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Abstract

Global, Non-scattering Solutions to Energy Critical Geometric Wave Equations

by

Mohandas Pillai

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Daniel Tataru, Chair

In this thesis, we consider two geometric, energy critical, semilinear wave equations arising from
the wave maps problem (which is referred to as a nonlinear sigma model in many physics con-
texts) and Yang-Mills theory. The wave maps and Yang-Mills problems are families of equations,
parameterized by various choices of domain and target manifolds, etc. The wave maps equation is
geometric in the sense that the equation is independent of choice of coordinates on the domain and
target manifolds. The Yang-Mills problem can be regarded as a geometric problem because it is
invariant under gauge transformations. The specific symmetry reductions of these problems which
we study are semilinear because their nonlinear terms involve only the unknown function, rather
than its derivatives. Finally, both equations we consider admit a conserved energy and a scaling
symmetry. The energy is invariant with respect to the scaling symmetry in the dimensions in which
we study each equation, which is why the equations are said to be energy critical. We will now
describe the equations considered in more detail.

The wave maps problem is an extension of the scalar linear wave equation to the case where the un-
known function maps a Lorentzian manifold into a Riemannian manifold, pM, gq. The wave maps
equation can be derived from the least action principle applied to the following natural extension
of the usual wave equation action.

SpΦq �
»
R1�d

xBαΦpt, xq, BαΦpt, xqygpΦpt,xqqdtdx

where the α indices are contracted using the Minkowski metric, which we take to be

m � diagp�1, 1, 1, . . . , 1q

Now, we will describe the particular choice of target manifold and symmetry reductions consid-
ered. First of all, we will focus on the case pM, gq � pS2, g̊q, where g̊ denotes the usual round
metric on S2. We will regard Φ as a map into R3 with unit Euclidean norm. The wave maps
equation then becomes

�BαB
αΦpt, xq � lR1�dΦpt, xq � Φpt, xq pBαΦpt, xq � BαΦpt, xqq , Φpt, xq � Φpt, xq � 1
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where � is the Euclidean inner product on R3. We then make a symmetry reduction of the problem,
and consider solutions which are 1-equivariant by using polar coordinates pr, ϕq on R2, and writing

Φupt, r, ϕq �

�
� cospϕq sinpupt, rqq

sinpϕq sinpupt, rqq
cospupt, rqq

�


Then, the wave maps equation reduces to the following semilinear wave equation

�Bttu� Brru�
1

r
Bru�

sinp2uq

2r2
� 0

which has the following conserved energy

EWMpu, Btuq � π

» 8
0

�
pBtuq

2 �
sin2puq

r2
� pBruq
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rdr

Note that the energy is invariant if we replace u by uλ defined by uλpt, rq � upλt, λrq, for λ ¡ 0.
Such a scaling transformation is also a symmetry of the wave maps equation above.

Given a Lie Group G, the (free) Yang-Mills equation we will consider is an equation for a LiepGq-
valued one-formA defined on R1�d. We consider the Yang-Mills equation in 1�4 dimensions, with
gauge group SOp4q. Therefore, A (which is sometimes called the gauge field) is a LiepSOp4qq-
valued one-form on R1�4. We write A � Aµdx

µ, where, for each µ, Aµ is a LiepSOp4qq-valued
function, defined on R1�4. Defining F , a LiepSOp4qq-valued two-form on R1�4 by

F �
1

2
Fµνdx

µ ^ dxν , Fµν � BµAν � BνAµ � rAµ, Aνs

the Yang-Mills equation can be written as

�BtF0ν � rA0, F0νs �
4̧

µ�1

pBµFµν � rAµ, Fµνsq � 0, for ν � 0, 1, 2, 3, 4

where 0 on the right-hand is the zero in LiepSOp4qq.

The Yang-Mills equation is also invariant under gauge transformations, which are transformations
of A of the form

Aµ Ñ gAµg
�1 � Bµgg

�1

where g : R1�4 Ñ SOp4q.

We make the equivariant ansatz (which has also been studied in prior works)

Ai,jµ pt, xq �
�
δiµx

j � δjµx
i
��upt, |x|q � 1

|x|2



, 0 ¤ µ ¤ 4, 1 ¤ i, j ¤ 4

and the Yang-Mills equation reduces to a single semilinear wave equation

�Bttu� Brru�
1

r
Bru�

2up1 � u2q

r2
� 0
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This wave equation conserves the following energy

EYMpu, Btuq �
1

2

» 8
0

�
pBtuq

2 � pBruq
2 �

p1 � u2q2

r2



rdr

which is invariant under the scaling symmetry:

uÑ uλ, where uλpt, rq � upλt, λrq

Each equation mentioned above admits time-independent, smooth solutions, with localized energy
density, called solitons. For the wave maps problem considered above, the soliton is given by

Q1prq � 2 arctanprq

For the Yang-Mills problem, the soliton is

Q1prq �
1 � r2

1 � r2

By applying the aforementioned scaling symmetry to Q1, one obtains a family of soliton solutions,
Qλ for λ ¡ 0, given by

Qλprq � Qprλq

As mentioned earlier, we consider energy critical equations, so all Qλ have the same energy.

In this thesis, we study global in time soliton dynamics for single solitons coupled to radiation.
More precisely, we construct globally defined solutions, u, which can be decomposed as follows.

upt, rq � Q 1
λptq

prq � fpt, rq � vept, rq (0.1)

The function f represents radiation coupled to the soliton with time-dependent scale, and is a
solution to the following linear wave equation

� Bttf � Brrf �
1

r
Brf �

f

r2
� 0, for wave maps

� Bttf � Brrf �
1

r
Brf �

4

r2
f � 0, for Yang-Mills

(In the main body of the thesis, f will be denoted as v2 in the wave maps work, but as v1 in the
Yang-Mills work). The function ve appearing in (0.1) is a correction which is small in an appropri-
ate sense as time approaches infinity. We also provide a precise relation between the asymptotics
of the time-dependent soliton length scale, λptq, and the coupled radiation f .

For the wave maps equation, for any choice of function λ0ptq in an appropriate symbol class, we
construct a solution as described above, with λptq asymptotically equal to λ0ptq. Some examples
of the λ0 in our symbol class are

λ0ptq �
1

logbptq
, λ0ptq �

2 � sinplogplogptqqq

logbptq
, t " 1
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For the Yang-Mills equation mentioned above, we construct a class of solutions as in (0.1). The
main difference between the wave maps result, and the result here is that λptq is asymptotically
constant for all of our solutions to the Yang-Mills problem. This is true, even though our set of
solutions includes ones for which the radiation f in (0.1) can be quite large, and in fact “logarith-
mically” close to having infinite energy. In fact, in the setup of this work, the soliton length scale
asymptoting to a constant is a necessary condition for the radiation f to have finite energy. Another
interesting point of this construction is that, for each choice of f in our admissible class of func-
tions, there exists a one-parameter family of solutions as in (0.1) with λptq having any asymptotic
value.

4
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1 Background Material
In this thesis, we study two energy critical semilinear wave equations. Specifically, we study a
particular wave maps equation (which is referred to as a nonlinear sigma model in many physics
contexts) and a Yang-Mills equation. As will be described in more detail later on, the wave maps
and Yang-Mills problems are families of equations, parameterized by various choices of domain
and target manifolds, etc. The wave maps equation is geometric in the sense that the equation is
independent of choice of coordinates on the domain and target manifolds. The Yang-Mills prob-
lem can be regarded as a geometric problem because it is invariant under gauge transformations.
The specific symmetry reductions of these problems which we study are semilinear because their
nonlinear terms involve only the unknown function, rather than its derivatives. Finally, both equa-
tions we consider admit a conserved energy and a scaling symmetry. The energy is invariant with
respect to the scaling symmetry in the dimensions in which we study each equation, which is why
the equations are said to be energy critical. The specific equations we consider admit smooth, time-
independent solutions with localized energy density, called solitons. (Solitons appear in a variety
of classical field theories in physics, as described in [20]). The soliton solutions of these equations
will play a major role in the work of this thesis. We will now describe the equations considered in
more detail.

1.1 Wave Maps
The (scalar) linear wave equation considers functions Φ : R1�d Ñ R. The wave maps problem
is an extension of this wave equation to the case where the unknown function maps a Lorentzian
manifold into a Riemannian manifold, pM, gq. The wave maps equation can be derived from the
least action principle applied to the following natural extension of the usual wave equation action.
(The reference [6] contains an introduction to the wave maps problem). Choosing Minkowski
space with metric m � diagp�1, 1, 1, . . . , 1q as the domain, the wave maps action for maps
Φ : R1�d Ñ pM, gq is

SpΦq �
»
R1�d

xBαΦpt, xq, BαΦpt, xqygpΦpt,xqqdtdx

where the α indices are contracted using the Minkowski metric. We will now describe the particular
wave maps equation, and its symmetry reduction, which is studied in this work. First of all, we
will focus on the case pM, gq � pS2, g̊q, where g̊ denotes the usual round metric on S2. We will
regard Φ as a map into R3 with unit Euclidean norm. To fix conventions, we let

lR1�d � B2
t �∆Rd � �BαBα

The linear wave equation for functions Φ : R1�d Ñ R is

lR1�dΦpt, xq � 0

On the other hand, for the choice of target manifold above, the wave maps equation can be written
as

lR1�dΦpt, xq K TΦpt,xqS2 � R3

1



or equivalently, as
lR1�dΦpt, xq � Φpt, xq pBαΦpt, xq � BαΦpt, xqq

where � is the Euclidean inner product on R3, and we re-iterate that Φ is regarded as a unit norm
map into R3.

Sufficiently regular solutions to the wave maps equation in this context conserve the energy

EnpΦq � 1

2

»
Rd

�
|BtΦpt, xq|2 �

ḑ

i�1

|BiΦpt, xq|2
�
dx

where, for y P R3, |y| denotes the Euclidean norm of y. Note that, if λ ¡ 0, and Φ is a solution to
the wave maps equation, then, so is Φλ defined by

Φλpt, rq � Φpλt, λrq

and
EnpΦλq � EnpΦq, for all λ ¡ 0 when d � 2

For this reason, the wave maps problem considered in two spatial dimensions is called energy crit-
ical. In this thesis, we consider the energy critical case of d � 2. In summary, we consider the
energy critical wave maps problem with target S2, equipped with the usual round metric.

Next, we recall that, for a finite energy map F : R2 Ñ S2, one may define the integer-valued
topological degree, NpF q (see, e.g. [12], and references therein) by

4πNpF q �
»
R2

F � pB1F � B2F q dx (1.1)

The main wave maps result of this thesis deals with topological degree one solutions. For suffi-
ciently regular F : R2 Ñ S2, we have

EnpF q ¥ 4π|NpF q|

This can be seen in the following way (see [27], [20]). If we letR be the complexified stereographic
projection coordinate representative of F :

RF px1, x2q � F1px1, x2q � iF2px1, x2q
1� F3px1, x2q , Fipx1, x2q � F px1, x2q � ei

then,

EnpF q � 4

»
R2

�
| pB1�iB2qRF

2
|2 � | pB1�iB2qRF

2
|2
	

p1� |RF |2q2 dx

and

4πNpF q � 4

»
R2

�
�| pB1�iB2qRF

2
|2 � | pB1�iB2qRF

2
|2
	

p1� |RF |2q2 dx

2



If we complexify the domain of RF , then, we see that any F such that RF is holomorphic or
anti-holomorphic, satisfies EnpF q � 4π|NpF q|. These maps F are all time-independent solutions
to the wave maps equation with S2 target, and can be regarded as soliton solutions to the wave
maps equation. Since, for any sufficiently regular G, we have EnpGq ¥ 4π|NpGq|, these F have
minimal energy within the class of maps of a given topological degree. The soliton which will play
an important role in our work corresponds to the choice

Rpx1, x2q � x1 � ix2 (1.2)

We can now describe a “threshold theorem” for the energy critical wave maps problem. The works
of Sterbenz and Tataru, [32] and [33] (which apply to much more general targets than S2) show
that for data with energy strictly less than that of the lowest energy non-trivial harmonic map, one
has global well-posedness and scattering. (In the case of the S2 target, the topological degree of
any solution to the wave maps equation with such data is zero). More precisely, their result is (see
also [12])

Theorem 1.1 (Sterbenz, Tataru, [32],[33]). For the wave maps equation from R2�1 to a compact
Riemannian manifold pM, gq, the following is true.

a. If there are no non-constant harmonic maps into pM, gq, then, one has global well-posedness
and scattering for large data in 9H1 � L2.
b. If E0 is the smallest possible energy of a nontrivial harmonic map into pM, gq, then, one has
global well-posedness and scattering for all data in 9H1 � L2 with energy strictly less than E0

In the case of the S2 target in the 1-equivariant setting (which is a symmetry reduction that will be
further discussed below), Côte, Kenig, Lawrie, and Schlag [2] showed that global existence and
scattering holds for smooth, topological degree zero data with energy less than twice that of the
soliton described by (1.2) (which is the appropriate threshold in this setting). An analogous result,
but without the equivariance assumption, and for slightly more general targets than S2, is implied
by the work of Lawrie and Oh [19].

Finally, in this thesis, we make a symmetry reduction of the problem, and consider solutions which
are 1-equivariant, by using polar coordinates pr, ϕq on R2, and writing

Φupt, r, ϕq �
�� cospϕq sinpupt, rqq

sinpϕq sinpupt, rqq
cospupt, rqq

�
Geometrically, this means that if R is a rotation in two spatial dimensions, R P SOp2q, then
Φupt, Rxq � HpRqΦupt, xq, where

HpRq �
�
R 0
0 1

�
P SOp3q

is the corresponding rotation in three spatial dimensions, preserving the x3 coordinate.

3



We return to the topological degree defined in (1.1), and note that, for sufficiently regular u satis-
fying, for all t, upt, 0q � 0 and limrÑ8 upt, rq � π, we have

NpΦuptqq � 1

Under the 1-equivariant symmetry reduction, the wave maps equation reduces to the following
scalar, semilinear wave equation, which is the focus of the wave maps portion of this work.

�Bttu� Brru� 1

r
Bru� sinp2uq

2r2
� 0 (1.3)

We consider the above equation with the conditions upt, 0q � 0, limrÑ8 upt, rq � π. In total, we
thus consider the energy critical wave maps equation with S2 target for topological degree one,
1-equivariant maps.

In [31], Shatah and Tahvildar-Zadeh studied the local well-posedness of (a more general prob-
lem which includes) the Cauchy problem associated to (1.3), with data pu0, u1q such that

px1, x2q ÞÑ px1u0prq
r

,
x2u0prq

r
q P H1

locpR2q

px1, x2q ÞÑ px1u1prq
r

,
x2u1prq

r
q P L2

locpR2q

The special case of their theorem which is relevant for us is the following. Let

N � r0, πq � S1, with the metric g � dθ2 � sin2pθqdφ2, pθ, φq P r0, πq � S1

Then, consider the following Cauchy problem with

U1pt, xq � θpt, xq cospφpt, xqq, U2pt, xq � θpt, xq sinpφpt, xqq$'&'%
BµBµUa �°2

b,c�1 ΓabcpUqBµU bBµU c � 0

Up0, xq � U0pxq
BtUp0, xq � U1pxq

(1.4)

where Γ are the Christoffel symbols of N . If the data satisfy the equivariant condition:

U j
0 � xj

u0prq
r

, U j
1 � xj

u1prq
r

, j � 1, 2

then, Shatah and Tahvildar-Zadeh proved

Theorem 1.2 (Shatah, Tahvildar-Zadeh, [31]). There exists T � ¡ 0 such that the equivariant wave
maps equation, (1.4), considered with data pU0, U1q such that

U0 P H1
locpR2, Nq, U1 P L2

locpR2, TNq
has a unique solution U satisfying, for all z0 � pt0, x0q P r0, T �q � R2,

U P L8pr0, t0q, H1pDpt; z0q, Nqq X L
10
3 pr0, t0q, 9B 1

2
, 10
3 pDpt; z0q, Nqq

BtU P L8ppr0, t0q, L2pDpt; z0q, TNqq

4



where, for z0 � pt0, x0q,

Dpt; z0q � tz � pt, xq P R1�2||x� x0| ¤ t0 � tu

We note that the energy for the equivariant reduction of the wave maps equation is

EnpΦuq � π

» 8

0

�
pBtuq2 � sin2puq

r2
� pBruq2



rdr

We also remark that the soliton described by (1.2) corresponds to a 1-equivariant map from R2 to
S2, with polar angle given by

Q1prq � 2 arctanprq

1.2 Yang-Mills
Given a Lie Group G, the (free) Yang-Mills equation we will consider is an equation for a LiepGq-
valued one-formA defined on R1�d. We consider the Yang-Mills equation in 1�4 dimensions, with
gauge group SOp4q. Therefore, A (which is sometimes called the gauge field) is a LiepSOp4qq-
valued one-form on R1�4. We write A � Aµdx

µ, where, for each µ, Aµ is a LiepSOp4qq-valued
function, defined on R1�4. Defining F , a LiepSOp4qq-valued two-form on R1�4 by

F � 1

2
Fµνdx

µ ^ dxν , Fµν � BµAν � BνAµ � rAµ, Aνs

the Yang-Mills equation can be written as

�BtF0ν � rA0, F0νs �
4̧

µ�1

pBµFµν � rAµ, Fµνsq � 0, for ν � 0, 1, 2, 3, 4

where 0 on the right-hand is the zero in LiepSOp4qq. The Yang-Mills equation has the conserved
energy

EYM � � 1

48π2

»
R4

Tr pFµνpt, xqFµνpt, xqq dx

The equation is invariant under the scaling symmetry

Aµpt, xq Ñ λAµpλt, λxq

The components of F transform under this symmetry as

Fµνpt, xq Ñ λ2Fµνpλt, λxq

which means that the energy EYM is invariant under the scaling symmetry, because the equation
is considered in 4 spatial dimensions. The Yang-Mills equation is also invariant under gauge
transformations, which are transformations of A of the form

Aµ Ñ gAµg
�1 � Bµgg�1
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where g : R1�4 Ñ SOp4q. In particular, if A is a solution to the Yang-Mills equation, and
g : R1�4 Ñ SOp4q satisfies

gpt, xq � Id, in a neighborhood of t � 0

but gpt, xq is not globally constant, and, for some t0 ¡ 0, gpt0, xq � Id with Bµgpt0, xq � 0 then,
A
p1q
µ pt, xq :� gpt, xqAµpt, xqg�1pt, xq�Bµgpt, xqg�1pt, xq is a solution to the Yang-Mills equation,

with Ap1qp0, xq � Ap0, xq and BµAp1qp0, xq � BµAp0, xq, but Ap1qpt0, xq � Apt0, xq. Therefore,
one can not regard the Yang-Mills equation as a well-defined evolution equation for A, in the sense
that there can exist distinct gauge fields solving the Yang-Mills equation with the same Cauchy
data. Instead, one can regard solutions to the Yang-Mills equation as equivalence classes of gauge
fields under the equivalence relation: two gauge fields are equivalent if and only if there exists a
gauge transformation relating the two. The Yang-Mills equation can then be regarded as an equa-
tion which evolves Cauchy data into the space of equivalence classes of gauge fields.

When studying the Yang-Mills equation, one can then look for solutions whose equivalence class
is represented by a gauge field A satisfying certain properties. For example (see [24] for more
discussion), one can work in the temporal gauge, where A0 � 0. The symmetry reduction we
consider in this thesis is a reduction to a case satisfying, among other things, that A0 � 0. One
could also work in the Lorenz gauge where

BµAµ � 0

or the Coulomb gauge, where
4̧

k�1

BkAk � 0

Small energy global well posedness for the p4 � 1q dimensional Yang-Mills problem was es-
tablished by Krieger and Tataru, [18]. More precisely, in [18], the Yang-Mills equation in the
Coulomb gauge is written as a Cauchy problem for the spatial components of A (with initial data
pA0,j, A1,jq � pAjp0q, BtAjp0qq P 9H1pR4q � L2pR4q) coupled to A0, which solves an equation
without any time derivatives. Then, the following theorem is proved.

Theorem 1.3 (Krieger, Tataru, [18]). The Yang-Mills equation in the Coulomb gauge is globally
well-posed for data pA0,j, A1,jq which is small in 9H1pR4q � L2pR4q

In addition, the works of Tataru and Oh, [24], [25], [21], [22], [23], established a threshold
theorem and dichotomy theorem for this problem, with gauge group given by any compact, non-
abelian Lie group. In order to more precisely state their result, we first note that, as stated in [24],
there exists a minimal energy non-trivial solution (called a harmonic Yang-Mills connection) to

4̧

k�1

pBjFjk � rAj, Fjksq � 0, in R4, 1 ¤ j ¤ 4

LetEGS denote the energy of such a solution. We will also need the following observation stated in
[24]: a finite energy connection A on R4 is topologically trivial if and only if A P 9H1 in a suitable
gauge. Then, the threshold theorem is

6



Theorem 1.4 (Oh,Tataru, [24]). One has global wellposedness and scattering for the Yang-Mills
equation in R1�4 for all topologically trivial initial data with energy below 2EGS .

On the other hand, the following “dichotomy theorem” regards solutions which may not satisfy
the assumptions of the threshold theorem.

Theorem 1.5 (Oh, Tataru, [24]). The Yang-Mills equation in R1�4 is locally well posed in the
energy space. The maximal solution satisfies either
1. The solution is topologically trivial, globally defined, and scatters at infinity.
2. The solution “bubbles off” a soliton either at a finite blow-up time, or at infinity.

Roughly speaking, the solution A “bubbles off” a soliton at a finite time t0, if there exists a
convergent sequence of points ptn, xnq, with limnÑ8 tn � t0, a Lorentz transformation, L, and a
harmonic Yang-Mills connection Q, such that an appropriate re-scaling and gauge transformation
of A, translated by ptn, xnq converges to LpQq. Bubbling off a soliton at infinity is defined simi-
larly, except that the sequence ptn, xnq is not convergent. See [24] for the precise definitions.

With the equivariant ansatz (see also [28], [15])

Ai,jµ pt, xq �
�
δiµx

j � δjµx
i
��upt, |x|q � 1

|x|2


, 0 ¤ µ ¤ 4, 1 ¤ i, j ¤ 4

the Yang-Mills equation reduces to

�Bttu� Brru� 1

r
Bru� 2up1� u2q

r2
� 0 (1.5)

The energy EYM reduces to the following quantity, which is conserved by the above reduction of
the Yang-Mills equation.

EYMpu, Btuq � 1

2

» 8

0

�
pBtuq2 � pBruq2 � p1� u2q2

r2



rdr

Another way to understand the equivariant ansatz above is to note that a similar ansatz for the
SUp2q Yang-Mills equation in 1 � 4 dimensions also gives rise to (1.5). In particular, if we make
the ansatz (see also [34])

A0 � 0, Aj � �1

2

�
upt, rq � 1

r2


 3̧

i�1

4̧

k�1

pηiqj,kxkσi, 1 ¤ j ¤ 4

with ηi being ‘t Hooft matrices

η1 �

����
0 1 0 0
�1 0 0 0
0 0 0 1
0 0 �1 0

���, η2 �

����
0 0 1 0
0 0 0 �1
�1 0 0 0
0 1 0 0

���, η3 �

����
0 0 0 1
0 0 1 0
0 �1 0 0
�1 0 0 0

���
and σi being Pauli matrices

σ1 �
�

0 i
i 0



, σ2 �

�
0 �1
1 0



, σ3 �

�
i 0
0 �i
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then, the 1 � 4 dimensional Yang-Mills equation with gauge group SUp2q reduces to (1.5). One
reason why the SUp2q perspective is a useful one to take, is that the following soliton solution to
(1.5) (which will be important for the work of this thesis):

Q1prq � 1� r2

1� r2
(1.6)

corresponds to a gauge field for the SUp2q Yang-Mills problem in 1 � 4 dimensions, whose asso-
ciated F satisfies, for 1 ¤ i, j ¤ 4, Fij � 1

2

°4
l,m�1 εijlmFlm where ε is the Levi-Civita tensor, with

ε1234 � 1. The topological properties of the gauge field for this soliton are described by the second
Chern number

1

8π2

»
R4

TrpF ^ F q

where, F jk � Fjk for 1 ¤ j, k ¤ 4. This implies that the gauge field associated to (1.6) is a
minimizer of the energy within a class of functions with a given second Chern number, because,
from the antisymmetry of Fjk, we have

°4
k,j�1 TrpF jkF jkq �

°4
k,j�1 Trp�F jk � F jkq, where

p�F qij � 1
2

°4
k,l�1 F klεijkl. Therefore,

EYM � �1

48π2

4̧

µ,ν�0

»
R4

TrpFµνFµνqdx

¥ � 1

96π2

4̧

j,k�1

»
R4

�
Tr
�pF jk � �F jkqpF jk � �F jkq

�� 2Tr
�
F jk � F jk

��
dx

¥ � 1

48π2

4̧

j,k�1

»
R4

Tr
�
F jk � F jk

�
dx

For completeness, we note that the second Chern number of the gauge field associated to the soliton
mentioned above is -1:

1

8π2

»
R4

Tr
�
F ^ F

� � �2π2

8π2

» 8

0

48p3

pp2 � 1q4 dp � �1

1.3 Summary of main results
We recall the soliton solutions mentioned above. For the wave maps problem, the soliton is given
by

Q1prq � 2 arctanprq
For the Yang-Mills problem, the soliton is

Q1prq � 1� r2

1� r2

By applying the aforementioned scaling symmetry to Q1, one obtains a family of soliton solutions,
Qλ for λ ¡ 0. As mentioned earlier, we consider energy critical equations, so all Qλ have the
same energy. In appropriate regimes, it is known that if one has a globally defined solution to the
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equations under consideration, then, it can be decomposed as a soliton with a potentially time-
dependent scaling parameter, Q 1

λptq
, coupled to a solution to an appropriate linear wave equation

(called radiation), plus corrections which are small in an appropriate sense, as time approaches
infinity.

More precisely, such a solution u can be decomposed as follows.

upt, rq � Q 1
λptq
prq � fpt, rq � vept, rq (1.7)

The function f represents radiation coupled to the soliton with time-dependent scale, and is a
solution to the following linear wave equation

� Bttf � Brrf � 1

r
Brf � f

r2
� 0, for wave maps

� Bttf � Brrf � 1

r
Brf � 4

r2
f � 0, for Yang-Mills

(1.8)

The function ve is a correction which is small in an appropriate sense as time approaches infinity.
We remark that the following energy is conserved by any sufficiently regular solution to (1.8).

Epu, Btuq �
$&%π

³8
0

�
pBtuq2 � pBruq2 � u2

r2

	
rdr, for wave maps

π
³8
0

�
pBtuq2 � pBruq2 � 4u2

r2

	
rdr, for Yang-Mills

(In Section 8, regarding the Yang-Mills equation,E appears with a slightly different normalization,
but this is not important).

Even though it is known that in appropriate regimes, if one has a global solution u, then it can
be decomposed as in (1.7), to the author’s knowledge, there were no known actual examples of
such solutions with “interesting” asymptotics of λptq for the equations under consideration. (This
will be made more precise for each equation later on). In addition, a relation between λptq and
the associated radiation was not known, to the author’s knowledge. The main result of this thesis
is to construct a large class of solutions of the above form, with the following properties. For the
wave maps equation under consideration, we can construct solutions with a symbol class of possi-
ble choices of λptq (all of which satisfy λptq Ñ 0 as t approaches infinity) by obtaining a precise
relation between the radiation and the asymptotics of λptq.

In particular, we have the following. For b ¡ 0, let Λb be the set of f P C8pr100,8qq such
that there exist Cl, Cm, Cm,k ¡ 0 with

Cl

logbptq ¤ fptq ¤ Cm

logbptq , |f pkqptq| ¤ Cm,k

tk logb�1ptq , k ¥ 1, t ¥ 100

Then, the main result of this thesis regarding wave maps is (see also Theorem 2.2, which has
slightly more information)

Theorem 1.6. Let b ¡ 0. For all λ0,0,b P Λb, there exists T0 ¡ 100 and a (real-valued) finite energy
solution ub to (1.3) for t ¥ T0, of the form

ubpt, rq � Q 1
λbptq

prq � v2pt, rq � vept, rq
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where λb P C4prT0,8qq,
�Bttv2 � Brrv2 � 1

r
Brv2 � v2

r2
� 0

Epve, Bt
�
Q 1

λb

� ve

	
q ¤ C

t2 log2bptq , t ¥ T0

and

λbptq � λ0,0,bptq �O

�
1

logbptqalogplogptqq

�

In addition to solutions corresponding to λ0,0,bptq � 1
logbptq (for t sufficiently large) our class of

solutions includes ones for which the leading part of λ has some oscillations, such as the example

λ0,0,bptq � 2� sinplogplogptqqq
logbptq , t ¥ 100

Moreover, the radiation, v2 is uniquely determined by its Cauchy data at t � 0, which is related to
the leading part of λptq as follows.

v2p0, rq � 0, Btv2p0, rq � v2,0prq

with xv2,0pξq � � 1

ξπ

» 8

0

F ptq sinptξqdt

where

F ptq �
�

4

» 8

t

λ20,0,bpsqds
1� s� t



, for all t sufficiently large

Here,p� denotes the Hankel transform of order 1:

pfpξq � » 8

0

fprqJ1prξqrdr

For the Yang-Mills equation, we consider a large class of finite energy radiation, including func-
tions which are “logarithmically” close to having infinite energy. We then construct solutions as in
(1.7) by obtaining a precise relation between λptq and the radiation. In this case, it turns out that
for a given radiation, there exists a one-parameter family of corresponding choices of λptq, and all
such λptq are asymptotically constant in time, despite the “largeness” of the radiation mentioned
above. In fact, in our setup, λptq being asymptotically constant in time is a necessary condition for
the radiation to have finite energy.

In particular, we have the following. For b ¡ 2
3
, let Fb denote the set of functions f such that

there exists M ¡ 50, and Cf,k ¡ 0, such that

f P C8prM,8qq, |f pkqptq| ¤ Cf,k

tk logbptq , for t ¥M and k ¥ 0
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The class of radiation components, v1, of our solutions can be labeled by Fb in the following way.
For f P Fb, we have xv1,1pξq � 8

3πξ2

» 8

0

pψ � fq1ptq
t

sinptξqdt

(where ψ is an unimportant cutoff function, which is equal to 1 for all sufficiently large arguments),
and the radiation profile v1 is given by$'&'%

�Bttv1 � Brrv1 � 1
r
Brv1 � 4v1

r2
� 0

v1p0q � 0

Btv1p0q � v1,1

Here,p� denotes the Hankel transform of order two

xv1,1pξq �
» 8

0

v1,1prqJ2prξqrdr

In order to describe the leading order behavior of λptq, we introduce the following family of func-
tions. For b ¡ 2

3
, let Λb denote the set of functions λ0 for which there exists Tλ0 ¡ 50 such that

λ0 P C8prTλ0 ,8qq, and the following two conditions hold: Firstly, there exists f P Fb such that

λ20ptq
λ0ptq �

f 1ptq
t
, t ¥ Tλ0 (1.9)

Secondly,

λ0ptq ¡ 0,
|λ10ptq|
λ0ptq ¤ C

t logbptq , t ¥ Tλ0 (1.10)

Note that the above conditions on λ0 imply that λ0ptq Ñ λ1 ¡ 0 as t Ñ 8, despite the fact that
some λ0 P Λb (for b ¤ 1) satisfy » 8

t

» 8

x

|λ20psq|
λ0psq dsdx � 8

To see this, we write

fptq � � lim
MÑ8

» M
t

sλ20psq
λ0psq ds � � lim

MÑ8

» M
t

d
ds
pλ10psqs� λ0psqq

λ0psq ds, t ¡ Tλ0

Integrating by parts and using the assumptions on |λ10psq|
λ0psq , and the fact that b ¡ 2

3
, we see that

lim
MÑ8

logpλ0pMqq   8

Before we state the main result, we remark that, given any f P Fb, there exists Tλ0 ¡ 50, and a
one-parameter family of λ0 P Λb satisfying (1.9) and (1.10). This can be seen as follows. Given
f P Fb, we can first find ω satisfying

ω1ptq � ωptq2 � f 1ptq
t
, |ωptq| ¤ C

t logbptq , t ¥ N
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(where N ¡ 50 is sufficiently large) with a fixed point argument. By inspection of this equation,
ω P C8prN,8qq. Then, we can define Tλ0 � N � 1, and let λ0 be given by

λ0ptq � c exp

�» t
N�1

ωpsqds


, t ¥ N � 1, any c ¡ 0

Then, we have (1.9) and (1.10).

To clarify the relation between the radiation and the leading behavior of λ, we note that, for a
given f P Fb, and any λ0 P Λb satisfying (1.9) and (1.10), the radiation is uniquely specified by its
initial velocity, which is determined from

xv1,1pξq � 8

3πξ2

» 8

0

pψ � fq1ptq
t

sinptξqdt

where, since ψptq � 1 for all t sufficiently large,

pψ � fq1ptq
t

� f 1ptq
t

� λ20ptq
λ0ptq , t sufficiently large

An interesting feature of our solutions is that the radiation v1 depends only on f (as per the for-
mula for v1,1 given above) which is invariant with respect to multiplying λ0 by a constant. As we
just showed, there is a one-parameter family of λ0 P Λb, corresponding to a given f P Fb. In
particular, our family of solutions includes functions of the form Q 1

λptq
prq � v1pt, rq � op1q, for a

one-parameter family of possible asymptotic values of λptq, and the same v1.

Our main result is

Theorem 1.7. For all b ¡ 2
3

and f P Fb, let λ0 be any element of Λb satisfying (1.9). Then, there
exists T0 � T0pλ0q and a finite energy solution, u, to (1.5), with the following properties.

upt, rq � Q 1
λptq
prq � v1pt, rq � vept, rq

where λptq P C4prT0,8qq

�Bttv1 � Brrv1 � 1

r
Brv1 � 4

r2
v1 � 0

Epve, Btveq   C

log4b�2ptq , t ¥ T0

and, for some ε0 ¡ 0,

λptq � λ0ptq
�

1�O

�
1

logε0ptq




Remark 1. The initial data for v1 in the theorem statement is explicit in terms of f P Fb, as noted
above.
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Remark 2. For 2
3
  β   α   1, we can let

fptq � sinplogαptqq
logβptq , t ¥ 50

Then, f P Fb for any 2
3
  b   β. We then carry out the procedure discussed before the main

theorem, to recover a λ0 P Λb satisfying (1.9) and (1.10). In this case, we have

λ10ptq
λ0ptq �

�α logα�1ptq cosplogαptqq
t logβptq

Since 1� β � α   1, this gives rise to λ0 P Λb with» 8

t

|λ10psq|
λ0psq ds � 8

Nevertheless, as pointed out earlier in a more general context, λ0 is asymptotically constant.

Remark 3. By choosing

fptq � 1

logbptq , t ¥ 50, b ¡ 2

3

we can show (see (11.6)) that

xv1,1pξq � 8

3πξ logbp1
ξ
q �O

�
1

ξ logb�1p1
ξ
q

�
, ξ Ñ 0

which shows that we can have radiation whose initial velocity has quite a large singularity at
low frequencies. In fact, the condition for the radiation to have finite energy in our setting isxv1,1pξq P L2pp0,8q, ξdξq. The initial velocity therefore satisfies this condition only “logarithmi-
cally”. In fact, given our definition of xv1,1pξq above, λptq approaching a constant as t approaches
infinity is a necessary condition for xv1,1pξq P L2pp0,8q, ξdξq (see the discussion after (11.8).

Now that we have discussed the equations to be considered, and summarized the main results,
we start by stating and proving our precise results for the wave maps equation. The Yang-Mills
equation results will be stated and proven afterwards. The following is taken from a work of the
author which is to appear in the Memoirs of the American Mathematical Society.

2 Introduction (Wave Maps)
We consider the wave maps equation, with domain R2�1 and target S2. This equation is the Euler-
Lagrange equation associated to the functional

LpΦq �
»
R2�1

xBαΦpt, xq, BαΦpt, xqygpΦpt,xqqdtdx
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where g denotes the round metric on S2, and Φ : R2�1 Ñ S2. We will only work with 1-equivariant
maps Φ, which we describe by first regarding Φ as a map into R3 with unit norm, and then writing

Φupt, r, φq � pcospφq sinpupt, rqq, sinpφq sinpupt, rqq, cospupt, rqqq
where pr, φq are polar coordinates on R2. Then, the wave maps equation becomes

�Bttu� Brru� 1

r
Bru � sinp2uq

2r2
(2.1)

[31] studied (a more general problem which includes) the Cauchy problem associated to (2.1), with
data pu0, u1q such that

px1, x2q ÞÑ px1u0prq
r

,
x2u0prq

r
q P H1

locpR2q

px1, x2q ÞÑ px1u1prq
r

,
x2u1prq

r
q P L2

locpR2q

We will say that u is a finite energy solution to (2.1) if u is a distributional solution, with Φu P
C0
t
9H1pR2q and BtΦu P C0

t L
2pR2q. Define the energy by

EWMpu, vq � π

» 8

0

�
v2 � sin2puq

r2
� pBruq2



rdr (2.2)

Then, if u solves (2.1), EWMpu, Btuq is formally independent of time. We recall the ground state
soliton, Q1prq � 2 arctanprq is a solution to (2.1), with the property that the family of all Qλprq �
Q1prλq are the unique minimizers of EWMpu, 0q among finite energy u with Φu having topological
degree one. In order to state our main theorem, it will also be useful to consider the following
non-degenerate energy which will be used to measure perturbations of Qλ.

Epu, vq � π

» 8

0

�
v2 � pBruq2 � u2

r2



rdr

The quantity Epu, Btuq is formally conserved for solutions to the wave equation

�Bttu� Brru� 1

r
Bru� u

r2
� 0 (2.3)

We consider the problem of constructing 1-equivariant, topological degree one, global,
non-scattering solutions to (2.1), which have energy strictly greater than EWMppQ1, 0qq. The au-
thors of [3] classified 1-equivariant topological degree one solutions to the wave maps equation
with energy strictly between EWMppQ1, 0qq and 3EWMppQ1, 0qq. The part of their result which is
relevant for this paper is the statement that any such solutions which are global in time admit a
generic decomposition into the form

u � Q 1
λptq

� φL � ε (2.4)

where φL solves 2.3, λptq � optq, tÑ 8, and εÑ 0 (in an appropriate sense) as tÑ 8. There
are many possible asymptotic behaviors of λ allowed by the above result, and, according to [3],
there were no known constructions of solutions of the above form, with λptq Ñ 0 or λptq Ñ 8.
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This paper constructs a family of finite energy solutions to (2.1), say tubub¡0, where each ub
can be decomposed as in (2.4), with

λbptq � λ0,0,bptq �O

�
1

logbptqalogplogptqq

�

(see the main theorem below for the sense in which the ε term for our solution, which is called ve,
vanishes as t goes to infinity). Here, λ0,0,b P C8pr100,8qq satisfies, for some b, Cl, Cm,k ¡ 0,

Cl

logbptq ¤ λ0,0,bptq ¤ Cm

logbptq , |λpkq0,0,bptq| ¤
Cm,k

tk logb�1ptq , k ¥ 1 t ¥ 100

To the author’s knowledge, these are the first examples of such solutions of (2.1). First, we will
prove the following theorem, which corresponds to the special case of λ0,0,bptq � 1

logbptq . Solutions
with more general λ0,0,b can be constructed with a slight modification of the proof of this special
case, outlined in the appendix.

Theorem 2.1. For each b ¡ 0, there exists T0 ¡ 0 and a (real-valued) finite energy solution ub to
(2.1) for t ¥ T0, of the form

ubpt, rq � Q 1
λbptq

prq � v2pt, rq � vept, rq

where λb P C4prT0,8qq,
EWMpub, Btubq   8

�Bttv2 � Brrv2 � 1

r
Brv2 � v2

r2
� 0, Epv2, Btv2q   8, v2 P C8prT0,8q � r0,8qq

Epve, Bt
�
Q 1

λb

� ve

	
q ¤ C

t2 log2bptq , t ¥ T0

and
λbptq � 1

logbptq � eptq, |eptq| ¤ C

logbptqalogplogptqq

|epjqptq| ¤
$&%

C

tj logb�1ptq
?

logplogptqq , j � 1, 2

C
tj logb�1ptq , j � 3, 4

Regarding more general λ0,0,b, we have the following. For b ¡ 0, let Λb be the set of f P
C8pr100,8qq such that there exist Cl, Cm, Cm,k ¡ 0 with

Cl

logbptq ¤ fptq ¤ Cm

logbptq , |f pkqptq| ¤ Cm,k

tk logb�1ptq , k ¥ 1, t ¥ 100

Theorem 2.2. Let b ¡ 0. For all λ0,0,b P Λb, there exists T0 ¡ 100 and a (real-valued) finite energy
solution ub to (2.1) for t ¥ T0, of the form

ubpt, rq � Q 1
λbptq

prq � v2pt, rq � vept, rq

15



where λb P C4prT0,8qq,
EWMpub, Btubq   8

�Bttv2 � Brrv2 � 1

r
Brv2 � v2

r2
� 0, Epv2, Btv2q   8, v2 P C8prT0,8q � r0,8qq

Epve, Bt
�
Q 1

λb

� ve

	
q ¤ C

t2 log2bptq , t ¥ T0

and
λbptq � λ0,0,bptq � eptq, |eptq| ¤ C

logbptqalogplogptqq

|epjqptq| ¤
$&%

C

tj logb�1ptq
?

logplogptqq , j � 1, 2

C
tj logb�1ptq , j � 3, 4

Remark 1. Our proof yields more information about the regularity of ve appearing in the main
theorem. In particular, we have

ve � ve,0 � v6

where the function ve,0 is fairly explicit (but complicated), and v6 is constructed with a fixed point
argument, but has more Sobolev regularity than what follows from u having finite energy, namely:
if pr, θq denote polar coordinates on R2, then

pt, r, θq ÞÑ eiθv6pt, rq P C0
t prT0,8q, H2pR2qq

pt, r, θq ÞÑ eiθBtv6pt, rq P C0
t prT0,8q, H1pR2qq

Remark 2. Theorem 2.2 includes solutions with mildly oscillating λ0,0,b, such as

λ0,0,b � 2� sinplogplogptqqq
logbptq , t ¥ 100

Remark 3. It is expected that the method used in this paper can be extended to allow for the
construction of such solutions with λptq Ñ 8, tÑ 8.

Finally, this method should also be applicable to higher equivariance classes, the energy critical
Yang-Mills problem in 4 dimensions with gauge group SOp4q, as well as the quintic, focusing
semilinear wave equation in R1�3. All of these extensions are work in progress by the author.

Remark 4. The leading behavior of λptq is partially motivated by the fact that, for k � 1, 2,

|λpkqptq|
λptq ¤ C

tk logptq � opt�kq, tÑ 8

This fact is very important so that certain error terms appearing in this work which involve the
“transferrence operator” defined in [14] can be treated perturbatively. In particular, the method of
this work can not be directly applied to construct solutions with λptq being all powers of t.

In order to understand this work in a larger context, we review previous work regarding dy-
namical behavior of solutions to the critical wave maps problem with S2 target. Firstly, the works
[32] and [33] (which apply to much more general targets than S2) show that for data with energy
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strictly less than that of the lowest energy non-trivial harmonic map, one has global well-posedness
and scattering. In the 1-equivariant setting, [2] showed that global existence and scattering holds
for smooth, topological degree zero data with energy less than twice that of Q1 (which is the ap-
propriate threshold in this setting). An analogous result, but without the equivariance assumption,
is implied by [19]. Then, [9] constructed, for all k ¥ 2, k equivariant, topological degree zero,
two-bubble solutions with energy exactly equal to 2 times the energy of Qkprq :� Q1prkq. In [10],
all k-equivariant solutions (with k ¥ 2) of topological degree zero, and energy exactly equal to
twice the energy of Qkprq were classified. A classification of 1-equivariant, topological degree
0 solutions with energy equal to twice EpQ1q was obtained in [30], and shows that the dynam-
ical behavior of such solutions can be quite different than in the higher equivariance case. [30]
also constructs a finite-time blow-up solution in this setting. The methods used in this work differ
significantly from these previous works.

1-equivariant, topological degree one, finite time blow-up solutions have been constructed in
[14], and the work [5] extended the range of possible blow-up rates of these solutions. The method
of construction of the ansatz of this paper differs significantly from that used in [14]. However, we
do eventually use some technical information, most importantly, the distorted Fourier transform,
from [14] as part of the process to complete our ansatz to an exact solution. Analogs of the solutions
of [14] for the 4 � 1-dimensional Yang-Mills equation with gauge group SOp4q and the quintic,
focusing nonlinear wave equation in R1�3 were also constructed in [15] and [17]. The work of
[16] studies the stability of the solutions of [14] and [5] under certain equivariant perturbations.
In addition, [29] constructs finite-time blow-up, k�equivariant solutions with k ¥ 4, and [28]
constructs finite time blow-up solutions for the p4 � 1q-dimensional Yang-Mills problem with
gauge group SOp4q, as well as in all equivariance classes for energy critical wave maps. The
method of this work is quite different from the methods used in [28] and [29].

The work of [1] constructs modulated soliton solutions, where λ is bounded away from zero and
infinity for all time. Some facts from [1] about the wave maps equation linearized around Q1 will
be utilized in this paper, but the ansatz construction is again quite different. Finally, infinite time
blow-up and infinite time relaxation solutions to the quintic, focusing, nonlinear wave equation in
R1�3 have been constructed in [4], but the method of this paper is again quite different.

3 Notation (Wave Maps)
We will occasionally use the Hankel transform of order 1, and it will be denoted as

pfpξq � » 8

0

fprqJ1prξqrdr

The main Fourier transform we will use is the distorted Fourier transform of [14], which we denote
by

Fpfqpξq �
» 8

0

φpr, ξqfprqdr
Briefly, we will make some use of the distorted Fourier transforms of [1], which are denoted by
FH and FH̃ . Finally, we use the same notation as [1] for the following norm

||f ||2
9H1
e
� ||Brf ||2L2prdrq � ||f

r
||2L2prdrq
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We denote by φ0, the zero resonance of the elliptic part of the wave equation linearized around Q1:

φ0prq � d

dλ

���
λ�1

Qλprq � 2r

1� r2

(This notation for φ0 is the same as that used in [1], but is different from that used in [14]).

4 Overview of the Proof (Wave Maps)
We remind the reader that we will prove theorem 2.1, with the extra arguments needed to establish
theorem 2.2 summarized in the appendix. The argument used in this paper proceeds in two parts.
First, we construct an approximate solution, u, to (2.1). Second, we construct an exact solution to
(2.1) which is close to our approximate one.

Part 1: Constructing the approximate solution
One way to understand the intuition behind our approximate solution is as follows. One could

start by looking for an approximate solution to (2.1) which consists of a dynamically rescaled
soliton and a radiation field, along with an appropriate compatibility condition between the soliton
length scale, and the radiation field. This would correspond to an approximate solution of the form
ua � Q 1

λptq
� v2, where v2 is some solution to (2.3), λptq is not yet chosen, and one can look for

an appropriate relation between v2 and λptq so as to make the approximate solution accurate. Two
difficulties immediately arise with this procedure. One is that BtQ 1

λptq
prq R L2prdrq, which means

that EWMpua, Btuaq is not finite. Another key difficulty is that the elliptic part of the wave maps
equation linearized around Q 1

λptq
has a zero resonance, φ0p r

λptqq. So, one would like the principal
part of the error term of ua to be orthogonal to φ0p r

λptqq. On the other hand, the soliton error term

B2
tQ 1

λptq
prq � �2rλ2ptq

r2 � λptq2 �
4rλptqλ1ptq2
pr2 � λptq2q2

does not decay fast enough in r for its inner product with φ0p r
λptqq to even be defined in the first

place.
Hence, we start by introducing an additional correction, v1, which is independent of v2, and

whose purpose is both to make the ansatz have finite energy and to eliminate an appropriate prin-
cipal part of the soliton error term, B2

tQ 1
λptq

, for large r. More precisely the starting point for our
ansatz is

ua,1 � Q 1
λptq
prq � v1pt, rq � v2pt, rq

Here, λptq is not yet chosen, and v1 solves the nondegenerate wave equation

�Bttv1 � Brrv1 � 1

r
Brv1 � v1

r2
� �2λ2ptq r

1� r2

with 0 Cauchy data at infinity. As explained in more detail later on, we do not have the entire
soliton error term on the right-hand side of the v1 equation, because doing so would be more
difficult and also would hide the leading, linear part in the modulation equation for λ.

On the other hand, v2 solves (2.3) with Cauchy data

v2p0, rq � 0, Btv2p0, rq � v2,0prq
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where v2,0 will be a prescribed function depending on a fixed parameter b ¡ 0. The choices for v2,0

and λptq are closely related. Later, we will choose λptq to solve a modulation equation involving
v2,0, thereby correlating the length scale of the dynamically rescaled soliton with the radiation
profile.

At this stage, one could choose λptq by requiring that the principal part of the error term as-
sociated to ua,1, say ea,1, is orthogonal to φ0p r

λptqq. This is not exactly what is done in our argu-
ment, since we will need to add additional corrections to ua,1 before imposing the orthogonality
condition on the principal part of the error term of our final ansatz. Nevertheless, computing
xea,1pt, Rλptqq, φ0pRqyL2pRdRq allows one to see, in a simpler context than our final equation for
λptq, a relation between the leading order behavior of λ2ptq and v2. For the purposes of this dis-
cussion, the principal part of the ua,1 error term is

ea,1pt, rq � BttQ 1
λptq
prq � 2λ2ptqr

1� r2
�
�

cosp2Q 1
λptq
prqq � 1

r2

�
v1pt, rq

�
�

cosp2Q 1
λptq
prqq � 1

r2

�
v2pt, rq

Using the Hankel transform of order 1 to express v2, the contribution to

xea,1pt, Rλptqq, φ0pRqyL2pRdRq

from the v2-related term above is given by

x
�

cosp2Q1pRqq � 1

R2λptq2


v2pt, Rλptqq, φ0pRqyL2pRdRq

� �2

» 8

0

sinptξqxv2,0pξqξ2K1pξλptqqdξ

where K1 denotes the modified Bessel function of the second kind. We thus get

xea,1pt, Rλptqq, φ0pRqyL2pRdRq

� � 4

λptq
» 8

t

λ2psq
1� s� t

ds� 2

» 8

0

sinptξqxv2,0pξqξ2K1pξλptqqdξ � 4λ2ptq logpλptqq
λptq

� f1pλptq, λ1ptq, λ2ptqq
We will choose v2,0 and the principal part of λ, denoted by λ0,0, in order to have a leading order
cancellation in the above equation. The term f1pλptq, λ1ptq, λ2ptqq turns out to be subleading for all
λ close (in a C2 sense) to the choice of λ0,0 which we make. Our choice of v2,0 gives the following
equation

xea,1pt, Rλptqq, φ0pRqyL2pRdRq � � 4

λptq
» 8

t

λ2psq
1� s� t

ds� 4b

λptqt2 logbptq
� 4λ2ptq logpλptqq

λptq � f2pλptq, λ1ptq, λ2ptqq
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Again, the term f2pλptq, λ1ptq, λ2ptqq is subleading, for all λptq close (in a C2 sense) to λ0,0ptq �
1

logbptq , which is a leading order solution to

� 4

λptq
» 8

t

λ2psq
1� s� t

ds� 4b

λptqt2 logbptq �
4λ2ptq logpλptqq

λptq � 0

The term
4b

λptqt2 logbptq
occurs in the above computation, as a consequence of our particular choice of Cauchy data for
v2. Despite the fact that our final equation for λptq is not exactly the one given above, the leading
behavior of our λptq is indeed λ0,0ptq, due to the same cancellation seen above.

Even if the principal part of the error term of ua,1 is chosen to be orthogonal to φ0p �
λptqq, it does

not have enough decay to be treated perturbatively via our methods. So, we need to add three more
corrections to ua,1, denoted by v3, v4, and v5, in order to achieve an acceptable error term.

When the error term resulting from Q 1
λptq

and v1 is computed in the renormalized spatial co-

ordinate R, defined by r � Rλptq, it has insufficient decay for large R (because factors of 1
λptq

will turn out to correspond to logarithmic growth in t, once we choose λptq). On the other hand,
if this error term is completely eliminated, the resulting modulation equation for λ becomes much
more difficult to study. The third correction, v3, solves an inhomogeneous version of (2.3) with
0 Cauchy data at infinity in order to correct the problem of this error term for large R while also
not complicating the final modulation equation for λ. In the process of doing this, we introduce a
small, positive parameter α.

The soliton, along with these three corrections can be regarded as the principal components of
the ansatz. However, we introduce two more corrections, v4 and v5, both of which solve inhomoge-
neous versions of (2.3), with 0 Cauchy data at infinity, in order to improve the error terms resulting
from the previous terms in the ansatz. More precisely, v4 eliminates a large r portion of linear error
terms associated to vk, k � 1, 2, 3, as well as an error term arising from the combination of the
right-hand sides of the v3 and v1 equations and B2

tQ 1
λptq

. v5 eliminates error terms associated to the
nonlinear interaction between vk, k � 1, 2, 3, 4.

Our final ansatz

uansatz � Q 1
λptq
prq �

5̧

k�1

vkpt, rq

satisfies
EWMpuansatz, Btuansatzq   8

�Bttuansatz � Brruansatz � 1

r
Bruansatz � sinp2uansatzq

2r2
� �pF4 � F5 � F6q

where F5 � F6 has sufficiently fast time decay in sufficiently many norms, and is perturbative:

||F5pt, rq � F6pt, rq||L2prdrq
λptq2 ¤ C

t4 log3b�2N�1ptq
||F5 � F6|| 9H1

e

λptq ¤ C log6�bptq
t35{8
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and F4, the principal part of the error term, does not have as fast decay as F5 � F6, but satisfies

xF4pt, �q, φ0p �
λptqqy � 0

and the following estimate (in a symbol-type fashion, see theorem 5.1 for the precise statement):

|F4pt, rq| ¤
C1tr¤logN ptqur

t2 log3b�1�2αbptqpr2 � λptq2q2 �
C1tr¤ t

2
ur

t2 log5b�2N�2ptqpr2 � λptq2q2

where α and N are parameters associated to v3 and v4, respectively. α is small relative to b and 1,
while N and is large relative to b and 1.

The modulation equation for λ,

xF4pt, �q, φ0p �
λptqqy � 0

has a principal part which is of the form of a Volterra equation of the second kind in the variable
λ2 (with kernel and coefficients weakly depending on λ). In particular, this equation is of the form

� 4

» 8

t

λ2psq
1� s� t

ds� 4b

t2 logbptq � 4α logpλptqqλ2ptq

� 4

» 8

t

λ2psq
pλptq1�α � s� tqp1� s� tq3ds

� f3pλptq, λ1ptq, λ2ptqq
We emphasize that the leading behavior of λ is independent of the small parameter α ¡ 0, associ-
ated to v3, and the crucial source term

4b

t2 logbptq
comes from v2, and is a consequence of the particular choice of data for v2. The other terms on
the left-hand side of the above equation come from v1, v3, Q 1

λptq
. In particular, v4 and v5 do not

contribute to the leading order part of the equation for λptq because the terms contained in f3 are
subleading, for all λ close (in a C2 sense) to 1

logbptq .
To the knowledge of the author, a modulation equation of the above form is quite different from

that of previous works. Moreover, in the context of our ansatz, the Volterra form of the modulation
equation seems to be related to the fact that d

dλ

���
λ�1

Qλprq R L2prdrq. Indeed, the integral operators

acting on λ2 arising in the principal part of the modulation equation come from v1 and v3, which
were introduced to correct soliton related error terms for large r.

As motivated by the discussion of the simpler ansatz ua,1 above, we find an approximate solu-
tion to the modulation equation (5.63) for λ of the form

λ0,0ptq � 1

logbptq

21



The equation for λ is then exactly solved around λ0,0 with a fixed point argument in a weighted C2

space, and we obtain an exact solution

λptq � 1

logbptq �O

�
1

logbptqalogplogptqq

�

Afterwards, we show that λ is in fact a C4 function, and prove quantitative estimates on its deriva-
tives. Along the way, we thus obtain estimates on higher time derivatives of the corrections vk,
whose right-hand sides depend on λptq (for all k � 2).
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Part 2: Construction of the exact solution
Once we construct uansatz, we substitute u � uansatz � v6 into (2.1), thereby obtaining an

equation for v6. Our goal is to solve this equation for v6 perturbatively, with 0 Cauchy data at
infinity. We achieve this, by studying the distorted Fourier transform (in the sense of [14]), of v6.
In particular, we (formally) derive the equation for

ypt, ωq � Fp?�v6pt, �λptqqqpωλptq2q
where we recall that F denotes the distorted Fourier transform of [14]. The particular choice of the
rescaling used in the definition of y is explained by noting that the equation for y takes the form

Btty � ωy � �Fp?�F pt, �λptqqqpωλptq2q � F2pyqpt, ωq � Fp?�F3pv6pyqqpt, �λptqqqpωλptq2q
for appropriate F2, F3, where

F � F4 � F5 � F6

is the sum of the error terms of uansatz. In deriving the y equation, a few properties about the
distorted Fourier transform, most importantly, the transferrence identity from [14] are used. The
equation for y is solved by showing that the map

T pyqpt, ωq � �
» 8

t

sinppt� xq?ωq?
ω

�
F2pyqpx, ωq � Fp?�F px, �λpxqqqpωλpxq2q
�Fp?�F3pupyqqpx, �λpxqqqpωλpxq2q

�
dx

has a fixed point in an appropriate Banach space (whose norm is roughly the sum of weighted
L8t L

2
ω norms of y and Bty, see (6.46) for the precise definition) via the contraction mapping theo-

rem. The most delicate term to estimate is

�
» 8

t

sinppt� xq?ωq?
ω

��Fp?�F4px, �λpxqqqpωλpxq2q
�
dx

In order to obtain sufficient estimates on this term (and its time derivative) in appropriate norms, we
must utilize the previously discussed orthogonality condition on F4. The orthogonality condition
on F4 is utilized by noting that it implies that Fp?�F4px, �λpxqqqpωλpxq2q has a certain degree
of vanishing at small frequencies, and this allows us to integrate by parts in the x variable in the
integral above. This, combined with the symbol-type nature of the pointwise estimates on F4

turn out to provide sufficient decay of the integral above in all norms required by the fixed point
argument. Since the density of the spectral measure associated to the distorted Fourier transform
of [14] (which appears in the weighted norms of our iteration space) has a singularity at low
frequencies, such integration by parts would be impossible without the orthogonality condition. In
particular, we can not integrate by parts for the analogous integrals involving F5 � F6. The faster
time decay of the L2 and 9H1

e norms of this term, relative to F4 is what allows it to be perturbative,
despite the non-orthogonality to φ0p �

λptqq.

5 Construction of the Ansatz (Wave Maps)
Fix b ¡ 0, 0   α   mint 1

bp1040!q ,
1

1040!
u, and N ¡ p5000!qpb � 1q. We consider (2.1) for t ¥ T0,

where
T0 ¡ 2ee

1000pb�1q � T0,1 (5.1)
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and is otherwise arbitrary for now, and where T0,1 ¡ ep128000q 4b � eN
2 is such that

| d
j

dtj

�
logplogptqq
logb�1ptq



| � | d

j

dtj

�
1

b logbptqalogplogptqq

�
| ¤ 1

200
| d

j

dtj

�
1

logbptq



|

, t ¥ T0,1, j � 0, 1, 2

λ : rT0,8q Ñ p0,8q denotes a C2prT0,8qq map satisfying, for some C ¡ 0, independent of T0

λ1ptq   0, |λ2ptq| ¤ C

t2 logb�1ptq , and
1

C logCptq   λptq   1

2
, t ¥ T0 (5.2)

and is otherwise arbitrary for now. (Note that the first and third requirements above are not strictly
necessary for the validity of most of our procedure. However, for this work, there is no loss of
generality in assuming them, since λ will later on be restricted to a class of functions of the form
λ � λ0 � e, where λ0 is some explicit function to be specified later, and e belongs to a certain
space of functions such that (among other things) (5.2) holds for λ0 � e).

Also for all estimates appearing in the entire paper, we use the convention that C will always
denote a positive constant independent of T0, whose value may change from line to line. Although
we have already summarized the ansatz construction in the overview of the proof, we now provide
an outline which clarifies the logical structure of the process.

5.1 Outline
Step 1, Definitions of the corrections, vk: For all T0 and λ as above, and t ¥ T0, we define
functions vk, 1 ¤ k ¤ 5, which were roughly described in the overview of the proof, thereby
obtaining

uansatzpt, rq � Q 1
λptq
prq �

5̧

k�1

vkpt, rq

Step 2, Splitting of the error term of uansatz, and setup of the modulation equation for λ: We
define functions F4, F5, and F6, which split the error term of uansatz into �pF4 � F5 � F6q. Then,
we consider the modulation equation for λptq resulting from setting

xF4pt, �q, φ0p �
λptqqy � 0, t ¥ T0

(Note that F4 depends on λptq). As described (to a certain extent) in the overview of the proof, this
modulation equation takes the form of a Volterra equation of the second kind in the variable λ2ptq
(with kernel and coefficients weakly depending on λ), and our choice of Cauchy data for v2 gives
rise to a leading order solution

λ0 � 1

logbptq �
» 8

t

» 8

t1

�b2 logplogpt2qq
t22 logb�2pt2q

dt2dt1

to this equation. We then introduce a weighted C2 space, X , with norm (5.30). From this point on,
we further restrict λptq to be of the form

λptq � λ0ptq � eptq, e P B
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where
B � B1p0q � X

(Note that λ0�B is contained within the class of λptq we initially started with (which is described
by (5.2))).

Step 3, Solving the modulation equation for λptq: Writing F4pt, rq � F
λptq
4 pt, rq to empha-

size the λ dependence of F4, we show that there exists T3 ¡ 0 such that, for all T0 ¥ T3, the
equation

xF λ0ptq�eptq
4 pt, �q, φ0p �

λ0ptq � eptqqy � 0, t ¥ T0

can be solved for eptq P B, using the contraction mapping principle. An important part of this
procedure is that the kernel appearing in the Volterra equation for e (which is independent of e,
modulo error terms which can be treated perturbatively) satisfies the structural condition (5.69).
From here on, we work under the constraint T0 ¥ T3.

Step 4, Estimates on higher derivatives of λ2: Denoting the solution to the above equation
for e by e0ptq, we fix λptq � λ0ptq � e0ptq. Then, we prove that λptq, which is apriori only in
C2prT0,8qq, is actually in C4prT0,8qq, and establish quantitative estimates on λ3 and λ4.

Step 5, Estimates on Fk: At this stage, we prove pointwise estimates on F4, as well as es-
timates on ||Fk||L2prdrq, ||Fk|| 9H1

e
for k � 5, 6. This completes the ansatz construction. More

precisely, our main result of this section is

Theorem 5.1 (Approximate solution to (2.1)). For all b ¡ 0, there exists T3 ¡ 0 such that, for
all T0 ¥ T3, there exists vcorr P C4prT0,8q;C2pp0,8qqq, and λ P C4prT0,8qq such that, if
u � Q 1

λptq
� vcorr, then

EWMpu, Btuq   8

�Bttu� Brru� 1

r
Bru� sinp2uq

2r2
� �pF4 � F5 � F6q

where
1

λptq2 || pF5 � F6q pt, rq||L2prdrq ¤ C

t4 log3b�2N�1ptq (5.3)

|| pF5 � F6q ptq|| 9H1
e

λptq ¤ C log6�bptq
t35{8 (5.4)

xF4pt, �q, φ0p �
λptqqy � 0

For 0 ¤ k ¤ 2, 0 ¤ j ¤ 1, j � k ¤ 2, we have

tjrk|Bkr BjtF4pt, rq| ¤
C1tr¤logN ptqur

t2 log3b�1�2αbptqpr2 � λptq2q2 �
C1tr¤ t

2
ur

t2 log5b�2N�2ptqpr2 � λptq2q2
In addition, we have

|B2
tF4pt, rq| ¤

C1tr¤logN ptqur

t4 log3b�1�2αbptqpr2 � λptq2q2 �
C1tr¤ t

2
ur

t4 log5b�2N�2ptqpr2 � λptq2q2

�
C1tr¤ t

2
u

t4 log5b�N�2ptqpr2 � λptq2q2
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We also have the following estimates on vcorr.

||vcorrpx,Rλpxqq
Rλpxq ||2L8 � || vcorrpx,Rλpxqq

Rλpxq2p1�R2q ||L8 ¤ C logplogpxqq
x2 logpxq (5.5)

1� ||vcorrpx,Rλpxqq
R

||L8 � ||BRpvcorrpx,Rλpxqqq||L8 ¤ C (5.6)

||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq

� ||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq � ||BRpvcorrpx,Rλpxqqqp1�R2qλpxq2 ||L8

¤ C logplogpxqq
x2 logpxq

(5.7)

Finally, λ is described by

λptq � 1

logbptq � eptq, |eptq| ¤ C

logbptqalogplogptqq

|epjqptq| ¤
$&%

C

tj logb�1ptq
?

logplogptqq , j � 1, 2

C
tj logb�1ptq , j � 3, 4

5.2 Correcting the large r behavior of Q 1
λptq

The error term B2
tQ 1

λptq
, which arises from insertingQ 1

λptq
into (2.1), does not decay quickly enough

for its inner product with φ0p �
λptqq to be defined. The first term in the ansatz, v1, is designed to

correct this problem. Note that we do not choose v1 to solve an equation whose right-hand side
is equal to B2

tQ 1
λptq

, as doing so would result in a much more difficult equation to solve when we
eventually choose λptq. Instead, v1 is defined as the solution to the equation

�Bttv1 � Brrv1 � 1

r
Brv1 � v1

r2
� �2λ2ptq r

1� r2

with 0 Cauchy data at infinity. I.e., by Duhamel’s principle, we have

v1pt, rq �
» 8

t

vspt, rqds

where vs is the solution to the following Cauchy problem$'&'%
�Bttvs � Brrvs � 1

r
Brvs � vs

r2
� 0

vsps, rq � 0

Btvsps, rq � �2λ2psq r
1�r2

(5.8)
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We can determine a fairly explicit formula for vs. The procedure used to determine the formula for
vs may be slightly formal, but the final expression obtained can be seen to be the solution to the
Cauchy problem (5.8). Firstly, note that if u is a solution to

�Bttu� Brru� 1

r
Bru � 0

then, w � Bru is formally a solution to

�Bttw � Brrw � 1

r
Brw � w

r2
� 0

So, we will first write down the spherical means representation formula for the problem$'&'%
�Bttu1 �∆u1 � 0

u1psq � 0

Btu1psq � �λ2psq logp1� |x|2q
then define u by upt, |x|q � u1pt, xq (which is possible, since u1 is radially symmetric). Then,

vspt, rq � Brupt, rq
will be seen to be the solution to (5.8). From the spherical means representation formula, for t ¡ s,
we have

u1pt, xq � �λ
2psq
2π

»
Bp0,t�sq

logp1� |y � x|2q
ppt� sq2 � |y|2q1{2dy

� �λ
2psq
2π

» t�s
0

ρ

» 2π

0

logp1� |x|2 � 2|x|ρ cospθq � ρ2q
ppt� sq2 � ρ2q1{2 dθdρ

Recalling that u is the radial coordinate representative of u1, we have

B|x|u � �λ
2psq
2π

» t�s
0

ρ

» 2π

0

2p|x| � ρ cospθqq
p1� |x|2 � 2|x|ρ cospθq � ρ2qppt� sq2 � ρ2q1{2dθdρ (5.9)

To do the integral over the angular coordinate, we can regard it as»
C

2p|x| � ρ
2
pz � 1

z
qq

p1� |x|2 � |x|ρpz � 1
z
q � ρ2qppt� sq2 � ρ2q1{2

dz

iz

where C is the boundary of the unit circle in the complex plane, traversed in the counterclockwise
direction.

The integrand is a meromorphic function on C, with poles at

z � 0,�
�

1� |x|2 � ρ2 �a�4|x|2ρ2 � p1� |x|2 � ρ2q2
2|x|ρ

�
Note that

�4|x|2ρ2 � p1� |x|2 � ρ2q2 � 1� 2p|x|2 � ρ2q � p|x|2 � ρ2q2 ¥ 1
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So,

1� |x|2 � ρ2 �a�4|x|2ρ2 � p1� |x|2 � ρ2q2
2|x|ρ ¡ 1� |x|2 � ρ2

2|x|ρ ¡ |x|2 � ρ2

2|x|ρ ¥ 1

On the other hand, we havea
�4|x|2ρ2 � p1� |x|2 � ρ2q2 ¤ p1� |x|2 � ρ2q

so that
1� |x|2 � ρ2 �a�4|x|2ρ2 � p1� |x|2 � ρ2q2

2|x|ρ ¡ 0

and

1� |x|2 � ρ2 �a�4|x|2ρ2 � p1� |x|2 � ρ2q2
2|x|ρ

� 2|x|ρ
1� |x|2 � ρ2 �a�4|x|2ρ2 � p1� |x|2 � ρ2q2 ¤ 1

So, the only two poles of the integrand located inside the unit disk in the complex plane are

z � 0 and z � z1 � �
�

1�|x|2�ρ2�
?
�4|x|2ρ2�p1�|x|2�ρ2q2

2|x|ρ



. The corresponding residues are

Res0 � 1

i|x|aps� tq2 � ρ2

Resz1 �
�1� |x|2 � ρ2

i|x|a�4|x|2ρ2 � p1� |x|2 � ρ2q2aps� tq2 � ρ2

Returning to (5.9), we get, for t ¡ s,

pB|x|uqpt, rq � �λ
2psq
|x|

» t�s
0

ρapt� sq2 � ρ2

�
1� |x|2 � 1� ρ2ap1� |x|2 � ρ2q2 � 4|x|2ρ2

�
dρ

By substitution, we see that B|x|upt, rq solves (5.8) for t ¡ s. We can extend the solution to t   s
with the same Cauchy data at t � s by defining

vspt, rq � p�B|x|uqps� pt� sq, rq, t   s

so that, for t   s, we have

vspt, rq � λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρ

We will only need to use pointwise estimates on v1, which will be proven shortly, but to give the
reader some idea of the behavior of vs, we note that

vspt, rq �
2λ2psq �1�?

1� a2
�

a
, 0   a � r

ps� tq   1 ! s� t

We have

v1pt, rq �
» 8

t

λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds (5.10)
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5.2.1 Pointwise estimates on Bjrv1

In this section, we will prove the following

Lemma 5.2.
v1pt, rq � r

» 8

t

λ2psq
1� s� t

ds� Errpt, rq (5.11)

where
|Errpt, rq| ¤ Cr logp3� 2rq sup

x¥t
|λ2pxq|, r ¡ 0

In addition,

|v1pt, rq| ¤ C

r

» 8

t

|λ2psq|ps� tqds, r ¡ 0 (5.12)

Moreover, similar results are true for Brv1:

Brv1pt, rq �
» 8

t

λ2psq
1� s� t

ds� EBrv1pt, rq (5.13)

with
|EBrv1pt, rq| ¤ C sup

x¥t
p|λ2pxq|q logp3� 2rq, r ¡ 0

and

|Brv1pt, rq| ¤ C

r2

�
sup
x¥t

�|λ2pxq|p1� px� tq2q�� » 8

t

|λ2psq|ps� tqds


, r ¡ 2

Proof. We start with

v1pt, rq �
» 8

t

λ2psq
r

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

s� t

��
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

λ2psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

(5.14)

The first line of (5.14) can be estimated as follows

|
» 8

t

λ2psq
r

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

s� t

��
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds|

¤ supx¥t p|λ2pxq|q
r

» 8

0

ρ

» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

s� t

��
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dsdρ

¤ supx¥t p|λ2pxq|q
r

» 8

0

ρ logp2q
�

1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρ

¤ C
supx¥t p|λ2pxq|q

r
� r2

¤ Cr sup
x¥t

p|λ2pxq|q
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The second line of (5.14) is split into the following two terms» 8

t

λ2psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» t�2pr�1q

t

λ2psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t�2pr�1q

λ2psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

(5.15)

For the second line of (5.15), we have» t�2pr�1q

t

λ2psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» t�2pr�1q

t

λ2psq
rps� tq

�
1� r2 � ps� tq2 �ap1� pr � s� tq2qp1� pr � ps� tqq2q

	
2

ds

�
» t�2pr�1q

t

λ2psq
rps� tq

2r2ps� tq2
p1� r2 � ps� tq2 �ap1� pr � s� tq2qp1� pr � ps� tqq2qqds

So, we have

|
» t�2pr�1q

t

λ2psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds|

¤ Cr sup
x¥t

p|λ2pxq|q
» t�2pr�1q

t

ps� tq
1� r2

ds

¤ Cr sup
x¥t

p|λ2pxq|q

For the third line of (5.15), we have» 8

t�2pr�1q
λ2psq 2rps� tq

p1� r2 � ps� tq2 �ap1� pr � s� tq2qp1� pr � ps� tqq2qds

�
» 8

t�2pr�1q
λ2psq 2r

ps� tq
�

1

2
�O

�p1� rq2
ps� tq2




ds

�
» 8

t�2pr�1q
λ2psq r

ps� tqds� E1pt, rq

where

|E1pt, rq| ¤ sup
x¥t

p|λ2pxq|q rp1� rq2
» 8

t�2pr�1q

ds

ps� tq3
¤ Cr sup

x¥t
p|λ2pxq|q
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Next, » 8

t�2pr�1q

λ2psqr
ps� tqds �

» 8

t�2pr�1q

λ2psqr
1� s� t

ds

�
» 8

t�2pr�1q
λ2psqr

�
1

s� t
� 1

1� s� t



ds

and

|
» 8

t�2pr�1q
λ2psqr

�
1

s� t
� 1

1� s� t



ds| ¤ r sup

x¥t
p|λ2pxq|q logp1� 1

2� 2r
q

¤ C sup
x¥t

p|λ2pxq|q r

Finally, » 8

t�2pr�1q

λ2psqr
1� s� t

ds �
» 8

t

λ2psqr
1� s� t

ds�
» t�2pr�1q

t

λ2psqr
1� s� t

ds

with

|
» t�2pr�1q

t

λ2psqr
1� s� t

ds| ¤ C sup
x¥t

p|λ2pxq|q r logp3� 2rq
Thus, we obtain the decomposition (5.11), with the desired estimate on Err.

Next, we have

|v1pt, rq| � |
» 8

t

λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds|

¤ C

r

» 8

t

|λ2psq|ps� tqds

Now we treat Brv1:

Brv1pt, rq �
» 8

t

�λ2psq
r2

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2
�3{2dρds

(5.16)

Even though the first line of (5.16) is equal to �v1
r

, the principal contribution to Brv1 near the origin
actually comes from a combination of effects from appropriate parts of both the first and second
lines of (5.16). So, we do not simply divide the previous v1 estimates by �r to treat the first line
of (5.16). Instead, we split the first line of (5.16) as» 8

t

�λ2psq
r2

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

�λ2psq
r2

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

��
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

�λ2psq
r2

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds
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and

|
» 8

t

�λ2psq
r2

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

��
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds|

¤ C supx¥t p|λ2pxq|q
r2

�
» 8

0

ρ

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

s� t

�
dsdρ

¤ C supx¥t p|λ2pxq|q
r2

» 8

0

ρ

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρ

¤ C sup
x¥t

p|λ2pxq|q

The second line of (5.16) is split in the same way» 8

t

λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2
�3{2dρds

�
» 8

t

λ2psq
r

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2

�3{2dρds

�
» 8

t

λ2psq
r

» s�t
0

ρ

ps� tq
4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2

�3{2dρds

and we again have

|
» 8

t

λ2psq
r

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2

�3{2 |dρds

¤ C sup
x¥t

p|λ2pxq|q
» 8

0

ρ
pρ2 � r2 � 1q

ppρ2 � r2 � 1q2 � 4r2q3{2
» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

s� t

�
dsdρ

¤ C sup
x¥t

p|λ2pxq|q

So far, we have

Brv1pt, rq �
» 8

t

�λ2psq
r2

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

λ2psq
r

» s�t
0

ρ

ps� tq
4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2

�3{2dρds

� E0,Brv1

(5.17)

where
|E0,Brv1pt, rq| ¤ C sup

x¥t
p|λ2pxq|q

32



Now, we combine the first and second lines of (5.17), to get» 8

t

�λ2psq
r2

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

λ2psq
r

» s�t
0

ρ

ps� tq
4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2

�3{2dρds

� �2

» 8

t

λ2psqps� tq
� pr2 � 1� ps� tq2q?

βp1� r2 � ps� tq2 �?
βq


ds

where
β � 4r2 � pr2 � 1� ps� tq2q2

Now, we proceed as in the estimates for v1.

| � 2

» t�2pr�1q

t

λ2psqps� tq
� pr2 � 1� ps� tq2q?

βp1� r2 � ps� tq2 �?
βq


ds|

¤ C sup
x¥t

p|λ2pxq|q
» t�2pr�1q

t

|s� t|
1� r2

ds

¤ C sup
x¥t

p|λ2pxq|q

Next, note that

� pr2 � 1� ps� tq2q?
βp1� r2 � ps� tq2 �?

βq


�
�
�

1� 1�r2
ps�tq2

	
ps� tq2

�
1?

1� q
� 1

1� y �?
1� q



where

q � 2p1� r2q
ps� tq2 � pr2 � 1q2

ps� tq4

y � 1� r2

ps� tq2
So, for s� t ¥ 2pr � 1q,

|q| ¤ 9

16
, |y| ¤ 1

4

Using this, we have� pr2 � 1� ps� tq2q?
βp1� r2 � ps� tq2 �?

βq


� �1

2ps� tq2
�

1�O

�
1� r2

ps� tq2




So,

� 2

» 8

t�2pr�1q
λ2psqps� tq

� pr2 � 1� ps� tq2q?
βp1� r2 � ps� tq2 �?

βq


ds

�
» 8

t�2pr�1q

λ2psq
ps� tqds� E1,Brv1pt, rq
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where

|E1,Brv1pt, rq| ¤ C

» 8

t�2pr�1q

|λ2psq|
ps� tq

p1� r2q
ps� tq2 ds ¤ C sup

x¥t
p|λ2pxq|q

Then, » 8

t�2pr�1q

λ2psq
ps� tqds �

» 8

t�2pr�1q

λ2psq
1� s� t

ds� E2,Brv1pt, rq

with

|E2,Brv1pt, rq| ¤
» 8

t�2pr�1q
|λ2psq|

�
1

s� t
� 1

1� s� t



ds ¤ C sup

x¥t
p|λ2pxq|q

Finally, » 8

t�2pr�1q

λ2psq
1� s� t

ds �
» 8

t

λ2psq
1� s� t

ds�
» t�2pr�1q

t

λ2psq
1� s� t

ds

�
» 8

t

λ2psq
1� s� t

ds� E3,Brv1pt, rq

where
|E3,Brv1pt, rq| ¤ C sup

x¥t
p|λ2pxq|q logp3� 2rq

and we get the desired result

Brv1pt, rq �
» 8

t

λ2psq
1� s� t

ds� EBrv1pt, rq

with
|EBrv1pt, rq| ¤ C sup

x¥t
p|λ2pxq|q logp3� 2rq

It remains to prove the last estimate in the lemma statement: The first term of (5.16) is estimated
by

|
» 8

t

�λ2psq
r2

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds|

¤ C

r2

» 8

t

|λ2psq|ps� tqds

Turning to the second term of (5.16), we have

|
» 8

t

λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2
�3{2dρds|

¤ C

» 8

0

ρpρ2 � r2 � 1q
ppρ2 � r2 � 1q2 � 4r2q3{2

» 8

ρ�t

|λ2psq|p1� ps� tq2qaps� tq2 � ρ2p1� ps� tq2qdsdρ

¤ Csupx¥t
�|λ2pxq|p1� px� tq2q�

�
» 8

0

ρpρ2 � r2 � 1q
ppρ2 � r2 � 1q2 � 4r2q3{2

» 8

ρ�t

1aps� tq2 � ρ2

1

p1� ps� tq2qdsdρ

¤ Csupx¥t
�|λ2pxq|p1� px� tq2q� » 8

0

pρ2 � r2 � 1q
ppρ2 � r2 � 1q2 � 4r2q3{2

dρa
1� ρ2
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Let us first note that, for ρ ¤ r
2
, we have

r2 � 1� ρ2 ¡ Cr2, for r ¡ 2

so,
pρ2 � r2 � 1q

ppρ2 � r2 � 1q2 � 4r2q3{2 ¤
C

r4

and » r{2
0

pρ2 � r2 � 1q
ppρ2 � r2 � 1q2 � 4r2q3{2

dρa
1� ρ2

¤ C

r4
sinh�1

�r
2

	
On the other hand, when ρ ¥ r{2, we have» 8

r{2

pρ2 � r2 � 1q
ppρ2 � r2 � 1q2 � 4r2q3{2

dρa
1� ρ2

¤ C

» 8

r{2

pρ2 � r2 � 1q
ρppρ2 � r2 � 1q2 � 4r2q3{2dρ

�
r2 � 3r4?

9r4�40r2�16
� 9r2?

9r4�40r2�16
� 12?

9r4�40r2�16

4 pr2 � 1q2

� 2 log
�
3r4 � �?9r4 � 40r2 � 16� 9

�
r2 �?

9r4 � 40r2 � 16� 4
�� 4 logprq � 1� logp4q

4 pr2 � 1q2

¤ C

r2

So, we conclude that

|
» 8

t

λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

4r pρ2 � r2 � 1q�pρ2 � r2 � 1q2 � 4r2
�3{2dρds|

¤ Csupx¥t
�|λ2pxq|p1� px� tq2q� 1

r2

Combining these estimates, we get

|Brv1pt, rq| ¤ C

r2

�
supx¥t

�|λ2pxq|p1� px� tq2q�� » 8

t

|λ2psq|ps� tqds


, r ¡ 2

5.3 The free wave correction
The next correction is designed to produce a crucial source term in the equation that we will
eventually use to choose a specific λ. In fact, it is this correction which ultimately determines the
asymptotics of the λ which we will choose. Define v2 to be the solution to$'&'%

�Bttv2 � Brrv2 � 1
r
Brv2 � v2

r2
� 0

v2p0q � 0

Btv2p0q � v2,0
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where

xv2,0pξq �
» 8

0

v2,0prqJ1prξqrdr �
$&% 4b

πpb�1q
χ¤ 1

4
pξq

logb�1p 1
ξ
q , b � 1

�4
π
χ¤ 1

4
pξq logplogp1

ξ
qq, b � 1

where χ¤ 1
4
P C8

c pr0,8qq, 0 ¤ χ¤ 1
4
pxq ¤ 1 for all x, and χ¤ 1

4
satisfies

χ¤ 1
4
pxq �

#
1, 0 ¤ x ¤ 1

8

0, x ¡ 1
4

and is otherwise arbitrary. For ease of notation, let

cb �
#

4b
πpb�1q , b � 1
�4
π
, b � 1

Note that this particular form of cb is due to the fact that part of xv2,0pξq involves an antiderivative
of 1

ξ logbp 1
ξ
q . We have a formula for v2, namely:

v2pt, rq � cb

» 8

0

sinptξqJ1prξqχ¤ 1
4
pξq �

#
1

logb�1p 1
ξ
q , b � 1

logplogp1
ξ
qq, b � 1

dξ (5.18)

The significance of this particular choice of Cauchy data will be seen later on, when we identify
the v2-related contribution to the equation we use to choose λ.

We will prove pointwise estimates on v2 later on, but, to give the reader some idea of the
behavior of v2, we note that (for instance, for b ¡ 1)

v2pt, rq � cbp1� sgnpt� rqq
2
?

2r
a|t� r| logb�1p|t� r|q � E2pt, rq

with

|E2pt, rq| ¤ C

�
1?

r
a|t� r| logbp|t� r|q

�
� C?

r
?
t� r logb�1pt� rq �

C

r logb�1prq
r ¡ t

2
, |t� r| ¡ 5

This can be established by a procedure similar to the one which we use later on to compute the
inner product of the v2 linear error term with φ0p �

λptqq.

5.4 Further improvement of the soliton error term
If we substitute u � Q 1

λptq
� v1 � v2 � u3 into the wave maps equation

�Bttu� Brru� 1

r
Bru� sinp2uq

2r2
� 0
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we get

� Bttu3 � Brru3 � 1

r
Bru3 �

cosp2Q 1
λptq
q

r2
u3

� BttQ 1
λptq

� 2λ2ptqr
1� r2

�
�

cosp2Q 1
λptq
q � 1

r2

�
v1 �

�
cosp2Q 1

λptq
q � 1

r2

�
v2

�N2pv1 � v2q �Npu3q � Lpu3q

(5.19)

where

Npfq �
�

sinp2fq � 2f

2r2



cosp2Q 1

λptq
q �
�

cosp2fq � 1

2r2



sinp2pQ 1

λptq
� v1 � v2qq

Lpfq � sinp2fq
2r2

cosp2Q 1
λptq
qpcosp2pv1 � v2qq � 1q � sinp2fq

2r2
sinp2Q 1

λptq
q sinp2pv1 � v2qq

N2pfq �
sinp2Q 1

λptq
q

2r2
pcosp2fq � 1q �

cosp2Q 1
λptq
q

2r2
psinp2fq � 2fq

Note that

F0pt, rq � BttQ 1
λptq

� 2λ2ptqr
1� r2

appears on the right-hand side of (5.19). When the spatial coordinate is renormalized, via

r � Rλptq
one term arising in the the large R expansion of F0 has insufficient decay in time. To remedy this,
we will add another correction, to be denoted v3. On one hand, choosing v3 to solve an equation
whose right-hand side is exactly equal to F0 would eventually lead to a much more difficult equa-
tion that we use to determine λptq. On the other hand, the error terms remaining after adding the
correction v3 should no longer have insufficient decay in time for large values of R. We therefore
proceed as follows: recall that α has been introduced just before (5.1), and satisfies

0   α   mint 1

bp1040!q ,
1

1040!
u

and let

F0,1pt, rq � 2rλ2ptq
pλptq2 � r2q

��1� λptq2
1� r2

� 1� λptq2α
1� r2λptq2α�2



Next, we consider v3, defined as the solution (with 0 Cauchy data at infinity) to the equation

�Bttv3 � Brrv3 � 1

r
Brv3 � v3

r2
� F0,1pt, rq

Following the same steps as for v1, we get

v3pt, rq

� � 1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

F0,1ps,
a
r2 � ρ2 � 2rρ cospθqqpr � ρ cospθqqa

r2 � ρ2 � 2rρ cospθq dθdρds
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which gives

v3pt, rq � �1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ2psq

�
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� λpsq2 � pr2 � ρ2qλpsq2α
λpsq2a1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4

�
dρds

(5.20)

The main result of this section is a decomposition of v3 which will be useful in understanding its
contribution to the equation for λ:

Lemma 5.3.

v3pt, rq � �r
» 8

t�6r

λ2psqps� tq
�

1

1� ps� tq2 �
1

λptq2�2α � ps� tq2


ds� E5pt, rq (5.21)

where

|E5pt, rq| ¤ C

�
sup
x¥t

|λ2pxq|


� sup
x¥t

� |λ1pxq|λptqα
λpxqα



λptq1�2α

� Cr sup
x¥t

�|λ2pxq|λpxqα�1pλpxqα�1 � λptqα�1q�λptq2�2α

� Cr sup
x¥t

|λ2pxq|

Proof.

v3pt, rq � �1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ2psq

�
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� λpsq2 � pr2 � ρ2qλpsq2α
λpsq2a1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4

�
dρds

v3 is then decomposed as
v3pt, rq � v3,1pt, rq � v3,2pt, rq

where

v3,1pt, rq � �1

r

» 8

t

» s�t
0

ρ

ps� tqλ
2psq�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� λpsq2 � pr2 � ρ2qλpsq2α
λpsq2a1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4

�
dρds

(5.22)
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v3,2 � v3 � v3,1

Then, we record some pointwise estimates on v3,2. If

F3pr, ρ, λpsqq � 1� pr2 � ρ2qλpsq2α�2a
1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4

� 1� pr2 � ρ2qλpsq2α�2a
4r2λpsq2α�2 � p1� pr2 � ρ2qλpsq2α�2q2

then,

v3,2pt, rq � �1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq

�
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λptqq

�
dρds

(5.23)

� 1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq

� pF3pr, ρ, λpsqq � F3pr, ρ, λptqqq dρds
For the first line of (5.23), we have

| � 1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

s� t

�
λ2psq�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λptqq

�
dρds|

¤ C

r

�
sup
x¥t

|λ2pxq|



�
» 8

0

ρ| �1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� 1� 1� F3pr, ρ, λptqq|» 8

t�ρ

�
1aps� tq2 � ρ2

� 1

s� t

�
dsdρ

¤ C

r

�
sup
x¥t

|λ2pxq|


p
» 8

0

ρ

�
1� 1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

�
dρ

�
» 8

0

ρ p1� F3pr, ρ, λptqqq dρ



¤ Cr

�
sup
x¥t

|λ2pxq|



where we used the facts that

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
¥ �1
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and
F3pr, ρ, λptqq ¤ 1

To estimate the second line of (5.23), we first note that

F3pr, ρ, λpsqq � F3pr, ρ, λptqq

�
» 1

0

�4r2zσp1� pr2 � ρ2qz2
σq

p1� 2pρ2 � r2qz2
σ � pρ2 � r2q2z4

σq3{2
�
λpsqα�1 � λptqα�1

�
dσ

where
zσ � σλpsqα�1 � p1� σqλptqα�1

First, we note that

1� 2pρ2 � r2qz2 � pρ2 � r2q2z4 � 4ρ2z2 � p1� pr2 � ρ2qz2q2

So,

| �4r2zσp1� pr2 � ρ2qz2
σq

p1� 2pρ2 � r2qz2
σ � pρ2 � r2q2z4

σq3{2
�
λpsqα�1 � λptqα�1

� |
¤ C

r2|zσ| pλpsqα�1 � λptqα�1q
p1� 2pρ2 � r2qz2

σ � pρ2 � r2q2z4
σq

Since λ is a decreasing function, and 0   α   1
8
, we have

λptqα�1 ¤ |zσ| � |σλpsqα�1 � p1� σqλptqα�1| ¤ λpsqα�1, 0 ¤ σ ¤ 1, s ¥ t

So,

|F3pr, ρ, λpsqq � F3pr, ρ, λptqq|

¤ C
r2λpsqα�1|λpsqα�1 � λptqα�1|

p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q , s ¥ t

This gives

| � 1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq pF3pr, ρ, λpsqq � F3pr, ρ, λptqqq dρds|

¤ Cr

» 8

0

ρ

» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

ps� tq

�
|λ2psq|λpsqα�1|λpsqα�1 � λptqα�1|dsdρ

p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q
¤ Cr sup

x¥t

�|λ2pxq|λpxqα�1|λpxqα�1 � λptqα�1|�
�
» 8

0

ρdρ

p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q
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Then, if 2r ¡ λptq1�α, we have» 8

0

ρdρ

p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q

¤ C

�» λptq1�α
0

ρdρ�
» 2r

λptq1�α
ρdρ

r2λptq2α�2
�
» 8

2r

ρdρ

ρ4λptq4α�4

�
¤ Cλptq2�2α

On the other hand, if 2r ¤ λptq1�α, we have» 8

0

ρdρ

p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q

¤
» λptq1�α

0

ρdρ�
» 8

λptq1�α
dρ

ρ3λptq4α�4

¤ Cλptq2�2α

In total, we get

| � 1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq pF3pr, ρ, λpsqq � F3pr, ρ, λptqqq dρds|

¤ Cr sup
x¥t

�|λ2pxq|λpxqα�1|λpxqα�1 � λptqα�1|�λptq2�2α

It then suffices to study v3,1. Firstly, we have

| � 1

r

» t�6r

t

» s�t
0

ρ

ps� tqλ
2psq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds|

¤ 1

r

» t�6r

t

» s�t
0

ρ

ps� tq |λ
2psq| � 2dρds

¤ Cr sup
x¥t

|λ2pxq|

Next, we have

� 1

r

» 8

t�6r

» s�t
0

ρ

ps� tqλ
2psq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� �2r

» 8

6r

λ2pt� wqw
�� 1

p1� w2q
�

r2

1�w2 � 1�
b
p r2

1�w2 � 1q2 � 4 r2w2

p1�w2q2
	

� �1

pλpt� wq2�2α � w2q
�

r2

λpt�wq2�2α�w2 � 1�
b
p r2

λpt�wq2�2α�w2 � 1q2 � 4r2w2

pλpt�wq2�2α�w2q2
	
�dw
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Using the fact that w � s� t ¥ 6r in the integral below, we get

� 1

r

» 8

t�6r

» s�t
0

ρ

ps� tqλ
2psq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� �2r

» 8

6r

λ2pt� wqw
�

1

2p1� w2q �
1

2pλpt� wq2�2α � w2q


dw � E4

where

|E4| ¤ Cr sup
x¥t

|λ2pxq|
» 8

6r

r2w

w2

�
1

1� w2
� 1

λpt� wq2�2α � w2



dw

¤ Cr sup
x¥t

|λ2pxq|

So, it suffices to study

�2r

» 8

6r

λ2pt� wqw
�

1

2p1� w2q �
1

2pλpt� wq2�2α � w2q


dw

We will make one more reduction, which is to replace λpt�wq in the above expression with λptq.
The error in doing this replacement is

� r

» 8

t�6r

λ2psqps� tq
�

1

pλptq2�2α � ps� tq2q �
1

pλpsq2�2α � ps� tq2q


ds

But, if

F4px, s� tq � 1

x2 � ps� tq2
then,

|F4pλpsq1�α, s� tq � F4pλptq1�α, s� tq| ¤ C
λptq1�α
ps� tq4 � |λptq

1�α � λpsq1�α|

¤ C
λptq1�2α

ps� tq3 � sup
x¥t

� |λ1pxq|λptqα
λpxqα



where we use the fact that λ is a decreasing function. So,

| � r

» 8

t�6r

λ2psqps� tq
�

1

pλptq2�2α � ps� tq2q �
1

pλpsq2�2α � ps� tq2q


ds|

¤ Cr

�
sup
x¥t

|λ2pxq|


� sup
x¥t

� |λ1pxq|λptqα
λpxqα



λptq1�2α

» 8

6r

w

w3
dw

¤ C

�
sup
x¥t

|λ2pxq|


� sup
x¥t

� |λ1pxq|λptqα
λpxqα



λptq1�2α

This finally gives (5.21).
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5.5 The linear error terms for large r
Despite the decay of

1� cosp2Q1p r
λptqqq

r2

for large r, we will still need to add another correction which improves the linear error terms of
v1, v2, v3, as well as F0,2 � �F0,1 � 2λ2ptqr

1�r2 � B2
tQ 1

λptq
, for large r. The addition of this correction

will not change the leading order contribution of these error terms to the modulation equation, but,
will improve the overall error term of the final ansatz for large r. Let χ¥1 P C8pRq satisfy

χ¥1pxq �
#

1, x ¥ 2

0, x   1

and
0 ¤ χ¥1pxq ¤ 1, x P R

Then, we recall that N has been defined just before (5.1), let

v4,cpt, rq � χ¥1p 2r

logNptqq
��

cosp2Q1p r
λptqqq � 1

r2

�
pv1 � v2 � v3q � F0,2pt, rq

�

and define v4 as the solution to

�Bttv4 � Brrv4 � 1

r
Brv4 � v4

r2
� v4,cpt, rq

with 0 Cauchy data at infinity. In other words, we have

v4pt, rq �
» 8

t

v4,spt, rqds

where v4,s solves $'&'%
�Bttv4,s � Brrv4,s � 1

r
Brv4,s � v4,s

r2
� 0

v4,sps, rq � 0

Btv4,sps, rq � v4,cps, rq
So,

v4,spt, rq � Brw4,spt, rq
where

u4,spt, yq � w4,spt, |y|q
and u4,s : rT0,8q � R2 Ñ R solves$'&'%

Bttu4,s �∆u4,s � 0

u4,sps, xq � 0

Btu4,sps, xq � � ³8|x| v4,cps, qqdq
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We get, for s ¥ t,

u4,spt, xq � 1

2π

»
Bs�tpxq

�³8
|y| v4,cps, qqdq

	
aps� tq2 � |y � x|2dy �

1

2π

»
Bs�tp0q

�³8
|z�x| v4,cps, qqdq

	
aps� tq2 � |z|2 dz

We use polar coordinates in the z variable, with origin 0, and polar axis x̂ for x � 0. Then, we
obtain, apriori for r � 0,

v4pt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

v4,cps,
a
r2 � 2rρ cospθq � ρ2q pr � ρ cospθqqa

r2 � 2rρ cospθq � ρ2
dθdρds

If we let

Gps, r, ρq �
» 2π

0

v4,cps,
a
r2 � 2rρ cospθq � ρ2qa

r2 � 2rρ cospθq � ρ2
pr � ρ cospθqq dθ

s ¥ t, r ¥ 0, s� t ¥ ρ ¥ 0

(5.24)

Then,
Gps, 0, ρq � 0

and

Gps, r, ρq � r

» 1

0

B2Gps, rβ, ρqdβ

� r

» 1

0

» 2π

0

�
B2v4,cps,

a
β2r2 � 2βrρ cospθq � ρ2q pβr � ρ cospθqq2

β2r2 � 2βrρ cospθq � ρ2

� v4,cps,
a
β2r2 � 2βrρ cospθq � ρ2q pβr � ρ cospθqq2

pβ2r2 � 2βrρ cospθq � ρ2q3{2

�v4,cps,
a
β2r2 � 2βrρ cospθq � ρ2qa

β2r2 � 2βrρ cospθq � ρ2

�
dθdβ

So, v4pt, �q is (for instance) continuous on r0,8q and we have, for all r ¥ 0 (including r � 0)

v4pt, rq � �r
2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 1

0

B2Gps, rβ, ρqdβdρds (5.25)

We will use this formula to prove estimates on v4, but this will be done later on, once we further
restrict the class of functions λ under consideration (which will be done once we introduce an
iteration space in which to solve the eventual equation for λ).

5.6 The nonlinear error terms involving v1, v2, v3, v4
Let

fv5 � v1 � v2 � v3 � v4

44



and

N2pfv5qpt, rq �
sinp2Q 1

λptq
prqq

2r2
pcosp2fv5q � 1q �

cosp2Q 1
λptq
prqq

2r2
psinp2fv5q � 2fv5q

Then, we consider v5, defined as the solution with 0 Cauchy data at infinity, to the problem

�Bttv5 � Brrv5 � 1

r
Brv5 � v5

r2
� N2pfv5qpt, rq

Following the same steps used to obtain (5.25), we obtain the analogous formula for v5:

v5pt, rq � �r
2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 1

0

B2G5ps, rβ, ρqdβdρds

where

G5ps, r, ρq � r

» 1

0

B2G5ps, rβ, ρqdβ

� r

» 1

0

» 2π

0

�
B2N2pfv5qps,

a
β2r2 � 2βrρ cospθq � ρ2q pβr � ρ cospθqq2

β2r2 � 2βrρ cospθq � ρ2

� N2pfv5qps,
a
β2r2 � 2βrρ cospθq � ρ2q pβr � ρ cospθqq2

pβ2r2 � 2βrρ cospθq � ρ2q3{2

� N2pfv5qps,
a
β2r2 � 2βrρ cospθq � ρ2qa

β2r2 � 2βrρ cospθq � ρ2

�
dθdβ

As was the case for v4, we will prove estimates on v5 later on, once we further restrict the class of
functions λ under consideration.

5.7 The equation resulting from uansatz

If we substitute
u � Q 1

λptq
� v1 � v2 � v3 � v4 � v5 � v6

into the wave maps equation

�Bttu� Brru� 1

r
Bru� sinp2uq

2r2
� 0
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and use the equations solved by v1, v2, v3, v4, v5, then, we obtain

� Bttv6 � Brrv6 � 1

r
Brv6 �

cosp2Q 1
λptq
q

r2
v6

� F0,2pt, rq �Npv6q � L1pv6q �N2pv5q
� sinp2pv1 � v2 � v3 � v4qq

2r2

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	

�
�

cosp2pv1 � v2 � v3 � v4qq � 1

2r2


�
sinp2Q 1

λptq
� 2v5q � sinp2Q 1

λptq
q
	

�
�

cosp2Q 1
λptq
q � 1

r2

�
pv1 � v2 � v3 � v4 � v5q

� χ¥1p 2r

logNptqq
�

cosp2Q 1
λptq
q � 1

r2

�
pv1 � v2 � v3q � χ¥1p 2r

logNptqqF0,2pt, rq

(5.26)

where

Npfq �
�

sinp2fq � 2f

2r2



cosp2Q 1

λptq
q

�
�

cosp2fq � 1

2r2



sinp2pQ 1

λptq
� v1 � v2 � v3 � v4 � v5qq

L1pfq � sinp2fq
2r2

cosp2Q 1
λptq
qpcosp2pv1 � v2 � v3 � v4 � v5qq � 1q

� sinp2fq
2r2

sinp2Q 1
λptq
q sinp2pv1 � v2 � v3 � v4 � v5qq

N2pfq �
sinp2Q 1

λptq
q

2r2
pcosp2fq � 1q �

cosp2Q 1
λptq
q

2r2
psinp2fq � 2fq

F0,2pt, rq � �F0,1pt, rq � 2λ2ptqr
1� r2

� B2
tQ 1

λptq

Note that we do not combine the terms involving χ¥1 with analogous terms having coefficient 1
because the terms involving χ¥1 will turn out to have a subleading contribution to the modulation
equation for λ. When we solve the final equation, after choosing λ, we will of course make use of
the fact that 1� χ¥1pxq is supported on the set x ¤ 2.

We can re-write the right-hand side of (5.26) as F � F3 where

F � F4 � F5 � F6

with

F4pt, rq � F0,2pt, rq �
�

cosp2Q 1
λptq
q � 1

r2

��
v1 � v2 � v3 �

�
1� χ¥1p4r

t
q


pv4 � v5q




� χ¥1p 2r

logNptqq
�

cosp2Q 1
λptq
q � 1

r2

�
pv1 � v2 � v3q � χ¥1p 2r

logNptqqF0,2pt, rq
(5.27)
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F5pt, rq � N2pv5q � sinp2pv1 � v2 � v3 � v4qq
2r2

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	

�
�

cosp2pv1 � v2 � v3 � v4qq � 1

2r2


�
sinp2Q 1

λptq
� 2v5q � sinp2Q 1

λptq
q
	 (5.28)

F6pt, rq � χ¥1p4r
t
q
�

cosp2Q 1
λptq
q � 1

r2

�
pv4pt, rq � v5pt, rqq (5.29)

and
F3 � Npv6q � L1pv6q

5.8 Choosing λptq
λ will be chosen so that the term

F4pt, rq � F0,2pt, rq

�
�

cosp2Q 1
λptq
prqq � 1

r2

��
v1 � v2 � v3 �

�
1� χ¥1p4r

t
q


pv4 � v5q




� χ¥1p 2r

logNptqq
�
F0,2pt, rq � pv1pt, rq � v2pt, rq � v3pt, rqq

�
cosp2Q 1

λptq
prqq � 1

r2

��

which appears on the right-hand side of (5.26), is orthogonal to φ0

�
�

λptq

	
.

Define the space pX, || � ||Xq by

X � tf P C2prT0,8qq|||f ||X   8u

where

||f ||X � supt¥T0
�
|fptq|b logbptq

a
logplogptqq � |f 1ptq|t logb�1ptq

a
logplogptqq

� |f2ptq|t2 logb�1ptq
a

logplogptqq
	 (5.30)

In this section, we will first prove the following proposition

Proposition 5.1. There exists T3 ¡ 0 such that, for all T0 ¥ T3, there exists λ P C2prT0,8qq which
solves

xF4ptq, φ0

� �
λptq



y � 0, t ¥ T0

Moreover,
λptq � λ0ptq � e0ptq, ||e0||X ¤ 1

and

λ0ptq � 1

logbptq �
» 8

t

» 8

t1

�b2 logplogpt2qq
t22 logb�2pt2q

dt2dt1
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After fixing λ as in the above proposition, we will then show that λ, apriori only inC2prT0,8qq,
is actually in C4prT0,8qq, with the estimates

|λp2�kqptq| ¤ C

t2�k logb�1ptq , t ¥ T0, k � 1, 2

To prove the proposition, we will first show that the equation

xF4ptq, φ0

� �
λptq



y � 0

is equivalent to

� 4

» 8

t

λ2psq
1� s� t

ds� 4b

t2 logbptq � 4α logpλptqqλ2ptq

� 4

» 8

t

λ2psq
pλptq1�α � s� tqp1� s� tq3ds

� �λptqE0,1pλptq, λ1ptq, λ2ptqq � 16

» 8

t

λ2psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds

� 16

λptq2
» 8

t

Kps� t, λptqqλ2psqds� λptqEv2,ippt, λptqq

� 16

λptq2
» 8

t

λ2psq
�
K1ps� t, λptqq � λptq2

4p1� s� tq


ds

� λptqx
�

cosp2Q 1
λptq
q � 1

r2

��
pv4 � v5q

�
1� χ¥1p4r

t
q


� E5



|r�Rλptq, φ0y

� λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y

� λptqxχ¥1p 2r

logNptqqF0,2pt, rq|r�Rλptq, φ0y

:� Gpt, λptqq

(5.31)

Then, we will substitute λptq � λ0ptq�e0ptq, for e0 P B1p0q � X , and solve the resulting equation
for e0 with a fixed point argument.

We start by studying the relevant inner products of the v1, v2 and v3 terms above.

5.8.1 The inner product of the (rescaled) v1 linear error term with φ0

In this section, we will prove

Lemma 5.4. For v1 defined by (5.10), we have

x
�

cosp2Q 1
λptq
q � 1

r2

�
v1|r�Rλptq, φ0y

� �16

λptq3
» 8

t

λ2psqKps� t, λptqqds� �16

λptq3
» 8

t

λ2psqK1ps� t, λptqqds
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where » 8

t

|Kps� t, λptqq|ds ¤ Cλptq2

|K1px, λptqq| ¤ Cλptq2x
1� x2» 8

t

|K1ps� t, λptqq � λptq2
4p1� s� tq |ds ¤ Cλptq2 (5.32)

|K1ps� t, λptqq � λptq2
4ps� tq | ¤

Cλptq2p1� λptq2q
ps� tqp1� ps� tq2q , s� t ¥ 1

Proof. We have

x
pcosp2Q 1

λptq
q � 1q

r2
v1

�����
r�Rλptq

, φ0y � �1

λptq2
» 8

0

v1pt, Rλptqq 8

p1�R2q2
2R

1�R2
RdR

� � 16

λptq2
» 8

0

v1pt, Rλptqq R2

p1�R2q3dR

� 16

λptq2
» 8

0

v1pt, Rλptqq R2

p1�R2q3dR

� � 16

λptq3
» 8

t

λ2psq
» 8

0

R

p1�R2q3
» s�t

0

ρaps� tq2 � ρ2�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdRds

� � 16

λptq3
» 8

t

λ2psq
» 8

0

R

p1�R2q3
» s�t

0

ρ

s� t�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdRds

� 16

λptq3
» 8

t

λ2psq
» 8

0

R

p1�R2q3
» s�t

0

ρ

�
1aps� tq2 � ρ2

� 1

s� t

�
�

1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdRds

(5.33)

The last line of (5.33) is of the form

� 16

λptq3
» 8

t

λ2psqKps� t, λptqqds

where

Kpx, λptqq �
» 8

0

R

p1�R2q3» x
0

ρ

�
1a

x2 � ρ2
� 1

x

��
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR ¥ 0
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and » 8

t

Kps� t, λptqqds

�
» 8

t

» 8

0

R

p1�R2q3
» s�t

0

ρ

�
1aps� tq2 � ρ2

� 1

s� t

�
�

1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdRds

�
» 8

0

ρ

» 8

0

R

p1�R2q3
» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

s� t

�
�

1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dsdRdρ

�
» 8

0

ρ

» 8

0

R

p1�R2q3
�

1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
logp2qdRdρ

�
» 8

0

R

p1�R2q3 logp2qR2λptq2dR

� logp2q
4

λptq2

(5.34)

Hence, it remains to calculate

� 16

λptq3
» 8

t

λ2psq
» 8

0

R

p1�R2q3
» s�t

0

ρ

s� t

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdRds

� � 16

λptq3

�
» 8

t

λ2psq
» 8

0

R

p1�R2q3�
r2 �appr � s� tq2 � 1q ppr � s� tq2 � 1q � ps� tq2 � 1

2ps� tq

�
|r�RλptqdRds

� � 16

λptq3
» 8

t

λ2psqK1ps� t, λptqqds
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where

K1pw, λptqq

�
» 8

0

R

p1�R2q3
�
R2λptq2 � w2 � 1�ap1�R2λptq2 � w2q2 � 4R2λptq2w2

2w

�
dR

� wλptq2 pλptq2 � w2 � 1q
4py2 � 4w2q �

wλptq4 log
�
λptq2

�a
y2 � 4w2 � y

		
2 py2 � 4w2q3{2

� wλptq4
log
�

4w2 � y2 � λptq2y � pw2 � 1q
a
y2 � 4w2

	
2 py2 � 4w2q3{2

(5.35)

where
y � λptq2 � w2 � 1

and, for the first line of (5.35), we used the fact that

ppr � wq2 � 1qppr � wq2 � 1q � pr2 � w2 � 1q2 � 4r2w2 (5.36)

Now, we will prove a pointwise estimate on K1. Using (5.36), we have

0 ¤K1pw, λptqq

�
» 8

0

R

2wp1�R2q3
�

4R2λptq2w2

1�R2λptq2 � w2 �ap1� pRλptq � wq2qp1� pRλptq � wq2q

�
dR

¤ C

» 8

0

R3

p1�R2q3
λptq2w
1� w2

dR ¤ Cλptq2 w

1� w2

So,
|K1px, λptqq| ¤ Cλptq2 x

1� x2
(5.37)

For use later on, we will also need to estimate» 8

t

|K1ps� t, λptqq � λptq2
4p1� s� tq |ds

Note that K1pw, λptqq ¥ 0, by its definition as the integral of a non-negative function. We start
with» t�1

t

|K1ps� t, λptqq � λptq2
4p1� s� tq |ds ¤

» t�1

t

K1ps� t, λptqqds�
» t�1

t

λptq2
4p1� s� tqds

¤ Cλptq2

where we used (5.37).
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Now, we consider the region s� t ¥ 1. Returning to (5.35), we see that

K1pw, λptqq �
» 8

0

R

p1�R2q3
R2λptq2
w

dR

�
» 8

0

R

p1�R2q3
4R2λptq2dR

2w

�b
p�R2λptq2 � w2 � 1q2 � 4R2λptq2 �R2λptq2 � w2 � 1



(5.38)

The right-hand side of the first line of (5.38) is equal to» 8

0

R

p1�R2q3
R2λptq2
w

dR � λptq2
4w

So,

K1pw, λptqq � λptq2
4w

� �
» 8

0

R

p1�R2q3
4R2λptq2

2w
�ap1� w2 �R2λptq2q2 � 4R2λptq2 � 1� w2 �R2λptq2

	dR
First, we note that

1� w2 �R2λptq2 ¥ Cp1� w2q, if Rλptq ¤ w

2

So, » w
2λptq

0

R

p1�R2q3
4R2λptq2

2w
�ap1� w2 �R2λptq2q2 � 4R2λptq2 � 1� w2 �R2λptq2

	dR
¤ C

» 8

0

R

p1�R2q3
R2λptq2
wp1� w2qdR ¤ Cλptq2

wp1� w2q , w ¥ 1

Next,

1ap1� w2 �R2λptq2q2 � 4R2λptq2 � 1� w2 �R2λptq2

� 1� w2 �R2λptq2 �ap1� w2 �R2λptq2q2 � 4R2λptq2
�4R2λptq2

and

|1� w2 �R2λptq2 �ap1� w2 �R2λptq2q2 � 4R2λptq2
�4R2λptq2 | ¤ C

R2λptq2
R2λptq2 ¤ C,

if Rλptq ¡ w

2
, w ¥ 1
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So, » 8

w
2λptq

R

p1�R2q3
4R2λptq2

2w
�ap1� w2 �R2λptq2q2 � 4R2λptq2 � 1� w2 �R2λptq2

	dR
¤
» 8

w
2λptq

1

R5

R2λptq2
w

dR ¤ Cλptq4
w3

, w ¥ 1

Combining these, we get

|K1pw, λptqq � λptq2
4w

| ¤ Cλptq2p1� λptq2q
wp1� w2q , w ¥ 1 (5.39)

So, » 8

t�1

|K1ps� t, λptqq � λptq2
4p1� s� tq |ds ¤ C

» 8

t�1

λptq2
4

�
1

s� t
� 1

1� s� t



ds

� C

» 8

t�1

Cλptq2p1� λptq2q
ps� tqp1� ps� tq2qds

¤ Cλptq2p1� λptq2q
Recalling (5.2), we conclude» 8

t

|K1ps� t, λptqq � λptq2
4p1� s� tq |ds ¤ Cλptq2

5.8.2 The inner product of the (rescaled) v2 linear error term with φ0

Lemma 5.5. For all b ¡ 0, and v2 defined by (5.18), we have» 8

0

R

�
cosp2Q1pRqq � 1

R2λptq2


φ0pRqv2pt, RλptqqdR � 4b

λptqt2 logbptq � Ev2,ippt, λptqq

where
|Ev2,ippt, λptqq| ¤

C

λptqt2 logb�1ptq (5.40)

Proof. We start with the case b � 1. Using our formula for v2, we get» 8

0

R

�
cosp2Q1pRqq � 1

R2λptq2


φ0pRqv2pt, RλptqqdR

� �2cb

» 8

0

ξ2 sinptξq
χ¤ 1

4
pξq

logb�1p1
ξ
qK1pξλptqqdξ

where K1 denotes the modified Bessel function of the second kind. (This follows, for instance,
from equation (6.532 4) of the table of integrals [7]). Recalling that

K1pxq � 1

x
�Opx logpxqq, xÑ 0
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we can integrate by parts two times, and get

� 2cb

» 8

0

ξ2 sinptξq
χ¤ 1

4
pξq

logb�1p1
ξ
qK1pξλptqqdξ

� 2cb

» 8

0

sinptξq
t2

B2
ξ

�
ξ2

χ¤ 1
4
pξq

logb�1p1
ξ
qK1pξλptqq

�
dξ

Let

Fbpξq � B2
ξ

�
ξ2

χ¤ 1
4
pξq

logb�1p1
ξ
qK1pξλptqq

�
Note that

Fbpξq � χ¤ 1
4
pξqB2

ξ

�
ξ2K1pξλptqq

logb�1p1
ξ
q

�
� ψv2pξ, λptqq (5.41)

where
ψv2 P C8

c pr
1

8
,
1

4
sq

So, integration by parts (for instance, once) gives

|2cb
» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ| ¤
C

t3λptq
To study

2cb

» 8

0

χ¤ 1
4
pξqsinptξq

t2
B2
ξ

�
ξ2K1pξλptqq

logb�1p1
ξ
q

�
dξ

we can use the asymptotics of K1 to write

B2
ξ

�
ξ2K1pξλptqq

logb�1p1
ξ
q

�
� B2

ξ

�
ξ

λptq logb�1p1
ξ
q

�
� Fv2pξ, λptqq, ξ ¤ 1

4
(5.42)

where

Fv2pξ, yq �
ξ2y2 log

�
1
ξ

	�
�3 log

�
1
ξ

	
� 2b� 2

	
K0pyξq

ξy logb�1p1
ξ
q

�
pb� 1q

�
log
�

1
ξ

	
� b
	
pξyK1pyξq � 1q

ξy logb�1p1
ξ
q

�
ξ3y3 log2

�
1
ξ

	
K1pyξq

logb�1p1
ξ
qξy , ξ ¤ 1

4

Using the simple estimates, valid for all x ¡ 0,

| � 1� xK1pxq| ¤ Cx2p| logpxq| � 1q
|K0pxq| ¤ Cp| logpxq| � 1q
|xK1pxq| ¤ C

(5.43)
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we get, for any λptq ¡ 0,

|Fv2pξ, λptqq| ¤ C
ξλptq

logb�1p1
ξ
q p| logpξq| � | logpλptqq|q , ξ ¤ 1

4

Similarly, we have

BξFv2pξ, yq �
pb� 1q

�
� log2

�
1
ξ

	
� b2 � b

	
log�b�2

�
1
ξ

	
pξyK1pyξq � 1q

ξ2y

� y

�
ξy log

�
1
ξ

	�
4 log

�
1
ξ

	
� 3b� 3

	
K1pyξq

	
logb�1

�
1
ξ

	
� yK0pyξq

�
6pb� 1q log

�
1
ξ

	
� 3pb� 1qb� log2

�
1
ξ

	
pξ2y2 � 3q

	
logb�1p1

ξ
q

Again, using (5.43), we get, for all λptq ¡ 0,

|BξFv2pξ, λptqq| ¤
Cλptq p| logpξq| � | logpλptqq|q

logb�1p1
ξ
q

�
1� λptq2ξ2

�
, ξ ¤ 1

4

So, we can integrate by parts (for instance) once, and recall (5.2), to get

|2cb
» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λptqqdξ| ¤

Cλptq| logpλptqq|
t3

Next, we need to consider

2cb

» 8

0

χ¤ 1
4
pξqsinptξq

t2
B2
ξ

�
ξ

λptq logb�1p1
ξ
q

�
dξ

� 2cb
λptq

» 1{2

0

χ¤ 1
4
pξqsinptξq

t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

From one integration by parts we see that

| 2cb
λptq

» 1{2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ| ¤ C

t3λptq

So, we need only consider

2cb
λptq

» 1{2

0

sinptξq
t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

� 2cb
λptq

» t{2
0

sinpuq
t2

�
b� 1

u logbp t
u
q �

bpb� 1q
u logb�1p t

u
q

�
du

(5.44)
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Let us start by studying, for a ¡ 0, » t{2
0

sinpuq
u logapt{uqdu

Let

fpzq � eiz

z logapt{zq
where we use the principal branch of log and p�qa Then, f is analytic on (for instance) D given by

D � Czpp�8, 0s Y r2t{3,8qq
For 0   ε ¤ 1

2
, consider the contour Ct,ε in D given by:

Ct,ε � t t
2
eiθ|0 ¤ θ ¤ π

2
u Y tiy|ε ¤ y ¤ t

2
u Y tεeiθ|0 ¤ θ ¤ π

2
u Y rε, t{2s

traversed in the counter-clockwise direction. By Cauchy’s residue theorem,»
Ct,ε

fpzqdz � 0

On the other hand,»
Ct,ε

fpzqdz �
» π

2

0

i
e
it
2

cospθqe�
t
2

sinpθq

logap2e�iθq dθ �
» t{2
ε

e�y

y logap t
iy
qdy �

» π
2

0

i
eiεe

iθ

logap te�iθ
ε
qdθ

�
» t{2
ε

eiu

u logapt{uqdu

So, » t{2
ε

sinpuq
u logapt{uqdu � Im

�» t{2
ε

e�y

y logap t
iy
qdy
�
� Im

�» π
2

0

i
eiεe

iθ

logap te�iθ
ε
qdθ
�

� Im

�» π
2

0

i
e
it
2

cospθqe�
t
2

sinpθq

logap2e�iθq dθ

�
Letting εÑ 0, we have» t{2

0

sinpuq
u logapt{uqdu � lim

εÑ0
Im

�» t{2
ε

e�y

y logap t
iy
qdy
�

� Im

�» π
2

0

i
e
it
2

cospθqe�
t
2

sinpθq

logap2e�iθq dθ

� (5.45)

Note that

Im

�» t{2
ε

e�y

y logap t
iy
qdy
�
�
» t{2
ε

e�y sinpa tan�1p π
2plogptq�logpyqqqq

ypplogptq � logpyqq2 � π2

4
qa{2 dy
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So,

lim
εÑ0

Im

�» t{2
ε

e�y

y logap t
iy
qdy
�
�
» t{2

0

e�y sinpa tan�1p π
2plogptq�logpyqqqq

ypplogptq � logpyqq2 � π2

4
qa{2 dy

We have

e�y sinpa tan�1p π
2plogptq�logpyqqqq

ypplogptq � logpyqq2 � π2

4
qa{2 � a

π

2

e�y

y loga�1pt{yq � Err, 0 ¤ y ¤ t{2

where

|Err| ¤ C
e�y

y

1

log3�apt{yq , 0 ¤ y ¤ t{2

So, » t{2
0

e�y sinpa tan�1p π
2plogptq�logpyqqqq

ypplogptq � logpyqq2 � π2

4
qa{2 dy � a

π

2

» t{2
0

e�y

y loga�1pt{yqdy

�
» t{2

0

Err dy

(5.46)

Let us start by considering» 1

0

1

y

e�ydy
loga�1pt{yq �

» 1

0

dy

y loga�1pt{yq �
» 1

0

pe�y � 1q
y loga�1p t

y
qdy

Treating each term individually, we have:» 1

0

dy

y loga�1pt{yq �
1

a logaptq

|
» 1

0

pe�y � 1q
y loga�1p t

y
qdy| ¤

C

loga�1ptq
» 1

0

|e�y � 1|
y

dy ¤ C

loga�1ptq
where we used the fact that

y ÞÑ 1

loga�1p t
y
q , is increasing on p0, 1s

So, » 1

0

1

y

e�ydy
loga�1pt{yq �

1

a logaptq �O

�
1

loga�1ptq



Also, » ?

t

1

1

y

e�ydy
plogptq � logpyqqa�1

¤ 2a�1

» ?
t

1

1

y

e�ydy
loga�1ptq � Op 1

loga�1ptqq

Finally, » t{2
?
t

1

y

e�ydy
plogptq � logpyqqa�1

¤ 1?
t

» t{2
?
t

e�y

loga�1p2qdy � Ope
�?t
?
t
q
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So, » t{2
0

1

y

e�ydy
loga�1pt{yq �

1

a logaptq �O

�
1

loga�1ptq



(5.47)

Treating the Err term in (5.46) in the same way as was used to obtain (5.47), we have» t{2
0

e�y sinpa tan�1p π
2plogptq�logpyqqqq

ypplogptq � logpyqq2 � π2

4
qa{2 dy � a

π

2

�
1

a logaptq �O

�
1

loga�1ptq




�O

�
1

loga�2ptq



� π

2 logaptq �O

�
1

loga�1ptq



Lastly, let us estimate

| � Im

�» π
2

0

i
e
it
2

cospθqe�
t
2

sinpθq

logap2e�iθq dθ

�
| ¤ C

» π
2

0

e�
t
2

sinpθq

logap2q dθ

¤ C

» π
2

0

e�
t
2

2
π
θdθ � O

�
1

t



So, (5.45) can be written as» t{2

0

sinpuq
u logapt{uqdu �

π

2 logaptq �O

�
1

loga�1ptq



Since (5.45) is valid for all a ¡ 0, we can repeat the identical steps done in this section for the case
b � 1, and apply the above result to (5.44) (and its analog for b � 1), thereby obtaining, for all
b ¡ 0: » 8

0

R

�
cosp2Q1pRqq � 1

R2λptq2


φ0pRqv2pt, RλptqqdR � 4b

λptqt2 logbptq � Ev2,ippt, λptqq

where, for b � 1:

Ev2,ippt, λptqq � 2cb

» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ

� 2cb

» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λptqqdξ

� 2
cb
λptq

» 1
2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

� 2cb
λptq

�» t
2

0

sinpuqpb� 1q
t2u logbp t

u
q du�

pb� 1qπ
2t2 logbptq �

» t
2

0

sinpuqbpb� 1q
t2u logb�1p t

u
q du

�
(5.48)
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When b � 1, Ev2,ip has the same form as (5.48), except the third and fourth lines changed to

2c1

λptq
» 1

2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
ξt2

�
� 1

log2p1
ξ
q �

1

logp1
ξ
q

�
dξ

� 2c1

λptq

�» 1
2

0

sinptξq
ξt2

�
�1

logp1
ξ
q �

1

log2p1
ξ
q

�
dξ � π

2t2 logptq

�

For all b ¡ 0,

|Ev2,ippt, λptqq| ¤
C

λptqt2 logb�1ptq

5.8.3 Pointwise estimates on BitBjrv2

Lemma 5.6. For any b ¡ 0, there exists C ¡ 0 such that

For 0 ¤ j ¤ 2, 0 ¤ k ¤ 1, j � k ¤ 2,

Bjt Bkr v2pt, rq �
Bjt Bkr

��br
t2

�
logbptq � EBjt Bkr v2pt, rq (5.49)

where

|EBjt Bkr v2pt, rq| ¤ CBjt Bkr
�

r

t2 logb�1ptq



� CBjt Bkr

�
r2

t3 logbptq



, r ¤ t

2

For 0 ¤ j ¤ 2, 0 ¤ k ¤ 2, j � k ¤ 2,

|Bjt Bkr v2pt, rq| ¤ C?
r
, r ¥ t

2
(5.50)

For 0 ¤ j ¤ 1, 0 ¤ k ¤ 1, j � k ¤ 2,

|Bjt Bkr v2pt, rq| ¤ C logprq
|t� r|1�j�k , r ¥ t

2
, r � t (5.51)

Finally, we also have the estimates

|B2
rv2pt, rq| ¤

#
Cr

t4 logbptq , r ¤ t
2

C logprq
|t�r|3 ,

t
2
  r � t

(5.52)

Proof. In the course of proving these estimates, we will occasionally make use of the following
formula, which can be found, for example, in Appendix B of [12]: for n ¡ �1

2

Jnpxq � 1

Γpn� 1
2
q?π

�x
2

	n » π
0

cospx cospθqq sin2npθqdθ (5.53)
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Similarly, we will need, Lemma 8.1 of [12], which states

J d�2
2
pxq �

�
x
2

� d�2
2

π
d�1
2

Re
�
e�ixΦ d�2

2
pxq
	
, x ¡ 0 (5.54)

where
|Φpkq

d�2
2

|pxq ¤ Ckx
� pd�1q

2
�k

We will first prove the lemma for the case b � 1, and then remark what the identical procedures
give, for the case b � 1.

We will start with the region 0 ¤ r ¤ t
2
, and use (5.53) for n � 1 in the formula for v2:

v2pt, rq � cb

» 8

0

sinptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

� cb
π

» π
0

sin2pθq
» 8

0

sinptξqrξ cosprξ cospθqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξdθ

� cb
2π

» π
0

sin2pθq
» 8

0

rξ psinpξpt� r cospθqqq � sinpξpt� r cospθqqqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξdθ

Integrating by parts twice, we get

v2pt, rq � �cbr
2π

» π
0

sin2pθq
» 8

0

B2
ξ

�
ξχ¤ 1

4
pξq

logb�1p1
ξ
q

��
sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ

where
t�{� � t� r cospθq

We divide the terms analogously to how similar terms were treated in the previous subsection. In
particular, we have

v2pt, rq � �cbr
2π

» π
0

sin2pθq
» 8

0

�
χ¤ 1

4
pξq
�

b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
� ψpξq

�
�

sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ

where ψ P C8
c pr1

8
, 1

4
sq. So, we can integrate by parts (for example, once) to treat the ψ term:

|�cbr
2π

» π
0

sin2pθq
» 8

0

ψpξq
�

sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ| ¤ Cr

» π
0

» 8

0

|ψ1pξq|dξdθ
t3

¤ Cr

t3
, r ¤ t

2

where we use
1

|t�| ¤
C

t
, r ¤ t

2
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Then, it remains to study

�cbr
2π

» π
0

sin2pθq
» 8

0

�
χ¤ 1

4
pξq
�

b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

���
sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ

� �cbr
2π

» π
0

sin2pθq
» 1

2

0

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

��
sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ

� �cbr
2π

» π
0

sin2pθq
» 1

2

0

�
χ¤ 1

4
pξq � 1

	� b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

��
sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ

(5.55)

We start with the second line of (5.55). Since all other terms will use the identical argument, we
first consider the term involving 1

logbptq and t�, namely

�cbr
2π

» π
0

sin2pθq
�
pb� 1q

» t�
2

0

sinpuqdu
u logbp t�

u
qt2�

�
dθ

� �cbr
2π

» π
0

sin2pθqpb� 1q
�

π

2 logbpt�qt2�
� Errpt, r, θq



dθ

(5.56)

where
|Errpt, r, θq| ¤ C

t2� logb�1pt�q
and we use our calculation of (5.45) from the previous subsection. To treat this last integral, we
start with the first term:

�cbr
2π

� pb� 1qπ
2

» π
0

sin2pθqdθ
logbpt�qt2�

� �cbrpb� 1q
4

1

t2 logbptq
» π

0

sin2pθq
p1� r cospθq

t
q2

dθ�
1� logp1� r cospθq

t
q

logptq


b
� �cbrpb� 1q

4

�
π

2t2 logbptq � Ev2,1pt, rq


, r ¤ t

2

with
|Ev2,1pt, rq| ¤ C

r

t3 logbptq , r ¤ t

2

For the second term of (5.56), we have

|�cbr
2π

» π
0

sin2pθqpb� 1qErrpt, r, θqdθ| ¤ Cr

» π
0

dθ

t2 logb�1ptq
¤ Cr

t2 logb�1ptq , r ¤ t

2
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where we used
1

t2� logb�1pt�q
¤ C

t2 logb�1ptq , r ¤ t

2

Combining these, we get

�cbr
2π

» π
0

sin2pθq
�
pb� 1q

» t�
2

0

sinpuqdu
u logbp t�

u
qt2�

�
dθ � �br

2t2 logbptq � Ev2,2pt, rq, r ¤ t

2

|Ev2,2pt, rq| ¤ C

�
r2

t3 logbptq � C
r

t2 logb�1ptq



, r ¤ t

2

We use the identical procedure to treat all the other terms in the second line of (5.55), and get

�cbr
2π

» π
0

sin2pθq
» 1

2

0

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

��
sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ

� �br
t2 logbptq � Ev2,3pt, rq

with

|Ev2,3pt, rq| ¤ C

�
r

t2 logb�1ptq �
r2

t3 logbptq



, r ¤ t

2

Finally, for the third line of (5.55), we integrate by parts, identically to how a similar term was
treated in the last subsection, and get

|�cbr
2π

» π
0

sin2pθq
» 1

2

0

�
χ¤ 1

4
pξq � 1

	� b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

��
sinpξt�q
t2�

� sinpξt�q
t2�



dξdθ|

¤ Cr

t3
, r ¤ t

2

This completes the proof of (5.49) (for v2).
We will need two more estimates on v2. One is given by using the simple estimate

|J1pxq| ¤ C?
x

which yields

|v2pt, rq| ¤ C?
r

We will obtain another estimate in the region r ¥ t
2
, by first decomposing v2 as follows:

v2pt, rq � cb

» 8

0

sinptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

� cb

» 8

0

χ¤1prξq sinptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

� cb

» 8

0

p1� χ¤1prξqq sinptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

(5.57)

62



where χ¤1 P C8
c pr0,8qq, 0 ¤ χ¤1 ¤ 1,

χ¤1pxq �
#

1, x ¤ 1
2

0, x ¥ 1

and χ¤1 is otherwise arbitrary.
We start with the second line of (5.57). Using the simple estimate

|J1pxq| ¤ Cx

we get

|
» 8

0

χ¤1prξq sinptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ| ¤ Cr

» 8

0

χ¤1prξqξ
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

¤ C

r logb�1prq , r ¥ t

2
¡ 4

We need only estimate the remaining integral in (5.57), namely,» 8

0

p1� χ¤1prξqq sinptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

Note that this integral vanishes if r   2, by the support properties of χ¤1 and χ¤ 1
4
. We use (5.54),

for d � 4. Then, for r ¡ 4, we have

|
» 8

0

p1� χ¤1prξqq sinptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ|

� |Re

�» 8

0

p1� χ¤1prξqq sinptξq rξ

2π3{2 e
�irξΦ1prξq

χ¤ 1
4
pξq

logb�1p1
ξ
qdξ
�
|

¤ C

|t� r|
» 8

0

|Bξ
�
p1� χ¤1prξqq rξΦ1prξq

χ¤ 1
4
pξq

logb�1p1
ξ
q

�
|dξ

(5.58)

Note that » 8

0

|χ1¤1prξq|r|rξΦ1prξq|
|χ¤ 1

4
pξq|

logb�1p1
ξ
qdξ ¤ Cr

» 1{r

0

dξ

logb�1p1
ξ
q

¤ C

logb�1prq , r ¥ t

2

where we used the support properties of χ and symbol property of Φ1.
Next,» 8

0

p1� χ¤1prξqq |BξprξΦ1prξqq|
|χ¤ 1

4
pξq|

logb�1p1
ξ
qdξ ¤ Cr

» 8

0

p1� χ¤1prξqq
prξq3{2

|χ¤ 1
4
pξq|

logb�1p1
ξ
qdξ

¤ C?
r

» 1
4

1
2r

dξ

ξ3{2 logb�1p1
ξ
q

¤ C

logb�1prq , r ¥ t

2
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Finally, we use the same procedure to get» 8

0

p1� χ¤1prξqq |rξΦ1prξq||Bξ
�

χ¤ 1
4
pξq

logb�1p1
ξ
q

�
|dξ

¤ C?
r

» 1
4

1
2r

� |χ1¤ 1
4

pξq|
?
ξ logb�1p1

ξ
q �

1

ξ3{2 logbp1
ξ
q

�
dξ

¤ C

logbprq , r ¥ t

2

Returning to (5.58), we get, for r ¥ t
2
,

C

|t� r|
» 8

0

|Bξ
�
p1� χ¤1prξqq rξΦ1prξq

χ¤ 1
4
pξq

logb�1p1
ξ
q

�
|dξ ¤ C

|t� r| logb�1prq

Note that, if t
2
¤ r, then, |t� r| ¤ r, so

C

r logb�1prq ¤
C

|t� r| logb�1prq , r ¥ t

2
, r � t

So, we can combine the previous two estimates to conclude (5.51), thereby concluding the proof
of the v2 estimates (in the case b � 1).

We now proceed to prove the similar statements about Brv2. We have

Brv2pt, rq � cb
2

» 8

0

sinptξqξ pJ0prξq � J2prξqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

and start by treating the J0 term. Using (5.53) for n � 0, we have

cb
2

» 8

0

sinptξqξJ0prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

� cb
4π

» π
0

» 8

0

psinpξt�q � sinpξt�qq
ξχ¤ 1

4
pξq

logb�1p1
ξ
qdξdθ

� �cb
4π

» π
0

» 8

0

�
sinpξt�q
t2�

� sinpξt�q
t2�



B2
ξ

�
ξχ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ

We follow the identical procedure used to prove (5.49) for v2, the only major difference being an
extra sin2pθq in the θ integral in the v2 case. We get

cb
2

» 8

0

sinptξqξJ0prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ �

�b
t2 logbptq � EBrv2,1pt, rq

where
|EBrv2pt, rq| ¤

Cr

t3 logbptq �
C

t2 logb�1ptq , r ¤ t

2
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Now, we treat the J2 term, again using (5.53), this time for n � 2.

� cb
2

» 8

0

sinptξqξJ2prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

� �cbr2

6π

» 8

0

sinptξqξ3

» π
0

cosprξ cospθqq sin4pθq
χ¤ 1

4
pξq

logb�1p1
ξ
qdθdξ

� �cbr2

12π

» π
0

sin4pθq
» 8

0

psinpξpt� r cospθqqq � sinpξpt� r cospθqqqq
ξ3χ¤ 1

4
pξq

logb�1p1
ξ
qdξdθ

� �cbr2

12π

» π
0

sin4pθq
» 8

0

�
sinpξpt� r cospθqqq
pt� r cospθqq4 � sinpξpt� r cospθqqq

pt� r cospθqq4


B4
ξ

�
ξ3χ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ

Note that

B4
ξ

�
ξ3χ¤ 1

4
pξq

logb�1p1
ξ
q

�

� χ¤ 1
4
pξq
�

11bpb� 1q
ξ logb�1p1

ξ
q �

6pb� 1q
ξ logbp1

ξ
q �

bpb� 1qpb� 1qpb� 2q
ξ logb�3p1

ξ
q � 6bpb� 1qpb� 1q

ξ logb�2p1
ξ
q

�
� ψpξq

where
ψ P C8

c pr
1

8
,
1

4
sq

We treat the ψ term in the same way as in the v2 estimate, and use the same argument as in the v2

estimate to handle the other terms. In total, we get

| � cb
2

» 8

0

sinptξqξJ2prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ| ¤

Cr2

t4 logbptq , r ¤ t

2

Combining our results, we then get (5.49) for Brv2.
Now, we study the region r ¥ t

2
. Again using the simple estimate

|J 11pxq| ¤
C?
x

we get

|Brv2pt, rq| ¤ C?
r

Then, we decompose
Brv2pt, rq � Ir � IIr

with

Ir � cb
2

» 8

0

sinptξqξχ¤1prξq pJ0prξq � J2prξqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ
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Using the simple estimate
|Jkpxq| ¤ C, k � 0, 2

we get

|Ir| ¤ |cb
2

» 8

0

sinptξqχ¤1prξqξ pJ0prξq � J2prξqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ|

¤ C

» mint 1
r
, 1
4
u

0

ξdξ

logb�1p1
ξ
q ¤

C

r2 logb�1prq , r ¥ t

2
¥ 4

It remains to estimate IIr. We write

IIr � IIr,0 � IIr,2

with

IIr,0 � cb
2

» 8

0

sinptξq p1� χ¤1prξqq ξJ0prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

IIr,2 � �cb
2

» 8

0

sinptξq p1� χ¤1prξqq ξJ2prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

Again using (5.54) for d � 2, we get

|IIr,0| ¤ C

» 8

0

|B2
ξ

�
p1� χ¤1prξqq ξΦ0prξq

χ¤ 1
4
pξq

logb�1p1
ξ
q

�
| dξ

pt� rq2

¤ C

pt� rq2
» 8

0

1trξ¥ 1
2
u1tξ¤ 1

4
u?

rξ3{2 logb�1p1
ξ
qdξ

¤ C

pt� rq2
» 1

4

1
2r

dξ?
rξ3{2 logb�1p1

ξ
q ¤

C

pt� rq2
1?
r

» 1
4

1
2r

dξ

ξ3{2 logb�1p1
ξ
q

¤ C

pt� rq2 logb�1prq , r ¥ t

2

(5.59)

For IIr,2, we use (5.54) for d � 6. Using the same argument as for IIr,0, we get

|IIr,2| ¤ C

» 8

0

|B2
ξ

�
p1� χ¤1prξqq ξprξq2Φ2prξq

χ¤ 1
4
pξq

logb�1p1
ξ
q

�
| dξ

pt� rq2

¤ C

pt� rq2 logb�1prq , r ¥ t

2

Combining these, we have

|IIr| ¤ C

pt� rq2 logb�1prq , r ¥ t

2
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Using the same reasoning as was used to prove the analogous estimate for v2, if r ¥ t
2
, r � t,

we have
1

r2 logb�1prq ¤
C

pt� rq2 logb�1prq
which gives (5.51) for Brv2.

Next, we study Btv2, in the region 0 ¤ r ¤ t
2
. Using (5.53), we have

Btv2pt, rq � cb

» 8

0

cosptξq
ξJ1prξqχ¤ 1

4
pξq

logb�1p1
ξ
q dξ

� cb
π

» π
0

sin2pθq
» 8

0

ξ cosptξqrξ cosprξ cospθqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξdθ

� cbr

π

» π
0

sin2pθq
» 8

0

ξ2

2
pcospξpt� r cospθqqq � cospξpt� r cospθqqqq

χ¤ 1
4
pξq

logb�1p1
ξ
qdξdθ

� cbr

2π

» π
0

sin2pθq
» 8

0

�
sinpξpt� r cospθqqq
pt� r cospθqq3 � sinpξpt� r cospθqqq

pt� r cospθqq3



B3
ξ

�
ξ2χ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ

We note that

B3
ξ

�
ξ2

logb�1p1
ξ
qχ¤ 1

4
pξq
�
�
�
pb� 1qbpb� 1q
ξ logb�2p1

ξ
q � 3bpb� 1q

ξ logb�1p1
ξ
q �

2pb� 1q
ξ logbp1

ξ
q

�
χ¤ 1

4
pξq

� ψpξq
where

ψ P C8
c pr

1

8
,
1

4
sq

The integral to estimate is therefore of exactly the same form as that treated in estimating v2, and
repeating this procedure gives (5.49) for Btv2. For the region r ¥ t

2
, we can again use

|J1pxq| ¤ C?
x

to get

|Btv2pt, rq| ¤ C?
r

We now consider the region r ¥ t
2
. First, let us write

Btv2pt, rq � Itpt, rq � IItpt, rq
where

It � cb

» 8

0

χ¤1prξqξ cosptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

67



IIt � cb

» 8

0

p1� χ¤1prξqq ξ cosptξqJ1prξq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

Then, we use
|J1pxq| ¤ Cx

to get

|It| ¤ C

» mint 1
r
, 1
4
u

0

rξ2

logb�1p1
ξ
qdξ ¤

C

r2 logb�1prq , r ¥ 4

As usual, we use (5.54) with d � 4 to get

IIt � cb
4π3{2 Re

�» 8

0

p1� χ¤1prξqq ξ
�
eipt�rqξ � e�ipt�rqξ

� rξΦ1prξqχ¤ 1
4
pξq

logb�1p1
ξ
q dξ

�
and this gives

|IIt| ¤ C

» 8

0

1

|t� r|2 |B
2
ξ

�p1� χ¤1prξqq ξ2rΦ1prξqχ¤ 1
4
pξq

logb�1p1
ξ
q

�
|dξ

But, comparing this expression with (5.59), we see that the only difference is

Φ0prξq is replaced by Φ1prξq � rξ
Comparing the symbol-type estimates on Φd which follow (5.54), we can use the same procedure
used to treat (5.59) to get

|IIt| ¤ C

pt� rq2 logb�1prq , r ¥ t

2

This gives (5.51) for Btv2.
Next, we obtain estimates on B2

rv2, using the same procedure as above. In particular, we use

J21 pxq �
1

4
pJ3pxq � 3J1pxqq

to get

B2
rv2pt, rq � cb

4

» 8

0

sinptξqξ2 p�3J1prξq � J3prξqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

Then, we use (5.53) for Jk, k � 1, 3. For the term involving Jk, for k � 1 or k � 3, we integrate
by parts k � 3 times in ξ and get:

B2
rv2pt, rq � �3cbr

8π

» π
0

sin2pθq
» 8

0

�
sinpξpt� r cospθqqq
pt� r cospθqq4 � sinppt� r cospθqqξq

pt� r cospθqq4



B4
ξ

�
ξ3χ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ

� cbr
3

120π

» π
0

sin6pθq
» 8

0

�
sinpξpt� r cospθqqq
pt� r cospθqq6 � sinpξpt� r cospθqqq

pt� r cospθqq6



B6
ξ

�
ξ5χ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ
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We will not need as precise of a description of B2
rv2 here, since such a description for small r

will be obtained later using the equation solved by v2. So, we use the identical procedure used for
Brv2, and get

|B2
rv2pt, rq| ¤ Cr

t4 logbptq , r ¤ t

2

For the larger r estimates, we can again use

|Jkpxq| ¤ C?
x
, k � 1, 3

to get

|B2
rv2pt, rq| ¤ C

» 8

0

ξ2

?
rξ

χ¤ 1
4
pξq

logb�1p1
ξ
qdξ ¤

C?
r

Lastly, for another estimate for large r, we first split B2
rv2 as follows

B2
rv2pt, rq � Irr � IIrr

and

Irr � cb
4

» 8

0

sinptξqξ2χ¤1prξq p�3J1prξq � J3prξqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

IIrr � cb
4

» 8

0

sinptξqξ2 p1� χ¤1prξqq p�3J1prξq � J3prξqq
χ¤ 1

4
pξq

logb�1p1
ξ
qdξ

which give

|Irr| ¤ C

» mint 1
r
, 1
4
u

0

ξ2rξ

logb�1p1
ξ
qdξ ¤

C

r3 logb�1prq , r ¥ 4

Next, we again use (5.54) for Jk, k � 1, 3, and integrate by parts 3 times, to get

|IIrr| ¤
¸

kPt1,3u

C

|t� r|3
» 8

0

|B3
ξ

�
ξ2χ¤ 1

4
pξq

logb�1p1
ξ
qprξq

kΦkprξq p1� χ¤1prξqq
�
|dξ

¤ C

|t� r|3
» 8

0

�
1trξ¥ 1

2
u1tξ¤ 1

4
u?

rξ3{2 logb�1p1
ξ
q �

c
r

ξ

1t1¥rξ¥ 1
2
u1tξ¤ 1

4
u

logb�1p1
ξ
q

�
dξ

¤ C

|t� r|3 logb�1prq , r ¡ t

2

Combining the above estimates, we get (5.52)
Next, we study B2

t v2 in the region r ¤ t
2
. We proceed just as for v2:

B2
t v2pt, rq � �cb

2π

» π
0

sin2pθq
» 8

0

r

�
sinpξt�q
t4�

� sinpξt�q
t4�



B4
ξ

�
χ¤ 1

4
pξq � ξ3

logb�1p1
ξ
q

�
dξdθ
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We then use

B4
ξ

�
χ¤ 1

4
pξq � ξ3

logb�1p1
ξ
q

�

� χ¤ 1
4
pξq
�� 6b pb2 � 1q
ξ logb�2

�
1
ξ

	 � pb� 1qbpb� 1qpb� 2q
ξ logb�3

�
1
ξ

	 � 11pb� 1qb
ξ logb�1

�
1
ξ

	 � 6pb� 1q
ξ logb

�
1
ξ

	
�

� ψpξq
, ψ P C8

c pr
1

8
,
1

4
sq

The integral is of the same form as that considered during the v2 estimates, and we get (5.49) for
B2
t v2. (Note that any other estimates on B2

t v2 which we may need can be obtained using the other
estimates of the lemma, and the equation solved by v2).

Finally, we will need a similar formula for Btrv2: We have

Btrv2pt, rq � cb
2

» 8

0

cosptξqξ2pJ0prξq � J2prξqq
χ¤ 1

4
pξqdξ

logb�1p1
ξ
q

Applying (5.53), the J0 term is

cb
4π

» π
0

» 8

0

�
sinpξt�q
t3�

� sinpξt�q
t3�



B3
ξ

�
ξ2χ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ

Comparing this to the analogous integral treated while studying Btv2, we get

cb
4π

» π
0

» 8

0

�
sinpξt�q
t3�

� sinpξt�q
t3�



B3
ξ

�
ξ2χ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ

� 2b

t3 logbptq � EB12v2,1pt, rq

where

|EB12v2,1pt, rq| ¤ C

�
r

t4 logbptq �
1

t3 logb�1ptq



, r ¤ t

2

For the J2 term, we use (5.53), and get

cb
2

» 8

0

cosptξqξ2p�J2prξqq
χ¤ 1

4
pξqdξ

logb�1p1
ξ
q

� cbr
2

12π

» π
0

sin4pθq
» 8

0

�
sinpξt�q
t5�

� sinpξt�q
t5�



B5
ξ

�
ξ4χ¤ 1

4
pξq

logb�1p1
ξ
q

�
dξdθ

we then treat this integral in exactly the same way as the J0 term, and get

|cb
2

» 8

0

cosptξqξ2p�J2prξqq
χ¤ 1

4
pξqdξ

logb�1p1
ξ
q | ¤

Cr2

t5 logbptq , r ¤ t

2

70



This gives (5.49) for Btrv2.
Finally, (5.50) is proven for B2

t v2 and Btrv2, and (5.51) is proven for Btrv2 in exactly the same
way as for the other derivatives.

The identical procedure shows that (5.49) is still true for b � 1. In the region r ¥ t
2
, (5.50) is

still true for b � 1, and for the second estimate in the region r ¥ t
2
, we get

for 0 ¤ j ¤ 1, 0 ¤ k ¤ 1, j � k ¤ 2

|Bjt Bkr v2pt, rq| ¤ C

|t� r|1�j�k logplogprqq, t � r ¥ t

2
, b � 1

(Note the difference with the case b � 1, which had C
|t�r|1�j�k logb�1prq on the right hand side). In any

case, (5.51) is true for all b ¡ 0 (for simplicity, we use logprq instead of

#
log1�bprq, b � 1

logplogprqq, b � 1
in (5.51)).

5.8.4 The inner product of the (rescaled) v3 linear error term

Lemma 5.7. For v3 defined in (5.20), we have» 8

0

�
cosp2Q1pRqq � 1

R2λptq2


v3pt, Rλptqqφ0pRqRdR

� 16

λptq
» 8

t

K3ps� t, λptqqλ2psqds

�
» 8

0

�
cosp2Q1pRqq � 1

R2λptq2


E5pt, Rλptqqφ0pRqRdR

where E5 is as in (5.21),

K3pw, λptqq �
�

w

1� w2
� w

λptq2�2α � w2



w4

4pw2 � 36λptq2q2

and » 8

0

|K3pw, λptqq �K3,0pw, λptqq|dw ¤ C (5.60)

where
K3,0pw, λptqq � � 1

4pλptq1�α � wqp1� wq3
Proof. We start with» 8

0

�
cosp2Q1pRqq � 1

R2λptq2


v3pt, Rλptqqφ0pRqRdR

� 16

λptq
» 8

0

R3

p1�R2q3
» 8

t�6Rλptq
λ2psq

�
s� t

1� ps� tq2 �
ps� tq

λptq2�2α � ps� tq2


dsdR

�
» 8

0

�
cosp2Q1pRqq � 1

R2λptq2


E5pt, Rλptqqφ0pRqRdR

(5.61)
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where we recall the decomposition (5.21).
We study the second line of (5.61) in more detail, since the third line is as in the lemma state-

ment.

16

λptq
» 8

0

R3

p1�R2q3
» 8

t�6Rλptq
λ2psq

�
s� t

1� ps� tq2 �
ps� tq

λptq2�2α � ps� tq2


dsdR

� 16

λptq
» 8

t

K3ps� t, λptqqλ2psqds

where

K3pw, λptqq �
�

w

1� w2
� w

λptq2�2α � w2



w4

4pw2 � 36λptq2q2
We now estimate » 8

0

|K3pw, λptqq �K3,0pw, λptqq|dw
where

K3,0pw, λptqq � � 1

4pλptq1�α � wqp1� wq3
We start with» λptq1�α

0

|K3pw, λptqq|dw �
» λptq1�α

0

dw

4pλptq1�α � wqp1� wq3

¤ C

» λptq1�α
0

wdw

p1� w2q � C

» λptq1�α
0

wdw

λptq2�2α
� C

» λptq1�α
0

dw

λptq1�α
¤ C

Next, » 1
2

λptq1�α
|K3pw, λptqq � 1

4pλptq1�α � wqp1� wq3 |dw

¤
» 1

2

λptq1�α
|w
�

1

1� w2
� 1

λptq2�2α � w2


�
w4

4pw2 � 36λptq2q2 �
1

4



|dw

�
» 1

2

λptq1�α
|w
4

�
1

1� w2
� 1

λptq2�2α � w2



� 1

4pλptq1�α � wq |dw

�
» 1

2

λptq1�α
| �1

4pλptq1�α � wq �
1

4pλptq1�α � wqp1� wq3 |dw

(5.62)

For the second line of (5.62), we have» 1
2

λptq1�α
|w
�

1

1� w2
� 1

λptq2�2α � w2


�
w4

4pw2 � 36λptq2q2 �
1

4



|dw

¤ C

» 1
2

λptq1�α
w

�
1

λptq2�2α � w2
� 1

1� w2



λptq2
w2

dw

¤ Cλptq2α| logpλptq2�2αq| ¤ C
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For the third line of (5.62), we have» 1
2

λptq1�α
|w
4

�
1

1� w2
� 1

λptq2�2α � w2



� 1

4pλptq1�α � wq |dw

¤
» 1

2

λptq1�α
wdw

4p1� w2q �
» 1

2

λptq1�α
| 1

λptq1�α � w
� w

λptq2�2α � w2
|dw

¤ C

Finally, the last line of (5.62) is estimated as follows:» 1
2

λptq1�α
| �1

4pλptq1�α � wq �
1

4pλptq1�α � wqp1� wq3 |dw

¤ C

» 1
2

λptq1�α
wdw

pλptq1�α � wq
¤ C

Then, we consider » 8

1
2

|K3pw, λptqq � 1

4pλptq1�α � wqp1� wq3 |dw

¤
» 8

1
2

|K3pw, λptqq|dw �
» 8

1
2

dw

pλptq1�α � wqp1� wq3

¤ C

» 8

1
2

w|λptq2�2α � 1|
w4

dw � C

¤ C

Combining the above, we get that» 8

0

|K3pw, λptqq �K3,0pw, λptqq|dw ¤ C
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5.8.5 Leading behavior of λ and set-up of the modulation equation

From the previous subsections, we have

xF4pt, �λptqq, φ0y
� �16

λptq3
» 8

t

λ2psqK1ps� t, λptqqds� 4b

λptqt2 logbptq �
4α logpλptqqλ2ptq

λptq
� 16

λptq
» 8

t

λ2psqK3,0ps� t, λptqqds

� E0,1pλptq, λ1ptq, λ2ptqq � 16

λptq
» 8

t

λ2psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds

� �16

λptq3
» 8

t

λ2psqKps� t, λptqqds� Ev2,ippt, λptqq

� x
�

cosp2Q 1
λptq
q � 1

r2

��
pv4 � v5q

�
1� χ¥1p4r

t
q


� E5



|r�Rλptq, φ0y

� x
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y

� xχ¥1p 2r

logNptqqF0,2pt, rq|r�Rλptq, φ0y

where

E0,1pλptq, λ1ptq, λ2ptqq � 2
λ1ptq2
λptq2 � 2λ2ptq

λptq � 4αλ2ptq logpλptqq
λptq

�
1

�1� λptq2α � 1



So, the equation resulting from

xF4ptq, φ0p �
λptqqy � 0
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is what we recorded at the beginning of this section, namely (5.31). For convenience, we repeat
the equation here.

� 4

» 8

t

λ2psq
1� s� t

ds� 4b

t2 logbptq � 4α logpλptqqλ2ptq

� 4

» 8

t

λ2psq
pλptq1�α � s� tqp1� s� tq3ds

� �λptqE0,1pλptq, λ1ptq, λ2ptqq � 16

» 8

t

λ2psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds

� 16

λptq2
» 8

t

Kps� t, λptqqλ2psqds� λptqEv2,ippt, λptqq

� 16

λptq2
» 8

t

λ2psq
�
K1ps� t, λptqq � λptq2

4p1� s� tq


ds

� λptqx
�

cosp2Q 1
λptq
q � 1

r2

��
pv4 � v5q

�
1� χ¥1p4r

t
q


� E5



|r�Rλptq, φ0y

� λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y

� λptqxχ¥1p 2r

logNptqqF0,2pt, rq|r�Rλptq, φ0y

:� Gpt, λptqq

(5.63)

The key point is that there is leading order cancellation between the four terms on the first two
lines of (5.63) (which means cancellation of terms of size 1

t2 logbptq and terms of size logplogptqq
t2 logb�1ptq )

when we substitute λ � λ0 into these terms, where

λ0ptq � 1

logbptq �
» 8

t

» 8

t1

�b2 logplogpt2qq
t22 logb�2pt2q

dt2dt1 :� λ0,0 � λ0,1

In order to show this cancellation, we first let λptq � λ0ptq � eptq, and re-write the equation for e
in the following way:
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� 4

» 8

t

λ20,0psq
1� s� t

ds� 4b

t2 logbptq
� 4

» 8

t

λ20,1psq
1� s� t

ds� 4α logpλ0,0ptqqλ20,0ptq � 4

» 8

t

λ20,0psqds
pλ0,0ptq1�α � s� tqp1� s� tq3

� 4

» 8

t

e2psqds
1� s� t

� 4α logpλ0ptqqe2ptq � 4

» 8

t

e2psqds
pλ0ptq1�α � s� tqp1� s� tq3

� 4αplogpλptqq � logpλ0,0ptqqqλ20,0ptq � 4α logpλptqq �λ20ptq � λ20,0ptq
�

� 4αe2ptq plogpλptqq � logpλ0ptqqq
� 4

» 8

t

e2psq
p1� s� tq3

�
1

λptq1�α � s� t
� 1

λ0ptq1�α � s� t



ds

� 4

» 8

t

pλ20psq � λ20,0psqqds
pλ0,0ptq1�α � s� tqp1� s� tq3

� 4

» 8

t

λ20psq
p1� s� tq3

�
1

pλptq1�α � s� tq �
1

pλ0,0ptq1�α � s� tq


ds

� Gpt, λptqq

(5.64)

Now, we will show that the terms in each of the first two lines of (5.64) cancel to leading order.
More precisely, this means that both terms in the first line of (5.64) are of size 1

t2 logbptq , but their
sum has size bounded above by 1

t2 logb�1ptq . Similarly, each term on the second line of (5.64) is of

size logplogptqq
t2 logb�1ptq , but their sum has size bounded above by 1

t2 logb�1ptq .

�4

» 8

t

λ20,0psq
1� s� t

ds � �4

» 2t

t

λ20,0psq
1� s� t

ds� 4

» 8

2t

λ20,0psq
1� s� t

ds

� �4λ20,0ptq
» 2t

t

ds

1� s� t
� 4

» 2t

t

λ20,0psq � λ20,0ptq
1� s� t

ds

� 4

» 8

2t

λ20,0psq
1� s� t

ds

� � 4b

t2 logb�1ptq logp1� tq �Op 1

t2 logb�1ptqq � Err

where

|Err| ¤ 4

» 2t

t

||λ30,0||L8pt,2tqps� tq
1� s� t

ds� 4

1� t

» 8

2t

|λ20,0psq|ds

¤ C

t2 logb�1ptq
So, we get

�4

» 8

t

λ20,0psq
1� s� t

ds � � 4b

t2 logbptq � Eλ0,0
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where
|Eλ0,0 | ¤

C

t2 logb�1ptq
Next, we have

� 4

» 8

t

λ20,0pxqdx
pλ0,0ptq1�α � x� tqp1� x� tq3

� �4

» 8

t

b

x2 logb�1pxq
dx

pλ0,0ptq1�α � x� tqp1� x� tq3 � Ev3,ip

where

|Ev3,ip | ¤ C

» 8

t

dx

x2 logb�2pxqpλ0,0ptq1�α � x� tqp1� x� tq3
Then, we have

| � 4b

» t�λ0,0ptq1�α
t

dx

x2 logb�1pxqpλ0,0ptq1�α � x� tqp1� x� tq3 |

¤ C

» t�λ0,0ptq1�α
t

dx

x2 logb�1pxq
1

λ0,0ptq1�α

¤ C

t2 logb�1ptq
The second term to consider is

� 4b

» t�logpα�1qbptq� 1
2

t�logpα�1qbptq

1

x2 logb�1pxq
1

plogpα�1qbptq � x� tq
dx

p1� x� tq3

� �4b

t2 logb�1ptq
» t�logpα�1qbptq� 1

2

t�logpα�1qbptq

dx

plogpα�1qbptq � x� tq

� 4b

» t�logpα�1qbptq� 1
2

t�logpα�1qbptq

�
1

x2 logb�1pxq �
1

t2 logb�1ptq



1

plogpα�1qbptq � x� tqdx

� 4b

» t�logpα�1qbptq� 1
2

t�logpα�1qbptq

1

x2 logb�1pxq
1

plogpα�1qbptq � x� tq

�
1

p1� x� tq3 � 1



dx

(5.65)

The second line of (5.65) is treated as follows:

�4b

t2 logb�1ptq
» t�logpα�1qbptq� 1

2

t�logpα�1qbptq

dx

plogpα�1qbptq � x� tq
� �4b

t2 logb�1ptq

�
logp2 logpα�1qbptq � 1

2
q � logp2 logpα�1qbptqq



� 4b2pα � 1q logplogptqq

t2 logb�1ptq � Ev3,ip,1b
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where
|Ev3,ip,1b| ¤

C

t2 logb�1ptq
The third line of (5.65) is estimated by:

| � 4b

» t�logpα�1qbptq� 1
2

t�logpα�1qbptq

�
1

x2 logb�1pxq �
1

t2 logb�1ptq



1

plogpα�1qbptq � x� tqdx|

¤ C

t3 logb�1ptq
» t�logpα�1qbptq� 1

2

t�logpα�1qbptq

px� tqdx
plogpα�1qbptq � x� tq

¤ C

t3 logb�1ptq
The last line of (5.65) is estimated by

| � 4b

» t�logpα�1qbptq� 1
2

t�logpα�1qbptq

1

x2 logb�1pxq
1

plogpα�1qbptq � x� tq

�
1

p1� x� tq3 � 1



dx|

¤ C

» t�logpα�1qbptq� 1
2

t�logpα�1qbptq

1

x2 logb�1pxq
x� t

plogpα�1qbptq � x� tqdx

¤ C

t2 logb�1ptq
The third term to consider is

| � 4b

» 8

t�logpα�1qbptq� 1
2

1

x2 logb�1pxq
1

plogpα�1qbptq � x� tq
dx

p1� x� tq3 |

¤ C

t2 logb�1ptq
» 8

t�logpα�1qbptq� 1
2

dx

px� tq4

¤ C

t2 logb�1ptq
Then, we estimate Ev3,ip:

|Ev3,ip| ¤
C

t2 logb�2ptq
» 8

t

dx

plogpα�1qbptq � x� tqp1� x� tq3

¤ C logplogptqq
t2 logb�2ptq

In total, we have

�4

» 8

t

λ20,0pxqdx
plogpα�1qbptq � x� tqp1� x� tq3 � Ev3,ip,f �

4b2pα � 1q logplogptqq
t2 logb�1ptq

where
|Ev3,ip,f | ¤

C

t2 logb�1ptq
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By the same procedure used to study the analogous term involving λ0,0, we have

�4

» 8

t

λ20,1psqds
1� s� t

� 4b2 logplogptqq
t2 logb�1ptq � Ev3,ip,01

where

|Ev3,ip,01| ¤ C logplogptqq
t2 logb�2ptq

Combining the above, we can show the cancellation, to leading order, of the terms on each of the
first two lines of (5.64):

� 4

» 8

t

λ20,0psq
1� s� t

ds� 4b

t2 logbptq � Eλ0,0

with
|Eλ0,0 | ¤

C

t2 logb�1ptq
and

� 4

» 8

t

λ20,1psq
1� s� t

ds� 4α logpλ0,0ptqqλ20,0ptq � 4

» 8

t

λ20,0psqds
pλ0,0ptq1�α � s� tqp1� s� tq3

� Ev3,ip,01 � Ev3,ip,f � Eλ0,1

with

Eλ0,1ptq � 4α logpλ0,0ptqq
�
λ20,0ptq �

b

t2 logb�1ptq



|Ev3,ip,01| � |Ev3,ip,f | � |Eλ0,1 | ¤

C

t2 logb�1ptq
We recall that we are considering (5.63) for t P rT0,8q, with T0 satisfying (5.1).
The equation for e can be written as follows:
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� 4

» 8

t

e2psqds
logpλ0psqqp1� s� tq � 4αe2ptq � 4

» 8

t

e2psqds
logpλ0psqqpλ0ptq1�α � s� tqp1� s� tq3

� 1

logpλ0ptqq
��Eλ0,0 � Ev3,ip,01 � Ev3,ip,f � Eλ0,1

�
� 1

logpλ0ptqq
�
Gpt, λptqq � 4αplogpλptqq � logpλ0,0ptqqqλ20,0ptq � 4α logpλptqq �λ20ptq � λ20,0ptq

��
� 1

logpλ0ptqq p�4αe2ptq plogpλptqq � logpλ0ptqqqq

� 1

logpλ0ptqq
�

4

» 8

t

e2psq
p1� s� tq3

�
1

λptq1�α � s� t
� 1

λ0ptq1�α � s� t



ds



� 4

logpλ0ptqq
» 8

t

pλ20psq � λ20,0psqqds
pλ0,0ptq1�α � s� tqp1� s� tq3

� 4

logpλ0ptqq
» 8

t

λ20psq
p1� s� tq3

�
1

pλptq1�α � s� tq �
1

pλ0,0ptq1�α � s� tq


ds

� 4

» 8

t

e2psq
�

1

logpλ0ptqq �
1

logpλ0psqq



1

p1� s� tqds

� 4

» 8

t

e2psq
�

1

logpλ0ptqq �
1

logpλ0psqq



1

pλ0ptq1�α � s� tqp1� s� tq3ds
:� RHSpe, tq

(5.66)

where λptq � λ0ptq � eptq. In order to study this equation, let us first consider the problem of
solving an equation of the form

�
» 8

t

ypsq
logpλ0psqq

�
1

1� s� t
� 1

pλ0ptq1�α � s� tqp1� s� tq3


ds� αyptq � F ptq

, t ¥ T0

where
F P CprT0,8qq, |F pxq| ¤ C

x2
(5.67)

If

xptq � yp�tq, Hptq � F p�tq
α

, t ¤ �T0

then our equation becomes

�
» t
�8

xpsq
α logpλ0p�sqq

�
1

1� s� t
� 1

pλ0p�tq1�α � s� tqp1� s� tq3


ds� xptq

� Hptq, t ¤ �T0

which can be written as »
J

xpsqKpt, sqds� xptq � Hptq, t P J (5.68)
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where
J � p�8,�T0s

and, for pt, sq P J2,

Kpt, sq � � 1¤0ps� tq
α logpλ0p�sqq

�
1

1� s� t
� 1

pλ0p�tq1�α � s� tqp1� s� tq3



� 1¤0ps� tq
α| logpλ0p�sqq|

�
1

1� s� t
� 1

pλ0p�tq1�α � s� tqp1� s� tq3



Note that Kpt, sq � 0 when s ¡ t, so K is a (non-negative) Volterra kernel on J2.
Moreover, K is of type L8loc on J . To see this, it suffices to consider C � ra, ds � J a compact

subinterval, g P L1pCq, f P L8pCq with ||g||L1pCq ¤ 1, ||f ||L8pCq ¤ 1 and estimate»
C

»
C

|gptq||Kpt, sq||fpsq|dsdt

¤
»
C

|gptq|
2α

�» t
a

ds

1� s� t
� 1

λ0p�tq1�α
» t
�8

ds

p1� s� tq3


dt

¤
logp1� d� aq � 1

2λ0p�aq1�α

2α

where we used the facts (which follow from (5.1) and (5.2))

t ÞÑ 1

λ0p�tq1�α is decreasing,
1

| logpλ0p�tqq| ¤
1

2
, t P J

Moreover, if s ¤ u ¤ v ¤ t, and pt, v, u, sq P J4, then,

Kpv, sqKpt, uq ¤ Kpt, sqKpv, uq (5.69)

To verify this, let us note that, by the given conditions on s, u, v, t, we have

1 � 1¤0ps� vq � 1¤0pu� tq � 1¤0ps� tq � 1¤0pu� vq

and

Kpt, sq � 1¤0ps� tq
α| logpλ0p�sqq|kpt, sq

for
kpt, sq � 1

1� s� t
� 1

pλ0p�tq1�α � s� tqp1� s� tq3
So, it suffices to show that

B2

BsBt logpkpt, sqq ¤ 0, s ¤ t

Then, we note that

logpkpt, sqq � logp 1

1� s� t
q � log

�
1� 1

pλ0p�tq1�α � s� tqp1� s� tq2
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and we have

Bst log

�
1� 1

pλ0p�tq1�α � s� tqp1� s� tq2



�
��p2p1� s� tqpλ0p�tq1�α � s� tq � p1� s� tq2p�λ10p�tqp1� αqλ0p�tq�α � 1qq

pp1� s� tq2pλ0p�tq1�α � s� tq � 1q2



�
�

2

1� s� t
� 1

pλ0p�tq1�α � s� tq



�
�

1

p1� s� tq2pλ0p�tq1�α � s� tq � 1


� �2

p1� s� tq2 �
p�p1� αqλ0p�tq�αλ10p�tq � 1q

pλ0p�tq1�α � s� tq2



¤ 0

where we recall α ¤ 1
4

and λ10pxq ¤ 0, x ¥ T0. This completes the verification of (5.69).
Now, by Theorem 8.6 (sec. 9.8, pg. 259) of [8], K has a non-negative resolvent, r, which is

locally of type L8 on J2. Recall that the resolvent kernel, r, satisfies (a.e) the equations

r �K � r � K, r � r �K � K (5.70)

where the � operation, (as defined in [8], Definition 2.3) between two measureable functions on
J2, or between a measureable function on J2 and one on J (when the integrands are integrable) is

pa � bqpt, sq �
»
J

apt, uqbpu, sqdu

pa � fqptq �
»
J

apt, uqfpuqdu

In fact, we also have
Kpt, sq
Kpu, sq ¤ 2, s ¤ u ¤ t (5.71)

because

Kpt, sq
Kpu, sq �

1
1�s�t � 1

pλ0p�tq1�α�s�tqp1�s�tq3
1

1�s�u � 1
pλ0p�uq1�α�s�uqp1�s�uq3

¤ 1� s� u

1� s� t
� pλ0p�uq1�α � s� uqp1� s� uq3

pλ0p�tq1�α � s� tqp1� s� tq3
¤ 2, s ¤ u ¤ t

Hence, by Theorem 8.5(sec. 9.8, pg. 258) of [8] r is in fact a non-negative Volterra kernel of type
L8, and we have the estimate » t

�8
rpt, uqdu ¤ 2, a.e. t P J (5.72)

By our assumptions on F , namely (5.67), H satisfies the property that (e.g)

Hp�q p�q2 P L8pJq (5.73)
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Then, we have a solution to (5.68) (a.e.) given by the formula

x � H � pr �Hq (5.74)

To see this, we first note that (5.68) is

K � x� x � H

Then,
K � pr �Hq � pK � rq �H

by Fubini’s theorem. Fubini’s theorem is applicable because»
J

»
J

|Kpt, uq||rpu, sq||Hpsq|dsdu �
» t
�8

» u
�8

|Kpt, uq||rpu, sq||Hpsq|dsdu

¤ ||Hp�q p�q2 ||L8pJq
» t
�8

» u
�8

Kpt, uqrpu, sq
s2

dsdu

¤ ||Hp�q p�q2 ||L8pJq
» t
�8

» u
�8

Kpt, uq
u2

rpu, sqdsdu

¤ 2||Hp�q p�q2 ||L8pJq
» t
�8

Kpt, uq
u2

du

¤ 2||Hp�q p�q2 ||L8pJq
α| logpλ0pT0qq|

�
1� 1

λ0p�tq1�α

» t

�8

du

u2

¤ 2||Hp�q p�q2 ||L8pJq
α| logpλ0pT0qq|

�
1� 1

λ0p�tq1�α



1

|t| , t P J

by (5.72), (5.73), and inspection of the formula for K. Now, substituting

x � H � pr �Hq
using Fubini’s theorem as above, and using the resolvent equation

r �K � r � K

we see that (5.74) is a solution to (5.68).
But, this means that we have a solution to the equation

αyptq � F ptq �
» 8

t

ypsq
logpλ0psqq

�
1

1� s� t
� 1

pλ0ptq1�α � s� tqp1� s� tq3


ds

, a.e. t ¥ T0

Since we are considering this equation for F satisfying (5.67) the right-hand side of the equation
above is a continuous function of t. So, y agrees with a continuous function a.e., and hence, we
may extend y given a.e. by (5.74) to a continuous function of t P rT0,8q.

(5.74), written in terms of y reads

yptq � F ptq
α

�
» 8

t

F psq
α

rp�t,�sqds (5.75)
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and (5.72) implies that » 8

t

rp�t,�zqdz ¤ 2, a.e. t ¥ T0 (5.76)

Now, we are finally ready to solve (5.66). We recall the complete, normed vector space pX, || � ||Xq
defined in the beginning of this section by

X � tf P C2prT0,8qq|||f ||X   8u
where

||f ||X � supt¥T0
�
|fptq|b logbptq

a
logplogptqq � |f 1ptq|t logb�1ptq

a
logplogptqq

�|f2ptq|t2 logb�1ptq
a

logplogptqq
	

We quickly remark that all previous manipulations done on vk, including estimates and representa-
tions of inner products, are valid for all λ � λ0 � e, e P B1p0q � X , since (5.2) is valid for all λ
of this form. For e P B1p0q � X , RHSpe, tq is a continuous function of t P rT0,8q. We will now
estimate RHSpe, tq for an arbitrary e P B1p0q � X . The estimate we will obtain will then allow
us to define a map, T , on B1p0q � X , and prove some properties about it, using the discussion
above. Eventually, we will show that T has a fixed point.

We start by estimating all the terms of RHSpe, tq, except for the one involving G, for e P
B1p0q � X . From our previous calculations, we have

|Eλ0,0 | � |Ev3,ip,01| � |Ev3,ip,f | � |Eλ0,1 | ¤
C

t2 logb�1ptq
So, the first line of RHSpe, tq is bounded above in absolute value by

C

logplogptqqt2 logb�1ptq
Next, we note that

λ0,1ptq �
» 8

t

» 8

t1

�b2 logplogpt2qq
t22 logb�2pt2q

dt2dt1 � �b2 logplogptqq
pb� 1q logb�1ptq �O

�
1

logb�1ptq



Then, using the fact that e P B1p0q � X , we get that the terms in the second line of RHSpe, tq,
except for the one depending on G are bounded above in absolute value by

C

plogplogptqqq3{2t2 logb�1ptq
Similarly, the third, fourth, fifth, sixth, seventh, and eighth lines of RHSpe, tq are bounded above
in absolute value (respectively) by

C

plogplogptqqq2t2 logb�1ptq �
C

plogplogptqqq2 logb�1ptqt2 �
C logplogptqq
t2 logb�2ptq

� C

plogplogptqqq3{2t2 logb�1ptq �
C

t2 logb�2ptqplogplogptqq5{2

� C

plogplogptqq5{2t3 logb�2ptq
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Now, we proceed to estimate the terms from G. In the below expressions, we note that λptq �
λ0ptq � eptq, and e P B1p0q � X is arbitrary. Recalling the definition of E0,1, we have

|λptqE0,1pλptq, λ1ptq, λ2ptqq| ¤ C

t2 logb�1ptq
Then, from (5.60), we have

| � 16

» 8

t

λ2psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds| ¤ C

t2 logb�1ptq
From (5.40), we have

|λptqEv2,ippt, λptqq| ¤
C

t2 logb�1ptq
Using (5.34) and (5.32), we get

| 16

λptq2
» 8

t

λ2psqKps� t, λptqqds| ¤ C

t2 logb�1ptq
| 16

λptq2
» 8

t

λ2pxq
�
K1px� t, λptqq � λptq2

4p1� x� tq


dx| ¤ C

t2 logb�1ptq
In order to proceed, we will use some pointwise estimates on v3, v4 and v5.

5.8.6 Pointwise estimates on v3, Bjrv3

Here, we will prove two simple pointwise estimate on v3 which do not directly follow from (5.21).
As with all of our work from now on, every estimate is valid for any λ of the form

λptq � λ0ptq � eptq, e P B1p0q � X

Lemma 5.8. We have the following pointwise estimates on Bjrv3, j � 0, 1, 2:

|v3pt, rq| ¤ Cr logplogptqq
t2 logb�1ptq (5.77)

|v3pt, rq| ¤ C

r

» 8

t

|λ2psq|ps� tqds (5.78)

|Brv3pt, rq| ¤ C

t2 logbptq (5.79)

Proof. We again make the decomposition

v3 � v3,1 � v3,2

and use the same estimates on v3,2 proven while obtaining (5.21), to get

|v3,2pt, rq| ¤ Cr

t2 logb�1ptq
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For v3,1, whose definition is (5.22), we have

|v3,1pt, rq| ¤ Cr

t2 logb�1ptq � Cr

» 8

6r

|λ2pt� wq|w| 1

pλpt� wq2�2α � w2q �
1

1� w2
|dw

In order to estimate this integral, we use the fact that λ1pxq ¤ 0, x ¥ T0, and get» 1

0

w
|λ2pt� wq|dw

pλpt� wq2�2α � w2q ¤
C

t2 logb�1ptq
1

logp2α�2qbptq

» 1

0

wdw

1� w2λptq2α�2

¤ C logplogptqq
t2 logb�1ptq

(5.80)

Also, » 1

0

w|λ2pt� wq|dw
1� w2

¤ C

t2 logb�1ptq
On the other hand, if w ¥ 1, then,

| 1

pλpt� wq2�2α � w2q �
1

1� w2
| ¤ C

w4

which gives » 8

1

|λ2pt� wq|w| 1

pλpt� wq2�2α � w2q �
1

1� w2
|dw ¤ C

t2 logb�1ptq
In total, we get

|v3,1pt, rq| ¤ Cr logplogptqq
t2 logb�1ptq

which gives (5.77). For the second pointwise estimate on v3 in the lemma, we use

|v3pt, rq| ¤ 1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
|λ2psq| � 2dρds

¤ C

r

» 8

t

|λ2psq|ps� tqds

We now prove the estimate on Brv3 in the lemma statement. We recall the definition of v3

v3pt, rq � �1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ2psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

(5.81)
Then, we make a decomposition analogous to v3 � v3,1 � v3,2, used previously, and treat each

term separately:

|
» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq
r

Br
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

�
dρds|

¤ C

�
sup
x¥t

|λ2pxq|

» 8

0

ρ

�
1� ρ2 � r2

p4r2 � p1� ρ2 � r2q2q3{2


dρ

¤ C sup
x¥t

|λ2pxq|
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|
» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq
r

Br pF3pr, ρ, λpsqqq dρds|

¤ C sup
x¥t

�|λ2pxq|λpxq4α�4
� » 8

0

ρ
pρ2 � r2 � λptq2�2αq

p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2dρ
¤ C sup

x¥t

�|λ2pxq|λpxq4α�4
�
λptq4�4α

where we used

|BrF3|
r

¤ Cppρ2 � r2qλpsq4α�4 � λpsq2α�2q
p1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4q3{2 (5.82)

Next, we have the term where the r derivative acts on the 1
r

factored out of the integrals in
(5.81). For this term, we simply note that

1

r2

» 8

t

» s�t
0

ρλ2psqaps� tq2 � ρ2

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� �v3pt, rq
r

Then, using (5.77), we have

| 1

r2

» 8

t

» s�t
0

ρλ2psqaps� tq2 � ρ2

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds|

¤ C
logplogptqq
t2 logb�1ptq

The last term to estimate is

�
» 8

t

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq

�
dρds

If s� t ¤ 1
2
, we start with

|
» s�t

0

ρ

r
Br
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

�
dρ|

� | �1� r2 � ps� tq2a
4ps� tq2 � p1� r2 � ps� tq2q2 � 1|

� 4ps� tq2a
4ps� tq2 � p1� r2 � ps� tq2q2p1� r2 � ps� tq2 �ap1� r2 � ps� tq2q2 � 4ps� tq2q

¤ Cps� tq2, s� t ¤ 1

2
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This gives

| �
» t� 1

2

t

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

�
dρds|

¤ C

t2 logb�1ptq
On the other hand, we have

| �
» 8

t� 1
2

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

�
dρds|

¤
» 8

t� 1
2

1

ps� tq |λ
2psq| � 2ds

¤ C sup
x¥t

px|λ2pxq|q logptq
t

Now, we have to treat the F3 related terms. We start by recalling (5.82).
Then, we use a slightly different procedure:

| �
» 8

t

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br pF3pr, ρ, λpsqqq dρds|

¤ C

» 8

0

ρ

» 8

ρ�t

|λ2psq|
ps� tq

pρ2 � r2 � λpsq2�2αqλpsq4α�4

p1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4q3{2dsdρ

¤ C

» 8

0

ρ

» 8

ρ�t

|λ2psq|
ps� tq

pρ2 � r2 � λptq2�2αqλpsq4α�4

p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2dsdρ

¤ C

» 8

0

ρpρ2 � r2 � λptq2�2αq
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2

1

logp4α�4qbptqt logb�1ptq» 8

ρ�t

ds

sps� tqdρ

¤ C

» t
0

ρpρ2 � r2 � λptq2�2αq
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2

logp1� t
ρ
qdρ

logp4α�4qbptqt2 logb�1ptq
� C

» 8

t

ρpρ2 � r2 � λptq2�2αq
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2

dρ

logp4α�4qbptqt2 logb�1ptq
We finally consider two subsets of the region r ¤ t separately:» λptq1�α

0

ρpρ2 � r2 � λptq2�2αq
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2

plogptq � | logpρq|qdρ
logp4α�4qbptqt2 logb�1ptq

¤ C

» λptq1�α
0

ρλptq2�2αplogptq � | logpρq|qdρ
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q1{2

1

logp4α�4qbptqt2 logb�1ptq
¤ C

t2 logbptq
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Then, » t
λptq1�α

ρpρ2 � r2 � λptq2�2αq
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2

plogptq � | logpρq|qdρ
logp4α�4qbptqt2 logb�1ptq

¤ C logptq
t2 logp4α�4qbptq logb�1ptq

» 8

0

ρpρ2 � r2 � λptq2�2αqdρ
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2

¤ C

t2 logbptq
The final integral to estimate is then» 8

t

ρpρ2 � r2 � λptq2�2αqdρ
p1� 2pρ2 � r2qλptq2α�2 � pρ2 � r2q2λptq4α�4q3{2

1

logp4α�4qbptqt2 logb�1ptq
¤ C

t2 logb�1ptq
This gives (5.79).

5.8.7 Pointwise estimates on v4, Brv4

In this section, we prove

Lemma 5.9. For all λ of the form

λptq � λ0ptq � eptq, e P B1p0q � X

we have the pointwise estimates

|v4pt, rq| ¤
$&%

Cr
t2 log3b�2N�1ptq , r ¤ t

2

C?
rt log

3N
2 �3b�1ptq

, r ¡ t
2

(5.83)

|Brv4pt, rq| ¤
$&%

C
t2 log3b�2N�1ptq , r ¤ t

2

C?
rt log3b�1� 5N

2 ptq
, r ¥ t

2

(5.84)

and
|Btv4pt, rq| ¤ C

?
rt log3b�1� 5N

2 ptq
, r ¥ t

2

We also have the L2 estimates

||Btv4||L2prdrq � ||Brv4||L2prdrq � ||v4

r
||L2prdrq ¤ C

t log2N�3bptq
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Proof. We start by considering v4pt, rq, for t
2
¡ r ¡ 0. In order to ease notation, let x P R2 be

defined by x � re1. Then, we recall (5.25) and get

v4pt, rq � �r
2π

» 1

0

» 8

t

»
Bs�tp0q

1aps� tq2 � |y|2

�
B2v4,cps, |βx� y|q ppβx� yq � x̂q2

|βx� y|2

� v4,cps, |βx� y|q ppβx� yq � x̂q2
|βx� y|3

�v4,cps, |βx� y|q
|βx� y|



dApyqdsdβ

Note that, for |x| ¤ t
2
, 0   β   1, and |y| ¤ s� t, we have

s� |βx� y| ¥ t

2

This means that, for the purposes of estimating v4 in the region r ¤ t
2
, we can use (5.51) to estimate

v2, for all r ¥ t
2
. We then combine this with the estimates for v1, v3, and F0,2, to get

|v4,cpt, rq| ¤ C|χ¥1p 2r

logNptqq|
#

1
t2r3 log3bptq , r ¤ t

2

logprq
log2bptqr4|t�r| �

log2bαptq
t2r3 log3b�1ptq , r ¥ t

2

(5.85)

and similarly, for the derivatives, we have

|Brv4,cpt, rq| ¤ Cχ¥1p 2r

logNptqq
#

1
r4t2 log3bptq , r ¤ t

2
logprq

log2bptqr4pt�rq2 � 1
log3bptqt2r4 , r ¥ t

2

�
C|χ1¥1p 2r

logN ptqq|
log5N�2bptq

r

t2 logbptq
Then, we get

|v4pt, rq| ¤ Cr

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1aps� tq2 � |y|2 |B2v4,cps, |βx� y|q|dApyqdsdβ

� Cr

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1aps� tq2 � |y|2
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ

� Cr

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

1aps� tq2 � |y|2 |B2v4,cps, |βx� y|q|dApyqdsdβ

� Cr

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

1aps� tq2 � |y|2
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ

(5.86)

Each line of (5.86) is then further split into two terms, based on the decomposition

1aps� tq2 � |y|2 �
1

s� t
�
�

1aps� tq2 � |y|2 �
1

s� t

�
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and estimated separately. For the first term of the first line, we have

r

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1

ps� tq |B2v4,cps, |βx� y|q|dApyqdsdβ

¤ Cr

» 1

0

» t� 1
2

t

»
Bs�tp0q

1

ps� tq
1

log4Npsqs2 log3bpsqdApyqdsdβ

� Cr

» 1

0

» 8

t� 1
2

1

ps� tq
»
B s

2
p�βxq

1t|βx�y|¥logN psqu
|βx� y|4s2 log3bpsqdApyqdsdβ

¤ Cr

» 1

0

» t� 1
2

t

ps� tq
s2 log3b�4Npsqdsdβ

� Cr

» 1

0

» 8

t� 1
2

1

ps� tq
»
B s

2
p0q

1t|z|¥logN psqu
|z|4s2 log3bpsqdApzqdsdβ

¤ Cr

t2 log3b�4Nptq � Cr

» 1

0

» 8

t� 1
2

1

ps� tq
» s

2

logN psq
ρ

» 2π

0

1

ρ4s2 log3bpsqdθdρdsdβ

¤ Cr

log3b�2N�1ptqt2

where we used
|χ1¥1p |βx�y|logN psqq||βx� y|

log5N�3bpsqs2
¤ C

1t|βx�y|¥logN psqu
|βx� y|4 log3bpsqs2
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Next, we estimate

r

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

�
1aps� tq2 � |y|2 �

1

ps� tq

�
|Brv4,cps, |βx� y|q|dApyqdsdβ

¤ Cr

» 1

0

» 8

t

»
Bs�tp0q

�
1aps� tq2 � |y|2 �

1

ps� tq

�
1

log2Npsq
dApyqdsdβ

plog2Nptq � |βx� y|2qs2 log3bpsq

¤ Cr

» 1

0

» 8

0

ρ

» 2π

0

1

log2Nptq
1

plog2Nptq � β2r2 � ρ2 � 2βrρ cospθqq
1

log3bptq» 8

ρ�t

1

s2

�
1aps� tq2 � ρ2

� 1

ps� tq

�
dsdθdρdβ

¤ Cr

» 1

0

» 8

0

ρ

» 2π

0

1

log2N�3bptq
1

plog2Nptq � β2r2 � ρ2 � 2βrρ cospθqq
1

pρ� tq2dθdρdβ

¤ Cr

log2N�3bptq
» 1

0

» 8

0

ρ

pρ� tq2
1b

plog2Nptq � pβr � ρq2qplog2Nptq � pβr � ρq2q
dρdβ

¤ Cr

log2N�3bptq
» 1

0

» t
0

ρ

pρ� tq2
1b

plog2Nptq � pβr � ρq2qplog2Nptq � pβr � ρq2q
dρdβ

� Cr

log2N�3bptq
» 1

0

» 8

t

ρ

ρ4
dρdβ

¤ Crplogp2� r2q � logp2� t2qq
t2 log2N�3bptq

¤ Cr

t2 log2N�3b�1ptq , r ¤ t

2

(5.87)

where, we used the fact that

ρ ¥ t, r ¤ t

2
ùñ |βr � ρ| � ρ� βr ¥ ρ

2

Next, we estimate

r

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1

ps� tq
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ

¤ Cr

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1

ps� tq
χ¥1p |βx�y|logN psqq

log3bpsqs2|βx� y|4dApyqdsdβ

The last line in the above equation has already been estimated above, and we get

r

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1

ps� tq
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ ¤ Cr

t2 log3b�2N�1ptq
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Next, we have

r

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

�
1aps� tq2 � |y|2 �

1

ps� tq

�
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ

¤ Cr

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

�
1aps� tq2 � |y|2 �

1

ps� tq

�
χ¥1p |βx�y|logN psqq

|βx� y|4s2 log3bpsqdApyqdsdβ

The last line in the above equation has also been estimated above. Next, we recall that

r ¤ t

2
, |y| ¤ s� t ùñ s� |βx� y| ¥ t

2

and consider

r

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

1

ps� tq |B2v4,cps, |βx� y|q|dApyqdsdβ

We first treat the portion of the integral when s� t ¤ 1
2
:

r

» 1

0

» t� 1
2

t

»
Bs�tp0qXpB s

2
p�βxqqc

1

ps� tq |B2v4,cps, |βx� y|q|dApyqdsdβ

¤ Cr

» 1

0

» t� 1
2

t

»
Bs�tp0q

1

ps� tq
�

1

log2b�1psqs4t2
� 1

log3bpsqs6



dApyqdsdβ

¤ Cr

t6 log2b�1ptq
We next consider the region s� t ¥ 1

2
, and get

r

» 1

0

» 8

t� 1
2

»
Bs�tp0qXpB s

2
p�βxqqc

1

ps� tq |B2v4,cps, |βx� y|q|dApyqdsdβ

¤ Cr

» 1

0

» 8

t� 1
2

1

ps� tq
»
pB s

2
p0qqc

�
logp|z|q

log2bpsq|z|4t2 �
1

log3bpsqs2|z|4


dApzqdsdβ

¤ Cr

» 8

t� 1
2

1

ps� tq
1

s2t2 log2b�1psqds

¤ Cr

t4 log2b�2ptq
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Next, we have

r

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

�
1aps� tq2 � |y|2 �

1

ps� tq

�
|B2v4,cps, |βx� y|q|dApyqdsdβ

¤ Cr

» 1

0

» 8

t

»
Bs�tp0q

�
1aps� tq2 � |y|2 �

1

ps� tq

�
1

s2

logpsq
pt2 � |βx� y|2qt2 log2bpsqdApyqdsdβ

¤ Cr

» 1

0

» 8

0

ρ

» 2π

0

1

pρ� tqt3 log2b�1ptqpt2 � β2r2 � ρ2 � 2βrρ cospθqqdθdρdβ

We can then treat the last line of the above equation in the same way as we treated (5.87). This
results in

r

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

�
1aps� tq2 � |y|2 �

1

ps� tq

�
|B2v4,cps, |βx� y|q|dApyqdsdβ

¤ Cr

t4 log2b�2ptq
Next, we have

r

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

1

ps� tq
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ

The contribution to the integral from the region s�t ¤ 1
2

is treated in an identical manner as above,
and we estimate the other contribution, using the same procedure as used above:

r

» 1

0

» 8

t� 1
2

»
Bs�tp0qXpB s

2
p�βxqqc

1

ps� tq
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ

¤ Cr

» 1

0

» 8

t� 1
2

1

ps� tq
» 8

s
2

ρ

» 2π

0

�
1

t log2b�1psqρ5
� log2bαpsq
s2ρ4 log3b�1psq



dθdρdsdβ

¤ Cr

» 8

t� 1
2

ds

ps� tqts3 log2b�1psq � Cr

» 8

t� 1
2

log2bα�3b�1psqds
ps� tqs4

¤ Cr

t4 log2b�2ptq
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The last term to estimate is

r

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

�
1aps� tq2 � |y|2 �

1

ps� tq

�
|v4,cps, |βx� y|q|

|βx� y| dApyqdsdβ

¤ Cr

» 1

0

» 8

t

»
Bs�tp0q

�
1aps� tq2 � |y|2 �

1

ps� tq

��
logpsq

log2bpsqs5t
� log2bαpsq
s6 log3b�1psq



dApyqdsdβ

¤ Cr

» 8

0

ρ

» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

ps� tq

��
1

pρ� tq4t2 log2b�1ptq �
log2bα�3b�1ptq
pρ� tq6



dsdρ

¤ Cr

t4 log2b�1ptq

Combining these estimates, we conclude that

|v4pt, rq| ¤ Cr

t2 log3b�2N�1ptq , r ¤ t

2

Next, we estimate Brv4, starting with the region r ¤ t
2
. We recall the function G defined in

(5.24):

Gps, r, ρq �
» 2π

0

v4,cps,
a
r2 � 2rρ cospθq � ρ2qa

r2 � 2rρ cospθq � ρ2
pr � ρ cospθqq dθ

s ¥ t, r ¥ 0, s� t ¥ ρ ¥ 0

and start with

v4pt, rq � �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2
Gps, r, ρqdρds

Note that, when we estimated v4 in the region r ¤ t
2
, we used

Gps, r, ρq � r

» 1

0

B2Gps, rβ, ρqdβ

Now, we have

Brv4pt, rq � �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2
B2Gps, r, ρqdρds

Therefore, the identical procedure gives the estimate

|Brv4pt, rq| ¤ C

t2 log3b�2N�1ptq , r ¤ t

2

Now, we treat the region r ¥ t
2
. Here, we use a different combination of the v2 estimates in the

various regions, to obtain

|v4,cpt, rq| ¤ C|χ¥1p 2r

logNptqq|

$''&''%
1

r3t2 log3bptq , r ¤ t
2

logprq
log2bptqr4|t�r| �

log2bαptq
t2r3 log3b�1ptq ,

t
2
¤ r ¤ t�?

t, r ¡ t�?
t

1
log2bptqr9{2 , t�?

t ¤ r ¤ t�?
t

(5.88)
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and

|Brv4,cpt, rq| ¤
C|χ1¥1p 2r

logN ptqq|
log2b�Nptqr4

�
r

t2 logbptq




�
Cχ¥1p 2r

logN ptqq
r4 log2bptq

$''&''%
1

t2 logbptq , r ¤ t
2

1
t2 logbptq �

logprq
pt�rq2 ,

t
2
¤ r ¤ t� t1{4, or r ¥ t� t1{4

1?
r
, t� t1{4 ¤ r ¤ t� t1{4

(5.89)

Next, we will use a different representation formula for v4 to estimate v4 and Brv4 in the region
r ¥ t

2
. In particular, we have

v4pt, rq �
» 8

t

» 8

0

J1prξq sinppt� xqξqxv4,cpx, ξqdξdx

So, it suffices to estimate xv4,c. To do this, we consider separately the regions

1

ξ
¥ t�

?
t, t�

?
t ¥ 1

ξ
¥ t�

?
t, t�

?
t ¥ 1

ξ
¥ t

2
,

t

2
¥ 1

ξ
¥ logNptq

Then, for example, in the case 1
ξ
¥ t�?

t, we have» 8

0

J1prξqrv4,cpt, rqdr �
5̧

k�1

»
Ik

J1prξqrv4,cpt, rqdr

where

I1 � r1
ξ
,8q, I2 � rt�

?
t,

1

ξ
s, I3 � rt�

?
t, t�

?
ts, I4 � r t

2
, t�

?
ts, I5 � r0, t

2
s

and we use

|J1pxq| ¤
#
Cx, 0   x   1
C?
x
, x ¡ 1

and (5.88). The analogous decomposition is done for all cases of ξ mentioned above.
This procedure results in

| {v4,cpt, ξq| ¤

$'''''&'''''%

Cξ logptqplogptq�| logpξq|q
t2 log2bptq � Cξ2| logpξq|�| logp1�tξq|

t log2bptq , ξ ¤ 1
t�?t

Cξ

t2 log2b�2ptq ,
1

t�?t ¤ ξ ¤ 1
t�?t

Cξ log2ptq
t2 log2bptq ,

1
t�?t ¤ ξ ¤ 2

t
Cξp| logpξq|�logplogptqqq

t2 log3bptq � C?
ξt7{2 log2b�2ptq ,

2
t
¤ ξ ¤ 1

logN ptq

Rather than recording pointwise estimates on xv4,cpt, ξq in the region 1
ξ
¤ logNptq, we use the

following argument to infer an integral estimate on xv4,cpt, ξq. From (5.88) and (5.89),

||
�
Br � 1

r



v4,cpt, rq||L2prdrq ¤ ||Brv4,cpt, rq||L2prdrq � ||v4,cpt, rq

r
||L2prdrq

¤ C

t2 log3b�3Nptq

96



On the other hand,» 8

0

J0prξq
�
Brv4,cpt, rq � v4,cpt, rq

r



rdr

� �
» 8

0

v4,cpt, rqJ 10prξqξrdr � ξ

» 8

0

v4,cpt, rqJ1prξqrdr
� ξxv4,cpt, ξq

where the vanishing of the boundary terms arising from integration by parts is justified by (5.88).
By the L2 isometry property of the Hankel transform of order 0, this implies

C

t2 log3b�3Nptq ¥ ||Brv4,cpt, rq � v4,cpt, rq
r

||L2prdrq � ||ξxv4,cpt, ξq||L2pξdξq (5.90)

Then, we use

|J1pxq| � |J 11pxq| ¤
C?
x

in the formulae

v4pt, rq �
» 8

t

» 8

0

J1prξq sinppt� xqξqxv4,cpx, ξqdξdx

and

Brv4pt, rq �
» 8

t

» 8

0

ξJ 11prξq sinppt� xqξqxv4,cpx, ξqdξdx

(Note that the differentiation under the integral sign is justified by the pointwise estimates on xv4,c,
as well as (5.90)).

Thus, we get

|v4pt, rq| ¤ C

» 8

t

1?
r

» 1

logN pxq

0

|xv4,cpx, ξq|?
ξ

dξdx

� C

» 8

t

1?
r

» 8

1

logN pxq

|xv4,cpx, ξq|?
ξ

� ξ
3{2

ξ3{2dξdx

¤ C

» 8

t

1?
r

» 1

logN pxq

0

|xv4,cpx, ξq|?
ξ

dξdx

� C

» 8

t

1?
r

�» 8

1

logN pxq

dξ

ξ4

�1{2

||ξxv4,cpx, ξq||L2pξdξqdx
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and

|Brv4pt, rq| ¤ C

» 8

t

1?
r

» 1

logN pxq

0

|xv4,cpx, ξq|
a
ξdξdx

� C

» 8

t

1?
r

» 8

1

logN pxq

|xv4,cpx, ξq|
a
ξ � ξ

ξ
dξdx

¤ C

» 8

t

1?
r

» 1

logN pxq

0

|xv4,cpx, ξq|
a
ξdξdx

� C

» 8

t

1?
r

�» 8

1

logN pxq

dξ

ξ2

�1{2

||ξxv4,cpx, ξq||L2pξdξqdx

Using our pointwise estimates on xv4,c, as well as (5.90), we get

|v4pt, rq| ¤ C
?
rt log

3N
2
�3b�1ptq

, r ¥ t

2

and
|Brv4pt, rq| ¤ C

?
rt log3b�1� 5N

2 ptq
, r ¥ t

2

In addition, we have

Brv4pt, rq � v4pt, rq
r

�
» 8

t

» 8

0

ξJ0prξq sinppt� xqξqxv4,cpx, ξqdξdx

First using Minkowski’s inequality, then the L2 isometry property of the Hankel transform of
order 0, and then that of the Hankel transform of order 1, we get

||Brv4pt, rq � v4pt, rq
r

||L2prdrq ¤
» 8

t

||
» 8

0

ξJ0prξq sinppt� xqξqxv4,cpx, ξqdξ||L2prdrqdx

¤
» 8

t

|| sinppt� xqξqxv4,cpx, ξq||L2pξdξqdx

¤
» 8

t

||xv4,cpx, ξq||L2pξdξqdx

¤
» 8

t

||v4,cpxq||L2prdrqdx ¤
» 8

t

Cdx

log2N�3bpxqx2

¤ C

t log2N�3bptq
where we used (5.88). Note that this is simply the energy estimate for the equation solved by v4.
Next, we note that the pointwise estimates established for v4 imply that

v4pt, 0q � 0, lim
rÑ8

v4pt, rq � 0
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So,

||
�
Br � 1

r



v4||2L2prdrq �

» 8

0

�
pBrv4q2 � Brpv2

4q
r

� v2
4

r2



rdr

� ||Brv4||2L2prdrq � ||v4

r
||2L2prdrq

We now treat Btv4:

Btv4pt, rq �
» 8

t

» 8

0

J1prξq cosppt� xqξqξxv4,cpx, ξqdξdx

where the differentiation under the integral sign is again justified by the pointwise estimates on xv4,c

and (5.90).
This gives

|Btv4pt, rq| ¤ C?
r

» 8

t

» 8

0

a
ξ|xv4,cpx, ξq|dξdx

So, the same exact procedure used for Brv4 pointwise estimates in the region r ¥ t
2

also applies to
Btv4.

Finally,

||Btv4pt, rq||L2prdrq ¤
» 8

t

||
» 8

0

ξJ1prξq cosppt� xqξqxv4,cpx, ξqdξ||L2prdrqdx

¤
» 8

t

|| cosppt� xqξqxv4,cpx, ξq||L2pξdξqdx

¤
» 8

t

||xv4,cpx, ξq||L2pξdξqdx

¤
» 8

t

||v4,cpxq||L2prdrqdx ¤
» 8

t

Cdx

log2N�3bpxqx2

¤ C

t log2N�3bptq
This completes the proof of the lemma.

5.8.8 Pointwise estimates on v5

Lemma 5.10. For all λ of the form

λptq � λ0ptq � eptq, e P B1p0q � X

we have the pointwise estimates

|v5pt, rq| ¤
$&%

Cr

t7{2 log3b�3� 5N
2 ptq

, r ¤ t
2

C log4ptq?
rt3{2 , r ¡ t

2

(5.91)
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|Brv5pt, rq| ¤
$&%

C

t7{2 log3b�3� 5N
2 ptq

, r ¤ t
2

C log3ptq?
rt3{2 , r ¡ t

2

(5.92)

|Btv5pt, rq| ¤ C log3ptq?
rt3{2

, r ¡ t

2

In addition, we have the L2 estimates

||Btv5||L2prdrq � ||Brv5||L2prdrq � ||v5

r
||L2prdrq ¤ C

log3ptq
t7{4

(5.93)

Proof. We start with the region t
2
¡ r ¡ 0. In order to ease notation, let x P R2 be defined by

x � re1. Then,

v5pt, rq � �r
2π

» 1

0

» 8

t

»
Bs�tp0q

1aps� tq2 � |y|2

�
B2N2pfv5qps, |βx� y|q ppβx� yq � x̂q2

|βx� y|2

� N2pfv5qps, |βx� y|q ppβx� yq � x̂q2
|βx� y|3

�N2pfv5qps, |βx� y|q
|βx� y|



dApyqdsdβ

We then decompose
v5pt, rq � v5,1pt, rq � v5,2pt, rq

where

v5,1pt, rq

� �r
2π

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1aps� tq2 � |y|2

�
B2N2pfv5qps, |βx� y|q ppβx� yq � x̂q2

|βx� y|2

� N2pfv5qps, |βx� y|q ppβx� yq � x̂q2
|βx� y|3

�N2pfv5qps, |βx� y|q
|βx� y|



dApyqdsdβ

and
v5,2pt, rq � v5pt, rq � v5,1pt, rq

Finally, we use the pointwise estimates on v1, v2, v3, v4 to record pointwise estimates on N2pfv5q:
We start with

|N2pfqpt, rq| ¤ Crpfpt, rqq2
λptqp1� r2

λptq2 qr2
� C

|fpt, rq|3
r2

The first set of estimates we will require on N2pfv5q concern the regions r ¤ t
2
, and t ¡ r ¡ t

2
. In

the region r ¤ t
2
, we get

|N2pfv5qpt, rq| ¤
Cr

pλptq2 � r2qt4 log3bptq �
Cr

t6 log3bptq , r ¤ t

2
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In the region t ¡ r ¡ t
2
, we use (5.51) to estimate v2 in the region t ¡ r ¥ t

2
, exactly as was

done while studying v4, and we get

|N2pfv5qpt, rq| ¤
C log3prq
r2|t� r|3 �

Cλptq
r7{2t5{2 log3N�6b�2ptq , t ¡ r ¥ t

2

Next, we consider BrN2pfv5q:

|BrpN2pfqqpt, rq| ¤ Cpfpt, rqq2
r2λptq

�
1� r2

λptq2
	 � C|fpt, rqBrfpt, rq|

λptqr
�

1� r2

λptq2
	 � C|fpt, rq|3

r3

� C|fpt, rq2Brfpt, rq|
r2

We again treat the regions t ¡ r ¡ t
2

and r ¤ t
2
. We get

|BrN2pfv5qpt, rq| ¤
C

t4 log3bptqpλptq2 � r2q �
C

t6 log3bptq , r ¤ t

2

|BrN2pfv5qpt, rq| ¤
C

r3t3 log4N�7b�2ptq �
Cλptq logprq

r3t3{2|t� r| log3b�1� 5N
2 ptq

� C log2prq
r2t3{2pt� rq2 log3b�1� 5N

2 ptq
� C log3prq
r2pt� rq4 , t ¡ r ¥ t

2

where we used
1

r
¤ 1

|t� r| , r ¥ t

2

So,

|v5,1pt, rq| ¤ Cr

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1aps� tq2 � |y|2�� 1

s4 logbpsq
�

1� |βx�y|2
λpsq2

	 � 1

s6 log3bpsq

�dApyqdsdβ
(5.94)

We treat several terms comprising (5.94) sperately. First, we have

r

» 1

0

» t� 1
2

t

»
Bs�tp0qXB s

2
p�βxq

1

ps� tq
1

s4 logbpsq
�

1� |βx�y|2
λpsq2

	dApyqdsdβ
¤ Cr

» 1

0

» t� 1
2

t

» s�t
0

ρ

ps� tq
» 2π

0

1

s4 logbpsqdθdρdsdβ

¤ Cr

t4 logbptq
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Next,

r

» 1

0

» 8

t� 1
2

»
Bs�tp0qXB s

2
p�βxq

1

ps� tq
1

s4 logbpsq
�

1� |βx�y|2
λpsq2

	dApyqdsdβ
¤ Cr

» 1

0

» 8

t� 1
2

1

ps� tq
» s�t

0

ρ

» 2π

0

1

s2pρ� tq2 logbpsqp1� β2r2 � ρ2 � 2βrρ cospθqqdθdρdsdβ

¤ Cr

» 1

0

» 8

t� 1
2

plogp2� r2β2q � logp2� t2qq
ps� tqs2 logbpsqt2 dsdβ

¤ Cr

t4 logb�2ptq , r ¤ t

2

where we used the same procedure that we used in (5.87).
The third term to consider is

r

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

�
1aps� tq2 � |y|2 �

1

ps� tq

�
�� 1

s4 logbpsq
�

1� |βx�y|2
λpsq2

	
�dApyqdsdβ

¤ Cr

» 1

0

» 8

0

ρ

pρ� tq2
» 2π

0

1

p1� β2r2 � ρ2 � 2βrρ cospθqq» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

ps� tq

�
1

s2 logbpsqdsdθdρdβ

¤ Cr

» 1

0

�
logp2� r2β2q � logp2� t2q

t2



dβ

t2 logbptq
¤ Cr

t4 logb�1ptq , r ¤ t

2

Finally, the last term to consider is

r

» 1

0

» 8

t

»
Bs�tp0qXB s

2
p�βxq

1aps� tq2 � |y|2
1

s6 log3bpsqdApyqdsdβ

¤ Cr

» 1

0

» 8

t

1

s6 log3bpsq
» s�t

0

ρ

» 2π

0

1aps� tq2 � ρ2
dθdρdsdβ

¤ Cr

» 8

t

ps� tq
s6 log3bpsqds

¤ Cr

t4 log3bptq
Combining the above estimates, we conclude:

|v5,1pt, rq| ¤ C
r

t4 logb�2ptq , r ¤ t

2
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Next, we treat v5,2.

v5,2pt, rq

� �r
2π

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

1aps� tq2 � |y|2

�
B2N2pfqps, |βx� y|q ppβx� yq � x̂q2

|βx� y|2

� N2pfqps, |βx� y|q ppβx� yq � x̂q2
|βx� y|3

�N2pfqps, |βx� y|q
|βx� y|



dApyqdsdβ

So,

|v5,2pt, rq|

¤ Cr

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

1aps� tq2 � |y|2�
|B2N2pfqps, |βx� y|q| � |N2pfqps, |βx� y|q|

|βx� y|


dApyqdsdβ

¤ Cr

» 1

0

» 8

t

»
Bs�tp0qXpB s

2
p�βxqqc

1aps� tq2 � |y|2 integrandv5,2ps, |βx� y|qdApyqdsdβ

where

integrandv5,2ps, |βx� y|q

� 1

|βx� y|3s3 log4N�7b�2psq �
λpsq logp|βx� y|q

|βx� y|3|s� |βx� y||s3{2 log3b�1� 5N
2 psq

� log2p|βx� y|q
|βx� y|2s3{2ps� |βx� y|q2 log3b�1� 5N

2 psq
� log3p|βx� y|q
|βx� y|2ps� |βx� y|q4

Exactly as in the case of v4, we note that, for z P Bs�tpβxq X pB s
2
p0qqc, we have

|z| � |z � βx� βx| ¤ |z � βx| � r   s� t� r ¤ s� t

2

So,

s� |z| ¥ t

2

We use this estimate for every term in integrandv5,2 , except for the term

log3p|βx� y|q
|βx� y|2ps� |βx� y|q4 ¤

C log3psq
s2t3ps� |βx� y|q
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Then,

|v5,2pt, rq|

¤ Cr

» 1

0

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

�
log2psq

s7{2t2 log3b�1� 5N
2 psq

� log3psq
s3t3

�
dθdρdsdβ

� Cr

» 1

0

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

log3psq
s2t3ps�aβ2r2 � ρ2 � 2βrρ cospθqqdθdρdsdβ

¤ Cr

t7{2 log3b�3� 5N
2 ptq

� Cr

» 1

0

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

log3psq
s2t3ps�aβ2r2 � ρ2 � 2βrρ cospθqqdθdρdsdβ

(5.95)

We need only continue to estimate the last line of (5.95).

r

» 1

0

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

log3psq
s2t3ps�aβ2r2 � ρ2 � 2βrρ cospθqqdθdρdsdβ

¤ Cr

» 1

0

» 8

0

ρ

» 2π

0

1

t3

» 8

t�ρ

1aps� tq2 � ρ2

log3psq
s2

1

ps�aρ2 � 2ρβr cospθq � β2r2qdsdθdρdβ

¤ Cr

» 1

0

» 8

0

ρ

» 2π

0

1

t3

» 8

t�ρ

1?
s� t� ρ

1?
s� t� ρ

log3psq
s2

1

ps�aρ2 � 2ρβr cospθq � β2r2qdsdθdρdβ

¤ Cr

» 1

0

» 8

0

ρ

» 2π

0

1

t3
1?
ρ

log3pt� ρq
pt� ρq2

» 8

t�ρ

1?
s� t� ρ

dsdθdρdβ

ps�aρ2 � 2ρβr cospθq � β2r2q

¤ Cr

» 1

0

» 8

0

?
ρ log3pt� ρq
pt� ρq2

» 2π

0

1

t3
1?
t
dθdρdβ

¤ C
r log3ptq

t4
(5.96)

So, we get

|v5,2pt, rq| ¤ Cr

t7{2 log3b�3� 5N
2 ptq

, r ¤ t

2

In total, we have

|v5pt, rq| ¤ Cr

t7{2 log3b�3� 5N
2 ptq

, r ¤ t

2
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Exactly as for Brv4, we have

|Brv5pt, rq| ¤ C

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

�
|B2N2pfv5qps,

a
r2 � ρ2 � 2rρ cospθqq|

�|N2pfv5qps,
a
r2 � ρ2 � 2rρ cospθqq|a

r2 � ρ2 � 2rρ cospθq

�
dθdρds

(5.97)

As was also the case for v4, the integrals appearing in (5.97) were already estimated above. So, we
get

|Brv5pt, rq| ¤ C

t7{2 log3b�3� 5N
2 ptq

, r ¤ t

2

We will now prove estimates on v5pt, rq and Brv5 in the region r ¥ t
2
. For the next steps, we will

use slightly different combinations of the estimates (5.51) and (5.50) for v2 in various subsets of
the region r ¥ t

2
, in order to estimate N2pfv5q, resulting in

|N2pfv5qpt, rq| ¤

$''&''%
Cr

pλptq2�r2qt4 log3bptq � Cr
t6 log3bptq , r ¤ t

2
C log3prq
r2|t�r|3 � C

r7{2t5{2 log3N�7b�2ptq ,
t
2
¤ r ¤ t�?

t or r ¥ t�?
t

C
r7{2 , t�?

t ¤ r ¤ t�?
t

(5.98)

We will also need estimates on BrN2pfv5q. To obtain these, we use (5.49) in the region r ¤ t
2
. In

the region r ¡ t
2
, we use (5.50) in the region t � ?

t ¤ r ¤ t � ?
t, and (5.51) in the regions

t
2
  r   t�?t and r ¡ t�?t for v2. For Brv2, we use (5.50) in the region t� t1{4 ¤ r ¤ t� t1{4

and (5.51) in the regions t
2
¤ r ¤ t� t1{4 and t� t1{4 ¤ r. Then, we get

|BrN2pfv5qpt, rq| ¤
C

t4 log3bptqpλptq2 � r2q �
C

t6 log3bptq , r ¤ t

2

|BrN2pfv5qpt, rq| ¤
C

r3t3 log4N�7b�2ptq �
C logprq

r3|t� r|t3{2 log4b�1� 5N
2 ptq

� C log2prq
r2t3{2pt� rq2 log3b�1� 5N

2 ptq
� C log3prq
r2pt� rq4 , t�

?
t ¡ r ¡ t

2
or r ¡ t�

?
t

|BrN2pfv5qpt, rq| ¤
#

C logprq
r3pt�rq2 , t�?

t ¤ r ¤ t� t1{4, or t� t1{4 ¤ r ¤ t�?
t

C
r7{2 , t� t1{4 ¤ r ¤ t� t1{4

Then, we have

v5pt, rq �
» 8

t

» 8

0

J1prξq sinppt� sqξq {N2pfv5qps, ξqdξds
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and we will prove estimates on {N2pfv5qpt, ξq, for 1
ξ
¥ 1. We consider separately the cases

1

ξ
¥ t�

?
t, t�

?
t ¤ 1

ξ
¤ t�

?
t,

t

2
¤ 1

ξ
¤ t�

?
t, 1 ¤ 1

ξ
¤ t

2

and proceed in exactly the same manner as was done for xv4,c.
This results in

| {N2pfv5qpt, ξq| ¤
Cξ

t

�
log3ptq � | logpξq|3� , 1

ξ
¥ t�

?
t

| {N2pfv5qpt, ξq| ¤
C log3ptq

t2
, t�

?
t ¤ 1

ξ
¤ t�

?
t

| {N2pfv5qpt, ξq| ¤
C log3ptq

t2
,

t

2
¤ 1

ξ
¤ t�

?
t

| {N2pfv5qpt, ξq| ¤
C

ξt4 log3bptq �
C

ξ3t6 log3bptq �
C log3ptq?

ξt5{2
, 1 ¤ 1

ξ
¤ t

2

For the region 1
ξ
  1, we again use the following argument:

From (5.98) and the BrN2pfv5q estimates which follow it,

||
�
Br � 1

r



N2pfv5qpt, rq||L2prdrq

¤ ||BrN2pfv5qpt, rq||L2prdrq � ||N2pfv5qpt, rq
r

||L2prdrq

¤ C logptq
t23{8

Then, the same procedure used for v4,c gives

C logptq
t23{8 ¥ ||BrN2pfv5qpt, rq �

N2pfv5qpt, rq
r

||L2prdrq � ||ξ {N2pfv5qpt, ξq||L2pξdξq (5.99)

Now, we return to

v5pt, rq �
» 8

t

» 8

0

J1prξq sinppt� sqξq {N2pfv5qps, ξqdξds
use

|J1pxq| ¤ C?
x

and the same procedure used for v4:

|v5pt, rq| ¤ C?
r

» 8

t

» 1

0

1?
ξ
| {N2pfv5qps, ξq|dξds

� C?
r

» 8

t

�» 8

1

dξ

ξ4


1{2
||ξ {N2pfv5qps, ξq||L2pξdξqds

¤ C?
r

log4ptq
t3{2
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Next, the pointwise estimates on {N2pfv5q, as well as (5.99) justify the following differentiation
under the integral sign:

Brv5pt, rq �
» 8

t

» 8

0

ξJ 11prξq sinppt� sqξq {N2pfv5qps, ξqdξds

and we also have
|J 11pxq| ¤

C?
x

So,

|Brv5pt, rq| ¤ C?
r

» 8

t

» 1

0

a
ξ| {N2pfv5qps, ξq|dξds�

C?
r

» 8

t

||ξ {N2pfv5qpsq||L2pξdξqds

¤ C log3ptq?
rt3{2

For Btv5, we can similarly differentiate under the integral sign to get

Btv5pt, rq �
» 8

t

» 8

0

J1prξq cosppt� xqξqξ {N2pfv5qpx, ξqdξdx

so, the same argument used for Brv5 also applies to Btv5.
Finally, the same procedure used for the energy estimates for v4 also applies here, to give

||Btv5||L2prdrq � ||
�
Br � 1

r



v5||L2prdrq ¤

» 8

t

||N2pfv5qpx, rq||L2prdrqdx

¤ C
log3ptq
t7{4

(We again have

||
�
Br � 1

r



v5||2L2prdrq � ||Brv5||2L2prdrq � ||v5

r
||2L2prdrq

by the same argument used while studying v4).

5.8.9 Solving the modulation equation

The main result of this section is to prove Proposition 5.1, which we recall is the following state-
ment:

There exists T3 ¡ 0 such that, for all T0 ¥ T3, there exists λ P C2prT0,8qq which solves
(5.63). Moreover,

λptq � λ0ptq � e0ptq, ||e0||X ¤ 1

(|| � ||X was defined in (5.30)).
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We use our pointwise estimates on vk, E5 to get

| � λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
v4

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y|

¤ C

λptq
» t

2λptq

0

R2

p1�R2q3 |v4pt, Rλptqq|dR

¤ C

t2 log3b�2N�1ptq

| � λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
v5

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y| ¤ C

t7{2 log3b�3� 5N
2 ptq

| � λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
E5|r�Rλptq, φ0y| ¤ C

t2 logb�1ptq

| � λptqx
��

cosp2Q 1
λptq
q � 1

r2

�
pv1 � v2 � v3q � F0,2

�
χ¥1p 2r

logNptqq|r�Rλptq, φ0y|

¤ Cλptq
» 8

0

|v4,cpt, Rλptqq|φ0pRqRdR ¤ C

t2 log3b�2Nptq
Combining the above with our previous estimates, there exists a constant D1 ¡ 0 such that

|Gpt, λptqq| ¤ D1

t2 logb�1ptq , λ � λ0 � e, e P B1p0q � X

Then, combining this with the estimate of all the terms comprising RHS except for G, we get, for
a constant D2 independent of e, T0:

|RHSpe, tq| ¤ D2

logplogptqqt2 logb�1ptq , e P B1p0q � X

Let T0,2 ¡ ee
900 be such that the following three inequalities are true:

1a
logplogpT0,2qq

¤ 1

100
� α

3D2

pb� 1q
logpT0,2q �

1

2 logpT0,2q logplogpT0,2qq ¤
1

100

1

2b logplogpT0,2qq �
b

logpT0,2q �
b

2pb� 1q logpT0,2q logplogpT0,2qq ¤
1

100

Finally, there exists T0,3 ¡ 700� 700b, such that

log700�700bpT0,3q
T0.3

  1

2
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From now on, we will work under the additional restriction that

T0 ¥ 2ee
1000pb�1q � T0,1 � T0,2 � T0,3

(Recall that (5.1) was, up to now, the only constraint on T0). From the discussion preceding (5.75),
and our estimates on RHSpe, tq above, for e P B1p0q � X , the map

x ÞÑ RHSpe, xq
4α

�
» 8

x

RHSpe, zq
4α

rp�x,�zqdz, a.e. x P rT0,8q

a priori defined only almost everywhere, admits a continuous extension to rT0,8q. Then, we define
T on B1p0q � X by

T pfqptq �
» 8

t

» 8

q1

Sf pq2qdq2dq1

where we define Sf by (the above mentioned continuous extension of)

Sf pxq � RHSpf, xq
4α

�
» 8

x

RHSpf, zq
4α

rp�x,�zqdz

By definition of T , we have

T peq2ptq � Septq � RHSpe, tq
4α

�
» 8

t

RHSpe, zq
4α

rp�t,�zqdz

Using (5.76), we get

|T peq2ptq| ¤ 3D2

α logplogptqqt2 logb�1ptq
¤ 1

100
a

logplogptqqt2 logb�1ptq , e P B1p0q � X

Next, we have

T peq1ptq � �
» 8

t

T peq2pxqdx

|T peq1ptq| ¤ 1

100

» 8

t

dxa
logplogpxqqx2 logb�1pxq

Then, we note that» 8

t

dxa
logplogpxqqx2 logb�1pxq �

1

t logb�1ptqalogplogptqq
� pb� 1q

» 8

t

dx

x2 logb�2pxqalogplogpxqq
� 1

2

» 8

t

1

x2

dx

logb�2pxqplogplogpxqqq3{2

� 1

t logb�1ptqalogplogptqq � Eint,1
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where

|Eint,1| ¤ pb� 1q
t logb�2ptqalogplogptqq �

1

2t logb�2ptqplogplogptqqq3{2

¤ 1

100

1

t logb�1ptqalogplogptqq , t ¥ T0

which gives

|T peq1ptq| ¤ 1

100

�
1� 1

100


�
1

t logb�1ptqalogplogptqq

�
, t ¥ T0

Similarly,

T peqptq �
» 8

t

» 8

x1

T pfq2px2qdx2dx1

Then we use » 8

t

» 8

x1

dx2dx1a
logplogpx2qqx2

2 logb�1px2q
� 1

b logbptqalogplogptqq � Eint,2

where

|Eint,2| ¤ 1

2b2plogplogptqqq3{2 logbptq �
1a

logplogptqq logb�1ptq
� 1

2pb� 1qplogplogptqqq3{2 logb�1ptq
¤ 1

100

1

b logbptqalogplogptqq , t ¥ T0

to get

|T peqptq| ¤ 1

100

�
1� 1

100



1

b logbptqalogplogptqq , t ¥ T0

Then, we conclude that T peq P B1p0q for e P B1p0q.
Now, we will show that T is a contraction on the space B1p0q � X . We start by estimating, for

e1, e2 P B1p0q � X , the expression

RHSpe1ptq, tq �RHSpe2ptq, tq

In particular, we will prove the following proposition.

Proposition 5.2. There exists Clip ¡ 0 independent of T0, such that for e1, e2 P B1p0q � X ,

|RHSpe1, tq �RHSpe2, tq| ¤ Clip||e1 � e2||X
t2 logb�1ptqplogplogptqqq3{2
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To prove the proposition, it will be useful to define the functions

λiptq � λ0ptq � eiptq, i � 1, 2

We start with the terms of RHS which don’t involve G:

|�4αλ20ptq plogpλ1ptqq � logpλ2ptqqq
logpλ0ptqq | ¤ C

t2 logb�1ptq logplogptqq
|λ1ptq � λ2ptq|

λ0,0ptq
¤ C||e1 � e2||X
t2 logb�1ptqplogplogptqqq3{2

| �4α

logpλ0ptqq pe
2
1ptq plogpλ1ptqq � logpλ0ptqqq � e22ptq plogpλ2ptqq � logpλ0ptqqqq |

¤ C

logplogptqq
�
|e21ptq � e22ptq| logpλ0ptq � e1ptq

λ0ptq q � |e22ptq| plogpλ1ptqq � logpλ2ptqqq



¤ C
||e1 � e2||X

t2 logb�1ptqplogplogptqqq2

| 4

logpλ0ptqq
�» 8

t

pe21psq � e22psqq
p1� s� tq3

�
1

λ1ptq1�α � s� t
� 1

λ0ptq1�α � s� t



ds

�
» 8

t

e22psq
p1� s� tq3

�
1

λ1ptq1�α � s� t
� 1

λ2ptq1�α � s� t



ds



|

¤ C
||e1 � e2||X

plogplogptqqq2t2 logb�1ptq

1

logplogptqq
» 8

t

1

s2 logb�1psqp1� s� tq3 |
1

λ1ptq1�α � s� t
� 1

λ2ptq1�α � s� t
|ds

¤ C||e1 � e2||X
plogplogptqqq3{2t2 logb�1ptq

» 8

t

|e21psq � e22psq||
1

logpλ0ptqq �
1

logpλ0psqq |
ds

1� s� t
¤ C||e1 � e2||X
t2 logb�2ptqplogplogptqqq5{2

» 8

t

|e21psq � e22psq||
1

logpλ0ptqq �
1

logpλ0psqq |
ds

pλ0ptq1�α � s� tqp1� s� tq3

¤ C||e1 � e2||X
t3 logb�2ptqplogplogptqqq5{2

We now proceed to study each term appearing in the expression

Gpt, λ1ptqq �Gpt, λ2ptqq
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By writing

λ1ptqE0,1pλ1ptq, λ11ptq, λ21ptqq � λ2ptqE0,1pλ2ptq, λ12ptq, λ22ptqq

�
» 1

0

DF0,0,1pλσq � pλ1ptq � λ2ptq, λ11ptq � λ12ptq, λ21ptq � λ22ptqqdσ

where
F0,0,1px, y, zq � xE0,1px, y, zq

λσ � σpλ1ptq, λ11ptq, λ21ptqq � p1� σqpλ2ptq, λ12ptq, λ22ptqq
we get

λ1ptqE0,1pλ1ptq, λ11ptq, λ21ptqq � λ2ptqE0,1pλ2ptq, λ12ptq, λ22ptqq
¤ C||e1 � e2||X
t2 logb�1ptqalogplogptqq

Next, we consider

K3pw, λ1ptqq �K3,0pw, λ1ptqq � pK3pw, λ2ptqq �K3,0pw, λ2ptqqq

� w5

4p1� w2q
�

1

pw2 � 36λ1ptq2q2 �
1

pw2 � 36λ2ptq2q2



� 1

4

�
w5

pλ1ptq2�2α � w2qpw2 � 36λ1ptq2q2 �
w5

pλ2ptq2�2α � w2qpw2 � 36λ1ptq2q2

� w5

pλ2ptq2�2α � w2qpw2 � 36λ1ptq2q2 �
w5

pλ2ptq2�2α � w2qpw2 � 36λ2ptq2q2

� 1

pλ1ptq1�α � wqp1� wq3 �
1

pλ2ptq1�α � wqp1� wq3



So,» 8

t

|K3ps� t, λ1ptqq �K3,0ps� t, λ1ptqq � pK3ps� t, λ2ptqq �K3,0ps� t, λ2ptqqq |ds

¤ C||e1 � e2||X
logbptqalogplogptqq � C

||e1 � e2||Xa
logplogptqq �

C||e1 � e2||X
logbαptqalogplogptqq �

C||e1 � e2||Xa
logplogptqq

¤ C||e1 � e2||Xa
logplogptqq
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From this, we get

|
» 8

t

λ21psq pK3ps� t, λ1ptqq �K3,0ps� t, λ1ptqqq ds

�
» 8

t

λ22psq pK3ps� t, λ2ptqq �K3,0ps� t, λ2ptqqq ds|

¤ C

» 8

t

|e21psq � e22psq||K3ps� t, λ1ptqq �K3,0ps� t, λ1ptqq|ds

� C

» 8

t

|λ22psq||K3ps� t, λ1ptqq �K3,0ps� t, λ1ptqq
� pK3ps� t, λ2ptqq �K3,0ps� t, λ2ptqqq |ds

¤ C
||e1 � e2||X

t2 logb�1ptqalogplogptqq

» 8

t

|K3ps� t, λ1ptqq �K3,0ps� t, λ1ptqq|ds

� C

t2 logb�1ptq
» 8

t

|K3ps� t, λ1ptqq �K3,0ps� t, λ1ptqq
� pK3ps� t, λ2ptqq �K3,0ps� t, λ2ptqqq |ds

¤ C
||e1 � e2||X

t2 logb�1ptqalogplogptqq �
C||e1 � e2||X

t2 logb�1ptqalogplogptqq
¤ C||e1 � e2||X
t2 logb�1ptqalogplogptqq

(where we recall that
³8
t
|K3ps� t, λ1ptqq �K3,0ps� t, λ1ptqq|ds was previously estimated).

Next, let us consider the following term which appears in the expression
Gpt, λ0ptq � e1ptqq �Gpt, λ0ptq � e2ptqq:

16

pλ0ptq � e1ptqq2
» 8

t

pλ20pxq � e21pxqq
�
K1px� t, λ0ptq � e1ptqq � pλ0ptq � e1ptqq2

4p1� x� tq


dx

� 16

pλ0ptq � e2ptqq2
» 8

t

pλ20pxq � e22pxqq
�
K1px� t, λ0ptq � e2ptqq � pλ0ptq � e2ptqq2

4p1� x� tq


dx

which we re-write as�
16

pλ0ptq � e1ptqq2 �
16

pλ0ptq � e2ptqq2



�
» 8

t

pλ20pxq � e21pxqq
�
K1px� t, λ0ptq � e1ptqq � pλ0ptq � e1ptqq2

4p1� x� tq


dx

� 16

pλ0ptq � e2ptqq2
» 8

t

pe21pxq � e22pxqq
�
K1px� t, λ0ptq � e1ptqq � pλ0ptq � e1ptqq2

4p1� x� tq


dx

� 16

pλ0ptq � e2ptqq2
» 8

t

pλ20pxq � e22pxqq pL1px� t, λ0ptq � e1ptqq � L1px� t, λ0ptq � e2ptqqq dx
(5.100)

where

L1pw, zq � K1pw, zq � z2

4p1� wq
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From (5.37) and (5.39) there exists C ¡ 0, independent of z such that

|K1pw, zq � z2

4p1� wq | ¤
Cz2

1� w2
, |z| ¤ 1

2

(Recall that, by the choice of T0, |λ0ptq � fiptq| ¤ 1
2
, i � 1, 2). Finally, let us note that

|Bz
�
K1pw, zq � z2

4p1� wq


| ¤ Cz

1� w2
, w ¥ 0

Using the facts that

| 16

pλ0ptq � e1ptqq2 �
16

pλ0ptq � e2ptqq2 | ¤ C
log3bptq||e1 � e2||Xa

logplogptqq logbptq
and

|L1pw, z1q � L1pw, z2q| ¤ ||B2L1pw, sz1 � p1� sqz2q||L8s pr0,1sq|z1 � z2|
we get that the absolute value of (5.100) is bounded above by

C||e1 � e2||X
t2 logb�1ptqalogplogptqq

Another term arising in
Gpt, λ0ptq � e1ptqq �Gpt, λ0ptq � e2ptqq is

16

pλ0ptq � e1ptqq2
» 8

t

pλ20pxq � e21pxqqKpx� t, λ0ptq � e1ptqqdx

� 16

pλ0ptq � e2ptqq2
» 8

t

pλ20pxq � e22pxqqKpx� t, λ0ptq � e2ptqqdx

This can be split analogously to the previous term:

�
16

pλ0ptq � e1ptqq2 �
16

pλ0ptq � e2ptqq2

» 8

t

pλ20pxq � e21pxqqKpx� t, λ0ptq � e1ptqqdx

� 16

pλ0ptq � e2ptqq2
» 8

t

pe21pxq � e22pxqqKpx� t, λ0ptq � e1ptqqdx

� 16

pλ0ptq � e2ptqq2
» 8

t

pλ20pxq � e22pxqq pKpx� t, λ0 � e1ptqq �Kpx� t, λ0ptq � e2ptqqq dx
(5.101)

Note that

Kpx� t, z1q �Kpx� t, z2q � pz1 � z2q
» 1

0

B2Kpx� t, z2 � qpz1 � z2qqdq
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So, » 8

t

|Kpx� t, z1q �Kpx� t, z2q|dx

¤ |z1 � z2|
» 1

0

» 8

0

|B2Kpw, z2 � pz1 � z2qqq|dwdq
(5.102)

But, using the formula for K from the previous sections, we see that BzKpw, zq has a sign:

BzKpw, zq

�
» 8

0

» w
0

�
4ρR3z pρ2 �R2z2 � 1q

pR2 � 1q3 �pρ2 �R2z2 � 1q2 � 4R2z2
�3{2

��
1a

w2 � ρ2
� 1

w

�
dρdR

¥ 0

So, to control the integral in (5.102), we can note the following: If

zq � z2 � pz1 � z2qq

then » 1

0

» 8

0

|B2Kpw, zqq|dwdq

�
» 1

0

» 8

0

» 8

0

» w
0

��� 4ρR3zq
�
ρ2 �R2z2

q � 1
�

pR2 � 1q3
��
ρ2 �R2z2

q � 1
�2 � 4R2z2

q

	3{2

��
�

1a
w2 � ρ2

� 1

w

�
dρdRdwdq

�
» 1

0

» 8

0

» 8

0

» 8

ρ

��� 4ρR3zq
�
ρ2 �R2z2

q � 1
�

pR2 � 1q3
��
ρ2 �R2z2

q � 1
�2 � 4R2z2

q

	3{2

��
�

1a
w2 � ρ2

� 1

w

�
dwdρdRdq

�
» 1

0

» 8

0

» 8

0

4ρR3zq logp2q �ρ2 �R2z2
q � 1

�
pR2 � 1q3

��
ρ2 �R2z2

q � 1
�2 � 4R2z2

q

	3{2dρdRdq

�
» 1

0

» 8

0

R3zq logp4q
pR2 � 1q3 dRdq

�
» 1

0

1

2
zq logp2qdq

� 1

4
logp2qpz1 � z2q

(5.103)
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Using (5.34), we see that the absolute value of (5.101) is bounded above by

C||e1 � e2||X
t2 logb�1ptqalogplogptqq

Next, we will consider the terms involving Ev2,ip, starting with the case b � 1. We recall

λptqEv2,ippt, λptqq � 2cbλptq
» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ

� 2cbλptq
» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λptqqdξ

� 2cb

» 1
2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
pb� 1q
ξ logbp1

ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

� 2cb

�» t
2

0

sinpuqpb� 1qdu
t2u logbp t

u
q � pb� 1qπ

2t2 logbptq �
» t

2

0

sinpuqbpb� 1qdu
t2u logb�1p t

u
q

�
(5.104)

where Fv2 and ψv2 were defined in (5.42) and (5.41), respectively. Notice that the last two lines of
(5.104) are independent of λptq. So,

λ1ptqEv2,ippt, λ1ptqq � λ2ptqEv2,ippt, λ2ptqq
� 2cbλ1ptq

» 8

0

sinptξq
t2

ψv2pξ, λ1ptqqdξ � 2cbλ2ptq
» 8

0

sinptξq
t2

ψv2pξ, λ2ptqqdξ

� 2cbλ1ptq
» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λ1ptqqdξ � 2cbλ2ptq

» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λ2ptqqdξ

(5.105)

First, we consider the second line of (5.105):

|2cbλ1ptq
» 8

0

sinptξq
t2

ψv2pξ, λ1ptqqdξ � 2cbλ2ptq
» 8

0

sinptξq
t2

ψv2pξ, λ2ptqqdξ|

¤ |2cbpe1ptq � e2ptqq
» 8

0

sinptξq
t2

ψv2pξ, λ1ptqqdξ|

� |2cbλ2ptq
» 8

0

sinptξq
t2

pψv2pξ, λ1ptqq � ψv2pξ, λ2ptqqq dξ|

(5.106)

The second line of (5.106) is estimated as follows:

|2cbpe1ptq � e2ptqq
» 8

0

sinptξq
t2

ψv2pξ, λ1ptqqdξ|

¤ C|e1ptq � e2ptq||
» 8

0

sinptξq
t2

ψv2pξ, λ1ptqqdξ|

¤ C
|e1ptq � e2ptq|

t3λ1ptq
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where we use the same procedure as used in the previous subsections to estimate the integral. For
the third line of (5.106), we first note that

ψv2pξ, λptqq � 2χ1¤ 1
4
pξqBξ

�
ξ2K1pξλptqq

logb�1p1
ξ
q

�
�
χ2¤ 1

4

pξqξ2K1pξλptqq
logb�1p1

ξ
q

Bξψv2pξ, λptqq � 3χ2¤ 1
4
pξqBξ

�
ξ2K1pξλptqq

logb�1p1
ξ
q

�
� 2χ1¤ 1

4
pξqB2

ξ

�
ξ2K1pξλptqq

logb�1p1
ξ
q

�

� χ3¤ 1
4
pξqξ

2K1pξλptqq
logb�1p1

ξ
q

Then, we use

K 1
1pyq � �

�
yK0pyq �K1pyq

y



K2

1 pyq � K1pyq � K2pyq
y

K3
1 pyq �

�p3� y2q
y2

K2pyq

and the estimates, for 0   x   1
2

and 1
8
¤ ξ ¤ 1

4
,

|K1pξxq| ¤ C

ξx
, |K0pξxq| ¤ C| logpξxq|, |K2pξxq| ¤ C

ξ2x2
(5.107)

Since supp
�
χ
pjq
¤ 1

4

	
� r1

8
, 1

4
s, we have

|B12ψv2pξ, yq| ¤
C1r 1

8
, 1
4
spξq

ξy2 logb�1p1
ξ
q , 0   y   1

2
(5.108)

Note that » 8

0

sinptξq
t2

pψv2pξ, λ1ptqq � ψv2pξ, λ2ptqqq dξ

�
» 8

0

cosptξq
t3

Bξ pψv2pξ, λ1ptqq � ψv2pξ, λ2ptqqq dξ

and

|Bξ pψv2pξ, λ1ptqq � ψv2pξ, λ2ptqqq | ¤ sup
xPrλ0ptq

2
, 1
2
s
|B12ψv2pξ, xq||λ1ptq � λ2ptq|

where we used the fact that, for ei P B1p0q � X, i � 1, 2, we have

1

2
λ0ptq   λiptq   2λ0ptq   1

2
, i � 1, 2
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Now, we use (5.108) to get

|
» 8

0

cosptξq
t3

Bξ pψv2pξ, λ1ptqq � ψv2pξ, λ2ptqqq dξ|

¤ C

t3

» 8

0

sup
xPrλ0ptq

2
, 1
2
s
|B12ψv2pξ, xq||λ1ptq � λ2ptq|dξ

¤ C
|e1ptq � e2ptq|

t3

» 8

0

1r 1
8
, 1
4
spξqdξ

λ0ptq2ξ logb�1p1
ξ
q

¤ C
|e1ptq � e2ptq| log2bptq

t3

We conclude that

|2cbpλ0ptq � e2ptqq
» 8

0

cosptξq
t3

pBξψv2pξ, λ1ptqq � Bξψv2pξ, λ2ptqqq dξ|

¤ C||e1 � e2||X
t3
a

logplogptqq
We now need to consider the third line of (5.105). Here, we use a similar procedure as above:

|2cbλ1ptq
» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λ1ptqqdξ � 2cbλ2ptq

» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λ2ptqqdξ|

¤ C| pe1ptq � e2ptqq
» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λ1ptqqdξ|

� Cλ2ptq|
» 8

0

χ¤ 1
4
pξq sinptξq
t2

pFv2pξ, λ1ptqq � Fv2pξ, λ2ptqqq dξ|
(5.109)

For the second line of (5.109), we use the same procedure to estimate the integral as that used in
previous subsections, to get

| pe1ptq � e2ptqq
» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λ1ptqqdξ|

¤ C|e1ptq � e2ptq|λ1ptq| logpλ1ptqq|
t3

For the third line of (5.109), we first integrate by parts once to get» 8

0

χ¤ 1
4
pξq sinptξq
t2

pFv2pξ, λ1ptqq � Fv2pξ, λ2ptqqq dξ

�
» 8

0

cosptξq
t3

p χ1¤ 1
4
pξq pFv2pξ, λ1ptqq � Fv2pξ, λ2ptqqq

� χ¤ 1
4
pξqBξ pFv2pξ, λ1ptqq � Fv2pξ, λ2ptqqq

	
dξ
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Now, we recall that

Fv2pξ, yq � B2
ξ

�
ξ2

logb�1p1
ξ
q

�
K1pξyq � 1

ξy


�
Using the same estimates on Kj as used to obtain (5.108), we get

|B2Fv2pξ, yq| ¤
Cξp| logpξq| � | logpyq|q

logb�1p1
ξ
q , 0   ξ   1

4
, 0   y   1

2

and

|B12Fv2pξ, yq| ¤
Cp| logpξq| � | logpyq|q

logb�1p1
ξ
q , 0   y   1

2
, 0   ξ   1

4

We then get

|Fv2pξ, λ2ptqq � Fv2pξ, λ1ptqq| ¤
�� sup
xPrλ0ptq

2
, 1
2
s
|B2Fv2pξ, xq|

�|λ1ptq � λ2ptq|

and

|B1Fv2pξ, λ2ptqq � B1Fv2pξ, λ1ptqq| ¤
�� sup
xPrλ0ptq

2
, 1
2
s
|B12Fv2pξ, xq|

�|λ1ptq � λ2ptq|

Using the above estimates, we obtain,

|2cbλ2ptq
» 8

0

χ¤ 1
4
pξqsinptξq

t2
pFv2pξ, λ1ptqq � Fv2pξ, λ2ptqqq dξ|

¤ C
|λ1ptq � λ2ptq|λ0ptq| logpλ0ptqq|

t3
¤ C

||e1 � e2||X
a

logplogptqq
t3 log2bptq

The same procedure for the case b � 1 yields the same estimates, since ψv2 and Fv2 have the same
form for all b.

Combining the above estimates then gives, for all b ¡ 0:

| � λ1ptqEv2,ippt, λ1ptqq � λ2ptqEv2,ippt, λ2ptqq| ¤ C||e1 � e2||X
t3
a

logplogptqq
If

G2pt, λptqq � �λptqx
�

cosp2Q 1
λptq
q � 1

r2

��
pv4 � v5q

�
1� χ¥1p4r

t
q




|r�Rλptq, φ0y

� λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
E5|r�Rλptq, φ0y

� λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y
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Then, we need to estimate
G2pt, λ1ptqq �G2pt, λ2ptqq

From now on, the fact that vk, k � 2 depends on λptq is important, so we will denote these
functions by vλk to emphasize the dependence of these functions on λ.

We first note that

λptqx
�

cosp2Q 1
λptq
q � 1

r2

�
vλ4

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y

� 1

λptq
» 8

0

�
cosp2Q1p r

λptqqq � 1

r2

�
vλ4 pt, rq

�
1� χ¥1p4r

t
q


φ0p r

λptqqrdr

so,

λ1ptqx
�

cosp2Q 1
λ1ptq

q � 1

r2

�
vλ14

�
1� χ¥1p4r

t
q


|r�Rλ1ptq, φ0y

�
�
λ2ptqx

�
cosp2Q 1

λ2ptq
q � 1

r2

�
vλ24

�
1� χ¥1p4r

t
q


|r�Rλ2ptq, φ0y

�

� �16

» 8

0

�
λ1ptq2

pr2 � λ1ptq2q3 �
λ2ptq2

pr2 � λ2ptq2q3


vλ14 pt, rq

�
1� χ¥1p4r

t
q


r2dr

�
» 8

0

�
cosp2Q1p r

λ2ptqq � 1

r2λ2ptq

�
φ0p r

λ2ptqq
�
vλ14 � vλ24

� pt, rq�1� χ¥1p4r
t
q


rdr

and we have the analogous formulae for all the other terms in G2. Using the pointwise estimates
for vi, E5, 1 ¤ i ¤ 5, we get

| � 16

» 8

0

�
λ1ptq2

pr2 � λ1ptq2q3 �
λ2ptq2

pr2 � λ2ptq2q3



�
pvλ14 � vλ15 q

�
1� χ¥1p4r

t
q


� Eλ1

5 � χ¥1p 2r

logNptqq
�
vλ11 � v2 � vλ13

�

r2dr|

¤ C||e1 � e2||X
t2 log3b�2N�1ptqalogplogptqq �

C||e1 � e2||X
t7{2 log3b�3� 5N

2 ptqalogplogptqq
� C||e1 � e2||X
t2 logb�1ptqalogplogptqq �

C||e1 � e2||X
t2 log3b�2Nptqalogplogptqq

¤ C||e1 � e2||X
t2 logb�1ptqalogplogptqq

In order to estimate the rest of the terms arising in G2pt, λ1q � G2pt, λ2q, we must first prove
estimates on v3,1,2 defined by

v3,1,2 :� vλ13 � vλ23

Lemma 5.11.

|v3,1,2pt, rq| ¤
$&%

Cr||e1�e2||X
t2
?

logplogptqq logbptq , r ¤ t
2

C||e1�e2||X
r logbptq

?
logplogptqq , r ¡ t

2

(5.110)
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Proof. Note that v3,1,2 solves the following equation with 0 Cauchy data at infinity:

�Bttv3,1,2 � Brrv3,1,2 � 1

r
Brv3,1,2 � v3,1,2

r2
� F λ1

0,1pt, rq � F λ2
0,1pt, rq

With the definitions from the v3 subsection:

vλ3,1pt, rq �
�1

r

» 8

t

» s�t
0

ρ

ps� tqλ
2psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

and
vλ3,2 � vλ3 � vλ3,1

we then consider

vλ3,2,apt, rq

:� �1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� 1

�
dρds

vλ3,2,bpt, rq :� �1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq p�1� F3pr, ρ, λpsqqq dρds

and get

|vλ13,2,apt, rq � vλ23,2,apt, rq|

¤ C

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
|λ21psq � λ22psq|�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2
� 1

�
dρds

¤ C

r

» 8

0

ρ

�
1� �1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

�» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

ps� tq

�
||e1 � e2||Xdsdρ

s2 logb�1psqalogplogpsqq
which gives

|vλ13,2,apt, rq � vλ23,2,apt, rq| ¤
Cr||e1 � e2||X

t2 logb�1ptqalogplogptqq
For v3,2,b, we have

vλ13,2,bpt, rq � vλ23,2,bpt, rq

� �1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
pλ21psq � λ22psqq p�1� F3pr, ρ, λ1psqq dρds

� �1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ22psq pF3pr, ρ, λ1psqq � F3pr, ρ, λ2psqqq dρds

(5.111)
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The first line on the right-hand side of (5.111) is treated identically to the analogous term arising
in the pointwise estimates for v3, and it is bounded above in absolute value by

Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq

For the second line on the right-hand side of (5.111), we start with

|F3pr, ρ, z1q � F3pr, ρ, z2q| ¤ max
σPr0,1s

|B3F3pr, ρ, σz1 � p1� σqz2q||z1 � z2|

we then note that

B3F3pr, ρ, zq � �4p�1� αqr2z�3�2αp1� pr2 � ρ2qz2α�2q
pp1� pr2 � ρ2qz2α�2q2 � 4ρ2z2α�2q3{2

so, for z � σλ1psq � p1� σqλ2psq,

|B3F3pr, ρ, zq| ¤ Cr2λ0,0psq2α�3

p1� p�ρ2 � r2qλ0,0psq2α�2q2 � 4ρ2λ0,0psq2α�2

¤ Cr2λ0,0psq2α�3

1� 2pρ2 � r2qλ0,0ptq2α�2 � pρ2 � r2q2λ0,0ptq4α�4

Then, we get

|�1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ22psq pF3pr, ρ, λ1psqq � F3pr, ρ, λ2psqqq dρds|

¤ C

r

» 8

0

ρ

t2 logb�1ptq
r2||e1 � e2||X

logbp2α�3qptq logbptqalogplogptqq
� 1

p1� 2pρ2 � r2qλ0,0ptq2α�2 � pρ2 � r2q2λ0,0ptq4α�4qdρ

The ρ integral appearing on the last line of the above estimate has been treated in the v3 pointwise
estimates, and, in total, we get

|vλ13,2,bpt, rq � vλ23,2,bpt, rq| ¤
Cr||e1 � e2||X

t2 logb�1ptqalogplogptqq
We similarly divide vλ13,1 � vλ23,1 into two parts. First, we consider

|�1

r

» 8

t

» s�t
0

ρ

ps� tq pλ
2
1psq � λ22psqq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λ1psqq
�
dρds|

¤ C

r

» t�6r

t

» s�t
0

ρ

ps� tq |λ
2
1psq � λ22psq|dρds

� |
» 8

t�6r

1

r

» s�t
0

ρ

ps� tq pλ
2
1psq � λ22psqq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λ1psqq
�
dρds|

¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq � II
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where, using a procedure similar to the analogous term treated in the v3 pointwise estimates, we
have

II � | � 2r

» 8

6r

pλ21pt� wq � λ22pt� wqq
�

w

2p1� w2q �
w

2pλ1pt� wq2�2α � w2q


dw|

� EII

with

|EII | ¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq

We already estimated the integral appearing in the above expression in (5.80) (except with the
replacement of λ2 with λ21 � λ22). Therefore, the same procedure used there shows

|II| ¤ Cr logplogptqq sup
x¥t

|λ21pxq � λ22pxq| �
Cr||e1 � e2||X

t2 logb�1ptqalogplogptqq
¤ Cr logplogptqq||e1 � e2||X

t2 logb�1ptqalogplogptqq � Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq

Next, we consider the second part of vλ13,1 � vλ23,1:

|�1

r

» 8

t

» s�t
0

ρ

ps� tqλ
2
2psq pF3pr, ρ, λ1psqq � F3pr, ρ, λ2psqqq dρds|

¤ C

r

» 8

t

» s�t
0

ρ

ps� tq |λ
2
2psq|

r2pλ0,0psq2α�3q|λ1psq � λ2psq|dρds
p1� 2pρ2 � r2qλ0,0ptq2α�2 � pρ2 � r2q2λ0,0ptq4α�4q

¤ Cr

» t�λ0,0ptq1�α
t

» s�t
0

ρ

ps� tq |λ
2
2psq||e1psq � e2psq|λ0,0psq2α�3dρds

� Cr

» 8

t�λ0,0ptq1�α
1

ps� tq |λ
2
2psq|

||e1 � e2||Xλ0,0psq2α�3ds

logbpsqalogplogpsqq» 8

0

ρdρ

p1� 2pρ2 � r2qλ0,0ptq2α�2 � pρ2 � r2q2λ0,0ptq4α�4q

¤ Cr

» t�λ0,0ptq1�α
t

ps� tq|λ22psq||e1psq � e2psq|λ0,0psq2α�3ds

� Cr||e1 � e2||X
logbptqalogplogptqq

» 8

t�λ0,0ptq1�α
λ0,0psq2α�3λ0,0ptq2�2αds

ps� tqs2 logb�1psq
¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq �

Cr||e1 � e2||X
t2
a

logplogptqq logbptq
¤ Cr||e1 � e2||X
t2
a

logplogptqq logbptq
Combining the above estimates, we get

|pvλ13 � vλ23 qpt, rq| ¤ Cr||e1 � e2||X
t2
a

logplogptqq logbptq
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Next, we prove an estimate on v3,1,2 which is more useful for large r.

vλ3 pt, rq �
�1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ2psq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

and get�
vλ13 � vλ23

� pt, rq
� �1

r

» 8

t

» s�t
0

ρ pλ21psq � λ22psqqaps� tq2 � ρ2

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λ1psqq
�
dρds

� 1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ22psq pF3pr, ρ, λ1psqq � F3pr, ρ, λ2psqqq dρds

(5.112)

For the first line of the right-hand side of (5.112), we have

|�1

r

» 8

t

» s�t
0

ρ pλ21psq � λ22psqqaps� tq2 � ρ2

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λ1psqq
�
dρds|

¤ C

r

» 8

t

ps� tq ||e1 � e2||X
s2 logb�1psqalogplogpsqqds

¤ C||e1 � e2||X
r logbptqalogplogptqq

For the second line on the right-hand side of (5.112), we use the same method used previously
to estimate

F3pr, ρ, λ1q � F3pr, ρ, λ2q
and we get

| � 1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ22psq pF3pr, ρ, λ1psqq � F3pr, ρ, λ2psqqq dρds|

¤ C

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
|λ22psq|

λ0,0psq�3�2α

logbpsqalogplogpsqq
r2||e1 � e2||X

p1� λ0,0psq4α�4pρ2 � r2q2 � 2λ0,0psq2α�2pρ2 � r2qqdρds

¤ C

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2

|λ22psq|λ0,0psq�3�2α

logbpsqalogplogpsqq
r2||e1 � e2||X
r2λ0,0psq2α�2

dρds

¤ C||e1 � e2||X
r logbptqalogplogptqq

whence, we conclude the final estimate

|vλ13 � vλ23 |pt, rq ¤ C||e1 � e2||X
r logbptqalogplogptqq , r ¡ t

2
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Next, we recall the function E5 defined in the v3 subsection:

vλ3 pt, rq � �r
» 8

t�6r

λ2psqps� tq
�

1

1� ps� tq2 �
1

λptq2�2α � ps� tq2


ds� Eλ

5 pt, rq

We will need to estimate Eλ1
5 � Eλ2

5 . For this purpose, some of the estimates already proven
for vλ13 � vλ23 will suffice, but we will need to use a slightly more complicated argument for some
terms. In particular, we have

Eλ
5 pt, rq � vλ3,1,apt, rq � vλ3,1,b,i,1pt, rq � vλ3,1,b,iipt, rq � vλ3,2pt, rq

with

vλ3,1,b,i,1pt, rq � �2r

» 8

6r

λ2pt� wqw
� �1

2pλpt� wq2�2α � w2q �
1

2pλptq2�2α � w2q


dw

vλ3,1,b,iipt, rq �
�1

r

» 8

t�6r

» s�t
0

ρ

ps� tqλ
2psq

��
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�

�
�

2r2

p1� ρ2q2 �
2r2λpsq2�2α

pλpsq2�2α � ρ2q2




dρds

and

vλ3,1,apt, rq �
�1

r

» t�6r

t

» s�t
0

ρ

ps� tqλ
2psq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

(Note that v3,2 was already defined when proving estimates on vλ13 � vλ23 ).

vλ13,1,a � vλ23,1,a

� �1

r

» t�6r

t

» s�t
0

ρ

ps� tq pλ
2
1psq � λ22psqq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λ1psqq
�
dρds

� 1

r

» t�6r

t

» s�t
0

ρ

ps� tqλ
2
2psq pF3pr, ρ, λ1psqq � F3pr, ρ, λ2psqqq dρds

This gives

|vλ13,1,a � vλ23,1,a| ¤
C

r

» t�6r

t

» s�t
0

ρ

ps� tq |e
2
1psq � e22psq|dρds

� C

r

» t�6r

t

» s�t
0

ρ

ps� tq
|λ22psq|pr2λ0,0ptq2α�2qλ0,0psq2α�3

λ0,0ptq2α�2 |e1psq � e2psq|dρds
p1� 2pρ2 � r2qλ0,0ptq2α�2 � pρ2 � r2q2λ0,0ptq4α�4q

¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq

� C

r

» t�6r

t

» s�t
0

ρ

ps� tq |λ
2
2psq|

λ0,0psq2α�3

λ0,0ptq2α�2
|e1psq � e2psq|dρds

¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq
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For the next term, we have

vλ13,1,b,i,1 � vλ23,1,b,i,1

� �2r

» 8

6r

pλ21pt� wq � λ22pt� wqq
� �w

2pλ1pt� wq2�2α � w2q �
w

2pλ1ptq2�2α � w2q


dw

� 2r

» 8

6r

λ22pt� wq
� �w

2pλ1pt� wq2�2α � w2q �
w

2pλ1ptq2�2α � w2q


dw

� 2r

» 8

6r

λ22pt� wq
� �w

2pλ2pt� wq2�2α � w2q �
w

2pλ2ptq2�2α � w2q


dw

(5.113)

For the first line on the right-hand side of (5.113), we have

| � 2r

» 8

6r

pλ21pt� wq � λ22pt� wqq
� �w

2pλ1pt� wq2�2α � w2q �
w

2pλ1ptq2�2α � w2q


dw|

¤ Cr

» 8

6r

|e21pt� wq � e22pt� wq|w �wλ0,0ptq1�2α|λ10,0ptq|
�

w2λ0,0pt� wq2�2αp1� w2λ0,0ptq2α�2q dw

¤ Cr||e1 � e2||X
t3 logb�2ptqalogplogptqq

» 8

0

dw

p1� w2λ0,0ptq2α�2q

¤ Cr||e1 � e2||X
t3 logb�2ptqalogplogptqq

The second and third lines of (5.113) can be treated together:

� 2r

» 8

6r

λ22pt� wq
� �w

2pλ1pt� wq2�2α � w2q �
w

2pλ1ptq2�2α � w2q


dw

� 2r

» 8

6r

λ22pt� wq
� �w

2pλ2pt� wq2�2α � w2q �
w

2pλ2ptq2�2α � w2q


dw

� �r
» 8

6r

λ22pt� wqw pF pt� wq � F ptqq dw

where

F pxq � λ1pxq2�2α � λ2pxq2�2α

pλ1pxq2�2α � w2qpλ2pxq2�2α � w2q
We first note that

|F 1pσs� p1� σqtq| ¤ Cλ0,0ptq1�2α||e1 � e2||X
t logbptq log�bpsq logb�1ptqalogplogptqqpw2 � λ0,0psq2�2αq2

, 0 ¤ σ ¤ 1
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Then, we get

| � r

» 8

6r

λ22pt� wqw pF pt� wq � F ptqq dw|

¤ Cr||e1 � e2||X log�bp1�2αqptq
t logb�1ptqalogplogptqq

» 8

6r

|λ22pt� wq|dw
pw2 � λ0,0psq2�2αq logbptq log�bpt� wq

¤ Cr log�bp1�2αqptq||e1 � e2||X
t logb�1ptqalogplogptqq logbptq

» 8

t�6r

ds

s2 logpsqλ0,0psq2�2αpλ0,0psq2α�2ps� tq2 � 1q

¤ Cr||e1 � e2||X
t3 logb�2ptqalogplogptqq

It then remains to consider

vλ13,1,b,ii � vλ23,1,b,ii

� �1

r

» 8

t�6r

» s�t
0

ρ

ps� tq pλ
2
1psq � λ22psqq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λ1psqq

�
�

2r2

p1� ρ2q2 �
2r2λ1psq2�2α

pλ1psq2�2α � ρ2q2




dρds

� 1

r

» 8

t�6r

» s�t
0

ρ

ps� tqλ
2
2psq p F3pr, ρ, λ1psqq � 2r2λ1psq2�2α

pλ1psq2�2α � ρ2q2

�
�
F3pr, ρ, λ2psqq � 2r2λ2psq2�2α

pλ2psq2�2α � ρ2q2




dρds

(5.114)

The first two lines on the right-hand side of (5.114) are estimated in the same way as the
analogous term appearing in the v3 pointwise estimates, and we get

|�1

r

» 8

t�6r

» s�t
0

ρ

ps� tq pλ
2
1psq � λ22psqq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λ1psqq

�
�

2r2

p1� ρ2q2 �
2r2λ1psq2�2α

pλ1psq2�2α � ρ2q2




dρds|

¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq

To treat the third line on the right-hand side of (5.114), we start with defining G3,1 by

G3,1pw, r, λpsqq :�
» w

0

ρ

�
F3pr, ρ, λpsqq � 2r2λpsq2�2α

pλpsq2�2α � ρ2q2


dρ

Then, we get

|G3,1pw, r, λ1psqq �G3,1pw, r, λ2psqq| ¤ |e1psq � e2psq|λ0,0psq�3�2αr4

p1� λ0,0psq2α�2w2q2
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which gives

| � 1

r

» 8

t�6r

» s�t
0

ρ

ps� tqλ
2
2psq p F3pr, ρ, λ1psqq � 2r2λ1psq2�2α

pλ1psq2�2α � ρ2q2

�
�
F3pr, ρ, λ2psqq � 2r2λ2psq2�2α

pλ2psq2�2α � ρ2q2




dρds|

¤ C

r

» 8

t�6r

|λ20,0psq|
ps� tq

|e1psq � e2psq|λ0,0psq1�2αr4

pλ0,0psq2�2αqpps� tq2q ds

¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq

Combining the above, we get

| �Eλ1
5 � Eλ2

5

� pt, rq| ¤ Cr||e1 � e2||X
t2 logb�1ptqalogplogptqq

Lemma 5.12. We have the following estimates

|vλ14 � vλ24 |pt, rq ¤
$&%

C||e1�e2||X
t2
?

logplogptqq logN�3b�1ptq , r ¤ t
2

C||e1�e2||X
t log3b�2N ptq

?
logplogptqq , r ¥ t

2

Proof. We proceed to estimate v4,1,2 :� vλ14 �vλ24 , by noting that v4,1,2 solves the following equation
with 0 Cauchy data at infinity:

�Bttv4,1,2 � Brrv4,1,2 � 1

r
Brv4,1,2 � v4,1,2

r2
� vλ14,c � vλ24,c

So, we start by estimating vλ14,c � vλ24,c:

|vλ14,c � vλ24,c| ¤ C
χ¥1p 2r

logN ptqq||e1 � e2||X
log2bptqalogplogptqq

|vλ11 � v2 � vλ13 |
pλ0,0ptq2 � r2q2

� Cχ¥1p 2r

logNptqq
||e1 � e2||X

logbptqalogplogptqq
1

t2 log2b�1�2αbptqr3

� C
χ¥1p 2r

logN ptqqλ0,0ptq2
pr2 � λ0,0ptq2q2

�|vλ11 � vλ21 | � |vλ13 � vλ23 |�
where we used the explicit formula for F0,2.

We note that the right-hand side of the equation for vλ1 depends linearly on λ2. Therefore
vλ11 � vλ21 � vλ1�λ21 , so we can use our estimates for vλ1 which were previously recorded.

We thus have, in addition to (5.110), the following estimates, valid for any λ of the form

λptq � λ0ptq � fptq, f P B1p0q � X

|vλ1 � v2 � vλ3 | ¤
#

Cr
t2 logbptq , r ¤ t

2
C logprq
|t�r| , t ¡ r ¥ t

2
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|vλ11 � vλ21 | ¤
$&%

Cr||e1�e2||X
t2 logbptq

?
logplogptqq , r ¤ t

2

C||e1�e2||X
r
?

logplogptqq logbptq , r ¡ t
2

This gives

|vλ14,c � vλ24,c| ¤ Cχ¥1p 2r

logNptqq||e1 � e2||X

�
$&%

1

r3t2 log3bptq
?

logplogptqq , r ¤ t
2

logprq
r4 log2bptq

?
logplogptqq|t�r| �

1

t2 log3b�1�2αbptq
?

logplogptqqr3 , t ¡ r ¡ t
2

(5.115)

Now, we start with

�
vλ14 � vλ24

� pt, rq
� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2» 2π

0

pr � ρ cospθqqpvλ14,c � vλ24,cqps,
a
r2 � ρ2 � 2rρ cospθqqa

r2 � ρ2 � 2rρ cospθq dθdρds

which gives

|vλ14 � vλ24 |

¤ C

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

|vλ14,c � vλ24,c|ps,
a
r2 � ρ2 � 2rρ cospθqqdθdρds

Note that (5.115) has the same right-hand side as (5.85), except for an extra factor of ||e1�e2||X?
logplogptqq .

So, we can inspect the intermediate steps of the procedure used when obtaining pointwise estimates
on v4, thereby getting

|vλ14 � vλ24 |pt, rq ¤ C||e1 � e2||X
t2
a

logplogptqq logN�3b�1ptq , r ¤ t

2

In the region r ¥ t
2
, we use the following, slightly different estimate for vλ1 � v2 � vλ3 , again

valid for all λptq � λ0ptq � fptq, f P B1p0q � X:

|vλ1 � v2 � vλ3 | ¤

$''&''%
Cr

t2 logbptq , r ¤ t
2

C?
r
, t�?

t ¤ r ¤ t�?
t

C logprq
|t�r| ,

t
2
¤ r ¤ t�?

t, or r ¥ t�?
t
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We then get

|vλ14,c � vλ24,c| ¤ Cχ¥1p 2r

logNptqq||e1 � e2||X

�

$'''''&'''''%

1

r3t2 log3bptq
?

logplogptqq , r ¤ t
2

1

log2bptq
?

logplogptqqr9{2 , t�?
t ¤ r ¤ t�?

t

logprq
r4 log2bptq

?
logplogptqq|t�r| �

1

t2 log3b�1�2αbptq
?

logplogptqqr3

, t�?
t ¡ r ¡ t

2
or r ¡ t�?

t

(5.116)

Note that (5.116) again has the same right-hand side as (5.88), except for the extra factor of
||e1�e2||X?

logplogptqq , so, we can infer the following estimates from our study of v4:

|| {vλ14,c � vλ24,cpx, ξq||L2pξdξq ¤ C||e1 � e2||X
x2 log3b�2Npxqalogplogpxqq

Then, we simply note:

v4,1,2pt, rq �
» 8

t

» 8

0

J1prξq sinppt� sqξq
� {vλ14,c � vλ24,cps, ξq

	
dξds

So,

|v4,1,2pt, rq| ¤ C

» 8

t

» 1
r

0

rξ| {vλ14,c � vλ24,c|ps, ξqdξds

� C

» 8

t

» 8

1
r

| {vλ14,c � vλ24,c|ps, ξq?
rξ

dξds

¤ Cr

» 8

t

�» 1
r

0

ξdξ

�1{2�» 1
r

0

ξ| {vλ14,c � vλ24,cps, ξq|2dξ
�1{2

ds

� C?
r

» 8

t

�» 8

1
r

dξ

ξ2

�1{2�» 8

1
r

ξ| {vλ14,c � vλ24,cps, ξq|2dξ
�1{2

ds

¤ C

» 8

t

|| {vλ14,c � vλ24,cps, ξq||L2pξdξqds

¤ C||e1 � e2||X
t
a

logplogptqq log3b�2Nptq
which finishes the proof of the lemma.

Lemma 5.13. We have the following pointwise estimate

|vλ15 � vλ25 |pt, rq ¤ C
||e1 � e2||X log2ptq

t3
a

logplogptqq logbptq , r ¤ t

2
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Proof. As was the case for v4, we start with noting that

v5,1,2 :� vλ15 � vλ25

solves the equation (with 0 Cauchy data at infinity)

�Bttv5,1,2 � Brrv5,1,2 � 1

r
Brv5,1,2 � v5,1,2

r2
� N2pfλ1v5 q �N2pfλ2v5 q

where
fλv5 � vλ1 � v2 � vλ3 � vλ4

Collecting the estimates from previous subsections, one estimate on fpvλ5 q, valid for all λ � λ0 �
f, f P B1p0q � X , is

|fλv5 | ¤
#

Cr
t2 logbptq , r ¤ t

2
C logprq
|t�r| , t ¡ r ¡ t

2

Now, we start to estimate the right-hand side of the v5,1,2 equation.

N2pfλ1v5 q �N2pfλ2v5 q �
�

sinp2Q 1
λ1ptq

prqq
2r2

�
sinp2Q 1

λ2ptq
prqq

2r2

��
cosp2fλ1v5 q � 1

�
�

sinp2Q 1
λ2ptq

prqq
2r2

�
cosp2fλ1v5 q � cosp2fλ2v5 q

�
�
�

cosp2Q 1
λ1ptq

prqq � cosp2Q 1
λ2ptq

prqq
2r2

��
sinp2fλ1v5 q � 2fλ1v5

�
�

cosp2Q 1
λ2ptq

prqq
2r2

�
sinp2fλ1v5 q � 2fλ1v5 �

�
sinp2fλ2v5 q � 2fλ2v5

��
(5.117)

For the first line of (5.117), we have

|
�

sinp2Q 1
λ1ptq

prqq
2r2

�
sinp2Q 1

λ2ptq
prqq

2r2

��
cosp2fλ1v5 q � 1

� |
¤ C||e1 � e2||X
r logbptqalogplogptqq

�
fλ1v5
�2

pλ0,0ptq2 � r2q

¤ C||e1 � e2||X
r logbptqalogplogptqq

#
r2

t4 log2bptqpλ0,0ptq2�r2q , r ¤ t
2

log2prq
r2pt�rq2 , t ¡ r ¥ t

2

For the second line of (5.117), we have

|
sinp2Q 1

λ2ptq
prqq

2r2

�
cosp2fλ1v5 q � cosp2fλ2v5 q

� |
¤ Cλ2ptq
pr2 � λ2ptq2qr

�|fλ1v5 | � |fλ2v5 |
� �|vλ11 � vλ21 | � |vλ13 � vλ23 | � |vλ14 � vλ24 |�

¤
$&%

Crλ0,0ptq||e1�e2||X
pr2�λ0,0ptq2qt4 log2bptq

?
logplogptqq �

C||e1�e2||Xλ0,0ptq
pr2�λ0,0ptq2qt4

?
logplogptqq logN�4b�1ptq , r ¤ t

2

C logptq||e1�e2||X
r3|t�r|t log2bptq

?
logplogptqq , t ¡ r ¡ t

2
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We consider the third line of (5.117), and get

|
�

cosp2Q 1
λ1ptq

prqq � cosp2Q 1
λ2ptq

prqq
2r2

��
sinp2fλ1v5 q � 2fλ1v5

� |
¤ C||e1 � e2||X

log2bptqalogplogptqqpr2 � λ0,0ptq2q2

#
r3

t6 log3bptq , r ¤ t
2

log3prq
|t�r|3 , t ¡ r ¡ t

2

For the fourth line of (5.117), we have

|
cosp2Q 1

λ2ptq
prqq

2r2

�
sinp2fλ1v5 q � 2fλ1v5 �

�
sinp2fλ2v5 q � 2fλ2v5

�� |
¤ C

r2

�|fλ1v5 |2 � |fλ2v5 |2
� |fλ1v5 � fλ2v5 |

¤
$&%

Cr||e1�e2||X
t6
?

logplogptqq log3bptq �
C||e1�e2||X

t6
?

logplogptqq logN�5b�1ptq , r ¤ t
2

C||e1�e2||X log2ptq
r3pt�rq2 logbptq

?
logplogptqq , t ¡ r ¡ t

2

Combining all of the above estimates, we obtain

|N2pfλ1v5 qpt, rq �N2pfλ2v5 qpt, rq|

¤
$&%

Crλ0,0ptq||e1�e2||X
pr2�λ0,0ptq2qt4 log2bptq

?
logplogptqq �

C||e1�e2||Xλ0,0ptq
pr2�λ0,0ptq2qt4

?
logplogptqq logN�4b�1ptq , r ¤ t

2

C logptq||e1�e2||X
r3 logbptq

?
logplogptqq

�
logptq
pt�rq2 � 1

t|t�r| logbptq �
log2ptq

logbptqr|t�r|3
	
, t ¡ r ¡ t

2

We now proceed to estimate v5,1,2 in the region r ¤ t
2
. We start with

v5,1,2pt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2�» 2π

0

�
N2pfλ1v5 q �N2pfλ2v5 q

� ps,ar2 � ρ2 � 2ρr cospθqq pr � ρ cospθqqa
r2 � 2rρ cospθq � ρ2

�
dθdρds

We then estimate as follows

|v5,1,2pt, rq| ¤ C

» 8

t

»
Bs�tp0q

|N2pfλ1v5 q �N2pfλ2v5 q|ps, |x� y|qaps� tq2 � |y|2 dApyqds

¤ C

» 8

t

»
Bs�tp0qXB s

2
p�xq

|N2pfλ1v5 q �N2pfλ2v5 q|ps, |x� y|qaps� tq2 � |y|2 dApyqds

� C

» 8

t

»
Bs�tp0qXpB s

2
p�xqqc

|N2pfλ1v5 q �N2pfλ2v5 q|ps, |x� y|qaps� tq2 � |y|2 dApyqds

Now, we carry out the identical steps which were done to obtain the vλ5 estimates, and get

|v5,1,2pt, rq| ¤ C
||e1 � e2||X log2ptq

t3
a

logplogptqq logbptq , r ¤ t

2

which completes the proof of the lemma.

132



We can now use all of the above estimates to get

|
» 8

0

�
cosp2Q1p r

λ2ptqqq � 1

r2λ2ptq

�
φ0p r

λ2ptqqr
�
vλ14 � vλ24

� pt, rq�1� χ¥1p4r
t
q


dr|

¤ Cλ0ptq2
» t

2

0

r2

pr2 � λ0ptq2q3
||e1 � e2||X

t2
a

logplogptqq logN�3b�1ptqdr

¤ C||e1 � e2||X
t2
a

logplogptqq logN�2b�1ptq

|
» 8

0

�
cosp2Q1p r

λ2ptqqq � 1

r2λ2ptq

�
φ0p r

λ2ptqqr
�
vλ15 � vλ25

� pt, rq�1� χ¥1p4r
t
q


dr|

¤ Cλ0ptq2
» t

2

0

r2

pr2 � λ0ptq2q3
||e1 � e2||X log2ptq

t3
a

logplogptqq logbptqdr ¤
C||e1 � e2||X log2ptq
t3
a

logplogptqq

|
» 8

0

�
cosp2Q1p r

λ2ptqqq � 1

r2λ2ptq

�
φ0p r

λ2ptqqr
�
Eλ1

5 � Eλ2
5

� pt, rqdr|
¤ C

» 8

0

λ2ptq2r2

pλ2ptq2 � r2q3
�

r||e1 � e2||X
t2 logb�1ptqalogplogptqq

�
dr

¤ C||e1 � e2||X
t2 logb�1ptqalogplogptqq

» 8

0

u3du

p1� u2q3 ¤
C||e1 � e2||X

t2 logb�1ptqalogplogptqq

|
» 8

0

�
cosp2Q1p r

λ2ptqqq � 1

r2λ2ptq

�
φ0p r

λ2ptqqrχ¥1p 2r

logNptqq
��vλ11 � vλ21 � vλ13 � vλ23

�
dr|

¤ C

» t
2

logN ptq
2

λ2ptq2r2

r6

�
||e1 � e2||Xr

t2 logbptqalogplogptqq

�
dr

� C

» 8

t
2

λ2ptq2r2

r6

||e1 � e2||X
r
a

logplogptqq logbptqdr

¤ C||e1 � e2||X
t2 log3b�2Nptqalogplogptqq

|
» 8

0

χ¥1p 2r

logNptqqpF
λ1
0,2 � F λ2

0,2qpt, rq
φ0p r

λ1ptqq
λ1ptq rdr|

� |
» 8

0

χ¥1p 2r

logNptqqF
λ2
0,2pt, rq

�
φ0p r

λ1ptqq
λ1ptq �

φ0p r
λ2ptqq

λ2ptq

�
rdr|

¤ C||e1 � e2||X
t2 log3b�1�2αbptqalogplogptqq log2Nptq
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Combining the above estimates, we firstly have

|Gpt, λ1ptqq �Gpt, λ2ptqq| ¤ C||e1 � e2||X
t2
a

logplogptqq logb�1ptq
Then, combining this with the earlier estimates of the terms inRHSpe1, tq�RHSpe2, tqwhich

don’t involve G, we finally get: there exists Clip ¡ 0 independent of T0, such that for e1, e2 P
B1p0q � X

|RHSpe1, tq �RHSpe2, tq| ¤ Clip||e1 � e2||X
t2 logb�1ptqplogplogptqqq3{2

(Recall that G appears in the expression of RHS in the term Gpt,λptqq
logpλ0ptqq ). This concludes the proof

of Proposition 5.2.
Using the L1 estimate on the resolvent kernel, r, we get

|pT pe1q � T pe2qq2ptq|
¤ |RHSpe1, tq �RHSpe2, tq|

α
� 2

α
sup
z¥t

p|RHSpe1, zq �RHSpe2, zq|q

¤ 3Clip
α

||e1 � e2||X
t2 logb�1ptqplogplogptqqq3{2

Then, with the same procedure used when estimating |T peq1ptq| earlier, we get

|pT pe1q � T pe2qq1ptq| ¤ 3Clip
α

�
1� 1

100


 ||e1 � e2||X
t logb�1ptqplogplogptqqq3{2

|pT pe1q � T pe2qqptq| ¤ 3Clip
α

�
1� 1

100


 ||e1 � e2||X
b logbptqplogplogptqqq3{2

whence,

||T pe1q � T pe2q||X ¤ 10Clip
α logplogpT0qq ||e1 � e2||X , e1, e2 P B1p0q

Since Clip is independent of T0, and the above estimates are valid for all T0 satisfying

T0 ¡ 2ee
1000pb�1q � T0,1 � T0,2 � T0,3

if we further restrict T0 to satisfy

T0 ¡ 2ee
1000pb�1q � T0,1 � T0,2 � T0,3 � ee

1500pClip�1000p1� 1
b
qq

α

then, T is a strict contraction on the complete metric space B1p0q � X . By Banach’s fixed point
theorem, T has a fixed point, say e0, in B1p0q � X . Then, if

λptq � λ0ptq � e0ptq
we have

λ P C2prT0,8qq, ||e0||X ¤ 1

and λ solves (5.63).
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5.8.10 Estimating λ3ptq
The main proposition of this section is:

Proposition 5.3. λ P C3prT0,8qq, with

|λ3ptq| ¤ C

t3 logb�1ptq , t ¥ T0

In addition, we have

|Btv1pt, rq| ¤
#

Cr
t3 logbptq , r ¤ t

2

C
rt logb�1ptq , r ¡ t

2

(5.118)

|Btv3pt, rq| ¤
#
Cr logplogptqq
t3 logb�1ptq , r ¤ t

2

C
rt logb�1ptq , r ¡ t

2

(5.119)

|Btrv3pt, rq| ¤ C

t3 logbptq (5.120)

|Btrv1pt, rq| ¤
#

C
t3 logbptq , r ¤ t

2

C
r2t logb�1ptq , r ¡ t

2

(5.121)

|Btv4pt, rq| ¤
#

Cr
t3 log3b�2N�2ptq , r ¤ t

2

C
t2 log3b�2N�1ptq , r ¡ t

2

(5.122)

Proof. Since λptq � λ0ptq � e0ptq, it suffices to show that e0 P C3prT0,8qq, and estimate e30 ptq.
Recall that λ solves (5.63), which can be re-written as

λ2ptq � RHS2ptq
g2ptq (5.123)

where

g2ptq � �2

λptq �
4α logpλptqq

λptq
�

1

�1� λptq2α


� 2pλptq�2α � 1q

λptq g5ptq

g5ptq �
» 8

0

χ¥1p 2Rλptq
logN ptqqφ0pRqR2dR

pR2 � 1qpλptq�2α �R2q
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and

RHS2ptq � � 16

λptq3
» 8

t

λ2psq pK1ps� t, λptqq �Kps� t, λptqqq ds� 2
pλ1ptqq2
λptq2

� 4b

λptqt2 logbptq � Ev2,ippt, λptqq

� x
�

cosp2Q 1
λptq
q � 1

r2

��
v3 � pv4 � v5q

�
1� χ¥1p4r

t
q




|r�Rλptq, φ0y

� x
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1

�
2r

logNptq



pv1 � v2 � v3q |r�Rλptq, φ0y

� 4

» 8

0

χ¥1p 2Rλptq
logNptqq

pλ1ptqq2R2φ0pRqdR
λptq2pR2 � 1q2

The point of this re-writing is that the right-hand side of (5.123) is in C1prT0,8qq, since λ P
C2prT0,8qq. So, λ P C3prT0,8qq, and we have

λ3ptq � Bt
�
RHS2ptq
g2ptq



We will first prove a preliminary estimate on λ3ptq, which will then allow us to obtain a more
useful formula for e30 . Using the formula for g2, and estimates on e0 from the fact that e0 P B1p0q,
we get

| 1

g2ptq | ¤
C

logbptq logplogptqq , |
�

1

g2


1
ptq| ¤ C

t logb�1ptq logplogptqq
and

|λ3ptq| ¤ C|RHS 12ptq|
logbptq logplogptqq �

C|RHS2ptq|
t logb�1ptq logplogptqq

For the preliminary estimate, it will suffice to estimate each term in RHS2 separately, despite
the fact that there is some cancellation between some terms in RHS2. When we prove the final
estimate on λ3ptq, we will take this cancellation into account.

Using the same procedures and estimates used to estimate Gpt, λ0ptq � fptqq for arbitrary
f P B1p0q � X , we get

|RHS2ptq| ¤ C

t2
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Now, we estimate |RHS 12ptq|. Using estimates on λpjqptq, j � 0, 1, 2, we get

|RHS 12ptq|
¤ |Bt

� �16

λptq3
» 8

t

λ2psq pK1ps� t, λptqq �Kps� t, λptqqq ds


|

� C

t3 log2ptq �
C

t3
� |BtEv2,ippt, λptqq|

� |Bt
�
x
�

cosp2Q 1
λptq
q � 1

r2

��
v3 � pv4 � v5q

�
1� χ¥1p4r

t
q




|r�Rλptq, φ0y
�
|

� |Bt
�
x
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y
�
|

(5.124)

For the Ev2,ipptq term, we recall the definition in (5.104), and start with

Bt
�» 1

2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
pb� 1q
ξ logbp1

ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

�

� Bt
�» t

2

0

�
χ¤ 1

4
pu
t
q � 1

	 sinpuq
t2

�
b� 1

u logbp t
u
q �

bpb� 1q
u logb�1p t

u
q

�
du

�

After taking the derivative, and integrating by parts once in the remaining integrals, we get

Bt
�» 1

2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
pb� 1q
ξ logbp1

ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

�

� � sinp t
2
q

t3

�
b� 1

logbp2q �
bpb� 1q
logb�1p2q



� Err

where
|Err| ¤ C

t4

On the other hand,

Bt
�» t

2

0

sinpuqbpb� 1qdu
t2u logb�1p t

u
q

�

� sinp t
2
qbpb� 1q

t3 logb�1p2q �
» t

2

0

sinpuqbpb� 1q
u

�
�2

t3 logb�1p t
u
q �

pb� 1q
logb�2p t

u
qt3

�
du
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So,

Et,v2,ip,1 :� Bt
�

2cb

» 1
2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

� 2cb

�» t
2

0

sinpuqpb� 1qdu
t2u logbp t

u
q � pb� 1qπ

2t2 logbptq �
» t

2

0

sinpuqbpb� 1qdu
t2u logb�1p t

u
q

��

� 2cbErr � 2cb

�» t
2

0

sinpuqpb� 1q
�

�2

t3u logbp t
u
q �

b

logb�1p t
u
qt3u

�
du

�
» t

2

0

1

u
sinpuqbpb� 1q

�
�2

t3 logb�1ptq �
pb� 1q

t3 logb�2p t
u
q

�
du

�

� 2cb

� pb� 1qπ
t3 logbptq �

bpb� 1qπ
2t3 logb�1ptq



The asymptotics of the integrals in lines 3 and 4 of the above expression were computed previously,
in the section which constructed v2. The following is the most important asymptotic, which shows
that there is some cancellation between the integral in line 3 and the terms on line 5.

�2

» t
2

0

sinpuqpb� 1qdu
t3u logbp t

u
q � �2pb� 1q

t3
π

2

�
1

logbptq �O

�
1

logb�1ptq




In total, we get

|Et,v2,ip,1ptq| ¤
C

t3 logb�1ptq
Next, we estimate

Bt
�

2cbλptq
» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ



Here, we use estimates on the derivatives of ψv2 , proven earlier, when showing that the map T was
a contraction, as well as (5.107), which shows (among other things) that

|B2
ξψv2pξ, λptqq| ¤ C

ppξq
λptq , p P C8

c pr
1

8
,
1

4
sq

This gives us

|Bt
�

2cbλptq
» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ


| ¤ C

t4

Similarly, we use estimates on derivatives of Fv2 which were proven while showing that T is a
contraction, as well as (5.107), and asymptotics of K1, to get

|Bt
�

2cbλptq
» 8

0

χ¤ 1
4
pξqsinptξq

t2
Fv2pξ, λptqqdξ



| ¤ C logplogptqq

t4 log2bptq
In total, we have

|Bt pλptqEv2,ippt, λptqqq | ¤
C

t3 logb�1ptq
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By the same procedure, this estimate is also true for the case b � 1.
Some of the terms in (5.124) which remain to be estimated will be estimated in two different

ways. One way of estimating these terms will give rise to preliminary estimates on e3, which will
then allow us to obtain stronger estimates. For this preliminary estimate, we will start with the first
line of (5.124):

Bt
�

16

λptq3
» 8

t

λ2psq pKps� t, λptqq �K1ps� t, λptqqq ds


� I � II � III � IV

where

I � 16

λptq3
» 8

t

λ2psqB2Kps� t, λptqqλ1ptqds

II � 16

λptq3
» 8

t

λ2psqB2K1ps� t, λptqqλ1ptqds

III � � 16

λptq3
» 8

t

λ2psq pB1Kps� t, λptqq � B1K1ps� t, λptqqq ds

IV � �48λ1ptq
λptq4

» 8

t

λ2psq pKps� t, λptqq �K1ps� t, λptqqq ds

|IV | ¤ C

t3 logptq
In order to estimate I , let us start with

B2Kpx, λptqq

�
» 8

0

R

p1�R2q3
» x

0

ρ

�
1a

x2 � ρ2
� 1

x

��
4λptqR2p1� ρ2 � λptq2R2q

p4λptq2R2 � p1� ρ2 �R2λptq2q2q3{2


dρdR

Then, the same procedure used to obtain (5.103) gives

|
» 8

t

λ2psqB2Kps� t, λptqqλ1ptqds| ¤ C

t3 log2b�2ptq
» 8

t

|B2Kps� t, λptqq|ds

¤ C

t3 log3b�2ptq
So,

|I| ¤ C

t3 log2ptq
Next, we recall the definition of K1:

K1px, λptqq �
» 8

0

r

λptq2p1� r2

λptq2 q3
» x

0

ρ

x

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdr
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So,

|B2K1px, λptqqλ1ptq|

¤ Cλptq3|λ1ptq|
» 8

0

r

pr2 � λptq2q3
» x

0

ρ

x

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdr

and we get

|II| ¤ | 16

λptq3
» 8

t

λ2pxqB2K1px� t, λptqqλ1ptqdx|

¤ C|λ1ptq|
» 8

t

|λ2pxq|» 8

0

r

pr2 � λptq2q3

$&%
1

px�tq
³x�t
0

2ρdρ, x� t ¤ 1

1
px�tq

³8
0
ρdρ

�
1� r2�1�ρ2?

pr2�1�ρ2q2�4r2



, x� t ¥ 1

drdx

¤ C|λ1ptq|
» 8

t

|λ2pxq|
» 8

0

r

pr2 � λptq2q3
#
px� tq, x� t ¤ 1
r2

px�tq , x� t ¥ 1
drdx

¤ C|λ1ptq|
�» t�1

t

1

x2 logb�1pxq
px� tqdx
λptq4 �

» 8

t�1

dx

x2 logb�1pxqpx� tq
» 8

0

r3dr

pr2 � λptq2q3



¤ C

t3 log1�2bptq
We will now treat the term III . Let L � K �K1. Then, we have

B1Lpx, λptqq � Lapx, λptqq � Lbpx, λptqq

with

Lapx, λptqq �
» 8

0

R

p1�R2q3
» 1

0

u?
1� u2

�
1� R2λptq2 � 1� u2x2apR2λptq2 � 1� u2x2q2 � 4R2λptq2

�
dudR

�
» 8

0

R

p1�R2q3
» x

0

ρ

x
a
x2 � ρ2

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR

Lbpx, λptqq �
» 8

0

R

p1�R2q3
» 1

0

ux?
1� u2

� �8R2λptq2u2x

p4R2λptq2 � p1�R2λptq2 � u2x2q2q3{2


dudR

�
» 8

0

R

p1�R2q3
» x

0

ρa
x2 � ρ2

� �8R2λptq2ρ2

xp4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2


dρdR

140



Now,» 8

t

|Laps� t, λptqq|ds

¤
» 8

0

R

p1�R2q3
» 8

0

ρ

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�» 8

ρ�t

dsdρdR

ps� tqaps� tq2 � ρ2

¤ C

» 8

0

R

p1�R2q3
» 8

0

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR

¤ C

» 8

0

R

p1�R2q3
» 8

2pRλptq�1q

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR

� C

» 8

0

R

p1�R2q3
» 2pRλptq�1q

0

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR

(5.125)

When ρ ¡ 2pRλptq � 1q, we have

|1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2 |

� |1�
p�1� 1

ρ2
� R2λptq2

ρ2
qb

1� 2pR2λptq2
ρ2

� 1
ρ2
q � pR2λptq2�1q2

ρ4

| ¤ C
pRλptq � 1q2

ρ2

If ρ   2pRλptq � 1q, then, we use

|1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2 | ¤ 2

to continue the estimate in (5.125)» 8

t

|Laps� t, λptqq|ds

¤ C

» 8

0

R

p1�R2q3
» 8

2pRλptq�1q

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR

� C

» 8

0

R

p1�R2q3
» 2pRλptq�1q

0

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR

¤ C

» 8

0

R

p1�R2q3
» 8

2pRλptq�1q

pRλptq � 1q2
ρ2

dρdR � C

» 8

0

R

p1�R2q3 pRλptq � 1qdR

¤ C
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Similarly, we have

|
» 8

t

Lbps� t, λptqqds|

¤
» 8

0

R

p1�R2q3
» 8

0

ρ

�
8R2λptq2ρ2

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2

» 8

ρ�t

1aps� tq2 � ρ2

dsdρdR

ps� tq

¤ C

» 8

0

R

p1�R2q3
» 8

0

R2λptq2ρ2

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2dρdR

¤ C

» 8

0

R

p1�R2q3
» 8

2pRλptq�1q

R2λptq2ρ2

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2dρdR

� C

» 8

0

R

p1�R2q3
» 2pRλptq�1q

0

R2λptq2ρ2

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2dρdR
(5.126)

When ρ ¡ 2pRλptq � 1q, we have

1

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2 ¤
C

ρ6

When ρ   2pRλptq � 1q, we use

1

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2 ¤
C

R3λptq3

and then continue the estimate from (5.126):

|
» 8

t

Lbps� t, λptqqds|

¤ C

» 8

0

R

p1�R2q3
» 8

2pRλptq�1q

R2λptq2ρ2

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2dρdR

� C

» 8

0

R

p1�R2q3
» 2pRλptq�1q

0

R2λptq2ρ2

p4R2λptq2 � p1�R2λptq2 � ρ2q2q3{2dρdR

¤ C

» 8

0

R

p1�R2q3R
2λptq2

» 8

2pRλptq�1q

ρ2

ρ6
dρdR

� C

» 8

0

R

p1�R2q3
» 2pRλptq�1q

0

R2λptq2ρ2

R3λptq3 dρdR

¤ C

λptq
Then, we combine the above estimates to get» 8

t

|B1Lps� t, λptqq|ds ¤ C

λptq
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So,

|III| ¤ C
log3b�1ptq

t2

We finally conclude that

|I| � |II| � |III| � |IV | ¤ C log3b�1ptq
t2

Next, we estimate the last two lines of (5.124). First, we note that

Btx
�

cosp2Q 1
λptq
q � 1

r2

�
f |r�Rλptq, φ0y

�
» 8

0

Bt
��

cosp2Q1p r
λptqq � 1

r2

�
φ0p r

λptqq
λptq2

�
fpt, rqrdr

�
» 8

0

�
cosp2Q1p r

λptqqq � 1

r2

�
φ0p r

λptqq
λptq2 Btfpt, rqrdr

which gives

|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
f |r�Rλptq, φ0y| ¤ C

» 8

0

r|λ1ptq|
pr2 � λptq2q3 |fpt, rq|rdr

� C

» 8

0

rλptq
pr2 � λptq2q3 |Btfpt, rq|rdr

(5.127)

We now proceed to estimate Btvk, k � 1, 3, 4, 5. We first prove a preliminary estimate on
these quantities in order to obtain the preliminary estimate on λ3. Once this is done, we can
improve our estimates for Btvk.

Lemma 5.14 (Preliminary Estimates on Btvk, k � 1, 3, 4, 5). We have the following preliminary
estimates on Btvk, k � 1, 3, 4, 5.

|Btv1pt, rq| ¤ Cr

t2 logb�1ptq

|Btv3pt, rq| ¤ Cr

t2 log1�bαptq (5.128)

|Btv4pt, rq| ¤ C

t2 log3b�2N�1ptq , r ¤ t

2
(5.129)

|Btv5pt, rq| ¤ C

t7{2 log3b�3� 5N
2 ptq

� Cr logptq
t4 logbptq , r ¤ t

2
(5.130)
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Proof. For Btv3, we have

Btv3pt, rq

� 1

r

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2
λ2psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� 1

r

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2
λ2psq

�
8ρ2r2

p4r2 � p1� ρ2 � r2q2q3{2

� �8λpsq4α�4ρ2r2

p4λpsq2α�2r2 � p1� λpsq2α�2pρ2 � r2qq2q3{2


dρds

(5.131)

For the first line on the right-hand side of (5.131), we first note that

|1� F3pr, ρ, λpsqq| � 1� F3pr, ρ, λpsqq � F3p0, ρ, λpsqq � F3pr, ρ, λpsqq

So,

|1� F3pr, ρ, λpsqq| ¤ Cr

» 1

0

rσλpsq2α�2p1� λpsq2α�2pρ2 � r2
σqq

p1� 2pρ2 � r2
σqλpsq2α�2 � pρ2 � r2

σq2λpsq4α�4q3{2dσ

where
rσ � p1� σqr

Then, because λ1pxq ¤ 0, x ¥ T0, we have λpsq2α�2 ¥ λptq2α�2, s ¥ t. So,

|1
r

» 8

t

» s�t
0

ρλ2psq
ps� tqaps� tq2 � ρ2

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� 1� F3pr, ρ, λpsqq � 1

�
dρds|

¤ Cr sup
x¥t

|λ2pxq|
» 8

0

» 1

0

dσdρ

p1� 2pρ2 � r2
σq � pρ2 � r2

σq2q1{2
� Cr sup

x¥t

�|λ2pxq|λpxq4α�4
�

�
» 8

0

» 1

0

pλptq2�2α � ρ2 � r2
σq

p1� 2pρ2 � r2
σqλptq2α�2 � pρ2 � r2

σq2λptq4α�4q3{2dσdρ

and where we obtained the second, third and fourth lines by switching the s and ρ integration order,
and using » 8

ρ�t

ds

ps� tqaps� tq2 � ρ2
¤ C

ρ

So, it suffices to estimate

B3pyq �
» 8

0

dρ

p1� 2pρ2 � y2q � pρ2 � y2q2q1{2 ¤ C

» 2y

0

dρ

y
�
» 8

2y

dρ

p1� ρ2q ¤ C (5.132)
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This gives

|1
r

» 8

t

» s�t
0

ρλ2psq
ps� tqaps� tq2 � ρ2

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� 1� F3pr, ρ, λpsqq � 1

�
dρds|

¤ C
r

t2 logb�1ptq � C
r

t2 log1�bαptq
We then consider the second line on the right-hand side of (5.131), and use the same procedure as
above:

|�1

r

» 8

t

» s�t
0

ρ

ps� tq
λ2psqaps� tq2 � ρ2

p 8ρ2r2

p4r2 � p1� ρ2 � r2q2q3{2

� 8λpsq4α�4ρ2r2

p4λpsq2α�2r2 � p1� λpsq2α�2pρ2 � r2qq2q3{2


dρds|

¤ Cr

» 8

0

�
ρ2 psupx¥t |λ2pxq|q

p4r2 � p1� ρ2 � r2q2q3{2 �
ρ2 supx¥t p|λ2pxq|λpxq4α�4q

p1� 2λptq2α�2pr2 � ρ2q � λptq4α�4pρ2 � r2q2q3{2


dρ

¤ Cr

» 8

0

1

t2 logb�1ptqp1� 2pρ2 � r2q � pρ2 � r2q2q1{2dρ

� Cr

» 8

0

λptq3�3αdq

t2 logb�1ptq log�4b�4αbptqp1� 2pq2 � r2λptq2α�2q � pq2 � r2λptq2α�2q2q1{2

¤ Cr
B3prq

t2 logb�1ptq � Cr
B3prλptqα�1q

t2 logb�1ptq log�b�αbptq

This gives

|�1

r

» 8

t

» s�t
0

ρ

ps� tq
λ2psqaps� tq2 � ρ2

p 8ρ2r2

p4r2 � p1� ρ2 � r2q2q3{2

� 8λpsq4α�4ρ2r2

p4λpsq2α�2r2 � p1� λpsq2α�2pρ2 � r2qq2q3{2


dρds|

¤ C
r

t2 logb�1ptq � C
r

t2 log1�bαptq

In total, we get (5.128).
Next, we have to estimate Btv4 in the region r ¤ t

2
. Again, we write the formula for v4 as

v4pt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

v4,cps,
a
r2 � 2rρ cospθq � ρ2qa

r2 � ρ2 � 2rρ cospθq pr � ρ cospθqqdθdρds

Like done previously for v4, we introduce x � re1 P R2 to ease notation, and get

Btv4pt, rq � �
» 8

t

v4,spt, rq
ps� tq ds�

1

2π

» 8

t

»
Bs�tp0q

integrandv4,1aps� tq2 � |y|2dApyqds (5.133)
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where we recall

v4,spt, rq � �1

2π

»
Bs�tp0q

1aps� tq2 � |y|2
v4,cps, |x� y|q ppx� yq � pxq

|x� y| dApyq

integrandv4,1 �
�B2v4,cps, |x� y|q
|x� y|2ps� tq ppx� yq � yq px̂ � px� yqq

� v4,cps, |x� y|q
ps� tq|x� y|

�
�y � x̂� px̂ � px� yqq py � py � xqq

|x� y|2



So,

|integrandv4,1 | ¤ C|B2v4,cps, |x� y|q| � C|v4,cps, |x� y|q|
|x� y|

This is the same estimate obtained when estimating the integrand of v4, except for a factor of 1
r
.

So, the second term of (5.133) is estimated as follows:

| � 1

2π

» 8

t

»
Bs�tp0q

integrandv4,1aps� tq2 � |y|2dApyqds| ¤
C

t2 log3b�2N�1ptq , r ¤ t

2

For the first term in (5.133), we have

|
» 8

t

v4,spt, rq
ps� tq ds|

¤ C

» 8

t

1

ps� tq
»
Bs�tp0q

|v4,cps, |x� y|q|aps� tq2 � |y|2
�
1B s

2
p�xqpyq � 1pB s

2
p�xqqcpyq

	
dApyqds

¤ C

» 8

t

» s�t
0

ρ

» 2π

0

1

ps� tqaps� tq2 � ρ2

1

s2 logN�3bpsq
dθdρds

plog2Npsq � r2 � ρ2 � 2rρ cospθqq

� C

» 8

t

» s�t
0

ρ

» 2π

0

1

ps� tqaps� tq2 � ρ2

logpsq
log2bpsqs2t

1

ps2 � ρ2 � r2 � 2rp cospθqqdθdρds
(5.134)
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We first estimate the third line of (5.134):

|
» 8

t

» s�t
0

ρ

» 2π

0

1

ps� tqaps� tq2 � ρ2

1

s2 logN�3bpsq
dθdρds

plog2Npsq � r2 � ρ2 � 2rρ cospθqq |

¤ C

» 8

0

ρ

» 2π

0

1

pt� ρq2 log3b�Nptqplog2Nptq � ρ2 � r2 � 2rρ cospθqq» 8

ρ�t

dsdθdρ

ps� tqaps� tq2 � ρ2

¤ C

» 8

0

1

pt� ρq2 log3b�Nptq
» 2π

0

dθdρ

plog2Nptq � ρ2 � r2 � 2rρ cospθqq
¤ C

» 8

0

1

pt� ρq2 log3b�Nptq
dρb

plog2Nptq � pr � ρq2qplog2Nptq � pr � ρq2q

¤ C

log3b�Nptq
» 8

0

1

pt� ρq2
1b

log2Nptq � pr � ρq2
dρ

logNptq

¤ C

t2 log3b�2N�1ptq
Next, we have

|
» 8

t

» s�t
0

ρ

» 2π

0

1

ps� tqaps� tq2 � ρ2

logpsqdθdρds
log2bpsqps2 � ρ2 � r2 � 2rρ cospθqqs2t

|

¤ C

» 8

0

ρ

» 2π

0

1

log2bptq
logptq

pρ2 � r2 � 2rρ cospθq � t2q
1

pρ� tq
1

t2

» 8

ρ�t

dsdθdρ

ps� tqaps� tq2 � ρ2

¤ C

t2 log2bptq
» 8

0

» 2π

0

logptqdθdρ
pρ2 � r2 � 2rρ cospθq � t2qpρ� tq

¤ C logptq
t3 log2bptq

» 8

0

dρ

pρ� tq
a
t2 � ρ2

¤ C logptq
t4 log2bptq

Combining these, we get (5.129).
Now, we are ready to estimate Btv5. Again, we have

Btv5 � 1

2π

» 8

t

» s�t
0

ρ

ps� tq
1aps� tq2 � ρ2» 2π

0

N2pfv5qps,
a
r2 � ρ2 � 2rρ cospθqqpr � ρ cospθqqa
r2 � ρ2 � 2rρ cospθq dθdρds

� 1

2π

» 8

t

»
Bs�tp0q

integrandv5,1aps� tq2 � |y|2dApyqds
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with

|integrandv5,1 | ¤ C|B2N2pfv5qps, |x� y|q| � C
|N2pfv5qps, |x� y|q

|x� y|
Again, this is the same estimate for the integrand which appeared in the v5 pointwise estimates,
aside from an extra factor of 1

r
. So, we get

| � 1

2π

» 8

t

»
Bs�tp0q

integrandv5,1aps� tq2 � |y|2dApyqds| ¤
C

t7{2 log3b�3� 5N
2 ptq

, r ¤ t

2

Then, we need to estimate» 8

t

»
Bs�tp0q

1aps� tq2 � |y|2
|N2pfv5q|ps, |x� y|q

ps� tq
�
1B s

2
p�xqpyq � 1pB s

2
p�xqqcpyq

	
dApyqds

¤ C

» 8

t

» s�t
0

ρ

» 2π

0

1aps� tq2 � ρ2

1

ps� tq p
r � ρ

pλpsq2 � r2 � ρ2 � 2rρ cospθqqs4 log3bpsq
� s

s6 log3bpsq



dθdρds

� C

» 8

t

» s�t
0

ρ

» 2π

0

1aps� tq2 � ρ2

1

ps� tq
�

log3psq
s2t3

� 1

s6 log3N�7b�2psq



dθdρds

¤ C

» 8

0

ρ

» 2π

0

1

ρ

pr � ρq
p1� r2 � ρ2 � 2rρ cospθqq

1

logbptqpρ� tq4dθdρ� C

» 8

t

ds

s5 log3bpsq
� C

» 8

t

�
log3psq
s2t3

� 1

s6 log3N�7b�2psq



ds

¤ C
pr � 1q logptq
t4 logbptq � C

log3ptq
t4

¤ C
r logptq
t4 logbptq � C

log3ptq
t4

, r ¤ t

2

In total, we have (5.130).
Finally, we estimate Btv1. Using the same procedure used to estimate Btv3, we get

Btv1pt, rq

�
» 8

t

�λ2psq
r

» s�t
0

ρ

ps� tqaps� tq2 � ρ2

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

λ2psq
r

» s�t
0

ρaps� tq2 � ρ2

8ρ2r2

ps� tqp4r2 � p1� ρ2 � r2q2q3{2dρds

So, recalling (5.132), we have

|Btv1pt, rq| ¤ Cr

t2 logb�1ptq
» 1

0

B3prp1� σqqdσ � CrB3prq
t2 logb�1ptq ¤

Cr

t2 logb�1ptq
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Now, we return to (5.127), and get

|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
v3|r�Rλptq, φ0y| ¤ C logplogptqq

t3 log2ptq � C

t2 log�b�1�bαptq

|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
v4

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y|

¤ C

t3 log2b�2Nptq �
C

t2 logb�2N�1ptq

|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
v5

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y|

¤ C

t9{2 log2b�2� 5N
2 ptq

� C

t7{2 logb�3� 5N
2 ptq

|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y|

¤ C

t3 log2b�2N�1ptq �
C

t2 log1�bα�b�2Nptq
Combining these estimates, we finally conclude

|RHS 12ptq| ¤
C

t2 log1�3bptq
which implies

|λ3ptq| ¤ C

t2 logplogptqq log1�2bptq
Since λptq � λ0ptq � e0ptq, we get

|e30 ptq| ¤
C

t2 logplogptqq log1�2bptq (5.135)

Now that we have this preliminary estimate, we return to (5.123), and write

λptq � λ0,0ptq � eptq

Note that the function e defined in the above expression is different from the function e which
appeared in the construction of λ as a solution to the modulation equation. It will suffice for our
purposes to have an estimate of the form |e3ptq| ¤ C|λ30,0ptq|, and this is why we will not need to
use the slightly more complicated decomposition

λptq � λ0ptq � e0ptq � λ0,0ptq � λ0,1ptq � e0ptq
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Then, we differentiate (5.123), and write the equation in the following way, with any differen-
tiations under the integral sign justified by the preliminary estimate on e3. (Note that e3ptq �
e30 ptq � λ30,1ptq).

� 4

» 8

t

e3psqds
logpλ0,0psqqp1� s� tq � 4

» 8

t

e3psqds
p1� s� tq3 logpλ0,0psqqpλ0,0ptq1�α � s� tq

� 4αe3ptq
� �4αλ30,0ptq �

�4p1� αqλptq�αλ1ptq
logpλ0,0ptqq

» 8

t

e2psqds
pλptq1�α � s� tq2p1� s� tq3

� 1

logpλ0,0ptqq
��4αλ1ptqλ2ptq

λptq � BtGpt, λptqq � 4Bt
�» 8

0

λ20,0pt� wqdw
pλptq1�α � wqp1� wq3




� 1

logpλ0,0ptqq
�
�E 1

λ0,0
ptq � 4αplogpλ0,0ptqq � logpλptqqqλ3ptq

	
� 4

logpλ0,0ptqq
» 8

t

e3psq
p1� s� tq3

�
1

λ0,0ptq1�α � s� t
� 1

λptq1�α � s� t



ds

� 4

» 8

t

e3psq
1� s� t

�
1

logpλ0,0psqq �
1

logpλ0,0ptqq


ds

� 4

» 8

t

e3psq
p1� s� tq3pλ0,0ptq1�α � s� tq

�
1

logpλ0,0psqq �
1

logpλ0,0ptqq


ds

:� RHS3ptq

(5.136)

We now proceed to estimate RHS3, starting with the terms which do not involve G.

| � 4αλ30,0ptq| ¤
C

t3 logb�1ptq

|�4p1� αqλptq�αλ1ptq
logpλ0,0ptqq

» 8

t

e2psqds
pλptq1�α � s� tq2p1� s� tq3 |

¤ C

t3 logb�2ptqplogplogptqqq3{2

| �4αλ1ptqλ2ptq
logpλ0,0ptqqλptq | ¤

C

t3 logb�2ptq logplogptqq

| 4

logpλ0,0ptqqBt
�» 8

0

λ20,0pt� wqdw
pλptq1�α � wqp1� wq3



|

¤ C

logplogptqq
�» 8

0

|λ30,0pt� wq|dw
pλptq1�α � wqp1� wq3 �

» 8

0

|λ20,0pt� wq|λptq�α|λ1ptq|dw
pλptq1�α � wq2p1� wq3



¤ C

t3 logb�1ptq
By the same procedure used to estimate Eλ0,0 , we have

|E 1
λ0,0

ptq|
| logpλ0,0ptqq| ¤

C

t3 logb�1ptq logplogptqq
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In addition,

|4αplogpλ0,0ptqq � logpλptqqqλ3ptq
logpλ0,0ptqq |

¤ C

logplogptqq | logp1� eptq
λ0,0ptqq|

�
1

t3 logb�1ptq � |e3ptq|



¤ C

plogplogptqqq3{2
�

1

t3 logb�1ptq � |e3ptq|



| �4

logpλ0,0ptqq
» 8

t

e3psq
p1� s� tq3

�
1

λ0,0ptq1�α � s� t
� 1

λptq1�α � s� t



ds|

¤ C

logplogptqq
» 8

t

|e3psq|
p1� s� tq3

|λptq1�α � λ0,0ptq1�α|
pλ0,0ptq1�α � s� tq2 ds

¤ C supx¥t |e3pxq|
logplogptqq

» 8

t

1a
logplogptqq

ds

p1� s� tq3pλ0,0ptq1�α � s� tq

¤ C supx¥t |e3pxq|a
logplogptqq

Similarly,

| � 4

» 8

t

e3psq
p1� s� tq

�
1

logpλ0,0psqq �
1

logpλ0,0ptqq


ds|

¤ C

tplogplogptqqq2 logptq
» 8

t

|e3psq|ds ¤ C supx¥t
�|e3pxq|x3{2�

t3{2plogplogptqqq2 logptq
Finally,

| � 4

» 8

t

e3psq
p1� s� tq3pλ0,0ptq1�α � s� tq

�
1

logpλ0,0psqq �
1

logpλ0,0ptqq


ds|

¤ C supx¥t |e3pxq|
t logptqplogplogptqqq2

Now, we start to estimate the terms arising from BtGpt, λptqq:

|Bt pλptqE0,1pλptq, λ1ptq, λ2ptqqq | ¤ C

t3 logb�1ptq � C|e3ptq|

Bt
�
�16

» 8

t

λ2psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds



� �16

» 8

t

λ3psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds

� 16

» 8

t

λ2psq pB2pK3 �K3,0qps� t, λptqqqλ1ptqds

(5.137)
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For the first line of the right-hand side of (5.137), we have

| � 16

» 8

t

λ3psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds|

¤ C sup
x¥t

|λ3pxq|
» 8

t

|K3ps� t, λptqq �K3,0ps� t, λptqq|ds

¤ C

t3 logb�1ptq � C sup
x¥t

|e3pxq|

where we recall that
³8
t
|K3ps�t, λptqq�K3,0ps�t, λptqq|ds was estimated in the v3 inner product

subsection. For the second line of the right-hand side of (5.137), we start with

K3pw, λptqq �K3,0pw, λptqq

�
�

w

1� w2
� w

λptq2�2α � w2



w4

4pw2 � 36λptq2q2 �
1

4pλptq1�α � wqp1� wq3

Then, we get

|B2pK3 �K3,0qpw, λptqq| ¤ Cλptqα
p1� wq3pλptq � λptqαwq2

� Cλptq1�2αw5

p36λptq2 � w2q2pλptq2 � λptq2αw2q2

� Cλptqw5

p36λptq2 � w2q3 |
1

1� w2
� 1

pλptq2�2α � w2q |

Then, we note that » 8

0

λptq�αdw
p1� wq3pλptq1�α � wq2 ¤ C logplogptqq logbptq
» 8

0

λptq1�2αw5dw

p36λptq2 � w2q2pλptq2�2α � w2q2 ¤
C

λptq» 8

0

λptqw5

p36λptq2 � w2q3 |
1

1� w2
� 1

pλptq2�2α � w2q |dw

¤ C logplogptqq
λptq

This gives

|Bt
�
�16

» 8

t

λ2psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds


|

¤ C sup
x¥t

|e3pxq| � C

t3 logb�1ptq
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As mentioned before, some terms arising in BtGpt, λ0ptq � eptqq will be treated differently, now
that we have the preliminary estimate on e3. We start with the term

Bt
�

16

λptq2
» 8

t

λ2psq
�
K1ps� t, λptqq � λptq2

4p1� s� tq


ds



� �32λ1ptq

λptq3
» 8

t

λ2psq
�
K1ps� t, λptqq � λptq2

4p1� s� tq


ds

� 16

λptq2
» 8

t

λ3psq
�
K1ps� t, λptqq � λptq2

4p1� s� tq


ds

� 16

λptq2
» 8

t

λ2psq
�
B2K1ps� t, λptqqλ1ptq � λptqλ1ptq

2p1� s� tq


ds

For s� t ¤ 1, we estimate B2K1 as follows:

|B2K1ps� t, λptqq|

¤
» 8

0

R

p1�R2q3
» s�t

0

ρ

ps� tq
4λptqR2 p1� ρ2 �R2λptq2q

p4λptq2R2 � p1� ρ2 �R2λptq2q2q3{2dρdR

We then note that

4R2λptq2 � p1� ρ2 �R2λptq2q2 � p1� pρ�Rλptqq2qp1� pρ�Rλptqq2q

So,

| 4λptqR2 p1� ρ2 �R2λptq2q
p4λptq2R2 � p1� ρ2 �R2λptq2q2q3{2 | ¤ CR2λptq

Then, we obtain
|B2K1ps� t, λptqq| ¤ Cλptqps� tq, s� t ¤ 1

From here, we get» t�1

t

|λ2pxq||B2K1px� t, λptqq � λptq
2p1� x� tq ||λ

1ptq|dx ¤ C

t3 log3b�2ptq
For s� t ¥ 1, we use

B2K1ps� t, λptqq

�
» 8

0

R

p1�R2q3
» 8

0

ρ

ps� tq
4λptqR2p1� ρ2 � λptq2R2q

p4λptq2R2 � p1� ρ2 �R2λptq2q2q3{2dρdR

�
» 8

0

R

p1�R2q3
» 8

s�t

ρ

ps� tq
4λptqR2p1� ρ2 �R2λptq2q

p4R2λptq2 � p1� ρ2 �R2λptq2q2q3{2dρdR

� λptq
2ps� tq �

» 8

0

R

p1�R2q3
» 8

s�t

ρ

ps� tq
4λptqR2p1� ρ2 �R2λptq2q

p4R2λptq2 � p1� ρ2 �R2λptq2q2q3{2dρdR
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Then,» 8

t�1

|λ2psq||B2K1ps� t, λptqq � λptq
2p1� s� tq |ds|λ

1ptq|

¤ C

t3 log2b�2ptq
» 8

t�1

|B2K1ps� t, λptqq � λptq
2p1� s� tq |ds

¤ C

t3 log2b�2ptq
» 8

1

�
λptq
2w

� λptq
2p1� wq



dw

� C

t3 log2b�2ptq
» 8

0

R

p1�R2q3
» 8

1

ρ logpρq 4λptqR2p1� ρ2 �R2λptq2q
p4R2λptq2 � p1� ρ2 �R2λptq2q2q3{2dρdR

¤ C

t3 log3b�2ptq �
C

t3 log3b�2ptq
» 8

0

R3

p1�R2q3 logp2�RλptqqdR

¤ C

t3 log3b�2ptq
We also have

|�32λ1ptq
λptq3

» 8

t

λ2psq
�
K1ps� t, λptqq � λptq2

4p1� s� tq


ds|

¤ C

t3 log2�bptq
» 8

t

|K1ps� t, λptqq � λptq2
4p1� s� tq |ds

¤ C

t3 logb�2ptq
Finally, we have

| 16

λptq2
» 8

t

λ3pxq
�
K1px� t, λptqq � λptq2

4p1� x� tq


dx|

¤ C

λptq2 sup
x¥t

p|λ3pxq|q
» 8

t

|K1px� t, λptqq � λptq2
4p1� x� tq |dx

¤ C sup
x¥t

|λ3pxq|

Combining these, we get

|Bt
�

16

λptq2
» 8

t

λ2psq
�
K1ps� t, λptqq � λptq2

4p1� s� tq


ds



|

¤ C

t3 logb�1ptq � C sup
x¥t

|e3pxq|

Next, we consider

Bt
�

16

λptq2
» 8

t

λ2pxqKpx� t, λptqqdx



� �32λ1ptq
λptq3

» 8

t

λ2pxqKpx� t, λptqqdx� 16

λptq2
» 8

t

λ3pxqKpx� t, λptqqdx

� 16

λptq2
» 8

t

λ2pxqB2Kpx� t, λptqqλ1ptqdx
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Note that

|�32λ1ptq
λptq3

» 8

t

λ2pxqKpx� t, λptqqdx| ¤ C log3bptq
t3 log2b�2ptq

» 8

t

|Kpx� t, λptqq|dx

¤ C

t3 logb�2ptq
Next,

| 16

λptq2
» 8

t

λ3pxqKpx� t, λptqqdx| ¤ C sup
x¥t

|λ3pxq|

¤ C

t3 logb�1ptq � C sup
x¥t

|e3pxq|

Finally, the integral
16

λptq2
» 8

t

λ2psqB2Kps� t, λptqqλ1ptqds

was treated during the preliminary estimates (it is equal to λptq � I in the notation of that section).
So, in total, we get

|Bt
�

16

λptq2
» 8

t

λ2pxqKpx� t, λptqqdx


| ¤ C

t3 logb�1ptq � C sup
x¥t

|e3pxq|

Now, we return to (5.77) to prove an estimate on Btv3 which will be sufficient to estimate Btv4.
We start with

Btv3pt, rq

� �1

r

» 8

0

» w
0

ρa
w2 � ρ2

λ3pw � tq
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpt� wqq

�
dρdw

� 1

r

» 8

0

» w
0

ρa
w2 � ρ2

λ2pt� wqB3F3pr, ρ, λpt� wqqλ1pt� wqdρdw
(5.138)

The first line of (5.138) is treated in the same manner as v3 was, while obtaining (5.77). In par-
ticular, the analog of v3,2 which appeared in an intermediate step in obtaining (5.77) is estimated
by

Cr sup
x¥t

|λ3pxq| � Cr sup
x¥t

�|λ3pxq|λpxqα�1
�
λpxqα�1 � λptqα�1

��
λptq2�2α

¤ Cr

t3 logb�1ptq �
Cr

t logb�bαptq sup
x¥t

� |e3pxq|x
λpxq1�α



while the analog of v3,1 is estimated by

Cr sup
x¥t

� |λ3pxq|
λpxq2�2α



logplogptqqλptq2�2α
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To treat the second line of (5.138), we start with

|B3F3pr, ρ, λpsqq| ¤ Cr2λpsq2α�3

p1� λpsq4α�4pρ2 � r2q2 � 2λpsq2α�2pρ2 � r2qq
Then, we get

|�1

r

» 8

t

» s�t
0

ρ

ps� tqλ
2psqB3F3pr, ρ, λpsqqλ1psqdρds|

¤ C

r

» t�1

t

1

ps� tq
1

s3 log2b�2psq
» s�t

0

ρ
r2λpsq2α�3

p1� 2λpsq2α�2ρ2qdρds

� C

r

» 8

t�1

1

s3 log2b�2psqps� tq
» s�t

0

ρ|B3F3pr, ρ, λpsqq|dρds

¤ Cr

t3 logb�1ptq
and

|�1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psqB3F3pr, ρ, λpsqqλ1psqdρds|

¤ Cr

» 8

0

ρdρ

p1� λptq4α�4pρ2 � r2q2 � 2λptq2α�2pρ2 � r2qq
logp3�2αqbptq
t3 log2b�2ptq

¤ Cr

t3 logb�2ptq
Combining these, we get

|Btv3pt, rq| ¤ Cr logplogptqq
t3 logb�1ptq � Cr

t
sup
x¥t

�
x|e3pxq|
λpxq2�2α



logplogptqqλptq2�2α (5.139)

Next, we estimate BtE5. First, we recall the definition of E5:

E5pt, rq

� �1

r

» t�6r

t

» s�t
0

ρ

ps� tqλ
2psq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� 1

r

» 8

6r

�» w
0

ρ

w
λ2pt� wq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq
�
dρ

�λ
2pt� wq
w

r2w2

�
1

1� w2
� 1

pλpt� wq2�2α � w2q




dw

� r

» 8

t�6r

λ2psqps� tq
�

1

pλptq2�2α � ps� tq2q �
1

λpsq2�2α � ps� tq2


ds

� v3,2pt, rq

(5.140)
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We then estimate the time derivative of each of the lines of (5.140). For the first line, we have

|Bt
�
�1

r

» 6r

0

» w
0

ρ

w
λ2pt� wq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq
�
dρdw

�
|

¤ C

r

» 6r

0

» w
0

ρ

w
|λ3pt� wq| � | �1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq|dρdw

� C

r

» 6r

0

» w
0

ρ

w
|λ2pt� wqB3F3pr, ρ, λpt� wqqλ1pt� wq|dρdw

¤ C

r

» 6r

0

» w
0

ρ

w
|λ3pt� wq|dρdw � Cr

t3 logb�1ptq
where we note that the third line of the inequality above has been estimated already. Next, we have

Bt
�
�1

r

» 8

6r

�» w
0

ρ

w
λ2pt� wq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq
�
dρ

�λ
2pt� wq
w

r2w2

�
1

1� w2
� 1

pλpt� wq2�2α � w2q




dw



� 1

r

» 8

6r

λ2pt� wqr2w

� p2� 2αq
pλpt� wq2�2α � w2q2λpt� wq1�2αλ1pt� wq



dw

� 1

r

» 8

6r

» w
0

ρ

w
λ3pt� wq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq
�
dρdw

� 1

r

» 8

6r

λ3pt� wqr2w

�
1

1� w2
� 1

pλpt� wq2�2α � w2q


dw

� 1

r

» 8

6r

» w
0

ρ

w
λ2pt� wqB3F3pr, ρ, λpt� wqqλ1pt� wqdρdw

(5.141)

We get

|1
r

» 8

6r

λ2pt� wqr2w

� p2� 2αq
pλpt� wq2�2α � w2q2λpt� wq1�2αλ1pt� wq



dw|

¤ Cr

» 8

6r

|λ2pt� wq|w
pλpt� wq2�2α � w2q2λpt� wq1�2α|λ1pt� wq|dw

¤ Cr

t3 logb�2ptq
By the identical procedure used to estimate E4 in the v3 subsection, we have

| � 1

r

» 8

6r

» w
0

ρ

w
λ3pt� wq

�
�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq
�
dρdw

� 1

r

» 8

6r

λ3pt� wqr2w

�
1

1� w2
� 1

pλpt� wq2�2α � w2q


dw|

¤ Cr

t3 logb�1ptq � Cr sup
x¥t

|e3pxq|
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We then note that the last line of (5.141) was already estimated, and is bounded above in absolute
value by

Cr

t3 logb�1ptq
Then, we estimate

|Bt
�
r

» 8

t�6r

λ2psqps� tq
�

1

pλptq2�2α � ps� tq2q �
1

λpsq2�2α � ps� tq2q


ds



|

¤ Cr

» 8

6r

|λ3pt� wq| |λpt� wq2�2α � λptq2�2α|
pλpt� wq2�2α � w2q2 wdw

� Cr|
» 8

6r

λ2pt� wqwBt
�

1

pλptq2�2α � w2q �
1

λpt� wq2�2α � w2



dw|

The second line of the above expression is estimated by

r

» 8

6r

|λ3pt� wq| |λpt� wq2�2α � λptq2�2α|
pλpt� wq2�2α � w2q2 wdw

¤ Cr

» 8

6r

|λ3pt� wq| λptq1�2α|λ1ptq|w2

pλpt� wq2�2α � w2q2dw

¤ Cr

t log3b�1�3bαptq

�
1

t3 log1�b�2αbptq � sup
x¥t

� |e3pxq|
λpxq2�2α




On the other hand, we have

|r
» 8

6r

λ2pt� wqwBt
�

1

pλptq2�2α � w2q �
1

λpt� wq2�2α � w2



dw|

¤ Cr

t3 logb�2ptq
Finally, we recall

v3,2pt, rq � �1

r

» 8

t

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
λ2psq�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq

�
dρds

After taking the time derivative, we estimate the following term with the same argument used for
v3,2.

|�1

r

» 8

0

» w
0

ρ

�
1a

w2 � ρ2
� 1

w

�
λ3pt� wq�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpt� wqq

�
dρdw|

¤ Cr

t3 logb�1ptq �
Cr supx¥t

�
|e3pxq|x
λpxq3�2α

	
t log3b�2bαptq
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Finally,

|�1

r

» 8

0

» w
0

ρ

�
1a

w2 � ρ2
� 1

w

�
λ2pt� wqB3F3pr, ρ, λpt� wqqλ1pt� wqdρdw|

¤ Cr

t3 logb�2ptq
where we note that the integral has already been estimated while studying Btv3.

In total, we get

|BtE5pt, rq| ¤ Cr

t3 logb�1ptq �
Cr supx¥t

�
|e3pxq|x
λpxq3�2α

	
t logp3�2αqbptq

Now, we will obtain an estimate on Btv4 which is better than the preliminary one, (5.129). In
particular, now that we have the preliminary estimate on λ3, we can use the same procedure used
to estimate Btv3, to see that Btv1 solves, with 0 Cauchy data at infinity, the same equation as v1

does, except with λ2 replaced by λ3. This observation, combined with the estimates on v1 gives

|Btv1pt, rq| ¤ Cr plogptq � logp3� 2rqq
t

sup
x¥t

p|λ3pxq|xq (5.142)

(Note that we can not directly use the Btv1 analog of (5.12), because the preliminary estimate on
|e3| is not good enough to justify the steps which would produce such an estimate).

Now, we use the estimate (5.139), combined with the above estimate on Btv1, and the previous
estimate on Btv2, to get

|Btv4,cpt, rq| ¤
C|χ1¥1p 2r

logN ptqq|
t logptq

�
λptq2

pλptq2 � r2q2 |v1 � v2 � v3| � |F0,2pt, rq|



�
Cχ¥1p 2r

logN ptqqλptq|λ1ptq|
pr2 � λptq2q2 |v1 � v2 � v3|

�
Cχ¥1p 2r

logN ptqqλptq2|Btpv1 � v2 � v3q|
pλptq2 � r2q2

� Cχ¥1p 2r

logNptqq|BtF0,2pt, rq|

Using |χ1¥1p 2r
logN ptqq| � r

t logN�1ptq ¤ C
1
tr¥ logN ptq

2 u
t logptq , we get

|Btv4,cpt, rq| ¤
C1tr¥ logN ptq

2
u

log2bptqr4

$&%
r

t3 logbptq , r ¤ t
2

logprq
|t�r|

�
1

|t�r| � 1
t logptq

	
, t ¡ r ¡ t

2

�
C1tr¥ logN ptq

2
u

r3t3

�
logptq � logprq

log3b�1ptq



� C1tr¥ logN ptq

2
u
λptq2�2αplogptq � logprqq

r3t log2bptq sup
x¥t

� |e3pxq|x
λpxq2�2α




159



Then, we note that

Btv4pt, rq

� �1

2π

» 8

0

» w
0

ρa
w2 � ρ2

» 2π

0

B1v4,cpt� w,
a
r2 � ρ2 � 2rρ cospθqqa

r2 � ρ2 � 2rρ cospθq pr � ρ cospθqqdθdρdw

and, carry out the identical procedure done to obtain the estimate on vλ14 � vλ24 . This results in

|Btv4pt, rq| ¤ C

t3 log3b�N�2ptq �
Cλptq2�2α

t log2b�N�3ptq sup
x¥t

�
x|e3pxq|
λpxq2�2α



, r ¤ t

2

Like previously, in order to estimate Btv4 in the region r ¥ t
2
, we first record a slightly different

estimate on Btv4,c. To obtain this, we use (5.50) in the region t � ?
t ¤ r ¤ t � ?

t, and (5.51)
for the other parts of the region r ¥ t

2
to estimate v2. For Btv2, we use (5.50) in the region

t� t1{4 ¤ r ¤ t� t1{4, and (5.51) in the other parts of the region r ¥ t
2
.

This leads to

|Btv4,cpt, rq| ¤
C1tr¥ logN ptq

2
u

log2bptqr4

�

$'''''&'''''%

r
t3 logbptq , r ¤ t

2

logprq
|t�r|

�
1

|t�r| � 1
t logptq

	
, t

2
¤ r ¤ t�?

t, or r ¥ t�?
t

logprq
pt�rq2 � 1?

rt logptq , t�?
t ¤ r ¤ t� t1{4, or t� t1{4 ¤ r ¤ t�?

t
1?
r
, t� t1{4 ¤ r ¤ t� t1{4

�
C1tr¥ logN ptq

2
u

r3t3

�
logptq � logprq

log3b�1ptq



� C1tr¥ logN ptq

2
u
λptq2�2αplogptq � logprqq

r3t log2bptq sup
x¥t

� |e3pxq|x
λpxq2�2α



First, we obtain

||Btv4,c||L2prdrq ¤ C

t3 log3b�2Nptq �
C supx¥t

�
x|e3pxq|
λpxq2�2α

	
t log4b�2bα�2N�1ptq (5.143)

Then, we use the same procedure used to estimate vλ14 � vλ24 in the region r ¥ t
2
, and get

|Btv4pt, rq| ¤ C

t2 log3b�2Nptq �
C supx¥t

�
x|e3pxq|
λpxq2�2α

	
log4b�2αb�2N�2ptq , r ¥ t

2
(5.144)

Now, we recall (5.127), and prove new estimates on the terms involving v4, E5, v1 � v2 � v3,
and F0,2

|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
v4

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y|

¤ C

t3 logb�N�2ptq �
C supx¥t

�
x|e3pxq|
λpxq2�2α

	
t logN�3�2b�2bαptq
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|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
E5|r�Rλptq, φ0y| ¤ C

t3 logptq �
C supx¥t

�
x|e3pxq|
λpxq3�2α

	
logp2�2αqbptqt

|Btx
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y|

¤ C

t3 log2b�2Nptq �
Cλptq2�2α supx¥t

�
|e3pxq|x
λpxq2�2α

	
t log2N�b�1ptq

|Btxχ¥1p 2r

logNptqqF0,2|r�Rλptq, φ0y| ¤ C

t3 log2b�1�2bα�2Nptq �
C|e3ptq|

logb�2bα�2Nptq
From our previous estimates, we also have

|λ1ptq||x
�

cosp2Q 1
λptq
q � 1

r2

��
pv4 � v5q

�
1� χ¥1p4r

t
q


� E5



|r�Rλptq, φ0y|

� |λ1ptq||x
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y|

� |λ1ptq||xχ¥1p 2r

logNptqqF0,2|r�Rλptq, φ0y|

¤ C

t3 logb�2ptq
Combining these, we get

|Bt
�
λptqx

�
cosp2Q 1

λptq
q � 1

r2

��
pv4 � v5q

�
1� χ¥1p4r

t
q


� E5



|r�Rλptq, φ0y

�
|

� |Bt
�
λptqx

�
cosp2Q 1

λptq
q � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y
�
|

� |Bt
�
λptqxχ¥1p 2r

logNptqqF0,2|r�Rλptq, φ0y


|

¤ C

t3 logb�1ptq �
C supx¥t

�
x|e3pxq|
λpxq3�2α

	
t logp3�2αqbptq

where we use (5.130) to estimate Btv5. Finally, for all remaining terms in RHS3, we use the same
estimate that was used in obtaining the preliminary estimate on e3, and conclude

|RHS3ptq| ¤ C

t3 logb�1ptq �
C supx¥t

�
x3{2|e3pxq|�

t3{2
a

logplogptqq
Note that the left-hand side of (5.136) is the same as that of (5.66), except with e2 replaced with e3,
and λ0 replaced with λ0,0. This will not cause any major differences in the study of (5.136) relative
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to (5.66), because the key estimates (5.69) and (5.71) are invariant under multiplication of Kpt, sq
by any non-negative function of s, and (5.69) is still true with the replacement of 1

pλ0ptq1�α�s�tq by
1

pλ0,0ptq1�α�s�tq . In particular, if we define

K2pt, sq :� 1¤0ps� tq
α| logpλ0,0p�sqq|

�
1

1� s� t
� 1

p1� s� tq3pλ0,0p�tq1�α � s� tq



then, by the above discussion, the resolvent kernel associated to K2 in the same way that r was
associated to K, exists, and satisfies the same estimate as r: (5.72). Let us denote this resolvent
kernel by r2.

So far, we have that e3 is a solution to (5.136), which can be re-cast into the form

K2 � x� x � H2

similarly to (5.66). Next, we carry out the following computation, noting that the step which
requires Fubini’s theorem is justified by the preliminary estimate on e3, (5.135).

r2 � pK2 � xq � r2 � x � r2 �H2

pr2 �K2q � x� r2 � x � r2 �H2

H2 � x � K2 � x � r2 �H2

where we used the equation
r2 � r2 �K2 � K2

(Recall that r2 solves the r2 andK2 analogs of (5.70)). Translating x andH2 back to e3 andRHS3,
we have

e3ptq � RHS3ptq
4α

�
» 8

t

RHS3pzq
4α

r2p�t,�zqdz, a.e. t ¥ T0 (5.145)

e3, RHS3 are continuous functions, and the above equation can be rearranged to yield» 8

t

RHS3pzq
4α

r2p�t,�zqdz � RHS3ptq
4α

� e3ptq, a.e. t ¥ T0

So,

t ÞÑ
» 8

t

RHS3pzq
4α

r2p�t,�zqdz

agrees with a continuous function almost everywhere, and can thus be extended to a continuous
function. Moreover, using (5.72), for r2 instead of r, we have

|
» 8

t

RHS3pzq
4α

r2p�t,�zqdz| ¤ ||RHS3

2α
||L8prt,8qq, a.e. t ¥ T0

So, the same estimate holds for all t ¥ T0, where we now identify

t ÞÑ
» 8

t

RHS3pzq
4α

r2p�t,�zqdz
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with its continuous extension described above. Such an identification will be performed without
further mention. Returning to (5.145), we get

|e3ptq| ¤ C sup
x¥t

|RHS3pxq|

¤ C

t3 logb�1ptq �
C supx¥t

�
x3{2|e3pxq|�

t3{2
a

logplogptqq
Thus,

t3{2|e3ptq| ¤ C

t3{2 logb�1ptq �
C supx¥t

�
x3{2|e3pxq|�a

logplogptqq
But, as mentioned earlier, e3 is a continuous function on rT0,8q,
so t ÞÑ t3{2|e3ptq| is also continuous on rT0,8q, and

|e3ptq|t3{2 Ñ 0, tÑ 8

by the preliminary estimate on e3. So, for all t ¥ T0, there exists yptq ¥ t such that

sup
x¥t

�
x3{2|e3pxq|� � yptq3{2|e3pyptqq|

But, then,

sup
x¥t

�
x3{2|e3pxq|� � yptq3{2|e3pyptqq|

¤ C

yptq3{2 logb�1pyptqq �
C supx¥yptq

�
x3{2|e3pxq|�a

logplogpyptqq

¤ C

t3{2 logb�1ptq �
C supx¥t

�
x3{2|e3pxq|�a

logplogptqq
So, there exists some absolute constants Cp2 , Cp1 ¡ 0 such that, for all

t ¥ Cp1 � T0

we have
sup
x¥t

�
x3{2|e3pxq|� ¤ Cp2

t3{2 logb�1ptq
But, e3 P CprT0,8qq, so, there exists some absolute constant Cp3 ¡ 0 such that

|e3ptq| ¤ Cp3
t3 logb�1ptq , t ¥ T0

Recalling λptq � λ0,0ptq � eptq, we have

|λ3ptq| ¤ C

t3 logb�1ptq , t ¥ T0 (5.146)
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To finish, we only need to establish the estimates on BtBjrvk in the proposition statement. We recall
that Btv1 solves the same equation as v1, also with 0 Cauchy data at infinity, except with λ2 on the
right-hand side replaced with λ3. Now that we have established (5.146), we can justify the steps
leading to the Btv1 analog of (5.12), which gives

|Btv1pt, rq| ¤ C

rt logb�1ptq , r ¡ t

2

Combined with (5.142), this gives (5.118).
A similar large r estimate can be also proven for Btv3: Starting with (5.138), we get

|Btv3pt, rq|
¤ C

r

» 8

t

|λ3psq|ps� tqds

� C

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2

|λ2psq||λ1psq|r2λpsq2α�3

p1� λpsq4α�4pρ2 � r2q2 � 2λpsq2α�2pρ2 � r2qqdρds

¤ C

rt logb�1ptq , r ¡ t

2

Combining this with (5.139) gives (5.119).
Next, we estimate Btrvk, k � 1, 3. We start with Btrv3:

Btv3pt, rq

� �1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ3psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� 1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ2psqB3F3pr, ρ, λpsqqλ1psqdρds

(5.147)

Since the first line of (5.147) is the same expression as v3, except with λ3 replacing λ2, we use the
same procedure for this line, as was used to estimate Brv3 . For the second line of (5.147), we start
by noting that

|Br
�B3F3pr, ρ, λpsqq

r



|

¤ Cλpsq2α�1pλpsq6 � pρ2 � r2qλpsq4�2α � pρ2 � r2q2λpsq2�4αq
λpsq10p1� pρ2 � r2q2λpsq4α�4 � 2pρ2 � r2qλpsq2α�2q5{2

� Cλpsq8α�1pρ2 � r2q2pρ2 � r2q
λpsq10p1� pρ2 � r2q2λpsq4α�4 � 2pρ2 � r2qλpsq2α�2q5{2

We then estimate the partial r derivative of the second line of (5.147) using the same procedure
used before to estimate Brv3, and get

|Br
�
�1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ2psqB3F3pr, ρ, λpsqqλ1psqdρds

�
| ¤ C

t3 log1�bptq
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(Note that we have the factor |λ1psq| ¤ C
s logb�1psq in the integrand of the second line of (5.147),

which explains the gain relative to the analogous term arising in the Brv3 estimates). In total, we
get (5.120).

As observed before, Btv1 has the same exact representation formulae as v1, except with an
extra derivative on λ2. Therefore, we can use the identical procedure used to estimate Brv1, to get
(5.121).

This gives

|Btrv4,cpt, rq| ¤
C|χ2¥1p 2r

logN ptqq|
r3t3 log1�N�3bptq �

C|χ1¥1p 2r
logN ptqq|

r3t3 log3b�Nptq

� Cχ¥1p 2r

logNptqq

$''&''%
1

r4t3 log3bptq , r ¤ t
2

logprq
log2bptqr4

�
1

logptqr|t�r|t � 1
pt�rq2t � 1

pt�rq3
	

� 1
t3r4 log3bptq , t ¡ r ¡ t

2

(5.148)

Using the final estimates on λ3, we also get

|Btv4,cpt, rq|
r

¤
C1tr¥ logN ptq

2
u

r4t3 log3b�1�2αbptq

�
C1tr¥ logN ptq

2
u

log2bptqr5

$&%
r

t3 logbptq , r ¤ t
2

logprq
|t�r|

�
1

t logptq � 1
|t�r|

	
� 1

rt logb�1ptq , t ¡ r ¥ t
2

Now, we can prove (5.122) in the region r ¤ t
2
, by writing

Btv4pt, rq

� �r
2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2» 1

0

» 2π

0

Br
�
B1v4,cps,

a
r2 � ρ2 � 2rρ cospθqqa

r2 � ρ2 � 2rρ cospθq pr � ρ cospθqq
�
ps, ρ, βrqdθdβdρds

and using the same procedure used for v4. In total, we get

|Btv4pt, rq| ¤ Cr

t3 log3b�2N�2ptq , r ¤ t

2
(5.149)

Combining this with (5.144) (and the final estimate on λ3) gives (5.122).

5.8.11 Estimating λ4

Proposition 5.4. λ P C4prT0,8qq and we have the following estimates:

|λ4ptq| ¤ C

t4 logb�1ptq , t ¥ T0
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|B2
t v1pt, rq| ¤

#
Cr

t4 logbptq , r ¤ t
2

C
rt2 logb�1ptq , r ¡ t

2

(5.150)

|B2
t v3pt, rq| ¤ Cr logplogptqq

t4 logb�1ptq

|B2
t v4pt, rq| ¤

#
C

t4 log3b�2�N ptq , r ¤ t
2

C
t35{12 log2b�1ptq , r ¡ t

2

(5.151)

|B2
t v5pt, rq| ¤ C

t4 log3N�b�2ptq , r ¤ t

2
(5.152)

Proof. Recalling that λptq � λ0,0ptq � eptq, we will show that e P C4prT0,8qq, and estimate e4.
Returning to (5.123), we have

λ3ptq � RHS 12ptq
g2ptq � g12ptq

g2ptq2RHS2ptq

Because λ3 P C0prT0,8qq, an inspection of the definition of RHS2 shows that
RHS2 P C2prT0,8qq; so, λ3 P C1prT0,8qq, with

λ4ptq � Bt
�
RHS 12ptq
g2ptq � g12ptq

g2ptq2RHS2ptq



The previously obtained estimates on RHS2, RHS
1
2 then show that

|λ4ptq| ¤ C|RHS22ptq|
logplogptqq logbptq �

C

t3 log2�2bptq logplogptqq (5.153)

Again, we will first obtain a preliminary estimate on λ4, which will be improved afterwards. We
start by recalling the definition of RHS2:

RHS2ptq � � 16

λptq3
» 8

t

λ2psq pK1ps� t, λptqq �Kps� t, λptqqq ds� 2
pλ1ptqq2
λptq2

� 4b

λptqt2 logbptq � Ev2,ippt, λptqq

� x
�

cosp2Q 1
λptq
q � 1

r2

��
v3 � pv4 � v5q

�
1� χ¥1p4r

t
q




|r�Rλptq, φ0y

� x
�

cosp2Q 1
λptq
q � 1

r2

�
χ¥1

�
2r

logNptq



pv1 � v2 � v3q |r�Rλptq, φ0y

� 4

» 8

0

χ¥1p 2Rλptq
logNptqq

pλ1ptqq2R2φ0pRqdR
λptq2pR2 � 1q2
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We then note

|B2
t

�
2λ1ptq2
λptq2



| ¤ C

t4 log2ptq

|B2
t

�
4b

λptqt2 logbptq



| ¤ C

t4

|B2
t

��4λ1ptq2
λptq2

» 8

0

χ¥1p 2Rλptq
logNptqq

R2φ0pRqdR
pR2 � 1q2



| ¤ C

t4 log2�2b�2Nptq
To continue estimating RHS22 , we start with

B2
t

�
16

λptq2
» 8

t

λ2pxqK1px� t, λptqqdx



�
�

96

λptq4λ
1ptq2 � 32λ2ptq

λptq3

» 8

t

λ2pxqK1px� t, λptqqdx

� 64λ1ptq
λptq3

» 8

t

λ3pxqK1px� t, λptqqdx

� 64λ1ptq
λptq3

» 8

t

λ2pxqB2K1px� t, λptqqλ1ptqdx

� 16

λptq2
» 8

t

λ3pxqB1K1px� t, λptqqdx

� 32

λptq2
» 8

t

λ3pxqB2K1px� t, λptqqλ1ptqdx

� 16

λptq2
» 8

t

λ2pxq �B2
2K1px� t, λptqqλ1ptq2 � B2K1px� t, λptqqλ2ptq� dx

(5.154)

The only term in (5.154) which we can not immediately estimate from previous estimates is the
one involving B2

2K1. The analogous term involving K is also present in RHS23ptq. We start with

|B22Kpx, λptqqpλ1ptqq2 � B2Kpx, λptqqλ2ptq|

¤
» 8

0

Crλptq2 pλ1ptq2 � λptqλ2ptqq
pr2 � λptq2q3

» x
0

ρ

�
1a

x2 � ρ2
� 1

x

�
�

1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdr
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which gives

| 16

λptq2
» 8

t

λ2pxq �B2
2Kpx� t, λptqqλ1ptq2 � B2Kpx� t, λptqqλ2ptq� dx|

¤ C

t4 log3b�2ptq
» 8

t

» 8

0

r

pr2 � λptq2q3
» x�t

0

ρ

�
1apx� tq2 � ρ2

� 1

x� t

�
�

1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdrdx

¤ C

t4 log3b�2ptq
» 8

0

r

pr2 � λptq2q3
» 8

0

ρ

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
» 8

ρ�t

�
1apx� tq2 � ρ2

� 1

x� t

�
dxdρdr

¤ C

t4 log3b�2ptq
» 8

0

r3

pr2 � λptq2q3dr

¤ C

t4 log2�bptq
Then, we treat the K1 term:

K1px, λptqq �
» 8

0

r

λptq2p1� r2

λptq2 q3
» x

0

ρ

x

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdr

Proceeding as for K, we get

| 16

λptq2
» 8

t

λ2pxq �B2
2K1px� t, λptqqλ1ptq2 � B2K1px� t, λptqqλ2ptq� dx|

¤ C

» 8

t

|λ2pxq| 1

t2 log2b�1ptq
» 8

0

r

pr2 � λptq2q3
1

px� tq» x�t
0

ρ

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdrdx

¤ C

» 8

t

|λ2pxq| 1

t2 log2b�1ptq
» 8

0

r

pr2 � λptq2q3
1

px� tq

�
$&%
³x�t
0

2ρdρ, x� t ¤ 1³8
0
ρ

�
1� r2�1�ρ2?

pr2�1�ρ2q2�4r2



dρ, x� t ¥ 1

drdx

¤ C

» t�1

t

px� tq
x2 logb�1pxqt2 log2b�1ptq

dx

λptq4

� C

» 8

t�1

dx

x2 logb�1pxqpx� tqt2 logptq
¤ C

t4 log1�bptq
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Combining this with estimates for the other terms in (5.154) (which are deduced from the proce-
dure used in obtaining preliminary estimates on e3), we get

|B2
t

�
16

λptq2
» 8

t

λ2pxqK1px� t, λptqqdx� 16

λptq2
» 8

t

λ2pxqKpx� t, λptqqdx


|

¤ C

t3 log1�2bptq
Next, we consider terms arising in B2

t pλptqEv2,ippt, λptqqq.

B2
t

�
2cbλptq

» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ



� 2cbλ
2ptq

» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ � 4cbλ
1ptq
» 8

0

�2 sinptξq
t3

ψv2pξ, λptqqdξ

� 4cbλ
1ptq
» 8

0

ξ cosptξq
t2

ψv2pξ, λptqqdξ � 4cbλ
1ptq
» 8

0

sinptξq
t2

B2ψv2λ
1ptqdξ

� 4cbλptq
» 8

0

�2ξ cosptξq
t3

ψv2pξ, λptqqdξ � 2cbλptq
» 8

0

6 sinptξq
t4

ψv2pξ, λptqqdξ

� 4cbλptq
» 8

0

�2 sinptξq
t3

B2ψv2λ
1ptqdξ

� 2cbλptq
» 8

0

ξ2 sinptξq
t2

ψv2pξ, λptqqdξ � 4cbλptq
» 8

0

ξ cosptξq
t2

B2ψv2λ
1ptqdξ

� 2cbλptq
» 8

0

sinptξq
t2

�B22ψv2λ
1ptq2 � B2ψv2λ

2ptq� dξ
Only three integrals can not be immediately estimated based on our previous estimates. These three
integrals are estimated using the same procedure used before, by estimating K1pxq and various of
its derivatives, using the fact that K1 appears in ψv2pξλptqq with its argument x � ξλptq satisfying
0   x   1

4
. We have

�2cbλptq
» 8

0

ξ2 sinptξq
t2

ψv2pξ, λptqqdξ �
2cbλptq
t5

» 8

0

cosptξqB3
ξ

�
ξ2ψv2pξ, λptqq

�
dξ

4cbλptq
» 8

0

ξ cosptξq
t2

B2ψv2λ
1ptqdξ � �4cbλptq

» 8

0

cosptξq
t4

B2
ξ pξB2ψv2qλ1ptqdξ

and

2cbλptq
» 8

0

sinptξq
t2

�B22ψv2λ
1ptq2� dξ � 2cbλptq

» 8

0

cosptξq
t3

B122ψv2pξ, λptqqλ1ptq2dξ

Using these, and the procedure described above, we get

| � 2cbλptq
» 8

0

ξ2 sinptξq
t2

ψv2pξ, λptqqdξ| � |4cbλptq
» 8

0

ξ cosptξq
t2

B2ψv2λ
1ptqdξ|

� |2cbλptq
» 8

0

sinptξq
t2

�B22ψv2λ
1ptq2� dξ|

¤ C

t5
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Every other term arising in

B2
t

�
2cbλptq

» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ



can be estimated by using estimates for λ, λ1, λ2, and the terms estimated when considering

Bt
�

2cbλptq
» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ



In total, we then get

|B2
t

�
2cbλptq

» 8

0

sinptξq
t2

ψv2pξ, λptqqdξ


| ¤ C

t5

For the term

B2
t

�
2cbλptq

» 8

0

sinptξq
t2

χ¤ 1
4
pξqFv2pξ, λptqqdξ



we use the identical procedure as above, noting that the only difference is that ψv2pξ, λptqq is
replaced here by χ¤ 1

4
pξqFv2pξ, λptqq. Then, we get

| � 2cbλptq
» 8

0

ξ2 sinptξq
t2

χ¤ 1
4
pξqFv2pξ, λptqqdξ|

� |4cbλptq
» 8

0

ξ cosptξq
t2

χ¤ 1
4
pξqB2 pFv2pξ, λptqqqλ1ptqdξ|

� |2cbλptq
» 8

0

sinptξq
t2

�
χ¤ 1

4
pξqB22 pFv2pξ, λptqqqλ1ptq2

	
dξ|

¤ C logplogptqq
t5 log2bptq

In total, we have

|B2
t

�
2cbλptq

» 8

0

sinptξq
t2

χ¤ 1
4
pξqFv2pξ, λptqqdξ



| ¤ C logplogptqq

t5 log2bptq
The next term to consider is

B2
t

�» 1
2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

�

� 4

t4

�
b� 1

logbp2q �
bpb� 1q
logb�1p2q



sinp t

2
q � Err

�
�

2pb� 1q
logbp2q � 2bpb� 1q

logb�1p2q



cosp t

2
q

4t3
� sinp t

2
q

t4

�
Bξ
�
ξpb� 1q
logbp1

ξ
q �

ξbpb� 1q
logb�1p1

ξ
q

�
|ξ� 1

2

�
� E2

where we integrate by parts after differentiating the integral, and

|Err| ¤ C

t5
, |E2| ¤ C

t5
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On the other hand, we have

B2
t

�» t
2

0

sinpuqbpb� 1qdu
t2u logb�1p t

u
q

�

� cosp t
2
qbpb� 1q

2t3 logb�1p2q � 3 sinp t
2
qbpb� 1q

t4 logb�1p2q
� sinp t

2
qbpb� 1q
t

� �2

t3 logb�1p2q �
pb� 1q

t3 logb�2p2q



�
» t

2

0

sinpuqbpb� 1q
u

�
6

t4 logb�1p t
u
q �

5pb� 1q
t4 logb�2p t

u
q �

pb� 2qpb� 1q
t4 logb�3p t

u
q

�
du

So,

B2
t

�» 1
2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

�

� B2
t

�» t
2

0

sinpuqpb� 1q
t2u

�
b

logb�1p t
u
q �

1

logbp t
u
q

�
du

�

� O

�
1

t5



�
» t

2

0

sinpuqpb� 1q
u

�
6

t4 logbp t
u
q �

5b

t4 logb�1p t
u
q �

bpb� 1q
t4 logb�2p t

u
q

�
du

�
» t

2

0

sinpuqbpb� 1q
u

�
6

t4 logb�1p t
u
q �

5pb� 1q
t4 logb�2p t

u
q �

pb� 1qpb� 2q
t4 logb�3p t

u
q

�
du

� O

�
1

t5



� 3pb� 1qπ
t4 logbptq �O

�
1

t4 logb�1ptq



where we used the computations from the section which constructed v2, to obtain the 1

t4 logbptq term
above. We conclude the following estimate on one of the terms arising in B2

t pλptqEv2,ippt, λptqqq:

|B2
t

�» 1
2

0

�
χ¤ 1

4
pξq � 1

	 sinptξq
t2

�
b� 1

ξ logbp1
ξ
q �

bpb� 1q
ξ logb�1p1

ξ
q

�
dξ

�

� B2
t

�» t
2

0

sinpuqpb� 1q
t2u

�
b

logb�1p t
u
q �

1

logbp t
u
q

�
du�

� pb� 1qπ
2t2 logbptq


�
|

¤ C

t4 logb�1ptq
In total, we finally get

|B2
t pλptqEv2,ippt, λptqqq | ¤

C

t4 logb�1ptq
By the same procedure, this estimate is also true for the case b � 1.

Now, we record preliminary estimates on B2
t vk, k � 1, 3, 4, 5
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Lemma 5.15 (Preliminary estimates on B2
t vk). We have the following preliminary estimates on

B2
t vk:

|B2
t v1pt, rq| ¤ Cr

p1� rq
1

t3 logb�1ptq (5.155)

|B2
t v3pt, rq| ¤ Cr

t4 logb�1ptq �
C

t3 log1�2αb�bptq (5.156)

|B2
t v4pt, rq| ¤

#
C

t3 logb�2N�2ptq , r ¤ t
2

C
t2 log3N�bptq , r ¥ t

2

(5.157)

|B2
t v5pt, rq| ¤ C

t4 log3N�b�2ptq , r ¤ t

2
(5.158)

Proof. First, we estimate B2
t v3. We start with the formula for Btv3 used in the process of proving

the final estimate on λ3:

Btv3pt, rq

� �1

r

» 8

t

» s�t
0

ρaps� tq2 � ρ2
λ3psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� 1

r

» 8

0

» w
0

ρa
w2 � ρ2

λ2pt� wqB3F3pr, ρ, λpt� wqqλ1pt� wqdρdw
(5.159)

Denote the first line on the right-hand side of (5.159) by v3,1,t. Then, we have

Btv3,1,tpt, rq

� 1

r

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2
λ3psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds

� 1

r

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2
λ3psq

�
8ρ2r2

p4r2 � p1� ρ2 � r2q2q3{2

� �8λpsq4α�4ρ2r2

p4λpsq2α�2r2 � p1� λpsq2α�2pρ2 � r2qq2q3{2


dρds

(5.160)

We will need to use a more complicated procedure for (5.160) than what was used to treat the
analogous term which arose in the course of obtaining (5.128). For the first line on the right-hand
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side of (5.160), we start with

| �1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq|

¤
#

2, ρ ¤ 4r

| �1�ρ2�r2?
p1�ρ2�r2q2�4r2

� 1| � | � 1� F3pr, ρ, λpsqq|, ρ ¡ 4r

¤
#

2, ρ ¤ 4r
r2

ρ2
, ρ ¡ 4r

Then, we have

|1
r

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2
λ3psq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpsqq
�
dρds|

¤ C

r

» 8

0

ρ

t3 logb�1ptq

�#
2, ρ ¤ 4r
r2

ρ2
, ρ ¡ 4r

�» 8

ρ�t

dsdρ

ps� tqaps� tq2 � ρ2

¤ C

r

» 4r

0

dρ

t3 logb�1ptq �
C

r

» 8

4r

r2dρ

ρ2t3 logb�1ptq
¤ C

t3 logb�1ptq
We then consider the second line on the right-hand side of (5.160). First, note that, because

λ1pxq ¤ 0, x ¥ T0, we have λpsq2α�2 ¥ λptq2α�2, s ¥ t. Then, we start with the case
r ¤ λptq1�α

4
¤ 1

4
. We have 1� ρ2 ¥ 16r2, and 1� λptq2α�2ρ2 ¥ 16λptq2α�2r2. Whence, we have

1

p4r2 � p1� r2 � ρ2q2q3{2 ¤
C

p1� ρ2q3

1

p4λptq2α�2r2 � p1� λptq2α�2ρ2 � λptq2α�2r2q2q3{2 ¤
C

p1� ρ2λptq2α�2q3
So,

| � 1

r

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2
λ3psq

�
8ρ2r2

p4r2 � p1� ρ2 � r2q2q3{2

� �8λpsq4α�4ρ2r2

p4λpsq2α�2r2 � p1� λpsq2α�2pρ2 � r2qq2q3{2


dρds|

¤ C

r

» 8

0

1

t3 logb�1ptq

�
ρ2r2

p1� ρ2q3 �
ρ2r2

p1� λptq2α�2ρ2q3 log4αb�4bptq



dρ

¤ Cr

t3 log1�bαptq , r ¤ λptq1�α
4
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If r ¥ λptq1�α
4

, then,

| � 1

r

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2
λ3psq

�
8ρ2r2

p4r2 � p1� ρ2 � r2q2q3{2

� �8λpsq4α�4ρ2r2

p4λpsq2α�2r2 � p1� λpsq2α�2pρ2 � r2qq2q3{2


dρds|

¤ C

r

�
r2

t3 logb�1ptq
» 4r

0

ρ2dρ

p4r2 � p1� r2 � ρ2q2q3{2

� r2

t3 logb�1ptq log4αb�4bptq
» 4r

0

ρ2dρ

p4λptq2α�2r2 � p1� λptq2α�2pρ2 � r2qq2q3{2



� C

rt3 logb�1ptq
» 8

4r

�
ρ2r2

ρ6
� ρ2r2

log4αb�4bptqλptq6α�6ρ6



dρ

¤ C

r

�
r3

t3 logb�1ptq
» 8

0

ρdρ

p4r2 � p1� r2 � ρ2q2q3{2

� r3

t3 logb�1ptq log4αb�4bptq
» 8

0

ρdρ

p4λptq2α�2r2 � p1� λptq2α�2pρ2 � r2qq2q3{2



� C

rt3 logb�1ptq

�
1

r
� 1

r log2b�2αbptq



¤ C

t3 log�b�2αb�1ptq
In total, we get

|Btv3,1,tpt, rq| ¤ C

t3 log1�2αb�bptq
For the t derivative of the second line of (5.159), we start with

|B2
3F3pr, ρ, λpsqq| ¤ C|B3F3pr, ρ, λpsqq|

λpsq
� Cλpsq4α�6r2

λpsq2α�2 p1� pρ2 � r2q2λpsq4α�4 � 2pρ2 � r2qλpsq2α�2q
Then, we use our estimate for B3F3 proven while estimating Btv3 previously, and note that the
estimate above for B2

3F3 gives rise to an estimate of the t derivative of the integrand of the second
line of (5.159) which is of the same form as the estimate on the integrand used to obtain the final
estimate on Btv3. We can therefore read off an estimate from our previous computations, and get
that the partial t derivative of the second line of (5.159) is bounded above in absolute value by

Cr

t4 logb�1ptq
This gives (5.156).
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For B2
t v1, we have

Bttv1pt, rq

�
» 8

t

�λ3psq
r

» s�t
0

ρaps� tq2 � ρ2ps� tq

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

�
» 8

t

λ3psq
r

» s�t
0

ρaps� tq2 � ρ2

8ρ2r2

ps� tqp4r2 � p1� ρ2 � r2q2q3{2dρds

(5.161)

For the first line of (5.161),we get» 8

t

�λ3psq
r

» s�t
0

ρ

ps� tqaps� tq2 � ρ2

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds

� �
» 8

0

ρ

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�» 8

ρ�t

λ3psq
rps� tqaps� tq2 � ρ2

dsdρ

Next, if
fv1,tpx, yq � 1� x� yapx� yq2 � 4x

, x ¥ 0, y ¥ 1

then,

|fv1,tpx, yq| ¤
Cx

y2
, x ¤ y

16

Also, we have
|fv1,tpx, yq| ¤ 2

Note that if r ¤ 1
4
, then, r2 ¤ 1�ρ2

16
. So, we get

|
» 8

t

�λ3psq
r

» s�t
0

ρ

ps� tqaps� tq2 � ρ2

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρds|

¤ C
supx¥t |λ3pxq|

r

#³8
0
|fv1,tpr2, 1� ρ2q|dρ, r   1

4³4r
0

2dρ� C
³8
4r

r2dρ
ρ4
, r ¡ 1

4

¤ C sup
x¥t

|λ3pxq|
#
r, r   1

4

1, r ¡ 1
4

¤ C
r

1� r
sup
x¥t

|λ3pxq|

For the second line of (5.161), we use a similar procedure as above, again treating first the case
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r ¤ 1
4
, and get

|
» 8

t

λ3psq
r

» s�t
0

ρaps� tq2 � ρ2

8ρ2r2

ps� tqp4r2 � p1� r2 � ρ2q2q3{2dρds|

¤ C supx¥t |λ3pxq|
r

» 8

0

ρ3r2

p4r2 � p1� r2 � ρ2q2q3{2
» 8

ρ�t

1aps� tq2 � ρ2

dsdρ

ps� tq

¤ C
supx¥t |λ3pxq|

r
r2

» 8

0

ρ2dρ

p1� ρ2q3

¤ Cr sup
x¥t

|λ3pxq|, r ¤ 1

4

where we used the fact that

r ¤ 1

4
ùñ 1� ρ2 � r2 ¥ Cp1� ρ2q

Next, we consider the second line of (5.161) for r ¡ 1
4
. Here, we get

|
» 8

t

λ3psq
r

» s�t
0

ρaps� tq2 � ρ2

8ρ2r2

ps� tqp4r2 � p1� r2 � ρ2q2q3{2dρds|

¤ C
supx¥t |λ3pxq|

r

�» 2r

0

ρ2r2dρ

p4r2 � p1� r2 � ρ2q2q3{2 �
» 8

2r

ρ2r2dρ

p4r2 � p1� r2 � ρ2q2q3{2



¤ C supx¥t |λ3pxq|
r

�
2r

» 2r

0

r2ρdρ

p4r2 � p1� r2 � ρ2q2q3{2 � r2

» 8

2r

ρ2dρ

ρ6



¤ C sup

x¥t
|λ3pxq|, r ¡ 1

4

In total, we get (5.155).
Now, we will obtain an estimate on B2

t v4. We write

v4 � v0
4pt, rq � v1

4pt, rq
where v0

4 solves the same equation as v4, with 0 Cauchy data at infinity, except with right-hand
side equal to v0

4,c, which is given by

v0
4,cpt, rq � χ¥1p 2r

logNptqq
��

cosp2Q1p r
λptqqq � 1

r2

�
pv1 � v2 � v3q

�
and similarly for v1

4 , where

v1
4,cpt, rq � χ¥1p 2r

logNptqqF0,2pt, rq

We start with

B2
t v

0
4pt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

B2
1v

0
4,cps,

a
r2 � ρ2 � 2rρ cospθqq pr � ρ cospθqqa

r2 � ρ2 � 2rρ cospθq dθdρds
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Then, we note that

|B2
t v

0
4,cpt, rq| ¤ C

1tr¥ logN ptq
2

u|v1 � v2 � v3|
t2 log2b�1ptqr4

�
C1tr¥ logN ptq

2
u|Btpv1 � v2 � v3q|

t log2b�1ptqr4

�
C1tr¥ logN ptq

2
u|B2

t pv1 � v2 � v3q|
r4 log2bptq

For the purposes of obtaining a preliminary estimate on B2
t v

0
4 in the region r ¤ t

2
, we combine all

of our previous estimates in the following way:

|B2
t v

0
4,cpt, rq| ¤ 1tr¥ logN ptq

2
u

$''&''%
C

r4 log2bptqt3
�

1
log1�2bα�bptq � 1

logbptq

	
, r ¤ t

2

C logprq
r4 log2bptq

�
1

|t�r|3 � 1
t logptqpt�rq2 � 1

t2 logptq|t�r|

	
� C
r4t3 log1�b�2bαptq , t ¡ r ¡ t

2

Directly inserting this estimate into our previous formula for B2
t v

0
4pt, rq, and estimating as in pre-

vious sections, we get

|B2
t v

0
4pt, rq| ¤

C

t3 log2N�b�2ptq , r ¤ t

2

We will use the same procedure used for Btv4 to estimate B2
t v

0
4 in the region r ¥ t

2
. As in previous

cases, we will use a different combination of Bjt v2 estimates to get a different estimate for B2
t v

0
4,c:

|B2
t v

0
4,cpt, rq| ¤

$''''''&''''''%

C1
tr¥ logN ptq

2 u
r4 logbptqt3 , r ¤ t

2

C
log2bptqr9{2 , t� t1{6 ¤ r ¤ t� t1{6

C logprq
r4 log2bptq

�
1

|t�r|3 � 1
t logptqpt�rq2 � 1

t2 logptq|t�r|

	
� C
r4t3 log1�b�2bαptq , t� t1{6 ¡ r ¡ t

2
, or r ¡ t� t1{6

We then get

|B2
t v

0
4pt, rq| ¤

C

t2 log3N�bptq , r ¥ t

2

which gives

|B2
t v

0
4pt, rq| ¤

#
C

t3 log2N�b�2ptq , r ¤ t
2

C
t2 log3N�bptq , r ¥ t

2

Now, we estimate B2
t v

1
4 . This time, we follow the procedure used to obtain the preliminary estimate

on Btv4:

B2
t v

1
4pt, rq

� 1

2π

» 8

t

1

ps� tq
» s�t

0

ρaps� tq2 � ρ2» 2π

0

B1v
1
4,cps,

a
r2 � ρ2 � 2rρ cospθqqpr � ρ cospθqqa
r2 � ρ2 � 2rρ cospθq dθdρds

� 1

2π

» 8

t

»
Bs�tp0q

integrandv14,2aps� tq2 � |y|2dApyqds

(5.162)
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where

integrandv14,2 �
�B12v

1
4,cps, |x� y|q

|x� y|2ps� tq ppx� yq � yqppx � px� yqq

� B1v
1
4,cps, |x� y|q

ps� tq|x� y|
�
�y � px� ppx � px� yqqpy � py � xqq

|x� y|2



which gives

|integrandv14,2 | ¤ C|B12v
1
4,c| � C

|B1v
1
4,c|

|x� y|
We start with the term on the first line of (5.162):

| 1

2π

» 8

t

1

ps� tq
» s�t

0

ρaps� tq2 � ρ2» 2π

0

B1v
1
4,cps,

a
r2 � ρ2 � 2rρ cospθqqpr � ρ cospθqqa
r2 � ρ2 � 2rρ cospθq dθdρds|

¤ C

» 8

t

1

ps� tq
» s�t

0

ρaps� tq2 � ρ2» 2π

0

dθdρds

s3 log3b�1�N�2bαpsqplog2Npsq � ρ2 � r2 � 2rρ cospθqq
¤ C

» 8

0

ρ

» 2π

0

1

pρ� tq3 log3b�1�N�2bαptqplog2Nptq � r2 � ρ2 � 2rρ cospθqq» 8

ρ�t

dsdθdρ

ps� tqaps� tq2 � ρ2

¤ C

t3 log3b�2N�2bαptq
For the second line of (5.162), we use the same procedure used to estimate v4 previously, and we
get

| � 1

2π

» 8

t

»
Bs�tp0q

integrandv14,2aps� tq2 � |y|2dApyqds| ¤
C

t3 log3b�1�2N�2αbptq
In total, we get

|B2
t v

1
4pt, rq| ¤

C

t3 log3b�2N�1�2αbptq , r ¥ 0

Combining with the estimate on B2
t v

0
4 above, we get (5.157).
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Next, we estimate B2
t v5. We start with

|B2
tN2pfqpt, rq| ¤

�
Cλptqλ1ptq2
rpr2 � λptq2q2 �

C|λ2ptq|
rpr2 � λptq2q



|fpt, rq|2

� C|λ1ptq|
rpr2 � λptq2q |fpt, rqBtfpt, rq|

� Cλptq
rpr2 � λptq2q

�pBtfpt, rqq2 � |fpt, rqBttfpt, rq|
�

� C ppλ1ptqq2 � λptq|λ2ptq|q
pr2 � λptq2q2 |fpt, rq3| � Cλptq|λ1ptq|

pr2 � λptq2q2 |fpt, rq
2Btfpt, rq|

� C

r2

�|fpt, rq|pBtfpt, rqq2 � pfpt, rqq2|Bttfpt, rq|
�

(5.163)

where f � v1 � v2 � v3 � v4.
For the purposes of estimating B2

t v5 in the region r ¤ t
2
, we return to (5.163), and use (5.51)

for all quantities involving v2 in the region r ¥ t
2
, with the following exceptions. For the term

involving |f | � |Btf |2 on the last line of (5.163), we take the following average of (5.51) and (5.50)
to estimate pBtv2q2 in the region r ¥ t

2
:

pBtv2pt, rqq2 ¤ C

�
logprq
|t� r|2


3{2
� 1

r1{4

Similarly, for the term involving f 2|Bttf |, we estimate v2
2|Bttv2| by

pv2pt, rqq2|Bttv2| ¤ C logprq2
|t� r|4?r

(This is so that we will not have to have an extra argument for a term analogous to the last line of
(5.95)). This procedure gives

|B2
tN2pfqpt, rq| ¤ C

$''&''%
1

t5 logbptqpr2�λptq2q , r ¤ t
2

logprq
r3t2|t�r| log3N�2bptq �

log2prq
r2pt�rq2t2 log3N�bptq �

log3prq
t2r2 logptq|t�r|3

� log5{2prq
r9{4pt�rq4 ,

t
2
¤ r   t

Using these estimates in the formula

B2
t v5pt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

B2
1N2pfqps,

a
r2 � ρ2 � 2rρ cospθqqa

r2 � ρ2 � 2rρ cospθq pr � ρ cospθqqdθdρds

gives (5.158).

Then, we use all of our estimates above to get

|B2
t

�
x
�

cosp2Q 1
λptq
prqq � 1

r2

�
v3|r�Rλptq, φ0y

�
| ¤ C

t3 log1�2αb�3bptq
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|B2
t

�
x
�

cosp2Q 1
λptq
prqq � 1

r2

�
v4

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y

�
| ¤ C

t3 log2N�2�bptq

|B2
t

�
x
�

cosp2Q 1
λptq
prqq � 1

r2

�
v5

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y

�
| ¤ C

t4 log3N�b�2ptq

|B2
t

�
x
�

cosp2Q 1
λptq
prqq � 1

r2

��
χ¥1p 2r

logNptqqpv1 � v2 � v3q


|r�Rλptq, φ0y

�
|

¤ C

t3 log1�3N�2αbptq
Finally, assembling together all of our previous estimates, we conclude

|RHS22ptq| ¤
C

t3 log1�3bptq
Returning to (5.153), we get

|λ4ptq| ¤ C

t3 log1�2bptq logplogptqq
Now that we have this preliminary estimate, we return to (5.63), substitute

λptq � λ0,0ptq � eptq
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and differentiate twice in t, to get

� 4

» 8

t

e4psqds
logpλ0,0psqqp1� s� tq � 4αe4ptq

� 4

» 8

t

e4psqds
logpλ0,0psqqpλ0,0ptq1�α � s� tqp1� s� tq3

� �E2
λ0,0

ptq
logpλ0,0ptqq �

4α

logpλ0,0ptqq
�
λ2ptq
λptq �

λ1ptq2
λptq2



λ2ptq � 8αλ1ptqλ3ptq

λptq logpλ0,0ptqq
� 4α

�
logpλptqq

logpλ0,0ptqq � 1



e4ptq � 4α logpλptqq

logpλ0,0ptqq λ
4
0,0ptq

� 4

logpλ0,0ptqqB
2
t

�» 8

0

λ20,0pt� wq
pλptq1�α � wqp1� w3qdw



� 4

» 8

0

e4pt� wq
logpλ0,0ptqq

�
1

pλptq1�α � wq �
1

pλ0,0ptq1�α � wq



dw

p1� wq3

� 8p1� αqλptq�αλ1ptq
logpλ0,0ptqq

» 8

0

e3pt� wq
pλptq1�α � wq2p1� wq3dw

� 4p1� αqp�αλptq�α�1pλ1ptqq2 � λptq�αλ2ptqq
logpλ0,0ptqq

» 8

0

e2pt� wqdw
p1� wq3pλptq1�α � wq2

� 8

logpλ0,0ptqq
» 8

0

e2pt� wq
p1� wq3

p1� αq2λptq�2αλ1ptq2dw
pλptq1�α � wq3 � B2

tGpt, λ0,0ptq � eptqq
logpλ0,0ptqq

� 4

» 8

t

e4psq
�

1

logpλ0,0ptqq �
1

logpλ0,0psqq



ds

p1� s� tq
� 4

» 8

t

e4psq
p1� s� tq3pλ0,0ptq1�α � s� tq

�
1

logpλ0,0ptqq �
1

logpλ0,0psqq


ds

:� RHS4ptq

(5.164)

Like before, we start by estimating all the terms on the right-hand side of (5.164) which do not
involve G:

| �E
2
λ0,0

ptq
logpλ0,0ptqq | ¤

C

t4 logb�1ptq logplogptqq

| �4α

logpλ0,0ptqq
�
λ2ptq
λptq �

λ1ptq2
λptq2



λ2ptq| ¤ C

t4 logb�2ptq logplogptqq

| �8αλ1ptqλ3ptq
λptq logpλ0,0ptqq | ¤

C

t4 logb�2ptq logplogptqq

| � 4α

�
logpλ0,0ptq � eptqq

logpλ0,0ptqq � 1



e4ptq| ¤ C|e4ptq|

plogplogptqqq3{2

|�4α logpλptqq
logpλ0,0ptqq λ40,0ptq| ¤

C

t4 logb�1ptq
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Then, we note that the following estimate:

|B2
t

�
λ20,0pt� wq
w � λptq1�α



| ¤ C

t2pt� wq2 logb�1pt� wqpw � λptq1�αq
implies

| 4

logpλ0,0ptqq
» 8

0

B2
t

�
λ20,0pt� wq
w � λptq1�α



dw

p1� wq3 | ¤
C

t4 logb�1ptq
Next, we have

|4
» 8

0

e4pt� wq
logpλ0,0ptqq

�
λ0,0ptq1�α � λptq1�α

pλptq1�α � wqpλ0,0ptq1�α � wq



dw

p1� wq3 |

¤ C supx¥t |e4pxq|a
logplogptqq

|�8p1� αqλptq�αλ1ptq
logpλ0,0ptqq

» 8

0

e3pt� wqdw
pλptq1�α � wq2p1� wq3 | ¤

C

t4 logb�2ptq

|�4p1� αqp�αλptq�α�1pλ1ptqq2 � λptq�αλ2ptqq
logpλ0,0ptqq

» 8

0

e2pt� wqdw
p1� wq3pλptq1�α � wq2 |

¤ C

t4 logb�2ptq

| 8

logpλ0,0ptqq
» 8

0

e2pt� wq
p1� wq3

p1� αq2λptq�2αλ1ptq2dw
pλptq1�α � wq3 | ¤ C

t4 logb�3ptq

|4
» 8

t

e4psq
�

1

logpλ0,0ptqq �
1

logpλ0,0psqq



ds

1� s� t
| ¤ C supx¥t px2|e4pxq|q

t2 logptqplogplogptqqq2
and

|4
» 8

t

e4psq
p1� s� tq3pλ0,0ptq1�α � s� tq

�
1

logpλ0,0ptqq �
1

logpλ0,0psqq


ds|

¤ C supx¥t p|e4pxq|x2q
t3 logptq logplogptqq

Combining these, we get that all of the terms on the right-hand side of (5.164) which do not involve
G are bounded above in absolute value by

C

t4 logb�1ptq �
C supx¥t px2|e4pxq|qa

logplogptqqt2

We now estimate terms in B2
tGpt, λptqq, starting with the term involving K1. We again use the

182



preliminary estimate on e4 to justify any differentiations under the integral sign, to get

B2
t

�
16

λptq2
» 8

t

λ2pxq
�
K1px� t, λptqq � λptq2

4p1� x� tq


dx



�
�

96λ1ptq2
λptq4 � 32λ2ptq

λptq3

» 8

0

λ2pt� wq
�
K1pw, λptqq � λptq2

4p1� wq


dw

� 64λ1ptq
λptq3

» 8

0

λ3pw � tq
�
K1pw, λptqq � λptq2

4p1� wq


dw

� 64λ1ptq
λptq3

» 8

0

λ2pw � tq
�
B2K1pw, λptqq � λptq

2p1� wq


λ1ptqdw

� 16

λptq2
» 8

0

λ4pw � tq
�
K1pw, λptqq � λptq2

4p1� wq


dw

� 32

λptq2
» 8

0

λ3pw � tq
�
B2K1pw, λptqq � λptq

2p1� wq


λ1ptqdw

� 16

λptq2
» 8

0

λ2pw � tq p
�
B2

2K1pw, λptqqλ1ptq � λ1ptq
2p1� wq



λ1ptq

�
�
B2K1pw, λptqq � λptq

2p1� wq


λ2ptq



dw

(5.165)

The only term not involving λ4 which has not already been estimated is the first term on the last
line of the above expression. For w ¥ 1, we start with

K1pw, λptqq �
» 8

0

r

λptq2p1� r2

λptq2 q3
» w

0

ρ

w

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdr

whence

B2
2K1pw, λptqq

�
» 8

0

6λptq2r pλptq4 � 5λptq2r2 � 2r4q
pλptq2 � r2q5

�
r2

w
�
» 8

w

ρ

w

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρ

�
dr

� 1

2w
�
» 8

0

6λptq2rpλptq4 � 5λptq2r2 � 2r4q
pλptq2 � r2q5

» 8

w

ρ

w

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dρdr
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Then,

| 16

λptq2
» 8

1

λ2pw � tq
�
B22K1pw, λptqqλ1ptq � λ1ptq

2p1� wq


λ1ptqdw|

¤ C|λ1ptq|
t3 log2ptq

» 8

1

�
1

2w
� 1

2p1� wq


dw

� C|λ1ptq|
t3 log2ptq

» 8

0

rλptq2
pλptq2 � r2q3

» 8

1

» ρ
1

ρ

w

�
1� r2 � 1� ρ2apr2 � 1� ρ2q2 � 4r2

�
dwdρdr

¤ C

t4 logb�3ptq �
Cλptq2

t4 logb�3ptq
» 8

0

r3 logp2� r2qdr
pλptq2 � r2q3

¤ C

t4 logb�3ptq
For w ¤ 1, we first change variables, and start with

K1pw, λptqq �
» 8

0

R

p1�R2q3
» w

0

ρ

w

�
1� R2λptq2 � 1� ρ2apR2λptq2 � 1� ρ2q2 � 4R2λptq2

�
dρdR

Then,

|B2
2K1pw, λptqq| ¤ C

» 8

0

R

p1�R2q3
» w

0

ρ

w
R2dρdR

which gives

| 16

λptq2
» 1

0

λ2pw � tq
�
B22K1pw, λptqqλ1ptq � λ1ptq

2p1� wq


λ1ptqdw|

¤ C

t3 log2ptq
» 1

0

�
w � 1

1� w



dw

t logb�1ptq ¤
C

t4 logb�3ptq
We now consider the expression (5.165), except with all instances of

K1px� t, λptqq � λptq2
4p1� x� tq

replaced with
Kpx� t, λptqq

(This expression also appears in B2
t pGpt, λptqqq). All of the integrals involving K which do not

involve λ4 have already been estimated, and we get

|B2
t

�
16

λptq2
» 8

t

λ2pxq
�
K1px� t, λptqq � λptq2

4p1� x� tq


dx



|

� |B2
t

�
16

λptq2
» 8

t

λ2pxqKpx� t, λptqqdx


|

¤ C

t4 logb�1ptq � C sup
x¥t

|e4pxq|
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From the explicit expressions, we also get

|B2
t p�λptqE0,1pλptq, λ1ptq, λ2ptqqq | ¤ C

t4 logb�1ptq � C|e4ptq|

Next, we start with

|B2
t pK3pw, λptqqq | ¤ C

t2 logptq |
w

1� w2
� w

λptq2�2α � w2
|

� Cw

t2 logp2�2αqb�1ptqpλptq2�2α � w2q2

and
|B2
tK3,0pw, λptqq| ¤ C

t2 logb�1�bαptq
1

pλptq1�α � wq2p1� wq3
and use our previous estimates on K3 �K3,0, and Bt ppK3 �K3,0qpw, λptqqq to get

|B2
t

�
�16

» 8

t

λ2psq pK3ps� t, λptqq �K3,0ps� t, λptqqq ds


|

¤ C sup
x¥t

|e4pxq| � C

t4 logb�1ptq
Next, we will need an estimate on B2

t v3 which is different from that recorded while obtaining the
preliminary estimate on λ4. We start with

B2
t v3pt, rq

� �1

r

» 8

0

» w
0

ρa
w2 � ρ2

λ4pt� wq
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpt� wqq

�
dρdw

� 2

r

» 8

0

» w
0

ρa
w2 � ρ2

λ3pt� wqBtpF3pr, ρ, λpt� wqqqdρdw

� 1

r

» 8

0

» w
0

ρa
w2 � ρ2

λ2pt� wqB2
t pF3pr, ρ, λpt� wqqqdρdw

(5.166)

The second and third lines of (5.166) were already estimated in the course of obtaining the pre-
liminary estimate on λ4, and do not need to be estimated any differently here. The first line of
(5.166), with the replacement of λ4 with λ3 has already been estimated while obtaining the final
estimate on λ3. Therefore, we can read off that

|B2
t v3pt, rq| ¤ Cr sup

x¥t

�
x|e4pxq|
λpxq2�2α



logplogptqqλptq2�2α

t
� Cr logplogptqq

t4 logb�1ptq (5.167)

Next, we estimate B2
tE5pt, rq by proceeding line-by-line on the expression (5.140). Denoting, by
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E5,t,t,i, the second partial t derivative of the ith line of (5.140), we get

E5,t,t,1pt, rq � �1

r

» 6r

0

» w
0

ρ

w
λ4pt� wq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq
�
dρdw

� 2

r

» 6r

0

» w
0

ρ

w
λ3pt� wqBtpF3pr, ρ, λpt� wqqqdρdw

� 1

r

» 6r

0

» w
0

ρ

w
λ2pt� wqB2

t pF3pr, ρ, λpt� wqqqdρdw
(5.168)

Note that, with the replacement of λ4 with λ3, the first line of (5.168) was already estimated in
the course of obtaining the final estimate on λ3. The same is true for the second line of (5.168),
except with the replacement of λ3 with λ2. On the other hand, for the third line of (5.168), we use
our previous estimate of

B2
t pF3pr, ρ, λpt� wqqq

to get

|E5,t,t,1pt, rq| ¤ Cr

t4 logb�1ptq � Cr sup
x¥t

p|e4pxq|q

Next, we have

E5,t,t,2pt, rq

� �1

r

» 8

6r

» w
0

ρ

w
λ4pt� wq

�
�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2

� F3pr, ρ, λpt� wqq
�
dρdw

� 2

r

» 8

6r

» w
0

ρ

w
λ3pt� wqBtpF3pr, ρ, λpt� wqqqdρdw

� 1

r

» 8

6r

» w
0

ρ

w
λ2pt� wqB2

t pF3pr, ρ, λpt� wqqqdρdw

� 1

r

» 8

6r

λ4pt� wqr2w

�
1

1� w2
� 1

λpt� wq2�2α � w2



dw

� 2

r

» 8

6r

λ3pt� wqr2w

pλpt� wq2�2α � w2q2 p2� 2αqλpt� wq1�2αλ1pt� wqdw

� 1

r

» 8

6r

λ2pt� wqr2wp2� 2αq
pp1� 2αqλpt� wq�2αpλ1pt� wqq2 � λpt� wq1�2αλ2pt� wqq

pλpt� wq2�2α � w2q2 dw

� 2

r

» 8

6r

λ2pt� wqr2w pp2� 2αqλpt� wq1�2αλ1pt� wqq2
pλpt� wq2�2α � w2q3 dw

(5.169)

Only two lines in (5.169) can not be estimated simply by comparing to an analogous term arising
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in the BtE5 estimates. They are estimated as follows:

|�1

r

» 8

6r

» w
0

ρ

w
λ2pt� wqB2

t pF3pr, ρ, λpt� wqqqdρdw|

¤ C

r

» 8

6r

» w
0

ρ

wpt� wq4 log2b�2pt� wq�
Cr2λpt� wq2α�3

p1� λpt� wq4α�4pρ2 � r2q2 � 2λpt� wq2α�2pρ2 � r2qq


dρdw

¤ C

r

» λptq1�α
0

1

wt4 log2b�2ptq
» w

0

r2λpt� wq2α�3ρdρdw

� C

r

» 8

λptq1�α
1

w

» w
0

ρ

pt� wq4 log2b�2pt� wq
r2λpt� wq2α�3dρdw

p1� λpt� wq4α�4pρ2 � r2q2 � 2λpt� wq2α�2pρ2 � r2qq
¤ Cr

t4 logb�1ptq

|�1

r

» 8

6r

λ2pt� wqr2wp2� 2αq
pp1� 2αqλpt� wq�2αpλ1pt� wqq2 � λpt� wq1�2αλ2pt� wqq dw

pλpt� wq2�2α � w2q2 |

¤ Cr

t4 logb�2ptq
where we use the identical procedure used to estimate an analogous term arising while obtaining
the final estimate on λ3. Then, we get

|E5,t,t,2pt, rq| ¤ Cr

t4 logb�1ptq � Cr sup
x¥t

|e4pxq|

Next, we have

E5,t,t,3pt, rq � �r
» 8

6r

λ4pt� wqw
�

1

λptq2�2α � w2
� 1

λpt� wq2�2α � w2q


dw

� 2r

» 8

6r

λ3pt� wqw��p2� 2αqλptq1�2αλ1ptq
pλptq2�2α � w2q2 � p2� 2αqλpt� wq1�2αλ1pt� wq

pλpt� wq2�2α � w2q2


dw

� r

» 8

6r

λ2pt� wqw

Bt
��p2� 2αqλptq1�2αλ1ptq

pλptq2�2α � w2q2 � p2� 2αqλpt� wq1�2αλ1pt� wq
pλpt� wq2�2α � w2q2



dw

(5.170)

The first and second lines of (5.170) can be estimated based on estimates of analogous terms
arising in the estimation of BtE5 done while obtaining the final estimate on λ3. On the other hand,
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by appropriately using

|fpt� wq � fptq| ¤ sup
σPr0,1s

|f 1pt� σwq| � w

we estimate the third line on the right-hand side of (5.170), and in total, we get

|E5,t,t,3pt, rq| ¤ Cr

t4 logb�2ptq �
Cr

t log3b�1�3bαptq sup
x¥t

� |e4pxq|
λpxq2�2α



Finally, we have

E5,t,t,4pt, rq

� �1

r

» 8

0

» w
0

ρ

�
1a

w2 � ρ2
� 1

w

�
λ4pt� wq�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpt� wqq

�
dρdw

� 2

r

» 8

0

» w
0

ρ

�
1a

w2 � ρ2
� 1

w

�
λ3pt� wqBt pF3pr, ρ, λpt� wqqq dρdw

� 1

r

» 8

0

» w
0

ρ

�
1a

w2 � ρ2
� 1

w

�
λ2pt� wqB2

t pF3pr, ρ, λpt� wqqq dρdw

(5.171)

The only term in (5.171) which can not be estimated simply by reading off estimates of analogous
terms arising in BtE5 estimates from before is the one involving B2

t pF3pr, ρ, λpt� wqqq. For this
term, we have

| � 1

r

» 8

0

» w
0

ρ

�
1a

w2 � ρ2
� 1

w

�
λ2pt� wqB2

t pF3pr, ρ, λpt� wqqq dρdw|

¤ Cr

» 8

0

ρ

» 8

ρ

�
1a

w2 � ρ2
� 1

w

�
log3b�2αbptq

t4 log2b�2ptqp1� λptq4α�4pρ2 � r2q2 � 2λptq2α�2pρ2 � r2qqdwdρ

¤ Cr

t4 logb�2ptq
Combining these, we get

|B2
tE5pt, rq| ¤ Cr

t4 logb�1ptq �
Cr

t logp3�2αqbptq sup
x¥t

� |e4pxq|x
λpxq3�2α



Next, we need to record new estimates on B2

t v4. First, we note that, by the same procedure used to
obtain estimates on Btv1, we have

|B2
t v1pt, rq| ¤ Cr

�
logptq � logp2� r2q

t



sup
x¥t

p|λ4pxq|xq (5.172)
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Note that this time, the preliminary estimate on λ4 is indeed strong enough to justify the steps
leading up to a B2

t v1 analog of (5.12), but this will be unnecessary for our purposes. We then use
(5.167), and the same estimates for all other Bjt vk used to obtain the preliminary estimate on B2

t v4,c,
and get

|B2
t v4,cpt, rq|

¤
C1¥1p 2r

logN ptqq
r4 log2bptq

�

$''&''%
rplogptq�logp2�r2qq

t

�
1

t3 logb�1ptq � supx¥t
�
|e4pxq|x
λpxq2�2α

	
λptq2�2α

	
, r ¤ t

2

rplogptq�logp2�r2qq
t

�
1

t3 logb�1ptq � supx¥t
�
|e4pxq|x
λpxq2�2α

	
λptq2�2α

	
� logprq

|t�r|3 � logprq
t logptqpt�rq2 � logprq

t2|t�r| logptq , t ¡ r ¡ t
2

(5.173)

which leads, via the same procedure used to obtain the preliminary estimate on B2
t v4, to

|B2
t v4pt, rq| ¤ C

t4 log3b�N�2ptq �
Cλptq2�2α

t log2b�3�Nptq sup
x¥t

� |e4pxq|x
λpxq2�2α



, r ¤ t

2

As usual, for the following estimate, we modify (5.173) by using C
r9{2 log2bptq in the region t� t1{6 ¤

r ¤ t� t1{6. (Note that the preliminary estimate on λ4 implies the following).

sup
x¥t

� |e4pxq|x
λpxq2�2α



λptq2�2α 1

r4 log2b�1ptq ¤
C

r9{2 log2bptq , t� t1{6 ¤ r ¤ t� t1{6

This gives

||B2
t v4,c||L2prdrq ¤ C

t47{12 log2b�1ptq �
Cλptq2�2α

log2N�2b�1ptqt sup
x¥t

� |e4pxq|x
λpxq2�2α



In total, this gives

|B2
t v4pt, rq| ¤

$&%
C

t4 log3b�N�2ptq �
Cλptq2�2α

t log2b�3�N ptq supx¥t
�
|e4pxq|x
λpxq2�2α

	
, r ¤ t

2

C
t35{12 log2b�1ptq �

Cλptq2�2α

log2N�2b�2ptq supx¥t
�
|e4pxq|x
λpxq2�2α

	
, r ¥ t

2

Using the same estimates that were used for Bjt v5 in the course of proving the preliminary
estimate on λ4, we get

|B2
t

�
�λptqx

�
cosp2Q 1

λptq
prqq � 1

r2

�
E5|r�Rλptq, φ0y

�
|

¤ C

t4 logb�1ptq �
C supx¥t

�
|e4pxq|x
λpxq3�2α

	
t logp3�2αqbptq
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|B2
t

�
�λptqx

�
cosp2Q 1

λptq
prqq � 1

r2

�
v4

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y

�
|

¤ C

t4 log2b�N�2ptq �
Cλptq2�2α supx¥t

�
|e4pxq|x
λpxq2�2α

	
t logb�3�Nptq

|B2
t

�
�λptqx

�
cosp2Q 1

λptq
prqq � 1

r2

�
v5

�
1� χ¥1p4r

t
q


|r�Rλptq, φ0y

�
|

¤ C

t4 log3N�2ptq

|B2
t

�
�λptqx

�
cosp2Q 1

λptq
prqq � 1

r2

�
χ¥1p 2r

logNptqq pv1 � v2 � v3q |r�Rλptq, φ0y
�
|

¤ C

t4 log3b�2Nptq �
Cλptq2�2α supx¥t

�
|e4pxq|x
λpxq2�2α

	
t log2N�2b�1ptq

|B2
t

�
λptqxχ¥1p 2r

logNptqqF0,2|r�Rλptq, φ0y


| ¤ C

t4 log3b�1�2N�2bαptq
� C|e4ptq|

log2b�2N�2bαptq
Combining these, we get

|B2
tGpt, λ0,0ptq � eptqq| ¤ C

t4 logb�1ptq � C sup
x¥t

� |e4pxq|x
λpxq3�2α



1

t logp3�2αqbptq
and

|RHS4ptq| ¤ C

t4 logb�1ptq �
C supx¥t

�
x2|e4pxq|
λpxq3�2α

	
a

logplogptqqt2 logp3�2αqbptq
We now return to (5.164), and note that it is of the form

� 4

» 8

t

e4psqds
logpλ0,0psqqp1� s� tq � 4αe4ptq

� 4

» 8

t

e4psqds
logpλ0,0psqqpλ0,0ptq1�α � s� tqp1� s� tq3

� RHS4ptq
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with

|RHS4ptq| ¤ C

t4 logb�1ptq � C
supx¥t

�
x2|e4pxq|
λpxq3�2α

	
a

logplogptqqt2 logp3�2αqbptq
We are now in the same situation as for e3, and repeating the procedure used there, we get

|e4ptq| ¤ C

t4 logb�1ptq
Using the explicit formula for λ0,0, we finally conclude

|λ4ptq| ¤ C

t4 logb�1ptq , t ¥ T0

To finish the proof of the proposition, we recall (5.12), and the fact that B2
t v1 has the same formula

as v1, except for λ4 replacing λ2. Using our estimate on λ4, we get

|B2
t v1pt, rq| ¤ C

rt2 logb�1ptq
Combining this with (5.172), we get (5.150).

5.9 Estimates on BkrB
j
tF4

Later on, when we start to construct the exact solution to (2.1), we will utilize the orthogonality

xF4, φ0p �
λptqqy � 0, t ¥ T0

by integrating by parts in various oscillatory integrals involving F4. Therefore, we will need esti-
mates on certain derivatives of F4 in order to control the integrands which will arise in this process:

Proposition 5.5. For 0 ¤ k ¤ 2, 0 ¤ j ¤ 1, j � k ¤ 2, we have

tjrk|Bkr BjtF4pt, rq| ¤
C1tr¤logN ptqur

t2 log3b�1�2αbptqpr2 � λptq2q2 �
C1tr¤ t

2
ur

t2 log5b�2N�2ptqpr2 � λptq2q2 (5.174)

In addition, we have

|B2
tF4pt, rq| ¤

C1tr¤logN ptqur

t4 log3b�1�2αbptqpr2 � λptq2q2 �
C1tr¤ t

2
ur

t4 log5b�2N�2ptqpr2 � λptq2q2

�
C1tr¤ t

2
u

t4 log5b�N�2ptqpr2 � λptq2q2
(5.175)

Proof. We start with a lemma which captures a delicate leading order cancellation near the origin
between v1 and v2:
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Lemma 5.16 (Near origin cancellation between v1 and v2). For 0 ¤ k, j ¤ 2, k � j ¤ 2, we
have

tjrk|Bkr Bjt pv1 � v2q| ¤ Cr logplogptqq
t2 logb�1ptq , r ¤ logNptq

Proof. We use (5.11) and (5.49), to get

v1pt, rq � v2pt, rq � r

�» 8

t

λ2pxq
1� x� t

dx� b

t2 logbptq



� Errpt, rq � Ev2pt, rq

, 0 ¤ r ¤ t

2

Then, using the modulation equation, and the previous estimates on its terms, we get

|v1pt, rq � v2pt, rq| ¤ Cr logplogptqq
t2 logb�1ptq � Cr logp3� 2rq

t2 logb�1ptq � Cr

t2 logb�1ptq �
Cr2

t3 logbptq
, r ¤ t

2

(5.176)

Note that, for (e.g) r ¤ logNptq, this estimate is slightly better than what would result from esti-
mating v1 and v2 separately.

We use (5.13) and (5.49) to obtain the analogous estimate after taking an r derivative:

Brv1pt, rq � Brv2pt, rq �
» 8

t

λ2psqds
1� s� t

� b

t2 logbptq � EBrv1pt, rq � EBrv2pt, rq

Again, the modulation equation, combined with the estimates forEBrv1 andEBrv2 from the previous
subsections, give

|Brv1pt, rq � Brv2pt, rq| ¤ C logplogptqq
t2 logb�1ptq � C logp3� 2rq

t2 logb�1ptq � C

t2 logb�1ptq �
Cr

t3 logbptq
, r ¤ t

2

(5.177)

We first note that, for j � 1, 2, Bjt v1 solves the same equation with 0 Cauchy data at infinity as
v1 does, except with λp2�jqptq on the right-hand side. Then, we use the fact that λ solves

� 4

» 8

t

λ2pxqdx
1� x� t

� 4b

t2 logbptq � 4α logpλptqqλ2ptq

� 4

» 8

t

λ2psqds
pλptq1�α � s� tqp1� s� tq3

� Gpt, λptqq
and differentiate j times for j � 1, 2, to get

| � 4

» 8

t

λ3psq
1� s� t

ds� 8b

t3 logbptq | ¤
C logplogptqq
t3 logb�1ptq
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and

|
» 8

t

λ4psqds
1� s� t

� 6b

t4 logbptq | ¤
C logplogptqq
t4 logb�1ptq

Then, using (5.11),(5.49), we get

|Btpv1 � v2qpt, rq| ¤ C
r logplogptqq
t3 logb�1ptq , r ¤ logNptq (5.178)

and

|B2
t pv1 � v2qpt, rq| ¤ C

r logplogptqq
t4 logb�1ptq , r ¤ logNptq (5.179)

Next, we use the equations solved by v1, v2, to get

r2Brrpv1 � v2q � r2

��2rλ2ptq
1� r2



� r2Bttpv1 � v2q � rBrpv1 � v2q � pv1 � v2q

which gives

r2|Brrpv1 � v2q| ¤ C
r logplogptqq
t2 logb�1ptq , r ¤ logNptq (5.180)

Finally, we study Btrpv1�v2q. Because Btv1 has the same representation formula as v1, except with
λ2 replaced by λ3, we can use the same procedure used for Brv1, to get

Btrv1pt, rq �
» 8

t

λ3psqds
1� s� t

� EBtrv1pt, rq

with

|EBtrv1pt, rq| ¤
C logp3� 2rq
t3 logb�1ptq

Then, we use (5.49) to conclude

|Btrpv1 � v2qpt, rq| ¤ C logplogptqq
t3 logb�1ptq , r ¤ logNptq (5.181)

Next, we note that our previous estimate for Brv3, (5.79), sufficed for all of our purposes up to
now. For estimating derivatives of F4, however, we will require a different estimate which will turn
out to be better in the region r ¤ logNptq, and which will require a more complicated argument
than before. This refinement will also lead to slightly better estimates on Btrv3 and r2Brrv3 near
the origin.

Lemma 5.17 (Near origin refinements of various v3 related estimates).

|Brv3pt, rq| ¤ C

t2 logb�1ptq plogplogptqq � logp6� 6rqq (5.182)

|Btrv3pt, rq| ¤ C logplogptqq
t3 logb�1ptq , r ¤ logNptq

r2|Brrv3| ¤ Cr logplogptqq
t2 logb�1ptq , r ¤ logNptq (5.183)
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Proof. We first use the same decomposition on Brv3 used before, and only need to use a different
argument for one term, namely:

�
» 8

t

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq

�
dρds

We treat different regions of the variable s� t. First, from our previous Brv3 estimate, we have

|
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

�
dρ| ¤ Cps� tq2|λ2psq|, s� t ¤ 1

2

which gives

| �
» t� 1

2

t

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

�
dρds|

¤ C

t2 logb�1ptq
Next, we have

| �
» t�6

t� 1
2

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

�
dρds|

¤
» t�6

t� 1
2

1

ps� tq
» 8

0

ρ
|λ2psq|
r

|Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

�
|dρds

¤ C

» t�6

t� 1
2

|λ2psq|
ps� tqds

¤ C
1

t2 logb�1ptq
For convenience, we recall the definition of F3:

F3pr, ρ, λpsqq � 1� pr2 � ρ2qλpsq2α�2a
4r2λpsq2α�2 � p1� pr2 � ρ2qλpsq2α�2q2

Similarly, we have

|BrF3pr, ρ, λpsqq| ¤ Crλpsq2�2αppρ2 � r2qλpsq2α�2 � 1q
λpsq4p1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4q3{2

For the region s� t ¤ λptq1�α, we continue this estimate, and get

|BrF3pr, ρ, λpsqq| ¤ Crλpsq2α�2
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So,

|
» t�λptq1�α
t

1

ps� tq
» s�t

0

ρλ2psq
r

BrF3pr, ρ, λpsqqdρds|

¤ C

» t�λptq1�α
t

1

ps� tq
» s�t

0

ρ

r
|λ2psq|rλpsq2α�2dρds

¤ C

t2 logb�1ptq

|
» t�6

t�λptq1�α
1

ps� tq
» s�t

0

ρλ2psq
r

BrF3pr, ρ, λpsqqdρds|

¤ C

» t�6

t�λptq1�α
1

ps� tq
» 8

0

ρ|λ2psq|
r

|BrF3pr, ρ, λpsqq|dρds

¤ C

r

» t�6

t�λptq1�α
|λ2psq|
ps� tqrds ¤

C logplogptqq
t2 logb�1ptq

Then, we treat the region 6 ¤ s� t ¤ 6� 6r in a similar fashion:

| �
» t�6�6r

t�6

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq

�
dρds|

¤
» t�6�6r

t�6

1

ps� tq
» 8

0

ρ
|λ2psq|
r

�
|Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2

�
| � |BrF3pr, ρ, λpsqq|

�
dρds

¤ C

» t�6�6r

t�6

|λ2psq|
ps� tqds

¤ C logp6� 6rq
t2 logb�1ptq

Now, we study the region s� t ¥ 6� 6r:
We first note that» 8

0

Br
�

�1� ρ2 � r2ap1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq

�
ρdρ � 0

which follows from the fact that the integrand of the expression above is equal to

Bρ
�
r

�
�1� ρ2 � r2a

ρ4 � 2ρ2p�1� r2q � p1� r2q2

� 1� pr2 � ρ2qλpsq2α�2a
1� 2pρ2 � r2qλpsq2α�2 � pρ2 � r2q2λpsq4α�4

��
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Then, we use

r

�
�1� ps� tq2 � r2aps� tq4 � 2ps� tq2p�1� r2q � p1� r2q2

�
� r p1� EBrv3,1q

with

|EBrv3,1| ¤ C
p1� rq2
ps� tq2 , s� t ¥ 6� 6r

and

r

�
1� pr2 � ps� tq2qλpsq2α�2a

1� 2pps� tq2 � r2qλpsq2α�2 � pps� tq2 � r2q2λpsq4α�4

�
� r p�1� EBrv3,2q

with

|EBrv3,2| ¤ C
p1� rq2
ps� tq2 , s� t ¥ 6� 6r

which gives

| �
» 8

t�6�6r

1

ps� tq
» s�t

0

ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq

�
dρds|

� |
» 8

t�6�6r

1

ps� tq
» 8

s�t
ρ
λ2psq
r

Br
�

�1� ρ2 � r2ap�1� ρ2 � r2q2 � 4r2
� F3pr, ρ, λpsqq

�
dρds|

� |
» 8

t�6�6r

1

ps� tq
λ2psq
r

r pEBrv3,1 � EBrv3,2q ds|

¤ C

» 8

t�6�6r

|λ2psq|
ps� tq

p1� rq2
ps� tq2 ds

¤ C

t2 logb�1ptq
In total, we get

|Brv3pt, rq| ¤ C

t2 logb�1ptq plogplogptqq � logp6� 6rqq

Note that this estimate is better than (5.79), in the region r ¤ logNptq. For Btrv3, we recall that the
partial r derivative of the second line of (5.147) was bounded above in absolute value by C

t3 logb�1ptq ,
and an estimate of the r derivative of the first line of (5.147) was inferred from an estimate on Brv3.
Using the above near origin refinement of the Brv3 estimate, instead of the previous one, gives

|Btrv3pt, rq| ¤ C logplogptqq
t3 logb�1ptq , r ¤ logNptq

Now, we can prove a different estimate for r2B2
rv3 than what follows from previous work.

r2Brrv3 � r2F0,1pt, rq � r2Bttv3 � rBrv3 � v3
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Using (5.182), as well as our previous estimates on v3, we get

r2|Brrv3| ¤ Cr logplogptqq
t2 logb�1ptq , r ¤ logNptq

Finally, the estimate for Btv5 used when estimating λ3 was based on estimates for N2pfq and
BrN2pfq which only used at most two derivatives of λ. For future use, we will prove a stronger
estimate on Btv5, which uses the final estimate on λ3. (Note that this is the reason why no estimates
on Btv5 were presented in the proposition statement in the λ3 section). As part of the process, we
will also obtain an estimate on Btrv4.

Lemma 5.18 (Improved Btv5, Btrv4 estimates).

|Btv5pt, rq| ¤ Cr

t9{2 log
3N
2
�3b�2ptq

, r ¤ t

2
(5.184)

|Btrv4pt, rq| ¤
#

C
t3 log3b�2N�2ptq , r ¤ t

2

C
t35{12 log2b�1ptq , r ¥ t

2

(5.185)

Proof. For this estimate, we start with

Btv5pt, rq � �r
2π

» 1

0

» 8

t

»
Bs�tp0q

1aps� tq2 � |y|2

�
B12N2pfv5qps, |βx� y|q ppβx� yq � x̂q2

|βx� y|2

� B1N2pfv5qps, |βx� y|q ppβx� yq � x̂q2
|βx� y|3

�B1N2pfv5qps, |βx� y|q
|βx� y|



dApyqdsdβ

This gives

|Btv5pt, rq|

¤ Cr

» 1

0

» 8

t

»
Bs�tp0q

1aps� tq2 � |y|2�
|B12N2pfv5q|ps, |βx� y|q � |B1N2pfv5q|ps, |βx� y|q

|βx� y|


dApyqdsdβ

(5.186)

In order to proceed, we will have to estimate Btrv4, which was not done previously. We start by
noting that, the procedure used to obtain (5.149) was to write

Btv4pt, rq � r

» 1

0

Btrv4pt, rβqdβ
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and then, to estimate Btrv4pt, rβq uniformly for 0 ¤ β ¤ 1. So, in the region r ¤ t
2
, we have

|Btrv4pt, rq| ¤ C

t3 log3b�2N�2ptq , r ¤ t

2

For the region r ¥ t
2
, we start by introducing the vector field

V � tBt � rBr
and recalling that

�Bttv4 � Brrv4 � 1

r
Brv4 � v4

r2
� v4,c

So, we have �
�Btt � Brr � 1

r
Br � 1

r2



pV pBtv4qq � V pBtv4,cq � 2Btv4,c

We use (5.148), (5.173), and

|B2
t v4,cpt, rq| � |Btrv4,cpt, rq| ¤ C

t9{2 log2bptq , t� t1{6 ¤ r ¤ t� t1{6

to get

|V pBtv4,cq|pt, rq ¤ C

$'''''&'''''%

1
tr¥ logN ptq

2 u
r3t3 log3bptq , r ¤ t

2
logprq

r3 log2bptq|t�r|3 �
logprq

r3t log2bptqpt�rq2 �
logprq

log2b�1ptqr4t|t�r|
� logprq
r3 log3b�1ptqt3 ,

t
2
¤ r ¤ t� t1{6, or r ¥ t� t1{6

1
t7{2 log2bptq , t� t1{6 ¤ r ¤ t� t1{6

and we get

||V pBtv4,cq||L2prdrq ¤ C

t35{12 log2b�1ptq
Next, we recall (5.143), and get

||Btv4,c||L2prdrq ¤ C

t3 log2N�3bptq
Then, we apply the same procedure used before to estimate (e.g.) Btv4 in the region r ¥ t

2
, to the

equation for V pBtv4q, and get

|V pBtv4q|pt, rq ¤ C

t23{12 log2b�1ptq
But, then,

Btrv4pt, rq � ptB2
t v4 � rBtrv4q

r
� t

r
B2
t v4

� V pBtv4q
r

� t

r
B2
t v4
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and we have already estimated B2
t v4, during our study of λ4. So, we get

|Btrv4pt, rq| ¤ C

t35{12 log2b�1ptq , r ¥ t

2

Now, we can estimate BtrN2pfq, and get

|BtrN2pfq|pt, rq ¤
$&%

C
t5 log3bptqpr2�λptq2q , r ¤ t

2
C log3prq
r2|t�r|5 � C log3prq

r5{2
?
tpt�rq4 �

C log2prq
r2t3{2|t�r|3 log3b�1� 5N

2 ptq
, t ¡ r ¡ t

2

(Note that we only need to estimate BtrN2pfv5q in the region r   t, which is why we used 1
|t�r| ¥ 1

t

to simply the above estimate. In previous estimates, we did not proceed analogously because we
eventually used a single estimate for the entire region t

2
¤ r ¤ t � tγ , or r ¥ t � tγ for some

γ ¡ 0).
Using the estimates on Bjt vk, j � 0, 1, k � 1, 2, 3, 4, we get

|BtN2pfqpt, rq| ¤
$&%

Cr
t5 log3bptqpr2�λptq2q , r ¤ t

2

C

r3t7{2 log
3N
2 �5bptq

� C log3prq
r2pt�rq4 , t ¡ r ¡ t

2

Now, we return to (5.186), and use the same procedure used to estimate v5 in the region r ¤ t
2

earlier. (In particular, we handle the contribution to Btv5 coming from the term log3prq
r2|t�r|5 , which

arises in the estimate for BtrN2pfv5q, using the same procedure as in (5.96)). This results in

|Btv5pt, rq| ¤ Cr

t9{2 log
3N
2
�3b�2ptq

, r ¤ t

2

Now, we proceed to estimate F4, and various of its derivatives. We recall

F4pt, rq �
�

1� χ¥1p 2r

logNptqq

�

F0,2pt, rq �
�

cosp2Q 1
λptq
prqq � 1

r2

�
pv1 � v2 � v3q

�

�
�

1� χ¥1p4r
t
q

�cosp2Q 1

λptq
prqq � 1

r2

�
pv4 � v5q

Then, using (5.77), (5.83), (5.91), and (5.176), we get

|F4pt, rq| ¤ C

�
1� χ¥1p 2r

logN ptqq
	

pr2 � λptq2q2
�

r

t2 log3b�1�2bαptq



� C

�
1� χ¥1p4r

t
q�

pr2 � λptq2q2
r

t2 log5b�2N�1ptq

(5.187)
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Next, we will need to record estimates on BtF4, and rBrF4. By combining (5.122), and (5.184),
we get

|Btv4 � Btv5|pt, rq ¤ Cr

t3 log3b�2N�2ptq , r ¤ t

2

This, combined with the explicit formula for F0,2, (5.178), and (5.119), gives

|BtF4pt, rq| ¤
C1tr¤logN ptqur

t3 log3b�1�2bαptqpr2 � λptq2q2 �
C1tr¤ t

2
u

pr2 � λptq2q2
r

t3 log5b�2N�2ptq
where we estimate derivatives on the cutoff functions by (e.g.)

|χ1¥1p
2r

logNptqq|
Nr

t logN�1ptq ¤
C1tr¤logN ptqu
t logptq

Similarly, for the partial r derivative of F4, we use the explicit formula for F0,2, (5.182), (5.177),
(5.84), and (5.92), to get

r|BrF4pt, rq| ¤
Cr1tr¤logN ptqu

t2 log3b�1�2bαptqpr2 � λptq2q2 � C
1tr¤ t

2
u

pr2 � λptq2q2
r

t2 log5b�2N�1ptq (5.188)

Treating the terms involving χ¥1 and F0,2 as before, and using (5.179), (5.151), and (5.152), we
get

|B2
tF4pt, rq| ¤

C1tr¤logN ptqur

t4pr2 � λptq2q2 log3b�1�2bαptq �
C1tr¤ t

2
ur

t4 log5b�2N�2ptqpr2 � λptq2q2

�
C1tr¤ t

2
u

t4 log5b�N�2ptqpr2 � λptq2q2
Next, we note that, exactly as was the case with Btrv4, we can infer the following estimate on Btrv5

by inspecting (5.184), and the procedure used to obtain it:

|Btrv5pt, rq| ¤ C

t9{2 log
3N
2
�3b�2ptq

, r ¤ t

2
(5.189)

We use the same procedure, (5.181), (5.189), and (5.185), to get

r|BrtF4pt, rq| ¤ C
1tr¤logN ptqur

t3 log3b�1�2bαptqpr2 � λptq2q2 � C
1tr¤ t

2
ur

t3 log5b�2N�2ptqpr2 � λptq2q2
Next, we use the same procedure used for v1 � v2, v3 to estimate r2B2

rv4, r
2B2
rv5:

r2B2
rv4 � r2v4,cpt, rq � r2Bttv4 � rBrv4 � v4

So,

|r2B2
rv4pt, rq|

¤ Cr

t2 log3b�2Nptq �
Cr2

t4 log3b�2�Nptq �
Cr

t2 log3b�2N�1ptq �
Cr

t2 log3b�2N�1ptq
¤ Cr

t2 log3b�2N�1ptq , r ¤ t

2

(5.190)
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and

|r2B2
rv5pt, rq|

¤ Cr

t4 log3bptq �
Cr2

t4 log3N�b�2ptq �
Cr

t7{2 log
5N
2
�3b�3ptq

� Cr

t7{2 log
5N
2
�3b�3ptq

¤ Cr

t3 log3N�b�2ptq , r ¤ t

2

(5.191)

By using (5.180), (5.183), (5.190), and (5.191), we get

r2|BrrF4pt, rq| ¤ C
1tr¤logN ptqur

t2 log3b�1�2bαptqpr2 � λptq2q2 �
C1tr¤ t

2
ur

t2 log5b�2N�1ptqpr2 � λptq2q2

5.10 Estimates on F5

Recall that F5 was one of the v6-independent error terms on the right-hand side of (5.26) which was
not included in the modulation equation, and is therefore, not necessarily orthogonal to φ0p �

λptqq.
Hence, we must prove that it decays sufficiently quickly in sufficiently many norms. This is the
result of the following lemma.

Lemma 5.19. We have the following estimates on F5:

1

λpxq2 ||F5px, rq||L2prdrq ¤ C log6�2bpxq
x17{4

||F5px, �λpxqq|| 9H1
e

λpxq ¤ C log6�bpxq
x35{8

Proof. We recall (5.28):

F5pt, rq � N2pv5qpt, rq
� sinp2pv1 � v2 � v3 � v4qq

2r2

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	

�
�

cosp2pv1 � v2 � v3 � v4qq � 1

2r2


�
sinp2Q 1

λptq
� 2v5q � sinp2Q 1

λptq
q
	

Then, we start with

|N2pv5q|pt, rq ¤
#

Cr
pr2�λptq2qt7 log7b�6�5N ptq , r ¤ t

2
C log8ptq

r7{2 logbptqt7{2 , r ¥ t
2

Next, we have

|sinp2pv1 � v2 � v3 � v4qq
2r2

�
cosp2Q 1

λptq
q pcosp2v5q � 1q � sinp2Q 1

λptq
q sinp2v5q

	
|

¤ C
|v1 � v2 � v3 � v4|

r2

�
v5pt, rq2 � rλptq

r2 � λptq2 |v5pt, rq|



201



|
�

cosp2pv1 � v2 � v3 � v4qq � 1

2r2


�
sinp2Q 1

λptq
q pcosp2v5q � 1q � cosp2Q 1

λptq
q sinp2v5q

	
|

¤ Cpv1 � v2 � v3 � v4q2
r2

�
rλptqv2

5

r2 � λptq2 � |v5|



Using our previous pointwise estimates on v1, v2, v3, v4, v5, we get

|F5pt, rq| ¤

$'''''&'''''%

Cr

pr2�λptq2qt11{2 log5b�3� 5N
2 ptq

, r ¤ t
2

C logprq log4ptq
r3t2 logbptq|t�r| �

C log4ptq log2prq
pt�rq2r5{2t3{2

� C log4ptq
r7{2t3 log

3N
2 �4b�1ptq

, t
2
¤ r ¤ t�?

t, or r ¡ t�?
t

log4ptq
r7{2t3{2 , t�?

t ¤ r ¤ t�?
t

This gives
1

λpxq2 ||F5px, rq||L2prdrq ¤ C log6�2bpxq
x17{4

We then proceed to estimate ||F5pt, �λptqq|| 9H1
e

We start with

|BrN2pv5qpt, rq| ¤ Cλptq
r2pr2 � λptq2qv5pt, rq2 � Cλptq|v5pt, rqBrv5pt, rq|

rpr2 � λptq2q
� C|Brv5pt, rq|v5pt, rq2

r2
� C|v5pt, rq|3

r3

(5.192)

For the two terms on the right-hand side of the above equation which involve Brv5, we estimate as
follows:

||λptq|v5pt, rqBrv5pt, rq|
rpr2 � λptq2q |r�Rλptq||L2pRdRq

¤ Cλptq|| v5pt, rq
rpr2 � λptq2q ||L8 � ||pB2v5qpt, �λptqq||L2pRdRq ¤ C

t21{4 logb�6� 5N
2 ptq

|| |Brv5pt, rq|v5pt, rq2
r2

|r�Rλptq||L2pRdRq ¤ ||pB2v5qpt, �λptqq||L2pRdRq � ||v
2
5

r2
||L8

¤ C log11�bptq
t31{4

For the other terms in (5.192), we use the v5 pointwise estimates. In total, we get

||pB2N2pv5qqpt, �λptqq||L2pRdRq ¤ C

t21{4 logb�6� 5N
2 ptq
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Next, we have

Br
�

sinp2pv1 � v2 � v3 � v4qq
2r2

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	


� cosp2pv1 � v2 � v3 � v4qqBrpv1 � v2 � v3 � v4q
r2

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	

� sinp2pv1 � v2 � v3 � v4qq
r3

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	

� sinp2pv1 � v2 � v3 � v4qq
r2

�
� sinp2Q 1

λptq
� 2v5qBrpQ 1

λptq
� v5q � sinp2Q 1

λptq
qBrQ 1

λptq

	
For Brvk, k � 1, 2, 4, we use the pointwise estimates from the previous subsections. On the other
hand, for Brv3, we use the energy estimate procedure, previously used for Brv5, to get

||Brv3ptq||L2prdrq ¤ C

» 8

t

||F0,1psq||L2prdrqds ¤ C

» 8

t

a
logplogpsqq
s2 logb�1psq ds

¤ C
a

logplogptqq
t logb�1ptq

Then, we have

||cosp2pv1 � v2 � v3 � v4qqBrpv1 � v2 � v3 � v4q
r2

|r�Rλptq
�
�

cosp2Q 1
λptq

� 2v5q � cosp2Q 1
λptq
q
	
|r�Rλptq||L2pRdRq

¤ ||Brpv1 � v2 � v4q
r2

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	
|r�Rλptq||L2pRdRq

� ||pB2v3qpt, Rλptqq||L2pRdRq||

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	

r2
||L8

¤ C
a

logplogptqq
t9{2 log2b�2� 5N

2 ptq
Using the pointwise estimates on v5, we get

|| � sinp2pv1 � v2 � v3 � v4qq
r3

�
cosp2Q 1

λptq
� 2v5q � cosp2Q 1

λptq
q
	
|r�Rλptq||L2pRdRq

¤ C

t11{2 log3b�3� 5N
2 ptq

We use

|sinp2pv1 � v2 � v3 � v4qq
r2

�
� sinp2Q 1

λptq
� 2v5qBrpQ 1

λptq
� v5q � sinp2Q 1

λptq
qBrQ 1

λptq

	
|

¤ C|v1 � v2 � v3 � v4|
r2

�
rλptq2v2

5

pr2 � λptq2q2 �
λptq|v5pt, rq|
r2 � λptq2 � |Brv5|rλptq

r2 � λptq2 � |v5Brv5|

 (5.193)
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The first term in (5.193) which involves Brv5 is estimated as follows:

|| |v1 � v2 � v3 � v4|
r2

� |Brv5|rλptq
r2 � λptq2



|r�Rλptq||L2pRdRq

¤ C|| |v1 � v2 � v3 � v4|
r2

� |Brv5|rλptq
r2 � λptq2



|r�Rλptq||L2pp0, t

2λptq q,RdRq

� C||pB2v5qpt, Rλptqq||L2pRdRq � || pv1 � v2 � v3 � v4q
rpr2 � λptq2q λptq||L8pr¥ t

2
q

(5.194)

where the second line of (5.194) is estimated using the pointwise estimates on Brv5 in the region
r ¤ t

2
. In total, we get

|| |v1 � v2 � v3 � v4|
r2

� |Brv5|rλptq
r2 � λptq2



|r�Rλptq||L2pRdRq ¤ C log4ptq

t21{4

The second term of (5.193) which involves Brv5 is estimated as follows:

||v1 � v2 � v3 � v4

r
||L8 � ||v5

r
||L8 � ||pB2v5qpt, �λptqq||L2pRdRq ¤ C log8ptq

t
25
4 λptq

The other terms of (5.193) are estimated using the vk pointwise estimates for 1 ¤ k ¤ 5. In total,
we get

||sinp2pv1 � v2 � v3 � v4qq
r2

|r�Rλptq
�
�
� sinp2Q 1

λptq
� 2v5qBrpQ 1

λptq
� v5q � sinp2Q 1

λptq
qBrQ 1

λptq

	
|r�Rλptq||L2pRdRq

¤ C log4ptq
t21{4

Finally, we have

Br
��

cosp2pv1 � v2 � v3 � v4qq � 1

2r2


�
sinp2Q 1

λptq
� 2v5q � sinp2Q 1

λptq
q
	


� � sinp2pv1 � v2 � v3 � v4qq
r2

Brpv1 � v2 � v3 � v4q
�

sinp2Q 1
λptq

� 2v5q � sinp2Q 1
λptq
q
	

� pcosp2pv1 � v2 � v3 � v4qq � 1q
r3

�
sinp2Q 1

λptq
� 2v5q � sinp2Q 1

λptq
q
	

�
�

cosp2pv1 � v2 � v3 � v4qq � 1

r2


�
cosp2Q 1

λptq
� 2v5qpBrQ 1

λptq
� Brv5q � cosp2Q 1

λptq
qBrQ 1

λptq

	
(5.195)
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The second line of (5.195) is estimated by

||� sinp2pv1 � v2 � v3 � v4qq
r2

Brpv1 � v2 � v3 � v4q|r�Rλptq
�
�

sinp2Q 1
λptq

� 2v5q � sinp2Q 1
λptq
q
	
|r�Rλptq||L2pRdRq

¤ C||v1 � v2 � v3 � v4

r
||L8 p ||v5Brpv1 � v2 � v4q

r
|r�Rλptq||L2pRdRq

�||v5

r
||L8 ||pB2v3qpt, �λptqq||L2pRdRq

	
¤ C log6�bptq

t35{8

The third line of (5.195) is estimated by

|| � pcosp2pv1 � v2 � v3 � v4qq � 1q
r3

�
sinp2Q 1

λptq
� 2v5q � sinp2Q 1

λptq
q
	
|r�Rλptq||L2pRdRq

¤ C||v1 � v2 � v3 � v4

r
||2L8 ||

v5

r
|r�Rλptq||L2pRdRq

¤ C log6�bptq
t5

Finally, the fourth line of (5.195) is estimated by

||
�

cosp2pv1 � v2 � v3 � v4qq � 1

r2



|r�Rλptq

�
�

cosp2Q 1
λptq

� 2v5qpBrQ 1
λptq

� Brv5q � cosp2Q 1
λptq
qBrQ 1

λptq

	
|r�Rλptq||L2pRdRq

¤ ||v1 � v2 � v3 � v4

r
||2L8 p ||

�
λptq v2

5

λptq2 � r2
� rλptq2v5

pr2 � λptq2q2


|r�Rλptq||L2pRdRq

�||pB2v5qpt, �λptqq||L2pRdRq
�

¤ C log5�bptq
t19{4

Finally, we use our pointwise estimates on all vk to get�
1

λptq2
» 8

0

pF5pt, Rλptqqq2
R2

RdR


1{2
¤ C log6�bptq

t21{4

Combining all of these estimates, we get

1

λptq ||F5pt, �λptqq|| 9H1
e
¤ C log6�bptq

t35{8

205



5.11 Estimates on F6

We prove the analogous estimates on F6:

Lemma 5.20.
1

λptq2 ||F6pt, rq||L2prdrq ¤ C

t4 log3b�2N�1ptq (5.196)

1

λptq ||F6pt, rq|| 9H1
e
¤ C

t9{2 log4b�1� 5N
2 ptq

Proof. We start with

||F6pt, rq||2L2prdrq ¤ C

» t
2

t
4

λptq4rpv4pt, rq2 � v5pt, rq2q
r8

dr � C

» 8

t
2

λptq4pv2
4 � v2

5qrdr
r8

¤ C

t8 log10b�4N�2ptq
where we used (5.83), (5.91). This concludes the proof of (5.196).

Next, we have

BrF6pt, rq � χ1¥1p
4r

t
q
�

4

t


�cosp2Q 1
λptq
prqq � 1

r2

�
pv4 � v5q

� χ¥1p4r
t
q pv4 � v5q Br

�
cosp2Q 1

λptq
prqq � 1

r2

�

� χ¥1p4r
t
q
�

cosp2Q 1
λptq
prqq � 1

r2

�
Brpv4 � v5q

We estimate the L2 norm as follows.

||BrF6pt, rq||L2prdrq ¤ C

t9{2 log5b�1� 5N
2 ptq

� ||Brv5||L2prdrq � ||
χ¥1p4r

t
qλptq2

pr2 � λptq2q2 ||L8r

¤ C

t9{2 log5b�1� 5N
2 ptq

where we used (5.83), (5.84), (5.91), and (5.93). The last term to estimate is

||F6pt, rq
r

||L2prdrq ¤ C

t5 log5b�2N�1ptq
where we used (5.83) and (5.91). Combining these, we get

1

λptq ||F6pt, rq|| 9H1
e
¤ C

t9{2 log4b�1� 5N
2 ptq
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5.12 Estimates on vcorr-dependent quantities
Finally, we define vcorr :� v1 � v2 � v3 � v4 � v5 and record some estimates on vcorr-dependent
quantities which will appear as coefficients of various error terms involving the final correction,
which is to be constructed in the next section.

Lemma 5.21. We have the following estimates

||vcorrpx,Rλpxqq
Rλpxq ||2L8 � || vcorrpx,Rλpxqq

Rλpxq2p1�R2q ||L8 ¤ C logplogpxqq
x2 logpxq

1� ||vcorrpx,Rλpxqq
R

||L8 � ||BRpvcorrpx,Rλpxqqq||L8 ¤ C

||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq

� ||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq � ||BRpvcorrpx,Rλpxqqqp1�R2qλpxq2 ||L8

¤ C logplogpxqq
x2 logpxq

Proof. From (5.176), (5.77), (5.78), (5.83), and (5.91), we get

|vcorrpt, rq| ¤

$''&''%
Cr logplogptqq
t2 logb�1ptq , r ¤ logNptq
Cr

t2 logbptq , logNptq ¤ r ¤ t
2

C?
r
, t

2
  r

This gives

||vcorrpx,Rλpxqq
Rλpxq ||2L8 � || vcorrpx,Rλpxqq

Rλpxq2p1�R2q ||L8 ¤ C logplogpxqq
x2 logpxq

Then, we use (5.177),(5.182), (5.79), (5.84), and (5.92) to get

|BRpvcorrpx,Rλpxqqq| ¤ Cλpxq

$''&''%
logplogpxqq
x2 logb�1pxq , Rλpxq ¤ logNpxq

1
x2 logbpxq , logNpxq ¤ Rλpxq ¤ x

2

1?
x
, Rλpxq ¡ x

2

This implies

1� ||vcorrpx,Rλpxqq
R

||L8 � ||BRpvcorrpx,Rλpxqqq||L8 ¤ C

Next, we have

|vcorrpx,Rλpxqq
Rλpxq | � |BRpvcorrpx,Rλpxqqq

λpxq | ¤ C
plogplogpxqqq2
x4 log2b�2pxq , R ¤ 1
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|vcorrpx,Rλpxqq
Rλpxq | � |BRpvcorrpx,Rλpxqqq

Rλpxq | ¤

$''&''%
Cplogplogpxqqq2
Rx4 log2b�2pxq , 1 ¤ R ¤ logN pxq

λpxq
C

Rx4 log2bpxq , logNpxq ¤ Rλpxq ¤ x
2

C
R5{2λpxq3{2?x , Rλpxq ¡ x

2

and

|BRpvcorrpx,Rλpxqqq|
p1�R2qλpxq2 ¤

$''&''%
C logplogpxqq

x2 logpxqp1�R2q , Rλpxq ¤ logNpxq
1

x2p1�R2q , logNpxq ¤ Rλpxq ¤ x
2

logbpxq?
x

� 1
1�R2 , Rλpxq ¡ x

2

which imply

||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq

� ||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq � ||BRpvcorrpx,Rλpxqqqp1�R2qλpxq2 ||L8

¤ C logplogpxqq
x2 logpxq

6 Solving the Final Equation (Wave Maps)
The full equation to solve is (5.26) with 0 Cauchy data at infinity. For ease of notation, let us set
u � v6, and re-write (5.26) as

�Bttu� Brru� 1

r
Bru�

cosp2Q 1
λptq
prqq

r2
u � F pt, rq � F3pt, rq

where
F pt, rq � F4pt, rq � F5pt, rq � F6pt, rq

and we recall that F4, F5, and F6 are defined in (5.27), (5.28), and (5.29), and are estimated in
theorem 5.1. and

F3 � Npuq � L1puq (6.1)

with

Npfq �
�

sinp2fq � 2f

2r2



cosp2Q 1

λptq
q �
�

cosp2fq � 1

2r2



sinp2pQ 1

λptq
� vcorrqq

L1pfq � sinp2fq
2r2

cosp2Q 1
λptq
qpcosp2vcorrq � 1q � sinp2fq

2r2
sinp2Q 1

λptq
q sinp2vcorrq

vcorr � v1 � v2 � v3 � v4 � v5

Note that we will utilize the crucial fact that

xF4pt, �q, φ0p �
λptqqy � 0
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6.1 The equation for Fpuq

We will make appropriate changes of variables in order to (formally) derive the equation for the
distorted Fourier transform, discussed in section 4 of [14], of u. (Note, however, that we will not
renormalize the time variable, unlike in [14].) We will denote the distorted Fourier transform of a
function f by Fpfq. Let

upt, rq � vpt, r

λptqq
Then, if we evaluate the equation for u at the point pt, Rλptqq, we obtain

� B11vpt, Rq � 2
λ1ptq
λptqRB12vpt, Rq �

�
λ2ptq
λptq � 2

λ1ptq2
λptq2



RB2vpt, Rq

� λ1ptq2
λptq2 R

2B22vpt, Rq � 1

λptq2
�
B22vpt, Rq � 1

R
B2vpt, Rq � cosp2Q1pRqq

R2
vpt, Rq



� F pt, Rλptqq � F3pt, Rλptqq

Now, let

vpt, Rq � wpt, Rq?
R

to get

� B11wpt, Rq � λ1ptq
λptq B1wpt, Rq � 2

λ1ptq
λptq B1pRB2wqpt, Rq

�
��λ2ptq

2λptq � 1

4

λ1ptq2
λptq2



wpt, Rq �

�
λ2ptq
λptq �

λ1ptq2
λptq2



RB2wpt, Rq

� λ1ptq2
λptq2 R

2B22wpt, Rq � 1

λptq2
�
B22wpt, Rq �

�
3

4R2
� 8

p1�R2q2


wpt, Rq



�
?
RF pt, Rλptqq �

?
RF3pt, Rλptqq

(6.2)

Next, from (5.1) of [14], we have

FpRBRwq � �2ξBξFpwq �KpFpwqq
where we will use various estimates on K, proven in [14], later on. Making the final change of
variable

ypt, ξq � Fpwqpt, ξλptq2q
and evaluating the distorted Fourier transform of (6.2) at the point pt, ωλptq2q, we get

� Bttypt, ωq � ωypt, ωq � λ1ptq
λptq Btypt, ωq �

2λ1ptq
λptq K

�
B1ypt, �

λptq2 q


pωλptq2q

�
��λ2ptq

2λptq � λ1ptq2
4λptq2



ypt, ωq � λ2ptq

λptq K
�
ypt, �

λptq2 q


pωλptq2q

� 2
λ1ptq2
λptq2

�
rξBξ, Kspypt, �

λptq2 qq


pωλptq2q � λ1ptq2

λptq2 K
�
Kpypt, �

λptq2 qq


pωλptq2q

� Fp?�F pt, �λptqqqpωλptq2q � Fp?�F3pupyqqpt, �λptqqqpωλptq2q

(6.3)

where we write F3pupyqq to emphasize the dependence of F3 on y, which is related to u via

ypt, ξq � Fp?�upt, �λptqqqpξλptq2q
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6.2 Estimates on F2

Let

F2pyqpt, ωq � �λ
1ptq
λptq Btypt, ωq �

2λ1ptq
λptq K

�
B1ypt, �

λptq2 q


pωλptq2q

�
��λ2ptq

2λptq � λ1ptq2
4λptq2



ypt, ωq � λ2ptq

λptq K
�
ypt, �

λptq2 q


pωλptq2q

� 2
λ1ptq2
λptq2

�
rξBξ, Kspypt, �

λptq2 qq


pωλptq2q

� λ1ptq2
λptq2 K

�
Kpypt, �

λptq2 qq


pωλptq2q

Note that (6.3) becomes

Btty � ωy � �Fp?�F pt, �λptqqqpωλptq2q � F2pyqpt, ωq � Fp?�F3pupyqqpt, �λptqqqpωλptq2q
Our goal is to prove the following proposition:

Proposition 6.1. There exists C1 ¡ 0 such that, for all y satisfying

ypt, ωq
a
ρpωλptq2qxωλptq2y P C0

t prT0,8q, L2pdωqq
and

Btypt, ωqx
?
ωλptqy

a
ρpωλptq2q P C0

t prT0,8q, L2pdωqq
we have the following inequalities, for x ¥ T0:

||F2pyqpxq||L2pρpωλpxq2qdωq ¤ C1

x logpxq
�||Btypxq||L2pρpωλpxq2qdωq

�1

x
||ypxq||L2pρpωλpxq2qdωq


 (6.4)

and

||?ωλpxqF2pyqpxq||L2pρpωλpxq2qdωq

¤ C1

x logpxq
�||?ωλpxqBtypxq||L2pρpωλpxq2qdωq � ||Btypxq||L2pρpωλpxq2qdωq

�
� C1

x2 logpxq
�||?ωλpxqypxq||L2pρpωλpxq2qdωq � ||ypxq||L2pρpωλpxq2qdωq

� (6.5)

Proof. By the symbol type bounds on a from Proposition 4.7 of [14], we have

|ξρ
1pξq
ρpξq | � |ξpaa

1 � aa1q
|a|2 | ¤ C

Then, by (5.3) of [14], there exists a constant C such that, for f P C8
c pp0,8qq and α � 0, 1

2
, we

have
||xξyαpKfq||L2pρdξq ¤ C

�||xξyαf ||L2pρdξq � ||xξyαpK0pfqq||L2pρdξq
�
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In addition, we use Proposition 5.2 of [14] to get, for α � 0, 1
2
,

||xξyα�1{2K0f ||L2pρdξq ¤ C||xξyαf ||L2pρdξq

||xξyαrξBξ, K0sf ||L2pρdξq ¤ C||xξyαf ||L2pρdξq

So, for α � 0, 1
2

||xξyαKf ||L2pρdξq ¤ C||xξyαf ||L2pρdξq

Also, since

rξBξ, Ksf � rξBξ, K0sf � ξBξ
�
ξρ1pξq
ρpξq



f

the symbol type bounds on a imply that for α � 0, 1
2
,

||xξyαrξBξ, Ksf ||L2pρdξq ¤ C||xξyαf ||L2pρdξq

For later convenience, we will record estimates on some terms appearing in (6.3), treating
homogeneous components of a norm with weight xωλpxq2y1{2 separately:

||KpB1ypx, �
λpxq2 qqpωλpxq

2q||L2pρpωλpxq2qdωq

�
�» 8

0

ρpξq
�
KpB1ypx, �

λpxq2 qqpξq

2

dξ

λpxq2
�1{2

¤ C

λpxq

�» 8

0

ρpξq
�
B1ypx, ξ

λpxq2 q

2

dξ

�1{2

¤ C||B1ypxq||L2pρpωλpxq2qdωq

||?ωλpxqKpB1ypx, �
λpxq2 qqpωλpxq

2q||2L2pρpωλpxq2qdωq

¤ C

» 8

0

�
KpB1ypx, �

λpxq2 qqpωλpxq
2q

2 �

1� λpxq4ω2
�1{2

ρpωλpxq2qdω

¤ C

» 8

0

�
KpB1ypx, �

λpxq2 qqpξq

2a

1� ξ2
ρpξqdξ
λpxq2

¤ C

λpxq2
» 8

0

�
B1ypx, ξ

λpxq2 q

2a

1� ξ2ρpξqdξ

¤ C

» 8

0

pB1ypx, ωqq2
�
1� ωλpxq2� ρpωλpxq2qdω

So,

||?ωλpxqKpB1ypx, �
λpxq2 qqpωλpxq

2q||L2pρpωλpxq2qdωq

¤ C
�||B1ypxq||L2pρpωλpxq2qdωq � ||?ωλpxqB1ypxq||L2pρpωλpxq2qdωq

�
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Similarly,

||
�
rξBξ, Kspypx, �

λpxq2 qq


pωλpxq2q||L2pρpωλpxq2qdωq ¤ C||ypxq||L2pρpωλpxq2qdωq

||K
�
Kpypx, �

λpxq2 qq


pωλpxq2q||L2pρpωλpxq2qdωq ¤ C||ypxq||L2pρpωλpxq2qdωq

||K
�
ypx, �

λpxq2 q


pωλpxq2q||L2pρpωλpxq2qdωq ¤ C||ypxq||L2pρpωλpxq2qdωq

||?ωλpxq
�
rξBξ, Kspypx, �

λpxq2 qq


pωλpxq2q||L2pρpωλpxq2qdωq

¤ C
�||ypxq||L2pρpωλpxq2qdωq � ||?ωλpxqypxq||L2pρpωλpxq2qdωq

�
||?ωλpxq

�
K

�
ypx, �

λpxq2 q


pωλpxq2q



||L2pρpωλpxq2qdωq

¤ C
�||ypxq||L2pρpωλpxq2qdωq � ||?ωλpxqypxq||L2pρpωλpxq2qdωq

�
||?ωλpxq

�
K

�
Kpypx, �

λpxq2 qq


pωλpxq2q



||L2pρpωλpxq2qdωq

¤ C
�||ypxq||L2pρpωλpxq2qdωq � ||?ωλpxqypxq||L2pρpωλpxq2qdωq

�
We thus conclude the inequalities (6.4) and (6.5).

6.3 F3 Estimates
Our goal in this subsection is to prove the following proposition.

Proposition 6.2. For y satisfying

ypt, ωq
a
ρpωλptq2qxωλptq2y P C0

t prT0,8q, L2pdωqq
let F3pupyqq be given by the expression (6.1), where

upt, rq �
c
λptq
r

F�1

�
ypt, �

λptq2 q


p r

λptqq, r ¡ 0

Then, there exists an absolute constant C ¡ 0 independent of y, such that

||Fp?�F3pupyqqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq

¤ C||yptq||L2pρpωλptq2qdωq

�
||vcorrpt, Rλptqq

Rλptq ||2L8 � || vcorrpt, Rλptqq
Rλptq2p1�R2q ||L8



� C||xωλptq2yyptq||3L2pρpωλptq2qdωq

� C

λptq ||x
?
ωλptqyyptq||2L2pρpωλptq2qdωq

�
1� ||vcorrpt, Rλptqq

R
||L8


 (6.6)
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and

||?ωλptqFp?�F3pupyqqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq

¤ C||x?ωλptqyyptq||L2pρpωλptq2qdωq �
�
||vcorrpt, Rλptqq

Rλptq ||2L8 � || vcorrpt, Rλptqq
Rλptq2p1�R2q ||L8

�||BRpvcorrpt, Rλptqqqp1�R2qλptq2 ||L8 � ||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
Rλptq2 ||L8R pp0,1qq

�||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
R2λptq2 ||L8R pp1,8qq



� C||xωλptq2yyptq||3L2pρpωλptq2qdωq

� C

λptq ||xωλptq
2yyptq||2L2pρpωλptq2qdωq

�
�

1� ||vcorrpt, Rλptqq
R

||L8 � ||BRpvcorrpt, Rλptqqq||L8



(6.7)

where
vcorr � v1 � v2 � v3 � v4 � v5

Proof. To prove these estimates, it will be convenient to use the distorted Fourier transforms of
[1], associated to the operators L�L and LL�, where

L � Br � cospQ1q
r

, L� � �Br � pcospQ1q � 1q
r

Let us use φ̃ξprq to denote the eigenfunctions denoted by φξprq in [1], and φpr, ξq to denote the
eigenfunctions of [14]. By the definitions of these eigenfunctions, there exists f such that

?
rφ̃?ξprq � fp

a
ξqφpr, ξq (6.8)

To determine the expression for f , let g P S, with gp0q � 0. Using the definitions of the Fourier
transforms from [1] and [14], and (6.8), we have

Fpgqpξq �
» 8

0

φpr, ξqgprqdr �
» 8

0

?
rφ̃?ξprq
fp?ξq gprqdr � 1

fp?ξqFHpgp�q?� qp
a
ξq

where FH is the operator defined in section 3.1 of [1] Using the inversion formula from [14] we
get

gprq �
» 8

0

φpr, ξqFpgqpξqρpξqdξ �
» 8

0

?
r

fp?ξq2FHpgp�q?� qp
a
ξqρpξqφ̃?ξprqdξ

So, for g P S, with gp0q � 0, we have, for all r � 0,

gprq?
r
�
» 8

0

2

fpuq2FHpgp�q?� qpuqρpu
2qφ̃uprqudu

Comparing this to the inversion formula from [1], we get

fpuq �
a

2uρpu2q
In order to estimate the F3 terms, we will also use the following lemma
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Lemma 6.1. There exists C ¡ 0 such that, for all y with ypξqxξy P L2pp0,8q, ρpξqdξq, if v is given
by

vprq � 1?
r

» 8

0

ypξqφpr, ξqρpξqdξ, r ¡ 0

then, v P C0p0,8q, and vprq
rxlogprqy admits a continuous extension to r0,8q with vprq

rxlogprqyp0q �
limrÑ8 vprq � 0.

v, Lpvq, L�Lpvq P L2pp0,8q, rdrq
with

||vprq||L2prdrq � ||F�1pyqprq||L2pdrq � ||y||L2pρpξqdξq (6.9)

||
a
ξypξq||2L2pρpξqdξq � ||Lv||2L2prdrq (6.10)

and

||ξypξq||2L2pρpξqdξq � ||L�Lv||2L2prdrq (6.11)

Moreover, v P 9H1
e , with

||v||
9H1
e
¤ C

�||v||L2prdrq � ||Lpvq||L2prdrq
�

(6.12)

|vprq| ¤ C||v||
9H1
e
, r ¥ 0 (6.13)

| vprq
rxlogprqy| ¤ C

�||v||L2prdrq � ||Lpvq||L2prdrq � ||L�Lv||L2prdrq
�
, r ¡ 0 (6.14)

» 8

0

�
pLpvqprqq2
r2p1� r2q

�
rdr ¤ C||L�Lv||2L2prdrq (6.15)

Proof. If f P C1pr0,8qq X L2pp0,8q, rdrq, Lf P L2pp0,8q, rdrq, and fp0q � limrÑ8 fprq � 0,
then, since

|cospQ1prqq � 1

r
| ¤ 1, r ¡ 0

we have

Brf � f

r
� Lf �

�
cospQ1prqq � 1

r



f P L2pp0,8q, rdrq

Then, if M ¡ 1,» M
1
M

pBrf � f

r
q2rdr �

» M
1
M

�
pBrfq2 � Brpf 2q

r
� f 2

r2



rdr

�
» 8

0

1r 1
M
,Msprq

�
pBrfq2 � f 2

r2



rdr � pfpMqq2 � pfp 1

M
qq2

Letting M Ñ 8, and using the monotone convergence theorem, we have

||f ||2
9H1
e
�
» 8

0

�
pBrfq2 � f 2

r2



rdr ¤ C

�
||Lf ||2L2prdrq � ||f ||2L2prdrq

	
(6.16)
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Next, for f P C1pr0,8qq X 9H1
e satisfying fp0q � 0, we have

f 2prq �
» r

0

p2fpsqf 1psqq ds � 2

» r
0

fpsq?
s
pf 1psq?sqds ¤ 2||f

r
||L2prdrq||f 1||L2prdrq

So,

||f ||8 ¤ C||f
r
||1{2L2prdrq||f 1||1{2L2prdrq ¤ C||f ||

9H1
e

(6.17)

Next, for any g P C1pp0,8qq X C0pr0,8qq such that gp0q � limrÑ8 gprq � 0, L�g P
L2pp0,8q, rdrq, and for any M ¥ 1,» M

1
M

pL�gq2rdr �
» M

1
M

pg1prqq2rdr �
» M

1
M

pcospQ1prqq � 1q d
dr

�
gprq2� dr

�
» M

1
M

�
cospQ1prqq � 1

r


2

gprq2rdr

� pcospQ1pMqq � 1qgpMq2 �
�

cospQ1p 1

M
qq � 1



gp 1

M
q2

�
» 8

0

1r 1
M
,Msprq

�
pg1prqq2 � 4gprq2

r2p1� r2q


rdr

By the monotone convergence theorem,

||L�g||2L2prdrq �
» 8

0

�
pg1prqq2 � 4gprq2

r2p1� r2q


rdr (6.18)

If y is as in the lemma statement, for M ¥ 4, define

vMprq :� 1?
r

» 8

0

ypξqφpr, ξqχ¤1p ξ
M
qρpξqdξ, r ¡ 0

We will now record some estimates on Bkrφpr, ξq, k ¤ 1, which will allow us to prove a certain
regularity of v and vM . From [14], we have

1?
r
φpr, ξq � 1

2
φ0prq � 1

r

8̧

j�1

pr2ξqjφjpr2q, r2ξ ¤ 4

and
1?
r
φpr, ξq � 2Re papξqψ�pr, ξqq?

r
, r2ξ ¡ 4

Therefore,

| 1

r3{2xlogprqyφpr, ξq| ¤
$&% C

xlogprqy

�
φ0prq
r

� logp1�r2q
r2

	
, r2ξ ¤ 4

C|apξq|
ξ1{4r1{2�rxlogprqy , r2ξ ¡ 4

(6.19)

We use
xlogpξqy2

xlogprqy2
¤ C, r2ξ ¤ 4, ξ ¥ 1
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and the fact that
r ÞÑ 1?

rxlogprqy is decreasing on p0,8q

which gives
1?

rxlogprqy ¤
Cξ1{4

xlogpξqy , r2ξ ¡ 4

in (6.19) to get, for all r ¥ 0

| φpr, ξq
r3{2xlogprqy| ¤ C

|apξq|?ξ
xlogpξqy � C

#
1

xlogpξqy , ξ ¥ 1

1, ξ ¤ 1

Then, if

gpξq �
�
|apξq|2ξ
xlogpξqy2

�
#

1
xlogpξqy2 , ξ ¥ 1

1, ξ ¤ 1

�
ρpξq
xξy2

we have, for all r ¥ 0

|ypξq φpr, ξq
r3{2xlogprqyρpξq| ¤ |ypξq|xξy

a
ρpξq �

�
| φpr, ξq
r3{2xlogprqy|

a
ρpξq
xξy

�
¤ C|ypξq|xξy

a
ρpξq �

a
gpξq

But,
|ypξq|xξy

a
ρpξq �

a
gpξq P L1pp0,8q, dξq

by Cauchy-Schwartz, due to the assumptions on y and the fact that» 8

0

gpξqdξ ¤ C

Therefore, by the dominated convergence theorem, v, defined in the lemma statement satisfies
vprq

rxlogprqy is continuous on p0,8q, and we have

| vprq
rxlogprqy| ¤

» 8

0

|ypξq φpr, ξq
r3{2xlogprqyρpξq|dξ ¤ C||ypξqxξy||L2pρpξqdξq, r ¡ 0

and

lim
rÑ0

vprq
rxlogprqy �

» 8

0

ypξq lim
rÑ0

�
φpr, ξq

r3{2xlogprqy


ρpξqdξ � 0

Similarly,

|φpr, ξq?
r

a
ρpξq
xξy | ¤ C

a
g2pξq

with

g2pξq �
�
|apξq|2 �

#
1, ξ ¤ 1
1
ξ
, ξ ¡ 1

�
ρpξq
xξy2

P L1pp0,8q, dξq
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So, again by the dominated convergence theorem,

lim
rÑ8

vprq �
» 8

0

ypξq lim
rÑ8

�
φpr, ξq?

r



ρpξqdξ � 0

The same argument shows that
lim
rÑ8

vMprq � 0

From (6.19), we also have

|φpr, ξq
r3{2 | ¤

#
C, r2ξ ¤ 4

C|apξq|?ξ, r2ξ ¡ 4

whence,

|φpr, ξq
r3{2 | ¤ C � C|apξq|

a
ξ, r ¥ 0

Then, the dominated convergence theorem shows that vM satisfies that vM prq
r

admits a continuous
extension to a function defined on r0,8q. Similarly,

|Br
�
φpr, ξq?

r



| ¤
#
C p|φ10prq| � ξ logp1� r2qq , r2ξ ¤ 4
C|apξq|ξ1{4

r1{2 , r2ξ ¡ 4

which shows

|Br
�
φpr, ξq?

r



| ¤ C � C|apξq|

a
ξ, r ¥ 0

Therefore, vM P C1pr0,8qq. Moreover,

LpvMqp0q �
» 8

0

ypξq lim
rÑ0

L

�
φpr, ξq?

r



χ¤1

�
ξ

M



ρpξqdξ � 0

where we used Lpφ0q � 0. Again, by the dominated convergence theorem,

lim
rÑ8

BrvMprq �
» 8

0

ypξq lim
rÑ8

Br
�
φpr, ξq?

r



χ¤1

�
ξ

M



ρpξqdξ � 0

Finally, we have

|B2
r

�
φpr, ξq?

r



| ¤ C

�
1�

a
ξ � ξ|apξq|

	
, r ¥ 0

and the same dominated convergence theorem based procedure used above shows that vM P
C2pp0,8qq.

Next, we have
||vprq||L2prdrq � ||F�1pyqprq||L2pdrq � ||y||L2pρpξqdξq

||
a
ξypξq||2L2pρpξqdξq �

» 8

0

ξ|Fp?�vp�qqpξq|2ρpξqdξ �
» 8

0

ξ
|FHpvqp

?
ξq|2

2
?
ξ

dξ

�
» 8

0

η2|FHpvqpηq|2dη � ||ηFHpvqpηq||2L2pdηq

� ||Lv||2L2prdrq
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where we used the L2 isometry property of FH from [1]. Finally,

||ξypξq||2L2pρpξqdξq �
» 8

0

ξ2 |FHpvqp
?
ξq|2

2
?
ξ

dξ �
» 8

0

η4|FHpvqpηq|2dη

�
» 8

0

|FHpL�Lvqpηq|2dη � ||L�Lv||2L2prdrq

This shows that v, vM , Lpvq, LpvMq, L�Lpvq, L�LpvMq P L2pp0,8q, rdrq. Combining these facts

with our estimates on φpr,ξq?
r

?
ρpξq
xξy and

|vprq � vMprq| ¤
» 8

0

|ypt, ξqφpr, ξq?
r

| � |χ¤1p ξ
M
q � 1|ρpξqdξ

the Dominated convergence theorem gives

vM Ñ v, pointwise, and in L2pp0,8q, rdrq, M Ñ 8

LpvMq Ñ Lpvq, in L2pp0,8q, rdrq, M Ñ 8
L�LpvMq Ñ L�Lpvq, in L2pp0,8q, rdrq, M Ñ 8

We conclude the proof of the lemma by noting that (6.16) and (6.17) hold for vM , and (6.18) holds
for g � LpvMq. So, by approximation, we have (6.12), (6.13), and (6.15).

Now, we can estimate the F3pupyqq terms, for y such that
ypt, ωqaρpωλptq2qxωλptq2y P C0

t prT0,8q, L2pdωqq. This is sufficient for our purposes, since all
y in the space Z ( which is the space in which we will construct a solution to (6.3), and is defined
later on) satisfy this condition. Recall that

F3puqpt, rq � Npuqpt, rq � L1puqpt, rq

where u and y are related by

ypt, ξq � Fp?�upt, �λptqqqpξλptq2q (6.20)

and

L1puqpt, rq � sinp2upt, rqq
2r2

�
cosp2Q 1

λptq
prqq pcosp2vcorrq � 1q � sinp2Q 1

λptq
q sinp2vcorrq

	
(6.21)

Npuqpt, rq �
�

sinp2upt, rqq � 2upt, rq
2r2



cosp2Q 1

λptq
prqq

�
�

cosp2upt, rqq � 1

2r2



sinp2Q 1

λptq
prq � 2vcorrq

We start with the L2 estimate on the L1puq term. Using the same procedure as in (6.9), we get

||Fp?�L1puqpt, �λptqqqpωλptq2q||2L2pρpωλptq2qdωq �
1

λptq2
» 8

0

RpL1puqpt, Rλptqqq2dR
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Then,

1

λptq2
» 8

0

RpL1puqpt, Rλptqqq2dR

¤ C

λptq2
» 8

0

R
pupt, Rλptqqq2
R4λptq4 pvcorrpt, Rλptqqq4 dR

� C

λptq2
» 8

0

R
pupt, Rλptqqq2
R4λptq4

R2

p1�R2q2 pvcorrpt, Rλptqqq
2 dR

Using the functions v and w (introduced when deriving the equation for y) defined by

upt, rq � vpt, r

λptqq

vpt, Rq � wpt, Rq?
R

we have

||upt, �λptqq||2L2pRdRq � ||vpt, �q||2L2pRdRq � ||wptq||2L2pdRq � ||Fpwqptq||2L2pρpξqdξq
� λptq2||yptq||2L2pρpωλptq2qdωq

So, we end up with

||Fp?�L1puqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq

¤ C||yptq||L2pρpωλptq2qdωq

�
||vcorrpt, Rλptqq

Rλptq ||2L8R � || vcorrpt, Rλptqq
Rλptq2p1�R2q ||L8R



Next, we apply (6.10) to our current setting to get

||?ωλptqFp?�L1puqpt, �λptqqqpωλptq2q||2L2pρpωλptq2qdωq

� 1

λptq2 ||LpL1puqpt, �λptqqq||2L2pRdRq

Using (6.21), we get

|BRpL1puqpt, Rλptqqq|

¤ C

�
|Lvpt, Rq| � |vpt, Rq|

R


�pvcorrpt, Rλptqqq2
R2λptq2 � |vcorrpt, Rλptqq|

Rλptq2p1�R2q



� C
|vpt, Rq|
R2λptq2

�
R|BRpvcorrpt, Rλptqqq|

1�R2
� |BRpvcorrpt, Rλptqqqvcorrpt, Rλptqq|



On the other hand,

|L1puqpt, Rλptqq
R

| ¤ C|vpt, Rq|
R3λptq2

�
vcorrpt, Rλptqq2 � |vcorrpt, Rλptqq|R

p1�R2q



219



So, we get

||LpL1puqpt, �λptqqq||L2pRdRq

¤ C
�
||Lvptq||L2pRdRq � ||vptq||

9H1
e

	�
||vcorrpt, Rλptqq

Rλptq ||2L8R � || vcorrpt, Rλptqq
Rλptq2p1�R2q ||L8R



� C||vptq||

9H1
e
� ||BRpvcorrpt, Rλptqqqp1�R2qλptq2 ||L8R

� C||vptq||
9H1
e
� ||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq

Rλptq2 ||L8R pp0,1qq

� C||vptq||L2pp1,8q,RdRq � ||BRpvcorrpt, Rλptqqq � vcorrpt, Rλptqq
R2λptq2 ||L8R pp1,8qq

Now, we use (6.9) and (6.10) to translate the right-hand side in terms of y:

||Lvptq||L2pRdRq � λptq||?ωλptqyptq||L2pρpωλptq2qdωq

||vptq||L2pRdRq � λptq||yptq||L2pρpωλptq2qdωq

Then, we get

||?ωλptqFp?�L1puqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq
¤ C

�||?ωλptqyptq||L2pρpωλptq2qdωq � ||yptq||L2pρpωλptq2qdωq
�

�
�
||vcorrpt, Rλptqq

Rλptq ||2L8R � || vcorrpt, Rλptqq
Rλptq2p1�R2q ||L8R � ||BRpvcorrpt, Rλptqqqp1�R2qλptq2 ||L8R

�||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
Rλptq2 ||L8R pp0,1qq

�||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
R2λptq2 ||L8R pp1,8qq



Now, we treat the N terms. Recall that

Npuqpt, Rλptqq �
�

sinp2vpt, Rqq � 2vpt, Rq
2R2λptq2



cosp2Q1pRqq

�
�

cosp2vpt, Rqq � 1

2R2λptq2



sinp2Q1pRq � 2vcorrpt, Rλptqqq

We then use (6.14) and the previous estimates to conclude that, if R   1, then,

|Npuqpt, Rλptqq| ¤ C
�
||vptq||2

9H1
e
� ||L�Lvptq||2L2pRdRq

	�
log2p 1

R
q � 1



� |vpt, Rq|
λptq2

� C||vptq||
9H1
e

|vpt, Rq|
Rλptq2

�
1� |vcorrpt, Rλptqq|

R



On the other hand, if R ¡ 1, then,

|Npuqpt, Rλptqq| ¤ C
|vpt, Rq|3
λptq2 � C

pvpt, Rqq2
λptq2

�
1� |vcorrpt, Rλptqq|

R
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Then, we get

1

λptq2 ||Npuqpt, �λptqq||
2
L2pRdRq

¤ C

λptq6
�
||vptq||6L2pRdRq � ||Lvptq||6L2pRdRq � ||L�Lvptq||6L2pRdRq

	
� C

λptq6
�
||vptq||4L2pRdRq � ||Lvptq||4L2pRdRq

	�
1� ||vcorrpt, Rλptqq

R
||2L8R


 (6.22)

Finally, we apply (6.11) in our current setting:» 8

0

pL�Lvpt, Rqq2RdR � λptq2||ωλptq2yptq||2L2pρpωλptq2qdωq

Using the same procedure as used for L1 above, we then translate the rest of the right hand
side, and the left hand side of (6.22) in terms of y, and Fp?�Npuqpt, �λptqqqpωλptq2q, respectively,
to get

||Fp?�Npuqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq

¤ C
�
||yptq||3L2pρpωλptq2qdωq � ||?ωλptqyptq||3L2pρpωλptq2qdωq � ||ωλptq2yptq||3L2pρpωλptq2qdωq

	
� C

λptq
�
||yptq||2L2pρpωλptq2qdωq � ||?ωλptqyptq||2L2pρpωλptq2qdωq

	�
1� ||vcorrpt, Rλptqq

R
||L8



We will now estimate ||?ωλptqFp?�Npuqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq, starting with

|BRpNpuqpt, Rλptqqq|

¤ C|vpt, Rq|3
R3λptq2 � C

|BRvpt, Rq|pvpt, Rqq2
R2λptq2

� C
|Q1

1pRq � BRpvcorrpt, Rλptqqq|
R2λptq2 pvpt, Rqq2

� C
|Q1pRq| � |vcorrpt, Rλptqq|

R2λptq2 |vpt, Rq|
� |vpt, Rq|

R
� |BRvpt, Rq|
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Then, we use our previous estimates to get, for R ¤ 1:

|BRpNpuqpt, Rλptqqq|

¤ C

λptq2
�
||vptq||3

9H1
e
� ||L�Lvptq||3L2pRdRq

	�
1� log2p 1

R
q

3{2

� C
xlogpRqy2

λptq2
�
||vptq||2L2pRdRq � ||Lvptq||2L2pRdRq � ||L�Lvptq||2L2pRdRq

	
�
�
|Lvpt, Rq| � |vpt, Rq|

R



� C

p1� ||BRpvcorrpt, Rλptqqq||L8q
λptq2

�
||vptq||2L2pRdRq � ||Lvptq||2L2pRdRq � ||L�Lvptq||2L2pRdRq

	
�
�

log2p 1

R
q � 1



� C

�||vptq||L2pRdRq � ||Lvptq||L2pRdRq � ||L�Lvptq||L2pRdRq
� xlogpRqy|BRv|

λptq2

�
�

1� ||vcorrpt, Rλptqq
R

||L8



� C

λptq2
�

1� ||vcorrpt, Rλptqq
R

||L8

�

||vptq||2
9H1
e
� ||L�Lvptq||2L2pRdRq

	
�
�

log2p 1

R
q � 1



For R ¥ 1, we have

|BRpNpuqpt, Rλptqqq|

¤ C

λptq2 ||vptq||
2
9H1
e
|vpt, Rq| �

C||vptq||2
9H1
e

λptq2
�
|Lvpt, Rq| � |vpt, Rq|

R




� C

�
1� ||BRpvcorrpt, Rλptqqq||L8 � ||vcorrpt,Rλptqq

R
||L8

	
λptq2 ||vptq||

9H1
e
|vpt, Rq|

� C

λptq2
�

1� ||vcorrpt, Rλptqq
R

||L8

�

|Lvpt, Rq| � |vpt, Rq|
R



||vptq||

9H1
e

Then, we get

||BRpNpuqpt, Rλptqqq||L2pRdRq

¤ C

λptq2
�
||vptq||3L2pRdRq � ||Lvptq||3L2pRdRq � ||L�Lvptq||3L2pRdRq

	
� C

λptq2
�

1� ||BRpvcorrpt, Rλptqqq||L8 � ||vcorrpt, Rλptqq
R

||L8



�
�
||vptq||2L2pRdRq � ||Lvptq||2L2pRdRq � ||L�Lvptq||2L2pRdRq
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Finally, we consider, for R ¤ 1:

|Npuqpt, Rλptqq
R

| ¤ C

λptq2
�
||vptq||3

9H1
e
� ||L�Lvptq||3L2pRdRq

	�
1� log2p 1

R
q

3{2

� C

λptq2
�
||vptq||2

9H1
e
� ||L�Lvptq||2L2pRdRq

	�
1� log2p 1

R
q



�
�

1� ||vcorrpt, Rλptqq
R

||L8



and for R ¡ 1, we have

|Npuqpt, Rλptqq
R

| ¤ C
||vptq||2

9H1
e

λptq2 |vpt, Rq|

� C
||vptq||

9H1
e
|vpt, Rq|

λptq2
�

1� ||vcorrpt, Rλptqq
R

||L8



Then, we get

||LpNpuqpt, �λptqqq||L2pRdRq

¤ C

λptq2
�
||vptq||3L2pRdRq � ||Lvptq||3L2pRdRq � ||L�Lvptq||3L2pRdRq

	
� C

λptq2
�

1� ||BRpvcorrpt, Rλptqqq||L8 � ||vcorrpt, Rλptqq
R

||L8



�
�
||vptq||2L2pRdRq � ||Lvptq||2L2pRdRq � ||L�Lvptq||2L2pRdRq

	
We use the same procedure as in the previous estimates, to translate the left and right hand

sides of the above estimate, and combine everything, to get (6.6) and (6.7).

Before we proceed, we will need one more estimate. First, because λ is decreasing, if x ¥ t,
then, λpxq ¤ λptq. Next, we use Proposition 4.7 b of [14] to conclude that there exists a constant
C1 ¡ 0 such that

1

C1ξ log2pξq ¤ ρpξq ¤ C1

ξ log2pξq , 0   ξ   1

2e2

ξ

C1

¤ ρpξq ¤ C1ξ, ξ ¡ 1

2e2

Then, if x ¥ t, if ωλptq2 ¤ 1
2e2

, then, ωλpxq2 ¤ 1
2e2

, and

ρpωλptq2q
ρpωλpxq2q ¤ C

ωλpxq2 log2pωλpxq2q
ωλptq2 log2pωλptq2q

¤ C

where we used the fact that x ÞÑ x log2pxq is increasing on p0, 1
2e2
q.
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If ωλptq2 ¥ 1
2e2

, but ωλpxq2 ¤ 1
2e2

, then,

ρpωλptq2q
ρpωλpxq2q ¤ Cωλptq2ωλpxq2 log2pωλpxq2q

¤ C
λptq2
λpxq2

�
ωλpxq2�2

log2pωλpxq2q

¤ Cλptq2
λpxq2

Finally, if ωλptq2 ¥ 1
2e2

, and ωλpxq2 ¥ 1
2e2

, then,

ρpωλptq2q
ρpωλpxq2q ¤ C

λptq2
λpxq2

In all cases, we have: there exists Cρ ¡ 0 such that, if x ¥ t, then,

ρpωλptq2q
ρpωλpxq2q ¤ Cρ

λptq2
λpxq2 (6.23)

Before setting up the final iteration, we will need to estimate various oscillatory integrals in-
volving F4:

6.4 Estimates on F4-related oscillatory integrals
Lemma 6.2. We have the following estimates

||
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cplogplogptqq2
t2 logb�1�2αbptq

||
» 8

t

cosppt� xq?ωqFp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 logb�1�2αbptq

||?ωλptq
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t2 log1�b�2αbptq

||?ωλptqBt
�» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx


||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 log1�b�2αbptq
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||ωλptq2
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ C

t2 log1�b�2bαptq
Proof. We start with» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx

� �Fp?�F4pt, �λptqqqpωλptq2q
ω

�
» 8

t

cosppt� xq?ωq
ω

p Fp?�F4px, �λpxqqq1pωλpxq2q � 2λpxqλ1pxqω
�Fp?�Bx pF4px, �λpxqqqqpωλpxq2q

�
dx

Then,

�Fp?�F4pt, �λptqqqpωλptq2q
ω

� �1

ω

» 2?
ωλptq

0

φpr, ωλptq2q?rF4pt, rλptqqdr

� 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr

In the region r
a
ωλptq2 ¤ 2, we use proposition 4.4 of [14] to make the decomposition

φpr, ωλptq2q � rφ0prq � 1?
r

8̧

j�1

pr2ωλptq2qjφjpr2q

where we denote, by rφ0, what was denoted by φ0 in [14]. In our notation,

rφ0prq �
?
r

2
φ0prq

The first term to consider is then

� 1

ω

» 2?
ωλptq

0

rφ0prq
?
rF4pt, rλptqqdr � �1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr

We will then consider several cases of ω.
Case 1: 1 ¤ 2?

ωλptq ¤ logN ptq
λptq . In this region, we use the orthogonality of F4pt, �λptqq to φ0, to

get
�1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr � 1

2ω

» 8

2?
ωλptq

φ0prqF4pt, rλptqqrdr
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which gives

|�1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr|

¤ C

ω

» logN ptq
λptq

2?
ωλptq

φ0prq
λptq4r4

�
rλptq

t2 log3b�1�2αbptq



rdr

� C

ω

» t
2λptq

2?
ωλptq

φ0prq
r4λptq4 log5b�2N�2ptq

rλptq
t2

rdr

¤ C

t2 log2b�1�2αbptq , 1 ¤ 2?
ωλptq ¤

logNptq
λptq

Case 2: 2?
ωλptq ¤ 1. Here, we have

|�1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr|

¤ C

ω

» 2?
ωλptq

0

φ0prq
�

rλptq
λptq4pr2 � 1q2t2 log3b�1�2αbptq



rdr

� C

ω

» 2?
ωλptq

0

φ0prqrλptqrdr
λptq4pr2 � 1q2 log5b�2N�2ptqt2

¤ C

ω p?ωλptqq4 t2 log1�2αbptq ,
2?
ωλptq ¤ 1

Case 3: logN ptq
λptq ¤ 2?

ωλptq ¤ t
2λptq . We use the orthogonality condition here, and recall that the

v1 � v2 � v3 and F0,2 terms are supported in the region r ¤ logNptq. Then, in the integral below,
only the v4 � v5 term contributes:

|�1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr| � | 1

2ω

» 8

2?
ωλptq

φ0prqF4pt, rλptqqrdr|

¤ C

ω

» t
2λptq

2?
ωλptq

rdr

t2 log2b�2N�2ptqpr2 � 1q2

¤ C

t2 log4b�2N�2ptq ,
logNptq
λptq ¤ 2?

ωλptq ¤
t

2λptq

Case 4: 2?
ωλptq ¥ t

2λptq . We use the orthogonality condition, and note that F4pt, rq � 0, r ¥
t
2
. This gives

|�1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr| � | 1

2ω

» 8

2?
ωλptq

φ0prqF4pt, rλptqqrdr| � 0
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Combining these estimates, we get

|�1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr| ¤

$'''''&'''''%

C
ω3λptq4t2 log1�2αbptq ,

2?
ωλptq ¤ 1

C
t2 log2b�1�2αbptq , 1 ¤ 2?

ωλptq ¤ logN ptq
λptq

C
t2 log4b�2N�2ptq ,

logN ptq
λptq ¤ 2?

ωλptq ¤ t
2λptq

0, t
2λptq ¤ 2?

ωλptq

Using proposition 4.7 b of [14], we have (for example)

ρpxq ¤
#

C
x log2pxq , x ¤ 1

4

Cx, x ¥ 1
4

This leads to

||�1

2ω

» 2?
ωλptq

0

rφ0prqF4pt, rλptqqdr||L2pρpωλptq2qdωq ¤ C

t2 logb�1�2αbptq (6.24)

The next integral to consider is

� 1

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2jφjpr2qF4pt, rλptqqdr

For this integral, there is of course no orthogonality to exploit. In all cases of ω, we will use the
estimate (from proposition 4.4 of [14])

|φjpr2q| ¤ 3Cj
1

pj � 1q! logp1� r2q

We again treat various cases of ω.
Case 1: 1 ¤ 2?

ωλptq ¤ logN ptq
λptq . Then, we have

| � 1

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2jφjpr2qF4pt, rλptqqdr|

¤ C

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2j Cj
1

pj � 1q! p
logplogptqqr

λptq3pr2 � 1q2t2 log3b�1�2bαptq
� logptqrλptq
t2λptq4pr2 � 1q2 log5b�2N�2ptq



dr

¤ C

ω

8̧

j�1

�» 1

0

r2j�1ωjλptq2jCj
1

pj � 1q!
logplogptqq
t2 log1�2bαptqdr �

» 2?
ωλptq

1

ωjλptq2jCj
1

pj � 1q!
logplogptqq
t2 log1�2bαptqr

2j�3dr

�

¤ Cplogplogptqqq2
t2 log1�2b�2bαptq

where we used the support properties of the various terms in F4, and the largeness of N .
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Case 2: 2?
ωλptq ¤ 1. Here, we have

| � 1

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2jφjpr2qF4pt, rλptqqdr|

¤ C

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2j Cj
1

pj � 1q! logp1� r2q p rλptq
λptq4pr2 � 1q2

1

t2 log3b�1�2bαptq
� rλptq
λptq4pr2 � 1q2

1

t2 log5b�2N�2ptq



dr

¤ C

ω

8̧

j�1

�» 2?
ωλptq

0

r2j�3dr

�
ωjλptq2jCj

1

pj � 1q!t2 log1�2bαptq

¤ C

ω3λptq4t2 log1�2bαptq ,
2?
ωλptq ¤ 1

Case 3: logN ptq
λptq ¤ 2?

ωλptq ¤ t
2λptq . Again, we use the support properties of the various terms in

F4, to get

| � 1

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2jφjpr2qF4pt, rλptqqdr|

¤ C

ω

8̧

j�1

��» logN ptq
λptq

0

r2j�1dr

pr2 � 1q2

�ωjλptq2jCj
1

pj � 1q!
logplogptqq
t2 log1�2bαptq

� C

ω

8̧

j�1

�» 2?
ωλptq

0

r2j�1dr

pr2 � 1q2
�

ωjλptq2jCj
1

pj � 1q!t2 log2b�2N�3ptq

¤ Cplogplogptqqq2
t2 log1�2b�2bαptq ,

logNptq
λptq ¤ 2?

ωλptq ¤
t

2λptq

Case 4: 2?
ωλptq ¥ t

2λptq .

| � 1

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2jφjpr2qF4pt, rλptqqdr|

¤ C

ω

8̧

j�1

��» logN ptq
λptq

0

r2j�1dr

pr2 � 1q2

�ωjλptq2jCj
1

pj � 1q!
logplogptqq
t2 log1�2bαptq

� C

ω

8̧

j�1

�» t
2λptq

0

r2j�1dr

pr2 � 1q2
�

ωjλptq2jCj
1

pj � 1q!t2 log2b�2N�3ptq

¤ Cplogplogptqqq2
t2 log1�2b�2bαptq ,

2?
ωλptq ¥

t

2λptq
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Then, we get

|| � 1

ω

8̧

j�1

» 2?
ωλptq

0

r2jωjλptq2jφjpr2qF4pt, rλptqqdr||L2pρpωλptq2qdωq ¤ Cplogplogptqqq2
t2 logb�1�2bαptq (6.25)

The third integral to estimate is

� 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr

� � 2

ω
Re

�» 8

2?
ωλptq

apωλptq2qψ�pr, ωλptq2q?rF4pt, rλptqqdr
�

where we used propositions 4.6 and 4.7 of [14]. The estimates from these propositions also imply

| � 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr|

¤ C|apωλptq2q|
ω5{4λptq1{2

» 8

2?
ωλptq

?
r|F4pt, rλptqq|dr

Case 1: 1 ¤ 2?
ωλptq ¤ logN ptq

λptq .

| � 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr|

¤ C|apωλptq2q|
ω5{4λptq1{2

��» logN ptq
λptq

2?
ωλptq

?
rdr

λptq3r3t2 log3b�1�2bαptq �
» 8

2?
ωλptq

r3{2dr

λptq3r4 log5b�2N�2ptqt2

�
¤ C

|apωλptq2q|
ω5{4λptq1{2 �

ω3{4λptq3{2
t2 log3b�1�2αbptqλptq3

¤ C|apωλptq2q|
ω

�
?
ωλptq

t2 log1�2αbptq , 1 ¤ 2?
ωλptq ¤

logNptq
λptq

Case 2: 2?
ωλptq ¤ 1.

| � 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr|

¤ C|apωλptq2q|
ω5{4λptq1{2

�� 1

t2 log1�2αbptq
» logN ptq

λptq

0

r3{2dr
pr2 � 1q2 �

1

t2 log2b�2N�2ptq
» 8

0

r3{2dr
pr2 � 1q2

�
¤ C|apωλptq2q|
ω5{4λptq1{2t2 log1�2αbptq ,

2?
ωλptq ¤ 1
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Case 3: logN ptq
λptq ¤ 2?

ωλptq ¤ t
2λptq . In this region, the F0,2 and v1�v2�v3 terms do not contribute

to the integral because of the support properties of 1� χ¥1p r
logN ptqq. We get

| � 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr|

¤ C|apωλptq2q|
ω5{4λptq1{2

» 8

2?
ωλptq

?
rdr

λptq3r3 log5b�2N�2ptqt2

¤ C|apωλptq2q|
ω

�
?
ωλptq

t2 log2b�2N�2ptq
Case 4: 2?

ωλptq ¥ t
2λptq . In this case, the integral is zero, because of the support properties of

F4.
Combining the above estimates, we get

| � 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr|

¤ C|apωλptq2q|

$'''''&'''''%

1
ω5{4λptq1{2t2 log1�2αbptq ,

2?
ωλptq ¤ 1

1?
ωt2 log1�b�2αbptq , 1 ¤ 2?

ωλptq ¤ logN ptq
λptq

1?
ωt2 log3b�2N�2ptq ,

logN ptq
λptq ¤ 2?

ωλptq ¤ t
2λptq

0, t
2λptq ¤ 2?

ωλptq

which gives

|| � 1

ω

» 8

2?
ωλptq

φpr, ωλptq2q?rF4pt, rλptqqdr||L2pρpωλptq2qdωq ¤
C
a

logplogptqq
t2 log1�b�2αbptq (6.26)

(Note that, by proposition 4.7 b of [14], ρpξq � 1
π|apξq|2 ). Now, we consider

�
» 8

t

cosppt� xq?ωq
ω

Fp?�F4px, �λpxqqq1pωλpxq2q � 2ωλpxqλ1pxqdx

We start by noting that, in the region r ¤ 2?
ξ
,

B2φpr, ξq � Bξ
� rφ0prq � 1?

r

8̧

j�1

pr2jξjφjpr2qq
�

So,

Fp?�F4px, �λpxqqq1pωλpxq2q

�
» 2?

ωλpxq

0

?
rF4px, rλpxqq � 1?

r

8̧

j�1

pr2jjpωλpxq2qj�1φjpr2qqdr

�
» 8

2?
ωλpxq

?
rF4px, rλpxqqB2φpr, ωλpxq2qdr

(6.27)
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We start with the first term:

| �
» 8

t

cosppt� xq?ωq
ω

�» 2?
ωλpxq

0

?
rF4px, rλpxqq � 1?

r

8̧

j�1

pr2jjpωλpxq2qj�1φjpr2qqdr
�

� 2ωλpxqλ1pxqdx|

¤ C
8̧

j�1

j
ωj

ω

» 8

t

λpxq2j�1|λ1pxq|
» 2?

ωλpxq

0

|F4px, rλpxqq|r2jφjpr2qdrdx

¤ C
8̧

j�1

jωjCj
1

pj � 1q!
» 8

t

λpxq2j�1|λ1pxq|
ω

» 2?
ωλpxq

0

|F4px, rλpxqq|r2j logp1� r2qdrdx

The r integral in the last line of the above expression was estimated before, and we get

| �
» 8

t

cosppt� xq?ωq
ω

�» 2?
ωλpxq

0

?
rF4px, rλpxqq � 1?

r

8̧

j�1

pr2jjpωλpxq2qj�1φjpr2qqdr
�

� 2ωλpxqλ1pxqdx|

¤
» 8

t

1

x logpxq

#
C

ω3λpxq4x2 log1�2bαpxq ,
2?
ωλpxq ¤ 1

Cplogplogpxqqq2
x2 log1�2b�2bαpxq , 1 ¤ 2?

ωλpxq
dx

Finally,

|| �
» 8

t

cosppt� xq?ωq
ω

�» 2?
ωλpxq

0

?
rF4px, rλpxqq � 1?

r

8̧

j�1

pr2jjpωλpxq2qj�1φjpr2qqdr
�

� 2ωλpxqλ1pxqdx||L2pρpωλptq2qdωq

¤ C

» 8

t

|| 1
ω
�
�» 2?

ωλpxq

0

?
rF4px, rλpxqq � 1?

r

8̧

j�1

pr2jjpωλpxq2qj�1φjpr2qqdr
�

� 2ωλpxqλ1pxq||L2pρpωλptq2qdωqdx

¤ C

» 8

t

�
λptq
λpxq



|| 1
ω
�
�» 2?

ωλpxq

0

?
rF4px, rλpxqq � 1?

r

8̧

j�1

pr2jjpωλpxq2qj�1φjpr2qqdr
�

� 2ωλpxqλ1pxq||L2pρpωλpxq2qdωqdx

¤ Cplogplogptqqq2
t2 log2�b�2bαptq

(6.28)

where we used (6.23). The next integral to treat is

| � 2ω

» 8

t

cosppt� xq?ωq
ω

λpxqλ1pxq
» 8

2?
ωλpxq

?
rF4px, rλpxqqB2φpr, ωλpxq2qdrdx|

¤ C

» 8

t

1

x log2b�1pxq
» 8

2?
ωλpxq

?
r|F4px, rλpxqq||B2φpr, ωλpxq2q|drdx
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We again use

φpr, ξq � 2Repapξqψ�pr, ξqq, r ¥ 2?
ξ

and the following symbol type estimate on a from proposition 4.7 of [14]:

|apkqpξq| ¤ Ck|apξq|
ξk

as well as, from proposition 4.6 of [14]

ψ�pr, ξq � eir
?
ξ

ξ1{4 σpr
a
ξ, rq, r

a
ξ ¥ 2

and the asymptotic series representation for σ, to get

|B2φpr, ξq| ¤ C|apξq|
ξ3{4 r, r

a
ξ ¥ 2

This gives

| � 2ω

» 8

t

cosppt� xq?ωq
ω

λpxqλ1pxq
» 8

2?
ωλpxq

?
rF4px, rλpxqqB2φpr, ωλpxq2qdrdx|

¤ C|apωλpxq2q|
ω3{4λpxq3{2

» 8

t

1

x log2b�1pxq
» 8

2?
ωλpxq

|F4px, rλpxqq|r3{2drdx

Note that estimates on this integral can not quite be inferred from estimates on a previously treated
integral. So, we start considering cases of ω:

Case 1: 1 ¤ 2?
ωλpxq ¤ logN pxq

λpxq . Here, we get

|apωλpxq2q|
ω3{4λpxq3{2

» 8

2?
ωλpxq

|F4px, rλpxqq|r3{2dr

¤ C
|apωλpxq2q|
ω3{4λpxq3{2 p

» logN pxq
λpxq

2?
ωλpxq

r5{2λpxq
λpxq4pr2 � 1q2x2 log3b�1�2bαpxqdr

�
» x

2λpxq

2?
ωλpxq

r3{2dr

λpxq3r3x2 log5b�2N�2pxq

�

¤ C|apωλpxq2q|
x2 log1�2bαpxq?ωλpxq , 1 ¤ 2?

ωλpxq ¤
logNpxq
λpxq

Case 2: 2?
ωλpxq ¤ 1.

|apωλpxq2q|
ω3{4λpxq3{2

» 8

2?
ωλpxq

|F4px, rλpxqq|r3{2dr

¤ C|apωλpxq2q|
ω3{4λpxq3{2

��» logN pxq
λpxq

0

r5{2dr

pr2 � 1q2x2 log1�2bαpxq �
» 8

0

r5{2dr

x2pr2 � 1q2 log2b�2N�2pxq

�
¤ C|apωλpxq2q|
ω3{4λpxq3{2x2 log1�2bαpxq ,

2?
ωλpxq ¤ 1
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Case 3: x
2λpxq ¥ 2?

ωλpxq ¥ logN pxq
λpxq . In this region, only the v4 � v5 term in F4 contributes:

|apωλpxq2q|
ω3{4λpxq3{2

» 8

2?
ωλpxq

|F4px, rλpxqq|r3{2dr

¤ C|apωλpxq2q|
ω3{4λpxq3{2

» x
2λpxq

2?
ωλpxq

r3{2dr

λpxq3r3x2 log5b�2N�2pxq

¤ C|apωλpxq2q|
?
ωλpxq3{2x2 log

5b
2
�2N�2pxq

,
x

2λpxq ¥
2?
ωλpxq ¥

logNpxq
λpxq

Case 4: 2?
ωλpxq ¥ x

2λpxq . In this region, the integral to estimate is zero, because of the support
properties of F4.

Combining these estimates, we get

|apωλpxq2q|
ω3{4λpxq3{2

» 8

2?
ωλpxq

|F4px, rλpxqq|r3{2dr

¤ C|apωλpxq2q| �

$'''''&'''''%

1
x2 log1�2bαpxq?ωλpxq , 1 ¤ 2?

ωλpxq ¤ logN pxq
λpxq

1
ω3{4λpxq3{2x2 log1�2bαpxq ,

2?
ωλpxq ¤ 1

1?
ωλpxq3{2x2 log

5b
2 �2N�2pxq

, x
2λpxq ¥ 2?

ωλpxq ¥ logN pxq
λpxq

0, 2?
ωλpxq ¥ x

2λpxq

(6.29)

Using the same procedure as in (6.28), we get

|| � 2ω

» 8

t

cosppt� xq?ωq
ω

λpxqλ1pxq
» 8

2?
ωλpxq

?
rF4px, rλpxqqB2φpr, ωλpxq2qdrdx||L2pρpωλptq2qdωq

¤ C
a

logplogptqq
t2 log2�b�2bαptq

(6.30)

To treat the next integral:

�
» 8

t

cosppt� xq?ωq
ω

Fp?�BxpF4px, �λpxqqqqpωλpxq2qdx

we first note that » 8

0

φ0prqF4px, rλpxqqrdr � 0, x ¥ T0

implies » 8

0

φ0prqBxpF4px, rλpxqqqrdr � 0, x ¥ T0

So, BxpF4px, rλpxqqq is still orthogonal to φ0prq. Also, by noting the symbol-type estimates,
(5.174), and inspecting the procedure used to estimate Fp?�F4px,�λpxqqqpωλpxq2q

ω
, we get

||Fp
?�BxpF4px, �λpxqqqqpωλpxq2q

ω
||L2pρpωλptq2qdωq ¤ Cλptq

λpxq
� plogplogpxqqq2
x3 logb�1�2αbpxq
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where we again use (6.23). Using Minkowski’s inequality, we get

|| �
» 8

t

cosppt� xq?ωq
ω

Fp?�BxpF4px, �λpxqqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cplogplogptqq2
t2 logb�1�2αbptq

(6.31)

Combining this with our other estimates in this section, we finally get

||
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cplogplogptqq2
t2 logb�1�2αbptq

Next, we estimate

Bt
�» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx



�
» 8

t

cosppt� xq?ωqFp?�F4px, �λpxqqqpωλpxq2qdx

�
» 8

t

sinppt� xq?ωq?
ω

p Fp?�F4px, �λpxqqq1pωλpxq2q � 2λpxqλ1pxqω
�Fp?�BxpF4px, �λpxqqqqpωλpxq2q

�
dx

� �
�
Fp?�F4pt, �λptqqq1pωλptq2q � 2λptqλ1ptq � Fp?�BtpF4pt, �λptqqqqpωλptq2q

ω



�
» 8

t

cosppt� xq?ωq
ω

p Fp?�F4px, �λpxqqq2pωλpxq2q � 4λpxq2λ1pxq2ω2

� 2Fp?�BxpF4px, �λpxqqqq1pωλpxq2q � 2λpxqλ1pxqω
� Fp?�F4px, �λpxqqq1pωλpxq2q � 2ωppλ1pxqq2 � λpxqλ2pxqq
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Note that, while obtaining (6.28) and (6.30), we showed that
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Similarly, from the procedure used to obtain (6.31), we infer
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Next, we consider the term involving Fp?�F4px, �λpxqqq2. For this, we start by studying, with
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In the region r
?
ξ ¤ 2, we use
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we then apply the same procedure as in (6.28), and get

|| � 4

» 8

t

cosppt� xq?ωqλpxq2λ1pxq2ω

�
8̧

j�2

jpj � 1qpωλpxq2qj�2

» 2?
ωλpxq

0

F4px, rλpxqqr2jφjpr2qdrdx||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 log3�b�2bαptq

Next, we have
B2
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with

pB2
2φpr, ξqq0 � 2Re

�
a2pξqψ�pr, ξq � 2a1pξqB2ψ

�pr, ξq�
� 2Re

�
apξq

�
B2
ξ

�
eir

?
ξ

ξ1{4 σpr
a
ξ, rq
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Again, with
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we have » 8
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q
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�
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Again, using Proposition 4.6 of [14] to estimate the σ terms, we get
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Then,
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For the last term, we have» 8
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So,
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On the other hand, by the same procedure used to obtain (6.29) and (6.30), we get
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Next, by noting the symbol-type character of the estimates (5.174), and inspecting (6.28) and
(6.30), we deduce the following estimate
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The following term was already estimated via (6.28), (6.30) (except with different λ-dependent
coefficients). Taking into account the estimates on λ1, λ2, we get
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Finally, we start with estimating Fp?�B2xpF4px,�λpxqqqqpωλpxq2q
ω

. Firstly, we note that
B2
xpF4px, rλpxqqq is still orthogonal to φ0prq. Then, we repeat the same procedure used to estimate

Fp?�F4px,�λpxqqqpωλpxq2q
ω

. By again noting the symbol-type behavior of (5.174), the only contributions
to Fp?�B2xpF4px,�λpxqqqqpωλpxq2q

ω
which need to be checked are those due to the last term in (5.175),

which is not directly comparable to terms arising in (5.174). To be clear, we still use the orthogo-
nality of the full function B2

xpF4px, rλpxqqq to φ0prq; but, after using the orthogonality as needed,
we can then deduce estimates on all integrals which do not involve the last term in (5.175) just by
comparison with an analogous term in (5.174), as described above. We start with
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Case 2: 1 ¤ 2?
ωλpxq ¤ x

2λpxq . Here, we first use the orthogonality of B2
xpF4px, rλpxqqq to φ0prq.

Using the procedure described above, we only need to estimate
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Case 3: x
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ωλpxq . In this case, after again using the orthogonality of B2
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where we treat the integral in exactly the same way we did in obtaining (6.24)
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Finally, we consider the following integral in multiple cases:
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Case 3: 2?

ωλpxq ¡ x
2λpxq . In this case, the integral to estimate is zero. Combining all of the

above estimates, and using the procedure described above, we get
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In total, we finally get
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The next integral to estimate is
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In order to estimate �λptqFp?�F4pt,�λptqqqpωλptq2q?
ω

it suffices to multiply the pointwise in ω estimates

that we already obtained on Fp?�F4pt,�λptqqqpωλptq2q
ω

, by
?
ωλptq, and then take the L2pρpωλptq2qdωq

norm. In fact, we only need to consider the region 2?
ωλptq ¤ 1, since, in the other regions, the factor?

ωλptq that we multiply by, is less than 2. Doing this procedure for each of the terms appearing
in (6.24), (6.25), and (6.26), and combining the resulting estimates, we get
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Then, by the remarks preceding these estimates, we get
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Then, we use the identical procedure as was used to obtain (6.32), and get
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Combining these, we get
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Next, we consider
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(6.33)

240



For
�λptqpFp?�BtpF4pt,�λptqqqqpωλptq2qq?

ω
, we again need only multiply the pointwise estimates for

Fp?�BtpF4pt,�λptqqqqpωλptq2q
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(which were previously inferred from pointwise estimates for
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and noting the symbol-type nature of the estimate (5.174)) by
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Note, however, that doing this same procedure for the term
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would result in an estimate which is not square integrable against the measure ρpωλptq2qdω. In-
stead, we have to integrate by parts in an appropriate r integral, to gain extra decay in ω. In
particular, we first make the decomposition as in (6.27). Then, we can multiply pointwise esti-
mates on the first term in the decomposition (6.27) by

?
ωλptq, and proceed as with our previous
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bounded above by:
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For the second term in the decomposition as in (6.27),namely,
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Then,
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Combining these estimates, and appropriately using (6.30), for the region
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(6.34)
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Now, we start to treat the term inside the x integral in (6.33). Here, we expand

B2
x

�
Fp?�F4px, �λpxqqqpωλpxq2q

�
� Fp?�F4px, �λpxqqq2pωλpxq2q � p2ωλpxqλ1pxqq2
� 2Fp?�BxpF4px, �λpxqqqq1pωλpxq2q � 2ωλpxqλ1pxq
� Fp?�F4px, �λpxqqq1pωλpxq2q � 2ωppλ1pxqq2 � λpxqλ2pxqq
� Fp?�B2

xpF4px, �λpxqqqqpωλpxq2q
We start by considering

?
ωλptq
ω

� �2Fp?�BxpF4px, �λpxqqqq1pωλpxq2q � 2ωλpxqλ1pxq
�

Recall that the last term we estimated was

�?ωλptq � 2λptqλ1ptqFp?�F4pt, �λptqqq1pωλptq2q
and we used only (5.187), as well as (5.188), because we needed to integrate by parts in the r
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By noting the symbol-type nature of the estimate (5.174), we get

||?ωλptq � 4λpxqλ1pxqFp?�BxpF4px, �λpxqqqq1pωλpxq2q||L2pρpωλptq2qdωq

¤ C

�
λptq
λpxq


2

||?ωλpxq � 4λpxqλ1pxqFp?�BxpF4px, �λpxqqqq1pωλpxq2q||L2pρpωλpxq2qdωq

¤ C

�
λptq
λpxq


2 plogplogpxqqq2
x4 logb�2�2bαpxq

and this gives

|| � λptq
» 8

t

cosppt� xq?ωq?
ω

2Fp?�BxpF4px, �λpxqqqq1pωλpxq2q � 2ωλpxqλ1pxqdx||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 logb�2�2bαptq

Next, we consider

Fp?�F4px, �λpxqqq1pωλpxq2q � 2ωppλ1pxqq2 � λpxqλ2pxqq � ?ωλptq
ω
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We treat this term identically to how (6.34) was treated, noting that the only difference between
the two terms is a coefficient which depends on absolute constants and λ. We therefore get

|| � λptq
» 8

t

cosppt� xq?ωq?
ω

p Fp?�F4px, �λpxqqq1pωλpxq2q
�2ωppλ1pxqq2 � λpxqλ2pxqq� dx||L2pρpωλptq2qdωq

¤
» 8

t

C

x

�
λptq
λpxq


2 plogplogpxqqq2
x3 logb�2�2bαpxqdx

¤ Cplogplogptqqq2
t3 logb�2�2bαptq

Next, we study ?
ωλptq
ω

� FpB2
x

�?�F4px, �λpxqq
�qpωλpxq2q

by multiplying our previous pointwise in ω estimates on
FpB2xp?�F4px,�λpxqqqqpωλpxq2q

ω

by
�
λptq
λpxq

	?
ωλpxq. We need only check the contributions to�

λptq
λpxq



� ||
?
ωλpxq
ω

� FpB2
x

�?�F4px, �λpxqq
�qpωλpxq2q||L2pρpωλptq2qdωq

coming from the region
?
ωλpxq ¥ 2, just as for previous terms:

The integrals to check are:�
λptq
λpxq


�» 8

4
λpxq2

ρpωλptq2qdω
ω4λpxq4x8 log2b�2N�4pxq

�1{2

¤ C

�
λptq
λpxq


2
�» 8

4
λpxq2

ρpωλpxq2qdω
ω4λpxq4x8 log2b�2N�4pxq

�1{2

¤ C

�
λptq
λpxq


2
1

x4 log2b�N�2pxq
�
λptq
λpxq


2
�» 8

4
λpxq2

ωλpxq2dω
ω5

�1{2
1

λpxq3x4 log1�2αbpxq

¤ C

�
λptq
λpxq


2
1

x4 logb�1�2αbpxq
and �

λptq
λpxq


2
�» 8

4
λpxq2

dω

ω3{2x8 logb�2�4αbpxq

�1{2

¤ C

�
λptq
λpxq


2
1

x4 logb�1�2αbpxq
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In total, we get

||?ωλptqFpB
2
xp
?�F4px, �λpxqqqqpωλpxq2q

ω
||L2pρpωλptq2qdωq

¤ C

�
λptq
λpxq


2 plogplogpxqqq2
x4 log1�b�2αbpxq

and this gives

||
» 8

t

cosppt� xq?ωqFp?�B2
xpF4px, �λpxqqqqpωλpxq2q

?
ωλptq
ω

dx||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 log1�b�2αbptq

The last term we need to consider here is?
ωλptq
ω

Fp?�F4px, �λpxqqq2pωλpxq2q � p2ωλpxqλ1pxqq2

We already estimated

Fp?�F4px, �λpxqqq2pωλpxq2q � p2ωλpxqλ1pxqq2
ω

So, we need only prove new estimates in the region
?
ωλpxq ¥ 2 (by writing?

ωλptq �
�
λptq
λpxq

	
� ?ωλpxq).

So, we again write

Fp?�F4px, �λpxqqq2pωλpxq2q

�
» 2?

ωλpxq

0

?
rF4px, rλpxqqB2

2φpr, ωλpxq2qdr

�
» 8

2?
ωλpxq

?
rF4px, rλpxqqB2

2φpr, ωλpxq2qdr
(6.35)

and for the second line of (6.35), we simply multiply our previous pointwise in ω estimate on�³ 2?
ωλpxq

0

?
rF4px, rλpxqqB2

2φpr, ωλpxq2qdr


� p2ωλpxqλ1pxqq2

ω
by λptq

λpxq
?
ωλpxq in the region

?
ωλpxq ¥

2, and estimate the L2pρpωλptq2qdωq norm, as before. We have

?
ωλpxq � ω

2λpxq2λ1pxq2
ω

� |
» 2?

ωλpxq

0

?
rF4px, rλpxqqB2

2φpr, ωλpxq2qdr|

¤ C

x4 log3�2bαpxqω5{2λpxq3 ,
?
ωλpxq ¥ 2

and this leads to

||?ωλptq
��³ 2?

ωλpxq
0

?
rF4px, rλpxqqB2

2φpr, ωλpxq2qdr
ω

� ω2λpxq2pλ1pxqq2
�||L2pρpωλptq2qdωq

¤ C

�
λptq2
λpxq2



logplogpxqqq2
x4 log3�b�2bαpxq
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For the third line of (6.35), we can not simply multiply our pointwise in ω estimates on�» 8

2?
ωλpxq

?
rF4px, rλpxqqB2

2φpr, ωλpxq2qdr
�
� p2ωλpxqλ

1pxqq2
ω

by
?
ωλptq, since doing so would result in an estimate that is not square integrable against the

measure ρpωλptq2qdω. So, we have to integrate by parts in appropriate r integrals, just as in a
previous situation. To be precise, we consider» 8

2?
ωλpxq

?
rF4px, rλpxqqB2

2φpr, ωλpxq2qdr (6.36)

and write, for r
?
ξ ¥ 2:

B2
2φpr, ξq � 2Re

��
a2pξq
ξ1{4 σpr

a
ξ, rq � 2a1pξq

��σpr?ξ, rq
4ξ5{4 � rB1σpr

?
ξ, rq

2ξ3{4



� apξq

�
5σpr?ξ, rq

16ξ9{4 � rB1σpr
?
ξ, rq

2ξ7{4 � ir2B1σpr
?
ξ, rq

2ξ5{4 � r2B2
1σpr

?
ξ, rq

4ξ5{4




eir

?
ξ



� 2Re

��
2
a1pξqirσpr?ξ, rq

2ξ3{4 � irapξqσpr?ξ, rq
2ξ7{4



eir

?
ξ



� 2Re

�
apξqr2

4ξ5{4 e
ir
?
ξσpr

a
ξ, rq



(6.37)

For each term on the third line of (6.37), inserted into (6.36), we will integrate by parts once in r.
The insertion of the first term on the third line of (6.37) gives

2Re

�» 8

2?
ωλpxq

?
rF4px, rλpxqq � a

1pωλpxq2qir
ω3{4λpxq3{2 σpr

?
ωλpxq, rqeir

?
ωλpxqdr

�

� 2Re

�
ia1pωλpxq2q
ω3{4λpxq3{2

� �23{2F4px, 2?
ω
q

ω3{4λpxq3{2i?ωλpxqσp2,
2?
ωλpxqqe

2i

�
» 8

2?
ωλpxq

eir
?
ωλpxq

i
?
ωλpxqBr

�
r3{2F4px, rλpxqqσpr

?
ωλpxq, rq� dr��

(6.38)

Then we estimate each term separately:

|2Re

�
ia1pωλpxq2q
ω3{4λpxq3{2

� �23{2F4px, 2?
ω
q

ω3{4λpxq3{2i?ωλpxqσp2,
2?
ωλpxqqe

2i

��
|

¤ C
|a1pωλpxq2q|
ω3{4λpxq3{2

|F4px, 2?
ω
q|

ω3{4λpxq3{2?ωλpxq
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The contribution to the L2pp 4
λpxq2 ,8q, ρpωλptq2qdωq norm of the integrand of (6.33) due to the

above term is thus estimated by��» 8

4
λpxq2

�
|a1pωλpxq2q|
ω3{4λpxq3{2

|F4px, 2?
ω
q|

ω3{4λpxq3{2?ωλpxq

�2

ω4 �
�?

ωλptq
ω


2
ρpωλptq2qdω�
x2 log4b�2pxq�2

�1{2

¤ C

�
λptq
λpxq


2
�» λpxq

0

y6|F4px, yq|2dy
y3

�1{2
1

λpxq5x2 log4b�2pxq

¤ C

�
λptq
λpxq


2
1

x4 logb�3�2bαpxq
For the next term of (6.38), we use Proposition 4.6 of [14] again, to get

|2Re

�
ia1pωλpxq2q
ω3{4λpxq3{2

�
�
» 8

2?
ωλpxq

eir
?
ωλpxq

i
?
ωλpxqBr

�
r3{2F4px, rλpxqqσpr

?
ωλpxq, rq� dr�� |

¤ C|apωλpxq2q|
ω7{4λpxq7{2

1?
ωλpxq

» 8

2?
ωλpxq

?
r p|F4px, rλpxqq| � rλpxq|pB2F4qpx, rλpxqq|q dr

¤ C|apωλpxq2q|
ω9{4λpxq9{2x2 log1�2bαpxq

Then, the contribution of this term to the L2pp 4
λpxq2 ,8q, ρpωλptq2qdωq norm of the integrand of

(6.33) is estimated by:�» 8

4
λpxq2

ω4

ω9{2

�?
ωλpxq
ω


2

dω

�1{2�
λptq
λpxq


2
1

x2 log1�2bαpxq �
1

λpxq9{2 �
1

x2 log4b�2pxq

¤ C

�
λptq
λpxq


2
1

x4 logb�3�2bαpxq
By comparing the first and second terms on the third line of (6.37), and recalling the symbol-type
estimates on a from Proposition 4.7 of [14], we can estimate the second term on the third line of
6.37 by repeating the same exact procedure used to estimate the first term of the third line of (6.37).

Next, we treat the fourth line of (6.37). Here, we integrate by parts twice in the r integral
resulting from substitution of the fourth line of (6.37) into (6.36). With ξ � ωλptq2, we have» 8

2?
ξ

?
rF4px, rλpxqq � 2Re

�
�apξqr2eir

?
ξσpr?ξ, rq

4ξ5{4

�
dr

� Re

�
�apξq
2ξ5{4

��25{2F4px, 2?
ξ
λpxqqσp2, 2?

ξ
qe2i

iξ7{4

� 1

i
?
ξ
�
�
Br
�
r5{2F4px, rλpxqqσpr

a
ξ, rq

	 eir?ξ
i
?
ξ

�
|r� 2?

ξ

��

� Re

�
�apξq
2ξ5{4 � �1

ξ

» 8

2?
ξ

eir
?
ξB2
r

�
r5{2F4px, rλpxqqσpr

a
ξ, rq

	
dr

�
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Next, we again note the symbol-type character of the estimate (5.174), to get

|
» 8

2?
ξ

?
rF4px, rλpxqq2Re

�
�apξqr2eir

?
ξσpr?ξ, rq

4ξ5{4

�
dr| � 4ω2λpxq2λ1pxq2

?
ωλpxq
ω

¤ Cω2λpxq?
ωx2 log4b�2pxq

� |apωλpxq2q|
ω3λpxq6 F4,estpx, 2λpxq?

ξ
q

�|apωλpxq
2q|

ω9{4λpxq9{2
» 8

2?
ωλpxq

r1{2F4,estpx, rλpxqqdr
� (6.39)

where F4,est is the expression which appears on the right-hand side of (5.174). Then, the same
procedure used to treat (6.38) also applies to treat (6.39), and we get

||
» 8

2?
ξ

?
rF4px, rλpxqq2Re

�
�apξqr2eir

?
ξσpr?ξ, rq

4ξ5{4

�
dr

� 4ω2λpxq2λ1pxq2
?
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ω
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λpxq



||L2pp 4

λpxq2 ,8q,ρpωλptq2qdωq

¤ C

�
λptq
λpxq


2
1

x4 logb�3�2bαpxq
Next, we study the first two lines of (6.37), which are given below:

pB2
2φpr, ξqq2
� 2Re

��
a2pξq
ξ1{4 σpr

a
ξ, rq � 2a1pξq

��σpr?ξ, rq
4ξ5{4 � rB1σpr

?
ξ, rq

2ξ3{4



� apξq

�
5σpr?ξ, rq

16ξ9{4 � rB1σpr
?
ξ, rq

2ξ7{4 � ir2B1σpr
?
ξ, rq

2ξ5{4 � r2B2
1σpr

?
ξ, rq

4ξ5{4




eir

?
ξ



We note that

|pB2
2φpr, ξqq2| ¤

C|apξq|
ξ9{4 , r ¥ 2?

ξ

So,

|
» 8

2?
ωλpxq

?
rF4px, rλpxqqpB2

2φpr, ωλpxq2qq2dr|

¤ C|apωλpxq2q|
ω9{4λpxq9{2

» 8
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ωλpxq

?
r|F4px, rλpxqq|dr

Finally, �» 8

4
λpxq2

ρpωλptq2q p
�» 8

2?
ωλpxq

?
rF4px, rλpxqqpB2

2φpr, ωλpxq2qq2dr
�

�4ω2λpxq2λ1pxq2
?
ωλptq
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2

dω
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�
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λpxq


2
1
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Combining all of our estimates, we get

||?ωλptq
�Fp?�F4px, �λpxqqq2pωλpxq2q

ω
ω2λpxq2λ1pxq2



||L2pρpωλptq2qdωq

¤ C

�
λptq
λpxq


2
logplogpxqq2

x4 log3�b�2bαpxq
and

|| �
» 8

t

cosppt� xq?ωq
?
ωλptq
ω

B2
x

�
Fp?�F4px, �λpxqqqpωλpxq2q

�
dx||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 log1�b�2αbptq

(6.40)

which imply

||?ωλptqBt
�» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx


||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 log1�b�2αbptq

The last quantity to estimate is

ωλptq2
�» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx



� �λptq2Fp?�F4pt, �λptqqqpωλptq2q
� ?
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» 8

t

sinppt� xq?ωq
ω
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x

�
Fp?�F4px, �λpxqqqpωλpxq2q

�
dx

(6.41)

We can estimate the third line of (6.41), simply by using the estimates which gave (6.40). For
the second line of (6.41), we have, with ξ � ωλptq2,

λptq2
�» 8

0

ρpωλptq2q �Fp?�F4pt, �λptqqqpωλptq2q
�2
dω


1{2

� λptq2
�» 8

0

ρpξq �Fp?�F4pt, �λptqqqpξq
�2 dξ

λptq2

1{2

� λptq
�» 8

0

r pF4pt, rλptqqq2 dr

1{2

¤ Cλptq
��» logN ptq

λptq

0

r3λptq2dr
λptq8pr2 � 1q4t4 log6b�2�4bαptq �

» t
2λptq

0

r3λptq2dr
λptq8pr2 � 1q4t4 log10b�4N�4ptq

�1{2

¤ C

t2 logb�1�2bαptq �
C

t2 log3b�2N�2ptq
¤ C
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So,

||ωλptq2
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ C

t2 log1�b�2bαptq
which finishes the proof of the lemma

To proceed, we quickly translate our estimates (5.3) and (5.4), by noting

||Fp?� pF5 � F6q px, �λpxqqqpωλpxq2q||2L2pρpωλpxq2qdωq

�
» 8

0

r

λpxq4 pF5 � F6q2 px, rqdr

||?ωλpxqFp?� pF5 � F6q px, �λpxqqqpωλpxq2q||2L2pρpωλpxq2qdωq

� 1

λpxq2
» 8

0

pLppF5 � F6q px, �λpxqqqq2pRqRdR
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|Lpfqprq| ¤ C

�
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r



So, we have

||Fp?� pF5 � F6q px, �λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq ¤ C

x4 log3b�2N�1pxq
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||?ωλpxqFp?� pF5 � F6q px, �λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq ¤ C
log6�bpxq
x35{8
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Now, we recall F pt, rq � F4pt, rq � F5pt, rq � F6pt, rq, and estimate the following quantities:
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(6.42)

where we used the fact that,
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251



Similarly,
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�||Fp?� pF5 � F6q px, �λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq
�
dx

¤ Cplogplogptqqq2
t2 log1�b�2αbptq �

C

t3 log4b�2N�1ptq
¤ Cplogplogptqqq2
t2 log1�b�2αbptq

252



||
» 8

t

cosppt� xq?ωq?ωλpxq
�
λptq
λpxq



Fp?�F px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ ||
» 8

t

cosppt� xq?ωq?ωλpxq
�
λptq
λpxq



Fp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

� ||
» 8

t

cosppt� xq?ωq?ωλpxq
�
λptq
λpxq



Fp?� pF5 � F6q px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 log1�b�2αbptq

� C

» 8

t

�
λptq
λpxq


2 �||?ωλpxqFp?� pF5 � F6q px, �λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq
�
dx

¤ Cplogplogptqqq2
t3 log1�b�2αbptq � C

» 8

t

�
λptq
λpxq


2
logb�6pxq
x35{8 dx

¤ Cplogplogptqqq2
t3 log1�b�2αbptq

and, finally,

||
» 8

t

sinppt� xq?ωq?ωλptq2Fp?�F px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ ||
» 8

t

sinppt� xq?ωq?ωλptq2Fp?�F4px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

� ||
» 8

t

sinppt� xq?ωq?ωλptq2Fp?� pF5 � F6q px, �λpxqqqpωλpxq2qdx||L2pρpωλptq2qdωq

¤ C

t2 log1�b�2αbptq

� C

» 8

t

λptq
�
λptq
λpxq


2 �||λpxq?ωFp?� pF5 � F6q px, �λpxqqqpωλpxq2q||L2pρpωλpxq2qdωq
�
dx

¤ C

t2 log1�b�2αbptq � C

» 8

t

λptq3
λpxq2

logb�6pxq
x35{8 dx

¤ C

t2 log1�b�2αbptq

6.5 Setup of the final iteration
Let ε be given by

ε � 2b� 1

2
p1� 2αbq

Note that 2b� 1
2
¡ ε ¡ 2b. Also, note that (5.5), (5.6), and (5.7) show that
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||vcorrpx,Rλpxqq
Rλpxq ||2L8 � || vcorrpx,Rλpxqq

Rλpxq2p1�R2q ||L8 ¤ C

x2 logε�2bpxq (6.43)

1� ||vcorrpx,Rλpxqq
R

||L8 � ||BRpvcorrpx,Rλpxqqq||L8 ¤ C (6.44)

||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
Rλpxq2 ||L8R pp0,1qq

� ||vcorrpx,RλpxqqBRpvcorrpx,Rλpxqqq
R2λpxq2 ||L8R pp1,8qq � ||BRpvcorrpx,Rλpxqqqp1�R2qλpxq2 ||L8

¤ C

x2 logε�2bpxq

(6.45)

Let pZ, || � ||Zq be the normed vector space defined as follows. Z is the set of (equivalence
classes) of measureable functions y : rT0,8q � p0,8q Ñ R such that

ypt, ωqt2 log
ε
2 ptq
a
ρpωλptq2qxωλptq2y P C0

t prT0,8q, L2pdωqq

Btypt, ωqt3 log
ε
2 ptqx?ωλptqy

a
ρpωλptq2q P C0

t prT0,8q, L2pdωqq
and ||y||Z   8 where

||y||Z � sup
t¥T0

�
t2 log

ε
2 ptq p ||yptq||L2pρpωλptq2qdωq � ||λptq?ωyptq||L2pρpωλptq2qdωq

�||ωλptq2yptq||L2pρpωλptq2qdωq
�

�t3 log
ε
2 ptq �||Btyptq||L2pρpωλptq2qdωq � ||λptq?ωBtyptq||L2pρpωλptq2qdωq

�	 (6.46)

Define T on Z by

T pyqpt, ωq � �
» 8

t

sinppt� xq?ωq?
ω

�
F2pyqpx, ωq � Fp?�F px, �λpxqqqpωλpxq2q
�Fp?�F3pupyqqpx, �λpxqqqpωλpxq2q

�
dx

Note that a fixed point of T is a solution to (6.3) with 0 Cauchy data at infinity. We will prove
the following proposition which implies that T indeed has a fixed point in B1p0q � Z.

Proposition 6.3. There exists T4 ¡ 0 such that, for all T0 ¡ T4, T is a strict contraction on
B1p0q � Z

We use (6.42), Propositions 6.1 and 6.2, and the equations (6.43), (6.44), and (6.45), to get the
following (note that in the following estimates, C ¡ 0 denotes a constant (which might involve
Cρ) whose value may change from line to line, but which is independent of T0). Also, for ease of
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notation, we will denote F3pupyqq by F3 until otherwise mentioned.

||T pyqptq||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t2 logb�1�2αbptq � C

» 8

t

λptq
λpxq

1

x3 log
ε
2
�1pxqdx

� C

» 8

t

x

�
λptq
λpxq


�
1

x2 log
ε
2 pxq

�
1

x2 logε�2bpxq



� 1

λpxqx4 logεpxq


dx

¤ Cplogplogptqqq2
t2 logb�1�2αbptq �

C

t2 log
ε
2
�1ptq �

C

t2 log3 ε
2
�2bptq �

C

t2 logε�bptq

¤ Cplogplogptqqq2
t2 logb�1�2αbptq � C

log�ε�2bptq � log�
ε
2
�bptq � log�1ptq

t2 log
ε
2 ptq

Next,

BtT pyqpt, ωq � �
» 8

t

cosppt� xq?ωq �F2pyqpx, ωq � Fp?�F px, �λpxqqqpωλpxq2q
�Fp?�F3px, �λpxqqqpωλpxq2q

�
dx

and the same procedure as above gives

||BtT pyqptq||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 logb�1�2αbptq � C

» 8

t

λptq
λpxq

1

x4 log
ε
2
�1pxqdx

� C

» 8

t

�
λptq
λpxq


�
1

x2 log
ε
2 pxq

�
1

x2 logε�2bpxq



� 1

λpxqx4 logεpxq


dx

¤ Cplogplogptqqq2
t3 logb�1�2αbptq � C

log�ε�2bptq � log�
ε
2
�bptq � log�1ptq

t3 log
ε
2 ptq

Similarly,

?
ωλptqT pyqpt, ωq � �λptq

» 8

t

sinppt� xq?ωq pF2pyqpx, ωq
�Fp?�F px, �λpxqqqpωλpxq2q
�Fp?�F3px, �λpxqqqpωλpxq2q

�
dx

and the identical argument as for the previous two terms gives

||?ωλptqT pyqpt, ωq||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t2 log1�b�2αbptq � Cλptq log�ε�2bptq � log�

ε
2
�bptq � log�1ptq

t3 log
ε
2 ptq

¤ Cplogplogptqqq2
t2 log1�b�2αbptq � C

log�ε�2bptq � log�
ε
2
�bptq � log�1ptq

t3 log
ε
2
�bptq
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The next term is

λptq?ωBtT pyqpt, ωq
� �

» 8

t

cosppt� xq?ωq
�
λptq
λpxq


?
ωλpxq p F2pyqpx, ωq � Fp?�F px, �λpxqqqpωλpxq2q

�Fp?�F3px, �λpxqqqpωλpxq2q
�
dx

and we get

||λptq?ωBtT pyqpt, ωq||L2pρpωλptq2qdωq

¤ Cplogplogptqqq2
t3 log1�b�2αbptq � C

» 8

t

�
λptq
λpxq


2
C

x4 log
ε
2
�1pxqdx

� C

» 8

t

�
λptq
λpxq


2
1

x4 log
3ε
2
�2bpxq

dx� C

» 8

t

�
λptq
λpxq


2

logbpxq 1

x4 logεpxqdx

¤ Cplogplogptqqq2
t3 log1�b�2αbptq � C

logb�
ε
2 ptq � log�1ptq � log�ε�2bptq

t3 log
ε
2 ptq

ωλptq2T pyqpt, ωq

� �
» 8

t

sinppt� xq?ωqλptq
2

λpxq λpxq
?
ω p F2pyqpx, ωq � Fp?�F px, �λpxqqqpωλpxq2q

�Fp?�F3px, �λpxqqqpωλpxq2q
�
dx

and the same procedure as above gives

||ωλptq2T pyqpt, ωq||L2pρpωλptq2qdωq

¤ C

t2 log1�b�2αbptq � C

» 8

t

�
λptq2
λpxq


�
λptq
λpxq



C

x3 log
ε
2 pxq

1

x logpxqdx

� C

» 8

t

�
λptq2
λpxq


�
λptq
λpxq



C

x2 log
ε
2 pxq

1

x2 logε�2bpxqdx

� C

» 8

t

�
λptq2
λpxq


�
λptq
λpxq



logbpxq
x4 logεpxqdx

¤ C

t2 log1�b�2αbptq � C
log�b�1ptq � log�b�ε�2bptq � log�

ε
2 ptq

log
ε
2 ptqt3

Moreover, by, for example the Dominated convergence theorem,

T pyqpt, ωqt2 log
ε
2 ptq
a
ρpωλptq2qxωλptq2y P C0

t prT0,8q, L2pdωqq
and

BtT pyqpt, ωqt3 log
ε
2 ptqx?ωλptqy

a
ρpωλptq2q P C0

t prT0,8q, L2pdωqq
So, if T0 is large enough, then, T pyq P B 1

2
p0q � Z if y P B1p0q � Z. We will now show that T is

a strict contraction on B1p0q � Z. Let y1, y2 P Z satisfy

||y1||Z , ||y2||Z ¤ 1
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T py1q � T py2q
� �

» 8

t

sinppt� xq?ωq?
ω

� �F2py1q � F2py2q �
�
Fp?�pF3pupy1qq � F3pupy2qqqpx, �λpxqqqqpωλpxq2q

��
dx

(6.47)

First, note that F2 is linear in y, so

F2py1q � F2py2q � F2py1 � y2q

Next, we treat F3 starting with the L1 terms. We will denote by ui the function associated to yi via
(6.20). We will also use vi, wi to denote the functions associated to ui in the same way v and w
were used in the above discussion

Recall that

pL1pu1q � L1pu2qqpt, rq
�
�

sinp2u1pt, rqq � sinp2u2pt, rqq
2r2



�
�

cosp2Q1p r

λptqqq pcosp2vcorrpt, rqq � 1q � sinp2Q1p r

λptqqq sinp2vcorrpt, rqq



Since
| sinp2u1q � sinp2u2q| ¤ 2|u1 � u2|

we get (after estimating in terms of ui and then translating to yi in exactly the same manner as done
above)

||Fp?�pL1pu1q � L1pu2qqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq

¤ C||y1ptq � y2ptq||L2pρpωλptq2qdωq

�
||vcorrpt, Rλptqq

Rλptq ||2L8 � || vcorrpt, Rλptqq
Rp1�R2qλptq2 ||L8



Next, we estimate

|BR ppL1pu1q � L1pu2qqpt, Rλptqqq |
¤ C p|v1 � v2| � |BRv1| � |BRpv1 � v2q|q

R2λptq2
�
|vcorrpt, Rλptqq|2 � R

p1�R2q |vcorrpt, Rλptqq|



� C|v1 � v2|
R3λptq2

�
|vcorrpt, Rλptqq|2 � R|vcorrpt, Rλptqq|

p1�R2q



� C|v1 � v2|
R2λptq2

�
|vcorrpt, RλptqqBRpvcorrpt, Rλptqqq| � R|BRpvcorrpt, Rλptqqq|

p1�R2q



257



Then, we get

||BRppL1pu1q � L1pu2qqpt, Rλptqqq||L2pRdRq
¤ C

�||v1 � v2||L2pRdRq � ||Lpv1 � v2q||L2pRdRq
�

�
��

1� ||BRpv1pt, Rλptqqq||L2pRdRq
��||vcorrpt, Rλptqq

Rλptq ||2L8 � || vcorrpt, Rλptqq
Rλptq2p1�R2q ||L8



�||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq

Rλptq2 ||L8pR¤1q

� ||vcorrpt, RλptqqBRpvcorrpt, Rλptqqq
R2λptq2 ||L8pR¥1q � ||BRpvcorrpt, Rλptqqq

λptq2p1�R2q ||L8



Similarly,

|L1pu1qpt, Rλptqq � L1pu2qpt, Rλptqq
R

|

¤ C|v1 � v2|pt, Rq
R3λptq2

�
|vcorrpt, Rλptqq|2 � R|vcorrpt, Rλptqq|

pR2 � 1q



We combine these to estimate ||L ppL1pu1q � L1pu2qqpt, Rλptqqq ||L2pRdRq, and then, as in the
previous estimates, translate the right-hand side in terms of yi, and use the estimates on our ansatz
to get

||λptq?ωFp?� ppL1pu1q � L1pu2qqpt, �λptqqqq pωλptq2q||L2pρpωλptq2qdωq

¤ C
||y1 � y2||L2pρpωλptq2qdωq � ||?ωλptqpy1 � y2q||L2pρpωλptq2qdωq

t2 logε�2bptq
¤ C

||y1 � y2||Z
t4 log

3ε
2
�2bptq

Now, we treat the nonlinear terms. First, note that, if

n1pxq � sinp2xq � 2x

then, by the mean value theorem,

|n1px1q � n1px2q| ¤ |x1 � x2|maxθPr0,1s|n11pθx1 � p1� θqx2q|
¤ |x1 � x2|maxθPr0,1s|4 sin2pθx1 � p1� θqx2q|
¤ C|x1 � x2|

�|x1|2 � |x2|2
�

Similarly,

| pcosp2x1q � 1q � pcosp2x2q � 1q | ¤ C p|x1| � |x2|q |x1 � x2|
So,

|pNpu1q �Npu2qqpt, Rλptqq| ¤ C
|v1 � v2| pv2

1 � v2
2q

R2λptq2

� C
|v1 � v2| p|v1| � |v2|q

R2λptq2 p|Q1pRq| � |vcorrpt, Rλptqq|q
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If R   1, we use the estimates (6.14) to get

|v1pt, Rq|?
Rλptq ¤ C

||v1ptq|| 9H1
e

λptq � C
||L�Lv1ptq||L2pRdRq

λptq
and if R ¡ 1, then, we use (6.17) to get

|v1pt, Rq|?
Rλptq ¤ C

λptq ||v1ptq|| 9H1
e

In total, we obtain

||Npu1q �Npu2qpt, �λptqq||L2pRdRq

¤ C||v1 � v2|| 9H1
e

�
||xωλptq2yy1||2L2pρpωλptq2qdωq � ||xωλptq2yy2||2L2pρpωλptq2qdωq

	
� C||v1 � v2|| 9H1

e

� ||x?ωλptqyy1||L2pρpωλptq2qdωq � ||x?ωλptqyy2||L2pρpωλptq2qdωq
λptq



�
�

1� ||vcorrpt, Rλptqq
R

||L8



which gives

||Fp?�pNpu1q �Npu2qqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq ¤ C

λptq
||y1 � y2||Z
t4 logεptq

where we used the estimates on the ansatz, and the fact that

||yi||Z ¤ 1, i � 1, 2

Next, we will estimate BR ppNpu1q �Npu2qqpt, Rλptqqq, treating the following expression one
line at a time.

BR ppNpu1q �Npu2qqpt, Rλptqqq
� cosp2Q1pRqq

2R2λptq2 p2 pcosp2v1pt, Rqq � 1q BRv1 � 2 pcosp2v2q � 1q BRv2q

� BR
�

cosp2Q1pRqq
2R2λptq2



pn1pv1q � n2pv2qq

� 2

�
sinp2Q1pRq � 2vcorrpt, Rλptqqq

2R2λptq2


psinp2v1qBRv1 � sinp2v2qBRv2q

� pcosp2v1q � cosp2v2qq BR
�

sinp2Q1pRq � 2vcorrpt, Rλptqqq
2R2λptq2



(6.48)

For R ¤ 1, we estimate the first line of the right-hand side of (6.48) by

|cosp2Q1pRqq
2R2λptq2 p2 pcosp2v1pt, Rqq � 1q BRv1 � 2 pcosp2v2q � 1q BRv2q |

¤ C

λptq2 ||
v1?
R
||2L8 |

Lpv1 � v2q
R

| � C

λptq2
v1pt, Rq2
R2

|v1 � v2|
R

� C

λptq2 ||
v1 � v2?

R
||L8 || |v1| � |v2|?

R
||L8 |Lv2|

R
� C

λptq2 |
v1 � v2

R
|
� |v1| � |v2|

R


 |v2|
R
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where we used the fact that

2pcosp2v1pt, Rqq � 1qBRv1pt, Rq � 2pcosp2v2pt, Rqq � 1qBRv2pt, Rq
� 2 pcosp2v1pt, Rqq � 1q pBRpv1 � v2qq � 2BRv2 pcosp2v1q � cosp2v2qq

to get

|2pcosp2v1pt, Rqq � 1qBRv1pt, Rq � 2pcosp2v2pt, Rqq � 1qBRv2pt, Rq|
¤ Cv1pt, Rq2|BRpv1 � v2q| � C|v1 � v2||BRv2| p|v1| � |v2|q

The second line of the right-hand side of (6.48) is estimated by

|BR
�

cosp2Q1pRqq
2R2λptq2



pn1pv1q � n2pv2qq | ¤ C

λptq2
�
v2

1

R2
� v2

2

R2


 |v1 � v2|
R

The third line of the right-hand side of (6.48) is estimated by

| � 2

�
sinp2Q1pRq � 2vcorrpt, Rλptqqq

2R2λptq2


psinp2v1qBRv1 � sinp2v2qBRv2q |

¤ C

λptq2
�

1� ||vcorrpt, Rλptqq
R

||L8


p ||v1|| 9H1

e

|Lpv1 � v2q|
R

� ||v1 � v2|| 9H1
e
|Lv2

R
|

�
� |v1| � |v2|

R


 |v1 � v2|
R



where we used

sinp2v1qBRv1 � sinp2v2qBRv2 � sinp2v1q pBRpv1 � v2qq � psinp2v1q � sinp2v2qq BRv2

The final line of (6.48) is estimated by

pcosp2v1q � cosp2v2qq BR
�

sinp2Q1pRq � 2vcorrpt, Rλptqqq
2R2λptq2



¤ C

� |v1| � |v2|
R


 |v1 � v2|
Rλptq2

�
1� ||BRpvcorrpt, Rλptqqq||L8 � ||vcorrpt, Rλptqq

R
||L8



Now, we will estimate the contribution of each of these terms to

||BR ppNpu1q �Npu2qqpt, Rλptqqq ||L2pp0,1q,RdRq

We use (6.14) to control || v1?
R
||L8 , and get» 1

0

C

λptq4 ||
v1?
R
||4L8

�
Lpv1 � v2q

R


2

RdR

¤ Cλptq2||xωλptq2yy1||4L2pρpωλptq2qdωq||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq
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Next, we get» 1

0

C

λptq4
pv1pt, Rqq4

R4

|v1 � v2|2
R

dR

¤ C

λptq4
» 1

0

��
||v1||4

9H1
e
� ||L�Lv1||4L2pRdRq

	�
log2p 1

R
q � 1


2
�

�
�
||v1 � v2||2

9H1
e
� ||L�Lpv1 � v2q||2L2pRdRq

	
R

�
log2p 1

R
q � 1



dR

¤ Cλptq2||xωλptq2yy1||4L2pρpωλptq2qdωq||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq
The next term to consider is» 1

0

C

λptq4 ||
v1 � v2?

R
||2L8 ||

|v1| � |v2|?
R

||2L8
pLv2q2
R2

RdR

¤ C

λptq4
�
||v1 � v2||2

9H1
e
� ||L�Lpv1 � v2q||2L2pRdRq

	
�
�
||v1||2

9H1
e
� ||L�Lv1||2L2pRdRq � ||v2||2

9H1
e
� ||L�Lv2||2L2pRdRq

	 » 1

0

pLv2pt, Rqq2
R2

RdR

¤ Cλptq2||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy1||2L2pρpωλptq2qdωq � ||xωλptq2yy2||2L2pρpωλptq2qdωq

	
� ||xωλptq2yy2||2L2pρpωλptq2qdωq

Next, we have

C

λptq4
» 1

0

�
|v1 � v2

R
|
� |v1| � |v2|

R


 |v2|
R


2

RdR

¤ C

λptq4
�
||v1 � v2||2

9H1
e
� ||L�Lpv1 � v2q||2L2pRdRq

	
�
�
||v1||4

9H1
e
� ||L�Lv1||4L2pRdRq � ||v2||4

9H1
e
� ||L�Lv2||4L2pRdRq

	 » 1

0

�
log2p 1

R
q � 1


3

RdR

¤ Cλptq2||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy1||4L2pρpωλptq2qdωq � ||xωλptq2yy2||4L2pρpωλptq2qdωq

	
For the second line of the right-hand side of (6.48),

C

λptq4
» 1

0

�
v4

1

R4
� v4

2

R4


 |v1 � v2|2
R2

RdR

¤ C

λptq4
�
||v1||4

9H1
e
� ||L�Lv1||4L2pRdRq � ||v2||4

9H1
e
� ||L�Lv2||4L2pRdRq

	
�
�
||v1 � v2||2

9H1
e
� ||L�Lpv1 � v2q||2L2pRdRq

	 » 1

0

�
log2p 1

R
q � 1


3

RdR

¤ Cλptq2||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy1||4L2pρpωλptq2qdωq � ||xωλptq2yy2||4L2pρpωλptq2qdωq
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Next, we treat the third line of the right-hand side of (6.48),» 1

0

1

λptq4
�

1� ||vcorrpt, Rλptqq
R

||2L8



�
�
||v1||2

9H1
e

pLpv1 � v2qq2
R2

� ||v1 � v2||2
9H1
e

pLv2q2
R2

� pv1q2 � pv2q2
R2

|v1 � v2|2
R2



RdR

¤ C

�
1� ||vcorrpt, Rλptqq

R
||2L8



||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy2||2L2pρpωλptq2qdωq � ||xωλptq2yy1||2L2pρpωλptq2qdωq

	
The final line of (6.48) is treated as follows.» 1

0

� |v1| � |v2|
R

|v1 � v2|
Rλptq2

�
1� ||BRpvcorrpt, Rλptqqq||L8 � ||vcorrpt, Rλptqq

R
||L8



2

RdR

¤ C

λptq4
�

1� ||BRpvcorrpt, Rλptqqq||2L8 � ||vcorrpt, Rλptqq
R

||2L8



�
�
||v1||2

9H1
e
� ||L�Lv1||2L2pRdRq � ||v2||2

9H1
e
� ||L�Lv2||2L2pRdRq

	
�
�
||v1 � v2||2

9H1
e
� ||L�Lpv1 � v2q||2L2pRdRq

	 » 1

0

�
log2p 1

R
q � 1


2

RdR

¤ C

�
1� ||BRpvcorrpt, Rλptqqq||2L8 � ||vcorrpt, Rλptqq

R
||2L8



� ||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy1||2L2pρpωλptq2qdωq � ||xωλptq2yy2||2L2pρpωλptq2qdωq

	
We combine the above estimates to get» 1

0

pBR ppNpu1q �Npu2qqpt, Rλptqqqq2RdR

¤ Cλptq2
�
||xωλptq2yy1||4L2pρpωλptq2qdωq � ||xωλptq2yy2||4L2pρpωλptq2qdωq

	
� ||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

� C

�
1� ||BRpvcorrpt, Rλptqqq||2L8 � ||vcorrpt, Rλptqq

R
||2L8



� ||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy2||2L2pρpωλptq2qdωq � ||xωλptq2yy1||2L2pρpωλptq2qdωq
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When R ¥ 1, we can estimate (6.48) by

|BR ppNpu1q �Npu2qqpt, Rλptqqq |
¤ C

λptq2 ||v1||2
9H1
e
|Lpv1 � v2q| � C

λptq2 ||v1||2
9H1
e
|v1 � v2|

� C

λptq2 ||v1 � v2|| 9H1
e

�
||v1|| 9H1

e
� ||v2|| 9H1

e

	
p|Lv2| � |v2|q

� C

λptq2
�
||v1||2

9H1
e
� ||v2||2

9H1
e

	
|v1 � v2|

� C

λptq2
�
||v1|| 9H1

e
� ||v2|| 9H1

e

	
|v1 � v2|

�
�

1� ||BRpvcorrpt, Rλptqqq||L8 � ||vcorrpt, Rλptqq
R

||L8



� C

λptq2
�

1� ||vcorrpt, Rλptqq
R

||L8



�
�
||v1|| 9H1

e
|Lpv1 � v2q| � ||v1 � v2|| 9H1

e
|Lv2| �

�
||v1|| 9H1

e
� ||v2|| 9H1

e

	
|v1 � v2|

	
Taking the L2 norm over R ¥ 1, and combining with our previous estimates, we get

||BR ppNpu1q �Npu2qqpt, Rλptqqq ||L2pRdRq
¤ Cλptq||xωλptq2ypy1 � y2q||L2pρpωλptq2qdωq

�
�
||xωλptq2yy1||2L2pρpωλptq2qdωq � ||xωλptq2yy2||2L2pρpωλptq2qdωq

	
� C

�
1� ||vcorrpt, Rλptqq

R
||L8 � ||BRpvcorrpt, Rλptqqq||L8



� �||xωλptq2yy2||L2pρpωλptq2qdωq � ||xωλptq2yy1||L2pρpωλptq2qdωq

�
� ||xωλptq2ypy1 � y2q||L2pρpωλptq2qdωq

It only remains to consider the following.

|Npu1qpt, Rλptqq �Npu2qpt, Rλptqq
R

|

¤ C
|v1 � v2| ppv1q2 � pv2q2q

R3λptq2 � C p|v1| � |v2|q |v1 � v2|
R3λptq2 p|Q1pRq| � |vcorrpt, Rλptqq|q

(6.49)
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So,» 1

0

pNpu1qpt, Rλptqq �Npu2qpt, Rλptqqq2
R2

RdR

¤ C

λptq4
�
||v1 � v2||2

9H1
e
� ||L�Lpv1 � v2q||2L2pRdRq

	
�
�
||v1||4

9H1
e
� ||L�Lv1||4L2pRdRq � ||v2||4

9H1
e
� ||L�Lv2||4L2pRdRq

	 » 1

0

�
log2p 1

R
q � 1


3

RdR

� C

λptq4
�

1� ||vcorrpt, Rλptqq
R

||2L8



�
�
||v1||2

9H1
e
� ||L�Lv1||2L2pRdRq � ||v2||2

9H1
e
� ||L�Lv2||2L2pRdRq

	
�
�
||v1 � v2||2

9H1
e
� ||L�Lpv1 � v2q||2L2pRdRq

	 » 1

0

�
log2p 1

R
q � 1


2

RdR

¤ Cλptq2||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy1||4L2pρpωλptq2qdωq � ||xωλptq2yy2||4L2pρpωλptq2qdωq

	
� C

�
1� ||vcorrpt, Rλptqq

R
||2L8



� ||xωλptq2ypy1 � y2q||2L2pρpωλptq2qdωq

�
�
||xωλptq2yy1||2L2pρpωλptq2qdωq � ||xωλptq2yy2||2L2pρpωλptq2qdωq

	
We return to (6.49), and study�» 8

1

ppNpu1q �Npu2qqpt, Rλptqqq2
R2

RdR

�1{2

¤ C

λptq2 ||v1 � v2||L2pRdRq
�
||v1||2

9H1
e
� ||v2||2

9H1
e

	
� C

λptq2
�
||v1|| 9H1

e
� ||v2|| 9H1

e

	
||v1 � v2||L2pRdRq

�
1� ||vcorrpt, Rλptqq

R
||L8



We now combine the above estimates, translating between norms of vi and norms of yi as

previously, and use the fact that ||yi||Z ¤ 1, as well as the estimates of the ansatz to get

||λptq?ωFp?�pNpu1q �Npu2qqpt, �λptqqqpωλptq2q||L2pρpωλptq2qdωq

¤ C
||y1 � y2||Z
t4 logε�bptq
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We now return to (6.47) to get

||pT py1q � T py2qqptq||L2pρpωλptq2qdωq

¤ C

» 8

t

x

�
λptq
λpxq


� ||y1 � y2||Z
x4 log1� ε

2 pxq



dx� C

» 8

t

x

�
λptq
λpxq


 ||y1 � y2||Z
x4 log3 ε

2
�2bpxqdx

� C

» 8

t

x

�
λptq
λpxq


 ||y1 � y2||Z
x4 logε�bpxqdx

¤ C||y1 � y2||Z log�1ptq � log�ε�2bptq � log�
ε
2
�bptq

t2 log
ε
2 ptq

BtpT py1q � T py2qq
� �

» 8

t

cosppt� xq?ωqF2py1 � y2qdx

�
» 8

t

cosppt� xq?ωqFp?�pF3py1q � F3py2qqpx, �λpxqqqpωλpxq2qdx

So, the same argument as in the previous estimate gives

||BtpT py1q � T py2qq||L2pρpωλptq2qdωq

¤ C||y1 � y2||Z log�1ptq � log�ε�2bptq � log�
ε
2
�bptq

t3 log
ε
2 ptq

Similarly,
?
ωλptqpT py1q � T py2qq
� �

» 8

t

λptq sinppt� xq?ωqF2py1 � y2qdx

� λptq
» 8

t

sinppt� xq?ωqFp?�pF3py1q � F3py2qqpx, �λpxqqqpωλpxq2qdx

and the identical argument gives us

||?ωλptqpT py1q � T py2qqptq||L2pρpωλptq2qdωq

¤ C||y1 � y2||Z log�1ptq � log�ε�2bptq � log�
ε
2
�bptq

t3 log
ε
2
�bptq

Next, we have
?
ωλptqBtpT py1q � T py2qq
� �

» 8

t

�
λptq
λpxq



cosppt� xq?ωqλpxq?ωF2py1 � y2qdx

�
» 8

t

�
λptq
λpxq



cosppt� xq?ωqλpxq?ωFp?�pF3py1q � F3py2qqpx, �λpxqqqpωλpxq2qdx
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So,

||?ωλptqBtpT py1q � T py2qqptq||L2pρpωλptq2qdωq

¤ C

» 8

t

�
λptq
λpxq


2 ||y1 � y2||Z
x4 log1� ε

2 pxqdx� C

» 8

t

�
λptq
λpxq


2 ||y1 � y2||Z
x4 log

3ε
2
�2bpxq

dx

� C

» 8

t

�
λptq
λpxq


2 ||y1 � y2||Z
x4 logε�bpxqdx

¤ C||y1 � y2||Z log�1ptq � log�ε�2bptq � log�
ε
2
�bptq

t3 log
ε
2 ptq

The identical procedure shows that

||ωλptq2pT py1q � T py2qqptq||L2pρpωλptq2qdωq

¤ C||y1 � y2||Z log�1ptq � log�ε�2bptq � log�
ε
2
�bptq

t3 log
ε
2
�bptq

Thus, T is a strict contraction on B1p0q � Z, for T0 large enough; so, T has a fixed point, say
y0, in B1p0q � Z

7 The Energy of the Solution, and its Decomposition as in The-
orem 1.1 (Wave Maps)

Let us define

v6pt, rq :�
$&%
b

λptq
r

�
F�1py0pt, �

λptq2 qq
	
p r
λptqq, r ¡ 0

0, r � 0

Note that v6pt, �q P C0pr0,8qq, by the same argument as in Lemma (6.1). Inspecting the derivation
of (6.3), we see that we have a solution to (2.1):

upt, rq � Q 1
λptq
prq �

6̧

k�1

vkpt, rq (7.1)

Here, we study the energy, (2.2), of our solution, and prove that it has a decomposition as in the
main theorem statement. First, we note that BtQ 1

λptq
R L2pp0,8q, rdrq, because

φ0 R L2pp0,8q, rdrq, so we have to first capture a delicate cancellation between the large r behav-
ior of BtQ 1

λptq
and Btv1 before we can even show that the solution has finite energy. We consider
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the region r ¥ t, and use the representation formula for v1, (5.10), which implies

Btv1pt, rq �
» 8

t

λ3psq
r

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds

�
» t� r

6

t

λ3psq
r

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds

�
» 8

t� r
6

λ3psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds

�
» 8

t� r
6

λ3psq
r

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�

�
�

1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds

(7.2)

For the second line of (7.2), we have» t� r
6

t

λ3psq
r

» s�t
0

ρaps� tq2 � ρ2

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds

�
» t� r

6

t

λ3psq
r

» s�t
0

ρaps� tq2 � ρ2

�
1� 1�O

�
r2

pr2 � 1� ρ2q2




dρds

� 2

» t� r
6

t

λ3psq
r

ps� tqds� EBtv1pt, rq

(7.3)

where

|EBtv1pt, rq| ¤
C

r3

» t� r
6

t

|λ3psq|ps� tqds ¤ C

r3t logb�1ptq , r ¥ t

For the third line of (7.2), we have

|
» 8

t� r
6

λ3psq
r

» s�t
0

ρ

ps� tq

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds|

¤ C

» 8

t� r
6

|λ3psq|
rps� tq

» 8

0

ρ

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds

¤ C

r2 logb�1prq , r ¥ t
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Finally, the fourth line of (7.2) is treated as follows:

|
» 8

t� r
6

λ3psq
r

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

��
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds|

¤ C

r3 logb�1prq �
1

r

» 8

t� r
6

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
�

1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�
dρds

¤ C

r4 logb�1prq
» 8

0

ρ

�
1� r2 � 1� ρ2ap1� r2 � ρ2q2 � 4r2ρ2

�» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

ps� tq

�
dsdρ

¤ C

r2 logb�1prq , r ¥ t

Finally, we further treat the first term on the last line of (7.3)

2

» t� r
6

t

λ3psq
r

ps� tqds � 2

r

�r
6
λ2pt� r

6
q � λ1pt� r

6
q � λ1ptq

	
� 2λ1ptq

r
� EBtv1,1pt, rq

where
|EBtv1,1pt, rq| ¤

C

r2 logb�1prq , r ¥ t

Then, we note that

BtQ 1
λptq
prq � �2rλ1ptq

r2 � λptq2
So,

|Bt
�
Q 1

λptq
prq � v1pt, rq

	
| ¤ C

r2 logb�1prq , r ¥ t

Using the estimates on Btv1, we then get

||Bt
�
Q 1

λptq
prq � v1pt, rq

	
||2L2prdrq ¤

C

t2 log2bptq
Then, we recall

Epu, vq � π
�
||v||2L2prdrq � ||u||2

9H1
e

	
and note that energy estimates for the equations solved by vk for k � 3, 4, 5 give

Epv3ptq, Btv3ptqq ¤ C

�» 8

t

||F0,1psq||L2prdrqds

2

¤ C logplogptqq
t2 log2b�2ptq
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Epv4ptq, Btv4ptqq ¤ C

�» 8

t

||v4,cpsq||L2prdrqds

2

¤ C

t2 log4N�4bptq

Epv5ptq, Btv5ptqq ¤ C

�» 8

t

||N2pfv5qpsq||L2prdrqds

2

¤ C log6ptq
t7{2

Next, we consider v2 for b � 1. By Plancherel, we have

Epv2ptq, Btv2ptqq � Epv2p0q, Btv2p0qq � 16b2

πpb� 1q2
» 8

0

pχ¤ 1
4
pξqq2

log2b�2p1
ξ
qdξ

16b2

πpb� 1q2
» 1

8

0

dξ

log2b�2p1
ξ
q ¤ Epv2, Btv2q ¤ 16b2

πpb� 1q2
» 1

4

0

dξ

log2b�2p1
ξ
q

where we used properties of χ¤ 1
4
. This gives, for b � 1,

16b2

πpb� 1q2 Γp3� 2b, logp8qq ¤ Epv2, Btv2q ¤ 16b2

πpb� 1q2 Γp3� 2b, logp4qq

By inspection of v2,0 for b � 1, we see that Epv2, Btv2q   8 for b � 1.
Using our estimates on v1 and Brv1, we get

||v1||2
9H1
e
¤ C

t2 log2bptq
Finally, we treat the v6 term in (7.1). Theorem 5.1 of [14] (the transferrence identity) shows

that

||Btv6||L2prdrq ¤ C|| λ1ptqa
rλptqF

�1py0pt, �
λptq2 qqp

r

λptqq||L2prdrq

� C||
c
λptq
r

F�1pB1y0pt, �
λptq2 qqp

r

λptqq||L2prdrq

� C||λ
1ptq
λptq

c
λptq
r

F�1pKpy0pt, �
λptq2 qqqp

r

λptqq||L2prdrq

(7.4)

The first line of (7.4) is handled by re-scaling, and applying the L2 isometry property of Fp�q:» 8

0

pλ1ptqq2
rλptq

�
F�1py0pt, �

λptq2 qqp
r

λptqq

2

rdr

� pλ1ptqq2λptq2
» 8

0

|y0pt, ωq|2ρpωλptq2qdω

¤ C
λ1ptq2λptq2
t4 logεptq
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The second and third lines of (7.4) are treated by again re-scaling and using the L2 isometry
property of Fp�q, as well as the same estimates on K that we used while estimating F2 to get» 8

0

λptq
r
|F�1pB1y0pt, �

λptq2 qq|
2p r

λptqqrdr

� λ1ptq2
λptq

» 8

0

1

r
|F�1pKpy0pt, �

λptqqqq|
2p r

λptqqrdr
¤ Cλptq4||Bty0ptq||2L2pρpωλptq2qdωq � Cλ1ptq2λptq2||y0ptq||2L2pρpωλptq2qdωq

¤ C

t6 log4b�εptq
This gives

||Btv6||2L2prdrq ¤
C

t6 log4b�εptq
From the definition of v6, we have (using the same argument used when estimating F2, F3)

||v6ptq|| 9H1
e
� ||v6pt, �λptqq|| 9H1

e
¤ C

�||v6pt, �λptqq||L2pRdRq � ||Lpv6pt, �λptqqq||L2pRdRq
�

and
||v6pt, �λptqq||L2pRdRq � λptq||y0ptq||L2pρpωλptq2qdωq

||Lpv6pt, �λptqqq||L2pRdRq � λptq||?ωλptqy0ptq||L2pρpωλptq2qdωq

which gives

||v6ptq|| 9H1
e
¤ C

t2 logb�
ε
2 ptq

Finally, we have

EWMpu, Btuq � π

�
||Btu||2L2prdrq � ||sinpuq

r
||2L2prdrq � ||Bru||2L2prdrq



Then, we use» 8

0

sin2pu�Q 1
λptq

�Q 1
λptq
q

r2
rdr ¤ C

�» 8

0

sin2pQ 1
λptq
q

r2
rdr �

» 8

0

|u�Q 1
λptq
|2

r2
rdr

�
to get

EWMpu, Btuq ¤ C

�
||Bt
�
Q 1

λptq
� v1

	
||2L2prdrq �

6̧

k�2

||Btvk||2L2prdrq

�||BrQ 1
λptq
||2L2prdrq � ||

sinpQ 1
λptq
q

r
||2L2prdrq �

6̧

k�1

||vk||2
9H1
e

�
By combining our above estimates, and recalling

||BrQ 1
λptq
||2L2prdrq � ||

sinpQ 1
λptq
q

r
||2L2prdrq � 4
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we get
EWMpu, Btuq   8

and

||Btpu� v2q||2L2prdrq � ||u�Q 1
λptq

� v2||2
9H1
e
¤ C

t2 log2bptq
Finally, we note that the remark after the main theorem concerning the regularity of v6 follows
from the definition of the space Z, the continuity of dilation on L2, and lemma 9.1 of [14]. This
completes the proof of the main theorem.

A Proof of Theorem 1.2 (Wave Maps)
In this appendix, we will summarize the extra arguments needed to prove Theorem 2.2. To prove
Theorem 2.2, we use a slightly different starting point than for the proof of Theorem 2.1. In
particular, fix b ¡ 0, λ0,0,b P Λ, and let T0 ¡ C1, where C1 ¡ 100 is some sufficiently large
constant depending on λ0,0,b. Then, we define the X norm as in the proof of Theorem 2.1, and
write λ � λ0,0,b � e1, where e1 P B1p0q � X . For all such λ, we then define v1 exactly as in the
main body of the paper. The main difference is a modification of v2: Let ψ P C8pr0,8qq satisfy

ψptq �
#

1, t ¥ 200

0, t ¤ 100
0 ¤ ψptq ¤ 1

and define

F ptq �
�

4

» 8

t

λ20,0,bpsqds
1� s� t



ψptq

Then, v2 is exactly as in the main body of the paper, except with v2,0, the initial velocity of v2,
given below xv2,0pξq � � 1

ξπ

» 8

0

F ptq sinptξqdt

The point of this definition is that, by the sine transform inversion, xv2,0 solves

�2

» 8

0

sinptξqξxv2,0pξqdξ � F ptq, t ¥ 0

v3 is defined exactly as in the main body of the paper. Several estimates on vk in the main body of
the paper used the fact that λ1pxq   0, which we no longer have in the setting of this appendix. Un-
less specified later on, analogs of all of these estimates are still true in the setting of this appendix,
and can be proven by instead using that, for some C2, C3 ¡ 0,

C2

logbptq ¤ λptq ¤ C3

logbptq (A.1)
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and t Ñ 1
logbptq is decreasing. The definitions of v4, v5, and the equation resulting from uansatz

are the same as previously. The inner product of the v1 linear error term with the re-scaled φ0 is
unchanged. On the other hand, for v2, we have» 8

0

�
cosp2Q1pRqq � 1

R2λptq2


v2pt, Rλptqqφ0pRqRdR

� �2

» 8

0

sinptξq
λptq ξxv2,0pξqdξ � 2

» 8

0

sinptξqξ2

�
K1pξλptqq � 1

ξλptq

 xv2,0pξqdξ

� 4

λptq
» 8

t

λ20,0,bpsqds
1� s� t

� Ev2,ippt, λptqq, t ¥ T0

where

Ev2,ippt, λptqq � �2

» 8

0

sinptξqξ2

�
K1pξλptqq � 1

ξλptq

 xv2,0pξqdξ

and we used the fact that ψptq � 1, t ¥ 100. In order to prove the pointwise estimates on v2, we
require some estimates on Bξ pξxv2,0q. For these, we use

ξxv2,0pξq � �1

π

» 8

0

F pσ
ξ
q sinpσqdσ

ξ

and can then differentiate under the integral sign, using the symbol type estimates on λ0,0,b. The
most crucial point to mention regarding the pointwise behavior of v2 is the analogue of (5.49),
since it is this which allows us to prove the crucial near origin estimates on F4. In the setting of
this appendix, we prove the analogue of (5.49) by noting, for r ¤ t

2
,

v2pt, rq �
» 8

0

J1prξq sinptξqxv2,0pξqdξ

� r

π

» π
0

sin2pθq
2

» 8

0

ξ psinpξpt� r cospθqqq � sinpξpt� r cospθqqqq xv2,0pξqdξdθ

� �r
4π

» π
0

sin2pθq pF pt� r cospθqq � F pt� r cospθqqq dθ

(A.2)

and then using

F pt� r cospθqq � F ptq � Errpt, rq, |Errpt, rq| ¤ Cr

t3 logbptq , r ¤ t

2
, t ¥ T0

The arguments for derivatives of v2 are done similarly. The linear error term associated to v3 is
studied similarly to the main body of the paper. The modulation equation for λ then has the same
form as previously, except with the modified definition of Ev2,ip given above, and the replacement

4b

λptqt2 logbptq Ñ
4

λptq
» 8

t

λ20,0,bpsqds
1� s� t

Recalling that λ � λ0,0,b � e1, we then substitute e1ptq � λ0,1ptq � eptq, where

λ0,1ptq �
» 8

t

» 8

t1

λ20,0,bpt2q logpλ0,0,bpt2qqq
logpt2q dt2dt1
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and proceed exactly as previously. The crucial kernel estimate (5.69) was previously proven using
an argument which used λ10,0pxq�λ10,1pxq ¤ 0, which is no longer true in this context. On the other
hand, (5.69) is still true in the context of this appendix, and is proven with the same calculation of
Bstkps, tq as before. Instead of using λ10,0ptq � λ10,1ptq ¤ 0, we simply use

�λ10p�tqp1� αqλ0p�tq�α � 1 ¥ 7

8
, t ¤ �T0

which follows from the lower bound on T0 imposed at the beginning of the entire argument of this
appendix, and where λ0ptq � λ0,0,bptq � λ0,1ptq. Similarly, using the fact that λ0 is comparable to

1
logbptq , which is a decreasing function, we carry out the same procedure as previously, to obtain the
important resolvent kernel estimate (5.72). In this context, the analog of (5.72) has some absolute
constant C, rather than precisely 2, appearing on the right-hand side. Recalling the comment just
above (A.1), the rest of the estimates on vk required to construct λptq and estimate λpkqptq, k ¤ 4
follow from an argument similar to that used previously.

Recall that the modulation equation in the setting of this appendix is of the same form as the
one in the main body of the paper. In addition, the definition of v1 is the same in both settings.
Finally, (A.2) is true. Combined, these imply that we can prove the crucial pointwise estimates on
F4, and its derivatives with the same procedure as before. Also, all other subsections involved in
the construction of the ansatz section can be established similarly. Finally, we can then complete
the argument exactly as before, with Epve, Bt

�
Q 1

λptq
� ve

	
q having the same decay in t as previ-

ously.

We proceed to describe the Yang-Mills component of this thesis. The main differences in the pro-
cedure are extra steps needed to address technical problems caused by the much worse radiation
considered here. On the other hand, the modulation equation for λptq in terms of the radiation is
simpler in this problem. As mentioned earlier, in our setup, a necessary condition for the radiation
to have finite energy is that λptq approaches a constant.

8 Introduction (Yang-Mills)
For the reader’s convenience, some information appearing in the Background Material section is
repeated here. We consider the Yang-Mills equation in 4�1 dimensions, with gauge group SOp4q.
This equation can be described by a gauge field, A, which is a LiepSOp4qq-valued one-form on
R4�1. We write A � Aµdx

µ, where, for each µ, Aµ is a LiepSOp4qq-valued function, defined on
R4�1. Defining F , a LiepSOp4qq-valued two-form on R4�1 by

F � 1

2
Fµνdx

µ ^ dxν , Fµν � BµAν � BνAµ � rAµ, Aνs

the Yang-Mills equation can be written as

�BtF0ν � rA0, F0νs �
4̧

µ�1

pBµFµν � rAµ, Fµνsq � 0, for ν � 0, 1, 2, 3, 4
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where 0 on the right-hand is the zero in LiepSOp4qq. The Yang-Mills equation has the conserved
energy

EYM � � 1

48π2

»
R4

Tr pFµνpt, xqFµνpt, xqq dx

The equation is invariant under the scaling symmetry

Aµpt, xq Ñ λAµpλt, λxq

The components of F transform under this symmetry as

Fµνpt, xq Ñ λ2Fµνpλt, λxq

which means that the energy EYM is invariant under the scaling symmetry, because the equation
is considered in 4 spatial dimensions. The Yang-Mills equation is also invariant under gauge
transformations, which are transformations of A of the form

Aµ Ñ gAµg
�1 � Bµgg�1

where g : R1�4 Ñ SOp4q.

Small energy global well posedness for the p4 � 1q dimensional Yang-Mills problem was estab-
lished by Krieger and Tataru, [18]. In addition, the works of Tataru and Oh, [24], [25], [21], [22],
[23], established a threshold theorem and dichotomy theorem for this problem, with any compact,
non-abelian gauge group.

With the equivariant ansatz (see also [28], [15])

Ai,jµ pt, xq �
�
δiµx

j � δjµx
i
��upt, |x|q � 1

|x|2


, 0 ¤ µ ¤ 4, 1 ¤ i, j ¤ 4

the Yang-Mills equation reduces to

�Bttu� Brru� 1

r
Bru� 2up1� u2q

r2
� 0 (8.1)

The energy EYM reduces to the following quantity, which is conserved by (8.1).

EYMpu, Btuq � 1

2

» 8

0

�
pBtuq2 � pBruq2 � p1� u2q2

r2



rdr

The equation (8.1) admits a soliton solution, namely upt, rq � Q1prq � 1�r2
1�r2 . In addition, for any

λ ¡ 0, Qλprq � Q1prλq is a solution. We will study perturbations of Q 1
λptq

, and it will turn out that
the “main” component of such perturbations will involve solutions to the following linear wave
equation

�Bttu� Brru� 1

r
Bru� 4

r2
u � 0 (8.2)
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The formally conserved energy for this equation is

Epu, Btuq � 1

2

» 8

0

�
pBtuq2 � pBruq2 � 4u2

r2



rdr

Our goal in this work is to construct global, non-scattering solutions to (8.1). For the 1-equivariant,
critical wave maps equation with S2 target, such solutions with topological degree 0 or 1, and en-
ergy in an appropriate range were classified in [2], [3]. As remarked in Appendix A of [2], and
remark 4 of [3], the methods used in this classification result also apply to (8.1). Our procedure
will then be similar to that of the previous work of the author, [26]. In particular, our solutions
will involve a modulated soliton Q 1

λptq
coupled to radiation, and our procedure to construct these

solutions will be to find a precise relation between the radiation and the dynamics of λptq. To
describe our main result, we define the following set of functions.

For b ¡ 2
3
, let Fb denote the set of functions f such that there exists M ¡ 50, and Cf,k ¡ 0,

such that
f P C8prM,8qq, |f pkqptq| ¤ Cf,k

tk logbptq , for t ¥M and k ¥ 0

The class of radiation profiles of our solutions can be labeled by Fb in the following way. For
f P Fb, we have xv1,1pξq � 8

3πξ2

» 8

0

pψ � fq1ptq
t

sinptξqdt

(where ψ is an unimportant cutoff function defined before (11.6)), and the radiation profile v1 is
given by $'&'%

�Bttv1 � Brrv1 � 1
r
Brv1 � 4v1

r2
� 0

v1p0q � 0

Btv1p0q � v1,1

In order to describe the leading order behavior of λptq, we introduce the following family of func-
tions. For b ¡ 2

3
, let Λb denote the set of functions λ0 for which there exists Tλ0 ¡ 50 such that

λ0 P C8prTλ0 ,8qq, and the following two conditions hold: Firstly, there exists f P Fb such that

λ20ptq
λ0ptq �

f 1ptq
t
, t ¥ Tλ0 (8.3)

Secondly,

λ0ptq ¡ 0,
|λ10ptq|
λ0ptq ¤ C

t logbptq , t ¥ Tλ0 (8.4)

The condition λ20ptq
λ0ptq �

f 1ptq
t

, rather than simply the symbol type estimates, is imposed so as to
guarantee that the radiation profile of our solution has finite energy, see (11.6). Note that the above
conditions on λ0 imply that λ0ptq Ñ λ1 ¡ 0 as t Ñ 8, despite the fact that some λ0 P Λb (for
b ¤ 1) satisfy » 8

t

» 8

x

|λ20psq|
λ0psq dsdx � 8
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To see this, we write

fptq � � lim
MÑ8

» M
t

sλ20psq
λ0psq ds � � lim

MÑ8

» M
t

d
ds
pλ10psqs� λ0psqq

λ0psq ds, t ¡ Tλ0

Integrating by parts and using the assumptions on |λ10psq|
λ0psq , and the fact that b ¡ 2

3
, we see that

lim
MÑ8

logpλ0pMqq   8

Despite the fact that any λ0 P Λb is asymptotically constant, we do not directly use this fact in any
quantitative estimates of the terms in our ansatz, and their associated error terms. For estimating
the radiation profile, we use λ20ptq

λ0ptq �
f 1ptq
t

, but for the entirety of the rest of the argument, we only

use the symbol-type estimates on λ10ptq
λ0ptq (which can be satisfied by non-asymptotically constant λ0).

In particular, our solutions are constructed using a similar argument to the previous work of the
author regarding wave maps, [26], rather than assuming apriori that λptq is asymptotically constant.

Before we state our main result, we remark that, given any f P Fb, there exists Tλ0 ¡ 50, and
a one-parameter family of λ0 P Λb satisfying (8.3) and (8.4). This can be seen as follows. Given
f P Fb, we can first find ω satisfying

ω1ptq � ωptq2 � f 1ptq
t
, |ωptq| ¤ C

t logbptq , t ¥ N

(where N ¡ 50 is sufficiently large) with a fixed point argument. By inspection of this equation,
ω P C8prN,8qq. Then, we can define Tλ0 � N � 1, and let λ0 be given by

λ0ptq � c exp

�» t
N�1

ωpsqds


, t ¥ N � 1, any c ¡ 0

Then, we have (8.4) and (8.3).

An interesting feature of our solutions is that the radiation profile depends only on f (as per the
formula for v1,1 given above) which is invariant with respect to multiplying λ0 by a constant. As
we just showed, there is a one-parameter family of λ0 P Λb, corresponding to a given f P Fb. In
particular, our family of solutions includes functions of the form Q 1

λptq
prq � v1pt, rq � op1q, for a

one-parameter family of possible asymptotic values of λptq, and the same v1.

Our main result is

Theorem 8.1. For all b ¡ 2
3

and f P Fb, let λ0 be any element of Λb satisfying (8.3). Then, there
exists T0 � T0pλ0q and a finite energy solution, u, to (8.1), with the following properties.

upt, rq � Q 1
λptq
prq � v1pt, rq � vept, rq

where λptq P C4prT0,8qq

�Bttv1 � Brrv1 � 1

r
Brv1 � 4

r2
v1 � 0, Epv1, Btv1q   8
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Epve, Btveq   C

log4b�2ptq , t ¥ T0

and
λptq � λ0ptq p1� eptqq

where, for some ε0 ¡ 0, we have

|epkqptq| ¤ C

tk logε0ptq , 4 ¥ k ¥ 0

Remark 1. The initial data for v1 in the theorem statement is explicit in terms of f P Fb, as noted
above.

Remark 2. For 2
3
  β   α   1, we can let

fptq � sinplogαptqq
logβptq , t ¥ 50

Then, f P Fb for any 2
3
  b   β. We then carry out the procedure discussed before the main

theorem, to recover a λ0 P Λb satisfying (8.3) and (8.4). In this case, we have

λ10ptq
λ0ptq �

�α logα�1ptq cosplogαptqq
t logβptq

Since 1� β � α   1, this gives rise to λ0 P Λb with» 8

t

|λ10psq|
λ0psq ds � 8

Nevertheless, as pointed out earlier in a more general context, λ0 is asymptotically constant.

Remark 3. By choosing

fptq � 1

logbptq , t ¥ 50, b ¡ 2

3

we can show (see (11.6)) that

xv1,1pξq � 8

3πξ logbp1
ξ
q �O

�
1

ξ logb�1p1
ξ
q

�
, ξ Ñ 0

which shows that we can have radiation whose initial velocity has quite a large singularity at
low frequencies. In fact, the condition for the radiation to have finite energy in our setting isxv1,1pξq P L2pp0,8q, ξdξq. The initial velocity therefore satisfies this condition only “logarithmi-
cally”.

Remark 4. A more precise set of estimates on e is as follows. In terms of the parameters δ, δj
defined later on in the paper, we have

|eptq| ¤ C

logδ�δ2ptq , |ekptq| ¤

$''&''%
C

tk log1�δ�δ2 ptq , k � 1, 2
C

t3 logb�δ4 ptq , k � 3
C

t4 logb�δ5 ptq , k � 4
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Now, we review previous related works. As mentioned before, the work [18] established small
energy global well-posedness for the p4�1q dimensional Yang-Mills problem. Regarding the large
energy global well posedness of the Yang-Mills equation in 4� 1 dimensions, the works of Tataru
and Oh, [24], [25], [21], [22], [23], established a threshold theorem and dichotomy theorem for
the p4�1q-dimensional Yang-Mills equation, associated to any compact, non-abelian gauge group.

As previously mentioned, our procedure in this paper is similar to that used in the previous work
of the author, [26]. That work constructed infinite time blow-up solutions to the energy critical,
1-equivariant wave maps problem with S2 target, with a symbol class of possible asymptotic be-
haviors of the soliton length scale, λptq. The main difference in this work is that the initial data
of our radiation is much more singular at low frequencies. This leads to extra technical difficulties
related to the slow decay of the radiation, v1. In addition, the constraint that the radiation has finite
energy implies, in our setting, that λ0ptq must be asymptotically constant for large t, in contrast
with [26].

The work [11] constructs finite time blow-up solutions to the same wave maps problem just men-
tioned, by also understanding the relation between a prescribed radiation field and the dynamics of
the soliton length scale, in the context of finite time blow-up. (The problem of finite time blow-up
for this wave maps equation has also been studied in the preceding works [29], [28], [14], [5], [16]).
Another key reference for our work is the paper of Krieger, Schlag and Tataru [15], which con-
structs finite time blow-up solutions to the same equation considered here, (8.1). In our argument,
we use the “distorted Fourier transform” of [15], as well as related technical information, most
importantly, the transference identity of that paper. For completeness we also mention that there
is an analog of [15] for the energy critical, focusing semilinear wave equation in R1�3, namely [17].

Regarding other constructions of non-scattering solutions to (8.1), the work [9] (which also ap-
plies to other energy critical wave equations) constructed two bubble solutions to (8.1). The work
[4] constructed infinite time blow-up and infinite time relaxation solutions to the focusing, energy
critical semilinear wave equation on R1�3. Finally, the work [1] constructed global solutions to
the energy critical wave maps problem with S2 target associated to a codimension two manifold
of data. Also, given that our result can be interpreted as some form of stability of the soliton un-
der perturbations, we mention the work [13], which constructed a stable manifold for the quintic,
focusing semilinear wave equation in R1�3, centered around the Aubin-Talentini soliton solution.

9 Notation (Yang-Mills)
We will make use of the following notation. It will be slightly more convenient for our purposes
to modify the usual definition of xxy as follows.

xxy �
?

502 � x2
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The elliptic part of the linear wave equation obtained by linearizing (8.1) around Q1 is

�Brru� 1

r
Bru� 2

r2

�
1� 3Q1prq2

�
u

As noted in [28], this operator can be expressed as L�L, for

Lpfq � �f 1prq � 2

�
1� r2

1� r2



fprq
r

which has the formal adjoint on L2prdrq given by

L�pfq � f 1prq � 2

�
1� r2

1� r2



fprq
r

� fprq
r

We denote by φ0, the eigenfunction of L�L, with eigenvalue 0.

φ0prq � r2

p1� r2q2

Note that this definition of φ0 is a factor of
?
r different from that of [15], because part of [15]

studies the conjugation of L�L by 1?
r
.

As mentioned above, the linear wave equation (8.2) will be important for our work, and there-
fore, we will make use of the Hankel transform of order 2, which will be denoted by

pfpξq � » 8

0

fprqJ2prξqrdr

10 Summary of the proof (Yang-Mills)
As mentioned earlier, the method is similar to that used by the author in [26]. The argument can
be split broadly into two steps: constructing an ansatz, and then completing this ansatz to an exact
solution. These two steps are explained in more detail below.

1. Strategy for constructing the ansatz For b ¡ 2
3
, we start by taking some f P Fb, and λ0 P Λb

satisfying (8.3). Then, we let λptq (which will be chosen later) be any function of the form

λptq � λ0ptq p1� eptqq
where e is small in a C2 sense, and consider first, u1pt, rq � Q 1

λptq
prq � v1pt, rq, where v1 solves$'&'%

�Bttv1 � Brrv1 � 1
r
Brv1 � 4v1

r2
� 0

v1p0q � 0

Btv1p0q � v1,1

and v1,1 is yet to be chosen. We will choose v1,1, depending on λ0, so that the principal part of the

error term of our final ansatz (which is more complicated than u1) is orthogonal to φ0

�
�

λptq

	
, for
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a choice of λptq which is equal to λ0 to leading order. In order to further describe how we choose
the initial data of v1, let us note that substituting u � u1 � u2 into (8.1) gives the equation

� Bttu2 � Brru2 � 1

r
Bru2 �

2u2pt, rq
�

1� 3Q2
1
λptq
prq



r2

� e1pt, rq :� BttQ 1
λptq

�
6

�
1�Q2

1
λptq



v1

r2
�

6Q 1
λptq

pv1 � u2q2

r2
� 2 pv1 � u2q3

r2

The function u1 is not our final ansatz. However, computing the inner product of its error term with
φ0

�
�

λptq

	
still allows us to see how to choose v1,1. The u2-independent terms on the right-hand

side of the above equation which contribute to leading order to xept, Rλptqq, φ0pRqyL2pRdRq are

the soliton error term BttQ 1
λptq

and the linear error term associated to v1, which is �
6

�
1�Q2

1
λptq

�
v1

r2
.

Compared with [26], we do not need a correction analogous to the one denoted by v1 in that
paper, since BttQ 1

λptq
P L2pp0,8q, rdrq in this setting, and we therefore have a simpler modulation

equation. We compute the inner product of the linear error term associated to v1 in the same way
done in [26], except using the Hankel transform of order 2, this time. We have

v1pt, rq �
» 8

0

J2prξq sinptξqxv1,1pξqdξ

and » 8

0

24R3

p1�R2q4λptq2J2pRλptqξqdR � ξ3λptq
2

K1pξλptqq

(which follows from combining identities from [7]). We can therefore compute

x�
6

�
1�Q2

1
λptq



v1

r2

���
r�Rλptq

, φ0pRqyL2pRdRq � �
» 8

0

sinptξqxv1,1pξqξ
3λptq

2
K1pξλptqqdξ (10.1)

We have an extra factor of ξλptq inside the integral, relative to the analogous integral in [26]. This
leads to xv1,1pξq being roughly a factor of 1

ξ
worse at low frequencies ξ, relative to the initial velocity

for the radiation in [26]. In addition to causing technical difficulties associated to very slow decay
of the radiation v1, this also constrains λ0ptq to asymptote to a constant for large t, in order that
the radiation has finite energy. (In addition to our discussion in the introduction, see (11.6) and the
discussion afterwards for more details). We also have

xBttQ 1
λptq

���
r�Rλptq

, φ0pRqyL2pRdRq � 2λ2ptq
3λptq

The modulation equation that we use to choose λptq is not simply to set the sum of these two inner
products equal to zero, since we will need more to add more corrections to our ansatz. However,
the leading order contribution to the modulation equation is indeed given by the sum of these two
terms. Therefore, we choose the initial data of v1 so as to make the sum of these two inner products
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vanish to leading order when λptq � λ0ptq. We recall that λ
2
0ptq
λ0ptq �

f 1ptq
t
, t ¥ Tλ0 , and extend this

to a function pψfq1ptq
t

defined on r0,8q with a cutoff ψ (whose properties are not so important, as
long as ψpxq � 1 for x large enough, and which is defined prior to (11.6)). Then, we let

xv1,1pξq � 8

3πξ2

» 8

0

pψ � fq1ptq
t

sinptξqdt

We have ψpxq � 1 for x ¥ 2Tλ0 , which gives, by the inversion of the sine transform, that» 8

0

sinptξqxv1,1pξqξ
2

2
dξ � 2

3

λ20ptq
λ0ptq , t ¥ 2Tλ0

This will be sufficient to allow λ0ptq to be a leading order solution to the eventual modulation
equation for λ. In particular, in our setting, we can replace K1pξλptqq appearing in (10.1) by 1

ξλptq
(recall that K1pxq � 1

x
� O px logpxqq , x Ñ 0) to get the leading order behavior of the integral

as a function of t.

As described earlier, the singularity of xv1,1pξq for small ξ causes technical difficulties, in part
due to the fact that v1 has a very slow ( 1

logbprq ) decay for large r. Recall also that Q1prq � 1�r2
1�r2 . In

particular, Q does not decay at infinity. Therefore, the quadratic and cubic nonlinear error terms
involving v1 are very far from having sufficient decay for large r, in order that the rest of our argu-
ment can be carried out. Our first correction to improve these error terms is denoted by v2, which
solves the following equation with 0 Cauchy data at infinity.

�Bttv2 � Brrv2 � 1

r
Brv2 � 4

r2
v2 �

6Q 1
λptq
prq

r2
v2

1 �
2

r2
v3

1

On the other hand, v2, only decays logarithmically better than v1, and its nonlinear interaction
with v1 as well as its interactions with itself are not perturbative. Therefore, we successively add
corrections, vj , which solve

�Bttvj � Brrvj � 1

r
Brvj � 4

r2
vj � RHSjpt, rq

where

RHSjpt, rq �
6Q 1

λptq
prq

r2

���j�1̧

k�1

vk

�2

�
�
j�2̧

k�1

vk

�2
�� 2

r2

���j�1̧

k�1

vk

�3

�
�
j�2̧

k�1

vk

�3
�

�
6Q 1

λptq

r2

�
2
j�2̧

k�1

vkvj�1 � v2
j�1

�
� 2

r2

��3

�
j�2̧

k�1

vk

�2

vj�1 � 3
j�2̧

k�1

vkv
2
j�1 � v3

j�1

�
and prove that the series

vs :�
8̧

j�3

vj
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(as well as the series resulting from applying any first or second order derivative termwise) con-
verges absolutely and uniformly on the set tpt, rq|t ¥ T1, r ¥ 0u, where T1 is some sufficiently
large number. Moreover, we get that

� Bttvs � Brrvs � 1

r
Brvs � 4

r2
vs

�
6Q 1

λptq

r2

�
2v1 pv2 � vsq � pv2 � vsq2

�� 2

r2

�
3v1 pv2 � vsq2 � 3v2

1 pv2 � vsq � pv2 � vsq3
�

Let vc � v1 � v2 � vs. Then, the only error term of the refined ansatz

u3pt, rq � Q 1
λptq
prq � vcpt, rq

is
BttQ 1

λptq
� 6vc

r2

�
1�Q2

1
λptq
prq
	

which has roughly two powers of r improved decay compared with the nonlinear error terms in-
volving v1.

It turns out that even this major improvement over the ansatz u1 still does not have an error term
with sufficient decay in the r variable. In order to rectify this, we introduce a length scale gptq,
and eliminate the portion of the u3 error localized to the region r ¥ gptq. On one hand, we can not
have gptq too small, since doing so would change the leading order behavior of the inner product
of the error term of the final ansatz, which is not desired. On the other hand, we can not have gptq
too large, since the whole purpose of the next set of corrections is to improve the large r decay of
the error term of u3. We therefore find an intermediate scale gptq which suffices for our purposes,
and add a first correction, w2 which improves the error term of u3. On the other hand, there are
now nonlinear interactions between w2 and the previous corrections, which, due to the slow decay
of v1, are not perturbative. Similarly to the case with vk, we add another series of corrections

ws �
8̧

k�3

wk

to eventually eliminate all the nonlinear error terms involving wj and vk. If we let wc � w2 � ws,
then, we end up with our final ansatz

u5pt, rq � Q 1
λptq
prq � vcpt, rq � wcpt, rq

The error term of u5 is then decomposed as F4 � F5, exactly as in [26], where F5 is sufficiently
small in sufficiently many norms so as to allow it to be eventually treated perturbatively, even
though it will end up not necessarily being orthogonal to φ0p �

λptqq. We have

F5pt, rq �
�

1� χ¤1p2r
t
q

�����6

�
1�Q2

1
λptq
prq



r2
wcpt, rq

���
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where χ¤1 is a cutoff whose properties are unimportant for the purposes of this discussion. The
smallness of F5 is more precisely

||F5pt, Rλptqq||L2pRdRq ¤ Cλptq3
t5 logb�2ptq

||L�L pF5pt, Rλptqqq ||L2pRdRq ¤ Cλptq5 log2ptq
gptq2 logbptqt5

where we recall that L has been defined in the notation section. We then choose λptq so that the
term F4pt, rq is orthogonal to φ0p �

λptqq. Unlike in [26], the principal part of the equation for λptq
is simply a second order ODE, rather than a Volterra equation of the second kind in the unknown
λ2. Once we solve this equation for λ, we then prove that λpkq has symbol-type estimates for
1 ¤ k ¤ 4. As in [26], it is important that, in addition to being orthogonal to φ0p �

λptqq, F4pt, rq has
symbol-type estimates. We have

F4pt, rq �
�

1� χ¥1p r

gptqq

�

B2
tQ 1

λptq
prq � 6vcpt, rq

r2

�
1�Q2

1
λptq
prq
	


� χ¤1p2r
t
q

�����6

�
1�Q2

1
λptq
prq



r2
wcpt, rq

���
In particular, after choosing λptq, we get, for 0 ¤ j, k ¤ 2, and j � k ¤ 2,

|rkBkr tjBjtF4pt, rq| ¤ C1tr¤gptqu
r2λptq2

t2 logbptqpλptq2 � r2q2

� C
1tr¤ t

2
uλptq2

pλptq2 � r2q2

$&%
r2λptq2 logptq
t2gptq2 logbptq , r ¤ gptq
λptq2 logptq
t2 logbptq

�
logp2� r

gptqq � logptq
logbptq

	
, gptq   r   t

2

and
xF4pt, Rλptqq, φ0pRqyL2pRdRq � 0

2. Completion of the ansatz to an exact solution of (8.1) To complete the ansatz u5 to an exact
solution of (8.1), we use the same approach as in [26]. In particular, we substitute u � u5 � v
into (8.1), and use the “distorted Fourier transform” of [15], which we denote as F to recast the
resulting equation for v into one for y, given by

Fp?�vpt, �λptqqqpt, ξq �
�

y0ptq
y1pt, ξ

λptq2 q
�

Here, we use the same convention as [15], in terms of denoting Fpfq as a two component vector.
The first entry in this vector is xf,?rφ0prqyL2pdrq. (Note that there is a notational difference be-
tween φ0 in this paper and φ0 in [15]). The choice of re-scaling in y1, exactly as in [26] is explained
by noting that the resulting system of equations for y0 and y1 takes the form� �Btty0

�Btty1 � ωy1

�
� F2 � F

�?� pF3 � F4 � F5q pt, �λptqq
� �
ωλptq2�
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where F2 contains perturbative terms depending on y and Bty, some of which are estimated using
the transference identity of [15], and F3 contains other linear and nonlinear error terms depending
on vpyq. We solve this equation by finding a fixed-point of the map T given by

T p
�
y0

y1

�
qpt, ωq �

�
� ³8

t

³8
s
pF2,0 � F p?� pF3 � F4 � F5q ps1, �λps1qqq0q ds1ds³8

t
sinppt�xq?ωq?

ω
pF2,1px, ωq � F p?� pF3 � F4 � F5q px, �λpxqqq1 pωλpxq2qq dx

�
where the subscripts i after, for example F2, or F p?� pF3 � F4 � F5q px, �λpxqqq mean the i� 1st
component of the vector, for i � 0, 1. T is defined on a space Z, whose norm is precisely given
in (12.5), but is roughly a weighted L8t L

2
ω norm of y and Bty. Our norm on Z is roughly one

derivative stronger than the analogous norm used for iteration in [26]. The most delicate terms
on the right-hand side of the above equation are those involving F4. Because of the orthogonality
condition on F4, we have

F
�?� pF4q ps1, �λps1qq

�
0
� 0

On the other hand, for the second component of the vector equation above, we (just like in [26])
treat the F4 term by integrating by parts in the x variable, using both the fact that

F
�?� pF4q px, �λpxqq

�
1
pξq Ñ 0, ξ Ñ 0

(which follows from the orthogonality condition on F4) and the fact that F4 has symbol-type esti-
mates. The other terms in the equation above can be estimated without such a delicate argument.

11 Construction of the ansatz (Yang-Mills)
Let b ¡ 2

3
, f P Fb, and λ0 P Λb satisfying (8.3). We will have to introduce some constants

and parameters to describe our setup. Let T0 ¡ exp
�

900!� 2�
3

2p2b�1q
	
p1� Tλ0q, let 0   ε  

mint3b�2
1600

, 2b�1
200

, 1
900000

, b
900
u, and define

δ � mint2b� 1, 3b� 4ε� 2, 5b� 8ε� 3u (11.1)

Note that δ ¡ 0, because b ¡ 2
3
, and because of the constraints on ε. Also, 1� δ ¡ b. Let

δ2 � mint1

2
pδ � 1� bq , δ

2
u (11.2)

Define a Banach space X to be the set of functions e P C2prT0,8qq satisfying ||e||X   8, where

||e||X � sup
t¥T0

�|eptq| logδ�δ2ptq � |e1ptq|t log1�δ�δ2ptq � |e2ptq|t2 log1�δ�δ2ptq� (11.3)

Until more precisely chosen, λ denotes any function of the form

λptq � λ0ptq � p1� eptqq , e P B1p0q � X (11.4)

In particular, since 1� δ � δ2 ¡ b, we have

|λ1ptq|
λptq ¤ C

t logbptq ,
|λ2ptq|
λptq ¤ C

t2 logbptq
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For later use, let gptq � λptq logb�2εptq. By the definition of g, constraints on λ0, and (11.4), there
exists M1 sufficiently large so that

logptq ¥ 2| logpgptqq|, t|g1ptq|
gptq ¤ 1

900!
,

t

gptq ¥ 1600, for t ¥M1 (11.5)

Then, we further constrain T0 to satisfy T0 ¡ exp
�

900!� 2�
3

2p2b�1q
	
p1� Tλ0q �M1.

The main result of this section is the following theorem concerning the existence of an approx-
imate solution to (8.1).

Theorem 11.1 (Approximate solution to (8.1)). For all b ¡ 2
3
, f P Fb, and all λ0 P Λb satisfying

(8.3), there exists T3 ¡ 0 such that for all T0 ¡ T3, there exists vcorr P C2prT0,8q, C2pp0,8qqq
and λ P C4prT0,8qq, such that, if

upt, rq � Q 1
λptq
prq � vcorrpt, rq

then

EYMpu, Btuq   8, �Bttu� Brru� 1

r
Bru� 2up1� u2q

r2
� �F4pt, rq � F5pt, rq

where

||F5pt, Rλptqq||L2pRdRq ¤ Cλptq3
t5 logb�2ptq , ||L�L pF5pt, Rλptqqq ||L2pRdRq ¤ Cλptq5 log2ptq

gptq2 logbptqt5

xF4pt, Rλptqq, φ0pRqyL2pRdRq � 0

For 0 ¤ j, k ¤ 2, and j � k ¤ 2,

|rkBkr tjBjtF4pt, rq| ¤ C1tr¤gptqu
r2λptq2

t2 logbptqpλptq2 � r2q2

� C
1tr¤ t

2
uλptq2

pλptq2 � r2q2

$&%
r2λptq2 logptq
t2gptq2 logbptq , r ¤ gptq
λptq2 logptq
t2 logbptq

�
logp2� r

gptqq � logptq
logbptq

	
, gptq   r   t

2

λ is given by
λptq � λ0ptq p1� eptqq

|eptq| ¤ C

logδ�δ2ptq , |ekptq| ¤

$''&''%
C

tk log1�δ�δ2 ptq , k � 1, 2
C

t3 logb�δ4 ptq , k � 3
C

t4 logb�δ5 ptq , k � 4
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where δ, δ2 are defined in (11.1) and (11.2), respectively and δ4, δ5 ¡ 0. Finally,�
||2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqq
R2λptq2 ||L8R

� sup
R¥1

� |BR p2vcorrpt, RλptqqQ1pRq � v2
corrpt, Rλptqqq |

λptq2R2



� sup

R¥1

� |B2
R p2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqqq |
R2λptq2



� sup

R¤1

� |BR p2vcorrpt, RλptqqQ1pRq � v2
corrpt, Rλptqqq |

λptq2R



� sup
R¤1

� |B2
R p2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqqq |
λptq2




¤ C

t2 logbptq

11.1 The Cauchy data for the radiation v1
In this section, we will introduce the initial velocity for the first addition to the soliton in our ansatz,
which we will denote by v1.

Let ψ P C8pr0,8qq satisfy

ψpxq �
#

0, x ¤ Tλ0
1, x ¥ 2Tλ0

, and 0 ¤ ψpxq ¤ 1, x ¥ 0

Then, t ÞÑ ψptqfptq, apriori only defined on rTλ0 ,8q, extends to a smooth function on r0,8q.
Note that

λ20ptq
λ0ptq �

pψ � fq1ptq
t

, t ¥ 2Tλ0

Finally, we define v1,1 by specifying its Hankel transform of order 2:

xv1,1pξq � 8

3πξ2

» 8

0

pψ � fq1ptq
t

sinptξqdt (11.6)

As in [26], this definition is made so as to allow λptq � λ0ptq to be a leading order solution to
the eventual modulation equation for λ. Now, we record some pointwise estimates on xv1,1 and its
derivatives.

Lemma 11.2. For k ¥ 0, there exist constants Ck, Cpk,Nq, such that

|Bkξ
�
ξ2 xv1,1pξq

� | ¤ # Ck
ξk�1 logbp 1

ξ
q , ξ ¤ 1

4

Cpk,Nq
ξk�4N , ξ ¡ 1

4
, N ¥ 1
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Proof. We have

xv1,1pξq � 8

3πξ2

» 1
ξ

0

pψfq1 ptq
t

tξdt� 8

3πξ2

» 1
ξ

0

pψfq1 ptq
t

psinptξq � tξq dt

� 8

3πξ2

» 8

1
ξ

pψfq1 ptq
t

sinptξqdt
(11.7)

which gives

|xv1,1pξq| ¤ C

ξ logbp1
ξ
q , ξ ¤ 1

4
(11.8)

Note that the first term of (11.7) is where we use the condition that

λ20ptq
λ0ptq �

f 1ptq
t
, |fptq| ¤ C

logbptq , t ¥ Tλ0

This condition, along with b ¡ 2
3

guarantees that xv1,1 P L2pp0,8q, ξdξq. (We will see shortly thatxv1,1pξq is rapidly decreasing for large ξ). Since v1,1 will end up being the initial velocity of our
radiation component of the solution, v1, this implies that v1 has finite energy. This condition also
implies that λptqmust asymptote to a constant as t approaches infinity, as shown in the introduction.
Now we show that, regardless of how one chooses to extend λ20ptq

λ0ptq from a function defined on,
say r2Tλ0 ,8q to one defined on r0,8q, and even if we didn’t assume the structural condition
t
λ20ptq
λ0ptq � f 1ptq, but rather, only the symbol-type estimates,

|λpkq0 ptq|
λ0ptq ¤ Ck

tk logbptq , k ¥ 1, t ¥ Tλ0

we would still need λ0ptq Ñ c to have xv1,1 P L2pp0,8q, ξdξq. We show this as follows. If xv1,1 P
L2pp0,8q, ξdξq, then, xv1,1 P L2pp0, 1

2Tλ0
q, ξdξq. Even without the structural condition tλ

2
0ptq
λ0ptq �

f 1ptq, the second and third terms of (11.7) are bounded above in absolute value by

C

ξ logbp1
ξ
q , ξ ¤ 1

2Tλ0

(Recall that 1
2Tλ0

¤ 1
4
q). Therefore, the condition xv1,1 P L2pp0, 1

2Tλ0
q, ξdξq implies that the first

term of (11.7) is in L2pp0, 1
2Tλ0

q, ξdξq. Let gptq be any extension of λ20ptqt
λ0ptq , which satisfies

gptq � λ20ptqt
λ0ptq , t ¥ 2Tλ0 , g P C8pr0,8qq

If we let

Gpxq � 8

3π

�» 2Tλ0

0

gptqdt�
» x

2Tλ0

tλ20ptq
λ0ptq dt

�
, x ¡ 2Tλ0
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then, the first term of (11.7) is
Gp1

ξ
q

ξ
P L2pp0, 1

2Tλ0
q, ξdξq

Therefore, » 1
2Tλ0

0

|Gp1
ξ
q|2

ξ
dξ �

» 8

logp2Tλ0 q
pGpeuqq2du   8, u � logp1

ξ
q

But,
d

du
pGpeuqq2 � 2GpeuqG1peuqeu � 2Gpeuq 8

3π

�
euλ20peuq
λ0peuq



eu

Therefore,

| d
du

pGpeuqq2 | ¤ C|Gpeuq| 1

logbpeuq ¤ C

�
1� 1

logb�1peuq



1

logbpeuq ¤ C, u ¥ logp2Tλ0q

where we used b ¡ 2
3
¡ 1

2
, and

|Gpxq| ¤ C � C

» x
2Tλ0

dt

t logbptq ¤ C

�
1� 1

logb�1pxq



, x ¥ 2Tλ0

and we stress again that we only use the symbol-type estimates on λ20pxq
λ0pxq , and not the structural

condition tλ20ptq
λ0ptq � f 1ptq for this discussion.

But, now we can conclude that u ÞÑ pGpeuqq2 is Lipshitz, whence, the condition» 8

2Tλ0

pGpeuqq2du   8

implies that limuÑ8pGpeuqq2 � 0, which is to say that

lim
xÑ8

» x
2Tλ0

tλ20ptq
λ0ptq dt   8, or, equivalently, that lim

ξÑ0�

» 1
ξ

2Tλ0

tλ20ptq
λ0ptq dt   8

Therefore, a necessary (but in general insufficient) condition for xv1,1 P L2pp0,8q, ξdξq is that

lim
ξÑ0

» 1
ξ

2Tλ0

λ20ptq
λ0ptqtdt   8

(In particular, the limit has to exist). Repeating the same computation done in the introduction,
before the main theorem statement, we again get

lim
ξÑ0

logpλ0p1
ξ
qq   8

which implies that, in our setting, λ0ptq asymptoting to a non-zero constant for large t is necessary
for the radiation v1 to have finite energy.
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Continuing our estimates, for each k ¥ 1, there exist constants Cj,k such that

Bkξ
�
pψfq1 pσ

ξ
q


�

k�1̧

j�2

pψfqpjq pσ
ξ
qσj�1Cj,k

ξk�j�1

To estimate |Bkξ pξ2 xv1,1pξqq | for k ¥ 1, in the region ξ ¤ 1
4
, it suffices to consider the case ξ ¤ 4

Tλ0
,

since
|Bkξ
�
ξ2 xv1,1pξq

� | ¤ Ck,
4

Tλ0
¤ ξ ¤ 1

4

In the case Tλ0ξ ¤ 4, we let σ � tξ in the integral defining xv1,1, and differentiate under the integral
sign. Then, we use the support properties of ψ, and treat the integral over σ P rTλ0ξ, 4s and p4,8q
separately. Hence, for some constant Ck, whose value may change from line to line:

Bkξ
�
ξ2 xv1,1pξq

� � 8

3π

k�1̧

j�2

Cj,k
ξk�j�1

» 4

Tλ0ξ

pψfqpjq pσ
ξ
qσj�1dσ � Errpξq (11.9)

where

|Errpξq| ¤ C
k�1̧

j�2

» 4

Tλ0ξ

Cj,kCjσdσ

logbpσ
ξ
qξk�1

�
k�1̧

j�2

Cj,k

ξk�1 logbp1
ξ
q

¤ Ck

ξk�1 logbp1
ξ
q , ξ ¤ 4

Tλ0

By induction, for j ¥ 1,» b
a

pψfqpjq pxqxj�1dx � p�1qj�1pj�1q!
j�1̧

q�0

p�1qq
q!

bq pψfqpqq pbq, if pψfqpnq paq � 0, for n ¥ 0

Using this fact, and the support properties of ψ, we return to (11.9) and (11.8) and get, for k ¥ 0,

|Bkξ
�
ξ2 xv1,1pξq

� | ¤ Ck

ξk�1 logbp1
ξ
q , ξ ¤ 1

4

Finally, for k ¥ 1,

Bkξ
�
ξ2 xv1,1pξq

� � 8

3π

k�1̧

j�2

» 8

0

pψfqpjq pσ
ξ
q

ξk�j�1
Cj,kσ

j�2 sinpσqdσ

implies

|Bkξ
�
ξ2 xv1,1pξq

� | ¤ Cpk,Nq
ξk�4N

, ξ ¡ 1

4
, N ¥ 1, k ¥ 0

This completes the proof of the lemma.
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11.2 Estimates on v1
We define v1 to be the solution to the following Cauchy problem$'&'%

�Bttv1 � Brrv1 � 1
r
Brv1 � 4v1

r2
� 0

v1p0q � 0

Btv1p0q � v1,1

Lemma 11.3. We have the following estimates

|v1pt, rq| ¤
#

Cr2

t2 logbptq , r ¤ t
2

C
logbprq , r ¥ t

2

(11.10)

For 1 ¤ j � k, and 0 ¤ j, k ¤ 2,

|Bjt Bkr v1pt, rq| ¤
$&%C

r2�k
t2�j logbptq , r ¤ t

2

C?
r logbpxt�ryqxt�ry 12�j�k�1

, r ¡ t
2

(11.11)

Proof. From (11.6), we have

4pψ � fq1ptq
3t

�
» 8

0

sinptξqxv1,1pξqξ2dξ, t ¥ 0

Then, we consider r ¤ t
2
, and have

v1pt, rq �
» 8

0

sinptξqJ2prξqxv1,1pξqdξ � r2

6π

» π
0

sin4pθq
» 8

0

ξ2 psinpξt�q � sinpξt�qq xv1,1pξqdξdθ

� 2r2

9π

» π
0

sin4pθq
�pψ � fq1pt�q

t�
� pψ � fq1pt�q

t�



dθ

where
t� � t� r cospθq ¥ t

2
, for r ¤ t

2

So,

|v1pt, rq| ¤ Cr2

t2 logbptq , r ¤ t

2

With the same procedure, we get, for 0 ¤ j, k ¤ 2

|Bkr Bjt v1pt, rq| ¤ C
r2�k

t2�j logbptq , r ¤ t

2

Because of the singularity of xv1,1pξq for small ξ, v1 does not decay like 1?
r

for large r. On the other
hand, its derivatives do decay like 1?

r
near the cone, because of their improved low frequency be-

havior. Using the same procedure as in [26], we get (11.10).
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To establish (11.11) in the region r ¥ t
2
, we first use the same argument as in [26] to prove

|Bjt Bkr v1pt, rq| ¤ C?
r
, r ¥ t

2
, 1 ¤ j � k ¤ 2 (11.12)

Then, we get

Btv1pt, rq �
» 8

0

J2prξqξ cosptξqpv1,1pξqdξ

Using |J2pxq| ¤ Cx2, x ¤ 1, as well as the large x asymptotics of J2pxq, we get

Btv1pt, rq � Errpt, rq � F pt� rq?
r

with
|Errpt, rq| ¤ C

r logbprq , r ¥ t

2

and

F pxq � �1

2
?
π

» 8

0

a
ξxv1,1pξq pcospxξq � sinpxξqq dξ

Then, inserting 1 � χ¤1pω2pt� rqq � 1� χ¤1pω2pt� rqq into the integral below, where

χ¤1pxq P C8pRq, 0 ¤ χ¤1pxq ¤ 1, χ¤1pxq �
#

1, x ¤ 1
2

0, x ¥ 1
(11.13)

we get

|
» 8

0

cosp|t� r|ξq
a
ξxv1,1pξqdξ| � |

» 8

�8
cosp|t� r|ω2qxv1,1pω2qω2dω|

¤ Ca|t� r| logbp|t� r|q , |t� r| ¥ 50

We then use the above result, along with (11.12) in the region |r � t|   50. The sin term in the
expression for F , and the other derivatives of v1 are treated similarly.

11.3 Estimates on v2, the first iterate
v2 is defined as the solution to

�Bttv2 � Brrv2 � 1

r
Brv2 � 4

r2
v2 �

6Q 1
λptq
prq

r2
v2

1 �
2

r2
v3

1 :� RHS2pt, rq

with 0 Cauchy data at infinity. Now, we record estimates on RHS2, and its various derivatives.
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Lemma 11.4. For 0 ¤ j, k ¤ 2,

|Bjt BkrRHS2pt, rq| ¤ Cr2�k

t4�j log2bptq , r ¤ t

2

|RHS2pt, rq| ¤ C

r2 log2bprq , r ¥ t

2

|BtRHS2pt, rq| � |BrRHS2pt, rq| ¤ C

r5{2axt� ry logbprq logbpxt� ryq , r ¥ t

2

|BtrRHS2pt, rq|� |B2
tRHS2pt, rq|� |B2

rRHS2pt, rq| ¤ C

r5{2 logbprqxt� ry3{2 logbpxt� ryq , r ¥
t

2

If 3 ¤ j � k and 0 ¤ j, k ¤ 2, then,

|Bjt BkrRHS2pt, rq| ¤ C

r5{2xt� ry 1
2
�j�k�1 log2bpxt� ryq , r ¥ t

2

Let s ¥ s0 ¥ T0, and s0
2
¤ r0   s0. Then,

||
�
Br � 2

r



BsRHS2ps, rq1¤0pr � ps� s0 � r0qq||L2prdrq

� ||B2
sRHS2ps, rq1¤0pr � ps� s0 � r0qq||L2prdrq

¤ C

s2xs0 � r0y logbpsq logbpxs0 � r0yq

(11.14)

Proof. The estimates in the lemma follow from elementary manipulations using Lemma 11.3.
The only important features to note are the following. Note that, although the expression for (for
instance) BtrRHS2 includes a term involving Btv1Brv1, and estimates for both Btv1 and Brv1 only
have a factor of 1

logbpxt�ryq , as opposed to a factor of 1
logbprq , we still obtain the stated estimates

above. This is because
1?

r logbpxt� ryq ¤
C

logbprqaxt� ry , r ¡ t

2

which can be proven by noting that

x ÞÑ
?
x

logbpxq is increasing for x ¡ e2b

and
1

r
¤ 1

|t� r| , r ¡ t

2

In addition, we remark that, for any a ¡ 0, there exists Ca ¡ 0 such that

λptq ¤ Cat
a (11.15)

(which follows from |λ1ptq|
λptq ¤ C

t logbptq and b ¡ 2
3
). This is used (for some fixed, sufficiently small

a ¡ 0) to estimate some terms involving t derivatives of Q 1
λptq
prq.
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We note one more useful estimate. By the definition of v2, and L2 isometry property of the
Hankel transform of order 2, we have

|v2pt, rq| � |
» 8

t

» 8

0

sinppt� sqξq{RHS2ps, ξqJ2prξq|dξds

¤ C

» 8

t

�» 1
r

0

r2ξ2|{RHS2ps, ξq|dξ �
» 8

1
r

|{RHS2ps, ξq|?
rξ

dξ

�
ds

¤ C

» 8

t

p ||RHS2psq||L2prdrqr
2

�» 1
r

0

ξ3dξ

�1{2

� C?
r
||RHS2psq||L2prdrq

�» 8

1
r

dξ

ξ2

�1{2�ds
¤ C

» 8

t

||RHS2psq||L2prdrqds

(11.16)

Then, we use an 8 step procedure to estimate all quantities related to v2:

Step 1: We use the fact that, if v2 � r2w2, then, w2 solves the 6-dimensional free wave equa-
tion, with 0 Cauchy data at infinity, and RHS2pt,rq

r2
on the right-hand side. We then estimate v2 in

the region r ¤ t
2

by using Duhamel’s principle, and the spherical means formula for w2.

Step 2: To estimate Brv2 in the region r ¤ t
2
, we first use the fact that, if ru2 :� �Br � 2

r

�
v2,

then, u2 solves

�Bttu2 � Brru2 � 3

r
Bru2 �

�Br � 2
r

�
RHS2pt, rq
r

with 0 Cauchy data at infinity. Then, we use the spherical means formula for u2.

Step 3: We estimate B2
rv2 in the region r ¤ t

2
using the fact that, if

z2 :� �Br � 1
r

� �Br � 2
r

�
v2, then z2 solves

�Bttz2 � Brrz2 � 1

r
Brz2 �

�
Br � 1

r


�
Br � 2

r



RHS2pt, rq

with 0 Cauchy data at infinity, and using the spherical means formula for z2.

Step 4: Differentiating the formulae for v2, ru2, and z2 with respect to t, we show that, for j � 1, 2,
Bjt v2 solves the same equation as v2, except with BjtRHS2 on the right-hand side, and zero Cauchy
data at infinity. Then, we use the same procedure as in steps 1-3 to obtain estimates on all remain-
ing derivatives of v2 of the form Bjt Bkr v2 in the region r ¤ t

2
, for 0 ¤ j, k ¤ 2.

Step 5: Next, we estimate
�Br � 2

r

�
v2 in the region r ¥ t

2
, using a slightly different represen-

tation formula than what was used in Step 2. Using the Fundamental Theorem of Calculus, we
then estimate v2 in the region r ¥ t

2
.
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Step 6: Similarly, we estimate Btv2 in the region r ¥ t
2
, using the fact that it solves the same

equation as v2, except with BtRHS2 on the right-hand side.

Step 7: We estimate B2
t v2 and Btrv2 in the region t ¡ r ¥ t

2
by using a procedure based

on (11.16), which also takes advantage of the finite speed of propagation. Then, we estimate
||Bttv2pt, �q||L8r ptr¥ t

2
uq by using the fact that Bttv2 solves the same equation as v2, with 0 Cauchy

data at infinity, except with B2
tRHS2 on the right-hand side. We estimate ||Btrv2pt, �q||L8r ptr¥ t

2
uq

similarly. Finally, we use the equation solved by v2 to read off estimates on B2
rv2 in the region

t ¡ r ¥ t
2
, and to estimate ||B2

rv2pt, �q||L8r ptr¥ t
2
uq

Step 8: We estimate Bttrv2 in the region t ¡ r ¥ t
2

by using the same procedure as for Btrv2.
Then, we estimate Btrrv2 and Bttrrv2 in the region t ¡ r ¥ t

2
, by using the same representation

formulae for
�Br � 1

r

� �Br � 2
r

� Bjt v2 (for j � 1, 2) as was used in step 4.

Lemma 11.5. We have the following estimates on v2. For 0 ¤ j, k ¤ 2,

|Bjt Bkr v2pt, rq| ¤ C
r2�k

t2�j log2bptq , r ¤ t

2
(11.17)

|v2pt, rq| ¤ C

log2bptq , r ¡ t

2
(11.18)

|Btv2pt, rq| � |Brv2pt, rq| ¤ C

r log2bprq , r ¡ t

2

|Btrv2pt, rq| � |B2
rv2pt, rq| � |B2

t v2pt, rq| ¤ C

txt� ry logbptq logbpxt� ryq , t ¡ r ¡ t

2

||Btrv2pt, rq||L8r ptr¥ t
2
uq � ||B2

t v2pt, rq||L8r ptr¥ t
2
uq � ||B2

rv2pt, rq||L8r ptr¥ t
2
uq ¤

C

t3{2 logbptq ,

For j � k ¥ 3 and 0 ¤ j, k ¤ 2,

|Bjt Bkr v2pt, rq| ¤ C?
txt� ry 1

2
�j�k�1 log2bpxt� ryq , t ¡ r ¡ t

2
(11.19)

Proof. We start with the procedure outlined in step 1. To ease notation, we write x � re1 P R6,
and let

y � ρpcospφq, sinpφq cospφ2q, . . . , sinpφq sinpφ2q � � � � � sinpφ5qq P R6

Then,

|v2pt, rq| ¤ Cr2

» 8

t

1

ps� tq4
» s�t

0

ρ5aps� tq2 � ρ2

» π
0

integrand dφdρds

where

integrand � sin4pφq
|x� y|2

�
|RHS2ps, |x� y|q|

�
1� ρ2

|x� y|2



�|B2RHS2ps, |x� y|q|ρ
�

1� ρ

|x� y|


� |B2

2RHS2ps, |x� y|q|ρ2
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and we note that
|x� y| �

a
ρ2 � r2 � 2rρ cospφq

By using Cauchy’s residue theorem appropriately, we get, for all ρ � r,» π
0

sin4pφqdφ
ρ2 � r2 � 2rρ cospφq �

1

2

» 2π

0

sin4pφqdφ
ρ2 � r2 � 2rρ cospφq �

�π pmintr, ρu2 � 3maxtr, ρu2q
8pmaxtρ, ruq4

(11.20)
Then, we use the above estimates forRHS2, and carry out step 1, to get (the r ¤ t

2
part of) (11.18).

Carrying out step 2, we first get

|
�
Br � 2

r



v2| ¤ Cr

» 8

t

1

ps� tq2
» s�t

0

ρ3aps� tq2 � ρ2

» π
0

sin2pφq integrand2 dφdρds

where

integrand2 �
� |B2

2RHS2ps, |x� y|q|ρ
|x� y| � |B2RHS2ps, |x� y|q|

|x� y|
�

1� ρ

|x� y|



�|RHS2ps, |x� y|q|
|x� y|2

�
1� ρ

|x� y|




We then use (11.20) to get» π
0

ρ sin2pφqdφa
ρ2 � r2 � 2rρ cospφq ¤ C

» π
0

�
1� sin4pφqρ2

ρ2 � r2 � 2rρ cospφq


dφ ¤ C

which gives

|
�
Br � 2

r



v2pt, rq| ¤ Cr

t2 log2bptq , r ¤ t

2

Step 3 is similar. Step 4 needs no further explanation. For step 5, we first consider the case r ¡ 2t,
and argue as in [26] to get a representation formula for p2pt, rq :� �Br � 2

r

�
v2pt, rq which does not

involve any derivatives of
�Br � 2

r

�
RHS2:

p2pt, rq � �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

�
B2 � 2

|x�y|

	
RHS2ps, |x� y|q
|x� y| ppx � px� yqq dθdρds

where we now regard x � re1 P R2, y � pρ cospθq, ρ sinpθqq, and we have

|x� y| �
a
r2 � ρ2 � 2rρ cospθq

Then, we treat several pieces of p2 separately. If p2,I is defined by

p2,Ipt, rq :� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

�
B2 � 2

|x�y|

	
RHS2ps, |x� y|q
|x� y|

� ppx � px� yqq1t|x�y|¤ s
2
udθdρds
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Then, we first note that the integrand in the definition of p2,I vanishes unless s ¥ 2
3
pt � rq: If

s   2
3
pt� rq and |x� y| ¤ s

2
, then, ρ � |y| ¥ |x| � |x� y| ¥ r� s

2
¥ �t�2r

3
¡ s� t. On the other

hand, the ρ integration is constrained to the region ρ ¤ s� t. So,

|p2,Ipt, rq| ¤ C

» 8

2
3
pt�rq

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

1

s3 log2bpsqdθdρds ¤
C

r log2bprq
Then, we let p2,II � p2 � p2,I . We have p2,II � p2,II,a � p2,II,b � p2,II,c, where each term will be
defined shortly.

p2,II,apt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

�
B2 � 2

|x�y|

	
RHS2ps, |x� y|q
|x� y|

� ppx � px� yqq1ts�t�r¡|x�y|¡ s
2
udθdρds

For |x� y| in the support of the characteristic functions appearing in the equation above,

|s� |x� y|| � s� |x� y| ¥ s� ps� t� rq � t� r

Finally, the integrand vanishes unless s ¡ 2pt� rq. Then, we use the estimates on RHS2 to get

|p2,II,apt, rq| ¤ C

» 8

2pt�rq

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

1

s5{2?r log2bprqdθdρds ¤
C

r log2bprq
Next,

p2,II,bpt, rq

� �1

2π

» t� r
8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

ppx � px� yqq
�
B2 � 2

|x�y|

	
RHS2ps, |x� y|q

|x� y|
� 1t|x�y|¡ s

2
u1t|x�y|¥s�t�rudθdρds

This time, for |x�y| in the support of the characteristic functions appearing in the equation above,
we have

|s� |x� y|| � |x� y| � s ¥ |x| � |y| � s ¥ r � ps� tq � s ¥ r � 2t� r

4
� t ¥ r

4
� r

2
� t ¥ r

4

Also, |x� y| ¥ |x| � |y| ¥ r � ps� tq ¥ 7r
8

.

|p2,II,bpt, rq| ¤ C

» t� r
8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

1

r5{2?r log2bprqdθdρds ¤
C

r log2bprq
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Finally, we define

p2,II,cpt, rq

� �1

2π

» 8

t� r
8

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

�
B2 � 2

|x�y|

	
RHS2ps, |x� y|q
|x� y| ppx � px� yqq

� 1t|x�y|¡ s
2
u1t|x�y|¥s�t�rudθdρds

� �1

2π

» 8

t� r
8

»
Bs�tp0qXpB s

2
p�xqqcXpBs�t�rp�xqqc

1aps� tq2 � |y|2

�
B2 � 2

|x�y|

	
RHS2ps, |x� y|q
|x� y|

� ppx � px� yqq dApyqds
We will prove estimates on p2,II,c which are valid for any r ¥ t

2
for later use, even though we

assumed r ¡ 2t in the very beginning of this argument. Note that the intersection of the balls in
the integral is empty, unless s ¥ 2pt � rq, since s

2
¤ |x � y| ¤ s � t � r. Then, we use polar

coordinates centered at x. More precisely, we write z � y�x � pρ cospθq, ρ sinpθqq. The integrand
of the s integral above is then bounded above in absolute value by

C

» s�t�r
|r�ps�tq|

ρ

» θ�
0

|
�
B2 � 2

ρ

	
RHS2ps, ρq|1tρ¡max p s2 ,s�t�rquaps� tq2 � r2 � ρ2 � 2rρ cospθq dθdρ

where

θ� � arccos

�
ρ2 � r2 � ps� tq2

2rρ



To get this, we first used the inequality |ppx�px�yqq|

|x�y| ¤ 1. Then, the only θ-dependent term remaining
in the integrand of the s integral in the expression for p2,II,c is

1aps� tq2 � |z � x|2 �
1aps� tq2 � ρ2 � r2 � 2rρ cospθq

Next, we used the facts that cosp2π � θq � cospθq, and the integrand is supported in the region
ρ ¡ s�t�r. Note also that θ� is well-defined, for all ρ in the region of integration in the expression
above, and 0 ¤ θ� ¤ π. Then, we note» θ�

0

dθaps� tq2 � r2 � ρ2 � 2rρ cospθq �
1?
2rρ

» θ�
0

dδa
cospθ�q pcospδq � 1q � sinpθ�q sinpδq

� 1?
2rρ

fpθ�q

where we made the substitution δ � θ� � θ in the first integral. We then have

|fpθ�q| ¤ Cxlogpπ � θ�qy ¤ C?
π � θ�

(Although the singularity of f as θ� approaches π is much better than 1?
π�θ� , the above inequality

suffices for our purposes, and slightly simplifies some of our estimates). Using

π � θ� � arccos

�
1� ps� tq2 � pρ� rq2

2ρr
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we get

|
» θ�

0

dθaps� tq2 � r2 � ρ2 � 2rρ cospθq | ¤
C

prρq1{4pρ� r � ps� tqq1{4pρ� r � s� tq1{4

So, we have

|p2,II,cpt, rq|

¤ C

» 8

maxtt� r
8
,2pt�rqu

» s�t�r
maxts�t�r, s

2
u
ρ|
�
B2 � 2

ρ



RHS2ps, ρq|» θ�

0

1aps� tq2 � ρ2 � r2 � 2rρ cospθqdθdρds

and our above estimates give

|p2,II,cpt, rq| ¤ C

r1{4

» 8

t� r
8

» s�t�r
s�t�r

?
ρ

pρ� r � ps� tqq1{4
1tρ¥ s

2
udρds

s5{2axs� ρy logbpρq logbpxs� ρyq
(11.21)

Let

p2,II,c,ipt, rq :� 1

r1{4

» 8

t�r

» s�t�r
s�t�r

?
ρ

pρ� r � ps� tqq1{4
1tρ¥ s

2
udρds

s5{2axs� ρy logbpρq logbpxs� ρyq
and

p2,II,c,iipt, rq :� 1

r1{4

» t�r
t� r

8

» s�t�r
s�t�r

?
ρ

pρ� r � ps� tqq1{4
1tρ¥ s

2
udρds

s5{2axs� ρy logbpρq logbpxs� ρyq
Note that, in the expression for p2,II,c,i, s ¥ t � r, so that s � t � r ¡ 0. Then, we consider
separately two regions of the ρ integration. In the region s� t� r ¤ ρ ¤ s� t� r

2
, we have

|s� ρ| � s� ρ ¥ s� ps� t� r

2
q � t� r

2

In the region s� t� r
2
¤ ρ ¤ s� t� r, we have

1

pp� ps� t� rqq1{4 ¤
C

r1{4

So,

|p2,II,c,ipt, rq| ¤ C

r1{4

» 8

t�r

» s�t� r
2

s�t�r

?
ρ

pρ� r � ps� tqq1{4
dρds

s5{2?r log2bprq
� C

r1{4

» 8

t�r

» s�t�r
s�t� r

2

?
ρdρds

r1{4s5{2axs� ρy logbpsq logbpxs� ρyq
Then, we use » t� r

2

t�r

dxaxxy logbpxxyq ¤ C

axt� ry
logbpxt� ryq � C

?
t� r

logbpt� rq

298



along with

|t� r| ¤ r, r ¥ t

2
to get

|p2,II,c,ipt, rq| ¤ C

r log2bprq
On the other hand, in the expression for p2,II,c,ii, s   t � r. So, we make use of the 1tρ¥ s

2
u in the

integrand of (11.21). Also, in this case

pρ� r � ps� tqq1{4 ¥ ρ1{4

This gives

|p2,II,c,iipt, rq| ¤ C

r1{4

» t�r
t� r

8

» s�t�r
s
2

ρ1{4dρds

s5{2axs� ρy logbpρq logbpxs� ρyq
which can be treated in the same way as we treated p2,II,c,i. In the very beginning of this argument,
we considered the region r ¡ 2t. This was so that we could estimate p2,II,b. If t

2
¤ r ¤ 2t, then,

we instead decompose p2,II as

p2,IIpt, rq � p2,II,apt, rq � p2,II,dpt, rq
We then estimate p2,II,d with the identical procedure used to estimate p2,II,c. We obtain the same
final estimate for p2,II,d as we did for p2,II,c. Even though we only have s ¥ t in the integral
defining p2,II,d, as opposed to s ¥ t � r

8
for p2,II,c, the fact that t

2
¤ r ¤ 2t ensures that we do

indeed get the same final estimate for p2,II,d. In total, we finally get

|p2pt, rq| ¤ C

r log2bprq , r ¥ t

2

Then, we recover v2 from p2:

v2pt, rq � 1

r2

» r
0

p2pt, xqx2dx

If r ¥ t
2
, then,

|v2pt, rq| ¤ C

r2

» t
2

0

x3dx

t2 log2bptq �
C

r2

» r
t
2

xdx

log2bpxq
and we finally get

|v2pt, rq| ¤ C

log2bptq , r ¥ t

2

To similarly estimate Btv2, we first note that, if u solves

�Bttupt, rq � Brrupt, rq � 1

r
Brupt, rq � 4

r2
upt, rq � F pt, rq, t ¥ T0, r ¡ 0

and w : rT0,8q � R2 is defined by

wpt, r cospθq, r sinpθqq � upt, rq cosp2θq, r ¡ 0
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then, w solves

�Bttw �∆R2w �
�

2
x2

1

|x|2 � 1



F pt, |x|q, x � 0

Now, we apply this procedure to the case u � Btv2, and F � BtRHS2. Using upt, rq � wpt, r, 0q,
we get

Btv2pt, rq � �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

integranddtv2 dθdρds (11.22)

where

integranddtv2 � B1RHS2ps,
a
r2 � ρ2 � 2rρ cospθqq

�
r2 � 2rρ cospθq � ρ2p1� 2 sin2pθqq

r2 � 2rρ cospθq � ρ2



Because our estimates on BtRHS2 are just as good (in fact, slightly better in the region r ¤ t

2
) as

those for BrRHS2, we can repeat the same procedure used to estimate p2, to get

|Btv2pt, rq| ¤ C

r log2bprq , r ¥ t

2

Using (11.14), the finite speed of propagation, as well as an appropriate analog of (11.16), we get

|B2
t v2pt, rq| � |Btrv2pt, rq| ¤ C

txt� ry logbptq logbpxt� ryq , t ¡ r ¡ t

2

We then argue as we did for Btv2, to get

B2
t v2pt, rq � �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

integranddttv2 dθdρds

where

integranddttv2 � B2
1RHS2ps,

a
r2 � ρ2 � 2rρ cospθqq

�
r2 � 2rρ cospθq � ρ2p1� 2 sin2pθqq

r2 � 2rρ cospθq � ρ2



Then, we carry out the same procedure used to estimate p2. The difference here is that we have an
extra factor of 1

xt�ry in the pointwise estimates for B2
tRHS2pt, rq, relative to those for BrRHS2pt, rq.

This leads to
|B2
t v2pt, rq| ¤ C

r3{2 logbptq , r ¡ t

2

Also, if w2 �
�Br � 2

r

� Btv2, then, w2 solves

�Bttw2 � Brrw2 � 1

r
Brw2 � 1

r2
w2 �

�
Br � 2

r



BtRHS2pt, rq

with 0 Cauchy data at infinity. Using the analog of the p2 representation formula, we can repeat
the same argument used for B2

t v2, and use the previous estimates on Btv2, to get

|Btrv2pt, rq| ¤ C

r3{2 logbptq , r ¡ t

2

The rest of step 7 and step 8 need no further explanation.
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11.4 Summation of the higher iterates, vj
We now proceed to recursively define subsequent corrections, vj . For j ¥ 3, define RHSj by

RHSjpt, rq �
6Q 1

λptq
prq

r2

���j�1̧

k�1

vk

�2

�
�
j�2̧

k�1

vk

�2
�� 2

r2

���j�1̧

k�1

vk

�3

�
�
j�2̧

k�1

vk

�3
�

�
6Q 1

λptq

r2

�
2
j�2̧

k�1

vkvj�1 � v2
j�1

�
� 2

r2

��3

�
j�2̧

k�1

vk

�2

vj�1 � 3
j�2̧

k�1

vkv
2
j�1 � v3

j�1

�
(11.23)

Then, we let vj be the solution to the following equation, with 0 Cauchy data at infinity

�Bttvj � Brrvj � 1

r
Brvj � 4

r2
vj � RHSjpt, rq

We proceed to prove estimates on vj by induction. Let C1 ¡ 9 be such that (11.10), (11.11), and
(11.17) through (11.19) hold, with the constant C � C1 on the right-hand side. Let n ¡ 900 be

otherwise arbitrary, and let T0,n ¡ ep900!q1� 1
b satisfy

C90n
1

logbpT0,nq
  e�p900!q

and be otherwise arbitrary. Our goal is to show that, for a sufficiently large T0,n, we can prove

estimates on vj (and its derivatives), valid for all t ¥ T0,n�exp
�

900!� 2�
3

2p2b�1q
	
p1� Tλ0q�M1

and all r ¥ 0, by induction. In the following estimates, we assume

t ¥ exp
�

900!� 2�
3

2p2b�1q
	
p1� Tλ0q �M1 � T0,n

Let

Dn,k �
#
C1, k � 2

Cnk
1 , k ¥ 3

Suppose, for any j ¥ 3, and all k with 2 ¤ k ¤ j � 1, that

|Bpt Bmr vkpt, rq| ¤
Dn,kr

2�m

t2�p logbkptq , r ¤ t

2
, 0 ¤ p,m ¤ 2 (11.24)

|vkpt, rq| ¤ Dn,k

logbkptq , r ¡ t

2

|Btvkpt, rq| � |Brvkpt, rq| ¤ Dn,k

r logbkptq , r ¡ t

2

|Brrvkpt, rq| � |Bttvkpt, rq| � |Btrvkpt, rq| ¤ Dn,k

txt� ry logbpxt� ryq logbpk�1qptq , t ¡ r ¡ t

2
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||Btrvkpt, rq||L8r tr¥ t
2
u � ||Brrvkpt, rq||L8r tr¥ t

2
u � ||Bttvkpt, rq||L8r tr¥ t

2
u ¤

Dn,k

t3{2 logbpk�1qptq

|Btrrvkpt, rq| � |Bttrvkpt, rq| ¤ Dn,k?
txt� ry5{2 log2bpxt� ryq logbpk�2qptq , t ¡ r ¡ t

2

and, for t ¡ r ¡ t
2
,

|Bttrrvkpt, rq| ¤

$''&''%
Dn,k?

txt�ry7{2 log2bpxt�ryq , j � 3, k � 2#
Dn,k?

txt�ry7{2 log2bpxt�ryq , k � 2
Dn,k?

txt�ry7{2 log3bpxt�ryq logbpk�3qptq , 3 ¤ k ¤ j � 1
, j ¡ 3

(11.25)

Then, for some C independent of n (and t) we have

|Bpt Bmr RHSjpt, rq| ¤ C

�
C1�n

1 � Cn
1

logbptq



Cnj

1 r2�m

t4�p logbjptq , r ¤ t

2

|RHSjpt, rq| ¤ Cnj
1

r2 logbjptq , r ¡ t

2

|BrRHSjpt, rq| � |BtRHSjpt, rq|

¤ C

�
Cnj

1

r3 logbjptq

�
C1�n

1 � Cn
1

logbptq



� Cnj

1 C1�n
1

r5{2axt� ry logbpj�1qptq logbpxt� ryq

�
, r ¡ t

2

|BtrRHSjpt, rq| � |B2
rRHSjpt, rq| � |B2

tRHSjpt, rq|

¤
CCnj

1

�
C1�n

1 � Cn1
logbptq

	
logbpj�1qptq logbpxt� ryqr5{2xt� ry3{2 �

CCnj
1

�
C2�n

1

logbpxt�ryq �
C3n

1

log2bptq logbpxt�ryq

	
logbpj�1qptqr3xt� ry logbpxt� ryq , t ¡ r ¡ t

2

We will also require another estimate on B2
tRHSj and BtrRHSj , which is valid for all r ¡ t

2
:

|B2
tRHSjpt, rq| � |BtrRHSjpt, rq|

¤ CCnj
1 C1�n

1

r5{2xt� ry3{2 logbpxt� ryq logbpj�1qptq �
CCnj

1

r2t3{2 logbpj�1qptq

�
Cn

1

logbptq �
C1�n

1

logbptq




� CCnj
1

r3xt� ry

�
C�n�2

1 � C3n
1

log2bptq

	
logbpj�1qptq log2bpxt� ryq , r ¡ t

2

|BttrRHSjpt, rq| � |BtrrRHSjpt, rq| ¤
CCnj

1

�
C1�n

1 � Cn1
logbptq

	
r5{2 log2bpxt� ryq logbpj�2qptqxt� ry5{2 , t ¡ r ¡ t

2

|BttrrRHSjpt, rq| ¤ CCnj
1

r5{2xt� ry7{2

�
C1�n

1 � Cn1
logbptq

	
log3bpxt� ryq logbpj�1qptq , t ¡ r ¡ t

2
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Then, we repeat the analogs of steps 1-8 used to estimate v2, and get (for C independent of n (and
t)):

|Bpt Bmr vjpt, rq| ¤ C
Cnj

1 r2�m

t2�p logbjptq

�
C1�n

1 � Cn
1

logbptq



, r ¤ t

2
, 0 ¤ p,m ¤ 2

|vjpt, rq| ¤
CCnj

1

�
C1�n

1 � Cn1
logbptq

	
logbjptq , r ¡ t

2

|Btvjpt, rq| � |Brvjpt, rq| ¤ CCnj
1

r logbjptq

�
C1�n

1 � Cn
1

logbptq



, r ¡ t

2

|B2
t vjpt, rq| � |B2

rvjpt, rq| � |Btrvjpt, rq| ¤ CCnj
1

txt� ry logbpj�1qptq logbpxt� ryq

�
C2�n

1 � C2n
1

logbptq



, t ¡ r ¡ t

2

||B2
t vjpt, rq||L8r tr¡ t

2
u � ||Btrvjpt, rq||L8r tr¡ t

2
u � ||B2

rvjpt, rq||L8r tr¡ t
2
u

¤ CCnj
1

t3{2 logbpj�1qptq

�
C2n

1

logbptq � C2�n
1




|Bttrvjpt, rq| � |Btrrvjpt, rq| ¤
CCnj

1

�
C2�n

1 � C3n
1

logbptq

	
?
txt� ry5{2 logbpj�2qptq log2bpxt� ryq , t ¡ r ¡ t

2

Finally,

|Bttrrvjpt, rq| ¤
CCnj

1

�
C2�n

1 � C3n
1

logbptq

	
?
txt� ry7{2 logbpj�3qptq log3bpxt� ryq , t ¡ r ¡ t

2

Since C is independent of n, there exists n0 such that

maxtC, 1uC90�n0
1   e�p900!q

Now, sinceC is also independent of T0,n0 , we can choose T0,n0 to satisfy, in addition to our previous
constraints at the beginning of this argument, the following inequality

maxtC, 1u C90n0
1

logbpT0,n0q
  e�p900!q

By mathematical induction, the above results imply that (11.24) through (11.25) are true (with
n � n0) for all k ¥ 2, and t ¥ T0,n0 � exp

�
900!� 2�

3
2p2b�1q

	
p1� Tλ0q �M1 :� T1. From here

on, we further restrict T0 to satisfy T0 ¥ T1. So, for all j ¥ 2,

||vjpt, rq||L8tr¥0,t¥T1u ¤ e�jp900!q

||Btvjpt, rq||L8tr¥0,t¥T1u � ||Brvjpt, rq||L8tr¥0,t¥T1u ¤
2

T1

e�jp900!q
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||Btrvjpt, rq||L8tr¥0,t¥T1u � ||B2
t vjpt, rq||L8tr¥0,t¥T1u � ||B2

rvjpt, rq||L8tr¥0,t¥T1u ¤ e�p900!qpj�1qT 3{2
1

Therefore, the series

vs :�
8̧

j�3

vj

(as well as the series resulting from applying any first or second order derivative termwise) con-
verges absolutely and uniformly on the set tpt, rq|t ¥ T1, r ¥ 0u. Moreover, using the first line of
(11.23), we get, for any N ¥ 4,

Ņ

j�3

RHSjpt, rq �
6Q 1

λptq
prq

r2

��2v1

N�1̧

k�2

vk �
�
N�1̧

k�2

vk

�2
�

� 2

r2

��3v1

�
N�1̧

k�2

vk

�2

� 3v2
1

N�1̧

k�2

vk �
�
N�1̧

k�2

vk

�3
�

(where the argument pt, rq of all instances of vk, v1 has been omitted, for clarity). Using the
uniformity of the convergence of the series defining vs, we get

� Bttvs � Brrvs � 1

r
Brvs � 4

r2
vs � lim

NÑ8

Ņ

j�3

�
�Bttvj � Brrvj � 1

r
Brvj � 4

r2
vj




� lim
NÑ8

Ņ

j�3

RHSjpt, rq

�
6Q 1

λptq

r2

�
2v1 pv2 � vsq � pv2 � vsq2

�� 2

r2

�
3v1 pv2 � vsq2 � 3v2

1 pv2 � vsq � pv2 � vsq3
�

11.5 Improvement of the large r behavior of the remaining error terms
Let vc � v1�v2�vs. Despite the major improvement of the decay of the error terms accomplished
via the resummation of the vk above, we will still need to improve the decay of the error terms
which result from substituting Q 1

λptq
� vc into (8.1). The soliton error term, and the linear error

term resulting from vc, namely

BttQ 1
λptq

� 6vc
r2

�
1�Q2

1
λptq
prq
	

both contribute to leading order in the modulation equation. Therefore, any improvement of these
error terms should not change their leading order inner product with the appropriately re-scaled
zero eigenfunction φ0. Keeping this in mind, we let

WRHS2pt, rq :� χ¥1p r

gptqq
�
BttQ 1

λptq
� 6vc

r2

�
1�Q2

1
λptq
prq
	


, where gptq � λptq logb�2εptq

where

χ¥1pxq P C8pRq, 0 ¤ χ¥1pxq ¤ 1, χ¥1pxq �
#

0, x ¤ 1
2

1, x ¥ 1
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and define w2 to be the solution to the following equation, with 0 Cauchy data at infinity

�Bttw2 � Brrw2 � 1

r
Brw2 � 4

r2
w2 � WRHS2pt, rq

Now, we will prove estimates on w2. Note that WRHS2 depends on λ2. Because our only as-
sumptions on λ do not include any more regularity than λ P C2prT0,8qq, we can not consider
BtWRHS2pt, rq until we first choose a specific λ by solving the modulation equation, and then
prove that this λ has higher than C2 regularity. In terms of estimating w2, this means that we can
not differentiate WRHS2 in time, at this point. Therefore, we will first record a set of preliminary
estimates on derivatives of w2, which only involve WRHS2, and its r derivatives. After choosing
λ, we can then obtain more optimal, final estimates on the derivatives of w2. This is very similar
to the argument used in the wave maps paper of the author, [26].

Lemma 11.6. [Preliminary estimates on w2] We have the following preliminary estimates on w2

|w2pt, rq| ¤
$&%

Cr2λptq2 logp2� r
gptq q logptq

pgptq2�r2qt2 logbptq , r ¤ t
2

Cλptq2 logptq
t2 logbptq , r ¡ t

2

|Brw2pt, rq| ¤
#
Crλptq2 logptq
t2 logbptqgptq2 , r ¤ gptq
Cλptq2 logptq
t2 logbptqgptq , r ¡ gptq

|Btw2pt, rq| ¤ Cλptq2 logptq
t2 logbptqgptq , r ¡ 0

|B2
rw2pt, rq| ¤ Cλptq2 logptq

t2 logbptqgptq2 , r ¡ 0

|B2
tw2pt, rq| ¤ Cλptq2 logptq

t2gptq2 logbptq , r ¡ 0

|Btrw2pt, rq| ¤ Cλptq2 logptq
t2 logbptqgptq2

Proof. We start with the region r ¤ t
2
. Using the same procedure and notation as in step 1 for v2,

as well as the estimates for vcps, |x� y|q in the two regions |x� y| ¤ s
2

and |x� y| ¡ s
2
, we get

|w2pt, rq| ¤ Cr2

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» π
0

sin4pφq
�
1t|x�y|¡ gpsq

2
u1t|x�y|¤ s

2
uλpsq2

s2 logbpsqpgpsq2 � |x� y|2q2

�

�
�

1� ρ2

|x� y|2


dφdρds

� Cr2

» 8

t

» s�t
0

ρaps� tq2 � ρ2» π
0

sin4pφq
�� λpsq21t|x�y|¡ gpsq

2
u1t|x�y|¡ s

2
u
�

1� ρ2

|x�y|2
	

|x� y|4?sxs� |x� y|y3{2 logbpxs� |x� y|yq

�dφdρds
(11.26)
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Denote the first line of (11.26) by w2,I . Then, we consider several pieces of w2,I separately. Let

w2,I,apt, rq :� r2

» t� r
8

t

» s�t
0

ρaps� tq2 � ρ2

» π
0

sin4pφq
�
1t|x�y|¡ gpsq

2
u1t|x�y|¤ s

2
uλpsq2

s2 logbpsqpgpsq2 � |x� y|2q2

�

�
�

1� ρ2

|x� y|2


dφdρds

Recall that |x� y| �aρ2 � r2 � 2rρ cospφq. For w2,I,a, we have

ρ ¤ s� t ¤ r

8
ùñ |x� y| ¥ Cpr � ρq

Therefore,

|w2,I,apt, rq| ¤ C

» t� r
8

t

» s�t
0

ρaps� tq2 � ρ2

r2λpsq2
s2 logbpsqpgpsq2 � r2q2dρds

¤ Cr2λptq2
pgptq2 � r2qt2 logbptq

where we used (11.5) to conclude that

s ÞÑ 1

spgpsq2 � r2q2 is decreasing on rT0,8q (11.27)

For the next integrals to consider, we first appropriately use Cauchy’s residue theorem to conclude» 2π

0

sin4pφqdφ
pgpsq2 � ρ2 � r2 � 2rρ cospφqq2 ¤

C

pgpsq2 � ρ2 � r2q2» 2π

0

sin4pφqdφ
pgpsq2 � r2 � ρ2 � 2rρ cospφqq3 ¤

C

pgpsq2 � r2 � ρ2q5{2agpsq2 � pρ� rq2
The important point in the above integrals is that the factor sin4pφq vanishes when φ � π, which
is precisely when the vectors x � re1 and y (defined in step 1 used to estimate v2) are antiparallel.
Therefore, we get much more decay in ρ2 � r2 � gpsq2 than we would have without the sin factor.
Now, we consider w2,I,b defined by

w2,I,bpt, rq

� r2

» t� r
8
�gptq

t� r
8

» s�t
0

ρaps� tq2 � ρ2

» π
0

sin4pφq
�
1t|x�y|¡ gpsq

2
u1t|x�y|¤ s

2
uλpsq2

s2 logbpsqpgpsq2 � |x� y|2q2

�

�
�

1� ρ2

|x� y|2


dφdρds

which gives

|w2,I,bpt, rq| ¤ Cr2

» t� r
8
�gptq

t� r
8

» s�t
0

ρaps� tq2 � ρ2

λpsq2
s2 logbpsqgpsqpgpsq2 � r2q3{2dρds

¤ C
r2λptq2

t2 logbptqpgptq2 � r2q
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where we again use (11.5) to justify the analog of (11.27). Next, we consider

w2,I,cpt, rq :� r2

» 8

t� r
8
�gptq

1

ps� tq
» s�t

0

ρ

» π
0

sin4pφq
�
1t|x�y|¡ gpsq

2
u1t|x�y|¤ s

2
uλpsq2

s2 logbpsqpgpsq2 � |x� y|2q2

�

�
�

1� ρ2

|x� y|2


dφdρds

The point of this definition is to utilize the decay of the integrand in s � t in order to do the s
integral. As we will show later, the difference 1?

ps�tq2�ρ2 �
1

ps�tq decays sufficiently fast in s so

as to allow an argument which does the s integral first, before the ρ integral. A similar procedure
was also used in the author’s work regarding wave maps[26], in the estimation of the correction
denoted by v4 in that paper. We start by noting» s�t

0

ρ1tρ¤ r
2
u

pgpsq2 � ρ2 � r2q3{2agpsq2 � pρ� rq2dρ ¤ C

» s�t
0

ρdρ

pgpsq2 � r2 � ρ2q3{2agpsq2 � r2

¤ C

gpsq2 � r2» s�t
0

ρ1t r
2
¤ρ¤2ru

pgpsq2 � ρ2 � r2q3{2agpsq2 � pρ� rq2dρ ¤
Cr

pgpsq2 � r2q3{2
» 2r

r
2

dρa
gpsq2 � pρ� rq2

¤ C
logp1� r

gpsqq
gpsq2 � r2» s�t

0

ρ1tρ¡2ru
pgpsq2 � ρ2 � r2q3{2agpsq2 � pρ� rq2dρ ¤ C

» s�t
0

ρdρ

pgpsq2 � r2 � ρ2q2 ¤
C

gpsq2 � r2

which gives

|w2,I,cpt, rq| ¤
Cr2λptq2 logp2� r

gptqq logptq
t2 logbptqpgptq2 � r2q

Finally, we consider

w2,I,dpt, rq :� r2

» 8

t� r
8
�gptq

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�» π
0

integrandw2,I,d
dφdρds

where

integrandw2,I,d
� sin4pφq

�
1t|x�y|¡ gpsq

2
u1t|x�y|¤ s

2
uλpsq2

s2 logbpsqpgpsq2 � |x� y|2q2

��
1� ρ2

|x� y|2



Using again an analog of the observation (11.27), and the φ integrals noted above, we first do the
φ integral. Then, we switch the order of the s and ρ and φ integrals, to do the s integral first:

|w2,I,dpt, rq|

¤ Cr2

» 8

0

ρ

» 8

ρ�t

�
1aps� tq2 � ρ2

� 1

ps� tq

�

� λptq2
logbptqt2pgptq2 � r2 � ρ2q3{2agptq2 � pρ� rq2dsdρ
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Then, we use the same method used to study the ρ integrals appearing just above our final estimate
for w2,I,c to get

|w2,I,dpt, rq| ¤
Cr2λptq2 logp2� r

gptqq
t2 logbptqpgptq2 � r2q

In total, we get

|w2,Ipt, rq| ¤
Cr2λptq2 logp2� r

gptqq logptq
t2 logbptqpgptq2 � r2q

It remains to treat the second line of (11.26), which we denote as w2,II . If r ¤ t
2
, then, as in the

case of estimating v2, we use that s � |x � y| ¥ s � pr � ps � tqq ¥ t � r ¥ t
2
, and we use the

estimates on vcps, |x� y|q in the region |x� y| ¥ s
2

to get

|w2,IIpt, rq| ¤ Cr2

» 8

t

ps� tqλpsq2
s9{2t3{2 logbptqds ¤

Cr2λptq2
t4 logbptq , r ¤ t

2

Finally, we need to estimate w2pt, rq for r ¡ t
2
. We use the analog of (11.22) to get

w2pt, rq � �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

WRHS2ps, |x� y|q

�
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds

(11.28)

Again, we insert
1 � 1t|x�y|¤ s

2
u � 1t|x�y|¡ s

2
u

into the integrand of the above expression, and define w2,IV by

w2,IV pt, rq � �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

1t|x�y|¡ s
2
uWRHS2ps, |x� y|q�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds

and
w2,IIIpt, rq � w2pt, rq � w2,IV pt, rq

|w2,IV pt, rq| ¤ C

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

�
λpsq2

s4 logbpsq



dθdρds ¤ Cλptq2

t2 logbptq
For w2,III in the region r ¡ t

2
, we again consider several integrals separately. We have

w2,III,apt, rq

� �1

2π

» t� r
8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

1t|x�y|¤ s
2
uWRHS2ps, |x� y|q

�
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds
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which gives, via the same reasoning as used to estimate w2,I,a,

|w2,III,apt, rq| ¤ C

» t� r
8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

r2λpsq2
s2 logbpsqpgpsq2 � r2q2dθdρds ¤

Cλptq2
t2 logbptq

, r ¡ t

2

Next, we have

w2,III,bpt, rq

� �1

2π

» t� r
8
�gptq

t� r
8

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

1t|x�y|¤ s
2
uWRHS2ps, |x� y|q

�
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds

We use » 2π

0

r2 � ρ2 � 2rρ cospθq
pgpsq2 � r2 � ρ2 � 2rρ cospθqq2dθ ¤

Ca
gpsq2 � ρ2 � r2

a
gpsq2 � pρ� rq2

to get

|w2,III,bpt, rq| ¤ C

» t� r
8
�gptq

t� r
8

» s�t
0

ρaps� tq2 � ρ2

λpsq2
s2 logbpsq

1

gpsqagpsq2 � r2
dρds

¤ C

» t� r
8
�gptq

t� r
8

ps� tq λpsq2
s2 logbpsqgpsqagpsq2 � r2

ds ¤ Cλptq2
t2 logbptq

The next integral to treat is

w2,III,cpt, rq

� �1

2π

» 8

t� r
8
�gptq

1

ps� tq
» s�t

0

ρ1t r
2
¤ρ¤2ru

» 2π

0

1t|x�y|¤ s
2
uWRHS2ps, |x� y|q

�
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds

So,

|w2,III,cpt, rq| ¤ C

» 8

t� r
8
�gptq

1

ps� tq
λpsq2

s2 logbpsq
» 2r

r
2

ρa
gpsq2 � pρ� rq2agpsq2 � r2

dρds

¤ Cr

» 8

t� r
8
�gptq

1

sps� tq
logp1� r

gpsqqλpsq2
s logbpsqagpsq2 � r2

ds ¤
Cλptq2 logp1� r

gptqq
rt logbptq

where we used the fact that 1
ps�tq ¤ C

r
. Next, we have

w2,III,dpt, rq :� �1

2π

» 8

t� r
8
�gptq

1

ps� tq
» s�t

0

ρ
�
1tρ  r

2
u � 1tρ¡2ru

	
» 2π

0

1t|x�y|¤ s
2
uWRHS2ps, |x� y|q�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds

309



which gives

|w2,III,dpt, rq| ¤ C

» 8

t� r
8
�gptq

1

ps� tq
» s�t

0

ρλpsq2
s2 logbpsq

�
1tρ  r

2
u � 1t2r ρu

pr2 � ρ2 � gpsq2q


dρds

¤ C

» 8

t� r
8
�gptq

1

ps� tq
λpsq2

s2 logbpsq p1� logps� tq � logprqq ds ¤ Cλptq2
t logbptq

logprq
r

, r ¥ t

2

The final integral to estimate is

w2,III,ept, rq :� �1

2π

» 8

t� r
8
�gptq

» s�t
0

ρ

�
1aps� tq2 � ρ2

� 1

ps� tq

�
» 2π

0

1t|x�y|¤ s
2
uWRHS2ps, |x� y|q

�
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds

We again switch the order of integration, as previously done to estimate w2,I,d. The only difference
here is that we use 1

s
¤ 1

ρ�t for one of the factors of 1
s

which appear in the integrand of w2,III,e

once the estimates for WRHS2 are substituted. This gives

|w2,III,ept, rq| ¤ C

» 8

0

ρλptq2
pρ� tq logbptqtagptq2 � ρ2 � r2

a
gptq2 � pρ� rq2dρ

and

|w2,III,ept, rq| ¤ Cλptq2 logprq
rt logbptq , r ¥ t

2

Combining the above gives the final pointwise estimate on w2:

|w2pt, rq| ¤
$&%

Cr2λptq2 logp2� r
gptq q logptq

pgptq2�r2qt2 logbptq , r ¤ t
2

Cλptq2 logptq
t2 logbptq , r ¡ t

2

where we used the fact that

logp1� r
gptqq

r
¤ C logptq

t
, r ¥ t

2

Next, we consider the derivatives of w2. We recall the remarks prior to the estimation of w2, and
prove a preliminary estimate on Brw2. Here, we will start with the case r ¤ gptq. We first note that

sin2pφq ρa
r2 � ρ2 � 2rρ cospφq ¤

$&%C, ρ   r
2
, or ρ ¡ 2r

C sin2pφ
2
q cos2pφ

2
qr?

pr�ρq2�4rρ cos2p θ
2
q ¤ C, r

2
¤ ρ ¤ 2r
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We also note that» 2π

0

dφ

pgptq2 � ρ2 � r2 � 2rρ cospφqq2 ¤
Ca

gptq2 � r2 � ρ2pgptq2 � pr � ρq2q3{2
Then, we proceed as in step 2 of the estimation of Brv2 � 2

r
v2, to get

|
�
Br � 2

r



w2pt, rq|

¤ Cr

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» π
0

�
1t|x�y|  s

2
uλpsq2

s2 logbpsqpgpsq2 � r2 � ρ2 � 2rρ cospφqq2

�
dφdρds

� Cr

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» π
0

1t|x�y|¡ s
2
uλpsq2

|x� y|4?sxs� |x� y|y3{2 logbpxs� |x� y|yqdφdρds

Denote the first line of the above expression by qIpt, rq, and the second by qIIpt, rq. Then, we
estimate qIpt, rq using the same procedure used for w2. The main difference here is that we have
the factor

1a
gptq2 � r2 � ρ2pgptq2 � pr � ρq2q3{2 instead of

1a
gptq2 � pr � ρq2pgptq2 � r2 � ρ2q3{2

This leads to an extra factor of r
gptq when we estimate certain ρ integrals in the region r

2
¤ ρ ¤ 2r.

Since we are considering the region r ¤ gptq, we end up with

|qIpt, rq| ¤ Crλptq2
t2 logbptqgptq2 logptq, r ¤ gptq

The same procedure used for w2,II gives

|qIIpt, rq| ¤ Crλptq2
t4 logbptq , r ¤ gptq

For the region r ¥ gptq, we will differentiate our formula (11.28) directly. We emphasize again that
the estimate on Brw2 which we will obtain now, in the region r ¥ gptq is a preliminary estimate, and
it will be improved later, once we choose λptq, and show that λ P C3prT0,8qq, thereby allowing
us to estimate Btw2 and p�Bt � Brqw2. We have

Brw2pt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2» 2π

0

Br
�
WRHS2ps, |x� y|q

�
1� 2ρ2 sin2pθq

r2 � ρ2 � 2rρ cospθq




1t|x�y|¤ s
2
udθdρds

� 1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2» 2π

0

Br
�
WRHS2ps, |x� y|q

�
1� 2ρ2 sin2pθq

r2 � ρ2 � 2rρ cospθq




1t|x�y|¡ s
2
udθdρds

311



where we again denote the first line of the right-hand side of the above expression by qIII , and the
second by qIV .

|qIIIpt, rq| ¤ C

» 8

t

» s�t
0

ρaps� tq2 � ρ2» 2π

0

p |x� y|λpsq2
s2 logbpsqpgpsq2 � |x� y|2q2

|r � ρ cospθq|
|x� y|

� |x� y|2λpsq2
s2 logbpsqpgpsq2 � |x� y|2q2

|r � ρ cospθq|ρ2 sin2pθq
|x� y|4



dθdρds

We then use

|r � ρ cospθq| � |pr � ρq � ρpcospθq � 1q| ¤ |r � ρ| � ρp1� cospθqq» 2π

0

dθ

pgptq2 � ρ2 � r2 � 2rρ cospθqq2 ¤
Ca

gptq2 � ρ2 � r2pgptq2 � pρ� rq2q3{2
ρ2 sin2pθq

ρ2 � r2 � 2rρ cospθq ¤ C
ρ2 cos2p θ

2
q

pr � ρq2 � 4rρ cos2p θ
2
q ¤ C

» 2π

0

p1� cospθqq
pgpsq2 � r2 � ρ2 � 2rρ cospθqq2dθ ¤

Capρ� rq2 � gpsq2ppρ� rq2 � gpsq2q3{2
and the identical procedure used to estimate w2,III , to get

|qIIIpt, rq| ¤ Cλptq2
t2 logbptqgptq logptq, r ¥ gptq

Finally,

|qIV pt, rq| ¤ C

» 8

t

» s�t
0

ρaps� tq2 � ρ2

�
λpsq2

s9{2xs� |x� y|y1{2 logbpxs� |x� y|yq



dρds

¤ Cλptq2
t5{2

Then, we use the same observation as in step 3 of estimating v2, along with the identical argument
used to estimate

�Br � 2
r

�
w2, to get

|B2
rw2pt, rq � 3

r
Brw2pt, rq| ¤ Cλptq2 logptq

t2 logbptqgptq2 , r ¡ 0

We can estimate B2
tw2 by using the equation solved by w2. It then remains to estimate Btw2. For

this, we return to (11.28), and make the substitution ρ � qps� tq.

w2pt, rq � �1

2π

» 8

t

» 1

0

ps� tqqa
1� q2

» 2π

0

integrandw2,1
dθdqds (11.29)
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where

integrandw2,1
�WRHS2ps,

a
q2ps� tq2 � r2 � 2rqps� tq cospθqq

�
�

1� 2q2ps� tq2 sin2pθq
r2 � q2ps� tq2 � 2rqps� tq cospθq



Then, we can differentiate under the integral sign. The resulting integrals can be estimated with
the same procedure used to estimate analogous integrals arising in the expressions for Brw2 and
w2. We get

|Btw2pt, rq| ¤ Cλptq2 logptq
t2 logbptqgptq , r ¡ 0

The same procedure is used to estimate Btrw2, and this concludes the proof of the lemma

11.6 Summation of the higher corrections, wk

The nonlinear interactions between w2 and vc can not be treated perturbatively in our final argu-
ment. Therefore, we will need to define corrections wk, in a similar manner as the corrections vk
were defined, and sum a series of the form

°8
k�3wk. Because the estimates for wj and w2 will be

of a slightly different form, we will first (define and) estimate w3, then prove estimates on wj for
j ¥ 4 by induction. We let

WRHS3pt, rq �
6
�
Q 1

λptq
� vc

	
r2

w2
2 �

2w3
2

r2
� 6w2

r2

�
v2
c � 2vcQ 1

λptq

	
Then,

|WRHS3pt, rq| ¤ C

$&%
r2λptq2 logp2� r

gptq q logptq
pgptq2�r2qt4 log2bptq , r ¤ t

2
λptq2 log2ptq

t5{2r3{2 log2bptq , r ¡ t
2

|BrWRHS3pt, rq| ¤

$''&''%
Crλptq2 logptq
gptq2t4 log2bptq , r ¤ gptq
Cλptq2 logptq
t4 log2bptqgptq , gptq   r ¤ t

2
Cλptq2 logptq

t5{2 log2bptqr3{2gptq , r ¡ t
2

|B2
rWRHS3pt, rq| ¤

#
Cλptq2 logptq
t4 log2bptqgptq2 , r ¤ t

2
Cλptq2 logptq

t5{2r3{2 log2bptqgptq2 , r ¡ t
2

Now, we estimate w3, starting with the region r ¤ gptq. The same remarks concerning the nature
of the estimates on the derivatives of w2 apply here for w3, and eventually for wj .

Lemma 11.7. [Preliminary estimates on w3] We have the following preliminary estimates on w3

|w3pt, rq| ¤
#
Cr2λptq2 logptq
t2gptq2 log2bptq , r ¤ gptq
Cλptq2 log2ptq
t2 log2bptq , r ¡ gptq
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|Brw3pt, rq| ¤
#

Crλptq2 logptq
t2gptq2 log2bptq , r ¤ gptq
Cλptq2 logptq
t2 log2bptqgptq , r ¡ gptq

|B2
rw3pt, rq| ¤ Cλptq2 logptq

t2gptq2 log2bptq

|Btw3pt, rq| ¤ Cλptq2 logptq
t2gptq log2bptq

|B2
tw3pt, rq| ¤

#
Cλptq2 logptq
t2gptq2 log2bptq , r ¤ gptq
Cλptq2 log2ptq
t2gptq2 log2bptq , r ¡ gptq

|Btrw3pt, rq| ¤ Cλptq2 logptq
t2 log2bptqgptq2

Proof. Using the analog of step 1 when estimating v2, we get

|w3pt, rq| ¤ Cr2

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» π
0

integrandw3
dφdρds

where

integrandw3
� sin4pφq

�
1� ρ2

|x� y|2

�

λpsq2 logp2� |x�y|
gpsq q logpsq

pgpsq2 � |x� y|2qs4 log2bpsq �
λpsq2 logpsq

gpsq2s4 log2bpsq

�
We use

logp2� |x�y|
gpsq q

gpsq2 � |x� y|2 ¤
C

gpsq2
to get

|w3pt, rq| ¤ Cr2λptq2 logptq
t2gptq2 log2bptq , r ¤ gptq

Using the same procedure as in steps 2 and 3 of estimating v2, we get

|Brw3pt, rq| ¤ Crλptq2 logptq
t2gptq2 log2bptq , r ¤ gptq

and

|B2
rw3pt, rq| ¤ Cλptq2 logptq

t2gptq2 log2bptq , r ¤ gptq

To estimate w3 in the region r ¡ gptq, we use the analog of (11.28), we get

|w3pt, rq| ¤ C

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

λpsq2 log2psq
s4 log2bpsq dθdρds ¤ Cλptq2 log2ptq

t2 log2bptq , r ¡ gptq

Differentiating the analog of (11.28), we get

|Brw3pt, rq| ¤ Cλptq2 logptq
t2 log2bptqgptq , r ¡ gptq
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We then use the observation of step 3 of the v2 estimates to get

|B2
rw3pt, rq| ¤ Cλptq2 logptq

t2 log2bptqgptq2 , r ¥ gptq

Using the same procedure that was used to estimate Btw2, we get

|Btw3pt, rq| ¤ Cλptq2 logptq
t2gptq log2bptq , r ¡ 0

We then read off estimates on B2
tw3, based on the equation solved byw3, and the previous estimates.

This completes the proof of the lemma.

Now, for j ¥ 4, we define wj to be the solution to the following equation, with zero Cauchy
data at infinity.

�Bttwj � Brrwj � 1

r
Brwj � 4

r2
wj � WRHSjpt, rq

where

WRHSjpt, rq :�
6
�
Q 1

λptq
� vc

	
r2

�
w2
j�1 � 2

j�2̧

k�2

wkwj�1

�

� 2

r2

��w3
j�1 � 3w2

j�1

j�2̧

k�2

wk � 3wj�1

�
j�2̧

k�2

wk

�2
�� 6wj�1

r2

�
v2
c � 2vcQ 1

λptq

	
As with vj , we will now prove estimates on wj by induction. Let C2 ¡ 9 be such that the estimates
of lemmas 11.6 and 11.7 hold, with the constant C � C2 on the right-hand side. Let p ¡ 900 be

otherwise arbitrary, and let T0,p ¡ ep900!q1� 1
b satisfy

C90p
2

logbptq �
C90p

2 λptq2 log2ptq
gptq2 logbptq   e�p900!q, t ¥ T0,p

and be otherwise arbitrary. (We recall that λptq
gptq � 1

logb�2εptq , and b ¡ 2
3
, so, such a T0,p exists). Our

goal is to show that, for a sufficiently large T0,p, we can prove estimates on wj (and its derivatives),
valid for all t ¥ T1 � T0,p and all r ¥ 0, by induction. In the following estimates, we assume
t ¥ T1 � T0,p. Let

Dp,k �
#
C2, k � 3

Cpk
2 , k ¥ 4

qk �
#

1, k � 3

2, k ¥ 4

Suppose, for any j ¥ 4, and all k with 3 ¤ k ¤ j � 1, that

|wkpt, rq| ¤
$&%

Dp,kr
2λptq2 logqk ptq

t2gptq2 logbpk�1qptq , r ¤ gptq
Dp,kλptq2 log2ptq
t2 logbpk�1qptq , r ¡ gptq (11.30)
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|Brwkpt, rq| ¤
$&%

Dp,krλptq2 log2ptq
t2gptq2 logbpk�1qptq , r ¤ gptq
Dp,kλptq2 log2ptq
t2 logbpk�1qptqgptq , r ¡ gptq

|B2
rwkpt, rq| ¤

Dp,kλptq2 log2ptq
t2gptq2 logbpk�1qptq , r ¡ 0

|Btwkpt, rq| ¤ Dp,kλptq2 log2ptq
t2gptq logbpk�1qptq (11.31)

|B2
twkpt, rq| ¤

Dp,kλptq2 log2ptq
t2gptq2 logbpk�1qptq

|Btrwkpt, rq| ¤ Dp,kλptq2 log2ptq
t2gptq2 logbpk�1qptq (11.32)

Then, for some constantC independent of t, p, j, we have the following estimates, for t ¥ T1�T0,p.

|WRHSjpt, rq| ¤ C

$'''&'''%
C
ppj�1q
2 r2λptq2 log2ptq
t4gptq2 logbpj�1qptq , r ¤ gptq

C
ppj�1q
2 λptq2 log2ptq
t4 logbpj�1qptq , gptq   r ¤ t

2

C
ppj�1q
2 λptq2 log2ptq
t5{2r3{2 logbpj�1qptq

�
1� λptq2 log2prq

t2 logbptq

	
, r ¡ t

2

|BrWRHSjpt, rq| ¤ C

$'''&'''%
C
ppj�1q
2 rλptq2 log2ptq
t4gptq2 logbpj�1qptq , r ¤ gptq
C
ppj�1q
2 λptq2 log2ptq
t4gptq logbpj�1qptq , gptq   r ¤ t

2

C
ppj�1q
2 λptq2 log2ptq
t3r logbpj�1qptqgptq �

C
ppj�1q
2 λptq2 log2ptq

r2t5{2 logbpj�2qptq
?
xt�ry logbpxt�ryq , r ¡ t

2

|B2
rWRHSjpt, rq| ¤ C

$&%
C
ppj�1q
2 λptq2 log2ptq
t4gptq2 logbpj�1qptq , r ¤ t

2

C
ppj�1q
2 λptq2 log2ptq

r3{2t5{2gptq2 logbpj�1qptq

�
1� λptq2 log2prq

t2 logbptq

	
, r ¡ t

2

Using the same procedure used to estimate w3, we get the following estimates, where the constant
C is independent of t, j, p, and t ¥ T1 � T0,p.

|wjpt, rq| ¤
$&%

Cr2C
ppj�1q
2 λptq2 log2ptq

t2gptq2 logbpj�1qptq , r ¤ gptq
CC

ppj�1q
2 λptq2 log2ptq
t2 logbpj�1qptq , r ¡ gptq

|Brwjpt, rq| ¤
$&%

CrC
ppj�1q
2 λptq2 log2ptq

t2gptq2 logbpj�1qptq , r ¤ gptq
CC

ppj�1q
2 λptq2 log2ptq
t2gptq logbpj�1qptq , r ¡ gptq

|B2
rwjpt, rq| ¤

$&%
CC

ppj�1q
2 λptq2 log2ptq

t2gptq2 logbpj�1qptq , r ¤ gptq
CC

ppj�1q
2 λptq2 log2ptq

t2gptq2 logbpj�1qptq , r ¡ gptq
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|Btwjpt, rq| ¤ CC
ppj�1q
2 λptq2 log2ptq
t2gptq logbpj�1qptq

|B2
twjpt, rq| ¤

CC
ppj�1q
2 λptq2 log2ptq

t2gptq2 logbpj�1qptq

|Btrwjpt, rq| ¤ CC
ppj�1q
2 λptq2 log2ptq

t2gptq2 logbpj�1qptq
Therefore, there exists p0 ¡ 900 such that CCp0pj�1q

2 ¤ Cp0j
2 . Then, by mathematical induction,

(11.30) through (11.32) are true for all j ¥ 3, provided that T0,p0 is chosen sufficiently large
(though we have slightly better estimates on w3 than what we supposed for the purposes of the
induction argument). Therefore, the series

ws :�
8̧

j�3

wj

and the series resulting from applying any first or second order derivative termwise converges
absolutely and uniformly on the set tpt, rq|t ¥ T1 � T0,p0 , r ¡ 0u. From here on, we will further
restrict T0 to satisfy T0 ¡ T1 � T0,p0 . Then, for t ¥ T0, let wcpt, rq :� w2pt, rq � wspt, rq. Using
the fact that

WRHSjpt, rq �
6
�
Q 1

λptq
� vc

	
r2

���j�1̧

k�2

wk

�2

�
�
j�2̧

k�2

wk

�2
�

� 2

r2

���j�1̧

k�2

wk

�3

�
�
j�2̧

k�2

wk

�3
�� 6

r2
wj�1

�
v2
c � 2vcQ 1

λptq

	
we proceed as in the case of vc, to get

�Bttwc � Brrwc � 1

r
Brwc � 4wc

r2
� χ¥1p r

gptqq
�
B2
tQ 1

λptq
� 6vc

r2

�
1�Q2

1
λptq
prq
	


�
6
�
Q 1

λptq
� vc

	
r2

w2
c �

2

r2
w3
c �

6

r2
wc

�
v2
c � 2vcQ 1

λptq

	
This will be useful for us in the next section.

11.7 Choosing λptq
Let

F4pt, rq �
�

1� χ¥1p r

gptqq

�

B2
tQ 1

λptq
prq � 6vcpt, rq

r2

�
1�Q2

1
λptq
prq
	


� χ¤1p2r
t
q

�����6

�
1�Q2

1
λptq
prq



r2
wcpt, rq

��� (11.33)
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F5pt, rq �
�

1� χ¤1p2r
t
q

�����6

�
1�Q2

1
λptq
prq



r2
wcpt, rq

��� (11.34)

where we recall that χ¤1 was defined in (11.13). If we substitute upt, rq � Q 1
λptq
prq � vcpt, rq �

wcpt, rq � vpt, rq into (8.1), we get

� Bttv � Brrv � 1

r
Brv � 2

r2

�
1� 3Q 1

λptq
prq2

	
v

� F4pt, rq � F5pt, rq � 2v3

r2
�

6
�
Q 1

λptq
prq � vc � wc

	
v2

r2

� 6v

r2

��
vc �Q 1

λptq
� wc

	2

�Q2
1
λptq



11.7.1 Estimates on F5

We will now show that F5 decays sufficiently quickly in sufficiently many norms, so that we do
not need to include it in the modulation equation for λ. By directly substituting the estimates of the
previous sections into the definition of F5, we get: there exists C ¡ 0 such that for all λ satisfying
(11.4), we have

||F5pt, Rλptqq||L2pRdRq ¤ Cλptq3
t5 logb�2ptq (11.35)

||L�L pF5pt, Rλptqqq ||L2pRdRq ¤ Cλptq5 log2ptq
gptq2 logbptqt5 (11.36)

11.7.2 Solving the modulation equation

Now, we will choose λptq so that

xF4pt, Rλptqq, φ0pRqyL2pRdRq � 0

This equation can be re-written in the form

xBttQ 1
λptq

� 6

r2
v1

�
1�Q2

1
λptq
prq
	���
r�Rλptq

, φ0pRqyL2pRdRq

� x 6

r2

8̧

k�2

vk

�
1�Q2

1
λptq
prq
	���
r�Rλptq

, φ0pRqyL2pRdRq

� xχ¥1pRλptq
gptq q

�
BttQ 1

λptq
� 6

r2
vc

�
1�Q2

1
λptq
prq
	
���

r�Rλptq
, φ0pRqyL2pRdRq

� xχ¤1p2Rλptq
t

q
r2

6
�

1�Q2
1
λptq
prq
	
wcpt, rq

���
r�Rλptq

, φ0pRqyL2pRdRq

(11.37)

The main result of this section is
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Proposition 11.1. There exists T3 ¡ 0 such that for all T0 ¥ T3, there exists a solution, λ (which
is of the form (11.4)) to (11.37), for t ¥ T0. In addition, λptq P C4prT0,8qq, and satisfies

λptq � λ0ptq p1� eptqq
where

|eptq| ¤ C

logδ�δ2ptq , |ekptq| ¤

$''&''%
C

tk log1�δ�δ2 ptq , k � 1, 2
C

t3 logb�δ4 ptq , k � 3
C

t4 logb�δ5 ptq , k � 4

where δ, δ2 are defined in (11.1), (11.2), respectively, and δ4, δ5 ¡ 0.

We start by computing the left-hand side of (11.37). Firstly, we have

xBttQ 1
λptq

���
r�Rλptq

, φ0pRqyL2pRdRq � 2λ2ptq
3λptq

Next, we start by noting that

6 p1�Q2
1pRqq

R2λptq2 φ0pRq � 24R2

λptq2p1�R2q4
Then, we use

24

λptq2
» 8

0

R3J2pξRλptqqdR
p1�R2q4 � ξ3λptq

2
K1pξλptqq

(which follows from combining integral identities of [7]) to get the following. By the representa-
tion of v1 in terms of its Hankel transform of order 2, noted in previous sections, the choice of xv1,1,
and the sin transform inversion formula, we get

x� 6

r2
v1

�
1�Q2

1
λptq
prq
	���
r�Rλptq

, φ0pRqyL2pRdRq � �2λ20ptq
3λ0ptq � Ev1,ippt, λptqq

where

Ev1,ippt, λptqq �
�λptq

2

» 8

0

sinptξqxv1,1pξqξ3

�
K1pξλptqq � 1

ξλptq


dξ

� λptq
2

» 8

0

cosptξq
t3

B3
ξ

�xv1,1pξqξ3

�
K1pξλptqq � 1

ξλptq




dξ

Using the symbol-type estimates on xv1,1, asymptotics of the modified Bessel function of the second
kind, (11.4), and the observation (11.15) we get

|Ev1,ippt, λptqq| ¤
C logptq
t5{2

(where the power of t in the denominator could be improved, but is sufficient for our purposes).
On the other hand, we have

8̧

k�2

|vkpt, rq| ¤
$&%

C
2n0
1 r2

t2 log2bptq , r ¤ t
2

C
2n0
1

log2bptq , r ¡ t
2
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and this gives

|vsippt, λptqq| ¤ C

t2 log2bptq
where

vsippt, λptqq � x 6

r2

8̧

k�2

vk

�
1�Q2

1
λptq
prq
	���
r�Rλptq

, φ0pRqyL2pRdRq

Using our estimates from previous sections, we get

|linippt, λptqq| ¤ C

t2 logbptq log2pb�2εqptq
where

linippt, λptqq :� xχ¥1pRλptq
gptq q

�
BttQ 1

λptq
� 6

r2
vc

�
1�Q2

1
λptq
prq
	
���

r�Rλptq
, φ0pRqyL2pRdRq

and we recall the definition of g: gptq � λptq logb�2εptq. Next, for j ¥ 3, we use the estimates on
wj given in (11.30), to get

|wc,ippt, λptqq| ¤ C

t2

�
1

log3b�4ε�1ptq �
1

log5b�8ε�2ptq



where

wc,ippt, λptqq � xχ¤1p2Rλptq
t

q
r2

6
�

1�Q2
1
λptq
prq
	
wcpt, rq

���
r�Rλptq

, φ0pRqyL2pRdRq

Substituting λptq � λ0ptq p1� eptqq , e P B1p0q � X (where we recall (11.4) and (11.3)) into
(11.37), we get

e2ptq � 2λ10ptq
λ0ptq e

1ptq � 3Gpt, λ0ptq p1� eptqqq
2

p1� eptqq (11.38)

where
Gpt, λptqq � vsippt, λptqq � linippt, λptqq � wc,ippt, λptqq � Ev1,ippt, λptqq

Let B :� B1p0q � X . Our goal is to solve (11.38) for e P B using a fixed point argument. So, we
define T on B by

T peqptq �
» 8

t

1

λ0pxq2
» 8

x

3

2
λ0psq2Gps, λ0psq p1� epsqqq p1� epsqq dsdx

Combining our estimates above, we get

|Gpt, λ0ptq p1� eptqqq| ¤ C

t2 log1�δptq
where we recall the definition of δ in (11.1). This gives

|
» 8

x

3

2
λ0psq2Gps, λ0psq p1� epsqqq p1� epsqq ds| ¤ C

» 8

x

λ0psq2ds
s2 log1�δpsq
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Then, we integrate by parts to get» 8

x

λ0psq2ds
s2 log1�δpsq �

λ0pxq2
x log1�δpxq �

» 8

x

1

s

�
2λ0psqλ10psq

log1�δpsq � pδ � 1qλ0psq2
s logδ�2psq



ds

Therefore,

|
» 8

x

λ0psq2ds
s2 log1�δpsq | ¤ C

λ0pxq2
x log1�δpxq �

�
C

logbpxq �
C

logpxq

» 8

x

λ0psq2ds
s2 log1�δpsq

So, there exists T2 ¡ T1 � T0,p, and C ¡ 0 such that, for all x ¥ T2,

|
» 8

x

λ0psq2ds
s2 log1�δpsq | ¤ C

λ0pxq2
x log1�δpxq (11.39)

So, for all T0 ¥ T2, we have

|T peq1ptq| ¤ C

t logδ�1ptq , t ¥ T0

|T peqptq| ¤ C

» 8

t

dx

x logδ�1pxq ¤
C

logδptq , t ¥ T0

and
|T peq2ptq| ¤ C

t2 log1�δptq , t ¥ T0

In particular, T : B Ñ B. Now, we will study the Lipshitz properties of T . We recall that vsip
depends on λ. To emphasize the dependence of vk on λ, we will write vk � vλk . Similarly, we
denote the previously defined functions RHSk by RHSλk . Our goal is to understand the Lipshitz
(in e) dependence of vsippt, λ0ptq p1� eptqqq and Ev1,ippt, λ0ptq p1� eptqqq, for e P B. For i � 1, 2,
let ei P B, and let λiptq � λ0ptq p1� eiptqq. Let

F pr, λptqq �

�
1�Q2

1p r
λptqq

	
φ0p r

λptqq
r2λptq2 r

Then,

vsippt, λptqq � 6

» 8

0

8̧

k�2

vλk pt, rqF pr, λptqqdr

We start with

|B2F pr, λptqq| ¤ Cr3λptq
pr2 � λptq2q4 , |F pr, λptqq| ¤ Cr3λptq2

pr2 � λptq2q4

To understand the Lipshitz (in e) dependence of vλ0p1�eqk , we start by noting that vλ12 � vλ22 solves
the following equation with 0 Cauchy data at infinity.�

�Btt � Brr � 1

r
Br � 4

r2


�
vλ12 � vλ22

� � 6v1pt, rq2
r2

�
Q 1

λ1
ptqprq �Q 1

λ2ptq
prq
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There exists an absolute constant C such that, for all e P B we have

C�1λ0ptq ¤ λ0ptq| p1� eptqq | ¤ Cλ0ptq, t ¥ T0

Using this, we get

|Q 1
λ1ptq

prq �Q 1
λ2ptq

prq| ¤ C|λ2ptq � λ1ptq|λ0ptq
r2

and this gives

||RHSλ12 ps, rq �RHSλ22 ps, rq||L2prdrq ¤ C|λ2psq � λ1psq|λ0psq
s3 log2bpsq

Using the procedure of (11.16), and the estimate (11.39), we get

|vλ12 � vλ22 |pt, rq ¤ C||e1 � e2||X
t logδ�δ2ptq

λ0ptq2
t log2bptq , r ¥ 0, t ¥ T0

Then, a similar induction procedure used to construct vs shows that there exists C2,m0, T3 ¡ T2

such that, for t ¥ T3,

|vλ1j � vλ2j |pt, rq ¤
Cm0j

2 ||e1 � e2||Xλ0ptq2
t2 logbj�δ�δ2ptq , j ¥ 2

(The main difference between the procedure used to establish the above estimates, and that used to
construct vs is that here, we need only inductively prove estimates on RHSλ1j � RHSλ2j , and use
the procedure of (11.16) to estimate vλ1j � vλ2j ). The above estimates imply that, if T0 ¥ T3 (which
we will assume from now on) then, we have

8̧

k�2

|vλ1k � vλ2k |pt, rq ¤
C||e1 � e2||Xλ0ptq2
t2 log2bptq logδ�δ2ptq , t ¥ T0, r ¥ 0

This gives

|vsippt, λ1ptqq � vsippt, λ2ptqq| ¤ C||e1 � e2||X
t2 log2bptq logδ�δ2ptq , t ¥ T0

Again using properties of the modified Bessel function of the second kind, we get

|Ev1,ippt, λ1ptqq � Ev1,ippt, λ2ptqq| ¤ C
||e1 � e2||X logptq
t5{2 logδ�δ2ptq

Next, we estimate linippt, λ1ptqq � linippt, λ2ptqq. We start by noting that

|χ¥1p r

g1ptqq � χ¥1p r

g2ptqq| ¤
C||e1 � e2||X1tr¥ g0ptq

4
u

logδ�δ2ptq
Next, we let

Fspr, λptq, λ1ptq, λ2ptqq �
BttQ1p r

λptqqφ0p r
λptqq

λptq2
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Then, we use

Fspr, λ1ptq, λ11ptq, λ21ptqq � Fspr, λ2ptq, λ12ptq, λ22ptqq

�
» 1

0

DFspr, λσptqq � pλ1ptq � λ2ptq, λ11ptq � λ12ptq, λ21ptq � λ22ptqq dσ

where DFs denotes the gradient in the last three arguments of Fs, and

λσptq � pσλ1ptq � p1� σqλ2ptq, σλ11ptq � p1� σqλ12ptq, σλ21ptq � p1� σqλ22ptqq

This gives

|Fspr, λ1ptq, λ11ptq, λ21ptqq � Fspr, λ2ptq, λ12ptq, λ22ptqq|

¤ C||e1 � e2||Xλ0ptq2r4

t2 logδ�δ2ptqpr2 � λ0ptq2q4
�

1

logbptq �
1

logptq



Then, we use our estimates above, and recall that b ¡ 2
3

to conclude

|linippt, λ1ptqq � linippt, λ2ptqq| ¤ C||e1 � e2||X
t2 logδ�δ2ptq

�
1

logbptq �
1

logptq



1

log2b�4εptq

To studywc,ippt, λ1ptqq�wc,ippt, λ2ptqq, we will need to estimatewλ1k �wλ2k , where we use the same
notational convention as we used for vk. For later use, let giptq � logb�2εptqλiptq, i � 0, 1, 2.
We start with k � 2. We split WRHSλ12 �WRHSλ22 as follows. We define

WRHS2,lip,0pt, rq

:� χ¥1p r

g2ptqq
�
B2
tQ1p r

λ1ptqq � B2
tQ1p r

λ2ptqq �
6vλ2c pt, rq

r2

�
Q2

1p
r

λ2ptqq �Q2
1p

r

λ1ptqq




�
�
χ¥1p r

g1ptqq � χ¥1p r

g2ptqq

�

B2
tQ 1

λ1ptq
prq � 6vλ1c pt, rq

r2

�
1�Q2

1p
r

λ1ptqq




and
WRHS2,lip,1pt, rq � WRHSλ12 pt, rq �WRHSλ22 pt, rq �WRHS2,lip,0pt, rq

and write wλ12 pt, rq � wλ22 pt, rq � w2,lip,0pt, rq � w2,lip,1pt, rq, where w2,lip,j solves the following
equation with 0 Cauchy data at infinity.

�Bttw2,lip,j � Brrw2,lip,j � 1

r
Brw2,lip,j � 4

r2
w2,lip,j � WRHS2,lip,j

The point of this splitting is that we will need to use a more complicated procedure to estimate
w2,lip,0, since too many logarithmic losses in estimates are insufficient for our purposes. We have

|WRHS2,lip,1pt, rq| ¤
C||e1 � e2||X1tr¥ g0ptq

4
uλ0ptq4

t2 logδ�δ2ptq log2bptqpg0ptq2 � r2q2
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Using the analog of (11.28), and a similar procedure used to estimate various integrals arising in
the w2 estimates above, we get

|w2,lip,1pt, rq| ¤ C||e1 � e2||Xλ0ptq4 logptq
t2 logδ�δ2ptq log2bptqg0ptq2

, r ¡ 0

In particular, the procedure used to estimate w2,lip,1 does not involve any derivatives of
WRHS2,lip,1, which is why we did not need to prove any estimates on derivatives of vλ1c � vλ2c .
(Note that vλ1c � vλ2c arises in some terms of WRHS2,lip,1). Next, we note that

|BrWRHS2,lip,0pt, rq| � |WRHS2,lip,0pt, rq|
r

¤ C1tr¥ g0ptq
4

u

�
rλ0ptq2||e1 � e2||X

t2 logδ�δ2ptqpr2 � λ0ptq2q2

�

1

logbptq �
1

logptq



� C1tr¥ g0ptq
4

u
λ0ptq2||e1 � e2||X

logδ�δ2ptqpλ0ptq2 � r2q2

$&%
r

t2 logbptq , r ¤ t
2

1?
r
?
xt�ry logbpxt�ryq , r ¡ t

2

and

|B2
rWRHS2,lip,0pt, rq|

¤ C1tr¥ g0ptq
4

u
λ0ptq2||e1 � e2||X

t2 logδ�δ2ptqpr2 � λ0ptq2q2
�

1

logbptq �
1

logptq



�
C1tr¥ g0ptq

4
uλ0ptq2||e1 � e2||X

logδ�δ2ptqpλ0ptq2 � r2q2

$&%
1

t2 logbptq , r ¤ t
2

1

r3{2
?
xt�ry logbpxt�ryq , r ¡ t

2

� C
1tr¥ g0ptq

4
uλ0ptq2||e1 � e2||X

logδ�δ2ptqpr2 � λ0ptq2q2

$''&''%
1

t2 logbptq , r ¤ t
2#

1?
r logbpxt�ryqxt�ry3{2 � 1

txt�ry logbptq logbpxt�ryq , t ¡ r ¡ t
2

1?
r logbpxt�ryqxt�ry3{2 � 1

t3{2 logbptq , r ¡ t
2

(Note that we have two estimates on B2
rvc, valid in overlapping regions, which is what gives rise

to the form of the estimates recorded above). Using the same procedure that we used to estimate
Bkrw2 for k � 0, 1, 2, we get

|w2,lip,0pt, rq| ¤
$&%

Cr2λ0ptq2 logp2� r
g0ptq q logptq||e1�e2||X

t2pg0ptq2�r2q logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¤ t

2

Cλ0ptq2||e1�e2||X
t2 logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¡ t

2

|Brw2,lip,0pt, rq| ¤
$&%

Crλ0ptq2 logptq||e1�e2||X
t2g0ptq2 logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¤ g0ptq

Cλ0ptq2 logptq||e1�e2||X
t2g0ptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¡ g0ptq

|B2
rw2,lip,0pt, rq| ¤ Cλ0ptq2 logptq||e1 � e2||X

t2g0ptq logδ�δ2ptq

�
1

logbptq �
1

logptq


, r ¡ 0
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Next, we consider wλ13 � wλ23 , and define WRHS3,lip,0 by

WRHS3,lip,0pt, rq

:�
6
�
Q 1

λ1

� vλ1c

	
r2

w2,lip,0

�
wλ12 � wλ22

�� 2

r2
w2,lip,0

�pwλ12 q2 � wλ12 w
λ2
2 � pwλ22 q2�

� 6

r2
w2,lip,0

�
pvλ1c q2 � 2vλ1c Q 1

λ1

	
As before, we also define

WRHS3,lip,1pt, rq :� WRHSλ13 pt, rq �WRHSλ23 pt, rq �WRHS3,lip,0pt, rq

and, for j � 0, 1, we let w3,lip,j solve the following equation with 0 Cauchy data at infinity.

�Bttw3,lip,j � Brrw3,lip,j � 1

r
Brw3,lip,j � 4

r2
w3,lip,j � WRHS3,lip,j

Noting the similarities between WRHS3,lip,0 and WRHS3, we get

|WRHS3,lip,0pt, rq| ¤
$&%

Cr2λ0ptq2 logp2� r
g0ptq q logptq||e1�e2||X

pg0ptq2�r2qt4 logbptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¤ t

2

Cλ0ptq2||e1�e2||X
t5{2r3{2 logbptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¡ t

2

|BrWRHS3,lip,0pt, rq| ¤ ||e1 � e2||X
logδ�δ2ptq

�
1

logbptq �
1

logptq


�

$''&''%
Crλ0ptq2 logptq
g0ptq2t4 logbptq , r ¤ g0ptq
Cλ0ptq2 logptq
t4 logbptqg0ptq , g0ptq ¤ r ¤ t

2
Cλ0ptq2 logptq

t5{2 logbptqr3{2g0ptq , r ¡ t
2

|B2
rWRHS3,lip,0pt, rq| ¤ ||e1 � e2||X

logδ�δ2ptq

�
1

logbptq �
1

logptq


�
#

Cλ0ptq2 logptq
t4 logbptqg0ptq2 , r ¤ t

2
Cλ0ptq2 logptq

t5{2r3{2 logbptqg0ptq2 , r ¡ t
2

The same procedure used to estimate w3 then gives

|w3,lip,0pt, rq| ¤
$&%

Cr2λ0ptq2 logptq||e1�e2||X
t2g0ptq2 logbptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¤ g0ptq

Cλ0ptq2 log2ptq||e1�e2||X
t2 logbptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¡ g0ptq

|Brw3,lip,0pt, rq| ¤
$&%

Crλ0ptq2 logptq||e1�e2||X
t2g0ptq2 logbptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¤ g0ptq

Cλ0ptq2 logptq||e1�e2||X
t2 logbptqg0ptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¡ g0ptq

|Brrw3,lip,0pt, rq| ¤ Cλ0ptq2 logptq||e1 � e2||X
t2g0ptq2 logbptq logδ�δ2ptq

�
1

logbptq �
1

logptq


, r ¡ 0
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Next, we note that

|WRHS3,lip,1pt, rq| ¤ C||e1 � e2||Xλ0ptq4
logδ�δ2ptq

$&% logptq
t4 log3bptqg0ptq2 �

logp2� r
g0ptq q logptq

t4 log2bptqpg0ptq2�r2q , r ¤ t
2

logptq
t5{2 log3bptqg0ptq2r3{2 �

log2ptq
r3{2t5{2 log2bptqt2 , r ¡ t

2

After applying the procedure of (11.16), we get

|w3,lip,1pt, rq| ¤ C||e1 � e2||Xλ0ptq4 logptq
t2 log3bptq logδ�δ2ptqg0ptq2

Then, we define, for j ¥ 4,

WRHSj,lip,0pt, rq

:�
6
�
Q 1

λ2ptq
� vλ2c

	
r2

�
wj�1,lip,0pwλ1j�1 � wλ2j�2q � 2

j�2̧

k�2

wk,lip,0w
λ1
j�1 � 2

j�2̧

k�2

wλ2k wj�1,lip,0

�

� 2

r2

�
wj�1,lip,0

�pwλ1j�1q2 � wλ1j�1w
λ2
j�1 � pwλ2j�1q2

�� 3wj�1,lip,0pwλ1j�1 � wλ2j�1q
j�2̧

k�2

wλ1k

� 3pwλ2j�1q2
j�2̧

k�2

wk,lip,0 � 3wj�1,lip,0

�
j�2̧

k�2

wλ1k

�2

�3wλ2j�1

�
j�2̧

k�2

wk,lip,0

��
j�2̧

q�2

�
wλ1q � wλ2q

���� 6wj�1,lip,0

r2

�
pvλ1c q2 � 2vλ1c Q 1

λ1

	
and

WRHSj,lip,1pt, rq :� WRHSλ1j pt, rq �WRHSλ2j pt, rq �WRHSj,lip,0pt, rq

As with previous estimates, all estimates which we will prove by induction are valid for all t ¥
T0, provided that T0 is sufficiently large. We will no longer explicitly write this after each such
estimate. By using a similar procedure used to estimate wj by induction, we get, for some constant
C3 ¥ C2, and all j ¥ 4,

|wj,lip,0pt, rq| ¤ ||e1 � e2||X
logδ�δ2ptq

�
1

logbptq �
1

logptq

$&%

Cj3r
2λ0ptq2 log2ptq

t2g0ptq2 logbpj�2qptq , r ¤ g0ptq
C3λ0ptq2 log2ptq
t2 logbpj�2qptq , r ¡ g0ptq

|Brwj,lip,0pt, rq| ¤
$&%

Cj3rλ0ptq2 log2ptq||e1�e2||X
t2g0ptq2 logbpj�2qptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¤ g0ptq

Cj3λ0ptq2 log2ptq||e1�e2||X
t2 logbpj�2qptqg0ptq logδ�δ2 ptq

�
1

logbptq � 1
logptq

	
, r ¡ g0ptq

|B2
rwj,lip,0pt, rq| ¤

Cj
3λ0ptq2 log2ptq||e1 � e2||X

t2g0ptq2 logbpj�2qptq logδ�δ2ptq

�
1

logbptq �
1

logptq


, r ¡ 0
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Using a procedure similar to that used to estimate vλ1j � vλ2j , we get

|wj,lip,1pt, rq| ¤ Cj
3 ||e1 � e2||Xλ0ptq4 logptq
t2 logbjptq logδ�δ2ptqg0ptq2

Finally, this gives

|wc,ippt, λ1ptqq � wc,ippt, λ2ptqq| ¤ C||e1 � e2||Xλ0ptq2 logptq
t2g0ptq2 logδ�δ2ptq

�
1

logbptq �
1

logptq



When combined with our previous estimates, we get

|Gps, λ1psqq �Gps, λ2psqq| ¤ C||e1 � e2||X
logδ�δ2ptqt2 log1�δ3ptq

where
δ3 � mint2b� 4ε� 1, 3b� 4ε� 2u

Note that δ3 ¡ 0, by the constraints on ε. This implies that there exists a constant C independent
of T0 such that, for all e1, e2 P B, and all t ¥ T0,

||T pe1q � T pe2q||X ¤ C||e1 � e2||X
logδ3pT0q

Combined with our previous estimates of T peq (and its derivatives) for e P B, we see that there
exists T4 ¡ T3 such that, for all T0 ¥ T4, T has a fixed point, say e0 P B. By inspection of
the definition of T , this means that λptq � λ0ptq p1� e0ptqq solves (11.37). From now on, we fix
λptq � λ0ptq p1� e0ptqq.

11.7.3 Estimating λ3

In this section, we will show that e0 P C3prT0,8qq, and estimate e30 ptq. Estimating e30 ptq will be
done in two steps, exactly as in [26]. First, we obtain a preliminary estimate on e30 ptq by differen-
tiating an appropriate expression for e20ptq(see (11.41) below). Once we establish this preliminary
estimate, we can differentiate WRHSjpt, rq in the t variable, and this allows us to justify a dif-
ferent representation formula for Btwj than what was used to establish (11.31). With this different
representation formula for Btwj , we then proceed to prove an estimate on e30 ptq which is stronger
than our preliminary estimate. As a by-product of this procedure, we obtain an estimate on Btwj
which is much better than (11.31), in the region r ¤ t.

From (11.37), e0 solves

e20ptq �
2λ10ptq
λ0ptq e

1
0ptq �

3

2
Gpt, λptqq p1� e0ptqq (11.40)

We start with (11.40), written in the following form.

e20ptq �
2λ10ptq
λ0ptq e

1
0ptq � i0ptqe20ptq �

3

2
Grestpt, λptqqp1� e0ptqq
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where

i0ptq � 3

2
λ0ptq

» 8

0

χ¥1p r

gptqq
4r2λptq

pλptq2 � r2q2
φ0p r

λptqqrdr
λptq2 p1� e0ptqq

Grestpt, λptqq � Gpt, λptqq � 2i0ptqe20ptq
3p1� e0ptqq

There exists a constant C, independent of t, T0, such that

|i0ptq| ¤ C

log2pb�2εqptq
So, there exists an absolute constant T5 ¡ T4 such that, for all T0 ¡ T5, we have (for instance)
|i0ptq| ¤ 1

900000
. Then,

e20ptq �
3
2
Grestpt, λptqq p1� e0ptqq � 2λ10ptq

λ0ptq e
1
0ptq

1� i0ptq (11.41)

Because vs, ws P C2prT0,8q� r0,8qq, the right-hand side of (11.41) is in C1prT0,8qq. In partic-
ular, e0 P C3prT0,8qq. We will now estimate the t-derivative of the right-hand side of (11.41). We
have

vs,ippt, λptqq �
» 8

0

6

r2

8̧

k�2

vkpt, rq
�

1�Q2
1p

r

λptqq


φ0p r

λptqq
rdr

λptq2
which gives

|Btvs,ippt, λptqq| ¤ C

t3 log2bptq
Next, we have

|Bt
�» 8

0

χ¥1p r

gptqq
�

4r2pλ1ptqq2pr2 � 3λptq2q
pr2 � λptq2q3 � 6vcpt, rq

r2

�
1�Q 1

λptq
prq
	


φ0p r

λptqq
rdr

λptq2


|

¤ Cλptq2
t3 logbptqgptq2

|i10ptq| ¤
Cλ0ptq2
tgptq2

�
1

logbptq �
1

logptq



|Bt
�
i0ptq pλ20ptq p1� e0ptqq � 2λ10ptqe10ptqq

p1� e0ptqqλ0ptq


| ¤ Cλ0ptq2

t3 logbptqgptq2
Using the same procedure used to estimate Ev1,ip, we get

|BtEv1,ippt, λptqq| ¤
C logptq
t7{2

Using (11.31), we get

|Btwc,ippt, λptqq| ¤ C logptq
t2 logbptqgptq
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As mentioned before, once we obtain a preliminary estimate on e30 , we will be able to prove a
much stronger estimate on e30 , via improving (11.31). This gives

|BtGrestpt, λptqq| ¤ C logptq
t2 logbptqgptq

which leads to the following preliminary estimate on e40 .

|e30 ptq| ¤
C logptq

t2 logbptqgptq (11.42)

Now that we have this preliminary estimate on e30 , we can prove a better estimate on Btwj . We start
with Btw2. We get

|BtWRHS2pt, rq| ¤ C
|χ¥1p r

gptqq|
logbptq

�
1

logbptq �
1

logptq



r2λptq2
t3pr2 � λptq2q2

� Cχ¥1p r

gptqq

$'&'%
r2λptq2

t3 logbptqpr2�λptq2q2 �
r2λptq2|e30 ptq|
pr2�λptq2q2 , r ¤ t

2

λptq2
r2t2

�
1?

xt�ry?r logbpxt�ryq �
1

t logbptq � t2|e30 ptq|


, r ¡ t

2

|BtrWRHS2pt, rq|

¤ C
1tr¥ gptq

2
u

logbptq

�
1

logbptq �
1

logptq



rλptq2
t3pr2 � λptq2q2

� C1tr¥ gptq
2
u

$''''&''''%
rλptq2

pr2�λptq2q2
�

1
t3 logbptq � |e30 ptq|

	
, r ¤ t

2

λptq2
r3t2

�
1?

xt�ry?r logbpxt�ryq �
1

t logbptq � t2|e30 ptq|



�λptq2
r4

�
1?

r logbpxt�ryqxt�ry3{2 � 1
txt�ry logbpxt�ryq logbptq

	
, t ¡ r ¡ t

2

|BtrrWRHS2pt, rq| ¤ C
1tr¥ gptq

2
u

logbptq

�
1

logbptq �
1

logptq



λptq2
t3pr2 � λptq2q2

� C1tr¥ gptq
2
u

$&%
λptq2

pr2�λptq2q2
�

1
t3 logbptq � |e30 ptq|

	
, r ¤ t

2

λptq2
r4
?
t logbpxt�ryqxt�ry5{2 �

λptq2|e30 ptq|
r4

, t ¡ r ¡ t
2

Now that we have the preliminary estimate on e30 , we can justify the analog of step 4 for Btw2,
and carry out the same procedure, to get

|Btw2pt, rq| ¤

$'&'%
Cr2λptq2 logp2� r

gptq q logptq
pgptq2�r2q

�
1

t3 logbptq �
supx¥tp|e30 pxq|x3{2q

t3{2

	
, r ¤ t

2

C

�
λptq2

t5{2
?
xt�ry logbpxt�ryq �

supx¥tpx3{2|e30 pxq|qλptq2
t3{2



log2ptq, t ¡ r ¡ t

2
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|Btrw2pt, rq| ¤

$'''&'''%
Crλptq2 logptq

gptq2
�

1
t3 logbptq �

supx¥tpx3{2|e30 pxq|q
t3{2

	
, r ¤ gptq

Cλptq2
logbpxt�ryqt5{2xt�ry3{2 �

Cλptq2 supx¥tpx3{2|e30 pxq|q
t5{2

�Cλptq2 logptq
gptq

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2

	
, gptq   r   t

|Btrrw2pt, rq| ¤ Cλptq2 logptq
gptq2

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2



� Cλptq2
t5{2 logbpxt� ryqxt� ry5{2

Now that we have the above estimates, we proceed to estimate Btwj in the region r ¤ t. We
start with

|BtWRHS3pt, rq| ¤

$'&'%
Cr2λptq2 logp2� r

gptq q logptq
t2 logbptqpgptq2�r2q

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2

	
, r ¤ t

2

Cλptq2 log2ptq
r3{2t1{2 logbptq

�
1

t5{2
?
xt�ry logbpxt�ryq �

supx¥tpx3{2|e30 pxq|q
t3{2



, t ¡ r ¡ t

2

|BtrWRHS3pt, rq| ¤

$''''''&''''''%

Crλptq2 logptq
t2 logbptqgptq2

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2

	
, r ¤ gptq

Cλptq2 logptq
t2 logbptqgptq

�
supx¥tpx3{2|e30 pxq|q

t3{2 � 1
t3 logbptq

	
, t

2
¡ r ¡ gptq

Cλptq2
r2 logbptq

�
log2ptq

logbpxt�ryqt5{2xt�ry3{2 �
logptq
gptq

�
supx¥tpx3{2|e30 pxq|q

t3{2 � 1
t3 logbptq

		
� Cλptq2 logptq
r5{2t2 logbptqgptq logbpxt�ryq

?
xt�ry , t ¡ r ¡ t

2

|BtrrWRHS3pt, rq| ¤ Cλptq2 logptq
t2 logbptqgptq2

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2



� Cλptq2
t2 logbptqt5{2 logbpxt� ryqxt� ry5{2 , r ¤ gptq

|BtrrWRHS3pt, rq| ¤ Cλptq2 logptq
t2 logbptqgptq2

�
supx¥tpx3{2|e30 pxq|q

t3{2
� 1

t3 logbptq



,

t

2
¡ r ¡ gptq

|BtrrWRHS3pt, rq| ¤ C

r2 logbptq
λptq2 logptq

gptq2
�

1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2



� Cλptq2 logptq
r5{2t2 logbptqgptq2 logbpxt� ryqaxt� ry

� Cλptq2 log2ptq
r5{2t2 logbptqgptq logbpxt� ryqxt� ry3{2

� Cλptq2 log2ptq
r5{2t2 logbptq logbpxt� ryqxt� ry5{2 , t ¡ r ¡ t

2
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Then, we use the same observation regarding Btw3 as we made for Btw2 in this section, to get

|Btw3pt, rq| ¤
$&%Cr

2
�

λptq2 logptq
t3 log2bptqgptq2 �

λptq2 logptq supx¥tpx3{2|e30 pxq|q
logbptqgptq2t3{2

	
, r ¤ gptq

Cλptq2 log2ptq
logbptqt5{2

?
xt�ry logbpxt�ryq �

Cλptq2 log2ptq supx¥tpx3{2|e30 pxq|q
t3{2 logbptq , t ¡ r ¡ gptq

(11.43)

|Btrw3pt, rq|

¤

$'''&'''%
Cr
�

λptq2 logptq
t3 log2bptqgptq2 �

λptq2 logptq supx¥tpx3{2|e30 pxq|q
logbptqgptq2t3{2

	
, r ¤ gptq

C

�
λptq2 logptq
gptq logbptq

supx¥tpx3{2|e30 pxq|q
t3{2 � λptq2 log2ptq

logbptq logbpxt�ryqt5{2xt�ry3{2 �
λptq2 logptq

t5{2
?
xt�ry logbpxt�ryq logbptqgptq



, t ¡ r ¡ gptq

and

|Btrrw3pt, rq

¤

$'''&'''%
C
�

λptq2 logptq
t3 log2bptqgptq2 �

λptq2 logptq supx¥tpx3{2|e30 pxq|q
logbptqgptq2t3{2

	
, r ¤ gptq

Cλptq2 logptq
logbptqgptq2

supx¥tpx3{2|e30 pxq|q
t3{2 � λptq2 logptq

t5{2 logbptq logbpxt�ryq
?
xt�ry

�
1

gptq2 � logptq
gptqxt�ry � logptq

xt�ry2
	

, t ¡ r ¡ gptq

Using an argument similar to that used to establish (11.30), etc., we get, after a lengthy com-
putation, that there exists C4 ¡ max 1, Cp

2 , such that, for all j ¥ 4,

|Btwjpt, rq| ¤

$'''&'''%
Cj4r

2λptq2 log2ptq
gptq2

�
1

t3 logbpj�1qptq �
supx¥tpx3{2|e30 pxq|q
t3{2 logbpj�2qptq

	
, r ¤ gptq

Cj
4λptq2 log2ptq

�
1

t5{2
?
xt�ry logbpxt�ryq logbpj�2qptq �

supx¥tpx3{2|e30 pxq|q
t3{2 logbpj�2qptq



, t ¡ r ¡ gptq

|Btrwjpt, rq| ¤

$''''&''''%
Cj4rλptq2 log2ptq

gptq2
�

1
t3 logbpj�1qptq �

supx¥tpx3{2|e30 pxq|q
t3{2 logbpj�2qptq

	
, r ¤ gptq

Cj4λptq2 log2ptq
gptq

�
1

t5{2
?
xt�ry logbpxt�ryq logbpj�2qptq �

supx¥tpx3{2|e30 pxq|q
t3{2 logbpj�2qptq



� Cj4λptq2 log2ptq

logbpj�2qptq logbpxt�ryqt5{2xt�ry3{2 , t ¡ r ¡ gptq

|Btrrwjpt, rq| ¤

$''''&''''%
Cj4λptq2 log2ptq

gptq2
�

1
t3 logbpj�1qptq �

supx¥tpx3{2|e30 pxq|q
t3{2 logbpj�2qptq

	
, r ¤ gptq

Cj4λptq2 log2ptq
gptq2

�
1

t5{2
?
xt�ry logbpxt�ryq logbpj�2qptq �

supx¥tpx3{2|e30 pxq|q
t3{2 logbpj�2qptq



� Cj4λptq2 log2ptq
t5{2 logbpj�2qptq logbpxt�ryq

?
xt�ry

�
1

gptqxt�ry � 1
xt�ry2

	
, t ¡ r ¡ gptq
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Finally, this gives

|Btwcpt, rq| ¤
8̧

k�2

|Btwkpt, rq|

¤

$''''''''&''''''''%

Cr2λptq2 logptq
gptq2

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2

	
, r ¤ gptq

Cλptq2
�

logp2� r
gptqq � logptq

logbptq

	
logptq

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2

	
, gptq   r   t

2
Cλptq2 log2ptq

logbptqt5{2
?
xt�ry logbpxt�ryq � Cλptq2 log2ptq

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2

	
, t

2
  r   t

Using this estimate, we then get

|Btwc,ippt, λptqq| ¤ C

�
1

t3 logbptq �
supx¥tpx3{2|e30 pxq|q

t3{2



�
�

1

log2b�4ε�1ptq �
1

log4b�8ε�1ptq �
1

log5b�8ε�2ptq



Let

δ3 � mint2b� 4ε� 1, 4b� 8ε� 1, 5b� 8ε� 2, bu
Combining our previous estimates gives

|BtGrestpt, λptqq| ¤ C

t3 logb�δ3ptq �
C supx¥tpx3{2|e30 pxq|q

t3{2 logδ3ptq
If δ4 � mintδ3, 1� δ � δ2u, then (for C independent of t, T0),

|e30 ptq| ¤
C

t3 logb�δ4ptq �
C supx¥tpx3{2|e30 pxq|q

t3{2 logδ3ptq , t ¥ T0 (11.44)

Recalling the preliminary estimate, (11.42), we see that x ÞÑ x3{2|e30 pxq| is a continuous function
on rT0,8q, which decays at infinity. Therefore, for each t ¥ T0, there exists yptq ¥ t such that

sup
x¥t

px3{2|e30 pxq|q � yptq3{2|e30 pyptqq|

But then, for any t1 ¡ T0, we evaluate (11.44) at the point t � ypt1q, and get

ypt1q3{2|e30 pypt1qq| � sup
x¥t1

px3{2|e30 pxq|q ¤
C

ypt1q3{2 logb�δ4pypt1qq
� C supx¥ypt1qpx3{2|e30 pxq|q

logδ3pypt1qq

¤ C

t
3{2
1 logb�δ4pt1q

� C supx¥t1px3{2|e30 pxq|q
logδ3pt1q

where we used
t ÞÑ sup

x¥t
px3{2|e30 pxq|q is decreasing, and ypt1q ¥ t1
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Therefore, there exists M2 ¡ 0, C ¡ 0, independent of T0 such that for all t1 ¡M2, we have

|e30 pt1q| ¤
C

t31 logb�δ4pt1q
Since e0 P C3prT0,8qq, we conclude that there exists C ¡ 0 independent of T0 such that

|e30 ptq| ¤
C

t3 logb�δ4ptq , t ¥ T0

which completes the proof of the final estimate on e30 .

11.7.4 Estimating λ4

By inspection of (11.41), e0 P C4prT0,8qq. Our goal in this section will be to estimate e40 . From
(11.41), we get

|e40 ptq| ¤ C

�
|B2
t pGrestpt, λptqqp1� e0ptqqq | � |B2

t

�
λ10ptqe10ptq
λ0ptq



| � |i20ptqe20ptq| � |i10ptqe30 ptq|



� C|i10ptq|

�
|BtpGrestpt, λptqq p1� e0ptqqq| � |Bt

�
λ10ptqe10ptq
λ0ptq



| � |i10ptqe20ptq|




Then, we note

|B2
t vsippt, λptqq| ¤

C

t4 log2bptq

|B2
t

��2

3

i0ptq pλ20ptq p1� e0ptqq � 2λ10ptqe10ptqq
p1� e0ptqqλ0ptq



| ¤ Cλptq2

gptq2t4 logbptq

|i20ptq| ¤
Cλptq2
gptq2t2

�
1

logbptq �
1

logptq



|B2
t

�» 8

0

χ¥1p r

gptqq
�

4r2λ1ptq2pr2 � 3λptq2q
pr2 � λptq2q3 � 6vc

r2

�
1�Q2

1p
r

λptqq




φ0p r

λptqq
rdr

λptq2


|

¤ Cλptq2
gptq2t4 logbptq

Using a similar procedure used to estimate Ev1,ip, we get

|B2
tEv1,ippt, λptqq| ¤

C logptq
t9{2

Finally, we have the preliminary estimate

|B2
twc,ippt, λptqq| ¤

C logptq
�

1� logptq
logbptq

	
t2gptq2 logbptq
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In total, this gives the preliminary estimate

|e40 ptq| ¤
C logptq

�
1� logptq

logbptq

	
t2gptq2 logbptq

As before, we now start to record a better estimate on B2
twj than what was previously obtained,

using a procedure which is justified by the preliminary estimate. We start with

|B2
tWRHS2pt, rq| ¤

C1tr¥ gptq
2
uλptq2

pg2 � r2q

�
|e40 ptq| �

#
1

t4 logbptq , r ¤ t
2

1
r5{2 logbpxt�ryqxt�ry3{2 , t ¡ r ¡ t

2

�

|BttrWRHS2pt, rq| ¤ C

$&%
1
tr¥ gptq2 u

λptq2

pr2�gptq2qr

�
1

t4 logbptq � |e40 ptq|
	
, r ¤ t

2

λptq2|e40 ptq|
r3

� λptq2
r9{2xt�ry5{2 logbpxt�ryq , t ¡ r ¡ t

2

|BttrrWRHS2pt, rq| ¤ C

$&%
1
tr¥ gptq2 u

λptq2

r2pr2�gptq2q

�
1

t4 logbptq � |e40 ptq|
	
, r ¤ t

2

λptq2|e40 ptq|
r4

� λptq2
r9{2xt�ry7{2 logbpxt�ryq , t ¡ r ¡ t

2

which gives

|B2
tw2pt, rq| ¤

$&%
Cr2λptq2 logp2� r

gptq q logptq
pgptq2�r2q

�
1

t4 logbptq �
supx¥tpx3{2|e40 pxq|q

t3{2

	
, r ¤ t

2

Cλptq2
�

1
t4 logbptq �

supx¥tpx3{2|e40 pxq|q
t3{2

	
log2ptq � Cλptq2

t5{2xt�ry3{2 logbpxt�ryq , t ¡ r ¡ t
2

|Bttrw2pt, rq|

¤

$''&''%
Crλptq2 logptq

gptq2
�

1
t4 logbptq �

supx¥tpx3{2|e40 pxq|q
t3{2

	
, r ¤ gptq

Cλptq2 logptq
gptq

�
1

t4 logbptq � |e40 ptq|
	
� Cλptq2

�
1

t5{2xt�ry5{2 logbpxt�ryq �
supx¥tpx3{2|e40 pxq|q

t5{2

	
, t ¡ r ¡ gptq

|Bttrrw2pt, rq| ¤ Cλptq2 logptq
gptq2

�
1

t4 logbptq �
supx¥tpx3{2|e40 pxq|q

t3{2



� Cλptq2
t5{2 logbpxt� ryqxt� ry7{2

|B2
tWRHS3pt, rq| ¤ C

$&%
λptq2r2 logp2� r

gptq q logptq
t2 logbptqpgptq2�r2q

�
1

t4 logbptq �
supx¥tpx3{2|e40 pxq|q

t3{2

	
, r ¤ t

2

λptq2 log2ptq supx¥tpx3{2|e40 pxq|q
t2 logbptqt3{2 � λptq2 log2ptq

t9{2 logbptq logbpxt�ryqxt�ry3{2 , t ¡ r ¡ t
2

|BttrWRHS3pt, rq| ¤

$''''''''&''''''''%

Crλptq2 logptq
t6 log2bptqgptq2 �

Cλptq2r logptq supx¥tpx3{2|e40 pxq|q
t2 logbptqgptq2t3{2 , r ¤ gptq

Cλptq2 logptq
t2 logbptqgptq

�
1

t4 logbptq �
supx¥tpx3{2|e40 pxq|q

t3{2

	
, gptq   r   t

2

Cλptq2 logptq
t9{2xt�ry3{2 logbptq logbpxt�ryqgptq �

Cλptq2
t5xt�ry2 log2bpxt�ryq

�Cλptq2 logptq
gptqr2 logbptq

�
1

t4 logbptq �
supx¥tpx3{2|e40 pxq|q

t3{2

	
� Cλptq2
t9{2xt�ry5{2 logbptq logbpxt�ryq ,

t
2
  r   t
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|BttrrWRHS3pt, rq| ¤ C

$'''''&'''''%

λptq2 logptq
t6 log2bptqgptq2 �

λptq2 logptq supx¥tpx3{2|e40 pxq|q
t2 logbptqgptq2t3{2 , r ¤ t

2

λptq2 logptq
t9{2xt�ry5{2 logbptq logbpxt�ryqgptq �

Cλptq2 logptq supx¥tpx3{2|e40 pxq|q
t2 logbptqgptq2t3{2

� Cλptq2
t9{2xt�ry7{2 logbptq logbpxt�ryq �

Cλptq2 logptq
t9{2gptq2 logbptqxt�ry3{2 logbpxt�ryq

� Cλptq2 log2ptq
t9{2xt�ry7{2 logbpxt�ryq logbptq , t ¡ r ¡ t

2

and these give

|B2
tw3pt, rq| ¤

$&%Cr2
�

λptq2 logptq
t4gptq2 log2bptq �

λptq2 logptq supx¥tpx3{2|e40 pxq|q
t3{2 logbptqgptq2

	
, r ¤ gptq

Cλptq2 log2ptq supx¥tpx3{2|e40 pxq|q
logbptqt3{2 � Cλptq2 log2ptq

t5{2xt�ry3{2 logbptq logbpxt�ryq , t ¡ r ¡ gptq

|Bttrw3pt, rq| ¤

$''&''%
Cr
�

λptq2 logptq
t4gptq2 log2bptq �

λptq2 logptq supx¥tpx3{2|e40 pxq|q
t3{2 logbptqgptq2

	
, r ¤ gptq

Cλptq2 logptq supx¥tpx3{2|e40 pxq|q
t3{2gptq logbptq � Cλptq2 logptq

logbptqgptqt5{2xt�ry3{2 logbpxt�ryq
� Cλptq2

logbptq logbpxt�ryqt5{2xt�ry5{2 , t ¡ r ¡ gptq

|Bttrrw3pt, rq| ¤

$''&''%
C
�

λptq2 logptq
t4gptq2 log2bptq �

λptq2 logptq supx¥tpx3{2|e40 pxq|q
t3{2 logbptqgptq2

	
, r ¤ gptq

Cλptq2 logptq supx¥tpx3{2|e40 pxq|q
logbpgqgptq2t3{2 � Cλptq2 logptq

t5{2xt�ry5{2 logbptq logbpxt�ryqgptq
� Cλptq2 logptq
t5{2gptq2 logbptqxt�ry3{2 logbpxt�ryq �

Cλptq2 log2ptq
t5{2xt�ry7{2 logbpxt�ryq logbptq , t ¡ r ¡ gptq

Then, using an induction argument similar to that used to estimate Btwj , we get that there exists
C5 ¡ C4 � Cp

2 such that, for all j ¥ 4,

|B2
twjpt, rq| ¤

$&%C
j
5r

2
�

λptq2 log2ptq
t4gptq2 logbpj�1qptq �

λptq2 log2ptq supx¥tpx3{2|e40 pxq|q
t3{2 logbpj�2qptqgptq2

	
, r ¤ gptq

Cj5λptq2 log2ptq
logbpj�2qptq

supx¥tpx3{2|e40 pxq|q
t3{2 � Cj5λptq2 log2ptq

t5{2xt�ry3{2 logbpj�2qptq logbpxt�ryq , t ¡ r ¡ gptq

|Bttrwjpt, rq| ¤

$''&''%
Cj

5r
�

λptq2 log2ptq
t4gptq2 logbpj�1qptq �

λptq2 log2ptq supx¥tpx3{2|e40 pxq|q
t3{2 logbpj�2qptqgptq2

	
, r ¤ gptq

Cj5λptq2 log2ptq supx¥tpx3{2|e40 pxq|q
t3{2gptq logbpj�2qptq � Cj5λptq2 log2ptq

logbpj�2qptqt5{2xt�ry3{2 logbpxt�ryq

�
1
gptq � 1

xt�ry

	
, t ¡ r ¡ gptq

|Bttrrwjpt, rq|

¤

$''&''%
Cj

5

�
λptq2 log2ptq

t4gptq2 logbpj�1qptq �
λptq2 log2ptq supx¥tpx3{2|e40 pxq|q

t3{2gptq2 logbpj�2qptq

	
, r ¤ gptq

Cj5λptq2 log2ptq supx¥tpx3{2|e40 pxq|q
logbqpj�2qptqgptq2t3{2 � Cj5λptq2 log2ptq

t5{2xt�ry3{2 logbpj�2qptq logbpxt�ryq

�
1

xt�rygptq � 1
gptq2 � 1

xt�ry2
	

, t ¡ r ¡ gptq
This leads to the improved estimate

|B2
twc,ippt, λptqq| ¤

C logptq
t4 log3b�4εptq �

C logptq supx¥tpx3{2|e40 pxq|q
log2b�4εptqt3{2

which, when combined with our previous estimates from this section, yields

|e40 ptq| ¤
C

t4 logb�δ5ptq �
C supx¥tpx3{2|e40 pxq|q

log2b�4ε�1ptqt3{2
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where
δ5 � mintb, 2b� 4ε� 1u

Repeating the argument used to estimate e30 , we conclude that there exists C ¡ 0, independent of
T0 such that

|e40 ptq| ¤
C

t4 logb�δ5ptq , t ¥ T0

11.7.5 Symbol-Type estimates on F4

Our goal will be to establish symbol-type estimates on F4 in the region r ¤ t
2
. In order to obtain

these estimates, we first have to obtain improved estimates on Brwc, B2
rwc, and Btrwc in the region

t
2
¡ r ¡ gptq. So, we start with the following lemma.

Lemma 11.8. We have the following symbol-type estimates on wc. For 0 ¤ j, k ¤ 2, j � k ¤ 2,

tjrk|Bkr Bjtwcpt, rq| ¤
$&%

Cr2λptq2 logptq
t2gptq2 logbptq , r ¤ gptq
Cλptq2 logptq
t2 logbptq

�
logp2� r

gptqq � logptq
logbptq

	
, gptq   r   t

2

(11.45)

Proof. First, we recall that w2pt, rq �
³8
t
dsw2,spt, rq, where w2,s solves$'&'%

�Bttw2,s � Brrw2,s � 1
r
Brw2,s � 4

r2
w2,s � 0

w2,sps, rq � 0

Btw2,sps, rq � WRHS2ps, rq
Therefore, since t   s, we expect to obtain better decay for p�Bt � Brqw2,s than what we would
have for simply Brw2,s. We compute Btw2 by starting with (11.29), and differentiating under the
integral sign. The key point we will use to obtain our estimate is that, for a differentiable function
g, and s� t ¡ 0, 2π ¡ θ ¡ 0, and q, r ¡ 0, we have

� Bt
�
gp
a
r2 � q2ps� tq2 � 2rqps� tq cospθqq

	
� g1p

a
r2 � q2ps� tq2 � 2rqps� tq cospθqq ps� tqq2 � rq cospθqa

r2 � ps� tq2q2 � 2rqps� tq cospθq
and

Br
�
gp
a
r2 � q2ps� tq2 � 2rqps� tq cospθqq

	
� g1p

a
r2 � q2ps� tq2 � 2rqps� tq cospθqq r � qps� tq cospθqa

r2 � ps� tq2q2 � 2rqps� tq cospθq
So,

p�Bt � Brq
�
gp
a
r2 � q2ps� tq2 � 2rqps� tq cospθqq

	
� g1p

a
r2 � q2ps� tq2 � 2rqps� tq cospθqq pps� tqq � rq p1� cospθqqa

r2 � q2ps� tq2 � 2rqps� tq cospθq
� g1p

a
r2 � q2ps� tq2 � 2rqps� tq cospθqq pq � 1q ps� tqq � r cospθqa

r2 � ps� tq2q2 � 2rqps� tq cospθq

336



For ease of notation, and later use, we introduce the following vectors in R2:

x � re1, y � qps� tqpcospθq, sinpθqq

So, the above can be written as

p�Bt � Brq pgp|x� y|qq � pg1p|x� y|q � |x� y|q pps� tqq � rq p1� cospθqq
r2 � q2ps� tq2 � 2rqps� tq cospθq

� g1p|x� y|q pq � 1q py � px� yq
|x� y|

� pg1p|x� y|q � |x� y|q pps� tqq � rq p1� cospθqq
pr � qps� tqq2 � 2rqps� tqp1� cospθqq

� g1p|x� y|q pq � 1q py � px� yq
|x� y|

(11.46)

We will apply this observation to the integrand of the representation formula for w2. The third line
of (11.46) has a gain of decay, as can be seen below. We note, for s� t, q, r ¡ 0, and 0   θ   2π,
that

pr � qps� tqq2 � 2rqps� tqp1� cospθqq ¡

$'&'%
Cr2, qps� tq   r

2

Crqps� tqp1� cospθqq, r
2
  qps� tq   2r

Cq2ps� tq2, 2r   qps� tq

Therefore,
pps� tqq � rq p1� cospθqq

pr � qps� tqq2 � 2rqps� tqp1� cospθqq ¤
C

maxtr, qps� tqu
Note that the factor 1� cospθq in the numerator of the above expression is crucial in obtaining this
estimate. On the other hand, the fourth line of (11.46) has the factor q � 1. The integrand of the
representation formula for w2 contains a factor of 1?

1�q2 . Therefore, the factor q � 1 cancels the

singularity of the integrand of the representation formula for w2, and we can obtain a gain of decay
for this term, by appropriately integrating by parts in q, as will be seen below. The decomposition
of (11.46), into one term which gains decay in r � qps� tq, and another, which vanishes at q � 1,
would not be possible if we only applied, for example, Br to w2.
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Letting ρ � qps� tq, we now have |x� y| �ar2 � ρ2 � 2rρ cospθq, like before, and we get

� p�Bt � Brqw2pt, rq

� 1

2π

» 8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2

» 2π

0

WRHS2ps, |x� y|q�
1� 2ρ2 sin2pθq

r2 � ρ2 � 2rρ cospθq


dθdρds

� 1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2» 2π

0

B2WRHS2ps, |x� y|q|x� y| �
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



�
� pr � ρqp1� cospθqq
pr2 � ρ2 � 2rρ cospθqq



dθdρds

� 1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

WRHS2ps, |x� y|q 4ρ2 sin2pθq
ps� tqpr2 � ρ2 � 2rρ cospθqqdθdρds

� 1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

WRHS2ps, |x� y|q 2ρ2 sin2pθq
pr2 � ρ2 � 2rρ cospθqq2

� 2pr � ρqp1� cospθqqdθdρds

� 1

2π

» 8

t

» s�t
0

ρ

?
s� t� ρ?
s� t� ρ

» 2π

0

1

ps� tqBρ
�
WRHS2ps,

a
r2 � ρ2 � 2rρ cospθqq

�
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq




dθdρds

� 1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

WRHS2ps, |x� y|q

� �4ρ sin2pθq
pr2 � ρ2 � 2rρ cospθqq

�
ρ

s� t
� 1



dθdρds

We split the s integration into two regions, one with s� t ¤ r
8
, and another, with s� t ¥ r

8
. In the

region with s� t ¤ r
8
, we have ρ ¤ s� t ¤ r

8
, and can proceed roughly as we did when previously

estimating Brw2. On the other hand, in the region s� t ¥ r
8
, we use our previous observations, and
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integrate by parts in the fifth line of the above expression to get

| p�Bt � Brqw2pt, rq| ¤ C

» t� r
8

t

» s�t
0

ρ

ps� tqaps� tq2 � ρ2

» 2π

0

|WRHS2ps, |x� y|q|dθdρds

� C

» t� r
8

t

» s�t
0

ρaps� tq2 � ρ2» 2π

0

�
|B2WRHS2ps, |x� y|q| � |WRHS2ps, |x� y|q|

|x� y|


dθdρds

� C

» 8

t� r
8

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

p |B2WRHS2ps, |x� y|q| � |x� y|
pr � ρq

�|WRHS2ps, |x� y|q|
pr � ρq



dθdρds

� C

» 8

t� r
8

» s�t
0

» 2π

0

1

ps� tq |WRHS2ps, |x� y|q|dθdρds

Finally, the third and fourth lines of the above expression shows the gain we obtain when applying
�Bt � Br to w2. Using a procedure similar to that used to estimate w2, we get

|Brw2pt, rq| ¤
$&%

Cλptq2 logp2� r
gptq q logptq

t2 logbptq
?
r2�gptq2 , t

2
¡ r ¡ gptq

Cλptq2 log2ptq
t5{2
?
xt�ry logbpxt�ryq , t ¡ r ¡ t

2

(11.47)

Using our previously recorded estimate on Brw2 in the region r ¤ gptq, as well as our improved
estimate, (11.47) for t ¡ r ¡ gptq, we get

|BrWRHS3pt, rq| � |WRHS3pt, rq|
r

¤
$&%

Crλptq2 logptq logp2� r
gptq q

t4 log2bptqpr2�gptq2q , r ¤ t
2

Cλptq2 log2ptq
t9{2xt�ry logbptq logbpxt�ryq , t ¡ r ¡ t

2

We then use the same procedure as above to estimate p�Bt � Brqw3. Combining this with the final
estimate on Btw3, namely (11.43), we get

|Brw3pt, rq| ¤
$&%

Cλptq2 log2ptq
t3 log2bptq , gptq   r   t

2
Cλptq2 log2ptq

t5{2
?
xt�ry logbptq logbpxt�ryq ,

t
2
  r   t

With the same procedure used to estimate Brw3, and an induction argument similar to those previ-
ously used, we get: there exists C6 ¡ C4 � Cp

2 such that, for all j ¥ 4, we have

|Brwjpt, rq| ¤
$&%

Cj6λptq2 log2ptq
t3 logbpj�1qptq , gptq   r   t

2

Cj6λptq2 log2ptq
t5{2
?
xt�ry logbpj�2qptq logbpxt�ryq ,

t
2
  r   t
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Next, we will estimate Btrwj , for j ¥ 2. For this, we start with the formula

Btw2pt, rq

� �1

2π

» 8

t

» s�t
0

ρaps� tq2 � ρ2

» 2π

0

B1WRHS2ps,
a
r2 � ρ2 � 2rρ cospθqq

�
�

1� 2ρ2 sin2pθq
r2 � ρ2 � 2rρ cospθq



dθdρds

which was used when obtaining the final estimate on λ3, and which follows from the fact that Btw2

solves the same equation as w2 does, also with 0 Cauchy data at infinity, except with BtWRHS2 on
the right-hand side. Then, we estimate p�Bt � Brq Btw2 with the same argument used to estimate
p�Bt � Brqw2. Then, we repeat this argument for wj , for j ¥ 3, and get

|Btrw2pt, rq| ¤
$&%

Cλptq2 logptq logp2� r
gptq q?

r2�gptq2t3 logbptq , gptq   r   t
2

Cλptq2 log2ptq
t5{2xt�ry3{2 logbptq ,

t
2
  r   t

|Btrw3pt, rq| ¤
#
Cλptq2 log2ptq
t4 log2bptq , gptq   r ¤ t

2
Cλptq2 log2ptq

t5{2xt�ry3{2 logbptq logbpxt�ryq ,
t
2
¤ r   t

There exists C7 ¡ 3 pCp
2 � C4 � C5 � C6q such that for j ¥ 4, we have

|Btrwjpt, rq| ¤
$&%

Cj7λptq2 log2ptq
t4 logbpj�1qptq , gptq   r   t

2

Cj7λptq2 log2ptq
t5{2xt�ry3{2 logbpj�2qptq logbpxt�ryq ,

t
2
  r   t

Finally, we read off estimates on r2B2
rwj by inspection of the equation it solves, and our previous

estimates. This gives

|r2B2
rw2pt, rq| ¤

Cλptq2 logp2� r
gptqq logptq

t2 logbptq , gptq ¤ r ¤ t

2

|r2B2
rw3pt, rq| ¤ Cλptq2 log2ptq

t2 log2bptq , gptq ¤ r ¤ t

2

and, for j ¥ 4,

|r2B2
rwjpt, rq| ¤

Cj
7λptq2 log2ptq
t2 logbpj�1qptq , gptq ¤ r ¤ t

2

Combining all of our previous estimates, we get (11.45)

Then, we obtain, for 0 ¤ j, k ¤ 2, and j � k ¤ 2,

|rkBkr tjBjtF4pt, rq| ¤ C1tr¤gptqu
r2λptq2

t2 logbptqpλptq2 � r2q2

� C
1tr¤ t

2
uλptq2

pλptq2 � r2q2

$&%
r2λptq2 logptq
t2gptq2 logbptq , r ¤ gptq
λptq2 logptq
t2 logbptq

�
logp2� r

gptqq � logptq
logbptq

	
, gptq   r   t

2

(11.48)
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12 Solving the final equation (Yang-Mills)
Substituting upt, rq � Q 1

λptq
prq � vcpt, rq � wcpt, rq � vpt, rq into (8.1), we get

�Bttv � Brrv � 1

r
Brv � 2

r2

�
1� 3Q 1

λptq
prq2

	
v � F4pt, rq � F5pt, rq � F3pt, rq (12.1)

where F4 and F5 were defined in (11.33) and (11.34), and

F3pt, rq � 2vpt, rq3
r2

�
6
�
Q 1

λptq
prq � vcpt, rq � wcpt, rq

	
r2

vpt, rq2

� 6vpt, rq
r2

��
vcpt, rq �Q 1

λptq
prq � wcpt, rq

	2

�Q 1
λptq
prq2


 (12.2)

We will (formally) derive the equation for the distorted Fourier transform (as defined in [15]) of
an appropriate re-scaling of v. We will call this function y. Then, we will show that the equation
for y has a (weak) solution with enough regularity to rigorously justify the inverse of each step we
perform to derive its equation, thereby obtaining a (weak) solution to the original equation, (12.1).
We start by defining w by

vpt, rq � wpt, r

λptqq
c
λptq
r

and evaluate (12.1) at the point pt, Rλptqq. Then, we get

� Bttw � 2Rλ1ptq
λptq BtRw � λ1ptq

λptq Btw �R2

�
λ1ptq
λptq


2�
BRRw � 1

R
BRw � 3

4R2
w



�R

�
BRw � w

2R

	�λ2ptq
λptq � 2

�
λ1ptq
λptq


2
�
� 1

λptq2
�
BRRw � 24

p1�R2q2w � 15

4R2
w



�
?
R pF4pt, Rλptqq � F5pt, Rλptqq � F3pt, Rλptqqq

(12.3)

We will now use the distorted Fourier transform, described in [15]. Two important notational
differences are that we denote by rφ0 what is denoted by φ0 in that paper, and we use F to denote
the distorted Fourier transform, rather thanp�. So, we have

rφ0prq � r5{2

p1� r2q2 �
?
rφ0prq

We follow the notation of [15], which regards the distorted Fourier transform of f P L2pp0,8qq as

a two-component vector
�
a
gp�q
�

, where a � xf, rφ0yL2pdrq. We will use the transference operator,

K, of [15], and recall its definition as

FprBruq � �2ξBξFpuq �KpFpuqq
where �2ξBξ acts only on the second component of Fpuq. Then, for y defined by

Fpwqpt, ξq �
�

y0ptq
y1pt, ξ

λptq2 q
�
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we evaluate (12.3) at the point pt, ωλptq2q to get� �Btty0

�Btty1 � ωy1

�
� F2 � F

�?� pF3 � F4 � F5q pt, �λptqq
� �
ωλptq2� (12.4)

where

F2 � �
�
�λ1ptq
λptq

�
y10ptq

B1y1pt, ωq
�
� 3

4

�
λ1ptq
λptq


2 �
y0ptq
y1pt, ωq

�
� 1

2

�
y0ptq
y1pt, ωq

��
λ2ptq
λptq � 2

�
λ1ptq
λptq


2
�

� 2

�
λ1ptq
λptq



K
��

y10ptq
B1y1pt, �

λptq2 q
�


pωλptq2q � 2

�
λ1ptq
λptq


2

rK, ξBξs
��

y0ptq
y1pt, �

λptq2 q
�


pωλptq2q

�
�
λ1ptq
λptq


2

K
�
K
��

y0ptq
y1pt, �

λptq2 q
�



pωλptq2q � λ2ptq
λptq K

��
y0ptq

y1pt, �
λptq2 q

�

pωλptq2q

�

As in the definition of the transference operator, in the expression for F2, the operator ξBξ ap-

pearing in the term involving rK, ξBξs
��

y0ptq
y1pt, �

λptq2 q
�


only acts on the second component of�
y0ptq

y1pt, �
λptq2 q

�
. Also, the symbols pωλptq2q appearing after, for instance K

��
y0ptq

y1pt, �
λptq2 q

�

mean

that the second component of K
��

y0ptq
y1pt, �

λptq2 q
�


is evaluated at the point ωλptq2. (Recall that the

first component of K
��

y0ptq
y1pt, �

λptq2 q
�


is a real number, rather than a function of frequency).

12.1 The Iteration Space
We will now describe the space in which we plan to solve (12.4). We let pZ, || � ||Zq denote the

normed vector space defined as follows. Z is the set of elements
�
y0ptq
y1pt, ωq

�
where y0 : rT0,8q Ñ

R, and y1 is an (equivalence class) of measureable functions, y1 : rT0,8q � p0,8q Ñ R such that

y0ptq P C1
t prT0,8qq

y1pt, ωqt
2 logεptq
λptq xωλptq2y3{2aρpωλptq2q P C0

t prT0,8q, L2pdωqq

Bty1pt, ωqt
3 logεptq
λptq xωλptq2y

a
ρpωλptq2q P C0

t prT0,8q, L2pdωqq

and ||
�
y0

y1

�
||Z   8 where

||
�
y0

y1

�
||Z � sup

t¥T0

�
t2 logεptq|y0ptq|

λptq2 � logεptqλptqt2||y1pt, ωqxωλptq2y3{2||L2pρpωλptq2qdωq
λptq2

�t
3 logεptq|y10ptq|

λptq2 � t3 logεptqλptq||Bty1pt, ωqxωλptq2y||L2pρpωλptq2qdωq
λptq2


 (12.5)
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12.2 F2 estimates

We will now estimate F2, for all
�
y0

y1

�
P B1p0q � Z. We use Proposition 5.2 of [15], which states

that K and rK, ξBξs are bounded on L2,α
ρ , for all α P R, which, as defined in [15], has norm

||f ||2
L2,α
ρ

� |fp0q|2 �
» 8

0

|fpξq|2xξy2αρpξqdξ

Then, we proceed exactly as in [26], to get

|F2,0pxq| ¤ Cλpxq2
x4 logb�εpxq

λpxq||F2,1px, ωq||L2pρpωλpxq2qdωq ¤ Cλpxq2
x4 logb�εpxq

λpxq4||ωF2,1px, ωq||L2pρpωλpxq2qdωq ¤ C
λpxq3

x4 logb�εpxq
where we define F2,i by

F2 �
�
F2,0

F2,1

�

12.3 F3 estimates
The main result of this section is

Proposition 12.1. We have the following estimates

||F3pt, Rλptqq||L2pRdRq

¤ C

λptq2 p y0ptq2 � λptq2||y1pt, ωqxωλptq2y3{2||2L2pρpωλptq2qdωq � |y0ptq|3

� λptq3||y1pt, ωqxωλptq2y3{2||3L2pρpωλptq2qdωq
	

� C
�|y0ptq| � λptq||y1pt, ωqxωλptq2y3{2||L2pρpωλptq2qdωq

�
� ||2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqq
R2λptq2 ||L8R

(12.6)
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and

||L�LpF3pt, Rλptqqq||L2pRdRq

¤ C

�
py0ptqq2 � λptq2||y1pt, ωqxωλptq2y3{2||2L2pρpωλptq2qdωq

	
λptq2

�
C
�
|y0ptq|3 � λptq3||y1pt, ωqxωλptq2y3{2||3L2pρpωλptq2qdωq

	
λptq2

� C
�|y0ptq| � λptq||y1pt, ωqxωλptq2y3{2||L2pρpωλptq2qdωq

�
�
�
||2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqq
R2λptq2 ||L8R

� sup
R¥1

� |BR p2vcorrpt, RλptqqQ1pRq � v2
corrpt, Rλptqqq |

λptq2R2



� sup

R¥1

� |B2
R p2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqqq |
R2λptq2



� sup

R¤1

� |BR p2vcorrpt, RλptqqQ1pRq � v2
corrpt, Rλptqqq |

λptq2R



� sup
R¤1

� |B2
R p2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqqq |
λptq2





(12.7)

In addition, �
||2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqq
R2λptq2 ||L8R

� sup
R¥1

� |BR p2vcorrpt, RλptqqQ1pRq � v2
corrpt, Rλptqqq |

λptq2R2



� sup

R¥1

� |B2
R p2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqqq |
R2λptq2



� sup

R¤1

� |BR p2vcorrpt, RλptqqQ1pRq � v2
corrpt, Rλptqqq |

λptq2R



� sup
R¤1

� |B2
R p2vcorrpt, RλptqqQ1pRq � v2

corrpt, Rλptqqq |
λptq2




¤ C

t2 logbptq

(12.8)

Proof. Like in [26], it is convenient for us to introduce the operator L defined by

Lpfq � �f 1prq � 2

�
1� r2

1� r2



fprq
r

which has the formal adjoint on L2prdrq given by

L�pfq � f 1prq � 2

�
1� r2

1� r2



fprq
r

� fprq
r
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As noted in [28], L satisfies

L�Lpuqprq � �Brru� 1

r
Bru� 2

r2

�
1� 3Q1prq2

�
u

We start with a lemma similar to Lemma 5.1 of [26].

Lemma 12.1. There exists C ¡ 0 such that, for all
�
y0

y1pξq
�

with y1pξqxξy3{2 P L2pp0,8q, ρpξqdξq,
if v is given by

vprq � 1?
r
F�1

��
y0

y1

�

prq � y0

φ0prq
||φ0||2L2prdrq

�
» 8

0

φpr, ξq?
r
y1pξqρpξqdξ

then, Brv and v admit continuous extensions to r0,8q (which we also denote by Brv and v):

Brv, v P C0pr0,8qq

vp0q � Brvp0q � lim
rÑ8

vprq � lim
rÑ8

Brvprq � 0

||v||L2prdrq ¤ C
�|y0| � ||y1pξq||L2pρpξqdξq

�
(12.9)

||Lv||L2prdrq � ||
a
ξy1pξq||L2pρpξqdξq (12.10)

||L�Lv||L2prdrq � ||ξy1pξq||L2pρpξqdξq (12.11)

|vprq|
r2
axlogprqy ¤ C

�|y0| � ||y1pξqxξy3{2||L2pρpξqdξq
�
, r ¤ 1 (12.12)

|Lvprq| ¤ Cr
a
xlogprqy||y1pξqxξy3{2||L2pρpξqdξq, r ¤ 1 (12.13)

|L�Lvprq| ¤ C
a
xlogprqy||y1pξqxξy3{2||L2pρpξqdξq, 0   r ¤ 1 (12.14)

||v||L8 ¤ C||v||
9H1
e

(12.15)

||v||
9H1
e
¤ C

�||Lpvq||L2prdrq � ||v||L2prdrq
�

(12.16)

||Lv||L8 � ||Lv||
9H1
e
¤ C||L�Lv||L2prdrq (12.17)

Proof. The proof of this lemma is very similar to that of Lemma 5.1 of [26], but, we will include
a proof here for completeness. To establish (12.12), it suffices to estimate the following integral,
using the estimates on φpr, ξq, a, and ρ from section 4 of [15]. For r ¤ 1,

|
» 8

0

y1pξqφpr, ξq
r5{2

ρpξqdξaxlogprqy|

¤ Caxlogprqy

» 4
r2

0

|y1pξq|xξy3{2aρpξq
a
ρpξqdξ
xξy3{2 � C

» 8

4
r2

|y1pξq| � |apξq|ρpξqdξ
ξ1{4r5{2axlogprqy

¤ Caxlogprqy||y1pξqxξy3{2||L2pρpξqdξq

�» 4
r2

0

ρpξqdξ
xξy3

�1{2

� Caxlogprqy||y1pξqxξy3{2||L2pρpξqdξq
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The proofs of (12.13) and (12.14) are similar. The only new point to note is that Lpφ0q � 0,
which explains why there is no y0 term on the right-hand sides of these inequalities. Also, we use
the fact that the functions rφj (which appear in a representation formula of φpr, ξq) in [15] satisfy
symbol-type estimates. This is not directly stated in Proposition 4.5 of [15]. However, this fact can
be proven in a straightforward manner by noting that

rφjpuq � u�j rfjpuq, rf0puq � u2

p1� uq2 ,
rf1puq � �u3p2� uq

6p1� uq2

and then using an argument by induction to estimate rfj 1puq, given the representation formula of rfj
in terms of �fj�1 from [15]. The lemma statement regarding continuity of v and Brv is proven with
the Dominated convergence theorem, again using the estimates on φpr, ξq from section 4 of [15],
and with a similar argument as in [26]. The Dominated convergence theorem also shows that v and
Brv extend continuously to r0,8q with vp0q � Brvp0q � limrÑ8 vprq � limrÑ8 Brvprq � 0. The
inequality (12.9) follows directly from the L2 isometry property of F . To prove (12.13), we first
recall the conjugation of L�L used in [15], namely L, which satisfies

Lpuqprq � L�L
�
up�q?�



prq?r

and for which φpr, ξq are eigenfunctions. Using the Dominated convergence theorem, we have, for
r ¡ 0,

Lpvp�q?�qprq �
» 8

0

Lpφp�, ξqqprqy1pξqρpξqdξ �
» 8

0

ξφpr, ξqy1pξqρpξqdξ � F�1

��
0

ξy1pξq
�


prq

where we again emphasize that we regard the distorted Fourier transform as a two-component
vector, following [15]. We can now prove (12.11) using the L2 isometry property of F .

||ξy1pξq||L2pρpξqdξq � ||Lpvp�q?�qprq||L2pdrq � ||L�Lpvq||L2prdrq

Continuing the proof of (12.10), we have

xL �vp�q?�� prq, vprq?ryL2pdrq � xF�1

��
0

ξy1pξq
�


,F�1

��
y0

y1

�

prqyL2pdrq

� xξy1pξq, y1pξqyL2pρpξqdξq � ||
a
ξy1pξq||2L2pρpξqdξq

(12.18)

On the other hand,

xL �vp�q?�� prq, vprq?ryL2pdrq �
» 8

0

L�Lpvqprqvprqrdr

Recalling the assumptions of the lemma, and (12.9) and (12.11), which we have proven at this
point, we see that

L�Lpvqprqvprqr P L1pp0,8q, drq
Therefore, by the Dominated convergence theorem,» 8

0

vprqL�Lvprqrdr � lim
MÑ8

» 8

0

vprqL�Lvprqψ¤1p r
M
qrdr
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where

0 ¤ ψ¤1pxq ¤ 1, ψ¤1 P C8pRq, ψ1¤1pxq ¤ 0, ψ¤1pxq �
#

1, x ¤ 1
2

0, x ¥ 1

Then, we inspect integral which arises from the term Br in the expression for L�, and integrate by
parts once to get, for instance, for all M ¥ 1,» 8

0

vprqBrLvprqψ¤1p r
M
qrdr � �

» 8

0

LvprqBr
�
vprqψ¤1p r

M
qr
	
dr

� �
» 8

0

Lpvqprq
�
Brvprq � vprq

r



ψ¤1p r

M
qrdr �

» 8

0

Br ppvprqq2q
2

ψ1¤1p rM q
M

rdr

�
» 8

0

2

�
1� r2

1� r2



vprq2
r

ψ1¤1p rM q
M

rdr

For the integral below, we integrate by parts again, to get

|
» 8

0

Br ppvprqq2q
2

ψ1¤1p rM q
M

rdr| � | �
» 8

0

vprq2
2

�
ψ2¤1p rM q
M2

� ψ1¤1p rM q
Mr



rdr| ¤ C

M2
||v||2L2prdrq

In total, we have» 8

0

vprqL�Lvprqrdr � lim
MÑ8

» 8

0

vprqL�Lvprqψ¤1p r
M
qrdr � lim

MÑ8

» 8

0

pLvprqq2ψ¤1p r
M
qrdr

By the Monotone convergence theorem (recall that ψ1¤1pxq ¤ 0) we get» 8

0

pLvprqq2rdr �
» 8

0

vprqL�Lvprqrdr

Combining this with the observation (12.18), we get

||
a
ξy1pξq||2L2pρpξqdξq �

» 8

0

pLvprqq2rdr

which is (12.10). The inequality (12.16) is proven similarly to the analogous estimate in [26],
except that we will not need to use an approximation argument. From the lemma hypotheses, and
what we have established up to now, v P C1pr0,8qq X L2pp0,8q, rdrq, and Lv P L2pp0,8q, rdrq
with vp0q � limrÑ8 vprq � 0. So,

Lvprq � �v1prq � 2

r
vprq � vprq �

� �4r

1� r2



which shows that

�v1prq � 2

r
vprq � Lvprq � vprq �

� �4r

1� r2



P L2pp0,8q, rdrq (12.19)
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So, for any M ¡ 4,» M
1
M

p�v1prq � 2

r
vprqq2rdr �

» M
1
M

�
pv1prqq2 � 4

r2
vprq2



rdr � 2

» M
1
M

d

dr
ppvprq2qdr (12.20)

By the Dominated convergence theorem, and the observation (12.19), we have

lim
MÑ8

» M
1
M

p�v1prq � 2

r
vprqq2rdr �

» 8

0

p�v1prq � 2

r
vprqq2rdr

We then let M Ñ 8 in (12.20) and use the Monotone convergence theorem, to get» 8

0

�
pv1prqq2 � 4

r2
vprq2



rdr �

» 8

0

p�v1prq � 2

r
vprqq2rdr ¤ C

�
||Lv||2L2prdrq � ||v||2L2prdrq

	
where the last inequality follows from (12.19). This in particular, proves that v P 9H1

e , with the
estimate (12.16). The next inequality to prove, (12.15), is proven in the same way as in [26]. Since
v P C1pr0,8qq X 9H1

e , with vp0q � 0, we use the Fundamental theorem of calculus for v2, to get

vprq2 ¤ C

» r
0

|vprq|?
r
|Brv|

?
rdr ¤ C||v

r
||L2prdrq||Brv||L2prdrq ¤ C||v||2

9H1
e

The final estimate to prove is (12.17). If we have g P C1pr0,8qq X L2pp0,8q, rdrq, and L�g P
L2pp0,8q, rdrq with gp0q � limrÑ8 gprq � 0, then, we recall the definition of L�:

L�pfqprq � f 1prq � V prqfprq, where V prq �
2
�

1�r2
1�r2

	
r

� 1

r

For M ¡ 4,» M
1
M

pL�gq2 rdr �
» M

1
M

pg1prqq2rdr �
» M

1
M

pV prqq2gprq2rdr � 2

» M
1
M

V prq d
dr
pgprq2qr

2
dr

The last term in the expression above is

V prqgprq2r
���M

1
M

�
» M

1
M

pgprqq2 d
dr

pV prqrq dr

Letting M Ñ 8, we get

||L�g||2L2prdrq ¥ C lim
MÑ8

» M
1
M

�
pg1prqq2 � gprq2

r2



rdr

By the Monotone convergence theorem, we then get that g P 9H1
e , and

||g||
9H1
e
¤ C||L�g||L2prdrq
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Then, we can apply our previous estimate to get

||g||L8 ¤ C||g||
9H1
e
¤ C||L�g||L2prdrq (12.21)

Note that Lv does not quite satisfy all of the stated assumptions on g used in the preceding argu-
ment. Therefore, we define, for M ¥ 4,

vMprq � y0
φ0prq

||φ0||2L2prdrq
�
» 8

0

φpr, ξq?
r
y1pξqρpξqχ¤1p ξ

M
qdξ

As in the proof of Lemma 5.1 in [26], we verify, via the Dominated convergence theorem, that
LvM P C1pr0,8qq, and that LvM P L2pp0,8q, rdrq, L�LvM P L2pp0,8q, rdrq with LpvMqp0q �
limrÑ8 LpvMqprq � 0 Therefore, we have (12.21) for g � LvM . An approximation argument then
establishes (12.17).

We recall the definition of F3.

F3pt, rq � 2vpt, rq3
r2

�
6
�
Q 1

λptq
prq � vcpt, rq � wcpt, rq

	
r2

vpt, rq2

� 6vpt, rq
r2

��
vcpt, rq �Q 1

λptq
prq � wcpt, rq

	2

�Q 1
λptq
prq2



where v is given in terms of our previously defined function y, by

vpt, rq � y0ptq
φ0p r

λptqq
||φ0||2L2prdrq

�
» 8

0

y1pt, ξ

λptq2 qφp
r

λptq , ξq
c
λptq
r
ρpξqdξ

Now, we will record estimates on quantities associated to F3, for any
�
y0

y1

�
satisfying

y1pt, ωqxωλptq2y3{2 P L2pρpωλptq2qdωq. For ease of notation, we let

vcorrpt, rq � vcpt, rq � wcpt, rq

Using the identical procedure used in [26], and the above lemma, we get (12.6) and (12.7). The
estimate (12.8) follows directly from our estimates on vc and wc

12.4 F4 Estimates
Here, we will estimate certain oscillatory integrals applied to F4, for later use. First, we will need
an estimate related to the function ρ appearing in the spectral measure associated to the distorted
Fourier transform of [15]. Using the same procedure as we used in [26], and the estimates on ρ
following from Lemma 4.7 of [15], we get

ρpωλptq2q
ρpωλpxq2q ¤ Cmaxt λptq

4

λpxq4 , 1u (12.22)
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For ease of notation, we define F p?�F4 px, �λpxqqqi pωλpxq2q by

F
�?�F4 px, �λpxqq

� �
ωλpxq2� � �F p?�F4 px, �λpxqqq0 pωλpxq2q

F p?�F4 px, �λpxqqq1 pωλpxq2q
�

Later on, we will use this notation for F3 and F5 as well. Because F4px,Rλpxqq is orthogonal to
φ0pRq in L2pRdRq, we have

Fp?�F4px, �λpxqqqpωλpxq2q �
�

0
Fp?�F4px, �λpxqqq1pωλpxq2q

�
Now, we will prove the following lemma

Lemma 12.2. We have the following estimates

||λptq �ωλptq2�3{2
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqq1pωλpxq2qdx||L2pρpωλptq2qdωq ¤ Cλptq2
t2 logbptq

||λptq
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cλptq2
t2

�
1

log2b�2ε�1ptq �
1

log3b�2�2εptq �
1

log2εptq �
1

logbptq



||λptq

» 8

t

cosppt� xq?ωqFp?�F4px, �λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq

¤ C
λptq2
t3

�
1

logbptq �
1

log2εptq �
1

log2b�2ε�1ptq �
1

log3b�2�2εptq



||λptq �ωλptq2� » 8

t

cosppt� xq?ωqFp?�F4px, �λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cλptq2
t3

�
1

log2b�2ε�1ptq �
1

log3b�2ε�2ptq �
1

log2εptq �
1

logbptq



Proof. We start by estimating Fp?�F4px, �λpxqqq1pωλpxq2q, and use the same procedure we used
in [26]. For completeness, we will write out in detail the steps where we use the orthogonality of
F4px,Rλpxqq to φ0pRq in L2pRdRq. We have

Fp?�F4px, �λpxqqq1pωλpxq2q �
» 8

0

?
RF4px,RλpxqqφpR,ωλpxq2qdR

� 1

λpxq3{2
» 8

0

?
uF4px, uqφp u

λpxq , ωλpxq
2qdu

Using the descriptions of φpr, ξq given in [15], we divide into two regions: r2ξ ¤ 4 and r2ξ ¡ 4,
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and get

1

λpxq3{2
» 8

0

?
uF4px, uqφp u

λpxq , ωλpxq
2qdu

� 1

λpxq3{2
» 2?

ω

0

?
uF4px, uq rφ0p u

λpxqqdu

� 1

λpxq3{2
» 2?

ω

0

?
uF4px, uq

8̧

j�1

rφjp u2

λpxq2 q
u3{2 λpxq3{2pu2ωqjdu

� 2

λpxq3{2 Re

�» 8

2?
ω

?
uF4px, uqapωλpxq2qψ�p u

λpxq , λpxq
2ωqdu

�
(12.23)

We use the orthogonality of F4px,Rλpxqq to φ0pRq in L2pRdRq, as part of estimating

I :� 1

λpxq3{2
» 2?

ω

0

?
uF4px, uq rφ0p u

λpxqqdu �
1

λpxq2
» 2?

ω

0

F4px, uquφ0p u

λpxqqdu

We split into 4 cases, depending on the range of ω.

Case 1: ω   16
x2

. In this case, we use the orthogonality to get

I � 1

λpxq2
» 2?

ω

0

F4px, uquφ0p u

λpxqqdu � � 1

λpxq2
» 8

2?
ω

F4px, uquφ0p u

λpxqqdu � 0

where we used the support conditions on χ¥1pxq, and the fact that t
gptq ¡ 1600.

Case 2: 16
x2
  ω ¤ 4

gpxq2 . In this case, we again use the orthogonality to get

| 1

λpxq2
» 2?

ω

0

F4px, uquφ0p u

λpxqqdu| � | � 1

λpxq2
» 8

2?
ω

F4px, uqφ0p u

λpxqqudu|

¤ Cλpxq4 logpxq
x2 logbpxq ω2

�
logp2� 2?

ωgpxqq �
logpxq
logbpxq



Case 3: 4

gpxq2 ¤ ω ¤ 4
λpxq2 . Using the orthogonality, we get

| 1

λpxq2
» 2?

ω

0

F4px, uquφ0p u

λpxqqdu| � | � 1

λpxq2
» 8

2?
ω

F4px, uqφ0p u

λpxqqudu|

¤
Cλpxq4 logpxq

�
1� logpxq

logbpxq

	
x2 logbpxqgpxq4 � Cωλpxq2

x2 logbpxq
Case 4: 4

λpxq2 ¤ ω. Here, we do not need to use the orthogonality, and simply directly estimate

| 1

λpxq2
» 2?

ω

0

F4px, uquφ0p u

λpxqqdu| ¤
C

ω3λpxq6x2 logbpxq

351



To estimate the other two integrals of (12.23), we use the same procedure that we used in [26]. In
total, we get

λpxq||Fp
?�F4px, �λpxqqq1pωλpxq2q

ω
||L2pρpωλpxq2qdωq

¤ Cλpxq2
x2 logbpxq �

Cλpxq2
x2 log2εpxq �

Cλpxq2
x2 log2b�2ε�1pxq �

Cλpxq2
x2 log3b�2�2εpxq

(12.24)

which will be used later on. The first integral to estimate is

λptq �ωλptq2�3{2
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqq1pωλpxq2qdx
� �λptq4Fp?�F4pt, �λptqqq1pωλptq2q

?
ω

� λptq4
» 8

t

cosppt� xq?ωq?
ω

ωBx
�
Fp?�F4px, �λpxqqq1pωλpxq2q

�
dx

Using (12.10), we have

||λptq4Fp?�F4pt, �λptqqq1pωλptq2q
?
ω||L2pρpωλptq2qdωq � λptq2||LpF4pt, �λptqqq||L2pRdRq

Then, we use the symbol-type estimates on F4, namely (11.48), to get

||LpF4pt, �λptqqq||L2pRdRq ¤ C

t2 logbptq
which gives

||λptq4Fp?�F4pt, �λptqqq1pωλptq2q
?
ω||L2pρpωλptq2qdωq ¤ Cλptq2

t2 logbptq
Next, we note that

Bx
�
Fp?�F4px, �λpxqqq1pωλpxq2q

� � Fp?�Bx pF4px, �λpxqqqq1pωλpxq2q
� Fp?�F4px, �λpxqqq11pωλpxq2q2λpxqλ1pxqω

Then, we recall the transference identity of [15], which says

FpRBRuqpξq �
�

0
�2ξBξFpuq1

�
�KpFpuqqpξq

where we write

Fpuq �
�
Fpuq0
Fpuq1

�
This gives

||2λpxqλ1pxqωFp?�F4px, �λpxqqq11pωλpxq2q
?
ω||2L2pρpωλpxq2qdωq

¤ Cλ1pxq2
λpxq6

�
||FpRBRp

?
RF4px,Rλpxqqqqpξq||2

L
2, 12
ρ

� ||KpFp?�F4px, �λpxqqqqpξq||2
L
2, 12
ρ
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Then, we estimate

|xRBR
�?

RF4px,Rλpxqq
	
, rφ0yL2pdRq| ¤ C

x2 logbpxq
Next, we again use (12.10) to get

||FpRBRp
?
RF4px,Rλpxqqqq1pξqxξy1{2||2L2pρpξqqdξq

¤ C||Lp
?
RBRp

?
RF4px,Rλpxqqqq||2L2pRdRq � C||RBRp

?
RF4px,Rλpxqqq||2L2pdRq

Using (11.48), we get

||Lp
?
RBRp

?
RF4px,Rλpxqqqq||2L2pRdRq ¤

C

x4 log2bpxq

||RBRp
?
RF4px,Rλpxqqq||L2pdRq ¤ C

x2 logbpxq
which gives

||FpRBRp
?
RF4px,Rλpxqqqq1pξqxξy1{2||2L2pρpξqdξq ¤

C

x4 log2bpxq
Similarly

||Fp?�F4px, �λpxqqq||2
L
2, 12
ρ

¤ C

» 8

0

R|F4px,Rλpxqq|2dR � C

» 8

0

|LpF4px,Rλpxqqq|2RdR

¤ C

x4 log2bpxq
This finally gives

||2λpxqλ1pxqωFp?�F4px, �λpxqqq11pωλpxq2q
?
ω||2L2pρpωλpxq2qdωq ¤

Cλ1pxq2
x4λpxq6 log2bpxq

We again use (12.10), and (11.48) to get

||?ωFp?�Bx pF4px, �λpxqqqq1pωλpxq2q||L2pρpωλpxq2qdωq ¤ C

λpxq2 ||LpBxpF4px,Rλpxqqqq||L2pRdRq

¤ C

λpxq2x3 logbpxq
So, using Minkowski’s inequality and (12.22), we get

||λptq4
» 8

t

cosppt� xq?ωq?ωBx
�
Fp?�F4px, �λpxqqq1pωλpxq2q

�
dx||L2pρpωλptq2qdωq

¤ Cλptq4
» 8

t

�
1� λptq2

λpxq2



1

λpxq2x3 logbpxqdx ¤
Cλptq2
t2 logbptq
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where we obtained the last inequality using the same procedure that we used to treat the integral
(11.39). In total, we then obtain

||λptq �ωλptq2�3{2
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqq1pωλpxq2qdx||L2pρpωλptq2qdωq ¤ Cλptq2
t2 logbptq

The next integral to estimate is

λptq
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqq1pωλpxq2qdx

� �λptqFp
?�F4pt, �λptqqq1pωλptq2q

ω

� λptq
» 8

t

cosppt� xq?ωq
ω

Bx
�
Fp?�F4px, �λpxqq1pωλpxq2q

�
dx

(12.25)

We recall

Bx
�
Fp?�F4px, �λpxqqq1pωλpxq2q

� � Fp?�Bx pF4px, �λpxqqqq1pωλpxq2q
� Fp?�F4px, �λpxqqq11pωλpxq2q2λpxqλ1pxqω

This time, however, since the integrand of the third line of (12.25) has a factor of 1
ω

, we will directly
estimate Fp?�F4px, �λpxqqq11pξq, rather than using an argument based on the transference identity.
We have

Fp?�F4px, �λpxqqq11pωλpxq2q � IV � V

where

IV �
» 2?

ω

0

B2φp u

λpxq , ωλpxq
2q

?
u

λpxq3{2F4px, uqdu

V �
» 8

2?
ω

B2φp u

λpxq , ωλpxq
2q

?
u

λpxq3{2F4px, uqdu

then, we get

|IV | ¤

$'''''&'''''%

Cgpxq2
λpxq2x2 logbpxq �

C log3pxq
x2 logbpxq , ω   16

x2

Cgpxq2
λpxq2x2 logbpxq �

C logpxq logp2� 2?
ωgpxq q

x2 logbpxq

�
logp2� 2?

ωgpxqq � logpxq
logbpxq

	
, 16

x2
  ω ¤ 4

gpxq2
C

ωλpxq2x2 logbpxq ,
4

gpxq2   ω ¤ 4
λpxq2

C
x2 logbpxqλpxq8ω4 ,

4
λpxq2   ω

|V | ¤

$''''''&''''''%

0, ω ¤ 16
x2

C|apωλpxq2q| logpxq
�

logp2� 2?
ωgpxq q�

logpxq
logbpxq

	
x2 logbpxq , 16

x2
  ω   4

gpxq2
C|apωλpxq2q|

?
gpxq

ω3{4λpxq2x2 logbpxq ,
4

gpxq2   ω ¤ 4
λpxq2

C|apωλpxq2q|
?
gpxq

λpxq2ω3{4x2 logbpxq ,
4

λpxq2   ω
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In order to estimate

||Fp
?�BxpF4px, �λpxqqqq1pωλpxq2q

ω
||L2pρpωλpxq2qdωq

we note that BxpF4px,Rλpxqqq is still orthogonal to φ0pRq in L2pRdRq, and we recall our symbol
type estimates on F4, namely (11.48). These two observations, along with an inspection of the
procedure used to obtain (12.24) give

||Fp
?�BxpF4px, �λpxqqqq1pωλpxq2q

ω
||L2pρpωλpxq2qdωq

¤ Cλpxq
x3

�
1

log2b�2ε�1pxq �
1

log3b�2�2εpxq �
1

log2εpxq �
1

logbpxq



Therefore,

||λptq
» 8

t

cosppt� xq?ωq
ω

Bx
�
Fp?�F4px, �λpxqqq1pωλpxq2q

�
dx||L2pρpωλptq2qdωq

¤ Cλptq2
t2

�
1

log2b�2ε�1ptq �
1

log3b�2�2εptq �
1

log2εptq �
1

logbptq



which, when combined with (12.24), gives

||λptq
» 8

t

sinppt� xq?ωq?
ω

Fp?�F4px, �λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cλptq2
t2

�
1

log2b�2ε�1ptq �
1

log3b�2�2εptq �
1

log2εptq �
1

logbptq



The next integral to estimate is

λptq
» 8

t

cosppt� xq?ωqFp?�F4px, �λpxqq1pωλpxq2qdx

� �λptqBt pFp
?�F4pt, �λptqqq1pωλptq2qq

ω

� λptq
» 8

t

cosppt� xq?ωq
ω

B2
x

�
Fp?�F4px, �λpxqqq1pωλpxq2q

�
dx

First, we will estimate Fp?�F4px, �λpxqqq21pωλpxq2q, which is one of the terms arising in the ex-
pression B2

x pFp
?�F4px, �λpxqqq1pωλpxq2qq. We have

Fp?�F4px, �λpxqqq21pωλpxq2q � V I � V II

where

V I �
» 2?

ωλpxq

0

B2
2φpR,ωλpxq2q

?
RF4px,RλpxqqdR

V II �
» 8

2?
ωλpxq

B2
2φpR,ωλpxq2q

?
RF4px,RλpxqqdR
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We estimate V I directly, using (11.48), and estimates on φpr, ξq from [15]. This leads to

ω|V I| ¤

$'''''&'''''%

C log2pxq
x2 logbpxqλpxq2 , ω   16

x2

Cgpxq2
x2 logbpxqλpxq4

�
1� λpxq2

gpxq2 logpxq logp2� 2?
ωgpxqq

	
, 16

x2
  ω   4

gpxq2
C

λpxq2x2 logbpxq

�
1� 1

ωλpxq2
	
, 4

gpxq2   ω   4
λpxq2

C
λpxq10ω4x2 logbpxq ,

4
λpxq2   ω

On the other hand, to estimate V II , we will need to integrate by parts in R, when ω ¡ 4
λpxq2 ,

exactly like we needed to do in an analogous integral in [26]. In particular, we have

ω|V II| � 0, ω ¤ 16

x2

ω|V II| ¤ C|apωλpxq2q| logpxq
λpxq2x2 logbpxq

�
logp2� 2?

ωgpxqq �
logpxq
logbpxq



,

16

x2
  ω   4

gpxq2

ω|V II| ¤ C|apωλpxq2q|gpxq3{2
ω1{4λpxq4x2 logbpxq ,

4

gpxq2   ω   4

λpxq2
To estimate V II in the region ω ¡ 4

λpxq2 , we first use Lemma 4.7 of [15] to get, for R2ξ ¡ 4,

φpR, ξq � 2Re
�
apξqψ�pR, ξq�

and, using the properties of ψ� and a, we get

B2
2φpR, ξq � 2Re

�
apξq � �R2

4ξ5{4 eiR
?
ξσpR

a
ξ, Rq



� Err

where

|Err| ¤ C
|apξq|
ξ9{4 � C

|apξq|R
ξ7{4 , R2ξ ¥ 4

Then, we integrate by parts in R for the term

ω

» 8

2?
ωλpxq

�Re
�
apωλpxq2q

2

R2

ω5{4λpxq5{2 e
iRλpxq?ωσpR?ωλpxq, Rq


?
RF4px,RλpxqqdR

which arises as part of w � V II , exactly as we did in an analogous setting in [26]. This leads to

||ωV II||2L2pρpωλpxq2qdωq ¤
Cgpxq3

λpxq9x4 log2bpxq
which then leads to

|| � λptq
» 8

t

cosppt� xq?ωq
ω

� 4λpxq2λ1pxq2ω2Fp?�F4px, �λpxqqq21pωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cλptq2
t3 log

3b
2
�εptq
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The rest of the terms arising in the expression B2
x pFp

?�F4px, �λpxqqq1pωλpxq2qq can be treated by
using the symbol-type nature of the estimates (11.48), along with the fact that B2

xpF4px,Rλpxqqq is
still orthogonal to φ0pRq in L2pRdRq. This observation leads to

|| � λptq
» 8

t

cosppt� xq?ωq
ω

Fp?�B2
x pF4px, �λpxqqqq1pωλpxq2qdx||L2pρpωλptq2qdωq

¤ C
λptq2
t3

�
1

logbptq �
1

log2εptq �
1

log2b�2ε�1ptq �
1

log3b�2�2εptq



and this finally gives

||λptq
» 8

t

cosppt� xq?ωqFp?�F4px, �λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq

¤ C
λptq2
t3

�
1

logbptq �
1

log2εptq �
1

log2b�2ε�1ptq �
1

log3b�2�2εptq



The final integral to treat in this section is

λptq � ωλptq2 �
» 8

t

cosppt� xq?ωqFp?�F4px, �λpxqqq1pωλpxq2qdx
� �λptqλptq2Bt

�
Fp?�F4pt, �λptqqq1pωλptq2q

�
� λptq �

» 8

t

λptq2 cosppt� xq?ωqB2
x

�
Fp?�F4px, �λpxqqq1pωλpxq2q

�
dx

Here, most terms are treated exactly as previously. We will write out in detail how to estimate the
term λpxq4ω2Fp?�F4px, �λpxqqq21pωλpxq2q, which is part of B2

x pFp
?�F4px, �λpxqqq1pωλpxq2q, and

for which we use a slightly different argument than previously. We start with

λpxq4ω2Fp?�F4px, �λpxqqq21pωλpxq2q � pξBξq � pξBξq
�
Fp?�F4px, �λpxqqq1pξq

����
ξ�ωλpxq2

� ξBξ
�
Fp?�F4px, �λpxqqq1pξq

����
ξ�ωλpxq2

Then, we use the transference identity, which leads to

λpxq4ω2Fp?�F4px, �λpxqqq21pωλpxq2q
� 1

4

�
FpRBRpRBRp

?
RF4px,Rλpxqqqqq1pωλpxq2q

�π1 �KpFpRBRp
?
RF4px,Rλpxqqqqpωλpxq2q

� 2π1 � rξBξ,KsFp
?�F4px, �λpxqqqpωλpxq2q

� π1

�
K
��

0

FpRBRp
?
RF4px,Rλpxqqqq1 � π1 �KpFp

?�F4px, �λpxqqqq
�




pωλpxq2q

� 1

2

�
FpRBRp

?
RF4px,Rλpxqqq1pωλpxq2q � π1 �KpFp

?�F4px, �λpxqqqqpωλpxq2q
	

357



where π1p
�
v0

v1

�
q � v1. Using (11.48), and the boundedness properties of K, we get

||λpxq4ω2Fp?�F4px, �λpxqq21pωλpxq2q||L2pρpωλpxq2qdωq ¤ C

λpxqx2 logbpxq
We use the same procedure as before to estimate the other terms arising from
B2
x pFp

?�F4px, �λpxqqq1pωλpxq2q. Finally, we note that

|λptq2BtpFp
?�F4pt, �λptqqq1qpωλptq2q|

¤ C|BtpFp
?�F4pt, �λptqqq1pωλptq2qq

ω
| � Cλptq3?ω|BtpFp

?�F4pt, �λptqqqpωλptq2qq|

and both terms on the right-hand side of the above inequality have been previously estimated. In
total, we then get

||λptq �ωλptq2� » 8

t

cosppt� xq?ωqFp?�F4px, �λpxqqq1pωλpxq2qdx||L2pρpωλptq2qdωq

¤ Cλptq2
t3

�
1

log2b�2ε�1ptq �
1

log3b�2ε�2ptq �
1

log2εptq �
1

logbptq




12.5 F5 Estimates
In this section, we translate our estimates (11.35) and (11.36) using (12.9) and (12.11), which gives

|Fp?�F5px, �λpxqqq0| ¤ Cλpxq3
x5 logb�2pxq

||Fp?�F5px, �λpxqqq1pωλpxq2q||L2pρpωλpxq2qdωq ¤ Cλpxq2
x5 logb�2pxq

||ωλpxq2Fp?�F5px, �λpxqqq1pωλpxq2q||L2pρpωλpxq2qdωq ¤ Cλpxq4 log2pxq
gpxq2 logbpxqx5

12.6 Setup of the iteration
Define T on Z by

T p
�
y0

y1

�
qpt, ωq �

�
� ³8

t

³8
s
pF2,0 � F p?� pF3 � F4 � F5q ps1, �λps1qqq0q ds1ds³8

t
sinppt�xq?ωq?

ω
pF2,1px, ωq � F p?� pF3 � F4 � F5q px, �λpxqqq1 pωλpxq2qq dx

�

where we define F2,i by

F2 �
�
F2,0

F2,1

�
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and F p?� pF3 � F4 � F5q px, �λpxqqqi pωλpxq2q is defined by

F
�?� pF3 � F4 � F5q px, �λpxqq

� �
ωλpxq2� � �F p?� pF3 � F4 � F5q px, �λpxqqq0 pωλpxq2q

F p?� pF3 � F4 � F5q px, �λpxqqq1 pωλpxq2q
�

Now, we can proceed with estimating T on B1p0q � Z. If
�
y0

y1

�
P B1p0q � Z, then, we combine

all of our previous estimates to get, for a constant C ¡ 0, independent of T0:

||T
��

y0

y1

�

||Z ¤ C

�
1

logb�εpT0q
� 1

logεpT0q �
1

log2b�3ε�1pT0q
� 1

log3b�2�3εpT0q



,

�
y0

y1

�
P B1p0q � Z

(12.26)

Next, we will prove a Lipshitz estimate on T restricted to B1p0q � Z. For this, it will be useful to
use the notation

vypt, Rλptqq � 1?
R
F�1

��
y0ptq

y1pt, �
λptq2 q

�

pRq

where

y �
�

y0ptq
y1pt, �

λptq2 q
�

Then, for y, z P B1p0q � Z, we have

F3pvyq � F3pvzq � pvy � vzq p
6pQ 1

λptq
� vcorrqpvy � vzq

r2
� 2

r2
pv2
y � vyvz � v2

zq

� 6

r2

�
pvcorr �Q 1

λptq
q2 �Q2

1
λptq

	

where, by a slight abuse of notation, we denote by F3pvyq the expression (12.2), with v � vy, and
similarly for F3pvzq. This leads to

|| pF3pvyq � F3pvzqq px,Rλpxqq||L2pRdRq ¤ Cλpxq2
x4 logεpxq ||

�
y0 � z0

y1 � z1

�
||Z
�

1

logεpxq �
1

logbpxq




||L�L ppF3pvyq � F3pvzqqpt, �λptqqq ||L2pRdRq ¤ Cλptq2
t4 logεptq ||

�
y0 � z0

y1 � z1

�
||Z
�

1

logεptq �
1

logbptq



Since F2 depends on y linearly, we get, for some C ¡ 0, independent of T0

||T
��

y0

y1

�

� T

��
z0

z1

�

||Z ¤ C||y � z||Z

�
1

logεpT0q �
1

logbpT0q



, y, z P B1p0q � Z

Combining this with (12.26), we get that there exists M ¡ 0 such that, for all T0 ¡M , T is a strict
contraction on B1p0q � Z. If T0 ¡M , then, by Banach’s fixed point theorem, T has a fixed point,

say yf �
�
yf,0
yf,1

�
P B1p0q � Z.
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13 Decomposition of the solution as in
Theorem 8.1 (Yang-Mills)

We define vf by

vf pt, rq :�

$'&'%
b

λptq
r
F�1

��
yf,0ptq

yf,1pt, �
λptq2 q

���
r
λptq

	
, r ¡ 0

0, r � 0

and note that vf pt, �q P C1pr0,8qq, by Lemma 12.1. By the derivation of (12.4), and the regularity
of elements in B1p0q � Z, upt, rq � Q 1

λptq
prq � vcpt, rq � wcpt, rq � vf pt, rq solves (8.1). It now

remains to estimate the energy of vc � v1 � wc � vf . For example, for v2, we have

v2pt, rq �
» 8

t

v2,spt, rqds

where v2,s solves $'&'%
�Bttv2,s � Brrv2,s � 1

r
Brv2,s � 4

r2
v2,s � 0

v2,sps, rq � 0

Btv2,sps, rq � RHS2ps, rq
By using �

Bx � 2

x



J2pxq � J1pxq

and the representation formula for v2,s using the Hankel transform of order 2, namely

v2,spt, rq �
» 8

0

J2prξq sinppt� sqξq{RHS2ps, ξqdξ

we can justify the energy estimate

||Btv2,spt, rq||L2prdrq � ||
�
Br � 2

r



v2,spt, rq||L2prdrq ¤ C||RHS2ps, rq||L2prdrq

exactly as was done in [26] for the correction denoted by v4 in that work. Then, we have» 8

0

��
Br � 2

r



v2,spt, rq


2

rdr �
» 8

0

pBrv2,spt, rqq2 rdr �
» 8

0

4v2
2,s

r2
rdr � 2

» 8

0

Br
�
v2

2,s

�
dr

(13.1)
Even though the pointwise estimates we recorded for v2,s do not imply that v2,spt, rq Ñ 0, r Ñ
8, we can prove that limrÑ8 v2,spt, rq � 0 by the Dominated convergence theorem, applied to the
spherical means formula for v2,s (for instance, the analog of the formula (11.22)). Then, the last
integral in the expression above is zero, and we get

||Btv2,spt, rq||L2prdrq � ||v2,sptq|| 9H1
e
¤ C||RHS2ps, rq||L2prdrq
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Using Minkowski’s inequality, we then get

||Btv2pt, rq||L2prdrq � ||v2ptq|| 9H1
e
¤ C

» 8

t

||RHS2ps, rq||L2prdrqds

This same procedure can be applied for vk and all wk. We recall that vc � v1 �
°8
k�2 vk. We then

get

||Bt pvc � v1q pt, rq||L2prdrq � || pvc � v1q ptq|| 9H1
e
¤ C

log2b�1ptq
and

||Btwcpt, rq||L2prdrq � ||wcptq|| 9H1
e
¤ Cλptq2
gptqt logbptq

Finally, exactly as in [26], the transference identity of [15] gives

||B1vf pt, Rλptqq||L2pRdRq ¤ C|λ1ptq|
λptq ||F�1

��
yf,0ptq

yf,1pt, �
λptq2 q

�

||L2pdRq

� C||F�1

��
y1f,0ptq

B1yf,1pt, �
λptq2 q

�

||L2pdRq

� C|λ1ptq|
λptq ||F�1

�
K
��

yf,0ptq
yf,1pt, �

λptq2 q
�



||L2pdRq

Therefore, we get

||B1vf pt, rq||L2prdrq ¤ Cλptq3
t3 logεptq

||vf pt, rq|| 9H1
e
� ||vf pt, �λptqq|| 9H1

e
¤ Cp||Lpvf pt, Rλptqqq||L2pRdRq � ||vf pt, Rλptqq||L2pRdRq

¤ Cλptq2
t2 logεptq

Next, we use the pointwise estimates recorded in the previous sections to get

||vcpt, �q � wcpt, �q||L8 ¤ C

logbptq
For vf , we have

||vf pt, �q||L8 ¤ ||vf pt, �λptqq|| 9H1
e
¤ Cλptq2
t2 logεptq

We also need to verify that

||Btv1pt, rq||L2prdrq � ||v1pt, �q|| 9H1
e
  8

This can be done by noting that

||Btv1||2L2prdrq � ||
�
Br � 2

r



v1||2L2prdrq � ||xv1,1pξq||2L2pξdξq

361



which can be seen, for example using the formula

v1pt, rq �
» 8

0

J2prξq sinptξqxv1,1pξqdξ

Then, we use the same observation as in (13.1), and the fact that b ¡ 2
3
, which shows that xv1,1pξq P

L2pξdξq, to conclude
||Btv1pt, rq||L2prdrq � ||v1pt, �q|| 9H1

e
  8

Finally, we can verify that our solution has finite energy, by noting that

EYMpu, Btuq ¤ C p ||Btupt, rq||2L2prdrq � ||Bru||2L2prdrq �
» 8

0

r

r2

�
1�Q 1

λptq
prq2

	2

dr

�
» 8

0

r

r2
pvc � wc � vf q2 dr



where we used the fact that

||vcpt, �q � wcpt, �q � vf pt, �q||L8 Ñ 0, as tÑ 8
Also, we have

||Bt pvc � v1 � vf � wcq ||L2prdrq � ||vc � v1 � vf � wc|| 9H1
e
¤ C

log2b�1ptq
which finishes the verification of the energy-related statements in theorem 8.1.
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