UC Berkeley
UC Berkeley Previously Published Works

Title

Constraineddynamics:generalizedLiesymmetries,singular
Lagrangians,andthepassagetoHamiltonianmechanics

Permalink
https://escholarship.org/uc/item/1xm8z0t4|
Journal

Journal of Physics Communications, 4(6)

Author
Speliotopoulos, Achilles

Publication Date
2020-06-02

Peer reviewed

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/1xm8z0t4
https://escholarship.org
http://www.cdlib.org/

10P Publishing

@ CrossMark

OPENACCESS

RECEIVED
5March 2020

REVISED
3 April 2020

ACCEPTED FOR PUBLICATION
12 May 2020

PUBLISHED
2 June 2020

Original content from this
work may be used under
the terms of the Creative
Commons Attribution 4.0
licence.

Any further distribution of
this work must maintain
attribution to the
author(s) and the title of
the work, journal citation
and DOL

J. Phys. Commun. 4 (2020) 065002 https://doi.org/10.1088/2399-6528 /ab923¢

Journal of Physics Communications

PAPER

Constrained dynamics: generalized Lie symmetries, singular
Lagrangians, and the passage to Hamiltonian mechanics

Achilles D Speliotopoulos'

Department of Physics, University of California, Berkeley, CA 94720, United States of America
' Also at Division of Physical, Biological and Health Science, Diablo Valley College, Pleasant Hill, CA 94523, USA.

E-mail: ads@berkeley.edu

Keywords: constrained dynamics, singular lagrangian dynamics, generalize lie symmetries, hamiltonian constrained dynamics, almost
regular lagrangians

Abstract

Guided by the symmetries of the Euler—Lagrange equations of motion, a study of the constrained
dynamics of singular Lagrangians is presented. We find that these equations of motion admit a
generalized Lie symmetry, and on the Lagrangian phase space the generators of this symmetry lie in
the kernel of the Lagrangian two-form. Solutions of the energy equation—called second-order,
Euler-Lagrange vector fields (SOELVFs)—with integral flows that have this symmetry are determined.
Importantly, while second-order, Lagrangian vector fields are not such a solution, it is always possible
to construct from them a SOELVF that is. We find that all SOELVFs are projectable to the Hamiltonian
phase space, as are all the dynamical structures in the Lagrangian phase space needed for their
evolution. In particular, the primary Hamiltonian constraints can be constructed from vectors that lie
in the kernel of the Lagrangian two-form, and with this construction, we show that the Lagrangian
constraint algorithm for the SOELVF is equivalent to the stability analysis of the total Hamiltonian.
Importantly, the end result of this stability analysis gives a Hamiltonian vector field that is the
projection of the SOELVF obtained from the Lagrangian constraint algorithm. The Lagrangian and
Hamiltonian formulations of mechanics for singular Lagrangians are in this way equivalent.

1. Introduction

The Lagrangian phase space formulation of mechanics [ 1-4], with its roots in differential geometry, provides an
especially fruitful framework with which to analyze dynamical systems of singular Lagrangians L. Instead of
trajectories q(t) = (q'(t),...,q" (t)) on a D-dimensional configuration space Q that are solutions of the Euler—
Lagrange equations of motion, trajectories in the Lagrangian phase space formulation

u(®) = (g'(1) 5o, P (1), V() 5., vP (1)), 1)

are on a 2D-dimensional Lagrangian (or velocity) phase space P, = TQ embodied with a Lagrangian two-form
;. They are determined by vector fields Xy € T, [P, that are solutions of the energy equation

ix,Q = dE, 2)

with E being the energy of the system. For regular Lagrangians, €2y is symplectic. The solution to equation (2) is
unique, and is a second-order, Lagrangian vector field (SOLVF)[1] (also called a second-order dynamical
equation in the literature). For singular Lagrangians, on the other hand, §2; is presymplectic’. The solution to
equation (2) is not unique, need not be a SOLVF, nor need it even exist [5]. Nevertheless, with few exceptions in
the literature [6], focus has been placed on solutions of equation (2) that are SOLVFs. This is done for physical

2 .. ¢ N . . .

There are two definitions of ‘presymplectic’—a broader one in which €2, (1) need only be closed, and a more narrow one that also requires
the rank of €27 (u) to be constant on ,—used in the literature. Although in this paper our focus is on systems where the rank of €; (1) is
constant, a few of our results still hold even when it is not, and we follow the broader definition of the word.

© 2020 The Author(s). Published by IOP Publishing Ltd
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reasons: the condition 4% = v*,for a = 1,..., D, immediately follows for trajectories determined by such fields.
This focus on SOLVFs has consequences, however.

The presence of a singular Lagrangian often predicates the existence of a Lagrangian constraint submanifold
of [P, and for solutions of equation (2) to exist, trajectories of these dynamical systems must lie on this
submanifold. Algorithms—called a constraint algorithm or a stability condition—for constructing such
solutions have been developed [5, 7-13]. However, irrespective of the one used, the end result of these
algorithms is a vector field that has a number of troubling attributes. First, this vector field need not be a SOLVF,
even though physical arguments were used to restrict the starting point of these algorithms to such fields. This is
called the second order problem, first noted within a different context by Kiinzle [ 14], and emphasized by Gotay
and Nester [8]. Currently, it is known that requiring the end result of these algorithms be a SOLVF is very
restrictive, and additional conditions may need to be imposed [15]. Second, the fibre derivative (Legendre
transform) £ for singular Lagrangians is singular, and thus the rank of the Hessian of L is not maximal. Because
of this the passage from Lagrangian to Hamiltonian mechanics is problematic. The ability to map dynamical
structures from the Lagrangian to the Hamiltonian phase space haslong been studied for SOLVFs [4, 7, 10, 11,
15-23]. Itis found that a general SOLVFE—even after the application of the constraint algorithm, and even under
the weak projectability condition [10]—is not projectable [10, 15]. (Examples of systems for which a SOLVF is
projectable, and for which it is not are given in [10]). One immediate consequence of this non-projectability is
dynamical systems for which the Hamiltonian flow field determined through constrained Hamiltonian
mechanics as described in [24, 25] (see [26, 27] for more modern approaches)—even after its restriction to the
primary constraint submanifold—need have little relation to the SOLVF obtained from the Lagrangian
constraint algorithm. Third, it is known that the Lagrangian constraints obtained while a constraint algorithm is
being imposed on a SOLVF also need not be projectable [4, 10, 15, 17, 18, 21, 28]. Combined, this means that
dynamics on the Lagrangian phase space and dynamics on the Hamiltonian phase space can take place on two
inequivalent submanifolds, be determined by two inequivalent vector fields, resulting in two different families of
trajectories on the configuration space Q for the same dynamical system with the same initial data.

We take a different starting point in our analysis of singular Lagrangians, one that is rooted in the generalized
Lie symmetries of the Euler—Lagrange equations of motion. The analysis is guided by the observation that ifa
symmetry of the dynamical system has been determined through Lagrangian mechanics, it must be present in
the Lagrangian and Hamiltonian phase space descriptions of motion as well. We emphasize, however, that while
these symmetries play an important role, this role is nevertheless supportive. One of the main goals of this work
is the construction of algebraic-geometric structures within differential geometry that will then be used to
implement these symmetries; to characterize the relevant geometry of the Lagrangian phase space; to determine
the structures needed to decribe dynamics on this phase space; and to show the equivalence of the Lagrangian
and Hamiltonian phase space formulation of mechanics. In doing so, we are led to construct the second-order,
Euler-Lagrange vector field (SOELVF). These fields avoid the second-order problem, are projectable to the
Hamiltonian phase space, and lie on Lagrangian constraint submanifolds that also are projectable. Importantly,
the projection of the SOELVF is the Hamiltonian flow field of the total Hamiltonian obtained from constrained
Hamiltonian mechanics. (We follow the terminology in [25], and call the result of augmenting the canonical
Hamiltonian with the primary constraint functions the total Hamiltonian).

The generalized Lie symmetry [29] of the Euler—Lagrange equations of motion is generated by second-order
prolongation vectors in the tangent space TM® of the second-order jet space M. This symmetry is reflected in
the Lagrangian phase space description of motion, and the projection of TM® to TIP, maps these prolongation
vectors into the kernel of £2;. Surprisingly, it is not the vertical vector fields of the kernel that generates this
symmetry, as may have been expected. Also surprisingly, the corresponding symmetry group Gregy, is nota
symmetry group for SOLVFs; action on a SOLVF by Grgyp, results in a vector field that is no longer a SOLVF, nor
need it even be a solution of equation (2). It is, however, always possible to construct from a SOLVF vector fields
that do have Grgy, as a symmetry group, and are solutions to equation (2). These vector fields are the SOELVFs,
and they resolve the issues listed above for the SOLVF.

Thata SOELVF is projectable is a natural consequence of having Grs,r, as a symmetry group. Moreover, all
the Lagrangian constraints—both those due to the energy equation and those introduced through the
application of the constraint algorithm to the SOELVF—are projectable as well. We find also that thereis a
choice of a basis for the kernel of €2; that is projectable, and that the primary Hamiltonian constraints can be
constructed from their image. Indeed, all the dynamical structures needed to describe evolution on the
Lagrangian phase space are projectable, and their image corresponds to the dynamical structures needed to
describe evolution on the Hamiltonian phase space obtained through constrained Hamiltonian mechanics
[13,24-27,30-32]. In this way the Lagrangian and Hamiltonian fomulations of mechanics are equivalent even
for singular Lagrangians.

Analysis of the symmetries of Lagrangian systems (both regular and singular) have been done before.
However, such analyses have been focused on time-dependent Lagrangians (and in particular their Noether
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symmetries) [9, 33—39]; on systems of first-order evolution equations on either the Lagrangian or Hamiltonian
phase space [40—44]; or on general solutions of equation (2) [6] (see also [45] for an analysis of particle motion
on curved spacetimes). Importantly, the great majority of these analyses have been done using first-order
prolongations on first-order jet bundles with a focus on the Lie symmetries of first-order evolution equations.
Our interest is in the symmetries of the Euler—Lagrange equations of motion—a system of second-order
differential equations—that come from singular Lagrangians. This naturally leads us to consider generalized
Lie symmetries and second—order prolongations. Such symmetry analysis of the Euler—Lagrange equations of
motion has not been done before. (Although the framework for kth-order prolongations on kth-order jet
bundles have been introduced before [9, 39, 46, 47], they have not been applied to the Euler—Lagrange equations
of motion).

In this paper we only consider autonomous Lagrangians for which the rank of €2 is constant on ;. We also
require such Lagrangians to have a fibre derivative that is a submersive map of P} to the Hamiltonian phase
space P; the rank of the Hessian of such Lagrangians is necessarily constant on P; . In addition, the preimage of
(g, p) = L(w), u € P, mustbe a connected submanifold of P} (see also [32] where this condition is relaxed).
These Lagrangians are called almost regular Lagrangians in the literature [2, 4, 7, 15, 23], and we also use this
terminology.

Some of the results on the equivalence of singular Lagrangian and Hamiltonian mechanics presented in this
paper have been presented elsewhere. However, the approaches used previously often rely on such dynamical
structures from constrained Hamiltonian mechanics as the primary Hamiltonian constraints; pullbacks of their
derivatives to the Lagrangian phase space are used to construct such mappings as the time-evolution operator K
[11,16,18,19,21,37], for example. We take a different approach, one that starts with the Lagrangian phase space
formulation, and, with restrictions imposed by Grsyp,, is one which shows that the dynamical structures on the
Hamiltonian phase space necessary to describe the dynamical system can be obtained directly from those on the
Lagrangian phase space.

The importance of establishing the equivalence between the Lagrangian and Hamiltonian formulations of
mechanics for singular Lagrangians can been seen from the starting point of any physically relevant system:
the action, and through it, its Lagrangian. For systems with local gauge or diffeomorphism symmetry, the
Lagrangian is singular, and dynamics have traditionally been analysed using Hamiltonian constraints [25]. This
is done by first using the fibre derivative to construction the Hamiltonian from the Lagrangian, and then using
Hamiltonian stability analysis to determine both the total Hamiltonian and the Hamiltonian constraint surfaces.
However, as the Lagrangian was the starting point, and as the fibre derivative is not invertable for such
Lagrangians, a natural question to ask is whether the dynamics described by the total Hamiltonian has any
relation to the original dynamics given by the Lagrangian. With the equivalence between the Lagrangian and
the Hamiltonian phase space formulations of dynamics demonstrated, we have shown that they are. This
equivalence is even more important for the path integral formulation of quantum mechanics and quantum field
theory. Both are based on the action, and integration is over paths on the configuration space. For systems with
local gauge or diffeomorphism symmetries these integrals must be restricted, which for non-abelian gauge
theories leads to the use of BRST symmetries. These symmetries have traditionally been constructed using the
Hamiltonian and Hamiltonian constraint analysis (see [25]).

Although we freely use the tools and language of differential geometry, we are aware that interest in
constrained dynamics is often due to its application to quantum field theories. In these applications, the ability to
calculate and determine symmetries is paramount. To ensure that the tools and methodologies given in this
paper can be so applied to the analysis of quantum field-theoretic systems, we have also written a number of the
expressions given in this paper in terms of local coordinates using a notation that is both familiar and useful for
calculations. In particular, the general solution to ix €2, = 0 given in section 3.2 is given in terms of local
coordinates as are the construction of second-order Lagrangian and Euler-Lagrangian vector fields.

The rest of the paper is arranged as follows. In section 2 we show that the Euler—Lagrange equations of
motion have a generalized Lie symmetry, and determine the existence conditions for the generators of this
symmetry. In section 3 the vectors thatlie in the kernel of £2; are found, and the role they play in generating
Grsym is determined. Physically relevant solutions of the energy equation are characterized, and the SOELVF is
defined and constructed. First-order Lagrangian constraints are also constructed, and a constraint algorithm for
SOELVFs is presented. In section 4 focus is on the passage from the Lagrangian to the Hamiltonian phase space.
The projectability of functions on I} is reviewed, and a new result on the projectability of vector fields in TP} is
presented. The dynamical structures needed to describe evolution with SOELVFs are shown to be projectable,
and the primary Hamiltonian constraints are constructed. The equivalence of the constraint algorithm
presented in section 3 with the usual Hamiltonian stability analysis is shown. In section 4.3 application of the
analysis given here to three different dynamical systems with singular Lagrangians is presented. Concluding
remarks can be found in section 4.4, with the crucial role that the vertical vector fields in the kernel of €2; play
summarized.
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2. Generalized Lie symmetries and Lagrangian mechanics

We begin with Lagrangian mechanics, and an analysis of the generalized Lie symmetry [29] of the Euler—
Lagrange equations of motion. The existence conditions for the generators of this symmetry will be established.
The Euler-Lagrange equations of motion are the system of D second-order differential equations

OE
Mabqb = a4 abq'b) (3)
0q
where
O0L(g, q .
E(g, ) = qb$ - L(g, s @

is the energy, while

’L(q, ¢  0°L(g, 9

Mas(g, ) = S oo

(©)

and  Fy(q, 9) =

Here, Einstein’s summation convention is used.

For almost regular Lagrangians the rank of the Hessian M_; (1), where u = (g, §)’, is constant on IP;..
However, as the rank of M, (1) = D — Ny, with Ny = dim (ker M,;, (1), this rank is not maximal, and thus
equation (3) cannot be solved for a unique 4. Instead, a chosen set of initial data 1y = (g, 4,) givenatt = t,
determines a family of solutions to equation (3) that evolve from the same 1. These solutions are related to one
another through a generalized Lie symmetry [29].

Following Olver [29], we define

Au(q, G, §) = —— + Eu(q, §)4° + Mupi®, (6)

0E(q, 9)
0q°

which reduces to equation (3) on the surfaces A,(g, 4, §) = 0. The set

Ouo) = {q(t) \ Aa(q, 4, §) = Owithq(to) = g, 4(t0) = 4y} @)

is the family of solutions to equation (3) that evolve from 11y. Consider two such solutions ¢“(t) and Q“(¢). From
equation (3) there existsa 37(u) € ker M (u) such that Q" — § = 3*(u). As 3* depends on both g and 4“, we
are led to consider generalized Lie symmetry groups generated by

1o}
= u) - —, 8
g=p) a1 ®)
with a p(u) that does not depend explicitly on time. This gives the total time derivative
d 17} 17}
— . Y ) 9
a T T ®

with p := dp/dt.
With this g, the second-order prolongation vector,

Prg'_ﬂ'a—+P‘a—+p‘8— (10)
dg a4 aj’
on the second-order jet space M® = {(¢, q, 4, §)} with pr g € TM® can be constructed. Its action on the
Euler—Lagrange equations of motion gives

ai®

0q°
onthe A, = 0 surface. However, because the rank of M,;, (1) is not maximal, the solution for § on this surface is
not unique. For g to generate the same symmetry group for all the trajectories in O(u,), we must require
p(u) € ker M, (u). It then follows that pr g[A,(q, 4, §)] = 0ifand onlyif (iff) b, = E;p® + M, p? for some
function b, (1) where b, = 0. However, because all the solutions in O(u1¢) have the same initial data, P (1) =0
and p?(ug) = 0,and thus b, = 0. This leads to the following new result.

d
pr glA.(q, 4, ] = ———My p° + ;[Fabph + Mg p"1, (11)

Lemma 1. If g is a generalized infinitesimal symmetry of 1\, then p®(u) € ker My, (u) and p®(u) is a solution of
0 = Ep(w)p?(w) + Map(w) p*(w). (12)

We use u to represent both (g, 4) for trajectories on Q and (g,v) for trajectories on PP to avoid introducing additional notation.
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We denote by g the set of all vector fields g that satisfylemma 1,and by pr g := {pr g \ g € g} theset of their
prolongations. This pr g is involutive [29].

The conditions under which pr g generates a generalized Lie symmetry group are well known [29].
However, because our Lagrangians are singular, three additional conditions must be imposed:

1.While p? =0 and p* = 3* for any 3 € ker M,;(u) is a solution of equation (12), we require that
p* = dp®/dt, and they must be removed.

2.1f p?isa solution of equation (12), then p? + 3" is a solution of equation (12) as well. The p* are not unique,
and this, along with the first condition, leads us to generators that are constructed from equivalence classes
of prolongations.

3.Forany 3* € ker M, (u), equation (6) gives,

OF o
0= 3“( ~ + Fu(q, q)qb), (13)
9q

on the solution surface A,(q, 4, §) = 0.Ifequation (13) does not hold identically, it must be imposed,
leading to the well-known, first-order Lagrangian constraints. As each g(t) € O(uy) mustlie on this
constraint submanifold, any symmetry transformation of g(¢) generated by pr g must give a path Q(¢) that
also lies on the constraint submanifold.

Notall vectors in pr g will be generators of the generalized Lie symmetry group for O(u1y). Determining
which vectors are is best done within the Lagrangian phase space framework. This will be done in the next
section. For now, we note the following.

Forany g € g, decompose

prg:ker'a—__. (14)
9

Then for pr g,, pr g, €pr g,
0
[pr g, pr gzl = [ka, kgl + [pr g,(pg) — pr gB(ﬁX)]a—,qa- (15)

Because pr g isinvolutive, there existsaprg. € pr gsuchthat pr g. = [pr g,, pr gl Thereis thena k¢ such
that ke = [ky, kpl, and the collection of vectors

K= {k =pu) - (Z)—q +p(w) - 88—q \ P () € ker Mgy (1), 0 = Ey(w) pP(u) + Mab(u)pb(u)}; (16)

is involutive. Importantly, dim pr g = dimC = 2N,

3. The Lagrangian phase space

In this section we determine the generators of the generalized Lie symmetry found in section 2. This is done on
the Lagrangian phase space using the tools of differential geometry. These generators are then used to determine
the physically relevant solutions of the energy equation, and with them, the constraint algorithm and the
Lagrangian constraint submanifold. Much of the content in sections 3.1 to 3.4 have been established elsewhere.
They are gathered here for clarity and coherence of argument, and to establish notation and terminology. On the
other hand, much of the construction and the results presented in sections 3.5 to 3.7 are new.

3.1. Passage from Lagrangian mechanics to the Lagrangian phase space

To treat singular Lagrangian dynamics using the methods of differential geometry, trajectories t — q(t) € Q

are replaced by integral flows t — u(t) € P, [1], which for the initial data uy = (g,, o) are given by solutions to
A X, (17)
dt

where X is a smooth vector field in the tangent space TIP;. As P, = TQ, we have the bundle projections

g : TQ — Qand 7rg : T(TQ) — TQ with 1go7rrg : T(TQ) — Q (see [5]and [1]). Itis also possible to

construct Ty, the prolongation of 7y to T(TQ), which is a second projection map Ty : T(TQ) — TQ which

is determined by requiring that 7 o7rg and 7 oT7g map a point in T(TQ) to the same pointin Q. The vertical

subbundle [TP;]” of T(TQ) is defined by [T ]" = ker Ty [5]; a vector X¥ € [T, IP;]” aboveapoint u € [P is
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called a vertical vector field. The horizontal subbundle [TIP; ] of T(TQ) is defined by [T |7 = ImageT7g; a
vector X7 € [T, ;7 is called a horizontal vector field. Each X € T, P} can be expressed as X = X7 + X" with
X1 € [T, )7and X" € [T, [P ]", which in terms of local coordinates are,

X4 := XWB—, and XV:= X"ﬂa__ (18)
89" ove

In particular, a second order Lagrangian vector field X;, is the solution of equation (2) such that Trg oX| is the
identiy on TQ (see [1]). In terms of local coordinates

d 9
X = vi— + X" —, 19
L Vaq“ . (19)

where for singular Lagrangians X " is not unique.

For aone-form o € TP, where T*P, is the cotangent space of one-forms on PP, and a vector field
X € T,P;, we define the dual prolongation map T*rg by

(alTT@X> = <T*T@Q|X>. (20)
Here, we adapt Dirac’s bra and ket notation to denote the action of a k-form w (x) by
wx): Y@ @Y — (wx)| Y® - QY)) € R, (21)
where Y; € T, ;. The k-form bundle is AK(IP,), while the exterior algebra of forms is denoted by A(PP;). Then the
vertical one-form subbundle [T*P;]" of T*P; is defined by [T*P;]" := ker T*rg; aone-form o, € [T}P;]" is
called a vertical one-form. The horizontal one-form subbundle [T*P;]? of T*P; is defined by [T*P;]? =
ImageT*P;; a one-form oy, € [T¥Q] is called a horizontal one-form. Each one-form ¢ € TP, can be
expressedas o = ¢ + ¢, with g, € [TiP;]7and ¢, € [T3P;]9. In terms of local coordinates, @ = g, dq°
and ¢, == @, dv°.
There are a number approaches [1] used in the literature to obtain the Lagrange two-form €2;. We follow

[5,8],and define ; = —dd;L, where d; is the vertical derivative (see [5]). This two-form can be expressed as
Q = Qr + Oy where

Q(X, Y) = Q(TpX, TrpY), (22)

forall X, Y € T,IP; this is a horizontal two-form of £2;. Then 2,(X, Y) = (X, Y) — (X, Y); thisisa
mixed two-form of €2;. In terms of local coordinates,

Q = —d6;, where 6, ;}L dg°, (23)

Va

while
Q = % wwdq® A dgb, and Q== Mydg® A dvb. (24)

If u(t) is to describe the evolution of the dynamical system given by L, then the vector field X must be chosen
so thatits integral flows on IP; faithfully represent their trajectories on Q. For regular Lagrangians this is
guaranteed by setting X = X, and is a unique solution of the energy equation equation (2) [1].

We adopt the general assumption that even for singular Lagrangians there are solutions of the energy
equation that faithfully represent trajectories on Q. For general singular Lagrangians neither the existence nor
the uniqueness of solutions to equation (2) is assured. For almost regular Lagrangians, however, a number of
general results are available. These results depend on the structure of the family of solutions evolving from u,
and in this the kernel of £2;,

ker Q(w):={K € T,[P, \ ik = 0}, (25)
plays a defining role.

3.2. Properties of ker €); (11)
In this section we characterize the structure of ker £; (1t), and determine the vectors that lie in it.

The two-form €; gives the lowering map €2} : T,P, — TP, with )X := ix Q. As Q) = Q% + O, the
action of QbL onavector X is given by Q% : X € TP, — [T¥P;]9, and, since £ is a mixed two-form, by
Q= O + QF, where Q1: X € T,P, — [T} 1and QJ": X € T,P, — [T.P,]". In terms of local
coordinates, QE:X = E,X1dgb, Q?MﬂmX = —M,,X"dq" and QﬁX = M, X%dv".

For almost regular Lagrangians ker Qy; = C @ [T, ]" while ker Q?\Z = [T, ]2 & G,where

C={Ce[TP \ icy = 0}, (26)
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while
G={Gc[TP]"\ icQy = 0}. 27)
Moreover, because the rank of M, (1) is constant on [P; there exists a basis,
{360 W) = Gy W53y W)\ M3, () = 0, 1 = 1,...,No}, (28)
for ker M, (u) ateach u € IP;. This in turn gives the bases
C= span{U?n) =3 a—, n= l,...,No}, g= span{UE’n) =30 - 8_, n= 1,...,N0}, (29)
0q ov

for C and G. Itis well known [2] that for almost regular Lagrangians G is involutive. Furthermore, when the rank
of € is constant on P, ker £2; (1) is involutive as well.
Corresponding to U{, ) and U(,) we have the one-forms @f;’) and ®" where (@fl”) [UZ,) = 6, and
@[y, = &% Then [T,P.]1 = C & C, and [T,P]’ = G ® G, where
CL={Xe[TP)\ (®X)=0, n = 1,..,Ny }, and
G ={Xe[LP] \ (O X) =0, n=1,.,No }. (30)
To determine the vectors in ker £2; (1), choose a K € ker £2; (1). Then
K?=0, and QK= —Q}KH. (31)

Solutions of these equations are found with the use of the following theorem from linear algebra stated without
proof (see also [4] where a special case of this theorem was proved).

Theorem 2. For linear spaces E and F of dimension D and a linear map A : F — E* of rankr, the inhomogeneous
linear equation,

Af = ¢, (32)
has solutions if and only if
(ple) =0V ecA, (33)
where
A:={ecE\(Afle) =0V feF}. (34)

This theorem is applied to equation (31) by setting F = [T, [’;]", E = [T, ]9, A = Q?\Z, and p = —Q%K%. To
make the connection with the results of section 2 clear, this application is done locally. The condition that

X1 € Ais (QK| X9) = —K%M_,, X% = 0VK?, which requires M, X% = 0. This establishes A = C.
Equation (33) reduces to <Q?;Kq| C) = F;K%C = 0 V C € C,orequivalently 3(”n) E, K% = 0. Using the
action of Q2}; and Q?\Z in equation (31), we find that M,;, K9 = 0, and thus K9 € C. The existence condition for
solutions of equation (31) is then,

;,gn)FahKffb =0,n=1,..,N. (35)
With the basis given in equation (29), we may express
No
= 3
and equation (35) becomes,
No
Z B K1 = 0, where B, = 3?,,) Elhﬁfm) > (37)

m=1

is the reduced matrix of F;,. Then K7 is restricted to the subspace,

No
Cu= {c €C\ S E,Cm = 0} ce (38)
m=1

Theorem 3. Thevectors K = K7 + K" € ker €, are given by,
K1=C, K'=G+C, (39)

where, C € C, G € G,and C € G, is the unique solution ofMabéb = —F,C?.
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Proof. The horizontal component, K? = C, of K satisfies equation (35), and is a solution of equation (31). As
G € ker Q;{Z, the general solution of equation (31)is K¥ = G + C,where C € G,. With M@ = 3?0[) M,y 563)
fora, 8 = 1,..., D, and with the choice that 3., € ker M, (u) for @ = 1,..., Np, the components of Cand M
satisfy C" =0,and My ey = M(syom = 0,when n, m = 1,..., Ny. Thus

0 0
M:[OAJ»WMWV=me’ (40)
fore, f = Ny + 1,...,D,and M is nonsingular. In this basis equation (31) becomes MC = R, where
Ripy = —U) Ew C? and R(,) = 0. The nonvanishing components of C and Rare vectors with (D — N,)-com-
ponents that satisfy
MC =R (41)
Thus there is a unique solution for C that belongs to G, . |

The constant rank assumption for M, (u) together with the definition of G shows that there are N, free
choices for G ateach u € P;. According to theorem 3 the C-term is uniquely specified by the choice of C € C.
In general, F is not determined by M,;,, and thus the constant rank of M,;, does not guarantee that the rank of F is
constant. We then find

dim (ker €2; (1)) = Ny + D, where D := dim € < N, (42)

The results of theorem 3 are more general than we need. Because its proof is local and algebraic, even though
our focus is on £, with constant rank the theorem would nevertheless still hold if the rank was not. It would only
have to be applied to each region of P, on which the rank of €2; is constant, resultingin a D that takes on
different values on the Lagrangian phase space.

3.3. Projection of I to ker {2 (1)

Consider aregion Us,; € M® on which solutions of the Euler—Lagrange equations of motion exist, and a point
(t, 4> 4> §) € Usy. Then under the isomorphism (¢, ¢, 4, §) — (¢, g, v, X{*), K — K' C T, [P, withak € K
mappedintoa k/ € K’ where

(43)

Now p = £y, p,and £is the Lie derivative. Fromlemma 1, K’ C ker £ (u). But since dim }C = 2Ny, while
dim ker€ (u) = Ny + D < 2Ny, it follows that K’ = ker € (u1). Although this conclusion can only be
reached on Us,, the rank of €; is constant on P, and thus D = Ny onall of IP;. Assuch € = €, and for any
K € ker (1), K = C + C + Gwherenow C = C?8/0v*. (This expression for K can also be established
directly using equation (31)). This result is also new.

3.4. First-order Lagrangian constraints
For singular Lagrangians solutions of the energy equation X are not unique. They also do not, in general, exist
throughout [P}, but are rather confined to a submanifold of the space given by Lagrangian constraints. The first-
order constraints, those that come directly from the energy equation, are the focus of this section. Although most
of this analysis is done for a SOLVF, we show later that our results do not depend on this choice.

With X; = XJ + XJ, the energy equation can be expressed in terms of a one-form W as

QPX) = . (44)

The existence condition for solutions to equation (44) is given again by theorem 2 by identifying

A= Q%, F = [T,R], E* = [T’L'f]P’L]q, and E = [T, [P;]9. Combining equation (34) with the action of Q;{Z on
vector fields yields A = C; consequently equation (33) requires that (¥| C) = 0 V C € C or, after using the
basis {U?n) } of C, that ’yE}] = (| U(qn)> = O0forn = 1,...,N,. In terms of local coordinates,

OE
W =u (aq“ + Fabvb). (45)
The condition 7511] = 0 imposes relations on the coordinates g and v, and defines a set of submanifolds of IP;.

These 7[1” are called the first-order constraint functions. (Because they are obtained through the energy
equation, they are also called dynamical constraints in the literature [10, 15]).

While the number of first-order constraint functions in C}!! := {’yEl] yer "7[11%1 } is equal to the dimension of C,

these functions need not be mutually independent. Let Ij;; be the number of independent functions in ciH,
Then Iy = rank{dvg]} < Np,and PV := {u e B, \ 7[:] w=0,n = 1,..,Ny }—called the first-order

8
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Lagrangian constraint submanifold—has diim P}!! = 2D — I;;;. We will assume that P! is not empty, i.e. that
the first-order constraint functions are consistent. Otherwise, there is no SOLVF, and the integral flows that give
the evolution of the dynamical system would not exist.

While the energy equation is usually written as dE = ix, €2;, in doing so we have implicitly restricted
ourselves to P!, This is too restrictive for our purposes, and in this paper we introduce the constraint one-form

BIXgl = dE — ix, 2, (46)
(see also the approach in [15]). The condition B[Xg] = 0 then gives both solutions of the energy equation and

the submanifold P!, Furthermore, as iy, B = 7511]’

No
m=1
and
No
BIXel = 3O + 9, (48)

n=1
where ¥ € TP, such that (9|C) = 0forall C € C.Butas 3[Xg] = 0 on P!, we may choose ¥ = 0.
From equation (46), 3[Xg + K] = B[Xg], and the construction of 'yL” does not depend on our use of X;.

3.5. The generalized lie symmetry group
Our construction of the generalized Lie symmetry group for O(u,) is guided by the three conditions listed in
section 2, and makes use of the projection of /C to ker €2; (1) in section 3.3. It begins with the vector space,

ker Q;(u) == {P € kerQ(w) \ [G, P] € [T,P.]' V G € G}, (49)
along with the following collection of functions on P,
F:={fe C®nP,\ Gf=0 V Ge G} (50)
The following result will be used a number of times in our analysis.

Lemma4. Let X € T,P; and G € G suchthat[G, X] € ker Q(w). Then [G, X] € [T,P.]"iff[G, X] € G.

Proof. Since [G, X] € ker £ (1), from theorem 3 there existsa C € € and G’ € G such that
[G, X] = C + C + G,and wesee that[G, X] € [T,P;]'iff C = 0.Then C = 0,and [G, X] € G. [

It then follows that [G, P] € G forall P € ker €2 (u). As G isinvolutive and as G C ker £ (1),
G C ker € (u) aswell, and thus G is an ideal of ker £ (u).

Lemma 5. There exists a choice of basis for ker € (u) that is also a basis of ker € (u).

Proof. Given abasis {G(,)} of G, choose aset {K,,} such that {K,), G, n = 1,..., Ny} form a basis of ker
Q (u). These { G} are also a basis of ker €2; (u). To show that {K,)} can be chosen to complete this basis,
express Koy = Cyy + é(n) + G- Thenas [Gny, Kl = [Gimy Cinl + [Gomys 6(,,) + G(;)), weneed only
show that there exists a choice of { C,y} such that [G,,, C(,y] € [T,[Pr]". This we do by construction.
Because ker € (1) is involutive, [Gyy, K] € ker €27 (u), and there exist functions )\mnl on P; such that

T76[Gomy Conl = Y An Ca (51
1=0
Let {Cyy, = 1,..., Np} be another choice of basis of C where
NO
Con = D wy"Cim: (52)
m=1

Requiring T7g[Gmy Ciy] = 0in turn requires that w,” be a solution of

N()
Gow," + > winm = 0. (53)
k=1
This is a linear, first-order Cauchy problem [48]. A solution exists for a given set of boundary conditions for w,,”
given on asurface S aslongas G;) is nowhere tangent to S [48]. As Ny < D, and as we have complete freedom
to choose both the boundary conditions and S, a solution of equation (53) can always be found. The collection
of vector fields {P,) = C(yy + C(n)» G} is then a basis of both ker €7 (1) and ker €27 (u). ]
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For the rest of this paper we will assume that this choice of basis for C and ker £; (i) has been made.

It follows from lemma 5 that dim (ker € (1)) = 2Nj. Next, choose two vectors P, , € ker € (11). Then
Py, € ker Q (1) as well, and as ker € (u) is involutive, [P}, P,] € ker €2, (u). Choosenowa G € G.From the
Jacobiidentity, [G, [P}, P,]] = —[Py, [P,, G]] — [P, [G, Pi]]. GFrom Lemma 4, there exists G; , € G such
that G, , = [G, P;,]. Then[G, [P}, P,]] = [P, G,] — [P,, G],and thus ker €2; (u) is involutive.

As G is an ideal of ker € (1t), we may define for any P, P, € ker €2; (1) the equivalence relation: P, ~ P, iff
P, — P, € G.Theequivalence class,

[P] == {Y € kerQ;(w) \ Y ~ P}, (54)

then follows, along with the quotient space ker €2; (1) /G. This results in a collection of vectors that lie in the
kernel of €2;, but with the vectors in G removed. This ker €27 (1) /G addresses the first two conditions listed at the
end of section 2. We now turn our attention to the third condition.

Because the integral flow ux(t) of any solution X of the energy equation must lie on P{!J, a symmetry
transformation of ux(#) must result in an integral flow uy(#) of another solution Y of the energy equation. This
flow must also lie on P{. Implementing this condition is done through B[Xg], and it is this one-form that
singles out the vectors in ker € (1) that generate the generalized Lie symmetry. We do this by looking at the
action ofavector G € G on 3[Xg].

AsigB[Xg] = Oforall G € G,

No
LeBIXel = Y (G)He, (55)

n=1
since 'yg] = 0Oon IP’[L”. Givena P, € ker € (u) such that Py = U?n) + ﬁ(n) + G'with G’ € G,ithasbeen
shownin [5, 8] that /1! = ip dE.Then Gy!!) = [G, P,]E + P, GE. But G is an ideal of ker ; (u), whilea
straightforward calculation shows that GE = 0. Thus G'YR,]) = 0,and it follows that £53 = 0. The subspace
Sym = (P € ker@ (/G \ LeBIXg] = d(ipB[Xg]) onP}'}, (56)

is then well defined, and we find that P € Sym iff ipd3[Xg] = 0. A simple calculation shows that Sym is
involutive. There is then a corresponding set of one-parameter subgroups op (¢, x) forany P € Sym given by

dop

de
with 0p (0, u) = u for u € ;. The collection of such subgroups gives the Lie group Grsy,. This Grsyr, is the
generalized symmetry group we are looking for, as we see below.

:= P(op), (57)

3.6. Euler-lagrange solutions of the energy equation
The set of general solutions to the energy equation is

Sol = {X; € T,P, \ ix, Q% = dEonP|}. (58)

Importantly, whilea SOLVF X; € Sol, the majority of vectors in Sol are not SOLVFs. This is the root cause of
the ‘second order problem’ first raised by Kiinzle [14] (see also [5, 8], and [4]).

If u(¢) is the integral flow of a vector in Sol whose projection onto Q corresponds to a trajectory g(¢) thatis a
solution of the Euler—Lagrange equations of motion, then Grg,,,, must map one of such flows into another.
However, while £6X; = [G, X;] € ker € (1), in general £5X; ¢ G. The action of op on the flow uy, willin
general resultin a flow uy generated by a Y thatis nora SOLVF. It need not even be a solution of the energy
equation. By necessity, general solutions of the energy equation must be considered. Only a specific subset of
such solutions are physically relevant, however.

As

irx,p) 2 = ipdB[XE], (59)

for P € ker € (1) and X € Sol, in general £pXg ¢ ker 7 (u). The exception is when P € Sym as well, which
leads us to the subset of solutions

Sol = {Xp € Sol \ [G, Xg] € [T,P]" VG e G} (60)
Moreover, as ijg x,, % = —£68 = 0, fromlemma4[G, X] € G.
Lemma 6. [Xg;, P] € ker Q; (u) forall P € Sym.
Proof. As P € Sym, from equation (59) [Xg;, P] € ker € (u). Next, foreach G € G, thereisa Gx € G such

that Gx = [G, Xg]. Thereisalsoa Gp € G such that Gp = [G, P]. It then follows from the Jacobi identity that
[[(Xg, P1, G] € G,and [Xg, P] € ker Q@ (u). u

10
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The vector fields in Sol generate the family of integral flows
Ogr(u) = {U(t) \ (Z—? = Xp (), Xgr € Sol, andu(ty) = uo}- (61)

The physical significance of these flows can be seen from the following theorem.

Theorem 7. Grgyy, forms a group of symmetry transformations of Or(1).

Proof. Let ux,, (¢, o) € Og(up) bean integral flow generated by Xz, and let op (¢, u) € Grsym beaone-
parameter subgroup of Grs,p, generated by P € Sym with 0p(0, u) = u. Theaction of op on ux, gives

uy(t, ug) := op(€, ux,(t, ug)), while the choice e = 0 when t = #; ensures that ug, and uy have the same
initial data. The tangent to this path is

Y = o4oXp(0p (€, Ux,,)), (62)

where 3 is the pullback map of ap. As oy is also a mapping of IP; into itself, for a suitably small neighborhood
about ux,, we may expand Y about ¢ = 0 in the Lie series,

Y(o (6, ugy(t wp) = 5 %siﬁm : (63)
n=0 "**

uxg (t,10)

However, from lemma 6, £pXg; € ker € (1), and ker £ (1) is involutive. Then Y(op (¢, ux,, (£, Ug))) =
Xpr(ux,, (t, wo)) + €Z(€, ux,,(t, up)), where Z € ker € (u). It then follows that Y € Sol, and
uy(t, ug) € Opi(ug). [ |

While X; ¢ Sol, it is possible to construct from X; a vector field X; that is. Choose a basis
{Piy> Gy 1 = 1,..., No} of ker Q (), and consider a vector field X \ such that

X, =X+ > f"(WPu + G, (64)
m=1
where G € G,and " (u) are functions on ;. For X; € Sol as well, we must have [X, Gyl € G,and thus
these functions must be solutions of

Gy [ () = —(OY|[X1, Gn))- (65)

Once again, this is a linear Cauchy problem, and a solution exists with the appropriate choice of boundary
conditions and surfaces.

If f™ (u)is a solution to equation (65), then f™(u) + u™(u)isas well aslongas 4" (u) € F.Thisleads usto
the second-order, Euler—Lagrange vector field (SOELVE),

Ny
Xpp =Xp + D u" (W) [P, (66)

m=1

where {[P,], n = 1,..., Ny} isa choice of basis for ker €3 (11) /G. By construction, Xg € Sol. Conversely, if
Yz € Sol, then Y, — X € ker ©; (w), and Y isa SOELVF. Thus, Yz, € Sol iff Yg; isa SOELVE.

3.7. A constraint algorithm for second-order, Euler-Lagrange vector fields

For most dynamical systems the flow fields in Og; (u14) will not be confined to IP’[LH ,and yet this is the
submanifold on which the solutions Xg; € Sol of the energy equations exist. In these cases it is necessary to
jointly choose a SOELVF Xp; and a submanifold of P on which ux,, will be confined. Doing so requires that

£x:8 =0, (67)

which is called the constraint condition. Implementing it involves imposing successive conditions on Xgy. At
each step additional constraints may be introduced, giving a succession of submanifolds of P{!!. It is an iterative
process that terminates either when ug,, is confined to the current submanifold under the current generator of
time evolution, or when the possibility of dynamics on IP; is exhausted. This process is called a constraint
algorithm, and has been introduced often in the literature. While such an algorithm will also be presented here,
its purpose is to show that the end result Xg; of the algorithm is once again a SOELVF, and a second-order
problem is avoided. Later, it will also be used to show that both this Xg; and the Lagrangian constraints—
whether first-order or introduced by the algorithm—are projectable.

To present the constraint algorithm we introduce the following notation used in conjection with the
constraint analysis

11
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X[b}]l = KEL) X[LI] = XL, P[(L]) = P(n), u['r] = le, N([)” = N(). (68)

Asboth uj, 7[1] eF, [P[l]]'ym =P, w[” The constraint condition equation (67) requires Sxﬂm =
which, after using equation (66) )fora general SOELVF, reduces to

N,
Z Dty = —(dyi X, with T = (dy PG (69)

Then 1! := rankI'!] of the u}} is determined by equation (69), while Nj [21.= NI" — r[Uare not. Moreover,
N/?' second-order Lagrangian constraint functions

Yo = (] (X, mpy = 1, N (70)

are introduced withthe conditions 7[2111 = 0imposed. In general there will be Ij;; = rank{d'yg[} A2y

"[21

independent functions in CI2I =Clly {7[2' \ = 1., N([,Z]}, and IP’[L” isreduced to the second-order
constraint submanifold,

PP = (ue P\ A =0, npy = 1,.., N1}, (71)

23
where dim P! = 2D — I1z). At this point, there are two possibilities. If I;;; = Ijjjor Ip; = 2D, the iterative
process stops, and no new Lagrangian constraints are introduced. If not, the process continues.
For the second step in the iterative process, we choose a basis { [PEi])] } for ker € (1) /G and arbitrary

functions {u/5 } such thatform = 1,..., N2, upy) are linear combinations of u7 thatlie in the kernel I'Y Then

N
XE =X+ 5 uf [P, (72)
m=1
with
X121 = XU 4 Z u[’z”] [P ). (73)
m=N+
Here, the functions u3) form = Nj [21 1 1,..., N}!"have been determined though the constraint analysis of 'yL”
Because forany G € G, Gixll dy!l = S[G xn]fy[ = 0and GI'}), = €6 piy!! = 0, it follows that

[2] — [2]

Gu(]) = 0,asrequired. Slmllarly, Gy, = L, XF,]d’y 21— 0. Clearly v," € F and we may require ufy; € F as

well. It then follows that [P n)] ’y[z] P[2 ] 7[2] and imposing equation (67) on 'y 1 gives

lZJ

Z luf = —(dy) XP, where IU): =(dy'| PPLY, n=1, NP (74)

Then r? := rank FLZ,L, of the remaining u3) functions are determined, up to N§*! = N{*! — r{?! third-order
Lagrangain constraint functions,

Yor = (A (X, npsy = 1, NG (75)
are introduced with the conditions ’y% = 0 imposed. With
2 3
I3y = rank{dv, o, dyil ), dyG ) (76)
independent functions in C[f' = C[LZ] U {’y[:[l], np3) = 1,...,N([)3 1, we now have the third-order constraint
submanifold,
PRl ={u e IP’[LZ]\'y%(u) =0, ng = 1, .NJ). (77)

Once again, the process stops when Ij5; = Ij;j or Ij3; = 2D. However, if Iy} < Ij3) < 2D, the process continues
until at the ng-step either Ij,,.; = I, —1 01 Iy = 2D.
The end result of this algorithm is
1. A submanifold P{*) c B, on which dynamics takes place.
2. A collection C"! C F of constraint functions of order 1 to .
3. A second-order, Euler—Lagrange vector field
Nlm—l

X! = X + Z ufy (WP, (78)

with N/ arbitrary functions u/j; | (u) € F form = 1,..., N}, and

12
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(1]

NO
Xpd =X+ S i P, (79)
m=NgF+1

where the N}'! — N functions uln (w) € F,m = N{™ + 1,..,N}'!, have been uniquely determined
through the constraint algorithm.

Importantly, the end result of the constraint algorithm X! s still a SOELVE.
As with the first-order constraint manifold P!, we assume that IP’[L”F] is non-empty. In addition, we assume
that the rank of T!!) is constant on P, foreach [ = 1,..., #5.

4. The passage to Hamiltonian mechanics

The question of whether and how dynamical structures on the Lagrangian phase space are equivalent to such
structures on the Hamiltonian phase space has had along history [8, 28] (see also [11, 16, 18,19, 21, 37]). These
analyses have focused solely on SOLVFs, and often make use of pullbacks of structures on the Hamiltonian phase
space in the construction of such operators as the evolution operator K and the vector field operator R (see
[11,16,18,19,21,37]) which are used to determine the projectability of Lagrangian constraints and vector fields
on TP, respectively. However, while primary Hamiltonian constraints play a central role in the construction of
both operators, the existence of such constraints ispresumed. Moreover, because of the reliance on primary
constraints, a number of subtleties involving first- and second-class Hamiltonian constraints must be dealt with.

These subtleties and their conclusions, present for SOLVFs, are not present for SOELVFs. The approach
used here focuses on the symmetry group Greym, and the geometric structures inherent to almost regular
Lagrangians. The passage from Lagrangian to Hamiltonian mechanics follows naturally. Much of the content of
this section is new.

4.1. Projectability of functions and vector fields on P;
The canonical phase space Pr := T*Q has the cotangent bundle coordinates s = (g, p) with g € Q and
pE T’;Q. The fiber derivativeisthemap £ : (g, v) € B, — (g, p = 0L/0v) € Fe. For regular Lagrangians, its
action ona function f (u) € C* on P gives the function f (s) := (foL )(s) = f(L71(s)) = f (W)|z@—s 0N
Pe. The action of £ onavector field X € T, [P is given by the pushforward map Ly: T, P, — Tz Fe, whileits
action onaone-form o € T¥P: is given by the pullback map £* : T}k:(u)IPC — TP,

The situation changes for singular Lagrangians. While the pullback of one-forms simply involves replacing s
by L(u), the action of both £ and Ly involve solving for uin s = L(u). For singular Lagrangians solutions of
this equation are not single valued, but instead gives the preimage of £,

L7Ys) = {ue P\ L) = s}, (80)
which is a submanifold of ;. As such, the pullback of a function now results in the collection of functions
(foL™N(s) = {f(w \ ue L)}, (81)
while the pushforward £4X of X gives the collection of vectors
LiX(s) = {Xcw) \ u € L7(9)}. (82)

This ambiguity for equation (81) can be avoided by focusing on functions that are constant on £~!(s). Then
fw =f.(s)Vue L71(s), so that

(foL () = {f (W) \ u € L7(®)} = f(s), (83)

and is thus single valued. Following the literature, we say that a function fon P; is projectable when equation (83)
holds. Itis well known [2, 4, 5, 20, 23, 30] that the condition for a function fto be projectable is

Gf (w) =0, (84)

forallG € G.
For vector fields, the ambiguity equation (82) is avoided when the components of X ¢ are constant on the
preimage. Then

L:X(s) = {Xcw) \ u € L7(9)} = Xc(s), (85)

and we say a vector field on T, [P} is projectable when equation (85) holds. To determine which vectors are
projectable, consider first the collection of vectors in T, P; for which G is an ideal,
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T.F = (Xe€T.P\ [X,Gl€ GV Geg), (86)

Applying the same arguments using lemma 5 to T, IP; as was applied to ker €2 (1) gives similar results: dim
T,P, = 2D, and T,I%; is involutive. The equivalence relation X; ~ X, iff X; — X, € G then follows along with
the quotient space T, IP; /G.

Theorem 8. T, [P, /G is projectable.

Proof. Choose an open covering il of I, and a point u in an open neighborhood U, € i such that Gu# = 0,
A =1,.,2D,forall G € G.Choosealsoa X € T,[P; /G, and consider the path ux(#, 1) given by

X _ X (), (87)
dt

with ux(0, u) = u. This open neighborhood can always be chosen small enough such that,
ug(t, u) = eXu4, (88)

on U,. Thenas G isan ideal of T,P,, e XGe'* € G,and Gui(t, u) = 0in U,. By applying equation (88) toa
sequence of such open neighborhoods, we can extend this result to any connected region R of ;. Importantly,
as the path ux(#, u) is projectable on R, there is the path sx(t, L(1)) = L(ux(¢, u)) on F; with tangent vector
X and initial data 55 (0) = L(u). The integral flow ux(¢, u)is unique for a given X and u. Similarly, the integral
flow sx (¢, £(u))is unique for a given X and initial data s = L(u). As the projection of ux(#) to sx (¢, L(u)) is
also unique, we conclude that each X € T, P, /G is projectable with X = LX. [ |

(A coordinate-based proof using equation (84) can also be given). The converse is also true, as we show in the
next section.

4.2. Projection of dynamical structures
By construction, F is projectable, and as both 4 (1) and v € F forany v € C\#, they also are projectable. In
addition, GE = 0,and E is projectable with its image Hc = (EoL~!)(s) being the canonical Hamiltonian. With
the exception of the energy, we avoid introducing new notation, and will represent the projection of any
function f (u) € F through itsargument: f (s).

Both Sol and ker ©; (1)/G are subsets of T,IP; /G, and are projectable. Of particular interest are

Prim := Ly(ker Q; () = {'B € TP \ P = L4[P], V[P] € ker ﬂL(u)/Q}, (89)
and
Flowp, := L4(Sol) = {X#; € TomrwPe \ Xu, = L+Xp V Xpr € Sol}. (90)
In particular, the general Xg; in equation (66) gives the general vector field
N - o OHc 8 N
Xy = X)) o + [XENylls — — =2 4 S un(9)B,, 91
H L ( )Bq“ [ L ab]|5 an 8q” 8Pb mz::l ( )‘ﬁ( ) ( )
in Flowgr\when expressed in terms of local coordinates. Here,
2
No=—2E ©2)
dvoq®
and ;) = Lu[Pm]forachoice {[Py,], m = 1,..., No} ofbasis for ker ;. (u)/G.
With the canonical two-form w = dgq® A dp, on T’:IP’C,we have the collection of one-forms,
Prim’ := {w € A(L(P) \ ® = P V P € Prim}. (93)
which gives the primary constraints, and
Flow}, = {a € A(L(P) \ & = X, ¥ X, € Flowp, ), (94)
which gives the set of total Hamiltonians.
4.2.1. Prim and the Primary Hamiltonian Constraints
Using the kernel of the pullback map,
ker £* := {¢p € A(P) \ L¥¢ = 0}, (95)

in this section we construct from ker €2; (u)/G the primary Hamiltonian constraints.

Lemma 9. For any one-form o € A(L(P)), o € ker L*iff o € Prim’.

14



10P Publishing

J. Phys. Commun. 4 (2020) 065002 AD Speliotopoulos

Proof. Suppose first that o € Prim?’. Then there exists a [P] € ker € (u)/G suchthat o = i L Pw- As
LYw = Q, L0 = ip§Y = 0,and it follows that o € ker £*.
Next suppose that o € ker £*. Let X be the unique vector in T, such that iy w = . Then L*[ix w] = 0.
Butasboth iy w and w are differential forms, their pullbacks are well-defined and there must then be a
X € T,P; such that £4X = X. It then follows that ix €, = 0,and thus o € Prin?’. |

(A coordinate-based proof of this lemma can also be given).
Consider now the Pfaff system of exterior equations,

Pf (Prim?’) := {7, = 0, n = 1,..., Np}. (96)

and the integral manifold (P, £) of Pf (Prim’) [49]. As Ny = dim (ker £;(11)/G) = dimPrim = dimPrinm?’,
rankPf (Prim’) = Nj. Of particular interest is the ideal [49] of Pf (Prim’)

No
I[Pf (Prim’)] := {Z &' N7y \ €' € AP, T € Pf(Prim’)}. 97)

n=1

Lemma 10. I [Pf (Prim")] = ker £*.

Proof. If o € I[Pf (Prim")], then

NO
g = Z £n N TW(n)- (98)
n=1
Fromlemma?9,
NO
L¥a =" L¥E" A L = 0, (99)

n=1
so that I [Pf (Prim’)] C ker £*.
Next, choose abasis 6, n = 1,...,2D of A'(L(P,)) such that 8,y = 7, forn = 1,...,Ny.Let o € ker L*
be the p-form,

1 D
o(s) == —’ Z ammnp(s)e(nl) VANPUAN e(np)~ (100)
Sy p=1
Thenas L*o = 0,
D
0= % Yo Onn (L)L O A o A L5O,, (101)
F 1 e npzl

and from lemma 9 we conclude that g;,,_, (L(w)) = 0 for n; > Ny, s = 1,..., p. Thus there exists forms &m
such that

Ny
o= &M A m, (102)

n=1

so that ker £* C I[Pf (Prim’)] as well. [ |

The construction of the primary Hamiltonian constraints is now trivial.
Considera 7w € Pf (Prim?). As L*dm = dL*r = 0, d= € ker Ly, and from lemma 10,
dm € I[Pf (Prim’)]. There are then one-forms £, n = 1,..., Ny such that

NO
dre =" €M A . (103)

n=1
Then dm A mqy A ... A Ty, = 0,and thus Pf (Prim?’) is closed [49]. It follows from the Frobenius theorem
that Pf (Prim’) is completely integrable. There are then Ny, first integrals 75)] of Pf (Prim’) such thatina
neighborhood about each generic point u € P, {7,y = 0} ~ {dvg)] = 0}; these forms may be chosen such

that 7, = f,(s) dvio] where f, is a C* function on [P¢. The functions 'y[nol are the primary Hamiltonian
constraints while

PO = (s € Pc \ Y9(s) = 0, n = 1,---,Np}, (104)
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is the primary constraint submanifold. Connections between the primary constraints and vectors in ker €2; (1)
have been found previously by using the time-evolution operator K [23]. Such analyses make use of pullbacks of
the primary Hamiltonian constraints, however, while the approach here is constructive.

Lemma 11. L4(T, P /G) = To— 0P

Proof. Let[X] € T,P;/G. As [X]is projectable, (deO]lﬁ*[YD = (E*dvﬁ”l[i]) = 0 since deO] € ker £*,
and it follows that L4(T, P, /G) C T,— L(U)IP’[CO]. But as dim TUIP’L/Q] = 2D — Ny = dim Tszﬁ(u)]P[é)],
LT P./G) =T,_ g(u)PIOI follows. [

The converse of theorem 8 then follows. Importantly, because L4(Sol) C T,— g(u)PQ], the integral flow fields
of SOELVFs lie on PLY).

4.2.2. Sol and the total Hamiltonian
On P!, B[X] = 0, and the energy equation may be writtenas 0 = dE — ix, L*w. It follows that

ig,x,w = dHc, (105)
from which we conclude that if X is the Hamiltonian flow field for H¢, then X¢ = £,X]. The image of the
pushforward of equation (66) gives the vector field Xy, = L4Xg; € Flowyy,,

Ny
X = Xe+ . w(6) Py (106)
m=1

thatis everywhere tangent to PI!. Correspondingly, a general one form in FlowLT is
No

ix,w=dHc+ Y u"(s)f, (5)dy", (107)
m=1
which gives the total Hamiltonian,
Hy = Hc + Z u"(s)f, ()Y, (108)

m=1

for the dynamical system. This leads to the sequence of maps:

b *
Sol Lx Flowpy, v Floweq,,, £ E, (109)

—

and to each Xg; € Sol there is a corresponding total Hamiltonian Hy € Flowgﬁ.

4.2.3. The equivalence of the constraint algorithm for lagrangians and the stability analysis of canonical
Hamiltonians
It is well known that the integral flow generated by X ;, need not be confined to P{%! even though its initial
datais chosen to be on this submanifold. This difficulty is resolved through a stability analysis [25] where
{Hr, '7510]} = 0isimposed on the primary constraints, and when necessary, successively on the secondary,
tertiary, and higher-level Hamiltonian constraints. While this process is traditionally applied to the canonical
Hamiltonian, section 3.7 describes a constraint algorithm for SOELVFs. We show here that this constraint
algorithm is equivalent to the stability analysis of the canonical Hamiltonian.

Choosea XI}] € Sol, where we follow the notation established in equation (68). There is then a

corresponding X d l = £, X and total Hamiltonian H}'. The stability analysis of the primary constraints

under H}' then results in

! N,
1, d: = (M| Xc) + Z (T By » (110)

after using equation (106). But(ﬂ'(n)l‘B(m)> (WILs(Piy) @ Ls(Piy)) = (|Piy @ Py) = 0, while
(T Xc) = (W Lsx(Pry) @ Ly(XD)) = (|Py ® Xp) = —(dE|P,) since we are on the 3[Xg] = 0 surface.
As (dE|P;,) = 11,

[0]
f"% = —yll(s). (111

The projection of first-order constraints then automatically gives the secondary Hamiltonian constraints. It
follows that { Hr, 'y[no]} = 0 is automatically satisfied through the Lagrangian constraint condition 72] w=0.
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The stability analysis must now be applied to the secondary constraints: £ £ 7511] (s) = 0.Butas
% = £,X1, this requirement is equivalent to imposing the constraint condition: L 7(u) = 0. From
section 3.7 doing so results in the SOELVF X12), and thus gives a corresponding Hamiltonian flow field X [PZI]T and

total Hamiltonian H}?. If second-order Lagrangian constraints are introduced at this step, their projection will
give the tertiary Hamiltonian constraints.

This procession continues with the stability analysis of the #th -level Hamiltonian constraints giving a X\,
and thus a corresponding Hamiltonian flow field X [ﬁ; = £,X" and total Hamiltonian H{"LIf (n + 1)*-level
Hamiltonian constraints are introduced, they are the projection of the n "-order Lagrangian constraints. The
analysis stops when the Lagrangian constraint algorithm ends: at the n;-step. The end result X\#! of the
constraint algorithm givesa X [If};] with integral flows that lie on the Hamiltonian constraint submanifolds.

Correspondingly, there is a HI" that agrees with the end result of the stability analysis of the total Hamiltonian.
The Lagrangian constraint algorithm applied to X; is thus equivalent to the stability analysis of the canonical
Hamiltonian.

5. Examples of almost regular Lagrangians

In this section we present three examples of dynamical systems with almost regular Lagrangians. The first
example describes a single particle interacting with an external potential. It illustrates the role G plays, and the
tight relationship between Grs,n, the symmetries of the Euler—Lagrange equations of motion, and the gauge
symmetries of the Lagrangian. Moreover, it explicitly shows that G is not the generator of the local gauge
symmetry, as is sometimes asserted in the literature. The second example consists of two interacting particles
with a Lagrangian that has alocal conformal symmetry. It is an example of a dynamical system for which only a
subset of vectors in ker €; (1) generate the symmetry group. The third example consists of a particle with both
local conformal symmetry and time-reparametization invariance. It is an example of a fully constrained
dynamical system—as such, Sol = ker €3 (u)—that has two gauge symmetries. The analysis of all three systems
are done using the techniques and tools presented above.

5.1. A Lagrangian With and Without a Local Gauge Symmetry

Whether the action

with |g| = \/q“—q,Z and §° == q°/|ql, a = 1,..., D, hasalocal gauge symmetry depends on the choice of potential
V(). With one choice both the Lagrangian and the equations of motion have alocal gauge symmetry; with
another choice the equations of motion has a symmetry while the Lagrangian does not have alocal gauge
symmetry; and with a third choice, neither has a symmetry. Interestingly, L is singular irrespective the choice of
V(g), showing that not all singular Lagrangians need have a symmetry.

With I14(q) = b — q\a qb)

m

Q= = Iy(q)dg” A dv?, Q = P
q

T’ (@ - dg) A (v-1I(q) - dg), (113)

and C and G are spanned by U}y = g - 8/0qand U(}) = q - 8/8v, respectively, while ker € (u) is spanned
by Uf}, and

o 1 0
P(l):q\'—+—V'—. (114)
9 gl O
The energy is
1
= -y TIg) v+ Vg, (115)
2 gl
and there is only one first-order, Lagrangian constraint,
A = U?DV, (116)
with B[Xg] = 4110, © = 7 - dq. As expected, £ = 0.
We may choose
~ 2
Kooy O @ 0 WPV o )
9q lql o m O0q Ov
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As[Xp, Uyl ~ —P;), asymmetry transformation of X; does not resultina SOLVF. Instead,

(q-v) 98 lql> oV 3]
Xp=v-1I + Ve o @) s 118
L= (@ - aq i R (@) (118)
is constructed, and a general SOELVFis Xg; = X; + u(u) [P(l)],where u(u) € F.Because
£ d[u!? A9 e dg° 119
P<1>ﬂ [ 1) V] - |q|2q ) aq (q) aAb q- ( )

whether or not Sym is empty depends on the symmetries of V(q). As the constraint algorithm gives

oyt
LxyyM=v-1I- 3_q + (U, (120)

whether or not u(u) is determined also depends on the symmetries of V(q). There are three possibilities, none of
which will require the introduction of higher-order Lagrangian constraints.

5.1.1. The symmetric potential
For P to generate a symmetry,

1 . 0 b, OV
=—q —|1L, (q)—A)’ (121)
lq1* 861( aq"
and it follows that

oV _ OVas(@“) (122)
03" og*

where V,¢is a function of ¢ only. Then P(;) generates a symmetryiff V' (q, §9) = Vspn(q) + Vas(g@?), where
Vspnis a function of g only. The group Sym is one-dimensional, and spanned by P;).
The constraint condition equation (120) for this potential reduces to

d*Vspi(q)
() — 2, 123)
dlql* (
which must be satisfied on ;. There are two cases:
Case 1: 7 S"l’; =0.
Then Vs, = ag + b, butsince
dVs
I L (124)
dlq|

the condition 7'l = 0 requiresa = 0. Aswe may chooseb = 0, V(q) = Vi5(§*) only. The Lagrangian is
invariant under the local conformal transformation g* — ag®, where o is an arbitrary, nonvanishing function
on [P;. The function u () is not determined, and correspondingly, the dynamics of the particle is determined
only up to an arbitrary function.

Case 2: ‘s"h = 0.

In this case u(u) = 0, and the dynamics of the particle is completely determined by its initial data. The
Lagrangian does not have a local gauge symmetry. The first-order, Lagrangian constraint 4! = 0 definesa
surface on Pr, and for dynamics to be possible the set of solutions

{R ER\ dIS"lh - 0}, (125)
R

must be non-empty. Dynamics are on the surfaces |q| — R; = 0, and on them the potential reduces to
V(q) = Vspu(R;) + Vas(@*). This reduced potential has the same symmetry as the potential V,5(4“) in Case 1,
leading to equations of motion that have the same generalized Lie symmetry. The Lagrangian for the two cases,
however, do not have the same invariances, resulting in one case to dynamics that are determined up to an
arbitrary u(u) while in the other case to u (1) = 0 and dynamics that are completely determined by the choice of
initial data.

A specific example of this type of potential is the Mexican hat potential: V(q) = —\|q|*/2 + B|q|*/4. Then

Y= — gl + BlgP. (126)

As|g| = 0, dynamics are thus on the surface |q] = (3/\)'/?for 3/ > 0. This breaks the local conformal
symmetry while preserving rotational symmetry.

18



10P Publishing

J. Phys. Commun. 4 (2020) 065002 AD Speliotopoulos

The asymmetric potential
For a general V, the second term in equation (119) does not vanish, P;) does not generate a symmetry of the
equations of motion, Sym = {@}, and equation (120) gives
o~
v-1I - d(y)q‘
U=———-. (127)
Uiy

The dynamics of the particle is uniquely determined by its initial data.
The passage to Hamiltonian mechanics is straightforward. With the canonical momentum, p, = mIL,(q)v"/q?%,
equation (115) gives Hc = q*p?/2m + V (q), while 4! does not change under £. The projection of Py is

1 7] o

B ( el A ] (128)
VT S 8p

giving ™ = d(q - p)/|ql, and the primary constraint y1! = g - p.

The projection of X gives the Hamiltonian flow

2 2
_’{C:ﬂp.a__m(i.a__a_v.ﬂ.a_, (129)
m- 0q m op  0q op
and the total Hamiltonian Hy = H¢ + u7!%(s). The projection of equation (120) is

lql* oy
)

0=—p-

+ uU{ A (130)
m

For each of the three possible choices of V(gq) outlined above the total Hamiltonian obtained here agrees with the
one obtained using constrained Hamiltonian mechanics.

5.2. A Lagrangian with local conformal symmetry

The action,
dA 2 dA 2
S0= [ lm(i) +lm(ﬁ) LA d—(q”) %4 (ql“] dr, (131)
2\ ar 2\ dt q, dt\lq| g, dt \|q,|

wherea = 1,...,d, D = 2d, describes an interacting, two particle system that is invariant under the local
conformal transformation g — a/(u)q," and g, — a(u)q,'.

With
Q= ﬂzﬂab(ql)dqla A dv + izﬂab(qz)dq; A dv?, and
|| |9,
m
ﬂF I I3( dql) A (Vl H(ql) dql) + | |3( dqz) A (VZ H(Q2) dQ2)
4 9,
)\ a a a
~Talad [dg’ A (11(q,) - dq,). + (I(g) - dg))a A dg; — (I1(g) - dg))* A (I(q,) - dq,)a]
119,
A A .
- I |2( ~dg)) A (q, - Tl(g,) - dg,) + 7 |2( 20 dqy) A (G, - T(gy) - dgy), (132)
1 9,
C and G are two-dimensional and are spanned by
0 o 0 0
Uy =4 -—, UL=q -—, and U} =g -—, Uh=q, —, 133
O =g, &= 5 =4 5 @ =% 5~ (133)

respectively. The reduced F = 0, and ker € (u) is spanned by Uy, U(;),and

N 0
Popy=q, —+ 1I( 12)
8q1,2 |q12| o,
o |qZ 1| o
+ (= 1)12 -11(q,,) - + =4, (q,) - —| (134)
12 81/12 I, 12" 2,1 Aoy
The energy is
1 m m
Ty A =y, TH() - v (135)
2 ql 2] 9|
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Although C is two-dimensional, 7! =

1 .
Yy = — A /|q1| and 7&2]) = /|q2|, and the two first-order Lagrangian
constraints reduce to one

~ v ~ V.

M=, g - 4 Ty - s (136)
1 2

with

M @
BIXgl = =y 9 50 .
lal g,

(137)
Asexpected, Gy!!! = 0 forany G € G. We may choose
d ) @- v A [qu | o
Xp=n- o=+ =+ 2=+ —| == (G Wg|| -
g, g, l lg,| m\ |, .
@, - v) A g, ~ . o
+12 FeRg vy — —[ﬂvl - (@ -vI)q|| = (138)
|q2| m |q1| 8‘/2
As[Xp, Uy 5] ~ =P /g, theaction on X by Grsyp, does not give a SOLVF. Instead, we construct
— 15) 0
X, =wv-1I ety I C—
.= - 1l(q) a4, » - 11(q,) .
‘/1\1 ! 0 q\z V2 o
+ v - H(q) - — + v2-11(qy) - —
( || ) Toom [ || ] e
MM gl 0 |q,| 5]
+ —|—1l(g) - l(g) - — — —=v - (g - (g - —| (139)
m(|q2| ’ Yoan g : ¥ o

A general SOELVFis then Xgr = Xy + (W) [Py] + u (u)[P)], where u® (1) € F and
Py = |q,|Puy £ |4,|P). One of the arbitrary functions

i< [1]
u(*)(u) — m %

AL — @G- )]

(140)
is determined through the constraint algorithm with

. . . E Ao N ~
ix, dyM=—-2(q - 3)— + T |V1 -I(q) - 1I(q,) - v2 — ;(q1 “gyva - 1l(gy) - g, — w1 - 1(g) - G,]-
1 2

(141)
The other one, () (u), is not.
We find that £p, 3 = 0, while

4\ PO
2P(f)ﬂ = _?[1 - (‘h ' QQ)Z]-

(142)
Then Sym is one-dimensional, and spanned by P 4.
With the canonical momenta,
m by A Ta(q) m b A Tan(4,) .y,
P = —a(g)y) — — q,> .= —1ap(g)v; + = q, s (143)
gl T 2 gl T g T 2 gyl
where 7, == 6, + 4, the passage to Hamiltonian mechanics is straightforward. Equation (135) gives
Hc = |q,PLE/2m + |g,PL; /2m with
A e A e
Lla = |q1|P1a + ETac(ql)qza LZu = |q2|P2u - ETuc(qZ)ql > (144)

and the projection of the first-order Lagrangian constraint is 4! = [g, - L, + g, - L;]/m. The projection of
P(:t) is
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S RO B R
=% 0q, & 9q, b Op, b 8P2’
o0 0, : 0, : op, ? Op,
q, 4 o
—2A I(q,) - —+— H(q)~—], (145)
[m W el B,

giving my = d(q, - p, + q, - p,)and m_y = d(q, - p; — 4, - P, + Aq, - 4,)- The primary Hamiltonian
: 0 0 PPN
constraints are ”yh]) =4 -p, +4q, p,and *ij) =q P — G P+ A Gy
The projection of X gives
|q,| o |q2| _ 8_

X = =—1  — 4+ =
e == L a4, - L, o0,
L2+ \@ - L
- )\ [(ql : [1\2)1/1 — Lz] . 8— — Mq‘l . 8_
2mq| Op, mlq,| ap,
L2+ M@, - L
Ta— (@, - §,)L> — Li] - 2 M@ Lo (146)
2m|q,| op, m|q,| ap,

Then, Hy = He + u~ )fy[o] (s) + u(“y[o] (5), where after using equation (143) in equations (140) and (141),

yo = L ELofm 4 M@ - 3, - L2 — G - 3)He
2A 1 - (q\l : (’1\2)2

(147)

while 4" remains undetermined.

5.3. A Lagrangian with local conformal and time-reparametization invariance

The action
A 271/2
3—smf[( )] (148)

where s = £1, is invariant under both the local conformal transformations, g — «a(u)q%, and the
reparametization t — 7 (t), where 7is a monotonically increasing function of t (see also [50] and [51, 52] for
systems with Lagrangians linear in the velocities). This action is a generalization of that for the relativistic
particle, with the additional requirement that it have alocal conformal invariance.

For this action,

m Py (1)

EJSV -Il(g) - v

Q = dg® A dvt, (149)

and O = 0.Here,a =1....,D,

I (q)v"
g= —2 150
! Jsv eI - v (150)

so that u? = s, while P, (u) = I1;(q) — sugup. Then ker £ (u)= ker €);(11), and both C and G are two-
dimensional. They are spanned by

o

_— [/ — .8 v 8_ , (151)
9q 9q o

Uy =4-
respectively.

Because this system is fully constrained, E = 0. As £z = 0 as well, there are no Lagrangian constraints. We
may choose X, = v - 8/8q. As[X, U{; 5] ~ —U{, ,), theaction of X; by Grs;p,, does not give a SOLVF. The
vector field X can be constructed, and as expected for a fully constrained system, X; = 0. A general SOELVF is
then Xg; = t!(W[UY,] 4 w?(w)[UY,], with 4" (u) € F for n=1,2. The Lie algebra Sym itselfis two
dimensional, and spanned by U(l) and U?z) .

For the passage to Hamiltonian mechanics, H- = 0 as E = 0. With the canonical momentum p, = mu, /|q|,
the projection of P 5y is

8 1 98 q 28

& p
———p — Py=—P — =g —, (152)
g 1q° ap "® d m ap

"Ba) = q

§
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and ) = d(q - p)/Iql, m2) = d(|qI*p?)/2m|q|. The primary Hamiltonian constraints are 7!*) := ¢ - pand
YW i= |gPp? — sm?. As X; = 0, Xc = 0,and we find that
ueo

u
Hy = —24%(s) + —2-11(s). (153)
lal 2mlq|

6. Concluding remarks

With the benefit of hindsight, the many roles that G plays in determining both the geometric structure of P; for
singular Lagrangians, and the connection between these structures and dynamics become readily apparent.
What also becomes clear are the reasons why SOELVFs and their dynamical structures are projectable.

Because G is involutive, it gives a foliation of ;. There is then a neighborhood U about each point u € [P, on
which we can define the equivalence relation u; ~ 1, iff u; — u, = g, where gisa point on the leaves Fol(G) of
the foliation. This leads to the quotient space P, /Fol(G), which has dimension 2D — Nj. Importantly,

Py /§ol(G) is projectable, and L, /Fol(G)) = L) = IP’[CO]. This structure, and the role that G plays in its
construction, is well known in the literature [4, 5].

Next, because G C T,[P; and is involutive, it is natural to follow the construction of I, /Fol(G) and consider
the set of vector fields in T, [P; for which G is an ideal. This leads us to T,[P; , and the quotient space T,IP; /G. As
dim T, /G = 2D — Ny, itisexpected that T,IP; /G = T,[P,/Fol(G)] for p € P /Fol(G). That T,P, /G is
projectable is then readily apparent.

Finally, for singular Lagrangians the acceleration is not determined uniquely by the Euler-Lagrange
equations of motion, an ambiguity due to the generalized Lie symmetry. This symmetry is generated by vectors
that must lie in the kernel of €2;, and yet cannot be in G, leading naturally first to the construction of ker
Q(u)/G, and then to the construction of Sol. Both ker Q(w)/G C T, P, /G and Sol C T,P, /G, and thus the
evolution of the dynamical system is confined to the tangent bundle T[IP, /§ol(G)]. The projectability of
T[P,/Fol(G)] ensures that all of the dynamical structures needed to describe the evolution of dynamical systems
on the Lagrangian phase space is projectable, and agrees with those obtained through constrained Hamiltonian
mechanics.

While G does play an important role in determining the general Lie symmetry group, it itself is not the
generator of this group. This can be readily seen in the first example in section 4.3 where the Lagrangian may or
may not have alocal gauge symmetry depending on the choice of potential. Nevertheless, G is present and plays
its usual role in determining I, /Fol(G). Itis instead vectors in ker €; (1)/ G—with G removed—that generate
the generalized Lie symmetry. We emphasize here that while this symmetry plays an important and guiding role,
this role is nevertheless supportive in the construction of the algebraic-geometric structures on P, needed in
determining both the geometric structure of P;, and the connection between these structures and the evolution
of the dynamical system.

The application of these algebraic-geometric structures go beyond showing the equivalence of the
Lagrangian and Hamiltonian formulations of mechanics for singular Lagrangians, however. While the primary
Hamiltonian constraints play a critical role in the Hamiltonian constraint analysis, the constraints themselves
have traditionally been found by inspection; the expectation is that this inspection is able to both determine their
form and to ensure that all of the constraints has been found for the system at hand. As a result of the Lagrangian
phase space analysis presented here we are able to determine the number of primary constraints for any
dynamical system, and the constraints themselves can be calculated by solving a first-order, quasi-linear
differential equation. In addition, while the end result of the Lagrangian constraint algorithm isa SOELVF
defined in terms of a certain number of arbitrary functions, and the end result of the Hamiltonian constraint
analysis is a total Hamiltonian with the same number of arbitrary functions, how many arbitrary functions are
needed, and their relationship to the original symmetries of the action is not known. With direct access to the
Lagrangian and its symmetries, these questions can now be addressed in the Lagrangian phase space
formulation.

Acknowledgments
This paper would not have been possible without the contributions by John Garrison, who provided most of the

essential mathematics in section 3. Publication made possible in part by support from the Berkeley Research
Impact Initiative (BRII) sponsored by the UC Berkeley Library.

ORCID iDs

Achilles D Speliotopoulos © https://orcid.org/0000-0002-5552-7753

22


https://orcid.org/0000-0002-5552-7753
https://orcid.org/0000-0002-5552-7753
https://orcid.org/0000-0002-5552-7753
https://orcid.org/0000-0002-5552-7753

I0OP Publishing J. Phys. Commun. 4 (2020) 065002 AD Speliotopoulos

References

[1] Abraham Rand Marsden ] E 1978 Foundations of Mechanics 2nd edn (Massachusetts: Addison-Wesley, Reading)
[2] Carinena] F 1990 Theory of singular Lagrangians Fortschr. Phys. 38 641-79
[3] Grécia X, Muiiez-Lecanda M C and Romén-Roy N 2004 On some aspects of the geometry of differential equations in physics Int. J.
Geom. Meth. Mod. Phys. 1 26584
[4] Carifiena] F, Lopez C and Romén-Roy N 1988 Origin of the Lagrangian constraints and their relation with the Hamiltonian
formulation J. Math. Phys. 29 1143-9
[5] Gotay M Jand Nester ] M 1979 Presymplectic lagrangian systems I: the constraint algorithm and the equivalence theorem Annales de
L’Institut Henri Poincare, section A 30 129—42
[6] deLeén M and de Diego D M 1996 Symmetries and constants of the motion for singular Lagrangian systems Int. J. Theor. Phys. 35
975-1011
[7]1 Gotay M ], Nester ] M and Hinds G 1978 Presymplectic manifolds and the Dirac-Bergmann theory of constraints J. Math. Phys. 19
2388-99
[8] Gotay M Jand Nester ] M 1980 Presymplectic lagrangian systems II: the second-order problem Annales de L’Institut Henri Poincare,
section A321-13
[9] Carifiena] Fand Ferndndez-Nuiiez ] 1993 Geometric theory of time-dependent singular Lagrangians Fortschr. Phys. 41 517-52
[10] Munoz-Lecanda M C and Romén-Roy N 1992 Lagrangian theory for presymplectic systems Annales de L Institut Henri Poincare, section
A5727-45
[11] Pons]M 1988 New relations between Hamiltonian and Lagrangian constraints Journal of Physics A: Mathematical and General Physics
212705-15
[12] deLeén M, Marin-Solano J, Marrero J C, Mufioz-Lecanda M C and Roman-Roy N 2002 Singular Lagrangian systems on jet bundles
Fortschritee der Physik 50 105-69
[13] CendraH, Etchechoury M and Ferraro SJ 2014 An extension of the Dirac and Gotay-Nester theories of constraints for Dirac dynamical
systems Journal of Geometric Mechanics 6 167-236
[14] Kunzle HP 1969 Degenerate lagrangian systems Annales de L’Institut Henri Poincare, section A 11 393-414
[15] Carifiena] F and Lopez C 1987 Geometric study of the connection between the Lagrangian and Hamiltonian constraints J. Geom. Phys.
4315-34
[16] Batlle C, GomisJ, Pons ] M and Roman-Roy N 1987 Lagrangian and Hamiltonian constraints Lett. Math. Phys. 13 17-23
[17] Batlle C, Gomis J, Pons ] M and Romén-Roy N 1987 On the Legendre transformation for singular Lagrangians and related topics
Journal of Physics A: Mathematical and General Physics 20 5113-23
[18] Carifiena ] F and Lopez C 1987 The time-evolution operator for singular Lagrangians Lett. Math. Phys. 14 203—10
[19] Grécia X and Pons ] M 1989 On an evolution operator connecting Lagrangian and Hamiltonian formalisms Lett. Math. Phys. 17 175-80
[20] GréciaXand Pons]M 1992 A generalized geometric framework for constrained systems Differ. Geom. Appl. 2 223-47
[21] Grécia X and Pons ] M 1992 A Hamiltonian approach to Lagrangian Noether transformations Journal of Physics A: Mathematical and
General Physics 25 6357—69
[22] PonsJ M, Salisbury D C and Shepley L C 1999 Reduced phase space: quotienting procedure for gauge theories Journal of Physics A:
Mathematical and General Physics 32 419-30
[23] Grécia X and Pons ] M 2001 Singular Lagrangians: some geometric structures along the Legendre map Journal of Physics A:
Mathematical and General Physics 34 3047-70
[24] Dirac P AM 1950 Generalized Hamiltonian dynamics Can. J. Math. 2 129-48
[25] Henneaux M and Teitelboim C 1992 Quantization of Gauge Systems (Princeton, New Jersey: Princeton University Press)
[26] Munoz-Lecanda M C 1989 Hamiltonian systems with constraints: a geometric approach Int. J. Theor. Phys. 28 1405-17
[27] LusannaL 2018 Dirac-Bergmann constraints in physics: singular Lagrangians, Hamiltonian constraints and the second noether
theorem Int. J. Geom. Meth. Mod. Phys. 15 1830004
[28] Batlle C, Gomis J, Pons ] M and Romén-Roy N 1986 Equivalence between the Lagrangian and Hamiltonian formalism for constrained
systems J. Math. Phys. 27 295362
[29] Olver PJ 1993 Applications of Lie Groups to Differential equations (New York: Springer)
[30] Marmo G, Mukunda N and Samuel J 1983 Dynamics and symmetry for constrainted systems: a geometrical analysis Riv. Nuovo
Cimento 6 1-62
[31] GréciaXand Pons]M 1991 Constrained systems: a unified geometric approach Int. J. Theor. Phys. 30 511-6
[32] Bates Land Sniatycki ] 2013 An extension of the Dirac theory of constraints Journal of Fixed Point Theory and Applications 14 52754
[33] Prince G 1983 Toward a classification of dynamical symmetries in classical mechanics Bull. Aust. Math. Soc. 27 5371
[34] Prince G 1985 A complete classification of dynamical symmetries in classical mechanics Bull. Aust. Math. Soc. 32 299-308
[35] Crampin M 1983 Tangent bundle geometry Lagrangian dynamics Journal of Physics A: Mathematical and General Physics 16 3755—72
[36] Carifiena]F, Fernandez-Nuiez ] and Martinez E 1991 A geometric approach to Noether’s Second theorem in time-dependent
Lagrangian mechanics Lett. Math. Phys. 23 51-63
[37] Carifiena] Fand Rafiada M F 1988 Noether’s theorem for singular Lagrangians Letters on Mathematical Physics 15 305-11
[38] Carifiena] F, Martinez E and Fernandez-Nuiez ] 1992 Noether’s theorem in time-dependent Lagrangian mechanics Rep. Math. Phys.
31189-203
[39] Carifena]F, Fernandez-Nunez ] and Ranada M F 2003 Singular Lagragians affine in velocities Journal of Physics A: Mathematical and
General Physics 36 3789807
[40] Carinnena] Fand Martinez E 1991 Generalized Jacobi equation and inverse problem in classical mechanics Group Theoretical Methods
in Physics, in: Proc. of the XVIII International Colloquim 1990, Moskow ed V'V Dodonov and VI Man’ko Vol. 2 (New York: Nova Science
Publishers) pp 84-98
[41] Marmo G, Mendella G and Tulczyjew W M 1992 Symmetries and constants of the motion for dynamics in implicit form Annales de
L’Institut Henri Poincare, section A 57 147—-66
[42] Grécia X and Pons ] M 2002 Symmetries and infinitesimal symmetries of singular differential equations Journal of Physics A:
Mathematical and General Physics 35 505977
[43] Grécia X and Martin R 2005 Geometric aspects of time-dependent singular differential equations Int. J. Geom. Meth. Mod. Phys. 2
597618
[44] Popescu L2017 Symmetries of second order differential equations on Lie algebroids J. Geom. Phys. 117 84-98

23


https://doi.org/10.1002/prop.2190380902
https://doi.org/10.1002/prop.2190380902
https://doi.org/10.1002/prop.2190380902
https://doi.org/10.1142/S0219887804000150
https://doi.org/10.1142/S0219887804000150
https://doi.org/10.1142/S0219887804000150
https://doi.org/10.1063/1.527955
https://doi.org/10.1063/1.527955
https://doi.org/10.1063/1.527955
https://doi.org/10.1007/BF02302383
https://doi.org/10.1007/BF02302383
https://doi.org/10.1007/BF02302383
https://doi.org/10.1007/BF02302383
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.1063/1.523597
https://doi.org/10.1002/prop.19930410603
https://doi.org/10.1002/prop.19930410603
https://doi.org/10.1002/prop.19930410603
https://doi.org/10.1088/0305-4470/21/12/014
https://doi.org/10.1088/0305-4470/21/12/014
https://doi.org/10.1088/0305-4470/21/12/014
https://doi.org/10.1002/1521-3978(200203)50:2<105::AID-PROP105>3.0.CO;2-N
https://doi.org/10.1002/1521-3978(200203)50:2<105::AID-PROP105>3.0.CO;2-N
https://doi.org/10.1002/1521-3978(200203)50:2<105::AID-PROP105>3.0.CO;2-N
https://doi.org/10.3934/jgm.2014.6.167
https://doi.org/10.3934/jgm.2014.6.167
https://doi.org/10.3934/jgm.2014.6.167
https://doi.org/10.1016/0393-0440(87)90017-9
https://doi.org/10.1016/0393-0440(87)90017-9
https://doi.org/10.1016/0393-0440(87)90017-9
https://doi.org/10.1007/BF00570763
https://doi.org/10.1007/BF00570763
https://doi.org/10.1007/BF00570763
https://doi.org/10.1088/0305-4470/20/15/027
https://doi.org/10.1088/0305-4470/20/15/027
https://doi.org/10.1088/0305-4470/20/15/027
https://doi.org/10.1007/BF00416849
https://doi.org/10.1007/BF00416849
https://doi.org/10.1007/BF00416849
https://doi.org/10.1007/BF00401582
https://doi.org/10.1007/BF00401582
https://doi.org/10.1007/BF00401582
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1016/0926-2245(92)90012-C
https://doi.org/10.1088/0305-4470/25/23/029
https://doi.org/10.1088/0305-4470/25/23/029
https://doi.org/10.1088/0305-4470/25/23/029
https://doi.org/10.1088/0305-4470/32/2/015
https://doi.org/10.1088/0305-4470/32/2/015
https://doi.org/10.1088/0305-4470/32/2/015
https://doi.org/10.1088/0305-4470/34/14/311
https://doi.org/10.1088/0305-4470/34/14/311
https://doi.org/10.1088/0305-4470/34/14/311
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.4153/CJM-1950-012-1
https://doi.org/10.1007/BF00671858
https://doi.org/10.1007/BF00671858
https://doi.org/10.1007/BF00671858
https://doi.org/10.1142/S0219887818300040
https://doi.org/10.1063/1.527274
https://doi.org/10.1063/1.527274
https://doi.org/10.1063/1.527274
https://doi.org/10.1007/BF02740487
https://doi.org/10.1007/BF02740487
https://doi.org/10.1007/BF02740487
https://doi.org/10.1007/BF00672895
https://doi.org/10.1007/BF00672895
https://doi.org/10.1007/BF00672895
https://doi.org/10.1007/s11784-014-0173-4
https://doi.org/10.1007/s11784-014-0173-4
https://doi.org/10.1007/s11784-014-0173-4
https://doi.org/10.1017/S0004972700011485
https://doi.org/10.1017/S0004972700011485
https://doi.org/10.1017/S0004972700011485
https://doi.org/10.1017/S0004972700009977
https://doi.org/10.1017/S0004972700009977
https://doi.org/10.1017/S0004972700009977
https://doi.org/10.1088/0305-4470/16/16/014
https://doi.org/10.1088/0305-4470/16/16/014
https://doi.org/10.1088/0305-4470/16/16/014
https://doi.org/10.1007/BF01811294
https://doi.org/10.1007/BF01811294
https://doi.org/10.1007/BF01811294
https://doi.org/10.1007/BF00419588
https://doi.org/10.1007/BF00419588
https://doi.org/10.1007/BF00419588
https://doi.org/10.1016/0034-4877(92)90014-R
https://doi.org/10.1016/0034-4877(92)90014-R
https://doi.org/10.1016/0034-4877(92)90014-R
https://doi.org/10.1088/0305-4470/36/13/311
https://doi.org/10.1088/0305-4470/36/13/311
https://doi.org/10.1088/0305-4470/36/13/311
https://doi.org/10.1088/0305-4470/35/24/306
https://doi.org/10.1088/0305-4470/35/24/306
https://doi.org/10.1088/0305-4470/35/24/306
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1142/S0219887805000697
https://doi.org/10.1016/j.geomphys.2017.03.006
https://doi.org/10.1016/j.geomphys.2017.03.006
https://doi.org/10.1016/j.geomphys.2017.03.006

10P Publishing

J. Phys. Commun. 4 (2020) 065002 AD Speliotopoulos

[45] Dimakis N, Terzis P A and Christodoulakis T 2016 Contact symmetries of constrained quadratic Lagrangians Journal of Physics: Conf.
Series 670 1-6

[46] Popescu M 2009 Totally singular Lagrangians and affine Hamiltonians Balkan Journal of Geometry and Its Applications 14 60-71

[47] PopescuM and Popescu P 2011 Totally singular Lagrangians and affine Hamiltonians of higher order Balkan Journal of Geometry and
Its Applications 16 122-32

[48] Lee] M 2013 Introduction to Smooth Manifolds 2nd (New York: Springer)

[49] Choquet-Bruhat Y, DeWitt-Morette C and Dillard-Bleick M 1982 Analysis, Manifolds, and Physics (Amsterdam, The Netherlands:
Elsevier Science Publishing Company, Inc.)

[50] JamalS 2019 A study of the approximate singular Lagrangian-conditional Noether symmetries and first integrals Int. J. Geom. Meth.
Mod. Phys. 16 1950033

[51] Rabei E M, Nawafleh K1, Abdelrahman Y Sand Omari HY R 2003 Hamilton-Jacobu treatment of Lagrangians with linear velocities
Mod. Phys. Lett. A18 15916

[52] Muslih S, El-Zalan H A and Rabei E M 2005 Hamilton-Jacobi quantization of singular Lagrangians with linear velocities Int. J. Theor.
Phys. 441271-9

24


https://doi.org/10.1088/1742-6596/670/1/012021
https://doi.org/10.1088/1742-6596/670/1/012021
https://doi.org/10.1088/1742-6596/670/1/012021
https://doi.org/10.1142/S0219887819300010
https://doi.org/10.1142/S0217732303011277
https://doi.org/10.1142/S0217732303011277
https://doi.org/10.1142/S0217732303011277
https://doi.org/10.1007/s10773-005-4685-x
https://doi.org/10.1007/s10773-005-4685-x
https://doi.org/10.1007/s10773-005-4685-x

	1. Introduction
	2. Generalized Lie symmetries and Lagrangian mechanics
	3. The Lagrangian phase space
	3.1. Passage from Lagrangian mechanics to the Lagrangian phase space
	3.2. Properties of ker ΩL(u)
	3.3. Projection of K to ker ΩL(u)
	3.4. First-order Lagrangian constraints
	3.5. The generalized lie symmetry group
	3.6. Euler-lagrange solutions of the energy equation
	3.7. A constraint algorithm for second-order, Euler–Lagrange vector fields

	4. The passage to Hamiltonian mechanics
	4.1. Projectability of functions and vector fields on PL
	4.2. Projection of dynamical structures
	4.2.1. Prim and the Primary Hamiltonian Constraints
	4.2.2.Sol&macr; and the total Hamiltonian
	4.2.3. The equivalence of the constraint algorithm for lagrangians and the stability analysis of canonical Hamiltonians

	5. Examples of almost regular Lagrangians
	5.1. A Lagrangian With and Without a Local Gauge Symmetry
	5.1.1. The symmetric potential
	5.2. A Lagrangian with local conformal symmetry
	5.3. A Lagrangian with local conformal and time-reparametization invariance

	6. Concluding remarks

	Acknowledgments
	References



