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ABSTRACT OF THE DISSERTATION

Reasoning beyond Imitating Human Language

by

Shibo Hao

Doctor of Philosophy in Data Science

University of California San Diego, 2026

Professor Zhiting Hu, Chair

Large language models (LLMs) have achieved remarkable progress on a wide range of
tasks by learning from vast collections of human-written text. This training paradigm instills
in LLMs the ability to produce fluent, contextually appropriate language—but it also imposes
a fundamental constraint: the model learns to imitate the outcomes of human reasoning, as
recorded in text, rather than the cognitive processes of reasoning itself. As a result, LLMs
face persistent difficulties with tasks that require structured exploration, grounded symbolic
computation, or deliberate planning—capabilities that, in humans, operate partly outside of
language.

This dissertation explores three distinct approaches to move language model reasoning

Xiii



beyond the boundaries imposed by language imitation. First, we reframe LLM reasoning as a
planning problem. Reasoning via Planning (RAP) repurposes the same language model as both
a reasoning agent and a world model, enabling structured exploration of the reasoning space
via Monte Carlo Tree Search. By explicitly simulating world states and evaluating rewards,
RAP enables LLMs to backtrack from wrong reasoning steps and find high-quality solutions—
achieving results that surpass GPT-4 with only a 33B-parameter model on plan generation
benchmarks.

Second, we address the limitation that language text cannot teach symbolic computation.
ToolkenGPT augments frozen LLMs with external cognitive tools by treating each tool as a
special “toolken” embedding appended to the model’s vocabulary. This lightweight approach—
training only the toolken embeddings while keeping the LLM frozen—allows models to master
arbitrarily many tools in a plug-and-play fashion, improving performance on numerical reasoning,
knowledge-based question answering with over 200 API tools, and embodied plan generation.

Third, we question whether language tokens are the right medium for reasoning at
all. Chain of Continuous Thought (COCONUT) trains LLLMs to reason in a continuous latent
space by feeding the last hidden state directly back as the next input embedding, bypassing the
language model head. This simple modification gives rise to an emergent breadth-first-search-
like reasoning pattern: the continuous thoughts can encode multiple candidate reasoning paths
simultaneously, allowing the model to delay commitment and converge on correct answers with
fewer tokens than language-based chain-of-thought.

Together, these three works demonstrate a systematic progression away from language
imitation as the sole basis for machine reasoning: from structured search over language reasoning

paths, to grounding in symbolic external tools, to reasoning freed from language tokens entirely.
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Chapter 1

Introduction

1.1 Reasoning by Imitating Human Language

The rise of large language models (LLMs) represents a watershed moment in artificial
intelligence. Models such as GPT-4 [73], LLaMA [92], and their successors have demonstrated
remarkable competence across diverse tasks—from writing assistance and code generation to
scientific question answering and logical inference. Crucially, these capabilities emerge not from
any explicit representation of reasoning rules, but from a single training objective applied to
enormous corpora of human-written text: predict the next token.

This training paradigm places language at the center of everything. Text data is the
medium through which world knowledge, linguistic structure, and—implicitly—reasoning
patterns are transmitted to the model. When a mathematician writes a proof, or a programmer
explains a debugging strategy, or a teacher works through a word problem, the language they
produce captures the outcome of their cognitive process. LLLMs are trained to reproduce that
output, and in doing so acquire a form of apparent reasoning ability.

A compelling illustration of this mechanism is chain-of-thought (CoT) prompting [97]:
by prompting LLMs to generate intermediate reasoning steps before a final answer, one can
extract substantially better performance on multi-step problems. The model produces language
that looks like the reasoning process a human would write down—and, because that process is

correlated with correct answers in the training data, it often leads to correct answers. This is



language imitation at its most powerful.

Yet the mechanism is also the limitation. The web corpus records how humans verbalize
their thinking, not how they actually think. Neuroimaging studies consistently show that the
brain’s language network remains largely inactive during many reasoning tasks [24]. Clinical
evidence reveals that people with aphasia—who have lost the ability to use language—can still
engage in sophisticated non-verbal reasoning. And linguists have long recognized that syntactic
and lexical constraints in natural language are shaped by the demands of communication, not
optimized for logical inference. Language, in short, is a lossy and distorted record of thought.

This mismatch has concrete consequences for LLMs. Models trained purely on language

text:

* generate reasoning traces autoregressively—one token at a time, with no ability to look

ahead, backtrack, or explore alternative paths [94];

* cannot reliably perform symbolic operations (arithmetic, database queries, program execu-
tion) that humans routinely delegate to external tools, because such operations leave only

their results in text [19];

* are forced to express every intermediate reasoning step as a natural language token, even

though most tokens in a reasoning chain serve fluency rather than reasoning [30].

1.2 Reasoning beyond Language Imitation

This dissertation investigates three approaches to reasoning that move beyond the con-

straints of language imitation. Each approach targets a different bottleneck.

Approach 1: Simulating the Structure of Human Deliberate Thought

Human deliberate reasoning—what cognitive scientists call “System 2” thinking [50]—
involves constructing an internal model of the world, simulating possible future states, evaluating

outcomes, and backtracking from dead ends. These operations are not faithfully encoded in



language text, which typically records only the final, cleaned-up output of the deliberative
process.

Chapter 2 addresses this by reframing LLLM reasoning as a planning problem. The key
insight is that the same LLM can be repurposed as a world model: given the current state of a
reasoning problem, the LLM predicts what the world would look like after an action is taken.
Monte Carlo Tree Search (MCTS) then uses this world model to systematically explore the
reasoning space—sampling action sequences, evaluating their rewards, and backpropagating
value estimates to refine earlier decisions. This gives the LLM the ability to plan, explore,
and recover from mistakes, producing reasoning behavior that is structurally closer to human
deliberation. On plan generation benchmarks, Reasoning via Planning (RAP) with a 33B-

parameter model surpasses CoT with GPT-4 by 33% relative improvement.

Approach 2: Augmenting Cognition with External Tools

A second limitation is that language text is a poor medium for transmitting grounded,
symbolic competencies. A textbook may describe how to compute the least common multiple of
two numbers, but the relevant skill is computational, not linguistic. Similarly, factual knowledge
is better accessed from a structured database than retrieved from model weights. Human experts
routinely use external tools—calculators, search engines, code interpreters, knowledge bases—to
augment their reasoning beyond what language-based thought alone can achieve.

Chapter 3 proposes ToolkenGPT, which augments frozen LLMs with massive external
tools by treating each tool as a special token—a “toolken”—appended to the model’s vocabulary.
A lightweight toolken embedding (with the LLM parameters frozen) is trained for each tool. At
inference time, when the model generates a toolken, it switches to argument-generation mode,
executes the tool, and injects the result back into the generation stream. This approach scales to
hundreds of tools without fine-tuning the LLM, and substantially outperforms in-context learning
baselines on numerical reasoning, knowledge-based question answering with 234 tools, and

embodied plan generation.



Approach 3: Freeing Reasoning from Language Tokens

The most fundamental departure from language imitation is to ask: does reasoning need
to happen in language at all? Every step of CoT reasoning must be expressed as a natural
language word token, yet language tokens are optimized for communication, not for internal
computation. Many tokens in a reasoning chain are purely for fluency. Worse, the commitment
to one token at a time in autoregressive decoding prevents the model from maintaining multiple
hypotheses simultaneously.

Chapter 4 introduces Chain of Continuous Thought (COCONUT), which replaces language
tokens in the reasoning chain with continuous thought vectors. Rather than decoding the hidden
state into a discrete word token, COCONUT feeds the last hidden state directly back as the
next input embedding—entirely bypassing the language model head. The model reasons in a
high-dimensional continuous latent space and only decodes into language when producing the
final answer. A multi-stage training curriculum, which progressively replaces language reasoning
steps with continuous thoughts, enables effective learning. Remarkably, continuous thoughts
develop an emergent breadth-first-search-like property: they simultaneously encode multiple
candidate next reasoning steps, allowing the model to explore a tree of possibilities within a

single forward pass rather than committing to a single greedy path.

1.3 Summary of Contributions

The three works in this dissertation address different aspects of the same fundamental
challenge: enabling language models to reason in ways that go beyond imitating the surface
form of human language.

Reasoning via Planning (RAP) (Chapter 2) introduces a framework where LLM reason-
ing is formulated as a Markov decision process, with the LLM simultaneously serving as the
reasoning agent and the world model. MCTS enables structured exploration of the reasoning

space. Key contributions include: (1) a general formulation of state, action, reward, and world



model applicable to diverse reasoning tasks; (2) empirical demonstration that structured planning
substantially outperforms CoT on plan generation, math reasoning, and logical reasoning; and
(3) evidence that RAP with LLaMA-33B surpasses GPT-4 on plan generation—establishing
inference-time search as a powerful axis for scaling reasoning.

ToolkenGPT (Chapter 3) introduces a lightweight method for augmenting frozen LLMs
with massive external tools. Key contributions include: (1) the toolken embedding framework,
which treats tools as vocabulary extensions and learns only their embeddings; (2) a training
procedure that can use either supervised demonstrations or synthetic data; and (3) demonstration
that ToolkenGPT outperforms fine-tuning and in-context learning baselines on three diverse
tasks, scaling gracefully to hundreds of tools.

COCONUT (Chapter 4) introduces a new reasoning paradigm in continuous latent space.
Key contributions include: (1) the COCONUT architecture, which feeds continuous hidden states
back as input embeddings; (2) a multi-stage curriculum training procedure; (3) an analysis of
the emergent latent tree search behavior; and (4) empirical results showing better efficiency and

accuracy tradeoffs compared to language-based chain-of-thought reasoning.

1.4 Dissertation Organization

The remainder of this dissertation is organized as follows. Chapter 2 presents Reasoning
via Planning. Chapter 3 presents ToolkenGPT. Chapter 4 presents COCONUT. Chapter 5
synthesizes the three contributions, discusses their connections, and outlines directions for future

research.



Chapter 2

Reasoning via Planning: LLLM Reasoning
as Planning with a World Model

2.1 Introduction

Large language models (LLMs) have exhibited emergent reasoning abilities across a
wide range of tasks [8, 13, 73]. Recent approaches further boost their ability by prompting LLMs
to generate intermediate reasoning steps, €.g2., Chain-of-Thought (CoT) [97], or to answer a
series of subquestions, e.g., least-to-most prompting [104]. However, LLMs still face difficulties
with tasks that humans find easy. For example, in creating action plans to move blocks to a
target state, GPT-3 [8] achieves a success rate of only 1%, compared to 78% for humans [94];
these models also struggle with complex tasks that require multiple steps of math, logical, or
commonsense reasoning [41, 70].

Humans possess an internal world model, a mental representation of the environment [28,
48, 49], which enables humans to simulate actions and their effects on the world’s state for
deliberate planning during complex tasks of motor control, imagery, inference, and decision
making [7, 55, 91]. For example, to make an action plan towards a goal, planning with the
world model involves exploring various alternative courses of actions, assessing the likely
outcomes by rolling out possible future scenarios, and iteratively refining the plan based on the
assessment [38, 45]. This is in stark contrast to the current LLM reasoning, which instinctively

generates a reasoning trace in an autoregressive manner. In particular, we identify several key
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Figure 2.1. An overview of Reasoning via Planning (RAP). Compared with previous LLM
reasoning methods like Chain-of-Thought [97], we explicitly model the world state from a world
model (repurposed from the language model), and leverage advanced planning algorithms to
solve the reasoning problems.

limitations of current reasoning with LLMs, including (1) the lack of an internal world model
to simulate the state of the world (e.g., the configuration of blocks, the values of intermediate
variables), which is the foundation of human planning; (2) the absence of a reward mechanism
to assess and guide the reasoning towards the desired state; and due to both limitations, (3) the
incapability of balancing exploration vs. exploitation to efficiently explore the vast reasoning
space.

To address these limitations, this chapter proposes a new framework, Reasoning via
Planning (RAP), that enables LLMs to reason in a manner close to humans’ conscious planning.
R AP augments the LLLM with a world model, and reasons with principled planning (specifically
Monte Carlo Tree Search, MCTYS) to produce high-reward reasoning traces after efficient explo-
ration (Figure 2.1). Notably, we acquire the world model by repurposing the LLM itself with
appropriate prompts. During the reasoning, the LLLM strategically builds a reasoning tree by
iteratively considering the most promising reasoning steps (actions) and using the world model

(the same, repurposed LLM) to look ahead for future outcomes. The estimated future rewards
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Figure 2.2. RAP for plan generation in Blocksworld (left), math reasoning in GSM8K (middle),
and logical reasoning in PrOntoQA (right). The world model formulation enables a flexible,
task-specific definition of states and actions.

are then back-propagated to update the LLM’s beliefs about the current reasoning steps, guiding
it to refine the reasoning by exploring better alternatives. Our MCTS-based planning effectively
maintains a proper balance between exploration (of unvisited reasoning traces) and exploitation
(of the best reasoning steps identified so far).

We show RAP is a general framework applicable to a diverse range of challenging
problems and achieves substantial improvements over recent popular LLM reasoning methods.
For plan generation, particularly in 2/4/6-step problems of Blocksworld [95], RAP achieves an
average success rate of 64% while CoT fails almost completely. Moreover, LLaMA-33B with
RAP surpasses GPT-4 with CoT by 33% relative improvement. In the domains of mathematical
reasoning, such as GSM8K [14], and logical inference exemplified by PrOntoQA [81], RAP
also consistently improves over strong baselines, including CoT, least-to-most prompting, and

their self-consistency variants.

2.2 Related Work

Reasoning with LLMs. LLM reasoning typically involves decomposing complex questions into

sequential intermediate steps (a.k.a. chains) before producing the final answer, exemplified by



Chain-of-Thought (CoT) prompting and its variants [54, 97]. The basic CoT generates chains
all at once and can induce additional errors as the step count increases. Self-Consistency [96]
samples multiple chains to choose the best answer via majority voting. Least-to-most prompt-
ing [104] reduces the question into simpler subquestions and answers them sequentially. Similar
to our reward formulation, recent works have explored self-evaluation approaches to provide
feedback for intermediate steps [76, 86, 98]. Aligned with our state formulation, Li et al. [59]
incorporate latent ‘““situations” into LLMs, referring to the state of entities from the context.
More relevantly, recent works have started to explore more complex structures guided by search
algorithms. For instance, CoRe [106] fine-tunes a reasoning step generator and verifier for math
word problems with MCTS for decoding. Concurrently to our work, Yao et al. [101] apply
heuristic-based search, like depth-/breadth-first search, for better reasoning paths. However,
none of the above methods formally introduce a world model, nor do they instantiate the reward
and state in a unified framework. Compared with these search-guided methods, RAP is a more
principled framework that combines a world model and reward with advanced planning.
Planning with LLMs. Planning, a central ability in intelligent agents, involves generating
a series of actions to achieve a specific goal [10, 68]. Classical planning methods have been
widely adopted in robotics and embodied environments [11, 47]. Recently, prompting LLMs to
plan directly has gained attention and shown potential [18, 43, 89]. Moreover, based on LLMs’
programming ability [63, 65], recent works first translate natural language instructions into
executable programming languages, such as the Planning Domain Definition Language (PDDL),
and run classical planning algorithms, e.g., LLM+P [63]. However, code-based planning is
constrained by its narrow domains and the environment, while RAP can handle open-domain
problems, such as math and logical reasoning.

World models and planning. Traditional reinforcement learning (RL) relies heavily on in-
teraction with the environment. To improve sample efficiency, some works leverage a world
model that predicts state transitions, and directly learn a policy within the world model [33].

With latent imagination in a world model, an RL agent can be trained to solve long-horizon



tasks [34, 35]. Recent years have witnessed successful applications of planning algorithms in
RL, such as AlphaZero [88] and MuZero [83]. These algorithms are typically based on tree
search and are designed to maintain a balance between exploration and exploitation. Compared
with previous works, we use LLMs as world models and apply a planning algorithm to search
for better reasoning paths, solving various open-domain reasoning tasks. To the best of our
knowledge, RAP is the first general framework repurposing an LLM as a world model to tackle

a broad range of LLM reasoning problems.

2.3 Reasoning via Planning (RAP)

In this section, we present the RAP framework that enables LLMs to strategically plan a
coherent reasoning trace for solving a wide range of reasoning tasks. We first build the world
model by repurposing the LLM with prompting (Section 2.3.1). The world model serves as the
foundation for deliberate planning, allowing the LLM to plan ahead and seek out expected future
outcomes. We then introduce the rewards for assessing each state during reasoning (Section 2.3.2).
Guided by the world model and rewards, planning with MCTS efficiently explores the vast
reasoning space and finds high-reward reasoning traces (Section 2.3.3). Finally, when multiple
promising reasoning traces are acquired during planning, we introduce an aggregation method

(Section 2.3.4) that yields an ensembled result.

2.3.1 Language Model as World Model

In general, a world model predicts the next state of the reasoning after applying an action
to the current state [33, 67]. RAP enables us to instantiate the general concepts of state and
action in different ways depending on the specific reasoning problem at hand (Figure 2.2). For
example, in Blocksworld, it is natural to define a state as the configuration of blocks (described in
natural language), and an action as a behavior of moving a block (e.g.,  ‘pick up the orange
block’’). In a math reasoning problem, we use the state to represent the values of intermediate

variables, and set an action to be a subquestion that drives the reasoning to derive new values. In
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logical reasoning, a state is a fact we are focusing on, and an action is to choose a rule for the
next deduction.

With the definition of state and action, the reasoning process can be described as a Markov
decision process (MDP): given the current state s;, t =0,1,...,T, e.g., the initial state s, the
LLM (as a reasoning agent) generates an action space by sampling from its generative distribution
a; ~ p(a | s;,c), where c is a proper prompt (e.g., in-context demonstrations). Once an action
is chosen, the world model then predicts the next state s;, | of the reasoning. Specifically, we
repurpose the same LLM to obtain a state transition distribution p(s,11 | s¢,a;,¢’), where ¢’ is
another prompt to guide the LLM to generate a state. For instance, in Blocksworld, the LLM
(as the world model) generates text s,,1 to describe the new configuration of blocks, given the
previous state s; and the action a;.

Continuing the process results in a reasoning trace, which consists of a sequence of
interleaved states and actions (so,ao,S1,...,ar—1,s7). This differs from previous reasoning
methods, such as Chain-of-Thought [97], where the intermediate reasoning steps consist of
only a sequence of actions, e.g., (@p = ¢ ‘pick up the red block’’,a; = ‘‘stack on the
yellow block’’, ...); see comparisons in Figure 2.1. Augmenting the reasoning with the
(predicted) world states helps the LLM with a more grounded and coherent inference. Note
that the full reasoning trace is simulated by the LLM itself (as a reasoning agent with an
internal world model) without interacting with the external real environment. This resembles
humans contemplating a possible plan in their minds. The capability of simulating future states,
by introducing the world model, allows us to incorporate principled planning algorithms to

efficiently explore the vast reasoning space.

2.3.2 Reward Design

During reasoning, we want to assess the feasibility and desirability of each reasoning
step, and guide the reasoning based on the assessment (Section 2.3.3). The assessment of each

reasoning step (i.e., applying an action a; to the state s;) is performed by a reward function
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ry = r(ss,a;) € R. Similar to the state and action, the reward function can be specified in different
ways to accommodate any knowledge or preferences about the reasoning problem of interest.
Here we introduce several common rewards applicable to different tasks and shown to be effective
in our experiments.

Likelihood of the action. When an action is generated by the LLM conditioned on the in-context
demonstration and the current state, the probability of the specific action reflects the LLM’s
preference. We thus incorporate the log probability of the action as a reward. This reward reflects
the “instinct” of the LLM as an agent, and can also be used as a prior for which action to explore.
Confidence of the state. State prediction is nontrivial in some problems; e.g., in math reasoning
(Figure 2.2, middle), given an action (i.e., a subquestion), the world model predicts the next state
by answering the subquestion. We incorporate the confidence of the state (i.e., the answer in this
case) as a reward. Specifically, we draw multiple sample answers from the world model, and
use the proportion of the most frequent answer as the confidence. Higher confidence indicates
that the state prediction is more consistent with the world knowledge of the LLLM [37], which
typically leads to a more reliable reasoning step.

Self-evaluation by the LLM. It is sometimes easier to recognize errors in reasoning than to
avoid generating them in advance. Thus, it is beneficial to allow the LLM to criticize itself with
the question “Is this reasoning step correct?”, and use the next-word probability of the
token “Yes” as a reward. The reward evaluates the LLM’s own estimation of the correctness of
reasoning. The specific questions used for self-evaluation can differ depending on the task.
Task-specific heuristics. RAP also allows us to flexibly plug in other task-specific heuristics
into the reward function. For example, in plan generation for Blocksworld, we compare the
predicted current configuration of blocks with the goal to calculate a reward (Section 2.4.1). This

reward encourages the plan of movements to actively pace towards the target.
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Figure 2.3. An illustration of the four phases in an iteration of MCTS planning (Section 2.3.3):
selection, expansion, simulation, and back-propagation.

2.3.3 Planning with Monte Carlo Tree Search

Once equipped with the world model (Section 2.3.1) and rewards (Section 2.3.2), the LLM
can reason with any planning algorithm. We adopt Monte Carlo Tree Search (MCTS) [15, 53], a
powerful planning algorithm that strategically explores the space of reasoning trees and strikes
a proper balance between exploration and exploitation to find high-reward reasoning traces
efficiently.

Specifically, MCTS builds a reasoning tree iteratively, where each node represents a state,
and each edge represents an action and the transition from the current state to the next state
after applying the action (Figure 2.1). To guide the LLM agent to expand and explore the most
promising nodes, the algorithm maintains a state-action value function Q : . x &/ — R, where
Q(s,a) estimates the expected future reward of taking action a in state s. Figure 2.3 illustrates the
four operations performed in each iteration to expand the tree and update Q values. The process
continues until a specified computational budget (e.g., the number of iterations) is reached, and
the resulting traces are acquired from the tree. The full procedure is given in Algorithm 1.

Selection. The first phase selects a portion of the existing tree that is most promising for further
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expansion. Starting from the root node (i.e., the initial state sg), at each level of the tree the
algorithm selects a child node as the next node, finishing when a leaf node of the current tree is
reached. To balance between exploration (of less-visited nodes) and exploitation (of high-value
nodes), we use the well-known Upper Confidence bounds applied to Trees (UCT) [53] to select
each child node. Specifically, at node s, we select the action by considering both the Q value (for

exploitation) and uncertainty (for exploration):

2.1

N(c(s,a))

a* = arg max [Q(s,a) +w M]
acA(s)

where N(s) is the number of times node s has been visited in previous iterations, and c(s,a) is the
child node of applying a in state s. The less a child node was visited (i.e., the more uncertain we
are about it), the higher the second term. The weight w controls the balance between exploration
and exploitation.

Expansion. This phase expands the tree by adding new child nodes to the leaf node selected
above. Given the state of the leaf node, we use the LLM (as agent) to sample d possible actions
(e.g., subquestions in math reasoning), and then use the LLLM (as world model) to predict the
respective next state, resulting in d child nodes. If the selected leaf node is already a terminal
node (the end of a reasoning chain), we skip expansion and jump to back-propagation.
Simulation. To estimate the expected future reward (Q value), this phase simulates the future
of the current node using the world model. Starting from the current node, at each node s we
create an action following a roll-out policy and use the world model to predict the next state.
The roll-out continues until a terminal state is reached. In our experiments, for simplicity and
reduced noise, we follow a process similar to expansion: generating d candidate actions and
picking the one with the largest local reward, @’ = argmax, r(s,a). For efficiency, we discard the
computationally costly components in r (e.g., the confidence reward, which requires sampling
the answer multiple times) during simulation.

Back-propagation. Once we reach a terminal state, we obtain a reasoning path from the root to
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Algorithm 1. RAP-MCTS

Require: Initial state so, state transition function pg, reward function rg, action generator py, number of
actions d, depth limit L, number of roll-outs N, exploration weight w
1: Initialize memory of actions A, children ¢, rewards r, value function Q, visit counter N(-)
2: forn<+0,....N—1do

3: t+0
4 while N(s;) > 0 do > Selection
5 N(s;) < N(s;)+1
6 @ 4 argmaXgea(y,) [Q(st,a) —&—w\/lnN(s,)/N(c(st,a))}
7: re—r(se,ar), S < c(spya), t+t+1
8 end while
9 while s, is not terminal A r < L do
10 fori+—1,...,ddo > Expansion
11: Sample at(’) ~ pylals), 521 ~ Do (s,,a,(l)), r,(’) ~rg (s,,a,(l))
12: Update A(s;), c(s,,a,(i)), r(s,,a,(i))
13: end for
14: a; < argmaxgea(s,) (51, a) > Simulation
15: re—r(se,ar), S < c(spyar), t+t+1
16: end while
17: fort < 1t,...,0do > Back-propagation
18: Update Q(s;,ay) with {ry,ryiq,...,r}
19: end for
20: end for

the terminal node. We then back-propagate the rewards along this path to update the Q value of
each state-action pair. Specifically, we update Q(s,a) by aggregating the rewards in all future
steps of node s.

Once a predetermined number of iterations is reached, we terminate the algorithm and
select the final reasoning trace from the constructed tree. There are various ways to do so: starting
from the root and iteratively choosing the action with the highest Q value; directly selecting the
path from the iteration that yielded the highest reward; or choosing the most-visited root-to-leaf

path. In practice, we observed that the second strategy often yields the best results.

2.3.4 RAP-Aggregation

For problems such as math reasoning (Section 2.4.2) where only the final answer is

required, RAP can produce multiple traces and answers from different MCTS iterations, which
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are aggregated to produce the final answer. We refer to this mechanism as RAP-Aggregation.
Note that problems like plan generation or logical inference require a complete reasoning trace

as output; thus, RAP-Aggregation is not applied to them.

2.4 Experiments

In this section, we demonstrate the flexibility and effectiveness of RAP by applying
it to three problem families: plan generation in an embodied environment (Section 2.4.1),
mathematical reasoning (Section 2.4.2), and logical reasoning (Section 2.4.3). By default, we
use the LLaMA-33B model [92] as the base LLM for both our methods and baselines, with a
sampling temperature of 0.8. We primarily compare RAP with Chain-of-Thought (CoT) [97]
and its variants like least-to-most prompting [104], as well as their self-consistency [96] variants.

We also compare with GPT-4 [73] when computational resources allow.

2.4.1 Plan Generation

The plan generation task aims to produce a sequence of actions to achieve a given goal,

possibly with additional constraints. The ability to generate plans is important for intelligent
embodied agents, e.g., household robots [78].
Task setup. We adapt and evaluate RAP on the Blocksworld benchmark [94], where an agent
is asked to rearrange blocks into stacks in a particular order. We define a state as the current
orientation of the blocks and an action as an instruction that moves blocks. Specifically, an action
is composed of one of four verbs (STACK, UNSTACK, PUT, and PICKUP) and the manipulated
objects. We generate the currently valid actions given the domain restrictions and current
orientation. To transition between states, we take the current action and query the LLM to predict
the changes to the relevant blocks, updating the state by adding the new conditions and removing
those that are no longer true. Once a state has met all goal conditions or the depth limit is reached,
we terminate the associated node.

To assess the quality of actions, we use two rewards. First, we prompt the LLM with
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example test cases and their solutions and compute the log probability of the action given the
current state (the likelihood of action reward, ry). This reflects the intuition of the LLM as a
reasoning agent; it is typically indicative when there are few steps left to the goal, but less reliable
for a distant goal. Second, we compare the new state after performing an action with the goal
and provide a reward, r;, scaling with the number of conditions met (the task-specific heuristics
reward). When all conditions are met, we assign a very large reward to ensure the plan is selected
as the solution.

Results. We use test cases from the Blocksworld dataset [95] and group them by the minimum
number of actions required, resulting in 30 cases solvable within 2 steps, 57 within 4 steps, and
114 within 6 steps. There are at most 5 blocks in each test case. As the baseline, we prompt
the LLLM with 4 test cases and corresponding solutions and ask it to generate a plan for a new
question, following the setup of Valmeekam et al. [94]; we denote this as CoT. For RAP, the
same prompt is used to help the LLM calculate ry.

As shown in Table 2.1, CoT with LLaMA-33B can only solve a few 2-step cases and fails
almost completely on harder problems. RAP substantially improves over CoT, nearly solving all
problems within 4 steps and a portion of 6-step problems, achieving an average success rate of
64%. It is worth noting that the search space of 6-step problems can be as large as 5°, yet our
algorithm finds a successful plan 42% of the time within 20 iterations. Even more strikingly,
RAP allows LLaMA-33B to outperform GPT-4 by a 33% relative gain, despite GPT-4 having
much stronger reasoning ability [9].

Case study. We compare the reasoning paths from CoT and RAP in Figure 2.4. We summarize
the reasons for the improvement: (1) by maintaining the world state during reasoning, RAP
can recognize valid actions for the current state, avoiding illegal plans; (2) RAP is capable of
backtracking and trying other solutions when the first intuition from the LLM does not work—in
the example, CoT achieves the second goal (“orange on red”) with its first two steps, but doing
so prevents the first goal from being satisfied, whereas RAP makes the same mistake in early

iterations yet explores other paths and finally generates a successful plan; (3) when calculating
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Table 2.1. Results on Blocksworld. RAP(!9) and RAP(?Y) refer to our method with 10 and 20
iterations, respectively. “pass@10” means 10 plans are sampled for each test case, and the case
is regarded as solved if at least one plan is correct. All other settings, including RAP, evaluate
only a single plan.

Method 2-step 4-step 6-step

CoT 0.17 0.02  0.00
CoT (pass@10) 0.23 0.07 0.00
CoT (GPT-4) 0.50  0.63 0.40

RAP(10) 1.00 086 0.26
RAP(20) 1.00 0.88  0.42

COT (Goal: The red block is on blue block; the orange block is on the red block)
| have that, the red block is clear, the blue block is clear, the orange block is clear,
So the hand is empty, the orange block is on top of the yellow block, the red block is
—_—— on the table, the blue block is on the table and the yellow block is on the table. ) DE_\:L
unstack the orange
Qa Lblock from on top of the | ag { Pick up the red block.
%J ! I have that, the blue block is clear, the orange block is clear, the red block is in the
(] S1 hand, the hand is holding the red block, the orange block is on top of the yellow O
D block, the blue block is on the table, and the yellow block is on the table. )
stack the orange block L . 5
ai Lon top of the red block I ai Stack the red block on top of the blue block. .
e — (I'have that, the orange block is clear, the red block is clear, the hand is empty, the '
E_:LI:L S9 orange block is on top of the yellow block, the red block is on top of the blue block,
the blue block is on the table, and the yellow block is on the table. )
a i |
2 mek pUogRlElEE: t a { Unstack the orange block from on top of the yellow block. 1
S
j | have that, the orange block is in the hand, the red block is clear, the yellow block
) S3 is clear, the hand is holding the orange block, the red block is on top of the blue (I
stack the yellow block block, the blue block is on the table, and the yellow block is on the table. )
as on top of the blue block
J | as { Stack the orange block on top of the red block. .
| have that, the orange block is clear, the yellow block is clear, the hand is empty,
E El S4 the orange block is on top of the red block, the red block is on top of the blue
x block, the blue block is on the table, and the yellow block is on the table. ) 1 Qf

Figure 2.4. Comparing reasoning traces in Blocksworld from CoT (left) and RAP (right). CoT
commits to an incorrect early action and cannot recover. RAP backtracks and finds a successful
plan.

the reward, we can feed only the current state to the LLM and hide the history, which significantly

lowers the difficulty of the last few steps and saves more iterations for the harder early decisions.

2.4.2 Math Reasoning

Task setup. Math reasoning tasks, such as GSM8K [14], often include a description and a
final question. Arriving at the answer requires multi-step calculations based on the problem’s
context. It is thus natural to decompose the final question into a sequence of smaller sub-
questions (Figure 2.2, middle). We define a state as the values of intermediate variables, and

an action as proposing an incremental sub-question about an unknown intermediate variable.
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The world model responds to the sub-question using the intermediate variables and the problem
description, adding the new variable value to the next state. We combine the self-evaluation of
helpfulness by the LLM, r; 1, and the confidence of the state, r; >, using a weighted geometric
mean r; = ffl . rtlvga as the reward. This encourages more relevant and useful sub-questions.

To account for the impact of the reasoning path’s length, we compute the Q value using the

maximum of average future rewards:

O (sr,a0) = max avg(re,...,rp). (2.2)

StyQt Tty SHALTT,SI41

As a related work, least-to-most prompting [104] shares a similar idea of sub-question
decomposition, but it generates all sub-questions at once. In contrast, RAP considers each action
a, based on the current state s;, which enables more informed decisions.

Results. We evaluate on GSM8K, a dataset of grade-school math word problems, with CoT [97],
least-to-most prompting [104], and their self-consistency variants as baselines, using the same
4-shot demonstrations for all methods. As shown in Table 2.2, RAP answers 48.6% of problems
correctly, outperforming both CoT and least-to-most prompting with self-consistency—and this
is achieved while RAP selects only one reasoning trace based on the reward. RAP-Aggregation
further improves accuracy by about 3%. Figure 2.5 shows accuracy as a function of the number
of MCTS iterations (for RAP) or samples (for self-consistency baselines): across all budgets,
RAP-Aggregation consistently outperforms baselines, indicating that RAP is significantly better

at finding reliable reasoning paths when only a few iterations/samples are allowed.

2.4.3 Logical Reasoning

Task setup. A logical reasoning task (e.g., PrOntoQA [81]) typically provides a set of facts
and logical rules, and a model is required to verify whether a hypothesis fact is true or false by
applying the rules to the given facts (Figure 2.2, right). These tasks require not only the correct

final answer (true/false), but also a detailed proof. To apply RAP, we define the state as a fact
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Table 2.2. Results on GSMS8K. Superscripts denote the number of samples (self-consistency,
SC) or MCTS iterations (RAP).

Method Accuracy (%)
Chain-of-Thought 294
+sc9) 46.8
Least-to-Most 25.5
+sci9) 42.5
RAPW) 40.0
RAP(10) 48.6
+ Aggregation 51.6

we are focusing on, analogous to the human’s working memory [3] for inference. An action is
defined as selecting a rule from the fact set. The world model performs a one-hop reasoning step
to derive a new fact as the next state. The reward is computed via self-evaluation: we prompt
the LLM with a few labeled examples to help it judge the quality of reasoning steps. We use the
average reward of future steps to update the Q function, as in Equation (2.2).

Results. We assess RAP on PrOntoQA [81], adopting their “true” ontology (real-world knowl-
edge) and “random” ordering of rules. We mix examples requiring 3, 4, and 5 reasoning hops
to prevent the LLM from memorizing when to finish, sampling 500 examples. We compare
both the prediction accuracy of the final answer and the accuracy of the entire proof, running 20
iterations for MCTS and 20 samples for self-consistency. As shown in Table 2.3, RAP achieves
94.2% prediction accuracy and 78.8% proof accuracy, surpassing CoT by 14% on proof accuracy
and self-consistency CoT by 4.4% on prediction accuracy. As illustrated in Figure 2.2, RAP can
effectively recognize when a reasoning chain reaches a dead end and propagate the signal back to
earlier steps, with the planning algorithm allowing it to explore alternatives. The self-evaluation

reward further helps RAP recognize potential incorrect steps.
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Figure 2.5. Accuracy on GSM8K with different numbers of sampled paths (self-consistency) or
MCTS iterations (RAP). RAP-Aggregation consistently outperforms baselines at every budget.

Table 2.3. Results on PrOntoQA. We report both the prediction accuracy of the final answer and
the accuracy of the full proof.

Method Pred. Acc. (%) Proof Acc. (%)

CoT 87.8 64.8
CoT + SC 89.8 —
RAP (Ours) 94.2 78.8

2.4.4 Analysis: Scaling to More Complex Problems

To study whether RAP can help stronger LLMs solve more complex problems, we
conduct experiments on the full Blocksworld [95] dataset (602 test cases) using a more capable
LLM, Llama-2 70B [93]. We group cases by the minimum number of actions required and
consider two settings. In the Easy setting, we assume prior knowledge of the minimum number
of actions for each case and use demonstration cases sharing the same minimum number of
actions; for each group, we randomly select 10 cases as a demonstration pool and sample 4-shot
demonstrations from it. In the Hard setting, we randomly select 10 cases from the full dataset to
form a single global demonstration pool, sampling 4-shot demonstrations from it irrespective of

the test case’s difficulty.

21



Table 2.4. Results on the full Blocksworld with Llama-2 70B. Groups are defined by the
minimum number of required actions.

Setting Method 2 4 6 8 10 12 All

Easy  CoT 049 0.18 0.06 0.01 0.01 0.00 0.08
RAP(1I0 100 099 075 061 032 032 0.65

Hard  CoT 022 0.14 0.02 0.02 0.00 0.00 0.05
RAP!I9 067 076 0.74 048 0.17 0.09 051

We employ CoT as a baseline and evaluate RAP(!?) with an improved prompting tech-
nique. Results are summarized in Table 2.4. In both settings, RAP demonstrates superior
performance over CoT by a substantial margin. Notably, when the test case requires six or more
steps, CoT exhibits a severe drop in success rate, whereas RAP maintains a relatively high rate.
Combined with the results of Section 2.4.1, we conclude that RAP is a general framework able
to enhance the reasoning abilities of LLMs regardless of their intrinsic capabilities.

Reward choice. In our main experiments, we chose the combination of rewards based on
heuristics and exploratory experiments. Generally, combining multiple rewards contributes to
performance, but the effect of a reward depends on the nature of the task. For example, the action-
likelihood reward is essential for plan generation but less helpful for mathematical reasoning,
where the self-evaluation and state-confidence rewards play a larger role. This flexibility in

reward design is a key strength of the RAP framework.

2.5 Conclusion

In this chapter, we presented Reasoning via Planning (RAP), a novel LLM reasoning
framework that equips LLMs with an ability to reason akin to human-like strategic planning.
Our framework, which repurposes the LLM to act as both a world model and a reasoning agent,
enables the LLM to simulate states of the world and anticipate action outcomes, and to achieve an
effective balance between exploration and exploitation via Monte Carlo Tree Search. Extensive

experiments on a variety of challenging reasoning problems demonstrate RAP’s superiority
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over several contemporary CoT-based reasoning approaches, and even the advanced GPT-4 in
certain settings. The key insight is that reasoning quality is improved not by more sophisticated
language imitation, but by organizing the reasoning process according to the structural principles
of deliberate planning. RAP is among the earliest works to demonstrate that inference-time
structured search can dramatically improve reasoning; subsequent work has further validated
this direction as an additional axis for scaling, and modern reasoning systems incorporate related

ideas.
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Chapter 3

ToolkenGPT: Augmenting Frozen Lan-
guage Models with Massive Tools via Tool
Embeddings

3.1 Introduction

Large language models (LLMs) [8, 13, 73, 92] have established themselves as powerful
tools for diverse real-world applications, ranging from writing assistance to automated customer
support [5, 9, 21]. As these models continue to evolve, there is growing interest in their potential
to interact with the real world and enhance their functionality through integration with external
tools, such as calculators, databases, etc. [75, 79, 82, 90]. The capability of these models to
master and control a wide array of tools not only serves as an indicator of their intelligence,
but also signals a promising path to overcome some of their fundamental weaknesses. These
include updating the latest world knowledge [72], reducing hallucinations [80, 87], and executing
symbolic operations [19, 27]. However, the rapid emergence of new tools—advanced software
libraries, novel APIs, or domain-specific utilities [60, 62]—accentuates the importance of
empowering LLLMs with the ability to adapt to and master massive new tools swiftly.

Recent advancements have witnessed two primary paradigms for tool integration with
LLMs (Table 3.1). The first involves fine-tuning LLLMs to learn specific tools [75]. For example,

Toolformer [82] fine-tuned GPT-J to learn five tools. While this can yield promising results, it
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Table 3.1. Comparison of different tool learning paradigms. “Plug-&-Play” means the LLM can
be equipped and unequipped with a tool flexibly (it does not indicate zero-shot tool learning).

Tool Learning Paradigm Frozen LMs Massive Tools Plug-&-Play Extensive Data

Fine-tuning [75, 82] X X X v
In-context learning [79, 100] v X v X
TOOLKENGPT (Ours) v v v v

is computationally expensive and lacks adaptability to new tools. The second approach relies
on in-context learning [74, 79, 100], where LLMs learn how to use tools through in-context
demonstrations. This allows LLMs to handle newly introduced tools and drives applications like
LangChain [12] and ChatGPT Plugins. However, in-context learning struggles with the inherent
limitation of context length, making it impossible to demonstrate massive tools in the context;
and mastering new tools simply via few-shot examples can be challenging—even GPT-4 faces
difficulties with unusual tools [9].

In this chapter, we introduce TOOLKENGPT, an alternative solution that enables LLMs
to master massive tools without any LLLM fine-tuning, while still allowing for quick adaptation
to new tools. The key idea is to represent each tool as a new token (a “foolken’) to augment the
vocabulary. Specifically, each tool is associated with an embedding inserted into the LLM head
like a regular word token embedding. During generation, once a toolken is predicted, the LLM
temporarily switches into a special mode (through prompting) to produce input arguments for
the tool to execute, and injects the outputs back into the generation (Figure 3.1). This offers an
efficient way for LLMs to master tools by only learning the lightweight toolken embeddings.
Consequently, TOOLKENGPT combines the strengths of both fine-tuning and in-context learning
while avoiding their limitations: compared to in-context learning, it allows massive tools (by
simply inserting respective toolkens) and can use extensive demonstration data; in contrast to
fine-tuning, the tool embeddings require minimal training cost and provide a convenient means
for plugging in arbitrary new tools on the fly.

We demonstrate the flexibility and effectiveness of TOOLKENGPT across a diverse set of
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Question: John has a rectangular garden, of which the length is 64

Word verpoo ] meters and the width is 48 meters. He wants to divide the garden into
T kor 1 D:D:D identical square sections, each with the largest possible area. What's
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Answer: The maximal side length of each section is 16 meters.
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@ call the tool

Figure 3.1. Overview of the TOOLKENGPT framework. Toolken embeddings are appended
to the language model head like regular word tokens. In the “reasoning mode” for solving
the problem, the LLLM generates text as usual, except that any plugged-in toolkens are also
considered for the next-token generation. Once a toolken is predicted, (1) the LLM switches
to the “tool mode,” which provides a few demonstrations of the same tool to complete the
arguments; then (2) the tool call is executed, and (3) the result is sent back to the text to continue
the reasoning mode until the final answer is generated.

problems, spanning numerical reasoning, knowledge-based question answering, and embodied
plan generation. In complex numerical reasoning involving mathematical tools, TOOLKENGPT
effectively utilizes these tools during reasoning, outperforming Chain-of-Thought [97] and
ReAct [100]. For knowledge-based question answering, TOOLKENGPT accommodates over
200 relation APIs from a knowledge base, facilitating factual predictions. Finally, for embodied
plan generation, TOOLKENGPT offers better grounding by learning toolken embeddings for
58 grounded actions and objects than previous in-context learning and specialized decoding

methods.

3.2 Related Work

Fine-tuning LLMs to use tools. Early research relied heavily on fine-tuning to augment LMs
with tools, mostly to use one or a few tools in a specific domain. The retriever has been a crucial

tool for augmenting LL.Ms with external knowledge; prominent works include REALM [32],
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RAG [58], and RETRO [6]. WebGPT [72] fine-tuned GPT-3 on human web-search behaviors.
With the advancement of LLMs, there has been growing interest in tuning models on a collection
of general tools (QA model, calculator, translator, etc.), e.g., TALM [75] and Toolformer [82].
However, fine-tuning is costly and the tuned LLMs struggle to generalize to emergent or updated
tools. TOOLKENGPT learns lightweight toolken embeddings for new tools without any gradient
calculation for the LLM parameters, enabling efficient adaptation at a GPU cost similar to LLM
inference.

In-context learning for tools. LLMs exhibit a strong in-context learning ability [8], which has
become a prevalent method to use tools by showing tool descriptions and demonstrations in con-
text [70, 79]. Reasoning chains can be incorporated to tackle more complex problems [52, 100].
This paradigm has given rise to products such as ChatGPT Plugins and LangChain [12]. For
instance, a code interpreter can address the LLM’s shortcomings in symbolic operations [27, 65],
and by calling tools that affect the virtual or physical world, the LLM can guide embodied
agents [42, 44, 89]. Nevertheless, all in-context-learning methods suffer from inferior perfor-
mance in complex scenarios, where the tools are unfamiliar or numerous. TOOLKENGPT is
fundamentally different in that toolken embeddings can encode the implicit semantics of tools
from extensive demonstrations, which can never be inferred from the surface text.

Efficient tuning of large language models. Adapting frozen LLMs efficiently to new tasks
has led to a surge of interest in parameter-efficient fine-tuning (PEFT) methods [61, 64]. The
idea is to fine-tune only a small subset of parameters while freezing most of the LLM, which
bears similarity to our toolken embedding method. Adapters [39] insert trainable layers, prompt
tuning [57] appends parameters to the input embedding layer, and LoRA [40] learns low-rank
matrices within dense layers. However, existing PEFT methods have not proven suitable for
efficient tool learning. To the best of our knowledge, we are the first to explore efficient tuning

methods for predicting tools as tokens for the tool learning of massive tools.
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3.3 ToolkenGPT for Mastering Massive Tools

In this section, we present TOOLKENGPT, which enables LLMs to learn and use massive
tools for complex problem-solving without heavily fine-tuning the LLM. Typically, LLMs model
the probability of a sequence of word tokens s = (,12,...,t,) as P(s) =1~ P(t; | t<;), where
each token comes from the vocabulary #'. The distribution of the next token is predicted as
P(t; | t<;) = softmax(W,, - h;_1), where h;_| € R? is the last hidden state of the current context
and W, € RI”1%4 is the embedding matrix for word tokens (the language model head).

Given a set of useful tools .7 = {11, T, ... }, our goal is to enable LLM:s to call a subset
of these tools to solve a complex problem. Our flexible formulation allows tools to either return
results that help with text generation (e.g., a calculation) or affect the real-world environment
(e.g., a robot action). To call a tool during generation, the LLLM first selects a tool and then
inputs the arguments. In the running example in Figure 3.1, during the “reasoning mode” a
math operator square is selected, and an operand 16 is generated as the argument in the “tool
mode”’; once the external tool receives the call, it executes and returns the result 256 back to the

reasoning mode.

3.3.1 Framework Overview

The core idea of TOOLKENGPT is explicitly formulating tools as tokens (“toolkens”).
Each toolken is parameterized as a toolken embedding vector, and we denote the set of toolken
embeddings as a matrix W; € RIZIxd, Assuming we have trained the toolken embeddings
(Section 3.3.2), the LLM is in the reasoning mode by default. Our framework allows the LLM to
consider word tokens and toolkens uniformly: the tool embedding matrix is concatenated with

Wy, so the LLM predicts the next token with probability

P(t; | t<;) = softmax ([Wy; Wy - hi_1), 3.1
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where the next token can be either a word token or a toolken, i.e., t; € ¥ U .7, and [; ] is the
concatenation operation. This formulation naturally allows for the fast adaption of new tools by
expanding the toolken embedding matrix.

To execute a tool, the LLM switches into the “tool mode” once its toolken is predicted as
the next token (the “mode switch” in Figure 3.1). Specifically, the LLM pauses generation and
appends the current generated context to another prompt. The prompt in tool mode consists of
in-context demonstrations for the predicted tool, showing how to generate the tool arguments by
quoting the tool calls in a special syntax of [tool] (arguments). The LLM then follows the
pattern in the demonstrations to complete the arguments. In contrast to previous methods [79,
100] that fully rely on in-context learning for tool learning, our framework only leaves the easy
work of completing arguments to in-context learning, with abundant context space for extensive
demonstrations of a single specified tool. This design shares similarities with classic divide-and-
conquer methods [52]. Finally, the arguments are sent to the specified tool for execution, and the

returned value is sent back to the text in the reasoning mode.

3.3.2 Learning Toolken Embeddings

Our framework keeps the original LLM parameters frozen and introduces minimal
additional training overhead with the toolken embeddings, W;. This embedding matrix contains
the only parameters to optimize. Unlike other efficient tuning methods, e.g., prompt tuning [57]
or prefix tuning [61], it does not require gradients flowing through the major body of LLM
parameters, leading to much more stable and efficient training—the tuning of toolken embeddings
maintains nearly the same GPU memory as LLM inference. Whenever a new tool is added, the
toolken embedding can be conveniently expanded, and subsequent training on tool demonstration
data involving the new tool gradually refines its embedding.

Drawing parallels to how infants learn a new tool through demonstrations from adults [22],
we primarily focus on learning toolken embeddings with tool demonstrations, which can be

either in-domain training data or synthetic data generated by LLMs. Consider the exam-
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2

ple from Figure 3.1: “the area is 256 square feet ...” can be tokenized into a word to-
ken sequence s = (“the”, “area”, “is”, “27”, “5”, “6”, “square”, “feet”, ...). To indicate when
to predict the toolkens, we need a parallel sequence mixed with word tokens and toolkens,
ie., s’ = (“the”, “area”, “is”, [square], [N/A], [N/A], “square”, “feet”, ...). The subsequence
(“27, %57, “6”) in s is where the returned tool results should fill in, and we choose the correspond-
ing first token in s’ as the toolken for the tool call, with the following tokens filled with [N/A] to

indicate neglect in loss calculation. Thus, given a dataset of paired sequences 2 = {(s,5')}, the

training objective of TOOLKENGPT is

N

LWr)= Y, Y —logP(t; | t<i) Lyspums (3.2)
(s,s)ezi=1

where P(t] | t-;) is defined in Eq. (3.1), and the indicator function signals that we ignore the
[N/A] tokens during training. Thus, our training process is largely consistent with inference
in the reasoning mode: to call a tool, the only job for the LLM is to predict a toolken at the
beginning, and then the returned value is filled back into the text.

There are two primary ways to obtain the paired data. First, some datasets provide
ground-truth tool calls along with natural language sequences, e.g., the facts in a KB supporting
an answer (Section 3.4.2), or the calculation trace for solving a math problem (Section 3.4.1).
Second, we explore synthesizing tool demonstrations with LLLMs, sharing a similar idea to self-
instruct. An intuitive interpretation is to distill the knowledge inside the LLM into the new toolken
embeddings: we prompt the LLM with the tool documentation and a few demonstrations with a
special syntax indicating tool calling, e.g., The capital of U.S. is jcapital;(”U.S.”)="Washington
D.C.”; conditioned on that, the LLM generates new use cases that quote the tool call with the

same syntax, which we then process into paired data.
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3.4 Experiments

In this section, we apply TOOLKENGPT to three distinct applications characterized
by meaningful tool-use scenarios: arithmetic tools for numerical reasoning, database APIs for
knowledge-based question answering, and robot actions for embodied plan generation. Our
experiments show that TOOLKENGPT can efficiently master massive tools while leveraging
them to solve complex problems with improved performance, consistently better than advanced

prompting techniques.

3.4.1 Numerical Reasoning

LLMs often struggle with mathematical tasks since the models are inherently designed
for probabilistic estimation rather than symbolic operations. In this section, we assess the
tool-learning capabilities of TOOLKENGPT, compared with in-context tool learning (e.g., Re-
Act [100]). We first demonstrate that TOOLKENGPT consistently matches or outperforms
in-context learning with four basic arithmetic functions (+, —, X, +). Moreover, to benchmark
the tool-handling capability in more complex problems, we include an expanded set of 13
functions and create a set of synthetic data.

Datasets. We curate two new test datasets. (1) GSM8K-XL, an enhanced version of GSM8K [14].
In the original dataset, the numbers for calculations are typically small; in the test set, we magnify
the numbers to increase the computational difficulty, resulting in 568 test cases with much larger
numbers requiring the four basic arithmetic operators. (2) FuncQA, a synthetic dataset we
created involving 13 arithmetic operators (e.g., power, sqrt, 1cm), which is challenging for
both humans and LLMs to solve without an external calculator. FuncQA 1is categorized into
68 one-hop questions (FuncQA,ye) solvable with one operation, and 60 multi-hop questions
(FuncQA 1) requiring a few reasoning steps. To train the toolken embeddings for GSM8K-XL,
we preprocess the original GSMS8K training set (which has calculation annotations) into 5,054

training and 1,000 validation examples. For FuncQA, we prompt ChatGPT to generate one-hop
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Table 3.2. Results on GSM8K-XL and FuncQA. Numbers in parentheses indicate how many
tools are available. For GSM8K-XL and FuncQA,ye, accuracy is evaluated by exact match
(floats rounded to two decimals). For FuncQA ,u11i, we allow a margin of 0.1% to account for
errors at each step of multi-hop reasoning.

Method GSMSK-XL (4) FuncQA (13)
One-Hop Multi-Hop
0-shot ChatGPT 0.17 0.55 0.09
CoT [97] 0.18 0.20 0.03
ReAct [100] 0.32 0.57 0.06
TOOLKENGPT (Ours) 0.33 0.73 0.15

QA patterns for each operator, yielding 611 training and 39 validation samples.

Comparison methods. We train toolken embeddings for each available operator. During
inference, we prompt the LLM with 4-shot Chain-of-Thought [97] examples to enhance reasoning.
We compare against: (1) 0-shot ChatGPT, with no examples and no tools; (2) Chain-of-Thought
(CoT) [97], with the same reasoning chains as ours but no functions; and (3) ReAct [100], which
generates verbal reasoning traces and tool calls in an interleaved manner using a special syntax.
LLaMA-33B [92] is the base LLM for all settings other than zero-shot prompting.

Result analysis. Table 3.2 shows the results. On GSM8K-XL, 0-shot ChatGPT and CoT struggle
to calculate large numbers without tools, while ReAct and TOOLKENGPT increase accuracy
by a large margin; with only four basic operators, both can call the correct tools. However,
for FuncQA, learning to call applicable tools becomes challenging for ReAct as the number of
tools increases: it is infeasible to include demonstrations of every tool in the limited context
(we provide 4 examples including 5 tool demonstrations), so ReAct is susceptible to missing
tool calls, making wrong tool calls, and predicting wrong arguments—especially for tools not
demonstrated in context. TOOLKENGPT outperforms all baselines across both one-hop and
multi-hop scenarios. Notably, even though the toolken embeddings are trained solely with one-
hop synthetic data and without any CoT examples, they still enhance performance in multi-hop

contexts and integrate effectively with CoT prompting, implying a degree of generalization that
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lowers the requirements for in-domain training data.

3.4.2 Knowledge-based Question Answering

LLMs are known to often make factual errors and hallucinate [46] because of their limited
or outdated parametric knowledge [37]. Equipping them with access to knowledge bases (KBs)
is a promising direction to reduce hallucinations [87]. We formulate access to the KB as APIs
querying the database: each relational query is a tool whose input argument is a subject entity
and whose output is the corresponding tail entity. An example tool call is P1346(2005-06 FA
Cupr) — LIVERPOOL F.C., where “P1346” is a relation identifier in Wikidata (referred to as
winner_of below). In this section, we show that TOOLKENGPT can accurately query a large
knowledge base of up to 234 tools (relations), and that even with synthetic data alone we can
train strong toolken embeddings that outperform popular tool-learning methods.

Dataset. KAMEL [51] is a question-answering dataset built with facts in Wikidata, containing
knowledge about 243 relations, each associated with a question template (e.g., winner_of:
“Who is the winner of [S]?”). We have 234 tools in total. To analyze performance with different
numbers of tools, we create four subsets by sampling questions related to 30, 60, 100, and 234
relations, each of size 500.

Comparison methods. We set up two variants of our framework: (1) TOOLKENGPT (sup),
where we sample 200 examples per relation from the KAMEL training set and train toolken
embeddings via supervised learning, representing scenarios with sufficient in-domain data; and
(2) TOOLKENGPT (syn), a more challenging setting where in-domain data is unavailable, so we
use the text description of each relation to synthesize training data with ChatGPT (on average
40 examples per toolken). We compare against: (1) Prompting [51], which answers using the
LLM’s internal knowledge; (2) In-context Learning (ICL) [79], listing tool demonstrations and
descriptions of all available tools; and (3) ICL (desc) [79], providing only descriptions of all
available tools plus 8 demonstrations of tools not in the test subset. The base model for all

methods is LLaMA-13B [92].
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Figure 3.2. Performance of TOOLKENGPT and baselines on 4 test sets involving different
numbers of tools (relations) from KAMEL. ICL is short for In-context Learning [79]. Due to
the context length limit of 2048 tokens, we list the descriptions and demonstrations of up to 30
relations for ICL, and up to 60 relation descriptions for ICL (desc).

Result analysis. Figure 3.2 shows the results across test sets involving different numbers of
relations. For all test sets, the accuracy of Prompting is about 20%, indicating LLMs still struggle
to store accurate facts in their parameters. TOOLKENGPT (sup) achieves the highest results by
a large margin, showing that learning toolken embeddings is effective when there is massive
in-domain data. On the contrary, even though in-context learning also sees in-domain training
data in the context, it still gets confused about which tools to call, and the context length limit
leads to drastic performance drops when there are more than 30 tools—revealing the fundamental
limitation of the in-context learning paradigm. TOOLKENGPT (syn) also outperforms all other
baselines in all subsets without seeing any in-domain training data; the synthetic data, often in
very different expression styles from the dataset, still helps the LLM understand these relations.
In-context learning (desc) generally fails in this task, because the LLM has difficulty memorizing
text descriptions shown in context and mapping them to relation identifiers. Based on this
observation, it is reasonable to speculate that LLMs mostly recall the tools from their identifiers

instead of really learning to use tools from their descriptions.
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Table 3.3. Results on VirtualHome. “Grounding” is the proportion of scripts in which all actions
and objects can be grounded to the environment; “Executable” is the proportion executable
without violating any rules; “Success” is the proportion leading to the correct final state; “Success
(R)” is a relaxed variant counting scripts that reached the correct state but did not necessarily end
with it.

Method Grounding Executable Success Success (R)
In-context Learning 0.74 0.42 0.20 0.30

+ Translation [42] 1.00 0.52 0.24 0.32

+ Grounded Decoding [44] 1.00 0.66 0.38 0.42
TOOLKENGPT (Ours) 1.00 0.82 0.68 0.70

3.4.3 Embodied Plan Generation

There have been many attempts to utilize LLMs as the controller of embodied agents [42,
44, 89]. Despite preliminary success, teaching LLMs about an environment and enabling them
to make grounded predictions remains challenging. As discussed in Mialon et al. [70], tools that
gather information (e.g., math or KB tools) and tools that have an effect on the physical world
(e.g., actions taken by embodied agents) can be called in similar styles by the LLM. Compared
to previous methods that prompt LLMs, TOOLKENGPT can understand the environment better
by learning toolken embeddings for agent actions and objects.
Dataset. VirtualHome [78] is a simulation platform for typical household activities, and its
ActivityPrograms knowledge base consists of many tasks with plans executable in VirtualHome.
We derive a subset of 297 tasks. For each task, the model is given a high-level goal (e.g., “Read
book”), a detailed instruction (e.g., “I would go lie down in my bed and open the book and start
reading.”), and a description of the environment (the initial state of the agent and the object
list). The model is expected to output an executable plan, which is an ordered list of verb-object
instructions (e.g., “/FIND] ;novel;”). Each task comes with an initial and final state graph,
enabling verification of the generated plans with the simulator. We split the dataset into 247
training and 50 test tasks, with 25 verbs and 32 objects.

Comparison methods. We consider all actions and objects in VirtualHome as tools. With an
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Figure 3.3. Case study on VirtualHome. TOOLKENGPT predicts a successful script while
baselines fail to produce an executable one due to their misunderstanding of the SIT action.

additional [END] function indicating the end of a plan, we have 58 toolkens in total. We do
not need the argument generation process because these tools do not take arguments; during
inference, TOOLKENGPT alternately generates action toolkens and object toolkens, ending with
[END]. We compare against: (1) In-context Learning, prompting the LLM with the action list, 3
demonstration plans, and the new task; (2) Translation [42], which uses a SentenceRoBERTa
model to translate the LLM’s generation to admissible instructions; and (3) Grounded Decod-
ing [44], a decoding-stage grounding method that predicts the next token considering both LLM
logits and an affordance grounding function. The base model is LLaMA-13B [92].

Result analysis. Table 3.3 lists the results. Even though all valid actions and objects are
explicitly listed in the context for In-context Learning, it sometimes fails to ground its prediction
to admissible instructions, and even valid plans often violate physical rules in VirtualHome,
resulting in a low success rate. Translation [42] solves some shallow grounding problems
(e.g., [tv] — [television]), and Grounded Decoding [44] further improves executability by
considering grounding earlier in decoding. However, neither significantly improves the LLM’s
understanding of actions and objects. TOOLKENGPT not only predicts valid actions and objects
by design, but also achieves the highest success rate by learning toolken embeddings from more
training tasks. A concrete example is shown in Figure 3.3: all baselines predict [SIT] <desk>,

presumably guided by the description “sit at desk,” but in VirtualHome [SIT] refers to “sit on,”
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Table 3.4. Comparison between TOOLKENGPT and fine-tuning (LoRA) in terms of training
cost and performance on FuncQA. Both methods are based on LLaMA-7B.

Method One-hop Multi-hop Computing Resource Training Time
ReAct 0.40 0.03 — —
Prompting 0.10 0.00 — —
Fine-tune w/ LoRA [40] 0.62 0.07 8 x A100 (80G) 40 min
TOOLKENGPT 0.55 0.06 1 x RTX3090 (24G) 2 min

and a desk is regarded as not sittable; TOOLKENGPT is the only method to successfully learn

this rule from demonstrations and instead predict [SIT] <chair>.

3.4.4 Analysis

Computational cost. We compare TOOLKENGPT with fine-tuning, specifically LoRA [40],
in terms of computational efficiency and performance. Due to the cost of fine-tuning LLMs,
we implement both methods on LLaMA-7B (Table 3.4). Fine-tuning results in slightly better
performance than TOOLKENGPT on FuncQA, but the time consumption exceeds significantly
when compared to training toolken embeddings (40 minutes on 8 A100s vs. 2 minutes on a
single RTX3090). TOOLKENGPT also enjoys additional benefits, especially the plug-and-play
of massive tools, thanks to the decoupled parameters for different tools.

Ablation study. The design of TOOLKENGPT benefits both tool selection and argument
completion (the tool mode in Figure 3.1). To understand their respective contributions, we
implement a baseline combining ReAct-style prompting with the argument-completion sub-
routine (tool mode). As shown in Table 3.5, adding a tool mode does improve vanilla ReAct by
enhancing argument completion, but TOOLKENGPT still outperforms this improved baseline
by a large margin, indicating that toolken embeddings effectively help LLMs decide when and
which tool to call.

Training data. We explore the effects of training data on learning toolken embeddings, extending

our KAMEL experiments since there are two sources of training data. We sample 10/20/40
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Table 3.5. Ablation study on FuncQA with  Taple 3.6. TOOLKENGPT with different con-

LLaMA-30B. figurations of training data on KAMEL.
Method One-hop Multi-hop # Examples Synthetic Supervised
ReAct 0.57 0.06 10 0.36 0.56

+ Tool mode 0.60 0.07 20 0.46 0.90
TOOLKENGPT 0.73 0.15 40 0.52 0.95

training examples per tool for both TOOLKENGPT (sup) and TOOLKENGPT (syn) and report
accuracy on the test set involving 30 tools (Table 3.6). Under the same data budget, training with
supervised data leads to better performance; though we do not observe obvious mistakes in most
synthetic instances, the distribution gap between synthetic data and the test set may prevent the
toolken embedding from performing well. A larger training set benefits performance for both

data sources.

3.5 Conclusion

We presented TOOLKENGPT, a new approach for augmenting frozen LLMs with massive
external tools without expensive fine-tuning. Our method introduces the concept of a toolken
embedding for each tool, enabling LLMs to call and use different tools as easily as generating
word tokens. This approach overcomes the limitations of current fine-tuning and in-context
learning paradigms, enabling LLMs to accommodate a much larger set of tools and to use
extensive demonstration data for learning toolken embeddings. On a series of tasks—numerical
reasoning, knowledge-based question answering, and embodied plan generation—we observed
a significant enhancement in LLM performance with the help of toolken embeddings. More
importantly, TOOLKENGPT is able to rapidly adapt and leverage new tools, demonstrating
its capacity to keep pace with the constantly evolving landscape of massive tools. We expect
future research to learn robust toolken embeddings not only from demonstration data but also
from other rich forms of experience, such as tool descriptions and input—output records, and to

explore the integration of toolken embeddings with advanced planning techniques such as those
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in Chapter 2.
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Chapter 4

Training Large Language Models to Rea-
son in a Continuous Latent Space

4.1 Introduction

Large language models (LLMs) have demonstrated remarkable reasoning abilities, emerg-
ing from extensive pretraining on human languages [1, 20]. While next-token prediction is an
effective training objective, it imposes a fundamental constraint on the LLLM as a reasoning
machine: the explicit reasoning process must be generated in word tokens. For example, a
prevalent approach known as chain-of-thought (CoT) reasoning [97] involves prompting or
training LLMs to generate solutions step-by-step using natural language. However, this is in stark
contrast with certain human-cognition results. Neuroimaging studies have consistently shown
that the language network—a set of brain regions responsible for language comprehension and
production—remains largely inactive during various reasoning tasks [2, 23, 71]. Further evidence
indicates that human language is optimized for communication rather than reasoning [24].

A significant issue arises when LLMs use language for reasoning: the amount of rea-
soning required for each token varies greatly, yet current architectures allocate nearly the same
compute budget for predicting every token. Most tokens in a reasoning chain are generated solely
for fluency, contributing little to the actual reasoning process, while some critical tokens require
complex planning and pose huge challenges. While previous work has attempted to fix these

problems by prompting LLMs to generate succinct reasoning chains [66], or performing addi-
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Chain-of-Thought (CoT) Chain of Thought (CoconuT)

output token X; Xip1| Xigo Xiyj  [Answer] [Answer]
(sampling)
last hidden state

input embedding

input token [Question] X = Xit1 | Xy Xiyj [Question] <bot> <eot>

Figure 4.1. A comparison of Chain of Continuous Thought (COCONUT) with Chain-of-Thought
(CoT). In CoT, the model generates the reasoning process as a word-token sequence (e.g.,
[Xi,Xig1,- -, xiq j]). COCONUT regards the last hidden state as a representation of the reasoning
state (a “continuous thought™), and directly uses it as the next input embedding. This allows the
LLM to reason in an unrestricted latent space instead of a language space.

tional reasoning before generating some critical tokens [103], these solutions remain constrained
within the language space. On the contrary, it would be ideal for LLMs to have the freedom to
reason without language constraints, and then translate their findings into language only when
necessary.

In this chapter, we explore LLM reasoning in a latent space by introducing a novel
paradigm, COCONUT (Chain of Continuous Thought). It involves a simple modification to the
CoT process: instead of mapping between hidden states and language tokens using the language
model head and embedding layer, COCONUT directly feeds the last hidden state (a “continuous
thought™) as the input embedding for the next token (Figure 4.1). This frees the reasoning from
being within the language space, and the system can be optimized end-to-end by gradient descent,
as continuous thoughts are fully differentiable. To enhance the training of latent reasoning, we
employ a multi-stage training strategy inspired by Deng et al. [17], which effectively utilizes
language reasoning chains to guide the training process.

Interestingly, our proposed paradigm leads to an efficient reasoning pattern. Unlike
language-based reasoning, continuous thoughts in COCONUT can encode multiple potential
next steps simultaneously, allowing for a reasoning process akin to breadth-first search (BFS).

While the model may not initially make the correct decision, it can maintain many possible
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options within the continuous thoughts and progressively eliminate incorrect paths through
reasoning, guided by some implicit value functions. This advanced reasoning mechanism
surpasses traditional CoT, even though the model is not explicitly trained or instructed to operate
in this manner. Empirically, COCONUT outperforms CoT on certain logical reasoning tasks that
require substantial search during planning, and shows a better trade-off between accuracy and

efficiency, generating fewer tokens during inference.

4.2 Related Work

Chain-of-thought (CoT) reasoning. We use the term chain-of-thought broadly to refer to
methods that generate an intermediate reasoning process in language before outputting the
final answer. This includes prompting LLMs [52, 97, 104], or training LLMs to generate
reasoning chains, either with supervised finetuning [102] or reinforcement learning [85]. Recent
theoretical analyses have demonstrated the usefulness of CoT from the perspective of model
expressivity [25, 69]: by employing CoT, the effective depth of the transformer increases because
the generated outputs are looped back to the input [25]. These analyses, combined with the
established effectiveness of CoT, motivated our design of feeding the continuous thoughts back
into the LLM as input embeddings. While CoT has proven effective, its autoregressive generation
nature makes it challenging to mimic human reasoning on more complex problems [36, 55],
which typically require planning and search. There are works that equip LLMs with explicit tree
search algorithms [36, 101], or train the LLM on search dynamics and trajectories [26, 56]. In
our analysis, we find that after removing the constraint of a language space, a new reasoning
pattern similar to BFS emerges, even though the model is not explicitly trained this way.

Latent reasoning in LLMs. Previous works mostly define latent reasoning in LLMs as the
hidden computation in transformers [4, 99]. To enhance the latent reasoning of LLMs, previous
research proposed to augment it with additional tokens. Goyal et al. [30] pretrained the model by

randomly inserting learnable <pause> tokens into the training corpus. Pfau et al. [77] further
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explored the usage of filler tokens, e.g., “. . .”, and concluded that they work well for highly
parallelizable problems, but do not extend the expressivity of the LLM like CoT. Recently, it
has been found that one can “internalize” CoT reasoning into latent reasoning with knowledge
distillation [16] or a special training curriculum that gradually shortens the CoT [17]. We find that
breaking down the learning of continuous thoughts into multiple stages, inspired by iCoT [17],
is very beneficial for training. Other work explores alternative architectures for latent reasoning,
including looped transformers [29]. Different from these works, we focus on general multi-step
reasoning tasks and aim to investigate the unique properties of latent reasoning in comparison
to language space. Building on COCONUT, Zhu et al. [105] developed a theoretical framework
demonstrating that continuous CoT can be more efficient than discrete CoT on certain tasks by

encoding multiple reasoning paths in superposition states.

4.3 Chain of Continuous Thought

In this section, we introduce our new paradigm COCONUT for reasoning in an uncon-
strained latent space. We begin by introducing the notation we use for language models. For an

input sequence x = (xp,...,x7), the standard LLM . can be described as:

H, = Transformer(E; ), 4.1)
M (X141 | x<) = softmax(Wh,), 4.2)
where E; = [e(x]),e(x2),...,e(x)] is the sequence of token embeddings up to position #; H, €

R4 is the matrix of last hidden states for all tokens up to position ¢; h, = H;[t,:] is the last
hidden state of position #; e(-) is the token embedding function; and W is the parameter of the
language model head.

Method overview. In COCONUT, the LLLM switches between a “language mode” and a “latent
mode” (Figure 4.1). In language mode, the model operates as a standard language model,

autoregressively generating the next token. In latent mode, it directly utilizes the last hidden state
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as the next input embedding—this hidden state represents the current reasoning state, termed a
“continuous thought.” Special tokens <bot> and <eot> mark the beginning and end of the latent
mode, respectively. Assuming latent reasoning occurs between positions i and j (i.e., x; = <bot>
and x; = <eot>), when the model is in latent mode (i <t < j) we use the last hidden state from

the previous token to replace the input embedding:

E; = [e(x1),...,e(x:),hihi1, ... hi—q). (4.3)

After the latent mode finishes (¢ > j), the input reverts to using the token embedding, i.e.,
E; = [e(x1),...,e(x;),hi,...,hj_1,e(x}),...,e(x;)]. The last hidden states have been processed
by the final normalization layer, so they are not too large in magnitude. Note that .4 (x;+1 | x<;) is
not defined when i < ¢ < j, since the latent thought is not intended to be mapped back to language
space; however, softmax(Wh;,) can still be calculated for probing purposes (Section 4.4).
Training procedure. We focus on a problem-solving setting where the model receives a question
as input and is expected to generate an answer through a reasoning process. We leverage language
CoT data to supervise continuous thought by implementing a multi-stage training curriculum
inspired by Deng et al. [17]. As shown in Figure 4.2, in the initial stage, the model is trained on
regular CoT instances. In subsequent stages, at the k-th stage, the first kK reasoning steps in the
CoT are replaced with k x ¢ continuous thoughts, where c is a hyperparameter controlling the
number of latent thoughts replacing a single language reasoning step. Following Deng et al. [17],
we reset the optimizer state when training stages switch. We insert <bot> and <eot> tokens (not
counted towards c) to encapsulate the continuous thoughts.

During training, we optimize the normal negative log-likelihood loss, but mask the loss
on questions and latent thoughts. It is important to note that the objective does not encourage
the continuous thought to compress the removed language thought, but rather to facilitate the
prediction of future reasoning. Therefore, it is possible for the LLM to learn more effective

representations of reasoning steps than human language.
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CoT [Question] [Step 1] [Step 2] [Step N] [Answer]

(Supervised
fine-tuning)
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[Question] <bot> <eot> [Step 2] [Step N1 [Answer]
(Stage 1)
[Question] <bot> <eot> [Answer] discrete token
(Stage N) calculating loss
N X

Figure 4.2. Training procedure of COCONUT. Given training data with language reasoning steps,
at each training stage we integrate ¢ additional continuous thoughts (¢ = 1 in this example) and
remove one language reasoning step. The cross-entropy loss is then applied to the remaining
tokens after the continuous thoughts.

Training details. Our continuous thoughts are fully differentiable and allow back-propagation.
We perform n + 1 forward passes when n latent thoughts are scheduled in the current training
stage, computing a new latent thought with each pass and finally conducting an additional
forward pass to obtain a loss on the remaining text sequence. While we can save repetitive
computation by using a KV cache, the sequential nature of the multiple forward passes poses
challenges for parallelism; further optimizing the training efficiency of COCONUT remains an
important direction for future research.

Inference process. The inference process is analogous to standard language model decoding,
except that in latent mode we directly feed the last hidden state as the next input embedding. A
challenge lies in determining when to switch between latent and language modes. As we focus
on the problem-solving setting, we insert a <bot> token immediately following the question. For
<eot>, we consider two strategies: (a) train a binary classifier on latent thoughts to enable the
model to autonomously decide when to terminate latent reasoning, or (b) always pad the latent
thoughts to a constant length. We found both approaches work comparably well, and use the

second for simplicity unless specified otherwise.
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4.4 Continuous Space Enables Latent Tree Search

To understand the behavior of COCONUT, we introduce ProsQA (Proof with Search
Question-Answering), a logical reasoning dataset where each instance involves finding a path
through a directed acyclic graph (DAG) of concept relationships, presented as natural language
statements. The task requires models to determine logical relationships by finding valid paths
through this graph, demanding sophisticated planning and search. Unlike previous datasets like
ProntoQA [81], ProsQA’s DAG structure introduces complex exploration paths with distracting

branches, making it particularly challenging to identify the correct reasoning chain.

4.4.1 Experimental Setup

We use a pre-trained GPT-2 model as the base model. The learning rate is 1 x 10~* and
the effective batch size is 128. We train a COCONUT model following the training procedure in
Section 4.3. Since the maximum number of reasoning steps in ProsQA is 6, we set the number of
training stages to N = 6. As reference, we report the performance of (1) CoT, where the model
is trained with CoT data and generates a complete reasoning chain; and (2) no-CoT, where the
model is trained with only question—answer pairs.

To understand the properties of latent and language reasoning space, we manipulate
the model to switch between fully latent reasoning and fully language reasoning by manually
setting the position of the <eot> token during inference. When we enforce COCONUT to use k
continuous thoughts, the model is expected to output the remaining reasoning chain in language,
starting from the (k+1)-th step. We test variants with k € {0,1,2,3,4,5,6}; all these variants
differ only at inference time while sharing the same model weights.

We apply two sets of evaluation metrics. One is based on the correctness of the final
answer. To enable fine-grained analysis, we define another metric on the reasoning process,
classifying a reasoning chain into: Correct Path (a shortest path to the correct answer), Longer

Path (a valid but non-shortest correct path), Hallucination (includes nonexistent edges or is
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Figure 4.3. The accuracy of the final answer (left) and the reasoning process (right) of multiple
variants of COCONUT and baselines on ProsQA. More continuous thoughts (larger k) lead to
higher accuracy and fewer hallucinations / wrong-target errors.

disconnected), Wrong Target (a valid path to the wrong node), and—for outputs without a

partial path—Correct Label or Incorrect Label.

4.4.2 Overall Results

Figure 4.3 presents a comparative analysis on ProsQA. The model trained with CoT
frequently hallucinates non-existent edges or outputs paths leading to incorrect targets, resulting
in lower answer accuracy. In contrast, COCONUT, which leverages continuous-space reasoning,
demonstrates improved accuracy as it uses an increasing number of continuous thoughts. The
rate of correct reasoning processes (‘“Correct Label” and “Correct Path”) significantly increases,
while there is a notable reduction in “Hallucination” and “Wrong Target”—issues that typically
emerge when the model makes mistakes early in the reasoning process. As the case study in
Figure 4.4 shows, models operating in language space often fail to plan ahead or backtrack: once
they commit to an incorrect path, they either hallucinate unsupported edges or terminate with
irrelevant conclusions. In contrast, latent reasoning avoids such premature commitments by

enabling the model to iteratively refine its decisions across multiple steps.
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Figure 4.4. A case study of ProsQA. The model trained with CoT hallucinates an edge (“Every
yumpus is a rempus’) after getting stuck in a dead end. COCONUT (k=1) outputs a path that
ends with an irrelevant node, while COCONUT (k=2) solves the problem correctly.

4.4.3 Interpreting the Latent Reasoning as Tree Search

To better understand COCONUT, we probe the latent reasoning process by forcing
the model to explicitly generate language reasoning steps following intermediate continuous
thoughts (Figure 4.5). Using the example in Figure 4.4, at the initial reasoning step the model
must select which immediate child node of “Alex” to consider next; in the subsequent step,
these nodes expand further into an extended set of potential paths. We define the predicted
probability of a concept following continuous thoughts as a value function, estimating each
node’s potential for reaching the correct target. Interestingly, the strategy employed by COCONUT
is not greedy search: while “lempus” initially has the highest value (0.33) at the first step, the
model subsequently assigns the highest value (0.87) to “rorpus,” a child of “grimpus,” rather than
following “lempus.” This resembles a breadth-first search (BFS) approach, contrasting sharply
with the greedy decoding typical of CoT. The inherent capability of continuous representations
to encode multiple candidate paths enables the model to avoid making immediate deterministic

decisions.
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Figure 4.5. An illustration of the latent search trees, for the same test case as Figure 4.4. The
height & of a node is the longest distance to any leaf node. We show the probability of the
first concept predicted by the model following the latent thoughts; this can be interpreted as an
implicit value function estimated by the model, assessing the potential of each node to lead to
the correct answer.

First thoughts Second thoughts

1.0

Value
Value

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Percentile Percentile

Figure 4.6. Analysis of parallelism in the first two steps of the latent tree search. The three
curves in each panel depict the cumulative value of the top-1, top-2, and top-3 candidate nodes
across the test set.

Figure 4.6 analyzes the parallelism in the model’s latent reasoning across the first and
second thoughts. For the first thoughts (left), the cumulative values of the top-1, top-2, and top-3
candidate nodes show noticeable gaps, indicating the model maintains significant diversity in
its reasoning paths—a broad exploration of alternatives. In contrast, the second thoughts (right)
show a narrowing of these gaps, suggesting the model transitions from parallel exploration to

more focused reasoning as it gains certainty about the most promising paths.
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4.4.4 Why Is Latent Space Better for Planning?

Building on the tree-search perspective, we examine why maintaining multiple candidate
paths and postponing deterministic decisions enhances reasoning. Our hypothesis is that nodes
explored in early reasoning stages are inherently more challenging to evaluate accurately because
they are farther from the final target. In contrast, nodes closer to potential targets, having fewer
subsequent exploration possibilities, can be assessed with higher confidence. To test this, we
define the height of a node as its shortest distance to any leaf node and analyze the relationship
between node height and the model’s estimated value (Figure 4.7). Empirical results support
our hypothesis: nodes with lower heights consistently receive more accurate and definitive
probability evaluations, while nodes with greater heights exhibit more ambiguous evaluations.
By delaying deterministic decisions and allowing exploration to proceed toward terminal states,
latent reasoning significantly enhances the model’s ability to differentiate correct from incorrect

paths.

4.5 Empirical Results with COCONUT

After analyzing the promising parallel-search pattern of COCONUT, we validate the feasi-
bility of LLLM reasoning in a continuous latent space through more comprehensive experiments,
highlighting its reasoning efficiency over language space, as well as its potential for test-time

scaling.

4.5.1 Experimental Setup

Math reasoning. We use GSM8K [14] for math reasoning. To train the model, we use a synthetic
dataset generated by Deng et al. [16]. We use two continuous thoughts for each reasoning step
(c = 2), with 3 stages besides the initial stage, plus an additional stage where the remaining
language reasoning chain is removed to handle the long-tail distribution of chains longer than 3

steps.
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Figure 4.7. The correlation between the predicted value of correct/incorrect nodes and their
heights. Nodes farther from the goal (higher height) are harder to evaluate correctly, motivating
the multi-path exploration in latent space.

Logical reasoning. We use ProntoQA [81] and our newly proposed ProsQA, which is more
challenging due to more distracting branches. We use one continuous thought per reasoning step
(c = 1), with 6 training stages in addition to the initial stage, after which the model fully reasons
with continuous thoughts. For all datasets, after the standard schedule, the model stays in the

final training stage until reaching 50 epochs. We use greedy decoding for all experiments.

4.5.2 Baselines and Variants of COCONUT

We consider the following baselines: (1) CoT; (2) No-CoT, direct answer prediction;
(3) iCoT [17], which is trained with language reasoning chains and follows a schedule that
“internalizes” CoT by gradually removing tokens from the beginning of the chain; and (4) Pause

token [30], where special <pause> tokens are inserted between the question and answer (same
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Table 4.1. Results on GSMS8K, ProntoQA, and ProsQA. Higher accuracy indicates stronger
reasoning ability, while generating fewer tokens (#Tok) indicates better efficiency. *The result is
from Deng et al. [17].

GSMS8k ProntoQA ProsQA
Method Acc. (%) #Tok Acc.(%) #Tok Acc.(%) #Tok
CoT 42.9 25.0 98.8 92.5 77.5 494
No-CoT 16.5 2.2 93.8 3.0 76.7 8.2
iCoT 30.0* 2.2 99.8 3.0 98.2 8.2
Pause Token 16.4 2.2 77.7 3.0 75.9 8.2

CocoONUT (Ours) 34.1 8.2 99.8 9.0 97.0 14.2
w/o curriculum 14.4 8.2 52.4 9.0 76.1 14.2
w/o thought 21.6 2.3 99.9 3.0 95.5 8.2
pause as thought 24.1 2.2 100.0 3.0 96.6 8.2

count as COCONUT’s continuous thoughts). We also evaluate variants of COCONUT: (1) w/o
curriculum, which directly trains in the last stage; (2) w/o thought, which keeps the multi-stage
training but adds no continuous latent thoughts; and (3) pause as thought, which uses <pause>

tokens to replace the continuous thoughts with the same multi-stage curriculum.

4.5.3 Results and Discussion

Table 4.1 presents the main results. Using continuous thoughts effectively enhances LLM
reasoning over the No-CoT baseline; e.g., COCONUT achieves 34.1% on GSMB8K, significantly
outperforming No-CoT (16.5%). We highlight several findings.

“Chaining” continuous thoughts enhances reasoning. Generating more tokens serves as a
way of inference-time scaling for reasoning. This property holds naturally for COCONUT. On
GSMS8K, CocoNUT outperforms other architectures trained with similar strategies, including
pause as thought and w/o thought, and surpasses the latest baseline iCoT [17], which requires
a more carefully designed training schedule. Adjusting the hyperparameter c—the number of
latent thoughts per reasoning step—from O to 1 to 2 steadily improves performance (Figure 4.8,

II), validating the potential of continuous thoughts to scale to harder problems.
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Figure 4.8. (I) Accuracy vs. number of generated tokens for language CoT (progressive internal-
ization) and COCONUT on GSM8K; COCONUT degrades much more gracefully as fewer tokens
are used. (II) Accuracy of COCONUT on GSMS8K as the number of continuous thoughts per step
c increases.

Continuous thoughts are efficient representations of reasoning. Compared to CoT, COCONUT
generates fewer tokens while achieving higher accuracy on ProntoQA and ProsQA. Although
CoCONUT does not surpass CoT on GSMB8K, it offers a superior trade-off between efficiency
and accuracy (Figure 4.8, I): we train a series of CoT models that progressively “internalize” the
initial reasoning steps, and find these models quickly lose accuracy as more steps are skipped,
whereas COCONUT substantially mitigates the drop. Another interesting observation is that when
we decode the first continuous thought, it often corresponds to possible intermediate variables
in the calculation, suggesting that continuous thoughts are more efficient representations of
reasoning.

The LLM still needs guidance to learn latent reasoning. In the ideal case, the model should
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learn the most effective continuous thoughts automatically through gradient descent on questions
and answers (i.e., COCONUT w/o curriculum). However, the models trained this way do not
perform any better than No-CoT. On the contrary, with the multi-stage curriculum, COCONUT
achieves top performance across various tasks. While the multi-stage training used for COCONUT
has proven effective, further research is needed to develop better and more general strategies
for learning reasoning in latent space, especially without supervision from language reasoning

chains.

4.6 Conclusion

In this chapter, we introduced COCONUT, a new paradigm for reasoning in a continuous
latent space. Experiments demonstrate that COCONUT effectively enhances LLM performance
across a variety of reasoning tasks. Reasoning in latent space gives rise to advanced emergent
behaviors, where continuous thoughts can represent multiple alternative next steps. This enables
the model to perform a breadth-first search over possible reasoning paths, rather than prematurely
committing to a single deterministic trajectory as in language-space CoT reasoning. Further
research is needed to refine and scale latent reasoning to pretraining, which could improve
generalization across a broader range of reasoning challenges. We hope our findings will spark
continued exploration into latent reasoning, ultimately advancing the development of more
capable machine reasoning systems—a direction connected to both the structured search of
Chapter 2 and the broader question, raised throughout this dissertation, of whether language is

the right substrate for machine reasoning.
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Chapter 5

Conclusion and Future Directions

5.1 Summary of Contributions

This dissertation has investigated three approaches to LLM reasoning that move beyond
the constraints of language imitation. Each chapter addressed a distinct bottleneck in the current
paradigm and demonstrated that substantial improvements are possible when reasoning is not
confined to imitating the surface form of human language text.

Chapter 2: Reasoning via Planning. We proposed the RAP framework, which reframes
LLM reasoning as a planning problem. By repurposing the LLM as both a reasoning agent
and a world model, and applying Monte Carlo Tree Search to explore the reasoning space,
RAP enables structured exploration, backtracking from mistakes, and reward-guided search. On
Blocksworld plan generation, RAP with LLaMA-33B surpasses GPT-4 with CoT by 33% relative
improvement. On GSM8K math reasoning and PrOntoQA logical reasoning, RAP consistently
outperforms strong chain-of-thought baselines. The key contribution is demonstrating that
inference-time structured search, guided by an LLM world model, can dramatically improve
reasoning quality without any additional training.

Chapter 3: ToolkenGPT. We introduced ToolkenGPT, which augments frozen LLMs
with massive external tools through toolken embeddings—Ilightweight vectors appended to the
LLM head, one per tool. At training time, only the toolken embeddings are updated, leaving the

LLM frozen. At inference time, predicting a toolken triggers execution of the corresponding tool.
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This plug-and-play approach scales to hundreds of tools without fine-tuning and outperforms
both fine-tuning-based and in-context learning baselines on numerical reasoning (4 and 13 tools),
knowledge-based QA (up to 234 tools), and embodied plan generation (58 tools). The key
contribution is demonstrating that external symbolic and procedural cognition—which cannot
be learned from text alone—can be efficiently grafted onto LLMs through lightweight learned
interfaces.

Chapter 4: COCONUT. We presented the Chain of Continuous Thought (COCONUT)
paradigm, which replaces language tokens in the reasoning chain with continuous latent vectors.
Rather than decoding hidden states into words, COCONUT feeds them directly back as input
embeddings. A multi-stage training curriculum, which progressively replaces language steps
with continuous thoughts, enables effective learning. The resulting model develops an emergent
BFS-like property: continuous thoughts simultaneously encode multiple candidate reasoning
branches, allowing implicit tree search within a single forward pass. COCONUT achieves
better efficiency—accuracy tradeoffs than CoT on logical reasoning benchmarks and significantly
reduces token generation. The key contribution is demonstrating that language is not a necessary
substrate for machine reasoning—a continuous latent space enables more powerful and efficient

computation.

5.2 Connections and Unified Perspective

Viewed together, the three contributions address reasoning from a progression of increas-
ing conceptual radicality.

RAP improves reasoning by changing how the model searches through language rea-
soning paths—replacing greedy autoregressive generation with principled MCTS exploration.
Language remains the medium for both the reasoning steps and the world model’s state de-
scriptions. The departure from language imitation is at the process level: instead of imitating

the linear, single-path structure of human written solutions, RAP simulates the exploratory,
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backtracking structure of human deliberation.

ToolkenGPT extends reasoning by changing what can be reasoned about—incorporating
symbolic and factual operations that language text cannot adequately represent. The language
model remains the core reasoning engine, but its capabilities are augmented with grounded,
executable tools. The departure from language imitation is at the scope level: language text
teaches the model how to reason in language, but not how to perform symbolic computation;
tools fill this gap.

COCONUT changes the substrate of reasoning—replacing discrete language tokens
with continuous latent vectors. There is no longer a requirement that intermediate reasoning
steps be expressible as natural language. The departure from language imitation is at the most
fundamental level: the reasoning process itself is decoupled from the language interface, which
is reserved only for the final communicative output.

A deeper connection ties these three works: all three can be understood through the lens
of exploring a reasoning tree more effectively. RAP does so explicitly, through MCTS over
language reasoning steps. ToolkenGPT does so implicitly, by expanding the reachable reasoning
states to include results of external computations. COCONUT does so through emergent BFS
encoded in the continuous latent representation. The question of how to best navigate the
reasoning space—and what form that space should take—remains central to the study of machine

reasoning.

5.3 Future Directions

The works in this dissertation open several directions for future research.

Combining the three approaches. Each chapter addresses a different aspect of the
reasoning challenge. A natural next step is to combine them: training a model to reason in a
continuous latent space (COCONUT), augmented with external tools (ToolkenGPT), with an

explicit planning algorithm (RAP) applied over the latent reasoning process. The connection
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between RAP and COCONUT is particularly interesting: RAP performs explicit tree search over
language space, while COCONUT achieves implicit tree search in latent space. Can the two be
combined to produce an explicit tree search over latent reasoning states?

Pretraining with continuous thoughts. COCONUT in this dissertation uses a fine-
tuning curriculum initialized from a pre-trained language model. An exciting direction is to
incorporate latent reasoning into the pretraining objective itself, allowing the model to develop
latent reasoning strategies from scratch on large-scale data. Recent theoretical work suggests that
continuous latent reasoning can be exponentially more efficient than discrete language reasoning
for certain problems [69, 105].

Scalable tool-augmented reasoning. ToolkenGPT demonstrates scaling to 234 tools;
real-world applications may involve thousands. Challenges include efficient toolken retrieval,
compositional tool use, and tool discovery. Combining ToolkenGPT with RAP’s planning
capabilities could enable more complex tool-use strategies.

Reinforcement learning in latent space. Chapter 2 uses MCTS with reward signals at
inference time. An important question is whether these reward signals can be used to further
train the model—either via standard RL or by combining latent reasoning (COCONUT) with
verifiable reward signals. Recent work on RL for LLM reasoning [31, 84] shows the power of
outcome-based RL; applying it in continuous latent space is an open and promising direction.

Understanding and interpretability. The emergent BFS behavior in COCONUT
suggests that continuous thoughts encode structured reasoning patterns. Developing better tools
for understanding and interpreting latent reasoning—as begun in Section 4.4—is important for

the safety and trustworthiness of future reasoning systems.

5.4 Closing Remarks

The central thesis of this dissertation is simple: LLMs learn to reason by imitating the

text outputs of human thinking, and this creates fundamental limitations. Overcoming these
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limitations requires moving beyond language imitation—either in the process of reasoning (RAP),
the scope of what can be reasoned about (ToolkenGPT), or the substrate in which reasoning
takes place (COCONUT).

Each of these directions has already had broad impact. Inference-time scaling via search—
a direction RAP helped pioneer—has become central to the design of state-of-the-art reasoning
models. Tool-augmented LLMs have become a standard component of production Al systems.
And latent reasoning is an active area of research with deep connections to questions about the
nature of machine cognition.

The gap between language imitation and genuine reasoning remains large. But the works
in this dissertation demonstrate that it is possible to make meaningful progress—and that the
right question to ask is not “how do we better imitate human language?” but rather “how do we

build machines that reason?”’
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Appendix A

Supplementary Material for Reasoning via
Planning

A.1 MCTS Planning Details

We adapt MCTS to search for the optimal reasoning path (Algorithm 1). Compared
with traditional applications of MCTS, we are faced with a large reasoning space and the heavy
computational cost of LLMs. Thus, we made several modifications to the classic MCTS in
our implementation: (1) For open-domain problems, e.g., math problems, it is impossible to
enumerate all actions (subquestions), so we reduce the action space by sampling a fixed number
of potential actions from the LLM, conditioned on a prompt of the current state and in-context
demonstrations. (2) In the selection phase, if there are actions that have not been visited before,
we estimate the Q value with lightweight local rewards, e.g., the self-evaluation reward, and then
select the action with UCT. This provides prior knowledge for exploration, which is crucial given

the limited iteration budget.

A.2 Experiment Settings

Language model decoding. We use random sampling with a temperature of 0.8. The generation
is cut off at the maximum length of 2048 tokens or a newline token.

Computing resources. All of our experiments run on 4 x NVIDIA A5000 GPUs with 24GB
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memory.

A.3 Prompt Example: Plan Generation

We show the prompt used to calculate the action likelihood for RAP below. The same
prompt is also applied in the CoT baseline. <init_state> and <goals> are instantiated by the

problem to solve.

I am playing with a set of blocks where I need to arrange the blocks into
stacks. Here are the actions I can do:

Pick up a block

Unstack a block from on top of another block

Put down a block

Stack a block on top of another block

I have the following restrictions on my actions:

I can only pick up or unstack one block at a time.

I can only pick up or unstack a block if my hand is empty.

I can only pick up a block if the block is on the table and the block is
clear. A block is clear if the block has no other blocks on top of it and
if the block is not picked up.

I can only unstack a block from on top of another block if the block I am
unstacking was really on top of the other block.

I can only unstack a block from on top of another block if the block I am
unstacking is clear.

Once I pick up or unstack a block, I am holding the block.

I can only put down a block that I am holding.

I can only stack a block on top of another block if I am holding the block
being stacked.

I can only stack a block on top of another block if the block onto which I am

stacking the block is clear.
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Once I put down or stack a block, my hand becomes empty.

[STATEMENT]

As initial conditions I have that, the red block is clear, the yellow block is
clear, the hand is empty, the red block is on top of the blue block, the
yellow block is on top of the orange block, the blue block is on the table
and the orange block is on the table.

My goal is to have that the orange block is on top of the red block.

My plan is as follows:

[PLAN]

unstack the yellow block from on top of the orange block

put down the yellow block

pick up the orange block

stack the orange block on top of the red block

[PLAN END]

[STATEMENT]

As initial conditions I have that, <init_state>
My goal is to have that <goals>.

My plan is as follows:

[PLAN]

For the next-state prediction with the world model, we apply prompts conditioned on
the last action. The prompt instructs the LLM (as world model) to update the configuration of
blocks given the current state <state> and the action <action>, removing conditions that are

no longer true and adding conditions that newly hold.
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Appendix B
Supplementary Material for ToolkenGPT

B.1 Details of Numerical Reasoning

For a fair comparison, we use the same prompts for CoT and the reasoning mode of
TOOLKENGPT. With the same example questions, we label the calculation process in place to
obtain the prompts for ReAct. For the tool mode of TOOLKENGPT, we randomly sample 4

examples of the specified tool from the training set and transform them into ReAct-style prompts.

B.1.1 GSMS8K-XL Data Synthesis

To build GSM8K-XL by magnifying numbers in GSM8K, we take the following steps.
(1) We prompt ChatGPT (gpt-3.5-turbo) with two examples to replace the numbers with
appropriate placeholders. (2) To validate the correctness of the number replacements, we develop
a verification function for GSM8K that calculates the formulas embedded in the solutions (quoted
with jj and ;); by substituting the original numbers back into the rewritten question—answer
pairs and comparing the execution results with the original answer, we identify and exclude
any erroneous rewrites. (3) We then replace the original numbers with their respective cubic
values, exponentially amplifying their magnitudes (preserving values such as percentages where
cubic magnification would be inappropriate). (4) Finally, we substitute the placeholders within
the rewritten pairs and use the solving function to obtain accurate solutions, resulting in the

GSMBK-XL dataset.
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B.1.2 Training Details

The toolken embeddings for GSM8K-XL are trained with a subset of 5,063 examples,
with an additional 1,000 examples reserved for validation, using a learning rate of 5 x 10~* and
early stopping with a maximum of 10 epochs. For FuncQA, the toolken embeddings are trained
using 611 examples, with 39 examples reserved for validation, using a learning rate of 1 x 10~4

and early stopping with a maximum of 20 epochs.

B.1.3 Prompt Examples

The prompt for Chain-of-Thought (CoT) and the TOOLKENGPT reasoning mode on
GSMSK-XL:

Answer the following questions step by step.

Question: Mark has 3 tanks for pregnant fish. Each tank has 4 pregnant fish
and each fish gives birth to 20 young. How many young fish does he have at
the end?

Answer: He has 4%*3=12 pregnant fish They give birth to 12%x20=240 fish #### 240

Question: A clothing store sells 20 shirts and 10 pairs of jeans. A shirt
costs $10 each and a pair of jeans costs twice as much. How much will the
clothing store earn if all shirts and jeans are sold?

Answer: Twenty shirts amount to $10 x 20 = $200. The cost of each pair of
jeans is $10 x 2 = $20. So 10 pairs of jeans amount to $20 x 10 = $200.
Therefore, the store will earn $200 + $200 = $400 if all shirts and jeans
are sold. #### 400

Question: [QUESTION]

Answer:

The corresponding prompt for ReAct, where the calculation process is labeled in place

with tool calls:
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Answer the following questions with <add>, <subtract>, <multiply>, <divide>
operators

Question: Mark has 3 tanks for pregnant fish. Each tank has 4 pregnant fish
and each fish gives birth to 20 young. How many young fish does he have at
the end?

Answer: He has 4*3=<multiply>(4, 3)=12 pregnant fish They give birth to
12%20=<multiply>(12, 20)=240 fish #### 240

Question: [QUESTION]

Answer:

For FuncQA, the toolken embeddings are trained on synthetic one-hop data. To create
the training data, we manually craft two examples adhering to the desired format and then
prompt ChatGPT to generate more examples for each operator (with subsequent filtering and
de-duplication), where numbers are replaced by placeholders so that arbitrary values can be

substituted.

B.2 Details of Knowledge-based Question Answering

For TOOLKENGPT (sup), we sample 200 examples per relation from the KAMEL
training set. For TOOLKENGPT (syn), we use the text description of each relation to synthesize,
on average, 40 examples per toolken with ChatGPT. The base model for all KAMEL experiments
is LLaMA-13B. The four test subsets correspond to questions involving 30, 60, 100, and 234

relations respectively, each of size 500.

B.3 Details of Embodied Plan Generation

We consider all 25 verbs and 32 objects in our VirtualHome subset as tools, plus an
[END] toolken, for 58 toolkens in total. Since these tools do not take arguments, TOOLKENGPT

alternately generates action toolkens and object toolkens, ending with [END]. The toolken
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embeddings are trained on the 247 training tasks and evaluated on 50 test tasks. The base model
is LLaMA-13B. For the Translation baseline, we use SentenceRoBERTa-large to map predicted
actions/objects to the available ones with the highest cosine similarity; for Grounded Decoding,

we apply the affordance grounding function to encourage valid actions and objects.
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Appendix C
Supplementary Material for COCONUT

C.1 Datasets
C.1.1 Construction of ProsQA

To construct ProsQA, we first compile a set of typical entity names, such as “Alex” and
“Jack,” along with fictional concept names like “lorpus” and “rorpus,” following the setting of
ProntoQA [81]. Each problem is structured as a binary question: “Is [Entity] a [Concept A] or
[Concept B]?” Assuming [Concept A] is the correct answer, we build a directed acyclic graph
(DAG) where each node represents an entity or a concept, such that a path exists from [Entity]
to [Concept A] but not to [Concept B]. The DAG is incrementally built by adding nodes and
randomly connecting them with edges. To preserve the validity of the binary choice, with some
probability we enforce that a new node cannot simultaneously serve as a descendant of both the
[Concept A] and [Concept B] families. This separation maintains distinct families of nodes and
balances their sizes to prevent model shortcuts. After the graph is constructed, nodes without
parents are assigned entity names, while other nodes receive concept names. To avoid positional

biases, [Concept A] and [Concept B] are randomly permuted in each question.

Table C.1. Statistics of the graph structure in ProsQA (averaged over the dataset).

# Nodes # Edges Len. of Shortest Path # Shortest Paths
23.0 36.0 3.8 1.6
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C.1.2 Dataset Statistics

Table C.2 reports the size of all datasets used in our experiments.

Table C.2. Statistics of the datasets.

Dataset Training Validation Test

GSM8K 385,620 500 1,319
ProntoQA 9,000 200 800
ProsQA 17,886 300 500

C.2 Clock-Time Reasoning Efficiency

We present a clock-time comparison to evaluate reasoning efficiency. The reported values
represent the average inference time per test case (in seconds), with a batch size of 1, measured
on an NVIDIA A100 GPU (Table C.3). For the No-CoT and CoT baselines, we employ the
standard generate method from the transformers library. Our results show that clock time is

generally proportional to the number of newly generated tokens.

Table C.3. Inference time (in seconds) comparison across tasks and methods.

Method GSMSK ProntoQA ProsQA

No-CoT 0.03 0.03 0.08
CoT 0.26 0.85 0.47
COCONUT 0.09 0.11 0.15

C.3 Additional Discussion
C.3.1 Using More Continuous Thoughts

In Figure 4.8 (II), we present the performance of COCONUT on GSMS8K using ¢ €
{0,1,2}. When experimenting with ¢ = 3, we observe a slight performance drop accompanied
by increased variance. Analysis of the training logs indicates that adding three continuous

thoughts at once—particularly during the final stage transition—Ieads to a sharp spike in training
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loss, causing instability. Future work could explore finer-grained schedules, such as incrementally
adding continuous thoughts one at a time while removing fewer language tokens, as in iCoT [17].
Additionally, combining language and latent reasoning—e.g., generating the reasoning skeleton
in language and completing the reasoning process in latent space—could improve performance

and stability.

C.3.2 COCONUT with Larger Models

We experimented with COCONUT on GSMS8K using Llama 3.2-3B and Llama 3-8B [20]
with ¢ = 1, training for 3 epochs in Stage 0 followed by 1 epoch per subsequent stage (Table C.4).
We observe consistent performance gains over the No-CoT baseline, though the improvements are
not as pronounced as those demonstrated with GPT-2. One possible reason is that larger models
have already undergone extensive language-focused pre-training, making the transition to latent
reasoning more challenging. We emphasize that the primary goal of this work is to highlight
the promising attributes of latent-space reasoning and to initiate exploration in this direction.
Universally surpassing language-based CoT likely requires significant research dedicated to
latent-space pre-training, and integrating recent advances in this area with COCONUT presents

an exciting avenue for future research.

Table C.4. Experimental results of applying COCONUT to larger Llama models, comparing
models without CoT reasoning (No-CoT) and our proposed COCONUT method.

Model No-CoT CoCONUT (Ours)
Llama 3.2-3B 26.0 31.7
Llama 3-8B 42.2 43.6
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