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Abstract
Guided by the symmetries of the Euler–Lagrange equations ofmotion, a study of the constrained
dynamics of singular Lagrangians is presented.Wefind that these equations ofmotion admit a
generalized Lie symmetry, and on the Lagrangian phase space the generators of this symmetry lie in
the kernel of the Lagrangian two-form. Solutions of the energy equation—called second-order,
Euler–Lagrange vectorfields (SOELVFs)—with integralflows that have this symmetry are determined.
Importantly, while second-order, Lagrangian vectorfields are not such a solution, it is always possible
to construct from thema SOELVF that is.Wefind that all SOELVFs are projectable to theHamiltonian
phase space, as are all the dynamical structures in the Lagrangian phase space needed for their
evolution. In particular, the primaryHamiltonian constraints can be constructed from vectors that lie
in the kernel of the Lagrangian two-form, andwith this construction, we show that the Lagrangian
constraint algorithm for the SOELVF is equivalent to the stability analysis of the total Hamiltonian.
Importantly, the end result of this stability analysis gives aHamiltonian vectorfield that is the
projection of the SOELVF obtained from the Lagrangian constraint algorithm. The Lagrangian and
Hamiltonian formulations ofmechanics for singular Lagrangians are in this way equivalent.

1. Introduction

The Lagrangian phase space formulation ofmechanics [1–4], with its roots in differential geometry, provides an
especially fruitful frameworkwithwhich to analyze dynamical systems of singular Lagrangians L. Instead of
trajectories ( ) ( ( ) ( ))=q t q t q t,..., D1 on aD-dimensional configuration space that are solutions of the Euler–
Lagrange equations ofmotion, trajectories in the Lagrangian phase space formulation

( ) ( ( ) ( ) ( ) ( )) ( )u =t q t q t v t v t,..., , ,..., , 1D D1 1

are on a D2 -dimensional Lagrangian (or velocity) phase space = TL embodiedwith a Lagrangian two-form
WL. They are determined by vector fields uÎ X TE L that are solutions of the energy equation

( )W = di E, 2LXE

withE being the energy of the system. For regular Lagrangians,WL is symplectic. The solution to equation (2) is
unique, and is a second-order, Lagrangian vector field (SOLVF)[1] (also called a second-order dynamical
equation in the literature). For singular Lagrangians, on the other hand,WL is presymplectic2. The solution to
equation (2) is not unique, need not be a SOLVF, nor need it even exist [5]. Nevertheless, with few exceptions in
the literature [6], focus has been placed on solutions of equation (2) that are SOLVFs. This is done for physical
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reasons: the condition  =q va a, for =a D1 ,..., , immediately follows for trajectories determined by such fields.
This focus on SOLVFs has consequences, however.

The presence of a singular Lagrangian often predicates the existence of a Lagrangian constraint submanifold
of L, and for solutions of equation (2) to exist, trajectories of these dynamical systemsmust lie on this
submanifold. Algorithms—called a constraint algorithmor a stability condition—for constructing such
solutions have been developed [5, 7–13]. However, irrespective of the one used, the end result of these
algorithms is a vector field that has a number of troubling attributes. First, this vector field need not be a SOLVF,
even though physical arguments were used to restrict the starting point of these algorithms to suchfields. This is
called the second order problem, first notedwithin a different context byKünzle [14], and emphasized byGotay
andNester [8]. Currently, it is known that requiring the end result of these algorithms be a SOLVF is very
restrictive, and additional conditionsmay need to be imposed [15]. Second, thefibre derivative (Legendre
transform)  for singular Lagrangians is singular, and thus the rank of theHessian of L is notmaximal. Because
of this the passage fromLagrangian toHamiltonianmechanics is problematic. The ability tomap dynamical
structures from the Lagrangian to theHamiltonian phase space has long been studied for SOLVFs [4, 7, 10, 11,
15–23]. It is found that a general SOLVF—even after the application of the constraint algorithm, and even under
theweak projectability condition [10]—is not projectable [10, 15]. (Examples of systems forwhich a SOLVF is
projectable, and for which it is not are given in [10]). One immediate consequence of this non-projectability is
dynamical systems forwhich theHamiltonian flowfield determined through constrainedHamiltonian
mechanics as described in [24, 25] (see [26, 27] formoremodern approaches)—even after its restriction to the
primary constraint submanifold—need have little relation to the SOLVF obtained from the Lagrangian
constraint algorithm. Third, it is known that the Lagrangian constraints obtainedwhile a constraint algorithm is
being imposed on a SOLVF also need not be projectable [4, 10, 15, 17, 18, 21, 28]. Combined, thismeans that
dynamics on the Lagrangian phase space and dynamics on theHamiltonian phase space can take place on two
inequivalent submanifolds, be determined by two inequivalent vector fields, resulting in two different families of
trajectories on the configuration space for the same dynamical systemwith the same initial data.

We take a different starting point in our analysis of singular Lagrangians, one that is rooted in the generalized
Lie symmetries of the Euler–Lagrange equations ofmotion. The analysis is guided by the observation that if a
symmetry of the dynamical systemhas been determined through Lagrangianmechanics, itmust be present in
the Lagrangian andHamiltonian phase space descriptions ofmotion aswell.We emphasize, however, that while
these symmetries play an important role, this role is nevertheless supportive. One of themain goals of this work
is the construction of algebraic-geometric structures within differential geometry that will then be used to
implement these symmetries; to characterize the relevant geometry of the Lagrangian phase space; to determine
the structures needed to decribe dynamics on this phase space; and to show the equivalence of the Lagrangian
andHamiltonian phase space formulation ofmechanics. In doing so, we are led to construct the second-order,
Euler–Lagrange vector field (SOELVF). These fields avoid the second-order problem, are projectable to the
Hamiltonian phase space, and lie on Lagrangian constraint submanifolds that also are projectable. Importantly,
the projection of the SOELVF is theHamiltonian flowfield of the totalHamiltonian obtained from constrained
Hamiltonianmechanics. (We follow the terminology in [25], and call the result of augmenting the canonical
Hamiltonianwith the primary constraint functions the totalHamiltonian).

The generalized Lie symmetry [29] of the Euler–Lagrange equations ofmotion is generated by second-order
prolongation vectors in the tangent space ( )T 2 of the second-order jet space ( ) 2 . This symmetry is reflected in
the Lagrangian phase space description ofmotion, and the projection of ( )T 2 to T L maps these prolongation
vectors into the kernel ofWL. Surprisingly, it is not the vertical vector fields of the kernel that generates this
symmetry, asmay have been expected. Also surprisingly, the corresponding symmetry group Gr ym is not a
symmetry group for SOLVFs; action on a SOLVF by Gr ym results in a vector field that is no longer a SOLVF, nor
need it even be a solution of equation (2). It is, however, always possible to construct from a SOLVF vector fields
that do have Gr ym as a symmetry group, and are solutions to equation (2). These vector fields are the SOELVFs,
and they resolve the issues listed above for the SOLVF.

That a SOELVF is projectable is a natural consequence of having Gr ym as a symmetry group.Moreover, all
the Lagrangian constraints—both those due to the energy equation and those introduced through the
application of the constraint algorithm to the SOELVF—are projectable aswell.Wefind also that there is a
choice of a basis for the kernel ofWL that is projectable, and that the primaryHamiltonian constraints can be
constructed from their image. Indeed, all the dynamical structures needed to describe evolution on the
Lagrangian phase space are projectable, and their image corresponds to the dynamical structures needed to
describe evolution on theHamiltonian phase space obtained through constrainedHamiltonianmechanics
[13, 24–27, 30–32]. In this way the Lagrangian andHamiltonian fomulations ofmechanics are equivalent even
for singular Lagrangians.

Analysis of the symmetries of Lagrangian systems (both regular and singular) have been done before.
However, such analyses have been focused on time-dependent Lagrangians (and in particular their Noether
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symmetries) [9, 33–39]; on systems offirst-order evolution equations on either the Lagrangian orHamiltonian
phase space [40–44]; or on general solutions of equation (2) [6] (see also [45] for an analysis of particlemotion
on curved spacetimes). Importantly, the greatmajority of these analyses have been done usingfirst-order
prolongations onfirst-order jet bundles with a focus on the Lie symmetries of first-order evolution equations.
Our interest is in the symmetries of the Euler–Lagrange equations ofmotion—a systemof second-order
differential equations—that come from singular Lagrangians. This naturally leads us to consider generalized
Lie symmetries and second–order prolongations. Such symmetry analysis of the Euler–Lagrange equations of
motion has not been done before. (Although the framework for kth-order prolongations on kth-order jet
bundles have been introduced before [9, 39, 46, 47], they have not been applied to the Euler–Lagrange equations
ofmotion).

In this paperwe only consider autonomous Lagrangians forwhich the rank ofWL is constant on L.We also
require such Lagrangians to have afibre derivative that is a submersivemap of L to theHamiltonian phase
space  ;C the rank of theHessian of such Lagrangians is necessarily constant on L. In addition, the preimage of
( ) ( )u u= Î q p, , L, must be a connected submanifold of L (see also [32]where this condition is relaxed).
These Lagrangians are called almost regular Lagrangians in the literature [2, 4, 7, 15, 23], andwe also use this
terminology.

Some of the results on the equivalence of singular Lagrangian andHamiltonianmechanics presented in this
paper have been presented elsewhere.However, the approaches used previously often rely on such dynamical
structures from constrainedHamiltonianmechanics as the primaryHamiltonian constraints; pullbacks of their
derivatives to the Lagrangian phase space are used to construct suchmappings as the time-evolution operatorK
[11, 16, 18, 19, 21, 37], for example.We take a different approach, one that starts with the Lagrangian phase space
formulation, and, with restrictions imposed by Gr ym, is onewhich shows that the dynamical structures on the
Hamiltonian phase space necessary to describe the dynamical system can be obtained directly from those on the
Lagrangian phase space.

The importance of establishing the equivalence between the Lagrangian andHamiltonian formulations of
mechanics for singular Lagrangians can been seen from the starting point of any physically relevant system:
the action, and through it, its Lagrangian. For systemswith local gauge or diffeomorphism symmetry, the
Lagrangian is singular, and dynamics have traditionally been analysed usingHamiltonian constraints [25]. This
is done byfirst using thefibre derivative to construction theHamiltonian from the Lagrangian, and then using
Hamiltonian stability analysis to determine both the totalHamiltonian and theHamiltonian constraint surfaces.
However, as the Lagrangianwas the starting point, and as the fibre derivative is not invertable for such
Lagrangians, a natural question to ask is whether the dynamics described by the totalHamiltonian has any
relation to the original dynamics given by the Lagrangian.With the equivalence between the Lagrangian and
theHamiltonian phase space formulations of dynamics demonstrated, we have shown that they are. This
equivalence is evenmore important for the path integral formulation of quantummechanics and quantum field
theory. Both are based on the action, and integration is over paths on the configuration space. For systemswith
local gauge or diffeomorphism symmetries these integralsmust be restricted, which for non-abelian gauge
theories leads to the use of BRST symmetries. These symmetries have traditionally been constructed using the
Hamiltonian andHamiltonian constraint analysis (see [25]).

Althoughwe freely use the tools and language of differential geometry, we are aware that interest in
constrained dynamics is often due to its application to quantum field theories. In these applications, the ability to
calculate and determine symmetries is paramount. To ensure that the tools andmethodologies given in this
paper can be so applied to the analysis of quantumfield-theoretic systems, we have alsowritten a number of the
expressions given in this paper in terms of local coordinates using a notation that is both familiar and useful for
calculations. In particular, the general solution to W =i 0LK given in section 3.2 is given in terms of local
coordinates as are the construction of second-order Lagrangian and Euler-Lagrangian vector fields.

The rest of the paper is arranged as follows. In section 2we show that the Euler–Lagrange equations of
motion have a generalized Lie symmetry, and determine the existence conditions for the generators of this
symmetry. In section 3 the vectors that lie in the kernel ofWL are found, and the role they play in generating

Gr ym is determined. Physically relevant solutions of the energy equation are characterized, and the SOELVF is
defined and constructed. First-order Lagrangian constraints are also constructed, and a constraint algorithm for
SOELVFs is presented. In section 4 focus is on the passage from the Lagrangian to theHamiltonian phase space.
The projectability of functions on L is reviewed, and a new result on the projectability of vector fields in T L is
presented. The dynamical structures needed to describe evolutionwith SOELVFs are shown to be projectable,
and the primaryHamiltonian constraints are constructed. The equivalence of the constraint algorithm
presented in section 3with the usualHamiltonian stability analysis is shown. In section 4.3 application of the
analysis given here to three different dynamical systemswith singular Lagrangians is presented. Concluding
remarks can be found in section 4.4, with the crucial role that the vertical vector fields in the kernel ofWL play
summarized.
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2.Generalized Lie symmetries and Lagrangianmechanics

Webeginwith Lagrangianmechanics, and an analysis of the generalized Lie symmetry [29] of the Euler–
Lagrange equations ofmotion. The existence conditions for the generators of this symmetry will be established.

The Euler–Lagrange equations ofmotion are the systemofD second-order differential equations

̈ ( )= -
¶
¶

-M q
E

q
F q , 3ab

b
a ab

b

where

( ) ≔ ( ) ( ) ( ) 





¶
¶

-E q q q
L q q

q
L q q,

,
, , 4b

b

is the energy, while

( ) ≔ ( ) ( ) ≔ ( ) ( ) ( )


 








¶
¶ ¶

¶
¶ ¶

-
¶
¶ ¶

M q q
L q q

q q
F q q

L q q

q q

L q q

q q
,

,
, and ,

, ,
. 5ab a b ab a b b a

2 2 2

Here, Einstein’s summation convention is used.
For almost regular Lagrangians the rank of theHessian ( )uMab , where ( )u = q q, 3, is constant on L.

However, as the rank of ( )u = -M D Nab 0, with ( ( )u=N Mdim ker ab0 , this rank is notmaximal, and thus
equation (3) cannot be solved for a unique ̈q . Instead, a chosen set of initial data ( )u = q q,0 0 0 given at =t t0

determines a family of solutions to equation (3) that evolve from the same u0. These solutions are related to one
another through a generalized Lie symmetry [29].

FollowingOlver [29], we define

( )̈ ≔ ( ) ( ) ̈ ( )


 D
¶

¶
+ +q q q

E q q

q
F q q q M q, ,

,
, , 6a a ab

b
ab

b

which reduces to equation (3) on the surfaces ( )̈D =q q q, , 0a . The set

( ) ≔ { ( ) ⧹ ( )̈ ( ) ( ) } ( )u   D = = = q t q q q q t q q t q, , 0with , , 7a0 0 0 0 0

is the family of solutions to equation (3) that evolve from u0. Consider two such solutions ( )q ta and ( )Q ta . From
equation (3) there exists a ( ) ( )z u uÎ Mkera such that ̈ ̈ ( )z u- =Q qa a a . As za depends on both q a and qa, we
are led to consider generalized Lie symmetry groups generated by

≔ ( ) · ( )u
¶
¶

r
q

g , 8

with a ( )ur that does not depend explicitly on time. This gives the total time derivative

≔ · ̈ · ( )


¶
¶

¶
¶

+
d

dt
q

q
q

q
, 9

with ≔r rd dt .
With this g , the second-order prolongation vector,

≔ · · ̈ ·
̈

( )


¶
¶

¶
¶

¶
¶

r r r+ +
q q q

pr g , 10

on the second-order jet space {( )̈}( ) = t q q q, , ,2 with ( )Î pr g T 2 can be constructed. Its action on the
Euler–Lagrange equations ofmotion gives

[ ( )̈] ̈ [ ] ( ) r r rD = -
¶
¶

+ +q q q
q

q
M

d

dt
F Mpr g , , , 11a

b

a bc
c

ab
b

ab
b

on theD = 0a surface. However, because the rank of ( )uMab is notmaximal, the solution for ̈q on this surface is
not unique. For g to generate the same symmetry group for all the trajectories in ( )u 0 , wemust require

( ) ( )u ur Î Mker ab . It then follows that [ ( )̈]D =q q qpr g , , 0a if and only if (iff) r r= +b F Ma ab
b

ab
b for some

function ( )uba where  =b 0a . However, because all the solutions in ( )u 0 have the same initial data, ( )ur = 0a
0

and ( )ur = 0a
0 , and thus ba=0. This leads to the following new result.

Lemma1. If g is a generalized infinitesimal symmetry ofDa, then ( ) ( )u ur Î Mkera
ab and ( )ura is a solution of

( ) ( ) ( ) ( ) ( )u u u ur r= +F M0 . 12ab
b

ab
a

3
Weuse u to represent both ( )q q, for trajectories on  and (q,v) for trajectories on L to avoid introducing additional notation.
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Wedenote by g the set of all vector fields g that satisfy lemma 1, and by ≔ { ⧹ }g gÎpr pr g g the set of their
prolongations. This gpr is involutive [29].

The conditions underwhich gpr generates a generalized Lie symmetry group arewell known [29].
However, because our Lagrangians are singular, three additional conditionsmust be imposed:

1.While r = 0a and zr =a a for any ( )z uÎ Mker ab is a solution of equation (12), we require that
r r= d dta a , and theymust be removed.

2. If ra is a solution of equation (12), then zr +a a is a solution of equation (12) as well. The ra are not unique,
and this, alongwith thefirst condition, leads us to generators that are constructed from equivalence classes
of prolongations.

3. For any ( )z uÎ Mkera
ab , equation (6) gives,

⎛
⎝⎜

⎞
⎠⎟( ) ( )z  =

¶
¶

+
E

q
F q q q0 , , 13a

a ab
b

on the solution surface ( )̈D =q q q, , 0a . If equation (13) does not hold identically, itmust be imposed,
leading to thewell-known, first-order Lagrangian constraints. As each ( ) ( )uÎ q t 0 must lie on this
constraint submanifold, any symmetry transformation of q(t) generated by pr g must give a pathQ(t) that
also lies on the constraint submanifold.

Not all vectors in gpr will be generators of the generalized Lie symmetry group for ( )u 0 . Determining
which vectors are is best donewithin the Lagrangian phase space framework. This will be done in the next
section. For now,we note the following.

For any gÎg , decompose

̈ ·
̈

( )¶
¶

r= +
q

pr g k . 14

Then for gÎpr g pr g pr, ,A B ,

[ ] [ ] [ ( ̈ ) ( ̈ )]
̈

( )¶
¶

r r= + -
q

pr g pr g k k pr g pr g, , . 15A B A B A B
a

B A
a

a

Because gpr is involutive, there exists apr gÎg prC such that [ ]=pr g pr g pr g,C A B . There is then a kC such
that [ ]=k k k,C A B , and the collection of vectors

⎧⎨⎩
⎫⎬⎭( ) · ( ) · ⧹ ( ) ( ) ( ) ( ) ( ) ( ) ( )u u u u


¶

¶
¶
¶

r r r r r= = + Î = +
q q

M F Mk u u u uker , 0 , 16a
ab ab

b
ab

b

is involutive. Importantly, dim g = = Npr dim 2 0.

3. The Lagrangian phase space

In this sectionwe determine the generators of the generalized Lie symmetry found in section 2. This is done on
the Lagrangian phase space using the tools of differential geometry. These generators are then used to determine
the physically relevant solutions of the energy equation, andwith them, the constraint algorithm and the
Lagrangian constraint submanifold.Much of the content in sections 3.1 to 3.4 have been established elsewhere.
They are gathered here for clarity and coherence of argument, and to establish notation and terminology. On the
other hand,much of the construction and the results presented in sections 3.5 to 3.7 are new.

3.1. Passage fromLagrangianmechanics to the Lagrangian phase space
To treat singular Lagrangian dynamics using themethods of differential geometry, trajectories ( ) Î t q t
are replaced by integral flows ( )u Î t t L [1], which for the initial data ( )u = q v,0 0 0 are given by solutions to

≔ ( ) ( )u
u

d

dt
X , 17

where X is a smooth vector field in the tangent space T L. As = TL , we have the bundle projections
t   T: and ( )t   T T T:T with ◦ ( )t t    T T:T (see [5] and [1]). It is also possible to
construct tT , the prolongation of t to ( )T T , which is a second projectionmap ( )t  T T T T: which
is determined by requiring that ◦t t T and ◦t t T map a point in ( )T T to the same point in. The vertical
subbundle [ ]T L

v of ( )T T is defined by [ ] t= T TkerL
v [5]; a vector [ ]uÎ X Tv

L
v above a point u Î L is
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called a vertical vector field. The horizontal subbundle [ ]T L
q of ( )T T is defined by [ ] t= T TImage ;L

q a
vector [ ]uÎ X Tq

L
q is called a horizontal vector field. Each uÎ X T L can be expressed as = +X X Xq v with

[ ]uÎ X Tq
L

q and [ ]uÎ X Tv
L

v, which in terms of local coordinates are,

≔ ≔ ( )¶
¶

¶
¶

X
q

X
v

X X, and . 18q qa
a

v va
a

In particular, a second order Lagrangian vector field XL is the solution of equation (2) such that ◦tT XL is the
identiy on T (see [1]). In terms of local coordinates

( )¶
¶

¶
¶

= +v
q

X
v

X , 19L
a

a
va

a

where for singular LagrangiansXva is not unique.
For a one-form ua Î T L* , where T L* is the cotangent space of one-forms on L, and a vector field

uÎ X T L, we define the dual prolongationmap tT* by

∣ ∣ ( )a at tá ñ = á ñ T X T X . 20*

Here, we adaptDirac’s bra and ket notation to denote the action of a k-form ( )w x by

( ) ( )∣ ( ) w wÄ Ä  á Ä Ä ñ Î x xY Y Y Y: , 21k k1 1

where uÎ Y Tj L. The k-formbundle is ( )L k
L , while the exterior algebra of forms is denoted by ( )L L . Then the

vertical one-form subbundle [ ]T L
v* of T L* is defined by [ ] ≔ t T Tker ;L

v* * a one-form [ ]ua Î Tv L
v* is

called a vertical one-form. The horizontal one-form subbundle [ ]T L
q* of T L* is defined by [ ] =T L

q*
TImage ;L* a one-form [ ]ua Î Tq

q* is called a horizontal one-form. Each one-form uj Î T L* can be
expressed asj j j= +q v with [ ]uj Î Tq L

q* and [ ]uj Î Tv L
q* . In terms of local coordinates, ≔j j qdq qa

a

and ≔j j vdv va
a.

There are a number approaches [1] used in the literature to obtain the Lagrange two-formWL.We follow
[5, 8], and defineW = - LddL J , where dJ is the vertical derivative (see [5]). This two-form can be expressed as

≔W W W+L F M where

( ) ≔ ( ) ( )t tW W  X Y T X T Y, , , 22F L

for all uÎ X Y T, ;L this is a horizontal two-formofWL. Then ( ) ( ) ( )W W W= -X Y X Y X Y, , , ;M L F this is a
mixed two-formofWL. In terms of local coordinates,

( )q qW = - =
¶
¶

d
L

v
qd, where , 23L L L a

a

while

≔ ≔ ( )W W F q q M q vd d d d
1

2
, and . 24F ab

a b
M ab

a b

If ( )u t is to describe the evolution of the dynamical system given by L, then the vector field X must be chosen
so that its integral flows on L faithfully represent their trajectories on. For regular Lagrangians this is
guaranteed by setting =X XL, and is a unique solution of the energy equation equation (2) [1].

We adopt the general assumption that even for singular Lagrangians there are solutions of the energy
equation that faithfully represent trajectories on. For general singular Lagrangians neither the existence nor
the uniqueness of solutions to equation (2) is assured. For almost regular Lagrangians, however, a number of
general results are available. These results depend on the structure of the family of solutions evolving from u0,
and in this the kernel ofWL,

( ) ≔ { ⧹ } ( )u uW WÎ = iK Tker 0 , 25L L LK

plays a defining role.

3.2. Properties of ker ( )uWL

In this sectionwe characterize the structure of ker ( )uWL , and determine the vectors that lie in it.
The two-formWL gives the loweringmap u uW   T T:L L L* , with ≔ WW iXL LX . As W = W + W  

L F M , the

action of WL on a vector X is given by [ ]u uW Î   X T T:F L L
q* , and, sinceWM is amixed two-form, by

W = W + W  
M M

v
M
q , where [ ]u uW Î   X T T:M

q
L L

q* and [ ]u uW Î  * X T T:M
vflat

L L
v. In terms of local

coordinates, W = dF X qXF ab
qa b, W = -M X qX dM

qflat
ab

va b and W = M X vX dM
v

ab
qa b.

For almost regular Lagrangians [ ]uW = Å Tker M
v

L
v while [ ]uW = Å  Tker M

q
L

q , where

{ [ ] ⧹ } ( )W= Î =  iC T 0 , 26q L
q

MC
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while

{ [ ] ⧹ } ( )W= Î =  iG T 0 . 27q L
v

MG

Moreover, because the rank of ( )uMab is constant on L there exists a basis,

{ ( ) ( ( ) ( ))⧹ ( ) ( ) } ( )( ) ( ) ( ) ( )z u z u z u u z u= ¼ = = ¼M n N, , 0, 1, , , 28n n n
D

ab n
b1

0

for ( )uMker ab at each u Î L. This in turn gives the bases

⎧⎨⎩
⎫⎬⎭ { }· · ( )( ) ( ) ( ) ( )z z

¶
¶

¶
¶

= = = = = = 
q

n N
v

n NU Uspan , 1 ,..., , span , 1 ,..., , 29n
q

n n
v

n0 0

for  and  . It is well known [2] that for almost regular Lagrangians  is involutive. Furthermore, when the rank
ofWL is constant on L, ker ( )uWL is involutive aswell.

Corresponding to ( )U n
q and ( )U n

v wehave the one-forms ( )Qq
n and ( )Qv

n where ∣( )
( ) dQá ñ =Uq

n
m

q
m
n and

∣( )
( ) dQá ñ =Uv

n
m

v
m
n . Then [ ]u = Å ^ T L

q and [ ]u = Å ^ T L
v , where

≔ { [ ] ⧹ ∣ }

≔ { [ ] ⧹ ∣ } ( )

( )

( )

u

u

Q

Q

Î á ñ = = ¼

Î á ñ = = ¼

^

^








n N

n N

X T X

X T X

0, 1, , , and

0, 1, , . 30

L
q

q
n

L
v

v
n

0

0

Todetermine the vectors in ker ( )uWL , choose a ( )uWÎK ker L . Then

( )W = W = -W  K K K0, and . 31M
v q

M
q v

F
q

Solutions of these equations are foundwith the use of the following theorem from linear algebra statedwithout
proof (see also [4]where a special case of this theoremwas proved).

Theorem2. For linear spaces E and F of dimensionD and a linearmap  F E: * of rank r, the inhomogeneous
linear equation,

( )j=f , 32

has solutions if and only if

∣ ( )já ñ = " Îe e A0 , 33

where

≔ { ⧹ ∣ } ( )Î á ñ = " ÎA e E f e f F0 . 34

This theorem is applied to equation (31) by setting [ ]u= F T L
v, [ ]u= E T L

q, = W 
M
q , andj = -W KF

q. To
make the connectionwith the results of section 2 clear, this application is done locally. The condition that

ÎX Aq is ∣áW ñ = - = K M XK X 0M
q q qa

ab
qb ∀Kqa, which requires =M X 0ab

qb . This establishes = A .

Equation (33) reduces to ∣áW ñ = = " Î  F K CK C C0F
q

ab
qa b , or equivalently ( )z =F K 0n

a
ab

qb . Using the

action of W 
M
v and W 

M
q in equation (31), we find that =M K 0ab

qa , and thus Î Kq . The existence condition for
solutions of equation (31) is then,

( )( )z = = ¼F K n N0, 1, , . 35n
a

ab
qb

0

With the basis given in equation (29), wemay express

( )( )
( )zå=

=

K K , 36qa

m

N
q m

m
a

1

0

and equation (35) becomes,

¯ ¯ ≔ ( )( )
( ) ( )z zå =

=

F K F F0, where , 37
m

N

nm
q m

nm n
a

ab m
b

1

0

is the reducedmatrix of Fab. Then Kq is restricted to the subspace,

⎧⎨⎩
⎫⎬⎭≔ ⧹ ¯ ( )( )åÎ = Ì

=

  F CC 0 . 38
m

N

nm
m

1

0

Theorem3.The vectors W= + ÎK K K kerq v
L are given by,

( )= = +K C K G C, , 39q v

where, Î C , Î G , and  Î ̂C is the unique solution of  = -M C F Cab
b

ab
b.
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Proof.The horizontal component, =K Cq , of K satisfies equation (35), and is a solution of equation (31). As
Î W G ker M

q , the general solution of equation (31) is = +K G Cv , where  Î ̂C .With ≔( )( ) ( ) ( )z za b a bM Ma
ab

a

for a b = D, 1 ,..., , andwith the choice that ( )( )z uÎa Mker ab for a = N1 ,..., 0, the components of C andM

satisfy
( ) =C 0
n

, and ( )( ) ( )( )= =M M 0n e f m , when =n m N, 1 ,..., 0. Thus

⎡
⎣⎢

⎤
⎦⎥ ≔ ( )( )( ) ( )( )=


M M0 0

0
, , 40f e f e

for = + ¼e f N D, 1, ,0 , and is nonsingular. In this basis equation (31) becomes  =MC R, where
≔( ) ( )-R U F Cf f

va
ab

b, and ( ) =R 0n . The nonvanishing components of C andR are vectors with ( )-D N0 -com-
ponents that satisfy

( ) =C R. 41

Thus there is a unique solution for C that belongs to ̂ . +

The constant rank assumption for ( )uMab togetherwith the definition of  shows that there areN0 free
choices for G at each u Î L. According to theorem 3 the C-term is uniquely specified by the choice of Î C .
In general, F̄ is not determined byMab, and thus the constant rank ofMab does not guarantee that the rank of F̄ is
constant.We thenfind

( ( )) ¯ ¯ ≔ ( )u CW = + N D D Ndim ker , where dim . 42L 0 0

The results of theorem3 aremore general thanwe need. Because its proof is local and algebraic, even though
our focus is onWL with constant rank the theoremwould nevertheless still hold if the rankwas not. It would only
have to be applied to each region of L onwhich the rank ofWL is constant, resulting in a D̄ that takes on
different values on the Lagrangian phase space.

3.3. Projection of to ker ( )uWL

Consider a region ( )Î USol
2 onwhich solutions of the Euler–Lagrange equations ofmotion exist, and a point

( )̈ Ît q q q U, , , Sol. Then under the isomorphism ( )̈ ( ) t q q q t q v X, , , , , , L
va , u ¢ Ì  T L, with a Î k

mapped into a ¢ Î ¢k where

· · ( )¶
¶

¶
¶

r r¢ = +
q v

k . 43

Now Lr r= XL
, and L is the Lie derivative. From lemma 1, ( )uW¢ Í ker L . But since = Ndim 2 0, while

( ) ¯uW = + £N D Ndim ker 2L 0 0, it follows that ( )uW¢ = ker L . Although this conclusion can only be
reached onUSol, the rank ofWL is constant on L, and thus ¯ =D N0 on all of L. As such C C= , and for any

( )uWÎK ker L , = + +K C C G where now   ¶ ¶= C vC a a. (This expression for K can also be established
directly using equation (31)). This result is also new.

3.4. First-order Lagrangian constraints
For singular Lagrangians solutions of the energy equation XE are not unique. They also do not, in general, exist
throughout L, but are rather confined to a submanifold of the space given by Lagrangian constraints. Thefirst-
order constraints, those that come directly from the energy equation, are the focus of this section. Althoughmost
of this analysis is done for a SOLVF, we show later that our results do not depend on this choice.

With = +X X XL L
q

L
v , the energy equation can be expressed in terms of a one-formY as

( )YW =X . 44M
q

L
v

The existence condition for solutions to equation (44) is given again by theorem 2by identifying
= W 

M
q , [ ]u= F T L

v, [ ]u= E T L q* * , and [ ]u= E T L
q. Combining equation (34)with the action of W 

M
q on

vector fields yields = A ; consequently equation (33) requires that ∣Yá ñ = " Î C C0 or, after using the
basis { }( )U n

q of C, that ≔ ∣[ ]
( )g Yá ñ =U 0n n
q1 for = ¼n N1, , 0. In terms of local coordinates,

⎛
⎝⎜

⎞
⎠⎟ ( )[ ]

( )g =
¶
¶

+U
E

q
F v . 45n n

qa
a ab

b1

The condition [ ]g = 0n
1 imposes relations on the coordinates q and v, and defines a set of submanifolds of L.

These [ ]gn
1 are called the first-order constraint functions. (Because they are obtained through the energy

equation, they are also called dynamical constraints in the literature [10, 15]).
While the number of first-order constraint functions in ≔ { }[ ] [ ] [ ]g g¼C , ,L N

1
1
1 1

0
is equal to the dimension of  ,

these functions need not bemutually independent. Let [ ]I 1 be the number of independent functions in [ ]CL
1 .

Then { }[ ]
[ ]g= I Ndrank n1
1

0, and ≔ { ⧹ ( ) }[ ] [ ]u ugÎ = = ¼  n N0, 1, ,L L n
1 1

0 —called thefirst-order
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Lagrangian constraint submanifold—has [ ]
[ ]= - D Idim 2L

1
1 .Wewill assume that [ ]L

1 is not empty, i.e. that
thefirst-order constraint functions are consistent. Otherwise, there is no SOLVF, and the integral flows that give
the evolution of the dynamical systemwould not exist.

While the energy equation is usually written as W=E id LXE
, in doing sowe have implicitly restricted

ourselves to [ ]L
1 . This is too restrictive for our purposes, and in this paperwe introduce the constraint one-form

[ ] ≔ ( )b W-E iX d , 46E LXE

(see also the approach in [15]). The condition [ ]b =X 0E then gives both solutions of the energy equation and
the submanifold [ ]L

1 . Furthermore, as [ ]
( )b g=i nU

1
n

q ,

⎛
⎝⎜

⎞
⎠⎟[ ] ( )[ ] ( )

( )åb g Q- = =
=

n NX U 0, 1 ,..., , 47E
m

N

m q
m

n
q

1

1
0

0

and

[ ] ( )[ ] ( )åb Jg Q= +
=

X , 48E
n

N

n q
n

1

1
0

where uJ Î T L* such that ∣Já ñ =C 0 for all Î C . But as [ ]b =X 0E on [ ]L
1 , wemay choose J = 0.

From equation (46), [ ] [ ]b b+ =X K XE E , and the construction of [ ]gn
1 does not depend on our use of XL.

3.5. The generalized lie symmetry group
Our construction of the generalized Lie symmetry group for ( )u 0 is guided by the three conditions listed in
section 2, andmakes use of the projection of  to ker ( )uWL in section 3.3. It begins with the vector space,

( ) ≔ { ( ) ⧹ [ ] [ ] } ( )u u uW WÎ Î " Î P G P T Gker ker , , 49L L L
v

alongwith the following collection of functions on L,

≔ { ⧹ } ( )Î = " Î¥ f C fG Gon 0 . 50L

The following result will be used a number of times in our analysis.

Lemma4. Let uÎ X T L and Î G such that [ ] ( )uWÎG X, ker L . Then [ ] [ ]uÎ G X T, L
v iff [ ] Î G X, .

Proof. Since [ ] ( )uWÎG X, ker L , from theorem 3 there exists a CÎC and ¢ Î G such that
[ ] = + + ¢G X C C G, , andwe see that [ ] [ ]uÎ G X T, L

v iff =C 0. Then  =C 0, and [ ] Î G X, . +

It then follows that [ ] Î G P, for all ( )uWÎP ker L . As  is involutive and as ( )uWÌ ker L ,
( )uWÌ ker L aswell, and thus  is an ideal of ( )uWker L .

Lemma5.There exists a choice of basis for ker ( )uWL that is also a basis of ( )uWker L .

Proof.Given a basis { }( )G n of  , choose a set { }( )K n such that { }( ) ( ) =n NK G, , 1 ,...,n n 0 form a basis of ker
( )uWL . These { }( )G n are also a basis of ( )uWker L . To show that { }( )K n can be chosen to complete this basis,

express ( ) ( ) ( ) ( )= + +K C C Gn n n n . Then as [ ] [ ] [ ]( ) ( ) ( ) ( ) ( ) ( ) ( )= + +G K G C G C G, , ,m n m n m n n , we need only
show that there exists a choice of { }( )C n such that [ ] [ ]( ) ( ) uÎ G C T,m n L

v. This we do by construction.

Because ker ( )uWL is involutive, [ ] ( )( ) ( ) uWÎG K, kerm n L , and there exist functions lmn
l on PL such that

[ ] ( )( ) ( ) ( )åt l=
=

T G C C, . 51m n
l

mn
l

l
0

Let { }( ) =n NC , 1 ,...,n 0 be another choice of basis of  where

( )( ) ( )å w=
=

C C . 52n
m

N

n
m

m
1

0

Requiring [ ]( ) ( )t =T G C, 0m n in turn requires that wn
m be a solution of

( )( ) åw w l+ =
=

G 0. 53l n
m

k

N

n
k

lk
m

1

0

This is a linear,first-order Cauchy problem [48]. A solution exists for a given set of boundary conditions for wn
m

given on a surface  as long as ( )G l is nowhere tangent to  [48]. As <N D0 , and aswe have complete freedom
to choose both the boundary conditions and  , a solution of equation (53) can always be found. The collection
of vector fields { }( ) ( ) ( ) ( )= +P C C G,n n n n is then a basis of both ker ( )uWL and ( )uWker L . +
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For the rest of this paper wewill assume that this choice of basis for  and ( )uWker L has beenmade.
It follows from lemma 5 that dim ( ( ))uW = Nker 2L 0. Next, choose two vectors ( )uWÎP ker L1,2 . Then

( )uWÎP ker L1,2 as well, and as ker ( )uWL is involutive, [ ] ( )uWÎP P, ker L1 2 . Choose now a Î G . From the
Jacobi identity, [ [ ]] [ [ ]] [ [ ]]= - -G P P P P G P G P, , , , , ,1 2 1 2 2 1 . FromLemma 4, there exists Î G1,2 such
that [ ]=G G P,1,2 1,2 . Then [ [ ]] [ ] [ ]= -G P P P G P G, , , ,1 2 1 2 2 1 , and thus ( )uWker L is involutive.

As  is an ideal of ( )uWker L , wemay define for any ( )uWÎP P, ker L1 2 the equivalence relation: ~P P1 2 iff
- Î P P1 2 . The equivalence class,

[ ] ≔ { ( ) ⧹ } ( )uWÎ ~P Y Y Pker , 54L

then follows, alongwith the quotient space ( )uW ker L . This results in a collection of vectors that lie in the
kernel ofWL, but with the vectors in  removed. This ( )uW ker L addresses the first two conditions listed at the
end of section 2.Wenow turn our attention to the third condition.

Because the integral flow ( )u tX of any solution X of the energy equationmust lie on [ ]L
1 , a symmetry

transformation of ( )u tX must result in an integral flow ( )u tY of another solution Y of the energy equation. This
flowmust also lie on [ ]L

1 . Implementing this condition is done through [ ]b XE , and it is this one-form that
singles out the vectors in ker ( )uWL that generate the generalized Lie symmetry.We do this by looking at the
action of a vector Î G on [ ]b XE .

As [ ]b =i X 0EG for all Î G ,

[ ] ( ) ( )[ ] ( )L åb g Q=
=

X G , 55E
n

N

n q
n

G
1

1
0

since [ ]g = 0n
1 on [ ]L

1 . Given a ( )( ) uWÎP kern L such that ( ) ( ) ( )= + + ¢P U U Gn n
q

n with ¢ Î G , it has been

shown in [5, 8] that [ ]
( )g = i Edn P

1
n

. Then [ ][ ]
( ) ( )g = +E EG G P P G,n n n

1 . But  is an ideal of ( )uWker L , while a

straightforward calculation shows that =EG 0. Thus ( )
[ ]g =G 0n
1 , and it follows that L b = 0G . The subspace

≔ { ( ) ⧹ [ ] ( [ ]) } ( )[ ]u L b bWÎ =  iP X d Xym ker on , 56L E E LP P
1

is thenwell defined, andwefind that Î P ym iff [ ]b =i d X 0EP . A simple calculation shows that ym is
involutive. There is then a corresponding set of one-parameter subgroups ( )s  x,P for any Î P ym given by

≔ ( ) ( )s s


d

d
P , 57P

P

with ( )u us =0,P for u Î L. The collection of such subgroups gives the Lie group Gr ym. This Gr ym is the
generalized symmetry groupwe are looking for, as we see below.

3.6. Euler-lagrange solutions of the energy equation
The set of general solutions to the energy equation is

≔ { ⧹ } ( )[ ]
u WÎ =  i EX T dol on . 58E L L LX

1
E

Importantly, while a SOLVF Î X olL , themajority of vectors in ol are not SOLVFs. This is the root cause of
the ‘second order problem’first raised byKünzle [14] (see also [5, 8], and [4]).

If ( )u t is the integral flowof a vector in ol whose projection onto corresponds to a trajectory q(t) that is a
solution of the Euler–Lagrange equations ofmotion, then Gr ym mustmap one of suchflows into another.
However, while [ ] ( )L uW= ÎX G X, kerL L LG , in general L Ï XLG . The action of sP on theflow uXL

will in
general result in aflow uY generated by a Y that is not a SOLVF. It need not even be a solution of the energy
equation. By necessity, general solutions of the energy equationmust be considered. Only a specific subset of
such solutions are physically relevant, however.

As

[ ] ( )[ ] bW =i i d X , 59L EX P P,E

for ( )uWÎP ker L and Î X olE , in general ( )L uWÏX kerE LP . The exception is when Î P ym as well, which
leads us to the subset of solutions

≔ { ⧹ [ ] [ ] } ( )uÎ Î " Î  X G X T Gol ol , . 60EL EL L
v

Moreover, as [ ] L bW = - =i 0LG X G, EL
, from lemma 4 [ ] Î G X, EL .

Lemma6. [ ] ( )uWÎX P, kerEL L for all Î P ym.

Proof.As Î P ym, from equation (59) [ ] ( )uWÎX P, kerEL L . Next, for each Î G , there is a Î GX such
that [ ]=G G X, ELX . There is also a Î GP such that [ ]=G G P,P . It then follows from the Jacobi identity that
[[ ] ] Î X P G, ,EL , and [ ] ( )uWÎX P, kerEL L . +
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The vector fields in ol generate the family of integral flows

{ }( ) ≔ ( ) ⧹ ( ) ( ) ( )u u
u

u u u= Î = t
d

dt
tX X, ol, and . 61EL EL EL0 0 0

The physical significance of theseflows can be seen from the following theorem.

Theorem7. Gr ym forms a group of symmetry transformations of ( )uEL 0 .

Proof. Let ( ) ( )u u uÎ t , ELX 0 0EL
be an integral flow generated by XEL, and let ( )us Î , GrP ym be a one-

parameter subgroup of Gr ym generated by Î P ym with ( )u us =0,P . The action of sP on uXE
gives

( ) ≔ ( ( ))u u u us t t, , ,Y P X0 0EL
, while the choice = 0when =t t0 ensures that uXEL

and uY have the same
initial data. The tangent to this path is

◦ ( ( )) ( )us s= - Y X , , 62ELP P X
1

EL
*

where sP* is the pullbackmap of sP. As sP is also amapping of L into itself, for a suitably small neighborhood
about uXEL

wemay expand Y about = 0 in the Lie series,

( ( ( )))
!

( )( )

( )

u u L
u u

ås =
=

¥




t
n

Y X, , . 63
n

n
n

E

t

X P0
0 ,

EL

ELX 0

However, from lemma 6, ( )L uWÎX kerEL LP , and ( )uWker L is involutive. Then ( ( ( )))u us = tY , ,P X 0EL

( ( )) ( ( ))u u u u+  t tX Z, , ,EL X X0 0EL EL
, where ( )uWÎZ ker L . It then follows that Î Y ol, and

( ) ( )u u uÎ t , ELY 0 0 . +

While Ï X olL , it is possible to construct from XL a vector field XL that is. Choose a basis

{ }( ) ( ) =n NP G, , 1 ,...,n n 0 of ( )uWker L , and consider a vector field
¯

XL\ such that

( ) ( )( )uå= + +
=

fX X P G, 64L L
m

N
m

m
1

0

where Î G , and ( )uf m are functions on L. For Î X olL as well, wemust have [ ]( ) Î X G,L n , and thus
these functionsmust be solutions of

( ) ∣[ ] ( )( )
( )

( )u Q= -á ñfG X G, . 65n
m

q
m

L n

Once again, this is a linear Cauchy problem, and a solution exists with the appropriate choice of boundary
conditions and surfaces.

If ( )uf m is a solution to equation (65), then ( ) ( )u u+f um m is as well as long as ( )u Î um . This leads us to
the second-order, Euler–Lagrange vector field (SOELVF),

( )[ ] ( )( )uå= +
=

uX X P , 66EL L
m

N
m

m
1

0

where {[ ] }( ) =n NP , 1 ,...,n 0 is a choice of basis for ( )uW ker L . By construction, Î X olEL . Conversely, if
Î Y olEL , then ( )uW- ÎY X kerEL L L , and YEL is a SOELVF. Thus, Î Y olEL iff YEL is a SOELVF.

3.7. A constraint algorithm for second-order, Euler–Lagrange vectorfields
Formost dynamical systems the flowfields in ( )uEL 0 will not be confined to [ ]L

1 , and yet this is the
submanifold onwhich the solutions Î X olEL of the energy equations exist. In these cases it is necessary to
jointly choose a SOELVF XEL and a submanifold of [ ]L

1 onwhich uXEL
will be confined.Doing so requires that

( )L b = 0, 67XE

which is called the constraint condition. Implementing it involves imposing successive conditions on XEL. At
each step additional constraintsmay be introduced, giving a succession of submanifolds of [ ]L

1 . It is an iterative
process that terminates either when uXEL

is confined to the current submanifold under the current generator of
time evolution, or when the possibility of dynamics on L is exhausted. This process is called a constraint
algorithm, and has been introduced often in the literature.While such an algorithmwill also be presented here,
its purpose is to show that the end result XEL of the algorithm is once again a SOELVF, and a second-order
problem is avoided. Later, it will also be used to show that both this XEL and the Lagrangian constraints—
whetherfirst-order or introduced by the algorithm—are projectable.

To present the constraint algorithmwe introduce the following notation used in conjectionwith the
constraint analysis
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≔ ≔ ≔ ≔ ≔ ( )[ ] [ ]
( )
[ ]

( ) [ ]
[ ]u u N NX X X X P P, , , , . 68EL EL L L n n

m m1 1 1
1 0

1
0

As both [ ]
[ ]g Î u ,n
n1
1 , [ ]( )

[ ] [ ]
( )

[ ]g g=P Pn m n m
1 1 1 . The constraint condition equation (67) requires [ ]L g = 0nX

1
E

,
which, after using equation (66) for a general SOELVF, reduces to

∣ ≔ ∣ ( )[ ]
[ ]

[ ] [ ] [ ] [ ]
( )
[ ]å g gG = -á ñ G á ñ

=

u d X d P, with . 69
m

N

nm
m

n L nm n m
1

1
1

1 1 1 1 1
0

Then ≔[ ] [ ]Gr rank nm
1 1 of the [ ]u m

1 is determined by equation (69), while ≔[ ] [ ] [ ]-N N r0
2

0
1 1 are not.Moreover,

[ ]N0
2 second-order Lagrangian constraint functions

≔ ∣ ( )[ ] [ ] [ ]
[ ]

[ ]
[ ] [ ]

g gá ñ =n Nd X , 1, , . 70n n L
2 1 1

2 0
2

2 2

are introducedwiththe conditions [ ]
[ ]

g = 0n
2

2
imposed. In general therewill be ≔ { }[ ]

[ ] [ ]
[ ] [ ]

g gI d drank ,n n2
1 2

1 2

independent functions in ≔ { ⧹ }[ ] [ ] [ ]
[ ]

[ ]
[ ]

È g =n NC C 1 ,...,L n
2 1 2

2 0
2

2
, and [ ]L

1 is reduced to the second-order

constraint submanifold,

≔ { ⧹ } ( )[ ] [ ]
[ ]
[ ]

[ ]
[ ]u gÎ = =  n N0, 1 ,..., , 71L L n

2 1 2
2 0

2
2

where dim [ ]
[ ]= - D I2L

2
2 . At this point, there are two possibilities. If [ ] [ ]=I I2 1 or [ ] =I D22 , the iterative

process stops, and no newLagrangian constraints are introduced. If not, the process continues.
For the second step in the iterative process, we choose a basis {[ ]}( )

[ ]P n
2 for ( )uW ker L and arbitrary

functions { }[ ]u m
2 such that for [ ]=m N1 ,..., 0

2 , [ ]u m
2 are linear combinations of [ ]u m

1 that lie in the kernel [ ]Gnm
1 . Then

[ ] ( )[ ] [ ]
[ ] ( )

[ ]
[ ]

å= +
=

uX X P , 72EL L
m

N
m

m
2 2

1
2

2
0

2

with

[ ] ( )[ ] [ ]
[ ] ( )

[ ]

[ ]

[ ]

å= +
= +

uX X P . 73L L
m N

N
m

m
2 1

1
2

2

0
2

0
1

Here, the functions [ ]u m
2 for [ ] [ ]= +m N N1 ,...,0

2
0

1 have been determined though the constraint analysis of [ ]gn
1 .

Because for any Î G , [ ]
[ ]

[ ][ ] [ ]Lg g= =iG d 0n nX G X
1

,
1

E E
1 1 and [ ]

[ ]
[ ][ ]L gG = =G 0nm nG P

1
,

1
m
1 , it follows that

[ ] =uG 0m
1 , as required. Similarly, [ ]

[ ]
[ ]Lg g= =G d 0n nG X

2
,

2
EL

. Clearly [ ]g Î n
2 andwemay require [ ] Î u m

2 as

well. It then follows that [ ]( )
[ ] [ ]

( )
[ ] [ ]g g=P Pn m n m

2 2 2 2 and imposing equation (67) on [ ]gn
2 , gives

⟨ ∣ ¯ ⟩ ⟨ ∣ ⟩ ( )[ ]
[ ]

[ ] [ ] [ ] [ ]
( )
[ ] [ ]

[ ]

å g gG = - G = =
=

u n Nd X d P, where : , 1, ..., . 74
m

N

nm
m

n L nm n m
1

2
2

2 2 2 2 2
0
2

0
2

Then ≔[ ] [ ]Gr rank nm
2 2 , of the remaining [ ]u m

2 functions are determined, up to [ ] [ ] [ ]= -N N r0
3

0
2 2 third-order

Lagrangain constraint functions,

⟨ ∣ ¯ ⟩ ( )[ ] [ ] [ ]
[ ]

[ ]
[ ] [ ]

g g= =n Nd X , 1, ..., , 75n n L
3 2 2

3 0
3

3 3

are introducedwith the conditions [ ]
[ ]

g = 0n
3

3
imposed.With

≔ { } ( )[ ] ( )
[ ]

( )
[ ]

( )
[ ]

[ ] [ ] [ ]
g g gI d d drank , , , 76n n n3

1 2 3
1 2 3

independent functions in ≔ { }[ ] [ ] [ ]
[ ]

[ ]
[ ]

È g =n NC C , 1 ,...,L L n
3 2 3

3 0
3

3
, we nowhave the third-order constraint

submanifold,

{ ( ) } ( )[ ] [ ] [ ]
[ ]

[ ]
[ ]

u ug= Î = =  n N: 0, 1, ..., . 77L L n
3 2 3

3 0
3

3

Once again, the process stopswhen [ ] [ ]=I I3 2 or [ ] =I D23 . However, if [ ] [ ]< <I I D22 3 , the process continues
until at the nF-step either [ ] [ ]= -I In n 1F F

or [ ] =I D2nF
.

The end result of this algorithm is

1. A submanifold [ ] Ì L
n

L
F onwhich dynamics takes place.

2. A collection [ ] Ì CL
nF of constraint functions of order 1 to nF.

3. A second-order, Euler–Lagrange vector field

( )[ ] ( )[ ] [ ]
[ ] ( )

[ ]
[ ]

uå= +
=

uX X P , 78EL
n

L
n

m

N

n
m

m
n

1

F F

nF

F
F

0

with [ ]N n
0

F arbitrary functions ( )[ ] u Î u n
m

F
for [ ]=m N1 ,..., n

0
F , and
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( )[ ] ( )[ ] [ ]
[ ] ( )

[ ]
[ ]

uå= +
= +

uX X P , 79L
n

L
m N

N

n
m

m
n1

1

F

nF
F

F

0

0
1

where the [ ] [ ]-N N n
0

1
0

f functions ( )[ ] u Î u n
m

F
, [ ] [ ]= +m N N1 ,...,n

0 0
1F , have been uniquely determined

through the constraint algorithm.

Importantly, the end result of the constraint algorithm [ ]XEL
nF is still a SOELVF.

Aswith thefirst-order constraintmanifold [ ]L
1 , we assume that [ ]L

nF is non-empty. In addition, we assume

that the rank of [ ]Gnm
l is constant on L for each =l n1 ,..., F .

4. The passage toHamiltonianmechanics

The question of whether and howdynamical structures on the Lagrangian phase space are equivalent to such
structures on theHamiltonian phase space has had a long history [8, 28] (see also [11, 16, 18, 19, 21, 37]). These
analyses have focused solely on SOLVFs, and oftenmake use of pullbacks of structures on theHamiltonian phase
space in the construction of such operators as the evolution operatorK and the vector field operatorR (see
[11, 16, 18, 19, 21, 37])which are used to determine the projectability of Lagrangian constraints and vector fields
on T L, respectively. However, while primaryHamiltonian constraints play a central role in the construction of
both operators, the existence of such constraints ispresumed.Moreover, because of the reliance on primary
constraints, a number of subtleties involving first- and second-classHamiltonian constraintsmust be dealt with.

These subtleties and their conclusions, present for SOLVFs, are not present for SOELVFs. The approach
used here focuses on the symmetry group Gr ym, and the geometric structures inherent to almost regular
Lagrangians. The passage fromLagrangian toHamiltonianmechanics follows naturally.Much of the content of
this section is new.

4.1. Projectability of functions and vectorfields on L

The canonical phase space ≔ TC * has the cotangent bundle coordinates ( )s = q p, with Î q and
Î p Tq* . Thefiber derivative is themap ( ) ( )Î  = ¶ ¶ Î  q v q p L v: , ,L C. For regular Lagrangians, its

action on a function ( )u Î ¥f C on L gives the function ( ) ≔ ( ◦ )( ) ( ( )) ( )∣ ( )s s s u u s= =- -
=  f f f fc

1 1 , on
C. The action of  on a vector field uÎ X T L is given by the pushforwardmap ( )u u  T T: L C* , while its
action on a one-form ss Î T C* is given by the pullbackmap ( )u u   T T: C L* * * .

The situation changes for singular Lagrangians.While the pullback of one-forms simply involves replacing s
by ( )u , the action of both  and * involve solving for u in ( )s u=  . For singular Lagrangians solutions of
this equation are not single valued, but instead gives the preimage of ,

( ) ≔ { ⧹ ( ) } ( )s u u sÎ =-  , 80L
1

which is a submanifold of L. As such, the pullback of a function now results in the collection of functions

( ◦ )( ) { ( ) ⧹ ( )} ( )s u u s= Î- - f f , 811 1

while the pushforward  X* of X gives the collection of vectors

( ) { ( ) ⧹ ( )} ( )s u u s= Î - X X . 82C
1

*

This ambiguity for equation (81) can be avoided by focusing on functions that are constant on ( )s- 1 . Then
( ) ( )u s=f fC ( )u s" Î - 1 , so that

( ◦ )( ) { ( ) ⧹ ( )} ( ) ( )s u u s s= Î =- - f f f , 83C
1 1

and is thus single valued. Following the literature, we say that a function f on L is projectable when equation (83)
holds. It is well known [2, 4, 5, 20, 23, 30] that the condition for a function f to be projectable is

( ) ( )u =fG 0, 84

for all Î G .
For vector fields, the ambiguity equation (82) is avoidedwhen the components of XC are constant on the

preimage. Then

( ) { ( ) ⧹ ( )} ( ) ( )s u u s s= Î =- X X X , 85C C
1

*

andwe say a vector field on uT L is projectable when equation (85) holds. To determinewhich vectors are
projectable, consider first the collection of vectors in uT L for which  is an ideal,
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≔ { ⧹ [ ] } ( )u uÎ Î " Î  T X T X G G, , 86L L

Applying the same arguments using lemma 5 to uT L as was applied to ( )uWker L gives similar results: dim
u = DT 2L , and uT L is involutive. The equivalence relation ~X X1 2 iff - Î X X1 2 then follows alongwith

the quotient space u T L .

Theorem8. u T L is projectable.

Proof.Choose an open covering U of L, and a point u in an open neighborhood Uu ÎU such that u =G 0A ,
=A D1 ,..., 2 , for all Î G . Choose also a uÎ X T L , and consider the path ( )u ut ,X given by

( ) ( )u
u=

d

dt
X , 87X

X

with ( )u u u=0,X . This open neighborhood can always be chosen small enough such that,

( ) ( )u u u=t e, , 88A t A
X

X

on uU . Then as  is an ideal of uT L , Î- e eGt tX X , and ( )u u =tG , 0A
X in uU . By applying equation (88) to a

sequence of such open neighborhoods, we can extend this result to any connected region of L. Importantly,
as the path ( )u ut ,X is projectable on, there is the path ( ( )) ( ( ))s u u uX = t t, ,X on C with tangent vector
X and initial data ( ) ( )s uX = 0 . The integral flow ( )u ut ,X is unique for a given X and u. Similarly, the integral
flow ( ( ))s uX t , is unique for a given X and initial data ( )s u=  . As the projection of ( )u tX to ( ( ))s uX t , is
also unique, we conclude that each uÎ X T L is projectable with X =  X* . +

(A coordinate-based proof using equation (84) can also be given). The converse is also true, as we show in the
next section.

4.2. Projection of dynamical structures
By construction,  is projectable, and as both ( )uum and g Î  for any [ ]g Î CL

nF , they also are projectable. In
addition, =EG 0, andE is projectable with its image ( ◦ )( )s= -H EC

1 being the canonicalHamiltonian.With
the exception of the energy, we avoid introducing newnotation, andwill represent the projection of any
function ( )u Î f through its argument: ( )sf .

Both ol and ( )uW ker L are subsets of u T L , and are projectable. Of particular interest are

≔ ( ( )) { ⧹ [ ] [ ] ( ) } ( )u P P usW W= Î = " Î  T P PPrim ker , ker , 89L C L* *
and

≔ ( ) { ⧹ } ( )( )X Xs u= Î = " Î=    T X XFlow ol ol . 90H H C H EL ELT T T* *
In particular, the general XEL in equation (66) gives the general vector field

( ) [ ]∣ ( ) ( )( )X s s Ps å¶
¶

¶
¶

¶
¶

= + -
¶
¶

+
=

X
q

X N
p

H

q p
u , 91H L

qa
a L

qa
ab

b

C
b

b m

N
m

m
1

T

0

in FlowHT\when expressed in terms of local coordinates. Here,

( )=
¶

¶ ¶
N

L

v q
, 92ab a b

2

and [ ]( ) ( )P =  Pm m* for a choice {[ ] }( ) =m NP , 1 ,...,m 0 of basis for ( )uW ker L .

With the canonical two-form w = d dq pa
a on sT C* , we have the collection of one-forms,

≔ { ( ( )) ⧹ } ( )P Pp p wLÎ = " Î Prim Prim . 93L
1

which gives the primary constraints, and

≔ { ( ( )) ⧹ } ( )X Xa a wLÎ = " Î Flow Flow , 94H L H H H
1

T T T T

which gives the set of totalHamiltonians.

4.2.1. Prim and the PrimaryHamiltonianConstraints
Using the kernel of the pullbackmap,

≔ { ( ) ⧹ } ( )f fLÎ = ker 0 , 95C* *

in this sectionwe construct from ( )uW ker L the primaryHamiltonian constraints.

Lemma9. For any one-form ( ( ))s LÎ  L
1 , s Î ker * iff s Î Prim .
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Proof. Suppose first that s Î Prim . Then there exists a [ ] ( )uWÎ P ker L such that [ ]s w= i P*
. As

w W= L* , s W= = i 0LP* , and it follows that s Î ker *.
Next suppose that s Î ker *. Let X be the unique vector in sT C such that Xw s=i . Then [ ]Xw = i 0* .

But as both Xwi and w are differential forms, their pullbacks are well-defined and theremust then be a
Î X T Lu such that X= X* . It then follows that W =i 0LX , and thus s Î Prim . +

(A coordinate-based proof of this lemma can also be given).
Consider now the Pfaff systemof exterior equations,

( ) ≔ { } ( )( )p = =Pf n NPrim 0, 1 ,..., . 96n 0

and the integralmanifold ( ) ,L of ( )Pf Prim [49]. As ( ( ) )uW= = = N dim ker dimPrim dimPrimL0 ,
( ) =Pf Nrank Prim 0. Of particular interest is the ideal [49] of ( )Pf Prim

⎧⎨⎩
⎫⎬⎭[ ( )] ≔ ⧹ ( ) ( ) ( )( ) ( )åx p x pL Î Î

=

 I Pf PfPrim , Prim . 97
n

N
n

n
n

C n
1

0

Lemma10. [ ( )] = I Pf Prim ker *.

Proof. If [ ( )]s Î I Pf Prim , then

( )( )ås x p= 
=

. 98
n

N
n

n
1

0

From lemma 9,

( )( )ås x p=  =
=

   0, 99
n

N
n

n
1

0

* * *

so that [ ( )] Í I Pf Prim ker *.
Next, choose a basis ( )q =n D, 1 ,..., 2n of ( ( ))L  L

1 such that ( ) ( )q p=n n for =n N1 ,..., 0. Let s Î ker *
be the p-form,

( ) ≔
!

( ) ( )( ) ( )s sås q qs  
=p

1
... . 100

n n

D

n n n n
,... 1

...

p

p p

1

1 1

Then as s = 0* ,

!
( ( )) ( )( ) ( )uå q qs=  

=

  
p

0
1

... , 101
n n

D

n n n n
,..., 1

...

p

p p

1

1 1
* *

and from lemma 9we conclude that ( ( ))us = 0n n... p1
for >n Ns 0, =s p1 ,..., . Thus there exists forms ( )x n

such that

( )( )
( )ås x p= 

=

, 102
n

N
n

n
1

0

so that [ ( )]Í I Pfker Prim* as well. +

The construction of the primaryHamiltonian constraints is now trivial.
Consider a ( )p Î Pf Prim . As p p= = d d 0* * , p Î d ker *, and from lemma 10,

[ ( )]p Î d I Pf Prim . There are then one-forms ( )x n , =n N1 ,..., 0 such that

( )( )
( )åp x p= 

=

d . 103
n

N
n

n
1

0

Then ( ) ( )p p p   =d ... 0N1 0
, and thus ( )Pf Prim is closed [49]. It follows from the Frobenius theorem

that ( )Pf Prim is completely integrable. There are thenN0first integrals
[ ]gn
0 of ( )Pf Prim such that in a

neighborhood about each generic point u Î C , { } { }( )
[ ]p g= ~ =d0 0 ;n n
0 these formsmay be chosen such

that ( )( )
[ ]sp g= dfn n n
0 where fn is a ¥C function on C. The functions

[ ]gn
0 are the primaryHamiltonian

constraints while

≔ { ⧹ ( ) } ( )[ ] [ ]s s gÎ = =  n N0, 1, , , 104C C n
0 0

0
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is the primary constraint submanifold. Connections between the primary constraints and vectors in ker ( )uWL

have been found previously by using the time-evolution operatorK [23]. Such analysesmake use of pullbacks of
the primaryHamiltonian constraints, however, while the approach here is constructive.

Lemma11. ( )u T L* ( )
[ ]

s u= = T C
0 .

Proof. Let [ ] uÎ X T L . As [ ]X is projectable, ∣ [ ] ∣[ ][ ] [ ]g gá ñ = á ñ = d dX X 0n n
0 0
* * since [ ]g Î d kern

0 *,

and it follows that ( ) ( )
[ ]

u s uÍ =   T TL C
0

* . But as dim ] ( )
[ ]

u s u= - = =  D NT T2 dimL C0
0 ,

( ) ( )
[ ]

u s u= =   T TL C
0

* follows. +

The converse of theorem8 then follows. Importantly, because ( ) ( )
[ ]

s uÌ =   Tol C
0

* , the integral flowfields
of SOELVFs lie on [ ]C

0 .

4.2.2. ol and the total Hamiltonian
On [ ]L

1 , [ ]b =X 0E , and the energy equationmay bewritten as w= - dE i0 XL
* . It follows that

( )w = di H , 105CXL*

fromwhichwe conclude that if XC is theHamiltonian flowfield forHC, then X =  XC L* . The image of the
pushforward of equation (66) gives the vector field ≔X Î X FlowH EL HT T* ,

( ) ( )( )X X s På= +
=

u , 106H C
m

N
m

m
1

T

0

that is everywhere tangent to [ ]C
0 . Correspondingly, a general one form in FlowHT

is

( ) ( ) ( )[ ]s sX åw g= +
=

d di H u f , 107C
m

N
m

m m
1

0
HT

0

which gives the totalHamiltonian,

( ) ( ) ( )[ ]s så g= +
=

H H u f , 108T C
m

N
m

n m
1

0
0

for the dynamical system. This leads to the sequence ofmaps:

⟶ ⟶ ⟶
( )L Lw




 Eol Flow Flow , 109H HT T
* *

and to each Î X olEL there is a corresponding totalHamiltonian Î H FlowT HT
.

4.2.3. The equivalence of the constraint algorithm for lagrangians and the stability analysis of canonical
Hamiltonians
It is well known that the integral flow generated by XHT

need not be confined to [ ]C
0 even though its initial

data is chosen to be on this submanifold. This difficulty is resolved through a stability analysis [25]where
{ }[ ]g =H , 0T n

0 is imposed on the primary constraints, andwhen necessary, successively on the secondary,
tertiary, and higher-level Hamiltonian constraints.While this process is traditionally applied to the canonical
Hamiltonian, section 3.7 describes a constraint algorithm for SOELVFs.We showhere that this constraint
algorithm is equivalent to the stability analysis of the canonical Hamiltonian.

Choose a [ ] Î X olEL
1 , wherewe follow the notation established in equation (68). There is then a

corresponding [ ] [ ]X L= XH EL
1 1

T * , and totalHamiltonian [ ]HT
1 . The stability analysis of the primary constraints

under [ ]HT
1 then results in

∣ ∣ ( )
[ ]

( ) ( ) ( )X Påp p
g

= á ñ + á ñ
=

f
d

dt
u , 110n

n
n C

m

N
m

n m

0

1

0

after using equation (106). But ∣ ∣ ( ) ( ) ∣( ) ( ) ( ) ( ) ( ) ( )Pp w Wá ñ = á Ä ñ = á Ä ñ = P P P P 0n m n m L n m* * , while
∣ ∣ ( ) ( ) ∣ ∣( ) ( ) ( ) ( )Xp w Wá ñ = á Ä ñ = á Ä ñ = -á ñ  EP X P X d Pn C n L L n L n* * sincewe are on the [ ]b =X 0E surface.

As ∣ ( )
[ ]gá ñ =Ed P n n
1 ,

( ) ( )
[ ]

[ ] s
g

g= -f
d

dt
. 111n

n
n

0
1

The projection offirst-order constraints then automatically gives the secondaryHamiltonian constraints. It
follows that { }[ ]g =H , 0T n

0 is automatically satisfied through the Lagrangian constraint condition ( )[ ] ug = 0n
1 .
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The stability analysismust nowbe applied to the secondary constraints: ( )[ ][ ] sX g = 0n
1

HT

1 . But as
[ ] [ ]X L= XH EL
1 1

T * , this requirement is equivalent to imposing the constraint condition: ( )[ ][ ] ug = 0nX
1

EL
1 . From

section 3.7 doing so results in the SOELVF [ ]XEL
2 , and thus gives a correspondingHamiltonian flowfield [ ]XH

2
T
and

totalHamiltonian [ ]HT
2 . If second-order Lagrangian constraints are introduced at this step, their projectionwill

give the tertiaryHamiltonian constraints.
This procession continues with the stability analysis of the nth -levelHamiltonian constraints giving a [ ]XEL

n ,
and thus a correspondingHamiltonian flowfield [ ] [ ]X L= XH

n
EL
n

T * and totalHamiltonian [ ]HT
n . If ( )+n 1 th-level

Hamiltonian constraints are introduced, they are the projection of the n th-order Lagrangian constraints. The
analysis stopswhen the Lagrangian constraint algorithm ends: at the nF-step. The end result

[ ]XEL
nF of the

constraint algorithm gives a [ ]XH
n

T

F with integral flows that lie on theHamiltonian constraint submanifolds.

Correspondingly, there is a [ ]HT
nF that agrees with the end result of the stability analysis of the totalHamiltonian.

The Lagrangian constraint algorithm applied to XEL is thus equivalent to the stability analysis of the canonical
Hamiltonian.

5. Examples of almost regular Lagrangians
In this sectionwe present three examples of dynamical systemswith almost regular Lagrangians. Thefirst
example describes a single particle interacting with an external potential. It illustrates the role  plays, and the
tight relationship between Gr ym, the symmetries of the Euler–Lagrange equations ofmotion, and the gauge
symmetries of the Lagrangian.Moreover, it explicitly shows that  is not the generator of the local gauge
symmetry, as is sometimes asserted in the literature. The second example consists of two interacting particles
with a Lagrangian that has a local conformal symmetry. It is an example of a dynamical system forwhich only a
subset of vectors in ( )uWker L generate the symmetry group. The third example consists of a particle with both
local conformal symmetry and time-reparametization invariance. It is an example of a fully constrained
dynamical system—as such, ( )uW=ol ker L —that has two gauge symmetries. The analysis of all three systems
are done using the techniques and tools presented above.

5.1. A LagrangianWith andWithout a Local Gauge Symmetry
Whether the action

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥≔ ( ) ( )


ò -S m

dq

dt
V q dt

1

2
, 112a

1

2

with ∣ ∣ =q q qa
a and ≔ ∣ ∣q q qa a , =a D1 ,..., , has a local gauge symmetry depends on the choice of potential

V(q).With one choice both the Lagrangian and the equations ofmotion have a local gauge symmetry; with
another choice the equations ofmotion has a symmetry while the Lagrangian does not have a local gauge
symmetry; andwith a third choice, neither has a symmetry. Interestingly, L is singular irrespective the choice of
V(q), showing that not all singular Lagrangians need have a symmetry.

With ( ) ≔  dP -q q qab ab a b,

∣ ∣
( )

∣ ∣
( · ) ( · ( ) · ) ( )W W= P  =  P

m

q
q q v

m

q
q q v q qd d d d, , 113M ab

a b
F2 3

and  and  are spanned by ·( )  ¶ ¶= q qUq
1 and ·( )  ¶ ¶= q vUv

1 , respectively, while ( )uWker L is spanned
by ( )Uq

1 and

·
∣ ∣

· ( )( )  ¶
¶

¶
¶

= +P q
q q

v
v

1
. 1141

The energy is

∣ ∣
· ( ) · ( ) ( )= P +E

m

q
v q v V q

1

2
, 115

2

and there is only onefirst-order, Lagrangian constraint,

( )[ ]
( )g = VU , 116q1
1

with [ ] [ ] ( )b g Q=XE q
1 1 , ·( ) Q = dq qq

1 . As expected, [ ]L g = 0G
1 .

Wemay choose

· ( · )
∣ ∣

· ∣ ∣ · ( )
¶

¶
¶
¶

¶
¶

= + -
¶
¶

v
q

q v

q
v

v

q

m

V

q v
X 2 . 117L

2
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As [ ]( ) ( )~ -X U P,L
v
1 1 , a symmetry transformation of XL does not result in a SOLVF. Instead,

· ( ) · ( · )
∣ ∣

· ∣ ∣ · ( ) · ( )
¶

¶
¶ ¶

¶
= P +

¶
-

¶
¶

Pv q
q

q v

q
v

v

q

m

V

q
q

v
X , 118L

2

is constructed, and a general SOELVF is ( )[ ]( )u= + uX X PEL L 1 , where ( )u Î u . Because

⎛
⎝⎜

⎞
⎠⎟[ ]

∣ ∣
· ( ) ( )( )( )L 


b = -

¶
¶

P
¶
¶

V
q

q
q

q
V

q
qd U d

1
, 119q

a
b

b
a

P 1 21

whether or not ym is empty depends on the symmetries ofV(q). As the constraint algorithm gives

· · ( ) ( )[ ]
[ ]

( )
[ ]L ug

g
g= P

¶
¶

+v
q

u U , 120q
X

1
1

1
1

EL

whether or not ( )uu is determined also depends on the symmetries ofV(q). There are three possibilities, none of
whichwill require the introduction of higher-order Lagrangian constraints.

5.1.1. The symmetric potential
For ( )P 1 to generate a symmetry,

⎛
⎝⎜

⎞
⎠⎟∣ ∣

· ( ) ( )


=
¶
¶

P
¶
¶q

q
q

q
V

q
0

1
, 121a

b
b2

and it follows that

( ) ( )





¶
¶

=
¶

¶
V

q

V q

q
, 122

a

AS
a

a

whereVAS is a function of q a only. Then ( )P 1 generates a symmetry iff ( ) ( ) ( ) = +V q q V q V q, q
Sph AS

a , where
VSph is a function of q only. The group ym is one-dimensional, and spanned by ( )P 1 .

The constraint condition equation (120) for this potential reduces to

( )
( )

∣ ∣
( )u= u

d V q

d q
0 , 123

Sph
2

2

whichmust be satisfied on L. There are two cases:

Case 1:
∣ ∣

= 0
d V

d q

Sph
2

2 .

Then = +V aq bSph , but since

∣ ∣
( )[ ]g = =

dV

d q
a, 124

Sph1

the condition [ ]g = 01 requires a=0. Aswemay choose b=0, ( ) ( )=V q V qAS
a only. The Lagrangian is

invariant under the local conformal transformation aq qa a, whereα is an arbitrary, nonvanishing function
on L. The function ( )uu is not determined, and correspondingly, the dynamics of the particle is determined
only up to an arbitrary function.

Case 2:
∣ ∣

¹ 0
d V

d q

Sph
2

2 .

In this case ( )u =u 0, and the dynamics of the particle is completely determined by its initial data. The
Lagrangian does not have a local gauge symmetry. Thefirst-order, Lagrangian constraint [ ]g = 01 defines a
surface on PL, and for dynamics to be possible the set of solutions

⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭

⧹
∣ ∣

( )Î =R
dV

d q
0 , 125i

Sph

Ri

must be non-empty. Dynamics are on the surfaces ∣ ∣ - =q R 0i , and on them the potential reduces to
( ) ( ) ( )= +V q V R V qSph i AS

a . This reduced potential has the same symmetry as the potential ( )V qAS
a inCase 1,

leading to equations ofmotion that have the same generalized Lie symmetry. The Lagrangian for the two cases,
however, do not have the same invariances, resulting in one case to dynamics that are determined up to an
arbitrary ( )uu while in the other case to ( )u =u 0 and dynamics that are completely determined by the choice of
initial data.

A specific example of this type of potential is theMexican hat potential: ( ) ∣ ∣ ∣ ∣l b= - +V q q q2 42 4 . Then

∣ ∣ ∣ ∣ ( )[ ]g l b= - +q q . 1261 3

As ∣ ∣ ¹q 0, dynamics are thus on the surface ∣ ∣ ( )b l=q 1 2 for b l > 0. This breaks the local conformal
symmetrywhile preserving rotational symmetry.
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The asymmetric potential
For a generalV, the second term in equation (119) does not vanish, ( )P 1 does not generate a symmetry of the

equations ofmotion, { }= Æym , and equation (120) gives

· ·
( )

( )
[ ]

[ ]

g
= -

P g¶
¶

u
v

U
. 127

q
q
1

1

1

The dynamics of the particle is uniquely determined by its initial data.
Thepassage toHamiltonianmechanics is straightforward.With the canonicalmomentum, ( )= Pp m q v qa ab

b 2,
equation (115)gives ( )= +H q p m V q2C

2 2 ,while [ ]g 1 doesnot changeunder. Theprojectionof ( )P 1 is

⎛
⎝⎜

⎞
⎠⎟∣ ∣

· · ( )( )P
¶
¶

¶
¶

= -
q

q
q

p
p

1
, 1281

giving ( · ) ∣ ∣p = d q p q , and the primary constraint ·[ ]g = q p0 .
The projection of XL gives theHamiltonian flow

∣ ∣ · ∣ ∣ · · · ( )X ¶
¶

¶
¶

¶
¶

= - -
¶
¶

P
q

m
p

q

q p

m
q

p

V

q p
, 129C

2 2

and the totalHamiltonian ( )[ ] sg= +H H uT C
0 . The projection of equation (120) is

∣ ∣ · ( )
[ ]

( )
[ ]g

g=
¶
¶

+
q

m
p

q
uU0 . 130q

2 1

1
1

For each of the three possible choices ofV(q) outlined above the totalHamiltonian obtained here agrees with the
one obtained using constrainedHamiltonianmechanics.

5.2. A Lagrangianwith local conformal symmetry
The action,

⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

⎫
⎬
⎭

≔
∣ ∣ ∣ ∣

( )
 

ò
l

+ + -S m
dq

dt
m

dq

dt

q

q

d

dt

q

q

q

q

d

dt

q

q
dt

1

2

1

2 2
, 131

a
a

a
a

2
1

2
2

2
1

2

2

1

2

1

1

2

where =a d1 ,..., , =D d2 , describes an interacting, two particle system that is invariant under the local
conformal transformation ( )uaq qa a

1 1
and ( )uaq qa a

2 2
.

With

∣ ∣
( )

∣ ∣
( )

∣ ∣
( · ) ( · ( ) · )

∣ ∣
( · ) ( · ( ) · )

∣ ∣∣ ∣
[ ( ( ) · ) ( ( ) · ) ( ( ) · ) ( ( ) · ) ]

∣ ∣
( · ) ( · ( ) · )

∣ ∣
( · ) ( · ( ) · ) ( )

 

   

l

l l

W

W

= P  + P 

=  P +  P

-  P + P  - P  P

-  P +  P

m

q
q q v

m

q
q q v

m

q
q q v q q

m

q
q q v q q

q q
q q q q q q q q q q

q
q q q q q

q
q q q q q

d d d d

d d d d

d d d d d d

d d d d

, and

, 132

M ab
a b

ab
a b

F

a
a a

a a
a

1
2 1 1 1

2
2 2 2 2

1
3 1 1 1 1 1

2
3 2 2 2 2 2

1 2
1 2 2 1 1 2 1 1 2 2

1
2 1 1 2 1 1

2
2 2 2 1 2 2

 and  are two-dimensional and are spanned by

· · · · ( )( ) ( ) ( ) ( )   ¶
¶

¶
¶

¶
¶

¶
¶

= = = =q
q

q
q

q
v

q
v

U U U U, , and , , 133q q v v
1 1

1
2 2

2
1 1

1
2 2

2

respectively. The reduced ¯ =F 0, and ( )uWker L is spanned by ( ) ( )U U,v v
1 2 , and

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

·
∣ ∣

· ( ) ·

( ) · ( ) ·
∣ ∣
∣ ∣

· ( ) · ( )

( ) 

 

¶
¶

¶
¶

¶
¶

¶
¶

l

= + P

+ - P + P

q
q

v

q
q

v

m
q q

v

q

q
q q

v

P

1 , 134

1,2 1,2
1,2

1,2

1,2
1,2

1,2

1,2
2,1 1,2

1,2

2,1

1,2
1,2 2,1

2,1

The energy is

∣ ∣
· ( ) ·

∣ ∣
· ( ) · ( )= P + PE

m

q
v q v

m

q
v q v

1

2

1

2
. 135

1
2 1 1 1

2
2 2 2 2
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Although  is two-dimensional, ∣ ∣( )
[ ] [ ]g lg= - q1
1 1

1 and ∣ ∣( )
[ ] [ ]g lg= q2
1 1

2 , and the twofirst-order Lagrangian
constraints reduce to one

· ( ) ·
∣ ∣

· ( ) ·
∣ ∣

( )[ ]  g = P + Pq q
v

q
q q

v

q
, 1361

2 1
1

1
1 2

2

2

with

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟[ ]

∣ ∣ ∣ ∣
( )[ ]

( ) ( )

b lg
Q Q

= - -
q q

X . 137E
q q1
1

1

2

2

As expected, [ ]g =G 01 for any Î G .Wemay choose

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

· ·
( · )

∣ ∣
∣ ∣
∣ ∣

( · ) ·

( · )
∣ ∣

∣ ∣
∣ ∣

( · ) · ( )


 


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¶
¶

¶
¶

¶
¶

¶
¶

l

l

= + + + -
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v
q
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v
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v q v q

v
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q
v

m

q

q
v q v q

v

X 2
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L 1
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2 1 1 2
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2
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1

1 2 2 1
2

As [ ]( ) ( )~ - qX U P,L
v
1,2 1,2 1, the action on XL by Gr ym does not give a SOLVF. Instead, we construct

⎛
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⎞
⎠⎟
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L 1 1
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2 2
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1 1
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1 1
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2
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1 1 2
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Ageneral SOELVF is then ( )[ ] ( )[ ]( )
( )

( )
( )u u= + +-

-
+

+u uX X P PEL L , where ( )( ) u Î u and
∣ ∣ ∣ ∣( ) ( ) ( )=  q qP P P1 1 2 2 . One of the arbitrary functions

( )
[ ( · )]

( )( )
[ ]

u
 l
g

=
-

-u
m i

q q

d

4 1
, 140X

1

1 2

L

is determined through the constraint algorithmwith

( · )
∣ ∣∣ ∣

· ( ) · ( ) · ( · )[ · ( ) · · ( ) · ]

( )

[ ]      g
l

= - + P P - P - Pi q q
E

m q q
v q q v

m
q q v q q v q qd 2

2
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141

X
1

1 2
1 2

1 1 2 2 1 2 2 2 1 1 1 2L

The other one, ( )( ) u+u , is not.
Wefind that ( )L b =+ 0P , while

[ ( · ) ] ( )( )L  b l
= - --

m
q q

4
1 . 142P 1 2

2

Then ym is one-dimensional, and spanned by ( )+P .
With the canonicalmomenta,

≔
∣ ∣

( )
( )

∣ ∣
≔

∣ ∣
( )

( )
∣ ∣

( ) l t l t
P - P +p

m

q
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q

q
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m

q
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2
,

2
, 143a ab

b ab b
a ab

b ab b
1

1
2 1 1

1

1
2 2

2
2 2 2

2

2
1

where ≔  t d + q qab ab a b, the passage toHamiltonianmechanics is straightforward. Equation (135) gives
∣ ∣ ∣ ∣= +H q L m q L m2 2C 1

2
1
2

2
2

2
2 with

≔ ∣ ∣ ( ) ≔ ∣ ∣ ( ) ( ) l
t

l
t+ -L q p q q L q p q q

2
,

2
, 144a a ac

c
a a ac

c
1 1 1 1 2 2 2 2 2 1

and the projection of thefirst-order Lagrangian constraint is [ · · ][ ]  g = +q L q L m1
1 2 2 1 . The projection of

( )P is
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2

giving ( · · )( )p = ++ d q p q p1 1 2 2 , and ( · · · )( )  p l= - +- d q p q p q q1 1 2 2 1 2 . The primaryHamiltonian
constraints are ≔ · ·( )

[ ]g ++ q p q p0
1 1 2 2 and ≔ · · ·( )

[ ]  g l- +- q p q p q q0
1 1 2 2 1 2.

The projection of XL gives
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Then, ( ) ( )( )
( )
[ ] ( )

( )
[ ]s sg g= + +-

-
+

+H H u uT C
0 0 , where after using equation (143) in equations (140) and (141),
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C1 2 1 2 1 2 1 2

1 2
2

while ( )+u remains undetermined.

5.3. A Lagrangianwith local conformal and time-reparametization invariance
The action

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥≔ ( )


òS sm s

dq

dt
dt, 1483

2 1 2

where = s 1, is invariant under both the local conformal transformations, ( )uaq qa a, and the
reparametization ( )tt t , where τ is amonotonically increasing function of t (see also [50] and [51, 52] for
systemswith Lagrangians linear in the velocities). This action is a generalization of that for the relativistic
particle, with the additional requirement that it have a local conformal invariance.

For this action,

∣ ∣
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· ( ) ·
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P


m

q

P u

sv q v
q vd d , 149L

ab a b

andW = 0F . Here, =a D1 ...., ,
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· ( ) ·

( )=
P

P
u

q v

sv q v
, 150a

ab
b

so that =u s2 , while ( ) ( )= P -P u q su uab ab a b. Then ker ( )uW =L ker ( )uWM , and both  and  are two-
dimensional. They are spanned by

· · · · ( )( ) ( ) ( ) ( ) ¶
¶

¶
¶

¶
¶

¶
¶

= = = =q
q

u
q

q
v

u
v

U U U U, , and , , 151q q v v
1 2 1 2

respectively.
Because this system is fully constrained, E=0. AsW = 0F aswell, there are no Lagrangian constraints.We

may choose · ¶ ¶= v qXL . As [ ]( ) ( )~ -X U U,L
v q
1,2 1,2 , the action of XL by Gr ym does not give a SOLVF. The

vector field XL can be constructed, and as expected for a fully constrained system, =X 0L . A general SOELVF is
then ( )[ ] ( )[ ]( ) ( )u u= +u uX U UEL

q q1
1

2
2 , with ( )u Î un for n= 1, 2. The Lie algebra ym itself is two

dimensional, and spanned by ( )Uq
1 and ( )Uq

2 .
For the passage toHamiltonianmechanics,HC= 0 asE=0.With the canonicalmomentum ∣ ∣=p mu qa a ,

the projection of ( )P 1,2 is

·
∣ ∣

· · ∣ ∣ · ( )( ) ( )P P  ¶
¶

¶
¶

¶
¶

¶
¶

= - = -q
q q

p
p

q

m
p

q

p

m
q

p

1
, , 1521 2

2
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and ( · ) ∣ ∣ (∣ ∣ ) ∣ ∣( ) ( )p p= =d dq p q q p m q, 21 2
2 2 . The primaryHamiltonian constraints are ≔ ·[ ]g q p1

0 and

≔ ∣ ∣[ ]g -q p sm2
0 2 2 2. As =X 0L , X = 0C , andwefind that

∣ ∣
( )

∣ ∣
( ) ( )( ) [ ] ( ) [ ]s sg g= +H

u

q

u

m q2
. 153T

1
1
0 2

2
0

6. Concluding remarks
With the benefit of hindsight, themany roles that  plays in determining both the geometric structure of L for
singular Lagrangians, and the connection between these structures and dynamics become readily apparent.
What also becomes clear are the reasonswhy SOELVFs and their dynamical structures are projectable.

Because  is involutive, it gives a foliation of L. There is then a neighborhoodU about each point u Î L on
whichwe can define the equivalence relation u u~1 2 iff u u- = g1 2 , where g is a point on the leaves ( )F ol of
the foliation. This leads to the quotient space ( )F  olL , which has dimension -D N2 0. Importantly,

( )F  olL is projectable, and ( ( )) ( ) [ ]F = =    olL L C
0 . This structure, and the role that  plays in its

construction, is well known in the literature [4, 5].
Next, because uÌ T L and is involutive, it is natural to follow the construction of ( )F  olL and consider

the set of vector fields in uT L for which  is an ideal. This leads us to uT L , and the quotient space u T L . As
dim u = - D NT 2L 0, it is expected that [ ( )]Fu p=  T T olL L for ( )p FÎ  olL . That u T L is
projectable is then readily apparent.

Finally, for singular Lagrangians the acceleration is not determined uniquely by the Euler–Lagrange
equations ofmotion, an ambiguity due to the generalized Lie symmetry. This symmetry is generated by vectors
thatmust lie in the kernel ofWL, and yet cannot be in  , leading naturally first to the construction of ker

( )uW  , and then to the construction of ol. Both ker ( )u uW Ì T L and uÌ Tol L , and thus the
evolution of the dynamical system is confined to the tangent bundle [ ( )]F T olL . The projectability of

[ ( )]F T olL ensures that all of the dynamical structures needed to describe the evolution of dynamical systems
on the Lagrangian phase space is projectable, and agrees with those obtained through constrainedHamiltonian
mechanics.

While  does play an important role in determining the general Lie symmetry group, it itself is not the
generator of this group. This can be readily seen in the first example in section 4.3where the Lagrangianmay or
may not have a local gauge symmetry depending on the choice of potential. Nevertheless,  is present and plays
its usual role in determining ( )F  olL . It is instead vectors in ( )uW ker L —with  removed—that generate
the generalized Lie symmetry.We emphasize here that while this symmetry plays an important and guiding role,
this role is nevertheless supportive in the construction of the algebraic-geometric structures on L needed in
determining both the geometric structure of L, and the connection between these structures and the evolution
of the dynamical system.

The application of these algebraic-geometric structures go beyond showing the equivalence of the
Lagrangian andHamiltonian formulations ofmechanics for singular Lagrangians, however.While the primary
Hamiltonian constraints play a critical role in theHamiltonian constraint analysis, the constraints themselves
have traditionally been found by inspection; the expectation is that this inspection is able to both determine their
form and to ensure that all of the constraints has been found for the system at hand. As a result of the Lagrangian
phase space analysis presented herewe are able to determine the number of primary constraints for any
dynamical system, and the constraints themselves can be calculated by solving a first-order, quasi-linear
differential equation. In addition, while the end result of the Lagrangian constraint algorithm is a SOELVF
defined in terms of a certain number of arbitrary functions, and the end result of theHamiltonian constraint
analysis is a totalHamiltonianwith the same number of arbitrary functions, howmany arbitrary functions are
needed, and their relationship to the original symmetries of the action is not known.With direct access to the
Lagrangian and its symmetries, these questions can nowbe addressed in the Lagrangian phase space
formulation.

Acknowledgments

This paper would not have been possible without the contributions by JohnGarrison, who providedmost of the
essentialmathematics in section 3. Publicationmade possible in part by support from the Berkeley Research
Impact Initiative (BRII) sponsored by theUCBerkeley Library.

ORCID iDs

AchillesD Speliotopoulos https://orcid.org/0000-0002-5552-7753

22

J. Phys. Commun. 4 (2020) 065002 ADSpeliotopoulos

https://orcid.org/0000-0002-5552-7753
https://orcid.org/0000-0002-5552-7753
https://orcid.org/0000-0002-5552-7753
https://orcid.org/0000-0002-5552-7753


References

[1] AbrahamR andMarsden J E 1978 Foundations ofMechanics 2nd edn (Massachusetts: Addison-Wesley, Reading)
[2] Cariñena J F 1990Theory of singular Lagrangians Fortschr. Phys. 38 641–79
[3] Grácia X,Muñez-LecandaMCandRomán-RoyN 2004On some aspects of the geometry of differential equations in physics Int. J.

Geom.Meth.Mod. Phys. 1 265–84
[4] Cariñena J F, LopezC andRomán-RoyN1988Origin of the Lagrangian constraints and their relationwith theHamiltonian

formulation J.Math. Phys. 29 1143–9
[5] GotayM J andNester JM1979 Presymplectic lagrangian systems I: the constraint algorithm and the equivalence theoremAnnales de

L’Institut Henri Poincare, section A 30 129–42
[6] de LeónMand deDiegoDM1996 Symmetries and constants of themotion for singular Lagrangian systems Int. J. Theor. Phys. 35

975–1011
[7] GotayM J,Nester JM andHindsG 1978 Presymplecticmanifolds and theDirac-Bergmann theory of constraints J.Math. Phys. 19

2388–99
[8] GotayM J andNester JM1980 Presymplectic lagrangian systems II: the second-order problemAnnales de L’Institut Henri Poincare,

sectionA 32 1–13
[9] Cariñena J F and Fernández-Núñez J 1993Geometric theory of time-dependent singular Lagrangians Fortschr. Phys. 41 517–52
[10] Muñoz-LecandaMCandRomán-RoyN1992 Lagrangian theory for presymplectic systemsAnnales de L’Institut Henri Poincare, section

A 57 27–45
[11] Pons JM1988New relations betweenHamiltonian and Lagrangian constraints Journal of Physics A:Mathematical andGeneral Physics

21 2705–15
[12] de LeónM,Marín-Solano J,Marrero JC,Muñoz-LecandaMCandRomán-RoyN2002 Singular Lagrangian systems on jet bundles

Fortschritee der Physik 50 105–69
[13] CendraH, EtchechouryMand Ferraro S J 2014An extension of theDirac andGotay-Nester theories of constraints forDirac dynamical

systems Journal of GeometricMechanics 6 167–236
[14] KunzleHP 1969Degenerate lagrangian systemsAnnales de L’Institut Henri Poincare, section A 11 393–414
[15] Cariñena J F and Lopez C 1987Geometric study of the connection between the Lagrangian andHamiltonian constraints J. Geom. Phys.

4 315–34
[16] Batlle C,Gomis J, Pons JM andRomán-RoyN 1987 Lagrangian andHamiltonian constraints Lett.Math. Phys. 13 17–23
[17] Batlle C,Gomis J, Pons JM andRomán-RoyN 1987On the Legendre transformation for singular Lagrangians and related topics

Journal of Physics A:Mathematical andGeneral Physics 20 5113–23
[18] Cariñena J F and Lopez C 1987The time-evolution operator for singular Lagrangians Lett.Math. Phys. 14 203–10
[19] Grácia X and Pons JM1989On an evolution operator connecting Lagrangian andHamiltonian formalisms Lett.Math. Phys. 17 175–80
[20] Grácia X and Pons JM1992A generalized geometric framework for constrained systemsDiffer. Geom. Appl. 2 223–47
[21] Grácia X and Pons JM1992AHamiltonian approach to LagrangianNoether transformations Journal of Physics A:Mathematical and

General Physics 25 6357–69
[22] Pons JM, SalisburyDC and Shepley LC 1999Reduced phase space: quotienting procedure for gauge theories Journal of Physics A:

Mathematical andGeneral Physics 32 419–30
[23] Grácia X and Pons JM2001 Singular Lagrangians: some geometric structures along the Legendremap Journal of Physics A:

Mathematical andGeneral Physics 34 3047–70
[24] Dirac PAM1950GeneralizedHamiltonian dynamicsCan. J.Math. 2 129–48
[25] HenneauxMandTeitelboimC1992Quantization of Gauge Systems (Princeton, New Jersey: PrincetonUniversity Press)
[26] Muñoz-LecandaMC1989Hamiltonian systemswith constraints: a geometric approach Int. J. Theor. Phys. 28 1405–17
[27] Lusanna L 2018Dirac-Bergmann constraints in physics: singular Lagrangians, Hamiltonian constraints and the second noether

theorem Int. J. Geom.Meth.Mod. Phys. 15 1830004
[28] Batlle C,Gomis J, Pons JM andRomán-RoyN 1986Equivalence between the Lagrangian andHamiltonian formalism for constrained

systems J.Math. Phys. 27 2953–62
[29] Olver P J 1993Applications of Lie Groups toDifferential equations (NewYork: Springer)
[30] MarmoG,MukundaN and Samuel J 1983Dynamics and symmetry for constrainted systems: a geometrical analysisRiv. Nuovo

Cimento 6 1–62
[31] Grácia X and Pons JM1991Constrained systems: a unified geometric approach Int. J. Theor. Phys. 30 511–6
[32] Bates L andŚniatycki J 2013An extension of theDirac theory of constraints Journal of Fixed Point Theory andApplications 14 527–54
[33] PrinceG 1983Toward a classification of dynamical symmetries in classicalmechanicsBull. Aust.Math. Soc. 27 53–71
[34] PrinceG 1985A complete classification of dynamical symmetries in classicalmechanicsBull. Aust.Math. Soc. 32 299–308
[35] CrampinM1983Tangent bundle geometry Lagrangian dynamics Journal of Physics A:Mathematical andGeneral Physics 16 3755–72
[36] Cariñena J F, Fernández-Núñez J andMartínez E 1991A geometric approach toNoether’s Second theorem in time-dependent

Lagrangianmechanics Lett.Math. Phys. 23 51–63
[37] Cariñena J F andRañadaMF1988Noether’s theorem for singular Lagrangians Letters onMathematical Physics 15 305–11
[38] Cariñena J F,Martínez E and Fernández-Núñez J 1992Noether’s theorem in time-dependent LagrangianmechanicsRep.Math. Phys.

31 189–203
[39] Cariñena J F, Fernández-Núñez J andRañadaMF 2003 Singular Lagragians affine in velocities Journal of Physics A:Mathematical and

General Physics 36 3789–807
[40] Cariñnena J F andMartinez E 1991Generalized Jacobi equation and inverse problem in classicalmechanicsGroupTheoreticalMethods

in Physics, in: Proc. of the XVIII International Colloquim 1990,Moskow edVVDodonov andV IMan’koVol. 2 (NewYork:Nova Science
Publishers) pp 84–98

[41] MarmoG,Mendella G andTulczyjewWM1992 Symmetries and constants of themotion for dynamics in implicit formAnnales de
L’Institut Henri Poincare, section A 57 147–66

[42] Grácia X and Pons JM2002 Symmetries and infinitesimal symmetries of singular differential equations Journal of Physics A:
Mathematical andGeneral Physics 35 5059–77

[43] Grácia X andMartín R 2005Geometric aspects of time-dependent singular differential equations Int. J. Geom.Meth.Mod. Phys. 2
597–618

[44] Popescu L 2017 Symmetries of second order differential equations on Lie algebroids J. Geom. Phys. 117 84–98

23

J. Phys. Commun. 4 (2020) 065002 ADSpeliotopoulos

https://doi.org/10.1002/prop.2190380902
https://doi.org/10.1002/prop.2190380902
https://doi.org/10.1002/prop.2190380902
https://doi.org/10.1142/S0219887804000150
https://doi.org/10.1142/S0219887804000150
https://doi.org/10.1142/S0219887804000150
https://doi.org/10.1063/1.527955
https://doi.org/10.1063/1.527955
https://doi.org/10.1063/1.527955
https://doi.org/10.1007/BF02302383
https://doi.org/10.1007/BF02302383
https://doi.org/10.1007/BF02302383
https://doi.org/10.1007/BF02302383
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.1002/prop.19930410603
https://doi.org/10.1002/prop.19930410603
https://doi.org/10.1002/prop.19930410603
https://doi.org/10.1088/0305-4470/21/12/014
https://doi.org/10.1088/0305-4470/21/12/014
https://doi.org/10.1088/0305-4470/21/12/014
https://doi.org/10.1002/1521-3978(200203)50:2<105::AID-PROP105>3.0.CO;2-N
https://doi.org/10.1002/1521-3978(200203)50:2<105::AID-PROP105>3.0.CO;2-N
https://doi.org/10.1002/1521-3978(200203)50:2<105::AID-PROP105>3.0.CO;2-N
https://doi.org/10.3934/jgm.2014.6.167
https://doi.org/10.3934/jgm.2014.6.167
https://doi.org/10.3934/jgm.2014.6.167
https://doi.org/10.1016/0393-0440(87)90017-9
https://doi.org/10.1016/0393-0440(87)90017-9
https://doi.org/10.1016/0393-0440(87)90017-9
https://doi.org/10.1007/BF00570763
https://doi.org/10.1007/BF00570763
https://doi.org/10.1007/BF00570763
https://doi.org/10.1088/0305-4470/20/15/027
https://doi.org/10.1088/0305-4470/20/15/027
https://doi.org/10.1088/0305-4470/20/15/027
https://doi.org/10.1007/BF00416849
https://doi.org/10.1007/BF00416849
https://doi.org/10.1007/BF00416849
https://doi.org/10.1007/BF00401582
https://doi.org/10.1007/BF00401582
https://doi.org/10.1007/BF00401582
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1088/0305-4470/25/23/029
https://doi.org/10.1088/0305-4470/25/23/029
https://doi.org/10.1088/0305-4470/25/23/029
https://doi.org/10.1088/0305-4470/32/2/015
https://doi.org/10.1088/0305-4470/32/2/015
https://doi.org/10.1088/0305-4470/32/2/015
https://doi.org/10.1088/0305-4470/34/14/311
https://doi.org/10.1088/0305-4470/34/14/311
https://doi.org/10.1088/0305-4470/34/14/311
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.1007/BF00671858
https://doi.org/10.1007/BF00671858
https://doi.org/10.1007/BF00671858
https://doi.org/10.1142/S0219887818300040
https://doi.org/10.1063/1.527274
https://doi.org/10.1063/1.527274
https://doi.org/10.1063/1.527274
https://doi.org/10.1007/BF02740487
https://doi.org/10.1007/BF02740487
https://doi.org/10.1007/BF02740487
https://doi.org/10.1007/BF00672895
https://doi.org/10.1007/BF00672895
https://doi.org/10.1007/BF00672895
https://doi.org/10.1007/s11784-014-0173-4
https://doi.org/10.1007/s11784-014-0173-4
https://doi.org/10.1007/s11784-014-0173-4
https://doi.org/10.1017/S0004972700011485
https://doi.org/10.1017/S0004972700011485
https://doi.org/10.1017/S0004972700011485
https://doi.org/10.1017/S0004972700009977
https://doi.org/10.1017/S0004972700009977
https://doi.org/10.1017/S0004972700009977
https://doi.org/10.1088/0305-4470/16/16/014
https://doi.org/10.1088/0305-4470/16/16/014
https://doi.org/10.1088/0305-4470/16/16/014
https://doi.org/10.1007/BF01811294
https://doi.org/10.1007/BF01811294
https://doi.org/10.1007/BF01811294
https://doi.org/10.1007/BF00419588
https://doi.org/10.1007/BF00419588
https://doi.org/10.1007/BF00419588
https://doi.org/10.1016/0034-4877(92)90014-R
https://doi.org/10.1016/0034-4877(92)90014-R
https://doi.org/10.1016/0034-4877(92)90014-R
https://doi.org/10.1088/0305-4470/36/13/311
https://doi.org/10.1088/0305-4470/36/13/311
https://doi.org/10.1088/0305-4470/36/13/311
https://doi.org/10.1088/0305-4470/35/24/306
https://doi.org/10.1088/0305-4470/35/24/306
https://doi.org/10.1088/0305-4470/35/24/306
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1016/j.geomphys.2017.03.006
https://doi.org/10.1016/j.geomphys.2017.03.006
https://doi.org/10.1016/j.geomphys.2017.03.006


[45] DimakisN, Terzis PA andChristodoulakis T 2016Contact symmetries of constrained quadratic Lagrangians Journal of Physics: Conf.
Series 670 1–6

[46] PopescuM2009Totally singular Lagrangians and affineHamiltoniansBalkan Journal of Geometry and Its Applications 14 60–71
[47] PopescuMandPopescu P 2011Totally singular Lagrangians and affineHamiltonians of higher orderBalkan Journal of Geometry and

Its Applications 16 122–32
[48] Lee JM2013 Introduction to SmoothManifolds 2nd (NewYork: Springer)
[49] Choquet-Bruhat Y,DeWitt-Morette C andDillard-BleickM1982Analysis,Manifolds, and Physics (Amsterdam, TheNetherlands:

Elsevier Science Publishing Company, Inc.)
[50] Jamal S 2019A study of the approximate singular Lagrangian-conditional Noether symmetries and first integrals Int. J. Geom.Meth.

Mod. Phys. 16 1950033
[51] Rabei EM,NawaflehK I, AbdelrahmanY S andOmariHYR 2003Hamilton-Jacobu treatment of Lagrangians with linear velocities

Mod. Phys. Lett.A 18 1591–6
[52] Muslih S I, El-ZalanHA andRabei EM2005Hamilton-Jacobi quantization of singular Lagrangians with linear velocities Int. J. Theor.

Phys. 44 1271–9

24

J. Phys. Commun. 4 (2020) 065002 ADSpeliotopoulos

https://doi.org/10.1088/1742-6596/670/1/012021
https://doi.org/10.1088/1742-6596/670/1/012021
https://doi.org/10.1088/1742-6596/670/1/012021
https://doi.org/10.1142/S0219887819300010
https://doi.org/10.1142/S0217732303011277
https://doi.org/10.1142/S0217732303011277
https://doi.org/10.1142/S0217732303011277
https://doi.org/10.1007/s10773-005-4685-x
https://doi.org/10.1007/s10773-005-4685-x
https://doi.org/10.1007/s10773-005-4685-x

	1. Introduction
	2. Generalized Lie symmetries and Lagrangian mechanics
	3. The Lagrangian phase space
	3.1. Passage from Lagrangian mechanics to the Lagrangian phase space
	3.2. Properties of ker ΩL(u)
	3.3. Projection of K to ker ΩL(u)
	3.4. First-order Lagrangian constraints
	3.5. The generalized lie symmetry group
	3.6. Euler-lagrange solutions of the energy equation
	3.7. A constraint algorithm for second-order, Euler–Lagrange vector fields

	4. The passage to Hamiltonian mechanics
	4.1. Projectability of functions and vector fields on PL
	4.2. Projection of dynamical structures
	4.2.1. Prim and the Primary Hamiltonian Constraints
	4.2.2.Sol&macr; and the total Hamiltonian
	4.2.3. The equivalence of the constraint algorithm for lagrangians and the stability analysis of canonical Hamiltonians

	5. Examples of almost regular Lagrangians
	5.1. A Lagrangian With and Without a Local Gauge Symmetry
	5.1.1. The symmetric potential
	5.2. A Lagrangian with local conformal symmetry
	5.3. A Lagrangian with local conformal and time-reparametization invariance

	6. Concluding remarks

	Acknowledgments
	References



