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ABSTRACT

The finite element technique is extended to the refined analysis
of multilayer beams, plates and shells with no restriction placed upon
the ratios of the layer thicknesses and properties. The method is
applicable to structures wherein shearing deformations are significant,
including sandwich-type structures.

Element stiffnesses developed are based on polynomial displacement
models and are for the linear elastic analysis of beams, circular
plates, and thin, axisymmetric shells of arbitrary meridian. Although
stiffnesses derived are for three-layered construction with similar
facings, the proposed theory is applicable to any flexural elements
and to any arrangement of laminations, provided the total thickness
is moderate. Here, doubly-curved elements have been used to represent
rotational shells. Computer programs have been written both for
static analysis and for free and forced steady-state vibration analy-
sis. Inclusion of rotatory as well as translational inertia allows
determination of natural thickness-shear frequencies and mode shapes
in addition to flexural vibration characteristics.

Finally, the use of viscoelastic layers for the damping of
flexural vibrations is discussed. To determine the effective damping
due to such layers, the analysis method is extended by means of the
correspondence principle for linear dynamic viscoelasticity.

Several examples are presented to illustrate the efficacy of the
method. Listings of the computer programs for axisymmetric shells are

given in the appendices,
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NOMENCLATURE

column vector

row vector

rectangular matrix

diagonal matrix

superscript indicating a complex quantity

subscripts indicating the principal directions of the shell
reference surface; subscripts indicating the real and imaginary

parts of a complex quantity, respectively

transformation matrix relating local nodal displacements to
local generalized displacements

area of reference surface over which stresses are specified,
radius of cylinder or sphere

matrix relating element strain components to element general-
ized co-ordinates

superscript indicating the bottom (or inside) facing of
sandwich construction

matrix relating total element stresses to total element strains
subscript indicating core layer of sandwich construction

matrix product [Z]T[C][Z] ; diagonal matrix of pivots resulting
from symmetric Gaussian elimination

energy dissipated in a single cycle of vibration

thickness distance between middle surfaces of facing layers for
symmetric sandwich construction

element of arc length

Young's modulus

complex modulus

relaxation modulus

vector which has all elements zero except the ith which is unity

flexibility matrix of overall assemblage of elements
th

i column of the flexibility matrix [F]

vi



{p}

{p}

{q}

{r}

vii
subscript indicating the face layers of sandwich construction

matrix of layer bending, extensional and shear stiffness
(Eq. II.27)

shear modulus
total thickness of shell

. th
thickness of the k layer
subscript indicating the ith node of an element
complex compliance
creep compliance function
subscript indicating the jth node of an element
stiffness matrix for overall assemblage of elements
element stiffness matrix

th

subscript indicating the k layer

lower unit triangular matrix of multipliers resulting from
symmetric Gaussian elimination

total number of layers; span length of beam or cylinder

length of beam or plate element; chord length of shell element
mass matrix for overall assemblage of elements

moment stress resultant

extensional stress resultant

vector of nodal force amplitudes for steady-state forced vibra-
tions

vector of loads

transverse load intensity for a beam or plate

vector of element nodal forces in local co-ordinates

shear stress resultant

vector of element nodal displacements in local co-ordinates
vector of element nodal forces in global co-ordinates

principal radius of curvature of shell reference surface



+3

{u}

Yty
uI'p.Z

{v}

{v}

viii
vector of element nodal displacements in global co-ordinates
radial co-ordinate for a circular plate or rotational shell
vector of layer stress resultants
meridional co-ordinate in curvilinear co-ordinates

transformation matrix relating local co-ordinates to global
co-ordinates

matrix product [a™t17]

superscript indicating the transpose of a matrix
glass transition temperature of a polymer

melt temperature of a polymer

time; superscript indicating the top (or outside) facing of
sandwich construction

strain energy
vector of element displacements in local co-ordinates
tangential displacements of the shell

local translations of substitute shell element

= translations of a rotational shell in cylindrical co-ordinates

vector of nodal forces for the overall assemblage of elements
potential energy of loads

vector of nodal displacement for the overall assemblage of
elements

volume of an element

total energy associated with the vibrating structure

vector of displacement amplitudes for vibrations

normal displacements of the shell

symmetric matrix for the eigenvalue problem in standard form
eigenvector of the matrix [X]

general local co-ordinate (Section II.2); axial co-ordinate of
a beam (Section III.1)

matrix relating total element strains to element strain components



{a}

{e}
{e}

ix
thickness co-ordinate for beam or plate; cylindrical co-ordinate
for rotational shell
vector of element generalized co-ordinates
metrics of the shell reference surface
free index; angle indicated in Figure ITIT.5
shear strain
index; logarithmic decrement of a damped structure
vector of total layer strains for an element
vector of layer strain components for an element
extensional strain

co-ordinate normal to the shell surface

local rectilinear co-ordinate (FPigure III.5); loss factor of a
damped structure

circumferential co-ordinate; angle by which strain lags behind
stress (Figure V.1)

change in curvature (Egs. (II.10)); shear stress correction
factor (Section II.1.3)

root of eigenvalue problem in standard form

Poisson ratio

Gaussian orthogonal curvilinear co-ordinates for the shell
surface (Figure II.1l); local normalized co-ordinate for a
particular finite element (Chap. III)

total potential energy of an element

density

vector of total layer stresses for an element

extensional stress

shear stress

matrix relating element displacements to element generalized
displacements

angle indicated in Figures II.5 and II.6

rotation of the tangent to the reference surface (total rota-
tion)



rotation of the normal to the reference surface (bending
rotation)

rotation due to shearing deformation only
angle indicated in Figure III.5
frequency of steady-state forced vibration

frequency of free vibration



CHAPTER I: INTRODUCTION

I.1l. General Objective

Multilayer construction has become an increasingly important form
in structural engineering as one means of achieving a beneficial com-
bination of the properties of two or more materials. Perhaps the best
known examples of this type are the widesﬁread "sandwich" structures
used in the aerospace industry. These combine thin, high-strength facing
layers with a thicker, light-weight core. Recently, layered structures
have also incorporated laminations of materials selected for their energy
dissipation characteristics or their heat conduction properties. As new
materials are being developed and ag the technology of composite con-
struction advances, there is a growing variety of versatile, multiply'
layered configurations available,

The theory of stress analysis of multilayer structures is well est-
ablished. In general, two classifications of such structures can be
identified: (1) "laminates" in which layers of materials with similar
properties are bonded together and for which the Kirchhoff-Love hypothesis
is applied and (2) "sandwiches" in which some layers may be significantly
weaker than others and for which transverscychear deformation is taken
into account. Theory for the laminates [l+6J* has been successfully
applied to the analysis of general plates and shells using, for example,
the approximate methods of finite differences [7] and finite elements

[8]. However, despite the availability of sandwich theories of various

*
Numbers in brackets refer to references at the end of the paper.

1



2
degrees of refinement in the literature, there have been relatively few
solutions published that include the effects of transverse shear. More-
over, these solutions have been restricted to the simpler geometries
such as rectangular and circular plates and cylindrical and spherical
shells.

The purpose of the present work is to extend the finite element
method to the analysis of sandwich plates and shells. Although specific
solutions are to be presented here only for axisymmetric cases, the same
general approach, using existing standard finite element techniques,
will permit the analysis of arbitrary configurations and boundary condi-
tions. In addition to the study of static and dynamic elastic problems,
this paper shall also consider the structural damping due to the inclu-
sion of viscoelastic layers. The damping characteristics can be obtained

as a natural adjunct of the ordinary procedures of structural analysis.



I1.2. Survey of Previous Work

This dissertation is based upon material from three areas of
structural engineering, namely, sandwich theory, the finite element

method, and structural damping. These topics are now briefly reviewed.

I.2.1., Sandwich Theory

Extensive reviews and bibliographies of the theory of sandwich
structures are presented in References [9-12], and the reader is referred
to these for a more complete survey than the one given here,

The earliest application of sandwich construction was in the British
aircraft industry. Consequently, some of the first published materials
on the topic are the works of Williams, Legget and Hopkins [13, 1L].
These authors accounted for shear by assuming that material lines origi-
nally straight and normal to the middle surface remain straight, but do
not remain normal. Among the increasing volume of literature published
in the postwar period are papers by E. Reissner [15, 16], Hoff and
Mautner [17], Hoff [18], and Fringen [19]. Reissner approximated the
sandwich as thin facings acting as membranes and a core with significant
stresses only in the transverse direction. The transverse behavior
includes both shear and normal deformation. With these simplifications,
the equations of sandwich plates and shells are analogous to those of
homogeneous structures for which the transverse effects are taken into
account [15, 20]. Reissner also studied the large deflections of sand-
wich plates using the same assumptions [21]. Hoff's work on plates
included the flexural rigidity of the facings in addition to the effects
considered by Reissner. Finally Eringen added the influence of the
flexural rigidity of the core, neglecting only the shearing of the plate

facings.



It has become customary to designate sandwiches described by theories
which neglect the flexural and stretching effects of the core (e.g.,
Reissner [15] and Hoff [18]) as having a "weak" or "soft" core and those
which include these effects (Eringen [19]) a "stiff" or "strong" core.

An example of a shell theory for weak orthotropic cores is that developed
by Schmidt [22], whereas Grigolyuk and Kiryﬁkhin [23] have derived the
shell equations for orthotropic facings and a stiff orthotropic core.
Non-linear shell theories for large deflections of sandwiches with dis-
similar facings for the case of a weak core have been published by
Wempner and Baylor [24], Wempner [25] and Fulton [26]. Schmidt and Wem-
pner included the efféct of the transverse normal deformation of the
core, but Grigolyuk and Fulton assumed that the transverse displacement
of all layers is the same,

Reissner [16, 21] showed that the assumption of transverse incom-
pressibility is valid for beams and plates, but that this pinching effect
could become important for curved structures under some circumstances,
such as uniform bending stress states of soft-core shells. However,
Raville's work [27-29] indicated that for some purposes pinching may be
neglected, and recently developed sandwich theories have tended to assume
an infinite transverse core modulus [12]. Other studies on the effects
of various approximations in sandwich theories have been conducted by
Koch [30] and Cook [31]. These two papers provide quantitative evalua-
tions of several common assumptions, including those of soft cores and
membrane facings.

In 1959, Yu [32] presented a new sandwich theory which includes the
bending and stretching effects and the transverse shear flexibility of
all layers. This theory places no restriction on the ratios of layer

thicknesses and material properties and has been extensively applied to
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vibfation problems of sandwich structures including both shear and rota-
tory inertia [33 - 41]. In addition, a similar approach has been used
for two-layered plates and shells [L2]. Throughout these works the
transverse displacements of all layers are assumed to be the same. TFree
vibrations of various types of sandwich structures have also been
studied by Kimel et al. [143], Raville et al. [L4], Bolotin [L45] and Chu
[46]. Bieniek and Fruedenthal [L4T7] have investigated the forced vibra-
tions of cylindrical sandwich panels. Finally, non-linear vibrations
have received the attention of Yu [48, 49] and Chu [50].

There is not a large body of published solutions for static prob-
lems of sandwich shells, although beam and plate problems have been
more widely considered. Reissner [16] has included some solutions of
special cases and has emphasized the similarity between the equations
of sandwich theory and those for homogeneous shells with or without
transverse effects. Thus closed form and approximate solutions of the
types available for ordinary shells are also applicable to sandwiches
under the assumptions of Reissner's theory. For instance, Naghdi [51]
discussed the method of asymptotic integration as applied to homogeneous
shells of revolution including shear, Some examples of more specific
problems are those treated by Rossettos [52], who considered shallow
spherical sandwich shells, and Kao [53], who solved multilayer circular

cylindrical sandwiches.

I.2.2 The Finite Element Method

The finite element method has developed concurrently with the
increasing use of high-speed electronic digital computation and its
concommitant emphasis on discretized techniques in structural analysis.

In brief, this method consists of idealizing the structure as an



assemblage of geometrically simple domains (elements). Simple, but
relatively complete, displacement or equilibrium fields are assumed
over each domain; and a variational principle of mechanics is employed
to obtain a set of influence coefficients for the element. A set of
linear algebraic equations for the overall assemblage is obtained by
combining the coefficients for the individual elements so that contin-
uity of the assumed gquantities is preserved at the interconnecting
nodes. These equations are modified for the boundary conditions and
solved to obtain the response of the structure. If displacement models
are assumed, the approach is called the "displacement method," and the
resulting stiffness coefficients are an upper bound. Conversely, the
"equilibrium method" (assumed equilibrium or stress models) results in
a lower bound [64]. A combination of assumed equilibrium and displace-
ment models over each domain is called the "mixed method." The vast
majority of work in the finite element method as applied to structural
mechanics has employed the displacement method, and the present work
also follows this approach., Also, for ease in mathematical manipula-
tions, models are generally of polynomial form and that, too, is the
case here,

In general, the finite element method has proved to be a successful
tool for the systematic analysis of complex structures and the approxi-
mate solution of difficult problems in continuum mechanics.

A large number of papers has been published during the last decade
on the finite element method, particularly on its applications to struc-
tural mechanics. Comprehensive reviews and bibliographies, as well as
a survey of the basic methods, can be found in References [5L - 60].
The following review is confined to formative works and to literature

on the analysis of plates and shells by the displacement method.
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A primary stimulus to the development of the finite element analysis
of structures was the formalization of the theory of matrix transforma-
tion of structures by Argyris [61]. An early statement of the displace-
ment approach was given by Turner et al. [62]; and, in a later paper,
Turner [63] further systematized the analysis technique by formulating
an efficient assembly process for the direct stiffness method. Finally,
the mathematical foundations of the finite element approach were described
by Felippa and Clough [60]. This Reference includes a statement of nec-
essary requirements on the displacement model functions in order to
obtain convergence to proper stiffness coefficients. These requirements,
which are also given in References [65, 57 - 59], are that the displace-
ment model must provide (1) compatibility between elements and continuity
within the element and (2) completeness in the sense that rigid body
modes and constant strain states must be included. It should be noted
that in some cases useable results may be obtained with element displace-
ment models which do not satisfy these requirements [66, T6]. However,
it is known that displacements will not converge to correct values as the
mesh size is decreased, 1f the models fail to fulfill the requirements.

A comprehensive study of early plate bending elements was conducted
by Clough and Tocher [66]. They concluded that the best elements then
available were their own compatible triangular element [66] and the
incompatible rectangular elements derived by Adini and Clough [67] and
Melosh [68, 69]. A compatible rectangle [70] was found less favorable
mainly because it was lacking in completeness. Since then, improved
results have been obtained by Felippa [57, 59] using compatible and com-
plete triangles and arbitrary quadrilaterals composed of four such tri-
angles. He formalized a procedure for developing triangular elements of

various degrees of refinement, i.e., various higher order elements that
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not oniy satisfy the minimum conditions, but also pfovide extra degrees
of freedom which permit a better solution with a coarser mesh. Felippa
[59] also developed a bending element for plates of moderate thickness
which accounts for transverse shear in a fashion analogous to Timoshenko
beam theory [T1, 72] and Mindlin's plate theory [T73].

Most finite element analyses of drbitrary gshell structures have
employed flat triangular elements. In representing a curved surface by
an assemblage of flat surfaces, the membrane and bending behavior are
uncoupled within the individual elements, but are coupled by the discon-
tinuities of slope at the interelement nodes. Clough and Johnson [Tk]
used a system employing five degrees of freedom at each corner node and
achieved satisfactory results except in cases having complex membrane
states.. Carr [75] developed a refined element with nine degrees of

freedom per node, obtaining better results at the expense of a more com-

plicated formulation. Finally, Johnson [T6] combined four flat triangles
into a non-planar quadrilateral with five degrees of freedom at each
corner., This last technique provides superior solutions even for the
troublesome cases.

A greater amount of attention has been devoted to the less difficult
class of shell problems, the axisymmetric case. The conical frustrum
element has been widely used, although recently three axisymmetric types
of doubly curved elements have been introduéedo. Two early approaches by
Meyer and Harmon [77] and Popov et al. [T8] utilize exact shell theory
bending displacements due to edge loading rather than simple displacement
models for each conical segment. Consequently, for membrane type prob-
lems some rather large inaccuracies are introduced. However, some useful
results are obtainable with this approach, particularly for edge effect

influence coefficients. Crafton and Strome [79] used conical elements
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attained for a hemisphere under pure membrane loading. In addition,
Khojasteh~-Bakht contrasted solutions based on displacement models formu~
lated in both local curvilinear and local rectilinear coordinate
systems. The first was unable tc accomodate ceftain constant strain
states and thus the second proved to be clearly superior. It should

be noted that for arbitrary shells the use of a local rectilinear

system for the displacement models makes it difficult to satisfy com-
patibility at the nodes, but for rotational shells this is not a prob-
len.

The central problem in applying the finite element method to
dynamic problems is the representation of the inertial properties of
the structure., There are two principal approaches, one being the sim-
ple lumping of masses at the nodes. Archer [85] has proposed the
second, the "consistent mass" matrix which is derived from expressing
the kinetic energy in terms of the assumed displacement models. The
consistent approach preserves the mass distribution and the coupling
between the various inertial effects, whereas the lumped approach leads
to an uncoupled (diagonal) mass matrix. Felippa [59] has compared the
two techniques and concluded that the lumped mass system is more prac-
tical since its diagonal form reduces the computational effort and
permits reduction of the degree of the eigenvalue problem. However,
one advantage to the consistent mass is that it gives a true upper bound

on the frequencies.

I.2.3 Structural Damping

The prevention of near-resonant fatigue has long been a concern of
structural engineers. In addition, vibration control is important in

reducing noise transmission or re-rediation, in attenuating oscillations
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associated with external turbulence of aircraft, and in preventing mal-
functions of components and instruments [91]. With the increasing use
of lightweight structures subject to intense excitation, particularly
in aerospace applications, damping has been recognized as an important
property in the overall performance of the structure. Because many
structures are subject to random vibrations over a broad spectrum, it
is no longer sufficient or even possible merely to identify the natural
frequencies and attampt to separate them from the exciting frequencies.
For example, jet and rocket engines may excite a large proportion of
the natural frequencies of the craft. Consequently, it is advantageous
to employ materials that have a capacity to dissipate energy and thus
to reduce resonant amplitudes. This type of energy dissipation is
known as "structural' or "internal" damping.

Since there are few metals (one example, certain magnesium alloys
[87]) or other structural materials that possess both sufficient
strength and damping capacity, the emphasis in vibration control
methods has been on adding dissipative layers or "damping treatments"
to the basic structures. These added materials are usually lightweight
polymer plastics which have a negligable effect on the strength of the
structure. However, when a damping material is used as the core filler
of sandwich-type structures, the dissipative layer is directly involved
in the load resisting mechanism as well as in vibration attenuation.
Some practical examples of damping due to dissipative layers are damp-
ing tapes applied to the inside of airplane fusilages, coatings on the
inside of automobile hoods [89], and viscoelastic layers incorporated
into ship structures [93]. The same principles have even been applied
to vibration control in buildings and large structures [90]. As this

dissertation is concerned with layered construction, the following
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survey of work in the field of structural damping concentrates on
approaches in which dissipative layers are employed.

Lazan [87, 94] and Blanchflower [91] have considered the damp-
ing properties of materials. Two categories of mechanical damping
are distinguished, that which is amplitude dependent and that
which is not. Amplitude-dependent energy dissipation becomes appre-
ciable only in conjunction with large strains and deflections. Hence
for small deflection theories, such as will be used herein, the ampli-
tude-independent energy dissipation is of the greatest significance.
This type of damping is characteristic of materials which have rate-
dependent stress-strain laws and elliptical hysteresis loops. There-
fore, the complex modulus representation of linear viscoelasticity is
usually a good approximation to the dissipative behavior [94]. Vari-
ous specific polymers that can be so characterized and that have
proved useful for vibration control were described by Ungar and Hatch
[95] and by Oberst et al. [96]. In addition, new synthetics for damp-
ing applications are steadily being developed le.g., 97, 98]. The
viscoelastic and dissipative properties of such polymers will be dis-
cussed in Chapter V.

Two major structural damping mechanisms of multilayer composite
structures were discussed by Ross et al. [88] and by Kerwin [92]. The
first is the "free layer' mechanism in which the viscoelastic material
is a surface coating. Thus, during flexural behavior, this damping
layer acts primarily in extension. The second mechanism is the "con-
strained layer" where the dissipative material occurs between two
stiffer laminations. This configuration causes the softer layer to
deform mostly by shearing. Ross et al. [88] pointed out that, on an

equal weight basis, damping treatments that deform primarily in shear
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are likely to be more effective than those deforming in extension.

The earliest investigations into structural damping due to visco-
elastic layers were carried out by Oberst [99, 100] and by Liénard
[101]. These authors developed expressions for the effective damping
of plates due to the addition of a free layer of viscoelastic damping
material. Schwarzl [102] considered the coupled and uncoupled bending
and extensional vibrations of a two-layered viscoelastic beam. Finally,
Hertelendy [89] has used exact elasticity solutions to study the effect
of viscoelastic membrane coatings on plates. In addition, he treated
general vibration problems of homogeneous bodies made of dissipative
material.

Much greater attentionh has been given to the constrained layer
mechanisms, particularly in view of the development of "damping tapes"
[103]. These tapes are two-layer  treatments in which one layer is both
adhesive and dissipative and the other is a thin foil which serves as a
constraining layer. Ross et al. [88], Ungar and Ross [104] and Kerwin
[105] have developed the theory of these tapes and have obtained reason-
able verification with experiments. Constrained layer damping in
sandwich plates were studied by Plass [106] using a standard solid model
for the viscoelastic behavior of the core. The complex modulus repre-
sentation has been applied to sandwich beams and plates by Ungar [107]
and Mead [108]. Among other authors who have also considered the
effective damping of flat sandwich structures are DiTaranto and Blasin-
game [109 - 112] and Bert et al. [113]. Design considerations were
discussed by Ruzicka et al. [11L].

Yu has applied his theory for sandwich behavior to the study of
damped vibrations by using the complex modulus approach [1;5]. An eval-

uation of the approximations of Yu's theory in this application is



1L

provided by Hertelendy and Goldsmith [118], who compare the approach
with an exact extended Rayleigh-Lamb solution. In addition, Yu has con-
sidered the damping of sandwich shells [116] and, together with Ren
[117], the damping of two-layer plates and shells. Bieniek and Freud-
enthal [47] also included structural damping in their study of the
forced vibrations of sandwich shells.

Finally, it is interesting to note that vibration experiments with
layered specimens are an important means of determining the dynamic vis-
coelastic properties of materials. Nicholas and Heller [119] employed
cantilever sandwich beams with cores made of elastomers in order to
determine the complex shear modulus of these polymers. Nashif [120] has
advocated the use of specimens with symmetric viscoelastic coatings to

ascertain the damping properties of the applied material.
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I.3. Outline and Assumptions

As stated previously, the objective of this dissertation is to
extend the finite element method of analysis to multilayer beams, plates
and shells having layers flexible in transverse shear. A generalized
theory analogous to Yu's sandwich theory [32] is adopted for this pur-
pose. In Chapter II it is pointed out how this formulation can be
applied to one~ and two-dimensional finite element discretizations.
However, for the sake of simplicity, specific derivations are carried
out only for the case of three-layered construction symmetric about the
middle surface and, only for configurations that may be represented by
a one-dimensional finite element mesh. Thus, in Chapter IIT, the stiff-
ness matrices and consistent load vectors for beams, axisymmetric
circular plates and rotational shells are derived and applied to the
static analysis of elastic structures. For the axisymmetric shells, the
doubly curved element due to Khojasteh-Bakht [8L4] is employed. Through-
out this work, assumed polynomial displacement fields and the direct
stiffness method are used.

The free vibration analysis of elastic sandwich structures is the
subject of Chapter IV. Masses are lumped along a normal to the middle
surface in order to represent both the rotatory and translational iner-
tia in uncoupled form. In this manner it is possible to obtain the
thickness~shear as well as the flexural natural frequencies. In the
former mode, shear deformations predominate over the flexural waves.
This type of behavior is important for some types of soft-core sand-
wiches. The dynamic analysis has not yet been extended to initial value
problems because it is felt that the free vibration investigation is a
satisfactory test of this approach to discretization. Given the ability

to obtain reasonable natural frequencies and mode shapes, it is possible
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to apply mode superposition or numerical integration techniques with
some confidence.

In Chapter V, damping by the inclusion of viscoelastic layers is
studied using the complex modulus representation of linear viscoelas-
ticity. ©Since polymers are the most widely-used damping materials in
composite structures, a discussion of the viscoelastic properties of
these materials is included. Special attention is devoted to the tem-
perature and frequency dependence of the properties and an attempt is
made to account for frequency dependence in calculating the effective
damping of multilayer structures. It should be noted that procedures
used in Chapter V are not restricted to layered structures; rather,
they can be applied to any finite element representation of a linear
viscoelastic continuum subject to steady state oscillations.

The following assumptions apply throughout this paper. Other
assumptions of lesser importance will be introduced in the applicable
sections.

1. Displacements and strains are sufficiently small so that the
linear theories of elasticity and dynamic viscoelasticity apply.

2. Perfect bonding occurs between adjacent layers of the struc-
ture.

3. The transverse displacement of all layers is the same at a
given location of the middle surface of the structure. In other words,
there is no pinching deformation.*

4, Shells are thin in the sense that products of thickness with
curvature are much smaller than unity (&R <<1)

5. Material lines in each layer originally straight and normal to

%
See the discussion of this assumption in Section II.1.1.
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the middle surface remain straight after deformation, but no longer
remain normal. The difference in shear strain in the several layers
manifests itself in warping of the cross-section at the interfaces.

6. The materials of each layer are linearly elastic and isotropic.
However, the procedure can be easily modified for anisotropic behavior
by substituting the appropriate matrix of material properties.

T. All layers are "stiff" in that tangential effects are taken
into account. However, this assumption can be relaxed for a particular
layer by assigning a zero Young's modulus.

8. All layers are flexible in shear (see 5 above) but this
assumption can be relaxed for a particular layer by assigning an

infinite shear modulus.




CHAPTER II: GENERAL THEORY AND THE FINITE ELEMENT METHOD

IT.1. General Theory

Consider an arbitrary multilayered shell with individual lamina-
tions of constant thickness. Let a reference surface within the shell
be parallel to the layer interfaces and let gl and 52 be Gaussian
orthogonal curvilear co-ordinates for the surface. Moreover, let the
co-ordinate lines coincide with the lines of principal curvature of
the surface and let C be a co-ordinate normal to the surface (See
Figure II.1). With these assumptions a line element in the space
surrounding the reference surface can be expressed in terms of the

differentials of the orthogonal curvilinear co-ordinates as follows:

2 /
2 _ 2|, rzYX.2 2 [ 2 2
ds” = ocl(l - Rl) dgﬂ% 1 - Rg d£2 + dg (I1.1)

where al, and ae are the surface metrics and Rl and R2 are the

principal radii of curvature. Displacements of the reference surface

corresponding to the co-ordinates El ) Eg and [ are defined by

o _ .0
= u(8,8))
uy = uj(g,,8,) (II.2)
2 2°°1°%72
)
w =W (gl’g2)
respectively. Hereafter, Love's first approximation [121] for thin

shells will be adopted. That is, the thickness of the shell is con-

sidered small as compared to the radii of curvature and thus

g/RB <1l ,B=1,2. (11.3)
18



19

f.,t/

FIGURE II.| ARBITRARY SHELL REFERENCE SURFACE

‘Q
Ck
[
MIDDLE 1 _
SURFACE k LAYER k
u
E(k+1)
A
LAYER 2 C(x)
LAYER | £(3)
(2)
LAYER O Q(J)
1 €"
(o) B

FIGURE II.2 THICKNESS GEOMETRY OF MULTILAYER SHELL



20
In effect, this means that the variation of curvature through the thick-
ness of the shell is neglected. Finally, the rotations of the tangents
to the reference surface are:
'30

X=X(g,€)=_];——_17—+
g Bv12 QBBEB

>® 0

(IT.L4)

m‘;U‘ =]
™
1l
-
S

In the following, the subscript £ may take the values 1 or 2, and
the subscript ¢ will then take the opposite value. The summation

convention does not apply.

IT.1.1. Kinematic Assumptions

To represent the behavior of the shell layers, a generalized the-
ory similar to Yu's sandwich theory [32] is adopted. No restriction
is placed on the relative layer thicknesses or‘properties, provided
only that the total fhickness is sufficiently small so that Equations
(II.3) apply. In the following, consider the kth layer as identi-
fied by the subscript k . A normél thickneéé co-ordinate colinear
with ¢ , but with its origin at the middle surface of the kth layer
is designated Ck . In other words, the reference surface is given by
z = 0 and the middle surface of layer k 1is given by Ck =0 . Dis-
placement quantities at the middle surface of the kth layer are
referenced by the subscript k and tHe superscript o . In addition,
the value of [ at the face of layer k closer to the reference sur-
face is indicated by z(k) (See Figure II.2).

First, it is assumed that the transverse displacements of all

layers are the same, i.e., that the transverse Young's moduli of the

layers are effectively infinite.
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W, =W,. =W (I1.5)

Reissner [16] has shown that this assumption can cause appreciable error
for certain cases such as the uniform bending-stress states of shells
with very soft layers. However, there are several classes of problems
for which the hypothesis of Equation(II.5) is admissable. These
include (1) beam and plate problems [16], (2) free vibration problems,
provided thickness pinching modes are not important, and (3) edge,
concentrated, and partial loading problems where pinching effects
remain localized [16]. In addition, since all layers are assumed
"stiff" (Section I.3), it is not unreasonable to accept Equation (II.5)
if one is aware of the potential inaccuracies in applying the theory
to composite structures with very soft layers [16, 27-29, 12].

Next, it is assumed that material lines originally straight and
normal to the middle surface of each layer remain straight but do not
necessarily remain normal to the deformed surface. This implies that
the transverse shearing deformation of each layer is independent of
the normal co-ordinate. Hence, the shear rotation of the kth layer

is represented by some average value of the shear strain which is a

function only of the surface co-ordinates El and 52 :

Yex = YBk(El,Sg) (11.6)

Another implication is that the tangential displacements of the kth

layer may be represented by the displacements of the middle surface of
the layer and by the rotation of the normals to the middle surface as

follows:

— O 4
uBk = usk - CK(XB - YBK) (II.7)
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Note that the difference between this formulation and the Kirchhoff-Love
hypothesis is the fact that the rotation of the hormal is no longer
equal to the rotation of the tangent to the middle surface. Thus the
present theory is analogous to the theories for homogeneous structures
which include the effects of transverse shear {71—73, 59, 217,

Finally, since perfect bonding between layers is assumed, the
tangential displacements must be continuocus across the interfaces of
the composite shell. This condition leads to the following expressions

for the tangential displacements of the middle surface of the kth

layer, where k > 0 . Let there be k - 1 layers between the kth

layer and the O-th (zero-th) layer which contains the reference sur-

face.
L = ° _ lkrl) + g(k) v L(1) v, 4 kil elar) - te)] v+
Bk B 2 B 86 L em
g(k+1) - (k) 0 (11.8)
+ 2 YBk - uBk(gl 3&2) .

For k =0 or 1 , the summations drop out and the Equations (II.8)
still apply, where (1) and ¢(0) are the interfaces of the zero-th

layer.

IT.1.2. Strain-Displacement Equations

The strain-displacement equation from classical linear shell
theory, (e.g., Reference [122]) are applied. For the 1 o8 layer, the

equations are:
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Y =EL.2..._§_.. 11_2_}{. +i]:.._.§._ .li]:.}ﬁ (11.9)
12k 0y 8&1 o, o, 852 al

y _ 1 3wk . Busk . Ugy
Brk uB 8§B 3zt RB

The in-surface strains may be written in the following form by substi-

tuting Equations (II.5), (II.6) and (II.7) into Equations (II.9):

O

€, = EBk;+ Ty Kgx

Rk
(11.10a)

_ .0
Yiok = Yiox * %k Fiox
In these equations the middle surface strains are given by

(@]
o _1 Tk wl sk dag
Bk aB BEB RB aBaa a&s

o o (1I1.10b)
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e

1k
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12k 9

In order to consider the transverse shear strains, the tangential
displacements of the kth layer must be written in terms of the ref-

erence surface displacements. For example, Equations (II.T7) and

(IT1.8) can be combined to give
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z(k+1) + z(k)
g~ tlXg = vg) - > Yo * 5(1) vgo

Substitution of this and Equations (II.5) and (II.6) into the appropri-

ate equation from (II.9) results in

o]
1 w° U z (k)
York T a5 T - (g - vg) - F (Xg - vg) + Yoy *
Brk ~ oy 3, T g B~ 78" TRy 8T T8 Ry 'Bk
z(1) 5oL lo(mtl) - g(m)]
+ Y, o+ Z Y
RB Ro -y RB Bm

The last four terms of this equation are negligible in comparison to
the first three terms under the thin shell assumptions of Equations
(IT.3). Hence, using the Equations (II.L4), the transverse shear

strains are given by

=.1__§_Vﬁ+93_( - ) = (11.11)
Ygrk o5 3, By Xg = Ygx’ T Ygk '

which is consistent with the kinematic assumptions.

IT.1.3. Stress-Strain Relations

Assuming that the in-surface stresses and strains can be repre-
sented by a state of generalized plane stress, the stress-strain

equations for the kth layer and an isotropic material are given by

_ 2 o -
-\ V- -V
91k E /(1 -v) (B /(1 =V 0 ey
o =| VvV E /(1 - v~2) E /(1 - \)2) 01/ e (11.12)
ok " "1 K K ok
Tiox) L 0 0 Gy \Y1ox
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For an anisotitopiccmateridldithe appropriate constitutive equations
would be used in place of Equations (II.12). The 3 x 3 matrix would
depend upon both the particular constitutive law and the orientation
of material property axes in relation to the co-ordinate lines (lines
of principal curvature). For example, where a material is orthotropic
within the surface and has axes of orthotropy coincident with the

co-ordinate lines, the stress-strain equations are

%1k B /(L= v vp ) v B /(L= v vy ) 0 (e
Opy )= \)nglk/(l - \)lkvék) E2k/(l - vlkvgk) 0 € (11.13)
Tiok) L 0 0 G o) \ Y10k

where vZKElk = vlkEEk .

Since the transverse shear strain has been assumed to be constant
across the thickness of each layer, the corresponding shear stress is
likewise constant and is directly proportional to the shear strain.
However, the average shear strain which may provide a good approxima-
tion to the shear rotation does not necessarily provide an adequate
representation of the transverse shear-stress resultant. Therefore,

a shear~stress correction factor is used in conjunction with the

transverse stress-strain equations for the kth layer as follows:

(IT.14)

The shear-stress correction factor, Kk , is analogous to that used
in the theory for homogeneous structures [71-73, 123, 12L4]. One
method of assigning a value to this factor is to compare the approxi-

mate theory with exact theory for some aspect of behavior. For

example, Mindlin [73] has chosen Kk = W2/12 for homogeneous plates so
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that the simple thickness-shear frequency from both theories match.
Bert et al. [113] have pointed out that one value for a dynamic cor-
rection factor may permit good estimates of natural frequencies,
whereas a different value may produce better approximations to mode
shapes. It is difficult to make a definitive recommendation for a
specific value or expression for Kk because it is apparent that
this factor is dependent upon both the configuration of the multi-
layer construction:(number of layers, ratios of thicknesses and prop-
erties) and the specific application (static or dynamic analysis).
Additional factors may also influence the selection. For the dynamic
analysis of three-layered sandwich construction with thin, heavy
facings and a light, weak core, Yu [32, 33] has suggested values very
close to unity. Other investigators [113] have derived similar

magnitudes; some recommendations range as high as 2.2 [125]. Since

most of the applications later in this paper are to three-layered struc-

tures with relatively thin facings and a relatively flexible core, a
value of unity will be used herein.

In discussing the transverse shear stress, it should be noted
that the present approximate theory does not provide for continuity of
this stress at the interfaces, nor does the shear stress vanish at the
free surfaceso* However, the assumption of a constant shear strain
(and thus a constant shear stress) for each layer is consistent with
the philosophy of the finite element method. That is, an approximate

simple displacement pattern which satisfies compatibility is hypothe-

sized and then a variational theorem is used to obtain an orcimal

See footnote on next page.
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*
approximation of equilibrium. . (See Section I.2.2.)

II.1.Lk, Stress Resultants

The stress resultants for the kth layer can be obtained by inte-

grating the stresses over the thickness.

h /2
(Mg Mg, ) k 9Bk
= (1,ck) az, (IT.15a)
(N oy oM o) -h, /2 1ok
st = thkKkYBck (IT.15b)
where h, = |z(k + 1) -z(kx)| is the thickness of the layer. By using

k

Equation (II.12), it is possible to express the first set of resultants
in terms of the middle surface strains and the changes of curvature of
Equations (II.10). Then the integrations can be evaluated in terms of
the extensional, bending and shear stiffnesses of the layer.

The total stress resultants for the shell are obtained from the
individual resultants of Equations (II.15) by summing with respect to

the reference surface. Let L be the total number of layers.

*During the early stages of this investigation, a finite element was
developed for sandwich beams using a quadratic variation of shear
through the depth such that the shear strain and stress vanished at the
free surfaces. This variation was derived on the basis of a linear
variation of bending stresses over the depth. Because of the more
complex nature of the warping in this case, the formulation was
restricted to beams having a continuous shear diagram. That is,
interelement compatibility was maintained for all the layer shears.

A linear variation of shear strain over the length was used. For beams
with dimensions and -properties typical of sandwich construction,
results using this element were practically indistinguishable from
those using a constant shear strain across the thickness. Hence the
more complex formulation was discarded in favor of the approximate one.
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NB NBk
L
N )= 21 L. (I1.16a)
% “ex
M M N
8 L Bk Bk
J = 3 o Sl # ;) + c(k) (II.16b)
tMlQ k=1\ | My oy Mok

The sign conventions for these stress resultants are shown in Figure (II.3).

IT.1.5. Application to the Finite Element Method

For the theory presented above, the following displacements are nec-
essary to describe completely the behavior of the shell:
1. The normal displacement of the reference surface, wo .
2. The tangential displacements of the reference surface, ui
and u
3. The rotations of the tangents to the reference surface, Xy
? and x2 .
| 4, The shear rotations of each of the layers, Ylk and Y2k for
k=1,2, ..., L.
For one-dimensional cases, such as axisymmetric shells, the number of
| displacements in 2 through L4 is halved. Another special case is that
| of symmetry about the reference surface, for which the number of each
of the displacements in L are reduced by L/2 if L 1is even, or by
(L-1)/2 if L 1is odd.
In the finite element method, the deformations of an element are

continuous functions in the local co-ordinate system and are expressed

in terms of the nodal values of the displacements. In general, for each
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*

primary external node, all of the above displacements are selected as
unknowns. Depending upon the level of refinement of the displacement
models, some of the displacements may also be chosen as additional de-
grees of freedom at internal nodes or at secondary external nodes.*
As an example, consider the planar quadrilateral assembled from four
triangles used by Johnson [76] for the analysis of singly curved shells
(See Figure II.4). For such structures, the nodal lines are coincident
with lines of principal curvature. The bending is represented by a
cubic normal displacement model after Hsieh, Clough and Tocher [66]
whereas the membrane behavior is approximated by a quadratic variation
of tangential displacements (linear strain triangles of Reference [58])
with the external boundaries constrained to deform linearly. If the
layer shear strains are modeled in the same way as the membrane dis-
placements, a total of 33 + 18L degrees of freedom would be required:
(1) at nodes 1 to 5, displacements of type 1,2,3, and 4 contributing
5 + 2L degrees of freedom per node; (2) at nodes 6 to 9, displacements
of type 2 and 4 contributing 2 + 2L degrees of freedom per node.

In assembling the elements into a representation of the overall
shell, compatibility usually must be maintained for all the displace-
ment degreés of freedom occurring at the interelement nodes. However,
when the transverse shear behavior is included, some continuity condi-
tions must be removed in order to permit the "kinking" associated with
discontinuities of the shear stress resultant. These discontinuities
ocecur at transverse line loads. Thus, the necessary and sufficient
requirement for compatibility of the assemblage is interelement contin-

uity on the following nodal displacements:

*
A primary external node is, for example, a node occurring at a corner

of a two-dimensional element. A secondary external node occurs at mid-side

of such an element.
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A, The normal displacement of the reference surface, wo .
B. The tangential displacements of the reference surface, ui and
C. The rotations of the normals to the reference surface (i.e., the
rotations associated with bending), Xp1 204 Xo -
D. The shear warping angles at each of the layer interfaces,

) and ) for k=1,2, ..., L-1 .

(Y1 (re1) = Y1k (YVorxe1) = Yo

The' reductich of the number of these displacements for thé special cases
ig $imilar to that for the basic ‘displacements 1 to L4 above.

Comparing displacements A to D with 1 to 4, it is apparent that, in
addition to modifying the character of some of the quantities, the total
number of displacements per node has been reduced by two. That is, the
number of continuity conditions has been decreased by two. The extra
displacement in each of the two directions is any one of the layer shear
rotations which may now be considered as an internal degree of freedom for
the element. If these extra displacements and the shear warping angles
(D) are known, all the layer shear rotations are recoverable., Further-
more, the rotations of the normals to the reference surface may be

written as

XbB = XB - XSB (II.lT)

where the subscripts b and s represent bending and shearing respect-
ively. The rotations due to shearing may be expressed in terms of the

shear rotations and layer thicknesses

Xgg = XSB(hk,YBk) (11.18)

Hence the rotations XB are also recoverable. A specific version of
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Equation (II.18) will be derived in Section III.l.

At each interelement node there are 5 + 2(L-1) degrees of freedom
and thus the total number of equations necessary for the overall dis-~
cretized structure is the product of this quantity and the total number
of nodes. The additional internal degrees of freedom are not directly
involved in these equations; rather, the element stiffness matrix is
condensed with respect to the loads on these internal nodes [62]. This
process, called static condensation, is described in Section II.2.6. For
example, in the Johnson-type quadrilateral discussed above, the total
number of internal degrees of freedom is 21 + 10L: (1) 2 + 2L contri-
buted from each of the internal nodes 6 to 9; (2) 5 + 2L contributed
from the internal node 5; (3) 2 contributed from each of the nodes 1 to
L, corresponding to the nodal displacements for which continuity is not
enforced. As a resilt, the size of the stiffness matrix for this element
after condensation would be (12 + 8L) by (12 + 8L).

It should be emphasized that the generalized theory in this chapter
is formulated only in terms of co-ordinates which are coincident with the
lines of principal curvature. Thus, when applying the theory to finite
elements with curved surfaces, the displacements and their derivatives
must be taken in the principal directions. TFor axisymmetric shells, the
application involves no difficulties since the principal co-ordinates are
the natural choice. Furthermore, arbitrary shells are usually represented
by planar elements‘[Th - 761 for which the bending and stretching are un-
coupled. Hence the choice of the "principal" directions of the substitute

structure is open.
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II.1.6. Boundary Conditions

In the previous section, it has been shown that the external nodal

displacements at any node are -

w’uBBXB’(YS(k*‘l)'YBk) s k=1,2, .v., L

Hence, at the boundary of a structure, kinematic constraints can be
applied by specifying any or all of the above displacements. In prac-
tice, if a displaéement‘quantity’is specified to be zero, all the ele-
ments of the corresponding row -and column of the overall stiffness
matrix are set to zero With~the>exception of the element on the princi-
pal diagonal, which is set to one. In addition, the load corresponding
to the restrained displacement 'is set to zero., Elastic constraints and

skewed boundaries are also admissable, and their treatment is covered

in the literature &n matrix analysis and the finite element method
[561.

For this particular formulation, it is possible to provide for a
support fixed against rotation in two ways. Either bending rotation
alone may be prevented or both bending rotation and warping may be con-
strained. The latter is probably a more accurate representation of a-

!

classical "fixed edge," although both possibilities have applications.
In either case, rotation of the tangent to the middle surface due to

shearing, Xs , must occur at fixed supports, and this is true for the

above formulation.
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IT.2. Stiffness Analysis of Elements for the Displacement Method

Following is a brief summary of the standard stiffness analysis
[126, 127] which will be applied to three different elements later in
this chapter. This derivation is the key step in the direct stiffness
method outlined in Section II.3. Let N =n +m be the total number
of degrees of freedom for a single element, where n and m are the
numbers of external and internal degrees of freedom, respectively.
Also, let a local co-ordinate system for the element be designated by

X .

II.2.1. Displacement Models

The displacements over the domain of the element are expressed in

terms of generalized displacements as follows:
{u(x)} = [&(x) Hal} (I1.19)

Here [®(x)] is the matrix of polynomial displacement models and {a}
is the N x 1 vector of generalized displacements. {o} can be con-
sidered to be the amplitudes of the displacement shapes [®(x)] . ©Note
that if [®(x)] is expressed directly in terms of the interpolation
polynomials for the particular element, {a} 1is replaced by the vector
of nodal displacement, {q} . The displacement models are simple, but
relatively complete, fields chosen to satisfy, if possible, the require-
ments of completeness and compatibility (Section I.2.2). In addition,
for an arbitrary two-dimensional structure, the models must provide a
stiffness which is invariant with respect to the relative orientation

of the local and global co-ordinate systems.
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IT.2.2. Element Strains

Using the strain-displacement equations and the displacements of
Equation (II.19), the element strains may be written in terms of the

generalized co-ordinates.
{e(x)} = [B(x)]{a} (1II.20)

In this dissertation, the strain vector {e} shall be comprised of
the middle surface strains and the changes of curvature as given in
Equations (II.10b and ¢) and the transverse shears of Equation (II.1l1).
The total strains may be found from Equations (II.10a) and may be

written as
{e(x,0)} = [z(z) He(x)} (I1.21)

IT1.2.3. ©Stress-Strain Relations
Fmploying submatrices of the type given in Equation (II.12), the
total stresses may be expressed in terms of the total strains by

{o(x,2)} = [cll&(x,0)} (11.22)

II.2.4. Application of the Principle of Minimum Potential Energy

In the absence of body forces, the total potential [128] of an

element is given by

T=U-V= :—QL- f €)™ o} av - f {u}'T'{f:u} da (I1.23)
v a

Here the barred quantities are prescribed and the following definitions

apply:
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volume of the element

<
]

area of reference surface of the element over which stresses

©
fl

are specified
{Eu} = vector of loads corresponding to the displacements {u} and

distributed over the surface of the element.
Substituting Equations (II.19 - 22) into (II.23) gives

= {a) (& f (8171217 [e12][B] avia} - f [617(5 } da) (TI.2})

v a

Application of the variational principle [128] to Equation (II.2k)

results in variation of the generalized co-ordinates only to give

S = {6u}T ( J[ [B]T[D][B] avia} - j[ [@]T{iu} da) = 0 (11.25)
A2

a
where the matrix [D] has been defined as
(0] = p(z) = [2(£)17TeIlz(g)] (11.26)
The integral of [D] over the thickness of the shell is given by
c] = [l ac¢ (11.27)
Zh/2
The equilibrium equations which result from Equation (II.25) are

{Qu} = [ku]{u} (11.28)

where
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=
I

Jf (817 G1[B] av

(11.29)

—
O
Q
it
|

d
jr (01745} ae
a

are the element stiffness and consistent generalized loads respectively.

II.2.5. Transformation to Global Co-ordinates

The nodal displacements in local co-ordinates can be obtained in
terms of the generalized displacements by evaluating Equation (11.19)

at the nodes of the element.

{q} = [®(node 1)]|{a} = [A] {a}
Nx1 ®(node 2) NxN Nx1
ete’.

This system of equations can be inverted to obtain
-1
{a} = [A7"1{q} (11.30)

Had [®] originally been chosen as interpolation functions, then {a}
and ‘{q} would be synonomous and this step would be unnecessary.
Let {r} be the vector of nodal displacements in global co-ordinates.

Then the relation between {q} and {r} is given by
{q} = [T]{r} (11.31)

where the matrix [T] is a simple transformation matrix relating the

two co-ordinate systems.

Equations (II.30) and (II.31) may be combined to give

o} = [(A71[T]{xr} = (D]} (11.32)
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Using the transformation matrix of Equation (II.32), it is apparent from
Equation (II.24) that the element stiffness and consistent load vector

~in global co-ordinates are

T
[x] = [T] % HT]

, (11.33)
{r}

171%0)

II.2.6. Static Condensation

The equilibrium equations for the element in global co-ordinates

{R} = [x] {r}

Nxl  NxN Nxl (I1.34)

can be partitioned to distinguish the external and internal degrees of

freedom as follows:

...1_ = _J_'}_..__E?. ) _1' ( II.35a)
By ko | kg | |70
nxl nxn nxm nxl
mxl mxn mxm mxl
Equations (II.35a) can also be written
{Rl} = [kll]{rl} + [klZ]{rQ}
(II.35b)
{Rl} = [kzl]{rl} + [kgg]{rg}

by solving the second of these equations for {r2}
-1 N
{ry} = [x,,1 Ry} - [k,,] [k, 1{x,}

and by substituting this result intoc the first of Equations (I1.359),

there 1s obtained, upon regrouping
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{R} = [k]{r;} = [k] {r}

nxl nxn nxl (11.36a)
where
(B} = (R} - [k, ][k, 17 MR}
1 (I1.36b)
(6] = [y q ] = [, e 1 Tk, ]

In practice, the condensation is carried out by a symmetric backward
Gaussian elimination process [58]. The matrices of Equations (II.36)
are in suitable form for employment of the direct stiffness assembly

procedure (See Section II.3 below).

II.2.7 Element Stress Resultants

Stress resultants of the type given in Equations (II.15) can be
expressed in terms of the nodal displacements of the element. By using

Equations (II.20-22) and (II.32), the element stresses may be written
{o(x,2)} = [cllz(z)I[B(x)]IT]{xr} (11.37)

Moreover, the complete set of Equations (II.15) may be written in

matrix form as

h/2
{s(x)} =[ 12(2)1 o(x,2) ez . (11.38)
Zh/2

where {8} 1is the vector of all layer stress resultants. Upon combining
Equations (II.37) and (II.38) and using the definition given by Equation
(II.27), the element stress resultants at any location within the element

are given by

{s(x)}

i

(GiBllTl{r} . ’ (I1.39)
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It is a simple matter to assemble the total stress resultants according
to Equations (II.16) once {8} nas been determined at a particular point

on the reference surface.
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1I1.3. The Direct Stiffness Method

The direct stiffness method is the most efficient and systematic
approach to the stiffness analysis of structures [63]. It has become
the basic technique of the finite element method and is described in
several of the References, e.g., [126, 127]. The following sequence
of steps summarizes the direct stiffness method as applied ﬁo the

displacement method of solution:

1. Discretization of the structure.

2. Discretization of the displacements and selection of displace-
ment models.

3. Derivation of the element stiffnesses.

4, Assembly of the element stiffnesses into the stiffness of the

complete structure.

5. ©Solution for the displacement amplitudes.

6. Computation of the stress resultants.

Steps 2, 3, and 6 are discussed in Section II.2 above and the remaining
steps are briefly described below.

When discretizing the structure, there are certain natural locations
for interelement nodes. Line loads and discontinuities in geometric or
material properties are examples of such locations. Beyond this, consid-
erable judgment must be exercized in selecting a nodal mesh. In general,
a finer grid is required where there are steeper gradients of behavior.
For two-dimensional structures, attention should also be devoted to choos-
ing a systematic mesh pattern so that the final equations can be ordered
to give a minimum band width.

Once the element stiffness has been derived and transformed to a

common reference system (global co-ordinates), the interelement
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compatibility conditions can be applied to assemble the structure stiff-
ness. The element nodes can be identified with nodes of the overall
structure. The element influence coefficients are merely added to their
proper locations in the overall stiffness, using the cross-identifica-
tion of nodes. The element consistent loads are similarly assembled
into the structure load vector. Another way of interpreting the direct
stiffness assembly process is to consider the variational theorem of
Equation (II.25) as being applied to the entire structure. Because the
displacement fields are separately assumed over each element, the
integral over the structure can be taken as the sum of the integrals
over the elements. Hence, the n x n element stiffness can be consid-
ered a compact form of an M x M contribution to the structure stiff-
ness, where M is the total number of degrees of freedom of the
structure.

The equilibrium equations for the overall structure are

{v}i _ [x] {+v}
Mxl = MxM Mxl (I1.40a)
and may be partitioned according to the structure nhodes as
Vl Kil Kiz .. vy
Vol |%o1 %o V2
- (IT.40Y)

If all of the equations of type (II.36a) are partitioned on the same
basis as (IT.4Ob), then the compatibility equations for the p-th node

are given by

2) _ v = {x} E) (I1.41)
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Here the subscript indicates the node; the superscript, the element;
and there are E elements adjacent to the p-th node. The assembly

process 1s then given by

g (1)
v}= Y {m)
p l=p - p
g (1)
[k 1= 1 (k) o (11.42)
i=1

Pq -

where F is 2 for two-dimensional meshes and 1 for one-dimensional
grids. The final step in the assembly process is to modify the struc-
ture equilibrium equations for the geometric boundary conditiomns,
i.e., the kinematic constraints.

The resulting stiffness matrix is symmetric and sparse. With the

proper ordering of equations, it is also narrowly banded about the
principal diagonal and thus can be efficiently stored. Provided the
boundary conditions are sufficient to prevent rigid body motion, the
matrix is positive-definite and well-conditioned. In practice, only
the upper half of the banded symmetric matrix is stored in the computer,
and a symmetric Gaussian composition is used [60].
(I1.43)
where [L] 1is a lower unit triangular matrix of multipliers and [D]
is a diagonal matrix of pivots. Without pivoting, the banded nature
of the stiffness is maintained in the decomposition and [D][L]T may

be overwritten on the upper band of [xl.
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When the stress resultants are computed as suggested in Section
I11.2.7, some discontinuities in stress occur at the element inteffacesu
These arise from (1) the approximation of the true displacements by the
superposition of the simple displacements assumed over each element and
(2) the fact that interelement continuity is not maintained on deforma-
tion gradients. An averaging process is carried out to obtain a single
value for the stress resultants at the nodes. It should be noted that
as the mesh is refined and the solution converges monotonically, these

nodal stress discontinuities decrease in magnitude.,



CHAPTER IITI: STATIC ANALYSIS OF ELASTIC SANDWICH STRUCTURES

ITT.1. Sandwich Beams and Cylindrical Bending of Sandwich Plates

For the one-dimensional case of beam analysis, the parameters used

in Section IT.1 take the following values:

1 o 1
WC=u, W= = oy = (111.1)
l 9 . 9 Xl X"' dX 9 Ylk Yk. *

1k T Sxk 0 Yizk T Yok

The remaining parameters (52, ae, ug, Xg . sz . YlEk . YECK) vanish
from the formulation. PFurthermore, attention is restricted to three-
layer sandwich beams with facings of equal thickness and composed of
the same material (Figure III.1). Hence the bending and stretching is
uncoupled and only the flexural behavior is considered:
w’ =0 . (111.2)
The thickness of the core layer is taken to be hC and that of
the facings hf . The total thickness is h and the distance between
the middle surfaces of the facings is designated d . The reference

surface ig selected to be identical with the core middle surface and a

normalized co-ordinate is defined
£=(x - Xi>/(Xj - xi) = (x - xi)/ﬁ (III.3)

where the subscripts identify the i-th and j-th nodes of the beam ele-
ment of length £ (Figure III.1). In all cases, the width of the
beam section is taken to be unity. Sign conventions are indicated in

Figures III.1 and IIT.Z2.

L5
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ITI.1.1. Slope Due to Transverse Shear

In equations (II.17) and (II.18) it was indicated that separate
components of the slope, X , could be identified. The expression for
the contribution due to shear is derived in this section. Figure III.3
shows a differential element deforming under pure shearing of the core
and the facings. With this type of loading, there is no net extension
of the layers so the tangential displacement of each middle surface is
zero., The tangential displacement of the interface must be the same
when computed with reference to the middle surface of either the face
or core.  For the case of constant shear carried entirely by the core,

this condition gives

ulz = hc/g) = <Yc - Xsc)hc/2 = Xse hf/2

and for the case of face shearing it gives

ulz = -hc/g) = (Yf - Xsf)hf/2 = Xsr hc/2

Adding the two equations and using d = hc + hf , one obtains

Xs = Xsc * Xsf = Ychc/d * thf/d (I11.4)

X and Xgp Bre defined in Figure III.3.

sc
ITI.1.2. Stress-Strain Equations

The constitutive matrix is diagonal for the beams and the stress-

strain equations are given by
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o} B 0 0 0o 7 ,e
Xe c xe
T 0 K G 0 0 Y
Xzc c C Xzc
= (III.5a)
Oxf 0 0 Ef 0 Exf
szf O 0 0 KfoJ szf

To modify this for the cylindrical bending of plates, the lateral con-

straint is taken into account to give

2 -
Toe [EC/(l - vc) 0 0 0 €e
T 0 K G 0 0 Y
XZzc Cc C XZC
= 2 (III.5p)
S 0 0 Ef/(l - vf) 0 € er
szf - 0 0 0 Kfo~ szf

As usual, there is a complete analogy between the two problems.

ITT.1.3. Stiffness Matrix for Beam Elements

The beam element stiffness matrix is derived in this section follow-
ing the procedures outlined in Section II.2. A cubic transverse displace-
ment field and a linear variation of shear rotation are assumed. Moreover,
interpolation functions are used in order to express the displacement
models directly in terms of the nodal displacements. Hence Equation

(II.19) may be written
{u(@)} = [e(8)Ha} , 0<g<1 (I1.19)
Here the vectors are chosen as

{u}T

1
A
5
>
32
éﬁ
v

}T (I11.6)

I
A
£
o
£
)
Vv

{q

The matrix «[&®(E)] .ié:giVenNin‘Appendix AT,
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The kinematic assumptions of Section II.1.1 as applied to the beam

are

c c
h h :
t,b _ 4 =le - Ur |
u = —zf(x - Yf) ey G- ORI e Ot (111.7)
W_Wt=Wb=W
e T TF f

where the superscripts t and b indicate the top and bottom facings
respectively. From Equations (II.9) it is then clear that the strain

components of Equation (II.10) are given by

€ = 0

XC
o t,b d dy hcdx h, dy

9N _ e - T
e “to:& T o T &
(111.8)
= _ X, dy

Kxc dx + dxc

t,b _  dx , dy

Ker =~ 3x T ax

By applying Equations (III.8) to Equations (II.19) and (III.6), the

strains may be expressed in terms of the nodal displacements.
{e(g)} = [B(E)1H{q} (II.20)
When the strain-component vector is defined

{E}T = <k Eot t t ob b b

Xc szc xf xf 'xzf "xf xf szf

then the matrix B 1is as given in Appendix A.l. Note that
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Also given in Appendix A.l are the matrices [Z] , [C] and [F] from

Equations (II.21), (II.22) and (II.27), consistent with the definitions

T t t b b
= <
le} €xc szc €xf szf xf szf
o} =<o SO SR 4

T T T
xc xzce xf xzf "xf xzf

When the principle of minimum potential energy is applied as in
Equations (I1.25-29), it is possible to identify the separate contri-

butions to the element stiffness due to shear, bending and axial force:

(kg 1= (k21 + (0] + (630 + [K5) + [x

_ Ny
8x8"

. (1II1.9)

The integrations have been carried out in closed form and the stiffness
contributions are given in Appendix A.l., The distinction between the
various components proves useful in obtaining quantitative evaluations
of various approximations; e.g., the effect of neglecting the bending
of the facings about their own middle surfaces can be ascertained by
omitting [kﬁ] (See example in Section III.5.6).

Although the global and local co-ordinate systems are identical,

the stiffness [kq] still must be transformed so that it is expressed

in terms of the following nodal displacements
(e} = < W, Yo Yo V. Yes Yi Yes Yer > -
A o A R T o B, B i S i

These co-ordinates were not the original choice because the use of {q}
as given in Equation (III.6a) allowed a much simpler closed-form inte-
gration for the stiffness matrix. The transformation [T] is quite

simple and can be constructed from the definitions
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Y=Y, - Ve
(II1.10)

Xb X - hCYC/d - hf‘Yf/d

The latter is obtained from Equation (III.4). The matrix is given in
Appendix A.1l.
ITI.1.4. Consistent Load Vector for Uniform Loads

By substituting the matrix [®] from Equation (II.19) into
Equation (II.29) and using the load vector

{5u}T = < pz(g) 000 >

where pZ(E) = b, is a uniform transverse load, the consistent loads
are found to be
p,%

T [} 2
{q} = — <1 001 -7z 0 0>

These can be transformed to correspond to the {r} displacements. The

result is

{R}T_EZ_S.L. < 1 &Eﬁ%l _.Q:.__l:l.c:_%.__g’>
) 6 6d 6 6d 6 6

ITT.1.5 Element stiffness for Quadratic Variation of Shear Strain

An element stiffness may be derived for a quadratic variation of

shear strain by utilizing an internal nodal point at & = ;~. If this

2
node is designated by the subscript o , the interpolation functions

for the shear strains are

¥ = (1- 38+ Qig)yl + BE(L - £)y, + £(26 - 1)y, (II1.11)
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where k = c¢,f . The details of the derivation are the same as for the
linear variation of shear and will not be carried out here. The relevant

matrices are given in Appendix A.2, including the contributions to the

10 x 10 stiffness.
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IIT.2 Axisymmetric Sandwich Plates

For the cylindrical co-ordinates used to describe this case, the

parameters in Section II.1 take the following forms:

1 2 (

= - - _ (III.12a)
El =r , 0 =1; &, = 0, a, =r

In addition, since only axisymmetric loading is considered:
° = q° W =u, =0 =y
%1 » Uy T T E . W OF
=y = 3 =
X157 X Tar e ik T Yk
(III.12b)

Yox = Yorx = Xo T Yipx = ©

Attention is again restricted to three-layered construction symmetric

about the middle surface of the core. As a consequence, the uncoupled

stretching may be neglected in the flexural problem:

u =0 . (111.2)

The geometry and terminology will be completely analogous to that
for the beam (Figure III.1l). Here the normalized co-ordinate in the

radial direction is defined as
E=(r -r,)/(r, - ri) = (r - ri)/l (IT1.13)

Sign conventions for the stress resultants are indicated in Figure

IIT.4. The slope due to shearing is also the same as for the beam and

the expression is repeated here.

Xg = X =X o = Ychc/d +'thf/d : (1II.4)
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The limitation of axisymmetric loading allows a one-dimensional finite
element representation which is more complicated than the beam problem

that circumferential stresses and strains are present.

IIT.2.1., Stiffness Matrix for Annular Plate Elements

The first step in deriving the stiffness matrix is the selection
of the assumed displacement field. A cubic transverse displacement
model (linear curvatures) is again assumed. In terms of generalized

co-ordinates, this field is given by

w(g) = o + a8+ u352 + “AEB , 0<g&g<1.  (III.1h)

The basic shear strain model is a linear field as follows:

'Yc(g) 055 + 0L6E

Yp(8) o, + gt . 0<g<1

(ITI1.15a)

Tn addition, a more refined element with respect to shear may be

obtained by using a quadratic shear strain field

o
YC(E) ag + act + agi (117.150)

yf(i) = o, + u8€ + uloiz 0<gc<1

The kinematic assumptions applied to the axisymmetric plate are

the same as those for the beam:

o
il

—zc(x - YC)
(III.7)

[ng

= (XY F S 1 Ve Y
f f £/l a2 X F2 Te+2 'f

o
i

However, now there are non-zero strain components in both the radial

and circumferential directions. The components are
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o _ o _

€re T Fpe T 0
dy
= _ X, _¢

Kr— dr * dr
) =—(Y—Yc)

Be r §
got,b=+iéx.__1:l__.di__5f_ﬂf_ (11116)
rf -2dr + 2 dr + 2 dar ’
eot’b_+£~,s'1_ fl_c_ bt
6 " IFPEX"T V.3 Ye ‘

rf E;' dr
po, X Ye)
of r

These may be applied to the assumed displacement fields in terms of the

generalized co-ordinates by using

d

a_
dr 4a&

%

4
£

=

o
o

r

The stiffness analysis is a straightforward application of the tech-
niques outlined in Section II.2. The matrices that result are given in
Appendices B,1 and B.2 for the linear and quadratic shear models, respect-
ively. However, the integration to obtain the stiffness matrix is not
carried out in closed form. Rather numerical integration using Gauss's

formula [131] is incorporated into the computer program for the integral
T
(k] = emf [B(2) 171 G1[B(E)] vag (r11.17)

Finally, with the selection of the vector {q} = {r} as given in the

Appendices, the global and local co-ordinates do not differ and the

total transformation matrix is given by [T] = [A—l]
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II.5.2. Stiffness Matrix for Disc Elements

In the limiting case r. = 0 +the annular plate elements described
in the previous section and in Appendices B.l and B.2 become discs.
Because the center of the disc occurs on the axis, there are certain
constraints that must be introduced to maintain axial symmetry. From
the outset, concentrated loads at the center of the plate are excluded
in o;der to avoid the corresponding singularity. Hence the symmetry
requirements result in the following "internal boundary conditions"

[84]:
=Y,=0 at r=0 (111.18)

These conditions, in effect, remove three generalized co-ordinates

and the assumed displacement fields become

w(E) = G, + G + GeE

(&) = 0.k (III.19a)
Yp(E) = agf 0<g<1

for linear shear strains and
W(E) = G + GE” + Gl
VolE) = a.8 + OC9gg (III.19b)
Yo(8) = agE + &1052 0<E<1

for quadratic shear strains. The kinematic assumptions and the strain-
displacement equations for annular elements also apply to the disc as
long as the new displacement fields are used. In Appendices B.3 and

B.4 the matrices arising from the stiffness analysis of disc elements
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with linear and quadratic shears are given.. These matrices are derived
in the same dimensional format as those for the annular element so that

they need no special treatment in the assembly procedure.

III.2.3. Consistent Generalized Load Vector

If the distributed loads are assumed to be linearly varying along
the radius, it is an easy matter to perform the integration to obtain
the generalized loads, {ro} , of Equation (II.29). Given the trans-
verse load intensity at the nodes, linearly varying loads may be

expressed using the interpolation equation

D, = P,

s g(pzj -p..) (IIT.20)

Z Z1

Then the generalized loads are obtained from
1
{ro} = 2m [ [@]T{p}(ri + RE)ag . (111.21)
o

The results of this integration and of the subsequent transformation
to global co-ordinates are given in Appendix B. It should be noted
that, in the discretized representation, load distributions of an
order higher than linear can be approximated by a linear variation

over each individual element.
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III.3. A Doubly Curved Axisymmetric Shell Element

Various doubly curved elements and local co-ordinate systems for
axisymmetric shells were studied by Khojasteh-Bakht [84]. OFf the
possibilities he considered, he was able to obtain best results from
(1) an element which matched the position, slope and curvature of the
shell meridian at the nodes and (2) a representation of the element
geometry and displacements in’local rectilinear co-ordinates. This
formulation, which Khojasteh-Bakht designated FDR(2), results in an
element which satisfies the completeness and compatibility conditions
given in Section I.2.2. It is adopted for use in this paper.

Let the local rectilinear co-ordinate system be & - n and the
displacements in the corresponding directions be Uy and u, . Choose
the meridional and radial displacements of the shell reference surface
to be u and w and the radius of meridional curvature to be Rl .
Then the geometry shown in Figure III.5 is substituted for that of

an arbitrary rotational shell. The angles are positive as shown in

the figure and the following relation applies
6+ +B=T/2. (ITI.22)

Note that & is a normalized co-ordinate which takes the values O
and 1 at nodes i and J , respectively. The meridian of the sub-

stitute element 1s given Dby

n==¢8(1-¢) (al+:a2£ + a3£2 + augB) (ITII.23a)

where Khojasteh-Bakht has shown that thée constants are given by
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FIGURE IIL.5 DOUBLLY CURVED ELEMENT AFTER
KHOJASTEH [84]
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FIGURE IIL.6 AXISYMMETRIC SANDWICH SHELL GEOMETRY
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a., = tan Bi

1"
a, = tan Bi + ni/2

n 1

a), = 3(tan Bi + tan Bj) - (nj - ni)/2

(11T.23Db)
11 ]
a, = -(5tan Bi + Ltan Bj) + (nj/2 - ni)
1"t _ den _ Q/
n=2 3
a& R, cos™ B
1
- - dn
tan B =n = E
The parameters in Equations (III.23) are obtained from
Ar = v, —r, ,Az =2, - 2
J 1 J 1
y 1
hs = {872 + Fz212
sin Y = Ar/As , cos ¥ = Az/As (11I.24)

sin = -~ 81 i
Bn cos ¢n cos Y ~ sin ¢n sin ¢ o
n = 1i,J]
cos = gin cos + co sin
B, ¢ cos Y + cos ¢_sin Y

In order to apply a stiffness analysis to this substitute element,

the following additional relationships are needed:

r=r, + 2(Esin Y + necos P)

dg _cos B ag _ L _ " 2

ds L T Rl cos | 1 cos 8
cos ¢ = cos B (tan B cos Y + sin ¥) (111.25)
sin ¢ = cos B (cos Y - tan B sin ¥)

1

cos B = i
(1 + tan2 B)2
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The displacement transformation egquations are also necessary:

u=1u, cos B + U, sin R
(I11.26)

sin 8 - u,, cos B

3]
il
o

2

In the next section, this doubly curved element is applied to arbitrary
rotational sandwich shells. The assumed translational displacement
fields are expressed in terms of the local displacements uy and U,

and the local co-ordinate £ .
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IITI.4. Axisymmetric Sandwich Shells

The geometry of the shell reference surface is described in terms

of the following definitions for the parameters in Section II.1:

(III.272)

2y
fl

r/sin ¢

where Rl and ¢ remain unchanged. Only axisymmetric loading is

considered; therefore, the following apply:

u; T U, U, = u2 =0 ,w =W
=y =, 1 = (III.27b)
Xy 5 X = 3 R, Yix T Yk ‘
€1 T %k Fox T fFex * Yigk T Yerx

Yor “Vorx = Xo = Yipg = O

See Figures III.5, III.6 and II.3 for the geometry and sign conventions.
Like the beam and plate analyses above, only the three-layered case

symmetric about the reference surface is considered in detail here.
IIT.4.1. Xinematic Assumptions and Strain-Displacement Equations
The rotation of the shell meridian due to shear remains the same

as for the beam and plate

_ Qw o _ _
X, = qgs = X=X = ychc/d + yfhf/d (IIT.4)

The kinematic assumptions are taken from Section II.1.l and modified

in light of Equations (III.27) to obtain
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u, = u - (x-v,)
h h
S dy_ e, __f
e u- X =) EEXT T Yo 3T Ve (I11.28)
"Wt"'Wb"—"W
o T Ve TV

Furthermore, the strain components of Equations (I1.10) for the

present notation and loading case are given Dby:

sc ds Rl
e} 1 .
€00 = 7 (w cos ¢ - w sin @)
= _ 84X, 9y
Ksc TS + ds ¢
_ cos
Koe = T (x = v,
(I1I1.29)
t,b , h, dy
o _du wo o dd Ze Yo £ £
sf ds Rl - 2ds + 2 ds + 2 ds
sot,b = L (4 cos b - w osin ¢) + =2 4. . Eg - Ei'
st r r 2 X 2 Yc 2 Yf
b _ax, T
st ds ds

t,b _ cos ¢
“gp = T r (X =Yg

However, in order to employ the substitute element described in
Section ITI.3, the strains must be expressed in terms of the displace-
ments in local rectilinear co-ordinates. By substituting the trans-

formation of Equations (III.26) into Equations (III.29) and by using
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the relationships given in Equations (III.25), one obtains

2 du du
cos~ B 1 2
x =7 \& tan B - -az)
2 du du
o cos B I 1 2
€sc Tl et B)
e ;-(u sin ¥ + u, cos Y)
fc r 1 2
3 du d2u
K ooo= - c052 B [dil n" cos28 (1 - tan2 B) + ; tan B +
sc f} aE
du du ay
2 2 2|, cos B "'c _
+ 2 T tan B cos” B - 5 ]+ T
ag
(1), ()
sc sc
3 du du
1 Jeos” B 1 2) .
Koe = = % [ 2 ( ag tan B - aE /7 Ve ©°8 % (sin ¢ +
_ (1) (2)
+ cos |y tan B)-—Kec + Koo
. b,b - © 4 g_K(l) _cos B (¢ e Eﬁ_dyf
sf  sc -2 sc + & 2 dag 2 d
t,b h
o’ _ o d (1) cos B c °f .
€or T~ foc I35 M T T v (2 Yo * 3 Yp| (sin ¥ + cos Y tan B)
t,b _ (1) ., cos B e

IS TLINIPAC DY

cos B (
6f

sin ¢ + cos ¢ tan B)

where terms with the superscript 1 involve only the terms with derivatives

of Uy and u, and those with superscript 2 involve only the Yc terms.
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ITI.L.2. Stiffness Matrix for Frustrum Elements

For a linear variation of shear strain, the assumed local displace-

ments in the rectilinear co-ordinate system are

up oy ok
- 2 3
u, = a3 + ahg + u5£ + a6£
(III.31a)
Y, = uT + u8£

Yp = 0y t o

e 0<g<1

Only the last two equations change for the quadratic variation of shear

strain

_ 2
Yo = %7 *F OLBE‘: * Oellg

- 2 (IT1.31b)
Ye = a9 + alog + a12E

The stiffness analysis follows directly from Equations (II1.30) and
(ITT.31). The resulting matrices for the linear and quadratic shear
strain models are given in Appendices C.1l and C.2 respectively. Since

the integrals for the stiffness matrix and generalized loads,

1
[ka] = 278 J[ [B]T[G][B] Eé%lg ag
O
(IT11.32)
1
_ Te= 4 r{E)
fa,} = 2m f ro1%05,3 HEL- ar
0]

cannot be readily solved in closed form, numerical integration is nec-
essary to evaluate these quantities. Gauss's formula [131] is used in

this case, just as for the plate elements.
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IIT.4.3, Stiffness Matrix for Cap Elements

The case in which r, = 0 1is analogous to the disc specialization
for the plate elements (Section III.2.2). A cap element is shown in

Figure III.7. The internal boqndary conditions in this case are
ur = X = 'YC.:‘Yf - O a‘t, r = O (III-33)

where the case of a concentrated load at the apex has been excluded.
The first two of the parameters can be expressed in terms of the local

displacements and co-ordinates as follows:

u, sin ¥ + u, cos Y

r 1

e
I

2

(I11.3L)
cos2 8 dul du2

X=Tr (& P oa

Hence to be consistent, the assumed displacement fields must take the

form [84]
u) = - 0g cos P+ u6E
U, = 0. sin ¢ + a, tan B.§ + Q 52 + a 53
o = 95 6 i 7 8
(I11.35.a)
Yo © &95

for linear shear strain. For quadratic shear strain, the last two of

the equations become

(ITII.35Db)

=2
L)
i
Q
I_.I
(@]
Ty
+
Q
!,..l
n
iant



l

FIGURE TIL.7 — CAP ELEMENT AFTER KHOJASTEH [84]
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The matrices for the cap element for linear and quadratic shear are

given in Appendices C.3 and C.L respectively.

III.k. 4, Choice of Global Co-Ordinates for the Shell

There are at least two possible global co-ordinate systems in which
to express the displacements of the aXisymmetric shell. These are cur-
vilinear surface co-ordinates (s, © , ) and cylindrical co-ordinates
(r , 8, z). In shell theory, the former co-ordinate system is usually
favored. However, it is possible to apply the finite element method to
shells with discontinuities of meridional slope. At the locations of
such discontinuities, the "radial" and "meridional' directions are no
longer uniquely defined. Hence it is not possible to use surface
co-ordinates in the assembly process for these shells, In Appendix C,
transformation matrices [T] are given for both curvilinear and cylin-
drical global co-ordinate systems. The proper transformation is selected

according to the nature of the shell meridian.
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I1IT.5. Examples of Static Analysis

The above finite element formulation has been applied to various
sandwich beam, plate and shell problems and the results compared to
solutions from other methods and sandwich theories. A sampling of these
problems is presented in this section to demonstrate the efficacy of the
method. In general, both the displacement and stress resultants from
the finite element method compare favorably to corresponding quantities
obtained by established theories. Among the references from which
theories were adapted in order to verify the finite element solutions
were Yu [32], Plantema [12], March [120], Reissner [16], Kao [53] and

Rossettos [52].

I1IT7.5.1. End-Loaded Cantilever Beam

A cantilever sandwich beam of unit width with a unit load at the
free end illustrates the effect of a constraint on the warping. The

dimensions and properties are selected as follows:

h =0.5" ,h, =0,04" ,nh=0,58"

c f
= 107 nad = : =
E, = 10 p81u, G, = b x 107 psi , Ke =1
. Lo _
Ec =2 x 10 9psi , Gc = 10 psi , Kc =1

span L = 10" |, load P = 1.0 1b.

Evenly spaced meshes of 5 and 10 elements as well as uneven meshes are
used for both linear shear strain (L elements) and quadratic shear strain
(Q elements).

The displacement solution for 5-L elements is shown in Figure III.8;
the displacements from a 5-Q analysis fall about midway between the 5-L
result and the solution of Reference [32], For all meshes and elements

used, the overall stress resultants are correct to about five significant
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figures, so these results are not shown graphically. Of interest, how-
ever, is the distribution of shear force between the facings and core.
The fraction of the shear assumed by the core is shown in Figure III.O.
The theory from Section 1.2 of Reference [12] does not take into account
either the warping behavior or the bending stiffness of the facings; it
assumes that all shear is taken by the core. The refinement to take
into account the restraint on warping and the consequent flexure of the
facings about their own middle surfaces is given in Section 1.3 of that
Reference. This formulation is due to van der Neut. Finally, Yu's
theory [32] considers both the warping and the shearing of the facings
and thus gives the distribution of shear among the various layers.

Figure IIT.9 demonstrates that with a proper mesh refinement, the
finite element method gives an adequate representation of this phenomenon.
Moreover, the quadratic shear-strain elements enable a satisfactory rep-
resentation with fewer elements. The constraint against warping causes
most of the shear to be carried by the facings. The approximate mechan-
ism of this redistribution is shown in Figures III1.10b and III.10c. In
these figures, the shear force carried by each layer is the area under
the stress diagram.

Failures have been found to occur in the facings near fixed supports
of aerospace sandwich structures. For this reason, the facing layers
are usually doubled in thickness in these regions. The above results
give an insight into the shear redistribution which necessitates the
use of such doubler plates. In fact, the finite element method is
suited for design of doubler plates since the computer program is read-
ily modified to account for elements with differing face thicknesses.
Hence it is possible to include these reinforcing layers in the analysis.

As an alternative, it is possible to assume that doubler plates
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effectively create a section at their cut-off point which is very stiff
with respect to bending rotation, but which is free to warp. Hence one
could assume that the boundary of the structure occurs at the cut-off
point of the plates and could apply boundary conditions that prevent

bending rotation but not warping.
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ITI.5.2 Uniformly Loaded Clamped Circular Plate

A circular plate with a relatively large ratio of the thickness
to the radius is chosen so that the effect of shearing on the deflec-

tions is substantial. When the dimensions and properties of the plate

are taken to be

n, = 0.75" , h = 0.025" , h = 0.8"
107 si , v, =0.3, G, = 3.85 x 106 si K. =1
p E] f . ] f . p H f

o 2.6 x 10 psi , v, =0.3,6 1ou psi , Kk, =1

=
]

=
i

c

radius a = 5" , load p, = 1.0 psi

the shear flexibility accounts for about 85% of the center deflection.
The solution used for a comparison is a superposition of shear
deflections after Plantema [12] and bending deflections after Timo-
shenko [132]. This solution does not take into account prevention of
warping at the fixed circumference.

Finite element results are obtained using even meshes of 5, 10,
and 20 elements with both linear (L) and quadratic (Q) shear models.
Each representation is solved using the two possible fixed-edge boundary
conditions, i.e., with warping prevented (U) and with warping allowed
(W). 1In all cases, the shear stress resultants are correct to nine
significant figures, so they are not shown graphically. This accuracy
is to be expected since the true shear distribution is linear and thus
can be represented exactly by either shear model. The bending moments
do not differ significantly for the two representations of the boundary
conditions or for the two shear models. However, there is some differ-
ence in the deflections for the various cases. When warping is preven-
ted, the Q elements converge more rapidly to a final value than do the

L elements. Figure III.11 shows that this value is within about 2% of
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the deflections for the unwarped case. Thus linear-shear elements with
boundary conditions that permit warping are probably sufficient to
obtain the gross behavior. However, if one wishes to consider the dis-
tribution of the shear between core and facings, one must include the
restraint on warping. In this case, the refined @ elements give
more rapid convergence for displacements and shears (see Figures ITI.Q
and IIT.11).

The radial moments for the clamped plate are shown in Figure ITI.12.
Results of about the same quality, or slightly better, are obtained for

| the circumferential moments.
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I11.5.3. Hemispherical Shell Under Membrane Load

In order to check the effectiveness of the basic element and of

the computer program for shells, the membrane states of both cylindrical

and spherical shells have been investigated. Generally, the results are

satisfactory in that both deflections and stress resultants agree with
theoretical values. A typical example is presented here. The sandwich

hemisphere has the following properties:

— n — 1"
h, =0.5", h, 0.0k

E, =10

1}
—
(@]

psi ,v = 0.3, G, = 3.85 x 106 psi , K

=
il

Lo ; Lo .
o 2.6 x 10 psi , vc = 0.3, Gc = 10 psi , Kc = 1.0

radius a = 100" , load p, = - 1.0 psi

Three- and nine-element representations are used with both linear
shear and quadratic shear. Results are essentially the same for the
two shear-strain models, so only the solution using the less refined
model is presented here.

When roller supports that restrict only the meridional displace-
ments at the free edges are used, the theoretical solution [132, 133]

is given by

2
D a
w=(1l-v) 2 ) o]
o & Q(EhSeff. ?
— — _..__.Z - = =
NS = Ne = -5 MS M6 0, QS 0
‘(Eh)eff. = Echc * Qthf

Substituting the proper values, one obtains

N_ = Ng = 50 1b./in.

- 0.00L4305"

5
]
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The finite element solution for three elements is shown in Figure III.13.
Tt is seen that the results agree very closely with the theoretical
answers, The nine-element solution is even better, and is not shown since

it does not differ significantly from the exact solution.
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I1I.5.4, Edge-Loaded Cylindrical Shell

A sandwich cylinder with the following properties is examined next:

h =0,5", h,=0.04" , h=0.58"

c f

E_ = lOT

. Lo
- psi , v, = 0.3 ,*GC = 10 psi , Kc =1

f

radius a = 20"
end shear = 1.0 1b./in. , end moment = 1.0 in-1b./in.

The core bending and extension and the face shearing are neglected by

taking

E =0, G, =100 psi , Ko =1

These effects have been omitted in order to compare the results to
Reissner's solution for a semi-infinite cylinder [16].

In approximating a semi-infinite cylinder by a finite one, two
different types of boundary conditions at the unloaded edge are possible.
Constraint on both meridional translation and bending rotation at this
edge provides a better approximation than constraint on meridional trans-
lation alone., The cylinder is represented by even meshes of 10 and 20
elements with element lengths of one inch and one-half inch. Linear
shear-strain elements are used. Results are shown in Figures III.1h
through III.17. It is seen that the total length of the finite element
representation is an important consideration. Despite a fine mesh, the
representation using 10 one-half inch elements for a total length-radius
ratio of 1/bis inadequate. Satisfactory results are obtained with 10

one-inch elements and the other two meshes provide further refinement.
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II1.5.5. Shallow Spherical Cap with Partial Distributed Loading

The final shell problem presented here is a simply supported
shallow spherical cap subject to distributed loading over a portion of
its surface. The closed-form solution for this problem in terms of
Thomson functions has been given by Rossettos [52]. He neglects the
shearing of the facings and the bending and extension of the core, so

the following properties are selected:

hc = 0.95" , hf =0,025" , h = 1"
N . _ _ .~20 . _
Ef = 10 psi , Vo = 0.3, Gf = 1077 psi , Ko = 1
= = 107 wed =
Ec =0, GC = 107 psi , Ko = 1

radius a = 20" , supported edge at ¢ = 15

A uniform load of 1 psi is applied in the axial direction over that
portion of the surface given by O < ¢ < 3°

The cap is analyzed using 5 and 10 linear-shear elements. Deflec~-
tion results are presented in Figures III.18 and III.19, and stress
resultants are plotted in Figures III.20 to IIT.22. In general, satis-
factory results are obtained from the 5-element representation. The
small difference between the 5- and 10-element results indicates that

the finite element solution has effectively converged.
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I1I.5.6. Effect of Various Contributions to Beam Stiffness Matrix

Various approximations are possible in analyzing sandwich struc-
tures. Any one or combinations of the following may be neglected: (1)
shearing of the facings, (2) bending of the facings about their own
middle surface, (3) bending of the core about its middle surface and
sfretching of the core, and (4) shearing of the core. Generally, the
stretching of the facings is not neglected. In addition, approximation
(k) would not be valid for sandwich construction with the typical
properties used in the preceding examples. However, since the present
theory places no restriction .on the ratios of layer thicknesses and
properties, the approximation may be applied to other configurations.
The effect of each of these approximations can be evaluated with the
finite element method by choosing an appropriate value of the modulus
when computing a contribution to the stiffness matrix. For approxima-
tions (1) and (4) the shear modulus of the corresponding layer is set
to a very large value (e.g., 10°° psi) and for approximations (2) and
(3) the Young's modulus of the proper layers is set to zero. The
resulting solutions are compared to the case for which none of the
effects in question are neglected.

This process is now applied to a simply supported beam subject to
a uniformly distributed load and represented by ten linear-dhear ele-
ments. The basic beam has a unit width and depth, a face modulus of
Ef = lOT psi and a Poisson ratio of 1/3 for both face and core. It is
assumed that the shear stress correction factors are unity. Various

values of the following ratios are selected in order to vary the para-

meters that affect the solution:



| @

ok

ry = Be/hy
rL = h/L
ro = G./G, = E_/E_

where L 1s the span length and the other parameters have been defined
previously. A set of curves for fixed values of ry and r and a
variation of rg is shown in Figure IIT.23. The ordinates, which are

ercent errors, are based upon the average value of the ratio of the

g

displacements for the approximate and "exact" cases. Families of such
curves could be generated if desired. Koch [30] has already published
several such curves for beams and plates using certain simplifying
agsaumptions.

Although the errors due to approximations for different specific
configurations (e.g., simply supported beams vs. cantilever) may be
somewhat different, the trend is the same; and some generalizations
may be made from curves for simple structures. For example, in Figure
I11.23, increasing values of rg correspond to cores which are
increasingly weak with respect to the facings. As the curves indicate,
large errors may be expected from neglecting the bending of a strong
core or the shearing of the weak core. A further interesting conclusion
iz that the bending of the facings about their own middle surface is
significant for very weak cores, despite the fact that the facings them-
selves are very thin. This may be explained by the fact that for high
values of rg » the bending stiffness of the facings plays an important
role in causing the core to deform in shear. Hence the face bending is
significant because of its effect on another mechanism of the flexural

gotion.
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IIT.5.7. Discussion of Examples

The above results demonstrate the potential of the finite element
method of analysis for sandwich structures. Although no examples are
presented for closed shells which are not shallow, the computer program
is capable of solving them. The reason such examples are not included
is the absence of published solutions with which to compare them., The
main purpose of the examples has been to demonstrate that the finite
element analysis converges to known solutions.

Insofar as the warping phencmenon due to shear is approximated,
the finite element results are superior to those from some approximate
sandwich theories which neglect this effect. In particular, the
shearing stiffness of the facings becomes important at fixed supports
where warping is prevented and at concentrated transverse loads. A
common assumption for sandwich construction is that all the shearing is
taken by the core [12]. Hence the facings are assumed to be infinitely
stiff in shear. However, if the core carries all of the shear at a sec-
tion where warping is prevented, the facings must be considered infine-
itely flexible at such sections. Unless this inconsistency is elimina-
ted by recognizing that the facings must carry a significant portion of
the shear at these locations, the resulting deflections will be too
large. This difficulty has been recognized by Plantema [12]. (The
corresponding phenomenon for homogeneous beams is discussed by Timoshenko
[129]). The present finite element formulation permits determination of
the distribution of shear between the facings and the core. This is
illustrated by the first two examples above.

The relative advantages of linear and gquadratic shear models are also
illustrated in the examples. For the one-dimensional problems considered

here, the use of guadratic shear introduces two extra equations in the
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static condensation for each element. The advantage of the refinement is
that, where there is a rapid variation of shear, the quadratic shear rep-
resentation will produce satisfactory results with a coarser mesh. On
the other hand, the moments may only vary linearly along the length when
a cubic transverse displacement and a quadratic shear strain are used.
With this limitation on the variation of the moments, it is perhaps
inconsistent to have a more refined model for the shear because a rela-
tively fine mesh may be needed to obtain accurate moments. However,
for structures which cannot warp freely in shear, the variation of the
distribution of shear between core and facings is very rapid near
restrained sections. Indeed, this variation is exponential [12] and is
@usually more pronounced than the variation of moment over the same
length. Thus for some problems the refined shear model seems justified.

The deflection of homogeneous beams including the effect of shear
was studied by using the same properties for facings and core and by
making the facing thickness very small in relation to the core thickness.
Then with the value of Kc = 2/3 , which is appropriate for rectangular
cross-sections, the deflections are ldentical with those given by Timo-
shenko [129].

When the shear is neglected by setting the shear modulus to an
extremely large value, the finite element solutions for homogeneous
structures (same material properties for core and facings) reduce to
the classical solutions. For rotational shells, this means the results
become exactly the same as those obtained by Khojasteh-Bakht's finite
element analysis for elastic problems [8L4]. For beams and circular
plates, the solutions closely approximate those of elementary theory

(129, 132].



CHAPTER IV: FREE VIBRATION ANALYSIS OF ELASTIC

SANDWICH STRUCTURES

IV.1l. Lumped Translational and Rotatory Inertia

The mass of the structure is concentrated at the nodal points so
that the inertial properties can be represented by a diagonal mass
matrix. Felippa [57, 59] has demonstrated that this lumped mass pro-
cedure provides satisfactory fundamental frequencies and mode shapes
with less computational effort than the consistent (or distributed)
mass approach. For the same number of nodal points, the former method
results in fewer equations for the eigenvalue problem. When meshes
are arranged so there are the same number of eigenproblem equations
for both techniques, Felippa's results for homogeneous plates indi-
cate that the lumped mass approach produces the more accurate fre-
quencies. The consistent mass method is less efficient than the
Jumped mass scheme for two main reasons. TFirst, static condensation
(Section II.2.6) cannot be applied to consistent mass systems.
Second, additional condensation can be carried out for the lumped
mass representation on the external degrees of freedom which do not
correspond to concentrated masses, This process is prescribed in

Section IV.Z2.

IV.1.1. Arrangement of Lumped Masses

Rotatory inertia has been shown to be a more important factor in
the vibration of sandwich plates [34] than in the dynamics of homogen-
eous plates [72]. The effects of this type of inertia is discussed in
Section IV.3. 1In this section a physical interpretation of the lump-

ing process is given,
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For translational displacements it is sufficient to idealize the
lumped mass as a point on the reference surface (Figure IV.la). How-
ever, for rotatory effects, the distribution of the mass through the
depth of the beam must be maintained. This is especially true for
sandwich structures where the outer-most layers, the facings, may be
much denser than the core. Hence, one can visualize the mass as being
lumped along the material line originally normal to the reference suf-
face, with no concentration of the mass across the depth (Figure
IV.1.b). In effect, this is the same as multiplying the mass moment
of inertis of the cross section by the tributary area.

It should be noted that the rotatory inertia is associated with
the rotation of the normal to the reference surface, i.e., Xb . This
displacement is chosen as an external degree of freedom at each node
(Section II.1.5). The lumped rotatory inertia thus corresponds to

this degree of freedom in assembling the equations of motion.

IV.1.2. Determination of Tributary Ares

For beams the determination of the tributary area is elementary.
It is merely the product of the width and the length of half of each
of the adjacent elements (Figure IV.l). For rotational shells of arbi-
trary meridian, the calculation is more difficult. A logical proced-
ure would be to divide the area of each element at a circumference
which is equivalent to the centroid of the area. However, the deter-
mination of this centroid would require more information than is
needed to construct the substitute element (Section III.3). Hence the
tributary area for each node is taken as that area of the two adjacent
substitute elements between the node and the points on the meridian

where the local co-ordinates & are % . This representation will be
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most accurate for shells approaching a cylindrical configuration and
least accurate for very flat shells and circular plates. Nevertheless,
as the mesh is refined, the difference between theccentroid and the
point & = %- diminishes. Therefore, this approximate approach is con-
sistent with the other approximations in geometry that are used for the

finite element method.

The element of area of the shell reference surface is given by

- - r(g)
da = 2nr(g) ds = 2m} B ag

This is integrated over the appropriate range of & using Gauss' inte-
gration formula simultaneously with the similar numerical: integrations
for the element stiffness. Whereas a ten-point integration is used for

the stiffness for 0 < § <1 , five-point summation is employed for each

L
2

o

of the areas 0 < & < nd %-f g<1.
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IV.2. Formulation of the Eigenvalue Problem

In the absence of velocity-dependent damping, the equations of

motion in matrix form may be written

MI{F ()} + [KH{¥ ()} = {v(t)} (Iv.1)

where {V(t)} are the nodal forces, {v(¥£)} are the nodal displace-
ments, [M] is the mass matrix and [K] is the stiffness matrix for
the overall structure. Following the usual procedure for free vibra-
tions, the displacements of the unloaded structure are assumed to be

harmonic with frequency

Fufetr

{w}eos wt

{0}

{v(t)}
{v(t)}

il

where {w} is the vector of displacement amplitudes. As a result,

the accelerations are proportional to the displacements
. 2 R O
{(#(£)} = - wHv(t)} = - w iy} cos wt
and the eigenvalue problem is stated as
2
[KMw, b = wl[M]{w, } (1v.2)

However, standard computer subprograms for determining eigenvalues and

eigenvectors of a symmetric matrix:are:based:uponi the formulation
XHx.} = A, {x,} . (1v.3)
i i1

Therefore, the vibration problem of Equation (IV.2) must be reduced to

the standard form (IV.3)
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Felippa [57, 59] advocates a technique which simultaneously trans-
forms the equations to standard form and condenses the degree of the
problem. This method is efficient in that it gives numerically accurate
results and also uses and preserves the banded nature of [K] . Felip-
pa's approach is adopted here and is now described.

With the lumped mass procedure, the mass matrix is diagonal and is
thus designated [M] . Moreover, non-zero elements occur on the diag-
onal only in positions corresponding to degrees of freedom which are
associated with concentrated masses. For the problem under considera-
tion, these degrees of freedom are the translations and, if rotatory
inertia is included, the rotations due to bending. Conversely, there
are no masses associated with the warping. Only the equations that
involve the non-zero elements need be retained in the eigenvalue prob-
lem. If the total number of equations is N and the number of lumped

masses is Nr < N , the following sets of equations are solved.

[K]{fi} = {ei} » 1 =11, oo, N (Iv.k)

The stiffness [K] has already been triangularized by the method given
in Section II.3, so the solutions (IV.4) are efficiently achieved. The
vector {ei} is a unit vector with zeros at all locations except the
one corresponding to the ith lumped mass. As a result, {fi} is the
column of the flexibility matrix

[r] = (k)7
and, specifically, is the column associated with the 1th lumped-mass
degree of freedom., It is possible to select the Nr elements of each
of the {fi} vectors which correspond only the concentrated masses and

thus to construct the N x N, flexibility [F] . 1In effect, the i

degree eigenvalue problem of Equation (IV.2) has now been reduced to
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th

the Nr degree eigenvalue problem
—— 1 - .
Flfdte} == v}, i=1, ..., N (1v.5)
w,

1

This equation is readily transformed to standard form (IV.3) by premulti-
1
plying by [MJ2 , the diagonal matrix whose elements are the square root

of those of [M] . Hence

[X]{xi} = Ai{xi} s i=1, .0, N (1Iv.3)
where
o A
[x] = fMJ2fF]iM]2
* 1
{x.} = MJ2{w.} (1Iv.6)
1 1
2
Ai = 1/wi

An advantage of this formulation of the problem is that the smallest
frequencies wi correspond to the largest eigenvalues Ai . Because
eigenvalue programs generally compute roots to within an absolute tol-
erance, the largest Ai will have the smallest relative error.* In

the computer program, the flexibility matrix [F] 4s not separately

computed in its entirety. As each column of [F] is obtained from

*
An alternate approach to formulating the reduced eigenvalue problem

in standard form would be to perform a static condensation (Section
II.2.6) on the degrees of freedom not corresponding to lumped masses.
Then.the reduced problem

KI(7,) = oSt G) 5

can be transformed by premultiplying by Eﬁl 5-. However, the dis-
advantages of this procedure are that (1) the banded nature of [K]
is destroyed in rearranging rows and columns for the condensation and
(2) lowest frequencies correspond to lowest eigenvalues.
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Equations (IV.k4), it is modified using Equation (Iv.6a) to construct
the corresponding portion of [x]..

Once the eigenvectors {xi} have been found for the standard
form, the complete mode shapes can be recovered using the triangular-
ized stiffness matrix. Inertial loads of the form

N
{p;} = wilMi{w, } = wilm2{x,} (1Iv.7)
i i i i
N x1
r
are expanded to N x1 by the addition of zero elements corresponding
to the condensed degrees of freedom. When these are applied to the

structure using
[KHw, ) = {pi} (1v.8)

the solution of the equations gives the desired mode shape.
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IV.3. Vibration Modes

Like the dynamic analysis of homogeneous shells and plates, the
study of the free vibrations of sandwich structures is primarily con-
cerned with the most fundamental modes of deformation. These modes
correspond to the lowest branches of the frequency equation for three-
dimensional theory. However, the relative importance of the various
types of behavior is different for homogeneous and sandwich structures,
In particular, the thickness shearing modes are of lesser importance
for the homogeneous case since they occur at extremely high frequen-
cies in relation to the pure flexural deformations. This is not nec-
essarily true for sandwiches because they are more flexible in shear.
Depending upon the nature of the vibration environment and upon the
properties and configuration of the sandwich structure, the thickness-
shear modes may be quite significant.

Thickness-shear deformations are those in which the shearing
across the depth of the structure is predominant. Thus, for the
three-layered construction used in the examples of this dissertation,
the mode is characterized by a tangential displacement of one facing
relative to the other. In terms of the displacement parameters of
the finite element method, for thickness-shear behavior the slope
due to bending, Xb , and that due to shear, XS , are of opposite sign
at any location on the reference surface. Because the shearing
deformation is so closely related to the rotation of the structure
cross-sections, it is necessary to include the rotatory inertisa.
Otherwise the mode will not appear in the free vibration analysis.

The importance of thickness-shearing modes has been discussed by

yu [33, 34, 37] and Chu [46]. Tt will be further emphasized in the
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examples of Section IV.4 below. However, a brief qualitative review of
the relationship of the various vibration modes is now given. Figures
IV.2 and IV.3 demonstrate this relationship. It should be emphasized
that these two Figures are merely gualitative sketches to illustrate
the modal behavior. They do not represent results calculated for a
particular structure. Moreover, the use of continuous curves for each
mode implies an infinity of possible wave lengths and hence a struc-~
ture of infinite length. For a simply supported, finite-length
structure, the wave lengths must be integer fractions of the structure
length. Hence a finite structure would be represented only by points
on the modal curves corresponding to admissible abscissas.

Figure IV.2 shows the two primary modes of a one-~dimensional, flat
sandwich structure, i.e., a beam or an axisymmetric plate. Point A
is known as the "thickness-shear cut-off frequency' or the "simple
thickness-shear mode." It corresponds to an infinite wave length and
thus represents pure shearing deformation. If the ordinate OA 1is
sufficiently small, the shearing mode becomes significant in analysis
and design. For example, if the points Fl and F2 indicate the two
lowest flexural freguencies, the thickness-shear cut-off becomes the
second lowest natural frequency of the structure.

For the axisymmetric vibrations of a sandwich cylinder, the three
lowest branches of the frequency equation are shown in Figure IV.3.*
Here, point A has the same significance as for the plate. Moreover,

for an isotropic cylinder the simple thickness-shear frequencies are

the same for the longitudinal and circumferential direction, so some

*
Wilkinson [13L4] has described a similar three-branch theory for
spherical sandwich shells.
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insight is gained for the asymmetric behavior. DPoint B corresponds
to a pure radial expansion or '"breathing" mode. The radial and thick-
ness-shear curves are close together for nearly all sandwich cylinders.
In fact, Yu [37] has shown that their relative positions are inter-
changed for sufficiently low ratios of radius to thickness. Since the
radial mode is significant, the determination of the thickness-shear
frequencies is also essential in the dynamic analysis of cylindrical
sandwich structures.

In both Figure IV.2 and Figure IV.3, the point O represents
rigid body translation of the structure as a whole, a motion which is

characterized by a zero natural frequency.
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IV.4h., Examples of Free Vibration Analysis

The finite element analysis has been used to obtain the fundamen-
tal frequencies and mode shapes for several beams, plates, and shells.
Where results from other sandwich theories are available for compari-
son, the approximate method provides reasonable agreement for the
lower frequencies computed. In this section, three examples are pre-
sented: a slender beam, a short beam, and a cylindrical shell. Other
configurations, including rotational shells of arbitrary meridian, can
be analyzed by the present finite element method. However, it should
be re-emphasized that the theory only considers the axisymmetric modes

of such structures.

Iv.h.1. Simply Supported Slender Beam

Kimel et al. [43] have reported the results of experiments to
determine the natural frequencies of a long, slender sandwich beam
which is simply supported. They also developed a theory to predict
this behavior. The finite element method has been applied to one of
their specimens and the results compared to the experiment and theory.

The beam has the following properties:

b, =0.25 ,h, = 0.016 , h = 0.282

6
10.3 x lOu psi , G 3.87 x 10" psi , Kk, =1

B = £ £
Lo Lo
B, = 2.3k x 10" psi , G, = 1.17 x 10 psi , Kk =1
span, L = 120" , pp = 0.0975 1b./in.3 s P, = 0.00L4L2 1b./in.3

The effect of lateral constraint is neglected, i.e., the beam stress-
strain relations (III.5a) are used rather than those for the cylindrical
bending of plates (III.5b). Hence V is taken as zero in the theories

of References [34] and [L3].
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The result of calculatiohs is presented in Table IV.1l. The theo-
fies from References [34] and [43], although somevhat different in con—
cept, agree closely in results. The linear-shear finite element
solution matches both theories well. Furthermore, all three theoretic-
él methods provide frequencies within a few percent of the experimental'
values, better correlation being'obtained for lower frequencies. |

It is apparent that the inclusion of rotatory inertia has negli-
gible effect on the flexural frequencies for this problem. This is to
be expected on the basis of the relatively small effect of rbtatbry‘
inertia on the flexural viﬁraﬁiohs of homogeneous plates [73]. More-
over, by lumping the masses to produce a diagonal mass matrix, the
inertial effects have been uncoupled. However, the use of'lumped rota~
tory inertia does provide estimates to the thickness-shear=fréquency,‘
although for. the ten- and twenty- element representations.in’Tablé .1,
the approximations of the thickness-shear cut-off are poor. It is
found that the ratio of beam thickness to element length is an import-
ant factor in the accuracy of the finite element solutions for thick-
ness shear behavior. Since the thickness-shear cut—off occurs at
infinite wave length, it is independent of the span length of the beam.
Hence it is possible to estimate the simple thickness-shear frequency
by‘analyzing a simply supported beam of arbitrary length, provided
rotatory inertia is included. Figure’IV.h indicates the effect of the
thickness to length ratio on the accuracy of the finite element thick-=
ness-shear cut-off. The standard of comparison is Yu's determination
of this frequency [33,34]. The results shown are independent of the.
number of elements used. Hence, the finite element analysis can be
used to obtain the simple thickness-shear frequency with a sufficiently .

short one-element representation. This quick and easy calculation
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provides an indication of the necessity for including rotatory inertis

in the complete analysis. If the cut-off is high with respect to the

flexural frequencies, rotatory inertia need not be taken into account.
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IV.4.1 Simply Supported Short Beam

In order to illustrate a structure for which thickness-shearing
modes are important, a short, thick beam is selected with the follow—

ing properties:

h, =1.0" ,h, =0.05" ,h=1"
6

E_ =100 psi , G, = 3.84 x 10~ psi , Ko =1
psi , G, = 1.565 x 10° psi , Kk, = 1
= 0,0975 :Lb./in.3 » P, = 0.0469 1b,/in.

Ec = 4,26 x 10

span, L= 505" H pf 3

The beam is represented by 4, 10, and 20 linear-shear finite elements
both with and without rotatory inertia; again the results are compared
to the theories of References [34] and [L3].

The various solutions are given in Table IV.2. The finite element

results compare>favorably with the theoretical for both flexural and
thickness-shear modes. TFor the various meshes, about T0% of the finite
element flexural frequencies are in good agreement with the frequency
equation roots. TFor the higher mode, only about 45% agree with the
theoretical solution. That the approximate method will be more accu-
rate for the lower modal branch is not surprising; the finite element
displacement mddels are better able to represent less complex modes of
deformation. It should be emphasized that the element mesh is extreme-
ly fine for this particular example. In normal application with a .
less refined mesh, a smaller proportion of the frequencies for each

mode would be accurate to a given tolerance.
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IV.4,.3. Simply Supported Cylindrical Shell

The one type of shell for which solutions for natural frequencies
are readily available is the cylinder. Yu [37] has derived a three-
branched frequency equation for an infinite cylinder in an extension
of his theory for sandwich plates [32, 24]. This equation is also
applicable to a simply supported shell of finite length. A cylinder

with the following properties is now analyzed.

hc = 0.5" , hf = 0,025" , h = 0.55"

T o ) 6. .
B, = 10" psi , v, = 0.3, G, = 3.85 x 10" psi |,

Lo _ I
Ec = 2.6 x 10 psi , v, = 0.3, GC = 10 psi , K, =

= 0,1 lb./in.3 s P, = 0.005 lb./in.3

Kf =1
1

Or
radius, a = 20" , span, L = 10"
As 'in the preceding examples, these properties are typical of sandwich
construction. .

The natural frequencies computed by both methods are presented in
Table IV.3. Rotatory inertia is included in all cases and quadratic-
shear elements are used. Many more frequencies than would be of prac-
tical interest are shown in the table in order to evaluate better the
overall effectiveness of the finite element approach. It is note-
worthy that the lowest frequencies of each of the three modes are
approximated regardless of the number of elements used. The number of
frequencies given by the finite element method for each mode depends on
the number of degrees of freedom available of the type that are nec-
essary to characterize the particular mode.

For shell structures there is usually more than one branch of the

frequency equation that is of engineering importance. Careful study
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of the finite element mode shapes must be undertaken in order to iden-
tify the frequencies with the appropriate branch. This is especially
true in preliminary analyses wherein the frequencies have not yet
converged to a predictable pattern.

In the present example, simple supports which preclude transla-
tion in any direction are used. Hence the breathing mode or funda-
mental radial expansion mode is prevented. However, the example
has been recomputed with supports that restrain only longitudinal
displacements in order to obtain an estimate of the cut-off frequency
of this radial mode. Yu's solution [37] for this frequency is 8520 -
radians/second. The finite element approximations for five, ten, and

twenty elements are 8360, 8500 and 8520 radians/second, respectively.



TABLE IV.3--NATURAL FREQUENCIES OF A SIMPLY SUPPORTED

SANDWICH CYLINDER (RAD./SEC.)

Yu [34] Finite Element Method
MODE TYPE
Eq. 29 5 elems. 10 elems. 20 elems.
1 L1 87Lo 90L0 9080 9080
2 L2 11900 11900 12100 12200
3 L3 16300 15500 16700 16800
L LL 21000 18000 21500 21900
5 L5 25900 26000 27000
6 L6 30800 30000 32300
T L7 35700 33400 37500
8 L8 L0700 35900 L2700
9 9 45700 37400 L7700
10 L10 50700 52700
11 Rl 53600 52600 . 53300 53500
12 L11 55700 57400
13 L12 60700 61900
1k 113 65800 66000
15 TSCO 69800 71500 72800 73100
16 L1k 70800 69800
17 L15 75800 73100
18 116 80800 75900
19 L17 85900 78100
20 L18 90900 79700
21 TS1 92500 91200 94100 94900
22 119 95900 80700
23’ L20 101000
2L L21 106000
25 R2 107000 99800 105000 107000
32 TS2. 140000 128000 138000 141000
37 R3 161000 137000 155000 159000
L7 TS3 195000 187000 194000
RL 214000 200000 211000
TSk 252000 235000 249000
RS 268000 241000 261000
TS5 311000 278000 303000
R6 321000 275000 309000
TST 370000 356000
RT 375000 356000

L

= Longitudinal, R = Radial, TS = Thickness Shear
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CHAPTER V: DAMPING BY THE INCLUSION OF VISCOELASTIC LAYERS

V.l, The Complex Modulus Representation

For oscillatory displacements in linear viscoelasticity, the
stresses and strains may be related by a complex modulus [135, 136].
This representation of constitutive theory is adopted for the pre-
sent damping studies. Most of the material in this chapter is there-
fore formulated in complex algebra. Throughout the chapter, the
superscript ¥ indicates a complex quantity and the subscripts 1 and
2 designate the real and imaginary parts of a complex quantity,
respectively.

Let a volume of viscoelastic material small enough to neglect
spatial variations of stress be subjected to a sinusoidally oscillat-

ing stress frequency w :

13 (v.1a)

After a time sufficiently long for the effect of initial conditions to

be negligible, the steady-state strain response is

€ = Re

ij i

* .
€5 elwt) (V.1b)

This formulation presumes that strains are small so that non-linear
* *
effects are absent. Then if € corresponding to © can be con-

sidered to represent either a deviatoric component or the dilation,

* %
the ratio o /& is the "complex modulus'

* * *
E (w) = 0 /e (v.2a)

and its reciprocal is the "complex compliance'

120
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* *
J(w) =€ /o . (V.2b)

These quantities are related by integral transforms to the familiar
relaxation modulus E(t) and creep compliance J(t) functions used in
quasi-static viscoelasticity.* It should be noted that E 1is used as a
generalized symbol: in this section. It can be considered to represent
any of the usual moduli (Young's, shear, bulk), depending upon..the

nature of the "test" in Equations (V.1l) and (V.2).

The complex modulus may be written

* L3
E =B + iE,

where 1 is the square root of -1, El is the modulus of strain which

is in phase with the stress and E2 is the modulus of strain which is

90O out of phase with the stress. Hence, El can be associated with an
elastic phenomenon in which energy is stored in a recoverable form and
is called the "storage modulus"; conversely, E2 is associated with
viscous behavior in which energy is dissipated and is called the "loss
modulus." It is convenient to visualize the stress and strain as a

pari of vectors rotating at frequency w about the origin of the com-
plex plane (Figure V.1l). The stresses and strains of Equations (V.1)
are the projections of these vectors onto the real axis. Because of

the viscous effects, the cyclic strain vector lags behind the cyclic

stress vector by an angle © during the steady state vibration. This

angle is between 0° and 900 and is given by

*
In "quasi-static" viscoelasticity, inertial effects are neglected. The

relaxation modulus is obtained from a test at constant strain:
E(t) = O(t)/eo . Conversely, the creep compliance is ascertained from a
constant-stress test: J(t) = e(t)/co
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tan 6 = E2/El .

tan © is called the "loss tangent' or "loss factor'" of the material
since it is a measure of the proportion of energy dissipated in a
cyele,

The complex modulus is a function of both temperature and fre-
quency. The nature of this dependence is discussed further in Section
V.3. It is assumed in this dissertation that all problems are iso-
thermal; i.e., there are no external thermal effects and the heat
generated per unit volume in the damping process either is sufficient-
ly small or is dissipated quickly enough so as not to affect appreci-
ably the material properties. This is a customary approximation in
the analysis of structural damping [86, 87]. Often, it is also
assumed that the complex material properties are independent of
frequency [47]. This is a reasonable assumption for many cases,
especially in view of the continual development of new damping materi-
als with favorable damping characteristics over a wide frequency range
[97]. However, in Section V.6 a method is proposed wherein the fre-

gquency-dependent nature of dissipative materials is taken into account.
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V.2. Correspondence Principle for Linear Dynamic Viscoelasticity

For the case of sinusoidal oscillation problems, Bland
[135, p. 67] has stated the following elastic-viscoelastic correspondence

principle:

If the elastic solution for any dependent variable in a par-
ticular problem is of the form f = Re(f¥ elwt) and if the
elastic moduli in fy are replaced by tEe corresponding
complex moduli to give fyp then the viscoelastic solution
for that variable in the corresponding problem is given by
f = Re(f%E elWt) | By "corresponding problem" is meant the
identical problem except that the body concerned is visco-
elastic instead of elastic. The principle can only be used
if (1) the elastic sadlution is known, (2) no operation in
obtaining the elastic solution would have a corresponding
operation in the wviscoelastic solution which would involve
separating the complex moduli into real and imaginary
parts, with the exception of the final determination of f
from f° 'and (3). the boundary conditions for the two cases
are ildentical.

This principle is the basis for the damping studies in this disserta-
tion. The oscillatory problems to which it is applied are the free
vibration and the steady-state fixed vibration of the substitute
structure composed of an assemblage of finite elements. In this
connection, it should be noted that the "elastic solution" mentioned
in the principle need not be an exact solution of three-dimensional

elasticity. It is valid to apply the principle to an approximate

theory of elasticity as well [86, 135, 136].
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V.3. Viscoelastic Properties of Polymers

Because the most common materials used to provide damping are polymers,
their dynamic viscoelastic properties are now discussed. Only a summary
is given in order to provide a perspective on the assumptions used in
this dissertation and in other investigations of structural damping.
The mechanical properties of polymers is a broad subject and, indeed,
several thorough studies have been published [137 - 1LL]. References
[140] and [142] are, in fact, specifically intended for the design
engineer.

Polymers are materials composed of extremely long, chain-like
molecules. The basic units of these chains are monomers which are
usually organic substances. There is not only a great variety of such
substances which can be used as constituents, but there is also a mul-
titude of chemical and physical processes which can influence the form-
ation of the final product. Hence, there is effectively an infinite
number of possible plastics with widely varying properties and applica-
tions. Attempts to describe so diverse a class of materials can be
confusing. However, this variability of properties is one of the main
advantages of polymers because it permits the technologist to design
a material with characteristics suitable for a particular application.
Fortunately, some generalizations can be made about the behavior of
these substances because such behavior is related to the chain-like
molecular structure peculiar to all members of the class.

Elastomers are the polymers of primary interest to engineers con-
cerned with damping. These by definition are materials which exhibit
rubber-like behavior in the frequency and temperature ranges of their

application and which must be mostly amorphous in the sense that the
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molecules are arranged randomly. (However, it should be noted that in
some cases there is a small degree of crystallinity, the effect of which
is to tie the amorphous regions together.) Like all high polymers, the
elastomers possess viscoelastic properties which exhibit a marked

dependence upon time and temperature.

V.3.1. Temperature Dependence

The basic behavior of polymers can be ascertained by measuring
the viscoelastic properties over a broad range of temperature. Any
one of several parameters may be chosen as representative, e.g., the
viscosity, creep compliance, relaxation modulus, etc. The same quali-
tative trends of behavior are detectable from any one of the experiments,
although the specific results will depend upon the time (or frequency)
of measurement and the method. Figure V.2 shows a schematic plot of the
storage modulus of a linear amorphous polymer as a function of temper-
ature. Five regions of viscoelastic behavior are identifiable [137].
Starting at the lowest temperatures, the first is the glassy region in
which the polymer is hard and brittle. In this range of temperatures,
the molecules are "frozen" in relatively fixed but irregular positions.
There is some vibration about this fixed position, but there is essen-
tially no diffusional motion. The second region in which the modulus
rapidly changes value is called transition and polymers in this stage
are often characterized as leathery. It is theorized that segments
(i.e., fractional lengths of the molecules) undergo short-range diffu-
sional motion at these temperatures, although the molecules as a whole
are not mobile. The third type of behavior, best described as rubbery,
may extend over a fairly broad range of temperatures without much change

in modulus (e.g., from -20° C.to +180° C. for sulfur-cured natural rubber



[137]). This region represents behavior most typical of elastomers.
Here segmental motion is quite rapid, but the entanglement of the
chains retards overall movement of the molecules. If the molecules
are linked together, these "entanglements" are permanent. As the
temperature is further increased to the region of rubbery flow,

the uncrosslinked polymer is still elastic to a degree; but the
motion of molecules as a whole becomes important, and actual flow
oceurs as the chains slip. Crosslinked materials do not exhibit
this high-temperature creep, but retain much of this elasticity.
Finally, at the highest temperatures, long-range configurational
changes of the unlinked molecules occur very rapidly. In this
liquid flow region, elastic recovery becomes negligible.

The transition stages and the temperatures at which they
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occur affect practically all of the mechanical properties of the poly-

mers [140]. In particular, the dynamic mechanical dispersion will b
discussed in Section V.3.3. Insofar as elastomeric behavior is conc
ed, the most significant transition is the glass transition. The

rubbery flow transition or melt temperature is also important since

e

ermn-—

it

indicates the onset of flow. In addition, there are various less imp-

ortant transitions, for example, those associated with the motion of
side branches to the main molecules. Only the first two phenomena a
described here. The glass transition occurs over a narrow temperatu
range (about 10° C.) and can be determined by measuring the specific
volume as a function of temperature. In Figure V.3, this transition
is indicated by Tg and is associated with a discontinuity in the

coefficient of thermal expansion. The crystalline transition temper

Tm , is less well defined since it does not characterize an abrupt,

re

re

ature,

ideal

melting. With increasing temperature, this transition corresponds to a
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change from a partially crystalline configuration to a completely amor-

phous one.

V.3.2. Temperature-Frequency Interdependence

Since the behavior of polymers is dependent upon both time and
temperature, a complete knowledge of the mechanical properties of a
plastic can be obtained from tests conducted at many different tem-
peratures and frequencies. Fortunately, such thorough investigations
indicate that there is some analogy between the effects of temperature
change and those of frequency change. Hence it has been possible to
develop approximate reduction principles which relate these effects.
The principles use data obtained at a variety of temperatures and a
given frequency to deduce properties at a different frequency and
vice versa. These methods are applicable for amorphous polymers and
appear to be valid in the temperature range from the glass transition
region to the liquid flow region [140]. No details of the reduction
principles are given here. For the present purposes, it is sufficient
to note that the effect of increasing the temperature or decreasing
the frequency is qualitatively the same. Hence, for example, Figure V.2
may be interpreted as a schematic plot in which the abscissa is the

inverse of the frequency rather than the temperature.

V.3.3. Dynamic Mechanical Dispersion

The most important effect of a transition insofar as damping is
concerned is the mechanical dispersion which occurs near the transition
temperatures, especially near Tg . This phenomenon is analogous to
optical or dielectric dispersion. The features of the mechanical dis-

persion associated with the glass transition for an amorphous polymer
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are schematically shown in Figure V.4, It is seen that the étorage
modulus changes from a lower to:ra higher value over this region while
the loss modulus and loss tangent pass through a maximum [1L4L]. As
pointed out in Section V.3.2, the molecular mechanism of the damping
during this transition is the coiling and uncoiling of chain segments.
When maximum demping is required, materials are employed which undergo
glass transition in the relevant frequency and temperature range.
Highly amorphous polymers are preferred since crystallinity tends to
decrease the intensity of the phenomenon. One example of the develop-
ment of damping compounds with high loss factors over a wide range of
temperatures is given in Reference [98]. There several polymers with
different glass transition temperatures are mixed to give a blend with
more than one Tg and hence a broader range of the favorable damping
associated with the dispersion phenomenon. When temperature insensi-
tivity of damping is desired with a single polymer, its elastomeric
behavior between Tg and T is employed [14L4] (See Figure V.2). 1If
Tm is approached and if strength is also a concern, polymers with a

degree of cross-linking between molecular chains may be used.

V.3.h, Additional Factors Influencing Behavior

Although frequency and temperature are the primary factors affect-
ing the viscoelastic behavior of polymers, there are other physical and
chamical effects that must be considered. Crystallinity and cross-
linking have already been mentioned. The properties of the final product
may also be affected by copolymerization, polyblending, and the addition
of plasticizers and fillers [138, 139, 95, 97].

Copolymerization is the formation of polymer molecules from more

than one type of monomer. When the constituents occur randomly along
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the chains, a new polymer is produced which is unlike. any of the poly-
mers composed of the separate monomers. Another type of copolymer
occurs when chains made of different monomers are attached either to
make one chain (block copolymers) or to make branching molecules
(graft co-polymers). These nonuniform or heterogeneous polymers
exhibit multiphase properties similar to mechanical mixtures. Each
component will retain its own glass transition, so the resulting
copolymer will have more than one Tg [139].

Polyblends are merely mechanical mixtures of two or more polymers.
The effect of this blending was discussed in the preceding section [98]
and the preceding paragraph. In brief, the result of such mixtures is
a product whose properties are intermediate to those of the constituents.

A plasticizer is an organic liquid used to dilute the polymer.
This dilution increases the chain mobility and lowers the glass transi-
tion temperature. Hence, plasticization can be used to adjust the
optimal damping to the desired temperature or frequency range [97].

Fillers are inert materials added to the polymer. Because there
is no chemical interaction with the plastic, there is usually not a
significant influence on the temperature and frequency characteristics
[95]. However, for some types of fillers there is sufficient mechani-
cal interaction between the filler particles and the polymer molecules
to increase damping efficiency and to broaden the operable temperature
and frequency range of the useable damping [o7].

In brief, it is apparent that there are several technigues by
which polymer technologists can design materials for a specific appli-
cation. However, despite the ability to adjust the glass transition
temperature, it is not always possible to obtain efficient damping from

a given polymer., TFor example, crystalline polymers are nearly always



impractical for damping applications.

V.3.5. Summary

The strong dependence of the viscoelastic properties of polymers
on temperature and frequency has been pointed out. As a result, it is
seen that the common approximations of temperature- and frequency-
independence of structural damping can lead to rather large inaccuracies.,
However, when applied with care over appropriate ranges of frequency
and temperature for a particular damping material, these assumptions can
also provide useful results. Finally, there is some justification for
the oversimplification of material behavior when real possibilities of

designing materials to fit the assumptions exist.
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V.4, Measures of Effective Damping

0Of the many ways to express the damping of a vibrating structure
[87, 94], two primary measures are used here. These are the loss
factor, n , and the logarithmic decrement, & . Damped oscillatory
motion of the discretized structure can be written in the following

form

*

iwgt e—wgt) Cpe (4] Si¢ (v.3)

{v(t)} = Rel{w} e

where {v(t)} is the vector of nodal displacements, {w} 1is the vec-

tor of displacement amplitudes, wl is the frequency and w2 is the

decay constant. The latter two parameters are combined into a complex

*
modulus,

W o= w, +iw (V.h)
Then the logarithmic decrement is given by [115]
§ = 2mu,/w, (v.5)
and the loss factor by [118]
n = Im(w*g)/Re(w*z) . (v.6)

Since both measures are expressed in terms of the same parameter, they

can in turn be related by

n = o/
(1 - §°/u°)
(v.7)
2T
° = ﬁ_(1.+ n® - 1)

An alternate, but equivalent definition of the loss factor is useful for
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dealing with forced vibrations. In terms of the energy of the vibrating

system, it is possible to write

n = =— (v.8)

where D 1is the energy dissipated per cycle and W is the total energy

associated with the vibration [9L4, 1L45].
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V.5. Complex Algebraic Eigenvalue Problems

The information and principles given in the preceding sections are
now applied to the damping studies of freely vibrating layered struc-
tures using the finite element method. Apparently, the present work
is the first such application of the method to structural damping prob-
lems. The techniques that are used in this section and the next are
not limited to the particular formulation given in Chapters II and III.
Rather, the approach can be used for any finite element discretization.
However, since an efficient and widely utilized damping mechanism is
the shearing of constrained layers [88], the theory developed in this
dissertation is particularly appropriate.

For frequency-independent material properties, the elastic-
viscoelastic correspondence principle can be applied to the free

vibration problem of Equation (IV.2) to give
¥ % % *
(K 10w} = w0 M} (v.9)

Here the complex moduli corresponding to a specific representative fre-
quency are substituted for their real counterparts in the stiffness,

and the complex frequency replaces the real frequency. The lumped masses
remain real; but since the eigenvalue problem is now complex, the mode
shapes may also be complex. Equations (V.9) are reduced to standard

form in a manner exactly parallel to that presented in Section IV.2
except that the algebra is no longer real. The computer programs are
readily adapted for this change if the particular computer used is
capable of accomodating complex arithmetic. Moreover, standard routines

%
are available for the complex algebraic eigenvalue problem.

*

Two different SHARE Library subroutines, F2 OR AMAT and F2 NYU EIGL, have
been adapted for use in the present investigations. They produce iden-
tical eigenvalues although only the former calculates the mode shapes.
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As is evident from Equations (V.4) to (V.6), the eigenvalues give
both the natural frequency of vibration of the damped system and the
effective viscoelastic damping at each natural frequency. The eigen-
vectors correspond to the decaying mode shapes, and there is no special
significance to the fact that these vectors may be complex. The shapes
may be obtained from the real parts. Hence, both the free vibration
characteristics and the damping behavior are obtained in a single
analysis. It should be noted that the computational time is greater
than that for the purely elastic free vibration problem. Complex
algebra essentially doubles the number of equations, and arithmetic
operation* counts are therefore increased by a factor of two to eight,
depending upon the procedure being carried out. For example, the
solution of simultaneous linear equations has an operation count pro-
portional to the square of the number of equations; for this process,
therefore, the number of operations is quadrupled.

Because the frequencies are unknowns in a free vibration problem,
it is difficult to account for the frequency-dependence of the com~
plex moduli. An additional complication is that the properties corres-
ponding to only one frequency can be used as input, but several
different frequencies are obtained in the solution. If the viscoelastic
behavior 1s relatively insensitive to frequency over the range of the
lowest natural frequencies, as is the case for polymers in the rubbery
plateau region, it is reasonable to use representative values of the
moduli and to assume that these values are frequency-independent. For
materials with highly wvariable properties, the free vibration approach

is less satisfactory. When the damping at only a few of the natural

*

An operation consists of one addition/subtraction and one multiplication/

division.
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frequencies is of interest, a series of different trial solutions may
be worthwhile. The first of these trial solutions would be the elastic
case, Since relatively light damping has but slight effect on the
natural frequencies, the viscoelastic material properties corresponding
to the elastic natural frequencies can be used in subsequent solutions.
These procedures can be time-consuming because a separate solution of
the entire complex eigenvalue problem is reguired to obtain an accurate

estimate of the damping at each natural frequency of interest (i.e.,
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V.6. Damped Response to Steady-State Harmonic Loading

The steady-state forced vibration problem for a linear viscoelas-—
tic structure is now investigated. The solution to such a problem
provides both the displacement response and the effective damping for
any desired frequency and loading amplitude. An important advantage
to this approach is that it takes the frequency dependence of the
viscoelastic material properties into account. Because the frequency
of the sinuscidal loading is an input to the problem, it is possible
to employ correct material properties with respect to frequency in
formulating the problem. It should be noted that a similar applica-
tion of the finite element method to the vibrations of linear visco-
elastic solids has been developed simultaneously, but independently,
by Murray [1L46]. However, Murray's work is primarily concerned with
the displacement response and does not consider the effective damping

of the system.

V.6,1. Formulation of the Problem

If the loads and displacements oscillate at frequency &

{p} 1%t

{w} 1%t ,

{v(t)}
{v(t)}

(v.10)

the correspondence principle given in Section V.2 can be applied to

Equation (IV.1) to give
[[K*] - 0f [‘MJ] {w} = {p} (v.11)

Here the frequency I 1is real since there is no decay of the response.
Moreover, the vector of load amplitudes {P} is real. This vector can

be visualized as being directed along the real axis of a complex
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co-ordinate system which rotates at constant angular frequency Q.
Then the displacement amplitude vector {W*} must be complex since
it lags behind the loads due to the dissipation of energy. This
load-displacement relationship is analogous to the stress-strain
relationship discussed in Section V.1l and shown in Figure V.1. In the
present section, however, the co-ordinate system is assumed to rotate.
[K*] in Equation (V.1l) is the stiffness matrix wherein the complex
moduli associated with frequency §I are substituted for the corres-
ponding real moduli. |

Bieniek and Freudenthal [L47] have utilized an approach similar to
the above to study the forced vibrations of cylindrical sandwich panels.
However, their application is to a Fourier solution of the closed-form
equations rather than to a general discretized system.

The solution of Equations (V.11) presents no difficulty when the
appropriate computer programs are transformed to the complex mode. As

pointed out in Section V.5, the computational time is about four times

greater than for an equivalent real system.

V.6.2. Interpretation of Results

In contrast to the corresponding elastic forced vibration equations

which are
[x) - oo o3 = (), (v.12)

Equations (V.11) cannot become singular at the natural frequencies of
the structure. In other words, although det ([K] - QQEMJ) may vanish
at some values of £ , det ([K*] - QQEMJ) is always non-zero, provided
the frequency is real and the stiffness has some non-zero imaginary

parts. This lack of singularity points out the effect of energy
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dissipation. As a result of the damping, the magnitude of {w*} , unlike
the magnitude of {w} » cannot grow without bound at resonance. 1In fact,
the effect of viscoelasticity is to reduce the amplitude of the response
at all frequencies,

The actual response of tpe structure can be determined by taking
the absolute value of the eleﬁents of {w*} . FEach such magnitude is
then given the sign of the corresponding real part of {w*} . In fre-
quency regions near the natural frequency of the structure, it is noted
that the sign of the response changes without the displacements becom-
ing zero. This jump in sign is associated with the change in sign
which occurs for the real part of det ([K*] - QQEMJ) near the natural
frequency. Hence, if the response is obtained for a series of frequen-
cies, an estimate of the natural frequencies within this range can be
obtained by studying (1) the sign changes of the response and (2) the
magnitude of the response. The latter will tend to go through maxima

near the natural frequencies.

V.6.3. Determination of Effective Damping

The individual components of the response do not lag behind the
load by the same phase angle. Therefore, the most convenient way to
compute the effective damping is on the basis of the energies of the
vibrating system. The definition of the loss factor given in Equation

(V.8) is used for this purpose.
D
n= = (v.8)

Here W 1is taken as the maximum strain energy achieved during any

cycle.
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In order to compute the various energies, the complex notation that
has been used must be discarded. This notation represents the simul-
taneous treatment of two oscillations which are 90° out of phase [136].

A complex "work" quantity would be meaningless, however, so the method
of accomodating the phase difference must be modified. Consider the
displacements and associated nodal forces which are harmonic at frequency

§

{V*(t)}= {vz} eiQt {v:} (cos Qt + 1 sin Qt)

(v.13)

{V*(t)}=={Vz} eiQt {V:} (cos Qt + i sin Qt)

These forces and displacements are related by the stiffness equation
* * *
{v}1=1[xHv1 (Vv.1ha)
o o
which may also be written

{Vl + iV2} = [K

1 + 1K2] {v

1t i) (V.1lb)
*

Hence the real and imaginary parts of the force vector {VO} are given

by:

{vl} = [Kl]{vl} - [Ke]{vg} (v.15)

b g M} + [k, 1ir )

However, the real parts of the two vectors can also be obtained from

Equations (V.13):

{V} = Re {V*} = {Vl} cos Nt - {VE} sin Ot (v.16)

{v} = Re {v}

]
i

{Vl} cos 0t - {vz} sin Qt
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Now, given the real oscillatory displacements

{v} = {wo} cos Qt , (v.17a)

i.e., {vl} = {wo} and {vg} = {0} ,

Equations (V.15) and (V.16) can be used to obtain the associated real

forces

] sin Qt]{wo} (V.17p)

{v} = ﬁKl] cos Qt - [K2

Here {wo} is the vector of displacement magnitudes (with appropriate
*
signs) obtained from {w } , the solution of Equations (V.11l).

The energy dissipated during a complete period is given by

2m /8
D = J[ {v}T{v) at (v.18a)
0
where
{Q} = -Q{wo} sin Qt . (v.18b)

Substituting Equation (V.17b) into (V.18), the result is

2 /8
D= —Q{WO}T [Kl]{wo} Jr sin Qt cos Ot 4t +
0
am/Q (v.19)
-[K, v} J[ sin® Ot dt
0

The first integral of Equation (V.19) vanishes and is therefore associ-
ated with energy stored in a recoverable form. Hence the maximum value

of the strain energy achieved during any cycle is given by
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W o= % {WO}T[Kl]{WO} : (V.20)

The second integral of Equation (V.19) equals 7/Q so the energy

dissipated can be written
D= 7l }[K, 1w } . (v.21)
0 2 o)

Equations (V.20) and (V.21) are now substituted into Equation
(V.8) to obtain the following expression for the effective loss factor

of the structure:

T
{wo} [KE]{WO}

n =
T
{wo} [Kl]{wo}

(v.22)

This expression is identical to one derived by Ungar and Kerwin [1L5]
for a lumped-mass system using a different approach. Equation (V.22)
is readily incorporated into a computer program. The calculation of
the loss factor is particularly efficient if the banded nature of the

stiffness matrix is utilized.
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V.7. Examples of Damped Vibrations

As in the preceding chapters, the examples in this section are
limited by the lack of sclutions available for comparison with finite
element solutions. Therefore, although the discretized method can be
applied to any configuration, the structures analyzed here are of sim-
ple shape. In the first example, the free vibrations of two beams are
considered. The second problem undertaken is the free vibration of a
simply supported cylinder. Finally, the forced vibrations of a beam

under three different steady-state harmonic loads is presented.

V.7.1l. Damped Free Vibrations of Two Beams

The beams considered in the examples of Sections IV.4.1. and
IV.L.2. have been re-analyzed with viscoelastic properties assumed for
the core. For each beam, the loss tangent of the core moduli is taken
to be 0.1. This is a representative value for moderately efficient
damping compounds, although some polymers have loss tangents up to 2.0
for limited ranges of frequency and temperature. All properties are
the same as the elastic problem with the exception of the material

properties, which are now complex. For the long beam, the moduli are

6 .
e Efg) = (10.3 x 107, 0.0) psi ,

Gp = (3.87 x 106, 0.0) psi
(2.34 x 10"

E, = (E

, 2.34 x 103) psi

=
Ii

(1.17 x 1ou, 1.17 x 103) psi

(]
]

and the viscoelastic results are presented in Table V.1, For the short

beam, the moduli are
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E, = (107, 0.0) psi, Gp = (3.84 x 106, 0.0) psi
B = (4.26 x 107, k.26 x 10°) psi
5

G, = (1.565 x 107, 1.565 x 1ou) psi

and the frequencies and loss factors are given in Table V.2.

Comparison with a solution adopted from Yu [115, 34] shows that
there is good agreement between the methods, particularly for the lower
modes, This is to be expected because the discretized approach cannot
accurately approximate the displacement shapes of the higher modes. The
tables indicate that a greater proportion of the natural frequencies
computed by the finite element method compare favorably with the theore-
tical values than do the loss factors. A possible explanation for this
observation is that the frequencies are less sensitive to the approxima-
tions of the mode shape which are inherent in the lumped mass approach.
By concentrating the inertia at the nodes, a certain amount of shear
"kinking" is introduced at these locations.

By comparing Tebles V.1l and V.2 with Tables IV.1l and IV.2, it is
evident that the relatively light damping has but slight effect on the

natural frequencies.

*
The real parts of the above complex moduli are the same as the real

moduli used in the elastic examples. It should alsc be noted that the
light density for the core of the long beam is realistic for a foamed
plastic; however, the core moduli chosen may be atypically high for
such a material.
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V.7.2. Damped Free Vibrations of a Cylindrical Shell

This example is also a recasting of a previously used elastic
vibration example so that the effect of viscoelasticity on the natural
frequencies can be illustrated. In this case, the simply supported
cylinder studied in Section IV.4.3 is re-analyzed with two different
sets of core properties. For the first set, a light-damping core with

a loss tangent of 0.1 is assumed. Hence the material properties are

6

= 0.3, G, = (3.85 x 107, 0.0) psi

L

E, = (107, 0.0) psi, Ve

(2.6 x lOu, 2.6 x 103) psi, v, = 0.3, G = (10

E , 10°) psi

and the results are presented in Table V.3. The second set of material
properties includes a more effective dissipative core with a loss tan-

gent of 0.5. The material properties are therefore

E, = (107, 0.0) psi, v, =0.3, G_ = (3.85 x 106, 0.0) psi

£ £
B, = (2.6 x loh,10.3 x 1ou) psi, v, = 0.3

G, = (1oh, 5 x 103) psi

and the solution is given in Table V.4, All other properties and
dimensions are the same as were used in Section IV.k.3.

The natural frequencies and loss factors are contrasted to those
obtained by Yu's theory [37, 116]. 1In general, solutions from the two
methods compare well. The gquality of the finite element results for
the shell is similar to that for the beams given in Section V.T.1
above, and the observations of that example also remain applicable in
the present case, In addition, the effect of increasing the dissipa-

tive capabilities of the core material can be ascertained by comparing

%*
See the footnote in the previous example.
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Table V.4 with Tables V.3 and IV.3. Not only does the core with the

higher loss tangent provide more effective damping as expected; but it
also has the effect of stiffening the structure somewhat, particularly
in the longitudinal or shell flexural modes. Hence, the natural fre-
quencies are higher for the heavily damped case, although the increase
is slight (less than 5%). It is interesting to note that an increase
in the core loss tangent by a factor of 5 results in approximately a

five-fold increase in the loss factor at all frequencies.
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V.T.3. BSteady-State Forced Response of a Beam

In order to illustrate the method proposed in Section V,6, the
steady-state forced vibrations of a simply supported beam are now inves-
tigated. The short beam used in Examples IV.4.2 and V.7.1 is used with
a viscoelastic core. The effect of frequency dependence of the material
properties is demonstrated by contrasting the solutions for frequency-
dependent and frequency-independent cases. The beam is represented by
both four and ten linear shear-strain elements. In general, the results
Tfor the two representations are quite similar, indicating a sufficiently
fine mesh to obtain convergence. Therefore, to keep the graphs unclut-
tered, only the ten-element results are shown in the accompanying fig-
ures. Rotatory inertia is included.

There are no readily available theoretical solutions with which to
compare the results of the present problem. Hence, the frequency-
independent properties are taken to be the same as in the viscoelastic
free-vibration example of Section V.7.1. It\is then possible to have a
limited comparison between the free and forced vibration problems. The

complex moduli are assumed to be

B, = (107, 0.0) psi, Go = (3.84 x 106, 0.0) psi
B, = (k.26 x 105, L.26 x 1ou) psi,
G, = (1.565 x 105, 1.565 x 10”) psi

The ffequency—dependent core properties are shown in Figure V.5. Al-
though these do not represent actual properties of a specific material,
their variation is typical of elastomers near the glass transition tem-
perature [88, 95, 1kL]. 1In addition, their magnitude is selected so

that the frequency-independent properties are a reasonable approximation
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of the variable properties. In particular, the moduli for the two
cases are the same at @ = 10,000 radius/second. It is assumed that
the Poisson ratio is real and frequency independent.

The response and damping for three different load cases are shown
in Figures V.6 to V.8 for a range of frequenciegs of the beam. In each
case the frequency-dependent and -independent solutions are shown to-
gether for ready comparison. The X's in the figures represent the
free-vibration solutions for the loss factor (Table V.2). The three
different load cases are (1) concentrated loads at all nodes selected

to match the inertial loads corresponding to the first fundamental

mode, (2) same as case one except chosen to match the second fundamental

mode, and (3) a uniformly distributed load of unit magnitude. The
displacement response for each of the load cases is given by the mag-
nitude of some characteristic displacement. For the first two load
cases, this characteristic displacement is chosen as the transverse
displacement at the unit concentrated loads. The mid-point deflection
is selected for the third load case.

The loss factors for constant properties in the first two load
cases compare favorably with the free vibration loss factors of the
respective modes. It is seen from Figures V.6 and V.7 that, for con-
stant material properties, the loss factor varies very little over the
frequency range. The first load case causes deformation typical of
the first mode at all frequencies; and, similarly, the second load
case creates primarily second-mode displacements. Hence it can be
concluded that the loss factor depends largely upon the deformation
pattern. In fact, when rotatory inertia is neglected, the loss fac-
tors for the two cases under consideration are invariant with respect

to the forcing grequency. The third load case, in contrast, is not a
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"modal" load and thus excites displacements corresponding to various
natural modes, particularly the symmetric shapes. Hence, although the
response curve in Figure V.8 does not show a noticeable resonance cor-
responding to the second mode (which is antisymmetric), the loss factor
curve does indicate a change in the basic deformation pattern for fre-
quencies in the neighborhood of this mode. Moreover, at the first
fundamental frequency, the loss factor matches the free vibration result
since the symmetric loading readily excites the related mode shape,

It should be noted that the curves for the loss factors in Figures
V.6 to V.8 are smoothed near the natural frequencies of the structure.
Using the approximate method of computing loss factors on the basis of
energy (Section V.6.3), there are apparently some numerical instabili-
ties in a small neighborhood of frequencies near resonance. This
smoothing has been accomplished by discarding at most one data point in
such a neighborhood. Since small frequency increments are employed in
these regions, it is felt that this procedure is justifiable.

The: displacement response curves in Figﬁfes V.6 through V.8 are
reasonable represehtations of the behavior that might be expected for
a lightly damped structure [4T7]. If a more effective damping compound
were employed, the resonance peaks would be less pronounced. This is
evident from the amplitude reduction reéulting from the variable
material properties, which give greater dissipation at the first funda-
mental frequency (Figure V.6).

The extent of the possible effects of frequency dependence of the
material properties is evident from a comparison between the pairs of
curves. It should be granted, however, that the extreme variability of

the properties near the glass transition temperature presents a
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particularly severe situation. If the frequency range of interest were
to correspond to the rubbery plateau of Figure V.2; the properties |
would be more slowly varying functions' of the frequency. Nonetheless,
the proposed method of accomodating the variation of properties appears
useful for obtaining both the steady—state‘response and damping of an

harmonically loaded viscoelastic structure.
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CHAPTER VI: SUMMARY AND CONCLUSIONS

The finite element method has been extended to the refined
analysis of multilayer beams, plates and shells. In the theory
employed no restriction is placed upon the ratios of the layer.
thicknesses and properties. The method is applicable to structures
wherein shearing deformations are significant, including sandwich
construction.

Specific element stiffnesses based on polynomial displacement

models have been developed for the linear elastic analysis of beams,

circular plates and thin, axisymmetric shells with arbitrary meridians.

In each case only the specialized configuration of three-layered con-
struction symmetric about the reference surface has been studied.
However, general procedures have also been outlined for developing
other types of one- and two-dimensional finite elements. .

The method has been applied to the elastic analysis of several
beam, plate and shell structures with properties typical of sandwich
construction. Examples have been presented for both static and free
vibration analysis and the finite element results .compare favorably
with solutions from other theories and approaches. Generally, the
other techniques can only be used for the analysis of sandwich
structures with the simplest of configurations. Hence there is s
great potential for the application of the finite element method to
the solution of sandwiches of arbitrary shape.

One of the features of the formulation developed in this disser-
tation is the capability of approximating the warping phenomenon,
Hence the distribution of the shearing force among the various layers

can be . determined. Another feature is the use of lumped rotatory

160
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inertia in dynamic analyses. This type of inertia is a prerequisite
for the inclusion of the thickness-shear modes of behavior, which are
important for some soft-core sandwich structures. A third aspect of
the present work is the possibility of neglecting either.the shearing,
extension or bending of any individual layer. By use of this capa-
bility, the effect of various approximations can be evaluated for
different geometrical or material properties.

In addition to the elastic analyses, vibration studies for
linear viscoelastic materials have been formulated using the complex
modulus representation and an elastic-viscoelastic correspondence
principle. The effective damping for free vibration and steady-state
forced vibration can be obtained as adjuncts of the usual analysis
procedures by means of the complex algebra. Apparently, this applica-
tion of the finite element method is new.

For the viscoelastic free-vibration problem, the material
properties are assumed to be independent of both frequency and tem-
perature. A discussion of the characteristics of the most common
damping materials, polymers, indicates that these assumptions are
often invalid. In the forced-vibration problem, the frequency-
dependence of the viscoelastic behavior can be taken into account.
However, no attempt has been made to include the thermal effects
because of the inherent difficulties of this non-linear, coupled
problem. It should be noted that the temperature effects may be
important in damped vibrating structures since the energy dissipated
into heat disperses very slowly in polymers due to their low thermal

conductivity.
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The viscoelastic analyses in this dissertation have been carried
out on the most elementary level. A logical extension of this
research would be the study of initial value problems using a Gurtin-
type variational principle for linear dynamic viscoelasticity [147]
to formulate directly the stiffness of the structure. An analogous
approach has already been used for heat conduction [148], coupled
thermoelasticity [149] and quasi-static viscoelastic problems [150]

using the finite element method.
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APPENDIX A:

The matrices that follow are for a three-layer sandwich beam

element of unit width and length &.

thickness and are composed of the same material.

given in Section III.Ll.

A.1. Linear Variation of Shear Strain

The relevant vectors for the stiffness analysis are defined as

follows :
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A.1.7. Transformation matrix [T] = [I] of Equation (II.31)
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A.1.8, Consistent load vector in global co-ordinates from Equations

(IT.29) and (1I1.33).
ng a IS hC£ L . =h %
2 6 6 6

|
T L =2
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A, 2. Quadratic Variation of Shear Strain

The relevant vectors for the stiffness analysis are defined as

follows:
fat' = <w, x, ¥ bW Xy Yos Yes + Yoo Yeo
q i X1 Yei Yei VY5 X3 Ye3 V£ ! Yeo Vfo
T _ |
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The vectors {u}, {e}, {€} and {0} remain the same as given in

Appendix A.1. [Z], [C] and [G] are also unchanged.
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| T(l—ZE) T(I-ZE)
. 4
{ d 2(1-26)
l 0 4E(1-8)

l
I
!
l
|
l
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A.2.3. [kq] of Equations (II.29) and (IIL.9)

0 0 0 0 l 0 0 0 0 | 0 0
0 0 o | o 0 0 0 : 0 0
4 0 : 0 0 -1 0| 2 0
0o | o 0 0 o | o 0
0 %ALY T —— = _—
[k 4 = =55 0 0 0 0 I 0 0
0 0 0 0 0
4 0 | 2 0
o | o 0
symmetric T_16 0
i 0
12 68 -40 0 | -12 68 -4% O | 8% 0]
|
422 =302 o0 | 6% 202 % o : 4% o
79273 0 | 4 22 %3 o | -88%/3 o©
|
0 | o 0 0 0 _:_ 0 0
i1 ! e e———— — — _———
[ch] - 8 T 60 a2 o | -81 o0
% |
622 =322 0 | 4% 0
723/3 o | -82%/3 o
0, o0 0
symmetric | 1622/3 0
0
L p—
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0 [ 0 0 _ 0 0 0 0 0 0
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D
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A.2.5. Consistent load vector in global co-ordinates from Equations
(I1.29) and (II.33)
p. L h & ~h &

: : |
T Z 2 c -{ c L =2
o e——— —— ———— | — ————
{r} 2 <1 6 6 1 6 6 | 6 6 0 0>
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APPENDIX B: MATRICES FOR AXISYMMETRIC SANDWICH PLATES

The matrices that follow are for a three~layered axisymmetric sand-
wich plate element of radial length &. The facing layers are of equal
thickness and are composed of the same material. Further details are
given in Section III.Z2.

The following vectors and matrices apply for all of the elements

for which specialized matrices are given below

T
(@)} = <wxy v vg >
T _ ot ot _t t t
fe(®}" = Yeze Sre o €rf fof Yrze Frf For
ob b Db b b
€rf €ef erf l<rf KGf
T _ t t t b b b
e} - <€rc eSc erc Erf Eef erf Erf E‘:ef erf >
T _ t t t b b b
@) = Cre %8¢ Trze 9¢f Y0f Trzf Orf %08 Trze 7
C 0 0
c
[Cc] = 0 Cf 0 where
9%9
0 0 Cf
2 2
Ei/(l-\)i ) viEi/(l—Vi ) 0
2 2 .
[Ci] = \)iEi/(l—\)i ) Ei/.(l—\)i ) 0 i=c,f
3x3 0 0 K.G,
ii
A 0 0
c
[z] = 0 Zf 0 where
9x13
0 0 Zf

18k



[F,]

0 Zc 0
O 0 Zc, -] [Zf] =
1 0 0
F 0 0
C
(e} = 0 Ff 0
13x13
0 0 Ff
G h 0
c ccC
0 D v D
C
0 vc c Dc ’ [F_] =
£
E.h
B, = "&“i??' , D, =
(l—vi )

Annular Element with Linear Shear

The nodal displacement vectors are

T _ T -
{q}" = {r} W Xy Yy Vi Xpg Vs

B.1.1.

[#(E€)] of Equation (II1.19)

1€ S 0
0 1/t 28/t 3E%/%  -h/d
0 0 0 0 1
0 0 0 0 0

1 0 0
0 1 0
0 0 1
where
Bf vaf 0
vaf Bf 0
0 0 Kfohf
0 0 0
0 0 0
3
Eshy
2 ]
12(1—\)i )

chosen as follows

Ve Yeg 7
0 0
~h E/d  ~h/d
3 -1
0 1
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ze 0
0z
0o o0
0 0
0 0
0
Pe  VeDe
Ve D¢
i=c,f

0
-h.£/d
-£
3



B.1l.2.

B.1.3.

[B(

-1/r%

d/2rg

-1/xr8

-d/2rd
0
0

-1/r4

[A]

)] of Equa?ion (II1.20)

0 0 1 £
~2/8% -er/s? 0 1/%
-2E/x8 —3£z/r2 1/t E/r
a/2% a2’ 0 -h_/2g
GE/rs  34E/2tR -h_/2r -h_E/2rL

0 0 0 0
~2/8%  —6/0’ 0 0
-/t —352/r£ 0 0
~a/2%  -3ag/e? 0 /28
~dg/rh -3dg°/2rg h_/2r h_E/2r%

0 0 0 0
~2/2%  -6g/4? 0 0
-28/r8 -3t%/t8 0 0

of Equation (II.30)

o o 0 0 0 0
1/4 0 0 -h/a O -h/d
o 0 0 1 o -1
101 1 0 0 0
1/t 2/% 3/% ~-h /4 -h_/d -h./d
o o0 o 1 1 -1
0o 0 o0 0 0 1
o o0 o0 0 0 1

186

-hf/2£

—hf£/2r2

1/%
Elr
hf/22

hf£/2r£

1/%

Elr
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B.1l.4 [A_l] = [T] of Equations (II.30) and (II.33)

1 0 0 0 0 0 0 0

0 % h %/d 0 0 0 % 0

-3 =24 -2h_R/d 3 -4 -h_2/d -24 -2

2 % hef/d -2 ) h %/d ) 2

C C

D 0 -1 0 0 0 1 0

| D 0 -1 0 0 0 -1 1
| , ‘ ; g
0 D 0 . Q D 0 1 10

0 0 0 0 0 0 -1 il

R -~

B.1.5.: {Qa} of Equations (III.20) and (III.21) for linear variation of

f transverse distributed load.

| Q1" = 2m<Q Q,Q;Q,0 0 0 0>
Q = (ri/2 + 2,/6)pi + (ri/2 + Z/B)pj
Q2 = (ri/6 + Q/lZ)pi + (ri/3 + Z/4)pj
Q3 = (ri/lZ + Z/ZO)pi + (ri/4 + 2/5)pj
Q, = (r;/20+8/30p; + (x;/5+ L/6)p,

B.1.6. {R} of Equation (II.33)

| Q =39t 2
20Q, —2Q, +Q
ﬁjZM 3 4)

{rR} 278 3Q, - 2Q,
~h 200y - Q,)/d




B.2. Annular Element with Quadratic
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Shear

The nodal displacement vector i

T _ T _
{q}" = {r} =< Wi Xpy Vi Vs ij %

J

B.2.1. [®(&)] of Equation (II.19)

1 ¢ g2 gl 0

0 1/% 28/%  3E%/% ~h_/d
0 0 0 0 1

0 0 0 0 0

B.2.2, [B(&)] of Equation (II.20)
The first eight columns of |

B.1,2. The transpose. of the two addi

g€ 28/% F;z/r -hCE/JZ, -thZ/Zr 0

0 0 0 -hE/% -hE'/2r
B.2.3. [A] of Equation (II.30)
1 0 0 0 0 0
0 1/8 0 0 —hc/d 0
0 0 0 0 1 0
1 1 1 1 0 0

d o o o 1 1
O 0 0 o 0 0
G 0 0 o 0 0
O 0 0 o0 1 1/2
6 0 0 0 0 0

g .

Yeq ij Yeo Yfo >

3
0 0 0 0 0
2 2
-hCE/d —hf/d —th/d -hcg /d —hfi /d
£ -1 -£ g? g2
0 1 £ 0 g€

B] are the same as [B] given in Appendix

tional columns is:

2
0 0 hcg/l hcg /2r 0 0
2 o2g/n Efr ng/r ngliae &8 2g/n €
0 0 0 0
—hf/d 0 0 0
-1 0 0 0
0 0 0 0

—hf/d —hf/d, —hc/d —hf/d

-1 -1 1 -1
1 0 0 0
1 1 0 1
0 0 1/4 0
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B.2.4. [A1] = [T] of Equations (II.30) and (II.33)
10 o o0 0 o o 0 0o o
) hi/d 0 0 o & 0o 0 o0
-3 -20 -2n%/d 3 -L -hi/d -2 L 0 0
2 % h&/d -2 & h&/4 L -4 0 0
o 0 1 o0 o o 1 o 0o o
0o -3 0o o0 -1 -3 -1 4 o0
o 0 o o0 o o 1 o 0o o
0 0 o o0 o0 o -3 -1 0 4
0 0 2 0 0 2 2 2 -4 0
0 0 o o0 o o 2 2 0 -4

B.2.5. {Q,} of Equations (ITI.20) and (III.21) for linear variation

of transverse loads. The notation of B.1.5 applies.
fQ ¥ =2m < q, Q Q, Q. 0 0 0 0 0 0>
(] 1 "2 =3 “4

B.2.6. {R} of Equation (II1.33) is the same as in B.l.6 except for the

addition of two zero elements to make the vector 10 X 1,

B.3. Disc Element with Linear Shear

When r, = 0, the nodal displacement vectors are chosen as follows

T (T _
{q}7 ={r}" =<w, 0 O Vi Xpy o Y 0 Yo ?

1 J L]
et e . m i .
2 og&gﬁyatiomy(iI119)‘

0 0 0 1 g2 g3 0 0
0 0 0 0 28/ 3£2/4 -h E/d  -h.E/d
0 0 0 0 0 0 £ -

0 0 0 0 0 0 0 £



B.3.2.

B.3.3.

[B(&)]

[A]
0

0

of Equation (IIL.20)

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

of Equation (II.30)

0 0 1
0 0 0
0 0 0
0 0 1
0 0 0
D 0 q
p 0 0
6 o 0

0
-2/2°

/22

a/8°
0
~2/2?
~2/2?
~d/s?
—a/2?
0
~2/2°

-2/92

(Note: r/& = &)

0 g
2
-6E/4 1/2
-3g/22 1/8
3dE /42 ~h_/28

3dE /202 ~h_/28

0 0
-6£/8° 0
-38/2° 0
-3a£/8% b /28

~3dE/22° h_/28

0 0
-6£/8> 0
-3g/3° 0
0 0 0
0 0 0
0 0 0
1 0 0
3/% —hc/d —hc/d
0 1 -1

0 0 0

0 0 1

190

—hf/ZZ

—hf/2£

1/%
1/%
he/2%

hf/2£

1/%

1/%
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B.3.4. [A_l] = [I] of Equations (II.30) and (II.33)

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

§ -3 0 0 3 -2 ~h_2/d 0 -2
| 2 0 0 -2 % h 4/d 0 %
0 0 0 0 0 1 0 1

E 0 0 0 0 0 0 0 1

|
|
| B.3.5. {Qa} of Equations (III.20) and (III.21) for linear variation of
|
3

transverse distributed loads. The notation of B.l.5 applies.

{Qo‘}T = 2me <0 0 0 Q Q@ Q 0 0>

B.3.6. {R} of Equation (II.33)

.

Q -3+ A,

30, - 2,
—Q(QB - Q4)
b 2(Q; - Q,)/d
0

{Rr} 278

_£(Q3 - Q4)

B.4. Disc Element with‘Quadratic Shear

When r, = 0, the nodal displacement vectors are chosen as follows:

T .
{q}" ={r} =< w, 0O 0 w. X. Y, 0 Yes  Yeo Yeo >
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B.4.1. [®(E)] of Equation (II.19)

o o o 1 g2 g3 0 0 0 0

o o 0o 0 2/8 3/ -hE/d -hg/d -hE°/a -hEP/a
0 0 0 0 0 0 3 -£ g2 -¢?

o o 0o o0 0 0 0 £ 0 g2

B.4.2, [B(E)] of Equation (II.20)
The first eight columns of [B] are the same as [B] given in
Appendix B.3.2. The transpose of the two additional columns is the same as

that given in Appendix B.2.2 with r/& replaced by 4%.

B.4.3. [A] of Equation (II.30)

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0
0 0 0 0 2/4% 3/4% ~hc/d —hf/d -hc/d —hf/d
0 0 0 0 0 0 1 -1 1 -1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 1/2 0 1/4 0

0 0 0 0 0 0 0 1/2 0 B 1/47T
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B.4.4 [A_l]~= [T] of Equations (IL.30) and (II.33)
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
-3 0 0 3 - —hCI/d 0 =% 0 0
2 0 0 -2 L hcﬁ/d 0 L 0 0]
0 0 0 0 0 -1 0 -1 4 0
0 0 0 0 0 0 0 -1 0 4
0 0 0 0 0 2- 0 2 -4 0
0 0 0 0 0 0 0 2 0 -4

B.4.5. {Qa}‘ of Equations (III.20) and (III.21) for linear variation of

transverse loads. The notation of B.l.5 applies.

-

{ro’=2'rm<oooql Q Q@ 0 0 0 0 0>

B.4.6. {R} of Equation (II.33) is the same as in B.3.6 exéept for the

addition of two zero elements to make the vector 10 X 1,



APPENDIX C:

MATRICES FOR AXISYMMETRIC SANDWICH SHELLS

The matrices that follow are for a three-layer axisymmetric

sandwich shell element with chord length & (see Section III.3).

The facing layers are of equal thickness and are composed of the

same material.

Further details are given in Section III.4.

The following vectors and matrices apply for all of the elements

for which specialized matrices are given below:

W@ = <w Xp Y Y >
{e®)} = <e° e Y K K
sc B¢ sZc re Oc
oL ok t t t b b b
st for Ysze st Ko  Ssf %or Yscf
T t t t b
€@ = < €sc¢  Foc Ysze Ssf For Yszr B €
T ) t t t b
{o(&)} = < Oﬂsc OGC ngc 0sf Gef TsZ;f Gsf
C 0 0
c
[C] = 0 Cf 0 where
9x9
0 0 Cf
2 2
Ei/(l—\)i ) \)iEi/(l—Vi ) 0
_ 2 2
[Ci] = \)iEi/(l Vi ) Ei/(l vy ) 0
3x3
0 0 KiGi
Z 0 0
c
[z] = 0 Zf 0 where
9x15
0 0 Zf

19k

b b
st KGf >
b b
of YsZ;f g
b b

6f TsCf
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1 0 0 ;i 0
[Zi] = 0 1 0 0 ;i , 1= c¢,f
0 ¢} 1 0 0
F 0 0
c
[G] = 0 Ff 0 where
0 0 Ff
B Vv,B, 0 0 0
i i1
Vv.B, B 0 0 0
i i ,
[F.] = 0 KlGihi 0 0 s, 1= ¢,f.
0 0 0 D, v.,D,
i i
0 0 0 v,D, D,
i1 i
Esh, Eihi3
and B, = ———— , D, = ——— , i=c,f.
(l—“‘x)i ) lZ(l—Vi )

C.l. Frustrum Element with Linear Shear

The nodal displacement vectors are chosen as.follows:

(' = < u Xl v Y Ups UWoo Xpo Yi Yes O
11 721 Api Y1 Yer Y1y Y23 Xpy Yy Yy
' = <y, v %, v, u ow Xo: Yeo Yes Yes >
i1 i i Yy Yy Xy Yy £fi Vfj
C.1.1. [®(E)] of Equation (II1.19)
1 £ 0 0 0 0 0 0 0
0 0 1 53 0 0 0

0 coszﬁtanB/Z 0

0 0 0 0 Y £ -1

0 0 0 0 0 0 0 0 1

0

0

L) bng
dh - — -
»cosVB/%y/hc/d hci/d Uhf/d hfé/d

-£
€
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au\Amnmu%wou+snwmvmcmummMOUI = 'q
q\mcmummmou = mn Na\mmmou = mp
97500/%q3- = %q /3/9 s0aguea, Uz~ = Cq
guea/Tq- = Sq /318 u23-1)g s00,u- = Tq
3I9yM
379 %q 0 0 :
B/gses 0 0 0 gt Tl ¢ L, sTeytter=r FOTPg g
2 T 0 0 srérrer FUDg m.- Flot-ng _ Frg
2/9°%u 2% 7%y z/%%y |
¥z /95007y 0 ¥z/9800 Yy 0
3%q 9q 0 0
¥/gs0od 0 0 0 -
. : . . S 0T 6¢g=t ¢F (S Dg - Frg
7/3°u- z/%%u-  7/9%°u-  7/9¢°u- 9=t <F @ Dg I He-Dg . Frg
¥z/§s0o’u- ¢ ¥2/§50° u- 0
0 0 3% %q ;Nwmgm $°qg °q 0 LT
0 0 ¥/gs02 0 wmno+NMNam bazesfaz %a o q 0
0 0 3 T 0 0 0 0 0 0
0 0 0 0 H\%moumw u\Smoumw ‘1/hs023  a1/Mhsoo 1/tars3  affutrs
0 0 o 0 h@mwm Laqge tq 0 ¥/9,50 0

(0z°11) uwotienba Jo [(&] “Z°T°D
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C.1.3. [A] of Equation (II.30)

1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 altanBi 0 -a; 0 0 —hc/d 0 —hf/d 0
0 0 0 0 0 0 1 0 -1 0
0 0 0 0 0 0 0 0 1 0
1 1 0 0 0 0 0 0 0 0
0 0 1 1 1 1 0 0 0 0
0 aztanBj 0 -a, —2a2 —3a2 -hc/d —hc/d —hf/d —hf/d
0 0 0 0 0 0 1 1 -1 -1
0 0 0 0 0 0 0 0 1 1
where a, = COSZB./K
1 i
a, = cossz/Q
C.l.4. [A—l] of Equation (II.30)
1 0 0 0 0 0 0 0 0] 0
-1 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0
--tanBi 0 -l/al —hc/dal —l/al tanBi 0 0 0 0
a, -3 2/al 2hc/dal 2/al -a, 3 l/a2 hc/da2 l/a2
-a, 2 -l/al —hc/dal —1/al a, -2 —l/a2 —hC/da2 -l/a2
0 0 0 1 1 0 0 0 0 0
0 0 0 -1 -1 0 0 0 1 1
0 0 0 0 1 0 0 0 0 0
0 0 0 0 -1 0 0 0 0 1
where 33 = 2 tanBi+tanBj
a, = tanBi+tanBj
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of Equation (IIL.31) and Section III.4.4,

C.1l.5. [T](s,e,;)

cosBi sinBi 0 0 0 0 0 0 0 0

sinBi —cosBi 0 0 0 0 0 0 0 0

0 0 1 0] 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 0 cosBj sinBj 0 0 0 0

0 0 0 0 sinBj —cosBj 0 0 0 0

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 1

C.1.6. [T] of Equation (II.31) and Section III.4.4.

(r,0,2)

[T](r,e,z) is the same as {T](s,e,;> except that each of the

2x2 sub-matrices corresponding to the translations is replaced by

sin wizcos,w

cos P -sin ¢

Note that in {r}, u changes to u and w to u,.

C.2. Frustrum Element with Quadratic Shear

The model displacement vectors are chosen as follows:

{q}T

[}
N
[
c

{r}T = < u, w, Xb
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C.2.1. [®9(E)] of Equation (II.19)
The first ten columns of [$] are the same as in Section C.1.1.

The additional two columns are

0 0
0 0
2 2
- £%/a b £%/a
g? -2
g2

C.2.2. [B(&)] of Equation (II.20)
The first ten columns of [B] are the same as in Section C.1.2.

The transpose of the additional two columns is

2
‘—hcgcogs fhcg b

2 2EcosB- 2 6
0 0 ¢ T Pgé n 7 0 0 0
. , 2
~h:EcosB -h_.E"D ,
£2 £ 6 2 2Ecosf 2
0 0 0 0 0 7 5 g T b6£
2
thcosB hCE b6 . . .
R 2

2
'hfgCOSB hfg be E2 2EcosB b £
2 2 2 6
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of Equation (II.30)

[A]

C.2.3.

-h /d 0 —hf/d 0

—a1 0

0 altanB.

-h_/d  -h./d
-1 -1

/d —hc/d —hf/d —hf/%
-1

(S

—3a2 -h

1/4

1/2

1/4

1/2

C.2.4 [A—l] of Equation (II.30)

o O O
o O O
o O O
o O o
o O O
o o O
O - O
o O O

o O O
o O O
o o
- <4 O

where ay through a, are defined in Section C.1.
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c.2.5. [T](s,e,c) of Equation (II.31) and Section IIIL.4.4,

cosBi sinBi 0] 0 0 0] 0 0] 0 0 0

sinBi —cosBi 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0] 0] 0 0
0 0 0 1 0 0 0] 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 o0 cosBj sinBj 0 0 0 0 0
0 0 0 o0 sinBj —cosBj 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0] 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0

C.2.6. [T](r,6,2)~ of Equation (II.31) and Section III.4.4.

[T](r,e,z) is the same as [T](S’e’;) except that each of the

2x2 submatrices corresponding to the translations is replaced by

sin Y cos Y

cos Y -sin ¢
Note that in {r}, u changes to u  and w to u,.

C.3. Cap Element with Linear Shear

The nodal displacement vectors are chosen as follows:

T
{q} = <0 w, 0 0 0 upy

{r}T

L]

<0 u, . 0 0 uj Wj Xp Y. 0 Yea >

H O O O O 0O O O o O o o



C.3.1. [®(®)]
0O 0 o 0
0 0 o 0
0 0 0 o
0 0 0 0
0 0 o0 o0

202

of Equation (II.19)

-cosy 3 0 0 0 0
. 2 3
siny EtanBi £ £ 0 0
2
. (tanB—tanBi)cos B —ZECOSZB ~3£2cos28 -th ,—th
2 ' 2 L d d
0 0 0 0 € -g
0 0 0 0 0 3

of Equation (II.20)

2
0 0 0 0 0 b8 2&b7 3E b7 0 0
2
0 0 0 0 O by £os c€os 0 0
T r
0 0 0 0 0 0 0 0 £ 0
2 cosf
0 0 0 0 0 b1+b2tan8i 2b2£+2b3 3b2€ +6b3€ 7 0
0 0 0 0 0 blO bll b12 b13 0
—hccosB —hfcosB
2% 2%
P e
2 713 2 713
(ditto) (See Section C.1.2) 0 3
cos
0 2
0 P13
h cosf hfcosB
2% 2%
e Re
2 713 2 713
(ditto) (See Section C.1.2)
0 3
0 cosB
2
0 bl3
where b through b are defined in Section C.1l.2. and

1

7



31

(l+tanBitanB)coszﬁ/£

(sin¢+tanBicosw)/;

COSBQ

T4
2b14c0338/;.2

3b,,E/2

b, cosB/T
siny+cosPtanp

r/E = L(sinP+n cosp)

n/g

a4 are defined in Section III.3.

of Equation (II.30)

0 0 0 0 0

-1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
~cosy 1 0 0 0
siny tanB, 1 1 0

1

0 (tanBj-—tanBi)a2 —2a2 —3a2 —hc/d

b14[5a4§2+4(a3—a4)£2+3(a2—a3)£+2(a2—al)]
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C.3.4. [A_l] of Equation (II.30)
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 ~1 0 0 0 0 0 0 0 0
0 -cosy O 0] 0 1 0 ] 0 0
0 ag 0 0 0 -a, 3 1/a2 hc/daz l/a2
0 ag 0 0 0 a, 2 —1/a2 —hc/daz —l/a2
0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0] 0 0 1

where a, = coszB /%

2 3

a, = ZtanBi+tanBj

a, = tanBi+tanBj

a, = a3cosw+3sinw

a, = —a4cosw-281nw

c.3.5. [T](s‘e’;) of Equation (II.31) and Section I1T.4.4.

0 0 0 0 0 0 0 0 0 0
0 1l 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0. 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 cosBj sinBj 0 0 0 0
0 0 0 0 sinBj —cosBj 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1

page no. 206 follows



This page is left blank



C.3.6.

[T}(r,e,z) of Equation (II.31) and Section III.4.4,

(T}(r,e,z) is the same as [T](s,e,c) except

cosf, sinB, sin Y cos Y
J is replaced by
sinBj —-cosﬁj cos Y =-sin VY

Note that in {r}, u changes to u and w to u,.

C.4, Cap Element with Quadratic Shear

The nodal displacement vectors are chosen as follows:

C.4.2.

00403.

o O O O O O O o o o o o©

= <0 w000 Uy vy Xy Yy Ve Yeo Yeo T

= <0 us 0 O uj wj ij Yj 0 ij Yoo Yio >
[®#(E)] of Equation (II.19)

See Section C.2.1.

[B(E)] of Equation (II.20)

Same as Section C.2.2 except £b6 is replaced by b13'

[A] of Equation (II.30)

0 0 0 0 0 0 0 0 0 0 0
0 0 0 -1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 -cosy 1 0 0 0 0 0 0
0 0 0 siny tanBi 1 1 0 0 0 0]
0 0 0 0 (tanBj—tanBi)a2 —-2a2‘—3a2 —hc/d fhf/d _hc/d —hf/d
0 0 0 0 0 0 0 1 -1 1 -1
0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1/2 0 1/4 0
0 0 0 0 0 0 0 0 1/2 0 1/4
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[A™Y] of Equation (II.30)

C.4.4,

-cosy

-1/a2 —hc/daz -1/a3

are defined in Section C.3.4.

a, through ag

where

[T](S 0.7) of Equation (II.31) and Section III.4.4.
H »

C.4.5.

0
0

C.4.6. [T] of Equation (II.31) and Section III.4.4.
(r,6,2)

See Section C.3.6.




APPENDIX Dee COMPUTER PROGRAM FOR STATIC ANALYSIS OF ELASTIC AXISYMMETRIC
SANDWICH SHELLS (FORTRAN IV}

PROGRAM AXSNSHL{INPUT sOUTPUT s TAPEL1»TAPE2yTAPE3)

ANALYSIS OF THIN SANDWICH ROTATIONAL SHELL WITH AXISYMMETRIC LOAD-
INGe CONSTANT THICKNESS SHELL WITH TWICE CONTINUOUS MERIDIAN.
MATERIAL PROPERTIES MAY NOT VARY IN THE MERIDIONAL DIRECTION FOR
THE PRESENT PROGRAM, ALTHOUGH MODIFICATION FOR THIS CAPABILITY

MAY BE READILY ACHIEVEDs NO RESTRICTION ON RATIOS OF LAYER THICK-
NESSES OR LAYER PROPERTIES. NODES ARE NUMBERED CONSECUTIVELY
ALONG THE MERIDIAN AND IF A NODE IS LOCATED ON THE AXIS OF SYM-
METRY NUMBERING MUST BEGIN AT THIS NODE. ELEMENTS ARE NUMBERED
SUCH THAT THE ELEMENT NUMBER IS THE SAME AS THE SMALLER ADJACENT
NODE NUMBER.,

STORAGE FOR 100 NODES (AND THUS FOR 99 ELEMENTS).

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH

Fe 3 H I I K F R I K H I3 I I I K I I I I NI I I I I I I I K KKK IE I IR

DATA CARDS FOR AXSNSHL
R R AR T S R R Ry g Ry S e e S I RS S S

1 CARDes I10 NUMBER OF SHELLS TO BE ANALYZED
THEN, FOR EACH SHELLs ALL OF THE FOLLOWINGe.

1 CARDee COLSe 2-72 TITLE

1 CARD&s 3110
NUMBER OF NODESs NN
NUMBER OF LOAD CASESs NLC
NUMBER OF NODES WITH RESTRAINTSs NBC

1 CARDee 5F1040

THICKNESS OF 1 FACING (INe)

YOUNGS MODULUS OF FACINGS (PSI)

POISSON RATIO OF FALINGS

SHEAR MODULUS OF FACINGS (PSI)

SHEAR STRESS CORRECTION FACTOR FOR FACINGS
1 CARDss 5F1040

THICKNESS OF CORE (INs)

YOUNGS MODULUS OF CORE (PSI)

POISSON RATIO OF CORE

SHEAR MODULUS OF CORE (PSIY

SHEAR STRESS CORRECTION FACTOR FOR CORE
(NOTEee SHEARING MAY BE NEGLECTED BY SETTING G TO 9999999999)

NN CARDSes 110532F1040
NODE NUMBER
Rs ABSCISSA OF NODE (IN.)
Zs ORDINATE OF NODE (INs)
PHIs» LATITUDE ANGLE OF NODE (DEGREES)

e RaNa¥aNalaNaNataRalaNaXaNaNakakaXeaXakaXaaala¥eRaNalaiaRaalaNaNaNakaNaaNaiaNa e NaYaNaRaXake!

NN-1 CARDSes 2F1040
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aYaNalatataataNaNaaNalaNaXelaXakeXataNaNaRaNaxatalaNaRaNaNaANA N

[aNaNe!

100
1000

CURVATURE AT NODE I OF ELEMENT (1/INe)
CURVATURE AT NODE J OF ELEMENT (1/1INs)

NBC CARDS.s 5110
NODE NUMBER
TANGENTIAL DISPLACEMENT INDEX (0=FREEs 1=CONSTRAINED)
RADIAL DISPLACEMENT INDEX ( DITTO )
BENDING ROTATION INDEX ( DITTO )
SHEAR WARPING INDEX ( DITTO )

FOR EACH LOAD CASEs THE FOLLOWINGa.
1 CARDes 2110sL10
NUMBER OF LOADED ELEMENTSs NLE
NUMBER OF LOADED NODESs NLN
UNIFORM LOAD INDEXs LUL (T IF SAME DISTRIBUTED LOAD
ON NLE ADJACENT ELEMENTSs F OTHERWISE)
NLE CARDSee 110s6F10.0 (IF LUL IS T, THEN ONLY 1 CARD FOR FIRST
LOADED ELEMENT IS NEEDED)
ELEMENT NUMBER
TANGENTIAL LOAD INTENSITY AT END I (PSI)
RADIAL LOAD INTENSITY AT END I (PSI)
MOMENT LOAD INTENSITY AT END I (IN.-LB./IN¥*%2)
TANGEFNTITAL LOAD INTENSITY AT END J (PSI)
RADIAL LOAD INTENSITY AT END J (PSI)
MOMENT LOAD INTENSITY AT END J (INe-LB./IN*¥%2)
NOTE.o LINEAR INTERPOLATION OF DISTRIBUTED LOADS
1S USED ALONG THE CHORD LENGTH OF THE ELEMENT,)
NODE NUMBRER
TANGENTTAL CONCENTRATED LOAD AT NODE {(LBs/INe)
RADIAL CONCENTRATED LOAD AT NODE (LBs/INs)
CONCENTRATED MOMENT AT NODE (INe-LBe/INe)

COMMON 7/ NNsNESNLCINDOF yNBCsNRDsNLE sNLNsP I
Pl = 3414159265358979
READ 1000s NSHELLS

DO 100 N = 1sNSHELLS
CALL SETUP

CALL BCS

DO 100 I = 1sNLC

CALL LOADS(I)

CALL SOLVE(I)
FORMAT(I110)

STOP

END

SUBROUTINE SETUP

THIS SURROUTINE READS THF GEOMETRICAL AND MATERIAL PROPERTIES OF
THE SHELL AND SETS UP THE FOLLOWING.. (1) OVERALL STIFFNESS MATRIX
UNMODIFIED FOR BOUNDARY CONDITIONS (2) ELEMENT TRANSFORMATION
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[aNa NN}

100

MATRICES STORED ON TAPE 1 (3) NODAL STRESS RESULTANT MATRICES
STORED ON TAPE 2 (4) CONSISTENT LOAD INTEGRATION MATRICES STORED
ON TAPE 3.

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
REAL NUF s NUCsKFKC

COMMON / /7 NNsNEsNLCsNDOF sNBCsNRDsNLE sNLN9PI

COMMON /ARRAY/ S(40098)sST(9991052)sIBCI50)sRLI400)sRC(200)sU(990)
COMMON /PROPS/ HeDsHF sHCsEFsNUF 9 GFsECsNUC»GCHBF sDF o BCs DC

COMMON /XGEOM/ YP,sYPPsRXsCOSB»YBAR

COMMON /ELGEOM/ R(100)s2(100) ELsSPSIsCPSI

1 TBIsTBJ»CBI+CBJISBI9SBIsALsA2ZsA3 AL

COMMON /INTEG/ X(12)sW(10)

COMMON /STMATS/ SEL{10s10)sB(12+10),DB(12510)sT(10s10)

DIMENSION CPHI{100)sSPHI(100)sP(1051093)sP1{10)+P2(10)sP3(10)>

1 PHI(100)

EFQUIVALENCE (CPHI(1)3RL(1))s (SPHI(1)sRL(101))y (P{1)sUl1))s

1 (P1l(1),U(301))s (P2(1)»U(311))y (P3(1),U(321))

DATA X / Qe0s 04013046735741414, 04067468316655507,

1 0«160295215850488s 04283302302935376s 0.425562830509184,
2 De574437169490816s 04716697697064624y 04839704784149512,
3 06932531683344493, 0.986953264258586s 1.0 /

DATA W / De066671344308688, 0,149451349150581,

1 0e219086362515982, 04269266719309996 0e295524224714753,
2 0295524224714753y 0e269266719309996s 04219086362515982,
3 0e149451349150581y 04066671344308688 /

PRINT 2000

READ 1000

PRINT 1000

READ 1001s NNsNLCsNBC

READ 10029 HF sEF oNUF o GF s KF

READ 1002s HCIECsNUC,GCHeKC

PRINT 2001s NNsNLCsNBCs HF yHCy EF9sNUFsGFsKFy ECsNUC»GCyKC
IF{NNeGT«100) GO TO 900
IF(GFeGE«9999999998.0) GF
IF(GCeGE«999999999840) GC
H = HC + 2+0*%HF
D = HC + HF
NE = NN - 1
NDOF = 4%NN

1.0E+20
1.0E+20

it oH

EF = EF/(140 — NUF#NUF)
EC = EC/(140 — NUC*®NUC)
BF = EF*HF

BC = EC¥HC

GF = GF*HF*KF

GC = GCH*HC*KC

DF = BF*HF®*HF /1240

DC = BC*HC*HC/12.0

DO 100 I = 1sNDOF

DO 100 J = 18

S(IsJ) = 0.0

JK = 0

PRINT 2002

DR = 180.0/PI
DO 110 I = 1NN
READ 1003s ITsR(UIJ2Z(I)sPHICI}
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211

PRINT 2003s1sR(1)sZ{1)»PHI(])

PHI{1) = PHI(I1)/DR
SPHI(I) = SIN(PHI(I))
110 CPHI(I) = COS(PHI(I))
REWIND 1
REWIND 2
REWIND 3
PRINT 2004 -
DO 500 I = 1sNE
DR = R(I+1) - R(1I)
DZ = 2(1+1) - Z2(1)
EL. = SQRT(DR*DR + DZ*DZ)
SPSI = DR/EL
CcPsl = DZ/EL
SBI = CPHI(I)#CPSI - SPHI(I)%*SPSI
CB1 = SPHI(I)*CPS! + CPHI(I)*SPSI
TBI = SBI/CBI
SBJ = CPHI(I+1)%CPSI - SPHI(I+1)%SPSI
CBJ = SPHI(I+1)*CPSI + CPHI(I+1)%*SPSI
TBJ = SBJ/CBJ

READ 1004s CURVIsCURVY

PRINT 2005s I sCURVISCURVJsELsSPSIsCPSISTBISTBJ
YPPIl = =EL#¥CURVI/CBI**3

YPPJ = ~EL*CURVJ/CBU*#3

Al T8I

A2 TBI + 0«5%YPPI

iooHon

A3 ~(50%TBI + 4.0%TBJ) + 0.5%YPPJ - YPPI
A4 3.0%(TBI + TBJ) + Qe5*{YPPI - YPPJ)
DO 150 J = 1510
DO 150 K = 1510
150 SEL(JsK) = 0.0

COMPUTE AND STORE ELEMENT TRANSFORMATION MATRIX (Ax%-1)%T
CALL TMATI(I)

WRITE(L) ({T(KsL)sL=1910)sK=1510}
DO 400 J = 1»s12
YBAR = (160 = X(J)IR(AL + X{I*¥(A2 + X()*(A3 + X{J)*A4)))

YP = AL*{1s0 — 2e0%X(J))+ X(JIX¥(A2%(2.0 = 3.0%X(J)) + X{J)*(A3*
1 (360 = 4e0%X(J)) + AGH¥X(J)%{4e0 = 5.0%X(J))))
YPP = 240%(=A1 + A2%(1,0 = 340%X(J)))+ X(J)*(A3%(640 = 12,0%X(J))
1 + A4%X(J)*(12.0 = 2040%X(J) )
RX = RUI)} + X({J)*EL*(SPSI + YBAR®*CPSI)
COSB = 140/(SQRT(10 + YP%®YP))
EVALUATE B(s) AT NODES AND INTEGRATION POINTS
CALL BMAT(IsJ)
IF(JsEQe1sOReJeEQe12) GO TO 200
ADD CONTRIBUTION TO ELEMENT STIFFNESS INTEGRATION
C = PI*ELX¥RX*¥W(J-1)/COSB
CALL SELALC)
COMPUTE MATRICES FOR INTEGRATION OF DISTRIBUTED LOADS
CALL PHITMAT(I+J)

P1(J=1) = C
P2tJ=1) = YP
P3(J~1) = COSB
GO TO 400

200 CONTINUE



400 CONTINUE
STORE INFORMATION FOR INTEGRATION OF DISTRIBUTED LOADS
WRITE (3) (((P(JsKsL)sL=153)3K=1410)yJ=1910)s(PLLJ)sP2(J)sP3(J}),
1 J=1,10)

420

450
500

900
1000
1001

10¢2
1003

1004 FORMATI(2F10C.0)
2000 FORMAT(1H1)
2001 FORMAT(10Xs28HNUMBER OF NODES s 13/
1 10X, 28HNUMBER OF LOAD CASES s13/
2 10Xy 28HNUMBER OF RESTRAINED NODES s13//
3 10Xs16HFACE THICKNESS =9F1046/
4 10X 16HCORE THICKNESS =9F1046//
5 10XsEHFACE E =9F1341/
6 10Xy 9HFACE NU =4F1265/
7 10X+BHFACE G =9F13el/
7 10Xs10HFATZE KAP =4F1145//
8 10X+BHCORE £ =4,F13.1/
9 10X 9HCORE NU =,F12.5/
1 10X+E8HCORE G =»F13e1/
1 10X 10HCORE KAP =2,F1le5//
2 39H ALL QUANTITIES IN INCHES AND/OR POUNDS /)
2002 FORMAT(//11HONODAL DATA /
g 2X s 4HNODE s 7X» 11HABSCISSAs Re8Xs12H ORDINATE,

STORE MATRICES NEEDED TO RECOVER STRESS RESULTANTS AT NODES

CALL STRESS
WRITE(2) ((B(KsL)sbL=1510)9K=1,12)

TRANSFORM 10X10 ELEMENT STIFFNESS TO GLOBAL CO-ORDINATES AND CON-

DENSE TO 8x8

CALL SELR(I)

STORE MULTIPLIERS AND PIVOTS
DO 420 J = 1:2

Id = J + 8

DO 420 K = 1410

STUI4Ksd) = SEL(IJsK)

ADD 8X8 ELEMENT STIFFNESS TO OVERALL STIFFNESS

DO 450 J = 1.8
[ = JK + J

DO 450 K
IK = K -
S{I1dsIK)
JK = JK + 4
END FILE 1
END FILFE 2
END FILE 3
RETURN
PRINT 2900
STOP
FORMAT(72H

o ou

Js
+
St

- D

JrIK) + SEL(JsK)

FORMAT(3110)
FORMAT(5F1040)
FORMAT(110s3F10.0)

1 14HLATITUDE ANGLE/

2 15Xs5H(INe)»15X95HIING) s 13X+s8H(DEGREE) /)

2003 FORMAT([493F20.8)
2004 FORMAT(/18HOELEMENT GEOMETRY /
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213

1 8H ELEMENT»10XsTHCURV(I)s10XsTHCURV(J)»5X»12HCHORD LENGTH10X>»
2 THSIN PSIs10Xs7HCOS PSIe6Xs11HTAN BETA(I)9s6Xs11HTAN BETAC(J)/
3 18XsTH(1/INe) s10XsTH(1/ING)}»12Xs5H(INS))
2005 FORMAT(I857F17.8)
2900 FORMAT(/////41HONUMBER OF NODES EXCEEDS ALLOWABLE STOP )
END

SUBROUTINE TMAT(I)
THIS SUBROUTINE EVALUATES THE CO-ORDINATE TRANSFORMATION MATRIX
(A*%*-1)%T FOR ELEMENT Il
GLOBAL CO-ORDINATES ARE S AND XI (MERIDIONAL AND RADIAL)s AND
THUS CAN BE APPLIED ONLY TO SHELLS WITH TWICE CONTINUOUS MERIDIANS
SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
REAL NUCsNUF
COMMON /PROPS/ HsDsHF s HCsEF s NUF s GF s ECoNUC s GCsBF 9 DF s BCy» DC
COMMON /STMATS/ SEL(10s10)sB(12+10)sDB(12+10)9sT(10,10)
COMMON /ELGEOM/ R(100):2{100), EL+SPSI+CPS]
1 TBI+TBJsCBI»CBU»SBIsSBJIsAL1sA29A3 AL
DO 100 J = 1910
DO 100 K = 1410
100 B(JsK) = 00
IF(R(1)eEQeQe0) GO TO 500

MATRIX FOR OPEN-ENDED ELEMENT
B(lel) = B(3s2) = B(246) = 140
B(Te4) = B{7+5) = B(945) = 1.0
B(8s2) = B(8,10) = B(10s10) = 1.0
B{2s1) = B(8s4) = B(B8s5) = B(1095) = =140
Bl4sl) = =-TBI

Blase) = TBI

B{6s6) = TBI + TBJ

B(6s1) = — Bl(6s6)

B(5s1) = B(6s6) + TBI

B{5s6) = =B(5+1)

B(592) = =-3,0

B(6s2) = 240

B(5s7) = 340

B(os7) = =240

Bl4s3) = Bl6Es3) = ~EL/CBI/CBI
B(5s3) = ~2.,0%B(4,3)

B{4s4) = BlEs&4) = HCEBR(443)/D
Bi{Ss&4) = =2,0%B(4s4)

B(&4s5) = Bl695) = B{443)
B(5s5) = =2.0%B(445)

B(5.8) = EL/CBJ/CBJ

B(6s8) = —B(5+8)

B(5s9) = HC*¥B(5+8)/D

B(6+9) = ~-B(5+9)

B{5s10) = B(5,8)

B(6+10) = =B{(5,10)

DO 200 J = 1410



200

500

700
1000

TtJsl) = CBI*¥B(Jsl) + SBI*¥B(Js2)

T(Js2) = SBI*¥B(Jsl) -~ CBI¥B(Js2)
T(Jds3) = B(Jr3)

T{Js&) = B(Js4&)

TtJeB) = CBI*B(Js6) + SBI¥B(Is7)
T(Js6) = SBIU¥B(JIs6) ~ CBI*¥B(Js7T)
T(Js7) = BlJsE)

T{Js8) = B{Js9)

Tt(Js9) = B(Js5)

T(Js10) = B(Js10)

GO TO 1000

MATRIX FOR CAP

B(592) = —1la0

B{6s6) = B(9s9) = B(9,10) = B(10,10) = 1.0
B(7¢7) = 340

B(B8s7) = ~240

B{6s2) = —=CPSI

Bl7s2) = (2.0%TBI + TBJ)*¥CPSI + 3,0%*SPSI
B(8s2) = -B(752) + TBI*CPSI + SPSI
B(7s6) = ~2,0%TBL - TBJ

B(8s6) = TBI + TBJ

B(7+8) = EL/CBU/CRU

B(8s8) = —~B(7,8)

B{7+9) = HC*¥B(7+8)/D

B(8s9) = =B(7,+9)

B{7+10) = B(748)

B(8s10) ==B(7+10)

DO 700 J = 1.10

TiJdel) = T(Js3) = TlJe&) = TLJIs9) = 00
T(Js2) = B(Js2)

T(JsS) = CBIX¥B(Js6) + SBUI¥BII,T)
T(Js6) = SBI*B(Js6) -~ CBIX¥B(JsT)
T(Js7) = B(Js8)

T(Je8) = B(Js9)

T(Js10) = B(Js10)

RETURN

END

SUBROUTINE BMAT(I,J)

THIS SUBROUTINE EVALUATES THE MATRIX B FOR ELEMENT I AT POINT X(J)
SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
REAL NUF sNUC

COMMON /PROPS/ HsDsHF sHCsEF s NUF s GF s ECaNUC»GC s BF s DF s BCHDC

COMMON /XGEOM/ YPsYPP,sRXsCOSBsYBAR

COMMON /ELGECM/ R(100)+2(100) ELsSPSTIsCPSIy

1 TBI4T3JsCBIsCBJISSRISBIIALIAZIA3sAL

COMMON /STMATS/ SELE10510)B3(12+10)+sDB(12910)sT(10+10)

COMMON /INTEG/ X(12)4W(10)

DO 100 K 1512

DO 100 L 1,10

Hou
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100 B(KslL) = 040

Bl = -YPPX¥COSB¥*%5%(1,0 - YP#*
B3 = COSB**3/(EL*EL)
B2 = —24.0%YPP*YP*R3*COSB*COS

[F{R(1)«EQeDe0) GO TO 400

Ry = —-EL*R3*YP*¥(SPSI + CPSI*
B5 = EL*B3%(SPSI + CPSI*YP)/
B6 = COSB*(SPSI + CPSI*YP) /R
MATRIX FOR OPEN-ENDED ELEMEN
Bt2s1) = B(7s1) = B(12s1) =
B{2s3) = B(7+s3) = B(12+3) =
B{2s2) =

Bl2sy4) =

Bl2s5) = Bl2,4)%X(J)

B(2s6) = B(2s5)%X(J)

Bl4s8) = B(9s10) =

B(ls2) =

B{lsf) = B({1ls2)*YP

B(1s5) = 240%X{J)*¥B(144)
B(ls6) = 145%¥X(J)*¥B(145)
B(3s7) = B{(8s9) = 1e0

Bl3,8) = B(8s10) = X{(J)}
B(4+2) = B(9s2) = Bl

B{4s4) = B(9s4) = B2

B{5¢2) = B(10s2) = B4

Bi(5s&) = B(10s4) = B5S

B(5s7) = B{10s9) = B6

B(598) = B(10,10) =

B(4ss5) = B(9,5) =

Btasg) = B(9+6) =

B(5+s5) = B(10s+5) =

B{5s6) = B(10+6) =

B(6+2) = Blls2) ~ D*R1/240
Bl1llsa2) = B(1,2) + D*¥B1/2.,0
Bl6ésh) = Bllsd) — D¥B2/240
B(lle4) = Bllsd) + D¥B2/240
B{6s5) = B(1s5) - D¥B(445)/2
B(1lls5) = B(&sS) + DXR(495)
Blos6) = B(lsb) — D¥B(as+6)/2
B(1lls6) = Bloeb) + D*¥B(496)
Bl6sB) = ~HCH*¥B(44+8)/240
B(1ls8) = =B(64+8)

Bl{é6s10) = =~HF*¥B(438)/240
B(11410) = =B{6s10)

B(7+2) = B(2+2) = D¥*¥B4/260
Bl1l2+2) = B(7+2) + D*B4
Bl7s4) = B(2s4) = D¥B5/240
B(l2s4) = B(7s4) + D*BS
B{7+5) = B{2s5) = D*¥B(5+5)/2
Bl12+5) = BU7+:5) + D¥*¥B(545)
B(7s6) = B(2+s6) — D*B(54+6)/2
B(l2s6) = B{7s6) + D®B(54¢6)
BU7+7) = -HC*¥B6/24,0

B(12s7) = =B(7+7)

B(T7s8) = B(T7sT)*X(J)

YP)/(EL*EL)

B

YP}/RX

RX

X

T

SPSI/RX
CPSI/RX
Bt12,1)%X(J)
B{12s32)%X(J)

COSB/EL
COSB*B(9,10)

B6*X(J)
2.0%¥B2%¥X(J) + 2.0%B3
(3 0%#B2%X(J) + 6,0%#B3)*X ()
2.0%B5%X(J)
3.0%B5%X(J)1 %X ()

o0

o0

«0

«0
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B(1248) = =~B(74+8)
B(7+9) = -HF*B6/2,0
B(1249) = =B(7,9)
BU7+10) = B(7,9)%X(J)
B(12,10) = =B(T7s10)
GO TO 1000

MATRIX FOR CAP ELEMENT

B6 = EL*(SPSI + YRAR¥*CPSI)

BS5 = COSB*%3% (SPSI + YP¥CPSI)/(B&*EL)

B4 = COSB*(SPSI + CPSI*YP)/B6

B{3+9) = B(8s10) = X(J)

Bl4+9) = B(9,10) = COSB/EL

Blbdsb) = B(Gs6) = Bl + TBI*BZ2
B(4s7) = B(997) = 20%B2¥X(J) + 2,0%B3
B(4s8) = B(9,8) = (30¥B2#X(J) + 64,0%#B3)*X(J)
B(5+6) = B(10+6) =BS%¥( ({56 0¥A4XX(J) + L4e0*(A3 - A4Y)YXX(J)
1 3.0%(A2 — A3))I%X(J) + 2.0%(A1l = A2))
3(Es7T) = BL10Os7) = 2.0%#B5
B(5s8) = B(10+8) = 340%B5%X(J)
B(%s3) = B(10+10) = B4

Blils6) = COSB*B(449)%(1e0+ TBIXYP)
Blls7) = 260X (J)¥COSBRB(4,9)%YP

B198) = 145%¥X(JI%B(147)

B(2s6) = (SPST + CPSI*TBI)/B6

Bl2s7) = X(JIY*CPSI/R6

B{2s8) = X(J)%B(2,47)

Bl{Esb) = Bllsb) — D*¥B(4s6) /240

Bllls6) = Bl6s6E) + DH*¥B(4s6)

B(6s7) = B(ls7) ~ D¥B(4s7)/240

BUIls7) = Bl6EsT7Y + D¥B(4,57)

B(6s8) = B(1ls8) ~ D¥B(4+8) /2.0

B(11s8) = B(64+8) + D*R(4,+8)

B{6+9) = ~HC*¥B(4+9)/2.0

B(1llsP) = =8B(6,49)

B(6s10) = ~HF¥B(4,9)/2.0

B{1l1l,10) = =B{6s10)

B{796) = B(2+6) ~ D*B(556)/2.0

Bl1246) = B(7+6) + D*¥B(5,6)

B(T7s7) = B(2s7) ~ D*B5

B(1247) = B(2+s7) + D*R5

B(7+8) = B{2:8) ~ D¥B(5+8)/2,.,0

B(1248) = B(T7+8) + DX¥R{5,8)

B{7+s9) = —H(*B4/2,0

B(12+s9) = =B(74+9)

B{7+10) = ~HF*B4/2,0

B({12,10) = =B(7,10)

RETURN

END

+
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SUBROUTINE PHITMAT(IsJ)

THIS SUBROUTINE EVALUATES THE TRANSFORM OF THE MATRIX PHI FOR
ELEMENT I AT POINT XI(J)

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
REAL NUF s NUC

COMMON /PROPS/ HsDsHF sHCsEF s NUF sGF 3 ECsNUC s GCoBF s DF s RCyDC

COMMON /XGEOM/ YP,YPP,4RX»COSB»YBAR

COMMON /ELGEOM/ R{100)+2(100) ELsSPSIsCPSI
1 TBIsTBJ»CBIsCBJsSBISBJIIALSA24A3AL

COMMON /ARRAY/ S(4004+8)35T{(99510+2)sIBC(50)sRLI400)SRCL200)sUL990)
COMMON /INTEG/ X(12)sW(10)

COMMON /STMATS/ SEL(10s10)sB(12510)4DB(12+10)9T(10510)

DIMENSION PH(1091043)

EQUIVALENCE (PH({1)sU(1})

K=4Jd-=-1

DO 100 M = 1,10
DO 100 L = 143
PH{KsMsL) = 040

IF(R({I)eEQe0.0) GO TO 500
MATRIX FOR OPEN-ENDED ELEMENT

PH{Kelsl) = PH(Ks392) = 1e0
PH{Ks291) = PH(Ks&4s2) = X(J)
PH{Ks5s2) = X{JYXX(J)
PH(Ks632) = X{J)*¥PH(K95492)
PHIKys293) = COSB*YP*COSB/EL
PH{Ks4s3) = —COSB*COSB/EL
PH(Ks593) = 2.0%X(J)*¥PH{Ks4s3)
PHIKeEs3) = 1o5¥X({JIXPH(Ks553)
PH(Ks793) = —~HC/D

PH{K 983} = X{J)¥PH(K 7,3}
PH({K»s9s3) = ~HF/D

PH(Ks1093) = X{J)Y*PH(K»9y3)

GO TO 1000

MATRIX FOR CAP

PH(K4s4591) = ~CPSI

PH(Ky59+2) = SPSI

PH(Ksbs1l) = X(J)

PH{Ks692) = X(J)*TRI

PH{Ks792) = XUJYEX(J)
PH(Ks892) = X(J)#*3

PH{Ks693) = (YP — TBI)*COSB*COSB/EL
PH(KsT793) = =2.0%¥X({J)*COSB*COSB/EL
PH{KsB893) = 1«5%*¥X(J)¥PH(KsT793)
PH{Ks993) = ~HC®¥X{J)/D
PHIKs1093) = —HF*X(J)/D

RETURN

END
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SUBROUTINE SELA(C)

THIS SUBROUTINE COMPUTES A TERM IN THE GAUSS INTEGRATION FOR THE
STIFFNESS MATRIX IN GENERALIZED CO-ORDINATES

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
REAL NUFsNUC

COMMON /PROPS/ HsDosHF sHCsEF s NUF s GF s ECsNUC s GC 9 BF sDF 9 BC s DC

COMMON /STMATS/ SEL(10s10)sB(12510)+DB(125s10),T(10,10)}

DO 100 K = 1510

DB(1sK) = BCH(B(1sK) + NUCHB(25K))*C
DB(2yK) = BC*¥(B(2,K) + NUC*B({1sK)}*C
DB{3,K) = GC*B(34K)*C

DB(4,K) = DC*(B(4,K) + NUC*B(5,K)I*C
DB(54K) = DC*¥(B(59K) + NUCHB(44K))*C
DB(6sK) = BF¥(Bl6eK) + NUF*B({74K))*C
DB(7sK) = BF¥(B(T79K) + NUF#B(6,K))*C
DB(B8sK) = GF¥B(84K)%C%2.0

DBIIsK) = DFX¥(B(9sK)+ NUF*¥B{10,K))*¥C*¥240
DB(10sK) = DF¥(B(10sK)} + NUF¥B(94K))*C¥*2,0
DB(11sK) = BF*(B(11sK) + NUF¥B(12,K))*C
DBU12sK) = BF¥(B(12sK)} + NUF¥B(11,K})*C
DO 200 K = 1,10

DO 200 L = 1510

DO 200 M = 1512

SEL(KsL) = SEL(K»sL) + BIMsK)*¥DB(MsL)
RETURN

END

SUBROUTINE STRESS

THIS SUBROUTINE EVALUATES THE MATRIX E¥B%*T AT THE NODES OF THE
ELEMENT FOR LATER CALCULATION OF THE STRESS RESULTANTS,

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
REAL NUF,NuC

COMMON /PROPS/ HsDsHF sHCsEF s NUF s GF s ECs NUC s GCsBF sDF sBC s DC

COMMON /STMATS/ SEL(105s10),B(12510).DB(12010),T(10510)

DO 150 I = 1,10

DB(1s1) = BC¥(B{1lsI) 4+ NUC*¥B(251))
DB(2s1) = BCH¥(B(251) + NUCHB(1,s1))
DB(3s1) = GC*¥B(3,1)

DBU4sI) = DC*(Bl4sl) + NUC¥B(Ss1))
DB(5s1) = DC*¥(B(551) + NUCHB(4,41))

DO 100 J = 541095

DBUJ+1sl) = BF¥(B(J+1sI) + NUF¥B(J+2s1))
DB(J+2s1) = BF#¥(B(J+2s1) + NUFXB(J+1,s1))
DB(8s1) = GF*¥B(B,51I)

DB(9s1) = DF*(B(9s1) + NUF*B(10s1))
DB(10s1) = DF*#(B(10sI) + NUF*B(9s1))

DO 200 I = 1412

DO 200 J = 1510

B(lsJ) = 00

DO 200 K = 1510
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B(IsJ) = BlIsJ) + DBIIsKI¥T(KsJ)
RETURN
END

SUBROUTINE SELR(LY

THIS SUBROUTINE TRANSFORMS THE ELEMENT STIFFNESS FROM GENERALIZED
TO GLOBAL CO~-ORDINATES AND CONDENSES IT FRCOM 10X10 TO B8X8 USING
STATIC CONDENSATION.

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
COMMON /ELGEOM/ R(100)s2(100), ELsSPSIsCPSIy
1 TBIsTBJU»CBIsCBJsSBIsSBJsALSA2,A35A4

COMMON /STMATS/ SEL(10»10)sB(12s10)4+DB(12:10)sT{10s10)

SYMMETRIZE ELEMENT STIFFNESS IN GENERALIZED CO-ORCINATES

DO 50 I = 1.9

I =14+ 1

DO 50 J = 1Js10

IF{SEL{I 9J) oEQeUeNeORWSEL(Jo1)eEQeBe0) GO TO 45

SEL(IsJ) = 05%(SEL(IsJ) + SEL(JsI))
GO TO 50
SEL(IsJ) = 0.0
SEL(JsI) = SEL(TIJ)
TRANSFORM TO GLOBAL CO-ORDINATES
PO 100 I = 1410
DO 100 J = 110
DB(IsJ) = 00
DO 100 K = 1410
DBl(IsJ) = DB(IsJ) + SELIIsK)I*¥T(K,sJ)
DO 200 I = 1s10
DO 200 J = 1,10
SEL({I»J) = 0.0
DO 200 K = 110
SEL{TsJ) = SEL(IsJ) + TUKSI)IXDB(KsJ)

IF{R(L)«NEsD«O) GO TO 250

SEL(1s1) = SEL(393) = SEL(4s4) = SEL(359) = 1.0
CONDENSE TO 8X8 ELEMENT STIFFNESS

DO 300 J = 1»2

I =10 - J

IK = 1J + 1

PIVOT = SEL(IKsIK)

DO 300 K = 1s1J

C = SEL{IKsK)/PIVOT

SEL(IKsK) = C

DO 300 I = KslJ

SEL(IsK) = SEL(IsK) - CH*SEL(I,sIK)
SEL(KsI) = SEL(IsK)

RETURN

END
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SUBROUTINE BCS

THIS SUBROUTINE READS THE BOUNDARY CONDITION DATAs MODIFIES THE
OVERALL STIFFNESS MATRIX ACCORDINGLY AND THEN TRIANGULARIZES THE
STIFFNESS FOR READY SOLUTION

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
COMMON /7 / NN YNEJNLCyNDOF sNBCsNRDsNLE sNLNsP1

COMMON /ARRAY/ S(400+8)9ST(99510+2)41BC(50)sRLI400)sRC(200),5U(990)
COMMON /ELGECOM/ R(100)+2(100), ELsSPSIHCPSIy

1 TBIsTBUsCBIsCBUsSBIZSBIsA19A25A3 AL

DIMENSION NR(4)

NRD = 0

IF{RE1)eNE«0O«0O) GO TO 100
NRD = 3

IBC(1) = 1

IBC(2) = 3

IBC(3) = 4

PRINT 2000

READ KINEMATIC CONSTRAINTS AND MODIFY OVERALL STIFFNESS
DO 300 I = 1+NBC

READ 10015 Ns(NR(J)YsJ=1s4)

PRINT 2001s Ns{NR(J)sJ = 1s4)

IJ = 4%N - 4

DO 300 J = 194

IF(NR(J) +EQe0) GO TO 300

NRD = NRD + 1

IK = 1J + J

IBCINRD) = IK
S{IKsl) = 1.0
DO 200 K = 2,8
S(IKsK) = 040

L= IK-K +1

IF(L.LE.O) GO TO 200

S(LsK) = 040

CONTINUE

CONTINUE

IF(NRD«GT«50) GO TO 999

TRIANGULARIZE STIFFNESS MATRIX

CALL BANSOL(1sRL9S540098sNDOF+8)

RETURN

PRINT 2999sNRD

STOP

FORMAT(5110)

FORMAT (//59HOKINEMATIC CONSTRAINTS (0 = UNCONSTRAINEDs 1 = CONSTRA
1INED) /
2 6Xs4HNODEs5X s 1OHMERIDIONAL s 9X 96 HRADIAL 9 7Xs8BHROTATION
3 8Xs7HWARPING/)

FORMAT(I10s4115)

FORMAT(///7/7/38HONUMBER OF CONSTRAINED DISPLACEMENTS =414,
1 28H EXCEEDS ALLOWABLE 50 sSTOP )

END
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SUBROUTINE LOADS(I)

THIS SUBROUTINE READS THE LOADING DATAs INTEGRATES TO OBTAIN
THE CONSISTENT LOADSs REDUCES THE LOADS BY STATIC CONDENSATION
AND ASSEMBLES THE OVERALLL LOAD VECTOR WITH MODIFICATION FOR KINE-
MATIC CONSTRAINTS.

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
COMMON / 7/ NNsNEsNLCoNDOF s NBCsNRDsNLEsNLNsPI

COMMON /ARRAY/ S(40098)9S5T(99510+2),IBC(50)sRLI400)sRC(200)sU(990)
COMMON /INTEG/ X(12),W(10)

COMMON /STMATS/ SEL{10910)4B(12510)+DB(12510)sT{10»10)

COMMON /ELGEOM/ R{100)Z2(100) EL+sSPSIsCPSIy
1 TBIsTBJUsCBIsCBJISBIsSBUsALSAZ3A3 AL

DIMENSION P{10)sPV(11)sPR{10)s PH{10+s103)sP1{10)sP2(10)sP3(1C)>»
1 CL(500)

FQUIVALENCE (P{1)sSEL(1))s (PR{1)+SEL(11))s(PV({1)sSEL(21))
1 (PH{1)sU(I))s (PIC1)UI301))y (P2(1)sU(311))s (P3(1),U(321))y
2 (CL(1),U(331))

LOGICAL LUL

REWIND 1

REWIND 3

N = NDOFr2

DO 50 J = 1N

1 =N+ J

RL{J) = RL(IJ}Y = RC(JY = 0.0

N = N/2 + NDOF

DO 60 J = 1sN

CLiJy = 00

READ 1000s NLESNLNsLUL

PRINT 2000s I sNEsNLESNLNsLUL

IF(NLE«EQs0} GO TO 600

PRINT 2001

1T =1

DO 500 J = 1sNLE

DO 100 K = 1,10

PR{K) = 040

READ VALUE OF DISTRIBUTED LOADS AT NODES OF LOADED ELEMENTS
IF(LUL«ANDJeGTs1l) GO TO 155

READ 1001s IE#({PV(K)K=6511)

PREPARE TAPES FOR ELEMENT IE

IF(IE-IT) 12041609140

N = 1T - IE

DO 1320 K = 1N

BACKSPACE 1

BACKSPACE 3

GO TO 160

N = 1E - IT

DO 150 K = 1sN

READ (1)

READ (3)

GO TO 160

IE = IE + 1

PRINT 2002+1Es(PVIK)4K=6411)

INTEGRATE LOAD VECTOR OVER XI

READ (3) (((PH(KsLsM)sM=1433)sL=1910)sK=1510)s (PL(K)sP2(K)sP3(K)y



1 K=1,10)

DO 200 K = 1510

C = P1(K)

YP = P2(K)

cosB = P3(K}

PV(4) = PV{6) + X(K+1)*(PV(9) —~ PV(6))
PV(5) = PV(T7) + X(K+1)}*(PV(10) - PV(T))
Pv{l) = C*COSB*®(PV(4) + YP*PV(5))

PV(2) = C*COSB*(YP*PV(4) - PV(5})

PV(3) = C*(PV(8) + X(K+1)*(PV(11l) - PVI(8)))

DO 200 L = 1»10
DO 200 M = 1,3

200 PR{L) = PRI(L) + PH(KsLsM)*¥PV(M)
TRANSFORM ELEMENT LOAD VECTOR TO GLOBAL CO-ORDINATES
READ (1) ((T(MsL)sL=1910)sM=1,10)
DO 300 K = 1»10
P(K) = 00
DO 300 L = 1s10

300 P(K) = P(K) + T(LyKI*¥PR(L)
1J = 5% - 5
Cl = 240%PI*R(IE)
IFIR(IE)«EQe0e0) C1 = la0
C2 = 2.0%PI*¥R(IE+1)
DO 325 K = 1.4
IK = 1J + K
CL{IK)Y = CL(IK)Y 4+ P(K)/C1
IK = IK + 5

325 CLOIK) = CLIIK) + P{K+4)/C2
CL{TIJ+B) = CL(IJ+5) + P(9)/C1
CL(IJ+10) = CL(IJ+10) + P(10)/C2
CONDENSE LOAD VECTOR TO 8X1
DO 400 K = 12

IJ = 10 - K

JK = TJ + 1

IK = JK - 8

DO 350 L = 1s1J
350 P(L) = P{L) = ST(IEsLsIK)*¥P(JK)
400 PLJK) = PLIK)/STLIESJIKsIK)

ASSEMBLE CONDENSED AND REDUCED LOADS
IJ = 4%[E - 4

DO 450 K = 1,8

JK = TJ + K

450 RL(JK) = RLIJK) + P(K)
IK = 2%IE -~ 2
RC(UIK+1) = P(9)
RC(IK +2) = P(10)

500 IT = IE + 1
PRINT 20059 (JoCL{5*J=4)sCLI5*J~3) oCLIB*¥J=2)9CLI5%¥J=-1)sCLI5%J) >
1 J = 1sNN)
600 IF(NLN.EQ.O) GO TO 800
PRINT 2003
READ AND ASSEMBLE CONCENTRATED NODAL LOADS
DO 700 J = 1sNLN
READ 1002s Ns{P(K)sK=143)
PRINT 2004 sNs (P(K)sK=193)

221
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IF{R(N)«EQeDe0) PRINT 2900
RL{4%¥N-3) 2+0*%PI*P(1)*R(N) + RL{4%®N-3)
RL(4*N=2) 2.0%PI*P(2)¥R(N) + RL(4*N=-2)
700 RL({4%N-1) 20*%PI*P(3)*R{N) + RL{4*N-~1)
MODIFY LOAD VECTOR FOR KINEMATIC CONSTRAINTS
800 CONTINUE
DO 900 J = 1sNRD

K = I1BC(J)

900 RL(K) = 0.0
IF(R(1)eEQeCe0) RC(1) = 060
RETURN

1000 FORMAT(2110,L10)
1001 FORMAT(I10s6F10e0)
1002 FORMAT(I10+3F10.0)
2000 FORMAT(20HILOADING CASE NUMBER »15/
1 5X»18HNUMBER OF ELEMENTS » [10/
2 5X925HNUMBER OF LOADED ELEMENTS +13/
3 5X922HNUMBER OF LOADED NODES ,16/
4 5X+29HSAME LOADING ON ALL ELEMENTS sL3/)
2001 FORMAT(57HODISTRIBUTED LOAD ORDINATES AT NODES OF ELEMENTS (IN PSI
1) /
2 B8H ELEMENTs3Xs17HMERIDIONAL s PS({I)s7Xs13HRADIALs PZ(1)s7Xy
3 13HMOMENT s MS(I)s3Xs 17THMERIDIONAL Y PS({J)s TXs 13HRADIALSs PZ(J)sTXs
4 13HMOMENTs MS(J) )
4 13HMOMENT s MS(J) )
2002 FORMAT(1I8+6F2045)
2003 FORMAT(56HOCONCENTRATED LOADS AT NODES (PER UNIT OF CIRCUMFERENCE)
1/4X9s4HNODE s 6X 9 14HMERIDIONAL s PSs10Xs10HRADIAL Y PZ»10Xs
2 10HMOMENTs MS )
2004 FORMAT(IB8+3F20e5)
2005 FORMAT(//54H0CONSISTENT LOAD VECTOR (LOADS PER UNIT CIRCUMFERENCE)
1/710X s 4HNODE s 16X s4HP(S) 916X s 4HP(Z2) 916X s 4HM(S) s 14Xs6HM(GAM) 913Xy
2 THM{GAMF) s/ (114,5E2048))
2900 FORMAT(77HOLOADING ON PREVIOUS NODE IGNORED (THEORY DOES NOT ACCOM
10DATE LOADS AT APFX) /)
END

SUBROUTINE SOLVE(I)

THIS SUBROUTINE SOLVES FOR THE NODAL DISPLACEMENTSs RECOVERS THE
CONDENSED DISPLACEMENTSs PRINTS THE ELEMENT DISPLACEMENTS AND
CALCULATES AND PRINTS THE NODAL STRESS RESULTANTS.

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
REAL NUF s NUC

COMMON /PROPS/ HeDsHF sHCYEF s NUF 9 GF s ECoyNUC s GCoRF s DF 3y BCs N C

COMMON / / NNsNEsNLCsNDOF ¢NBCyNRD s NLEsNLNsPI

COMMON /ARRAY/ S(4004+8)3S5T(99510+2)+IBC{(50)sRL{400)RCL200)sU(990)
COMMON /ELGEOM/ R(100)s2(100), ELsSPSlsCPST

1 TBIZTBJsCBIsCBJsSBIsSBIsALISA2,A34A4

COMMON /STMATS/ SEL{10+10)sB(12+10)+s0B(12+10)9T{10+s10)

DIMENSION SRI(21)sSRJU(21)9sASR(100s21)
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EQUIVALENCE (SRI{1)sSEL{1))s (SRJU(1)sSEL(31))
SOLVE FOR NODAL DISPLACEMENTS
CALL BANSOL(2sRL3S5s40058sNDOF,58)
PRINT 20005 I
DO 300 J = 1sNE
1y = 10%J - 10
IL = &4%) -~ 4
DO 100 K = 1,8
IK = IL + K
JK = 1J + K

100 U(JK)Y = RLUIK)
RECOVER CONDENSED DISPLACEMENTS
IL = 2%J) - 2
DO 200 K = 1s2

JK = K + 8
IK = JK - 1
11T = IJ + UK
M= 1L + K

Utrly = RC(M)
DO 200 L = 1sIK
M= T1J + L
200 UITI)Y = ULID) = ST(JsLeKI¥U(M)
COMPUTE ADDITIONAL DISPLACEMENTS OF INTEREST AND PRINT

GAMCT = UllJ+4) + U(I1J+9)

GAMCJ = ULIJ+8) + ULTJ+10)

CHISI = (HC*GAMCI + HF*U(1J+9))/D
CHISJ = (HC*GAMCJ + HF*U(1J+10)) /D
CHIT = U(lJ+3) + CHISI

CHIJ = U(IJ+7) + CHISJ

300 PRINT 2001y JsR(J)sZ(J)s
1 UCTJ+1) sULTJ42) sCHITsU(TJ+3) s CHIST»UCIJ+4)sGAMCIsU(TJ+9)
2 ULTJ+5)sUlTI+6) sCHIULULTI+TY s CHISJUSULTIJ+8)sGAMCI»UTJI+10)
PRINT 2002s R(NN)sZ(NN)
PRINT 2003, 1
COMPUTE STRESS RESULTANTS AT NODES

DO 350 J = 1sNN
DO 350 K = 1520

350 ASRUJsK}) = 0.0
REWIND 2

DO 500 J = 1sNE

CALL RESULTS(J)

SRI(21) = SRJ(21) = 1.,0E+410
IF(ABS({SRI(8))eGEs1e0E~-16) SRI(21)
IF(ABS{SRJI(8))eGEs1e0E~-16) SRJ(21)
Cl = 045

C2 = 0e5

IF(JeEQel) C1 = 140

IF(J.EQeNE) C2 = 140

DO 400 K = 120

u

SRI(3)/5R1(8)
SRJ(31/SRIL8)

ASR(JsK) = ASR{JsK) + CLI*¥SRI(K)
400 ASR{J+1sK) = ASR({J+1sK) + C2%SRJI(K)
5EN0 PRINT 2004s JsR{J)sZ1J) s
1 (SRI(K)sK=6910)s (SRI(K)sK=195)s (SRI(K)sK=11921)>

2 JeR{J+11)s2(J+1)>
3 (SRJIIK) sK=6910)s (SRI(K)sK=195)s (SRI(K)sK=11s21)
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PRINT 2005, I
IF(NLN«GT«0}) PRINT 2008
PRINT 2007
DO 600 J = 1sNN
ASR{Js21) = 1.0E+10
IF(ABS(ASR(J98))eGEes1e0E=16) ASR(Js21) = ASR(J»3)/ASR(Js8)
600 PRINT 2006s JsR{J)sZ(J)>
1 (ASRUJaK)} 9K=6910)s (ASR(JsK)sK=1s5)y (ASR(JsK}sK=11,21)
RETURN
2000 FORMAT(38HINODAL DISPLACEMENTS FOR LOADING CASE »13/
1 5H NODEs2Xs13HMERIDIONAL s Us6X9sSHRADIALSs Ws2Xs 13HROTATION, CHI»
2 9Xs6HCHI(B) s9OXs6HCHI(S) 33X s 12HWARPINGs GAMsTXy BHGAMMA(C) s 7X s
3 8HGAMMA(F) /)
2001 FORMATI(8H ELEMENTs13439Xs7TH(R»Z) =3 FelhslHssFIes /
1 4Xs1HI+8E157/
2 4Xs1HJ»BE15477/)
2002 FORMAT(50XsTH(ReZ) =9FFebs1HssF et )
2003 FORMAT({56HISTRESS RESULTANTS AT ENDS OF ELEMENTS FOR LOADING CASE
9 413/
17H LAYER$16Xs4HNIS)s12XsBHN(THETA) 316X s4HQ(S) s 16X94HM(S) s12Xy
2 BHMITHETA) »7X913HQ(S»CI/Q(SsF))
2004 FORMAT(8H ELEMENT+I348Hs NODE I931XeTHIRSZ) =9FFebs1HessF9e4 /

1 7H TOPs5F20487
2 TH CORE95F 208/
3 7H BOTTOMs5F 2048/
4 TH TOTAL+5F20e84sF20e5/
5 8H ELEMENTsI3,8Hs NODE Js31Xs7H(RsZ) =9F9ebslHssFTes /
& TH TOPs5F 208/
7 7H CORE#s5F20e8/
8 7TH BOTTOMs5F20e8/
9 TH TOTALs5F20e8sF20.5/)
2005 FORMAT(52H1AVERAGE STRESS RESULTANTS AT NODES FOR LOADING CASE »
9 137 )
2006 FORMAT(5H NODEsT4441XsTH{R3Z) =9FGebslHssFIeb/
1 7H TOP s5F 208/

2 7H COREs5F 208/
3 7H BOTTOMs5F2048/
4 7H TOTAL5F20e84+F2045/ )
2007 FORMAT(
17H LAYERs16Xs4HN(S) 912X s BHN(THETA) s 16X s4HQ(S) 9 16X s4HM(S) 512X
2 BHM(THETA) 97X 13HQ(SyC)/Q(SsF) )
2008 FORMAT(5Xs117HNOTF.s AT NODES WHERE CONCENTRATED TRANSVERSE LOADS
1 OCCURs ELEMENT SHEAR~-STRESS RESULTANTS ARE MORE ACCURATE THAN /
2 13X,36HAVERAGE SHEAR-STRESS RESULTANTS /)
END

SUBROUTINE RESULTS(J)

THIS SUBROUTINE EVALUATES THE NODAL STRESS RESULTANTS FOR ELE-
MENT J

SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH
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REAL NUF s NUC

COMMON /PROPS/ HeDsHF sHCoEF s NUF 9 GF s EC o NUC 9 GCHBF sDF 9 BCoNC
COMMON /ARRAY/ 5(40098)55T199,1052),IBCI50)sRLE400)sRC(200),U(990)
COMMON /STMATS/ SEL(10s10)sB(12510)+DB(12510)sT(10+10)
DIMENSION SRI(21)sSRJ(21)

EQUIVALENCE (SRI(1)sSEL(1))s (SRJU(1}sSEL(31))

IJ = 10%J - 10

READ (2) ((B(KsL)sL=1410)9K=1512)

READ(2) ((DB(KsL})sL=1910)sK=1y12)

COMPUTE NODAL STRESS RESULTANTS IN THE LAYERS

DO 100 L = 1,512

SRI(L) = SRJ(L) = 0.0

DO 100 K = 1510

IK = 1IJ + K

SRI(L) = SRI(L) + B(LsK)*U(IK)

100 SRJU(L) = SRJI(L) + DB{LsKI¥ULIK)
DO 150 L = 13,15
SRI(L)Y = SRI(L-5)

150 SRJ(L) = SRJ(L-5)
COMPUTE THE TOTAL NODAL STRESS RESULTANTS
DO 200 L = 16,420
SRI(L) = SRJ(L) = 040
DO 200 K = 151155
IK = K+ L - 16
SRI(L) = SRI(L) + SRI(IK)

200 SRJ(L) = SRJ(L) + SRJU(IK)
SRI(19) = SRI(19) + D.5%¥D*¥(SRI(11) - SRI(6))
SRI(20) = SRI(20) + 045%D¥(SRI(12) = SRI(7)}
SRJ(19) = SRJI(19) + 0«5*%D*¥(SRJ(11) - SRJI(6})
SRJL20) = SRJIL20) + 0.5¥D*¥(SRJ(12) -~ SRJI(T))
RETURN
END

SUBROUTINE BANSOL{(KKKs By As NDs MDs NN» MM)
SYMMETRIC BAND MATRIX EQUATION SOLVER
= 1 TRIANGULARIZES A
KKK = 2 SOLVES FOR VECTOR Bs SOLUTION VECTOR RETURNS IN B

PROGRAMMED BY Ce Ae FELIPPA.

DIMENSION B(1)s A(NDsMD)

NRS = NN - 1

NR = NN

IF (KKK=1) 10051005200
100 DO 120 N = 1sNRS

M=N-1

MR = MINO(MMsNR-M)

PIVOT = A(N»s1)

DO 120 L = 2sMR



110
120

200

220

320
400

C = A(NyL)/PIVOT

I =M+ L

J =0

DO 110 K = L MR

J = J+ 1

A(Isd) = A(lsd) — C*A(NSK)
A{NsL) = C

GO TO 400

DO 220 N = 14NRS

M =N=-1

MR = MINO(MMyNR~M)

C = B(N)

BIN) = C/A(N»1)

DO 220 L = 2sMR

I =M+ L

B(I) = B(I) = A(NsL)*C
B(NR) = B(NR}/A(NRs1)
DO 320 I = 1sNRS

N = NR - 1

M=N-=-1

MR = MINO(MMsNR—-M)

DO 320 K = 24MR

L =M+ K

BI(N) = BIN} = A{(NsKI*B(L)
RETURN

END
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APPENDIX Ese COMPUTER PROGRAM FOR FREE VIBRATION ANALYSIS OF ELASTIC AXISYM-
METRIC SANDWICH SHELLS (FORTRAN IV)

PROGRAM AXSSFVQUINPUTOUTPUTsTAPEL=INPUT s TAPE2=0UTPUT)

FREE AXISYMMETRIC VIBRATION ANALYSIS OF THIN ROTATIONAL SANDWICH
SHELL WITH CONSTANT THICKNESS AND TWICE CONTINUOUS MERIDIANS
MATERTAL PROPERTIES MAY NOT VARY IN THE MERIDIONAL DIRECTION FOR
THE PRESENT PROGRAMs ALTHOUGH MODIFICATION FOR THIS CAPABILITY
MAY BE READILY ACHIEVEDe NO RESTRICTION ON RATIOS OF LAYER THICK-
NESSES OR LAYER PROPERTIESe. NODES ARE NUMBERED CONSECUTIVELY
ALONG THE MERIDIAN AND IF A NODE IS LOCATED ON THE AXIS OF SYM-
METRY NUMBERING MUST REGIN AT THIS NODE. ELEMENTS ARE NUMBERED
SUCH THAT THE ELEMENT NUMBER IS THE SAME AS THE SMALLER ADJACENT
NODE NUMBER.

STORAGE FOR 35 NODES (AND THUS FOR 34 ELEMENTS).

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG THE CHORD LENGTHs RESPECTIVELY.

ANaNaNaNaNaNaVaNaValaNaNaNaNaNa

3 53 3 I 3030 30 He 33 3 H KW I N I H I K 30T KNI KN T K I I I I K IR R

DATA CARDS FOR AXSSFVQ
R R R R R R R Y R R Y T R e a T S en

1 CARDs« 110 NUMBER OF SHELLS TO BE ANALYZED
THEN, FOR EACH SHELLs ALL OF THE FOLLOWING..

1 CARD.s COLS. 2-72 TITLE

1 CARD.s 3110sL10
NUMBER OF NODESs NN
NUMBER OF MODE SHAPES, NMS
NUMBER OF NODES WITH RESTRAINTS,s NBC
ROTATORY INERTIA INDEX (T IF LUMPED ROTATORY INERTIA
INCLUDEDy F OTHERWISE)

1 CARD«.s 6F10.0
THICKNESS OF 1 FACING (INe)
YOUNGS MODULUS OF FACINGS (PSI])
POISSON RATIO OF FACINGS
SHEAR MODULUS OF FACINGS (PSI)
SHEAR STRESS CORRECTION FACTOR FOR FACING
DENSITY OF FACINGS (LBe/INe¥*%3)
1 CARDes 6F10.0
THICKNESS OF CORE (INs)
YOUNGS MODULUS OF CORE (PSI)
POISSON RATIO OF CORE
SHEAR MODULUS OF CORE (PSI)
SHEAR STRESS CORRECTION FACTOR FOR CORE
DENSITY OF CORE (LBe/INe¥*¥%3)
(NOTEee SHEARING MAY BE NEGLECTED BY SETTING G TO 9999999999}

NN CARDSee I110s3F10.0
NODE NUMBER

aNaNaNaRaNaNaNaNaNaNaNaNaNaNaNataNaNaNaNalaNaNaNaNaNaNaNaNal el e Wal

227



A NANARANANANA AN AN AN AN AN AN ANA!

N YARANA!

100
1000

Rs ABSCISSA OF NODE (INaW)
Zy ORDINATE OF NODE (INe)
PHI» LATITUDE ANGLE OF NODE (DEGREES)

NN-=1 CARDSse 2F10.0
CURVATURE AT NODE I OF ELEMENT (1/INs)
CURVATURE AT NODE J OF ELEMENT (1/INs)

NBC CARDSes 5110
NODE NUMBER
TANGENTTAL DISPLACEMENT INDEX (0=FREEs 1=CONSTRAINED)
RADIAL DISPLACEMENT INDEX ( DITTO )
BENDING ROTATION INDEX ( DITTO )
SHEAR WARPING INDEX ( DITTO )

LOGICAL LRI

COMMON / 7/ NNJsNEsNMS4NDOF ¢NBCsNLM4LRISPI
PI = 3.14159265358979
READ 1000s NSHELLS

DO 100 N = 1sNSHELLS
CALL SETUP

CALL BCS

CALL EIGEN

IFINMS«NE.O) CALL SHAPES
CONTINUE

FORMAT(I10)

STOP

END

SUBROUTINE SETUP

THIS SUBROUTINE READS THE GEOMETRICAL AND MATERIAL PROPERTIES OF
THE SHELL AND SETS UP THE OVERALL STIFFNESS MATRIX AND THE DIAGON-
AL MASS MATRIXs BOTH UNMODIFIED FOR BOUNDARY CONDITIONS.

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

REAL NUF s NUCsKF sKC

LOGICAL LRI

COMMON /  / NNoNEsNMS,NDOF ¢yNBCaNLM4LRIHPI

COMMON /ARRAY/ S(140:8)eST(3431244)4XM(140)sA(105:105)1sE(1051),

1 VI1055105),1V(105)sDUMI140)

COMMON /PROPS/ HsDsHF s HC s EF s NUF 9 GF 4 ECoNUC s GCsBF sDNF 4 ECs 0 C

COMMON /XGEOM/ YPsYPP4RXsCQOSBsYBARsX{10)

COMMON /ELGEOM/ ELsSPSISsCPSIZTBI»TBJsCBIsCBJsSBIsSBUsALIAZsA3 AL
COMMCN /NODGEO/ R(35),2(35)

COMMON /STMATS/ SEL(12+s12)sB(12912).DB(12512)sT(12412)

DIMENSION CPHI(35)sSPHI(35)sW(10)sY(10)sWM{10)sAN(35)sPHI(35)
EQUIVALENCE (CPHI(1)9AL1)) s (SPHI(1)sAL101))s (PHI(1)sA(201))

1 (AN(L1)sA(301))

CATA X / NeN13046T735T41414, 04067468316655507,

1 74160295215850488, Ne283302302935376, 04425562830509184,

228
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2 0e574437169490816s 067166976970646249 04839704784149512
3 06932531683344493, 0.986953264258586 /
DATA W / 0e0666713244308688, 04149451349150581,
1 06219086362515982y 04269266719309996 06295524224714753,
2 042955242247146753y 06269266719309996s 04219086362515982y
3 0e149451349150581s 0.066671344308688 /
DATA Y / 0e023455038515334, 04115382672473579,
1 06259 0e384617327526421s 044765449614846669 04523455038515334
2 04615382672473579s 0759 0e8B84617327526421y 04976544961484666 /
DATA WM  / 04236926885056189s 04478628670499366
1 0.568888888888889y 04478628670499366s 04236926885056189
2 00236926885056189, 0.4786286704993669 0.568883888888889,
3 0e478628670499366, 0.236926885056189 /
WRITE (2,2000)
READ (14+1000)
WRITE (2,1000)
READ (151001) NNsNMSyNBCsILRI
READ (151002) HF sEF s NUF 9 GF s KF s RHOF
READ (151002) HCsECsNUCsGC s KCyRHOC
WRITE (2+2001) NNsNMSsNBCs HF sHCs EF 4 NUF 9GF oKF ¢ RHOF s ECsNUCsGCsKCH
1 RHOCs LRI
IF(NNeGT« 35) GO TO 900
IF(GF eGE 999999999840 ) GF
IF{GCeGE«999999999840) GC
H = HC + 2+.0*HF
D = HC + HF
N

1.0E+20
1«0E+20

E = NN -1
NDOF = 4#%NN
NLM = 2%NN

IFCLRI) NLM = 3%NN

EF = EF/(140 —~ NUF*NUF)
EC = EC/(1.0 - NUC*NUC)
BF = EF*HF

BC = ECH*HC

GF = GF*HF*KF

GC = GCXHC*KC

DF = BF¥HF¥HF/1240

DC = BCHHCHHC /1240

RHO = (HC*RHOC + 2.,0%HF%¥RHOF)/386.088

AMOM = (RHOCH*HC*%3 + RHOF* (H¥*%*¥3 - HC*%¥3))/(12,0%386,088)
DO 100 I = 1sNDOF

XM(I) = 00

DO 100 J

StIesd) =
JK = 0
WRITE (242002

DR = 180.0/PI1

DO 110 I = 1sNN

AN(I) = 0.0

READ (1s1003) IsR(I)e2(1)YsPHI(I)
WRITE (2+2003) IsR(UI)sZ(1)sPHI(T)
PHI(I) = PHI(I}/DR

SPHI(I) SIN(PHI(1))

CPHI(I) COS(PHI(1))

WRITE (2+2004)

= 18
Ne0

H H



150

200
400

DO 500 I = 1sNE

DR = R({I+1l) - R(I)

DZ = Z(1+1) - Z(1)

EL = SQRT(DR*DR + DZ*DZ)

SPsI = DR/EL
CPSI = DZ/EL

SBI = CPHI(I)*CPSI - SPHI(I)*SPSI

CBI = SPHI(I)*CPSI + CPHI(I)*SPSI

TBI = SBI/CBI

SB8J = CPHI(I+1)*CPSI -~ SPHI(I+1)*S5PS]
CBJY = SPHI(I+1)%CPSI + CPHI(1+1)*SPSI
TBJ = SBJ/CBJY

READ (1,1004) CURVIsCURVJ
WRITE (2+2005) IsCURVISCURVUISIEL9sSPSIZCPSTsTBIZTRBY
YPPI = ~EL*CURVI/CBI*%3

YPPJ = —EL*CURVJ/CBJ**3

Al = TBI

A2 = TBI + 0.5%YPPI

A3 = ~(540%#TBI + 4.0%TBJ) + 0.5%YPPJ - YPP]
A4 = 3,0%(TBI + TBU) + 0«5%(YPPI —- YPPJ)

DO 150 J = 1s12

DO 150 K = 1412

SEL(JsK) = 0e0

COMPUTE ELEMENT TRANSFORMATION MATRIX (A%%-—1)%T
CALL TMATI(I)
DO 400 J = 1,10
YBAR = (1e0 = X{J)I¥(AL + X{JUI¥(A2 + X(JI*(A3 + X(J)*A4)))
YP = Al¥(1e0 — ZeN#X(J) )+ XUII*¥(A2% (240 — 340#X(J)) + X(J)#*(AS*
1 (3a0 = 4e0¥X(J)) + A4XX(J)%(440 = 5,0%X(J))})
YPP = 240%(-A1 + A2%(140 — 340%¥X(J)))+ X(J)*¥(A3*(640 — 12.0%X(J))
1 4+ A4%X(J)1%(1240 =~ 20.,0*X(J)))
RX = R{I) + X(J)Y*EL*(SPSI + YBAR*CPSI)
COSB = 140/(SQRT(1s40 + YP¥*YP))
EVALUATE B(s) AT INTEGRATION POINTS
CALL BMAT(IsJ)
ADD CONTRIBUTION TO ELEMENT STIFFNESS INTEGRATION
C = PI®EL*¥RX#W(J) /COSB
CALL SELA(CQ)
YBAR = (10 = Y(JII*¥(AL + Y(N¥(A2 + Y(IIY*(A3 + Y(J)*A4L)))
YP = AL%¥(1e0 = 260%Y(J))+ Y(I)X{A2%¥ (240 = 3.0%Y(J)) + Y(JIy*(A3*
1 (360 = &4eO¥Y(J)) + AGHRY(J)* (40 = 5.0%Y(J))))
RX = R(I) + YU(J)*EL*¥(SPSI + YBAR®CPSI)
COSB = 140/(SQRT (140 + YPX*YP))
C = PIXEL*¥RX*WM(J)/COSB/2+0
IF(J«GTe5) GO TO 200

ANCI)Y = AN(I) + C

GO TO 400

AN(I+1) =AN(I+1) + C
CONTINUE

TRANSFORM 12X12 ELEMENT STIFFNESS TO GLOBAL CO~ORDINATES AND CON-
DENSE TO 8Xx8

CALL SELR(I)

STORE MULTIPLIERS AND PIVOTS

DO 420 J = 14

1 =4 + 8
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DO 420 K = 1412

ST(IsKsd) = SEL(TJU4KY

ADD 8X8 ELEMENT STIFFNESS TO OVERALL STIFFNESS
DO 450 J = 1,8

10 = JK + J

DO 450 K
IK = K =
St1Jd,IK)
JK = JK + &4

CONSTRUCT DIAGONAL MASS MATRIX

DO 600 I = 14NN

IJ = 4%1 - 3

XMUTJ) = XM(IJ+1) = SQRT(RHO*AN(I})
IF(«NOT.LRI) GO TO 600

XM(TJ+2) = SQRT(AMOM*ANI(I))
CONTINUE

RETURN

WRITE (252900)

STOP

FORMAT(72H

Hooun
- = QO

Js
+
S(IJsIK) + SEL(JsK)

FORMAT(3110+L10)
FORMAT(6F10.0)
FORMAT(I1093F10.0)
FORMAT(2F10.0)
FORMAT{1H1)

FORMAT (10X s28HNUMBER OF NODES s 13/
10X, 28HNUMBER OF MODE SHAPES s 13/
10X s 28HNUMBER OF RESTRAINED NODES 21377

10Xs 16HFACE THICKNESS =5F10.6/

10Xy 16HCORE THICKNESS =sF1046//

10X 8BHFACE E =9F13e1/

10X 9HFACE NU =sF1245/

10X 8BHFACE G =yF13.1/

10X 10HFACE KAP =,F1145/

10X 10HFACE RHO =,F1146//

10Xs8HCORE E =9F1341/

10X s FHCORE NU =4+F12,5/

10X48HCCORE G =43F13.1/

10X 10HCTORE KAP =5F1145/

10Xy 10HCORE RHO =sF1146//

44H ROTATORY INERTIA INCLUDED (T = YESs F = NO} L5 //
45H ALL QUANTITIFES IN INCHESs POUNDS AND SECONDS /)

2002 FORMAT(//11HONODAL DATA /

9
1
2

2X s 4HNODE s 7Xs 11HABSCISSAs Rs8Xs12H ORDINATESs 296Xy
14HLATITUDE ANGLE/
15Xe5H({INe) s 15X s5H{INa) 313X 8H(DEGREE) /)

2903 FORMAT(1453F20.8)
2004 FORMAT(/18HOELEMENT GEOMETRY /

1
2
3

8H ELEMENT»10Xs THCURVII)»10Xs THCURV(J) 25X s12HCHORD LENGTH,10X>s
THSIN PSI»10Xs7HCOS PSIs6Xs11HTAN BETA(I) »6Xs11HTAN BETA(U)/
18Xe7H(1/INe) 510X 7H{1/INs}s12Xs5H(INS))

2905 FORMAT(IB+7F1748)
2900 FORMAT(/////41HONUMBER OF NODES EXCEEDS ALLOWABLE sTOP )

END
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SUBROUTINE TMAT(I)

THIS SUBROUTINE EVALUATES THE CO-ORDINATE TRANSFORMATION MATRIX
(A%%-1)%T FOR ELEMFNT I,

GLOBAL CO-ORDINATES ARE S AND XI (MERIDIONAL AND RADIAL})s AND
THUS CAN BE APPLIED ONLY TO SHELLS WITH TWICE CONTINUOUS MERIDIANS
SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

REAL NUCsNUF

COMMON /PROPS/ HsDsHF sHCyEF s NUF s GF s ECaNUC»GCoBF sDF s BCo DC

COMMON /STMATS/ SEL(12512)sB(12912)+DB(12512)5T(12512)

COMMON /NODGEQ/ R(35)+2(35)

COMMON /ELGEOM/ EL sSPSIsCPSIsTBI»TBJsCBIsCBJsSBIsSBIIALISA29A3AL
DO 100 J = 1s12

DO 100 K = 1s12

BtJsK) = 0.0

IF(R(I)«EQe0«0) GO TO 500

MATRIX FOR OPEN-ENDED ELEMENT

B(lsl) = B(342) = B(2+6) = 140
B(7+4) = B{Ts5) = B(945) = 140
B({8s9) = B(8s10) = B(10s10) = B(2s1) = ~1.0
B{4s1) = -TBI

Blusb) = TBI

Bl6é6s6) = TBI + TBUJ

B(6s1l) = — B(64+5)

B(5s1) = B(6s6) + TBI

B(5s6) = —=B(551)

B(5s2) = B(8s4) = B(8,5) = B(10s5) = ~340
B(6s2) = Blllet) = B(11s5) = B(1295) = 240
B(11,9) = B(11,10) = B(12+10) = 260
B(5s7) = 340

B(6s7) = -2.0

B(8s11l) = Bl10s12) = 440

Bl1lls1ll) = B(12s12) = =440

Bl4s3) = B(Hhe3) = —~EL/CBI/CBI1
B(5s3) = =240%B(4,43)

Blasy) = Blhs4) = HCX¥B(453)/D
B{5s4) = =2.,0%B(4e4)

Bl{4s5) = B{6s5) = Bl4s3)

B(5s5) = ~2.0%B(445)

Bt5s8) = EL/CBJ/CBJ

B{&sB) = —B(54+8)

B(599) = HC*B(5+8)/D

B(6s9) = =B(54+9)

B(5s10) = B(5+8)

B(6s10) = =B(5,10)

DO 200 J = 1.12

T(Jdsl) = CBI*¥B(Jsl) + SBI¥B(Js2)
T(Js2) = SBI*¥B(Jsl) ~ CBI*¥B(Js2)
T(Je3) = B(Js3)

TlJed) = BlJe4)

T(Js5) = CBI*B(Jsb6) + SBI*¥B(Js7)
T(Jeb) = SBIX¥B(Js6) = CBIX*¥B(Js7)
T(Js7) = B(Js8)

T(Js8) = B(Js9)

T(Js9) = B(Js5S)
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500

700
1000

100

TtJs10) = B(Js10)

T(Js1l) = B(Jell)

T(Js12) = B(Js12}

GO TO 1000

MATRIX FOR CAP

B(5+2) = —1e0

B(949) = B{9+10) = B(10s10) = =1,0
B(6s6)Y = 140

BlT7+7) = 340

B(l1ls9) = B(11s10) = B(12s10) = 240
Bl{8s7) = =240

Bl9s11) = B(10,12) = 4,40

Bllle1ll) = Bl12+12) = =440

B(692) = —-CPSI

B(792) = (2.0%TBI + TBJ)*CPSI + 3,0%SPSI
B(Bs2) = —B(T7+2) + TBI*CPS! + SPSI
B(796) = —2,0*%TBI ~ TBJ

B(8s6) = TBI + TBJ

B(7+8) = EL/CBJ/CBY

B(8s8) = ~B(7+8)

B(7+9) = HC*B(7+8)/D

B(8+s9) = —B(7+9)

B(7410) = B(7+8)

B(B8s10) =-B(7,10)

DO 700 J = 112

TeJsl) = T(Js3) = T(Je8s) = T(Js9) = 00
T(Js2) = B(Je2)

T(JsB) = CBUKB(Js6) + SBUI¥B{Is7)
T(Jsb) = SBIXB(Js6) ~ CBI*B(JsT)
T(Js7) = B(Js8)

T(Js8) = BiJs9)

T(Js10) = B(Js10)

T(Jsll) = B(Jsll)

T(Js12) = BlJs12)

RETURN

END

SUBROUTINE BMAT(1,J)

THIS SUBROUTINE EVALUATES THE MATRIX B FOR ELEMENT I AT POINT X(J)
SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

REAL NUFsNUC

COMMON
COMMON
COMMON
COMMON
COMMON
DO 10C
DO 100
B(KsL)

/PROPS/ HsDsHF ¢HCsEF s NUF 3 GF s EC s NUCsGCoEF ¢ DF yBC s DC
/STMATS/ SEL(12512)95(12412),0B{(12512)9T(12412)

/ELGEOM/ ELsSPSIsCPSIsTBI+TBJsCBIsCBUSSBIsSBIsALIAZIA3AL
/NODGEO/ R(35)+2(35)

/XGEOM/ YP3YPP,RXsCOSBsYBARSX(10)

K = 14912
L = 1s12
= 060
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TF(R(I).

joe]
w
Hounon

EQe0«0) G

~YPP*COSB*%5%({1,0 ~ YP®YP)/(EL*EL)
COSB**3/ (EL*EL)
—2.0%YPP*YP*33%COSB*COSB

0 7O 400

~EL*¥B3*YP*(SPSI + CPSI*#YP)/RX
EL*B3#(SPSI + CPSI*YP)/RX
COSB*(SPSI + CPSI#YP)/RX

MATRIX FOR OPEN-ENDED ELEMENT

B(2,1)
B(2+3)
Bt2s2)
Bl2s4)
B(2s5)
B(2+6)
Bl{4+8)
Bl4asll)
B(ls2)
B(ls4)
Bl(1s5)
B(lye)
B(3+7)
B(3,8)
B(3s11)
Bl4s2)
B(4s+4)
B(5,2)
B(5s4)
Bl5s7)
B(5:8)
B(5s11)
Bl4s5)
Bl4s6)
B(5s5)
Bi5+6)
B(6s2)
B(llys2)
Bl6ss) =
Bl1lls4)
Bl6s5) =
B(11s5)
Bl6s6) =
Bllls6)
B(6s8) =
B(11s8)
B(6s10)
B(11l,10)
3(6s11)
Btll,11)
B(6s12)
B(lls12)
Bl7+2) =
B(l2s2)
Bl7s4) =
B(12s4)
B(7+5) =

W H RN

H 0 unu

Houw uw o u

I LI T N O 1]

B(7+1) = B(1241) = SPSI/RX
B(7+3) = B(12s3) = CPSI/RX
B(12s1)%X(J)
Bt12,3)%x(J)
B(2s4)%Xx(J)
B{2+s5)%X(J)
B{9+10) = COSB/EL
= B(9912) = 2.0%¥X{J)*B(4,8)
COSB*B(9,10)
B(ls2)%*YP
240%*X(J)XB{1s4)
1eS5%X(J)¥B(145)
B(8s2) = 140
B(8s10) = X(J)
= B(8s12) = X(J)*X(J)
Bt9y2) = Bl
B(9s4) = B2
B(10s2) = Bs4
B{lO0s4) = BS
Bl10+9) = Bé6
B(10s10) = BewX(J)
= B{10s12) = X{(J)*B(548)
B(9s5) = 2+0%B2%¥X(J) + 2.0%B3
B(9s6) = (3.0%B2%X(J) + 6.0%#B3)%X(J)
B(10s5) = 20%B5%#X(J)
B{10s6) = 30%B5%X{JY*X(J)
B(1ls2) - D¥B1/240
= B(1s2) + D#*B1/2,0
B{ls4) —~ D*B2/2.0
= Blls4) + D*B2/2,0
B{ls5) — D¥B(495)/2.0
= B(695) + D¥B(445)
B(ls6) = D*¥B(436) /240
= Bl6s6) + D¥B(4s6E)
~HC*¥B(44+8) /2,0
= =3(6+8)
= =HF#B(4438) /24,0
= =-B(6910)
= 2.0%¥X(J)%*B(6+8)
= =B(6sl])
= 2.0%X{J)*B(6+10)
= ~B(6s12)
B(2+s2) ~ D¥B4/240
= B(7s2) + D*B4
Bl2s4) -~ D¥BS/2.0
= B(7+4) + D%*BS
B(295) — D*B(5+5)/240
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B(124s5) = Bl7+5) + D*B(545)

B(T7s6) = B{2+s6) ~ D¥B(536)/240
B(1l2+s6) = B(T796) + D*B(5+6)
B{T7s7) = —-HC*B6/2,0

B(12s7) = =B(7s7)

B(T7+8) = B(Ts7)%X(J)
B(12+8) = «B(7+8)

B(7+9) = —-HF*B6/2.0

Bl12+s9) = ~B(7+9)

B(T7910) = B(T7+9)%X(J)
B(12,10) = ~B(7+10)

BUT7s11) = X(J)I%XB(7,8)
B(12+s11) = =B(7Ts11)

B(T7912) = XUJ)I*B(7,10)
B(12,12) = ~B(7512)

GO TO 1000

MATRIX FOR CAP ELEMENT
400 B6 = EL*(SPSI + YBAR*CPSI)

B5 = COSB*#3%(SPS] + YP®CPSI)/(B6*EL)

B4 = COSB*(SPSI + CPsI*YP)/Bé

B(3+9) = B(8s10) = X(UJ)

B{3s11) = B(8412) = X(J)I®X(J)

B(4,9) = B(9s10}) = COSB/EL

Blasll) = B(9912) = 2,0%X(J)*B(4,9)
B(4s6) = B(996) = Bl + TBI*B2
Bl4s7) = B(9+7) = 20#*B2%¥X(J) + 2.0%#B3
B(4s8) = B(9+8) = (30%¥B2%X{(J) + 6,0%B3)%xX(J)
B(5+6) = B(10s6) =BSH{((5.0%A4%¥X(J) + G40%(A3 = AL))*X(J) +
1 2.0%(A2 ~ A3) %X (J) + 240%{Al -~ A2))
B(5+s7) = B(10+7) = 2+0%85
B(5s8) = B(1048) = 3.0%#B5%X(J)
B(5+9) = B(10+10) = B4

B(5,11) = B(10s12) = X(J)*B4

B(ls6) = COSB*B(4,9)%(1.0+ TBIXYP)
B(1s7) = 2.0%X{(J)*¥COSB*B(449)*YP

B(1s8) = 1a5%X(J)%B(1,7)

B(2s6) = (SPSI + CPSI*TBI)/B6

B(2s7) = X(J)*CPSI1/B6

B(2+8) = X(J)*B(2,7)

Bl696) = B(lsb) = D*¥B(4y6) /240

B(11ls6) = B(6s6) + D*Bl4s6)

B(6s7) = Blls7) ~ D*¥B(44+7)/240

BUills7) = B(6sT) + D¥R (4,7}

B(6+8) = B(1s8) = D¥B(438) /2.0

Bl11s8) = Bl6s8) + D*¥B(4+8)

B(6s9) = ~HC*¥B(4+9)/240

B(11+9) = =B(6+9)

B(6+10) = =HF*B(44+9)/2.0

B(11s10) = -B(6s10)

Bl6s1ll) = 2,0%¥X(J)*B(6+9)

B(1lls11) = =B(6511)

BlEs12) = 2.0%X(J)%B(64510)

B(11s12) = =-B{6,12)

B(7+6) = B(2+6) — D¥B{(5+6) /240

B(12:6) = B(7+6) + D*B(5,46)
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Bt7+7) = B(2s7) — D*B5

B(12s7) = B(2s7) + D¥B5

B(7+8) = B(2s8) — D¥B(5+8)/2.0
B(12+8) = B(7+8) + D*¥B(5+8)

B(7+9) = —-HC%B4/2,0
B{1249) = =B(7+9)
B(7510) = =HF*B4/2.0
B(12s10) = ~B(7+10)
B(7911) = X{J)*¥B(T7+9)
B{1l2s11) = =B(7s11)
B{7+s12) = X(U)Y*B(T7510)
B(1l2s12) = =B(7412)
1000 RETURN
END

SUBROUTINE SELACC)

THIS SUBROUTINE COMPUTES A TERM IN THE GAUSS INTEGRATION FOR THE
STIFFNESS MATRIX IN GFNERALIZED CO-ORDINATES

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

REAL NUF s NUC

COMMON /PROPS/ HsDsHF sHCsEF o NUF s GF s EC s NUC s GCsBF s DF 9BCsDC

COMMON /STMATS/ SEL(12912)9B(12912)4DB(12912)97(12512)

DO 100 K = 1,12

DB(1sK) = BC¥(B(1sK) + NUCHB(2,K))*C
DB(2,K) = BC*¥(B(2sK) + NUC*B(1,K}))*C
DB(3,K) = GC*¥B(3,K)*C
DB(4sK) = DC¥(Bl4sK) + NUCHB(54K))*C
DB(5sK) = DC*¥(B(54K) + NUC*B(4,4K))*C
DB(6sK) = BF¥(B(6sK) + NUF*B(7,K))%C
DB(74K) = BF¥(B{T9K) + NUF*B(6+K))*C
DB(8sK) = GF*¥B(BsK)*C*2.0
DB(9sK) = DFE(B(99K)+ NUF*¥B(10,K) ) %(C*2,0
DB{10sK) = DF#(B{10sK) + NUF®B(9,K))*C*2,0
DB(11sK) = BF*¥(B{11sK) + NUF%¥B(12sK))*C
100 DB(12sK) = BF®¥(B(12+K) + NUF*¥B(11sK))*C
DO 200 K = 1s12
DO 200 L = 1»12
DO 200 M = 1s12
200 SEL(KsL) = SEL(KslL) + B(MsK)*¥DB(MsL)
RETURN

END
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SUBROUTINE SELR(L}

THIS SUBROUTINE TRANSFORMS THE ELEMENT STIFFNESS FROM GENERALIZED
TO GLOBAL CO-ORDINATES AND CONDENSES IT FROM 12X12 TO 8X8 USING
STATIC CONDENSATION.

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

COMMON /NODGEO/ R(35)+21(35)

COMMON /STMATS/ SEL(12312)9sB(12+12)+DB{12912)sT(12+12)

SYMMETRIZE ELEMENT STIFFNESS IN GENERALIZED CO-ORDINATES

DO 50 I = 1,11

I =14+1

DO 50 J = 1Jsl2

IF(SEL(IsJ) eFEQeCe0eORSEL(J21)eEQeDe0) GO TO 45

SEL(IsJ) = 0e5%(SEL(IsJ) + SEL(JsI))

GO TO 50
SEL(IsJ) = 0.0
SEL{Js 1) = SEL(I+J)
TRANSFORM TO GLOBAL CO-ORDINATES
DO 100 I = 1,12
DO 100 J = 1y12
DB{IsJ) = 0.0
DO 100 K = 112
DB(IsJ) = DBlIsJ) + SEL{IKIXT(KsJ)
DO 200 I = 112
DO 200 J = 1,12
SEL{IsJ) = Qa0
DO 200 K = 1412
SEL(IsJ) = SEL(I»J) + TUKsI)*DBIKsJ)

IF(R(L)eNEsQs0) GO TO 250

SEL({1s1) = SEL(3+3) = SEL(4s4) = SEL(999) = 1,0
CONDENSE TO 8X8 ELEMENT STIFFNESS

DO 300 J = 134

1 =12 - J

IK = 1J + 1

PIVOT = SEL(IK,sIK)

DO 300 K = 1s1J

C = SEL(IKsK}/PIVOT

SEL(IKsK)} = C

DO 300 I = KslJ

SEL(TsK) = SEL(IsK) —~ C*¥SEL(I,IK)
SEL(KsI) = SEL(IsK)

RETURN

END

SUBROUTINE BCS

THIS SUBROUTINE READS THE BOUNDARY CONDITION DATAs MODIFIES THE
OVERALL STIFFNESS MATRIX AND MASS MATRIX ACCORDINGLY AND THEN
TRIANGULARIZES THE STIFFNESS FOR READY SOLUTION.

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.
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LOGICAL LRI

COMMON /

/ NNsNESNMS e NDOF ¢sNBCINLMsLRIHPI

238

COMMON /ARRAY/ S(140+8)s5T(34s12+4)sXMI140)5A(105+105)E(105)
1 V(105+105)sIV(105)sW{140)
COMMON /NODGEO/ R{35)+Z(35)
DIMENSION NR(4)
IF(R{1)eNE«0O«0) GO TO 100

NLM =

XM(1)

NLM - 1
0.0

IF(+NOT4LRIY GO TO 100

NLM =

XM(3)

100 WRITE

DO 300 I
{1s1001) Ns(NR{J)sJ=1s4)

READ

WRITE

1J =

NLM - 1
0«0

(2,2000)
READ KINEMATIC CONSTRAINTS AND MODIFY OVERALL STIFFNESS AND MASS

1+NBC

(252001) N»(NR{J)sJ=1s4}

4aN - 4
DO 300 J

124

IFINR(J)«EQs0) GO TO 300

IK =

S{IKsl)

DO 200 K

SUIKsK)
L= IK=-K + 1

IF(LeLESO)

S{LsK)
200 CONTINUE

IFlJeEQet)

IJ + J
1.0

2+8

= 00

GO TO 200

040

GO TO 300

IF(JeEQa3eAND««NOTLLRIIGO TO 300
NLM - 1

NLM =
XMIK)
300 CONTINUE

0«0

IF (NMSeGTeNLM) NMS = NLM
TRIANGULARIZE STIFFNESS MATRIX
CALL DYBSOL(NDOF$8+140sSs Wslsl)

RETURN

1001 FORMATI(5110)

2000 FORMAT({//59HOKINEMATIC CONSTRAINTS (0 = UNCONSTRAINEDSs

1INED)

2 6Xs4HNODE»5X s TOHMERIDIONAL s 9X s 6HRADIAL 9 7X s 8HROTATION

/

3 8Xs THWARPING/)
2001 FORMAT(I1094115)

END

SUBROUTINE EIGEN

THIS SUBROUTINE TRANSFORMS THE EIGENVALUE PROBLEM FROM
K{s)¥UL) = OM®X2%M(s ) *U()

T0

Als)¥V() = V() /0MR¥2

1

= CONSTRA
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WHERE
K{s)
M(s)
Aly)
Fis)

V()
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STIFFNESS MATRIX

DIAGONAL MASS MATRIX

MUs ) #%0aSHF (9 ) %M () %8045

FLEXIBILITY MATRIX AFTER CONDENSATION ON DEGREES OF
FREEDOM NOT CORRESPONDING TO LUMPED MASSES

= MU ) *¥¥05*U()

B 0B

THE EIGENVALUES AND NMS OF THE EIGENVECTORS ARE THEN COMPUTED.
LOGICAL LRI

COMMON /

/ NNsNEsNMSsNDOF s NBCoNLMsLRISPI

COMMON /ARRAY/ S{140+8)sST{34512+4)sXM{140)+A(105s105)9E(105)>
1 V(105+105)sIV(105)sW(140)

COMMON /STMATS/ SEL(12+12)sB(12512)sDB(12512)9T(12512)
DIMENSION G(105)sR{105})sP(105)5Q(105)sINT(105)

EQUIVALENCE (G(1)sSEL(1))s (R(1)sSEL(106))s (P(1)sB(6ET)))

1 (Q(1)sDB(28)Y)s (INT(1)sDB(133))

COMPUTE 1
N =1

DO 100 I
IF(XM(N) .
N = N+1
GO TO 50

Ivily = N

N = N+1
ASSEMBLE
DO 300 1
DO 200 J
W(J) = O
N = V(D)
WIN)Y = 1
CALL DYBRS
DO 300 J
L = IV(J)
AldsI) =
Allsd) =
COMPUTE E

NDEX VECTOR OF LUMPED MASSES

= 14NLM
NE.0O«0) GO TO 60

MATRIX Atls)
1sNLM
1sNDOF

0

0
OL(NDOF +831403sSsWs29N)
= TsNLM

XMOLY*®W (L) *XM(N)
Atds 1)
IGENVALUES AND EIGENVECTORS

CALL HQRWINLM921053sNMSsAsEsVGsRIPsQeWs INT)
COMPUTE AND PRINT NATURAL FREQUENCIES

WRITE (2
DO 400 1
E(TI) = 1l
PER = 2.0
FREQ = 1.
WRITE (2,
RETURN

2000)

= 1sNLM

O/SQRT(E(TI))

*PI/ECT)Y

0/PER

2001) I-E(I)sFREQsPER

2000 FORMAT(21HINATURAL FREQUENCIES //

1 10H

MODE NOes15Xs5HOMEGA,10Xs LOHOMEGA/2%P1 514X s 6HPERIOD /
2 21X99H(RAD/SEC) 911Xs9HICYC/SEC) 515X s5HISEC) /)

2001 FORMATI(I104+3E20.8)

END



SUBROUTINE SHAPES
THIS SUBROUTINE RECOVERS AND PRINTS THE COMPLETE MODE SHAPES,
LOGICAL LRI
REAL NUCsNUF
COMMON / / NN,NE,NMS,NDOF yNBCsNLM4LRIPI
COMMON /ARRAY/ S(140s8135T(34451254)sXM(140)sA(105+105)5E(105)»
1 V(1054+105)51V(105)swW(140)
COMMON /NODGEO/ R(35),2(35)
COMMON /PROPS/ HsDsHF yHC o EF s NUF 9y GF sEC o NUC s GCyBF sDF 4BCDC
DIMENSION U(12)
EQUIVALENCE (U(1)sAC(1))
WRITE (2+2003)
DO 800 I = 1sNMS
C = EC(IY*E(T)
DO 100 J = 1sNDOF
100 W(J) = 00
DO 200 K = 1sNLM
L = IVIK)
200 W(L) = C®*XM(L)I*V(KsI)
CALL DYBSOL(NDOF +8+140sSsWe2sl)
WRITE (2,2000) I
DO 700 J = 1sNE
IL = 4%J - 4
DO 300 K = 1,8
IK = IL + K
300 ULK)Y = WIK)
RECOVER CONDENSED DISPLACEMENTS
DO 400 K = 144
JK = K + 8
IK = JK - 1
U(JK) = 00
DO 400 L = 1sIK

400 ULJK) = ULJIK) = ST(JeLsKI*¥U(L)
COMPUTE ADDITIONAL DISPLACEMENTS OF INTEREST AND PRINT
GAMCI = Utl4) + U(9)
GAMCJ = U(8) + U(10)
CHISI = (HC*GAMCI + HF*U(9))/D
CHISJ = (HC*GAMCJ + HF*U(10))/D
CHIT = U(3) + CHISI
CHIJ = U{T7) + CHISY
GAMO = U(1l1l) - U(12)
CHISO = (HC*¥U(11) + HF*U(12))/D

700 WRITE (2+2001) JaR(J)sZ(J)»
1 UG1)sUC2)9CHITSU(3) 4 CHIST JU(4)sGAMCISU(T)
2 CHISOsGAMOSU(11}sU(12)s
3 U5 sU(6)sCHIUSU(T) s CHISJSU(8)»GAMCIUL10)
800 WRITE (2-2002) RINN}sZ (NN)
RETURN
2000 FORMAT(/18HOMODE SHAPE NUMBER +13/
1 5H NODEs2Xs13HMERIDIONAL s Us6XsIHRADIALs W9s2X9s 13HROTATIONs CHI»
2 SXs6HCHI(B) 99X 9s6HCHI(S) s3 X9 12HWARPINGs GAMs» 7Xy BHGAMMA(C) s 7X s
3 BHGAMMA(F) /)
2001 FORMAT(8H ELEMENTs13,39X97TH{RsZ) =9 FFebslHssFIes /
1 4Xs1HIS8E15.7/

2Lo
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NN

NOOO

2002
2003

180

200

300

350

2l

2 4Xs1HOs60Xs4E15.7/

3 4Xs1HJ9BE15e7/)
FORMAT (50X s TH{RsZ) =9F9els1HssFIe4 )
FORMAT(16H1VIBRATION MODES /)
END

SUBROUTINE DYBSOL (NNsMMsNDIMsAsBsKKKeLIM}

DYBSOL IS AN SPECIAL IN-CORE BAND SOLVER FOR DYNAMIC PROBLEMS
INVOLVING CONDENSATION OF ROTATIONAL DEGREES OF FREEDOM.
PROGRAMMED BY Cs Ae FELIPPA,

DIMENSION A(NDIMs1)s B(1)
NR = NN - 1
IF (KKK«GTel) GO TO 300

DECOMPOSITION OF BAND MATRIX A WITH SEMI-BANDWIDTH MM

DO 200 N = 1,4NR

M=N-1

PIVOT = A(Nsl)

IF (PIVOTeEQeOs) PIVOT = 1.0E-08
MR = MINO (MMyNN-M)

DO 200 L = 2sMR

C = A{NsL)Y/PIVOT

IF (CaEQe0a) GO TO 200

M+ L

K = LsMR
1

A(Isd) = A(leJ}) ~ CH*A(NsK)
A(NeL) = C

CONTINUE

GO TO 500

FORWARD REDUCTION OF VECTOR B FROM B(LIM) TO B(N)
AND BACKSUBSTITUTION FROM B(N) TO B(LIM)

DO 350 N = LIMsNR
M=N~1

MR = MINO (MMsNN-M)

C = B(N)

BIN) = C/A(N»1)

DO 350 L = 2sMR

I =M+ L

B(I1) = B(I) - A(NsL)*C
BINN) = B(NN)/A(NNs1)

NS = NN - LIM + 1
DO 400 K = 2sNS
M NN - K

N M+ 1

"o
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MR = MINO (MM,K)

DO 400 L =

I = M+ L
400 B(N) = B(N)
500 RETURN

END

SUBROUTINE HQRW

L TR T R R A L
SUBROUTINE TO COMPUTE EIGENVALUES
SYMMETRIC REAL MATRIX STORED AS A

PR R IR N I N T I R N
PROGRAMMED BY Ce Ae FELIPPAs FEBes 1967

INPUTS

N MATRIX ORDER,s MUST NOT EXCEED NM.

NM DIMENSION OF INPUT

M NVEC =

2 MR

- A(NyL)I*B(I)

(NsNMsMsGoEsVsAsBsPeWesQsINT)

LR T R K B TR R N B S N R R

AND EIGENVECTORS OF A

TWO-DIMENSIONAL ARRAY.
SR R R 2R 2R TR N R R

MATRIX G IN THE CALLING PROGRAM,

I1ABS(M) IS THE NUMBER OF EIGENVECTORS DESIRED

(0 TO N)e ITS SIGN SPECIFIES THE ORDERING OF THE

ETGENVALUES E(1l) eseee E(N)
IF M LT 0 OR ~0»
IF M GT 0 OR +0s

CALCULATED EIGENVECTORS (IF ANY)

E(l)s E(2) eee E{(NVEC)
G INPUT SYMMETRIC SQUARE MATRIX (RETURNS UNALTERED).
OUTPUTS
E VECTOR OF EIGENVALUESs ARRANGED AS EXPLAINED ABOVE.
Vv NORMALIZED EIGENVECTORSs STORED AS COLUMNS OF V.
IF NVEC=0s V MAY BE A DUMMY VARIABLE.
A DIAGONAL OF REDUCED TRIDIAGONAL FORM.
5] FIRST OFF~DIAGONAL OF REDUCED TRIDIAGONAL FORM.

WORKING SPACE

PasWsQs INT

WORKING VECTORS OF LENGTH AT LEAST NsN+1sN AND N

RESPECTIVELY. IF NVEC=0»
DUMMY VARIABLES.

AS FOLLOWS

BY INCREASING ALGEBRAIC VALUE
BY DECREASING ALGEBRAIC VALUE.
WILL CORRESPOND TO

Q@ AND INT MAY RE

242
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*
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*

120
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MINIMUM DIMENSIONS IN THE CALLING PROGRAM SHOULD BE
GINMsN)y E(N)s VINMsNVEC)s A(N)s B(N)s P(N)s WIN+1}s Q(N)s INT(N)
BUT VsQ AND INT CAN BE DUMMIES IF NVEC=0 (NO EIGENVECTORS).

¥R R K K R R K N N R K K X X K O X K K X K ¥ X K X X K K % ¥ ¥ ¥
THE FOLLOWING PARAMETERS ARE MACHINE-DEPENDENT AND SHOULD
BE PRE-SET AS FOLLOWS

PRECS = 104%%(~NDIG) WHERE NDIG IS THE NUMBER OF SIGNIFICANT
DECIMAL DIGITS CARRIED OUT BY THE MACHINE IN FLOATING
POINT ARITHMETIC.

BASE = THE BASE NUMRER OF THE MACHINEs IN FLOATING POINT,
ILIM = TO BE CHOSEN SO THAT BASE#**(ILIM+4) [S OF THE ORDER

(BUT DOES NOT EXCEED) THE MACHINE OVERFLOW LIMIT.
HOV = BASE**(ILIM/2)

THIS VERSION IS FOR THE CDC 6400 (NDIG=15s BASE=2es ILIM=1000)
R R T N RN R 2 N O I R T N A

DIMENSION G{(NMsl)s E(1)s VINMs1)s A(1l)s Bil)y P(1l)y W(l)s Q(1)
REAL LAMBDA

LOGICAL INTI(1)

IF (NeLE+DOsOReNsGT«NM) GO TO 1000

PRECS = le0E-~-15

BASE = 2.0

ILIM = 1000

HOV = BASE®¥500
B(l) = Qo

SQRT2 = SQRT(2,)
Nl =N -1

DO 100 1 = 1N
E(I) = G(IsI)

IF (N-2) 90042805110
EE T R AR S T U I N I T N S SN O

TRI-DIAGONALIZE MATRIX G BY HOUSEHOLDER'S PROCEDURE
R R I T I U T N R N A T N

DO 250 K = 24Nl

Kl = K -1
Kd = K + 1
Y = G(KsK1)
SUM = 040

DO 120 I = KJsN

SUM = SUM + G(IsK1)%*%2

IF (SUMsEQeQe) GO TO 230

S = SQRT(SUM+Y*%2)

B(K) = SIGN(Ss-Y)

W(K) = SQRT(1«+ABS(Y)/S)

X = SIGN(1e/(S*¥WIK))sY)

DO 150 I = KsN

IF (1eGTWeK) W{I) = X*¥G(IsK1l)
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P{I) = O«
150 G(IsK1) = W(I)
DO 180 I = KsN
Y = W(I)
IF (YeEQeOe) GO TO 180
I1 =1 + 1
DO 160 J = Kol
160 P(J)Y = P(J)Y + Y*G(I+J)
IF (11«GTe«N} GO TO 180
DO 170 J = 11N
170 P(JY = P(J) + YXG{Js1)
180 CONTINUE
190 X = 0.
DO 200 J = KN
200 X = X + W(J)*®P(J)

X Oe5%X
DO 210 J = KN
210 P(J) = X®W(LS) - P(U)
DO 220 J = KN
DO 220 1 = JsN
220 G(IsJ) = G(IsJ) + PLII*W(J) + P(II*W(])
GO TO 250
230 G(KsK1) = SQRT2
B(K) = -Y
DO 240 1 = KJsN
240 G(IsK) = ~G(I+K)

250 CONTINUE

280 DO 290 I = 1N
Aty = G(Is1)

290 G(1s1) = ELIY
BIN)Y = G{NsNI1)

g******%****************************
C GET EIGENVALUES OF TRIDIAGONAL FORM BY KAHAN-VARAH Q-R METHOD
C*%*%*****%*****%*******************
C

TOL = PRECS/{10«*FLOAT(N})

BMAX = O

TMAX = 0O

W{N+1) = O,

DO 300 I = 1N
BMAX = AMAX1(BMAX,ABS(B(I)))
300 TMAX = AMAX1(BMAXsA3S{A(I))sTMAX)
SCALE = 1.0
IF (BMAX.EQe0e) GO TO 520
DO 310 I = 1,ILIM
IF (SCALE*TMAX.GT4HOV}) GO TO 320
210 SCALE = SCALE*BASF
320 DO 330 1 = 1N

E(I) = A(I)*¥5CALE

330 W(I) = (BLI)*SCALE)**?2
DELTA = TMAX#*SCALE*TOL
EPS = DELTA#%2
K = N

350 L = K
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IF (LeLE«O) GO TO 460

Lt = L -1

DO 360 1 = 1,L
K1 = K

K=K -1

360 IF (W(K1)eLT<EPSY GO TO 380
380 IF (K1leNE.L) GO TO 400

WiL) = Oe
GO TO 350
400 T = E(L) - E(LL)
X = WiL)
Y = De5*%T
S = SQRT(X)
IF (ABS(T)«GTeDELTA) S = (X/Y)/{1e+SQRT(1a+X/Y**2}))

F1 = E(L) + S
F2 = E(L1)~ S
IF (K1sNEeLl) GO TO 430

E(LY = E1
E(L1Y = E2
WiL1) = Oe
GO 70 350

430 LAMBDA = E1
IF (ABS(T)eLTeDELTA«ANDABS(F2)sLT«ARS(ELY} LAMBDA = E2

S = 0o
C = 1le
GG = E(K1)-LAMBDA
GO TO 450
440 C = F/T
S = X/7T
X = GG

GG = C*{E(K1)~-LAMRBRDA) = S¥*X
E(K) = (X=GG) + E(K1}
450 IF (ABS(GG)«LTDELTA}Y GG = GG + SIGN(C*DELTALGG)

F = GG*%2/C
K = K1

Kl = K + 1
X = W(K1)

T =X+ F
W({K) = S*T

IF (KebLTeL) GO TO 440
F(K) = GG + LAMBDA
GO TO 350

460 DO 470 I = 1N

470 E(1) = E(I)/SCALE

Y = ISIGN(1:M)
DO 500 L = 1,N1
K =N=-L

DO 500 I = 1.K
IF (Y*(E(I)=E(1+41))+GT«0s) GO TO 500

X = E(I)
E(l) = E(I+1)
EtI+1) = X

500 CONTINUE
520 1F (M.EQ.0) GO TO 1000
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530

540

550

560
570

580

600

620
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COMPUTE EIGENVECTORS BY INVERSE ITERATION

PEEIE SR IR R R B TR T I S S I I I R N S U R I R R R N

NVEC = TABS(M)

IF (NVECeGTeN) NVEC = N
F = SCALE/HOV

IF (BMAX¥F,LT.PRECS} GO TO 830
DO 530 1 = 1N

A1) = A(I)*F

B{I} = B(I)*F

SEP = 254*TMAX*¥PRECS

X1 = Oe

X2 = SQRT2

DO 800 NV = 1sNVFC

IF (NVeGTe1leANDeARS(FINVI=F(NV=1))esLTeSEP)
DO 540 I = 1N

W(I) = 10

GO TO 570

DO 560 I = 1N

X = AMOD(X1+X23240)

X1 X2

X2 X

W(I) = X - 1a0

EV = E(NV)#®F

it n

X = A(1l) - EV

Y = B(2)

J = N1

DO 600 I = 1sN1

C = Al(I+1) - EV

S = B(I+1)

IF (ABS{X)«GELABS(S)) GO TO 580
P(Iy = §

Q1) = C

INT(I) = «TRUE.

Z = =X/S

X = Y + Z%C

IF (leLTeN1) Y = Z*B(1+2)
GO TO 600

IF (ABS({X)eLTTOL) X = TOL
Pty = X

Q1Y =Y

INT(1) = < FALSE.

Z = =S5/X

X = C + Z%®Y

Y = B(I+2)

V{TsNV) = Z

IF (ABS(X)eLT&TOL)Y X = TOL
NITER = O

NITER = NITER + 1

WIN) = WIN)/X

SUM = W(N)**2

DO 640 L = 1sN1i

I N - L

Y W(T) ~ QUIN*W(I+1)

Hon

GO TO 550



640

660

680

700

730

740

750
760

800

820
830
840
850
860
880
300

1000

IF (INT(I)) Y =Y = B{I+2)*W(1+2)
W(l)y = Y/PLI)

SUM = SUM + W{l)**2

S = SQRT(5UM)

DO 660 1 = 14N

WII) = W(I}/S

IF (NITER.GE.2) GO TO 760
DO 700 I = 1,N1

2 = V(IsNV)

IF (INT(I)) GO TO 680
WlI+1) = WII+1) + Z®W(I)
GO TO 700

Y = Wil)

W(I) = WiI+1)

WIT+1) = Y + Z*wW(])
CONTINUF

GO T0 620

L J

J J -1

X Oe

DO 740 I = LN

X = X + G(IsJ)*Wi])

DO 750 I = LN

on o

Wl) = W{l) = X*¥G(TsJ)
IF (JeGTel) GO TO 730
DO 800 I = 1N
VIIsNV) = W(I)

DO 820 I = 1N

Al1) = ALDY/F

B(I) = B(I)/F

GO TO 860

DO 850 NV = 1sNVEC

DO 840 I = 14N
VIIsNV) = O
VINVsNV) = 1.0
DO 880 I = 24N
K =1 =1

DO 880 J = 1K
G(Isd) = GlJs 1)
GO TO 1000
Vilsl) = le0
A(l)y = E(1)
RETURN

END

247



APPENDIX Foe COMPUTER PROGRAM FOR FREE VIBRATION ANALYSIS OF VISCOELASTIC
AXISYMMETRIC SANDWICH SHELLS (FORTRAN [V}

PROGRAM ASVEFVQUINPUT,OUTPUTTAPEL=INPUTs TAPEZ=0UTPUT)

FREE AXISYMMETRIC VIBRATION ANALYSIS OF THIN ROTATIONAL SANDWICH
SHELL WITH CONSTANT THICKNESS AND TWICE CONTINUOUS MERIDIAN.
INCLUDES DETERMINATION OF EFFECTIVE DAMPING DUE TO LINEAR vISCO-
ELASTIC MATERIALSe (LIMITED 7O MATERIALS WITH REAL POISSON RATIO)
MATERTAL PROPERTIES MAY NOT VARY IN THE MERIDIONAL DIRECTION FOR
THE PRESENT PROGRAMs ALTHOUGH MODIFICATION FOR THIS CAPABILITY
MAY BE READILY ACHIEVEDe NO RESTRICTION ON RATIOS OF LAYER THICK-
NESSES OR LAYER PROPERTIES. NODES ARE NUMBERED CONSECUTIVELY
ALONG THE MERIDIAN AND IF A NODE IS LOCATED ON THE AXIS OF SYM-
METRY NUMBERING MUST BEGIN AT THIS NODEe. ELEMENTS ARE NUMBERED
SUCH THAT THE ELEMENT NUMBER IS THE SAME AS THE SMALLER ADJACENT
NODE NUMBER.,

STORAGE FOR 20 NODES (AND THUS FOR 19 ELEMENTS).

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG THE CHORD LENGTHs RESPECTIVELY.

Fh 96 W 33 M K K I K I NI I 3N S K I I I W N K B I NI NI NI KRR AN MK NN

DATA CARDS FOR ASVEFVQ
ey T s s e e e e e T e I R I SR L LR R

1 CARDes 110 NUMBER OF SHELLS TO BE ANALYZED
THENs FOR EACH SHELL, ALL OF THE FOLLOWING..

1 CARDee COLSe 2-72 TITLE

1 CARDes 3I10sL10
NUMBER OF NODESs NN
NUMBER OF MODE SHAPESs NMS
NUMBER OF NODES WITH RESTRAINTSs NBC
ROTATORY INERTIA INDEX (T IF LUMPED ROTATORY INERTIA
INCLUDEDs F OTHERWISE)

1 CARDes 8F10.0
THICKNESS OF 1 FACING (INe)
YOUNGS MODULUS OF FACINGS (PSI) (RE AND IM PARTS)
POISSON RATIO OF FACINGS
SHEAR MODULUS OF FACINGS (PSI) (RE AND IM PARTS)
SHEAR STRESS CORRECTION FACTOR FOR FACING
DENSITY OF FACINGS (LBe/INe¥%3)

1 CARD.s 8F1040
THICKNESS OF CORE ({INa)
YOUNGS MODULUS OF CORE (PSI) (RE AND IM PARTS)
POISSON RATIO OF CORE
SHEAR MODULUS OF CORE (PSI) (RE AND IM PARTS)
SHEAR STRESS CORRECTION FACTOR FOR CORE
DENSITY OF CORE (LBe/INe*%3)

(NOTEes SHEARING MAY BE NEGLECTED BY SETTING REAL PART OF G TO
9999999999)

2N aeaNaXalaXaRaNaRaXa e Nataa o aRaNa e o Na N a AN AR AN A R A N AN AN A YA R AT AR AR AR A YA AN A AN AR A A AR A NA N AN A

2kh8



2 Xe e NakelaaNa¥aXaXaXakaaRaRaNaNa!

aNaNaNaNe XA}

100
1000
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NN CARDSee 110+3F1040
NODE NUMBER
Rs ABSCISSA OF NODE (IN.)
Zy ORDINATE OF NODE (INe)
PHIs LATITUDE ANGLE OF NODE (DEGREES)

NN-1 CARDSes 2F1040
CURVATURE AT NODE 1 OF ELEMENT (1/INs}
CURVATURE AT NODE J OF ELEMENT (1/1INs)

NBC CARDSee 5110
NODE NUMBER
TANGENTIAL DISPLACEMENT INDEX (O=FREEs 1=CONSTRAINED)
RADIAL DISPLACEMENT INDEX ( DITTO )
BENDING ROTATION INDEX ( DITTO 3
SHEAR WARPING INDEX ( DITTO )

LOGICAL LRI

COMMON /7 / NNsNEsNMSsNDOF ¢NBCsNLMsLRIsPI
PI = 3414159265358979
READ 1000s NSHELLS

DO 100 N = 1sNSHELLS
CALL SETUP

CALL BCS

CALL EIGEN

IF(NMSeNE.0O) CALL SHAPES
CONTINUE

FORMAT(I10)

STOP

END

SUBRQUTINE SETUP

THIS SUBROUTINE READS THE GEOMETRICAL AND MATERIAL PROPERTIES OF
THE SHELL AND SETS UP THE OVERALL STIFFNESS MATRIX AND THE DIAGON-
AlLL. MASS MATRIXs BOTH UNMODIFIED FOR BOUNDARY CONDITIONS.

SHEAR STRAIN AND CURVATURE MODFELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY,.

COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.

REAL NUF sNUCsKF sKC

LOGICAL LRI

COMPLEX S9S5TsAsEsV

COMPLEX ECsGCsEF sGFsBRF9sDF sBRCDC

COMPLEX SEL DB

COMMON / / NNsNEsNMSsNDOF sNBCsNLMyLRISPI

COMMON /ARRAY/ S(8098)9ST(1991234)+XM(80)sA(60960)sE(60)sIVI(60)
1 v(80)

COMMON /PROPS/ HsDsHFsHCIEF s NUF 9 GF s ECs NUC»GC o BF sDF 9 BCsDC

COMMON /XGEOM/ YP2YPP4RXsCOSBsYBARWX{10)

COMMON /ELGEOM/ ELsSPSIsCPSIsTBIsTBJsCBIsCBUSSBIsSBIsALIA2sA3AL
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COMMON /NODGEO/ R{(35)421(35)

COMMON /STMATS/ SEL(12512)4B(12+12)+sDB(12412)5T(12,12)

DIMENSION CPHI(35)sSPHI(35)sW(10)sY(10)sWMI10)sAN(35)sPHI(35)
EQUIVALENCE (CPHI(1)4A(1))s (SPHI(1)sA(101))s (PHI(1)sA(201)}s
1 tAN(1)sA(301))

DATA X / 0e013046735741414, Q04067468316655507,
1 04160295215850488y 04283302302935376s 06425562830509184,
2 0e574437169490816s 06716697697064624s 0e4839704784149512,
3 0.932531683344493, 0,986953264258586 /

DATA W / 0.066671344308688, 0.149451349150581»
1 04219086362515982, 04269266719309996 06295524224714753,
2 0e2955242247147535 04269266719309996s 06219086362515982,
3 0e149451349150581s 0.066671344308688 /

DATA Y / 04023455038515334, 0.115382672473579,
1 0259 0384617327526421s 0e4T765449614846669 04523455038515334,
2 04615382672473579y Oe75s 0eBBUE1T327526421s 06976544961484666 /
DATA WM/ 04236926885056189, 0.478628670499366
1 0.568888888888889, 0.,478628670499366y Ce226926885056189,
2 04236926885056189, 0.478628670499366s 0«45688888888R8889,
3 0.478628670499366s 0.236926885056189 7/

WRITE (2+2000)

READ (1+1000)

WRITE (2+1000)

READ (1+1001) NNsNMSsNBCsLRI

READ (191002) HF sEF s NUF sGF ¢ KF s RHOF

READ (191002) HCH»FCsNIICsGC 9 KC4RHOC

WRITE (252001) NNsNMSsNBCs HF sHCy EF 4y NUF s GF oKF 3y RHOF s ECaNUCsGCsKCy
1 RHOCs LRI

IF(NNeGTs 20) GO TO 900
IF(REAL(GF)+GE«99999999984.0) GF
IF(REAL(GC) «GE«9999999998,0) GC
H HC + 2¢0%HF

D HC + HF

NE = NN - 1

NDOF = 4*%NN

NLM = 2NN

IF(LRI) NLM = 3%NN

(1.0E+20y 040)
(1e0E+20s 040)

0 ou

EF = EF/{1e¢0 = NUF*NUF)
EC = EC/{1e0 ~ NUC*NUC)
BF = EF¥HF

3C = BEC*HC

GF = GF¥HF*KF

GC = GC¥HC*¥KC

DF = BF¥HF*HF /120

DC = BC¥HC*HC /1260

RHO = (HC*RHOC + 240%*HF*RHOF) /3864088
AMOM = (RHOC¥HC*#3 + RHOF*(H*%3 ~ HC*%3))/(12.,0%3864,088)
DO 100 I = 1sNDOF

XM{1) = 0e0
DO 100 J = 1,8

100 S({IsJ) = (0e050e0)
JK =0

WRITE (2,2002)
DR = 180.0/PI
DO 110 I = 1sNN



251

ANCI) = 0.0
READ (151003) IsR(1)sZ(T)sPHILI)
WRITE (2+2003) [sRUI)sZ (I} sPHI(T)
PHI(I) = PHI(I)/DR
SPHI(I) = SIN(PHI(I))
110 CPHI(I) = COS(PHI(I))
WRITE (2+2004)
DC 500 I = 1sNE
DR = R(I+1) - R(I)Y
Dz Z(1+1) = Z(1)
EL SQRT{DR*DR + DZ*DZ)
SPsl = DR/EL
CPS1 = DZ/EL

f#

SBI = CPHI(I)*CPSI - SPHI(I)*SPSI
CBI = SPHI(I)*CPSI + CPHI(I)*SPS]
TBI = SB1/CBI
SBJ = CPHI(I+1)¥*CPSI - SPHI(I+1)*SPSI
CBJ = SPHI(I+1)*CPSI + CPHI(I+1)%*5PSI
TBJ = SBJ/CBJ
READ (141004} CURVIsCURVJ
WRITE (2+2005) ITsCURVIsCURVJISELsSPSISCPSIZTBITBY
YPPI = -EL*CURVI/CBI**3
YPPJ = —~EL*CURVJ/CBJI**3
Al = TBI
A2 = TBI + 0.5%YPPI
A3 = ~(5.0%¥TBI + 4,0%¥TBJ) + 0.5%YPPJ - YPPI
A4 = 3.0%(TBI + TBJ) + O5%(YPPI - YPPJ)
DO 150 J = 1s12
DO 150 K = 1+12

150 SEL(JsK) = (0e05040)

C COMPUTE ELEMENT TRANSFORMATION MATRIX (A¥#-13%*T

CALL TMATI(I)

DO 400 J = 1,10

YBAR = (1e0 = X{JY)¥(A1 + X(NH(A2 + X()*{A3 + X(J)*¥A4)))

YP = A1%¥{140 = 2e0%*X(J))+ X(JIX(A2¥(240 = 3.0%X(J)) + X(J)*(A3*

1 (30 = 4e0%¥X(J)) + A4XX(U)* (440 = 5.0%X(J))})

YPP = 2.0%(—A1 + A2%¥(1a0 = 3,0%¥X(J)))+ X(J)*¥(A3%{640 —~ 120%X{J))
1 + A4*X(J)#*(12.0 ~ 20.,0%X(J)}))

RX = R{I) + X(J)®EL*¥(SPSI + YBAR*CPSI)

COSB = 140/{(SQRT(1.0 + YP¥*YP))

C EVALUATE B(s) AT INTEGRATION POINTS
CALL BMAT(IsJ)
C ADD CONTRIBUTION TO ELEMENT STIFFNESS INTEGRATION

C = PIX¥EL*RX*W(J) /COSB
CALL SELA(C)
YBAR = (1le0 ~ Y(JY)*(AL + Y(JI®(A2 + Y(J)X(A3 + Y{J)Y*A4L)))
YP = Al¥(1a0 — 2e40%Y(J))+ Y(J)¥(A2% (240 = 3.0%Y(J)) + Y(J)*(A3*
1 (240 = 440%Y(J)) + AG*¥Y{J)* (4.0 - 5.0%Y(J))))
RX = R(1) + YU(JI*¥ELX(SPS] + YBAR*CPSI)
COSB = 140/{(SQRT(140 + YP¥*YP))
C = PIX¥EL¥RX*WM(J)/COSB/240
IF(JsGTa5) GO TO 200
ANCI) = AN(I)Y + C
GO TO 400
200 AN(I+1) =AN(I+1) + C
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400

420

450
500

600

500

DO 450 K

S{IJseIK)
JK = JK + 4

CONSTRUCT DIAGONAL MASS MATRIX

DO 600 I = 15NN

1J = 4%] - 3

XM(IJ) = XM(IJ+1) = SQRT(RHO*AN(I})
IF(«NOT.LRI} GO TDO 600

XM(IJ+2) = SQRT(AMOM*AN(I))
CONTINUE

RETURN

WRITE (2+2900)

STOP

CONTINUE
TRANSFORM 12X12 ELEMENT STIFFNESS TO GLOBAL CO~-ORDINATES AND CON-
DENSE TO BX8

CALL SELR(I)

STORE MULTIPLIERS AND PIVOTS

DO 420 J = ls4

IJ=J + 8

DO 420 K = 1s12

ST{1sKsJ) = SEL(1JsK)

ADD 8X8 ELEMENT STIFFNESS TO OVERALL STIFFNESS
DO 450 J = 1.8

IJ = JK + J

IK = K =

e

Js 8
+ 1
S(IJsIK) + SEL(JsK)

1000 FORMAT(72H

1001
1002
1003
1004
2000
2001

1

M PH W= OO d® T FWN -

FORMAT(3110,L10)
FORMAT(8F10e0)
FORMAT(11093F 1040}
FORMAT(2F10.0)
FORMAT (1H1}

FORMAT (10X 28HNUMBER OF NODES s 13/
10X s 28HNUMBER OF MODE SHAPES s 13/
10X 28HNUMBER OF RESTRAINED NODES s 137/

10Xy 16HFACE THICKNESS =9F10e6/

10Xs 16HCORE THICKNESS =4F10e6//

10X+ 8HFACE E =sF13el91lHssF1lbe3/

10X s OHFACE NU =3F1245/

10X s 8BHFACE G =9F1301CIH,9F1‘013/

10X s 10HFACE KAP =4F11e5/

10X s LOHFACE RHO =3sF1146//

10Xs8HCORE E =sF13al91lHssFlbe3/

10X s 9HCORE NU =4F1245/

10X BHCORE G =sF13el9lHssFlbe3/

10X+ 10HCORE KAP =4F1145/

10X ¢ 10HCORE RHO =9¢F11le6//

44+ ROTATORY INERTIA INCLUDER (T = YESs F = NO) L5 //
45H ALL QUANTITIES IN INCHES, POUNDS AND SECONDS /)

20n2 FORMAT{(//11HONODAL DATA /

9
1
2

2X s 4HNODE s 7X 9 1 1HABSCISSAs Rs8Xs12H ORDINATEs Z»s6X>
14HLATITUDE ANGLE/
15X s SH{INe) »15Xs5H{ INe) s 13X s 8H{DEGREE) /)

2003 FORMAT(I4,3F20.8)

252



2004

2005
23900
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FORMAT{ /18HOELEMENT GEOMETRY /

1 8H ELEMENT»10Xs THCURVI(I) 10X THCURV(J) 95X 912HCHORD LENGTH 10X
2 THSIN PSI10Xs7HCOS PSIs6Xs11HTAN BETA(I) 96Xs11HTAN BETA(J)/
3 18XeTH{1/INe)s10OXsTH({1/INe) 912X s5H{INe))

FORMAT(18»7F17.8)
FORMAT(/////41HONUMBER OF NODES EXCEEDS ALLOWABLE STOP )
END

SUBROUTINE TMAT(I)

THIS SUBROUTINE EVALUATES THE CO-ORDINATE TRANSFORMATION MATRIX
(A*%*-1)%T FOR ELEMENT 1.

GLOBAL CO-ORDINATFS ARE S AND XI (MERIDIONAL AND RADIAL)» AND
THUS CAN BE APPLIED ONLY 7O SHELLS WITH TWICE CONTINUOUS MERIDIANS
SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.

REAL NUCsNUF

COMPLEX ECsGCsEF sGFsBF sDFsRBCHNC

COMPLEX SELSDB

COMMON /PROPS/ HeDsHF sHCsEF s NUF 9 GF o ECsNUC s GCoBF o DF 9 BCeDC

COMMON /STMATS/ SEL(12+12)9B(12912)14DB(12512347(12512)

COMMON /NODGEO/ R{({35),21(35)

COMMON /ELGEOM/ ELsSPSIsCPSISTBIsTBJsCBIsCBU»SBIsSBIALIAZWA3AL

DO 100 J = 1s12
DO 100 K = 1512
B(JseK} = 040

IF{R({1)«EQe0Ne0) GO TO 500
MATRIX FOR OPEN-ENDED ELEMENT

Bl{lsl) = B(3s2) = B(296) = 140

B(794) = B{7+5) = Bl9s5) = 1.0

B{8s9) = B(B8s10) = B(10s10) = B(2s1) = -1,0
B(4s1) = -TBI

Blasb) = TBI

B(6s6) = TBI + TBJ

B(6s1l) = = B(6s6)

B(5s1) = B(6s6) + TBI

B(5+6) = =B(551)

B{542) = B{(8s4) = B{(8s5) = B(10s5) = =340
Bl(6s2) = B(lls4) = B(11s5) = B(12s5) = 240
B(1l1s9) = B(11,10) = R(12s10) = 2.0
B(5s7) = 340

B(6s7) = 240

B{8s11) = B{10s12) = 44,0

B(11s11) = B{12s12) = =440

Bl4s3) = B(693) = ~EL/CBI/CBI

B(593) = —240%B(4,3)

B(4s4) = B(bsb) = HC*R{4493)/D

B(5s4) = —240%B(444)

B(4s5) = B(6s5)Y = Blbs3)

B(5+5) ~2s0%B(445)
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B(5+8) = EL/CBJ/CBJ
B(6s8) = —B(5+8)
B{599) = HCX¥B(5+8)/D
B(6s9) = —B(5+9)
B(5+10) = B(548)
B(6s10) = =B(5+10)
DO 200 J = 1,12
T(Jel) = CBI*B(Jsl) + SBI*¥B(Js2)
T(Js2) = SBI*¥B(Jsl) ~ CBI*B(Js2)
T(Je3) = B(Js3)
Ti(Jsd) = BlJde&)
T(Je5) = CBIXB(Js6) + SBI*¥B(I»7)
T(Jeb6) = SBI¥B(Jsb6) = CBI*B(Js7)
T(JsT7) = B(Js8)
T(Je8) = B(Js9)
T(Js9) = B(Js5)
T(Js10) = BlJs1l0)
T(Jsll) = B(J,1ll)

200 T(Je12) = B(Js12)
GO TO 1000

C MATRIX FOR CAP

500 B(5s2) = =140
B{9s9) = B{9s10) = B(10s10) = —1a40
B(6s6) = laD
Bt{T7+7) = 340

{ B(11,9) = B(1l1ls10) = B(12s10) = 240

BlB8s7) = =240
B{9s11) = B(104s12) = 4.0
B({1llsll) = B(12+s12) = =440
B(6s2) = =CPSI
B(7s2) = (2.0%TBI + TBJ)*CPSI + 3.0%SPSI
B{8s2) = ~B(742) + TBI*CPSI + SPSI
B(7+6) = —2.0%TBI - TRJ
B(8ss5) = TBI + TBJ
Bt7+8) = EL/CBJ/CBJY
B(8s8) = —B(7+8)
B(7+9) = HC*¥B(7+8)/D
Bi{8s9) = =B(7+9)
B(7+10) = B(7,8)
B(8s10) ==B{(74+10)
PO 700 J = 1s12
T(JIesl) = T(Js3) = T{JIsb) = Tl1Us9) = 040
T(Js2) = Bi{Je2)
T(Je5) = CBU¥B(Js6) + SBIX¥B(J,7)
T(Js6) = SBIHB(Jsb) = CBIXBUIy7)
T(Js7) = B(Js8)
T(Js8) = B(Js9)
T(Js10) = B(Js10)
T(Js11l) = BlJsll)

700 T(Js12) = BlJs1l2)

1000 RETURN
END
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SUBROUT INE BMAT(IsJ}

THIS SURROUTINE EVALUATES THE MATRIX B FOR ELEMENT I AT POINT X(J)}
SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.

REAL NUFsNUC

COMPLEX ECyGC+EF sGF9sBF 9DF s BC,yDC

COMPLEX SELsDB

COMMON /PROPS/ HaDsHF sHCEF s NUF s GF s ECsNUC s GC o EBF sDF s BCy DC

COMMON /STMATS/ SEL(1235121sB(12+12)sDB(12+12)+T(12+12)

COMMON /ELGEOM/ EL»SPSIsCPSI»TBIsTBUsCBIZCBUISRISBUsALIAZ A3 AL
COMMON /NCDGEO/ R{35)+2(35)

COMMON /XGEOM/ YPsYPP,RXsCOSBsYBARX(10)

DO 100 K = 1,12

DO 100 L = 1s12

B(KsL) = 040

Bl = -~YPP*COSB*%#5% (1,0 — YP®YP)/(EL*®EL)

B3 COosSa**3/ (EL*EL)

B2 ~2.0%YPP*YP%*R3%COSR*COSB

IF(R({I)«EQeQ.0) GO TO 400

ioH

B4 = —EL*B3*YP*(SPSI + CPSI*YP)/RX
BS = EL*B3*(SPSI + CPSI*YP)/RX
B6 = COSB*{SPSI + CPSI*YP)/RX

MATRIX FOR OPEN-ENDED ELEMENT

B(2s1) = B({7+1) = B{12s1) = SPSI/RX

R{2s3) = B{7+3) = B{12+3) = CPSI/RX

B({2s2) = B(1l2s1)%X(J)
R{2s8) = B(12s3)%X(J)
B{2s5) = B(2y4)%X(J)

B{2s6) = B(2:5)%X(J)

B(4s8) = B(9910) = COSRB/EL
Bilsll) = B(9,12) = 240%¥X{JI1*B(4,48)

Bl(ls2) = COSB*B (9,10}
B(le&) = B(ly2)*YP

B{ls5) = 240%X(J)%*R(144)

B(lsb) = 1aB*¥X{JIXB(145)

B(3s7) = B(8s9) = 140

B(348) = B(8s10) = X(J)

B(3s11) = B(8s12) = X(J)*X{J)

B{4s2) = B(9s2) = Bl

Bi4es) = B(994) = R2

B{5+2) = B{10+2) = B4

B(5s4) = B(10s4) = B5

B(5+7) = B{10s9) = B6

B{548) = B({10,10) = Be*X(J)
B(5s11) = B(10s12) = X{JI*B(5,8)

B{4sB) = B(9s5) = 2.0%B2%X(J) + 2.0%B3
B(4e6) = B(TFsb) = (3.0#B2%X(J) + 6.,0%B3)%X(J)
R({5s5) = B(10s+5) = 2+0%B85%X(J)
B(5s5) = Bl10+6) = 3.,0%B5#X (JY %X (J)
Bi6s2) = B(la2) — D*¥B1/240

B{11,2) = B(1s2) + D%B1/2.0

R{6s6) = B(lsbs) = D¥B2/240

B(lle&4) = Bllst) + D*B2/2.0

B(6s5) = B{1ls5) ~ D*¥B(4s5) /240
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B(1145) = B(6s+5) + D¥RB(445)
B{6s6) = B(1ls6) — D*¥Bl4s6) /2.0
Bl1l1ls6) = Blbs6) + D*¥B(446)
B{698) = —HC*%¥B(4+8)/240
B(11s8) = =B(6,4+8)

B(6»10) = =HF*B(448)/2.0
B(1l1,10) = —-B(6+10)

Bl6211) = 2.0%¥X(J)y*#B(648)
B{lls11) = —-B(6s11)

B(6s12) = 2.0*¥X(J)*B{(6510)
B(llys12) = =B(6s12)

B{7s2) = B(2s2) - D*B4/2.0
B(12+2) = B(7s2) + D*B4
B(7e4) = Bl2s4) ~ D*B5/2,0
B(1Z2+s4) = B(T7s4) + D*B5
B{7+5) = B(2+s5) ~ D¥B(5+5)/2.,0
B{12+5) = B(T7s5) + D¥B(545)
B(7s6) = B(296) —~ D*¥B(54+6)/2.0
Bl1296) = B(7+6) + D*B(546)
B(7+7) = -HC*B6/2.0

B(12s7) = =B(7s7)

B(7+8) = B{TeT7)%X(J)
B(12+s8) = =B(74+8)

B(7+9) = —HF*¥B6/2,0

B(12s9) = =B(7+9)

B(7s10) = B(7+9)%X(J)
B(12y10) = =B{7s10)

B(7s11) = X{(J)*B{7:8)
B(12s11) = =B{7s11)

B{7912) = X(JI*XB(7410)
B(12s12) = =B(Ts12)

GO TO 1000

MATRIX FOR CAP ELEMENT

B6 = EL*{SPSI + YBAR*CPSI)

B5 = COSB**3%(SPSI + YP*CPSI)/(BE*EL)

B4 = COSB*(SPS!I + CPSI*YP)/B6

B(3,9) = B(8s10) = X(J)

Bl{3s11) = B(84+12) = X{J)*X{J)

B(4s9) = B{(9s10) = COSB/EL

Blasll) = B(9s12) = 2.0%X{J)*B(4+9)

B(4s6) = B(Is6) = B1 + TRI*B2

Blas7) = B(Is7) = 2.0%¥B2¥X(J) + 2.0%B3
B{4s3) = B(9+8) = (340%¥B22X(J) + 6,0%B3)*X(J)
BlS5s6) = B(10s6) =RE¥(((5.,0%A4%X(J) + 4e0*¥[A3 = A4))*X(J)
1 3.0%({A2 — A3))I%¥X(J) + 2.0%(A1 - A2))

B(5s7) = B(10s7) = 2.0%B5

B(5+8) = B(10s8) = 3.0%B5%X(J)

B(549) = B(10,10) = B4

B(5s11) = B(10s12) = X(J)*¥B4

Blls6) = COSB*¥B(4,9)%(1.0+ TBI*YP)

B{ls7) = 2.0%¥X{J)*COSR¥B (4 45)%*YP

Blls8) = 145%X(J)*B(147)

B(2y»6) = (SPSI + CPSI*TBI)/B6

B(2s7) = X(J)*CPSI/B6

B(2s8)

X{J)Y*B(257)

+
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B(616) = B(1s6)

B(11s6)

B(6s7) =

B(1l1ls7)

B(6s8) =

B(1ls7)

B(1s8)

~ D*B(44+6) /2.0

Bl6s6) + D*¥R(446)

- D¥B(447)/2.0

B(6s7) + D*¥B(497)

~ D*B(448)/240

B(11s8) = B(6s8) + D*B(4y8)

B(6s9) =

B(11,9)
B(6s10)
B{11,10)
Bt5s11)
B{1l1l,11)
B(6s12)
Bt1ls12)
B{T7s6) =
B(124+6)
B(7+7) =
B(12,7)

B{748) = B(2,8)

B{12,8)
B({7+9) =
B(12+9)
Bi{7+10)
B(12+10)
B(7s11)
B(12,11)
B(7+12)
B(12,12)
RETURN
END

|1 ]

~B(649)

~HC*B(4+9)/2.0

~HF ¥B(44+9) /240

= =B{6+10)

2.0%X(J)%B(649)

= ~B(6s11)

= 2s0%X(J)¥B(64510)

B(2s6)

B(2s7)

-B(6+12)

- D*¥B(54+6)/2.0

B(7+6) + D*¥BR(546)

- D¥*B5
B(2,7) + D%*B5
- D¥B(5458) /2.0

B(74+8) + D*®R(5,8)

~HC¥B4/2,0

~B{7+9)
-HF*B4 /240
~-B{7+10)
X(J)Y*®B(743)

= =B(7s11)

XtJ)Y*¥B(7410
~-B(Ts12)

SUBROUTINE SELA(CO)

THIS SUBROUTINE COMPUTES A TERM IN THE GAUSS
STIFFNESS MATRIX IN GENERALIZED CO-ORDINATES

)

INTEGRATION FOR THE

257

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY

ALONG CHORD LENGTH,
COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.

REAL NUFsNUC
COMPLEX ECsGC4EFsGF9BFsDFRCHDC
COMPLEX SEL DB

COMMON /PROPS/ HsDsHF s HC EF sNUF s GF s ECsNUCyGC9BF o DF 9 BCs DC
COMMON /STMATS/ SEL(12912)9B(12912)4DB(12512)s7(12+12)

DO 100 K
DB({1sK)
DB(24K}
DBIU3.K)
DB (4sK)
DB(5sK)
DB(6,K)
DB(7sK)

LI L S N B | B )

1412
BC*IB(1,K
BC*¥ (B(2,4X)
GC*¥B{3,K)*C
DCH* (B(44K)
DCH(B(5sK)
BF*(3(64K)
BFE®(B(74K)

+
+

+ 4+ + +

RESPECTIVELY.,

NUC®B (24K} ) *C
NUC*B (1K) )*C

NUC%B (5,K) ) *C
NUC*B(44K) ) *C
NUF#B(74K) ) *C
NUF#B(64+K) ) *C
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DB(8sK) = GF*B(8sK)*(#2.0
DB(9sK) = DF¥(B(9sK)+ NUF¥B(10+K)I¥C*¥2.0
DR{10sK) = DFX(B(10sK) + NUF¥B(9K))*(*¥2,0
DB(11sK) = BF*(Bl{11sK) + NUF*B(12sK))*C
100 DB(12sK) = BF*(B(12sK) + NUF*¥B(11»K))}*C
DO 200 K = 1512
DO 200 L = 1912
DO 200 M = 1412
200 SELIKsL) = SEL(KsL) + B(MsK)*DB(Msl)
RETURN
END

SUBROUTINE SELR{L)

C THIS SUBROUTINE TRANSFORMS THE ELEMENT STIFFNESS FROM GENERALIZED
C TO GLOBAL CO-ORDINATES AND CONDENSES IT FROM 12X12 TO 8XS8 USING
C STATIC CONDENSATION.
C SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
C ALONG CHORD LENGTHs RESPECTIVELY.
C COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.
COMPLEX SELsDB
COMPLEX PIVOTs C
COMMON /NODGEO/ R{35)s21(35)
COMMON /STMATS/ SEL(12912)9B{12512)4DB(12912)sT(12512)
C SYMMETRIZE ELEMENT STIFFNESS IN GENERALIZED CO-ORDINATES
DO 50 I = 1.11
1J =1 + 1
: DO 50 J = 1Jsl2
i IF(CABSISEL(I5J))eFQe0e0s0ORCABS(ISEL(JsI)) eEQeDeD) GO TO 45
SEL(IsJ) = Qe5%(SEL(14J) + SEL(JsI))
GO TO 50
45 SEL{TeJ) = (040900}
50 SEL(JsI} = SEL(1sJ)
C TRANSFORM TO GLOBAL CO-ORDINATES
DO 100 I = 112
DO 100 J = 1912
DBIIsJ) = (0s40+0e0)
DO 100 K = 1s12
100 DBUIsJd) = DB(IsJ) + SEL(IsXKI*¥T(KsJ)
DO 200 1 = 1,12
DO 200 J = 1,12
SEL(IsJ) = (0e0+0.,0)
DO 200 K = 1s12
200 SEL(IsJ) = SEL{IsJ) + T(KsII*¥DB(KsJ)
IF(R{L)eNEL0O.0) GO TO 250
SEL(1s1) = SEL(3+3) = SEL{&4s4) = SEL(9s9) = (1402060}
C CONDENSFE 7D 8X8 ELEMFENT STIFFNESS

250 DO 300 J = 1s4
1J = 12 - J
IK = 10 + 1
PIVOT = SEL(IK,IK)
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DO 300 K = 1s1J
C = SEL(IKs»K)I/PIVOT
SEL{IKsK) = C

DO 300 I = KslJ

SEL({IsK) = SEL(IsK) =~ CH¥SEL(I,IK)
SEL(KsI) = SELIT XY

RETURN

END

SUBROUTINE BCS

THIS SURROUTINE READS THE BOUNDARY CONDITION DATAs MODIFIES THE
OVERALL STIFFNESS MATRIX AND MASS MATRIX ACCORDINGLY AND THEN
TRIANGULARIZES THF STIFFNESS FOR READY SOLUTION.

SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY
ALONG CHORD LENGTHs RESPECTIVELY.

COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.

COMPLEX SsSTesAsEsv

LOGICAL LRI

COMMON / /7 NNyNE s NMS o NDOF sNBC oNLMoLRISPI

COMMON /ZARRAY/ S{B0Ds8)sST(19912s4)sXMIBO)»A(H6E0960)sE(60)s1V(60)
1 v(80)

COMMON /NODGEO/ R({35)+2(35)

DIMENSION NR(4)

IF{R(1)eNEsQ«O) GO TO 100

NLM = NIM = 1

XM(1) = 0.0

IF{«NOT.LRIY GO TO 100

NLM = NLM - ]

XM(3) = 0.0

WRITE (2+2000)

READ KINEMATIC CONSTRAINTS AND MODIFY OVERALL STIFFNESS AND MASS
DO 300 I = 1sNBC

READ (141001) Ns {NR{J)sJ=1s4)

WRITE (252001) Ns(NR(J)YsJ=1s4)

1J = 4%¥N - 4

DO 300 J = 14

IF{NR(J)«EQeD) GO TO 300

IK = 1J + J

S(IKel) = (109040}
DO 200 K = 248
S({IKeX) = (0e0s0e0)}

L = IK-K=+1

IF(L.LEsO} GO TO 200

S(LsK) = (0s40+040)

CONTINUE

IF(JeEQe4) GO TO 300
IF{JeEQe3eAND«oNOTWLRIIGO TO 300
NLM = NLM - 1

XM(IK) = 040

CONTINUE



1001
2000

2001

aNaXaRaXaXaXaNaaNaNaXaEa!

50

60

100

200

300

IF (NMS.GToNLM) NMS = NLM
TRIANGULARIZE STIFFNESS MATRIX
CALL DYBSLCI(NDOF+8+803sSsVslsl)
RETURN

FORMAT(5110)
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FORMAT(//59HOKINEMATIC CONSTRAINTS (0 = UNCONSTRAINEDs 1 = CONSTRA

1INED) /
2 6Xs4HNODE ¢5X s 10HMERIDIONAL »9X s 6HRADIAL s 7X s BHROTATIONs
3 BXs THWARPING/)

FORMAT(110+4115)
END

SUBROUTINE EIGEN
THIS SUBROUTINE TRANSFORMS THE EIGENVALUE PROBLEM FROM

Klg)®U() = OM%*2%M () *U()
TO
Al YEVL) = V()/OMR¥2
WHERE
K{s) = STIFFNESS MATRIX
M{y) = DIAGONAL MASS MATRIX
Als) = M) *%045%F (5 ) ¥M () *%0,5
Fly) = FLEXIRILITY MATRIX AFTER CONDENSATION ON DEGREES OF

FREEDOM NOT CORRESPONDING TO LUMPED MASSES
V) = M) ¥%0,5%U()
THE EIGENVALUES AND NMS OF THE EIGENVECTORS ARE THEN COMPUTED.
COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.
LOGICAL LRI
COMPLEX SsSTsAsEsV
COMMON / / NNsNEsNMSsNDOF sNBCoNLM4LRISPI
COMMON /ARRAY/ S{80s8)9ST{19512+4)sXM(BO)sA(60960)sE(60)sIVIE0)
1 vi80)
COMPUTE INDEX VECTOR OF LUMPED MASSES
N = 1
DO 100 1 = 1sNIM
IF(XM(N)«NE&Oe0O) GO TO 60
N = N+1
GO To 50
Ivtly = N
N = N+1
ASSEMBLE MATRIX Atlys)
DO 300 1 = 1sNLM
DO 200 J = 1sNDOF

V(J) = (0«0+040)
N = IVL(I)
VINY = (1403040}

CALL DYRSLC(NDOF+84+80sSsVs2sN)
DO 300 J = 1sNLM

L o= IV(ed)
A(JsT) = XMIL)I¥V(L)*¥XMIN)
AllsJd) = AlJsl)



261

C COMPUTE EIGENVALUES AND EIGENVECTORS
CALL ALLMAT(ASEsNLMs6O9sNCALSNMS)
C COMPUTE AND PRINT NATURAL FREQUENCIES

WRITE (2,2000)
IF(NCAL.EQe0) GO TO 500
DO 400 I = 1sNCAL

E(1) = 1«0/E(1)

ETA = AIMAG(E(I))/REAL(E(ILY)

E(I) = CSQRT(E(I))

DEC ATMAG(E(T))*24,0%*PI /REAL(E(T})

PER = 2.0%PI/REAL(E(I1}))
FREQ = 1.0/PER
400 WRITE (2+2001) I+E(1)sFREQsPERSDECIETA
500 IF(INCAL.LTWNLM) WRITE (252002) NCALsNLM
IF(NMSGTe«NCAL) NMS = NCAL

RETURN
2000 FORMAT(50HIFUNDAMENTAL FREQUENCIES AND CORRESPONDING DAMPING 7/
1 9H MODE s 11X s SHOMEGA» 4Xs 12HDECAY CONST e »6Xs 10HOMEGA/2%P 110X

2 6HPERIODs7X9sIHLOGe DECes5X»11HLOSS FACTOR /
3 16XsIH(RAD/SEC) 98X sBH(1/SECe) s TXsOH(CYC/SEC) 910X s6H(SEC.))
2001 FORMAT(ISs06E16.8)
2002 FORMAT(///5X928HNOTEes CONVERGENCE FOR ONLYsI3s3H OF, 13,
1 21H POSSIBLE FREQUENCIES )
END

SUBROUTINE SHAPES
C THIS SUBROUTINE RECOVERS AND PRINTS THE COMPLETE MODE SHAPES.
C COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC MATERIALS.
LOGICAL LRI
REAL NUCsNUF
COMPLEX SsSTsAsEsV
COMPLEX ECsGC+EF +GFsBFsDFsBCHDC
COMPLEX CsW(12)
COMMON / 7/ NNsNEsNMSsNDOF s NBCsNLMsLRISPI
COMMON /ARRAY/ S(80s8)3s5T(1991294)sXM(8B0)sA(60»60)sE(60)sIV(E0)S
1 v(80)
COMMON /NODGEOQO/ R(35),21{35)
COMMON /PROPS/ HsDsHF sHCsEF s NUF 9 GF s ECsNUC»GC9BF o DF s BCH OC
DIMENSION U(12)
WRITE (252003)
DO 800 I = 1sNMS
C = E(IY*E(D)
DO 100 J = 1+NDOF
100 V(J) = (009040}
DO 200 K = 1sNLM
L = IV(K)
200 VL) = C*XM{L)*A(X,])
CALL DYBSLCI(NDOF 984+80s5sVs2s1)
WRITE (2,2000) 1
DO 700 J = 1sNE
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IL = 4%J) - 4
DO 300 K = 148

IK = IL + K

300 W(K) = V(IK)

C RECOVER CONDENSED DISPLACEMENTS

DO 400 K = 1s4
JK = K + 8
IK = JK - 1
W{JK) = (0e09040)
DO 400 t = 11K

400 W(JK) = WEJK) = ST(JsLoKI®W(L)

DO 500 K = 1512
IF(REAL{WI(K))EQe0s0) GO TO 450
UtK) = REAL(W(K))*CABS(WI(K))}/ABS(REAL(W(K}))
GO 7O 500
450 UK) = CABS(W(K))
500 CONTINUE
COMPUTE ADDITIONAL DISPLACEMENTS OF INTEREST AND PRINT

[

GAMCI = U4y + U(9)
GAMCJ = U(8) + U(10)
CHIS!I = (HC*GAMCI + HF*U(9))/D
CHISJ = (HC*GAMCJ + HF*U(10))/D
CHII = U(3) + CHISI
CHIJ = UL7) + CHISJ
GAMO = U(11) - U(12)
CHISO = (HC*U(11) + HF*U(12))/D

700 WRITE (2+2001) JeRUJ)sZ (I}
1 UE1)YsU(2)sCHITSUL3)sCHISTISU(4)2sGAMCIZUIT)
2 CHISOsGAMOSU(11)sU(12)
3 ULS)sU(6)sCHIJSULT) s CHISJPU(B) s GAMCU»U(10)
“ 800 WRITE (252002) R(NN)sZ(NN)
RETURN
2000 FORMAT(/18HOMODE SHAPE NUMBER 13/
1 5H NODEs2Xs13HMERIDIONAL » Us6XsFHRADIALs Ws2Xs13HROTATIONs CHI
2 IXs6HCHI(B) s 9Xs6HCHI (S 93X 9 12HWARPINGs GAMs 7X s BHGAMMA(C) 37X s
3 BHGAMMA(F)/)
2001 FORMAT(8H ELEMENTs13539Xs7H(RsZ) =9 FSe4slHssFO44 /
1 4Xs1HI+8EL15.7/
2 4Xs1HO960Xs4E15.7/
3 4X91HJI98E157/)
2002 FORMATI(50Xs7H(RsZ) =eFFels1HesF944 )
2003 FORMAT(16H1VIBRATION MODES /)
END

SUBROUTINE DYBSLC (NNsMMyNDIMyAsBIKKKsLIM)

DYBSLC IS AN SPECIAL IN-CORE BAND SOLVER FOR DYNAMIC PROBLEMS
INVOLVING CONDENSATION OF ROTATIONAL DEGREES OF FREEDOM.
SOLUTION IS IN COMPLEX MODE.

[aXaNANANA!
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180

200

300

350

400
500

ADAPTED FROM A PROGRAM BY C.

COMPLEX A(NDIMs1)s B(l1)»

NR = NN - 1

IF (KKKeGTs1)

DECOMPOSITION OF BAND MATRIX A

DO 200 N =
M=N-=-1

PIVOT = A(Ns1)

IF(CABS(PIVOT)«EQs0.0) PIVOT
MR = MINO (MM,NN=-M)

DO 200 L = 2,MR

C = A{NsL)/PIVOT
IF(CABS(C)eEQeDs0) GO TO 200
I = M+ L

J =0

DO 180 K = LsMR

J=J + 1

Allsd) = A(lsJ) — C*¥A(NsSK)
A(NsL) = C

CONTINUE

GO TO 500

FORWARD REDUCTION OF VECTOR B FROM B(LIM)
AND BACKSUBSTITUTION FROM B(N)

GO TO 300

1sNR

L IMyNR

MR = MINO (MMyNN-M)

2 sMR

DO 350 N =
M=N=1

C = B(N)

B(N) = C/A(Ns1l)
DO 350 L =

I =M+ L

B(I) = B(I)

A(Ns L) *C

BINN) = BINN})/A(NN»l)
NS = NN - LIM + 1
29NS

2sMR

A(NsLI*B(])

DO 400 K =

M = NN - K

N =M+ 1

MR = MINO (MM,K)
DO 400 L =

1 =M+ L

B{N) = B(N)
RETURN

END

(1.0E-08%

TO B(LIM)
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SUBROUTINE ALLMAT(A,LAMBDAsMsTAsNCAL IVEC)

PROG«AUTHORS JOHN RINZFELsReE«FUNDERLIC,UNION CARBIDE CORPe
NUCLEAR DIVISIONsCENTRAL DATA PROCESSING FACILITY,
OAK RIDGE TENNESSEE

SHARE LIBRARY PROGRAM $F2 OR AMAT WITH MODIFICATIONS

A = INPUT MATRIX OF ORDER AT LEAST M X M WHICH UPON RETURN CON-
TAINS THE EIGENVECTORS OF THE INPUT MATRIX.
LAMDA = VECTOR OF EIGENVALUES WHERE LAMDA(I) CORRESPONDS TO
EIGENVECTOR STORED IN A(sI)e ARRANGED BY DECREASING ORDER
OF ABSOLUTE VALUE.
M = ORDER OF PROBLEM TO BE SOLVED.
IA = FIRST DIMENSION OF A(s) IN THE CALLING PROGRAM.
NCAL = INTEGER CONTAINING UPON RETURN THE NUMBER OF EIGENVALUES
CALCULATED. (THIS VALUFE WILL BRE LESS THAN M IF CONVERGENCE
IS NOT OBTAINFD FOR ONE OR MORE EIGENVALUES)
IVEC = INTEGER WHOSE VALUE IS THE NUMBER OF EIGENVECTORS 70O BE
CALCULATED. THESE CORRESPOND TO THE EIGENVALUES OF LOWEST
MODULUS.

laXaXaXalataRa e XalaNaRakataNaNa e Na N NA NS ]

COMPLEX A(IAs1)sH{60560)sHLI60560) sLAMBDALL)sVECT(60)
IMULT(60) sSHIFT(3) s TEMPsSINsCOS»TEMP1,TEMP2
LOGICAL INTH(60)»TWICE

INTEGER INT(60)sRyRP14RP2

NCAL = 0

IF(MsGTe60) GO TO 57

N=M

NCAL=N
. IF(N.NE41)GO TO 1
| LAMBDA(1)=A¢151)

\ Alls1)=1.

GO TO 57
1 ICOUNT=0

SHIFT=0.

IF(NeNE42)GO TO &
2 TEMP=(A(1s1)+A(252)+CSQRT((A(Ls1)+A(292) ) %%2~
144%(A(252)%AC1s1)=A{2s1)%A(192)))) /20

IF (REAL(TEMP) +NFe0esOReATMAG(TEMP) «NE404)GO TO 3

LAMBDA (M) =SHIFT

LAMBDA (M=1)=A(1s1)+A(2,2)+SHIFT

GO TO 137
3 LAMBDA (M) =TEMP+SHIFT

LAMBDA (M=1)=(A(252)%A(151)=A(251)%A(152))/ (LAMBDA(M)=SHIFT)+SHIFT

GO TO 137

REDUCE MATRIX A TO HESSENBERG FORM

[aEakKal

4 NM2=N-2
DO 15 R=1sNM2
RP1=R+1
RP2=R+2
ABIG=0.
INT(R)=RP1




[aNaNA!

10
11

12
13

14
15

16

17
18

19
20

21

DO 5 I=RP1lsN
ABSSQ=REAL(ACT SR} )} *%24+4ATMAG(A(TsR) ) #%2
IF{ABSSQ.LE.ABIGIGO TO 5
INTIR}=1I

ABIG=ABSSQ

CONTINUE

INTER=INTI(R)
IF{INTER«EQ.RP1IGO TO 8
IF{IABIGeEQ.04+)GO TO 15
DO & I=RsN

TEMP=A{RP1,1)
AIRPIsI)=A{INTERSI)
A{INTERSI)=TEMP

DO 7 I=1sN

TEMP=A{I,RP1)
A(T1sRP1)=A(I+INTER)
A{TsINTER)Y=TEMP

DO 9 I=RP2sN
MULTIIY=A(IsR)Y/A(RP14R)
AlTsRY=MULT(D)

DO 11 I=1,RP1

TEMP=0s

00 10 J=RP2,N
TEMP=TEMP+A(T » J)*MULT ()
ACTsRPLY=A(I+RPLI+TEMP
DO 13 1=RP2,N

TEMP=O-

DO 12 J=RPZ2eN
TEMP=TEMP+A( T s JY*MULT (J)

A{IsRP1I=A(IsRPL)+TEMP=-MULT(I}*A(RP1,RP1)}

DO 14 I=RP2sN

DO 14 J=RP2,sN
AlTsJi=A{IsJ)-MULT(I}*A(RP1sJ)
CONTINUE

CALCULATE EPSILON

EPS=0. .

DO 16 I=1sN
EPS=EPS+CABS(A(L1))

DO 18 I=2sN

SUM=0«

IMl=1-1

DO 17 J=IMleN
SUM=SUM+CABS{A(TIsJ))
IF(SUMeGTEPS)EPS=SUM
EPS=SQRT{FLOAT(N) ) *EPSH*1,E~12
IF{EPSEQeQe ) EPS=14E~12
DO 19 I=1.N

DO 19 J=1sN
H{IsJ)=A(1s))
IFINeNE-1)GO TO 21
LAMBDA(M)=A(1+1}+SHIFT
GO TO 137

IFIN,EQ.2)1G0 TO 2
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22 MN1=M-N+1
IFIREAL{A(NSM) ) aNFa0oosOReAIMAGIA(NSIN) ) eNEWOs)
1 IF(ABS(REAL (A(NsN-1)/A{NsN) ) I+ABS(AIMAGIA(NsSN=1)/A(NsN)))-1.E-9)
2 24924523
23 IF(ABS{REAL(A(NsN=-1)))+ABS{AIMAG(A(NsN=-1)))eGELEPS)IGO TO 25
24 LAMBDA(MNLI)I=A(NSN)+SHIFT

ICOUNT=0
N=N=1
GO TO 21
C
C DETERMINE SHIFT
C
25 SHIFT(2)=(A(N=13sN=1)+A(NsN)+CSQRT((A(N-LsN=-1)+AIN,N))%*2
1 —4o*(AINsNIF¥AIN-TsN=1)—A(NIN-1)I*¥A(N=-1sN})}) /2
IF(REALISHIFT(2))eNEsOee ORGAIMAGISHIFT(2))«NE40#)GO TO 26
SHIFT(3)=A(N~1sN-1)+A(NsN)
GO TO 27
26 SHIFT(3)=(A(NsNY*¥A(N=T1sN-1)=A(NsN=1)*A(N=1sNY)/SHIFT(2)
27 IF(CABS(SHIFT(2)~A{NsN))«LTeCABS(SHIFT(3)~A(NsN))IGO TO 28
INDEX=3
GO TO 29
28 INDEX=2
29 IF(CABS(A(N~1,N—21)+GE.EPSIGO TO 30
LAMBDA(MNL} =SHIFT(2)+SHIFT
LAMBDA(MNLI+1)=SHIFT(3)+SHIFT
ICOUNT=0
N=N=-2
GO TO 20
30 SHIFT=SHIFT+SHIFT(INDEX)
DO 31 I=1sN
31 A{TIs13=ALT-1)-SHIFT(INDEX)
C
; C PERFORM GIVENS ROTATIONSs QR ITERATES
C
IF{ICOUNT.LEL.10)GO TO 32
NCAL=M~-N
GO TO 137
32 NM1=N-1

TEMP1=A(1s1)
TEMP2=A(2s1)
DO 36 R=13NM]
RP1=R+1
RHO=SQRT{REAL (TEMP 1) #*2 +AIMAGI{TEMPL )% %2+
1 REALITEMPZ)#%2+ATMAG{TEMP2) %%2)
IF(RHOsEQeD. )60 TO 36
COS=TEMP1/RHO
SIN=TEMP2/RHO
INDEX=MAXD{R=151)
DO 33 I=INDEX,N
TEMP=CONJG(COS)I*A{Rs T ) +CONJGISINI*A(RP1s1)
A(RP1sI)=-5IN*¥A{RsT)+COS*¥A(RP1s1)
33 A(RsI1)=TEMP
TEMP1=A(RP1:+RPL)
TEMP2=A(R+2+R+1)
’ DO 34 I=1sR
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TEMP=COS*A(IsRI+SIN*A(IsRP1)
A{TsRP1)=—CONJG(SIN)*#A{TsR)Y+CONJG{COS)*A(1sRP1)
34 A{IsR}=TEMP
INDEX=MINO(R+25N)
DO 35 [=RP1sINDEX
A{TsR}I=SIN®*A(I+RP1)
35 A(1sRP1)=CONJG{COS)I*A(TsRP1)
36 CONTINUE

ICOUNT=TCOUNT+1
GO TO 22
C
C ARRANGE EIGENVALUES ACCORDING TO DESCENDING ABSOLUTE VALUE
C
137 NCALM = NCAL - 1
DO 139 1 = 1+NCALM
TEMP = LAMBDAI(TI})
K =1
L=1+1
DO 138 J = LsNCAL
IF(CABS(TEMP) « GE.CABS(LAMBDA(J))) GO TO 138
TEMP = LAMBDA(J)
K= J
138 CONTINUE
IF{KeEQeIY GO TO 139
LAMBDA(K) = LAMBDA(I)
LAMBDA(TY = TEMP
139 CONTINUE
C
C CALCULATE VECTORS
C

37 IF{NCAL,EQ.C}IGO TO 57
IF(IVEC.EQ.0) GO TO 57
IF(IVEC.GTeNCAL) IVEC = NCAL
N=M
NMI=N=-1
IF{NeNE«21G0O TO 38
EPS=AMAX1I{CABSILAMBDA(1))sCABS(LAMBDA(2)))*1,.,E~8
IF(EPSeEQeQe )EPS=14E~12
H{ls1)=A(1e1)

H{ls2)=A(1%2)
H(2:1)=A{241)
H(2+s2)5A10292)

38 DO 56 L=1sIVEC
DO 40 1=1sN
DO 39 J=1sN

39 HL(lsJ)=H{I.D)

40 HL(T D) =HL{I1)-LAMBDA(L)

DO 44 I=1sNM1

MULT(T}=0.

INTH(I)=eFALSE.

IP1I=1+1
IF(CABSIHLII+131) ) eLF-CABS(HL(I»I)))GO TQO 42
DO 41 J=IsN

TEMP=HLI({1+1sJ)




41
42

43
44
45

46

47

48

49

50

51

52

53

54
55

57

HL{T+1sJ)=HL(TsJ)

HL(T g I =TEMP

IF(REALIHL{T51)1)sFQe0es ANDeAIMAG(HL(I5I))eEQe0e)}GO TO 44
MULTCT b ==HLIT+1s ) /HL(T»1)

DO 43 J=IP1leN
HLU(T+1oJY=HLL I+ ) +MULTOIIRHL (T o)
CONTINUE

DO 45 I=1.N

VECT(I)=1s

TWICE=-FALSE
IF(REALIHL(NSN))eFEQa0s e ANDSAIMAGIHL(NSIN) ) eEQeOe JHLINSN)=EPS
VECT(N)=VECT{N) /HL{N,N)

DO 48 I=1sNMl

K=N-1

DO 47 J=K.NMI1

VECT(K ) =VECTIK)=HL (K J+1I*VECT(J+1)
IF(REAL(HLIKsK))aFQe0esoANDoATMAGIHL(K3K) ) eEQaOWaIHL(KsK)=EPS
VECT(K)=VECTIK) /HLIKsK)

BIG=0«

DO 49 I=1sN
SUM=ABS(REALIVECT(I)) ) +ABS(AIMAGIVECT (1))}
IF(SUMeGT=BIG)BIG=5UM

DO 50 I=1sN

VECT(I)=VECT({I)/BIG

IF(TWICEYGO TO 52

DO 51 I=1sNM1

IF{-NOTLINTH(I)YIGD TO 51
TEMP=VECT(I)

VECT(L)=VECT(I+1)

VECT(I+1)=TEMP
VECTUI+1Y=VECTII+1)+MULT U *VECT(T)
TWICE=eTRUES

GO TO 46

IF(NeEQe2)GO TGO 55

NM2=N-2

DO 54 I=1sNM2

N1I=N=-1-1

NIl=N-I+1

DO 53 J=NIlsN

VECT{) =HIJsNTII)*VECT(NITI+1)+VECT(J)
INDEX=INTINLI)

TEMP=VECT(N1I+1)
VECT{NLI+1)=VECT(INDEX)
VECT({INDEX)=TEMP

DO 56 I=1sN

A(TsL)=VECT(])

RETURN

END
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