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ABSTRACT 

LBL-SI24 

The theory of far-infrared generation by optical mixing of focused 

G.aussian beams is developed, taking into accOlmt the effects of dif

fraction, absorption, double refraction, and multiple reflections and 

total reflection at the boundary surfaces. Results -of numerical calcu

lations are presented. It is shown that focusing of the pump beams 

appreciably enhances the far-infrared output despite of the strong far

infrared diffraction. In a I-em long crystal, the optimum focal spot 

size is approximately equal to or smaller than the far-infrared wave

length for an output at frequency less th8n 100 em-I. Double refraction 

of the pump beams is relatively Unimportant. Both far-infrared absorption 

and boundary reflections have major effects on the far-infrared output 
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and its angular distribution. The former is often the factor which limits 

the output power. We show that a simple model treating the non-linear 

polarization as a constant lie radius Gaussian distribution of radiating 

dipoles is a good approximation to the problem. We also compare the re-

suIts of our calculations with those for second-harmonic generation. 

* Present address: Theoretical Division 
Lawrence Livermore Laboratory 
P.O. Box 808 
Livermore, CA 94550 
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I. Introduction 

Far-infrared generation by optical mixing has recently received 

increa.sing attention.1 It has the potential of providing a coherentc 

tunable far-infrared source which compliments far-infrared molecular 

lasers. The most commonly used scheme is that of difference-frequency 

generation (DFG) by mixing of two laser beams in a non-centrosymmetric 

crystal. With dye lasers,2-3 CO2 lasers,4-16 or spin-flip Raman 

lasers17-20 as the pump beams: DFG can provide a far-infrared source 

discretely or continuously tunable from 1 em-Ito 200 em-lor more. The' 

output lmewidth can easily be less than 0.1 em-I as detennined ,by the 

pump laser linewidths. In most cases, the output is in pulses with 

pulsewidthsbetween 10 nsec and 10 ~sec, but CW operation has recently 

been achieved. 

A serious limitation of far-infrared generation by optical mixing 

has been the attainable average power, although so far as spectral power 

per tmi t solid angle is concerned it is already better than a blackbody 

source at 5000 0'K. 1 While focusing of the pump beams may increase the 

far-infrared output, it is not clear how tight the focusing can be before 

the detrimental effect of far-infrared diffraction sets in. No adequate theoret

ical calculation of nonlinear far-infrared generation with focusing and 

diffraction properly taken into accOlmt has been reported. Experimentally, 

on the other hand, a tight focusing geometry has so far been c avoided. As a 

result, the full potential of nonlinear far infrared generation has not , 

been assessed. 

In the literature, the plane-wave theory was often used toin-, 

h 'l'c' f f • f ' d to ° 2,6',7,11,12;21-25 terprete t e resu ts 0 ar-In rare genera Ion experlIDents. " 
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The theory assumes a single spatial Fourier component for each nonochromatic 

wave so that the nonlinear process is characterized by a single phase 

matching relation. However, when the pump beams are focused to a spot com

parable in size to the far-infrared wavelength, far-infrared diffraction is 

important and the spatial Fourier components of the output extend over a 

large cone. Each Fourier component now has its own phase matching relation 

with respect to the pump beams. Since it is not possible to phase match 

all the Fourier components simultaneously, focusing of the pump beams does 

not improve the far-infrared output power as much as the plane wave theory 

predicts. 

The plane wave theory also assumes a single transmission coefficient 

for the far-infrared output across the bOl.llldary surface. Actually, with the 

far-infrared output extending over a large cone, the transmission coefficient 

is different for each Fourier component and falls to zero at the total re

flection angle. Thus, the real output can be considerably less than what 

the plane wave theory predicts. Finally, the plane wave theory often ignores 

the reduction in output power due to double refraction which can be signif-

icant for small spot sizes in crystalline media. 

Improvement in the calculations of far-infrared generation by optical 

mixing ~s been achieved by Faries et al. 26 u~ing the far-field diffraction 

theory for a distribution of oscillating dipoles induced by the pump 

b 26- 28 Th d .. ff·· f' h f eams. ey use an average transmISSIon coe ICIent :or t e ':ar-

infrared output across the boundary and excluded the contribution from the 

totally reflected modes. The effect of double ~efraction was however 

ignored. As we shall see later, in the absence of double refraction, this 

approach in fact gives a remarkably good estimate of the far-infrared output. 
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In this paper, we present a more rigorous calculation of far-infrared 

generation by optical mixing. It proceeds by first calculating separately 

each Fourier component of the output field and then evaluating the output 

power by surruning over the Fourier components .. The effects of· focusing, 

absorption, phase matching, and double refraction can all be 

properly taken into account. For the sake of simplicity, the pump beams 

are .assumed to be of single mode with Gaussian profiles. Our approach is 

essentially the same as that used by Bjorkholm29, and by Kleinman 'et a~. 30 

for second-hannonic generation by focused beams. 

The main difference between second-harmonic (or sum~frequency) 

generation in the visible or near infrared and difference-frequency gen

eration in the far-infrared is diffraction. Validity of the scalar 

Fresnel approximation for the pump peams guarantees its validity for the 

sum frequency but not for the difference frequency .. Because of its nruch 

longer wavelength and hence stronger diffraction, the far-infrared output 

extends over a nruchbroader cone. Thus, the phas~ matching condition varies 

nruch more appreciably among the output Fourier components in difference 

frequency generation (DFG) than in sum-frequency generation (SFG). All the 

Fourier components can often be nearly sinrultaneously phase matched for 

SFG but'not for DFG. An accurate description. of DFG also requires 

knowledge of the difference-frequency transmission coefficients over a very 

,broad output cone. 

The body of the paper is organized mto the following sections ~ 

Section II describes the theory of DFG by monochrOl1latic. Gaussian laser 

beams which is valid even when the. pump focal spot size is smailerthan a 
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far-infrared wavelength. This theory is developed from a generalization of 

the non-linear polarization used by Boyd and Kleinman3l and by Faries.zS 

Section III contains the results of numerical calculations obtained from, 

this theory. First, we present the results for the ideal case of no 

double refraction. Then, we discuss briefly the reductions in attain-

able power due to far infrared absorption and double refraction. 

Finally, PI Section IV, we compare our results with the results of 

three other calculations: a simple plane wave calculation, a far-field 

diffraction calculation assurning a constant l/e radius Gaussian distri

bution of induced dipoles, and the second harmonic generation calculations 

of Boyd and Kleinman. 3l 

II. Theory 

A. Nonlinear Polarization 

We assume that the pump beams are monochromatic with Gaussian TEMbo 

mode. If focusing and diffraction of the 'pump beams are not too strong the 

focused pump fields in an slab medium can be written as 2S ,31 

, ~' [ (x-a. - l;.z)2 +y2 ] 
E. lr, t) = 1 + • \ ,exp - ,12 1+ ik. z - w • t 

1 ' 1. "(1' ) 1 1 , 1 ' Wi +1t~i ' 
(1) 

for O.$. z ~J/' , where the subindex i denotes the i-th beam; Wi is the 

e- 2 beam radius in the focal plane which is located at z = zOi; the beam 

axis in~ersects the front surface of the medium at x = a. and y = 0; the 
1 ' 

quantity ~. is defined by ~. = 2 (Z-ZOI' )/k.w.2 with k. = w.n./c,n. 
1 l ' ,11" 1 11 1 

being the refractive index; finally l;. is the walk-off angle given by 
1 

1 ca') 2(-2 -2)'f h'b .', d' s. = ." sin 2 I' n. n _ . -n . 1 t e eam IS an extraor lnary ray prop-
1 t.. 1 em,l 0,1 

agating in a uniaxial medium along a direction at an angle a with respect 

~, 
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to the optical axis where no,i and nem, i are respectively the ordinary and 

extra-ordinary refractive indices at e = 90: The.derivation of Eq. (1) 

involves some approximations which- can easily be justified as shown in 

Appendix A. In the following, to simplify the calculations in practical 

cases, we can assume that the largely overlapping pump beams are Jocused 

to the same spot size at the same point with W.:: w, ~.:: ~ and 
1 1 

zOi :: z . This is a good approximation when the refractive indices of 

the pump beams are not very different, as is true in all practical cases 

which have been investigated. 

The pump fields now induce a nonlinear polarization at the far

infrared frequency in the medium. We consider here only the 'case of DFG 

in a uniaxial crystal as an example altho~gh the for.malism can be easily 

extended to more general cases of optical mixing. The nonlinear polari

zation at the difference frequency w is then given by 

(2) 

where x(2) is the second-order nonlinear susceptibility tensor. We asstulle 

thatEl is an ordinary ray and 132 is extraordinary. The nonlinear polarization 

p(2) (1=) can be readily fOlmd by substituting the expression of -Ei of 

Eq. (1) into Eq. (2). For convenience of solving the wave equation later, we 

are however interested in the transverse Fourier components of ~(2)cr). 

The transverse Fourier transform gives 
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00 

p(Z) e;"Z) =f" L dxdy p(Z) (~) exp(-ikxx-ilV) 

z 
[

(al-Z;Z) 1 2 Z 2 1 1 
exp - zWZ - 8 kTw (l+~ ) - 2 kx(al-Z;z)~ 

~ A A 

where k.r = Xkx + yky and we set a2 = O. For economy of notati 

(3) 

we omit 

explicit mention of the argumentw. 

B. Solution of Wave Equations 

Far-infrared generation by optical mixing is described by the set 

of wave equations 

r. 2 2 ~* ~ 2 2 *NL ~ LV x (Vx) - (w Ic ) E:J.t:(r ,w)= 4'JT (w Ic)p (r ,w) (4a) 

V· [ "7 .E(~ ,w)] = - 4'JT V • pNL(~ ,w) (4b) 

where the nonlinear polarization~L acts as a driving source for the 

nonljnear process. For DFG in a ~iaxial medium ~ = p(2) given by Eq. (2). 

Since the normal to slab boundary planes is l, the easiest 

method is to Fourier transform the x and y variables in Eq. (4) and to 

solve for each Fourier component E(~,z) separately. 32 The corresponding 

source term for E(ky., z) is 4'JT(w2/c2) .p(2) (~, z) with p(2) (~, z) given by 

Eq. (3). 

The general solution for E(4,Z) consists of two parts, the homog

eneous solution and the particular solution respectively. The homog

eneous solution is well known. For ordinary and extraordinary polariza

tions respectively, it can be written as 

. 
~ , 
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Eh+(k,.,z) = ~+' O.±. exp (ik ~ z) 
0_ o±.,z 

E~:,: (k,., z) = t e:,: exp (ik ,. 
e:':, z z) (5) 

where the subindices + and - denote forward ~dbackward propagating 

waves ,respectively with the same 4, and ,~o±,z = ± [wno/c)
2 ;- l<.r2] ~ 

with a similar expression for k + .To find the particular solution, let e...;..,z 
us first asstune that the nonlinear slab is imbedded in a linear rneditun 

with an equal linear, dielectric constant. Thus, reflection and re-

fraction at the crystal boundaries can be ignored. The boundary effects 

will be taken into account later. As shown in Appendix B, the 

particular solution for E(4,z) is then' given by 

(6) 

where nern is the refractive index for extraordinary ray propagating 

perpendicular to the optical axis, 

, , . ik (z-z') 
. p(2)(~,z')e oz, dz' 

. " 

, 27Tiw2 It " +(2) + . -ikoz (z~z' )dz' 
=-.----.-' o·p C1cz')e 2 - -"1'" 

c koz' , ' 
z 

+(2) -+ ,ik + (z-z') , 
l' (1<T'z qe e,z dz' 
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E~_ (\,z) 
Z . Z Ji 1Tl1.I.l A 

= 2(k e_ 
c ez)ef£ 

z 

. ik (z-z') 
. p(Z) (~,z')e e~,z dz' 

(7) 

e is the optical axis of the crystal. The last term in Eq. (6) is a 

longitudinal field which leads to optical rectification when 

W = wI - Wz = O. It is however a non-radiating term and we shall neglect 

it in the following discussion. 

The solution inEqs. (6) and (7) appear in the form normally ob-

tained for nonlinear optical processes in the slowly varying envelope 

approximation. However, no such approximation has been made. As shown in 

Appendix B, Eq. (6) together with Eq. (7) is .an exact solution of Eq. (4) 

with p(Z) (kpz)as the source term. The field EP(~,z) in the medium does 

not have a slowly varying amplitude ~ince aZI~(l;,z) I/azZ isnotnegli

gible in comparison with ZkdIEP(~,z) I/az. In fact, the slowly varying 

envelope approximation is equivalent to assuming for each polarization a 

wave propagating in one direction only .. 

As a check, we can use Eqs. (6) and (7) to derive the solution for 

the special case of optical mixing at an infinite boundary surface dis

cussed. by Bloembergen. 34 We have ky = 0, i + 00, and p(Z) (~,z) 
. lk z 

= Po~e sz in the medium. Equation (7) gives for the reflected output 

Z -ik . 
~ _ Z1TW A P oz z 
if - - . y e 

r cZk (k +1c ) 0 
oz ozsz 

for z < 0 (8a) 

and for the transmitted output 
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*P=, 2rrw
2

. y""P' [ 2~oz e iksi _ . l. ikozZ] 
.t't --z.-k 0 . k'2 _k2 k .- k e . 

c 0 Z . so' sz oz 
for Z > '0 (8b) 

The above solution is,however,only true for the case with no reflection at 

the boundary, but the boundary effects.can be easily incorporated by 

taking into account thelirtear reflection of ~ at the boundary surface. 

The complete solution for the problem with a crystal-vacutUll plane boundary 

is then given by 

2ko 
W = ' Z "BP (z = 0) 
.~ k +k r 

-j~z 
e for Z < a 

oz Z 

~=£!> ..." t 

k -k z oz 
k +k ' z oz 

where kz = [ (w/c)2 -

ikz 
EP(z = 0) e 0 r ' for z > a (9) 

k~~. Substitution of the expressions for EP and"BP in crt ' 

Eq. (8) into Eq. (9) yields results identical to those derived by Bloembergen. 34 

.' TIle above example suggests that the boundary effects can indeed 

, be taken .care of separately. In Sec.IIe, we shall use the same procedure 

to take into account the boundary conditions of optical mixing ina slab 

medium. Then, with the expression of p(2) (~, z) in Eq. (3), we can cal

culate from Eqs. (5) -, (7) and the appropriate boundary conditions the 

Four~er component "B(~,z) of the DFG output and hence the difference

frequency field "B(T) in space~ In many cases, only one of the four waves 

in Eq. (7) is nearly 'phase-matched. When this happens, we need to retain 

only the phase-matched component in a good approximate calculation. 
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C. Boundary Effects 

We have seen in Sec. IIB how we can take into account the boundary 

effects of a crystal-vacuum interface by simply iIicorporating linear re

flection and transmission of the waves at the boundary into the solution. 

We now discuss the boundary effects of the more general caSe of a slab 

crystalline medium. We can consider ~'in Eq. (6) as forward propagating 

waves starting from z = 0 in the medium and subsequently undergoing 

multiple partia1'reflections at the two slab surfaces. Similarly, we con

sider ~ in Eq. (6) as backward propagating waves starting from z = Q, 

in the medium. Thus, the field outside the slab is given by the sum of 

E~ and ~ weighted respectively by appropriate Fabry-Perot factors due 

. to multiple reflections and transmissions. To find the ,Fabry-Perot fac-

tors, we first calculate the transmission and reflection matrices for 

ordinary and extraordinary waves at a single crystal-vacuum boundary 

surface, and then find the overall transmission and reflection matrices 

of the slab for the Tho waves by stumning over multiple transmissions 

and reflections at the slab surfaces. 

Consider first· the case defined in Fig. 1a. The incident mono

chromatic .plane wave E1" +. (t ) = EI! II + t. 1. arid the reflected plane "T 1+ + 1+ 

wave Er_(~) = E~_ "_ +~_l are related to the refracted ordinary and 

extraordinary waves Eo+ (~) and Ee+ (~) respectively, by the matrix r~-

1 " 3S atlons 
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(10) 

where 

a:!: k / (1 +r II ) k ° ° '0' 
a:!: k / (1~1I ) e e .. e:!: 

+ 1 / (1+ 1 ) 
aex-e±. r e±. 

S±' r". k / (1+r" ) k 
e . e:t e e±. 

rl -
° 

rl -
e±. 

(-~ + k )/n,.±. + k) rll ::(_k2y±' + k H+)/(k2y±' + k ~±.) 
ez - z I..Aez - z' e±. e - z e e . e - z e e 

+ 1\ 
(2 x~), 

+ A 

[(ZX Rr)X ~J <XQ - 0+ • SO :: o.±. .. 
"' 

/ 

[(~ X~}X ~J + A 
" A + A 

ae - e • (z x kr) , S; :: e±. . + 

+ A A 

r; - e . kr +. 

With subindex "-" applied to the case of Fig. Ib with 

",,: .... ',' "; ' .. ;' ;""",',1 "". :;.".,,;.',' . 
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We next consider transmission and reflection of ordinary and extra

ordinary waves incident from the crystal side onto the boundary surface 

as described by Diagram a in Fig. 2. Clearly, Diagram a is equivalent to 

the sum of Diagram b and Diagram c, and Diagrams band c are identical to 

those in Fig. la and Fig. lc respectively. We therefore have 

wher~ 

E =E' +E" =T (Eo_) t- t- t-- E e-

# 

= R 

R+ = - X- l 13 
- + + 

(11) 

the subindices "+" and IT_II now refer to cases where the crystalline 

medium occupy the left half-space and the right half-space, respectively. 

We can now use the results in Eq. (11) to calculate the effect of 

multiple transmissions and reflections at the boundaries ofa cyrstal slab. 

In particular, we are interested in finding the forward and backward prop

agating far-infrared waves outside the slab created by optical mixing 
\ 

inside the slab. As we mentioned earlier, we can imagine that optical mixing 
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generates waves ~" starting at z =0 and ~ starting at z = 2 and in 

getting out of the slab, these waves undergo multiple transmissions and' 

reflections. Therefore, for the generated field outside the slab, we readily 

find for z = '2 

+ ~ ~ [ (Eo+Ctl) + P ~ - (Eo_CO~ J Rr+ = T+F+ R 
Ee+ (£.) + E (0) e-

(12a) 

and for z < 0 

+ ~ ~ [(~o- co~+ P_ 
~ (~o+Ct~ 1 llr- = T F R+ 

~ E (0) E (£.) , e- e+ 
(12b) 

~ ( expCikozt) 
exp C.!.ike; 1) . ' where ,P + = 

~" +[ i ~ ~. ~ J-l 00 [~ . ~ In and F+ - P., R-:r Pit + = ~ p±. iL 1)_ R + 
"' - ,n=O + + -

(13) 

Because of the generalized Fabry-Perot factor ~ ±.,the outP';1t fields 

,Rr±. can be rapidly varying functions of ~, w, a:hd 2. In some cases, 

however, when the pump laser beams have fairly bread linewidths or the 

crystal slab is wedged or not sufficiently well polished, it is Irore 

appropriate to find an average Fabry-Perot ,factor or the average output 

by averaging over one Fabry-Perot period. For example, in the nearly 

isotropic case, we find from Eq. (12) after some manipulation, 

, . 
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= 

(14) 

where y is the attenuation constant along ~ . 

. D. ·Far-Infrared Output Power and Its Far-Field Angular Distribution . 

. The total far-infrared power outputs from the slab in the forward 

and backward directions are 

~ = £-jdxdY(Zom 1'Er±(x,Y) 12 (15) 

evaluated at large z. By Pars eva 1 , s Theorem, this can be written as 

~ = f,;-1dk".JJy (z 0 J<±) I 'Er±Cltr) 1 2 (16) 

. k2+k2 < k2 
x y-

where ET~(k!) is given by Eq. (12). 

In most practical cases, we are also interested in the far~field angular 

distribution of the output power. As shown in the Appendix of Miyamoto 

and Wolf,36 it has the expression 

= 2~ COS
2
8 1 'Er:: { ~ = ~ sine (XCOS$+YSiD$)} 1

2
. 

(17) 

• 
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III. Results of NLmlerical calculations 

In this section, we shall present numerical calculations of 

far-infrared generation by difference-frequency mixing using the 

equations given in.the previous s~ction. We choose somewhat arbitrarily 

the following values for the characteristic parameters of the nonlinear 

crystal: no = 2, new) = 4, and x(2) = 1.87xlO-6 esu·, The two nearly over

lapped ptuitp beams, one ordinary and one extraordinary, are assumed to 

have the same focal spot in the crystal with both beams always along 

the normal to the slab. The question we propose to answer is how various 

quantities such as phase mismatch, focusing, beam walkoff, and absorption 

affect the far-infrared output at different frequencies. 

A. Far-infrared generation in the absence of absorption· and optical walkoff. 

We assume in this case that the optical axis of the crystal is in the 

plane of the slab along ~. The two pump beams, one erdinary and one extra

ordinary, propagate along the normal to the· slab, z ,with essenti~lly no 

walkoff, the ~onlinear polarization pNL is along y, and the common focal 

spot of the two pump beams is at the center of the slab. We also assume 

that the extraordinary refractive index n of the pump beam can be varied 
. ~ '. 

by external means such as temPerature in order to adjust the amount of 

phase mismatch in DFG and that only the ordinary far- infrared waves in 

the forward direction can be nearly phase-matched. Since the phase mismatch 

is different for different Fourier components E(~,w) of the far-infrared 

output, we define an axial phase mismatch 6ka = kl (WI) - k2 (U)2) - ko (w) 

'-.to describe the overall phase matching condition. 

Figure 3 shows the far-field angular distribution of the far-infrared 
-" 

output, d~(e)/dQ versus e, at 100 cm:}~alculated from Eq. (17). In 
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the c~lculation the slab has a thickness of 1 em. , the focal spot size 

is w = Z5flm, and the axial phase mismatch corresponds to 

~k = - 5. 1 em-I. Since the far- infrared output is approxima tel y syrrnnetric a 
about z (i.e., nearly independent of the azimuth angle ~ = tan-I (k~kx))' 

Fig. 3 actually shows a distribution in the form of a hollow cone. The 
-1 Z 2 1/ radiation peaks at the angle 8 = sin {n (w) - [·n (w) + 11 k c/wl }'2 

m '0 0 a 

at which phase matching & = kl - kZ -k (w) = 0 occurs. The secondary z oz '. 

maxima of the phase-matching curve can also be seen. They become more 

pronOl.mced for shorter far-infrared wavelengths as the effect of diffraction 

becomes less important. From the expression of 8 , it is seen that if 
m 

~ka = 0, then 8m = 0 and the far-infrared output appears as a narrow 

solid corte along the z axis. If ~ka > 0, then there is no solution for 

8m and the far-infrared output is strongly suppressed by phase mismatch; 

the angular distribution may show a weak central peak at 8 = 0 and some 

secondary maxima at finite 6. For negative I1ka' the phase-matched 

peak shifts to larger 8 m tmtil 6 m = TI/Z; then because of total reflec

tion at the surface, the far-infrared radiation in the phase-matched di

rection can no longer get out of the slab and the output peak at 6 = TI/Z 

drops quickly. 

The total far- infrared power output .9versus 11 ka is shown in 

Fig. 4 with the same set of parameters used for Fig. 3. The curve has 

a maximum arotmd 11k = - 5.1 em-I corresponding to the full development 
a 

of the hollow phase-matched cone in Fig. 3. The steep rise of the curve at 

~k ~ 0 em-I is due to the initial appearance of the phase-matched cone. 
a 

The gradual decrease between ~k '" - 10 em-I and -75 em- 1 is due to 
a 
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the combined effects of decrease bf the far~infrared transmission co-
. '. . . 

efficients and decrease of the effective P (2) for the generation of ordinary 

far-infrared waves around the phase-matched direction. The steep drop 

after ~k ~ -75 em-I is due to total reflection of an increasing portion 
a . . . 

of those far-infrared waves generated near phase matching. 

If the far-infrared wavelength A inside the crystal becomes much 

smaller than the focal spot size w, the variation of far-infrared out

put versus phase mismatch ~ka appears more like the usual phase-matching 

function (sin2x)/x2 for ·the ideal plane wave case. An example is shown in 

Fig. 5 for the case of A = w/8. Because of the smaller A/W ratio, 

the off-axis Fourier components of the far-infrared become relatively 

less important and hence the output drops more rapidly with increase of 

~ka. The curve 

peak occurs at 

AI W decreases 

even smaller; 

in Fig. 5 is,however,still noticeablyasynnnetric and its 

~k = - 2 em-I rather than' ~k = O. As the ratio' of 
a a , 

further, the effect of far-infrared diffraction becomes 

the phase-matching curve~versus ~kathen develops 

more clearly defined secondary peaks and approaches the synnnetric 

form '5in2 (f.kat/2)/ (~kat/2) 2. 

The focusing geometry of the Gaussian pump beams is completely 

characterized by the focal spot size w. In order to see how the far

infrared output varies with focusing, we calculate the ~ = 0 curve in 

Fig. 6 which shows the maximum of~(~ka) as a fun~tion of w. Because 

of the higher pump intensity resulting from tighter focusing, the far-infrared 

output increases sharply with decrease ofw. It however reaches a. maxi

mum at W = 13 11m as the corresponding reduction of the longitudinal 
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focal dimension takes its toll. It is interesting to note that in the 

model of collimated Gaussian pump beams with a radius w and with 

w21 ElE21 = constant, 9 versus w has no maximum. This is because 

when~« 1 for all significant far-infrared Fourier components, 

p(2) (l,.,Z) in Eq. (3) becomes independent of ~ and w. 

While Figs. 3-6 are for w = 100 em-I, Figs. 7-9 show results of 

similar calculation for w = 10 em~l. The far-field angular distribution 

of the output is given in Fig. 7 for two values of the azimuth angle 

¢ = tan-l(kylkx) = a and ~/2. In this case, because A/W = 10 is 

large, far-infrared diffraction is more important; phase matching oc-

GUl's around 8 = ~/4 and the phase-matched peak is very broad. As a 

result, the output asymmetry with respect to ¢ shows up because at 

relatively large 8, the transmission coefficient for the ordinary 

far-infrared wave across the slab boundaries is different for different 

¢. For ¢ = 0, the wave is linearly polarized perpendicular to the 

plane of incidence, while for ¢ = ~/2, the wave is linearly polarized 

in the plane of incidence. The latter case has a Brewster angle at 

8 = 76u
• 

Figure 8 shows the total far- infrared output at w = 10 em-I as a 

function of the axial phase mismatch ~ka' The curve again resembles 

the well-known phase-matching curve (sin2x)/x2 for the plane wave case 

except that its maximum is at ~k = - 4 em-I instead of ~k = 0 
a a 

and it has no well-defined nodes. However, this resemblance does not 

occur because diffraction is lmimportant. It occurs because, when the 

far-infrared wavelength is sufficiently long, then all the far-infrared 

Fourier components E(~,z) have roughly the same ~kz~ ~ 6ka~; in other 
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. . 

words, if ~ka9., = 0, then all the far-infrared Fourier components are 

nearly phase-matched. The small difference of ~kz9., among ,the Fourier 

components,however,broadens the phase-matching peak and obscures the 

fine structure. 

The ~ = 0 curve in Fig. 9 d~scribes the peak value of ~(~k ) at a 

w = 10 em-I as a function of the focal spot size w. We notice that in 

the range of our calculation, this maximum output 'power ~max(~ka) 

always increases with decrease of w. In this case~ krwbecames so 

much smaller than 1 at small w that the nonlinear polarization p(2) (~) 

. approaches a constant independent of 1<r, w, and z in spite 'of the factor 

(1+~2) in the eXponential function in Eq. (3)~ConsequentIY, the ~ = 0 

curve of Fig. 9 flattens out at ,small w. Eventually ~ for even 

smaller w ,we should expect the curve to go through a ma.Xi~um 

like the ~ =' 0 curve in Fig. 6 for w = 100 --1 em . 
;,.. 

B. Far-Infrared generation with a finite walkoff angle between the 
pump beams. 

We now consider the effect of optical walkof£ on far-infrared 

generation. We still assume that the pump beams propagate norma.1to the 

slab and absorption-is negligible, but the orientation of the optical 
. . 

A 

C axis of the crystal is now varied in thex-z plane in order to vary the 

walkoff angle ~. The pr:imary effect of optical walkoffis that it limits 

the effective interaction length of the beams. When ~ is much larger 

than the divergence angle of the pump beams, the two pump beams overlap 

in the focal region onlY,over a distance of 2W/l~l; most of the far-in

frared radiation is generated from this overlapping region. As I~I . ' . 

increases, the eff~ctive interaction length decreases, and 

hence the pha$e-matching peak in the far-field angular distribution 
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becomes weaker and broader as shown in Fig. 10 for W = 10 cm- 1 

For' smaller focal spot sizes w, the walkoff effect is stronger~ This gives 

rise to a lower maxinn.un at a larger w for the r.; =1= 0 curves in Figs. 6 and 9. 

The far-infrared output should in general consist of both ordinary and 

extraordinary waves. We have so far assumed that the e-wave is strongly 

phase-mismatched and can be neglected. This is true for e
c

= cos-l(c.z) 

larger than the total reflection angle, eR' However, when 2. approaches z 
or e approaches zero, the phase mismatch of the e-wave is greatly re-c 

duced and the e -wave output becomes non-negligible. For e "" 0, we have the 

nearly degenerate case where the e-wave and the o-wave contribute almost 

equally to the far-infrared output. 

There are two other less important effects of optical walkoffon 

far-infrared generation. First, the exp(ik r.;z/Z) term in Eq. (3) con-. x 

tributes to the phase matching relation ,which now becomes 

llkz = kl -kZ + kxr.; - kz = 0.' This term shifts the center of the phase-matching 

cone in Figs. 3, 7, and 10 from kx = 0 to kx = r.;(llka + Ibw/c)/Z. Since 

for ~ = 0, the far-infrared transmission coefficient for o-waves at the 

boundary falls off monotonically with increase of e, this increases the 

phase-matched output for kx > o and decreases that for \: < O. Second, 

as seen from Eq. ·(3), the maximum of IP(Z) (~,z) I is shifted from 

kx = ~.= 0 to kx ";'k1r.;t;Z/CI+t;Z) and \ = 0; its effect on the far-field 

angular distribution is just the opposite of that due to the shift of the 

phase matching cone. Depending on the situation, one effect may dominate over the 

other. They are responsible for the slight asymmetry of the r;= 0 curves in Fig.lO. 

The phase-matching effect is more important for the r.; = - 0.01 case 

while the IPCZ)Ckr) 1 effect is more important for ther.; = ~ O.OZ case. 
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For shorter crystals (R, :s O. S em), the phase-matching effect is more 

important. 

C. Effects of linear absorption on ~ar-infrared generation. 

In practice, nonlinear far-infrared generation: in crystals is always, 

limit~d by far-infrared absorption. This is the main reason why far-infrared 

DFG in solids has in most cases been restricted to the range between 1 ' 

and 200 an-I. Roughly speaking, with an absorption coefficient , y, the 

effective length of the crystal for DFG cannot be much more than 2/y. 

Figure 11 shows how the far-infrared output ~rom a l-cm slab decreases' 

as a function of the far-infrared absorption coefficient y for w = 10 

and 100 an-I. In the calculation, the focal spot size was chosen as 

w = 2S ~m and the location of the focal spot was at the center of 

the slab for y = 0, while for increasing yit moves towards the end surface 

of the slab. As we mentioned earlier in, Sec. IlIA, for w = 10 em-I, all 

the significant far-infrared Fourier components are nearly phase-matched 

(L\kz R. < n) . Therefore, the curve for w = 10 em-I in Fig . 11 agrees 

fairly well with that described by [1-exp(-yR./2)] 2/(YR./2)2 for the 

phase-matched plane wav~ case. For w = 100 em-I, since not all the 

significant far-infrared Fourier components can be nearly phase.-matched, 

the reduction of far-infrared output with increasing absorption is slower 

and cannot be approximated by the phase matched plane-wave form at small y. 

In some respects, the effects of y for yR. ~ 2 can be simulated by an 

absorptionless crystal with a length 2y-l. An increase of y increases the 

phase-matching angle and broadens the phase-matched peak 'in the angular 

distributio~ of the far-infrared output. It also makes (llkaJopt' the 

optimum axial phase mismatch for maximum total far-infrared output, more 

negative. This latter effect is quite pronounced for w = 100 em-I as shown 

in Fig. 12. 
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IV. Comparison with Other Mxiels and with Calculations of Second Hannonic 
Generation. . 

We now compare the results of our detailed calculations with those 

obtained from two simple models for the case where the optical walk-off 

effect is negligible. One is the Gaussian distribution (GO) model in 

which we assume a Gaussian profile for the nonlinear polarization at the 

difference frequency 

-+- -+ * 
p(Z) (t,t) = (X(Z)~i!lg2)exp[-Z(xZ+yZ)jw2+i(k1-kz)z - iwt] (18) 

in the crystal slab ~here the pump fields are given by 

-+-

E. (t,t) = ~ exp [-(xZ+yZ)/wZ+ik.z-iw.t], j = 1,Z. 
J J J J . . . Z7 

This is an extension of an earlier model used by Zernike and Berman and 

Faries et al. Z6 which assumes a uniform amplitude for p(2) (t,t) through~ 

out a cylinder with a finite radius. The other simple model is the usual 

plane wave model in which we assume that the geometric ray approximation is 

valid and that each beam can be described by a cylindrical pencil of rays 

with a single wave vector. 

From the GD model, we obtain for the lossless case a total output 

power at w of 

GO Z 3 4 
,9+. (w). - 7T w W 

- 4 cZ 

·x 

"(Z) ~ ~ 2 2 Ix· :0 16 zl R, 

(19) 

where (T(kr) ¢ is the far-infrared transmission factor averaged over 
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the azimuthal angle <t>with multiple reflections at the slab boundaries 

taken into account, and C(~kz) describes the effect of phase mismatch. 

They are given by 

(k +k)2 ~ + oz z k ' 
k 2 + k2 oz 
oz z __ 

C(~k ) = sin2 (~k 'L/2)/(~k R-/2)2 z z z (20) 

with ~k = n w/c + ~k - k 
Z 0 a· oz 

The output powers at 100 an-I and 10 an-I calculated from Eq. (19) as 

a function of ware shown in Figs. 13 and 14 respectively in co~arison 

with the results of Eq. (16) from our more exact calculations.-At 100 cm- 1, 

the only perceptible difference between the two curves occurs at small 

beam sizes and amounts to 6% at w = 13 llm. At 10 em -1', the two curves 

are virtually indistinguishable. Thus, the GDmodel appears to be a very 

satisfactorY approximation. 

- The output power from the plane wave model without boUndarY conditions 

is given by-

,9<'PW (w) 
222 

= 'IT w w 
zcno 

(21) 

• 
The resu;t calculated from Eq. (21) is also shown in Fig. 13. It is 20% 

higher than the correct value at w = 0.02 em. The deviation bec~mes much 

worse at smaller w and diverges as w approaches zero. This shows that the 

piane wave model gives unacceptable results at small w because of its dif

fractionless approximation. With diffraction, the total far-intrared output 
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power is decreased by total reflection of those Fourier cornponentswith 

. large kr and by phase mismatch (described by C(~kz) in Eq. (19)) 

for other Fourier components. 

The plane wave calculation is,howeveu simple and does not require 

numerical integration. It is therefore preferred when one wants to crudely 

estimate the output power. We can make the estimate more exact by multiplying 

the calculated result by a correction factor. Comparison of Eqs. (19) and 

(21) shows that this correction factor is given by 

= ~o~(o) $l
C 

dkr (~)(T(1<r)$ C(6k~) (22) 

We approximate < T(kr) ¢ C(~kz)/koz in the integral by < T(O) ¢/ko 

for kr < ~ and by 0 for kr > ~37 where . ~ is defined as 

k _ = .; 2~ k en w/c - ~k /2) with ~k being the smaller of the two 
-M c 0 c c 

quantities 2rr/9.- and (no - I n~-O w/c. Physically, at kr = ~, 
d~/dn either has dropped to half of its peak value or has been cutoff 

by total reflection. The correction factor then becomes 

F'= 1 - exp (-~~/4). 

The output power calculated from F~PW using Eqs. (21) and (23) is within 

20% of the correct value. 

We now discuss similarities and differences between difference-fre-

quency generation (DGF) and second-harmonic generation (SHG). In both 

, . , 
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cases, each pump fieldEi with finite'beam radius has a disiribution~f 
, , 

Fourier components with wave vectors spreading effectively over an angle 

20i . The output of DFG or SHG from a nonlinear slab is significant only 

when part of these significant Fourier components within the 'angular 

spread 20. can satisfy the axial phase matching condition ~k = o. As 
·1, z 
shown in Fig. 15, this' happens for SHG only 'if ' ~k; :: 2k(w1)" - k(2w1) 2. 0 

and ·~k~.:: 2 k(w1) (l~cosol) ~ ~k~, and for DFG oniy if 
D" . ' ' . D .'. D' 

~ka ~ k1-k2-k(w~~ 0 and ~kR:: k(w) (l-coso) 2. - ~ka' where 20, is the 

angular spread of the significant far-infrared Fourier components which can 

get out of the crystal slab. We emphasize that for an efficient non-linear 

interaction we must have ~k~ ~ 0 for SHG and ~k~ 2.. 0 for DFG. 

The quantity ~~ in SHG or' ~k~ in DFG governs the qualitative 

behavior of the phase-matching curve sPversu~ ~ka. As we mentioned 

before, the output is most efficient when ~k~ '(or ~~k~) falls in th~ 
S D ' . S' D'. 

range between 0 and ~kR (or ~kR). Therefore, 1£ ~kR (or ~kRR.) » 2'IT, 

then the phase-matching curve has abroad peak; it rises sharply to the 

peak around ~kS (or ~kD) = 0, then slopes downward as ~kaSR.(or ·~~a} a . a 

increases from 0 to ~ ~~ (or ~k~), ,and finally in the case of DFG 

falls rapidly at a certain ~k~ value because of the cutoff due to ' 

total reflection at the boundaries. Examples are shown in Fig. 4 for 

DFG with ~k~R. = 80 and in Fig. 16 for SHG with ~k~R. = 100. 31 Stich a 

phase-matching curve is characteristic ofSHG with strong focusing of the 

of the pump beam. In DFG, it occurs when the pump beams are more weakly 

focused because of large far-infrared diffraction. When ~k~R. (or .6k~ ) , 

$ 2'IT the range of~k~ (or ~k~) for efficient output is much narrower, 

and the phase-matching curve now shows a central peak and secondary maxima 
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and minima, resembling the well-known plane.,.wave phase-matching curve 

described by sin 2 (~ld/2) / (~ld,/2) 2. Examples are shown in Fig. 5 for DFG 

at 100 em-I with ~~R, =4, in Fig. 9 for DFG at 10 em-I with ~k~R, = 8, 

and in Fig. 17 for SHG with ~k~R, = 5.68. All these curves are,however, 

slightly asymmetric with a small shoulder on one side. This is because for 

~k~R, < 0 (or ~k~ > 0), the phase-matching condition ~kz = 0 is not 

satisfied for any of the Fourier components. 

There are several minor differences between the SHG and DFG phas~ 

matching ftmctions. For ~k~R, (or ~k~R,»> 21T, the phase-matching curve 

for DFG, as shown in Fig. 4, has a sharp drop around the value of ~k~ 

where significant Fourier components of the far-infrared output begin to 

be totally reflected at the botmdaries. In SHG, however, total reflection is 

never important and therefore as shown in Fig. 16, no sudden drop of the output 
D . -: -. ._-;- --

power occurs as ~ka 1ncreases. Because of the weaker d1ffract10n effect, 

the phase-matching curve for SHG has,in general. more pronotmced fine struc-

ture than that for DFG. 



0 0 -, 
U 4~ 5 0 

.. 
I L1 2 ~, .. g ~~j • 

-27-

v. Conclusion 

We have developed here the theory of far~infrared generation by optical 

mixing in a nonlinear medilDTl, us~ng an extension of a formalism developed 

earlier for second-harmonic generation by focused laser beams. The theory 

takes into account the effects of focusing, diffraction, and double refrac

tion of the pumped beams and the effects of diffraction, absorption, and 

reflections at the boundaries of the far- infrared output beam. Numerical 

calculations showing these effects are presented. Both the total power 

output and its angular distribution are calculated. 

We have found that focusing of the pump beams can greatly enhance 

the far-infrared output. In a crYstal of 1 em long, the optimum focal 

spot radius is roughly equal to or smaller than the far-infrared wavelength 
-1 

for output frequencies less than 100 em The walkoff effect of the pump 

beams in birefringent crystals does not reduce the output by more than a 

factor of 2. Far-infrared absorption and boundary reflections are however 

extremely important. The former is often the factor which limits the out-

put power. 

We show that the usual plane-wave model which neglects the effects 

of far-infrared diffraction and boundary reflections does not give a cor~ 

rect description of the far-infrared output, especially for tightly 

focused pumP beams. A simple model treating the non-linear polarization 

as a constant 1/e radius Gaussian distribution of radiating dipoles is, 

however, a good approximation to the real picture. We also compare our . 
results with those 6f second-harmonic generation and notice a 

great deal of similarities. Most of the differences can be 
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ascribed to the boundary effects including total reflection which are. more 

important in the case of far-infrared generation. 
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. Appendix A 

The extraordinary ray assumed in Sec. IrA actually has the form 

(AI) 

~Z = unit vector parallel to the electric field of the e-ray for, 

a normally incident laser beam 

and the remaining parameters are as defined for Eq. (1). This expression 

with zO' Z = zO. Z' is essentially the same as the one given in Appendix I , x , y . 

of Ref. 31, but there the factors in the square brackets in the definition 

of ~Zx and ~Zy were approximated by 1. 

The nonlinear polarization ~(Z)(r,w) is obtained from Eq. (Z) using 

the expressions of El in Eq. (1) and EZ in Eq. (AI). The transverse Fourier 

transform of p(Z) (r,w) gives p(Z) (Itr,z). To obtain the expression of 

p(Z) (~,z) in Eq. (3), we made the following simplifying assumptions. 

First, we assumed wI = Wz = w. Second, we assumed a conunon focus for the 
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two beams, zO,l =zO;Zx = zOl"Zy = zOo Finally ,we asslUlled "" 

F,;l - F,;Zx'::' F,;l - F,;Zy = o. This last assumption is reasonable as long as 

3! F,;l - F,;Zx! , 3!F,;1 - F,;Zyl« n/Z. In our calculations, the largest value 

of 3!F,;1 ~ F,;Zx! or 3!F,;1 ~ ~zyl is 1 for the case of w = 10 em-I, 

w = ZS J..1Ill and I; = - O.OZ. For all the other cases, 31~1 - ~z~1 

or 31~1 -~Zy! is much smaller than 1. 
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Appendix B 

To derive Eq. (6), we first Fourier transform Eq. (4) and obtain 

(Bl) 
-+ ~ -+ -+ -+ -+ (Z) ::t 
k • £ • E (k)= -.4 'IT k • P (1<) 

The particular solution of Eq. (Bl) can be written in the form 

.~ (k) = ~. (~ . p(Z) (~) • 

From the inverse transform on kz' we then have 

ik (z-z') 
dz' e z S (k) .'p(Z) (~,z') 

(~Z) 

A straightforwar~but tediou~application of the residue therem finally 

leads to Eq. (6). 

We also notice that Eqs. (6) and (7) are not the results of slowly 

varying envelope approximation. This is in fact generally true for the 

solution of optical mixing in the parametric approximation. For example, 

consider the simple case where the nonlinear process can be described by 

the wave equation 

(aZ/ozZ + k~) E(z) = 4'IT(wZ/cZ)PNL(z) (B3) 

Where PNL(z) r 0 only if 0 ~ z ~ ~. Then, in the region 

o ~ z ~ ~ , the solution of the equation is 

Zn wZ 
E(z) = ---,;-

Ok Z 1 c o 
[

( . ik (z-z') 
)0 ~(z')e 0 dz' + 

~ 1 ~(z') -ik (z..:z ') J 
e 0 dZJ 

(B4) 
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No slowly varying envelbpeapproximation was made in the derivation. In 

fact, one can easily show that with the complete expressioIi of E(z) in 

Eq.(B4), the terms a2\E(z)1 /az2 and 2ko aIE(z)\ /az are generally 
, 

comparable in magnitude. The usual slowly varying envelope approximation 

is actually equivalent ,to neglecting waves propagating in the opposite 

direction. 

) 
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which has the value:::::.. 1T/R. for thick crystals or high far-infrared 

frequencies and the value .::.(w/2c) [n(w)-h.2(w)-11for thin 

crystals or low far-infrared frequencies. 
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Figure Captions ~ . 

Fig. 1. Wavevector diagram for reflection of a' plane wave incident from the 

vaCUUIll" side on the plane interface between vacuum and uniaxial crystal 

half-spaces: (a) crystal fills the right Imlf-Space; (b) .crystal fills 

the left half space and (c) an equivalent diagram with the crystal on 

the right. 

Fig. 2. Wavevector. diagrams showing. (a) bmmdary transmission and re

.flection of ordinary and extraordinary waves and its decomposition 

. into' l'b) and (c) 'which describe two simpler. cases of linear trans-

mission and reflection of waves at an interface. 

'Fig. 3. Angular distribution of far-infrared poWer output at w = 100 on-I 

-1 with the axial phase mismatch at its opt~ value ~ka= - 5.1 cm , 

a near optimum focal .spot radius w = 25 llm, a zero walk-off angle 

1; .'= 0,. and a crystal length R, = 1 "em. 

Fig. 4. Far-infrared power output at w =100 em-I as a ftmction of ~kaR" 

assuming a = 0, 1; = 0, w = 25 llffi' ,and R, = 1 em. 

Fig. '5. Far-infrared power output at w = 100 em-I as a function of ~k R, 
a 

assuming a = 0, 1; = O~ w =' 0.2 nun, and R, = 1 em. 

Fig. 6. Far-infrared power output at w = 100 em-I as a function of the 

focal spot radius w for variolJS walk-off- anglesC,a= '0, and 

Fig. 

, ;~ 

R, = 1 em. The calculation was done by always adjusting the aXial 

phase mismatch ~ka to its optimum value for maximum power output. 

7. Angular distribution of far-infrared power output atw = 10 em-I 
. " -l' ' . 
for ~ka = - 4.0 em' ,w = 25 llm,.1; .= 0, a' = 0, and ! = 1 CIil. ' 

The azimuth' <j> is defined by <I> = "tan -1 (y Ix). ' 
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Fig. 8. Far-infrared power output at w = 10 em-I as a function of 

Ak n • 0 rOW = 25 1 1m , Ll a,x, assUJIUllg a = ,., = , ~ and R, = 1 em. 

Fig. 9. Far-infrared power output at w = 10 em-I as a function of the 

focal spot radius' w for various walk-off angles 1;;, a = 0, and 

R, = 1 em. The axial phase mismatch was always adj~ted to its optinium 

value in the calculation. 
. ',,,. 

Fig. 10. Angular distribution of the far-infrared p'ower output at 

w = 10 em-I for various walk-off angles I;; asstuning w = 2S ~m, 

a = 0, R, = 1 em, and the,opt~ value of I1ka CZ;;). All curves were 

computed in the ~ = 0 plane. 

Fig. 11 . .!YJCa)/ !PCa = 0) versus a showing the reduction of output 

power due to far-infrared absorption. For each point 'on the curves 

for w = 10 em-I and w = 100 em-I, w:: 2S ~m,an optimum value 

of I1ka' and an opt~ location of the focal plane were used in 

the calculation. A corresponding curve calculated from the plane wave 

model is also shown for comparison. 

Fig. 12. Optirntun values of I1kaR, versus the absorption coefficient a 

for the case of Fig. 11 with w = 100 em-I where ,11k is the 
'a 

axial phase mismatch. 

Fig. 13. Comparison of the results of 'the Gaussian distribution model, 

the plane wave model, and our present calculation for w ='100 em-I, 

a = 0, Z;; = 0, and R, = 1 em. 

Fig. 14. Comparison of the results of the Gaussian distribution model 

and our present calculation for w = 10 em~l, a = 0, R, = 0, and 

R, = 1 em. ' 

-, 
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Fig. 15. Phase;':'matched wavevector diagrams for (a) secondhannonic gen

eration and (b) difference frequency generation. 

Fig. 16." Second harmonic power output as a ftmctionof 6k Q, when a 

L\k~Q, = 100 .. [After Boyd 'and Kleinman,Jour. Appl. Phys. 39, 

3597 (1968)]. 

Fig. 17. Second "harmonic power outp~t as a function of L\kaQ, when· 

L\k~Q, = 5. 68 ~ [After Boyd and Kleinman· op. cit.] 

, > 
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.... - _______ LEGAL NOTICE--------_ ... 

This report was prepared as an accoun t of work sponsored by the 
United States Government. Neither the United States nor the United 
States Energy Research and Development Administration, nor any of 
their employees, nor any of their contractors, subcontractors, or 
their employees, makes any warranty, express or implied, or assumes 
any legal liability or responsibility for the accuracy, completeness 
or usefulness of any information, apparatus, product or process 
disclosed, or represents that its use would not infringe privately 
owned rights. 
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