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Abstract
In this article, we further develop the Riemann–Hilbert formalism introduced in our earlier work
[Gharakhloo and Its, SIGMA 16 (2020), 100] for the asymptotic analysis of Toeplitz+Hankel
determinants with distinct Toeplitz and Hankel symbols. In that work, we showed that the asso-
ciated Riemann–Hilbert problem can be analyzed by the Deift–Zhou nonlinear steepest descent
method under a special restriction on the winding numbers of the symbols. This restriction
excludes several natural cases, including the zero–winding configuration for both ϕ and w. The
main goal of the present paper is to extend the asymptotic analysis of Toeplitz+Hankel determi-
nants to a broader class of winding–number configurations. As an application, we study the case
associated with the Ising model on the zig–zag layered half–plane with critical boundary magnetic
field, for which the winding numbers of the Toeplitz and Hankel symbols are 0 and−1, respec-
tively. In this setting, we compute the asymptotics of the norms of the corresponding system of
orthogonal polynomials.
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1. Introduction

Structured matrices and their determinants, such as Toeplitz, Hankel, and their various extensions, play a
central role in diverse areas of mathematics and physics, especially in random matrix theory and statisti-
cal mechanics. These include classical Toeplitz and Hankel matrices, combinations like Toeplitz+Hankel,
bordered and framed variants, and other generalizations such as slant Toeplitz matrices. There is a vast
literature on the study of these structured determinants; see, e.g. [5–13, 16, 24, 26, 27, 29, 30] and refer-
ences therein.

The n× n Toeplitz and Hankel matrices associated respectively with the symbols ϕ and w on the unit
circle T, traversed once counterclockwise, are defined by

Tn[ϕ; r] := {ϕj−k+r}n−1
j,k=0, ϕk =

ˆ
T
z−kϕ(z)

dz

2π iz
, (1.1)

and

Hn[w; s] := {wj+k+s}n−1
j,k=0, wk =

ˆ
T
z−kw(z)

dz

2π iz
, (1.2)

where r, s ∈ Z are fixed offset values. If the Hankel symbol w is supported on a subset I of the real line,
then wk in (1.2) are instead given by

wk =

ˆ
I
xkw(x)dx. (1.3)

The Toeplitz+Hankel determinant associated with symbols ϕ and w, respectively generating Toeplitz
and Hankel components with the offset pair (r, s) ∈ Z×Z, is of the form

Dn[ϕ,w; r, s] := det
{
ϕj−k+r +wj+k+s

}n−1

j,k=0
,

i.e.

Dn[ϕ,w; r, s] = det


ϕr +ws ϕr−1 +ws+1 · · · ϕr−n+1 +ws+n−1

ϕr+1 +ws+1 ϕr +ws+2 · · · ϕr−n+2 +ws+n

...
...

. . .
...

ϕr+n−1 +ws+n−1 ϕr+n−2 +ws+n · · · ϕr +ws+2n−2

 . (1.4)

Our ultimate goal is to obtain the large-n asymptotics of Dn[ϕ,w; r, s] for arbitrary offset pairs and to
determine how the analytical properties of the symbols ϕ and w affect this asymptotics.

This paper is a sequel to our first paper [25] where we studied the offset pair (r, s) = (1,1) for the
Szegö-type symbols—that is, nonvanishing smooth symbols on the unit circle with zero winding num-
ber which admit an analytic continuation to a neighborhood of the circle. In [25] we computed the
asymptotics of Dn[ϕ,w;1,1], as n→∞, up to the constant. At the end of [25] we formulated a num-
ber of open questions. Among those open questions was the extension of analysis to other offset pairs
(r, s). In this paper we provide a Riemann–Hilbert framework for this extension for any offset pair. We
explicitly work out the details for the offset pairs (r, s) ∈ {(0,0),(0,1),(0,2)} which are of more interest
due to their appearance in applications. The motivation for these specific offset pairs is discussed in the
appendix. Additionally, for the offset pair (0,1), we asymptotically solve the associated Riemann–Hilbert
problem and obtain the asymptotics for the norms of the associated orthogonal polynomials.

1.1. Background
Suppose that ϕ has zero winding number with Fourier coefficients ϕj given by (1.1), and wj’s be either:

• the Fourier coefficients of a symbol w with zero winding number, given by (1.2), or

• the moments

wj =

ˆ
I
xjw(x)dx, (1.5)

of a weight w supported on some subset I of the real line. Similar to the cases of pure Toeplitz and pure
Hankel determinants, in addition to operator-theoretic techniques (see [5–8] and references therein), an
alternative approach to analyzing the large-n asymptotics of Dn[ϕ,w; r, s]—or of the associated system of
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(bi)orthogonal polynomials— is provided by the Riemann–Hilbert formulation. In what follows we shall
describe this formulation in detail.

It was observed in [25] that the determinant (1.4) is related to the system {Pn(z; r, s)}n∈Z⩾0
,

degPn(z; r, s) = n, of monic polynomials determined by the orthogonality relations3

ˆ
T
Pn(z; r, s)z

−k−rϕ(z)
dz

2π iz
+

ˆ
T
Pn(z; r, s)z

k+sw̃(z)
dz

2π iz
= h(r,s)n δn,k, k= 0,1, · · · ,n. (1.6)

These polynomials exist and are unique if the Toeplitz+Hankel determinants (1.4) are non-zero. Indeed,
if Dn[ϕ,w; r, s] 6= 0, the polynomials Pn can be explicitly written as

Pn(z; r, s) :=
1

Dn[ϕ,w; r, s]
det


ϕr +ws ϕr−1 +ws+1 · · · ϕr−n +ws+n

ϕr+1 +ws+1 ϕr +ws+2 · · · ϕr−n+1 +ws+n+1

...
...

. . .
...

ϕr+n−1 +ws+n−1 ϕr+n−2 +ws+n · · · ϕr−1 +ws+2n−1

1 z · · · zn

 , (1.7)

while the uniqueness follows from the fact that the linear system which determines the vector
of coefficients a := (a0, · · · ,an−1)

T of the polynomials Pn(z; r, s) = zn +
∑n−1

k=0 akz
k is of the form{

ϕj−k+r +wj+k+s

}n−1

j,k=0
a= b, and thus can be inverted if Dn[ϕ,w; r, s] 6= 0. Using (1.6) and (1.7) we find

h(r,s)n =
Dn+1(ϕ,w; r, s)

Dn(ϕ,w; r, s)
. (1.8)

Define now the 2× 2 matrix valued function,

Y(z;n, r, s) =


Pn(z; r, s)

ˆ
T

ξsw̃(ξ)Pn(ξ; r, s)+ ξrϕ̃(ξ)P̃n(ξ; r, s)

ξ− z

dξ

2π iξ

− 1

h(r,s)n−1

Pn−1(z; r, s) − 1

h(r,s)n−1

ˆ
T

ξsw̃(ξ)Pn−1(ξ; r, s)+ ξrϕ̃(ξ)P̃n−1(ξ; r, s)

ξ− z

dξ

2π iξ

 . (1.9)

In [25], it was shown that Y satisfies the following Riemann–Hilbert type analytical problem:

• RH-Y1 Y is holomorphic in C \T.

• RH-Y2 For a given function f, and an oriented contour Γ, we write f+(z) (resp. f−(z)) to denote
the limiting value of f(ζ), as ζ approaches z ∈ Γ from the left (resp. right) hand side of the oriented
contour Γ with respect to its orientation. For z ∈ T we have

Y(1)
+ (z;n, r, s) = Y (1)

− (z;n, r, s), (1.10)

and

Y(2)
+ (z;n, r, s) = Y (2)

− (z;n, r, s)+ z−1+sw̃(z)Y (1)
− (z;n, r, s)+ z−1+rϕ̃(z)Y (1)

− (z−1;n, r, s), (1.11)

where T is positively oriented in the counter-clockwise direction.

• RH-Y3 As z→∞, Y satisfies

Y(z;n, r, s) =
(
I+O(z−1)

)
znσ3 =

(
zn +O(zn−1) O(z−n−1)
O(zn−1) z−n +O(z−n−1)

)
, (1.12)

where Y (1) and Y (2) are the first and second columns of Y respectively. The relation of this problem to
the Toeplitz + Hankel determinants with offset r, s ∈ Z is given by the following theorem.

Theorem 1.1 [25, theorem 2.1]. The following statements are true.

(1) Suppose that Dn[ϕ,w; r, s],Dn−1[ϕ,w; r, s] 6= 0. Then, the Riemann–Hilbert problem RH-Y1 through
RH-Y3 is uniquely solvable and its solution Y is defined by (1.9). Moreover,

h(r,s)n−1 =− lim
z→∞

zn−1/Y21(z;n, r, s). (1.13)

3 Notation. Throughout the paper we will frequently use the notation f̃(z). to denote f(z−1).
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(2) Suppose that the Riemann–Hilbert problem RH-Y1 through RH-Y3 has a unique solution. Then
Dn[ϕ,w; r, s] 6= 0, rank(Tn−1[ϕ; r] +Hn−1[w; s])⩾n− 2, and Pn(z; r, s) = Y11(z;n, r, s).

(3) Suppose that the Riemann–Hilbert problem RH-Y1 through RH-Y3 has a unique solution. Suppose also
that

lim
z→∞

Y21(z;n, r, s)z
−n+1 6= 0.

Then, as before, Dn[ϕ,w; r, s] 6= 0, Pn(z; r, s) = Y11(z;n, r, s), and, in addition,

Dn−1[ϕ,w; r, s] 6= 0, h(r,s)n−1 =− lim
z→∞

Y −1
21 (z;n, r, s)zn−1, Pn−1(z; r, s) =−h(r,s)n−1Y21(z;n, r, s).

Corollary 1.1.1 [25, corollary 2.2]. Suppose that the Y-RH problem has a unique solution for n and n− 1.
Then

Dn[ϕ,w; r, s] 6= 0, Dn−1[ϕ,w; r, s] 6= 0, and h(r,s)n−1 6= 0,

where h(r,s)n−1 can be reconstructed from the RHP data as

h(r,s)n−1 =− lim
z→∞

zn−1/Y21(z;n, r, s). (1.14)

The above ‘Riemann-Hilbert type’ problem can be transformed to a genuine Riemann–Hilbert prob-
lem, i.e. to the problem whose jump conditions can be written in the usual matrix-multiplication form.
To this end, in [25], the following enlargement of the Y-RHP was considered

X̂(z;n, r, s) :=
(
Y (1)(z;n, r, s), Ỹ(1)(z;n, r, s),Y (2)(z;n, r, s), Ỹ(2)(z;n, r, s)

)
. (1.15)

From (1.10)–(1.12) we obtain the following 2× 4 Riemann–Hilbert problem for X̂:

• RH-X̂1 X̂ is holomorphic in C \ (T∪{0}).

• RH-X̂2 For z ∈ T, X̂ satisfies

X̂+(z;n, r, s) = X̂−(z;n, r, s)


1 0 zs−1w̃(z) −z−r+1ϕ(z)
0 1 zr−1ϕ̃(z) −z−s+1w(z)
0 0 1 0
0 0 0 1

 . (1.16)

• RH-X̂3 As z→∞ we have

X̂(z;n, r, s) =

(
1+O(z−1) C1(n, r, s)+O(z−1) O(z−1) C3(n, r, s)+O(z−1)
O(z−1) C2(n, r, s)+O(z−1) 1+O(z−1) C4(n, r, s)+O(z−1)

)

×


zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 . (1.17)

• RH-X̂4 As z→ 0 we have

X̂(z;n, r, s) =

(
C1(n, r, s)+O(z) 1+O(z) C3(n, r, s)+O(z) O(z)
C2(n, r, s)+O(z) O(z) C4(n, r, s)+O(z) 1+O(z)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 ,

(1.18)

where

C1(n, r, s) = Y11(0;n, r, s), C3(n, r, s) = Y12(0;n, r, s),

C2(n, r, s) = Y21(0;n, r, s), C4(n, r, s) = Y22(0;n, r, s).

It is a natural next step to associate with the above formulated 2× 4 Riemann–Hilbert problem the
following, canonically normalized at z=∞, 4× 4 square Riemann–Hilbert problem:

4
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• RH-X1 X(·;n, r, s) : C \ (T∪{0})→ C4×4 is analytic.

• RH-X2 For z ∈ T, we have X+(z;n, r, s) = X−(z;n, r, s)JX(z; r, s), where

JX(z; r, s) =


1 0 zs−1w̃(z) −z1−rϕ(z)
0 1 zr−1ϕ̃(z) −z1−sw(z)
0 0 1 0
0 0 0 1

 , (1.19)

• RH-X3 As z→∞

X(z;n, r, s) =
(
I+O(z−1)

)
zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 ,

• RH-X4 As z→ 0

X(z;n, r, s) = P(n, r, s)(I+O(z))


1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

Note that the matrix P(n, r, s) is not a priori prescribed, and thus by the standard Liouville theorem-
based arguments one can show that:

Lemma 1.2. The solution of the Riemann–Hilbert problem RH-X1 through RH-X4 is unique, if it exists.

Remark 1.3. The expansions at z=∞ and z= 0 are to be understood as convergent local expansions of the
corresponding normalized matrix functions. For instance, set

Y∞(z;n, r, s) := X(z;n, r, s)


z−n 0 0 0
0 1 0 0
0 0 zn 0
0 0 0 1

 .

Then Y∞ is analytic in a punctured neighborhood of infinity, and the normalization gives

Y∞(z;n, r, s) = I+O(z−1), z→∞.

Hence Y∞ is bounded in a punctured neighborhood of infinity, and therefore z=∞ is a removable singu-
larity for Y∞. It follows that Y∞ admits a convergent expansion in powers of z−1, namely

Y∞(z;n, r, s) = I+

∞
X1(n, r, s)

z
+

∞
X2(n, r, s)

z2
+O(z−3), z→∞.

The expansion at z= 0 is interpreted in the same way.

The connection between X̂ and X—Riemann Hilbert problems is given by the following lemma
whose proof is given in section 2.2 of [25].

Lemma 1.4. The solution to the X̂-RHP can be reconstructed from the solution of the X-RHP using

X̂(z;n, r, s) =R(z;n, r, s)X(z;n, r, s), (1.20)

where

R(z;n, r, s) =

(
1 C1(n, r, s) 0 C3(n, r, s)
0 C2(n, r, s) 1 C4(n, r, s)

)
. (1.21)

Moreover, the following linear system for solving Cj(n, r, s) in terms of Pjk(n, r, s)(
1 C1(n, r, s) 0 C3(n, r, s)
0 C2(n, r, s) 1 C4(n, r, s)

)
=

(
C1(n, r, s) 1 C3(n, r, s) 0
C2(n, r, s) 0 C4(n, r, s) 1

)
P−1(n, r, s), (1.22)

5
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is well defined and is uniquely solvable if at least one of the following inequalities is true:

P22(n, r, s)P44(n, r, s)− P42(n, r, s)P24(n, r, s) 6= 0, (1.23)

(1− P21(n, r, s))P42(n, r, s)+ P22(n, r, s)P41(n, r, s) 6= 0, (1.24)

(1− P43(n, r, s))P22(n, r, s)+ P23(n, r, s)P42(n, r, s) 6= 0, (1.25)

(1− P21(n, r, s))P44(n, r, s)+ P41(n, r, s)P24(n, r, s) 6= 0, (1.26)

(1− P21(n, r, s))(P43(n, r, s)− 1)+ P41(n, r, s)P23(n, r, s) 6= 0, (1.27)

(1− P43(n, r, s))P24(n, r, s)+ P23(n, r, s)P44(n, r, s) 6= 0. (1.28)

Lemma 1.5 [25, lemma 2.9]. Suppose that the solution of the X-RHP exists. Then, if at least one of the
conditions (1.23) through (1.28) holds, one can uniquely reconstruct the solution of the Y-RHP.

Remark 1.6. The reconstruction goes through equations (1.20) and (1.15). The crucial issue is to prove the
uniqueness of the solution of the X̂—RHP (Cj are not a priori prescribed).

Corollary 1.6.1 [25, corollary 2.10] . Suppose that the solution of the X-RHP exists for n and n− 1, then if at
least one of the conditions (1.23) through (1.28) holds also for n and n− 1, then we have

Dn[ϕ,w; r, s] 6= 0, Dn−1[ϕ,w; r, s] 6= 0, and h(r,s)n−1 6= 0.

Moreover,

h(r,s)n−1 =− lim
z→∞

zn−1/Y21(z;n, r, s) (1.29)

where in the present context,

Y21(z;n, r, s) = C2(n, r, s)X21(z;n, r, s)+X31(z;n, r, s)+C4(n, r, s)X41(z;n, r, s).

In a similar way, as detailed in [25],the analogue of the Riemann–Hilbert problem RH-X1 through
RH-X4 for the Toeplitz+Hankel determinants with offset r, s ∈ Z, when ϕj is still given by (1.1) but wj’s
are instead of (1.2) given by

wj =

ˆ b

a
xjw(x)dx, 0< a< b< 1, (1.30)

is the problem of finding the 4× 4 matrix-valued function Z(z;n, r, s) satisfying

• RH-Z1 Z(·;n, r, s) : C \
(
T∪ [a,b]∪ [b−1,a−1]∪{0}

)
→ C4×4 is analytic,

• RH-Z2 For z ∈ Σ := T∪ [a,b]∪ [b−1,a−1], we have Z+(z;n, r, s) = Z−(z;n, r, s)JZ(z; r, s), where

JZ(z; r, s) =




1 0 0 −z1−rϕ(z)

0 1 zr−1ϕ̃(z) 0

0 0 1 0

0 0 0 1

 , z ∈ T,


1 0 2π ixsw(x) 0

0 1 0 0

0 0 1 0

0 0 0 1

 , z≡ x ∈ (a,b),


1 0 0 0

0 1 0 −2π ix−sw̃(x)

0 0 1 0

0 0 0 1

 , z≡ x ∈ (b−1,a−1).

• RH-Z3 As z→∞

Z(z;n, r, s) =
(
I+O(z−1)

)
zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

6
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• RH-Z4 As z→ 0

Z(z;n, r, s) = Q(n, r, s)(I+O(z))


1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

In this case the associated system of orthogonal polynomials are characterized by

ˆ
T
Qn(z; r, s)z

−k−rϕ(z)
dz

2π iz
+

ˆ b

a
Qn(x; r, s)x

k+sw(x)dx= hnδn,k, k= 0,1, · · · ,n.

The analogues of theorem 1.1, corollary 1.1.1, lemma 1.5 and corollary 1.6.1, for RH-Z1 through
RH-Z4 are detailed in [25] in theorem 3.1, corollary 3.2, lemma 3.5, lemma 3.6 and corollary 3.7. The
analog of lemma 1.4 is proven in section 3.1.

Lemma 1.5 describes the (asymptotic) solvability of RH-X1 through RH-X4 as the sufficient condi-
tion for the existence and uniqueness of the orthogonal polynomials {Pn(z; r, s)}. For particular choices
of the offset values, the Riemann–Hilbert problems for X and Z are amenable to the Deift–Zhou non-
linear steepest descent analysis. Such requirements on the offset values are important in the Deift–Zhou
method, when one does the so-called lens-opening transformation to construct the global parametrix. To
that end, the Deift–Zhou nonlinear steepest descent analysis of RH-X1 through RH-X4 and that of RH-
Z1 through RH-Z4 were worked out in [25] respectively when r= s= 1 and (r, s) ∈ {1}×Z.

2. Main results

Our main results establish direct algebraic relations between the solutions X(z;n, r, s) of RH-X1–RH-X4,
for (r, s) ∈ {(0,0),(0,1),(0,2)}, and X(z;n,1,1), which, as shown in [25], is amenable to the Deift–Zhou
nonlinear steepest descent method. These algebraic relations allow one to obtain large-n asymptotics for
X(z;n,0,0), X(z;n,0,1), and X(z;n,0,2) from the Deift–Zhou asymptotic analysis of X(z;n,1,1) car-
ried out in [25]. Before presenting our main results, we introduce some notation and suitable trans-
formations. Although we do not carry out the detailed calculations, we also describe the corresponding
framework for deriving direct algebraic relations between the solutions Z(z;n, r, s) of RH-Z1–RH-Z4 and
Z(z;n,1, s), which also admits a successful Deift–Zhou analysis [25].

Let us particularly denote the functions X(z;n,1,1) and Z(z;n,1, s), which are amenable for the
Deift–Zhou nonlinear steepest descent analysis [25] respectively by X (z;n) and Z(z;n, s), and thus, these
functions respectively satisfy the following Riemann–Hilbert problems

• RH-X 1 X is holomorphic in the complement of T∪{0}.

• RH-X 2 For z ∈ T, X satisfies

X+(z;n) = X−(z;n)


1 0 w̃(z) −ϕ(z)
0 1 ϕ̃(z) −w(z)
0 0 1 0
0 0 0 1

 .

• RH-X 3 As z→∞, we have

X (z;n) =

I+

∞
X 1

z
+

∞
X 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-X 4 As z→ 0, we have

X (z;n) = P(n)

(
I+

◦
X 1z+

◦
X 2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 ,

and

7



Nonlinearity 39 (2026) 085002 R Gharakhloo and A Its

• RH-Z1 Z(·;n, s) : C \
(
T∪ [a,b]∪ [b−1,a−1]∪{0}

)
→ C4×4 is analytic.

• RH-Z2 For z ∈ Σ := T∪ [a,b]∪ [b−1,a−1], we have Z+(z;n, s) = Z−(z;n, s)JZ(z, s), where

JZ(z; s) =




1 0 0 −ϕ(z)

0 1 ϕ̃(z) 0

0 0 1 0

0 0 0 1

 , z ∈ T,


1 0 2π ixsw(x) 0

0 1 0 0

0 0 1 0

0 0 0 1

 , z≡ x ∈ (a,b),


1 0 0 0

0 1 0 −2π ix−sw̃(x)

0 0 1 0

0 0 0 1

 , z≡ x ∈ (b−1,a−1).

• RH-Z3 As z→∞

Z(z;n, s) =
(
I+O(z−1)

)
zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-Z4 As z→ 0

Z(z;n, s) = Q(n,1, s)(I+O(z))


1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

Our principal methodological idea which we propose to use for the asymptotic analysis of the solu-
tions of X and Z—RHPs with arbitrary r, s is to algebraically connect these RHPs to X and Z—
RHPs, respectively. In more details, in the case of the X-RHP, we suggest to consider the following
transformations,

W(z;n, r, s) := X(z;n, r, s)


1 0 0 0
0 zr−s 0 0
0 0 z1−s 0
0 0 0 zr−1

 , (2.1)

and

V(z;n, r, s) := X(z;n, r, s)


zs−r 0 0 0
0 1 0 0
0 0 z1−r 0
0 0 0 zs−1

 , (2.2)

which coincide when r= s. The key observation is that these functions, both, satisfy the same jump con-
dition on the unit circle as X , indeed

W−1
− (z;n, r, s)W+(z;n, r, s) =


1 0 0 0
0 zs−r 0 0
0 0 zs−1 0
0 0 0 z1−r



1 0 zs−1w̃(z) −z1−rϕ(z)
0 1 zr−1ϕ̃(z) −z1−sw(z)
0 0 1 0
0 0 0 1



×


1 0 0 0
0 zr−s 0 0
0 0 z1−s 0
0 0 0 zr−1

=


1 0 w̃(z) −ϕ(z)
0 1 ϕ̃(z) −w(z)
0 0 1 0
0 0 0 1

 , (2.3)

8
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and

V−1
− (z;n, r, s)V+(z;n, r, s) =


zr−s 0 0 0
0 1 0 0
0 0 zr−1 0
0 0 0 z1−s



1 0 zs−1w̃(z) −z1−rϕ(z)
0 1 zr−1ϕ̃(z) −z1−sw(z)
0 0 1 0
0 0 0 1



×


zs−r 0 0 0
0 1 0 0
0 0 z1−r 0
0 0 0 zs−1

=


1 0 w̃(z) −ϕ(z)
0 1 ϕ̃(z) −w(z)
0 0 1 0
0 0 0 1

 . (2.4)

This observation means that the functions

R(z;n, r, s) : =W(z;n, r, s)X−1(z;n) (2.5)

R(z;n, r, s) : = V(z;n, r, s)X−1(z;n) (2.6)

are both rational functions in z, with singular behavior only at zero and infinity. If one of the rational
functions R or R is completely determined using the data from the X -RHP, then accordingly, either

X(z;n, r, s) =R(z;n, r, s)X (z;n)


1 0 0 0
0 zs−r 0 0
0 0 zs−1 0
0 0 0 z1−r

 , (2.7)

or

X(z;n, r, s) = R(z;n, r, s)X (z;n)


zr−s 0 0 0
0 1 0 0
0 0 zr−1 0
0 0 0 z1−s

 (2.8)

directly relates the solution of the X-RHP to the solution of the X -RHP which admits a successful non-
linear steepest descent analysis [25], and thus paves the path for an asymptotic analysis of the X-RHP.

Similarly, we could also consider

K(z;n, r, s) := Z(z;n, r, s)


1 0 0 0
0 zr−1 0 0
0 0 1 0
0 0 0 zr−1

 , (2.9)

and

N (z;n, r, s) := Z(z;n, r, s)


z1−r 0 0 0
0 1 0 0
0 0 z1−r 0
0 0 0 1

 . (2.10)

It can be simply checked that both K and N satisfy the same jump conditions as Z does (see RH-
Z2), and therefore the functions

S(z;n, r, s) :=K(z;n, r, s)Z −1(z;n, s) (2.11)

S(z;n, r, s) :=N (z;n, r, s)Z −1(z;n, s) (2.12)

are both rational functions in z, with singular behavior only at zero and infinity. Provided that either S
or S are given explicitly by the data from the solution of the Riemann–Hilbert problem RH-Z1 through
RH-Z4, then one of

Z(z;n, r, s) = S(z;n, r, s)Z(z;n, s)


1 0 0 0
0 z1−r 0 0
0 0 1 0
0 0 0 z1−r

 , (2.13)

9
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or

Z(z;n, r, s) = S(z;n, r, s)Z(z;n, s)


zr−1 0 0 0
0 1 0 0
0 0 zr−1 0
0 0 0 1

 (2.14)

expresses the solution of the Z-RHP in terms of the solution of the Z-RHP which admits a success-
ful nonlinear steepest descent analysis [25], and thus provides a pathway for asymptotic analysis of the
Z-RHP.

In this paper we show how to effectively use this idea by considering a few examples. In our exposi-
tion we focus on determining one of R or R (depending on the particular choice of (r, s) ∈ Z2) explicitly
in terms of the data from the solution of the X -RHP. It will be evident that the determination of one of
S or S (depending on the choice of r ∈ Z) can be achieved in an identical way.

Our first choice of the offsets will be r= 0 and s= 1. This choice is of special interest, both because
it is used in the operator-theoretic approach of [5] and because it appears in the statistical-mechanics
application discussed in section A.2.1. We obtain a connection between the solution of the X-RHP with
r= 0 and s= 1, which we denote by U(z;n), and the solution of the X -RHP which is amenable for the
Deift–Zhou nonlinear steepest descent analysis. This will pave the way for the asymptotic analysis of

U and eventually h(0,1)n , details of which are presented in section 7. By its definition, the matrix valued
function U(z;n) is the solution of the following RHP

• RH-U1 U is holomorphic in the complement of T∪{0}.

• RH-U2 For z ∈ T, U satisfies

U+(z;n) = U−(z;n)


1 0 w̃(z) −zϕ(z)
0 1 z−1ϕ̃(z) −w(z)
0 0 1 0
0 0 0 1

 .

• RH-U3 As z→∞ we have

U(z;n) =

I+

∞
U 1

z
+

∞
U 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-U4 As z→ 0 we have

U(z;n) = Û
(
I+

◦
U1z+

◦
U2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

In section 3 we prove the following theorem which represents the solution of the U-RHP in terms of the
X -RHP.

Theorem 2.1. The solution U to the Riemann–Hilbert problem RH-U1 through RH-U4 can be expressed in
terms of the data extracted from the solution X of the Riemann–Hilbert problem RH-X 1 through RH-X 4 as

U(z) = R(z)X (z)


z−1 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 1

 , (2.15)

where

R(z) =


∞
U 1,11 −

∞
X 1,11 −

∞
X 1,12

∞
U 1,13 −

∞
X 1,13 −

∞
X 1,14

∞
U 1,21 1

∞
U 1,23 0

∞
U 1,31 −

∞
X 1,31 −

∞
X 1,32

∞
U 1,33 −

∞
X 1,33 −

∞
X 1,34

∞
U 1,41 0

∞
U 1,43 1

+ z


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , (2.16)

10
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and {
∞
U 1,j1,

∞
U 1,j3}4j=1 are explicitly given in terms of the following data from the X -RHP

∞
U 1,11 =

∞
X 1,11 +

P33
∑

j∈{2,4}

∞
X 1,1jPj1 − P31

∑
j∈{2,4}

∞
X 1,1jPj3

P11P33 − P13P31
,

∞
U 1,21 =

P31P23 − P33P21
P11P33 − P13P31

,

∞
U 1,13 =

∞
X 1,13 +

P11
∑

j∈{2,4}

∞
X 1,1jPj3 − P13

∑
j∈{2,4}

∞
X 1,1jPj1

P11P33 − P13P31
,

∞
U 1,23 =

P13P21 − P11P23
P11P33 − P13P31

,

∞
U 1,31 =

∞
X 1,31 +

P33
∑

j∈{2,4}

∞
X 1,3jPj1 − P31

∑
j∈{2,4}

∞
X 1,3jPj3

P11P33 − P13P31
,

∞
U 1,41 =

P43P31 − P33P41
P11P33 − P13P31

,

∞
U 1,33 =

∞
X 1,33 +

P11
∑

j∈{2,4}

∞
X 1,3jPj3 − P13

∑
j∈{2,4}

∞
X 1,3jPj1

P11P33 − P13P31
,

∞
U 1,43 =

P13P41 − P11P43
P11P33 − P13P31

,

where we have assumed a generic condition,

P11P33 − P13P31 6= 0,

and in all objects we have suppressed the dependence on n.

Our next example is the X-RHP with r= s= 0, and whose solution we shall denote by Y(z;n). By its
definition, Y satisfies the following RHP,

• RH-Y1 Y is holomorphic in the complement of T∪{0}.

• RH-Y2 For z ∈ T, Y satisfies

Y+(z;n) = Y−(z;n)


1 0 z−1w̃(z) −zϕ(z)
0 1 z−1ϕ̃(z) −zw(z)
0 0 1 0
0 0 0 1

 .

• RH-Y3 As z→∞ we have

Y(z;n) =

I+

∞
Y 1

z
+

∞
Y 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-Y4 As z→ 0 we have

Y(z;n) = Ŷ
(
I+

◦
Y1z+

◦
Y2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

In section 4 we prove:

Theorem 2.2. The solution Y to the Riemann–Hilbert problem RH-Y1 through RH-Y4 can be expressed in
terms of the data extracted from the solution X of the Riemann–Hilbert problem RH-X 1 through RH-X 4 as

Y(z) =R(z)X (z)


1 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 z

 , (2.17)

where

R(z) =
1

z


Ŷ14P32 Ŷ14P31 Ŷ14P34 Ŷ14P33
Ŷ24P32 Ŷ24P31 Ŷ24P34 Ŷ24P33
Ŷ34P32 Ŷ34P31 Ŷ34P34 Ŷ34P33
Ŷ44P32 Ŷ44P31 Ŷ44P34 Ŷ44P33

+


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0


11
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+ z


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , (2.18)

and

{
Ŷj4,

∞
Y 1,j3

}4

j=1

are explicitly given in terms of the following data from the X -RHP

Ŷ14 =
P13

∞
X 1,34 − P33

∞
X 1,14

P233 −
∞
X 1,34

◦
X 1,43

,
∞
Y 1,13 =

◦
X 1,43

∞
X 1,14 − P33P13

P233 −
∞
X 1,34

◦
X 1,43

,

Ŷ24 =
P23

∞
X 1,34 − P33

∞
X 1,24

P233 −
∞
X 1,34

◦
X 1,43

,
∞
Y 1,23 =

◦
X 1,43

∞
X 1,24 − P33P23

P233 −
∞
X 1,34

◦
X 1,43

,

Ŷ44 =
P33

P233 −
∞
X 1,34

◦
X 1,43

,
∞
Y 1,43 =

−
◦
X 1,43

P233 −
∞
X 1,34

◦
X 1,43

,

Ŷ34 =
∆

P233 −
∞
X 1,34

◦
X 1,43

,
∞
Y 1,33 =

Λ

P233 −
∞
X 1,34

◦
X 1,43

,

with

∆= P33

(
−

∞
X 2,34 +

∞
X 1,31

∞
X 1,14 +

∞
X 1,32

∞
X 1,24 +

∞
X 1,34

∞
X 1,44

)
−

∞
X 1,34

(
∞
X 1,31P13 +

∞
X 1,32P23 +

∞
X 1,34P43

)
,

and

Λ =−
◦
X 1,43

(
−

∞
X 2,34 +

∞
X 1,31

∞
X 1,14 +

∞
X 1,32

∞
X 1,24 +

∞
X 1,34

∞
X 1,33 +

∞
X 1,34

∞
X 1,44

)
+ P33

(
∞
X 1,31P13 +

∞
X 1,32P23 +

∞
X 1,33P33 +

∞
X 1,34P43

)
.

Here, we have assumed a generic condition,

P233 −
∞
X 1,34

◦
X 1,43 6= 0

and in all objects the dependence on n is suppressed.

Our third choice will be r= 0 and s= 2 . As we have already explained in the introduction, these
offsets appear in the theory of Ising model on the zig–zag layered half-plane. Denoting X(z;n,0,2) as
T (z;n) we shall arrive this time to the following RHP.

• RH-T 1 T is holomorphic in the complement of T∪{0}.

• RH-T 2 For z ∈ T, T satisfies

T+(z;n) = T−(z;n)


1 0 zw̃(z) −zϕ(z)
0 1 z−1ϕ̃(z) −z−1w(z)
0 0 1 0
0 0 0 1

 .

• RH-T 3 As z→∞ we have

T (z;n) =

I+

∞
T 1

z
+

∞
T 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

12
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• RH-T 4 As z→ 0 we have

T (z;n) = T̂
(
I+

◦
T 1z+

◦
T 2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

In section 5 we prove:

Theorem 2.3. The solution T to the Riemann–Hilbert problem RH-T 1 through RH-T 4 can be expressed in
terms of the data extracted from the solution X of the Riemann–Hilbert problem RH-X 1 through RH-X 4 as

T (z;n) = R(z)X (z;n)


z−2 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 z−1

 , (2.19)

with

R(z) = z2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+ zE+B, (2.20)

where

E=


∞
T 1,11 −

∞
X 1,11 −

∞
X 1,12 −

∞
X 1,13 −

∞
X 1,14

∞
T 1,21 0 0 0
∞
T 1,31 0 1 0
∞
T 1,41 0 0 1

 , (2.21)

and

B=



∞
T 2,11 +

[
∞
X

2

1

]
11

−
∞
X 2,11

[
∞
X

2

1

]
12

−
∞
X 2,12

∞
T 1,13 +

[
∞
X

2

1

]
13

−
∞
X 2,13

∞
T 1,14 +

[
∞
X

2

1

]
14

−
∞
X 2,14

∞
T 2,21 1

∞
T 1,23

∞
T 1,24

∞
T 2,31 −

∞
X 1,31 −

∞
X 1,32

∞
T 1,33 −

∞
X 1,33

∞
T 1,34 −

∞
X 1,34

∞
T 2,41 −

∞
X 1,41 −

∞
X 1,42

∞
T 1,43 −

∞
X 1,43

∞
T 1,44 −

∞
X 1,44



−


∞
T 1,11

∞
X 1,11

∞
T 1,11

∞
X 1,12

∞
T 1,11

∞
X 1,13

∞
T 1,11

∞
X 1,14

∞
T 1,21

∞
X 1,11

∞
T 1,21

∞
X 1,12

∞
T 1,21

∞
X 1,13

∞
T 1,21

∞
X 1,14

∞
T 1,31

∞
X 1,11

∞
T 1,31

∞
X 1,12

∞
T 1,31

∞
X 1,13

∞
T 1,31

∞
X 1,14

∞
T 1,41

∞
X 1,11

∞
T 1,41

∞
X 1,12

∞
T 1,41

∞
X 1,13

∞
T 1,41

∞
X 1,14

 . (2.22)

In the above formula, the sixteen unknowns

{
∞
T 2,j1,

∞
T 1,j1,

∞
T 1,j3,

∞
T 1,j4

}4

j=1

are explicitly given in terms of the

X -RHP data as described below. Consider

A := P
◦
X 1, B :=

∞
X 1P C :=

∞
X 2 −

∞
X

2

1, D := P−
∞
X 1A, (2.23)

and the objects

α : =

(
A11B11

P11
+D11

)−1

, θ :=
A11

P11
, ρj :=Aj1 −

A11Pj1
P11

,

ωjk : =
P1jPk1
P11

, ηj :=
P1j
P11

, νj :=
B11P1j
P11

−B1j,

assuming that they are well defined. Using these objects define

Mjk : =−αρkνj −ωjk + Pkj, fj(x,y,z) := ανj (z− θx)+ ηjx− y,

13
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and the following four functions

F1(x,y,w,z) =
x

P11
+

((
P41 +αB11ρ4

P11∆

)
M43 −

(
P31 +αB11ρ3

P11∆

)
M44

)
f3(x,y,z) (2.24)

+

((
P31 +αB11ρ3

P11∆

)
M34 −

(
P41 +αB11ρ4

P11∆

)
M33

)
f4(x,w,z)+

αB11

P11
(z− θx) ,

F2(x,y,w,z) = α

(
z− θx+

(
ρ4M43 − ρ3M44

∆

)
f3(x,y,z)+

(
ρ3M34 − ρ4M33

∆

)
f4(x,w,z)

)
, (2.25)

F3(x,y,w,z) =
1

∆

(
1

M43
f3(x,y,z)−M34f4(x,w,z)

)
, (2.26)

F4(x,y,w,z) =
M33f4(x,w,z)− f3(x,y,z)

∆
, (2.27)

where

∆ :=M34M43 −M33M44, (2.28)

and it is assumed that∆ 6= 0. Finally, the T -RHP data

{
∞
T 2,j1,

∞
T 1,j1,

∞
T 1,j3,

∞
T 1,j4

}4

j=1

describing the constant

matrices B and E in (2.20) are determined by the X -RHP data as

∞
T 2,11 = F1

(
[CP]11 , [CP]13 , [CP]14 , [CA+B]11

)
,

∞
T 1,13 = F3

(
[CP]11 , [CP]13 , [CP]14 , [CA+B]11

)
,

∞
T 1,11 = F2

(
[CP]11 , [CP]13 , [CP]14 , [CA+B]11

)
,

∞
T 1,14 = F4

(
[CP]11 , [CP]13 , [CP]14 , [CA+B]11

)
,

∞
T 2,21 = F1 (−P21,−P23,−P24,−A21) ,

∞
T 1,23 = F3 (−P21,−P23,−P24,−A21) ,

∞
T 1,21 = F2 (−P21,−P23,−P24,−A21) ,

∞
T 1,24 = F4 (−P21,−P23,−P24,−A21) ,

∞
T 2,31 = F1 (B31,B33,B34,−D31) ,

∞
T 1,33 = F3 (B31,B33,B34,−D31) ,

∞
T 1,31 = F2 (B31,B33,B34,−D31) ,

∞
T 1,34 = F4 (B31,B33,B34,−D31) ,

∞
T 2,41 = F1 (B41,B43,B44,−D41) ,

∞
T 1,43 = F3 (B41,B43,B44,−D41) ,

∞
T 1,41 = F2 (B41,B43,B44,−D41) ,

∞
T 1,44 = F4 (B41,B43,B44,−D41) .

Again, the dependence of all objects on n is suppressed.

In section 7 we will illustrate a general procedure of how theorems 2.1–2.3 can be used to find the

asymptotics of the norms h(r,s)n for (r, s) ∈ {(0,0),(0,1),(0,2)}. In addition to these theorems, we will
need two more ingredients.

First, we will need the following general fact concerning the X-RHP4.:

Theorem 2.4. For any choice of (r, s) ∈ Z×Z, it holds that

(a) J−1
X (z; r, s) =WJX(z−1; r, s)W,

(b) P−1(n, r, s) =WP(n; r, s)W, and

(c)
◦
X1(n, r, s) =W

∞
X1(n, r, s)W, where W is the following permutation matrix:

W=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 . (2.29)

We give a proof of this general theorem in section 6.
The second ingredient which we will use in section 7 is the asymptotic results concerning the X-RHP

with (r, s) = (1,1), i.e. the X -RHP, obtained in [25]. Here are the details.

4 Part (b) of this theorem was used in the case of (r, s) = (1,1) in [25].

14
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Given the Szegö-type symbols ϕ(z) and w(z) = d(z)ϕ(z), let

U0 := {z : ri < |z|< ro : 0< ri < 1< ro} , (2.30)

be the neighborhood of the unit circle where both functions, ϕ(z) and d(z) are analytic and denote

r0 :=max{ri, r−1
o }. (2.31)

Define

α(z) = exp

[
1

2π i

ˆ
T

ln(ϕ(τ))

τ − z
dτ

]
, β(z) = exp

[
1

2π i

ˆ
T

ln(d(τ))

τ − z
dτ

]
, (2.32)

Cρ(z) =− 1

2π i

ˆ
T

1

β−(τ)β+(τ)α̃−(τ)α+(τ)(τ − z)
dτ, (2.33)

g23(z) =−α(0)d̃(z)β(z)

α̃(z)
, g43(z) =−α2(0)β(z)

(
α(z)

ϕ̃(z)
+

d̃(z)Cρ(z)

α̃(z)

)
, (2.34)

R1,23(z;n) =
1

2π i

ˆ
Γ ′
i

µng23(µ)

µ− z
dµ, R1,43(z;n) =

1

2π i

ˆ
Γ ′
i

µng43(µ)

µ− z
dµ, (2.35)

and finally

E(n) = 2

α(0)
R1,43(0;n)−Cρ(0)R1,23(0;n). (2.36)

In (2.35), the contour Γ ′
i is a circle, oriented counter-clockwise, with radius r ′ ∈ (r0,1).

Theorem 2.5 [25, theorem 1.1]. Suppose that ϕ(eiθ) is smooth and nonzero on the unit circle with zero
winding number, which admits an analytic continuation in a neighborhood of the unit circle. Let w= dϕ, where
d satisfies all the properties of ϕ in addition to d(eiθ)d(e−iθ) = 1, for all θ ∈ [0,2π). Suppose that there exists
C> 0 such that for sufficiently large n,

|E(n)|⩾Crn, for some r : r0⩽r< 1, (2.37)

where E(n) is the functional of the weights ϕ and w defined in (2.36). Then, for sufficiently large n the
determinant Dn(ϕ,w;1,1) 6= 0 and the asymptotics of

h(1,1)n−1 ≡ Dn(ϕ,w;1,1)

Dn−1(ϕ,w;1,1)
,

is given by

h(1,1)n−1 =−α(0)
E(n)

E(n− 1)
(1+O(e−c1n)), n→∞, (2.38)

where c1 =− log
(
r21
r

)
> 0, and r1 is any number satisfying the conditions: r< r1 < 1 and r21 < r5.

We conclude this section by presenting the asymptotics of h(0,1) which will be obtained in section 7
based on theorem 2.1. We treat this as a case study: the same procedure can be used in view of theo-

rems 2.2 and 2.3 to find asymptotic expressions for h(0,0)n and h(0,2)n .

Theorem 2.6. Suppose that ϕ(eiθ) is smooth and nonzero on the unit circle with zero winding number, which
admits an analytic continuation in a neighborhood of the unit circle. Let w= dϕ, where d satisfies all the
properties of ϕ in addition to d(eiθ)d(e−iθ) = 1, for all θ ∈ [0,2π). Let also α(z), β(z) and Cρ(z) be defined
via (2.32) and (2.33), and fix r∗ to be any number satisfying the condition r0 < r∗ < 1, where r0 is defined
in (2.31). Define

R1,jk(z;n) :=
1

2π i

ˆ
Γ ′
i

µngjk(µ)

µ− z
dµ, jk= 12,14,

R1,jk(z;n) :=
1

2π i

ˆ
Γ ′
o

µ−ngjk(µ)

µ− z
dµ, jk= 32,34,

(2.39)

5 See section 4.2 of [25] for the requirements on r and r1
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where the contours Γ ′
i and Γ

′
o are circles, oriented counter-clockwise, with radii r∗ ∈ (r0,1) and 1/r∗

respectively, and

g12(z) =− α(z)

ϕ(z)β(z)
− w̃(z)Cρ(z)

ϕ(z)β(z)α̃(z)
, g14(z) =

w̃(z)

ϕ(z)β(z)α̃(z)α(0)
,

g32(z) =− 1

α(0)ϕ̃(z)

(
α̃(z)

β(z)
−w(z)α̃2(z)β(z)α(z)Cρ(z)

)
, g34(z) =

w(z)α̃2(z)β(z)α(z)

ϕ̃(z)α2(0)
.

Assume further that ϕ and d be symbols for which there exist n̂ ∈ N, constants r1, r2 ∈ (r3∗, r
2
∗), r3, r4 ∈ (r2∗, r∗),

and Cj > 0, j = 1, . . . ,4, such that

|R1,32(0;n)R1,14(0;n)| ⩾C1r
n
1, (2.40)

|R1,32(0;n)R1,14(0;n)−R1,12(0;n)R1,34(0;n)| ⩾C2r
n
2, (2.41)∣∣∣∣R1,12(0;n)

α(0)
−R1,32(0;n− 1)

∣∣∣∣ ⩾C3r
n
3, (2.42)

|−Cρ(0)α(0)R1,34(0;n)−R1,32(0;n)+R1,32(0;n− 1)| ⩾C4r
n
4, (2.43)

for all n> n̂. Let c :=min{c1, c2, c3, c4} where

2c1 :=− log

(
r3∗
r1

)
> 0, c2 :=− log

(
r3∗
r2

)
> 0,

2c3 :=− log

(
r2∗
r3

)
> 0c4 :=− log

(
r2∗
r4

)
> 0.

Then, for sufficiently large n the determinant Dn(ϕ,w;0,1) 6= 0 and the asymptotics of

h(0,1)n−1 ≡ Dn(ϕ,w;0,1)

Dn−1(ϕ,w;0,1)
,

is given by

h(0,1)n−1 =
(α(0)R1,32(0;n− 1)−R1,12(0;n))(R1,32(0;n)R1,14(0;n)−R1,12(0;n)R1,34(0;n))

R1,32(0;n)R1,14(0;n)(Cρ(0)α(0)R1,34(0;n)+R1,32(0;n)−R1,32(0;n− 1))

×
(
1+O(e−cn)

)
,

(2.44)

as n→∞.

Remark 2.7. As detailed in section 7.4, the conditions (2.41) and (2.42) ensure that the condition (1.24)
and thus the statement of corollary 1.6.1 is in place. This justifies the statement in theorem 2.6 that for suffi-
ciently large n the determinant Dn(ϕ,w;0,1) 6= 0.

Remark 2.8. Being applied to the Ising Model in the half plane studied in [14] and described in
section A.2.1, equation (2.44) yields the estimate

h(0,1)n−1 = 1+O(e−cn).

This in turn would mean that the corresponding magnetizationMn is approaching a constant as n→∞,

Mn = Dn(ϕ,dϕ;0,1)∼ constant, n→∞. (2.45)

We shall present the details in the forthcoming publication where we also hope to produce the exact value of
the constant in (2.45).

3. Proof of theorem 2.1

Let us recall the Riemann–Hilbert problem satisfied by U :

• RH-U1 U is holomorphic in the complement of T∪{0}.

16
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• RH-U2 For z ∈ T, U satisfies

U+(z;n) = U−(z;n)


1 0 w̃(z) −zϕ(z)
0 1 z−1ϕ̃(z) −w(z)
0 0 1 0
0 0 0 1

 .

• RH-U3 As z→∞ we have

U(z;n) =

I+

∞
U 1

z
+

∞
U 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-U4 As z→ 0 we have

U(z;n) = Û
(
I+

◦
U1z+

◦
U2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

Recall also the function

V(z;n) := U(z;n)


z 0 0 0
0 1 0 0
0 0 z 0
0 0 0 1

 . (3.1)

This function satisfies the following Riemann–Hilbert problem

• RH-V1 V is holomorphic in the complement of T∪{0}.

• RH-V2 For z ∈ T, V satisfies

V+(z;n) = V−(z;n)


1 0 w̃(z) −ϕ(z)
0 1 ϕ̃(z) −w(z)
0 0 1 0
0 0 0 1

 .

• RH-V3 As z→∞ we have

V(z;n) =

I+

∞
U 1

z
+

∞
U 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1



z 0 0 0
0 1 0 0
0 0 z 0
0 0 0 1

 .

• RH-V4 As z→ 0 we have

V(z;n) = Û
(
I+

◦
U1z+

◦
U2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn



z 0 0 0
0 1 0 0
0 0 z 0
0 0 0 1

 .

Since V and X have the same jump matrices on the unit circle, their ratio

R(z;n) = V(z;n)X−1(z;n) (3.2)

must be a rational function with singular behavior only at zero and ∞. From RH-X 4 and RH-V4 we
readily observe that R(z;n) is holomorphic at zero and thus is an entire function. Let us consider its
behavior at ∞ using RH-X 3 and RH-V3; we indeed have

R(z;n) =

I+

∞
U 1

z
+

∞
U 2

z2
+O(z−3)



z 0 0 0
0 1 0 0
0 0 z 0
0 0 0 1


I−

∞
X 1

z
+

∞
X

2

1 −
∞
X 2

z2
+O(z−3)


17
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= z


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

+


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

+
∞
U 1


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

−


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

∞
X 1 +O(z−1),

(3.3)

and thus

R(z;n) = z


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

+


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

+
∞
U 1


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

−


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

∞
X 1. (3.4)

It follows that to determine R(z;n), and, as a consequence, U(z;n), in terms of the X -RHP data, we only

need to find the eight unknowns in the first and the third columns of
∞
U 1 in terms of the X -RHP data.

To that end, we use the above expression for R(z;n) in

U(z;n) = R(z;n)X (z;n)


z−1 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 1

 , (3.5)

which is a combination of (3.1) and (3.2), and try to match the behavior with RH-U3 and RH-U4. As
far as the behavior RH-U3 at infinity is concerned, it holds automatically—because of the indicated
in (3.4) structure of matrix function R(z;n). Hence we have to hope that the matching the behavior

with RH-U4 will give us all the eight unknowns in the first and third columns of
∞
U 1. It turns out to

be indeed the case. To see this, let us rewrite (3.4) as

R(z;n) = z


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

+A, (3.6)

where

A :=


∞
U 1,11 −

∞
X 1,11 −

∞
X 1,12

∞
U 1,13 −

∞
X 1,13 −

∞
X 1,14

∞
U 1,21 1

∞
U 1,23 0

∞
U 1,31 −

∞
X 1,31 −

∞
X 1,32

∞
U 1,33 −

∞
X 1,33 −

∞
X 1,34

∞
U 1,41 0

∞
U 1,43 1

 . (3.7)

Using RH-X 4, the behavior of (3.5) as z→ 0 reads

U(z;n) =

z

1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

+A

P(n)

(
I+

◦
X 1z+

◦
X 2z2 +O(z3)

)
1 0 0 0

0 z−n 0 0

0 0 1 0

0 0 0 zn



z−1 0 0 0

0 1 0 0

0 0 z−1 0

0 0 0 1



=

z

1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

+A

P(n)

(
I+

◦
X 1z+

◦
X 2z2 +O(z3)

)
z−1 0 0 0

0 1 0 0

0 0 z−1 0

0 0 0 1



1 0 0 0

0 z−n 0 0

0 0 1 0

0 0 0 zn

 .

(3.8)

Comparing this with RH-U4 suggests thatz

1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

+A

P(n)(I+ ◦
X 1z+

◦
X 2z

2 +O(z3)

)
z−1 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 1


= Û

(
I+

◦
U1z+

◦
U2z

2 +O(z3)

)
. (3.9)
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Since the right hand side has no 1
z behavior, the left hand side does not as well. This condition gives the

needed eight equations to determine the eight unknowns in A. Indeed, we need to have

AP(n)


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

= 0, (3.10)

which means that all eight entries in the first and third columns of AP(n) must vanish. Thus we have

(AP(n))11 =
4∑

j=1

A1jPj1(n) =

(
∞
U 1,11 −

∞
X 1,11

)
P11(n)−

∞
X 1,12P21(n)+

(
∞
U 1,13 −

∞
X 1,13

)
P31(n)

−
∞
X 1,14P41(n) = 0, (3.11)

(AP(n))13 =
4∑

j=1

A1jPj3(n) =

(
∞
U 1,11 −

∞
X 1,11

)
P13(n)−

∞
X 1,12P23(n)+

(
∞
U 1,13 −

∞
X 1,13

)
P33(n)

−
∞
X 1,14P43(n) = 0, (3.12)

(AP(n))21 =
4∑

j=1

A2jPj1(n) =
∞
U 1,21P11(n)+ P21(n)+

∞
U 1,23P31(n) = 0, (3.13)

(AP(n))23 =
4∑

j=1

A2jPj3(n) =
∞
U 1,21P13(n)+ P23(n)+

∞
U 1,23P33(n) = 0, (3.14)

(AP(n))31 =
4∑

j=1

A3jPj1(n) =

(
∞
U 1,31 −

∞
X 1,31

)
P11(n)−

∞
X 1,32P21(n)+

(
∞
U 1,33 −

∞
X 1,33

)
P31(n)

−
∞
X 1,34P41(n) = 0, (3.15)

(AP(n))33 =
4∑

j=1

A3jPj3(n) =

(
∞
U 1,31 −

∞
X 1,31

)
P13(n)−

∞
X 1,32P23(n)+

(
∞
U 1,33 −

∞
X 1,33

)
P33(n)

−
∞
X 1,34P43(n) = 0, (3.16)

(AP(n))41 =
4∑

j=1

A4jPj1(n) =
∞
U 1,41P11(n)+

∞
U 1,43P31(n)+ P41(n) = 0, (3.17)

(AP(n))43 =
4∑

j=1

A4jPj3(n) =
∞
U 1,41P13(n)+

∞
U 1,43P33(n)+ P43(n) = 0. (3.18)

We view these eight equations as four mutually decoupled systems for determining the unknowns, for

example
∞
U 1,11 and

∞
U 1,13 can be found by solving the system (3.11) and (3.12),

∞
U 1,21 and

∞
U 1,23 can be

found by solving the system (3.13) and (3.14) , and so on. We will skip these quite routine calculations

whose result is the formulae for
∞
U 1,jk given in theorem 2.1. We have thus proven the theorem.

4. Proof of theorem 2.2

Let us recall the Riemann–Hilbert problem RH-Y1 through RH-Y4 below, being the specialization r=
s= 0 of the Riemann–Hilbert problem RH-X1 through RH-X4:

• RH-Y1 Y is holomorphic in the complement of T∪{0}.

• RH-Y2 For z ∈ T, Y satisfies

Y+(z;n) = Y−(z;n)


1 0 z−1w̃(z) −zϕ(z)
0 1 z−1ϕ̃(z) −zw(z)
0 0 1 0
0 0 0 1

 .
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• RH-Y3 As z→∞ we have

Y(z;n) =

I+

∞
Y 1

z
+

∞
Y 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-Y4 As z→ 0 we have

Y(z;n) = Ŷ
(
I+

◦
Y1z+

◦
Y2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

Consider the transformation Y 7→W defined by

W(z;n) := Y(z;n)


1 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z−1

 . (4.1)

This is the r= s= 0 specification of the general transformation (2.1), and it satisfies

• RH-W1 W is holomorphic in the complement of T∪{0}.

• RH-W2 For z ∈ T, W satisfies

W+(z;n) =W−(z;n)


1 0 w̃(z) −ϕ(z)
0 1 ϕ̃(z) −w(z)
0 0 1 0
0 0 0 1

 .

• RH-W3 As z→∞ we have

W(z;n) =

I+

∞
Y 1

z
+

∞
Y 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1



1 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z−1

 .

• RH-W4 As z→ 0 we have

W(z;n) = Ŷ
(
I+

◦
Y1z+

◦
Y2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn



1 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z−1

 .

Since W and X have the same jump matrices on the unit circle, their ratio

R(z;n) =W(z;n)X−1(z;n) (4.2)

must be a rational function with singular behavior only at zero and ∞. Let us consider the behavior at
∞ using RH-X 3 and RH-W3

R(z;n) =

I+

∞
Y 1

z
+

∞
Y 2

z2
+O(z−3)



1 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z−1


I−

∞
X 1

z
+

∞
X

2

1 −
∞
X 2

z2
+O(z−3)



=


1 0 0 0
0 1 0 0
0 0 z 0
0 0 0 0

+
∞
Y 1


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

−


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

∞
X 1 +O(z−1). (4.3)
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Considering the behavior of R near zero using RH-X 4 and RH-W4 we find

R(z;n) = Ŷ
(
I+

◦
Y1z+O(z2)

)
1 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z−1

(I− ◦
X 1z+O(z2)

)
P−1(n)

=
1

z
Ŷ


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

P−1(n)+O(1). (4.4)

Therefore by the Liouville’s theorem we have the following formula for R in terms of the unknown

matrices Ŷ and
∞
Y 1:

R(z;n) =
1

z
Ŷ


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

P−1(n)+


1 0 0 0
0 1 0 0
0 0 z 0
0 0 0 0

+
∞
Y 1


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

−


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

∞
X 1.

(4.5)

Since the matrices are sparse in the above formula, to determine R, we only need to determine four

entries from each one of Ŷ and
∞
Y 1. To this end, let us introduce the relevant entries of these matrices

by the formulae,

Ŷ ≡


∗ ∗ ∗ Ŷ14

∗ ∗ ∗ Ŷ24

∗ ∗ ∗ δ
∗ ∗ ∗ γ

 , and
∞
Y 1 ≡


∗ ∗

∞
Y 1,13 ∗

∗ ∗
∞
Y 1,23 ∗

∗ ∗
∞
Y 1,33 ∗

∗ ∗
∞
Y 1,43 ∗

 . (4.6)

For simplicity of notations, below we suppress the dependence of quantities on n. In the notations
above, R can be written as

R(z) =
1

z


0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ
0 0 0 γ

P−1 +


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0



+ z


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 . (4.7)

We will try to find these unknowns using the above form for R and trying to satisfy RH-Y3 and RH-
Y4. Using (4.1) and (4.2) we have

Y(z) =R(z)X (z)


1 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 z

 , (4.8)

so

Y(z) =


1
z


0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ

0 0 0 γ

P−1 +


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0

+ z


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0



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×X (z)


1 0 0 0

0 1 0 0

0 0 z−1 0

0 0 0 z

 . (4.9)

Using RH-X3 we have as z→∞

Y(z) =


1
z


0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ

0 0 0 γ

P−1 +


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0

+ z


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0




×

I+

∞
X 1

z
+

∞
X 2

z2
+O(z−3)



1 0 0 0

0 1 0 0

0 0 z−1 0

0 0 0 z



zn 0 0 0

0 1 0 0

0 0 z−n 0

0 0 0 1

 . (4.10)

Now, we compare this with RH-Y3, thus we must have
1

z


0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ
0 0 0 γ

P−1 +


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0

+ z


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0




×

I+

∞
X 1

z
+

∞
X 2

z2
+O(z−3)



1 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 z

≡ I+

∞
Y 1

z
+

∞
Y 2

z2
+O(z−3). (4.11)

Therefore we have


0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ

0 0 0 γ

P−1


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

+


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0



1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0



+


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0


∞
X 1


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1



+


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

+


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

∞
X 1


1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

+


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

∞
X 2


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

≡ I.

(4.12)

Simplifying (4.12) we get:
0 0 0 Ŷ14P33
0 0 0 Ŷ24P33
0 0 0 δP33
0 0 0 γP33

+


1 0 0 0
0 1 0 0

−
∞
X 1,31 −

∞
X 1,32 0 0

0 0 0 0

+


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

+


0 0 0 0
0 0 0 0

∞
X 1,31

∞
X 1,32 0 0

0 0 0 0



+


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0




0 0 0

∞
X 1,14

0 0 0
∞
X 1,24

0 0 0
∞
X 1,34

0 0 0
∞
X 1,44

+


0 0 0 0
0 0 0 0

0 0 0
∞
X 2,34

0 0 0 0

≡ I,

(4.13)
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where we have used
(
P−1
)
44
= P33, which is due to the representation of P−1 as WPW with

W=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,

given by part (b) of theorem 2.4, also see [25]. Combining terms and simplifying (4.13) we find
1 0 0 P33Ŷ14 +

∞
X 1,34

∞
Y 1,13 +

∞
X 1,14

0 1 0 P33Ŷ24 +
∞
X 1,34

∞
Y 1,23 +

∞
X 1,24

0 0 1 P33δ+
∞
X 1,34

∞
Y 1,33 +

∞
X 2,34 −

∞
X 1,31

∞
X 1,14 −

∞
X 1,32

∞
X 1,24 −

∞
X 1,34

∞
X 1,33 −

∞
X 1,34

∞
X 1,44

0 0 0 P33γ+
∞
X 1,34

∞
Y 1,43

≡ I. (4.14)

This gives four linear equations in the eight unknowns {Ŷj4,
∞
Y 1,j3}4j=1:

P33Ŷ14 +
∞
X 1,34

∞
Y 1,13 +

∞
X 1,14 = 0, (4.15)

P33Ŷ24 +
∞
X 1,34

∞
Y 1,23 +

∞
X 1,24 = 0, (4.16)

P33δ+
∞
X 1,34

∞
Y 1,33 +

∞
X 2,34 −

∞
X 1,31

∞
X 1,14 −

∞
X 1,32

∞
X 1,24 −

∞
X 1,34

∞
X 1,33 −

∞
X 1,34

∞
X 1,44 = 0, (4.17)

P33γ+
∞
X 1,34

∞
Y 1,43 = 1. (4.18)

To find the complementary equations we consider the behavior of (4.9) near zero. Using RH-X 4 we
have as z→ 0

Y(z;n) =


1

z


0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ

0 0 0 γ

P−1(n)+


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0

+ z


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0




× P(n)

(
I+

◦
X 1z+

◦
X 2z2 +O(z3)

)
1 0 0 0

0 1 0 0

0 0 z−1 0

0 0 0 z



1 0 0 0

0 z−n 0 0

0 0 1 0

0 0 0 zn



=


1

z


0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ

0 0 0 γ

+


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0

P(n)+ z


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

P(n)



×
(
I+

◦
X 1z+

◦
X 2z2 +O(z3)

)
1 0 0 0

0 1 0 0

0 0 z−1 0

0 0 0 z



1 0 0 0

0 z−n 0 0

0 0 1 0

0 0 0 zn

 . (4.19)

The coefficient of z−2 in the above expression is
0 0 0 Ŷ14

0 0 0 Ŷ24

0 0 0 δ
0 0 0 γ



0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

= 0.

The coefficient of z−1 in the (4.19) is
0 0

◦
X 1,43Ŷ14 + P33

∞
Y 1,13 + P13 0

0 0
◦
X 1,43Ŷ24 + P33

∞
Y 1,23 + P23 0

0 0
◦
X 1,43δ+ P33

∞
Y 1,33 −

∞
X 1,31P13 −

∞
X 1,32P23 −

∞
X 1,33P33 −

∞
X 1,34P43 0

0 0
◦
X 1,43Ŷ44 + P33

∞
Y 1,43 0

 ,
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which we need to set equal to zero according to RH-Y4:

◦
X 1,43Ŷ14 + P33

∞
Y 1,13 + P13 = 0, (4.20)

◦
X 1,43Ŷ24 + P33

∞
Y 1,23 + P23 = 0, (4.21)

◦
X 1,43δ+ P33

∞
Y 1,33 −

∞
X 1,31P13 −

∞
X 1,32P23 −

∞
X 1,33P33 −

∞
X 1,34P43 = 0, (4.22)

◦
X 1,43Ŷ44 + P33

∞
Y 1,43 = 0. (4.23)

Notice that the 8 equations (4.15)–(4.18) and (4.20)–(4.23) decouples into four sets of two equations in
two unknowns. Solving these equations we will find formulae for Ŷjk as given in theorem 2.2.

Finally, using (4.7) and P−1 =WPW with

W=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,

we arrived at the desired explicit representation of R in terms of the data from the solution of the
Riemann–Hilbert problem RH-X 1 through RH-X 4:

R(z) =
1

z


Ŷ14P32 Ŷ14P31 Ŷ14P34 Ŷ14P33
Ŷ24P32 Ŷ24P31 Ŷ24P34 Ŷ24P33
Ŷ34P32 Ŷ34P31 Ŷ34P34 Ŷ34P33
Ŷ44P32 Ŷ44P31 Ŷ44P34 Ŷ44P33

+


1 0

∞
Y 1,13 0

0 1
∞
Y 1,23 0

−
∞
X 1,31 −

∞
X 1,32

∞
Y 1,33 −

∞
X 1,33 −

∞
X 1,34

0 0
∞
Y 1,43 0



+ z


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 . (4.24)

5. Proof of theorem 2.3

For r= 0 and s= 2, recall that we denote X(z;n,0,2) by T (z;n), which satisfies

• RH-T 1 T (·;n) is holomorphic in the complement of T∪{0}.

• RH-T 2 For z ∈ T, T satisfies

T+(z;n) = T−(z;n)


1 0 zw̃(z) −zϕ(z)
0 1 z−1ϕ̃(z) −z−1w(z)
0 0 1 0
0 0 0 1

 .

• RH-T 3 As z→∞ we have

T (z;n) =

I+

∞
T 1

z
+

∞
T 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-T 4 As z→ 0 we have

T (z;n) = T̂
(
I+

◦
T 1z+

◦
T 2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .
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Let us recall (2.8) in this case

T (z) = R(z)X (z)


z−2 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 z−1

 . (5.1)

Let us also recall (2.2) in this case

V(z) = T (z)


z2 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z

 . (5.2)

Behavior of V as z→∞

V(z) =

I+

∞
T 1

z
+

∞
T 2

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1



z2 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z

 . (5.3)

Behavior of V as z→ 0

V(z) = T̂
(
I+

◦
T 1z+

◦
T 2z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn



z2 0 0 0
0 1 0 0
0 0 z 0
0 0 0 z

 . (5.4)

Notice that R= VX−1 is an entire function, due to (5.4) and RH-X 4. Behavior of R= VX−1 as z→∞
is given by

R(z) = z2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+ z



0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+
∞
T 1


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

−


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∞
X 1


+


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

−


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∞
X 1 +

∞
T 1


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

−
∞
T 1


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∞
X 1

+
∞
T 2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

(∞
X

2

1 −
∞
X 2

)
. (5.5)
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Further simplification gives

R(z) = z2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+ z


∞
T 1,11 −

∞
X 1,11 −

∞
X 1,12 −

∞
X 1,13 −

∞
X 1,14

∞
T 1,21 0 0 0
∞
T 1,31 0 1 0
∞
T 1,41 0 0 1



+



∞
T 2,11 +

[
∞
X

2

1

]
11

−
∞
X 2,11

[
∞
X

2

1

]
12

−
∞
X 2,12

∞
T 1,13 +

[
∞
X

2

1

]
13

−
∞
X 2,13

∞
T 1,14 +

[
∞
X

2

1

]
14

−
∞
X 2,14

∞
T 2,21 1

∞
T 1,23

∞
T 1,24

∞
T 2,31 −

∞
X 1,31 −

∞
X 1,32

∞
T 1,33 −

∞
X 1,33

∞
T 1,34 −

∞
X 1,34

∞
T 2,41 −

∞
X 1,41 −

∞
X 1,42

∞
T 1,43 −

∞
X 1,43

∞
T 1,44 −

∞
X 1,44



−


∞
T 1,11

∞
X 1,11

∞
T 1,11

∞
X 1,12

∞
T 1,11

∞
X 1,13

∞
T 1,11

∞
X 1,14

∞
T 1,21

∞
X 1,11

∞
T 1,21

∞
X 1,12

∞
T 1,21

∞
X 1,13

∞
T 1,21

∞
X 1,14

∞
T 1,31

∞
X 1,11

∞
T 1,31

∞
X 1,12

∞
T 1,31

∞
X 1,13

∞
T 1,31

∞
X 1,14

∞
T 1,41

∞
X 1,11

∞
T 1,41

∞
X 1,12

∞
T 1,41

∞
X 1,13

∞
T 1,41

∞
X 1,14

≡ z2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+ zE+B.

(5.6)

To completely determine R(z), in this case we need to find the sixteen unknowns
{∞
T 1,j1,

∞
T 1,j3,

∞
T 1,j4,

∞
T 2,j1

}4
j=1

in terms of the data from the solution of the Riemann–Hilbert problem RH-X 1 through RH-

X 4. To this end, we substitute the above expression for R into (5.1) and compare the resulting asymp-
totics of T , as z→∞ and as z→ 0, respectively with RH-T 3 and RH-T 4. Similar to the proof of theo-
rem 2.1 we conclude that RH-T 3 is satisfied automatically because of the structure of R(z), and we only
have to take care of RH-T 4. It turns out, as shown below, that all sixteen equations to determine the
sixteen unknowns come from the facts that there are no terms in

T (z;n)


1 0 0 0
0 zn 0 0
0 0 1 0
0 0 0 z−n


with z−1 and z−2 as required by RH-T 4. Indeed,

T (z)


1 0 0 0
0 zn 0 0
0 0 1 0
0 0 0 z−n

= R(z)X (z)


z−2 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 z−1



=

z2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+ zE+B

P

(
I+

◦
X 1z+

◦
X 2z

2 +O(z3)

)
z−2 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 z−1



=

z2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+ zE+B

(P+ P
◦
X 1z+ P

◦
X 2z

2 +O(z3)

)

×

z−2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

+ z−1


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0


 . (5.7)

The equations corresponding to the coefficients of z−2 and z−1, in the above expression in view of RH-
T 4 are

BP


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

= 0, (5.8)
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and

BP


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+

(
BP

◦
X 1 + EP

)
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

= 0, (5.9)

respectively. These equations imply that the first, third and fourth columns of BP are zero. So we have
the following twelve equations:

(BP)11 =

(
∞
T 2,11 +

[
∞
X

2

1

]
11

−
∞
X 2,11 −

∞
T 1,11

∞
X 1,11

)
P11 +

([
∞
X

2

1

]
12

−
∞
X 2,12 −

∞
T 1,11

∞
X 1,12

)
P21

+

(
∞
T 1,13 +

[
∞
X

2

1

]
13

−
∞
X 2,13 −

∞
T 1,11

∞
X 1,13

)
P31

+

(
∞
T 1,14 +

[
∞
X

2

1

]
14

−
∞
X 2,14 −

∞
T 1,11

∞
X 1,14

)
P41 = 0, (5.10)

(BP)13 =

(
∞
T 2,11 +

[
∞
X

2

1

]
11

−
∞
X 2,11 −

∞
T 1,11

∞
X 1,11

)
P13 +

([
∞
X

2

1

]
12

−
∞
X 2,12 −

∞
T 1,11

∞
X 1,12

)
P23

+

(
∞
T 1,13 +

[
∞
X

2

1

]
13

−
∞
X 2,13 −

∞
T 1,11

∞
X 1,13

)
P33

+

(
∞
T 1,14 +

[
∞
X

2

1

]
14

−
∞
X 2,14 −

∞
T 1,11

∞
X 1,14

)
P43 = 0, (5.11)

(BP)14 =

(
∞
T 2,11 +

[
∞
X

2

1

]
11

−
∞
X 2,11 −

∞
T 1,11

∞
X 1,11

)
P14 +

([
∞
X

2

1

]
12

−
∞
X 2,12 −

∞
T 1,11

∞
X 1,12

)
P24

+

(
∞
T 1,13 +

[
∞
X

2

1

]
13

−
∞
X 2,13 −

∞
T 1,11

∞
X 1,13

)
P34 +

(
∞
T 1,14 +

[
∞
X

2

1

]
14

−
∞
X 2,14 −

∞
T 1,11

∞
X 1,14

)
P44 = 0, (5.12)

(BP)21 =

(
∞
T 2,21 −

∞
T 1,21

∞
X 1,11

)
P11 +

(
1−

∞
T 1,21

∞
X 1,12

)
P21 +

(
∞
T 1,23 −

∞
T 1,21

∞
X 1,13

)
P31

+

(
∞
T 1,24 −

∞
T 1,21

∞
X 1,14

)
P41 = 0, (5.13)

(BP)23 =

(
∞
T 2,21 −

∞
T 1,21

∞
X 1,11

)
P13 +

(
1−

∞
T 1,21

∞
X 1,12

)
P23 +

(
∞
T 1,23 −

∞
T 1,21

∞
X 1,13

)
P33

+

(
∞
T 1,24 −

∞
T 1,21

∞
X 1,14

)
P43 = 0, (5.14)

(BP)24 =

(
∞
T 2,21 −

∞
T 1,21

∞
X 1,11

)
P14 +

(
1−

∞
T 1,21

∞
X 1,12

)
P24 +

(
∞
T 1,23 −

∞
T 1,21

∞
X 1,13

)
P34

+

(
∞
T 1,24 −

∞
T 1,21

∞
X 1,14

)
P44 = 0, (5.15)

(BP)31 =

(
∞
T 2,31 −

∞
X 1,31 −

∞
T 1,31

∞
X 1,11

)
P11 +

(
−

∞
X 1,32 −

∞
T 1,31

∞
X 1,12

)
P21

+

(
∞
T 1,33 −

∞
X 1,33 −

∞
T 1,31

∞
X 1,13

)
P31 +

(
∞
T 1,34 −

∞
X 1,34 −

∞
T 1,31

∞
X 1,14

)
P41 = 0, (5.16)

(BP)33 =

(
∞
T 2,31 −

∞
X 1,31 −

∞
T 1,31

∞
X 1,11

)
P13 +

(
−

∞
X 1,32 −

∞
T 1,31

∞
X 1,12

)
P23

+

(
∞
T 1,33 −

∞
X 1,33 −

∞
T 1,31

∞
X 1,13

)
P33 +

(
∞
T 1,34 −

∞
X 1,34 −

∞
T 1,31

∞
X 1,14

)
P43 = 0, (5.17)
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(BP)34 =

(
∞
T 2,31 −

∞
X 1,31 −

∞
T 1,31

∞
X 1,11

)
P14 +

(
−

∞
X 1,32 −

∞
T 1,31

∞
X 1,12

)
P24

+

(
∞
T 1,33 −

∞
X 1,33 −

∞
T 1,31

∞
X 1,13

)
P34 +

(
∞
T 1,34 −

∞
X 1,34 −

∞
T 1,31

∞
X 1,14

)
P44 = 0, (5.18)

(BP)41 =

(
∞
T 2,41 −

∞
X 1,41 −

∞
T 1,41

∞
X 1,11

)
P11 +

(
−

∞
X 1,42 −

∞
T 1,41

∞
X 1,12

)
P21

+

(
∞
T 1,43 −

∞
X 1,43 −

∞
T 1,41

∞
X 1,13

)
P31 +

(
∞
T 1,44 −

∞
X 1,44 −

∞
T 1,41

∞
X 1,14

)
P41 = 0, (5.19)

(BP)43 =

(
∞
T 2,41 −

∞
X 1,41 −

∞
T 1,41

∞
X 1,11

)
P13 +

(
−

∞
X 1,42 −

∞
T 1,41

∞
X 1,12

)
P23

+

(
∞
T 1,43 −

∞
X 1,43 −

∞
T 1,41

∞
X 1,13

)
P33 +

(
∞
T 1,44 −

∞
X 1,44 −

∞
T 1,41

∞
X 1,14

)
P43 = 0, (5.20)

(BP)44 =

(
∞
T 2,41 −

∞
X 1,41 −

∞
T 1,41

∞
X 1,11

)
P14 +

(
−

∞
X 1,42 −

∞
T 1,41

∞
X 1,12

)
P24

+

(
∞
T 1,43 −

∞
X 1,43 −

∞
T 1,41

∞
X 1,13

)
P34 +

(
∞
T 1,44 −

∞
X 1,44 −

∞
T 1,41

∞
X 1,14

)
P44 = 0. (5.21)

The complementary equations come from setting the first column of (5.9) equal to zero, which are

A11B11 +A21B12 +A31B13 +A41B14 + P11

(
∞
T 1,11 −

∞
X 1,11

)
−

∞
X 1,12P21 −

∞
X 1,13P31 −

∞
X 1,14P41 = 0, (5.22)

A11B21 +A21B22 +A31B23 +A41B24 + P11
∞
T 1,21 = 0, (5.23)

A11B31 +A21B32 +A31B33 +A41B34 + P11
∞
T 1,31 + P31 = 0, (5.24)

and

A11B41 +A21B42 +A31B43 +A41B44 + P11
∞
T 1,41 + P41 = 0, (5.25)

where A≡ P
◦
X 1. Using the explicit expression for Bjk in (5.6) we can write the last four equations as

A11

(
∞
T 2,11 +

[
∞
X

2

1

]
11

−
∞
X 2,11 −

∞
T 1,11

∞
X 1,11

)
+A21

([
∞
X

2

1

]
12

−
∞
X 2,12 −

∞
T 1,11

∞
X 1,12

)
+A31

(
∞
T 1,13 +

[
∞
X

2

1

]
13

−
∞
X 2,13 −

∞
T 1,11

∞
X 1,13

)
+A41

(
∞
T 1,14 +

[
∞
X

2

1

]
14

−
∞
X 2,14 −

∞
T 1,11

∞
X 1,14

)
+ P11

(
∞
T 1,11 −

∞
X 1,11

)
−

∞
X 1,12P21 −

∞
X 1,13P31 −

∞
X 1,14P41 = 0, (5.26)

A11

(
∞
T 2,21 −

∞
T 1,21

∞
X 1,11

)
+A21

(
1−

∞
T 1,21

∞
X 1,12

)
+A31

(
∞
T 1,23 −

∞
T 1,21

∞
X 1,13

)
+A41

(
∞
T 1,24 −

∞
T 1,21

∞
X 1,14

)
+ P11

∞
T 1,21 = 0, (5.27)

A11

(
∞
T 2,31 −

∞
X 1,31 −

∞
T 1,31

∞
X 1,11

)
+A21

(
−

∞
X 1,32 −

∞
T 1,31

∞
X 1,12

)
+A31

(
∞
T 1,33 −

∞
X 1,33 −

∞
T 1,31

∞
X 1,13

)
+A41

(
∞
T 1,34 −

∞
X 1,34 −

∞
T 1,31

∞
X 1,14

)
+ P11

∞
T 1,31 + P31 = 0, (5.28)
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A11

(
∞
T 2,41 −

∞
X 1,41 −

∞
T 1,41

∞
X 1,11

)
+A21

(
−

∞
X 1,42 −

∞
T 1,41

∞
X 1,12

)
+

A31

(
∞
T 1,43 −

∞
X 1,43 −

∞
T 1,41

∞
X 1,13

)
+A41

(
∞
T 1,44 −

∞
X 1,44 −

∞
T 1,41

∞
X 1,14

)
+ P11

∞
T 1,41 + P41 = 0.

(5.29)

Now we observe that the sixteen equations (5.10)–(5.21) and (5.26)–(5.29) can be split into four sets
of mutually decoupled equations, where solving each set of equations gives four unknowns in{

∞
T 1,j1,

∞
T 1,j3,

∞
T 1,j4,

∞
T 2,j1

}4

j=1

.

To this end, we categorize these equations below.

• The four equations (5.10)–(5.12) and (5.26) are in four unknowns
∞
T 2,11,

∞
T 1,11,

∞
T 1,13,

∞
T 1,14, which

can be written as


P11 −B11 P31 P41
P13 −B13 P33 P43
P14 −B14 P34 P44
A11 D11 A31 A41




∞
T 2,11
∞
T 1,11
∞
T 1,13
∞
T 1,14

=


[CP]11
[CP]13
[CP]14

[CA+B]11

 , (5.30)

where for simplicity of notations we have introduced

A≡ P
◦
X 1, B ≡

∞
X 1P C ≡

∞
X 2 −

∞
X

2

1, and D ≡ P−
∞
X 1A. (5.31)

• The four equations (5.13)–(5.15) and (5.27) are in four unknowns
∞
T 2,21,

∞
T 1,21,

∞
T 1,23,

∞
T 1,24, which can

be written as


P11 −B11 P31 P41
P13 −B13 P33 P43
P14 −B14 P34 P44
A11 D11 A31 A41




∞
T 2,21
∞
T 1,21
∞
T 1,23
∞
T 1,24

=


−P21
−P23
−P24
−A21

 . (5.32)

• The four equations (5.16)–(5.18) and (5.28) are in four unknowns
∞
T 2,31,

∞
T 1,31,

∞
T 1,33,

∞
T 1,34, which can

be written as


P11 −B11 P31 P41
P13 −B13 P33 P43
P14 −B14 P34 P44
A11 D11 A31 A41




∞
T 2,31
∞
T 1,31
∞
T 1,33
∞
T 1,34

=


B31

B33

B34

−D31

 . (5.33)

• The four equations (5.19)–(5.21) and (5.29) are in four unknowns
∞
T 2,41,

∞
T 1,41,

∞
T 1,43,

∞
T 1,44, which can

be written as


P11 −B11 P31 P41
P13 −B13 P33 P43
P14 −B14 P34 P44
A11 D11 A31 A41




∞
T 2,41
∞
T 1,41
∞
T 1,43
∞
T 1,44

=


B41

B43

B44

−D41

 . (5.34)

We see that all four linear systems above have the same matrix coefficient. So we try to invert the fol-
lowing linear system 

P11 −B11 P31 P41
P13 −B13 P33 P43
P14 −B14 P34 P44
A11 D11 A31 A41



F1

F2

F3

F4

=


x
y
w
z

 , (5.35)
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and then find the desired unknowns by replacing
(
x y w z

)
T by the appropriate right hand side

in (5.30), (5.32) – (5.34). Now, we introduce the objects (see the formulation of theorem 2.3)

α : =

(
A11B11

P11
+D11

)−1

, θ :=
A11

P11
, ρj :=Aj1 −

A11Pj1
P11

,

ωjk : =
P1jPk1
P11

, ηj :=
P1j
P11

, νj :=
B11P1j
P11

−B1j,

assuming that they are well defined. Using these objects define

Mjk =−αρkνj −ωjk + Pkj, fj(x,y,z) = ανj (z− θx)+ ηjx− y,

and

∆ :=M34M43 −M33M44, (5.36)

and it is assumed that ∆ 6= 0. Then, inverting (5.35) yields

F1(x,y,w,z) =
x

P11
+

((
P41 +αB11ρ4

P11∆

)
M43 −

(
P31 +αB11ρ3

P11∆

)
M44

)
f3(x,y,z)

+

((
P31 +αB11ρ3

P11∆

)
M34 −

(
P41 +αB11ρ4

P11∆

)
M33

)
f4(x,w,z)+

αB11

P11
(z− θx) , (5.37)

F2(x,y,w,z) = α

(
z− θx+

(
ρ4M43 − ρ3M44

∆

)
f3(x,y,z)+

(
ρ3M34 − ρ4M33

∆

)
f4(x,w,z)

)
, (5.38)

F3(x,y,w,z) =
1

∆

(
1

M43
f3(x,y,z)−M34f4(x,w,z)

)
, (5.39)

F4(x,y,w,z) =
M33f4(x,w,z)− f3(x,y,z)

∆
. (5.40)

These are exactly the four functions that appear in theorem 2.3. This finishes the proof of this theorem.

Proof of theorem 2.4

From (1.19) and (2.29) one can directly check that

WJ−1
X (z−1; r, s)W= JX(z; r, s), (6.1)

which is part (a) of theorem 2.4. To prove the other two parts, let us consider the function

B(z;n, r, s) :=WP−1(n, r, s)X(z−1;n, r, s)W. (6.2)

We have

B−1
− (z;n, r, s)B+(z;n, r, s) =W

(
X(z−1;n, r, s)

)−1

−

(
X(z−1;n, r, s)

)
+
W. (6.3)

So

B−1
− (z;n, r, s)B+(z;n, r, s) =W

(
lim
ζ→

−
z
X−1(ζ−1;n, r, s)

)(
lim
ζ→

+
z
X(ζ−1;n, r, s)

)
W

=W

 lim
ζ−1→

+
z−1

X−1(ζ−1;n, r, s)

 lim
ζ−1→

−
z−1

X(ζ−1;n, r, s)

W

=W

 lim
τ→

+
z−1

X−1(τ ;n, r, s)

 lim
τ→

−
z−1

X(τ ;n, r, s)

W

=WX−1
+ (z−1;n, r, s)X−(z

−1;n, r, s)W

=WJ−1
X (z−1; r, s)W.

(6.4)
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Therefore, from (6.1) we have

B+(z;n, r, s) = B−(z;n, r, s)JX(z; r, s). (6.5)

Let us now remind the asymptotic behavior of X(z;n, r, s) near zero and infinity with the following nota-
tions for the subleading terms:

• RH-X3 As z→∞

X(z;n, r, s) =

I+

∞
X1(n, r, s)

z
+

∞
X2(n, r, s)

z2
+O(z−3)



zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 .

• RH-X4 As z→ 0

X(z;n, r, s) = P(n, r, s)

(
I+

◦
X1(n, r, s)z+

◦
X2(n, r, s)z

2 +O(z3)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 .

Let us consider the asymptotic behavior of B as z→∞:

B(z;n, r, s) =WP−1(n, r, s)X(z−1;n, r, s)W

=W

(
I+

◦
X1(n, r, s)z

−1 +O(z−2)

)
1 0 0 0
0 zn 0 0
0 0 1 0
0 0 0 z−n

W

=W

(
I+

◦
X1(n, r, s)z

−1 +O(z−2)

)
WW


1 0 0 0
0 zn 0 0
0 0 1 0
0 0 0 z−n

W

=

(
I+W

◦
X1(n, r, s)Wz−1 +O(z−2)

)
zn 0 0 0
0 1 0 0
0 0 z−n 0
0 0 0 1

 ,k (6.6)

where we have used W2 = I. Next, consider the asymptotic behavior of B as z→ 0:

B(z;n, r, s) =WP−1(n, r, s)X(z−1;n, r, s)W

=WP−1(n, r, s)

(
I+

∞
X1(n, r, s)z+O(z)

)
z−n 0 0 0
0 1 0 0
0 0 zn 0
0 0 0 1

W

=WP−1(n, r, s)WW

(
I+

∞
X1(n, r, s)z+O(z)

)
WW


z−n 0 0 0
0 1 0 0
0 0 zn 0
0 0 0 1

W

=WP−1(n, r, s)W

(
I+W

∞
X1(n, r, s)Wz+O(z)

)
1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 . (6.7)

By definition (6.2), B is analytic in C \ (T∪{0}). This, together with (6.5)–(6.7) and lemma 1.2 gives

B(z;n, r, s)≡ X(z;n, r, s), (6.8)

and as a result we immediately confirm parts (b) and (c) of theorem 2.4:

P(n, r, s) =WP−1(n, r, s)W, (6.9)
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and

◦
X1(n, r, s) =W

∞
X1(n, r, s)W. (6.10)

7. Asymptotics of the norms of the orthogonal polynomialsPn(z;0,1)

In this section we illustrate how one can use theorem 2.4 and the expression of U in terms of X , as

given in theorem 2.1, to find the large-n asymptotics of the norm h(0,1)n−1 . This is a case study as we focus
on (r, s) = (0,1), but we would like to highlight that the same procedure can be followed for other
choices of (r, s) once we have expressions for X(z;n, r, s) in terms of X (z;n), such as those in theo-
rems 2.2 and 2.3. What is presented below partially follows section 4.2 of [25]. Let us start with for-

mula (1.14) for the norm h(0,1)n−1 which can be rewritten as

−1

h(0,1)n−1

= lim
z→0

zn−1Y21(z
−1;n,0,1). (7.1)

In view of RH-U4 let us define

H(z;n) := Û(n)−1U(z;n)


1 0 0 0
0 zn 0 0
0 0 1 0
0 0 0 z−n

 , (7.2)

which implies

H(z;n) = I+
◦
U1(n)z+

◦
U2(n)z

2 +O(z3), as z→ 0. (7.3)

From (7.2) and (1.20)–(1.22) and remembering that U(z;n) = X(z;n,0,1) we have

X̂(z;n,0,1) =

(
C1(n,0,1) 1 C3(n,0,1) 0
C2(n,0,1) 0 C4(n,0,1) 1

)
H(z;n)


1 0 0 0
0 z−n 0 0
0 0 1 0
0 0 0 zn

 , (7.4)

recalling that, by definition, Û(n) = P(n,0,1). From (1.15) it follows that

Y21(z
−1;n,0,1) = X̂22(z;n,0,1), (7.5)

hence,

zn−1Y21(z
−1;n,0,1) = C2(n,0,1)z

−1H12(z;n)+C4(n,0,1)z
−1H32(z;n)+ z−1H42(z;n). (7.6)

From (7.3) we conclude that

z−1Hj2(z;n) =
◦
U1,j2(n)+O(z), j = 1,3,4. (7.7)

Therefore, (7.1) yields the formula,

−1

h(0,1)n−1

= C2(n,0,1)
◦
U1,12(n)+C4(n,0,1)

◦
U1,32(n)+

◦
U1,42(n). (7.8)

7.1. h(0,1)n−1 and theX -RHP data
In order to find the asymptotics of h(0,1)n−1 , we need to find the expressions for the objects on the

right hand side of (7.8) in terms of the X -RHP data. From part (c) of theorem 2.4 we have
◦
U1(n) =

W
∞
U 1(n)W, which can be written as

◦
U1,11

◦
U1,12

◦
U1,13

◦
U1,14

◦
U1,21

◦
U1,22

◦
U1,23

◦
U1,24

◦
U1,31

◦
U1,32

◦
U1,33

◦
U1,34

◦
U1,41

◦
U1,42

◦
U1,43

◦
U1,44

=


∞
U 1,22

∞
U 1,21

∞
U 1,24

∞
U 1,23

∞
U 1,12

∞
U 1,11

∞
U 1,14

∞
U 1,13

∞
U 1,42

∞
U 1,41

∞
U 1,44

∞
U 1,43

∞
U 1,32

∞
U 1,31

∞
U 1,34

∞
U 1,33

 . (7.9)
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So we have

◦
U1,12 =

∞
U 1,21 =

P31P23 − P33P21
P11P33 − P13P31

, (7.10)

◦
U1,32 =

∞
U 1,41 =

P43P31 − P33P41
P11P33 − P13P31

, (7.11)

◦
U1,42 =

∞
U 1,31 =

∞
X 1,31 +

P33
∑

j∈{2,4}

∞
X 1,3jPj1 − P31

∑
j∈{2,4}

∞
X 1,3jPj3

P11P33 − P13P31
, (7.12)

where we have used theorem 2.1.
Now move on to find C2 and C4 in terms of the X -RHP data. We are not going to study each and

every one of conditions (1.23) through (1.28) of lemma 1.4, rather like what is presented in [25] we
consider6 the condition (1.24):

(1− Û21(n))Û42(n)+ Û22(n)Û41(n) 6= 0. (7.13)

Then, from (1.22) we can find:

C2(n,0,1) =
Û42(n)Û31(n)− Û41(n)Û32(n)

(1− Û21(n))Û42(n)+ Û41(n)Û22(n)
, (7.14)

and

C4(n,0,1) =− Û22(n)Û31(n)+ [1− Û21(n)]Û32(n)

(1− Û21(n))Û42(n)+ Û41(n)Û22(n)
. (7.15)

Let us recall from theorem 2.1 that

U(z) = R(z)X (z)


z−1 0 0 0
0 1 0 0
0 0 z−1 0
0 0 0 1

 , (7.16)

where R(z) = A+ z


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 with

A=


∞
U 1,11 −

∞
X 1,11 −

∞
X 1,12

∞
U 1,13 −

∞
X 1,13 −

∞
X 1,14

∞
U 1,21 1

∞
U 1,23 0

∞
U 1,31 −

∞
X 1,31 −

∞
X 1,32

∞
U 1,33 −

∞
X 1,33 −

∞
X 1,34

∞
U 1,41 0

∞
U 1,43 1

 . (7.17)

From (7.16) and RH-X 4 we have

U(z)


1 0 0 0
0 zn 0 0
0 0 1 0
0 0 0 z−n

= αnz
−1 +βn +O(z), as z→ 0, (7.18)

where

αn = AP(n)


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , (7.19)

6 In section 7.4 we impose conditions on the symbols to ensure this; see (7.35) and (7.95)–(7.98), as well as the assumptions in
theorem 2.6.
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and

βn = AP(n)


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

+AP(n)
◦
X 1


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

+


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

P(n)


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 .

(7.20)

Notice that by (3.10) we have

αn = 0. (7.21)

Comparing (7.18) with RH-U4 gives

βn ≡ Û . (7.22)

Using (7.21) we can simplify the second term on the right hand side of (7.20), indeed

AP(n)
◦
X 1


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

= AP(n)



1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

+


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1


 ◦
X 1


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0



= AP(n)


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

 ◦
X 1


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0



= AP(n)


0 0 0 0

◦
X 1,21 0

◦
X 1,23 0

0 0 0 0
◦
X 1,41 0

◦
X 1,43 0

 . (7.23)

Combining this, with (7.20) and (7.22) and after some simplifications we find

Û = AP(n)


0 0 0 0

◦
X 1,21 1

◦
X 1,23 0

0 0 0 0
◦
X 1,41 0

◦
X 1,43 1

+


P11 0 P13 0
0 0 0 0
P31 0 P33 0
0 0 0 0

 . (7.24)

We therefore find

Û21 =
∞
X 1,12 (A21P12 +A23P32 + P22)+

∞
X 1,32 (A21P14 +A23P34 + P24) , (7.25)

Û42 = A41P12 +A43P32 + P42, (7.26)

Û41 =
∞
X 1,12 (A41P12 +A43P32 + P42)+

∞
X 1,32 (A41P14 +A43P34 + P44) , (7.27)

Û22 = A21P12 +A23P32 + P22, (7.28)

Û32 = A31P12 +A32P22 +A33P32 +A34P42, (7.29)

Û31 =
∞
X 1,12 (A31P12 +A32P22 +A33P32 +A34P42)

+
∞
X 1,32 (A31P14 +A32P24 +A33P34 +A34P44)+ P31, (7.30)

where we have used that
◦
X 1,21 =

∞
X 1,12 and

◦
X 1,41 =

∞
X 1,32 using part (c) of theorem 2.4. Below, we recall

the expressions for the relevant entries of the matrix A in terms of the X -RHP data, using notations that
simplify the resulting formulas.

To streamline the expressions, we define the determinant of 2× 2 minors of P(n) as follows:

Drs
jk := PjkPrs − PjsPrk, 1⩽j < r⩽4, 1⩽k< s⩽4. (7.31)
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Assuming the generic condition, D33
11 6= 0 (see note that this is the condition we assumed in

theorem 2.1), we have

A21 =−D33
21

D33
11

, A41 =
D43

31

D33
11

, A32 =−
∞
X 1,32, A31 =

∞
X 1,32D33

21 −
∞
X 1,34D43

31

D33
11

,

A23 =−D23
11

D33
11

, A43 =−D43
11

D33
11

, A34 =−
∞
X 1,34, A33 =

∞
X 1,32D23

11 +
∞
X 1,34D43

11

D33
11

.

Using (7.17) and theorem 2.1 we find the following expression for the numerator of C2(n):

Û42(n)Û31(n)− Û41(n)Û32(n) =
−1

D33
11

[
P31
(
P41D

33
12 − P42D

33
11 + P43D

32
11

)]
−

(
∞
X 1,32

)2

D33
11

[
D32

11D
44
23

−D34
23D

42
11 −D22

11D
44
33 −D32

21D
44
13 + P14P41D

33
22 − P14P42D

33
21 − P13P41D

34
22 + P13P42D

34
21

]
.

(7.32)

Similarly, for the numerator of C4(n) we have

− Û22(n)Û31(n)− [1− Û21(n)]Û32(n) =− 1

D33
11

[
(
∞
X 1,32 − P31)

(
P32D

23
11 − P31D

23
12 − P33D

22
11

)
+

∞
X 1,34

(
P41D

33
12 − P42D

33
11 + P43D

32
11

)]
−

∞
X 1,32

∞
X 1,34

D33
11

[
D32

11D
44
23 −D34

23D
42
11 −D22

11D
44
33 −D32

21D
44
13

+ P14P41D
33
22 − P14P42D

33
21 − P13P41D

34
22 + P13P42D

34
21

]
, (7.33)

while for the shared denominator of C2(n) and C4(n) we have

(1− Û21(n))Û42(n)+ Û41(n)Û22(n) =
−1

D33
11

(
P41D

33
12 − P42D

33
11 + P43D

32
11

)
−

∞
X 1,32

D33
11

(
D32

11D
44
23 −D34

23D
42
11 −D22

11D
44
33 −D32

21D
44
13

+ P14P41D
33
22 − P14P42D

33
21 − P13P41D

34
22 + P13P42D

34
21

)
. (7.34)

Let the quantity

E(n) :=−D33
11

(
(1− Û21(n))Û42(n)+ Û41(n)Û22(n)

)
(7.35)

denote the remaining expression after clearing out the denominator of (7.34). Noticing the common
terms among the expressions (7.32)–(7.34), we obtain (generically, E(n) 6= 0)

C2(n) =
∞
X 1,32 +

(
P31 −

∞
X 1,32

)(
P41D33

12 − P42D33
11 + P43D32

11

)
E(n)

, (7.36)

and

C4(n) =
∞
X 1,34 +

(P31 −
∞
X 1,32)

(
P33D22

11 + P31D23
12 − P32D23

11

)
E(n)

. (7.37)

Combining these with equations (7.8)and(7.10)–(7.12) and straightforward simplifications we obtain the

following exact formula for h(0,1)n−1 :

−1

h(0,1)n−1

=
∞
X 1,31 +

P31 −
∞
X 1,32

E(n)D33
11

[
D43

31

(
P33D

22
11 + P31D

23
12 − P32D

23
11

)
−D33

21

(
P41D

33
12 − P42D

33
11 + P43D

32
11

)]
. (7.38)
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Now we focus on finding the large n asymptotics of the right hand side of the above equation by recall-
ing equation (4.17) of [25] which gives the asymptotic formula for P(n),

P(n) =



−Cρ(0)α(0)R1,14(0;n)−R1,12(0;n) 0 R1,14(0;n) −α(0)

−1 −R1,23(0;n)

α(0)
0 −α(0)R1,21(0;n)

−Cρ(0)α(0)R1,34(0;n)−R1,32(0;n) − 1

α(0)
R1,34(0;n) 0

−Cρ(0)α(0) −R1,43(0;n)

α(0)
1 −α(0)R1,41(0;n)


+O(e−2cn), (7.39)

as n→∞.
Notice that

D33
11 = P11P33 − P13P31 =R1,32(0;n)R1,14(0;n)−R1,12(0;n)R1,34(0;n)+O(e−3cn), (7.40)

D43
31 = P31P43 − P33P41 =−R1,32(0;n)+O(e−2cn), (7.41)

D22
11 = P11P22 − P12P21 =

(
R1,23(0;n)

α(0)

)
(Cρ(0)α(0)R1,14(0;n)+R1,12(0;n))+O(e−3cn), (7.42)

D23
12 = P12P23 − P13P22 =

R1,14(0;n)R1,23(0;n)

α(0)
+O(e−3cn), (7.43)

D23
11 = P11P23 − P13P21 =R1,14(0;n)+O(e−2cn), (7.44)

D33
21 = P21P33 − P31P23 =−R1,34(0;n)+O(e−2cn), (7.45)

D33
12 = P12P33 − P13P32 =

R1,14(0;n)

α(0)
+O(e−2cn), (7.46)

D32
11 = P11P32 − P12P31 = Cρ(0)R1,14(0;n)+

R1,12(0;n)

α(0)
+O(e−2cn). (7.47)

Notice also that

P33D
43
31D

22
11 =−R1,34(0;n)R1,23(0;n)R1,32(0;n)

α(0)
(Cρ(0)α(0)R1,14(0;n)+R1,12(0;n))

+O(e−5cn), (7.48)

P31D
43
31D

23
12 = (Cρ(0)α(0)R1,34(0;n)+R1,32(0;n))

R1,32(0;n)R1,14(0;n)R1,23(0;n)

α(0)

+O(e−5cn), (7.49)

−P32D
43
31D

23
11 =−R1,32(0;n)R1,14(0;n)

α(0)
+O(e−3cn), (7.50)

−P41D
33
21D

33
12 =−Cρ(0)R1,34(0;n)R1,14(0;n)+O(e−3cn), (7.51)

P42D
33
21D

33
11 =

R1,43(0;n)

α(0)

(
R1,34(0;n)R1,32(0;n)R1,14(0;n)− (R1,34(0;n))

2R1,12(0;n)
)

+O(e−5cn), (7.52)

−P43D
33
21D

32
11 = Cρ(0)R1,34(0;n)R1,14(0;n)+

R1,34(0;n)R1,12(0;n)

α(0)
+O(e−3cn). (7.53)

Therefore we observe that

D43
31

(
P33D

22
11 + P31D

23
12 − P32D

23
11

)
−D33

21

(
P41D

33
12 − P42D

33
11 + P43D

32
11

)
=−R1,32(0;n)R1,14(0;n)

α(0)
+O(e−3cn),

(7.54)

where the left hand side appears in (7.38).
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7.2. Asymptotics of relevant entries in
∞
X 1(n)

In view of equations (7.34), (7.35) and (7.38) we need large n asymptotics for
∞
X 1,31 and

∞
X 1,32. To this

end, let us recall some relevant information from [25]. First of all let us start with the model Riemann–
Hilbert problem for the pair (ϕ,w):

• RH-Λ1 Λ is holomorphic in C \T.

• RH-Λ2 Λ+(z) = Λ−(z)JΛ(z), for z ∈ T, where

JΛ(z) =



0 0 0 −ϕ(z)

−w(z)

ϕ(z)
0 ϕ̃(z)− w(z)w̃(z)

ϕ(z)
0

0 − 1

ϕ̃(z)
0 0

1

ϕ(z)
0

w̃(z)

ϕ(z)
0


.

• RH-Λ3 As z→∞, we have Λ(z) = I+

∞
Λ1

z
+

∞
Λ2

z2
+O(z−3).

In [25] it was shown that if we consider Dn(ϕ,dϕ;1,1), where d is of Szegö-type and further satisfies the
condition d(z)d̃(z) = 1 on the unit circle7, then this model problem is explicitly solvable and its solution
can be written as

Λ(z) = Λ−1
∞


1 0 0 0

Cρ(z) 1 0 0
0 0 1 0
0 0 0 1

×




−β(z) 0 0 0

0 0
1

α̃(z)β(z)α(z)
0

0 −α̃(z) 0 0

0 0 0 −α(z)

, |z|< 1,


0 β(z) 0 0

0 0 0
1

β(z)α̃(z)α(z)
0 0 α̃(z) 0

α(z) 0 0 0

, |z|> 1,

(7.55)

where

Λ−1
∞ =


0 0 0 1
1 0 0 0

0 0
1

α(0)
0

0 α(0) 0 0

 , (7.56)

and the functions α, β, and Cρ are defined in (2.32) and (2.33).

In what follows, we connect the desired quantities
∞
X 1,31 and

∞
X 1,32 to data from the Λ-RHP as well

as R, the solution of the small-norm Riemann–Hilbert problem:

• RH-R1 R is holomorphic in C \ΓR.

• RH-R2 R+(z;n) =R−(z;n)JR(z;n), for z ∈ ΓR.

• RH-R3 As z→∞,

R(z;n) = I+

∞
R1(n)

z
+

∞
R2(n)

z2
+O(z−3).

7 which makes JΛ,23 ≡ 0.
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The contour ΓR := Γ ′
i ∪Γ ′

o consists of two counter-clockwise oriented circles: Γ ′
i has radius r∗ ∈ (r0,1)

and Γ ′
o has radius 1/r∗. Here r∗ is any number satisfying r0 < r∗ < 1 (see (2.30) and (2.31) for the defi-

nition and meaning of r0). The jump matrix JR is given by

JR(z;n)− I=



zn ·


0 g12(z) 0 g14(z)

0 0 g23(z) 0

0 0 0 0

0 0 g43(z) 0

 , z ∈ Γ ′
i ,

z−n ·


0 0 0 0

g21(z) 0 0 0

0 g32(z) 0 g34(z)

g41(z) 0 0 0

 , z ∈ Γ ′
o,

(7.57)

with

g12(z) =− α(z)

ϕ(z)β(z)
− w̃(z)Cρ(z)

ϕ(z)β(z)α̃(z)
, g14(z) =

w̃(z)

ϕ(z)β(z)α̃(z)α(0)
,

g23(z) =−α(0)w̃(z)β(z)

ϕ̃(z)α̃(z)
, g43(z) =−α2(0)

(
α(z)β(z)

ϕ̃(z)
+

β(z)w̃(z)Cρ(z)

α̃(z)ϕ̃(z)

)
,

g21(z) =
w(z)β(z)

ϕ(z)α(z)
, g32(z) =− 1

α(0)ϕ̃(z)

(
α̃(z)

β(z)
−w(z)α̃2(z)β(z)α(z)Cρ(z)

)
,

g34(z) =
w(z)α̃2(z)β(z)α(z)

ϕ̃(z)α2(0)
, g41(z) =−α(0)

ϕ(z)

(
1

α̃(z)β(z)α2(z)
− w(z)β(z)Cρ(z)

α(z)

)
.

From (7.57) it follows that the jump matrix JR satisfies on ΓR the small-norm estimate,

||JR − I||L2∩L∞⩽Ce−cn, (7.58)

for some positive C and c=− log r∗. Therefore, by standard theory of small-norm Riemann–Hilbert
problems [18, 19], there exists n∗ such that for all n> n∗ the R—RH problem is solvable and

R(z;n) = I+R1(z;n)+R2(z;n)+R3(z;n)+ · · · , z ∈ C \ΓR, n⩾n∗, (7.59)

where each Rk is of order O(e−kcn) and they can be found recursively from

Rk(z;n) =
1

2π i

ˆ
ΓR

[Rk−1(µ;n)]− (JR(µ;n)− I)

µ− z
dµ, z ∈ C \ΓR, k⩾ 1. (7.60)

Note that this recurrence also means that

Rk+1(z;n) = o(Rk(z;n)), n→∞, z ∈ C \ΓR, k⩾ 1.

More precisely we have

Rk,ij(z;n) =
O(e−kcn)

|z|+ 1
, n→∞, k⩾1, (7.61)

uniformly for z ∈ C \ΓR, and the positive constant c is the same as in (7.58). From (7.60) we have

R1(z;n) =
1

2π i

ˆ
ΓR

JR(µ;n)− I

µ− z
dµ=


0 R1,12(z;n) 0 R1,14(z;n)

R1,21(z;n) 0 R1,23(z;n) 0
0 R1,32(z;n) 0 R1,34(z;n)

R1,41(z;n) 0 R1,43(z;n) 0

 , (7.62)

where

R1,jk(z;n) =
1

2π i

ˆ
Γ ′
i

µngjk(µ)

µ− z
dµ, jk= 12,14,23,43,

R1,jk(z;n) =
1

2π i

ˆ
Γ ′
o

µ−ngjk(µ)

µ− z
dµ, jk= 21,32,34,41.

(7.63)
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So, in view of (7.58) and (7.60), there exists a positive constant C∗ such that

|R1,jk(0;n)|⩽C∗r
n
∗, jk= 12,14,23,43,21,32,34,41, n⩾n∗. (7.64)

Recalling RH-X 3, let us consider

G(z;n) := X (z;n)


z−n 0 0 0
0 1 0 0
0 0 zn 0
0 0 0 1

 , (7.65)

whose asymptotic behavior as z→∞ reads

G(z;n) = I+

∞
X 1

z
+

∞
X 2

z2
+O(z−3). (7.66)

As it is shown in [25], for z ∈ Ω∞, we can write

G(z;n)≡R(z;n)Λ(z), z ∈ Ω∞, (7.67)

and thus from RH-R3 and RH-Λ3 which it is clear that

∞
X 1(n) =

∞
R1(n)+

∞
Λ1. (7.68)

From (7.59)–(7.61) we obtain that

∞
R1(n) =


0

∞
R1,12(n) 0

∞
R1,14(n)

∞
R1,21(n) 0

∞
R1,23(n) 0

0
∞
R1,32(n) 0

∞
R1,34(n)

∞
R1,41(n) 0

∞
R1,43(n) 0

=− 1

2π i

ˆ
ΓR

(JR(µ;n)− I)dµ+O(e−2cn), (7.69)

so

∞
R1,jk(n) =− 1

2π i

ˆ
Γ ′
i

µngjk(µ)dµ+O(e−2cn), jk= 12,14,23,43,

∞
R1,jk(n) =− 1

2π i

ˆ
Γ ′
o

µ−ngjk(µ)dµ+O(e−2cn), jk= 21,32,34,41.

(7.70)

Recalling (7.63), the equations (7.70) can be written as

∞
R1,jk(n) =−R1,jk(0;n+ 1)+O(e−2cn), jk= 12,14,23,43,
∞
R1,jk(n) =−R1,jk(0;n− 1)+O(e−2cn), jk= 21,32,34,41.

(7.71)

Now let us turn our attention to
∞
Λ1. From (2.35), as z→∞ we have

α(z) = 1− 1

2π iz

ˆ
T
ln(ϕ(τ))dτ +O(z−2), β(z) = 1− 1

2π iz

ˆ
T
ln(d(τ))dτ +O(z−2), (7.72)

α̃(z) = α(0)

(
1+

1

2π iz

ˆ
T
ln(ϕ(τ))

dτ

τ 2
+O(z−2)

)
, Cρ(z) =− 1

2π iz

ˆ
T
ρ(τ)dτ +O(z−2), (7.73)

where

ρ(τ) =− 1

β−(τ)β+(τ)α̃−(τ)α+(τ)
, τ ∈ T. (7.74)

For |z|> 1, we can write (7.55) as

Λ(z) =


α(z) 0 0 0
0 β(z) 0 0

0 0 α̃(z)
α(0) 0

0 α(0)β(z)Cρ(z) 0 α(0)
α̃(z)α(z)β(z)

 . (7.75)
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Therefore in view of (7.68) and (7.75) we find

∞
X 1,jk(n) =

∞
R1,jk(n), jk ∈ {12,13,14,21,23,24,31,32,34,41,43}. (7.76)

Therefore, in particular, we obtain

∞
X 1,31(n) = O(e−2cn),

∞
X 1,32(n) =−R1,32(0;n− 1)+O(e−2cn), (7.77)

in view of (7.69) and (7.71). Recalling (7.39) we have

P31 −
∞
X 1,32 =−Cρ(0)α(0)R1,34(0;n)−R1,32(0;n)+R1,32(0;n− 1)+O(e−2cn). (7.78)

7.3. Asymptotics of E(n)
Recalling (7.34) and (7.35) we have

E(n) = P41D
33
12 − P42D

33
11 + P43D

32
11 +

∞
X 1,32

(
D32

11D
44
23 −D34

23D
42
11 −D22

11D
44
33 −D32

21D
44
13

+ P14P41D
33
22 − P14P42D

33
21 − P13P41D

34
22 + P13P42D

34
21

)
. (7.79)

The asymptotics of the Drs
jk terms in the above expression that are not among those already considered in

equations (7.40)–(7.47) are given below:

D44
23 = P23P44 − P24P43 = α(0)R1,21(0;n)+O(e−2cn), (7.80)

D34
23 = P23P34 − P24P33 = α(0)R1,21(0;n)R1,34(0;n)+O(e−3cn), (7.81)

D44
33 = P33P44 − P34P43 =−α(0)R1,41(0;n)R1,34(0;n)+O(e−3cn), (7.82)

D32
21 = P21P32 − P22P31 =

1

α0
+O(e−2cn), (7.83)

D44
13 = P13P44 − P14P43 = α(0)+O(e−2cn), (7.84)

D33
22 = P22P33 − P23P32 =− 1

α(0)
R1,23(0;n)R1,34(0;n)+O(e−3cn), (7.85)

D34
22 = P22P34 − P24P32 =−R1,21(0;n)+O(e−2cn), (7.86)

D34
21 = P21P34 − P24P31 =−α(0)R1,21(0;n)(Cρ(0)α(0)R1,34(0;n)+R1,32(0;n))+O(e−3cn). (7.87)

Using these we observe that the leading order asymptotics of (7.79) is given by the following three
terms:

P41D
33
12 =−Cρ(0)R1,14(0;n)+O(e−2cn), (7.88)

P43D
32
11 = Cρ(0)R1,14(0;n)+

R1,12(0;n)

α(0)
+O(e−2cn), (7.89)

∞
X 1,32D

32
21D

44
13 =−R1,32(0;n− 1)(1+O(e−2cn)), (7.90)

where in the last equation we have used (7.77). We thus have

E(n) =
R1,12(0;n)

α(0)
−R1,32(0;n− 1)+O(e−2cn). (7.91)

7.4. Asymptotics of h(0,1)n−1
In this subsection we combine the equations (7.38), (7.40), (7.54), (7.77), (7.78) and (7.91) to obtain

the asymptotics of h(0,1)n−1 . To that end, we consider generic symbols ϕ and d for which the following four
properties hold

(1) There exists n1⩾n∗, r1 ∈ (r3∗, r
2
∗)

8 and a constant C1 > 0 such that

|R1,32(0;n)R1,14(0;n)|⩾ C1r
n
1. (7.92)

8 Recall that the choice of r∗ was fixed right below equation (7.58).
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Using r1 > r3∗, we can rewrite the r.h.s. of (7.54) as

− 1

α(0)
R1,32(0;n)R1,14(0;n)

(
1+O(e−c1n)

)
, with c1 =− log

(
r3∗
r1

)
> 0. (7.93)

Notice that we need r1 < r2∗ in order to make the estimate (7.92) compatible with the following
upper bound obtained from (7.64)

|R1,32(0;n)R1,14(0;n)|< C2
0r

2n
∗ . (7.94)

(2) There exists n2 ⩾ n1, r2 ∈ (r3∗, r
2
∗) and a constant C2 > 0 such that

|R1,32(0;n)R1,14(0;n)−R1,12(0;n)R1,34(0;n)|⩾ C2r
n
2, for all n> n2. (7.95)

Using r2 > r3∗, we can now rewrite (7.40) as

D33
11 = (R1,32(0;n)R1,14(0;n)−R1,12(0;n)R1,34(0;n))

(
1+O(e−c2n)

)
, (7.96)

with c2 =− log
(
r3∗
r2

)
> 0.

(3) There exists n3 ⩾ n2, r3 ∈ (r2∗, r∗) and a constant C3 > 0 such that∣∣∣∣R1,12(0;n)

α(0)
−R1,32(0;n− 1)

∣∣∣∣⩾ C3r
n
3, for all n> n3. (7.97)

Using r3 > r2∗, we can now rewrite (7.91) as

E(n) =

(
R1,12(0;n)

α(0)
−R1,32(0;n− 1)

)(
1+O(e−c3n)

)
, (7.98)

with c3 =− log
(
r2∗
r3

)
> 0.

(4) There exists n4⩾n3, r4 ∈ (r2∗, r∗) and a constant C4 > 0 such that

|−Cρ(0)α(0)R1,34(0;n)−R1,32(0;n)+R1,32(0;n− 1)|⩾C4r
n
4, for all n> n4. (7.99)

Using r4 > r2∗, we can now rewrite (7.78) as

P31 −
∞
X 1,32 = (−Cρ(0)α(0)R1,34(0;n)−R1,32(0;n)+R1,32(0;n− 1))

(
1+O(e−c4n)

)
, (7.100)

with c4 =− log
(
r2∗
r4

)
> 0.

Let

F(n) :=
R1,32(0;n)R1,14(0;n)(Cρ(0)α(0)R1,34(0;n)+R1,32(0;n)−R1,32(0;n− 1))

(R1,12(0;n)−α(0)R1,32(0;n− 1))(R1,32(0;n)R1,14(0;n)−R1,12(0;n)R1,34(0;n))
, (7.101)

and

c :=min{c1, c2, c3, c4}. (7.102)

Recalling (7.38), (7.40), (7.54), (7.78), (7.91) we have

−1

h(0,1)n−1

−
∞
X 1,31 = F(n)

(
1+O(e−cn)

)
. (7.103)

Recalling (7.77) and the above assumptions we observe that there exists Ĉ such that∣∣∣∣∣∣
∞
X 1,31

Fn

∣∣∣∣∣∣⩽Ĉ

(
r5∗
r4r1

)n

= Ĉe−(c1+c4)n. (7.104)
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So we can rewrite (7.103) as

−1

h(0,1)n−1

= F(n)
(
1+O(e−cn)

)
, (7.105)

and therefore

h(0,1)n−1 =−F−1(n)
(
1+O(e−cn)

)
. (7.106)

We have just concluded the proof of theorem 2.6.

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary
files).

Appendix. Offset pairs arising in applications

In this appendix, we explain why the offset pairs

(r, s) ∈ {(0,0),(0,1),(0,2)}

arise naturally in the applications considered in this paper. We first review several settings in which the
objects of interest are expressed as Toeplitz+Hankel determinants with these offset pairs, treating sepa-
rately the cases w= ϕ and w 6= ϕ. Although the main results of this work concern the latter case, we also
include the case w= ϕ for completeness and to place the discussion in a broader context.

A.1. Identical Toeplitz and Hankel symbols
When the Toeplitz and Hankel symbols are identical, that is when ϕ = w, the applications and asymp-
totic properties of Toeplitz+Hankel determinants have been studied extensively by several authors.
In particular, E. Basor and T. Ehrhardt have made significant contributions to understanding various
aspects of these determinants in a series of papers [6–9] using operator-theoretic methods. In most of
these works, they focus on the offset pair (0,1), except in [8], where they establish Szegö-type limit the-
orems for Dn[ϕ,ϕ;0, s] with s⩾1.

We now briefly outline several key applications of Toeplitz+Hankel determinants Dn[ϕ,ϕ;0, s]. For a
compact group G, and for any Haar-integrable function f on G, define

EU∈Gf(U)

as the integral of f(U) with respect to the normalized Haar measure on G9. Matrix integrals over the
classical groups G(N) are connected to a wide range of fields, including combinatorics [4], quantum
field theory [23], number theory [28], and integrable systems [1].

In their seminal work [4] on increasing subsequences of permutations under certain symmetry
constraints, Baik and Rains established precise connections between Toeplitz+Hankel determinants
Dn[ϕ,ϕ;0, s] and integrals over classical groups:

Theorem A.1 [4]. Let g(z) be any function on the unit circle such that the integrals

ιj =
1

2π

ˆ
[0,2π]

g(eiθ)g(e−iθ)eijθ dθ

are well defined. Then

EU∈O+(2l) det(g(U)) =
1

2
det(ιj−k + ιj+k)0⩽j,k<l, (A.1)

EU∈O−(2l) det(g(U)) = g(1)g(−1)det(ιj−k − ιj+k+2)0⩽j,k<l−1, (A.2)

EU∈O+(2l+1) det(g(U)) = g(1)det(ιj−k − ιj+k+1)0⩽j,k<l, (A.3)

9 When G is the orthogonal group, EU∈O±(l)f(U) denotes the integral of f over the coset of O(l) with determinant±1.
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EU∈O−(2l+1) det(g(U)) = g(−1)det(ιj−k + ιj+k+1)0⩽j,k<l, (A.4)

EU∈Sp(2l) det(g(U)) = det(ιj−k − ιj+k+2)0⩽j,k<l, (A.5)

except that EU∈O+(0) det(g(U)) = 1.

We would like to highlight that different choices of the offset pair (0, s) correspond to averages over
different classical groups. Through theorems 1.2 and 2.5 of [4], these integrals are related to the prob-
ability that the longest increasing subsequences of involutions with specific symmetry properties have
length at most 2l or 2l+ 1.

Averages over classical groups, and thus Toeplitz+Hankel determinants, also arise in the descrip-
tion of the ground state density matrix ρN+1(x,y) of the impenetrable Bose gas [21, 22]. In particular,
ρN+1(x,y) can be represented as

• a U(N) average (and thus a pure Toeplitz determinant) for periodic boundary conditions,

• a Sp(N) average for Dirichlet boundary conditions,

• an O+(2N) average for Neumann boundary conditions, and

• an O+(2N+ 1) average for mixed Dirichlet–Neumann boundary conditions.

Forrester and Frankel combined these characterizations with the Baik–Rains theorem [4] and the asymp-
totic results of Basor and Ehrhardt for Toeplitz+Hankel determinants with Fisher–Hartwig singulari-
ties [7] to obtain large-N asymptotic formulas for ρN+1(x,y) under Dirichlet, Neumann, and mixed
Dirichlet–Neumann boundary conditions.

Toeplitz+Hankel determinants Dn[ϕ,ϕ;0, s] for various values of the offset parameter s appear in
other contexts as well. For instance, the characterizations of theorem A.1 were applied in [2] to compute
moments of moments of characteristic polynomials of orthogonal and symplectic groups, with connections
to analytic number theory. In another application, [23] evaluated the corresponding Toeplitz+Hankel
determinants for symplectic and orthogonal matrix integrals, obtaining explicit expressions for the parti-
tion functions, Wilson loops, and Hopf links of Chern–Simons theory on S3. Moreover, in [31, theorem
7.1], certain k× k Toeplitz+Hankel determinants were shown to characterize generating functions for
enumerating column-strict tableaux with at most 2k and 2k+ 1 rows, corresponding respectively to off-
set pairs (0,−1) and (0,0).

Finally, we note that for the large-size asymptotics of Toeplitz+Hankel determinants with identical
symbols, in addition to the operator-theoretic approaches developed by E. Basor and T. Ehrhardt [6–8],
a Riemann–Hilbert approach has also been developed and successfully applied in [16]. In particular, [16]
derives precise large-n asymptotic formulae for Dn[ϕ,ϕ; r, s] with a Fisher–Hartwig symbol ϕ and offset
pairs (r, s) ∈ {(0,0),(0,1),(0,2)}, using a 2× 2 Riemann–Hilbert framework.

A.2. Distinct Toeplitz and Hankel symbols
Besides the inherent and natural motivation to obtain the asymptotics of Dn[ϕ,w; r, s] in the absence of
the condition ϕ = w, such asymptotic results for Toeplitz+Hankel determinants with distinct symbols
are further justified due to their appearance in important applications. Below, we highlight two such
applications that have significantly motivated this project. Regarding the asymptotics of Dn[ϕ,w; r, s] with
w 6= ϕ, there are two works [5, 25], respectively studying determinants

Dn[ϕ,dϕ;0,1], and Dn[ϕ,dϕ;1,1]

with Szegö-type functions ϕ and d, where the following extra condition is satisfied by d:

d(z)d(z−1)≡ 1, z ∈ T. (A.6)

The application from Statistical Mechanics highlighted below in section A.2.1 involves symbols ϕ and d
which enjoy these properties, where the offset pairs of interest are (r, s) ∈ {(0,1),(0,2)}.

A.2.1. Ising model on the Zig–Zag layered half-plane
In [14], Chelkak, Hongler, and Mahfouf considered the Ising model on the so-called zig–zag layered
half-plane H♢

+, which is the left half-plane on the 45◦-rotated square grid (see figure 3 of [14]) with +
boundary conditions along the rightmost column and at infinity. The one-point function

Mn = E+
H♢ [σ(−2n− 1

2 ,0)
] (A.7)
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is the magnetization in the (2n)th column. Let the parameters θ and q< 1 be defined by

tan
θ

2
= exp

[
− 2J

KT

]
,q= tanθ,

where J is the nearest neighbor coupling constant, K is the Boltzmann constant, and T is the tempera-
ture. Define the functions r, ϕ and d as

r(θ) := 1− cos2 θ1
cos2 θ

∈ (−q2,1),

ϕ(z;q) = |1− q2z|,

and

d(z;q) :=−
(
rz− q2

)(
q2z− 1

)
(z− q2)(q2z− r)

, (A.8)

where in the last expression we think of r being a function of the independent variable q, and θ1 is
interpreted as the boundary magnetic field [14] and is considered as a fixed parameter. Recalling the con-
dition (A.6), it can be checked that d(z;q)d(z−1;q)≡ 1. Define the symbol w to be

w(z;q) := d(z;q)ϕ(z;q), (A.9)

(see [5, 25]). If r 6= 0, we define

a :=
q2

r
. (A.10)

The critical value of external field h is specified by the condition that a= 1:

h= h cr(q) ⇐⇒ a= 1,

see remark 4.6 of [14]. Let

γ(z;q) :=


c(q)

1− az
, a < 1,

0, a⩾1,

(A.11)

where

c(q) = (r2 − q4)r−3/2(r− q4)−1/2. (A.12)

Also, let us define

v(z;q) := w(z;q)+ (1− r)3/2γ(z;q). (A.13)

Now we can recall the relevant result from [14].

Theorem A.2 [14]. It holds that the magnetization in the (2m)th column has the following Toeplitz+Hankel
determinant representation

Mn = (1− r)
−3/2 det

[
ϕk−j +wk+j +(1− r)3/2γk+j

]n−1

k,j=0
, (A.14)

where

fm =

ˆ
T
f(z)z−m dz

2π iz
, f ∈ {ϕ,w,γ}, (A.15)

is the mth Fourier coefficient of the symbol f.
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Notice that when a⩾1 we have the simpler Toeplitz+Hankel determinant

Mn = (1− r)
−3/2 det

[
ϕk−j +wk+j

]n−1

k,j=0
= (1− r)−3/2Dn[ϕ,w;0,0], (A.16)

while when a< 1 we have

Mn = (1− r)
−3/2 det

[
ϕk−j + vk+j

]n−1

k,j=0
= (1− r)−3/2Dn[ϕ,v;0,0]. (A.17)

For z ∈ T, let us write ϕ as

ϕ(z;q) = (1− q2z)1/2(1− q2z)1/2 = (1− q2z)1/2(1− q2z−1)1/2 =−iq

√
(z− q−2)(z− q2)

z
,

where, for α ∈ {0,q2,q−2}, the branch cuts of
√
z−α are chosen to be [α,+∞), and the branches are

fixed by 0< arg(z−α)< 2π. Also, notice that since 0< q< 1, ϕ has no widing number.
First, let us focus on the case a⩾1 and the determinant Dn[ϕ,w;0,0]. Consider two cases: r 6= 0, and

r = 0.

(1) The case r ̸= 0. If r 6= 0, that is if r ∈ (−q2,0)∪ (0,1), we define a by (A.10) and d(z) can be written
as

d(z;q) =−
(z− a)

(
q2z− 1

)
(z− q2)(az− 1)

. (A.18)

Let qcr be such that a(qcr) = 1.In this case d(z;q) reduces to

d(z;qcr) =−q2crz− 1

z− q2cr
(A.19)

and thus

wind d(z;q) =

{
−1, a= 1,

−2, a> 1.
(A.20)

(1A) For the case r 6= 0 and a> 1, consider the function

d(z;q) := z2d(z;q) (A.21)

which has zero winding number and also satisfies d(z;q)d(1/z;q)≡ 1. So the Toeplitz+Hankel
determinant to study is

Mn = det
(
Tn[ϕ] +Hn[z

−2dϕ]
)
= Dn(ϕ,dϕ;0,2), (A.22)

since (z−2dϕ)j = (dϕ)j+2. Therefore, when r 6= 0 and a> 1, the resulting Toeplitz+Hankel deter-
minant has symbol pair (ϕ,dϕ), with offsets r= 0 and s= 2, where both ϕ and d are of Szegö-
type.

(1B) For the case r 6= 0 and a= 1, consider the function

d(z) := zd(z;qcr). (A.23)

which has zero winding number and also satisfies d(z)d(1/z)≡ 1. So the Toeplitz+Hankel
determinant to study is

Mn = det
(
Tn[ϕ] +Hn[z

−1dϕ]
)
= Dn(ϕ,dϕ;0,1). (A.24)

So when r 6= 0 and a= 1, the associated Toeplitz+Hankel determinant has symbol pair (ϕ,dϕ)
with offsets r= 0 and s= 1, where both ϕ and d are of Szegö-type.
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(2) The case r = 0. Let q0 be such that r(q0) = 0. In this case we have

d(z;q0) :=
q20z− 1

z(z− q20)
, (A.25)

in which case, the winding number is still −2. Similar to the case (1A), consider the function

d(z) := z2d(z;q0) (A.26)

which has zero winding number and also satisfies d(z)d(1/z)≡ 1. So in this case one needs to study

Mn = det
(
Tn[ϕ] +Hn[z

−2dϕ]
)
= Dn(ϕ,dϕ;0,2), (A.27)

which is a Toeplitz+Hankel determinant with symbol pair (ϕ,dϕ) and offsets r= 0 and s= 2, where
both ϕ and d are of Szegö-type.

A.2.2. Spectral analysis of (pure) Hankel Matrices and offset pairs (0, s), s ∈ N0

The asymptotics of eigenvalues of a class of pure Toeplitz determinants were studied in [17], relying on
the fact that the characteristic polynomial

det[λI−Tn[ϕ; r]]

retains a Toeplitz structure. A natural problem, then, is to investigate the large-size asymptotic behavior
of the characteristic polynomial

det[λI−Hn[w; s]]

of the Hankel matrix Hn[w; s]. Unlike in the Toeplitz case, this characteristic polynomial no longer inher-
its the structure of Hn; rather, it is represented as a Toeplitz+Hankel determinant:

det[λI−Hn[w; s]]≡ Dn(λ,w;0, s),

with the Toeplitz symbol being the constant function λ.
In fact, this observation was the original motivation behind the Toeplitz+Hankel program initiated

in [25], continued in the present work, and to be developed further in upcoming papers. This line of
inquiry led us to study Toeplitz+Hankel determinants with non-coinciding symbols ϕ 6= w. The main
challenge in this direction is not related to offset pairs, but to the factorization of the model Riemann–
Hilbert problem introduced in [25], where the symbols do not satisfy the relation w= dϕ, unlike the
Ising model application discussed earlier. Should such a factorization be achieved, the issue of offset
pairs can then be successfully addressed using the methods developed in this paper.

Two cases are particularly of interest:

• Fourier case: If the matrix Hn[w; s] is generated by Fourier coefficients of w ∈ L1(T), then each offset
pair satisfies (0, s) 6= (1,1), calling for further analysis beyond what was carried out in [25, section 2].

• Moment case: If the matrix Hn[w; s] is generated by the moments of w ∈ L1(I) for some subset I⊂ R,
then each offset pair satisfies (0, s) 6= (1, s), and hence requires further investigation compared to the
treatment in [25, section 3].

We will return to the first challenge outlined above in a forthcoming publication. In the present work,
our focus has been on developing ideas to address the various offset arrangements.
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