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The Neutron-Proton Interaction
’ Richard S. Christien and Edward W, Hart
Radiatién Laboratory and Department of Physics
University of California
Berkeley, California |

June 29, 194G

Introduction

- The. purpose of the'présent paper is to ascertain if it is possible to
determine & phehoménological deseription of the neutron-proton interaction
in terms of & potentlal. A further aim is to determine with what uniqueness

this potentl&l can be cetermlned from the present experlments, particularly

those at high energies. The progran w111 be to assume a number of potential

-

moael0 so adjusted that they fit the low energy region and attempt to corre-

late the high energy scatt,erinL with the various features of each model. )
It is well known thut the experimental results in the low energy region

can’ be uegcrlbed by an interaction potentlal however, for suf1101ently

hlgh energies relatlvistic corrections mey be expected to be of major

;mportance. Detailed scattering calculations, using a field theory, show

' that the use of relstivistic momenta corresponds to celculeting thevkine-

ﬁatical aspects relativistically, -but that ihe dyhamicalncorréctions
depend on the spe01f1c theory employed Scattering deduced from a field
theory(l) has, in general, relativistic correctlon proportional to (V/c)2
for example, at 90 Mev (v/c)2 is 0,05 while aprroximately 10 percent

corrections sre found by applicstion of the moller method to the scalar and
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vector meson theorieé.(z) Thus a choice cannot be made between two models
both of which agree within 10 percent with the experimental results at 90
Mev,

The eXperimental data which will be considered are presented in

- Table 1 and 2 and in Fig. 1. '(The'megnetic dgpole moment is not fitted

because of uncertain relativistic corrections.)

The binéing energy and lowvenergy scatteringvexperimeﬁts including
the coherent seattering ampliﬁude yield no informetion on the ekplicité shape
of the potential but do serve to‘determine the triplet depth and effeefive

renge. The singlet state depth is accurately determined from the zero

~ energy cross section because of the proximity of a virtual level, but

the singlet range cannol be determined with nearly the same accuracy.
A unique analysis‘of the experimental angular distribution is imposs-

ible due to the bresence of the mixture of singlet and triplet states as

well as the?complication of the tensor force.‘ Nevertheless, on the simpli-

- fying assumption of séattering with no spin dependence, the 90 Mev angﬁlar

distribution may be analyzed to give. the ogder of magnitude of-the ehase
shifts. ' The results of this a:e:l S-wave, 53° £ 5%. P-wa;e, -loiﬁklﬁ;
D-waee, 50 X 19, Since the ? anc D phase ehifts are so small, we ma§ con~
clude ihat at 90 Me§ the 8 scatfering accounts for about 90 percent of the '

total scattering cross section. The high energy ;ross.éections; therefore,

‘determine the S scattering fairiyvunembiguously. The potentials usually

_considered show significent differences in S scattering atove 30-40 llev -

when adjusted to have the sume low energy propertiesg The comparison then
of the S-wave cross sections provides one method of determiniﬁg the potential
shape. -

The?aﬁgulér distéibution at a particular energy yields information

: primerily concerning the exchenge character of the forces.vvFor example, .
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The desired representation of the solutions is then

‘u = cos w\ 21/3 (s)

. W= sin 7] 21/3 (S

where

(sh? = % {Af c * \[(.A'- .0)7 x4 B?}

tan ﬂq (S+ - A>/B
The + and - signs correspond to two independent representatlons. The 4's
are Bessels functions of order 1/3. The ususal phaseAintegral ‘condition fér
the béund spéte.is replaced by-the éimilar condition, .
_ -

/
J"_l

S'dx = Sp

'where'xl and X5 are the turning points end S, is a root of

&31/3 (8) +J-1/3 S)} =

These representations have been found'to yield ciose,appfoximatibns to the
wgve funcfions at all energies, the S-wave phase shifts being in general in
error by less than five degr.'e.es‘,:fi;and the wave functions exhibiting the
correct génerél behavior. When applied to the bound state, the phase in-
tegral condi{ion yields potential'depths thét are within 10 percent of the
ccrrect vaiue. | |

The'BS1 +-3Dl state required in general gbout three itegations to

achieve an &ccuracy of about 1 percent. The accuracy was limited essen=

't%élly by the numerical methods used. The higher state required only one

iteration.
The Born approximation was used to effect the inclusion of ‘the angular

momentun states for L Z 4 in the scattering sum., The sum was, in genéral,




[

‘UGRL-384
- _

-6

done by actually summing the individual terms for 2 <3, using calculated

phase shifts, and adding the Born cross section from which these states had

beeh suitably subtracted. The angular distribution so derived are accurate

“within 2-5 percent.

Central Forces

We shall consider in this section the results of scattering from a

model which consists only of central forces since, as will be seen iater,

"1t is possible to make a state by state comparison of ﬁhe scattering from a

central force model and from one which includes tensor forces.

The details of low enefgy scattering will not be treated ﬁere, but,
rather, thé reader is referred to the review of Blatt and J&cksén.(lé) The
main‘result of that work is that the shape'dependent coefficient in the
exﬁansion‘of k cot & (i.e., the coefficient of the square of the energy) is
sufficiently small that below 6 Mev it can be neglec£ed, and, in interpreting
the éxperiments; thé.shapé independeﬁt apprbximatiénlmayfbe wsed. The
effeciive range in the triplet state is determiﬁed, therefore, by the

approximate relation

Substituting.the experimental values from Appendix i, we obtain
3r =1.53 ¥.20 x 10713 cn,
Fig, 2 is a plot of effective range versus intrinsic range for the triplet

state of the various potentials. Thé singlet effective range is not well

determined by the preseht experiments, as can be seen by reference to Figs.

3 and 4.

TQ simplify the analysis of the high energy data, it is convenient (and

reasonable) to assume exact symmetry of gcattering about 90 degrees. This .

'meanS’that~the'potential is zssumed to be 2ero in odd parity states. The

[l
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experimental results are actually compatible with a small repulsive potential

in odd states, but this shall be considered as a small perturbation which

.will not esseﬁtially alter sny of the following conclusions. The factor .

1/2 (1 + Py) will, therefore, be included in the potential and will have as

one cohsequence that the total cross section computed for any potential
radial dependence will be the minimum possible over any choice of exchange

dependence. The main effect of any admissible odd wave phase shifts is the

..interference with the large S-wave phase éhift, which is in evidence only -

in the angular.distribuiion, and its actuual effect on the totai cross sec=
tion is negligible.

In order to.éompare different potential shapes, the effective range has
heen taken as & common parameter. For example, we have plotted (Fig. 5)

the.S-wave phase shift at 90 Mev for,tﬂé various potentiéls versus the

‘effective range; This device insures similar low energy behavior for the

same abscissa.
In Fig. 6 are plots at 90 Mev for the various potentials of the total

cross section and-of 4 17 times the differential cross section for scatter-

ing at 90° and 180° as functions of the effective range on the assumption

of no odd parity interaéﬁion. For the plots of complete total cross sec-
tion, i.e.,éthe sum pf triﬁlei énd éinglet_scattering, it is necessary io-
méke SOme>éhoice'of & singlei range correspénding to a particular triplet
range. The low ehergy region implies oniy locse restrictioﬁs'oﬁ the singlet
range; we ma&, therefore, choose the éinglet rénge S0 that'the'siﬁglet.and
trlplet intrlnsic ranges are equal. The resulis for the coﬁplete cross

sectlons are also shown in Fig. b,. From these plots it is possible to make

‘ further limitations on the alIOW&blevtriplet‘ranges by a comparison With

the experimental values of SLilggl . -
e (90) '

With the Yukawa or exponential potential a range adjusted for the 90
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Mev ratio predicts a 40 Mev ratio within the experimental limits. However,
wiih the sqﬁare well potential, fhé renge required at AO Mev is considerably
larger than thet required at 90 Mev. This difference in behavior results
primérily from the more rapid decrease in $7(90°) with energy increase for
the "cut-off" potentisl than for the ﬁlong-tailed" potentials., This, in
turn, can be interpreted in terms of the destruqtive interferéncekﬁetWeen
the S and D waves at 90 degrees. In detail, the S-wave>phgse shift de-
" creases more rapidly (as a function of energy) for the "cut%—offa poiéntials
(Fig. 7)f Fufther'thé.D—wave phase shift increases more fapidly for the
"eut-of £M potehtials (Fig. 8).
| Potentials which have a "deep hole" at the crigin (e.g., the Iﬁkawa and
exponential) the ﬁlong—tail" is‘necéssary to give a sufficiently long effec-
tive fange. However; &s the enérgy increases the contributions to the
S4wa§e phase shift come from regions closer to the origin, and, consequently,
at high énergies the "deep hole" (and,’tﬁerefore, "long-tailed") potentials
yield larger phésetshifté then the "cut-off" potentials (e.g., the Squafe
ﬁell or gauss potentials). These ;emarks are further illustrated by refer-
_ence to Figs; 5 and 7.

Whiie it is impossiblé to define the limits of the'singlet effecti;e
| raﬁge with any accuraéy,.for 3rx<-l.7 x 10713 ¢m the best fits for the
engular d;stributién are obtained with the singlet effective rangevbétween
2.5 ;_3;0 x 10-13 cm.

‘The measured totdl crosé sections are in better agreement withnthe”
larger ginglet range, above, since decreasing the range to 1.0 x 10-13
inc?eases thejthéoreticalﬁérosé section by 10 percent.ét&both 40 and 90 Mev,

" The éompleie,calculated'aﬁgﬁlér disﬁribﬁtions for a number of the more
favo%&ble cases afe'shown in Fig. 9 and 10. Fig. 9 also‘shows the effeqt of

ad&ing a small repulsive potential in the odd parity ststes. This modifica-
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tion mey 5é expressed by a potenti&llfactor, (1- a-+ aPy) . The best fit
for this type of ihtéraction is a = 0,55 % 0.05. ..
| The large odd state potentialé in the singlet state required by the
symmetrieél theory pr§duces far too much exchange scattering for any péten~
tials with a.tail and a range compatible with low energy scattering. For

Meut-of £1 potentials such as the squere well the observed ratio < %8Oq)
ﬂ ) - S (900)

may - be fitted at 90 Mev with a range of 1.7 - 1.8 x 10-13 cm; however, at

. 180°) . : ' :
40 Mev, a fit to E;i%ggB% ‘would require a range longer than 2.0 x 10'13
em. Furthermore, in these latter cases the shape of .the predicted angular
distribution is not similar to the experimental results for small angle

scattering. The symmetrical theory can, therefore, be ruled cut for cen-

tral forces.

Tensoerofces

A Generalvconsiderations‘

The existence df.the deuteron'quadrupole moﬁent requires the inclusion
of a tensor pctentiéi in the néutron-proton intéraction. ”

The calculédtions oflRarita and Schwinger(zo) have shown that at leust
for the choice of a sguare potential, there is only slight»mo&ification of

the low energy scattering properties upon the introduction of tensor forces.

~ Such a behavior can be expected for more general'potentiél shapes with

ranges shorter thanlﬁhe deuteron radius since the S-wave component 1s de-
vxermiﬁeé primarily from the boundary éondiiioﬁs at the origin znd asymptoti-
gally.(zl) | v o | "._ - o o s

| We can put thesé argumentsvon a quantitative basis>b§ the cbnsideration
of Anv"equiValehtvcentral botential," ny(r).,m For the potential V(r) =
Vo(r) + 1?812 Vi (r), "The eéuivaléﬁt central petentizl for the S—wéve is

W)=V (r) & 25/2 5 U (r)  R(x) ,
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where R(r) is the ratio of the D-wave to the S-wave, R{r) will be, in gener-
al, a slowly varying function of the energy (at least in the region where
the potential is 1&rge). Its form may then be eétimated from conéiderations,
of the bound state solutions. It is found then that R(r);is zero at tﬁe
origin, increasesvto.é_maximum value (ebout 0.2 or 0.3 ) somewhere between
the maximum of the.S-waie radiel fu?ction and the tensor férce ;ange; and 
decreases asymptoticallj to & small value (soﬁewhere under O;l). Then ifjwe
congider the ratio of the'equivalént potential "V(r)" to the ceﬁtfal.pptéﬁ-_i
‘tial Vg(r) (the latter adjustéd to give biﬁding by itself), ﬁe would.find.:
'the>ratio to be less than unity at'ﬁhe origin, gfeéter thaﬁ'unity in the
néighbofhood of the range, and agaih less than'ﬁnity asymptotically. fhus
the eéuivalent potentiel will be shallower at the origin and asymptotically;
and wiil be deeper inéfhe neighborhood.of the tensor range. S

This can be furﬂﬂervillustrated_in terms of the WKB'ap;roximatidﬁ;‘ In
this;approximation; R(r) is independent of energy and decreases asymptotically

to zero.  The equivalent potential iﬁ.this approximation is

W= Ve - Yth -52-«» \[(1 Vt+2§)2+8 (v vi)°
- . X

If the centrifugélpotential is large compared to the tensor potential, this
‘may be simplified to
. _ 0

W= Vo + & (y xly)

which isvclearly in agreement with the pfecéding remarks.
B, . Bound*state and low eﬁergy sCattering
Wé consider first.thé'case where the radiasl dependence is chosen the
same for both the central and tensor potentials. The extreﬁevéases of "lqng-
tailed" and "cthOff"vpotentials are éxemplified by the Yukawa and square

wells respectively., Calculations of the quédrupole moment have been made -
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for these two potentials as a function of range and tensor depth with the

central depth adjusted to give the correct binding energy. The reéﬁlﬁs$

ere presgnted'graphically:in Figs. 11, 12 and 13.

The enalysis of the low energyyspattering is again‘conveniently carried
out in terms of the e%paﬁsion of theiphase shift in powers. of the enérgy.(23)
Since the shape independent approximation is valid for Yukeawsa raﬁges less

|

then 1.4 x 10713 cm and for all square well ranges considered, the effective
range is essentially determined-fromvthe triplet scattering 1éngth, (The‘
explicitg value of the shape'depehdent coefficient as well as the effective
ranges a;e shown in Table 3 for a numter of cases.) We have chosen,.théré-
fore, in order to relate the scattering charadteristics of & potential with

its ability to produce a quédrupole momenﬁ, tb plot 1/y versus the scatter-
ing length (Fig. 14) with the range indicated parametrically aloné the -
curves., From tpis,p%ot we cah éonclude that with the accepted value of the
scattering length, the proportion of tensor potentisl must be quite largaiéi,_
the-gctual.amount teing léﬁer for the long-tailed potential, |

e

Thefeffect of increasing the range of the tensor force relative to¢ thet

‘of the central force is to enhance the “iong-tailed" character of the po-

tential (Fig. 15).
- :

C. High energy scattering

. In the case of the central force model the only partial waves contrib-
uting appreciably to the croés sgctionAare the S- and.Di@avesw Consequently,
the anguler distributioﬁ can be expanded in ter@s ofvthe Legendre polynom¥
isls Py, Py, and P,. The coefficient of Py is identical with the total
cross section,?that of Po ariseslpriﬁarily from interference between the
S¥ and D stateé, ana that of P, arises from combination of the various D
states. A similar situastion cen be expected to hold for the tensor foféé;r

P R S U
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" Using the WKB approximation we can evaluate the Mequivalent central

potentials,"® "Vi", for each of the states of L and J, with the result

. r . N . "
[ v e
Y_Vt > +_\,x2 th/ + 8( 'a’Vt)J

=

<1
O

=

]
<

/)
'

x Ve +§ (TX Vt)2

bty [ v P e (rn P 2 vy -2 i (o xv? €
,"YZ" Vc Y Vy x2 {(xz Y Vt) -%"8( YVt) l Vo = 2'.I'Vt 3 (v x Vt) ;
"vg" = Vo ~ 27V = 5-5
' L s a2l 2l
3n - ‘-l‘z‘\' - % § = }
nv2n Ve - ¥ Vg 2 kxz 7.?Vt/ +3{7 Y_Vt/
v, by 2 (2P (avw)? L&
xVo =5 YWt 7 (%) (VxW)” T2

"~ In the approximation'where_wevneg;ect;the asymptotic amplitude of the
coupled mode, as above, in the evaluation of the phase shifts thére'will be
no difference between states of different msgnetic quantum number, mg.

ﬁs can be expected on the basis of the "eéuivalent potentials" there is*i
.only.é small difference'in.the total scattering from the 381 state, Whiéh
has been.confirmed by actual calculation in a number of cases. ?urther we
~can sﬁﬁma;ize the behavior éf the various D statés in the following: (3D1)
Increasing the tensor depth (i.e., 1‘)‘decfease3 the‘équivalent potential
gnd for strong tensor fbrces ﬁhe resulting potential ﬁill be strongly repulsive.
(3D2) Inc}easing ¥ iﬁcreases theipotentiél depth to sugh an extent that for
equal range central and tensor potentials the dep#h which:gives fhe quad;u—
pole momént ié 3 to 4 times as deep as the depth on'tﬁe cenfral fdrce model.
(3D3) The potential décreasesffor’incféasing-'y such that for 7 ~ 1 the
poteﬂtial will be just bérely reﬁulsive. Avproximately the sameveffect is
achieved by,increasing'the.tensor rénge instead of the depth._

To illustrate we will consider the high energy scattering from two
extreme examples (which do nnt necessarily fit the low energy scattering

but are adjusted for quadrupole moment and binding): (1) the central and

Y
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tensor depth are aoprox1mate1y equal W1th the square well dependence of 2 7v

X 10'13 em, (2) the tensor depth accounts for practically all the binding

with a Yukawa dependence and fange of 1.2 x ].O"13 em, In Table 4 we have

summarized the contribution of each state to the total cross section and

indicated the sign of the phase shift (i.e., the average over mg). The‘j
results of the central force model with the same-rahge and radial dependences
are iccluded fof comcariecn.

The results of using e Yukawa radial (Flg. 16 and 17) indicates that
the addition of tensor forces causes relatlvely small changes in the angular’
distribution. The changes which do oceur are such that a slight incresse. in
range 'is necesszry to retain the ratio ¢ (180°)/ «(909).

We can conclude by reference to Fig. 17 that the exchange dependence7
found>necessary for the central force model applies also for the tensor

force model, In particular, the symmetrical theory will be unsuitable on

the,basis of angular distribution as well as the total cross sections,

Utilizing this comparison between the tensor and central force models

developed above we can conclude the't the potentiasl must be "long-tailed"” in

 order to maintain the relatively large scattering in the D state at LO HMev

‘without excessively large scattering in the D state at 90 Mev. "Cut-off"

(e.g., squere and gauss) potentials where the tensor force has nearly the

same range as the central force are; therefofe, unsuitable, An addition of

a long shallow tail (5-6 x 10-13 cm) to the square well is required in the

central force case to fit the relative 40:90 Mev scattering and would,

- therefore, also be required for tensor forces. 'Potentials formed by the

addition of such long~tails would seem to be indistinguishable from natu-
‘rally long-tailed potentials such as the exponential or the Yukawa potential.
A detailed comparison of the angular distribution can be made in terms

of the coefficients in the Legendre expansion. The coefficients of Pp and
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,P2'are only slightly eltered while the coefficient of P, is considerébly
smaller iﬁ the tensor case. Thé Po coeffiéieht can be explained by the
" relatively small decrease in the scattering from the 351 Stéte (even thig

" decrease tends to be-compensated by an increase in the ?Dg state). The ’
relative &onstancy bf'the Ps éoeffiéient can be ex@lained_by an almost
complete lack of intefference be_tweén the tensor and central scattering.
.The decrease inbthe coefficient of Py appeafs to be a tensor phenomenon.

It is just this decrease, however, %hich makes the agreement in the anguiar
distribution better for tensor forces.

‘»T>he variation in the highreﬂnergly scattefixig with increase in tensor
foice range is illustrated in Fig, 18, As to be expected on the bagis of
the WKB arguments, the principzl éffecflis identical with qn increase in the
"long-tailed" character. .If the tensor force range is increased (even by as
much as a,facfor of two) the effect may be compensated by a decrease in the
cantfal range, |
| Finally ﬁhe Yukawa potential because of the singularity at the brigin
predicts‘cross seétions that are considerabdbly too high for any‘combination

of ranges. The.exponentiallwell is, therefore, to be preferred,

Conclusiﬁns ’

1. Exchange character. If thé potential has approximateiy.the same
radial de?endence in all states (i.e,; even and odd parity, singlet and
triplet) and the range is chosen within acceptablg limits, we may éo;clude'
thgt for a good fit | |
| o a = 0,55 £0.05
or, alternatively; the depths of the odd potentiais, Vodd, must satisfy the
relation | V

0> % (1Vodd)'* i (3Vodd) < - % (Bveven)



UCRL-384
-15« |

2., Radial dependence. The (1 + Px)/2 potentials, compared for eq;al
effective ranges differ by at most a fecior of 2 in the tofal cross section
or‘in the retio (1800)/=(90°)., However, these'differences may be corre-
lated with generasl shape features, Further the'experiMents are adequate to
distinguish among the potential shapes. .

a.i A.long-tailed potentiel is hecessary to explein the laige scatter-
‘ing»from the higher angular'momeetum states at 40 Mev without violently .
affeéting the-QO’Mev scatteriﬁg,-'On this basis the square and geuss poten-
“tials are unacceptable while the exponential and Yukewa potentials are’ B
i ellowable; -
| b.. The Yukewa-potentiel, because of its singular nature, prediéts too
high total cross sectioes for any combinations of renges. The exponentdial e
potential forvapproximetely thevsame_angular dependence predicts eross
sections 10 percent to 20 percent lower. and; therefere, is fevored.

The best fit for theseipotehtials is‘(assuming the same renge for
all the forces) |
V r=0.8x ldf13~cm (exponential)
r =1,35x 10‘13 em  (Yukawa).

"c.. The shape of the angular dlstrlbution about Q900 is eV1dence of &
tensor force in scattering. Here, with a #(1 + Py) dependence, a purely
central force yields a flatter distribution than an ipteraction 1neluding»‘
| teﬁsoflfohce, The latterldietribution agrees significantly befter with
experiment. | | | )

3. Singlet Renge. Tﬁe total cross eection measurehents im?ly a
31nglet range greater then 2 x 10713 em, 2 long singlet renge is further
.favored by the anguler distribution. Low energy scattering ylelds only the

requirement that the singlet range be less than 3 x 10-¥3 cm,

4. Triplet Range. The low energy limits on the effective range are
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1.53 % ,20 x lOf13 em, The determinationiof the 1imits on the range from
high ehergy scattering depend'upén the explicit model used but has always
been found to be within the limits 1.4 - 1.75 x 10713 cm,
5. Tensor Force Range. The tensor range may be increased relative to
‘the central range by as much as a factor.of'Z without adversely affecting

either the low or high. energy results.



. Table 1,

Derived Quantities

Notation

Quantity Magnitude Source (with error)
: i |»€wr:wv’
la | 23.70 % .10 x 1013 cn

singlet scattering length

fbrtho°para scatter% §(4) (£ 0.03 x 10™13 cm)
crystal-scattering(5 ? ,05 x 10™13 en)
zero energy cross section

6) (£0.06 x 10713 cm)

radius of deuteron

Z

/=

|4.332 £ .025 x 10713 cm

directly determlned(v)

Ludrgpy 2 2 Mes”

percent D-state

3.9 percent

friplet scattering léngth 3a 5.26 £ 12 x 10713 cm ortho-para scattering (¥ .09 x 10-13 em)
: - crystal scattering (* .15 x 10713 em)
zero energy cross section ('t.OB x 10“13 cri)
triplet effective range 3r 1.53 * .20 x 10713 cm | from 3a ( *.17 x 10-13 cm)
(shape ind. approx.) : : from ¥d (* .03 x 10‘13 cm)
singlet effective range 1p ¢3x10 B em - écattering between O and 6 Mev -
electric quadrupole moment | Q 2.73 * .05 x 10727 em? | directly determined(8)
¥p magnetic dipole moment neglecting relativistic

effects -

#9¢~Ta00
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~ Teble 2z,

High Energy Total Cross Sections

UCRL~384

- Mean energy Total cross section ‘ Detsction zAverarre Ref,
Yev - with statistical me thod sin? 6 s
error . '
10=24 em
41 +4 .174 + ,010 Proton recoils 67 + .11 | (9)
40 + 4 .202 + ,007 .¢12(n,2n)c11 76 + .11 | (10)
83 + 7 .083 + ,004 €12(n,2n)c11 .66 + ,08 | (11)
90 + 3 <079 + ,007 Proton recoils .| .68 + .08 | (9)
95+ 5 2078 + ,002 Bi fission .66 + .06 | (12)

The error in the mean enervy erises from uncertalntles in de'bec‘cor

BffchGHCJ, neutrons beam dlstrlcutlon, and variation of cross sectlon with .

energ’v.

The "average" sin26s is determined by subtracting the contributions of

the hlv'her partial i

bas:.s of no spin dependénee‘ in scatbtering.

'

ves a8 derlved from the ang:_ular_ distrlbutlon on the




Table 3,

R Eréperties‘oﬂ Selected Yukswa Potentiéls_‘

3

Central rangé v Tensor.ra' e ¥ AWv, o %P . e T - Sa
_(10‘15 em) . (10-13 czs c b (1013 com) (10”13’cm) (10“390m5) (].O“’13 cm)
1.18 1,18 546 543 1.56 1,48 3 5.22
1.18 1,69 0.8 342 1,71 1,49 1.0' 5.29
1.18 1,98 0.5 2.8 1,76 1.50 1.2 530
1,18 3,91 0.16 1.7 1,9 1.45 2.1 5435
1.18 (No tensgr force) - - 1,67 1,54 .6 5.29
1,35 1,35 1.91 | 4,2 1.71 1.58 .55 5,32
',1;35 (No'teﬁsqr force) - - 1.85 1,63 .96 5.39

The shape dependent coefficient (T) has been only aéproximately determined from the difference of t he

effective ranges,

3

o (using the deuteron wave functions) and 3r (using the bound state wave function),

5t~

F8e=~"TIN
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=20

Teble 4.

Comparison of Contributions of Various States to Total Cross Section

State "Squafe well _ c Yukewa .
Tensor forces CentralAfOrces Tensor forges .Central forces
(1026 cm ) (10-26 om?) (10-26 (10726 cn?)
339 2,957 | B.2st - 8,82+ 9.58% -
5py 0.35" S 1 0.55% 0.14%.
°p, 5,87 - - 1.58* 1,82+ 0.24%
3y | 0.2t Azt | oamm 0.33%




1.

8.

4,
5.

6.

UCRL-384
S -21-

References v
L. Rosenfeld, Nuclear Forces, Vol. 2, Interscience Pub., New York, pape
311 et seq., It might eppear at first sirht that corrections due to
spin orbit coupling are of order v/c. Actually in a field theory calcu-
lation corrections which introduce this coupling include slso a gradient
of the potentiel (e.g., the Thomas term for the hydrogen atom) W1ach in.
scatterlpg produces an additional factor of v/c.
H. Snyder and R. B, Mershsk, Phys. Rev. 72, 1253 (1947)
R. 6. Sachs, Phys. Rev. 72, 1 (1947) '
H. Primekoff, Phys. Rev. 72, 118 (1947)
G. Breit and I. Bloch, Phys. Rev. 72, 135 (1947)
R. B. Sutton et al., Phys. Rev. 72, 1147 (1947)

C'- Go SChull et al.. Phy‘SQ ‘Rev} _7_:2, 842 (1948)

W. B. Tonmer, Jr., Phys. Rev. 74, 364 (1948)

E. Melkonien, L. J. Rainwater, W, W. Havens, Jr., Bull im. Phys, SOCo
24 No. .1, Paper Gl (1949) S . ]

R, E. Bell and L. G, Elliot, Phys. Rev, 74, 1552 (1948)

"~ W, E, Stephens, Rev, Mod. Phys. 19, 19 (1947)

8.
‘9,
10,
11.

12 L

- 13,

- 14,

© o e

15.

16.
17,

18,

W. E. Stephsns, Bull. Am. Phys. Soc. 24, To. 4, ‘Paper T1 (1940)
A. Nordsieck, Phys. Rev. 58, 310 (1940)
Ji'ﬁadleyg et al., Phys. Rev. 75, 351 (1949)

R, H. Hildebrand and C. E. Leith, Bull Am. Phys. Soc. 24, No. 6 Paper

€8 (1949);'also private communication

L..J. Cook, et al., Phys. Rev. 72, 1264 (1947)

'J. Deduren, K. Knable, and B, Moyer, Bull. Am. Phys. Soc. 24, Fo. 6,

Paper B9 (1949)

'Ks Brueckner, et al,, Phys. Rev. 75, 555 (1949)

'N. Svartholm, "The Binding Energles of the Ll htest Atomic Nuclei", Lund
- (1945)

Jo Senwinger, Physe Reve 72, 742 A (1047), and hectographed Notes on
anlear Theory, Harvard (1947) ‘

R. E Langer, Phys. ‘Rev. 51 66o (1937)

J. ¥ Blatt, Phys. Rev? Zﬁf 92-(1948)v
J. M. Blatt and J. D. Jackson, Phys. Rev. (in press)

C. D. Bailey, et al., Phys. Rev. 70, 583 (1946)
J., H, Williams, private communication

W. Sleator, Jr., Phys. Rev. 72, 207 (1947)



- 19,

20.

21.

22,

23,

- UCRL-384
-22-
Re Sherr, Phys. Rev. 68, 240 (1945)
W. Rarita and J. Schwinger, Phys « Rev. 59, 436 (1941)
W. Hefner and R. Peierls, Proc. Roy. Soc. 181, 45 (1942) : .

The results for R= 1,185 x 10-13 cm are in agreement with those from
more precise calculations cvwmunicated to the authors by H. Feshbach

R. Christian, Phys. Rev. 75, 1675 (1949)



'4

25 ,
/
/
//
~ /
X X
/
V4
/
14
X/
/
/,
/
s X
ZQ X /x —1
/
/
-/
/
R /
: .
P 40 M E VvV ) oL 7 X
3 ' . s
X
E g /
S ' P X 3
~ e o .
Z 15 S
/
/
< . / :
o b4 !
- i :
[&] ’
w /’
(/2] .
/
n )
w s X .
o —_r
o . . [ .
O 90 MEV /
o ' X -
1o " ,
S \\x //
— \ /
— 4 L A
5 \\ s X '
o N 4
AN . 7/
(V] X X
w = .
. ‘ AN e
— N X
a . ——
BN : x/
\\-—.—x/’
5 X ] —
] X
Figure 1 :
Experimental angular distribution. The crosses are the co n‘t?r data; (9)
the horizontal lines at 90 Mev are the cloud chamber data.(13) The
normalization chosen agrees with the totsal cross section as given in
.Table 2, : :
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EFFECTIVE RANGE

2.07 T T

K3

0 ~ S ~ b ‘ 1
| 10 , 2.0

INTRINSIC RANGE (10"3cm)

Figure 2

The triplet effective range for the Yukawa (Y), expdnentiai (E), and the -

square well (S) potentials. The intrinsic range is 2.12 R, 3.54 R, and
R for the three potentials in the order named above.
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- 18 -] Low energy triplet scattering on the assumption of a 3.0 x 10713 cm _
singlet effective range. This plot yields 5.51 ¥ .16 x 1013 cn and
1.98 % ,26 x 10-13 cm for the triplet scattering length and effedMive
range, respectively. The experimental points are from the data of
the Minnescta group. (17 L ' :
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Low energy triplet scat.tering on the assumptlon of & zero singlet range. This plot yields 5.14 * .16 x 10"13 cm
and 1.7'7 + ,26 x 10713 enm for the triplet scattering length and effective range, respectively.
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- .. .Figure 5 ,
- Triplet S-wave scattering at 90 Mev.
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- LA LANANA Figure 6 ,

Central force scattering at 40 and 90 Mev. The first column gives the triplet scattering; the second, the

singlet scattering; and the third, the complete scattering (assuming equal intrinsic ranges). The first row

is for the square well; the second for the exponential; and the third, for the Yukawa .potential. 1In each 3554 -
‘figure the upper set of 3 curves is for 40 Mev; the lower, for 90 Mev. For each set of 3 curves the upper-

most is 4 7 o < (180°); the middle curve is the total cross section; and the lower is 4 v » o (90°).
(Illustrated in the first figure by A, B, and C, respectively. ) In all cases the exchange dependence is .

assumed to be (1 + Px) (therefore, o (1800) _o{oo)), snd the depths are chosen to fit the deuteron and

the zero energy scattering. ' : ‘ >
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‘Figure 7 -

S-wave scattering cross section, illustrated for a triplet effective range of 1.65 x‘lO'l3 cm and & singlet effective
range of 3.0 x 10-13 cm. Y, E, and S refer to the Yukawa, exponential and sgyare well central potentials, respec-

" tively. The experimental points below 25 Mev are from the data of Sleator(18) and Sherr(19) (above 40 Mev, cf.
Table 2). . C . _
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D-wave scattering. = The quantity plotted is the sine of the

D-wave phage shift for the singlet and triplet Yukawa
(labelled 1Y and 3Y) and for the singlet aend triplet square

 well potentials (labelled 135 and 3s).
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DIFFERENTIAL CROSS SEGTION (16%7cm?)

15

o

Figure: 9

Scattering at 40 and 90 Mev from an exponentisal potentlal (R= 0.7 x 10-13

cm for both singlet and triplet states). The solid lines are for a (1 +
Py)/2 exchange dependence; the dotted curves illustrate the effect of

increasing the amount of exchange forces. ‘The totél -cross sections for
this potential are 21.7 x 10726 em? and 7.9 x 10726 cm? at 40 and 90 Mev
respectively, The heavy points are the experimental points (cf. Fige: 1)

- with a normalization chosen to best fit the angular. distribution.

! L S | l ' L |

20 40 60 .. 80 100 120 140 160
SCATTERING ANGLE

180

1A QR7 - |



"DIFFERENTIAL GROSS SECTION

15

Figure 10
Scattering from the Yukawa potential at 40 and 90 Mev for a range of 1.35
x 1013 cm for both singlet and triplet states. The total cross sections .
are 22.9 and 9.3 x 10720 cm? at 40 and 90 Mev, respectively.
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FIGURE Il
"QUADRUPOLE MOMENT FOR THE SQUARE
WELL. THE BINDING ENERGY USED IS 223
MEV, AND THE TENSOR AND CENTRAL RANGES,
'R, ARE EQUAL. b IS THE CUSTOMARY
DIMENSIONLESS WELL DEPTH, EQUAL TO

MVR/h2. —

—
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i (1073 cm)
. - 1.350

FIGURE 12 |
QUADRUPOLE MOMENT FOR THE
YukAwA WELL®2)  THE BINDING ENERGY
USED IS 2.183 MEV, AND THE TENSOR
AND GENTRAL RANGES, R, ARE EQUAL.
b IS THE CUSTOMARY ODIMENSIONLESS
WELL DEPTH, EQUAL TO MVR/HZ. THE
CURVE FOR R = 1120x 10713 CM, SHOWN
AS DASHED, IS EXTRAPOLATED.
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R lo".3 cm)
Figure 13.
Retio of central well depth to tensor well depth for quadrupole moment equal
to 2.73 x 10~27 cm?. The binding energy fitted for the Yukawa (Y) case is
2.183 Mev and for the square well (S) case is 2.83 Mev.
P _ : 13861~ 1|
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TRIPLET SCATTERING LENGTH (10" cm)
| | Figure 14
Low energy scattering with tensor forces for the Yukawa (Y) and the square
well (S) potentials., The range is indicated (in units of 10-13em)
parametrically slong the curves. (Depths are adjusted to fit the binding
energy end the quadrupole moment of the deuteron). . :
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(CENTRAL RANGE)/ ( TENSOR RANGE)

' Figure 15
Variation of deuteron fitting parameters for increase of tensor range.
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The interaction is that of the

Yukawa well for which the central range is 1.185 x 1013 em. Wp is the percentage of D state; b is
the dimensionless central well depnth equal to MVRz/ $2 ;3 7 b is the tensor well depth. The binding

energy fitted is 2.183 Mev. -
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DIFFERENTIAL CROSS SECTION

20

o

. Curve IIs ¥ = ,
"Curve III: ¥ =6, triplet cross section = 0,111 barns

T T I ] R | i

Figure 16 _ , _
Effect of increasing the tensor depth (at 90 Mev) with -
constant binding energy illustrated for a Yukawa
potential (R = 1.18 x 10-13 cm),
Curve I: Y =0, triplet cross section .= 0.099 barns
.5, triplet cross section = 0,096 barns
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DIFFERENTIAL GROSS SECTION

25,

’ Figure 17 ' ,
Scattering from Yukewe potentisl (range = 1.35 x 10-13 cm) at 40 and 90
Mev. The totel cross sections are 23.1 and 9.8 x 10-26 cm? at 40 and 90
Mev respectively. The dashed curves show the effect, of increasing the
amount of exchange forces.
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(1027 cm?)

DIFFERENTIAL CROSS SECTION

- \ Figure 18 ‘ ‘ ' N
Effect of increasing the tensor range (at 90 Mev) v
with constant binding energy and quadrupole moment Vo
illustrated for a Yukawa potential (central range- ‘ \

1.18 x 10°3en) a e
| Curve I: tensgor renge = 1.18 x 10”l3cm,
- . complete cross section = 0,096 b,
Curve II: tensor range = 1.69 x 107 3
. complete cross section = §, 102 b
I Curve III: tensor range = 3.91 x 10fl3 ;
complete cross section = O;lOAIb.
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