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CHARACTERIZATION OF F~TEROGENEOUSLY NUCLEATED PHASE TRANSFORMATIONS AND 

CHARACTERIZATION OF ASSOCIATED MICROSTRUCTURES 
-. 

John Espinoza Sanchez, Jr. 

ABSTRACT 

Hoinogeneous and grain boundary heterogeneous nucleation and growth 

phase transformation processes have been shown to follow four distinct 

types of kinetic behavior. Kinetics are determined by processing 

treatment, interfacial and grain boundary energies, thermodynamic 

driving forces, and grairi size. Under simple assumptions the four 

kinetic processes for phase transformation produce'four distinct 

product microstructure types, the Johnson-Mehl, Boundary Saturated, 

Edge Saturated, and Corner Saturated Microstructures. 

-iv-
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1. 

I. INTRODUCTION 

The kinetics of heterogeneously nucleated phase transformations 

will be reviewed, with special emphasis applied in gaining descriptive 

information about the specific tjpes of microstructures possible under 

given kinetic conditions. Johnson and M~hl(l) and Avrami(2-4) 

originally described the nucleation and growth transformation kinetics. 

Both studies pointed out the possibility of simplifying the kinetic 

analyses of .the transformation under certain reasonable assumptions. 

(5) . ' . 
Cabn later described grain boundary nucleation, and derived general 

nucleation and transformation kinetic relations for grain boundary 

surface, grain edge, and grain corner catalyzed transformations. 

It will be shown that for the appropriate conditions, the trans-

formation processes due to the various possible nucleation sites are 

equivalent processes when measured in the regime of the appropriate 

"characteristic" scales of length and time. It follows that these , 

kinetically equivalent transformation processes produce geometrically 

equivalent final microstructures,. whose graiE size is described by or 

derivable from the characteristic length. Exhaustion of the hetero-

geneous sites, which are limited in number, is termed site saturation, 

and leads to site-specific transformation kinetics and site-specific 

final microstructures. These site dependent characteristic micros truc-

tures are described in size and morphology by the pertinent 

characteristic lengths and the prior grain size. The characteristic 

lengths and characteristic times are also utilized in simple criteria 

in a physical model of homogeneous grain boundary, edge, and corner 

nucleated transformations, for prescribing the conditions under which 



the four possible microstructure types are obtained. The four micro

structures are termed Johnson-Mehl (JH), Boundary Saturated 

Microstructure (BSM), Edge Saturated Microstructure (ESM), and Corner 

Saturated Microstructure (CSM). 

II. ASSUMPTIONS OF THE MODEL 

2. 

The essential assumptions are that the transformation takes place 

with constant nucleation rate over the possible homogeneou§l and/or 

heterogeneous nucleation sites, 'and that the growth occurs at a constant 

rate. The simplest physical case where these constraints are satisfied 

is in the example of an iSothermal nucleation~growth transition of an 

isotropic, one component polycrystalline solid, under transforination 

strain-free conditions. For this case" the growth process ~You1d be 

isotropic and linear. 

The allowable nucleation sites are: homogeneous (in the volume), 

grain boundary interfaces (in'intersections of two grains), grain 

edges (the intersections of three grains), and grain corners (four 

grain intersections). It is central to much of the following that the 

constant nucleation rates specific to each site occur randomly. It 

follows that the boundaries experience random nucleation over the 

surface, edges experience random. nuclei over their length, and corners 

experience random removal by nuclei. It is also assumed that initially 

the various site nucleation events are non-interacting. This is done 

in anticipation of the situation that, since we are dealing with 

rapidly varying exponential functions of temperature and,activation 

energies, usua'lly one nucleation mechanism will be dom'inant under the 

J '. 
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given conditions, to such an extent that we may exclude nucleation by 

all other mechanisms. In addition, all conclusions about the resultant 

transformation microstructures are drawn before any grain coarsening 

type of process ha.s occurred. Since the chemical driving force for the 

transformation is usually much larger than that for coarsening, i.e., 

the reduction of surface area on the time scale used to describe the 

transformation, the coarsening of the product microstructure will be 

slow indeed. Finally, all the information needed about the parent 

untransformed microstructure is that it have a "regular" equi-axed 

morphology, adequately described by a well defined nominal grain 

diameter, d. Then the grain boundary surface area per unit volume, (B), 

is proportional to (d)-l, the grain edge length per unit volume (E) is 

proportional to (d)-2, and the grain corner density (C) is approximately 

given by (d)-3. 

III. KINETICS 

A. Growth, Nucleation 

The growth rate is required to remain constant, independent .. of the 

nucleation site. However, it is useful to examine the effect of the 

various sites upon the nucleation kinetics. 

The simplest nucleation rate, due to site (i), for a strain-free 

nucleation event is given as~6) 

Ni = N~ v exp[-(~G: + ~g)/kT] , (1) 

v' . 
where Ni is the number of nucleation sites per volume, v is an attempt 

frequency for an atom to cross the interface be.twe~n the matrix and. 
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nucleus, ~g is the activation energy for atomic jump across the inter

* face, and ~G. is the work to form a critical nucleus on the site (i). 
1 

The first site dependent quantity, the site density, is approximately 

(2) 

where d is the prior microstructure grain size, NO is the number of 

atoms per volume, and 0 is the interfacial (grain boundary) thickness. 
o 

The symbol (i) is defined as the "dimensionality,,(5) of the nucleation 

site, and serves as a convenient index. For homogeneous nucleation, 

since it occurs in the volume, i = 3, and obviously homogeneous nuclea-

tion is grain size independent. For boundary nucleation, i = 2; for 

edge nucleation, i = 1; and for corner nucleation, i = O. 

The second site dependent quantity in the expression for the 

volume nucleation rate is the rate to form a critical nucleus on site 

* (i), ~G .• This site dependent critical work is sensitive to the grain 
1 

boundary surface tension, (7) since it is this surface energy that 

* lowers ~Gi and makes heterogeneous nucleation on grain_boundaries 

favorable. This dependence is best expressed with the ratio 

(3) 

where a gb is the grain boundary energy and aint is the interfacial 

energy between the parent and nucleating product phase. The parameter 

e is the contact angle of the nucleus on the grain boundary, and 

equation (3) holds for mechanical equilibrium of the interfacial 

junction. Since the geometries of the nuclei on the boundary, edge, 

* and corner sites get quite involved, the explicit forms for ~G. in 
1 
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terms of the ratio (crgb/2crint = cos 8) are rather lengthy. However, 

* once the pertinent values ~G. are found, it is easiest to express the 
1. 

5. 

* values ~G. as fractions of the value of the homogeneous work to form a 
1. 

nucleus, ~G;; letting K = crgb/2crint. 

where the work to form a homogeneous nucleus is as usual 

* with ~G representing the free energy change (due to phase transition) 
v 

per unit volume. The functions ~.(K) are monotonically decreasing 
1. 

functions of K, as shown in Fig. 1. For values of K other than zero 

(where ~3 = ~2 = ~l = ~O = 1), in general 

~2 > ~l > ~O 

This hierarchy of sites describes the fact that it is always energeti-

cally most favorable to nucleate on corners, while it is more favorable 

to nucleate on edg'es than on bOUI~dary surfaces, and more favorable to 

nucleate on .boundaries than in the volume, homogeneously. Fig. 2 

illustrates the morphologies of. the heterogeneous nuclei considered on 

the possible sites. 

It is then simple enough to demonstrate the obVious behavior of 

the nucleation rate as a function of relative ,catalytic potency and 

site density, Le., grain size. From the volume nucleation rate, 
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(4) 

we see that as the grain size increases, the volume nucleation rate 

-3 -2 -1 decreases as d for corners, d for edges, and d for boundaries. 
b . 

However, as 08 (K) increases, the nucleation work decreases, thereby 

increasing the nucleation rate; it is easier to nucleate on high energy 

grain intersection sites. This increase in N. due to an increase in 
~ 

cr
gb is most efficient for corners, more efficient for edges than 

boundaries, and more efficient for boundary surfaces than homogeneous 

nuclei. 

The boundary nucleation rate per unit surface area, 12, is 

related to the volume nucleation rate due to boundaries by 

. 
N2 = I 2/d 

or . 
I2 = N2 d 

The edge nucleation rate per ~~it edge length is given by 

The corner nucleation rate per corner is similarly given as 

B. Transformation Kinetics 

(5) 

(6) 

(7) 

In deriving transformation kinetics, several problems dealing 

with impingement of the growing transformed grains must be dealth with. 

Specifically, the rate of increase of transformed volume must decrease 

• 
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as a result of the cessation of growth when growing grains·intersect. 

In addition, since the untransformed volume available for 'further 

nucleation decreases with further 'transformation, the rate of appearance 

of new nuclei decreases, although the volume nucleation rate is 

constant. If the nucleation rates over the sites are r~ndom, the 

impingement problem is circumvented by employing the "extended v,?lume" 

(2-4) transformed. The extended volume is the total volume transformed 

at a given time due to all previous nucleation events, whether in a 

previously transformed region or not, and also due to continued growth 

of all grains~ even after grains intersect. Then the extended volume 

(V ) may exceed the total actual volume present for transformation. It ", e ," , 

is equivalent to ~se the transformed extended volume fraction (Xe ) , and 

the actual transformed volume fraction (X), which are related by(2) 

X(actual) = I - exp[- Xe(extended)] 

It is seen that early in the reaction, where Xe is small, X '" Xe , while' 

near completion, Xe » 1, X '" 1. However, there is a significant condi-

tion in which the assumption of random nucleation over the sites breaks 

down. In homogeneous nucleation, there is effectively continuous 

nucleation throughout the untransformed volume for the duration of the 

transformation. But it is possible that, for a limited number of 

heterogeneous nucleation sites, the nucleation rate be great enough so 

that all sites will be transformed very early in the reaction, before 

appreciable volume has transformed. This is termed "saturation"(5) of 

the heterogeneous sites, no'further nU'cleation is possible, and it is 

clear that the transformation to completion must be accomplished only 
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by growth of the present nuclei. There is a hierarchy of saturation, 

that is, exhaustion of the grain surfaces necessarily exhausts the 

edges and corners, while saturation,of the edges saturates or exhausts 

the corners. The occurrence of saturation of nucleation sites t~erefore 

alters the transformation kinetics and modifies the analysis of the 

product microstructures. Fig. 3 illustrates the saturated morphologi~s 

of boundaries and edges. 

Since saturation does. not occur for a transformation dominated by 

homogeneous nucleation, the increment of addition of transfo~ed 

extended volume fraction at time t, due to homogeneous nuclei formed at 

time T, is the product of the homogeneous nucleation rate and the 

volume of the nuclei, dX
e 

= N v(t,T)dT. 'But the volume of the nuc~ei 
3 3 

is given by 
I 

V(t,T) 

where G is the linear growth rate. Therefore, at time t 

'or for constant Nand G, 
3 

(8) 

The actual transformed volume for a transformation dominated by homo-

geneous nucleation is, 

. 1T. 3 4 = 1 - exp(- 3 N3G t ) 
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The grain boundary. edge. and corner nucleated transformation 

kinetics are. those der'ived by. Cahn. For boundary nuclei, centered on 

the grain bo~ndaries, the transformed volume increases as the new 

grains grow ~ut into the parent grain volumes. The extended volume 

fraction transformed due to boundary nuclei is 

1 .. 3 . . 
e -1/3 1 31l-x 2 l X2 = b2 a2 , 0 [1 - exp(- 1Ta2 -3- -. X (l-X)~) ]dx (9) 

with x = y/Gt, where y is the extent of growth from the boundaries into 

the grain at time t. The dimensionless nucleation rate, b2 , and the 

dimensionless time, a2 , are defined by Cahn as 

B is the boundary surface per unit volume, B = 3.5/d. I2 is the 

boundary nucleation rate per unit boundary area, and G is the growth 

rate. For low nucleation rates, or very early in the reaction (small 

t), a
2 

will be small, and equation (11) reduces to 

(10) 

e where X2 is the extended volume fraction due to an unsaturated boundary 

transformation. Saturation or exhaustion of the boundary sites will be 

expected late in the reaction (large t) or for large nucleation' rates. 

In this case, equation (9) reduces to the boundary saturated transforma-

tion rate, 

xe = 2BGt 2 

To a very good approximation, the change from an unsaturated to 

(11) 
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saturated rate occurs at the value of a2 equal to unity. For large 

nucleation rates, the boundaries saturate very early in the transfo~a-

tion, while for low nucleation rates, the boundaries saturated at or 

very near to the ~ompletion of the transformation. The condition that 

the nucleation rate be large enough to saturate the boundaries at or 

before X equal to .5 is 

(12a) 

The more stringent condition that boundaries at x equal to .2 is 

(12b) 

This saturation condition is effectively identical to equation (12a). 

Edge nuclei are puckered, cylindrically shaped grains centered on 

grain edges, Fig. 2(b). 

1 2 1 1 x~ = b~ a l { X 1 

The extended volume fraction due to edges is 

2 2 1/2 _ x2nn 1+(I-Xx2)1/2)]tdX 
exp[-a1 «1-x) N ~ 

(13) 

where x = y/Gt, and y is the extent of growth into the parent grains at 

time t. The dimensionless time aI' and the dimensionless nucleation 

rate bl , are defined by 

a = 1 

II is the edge nucleation rate per unit edge length, and E is the edge 

length per volume 

E = S.5/d2 
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For small nucleation rate~ or very early in the, reaction (small t), a
1 

is small and equation (13) reduces to the unsaturated transformation 

rate due to edge nucleation 

(14) 

. 
Saturation occurs when I1 (or N1) is large, when 

(15) 

The factor a1 is large when equation (15) holds, and then equation (13) 

reduces to the edge saturated transformation rate 

(16) 

The extended volume fraction transformed due to corner nucleation 

is 

(17) 

The dimensionless nucleation rate b
O 

and the dimensionless time a
O 

are 

defined as 

47rC -1/3 10 
b=(-) -o 3 G 

For very low nucleation rate, equation (17) becomes the unsaturated 

corner transfo~tion rate 

(18) 

when NO is large, the corners saturate when aO = 1 and the corner rate 



is 

The corner density, C, is the number of corner sites per volume, 

C = 12/d3• The corner saturation condition is 

12. 

(19) 

(20) 

In summary, the unsaturated transformation rates from each nuc1ea-

tion mechanism treated singly are of the form 

i = 0,1,2,3 (21) 

The saturated transformation rates from each site are 

(BOUNDARY) Xe = 2BGt 
2 ell) 

(EDGE) Xe = iTEG2t 2 
1 (16) 

(CORNER) Xe = 4iT CG3t 3 
0 3 

(19) 

The saturation conditions, for saturation near X = .5, are 

(BOUNDARY) (12a) 

(EDGE) (15) 

(CORNER) (20) 

Realistically, all nucleation mechanisms would be operative and 

competing during the transformation. However, it is usually the case 

that one nucleation rate is large enough to completely dominate the 
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reaction, for an unsaturated transf.ormation •. Since saturation slows 

down the transformation rate of the dominant site, it is possible that 

another site may become the dominating mechanism, creating a final 

microstructure of mixed heritage. A mixed microstructure will also 

result when there are two or more dominating nucleation mechanisms, i.e., 

several nucleation rates of the same magnitude. The simplest assump-

~ion that can be made is that one site mechanism dominates the complete 

transition reaction, by either the unsaturated or saturated kinetic 

mode. It will be shown that this assumption leads to concise criteria 

for dominant transformation mode and final microstructure type, with a 

proportionately small chance of mixed kinetics and mixed microstructure. 

The dominant unsaturated transformation, given the similarity of 

the unsaturated rates, equation (21), is determined by the greatest 

nucleation rate, 

(Ni ) maximum=> i site dominant. 

IV. CHARACTERIZING TRANSFORMATIONS 
" 

Johnson and Mehl(l) pointed out,while describing isothermal 

homogeneous nucleation and growth (N + G) kinetics, that reducing the 
• 3 -1/4 

time (t) by the factor [N3G ] reduces all homogeneous (N + G) 

processes to a single, master kinetic process. The implication is that 

all such "Johnson-Mehl" kinetics are equivalent, different from each 
. • 3 -1/4 

other only by scale factors determined by the factors [N
3
G ] The 

essential assumptions describing Johnson-Mehl kinetics are (i) nuclea~ 

tion and growth rates are constant under given conditions; (ii) random 
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nucleation events over available sites. It is obvious then that the 

homogeneously and unsaturated heterogeneously nucleated transformations 

are described by identical kinetics. For example~ the transformation 

rates due to two sites .(i) and (j) , under separate experiments, are 

X
e = N.G\4 Xe = N G3t 4 
i 1 J J 

When the time is measured, respectively, by 

the rates become 

The transformation kinetics are identical, separated only by the scale 

* 4 factor (tj/ti] , i.e. 

CG3~ [~J X
e = _i_. X~ = X

e 
i N G3 J j 

j 

* The time matrics (t. ) defined as 
1 

* (~; _ G3]-1/4 
ti ::: i = 0, 1, 2, 3 (22) 

i 

are defined as the characteristic times for the unsaturated transforma-

tions to complete. Interpreted as a relaxation time for the transition, 

* ti describes the length of time necessary to complete the transforma-

tion, 



o 0 

. t 4 
= 1 - exp(-[*] ). 

t. 
~ 

lS. 

i = 0,1,2,3 (23) 

The unsaturated transformations described by equation (23) are evidence 

of the "isokinetic range"t phenomenon described by Avrami. (2) 

Obviously, site saturat~on alters the transformation rate, and 

alters the above analysis. The saturation conditions listed above may 

be simplified, by noting that the grouping, [GIN], has dimensions of 

the fourth power of length, 

[GIN] ~ (R,) 4 

If we measure length by the characteristic length or characteristic 

* grain size, d., 
. ~ 

(24) 

for a transformation due to nucleation .on site i, then the saturation 

conditions (12a), (lS), and (20) become 

* (BOUNDARY) d/d < .0.19 (2Sa) 

(EDGE) * dl/d :< .• 32 (2Sb) 

* , 
(CORNER) dO/d < .43 (2Sc) 

As shown in Fig. S for several grain sizes, it is a good approximation 

t To quote Avrami, "For a given substance arid crystal habit, there is an 
isokinetic range of temperature and concentration throughout which the 
kinetics of phase change in the characteristic time scale·· remains 
unchanged." 
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to assume that the transformation takes place either by the unsaturated 

mode or the saturated mode. Then the numerical factors in equations 

(25) may be replaced by unity, leaving 

i = 0, 1, 2 (26) 

These approximate conditions may be interpreted as the inability to 

* fill space (i. e., grains of size d), with grains of measure d. centered 
~ 

on grain boundaries, edges, or corners. 

* The characteristic grain size, di , is interpreted as a measUre of 

the average nuclei spacing in a Johnson-Mehl kinetic reaction over the 

volUme. As such, the characteristic grain size is a measure of the 

* size of the final Johnson-Mehl microstructure. The factors d. are 
~ 

related to Avrami's factor a., which he used to describe the "isokinetic 

range," that is, a. is constant in the isokinetic range; 

If saturation occurs, equation (26) holds for the dominant nuclea-

tion site, and the growing nuclei centered on the boundaries, edges, or 

corners, may only grow out into the surrounding parent grain interiors. 

The extent of this growth is limited only by the prior grain diameter, 

d. Defining the time for a nucleus to grow across a grain (of size d) 

at a rate G, to be tS' ts = diG, the saturated transformation rates (11), 

(16) and (19) become 

(27a) 

(27b) 

'-
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(27c) 

The characterization of the possible transformations may depend 

upon the nature and magnitude of the nucleation process. For random 

site nucleation and in unsaturated conditions, the transformation is 

* characterized by. the relaxation time t. and the characteristic length 
:t. 

* , d
i

, independent of the nature of the nucleation mechanism. However, 

when the site is saturated, the transformation is characterized by a 

rate dependent upon the dominant saturated site, 

, i = 0, 1, 2 

V. CHARACTERIZATION OF MICROSTRUCTURES 

17. 

Since the unsaturated transformation rate kinetics are identically 

* * described by a factor t i , and the factor di similarly describes the 

measure of grain size of the final microstructure, we may define the 

equivalent Johnson-Meh1 process, sufficiently characterized in dimen-

* * sion and time by di and tie * As the ti's equivalently describe the 

Johnson-Mehl kinetics, we may identify the Johnson-Mehl microstructure, 

* measured by d
i

, as the product ofa J-M kinetic process. The J-M 

microstructures are geometrically equivalent, apart from scale factors 

* * determined the di's, and whose size is measured by die The relation 

* between the di and an actual grain diameter measure will in general 

depend upon the technique employed in measuring "grain size," since 

the various methods used in determining grain diameters yield somewhat 

arbitrary grain dimensions. However, the actual physical measure of 
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grain size will be some function of the characteristic length of the 

Johnson-Mehl transformation. 

With microstructure viewed in this way, it would be impossible to 

geometrically dis~inguish between J-M microstructures, other than by a 

difference in grain size. One J-M microstructure would simply appear 

to bea magnified or contracted version, depending on the scale 

factors, of other J-M microstructures. The universality of J-M micro

structures has been investigated topologically and geometrically. (8,9) 

Fig. 4(a) illustrates a computer generated Johnson-Mehl microstructure. 

* It should be noted that using the time metric t. and the length 
l. 

* metric d. reduces the nucleation and growth rates in a Johnson-Mehl 
l. 

process to unity. That is, the dependence of the J-M process upon 

* * nucleation and growth rates in the t., d. description is manifested 
l. l. 

* * * * through t., d .. 
l. l. 

The nucleation rate, N., and the growth rate, G , in 
l. 

* * * the t i , di (or ii) description are 

*3 * [~] 
3/4. 3 -1/4 

* 1 i. ti Ni 
(NiG ) 

Ni l. N. = * 3 * = = = -.- = 1 
l. 

(i/ii) (t/ti ) i 3t 3 i 3t Ni 

G 
= - = 1 

G 

In order to characterize the product microstructure due to a 

boundary saturation transformation, it is necessary to examine the 

boundary saturation process. Since the nucleation events over the 

boundary are random, the exhaustion of boundaries may be envisioned as 
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a two dimensional Johnson-Meh1 process. The characteristic (or re1axa-. 

tion) time for a volume Johnson-Meh1 process was given as 

Analogously, the characteristic or relaxation time for the two-dimen-

siona1 JQhnson-Meh1 boundary saturation process is 

(28) 

where again I2 is the boundary nucleation rate per unit bound~ry area. 

Similarly, the average spacing, or average diameter on the boundary of 

the boundary nuclei is given by 

* G 1/3 
dB = (-) 

I2 
(29) 

* The relaxation time tB gives the time at which boundary saturation 

* occurs. For t less than t B, the reaction is unsaturated, and for t 

* * greater than t B, the reaction is saturated. Since t2 represents the 

time for the unsaturated boundary nucleation dominated transformation 

* * to complete, a comparison of t2 versus tB will yield the equivalent of 

* * the saturation condition (26). When tB < t 2 , the reaction is saturated. 

Explicitly, 

* [. 3J1/4 [. 3J1/4 [:;r 3 
tB N

2
G N

2
G 

-= 
[ 2J1/3 

= 
[ . "J1/3 

= 
* t2 I 2G N dG~ 

2 

* * * Therefore, when tB/t2 < 1, or d2 < 1, the boundaries are saturated. 
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average cross sectional diameter measured by dB (in the boundary) whose 

growth into the parent grain is limited by d. Therefore, the lath or 

rod-like BSM, Fig. 3(a), is a two parameter microstructure, described 

* by the diameter dB and length d. 

The nucleation events which lead to saturation of grain edges may 

be treated as a random one-dimensional Johnson-Mehl process. The 

characteristic time for saturation of edges is 

where 11 is the edge nucleation rate per unit of edge length. The 

characteristic length of measure of the saturated edge nuclei, Fig. 3, 

on the edges is 

* G 1/2 
dE = (-) 

11 
(31) 

The equivalent saturation condition to equation (26) is when the time 

* for the unsaturated edge dominated transformation, t
l

, is greater than 

* * * the time to saturate, t E, tE/t
l 

< 1, as shown by 

* [. 3]1/4 [ 3]1/4 
tE NlG . N1G 
~ = =[ --=1 =-G-] :::"1/=2- = =-[ -=--2=-J--:l,....,/~2 = 
tl 1 Nld G 

[
G ]1/4 1 - (-) 

Nl d 

Again, the platelet-like saturated nuclei on the edges, Fig. 3(b), ar~ 

limited in radial growth only by the prior grain size d. Therefore, 

the edge saturated microstructure (ESM) is a two parameter microstruc

* ture, characterized by the thickness measure dE and the diameter d. 

• 
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The corner sites exPerience random elimination due to nucleation 

duririg'the saturation process. Corner saturation may be thought of as 

a zero-dimensional Johnson-Mehl process, a random exhaustion of corner 

points. The time to saturation of corners is obviously the inverse of 

the corner nucleation rate per corner site~ 

* t = C 
(32) , 

The size of the nuclei centered on corners will be given by 

* d = (Gil ) C 0 
(33) 

Again the-corner saturation condition, equation (26), may be equiva-

lently expressed when the time to complete the corner dominated 

* unsaturated transformation, to' is longer than the time to saturate, 

* * * t c ' tc/to < 1. The equivalence is shown by 

3/4 
= [:0] (1/d)3 = [d~/d]3 

* The dimension dC describes the average diameter of the nuclei at 

saturation. However, unlike the boundary or edge saturated nuclei, the 

sa.turated corner nuclei are not adj acent or in contact with each other 

* and may increase their dimension dC. The extent of growth of the corner 

nuclei is limited in extent to the prior grain size. Since there 
r 

would be at least several grain corners associated with each prior 

grain, some amount of grain refinement due to a corner saturated trans-

formation would occur. If the average number of corners per grain is 



\ 

ne, then the final grain diameter of the corner saturated microstruc

ture (CSM) would be approximately ~d/nC. 

Under certain conditions, it is a good approximation to assume 

22. 

that, if the corners saturate, they nucleate at the initial instant of 

* the transformation, at tc = t = O. This implies a nucleation rate of 

very large magnitude. The resultant microstructure from such a trans-

formation is the geometrical "cellular tessellation" of space, as 

referred to in topological terms. The salient feature of the cellular 

microstructure is the planar nature of the grain boundaries, Fig. 4(b). 

Since all of the grains were nucleated at the same instant, they 

impinge or intersect in straight lines (planes). The cellular micro-

h 1 b . 11 d l' 11 d' d (9,10) structure as a so een geometr~ca y an topo og1ca y stu ~e . 

It is obvious that saturated transformations would be most effi-

cient when grain refinement is a desirable effect of the transformation. 

In other words, a boundary saturated transformation will grain refine 

the microstructure to a greater extent than an unsaturated boundary 

dominated transformation will.' Similarly, an edge saturated transfor-

mation grain refines more than an unsaturated edge transformation, and 

a corner saturated transformation grain refines more than an unsaturated 

corner dominated transformation. Before estimates are made of the 

degree of grain refinement possible, it should be noted that "grain 

, refinement" describes a gross "grain density," and does not indicate 

any knowledge of the grain morphology, which may be a more important 

microstructural feature than grain size. For example, the lath-like 

Boundary Saturated Microstructure may quite possibly impart poor 

mechanical properties to the structure. 

- ~ 



o (J 
., 

t) 8 

23. 

The original prior microstructure, having an average grain 

diameter d, has as an average volume per grain 

were obviously the approximation of grains as spheres is a crude one. 

Then the average number of grains per volume is 

Also, previously given was an estimate for the boundary area (B), edge 

(E), and corner number (C), all per volume; B = 3/d;.E = 9/d
2

; C = 12/d3 . 

* But in describing the heterogeneous saturation pro~esses, dB was defined 

as the characteristic length (diameter) of the boundary saturated 

* nuclei on the boundary; and dE was defined as the characteristic 

length (thickness) of the edge saturated nuclei on the edge. If we 
.I 

* * assume dB' and dE to be, approximately, the diameter and thickness of 

the boundary and edge saturated nuclei, respectively, then the area on 

the prior grain boundaries per boundary nucleus is 

* Also, the edge length per edge nucleus is simply dE. Therefore, the 

number of boundary saturated nuclei per volume, from a prior micro-

structure of grain size d, is 

The number of edge saturated nuclei per volume is 
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E 
n = d 

The number of corner saturated nuclei per voltune is simply the number of 

C ,,3 
corners per volume, nd = l2/d. Therefore, for a prior grain density 

o of n
d

, the degree of grain refinement, due to boundary saturation, is 

and due to edge saturation, is 

and due to corner saturation is 

Again, several approximations have been utilized in this analysi~,' and 

these results ignore grain morphologies. However, the dependence of 

the degree of grain refinement upon the factors indicated is reasonable 

and is assumed to be correct. Since usually it is safe to asstune that 

a large degree of grain refinement is possible with the boundary and 

. .~ 
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edge saturated transformations, while corner saturation is limited by 

grain refinement the number of corners per grain. 

VL PHYSICAL MODEL OF HETEROGENEOUS PHASE TRANSITIONS 

AND ASSOCIATED MICROSTRUCTURES 

The condition for obtaining a Johnson-Meh1 microstructure is that 

* . the dominant nucleation site (i), given by (d.) minimum, not saturate, 
1. 

* ord./d> 1. In all cases (i = 0, 1, 2, 3), the above conditions yield 
1. 

a resultant Johnson-Meh1 (JM microstructure. 

* When the boundary sites are dominant yet saturated, (dZ) is 

* minimum; d2 < 1, and the resultant microstructure is BSM, described in 

* size by dB and d. 

* When the edges are dominant and saturated, (d
1

) is minimum; 

* * d
1
/d < 1, and the resultant microstructure is ESM, where dE and d are a 

measure of the dimensions of the grain structure. 

* When the corners are dominant and saturated, (dO) is minimum; 

* dO/d < 1, and the resultant microstructure is the CSM. These results 

are summarized in Table 1~ 

In order to explicitly determine the conditions for product micro-

structures in a physical system, several simplifying assumptions must 

be made. The necessary assumptions made earlier of constant nucleation 

rate over the sites and constant growth rate are met in the simplest 

case by considering an isothermal phase transition of an isotropic one~ 

component po1ycrysta11ine solid, where the random nucleation events 

over the possible sites are strain-free. It is assumed for this case 

that the growth rate is a linear, thermally activated interface 
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controlled process. The form of this isotropic growth rate is that as 

first described by Mott, (11) and later modified by Turnbu11(12) to give 

tJ.rr tJ.Ga 
G = vo exp(- ~)[1 - exp(kT )] ° kT 

(34) 

where v is the attempt frequency for single atom jtnnpS across an inter-

face of thickness 00' tJ.g is the activation energy for the jump process, 

and tJ.Ga is the magnitude of the free energy change, per atom, due to 

transformation. The attempt frequency, v, is given by 

v = kT/h 

where k is Boltzmann's constant, and h is Planck's constant. The jump 

(10) 
activation energy is approximately half the self diffusion energy, 

o 

and 00 is given to be SA. Usually, tJ.Ga is small enough so that the 

growth rate equation may be simp1ified(6) to 

(35) 

We further assume that the driving force for the nucleation 

(transformation), tJ.G , is sufficiently approximated by the differ~n.ce 
v 

in the Gibbs thermodynamic potentials between the metastable parent and 

stable product phases. The driving force, tJ.G , is assumed to be a 
v 

linear function of the undercoo1ing, (4) 

tJ.G = tJ.H (1 ~ 8) 
v v 

where tJ.H is the enthalpy change per volume upon transformation, and 
v 

the undercooling (8) is expressed as the reduced temperature, 8 = T/TO, 

and TO is the equilibrium transformation temperature. Further, several 
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physical parameters must be specified. In general, then, the magnitude 

of the driving force of the reaction as a function of temperature, the 

prior grain size, the growth activation energy, and the interfacial and 

grain boundary surface energies are all central parameters which 

determine the transformation behavior of the simplest polycrystalline 

solid described above. 

For purposes of calculation and simulation. of an ideal solid trans-

formation, the growth activation energy was taken to be 2.4 ergs/atom, 

which corresponds to about half the self-diffusion energy of anF. c.c. 
o 

material. The interfacial (and grain boundary) thickness is set at SA, 

o 23 and the number of atoms per volume, N , is taken as 10 per cc. The 

int 
interfacial energy, for the" surface between parent and product, cr , 

2 
is set at 600 ergs/em. It is still necessary to assign a definite 

value to the chemical driving force, ~H , since an arbitrarily large 
v 

value would lead to instant site saturation, while an arbitrarily small 

value leads to no noticeable transformation within a reasonable length 

of time. Since the term involving the homogeneous nucleation critical 

. * work, ~G3/kT, in equation (1), 

(la) 

is a maximum at e = 1/3, the homogeneous nucleation rate was set equal 

to unity at e = 1/3. A nucleation rate of unity, i.e., 1 nucleus per 

3 
em per second, is a lower limit for a nucleation event to be observed • 

. 
Thus since N3 is set equal to unity at the maximum driving force, the 

value of the chemical driving force ~H is arbitrarily but reasonably 
v 

determined by the expression 



(36) 

where k is Boltzmann's constant, and h is Planck's constant, and the 

equilibrium transition temperature is 1500oK. For the values of the 

variables above, the enthalpy change per volume is 

12 3 6H - 5 x 10 ergs/cm 
v 

Therefore, this value determines the driving force for all subsequent 

work. Computer experiments were then performed to determine the 

28. 

maximum nucleation rate as a fun·ction of grain size, undercooling, and 

. . gb int 
interfacial energy rat~o K (=a /2a ). Fig. 6 is such a plot of 

the dominant nucleation and/or transformation rates due to each site as 

a function of 8 and K, at a given grain size. Fig. 7 illustrates the 

effect of grain size upon the dominant transformation rates. The 

regions of saturation of sites, as a function of grain size, under-

cooling and interfacial en~rgy ratio may also be determined by computer 

calculation, as shown in Fig. 8 for a grain size of 5 x 10-3 em, ,and 

Fig. 9 for reasonable upper and'lower limits to grain size. Fig. 5 

illustrates the close correspondence between the exact saturation 

condition at volume fraction transformed equal to .5, equations (12a) , 

(15), (20), and the approximate saturation condition given by equation 

(26), 

i = 0, 1, 2 (26) 
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The hierarchy of saturation sites as shown in the diagrams of the 

saturation conditions results from .the fact that when boundaries 

saturate with nuclei, edges and corners also saturate. Edge saturation 

corresp.ondingly saturates and exhausts corner nucleation siteS. 

The ultimate transformation map is.a,combination of the dominant 

transformation rate condition and the saturation conditions to give a 

.total representation of product microstructures as a funct:ron of under-

cooling and interfacial energy ratio, for a given grain size. Fig. 10 

is such a microstructure map in which the regions of the four possible 

product microstructures, Johnson-Mehl, Boundary Saturated, Edge 

Saturated, and Corner Saturated (cellular), are delineated for a prior 

grain size of 5 x 10-3 cm. The area of mixed microstructure comprises 

a ,combination of regions where the satur<,'ltion of sites other than the 

dominant nucleation and t.ransformation may contribute significantly to 

the microstructure. In these mixed cases, the microstructure will be 

a simple combination of the four possible characteristic microstruc-

tures, Johnson-Mehl~ Boundary SatuFated, Edge Saturated, and Corner 

Saturated. 

The obviou:s characteristics of the microstructure region diagrams 

show the effect of heterogeneous catalytic potency, supersaturation, and 

grain size upon the relative conditions for producing possible micro-

structures. Figs. 11 and· 12 show microstructure regions for large and 

small extremes of grain size. However, the obvious tendencies of the' 

transformation behavior as affected by the above variables are general 

to all plots. 
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At lower supersaturations (8 '" 1), the lower dimensional (edge, 

corner) nucleation events energetically dominate. That is, .where the 

driving force is low, transformation and microstructure are due to 

energetically favorable conditions. At large supersaturations, i.e., 

large driving force, energetic favorabilities are less dominant in 

favor of the influence of the density· of sites. The large driving 

force produces copious nucleation on all sites, and dominance is due to 

the offsetting dendency of the largest density of sites. However, when 

the grain size is large, the heterogeneous site density is low, and 

homogeneous nucleation dominance occurs for relatively large ranges of 

K and 8. Similarly, at small grain size, heterogeneous nucleation 

dominates at the expense of homogeneous events. 

The catalytic potency of heterogeneous nucleation increases as the 

grain boundary surface energy (i.e., K) increases. However, this . 
effective increase in the nucleation rate as agb increases drives the 

reaction toward the saturated mode, where the BOUNDARY> EDGE> CORNER 

hierarchy exists. Therefore the BSM region dominates the saturation 

region. It is also evident that as the grain size decreases, satura-

tion of sites is less likely to occur. However, of the three variables 

considered, K(agb), 8, grain size, the prior grain size has the least 

effect upon the transformation mode and final microstructure. 

Table 1 summarizes the possible microstructure types as a function 

of domiriant nucleation site and transformation mode. 
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.VII. SUMMARY 

The kinetics of grain boundary nucleated phase transitions were 

shown to yield characteristic parameters which describe the pertinent 

f Johnson-Mehl transformation, the Boundary Saturated Transformation, the 

Edge Saturated Transformation, and the Corner Saturated (Cellular) 

Transformation~ The. distinctive transformation and saturation 

processes produce characteristic grain dimensions which describe the 

sizes and some qualitative morphologies of the product JM, BS, ES, and 

CS microstructures. Simple criteria for determining conditions at which 

each characteristic microstructure is produced were found. These 

criteria were easily displayed as relative microstructure regions 

dependent upon prior grain size, undercooling, and interfacial energy . . 

ratio, for given chemical driving force and growth activation energy. 
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TABLE 1. CHARACTERISTIC MICROSTRUCTURES 

TRANSFORMATION r10llE 

UNSP.TURATED SATURATEn 

H- H J M H J M 

B- B J M B S r1 

E-
, 

C- C J ~1 C S r'.1 

(CELLULAR) 

(HJBJEJC)JM -HOMOGENEOUSJ BOUNDARYJ EDGEJ OR CORNER 

NUCLEATION DOMINATED JOHNSON-MEHL 

MICROSTRUCTURE 

BSM - BOUNDARY SATURATED MICROSTRUCTURE 

ESM - EDGE SATURATED MICROSTRUCTURE 

CSM - CORNER SATURATED MICROSTRUCTURE 
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FIGURE CAPTIONS 

Fig. 1. Variation of the relative heterogeneous nucleation work, <1>i' 

with the interfacial surface energy ratio, K = agb/aint, for 

boundary (i = 2), edge (i = 1), and corner (i = 0) sites 

(after CAHN). 

Fig. 2. Heterogeneous nuclei morphologies, showing equilibrium 

configurations, c for a) boundary, b) edge, c) corner nuclei 

(after CLEM, FISHER). 

Fig. 3. (a) Lath-like saturated boundary nuclei morphology. 

(b) Platelet-like saturated edge nuclei morphology. 

Fig. 4. Computer generated examples of final microstructures. 

35. 

(a) Johnson-Mehl microstructure, in general curved inter-grain 

boundaries. 

(b) Corner saturated (cellular) microstructure with planar 

phase boundaries (courtesy of K. W. MAHIN). 

Fig. 5. Comparison of exact (at X(real) = .5) saturation conditions 

(equations l2b, 15, and 20) versus approximate saturation 

condition (equation 26)' for large and SI!lall grain size. 

K = agb /2aint • 

Fig. 6. Computer generated plot of dominant nucleation conditions for 

-3 grain size of 5 x 10 cm. 

Fig. 7. Computer generated plots of dominant nucleation conditions for 

-1 -6 grain sizes of (a) 5 x 10 crn and (b) 5 x 10 em. 

Fig. 8. Computer generated plot of approximate saturation conditions 

-3 for prior grain size of 5 x 10 cm. 
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Computer generated plots of approximate saturation conditions 

for prior grain sizes of (a) 5 x 10-1 cm and (b) 5 x 10-6 em. 

Fig. 10. Total microstructure map illustrating the regions (i.e. ~ 

conditions) producing mixed and four distinct microstructure 

for a grain size of 5 x -3 types 10 em. 

Fig. 11. Total microstructure plot for grain size of 5 x·lO-l cm. 

Fig. 12. Total microstructure plot for grain size of 5 x 10-6 em. 
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DOMINANT NUCLEATION CONDITIONS 
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