electrode placement of

IDTs very closely.

Conductivity was not enabled for the electrodes or the nickel during these tests.

This was largely an oversight. It was felt that the conductive effects would be

relatively minor and to keep the models simple conductive effects were ignored.

In truth, it was later found that conductive effects can be significant and enabling

conductive effects had little impact on model resources. More on this will be

discussed below.

In conclusion, the output of the 2D models correlates with the results of the 3D

models; hence, 2D model performance should be a reasonable metric to evaluate

the 3D portion of designs.

Parametric Search for Best Configuration and Output From IDT Using

the models described above a parametric search was performed to find a viable

configuration for fabrication. The 3-D model with nickel coupling elements has

four main geometric variables that were varied to improve performance. The

length and width of the nickel element as well as the spacing between elements

along the x and z axes were varied to find the best response of the infinite array,

see Figure 24 below. The portion of nickel element modeled, as noted above, is

one half the width and length of the full nickel element. This is possible due to
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Figure 6.24: Resonator Array dimensioning

the symmetric boundary conditions. Likewise, the PMN-PT width is one half the

distance between elements plus one half the nickel width. The same ratios are

true for the length of the PMN-PT. The depth of the model was two lambda. As

indicated above, full device dimensions are beyond the capability of our current

computational resources. Surface wave energy is largely contained within a couple

of wavelengths of the surface. Since the goal of the device design was to initiate a

surface wave through magnetoelastic coupling to the nickel elements, setting the

depth to this value is a reasonable means of solving the model that allows for the

surface wave modes desired. The four geometric parameters were varied to find

sizes that looked promising.

The parameters used are x space ( to 3/2, 1/8), y space (1/8 to 1, 1/8), res len

( to 2, ) and res wid (1/8 to , 1/8). X space is the spacing between resonator

elements along the long axis of the nickel element, y space is the spacing between

resonator elements along the short axis of the nickel element, res len is the length

of the nickel element and res wid is the width of the nickel element. The frac-

tions in parenthesis following each parameter name indicate the range, scaled in

wavelengths (l), over which the parameter was varied. The last number is the

step increment, in fraction of a wavelength, between points in parameter space.

All permutations of the parameters were simulated. At the end of each simula-

tion, data on the outer boundary face of the model was collected so that could be

used as input to a 2D extension model. After testing different configurations and
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Figure 6.25: The 2-D Extended model with PML is shown left. Simulated output

from the 3-D quarter symmetry to 2-D extended model is shown right. Non-con-

ductive electrodes were used for simulations.

choosing the best configuration, a parametric sweep of frequencies from 150MHz

to 220MHz was conducted to look at the performance across this range, see Fig-

ure 25. The chart shown above indicates a significant voltage near the design

frequency of 175MHz. The peak voltage of 150 microvolts at 168MHz is well

within the range of our original specification.

Devices were fabricated according to the above design (see Final Report, Section

II, II Design Overview, third generation). The devices were then tested, see Figure

26, but no significant response was seen in the frequency range of interest. In an

effort to determine where the problem was, IDT to IDT performance was analyzed.

Note: Prior to the devices fabricated with the design methodology described in

this section, referred to as Generation Three devices, there were (not surprisingly)

two other sets of devices fabricated. Due to simulation results lagging the desired

fabrication schedule, these previous devices were fabricated on a “best guess effort”

for geometry and there was little expectation of achieving a suitable output. The

previously fabricated devices were primarily for working out manufacturing issues.
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Figure 6.26: S12 sweep on resonator array to IDT. Red line is a control with no

resonator elements, Blue line is a DUT. The results show no indication of magnetic

field detection.

Figure 6.27: (Left) The IDT to IDT response, S12, on PMN-PT. (Right) IDT

to IDT model results showing clear peak at 192MHz. No such peak evident in

measurement data.

6.4.2 Testing of IDT to IDT Response

With the failure of the fabricated device as indicated above, efforts were made

to determine the source of the problem. It was noticed in all device tests so far

in the program that the IDT to IDT transmission characteristic showed only a

very mild response at the design frequency, Figure 27. The response at 175MHz

is only a couple of dB above the background. The peak response shown, around

30MHz, is also typically seen in IDT tests, though unexpected. An IDT to IDT

model developed to study the electrode behavior had predicted a resolvable peak

in the frequency range of interest. At this point it was determined to study IDT
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Figure 6.28: IDT to IDT models, 3-D left and 2-D right.

to IDT behavior more closely to understand the discrepancies observed between

models and measurements.

Several different models were constructed and typical examples are shown in Fig-

ure 28. The models were based on a PE substrate with aluminum or gold con-

ductive elements for the electrodes. The main substrate area is bounded by a

PML. The electrodes are placed four wavelengths from the PML boundary due

to identified sensitivity issues of PML interaction, see Figure 29. To excite the

SAW, a 1V peak-to-peak voltage differential is input on the left side IDT. Voltage

on the right side IDT is then measured as the model output. Frequency Domain

studies were used and the frequencies were generally swept from about 100MHz to

230MHz in one to two MHz steps. To see if the modeling was working correctly,

we simulated the IDT to IDT at low frequency. The results of the simulation

are shown in Figure 29. IDT to IDT test at low frequency also shows the low

frequency response close to the value shown in this figure. This gave us some

confidence in the modeling but it was clear that something was still incorrect.

Reviewing the original model set up it was suspected that not having conduc-

tivity enabled on the electrodes could be a significant issue. After enabling the

conductivity of the electrodes and rerunning the simulations the following data
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Figure 6.29: (Left) Simulation to examine effects of PML proximity to electrodes.

Indicated earlier, PML issues were not uncommon. Here the offset distance of

the PML to the closest electrode was varied to see interaction effects. The lack

of response at 1.5 lambda indicates severe, negative interaction. At four lambda,

the interaction effects seemed negligible. (Right) Low frequency (1 to 25 MHz)

simulation to confirm modeling. Measurements at low frequency were easy to

set up and confirmed model results. Actual measurements were shifted by about

7MHz from simulation results.
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Figure 6.30: Same model is used as for Figure 29 except that conductive effects

have been enabled for the electrodes. Conductive effects reduce aggregate charge

accumulation to noise.

was found, Figure 30.

Understanding Effects of Conductivity The new results with conductivity

enabled seemed to provide an explanation for our lack of signal but the underlying

physics was unclear. After noticing the low estimated output with conductivity

enabled for the extended 2D model, a number of simulations were conducted, first

to determine if the original observation was correct and then to determine what

was happening physically.

First the 2D model was re-run with and without using the conductivity of the IDT

electrodes. From the simulations it was clear that the conductive (i.e. physically

correct) electrodes “shorted” the surface of the PMNPT. The effect of shorting

the surface served to advance the voltage wave across the electrode essentially

instantaneously. This has the effect of phase shifting the wave coming off the

electrode region relative to the non-conductive electrodes. Decreasing the width

of the electrodes and adjusting the spacing seems to be the first course of action

for correcting this problem.
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Next some models were run changing the spacing of the electrodes. Spacing values

from 2 to 25 micron were examined. The different spacing altered the wave pattern

in the substrate but still did not produce an acceptable output from the electrodes.

The effects of the source inputs were also considered. First it was observed that

the differences in voltage distribution between the conductive and non-conductive

electrodes were significant in the region of the applied input loads. The voltage

levels in the region of the source boundary were about an order of magnitude less

than in the non-conductive model. The conductive electrodes also seemed to drive

the voltages farther into the substrate, away from the surface electrodes. Some

degree of reflection off the electrodes was also noticed in the conductive model.

Change of Piezoelectric Substrate to LiNbO3 Also disturbing was that

we had not seen anywhere in the literature any reference to the need to isolate the

electrodes or use capacitive coupling (although models with capacitive coupling

did show improvement of voltage outputs). PMN-PT, however, is not commonly

used in the literature for IDT type devices of the nature being used here. Most

of the referenced literature had been regarding LiNbO3 piezoelectric materials.

An IDT to IDT device was fabricated on LiNbO3 using existing masks. Both

simulation and measured test results showed the expected output forms, Figure

31. Further, for the LiNbO3 substrate IDTs, the effects of turning conductivity on

or off were relatively minor. While conductivity does have an impact, the effect is

to shift the signal output (in this case upward, i.e. voltage gain due to conductive

effects). The simulated result predicted a 5% higher peak than seen in the actual

device. This can easily be attributed to uncertainty or variation in the assumed

material properties.

The simulation materials and geometry were adjusted for the phase velocity

difference observed above. The IDT to IDT simulation was re-run with the new

parameters and the output indicates the IDT tuned to approximately 175MHz,
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Figure 6.31: Simulation results, left, and measured data, right, on IDT to IDT

using LiNbO3 substrate. Good qualitative agreement is seen. If we compensate

by shifting the simulated data by about 10MHz to the left, good quantitative

agreement is found also.

Figure 32. The new electrode pitch becomes 10.75 micron, the existing width was

maintained at 4 micron.

LiNbO3 Redesign After correcting the IDT for lithium niobate, it was nec-

essary to redesign the resonator array for the different material. Using the same

strategy as above under Final Modeling Effort, the quarter symmetry model was

rerun and optimal parameters were once again searched for. This time a smaller

number of cases were run, under the notion that we understood the parameter

space and behavior better than before, as well as the fact we had very limited

time left. After running the parameter sweeps for the same four parameters of

x space (3/16 to 5/16), y space (7/8 to 9/8), res len (13/8 to 15/8) and res wid

( to 3/8), the promising results were sorted out and tested on the 2-D extension

model.

The promising cases were determined by looking at the max voltage differentials

generated in the upper PE section of the quarter symmetry model and the ratio of

strain energy density in the upper section to the lower section of the PE to using

these as metrics for a “good” design. The top performers were tested on the 2D
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Figure 6.32: IDT to IDT data after readjusting for desired frequency response at

175MHz. (Left) Simulation data, (Right) S12 Data from network analyzer.

extension model. The best overall choice was x space= 1
4
λ, y space= 1

2
λ , res len=

7
4
λ , res wid= 5

16
λ. After determining the final device configuration, as indicated

above, a parametric sweep from 100MHz to 220MHz was carried out. The results

are shown in Figure 33. The estimated output for the original design parameters

on LiNbO3 is also shown here to produce negligible output. After fabrication,

devices of the final configuration were fabricated, see Final Report Part II, and

tested on a network analyzer. Magnetic input to device was from patch antenna

described in Final Report Part II. Estimated incident field strength is of the order

of 1 A/m.

Model Parameters For Gen IV (Final) Model Piezoelectric material- LiNbO3

Magnetostrictive material - Nickel

x space = 5.5 [um]

y space = 12 [um]

res len = 37.75 [um]

res wid = 6.75 [um]
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Figure 6.33: Predicted output from Final Generation IV Device (Left). Predicted

output from Generation III Device on Generation IV substrate (i.e. LiNbO3).

Figure 6.34: S12 response of nickel element array on lithium niobate. Incident

magnetic field from planar “patch” antenna. Design frequency 175MHz. Shows

clear response of interaction with nickel elements at design frequency.
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Figure 6.35: IDT electrode dimension scheme

elec width = 4 [um]

elec space = 6.75 [um]

Additional Commentary: Conductivity Effects On the Resonator Array

The quarter symmetry model was run both with conductivity effects of the nickel

element and without. Originally, for simplicity and because conduction effects

were assumed to be small, conductive effects of the nickel elements were not taken

into account. In addition, while conductivity effects on nickel reflect actual device

performance for this project, ultimately we would rather use a non-conducting

material for the magnetostrictive element.

Once it was realized that conductivity had an impact on the IDT performance

it was natural to look at the effects of conductivity on the resonator array. Fig-

ure 36 shows typical results for different configurations. Along with enabling and

disabling of conductivity calculations, we also tried adding an insulating layer of

SiO2 under the nickel element to see if that would improve performance. It should

be noted that all models examined here include magnetic field coupling to drive

the resonator. Looking at the difference between the models with non-conductive

nickel element, conductive nickel element and conductive nickel element with in-

sulator underneath we can see that the conductive effects impact the modeling

results. The non-conductive model originally analyzed is closest to the conduc-

tivity enabled model with the silicon insulator, both in waveform and voltage
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Figure 6.36: Quarter Symmetry Models shown with conductivity on (left), con-

ductivity and insulating SiO2 layer and non-conductive for the nickel resonator

element.

outputs. The conductive model without insulator shows approximately a factor

of two difference in voltage outputs and shows significantly different wave patterns.

6.5 Future Design Possibilities

In addition to the design possibilities discussed previously, some preliminary work

was completed on possible future designs. During the course of the study it was

recognized that the SAW design used here would have certain problems regarding

phase delay. Further, it was recognized that the resonator type design to be used

here would have a limited bandwidth. As a means of addressing these limitations,

the following design modifications were suggested. First, locating the electrodes

for receiving the voltage signal inside the array area would largely eliminate phase

delay issues. Second, by designing a system that operated at sub resonance fre-

quencies (i.e. characterized by element length less than approximately l/2), with

respect to the magnetostrictive element, it would be possible to accommodate a
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Figure 6.37: Upper left 14MHz, upper right 44MHz, lower left 50MHz and lower

right 68MHz. Geometric configuration designed for the SAW type device but op-

erated at low frequencies, the similarity of the sub-resonant operation is apparent

under 50MHz.

broadband design. Below are some simulations that show the essential features of

the proposed next-generation design. Simulation results indicating problems with

operation frequencies above the resonant characteristic of the magnetostrictive

nickel elements. Looking at low frequency operation, the induced voltage differ-

ential is consistent. For the element size used here, the first resonant mode is

approximately 44MHz. Consequently, as the frequency increases above this value

the distribution of the electric field starts to change significantly. This makes it

impossible to place electrodes inside the array region to read the voltage. As the
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field distribution changes the fixed electrodes would at times cancel and at others

sum without a coherent way of knowing what incident frequency or amplitude of

magnetic wave is present.

Below the resonant modes of the nickel elements the voltage nodes do not move

significantly, possibly allowing for the placement of electrodes which maintain a

relative voltage differential. The disadvantage of sub-resonant operation is that

the voltage differentials involved are typically a couple orders of magnitude smaller

than a resonant differential. If an array design provides a readable voltage how-

ever, the bandwidth and phasing advantage may make the trade in signal to noise

ratio (SNR) worthwhile. Offsetting the perceived loss of SNR though, driving the

SAW wave to reach an IDT also requires a larger initial signal and presents a

higher noise environment.

For our purpose here, a magnetostrictive array was simulated with scaled nickel

elements and under the assumption that current fabrication limitations were not

an issue. The resulting estimated output is shown below, Figure 38. The figure

shows a potential readable signal over a 50 to 100MHz bandwidth.

While the advantages are clear, these designs also have a number of challenges to

be overcome. Due to a number of difficulties in their manufacture and low signal

output, fabrication of these devices was not part of the present program. Further,

a thin film PE phase would be needed to contain the acoustic energy within a 1
2
λ

depth of substrate to produce uniform voltage waveform.

6.6 Summary

This program examined the relative merits of two different types of receiver an-

tenna devices to detect an incident magnetic wave. After preliminary qualification

testing, the SAW type device was selected as the best option for moving forward.

180



(Max –

Min )

Voltage

Blue 150 – 220

MHz

7.5 mV Green 135-185

MHz

2.5 mV Red 110 – 210

MHz

Figure 6.38: Predicted output for a next generation device.

A modeling methodology was developed to predict the output characteristics of

such devices and analyze geometric configurations. Several iterations of this pro-

cedure were performed to arrive at our final device. Additionally, suggestions for

improvements to the devices modeled here have been to put forward to overcome

some of the limitations or issues that the current design will have.

The final test results seem to indicate that the device is receiving incident magnetic

wave at the predicted operational frequency. The response is repeatable and of

sufficient magnitude to be considered significant. While further tests are desirable

and needed, it appears that a readable signal from a sub-wavelength receiver has

been realized in the UHF band. We believe the current system can be further

optimized to improve efficiency and enhance bandwidth significantly. The proof

of concept of this mechanism provides numerous opportunities in the field of sensor

and reception technology.

At the end of this program we have learned a great deal about how to model

a coupled device, as well as the areas of difficulty in designing such a device.

We find that with a linear materials model and using presently known operating

parameters, a resonant type configuration is needed to produce sufficient output
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voltage to obtain a reliable measurement. As far as general operating charac-

teristics desired in the DUT, we find a sub-resonant design is far more likely to

provide broadband response and small phase delay characteristics. The low sig-

nal would need to be addressed with either “better” materials or local electronic

signal processing.
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CHAPTER 7

Conclusions

We have presented an analytic plane wave solution for the wave equation of a

ME cross-coupled material in a reduced matrix form. The analytic form of the

dispersion equation is also given. We have shown the effects of single factor cross-

coupling on electromagnetic wave propagation in ME materials and have indicated

the unique behavior associated with the respective modes. While more complex

and interesting behavior can be obtained with multi-factor cross-coupling, e.g.,

ξ12 and ξ13 non zero, it is beyond the scope of this manuscript. Unfortunately, the

non-linearity, in terms of constitutive tensors, of wave equation (2.11) prevents

the simple superposition of single factor results. Typical anisotropic effects of

ME cross-coupling on phase velocity have also been shown. For wave propagation

in a specific direction we have shown the specific single factor influence of each

cross-coupling coefficient, summarized as follows:

• ξ11 type coupling produces a strong rotation of the basis vectors associated

with the modes of propagation and the ξ coupling can be modulated to

produce a variable field decomposition.

• ξ13 type coupling alters the phase velocity of one mode while the other

is unaffected. It induces a component of electric or magnetic field in the

propagation direction that looks like a small rotation of the field vector off

the direction of propagation and alters the direction of the Poynting vector

off the “typical” propagation direction.
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• ξ12 type coupling has been shown to be non-reciprocal and to act in a manner

similar to a Faraday Rotator with the advantage of not requiring a magnetic

bias field or rotation of the conventional field basis vectors.

By tailoring of the material properties we can achieve from one to three distinct

phase velocities (four velocities for mult-factor coupling) in ME materials; two

speeds relate to the forward phase velocity and two to the reverse phase velocities.

In particular we have shown how the cross-coupling factors act to perturb the

phase velocity of one or both propagation modes of a conventional material so

that polarization rotation is induced.

Addtionally, a homogenization model has been developed to assist with un-

derstanding material requirements and predict expected response of materials for

modeling activities. The homogenization model compares reasonably well with

know results when demagnetization factors are taken into account and shear lag

could reasonably explain the remaining difference without resorting to a derat-

ing factor for strain as some authors have suggested. Given the similarity of

laminated ME (or MEE) composite materials to common structural layered com-

posites, whose properties are reasonably well predicted by Composite Laminate

Theory (CLT), it seems reasonable that the predicted accuracy of MEE homoge-

nization should approach that of conventional composite CLTs which are on the

order of 10 percent error. Overall the homogenization model presented here seems

to predict reasonable constitutive parameters for a bulk material. This is difficult

to see if one is not careful separating bulk material behavior from local boundary

effects such as demagnetization fields and shear lag.

As homogenized materials are magnetoelectroelastic instead of simply mag-

netoelectric, the wave behavior of these materials needs to be considered. Three

forms of the general linear magnetoelectroelastic system are derived. The first

set of equations provides the simplest solution when quasistatic assumptions are

justifiable. The second solution produces a set of equations that is more intuitive
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in form but is significantly more computationally intensive to solve and tends to

be numerically unstable. The third system is the one I generally apply in practice

as it contains the full dynamics of Maxwell Equations and is the simplest system

possible for a general result.

It was further shown that by applying the mechanical equations of motion and

small strain equations to the MEE constitutive relations, a simpler eigenvalue

problem can be solved for the appropriate phase velocities and eigenmodes of the

predominately electromagnetic waves. For high fequency ME applications this

provides an effective solution of the coupled mechanical, electromagnetic MEE

system. The effective parameters given yield reasonable values to treat systems

as homogeneous magnetoelectric materials for typical applications. We find that

the results obtained from our system including stress interaction effects are signifi-

cantly different from those obtained from solutions which use only the permittivity,

permeability and magnetoelectric coupling tensors. Further, we have shown that

homogenized MEE materials can produce significant wave propagation effects not

normally found in single phase materials.

Lastly, a sub-wavelength receive antenna was designed based on a understand-

ing of the wave behavior of multiferroics and promising results were obtaining

indicating the promise of multiferroic materials for antenna design materials.
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