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Abstract
Machine Learning Methods Through the Lens of Infinite-Dimensional Lasso
by
Dohyeong Ki
Doctor of Philosophy in Statistics
University of California, Berkeley

Professor Adityanand Guntuboyina, Chair

We study a class of regression methods in machine learning that construct estimators as
finite linear combinations of data-adaptively selected atoms, particularly multivariate adap-
tive regression splines (MARS) and one of the most widely used gradient boosting methods,
XGBoost. Despite their popularity and empirical success, the theoretical properties of these
methods remain poorly understood, largely due to the greedy procedures used in their esti-
mator construction, which make rigorous analysis challenging.

We study these methods through a unifying infinite-dimensional optimization framework, in
which functions are expressed as integrals of atoms with respect to finite signed measures.
Within this framework, we consider a natural complexity measure given by the total vari-
ation of the representing measure, which serves as an infinite-dimensional analogue of the
¢! norm of finite-dimensional coefficient vectors. This leads to an infinite-dimensional lasso
formulation, which provides an idealized optimization perspective on these methods while
abstracting away the greedy procedures used in practice.

We apply this framework to MARS and XGBoost. For MARS, it yields a variant of the
original method that is amenable to theoretical analysis and can perform competitively
in practice, albeit at higher computational cost. For XGBoost, it yields an optimization
problem equivalent to the original formulation, but posed over a larger function class. This
clarifies the function class implicitly underlying the method. In both settings, we show that
the associated function classes and complexity measures admit characterizations in terms
of smoothness. These results highlight a previously underappreciated connection between
MARS, XGBoost, and smoothness-based nonparametric regression.

We also introduce a related shape-constrained regression method, termed totally concave
regression, obtained by imposing sign constraints on the representing measure rather than
the total variation constraint. It provides a multivariate extension of concave regression
that differs from existing approaches based on classical notions of concavity. The proposed



method overcomes several limitations of classical approaches and offers a computationally
and theoretically attractive alternative in multi-dimensional settings.

We study the statistical properties of the resulting constrained least squares estimators for
all three methods—MARS, XGBoost, and totally concave regression. We show that our
variant of MARS and totally concave regression can be computed via convex optimization,
although they are formulated as infinite-dimensional optimization problems. Moreover, we
establish rates of convergence for all three methods under standard regression models. In
particular, we show that these estimators achieve nearly dimension-free rates, up to logarith-
mic factors. These results provide theoretical support for the effectiveness of these methods,
complementing their strong empirical performance.
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Chapter 1

Introduction

Given data (x™M,y1),...,(x™,y,), where x®) € R? and y; € R, a large class of regression
methods in machine learning constructs estimators of the form

K

Fx) = crAr(x), (1.1)

k=1

where ¢, are real coefficients and A;, are real-valued functions—often referred to as atoms
or basis functions—chosen in a data-adaptive manner. Prominent examples include multi-
variate adaptive regression splines (MARS) [53], boosting [50, 52], as well as random forests
[19]. For MARS, the atoms are hinge functions of the form

(xj —t)4 :=max(0,z; —t) or (t—z;); = max(0,t — x;)

where t € R is referred to as a knot, together with products of such hinge functions. For
tree-based boosting (e.g., [52, 29, 77, 123]) and random forests, the atoms are decision trees.

In many settings, the collection of candidate atoms is infinite (or finite but very large).
For example, in tree-based boosting, the space of decision trees is infinite. While one may
restrict split thresholds for decision trees to a finite set determined by the data, the resulting
collection of trees remains extremely large. As a result, constructing an estimator of the form
(1.1) requires selecting a finite subset of atoms from an infinite (or very large) collection, along
with determining their coefficients. While the richness of the collection provides flexibility, it
also poses computational challenges. Many machine learning methods address this through
greedy procedures, such as stagewise selection or boosting, which iteratively select and add
reasonably good (though not necessarily optimal) atoms to the estimator.

While such methods provide computationally tractable procedures for constructing es-
timators of the form (1.1), their theoretical properties are often not well understood. The
use of greedy procedures makes the resulting estimators difficult to analyze, and a precise
characterization of their statistical behavior remains elusive in many settings. In particu-
lar, it is often unclear what optimization problems these methods are implicitly solving, or
whether the underlying objectives can be explicitly formulated. Moreover, there is limited
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understanding of the classes of functions to which these methods are well suited, and the
conditions under which they are expected to perform well.

In this thesis, we take a step toward addressing these questions, focusing in particular
on multivariate adaptive regression splines (MARS) [53] and one of the most widely used
tree-based boosting methods, extreme gradient boosting (XGBoost) [29], by identifying and
studying their underlying function classes and optimization problems. We study MARS in
detail in Chapter 3 and XGBoost in Chapter 5.

Both methods construct estimators of the form (1.1), where the atoms A are hinge
functions or their products for MARS, and decision trees for XGBoost. In both cases, the
atoms can be indexed by a continuously varying parameter t € D and can be written as Ag
for some topological space D. For MARS, this parameter t corresponds to knot locations
(see Chapter 3), while for XGBoost, it corresponds to split thresholds for decision trees (see
Chapter 5). Using this notation, (1.1) can be written as

) =3 e (x) (1.2)

for some tq,.... tx € D.

Although the estimator is always a (finite) linear combination of atoms as in (1.2), the
fact that D can be infinite and that the locations of t; are unknown makes analysis of
these methods challenging. One way to circumvent this difficulty is to consider relaxations
that allow for infinite linear combinations of atoms. In contrast to finite linear combinations,
which are parameterized by finite-dimensional coefficient vectors, infinite linear combinations
are represented using finite signed (Borel) measures. Specifically, for the atoms Ag, such
representations take the form

£ (x) = /DAt(x) dv(t), (1.3)

where v is a finite signed (Borel) measure on D. This formulation can be viewed as a contin-
uous generalization of finite linear combinations. Indeed, when v is a discrete signed measure
supported on ty,...,tx € D with v({tx}) = ¢k, we recover (1.2). Since the coefficients ¢
can be both positive and negative, here the measure v should be a signed measure rather
than a nonnegative measure.

Let F denote the class of all such infinite linear combinations (1.3). A natural estimator
over this class F is the least squares estimator, defined as

argminz (yi — f(X(i)))Q.

feF

However, due to the richness of the collection of atoms, this least squares estimator can easily
overfit the data. To address this issue, one needs to control the complexity of the functions
under consideration. In this framework, this can be achieved naturally by constraining the
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total variation of the signed measure v in the representation (1.3). Specifically, we define
the complexity of a function f € F as

V(f) = i {A|(D) : £, = f}. (1.4)

Recall that for a finite signed measure v on a measurable space €2 with Jordan decomposition
v = vt —v~, the variation of v is defined as |v| = v +v~, and the total variation of v is given
by |v|(€2). Here, the infimum is taken because a function may admit multiple representations
of the form (1.3). If the representation is unique, the infimum can be dropped. This is
the case for MARS, but not for XGBoost. One may also choose to leave certain atoms
unconstrained and exclude them from the definition of the complexity measure. For MARS,
we will leave the constant term and multi-affine terms unconstrained, while for XGBoost,
only the constant term is excluded from the complexity measure (see Chapters 3 and 5).

This complexity measure V(-) can be viewed as a continuous extension, or an infinite-
dimensional analogue, of the ¢! norm on finite-dimensional vectors. For ease of discussion, let
us momentarily assume that the representation (1.3) is unique, so that the infimum in (1.4)
is not needed. In this case, if the signed measure v is discrete and supported on tq,...,tg
with v({ty}) = ¢ so that f, reduces to (1.2), the complexity of f, coincides with the ¢!
norm of the coefficient vector (ci, ..., ck):

V(fl,) = Z |Ck’

An analogous result continues to hold even when the representation is not unique and the
infimum is necessary (see Theorem 14).
With this complexity measure, we define the constrained least squares estimator as

Any € argmin { Z (yi — f(x(i)))2 cfeFand V(f) < V}, (1.5)
!

i=1

where V' > 0 is a tuning parameter. For MARS, this estimator yields a variant of the
original method that is more theoretically tractable, albeit computationally more expensive
(see Chapter 3). For XGBoost, this estimator corresponds to the target optimization problem
described in the original paper [29], which is approximately solved via their greedy boosting
algorithm (see Chapter 5).

In light of the connection between the complexity measure V() and the ¢! norm, the
optimization problem (1.5) can be viewed as an instance of an infinite-dimensional lasso
problem. Similar infinite-dimensional lasso frameworks have been extensively studied in
the inverse problems literature, particularly in the context of super-resolution, where one
seeks to recover high-resolution signals from low-resolution observations (see, e.g., [35, 18,
11, 24, 142, 45, 36, 37, 119, 33, 38, 118]). In this line of work, inverse problems over
the space of measures are formulated as infinite-dimensional analogues of finite-dimensional
¢! regularization problems, in a manner analogous to our setting. The total variation of
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measures is used as a regularizer extending the ¢! norm to this setting, thereby promoting
sparsity at the level of measures. Such problems, particularly in their regularized form, are
also commonly referred to as Beurling lasso (BLASSO) in the literature. Infinite-dimensional
lasso frameworks have also appeared in the statistical learning and approximation theory
literature [125, 4, 111, 117, 114, 115, 116, 147, 135], though with different choices of atoms
than in our work, most commonly those associated with single-hidden-layer neural networks.

Since the function class F is defined in a constructive manner, it is often not straightfor-
ward to determine whether a given function belongs to F or not. Moreover, the constructive
definition provides limited insight into how similar or different F and the complexity V()
are to other function classes and complexity measures studied in the literature. One of the
main contributions of this thesis is to provide alternative characterizations of F and V'(-) in
terms of smoothness of functions.

We show that, for MARS and XGBoost, the complexity measure V(-), and hence the
function class F, can be characterized using mixed partial derivatives

p1+-+pa
f® = oy (1.6)

B ORG

with a fixed maximum order max; p;. Specifically, for MARS, we show that the complexity
of f can be characterized by the L! norms of mixed partial derivatives of f of maximum order
two (see Section 3.1). For XGBoost, we show that the complexity measure is closely related
to the L' norms of mixed partial derivatives of maximum order one (see Section 5.2). These
results imply that, for a sufficiently smooth function f, it belongs to F if and only if it has
bounded L' norms for mixed partial derivatives of maximum order one (for XGBoost) or two
(for MARS). This suggests that the function class F becomes increasingly restrictive as the
dimension d increases. Note, in particular, that the total order > i bj of partial derivatives
in the characterization can be as large as 2d for MARS and d for XGBoost.

However, these results should be interpreted with some caution. First, although the
total order of partial derivatives scales with d, the order of each partial derivative is always
bounded by one (for XGBoost) or two (for MARS), which prevents the function class F
from becoming overly restrictive. More importantly, the above characterizations apply only
to smooth functions. The function class F also contains non-smooth functions for which
mixed partial derivatives are not even defined. Indeed, the atoms Ay and their finite linear
combinations (1.2), which may constitute a particularly important subclass of F, are non-
differentiable in the case of MARS and discontinuous in the case of XGBoost.

Such L% norm constraints on mixed partial derivatives, and the corresponding function
classes, have been extensively studied in approximation theory (see, e.g., [40, 23, 43, 143]),
where they are known to mitigate the curse of dimensionality to some extent from the
perspective of approximation and interpolation. However, they have received comparatively
little attention and remain largely underexplored in statistics. In our setting, the alternative
characterizations of the function class F and the complexity measure V(-) via mixed partial
derivatives reveal a previously underappreciated connection between MARS and XGBoost
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and nonparametric regression methods based on smoothness constraints. They provide a
novel perspective on MARS and XGBoost, which are often regarded as purely algorithmic.

Instead of imposing the total variation constraint, one may impose a sign constraint on the
measure v. In other words, one may restrict v in the representation (1.3) to be a nonnegative
(or nonpositive) measure. In the discrete formulation (1.2), this corresponds to nonnegative
(or nonpositive) finite linear combinations of atoms. Such constraints control the shape of the
function rather than its complexity, thereby leading to shape-constrained regression methods.
Shape-constrained regression seeks to estimate functions under qualitative constraints such
as monotonicity and convexity, often without requiring tuning parameters (see, e.g., [67, 129]
and references therein).

Applying this idea to the collection of atoms underlying MARS, we obtain a novel mul-
tivariate concave (or convex) regression method. This method is closely related to a less
commonly used notion of concavity known as total concavity [120, 54|, and is therefore re-
ferred to as totally concave regression. Total concavity is a multivariate generalization of
univariate concavity. However, unlike classical notions of multivariate concavity, it is not
characterized by the Hessian of functions. Instead, as in the case of MARS, it admits a
characterization in terms of mixed partial derivatives of maximum order two. The difference
from MARS is that these mixed partial derivatives are now required to be nonpositive, rather
than having their L' norms constrained. Totally concave regression overcomes several lim-
itations of existing multivariate concave (or convex) regression methods based on classical
notions of concavity, and provides a compelling alternative in multi-dimensional settings.
We introduce and study this method in detail in Chapter 4.

One challenge associated with the optimization problem (1.5), as well as its counterpart
with a nonnegative measure (without the total variation constraint), is the computation
of the estimator. These problems are infinite-dimensional, in the sense that the number
of parameters to be determined is infinite. One may wish to invoke representer theorems
for inverse problems on the space of measures, such as those in [148, 47, 15, 16], possibly
under some additional assumptions on the parameter space D. However, unlike representer
theorems for kernel methods in reproducing kernel Hilbert spaces, these results only guar-
antee the existence of sparse solutions of the form (1.2), and do not provide guidance on the
optimal locations of t, ..., tg.

Fortunately, for MARS and totally concave regression, the solution to (1.5), as well as
its sign-constrained variant, can be computed via convex optimization. More precisely, the
measure v in (1.3) can be restricted to be a discrete measure supported on a finite set with
a lattice structure determined by the observations x™) ... x(™ (see Section 3.2). However,
the resulting finite-dimensional convex optimization problems often involve a large number
of parameters, and thus remain computationally demanding, especially when the number
of observations n and the covariate dimension d are large. To address this issue, we also
develop an approximate method for both MARS and totally concave regression, based on a
coarse proxy lattice support for the measure. This approximation can also be computed via
convex optimization and is scalable to larger datasets.

The same idea applies to XGBoost. However, in contrast to MARS and totally con-
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cave regression, where we develop new variants and methods based on (1.5), in the case of
XGBoost, (1.5) corresponds precisely to the target optimization problem described in the
original XGBoost paper. Since our focus is not on developing alternative computational
methods for XGBoost, we do not pursue this direction further.

One of the main contributions of this thesis is a theoretical analysis of the accuracy of
the estimator fffy (defined in (1.5)) for all three methods: MARS, XGBoost, and totally
concave regression. In particular, under the standard regression model with either fixed
or random design for x(, ... x(™ and under the well-specified assumption that the true
regression function belongs to F, we show that the estimator fiv achieves nearly dimension-
free rates of convergence (see Sections 3.3, 4.3, and 5.3). Specifically, we prove that the rate
of convergence of f,‘fyv is n~%5 for MARS and totally concave regression, and n~=2/3 for
XGBoost, up to logarithmic factors whose exponents depend on d. These rates indicate that
Any avoids the curse of dimensionality to some extent.

These results also suggest that the function class F is sufficiently regularized in higher
dimensions, which is consistent with the smoothness characterizations in terms of mixed
partial derivatives (1.6). In fact, the above rates can be explained at an intuitive level
through these characterizations. Recall that the total order of partial derivatives in the
characterizations can be as large as 2d for MARS and d for XGBoost. Substituting these
values into the classical nonparametric rate of convergence n=2¢/24+4) with ¢ = 2d for MARS
and ¢ = d for XGBoost, yields the above convergence rates (up to logarithmic factors).

Taken together, our results suggest that our approach and the corresponding estimator

ffy, particularly in the case of MARS and totally concave regression, can serve as a useful
regression method. More broadly, they also provide theoretical insights, albeit indirect,
into the empirical success of MARS and XGBoost in practice, which has thus far received
relatively limited theoretical understanding.

The remainder of the thesis is organized as follows. In Chapter 2, we briefly review
Hardy—Krause variation, which plays a key role in the alternative characterizations of the
function classes F and the complexity measures V(-) for MARS and XGBoost developed
in the following chapters. Chapter 3 presents results on MARS from [79], while Chapter 4
studies totally concave regression and presents results from [80]. Chapter 5 is devoted to our
analysis of XGBoost from [81]. The thesis concludes with a discussion of the applicability
and limitations of our approach.

N



Chapter 2

Hardy—Krause Variation

Before we study MARS and XGBoost through the infinite-dimensional lasso framework
introduced in the previous chapter, we briefly review Hardy—Krause variation and some of
its properties. Hardy—Krause variation is a multivariate generalization of univariate total
variation, and it plays a key role in alternative characterizations of the function classes
F (defined in (1.3)) and the complexity measures V() (defined in (1.4)) for MARS and
XGBoost. Specifically, it connects the constructive definitions of F and V (-), given in terms
of signed measures, with characterizations based on smoothness, particularly those involving
mixed partial derivatives (1.6).

Hardy—Krause variation is typically defined for functions on bounded axis-aligned rect-
angles, such as [0,1]¢. We will need this standard version for MARS in Chapter 3, where
the covariate domain will be restricted to [0, 1]¢. Standard references for such Hardy—Krause
variation include [93, 113, 1]. However, we will also need Hardy—Krause variation on the
entire space R? for XGBoost in Chapter 5, where no further restriction will be imposed
on the covariate domain. We therefore first review the standard definition on compact do-
mains in Section 2.1, and then introduce a natural extension to R? in Section 2.2. We also
present a key property of Hardy—Krause variation that enables it to play its role in the
infinite-dimensional lasso framework.

2.1 On Bounded Axis-Aligned Rectangles

We first recall Vitali variation and several related concepts, which form a key building block
for the definition of Hardy—Krause variation.

Definition 1 (Quasi-volume). For (uq,...,un), (v1,...,0,) € R™ with u; < v; for all
j € [m] = {1,...,m}, the quasi-volume of a real-valued function g over the axis-aligned
rectangle T[72, [uj, v;] is defined by

A(g; H[uj, vj]> = Z (—1)0rtFom g((1 = 61)vr + Grun, -, (1= 6)0m + Gt -

Jj=1 6e{0,1}m
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Definition 2 (Axis-aligned split). Let (uq,...,uy,) and (vi,...,v,) be vectors in R™ with
u; <wj for all j. A collection P of subsets of H;nzl[uj, v;] is called an azxis-aligned split if it
consists of rectangles of the form

H wy’ 71,wl( 9 forl; € [n;] and j € [m], (2.1)
7=1

where, for each j € Im], u; = w(()j) <w? <. < wg.) = v; 1s a partition of [u;,v;].

Definition 3 (Vitali variation on bounded axis-aligned rectangles). The Vitali variation of
a real-valued function g on [[;_,[u;, v;] is defined by

Vit(g;H[quﬁ]) = Supz |A(g; R)I,

j=1 ReP
where the supremum is taken over all azis-aligned splits P of H;":l[uj, vj].

Vitali variation is closely related to mixed partial derivatives (1.6). Specifically, if ¢
is sufficiently smooth, then the Vitali variation of g on [[}_,[u;,v;] admits the following
representation (see, e.g., [113, Section 9]):

Vit(%ﬁ[%’a%]) :/m

Jj=1

9(x) ‘ dx. (2.2)

;0,1 ‘81‘1 -0,
We are now ready to define Hardy-Krause variation on bounded axis-aligned rectangles.
Its definition requires specifying an anchor point among the vertices of the rectangle. For
example, when the domain is [0, 1]¢, the anchor point is chosen from {0,1}¢, and it is
commonly taken to be the lower-left corner 0 = (0,...,0).
Let f be a real-valued function on H;.lzl[uj, v;], and let a = (aq,...,aq) € H?Zl{uj, v;}
be the anchor point. For each S C [d], define

fglj7jesc)(xj,j €8)=f(z;,j € S;aj,7 €85 for(xj,j€S8)e€ H[uj,vj].
jes

This function may be viewed as the restriction of f to the section of the domain obtained
by fixing the coordinates in S¢ at the anchoring values a;.

Definition 4 (Hardy—Krause variation on bounded axis-aligned rectangles). The Hardy—Krause
variation of a real-valued function f on H;l:l[uj, v;] anchored at a is defined by

]—[Ka<f;f[[uj,vj]> Z Vu( a jese) H[Ujavj]>7

0£SC[d]

where the summation is taken over all nonempty subsets S C [d].
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In words, the Hardy—Krause variation of f is the sum of the Vitali variations of restrictions
of f to sections of the domain obtained by anchoring some coordinates at a;. This explains
the terminology “anchor” for a. For sufficiently smooth functions f, applying (2.2) to each
term yields

ol .
Ka<f;H uj,vj Z / | ’H f(aﬂesp)(xj,] € S)|d(x;,jeS). (2.3)
j= ]ES [ujv;

P£SC[d] JGS

Observe that the integrands in (2.3) are mixed partial derivatives of f in which each coor-
dinate is differentiated at most once, while the coordinates that are not differentiated are
anchored at a;. This characterization of Hardy—Krause variation for smooth functions high-
lights the close connection between Hardy—Krause variation and mixed partial derivatives
(1.6) of maximum order one.

This classical version of Hardy—Krause variation has also recently been used for nonpara-
metric regression. In particular, [46] studied least squares estimation under a Hardy—Krause
variation constraint, which they referred to as Hardy—Krause variation denoising. Hardy—Krause
variation denoising can also be formulated within the infinite-dimensional lasso framework
(1.5). The atoms of the method are functions on [0, 1] of the form

d

A(x) = [J1(z; = ), for t = (t1,...,ts) €[0,1]%,

=1

and the estimator is a finite linear combination of these atoms (and hence piecewise con-
stant). For functions represented as infinite linear combinations (1.3) of Ag, the associated
complexity measure (1.4) (excluding the constant term corresponding to Ag) coincides with
Hardy—Krause variation.

Moreover, in light of the smoothness characterization (2.3), Hardy—Krause variation de-
noising can also be viewed as a nonparametric regression method that constrains mixed
partial derivatives of maximum order one. As in the case of MARS and XGBoost, briefly
discussed in the Introduction, this suggests that the associated function class becomes in-
creasingly restrictive as the dimension d grows, and helps explain the dimension-free rate
n~2/% (up to logarithmic factors) of the estimator established in [46].

A slight variant of Hardy—Krause variation denoising, together with the corresponding
regression method, has also been studied in [8, 90, 130], among many others. In this liter-
ature, the complexity measure and estimation method are referred to as sectional variation
and highly adaptive lasso, respectively. The main difference between Hardy—Krause varia-
tion and sectional variation is that the former leaves the intercept unconstrained, whereas
the latter constrains the intercept as well.

In Chapter 3, we will use Hardy—Krause variation on [0, 1]¢ to illustrate alternative char-
acterizations of the function class (1.3) and the complexity measure (1.4) for MARS. In
particular, we will see that the complexity measure V() can be viewed as a second-order
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analogue of Hardy—Krause variation, and the corresponding estimator (1.5) as a second-order
version of Hardy-Krause variation denoising.

We close this section by presenting a property of Hardy—Krause variation that helps
explain why it naturally appears in the context of the infinite-dimensional lasso frame-
work (1.5). The following theorem shows that every right-continuous® function with finite
Hardy—Krause variation anchored at the lower-left corner can be represented as the cumu-
lative distribution function of a finite signed measure on the same domain. This result also
establishes a precise relationship between the Hardy—Krause variation of the function and the
total variation of the corresponding signed measure. This connection between Hardy—Krause
variation and signed measures underlies its natural appearance in the infinite-dimensional
lasso framework, where functions are represented through the integral representation (1.3)
over signed measures and the complexity measure (1.4) is defined in terms of the total varia-
tion of the representing measure. Analogous results to Theorem 1 also hold for other choices
of the anchor point under slightly different one-sided continuity conditions.

Theorem 1 (Theorem 3 of [1]). Suppose f : [[;_,[u;,v;] — R is right-continuous and has
finite Hardy—Krause variation anchored at a = (uy,...,uy). Then, there ezists a unique
finite signed (Borel) measure v on []}", [uj, v;] such that

flzy,. . xy, (Hu],xj> for (z1,..., 2y EHu],vj (2.4)

Conversely, if [ is of the form (2.4), then f has finite Hardy—Krause variation anchored at

" b (TTow 1) = 55 T ) + 10

Jj=1

2.2 On the Entire Space R

The standard definition of Hardy—Krause variation on bounded axis-aligned rectangles is
sufficient for our study of MARS in Chapter 3. However, for our study of XGBoost in
Chapter 5, where we work with functions defined on the entire space R?, we need a notion
of Hardy-Krause variation on RY. We therefore make slight modifications to the standard
definitions introduced in the previous section to accommodate the unbounded domain R¢.
We begin with the definition of Vitali variation.

Definition 5 (Vitali variation on R™). The Vitali variation of a real-valued function g on
the entire space R™ s defined by

Vit(g) = sup Vit(g, ﬁ [w;, v; )

H;nzl [uj,v;]CR™ =1

!Throughout this thesis, the term “right(left)-continuous” refers to coordinate-wise right(left)-continuity.
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Similarly to (2.2), for sufficiently smooth functions g, the Vitali variation of g on R™ can

be expressed as
Lo "g(x)
vlt(g)_/Rm axlmazm]dx. (2.5)

Using this Vitali variation, we define Hardy-Krause variation on the entire space R?. As
in the case of bounded axis-aligned rectangles, an anchor point must be specified. In the
present setting, where there is no natural boundary, the anchor point needs to be placed
at infinity (either —oo or +00), and this requires functions to be suitably well behaved at
infinity, in the sense described below.

Let a = (ay,...,a4) € {—00, +00}? denote the anchor point. For each coordinate, there
are two possible choices: —oo or +o0o. For a function f : R — R, a subset S C [d] with
S¢:=[d]\ S, and (z;,7 € S) € RI¥I| define

S . .
csey(xi, g€ 9) = lim T1yeeesXg). 2.6
f(a],JES )( 3> J ) (ijeSC)ﬁ\(aj’jeSC)f( 1 d) (2.6)
Rather than fixing the coordinates in S¢ at the anchoring values a;, here we take limits in

the directions determined by a;. For each S C [d], we say that the function f(*z is well

j,jGSC)
defined if the above limit exists and is finite for all (z;,5 € S) € RIS/, When these functions

are well defined for all S C [d], Hardy—Krause variation on R? is defined as follows.

Definition 6 (Hardy—Krause variation on RY). Fir a € {—o0, +o0}?. Let f:RY — R be a
function for which fa-,jeSC) is well defined for all S C [d]. The Hardy—Krause variation of
f anchored at a is deﬁned by

HEL(f) = ) Vit(f, jese)-

0£5Cd]

As in (2.3), when f is sufficiently smooth, (2.5) implies that HK,(f) admits a represen-
tation as a sum of integrals of mixed partial derivatives of maximum order one:

9l8]
HEK. (/) = [ seso (55,5 € 8)| (w5 € ). .
@¢SZ§[d] RIS ‘Hjesaxj (aj.jese)\ T ;

In Chapter 5, we will see that the function class (1.3) and the complexity measure (1.4)
for XGBoost are closely related to Hardy Krause variation on R?  Specifically, we will
show that the function class can be precisely characterized as the class of functions with
finite Hardy—Krause variation satisfying certain one-sided continuity conditions, and that the
complexity measure is within a constant factor (depending on d) of Hardy—Krause variation.
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Chapter 3

Multivariate Adaptive Regression
Splines (MARS)

Multivariate adaptive regression splines (MARS) [53] is a classical machine learning method
for regression. Given data (x(V),4,),..., (x™,y,), where x®) € R? and y; € R, MARS fits a
finite (often sparse) linear combination of atoms of the form

(X1, ..., Tq) — H ag; () (3.1)

jes
where S C [d] := {1,...,d} and
ai(x) =(x—t); or ax)=(t—2x)y forzeR.

Here, ()4 := max(-,0), and the function a; is called a hinge function (often referred to
as a ReLU function in the machine learning literature) with knot ¢. In words, the atoms
of MARS consist of hinge functions along each coordinate and their products. Using these
atoms, MARS aims to capture nonlinear and nonadditive relationships between the response
y and the d-dimensional covariate x = (z1,...,x4). The nonlinearity of the hinge functions
and their product form enable MARS to model nonlinear patterns and interactions among
covariates, while the simple structure of the atoms helps preserve model interpretability.

To fit a finite linear combination of these atoms, MARS employs a greedy forward-
backward procedure similar in spirit to stepwise linear regression. Starting from a constant
function, MARS iteratively augments the current model by adding new atoms chosen to
achieve the largest reduction in residual sum of squares among a candidate set of atoms of
the form (3.1). Typically, one also restricts attention to atoms involving at most s hinge
functions for a pre-specified integer s > 1 (most commonly, s = 2), that is, the atoms
(3.1) with |S| < s, where |S| denotes the cardinality of S. In words, this corresponds to
restricting attention to interactions among covariates of order at most s. After a sufficiently
rich collection of atoms has been generated in this forward stage, MARS applies a backward
pruning procedure to remove superfluous atoms from the model. We refer to [53, Section
9.4] for a detailed description of the MARS fitting algorithm.
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Although MARS has enjoyed considerable success and has been widely used since its
introduction in 1991, the greedy nature of its algorithm has made rigorous statistical anal-
ysis of the method challenging. In this chapter, building on the infinite-dimensional lasso
framework via measures discussed in the Introduction, we propose a variant of MARS that
can be computed through convex optimization and is substantially more amenable to the-
oretical analysis. We further show that this variant often performs comparably to, and
sometimes better than, the usual MARS algorithm in practice, albeit at a higher computa-
tional cost. Through both theoretical analysis and numerical experiments, we demonstrate
that our lasso-based variant of MARS can serve as an attractive alternative to the classical
MARS algorithm, much as lasso serves as an alternative to stepwise linear regression.

In order to apply the lasso-based framework to MARS, we first normalize each covariate
so that its domain becomes [0, 1]. Equivalently, we assume throughout that the regression
function is defined on [0, 1]¢. In practice, this can be achieved by subtracting the smallest
possible value from each covariate and dividing by its range. Such normalization places
all covariates on a comparable scale, allowing the use of L!-type coefficient constraints in
a meaningful way. Without such normalization, the covariates zi,...,x; may lie on very
different scales, in which case constraining the L' norm of the coefficients of the atoms could
be unnatural. After fitting a function on the transformed domain [0, 1]¢, one can recover the
corresponding fitted function on the original scale by inverting the normalization.

Once we assume that each covariate x; belongs to [0, 1], we can make two simplifications
to the collection of atoms.

e Instead of considering both types of hinge functions (-—¢), and (t—-),, we can restrict
attention to (- —t),. For x € [0, 1], we have

t—z)s=@—t) —z+t=(r—-10)r — (¢ - 0)4 +1,

and thus, every linear combination of atoms of the form (3.1) can be written as a linear
combination of atoms of the same form in which a, is always of the form (- —¢),.

e We can further assume that the knot ¢ of a hinge function lies in [0, 1). Indeed, if ¢ > 1,
then (z —t)y = 0 for all € [0, 1], while if £ < 0, then

(—t) =(@—0)4 — 1,
which is a linear combination of (x — 0), and the constant function 1.

Moreover, following the classical algorithm of MARS, we restrict attention to atoms involving
at most s hinge functions for a pre-specified integer s > 1. After these simplifications, the
collection of MARS atoms reduces to

Ay gesy (@, ma) = [ [ — tj)+ for (1, 2q) €10,1)7, (3.2)
jES

where S is a subset of [d] with |S| < s and t; € [0,1) for each j € S.
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We now apply the lasso-based framework to this collection of atoms. Rather than using
a single unified signed measure v as in (1.3), we split it, for notational convenience, into
multiple signed measures, each corresponding to a subcollection of atoms grouped by the
set of involved covariates. More precisely, we partition the collection of the MARS atoms
(3.2) according to the set S, and for each S, we use a signed measure vg to parametrize the
corresponding subcollection. This yields functions of the form

fq{ys}(a:l,...,xd) =c+ Z / " A(theS)(l'l,...,.Z'd) dV5'<tj,j € S), (33)
[0,1)

0<|SI<s

where ¢ € R, the summation is over all nonempty subsets S C [d] satisfying |S| < s, and vg
is a finite signed (Borel) measure on [0, 1)/, We denote the collection of all such functions
by ]-"i;imars. The subscript co emphasizes that fgf,mars is defined via infinite-dimensional
linear combinations of MARS atoms.

We measure the complexity of a function f € ffg‘imars as in (1.4). We choose not to
constrain the constant term and the multi-affine terms, which correspond to (¢;,j € S) =

0:= (0,5 € S) for each S. Hence, we define the complexity measure on ffg,imars by

Viass(fewsy) = > [vsl (10, D1\ {0}). (3.4)

0<|S|<s

It can be shown that each function f € Fgf_mars admits a unique representation of the form
(3.3). This is why, unlike in (1.4), there is no need to take an infimum (over all possible
representations) in the definition of (3.4).

Our variant of MARS based on the infinite-dimensional lasso framework (1.5) can then
be formally written as

fTCLL‘S/ € afgmin{ Z (yz - f(X(l)))z : f € ‘Fgés—mars and Vmars(f) S V}’ (35)

f =1

where V' > 0 is a tuning parameter. The main goal of this chapter is to study this variant
of MARS and show through both theoretical analysis and numerical experiments that it
provides a theoretically tractable and practically competitive alternative to the classical
MARS estimator.

In Section 3.1, we provide alternative characterizations of ij_mm, Vinars(+), and fg‘s/
in terms of smoothness, complementing the constructive definitions above. In particular,
we show that they admit characterizations in terms of mixed partial derivatives (1.6) of
maximum order two. Our alternative characterizations also reveal connections between our
method and classical nonparametric regression methods based on smoothness constraints.
Specifically, we show that our method can be viewed as a multivariate generalization of
piecewise linear locally adaptive regression splines [100] and as a higher-order version of
Hardy—Krause variation denoising [46].



CHAPTER 3. MULTIVARIATE ADAPTIVE REGRESSION SPLINES (MARS) 15

In Section 3.2, we consider computational aspects of our estimator f:ff/ We show that
the optimization problem (3.5), which is formulated over a continuous object (a measure),
can be reduced to a finite-dimensional convex optimization problem. Specifically, we show
that it suffices to restrict attention to discrete signed measures supported on a lattice associ-
ated with the observations x™, ... x(™. We also discuss computational challenges involved
in solving the resulting finite-dimensional convex optimization problem and introduce a com-
putationally more efficient approximate version of our method.

In Sections 3.3 and 3.4, we establish the effectiveness of our method both theoretically
and empirically. In Section 3.3, we study the theoretical accuracy of our estimator f;’;, along
with its approximate version. In particular, we show that f 'y achieves the dimension-free
rate n~4°, up to logarithmic factors, under standard regression models in both fixed-design
and random—de31gn settings. We also show that this rate is nearly minimax optimal, agam
up to logarithmic factors. In Section 3.4, we conduct numerical experiments comparing f
and its approximate version with the usual MARS estimator. We evaluate these methods
on several simulated and real datasets and demonstrate that our methods often compare
favorably with the usual MARS estimator.

The results of this chapter are drawn from [79]. We refer the reader to Appendix C for
the proofs of all results presented in this chapter.

3.1 Characterizations in terms of Smoothness

In this section, we provide alternative characterizations of .7-" " marssy Viars(+), and f p in
terms of smoothness. To motivate the results for general d and s, let us first consider the
univariate case d = s = 1.

Smoothness Characterization for d =s =1

Ford=s=1, Fbl

ocoO—mars

consists of all functions f : [0, 1] — R of the form

f)=c+ /[ =) vt (3.6)

where ¢ is a real number and v is a finite signed measure on [0,1), and the complexity
measure of f is given by the variation of v on (0, 1); that is, Vi,as(f) = [7]((0,1)).
The following simple arguments show that F.' . = can be characterized in terms of

smoothness. First, by replacing (x — t), with fol 1(t < s < x)ds in the integral in (3.6) and
changing the order of integration, we obtain

f)=c+ [ gl (3.7
0
where the function ¢ : [0,1] — R is given by

g(t) =v([0,t]N[0,1)). (3.8)
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It can be readily verified that the function ¢ in (3.8) is right-continuous on [0, 1] and left-
continuous at 1, and the total variation TV(g) of ¢ is finite and can be represented as

TV(g) = [v[((0,1)).

Here, the total variation of a function A : [0,1] — R is defined by

TV(h) :=TV(h:[0,1]) = sup > " |h(z) = hlzk1)],

0=20<z1 < <zm=17_4

where the supremum is over all integers m > 1 and partitions 0 = 25 < 21 < --- < 2, = 1
of [0,1]. Conversely, every function ¢ : [0,1] — R that is right-continuous on [0, 1], left-
continuous at 1, and has finite total variation can be written as (3.8) for a unique signed
measure v on [0, 1) (see, e.g., [1, Theorem 3]). Putting these observations together, we can
argue that F-'  has the following alternative characterization:

Figl_marsz{f:[0,1]—>R:ElceRandg:[0,1]—>Rs.t.

g is right-continuous on [0, 1], left-continuous at 1, (3.9)

TV(g) < o0, and f(x) =c+ /Ig(t) dt for all z € [0, 1]}
0

Moreover, we can see that the complexity measure Via.s(f) for f € ]:iol_
total variation TV(g) of the function g appearing in (3.9).

For every function f € F_ ..., We can show that g satisfying the conditions in (3.9) is
unique, and thus, we can consider Such g as a particular derivative of f satisfying (3.7). If
we denote it by D f, the estimator f 'y then can be alternatively written as

mars 18 equal to the

fl‘lf € arg]rcnln { Z (i — f(x(i)))2 :TV(Df) < V}.

=1

The representation (3.7) implies, by the Lebesgue differentiation theorem (see, e.g., [126,
Theorem 7.10]), that f" exists and is equal to Df almost everywhere (with respect to the
Lebesgue measure) on [0, 1]. Hence, we can also describe f v somewhat loosely as

n

fi\l/ € arg]rcnin { Z (yz — f(x(i)))Q L TV(f) < V}.

i=1

The corresponding penalized version

argmin { Z (yi — f(x(i)))2 - /\TV(f')} (3.10)

f i—1
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was proposed by [100] as part of the class of estimators collectively called locally adaptive
regression splines. In the univariate case, f:ﬂl/ can thus be seen as a constrained analogue of
the locally adaptive regression spline estimator of [100] when the order k (in their notation)
equals 2. [137] used the terminology second-order total variation regularization, and [82; 145]
used the terminology first-order trend filtering for (3.10). Therefore, our estimator fff‘s/ can
be viewed as a multivariate generalization of piecewise linear (second-order) locally adaptive
regression splines, second-order total variation regularization, or first-order trend filtering.

There are other methods generalizing piecewise linear locally adaptive regression splines
and first-order trend filtering to multivariate settings. See, for example, [114, 115] for some
recent work on multivariate extensions of piecewise linear locally adaptive regression splines,
and [112, 127] for recent progress on multivariate extensions of first-order trend filtering.

From the alternative characterization of F' . = given above, it follows that every suf-
ficiently smooth function f : [0,1] — R belongs to Fol o Indeed, if f/ and f” exist
everywhere and are continuous on [0, 1], then we have

f(x) = £(0) + / " Py de

for all z € [0, 1], and
1
() = [ 17 <0
0

Thus, in this case, f belongs to ]-";1

—mars

and the complexity measure of f can be written as

Vinars () = / . (3.11)

This formula highlights the role of the second derivative f” in the determination of Vias(f)
for each sufficiently smooth function f.

Smoothness Characterization for General d and s

As we have seen in the previous subsection, in the univariate case, Fu' . . consists of all
functions f satisfying (3.7) with some function g having finite total variation and some one-
sided continuity. An analogous characterization holds for general d and s. For general d
and s, the role of total variation in the univariate case is played by Hardy—Krause variation.
More precisely, it is taken over by Hardy-Krause variation anchored at 0, which we denote
by HKp(-) and refer to as HKp variation. Recall the definition of Hardy-Krause variation
and its properties from Section 2.1.

The following result provides an alternative characterization of ]-'i;s

—mars
terms of smoothness.

and Viars(+) in
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Proposition 1. The function class .7-":1;8 consists precisely of all functions of the form

—mars

flzy,...,xq) = c+ Z / gs(t;, 5 € S)d(t;,j€9) (3.12)
HjeS[Ova:j]

0<|SI<s

for some ¢ € R and some functions {gs : S C [d],0 < |S| < s}, where for each S,

e gs is a real-valued function on [0,1]1%;

o HKo(gS) < 00y

e gs is right-continuous on [0, 1]!5];

e gs is left-continuous at each point (x;,j € S) € [0, 151\ [0, 1)I51 with respect to all the
th

J™ coordinates where x; = 1.
Furthermore, the complexity of f in (3.12) can be written in terms of the Hardy—Krause
variations of gs as

Vmars(f): Z HKO(QS)

0<|SI<s

Proposition 1 is completely analogous to (3.9) for the case d = s = 1. Specifically,
condition (3.12) is analogous to condition (3.7). The condition HKg(gs) < oo for each S
corresponds to the condition TV(g) < co. The right-continuity of each gg on [0,1]% is
matched with the right-continuity on [0,1]. Lastly, the left-continuity of each gg at each
(zj,7 € S) € [0,1]¥1\ [0, 1)I*] (with respect to all the j*" coordinates where z; = 1) is a
counterpart of the left-continuity at 1. It is also interesting to note that Vi..s(f) equals the
sum of the Hardy-Krause variations of gg over all S C [d] with 0 < |S] < s.

For every function f € Fgf_mars, it can be easily checked that gg¢ appearing in Propo-
sition 1 are uniquely determined by f. As in the case d = s = 1, we can thus consider
such gg as particular derivatives of f satisfying (3.12). Let us denote them by D5 f for each

nonempty S C [d] with |S| < s. We can then write our estimator f*?, alternatively as

i € argmm{ S (- FxO) s Y HKo(DS) < V}.
f

i=1 0<|S|<s

Hence, our estimator can be viewed as a least squares estimator under a specific smoothness
constraint involving the sum of the Hardy—Krause variations of the particular derivatives
defined via D*.

Recall that the univariate condition (3.7) implies that f’ exists and equals Df almost
everywhere. Similarly, condition (3.12) imposes a certain kind of smoothness on f and
characterizes the corresponding derivatives in terms of D f. For each nonempty S C [d], let

Dgf(xj,jES)zlim%- > (—1)Zjes5j-f(x(;3r/el)5),

e—0 €
5€{0,1}151
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if the limit exists, where

(x(x +eb);), =

—— djzi+ (1 —=0;)(x;+e) ifjes
0 otherwise

for j € [d]. For example, if d =3 and S = {1,2}, D;2f is defined as
o1
Diaf(x1,22) = 11_{% E—Q(f(l"l + 6,12 +¢€0) = f(x1, 72+ €,0) — f(21 +€,22,0) + f(21, T2, 0)),

if the limit exists. In contrast to mixed partial derivative f®) (defined in (1.6)), in which
partial derivatives 0/0z; are taken sequentially, here all the coordinates j € S are considered
simultaneously. Also, note that the remaining coordinates j ¢ S are set to zero for Dgf.
As in the case d = s = 1, we can show that Dgf exist and equal D® f almost everywhere
(with respect to the Lebesgue measure) on [0, 1]/, The precise statement is given below.

Proposition 2. Suppose that condition (3.12) holds. Then, for each nonempty subset S C
[d], Dsf = 0 if |S| > s, and Dsf = D°f almost everywhere (with respect to the Lebesgue
measure) on [0, 1]151 if | S| < s.

Proposition 1 also implies that every sufficiently smooth function belongs to f;{;{mm.
This is proved in the next result, which also gives an expression for Vi..s(f) in terms of
the L' norms of the mixed partial derivatives of f, for sufficiently smooth functions f. The
following notation will be used below. For each nonempty subset S C [d], we let Jg be the
set of all p = (py,...,pa) € {0,1,2}% such that

lor2 ifje€s8

—9 and p. —
S {0 itj¢s.

Also, for each p = (p1,...,pq) € Zém we let

0,1] if p; = maxy, py,

TP =T x ... x TP where TP =
! a ! {0}  otherwise.

Lemma 1. Suppose f :[0,1]¢ — R is smooth in the sense that f®) exists and is continuous
for every p € {0,1,2}4. Then, f € Fid and

oco—mars

Vinars() = Y L. (3.13)

(p)
pefo1,2}4” "
max; p; =2

Moreover, if f® =0 for all p € {0,1} with Zj p; > s in addition, then f € Fs e and

Vinars(F) =D D /T (p)|f(p)\. (3.14)

0<‘S‘SS PEJs



CHAPTER 3. MULTIVARIATE ADAPTIVE REGRESSION SPLINES (MARS) 20

Note that the integrals on the right-hand side of (3.13) and (3.14) are taken only over
those coordinates j for which p; = 2; the remaining coordinates are fixed at zero. In fact,
Lemma 1 remains valid under weaker smoothness assumptions. However, since the precise
degree of smoothness required is of little importance here, we impose conditions that are
more than sufficient.

The formula (3.13) is a multivariate generalization of the univariate formula (3.11), stat-
ing that for sufficiently smooth functions f, Viyas(f) is the sum of the L' norms of the
mixed partial derivatives of f of order 2, where we take at most two partial derivatives along
each coordinate and exactly two partial derivatives along at least one coordinate. Note that
mixed partial derivatives of total order (p; + - -+ pq) up to 2d appear in (3.13). From this
perspective, we can think of the smoothness order of our complexity measure Vi..s(+) as 2d,
which is proportional to the dimension d. This gives an intuitive explanation on why our
estimators achieve the dimension-free rate n=%° (up to logarithmic factors), as we will see in
Section 3.3. However, we should also note that the maximum total order 2d is attained only
by the mixed partial derivative f(>+2) since the order of each partial derivative is always
capped at two, and this prevents our function class from being too small and restrictive.
For these reasons, we can say that our complexity measure is an effective constraint that
leads to estimators avoiding the curse of dimensionality (to some extent) while keeping the
corresponding function class reasonably large.

There is also an interesting connection between Via.s(-) and HKg(+) via (3.13). Specifi-
cally, if the condition max; p; = 2 in (3.13) is replaced with max; p; = 1, then one obtains
the formula for HKo(f) for sufficiently smooth functions f (recall (2.3)). Hence, we can also
view Viars(+) as second-order Hardy—Krause variation (anchored at 0) and our method as a
second-order analogue of Hardy-Krause variation denoising [46].

In Appendix A.1, we describe the results of this section by specializing to the case d =
s = 2. We encourage the reader who finds the results in this section too abstract to refer to
Appendix A.1 for more explicit formulae.

3.2 Existence, Computation, and Approximation

In this section, we prove the existence of our estimator ffff, (defined in (3.5)) and show that it
can be computed via convex optimization algorithms. We also introduce a computationally
more efficient approximate version of our estimator.

We start with the observation that the objective function of the optimization problem
defined in (3.5) only depends on the function f through its values at the design points

x(M .. x(™_ As proved in the next lemma, this observation allows us to restrict our atten-
tion to the finite-dimensional subclass of F&*  consisting of the functions (3.3) where each

vg is a discrete signed measure supported on the lattice generated by the design points. For
each j € [d], let V; denote the finite subset of [0, 1] consisting of the points 0, x§1), o ,wgn), 1

(recall here that xy) denotes the j coordinate of the " design point x@ = (z{", ... ,xg))).
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W

As there could be ties among 0, C T

1, we will write, for some n; € {1,...,n+ 1},

oY) where 0 = véj )

V—{vo ,vl,...,n , <~--<v,(fj):1.

Note, in particular, that the cardinality of V; is n; 41, that v(()j ) is always 0, and that vg) is
always 1. The next lemma implies that, for the optimization problem (3.5), we can restrict
to the functions of the form (3.3) where each vg is a discrete signed measure supported on

the finite set (TT,cV;) N[0,1)1.

Lemma 2. Suppose we are given a real number ¢ and a collection of finite signed mea-
sures {vs} where vg is defined on [0,1)I5! for each nonempty subset S C [d] with |S| < s.
Then, there exists a collection of discrete signed measures {ps} where pg is concentrated on
(IT;es Vi) N0, IS for each S such that

° fc,{us}(x(i)) = fc7{l/s}(x(i)) Joralli=1,...,n;
o Vmars(fc,{,us}) S Vmars(fc,{us})-

When v is concentrated on (J];cqV;) N[0, 1)1 for each S, the function f. (. can be

written as
et > > w({ies))) [ - (3.15)

0<|S|<sle [T {0,...,n;—1} jES
JjES

Also, its complexity measure becomes

Vinars (forfust) = D > w(@)ies)l

0<|S|<s 1e [T {0,...,n;—1}\{0}
jES

The above function (3.15) is a linear combination of the atoms (3.1) whose knots ¢; are
chosen from V; \ {1}, and its complexity measure equals the absolute sum of the coefficients
of the involved atoms with at least one nonlinear term. Thus, if we additionally assume
that f in the problem (3.5) is constructed from discrete signed measures as above, then (3.5)
reduces to a finite-dimensional lasso problem. Lemma 2 then implies that every solution to
this finite-dimensional lasso problem is also a solution to (3.5). A precise statement is given
in the following result.

Proposition 3. Let
jes
and let M be the n x |J| matriz with columns indexed by (S,1) € J such that

M sy = H(xgz) - Ul(j))+ fori=1,...,n and (S,1) € J.

jes
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Also, let (¢,% ) € R x RVl be a solution to the following finite-dimensional lasso problem
(&, 4py) € argmin 3y —cl =My[l3: Y |sal <V (3.16)
CER‘YGR'” (SI)EJ
1£0

where 1 := (1,...,1) andy = (y1,...,Yn) 1S the vector of observations. Then, the function
f on [0,1] defined by

Flan,. gy =é+ Y (Aa)se [ — o)y (3.17)

(S)eJ j€S

is a solution to the problem (3.5). The problem (3.5) can have multiple solutions, but every
solution fgf/ satisfies

fly D)y =+ MAE ) =+ > (s [ = o)y
(511)6J jes

for everyi=1,... n.

Because the set

{cl +M~y:ceR,veRY and Z 1vs1] < V}
(S.)es
1#0
is closed and convex, there exists a solution to the finite-dimensional lasso problem (3.16).
Hence, the existence of solutions to our estimation problem (3.5) is guaranteed by Propo-
sition 3. Also, once we find a solution to the problem (3.16) via any convex optimization
algorithms, we can construct a solution f to the problem (3.5) through equation (3.17).
However, solving the finite- dimensional lasso problem (3.16) can be computationally in-
tensive if n is large because the number of columns of M equals

=Y I

0<|S|<s jes

which is of order O(n®) (ignoring a multiplicative factor in d) in the worst case when each
n; = O(n). In the current implementation of our method, we utilize the convex optimization
software MOSEK as a black-box tool for solving the problem (3.16) (see Section 3.4 for more
details). Using this black-box tool involves creating the whole matrix M, and thus, when
n is large, our current implementation not only requires a large amount of space for this
matrix but also often consumes most of running time constructing it.

This limitation motivates us to come up with the following approximate method. As
we have seen above, Lemma 2 ensures that we only need to consider discrete signed mea-
sures vg supported on the lattices (J[;cqV;) N[0, 1)I5! for our estimation problem (3.5). In
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the approximate method, we instead restrict our attention to discrete signed measures vg
supported on the lattices generated by

~ 1 2
V-:{O,—,—,...,l} 3.18
J Nj Nj ( )
for some pre-selected positive integers Ny, ..., Ny, and we only take into consideration the

atoms corresponding to those signed measures. Note that in contrast to V; whose cardinality
is of order O(n) in the worst case, the cardinality of each set )7j is always N; + 1 regardless
of the design points xM), ... x(™.

We then consider the finite-dimensional optimization problem to which the problem (3.5)
reduces when we additionally impose such restrictions on signed measures rvs. We call
this problem the approximate (finite-dimensional optimization) problem. The approximate
problem has the same form as (3.16) but with different M and J. Here,

J= {(5,1) .5 Cd,0<|S|<s, andle JJ{0,....N; - 1}}
jes
and M is the n x |J| matrix with columns indexed by (S,1) € J such that
o ,
M; sy = H (xg) — N_j]>+ fori=1,...,nand (S,1) € J.
JeS

As opposed to the original finite-dimensional problem (3.16), the number of columns of M in
this problem is always fixed and not affected by the design points x(V), ..., x(™. Hence, this
approximate problem can be solved much more efficiently than (3.16), especially when n is
large. Once we find a solution to the approximate problem, we can construct an estimator of
the true underlying function f* through equation (3.17) as before. We denote this estimator
by fg:f/ and call it an approximate version of fﬁf‘s/ In the next section, we study the theo-

retical accuracy of ffff/ along with fgf/ We will see that if we choose N; appropriately, the
approximate method is as accurate as the original method, while it significantly improves
computational efficiency.

3.3 Theoretical Accuracy

This section is dedicated to the study of the theoretical accuracy of fg‘s/ and f:cff, as an

estimator for unknown regression functions. We consider both fixed-design and random-
design settings.

Fixed Design

Here, we assume that x(, ... x(™ form a lattice:

d
{(x® . xM} = H {vl(j]) :1;€40,...,n; — 1}} (3.19)
=1
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where for every j € [d], we have n; > 2, 0 = véj) < v%j) << vg)_l <1, and
vl(j)—vl(j)_l > L for all Li=1,...,n;—1

J
for some constant p > 0. Although this lattice design assumption is admittedly restrictive,

it is fairly standard in the nonparametric function estimation literature (see, e.g., [109]). We
also assume that yq,...,y, are generated according to the regression model

i =)+

where f* : [0,1] — R is the unknown regression function and & are independent sub-
Gaussian errors with mean zero and with a sub-Gaussian parameter o, i.e.,

E[e*] < e” /% for all A € R. (3.20)
We measure the accuracy of an estimator fn of f* via the squared empirical L? norm

i=1

and define its risk as ) R
Rp(fas f*) =Elfu = 12
where the expectation is taken over yq, ..., yn.
Our first result states an upper bound on the risk of fs‘s/ under the assumption f* €
FL2 s and Viard (F) < V.

oco—mars

Theorem 2. Suppose f* € F2 and Viars(f*) < V. Also, assume the lattice design
(3.19) and sub-Gaussian errors (3.20). The estimator f,‘f:f/ then satisfies

s pw a?V1/2\ 4/5 Vnl/2\q3@2s-1)/5 o?
Re(fi ) < Cpa(F——) " |log (2+ ——)] + Cpa(logn)?  (322)

for some positive constant C,q depending on p and d.

Note that for fixed p,d, o, and V' and sufficiently large n, the first term is the dominant
term on the right-hand side of (3.22), so that

RF(fd:is/y f*) = O(?’L_4/5(10g 71)3(25—1)/5)7

n

where the multiplicative constant underlying O(-) depends on p, d, o, and V. In the univariate
case, we can deduce from [68, Theorem 2.1] that

0.2v1/2)4/5 o2

RF(fA:L:\l/af*) S Cp( +Cpg logn,
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where C, is a positive constant depending on p. In other words,
£1,1 -
Re(foy, f7) = 0(n~*?),

where the multiplicative constant underlying O(-) depends on p,o, and V. Thus, what
Theorem 2 tells us is that for general d and s, fﬁf\s, can achieve the same rate n=%°, although
it slightly deteriorates by a logarithmic factor depending on s. This suggests that our lasso-
based MARS fitting method can avoid the curse of dimensionality to some extent and be a
useful estimation technique in higher dimensions.

The key step of our proof of Theorem 2 is to find an upper bound on the metric entropy

of D,, (under the L? norm), which is defined as the collection of all functions of the form

(21, ) /(g;1 Ct)s e (i — ) s di(),

where m € [d] and v is a signed measure on [0, 1] with total variation |v|([0,1]™) < 1. The
following theorem contains our result on the metric entropy of D,,.

Theorem 3. There exist positive constants C,, and €, depending on m such that

1\ 3(2m—1)/4
1og N (€, Do, | - l2) < Cone /2 (108 )
€

for every 0 < € < €,,. The logarithmic factor can be omitted when m = 1.

Remark 1. If the class D,, is altered by replacing (x — t) with 1(x > t) and restricting v
to probability measures, one obtains the collection of all functions of the form

m

(@1, ... T) /1(931 > 1) 1w > t) di(t) = V(H[o,a;j]).

Jj=1

This class of functions is indeed the collection of all probability distributions on [0, 1]™, whose
upper bounds on the metric entropy were derived in [13]. Thus, we are basically extending
the argument in [13] from 1(x >t) to (x —t).

Theorem 3 is novel to the best of our knowledge even though we use standard tools and
techniques for proving it. We first connect upper bounds of the metric entropy of D,, to
lower bounds of the small ball probability of integrated Brownian sheet based on ideas from
[13, Section 3] and [56, Section 3] and results from [94, Theorem 1.2] and [3, Theorem 5].
The small ball probability of integrated Brownian sheet here refers to the quantity

P( sup |Xn()] <e),

tefo,1]m

where € > 0 and X,, is an m-dimensional integrated Brownian sheet. Required bounds on
this small ball probability are then obtained using results from [44, Theorem 6] and [30,
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Theorem 1.2]. Specifically, we show that there exist positive constants ¢, and €,, depending
on m such that I
logIP’< sup | X (t)] < 6) > —cme_2/3<log —)
tefo,1]m €

for every 0 < € < €,,. This result, along with the connection between the metric entropy and
the small ball probability, leads to Theorem 3, which is the main ingredient in our proof of
Theorem 2. We refer the reader to Appendix C.8 for detailed explanation of the terminology
and arguments. N

Now, we turn to the result for the approximate version fff“s/ The next theorem presents

an upper bound on the risk of ffff/ under the same assumption as in Theorem 2. Recall that
N; are the pre-selected integers for the approximate method.

Theorem 4. Suppose f* € Fi;imm and Viyars(f*) < V. Also, assume the lattice design
(3.19) and sub-Gaussian errors (3.20). The estimator f:ff/ then satisfies

2

s e SV? a?V1/2\ 4/5 Vnl/2y\13@2s-1)/5 o
Re(Fin ) < Sz + Coa(=)  [loe (24 =) [T+ Coallogn?

for some positive constant C, 4 depending on p and d, where N = min; N;.

Theorem 4 shows that ﬁff‘s/ has almost the same risk upper bound as fgf/ The only
difference is the existence of the approximation error term 8V?/N?. which converges to 0
as N goes to infinity. Hence, for sufficiently large N, fgf/ achieves the same rate as fff‘s/
Indeed, if we set each N, to be of order at least n?/°, then

Rp(f%5, f*) = O(n=*5(log n)**-1/%) (3.23)

n

where the multiplicative constant underlying O(+) depends on p,d, o, and V.

Random Design

Here, we assume that x™V, ... x(™ are i.i.d. random vectors with density py on [0,1]? that
is bounded by some positive constant B, i.e.,

0<po(x) < B forallx€l0,1]% (3.24)

Also, we assume that yq, ..., y, are generated according to the regression model
yi=[" =)+ (3.25)
where &; are i.i.d. errors independent of x™V), ... x(™ with mean zero and with finite L>!

norm; that is,

il = / (B(l&] > 1)V dt < oo, (3.26)
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Note that condition (3.26) is stronger than the finite fiftth-moment condition ||¢;||5 < oo, but
weaker than the finite (5+ €)*-moment condition [|&|[51. < oo for every € > 0 (see, e.g., [62,
Chapter 1.4]). In this setting, we measure the accuracy of an estimator f,, of f* by

= £ = [ () = 7760 ol 327

The next theorem presents the rate of convergence of fgf/ under the assumption f* €

féﬁ;‘imars and Vias(f*) < V. Note that fgf/ still achieves the rate n=%° as in the fixed lattice
design setting, although the exponent of the logarithmic factor is slightly bigger when s > 2.

Theorem 5. Suppose f* € FE* and Viars(f*) < V. Also, assume that the density py
satisfies (3.24) and that the error terms &; satisfy (3.26). We then have

s = F7llpo.2 = Op(n™*°(log n)*e~D7%). (3.28)

As the metric entropy of D,, played a central role in our proof of Theorem 2, the brack-
eting entropy of D,, is the key ingredient of our proof of Theorem 5. The following theorem
states an upper bound on the bracketing entropy of D,,.

Theorem 6. There exists a positive constant C,, depending on m such that

4N\1/2 412(m—1)

for every e > 0, where N (€, Dy, ||+ ||2) is the e-bracketing number of D, under the L* norm.

Remark 2. Theorem 6 also provides an upper bound on the metric entropy of D, (under
the L? norm). Since
N(€&, Dy, || - [l2) < Ni }(2€7Dm7 |- 1l2),

we can derive from Theorem 6 that

212(m—1)

2\ 1/2
log N(e, Do, || - l2) < G (=) [Tog =
€ €

for every e > 0. However, this upper bound is weaker than the one we achieved in Theorem 3.
Although it has the same order for €, the exponent of the logarithmic factor is bigger. We
can obtain from this result an upper bound on the risk of fgf/ under the fized lattice design
setting, but it will lead to a bound looser than the one in Theorem 2.

.. . . . ~d
We can prove a similar result as in Theorem 5 for the approximate version f,7.. As we

state in the following theorem, ﬁff/ achieves the same rate of convergence as fgf/ if Ny,..., Ny
are sufficiently large. Together with (3.23), this result suggests that the approximate method
with appropriately chosen Ny, ..., Ng can be as accurate as the original method.
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Theorem 7. Suppose f* € FL* and Viers(f*) < V. Also, assume that the density
po satisfies (3.24) and that the error terms & satisfy (3.26). Moreover, assume that N =
min; N; = Q(n¥/'%), i.c., there exists a positive constant cp 4y possibly depending on B, d,
and V' such that

N Z CB 4,V * n4/15.

Then, the estimator fgf/ satisfies

||f;(zi:\8/ - f*H;Q;O,Q = p(n_4/5<log n)8(5—1)/5)'

Our next result shows that the logarithmic factor in (3.28) cannot be completely removed
in the minimax sense. Specifically, we bound the minimax risk

f’rL - f*||1270727

i)ﬁZ‘; =inf sup Ep
Jn f*e]-‘d“s

oo —mars

Vmars(f*)gv

where the expectation is taken over (x™M,y1),...,(x™, 4,) of (3.25) and inf; denotes the

infimum over all estimators f, of f* based on (xM 1), ..., (x™ y,). Here, we further
restrict that & in the model (3.25) are independent Gaussian errors with mean zero and
variance o2 and that the density py is bounded below by some positive constant b, i.e.,

po(x) > b for all x € [0, 1] (3.29)

Our result shows that the supremum risk of every estimator indeed requires a logarithmic
factor depending on s in addition to the n=*° term. Note though that there is still a gap
between the exponent 8(s — 1) /5 of logn in the rate of convergence of fg‘s/ and the exponent
4(s —1)/5 of logn in the minimax lower bound.

Theorem 8. Suppose that the density py satisfies (3.24) and (3.29) and that &; R N(0,0?).
Then, there exist positive constants Cy g s depending on b, B, and s and cp s depending on B
and s such that

21/1/2 4/5 Vnl/2\14(s-1)/5
My = Coo (o) log ()]
provided n > cp 4(0?/V?).

Our proof of Theorem 8 is based on Assouad’s lemma with a finite set of functions in
{f* e F o Vias(f*) < V} that is constructed by an extension of the ideas in [13,
Section 4]. Results similar to Theorem 8 can be proved under the fixed-design setting, but
we do not go into detail in this thesis.
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3.4 Numerical Experiments

In this section, we provide the results of some numerical experiments illustrating the per-
formance of our estimators from either the original or the approximate method. The per-
formance of our estimators is compared to the performance of the usual MARS estima-
tor in our experiments. The results for simulated data are presented first, and those for
real data follow next. Our methods are implemented in the R package regmdc, which is
available at https://github.com/DohyeongKi/regmdc. Our R package regmdc employs
the R package Rmosek (based on interior point convex optimization) to solve the finite-
dimensional lasso problem (3.16). For the usual MARS estimator, we use the R package
earth based on [53] and [51]. The code for all the results in this section is available at
https://github.com/DohyeongKi/mars-lasso-paper.

Simulation Studies

[100] and [145] demonstrated that their locally adaptive regression splines and trend filter-
ing excel at estimating functions with locally varying smoothness. Considering that our
estimator is a multivariate generalization of the piecewise locally adaptive regression splines
estimator and the first-order trend filtering estimator, it is natural to examine whether our
methods also excel at adapting to the local variation of functions. To test the local adap-
tivity of our methods and compare it to the local adaptivity of the usual MARS method,
we exploit in our simulation studies the following four functions (Function 1, Function 2,
Function 3, and Function 4) whose smoothness varies significantly over the domain.

The definitions of the four functions (Function 1, Function 2, Function 3, and Function 4)
are presented below. For each function, we consider the uniform design where x* are
uniformly distributed on [0,1]% and y; are generated according to the model (3.25). For
Function 1 and Function 3, we also consider the equally spaced lattice design where

d
l.
{X(1)7'”7X(n)} :H{n—j ;e {07-“77%'_1}}
=1 Y

for some integers n; > 2. In all cases, independent Gaussian errors with standard deviation
1 are added to function evaluations. Simulations are performed at various sample sizes for
each function as presented in Table 3.1.

e Function 1 (L1). The first function f*: [0,1]* — R is defined by
[ (1, 22) = 10exp(—=5 - r(z1,22)) - cos(107 - (1, z2))

for x1, 2, € [0,1], where r(z1,29) = ((#1 — 0.3)> + (x5 — 0.4)%)/2. This function
represents a two-dimensional damped sinusoidal wave.

e Function 2 (L2). The second function f* : [0,1]> — R is defined as in Function 1 but
additionally includes three dummy variables z3, x4, and x5.


https://github.com/DohyeongKi/regmdc
https://github.com/DohyeongKi/mars-lasso-paper
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e Function 3 (L3). The third function f*:[0,1]> — R is defined by

4
(22 + 23)1/2 +0.001

[ (21, 29) =5sin( >+7.5

for @y, 29 € [0,1]. This is a (scaled) two-dimensional version of the Doppler function
used for simulation studies in [100, 145]. We add 0.001 to avoid division by zero.

e Function 4 (L4). The fourth function f*:[0,1]° — R is defined as in Function 3 but
additionally includes three dummy variables z3, x4, and x5.

We also use for comparison the following four Friedman’s functions (see [53, Sections 4.3
and 4.4]), which have been frequently utilized to measure the performance of nonparametric
regression methods (see, e.g., [104, 121, 122]). The four functions (Function 5, Function 6,
Function 7, and Function 8) are defined as below, and for each function, we generate data
(xM 1), ..., (x™, y,) according to the model (3.25) where x(¥) are uniformly distributed on
0, 1]¢. For Function 5 and Function 6, we consider Gaussian errors with standard deviation
1 as in [53, Section 4.3]. For Function 7 and Function 8, we consider Gaussian errors with
standard deviation 125 and 0.1, which yield a 3:1 signal to noise ratio as designed in [53,
Section 4.4] (see also [104]). Also, for each function, we conduct experiments on three
different sample sizes as in [53]: 50, 100, and 200 for Function 5 and Function 6; 100, 200,
and 400 for Function 7 and Function 8.

e Function 5 (F1). The first function f*: [0,1]'*® — R is defined by
(1, ..., 210) = 10sin(rz129) + 20(23 — 0.5)% + 1024 + 525
for x1,..., 210 € [0, 1].

e Function 6 (F2). The second function f*: [0,1]> — R is defined as in Function 5, but
here the five variables xg, ..., z19 are removed.

e Function 7 (F3). The third function f*: [0,1]* — R is defined by

1/2

(w1, w2, w5, 1) = [(Ty(21))? + (Ta(2) - w5 — (To(a) - Ta(x4)) )]

for z1,xq, 23,24 € [0, 1], where T}, Ty, and Ty are the linear maps defined by T;(z1) =
100y, To(x9) = 2m(260z4 + 20), and Ty(xy) = 10x4 + 1.

e Function 8 (F4). The fourth function f*:[0,1]* — R is defined by

Ty(w2) - w3 — (To(w2) 'T4(934))1>
T1<.I'1)

for x1, z9, 3,24 € [0, 1], where T3, Ty, and T} are defined as in Function 7.

(21, x2, 3, 4) = arctan <
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In all simulations, we compare the estimator fff%/ and its approximate version f:‘f%/ to
the usual MARS estimator whose order of interaction is restricted to 2. The approximate
method is considered only when covariates are uniformly distributed. The positive integers
N; for the approximate method are set to 25 for each coordinate. Also, the tuning parameter
V is selected by 10-fold cross-validation in all cases. For each function, we repeat the above
data generation and estimator construction processes 25 times and average out computed
losses. We use the squared empirical L? norm (3.21) for the fixed lattice design, and for the
uniform design, we generate 1000 new samples and approximate the prediction error (3.27).

Table 3.1 presents the average loss of our estimators and the usual MARS estimator over
25 repetitions for each function. In Table 3.1, we first observe that our estimators outperform
the usual MARS estimator in capturing the local variation of the first four functions, L1, L2,
L3, and L4, under both the lattice and the uniform design. The only exceptions are when
we estimate the function L2 with 100 samples and the function L4 with 100, 200, and 400
samples. Even for these functions, our methods start performing better when they are given
more samples. It turns out that our methods usually benefit more from increases in sample
sizes compared to the usual MARS method. By comparing L1 with L2 and L3 with L4, we
can also see that our methods however suffer more from the addition of dummy variables.

Table 3.1 also shows that our methods estimate Friedman’s functions F2, F3, and F4
much better, while the usual MARS method does better in the estimation of the function
F1. However, the performance gap in estimating F1 narrows as the sample size increases,
which reaffirms that increases in sample sizes are often more favorable for our methods than
the usual MARS method. Also, comparing the results of F2 with those of F1, again we can
see that our methods can benefit more from removing unnecessary covariates in advance.
This hints that having appropriate variable selection as a pre-processing step can improve
the performance of our methods. We think it can be a promising avenue for future work.

Moreover, we observe from Table 3.1 that the original and approximate method yield
almost the same outputs in most cases. Only for the Doppler function L3, which has ex-
tremely wild fluctuation around the origin, the two methods show a notable difference. This
tells us there may not be much degradation in practice from using the approximate method
in place of the original one, and there even can be some gains, as in the case of L3.

From these simulation results, we can expect that although the usual MARS estimator
might perform better on small sample sizes, our estimators usually outdo the usual MARS
estimator when given enough samples. At what sample sizes such a transition occurs will
definitely vary across functions, but in the above examples, they were reasonably small.

Real Datasets

Here, we use a few standard real datasets (Farnings, Airfoil Self-Noise, Abalone, Concrete,
Ozone, Red Wine, and White Wine dataset) to compare our estimators with the usual MARS
estimator. Brief descriptions of each dataset are presented in Appendix A.2.

For each dataset, we first linearly transform each covariate into [0, 1]. In general, there
can be multiple options for linear transformations. If the domain of a covariate is known
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Table 3.1:

the corresponding averages and standard errors.

The average and standard error of squared empirical L? norms (3.21) (lattice
design) or prediction errors (3.27) (uniform design) for each experimental setting. The
number below the name of each function (if any) is the scale that should be multiplied to

Function | Design | # of Data Usual Original Approximate
. 256 3.66 (0.07) 1.06 (0.07 -
Lattice |5y 3.34 (0.04; 1.09 20.053 -
0 100 3.30 (0.15)  3.21 (0.09)  3.20 (0.08)
Uniform | 200 3.18 (0.09)  3.00 (0.05)  3.02 (0.05)
400 2.90 (0.05) 2.79 (0.05)  2.80 (0.04)
800 2.90 (0.03) - 2.62 (0.03)
100 | 3.29 (0.08) 359 (0.07)  3.59 (0.07)
. 200 3.15 (0.08)  3.13 (0.05) 3.13 (0.05
L2 | Uniform | 0 3.12 (0.05; 3.09 50.043 3.09 50.043
800 2.92 (0.06) - 2.91 (0.05)
. 256 3.76 (0.08) 1.83 (0.07) -
Lattice | 1054 | 343 (0.07) 1.57 (0.05) -
L3 100 5.37 (0.16)  5.20 (0.23)  5.11 (0.21)
Uniform | 200 4.06 (0.15)  3.59 (0.08)  3.43 (0.09)
400 3.54 (0.07)  3.06 (0.17)  2.27 (0.08)
800 3.28 (0.07) - 1.51 (0.06)
100 | 6.25 (0.23) 7.62 (0.14)  7.62 (0.14)
. 200 | 4.47 (0.17) 6.03 (0.12)  5.94 (0.10)
LA P Uniform 10| 363 (0.07) 430 (0.08)  4.25 (0.09)
800 3.28 (0.05) - 3.10 (0.06)
50 4.05 (0.37) 8.60 (0.35)  8.89 (0.36)
F1 | Uniform | 100 | 1.03 (0.09) 4.39 (0.36)  4.49 (0.38)
200 | 0.43 (0.02) 0.87(0.03)  0.87 (0.03)
50 3.25 (0.28) 2.45 (0.31) 2.48 (0.33)
F2 | Uniform | 100 1.13 (0.10)  0.77 (0.12)  0.72 (0.07)
200 0.41 (0.03)  0.37 (0.03)  0.35 (0.02)
- 100 3.62 (0.37) 2.10 (0.23) 2.10 (0.23)
(10%) | Uniform | 200 2.16 (0.22)  0.95 (0.07) 0.95 (0.07)
400 1.20 (0.15)  0.55 (0.04) 0.55 (0.04)
iy 100 14.0 (1.04) 11.5 (0.60) 11.6 (0.63)
(10-%) | Uniform | 200 0.12 (0.78)  7.40 (0.34)  7.43 (0.34)
400 551 (0.35)  5.25 (0.24)  5.23 (0.23)
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Table 3.2: The number of covariates, the number of data, and the type of our method used
for each dataset. Original and Approx stand for the original and approximate method.

Dataset Dimension | # of Data | Method
Earnings 2 25437 Original
Airfoil Self-Noise 5 1503 Original
Abalone 7 4177 Approx
Concrete 8 1030 Approx
Ozone 9 330 Approx

Red Wine 11 1599 Approx
White Wine 11 4898 Approx

as [m, M], then it is natural to subtract m from it and then divide it by M — m. In case
the two extreme values of the domain, m and M, are unknown, we can consider the same
linear transformation after simply setting m as the minimum and M as the maximum among
observed values. Here, we choose the latter option for all datasets.

We also split each dataset into a training set and a test set and use the mean squared
error on the test set for comparison. We use 80% observations as training data and the
remaining 20% observations as test data. Also, for every dataset we focus on interactions
between covariates of order up to 2. In other words, we use f 'y or its approximate version

f;y for estimating regression functions and compare it to the usual MARS estimator whose
order of interaction is restricted to 2. For the Earnings and the Airfoil Self-Noise datasets,
we employ the original method, and for the other datasets, we employ the approximate
method, with setting each N; to 25. Furthermore, the tuning parameter V' is chosen by
10-fold cross-validation in all cases.

In Table 3.2, we present for each dataset the number of covariates, the number of data, and
the type of our method we use (whether the original or the approximate method). Table 3.3
shows the average mean squared error of our estimator and the usual MARS estimator over
25 random training and test set splits for each dataset. In Table 3.3, we can see that our
method outperforms the usual MARS method in almost all examples, while showing great
improvement on the Airfoil Self-Noise, Concrete, Ozone, and White Wine dataset. The Red
Wine dataset is the only exception for which the usual MARS method produces better or
equally good fits. However, for its sibling (the White Wine dataset), which has about three
times as many observations, our method is clearly a better option than the usual MARS
method. This again proves that the usual MARS method may beat our method on small
sample sizes, but our method reclaims the throne once enough data are provided.

We can conclude from all the results in this section that not only can our estimators be
an alternative to the usual MARS estimator, but also they can supplement each other.
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Table 3.3: The average and standard error of mean squared errors on test sets for each
dataset. The number next to the name of each dataset is the scale that should be multiplied
to the corresponding average and standard error.

Dataset Usual Method Our Method
Earnings (-107") 2.68 (0.01)  2.65 (0.01)
Airfoil Self-Noise (-10") | 9.16 (0.31)  3.67 (0.13)
Abalone (-10°) 4.64 (0.08)  4.59 (0.08)
Concrete (-10%) 4.01 (0.08)  2.57 (0.17)
Ozone (-101) 1.68 (0.08)  1.45 (0.06)

Red Wine (-10) 4.17 (0.08) 4.17 (0.07)
White Wine (10°1) | 5.19 (0.05) _ 4.92 (0.07)
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Chapter 4

Totally Concave Regression

As explained in the Introduction, totally concave regression is a sign-constrained variant of
the infinite-dimensional lasso framework (1.5) with the MARS atoms (3.2). The function
class for totally concave regression is obtained by imposing sign constraints on the measures
vs appearing in the representation (3.3). Specifically, it consists of all functions of the form

fc,u(xlw--; —C0+ Z CSH$] Z / ] tj)erVS(tj,j ES), (41)

0<|S|<s  jES 0<|S|<s IS '\{0} eS

where ¢y and cg are real numbers, and vg is a finite (Borel) measure on [0, 1)I*I\ {0} for
each nonempty subset S C [d] with |S| < s. Asin (3.3), 0:= (0,...,0), (-); := max(-,0),
|S| denotes the cardinality of S, and both summations are over all S C [d] := {1,...,d}
satisfying 0 < |S| < s. Also, as in (3.3), the domain of these functions is taken to be [0, 1]¢.
In practice, this can be achieved by normalizing each covariate to lie in [0, 1] by subtracting
its smallest possible value and then dividing by its range. Let Ftcs denote the class of all
such functions. Clearly, F&* is a subclass of the MARS class F%* . by construction.

The negative sign in front of the integral terms corresponds to the concave case. If this
sign is replaced by a positive sign, one obtains the corresponding function class for totally
convex regression. In this chapter, we focus on the concave case, although all our ideas
apply to the convex setting as well. Unlike the MARS representation, where the multi-affine
terms arise as the masses of the signed measures vg at 0, these terms are separated out
from the measures and written explicitly in (4.1). Nevertheless, as in the MARS setting, the
coefficients of these multi-affine terms remain unconstrained (recall (3.4)).

In this chapter, we study the function class .7-"5{;’8 and use it for multivariate concave
regression. We first explain how this function class can be naturally motivated for multi-
variate concave regression, independently of how we initially constructed it from the MARS
framework. We begin by recalling univariate concave regression.

Consider a response variable y and a single covariate x, for which we observe data
(W 1), ..., (™, y,), where z® € [0,1] and y; € R. Univariate concave regression [73,
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72] finds the least squares fit over all concave functions on [0, 1]:

Acloncave € argmin Z (yz - f(.T(Z)))2

f is concave ;
=1

(4.2)

The estimator fL . . (where 1 denotes the covariate dimension) is well suited to settings with
diminishing returns, in which the rate of change of y with respect to x decreases as x increases.
This estimator is transparent (relying only on concavity), tuning-free, interpretable (yielding
continuous piecewise affine fits), and enjoys strong theoretical guarantees under standard
regression models when the true regression function is concave (see, e.g., [42, 64, 67]).

Our goal is to extend Acloncave to multivariate regression settings where, instead of a single
covariate x, one has d covariates z1, ..., x,. We assume each x; takes values in [0, 1] as before.
The observations are (xV,y,),...,(x™, y,), where x®) € [0,1]¢ and 3 € R. A natural
approach to constructing multivariate extensions is to use the least squares estimator over
a class of functions satisfying some multivariate notion of concavity. Three existing notions

of multivariate concavity that are not the focus of this chapter are the following:

e General concavity: This is the usual multivariate notion of concavity corresponding
to the condition

f(l=—a)x+ay)>(1—a)f(x)+af(y) forallacl0,1] and x,y € [0,1]%. (4.3)

Equivalently, f is generally concave if its restriction to every line segment [x,y] :=
{1 —a)x+ay:0 < a <1} is a univariate concave function. Nonparametric regres-
sion under general concavity has been studied in [87, 131, 98, 5]. In practice, there
could be two issues with general concavity: (a) the assumption (4.3) may be difficult
to justify in some applications, since it is required to hold for every x,y € [0,1]%
(b) the class of all generally concave functions on [0, 1]¢ is large in the sense that its
complexity grows exponentially with the dimension d. For example, the e-metric en-
tropy of uniformly bounded concave functions on [0, 1]¢ grows as e~%2 (see, e.g., [65,
57]), which is exponential in d. As a result, the multivariate (generally) concave least
squares estimator can suffer from overfitting due to the curse of dimensionality (in the
sense of slow rates of convergence [70, 89]), limiting its use when d is moderate or large.

e Axial concavity: This refers to functions that are concave when restricted to any
line parallel to one of the coordinate axes. Formally, we say that f is axially concave
on [0,1]¢ if, for every j € [d] and every fixed (z1,...,2j_1,%j11,...,24) € [0,1]%7,
the function g;(t) := f(z1,...,2j-1,t,Tj11,...,2q) is concave in ¢ over [0, 1]. Axial
concavity is also known as coordinate-wise concavity. Clearly, axial concavity is a
weaker notion than general concavity, since it requires (4.3) only when x and y differ
in at most one coordinate. Because of this weaker requirement, axial concavity may
be easier to justify in practice than general concavity. On the other hand, the class of
axially concave functions is very large, so overfitting can severely affect least squares
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regression procedures based solely on axial concavity. Perhaps, for this reason, axial
concavity has received limited attention so far, with the exception of [75].

e Additive concavity: This refers to functions of the form

d

flay,. . xa) = filx;) (4.4)

=1

where each f; is a univariate concave function. Additive regression models with such
constraints have been studied in [106, 124, 31, 105]. The resulting estimators are trans-
parent and interpretable, require no tuning parameters, and enjoy strong theoretical
guarantees. However, additive models are well known to be too restrictive for many
applications, as they allow for no interaction effects.

Totally concave functions are obtained by augmenting additive concave functions with
simple axially concave interaction terms. To formulate interaction terms for additive concave
functions, we first recall the basic representation theorem for univariate concave functions
(see, e.g., [110, Section 1.6]). It states that, for every concave function ¢g : [0,1] — R
satisfying the mild boundary regularity conditions,

e i 20 =000

g (0+) : L2 <o and ¢(1-):= lim g() = 9(®)

50+ n AT > —00, (4.5)

there exist unique ¢y, ¢; € R and a finite (Borel) measure v on (0, 1) such that

g(x) =co+ 1o — /(0 1)(x —t), dv(t) for all z € [0, 1]. (4.6)

Intuitively, (4.6) states that every concave function on [0, 1] satisfying (4.5) can be written
as an infinite linear combination of the atoms z +— —(x —1t)4, t € (0, 1), together with affine
terms. The regularity condition (4.5) is essential for the validity of (4.6) and is satisfied by
all functions considered in this chapter.

Using the representation (4.6) for each component, we can write additive concave func-
tions (4.4) as

d d
f g e ny == + gy — j—t]‘ djtj 4.7
(21, . 20) = o Z Z/()( ) duy(t;) (4.7)

where each v; is a finite measure on (0, 1) and co, .. ., ¢q are real coefficients. The right-hand
side of (4.7) can be viewed as a linear model in the covariates x1, ...,z (with coefficients
c1,...,¢q) and the transformed covariates —(x; — ;) for ¢t; € (0,1) (with coefficients repre-
sented by the measures v;).

We now augment (4.7) with axially concave interaction terms, leading to total concavity.
Since (4.7) can be viewed as a linear model, it is natural to introduce interactions by taking
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products of the variables appearing in (4.7). When d = 2, there are four types of such product
terms: @19, (1 —t1)4ao for ¢ € (0,1), z1(xo — ta)4 for t5 € (0,1), and (xq —t1) (22 —t2)4
for t1,ty € (0,1). Appending these terms to the right-hand side of (4.7) yields the following
modified model for d = 2:

f(x1,22) = o + 121 + cox9 — /
(0,1)

(1 — ta)s din(ty) — / (22 — ta)+ din(ts)

(0,1)

+ C12X1T2 — / (Il — t1)+l'2 dﬁl(t1> — / 5(31(1‘2 — t2)+ dgg(tg) (48)
(0,1) (0,1)
— / (1 — t1)4 (w2 — t2)4 drna(ts, ta),
(0,1)2

where c1o € R and 7y, 7y, and vy are finite signed measures on (0,1), (0,1), and (0, 1)?,
respectively, representing the coefficients of the interaction terms. Total concavity arises
by imposing nonnegativity on the signed measures vy, Uy, V12, so that they simply become
measures. This constraint ensures that each interaction term in (4.8) satisfies axial concavity,
since each of the functions (x1,z3) — —c(xy — t1) 29, (21, 22) — —cxi(ry — t2)y, and
(1, m9) — —c(x1 — t1)4(z2 — t2)4 is axially concave if and only if ¢ > 0.

The representation (4.8) can also be simplified further. The term (x; — t1) (22 — t2)+
coincides with z1(zy — t2)4 when ¢, = 0, and with (27 — t;) 22 when t5 = 0. Thus, we can
combine 7y, Uy, V13 into a single measure on [0,1)% \ {(0,0)}, which leads to the following
equivalent form:

f(z1,22) = co + 121 + cox9 — /
(o,1)

(21 — tr)+ din(ts) / (23 — ta) din(t)

(0,1)

+ c1o1T9 — / (x1 — t1) 4 (22 — to) 4 dria(ty, ta),
[0,1)2\{(0,0)}

where g, ¢1, ¢o, c12 € R, and vy, vy, 119 are finite measures on (0, 1), (0,1), [0,1)%\ {(0,0)}.
For d > 2, totally concave functions are constructed in a similar fashion. By augmenting
(4.7) with axially concave interaction terms as above, we obtain functions of the form:

f(x1,...,2q) =co+ Z cSHx] Z /o tj)+dvs(ty,jes), (4.9)

0£SC[d]  jeS 0£5C[d] 1)‘3‘\{0} eS

where ¢ and cg are real numbers, and vg is a finite (Borel) measure on [0, 1)1\ {0} for each
nonempty subset S C [d]. We denote by FZ the class of all functions of the form (4.9) and
call it the class of totally concave functions on [0,1]?. Observe that F¢ coincides with Fi:®
in (4.1) with s = d; hence, F& = F&?.

Functions of the form (4.9) are obtained by adding interaction terms of all orders to
the additive model (4.7), together with sign constraints ensuring axial concavity of each
interaction term. In practice, interactions of high order are rarely used, as they often provide
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limited additional flexibility while substantially increasing computational complexity. It is
therefore natural to consider a subclass of ¢ in which only interactions of order at most s are
included, for some pre-specified s € [d] (typically s = 2 or 3). After imposing this restriction,
we arrive precisely at the class of functions in (4.1). Thus, FE* is motivated not only as a
sign-constrained variant of the MARS framework introduced earlier, but also independently
as a structured extension of additive concave regression with controlled interaction effects.

In the classical references [120] and [54, Chapter 2], total concavity is defined in a different
way, through the nonpositivity of certain divided differences. We recall this classical defini-
tion in Section 4.1 and prove that, under mild regularity conditions, it is equivalent to the
measure-based definition introduced above. To the best of our knowledge, this equivalence
has not been previously observed.

For sufficiently smooth functions, total concavity can also be characterized using deriva-
tives, as is the case for other notions of multivariate concavity. Specifically, we prove that a
smooth function f belongs to F& if and only if

f(p17-~~7pd) .— apl-l_.“—i_pdf

d .
= m <0 for all (pl, . 7Pd) S Zz(] with Hljaij = 2. (410)

In words, total concavity corresponds to the nonpositivity of all mixed partial derivatives of
maximum order two. By contrast, other notions of multivariate concavity are characterized
by conditions on mixed partial derivatives with total order, ) ;Pj, at most two (see Sec-
tion 4.1). This highlights that total concavity differs fundamentally from other notions of
multivariate concavity.

The goal of this chapter is to undertake a systematic study of the least squares estimator

~

f&* over the class ﬂ‘i’s for each s, given by

n

f,‘f’s € argminz (yZ — f(x(i)))z, (4.11)
FEFL® iz

and to explore its uses in practical regression problems. The estimators fff’s with 2 < s <d
are novel multivariate extensions of univariate concave regression. When s = 1, f;f’s reduces
to the least squares estimator over the class of additive concave functions.

In Section 4.3, we study the rate of convergence of fff?s for estimating the true regression
function f* under a standard fixed-design regression model. In particular, we show that,
under the well-specified assumption f* € F%*, the rate of convergence is n=4/5(log n)32s~1/5
for 2 < s < d (see Theorem 9). This means that the usual curse of dimensionality is largely
avoided by f,‘f’s, even when s is taken as large as d. This relatively fast rate shows that total
concavity is a promising shape constraint for multivariate regression. By contrast, rates of
convergence for least squares estimators based on general or axial concavity are slower and
more severely affected by the curse of dimensionality (see, e.g., [97, 6, 70, 89]).

Beyond achieving theoretical convergence rates that largely avoid the curse of dimen-
sionality, we also provide evidence that totally concave regression is effective in practice.
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In Section 4.4, we apply it to real-world regression problems and demonstrate competitive
performance relative to other standard methods.

To improve practical prediction performance, we found it helpful to further regularize
.Fflc’s. Section 4.2 introduces a regularized variant that imposes an upper bound on the total
masses of the measures defining totally concave functions. This approach, which combines
total concavity with the smoothness constraint in Chapter 3, helps mitigate overfitting near
the boundary of the covariate domain, a common issue with shape-constrained estimators.
It also enables theoretical analysis of accuracy under random designs (see Section 4.3). For
better performance when d is large, Section 4.2 also discusses hybrid approaches that impose
total concavity on a subset of covariates while assuming linearity on the others. Their utility
in data analysis is explored in Section 4.4.

The optimization problem (4.11) is infinite-dimensional, in the sense that it involves
infinitely many parameters. However, as in the case of MARS, it can be reduced to a finite-
dimensional convex optimization problem. Indeed, the same reduction idea as in Section 3.2
applies here. The resulting problem has the same form as (3.16), except that the L'-norm
constraint on the coefficients is replaced by sign constraints. Hence, it becomes a nonnega-
tive least squares problem [136, 103] rather than a lasso problem. Moreover, as in the MARS
setting, an approximate version of fff’s can be obtained by using the proxy lattices (3.18)
in place of the original lattices associated with the design points x(V, ..., x™. Since the
arguments from Section 3.2 extend to totally concave regression with only minor modifica-
tions, we omit a separate section on computation in this chapter. We refer the reader to [80,
Section 4] for further details.

The results of this chapter are based on those in [80]. We refer the reader to Appendix D
for the proofs of all results presented in this chapter. We only note here that, although many
of the results in this chapter closely resemble those in Chapter 3, the proof techniques differ
substantially because of a key distinction: in totally concave regression, the total masses of
the measures are unconstrained, whereas in the MARS setting they are constrained. This
parallels the relationship between lasso and nonnegative least squares in finite-dimensional
regression, where similar results often arise from different assumptions and proofs.

4.1 Characterizations

In this section, we introduce the classical definition of total concavity, originally due to [120]
(see also [54, Chapter 2]), which is formulated through the nonpositivity of certain divided
differences. We refer to this classical notion as total concavity in the sense of Popoviciu in
this chapter. We show that, under mild regularity conditions, this definition is equivalent
to the measure-based definition of total concavity introduced above. We also establish the
alternative characterization (4.10) for smooth functions, which expresses total concavity in
terms of mixed partial derivatives of maximum order two. This characterization will allow
us to clarify how total concavity differs from other notions of multivariate concavity.
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We begin by recalling the divided differences needed for the definition of total concavity
in the sense of Popoviciu.

Divided Differences

Divided differences appear frequently in numerical analysis (see, e.g., [74]). For multivariate
functions f : [0,1]% — R, there are several notions of divided differences. In this thesis, we
work with the following “tensor-product” form of divided differences; further background
can be found in the standard references [54, Chapter 2|, [74, Section 6.6], [48, Section 3].

Definition 7 (Divided differences). Let f be a real-valued function on [0,1]%, and fix non-

negative integers pi,...,pq. For each j € [d], let 0 < v@ < e < Ug)ﬂ <1 bep;j+1

distinct points. The divided difference of f of order (p1,...,pq) with respect to the points
(UQ), 1<i; <p;+1,1<j<d) is defined by

5

(1) 1

Ul gooe e ,Up1+1 Ig:l ;g:l f(U(l) U(d))
: N B o o _ .o - - @ @y (412)
(d) (d) 11=1 1g=1 Hll;ﬁ’il (vil - Ull ) X X Hld#id (Uid - vld )
Uy "yen ’Upd“‘l

Divided differences of the form (4.12) can be viewed as discrete analogues of mixed partial
derivatives of f. Indeed, if f is sufficiently smooth and (v, ... v@) € (0,1)¢, then

(1) (1)

U Up fros pd)(v(l)7 o 7U(d))
: A pi!- - pa!
() (d)
Ul PRI ,Upd+1

provided that vg) — v for each i; = 1,...,p; + 1 and j € [d] (see, e.g., [48, Section 3]).

Total Concavity in the sense of Popoviciu

Total concavity in the sense of Popoviciu is defined as follows.

Definition 8 (Total concavity in the sense of Popoviciu). We say f : [0,1]¢ — R is totally

concave in the sense of Popoviciu if, for every (p1,...,pa) € Z‘éo with max; p; = 2, we have
(1) 1)
(I e pitl  patl f(v-(l) U(d))
: NIEDIDS ORI = @ @y =Y
(d) (d) =1 ig=1 Hll;éil(vil =) X X Hl(ﬁéid(vid -, )

V) Uy

for every 0 < vﬁj) << U;()i)ﬂ <1,j€[d].
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In other words, f is totally concave in the sense of Popoviciu if all divided differences of
f of order (py,...,pq) are nonpositive whenever max; p; = 2. We denote by f,ffzp the class
of all functions on [0, 1]¢ that are totally concave in the sense of Popoviciu.

Example 1 (d =2). A function f :[0,1]> — R is totally concave in the sense of Popoviciu
(that is, [ € ]:thp) if the divided differences of f of orders

(p17p2) = (27 0)7 (07 2>’ (27 1)7 (17 2)7 (2’ 2)

are all nonpositive.
The nonpositivity of the divided difference of f of order (2,0) means that, for every
0<vyy<wm<wv3<land(<w <1,

V1,V2,V3 | _ J (v, w) J (v, w) f(v3, w)
{ w o } B (v1 = v)(v1 — v3) " (v — v3)(va — v1) " (v — v1)(vs — v2) =0

This can be rewritten as

f(vz,w) — f(vg, w) < f(v2,w) — f(Ulaw)'

U3 — U2 Vg — V1

Hence, the nonpositivity of the divided difference of f of order (2,0) is equivalent to concavity
of f(+,x2) for each fixed xo. Similarly, the nonpositivity of the divided difference of f of order
(0,2) is equivalent to concavity of f(x1,-) for each fized x1. Therefore, f is axially concave
if and only if the divided differences of f of orders (2,0) and (0,2) are nonpositive.

Next, the divided difference of f of order (2,1) is nonpositive if and only if, for every
O0<m<vm<wvy<land ) <w; <wy <1,

f vz, w2) — f(va, wa) — f(vs,w1) + f(vg, wr) < f(va, wa) — f(v1,wa) — f(vg,wr) + f(vl,wl)_

(v — v2)(wg — wy) N (v2 — v1)(wg — w1)

The corresponding condition for order (1,2) is obtained by interchanging the roles of the two
coordinates.
Lastly, the divided difference of f of order (2,2) is nonpositive if and only if

f(vz,w3) — f(va,w3) — fvs,wa) + f(vg, w2)  flva,ws) — fvr,w3) — f(vg, w2) + f(v1,ws)

(vs — v2) (w3 — wo) (v2 — v1) (w3 — ws)
_ S, wa) = J(va,wp) = flvg,wn) + flvg,wn) | f(va,w3) = flon,ws) = fva,wn) + f(o1,w1)
(vs — v2) (w2 — wn) (v2 — v1) (w2 — wn)

s monpositive for every 0 < vy <wvy <wg <1 and 0 < w; < wy < ws < 1.

Remark 3 (Relation to axial concavity). Suppose f is a real-valued function on [0,1]%. We
saw 1n the preceding example that, when d = 2, f is axially concave if and only if the divided
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differences of f of orders (2,0) and (0,2) are nonpositive. More generally, for arbitrary d,
f is azially concave if and only if the divided differences of f of orders

(2,0,...,0),(0,2,0,...,0),...,(0,...,0,2)

are nonpositive. Compared with the condition f € ]-"ff:p, this requires a strictly smaller

collection of inequalities. Hence, axial concavity is a weaker notion of concavity than total
concavity in the sense of Popoviciu.

Equivalence between the Two Definitions of Total Concavity

The two definitions of total concavity are equivalent under minor regularity conditions:

Proposition 4. Every function f € F2 is totally concave in the sense of Popoviciu, that is,

fe ]:fcp. Conversely, every function [ € ftdcp satisfying the following additional reqularity
conditions belongs to F2: for every nonempty S C [d],
. 0,t, 7€85
tlir& { 0, j¢S f} < 00 (4.14)
and S
. t,1, je ] B
tLHE [ 0, j¢s f} > —00. (4.15)

Conditions (4.14) and (4.15) reduce to (4.5) when d = 1, so that Proposition 4 reduces
to the univariate representation theorem (4.6).

Totally concave functions with restricted interactions, namely functions in Fe:* (see (4.1)),
can also be described as totally concave functions in the sense of Popoviciu satisfying certain
conditions. In addition to the regularity conditions above, one only needs a condition en-
forcing the interaction order restriction, which was previously achieved by simply dropping
the measures corresponding to higher-order interactions in the representation (4.9). Here,
this restriction can instead be imposed through the condition that

Vi, Wy, j €S
0, Jj¢S§
for every S C [d] with |S| > s. We refer to (4.16) as the interaction restriction condition. It

can also be verified by induction that this condition is equivalent to requiring that, for every
subset S C [d] with |S| > s,

;f}zO for every 0 <v; <w; <1,j €S (4.16)

v Wiy JES }:0 4.17
[vja jgés’f ()

for every 0 <v; <w; <1,5 € S, and every v; € [0,1],j ¢ S.
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Proposition 5. The function class ]-"tdc’s consists precisely of all f € }"ff:p satisfying (4.14)
and (4.15) for every nonempty S C [d|, and satisfying (4.16) for every S C [d] with |S| > s.

It can also be shown that the mild regularity conditions (4.14) and (4.15) do not fun-
damentally change the least squares estimation procedure. Specifically, the following result
shows that fff’S also minimizes least squares over all functions f € ]:g‘lcp satisfying the inter-
action restriction condition (4.16) for every S C [d] with |S| > s.

Proposition 6. Every minimizer f,f‘f’s of (4.11) satisfies

f4* € argmin { Z (yi — f(x(i)))2 = ]-";fjp and satisfies (4.16)}.
f i=1

In particular, f&* also minimizes least squares over the entire class ]-"fcp.

Note that the least squares criterion depends only on the values of functions at the design
points xM), ..., x(™ . Proposition 6 is therefore a direct consequence of the following lemma,
which states that, for every function f € Fi., satisfying (4.16) for every S C [d] with |S] > s,

there always exists an element of .7-’1’5 that is indistinguishable from f on x™), ... x™.

Lemma 3. Suppose f € Fi., satisfies (4.16) for every S C [d] with |S| > s. Then, there
exists g € F* such that g(xD) = f(xD) for alli=1,... n.

Smoothness Characterization

The next result shows that, for smooth functions, total concavity is characterized by the
nonpositivity of all mixed partial derivatives of maximum order two. This result can be
viewed as a continuous analogue of the divided difference constraint in Definition 8. As
in the smoothness characterization for MARS (Lemma 1), we impose assumptions stronger
than necessary, since the precise minimal smoothness requirements are not of interest here.

Proposition 7. Let f : [0,1]¢ — R be such that f® erists and is continuous for every
p=(p1,...,pa) €{0,1,2}%. Then, f € Flif f® <0 forallp € {0,1,2}¢ with max; p; = 2.
If, in addition, f® =0 for all p € {0,1}? with Zj pj > s, then f € Fibs,

Comparison with Other Notions of Multivariate Concavity

Every totally concave function is axially concave by construction. It is also clear that every
additive concave function is totally concave by the definition of total concavity. There is,
however, no inclusion relationship between total concavity and general concavity. Indeed,
there exist totally concave functions, such as (z1, z3) — z129, that are not generally concave.
Conversely, there also exist generally concave functions, such as (1, 23) — (x1 + 29 —0.5) 1,
that are not totally concave. These relationships are summarized in Figure 4.1.
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Axial Concavity

General Additive

Figure 4.1: Four types of multivariate concavity.

For smooth functions f, these notions of concavity can be characterized as follows. Below,
H f denotes the Hessian of f.

e General Concavity: —H f = 0 (where = 0 denotes positive semi-definiteness).

e Axial Concavity: —diag(H f) > 0 (where diag(H f) denotes the diagonal of H f, and
> 0 denotes element-wise nonnegativity).

e Additive Concavity: —H f = —diag(H f) > 0.
e Total Concavity: —f®1P4) > ( for every (py,...,pq) with max; p; = 2.

General, axial, and additive concavity are characterized via the Hessian matrix. Total con-
cavity, by contrast, is fundamentally different: it involves higher-order derivatives and cannot
be characterized via the Hessian.

4.2 Variants

Variants for Overfitting Reduction

Shape-constrained regression estimators tend to overfit near the boundary of the covariate
domain, even in the univariate case (see, e.g., [153, 138, 86, 98, 102, 10, 95]). Totally
concave regression exhibits a similar tendency. Indeed, the only restriction on the measures
vg is nonnegativity, so they may place arbitrarily large mass near the boundary in order to
achieve nearly perfect fits in that region. This issue can be mitigated by constraining the
sum of the total masses vg([0,1)%1\ {0}):

f,ff/ € argmin { Z (yz - f(x(i)))2 fe «7:51,’8 and Vipars(f) < V}, (4.18)
f

=1
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where, for f € F&* of the form (4.1),

Vinars(£) = Y ws([0, D1\ {0}), (4.19)

0<|SI<s

and V is a tuning parameter, which can be chosen in practice by cross-validation.

We use the same notation Vias(-) as in Chapter 3, since this is precisely the restriction
of the MARS complexity measure to .7-"tC . Because each vg is nonnegative, its variation
|vs| coincides with vg. Thus, fd"s, can also be viewed as a constrained variant of the totally

concave regression estimator f%® obtained by imposing an additional complexity constraint
inherited from MARS. Estlmators with analogous additional constraints, similar to f
have been used to reduce boundary overfitting in the shape-constrained regression hterature

(see, e.g., [153, 138, 95]).
Variants for Handling Large d

The computational complexity of fg’s increases with d. When d is large, it thus makes sense
to assume total concavity only on a subset of the covariates, while imposing the stronger
(and simpler) assumption of linearity on the remaining covariates. This leads to the model:

e, za) = fi(xn, .0, 2p) + Cpi1Zpr1 + - - + Cag (4.20)

where f; € F&” and ¢4 1, . . ., ¢g € R. We denote this class by Fio® (21, . . ., 2p)BL(Tpi1, - - -, Ta)

C

and the least squares estimator by f%. Using (4.1), we rewrite (4.20) as

d

co + E cstj E / H xr; —t;)+ dvs(t;,j € 5)+ E ;.
SClp] JES DIsh{o} JES j=p+1
0<|S|<s O<|S|<s

A concrete example is given below.

Example 2 (d =4, p=2, and s = 2). F22(x1,x2) ® L(xs,14) consists of functions

[, .., 24) = co + 101 + cavp — /
(0,1)

(21 — 1) din () — / (22— ta) din(ts)

(0,1)
+ C12X1T9 — / (1‘1 — t1)+(l‘2 — t2)+ dl/12(t1, tz) -+ C3T3 + Cq4,
[0,1)2\{(0,0)}
where ¢y, C1,Ca, C1a,¢3,¢4 € R, and v1,vo, and vi9 are finite measures on (0,1), (0,1), and
0,1)%\ {(0,0)}, respectively.

We further extend this model using interactions between covariates zi,...,z, and a
subset of the remaining covariates, z,41, ..., 2, (excluding z,41,...,24). These interactions
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take the form HjeS ;- [ [per v and Hjes(xj —t;)4 [ [ver T, where S C [p] and T' C [¢] \ [p],
with |SUT| < s to maintain the interaction order limit. This results in functions

Co + Z CS,Tl_Izj'ka

SCh.TCl\p]  j€S  keT

0<|SUT|<s
d
/ ]—t])+kadVS,T(t]7j€S)+ Z Cjlj-
0.)I5N\{0} 5 g

SC[p] TC[Q]\[p] keT j=a+1

1S[>0,|SUT|<s

We denote the collection of these functions by Fio*(z1, ..., Tp; Tpity .-, Tg) DL(Tgi15 - - -, Ta)
and the corresponding least squares estimator by fd’q’p’s.

Example 3 (d=4,¢=3,p=2, and s = 2). F*(xy,x9;23) ® L(x4) is the collection of all
functions of the form

(1 —t1)4 di(ty) — / (22 — t2)4 dva(ta)

f*(xl, Ce ,234) = Cp + C1X1 + CoXo + C3T3 — /
(0,1)

(0,1)

+ c1o19 — / (21 — t1) 4+ (x2 — to) 4 drra(ty, ta)
[0,1)2\{(0,0)}

+ C1301T3 — / (.Tl — t1)+$3 dl/lg(tl) + Co3xoT3 — / (LEQ — t2)+$3 di/gg(tz) + cyy.
(0,1) (0,1)

Similarly to (4.19), these functions can also be regularized by constraining the total
masses of measures:

Vo) = S0 wsr((0,1)5 {0}).

SClp], TCg)\[p]
1S]>0,|SUT|<s

The regularized variant f;f;&p * of fdaps is then defined as the least squares estimator over
the class of functions f € FL*(x1,...,2Tp; Tpt1,--.,Tq) B L(Tgt1,-..,2Tq) that satisfy the
additional constraint Vi,..s(f) < V.

These function classes are substantially smaller than .7-"tc and thus provide stronger
regularization, making them better suited for higher-dimensional regression problems.

4.3 Theoretical Accuracy

We study the theoretical accuracy of our estimators under the standard regression model:

yi = [ (x9) + &, (4.21)

where f* is the unknown regression function and &; are mean-zero error terms. We consider
both fixed-design and random-design settings.
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Fixed Design

Here, we assume that xM, ... x™ form the following equally-spaced lattice:
| n;—1
(1) () — { = i~ } 4,99
{xM, .. x™ H O’nj""’ " (4.22)
7=1
for some integers n; > 2 for j € [d]. We also assume that y, ..., y, are generated according

to the model (4.21) where &; N N(0,0%). For an estimator fn of f* based on the data
(xM 1), ..., (x™, y,), we define the loss and risk of f, by

n

1

£ * R i * i)\ 2 r * R *
1o = £7117 = = D2 (Fal™) = £(x))" and Rp(fu, *) =Ellfu = FII3
i=1
where the expectation is taken over yy, ..., yp.

The following theorem shows that the convergence rate of fff’s is of order n=*5, up to
logarithmic factors, when the true regression function f* belongs to .ﬂdc’s. This result involves
the quantity

Vigesign(f) := Inf {Vinars(9) : g € Fi& such that g(xD) = f(xD) fori=1,... ,n},

where Vipas(9) is as defined in (4.19) for s = d. By Lemma 3, for every f € Fi. . there exists

g € F& that agrees with f at all design points x| ... x™. This ensures that Viesga(f) is
finite for every f € Fg . The next lemma gives a simple bound on Viesign(f) for f € F¢ .

Lemma 4. If f € fflcp, then
4 0,1/nj, ]GS . . (nj—l)/nj,l, ]GS .
Vdeszgn(f)SZ([ O, ]¢S’f1 |i O, ]¢S7f .
0#£SC[d]

We are now ready to state the main result of this section. Note that the risk bounds
below depend on Viegign (f*).

Theorem 9. Suppose f* € Fi., and satisfies (4.16) for every S C [d] with |S| > s. Assume
the equally-spaced lattice design (4.22) and &; “E N(0,02). With V := Vesign(f*), we have

Rr(fs, ) < Od<a21;'1/2>4/5[10g ((1 . g>n>}3(2sl)/5

+ C’d%2(log n)5/4 [log ((1 n g>n>]3(2sl)/4

if s > 2, and

o2V1/2

Re(720, 1) < Ca(T22) 1 0 oy hos (14 L))" + 0 (rogmy

if s =1, where Cy4 is a positive constant depending on d.
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Remark 4. Consider the case where f* € .7-"tdc’$. By Proposition 5, we then have f* & ]:fcp,
and f* satisfies (4.16) for every S C [d] with |S| > s, so that the assumptions of Theorem 9
are satisfied. Moreover, it follows directly from the definition of Viesign(-) that

Vdesign(f*> S VmaTS(f*)'

Hence, in this case, the bounds of Theorem 9 hold with V' = Vus(f*), which is independent
of n and of the design points x1, . . x™.

By Theorem 9, whenever f* € F. satisfies (4.16) for every S C [d] with |S| > s, and

Videsign (f*) is bounded independently of n (in particular, when f* € ﬂ‘i’s), our estimator f;f’s
attains the nearly dimension-free rate n=4/®, up to logarithmic factors. The rate of the least
squares estimator in univariate concave regression is also of order n=4° ([66, 27, 70, 26, 7]).
Theorem 9 therefore shows that our estimator achieves essentially the same rate, differing
only by logarithmic factors, even when s = d. Thus, totally concave regression largely avoids
the curse of dimensionality, making it attractive for regression in higher dimensions.
Shape-constrained estimators often exhibit adaptivity by achieving nearly parametric
convergence rates at specific points of the function space (see, e.g., [128, 67]). For A,f’s, such
adaptivity arises when f* € ]:tdc’S also belongs to R%*, the class of continuous rectangular
piecewise multi-affine functions of interaction order at most s. A function f belongs to R%*
if it is continuous and there exists an axis-aligned split (recall (2.1)) of [0,1]? of the form

szl[vl(jjzl, vl(j)] where 0 = U(()j) << 1)7(%3 =1 for j € [d], such that on each rectangle,

flzy, .. xq) = co+ Z CSij (4.23)

0<|S|<s  j€S

for some constants ¢y and cg. For f € R%*, we denote by m(f) the minimum number of
rectangles needed for such a representation. In the univariate case (d = s = 1), R%* simply
consists of continuous piecewise affine functions.

The next theorem shows that if f* € ]-"t‘i’s NR%, then fff’s achieves the rate of order n~1
(with logarithmic factors), which is much faster than the rate n=*/° given by Theorem 9.
Theorem 10. Assume the equally-spaced lattice design (4.22) and that &; na N(0,0?).
Then, for every f* € F&¥ NRES,

Cyq-m(f*) - 02(logn)Cdt6s=3/4/n  jif s> 2

R Ad,s’ *) <
F( n f ) = {Od . m(f*) . 02(10gn)maX(d+2,5d/4)/n if s =1,

where Cy is a positive constant depending on d.

The next result generalizes Theorem 10 to cases where f* need not be rectangular piece-
wise multi-affine, but may be well-approximated by that class. It establishes a sharp oracle
inequality (in the sense of [7]) and applies even when f* is not totally concave.
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Theorem 11. Assume the equally-spaced lattice design (4.22) and that &; “E N(0,0%). For

every function f*:[0,1]¢ — R,

2

£ * : * o s5— .
Re(fi )< it {1 = 2+ Camlf) - - (logm) G0 91L ips >
feF I NREs n

and
2

Re(fit )< nf {1 = FIE+ Casm(f) - S logmymex@szsit g s — 1,

feFhInRAL

where Cy s a positive constant depending on d.

Random Design

In this subsection, we assume that x(), ... x( are i.i.d. random vectors with density p, on
0, 1]¢, where py is bounded above by some positive constant B, i.e.,

0<po(x)<B forallx € [0,1]% (4.24)

We also assume that i, ..., y, are generated according to the model (4.21), where the error
terms &; are i.i.d. with mean zero and are independent of x*). For an estimator f, of f*, we
measure its accuracy by

o= £ = [ (700 = £760) o) .

Here, we analyze the constrained variant fg‘s/ (defined in (4.18)) rather than f®s. At

present, we do not know how to directly analyze the theoretical accuracy of fj7s. It should
be noted, however, that in random-design settings, risk upper bounds are not known even
for univariate concave regression, which corresponds to f;f’s when d = s = 1. Our focus on
fg‘s/ is also consistent with the existing literature (e.g., [70, 102, 88]), where random-design
analyses are carried out for constrained variants of the original least squares estimators. In
particular, [70] studies the constrained variant

n

A~

fcloncave,M < argmin Z (yz - f(‘r(l)>)27

f is concave i1
lFllc <M

o neave (defined in (4.2)),; which is the least squares estimator over all univariate
concave functions that are uniformly bounded by some constant M > 0.
For our first result, we further assume that the error terms &; have finite L>! norm, i.e.,

instead of f1

il = / (B(l&| > 1)V dt < oo, (4.25)
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This assumption is much weaker than the Gaussian error assumption for our fixed-design
results. The additional regularization in fg‘s/ allows us to work under this weaker condition.
The following result is a random-design analogue of Theorem 9 and leads to the same
qualitative conclusions. It is essentially a corollary of Theorem 5 for MARS. Recall that fg‘{’}
is the least squares estimator over the class in (4.18), which is contained in the class over
which the MARS estimator is optimized (recall (3.5)). Moreover, the assumptions imposed
here are the same as those used in the random-design analysis of MARS (see Section 3.3).

Theorem 12. Suppose f* € .Fi’s and Viars(f*) < V. Assume that the density py satisfies
(4.24) and that the error terms &; satisfy (4.25). Then,

1% = F7112, 5 = Op(n~/5(log n)*==1/5),
where the constants underlying O,(-) depend on d,V, B, and the moments of ;.

Our next result shows adaptivity of fsf, when f* € F%* N'R%s. For this result, rather
than assuming (4.25), we assume that &; are sub-exponential errors satisfying

2K2-E[exp<|§é’>—1—%] < ¢? for some K,o > 0. (4.26)
For the density py, in addition to (4.24), we further assume that it is bounded below by some

positive constant b, i.e.,
po(x) > b for all x € [0, 1]%. (4.27)

Theorem 13. Suppose f* € F* N R and Vinars(f*) < V. Assume that the density po
satisfies (4.24) and (4.27) and that the error terms &; satisfy (4.26). Then,
H.]?d,‘s/ . f*H2 , = Op<n71/2(10gn)max(5d/8+(571)/e,d/2+1/2e))’

po,

where the constants underlying Op(-) depend on d,V,b, B, K, o, and m(f*).

In all our results, under both fixed and random designs, the covariate domain is [0, 1]¢. By
a scaling argument, the results extend to any axis-aligned rectangle. However, extensions
to more general domains (e.g., polytopes) do not follow from our proofs, which rely on
rectangular geometry—decompositions into subrectangles and entropy bounds for totally
concave function classes on each subrectangle. It is unclear how to adapt our arguments
beyond rectangular domains. We also note that total concavity, like axial and additive
concavity, is inherently axis-aligned, unlike general concavity. While results for least squares
under general concavity exist on non-rectangular domains (see, e.g., [70, 88, 89]), establishing
analogous results for the axis-aligned notion of total concavity appears challenging.
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4.4 Real Data Examples

We apply our methods to three real datasets and compare them to existing approaches. Im-
plementations of our methods are available in the R package regmdc (https://github.com/
DohyeongKi/regmdc), which also includes our lasso-based variant of MARS in Chapter 3.
We first normalize each covariate to [0, 1], and then, after computing our estimators, we
invert the transformation and present results on the original scale. The code for all analyses
in this section is available at https://github.com/DohyeongKi/tc-reg-paper.

In regression, one typically begins with linear models and then adds non-linear terms in
each covariate. Among various non-linear terms, quadratic terms are one of the simplest and
most common choices. A function that is quadratic in a variable z; is effectively convex or
concave in x;. Additive models with convex/concave components thus represent nonparamet-
ric generalizations of quadratic regression. On the other hand, adding simple product-form
interaction terms to a quadratic model lets us move beyond the additive framework.

Totally concave regression (and its variants) provides a natural, nonparametric, shape-
constrained alternative that encompasses these additive models and parametric models with
interactions, yet remains simple and more interpretable than black-box approaches (e.g., ran-
dom forests, deep neural networks). Also, in contrast to black-box approaches, which often
require extensive tuning, totally concave regression is fully shape-constrained and tuning-
free. Our real data examples show that totally concave regression performs comparably to
parametric models and improves further when regularization is introduced.

Earnings Data

Consider the classical regression problem (with d = 2) from labor economics for which y is
the log of weekly earnings, x; is years of education, and x5 is years of experience, for adults
in the workforce. Labor economics literature suggests that the regression function should be
axially concave (see, e.g., [92, Section III]). On the other hand, classical regression models
for this problem (e.g., [107, 108]) are additive and thus inevitably miss crucial interaction
effects (see, e.g., [92, Section V]). Totally concave regression presents a natural approach
here as it is capable of capturing interactions while staying in the broad framework of axial
concavity.

We use the dataset ex1029 from the R library Sleuth3, which contains data on full-time
male workers in 1987. We pre-process the data (following [146]) by restricting to non-black
workers with z; > 8 and x5 € (0,40) and work with n = 20,967 observations. We fit the
following models and compare their performance:

e Mincer’s [107]: E[y|x| = co + c121 + c2m3 + c373, where x = (z1, x2).
e Murphy and Welch’s [108] (MW): E[y|x]| = co + c121 + oz + 373 + c4x3 + c5275.

e Additive Concave Regression: E[y|x] = fi(z1) + fo(72) where f; and f; are concave.
The least squares estimator over all additive concave functions is f&!.


https://github.com/DohyeongKi/regmdc
https://github.com/DohyeongKi/regmdc
https://github.com/DohyeongKi/tc-reg-paper
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e Axially Concave Regression. We fit the least squares estimator over the class of axially
concave functions (implementation details are in Appendix B.1).

e Totally Concave Regression. We compute the estimator f,‘f’s ford =s = 2.

Model performance can vary significantly with sample size, making it essential to assess
prediction accuracy across different training data sizes. For each k =0, ..., 8, we randomly
select 0.9/2% of the observations for training and use the remaining (1 — 0.9/2%) for testing.
For instance, k = 0 corresponds to a 90-10 train-test split, while k& = 4 uses 0.9/16 of the
observations (n = 1,179) for training and the rest for testing. We measure performance
using mean squared errors on the test set and repeat each experiment 100 times.

Plot A of Figure 4.2 displays the proportion of repetitions in which each method outper-
forms the other four (z-axis represents training data proportion); e.g., when the proportion
of training data is 0.9/16, the proportions of repetitions in which Mincer, MW, additive,
axially, and totally concave regressions perform the best are 0.01, 0.29, 0.06, 0.02, and 0.62.
Plot B of Figure 4.2 shows the proportion of repetitions in which each model ranks among

the two worst-performing models.
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Figure 4.2: Best-performing and bottom-two ratios of each method for various sub-sample
sizes. The z-axis and y-axis represent the proportion of training data and the proportion
of repetitions (out of 100) where (A) each model outperforms all the other four models and
(B) each model is one of the two worst-performing models.
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From these plots, it is clear that restrictive models like Mincer’s parametric approach
perform the best with limited data, but totally concave regression emerges as the preferred
model at moderate sample sizes. It maintains this advantage until sample sizes become very
large, where axially concave regression takes the lead. This pattern highlights totally concave
regression’s balanced approach: it captures interactions while maintaining enough structure
to perform well with moderately-sized datasets. Although the transition points may vary
across datasets, totally concave regression appears to occupy a sweet spot between overly
restrictive parametric models and the more flexible axially concave regression.

See Appendix B.2 for additional plots for the analysis.

The above comparison only concerns prediction accuracy and does not account for com-
putational considerations. Axially concave regression becomes computationally prohibitive
when d > 3. The computational burden of totally concave regression can be alleviated by
restricting interaction orders (as in .7-"528 vs F2), by using approximate versions (as in Sec-
tion 3.2), or by considering variants (as in Section 4.2). However, it remains unclear whether
similar strategies can be adapted to axially concave regression. Due to this computational
limitation, axially concave regression will not be considered in the following subsections.

Housing Price Data

We use the hprice2 dataset from the R package wooldridge, which contains housing data
from 506 Boston census tracts (1970 US census). The dataset includes median housing price
(price), per-capita crime rate (crime), average number of rooms per dwelling (room), nitric
oxides level (nox), weighted distance to major employment centers (distance), and student-
teacher ratio (stratio). Here are some simple parametric regressions for y = log(price) using
x1 = crime, x9 = room, x3 = log(nox), x4 = log(distance), and x5 = stratio as regressors:

e Linear: E[y|x]| = ¢y + c121 + oo + c3x3 + ¢4y + c525, where x = (x4, ..., 5).
e Quadratic: E[y|x] = ¢y + 121 + 1127 + oo + ConT3 + c373 + C4Ty + C5T5.
e Interaction 1 (Int 1): E[y|x] = co+c1o1 41107+ oo+ ConT3+C1oT1 T+ 373+ 4Ty +C5T5.

e Interaction 2 (Int 2): Ely|x] = co + 121 + c117? + coTo + CooT3 + C1oT1To + C11275T9 +
C120T1T3 + €373 + C4Ty + C5T5.

e Interaction 3 (Int 3): Ely|x] = ¢y + c121 + c112? + coTo + 2273 + 107179 + c373 +
2 2
C1321X3 + 0113$1$3 -+ Co3X23 —+ 02231’2LL’3 —+ Cyq Ty —+ C5X5.

e Interaction 4 (Int 4): Ely|x] = co + 121 + c117% + coTo + €223 + C1oT1To + C11275T2 +
2 2 2
C1220T1T5 + C3%3 + C1321X3 + C113T7T3 + C23T2T3 + C223X5%3 + C4XTy + C5T5.

We compare the above models to nonparametric approaches based on total concavity. The
quadratic model gives convex (as opposed to concave) fits, so we work with convex variants
of our function classes (these are given by functions of the form (4.1) where the negative sign
on the last term is replaced by the positive sign). We indicate this by the subscript convex.
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e Additive (fg’m): Ely|x] € ]-"f(j,lconvex(xl,atg) ® L(x3, x4, Ts5).

e Our Model 1 (f522) (Ours 1): E[y|x] € F22 (z1,22) ® L(x3, 24, T5).

tc, convex

e Our Model 2 (f3322) (Ours 2): E[y|x] € F3? (w1, 225 23) B L(24, 5).

tc, convex

We evaluated these models using 100 random training-test splits (90%-10%) and ranked them
by test mean squared errors (with rank 1 being the best, and rank 9 the worst). Figure 4.3
shows the empirical cumulative distributions of these rankings across the 100 splits. For
plots of this kind (including Figures 4.5 and 4.6 appearing later), an ideal procedure is one
whose rank distribution function dominates (is everywhere larger than) all the others.

Model

—
-

= Quadratic

> 0.75
3 — 0t 1
©
% Int 2
= m— Nt
o — |
o 0.50 ‘
2 ‘ Nt 3
© —
E \=—’_’_ Nt 4
3
©o2s I Additive
J ‘ Ours 1
_—
0.00 —l Ours 2
2 4 6 8

Figure 4.3: Empirical cumulative distributions of model ranks across 100 splits into training
and test sets. Ranks are determined by mean squared errors on the test sets.

The model Ours 2 showed both promise and limitations—ranking first in 30% of splits but
in the bottom two for another 31%. By contrast, Int 3, Int 4, and Additive demonstrated
better consistency, rarely performing poorly though achieving fewer top rankings as well.
The remaining models showed no notable advantages.

Figure 4.4 illustrates why Ours 2 performed poorly sometimes. Comparing fitted func-
tions from Ours 2 and Int 3 for a split where Ours 2 ranked worst reveals severe overfitting
at one corner of the covariate domain. The dramatically different scales of log(price) between
the two panels highlight this problem.

To address overfitting, we introduced regularized variants of Ours 2 ( A,‘;’f’/’Q’Q) and Additive

( fi’%/l) (the regularization parameter V is tuned by 10-fold cross-validation, separately for
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Figure 4.4: Fitted regression functions of (A) Ours 2 and (B) Int 3 for a random split where

Ours 2 performs the worst. The regression functions are plotted against crime and room,
with log(nox), log(distance), and stratio fixed at their median.

each random split). We excluded consistently underperforming models (Int 1, Int 2, and
Ours 1) for clarity and redid the comparison with the regularized variants.

Figure 4.5 shows that the regularized variant of Ours 2 clearly outperformed all other
models. Its cumulative distribution dominates all competitors, achieving top-two rankings
in 62% of splits. The regularization also effectively addressed the overfitting issue—while the
original Ours 2 ranked worst in 28% of splits, its regularized version appeared in the bottom
four only 12% of the time. This analysis demonstrates that variants of totally concave
regression can outperform standard regression approaches in practical applications.

Retirement Saving Plan (401(k)) Data

We analyzed the 401(k) dataset k40lksubs from the R package wooldridge, containing n =
9,275 observations. Our target variable was net total financial assets (y), and predictors were
annual income (z1), age (x2), 401(k) eligibility (x3; 1 if eligible, 0 otherwise), and family size.
We converted the family size variable (fsize) into five dummy variables: fsizel (x4) through

fsize4 (z3) (each equal to 1 if family size equals the corresponding number, 0 otherwise) and
fsizeb (equal to 1 if family size > 5). We compare the following models:

e Quadratic: E[y|x] = ¢y + 171 + ¢112? + o9 + Coo3 + 373 + c4y + - - - + CsTg.

o Int 1: E[y|x] = co + 11 + 1127 + oo + ConT3 + C1971T5 + €373 + C4Ty + -+ - + CgTg.
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Figure 4.5: Empirical cumulative model rank distributions across 100 training-test splits.
Add. (Reg.) and Ours 2 (Reg.) are the regularized variants (4.18) of Additive and Ours 2.

o Int 2: E[’le] = +cr + 0111’% + CoTo + CQQI% + C19T1T2 + 01121’%1‘2 + Clggfll'% + C3T3 +
CaTq + - -+ + CaT3.

e Int 3: E[y‘X] =cyp+cixr + 011.17% + CoXo + CQQZ’% + C12X1 22 + C3T3 + C13701T3 + 0113.17%1'3 +
Co3T2X3 + 02231'%373 + 4y + -0+ C8Ty.

o Int 4: E[le] =Ccy+C1x1 + CH.T% + Ccoxy + CQng “+ C19X1T2 + C112.T%§C2 + C122$1$% + c3x3 +
C1321T3 + 0113$%$3 + Co3X2T3 + 02231’%%'3 + Cyq Ty + -+ C]Tsg.

e Additive (fff’Q’l): Ely|x] € .ﬂ%}comex(ml, To) B L(x3,...,18).
e Ours 1 (f7§72’2): E[ylx] € ﬂ%?convex(wlﬁ 1‘2) D ,C([L’g, s 71:8)‘

o Ours 2 (f3%22): E[y|x] € Fo2 (21,22, 23) ® L(24,...,28).

tc, convex

e Regularized Variant of Ours 2 (fS:?/’Q’Q) (Ours 2 (Reg.)).

n

We focus on total convexity (as opposed to total concavity) as convexity provides better
fits (as can be easily verified by inspecting the fits of the simple quadratic model). To manage
computational demands, we used approximate versions for Additive, Ours 1, Ours 2, and
Ours 2 (Reg.) with proxy lattices with N; = Ny = 50 as in (3.18). Since total convexity is
only imposed on x; and x5, there is no need for Nj, ..., Ng.

We evaluated performance across 100 random training-test splits (90%-10%) and ranked
models by test mean squared errors. Figure 4.6 shows the empirical rank distributions. The
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results (from Figure 4.6) align with our findings on housing price data. Ours 2 showed high
potential but inconsistency—ranking first in 37 splits but in the bottom two for 29 others.
Int 1 and Int 3 demonstrated greater consistency but fewer top placements. The regularized
variant of Ours 2 effectively balanced these extremes, ranking worst in only 5 splits while
maintaining strong performance. The regularization effect, however, was less dramatic than
in the housing price example, likely because the approximation with proxy lattices already
provided some overfitting protection by constraining boundary masses. These results confirm
totally concave regression’s practical utility and demonstrate that approximate versions offer
viable alternatives when computational demands are high.
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Figure 4.6: Empirical cumulative model rank distributions for 401(k) data
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Chapter 5

Extreme Gradient Boosting
(XGBoost)

Consider the standard regression problem with data (x™V, y1), ..., (x™,%,) where each x¥ €
R? and y; € R. XGBoost, introduced by [29], fits a finite sum of regression trees by (ap-
proximately) minimizing an objective function consisting of a least squares loss and a regu-
larization penalty. We first describe the optimization problem that XGBoost seeks to solve;
see the official documentation [39] for further implementation details.

XGBoost constructs individual regression trees using right-continuous splits, meaning
that each split is of the form z; > t; versus z; < t;, where z; denotes the j' coordinate
of the covariate vector x. Each tree is further restricted to have a user-specified maximum
depth, controlled by the hyperparameter max_depth (whose default value is 6). Recall that
the depth of a tree refers to the maximum number of splits along any root-to-leaf path.

Let ]—"S‘i’s denote the class of all finite sums of right-continuous! regression trees of depth
at most s (“st” here stands for “sum of trees”). More precisely, fi’s consists of all functions
of the form Z?:l fr for some K > 1, where each f; is a regression tree with right-continuous
splits and depth < s. Each f; can possibly be a constant function, in which case we call it
a constant tree and say that it has depth 0. We place no restriction on K beyond finiteness.
In implementations, XGBoost allows the user to specify an upper bound on K, typically on
the order of several hundred to a few thousand. Since this bound is usually chosen to be
large, we leave K unrestricted in the definition of ]—"i’s for theoretical convenience.

For regression, XGBoost minimizes the least squares loss over the class }"Sdt’s, augmented
with an explicit regularization penalty described below. This explicit regularization is a key
feature that distinguishes XGBoost from earlier gradient boosting methods such as Gradient
Boosting Machines (see [52]), and from ensemble methods such as Random Forests (see [19]).

For a function f € ]—"sci’s, suppose f is represented as a finite sum of trees, and let wy
denote the vector of leaf weights associated with the k" tree. The XGBoost regularization
penalty takes the form a ), ||wgl||1, where o > 0 controls the strength of regularization and

'Recall that, in this thesis, the term “right-continuous” means coordinate-wise right-continuity.
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|- ||; denotes the L' norm. If the k'™ tree is a constant tree, we set |[wy||; = 0. This penalty
discourages overly complex trees by constraining the magnitude of the leaf weights. Since
each function f € ]—"i’s generally admits multiple representations as a finite sum of trees, and
since the quantity », ||wg||1 depends on the particular representation chosen, we obtain a
representation-invariant measure of complexity by taking the infimum over all possible tree
decompositions. Specifically, for f € F&*, define

V() =it {3 Il }, (5.1)

where the infimum is taken over all representations of f as a finite sum of regression trees
with right-continuous splits and depth at most s, and wj, denotes the leaf-weight vector of
the k™ tree.

In this notation, XGBoost is a greedy algorithm for solving the optimization problem:

n

arg}rcnin { Z (i — f(x(i)))2 + onng’g(f) fe .7:3’8}. (5.2)
i=1

It is also common to include an additional leaf-count penalty of the form ), T}, where T,
is the number of leaves in the & tree. Since the default value for v is v = 0 (see [39]),
we omit this term throughout. Some implementations also replace the L' penalty with a
squared L? penalty ||wy||3. However, such a penalty is not well defined for sums of trees. To
illustrate this issue, consider the function (z1,...,z4) — 1(x; > 0), for which the squared
L? penalty is 1. The same function can alternatively be expressed as >_n | (1/K)-1(z; > 0),
for which the total squared L? penalty equals 1/K, which tends to zero as K — oo. The
fact that the squared L? penalty can be made arbitrarily close to zero by suitably increasing
the number of trees in the decomposition—unlike the L' penalty—renders the squared L?
penalty ill-posed for tree ensembles. For this reason, we focus exclusively on the L' penalty
(5.1). More broadly, the advantages of L' over L? penalties are well established in high-
dimensional statistics (see, e.g., [41, 144, 76, 145]). Additional discussion on the differences
between L' and L? penalties for tree ensembles is provided in Section 5.4.

XGBoost has become one of the most widely used machine learning algorithms, celebrated
for its predictive accuracy and efficiency. Indeed, it has played a decisive role in many
high-profile machine learning competitions, and practitioners often note that for tabular
data (which includes our regression data setting), XGBoost can outperform deep learning
methods (see, e.g., [134, 63, 14]). Yet, despite its empirical success, the theoretical properties
of XGBoost remain poorly understood, since its iterative boosting procedure, coupled with
the greedy tree-building algorithm performed at each iteration, is notoriously difficult to
analyze rigorously.

This chapter takes a step toward closing this gap by studying XGBoost through the
infinite-dimensional lasso framework (1.5). This framework allows us to identify the function
class implicitly underlying XGBoost. It also enables us to extend the complexity measure



CHAPTER 5. EXTREME GRADIENT BOOSTING (XGBOOST) 61

(5.1) naturally to a broader context, which helps us characterize and interpret the regulariza-
tion penalty used by XGBoost. Taken together, these results provide a better understanding
of the optimization problem that XGBoost seeks to solve.

Since XGBoost constructs estimators as finite sums of right-continuous regression trees,
one natural choice of atoms is the class of such trees. However, instead of applying the
infinite-dimensional lasso framework directly to this class, we work with finer building blocks
than whole regression trees.

To this end, we begin by observing that any regression tree with right-continuous splits
and depth at most s, and hence any finite sum of such trees, can be expressed as a finite
linear combination of functions of the form

AL (@, xa) = [[ 1 = 1) - [] 15 < ), (5.3)

jEL jeu

where L and U are (not necessarily disjoint) subsets of [d] := {1, ..., d} satisfying |L|+|U| < s
(with | - | denoting set cardinality), and where 1 := (l;,j € L) and u := (u;,j € U) are
vectors of real-valued thresholds. This follows from the fact that each regression tree can be
decomposed into indicator functions corresponding to the individual paths from the root to
the leaves. For each root-to-leaf path, take

L := {j € [d] : the path contains at least one split of the form z; > ¢},
U :={j € [d] : the path contains at least one split of the form z; < ¢},

and for each j € L (respectively j € U), take [; (respectively u;) to be the maximum
(respectively minimum) of the thresholds ¢ appearing in such splits along the path. Note
that a coordinate may belong to both L and U if it is split in both directions along the same
path. Thus, |L| + |U| is bounded above by the depth of the tree, which is at most s.

This shows that the collection of functions of the form (5.3) provides a collection of atoms
for XGBoost. Since the thresholds /; and u; may vary over all real values, this collection is
uncountable. We now apply the infinite-dimensional lasso framework (1.5) to this class of
atoms. As in the case of MARS, rather than working with a single signed measure v as in
(1.3), we consider one signed measure vy for each pair of subsets L and U of [d] satisfying
0 < |L| 4+ |U| < s. This leads to functions of the form

feqvroy (@1, .. 2q) =+ Z /|L+U ALYy, xg) dvp (1 u), (5.4)
R

0<|L|+|U|<s

where ¢ € R, the summation is over all pairs (L, U) satisfying 0 < |L| + |U| < s, and for
each such pair, vy ;s is a finite signed (Borel) measure on RI“HUl We denote the collection
of all such functions by F&° .

As we will see in Section 5.1, fggist contains the original function class ]:i’s as a subclass,

with functions in Fg® corresponding to discrete signed measures vy having finite support
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(see Proposition 8). Moreover, unlike ]—"i’s, which consists only of piecewise constant func-
: d,s . . . o
tions, Fo.” o contains many continuous functions as well (see Proposition 11).
The lasso-based framework (1.5) also naturally provides (through (1.4)) a measure of
complexity for functions in F-° . For f € F%* ., this complexity is defined by

Vi L (f) = inf{ T

0<|L|+|U|<s

|TV . fC,{VL’U} = f}? (55)

where the infimum is taken over all representations f.(,, , of f. Here, for a finite signed
measure v, ||v|ty = |v|(RFFIUD) denotes its total variation, and the constant term (corre-
sponding to AIL I’JU with L = () = U) is excluded from the complexity measure. Unlike the

case of MARS, where the representation is unique, functions in ]-"gf_st may admit multiple
representations, and hence the infimum is necessary. We will see in Section 5.1 that this
complexity measure agrees with the original complexity chgf,(-) on F¥* (see Theorem 14).

In other words, this complexity measure extends VX‘gE(') from Fi’s to the larger class ]—“gf;st.
The resulting optimization problem arising from the infinite-dimensional lasso framework

can be written as

n

argmin {3 (= )"+ aVil () f € Fl ). (5.6)
=1

We will also show in Section 5.1 that this optimization problem is equivalent to the original
formulation (5.2) (see Theorem 15). More precisely, every solution to (5.2) is also a solution
to (5.6), which is posed over the larger class F%* , and uses the extension Vo‘i’ixgb(') of the
original measure of complexity.
In Section 5.3, under standard random-design regression assumptions with squared error
loss, we also study the minimax rate of convergence over the class
{feFSa Vilw(H SV} (5.7)

co—xgb

for fixed V' > 0. We show that the minimax rate of convergence lies between
Q(n=23(log n)?mind=1/3) < minimax rate < O(n~%3(logn)*min(s)=1/3), (5.8)

where the constants underlying the (-) and O(-) notations depend on d,s, and V. In
particular, both bounds increase with V', indicating that the minimax rate deteriorates as V'
increases, as one would intuitively expect. The upper bound in (5.8) is achieved by a least
squares estimator over (5.7), which can be viewed as solving a constrained version of (5.6).
By a standard duality argument, for each V' > 0, there exists «, possibly depending on both
V' and the data, such that a solution to the problem (5.6) attains the upper bound in (5.8).

Taken together, these results show that XGBoost can be interpreted as implicitly tar-
geting the larger and more expressive function class .Fi;ist, even though its fitted solutions
are constructed as finite sums of regression trees. The fast convergence rates in (5.8), which
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do not suffer from the usual curse of dimensionality, suggest that XGBoost can accurately
estimate functions f* € .7: "« provided that their complexity VOO ng( f*) is not too large.
This perspective offers, at least in part, a theoretical explanation for the strong empirical
performance of XGBoost in practice: although real-world regression functions are rarely
piecewise constant, XGBoost can still perform well as long as the underlying function lies in
FLs  with moderate complexity.

At the same time, our results also point to potential limitations of XGBoost. If the true
regression function f* cannot be well approximated by elements of Fjj « with controlled
complexity VOO b (), then accurate estimation should not be expected (see Section 5.4 for
further discussion). Finally, we emphasize that this chapter does not address algorithmic
aspects of XGBoost. Our results characterize the statistical properties of solutions to the
objective function that XGBoost aims to optimize, rather than guaranteeing that a specific
implementation of the algorithm attains these rates (see Section 5.4 for more details).

We also provide in Section 5.2 a smoothness-based characterization of ]-";los & that does
not rely on any explicit connection to trees. Specifically, we show that .7-"50‘9 < 18 closely
related to the class of functions with finite Hardy—Krause variation. More precisely, in
Proposition 11, we prove that .7-"00 s coincides with the class of right-continuous functions
having finite Hardy—Krause variation and exhibiting no interactions between covariates of
order greater than s, in the precise sense formalized in (5.11). We also show in Section 5.2
that the complexity measure VOo ng( ) is tightly connected to Hardy—Krause variation: it is
bounded above by Hardy—Krause variation, and bounded below by a constant (depending
on s and d) times Hardy—Krause variation (see Proposition 12).

Recall from Chapter 2 that Hardy—Krause variation can be interpreted as a measure of
smoothness. For sufficiently smooth functions, Hardy—Krause variation is closely related to
the L' norms of mixed partial derivatives of maximum order one (recall (2.7)). Hence, the
above results suggest that XGBoost can be viewed as performing smoothness-constrained
nonparametric regression, where smoothness is quantified through control of mixed partial
derivatives of maximum order one. Tree-based methods such as XGBoost are often classified
as belonging to the “algorithmic modeling” tradition, distinct from statistical modeling (see,
e.g., [20]). In contrast, our results place XGBoost squarely within a traditional statistical
framework of regularized estimation governed by an interpretable smoothness penalty.

Moreover, recall that Hardy—Krause variation requires the specification of an anchor
point. The presence of such an anchor point breaks the symmetry of the domain and thereby
introduces an inherent asymmetry into Hardy—Krause variation. Consequently, regression
methods based on Hardy—Krause variation depend on the choice of an anchor point, or
equivalently, on the orientation of the coordinate axes. In contrast, we will see in Section 5.2
that V* (") does not suffer from this lack of symmetry. Owing to this symmetry, ves ()
provides a more natural regularizer than Hardy—Krause variation, suggesting that XGBoost
offers a more natural regression framework than methods based on Hardy—Krause variation.

The results presented in this chapter are taken from [81]. We refer the reader to Ap-

pendix E for the proofs of all results stated in this chapter.
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5.1 Connection to the Original Formulation

In this section, we first show that the proposed function class Fif_st and complexity measure
Voi’fxgb(~) extend the original function class F+* and complexity measure chéﬁ() We also

present several basic properties of F%* . and Vi’ixgb(-). Finally, we study the equivalence

between the original optimization problem (5.2) over F.* with regularization based on Vx‘gi(-)

and the optimization problem (5.6) over F%* . with regularization based on Vci’fxgb(-).

Function Class

Recall that any regression tree with right-continuous splits and depth < s can be expressed
as a finite linear combination of the atoms AL:" with |L| + |U| < s. Hence, every element of

fi’s can be written in the form (5.4) with discrete signed measures vy, ;; having finite support.
The next result shows that the converse also holds: every function of the form (5.4) with
discrete signed measures v,y having finite support belongs to ]-'Sci’s. The original function
class ]-"i’s can therefore be identified with the subclass of F%* , generated by discrete signed

measures vy, y with finite support.

Proposition 8. The class .Fi’s of all finite sums of right-continuous regression trees of depth

at most s can be characterized as
Fo = {fetvroy : viu are discrete signed measures with finite support}.

. : . d : d
The following result records several basic properties of Fs.’ .. In particular, F3°  be-
comes larger as s increases, while it remains unchanged once s > d.

Proposition 9. (a) Every function in fff_st is right-continuous.

(b) For s, < sy, FY%, C Fho .

co—st =

(¢) For every s > d, F%* , = F&

oco—st*

(d) The function class f;ﬁ,ist S Convex.

Complexity Measure
Basic properties of the complexity measure Vi’ixgb(') are summarized below. Note, in par-
ticular, that unlike the function class f;igist, which does not change once s reaches d, the

complexity measure Vi’fxgb(-) continues to decrease with s even when s > d, and eventually

stabilizes once s > 2d.

Proposition 10. (a) For s, < sy, V3 () > V%2 (f) for all f € FE,.

oco—zgb oco—xgb
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(b) For every s > 2d, V** () =V%* ().

co—xgb co—xgb

(c) V&5 () is convex on FE° ,; that is, for all f,g € F%* , and X € [0,1],

zgb
Vocismgb((l - )\)f + )\g) S ( /\) Vo(ismgb(f) + A Vocisxgb( )

The next result shows that V;isxgb( f) agrees with the original XGBoost complexity

degi( f) (defined in (5.1)) whenever f € F%*. In other words, Visxgb(-) is an extension
of the original complexity measure Vx’g (-) from FE* to the larger class F2°
Theorem 14. For every f € Fy°, we have Voi’fxgb(f) = V().

g

Optimization Problem

Here, we analyze the optimization problems (5.2) and (5.6). Our first result establishes the
existence of minimizers for both problems and shows that every solution to (5.2) also solves
(5.6). This result implies that XGBoost can be viewed as implicitly optimizing over the
larger class .7: ~«, which contains smooth functions as well as piecewise constant ones.

Theorem 15. There exists a solution to (5.6) that also solves (5.2). Moreover, every solution
0 (5.2) is also a solution to (5.6).

In standard XGBoost implementations, split thresholds for regression trees are typically
restricted to midpoints between observed covariate values. More precisely, for each coordi-
nate j, split thresholds are chosen from the midpoints between consecutive observed values
of the j' covariate. Let v%j) < e < v%.) denote the distinct observed values of the j*8
covariate x;, sorted in increasing order. Note that

{vy),..., 7(1]])} {m(l) }

where :c ) denotes the 7™ coordinate of the 7™ data point x*). Let F* st.mia denote the subclass

of Fis  consisting of finite sums of right- contlnuous trees with depth at most s, where each
individual tree restricts split thresholds on the ;' coordinate to the set:

{0 +0f)/2,. 5 +0D)/2},

Then, the XGBoost algorithm can also be viewed as a greedy procedure for solving:

n

argmin { 3 (i = Sx))* + Vi () : / € Fia b (5.9)

f i=1

The following result shows that the problem (5.6) is also closely related to (5.9).
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Theorem 16. There exists a solution to (5.6) that also solves (5.9). Moreover, every solution
0 (5.9) is also a solution to (5.6).

The above pair of theorems is a direct consequence of the following lemma, which asserts
that for every f € fg’j «t» there exists a function in Fbs stmiq that agrees with f at every data

point x® and has no greater complexity.
Lemma 5. For every f € F&2 . there exists f.., (v} € ]—"tmzd such that

(a) viu are discrete signed measures supported on the lattices

[T{@? ) /2, 00 +0@) 2b < [T {0 +0) /2, ..., 0§ o) /2}5 (5.10)

JEL Jjeu

(b) fc,{quU}(x(")) = f(x9) fori=1,...,n;

(c)
oo :Egb(fc {vz, U}) Z ||VL,U||TV < Volisfrgb(f)

0<|L|+|U|<s
Lemma 5 continues to hold even if the midpoint (vﬁnz + vm +1) /2 is replaced by any

other point in the interval (vmj,vg) +1). We use midpoints because this choice aligns with

standard XGBoost 1mplementat10ns By default, XGBoost uses midpoints when the dataset
is small, although it switches to quantile-based splits for larger datasets due to computational
limitations (see [39]).

The equality in the first part of condition (c) deserves special attention. Since Vo‘i’ixgb(~)
is defined as an infimum over all admissible integral representations (5.4), in general, only an
inequality holds between V ng( feqvrpy) and the sum of the total variations of the signed
measures vy, . However, for the functions constructed in Lemma 5, equality is attained.
This eliminates the need to take an infimum and allows the penalty term to be expressed
explicitly as a sum of the total variations of the associated signed measures.

5.2 Connection to Hardy—Krause Variation

In this section, we study how the function class .7-";[05 « and complexity measure Vo‘isxgb( )

relate to Hardy—Krause variation. Recall from Chapter 2 the definition of Hardy-Krause
variation and its properties. We first show that F%*  can be precisely characterized using

Hardy—Krause variation. We also discuss similarities and differences between V>* . () and

Hardy-Krause variation. In particular, we show that Visxgb(-) is always within a constant

factor (depending on d and s) of Hardy—Krause variation, while exhibiting a symmetry that
Hardy—Krause variation lacks.



CHAPTER 5. EXTREME GRADIENT BOOSTING (XGBOOST) 67

Function Class

The next result shows that ffgf_st consists precisely of all right-continuous functions with
finite Hardy—Krause variation that satisfy the following interaction restriction condition:

> (mnZiest oo (L= 6))ws + djv;,§ € ) =0 forall vy; <wj,j €S (5.11)
5c{0,1}I5I

for every subset S C [d] with |S| > s. Recall the notation f(i-,jeSc) from (2.6). It can be

readily verified that f(*z ,jese) is well defined for every S C [d] and every a € {—o0, +o00}?

whenever f € J—“gf_st. As (4.16) does for totally concave regression, this condition excludes
interactions between covariates of order greater than s. Using the divided difference notation
introduced in Chapter 4, it can also be written informally as

ch’lj‘t,}j’ i;g ; f | =0 forevery v, <wj,jes

for every S C [d] with |S] > s.

Proposition 11. The following statements are equivalent:
d,s

(a) f € foo—st'

(b) f is right-continuous, and for some a € {—o0,+00}?, HK,(f) < oo and f satisfies
(5.11) for all subsets S C [d] with |S| > s.

(c) f is right-continuous, and for all a € {—o0,+00}?, HK,(f) < co and f satisfies (5.11)
for all subsets S C [d] with |S| > s.

Remark 5 (d =1). When d = 1, Proposition 11 simplifies as follows. For every s > 1,
Foly= {f: TV(f) < oo and f is right-continuous}.
Here, TV(f) denotes the usual total variation of f on R, defined by
TV(f) = sup TV(f;la,b]),

a<b
where .
TV(f; [a,b]) = sup > _[f(zk) = f(ze1)],
k=1
with the supremum taken over all m > 1 and all partitions a = zy < -+ < z, = b of [a, b].

. d . . . .
Proposition 11 confirms that F5* , contains many continuous functions, in contrast to
d . . . . .
the subclass Fy°, which consists only of piecewise constant functions. For example, any

sufficiently smooth function whose mixed partial derivatives of maximum order one have
finite L' norms (recall (2.7)) belongs to F2¢ ..
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Complexity Measure

When d = 1, we have the following explicit formula for Vi’ixgb(-) in terms of total varia-

tion (recall that Hardy-Krause variation coincides with total variation when d = 1). By

Proposition 10, V;;ixgb() = Voi’zxgb(-) for all s > 2. For f € F° ., we have
s TV(f if s =1,

Volo’—xgb(f) = {1 T<V-) A if s —9

ATV +IAMND if s =2,

where A(f) :=lim, 400 f(2) — lim,—,_ f(x). Since |A(f)] < TV(f), it follows that

(5.12)

1 s
STV() SV (F) S TV(S). (5.13)
When d > 2, it does not seem possible to provide a direct formula for Vo‘i’ixgb(-) in terms of
Hardy—Krause variation, but an inequality analogous to (5.13) still holds, as shown in the
next result.

Proposition 12. For every f € F%* ., we have
1 d .
: HEK, ) o < £ HEKL(f). 5.14
min (2% — 1, 24) <ae{_soljgroo}d (1)) = Vaceq(f) < ae{—£+oo}d (f) (5.14)

Both sides of the inequality are tight, in the sense that there exist non-constant functions in
Fbs for which the left and right inequalities hold with equality, respectively.

co—st

An important distinction between Voi’ixgb(-) and Hardy—Krause variation is that V(i’fxgb(-)

is symmetric, whereas Hardy—Krause is inherently asymmetric. For example, when d = s = 2
and a = (—o00, —00), for any t1,t; € R, we have

HKa((:Ul,xg) = 1(xy > 1y, 29 > t2)) =1,
while
HKa((xl,xg) = () < ty,29 > tz)) =2 and HKa((xl,xg) = 1z < ty,29 < t2)) = 3.
Similar asymmetry arises for other choices of a. In contrast, for Vi’fxgb(-), we have

Vd’s ((Il,l'g) — 1(1’1 > t1,T9 > tg)) = Vd’s ((.1'1,56'2) — 1(512'1 <t1,x0 2 t2))

oco—xgb oco—xgb
= Vodo’ixgb((ﬂfl,l‘g) — 1(I1 Z tl,Ig < tz)) = Voci’ixgb«xl?xz) — 1(%1 < tl,l‘g < tg)) =1.

This asymmetry in Hardy—Krause variation arises from the presence of an anchor point.
Hardy—Krause variation anchors the function at a single corner of the domain, thereby
inducing asymmetry. Consequently, estimation results based on Hardy-Krause variation
as a regularization penalty may change if the anchor point is moved to another corner or,
equivalently, if some coordinate axes of the domain are flipped. By contrast, Vi’fxgb(-) is
invariant to axis flipping, as formalized in the next proposition, which suggests that Voi’ixgb(')
provides a more natural regularizer than Hardy—Krause variation HK,(-).
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Proposition 13. Let f € F%* . Fiz j € [d] and t; € R, and define g : R? — R by
g(z1, .. xq) = f(v1,. . 2 0, — T4, T, 2a)  for (z1,...,14) € RY

Then, V& (g) =V (f).

oco—zgb co—1zgb

Additional insight into the asymmetry of Hardy—Krause variation, contrasted with the
symmetry of Vi’fxgb(-), is provided in Section 5.4.

5.3 Theoretical Accuracy

In this section, we study the minimax rate of convergence over the function class (5.7).
Throughout, we assume (x),4,), ..., (x™,y,) are generated according to the model

vi=fx")+ &

where f* is the true regression function. We work in the random-design setting, in which
the covariates x(? are assumed to be i.i.d. with density py supported on a compact rectangle
and bounded from above:

d
M; M,
po(x) =0 when x ¢ H [— 7], TJ} and B:= M- My -suppy(x) < co. (5.15)
j=1 *

Note that when py is the density of the uniform distribution on H;l:l[—M /2, M;/2], we have
B = 1. We further assume that the error terms &; are i.i.d., mean-zero, and independent of
the covariates x(*).

The minimax risk over the class (5.7) is defined as

dys . R *
M,y i=inf  sup El|f = 750 (5.16)
In preFty
Ve e (FSV
where the infimum is taken over all estimators f, based on the data (x® 1), ..., (x™ y,).

Here, ||f, — f*|lpp.2 denotes the L2(py) loss between f, and f*:

I = £ = [ (760 = 760 mGo e

The first main result of this section establishes an upper bound on the minimax risk
(5.16). We obtain this bound by analyzing a specific least squares estimator over the class
(5.7). Specifically, we consider the least squares estimator over (5.7) subject to the additional
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restrictions that the associated signed measures vy, iy satisfy condition (a) and attain equality
in condition (c) of Lemma 5:

n

f;ff/ e arg}rnin { Z (yz- — f(x(i)))2 Cf = fequoy € Fls (5.17)

=1

Z lvrullrv <V, and vy satisty condition (a) of Lemma 5}.
0<|LI+|U|<s

Lemma 5 guarantees that fff‘s/ also minimizes the least squares criterion over the original
class (5.7). In other words, it is a least squares estimator over the class (5.7):

rd,s . - 7 2 ,8 ,8
fg:v € argjlcmn { Z (yi — F(x ))) cfeFh  and Vci_xgb(f) < V}.
i=1
One can further verify that for each V, there exists «, possibly depending on V' and the data,
such that fff”f} is also a solution to the original penalized formulation (5.6). More precisely,

if v is chosen as the solution to the Lagrange dual problem of (5.17), then fzf} is also a
solution to the penalized version of (5.17) and hence a solution to (5.6) (recall Lemma 5).

The following theorem provides an upper bound on the risk of fgf/ For this result, we
impose an additional assumption on the error terms &;. Specifically, we assume that they
have finite L>! norm:

il = / (B(l&] > 1) dt < oo, (5.18)

Recall from Sections 3.3 and 4.3 that, for the random-design analyses of MARS and totally
concave regression, we assumed that the error terms &; have finite L>' norm. Here, we
require a weaker assumption. In particular, the finite L*! norm condition lies between the
finite L? norm condition and the finite L3*¢ norm condition for any e > 0.

Theorem 17. Fiz a true regression function f* : RY — R, not necessarily belonging to
FLs . Suppose that the density py satisfies (5.15) and that the error terms & satisfy (5.18).

oco—st*

Then, for every fo € F2* ., with V= (fo) <V, we have

oco—zgb

E[llfey = Fl02) < Cllfo— 17172+ 0@ (1 +1og d)* =DV 4+ 1)% - 0= (log n) *¢~17%),

(5.19)
where C' > 0 is a uniwversal constant, s := min(s,d), and the constant factor underlying O(-)
depends on B, s, the moments of &, and

sup [fo(x) = f* ()]

x€[ 15— [-M;/2,M;/2]

Theorem 17 is stated in a misspecified setting, allowing the true function f* to be arbi-
trary. If f* € F:* . and Vo‘i’fxgb(f*) <V, then we can take fo = f* in (5.19) to deduce

E[Hfjf, — I } < O(d4§(1 +1og d)* V(W +1)% - n*3(log n)4(§_1)/3),

Po,2
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where the constant factor underlying O(-) depends on B, s, and the moments of &. This
shows that when f* € Fgo’s_st, the least squares estimator fgf, over the class (5.7) converges to
f* at the rate n=%/3, up to logarithmic factors. The upper bound depends on the complexity
bound V' on Vi’fxgb( f*) through the factor (V + 1)2, indicating that the accuracy of fg‘s/
deteriorates as the complexity of the target function increases. It is also worth noting that
the dependence on d in the bound is polynomial.

Remark 6. Given the relationship between Vo'i’fng(-) and Hardy—Krause variation discussed
in Section 5.2, it is natural to compare Theorem 17 with existing results on Hardy—Krause
variation denoising, such as those in [46]. In particular, Theorem 4.5 of [46] shows that the
least squares estimator under a Hardy-Krause variation constraint also achieves an n~2/*
rate of convergence (up to a slightly different logarithmic factor).

This similarity is not surprising in light of the close connection between Hardy—Krause
variation and Voi’fxgb(-), especially Proposition 12. However, there are important differences.
Theorem 4.5 of [46] is established under a fived-design setting, where the design points x)
form a lattice, whereas our result assumes random designs, which are more relevant in many
applications. Also, the analysis of [46] is restricted to the case s = d (in their framework,
this means all interaction orders between covariates are allowed), while our result holds for

all 1 < s <d. Moreover, the bounds in [46] do not explicitly specify the dependence on d.

Remark 7. [t is worth noting that the upper bound in Theorem 17 is deterministic rather
than probabilistic, unlike our random-design risk upper bounds for MARS and totally concave
regression (recall Theorems 5 and 12). In random-design settings, such deterministic bounds
are typically unavailable when the underlying function class is not uniformly bounded. This
15 because empirical process theory tools that play a central role in random-design analyses
often require uniform boundedness of the function class (see, e.g., [150, 58, 69, 84]).

To overcome this difficulty, one commonly proves that the estimator is bounded in prob-
ability, that is, ||fn||C>O = 0,(1) (see, e.g., [71, 69, 84, 85]). However, this typically leads to
risk bounds that are themselves probabilistic. This is also the reason that our risk bounds for
MARS and totally concave regression are probabilistic. In contrast, for XGBoost, although
the class F5 , is not uniformly bounded, each function in F-* , can always be decomposed
into a constant term plus a uniformly bounded component. We exploit this structural property

d,s

to obtain deterministic risk bounds despite the lack of uniform boundedness in F3~ .

The following upper bound on the bracketing entropy is a key ingredient for the proof of
Theorem 17. Let Fp (V) denote the class of all functions f.g,, ) € FLs . of the form (5.4)
satisfying:

e vpu are supported on [ [, (—M;/2, M;/2] X [[;cp,(—M;/2, M;/2];

* > ocnii<s lvLullry < V.
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The class Fa (V) is not totally bounded, since it contains all constant functions. We therefore
restrict attention to the subclass

Dm(Vit) ={f € Fm(V) : (| fllpo2 <t}

Lemma 6. There exist constants Cs > 0, depending on s, and Cp, > 0, depending on B
and s, such that for every e, t,V > 0,

C(V +t
log N{ 1(€, Daa(V, 1), || - Ilpo.2) < log (2 n %)

] ] 2(5-1)
+ Cpyd? (1 + log d)26 (2 + K) [log (2 + K)] .
€ €

Here, Ni (€, F, ||||py,2) denotes the e-bracketing number of F with respect to the norm ||-||p,,2-

This result builds on the bracketing entropy bounds of [55] for multivariate cumulative dis-
tribution functions corresponding to probability measures supported on a fixed bounded axis-
aligned rectangle. The connection between the class Fi (V') and the class of multivariate cu-
mulative distribution functions follows from the observation that each term [ Af LIU dvp (1, u)

in (5.4) resembles a cumulative distribution function, since the basis functions Af{lU are con-
structed from indicator functions.

An earlier work by [13] establishes metric entropy bounds (rather than bracketing entropy
bounds) for the same class of cumulative distribution functions, with a sharper logarithmic
factor. However, for the proof of Theorem 17, bracketing entropy is essential, and the results
of [13] therefore cannot be directly applied.

Theorem 17 immediately implies the following corollary.

Corollary 1. Suppose that the density po satisfies (5.15) and that the error terms &; satisfy
(5.18). The minimax risk Eﬁti; then satisfies

My, < O(d(1+log d)*C(V +1)* - n >3 (log n)*¢~17%),
where the constant factor underlying O(-) depends on B, s, and the moments of &;.

We now turn to the second main result of this section, which establishes a lower bound
on the minimax risk. For this lower bound result, in addition to (5.15), we further assume
that the density pg is bounded away from zero on its support, in the sense that

b:=M ---My- inf po(x) > 0. (5.20)
x€[ 1§, [-M;/2,M;/2]

Note that b = 1 when pyq is the uniform density on H;l:l[—Mj /2, M;/2]. For the error terms
&, instead of (5.18), we assume that they are Gaussian:

& " N(0,02). (5.21)
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Theorem 18. Suppose the density py satisfies (5.15) and (5.20), and the error terms &
satisfy (5.21). Then, there exist constants Cy ps > 0, depending on b, B, and § = min(s, d),
and Cps > 0, depending on B and 5, such that

o2 2/3 2\ 72(5-1)/3
> Cuna () [1oe ()
n o
provided that n > Cp 3(c?/V?).

Combining Corollary 1 and Theorem 18, we conclude that the minimax rate of conver-
gence over the class (5.7) is n~2/3, up to logarithmic factors whose exponent lies between
2(s —1)/3 and 4(s — 1)/3. This nearly dimension-free rate indicates that the class (5.7)
is sufficiently regularized even in high dimensions. In other words, the complexity measure
Vcisxgb( -) (and hence degg( -)) provides effective regularization as the dimension d increases,
adequately controlling model complexity in high-dimensional settings.

This observation offers a possible explanation for the strong empirical performance of
XGBoost, complementing the fact that every solution to the XGBoost optimization problem
(5.2) also solves the penalized least squares problem (5.6) (Theorem 15) over the function

class F2 e ~ &, Which contains many functions beyond piecewise constant ones (Proposition 11).

5.4 Discussion

Connection to a Symmetrized Hardy—Krause Variation

As discussed in Section 5.2, Hardy—Krause variation has a lack of symmetry due to the need
to specify an anchor point. One can attempt to restore symmetry by combining all 2¢ versions
HK,(-) corresponding to a = (ay, ..., aq) with a; € {—o00, +00}. In the mathematical image
processing literature, a natural device for combining multiple notions of variation into a
single quantity is infimal convolution (see, e.g., [25, 132, 133, 9, 17]). Following this idea,
one may consider the infimal convolution of the Hardy—Krause variations HK,(-) over all
a € {—oo, +oo}e:

inf{ Y HKa(fa): Y fa=S fac mtv}. (5.22)

ac{—o0,+o0}d ac{—o0,+o0}d

A natural question is then how this quantity, which also satisfies the symmetry condition

described in Proposition 13, relates to Vo‘isxgb( ).

It can be shown that if the definitions of ]—"OO « and Visxgb() are modified to forbid
repeated use of the same variable for splits within each tree, then the resulting complex1ty
measure coincides with (5.22). To make this precise, consider the function class Fle
consisting of all functions f : R? — R of the form (5.4), but with the sum ranging only over

disjoint subsets L and U of [d] satisfying 0 < |L| + |U| < s. For each f € F%* ., define the
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complexity IN/O‘i’ngb( f) of f analogously to (5.5), again restricting the sum to disjoint subsets
L and U with 0 < |L] + [U] < s. N
One can verify that F©2° = F&* and that V**_ (f) < V®*_ (f) < HK,(f) for all

oo—xgl}v oco—xgb
feFb andallace {—00, +00}4. More importantly, Vi’fxgb(-) coincides with the infimal
convolution in (5.22), as shown in the following proposition.

Proposition 14. For every f € F%* ., we have

Vi =it S HK(f): Y fa=/ fa€ Fl,Val,
ac{—o0,+o0}d ac{—o0,+oo0}d
Although @ixgb(-) is symmetric and admits a clean characterization via infimal con-
volution of Hardy—Krause variations across different anchors, it does not fully reflect the
behavior of regression trees as used in practice. An important aspect of regression trees is
the ability to split on the same variable multiple times within a single tree, which enables
localized refinement along a coordinate. Disallowing such repeated splits can reduce estima-

tion accuracy in practice. The complexity @ixgb(-) corresponds to this restricted setting,

s

whereas V> () allows repeated splits on the same variable within individual trees. As a

oco—xgb
result, while both notions satisfy symmetry properties, Vi’fxgb(-) more closely matches the
structural flexibility inherent in regression trees and is therefore the more appropriate notion

of variation in this context.

Learnability Beyond ffj_st

We have argued that XGBoost is expected to effectively estimate functions in the class
FLs . In particular, if f* € F%*  and the complexity measure Vi’ixgb( f*) can be treated
as a constant, then the idealized XGBoost estimator—defined as a solution to the XGBoost
optimization problem—achieves the curse-of-dimensionality-avoiding rate n=2/3, up to loga-
rithmic factors.

A natural follow-up question is what happens when f* lies outside F

& A simple
example of such a function is

fHx) =1z + -+ xq > 0,x € [—1,1]%). (5.23)

It can be shown that this function does not belong to F%* . One way to see this is that f*
has infinite Hardy—Krause variation; see, e.g., [113, Proposition 17].
For functions f* lying outside F; ds . in light of Theorems 17 and 18 of Section 5.3, it is

oco—str
natural to conjecture that the risk of the idealized XGBoost estimator takes the form

iI‘}f ((V + 1) - n"3(logn)” + inf | fo— f*||]2)072), (5.24)

foeF

oco—st

VS en(fo)<V
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for some constants § € [2/3,2] and v € [2(5 — 1)/3,4(5 — 1)/3], where § = min(s,d). The
upper bounds on 3 and ~ follow from the risk upper bound in Theorem 17, while the lower
bounds are expected from the minimax lower bound in Theorem 18. For simplicity, we
suppress the dependence on other parameters, such as d, s, and the distributions of the
covariates and error terms.

If we assume = 2/3 and ignore the logarithmic factor (logn)?, then (5.24) reduces to

. 2/3 . —2/3 .
1r‘}_f ((V+1)/ .nT28 m(fs |\ fo—f* ||p02)

foE€F

oco—st

VS (f)<V

oo

For additional simplicity, suppose that py is the uniform density on [—1,1]%. Then, for the
function (5.23), one can show that for sufficiently large V,

inf fo— f2,0 = (V).

fo€F

oco—st

VS an(fo) <V

Consequently, even in this most favorable scenario (with g = 2/3), the convergence rate of
the idealized XGBoost estimator for this f* is no faster than

inf (V + 1)%/3 . n 23 4 Vfl/(dfl)) o p-2/2d+1)
\%4

Unlike the curse-of-dimensionality-avoiding rate achieved when f* € F%* . with bounded
Vcisx v (f*), the above rate deteriorates rapidly as the dimension d increases. This suggests
that Whlle XGBoost may still achieve consistency under misspecification, it is not well suited

for estimating functions that lie far outside the class F&*

L' vs L? Regularization

We have focused on the L' penalty for XGBoost, as defined in (5.1). As mentioned in
the chapter introduction, XGBoost implementations also commonly employ a squared L?
penalty, in which ||wy]|; is replaced by ||wy||3. More generally, for any p > 1, we may define

V(i) it {32 will . for f € 7

where || - ||, denotes the usual LP norm, and as in (5.1), the infimum is taken over all
representations of f as a finite sum of right-continuous regression trees of depth at most
s. However, this variation functional yields a meaningful regularization penalty only when
p = 1. Specifically, when p > 1, the penalty becomes degenerate, as shown by the following
result. This degeneracy explains why we restrict attention to the L' penalty in this chapter.

Lemma 7. Suppose p > 1. Then, Vx‘;’bs(f;p) =0 for every f € F%°.
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In practice, XGBoost operates on the function class Fi’S(K ) consisting of functions of
the form Zszl fx, where each fj is a regression tree with right-continuous splits and depth
< s. Here, K is a fixed finite number that is typically selected via cross-validation. The
distinction between F2* and F&*(K) is that the former allows an arbitrary number of trees,
whereas the latter restricts attention to ensembles of at most K trees.

Within this restricted class fsdt’s(K ), we can define a truncated version of the penalty by

K
Vin(Fip ) = inf { 37 [wills .
k=1

where the infimum is now taken over all representations of f € ]—“jt’s(K ) as a sum of at most
K regression trees of depth at most s. This modified penalty is likely well defined for all
p > 1, including p = 2. However, it is theoretically cumbersome due to its rigid dependence
on the hyperparameter K. Specifically, this formulation does not admit a meaningful limit
as K — oo. Moreover, because K is data-dependent in practice, it is unnatural to treat it
as a fixed number.

For these reasons, we focus exclusively on the case p = 1, as this choice provides a stable
regularization penalty that generalizes naturally to continuum tree ensembles and avoids the
vanishing-penalty issues inherent to norms with p > 1 in the absence of a fixed tree count.

Analysis of the Iterative Algorithm Used by XGBoost

Our analysis focuses on the statistical behavior of solutions to the regularized optimization
problem (5.2) that XGBoost is designed to approximate. We do not study whether the
greedy tree-boosting algorithm employed in practice achieves the same rates of convergence
over the class fgf_st, and establishing such guarantees remains an important open problem.
Some recent progress has been made in the analysis of greedy tree-building algorithms; see,
for example, [139, 32, 101, 83, 141].

Despite this limitation, our results remain directly relevant to the practice of XGBoost.
By characterizing the behavior of the target optimization problem, our theory provides
a principled benchmark for what XGBoost can achieve under favorable optimization. In
particular, the results clarify when dimension-free rates are attainable and when intrinsic
approximation barriers arise due to misspecification. This perspective helps disentangle
statistical limitations—stemming from the expressiveness of the tree ensemble and its asso-
ciated regularization—from algorithmic limitations of the greedy boosting procedure itself,
thereby offering a coherent framework for interpreting the empirical successes and failures
of XGBoost in practice.



7

Chapter 6

Conclusion

In this thesis, we studied multivariate adaptive regression splines (MARS) and extreme
gradient boosting (XGBoost) through the infinite-dimensional lasso framework (1.5). This
framework is universal in the sense that it can, in principle, be applied to any other regression
method whose estimator is constructed as a finite linear combination of its own atoms as in
(1.2). As illustrated by the cases of MARS and XGBoost, it can serve as a useful tool for
analyzing machine learning methods whose theoretical properties remain poorly understood,
often because their estimators are produced by greedy construction procedures. In some
cases, as with MARS, it may lead to a variant of the original method that is statistically
more principled and theoretically more tractable, while still providing indirect insight into
the original method. In other cases, as with XGBoost, it may bring a better understanding
of the underlying function classes and optimization problems, thereby clarifying the types of
functions to which the method is well suited.

However, it should also be noted that, although the framework itself is universal, most
of the results presented in this thesis are specific to MARS and XGBoost. Characterizations
in terms of smoothness, as well as connections to mixed partial derivatives, need not arise
for other methods. Likewise, the computational and theoretical results obtained for MARS
and XGBoost, such as reductions to finite-dimensional optimization problems and nearly
dimension-free rates of convergence, may not readily transfer to other settings. Most of the
proof techniques developed for these results rely heavily on the particular forms of their
atoms. For these reasons, studying other methods through the infinite-dimensional lasso
framework would likely lead to an entirely different collection of results, possibly requiring
substantially different ideas and proof techniques.

Moreover, studying machine learning methods through the infinite-dimensional lasso
framework has fundamental limitations. The framework does not take into account the
algorithms actually used by each method. This simplification is precisely what makes rig-
orous analysis possible and enables us to gain some perspective on methods for which little
was previously understood theoretically. However, greedy algorithms are often one of the
key drivers of the empirical success of many machine learning methods. Therefore, study-
ing such methods without taking their algorithms into account can provide only a partial
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understanding in many cases. To fully understand these methods, it is essential to study
them together with proper consideration of their algorithmic aspects. We thus believe that,
for MARS and XGBoost as well as many other machine learning methods, studying their
algorithms is an important task—though often much more challenging—for achieving a more
complete understanding of these methods.

In this thesis, we also studied totally concave regression, which can be obtained as an
instance of the sign-constrained variant of (1.5) with the MARS atoms. More generally, for
any machine learning method that is compatible with the infinite-dimensional lasso frame-
work (1.5), one may consider a corresponding shape-constrained regression method obtained
in the same manner. However, unlike the case of totally concave regression, the resulting
method need not always correspond to a meaningful or interpretable shape constraint on
the underlying function. In many cases, it may lack an independent motivation in terms of
controlling shapes of practical interest, of the kind present in totally concave regression. It
would therefore be interesting to investigate whether other widely used regression methods
give rise, through this construction, to shape-constrained regression methods associated with
natural and useful classes of functions.
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Appendix A
MARS

A.1 Results of Section 3.1 for the case d = s =2

According to the definition (3.3), F2

ocoO—mars

consists of all functions of the form

(21 — t1)s din(ta) + /[ (@2t} ()

f(zy,x9) = c—l—/

[0,1)

+ / (.171 — t1)+($2 — t2)+ dl/lg(tl, t2)
[0,1)

for ¢ € R and finite signed measures vy, vy, and 12 (on [0,1),[0,1), and [0, 1)2, respectively).
On the other hand, according to the characterization in Proposition 1, F>* consists of
all functions of the form

1 2
f(z1,22) = c+ / g1(t1) dty + / go(t2) dty +/ g12(t1,t2) d(ty1,t2)
0 0 [0,%1}

X [0,:22]

for ¢ € R and real-valued functions gy, g2, and gi2 (on [0, 1], [0,1], and [0, 1], respectively)
which have finite Hardy—Krause variation and satisfy the one-sided continuity conditions
stated in Proposition 1. The functions g1, g», and ¢g;» can be considered as particular deriva-
tives of f, and they are denoted D'f, D?f, and D'?f. Hence, we can write the estimator
fg%/ alternatively as

n

f2% € argmin { > (v - F(xD))? : HKo(D'2f) + TV(D' f) + TV(D?f) < v},
f

=1

Moreover, according to Proposition 2, the functions gy, g», and g5 coincide with another type
of derivatives Dy f, Dof, and Diof of f almost everywhere (with respect to the Lebesgue



APPENDIX A. MARS 91

measure). For smooth functions f, the formula (3.13) for d = s = 2 becomes

1 1 1 1
Vinars(f) = / / |f(2’2) (a1, x2)’ dridzrs + / ‘f(Q’l)(xl, 0)} dxi + / ‘f(2’0)<£€17 0)‘ dxy
o Jo 0 0

1 1
+/ ‘f(l’g)(O,xz)\dxg—F/ | £O2(0, 22)| das.
0 0

This can be viewed as a second-order version of the Hardy—Krause variation:
1l 1 1
HKo(f) = / / |f(1’1)(371, 1152)’ dzidzy + / ‘f(l’o)(xb 0)| dry + / ‘f(071)(0, 952)‘ dxy.
0o Jo 0 0

A.2 Brief Descriptions of Datasets

e Farnings Dataset. This dataset is from ex1029 in the R library Sleuth3 (see also
[12]). It includes weekly earnings of 25,437 full-time male workers in 1987, along with
their years of education and years of experience. The original dataset also has a few
more indicator variables, but we do not include them in our analysis. We predict the
logarithm of weekly earnings from years of education and years of experience.

o Airfoil Self-Noise Dataset. This dataset is available at https://archive.ics.uci.
edu/dataset/291/airfoil+self+noise (see also [22]). It contains the results of aero-
dynamic and acoustic tests on (NACA 0012) airfoils of different sizes, conducted in an
anechoic wind tunnel. The tests measured the scaled sound pressure level of the self-
noise of the airfoils at various wind tunnel speeds and angles of attack. This dataset
has 1503 observations and six variables including the scaled sound pressure level. Here,
the scaled sound pressure level is predicted from the other five variables describing test
settings.

e Abalone Dataset. This dataset is from abalone in the R library AppliedPredictiveMod-
eling, and it is also available at https://archive.ics.uci.edu/dataset/1/abalone.
This dataset is composed of the physical measurements of 4177 abalones. We aim
to predict the number of rings each abalone has from seven physical measurements:
length, diameter, height, whole weight, and the weight of meat, gut, and shell. The
number of rings is of interest because it can be used for estimating age. Here, we
exclude from our analysis the indicator variable for the sex of each abalone.

e Concrete Dataset. This dataset is originally from [154] and currently available at
https://archive.ics.uci.edu/dataset/165/concrete+compressive+strength. It
contains the compressive strength of 1030 concrete samples together with their ages
and the quantity of seven components, such as cement, fly ash, and water. In our
analysis, we have the compressive strength as a response variable and the other eight
variables as covariates.


https://archive.ics.uci.edu/dataset/291/airfoil+self+noise
https://archive.ics.uci.edu/dataset/291/airfoil+self+noise
https://archive.ics.uci.edu/dataset/1/abalone
https://archive.ics.uci.edu/dataset/165/concrete+compressive+strength
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e Ozone Dataset. This dataset is from ozone in the R library faraway (see also [21]). It
consists of 330 observations of atmospheric ozone concentration level and nine other
meteorological variables, including temperature, wind speed, humidity, and visibility,
measured in the Los Angeles Basin in 1976. Here, we predict atmospheric ozone
concentration level from the other meteorological variables.

e Wine Dataset. This dataset was first introduced in [34], and it is currently available at
https://archive.ics.uci.edu/dataset/186/wine+quality. It comprises the qual-
ity of wines (vinho verde) from the Minho region of Portugal and eleven other attributes
of wines exhibiting their physicochemical properties; for example, alcohol content, den-
sity, pH, and the quantity of citric acid. The quality of wines was graded on a 10-point
scale, with 0 indicating very bad and 10 indicating excellent. This dataset has two
parts: one for red wines and the other for white wines. There are 1599 red wine data
and 4898 white wine data. In our analysis, we fit models separately for red and white
wines, predicting the quality of wines from the physicochemical variables.


https://archive.ics.uci.edu/dataset/186/wine+quality
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Appendix B

Totally Concave Regression

B.1 Axially Concave Regression

Let f,‘f denote the least squares estimator over the class of axially concave functions on [0, 1]%:
fg € argmin { Z (yi — f(x(i)))2 . f is axially concave}. (B.1)
f i=1

In this section, we provide details for the computation of f,‘f that we deployed in Section 4.4.
For each j € [d], write

(1)
{O,xj,... 1} {v ...,nj
where 0 = of) < -+ < v,(f;.) = 1. Then, for each ¢ = 1,...,n, there exists b(i) =
(by(i),...,b4(7)) € Iy := H?ZI{O,...,nj} such that x;Z = vlg( for every j € [d]. Also,
for each real-valued function f on [0, 1], let 8; € Rl denote the vector of evaluations of f
at (v (1), o ,vl(j)) for (I1,...,1lq) € Ip; that is,
d
(ef)ll ----- lg — f(Ul(ll),...,Ul(d))

for (I1,...,1ls) € Iy. Note that f(x@) = (0;)p@ for every i =1,...,n.
Suppose f is an axially concave function on [0, 1]¢. By the the axial concavity of f,

1
OO ((9f> N IS W RE N ¥ (ef) L1551, ld)
v — v
L+1 U (B.2)
1 .
> () ) ((ef) Li—1,li 42,4150l (ef) di—1li+10 41, ld)
Uite T U

for all 0 < < ny (k#j)and 0 <[; <n; —2. Conversely, if 8 € RHol gatisfies (B.2), then
there exists an axially concave function f on [0, 1]¢ such that 8; = 6. This can be readily
proved as follows.
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Let f denote the function on [0, 1]? defined by

flae,... zd) = — 0 Z H{1 0;) (v —23) +0; (=0 ) } Ot

Hj:l Uit — lj 5€{0,1}d j=1

(B.3)
for (xq1,...,2q) € H] l[vlj) vl(jil] for each (I1,...,1l4) € H?ZI{O, 1,...,n;—1}. Observe that
0;=206. Also observe that for every j € [d] and for every fixed (z1,...,%;-1,Tjt1,...,%a) €
[0,1]971) the function gj(t) = f(x1,...,2j_1,t,2541,...,24) is continuous and piecewise
affine in ¢ over [0,1]. In fact, the function f is a continuous rectangular piecewise multi-
affine function (introduced in Section 4.3), interpolating the points ((vl(ll),. ’Uld N, O .1,)
for (Iy,...,1q) € Io.

If (x1,...,25,%541,...,%4) € Hk# [’Ulk ,vlfil] then the slope of g; at t is given by

1 (k) (k)
(k) (k)Y Z H {1 =60) (v 50 — @) + 02 —v)) }
Hk¢j<vlk+1 — U ) 5c{0,1}9-1 k#j
1
(4) (9) (011+51""’lﬂ'*1+51*1vlj+1vlj+1+5j+1»---7ld+5d - el1+517---71j—1+5j—1,ljvlj+1+5j+17.--7ld+5d)
U4 T U

fort € (v, G) vl( +1)- By (B.2), this slope is decreasing in ¢, implying that g; is concave. Hence,
fis ax1ally concave, as desired.

Now, consider the following finite-dimensional least squares problem:

0, € argmin {|[y — M8||, : 6 € Rl satisfies (B.2)}, (B.4)
]

where y = (y1,...,Yn), and M is the n x |[y| matrix with

il 1) = b(i)
Mi7(l17---,ld) = { '

0 otherwise

for i = 1,...,n and for ({1,...,l3) € Ip. Recall that 0 satisfies (B.2) for every axially
concave function f, and there always exists some axially concave function f on [0, 1]¢ such
that 8; = 0 for every 8 € R satisfying (B.2). Also, recall that f(x) = (8)p) for every

i=1,...,n. It thus follows that if we define f as in (B.3) using @Z instead of @, then such f
solves the original least squares problem (B.1). Hence, once we solve (B.4), we can construct
the least squares estimator for axially concave regression using (B.3). This is also what we
used in Section 4.4.

However, it should be noted that solving (B.4) can be computationally challenging when
the dimension d is not small. The number of components of the vector  in (B.4) is H;l:l(nj +
1), which can grow as large as (n + 2)¢ in the worst case. Recall that, for each j € [d],
n; + 1 is the number of unique values observed in the j™ component of x(M .. x(™ . This
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computational burden is also the reason why axially concave regression was not considered for
the housing price dataset and the 401(k) dataset in Section 4.4. Therefore, developing more
efficient methods for computing f,‘f or computationally feasible variants is crucial for making
axially concave regression practical. Exploring these alternatives would be an interesting
direction for future research.

B.2 Additional Plots

In this section, we provide additional plots for the earnings dataset. Figure B.1 shows the
proportion of repetitions in which each model is among the two best-performing models
(Plot A) and the worst-performing model (Plot B). This figure is similar to Figure 4.2
(the only differences are best vs. top-two and worst vs. bottom-two). Like the plots in
Figure 4.2, those in Figure B.1 indicate that for small sample sizes, Mincer’s and Murphy
and Welch’s parametric models, as well as additive concave regression, are often better
options. For large sample sizes, totally and axially concave regressions generally perform
best. More interestingly, for moderate sample sizes, totally concave regression consistently
ranks among the top two models, whereas axially concave regression frequently becomes the
worst-performing model. These observations reaffirm the findings from Figure 4.2.

Figure B.2 displays the empirical cumulative distributions of model ranks across 100 splits
into training and test sets, for four different training data proportions. As in the cumulative
rank plots presented in Section 4.4, ranks are determined by mean squared errors on the
test sets, with rank 1 indicating the best-performing model and rank 5 the worst. Plot A
corresponds to a training data proportion of 0.9/27, representing a small sample size regime,
while Plot D corresponds to 0.9/2!, representing a large sample size regime. Plots B and C
correspond to intermediate training data proportions of 0.9/25 and 0.9/23, respectively.

An ideal method is one whose rank distribution function is everywhere larger than the
others. Plot A shows that Mincer’s model is the ideal method in the small sample size
regime. As the sample size increases to the level of Plot B, Murphy and Welch’s model
becomes the most ideal. In both cases, axially concave regression is the worst choice. When
the sample size reaches that of Plot C, totally concave regression is clearly the best option.
Finally, for the largest sample size in Plot D, totally and axially concave regressions are the
two best options that are comparable.
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Figure B.1: Top two and worst performing ratios of each method for various sub-sample
sizes for the earnings dataset. The z-axis and y-axis represent the proportion of training
data and the proportion of repetitions (out of 100) where (A) each model is one of the two
best-performing models and (B) each model is the worst-performing model.
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Figure B.2: Empirical cumulative distributions of model ranks across 100 splits into train-
ing and test sets, for various proportions of training data for the earnings dataset. The
training data proportions are (A) 0.9/27, (B) 0.9/2°, (C) 0.9/23, and (D) 0.9/2!. Ranks are
determined by mean squared errors on the test sets.
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Appendix C
Proofs for MARS

In the proofs presented in this and the following chapters, C' (and sometimes ¢) denotes a
universal constant. When a constant depends on specific variables, this dependence will be
indicated through subscripts. The value of a constant may vary from one line to another,
even if the same notation is used. Also, for simplicity, the exact values of constants are often
left unspecified.

C.1 Uniqueness of Representation (3.3)

Here we prove the following lemma, which shows that the constant ¢ and the signed measures
vs appearing in the representation (3.3) of f € Fg2 s are uniquely determined by f.

—Imars

Lemma 8. Suppose ¢ and b are real numbers and {vs} and {us} are collections of finite
signed measures as in (3.3). If feiusy = fofusy on [0,1]%, then ¢ = b and vg = pg for all
S C ld] with 0 < |S| <s.

Proof of Lemma 8. By the assumption,

/ H i —ti)+dvs(t;,j€5)=b+ Z/ xj — ;) dus(ts, j € 5)
[0,1)!% [0,1)IS

0<\S\< 0<|S|<s
for all (z1,...,74) € [0,1]¢. Substituting #; = --- = 24 = 0, we obtain ¢ = b. Suppose
for some positive integer m < s, we have vg = ug for all S C [d] with 0 < |S| < m — 1.
Substituting x,,11 = - - - = r4 = 0 and eliminating from both sides the components that are

already known to be equal, we obtain

m m

/[o,l)m jHl(xj — )4 Vi (t) = /[0,1) T =)+ g (t), (1)

=1
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where [m] = {1,...,m}. Note that

m m

[N ) R IEOR S | R0
[0,1)m [175:[0.25) =1

/ / 1lds dV[m] (t) = / / 1 dl/[m] (t) ds.
L 1[0.z5) 1(t5,25) H 1(0,z5) L 100.s5)

Thus, equation (C.1) can be written as

/ / dl/[m] dS = / / d,u[m] ) t)ds.
1(0,z5) * 100,s5) 1(0,z;5) JTTFL,[0,55)

By the Lebesgue differentiation theorem (see, e.g., [126, Theorem 7.10]), it follows that

[ = [ (©2)
H?L:l[o’zj) H;nzl[ovxj)

almost everywhere with respect to the Lebesgue measure.
For a subset R of [0,1)™, we call it an axis-aligned rectangle if it is of the form

where for each j, I; = (v;,w;), [vj, w;], [vj, w;), or (vj, w;] for some real numbers v; and w;.
Now, let P be the collection of all axis-aligned rectangles in [0,1)™ and Q be the collection
of all Borel sets E C [0,1)™ for which

Using equation (C.2), we can show that P C Q. Also, it is clear that P is a m-system, and Q
is a A-system (or Dynkin system) on [0, 1)™. Therefore, by Dynkin’s -\ theorem, we have
o(P) C Q. Since o(P) is indeed the collection of all Borel sets in [0,1)™, we can conclude
that v, = pm). Consequently, induction argument completes the proof. O

C.2 Proof of Proposition 1

In our proof of Proposition 1, we use the following variant of Theorem 1 in Chapter 2. The
proof of this lemma is given in Appendix C.14.

Lemma 9. Suppose a real-valued function g on [0,1]™ has finite HKo variation and is right-
continuous on [0,1]™. Assume also that g is left-continuous at each point (x1,...,x,) €
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[0, 1]™ \ [0, 1)™ with respect to all the j™ coordinates where x; = 1. Then, there exists a
unique finite signed (Borel) measure v on [0,1)™ such that

g(T1,. . Ty) = 1/( H [0, z;] N[O, 1)m> for every (xy,...,z,) € [0,1]™. (C.3)

JE€[m]

Also, if a real-valued function g defined on [0,1]™ is of the form (C.3) for some finite signed
measure v on [0,1)™, then g has finite HKqy variation and

[¥1(10,1)™ \{0}) = HEKo(g)-

Proof of Proposition 1. Suppose f € J—“jj mars- Lhen, there exist ¢ € R and a collection of
finite signed measures {vg: S C [d],0 < |S| < s} as in (3.3) such that f = f, . For each
S C [d] with 0 < |S| < s, let gg be the function on [0, 1]/ defined by

gs(xj,j € S) = Vs(H[O,xj] no, 1)‘S‘>

jes

for (z;,7 € S) € [0,1]15l. Clearly, gg is right-continuous and left-continuous at each point
(2,7 € 5) € [0,1]1%1\ [0, 1)) with respect to all the j** coordinates where z; = 1. Also, by
Lemma 9, we can see that gs has finite HKq variation. Moreover, we have

fn .z =+ Y /[ — )4 dus(ty, j € S)

0<|SI<s ]ES

=c+ > / z; —t;) dvs(t;,j € S)

0<||<s / Tjesl0@s) ]ES

:c-I—Z/

0<|s|<s  [jesl023)

=c+ > / / Ldvs(t;,j € S)d(s;,j € S)
[T;esl0.25) JT1;es00.85]

0<|S|<s

—c+ Z/ Vg HOSJ) (sj,5 €9)

0<||<s ¥ Tjesl0es) jes

/ d(s;,j € S)dvs(t;,j € 5)

]ES[t 33]

=c+ Z / .gS(Sj,jGS)CKSj,jGS)

for all (zy,...,zq4) € [0,1]%. Thus, f can be represented as in (3.12) with ¢ € R and the
collection of functions {gs : S C [d],0 < |S| < s} that has the desired properties.
Conversely, suppose a real-valued function f on [0,1]? is of the form

flz1,...,xq) = c+ Z / gs(tj,j € S)d(t;, 7 €5)
[Lesl0:2y]

0<|SI<s
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for some ¢ € R and for some collection of functions {gs : S C [d],0 < |S| < s}, where for
each S C [d] with 0 < |S| < s, gs : [0,1]/¥] — R has finite HK, variation, is right-continuous,
and is left-continuous at each point (z;,j € S) € [0,1]11'\ [0, 1)1 with respect to all the ;%
coordinates where z; = 1. For each S C [d] with 0 < |S| < s, by Lemma 9 again, there
exists a finite signed measure vg on [0, 1)1l such that

gs(z;,j € ) = VS(H[o,xj] o, 1)ISI) for (z;,5 € S) € [0,1],
JES

and
vs|([0, 1)1\ {0}) = HKo(gs).

Hence, the function f can be written as

F@n. . m0) =+ Z/H L sl eS)dt i€
]Esoxj

0<|SI<s

=c+ Z / Vg H0t> ]ajES)
0<|S|<s [Tjesl0;) jes

—c+ Y, / — )1 dvs(s;,j € S),
0<|SI<s [o.1)l% ]eS

which means that f € F ‘" Moreover, we can represent the complexity measure of f as

—mars-

VaussF) = > Isl(0. D)5\ {0}) = 3" HKo(gs).

0<|S|<s 0<|S|<s

C.3 Proof of Proposition 2

Here, we prove a stronger statement that directly implies Proposition 2. We show that for f
in condition (3.12), the derivatives of the interval functions associated with f exist and are
equal to gg in the same condition almost everywhere (with respect to the Lebesgue measure).
We start by introducing interval functions, their derivatives, and some related concepts. We
refer the reader to [99] for a more detailed introduction to them.

Two closed real intervals are said to be adjoining if they have a common endpoint and
do not share interior points. For example, [0, 1] and [1, 2] are two adjoining closed intervals.
Similarly, we say that two m-dimensional axis-aligned (closed) rectangles

m
H x;,y;] and H 2, wj]
7j=1 7=1
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are adjoining if [z;, y;] and [z;, w;] are adjoining for some j, € [m| and [z}, y;] = [2;, w;] for
all j # jo. For instance, [0,1] x [0,1] and [0, 1] x [1,2] are two adjoining two-dimensional
axis-aligned rectangles. Note that for two adjoining axis-aligned rectangles, their union is
also an axis-aligned rectangle. A real-valued function F' defined on a class of m-dimensional
axis-aligned (closed) rectangles is then called an additive interval function if

F(RUR') = F(R) + F(R)

for every pair of m-dimensional adjoining axis-aligned rectangles R and R'.
For an axis-aligned rectangle [/, [z}, y;l,

m
I§ER2
J=1

denotes its volume. Also, the rectangle is referred to as a cube if it is the product of closed
intervals of equal length, i.e., y; — 21 = --- = ¥, — ;. The upper and lower derivatives of
an additive interval function F' at x € R™ are then defined by

=W —2) - (Ym = Tm)

= : F(C) o F(C)
DF(x) = limsu and DF(x)= liminf ——.
()= fimsup oy 2Fe) = mint e
|C|—0 IC|—0
If the two derivatives coincide, we say that the derivative of F' at x exists and define it as
the common value F(O)
DF(x)= 1l —_—.
(X) C: cukgnCSX ‘C’
|Cl—0
The Lebesgue differentiation theorem (see, e.g., [126, Theorem 7.10]) can be stated in
terms of interval functions and their derivatives as follows. The following theorem plays a
key role in identifying gs in condition (3.12).

Theorem 19 (Theorem 7.1.7 of [99]). Let f be an integrable real-valued function defined on
an azis-aligned rectangle Ry. Suppose that F' s the additive interval function defined by

=Aﬂww

for axis-aligned rectangles R C Ry. Then, it follows that DF = f almost everywhere (with
respect to the Lebesque measure) on Ry.

We now define, for a real-valued function f on [0, 1]¢, the interval functions associated
with f. For each nonempty subset S C [d], denote by Agf the additive interval function
which is defined on the class of axis-aligned (closed) rectangles contained in [0, 1]l and
which is defined by

daf(Tliewnl) = 3 1%es (),

jes 6€{0,1}15|



APPENDIX C. PROOFS FOR MARS 103

where Xy is the d-dimensional vector with

(5,) = {5jxj+(1—5j)yj if jes

0 otherwise
for j € [d]. For example, if d =3 and S = {1, 3}, Ay3f is defined by

Az f([z1, ] X [23,93]) = f(y1,0,93) — f(y1,0,23) — f(21,0,93) + f(21,0, 23).

Also, if S = [d], A[d]f(H] 11xj,y;]) coincides with the quasi-volume of f on HJ lxj,y,] for
all 0 < z; <y; <1forj € [d]. Recall the definition of quasi-volume from Section 2.1. We
call these Agf the interval functions associated with f.

We are ready to state and prove the stronger statement describing the relationship be-
tween f and gg in condition (3.12). It is clear from the definitions above that Proposition 2
directly follows from this result.

Proposition 15. Suppose that condition (3.12) holds. Then, for each nonempty subset
S C [d], DAsf = 0if|S| > s, and DAsf = gs almost everywhere (with respect to the
Lebesgue measure) on [0, 1] if |G| < s.

Proof of Proposition 15. Recall that condition (3.12) assumes that

f(xlw"axd):c—{_ Z / gS(tj7j€S)d<tj7j€S) for (‘Tla--wxd)e[ovl]da
[1es00,7;]

0<|SI<s

where ¢ € R and gg is a real-valued function on [0, 1]I%! for each S C [d] with 0 < |S| < s.
By letting gs = 0 for each S C [d] with |S| > s, we can rewrite it as

f(gsl,...,xd)zc—l— Z / gs(tj,jGS)d(tj,jGS)
0£5C(d)  Hjesl0:m3]

for (x1,...,24) € [0,1]%. Then, for each nonempty subset S C [d], we have

Asf(H[%‘?yj]) = ) (=)t f(xy,)

jes 5€{0,1}15]

— Y ()T Z/ grlt;,j € TYd(t;,j € T)

5€{0,1}/5] T:027Cs ¥ Hjerl0.0;25+(1=8;)y;]

= ) D (hme / gr(t;,j € T)d(t;j € T)
HjeT[075j$j+(1—5')yj]

T:0ATCS §€{0,1}15]

S (_1)zjesaj./ gs(ts,j € S)d(t;,j € )

5e{0,1}151 1,500,652+ (1=85)y;]
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:/ gs(tj,j € S)d(tj,j € S)
[Tjeslesysl

forall 0 < z; < y; <1for j € S. Thus, by Theorem 19, the derivative DAgf exists
and equals gg almost everywhere (with respect to the Lebesgue measure) for each nonempty
subset S C [d]. Because we let gg = 0 for S C [d] with |S| > s, this means that DAgf =0
if |S| > s, and DAgf = gs almost everywhere if 0 < |S| < s. ]

C.4 Proof of Lemma 1

We use the following lemmas in the proof of Lemma 1. Lemma 10 is a consequence of the
fundamental theorem of calculus, while Lemma 11 is a version of (2.3) in Chapter 2. We
provide proofs of these lemmas right after the proof of Lemma 1.

Lemma 10. Suppose a real-valued function g defined on [0, 1]™ is smooth in the sense that,
for every p € {0,1}", ¢® exists and is continuous on [0,1]™. For each p € {0,1}™, let
Sp={j €[m]:p; =1} and t® = (t;,j € Sp). Then, g can be expressed as

pefo,13m\ {0} Y ILjesp [0
for (x1,...,xm) € [0,1]™, where T®) is an m-dimensional extension of t® for which

/If\(-p) _ ij Zf] € Sp
J 0 otherwise.

Lemma 11. Suppose a real-valued function g defined on [0, 1]™ is smooth in the sense that,
for every p € {0,1}™, g® exists and is continuous on [0,1]™. Then, g has finite HK,

variation and
Halg) = S [ g (C4)
pe{0,1}m\ {0}/ 7™

Proof of Lemma 1. Suppose f is smooth in the sense that it satisfies the condition in the
lemma, and assume that f® = 0 for every p € {0,1}¢ with Zj p; > s. For each p €

{0,139\ {0} with 3~ p; < s, let g, be the function on [0, 1]1%! defined by

gp(:vj,j c Sp) _ f(p) (g(p))

for (z;,7 € Sp) € [0,1]"**!. Note that since f® is continuous on T g, is continuous on
[0, 1]1%]. Also, since f(@) exists and is continuous on T® for every q € Js,, we can see that



APPENDIX C. PROOFS FOR MARS 105

gg) exists and is continuous on [0, 1]%! for every & € {0,1}/¢l. Thus, by Lemma 11, it

follows that g, has finite HK¢ variation and

HKo(gp) = > / o 1o

sef0,1}15p 1\ o} 7

where

T®) .= T where T\ = 0, !
P H ! ! {0}  otherwise.

JESp

Moreover, since f(P) exists and is continuous on [0,1]¢ for every p € {0,1}?, Lemma 10
implies that for every (zy,...,zq) € [0,1]4,

flzy,...,xq) = f(O) + Z /H 7@ (§®)) g )

pe{ovl}d\{o} JESp [vaj]

pef0,134\ {0} 7 [liesp 03]
22 Piss

For these reasons, by Proposition 1, we can conclude that f € fgf and that

—mars

Vinars(f) = Z HKO(gp) = Z Z /(5) |g§>5)|

pe{0,114\{0} pe{0,1}4\{0} 56{0,1}1%1\ {0} * TP
2 pi<s >, pi<s

= > 3 [ = 3
pe{0,1}4\{0} a€Jsp 7@ 0<|S|<sq€Js T
ijjgs

If s =d, Vipas(f) can also be simplified as

— (@) — (a)
UED I S BRTLED Sl SN

0#SC[d] qeds ¥ T qe{0,1,2}
max; q; =2

Proof of Lemma 10. Note that for p € {0,1}™\ {0},

/H GPEP) A = 3 (1) S Tg(xP),

jespl0:25] 5€{0,1}/5p|
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where igp) is the m-dimensional vector with

&P), - {(1 —0j)x; ifj € Sp

0 0 otherwise

for j € [m]. It can be easily proved by the fundamental theorem of calculus, and we use the
smoothness assumption on g here. For example, if m =2 and p = (1,1),

T 9
/ g(l’l) (tl, tg) d(tl, tg) = / / g(l’l) (tl, tQ) dtg dtl
[O,IﬂX[O,CEQ] 0 0

X1 X1 X1

= / (9(1’0)(151,962) — g0 (t1,0)) dt; = / g IO (ty, o) dty —/ g"(t1,0) dty
0 0 0

= g(x1,22) — 9(0,22) — g(x1,0) + g(0,0) = D (=1)"+2. g(x5),

6€{0,1}2

1)

and we use that g, g*?, g(® and gV are continuous on [0, 1]2 for this argument. Thus,

g0+ > / t®)) dt®

pe{0.1}m\{0} * [iesp 0 %]

=g0)+ Y ST ()T (%)

pe{0,1}™\{0} 56{0 1}\Spl

= XX (I EP) = X e 3 (el

pe{0.1}™ e{0,1}!5p| p’e{0,1}™ pe{0,1}™
p>p’

Here, p > p’ means that p; > pf; for all j € [m], and the last equality results from counting
the number of g(X®") for each p’ € {0,1}™. Note that if p’ # 1,

. c 6] C
Z (_1)\Sp|—\5p,| _ Z (_1)desp, _ (1 . 1)|Sp/\ — 0’

m SC
pep{grl)/} 56{071}| o

where SIC’/ — {] c [m] p; = O}7 and that if p/ — 1,

Z (—1)1el=18 = 1

pe{0,1}™
p>p’

As a result, it follows that

g(0) + Z / (p)) dt®) = g(i(l)) =g(x1,...,Tm).

pef0,13m\ {0} Y iesp (03]
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Proof of Lemma 11. First, note that since g is smooth in the sense of Lemma 10, we have
e SRR VI ML GO (©5)
pe{0,1}™\{0} [Ljesy, [0.75]

for all (z4,...,2,) € [0,1]™, where S, = {j € [m] : p; = 1}. For each p € {0,1}" \ {0}, let
tip be the signed measure on (0, 1)/ defined by

dpip = gP (f(p)) dt®)
Also, for each p € {0,1}™ \ {0}, consider the projection 7, : R™ — RI*?| for which
Wp(tjﬂj € [m]) = (tjvj S SP)>

and let H® = [[™, H® where

j=1""J

@ _ J(0,1] if p; = maxy py
! {0}  otherwise.

Next, we patch together these signed measures and form the signed measure g on [0, 1]™ by

n(E)=9(0)-10€E)+ > pplmp(ENHP))
pe(0.1)7\ (0}

for Borel sets E C [0,1]™. Observe that

(10, 17™) =1g(0)[ + > Iupl((0,1]%)

pe{0,1}™\{0}
SZCIED SE AL CLTT R PR SR BN
pefo,1pm {0y ¥ (011 pefo,1pm oy 7 TP

y (C.5), we also have

g(xy, ..., zm) = g(0) + Z / (p)) dt®)

pef{01}m\{0} “ Ilesp “J]

OIS / —0+ Y TJ0.01)

pe{0,1}m\{0} * Ijesp “ﬂ pe{0,1}m\{0}  “jESp
1(0 € H[QM) + Y %(%(H[Oa%‘]ﬂf{(p))) =M<H[07%])
7j=1 pe{0,1}™\{0} 7=1 7j=1

for (z1,...,2,) € [0,1]™. Therefore, Theorem 1 implies that ¢ has finite HK( variation and

|1 ([0,1]™) = HKo(g) + |9(0)].
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Combining this with equation (C.6), we obtain that

HKo(g) = > /T()Ig(p)h

pe{0,1}m\{0}

C.5 Proof of Lemma 2

Although the ideas of our proof of Lemma 2 are simple, the proof is somewhat technical
because of the intensive handling of indices. Hence, to deliver the underlying ideas clearly,
we first prove the lemma when d = s = 1 and then consider general d and s.

Proof of Lemma 2. First, assume that d = s=1. For [ =0,...,n; —1, let 1; be the discrete
- . BNE)
signed measure on [0, 1] that is supported on {v;”, v, } and has masses

~ (1) ’Ul(i)l —1 " ) t— Ul(l)
) = [ @ md AR = [ )
Yy

1 (1 1
>v”z(-s-)1) Uiy — Y Y v”z(+>1) Uiy — Y

Then, for = > Ul(}r)l,

— ) duv (t
/[U NCEURZG

Lo () ety ) gy
= T —v N R} r—v e | av

oV o)) : Uz(Jlr)1 - Ul(l) o Ul(Jlr)1 - Ul(l) 1

= (v =) m({w"}) + (z —vh) -m({oh}) = /[ (= e dm)

We also have that
7l ([0, 1)) = [l ({oi"}) + 7l ({vih })

1
< Ul(+)1_t d t—vl(l) p B 1
= S ofty o, — o0 IO o Al =l ([ o)),

(1) (1) _ (1), (1) _
v ) Vi1 ] ) V41 ]

and that

Rl =l ({17)) < [ <o il < ml(0.1))

0.01") vy
Let 1z be the signed measure on [0, 1] defined by

ni—1

p= Z 14
=0
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and let u be the signed measure on [0, 1) defined by u(E) = u(E) for all Borel sets £ C [0, 1).
Note that u is a discrete signed measure supported on V; N[0, 1). For each UZ(I) €V,

ny—1

D 1) dint %+Zﬁm o~ 1) din (1)

1

(1) _ (1) ~
_C+Z/()7 o, v, —t)+dy1(t)_c+/[071](vi —t)+d,u(t)

ey /[0 . (0 — 1), dult) = fogy (o),

fcv{Vl}(Ui(l)) =cT /

[0,1)

which means that f.,; coincides with f.,,} at every point of V. Also,

11((0,1)) < [71((0, 1)) Zml (0.1)) = l(0. 1) + 3 [7l(0. 1)
=1

< |v]((0,v1") Zw o) = 1l ((0,1)),

from which we can conclude that

Vmars(fc,{u}) § Vmars(fc,{ul})-

Now, we consider general d and s. For S C [d] with 0 < |S| < sand 1= (l;,5 € S) €
H].GS{O — 1}, let fisy be the discrete signed measure on [0, 1]1°! that is supported on

Hjes{vl]) vl } and has masses
() 1-5; @)\ 4
v — 1 il ti—wv J
[(é¢1 &) (u> lm) }w“%jes)
Ui — Y Ui — Y

[()

s ({591 = [ 11

1 jeS

for each (0;,j € S) € {0,1}1l, where RY := []
j €85, it follows that

| =t dvstayi 9

() (4)
. ’Ul 11 tj . tj — U
{(%’ - "Uz(f)) 5 T (@i — Ul(jJ)rl) ' —} dvs(tj,j € 5)

jES Ul( J)r1) Then, if z; > Ul , for all

o) o9 (4) (
zj+1 lj] Uljﬂ - Uzj

(4)

(J) 1—46; S
V41 — tj) J( ti— v )J] ‘
/ Z H [ (U(J) _ Ul(j) o9 Ul(j]) J

Ry §c{0,1}I51 jeSs Ij+1 lj+1
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()

©) 1-6; 5.
Z H Uzj+1_tj> J( ti— v )J} .
/Rs H [(UZ(JJ) _ Ul(]q) () () J

5c{0,1}15I j€S U jes +1 Ui — Y

= > Il —uls) as({(v)s,.i€5)})

§c{0,1}I51 jes

<5
+\./

Also,

s (0,11 = >

() 1-4; (4) 5
H Vb — 4 Tt =y i .
N CRRNT) Er —r dvg(t:, 7 € S
/RS , [( () (2)) <U(J) Uz(j) vs(t;, ] )

5€{0,1}18 I jes Uz +1 41
'U t 1_6]' t _ 'U(]) 6]‘
< 2 ) (o) | sl € 8)
o v( 7) o9 0
8e{0,1}15I Rp jGS l; +1 L 1j+1 ;
(J) ( )
= 11 =) dlus|(t;,j € S) = lvs|(RY),
s (7 ) _ (]) LU ) NG))
RY jes \Upjp1 — U Ui T

and

~ Ugj) — ¢ 1-6; 0 5
sl ([0, 1151\ {0}) = Z /S H {(—(]’) J) ( (Jj) ) } dvs(tj, j € S)’
se{0,1}15\foy ' /o jes LNV T 0 vy — 0

() 5;
/ {( 0 _ ) ( (Jj) ) } dvs(t;,j € S)‘
sefo, 1}\SI\{0} R§\{0} js v’ =0

< |vs|(Rg \ {0}).

Now, let jig be the signed measure on [0, 1]'*! defined by

fis = Z [is,1

1€[1;e5{0,.m;—1}

and let g be the signed measure on [0,1)°! defined by

ps(E) = pis(E)

for all Borel sets E C [0,1)!%l. Note that pg is a discrete signed measure supported on
(IT;es Vs) N[0,1)18). Then, for each (v M ...,UZ-(j)) € H;l:l Vi,

117

fefvs) (vz(ll), . ,US)) =c+ Z /[0 ) H (Uz(j) - tj)+ dvs(t;,j € S)
1

S
0<|S|<s 51 5es
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—er X2 [ TI60 1), ansties)

0<|S|<s1€][;e5{0,mj—1} “ 71 jES

=er ¥ % [ TI0-0) st e

0<|S|<s1€][;e5{0,-ij—1} © 7T j€S

Cet Z/ ]9 1)), dis(ty. € S)

S
0<|s)<s Y 01 g

:c+2/

S
0<|s|<s “ [O1)

| H (UZ(JJ) — tj)+ dus(tj,j € 5) = fc,{us}(v;l), e ,UZ(:)),

jes
which means that f, (.} agrees with f. .4} at every point of H?Zl V;. Also, for every S C [d]
with 0 < |S] < s,
s | ([0, 1)1\ {0}) < [zs|([0,1]°1\ {0}) < > 51| ([0, 11\ {0})
€] jes{0,0m5—1}

= |zisol([0,1]*1\ {0}) + Z |5l ([0, 1))

1€, 5{0..n;~1}\{0}

< |vs| (g \ {0}) + > sl (BY) = [vs|([0,1)*\ {0}).

IEHjes{O vvvv n;—1}\{0}

From this result, we can derive that

Vmars(fc,{ug}) S Vmars(fc,{ys}) .

C.6 Proof of Proposition 3

Proof of Proposition 3. Assume c is a real number and {vg} is a collection of finite signed
measures, where vg is defined on [0,1)!%l for each S C [d] with 0 < |S] < s. Recall that
under this assumption,

fc,{us}(x1, e Tg) =c+ Z Z VS({(Ul(j),j c S)}) H (xj . Ul(j'))Jr

0<|S|<s 1€ [ 5{0;--m5—1} jES

and

Vs foost) = 3 > w{e?ien))]

0<|S|<s1€]];¢510,...,n; —1}\{0}

Now, let v be the |J|-dimensional vector indexed by (S,1) € J for which

51 =vs({ (v €5)})
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for (S,1) € J. Then, it follows that

(fc,{us}(x(i)),i = 1, . ,n) =cl + M’)’

and

mars fc {I/S} Z |751|

1750
Thus, under the assumption, our estimation problem reduces to the finite-dimensional lasso
problem (3.16). Recall that by Lemma 2, a solution to (3.5) obtained under the assumption
is still a solution to the same problem without the assumption. Therefore, for a solution
(¢, ’Ayiv) to the problem (3.16), the function f on [0, 1]¢ of the form

e z)=et+ > (0v)s- H (2 — v,

is indeed a solution to the original problem (3.5). Moreover, since the set

{cl +M~y:ceR,veRY and Z 1vsa] < V}
(SheJ
1£0
is closed and convex, even though there can exist multiple solutions to the problem (3.16),
they all should share the same value of c¢1 + M-y, which is indeed the projection of y onto
the closed convex set. For these reasons, Lemma 2 also implies that for every solution fg‘s/

to the problem (3.5), the values of fgf/ at the design points should be

fg;f/(x(i)) =Cc+ (Mﬁi@)l =¢+ Z (%:;)5,1 : H (xgl) - Ul(]))+ for everyi=1,...,n.
(S)eJ jes

]

C.7 Proof of Theorem 2

We exploit the following general result for nonparametric least squares estimators. This
result is a straightforward generalization of [58, Theorem 9.1] to the misspecified case, in
which the true underlying function may not belong to the function class over which estimators
are searched. Although we only need to consider the well-specified case for Theorem 2, here
we state a generalized version for future purposes. We will use this theorem again for our
proof of Theorem 4.

Theorem 20. Suppose that the data (xV,y1),...,(x™ y,) are generated according to the
model

yi = f(x") + & (C.7)
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where & are independent sub-Gaussian errors with mean zero and with a sub-Gaussian pa-
rameter o, and f* is an unknown real-valued regression function defined on [0,1]%. Let F be
a collection of real-valued functions defined on [0,1]¢ and let fu be an element of F. Also,
let f be a least squares estimator of f* over F defined by

fe argmin { Z (yZ — f(x(i)))Q}.
fer i=1

Assume that there exists a real-valued function U defined on Rsq such that t — U(t)/t? is
monotonically decreasing on R<q and

0(0) 2 max {t [\ og N (e Bt fo -1, 1 o). 3

where Br(t, fo, || ||n) :=={f € F:||f = folln <t} and N(¢,G, || ||») is the e-covering number
of a function class G under the norm || - ||,. Then, there exist universal positive constants ¢
and C' such that

2

P2 2 2 ot
B(If = f2 = o= f12 > 1) < Cexp (= 5) forallt =t (C9)

for every t, > 0 satisfying

vty > coU(t,) and t, > || fo— f*ln-

Remark 8. The probability bound (C.9) in Theorem 20 directly leads to an upper bound on
the risk Rp(f, f*). First, we can rewrite the bound (C.9) as

Foex(2 _px||2 < _n_t > 42
B(If = 1= o= FI2> ) < Coxp (= =5) forallt > 22,

If we integrate both sides of the above inequality from t2 to infinity, we obtain that

. > t Co?
B 1= o =PI £ [ e (= fg) <
Therefore, using the inequality v < (x — y)+ + y, we can derive that
£opx £ *1]2 * (|2 002 2
Re(f, f) =Elf = f*I5 < lfo = f7ln + + (C.10)

n
Remark 9 (Well-specified Case). If f* belongs to the function class F, then we can choose
fo as f*. In this case, the condition t,, > || fo — f*||n is vacuous, and (C.10) becomes

) Co?
Rp(f, ) < Ta‘f‘ti-

We will use this result for our proof of Theorem 2.
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Remark 10. Here, we briefly discuss how [58, Theorem 9.1] can be generalized to the mis-
specified case. We describe what needs to be modified in the proof of [58, Theorem 9.1] to
achieve the generalized result in Theorem 20.

Fizt > t,, and let

Fi={f e F: 2772 <||f = f*II = lfo = f7II7 < 2%¢%}

for each positive integer j. It then follows that
P(If =l = fo— F7II2 > ) =Y P(f € Fy), (C.11)
j=1

and it suffices to bound IP’(f € F;) for each positive integer j. Observe that for every f € F;,

n

29 2 f = 2 = Mo = £ = 17 = foll2+ 2 S 00F = fo) () - (o — £7)(x)
i=1
> |11 = ollz = 201 = folla+ 1o = £l

and thus,

1F = folln < M1 fo = f¥lln+ VI fo = f2I2 + 2982 < 2| fo — ]l + 2 < 2712,

Also, since f is a least squares estimator over F and fqo is an element of F,

n

D (= FED)” <37 (= fox ™),

=1

from which one can easily derive that
R * * 2 - £ i
1= F = o= 17117 < = ;w = fo)(x").
For these reasons, for each positive integer j, we have

B(f e F)) < P( up 306~ x> 22]'%2)

f€.7'—j n =

1< , ,

= P( sup = &G(f = fo)(x) > 22]%2).
fer M

1f—folln <291t

From this point, we can simply follow the proof of [58, Theorem 9.1]. By repeating their
argument, we can show that

A 2nt?
P(f € F;) §4exp(— 002>
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for each positive integer j. Combining this result with (C.11), we can conclude that

2int? nt?

B(If = I = fo = £I% > ) < ;4exp(— ) < Cew (- 25).

Proof of Theorem 2. Let Faisc(V') be the collection of all functions fe () € fff with

—mars

Vinars(fe{vsy) < V' where vg is supported on ([];cqVs) N [0, )5 for each S C [d] with
0 < |S| < s. By Lemma 2, there exist fdisc, fiise € Faise(V') such that

faise(x?) = fir (x) and fr (x") = £7(x)
forall e = 1,...,n. Observe that
oy = (x)+&=fr . (xOD)+ & fori=1,...n;
o Re(fyv, £*) = Re(faise: fie):

Also, we have

fdisc € argmin {Z (yi — f(x(")))2}‘

fefdisc(v) =1

Thus, once we bound the metric entropy of Bz, (v)(t, fise || - |n) (under the norm || - ||,)
and its integral as in (C.8), we can use Theorem 20 (and Remark 9) to obtain an upper
bound on the risk Rp(f"5, f*).

For V >0 and t > 0, let

DV, t) ={f € Faise(V) : || flln < t}.
Then, clearly,
B]'—disc(v)(t7 f;ism H ’ Hn) - {fsisc} g D(QVV, t)

because
Vmars(f - f;isc) S vmars(f) + Vmars(f;isc) S 2V

for every f € Faise(V'). For two function classes G; and Gy, G; —Gs indicates the class {g1 —go :
g1 € Gi1,92 € Go}. Also, the following lemma, which will be proved in Appendix C.15,
provides an upper bound on the metric entropy of D(V,t) (under the norm || - ||,,).

Lemma 12. There exist positive constants C, s depending on p and s and C, 4 depending
on p and d such that for every V>0, t >0, and € > 0,

\%4 t
log N (e, DV.). ]| - 1) < 2'log (2+ ., - L)

201y

2d+1vﬂ 3(2s—1)/4

1/2
) [log <2d+1 + 1+
€

+ Cpa(2M + 1+
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By Lemma 12 and the inequality (z + y)"/? < 2'/2 +y'/2, we can obtain the following
upper bound on the square root of the metric entropy of B, . v)(t, fiise || - |In):

2V +y/nt
VIO N (e Byt T - T 1) < 27 og (24.C - 25Y™)

24+21/ 1/4 24427/ \ 13(25—1)/8
) [log <2d+1 +1+ ﬂ .
€

+Cha (2‘“1 +1+4

To integrate the right-hand side of (C.12), we construct the lemma below. We omit the
proof of (C.13), which is basically the result of simple application of integration by parts,
and our proof of (C.14) is presented in Appendix C.16.

Lemma 13. For every u > t,

/Ot g 2] - #(1 +2r), (C.13)

where T = log(u/t). Also, for every w >t and k > 0,

t 1/4 k
/0 <g> [log%} de < Cru'* 34 (1 + ), (C.14)

where Cy 1s a constant depending on k.

By (C.13),

t 2 t 2 2
/\/Iog(Q—i—Cp,s'v_'_—\/ﬁt) de§/ \/1og( L4 Cpsl VJ“/ﬁt))de
0 € 0 €

< Ct[1+210g (24, (Vi + %m < Cyotlogn + Ctlog (1+ %)

Also, by (C.14) and the inequality (x + y)'/* < 2/4 4+ 41/4

t 2d+2v 1/4 2d+2v 3(2s—1)/8
/ <2d+1 F14 ) [bg (2d+1 Y14 )] de
0 € €

t(9d+1 4 q 9d+2 1/4 9d+1 4 1 9d+2 3(2s—1)/8
</ (( + 1)t + V) {10g<( + 1)t + Vﬂ e
0

€ €

2d+2V> }3(23—1)/8}

t
3(25—1)/8

< G2 + Dt 42972V 1/4,3/4 [1 i {log <2d+1 14
< Cal {291 + 1)} 4+ 242V 1] 1og (2 + %ﬂ

< C’dt[log (2 + %)] e + O V4B [log <2 + %)}

3(25—1)/8
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Combining these results, we can derive that

t
/ VI8 N (& Bra) (b e |+ 1), 11+ [l) de < Cyatlogn + Catlog (1+ ﬁ)
0

V\13(2s-1)/8 V' 13(2s-1)/8
+ Cp,dt[log (2 + ?)] + C, gV [log (2 + 7)}

Now, consider the function ¥ defined as the right-hand side of the above inequality, i.e.,

2
U(t) = O, gt logn + Cat log (1 N %)

TV \13(25—1)/8 V\13(2s—1)/8
+ det[log (2 + 7)} + Cp7dV1/4t3/4 [log <2 + ?ﬂ

for ¢ > 0. Then, ¢ — W¥(¢)/t* is monotonically decreasing and

(02 w1 [ \los N (Bt ¢ Jir | o)1) e ).
by definition. Also, note that when t > o/y/n, we have

2
1
AL t>0,, 280
dco NLD
Vnt? o 2V
t1 ( ) ft>0,-21 (1 —),
Catlog \/_t = T4co _Cd\/ﬁ os\FF o

Cpat[log (2 + %)}3(28 e ftQ i 12 Cpa 7 [log (2+ VZI/2>]3(281)/87

Cp7dt log n <

and

V73D
CoaV' e/ 10g (2 + 7)} < Vn

— 4co
O_4/5v1/5

1/2
lf t Z Ode |:10g <2 +

Vn

) :| 3(2s—1)/10

Therefore, if we let

1/2

tn:max(\;_ pdai;%n \/_log< &> de\/_[log<2+vz )]3(28_1)/8,

4/51/1/5 Vnl/2\13(2s-1)/10
dea _[log <2+ T:T )] )a

n2/5

then the inequality

Vnt: > coV(t,)
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holds. By Theorem 20 (and Remark 9), it follows that

rd,s * 002
Rp(fffjv,f ) < o +t

< Cp7d<a2V1/2>4/5 [log <2 . Vn1/2>]3(251)/5 N Cp,d%Q [1og (2 N VZ1/2>}3(251)/4
+ Cd%z [bg (1 + ?)} ot Op,d%z[log n)®. (C.15)

We can further observe that the second term and the third term on the right-hand side of
(C.15) can be absorbed into the other terms. Note that there exist some positive constants
Cy and C such that

log(2 + z)]3@~V/* < 2% for z > C, and [log(1 + 2z)]* < 2*/® for z > C.

Hence, the second term can be bounded by

2

Vnl/2\13(2s-1)/4 o2 o2 /Vnl/2\2/5 o
)]s (55—) =

0.2v1/2 4/5
< Cp,d? +Cp,dg - +Cp,d ( ) )

C,Lda— [log (2—|—
n

and the third term can be bounded by

g

2

Cd%Q [log (1 + %)]2 < Cd% [log (1 n 2Vn1/2)]2

g

o? <Vn1/2>2/5 _ Cdo2 Cd<02V1/2>4/5.

2
< Cda_ +Cy
n

n

Consequently, removing both terms from (C.15), we can derive that

s o2V 12\ 4/5 Vnl/2\13(2s-1)/5 o2
RF( ;j;v, f*) < C’,Ld( ) [log <2 + )] + Cp,dg[logn]?

C.8 Proof of Theorem 3

We first briefly recall what Brownian sheet is and introduce integrated Brownian sheet. An
m-dimensional Brownian sheet B, = (B, (t,-) : t € [0,1]™) is a centered Gaussian process
on [0, 1]™ whose covariance is given by

E[Bo(t,)Bu(s, )] = Hmin(tj, 5;).

Let {¢r, ® -+ @, : k1,...,kn € N} be an orthonormal basis of L?([0,1]™). Here vy, ®
-+ ® 1y, indicates the tensor product of the functions vy, ..., 1%, , which is defined by

(Y, @ - @ Py, )(X) = Vg (1) - - Uk, (Ti)
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for x = (x1,...,2m,) € [0,1]™. Then, it is well-known that the Brownian sheet B,, can be
represented by

where &, 1, are independent standard normal random variables, 7, : L?*([0,1]™) —
C([0,1]™) is the m-dimensional integral operator defined by

Taf®) = [ fedx fort= (. t) € 01"
[T72,00,t5]

and the series converges a.s. in C([0,1]™) (see, e.g., [60, Section 5]). An m-dimensional
integrated Brownian sheet X,,, = (X,,(t,-) : t € [0,1]™) is then simply defined as

XM<'> w) = Tm (Bm<'> w))

Since T, is a continuous linear operator on C([0, 1]™), it follows that

almost surely. We will exploit this series expansion of the integrated Brownian sheet X, in
our proof of Theorem 3.

We also utilize the following two results for our proof of Theorem 3. The first result is [94,
Theorem 1.2], which is restated as Theorem 21 below. This result implies that upper bounds
on the metric entropy of D,, can be obtained from appropriate lower bounds on the small
ball probability of the integrated Brownian sheet X,,. The second result is [30, Theorem
1.2], which is restated as Theorem 22 below. This result helps us connect the small ball
probability of the integrated Brownian sheet X,, to that of the Brownian sheet B,, whose
lower bounds are quite well-studied.

Recall that a random element X in a Banach space E is said to be centered Gaussian if
(A, X) := A(X) is normally distributed and has mean zero for all A € E*, where E* is the
dual space of E. Also, its covariance operator X : E* — FE is defined by

(A4,5B) =/E<A,JJ><BJ> dp(r) = E[(A, X)(B, X)]

for all A, B € E*, where p is the measure induced on E by X (see, e.g., [96, Section 8]).
Moreover, recall that for the map ® : £* — FE defined by the Bochner integral

B(4) = [E (A, 2) du(z),
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the reproducing kernel Hilbert space of X in FE is defined as the completion of ®(E*) with
respect to the inner product

(B(A), ®(B)) r—/(Aaﬂf)(Bw) dp(z) = E[(A, X)(B, X)]

E
(see, e.g., [151, Section 2]).

Theorem 21 (Theorem 1.2 of [94]). Let (E,|| - ||) be a separable Banach space and X be
a centered Gaussian element in E. Also, let Kx be the unit ball of the reproducing kernel
Hilbert space of X in . For a > 0 and B € R, if there exists some constant ¢ > 0 such that
178

log P(|X|| <€) > —ce™® [log —}

€

for sufficiently small € > 0, then there exists some constant C' > 0 such that

1728/(2+a)
log N (e, K. || - ) < Ce2/+ [10g =]
€

for sufficiently small € > 0.

Theorem 22 (Theorem 1.2 of [30]). Let (E, ||-||) be a separable Banach space and (H, ||| x)
be a Hilbert space. Also, let Y be a centered Gaussian element in H. Then, for every linear
operator L : H — E and a centered Gaussian element X in E with the covariance operator
LL*, where L* : E* — H 1is the adjoint operator of L,

PILY ) < 9 = B(IX] < 20 E[exp (- v [3,)]

for all A > 0 and € > 0.

In our proof of Theorem 3, we use Theorem 21 with £ = C([0,1]™) and X = X,,, and
Theorem 22 with £ = C([0,1]™), H = L*([0,1]™), L = T,,, and X =Y = B,,. Observe that
the Brownian sheet B,, is a centered Gaussian element both in L?([0,1]™) and C([0, 1]™),
and the integrated Brownian sheet X,, is a centered Gaussian element in C([0,1]™). It is
also known that the covariance operator of the Brownian sheet B,, is T, 7% (see, e.g., [44,
Section 3]). Moreover, one can check from the series expansion of X, and the theorem below
that the reproducing kernel Hilbert space Hx,, of X, in C([0,1]™) and its unit ball Ky,
can be written as

me:{ Z Wy T (kg @+ @ g, ) () = (Wi km,kb---,kaN)GgQ}
k

Lyeery kmeN
and
Kx,, = { > Wk T (W @ @Yk, ) () (Why ks K1y b €N) € B@}a
k1,...,km €N

where B2 is the unit ball in /2.
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Theorem 23 (Theorem 4.2 of [151]). Suppose that {hy}r>1 is a sequence in a separable
Banach space E such that if w € £* and

i wkhk = 0,
k=1

where the convergence is in E, then w = 0. Then, for a random element X in E defined by

X = Z Skl
k=1

where & are independent standard normal random variables, and the series converges a.s.
i E, the reproducing kernel Hilbert space of X in E is given by

Hy = {Zwkhki’ngQ}
k=1

with the norm
o0
| > wnhu| = s
k=1

Proof of Theorem 3. For each k € N, let ¢ be the function on [0, 1] defined by ¢ (z) =
(1 — ) for x € [0,1]. Then, clearly, {¢p, ® -+ @ ¢, : ki,...,k, € N} is also an
orthonormal basis of L%([0, 1]™). Also, let

J = {Zk1 km,kl,...,k’mGN) 2k

.....

,,,,, b = (F, Ok @ -+ @ P, )
for ki,...,k,, € N, where F' € Dm}.

Note that Z is convex and symmetric with respect to the origin, because D,, is convex and
symmetric with respect to the zero-function. Also, for F' € D,, of the form

F(zy,...,xn) = /(wl —t1)g (T — ) du(t) = /1‘[’” [Oxj](ml —t1) (T — t) dv(t),

where v is a signed measure on [0, 1]™ with total variation |v|([0,1]™) < 1, we have
F ¢k1 ®¢km
/ / (01— t1) -+ (o — ) di(t) - (B @+ @ 6, )(X) b (C.16)
0,1]™ —1[0 ]

:/[0,1}m/tl'”/tm(xl_tl).”@m_tm).gbkl(xl)”.qskm(xm)dxm”.dmldy(t)
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for ki,...,kn € N. By Parseval’s identity, Z is a subset of /2 and
log N(€, Dy, || - [|2) =log N(e, Z, || - ||2)- (C.17)

Also, since Z is convex and symmetric, by the fundamental duality theorem of metric entropy
(refer to, e.g., [3, Theorem 5]), there exist universal constants ¢, C' > 0 such that

log N(e, Z, || - [l2) < Clog N(ce, Bz, || - || z2), (C.18)
where By is the unit ball with respect to the 2 norm and || - || z- is the gauge of
ZO:{(wkl .... km,kl,...,kmEN)EEZ:sup Z W, ke 2k o om Sl},
2€2 | 1 kmeN
ie.,
|Wl|ze =inf{r >0:w e rz°}
for w = (wi,.. 5., k1, -, km € N) € 2. Due to (C.16), we can also write Z° as
Z° = {(wkl ..... ks K1y ooy ki €N) € 021 sup Wy Fom (C.19)
tel0™ 1y kmeN

./t:.../t;(xl 1) (@ — t) ks (1) -+ i, () dn - -+ da

)

We now relate the covering number N (e, By, || - ||z¢) to the small ball probability of the
integrated Brownian sheet X,,. Recall that we can represent the integrated Brownian sheet
X, as

Xn(w) = D b @) - T (W @ - @ 41, ) (), (C.20)

where the series converges a.s. in C([0, 1]™). Observe that

T2k, ® -+ @ Uy, ) (t /m o ]/ o wk1®---®¢km)(x)dxds

/ " 045] / (Y, @ -+ @y, ) (x) ds dx

] T lwgts]

= / o () 1) ) (C.21)
17, 0.t]
/ / 21— 51)  (Zm = Sm)Or, (21) -+ Ok (2m) A2 - - - d24
for t € [0,1]™, where (s1,...,8n) = (1 —t1,...,1 —t,). By (C.19) and (C.21),

sup
tef0,1]™ |

Z Why e~ T (g, @ -+ @ 1y, ) (8)
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= |lwlz

1 1
/ / (21_31)(Zm—sm)¢k1(zl)¢km(zm)dzmdzl

for w = (wg,.. g k1, km € N) € 2. Since the unit ball K, of the reproducing kernel

KXm_{ Z Wky,..., km'm(¢k1®"'®¢km)(')3(wk1 ..... km7k17'-"km€N)€Bf2}’
k

it thus follows that
N(E’ Kva || : “OO) = N<EaB€2’ || : |

Hence, for the integrated Brownian sheet X,,, we can restate Theorem 21 as follows: for
a>0and § €R,

70).

118
logIP’< sup | X (t)] < 6) > —cpme @ [log —] for all sufficiently small € > 0 (C.22)
te[o,1]m €

1728/(2+a) .
} for all sufficiently small € > 0.

— 08 N(e. B | - [122) < G/ 105 1
€

Combining (C.17), (C.18), and (C.22), we can see that it suffices to find lower bounds on
log P(supye(g 1= | Xom ()] < €) in order to find upper bounds of the metric entropy of D,,.
We now turn to the small ball probability of X,,. Recall that the covariance operator
of the Brownian sheet B, is 7,7, By applying Theorem 22 to £ = C([0,1]™), H =
L3([0,1]™), L = T,,, and X =Y = B,,, we can derive that
2

IP’( sup |Xm(t)|§e) 2P< sup |Bm(t)|§)\e)'E[eXp(—%/{()Hmen(t)dt)].

tef0,1]™ te[o,1]™

for all A > 0 and € > 0. Substituting A = e 2/% and using Markov’s inequality, we obtain

—4/3
11»( sup |Xm(t)\§e>2P< sup me(t)|gel/3).E[exp(—€ / Bfn(t)dt)]

te[0,1]m te[o,1]m 2 Jom
—2/3

>P( sup [Bu(t) <) [P sup [Bu(t) <€) exp (= )]
tefo,1)m te[0,1)m 2

) 6_2/3
> []P’( sup |Bm(t)|§el/3>} -exp(— 5 )

te[o,1]m

In [44, Theorem 6], it was proved that

172m—1
logIP’( sup |Bn,(t)] < e) > —cme’Q[log —]
€

telo,1]™
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for sufficiently small € > 0. In particular, it is well-known that the logarithmic multiplicative
factor of the right-hand side can be omitted when m = 1. Therefore, it follows that

—2/3

2

logIP’( sup | X, (t)] < e) > 210gP< sup |Bpn(t)] < 61/3) €
te[0,1]™ telo,1]™
—2/3

2
for sufficiently small € > 0. This result together with (C.22) implies that

1}2m—1 €

172m—1
> —cme’2/3 [log - }
€

> —cme’2/3 [log -
€

log N (€, Bez, || - |

173(2m—1)/4
20) < O 12 [log —}
€
for sufficiently small € > 0. Consequently, combining all the pieces, we can prove that
173(2m—1)/4
log N (e, Do, | - [[2) < Crae ™2 log |
€

for sufficiently small € > 0. Note that we can omit the logarithmic factor when m =1. 0O

C.9 Proof of Theorem 4

Our proof of Theorem 4 uses the following lemma, which we prove in Appendix C.17. This
lemma states that for every function f € .7-";25 we can find f, . ) which is close to f

—Imars’
and whose g are discrete signed measures supported on the lattices generated by V; (recall
(3.18)). We will use this lemma again for our proof of Theorem 7.

Lemma 14. Suppose we are given a real number ¢ and a collection of finite signed measures
{vs} where vs is defined on [0,1)1%! for each S C [d] with 0 < |S| < s. Then, there exists a
collection of discrete signed measures {ps} where ps is supported on (I];cg V) no, )8! for
each S C [d] with 0 < |S| <'s such that

o Vmars(fc,{,us}) S Vmars(fc,{us});'
o HfC,{us} - fC,{Vs}Hoo < (2/N)- Vmar5<f6,{l/s});
i ”fc,{us} - fc,{us}Hpo,? < Cd(B/N3>1/2 : Vmam(fc,{us})

for some positive constant Cy depending on d, where N = min; N;.

Proof of Theorem 4. Recall the definition of Fgis.(V') from our proof of Theorem 2. Also, let
Fapprox (V') be the collection of all functions f, (¢} € fi;‘imars with Vinars(fe,fvs1) <V where

vs is supported on ([ ];cg 1Nij) N[0, 1)1 for each S C [d] with 0 < |S| < s. Then, clearly,

f;‘f:; € argmin {Z (yZ _ f(X(i)))Z}.

JE€Fapprox(V) i=1
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Also, Lemma 14 guarantees that we have fy € Fapprox(V) for which

2V
1fo = Flln =M fo = Fllee < 7

In order to apply Theorem 20 with fy € Fapprox(V), we need to bound the metric entropy
of Bz, .ox(v)(t; fo, || - [ln) (under the norm || - ||,). By Lemma 2, there exists go € Faisc(V)

such that ' 4
QO(X(Z)) = fo(X(Z))

for all i = 1,...,n. Also, by the same lemma and the fact that the norm || - ||,, only depends
on the values of functions at x(?, we have

N (€ BFuppuon ()t fo | 1) [+ 1) < N (€, Bryey (£ gos 1+ [la)s 11 1)

for every € > 0. Hence, we can repeat our argument in the proof of Theorem 2 to bound
N(e, Br,..o)(t, 90, || - lIn), || - |n) and thereby show that the function ¥ defined by

U(t) = C,qtlogn + Cytlog (1 + ﬁ)

¥\ 73(25-1)/8 V\13(25-1)/8
+ det[log (2 + 7)} + C, VYA [log <2 + ?)}

for t > 0 and

ologn

tnzmaX<||fo f“naT P Cd\/_10g<1+g)

Vnl/2\13(2s-1)/8 gd/5y/1/5 Vnl/2\13(2s-1)/10
Jos (2-+ ) G s (2 )T,
o

n2/5 o

cpdf

satisfy the conditions in Theorem 20. As a result, Theorem 20 (and Remark 8) implies

Ri(fav f7) < o= f7II5 + +t2

812 o2\/1/2 4/5 Vnl/2\13(2s-1)/5
SW_FCp’d( n ) [log<2—|— o ﬂ
o? Vnl/?
+ Cp,d? [log <2 +

2

>] (25—1)/4 + C’d% [log (1 + %)]2 " Cp,d%Q[IOg n]g.

As in the proof of Theorem 2, we can absorb the third and fourth terms into the other terms.
Consequently, we can show that

2 2

s e SV o2V1/2\4/5 Vnl/2\ 13(2s-1)/5 o
RF(fg:V’f ) < N2 +de( n ) [log <2+ o ﬂ +Cp’dz[logn]2'
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C.10 Proof of Theorem 5

The following theorem plays a central role in our proof of Theorem 5. This theorem is a
simple extension of [69, Proposition 2] to the misspecified case, where estimators are searched
over a function class that may not contain the true underlying function. For Theorem 5,
we only need the partial result of Theorem 24 concerning the well-specified case. The more
general result covering the misspecified case is only required for Theorem 7. However, here,
we state the full result in order to avoid redundancy. We provide our proof of Theorem 24
in Appendix C.18.

Theorem 24. Suppose that the data (xV,y1),...,(x™,y,) are generated according to the
model

yi = f(x) + &, (C.23)
where X9 are i.i.d. random variables with law P on X, & are i.i.d. errors independent of
xW o x™ with mean zero and finite LI norm for some q > 3, and f* is an unknown

real-valued regression function defined on X. Let F be a countable collection of real-valued
functions defined on X and fo be an element of F, and assume that ||f — follee < M for
every f € F. Also, let f be an estimator of f* for which

f € argmin { i (i — f(X(i)))2}

fer i=1

with probability at least 1 — € for some € > 0. Moreover, suppose that there exists t, >
4| fo — f*||p2 such that

i . e
Bl s |—=ara®)|| <rvat,
| fer—{o} 1V ; 1
Il fllp2<rtn
i Lo e
o | LS| <o
L feF—{fo} 1V ; |
£l p2<rts
and
1 - 7 * P
E{ sup —Zeif(x())'(fo—f)(x())” < it
feF—{foy 'V 3
”f”P,ZS'r'tn
for every r > 1. Here, || - ||p2 is the norm defined by

1/2

1fllp2 = (Ex~plf*(X)])
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and €; are i.i.d. Rademacher variables independent of xV, ..., x™ . Under these assump-
tions, there exists a universal positive constant C' such that for every t > t,,

: 1+ M3 S0l fo = I3 + M3
B(If — follna > ) < e+ 0 My o Sl o 2T
C.24
M+ 1fo — 5 + L) (C-24)

+C-

n3t6

Remark 11. The reason why F is assumed to be countable in Theorem 24 is to guarantee
the measurability of the suprema. We can remove this condition if F is a subset of C([0, 1]™).

Suppose F is a subset of C([0,1]™) and Fo is a subset of F — {fo}. Because of our
assumption that fo € F, Fo is a subset of C([0,1]™) as well. Also, since (C([0,1]™), || - |loo)
1s a separable metric space, Fy is also separable with respect to the sup-norm. Let Gy be a
countable dense subset of Fo with respect to the sup-norm. Then, we have

LS )] = sup |21 S g o (x
\/ﬁ;&f(x )| = sup \/ﬁ;&!](x

sup
feFo 9€Go
1 < . 1 < :
sup [—= 3 e ()] = sup | 7= D7 eiglx V)|,
fE€Fo \/ﬁ; 9€Go \/ﬁ;
and
(7, z) ()
sup ef(x") - (fo— f)( ‘— sup €g(x") - (fo— f1)(x")
feFo \/_Z 9€%o \/_Z

so that all the suprema are measurable. For these reasons, in this case, Theorem 24 is valid
without the countability assumption.

Remark 12 (Well-specified Case). If f* belongs to the function class F, we can set fo = f*.
In this case, the conditions t, > 4| fo — f*||p2 and

E{ sup
feF—{fo}
I fllp2<rtn

\FZ Q) (o 1)) | < v

always hold, and (C.24) is simplified as

1+ M3

. 3 M3 MS 3n3/q+M3
B~ f e > ) < e 0 Mgy o WGBTSl AT

n3/2¢3 n3t6

This simplified version will be used for our proof of Theorem 5.

Recall that our estimator de is defined as a least squares estimator over

{f € F& s Vinars(f) <V,
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which is not uniformly bounded as required for F in Theorem 24. Theorem 24 is therefore
not directly applicable to our estimator, but we can avoid this problem by using the fact
that fg:f/ is (uniformly) bounded in probability. Due to the boundedness of ffi’f/ as stated in

Lemma 15 (proved in Appendix C.19), it is guaranteed that fgf/ is a least squares estimator
over a uniformly bounded function class with high probability.

Lemma 15. The estimator fgf, satisfies

1w = S lloe = Op(1).

We also use the following result from [69]. This theorem will help us bound

1 < :
of [ Sesn]
FeF—{fo} \/5;
1 llp2<rtn

in Theorem 24 using upper bounds of

k
E[ sup eif(x(i))”
feF—{fo} ;
| fll p2<rts

for suitably chosen t;, for 1 < k < n.

Theorem 25 (Corollary 1 of [69]). Let Fi,...,F, be countable collections of real-valued
functions defined on X for which Fy, O F, for every 1 < k < n. Suppose x1), ... x™ are

permutation invariant random variables on X and &, ...,&, are i.i.d. mean-zero random
variables independent of xV, ..., x™ . Assume that there exist positive constants r > 1 and
C such that

k
E| sup e f(xD) ] < CkYT
|:f€-7'—k Zzl ‘

for every 1 < k <n. Then, for every q > 1, we have

E[ swp | 36 (x@)\] < 4011 gy - ¥ ™0,

where for each p > 1,

1l = / (6| > )7 dt.

As in Theorem 24, the countability assumption in Theorem 25 can be dropped if F, are
subsets of C'([0,1]™).
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Proof of Theorem 5. Suppose € > 0. By Lemma 15, there exists M > 0 such that
P(Ifty = Flle < M) > 1—¢
for sufficiently large n. For V' > 0, let

F(‘/?M): {fefgcgs—mars:vmars(f) Svand Hf_f*HOO SM}

Then, it is clear from the definition of ffff} that for sufficiently large n,

n

iy € argumin {Z (v f(x”’))z}

rervany

elf @)

with probability at least 1 — €. Also, we can see that Theorem 24 is valid for F(V, M) since
E { sup
FEF(V,M)—{f* }

F(V, M) is a subset of C([0, 1]¢).
[1£1lpo. 2<t

We first bound
for 1 <k <mnandt > 0. The following lemma (proved in Appendix C.20) helps us bound
it using the bracketing entropy integral of F(V, M) — {f*} (under the norm || - ||, 2). Recall
that the bracketing entropy integral of a function class G under a norm || - || is defined as

AN /\/1+logN[] G- de fort>o.

Lemma 16. There exists a universal positive constant C' such that for every t > 0,

k
E[ sup — ”
rerwvan—r Wk 2::
1 £llpg,2<t

< CH (L FVM) — {17} ||p02>( M.J[l(tvf(‘/?]\i)z\/_{f}!\ ||m>)

Also, the following lemma provides an upper bound on the bracketing entropy of F(V, M)—
{f*} (under the norm || - ||,,2). We defer our proof of this lemma to Appendix C.21.

Lemma 17. There exist positive constants Cs depending on s and Cp 4 depending on B and
d such that

M+V>

€

2d+3v 1/2 2d+3v 2(s—
G LG

€

log N (e, F(V, M) = { '}, |- ) < 2"1og (2+ C

for every V> 0,M > 0, and € > 0.
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By Lemma 17 and the inequality (z + y)'/? < /2 + y1/2,

t
HEFVAD) = ()0 ) = [ 1108 N @ PV = (51T ) e
t
§t+2d/2/ \/log <2+Cs- M+V) de
0 €

#0na [ (20 Z20) " g (224 ) e

€

We use Lemma 13 again for bounding the above integrals. Lemma 13 implies that

/t\/log<2+(]s-M:_V>de§/t\/log<2t+08(€M+v)>de
0 0
M+V)] §03t+0t10g<2+M+V)

< Ct[l +21og (2+C’5 :
and that
t 9d+37/\ 1/4 2d+37/\ 715-1
/ <2d+2 n —) [log (2d+2 v —)] de
€ €

[y ey

- €

< [Qd“(t n 2V)] 1/4,3/4 [1 n {log <2d+2 N 2d+t3v> }5_1}
< Cy(t 4+ VA [log (2 + %)] =
< C’dt[log (2 + %)} ' + CdV1/4t3/4[10g <2 N %)}s—l'

Hence, it follows that

Tt FOV, M) = (5L o) < Cattog (24 5 ) 4+ Ct[tog (24 5)] 7
+ Cp gV 1og (24 %)] o

Note that if t <V,

s—1

C’B,dt[log <2 - %)}S_l < CpaVY4*/H [log <2 + %)}

and otherwise,

s—1 M
CB,dt[log <2 -+ %)] S CB,dt S CB’dt lOg <2 + + v) .
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Therefore, we have

* M+V V7t
T FVM) = {f - ) < Cpatlog (24+ =) + CpaV /44" | log (2+ )]

which leads to

M+V>

elf @) "

:| < CBdtIOg <2+

E{ sup
feF(V,M)—{f* }
1f1lpg.2<t

s=1 M+ V72
el ] v o )

M s—1
4 CpaMV Y4412 o0 (2 n : V) [1og (2 + %)]

VN 712(s—1)
+ Cp MV 12172 [log (2 + 7)} — W (1)

due to Lemma 16.
Note that ¢ — Wy (t)/t is monotonically decreasing. Also, observe that for

we have

M+V

(M + V)km)’

1 2 - —1/2
) < VRS it 2 Coak™log (24 2

CB7dt log <2 +

M 2> 1
Cpalli™2 [ log (2+ :Vﬂ < Vi

(M + V)k:m)’

1/27.-1/2
if ¢ 2 CoaM"*k™log (2+ 507

Vikl/2 ﬂ 4(s—1)/5

VNys—1 1
1/4,3/4 v OV NI 1/57.-2/5
CpaV 44 log (242 )| < 2VAE if 12 CpaV ok log (24 =77

) 2+ O] < L

1/2 74/9 Vik1/2 4(s—1)/9
if ¢ 2 Co VR log (2 4+ - log (2 + =773 ,

M
CpaMVY4 V412 10g (2 s

and
V (s—1) 1
1/2,-1/27.—1/2 1L
Cp MV [bg (2+—tﬂ 5\/_
Vikl/2 )}4(5—1)/5

: 2/5v,1/51.—2/5
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Clearly, there exist some positive constants Cs and C' such that
log(2 + z)*/° < 2% for £ > C, and log(2+ ) < z'/° forz > C.
Thus, it follows that

1/2
Cp a1+ M)k 2 log (2 + %)
(M + V)kH2\1/5
14 M1/? )
< Cpa(l+ MY?)E™V2 4 Cp (1 4+ MY2)Y5 (M + V) o2/

< Cpa(l + MY2)Y3[(1 4 MY2)Y5 4 (M + V)V/5] 25

< Opa(l —|—M1/2)k*1/2 4 Cpall +M1/2)k*1/2(

and

(M + V)k1/2 4/9 Vikl/? 4(s—1)/9
)] e (2 )]
(M + V)k1/2 4s/9
1+ MY/? ﬂ

Cp MYV %0 10g (2 +

< CpgMYOV o1/ [log (2 +

(M + V)k1/2>4/45

4/97,1/97.—4/9 4/97,1/97.—4/9
< Cp M PV 1 G MOV Ok T

M+ V \4/45
4/9v,1/9 —2/5
gCBdM/V/[lJr(—lJer/Q) }k /5

For these reasons, for k = 1,...,n, if we let

tk; — {CB’d(1+M1/2)4/5|:(1+M1/2)1/5+(M+V)1/5:|

M +V \4/45
1+M1/2> ]

Vnl/2 \q4s-1)/5
1/2N\4/57,1/5 —2/5

+ Cp MV 14

then
Wy (ty) < Vi,

Hence, for r > 1, we have

k
E[ sup Z eif(x(i))‘] <Vk-Ui(rty) < rVE - Ug(ty) < rkt?,
feF(VM)—{f} ' 5

1 fllpg,2 <7tk

where the second inequality follows from that ¢ — W(t)/t is monotonically decreasing.

132
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Recall that we assume [|{1]|51 < co. Using Theorem 25, we can thus show that

E [ sup
FEF(V,M)—{f*}
fllpg,2<rtn

fo © H < Af|&ills - rnt;,

for r > 1. Therefore, if we redefine ¢,, as (1 + 4(|&1||5.1)t,, then

E [ sup
FEF(V,M)—{f* }
£ 1lpo. 2<7‘tn

eZ i ” < r\/ﬁti

and

]E[ sup
feEF(V.M)—{f*}
f1lpg,2<rtn

As a result, by Theorem 24 (and Remark 12),

x| < v

rd,s * 1 + M3
(It = Fllpoz > 1) S e+ C-—5— 1,
Lo el A3 + )
n3/2¢3 n3t6

provided that n is sufficiently large and ¢ > t,,.
Observe that if s =1,

tn < (1+4]1&]]5,1) - {C’B,d(l + MYPYE[(1+ MY 4 (M + V)P
4/45
O MO [1 n (M) ] } e

1+ M1/?
< (1 +4&l51) - Crava - n=2,

and otherwise (s > 2),

Vnl/2 As—1)/5 B
tn = (1+4]|&1]|s1) - Ca(1 + MY2)5Y1/5 [log (2 + m)} 25 4 O(n)

Vnl/2 14—/ B
< (T44)&ls0) - Cpav.m [log (2 + m)} n720 4 O(n 2/5)7

where the multiplicative constant underlying O(+) depends on B, d,V, M, and the moments
of &. Thus, if
K >2(1+4[|&lls51) - Coavms

then
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for sufficiently large n. Hence, for such K, we have

lim sup ]P’(Hffff/ — [ llpo2 > Kn’2/5(log n)4(571)/5)

n—o0
| (14 M) a3 + A
<e+ hiﬂ_i}ip C- K3n-6/5(log n)12(s=1)/5 +C K3n3/10(log n)12(s=1)/5
Lo MG + M)

K6n3/5(log n)246—1)/5
1

1
<e+ (1+4)&51)% - Cravum - T [SYERxeran 6

Consequently, we can find K > 0 for which
P(ILf = llpn2 > Kn*P(logn)*e77%) < 2¢

for sufficiently large n. O]

C.11 Proof of Theorem 6

We prove Theorem 6 by using [55, Theorem 1.1] and ideas in the proof of Theorem 1.2 of the
same paper. For a positive integer m and R > 0, let .} (R) be the collection of all functions
on [0, 1]™ of the form

(21, ..., Tm) H/ml > 1)1z > b)) di(t) = V(H[o,xj])

Jj=1

where v is a (Borel) measure on [0, 1]™ with v([0,1]™) < R. [55, Theorem 1.1] (restated
below) provides an upper bound on the bracketing entropy of M (R) under the LP norm.
Also, ideas in the proof of [55, Theorem 1.2] help us obtain an upper bound on the bracketing
entropy of D,,, under the L? norm from those of H,(R) under the L' and L? norms.

Theorem 26 (Theorem 1.1 of [55]). Suppose that p > 1 and m is a positive integer. Then,
there exists a positive constant C,, , depending on m and p such that

+ R R 2(m~1)
log Ny j(6, Hpp (R), || 1lp) < Crnp - ?‘ logz for every € > 0.

Proof of Theorem 6. Assume that 0 < e < 2. If € > 2, then
logN[ ](E’Dﬂ"w H ) H2> =0

because
—1 S /(ZL’l - t1)+ cee (l‘m — tm)_;,_ dV(t) S 1
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for every signed measure v on [0, 1]™ with total variation |v|([0,1]™) < 1. Denote by D the
subcollection of D,, consisting of all functions on [0, 1]™ of the form

[ =t o~ ) (o
where v is a measure on [0, 1] with v([0,1]™) < 1. Then, since
D,. C Df — D,
it follows that c
>
Recall that 7, : L*([0, 1]™) — C([0, 1]™) is the m-dimensional integral operator defined by

log N{ (€, Do, | - [12) < 2log Ny (5, D51 ). (C.25)

Tmf(x):/nm | IWde forxe 1)

Since

m

/ (1 —t1)4 - (T — ti) 1 dr(t) = / I/(H[O, sj]> ds for x € [0,1]™,
(0,1 j=1[0,75]

j=1
for every measure v on [0, 1] with v([0,1]™) < 1, we have
D} = Tn(H') where H = H5(1).

Now, fix 6 > 0, which will be specified later, and let K = N(J,H!, | - ||1). Note that by
Theorem 26,

12(m—-1)

1

Also, let hy, ..., hxg be a 6-net of H. with respect to the L' norm, i.e.,

K
k=1

where By (0, by, || - [[1) := {h € H;\, : [|h — hg|ly <6} Next, for k =1,... K, let
L ={Tn((h — hi)1) : h € H, and ||h — hylly < 6}

and
T, = {To((hi = h)y) - h € H, and ||h— hyly < 6},
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Observe that Z,",Z,” C H,}(9). Indeed, if h € H and ||h — hgl|; < 8, then for a measure v
on [0,1]™ defined by
du(t) = (h(t) — P (8)). d,

we have

v([0,1]™) = /[Ol]m(h(t) = hi(t)) 4 dt < [|h = hglly <6

and

Tl — I ) () = /

H;'nzl [Ovmj]

o) ~mete)se= [ avte) = o [[0.5)

j=1
for all x € [0,1]™. Also, because D}, = Tp(H.}), hi, ..., hx form a é-net of H;} with respect
to the L' norm, and

Tm(h) = Tm((h - hk)+ - (hk - h)+ + hk) = Tm((h - h‘k:)+) - Tm((hk - h)+) + Tm(hk)

for h € Hf and k =1,..., K, it follows that

;rq - U I + {Tm(hk)})

k=1

Thus,
K €
N D I ) < YN (5 2 D) - N (52 0 D).
k=1
which together with (C.26) and Theorem 26 implies that

€
log N (e, D | 12) < 10gK+210gNu(§ 01 2)
1

2(m—1) 20 26 2(m=1)
<Cp ‘ log —‘ log — .
€ €

Therefore, with the choice of § = (¢/2)'/2, we can derive that
2\ 1/2 2 12(m—1)
log Np1(6, Dy, || - l2) < Ci - <E> )logg‘ :

By (C.25), we can conclude that

4 ‘Z(ml)

4\ 1/2
log N 1(€, Dy, || - [l2) < Cra - (E> logg
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C.12 Proof of Theorem 7

Proof of Theorem 7. Suppose we are given € > 0. By repeating our argument in Lemma 15,
we can show that there exists M > 0 independent of N such that

P(IF = Fille < M) >1—¢

for sufficiently large n. Recall that we let F,ypr0x(V') be the collection of all functions fe (s} €
FE2 s With Vinars(fe.tusy) < V where vg is supported on (IT;es Vi)NI[0, 1)!5! for each S C [d]
with 0 < |S] < s. Due to Lemma 14, there exists fo € Fapprox(V) such that

) A% . B /2
o= Flle < S5 and 1o =l < Cal 35) -V

Thus, by the triangle inequality, we have
~ls 2V
P(IFE = follo S M+ =5 ) 21—
for sufficiently large n. For V > 0, let

FV1+ 20) € 2 s Vi) <V and [~ fullo < 3+ 2 )

as in the proof of Theorem 5, and let

2V 2V

Foprox (VoM +22) = { £ € Fupprox(V) 1 1 = follow < M+ 5.

Then, from the definition of fgf/, we can see that

f,ff/ € argmin { Z (yi — f(X(i)))Q}

fefapprox(V7M+2V/N) i=1

with probability at least 1 — e.
Through the same argument as in the proof of Theorem 5 with f* replaced by f, and M
with M := M + 2V /N, we can show that for

tn = (1+ 4||€1||5,1){03,d(1 + MY (1 4+ MY2)P 4 (M + V)P
AT
14+ M1/2> :|

— Vnl/2 4(s—1)/5
+C’Bd(1+M1/2)4/5V1/5[10g <2+n—w>} }-n_2/5,
’ 1+ M2
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we have
Ly ©) Ly ) 2
E sup ‘—Zeif(x )| <E sup ‘—Zeif(x | < rv/nt?
FE€Fapprox(V.M)—{fo} v i=1 FEF(V,M)—{fo} v i=1
Hf”poﬂgrtn ”f“Po,QSTtn
and
S z@ O <8 w | z@ O] < v
FEFapprox(V,M)—{fo} \/_ FEF(V,M)—{fo} \/_
1£1lpo. 2<rtn IIprO 2<Ttn
Hence, to apply Theorem 24, it suffices to find an upper bound on
IE[ sup ’ Z e f — (") } for t > 0.
P Fappren VTN~ {10} VT 2
£ llpg,2<t

First, by making minor modifications to the proof of Lemma 16, we can prove that
f€Fapprox(V.M)—{fo}

[ fllpg,2<t

1 - ; * i
<E[ s Y e (- 1)
FEFV)—~{fo} VT =]
I £llpg,2<t

smﬁ—ﬁmwm@fmﬂwwﬁﬁw@g
m@fMM%whmrmg)
2y/n

< ORI (6 F VD) ~ (b la) - (1437

E{ Sup \j%§:qﬂﬂ%wh—fﬂ@@>

-(1+J\7-

T (6 FVM) = {fo} |- IIpoz))
2yn

Next, repeating the same computation as in the proof of Theorem 5, we can derive that

|

) +CB7dV1/4t3/4[1Og (2 +¥)]51

J\7+V)]2

E[ sup hfzy x9) - (fo - £ (x)
fefapprox(VM —{fo}
1102t

v

T
< —_
N {CBdt log (2 +

+ ijg,d]/\\l/vfl/2 [log (2 +
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—~ M s—1
4 Cp MV A1 =112 og (2 n j V) [log (2 + K)]

__ 2(s—1)
+ Cp MV 2712 log (24 %)} }

I

S
N
—~

~+
~—

for t > 0. Note that for

VN2,V —N\1/2
= () () e
N N—i— n

we have

M+V) 1

N(M 1/2
ggﬁtQ if tzCB,d.%ml/?log (2+ (M + V)n >

14
Cpa-—-tlo <2+ —
Byt t08 VU(NM + V)12

N M 2
C’Rw%-Mn_lm[log (2—‘;— :V>} <—\/ﬁt2

V12~ N(M 1/2
if t > OB,d(N) Ml/Qn—1/2 log (2 + ( + V)Tl )

VI2(NM + V)1/2

Cpa- % Y A3/ [log (2 - %)}S_l %\/_tz

4/5 1/2,.1/2 A(s—1)/5
if t> CBd<Z) Vo2 [log (2 + Nji—n)} ,
TN (NM + V)12

vV —~ M
Cha- e MV VA1, =1/ log (2 n +

) es ()] < v
if tECB,d(%>4/9M4/9V1/9 4/9[ ( N + V)n'/? )]

VY2(NM + V)12
Nvl/2 1/2
( (NM +V) 1/2)}
v

—~ V\12(s—-1) 1
Cpa - MV 212 [1og (2 + 7)] < Vit

and

V\2/5 — NV1/2,1/2 4(s—1)/5
if > OBd(N) NIV =25 [log (2+ z )} .

(VAT + V)12
Thus, if we let

~ 1/2 A 1/2 N(M 1/2
t, = max< Cp d<K) (K + M) n~1/? log | 2+ ( iV)n ,
AN N VI2(NM + V)12




APPENDIX C. PROOFS FOR MARS 140

V49~ N(M +V)n'/2 \1"°
CB,d<N> M4/9V1/9 4/9|:10g <2+ ( )n ):|

V1/2(N]T/[/+ V)12
NV1/2p1/2 4(s—1)/9
. [log <2 + >] ,
(NM + V)1/2
VN2/5/V  —~\2/5 NV1/2p1/2 4(s—1)/5
CB7d<_> <_ + M> Vl/Bn_z/S |:10g (2 + N—n):| },
N N (NM + V)12
then B
U, (t,) < Vnt2.
This implies that
1 — . 4 ~ ~
]E{ Sup n Z Eif(x(l)) (fo— f*)(x(z)) } S U(rtn) < r¥n(tn) < T\/ﬁt\%
fefapprox(vyﬁlf{fo} \/ﬁ =1
||fHP0,2§Ttn

for every r > 1. Here, the second inequality follows from the fact that ¢ — W, (¢)/t is
monotonically decreasing.
Now, let N
= 4||f0 - f*“po,? +ip +tn.

Then, it follows that

E[ sup ‘ e f(x™)
FE€Fapprox(V,M)—{fo} vn i=1

[1fllpg,2<rEn

i, )
} < (rt—>\/ﬁt,§ = ety < /nE

for every r > 1. Similarly, we can show that for » > 1,

1 )
E[ sup ’—Z{if(x(’)) ] < ry/nt?
fe}—apprOX(V,M)*{fo} \/ﬁ i=1
[f1lpg.2<rtn

and

E[ sup ‘\/—Zezf l) fo—f>( )
fE-deprox VM) {f}
1fllpg.2<7tn

Therefore, by Theorem 24 and the fact that

2V
Ifo = £l < -

we have

1+ M? B 1€1]|3 + (2V/N)? + M3

Td,s
P(”fn,\/_fOHPO:Q >t) S E_'_C t3 n n3/2t3
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M3(||&1]12n%/5 + (2V/N)? + M?)

+C-

n3t6
provided that n is sufficiently large and ¢ > ¢,,. Using
. B\1/2
[fo = [*llpo2 < Cd(ﬁ) V.

we can derive from this result that

~ ~ B \1/2
P55 = llma > 8) SP(IFE = follwe >t = Ca(55) V)
1+ (M +2V/N)? 61113 + (M + 2V/N)?
(t _ C’d(B/N?’)l/QV)?’ n3/2(t _ C’d(B/N3)1/2V)3
(M +2V/N)3 (|| [I3n®° + (M + 2V/N)?)
n3(t — Cy(B/N3)1/2V)6

<e+C- B+ C-

+C

provided that n is sufficiently large and
B\1/2 B
t Z Cd(m) V + tn~
Because N = Q(n*/1%),
B \1/2 B
Co(ss) V + < (L 4l6l10) - Coavam™ +o(n™??),

if s =1, and otherwise (s > 2),

B \1/2 _
cd<—) Vot < (14 4] ]ls1) - Cpa(l + MY2Y1/51/1/5

N3
Vnl/?

4(s—1)/5 _ _
Qo (2+ gam)] 00
Vn1/2

4(s—1)/5
Toane)| 0w,

< (U Al 152) - Crnawar [log (24

where the constants underlying o(-) and O(:) depend on B, d,V, M, and the moments of &;.
Hence, if
K >2(1+4[&l51) - Cpava,

then B 12
Kn~23(log n)*-1/5 > (Jd<m> Vi,

for sufficiently large n. For such K, again because N = Q(n*/'*), we have that

i sup P12 — £z > Kn2(logm)e-17)

n—oo
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. 1+ (M +2V/NY? L
< 1 . .
<e+ i sup C (Kn—2/5(log n)—D/5 — Cy(B/N3)1/2V)3 4
Lo €Ll + (M +2V/N)?

n3/2(Kn=2/5(logn)4s=1/5 — Cy(B/N3)1/2V/)3
(M +2V/N)*([|&1][3n*® + (M + 2V/N)*)
n3(Kn=2/5(logn)*s—1/5 — Cy(B/N3)1/2V/)6

1 1
<e+ (1+4)&ll50)° - Coavar - el + &l - CM? - 6

+C-

As a result, we can find K > 0 that satisfies
P(Ifv = /o2 > K~ (logn) '~V < 2¢

for sufficiently large n. O

C.13 Proof of Theorem 8

Here, we almost follow the proof of [46, Theorem 4.6], which itself obtained the ideas from
[13, Section 4]. As in [46], we exploit Assouad’s lemma in the following form.

Lemma 18 (Lemma 24.3 of [149]). Let q be a positive integer. Suppose for eachn € {—1,1}4,
we have fp, € Fos o With Vipars( fn) < V. Then, the minimaz risk Dﬁfﬁ/ satisfies

g = fa e . ( \/1 )
Dﬁds > = min ——— 2772 - hin 1— “EIK(P ,]P) / :
8 ’77&’7/ H(n,n) H(nm')=1 2 [ ( 2% )}
where H(-,-) denotes the Hamming distance H(n,m') == 3 5_, 1(n; # n;), Py is the prob-

ability distribution of (y1,...,yn) given (x ... xM) in (3.25) when f* = f, and K(-,)
indicates the Kullback divergence between two probability distributions.

Remark 13. What [149, Lemma 24.3] actually tells us in the setting of Lemma 18 is that

2
g M=l

. n AN
8 ' H(n.n) H(nm’)=1HQf" @

max By, | fo — fuly 0 2

for every estimator f, based on (yy,xD), ..., (yn,x™), where Qy 1is the joint distribution of
(i, xD) in (3.25) when f* = f. Here, ||Qy, A Qy,, || is defined by

1Qs,

= /min(qfn, ar,,) du,

where 1 is any measure for which both gy, = dQy, /du and ar, = den,/d,u exist. However,

we can derive Lemma 18 directly from /149 Lemma 24.3]. This is simply because
M,y =inf  sup  Epllfo— f7)5,. > inf mafoann Fullpo.2
fn f*ef(‘)ios mars f

mes(f )<V
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and

Han A an/

) 1
= /mm(qfn,qfn,)d,u =1- 5/‘an - qfn/| d:u

1 1
>1- \/§K<Qf"’Qf"’> =1- \/gE[K(Pf,,,]P’fn,)},
Here, the inequality is due to Pinsker’s inequality (see, e.g., [152, Lemma 15.2]).

Proof of Theorem 8. Let | be a positive integer whose value will be specified momentarily.

Consider the set .
-Pl = {(pla"'7ps) GZSZO : Zp] :l}
j=1

and for each p = (p1,...,ps) € P, let
Iy = {(i1,...,is) 1 ij € [27] for each j € [s]}.

Clearly, |I,| = 2' for every p € P. Also, we have

s+1—-1 51
Pl = > — a7
i ( s—1 >_(s—1)! asl

Now, we choose [ as

[ — [51(;2{ log (%) — (s —1)loglog (%) }—‘7

where Cp ; = B27'%71(101og 2)*~! /a,. Here, [x] indicates the least integer greater than or
equal to x. The reason why we choose these particular Cp; and [ will become clear at a
later stage of the proof. Note that

2

91 < <ﬁ>l/5 [log (C';—ZVQH CE g, (C.27)

Let
Q:{(p,i):pEPlandiGIp}
and let ¢ = |Q| = |P]| - 2. Throughout this proof, we will index the components of every
n € {—1,1}7 with the set Q). For a positive integer m and k € [2™], we let ¥, be the
real-valued function on (0, 1) defined by

(1 ifae (k-2 (k—7/8)27™) U ((k —5/8)27™, (k —1/2)2~™)
U((k — 3/8)27™, (k — 1/8)2~™)

Ymi(z) = —1 ifz e ((k—7/8)27™, (k —5/8)27™) U ((k — 1/2)27™, (k — 3/8)2~™)

U((k — 1/8)27™, k2-™)

0 otherwise.
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We now construct our function f, for each n € {—1,1}? based on these functions v, ;. For
each n € {—1,1}9, we let v, be the signed measure on (0,1)* defined by

v (t) = WZZ%I(H%% )

pEP ielp

and let f, denote the real-valued function on [0, 1]¢ defined by

S

fo(@1,. o 20) = [ =)+ dum(t).
01)°

The following lemma, whose proof is given in Appendix C.22, then presents the key properties
of the functions f,.

Lemma 19. For each m € {—1,1}4, f, satisfies

Vinars(fn) < V. (C.28)
Also, we have
BV? o 1o,
maX HfTI f’? ”po 2 = ‘P’ -2 P12 +2- (029)
" o= il 0V2
— Jw bV
n " llpo,2 —51—145+2
> -2 . C.30
win  H(nn) PR (C-30)

Since the Kullback divergence between Py, and P For for n,m € {—1,1}7 is given by

n

K(an’an’) - QT; Z (f"?(x(l)) - f”'l’<X(i)))2’

we can obtain from (C.29) that

BnV? . 9—5l—12s+1
o?| A

n
max B[K(Py,, Py )] = 5—- max | fo = far 30,2 <

H(nmn')=1 202 H(n,

(C.31)

We are now ready to apply Lemma 18. By Lemma 18 together with (C.30) and (C.31),
the minimax risk Dﬁfbi/ satisfies

s q bV 51— 14542 BnV2
md, > 1 2 s+ 1 2 51—12s
V=8 R o?|P|

_ py29-4l- 15— 1 CpsnV? 279
2( 10log2 o2 [s=t )"
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Recall that we let Cg, = B2712571(1010og 2)*"! /a,. Our choice of [ then implies that

1 CpnV? 279 < 1 log(Cp nV?/c?) -
2(101log2)s—! o? [s=1 = 2| 2{log(CpsnV?/c?) — (s — 1)loglog(CB SnVQ/ch)}
1] loglog(Cp snV?/a?)
<—-|12(1—-(s—1
2] ( (s —1) log(Cp snV?/0?)
1 CpnV2y-1/2\] ¢
< Z — (g — 58T
<3 2(1- - nfiog (25} )] .

Here we use

l

S )
1/2

and (C.27) for the first inequality, and the last one is due to loglogz/logz < (logz)~'/?,
which holds for all x > 1. Thus, if

- 6452 0.2
"= OB s VQ’
we have
1 CgnV? 279 1 1\—(s-1) 1
- 1 LE o I
2(101og 2)s—1 o2 [s—1 2 s 2

and therefore,

fmii/ > (1 — \/g) Y29 U—14s—1
> (1 _ \/g) pl/29 1455 <CBZ;V2>4/5[10§§ <C’B;72”LV ﬂ (s—1)/5

o212\ 4/5 Cp.nV?2\14(s—1)/5
) e ()]

2

> Cb,B,s<

o

where Cy 5, = (1 —1/V/2) - b2_143_5C’§i/5. Here, for the second inequality, we use (C.27)

again. Now, note that
1 <CB,an2> S 11 <nV2>
og (—=— —log ( —-
& o2 =58\ 52
if n > (1/C%,) - (6°/V?). Consequently, by further assuming that

452 2 2

e o 1 o )
Chs VQ’CJ%,,,S vz)’

anax(

we can derive the conclusion
s o?V1/2\4/5 nV2\14(s=1)/5
2 (5 o)

where CAB s Cb B,s —4(s— l)/ ]
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C.14 Proof of Lemma 9

Proof of Lemma 9. Assume that a real-valued function ¢ defined on [0, 1]™ has finite HKj
variation, is right-continuous, and is left-continuous at each point x € [0, 1]™ \ [0,1)™ with
respect to all the j™ coordinates where z; = 1. Since g has finite HKq variation and is
right-continuous, by Theorem 1, there exists a finite signed measure 7 on [0, 1]™ such that

o) = [T0.2,])
j=1
for all x € [0,1]™. Let u be the finite signed measure on [0, 1]™ for which
p(E) =v(EN0,1)™)
for all Borel sets £ C [0,1]™. Then, it follows that
o0 = o T0.,)
j=1
for all x € [0, 1]™. Indeed, if x € [0,1)™, then
o) =#( [To.2]) =o( TTo.sl 000" ) = o [T0.2]).
j=1 j=1 j=1

Otherwise, without loss of generality, let x = (1,..., 1, zx41,. .., Tp) Where Tpi1, ..., Ty < 1
for some k € [m]. Then, by the left-continuity of g,

k m
g(x)= lim --- lim g(y1,..., Yks Thi1,---,Trp) = lim --- lim D(H[O,yj]x H [O,xj])

y1—1— yr—1— y1—1— yr—1— Jaie it
=7([0,1)F X [0, zp41] X -+ X [0, 2]) = V(H[o,xj] N [o, 1)’”) = M(H[O,xj]),
Jj=1 Jj=1

as well. We thus have the two signed measures 7 and p satisfying (2.4), and the uniqueness
in Theorem 1 implies that v = p, i.e.,

v(E) = uw(E) = v(EN0,1)™)

for all Borel sets E C [0,1]™. Therefore, if we let v be the finite signed measure on [0, 1)™
for which
v(E) = v(E),

then for every x € [0, 1]™,

:p(ﬁo%): <£[10xj ):y(ﬁ[o,xj]m[o,nm)

J=1
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as desired. The uniqueness of such a signed measure directly follows from the uniqueness of
the signed measure in Theorem 1.

Next, suppose a real-valued function g on [0, 1]™ is of the form (C.3) for some signed
measure v on [0,1)™. Let 7 be the finite signed measure on [0, 1] for which

v(E) =v(EN0,1)™)
for all Borel sets E C [0,1]™. Then, clearly,
o) =v( TT0.000 0,1") = TT0.,)
j=1 j=1
for every x € [0,1]™. By Theorem 1, g thus has finite HKq variation and
|7/((0,1]™) = HKo(g) + |9(0)].
Also, since [g(0)| = |[v({0})| = |v|({0}) and |7|([0, 1]™) = |v|([0,1)™), it follows that

HKo(g) = [v[([0,1)™\ {0}).

C.15 Proof of Lemma 12

Proof of Lemma 12. Suppose f = f. s € D(V,t). Let ¢y = ¢, and let cs = vg({0}) for
each S C [d] with 0 < |S| < s. Then, we can write f as

f(iEl, =c+ Z /[01 tj>+ dl/g(tj,j S S)

0<|S|<s ]ES
- Z CSH% Z / xj —t5)y dvs(t;, j € S)
0<|S|<s  jES 0<|S|<s 01)'5‘\{0} es

for (z1,...,z4) € [0,1]%. Note that

1 ¢ ;
P2 f = S ) = 23 PO )
=1 IEIO
where [y :={0,...,n; — 1} x --- x {0,...,ns — 1}. By Cauchy inequality, we have

f?(xl,...,xd)zé[ 3 cSHg;J} [ 3 /01 1)), dvs(t,j € S)

S
0<|S|<s  jes 0<[s]<s 7 101! '\{0} eS

2
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1 2 2
A S eIl [ S [ anlaes)
0<|S|<s  jES 0<|s]<s 7 0.5\ {0}
1 2
25[ > CSH%']

0<|S|<s  jeSs

for every (z1,...,2q) € [0,1]%. Using this inequality, we bound cg for each S first. Observe
that |cg| = [ f(0)| < /nt <V + y/nt. The above inequality then implies that

ni—1

1 (d 1 d 1 1 2
ni =3P ) 2 Y e l) 2 Y Sl + @)t -V
icly i1>0 i1=0
19,..,0q=0
= LS~ (1, 1y 2
=3 (0{1}1)Zl + C(z)) - Ve > 3 Z <§C{1} (Uu ) - C@) —mV
i1=0 11=0
Ly N\~ 02 ™ Ly N i1\ m
2 1 2 2 2 2 2
> 160 (v;,”) (nt*) —n V= > 1 2P <n_1> — E(Ht ) —nV
11=0 11=0
p (m—1)@2m—-1) , m 2
—= 24n1 {1} - 7(”{; ) - nlv

Here, the last inequality follows from
Dy )0+ L il
Zvll _Ulll an—p n
ll 1 l1 1
for iy = 1,...,n; — 1. Further applying the inequality (z + y)'/? < 2/2 4 y'/2, we obtain
eyl < Co(V + v/nt).

By the same argument, it can be shown that
|Cs| < Cp(V + \/Et)

for every S C [d] with |S| = 1. Also, since

1 2
nt* > Z f? (vi(ll), e ,vi(j)) > Z [2 (c{l 2}1}1(1)1)1(2) + c{l}v§ ) 4+ c{g}v( ) 4+ C@) — VQ]

(2)

1
- 2 Z (C{l Q}Ul(l)vl(2) + 0{1}1}( : + C230, + C@) - nl”QVv2

1 5 )
[50%172} (Uz'(ll)vg)) - (0{1}%(11) + 0{2}?)522) +cp) ] —mnyV?
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> p* : gy —
12”1 1277,2

it follows that

Cpnlng(VQ + ntQ),

|C{172}‘ S C’,,(V + \/ﬁt)

The same argument implies

les| < Co(V + V/nt)
for all S C [d] with |S| = 2. Repeating this argument, we can show inductively that

les| < CLo(V +/nt) =it

for all S C [d] with 0 < |S] <'s.
Now, fix § > 0, which will be specified later, and let

K={(ks,SC[d,0<|S|<s):—(K+1)<ks <K forall SC[d with0< |S] <s},

where K = |t/6]. Here, |t/6] indicates the greatest integer less than or equal to /8. Also,
for each k € IC, let

Gk = {foqvsy € D(V,t) : ksd < cg < (kg + 1)8 for each S C [d] with 0 < [S] < s}.

Then,
DV,t) = | J G
ke
and thereby,
log N{e, D(V; ), || - ln) < Tog ( >_ N(e,Gic |- ) (C.32)
kel

2t
< log |K| + suplog N (e, Gy, || - [|n) < 2%log (2 + —) + suplog N (e, Gx, || - [|n)-
kek 0/  kek
Fix k € K. Let G2 be the collection of all the constant functions on [0, 1]¢
(T1,...,2q) —cC

where kgd < ¢ < (kg +1)d, and for each S C [d] with 0 < |S| < s, let G{ be the collection of
the functions on [0, 1]? of the form

(1’1,...,;Ud) l—>CsH$j+/ H(.’L’j—tj>+dV5(tj,j€S>,

JES [071)“9'\{0} JES

where ksd < cg < (ks + 1)0 and vg is a signed measure supported on ([T;c5V;) N [0, 1)1l
with |vs|([0,1)1*1\ {0}) < V. Then, by definition,

Gk C +O§|S|§sgfj>
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which implies that

log N (e, Gic |1 ) < D7 1o N (5. G 1 - Il )- (C.33)

0<|S|<s

Here, for a collection of sets {X;}ier, +ierX; indicates the set {>°. ;2 : 2; € X for i € I}.
Now, we will bound each term of the right-hand side of (C.33). It is easy to show that

0

Hence, it suffices to bound log N (e, G, || - ||n) for each S C [d] with 0 < |S| < s. Fix S C [d]
with 0 < |S| < s, and let G;} be the collection of all functions on [0, 1]l of the form

(xj,jES)Hcstj—i—/ H:cj—t +dvg(ty,jels),

jes .DIFN{0} jeg

where cg and vg satisfy the same conditions as in the definition of G;. With slight abuse of
notation, let || - [|,, also denote the norm on [0, 1]¥l defined by

1 ).
= > Pses)
7€S T e[ e5{0,m—1}

Then, clearly, B
log N (€, Gy, || - [ln) < log N (e, G, || - [In)- (C.35)

Also, since Qvf can be obtained by shifting 669 by some suitable function, we have
log N (e, G, || - [l2) = log N (€, Gy, | - [1n). (C.36)

Moreover, if we let Gg be the collection of all functions on [0, 1]1%! of the form

(l’],] S S l—) - tj)+ dV5'<ij,j S S)
[0,1) ‘S']es

where vg is a signed measure supported on ([[;cq V;) N [0, DS with |vg|([0, DS < V 44,
then B B
log N(e,Gg. || - [ln) < log N(e,Gs, | - [[n) (C.37)

because §§ C ég. For these reasons, we can see that it is enough to bound the metric
entropy of 55 in order to bound the metric entropy of G.

For m € [d] and R > 0, we denote by Dy, 4isc(I?) the collection of the functions on [0, 1]™
of the form

(X1, .. ) — (k1 —t1)s - (T — )4 dv(t)
[0,1)™
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where v is a signed measure supported on ([ [7Z, V;)N[0, 1)™ with total variation [v[([0,1)™) <
R. We can see that B
gS = D|S|,disc(v + 5)

after suitable re-indexing. From the following lemma, which provides an upper bound on the
metric entropy of Djg| gisc(R), we can therefore obtain an upper bound on the metric entropy

of Gg. We defer our proof of this lemma to Appendix C.23.

Lemma 20. There exist positive constants C,,, and k,,, depending on p and m such that
for every R > 0,

R\1/2 RN\ 13(2m—1)/4
10g N (6 Donaise(B), | - 1) < Copan (=) [108 ()]
provided that 0 < ¢/ R < Kpm- The log term can be omitted when m = 1.
By Lemma 20,

log N(€,Gs, || - ln) < Cys (V j 5)1/2 [10?; (V i 5)} e

< Cps (@)W [bg (2(V_+6)ﬂ e (C.38)

€

provided that 0 < € < K, g/(V + 0) =: €. Note that the logarithmic multiplicative factor
can be omitted when |S| = 1. For ¢g < e <V + 9,

- - 2V )\ 12 2V 4 )y 13(2Is1-1)/a
108 N (€, s, - ) < 108 N (ev. s, - 1) < G (2-20) 7 [10g (2]

€ €

for

~ 1 1/2 2 3(2]S]-1)/4 3 -1
Op,|s| = Op,\S\( ) [10g < )] [21/2<10g 2)3(2|S| 1)/4} ’
Kp,|s| Kp,S|

where C), |5 and ks are the constants in (C.38). Moreover, for f € g~s7 we have
1flln <V +9,

which implies that log N (e, Gs, | - |ln) = 0 for every e > V + §. Combining those pieces, we
can deduce that

. 2V + )\ 1/2 2V + §)\132Is1-1)/4
log V(e Gs. |- 1) < Cpysy (1+ =) | log (1 + =——))]
for every € > 0. This together with (C.35), (C.36), and (C.37) implies that

2V +0)\ /2 20V +9 3(2|5]-1)/4
log N(e, G5, 1| - |ln) 5;(;,5(14--3——2——2) [10g (14—-1—:;——1)} (C.39)

Note that we can omit the logarithmic multiplicative factor when |S| = 1.



APPENDIX C. PROOFS FOR MARS 152

By (C.33), (C.34), and (C.39), we have

log N(E,gk, || . ||n) < log (1 + Zj) + Cp Z [1 i m] 1/2
|S|=1
+de Z |: M}l/Q[log (1 2“”‘%_‘?%6))} (2|5]-1)/4 ‘
1<|S|<s

As a result, with the choice of § = ¢, (C.32) yields the conclusion

V 4+ /nt V\1/2
los N e, DOV 1), - ) < 20 (24 G- L) 1010, (V)

1/2
+de(2d+1+1+ ) [log<2d+1+1+

.V+\/_t>

2041y

24+17/\ 13(2s—1)/4
SN
< 2%1og <2

2d+1

2d+1v)] 3(2s—1)/4

1/2
) [log <2d+1 +1+
€

+de(2d+1 + 1 +

O

C.16 Proof of Lemma 13

Proof of Lemma 13. We basically follow the proof of [46, Lemma C.5] here. First, note that

L) o] o= [,
0 T

where v = log(u/e) and 7 = log(u/t). If 7 <1,

t 1/4 k o
/ <E> [log E] de < u/ /AR dy < Cue™T = Cut/3,
0 € 0

€

so the lemma directly follows. Otherwise, applying integration by parts iteratively, we obtain

/Oo —3v/4 kdv 4 —37’/4 k + 4k_/oo 6—31}/4Uk—1 dv
i 3¢ 3" ).

_ 4 ~37/4_k 4y Lel+1 —37/4_k—|k|
== ge + - +<3) k---(k—|k|+1e T
4N Lk]+1 &
+ (§> k---(k— k) / e 3/ AR k=L gy

< Cke—gT/47_k el /00 6_3v/4vk—LkJ—1 dv
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< Ck6—3T/47_k + Ok6_3T/4 _ Cku_3/4t3/4(1 + Tk).

Here, | k| indicates the greatest integer less than or equal to k, and the inequalities are due
to the fact that 7 > 1. From this result, we can derive the conclusion

t 1/4 k
/ <E> [log Q—L} de < Cru'M3/4(1 + 7).
0 6

€

C.17 Proof of Lemma 14

Proof of Lemma 14. For S C [d] with 0 < |S| < sand 1= (I;,j € 5) € [[;c4{0,..., N; =1},
let RY = [1;eslli/Nj, (I; +1)/N;) and define discrete signed measures /iy and pi5 as in the
proof of Lemma 2. We will show that f.,s constructed from these signed measures pg
satisfies all the desired conditions.

First, as in the proof of Lemma 2, it can be shown that

21 14 21 14
fc{,us}(N o) Nd> fC{VS}<N aE) (040)

for every (iy,...,iq) € H?:1{07 .., Nj} and

Vmars(fc,{us}) S Vmars(fc,{us})-

Also, by repeating the arguments in the proof of Lemma 2, we can show that

/[01]5 H< tj)+ dpsa(t,j € S) /RSH +dvg(ty,jes) (C.41)
s jes

I jes
if z; > (l; +1)/N;, for all j € S, and that
[fisal (0, 1]1) < [us| (BY).- (C.42)
Fix (z1,...,7q4) € [0,1)%, and suppose that i;/N; < z; < (i; + 1)/N; for j € [d]. Then,

‘fcv{us}('r17"'7 ) fc{ys} xl,.. xd)l

> > M)l ij—t L dfisy(t;,j € S)

0<[S|<s 1€ T e {0smmnsis }
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If1€[[;es{0,...,4; — 1}, then

im ,JES) —
‘/[OJ]S s ti)+ diisa(ty, Jj /RSH

1 jeS

+dug(ty,j € S)‘

because of (C.41). Otherwise, if1 € [T,{0,...,i;} \][;cs10,...,4; —1}, there exists jo € S
such that [;, = i;,. Hence, by (C.42),

'/ous tj)+ diisa(tj, j € S) = /H — 1)) dys(],]es)'

Ry JjES

<% (|u51|([o 190) + sl (RF) ) < = - losl (RF) = = - sl (RE \ {0))

0

if 1 # 0, and

‘/[Oﬂs t5)+ ditsolty,d € 5) = /H

Rg jeS

\/ L), diisolty g € S)| +
01113‘\{0} ES

| T - gsolcioy) - |us\<{0}>)\

JjES

dVS J,] S S)‘

| / [t~ ) sty € 5)
RS\(0} s

< 5 (ol (0.1 (01) + Ios] (251, 101) + [Isol(0)) ~ sl ({0)])

< (w(Rﬁ \{0))

Jow IGR=E) " (i555) Jontnres)

dvs(t;,j € S
RS\{O}]S(]_/N—O S(] )
1

< N (!Vs|(R§ \ {0})

1—5.7' o 6]_
J Kll/%—to) <1tN—00> } dvsty,j € S>D
66{01}IS\ Rg\{0} jcs /Nj — /N; —

2 S
< — Il (RS {0}),

where the third inequality is by the definition of jigo. Using these results, we first show that

se{o, 1}IS‘\{0}

‘fcv{us}@la Tt 7xd) - fc,{us}($17 o 7Id)|
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Z Z ‘/[0,1]5 H(% — 1)+ dsa(tj, 7 €5)

0<|S]<s 1€]T ;510,011 }

S sl (o)

0<|SI<s 1€][;c 510,35}

<= 3 sl (0.5 {01) = 5 Vst

0<|SI<s

which directly leads to

2
“fc,{ps} - fc,{yS}Hoo g N . Vmars(fc,{ys}).

Also, we can show that

|fc,{us}(xla s ,Zlfd) - fC,{Vs}(l‘17 ce 7wd)|

>y o> | L5 =t (s € 5)
0<|S|<s jo€S 1€] ] c5{0,-%5}

Lio=1j0

/ H —t dl/s J,jGS)‘

Ry jeS

)SID DENED DEN-NPAI( AT )

0<]5]<s o€S 1€ T;5{0,.-.N;~1}

" Tjo 2j0+1
g%%\usr(([ . )x%m,l)) V{0

From this result, we can derive that

2
ch,{us} - fc,{us}H;zaOz = / e (fc,{#s}(xh o, Tq) — fc,{us}(fb'l, . de)) po(x)dx

<5 ¥ Iy

ie[17_,{0,..,.N; -1} 7=1

(2 > Sl 55 < o) vo))]

0<|S|<s jo€S J0 jES
J#jo

155
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SR T

0<|SI<s

3 3 [el(([3 ) < o) vio) |

0<|S|<s jo€S J0 jes
J#Jo
OB i 41 2
R S D S | sl ([ 255 < T ) 1o )
jo jo »
D<|S|<sjo€SleH _.{0,..., ._1}3 1 jeS
J#70
CyB Lo i + 1 2
LRSS {w(([f ) < o) ()]
0<|S|<sjo€S ij,=0 jes
J#Jo
CyB o G+ 1 2
<GBy Z[Z el ([ 25) = TT0-0) V(0 )
0<|S|<s jo€S - i; Nio j€s
J#jo
CyB 2
< == ISl [wsl(l0,0F1 {0} |
0<|SI<s
Cy4B > CyB
S ]{1[3 |: Z |VS|([O71)IS|\{O}):| = ]3—3 '(Vmars(fc,{us}))2a
0<|SI<s
where the second inequality is from Cauchy inequality. O

C.18 Proof of Theorem 24

Here, we almost follow the proof of [69, Proposition 2] and make a few modifications to the
proof. As in the proof of [69, Proposition 2|, we also use the standard peeling argument
along with the following moment inequality for multiplier empirical processes.

Lemma 21 (Proposition 3.1 of [61]). Let F be a countable collection of real-valued functions
defined on X. Suppose xV, ... x™ are ii.d. random variables with law P on X, and
&, ..., & are independent mean-zero random variables independent of xV, ..., x™ . Then,
there exists a universal positive constant C' such that for every p > 1,

gl goneot] s o]

fer feF
2002 (sup | fllpa ) - max &5 + p'E | max (J& 7 - sup |f<x<i>>\P)H .
fer v v fer
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Proof of Theorem 24. Let A be the event where f is a least squares estimator over F. By
the assumption, we have P(A) > 1 —e. Fix r > 1 and let

Fi=A{feF: 27ty <|If = follpa < 2rt.}

for each positive integer j. Then, clearly,
{f € F:llf = follpz > rta} = [ 7,
7j=1
and thus

P(||f - follpa > rta) < P(A)+P(Aand || f— follpa > rt,) < e+ P(Aand f € F;). (C.43)

J=1

Recall that |4 denotes disjoint union. Let (M, (f) : f € F) denote the stochastic process
defined by

n

> (f = 2

=1

1

n

2 © :
Mn - - i —f ®
(£) n;&(f )
and let (M(f): f € F) denote the deterministic process defined by
M(f) =E[M,(f)] = ~If = f|Pa:
Note that M, (f) can be alternatively represented as

Maf) = = 3 (= F) 430

Because fy € F, if f is a least squares estimator over JF, then it follows that

Mn(f) - Mn(fo) > 0.

Now, observe that

n

Ma(f) = Malfo) = 2 & = f)x?) = = (7 = o (<)

=1
=20 ) (o = £))
i=1
and that

M(f) = M(fo) = =Ilf = [Pz +Ilfo = flIpo
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= —|If = follb2 = 2Exp [(f = fo)(X) - (fo — f)(X)],

where X in the expectation is independent of all x). By the assumption that || fo — f*|| p2 <
t,/4, we thus have that for every f € F;

— (M(f) = M(fo)) = If = follpa + 2Exmp [(f = fo)(X) - (fo — [*)(X)]
> \f = follpz - (IIf = follpz = 20 fo — f*llp2) = 277 'rty, (Qj_lrtn - %n) > 257522

where the first inequality is from Cauchy inequality. Hence, for each positive integer j,

P(A and f € ;) < P((sup (Mo (/) = Ma(fo)) 2 0)

feF;
< P(sup (V1) = M) — (V1) - M) = 2750%2)
(?22 _izflf fo) (x1) Zertn)

+ (s lZ(f PP = 1 = Rlla] 2 2700

fEF;

+ 2 sup —Z(f Fo) ) - (fo = 1) (x)

feF;

~Exern[( — W0 (o — )X 2 270572

1 « .

SIP’( sup ‘— &f(x(l))
jeF—1so} ﬁ;
Ifllp2<27rtn

—|—]P’< sup ‘\/—Z f2 HfHPQ)

feF—{fo}
I fllp,2<27rtn

_ (4)
+IP)<]]:€§:HI{)fo} ’\/_Z< (fo— )
p2<2rl,

> 22j—57~2\/5tg)

> 223'%2\/%152) (C.44)

- Exep[JX) - (f = F)O0)] )| 2 227052Vt ).
Here the second inequality is due to the fact that

—(M(f) = M(fo)) = 227°r%;

for f € F;, and the third inequality is from the triangle inequality.
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We first bound the first term of (C.44). Fix a positive integer j. By Markov’s inequality,

< sup ’\/_Zg ‘>223 52\/_t2>

FEF—{fo}
171 P 2<2rtn
< . E[ - iéf(x@)ﬂ (C.45)
~ — : sup — i . .
(227-5r2y/nt3)? feF—{foy Wn =
| fllp2<27rty

Also, by Lemma 21 (the moment inequality for empirical processes), we have

L”.m?’} ([ Ln.w)DB
E{ fejs__lir{)fo} ’\/ﬁiz;ézf(x )’ <C|E fe]sfli?fo} ’\/ﬁ;&f(x )’

1llp <371t 1P 2 <2t
OB 3+ O {max(|@| sup |f<x<i>>|3)}
fer—{fo}
1fllp2<2irty

< CQSjr?’nS/th + C2% 383 1€ |5 + CM?3n=3/%. E[max ]filg].

Since &; have finite L9 norm,

/a

E[max[&, "] = E[ (max &%) "] < (E[max|g 1) (ZM ) =n&ll;

where the first inequality is from Jensen’s inequality. Hence, we have

1 — 13 , 4
E[ swp | 7= D6/ ] < CIrn®2, 4 OOV |3+ OMPn* A gy
feF—{foy 1Vn“

I1fllp2<27rtn

which together with (C.45) implies that

1 <& . .
P( swp = gif<x<l>>\22“r%ti>
ser-ty 1V Zl

| fllp2<27rty

1 €113 M2I& 5

=~ 9353 +C- 23513 n3/2t3 ' 26776 p3(1-1/)¢6

Now, we bound the second term of (C.44). We start by applying Markov’s inequality as
in the case of the first term:

1 & . .
P( swp =37 (72) - 11 122%%53;)
feF—{fo} \/ﬁ;( r2)

I fllp2<2irty
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< Bl s | = e -]
SNCEETEN T R I A D 2
1 fllp2<277tn

Using the standard argument of symmetrization (see, e.g., [150, Lemma 2.3.1] or [59, Theo-
rem 16.1]), we can show that

n

3 1 3
swp |- §j U] <52 s = Yareo|]
[ feF-{foy VN2 ) rer—{py Wn 5
1 llp <371t 1l pa<dirt,

Also, by Lemma 21, we have

1 <& N 1 <& 4 3

g s =Y are]<o(e] s [ 2Yareo))
feF—{foy Wn ; feF-{foy Wn ;
£l p2<29rtn I fllp2<29rtn

3
+C( sup ||f2||P,2) +C’n_3/2-E[max sup |f(x(i))|6}
feF—{fo} i feF—{fo}
1fllp2<2rtn £l p2<2irt,

Due to the contraction principle (see, e.g., [150, Proposition A.3.2]),

1 . ; +2 2
sup ’ e f?(x ” <4M - E{ sup ’— eif(x(’))” < 23 My/nt?.
{fef {fo} \/_Z FeF—{fo} \/ﬁ;
1P 2 <2t 1Flpa<dirts,

Moreover, since || f|l.c < M for every f € F —{fo},

sup  [|flpa < M- sup  ||f|lp2 < 2rMt,.

fer—{fo} feF—{fo}
Ifllp2<2’rtn £l pa<2irtn

Therefore, we have

1 <& L . 4
E[ sup ‘— Z eif2(x(7’))‘ } < O3 MBS + C233 M 4 O MOn 32
feF—{fo} \/_
”fHP,QSQJTtn

which directly leads to

1 — . ,

P s | S ()~ )| 2 2o

feF—{foy Wn ;( 2)
||fHP,2S2J7"tn

M3 M3 M
<O 35 T O g T O e
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because of (C.46).

The third term of (C.44) can be bounded in the same way as the second term. Indeed,
by repeating the same argument (except for the application of the contraction principle), we
can show that

( sup ‘\/_ Z ( f*)(x(i))

feF—{fo}
1fllp2<27rtn
- Exer 100 (o = 1)) )| 2 2072y
1 1fo — f*II3 M? - | fo — 1711
s¢ 23ir3 e 23173n3/2¢3 e 20p6p3¢6
As a result, by (C.43) and (C.44),
; S 1+ M° 16013 + 1o — £ I3 + M?
B~ fola > ) < €53 {c. T L
]:
Lo MG+ o £ + 2
26716346
L+ M NGl + (1o — IS + M
<e+4+C- 3 +C RENETETE
o ME(lI&IEn T + | fo — f¥1% + M®)
e ron3ts ’
and replacing r with t/t,, completes the proof. O

C.19 Proof of Lemma 15

Proof of Lemma 15. We first observe that every function f € F_ . " mars €an be uniquely split
into a multi-affine term and the remaining term as follows. Let A be the collection of all

multi-affine functions
a(xy,...,xq) = Z aSHa:j,

0<|S|<s  jeS

where ag € R for each S C [d] with 0 < |S| < s, and let H be the collection of all functions
h(mla---axd): / (-flf'_t')_i_st(t‘,jGS),
0%;5 0.1)/5\ (0} ]EH.; b ’

where vg is a finite signed measure on [0, 1)!%'\ {0} for each S C [d] with 0 < |S| < s. By
the uniqueness of representation (3.3) (see Lemma 8), clearly, we have

Fo s = AGH,
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where @ indicates direct sum. Also, note that if f = a + h where a € A and h € H are in
the forms above, then

Il < D sl (0. 1)51\ {0}) = Viaars ().

0<|SI<s

Write £ Vo= ddi, +i’i’, and f* = a* + h* where a anv,a € A and h’nV7h* € H. Because

15 oo < Vinars (Fav) =V and [0 oo < Vinars(f) =V,
it follows that
rd,s * ~d,s * 7d,s * ~d,s *
1y = Frllee < Nty = a™lloe + [y lloo + 11" oo < [lag7y — a™[loc + 2V
Hence, in order to prove the lemma, it suffices to show that
~d,s *
lamy — a*lle = Op(1).

Recall from (3.5) that there is no constraint on multi-affine terms in our definition of
fds Thus, we can characterize az v as

n

ad?/ = argmin { Z (i — ili’,?/(x(i)) - a(x(i)))z}

acA

i=1
. . 7d,s * 7 * 3 2
= argnfllln { Z (& — (hi’,v — ) (xY) = (a —a*)(x! ))) } (C.47)
ac i=1
Let X be the matrix whose rows and columns are indexed by i € {1,...,n} and S C [d]

with 0 < |S] <'s, where X;3 = 1 and
jes

for S # 0. Also, consider the coefficient vectors a and a* of the multi-affine functions di’jf
and a*. Specifically,

a=(as,SCI[d,0<|5]<s) and a"=(a5, S CI[d,0<|5]<5s),

where

anv(xl,...,xd): Z &SH:Ej and  a*(zq,...,2q) = Z a*Sij.

0<[S|<s  jeSs 0<|S|<s  jes

Moreover, let h and h* be the n-dimensional vectors for which

~

hi=he%(xD)  and Ay =R (x)



APPENDIX C. PROOFS FOR MARS 163

for = 1,...,n. Then, it follows from (C.47) that

& = argmin {¢ — (h—h') = X(a—a [ :a = (as. S C [0S < )}, (Ca8)

where & := (&1,...,&,).
Now, let IIx be the projection operator onto the column space of X. Then, (C.48) gives

X(a—a*) = IIx (¢ — (h —h*)).

Since IIx is a projection operator,
) . n 1/2 R
[T1x (& = (h = h"))|, < (1€ = (h = h)]> < (Zﬁ?) V(1RG5 oo + 117lc)
i=1

n 1/2
< (Zﬁ?) +2V - /n.
i=1
Also, we have that
[X(a—a")[; = (a—a")"X"X(a~a") > A\un(X'X) - [la — 2|3,

where )\min(XTX) is the smallest eigenvalue of X?X. Hence, combining these results, we
can derive that

1 n 1/2
Amin(XTX /) Ja—ay < (= &2 2V C.49
(Ammin (XX /) 7+ fla— a2 < n;é + (C.49)
Consider the symmetric matrix 3 whose rows and columns are indexed by S C [d] with

0 < |S| < s, where
digsr = E{Haz;l) . H :B;})]

JjeS j’es’

By the law of large numbers, for every € > 0,
. T . _
JLIEOIP’(HX X/n—3|r>e¢) =0,
where || - || denotes the Frobenius norm. Also,
| Ammin (XX /1) = Ain(B) | < [ XTX /0 — 3

due to Weyl’s inequality, and the following lemma, which we prove in Appendix C.24, ensures
that Apin(32) > 0.

Lemma 22. The smallest eigenvalue of 3 is positive, i.e., Apim(2) > 0.
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For these reasons,

)\min (E)
2

IP’(Amm(XTX/n) < ) < P(\Amm(XTX/m = Amin(E)] > Amm@))

Aumin (33)
T . min
P(IX"X/n - 55 > 2=,

IN

which leads to

lim ]P’()\min(XTX/n) < Ami;(z)) —0.

n—oo

Consequently, by (C.49), we have

)\min by
limsupP([|a — a*||ls > K) < lim P(Amin(XTX/n) < ( >>
n—oo

n—oo 2

+limsupIP><%ZZj;§i2 > {(AminT(E)>1/2 e 2V}2>

n—oo

< {(—Amg@))m K-} el

provided that (Amin(X)/2)Y2- K —2V > 0. Here, Markov’s inequality is used for the second
inequality. This result implies that for each € > 0, there exists K > 0 such that

P(lla—a*fl; > K) <e,

ie., [[a—a*|la = O,(1). By Cauchy inequality,

lany — a*lloe < fla—a’|h < Ca-lla— a2,

and thus, it follows that Hdi’f{, — a*|eo = Op(1). O

C.20 Proof of Lemma 16

Our proof of Lemma 16 is based on the following maximal inequality for empirical processes
involving the Bernstein norm. For a random variable X with law P on X and a real-valued
function f on &', the Bernstein norm || f||p g of f is defined as

1/2

1£llps = (2Ep[exp(|f(X)]) — 1 = [£(X)I])

In fact, the Bernstein norm is not a norm because it is not homogeneous and does not satisfy
the triangle inequality. However, we can still use it for measuring the size of functions.
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Lemma 23 (Lemma 3.4.3 of [150]). Suppose xV, ... x*) are i.i.d. random variables with
law P on X, and F is a countable collection of real-valued functions on X. Also, assume
that || fllps < 0 for every f € F. Then, we have

Ji(0, F. | -
}SC‘]{](&}:”'HRB)<1+ [ | ||P,B))

[sup‘\/_Zf 62Vk

fer

for some universal positive constant C'.

Remark 14. As in Theorem 2/, the countability assumption on F in Lemma 23 is just
for the measurability of the supremum. This condition can be dropped if F is pointwise
measurable; that is, F has a countable subset G for which for every f € JF, there exists a
sequence {gm}m>1 in G such that g, (x) — f(x) for every x € X. In this case,

geg

so that the measurability issue can be avoided, and the lemma is still valid without the as-
sumption of countability.

Proof of Lemma 16. Let P be the law of (x(¥, ¢;) on [0, 1]¢ x R. Also, let A; be the collection
of all functions on [0, 1]¢ x R of the form

1
Pr(X,€) = S ef(X) for X €[0,1]? and € € R,

where f € -F(Vv M) - {f*} and Hf”pm? <t le, f€ B]—'(V,M)—{f*}<t707 H ) HP0,2> = B<t707 H ’
lpo2)- Since B(t,0,| - |lp.2) is a subset of C([0,1]), and (C([0,1]%),|| - ||) is a separable
metric space, B(t,0,] - ||,,.2) is also separable with respect to the sup-norm. Let G be a
countable dense subset of B(t,0, || - ||,,.2) with respect to the sup-norm. For every ®; € A,
if we let {gm}m>1 be a sequence in G for which ||g,, — f|lcc — 0, then we have

1

q)gm(X76) - (bf(X7 E) = 2M

ce(gm — f)(X) =0 for every (X,¢) € [0,1]¢ x R.

Hence, A; is pointwise measurable, and Lemma 23 is valid for A;.
Note that for ®; € Ay,

19 ]l p5 = (2Ep[exp (|57 /&) =1 557 ef(X)H)l/z (C.50)
o0 ma\ 1/2 00 9\ 1/2 o
(X el (E)) <X e(GD]) <

m=2 m=2
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where cq := (2(e — 2))"/2. Here, the first inequality is due to the fact that ||f||. < M for
every f € F(V,M)—{f*}, and the second inequality is from the fact that || f||,, 2 < t. Thus,
by Lemma 23, we have

k
1
E z — oM -E S0, (x, ¢
e e D] 202 g [ S
p02<t
t Jry(eot/(2M), A || - || p,
<C-2M- JH<CO A ||p3)< + ”(O(C{Ji/(m)w));\%’lpjg)). (C.51)

Now, we relate the bracketing entropy of 4; with respect to the Bernstein norm to that
of F(V, M) — {f*} with respect to the norm || - ||, 2. Suppose ®; € A, and let [f1, f2] be a
bracket containing f. Since || f|l« < M, we can assume that || fi]|c < M and || fa]jec < M.
Also, let p and ¢ denote the functions

p(e) = e, = max{e, 0} and ¢(e) = e = max{—¢,0}.

Then, clearly,
s € |5 {f1®p f2®C]} {f2®p fi®@aq}|.

Recall that ® denotes the tensor product between functlons. For example, f; ® p indicates
the function defined by

(rop)(X,e) = fi(X) - p(e)

for X € [0,1]? and € € R. Also, observe that by the same argument as in (C.50),

H {op—fi®q— ]1\4{f1®p—fz®q}H - fi)® (p+Q)H

PB H2M P,B

:(2Ep[exp(‘ﬁ(fz—fl)(x)‘)—1—‘2M — (X >H)l/2_2M 1fo = Fillpoz:

For these reasons, for every € > 0, we have

N (55 Al llps) < N(e FVM) = {11 )

which implies that

Ct COt/2M)
(2 Al HP,B): / VU N A - ) de

C€
e 18 () e

o / VI NG FV M) = {751 o) de
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gM I FVEM) =5 Mo 2)-

As a result, we can deduce from (C.51) that

gl

< O Iy FOVAM) = - ) - (1 e

E[ sup ‘ ef(x
FEF(V,M)—{f*} \/_Z
[1£lpg,2<t

Jt, FV, M) = {3 |- Hm))
2k
O

C.21 Proof of Lemma 17

Proof of Lemma 17. Suppose f = f. e € F(V, M) —{f*}. By the definition of F(V, M),
we have || f|leo < M and Viars(f) <V + Viars(f*) < 2V Let ¢y = ¢, and let ¢g = vg({0})
for each S C [d] with 0 < |S| < s. Then, the function f can be written as

fxy, ... 24) / — )+ dvs(ty,j € S)
0<\S\<s [0,1)!
= Y ][+ Z / £)s dvs(ty, j € S).
0<[S|<s  jes 0<|S|<s "\{0}ges

As in the proof of Lemma 12, we first bound cg for each S C [d] with 0 < |S]| < s.
First, note that |cy| = |f(0)] < M. Also, since

F(1,0,...,0) = co+eqyy + /( (0=t vy 1),
0,1

we have
el 17,0, 0+l +] (1=t o)
< F(1,0, 0 0)] + el + [y ((0,1)) < 21 + 2V.
By the same argument, we can show that
les| <2M +2V

for every S C [d] with |S| = 1. Moreover, since

(1 —=t1)4 dvpy(ta) + / (1 = t2)+ dvyzy(t2)

f<171707"'70) :C®+C{1}+C{2}+C{1,2}+/
(0,1)

(0,1)
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+1/ (1= 1)1 (1 = ta)s dvgry (i1, 1),
[0,1)2\{0}

it follows that
|C{1,2}| < |f(1’ Lo,..., O>| + |C@| + |C{1}| + |C{2}|
+ ’ / (L—t1)+ d’/{l}(tl)‘ + ‘ / (I—t2)4 d’/{2}(t2)‘
(0,1) (0,1)

[ et ) dva )
[0,1)*\{0}

<|f(1,1,0,...,0)] + [eo| + |eqy| + legzy ]

+ |y ((0,1)) + [ [((0, 1) + v ([0, 1)\ {0})
<M+ M+ (2M +2V)+ (2M +2V) 4+ 2V = 6M + 6V.

Similarly, it can be shown that
les| < 6M +6V
for all S C [d] with |S| = 2. Repeating this argument, we can show inductively that

les| < Ci(M + V) = M

for every S C [d] with 0 < |S]| < s.

Now, we repeat our arguments in the proof of Lemma 12. We cover F(V, M) —{ f*} with
function classes whose upper bounds of bracketing entropy can be obtained from those of
D,, for m > 1. Fix § > 0, which we will specify later, and let

K={(ks,SC[d,0<|S|<s):—(K+1)<ks<Kforall SC [d] with0 <|S|<s}
where K = LM/(SJ For each k € K, we also let
Gk = { fequsr € F(V, M) — {f*} : ksd < cg < (kg + 1)é for each S C [d] with 0 < [S] < s}.

Then, by definition,
FV, M) ={f} =] G
kek

from which we can obtain

log Npj(e, F(V, M) = {f"}, || - lIpo,2) < log (ZN[ 1(€, G, || - ||po,2))

ke
<log K| + i“}glog Npj(€, G, |- Nlpo2) (C.52)
S

2M
< 2'l0g (24 251) + suplog N (e, G - )
o kek
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Fix k € K. Let g{ﬁ be the collection of all constant functions on [0, 1]¢
(T1,...,2q) — C

where kgd < ¢ < (kg + 1)d, and for each S C [d] with 0 < |S| < s, let Gf be the collection of
all functions on [0, 1]¢ of the form

(T1,..., 24 |—>05ij / ij—t +dvg(ty,jes),

JES [01‘ l\{O} JES

where kgd < cg < (ks +1)d and vy is a signed measure on [0, 1)!% with |vg|([0, 1)1\ {0}) <
2V. It then follows that
G C +o<|51<sGie»

which leads to

€
log N6, Gio | ) < 37 108 N3 (530G ). (C53)
0<|S|<s
It is clear that 5
N GE N ) <1+ (C54)

It is thus enough to bound log Ny 1(6,G2, | |lp.2) for each S C [d] with 0 < |S| < s. For each
S C [d] with 0 < |S| < s, let Gg be the collection of all functions on [0,1]'S! of the form

(zj,5 € 5) = [ —t)4 dvs(t; € 9)
0115 Geg

where vg is a signed measure on [0, 1)/ with total variation |vg|([0, 1)) <2V +4. Asin
the proof of Lemma 12, we can easily show that

N[ ](67 glf? ” : HP072) < N[ ](67 gSa ” ) Hﬁoﬂ)v (055)

where py is the probability density function on [0, 1]/ defined by
Bo(z;, € S) :/ polan, .. xa)d(z;, € [d]\ S)
[0,1]-15

for (z;,7 € S) € [0, 1]'5!. Since py is bounded by B, py is also bounded by B, i.e., ||polle < B.
Hence, from Theorem 6, we can deduce that
~ 6 ~
IOgN[ }(€7g57 || ’ HﬁO,Q) < IOg N[ ] (ﬁ?g»SU || ) ||2)
(4\/§(2V—|—6)>1/2
€

(IS1-1)

log (4\/_(2V+5)>

< Cis
€

(C.56)
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Combining (C.53), (C.54), (C.55), and (C.56), we can derive

246
log N (6, G | ) < Toss (1422

<2d+2\/_(2v+5)>1/2.[10g <2d+2\/_(2v+5)>] (is1-1.

€

+ C

0<|S|<s

€

With the choice of § = ¢, this together with (C.52) implies that

M+V)

€

204317\ 1/2 2043Y/\ 12(s-1)
+ CB,d <2d+2 + > [log <2d+2 + )] )
€ €

log N (e, F(V, M) = {1}, | lln2) < 2"10g (24 C,

[]

C.22 Proof of Lemma 19

Proof of (C.28). For each m € {—1,1}9, we have

an(me >‘

peh ielp 7=1

bl(0.07) = = |

< ‘('(/ (;Plénplﬂwpm t)

_ ‘!/Pz\ /01 ;(énml—[%zg )

(55 (M V)

(T [ wra) = e (SSIT) -y

pPEP i€lp j=1 pEP,; icly j=1

The inequality follows from Cauchy inequality, and the second equality is due to

1
/ Y k() Yy g () dz = 0
0

for distinct m and m/, and the third equality is from the fact that ¢, x¢m e = 0 if k and &’
are different. This directly implies that Viyas(fy) <V for every n € {—1,1}% O
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Proof of (C.29). We first represent our function f,, in a simpler form. For a positive integer
m and k € [2™], we let U, ;. denote the real-valued function on [0, 1] defined by

z) = /0 ’ /O " n(8) dt du.

Then, it can be easily checked that W, x(z) =0if & < (k —1)27™ or x > k27", U, (z +
27m ) = 0, (z) for z € [(k—1)27™,(k — 1/2)27™], and ¥, ()] < 27270 for all
x € [0,1]. Using these WU, ;, we can represent f, as

S

fﬂ(wla"'axd) = H(ZE] _tj)+dy77(t)
(0,1)° ]

m 22 i / )4 s (1) b

peP, iclp (0,1)* ;
mng”‘“ﬂf ke )
pEllep
Mp.i / / ¢717 dt du; = Mp,i jrij )
rﬂgﬂépﬂ ) ) W;ﬂépﬂp

for each n € {—1,1}%
Now, we prove (C.29) using the above representation. Suppose H(n,n') =1 for n,n’ €
{—1,1}9. Since H(n,n') = 1, there exists a unique (p,i) € Q such that n,; # 7}, ;, and thus

V S
(f"l - fn’)(xl, SR vxd) = m(npd - n;),i) H \Ilpjvij(l‘j)'
1 j=1
Hence,
4 2
1 furls = |Pl‘ » (H% (@) ) o () dx
4BV2 / 4Bv2 i BV?
ac dx . 9=pj , 9=4pj—12 _ | 9-5l-12s5+2
H ) de; < | P H |F|

]

Proof of (C.30). Fix § # n' € {—1,1}%. For each positive integer m and k € [2™], let hy,
be the real-valued function on [0, 1] defined by
2m/2if (k—1)2m < x < (k—1/2)2”
() = { —2m/2 if (k- 1/2)27™ < & < k2™

0 otherwise,
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and for each (p,i) € @, let Hy; be the real-valued function on [0, 1]* defined by
le.’lfl,..., th]z] .CEJ

One can check that {Hp; : (p,i) € @} is an orthonormal set with respect to the L? inner
product. Also, let g, ,, denote the function on [0, 1]* defined by

977771'(x17"'7x8) \/WZZ Mpi — npl H\ij_jzj :BJ

pePh iclp

Then, by Bessel’s inequality,

”fn fu ||p02 > b”gnn Hz > b Z Z gnn’va ) (C.57)
P'EPR i EI /
where || - ||2 and (-, -) denote the L? norm and the L? inner product, respectively. Note that

for each (p/,1) € Q,

<g?7,'r]’7 Hp’,i > \/W Z Z Mp,i 77p i H<\I]pj ijs hp] z;> (058)

pePp iclp 7j=1
Now, we claim that for (p,1i), (p’,i) € Q,

TT%0s i) {25”“3 if (p,i) = (p',¥)
p]vl]’ P;ﬂ; = . . .

j:l 0 lf (p7 1) # (p,7 l,)'
We first assume (p,i) # (p/,1'). If p # p’, then since Y7, p; =1 = >, pj, there exists
j € [s] such that p; > pj, and thus hy » is constant on ((z] — 1)2775,4;27P7). Also, recall
that W, ; (z) = 0if » < (i; — 1)27% or z >4;27% and W, ; (v +27P71) = =W, (x) for
x € [(i; — 1)27%, (i; — 1/2)2777]. For these reasons, we have (U, ;. hy ) = 0. Otherwise,
if p=p’, then i and i’ should be distinct. Let j € [s] be an index for which i; # i}. Then,
Wi, (2) iy 0 (2) = 0 for all € [0, 1], which directly implies that (Up, ;;, by ) = 0. Next,
we assume (p,i) = (p/,1'). In this case, the claim follows from the fact that for each j € [s],

(C.59)

Z']'27p3 ij27pj
(U, by ) = / U, o (2)hy, s (@) de = 2072 / W, (2)]da = 27T,
(i;—1)27F3 (i;—1)27PJ
Combining (C.57), (C.58) and (C.59), we obtain
%
||f71 fTIHpoQ— |P| - 27 o 1482277131 77p1 |Pl| - 27 R H<77 T’)

peb ielp

From this result, we can derive the conclusion

min an - fn’”;z;o,z > bV? L9 —Bl—14s42
nzn' H(n,m') |
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C.23 Proof of Lemma 20

Recall that we define D, as the collection of all functions F' on [0, 1]™ of the form

F(zy,...,%m) = /(Il —t1)g e (T — )4 dp(t) = / (w1 = t1) -+ (T — tw) dp(t),

H;‘nzl (0,3;]

where p is a signed measure on [0,1]™ with total variation |u[([0,1]™) < 1. Lemma 20 is
then a direct consequence of Theorem 3 and the following lemma, which connects the metric
entropy of Dy, aisc(R) and D,,. Here, the covering number of D,, in the lemma is under the
L? norm as in Theorem 3.

Lemma 24. There ewists a positive constant c,,, depending on p and m such that

Cpm€
N (e, DanaiceR), || - 1) < N (255, Do | - )
for every R > 0 and € > 0.

Proof of Lemma 24. Define a map ® : Dy, gisc(R) — Dy, as follows. Given f € D,, gisc(R) of
the form

flz, .. x,) = /[Ol)m(xl —t1)g (T — )4 du(t)

where v is a signed measure supported on ([ 72, V;)N[0, 1)™ with total variation [v|([0,1)™) <
R, we first consider the signed measure p on [0, 1] satisfying the following:

e i is supported on the set

m

H {vfj) +(1- Ug)_l) ci; €40,...,n; —1}}.

J=1

e For (iy,...,0m) € Ip:={0,...,ny — 1} x --- x{0,...,n, — 1},

({00 + (L =v8) g € fm)}) = £ - v({ (005 € m)}).

Note that |u|([0,1]™) < 1 since |v|([0,1)™) < R. Next, let F' denote the function on [0, 1]™
of the form

Flanem) = [ =) (o = ). dut),
(0,1)™
and define ®(f) = F. Clearly, for (z1,...,2,) € [0,1]™,

F(:El,...,xm):()
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if z; <1-— vg)_l for some j € [m], and

F(xy,...,%n) = = - f(arj (1 —vﬁf) 1) j€E [m])
otherwise. Also, note that for
x = ((1—z) /Uz(j)—l + 2, vz(f) +(1- v,%ll),j € [m]),

Wherei:(il,...,im)EH;”Zl{l,...,nj—l} and 0 < 2q,...,2, <1,

PO = [ o) b))

3*1[07$J]
1 e m
Z—ZH[x]—vl(j)— (l—vg) 1)] Hl( —1>1)-5
lelp j=1 Jj=1
1 e m
:_ZH[(l z])( G) (J))+Z](()_Ul())] Hl( —1>1)-8
lelp j=1 j=1
——Z Z H 1—2) Jz ((j)1+5 l(]]))] Hl( —1>1)-B
lelp 6e{0,1}™ j=1 j=1
1 e m
== D [H[O—Zﬂ“ ST — o) T[26,-121) -4
6c{0,1}m ~j=1 lelp j=1 j=1
Z |: 1—2’31 5 j 'f(U(J)H_&,]E[ ])1
§c{0,1}m -j=1
Here we let

B = V({(Ul(jj),j € [m])}) for 1= (Iy,...,ln) € Iy,

for notational convenience. Hence, for f, f € Do aisc(R),

lo(s) - (P = / B(f)(t) — B(F)(t)] dt

oD 41 vffl)fl o™ (1™ ) N
- X / 901 (6) — BP0 dh -

M el )

IEHJ 1{1 ..... njf i1 Yny 1 nm—1
1
2 Z H Z] Z]
161_[;71 A1, -1} =1
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1 pm s 5j
e R / [ > 11 [(1—2].)1 2]
1 el 1{1 ..... 0™ Lseqo,1ym j=
2
(f f)( 71+5aj€[ ]) dz.
For the last equality, we change the variables as
( ) ©) ()
ti=0—z) v +2- UJ +(1—U,fj_1)
for j € [m]. For a fixed constant 0 < r < 1, by Cauchy inequality,
m 6 2
JRID S 1 (CEE e R ]
0417 Lsefo,ym j=1
5 2
S R ID 3 1 (RS RS I )|
1™ Lsegoym j=1
1
2o [ e - DS € ) da
2 [T,l]m
m 5 2
—/ { o T =) (f = D010 € Im ])] dz
™ Lseqo,ipm\ g1} j=1
1
z—/ e (F= TP () € m]) da
2 [nl]m
—@ ) [ T =2 ] (7 = PP € ()
66{01}m\{1} 1y
(1—r)m

(- D e m ])

_QZml- S (@B a0 (f = P2 € )]

6e{0,1}m\{1}
for all (i1,...,in) € H;n:l{l, ...,n; —1}. Thus, for f, fe Dy gisc(R),
12 L—r3m 2m—1] N s
H<I>(f)—<1>(f)H22 {( 2,3m) T gm Z [(1—r3)235a(1_r)3( Z;éy)]]
6ec{0,1}™\{1}
1 P

e > (=D 5 em)

" el {1, — 1}

o D VN (e SRR | R TR

2 M 3m Sm 56{071}m\{1}
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since f(vg),j € [m]) = f(vg),j € [m]) = 0if i; = 0 for some j € [m]. Note that

(1 — TS)m B 2m —1 ) Z [<1 . Tg)zj 5j(1 . 7,)3(mfzj 5]')}

23" 3" e
(1—7r)m 1(1—r3>m )
— = — (2™ —1)(1 —
3m o\ 17 ( A=)

3 5.
> (D)),
sc{0,1}m\{1} -r

Therefore, by choosing r close enough to 1, we can show that there exists a positive constant
cpm depending on p and m such that

[2(5) = @(All, > %" 11f = Flln (C.60)

for all f,fe D aisc(R). Consequently,
N (€, Din,gise(R), ||  lln) < M(€, Dim.aisc(R), || - [|n)
Cpm€ Cp.m€
< M (285D |- 1) < N (L5 Do - I1).

2R’
Here, M (e, X, || ||,) indicates the e-packing number of a set X under a norm || - ||, the second
inequality follows from (C.60), and the first and the last inequalities are from the general
theory of packing numbers and covering numbers (see, e.g., [152, Lemma 5.5]). O

C.24 Proof of Lemma 22

Proof of Lemma 22. Note that for every v = (vg, S C [d],0 < |S] < s),
2
viZv = E[Z (vs Hx§1)> <vS/ H x}”)} =K {( Z Vg Hmél)) ] > 0.
3,8 jes j'es’ 0<|S|<s  jES

Hence, it suffices to show that vI'Xv > 0 for every v # 0 in order to prove the lemma.
Suppose there exists v = (vg,S C [d],0 < |S| < s) such that vIEv = 0. From the
computation above, we can see that

2
e[( X wIl) | -0
0<|S|<s  jES

which directly implies

IP’( > USHx§1)=o) =1. (C.61)

0<|S|<s  jes
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For notational convenience, let a; be the multi-affine function defined by

ag(zy,...,Tq) = Z U5HZL’j

0<|S|<s  jes
for (xq,...,14) € [0,1]%. Then, we can restate (C.61) as
]P’(ad(acgl), e ,xg)) = O) =1.
Now, observe that we can write ag4 as
ag(x1, ..., xq) = bg_1(x1,. .., xq-1) + ag_1(T1,...,T4_1) - Tq (C.62)

for some multi-affine functions ay_; and by_1 of z1,...,x4_1. We then show that the eval-
uations of agz_1 and bg_; at x(!) should also be zero almost surely. More precisely, we show
that

P(ad_l(asgl), - ,xfilzl) = O) =1 and P(bd_l(xgl), .. ,xgllzl) = 0) = 1.

This is because

1 =P(aq(2{",. .. “)) =0)
<]P’(ad 1(3:1 - 1) 0)
+]P’(ad 1(955 ), . ((i) ) # 0 and x((il) = —(bd,l/ad,l)(xgl), . ,a:fil_)l))

= P(ad,l (:C](L ), .. :L'Ell)l) = 0),

where the last equality follows from the assumption that the x(!) is a continuous random
variable with a probability density function.

We can repeat this argument. Suppose we have a multi-affine function of the first ¢
variables z, ..., x; whose evaluation at x") is zero almost surely. Then, we can represent
it as in (C.62) with two multi-affine functions of one less variable, z1,...,x;_; and show as
before that the evaluations of those two functions at x(!) are zero almost surely as well. As
the number of variables of multi-affine functions decreases by one at each iteration, we end up
with constant functions that are zero almost surely, which means that they are identically
zero. If we recursively plug them back into the recurrence relations between multi-affine
functions, we can show that ag is also identically zero, and this proves that the coefficient
vector v of a4 is a zero vector. ]
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Appendix D

Proofs for Totally Concave Regression

D.1 Proof of Proposition 5

An alternative representation of fi’s, as stated in Lemma 25, is helpful in proving Proposi-
tion 5. To describe this representation, we first recall the concept of entire monotonicity of
functions. Entire monotonicity is a multivariate generalization of univariate monotonicity,
defined as follows (see also [46] and references therein). Similar to total concavity in the
sense of Popoviciu, entire monotonicity is defined using the divided differences of functions.
While total concavity involves divided differences of order p = (p1,...,pq) € {0,1,2}¢ with
max; p; = 2, entire monotonicity is based on divided differences of order p € {0,1}¢ with
max; p; = 1. The proof of Lemma 25 is provided in Appendix D.9.

Definition 9 (Entire Monotonicity). A real-valued function f on [0,1] is said to be entirely
monotone if, for every (py,...,ps) with max;p; =1 (i.e., (p1,...,pa) € {0,1}*\ {0}),
1 1
o,
: ; f1 20
d d
oD

for every 0 < o < .. < vl()j)Jrl <1 forj € [d].

Example 4 (d = 2). A function f : [0,1]*> — R is entirely monotone if the divided difference
of f of order (p1,p2) is nonnegative for (p1,p2) = (1,0),(0,1),(1,1). The divided difference
of f of order (1,0) is nonnegative if and only if, for every 0 <wv; < vy <1 and 0 <w <1,

[Ulﬂb ;. f] _ fva,w) = vy, w)

w Vo — U1

> 0.

Thus, the nonnegativity of the divided difference of f of order (1,0) means that f(-,z3) is
monotone for fized xo. Similarly, the nonnegativity of the divided difference of f of order
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(0,1) is equivalent to the monotonicity of f(x1,-) for fived x1. Also, the divided difference of
f of order (1,1) is nonnegative if and only if

{U17U2 - f ] _ f(ve,w2) — fv1,ws) — f(vz,wr) + f(v1,w1)

Wi, W2 (Uz —Ul)(w2 —wl)

>0

for every 0 < vy < vy <1 and 0 <w; <wy < 1.

Lemma 25. The function class ch’s consists of all functions of the form

f(l‘l,...,l'd>:Co— Z / gs(tj,jES)d(tj,jES) (Dl)
[T;e5(0.2;5]

0<|SI<s

for some ¢y € R and some functions {gs : S C [d],0 < |S| < s}, where for each S,

e gs is a real-valued function on [0,1]1;

e gs is entirely monotone;

e gs is right-continuous on [0, 1]!5;

e gs is left-continuous at each point (x;,j € S) € [0, 1151\ [0, 1)I51 with respect to all the
(th

J™ coordinates where x; = 1.

In our proof of Proposition 5, the following theorem also plays an important role. This
theorem is a version of the fundamental theorem of calculus for interval functions. Recall
the definitions of additive interval functions and their derivatives from Appendix C.3. We
also say that axis-aligned (closed) rectangles are non-overlapping if no two of them share an
interior point. Let Ry be an axis-aligned rectangle in R™. For an additive interval function F’
defined for m-dimensional axis-aligned rectangles contained in R, we say that it is absolutely
continuous on Ry if it satisfies the following condition: For every € > 0, there exists § > 0
such that, for any finite collection of non-overlapping m-dimensional axis-aligned rectangles
Ri,..., R C Ry with 3.1 _, |Ri| < 6, it holds that 3% | |F(Ry)| < e.

Theorem 27 (Theorem 7.3.3 of [99]). Suppose that F' is an absolutely continuous interval
function on an azis-aligned rectangle Ry in R™. Then, DF exists almost everywhere (with
respect to the Lebesgque measure) on Ry, and

F(R) = / DF(x) dx
R
for every m-dimensional azis-aligned rectangle R C Ry.

As in Appendix C.3, we also use the following notation. For a real-valued function f on
[0,1]¢ and for each nonempty S C [d], let Agf denote the function on intervals, defined by

Asf(H[xj,yj]) = Y ()T (5 (D.2)

jes 5€{0,1}15!
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for 0 <z; <y; <1forjeS. Here, Xys is the d-dimensional vector for which

()?yé)j _ {53'17]' + (1 — 5j)yj lfj c S

0 otherwise.

Note that Agf can be related to the divided differences of f as follows:

Asf(H[%#?/a’]) = {H(yj —%‘)} : {xj(’)?j’ ;;g ; f

jes JjeS

for 0 < z; < y; <1forj € S. For notational convenience, when S = [d], we omit the
subscript and write A = Ag.

Proof of Proposition 5. Step 1: f € .ch’s — fe ffcp.

Assume f € F%*. We first show that f € F,. For this, we need to prove that the divided
difference of f of order p is nonpositive on [0, 1]¢ for every p = (p1,...,pa) € {0,1,2}¢ with
max; p; = 2. The following lemma (proved in Appendix D.10) shows that, in fact, it suffices
to verify the nonpositivity of the divided differences of f on some proper subsets of [0, 1]%.

Lemma 26. Let f be a real-valued function on [0,1]¢. Then, f € Fflcp if, for each p =
(p1,-..,pa) € {0,1,2}¢ with max; p; = 2, the divided difference of f of order p is nonpositive
on N® = NP 5 ... 5 N where Nj(p) =10,1] if p; # 0 and N;p) = {0} otherwise, i.e.,

1 1
NU

: ; f] =0
@ @

Ul 7...,’Upd+1

provided that 0 < vij) << v}(,ﬁl <1ifp; #0 and U%j) = 0 otherwise.

Without loss of generality, we assume that p = (2,...,2,1,...,1,0,...,0) where |[{j :
p; # 0} = mgy and |{j : p; = 2}| = my. Also, for notational convenience, we let S, = [ma].
By Lemma 25, there exist ¢y € R and functions gg, 0 < |S| < s satisfying the conditions in

Lemma 25 such that f can be expressed as in (D.1). For every 0 < v%j) < < Uz(yi)_,’_l <1,

j € [ma], we can thus represent the divided difference of f on N®) as follows:

r,, @ (1) T

Ul PEEEEERY 7Up1+1
(m2) (m2) )
[P P I f
0
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= T X R
=1 imy=limt1=1  imy=1 Hzﬁéil (vi,” —v,”) Hlml;éz'ml (Uz‘m11 - Uzmll )

(=DZm i a0, 0)

1 1 1 1
=— — Y ()t ———— S . .
™ (,U(J) (J)) s (U(J) (4) ) I (véj) _U§J))

j=1\U3" — g 5e{0,1}™ j=1U3_5, — Vs, j=mi+1
3—61 3_6m1 2 2
1=2—61  imy=2—0m, imy41=1  imy=1
™ (i546,—1 S a1ty (D) (m2)
(—1)Z ()t f (o) 0™ 0, 0)
1 1 my s 1
— Tm j N TTm j N Z (_1)Zj:1 7 ;
Hj:11<7}§]) _Ugj)) Hj:2m1+1(U(J) - vy)) sc{0,1}m1 H] 1(”:3])5 Uéj—)éj)
mi m2
~Agpf(H[v§”)5,v§”5} < T 9. (n})
j=1 j=mi+1
1 1 my 1
- T Tm j N m j N Z (_1)2] 10 m j
Hj:l1(7}§j) - UEJ)) ijm1+1(v(]) - v%ﬂ)) 5e{0,1}m1 1_[]‘:11(1’:?)6J - Uéj)é )
o4 plmit1) (m2)
3— 6m1
/v(l) / /(m1+1> .../m) gsp (b1, tmy) by -~ .
2—461
Also, since gg, is entirely monotone, we have
o D p{m1HD (m2)
o< [ [ Lo [ e
vél) ,Ugl) (m1) (m1) (mq+1) (m2)
i Uy, W1
i Uy, W .
[ (w; =) e 9p | dtpy - - - Aty 1A, Ay, - - - dugdun
=1 mi+1
Lty |
m . . A A my 1
= H [(“g) “éj))(véj) —Uy))} ' Z (=)= m1 [ () G)
j=1 56{0 1}m1 HJ:1<U3—5J — Vg )
plmith) (mg2)

vs 61 3 5m1 . t dt dt
/’Uv /(ml) /(7n1+1) .../v(m2> gsp< IR m2) me " 1-
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Combining these results, we can show that the divided difference of order p is nonpositive
on N® = [0,1] x {0} when p = (2,...,2,1,...,1,0,...,0). Through the same
argument, we can prove that this is also true for every p € {0, 1,2} with max; p; = 2. Due
to Lemma 26, we can therefore conclude that f € F¢ .

Step 2: f e F%* — (4.14) and (4.15) hold for all S # () and (4.16) holds for all S
with |S| > s.

We now show that f satisfies (4.14) and (4.15) for all nonempty subsets S C [d] and
(4.16) for all subsets S with |S| > s. It can be readily checked that (4.16) holds for all
subsets S with |S| > s. Also, for each subset S C [d] with 0 < |S] < s, since gg is entirely
monotone, we have that

0,5, j€S 1 . , ,
’ : ; f} =—= gs(sj,j € S)d(s;,7 € 8) < —gs(0,5 € 5)
|~ O’ J ¢ S H]ES J HjES(Ovtj] ! ’

for every ¢t; > 0 for j € S, and that

t;,1, €8 1 . . .
‘ ; f]Z—— gs(sj,j € 5)d(s;,j€5)> —gs(l,5€ S
{ 0, j¢5S [les( =) Jrposn e )

for every t; < 1 for j € S. The conditions (4.14) and (4.15) follow directly from these results.
Step 3: f € F, and (4.14), (4.15) hold for all S # 0 — f € FL.

Next, we prove that, for every f € Fi satisfying (4.14) and (4.15) for all nonempty
subsets S C [d], it holds that f € FZ. Observe that

f({Bl, Ce ,$d) = f(O,,O) + Z Asf(H[O,l'J])
[d]

P#SC jes

for every (xq,...,14) € [0,1]%. Hence, by Lemma 25, it suffices to show that, for each
nonempty S, there exists a function gg satisfying the conditions of Lemma 25 such that

Asf(H[O,QjJ]) = —/ gS(tj:j € S) d(tj,] € S) (DB)
jes [Ljes[0:2;]

for every (z;,j € S) € [0,1]'l. Here, we prove this claim only for the case S = [d], but our
argument can be readily adapted to other nonempty subsets .S of [d].

Step 3-1: Af is absolutely continuous.

Recall that A = Ay, We first show that A f is an absolutely continuous interval function
on [0,1]% To show this, we use the following lemma, which we prove in Appendix D.11.

Lemma 27. Suppose f is a real-valued function on [0,1]% whose divided difference of order
p = (p1,--.,pa) is nonpositive forp = (2,1,...,1),(1,2,1,...,1),...,(1,...,1,2). Then,

D o) oY, oY)

i = : s f
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if 0 < v%j) < véj) < véj) <1 forjeld], and

oD ofy o0, off

N -
o0, o o9, o

if 0 < v%j) < Uéj) < v:(,)j) <1 for j €d]. Also, it follows that

o, of? ) uf?

Lo f 2 s

AL R PO

z'ngv(j)gw(j)glandOSv(j)gw(j)glforjE d].
1 1 2 2

Along with the conditions (4.14) and (4.15), Lemma 27 implies that, for every 0 < UJ(-l) <
v <1, 5 eld],

1 d Ul 7”2
1 .2 _ .
’ d ;@ 'Af< [v; "5 D‘ _‘ : o f ‘ (D4)
Hj:l(vj N ) j=1 (d) v(d)
1 %2
t,1 0,t
< i C i o
- max( tlirg ot " tgr(% oS ') < %
t, 1 0,t

from which the absolute continuity of A f follows directly. Therefore, by Theorem 27, DA f
exists almost everywhere (w.r.t. the Lebesgue measure) on [0, 1]¢, and we have

d
Af(H[O,a:j]) :/ DAF(t, . ta) (b, . 1) (D.5)
j=1 [15-100.2;]

for every (z1,...,74) € [0,1]%. Furthermore, using Lemma 27 again, we can show that
DAf(ar,....x4) = DAS(, ... 2ty (D.6)

whenever x; < 2’ for j € [d], and they exist.
Step 3-2: Definition of g.
Now, we define a function g on [0, 1] as follows. For x = (x1,...,z4) € [0,1)%, let

g(z1,...,xq) =inf { = DAf(s1,...,5q) : s; > x; and DAf(s1,...,sq) exists}.  (D.7)
For x = (z1,...,74) € [0,1]%\[0,1)%, the value of g at x is determined sequentially as follows:

g(1, o, ... xq) zlilgllg(tl,m,...,xd) for xo, ..., x4 <1,
1
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g([[‘hl,l’g,...,xd):P?Tllg(ffl,t%.l’?”...,{[‘d) for x1,x3,..., g <1, ...,
2
g(xy, ... xq-1,1) = lirTrllg(xl,...,:cd,l,td) for x1,..., 141 < 1,
d
g(1, Lz, ..., xqg) =limg(ty, 1, x3,...,2q) = limg(1,to,23,...,24) for xs,...,xzqg <1, ...,
t1 71 taT1
g1, .. w42, 1,1) = lim g(zy,..., 24 0,tq-1,1) =limg(xy,...,24-2,1,1q)
tg—111 tqT1
for xq,...,xq. 0 <1, ...,
1,...,1) =1 t,1,...,1)=--- =1 1,....1.ty).
9(7 ) ) tiITTllg( 1,4, ) ) ti?&lg(j ) 7d>

If we prove that (a) g is well-defined, (b) g satisfies the conditions of Lemma 25, and (¢) g =
—DAf almost everywhere (w.r.t. the Lebesgue measure), then by (D.5), we can guarantee
that g is the desired function for the claim (D.3) when S = [d].
Step 3-3: Well-definedness of g.

We prove that g is well-defined at every point x = (x1,...,z4) € [0, 1]¢ by induction on
{j : z; = 1}|. From (D.4) and (D.7), it follows that

sup g(z1,...,2q)| < 00.
(z1,...,¢q)€[0,1)2

Moreover, by (D.7), g(x1,...,z4) < g(af,...,2)) for every z; < 2 < 1, j € [d]. These

boundedness and monotonicity of g ensure that, for fixed x,, ..., x4 < 1, the limit
li t e
lim g(t1, @2, ... 2a)
exists, which means that g(1,xs,...,24) is well-defined. Through the same argument, we

can show that g is well-defined at every x € [0,1]¢ with [{j : z; = 1}| = 1.

We now assume that ¢ is well-defined at every x € [0,1]? with [{j : x; = 1} < m —1
and show that it is also well-defined at every x with [{j : x; = 1}| = m. Without loss of
generality, assume x = (1,..., 1, 241, .., 2q), Where Z,41,...,24 < 1. To show that g is
well-defined at x, we need to verify that

li 1,...,1 R b 1,...,1
tirTrllg(th ; y 4y Tm+1, 7$d>7 7&3%9(7 ) 7tm7xm+17 7:Cd)

exist and coincide. To establish this, it suffices to prove that

}ilﬁg(]w ctt 17tm7'rm+17 s 7xd)

exists and satisfies

lim g(1,..., 1, tm, Timat, - - -, 2q) = lim g(l——,...,l——,xm+1,...,xd>.
tmT1 n—00 n n
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The existence of the limit follows from the boundedness of g and the monotonicity:

1,....1,t,,x v, xg) =lim--- lim g(tq,...,th_1,tm, T ce T
g( ) y Ly bmy Lm4-1, ) d) 1 tmflTlg( 1, s bm—15bmy Lm+1, ; d)
SPlITrll'"thirflTlg(tlw"7tm—17tfmaxm+17"'7xd):9(17"'a]-7t'/mal‘m+1a"-7xd)

for every t,, <t < 1. Next, note that

: 1 1 ) 1 1
lim g(l——,...,1——,xm+1,...,xd> < lim g(l,l——,...,1——,xm+1,...,xd)
n—00 n n n—00 n n
1
< ... < lim g(l,...,l,l——,xm+1,...,xd> =limg(1,..., 1, tm, Tmats- -, Ta)-
n—oo n tmT1

Thus, it remains to prove that

1 1
I (1——... 1 = e, )>1‘ 1oLyt Tt - - ). D.
nl—>nc}og n7 ) nax +1, y Ld _t}nl%[\llg<7 y Ly y Tm+1, wrd) ( 8)
Fix € > 0. Then, there exists s,, < 1 such that
€
L. 0, L, S, Tog1y - - - s li 1., Lt Tty e v v s - —.
g(7 y Ly Smy Tm+1 xd)>t7g’?lg( Tm+1 'Td) m
Similarly, there exists s,, 1 < 1 such that
€
g1, 1 Sty Sy Tty -5 Za) > g(L, oo L L S, T, -, Tg) — —
m
2¢
> li L., Lt Tty - - - —.
t}fﬁQ() s Ly Ly Tm41 ajd) m
Repeating this argument, we can find sq, ..., s, < 1 for which
g(sl,...,sm,xmﬂ,...,xd)>tlirgg(l,...,1,tm,xm+1,...,xd)—e.
This implies that
. 1
lim g(l——,...,1——,xm+1,...,xd> > g(S1, -+ Sms Tinds - -+, Td)
n— 00 n n
li L., Lt Tty - e v s — €
>tn111%11g< ) ) » Tm41 I'd) €

Since € > 0 can be arbitrarily small, this proves (D.8), and therefore g is well-defined at x.
By induction, we can see that g is well-defined at every point in [0, 1]%.
Step 3-4: Entire monotonicity of g.

Next, we show that ¢ is entirely monotone. To prove this, we use the following lemma,
which derives the nonpositivity of the divided difference of DA f of order p = (p1,...,pa)
from the nonpositivity of the divided difference of f of order (p; +1,...,pqa + 1) for p €
{0,1}4\ {0}. The proof of Lemma 28 is deferred to Appendix D.12.



APPENDIX D. PROOFS FOR TOTALLY CONCAVE REGRESSION 186

Lemma 28. Fiz p = (p1,...,pa) € {0,1}4\ {0}. Suppose f is a real-valued function on
0, 1]¢ whose divided difference of order (py +1,...,pq + 1) is nonpositive. Then, for every

OSUP < <vz()i)Jrl <1, j€|d], we have

1 1
SUNON

d . d
T

provided that DAf(vgll), o ,vz(j)) ezists for every i; =1,...,p; +1, j € [d].

Fix p = (p1,...,pa) € {0,1}¢\ {0}. We prove that the divided difference of g of
order p with respect to the points (vz-(j_),l < i; < pj+1,1 < j < d) is nonnegative for
every 0 < vy) < e < vz()ill <1, j € [d]. We first consider the case where v]gjll <1
for all j € [d]. Since DAf exists almost everywhere, there exists a sequence of positive
real vectors {(57(11),...,57(?)) : n € N} such that lim, .. 6¢) = 0 for each j € [d], and
DAf(vgll) +5§L1), o ,vgj) +5§Ld)) exists for every i; = 1,...,p;+1, j € [d] and for every n € N.
From the monotonicity (D.6) of DA f and the definition (D.7) of g, it follows that

g(vg), . ,Ul(j)) = — lim DAf(vgll) +0Wm ,vgj) + 57(1‘1))

n—oo

for every i; =1,...,p; +1, j € [d]. This implies that

1 1 1 1 1 1
o0 N R
(d) : (d) I _nlggo (d) (d) E (d) (d) e
(O I U Uy 00y, Uy T 00

Since max;(p; +1) = 2, the divided difference of f of order (p; +1,...,ps+1) is nonpositive.
By Lemma 28, we thus have

Y N A
: - DAf| <0
oD gD o0y
for every n € N. This proves that the divided difference of g of order p with respect to the
points (vg), 1 <i; <p;+1,1<j<d)is nonnegative.
Now, we consider the case where vg )+1 = 1 for some j € [d]. For notational convenience,

we assume that Uz(il—l =1for j <m and vz(,i)ﬂ < 1 for j > m. Then, by the definition (D.7)
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of g and the result established in the previous paragraph, we have

i Ugl),...,vg),h ]
(1) 1) :
V7, ., m m
1 ' p1+l . ) v§ )7...,U;z(;m),tm g
: b9 = 1”?"'}1?”1 (m+1) (m-+1) =
(@) (@) R R
/Ul 7""Upd+1 .
d d
L /UE )7""v1(7d)+1 J

which means that the divided difference of g of order p with respect to the points (vff ), 1<
i; <p;+ 1,1 <j < d) is nonnegative in this case as well. Thus, we can conclude that g is
entirely monotone.
Step 3-5: Coordinate-wise right and left continuity of g.

It is clear from the definition that g is left-continuous at each point (z;,j € S) € [0, 1]\
[0, 1)1 with respect to all the j* coordinates where x; = 1. Hence, to show that g satisfies
the conditions of Lemma 25, it remains to verify the right-continuity of g. The right-
continuity of g on [0,1)¢ is also clear from the definition of g. We prove that g is also right-
continuous at every point x = (x1,...,z4) € [0,1]¢\ [0,1)? by induction on |{j : z; = 1}|.

We assume that g is right-continuous at every x € [0, 1]\ [0, 1)¢ with [{j : z; = 1}| < m—
1 and show that it is also right-continuous at every x € [0, 1]%\ [0, 1)¢ with |[{j : z; = 1}| = m.
Without loss of generality, let x = (1,...,1, 1, ..., Zq), Where 2,41, ..., 24 < 1. Suppose,
for contradiction, ¢ is not right-continuous at x. Then, without loss of generality, we can
assume that

gL, ... Lz, yxg) < lim g(1, .. L g1, T2y - - -5 )
tm4+14Tm+1

Let e =1limy, 1oy 9(L, oo L tgts @2y -, 2a) —g(1, ..., 1, @mga, ..., 2q) > 0 and choose
any Spya1 > Typpl. Since

9(17 cee ]-7 17Sm+17'xm+27 B axd) = }1%119(17 cee 1atmasm+1axm+2a s ,.Td),

there exists s,, < 1 such that

€
g1, 1 Sy Smats T2y -+ xa) > g(L oo L1 Spat, Tipag, -2, Tg) — 7
For every t,,41 € (Tmi1, Smi1), the entire monotonicity of g implies that
g<]-7 ceey 17 Smatm+17xm+27 s ,l’d) Z 9(17 I ]-7 17tm+17xm+27 s ,.I'd)
+(g(1, o Ly Sy Sma 15 Tma2y -5 Ta) — g(L, .o 1 L S, Tonaoy - - ,xd))
€
>g(1,.. ., L, L b1, Ty - -, Tg) — =

2
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By the right-continuity of g at (1,...,1, Spm, Tmy1,--.,2q) With respect to the (m + 1)®
coordinate, we have

9(17"'7173maxm+17“-7$d) = lim g(]-a"'71a8matm+1axm+27-~-7$d)
U 1d@m41
. € €
> lim g(1,..., L, Lt T,y xa) — = =91, ..., L, 1, Tty Tty -, Ta) + =
tm+1dTm1 2 2
€
2g(la-"alasmamerla'"Mrd)+§7

which leads to a contradiction. Hence, g is right-continuous at x. By induction, we can
conclude that g is right-continuous on the entire domain [0, 1]%.
Step 3-6: ¢ = —DAf almost everywhere.

Lastly, we show that ¢ = —DA f almost everywhere. Consider the set

A={(z1,...,24) €[0,1)*: DAf (1, ..., 2q) exists, g(z1,...,2q) # —DAf(z1,...,24)}.

It suffices to show that m(A) = 0, where m denotes the Lebesgue measure. First, observe
that if z; < 27, j € [d], and DAf(xy,...,2q), DAf(2Y, ..., 7)) exist, then by (D.6) and
(D.7),

—DAf(x1,...,xq) < g(wy, ..., xq) < —DAf(2), ... 2h) < g(a], ..., 2).
This implies that, for each ¢ = (c1,...,cq) € RY, there exists an injective map from the set
Ac={ueR:u-(1,...,1)+c€ A}
to Q, the set of rational numbers, from which it follows that A, is at most countable. Let

1=(1,...,1) and let €; = (0,...,0,1,0,...,0), j € [d] be the standard basis vectors of R?.
Also, let P be a d x d orthogonal matrix satisfying

P(%-l) =e;

and let ¢p be the corresponding linear map defined by ¢p(x) = Px for x € R% Then, we
can derive that

m(A) = m //yl,...,yd€¢p( ) dys -~ dyq
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d

where the second-to-last inequality is from the fact that

d
Y1 —1
1y€R:—-1+E Y; e~€A)
(1 \/E j:2]P(])

is at most countable for fixed ys,...,yq € R.

To sum up, we showed that ¢ satisfies the conditions of Lemma 25 and ¢ = —DAf
almost everywhere. By (D.5), it follows that ¢ is the desired function for the claim (D.3)
when S = [d]. Using similar arguments, we can find a function gg for the claim (D.3) for
each nonempty subset S. Consequently, Lemma 25 proves that f € F.

Step 4: f € F& and (4.16) holds for all S with |S|>s — f e F&'.

We wrap up the proof by showing that if we further assume that f satisfies (4.16) for
every subset S with |S| > s, then f € F%°. In this case, it follows directly that Agf = 0 for
every subset S with |S| > s. Thus, we can express f as

flan,..oxa) = f + Y Asf(HO%])—

®7£SC[d] jes

0)+ Y Ag(]‘[[o,xj])

0<|S|<s jes

for (z1,...,2q4) € [0,1]%. By using gs satisfying the claim (D.3) and Lemma 25 again, we
can therefore conclude that f e F{°. ]

D.2 Proof of Lemma 3

Proof of Lemma 3. For each j € [d], we write

{0, ,...,3,1} {v n
(i)

U) = 1. As there can be duplications among x;

where 0 = v;

than n + 1.
We construct fo, € Fi® (recall (4.1)) that agrees with f at the design points x(1), ... x(

explicitly as follows. First, for each S C [d] with 0 < [S| < s, 1 = (l;,j € 5) €

HjeS{Ou 1,...,n; — 1}, and j € [d], we let

£ I £
pj(&l):{o if j¢Sorl;=0 and qj(S,l):{O ifj ¢S

(4)

< vy = , n; may be smaller

[; =1 otherwise [; +1 otherwise.

Observe that 0 < ¢;(S,1) — p;(S,1) < 2 and that ¢;(S,1) — p;(S,1) =2 if j € S and I; # 0.
It thus follows that max;(q;(S,1) — p;(S,1)) = 2, unless 1 = 0. Next, we let ¢g = f(0,...,0)
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and, for each S, let

(1) (1)
Upl(S,O)’ Ce ’Uql(S,O)
(d) (d)

pd(S,O)’ U 7qu(S,0)

Also, for each S, we let vg be the discrete measure supported on

(TG0} ) 1 10)

(%

jes
for which
(1) (1)
G G G s s
s aes)) =-(Ieh-) | ¢ oy oo
jes v(d> (d)
1;#0 pa(S1) " qa(S,1)
for 1= (l;,5 € S) € [[,e410,1,...,n; — 1} \ {0}. Since f € Ff,, we have
(1) (1)
Upi(s1)7 -2 Vau(5)
: ; f| =0
@ @
pa(S,1)7 Qd(s 1)

for every 1 # 0, and this ensures that vg is a (nonnegative) measure for each S. Now,
we prove that f., € .7:3;3, constructed from these ¢y, cg, and vg, agrees with f at the
d681gn oints x), ... (”) In fact, we can prove a strong statement. We can show that
fc,,( Vi Z(j)) f( (e ,...,vl(;i)) for all i; € {0,...,n;}, j € [d]. For this, we use the
following lemma, which will be proved right after this proof. Here, for each S and w; € [0, 1]
for j §é S, we denote by fs(-; (w;,j ¢ S)) the restriction of f to the subset x; = w;, j ¢ S of

[0,1]¢. Also, recall the definition of A from (D.2).
Lemma 29. Suppose we are given S C [d] and w; € [0,1] for each j ¢ S. Then, we have

Afs(5 (ws,j ¢ 9)) (H [o,vg)]) (D.11)

jES
) ). ies
T 6O, T8y [ €S
1€]];c5{0,..m—1} jES jes wy, ]¢S

i;#0

for every i; € {0,1,...,n;}, j € [d].
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It follows from Lemma 29 that, for each S,

SII0 - % (L =), ) wsl{(9)

jes 1€ e 5{0,..n;—13\{0} \jeS

C s (=) (T e

1€]];e510,..,n—1} “j€S l];ﬁ%
() () ;
Vs Vgssnyy J € S .
0, j¢s
=Afs(-;<o,j¢5>)(H[o v”}) Asf(H[o v ﬂ)
jes jes
for every i; € {0,1,...,n,}, j € [d]. Together with the interaction restriction condition

(4.16) for S C [d] with |S| > s, this implies that

Jou (0 s 0f) = £, 00+ 37 es [T

0<|S|<s  je€S

SO INED SN 01 (CETAN RENCAERH

0<|S|<s 1€ ;5105 n; —1}\{0} *j€S

— 0,00+ 3 Asf(H[Owg)])

0<|S|<s JES
- # X sar(TL0a0) = 0l)nl?)
0£SC[d] j€S
for every i; € {0,1,...,n;}, j € [d]. O

Proof of Lemma 29. We prove the lemma by induction on |S|. We first consider the case
|S| = 1. In this case, the claim of the lemma can be readily checked as follows. Without loss
of generality, here, we assume that S = {1}:

-1 1 - 1 (1) 1)
U(() )’Ug ) i—1 l(lzl’vll 7/Ul(1+1
1 Wa . 1 Wa .
(D.11) = UZ(I) :  f )+ Z “ Uzl Ul(:H)rl - Ul(l)l) : ’f
* ll 1
L wd - wd
(1) 7 @ @ [CORN D!
Ué )’ Uy i1—1 Y V41 Y15V
1 Wa ) 1 1 W2 . w2 :
:'Ugl) . ) f +Z(vl(1)_vl(1))[ : ! f - . ’ f
° l1—l
| wy | Wq Wq
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1)

. V-1V
71 Wo
_ § : 1) 1) .
I1=1 :
Wq

= f(v§3),w2, . ,wd) — f(0,wa, ..., wg) = Af{l}(-; (wa, ... ,wd))([O,vi(ll)D.

Next, we suppose that the claim holds for all S C [d] with |S| = m — 1 and prove the
claim for subsets S with |S| = m. For notational convenience, here, we only consider the
case S = [m], but the same argument applies to every subset S with |S| = m. Through the

same computation as in the case S = {1}, we can show that

ny1—1 Nm-1—1m—1
_ @) () (4) (4)
(D.11) = Z Z H (Uij — Y )+' H (vlj+1 _Ulj—l)
11=0 lm—1=0 j=1 j€[m—1]
1;7#0
i (1) 1)
Upi(spyr -+ Ygi (s
(m—1) L)
omy | Vom0 V(s
Uim Uém)7v§m) ) f
Wm+1
Wq
(1) (1) 1
Upi(s 0 Yar (s
. (m—1) . (m—1)
im—1 v R V)
(m) (m) (m) (m) p7n—1(571)’ ) (I'rnfl(s,l)
+ZZ (Vi = vl ) (o = i) |
" Wint1
wq
ni—1 Nm—-1—1m—1 4
SOOI 3 | (TN | (YN
11=0 Ilm—1=0 j=1 je[mfl]
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() (1) i roo @ o+ T
Upi(sy - Vg (s Upi(s1)r 0 Y (s)
(m—1) (m—1) (m—1) (m—1)
Pm—1(S,1)7 """ 7 Ygm_1(S,]) pm—1(S1)7 2 Vg1 (S))
vz-(;n) T 0  f
W41 Win+1
Wy L Wq _
= Af[m—l] ( ) (Uz » W41, ) UJd))

Af[ﬂﬂ(';(wm-i-lv"'vwd)) ( [O’Ug)])’

j=

—_

where the second-to-last equality is due to the induction hypothesis. This proves the claim
of the lemma for S = [m] and concludes the proof. O

D.3 Proof of Proposition 7

Proposition 7 can be proved using Lemma 10 in Appendix C, which is a simple consequence
of the fundamental theorem of calculus.

Proof of Proposition 7. Suppose fP) exists and is continuous on [0, 1]¢ for every p € {0, 1,2}<.
Assume further that f® = 0 for all p € {0, 1} with >_;p;j > s. For each nonempty S C [d],
let ps denote the d-dimensional vector for which (pg); = 1if j € S, and (pg); = 0 otherwise.
Also, for each S, let fg be the restriction of fPs) to [Tjesl0,1] x T[40} Note that fg =0

for every S with |S| > s. Since f is smooth in the sense of Lemma 10, we can write it as

flzy,... xq)=f + ) / s(t;,j € S)d(t;,j€8)
p£5c(d) Y jes OIJ]
= f(0,...,0) + / fs(tj,j€8)d(t;,j€5)
0<|8]<s 7 [es(0)]
for (z1,...,24) € [0,1]¢. Also, since fs are continuous, if —fg are entirely monotone, then

we can apply Lemma 25 to conclude that f € F{°.
We now show that — fg is entirely monotone for every S with 0 < |[S| < s. Without loss
of generality, we verify this only for S = [m]. Since fs is smooth in the sense of Lemma 10,
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it can be expressed as

foton ) =500 S [ PE)a

pef0,1}m\{0} 7/ Ijesp [0:25]
for (zq,...,zy) € [0,1)™. For each 1 = (Iy,...,l,) € {0,1}™\ {0}, the divided difference of
fs of order 1 is thus given by
(1) 1)

Uy U

. = Y / P )y e,
U(m) U(m) p:51CSp HjESI(’Ug])?z]g)]XHjESp\Sl[O’Ugj)]
1 oY

1) = 2. Hence, by the assumption that P < 0 for every p € {0,1,2}¢ with max;p; = 2,
fép) < 0 for every p € {0,1}™\ {0}. This ensures that the divided difference of fg of order
1 is nonpositive for every 1 € {0,1}™\ {0}, which means that — fg is entirely monotone. [J

D.4 Proof of Lemma 4

Proof of Lemma 4. In this proof, we reuse f., that we constructed in our proof of Lemma 3.
Recall our choices of ¢y, ¢g, and vg (with s = d) from (D.9) and (D.10). Note that, since

d 1 n: —1
W x = {0—... i }
{X b 7X } H 7nj7 ) n] b)

J=1

here, we have

{véj),...,vg)} = {0,%,...,%_1,1}

j U3

for each j € [d]. Since f., and f have the same values at all design points xM . x| the
definition of Viegign(+) implies that

%esign(f) S Vmars(fc,u) = Z VS([07 1)‘5‘ \ {0})
0£SC|d]

Hence, it suffices to show that

vs([0,1)51\ {0}) = [0,10/771]-, j;g ; f] B {(nj - B)’/nm, j;g 4 (D.12)

for each nonempty subset S C [d|]. Here, we prove this equation only for S = [m] for
notational convenience, but the other cases can also be proved exactly the same. When
S = [m], our choice (D.10) of vg leads to

(0 (0)) - [* 1SS ]
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ni—1

11=0

_Z..

Nm—1

S (11
Jj€lm]

1,70

Ilm=0

|

Ilm=1

2
TLj 0

[ p1(S,1)/na, ..., qi(S,1)/ng

(S, 1) /My 5 @ (S, 1)/,

0

2 pm—1(871)/nm_1,...
_) 0,1/n,
! 0

0

[ pl(S,l)/nl,...,ql(S,l)/7-11 ]

) Qm—1<Sa l)/nm—l

; f

 f

i pi(S, D) /na, .. (S, 1) /m
el g Pi—1(S, D) /M1, ooy @1 (S, 1) /1
+ > = (= 1)/Mun b/, (I + 1)/
nm Y bl m m
Im=1 0
L 0
[ p1<S,l>/n1,...,Q1(S,1)/TL1 i
2 pm—l(s71)/nm—1>---7Qm—1<871>/nm—1
_) 071/nm ) f
nj 0
L 0 |
[ pl(sa l)/n1>~ ]

(S, 1) /ng

pmfl(S, l)/nmfl, R
0

7me1(57 1)/nm71

 f

 f
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[ pi(S,D)/na, .. (S, 1) /ma i
pmfl(Sa l)/nmfla ER Qm71<sa l)/nmfl
0
L 0 |
[ pi(S,D)/n1, ..., qu(S,1)/m i
n1—1 Nm—1—1 9 pm—l(Sa l)/nm_l,. .. ,qm_l(S, l)/nm_1
SR ( - (e — 1) /My 1 S
11=0 lm—1=0 >j€[m—1] 7 0
1; 70 )
L 0 |
Repeating this argument with the (m — 1)", ... 1% coordinates in turn, we can obtain
0,1/n;, j€S
|S| . ; 7 .
—(nl—l)/nl,l T
_ (M = 1) /1, T fl__ (nj —1)/n;,1, j€85 7
0 0, j¢sS ’
L 0 |

which proves (D.12) for the case S = [m)].

D.5 Proof of Theorem 9

The following theorem, established in [28], plays a central role in our proof of Theorem 9.
Before presenting the theorem, we briefly outline the problem setting considered in [28].
Consider the model

yzzﬁf—i—ﬁl forz'zl,...,n,

,Yn) is the observation vector, 8* = (67, ...

(D.13)

where y = (yi, . .. ,0%) is the unknown vector to

be estimated, and € = (&,...,&,) is a vector of Gaussian errors with &; £ N(0,0%). Also,
let K C R™ be a closed convex set. The least squares estimator of 8* over K based on the
observations yi, ..., y, is then defined as

A

0 = argmin ||y — 6|2, (D.14)
0cK
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where || - ||2 denotes the Euclidean norm.

[28] studied the risk of this estimator 6, measured by the expected squared error E[||0 x —
0*|3], where the expectation is taken over the Gaussian errors &;. A key tool in their analysis
is the function h defined as

t2

W) =E[  sup (g0-09] -2 (D.15)
0cK:|0—0"|2<t 2

for t > 0. If no @ € K satisfies ||@ — 0%||2 < t, h(t) is set to —oo. [28, Theorem 1] proved
that this function h has a unique maximizer, denoted by t*. Furthermore, [28, Corollary
1.2], restated as Theorem 28 below, provides an upper bound on the expected squared error
E[||6x — 6*|)2] in terms of ¢*.

Theorem 28 (Corollary 1.2 of [28]). The expected squared error can be bounded as
E[l6x — 6°]2] < C(o* + %)
for some universal constant C'.

However, determining the maximizer t* of the function h is often quite challenging. For-
tunately, we can utilize the following result in [28] to obtain an upper bound for ¢*, which
can then be used instead to bound the expected squared error.

Proposition 16 (Proposition 1.3 of [28]). If h(t1) > h(ta) for some 0 < t; < to, then t* < ts.

Remark 15 (Well-specified case). If 0* € K, it holds that h(0) = 0. Thus, in this case, for
every ty > 0 with h(ty) <0, we have t* < t,.

We now establish a connection between f,,‘f’s and Oy with an appropriate closed convex
set K. Consider the index set

d
Iy=]J{o,1,....,n; — 1}.
j=1

We first re-index x™, ... x™ using Iy, so that x¥ = (i1 /n1, ..., iq/ng) for i = (i1,...,i4) €
Iy. Similarly, the observations v, ..., y, are re-indexed as (y;,1 € Iy). Next, define
T={(fxW)iel): feF}. (D.16)

Note that T is a closed convex subset of R/l Also, let 01 € RI%! denote the least squares
estimator of 8" over T":
01 = argmin ||y — 0|2,
6T
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where y = (y;,1 € Iy). Then, by the definition (D.16) of T, it is clear that the values of fibs
at the design points are equal to the components of 87. That is,
A 7 7 ~
fg’s <—1, RPN —d) = (6T)i
nq Ng

d,s

n

for all i = (i,...,44) € ly. Consequently, the risk Rg( f*) of f&s can be expressed in

terms of the expected squared error of @:

Rp(f&*, f*) = = -E[||6r — 07|13,

S|

where * = (f*(x"),i € Iy). This relationship provides a way to analyze the risk Rg(f%*, f*)
of fff’s by studying the expected squared error ]E[||9T — 6%))3] of 0.

We also employ the following concepts and notations in our proof of Theorem 9. For
0 c Rl and a vector of nonnegative integers p = (pi,...,pq), the discrete difference of 8
of order p at (i1, ...,1q), where (i1,...,iq) € Iy and i; > p; for j € [d], is defined as

d ] (21 _pl)/nlv"wil/nl
(p) Hj:lp]" .
(D®0);,.... idZW' : c f (D.17)
J=1" (tg — pa)/nd, - - - ta/na

where f : [0, 1]¢ — R is any function satisfying f(I1/n1,...,lq/ng) = O foralll = (Iy,... 1) €
Iy. Since (D.17) only depends on the values of f at (I/n1,...,la/ng) for 1= (Iy,...,1ls) € Ly,
the discrete difference (D®)0),,  ; is well-defined; it is independent of the choice of f.

~~~~~

Example 5 (d = 2). Let @ = (6;,i € Iy) € Rl For p = (1,0):
1 T . o 1
(D“’O)e) _ [(21 1)/n1a@1/n1 : f} _ f(l_l Z_2> N f(ll 2_2> _ eil,ig _ 91‘1—1,1‘2

11,0 - . 9 )
P ny 22/712 ny no nq No

provided that iy > 1. For p = (1,1):

(D(1,1)9)i17i2 _ 1 |:(i1_1>/n17i1/n1 ; f}

ning |(ia — 1)/n2,iz2/ny

11 19 11— 1 19 11 19— 1 11—1 19—1
1) 1) G ) )
ny N2 ny N9 ni ng ny ng

=0

iz — Uity — Oiyin—1 + 05y 15,1
provided that iy,is > 1. For p = (2,0):
(D(2’0)0) _ 3 {(21 - 2)/”17 (il - 1)/n1,i1/n1 ; f }

i1yip = .
b2 ia/ N2

= f(l—l Z—2> — 2f<21 7Z_2) + f(h Z_2) = 9i17i2 - 291‘1*171'2 + 9i1*27i2

n17n2 ni ng ny 7712

provided that i1 > 2.
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If 8 € T, then we can select f satisfying the required condition from .ﬂ‘i’s. Let fo
denote such a function. Since the divided difference of f, of order p is nonpositive for every
p € {0,1,2} with max; p; = 2, it then follows that (D®§); < 0 for all p € {0, 1,2} with
max;p; = 2 and i = (iy,...,1q) € [y with ¢; > p; for j € [d]. Furthermore, using the
interaction restriction condition (4.16) that f; satisfies for every subset S C [d] with |S| > s,
we can show that (D®)9); = 0 for every p € {0, 1}¢ with ijlpj > sandi= (i1,...,iq) € Ip
with i; > p; for j € [d].

Additionally, for a vector of positive integers m = (my, ..., my), define

I(m) =[J{0.1,...,m; — 1}. (D.18)

Note that Iy = I(ny,...,nq). For & € RI™I and a vector of nonnegative integers p =
(p1,...,Dpa), the discrete difference of @ of order p at (iy,...,iq), where (iy,...,iq) € I(m)
and i; > p; for j € [d], is defined analogously to (D.17).

Proof of Theorem 9. Let h be the function defined in (D.15) with K = 7. We aim to find
to > 0 such that h(ty) < 0. After that, we will apply Theorem 28 and Proposition 16 (with
K =T) to derive an upper bound for the expected squared error E[||@7 — 6*||2)].

To focus on the first term of h(-), we define

t2
H(t) = h(t) + = = E[ sup (€,0 — 67)
2 0CT:||0—0%||2<t

for t > 0. For technical reasons, we decompose the index set Iy into 2¢ subsets with approx-
imately equal size. For each j € [d], define

nj

i$W={ijezo<iy<Z -1} and P ={ijez: M= <i;<n; -1},

Also, for each & € {0,1}¢, let

It is clear that Iy = {5, (0.1} Js, where 4 denotes the disjoint union. It thus follows that

HO-E s S a6

0T 00" <t 5 "1 aie Ty

< S B s San-0)|- X 0,

se{oye LOETHIO=07 <t jc 50 5e{0,1}4
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where
Hs(t) = E[ sup Zfi(Qi - 9:‘)} for each § € {0, 1}%.
0cT:(0-6"|2<t {7
Here, we focus on bounding Hy(:), as the bounds for the other Hg(-) terms can be

obtained analogously. We further split the index set Jgy into dyadic pieces. For each j € [d],
let R; denote the largest integer r; for which the set

Lg)_{%ez _1<ij§ r-_ }_{&TJ’T' b(])

77"]'

orj +1

is nonempty. Observe that L = {0} and 2% < n; < 2%*! for all j € [d]. Define
R = HFI{I, ..., R;}. Then, JO can be decomposed as follows:

d
= L—ij L., where L,:= HL%).
reR j=1

For 8 = (6;,i € Iy) € Rl and r = (ry,...,7q) € H;l:l{(), 1,...,R;}, let 8% denote the
subvector of @ consisting of the components whose indices belong to L.
Now, define

W = {(wr,reR):wr € {1,...,|R|} for each r € R and Zwr §2|R\}.

reR
Also, for each w = (w,,r € R) € W, define
Ay (t) = {9 €T :|0—6,<tand |8 — 6|2 < W for each r € R}
We then claim that
(oer:0-0 <t} C |J Aud) (D.19)

weWw

This can be easily verified as follows. Fix @ € T and assume that ||@ — 8*||; < ¢t. For each
r € R, note that
16— 6|l < || — 6> <.

Thus, there exists w, € {1,...,|R|} such that

(wy — 1)t
IR|

wyt?

< 6% — =) .
— H “2 — |R|

Furthermore, since

£ l0-0lp =S (6% — 6 ) > ,R,Z = 1)

reR reR reR
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it follows that ) wy < 2|R|. Consequently, 8 € Ay(t), completing the verification.
By (D.19), we have

Ho(t)gElmax sup Zgi(ei—ej)}.

weWw OEA W (t) ieTo

Using the following lemma, which is based on the concentration inequality for Gaussian
random variables, we can switch the order of the expectation and maximum (at the cost of
additional terms):

Ho(t) < max]E{ sup Zfl i } + oty/2log || —|—Jt\/§.

weW OGAW 16]

Lemma 30 (Lemma D.1 of [68]). Let ©4,...,0,, be subsets of R™ containing the origin.
Then, we have

E| max sup(E,B)} < max E[sup(&' 0>} ( 210gm+\/§> < max sup 16|2 >

i=1,....m oco, 1 =L, m oco, 4 " =y 2/ Ni=l., mge
where € = (&1, ...,&,) is a vector of Gaussian errors with &; A N(0,0?).
Since - -
2 2
k-1 2IR| — 1
Wl < < < 92RI-1
wis 3 (D) < 2 () <2
k=|R| k=|R|

it thus follows that

Ho(t) < maxE{ sup Zél i ] + 20t/ |R| + crt\/g. (D.20)

wEW | 9eAw(t) 7o

Fix w = (wy,r € R) € W. Since Jo = |#,cr Lr, we have

]E{ sup Zéi(ei—ei*)] :]E[ sup Z<€(r) o) _ =) >1

OcAw(t) icJo 0cAw(t) —
S ZE|: sup <€(I‘)7 0(1‘) o 9*(1‘)>:| S ZE[ sup <£(r)7 9(1‘) o 0*(r)>:| '
rer LOEAW() 0CT:||0—6" |2 <t

160 ®||a<t(wy /[R])1/2

For each r € R, we now bound

]E|: sup <£(r)’ e(r) _ 0*(r)>:|
0cT:||0—0%|2<t
100" |2<t(u/[R])!/
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using the following theorem (Theorem 29) established in the proof of Theorem 5.1 of [78]
(an earlier version of [79]).

For a vector of positive integers m = (my,...,my) and @ = (6;,i € I(m)), define
- )
_1(p.;=2
V(0) = Z [ m?] (pi=2) Z \(D@)e)i@ 7
pc{0,1,2}¢ ~j=1 icI(®)(m)
max; p; =2

where 1(-) denotes the indicator function. Here, for each p € {0,1,2}¢ with max; p; = 2,
the index set 1®)(m) is given by I®)(m) = Il(p) X e X Ic(lp), where

7@ _ {{pj} if p; # 2,

\P) for 5 € [d].
j 2,3,...om;— 1} itp=2 7 4

This V'(+) can be viewed as a discrete analogue of Vipas(+) in (4.19). Also, it is straightforward
to verify that if (D®@); < 0 for all i € I®)(m) and p € {0, 1,2} with max; p; = 2 (which
holds when 8 € T and m = (ny,...,ng)), then V(0) can be expressed as

Ve = ) {Hmj'((D(qm)(l,jesq)x(o,jezsq)—(D(q)Q)(mjLjesq)x(o,ﬁsq))}» (D.21)
ae{0,13\{0} “j€Sq

where Sq := {j € [d] : ¢; = 1}. Here, for each q, (1,j € Sq) x (0,7 ¢ Sq) represents the d-
dimensional vector whose j™ component is 1 if j € Sy, 0 otherwise; (m; — 1,7 € Sq) X (0,5 ¢
Sq) is similarly defined. Moreover, for each V' > 0, define

Cl(v) = {e e R V(9) <V and (DP6); = 0

d
for every p € {0, 1}¢ with ij > s and i € I(m) with ¢; > p; for j € [d]}
j=1

Theorem 29. There exists some constant Cy depending only on d such that, for everyt > 0,

\%4
E sup (€,0 — 9*>} < Cyotlog(my -+ -my) + Cyotlog (1 + —)
0cC (V):0-6" o<t t
4 e 1/2 73(2s—1)/8
+ Cdat[log (2 + (ms ; ™Ma) )]
\V4 e 1/2 13(2s—1)/8
+ Cao VA Ay - - mg) V8 [log (2 n (ma t ma) )}

when s > 2, and

E sup (€,0 - 0*>]
0! (V)10—-0" [2<t
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v
< Cyotlog(my -+ -mg) + Cyotlog (1 + ?> + Cd0V1/4t3/4(m1 . -md)l/8

when s = 1.

We will apply this theorem to the subvectors 0®). For each r € R, define
mY) = |LY| = bY) —a@ 41 for j € [d],
J J J J

and let m, = (mg), . mg)). We re-index each 8 with I (m,) by shifting indices, ensuring
that the definition of V() is applicable to 8®. We will show that, for each r € R, there
exists some V; > 0 such that 8% ¢ Cds (Vy) for every 0 € T satisfying ||0 — 6%, < t.

Fix @ € T and assume that [|@ — 0%y < t. Since 8 € T, it follows that (D®); = 0 for
every p € {0,1}? with Z?lej > sand i = (i1,...,1q) € Iy with 4; > p; for j € [d]. Thus,
for every p € {0,1}? with Z;.lzlpj > sand i= (i1,...,1q) € I(m,) with i; > p; for j € [d],

Py, — (pP) _
(D P)g )1 = (D p 0>i1+a$«11) ..... id+a(ﬂdi) = 0.

Next, we bound V(8™) for each r € R. To this end, we use the following lemma, which

will be proved in Appendix D.13. Choose any function g* € .7-"tdc’s that agrees with f* at the

design points x¥, and define
t,1, 7€S8
0, jgs I ])

(D.22)

, lim

t—1—

lim
t—0+

M = M(g*) :== max max(

0<|SI<s

Oatajes . *
0, jgs =7

Since g* € F&* it holds that M(g*) < oco. Also, note that 8* = (f*(x¥),i € Iy) =
(9"(xV),i € Io).

Lemma 31. Assume that @ € T and ||@ — 0%||s < t. Then, for every p = (p1,...,pd) €
{0,1}9\ {0} and i = (i1,...,iq) € Ly withi; > p; for j € [d], we have

(D®g), > [—M—t<2r+>1/2-22?1pm} (D.23)

>
Hj:l n? n

ifr=(ry,...,1q) € H;l:l{l,...,Rj} =R, and

C T+ \ 1/2
(D(p)g)i < d—dnw . [M +t< - ) .22?:1123'7‘3'] (D.24)

J=1""

ifr=(ry,...,1q) € H;lzl{O, 1,...,R;}, wherery = Z;.lzl r;.
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Recall that S, = {j € [d] : pj = 1} for each p € {0,1}%. By Lemma 31 and (D.21), for
eachr = (r1,...,74) € R, we have

V(6% = Z Hm [D<p ) 1 5% (045 — (D(pm(r))(mw_uesp) (O’jgsp)]
pe{0,1}9\{0} jESp

_ () . (p) (p) .
= Z H mq«? |:(D p 9) (J>+1JES )% (a (J) J2Sp) (_D p 9)(13533.),3'65;,) x (a (J) J¢Sp )i|
p<{0, 1}d\{0}jesp

2 H( ) ﬁ'[M+75<2;+>1/2-227—1Pm]

pe{0,1}4\{0} j=1 =17

AT+ \ 1/2 AT+ \ 1/2
© Y el ) <)
- Z dQZ? 1P;T5 n - d + n
pe{0,1}4\{0}

IN

Here, for the first inequality, we use
m@ =pd g y1< M 1y
Tj Tj Tj T AT

for j € [d]. Thus, we have 8" € C43(V;) for each r € R.
From now on, we handle the two cases s > 2 and s = 1 separately. Let us first consider
the case s > 2. By Theorem 29, for each r = (r,...,74) € R, we have

E sup <e<r>,0<r>—e*<”>} SE[ sup (€W, 0% — o7 >]
OET:||0—0%|2<t 0 eChs (Vi)
[0)—6* |2 <t(wr/|R|)*/2 100) —* () ||y <ty

V. Ve|Lp|Y/2 73(2s-1)/8
< Caotrlog | Ly| + Cyoty log (1 + t—) + Cyoty [1og (2 1 VelLe : | ﬂ

‘/P‘Lr|1/2)]3(231)/8

. (D.25)

+ Cuo VA4 L V8 [log (2 +

where t, = t(w;/|R|)/2. Recall that

{ s 3 &6 }sZE[ sup <£<‘”>,0<r>—0*<”>].

0w (1) (g o 0CT:(|0—6% |2<t
16T —0* )|y <t(we /|R|)}/2

Hence, we need to bound the summation of each term in (D.25) over R. The summation of
the first term over r € R can be bounded as

d 1/2
1/2 n tlogn
E trlog|L,| < E (|R|> log(H j) < R E wi’? < tlogn - ( E wr)
j= reR

reR reR

< zflogn(2|7€|)1/2 < Cyt(logn) @272,
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Here, the first inequality follows from the fact that

d d
_ ()| — ) T
VAR VR 1 s
J= J =

7j=1
Also, the second-to-last inequality is due to the condition ) o w, < 2[R/, and the last one
follows from

d d d d
1 C d
IR| = 1 R; < jl;[l(l + Clogn;) < L_i E (14 Clognj)} = (1 + 7 10gn> < Oy(logn)?.

j=1

d

We can bound the summation of the second term over r € R as follows:

(1)~ S v e )

reR
wy \ 1/2 (M+t)|72\1/2
< L . WM H )R
<X t(fgy) s G )
d/2
< Cat(log )" - log (1 coy t)gog . )

M
< Cyt(logn)¥? [Cd + log (1 + 7) + glog log n]
M
< Cyt(logn)¥? + Cyt(logn)¥?log (1 + 7) + Cyt(logn)¥?loglogn,

where the first inequality follows from the facts that 2™+ < n and w, > 1. Similarly, the
summation of the third term over r € R can be bounded as

Vil Ly |Y/2\ 13(25—1)/8
I ]
reR

r

wy \ /2 M+t(2r+/n)l/2 1/2
< . .
_rzg;t<|R|> [log <2—|—Cd I (we IR n )

(M + t)n1/2(10g n)d/Q)} 3(25—1)/8

] 3(25—1)/8

< Cat(logn)¥?| log <2 +Cq- ;

I M 1 d 3(25—-1)/8
< Cyt(logn)¥?|Cy + log (1 + 7) + 3 logn + 5 log log n}

r M\ 13(2s—1)/8
< Cyt(logn)¥? | log (1 + 7)} + Oyt (log n)4d+6s=3)/8

where the first inequality uses the fact that |L,| < n. Lastly, the summation of the fourth
term over r € R has the following bound:

Vi| Ly |M/2\ 13(25—1)/8
Z‘/rl/4t§/4|Lr|l/8[10g<2+ | Ly | )]

rer r
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TN 1/211/4 , sapa\1/2n3/4 /4 \ /8 M 3(25—1)/8
<Y a0 ] () ) L) s (1 ) +togn]
_ga T IR| H2Tf—1 os\tr ) Teen

j=1

nl/8

O\ 1/8 W 3/8 M 3(25—1)/8
1/4 1/4 = . 3/4 _r o -
3 (22 () o+ ) ]
1 Wy 3/8 M 3(2s—1)/8

Here, the second inequality is based on (x + 3)/* < 2'/4 + y'/* for x,y > 0. Observe that
Y Y

1 d Fq
o=l 5r<C

reR j=1lr;=1

<y [M1/4t3/4n1/8 Z
reR

Also, by Holder inequality, we have

3/8 5/8
Z<|7zr|)3/8£ |RL/8~<ZW> (21) < C|R]P® < Cyllogn)**.

reR reR reR

It thus follows that

Vil Ly |Y/2\ 13(25-1)/8
S VAL 10g (24 )]
reR r

< O, MY/ [log (1 4 %)]3(25_1)/8 4 CyMYABARY3 (log 1) 32— D/8

M 73(2s—1)/8 o
+ Cyat(log n)>¥/® [log (1 + 7)] + Cyt(log n)d+6s=3)/8

Combining these results, we can derive that

M

E[ sup Z &(0; — 01*)] < Cyot(logn)max(@+2)/2.(6d+65=3)/8) 4 0t (logn)Y? log (1 + —)
0€hw(t) iy 13

M 13(25—1)/8 M\ 13(25—1)/8

+ Cyot(logn)¥® [log (1 + 7)} + Cyo MY 4¢3/ 1/8 [log (1 + T)]

+ Co M43 (1og )35 1/8,
Using (D.20), we can show that Hg(t) has the same upper bound (with a slightly larger

Cy). Similarly, by analogous arguments, we can derive the same upper bound for Hs(t) for
§ € {0,1}4\ {0}. Therefore, we can see that if we define

M
ty = max (a, Co(log n)max(d+2)/2,6d+6s=3)/8) 'O 5 (logn)¥? - log (1 + —),
o
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M\ 13(25—1)/8 M\ 13(25—1)/10
Cyo(log n)5d/8 [log <1 + —)] , Cyo P MY/op /10 [log <1 + —)]
o

)
o

Cuo5 MY /10(log n)3(25—1)/10) ’
then H(ty) < t2/2, which implies h(ts) < 0. As a result, by Theorem 28 and Proposition 16,
rd,s  rx 1 a *
Re(f2e, 1) = L E[Jor - 67)3] <

20 f1/2 4/5 20 f1/2\ 4/5 M 13(2s=1)/5
S Cd(a > (logn)S(Zs—l)/S + Cd(a > [log <1 + _>:|
n n g

+Cq - %2(1(% n)>* [108; <1 + M>}3(2sl)/4 + Cy - %2(1og n)d[log (1 + %)]2

g

N

+ Cd i O__(log n)max(d+2,(5d+65—3)/4)‘
n

This can be simplified as

RF(f,‘f’s,f*) < Cd<02]\;[1/2>4/5[10g<<1+ ¥>n>}3(2s—1)/5

+Cy- %(log n)>4/4 [log ((1 + %)n)} 3(28_1)/4, (D.26)

as desired, since s > 2.
We now consider the case s = 1. In this case, again, by Theorem 29, we have

E sup <€(r)7 o) _ 0*(r)>} < IE{ sup <€(r)’ o _ 0*(r)>:|
0cT:||0—-0"||2<t B(r)eC,dr;i(Vr)
1) 6" () |2 <t(we/|R]) /2 16— () |y <ty

Vi .
< Cyotelog|Ly| + Cyot, log (1 + t_) + CdUVrl/A‘tf/‘l\Lr\l/g.
Through similar computations as above, we can show that
M
Ho(t) < Cyot(logn) 272 4 Cyat(logn)??log <1 + 7)
+ Cyot(logn)®¥® + Cyo MV 43/4018,

Also, by analogous arguments, the same upper bound holds for Hs(t) for § € {0,1}¢\ {0}.
Thus, in this case, the inequality h(t2) < 0 holds for

M

to = max <J, Cyo(logn) 4272 Cyo(logn)¥?-log (1 + —> , Cqo(log n)>Y/®, C’da4/5M1/5n1/10) .
o

Consequently, using Theorem 28 and Proposition 16, we can derive that

1 . C
Rp(fi, 1) = = B[10r - 0°3] < = (o +13) (D.27)
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2 M1/2
n

)4/5 +Cq- %(log n)? [log ((1 + %)n)r o %Q(IOg n)54/4,

We now show that M = M(g*) in the bounds (D.26) and (D.27) can be replaced with
Viesign (f*). Fix cs € R for each subset S C [d] with 0 < |S] < s, and let A : [0,1]¢ - R
denote the multi-affine function defined as

A(xy, ... 1q) = Z CSij for (z1,...,zq) € [0,1]%

0<|S|<s  jeS

S(Jd(

Next, define §j = ¢g* — A € F* and let §; = y; — A(xW) for i € Iy. It then follows that
gi= vy — AXY) = ff(xV) = AxD) + & = g (xV) - AxD) + &6 = g(xV) + & (D.28)

for i € Iy. We can thus view (xV, ;) for i € I as observations from the model (D.28), where
the true regression function is g. Moreover, define f&s = f&s — A Since F%* is invariant
under subtraction by A, i.e.,

Fe={f-A:feF’}

it is clear that f®° is a least squares estimator over FE* based on observations (xW, %) for
i€ Iy. That is,
fff’s € argminz (gi — f(x(i)))2.
FEFE el

Hence, the bounds (D.26) and (D.27) hold for Rp(f%*, §) with M = M(g). Since
RF(frCLl’Sa f*) - RF(]E;?’S? g*) - RF(f_rCLl’Sa §)7
this implies that the bounds (D.26) and (D.27) also hold for Rp(f®*, f*) with M = M(g).
Observe that, for each subset S C [d] with 0 < |S| < s,

0,¢, j€s  _| _|0,t, j€S . |
{0’ i¢s ,g}—[()’ i¢s } cs for every t > 0

and
t,1, jeS | |1, j€S
0, j¢s 9|70 j¢s

Hence, if we choose cg as

; g*] —cg foreveryt < 1.

Cs = lim
t—1—

t,1, jes
0, j¢s 7

for each subset S, then we have

L . 0,¢, j€8 . | t,1, €S
M(g)_o%’és(ﬂ%ﬁ[o, ¢S ’9} tliﬂ“{o, ¢S ’QD
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(recall the definition of M (-) from (D.22)).
Since g* € F{%*, there exist real numbers ¢, and cg (for 0 < |S| < s) and finite measures
vs (for 0 < |S| < s) on [0,1)11'\ {0} such that

g @, m)=c+ Y es|[ei— > / 7y —t)4 dvs(ly, g € 5)
0<|S|<s  jES 0<|S|<s ‘S'\{O} es

for (xq,...,14) € [0,1]%. Observe that, for each S, we have

/ ij_t dVS j7.]€5> / / 1d(8j,j€S)dV5<tj7j€S)
[Ljesl0.2)\{0} V1T esltses)

0.1)/5\{0} jeg
/ / 1dl/5(tj,j GS)d(Sj,jES)
765 [0,25) Hjes[07sj]\{0}

[ (e @) de e s)

jes
Thus, it can be readily verified that, for each S,
0,t, 7€8 } 1 / ( ‘
;9" | =cs— g vs| 1100,s;]\ {0} | d(s;,5 € 5)
|: 0, ] ¢ S t1s] [1;es(0.8) ]1;[9
for every t > 0, and
t,1, 7€8 1 1 / ( ,
;g | = g vs| ][0, s;1\ {0} ) d(s;,5 € )
{ 0, j¢58 (1 —¢)lS] I,cslt) ]1;[9 J J

for every t < 1. Since vg is nonnegative, this implies that

. 0,t, €S8
tl—%lt{(), jé¢s ,g]gcs
and <
. t,1, j¢€ S|
> —
t1_1>rln_[07 i¢s g }_Cs vs([0,1)!°1\ {0}).

As a result, we have

M(g) < max ws([0,1)"\{0}) < 3 ws((0, 1)1\ {0}) = Viars(g")-

0<|SI<s
0<|SI<s

Recall that the bounds (D.26) and (D.27) hold for Rg(f®*, f*) with M = M(g). Also,
recall that ¢* is any function in -7:3:’8 that agrees with f* at the design points x). Hence,
the bounds (D.26) and (D.27) still remain valid when M is replaced with Vesign (f*). O
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D.6 Proof of Theorem 11

The following theorem, from [7], is a key tool for our proof of Theorem 11. Recall the model
(D.13) and the definition (D.14) of the least squares estimator @y over a closed convex
subset K of R™. Theorem 30 provides an alternative bound for the expected squared error
E[||0x — 60%]|2] of Ox. The bound in Theorem 30 is expressed in terms of the statistical
dimension of the tangent cone of K, which are defined as follows.

For a closed convex subset K of R", the tangent cone of K at @ € K is defined as

T(0)={t(n—0):t>0and n € K},

where {-} denotes the closure. It is clear that Tx(0) is closed and convex. Also, it can be
readily checked that Tx (@) is a cone, meaning that if { € Tx(0) and t > 0, then ¢ € Tx(0).
For a closed convex cone T C R"™, the statistical dimension of T is defined by

o(T) = E1(Z)|5,

where Z = (Z, ..., Z,) is a Gaussian random vector with Z; BV N(0,1%), II7(Z) denotes the
projection of Z onto T, and || - |2 is the Euclidean norm. It is well-known that the statistical
dimension 4(-) is monotone: for closed convex cones 7 C 77, we have §(7) < 0(7") (see,

e.g., [2, Proposition 3.1]).
Theorem 30 (Corollary 2.2 of [7]). Under the model (D.13), @y (defined in (D.14)) satisfies

B[6x — 678) < jnf {/I6 — 673+ 0% - 5(Tic(6)) }.

We also use the following notation, which extends 7" defined in (D.16), in our proof of
Theorem 11. For positive integers my, ..., mgy, we define

?;1 id . . d,s
T(ma,. .. mg) = ( <——> o vid) € I(my, ... ) L feFht
(i) = { (P2 28 i) € Tl om)) s € 7
where I(my, ..., mg) is the index set defined as in (D.18). Note that T'= T'(ny,...,ng).

Furthermore, as in the proof of Theorem 9, we re-index (x™M, y1), ..., (x™,1,) as (xV, )
for i € Iy in our proof of Theorem 11. For each real-valued function f on [0, 1]¢, we also
denote by 6 the vector of evaluations of f at the design points:

0; = (f(xV),icI).

Proof of Theorem 11. Recall that 8* = (f*(xY),i € I)) = 0;-, and 67 is defined as the least
squares estimator over 7" R
01 = argmin ||y — 0|2,
ocT
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where y = (y;,1 € Iy). Also, recall that we have
¢ * 1 o *
Re(fi*, f7) = — - E[|6r — °3].

Since T'={60;: f € .7-"3;5}, applying Theorem 30 with K =T, we obtain

. 1 . 1 2
Re(f, %) = = E[|0r — 6°13] < jnf { - 0 - 0°[13 + %~ - 6(T(6))}

n

= it {llf - s 2+ 5(7}(«%))}

< i (I rRe S amen))

feFL NRAs

Hence, to prove Theorem 11, it suffices to show that

Cy-m(f) - (logn)®Gdtbs=3)/4 i ¢ > 2
5(Tr(0)) < 4 ) o)y
Cq-m(f) - (logn)maxtets if s=1
for every f € Fs 0 R®s.
Fix f € FE* MRS, and let

{ljl vlfl,vl : -e[mj]}

be an axis-aligned split of [0,1]¢ with |P| = m(f) such that 0 = U(()j) < - < U,(%; =1 for
j € [d], and f is a multi-affine function of interaction order s on each rectangle of P. For
each @ € R0l and 1= (;,...,1y) € H?Zl[mj], let @Y be the subvector of @ defined as

d
0(1) - (07‘1 77777 td> <n1 . ) < H ,Ul'_I/UZ )
j=1

Also, for each 1, by shifting indices, we re-index 80 with T (ngl), . ,ng)), where ng-l) is the

number of i;’s for which i;/n; € [vl(J) iy vl(j)).

Now, we claim that
d
Tr(0y) C {OER”‘) o GT(ngl),...,nfiD) for every 1= (ly,...,1lq EHm] } : Tp.
J=1

It is clear that Tp is closed, and if @ € Tp and t > 0, then t0 € Tp. For the claim, it is thus
enough to show that, for every @ € T', we have @ — 0y € Tp. Fix 8 € T, and choose any
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function g € F{2* with 8, = 6. Also, fix 1= (I;,...,14) € H?Zl[mj], and, for each j € [d], let
k](-l) be the smallest integer for which k](-l) /n; € v (J ) oy Uz( )) For these fixed € and 1, we show

that (0 — ;)Y = 0;11 ;€ T(ngl), . ,ng))7 from Wthh the claim follows directly.
Suppose f is of the form

flzy,... xq) = cél) + Z cg) ij (D.29)

0<|S|<s  jes

on H] 1[“1(]11>Uz )] for some constants c((] and cg , 0 < |S| < s. First, let fo: [0,1]7 — R be

the function that is of the form (D.29) over the entire domain [0, 1]%. Note that while f may
not be a multi-affine function on H;l:l[k‘](.l) /n;, (k](-l) + ng-l)) /n;], the function f; is multi-affine
on H;l:l[kj(»l) /n;, (k](-l) + ng-l)) /n;] by definition. Next, define h as

ED 4 nl . p ED 4 n® . p
h<w17"'>$d>:(g_f0)<l ! 17"'7 4 : d)

ni g

for (z1,...,x4) € [0,1]%. Observe that

(k{l)Jrngl) ! kY +n - xd) c ﬁ [v U(a))
n ) g l_17 l

provided that z; < (ny) - 1)/ ng-l) for j € [d]. Tt thus follows that

O _ a0 _ i1 ld \ . , W W
Og_f—eg_fo—<h<w,...,w>,(ll,...ﬂd)E[(?’Ll,...,nd ))
ny n,

We now verify that h € F¢

tcp
all subsets S C [d] with |S| > s. By the definition of T(n1 ,...,ng)) and (the proof of)
Lemma 3, this implies that (8 — 0)V = 03_]@ € T(ng), o ,n((jl)), which proves the claim.
To see this, first, note that the divided differences of fy of order p = (pi,...,pq) with
max; p; = 2 are all zero because fy is a multi-affine function. Combining this with the fact
that g € Fio® C Fio, it follows that h € FiL . Also, it is straightforward to see that the
interaction restriction condition (4.16) for h can be derived from those for g and fy, which
are from the fact that g, fy € fff.
Due to the monotonicity of the statistical dimension §(+), we have

0(Tr(07) < 8(Tp) =Elln(Z)ll3 = Y Ell 0 oY)

16H?:1 [m;]

and satisfies the interaction restriction condition (4.16) for

Note that E||II

-----

n<1>)(Z(l))||§/(n§1) . -ng)) is equal to the risk Rp(f%*, f*) of the es-
d

timator f%* when f* = 0, 0 = 1, and the design points are (il/ngl),...,id/ng)) for

T(ngl)
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(i1,...,1q) € 1 (ngl), . ,nfil)). Hence, we can reuse the results established in Theorem 9
to derive that
(5d+65—3)/4
§(Tr(0y)) < Z Cd(log (ngl) . "”EP)) < Cy-m(f) - (log n)Bd+6s=3/4
161_[?:1["%]

when s > 2,

max(d+2,5d/4)

6(Tr(0y)) < Z Cd<log (ngl) coon ) < Cy-m(f) - (log n)mex(@+25d/4)
lel_lle[mj]

when s = 1. This concludes the proof. =

D.7 Proof of Theorem 12

Our proof of Theorem 12 almost follows that of Theorem 5 in Appendix C. As in that proof,
Theorem 24, which is a version of [69, Proposition 2], plays a central role in our proof of
Theorem 12.

Proof of Theorem 12. For this proof, we use results established for the function class J-“fg)imars

in Chapter 3 and Appendix C. Recall that Fgo’s_mars denotes the collection of all functions of
the form (4.1), where for each subset S C [d] with 0 < |S| < s, vg is a finite signed (Borel)
measure on [0, 1)/°\ {0}.

First, using the same argument as in the proof of Lemma 15 in Appendix C, we can prove
the following;:

Lemma 32. The constrained variant fgf/ satisfies
oz = flloo = Op(1).
Fix € > 0. This lemma guarantees that there exists M > 0 such that
P(lfy = flle < M) 2 1—-¢ (D-30)
for sufficiently large n. Define
Fie(V, M) = {f S -Ftdés Vanars(f) <V oand ||f — f*fle < M}7

and
Fuoars(ViM) = {f € FL ars * Vinars(f) <V and || f — f*||oe < M.

It is clear that Fi.(V, M) is a collection of continuous functions on [0,1]% and contains f*.
Also, from (D.30) and the definition of ffff/, it follows that, for sufficiently large n,

]ngs/ € argmin { Z (yi - JC(X(’A)))2  f e Fe(V, M)}
!

i=1
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with probability at least 1 — e.
Since Fb* C Fbe . we have Fio(V, M) C

F
E [ sup & f(x® } { sup
feFvan-(5) |V = Z ' F € Fmars (VM) {7}
IIprO 2<t ||f||p0 2<t

mars(V, M). It follows that, for every t > 0,

\fE:@ )

and
eZ flx ”

where ¢; are i.i.d. Rademacher variables independent of x(. Thus, by repeating the argu-
ments in the proof of Theorem 5, we can obtain

SIS Y R

fe}—tC(VM {f } fE-Fmari VM {f }
1£1lpg,2<t 1 £1lpg. 2<t

E sup ‘ &S ( ()”<r\/_t2
| feF (VM) —{£*} \/_Z
Il fllpg,2<rtn

and )

E sup

L feFtc(V,M)—{f*}
1 fllpg.2<rtn

() 2
e f(x < ry/nt

s 6| < v
for every r > 1, provided that

tn = (1+4]&]51)|Cpa(l + MYHY5[(1 + MY + (M + V)]

M +V \4/45
1+M1/2) ]

Vnl/2 4(s—1)/5
1/2\4/57,1/5 —2/5

+ CpaM OV 14 (

By using Theorem 24 with the function class Fi.(V, M), we can show that

LM MGl M MGl 4 M)
t3 n n3/2¢3 RET

P55 = Fllpz > 1) <e+C

for sufficiently large n and ¢ > ¢,. As a result, again, by repeating the arguments in the
proof of Theorem 5, we can find K > 0 for which

P(I /v = Fllpo2 > K~ (logn)*1/%) < 2¢
for sufficiently large n. This proves that
1w = f* o2 = Op (=" (log n)*==75).
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D.8 Proof of Theorem 13

We use the following variant of Theorem 24 in Appendix C to prove Theorem 13. The main
differences are that the errors are now assumed to be sub-exponential, and the term |[& [|2n3/4
in the probability bound is replaced by K3[log(2 + no?/K?)]® as a result of that stronger

assumption. Below, we describe the modifications needed in the proof of Theorem 24 to
establish Theorem 31.

Theorem 31. Suppose we are given (xV,y1), ..., (x™,vy,) generated according to the model
yi = [F(x) + &,

where x9 are 4.i.d. random variables with law P on [0,1]%, and & are i.i.d. mean-zero
sub-exponential errors, independent of xV, ... x"™ and satisfying (4.26) for some K,o > 0.
The function f* : [0,1]¢ — R is an unknown regression function to be estimated. Let F
denote a collection of continuous real-valued functions on [0,1]?, and assume f* € F. Also,
assume that ||f — f*|lec < M for all f € F. Let f be an estimator of f* satisfying

f e anguin{ S (i )

rer Uio

with probability at least 1 — € for some € > 0.
Suppose there exists t, > 0 such that the following inequalities hold for every r > 1:

E[ sup ‘%Zn:&f(x(i))ﬂgr\/ﬁti and E[ sup
i=1

% Z eif(X(i))” < ry/nt;.

feF—{f*} feF—{f*}
Ifllp2<rtn Ifllp2<rtn
Here, || - || p2 is the norm defined by

1/2

1£llp2 = (Ex~p[f(X)]) "

and €; are i.i.d. Rademacher variables independent of x1), ... x"™ . Under these assump-
tions, there exists a universal positive constant C' such that, for everyt > t,,

f—f* 1+ M° 613 + M°
]P)(Hf_fHP,2>t)§6—|—Ct—gti_i_cw
M3K3(log(2 + no?/K?))? + M®

+C- 36
Remark 16. In the proof of Theorem 2/, the term ||&; ||2n3/‘1 in the probability bound arises as
an upper bound (up to a constant) on E[max; |§|*] under the moment assumption ||&], < oo
for some q > 3. Under the stronger assumption that & are sub-exponential random variables
satisfying (4.26) for some K,o > 0, we obtain a sharper bound for Elmax; |&|®] as follows.
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Define 1 : Rsg — R by
1
0la) = exp(a) — 1 —allS = 2 a2,

It is straightforward to check that i is strictly increasing, convex, and invertible. Hence,

D))

B [max Y] = K°B [max || | = 0B [0 (maxu (|32]))]

<0 (e |S)]) <00 (S

e (o[ )]) < e (222)

where the first inequality uses the concavity of 11, and the last inequality follows from

o (%)) <e[ew (1F) -1~ [3[] <

K
Let C > 0 be a constant such that

2

] g
= 2K?

-exp(z'/?)  forz > C.

1
Y(x) > 3

Then, for x > 1(C'), we have
¥~ (x) < [log(2x)]°.

Consequently,
_, [ no? no?\13 no?\13
v (5ga) <O+ [loe (1+ 57| < los (2+ )]
from which it follows that
5 5 no?\13
E[max|&] < CK*|log (2+ 77 )|

By wusing this sharper bound for E[maxi |§,|3} , we can replace the term ||§1||2n3/‘1 in the
probability bound in Theorem 24 with K3[log(2 + no?/K?)]* and establish Theorem 31.

Proof of Theorem 13. Fix ¢y > 0. By the same argument as in the proof of Theorem 12,
there exists M > 0 such that

P(|[f%5 — [l < M) >1—¢
for sufficiently large n. Define

FeeViM) ={f € Fi&® : Vinars(f) <V and || f — f*]|oo < M}
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and

Byy (M, t) = {f € Bt If = flloe < M and |f = (|2 <t}
Then, f* € Fi.(V, M), and for sufficiently large n, we have

n

fgf/ € argmm{z (yi — f(x(")))2  f € Fe(V, M)}
!

=1

with probability at least 1 — ¢.
We first consider the special case f* = 0. In this case,

FeeViM) = {f € Fi&’ : Vinars(f) £V and || f[|oc < M}

and
By (M,t) = {f € F&* |0 < M and || f|p2 <t}

Our goal is to apply Theorem 31. To this end, we need to bound

{ sup ’\/—Z@ ” (D.31)

feftc VM
1 £llpg.2<t

Since the Rademacher variables ¢; are also sub-exponential, the same bound applies to

I

We first enlarge the function class over which the supremum is taken:

1 — .
SIEER Sy P T
fﬂc \/— Z FE€Byy (M.1) \/ﬁ;
fp02<t

]E[ sup ‘ ef(x
feFic( \/_ Z
IIfIIpo 2<t

} . (D.32)

By the same argument as in the proof of Lemma 16 in Appendix C, the expectation on the
right-hand side of (D.32) can be bounded in terms of the bracketing entropy integral:

vl

< Cy (b Bpo(M.1), | - lp2) - (0 + KM -

E[ sup
FEBpy (M,t)

‘][ ](t’ Bpo(Ma t)v || ) ||p0,2))

v (D.33)

where

t
J[ }(tv BPO<M7 t), H ' ”po,?) = /0 \/1 + log N[ }(67 BP()(M? t)7 H ' Hpm?) de
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and Ny (e, G, | - ||) denotes the e-bracketing number of G with respect to || - ||. Since b <
po(x) < B for all x € [0, 1]¢, we also have

N y(&, By (M, 1), [ - lpo,2) < Npi(e/ BY?, B(M,t/612), | - [l2), (D.34)

where

BM,t) = {f € F& : | fllo <M and ||| < t}.
For § € {0,1}%, define

d
% = Hng’
j=1

where Py = [0,1/2] and P, = [1/2,1]. Also, let B (M,t) denote the collection of functions
g: P — R such that g = f|p») for some f € B(M,t). It then follows that

log Ny (e, B(M, t), Z log V[ |
56{0 1}d

S BOOL O, - 1), (D.35)

From this point forward, we focus on bounding log N[ (e, BO(M,1),] - ||2). An entirely

analogous argument applies to log N[ (e, B9 (M, t),]| - ||2) for § € {0,1}?\ {0}. Fix € > 0,
and define e
R = max ([log< = >/log2—‘ - (d—3),1>.
This choice of R ensures that
M? d €
ST
Now, consider the set
1 174
0) _
A = 5mrg)

and let B1nt () denote the collection of functions g : Po

't ) 5 R such that g= f|P(0> for some
f e FE with || f||, < ¢. Intuitively, P,

() can be thought of as an interior of P(© = [0,1/2]¢
obtained by peeling off its boundary. We claim that

€
log Ny (e, BOM, 1), ]| ) < log N (= (D.36)

75 Bl 1)
To prove this, let g € B®)(M,t). By definition, g = f|pw for some f € B(M,t), and hence,
g|P(o) e B )( t). Let [hy, ho be a bracket Containing g|P(0) with ||y — halls < €/v/2. Consider

int
extensions h%* and h$ of hy and hy to P© for which A% (x) = —M for x ¢ P% and
het(x) = M for x ¢ Pint). Then, g € [h$**, h$*] and

ex ex 1 1 1 d
5 = b1 < s = hall + 400% - (5= (5 - 5 )



APPENDIX D. PROOFS FOR TOTALLY CONCAVE REGRESSION 219

<l =l + s (1= (1= %))

9d—2 2R
MQ d 62
<||h1 = a3 + 243 9R = |1 — ha|3 + 5 = e

This proves the claim (D.36).
Next, we split Pi(rg) into dyadic pieces. Let R = {1,..., R}%, and for eachr = (ry,...,74) €
R, define

d
QI' = H QT’ja
7=1

where @, = [1/2"71,1/2"] for r = 1,..., R. Also, for each r € R, let Bﬁo)(t) denote the
collection of functions g : @, — R such that g = f|g, for some f € FE% with || f|l2 < ¢. Since

Pl(n(z) = U Qr7
rerR
we have
€ €
log N1 (5 B0, 1) < D los N[](W,Bﬁ")(t), I 112). (D.37)
reR

We now apply the following lemma, proved in Appendix D.14, to bound each term on the
right-hand side of (D.37).

Lemma 33. Assume that f € Fo® and ||f|2 < t. Then, for every ® # S C [d], 1/277" <
sj <t; <1/2% forj €S, andt; € [1/271,1/275] for j ¢ S, we have

Sjitj; jes . :|>_Ct.27"+/2.22g'es7"j D.38
{tm j¢5’f_d D5%)

ifv = (r,...,rq) € N¢, and

Sjatjv ]ES . :|<C T+/2 9> e Ty
, sl <ogt-om/? . 9%hes D.39
it it <a (D.39)
ifr=(ri,...,rq) € Z%, where r, = Z?Zl T

Fix r = (ry,...,rq) € R, and suppose g € BY (t). Define h : [0,1]* — R by

r1+1 Tg+1
h(l‘l,...,xd):g<w7...,m>,

so that h is a domain-scaled version of g. By the definition of BY (t), there exists f € ft‘i’s
with || f||2 < t such that g = f|q,. Since f € F&*, it follows that h € F& | and h satisfies the

tep?
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interaction restriction condition (4.16) for every subset S of [d] with |S| > s. By Lemma 33,
for every nonempty subset S of [d],

: ri+1 ri+1 :
lim {O,u, jes h} :H I Iim {1/2 ,(1+w)/20t, jes f}
u—0+

wm0+ | 0, JES L1 orj+1 1/27+1, j¢s
jES
1
. L or /2
SW Cdt 2"+
and
‘ u,1, j€S _ 1 . (1+w)/2rtt 1/2, €8
Rl PR B | oY e e
J
. . OT+/2
> 51S] Cyt - 27/7,

Hence, Proposition 5 ensures h € ]:flf. Also, Vipars(h) of h can be bounded as
- . O,u, €85 T u,l, 7€85
Vo) = 3 (i (0 0S5 w05 )
0#SC[d]

1
O o2 or/2
< S5 Cat 27472 < Ct - 272,
0£5Cd)

Moreover,

1 2 1 2
s [ PO = g

—.

lolls = | g0 dx =
Qr

J=1
Consequently, it follows that

2(7“+—|-d—1)/2E

|R|1/2

10gN[]< BO(),| - ||2> < IOgN[](

€
V2IR] T

7D(Cdt . 2T+/27t : 2(7’++d)/2>7 || ' ||2)7

where

DV, t) = {f € Fe® : Voars(f) <V and || f||2 < t}.

The following lemma, proved in Appendix D.15, provides an upper bound on the brack-
eting number of D(V,t) for V,t > 0.

Lemma 34. There exists a positive constant Cy depending on d such that

log N j(e, D(V 1), || - [|2) < Cqlog (2 + #) +(]d<2 i %)1/2[1(% <2+ %)}?(8—1)

for every V.t > 0 and € > 0.
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Applying Lemma 34, we obtain

€
tog N1 (=, BO), | - )

V2RI
Cdt|7€|1/2>] 2(s—1)

< Cylog (2+ M) +Cd(2+ wfﬂ[log <2+ :

Combining this with (D.36) and (D.37), we deduce
log N 1(e. BO (M <log N (-2 B
og N (e, BO(M, 1), || - [|l2) < log N 75 D @), 1 - 2

< ZlogN[]<\/ﬁvB£0)<t)a | - HZ)

reR
Ct|R|V?
< C4R| - log (2 + %)

€

+ CufR) (2+ CHREEY P g (4 CallREZY 2070

Next, by (D.35),
€
l0g N (e, BOL O [2) € 3 1og N (. B, 0,1 - 1)

6e{0,1}4
< Cy4|R|-log <2 * w> + Cy[R] (2 + —Cdt’?’W)l/Q [log (2 + _Cdt\zz\mﬂ 2(s-1)

<cuuvs o (1o 1)") s o )]
s Cunfos S (g3 1))
. [log (2 n %)]d[log (2 N Cd,eMt | <1og (2 ) %))d/z)r(s_l)
< Cyprlog (3+ E) | 10g (3+ %)}d + Canrloglos (3 -+ %) Tog (34 %)]d
+ Cunr(3+4) o (3+ )" Trow (3+ )™
+Ca (34 z>1/2 [og (3+ %)] " [10glog (3+ %)} e

where the third inequality uses

IR| = R? < Cyr [log (2 + %)}d

which follows from
M? 1
)/log2 —(d—2), 1) < Oy log <2+ —).
€

€2

R < max(log(
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Ift>1, then
1 t
log <3+ —) < log (3+ —).
€ €
If instead ¢ < 1, then

1 t t 1 t 1
log <3+z> = log <3t+g> —logt < log (3—?—;) +log¥ < log <3+E> + log <3+¥>.

Thus, in all cases,
1 t 1
log (3+—> < log (3+—> + log (3+¥>.
€ €

As a result,

log Ny j(e, B(M, 1), - [|2) <CdM10g<3+é) [1og<3+ —|—10g<3+ )}d“/e

)
) o )] oo
< )

:|5d/4—i—2 s—1)/e
t d+1/e 1 d+1/e
< Cgm log (3 + —> [log (3 + —)} + Canr log (3 -+ ) : [log (3 + ¥>]
€ €
£ 15/4+2(s—1)
+ (Jd,M(:s + ) [mg (3 n -)] (D.40)

€

5]

€

£\ 1/2 1 5d/4+2(s—1)/e

For the first inequality, we used loglogz < (logz)'/¢ for all x > 1. By (D.34), it follows that

—l—C’dM(?)—i- )1/2[10g 3+ >+10g(3+

1/2
+CdM<3—|- ) [log 3+ )+log(3+t

t 1\ 1d+1/e
1og N7 )€, By (M, 1), | - lpo2) < Coaarlog (3+ =) - [log (3+ =)

t 1\7d+1/e t\ 1/2 1\ 715d/442(s—1)
+ C'b,B,d,M 108; (3 + E) . [log <3 + ;)] + Cb,B,d,M (3 —+ E) [log (3 + E>:|

£\ 1/2 £\ 12(s-1) 1\ 75d/4+2(s—1)/e
+@ﬂw43+9 [bg@+gﬂ [bg@+zﬂ :

Next, we bound the integrals appearing in the bracketing entropy integral. Observe that

/t [1Og <3+ §>]1 2[10g (3 €>}d/2+1/26 de < Ct.
0

[ [ (3 )] o 3+ 1)) e < o (3 1)),
/t (3 * 91/4 [10% <3 + E)]Wsﬂ_l de < Ct,
0
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and

t N\ 1/4 £\ 15-1 1\ 15d/8+(s—1)/e 1\ 75d/8+(s—1)/e
/ <3+—> [log <3—|——>] [log (3—|—¥>} deﬁC’t[log <3+Z>] .
0 € €

Hence, the bracketing entropy integral satisfies

t
J[ ]<t7Bp0(Ma t)v H ' ||p0,2) = / \/1 + log N[ ](Evao(M’ t)? ” : Hpo,?) de
0

1\ 7a(ds)
< Cb,B,d,Mt[log (3 + ;)} ’

where

(d, s) <5d+s—1 d+1>
a(d, s) == max | — —+—).
’ 8 e 2 2
Combining this with (D.32) and (D.33) gives

{ sup ‘\/_Zgl ” [ sup %zn:&f(x(i))]

fEFie(V,M) FE€By (M)

1 llpg 2<t =
J] (t7 B (M’ t)a || . H ,2)
< O B (M0, |- ) - (o -+ B0 - AL onn e )
1\ 1a(dss) _1/2 1\ 12a(d,s)
§ C@B,d,MUt[lOg (3 + ;)] + Cb,B,d,MKn [log <3 + g)} = \If(t)

Let
by = Cpant(1+ 0+ KY2) 172 log(3 + ).

Then, we have
U(t,) < /nt2.

Since t — W(t)/t is decreasing, for every r > 1,

IE[ sup ‘\/_Z& x) ]<\If(rt)<rllf( n) < ry/ntt.

fe]:t
I1£1lpo, 2<7”tn

Repeating all preceding arguments with the Rademacher variables ¢; in place of §; also yields

S

fe]:t
1711z, 2<7"tn

} < ry/nt?  for every r > 1.

Applying Theorem 31 therefore gives

P(If25 = Fllpo2 > t)
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L+ M, €213 + M? M K?[log(2 + no?/K?)]* + M°
gt O n3t6 '
It follows that for each L > 0,
limsup P(|| /5 = f*[lpo.2 > Ln~"/*(logn)*))

§€0+C'

n—oo
, (1+ M3 €13 + M3
< . '
<€+ hgf;ip C L3n—3/2 (log n)Sa(d,s) L3 (log n)3a(d»s)
o MPESfog(2 + no® /K2 + M
L6<10g n)Ga(d,s)

(1+0+ KY?)3
L3 ’
where the second inequality uses that 6a(d, s) > 3d > 3. Hence, for sufficiently large L,

<e +Chppanm-

lim sup P(||fgf, — Fllpo2 > Ln~Y?(log n)a(d’s)) < 2e,

n—o0

which proves that

||f:f,\8/ - f*Hpo,? =0, (n_l/Q(log n)a(dﬁ))-
Note that the constants underlying O, depend on b, B,d,V, K, and o, with the dependence
on V entering through M.

We now prove the theorem for the general case. Suppose that f* is multi-affine of the
form (4.23) on each rectangle

d

d
Ry = H [vl(jzl,vl(j)}, 1=(l,...,1 H

j=1
where 0 = v(()j) << vfng =1 for j € [d]. Also, assume that szl m; = m(f*) =:m. As
in the special case f = 0, our goal is to apply Theorem 31. To this end, we aim to bound

E{ sup & f(x) ]
FEF(V,M)—{f*} x/_ Z
1£llpg,2<t

As before, we first enlarge the function class:

E[ sup ‘\/—Zfz x)

feFie(V.M)—{f"}
1 fllpg,2<t

. Zfif(x )
i=1

<E { sup —
} FeBpy (M)~ {7} VT

Analogous to (D.33), this expectation can be bounded using the bracketing entropy integral
as follows:

]E|: sup ng () ‘:| SCJ[](t’Bpo(M7t)_{f*}v|l ) ||p072)
JE€Bpy (M, t)—{f*}
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S By (M 1) — {73, - ”p0,2)>‘

<U+ 2yn

Since b < po(x) < B for all x € [0, 1]¢, we also have

Niy(e By (M) = {11 llpo2) < Npyle/BY2 BOM,t/6M2) = {7} - [l2), (DAL

where

B(M,t)={f € F : |f = f*lloo < M and || f — f*[|2 < t}.

Next, we decompose [0,1]¢ into m rectangles Rj, on which f* is multi-affine. For each
1= (l1,...,l4) € H;l:l[mj], let A; denote the area of Ry:

d
= T16 o)
j=1

and let Bi(M,t) be the collection of functions g : By — R such that g = f|r, for some
f € B(M,t). It then follows that

log N e, BOLO — {1 -l € 32 log Ny (e/vim, B(M, ) — {71 - 1) (D42)
IGH?:l[mj]

Recall that m = m(f*) = H?Zl m;.
Suppose g € Bj(M,t). By the definition of By(M,t), there exists f € B(M,t) with
If = f*lloe < M and ||f — f*|l2 <t such that g = f|g,. Define h: [0,1]¢ — R by

. 1 1 1 d d d
h(zy,...,zq) =(g— f )(vl(l)_l + (Ul(l) — vl(l)_l)xl, o =Ul(d)—1 + (Uz(d) - vl(d)_l)xd).
Since f, f* € ]-"tdc’S and f* is multi-affine on Ry, it follows that h € ﬂip, and h satisfies the

interaction restriction condition (4.16) for every subset S of [d] with |S| > s. By induction,
it can also be readily verified that for every nonempty subset S C [d],

lim {O’u’ jes : h}

u—0+ O, ] ¢ S
G 0 () ()
:H(Ul(j)_vl(j)l)'ug%{r[ ’ ) ¢S s =1 <o
jes U~ J
and
u, ]-7 j € S .
ulir?_[o, j¢s h]
() () () G
j ; . v+ (v — vl u, v, es .
- (Ul(j]) _Ul(jl1)' 11{{1_ it ( 4 ) b 2 g j g s f= ] > —o0
jes “ V-1 jé¢
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By Proposition 5, these facts ensure that h € ]-"t‘i’s. Furthermore, since
lg = £*113 = Av- [12]l3,

we obtain

— . € t
g N (/1 B ) = (7)) < o8 (= (). ),
mb/2A A

where

B(M,t) = {f € Fi&" : || flloe < M and || f]|> < t}.

1/2

Using the bound (D.40) established in the special case f* = 0, we obtain
- m t ml/Zt d+1/6
log N (¢/v/im, By(M, ) = {£}, 1|+ ) < Canrlog (3+ =) - [tog (3+ )]
1/2

t AV2N\ qdt1/e 1/24 15d/4+2(s—1)
+ Cy . log <3+m€ ) . [log <3+IT>} +Cd,M[log (3+mE )]

/241 1/2 1/24\ 12(s—1) AY/2 15djav2(s—1)/e
+C’d,M<3—|—m ) [log <3—|—m ﬂ [log (34——; )}
€ €

t t\1d+1/e t 1\ 7d+1/e
< Cunmion (3+) [08 (34 )]+ Cunsmog (57) [i8 3+

£\ 1 5d/4+2(s—1)
PN )

£\ 1/2 £\ 712(s—1) 1\ 15d/4+2(s—1)/e
+ Cantm (3 n —) [log (3 + —)} [log (3 + %)] ,
€ €

where the second inequality also uses the fact that Ay < 1. Combining this bound with
(D.41) and (D.42) yields

€

. t t\ 1d+1/e
log N{ (€ Boo (M. 8) = {F}. 11+ ) < Copansmlog (34 =) - |log (3+ )]

t 1\ 7d+1/e £\ 15d/442(s—1)
+ Cb.B,d,m,m log (3 + E> : [log (3 + gﬂ + Ch.B.d.Mm [108; <3 + E)}

t\1/2 £\ 72(s—1) 1\ 15d/4+2(s—1) /e
+ C’b,B,d,M,m <3 + E) [log <3 + E)] [log (3 + ?)} )

From here on, we can repeat the same argument and computations as in the case f* = 0.
The only difference is that the constants now depend on m = m(f*). As a result, we obtain

||f:f:€/ - f*||po,2 = Op (n_l/Q(log n)a(d,s))’

where the constants underlying O, depend on b, B,d, V, K, o, and m(f*). O
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D.9 Proof of Lemma 25

Our proof of Lemma 25 is based on the following lemma. This lemma is a variant of
Theorem 32, which itself is a variant of Theorem 1 in Chapter 2. Theorem 32 offers a
connection between functions on [0,1]™ that are entirely monotone and right-continuous,
and the cumulative distribution functions of finite measures on [0,1]™ \ {0}. The proof of
Lemma 35 will be provided right after the proof of Lemma 25.

Lemma 35. Suppose a real-valued function g on [0,1]™ is entirely monotone and right-
continuous. Also, assume that g is left-continuous at each point x € [0,1]™ \ [0,1)™ with
respect to all the j™ coordinates where x; = 1. Then, there exists a finite (Borel) measure v

on [0,1)™\ {0} such that

m

g(x1, ..., xm) —g(0,...,0) = V(H[O,:L‘j] N ([0, 1)™\ {0})) for (z1,...,2,) €[0,1]™.

J=1

(D.43)

Theorem 32. Suppose a real-valued function g on [0,1]™ is entirely monotone and right-
continuous. Then, there exists a unique finite (Borel) measure v on [0,1]™ \ {0} such that

g(x1,...,xm) —g(0,...,0) = 1/<H[0,:Bj] \ {0}) for (z1,...,x,) €[0,1]™.

Proof of Lemma 25. First, we assume that f € F&* is of the form (4.1) and show that such
f can be represented as (D.1). For each S C [d] with 0 < |S| < s, let gs be the function on
[0, 1]I%! defined by

gS<Ij7j € S) = —Cs + V5<H[O,$j] N ([07 ]')‘S' \ {0}))

JjES

for (z;,7 € S) € [0,1]!l. Tt can be readily checked that g is right-continuous on [0, 1]/*!
and left-continuous at each point (z;,7 € S) € [0,1]1*1'\ [0,1)I° with respect to all the ;%
coordinates where x; = 1. Moreover, for each .S, we have

/ [ =t dvs(t,j € 5) = /
[0,1)IS\{0} jes [es

/liljes 0,z

:CS'H‘%‘]—F/ gs(SJ,]€S>d(SJ,]ES),

jeSs HjeS[vaj]

/ ]_d(Sj,j S S) st(tj,j S S)
0,2;)\{0} /[ T;esltszs)

[
/ ].dl/g(tj,j GS)d(Sj,jES)
[0,2;) JT1;es(0,5;1\{0}
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from which it follows that

flzy,...,xq) = co+ Z cg - Hx] Z / (x; —t;)1dvs(t;, j€S)

0<[S|<s  jes 0<|s]<s 7 ODIF ‘\{0} jes

Z / gs(sj, 7 € S)d(s;,5 € 9).

o<|s|<s Y jes(0]

Hence, it remains to verify that gg is entirely monotone for each S. Without loss of generality,
we assume that S = [m]. Recall that, when S = [m/, gs is entirely monotone if
(1) (1)
V1 Uy
: ;gs| 20

o

for every (pi1,...,pm) € {0,1}™\{0}. For each p = (p1,...,pm), this inequality follows from
the nonnegativity of vg and the following equation:

(1) (1)

noe 1 () ) )

: _ J J J m

: IS T (D = (j))'VS((H (o0 I [0, 01 })W[Oal) )
(m) (m) jesp\V2 U1 i€Sp i#Sp
(O BN A

where S, = {j € [m] : p; = 1}.

Next, we assume that f is of the form (D.1) and show that f € F{-*. For each S C [d]
with 0 < |S| < s, since gg appearing in (D.1) satisfies the conditions of Lemma 35, there
exists a finite measure vg on [0,1)/*!'\ {0} such that

gs(xj,j € S) —gs(0,5 € 5) = us(H[O,ij N ([0, 1)1\ {0}))
jes
for every (x;,j € S) € [0, 1151 If we let cg = —gs(0,j € S), then we can express f as

fan o r) =+ S es[[n- 3 / ( S[Ot]\{O}) d(t;j € S)

0<|S|<s  jES 0<|8)<s Y Tiesl02)) je

=co+ Z csHa:J Z / / ldvg(sj,j € S)d(tj,j7€09)
0<|S|<s JjES 0<|SI<s yeS [0,z;) JGS[Ot N{o}

=cot+ Y es[[zi— > / / 1d(t;,j € S)dvs(s;,j € S)
0<|S|<s  jES o<|s|<s Y [Lies 02\ {0} /Tl eslssz))

=cy+ Z cst] Z / ij—sj) dVS(SJ,]GS)
0<|S|<s  jES 0<[S|<s 7 0D} jeg

which proves that f € Fi*. O
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Proof of Lemma 35. Since g satisfies the conditions of Theorem 32, there exists a finite
measure 7 on [0, 1]™ \ {0} such that
glzy, ... xm) —g(0,...,0) = V(H[o,xj] \ {0})
j=1
for every (z1,...,x,) € [0,1]™. Let v be the measure obtained by restricting 7 to [0,1)™\{0}.
We show that v is the desired measure, that is, v satisfies equation (D.43) for every x €
[0,1]™. For x € [0,1)™, (D.43) is clear from the fact that

o(To\ 10}) = o TT0. 00 (0.0 10)) )
j=1 j=1
Hence, we only need to prove (D.43) for x € [0,1]™ \ [0, 1)™. Without loss of generality, let

x=(1,...,1,241,...,2Zy) where z;41,...,z, < 1. Then, using the left-continuity of g at
X, we can show that

g(x1, .. xm) —g(0,...,0) =lm...limg(ty,...,t, a1, Tm) — g(0,...,0)

liny L
_ 1%...15%5(15[1[0,@] . f[l[o,xj] \ {0}) - a([o,nl « ‘ﬁl[o,xj] \ {0})
- u(f[l[o,m (0" (0))) = u(f[l[o,xj] 1 (0.0 (o))

D.10 Proof of Lemma 26

Proof of Lemma 26. We prove that the divided difference of f of order p is nonpositive on
[0,1]* for every p € {0,1,2}% with max;p; = 2 by induction on |p| := |[{j : p; # 0}]. It
is clear that the claim is true when |p| = d, since N®®) = [0, 1]¢ in this case. Suppose that
the claim is true when |p| = m + 1 for some m < d and fix a nonnegative integer vector

p € {0,1,2}? with max;p; = 2 and |p| = m. Without loss of generality, we assume that

{j : p; # 0} = [m]. Then, for every 0 < vgj) << vg)ﬂ <1, j € [d], we have

e 1 T e 1 i r 7
oD oM, ol
o™ “ o™ o™l
vngrl) =0l U§m+1) S+ U§m+1) Cf
vgd'_l) Ugd'_l) v(d'_l)
1
I e | I ot 0 | L 0 i
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o0,
o
< vgmﬂ) cf
v%d_l)
| 0 i

where the inequality is due to the fact that the divided difference of f of order

(pla"'7pm707"'7071)

is nonpositive because |(p1,...,Pm,0,...,0,1)| = m + 1. If we repeat this argument with
the induction hypothesis that the divided differences of f of order

(P1y- s Pmy 0,...,0,1,0), ..., (p1,. -+, Pm, 1,0,...,0)

are nonpositive, we can show that

- (1 1 7 r T

o0 SURON

v v s | ot >,...,v1§m)+1 0 f
U§m+1) — 0

I Ugd) | i 0 ]

Since the divided difference of f of order (py,...,pm,0,...,0) is nonpositive on
N®Lepm 0000 — 10 7)™ % {0} x --- x {0}

by the assumption, the right-hand side of this inequality is nonpositive. This proves that the
divided difference of f of order p is nonpositive on [0, 1]¢ and hence concludes the proof. []

D.11 Proof of Lemma 27

Proof of Lemma 27. The last part is a direct consequence of the first two. This is because

O ] [Pl ] el
2t 2 oo f

o0 29 AR B PN
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since v < w!? and v§ < W for j € [d].

Suppose we are given v(] ) ( ) véj ) for j € [d]. Since the divided difference of f of

order (1,...,1,2) is nonpositive, we have the inequality
1 @ 1
o2 o2 fp o2
d-1 d—1 - 3 2 d-1 d-1 d—1
(0 o o0, fo oD, ol
o RO I
o0,
= Uid 1) Uéd—l) o
o0

Applying the same argument to each coordinate in turn and leveraging the assumption that
the divided differences of f of order (1,...,1,2,1),...,(2,1,...,1) are nonpositive, we can
derive that

1) 1) 1 1) 1 (1)

V17,V V17, Uy v, U3
: Cf > : > > :  f
d—1 — d—1 — - d—1 d—1 )
W 4 oo oD,
NG NG NN

as desired. By the same argument, we can show that

(1) 1) (1) 1)

S i =
T B O
when we are given v\ < vl < U3 9) for j € [d]. O

D.12 Proof of Lemma 28

Proof of Lemma 28. Without loss of generality, we assume that p = (1,...,1,0,...,0) and

0Y|. Fix a sufficiently small € > 0 and for each j € d let uy 0 w(J) — ¥
= |{j:p; # 0} y J i ,

ugj) wi =09 4+ € and, if p; = 1, further let wd =0 — ¢ and uf) = w(]) o8 Since

the d1v1ded dlfference of f of order (p1 +1,...,ps + 1) (2,...,2,1,...,1) is nonpositive,
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we have the inequality

L

=z (m+1) (m+1)
Uy Uy

L Uy ", U J
= . . - B . —
i1=1  im=limpi=1  ig=1 Hzﬁézl( 1(1) - Uz(l ) Hl,n;éim (Ugm - Uz(m))
1 d y
e S tl,)
1 1 m 1
_ Z‘:l 51’
- m j DN d—m Z ( 1> ! ' m j
Hj—l(u(j) - U(J)) € 56{0 1}m Hj—1(u:(%])5j - ugj)é )
3—61 3—0m 2 .,
z i — ! 1. 1 d
3 Y e e ER et Sl
11=2—01 im=2—0m tm4+1=1 ig=1
= _1>Z;n=1 55 . i
m d—m ( m
Hj:1(“m - Ugj)) € se{0,1}m Hj:l(uéj—)éj - “g)a ) 1=2—81  im=2—0m
D SO ()t ),

’Lm+1 1 Zd 1

(D.44)

Also, we have

1 1
(D.4d) > ——— — e Y (—1)Zm Y
Hj:l(ui(’)]) - Ugj)) ¢ se{0,1}m

1 1 3-8, 3—8m—1 4—26m 2 2
gV R T T 2. POEEDY
Hj:l (ugj)a _ugj)é) wz(l ;6 - wé ;5m 1=2—01  im_1=2—0m—1 im=3—20m ims1=1  ig=1
(—1) == G ()it f a0 ™), (D.45)
which is because
(m) (m)
~wy™ —wy 1 1 1 PO
(D.45) — (D.44) = : T T 2, ()Y

) wy ' —wy T s g ym
1 —61 3—6m-1 4—6pm, 2 2

Im—1=2—0m—1 Im=3—0m Im+1=1 ig=1
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(—=1)% jor (i t85=1) - (=1)imFom (—1)Z?=m+1%‘ . f(uz(ll), o ,ul(::l), wg:), . ,wz(j))
W]
o o U ugn Vg
Ws —W (m) - (m)  (m)
- (m) _ (m) ’ Wy 7, W3 Wy ) f <0.
BT
Since w{™ — w{™ = w{™ — w{™ = ¢, it follows that
1 1 1
0> (D.45) = — . — P CNELE : :
- m —m+1 m—1
[T () =) e S Gy [175" (s, — us’s)
3-6; 3—0m—1 426, 2 2
1=2—01  imo1=2—0m_1 im=3—20m imi1=1  ig=1
(—1)2?1:711(’3*51'*1) . (—1)27‘:m ER f(ufll), e ,ul(-::l), wz(:j), e ,wi(j)).
If we apply the same argument to the (m — 1)™, ... 1% coordinates sequentially, we obtain
1 1 m
0> : —= Y (—1)Z=Y
- m d
Hj:l (Ugj) - ugj)) ¢ se{0,1}m
4-26 4-26,,
S Y Y e )
i1=3-261  im=3—20m imi1=1  ig=1
1 1 m d
_ ™5 ) () G 0
" (U(J') _U(J')) L Z (_1)2J71 ]Af<H [w3 25; ,wy” 26} X H [wl , Wy’ })
j=1\V2 1 se{0,1}m j=1 j=m+1
If we take the limit ¢ — 0, this gives that

1 2
0> OO ZZ( INSELE DAf( “,...,vim,vl R

H;n:1("12 s 0 R R —
oY,
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D.13 Proof of Lemma 31

Proof of Lemma 31. The following lemma will be repeatedly used in our proof of Lemma 31.
This lemma can be viewed as a generalization of Lemma 27, and it can be proved similarly
to Lemma 27.

Lemma 36. Suppose f € chp. Then, for every nonempty subset S C [d], we have

vi”zﬁ)féj% jes s w%j’,(wéj), jeS
Ulj ) .]¢ S - w1])7 j¢ S

provided that 0 < vgj) < ng) <1land0< véj) < ng) <1forjes, and0< UEJ) _ ng) <1
forj ¢ S.

Also, note that since g* satisfies the interaction restriction condition (4.16) for every
subset S C [d] with |S| > s, in the definition (D.22) of M(g*), we can equivalently take the
maximum over all nonempty subsets S C [d] as follows:

Cl o, jes Y ‘

M = M(g*) = max max( lim {O’t’ jes . *}
(D.46)

0£SC[d]

0w |0, jes Y

Before proving (D.23) and (D.24), we show that there exists some constant By depending
on d such that
(1) (1)
/1}1 RN 7Up1+1
d d
o0
for every p = (p1,...,pq) € {0,1}¢\ {0} and 0 < 'Ugj) < < vg)Jrl <1 for j € [d]. Since

0" = (g*(xW),i € I), this result directly implies that

(1) o

for every p = (p1,...,pa) € {0,1}%\ {0} and i = (i1,...,i4) € Iy with i; > p; for j € [d].
We prove (D.47) by induction on |p| := |{j : p; # 0}|. When |p|=d (p=(1,...,1)), it
directly follows from Lemma 36 and (D.46) that the inequality (D.47) holds with By =1 =:
By 4. Suppose that the inequality (D.47) holds with By = Bg41 for every p = (p1,...,p4) €
{0,1}¢ with |p| = m + 1, and fix p = (p1,...,pq) € {0,1}? with |p| = m. Without loss of

< BsM (D.48)
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generality, let p = (1,...,1,0,...,0). Observe that

OIS § [, (1)

o) o) o™, g™ - o™, v
) ) - m+1 m+1 %
e | | I | R et L
1 . Ulm v%m—l—Z)
(@ 5
| v A d
1 I v§ ) | i vgd) |
0T
Ugm)’ Uém)
S 0 3 g* + Bd,m+1M-
U§m+2)
d
[ o |
Repeating this argument with the (m + 2)*®, ..., d" coordinates, we obtain
_Uil)’vé ) T /U:(L )7/051) -
(m)' (m) .« (m). (m) N
v y U ) ;
L mt) ’ ’ < ’ et S 9 (d=m) - Buma M
Oh 0
; :
[ ol ] [ 0 ]

<M+ (d—m) BymiM = (14 (d—m) - Bymi1) M,

where the second inequality is again from Lemma 36 and (D.46). This proves that the
inequality (D.47) holds with By =1+ (d —m) - Bgm+t1 =: Bam for every p = (p1,...,p4) €
{0,1}¢ with |p| = m. Consequently, the inequality (D.47) holds for every p € {0,1}%\ {0},
if Bd = maxmg[d] Bd,m'

Now, we are ready to prove (D.23) and (D 24) We also prove them by induction on |p|.
Let us first consider the case |p| =d (p = (1,...,1)). Suppose, for contradiction, that there
exist r = (ry,...,rq) € HFl{l, ..., R;j}andi= (zl, ...,1q) € Ly such that

(D®)g); < Ca [_]\/[_t(err)l/Q.QZ?—ﬂj}
. n
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where C; = max((2v/3)%, By) =: Cf4- Then, by the definition (D.17) of discrete differences
and Lemma 36, for every 1 = (Iy,...,l4) € Iy with [; > i; for j € [d], we have

(D®g), < (DPg); < H;.’il . ) [_ M — z€<2;+>1/2 ) 22?:1rj]

T4 1/2
< (D@, — dcd -t<2 +> / 935y
[Ty n

Here, for the last inequality, we use (D.48) and the fact that Cy > By. It thus follows that
ifin —1<li <l,...,ig— 1<, <ly, then

6e{0,1}4

1 2
> 55 ( Z (=1)2 (0 = 0%) 1syrants,on (15d)zd+5dz;l)

6c{0,1}4

:%.( i i (D Jg — DP 9*) ..... kd)2

k1=l/1+1 kd:l:fi’l

, L, 022 or+ _
S (= 1) % x (g — 1)? ;/ -tﬁ(—)-ﬂ:l%

j:
This implies that

exlo-ez> S .Y

(i14+n1—2)/2<l1<ni1—1 (ig+ng—2)/2<lg<ng—1

5e{0,1}4

- 3 3

(i1+n1—2)/2<l1§n1—1 (id+nd—2)/2<ld§nd—1

02 2d o+
(O — iy — 1y + 2% X e X (g — g — g+ 2)2 - S2 . t2< )-22?:1%'

H?:ln] n
d
1 2 /9d 27+
=TI [3tms = i)y =i+ 1) =iy +2)] - S22 (20 ot

j=1 Hj:l n?

d
C?/12¢ 27+
> H(le — ?:j)B . ((11/ t ( ) 221 12

Hj:l n? n

d , 2 /19d r 2
>H(m>3- Cd/12 ~t2(2 +)_2Z?=12’"J:%-t2>t2,

27i d 2 n
j=1 [[j=1 7]
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which leads to contradiction. The second-to-last inequality is from the fact that, for each j,

. nj 7’Lj
nj—sznj—%+l>%,
since r; > 1.
Next, suppose, for contradiction, that there exist r = (r1,...,74) € 1‘[;121{0, L,...,R;}
and i= (i1,...,4q) € Ly with ¢; > 1 = p; for j € [d] such that

O\ 1/2
(D®)g); > dCd : |:]\/[_|_t( ) .22?:17‘;}’
[Ty n

where Cy = max((8v/2)%, By) =: Cfl4 Then, for every 1 = (Iy,...,l3) € I with [; < i,

T+ 1/2
(D®)g), > (DPg); > Ca .[MH(Q ) .223-‘:17“3}

n

T4 1/2
> (D®)*), + dCd : t<2 ) 95T
Hj:l 1 n

By the same argument as above, we can show that

6e{0,1}4
02 2d o+
S (=12 x (g — 1) j—/Q -t2(—> L9351 2r
Hj:l n; n
provided that 0 <1} <l <iy,...,0 <1, <l <i4. It thus follows that
2 *(12 *\2
"> ||0 -0 ||2 > Z T Z Z (0 —0 )(1—61)l1+61(i1—l1) ----- (1=64)la+da(ia—la)

i1/2<11§i1 id/2<ld§id 56{0,1}d

> Z Z (2l1—i1)2><"'X(2ld—id)2'1f[;§/2d .t2<2r+).225—12m‘

2 n
11/2<l1<iy 1q/2<lg<iq Jj=

17

d
I . C? /24 27+ a9
= [6%‘(% + 1) (4 +2)} : Hj — -t2< - ) L 9X5=12
=1 j=11
d
C?/164 2r+
> [0+ v- S () omten
=1 [ P n
d T
> ( n; >3‘ Cg/l6d t2<2 +>‘22?:12Tj: Og -t2>t2
r d A
\ee) " "\ 1287
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which leads to contradiction. Here, for the fourth inequality, we use

%ij(ij +1)(i5+2) > (15 + 1),
which holds since i; > 1.

Now, we assume that (D.23) and (D.24) hold with Cy = Cf,, ., and Cq = CF, .4,
respectively, for every p € {0, 1}¢ with |p| = m+1, and prove that they also hold with some
Cy = CF,, and Cq = CY, for every p € {0,1}% with |p| = m. For notational convenience,
here, we only consider the case where p = (1,...,1,0,...,0) := 1,,, but the same argument
applies to other p € {0,1}¢ with |p| = m.

Suppose, for contradiction, that there exist r = (ry,...,rq) € H;l:l{l, ...,R;}and i =
(41,...,14) € Ly such that

27\ 1/2 m
(D(IM)Q)i < ng . [_M_t< > .22;‘:1”’]’
Hj:l U n

where 3
Ca=5 - (d = m)Cllpsy +max((2V3)", Ba) = Cf,

Then’ by the lndUCtlon hypotheSiS, fOI' ]_ = (l1’ e ,ld) S IO Wlth ll Z 7:17 [P ,lm Z ima a:nd

(m+1)

; d
T‘m+1—17 A 7Zd S ld S b'f'd)—17 we have

Il Sl <0

lm+1

1 1
Tyees ld:<D( m)e)ll ~~~~~ Imstm41,lm42,-05 g+ E , (D( m+l)0)l1 ,,,,, I km+1,lm+2,-5ld

kmt+1=tm+1+1

. CUm 2T+ 1/2 m—+1
< (DY), i tmszroda + (bt = g1 - Hi’Tﬂ’ [M +t< ) - 2255 ’"J]

j=1 T n
3 CY. . M 4N1/2
< (D@m)p ; Z. mtl t( > L= |
— ( )ll ----- lm, m+1ylm+2 ----- ld + 2 H;n:1 n] 27'm+1 + n J
where 1,,.1 = (1,...,1,0,...,0) with |1,,.1| = m~+1. Here, the second inequality is because
, (m+1) Mm41 Mm41 3 N
b1 = Gy < bTerl*l ~lmtr < Irm41—1 T <2rm+1+1 o > o 5 ’ IMrmt1
Repeating this argument with the (m +2)*% ... d™® coordinates in turn, we can derive that
(D(1M)9)ll ----- < (D(lm)e)ll ----- Imyim41,e00d
3 OY 1 N2
+ = (ni»lm—i-l |:( Z T)M+(d—m)t( ) .223'17‘3':|
2 115 j=m+1 2" n
3 cy . N2
< (D@mg : A= (d—m) =2t M t( ) L9
= ( )ll 77777 lmytm415e050d + 92 ( m) H;nzl n; + n /
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cv O\ 1/2 "
< (D(lm)g)i i . § (d—m) - Hgﬁerl . {M + t( ) . 223'_17’3}
j=1" n
1

< —<Cd - g - (d— m>Cc[l{m+1> ' Hm—ng : [M—I—t(Q;::)l/z -2 ;'n—l"ﬂ}

J=1

3 1 AT+ \ 1/2 m
< (DY), i, — <C —5 - (d=m)Cf, > T t( ) - 2%g=1 T,
: dott) Ty

where the third inequality follows from Lemma 36 and the definition (D.17) of discrete
differences, and the last inequality is due to (D.48) and the fact that

Ca = Ca— 3 - (d=m)CY,y1 > Ba

It thus follows that if i — 1 < I} < ly,... 0y — 1 < U, < Iy, and if i1 < Ly <
b iy <1y < bifjll, then

"'m+171’

§c{0,1}m

1 # ’
2 o ( Z (=1)° 0 (0 — %) (150611 s (1= Sl ot 1 ld)

6c{0,1}m

2
p (S e, )

ki=l+1 km=l,+1

>(ll—l’1)2><---x(lm—l,’%)Q-Hfllnz~t

This implies that

t*> |6 — 07|3

(m+1) (d)
bTm+1 - b’“d 1

D YD S SIS 5

(i14n1-2)/2<l1<n1—1 (im+nm—2)/2<lm§nm—1 Im+1=tm+1 la=iq

6c{0,1}m

(m+1) p(d)
Tm+417" rq—1

> 2 R

(i1+n1—-2)/2<li<n1—1 (im+nm—2)/2<lm <nm—1lIm41=tm+1 la=tq
~2 Joym T4
Ci/2 2 2 92 L 27
[T, n? n
J=1""

(2l — iy —ny +2)2 X oo X (2 — Gy — N+ 2)7 -
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=TT (50 = i) = iy + Doy = iy +2)] - T (0L, =i +1)

. C’él/2’”2 42 <2i> 92521 27
[T52, n; n
J -
, y C2/19m o _—
(ny—i)* [T =i +1) = 't2< ) 22

Jomt1 Hj:l n; n

d =9 110m =~
(nj>3. H E.Cg/w t(2+) 93 7Ly 27 :O_(%.t2>t2

L) 75 m 2 m -
2 2 [T2, 7] n 2

>

s

.
Il
—

>

,’:]3

.
Il
—

which leads to contradiction. Here, the second-to-last inequality is because

b(J) =i+ 1>

_2_(3—1)—#1:% foreach j =m+1,...,d.
Tj

2’“ 27i

Next, suppose, for contradiction, that there exist r = (r1,...,74) € H?Zl{O, L,...,R;}
and i= (i1,...,7q) € L, with ¢; > p; for j € [d] such that

IINIZ
(D), > — -[M+t< ) .22j:1’"f],

H;'n:1 1 n
where
Cqg=(d—m)C, 1 + max((4v/2)™ - 24, By) =: Clln-
It then follows that, for every 1 = (Iy,...,ly) € Iy with Iy < i1,...,ln < iy, and armj}}rl <
It < Gy - - ,afnﬁl <lg <iq (if r; = Ry, let agj)_ﬂ =0),

i1y ybmslm415ee5ld

k7n+1 :l7rL+1 +1

. Cc(l]m 1 2r\1/2 m+1
15 bmstme Lolmt2,5ld (Zm+1 - lm+1) ) I—Im’TI-F ' [M T t( ) 2% Tj}

j=1 T4 n
cy M 2r+ 1/2
> (D( )9>11 ..... Imytmt 1 lmt2,5ld HJ Wi n; |:27“m+1 + t( n > ’ 223_1 TJ:|7
where the last inequality is from the fact that
: , (m+1) _ M1 N1 3 My
U1 = g1 < lmyr — | DTm41 e <2rm+1+2 - ) o Z . Irmt1

when r,,,1 # R,,41, and

Nm+1 1 N1

Zm+1 - lm+1 < Zerl S It It
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h

when 7,41 = Ry,41. If we apply the same argument to the (m + 2)™®, ... d" coordinates in

turn, we obtain

Cy N2
— (d —m) - mmt] -[M+t< ) -229'—1’%}
n; n
- . [M—l—t( > .223'—17“;}
n

) ‘—ml -t<2T+>1/2 L 225=17,
Hj:l ;j n

Here, the last inequality is attributed to (D.48) and the fact that

5d = Cd — (d— m)CgmH Z Bd.
Hence, by Cauchy inequality, if 0 < I} <l <dy,...,0 < U <l < ip, and if aiZjllJ)rl <

. d .
It < iy - - ,afnd)ﬂ <y <ig, then

éc{0,1}m
C2/om or+ -
S (=12 x (=1 )2.d_.,52< ) L9y 2
as above. As a result,
im+1 id
USRS YERD VR DS
inf2<hi<in i /2<bm Sim g, =g =@

Tm41 T4

6e{0,1}m
im+1 id
> E .. E E - E
] <3 ] <3 _ (m+1) _(d)
i/2<hsin im/2<lmSim Impr=a,""" 0y la=ay ),

C2jom ot "
i - ()
IIi= n
d ~
L ' ' ' c/2m 2" m o,
[6”(” + D +2)] T G —a+1)- ng > ‘t2< - ) QX 2

n
j=m+1

—:

J=1""

<.
Il
-

IV
s

d ~2 m T
. 3 ; () Cd/16 (2" m_2r;
(Zj + 1) : H (Zj - ar]jJrl + 1) : m -t (7) . 223—1 J

j=m+1

.
Il
—
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d . ) -

n; Cj/16 2 (2 S on C; 5 .o

>H<2TJ+1> H 2T‘j+2.Hm1n2..t<7>.2 =t —m't > 17,
=

j=m+1 =17
which leads to contradiction. Here, for the last inequality, we use

(9) " _ "
i _ar+1+1>27‘+1_1_2TJ+2+1_2TJ'+2

foreach j=m+1,...,d.

From these results, we can conclude that (D.23) and (D.24) hold with Cy = CJ,, and Cy =
C s respectively, for every p € {0,1}? with [p| = m. Thus, by induction, (D.23) and (D.24)
hold for every p € {0,1}%\ {0}, if we define Cy = max(maxme(q Cf,, MaXme(q CF,,). O

D.14 Proof of Lemma 33

Proof of Lemma 33. The proof proceeds similarly to that of Lemma 31. We prove (D.38)
and (D.39) by induction on |S]|, and Lemma 36 will be repeatedly used in the proof.

We first consider the case where |S| = d (S = [d]). Suppose, for contradiction, that there
exist T = (ry,...,7rq) € N¢ and 1/27+ < s; < t; < 1/2% for j € [d] such that

817t1
; f < —Cdt . 2T+/2 . 22?21 Tj,

Sd; td
where Cy = (2v/3)% =: Cj4 By Lemma 36, we have

U1, W S1,t1
S B IS IR B P B, e Y0

Vg, Wy Sds tq

for every t; <wv; < w; for j € [d]. Applying Cauchy inequality, we thus obtain

Z <f((1 — 0w+ 0y, (1= da)wa + 5dUd)>2

6e€{0,1}¢

1 2
2 @( Z (_1)(51+..-+5d . f((l — (51)1111 + 511)1, ey (1 — 5d)wd + 5d'Ud)>
6e{0,1}¢

2
V1, W1 d

1 . - f 2 Cg 2 ory o234 ry
:_dH : ; >H(wj—vj) -F-tﬂ 25 2=y
=1 Vg, Wy J=1
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Since t; < z; < t; + 1 — x; whenever z; € [t;, (t; +1)/2), it follows that
2> || fII3
2/ > <f((1—51)(t1+1—w1)+51$1,...,
Hj 1[t55(t5+1)/2) 5e{0,1}d
2
(1 - (Sd)(td +1-— ZEd) + (5d{L‘d>> dx
2 d (t;+1)/2
>2—j-t2-2r+-222?—m.H/t (t; +1—22;)* du;
j=1"%
Cg 2 234 - 3 Cczl 2 2
= —% 2. 9T+ . D22 =1T5 . 1—¢t:)° > —& .t =¢
12d J:HI( ]) - 12d ’
which is a contradiction. Here, the last inequality follows from
1 1
1=t >21—-2 -,
275 27
which holds since r; > 1.
Next, suppose, for contradiction, that there exist r = (ry,...,rq) € Z‘éo and 1/27+1 <

s; <t; <1/2% for j € [d] such that

Slatl
D | > ogt 2/ 28

Sd, td
where Cy = (4V6)? =: CY,. By Lemma 36, if v; < w; < s; for j € [d], then

VU1, W1 s1,t1
; > : i f >C’dt-2"+/2-22?=17’j.

Ud, Wq Sd,td

As in the previous case, applying Cauchy inequality gives

2 d 2
Z <f((1—51)w1+61U1,...,(1—5d)wd+5dvd)> > (wj—vj)Q.% -t2-2T+ -222?21”.
=1

§e{0,1}4 J
Since x; < s; —x; < s; for all z; € [0, s;/2), it follows that

t* = | fl5

g

?:1[0,53'/2) 56{0,1}d

(f((l —01)(s1 —x1) + 6121,y (1 —04) (8 — xa) + 5dxd)>2dx
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Ci
24

_ G
T 12d

d s5/2
t2 Lo 222?:1 Ti. H/O (S] - 237])2 dx]

2 ory | 254 C2
2 9r 92T Hs>

7=1

964

=1
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which leads to contradiction. Here, the last inequality is due to the fact that s; > 1/2"7+1.

Now, we assume that (D.38) and (D.39) hold with Cy =

Od m+1 and Cd

U
Cd,m—i-l?

respectively, for every subset S C [d] with |S| = m + 1, and prove that they also hold with
some Cy for every subset S C [d] with |S| = m. For notational convenience, we present the

proof only for the case S =
Suppose, for contradiction, that there exist r = (rq,...,

1/2% for j=1,...

where C; = (3/2)(d — m)CY
t;<wv; <1/2% lforj=m+1,.

U1, W1

Um7 wm

Um+1

Vg

; f

IN

[m

Smy tm

817t1

; f

tm—i—l

tq

d,m—+1 + (2\/_) = C(im

., d, then we have

U1, W1

Um, W
tm—‘rl
Um+2

Vg

U1, W1

Um, Wm
tm+1
Um+2

Vd

[ =1{1,...,

0 f

p f

,m, and t; € [1/27T1 1/2%] for j=m+1,...

+ (Uerl - thrl)

3

27"'m+1+1

m}; the other cases follow analogously.

Td)

e N4 1/t < 55 < t; <

< —Cyt - 2+/? . 225575

U1, W1
Um, W
tm+1> Um+1

Um-+2

Vg

,d such that

. Iftj§0j<wj for y =1,...

o f

it 22T,

,m and

where the inequality follows from Lemma 36, the induction hypothesis, and the fact that

Um+1 — tm+1

1

1

3

S 2Tm+1_1 o

< .
Irmt+1+l = Irmypr+l
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[terating this argument for the (m + 2)*%,... d" coordinates yields
[ v1, wy i [ v1,wy i
Umy Wm f Umy Wm f 3 U r /2 Zni T
) < ’ — . — . + . j=1"J
f_— St +3 (d—=m)Cq,, -2 227
L Va i L ld i
[ S1, tl i
. 3 m
< 8m7tm ; f + 2. (d N m)Cg +1t . 2r+/2 . 22j:17'j
tm+1 2 o
L ta ]
3 U r1/2 o> i

By Cauchy inequality, it follows that

2
Z (f((l - 51)/11]1 + 61/017 ceey (1 - 5m)wm + 6mvm7 Um+1s - - - 7Ud)>
ae{0,1}m
m 62 .
> H(wj —v;)?- 2_72 2T 2

where 3
C=Ca—5-(d- m)CY 1 = (2V3)™
Hence, integrating as before, we obtain
t* > || £112

>

/I—[;rbzl[tj7(tj+1)/2)><H;'i=m+1[tj71/2rj1} 8e{0,1}m
(f((l — 51)<t1 +1-— l’l) + (511‘1, ey

2
(1 =0,)tm +1—2m) + 6mm, Tty - - - ,xd)> dx
d

52 . m (t;+1)/2 1
> 2—i't2'2r+ -222j=1rj H/ (tj+1—2ﬂj])2dﬂfj H <F—t]>
j=1"1 j=m+1 ’
~2 m d 1 6,3

>&.tQ.Qu.QQZ?’:m.H(l_tj)3. H TZE.tQZt{
T m

- 12m , .
7j=1 j=m+1
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which is a contradiction. Here, the second-to-last inequality uses the fact that

1 1 1 1
o1 t; > T 3 = o forj=m+1,...,d.

Next, suppose, for contradiction, that there exist r = (r1,...,rq) € Z%,, 1/27%! < s; <
t; <1/2% for j=1,...,m,and t; € [1/27%1 1/27] for j = m + 1,...,d such that

Slutl

Smatm ; f > Cdt,2T+/2,QZ§n:17"j’
tm-i—l

lq

where Cy = (3/2)(d — m)CY,, ., + (2V6)™ - 2¢ = CY, . Forv; <w; <sjforj=1,....m

and 1/27%2 <w; <t; for j =m+1,...,d, we have
_ - U1, W1 U1, Wy
U1, W1
Uy Win Uy Win
U’ma W, . . .
v ’ f — thrl ) f - (tm+1 - Um—l—l) /Um+l>tm+1 ) f
1
m‘+ Um-+2 Um+2
Uq
- - L Vd i | Vg i
U1, W1
fo 3 /2 o(Sm )
U ry/2 ST ra)+1
> : - . COT/A =1"J
- tm-i—l 9 f 27‘7n+1+2 d7m+1t 2 2 J 9
Um+2
Vg

where the inequality is due to Lemma 36, the induction hypothesis, and the fact that
1 1 3

< — .
— DTmit1 Mrm41+2 — Irmyp1+2

thrl — Um+1
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Repeating this argument with the (m + 2)*®, ..., d" coordinates yields

[ U1, w1 | [ v1, w1 ]
Um7wm . f Umvwm . f 3 U . /2 Eni N
’ = ’ — - (d- Cor+/2 93
Um+1 - tm-i—l 9 (d m)Cd,m-Ht 2 22.5=1"j
L U4 i |ty |
[ Slutl T
. 3 .
> Smat ) f _ . (d _ m)CdU,m+1t . 2T+/2 . 22].:1 7
tmt1 2
L ld 1
3 m
A R A=
If we let ;
Ca = Ca - 9 (d—=m)Clliy = (2V6)™ - 27,

then we have

t* > £l

>

/I;[;nzl[O7Sj/2)XH?=m+1[1/2rj+27tj] 66{0,1}7”

(f((l —0)(s1—x1) + 0121, .o, (1= 0) (S — Tin) + OnTon, Tont1,y - - - ,xd)>2dx

53 , . 2zm N m 8j/2 ) d 1
TR ARkl | ORI (t - 57m)
j=1 Jj=m+1
Ci oo s T T L > Ci
> 2 ore 923 Ty 3. d__ 2= ¢2
Z Jom U2 2= jl:[lsﬂ j:l;IH%H_%m’M F=t

which is a contradiction.

For these reasons, (D.38) and (D.39) hold with Cy = Cf,, and Cy = Cf,,,, respectively,
for every subset S C [d] with |S| = m. By induction, it follows that (D.38) and (D.39) hold
for every ) # S C [d] with Cyq = max(max,eg Cf,,, MaXpme(g) CF,,)- O
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D.15 Proof of Lemma 34

Proof of Lemma 34. The proof of this lemma closely follows that of Lemma 17 in Ap-
pendix C. We therefore only describe the modifications required at the beginning of their
proof in order to establish Lemma 34.

Suppose f € D(V,t) is of the form (4.1). For notational convenience, write ¢y = ¢y. Here,
we prove that there exists a constant Cy; > 0 such that

ler| < Cy(V + 1)

for every subset T' C [d] with |T| < s. Once this bound is established, the remainder of the
proof follows exactly as in the proof of Lemma 17.
Since Viars(f) <V, we have

2 1/2
tzuf\bz{/m]d( 3 CSH%) dx} v

0<|S|<s  jeS

which implies
/ < > cSHx]) dx < (V 41)2. (D.49)
04 Nogs1<s jes

Now, fix 0 € (0,1), and define A = 3, g, c%. Restricting the integral (D.49) to [0, ]? and
applying Cauchy inequality repeatedly, we obtain

(v+t)2z/[075]d( > CSij)2dx>—c@5d /Md< > cSij)2dx

0<|S|I<s  jeSs 0<|S|<s  jeSs

1
> S — A S Iz dx= c@(sd Cyd?2 A,
041" o< |51<s jeS

and therefore,
cg <2V + )04+ Cy0* A

Next, assume that for every T' C [d] with |T'| < m < s, we have
2 < Og(V 4 1)2074 4+ Cy0° A. (D.50)

We now show that the same bound, possibly with a different constant C,, also holds for all

subsets 7' C [d] with |T'| = m. Without loss of generality, it suffices to consider the case

T =|m] ={1,...,m}, since the argument is identical for any other subset of size m.
Restricting the integral (D.49) to [0, 1]™ x [0, §]*~™ and applying Cauchy inequality yields

2
V4t)?2> | d
V+9) _/K),l]mx[o,é}d—m( Z CsH%) *

0<|S|<s  jES
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1 . 2 2
> gc[zm](sd — /[()J]mx[()’(;]d’m [( Z csHa:j> + ( Z cSij> }dx

Scim]  jes 0<|S|<s  jeS

S¢Z[m]

1
2—02m(5d_m—( E 02)-/ E | Ia:Q-dx
3" ) Joymxogm !

SCm) SCim) j€S

A 2 dx.
A),l]mx[o,é}d Z ng o

"™ 0<|S|<s jes
S¢[m)]

By the induction hypothesis, we thus have
1
(V +1)? > gcfm]éd_m — Z (Cd(V + )26 + Cd(52A) 5T — Cyem A
SClm]

1
> §C[2m]5d7m . Cd(v + t)257m o CdédferZA.

Rearranging terms, we obtain
g K3V 4+1)20" 1+ Cy(V +1)26 0 + Ca0* A < Cy(V + )07 4 Cy0*A.

This proves that the bound (D.50) holds for 7' = [m], and hence, for all T" C [d] with |T'| = m.
By induction, it follows that the bound (D.50) holds for every T' C [d] with |T'| < s.
Summing the bounds (D.50) over all subsets T C [d] with |T'| < s, we obtain

A< Cy(V 4 1)207% + Cy6% A.

Hence,
25—d
A< Ca(V +1)%6
T 1= Cyé?
provided C;6% < 1. Choosing ¢ € (0, 1) sufficiently small and substituting this bound back
into (D.50), we obtain

2 < Cy(V +1)?
for all T' C [d] with |T'| < s, as desired. O
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Appendix E
Proofs for XGBoost

E.1 Proof of Proposition 8

Proof of Proposition §. We have already seen that any element of ]:i’s admits a represen-
tation of the form (5.4) with discrete signed measures vy, with finite support. It therefore
suffices to prove the converse inclusion.

Observe that each atom Af l’lU can be viewed as a regression tree with right-continuous
splits and depth at most s, whose leaf weights are all zero except for a single leaf with weight
one. Consequently, each atom Af]’JU belongs to ]—“;‘%5. Since ]—"Sci’s is closed under addition and
scalar multiplication, it follows that any finite linear combination of these atoms—and hence
any function of the form (5.4) with discrete signed measures v, ;; having finite support—also

belongs to }"s‘i’s. This completes the proof. O

E.2 Proof of Proposition 10

Proof of Proposition 10. Recall that the sum in (5.4) ranges over all L,U C [d] with 0 <
|L| + |U| < s. Hence, for each function f, the set of admissible representations f.,, ,1 = f
enlarges as s increases. Since Vi’fxgb(-) is defined as an infimum over these representations,
this gives (a).

Since |L| 4 |U| is always bounded by 2d, increasing s beyond 2d does not enlarge the set
of admissible representations. Hence, Vo‘i’fxgb(-) stabilizes once s > 2d, which proves (b).

Lastly, (c) follows from the convexity of total variation ||- ||ty on the space of finite signed
measures. [

E.3 Proof of Theorem 14

Before proving the theorem, we first observe and prove the following alternative characteri-
zation of V;:é]‘z(-), originally defined via (5.1).
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Lemma 37. The complexity measure in’lf (+) can be alternatively characterized as

deg’bs(f)—inf{ > vollrv: fequpy = f and

0<|L|+|U|<s

vru are discrete signed measures with finite Support}.

Note that the only difference from the definition (5.5) of V;i’fxgb(-) is that the signed
measures v,y are restricted to be discrete with finite support. We will show in the proof
of Theorem 14 that this additional restriction does not affect the value of the infimum for

. . d
functions in Fg®.

Proof of Lemma 37. Suppose first that all vy are discrete signed measures with finite
support. Then, f.y, 3 is a finite linear combination of the atoms Af{lU with coefficients

vru({(1,u)}) (plus a constant). Recall that each atom Af{lU can be viewed as a regression
tree with right-continuous splits and depth at most s, whose leaf weights are all zero except
for a single leaf with weight one. Consequently, f.,, ,} can be represented as a finite sum
of regression trees of the same type, whose leaf weight vectors each contain a single nonzero
entry equal to vz 7({(1,u)}). For this representation, the total £! norm of the leaf weight
vectors is exactly equal to the sum of the total variations of vy . This proves that the
infimum in the lemma is greater than or equal to the infimum in (5.1).

Now, suppose that f & ]—"i’s and that it is represented as a finite sum of regression trees
with right-continuous splits and depth at most s. Let w;, denote the leaf weight vector of
the k™ tree. By decomposing each tree into the atoms Aﬁ I’JU corresponding to paths from
the root to each leaf, we obtain a representation of f as a finite linear combination of these
atoms whose coefficient vector has ¢! norm no larger than Y, |wy||1. Equivalently, there
exists a representation fe,, ) = f with discrete signed measures v,y having finite support
such that the sum of the total variations of vy is no larger than ), ||wy|[;. This shows
that the infimum in the lemma is no larger than the infimum in (5.1). O

Proof of Theorem 14. We begin by introducing some notation used in the proof. For a
function ¢g : R — R and a nonempty subset S C [d], define

Sy i — ; - S|
,jeSs): lim f ,jesS)eR
g7 (5, ] ) (xj,jGSC)l(— J,EsC)g(xl T4) or (zj, ) )

whenever the limit exists, where S¢ = [d] \ S.
Fix f € fi’s. Since f is a finite sum of regression trees, there exists a partition —oo =

v(()j) < vgj) << ’07(1]2 < vfi)+1 = 400 of R for each j € [d] such that f is constant on

[T, 09 ) < T (o) (E-1)

jes jese
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for every nonempty S C [d], m; € {0,...,n;} for j € S, and m; € {1,...,n;} for j € S°.
For each nonempty S C [d] with |S| < s and m = (m;,j € S) € [[;c4[n;], define the
alternating-sum functional

SN N Siesti L oS (@) _ 5e
A2 (g) .—egr& (—1)%es% - g° (v, die,j €9)
§€{0,1}15I

for piecewise constant functions g as in (E.1).
Suppose fe (v, 3 = f- Then, clearly, we have

Afn(fa{VL,U}) = Afn(f) (EQ)

for all nonempty S C [d] with S| < s and m € []; g[n;]. In fact, condition (E.2) captures
almost all of the information contained in the identity f.(,, ,3 = f. The following lemma,
whose proof is given after the current proof, makes this precise. This lemma will play an
important role later.

Lemma 38. If g, h € ]-"i’s are piecewise constant as in (E.1) and satisfy

An(g) = A (h)
for all nonempty S C [d] with |S| < s and m € [[;cg[n;], then g and h differ only by an
additive constant; that is, there exists b € R such that g(x) = h(x) + b for all x € R?.

We simplify (E.2) and express it in terms of v,y more explicitly. Fix a nonempty S C [d]
with |S| < sand m = (m;,j € 5) € HjeS[nj]‘ Expanding the left-hand side of (E.2) gives

A fetmnor) = D Jim > (—1)ies? (E.3)

L,U:LQSQLUU 56{0 1}\5\
[LI+UI<s
1 —5e>l 1(vY) — 6. < u;) dvry(l,u).
/RlL+U H ) H ( my J J) L,U( )

jeuns

The inner limit can be simplified by exchanging the order of summation and integration and
analyzing each indicator term. Specifically,

' 2 — ) _§. .
El_l)f(%r es? /RLHU H 1(v$) — b€ > 1) - H l(vn{j b€ < uj) dvp (1, u)
§e{o, 1}IS\ jeuns
= 1 ] — — .
61—1}& /RIL-HUI EIZ{U {1 =z l 1( j €2 lﬂ)}
IT {2 <o) <) —1(h <o) —e <)}
jeLNU

H {1( <u])—1( ()—6<uj)}d1/LU(l u)

€(U\L)N
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= (~pl@wnsi §° (—1)‘(”‘U)\K'-VL,U( I1 {vm]}x [ (~c0.0%)

KCLNU e(L\U)U JE(LNU)\K
x [, +00)x ] {09} x R'U\S|>.
jeK JE((LNU)\K)
U((U\L)NS)

Thus, condition (E.2), which holds for all nonempty S C [d] with |S| < s and m = (m;,j €
S) e ngs[”J] provided that f.(,, ,1 = f, can be written as

Z (—1)IEANSI Z (—1)IENUNK]

L,U:LCSCLUU KCLNU
[LI+U|<s
o 11 Dy T (oo
FE(L\U)U FE(LNUNK
vanzj,+oo < JI Wy <rROS) = A (B4
jeK JE((LNU)\K)
U((U\L)NS)
Consequently, we have
voisxgb(f)zinf{ > lvolry v satisfy (E.4)}. (E.5)

0<|LI+|U|<s

Now, we show the infimum in (E.5) is achieved by discrete Signed measures supported on

| RCREN Y [ R TC (E.6)

jeL jeu
Suppose vy, 7 are signed measures satisfying (E. 4) For each j € [d], let V1) = {v) @ vﬁg)},
Vﬁii = {ng‘ﬂ’ . vnj } and V) = {v&j), e m,_ 1 }- Define discrete signed measures iz, p,
supported on the lattices (E. 6) by
io({09 e L jeny) = 3 3 (~p@dwn
UDU  TC(LNO)\U
|| <s—|L|
v TT e9rx IT (oo VD)
FELN((LND)\UNT) JEWLNUNUNT
< IT @< TR+ V) < [Ty < T ®\VO))
JELNU)\UNT JeT jeu JEU\L)\U

for (pj,j € L) € [leL[ny] and (g5, 5 € U) € [;c[ny]. Observe that for L C .S C LUU with
|L| + |U]| < s,

ML,U< H {v )} x H (—o0,v)) XH ), +o0) H {vfﬁi}xR‘U\Sg

FE(L\U)U (LﬁU)\K jeK FE((LNU)\K)
U((U\L)NS)
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- > (- T1 {vf,zg.}x II

re ul v« 11 V(J) x [] V@ JE(L\U)UK €(LNU)\

jewnonk 9 jex ™ \s
[0y T W= IT 09

JEK JE((LNU)\K) jeU\S
U((U\L)NS)

— 3 Y (—plenmon

re [ VOx[IVYx[Ive U0 TCLAU\U

jenunk 0 gek T s |0]<s—|L|
(1 {vf,z‘;}x [T 9= I ((—ooo@)\ V)
Fje(I\U)UKUT E(LNUN\K ]6((Lﬁ(7)\U)\T
X 11 }XH i), +00) \VJ))
jG((Lﬁﬁ)\U)\ jer
<JIewyx T W= [T o< I @®\vo)
jeK JE(LNU)\K) JEU\S JEO\L\U
U((U\L)NS)

- Y Y (ylenmon

UDU  TC(LNO)\U
U|<s—|L]|

v I ey TT ¥ T (oo \8)

FE(L\U)UKUT JE(LNUN\K Fe(LNO)\UN\T
< I 9y x ] ((09, +00) \ V)
FE(LNTN\U\T jer
<[V < I &< J[[Vv9x ] (R\VU))>.
JjeK JE((LNU)\K) JEUNS Fe(U\L)\U
U((U\L)NS)

Hence, the left-hand side of (E.4) for pz ; becomes

Z (—1)IABINS] Z (—1)I(ENUNK]

L,U:LCSCLUU KCLNU
|L|+|U|<s
'ML,U( H {U‘])}X H (—0070%)
JE(L\U)UK JE(LNU)\K
X H ijlj,+oo X H {Uﬁ,{j} X ]R'U\S|>
JEK JE(LNU)\K)
U((U\L)NS)
— Z (_1)|(U\L)05| Z (-1 (LOUN\K| Z Z (_1)\((Lﬁl7)\U)\T|
L,U:LCSCLUU KCLNU UDU TC(LQU WU
ILI+U|<s

U|<s—|L|
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e( TI i viix T (oo V)

Fe(L\T)UKUT JE(LNU)\K j ((Lmﬁ)\U)\
X H D} x H (05, +00) \V )
je((mﬁ)\m\ jer
IV < T < [Tvex I @®\vo).
JEK JE(LNU\K) JEU\S JEU\L)\U
U((U\L)NS)

By changing the order of summation in U and U and combining the summations in K and
T via K = K UT, we can simplify the right-hand side to

S (—)@onsl S ST ST ()KL () (NN

L,U:LCSCLUU U:S\LCcUuCU KSLOU 7c(LnU)\U

|L|+|U|<s
e TI 1) x v T (oo v)

FE(L\U)UKUT JE(LNU\K j ((mﬁ)\U)\
S | RO [ R (G \TY )
FE(LND)\U\T jer
<TIV9 %< T @yx [T v9x ]I (R\V(J)))
jeK JE((LNU\K) JEU\S je(U\L\U
U((U\L)NS)
_ Z (=)@ \DNs] Z (—1)IENONE] Z
L,U:LCSCLUU KCLNU U:S\LCUCU
|[L|+|U|<s
e TT < TT v@x I ((oeei)\ VD)
JE(L\U)UK JE((LNO)\K)NU je((Lﬂﬁ)\f()\U
X H m,+oo V(j H V H {Ufgg}
JEK\U jEKNU ge((Lmﬁ)\f()
U((U\L)NS)
< I v x ] (R\mj)))
JEU\S je(U\L)\U

Computing the inner summation over U yields

Z (—1)IABNS] Z (—1)I(ENUNK]

LU:LCSCLUU KCLNU
[LI+|U|<s

'ML,U( H {U(] H (—007%(72)

€(L\U)UK JE(LAU)\K
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X H V), +00) H {vo)} x R‘U\S‘>

jeK FJE(LNUN\K)
U((U\L)NS)
— Z (—1)l@\LIns| Z (—1)ENDN\K]
L,U:LCSCLUU KCLNU
|L|+|UI<s
o TT ©r< I (moovld)
JELNU)UK FE(LNU)\K)
[T o) T (o) < R7ST) =A%),
jek JE((LND)\K)
U((U\L)NS)

which shows that (E.4) also holds for puy, ;.
Moreover, by the definition of jir 7, we have

Y ol ®HH

0<|L|+|U|<s

=YY Y el e D x () ev)

O<|L|+|UI<s pE] ] e ns] a€ljepny]

PP D S

O0<|L+|UI<s pEl ] e lnsl a€lljeplns]l  UDU  TC(LNON\U

U|<s—L|
mel( I w9rx  II (o) \ Vi)
FELN(LND)\U\T) JE(LNDNUN\T
S I A <ﬂ+oo\v)
JE(LNDN\U\T Jer
X H{vg)} X H (R\V(j)))
Jjeu je(U\L\U

=2 X2 2 )

0<|L|+|U|<s UCU TC(LNON\U PEI e )] @€l crr[my]

ol I e9rx  II (oo \ V)

FELN((LNO)\UNT) jG((Lﬂﬁ)\U)\
X H {v} x H ), +00) \V )
JE(LNO)\UN\T jeT

< [Ty« 1 <R\v<f>>)

Jeu JEO\L\U
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DD P D

0<|L|+|U|<s UCTU TC(LNO)\U PEl L er ] a€ll cr[ny]

ol T 0y IT ®\v9)

FELN((LND)\U\T) FE(LNUN\UNT
< II < IIewvO) < [Te@r < [T ®\vo))
FE(LNTNU\T jET jev FEO\L)\U

=ZZZ

0<|L|+|U|<s UCU TC(LNU)\U

mel( - TI vOx  II  ®\v9)

JELN((ENDNUNT) JE(LNTNUNT
y [T VOx[[R\V)<[VvPx ] (R\Vm))
Fe(LNO)\UN\T JET jeu FEU\L\U
< Y Ipl®HH,

0<|L|+|U|<s

Here, we change the order of summation in U and U for the second equality, and for the
second inequality, we use the fact that

(—00, s\ VY CR\ VY and (v, +00)\ Vi) CR\ VO for all j.

The last inequality follows from the observation that for each L and U , the sets

H V) « H (R\ V)

FELN((LNO)\U\T) JE(LNUNUNT
« H V) « H(R \ V(j)) > H V) « H (R\ V(j))
FE(LNTNUNT jET Jev FEO\L\U

are pairwise disjoint as U ranges over subsets of Uand T ranges over subsets of (LN U J\U.
This shows that the objective function of (E.5) for pyp is no larger than that for vy
and ensures that the infimum of (E.5) is attained by some discrete signed measures pr, i
supported on (E.6).

Suppose upp are discrete signed measures supported on the lattices (E.6) that satisfy
(E.4). We can parametrize these measures by

peo({(wf),j € L) x (v, j € U)}) = By (E.7)
for L,U C [d] with 0 < [L[+ [U] < s, p = (Z%J € L) € [[ezlnyl, and q = (g, € U) €
[I;cplni]- Under this parametrization, (E.4) can be written entirely in terms of LU as

Z (—1)IAEINS] Z (—1)I(ENUNK] Z
LU:LCSCLUU KCLNU re I V9x I V%] v

|LI+|UI<s jewrvnk 9 jex M U\s
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LU _ S
Bloms AU i3 G (LAUNE) g G Kimy G (LADNK) OO )8y gens) = D () (E-8)

Consequently, (E.5) becomes

Ve () > inf {[18]l : BLY satisty (E.8)}.
Since (E.8) is a system of linear equations, there clearly exist minimizers of the right-

hand side. Let 5L U denote one such minimizer and let fiz, ;7 be the correspondlng discrete
signed measures deﬁned via (E.7).

Choose any constant ¢y € R. By construction, the function fe, (4, .} is piecewise constant
as in (E.1) and satisfies (E.2). By Lemma 38, there exists a constant b € R such that
f(X) = b+ foo (s} (x) for all x € R%. Defining ¢ = b+ ¢o, we then have fon, 3 = f. It
follows that

) A " )
1Bli=" > liwvley = Ve () = 18l

0<|L|+U|<s
so that
Vocisxgb(f> = Z lazollrv.
O<|L|+|U|<s
Therefore, the minimum in the definition of VOO «p(f) s attained by discrete signed mea-
sures. This proves Viixgb( f)= chfgf)( 1) O

Proof of Lemma 38. Since the alternating-sum functional is linear, it suffices to show that
if f e F%*is piecewise constant as in (E.1) and satisfies

An(f) =0 (E.9)
for all § # S C [d] with |[S| < s and m € [[,.g[n,], then f is a constant function.

Fix such a f € F2*. As seen in (E.3), the expansion of A3 (f) involves the summation
over L C S C LUU with |L| 4+ |U| < s. When |S]| > s, this summation is vacuous, so that
AS (f) = 0 holds automatically. Thus, (E.9) in fact holds for all nonempty S C [d].

For each j € [d], define

w[()j) _ vgj) —1 and w( = v for mj € [njL

and let ¢ denote the vector of evaluations of f at (w(lz wﬁnc)l) that is,
¢(m) = f(wq(}g, . ,wr(,‘;g) for m = (myq,...,my) € H{O, co,ng}

Because f is piecewise constant as in (E.1) and right-continuous, the vector ¢ completely
determines f. Moreover, for the same reason, (E.9) is equivalent to

AS ¢ = Z (—1)Zjes5j.¢(mj—5j,jES;O,j €59 =0 form=(mj,jeS) EH[nj]
5¢{0,1}15I jes
(E.10)
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for all nonempty S. Thus, it suffices to show that if ¢ satisfies (E.10), then ¢ is a constant
vector.

We prove this claim by induction on d. The case d = 1 is straightforward. When d = 1,
(E.10) reduces to

A = p(m) —p(m —1) =0 for m € [n4].
Hence, in this case, it is clear that ¢ is a constant vector. Suppose the claim holds for d — 1,

and let us prove it for d. For each my € {0,...,ny4}, let @™ denote the subvector of ¢
with last index my; that is,

qb(md)(ml, ceesMgo1) = ¢(my, ... ,mg_1,mg) for (my,...,mg_q1) € H{O, cooymy

Clearly, ¢ satisfies (E.10) for d — 1. Note that for mg € [ng),

" o ma—1) _ ASU{d}
A(m1 ..... md71)¢( a) — A d)( d )—A

(m1,..., md—hmd)(p -

for every nonempty S C [d — 1] and (mq,...,mg_1) € H?;ll [n;]. Thus, all ™ satisfy
(E.10) for d — 1. By the induction hypothesis, it follows that each @™ is a constant vector.
Lastly, taking S = {d} in (E.10) gives

A = 6(0,...,0,mq) — $(0,...,0,mg— 1) =0 for mq € [ng].

Thus, the constants in ¢™#) are the same for all my, which means that ¢ is a constant
vector. u

E.4 Proof of Theorem 16

Since the latter part of the theorem is a direct consequence of Lemma 5, we only prove the
former part concerning existence here. The proof of Theorem 15 is entirely analogous.

Proof of Theorem 16. When the signed measures vy, iy satisfy condition (a) of Lemma 5, the
corresponding function fey,, ;3 can be written as

fc,{VL,U}(xlv sy Tg) = CF Z B H 1(1'] +v(]+1 /2 H 1 ZE] qj‘ +Uc(]j)+1)/2)
(L,U,p,q)eJ jEL jeu
where
7={@.vp.@): LU C@.0< 2401 < sp e [ln-1) anda e [Tin-11} (B0
jeL jeu

and

FL>CL1[_VLU<{(< D +00)/2,5 € Ly (o) + q+1)/236U)}>
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for each (L, U p q) € J,withp = (p;,j€L)and q=(g,j €U).
Let (¢, (BL LU (L,U,p,q) € J)) be a solution to the optimization problem

argminz (yi —c— Z ﬁ . H l(xy) > (UI(?? + vg)H)/2)
i=1

(L,U,p,q)€ jeEL

2
TG < 0+ i)

Jjeu

st > BRI <V

(L,U,p,q)e]

The existence of such a solution is immediate. Define fgf/ : R = R by

fov@n,.x)=c+ Y BEVT[ (e > 090 )/2) - T] 1z < 0 +001)/2).

(L,U,p,q)eJ jeEL jeu
By construction, fff ]—"i ‘fmd, and it is a solution to the problem (5.9). Moreover, Lemma 5
implies that it is also a solution to (5.6). O

E.5 Proof of Lemma 5

We use the following lemma for the proof. This lemma is proved right after the proof of
Lemma 5.

Lemma 39. For every f.(, ) € FLs ., there exists f, {urv) € F&s with discrete signed
measures pry supported on the lattices (5.10) such that

i fb{#LU}( ) fC{VLU}(X()) fOTZ_l n;

° Zo<\L|+\U|gs ||ﬂL,U||TV < Zo<|L|+|U\§s ||’/L,U||TV-

Proof of Lemma 5. For zy,...,z, € R, define
Vi’ixgb(zl, ey Zy) = inf { Z lveollTv : fc,{VL,U}(x(i)) =z fori=1,... ,n}.
0<|L|+|U|<s
For simplicity, we suppress the dependence on the design points x™), ..., x(™ . By definition,

Ve (P, M) < v (F) for every f e FEE.

oco—xgb co—xghb

By Lemma 39, for each zq,..., z,, we have

Vi’ixgb(zl, oevy 2Zy) = inf { Z lveollTv : fc,{l/L,U}(X(i)) =z fori=1,...,n,

0<|L|+|U|<s
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with vy supported on the lattices (5.10)}.

Recall the index set J from (E.11), and let X denote the n x |J| matrix with entries

wvpa) = |1 = 00 + 02 )/2) - T 1= < (0 +09) ) /2)

jeL jeu

fori=1,...,nand (L,U,p,q) € J. We parametrize discrete signed measures v, ;; supported
on the lattices (5.10) by

v ({((0F) + v 1)/2,5 € L) x (0 + 1) /2,5 € U)}) = Bl (E.12)
for L,U C [d] with 0 < |L| +[U| < s, p = (pj,j € L) € [[;cplny — 1], and q = (¢;,5 € U) €
[I;cy[n; — 1]. With this parametrization, we can express Vci’fxgb(zl, ey Zn) S

Vo‘i’fxgb(zl, ..yzp) =inf {||B1 : XB =2z — cl for some c € R}, (E.13)
where z = (21, ..., 2,), and 1 is the all-ones vector.

Next, we show that if the set
P, = {ﬁERM : X8 =z — cl for some ¢ € R} (E.14)

is nonempty, which is clearly the case when z = (f(x1),..., f(x™)) for some f € F%* .
then there exists B that achieves the minimum in (E.13). Fix z € R" such that P, is
nonempty, and suppose X3, = z—cy1 for some 3, and ¢y. Clearly, the infimum on the right-

hand side of (E.13) remains unchanged if we further constrain 3 to satisfy ||8|l1 < ||Boll1:

yds (21, ..., 20) = inf{||,3||1 : X8 =z — cl for some ¢ € R and ||B||; < ||,80||1}

co—xgb

It is also straightforward to verify that the set

P.n{B R 1B]: < [|Boll1}

is nonempty, closed, and bounded. Since the map B — ||3]|; is continuous, it follows that
there exists 3 that attains the minimum in (E.13).

Using the results established above, we now prove the lemma. Fix f € f;lj s, and let
B be the minimizer of (E.13) for z = (f(xM),..., f(x™)). Let ¢ be the corresponding
constant from (E.14), and let v,y denote the signed measures associated with 8 via (E.12).
By construction, fc 1, .} € ]-"i’s satisfies the first two conditions of the lemma. Moreover,

Vet (FED) e fE) =118 = > lvswlly

0<|L|+|U|<s

= vo(i’ngb<fcv{VL,U}) > Vi’ixgb(f(x(l)), o ,f(x(”))%
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and thus,
d,s d,s d,s
Voo—xgb(fQ{VL,U}) = Z HI/L,UHTV = Voo—xgb<f(x(1))7 tt f(X( )) Voo xgb(f)
0<|L|+|U|<s
Hence, f.(,,,} € Fis st.miq 15 @ function that satisfies all the desired properties. O

Proof of Lemma 39. For each j € [d], define

]7%) - (U%W%H] for m; € [n; — 1],
and ( ) .
: i o
19 = (0, 09)] and 19 = (9 0] for m, € [n,]
Also, let

0oV = (—oo,v%j)] and O = (v, ) , +00).

With these notations, we define discrete signed measures ji7,;y and a constant b as follows.
For L,U C [d] with 0 < |L| 4 |U| < s, let ur s be the discrete signed measure supported on
the lattice (5.10), defined by

o ({9 + 09, 1)/2,5 € L) x (0 +09,) /2,5 € U)})

=)
S o1« 1091 < 11 )
L,U:LDL,UDU jel JEL\L Jjeu jeU\U
[LI+IUI<s

for (pj,j € L) € [1ezlny — 1] and (g5, 5 € U) € [[;cplny — 1] Also, let

b=c+ Z VL,U<HQ(j)XH6(j)>.

0<|L|+|U|<s jeL jeU
By construction, for each (mq,...,my) € H;l:l[nj], we have
1 7 > 1) 1(v < Uj d LLu
/|L+U H H ] KL U( )

jeu

= > o (09 +0241)/2,5 € L) x (09 +0Y41)/2,5 € U)})
re [] {1,...m;—1}x [] {my,....,n; -1}
L jeu

- Y (I T 0 < T172 + 1T 07),
LU:L2LUDU JeL JEL\L Jjeu JeU\U
|L|+|U|<s

It follows that for each (my,...,my) € H?Zl[nj],

fba{HL,U}(Ugrga s 7U1(76Lll)i>
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=b+ > 3 V~~<H[(] < I1 OU)xH[(J 11 5(9‘))

O0<|L|+|U|<s T,U:LDL,UDU JeEL FEINL JeU FEO\U
ILI+|UI<s

—er Y Y wa(T129 < T 0% < T17% =TT o)

0<|L|+|U|<s LCL UCU JjeL JjEL\L jeu JjeU\U

=c+ > wp(ITEvo?) 11 (T UO)) = Fapry @), 08,

0<|L|+|U|<s jel jeU

which implies that fy (,, ,} agrees with f.(,, 1 at all design points xM . x(™_ Moreover,

D ol ®Th <y 3 2 2

0<|L|+|U[<s 0<|LI+|U|<s p€lljepni—1 a€ll;eplny—1 L,U0:LoL,UDU
|L|+|U|<s

y~~](H[ X H oY) XH]])X H O(J>

jEL JEL\L Jjeu jeU\U

- ¥ 3 |Vz,ﬁ|(H1553 < ] 09 x HT?) < T1 5@))

O<|LI+|U|<s L,U.LDL,UDU JEL JELN\L JeU JeU\U
[LI+HU|<s

< X ZZ!M(H 19 [T 09 < I[7 x T o)

0<|L|+|U|<s LCLUCU €L JjEL\L jet jeU\U

= Y ([T uo?) < [TV o)) < 3 fv pl®EH),

0<|L|+|U|<s jeL jeu 0<|L|+|U|<s

This proves that fy (., 1 is the desired function satisfying the conditions of the lemma. [

E.6 Proof of (5.12)

We use the following standard result from real analysis in the proof.

Theorem 33 (Theorem 3.29 of [49]). Suppose f : R — R has finite total variation and
15 right-continuous. Then, there exists a unique constant ¢ € R and a unique finite signed
(Borel) measure X\ on R such that

flz)=c+ / 1(x > t)dA(t) forxz eR. (E.15)

Conversely, if f : R — R is of the form (E.15), then f has finite total variation, is right-
continuous, and TV(f) = ||| 7v-
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Proof of (5.12). We first show that
f

co—st —

{ f:TV(f) <ocand fis right—continuous}

and that
Vi L (f) =TV(f) forall fe FL',

oco—xgb

Suppose f = fe(, ) € FUl .. Since d = s = 1, the only admissible pairs of (L,U) with
0<|L|+|U| <sare ({1},0) and (0,{1}). Thus, f can be expressed as

flz)=c+ / 1(x > 1) dvpye(l) + / 1(z < u)dyp q1y(u)

for x € R. Define a signed measure A by A = vq1y9 — v 13- Then,

f(x) =c+ vy (R) + / 1(x > 1) d\(l)
for x € R, and

[Mlv = [A(R) < vayel(R) + |vp 3 |(R) = lvgyelloy + lveqy oy

Hence, every f € Fu' . admits the simpler representation
fea(x) :=c+ / 1(x > 1) dA(1),

and its complexity V ng( f) can be computed by

Vactep(F) = inf{[Allrv © fer = £}

By Theorem 33, the collection of such functions f. ) is precisely the collection of all right-
continuous functions with finite total variation. Moreover, the pair (¢, \) with f., = f is
unique and satisfies [|A||ry = TV(f). Consequently,

f

oost

{ f:TV(f) <ooand fis right—continuous},

and for every f € Fl' .,
Vol (f) = TV(f).
We next prove that

oco—xghb

VI o) = 5+ (TV() + AU

for all f € .7-";52_St(: Figl_st). By the same argument as above, we can show that every
fe fiist admits the representation

feru(x) = c—l—/l(m > 1) dX\(1) +/1(l <z <u)dp(l,u),
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where A and p are finite signed measures on R and R?, respectively, and its complexity
V>2 (f) is given by

co—xgb

Vo2 o () = 1nf {M ey + lellry : forn = f1

First, suppose f = feau € FL?

oco—st*

[f(x) = fW)l = | = MA@, y]) + u((—o0, 2] x (2,y]) — p((z,y] x (y, +00))|
< (@, 9) + [l (R x (2, 9]) + |ul((z, 9] x R),

and it thus follows that

For every x < y, we have

TV(f) < [[Mlrv + 2l gl

Moreover, we have

AN =] tim fz) = lim f(z)] = [AR)] < [[A|2v.

r—r+00 T—r—00
Combining these two inequalities, we obtain

1

5+ (TVD) +1AWD]) < W llew + [l

Taking the infimum over all A and p with f. ), = f gives

% A(TV() + A()]) < V2 (),

which proves one direction of the desired identity.
We now prove the reverse inequality. Suppose f € ]—“;ist(z ]—"igl_st). Since f has finite
total variation and is right-continuous, Theorem 33 guarantees the existence of a constant

¢ € R and a finite signed measure A on R such that
flz) = c—l—/l(x >1)d\(I) forzeR

and || Allrv = TV(f). Let A = AT — A~ be the Jordan decomposition of A, and let (P, N) be
a Hahn decomposition. Without loss of generality, we assume

AT (R) > A (R).

Then,
A =] lim f(@) ~ lm_f@)] = MB) = A (B) ~ A" (R),

T—r+00

and thus,

ATV +IAWNN) =5 - (AT R)+ A7 (R) + AT(R) — A (R)) = A"(R).

N | —
N | =
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Define a (Borel) measure Xon R by

AE) = (1- ;Eg) H(E)

for Borel sets £ C R. The assumption AT (R) > A~(R) ensures that A(E) is nonnegative for
all E. Next, define a signed (Borel) measure p on R? by

(B X Ey) =

M (R) (AT(EL) - A (B2) = A (Er) - AT (B,))

for Borel sets E;, Es C R. By construction,

/\Jr(El))\i(EQ)/)\JF(R) >0 if By CPE,CN,
/L(El X EQ) = _)\_(El) : )\+<E2)/)\+(R) <0 if El - N, E2 - P,
0 otherwise,

and therefore,

il = (P x ) = (¥ x P) = 2L ooy

Define a signed measure i on R? by
dip(l,u) = 10 < u) - du(l,u).
Since p is anti-symmetric, i.e., u(E; X Ey) = —u(Ey x Ey) for all Borel sets Ey, Es C R,
[lley = 5 - e = A (R).
Hence,
My + [y = MR) + [[Allry = A (R) = A~ (R) + A™(R) = A" (R).

Now, observe that

/1(95 > 1) dA(1) :/1(95 > 1) dAt(l) — T AT (=00, 7))
and that

/l(l <z <u)dp(l,u) = / 1(1 <z <uw)du(l,u) = p((—o0, 2] X (x,400))

= /\QR) (AT ((=o00,2]) - A7 ((w, +00)) = A~ ((—00,2]) - AT ((2, +00)))
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X (® . _
= g (o) = A (—oa.a) =

i Nl = [ 1= na()

for every x € R. Combining these two equations gives

fezal@) =c+ / (x> 1) dA() + / 11 < @ < u)da(l,u) = c+ / 1z > 1) d\(1) = f(2)

for every x € R. As a result,

H(TV() +1AN]),

N | —

VA2 () < [l + [y = A (R) =

which proves the reverse inequality. O

E.7 Proof of Proposition 12
Proof of Proposition 12. To prove (5.14), it suffices to show that

HK,(f)/min(2° — 1,24) < V& (f) < HKa(f)

co—xgb

for each anchor point a € {—o0,+00}?. Here, we prove this inequality only for the case
a=(—00,...,—00). The same argument applies to the other anchor point choices.
Recall that Fgés_st is the collection of all functions f.,, .} of the form (5.4). For each

Jetvoy € FL* by modifying each atom Af{lU as

A (enza) = [ 1 2 1) [T 1 <)

JjEL JjEU
= ] 1@ =20 [ (0-1>w)) (E.16)
JEL\U JEU\L
[T (@ >1) =1 >w) - J] 10 <),
jeLNU jeLNU

we can represent f. g, 1 as

Fetmot (@1, %) = foqusy (@1, wa) = b+ Y / [ 1 > t)) dps(ts, i € S)
0<|SI<s RIS jes
(E.17)
for some b € R and finite signed (Borel) measures g on RIl, where the summation runs

over all nonempty S C [d] with |S| < s. Specifically, each pg is related to v ¢ by

”S(HEJ): 3 (—)l@Bnst § (gl (E.18)

jes LU:LCSCLUU KCLNU
IL[+|U]<s
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.DL,U< [ E xREOE S ROSE ] Ej>

JE(L\U)UK JE((LNU)\K)
U((U\L)NS)

for Borel sets F; C R for j € S, where v,y are the signed measures on RIEH+YI defined by
dI/L U(l 11 H 1 l < u]) dVL U(l 11)
jELNU
This relationship between g and vy, 7 implies

Y omsl®E < Y Y Y @)

0<|S|<s 0<\S|<s LU:LCSCLUU KCLAU
|L|+|U|<s

= 2 D D Iyl

0<|L|+|U|<s S:LCSCLUU,S#0 KCLNU

= Y (ML A0) 2V (L= 0) - (27 1)) 2B |5y | (RIEFV

0<|L|+|U|<s
<min(2'— 1,29 > |y (REHYD), (E.19)
0<|L|+|U|<s
Define
Valf) =inf { D7 lsllav : fousy =} for f € Fals (E.20)
0<|S|<s

By (E.19), we have
Ve () S Valf) Smin(2° —1,2%) -V (f)  for every f € F2

oco—xgb co—xgb

Thus, it suffices to prove that
Va(f) = HKL(f) for every f e F2*

Fix f = fy(u6) € Fo . For each nonempty S C [d], we have

18 esolini€S) =b+ ¥ / T[] 165 > 1) dpunlt;.j € B).
R|(Z)7£‘RCS RIFI SR
R|<s

Hence, for each nonempty 7" C [d],

D (OISR esey (x5 € 5)

SCT
Z ( Z D ‘SI /RIRH]' i = tj)dur(ty,j € R).

R:04ARCT  S:RCSCT
|R|<s
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The inner sum vanishes unless R = T', in which case it equals 1. Therefore, if |T| < s,
SO et €)= [ TT 1> 1) durtty € T),
SCT RIT e

while if |T'| > s, the expression vanishes.
Now, fix a nonempty 7" C [d] with |T'| < s. Since

Vit(f, gere) = Vit (25,5 € T) o DO (=18 fS o (@i, € 9)),

scr

we have

Vit(f(o, jere) = Vit((%‘,j €T)— /RT [T 16 = t;) dpr(ty, i € T))
jeT

— swp Vit((xj,jeT)H/RTHl(xjztj)du;p(tj,jET);H[uj,vj]>

uj<vj,j€T jer

= sup Vit ((xj,j eT) — ,uT<H(uj,xj]>;H[uj,vj]).

uj<v;,j€T jer jer

Moreover, by Theorem 1,

vn((xj,j eT)— uT(H(uj,mjD; H[uj,vj]>

jerT jer
= HK(,; jer) ((xj,j e ) = ur (T (ws5)): H[wmﬂ) = |l ( TT(wss ).
JET JeET JET

Here, the first equality holds because the map vanishes on every section containing the anchor
point (u;,j € T'); that is, it becomes zero whenever z; = u; for some j € T. Consequently,

Vit(fh jere) = el (R = [lr]|rv-

Since
Vit(f(o, jere)) =0
for all |T'| > s, it follows that

HKa(f) = Y Vit(fl sera) = > Vit(fo jere) = Y. lprllry.

0<|T|<d 0<|T|<s 0<|T|<s

Thus, there is in fact no need to take the infimum in (E.20), and

HKa(f) = Va(f),
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which completes the proof of (5.14).
We now investigate the tightness of the inequalities in (5.14). Fix a = (—o0,...,—00).
First, observe that for the function f(xy,...,24) = 1(z; > 0), we have

Vi) = 1= HKq(f).

oco—xgb

This shows that the right inequality in (5.14) is tight.
To show that the left inequality in (5.14) is also tight, we consider two cases, depending

on whether s < d or s > d. In the case s < d, consider the function f(xy,...,z4) =
1(zq,...,zs <0). It is clear that Vo‘i’ixgb(f) = 1. Moreover, since
f(J}l?,,,?xd):H(l—l(.IjZO)):1+Z<—1)l Z 1(xj17~~7‘73j120)7
Jj=1 =1 1<ji<<5i<s

it follows that
HK.(f) =2°—1.

This shows that the left inequality in (5.14) is tight when s < d. In the case s > d, consider

the function f(z1,...,2q) = 1(=1<z1,..., 254 <0, Ts_g11,...,2q <0). Again, it is clear
that Vi’fxgb( f) = 1. Furthermore, we can write
s—d d
flan,. oz =] W@ > -1) = 1(z; >0) - [] (—1(x; >0)),
j=1 j=s—d+1

from which we obtain

HK,(f) = 2%.
This shows that the left inequality in (5.14) is tight when s > d. O

E.8 Proof of Proposition 9

Proof of Proposition 9. First, (a) follows from the right-continuity of each atom Afl’lU and
the dominated convergence theorem, together with the fact that each signed measure vy
is finite.

For (b) and (c), recall the alternative representation fp s of fe (v ), given in (E.17)
and introduced in the proof of Proposition 12. Since the sum in this representation ranges
over all S C [d] with 0 < |S| < s, the function class F-*  enlarges as s increases. This
yields (b). Since |S| is always bounded by d, the class F“* , remains unchanged once s > d,
which proves (c).

Lastly, (d) follows immediately from the definition. O
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E.9 Proof of Proposition 11

Proof of Proposition 11. Step 1: f € ]-";lc’ist — f is right-continuous, and HK,(f) <
o for all a € {—o0, +00}.

This follows directly from Propositions 9 and 12.

Step 2: f e FX*_, = for every a € {—oco,+o0}?, (5.11) holds for all subsets
S C [d] with |S]| > s.

We only consider the case a = (—oo, - -+ , —00); the argument for other choices of anchor
points is entirely analogous. Suppose that f € fi’ist. Recall from the proof of Proposition 12
that f admits the alternative representation f = f; 1, of the form (E.17) for some b € R
and finite signed measures pg on RIS,

T

Fix T C [d] with |T| > s. Using this representation, we can express oy jere) 88

floyjerey(@id €T) =b+ > / [T 1 > t)) dps(t;, i € S).
sozscr VR jes
[S|<s

It follows that

Z (_1)ZjeT5j . f(:gj,jeTC)(<1 —§;)w; + 6;v;,] € T)
8¢{0,1}I7

= Z Z ( Z (_1)ZjET\s<5j)

SZ@#SthssE{O,l}'S‘ 5T\SE{0,1}‘T\S|
ISI<s

- (—1)%ies % /RSI H 1(x; > t;)dus(ty, j € 5),

jes

where §g = (0,7 € S) and dp\g = (65,5 € T\ S). In the last expression, since |S| < s < [T,
the innermost sum always vanishes. This proves that (5.11) holds for 7.
Step 3: f is right-continuous, and HK,(f) < oo for some a € {—o0, +00}? =
feFly
Assume that f : R? — R is right-continuous and that HK,(f) < oo for some a €
{—00, +00}?. Fix a nonempty S C [d], and for each integer N > 1, define g3 : RI¥l — R by

gn(rs,j€8) = Y (=1)Zies¥ . f8 o ((1=6))x;+6;(=N),j € 5).

5c{0,1}I51
Clearly, g% inherits the right-continuity of f on the coordinates j € S. Moreover,
HK (v jes) (9v: [=N, NI = Vit (g3 [=N, N = Vit (£ jegeps [=N. NPT < oo,

Here, the first equality follows from the fact that g3 vanishes whenever z; = —N for some
j € S. Hence, by Theorem 1, there exists a unique finite signed measure vy on [—N, N]I¥
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such that
gu(@s.i € 8) = v (T[(=N.wj]) for (2,5 € $) € [=N, NI,
j€S
Here, the endpoint —N could be excluded from the intervals because gy becomes zero if
x; = —N for some j € S. Furthermore, Theorem 1 also gives

|Vz€/ ([=N, N]|S|) = Vit(f(ij,jesq; [—N, N]w‘) < Vit(f(ij,jesq) < 0.

Now, fix integers No > N; > 1, and observe that

g (@i €)= D (=)Ziesb g (1= 85)z;+ 85(~ M), € 8) = i, ([T(-No.a)])
5{0,1}15| jes

for every (z;,j € S) € [Ny, Ni]'*l. By uniqueness of vy , this means that the restriction

of vy, to [Ny, N1]I! coincides with v . Hence, {v3 }n>1 forms a sequence of finite signed

measures, where V]‘%Q is an extension of uf,l whenever Ny > Nj.

Using this sequence of signed measures, we define a finite signed (Borel) measure vg on
RIS extending v¥, for all N > 1. Specifically, we define vg by

vs(E) = lim vy(EN|[-N,N]®) for Borel sets E C R,

N—oo

We first verify that vg(E) is well-defined for each Borel set E. For integers M > N > 1,
< [l ([=M, M)\ [N, N]#T).

Since

sup || (=N, N™) < Vit(f, jeso) < o0,

for every € > 0, there exists an integer Ny > 1 such that
5 (=M, M\ [=N, N]¥1) < ¢ for all M > N > N,

Thus, {v3(EN[—N, N]*N} x> forms a Cauchy sequence, and hence, vs(FE) is well-defined.

Next, we show that vg is countably additive. Suppose E = Uj>; E}; for disjoint Borel sets
Ey. For integers N, > Ny > 1, since vy, extends vy, the restriction of |3 | (the variation
of v3,) to [~ Ny, Ni]1* also coincides with |y |. Thus, for each k > 1,

{|’4€/|(Ek N[=N, N]ISI)}N21

is an increasing sequence of nonnegative numbers. By the monotone convergence theorem,
we have

: s _ ISy — 1 s _ 151
S lim R I(Een (=N, NS = T 3 |0 [N, N

k>1 k>1
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= lim |vy|(EN[-N, N]‘S‘) < sup |vy|([=N, N]‘S|) < Vit(f(‘z_jesc)) < 00.
N—oo N>1 Jo

Moreover, since
(V3 (B O [=N, N¥) | < [uR] (Be N [=N, N9 < tim o] (B 0 [N, N]'9)
for each k and N, the dominated convergence theorem yields

vs(E) = lim vy(EN[-N,N]®) = lim ZVJSV(Ekm[—N, N5

N—oo N—o0

= lim vy (B, N[-N,N]¥) Zus (E).

N—oo
k>1 k>1

This establishes that vg is countably additive.
For each N > 1, it is clear from the definition of vg that for any Borel set E C [~ N, N]I¥l,
we have vg(E) = v3(E). Furthermore,

wsI(RIST) = Tim_fug] (=N, N]®) = Jim [ ([N, NJ®1) < Vit (f jes) < 00

Hence, vs is a finite signed measure on Rl extending vy, for all N > 1, as desired.
Define Ny = {j € [d] : a; = —oo}. For each integer N > 1, we have

> (=0)Zses fE oo (1= 6))3; 4 6;(=N),j € SN Na; (1 — 6;)a; + 6;N,j € S\ Na)
5¢{0,1}15I

= ) (—1)xses% g (L= 6))z; + 6;(—N),j € SN Na; (1= 6;)a; + 6N, j € S\ Na)
5e{0,1}18I

:(_1)\S\Nal.ys( H (=N, z;] % H (xjaND'

JESNNa FES\Na

Taking the limit as N — oo yields

S (s R jeRc)(xj,]eR)_ys< [1 (~oca) x I (zj,+oo)>

RCS JESNNa J€S\Na

where Tg is the signed measure on Rl defined by 7g = (—1)I5\Mal . p. Moreover, since

f(z1,...,2q) = lim f(z Z Z ‘S|_|R‘-f(]§j’j€Rc)(xj,j € R) for (zq,...,14) € RY,

zZ—a
S:0+£SC[d] RCS

it follows that

f(z1,...,2q) = lim f(z) + Z 775( H (—o0, ;] X H (xj,—l—oo)>

z—a )
S:0+£5C|d] JESNNa jES\Na
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= lim f(z) + > /nw ( IT 1@ > tj)) : ( I 1@< tj)) dvs(tj, j € 5)

S:0£SC|d] jESNNa FES\Na

for all (z1,...,24) € R% This proves that f € F2? .

Step 4: f € F%’_ and for some a € {—o0,+00}% (5.11) holds for all subsets
S C[d] with S| >s = fe Fh .

Now, we assume that f additionally satisfies condition (5.11) for all S C [d] with |S| > s
for some a € {—o0, +oo}¢. Since the additional condition is vacuous when s > d, we assume
that s < d. Here, we present the argument only for the case a = (—o0, -, —00), but the
proof for other anchor points is entirely analogous.

Since f € F:? ., f admits the alternative representation (E.17) for some b € R and finite

signed measures pg on RISI. For each S C [d] with |S| > s, we have
Z (—1)2iesdi . f(ij,jes*c)((l —8;)vj + juj,j € 5) = MS(H(%‘;%‘])
§€{0,1}15I jeSs
for all u; < v;,j € S. Therefore, condition (5.11) implies that for all such S and all
u; < Uj,j €S,
MS(H(%’,%‘]) =0.
jes

By Dynkin’s 7-A theorem, this forces pg = 0. Hence, all integrals over pug with |S| > s can
be dropped from (E.17), and we can conclude that f € F%* . O

E.10 Proof of Proposition 13

Proof of Proposition 13. Fix jo € [d] and t;, € R. Define g : R — R as in the statement of

the proposition with j = j9. By symmetry, it suffices to show that Vci’fxgb(g) < Vci’fxgb( 1)

Suppose that f = f., 3. Foreach L, U C [d] with 0 < [L|+|U| < s, we define a signed
measure fiy, ;y Ol RIFHUL as follows. If jo ¢ LUU, set pry =vpy. If jo€ L\U, define pp v
as the pushforward of vy (;o3,00q5} under the map

(1,5 € LN\ {Go}), (uy,5 € UU{jo})) = ((1, 5 € L\ {Jo}i to — s, (uy, 5 € U)),

if jo € U\ L, define pu iy as the pushforward of vzgoy,00 oy under the map

(.5 € LULGo}), (wy, g € UN{Go})) = (L € L), (w5 € U\ Lo}ty — Lin))

and if jo € LN U, define puz y as the pushforward of vy ;y under the map

(1,5 € L), (ug, 5 € U)) = ((Ij,5 € L\ {o}s tio — o), (ug, 5 € U\ Lo}ty — Ly))-
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With these definitions, one readily checks that f.(,, ,; = g. Moreover, there is a one-to-
one correspondence between the signed measures py, 7 and the signed measures vy, 7, under
which the corresponding signed measures have the same total variation. Therefore,

d,s
Voo—xgb(g) S Z ||:LLL,U||TV

0<|L|+|U|<s
= Y molv+ DD lmolv+ DY ol >
0<|L|+|U|<s 0<|L|+|U|<s 0<|L|+|U|<s 0<|L|+|U|<s
JogLUU Jo€EL\U Jo€U\L JoELNU
= Z lvLullrv + Z Vi go},u0gor [l Tv
0<|L|+|U|<s 0<|L|+|U|<s
Jog€LUU Jo€L\U
+ Y Mvgaoglev D lveolltv= Y0 lvewlly.
0<|L|+|U|<s 0<|L|+|U|<s 0<|L|+|U|<s
Jo€U\L joeELNU

Taking the infimum over all representations fe g, 3 of f yields V(isxgb( ) < V(isxgb( f). O

E.11 Proof of Theorem 17

We will use the following result, along with Lemma 21 and Theorem 25 in Appendix C, to
prove the theorem. Lemma 21 provides a moment inequality for the expected supremum
of multiplier empirical processes. Lemma 40 bounds the expected supremum of empirical
processes with Rademacher multipliers in terms of bracketing entropy integrals. Theorem 25
reduces the problem of controlling the expected supremum of general multiplier empirical
processes to the case with Rademacher multipliers. While Lemma 21 and Theorem 25 are
general results, Lemma 40 is more specific to our setting. We provide the proof of Lemma 40
in Appendix E.17.

Lemma 40. Suppose xV, ... . x"®) are i.i.d. random variables on R® with density po, and let
€1,. .., € be independent Rademacher random variables, independent of xV, ... x®) . Let F
be a countable collection of functions from RY to R, and suppose there exist t,D > 0 such

that || fllpo2 <t and || fl|le < D for all f € F. Then,

bgth}J ] £ o o) - (140 LT )y,

where C is a universal constant, and Jy(t, F,| - ||py,2) @s the bracketing entropy integral
defined by

TAF N ) = [T Tog N e 2. ) de

with Np (e, F, || - ||po,2) denoting the e-bracketing number of F with respect to || - ||py.2-
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Remark 17. The function classes in Lemma 21, Theorem 25, and Lemma 40 are assumed to
be countable to ensure measurability of the suprema inside the expectations. For an uncount-
able function class F and a stochastic process (®(f) : f € F) indexed by F, the supremum
sup ;e ®(f) may not be measurable.

In the proof of Theorem 17, to avoid such a measurability issue, we define the expected
supremum of ® over F as

E[?clelgfb(f)] = sup {E[ilellg)q)(f)} :GC Fis countable},

following [140]. Similarly, for any c € R, we define

P(iggfb(f) > c) = sup {ED(SfléIg)(D(f) > c) :GC Fis countable}.

With these definitions, we can avoid measurability concerns, and the above results also extend
to uncountable function classes.

Proof of Theorem 17. Let Fy(V) denote the collection of all functions f, 1., ;1 € FLs o of
the form (5.4) satisfying the following conditions:

e vpy are supported on [, (=M;/2, M;/2] x T (—M; /2, M;/2);
* > ocnu<s lvrullry < V.

It is clear from the definition of ffff/ that

fiv e Fm(V) C{f € F& o : V&2 (f) SV}

oco—xgb

Also, the following lemma, proved in Appendix E.18, guarantees the existence of fym €
Fum(V) such that fon(-) = fo(-) on [0, [—M;/2, M;/2].

Lemma 41. For every f € F%* ., with Viixgb(f) <V, there exists fm € Fm(V) such that
() = F() on [Ti_y [=M; /2, M;/2).
For each t > 0, define

Dm(Vit) ={f € Fm(V) : [ fllpo2 < .

The following lemma, proved in Appendix E.19, provides a bracketing entropy integral bound
for Dyv(V,t), which will play a crucial role throughout the proof.

Lemma 42. There exists a constant Cg s > 0, depending on B and s, such that for allt > 0,

] , vV V51
Tyt Dat(Vot), |- on2) < Cipod®(1+ log )" <t tog (2 =) + V7202 log (2+ =) | >
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Now, suppose we have ¢, > 4| fo — f*||,,2 such that for every r > 1,

E| sup %ZQJF(X@)H <rynt2/(V +1),

- feDm(V,rtn)

E| sup \/_ Z& } <rynt2/(V +1), and (E.21)

- feDM(VJ‘tn)

E[  sup fZezf ) (o = )| <rvmiz/ (v + 1),

- f€DN(Virtn)

where ¢; are Rademacher random variables independent of x(, and the expectations are
taken over x, ¢, and &. In what follows, we will first see how these bounds on the
expected suprema can be used to obtain a risk bound for fg‘s/ The value of t,, satisfying the
above inequalities will be specified in the next step, after which more precise risk bounds
will be derived. The subscript n emphasizes that ¢, depends on n, while its dependence on
other parameters is suppressed for notational simplicity.

We first aim to bound IP’(||fle‘S, — follppe > t) for t > ¢,,. Fix r > 1, and for each integer
7 > 2, define

JT'-] = {f € fM(V) : 2j_27"tn < ||f — fO,M”po,Q < 2j7"tn}.

By construction,

P(Il ey = follmz > rt) = P(Ilfav = fomllpz > 7tn) Z]P’ v € F)

Next, let (M, (f) : f € Fm(V)) denote the stochastic processes defined by

Z&f FO) - Z(f FP )

=1

and define (M (f) : f € Fm(V)) by

M(f)==If = 50
Since
=2 G ) - S PP = 2 3 (- Fx )
i=1 =1 = -
we have
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ad, L
as fn‘s/ minimizes the least squares over Fy (V). Moreover,

Ma(F) = M o) = 2 365 — fan) () =+ D°(F — foaa (<)

=1
=230~ o) (o — £) (=)
=1
and

M(f) = M(forn) = =1 = fomllps = 2By [(f = fora) () - (fora = f)(x)].
The assumption t,, > 4| fo — f*|lpo.2 = 4ll fom — f*||o,2 implies that for every f € F;,

—(M(f) = M(fom)) = IIf = fomllpoz - (If = fortllpoz = 2l foa = F*llpo2)
> 912 . (2ﬂ 20, — %) > 925,242

Therefore,*

P(fi5 € F5) <P sup (Ma(f) = Ma(fom)) = 0)

fEF;
< ]P’(}S;lﬁ ((Mn(f) — M, (fom)) — (M(f) — M(fOM))) > 22j—5T2t721)
(fﬁ}? _Z@ f = fom)(x®)| > 2577 tn)

—|—]P’( sup —Z(f fOM) (X(i)) —|f - vaMH?Doy?

feF;

> 22j’77°2ti>

=1

+IP’< sup —Z(f For)(xD) - (forr — £)(x™)

feF;

oo [(F = fom) (%) - (fonr = 1) ()] = 229822
< ]P( sup ’\/_ Z&l ‘ 22j—7r2\/ﬁti)

fEDM(2V,207t,)

+p( sup | fz —II2,2)| = 25 22 (E.22)

feDM(2V,29rty,)

—|—IP’( sup ‘\/_Z( (fom — f)( )

fEDM(2V,27rty)

1Because of our definitions in Remark 17, introduced to avoid measurability issues, some additional care
is required in justifying the first inequality. A more detailed argument is provided in the remark following
the proof.
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— B [(3) - (fom = F))] )| 2 22752/t

where the second inequality uses that —(M(f) — M (fom)) > 2%7572%¢2 for all f € F;, and
the last inequality follows because f — fom € Dm(2V, 2/rt,) for all f € F;.

We next bound each term on the right-hand side of (E.22). As a preliminary step, we
show that there exists a constant C' > 0 such that || f|| < C(V +1t) for every f € Dm(V,1).
Suppose f € Dy(V,t) is of the form

flze, ... xq) = c+ Z /]R |+|U|H1x]2l Hlx]<u3 dvrp(l,a)

0<|L|+|U|<s jEU

where

Z lveoltv < V.

0<|L|+|U|<s

Since the sum of the total variations of the signed measures is bounded by V', the second
term in the above representation of f is uniformly bounded in absolute value by V. Hence,
by Cauchy inequality,

£ = | F2(%) - po(x) dx

Jj=1

2/ (——V2)-p0(x)dX:——V2.
T M /2.0;/2) N 2 2

It follows that
[flloo < el +V <OV +1)

for some universal constant C' > 0.
We now bound the first term on the right-hand side of (E.22). By Markov’s inequality,

)

- - . _ . (4)
= 205=21y6p3/2¢6 E[ D ’\/521§Zf(x

feDm(2V,2irt,,)

IP’( sup ‘\/_fo

feDm(2V,29rty,

To bound the expectation on the right, we apply Lemma 21, which gives

o zc(e] a3 enw)

FEDM(2V,2irt,)

S om LY e

fEDM(2V 20 rt,)

+O-23Jr3ti|!€1|!2+0n‘3/2-E[mgx (I&'Is- sup If(X(i))l3>}~

feEDM(2V,29rty,)
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Using (E.21), the inequality §
max &]° < Z &I,
i=1
and the preliminary result
1 flloe < C(V +27rt,) for all f € Dy (2V,271t,), (E.24)

we deduce from (E.23) that

[, R e

feDM(2V,2irty)

< C 2593348 1 O 239383 || 1|3 4 On V2|6 |13(V3 + 230383,

Substituting this back into the Markov inequality bound, we obtain

IP( sup ‘\/—Zfl x) ‘>22] 7 2\/_152)

fEDM 2V QJT‘tn

c Cli&ly  Cl&lsV?  Cll&lls

= 80y T Q3ipan3/23 | 96ipbn2 | 23ipdn23

We next bound the second term on the right-hand side of (E.22). We divide into two
cases depending on whether 2/rt, < V or not. First, suppose 2/rt, < V. By Markov’s
inequality,

P( sup ‘ \/_Z —1If12,) ‘22%’—77«2\/&2) (E.25)

feDm (2V,2j rtn)

Also, by the standard argument of symmetrization (see, e.g., [150, Lemma 2.3.1] and [59,
Theorem 16.1]),

1
< 96j—21,.67,3/2£6 E[ Sup ‘\/— Z ||f||p0 2)

feDm( 2V2]rtn)

B[ s )\/_Z D~ 1f12,2)[ ] <8E[  sup \fZﬂf x|

feDM(2V,29rty,) fEDM(2V,2irt,
(E.26)

where ¢; are Rademacher random variables independent of x(?). Applying Lemma 21, we can
bound the expectation on the right-hand side as

E sup )\/_Zezf HSC( [ sup ‘\/—Zezf x H)g

fEDM(2V,2irt,) fEDM(2V,2irt,)
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3 )
vo( s Ple) +On Y E[max s [fO)P].
FEDM(2V,297,,) vt feDM(2V,297ty)

The contraction principle (see, e.g., [150, Proposition A.3.2] and [91, Theorem 4.12]), to-
gether with (E.21) and (E.24), gives

E sup - ’%iq]ﬂ(x(i))u <OV + 2rty,) E[ sup ‘\/—Z@f H

fEDM(2V,297t,) FEDM(2V,297t,)

<OV +27rt,) - 2ry/nt2 V.

Moreover, we have

sup [Pz < sup [[fller sup  [[fllp2 < OV +21t,) - 270t
fEDM(2V,27rty,) fEDM(2V,27rt,,) fEDM(2V,27rty,)
Therefore,

o, S

feDM(2V,20rty,

< OV + 2rt,)3 - 239303/248 )3 4 O(V 4 20rt,)® - 2999383 + On=3/2(V + 29rt,,)".
Combining this with (E.25) and (E.26) yields

IP( sup ‘\/_Z ||f||p02 ‘ > 22j_77"2\/ﬁti>

fEDM(2V,297ty,)
_ OV +2rt,)t OV +2rt,)} | C(V+2rt,)5 _ C cv? cve

= 2y 259531243 S S I T P TETE B T

Next, assume that 2/rt, > V. For each f € Dy (2V,2/rt,,), as seen in the preliminary
step, we can decompose f as f = ¢+ g where ¢ is a constant with |c| < C(V + 2/rt,) and ¢
is a function uniformly bounded in absolute value by 2V. Using this decomposition, we can
write

n

7 Z V= IfI1%,) = 2c-% S (9 —Expo o Z )=l 2).

=1

It follows that

B a3 (P) —||f||p021z22j-7r%ti)
=1

FEDM(2V,29rty)

1 n ) 92j—8 2\/_t2

< IP’( sup ‘— g xD) — Eyo ’ > —)
s Vi 2 ) = B2

9lloo <2V
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+P( swp | fz lglZ )| = 2t va). (B2

gEFM 2V)
Hg||oo<2V

By Markov’s inequality, the first term of (E.27) is bounded as

22] —8 2\/_t2
(| |7 2 o) ~Exenlo0)| 2 )
geFM(2V) + rt )
llglloc <2V
C(V + 2rt,)? 1 < 0 3
< oS [geﬁﬁ%v)(—n;(mx ) —ExemlgX)| ] (E28)
lgllec <2V a

Also, by the standard argument of symmetrization,

(9" ~ Bxopoo(X)))[ ] <8E[ sup gl )| (E29)

sup ] )
|:g€}'M 2V) \/— gEFM(2V) \/—

Hglloo<2V ||9||oo<2V

Using Lemma 21, the expectation on the right-hand side can be bounded as

[ sup )\/_Z €g(x 3} < C<E[ sup %iqg(x“»“)g—kCVS. (E.30)

gEF M 96.7'—1\/[(2‘/)
||9||oo<2V llgllcc <2V

Applying Lemma 40 and Lemma 42, we obtain

x (@

sup ‘ elg )] [ sup ’ 69(x ]
|:96-7'—M (2V) \/_ 9E€DM(2V,2V) \/_Z

llglloo <2V llglloo <2V

J2V, Dm(2V,2V), | - Hm))

< 2V, Dua(2V,2V), |- ) - (142 - kD

S C’BﬁaisV

where aq := d*(1 4 logd)*~!. Combining this with (E.28), (E.29), and (E.30) yields

( sup ‘\/_Z — Exop g )_ 928, 2\/_152)

geFM(2V) C(V + 2irt,)
llgllc <2V

< CB756L378V3(V + 2j’l“tn)3 CB,SCLS’SV?’

= 965 —24,.61,3/26 = 93j,31,3/243

where the last inequality follows from the assumption that 2/rt, > V. By a similar argument,
the second term in (E.27) is bounded by

P sup | IZ — llgl2, 2)

gE]—'M 2V
||9Hoo<2V

6 6 6 3
CB Sadsv CB Sadsv

= 26i763/2¢6 = 23ip3p3/243

> 928 2\/_252)
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Substituting these bounds back into (E.27) gives

6 3
CB Sad SV

= 23033243

P s | fz (x) = 1fI2,0)| = 22722 <

fEDM(2V,2irty)

Thus, whether or not 2rt, < V, we have

P s IZ (F2) = I1£118,2)| = 22 Tr2v/ne?)

fGDM (2V,2J 'I’tn

Cc  Cpsag,V? CVo

< — : : .
= 2353 230p3p3/2¢3 0 26ip6p3¢6

The third term on the right-hand side of (E.22) can be bounded similarly to the second
term in the case 2/rt,, < V. Applying Markov’s inequality, the symmetrization argument,
and Lemma 21 in turn yields

]P( sup ‘\/_Z< (fom — f)( )

fEDM(2V,2irty,)
= B [F(0) - (fona = /) (x)] )| 2 227502 /ne2 )
C  Clf=F I  Cllfo— FIPmV?

— 2%p3 237 3n3/2¢3 20776n3¢8 ’
where || - ||com denotes the supremum norm over H;l:l[—Mj/Q, M; /2]
1glloc.na == sup |9(x)]-

x€[ 1§, [-M;/2,M;/2]

As a result, we have

P(Hf:f,’?/ - fOHpo,Z > Ttn) = ZP(J?;[:IS/ € ‘FJ)

B Cll6l 16— ) ClaliV | Cles
T = 23Jr3 231730 3/2t3 20iy6n2¢6  23ip3n2t3
=
Cpsag Ve CVIVE 4| fo— f*1123m)
2373n3/2¢3 20776n3¢6 ]
. C CUENS + (1 fo = f*2m) + Crsal VP Cl&G|3VE  Cll&3
- ﬁ 7’377,3/2153 * r6n2¢8 ri3n2t3

L OV o — )

T6n3t6
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Plugging in r = t/t,,, we obtain

s o CUIEIR + 1fo — £ 3 p) + Co o8, V2
PSS = follpoa > £) < 2+ s 4
Claliv® . Clal | OV +lifo = F )

n2to n2t3 n3to ’
which holds for all ¢ > ¢,,. Thus, for every t > 2t,,, we have

£d,s * £d,s * Ad,s t
P(Hfg,’v - f ”po,? > t) < ]P)(Hfg,’v - fOHpO,? >1— ”fO - f ||po,2) < P(Hfiv - fOHpo,Q > 5)
_ s OGS+ 1o FFane) + stV
- 3 + n3/2¢3
Cl&ali3ve | Clléls N CVA(VE + 1 fo— f* 2 )

n2t6 n23 n3t6 ’

_|_

where the second inequality follows from the assumption ¢, > 4| fo — f*|| .2 Since

|2 Bz gy =B - ).

where (+), denotes the positive part, it follows that

E[llfa3 — f7llh2) < 465 + / 2t - P f5 — Fllpo > 1) dt
2

n

CI&I3 + I1fo = "3 n) + Cristg,V* L dlédsv?

2
<Ct, + T n2tt
claly  CvAVE+fo— 115
n’t, n3tt

We have just seen that once we establish the bounds (E.21) on the expected suprema
with some t,, > 4| fo — f*||po.2, We can bound the risk of fgf/ in terms of ¢,, as in the above
display. Our next goal is therefore to identify a suitable ¢, satisfying (E.21). To this end,
we first bound

E[ sup
feDM(Vit)

for each ¢ > 0 and k£ = 1,...,n, and then apply Theorem 25 to transfer this bound to the
expected supremum with &;’s.
Fix k € {1,...,n}. Since || f|lc < C(V +1t) for every f € Dpm(V,t), Lemma 40 gives

k

IE[ sup %;

f€DMm (V,t)

€if(X(i)) H
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Jt Dm(Vit), || - I\po,2)>

< CJ11(t Daa(V,t), |- o) - (14 COV 1) - ok

Applying the entropy integral bound from Lemma 42, we obtain

i ] < Cpsd,s (t log (2 + V) 4 /22 [log (2 n %ﬂs—l)
. [1 + CB,sad,s(V + t)k—1/2t—2 <t log (2 + %) 4 Y242 [log <2 . %)} §—1)}

\%4 V151
< CB,sad,st log (2 + ?> + 0375ad75vl/2t1/2 [log <2 + ?>}

E[ sup

febdm(Vit)

V\15 V\126-1)
+ C’B’saisk’_lﬂ‘/3/225_1/2 [log (2 + 7)} + C'Bﬁsafhsk:_l/z\ﬂt—l [log (2 + 7)]

V\12 V\18
+ CBysaisk_l/zt[log <2 + ?ﬂ + C’B,saisk_l/zvlﬂtl/z [log <2 + ?>]

V ) ] max(2,2(5—1))

+ Cpea2 k72V | log (2 + — (E.32)
»$Yd,s n

Recall that ag s = d*(1+logd)*~!. Let ¥ : R — R denote the function given by the right-hand
side of (E.32). A direct calculation shows that if

t > max <CB,sads(V + Dk~ 1og(2 + k), Cp SCLZ/S(V + Dk Y3 [log(2 + k))2E-1/3,
Cpsagy (V + 1)k~ [log(2 + k)|*/*, Cp a3 ,(V + 1)k~ [log(2 + k)],
CBvSa4/3(V + l)k_Q/S[log(2 + k},)]2§/37 CB,sad,s(V + 1)]<3_1/2[10g(2 + k)]max(lj—l))’

then
U(t) < VEt?/(V +1).
To simplify this maximum, observe that for suitable constants C, Cy > 0, we have
log(2 4+ z) < 2'/¢ for all z > C,
5 < gV for all & > C,
2 < 2?3 forall z > C,

Using these inequalities, we can bound terms in the maximum as follows:

k712 log(2 4 k) < CkY2 4 k712516 < 013,
k—2/5[10g(2_|_ k)]2§/5 < Csk_2/5 +l€_2/5]€1/15 < Csk_l/g,
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kY log(2 + k) < Ck~' + kY3 < CkV3,
k=P log(2 4 k)P < Cok™2/% + k2K < k™, and
k—l/Z[log(Q + k,)]max(l,E—l) < C«sk,—l/2 + ]{7_1/2]{31/6 < Oskf_l/g.
Thus, if we set N
ty = CB,sai,s(V + Dk Y3 log(2 + n)]2E-D/3,

then we have

W) < VEG/(V +1).

Since the map t — W(t)/t is decreasing, it follows that

IE[ sup ‘ Zelf @) } < U(rty) < rU(fy) < rVEE/(V 4+1)
feDm( Vrtk) \/_
for every r > 1.

We have just shown that for each £k =1,...,n,

k

s wp [Sared)

feEDM(Virty) © j=1

| <riiz/v+1)

for every r > 1. By Theorem 25, this bound transfers to the expected supremum with &;,

giving
[ sup ‘Z&

fGDM(VTtn

|| < 4leillsa - rnf2/(V +1)

for every r > 1. Therefore, redefining ¢, by multiplying it by the factor (1 +4[|&l51) yields
the first two inequalities in (E.21) (with ¢, =t,,) for r > 1.
We now bound

E[ sup
fE€DM(Vit)

\FZ e x0) - (fo = 1)(x9)]

for each ¢t > 0. By following the proof of Lemma 40 with minimal modifications, we can
show that

E[ sup
fEDM(V7t)

% zn:ﬁif(x(i)) (fo— f*)(x(i)>H

1=

Jy(t, Dm(Vo ), || - ||p0,2)>.

< Cllfo = £ llsean - I (8 Daa(V ), |- ) - (14 COV 41) - o

Hence, repeating the computations above, we find that if we define ¢,, as

=1+ |fo— flloom) - Crsag (V + Ln=3[log(2 + n)]E~D/3,
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then

E[ sup th}J (o= D] < VAV + 1),

fe€Dm( Vitn

from which the last inequality in (E.21) (with ¢, = £,) follows for all » > 1.
Using t, and t,, we define ¢,, as

tn = 4l fo = f*[lpo,2 + max(tn, ).
Then, for every r > 1,
1 ¢ :
IE[ sup ‘— Eif(X(Z))H (rtn/ta) - Vnte/(V +1) < ry/nt2/(V + 1)
feD(Virtn) | VT ;

and the remaining two inequalities in (E.21) follow by the same argument. Hence, t,, satisfies

all inequalities in (E.21) for all » > 1, and we use this ¢, to derive a risk bound for f&?

n,V:*
As a last step, we substitute our ¢, into (E.31). This yields

E(If5 = F12] < Cllfo = 122+ @V + 12| Coo(1+ Nl + IS0 = /1)
0”2 log(2 + m)] D/ 4 O(n~2/%)]
when s > 2. On the other hand, if s = 1, we obtain

E[If5 = F*ll5o2] < Cllfo = f713 2

max(ty, bn )) Cl&lzv?

ad,l(v +1) afl,l(V + 1)2n2(max(t,, t,))*
= Cllfo—= f 132+ ai(V+1)*-O(n?),

Fatv e [ B

where the constant factors underlying O(-) depend on B, s, the moments of &;, and || fo —
f * ||oo,M' ]

Remark 18. For the first inequality in (E.22), we in fact need to show that
IP’(f,ffSV € F;) <sup {P<Sup (M, (f) — My(fom)) > O) :G CF; s countable},
7 feg

since F; may not be countable. Here, we give a more careful argument for this.
For each integer N > 1, let Gy denote the subcollection of F; consisting of all fe i, )
(of the form (5.4)) that additionally satisfy the following two conditions:

e vy are supported on
H((l/N)Z N (=M;/2, M;/2]) x H((l/N)Z N (=M;/2, M;/2)),

where (1/N)Z := {m/N : m € Z},
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e ccQ and
vio({(p;,j € L) x (g;,7 €U)}) €Q
for every (p;,j € L) x (g;,7 € U) € REHIVL

Clearly, each Gy s countable, and thus, G := Un>1Gn 15 countable as well. Since fgf/ 18
constructed from discrete signed measures with finite support, it can be easily shown that
there exists a sequence {gn}n>1 with gy € Gy C G such that gy(x) — fg:‘s/(x) as N — oo

for every x € R®. Hence, if f:ff/ € Fj, then

Consequently,

P(fi € 73) < P(sp (Malf) = Ma(foma)) 2 0)

< sup {P(ig}z (Mn(f) — Mn(f07M)) > O) :H C Fjois countable}.

E.12 Proof of Lemma 6

Proof of Lemma 6. For each f. 1, .3 € Dm(V,t), by modifying each atom Af{lU as in (E.16),
we can express fe(,, ,} as

fq{,,L’U}(xl,...,ZEd) = fb7{u5}(a:1,...,:vd) = b—|— Z / Hl(flfj Z lj)d,ug(lj,j S S)

(E.33)
for some b € R and finite signed measures us on R'Sl related to the original measures vy, ¢y
through (E.18). Here, the summation runs over all nonempty subsets S C [d] with |S] < s.
Since each vy is supported on [[; . (=M;/2, M;/2] x [];c;(=M;/2, M;/2], the relation
(E.18) implies that each yus is supported on [[,;4(—M;/2, M;/2]. Moreover, by (E.19),

> usllry <min2 —1,2% - > lupylley < (20 - 1)V <GV

0<|S|<s 0<|L|+|U|<s

Hence, if we define Dy (V, t) as the collection of all functions Fotusy € FL o with || fo sy lpo2 <

t such that pug are supported on [ [;cq(—M;/2, M;/2] and satisfy

> sy <V,

0<|SI<s

then we have Dy (V, ) C Dy (CLV, t).
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We now split ZN)M(V, t) into pieces, compute the bracketing entropy of each piece, and
then put them together to obtain a bracketing entropy bound for l~)M(V, t), which will in
turn yield a bound for the bracketing entropy of Dn(V,t). For every fi .1 € EM(V, t),
by repeating the argument (using Cauchy inequality) in the proof of Theorem 17, we can
show that |b| < C(V +t) for some constant C' > 0. Set K = |[C(V +t)/e], and for each
k=—(K+1),...,K, let G denote the collection of all functions f; ¢,y of the form (E.33)
with ke < b < (k + 1)e and with signed measures pg supported on [ [, o(—M;/2, M;/2] and
satisfying » o<, [ltsllrv < V. It is clear that

5M(V, t) C U Gk,

and hence,

logNu(e,DM(V,t),H‘Hpo,a)Slog( > N[l(@gkaH'Hpo,ﬁ)

C(V+t

<tog (2+ ) b suplog N (e, Gio - ) (E:34)
C(V+t

< tog (24 VD) 4 tog NG (6. G - )

Now, let Gy denote the collection of all constant functions on R? with values in [0, €].
Also, for each nonempty S C [d] with |S| < s, define Gg as the collection of all functions on
R? of the form

(T1,...,1q) >—>/ Hl(xj > 1) dps(ly, j €5),
jesl=M;/2,M; /2]

jes
where pis is a finite signed measure on [[;cq[—M;/2, M;/2] with [[us|lrv < V. By construc-
tion,
Go € Gop + (+o<|s1<sGs);
where A+ B ={a+b:a€ A,be B}. It follows that

log N{ 1(€&,Go, |+ llp2) < Cs(L+1ogd) + > log Ny j(e/(Cod®), Gs, ||+ llpo2),  (E.35)

0<|SI<s

where § = min(s, d).

To proceed, for each nonempty S C [d] with |S| < s, let Gs denote the collection of all
functions on the truncated section [ [, g[—M;/2, M;/2] of the original domain R?, obtained
by restricting to the coordinates indexed by S, of the form

@njes)m [ T 1 > 1) dus(l;.j € ),
(esl=M;/2,M;/2)

jES
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where pg is as in the definition of Gg. Since pg is uniformly bounded by B/ H?Zl M;,

[Tice MjN1/2 ~
Niy(e,Gso I+ ) < N ((FE5—) e sl - Il). (E.36)

Furthermore, for each nonempty S C [d] with |S| < s, let Gg denote the collection of all
functions on the scaled domain [0, 1]!¥! of the form

(xj,j € S) — ]_(Q?J > lj)d,ug(lj,j € S),
011181 s

where 15 is a finite signed measure on [0, 11! with ||us||tv < V. Through a straightforward
scaling argument, it can be readily verified that

N6 G | ) < N[]((m)”e,g‘s, 1) = N[]((ﬁ)”e,gusn, I-1l).
J J
(E.37)

Next, for each integer m > 1 and R > 0, let H,,,(R) denote the collection of all functions
on [0,1]™ of the form

m

(1, ..., &) 1@ =) du, .. 1)
[01]™ 54

where p is a finite measure (not a signed measure) on [0, 1]™ with ||u||rv < R. It was proved
in [55, Theorem 1.1] that

log Np (6, Him(R), || - [l2) < C, <2 + §> [log (2 + §>}2(m1).

By the Jordan decomposition of signed measures,
Gusy € Hysi (V) = Hysy(V),
where A— B={a—0b:a€ Abec B}. It follows that
- € 2V 217\ 12051-1)
log Ny (€ G | - 1) < 21og Npj (5, Hisy(V), [ - [l2) < Cis (2 + 7) [10% (2 + 7)] :
Substituting this bound back into (E.37), (E.36), (E.35), and (E.34) in turn, we obtain

~ C(V+t
105 Ve, Daa Vi), |- [2) < g (24 CLHD)

+ Cpyd® (1 + log d)*5 (2 n %) [log (2 N %>]2(§—1).

Lastly, since Dyi(V,t) € Dy(CLV, 1), we arrive at
Cs(V + t))

€

log N{ (€, Daa(V:), | - ln.2) < log (2+

) ] 2(s-1)
+ Cpyd? (1 + log d)*5— (2 v K) [log (2 n K)] ,
€ €

which completes the proof. O
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E.13 Proof of Corollary 1

Proof of Corollary 1. Observe from the proof of Theorem 17 that the risk bound for fgf/
depends continuously on V. Consequently, the desired bound in the corollary follows directly
from the risk bound for ffff, and the following inequality:
My <liminf  sup  EIfL — I
’ e—0+ Iz Efgcist ’ po,

Ve e (FHSV

[e')

E.14 Proof of Theorem 18

Theorem 18 is proved similarly to Theorem 8 in Chapter 3. As in the corresponding proof
in Appendix C, our argument builds on the proof ideas of [46, Theorem 4.6], which itself is
motivated by those in [13, Section 4]. Following [46] and the proof of Theorem 8, we use

Assouad’s lemma in the following form.
Lemma 43 (Lemma 24.3 of [149]). Suppose q is a positive integer, and we have f, € Fls

oco—st

with V& (fn) <V for each m € {=1,1}9. Then, we have the following lower bound for

oco—1xzgb

o . d
the minimaz risk M7, :

¢ NS = S llps . ( \/1 )
M > 2 i 4 =T IR2 iy 1—/=E[K(P; P, )] ).
T8 e H(nm)  Hma=1 R ELE (P, Py, )]

Here, H(-,-) denotes the Hamming distance H(n,m') == >_1_, 1{n; # n}}, Py represents the
probability distribution of (yi, ..., yn) given (xV, ... xM™) when f* = f, and K(-,-) denotes
the Kullback divergence between two probability distributions.

Proof of Theorem 18. Fix an integer [ as

= [ () e s (257}

where Cp s = B27%%1(610g2)5 ! - (s —1)! and [x] denotes the smallest integer greater than
or equal to x. This choice of | ensures that

2 13 CpnV2\1G-1)/3
9l < <U—> [1 (—)} 9-l+1, E.
S Ve og(—3 < (E.38)
Define

Pl = {(p17"'7ps> € Zgzo : Zp] :l}7

J=1



APPENDIX E. PROOFS FOR XGBOOST 292

and, for each p = (p1,...,ps) € B, let
Iy = {(i1,...,15) : ij € [27] for each j € [5]}.

Recall that [m] = {1,...,m} for each integer m > 1. It is clear that |I,| = 2' for every

p € P, and
7 5—1
p= (PN s
5—1 (s—1)!

Q:{(p,i):peplandielp}
and let ¢ = |Q| = | B - 2. In this proof, functions will be indexed by vectors n € {—1, 1},
whose components are indexed by the set Q.

For an integer m > 1 and k € [2™], denote by v, the real-valued function on (0, 1)
defined by

Next, define

1 ifze (k=127 (k—=3/4)27™) U ((k—1/4)27™, k2™™),
Umi(r) = =1 ifze ((k—3/4)2™™, (k—1/4)27™),
0 otherwise.

Using these functions vy, we construct f, € f;f;“ist for n € {—1,1}4 as follows, with
which we will use Lemma 43 to prove the lower bound on the minimax risk imfj, For each
n € {—1,1}9, let 1, be the signed measure on H‘ll(—Mj/Z M;/2) defined by

ﬁzznpl(nw—. 5)) e

pEP i€lp

dvy(t) =

and define f,, : R — R as

ol 2a) _/ T 15 > 1) duy(t).
[Goi(=M;/2,M;/2) 54

Clearly, f,, € Fly for every m € {—1,1}9. The following lemma, whose proof is deferred
to Appendix E.20, summarizes the key properties of the functions f, we need for the proof.

Lemma 44. For each n € {—1,1}4, the complezity of f, is bounded by V, i.e.,

Vocisxgb(fn) S V. (E39)
We also have e
—31—45+2
W= ol € T2 (E.40)

and

||fn - fn’”;z;o,z > bV? _2_31_654_2‘

min E.41
T Hmy) - IR (EAL)
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It is straightforward to check that the Kullback divergence between Py, and Py, for
n,n € {—1,1}7 can be computed by

1 O : :
K(Py,.Pyr,) = 202 Z <f77<x(l)) - fn’(xm)y'
i=1

Hence, (E.40) gives

n BnV? _
E|K(Py P = . —_ 1% < 9 —3l—4s+1
H(I;}f’,l’}){zl |: ( fn> fn/)} 20_2 H(I;}f’[l’))izl ”f"? fTI Hp0,2 = O_2|B|

(E.42)

Applying Lemma 43, along with (E.41) and (E.42), we bound the minimax risk Smfj/ as

9] @z 1 OB —nV2 2_3l
> bV ] — — .
- ( \/2(610g2)5—1 o? ls—l)

Recall that ¢ = |Pj| -2, |P| > I571/(5 — 1)!, and Cpg = B27%*1(61log2)°~!- (5 —1)!. Our
choice of [ (at the beginning of the proof) implies that

1 CpsnV? 273 < 1 log(CpsnV?/c?) -1
2(6log2)5—1 o? 5= = 2 | 2{log(CpsnV?/o?) — (5 — 1)loglog(CpsnV?2/a2)}
r T2/ -2 —(5-1)
< 1 o(1-(5-1 loglog(Cp snV?/c?)
2 | log(CpsnV?/0?)
1 CpsnV2y-1/2\] ¢
< Z. —(5— ZBsY
<5 (- e-n{lee (5]

Here, the first inequality follows from (E.38) and

{10 <(;B,8_sz> (35— 1)loglog <CB§_QV2> s

g

>
— 3log?2

and the last inequality is from the inequality loglogz/logz < (logz)~'/2, which is valid for
all z > 1. If we assume that

- et 52
"= Cps V¥
then
1 CpnV? 278 1 IN-G-1D 1
< (1+2) <5
2(6log 2)51 o? [5=1 = 2 5 2
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and thereby, we have

Sm:ll“;’/ > (1 _ \/g) . py/ 29— 2—65-1
> (1 — \/g) 29653 . (CBZ;‘/Q)WS [log (CB,;ZLV?)r(sl)/g

217\ 2/3 ClpsnV2\126-1)/3
> Cuna( 20 (G

o2

where Cy g5 = (1—1/v/2)- b2_6§_3C§?§/ °. Here, (E.38) is used again for the second inequality.

Lastly, since
| <CB,§nV2> - <nV2>
og | —2—) > -log (—
& o2 =58\
provided that n > (1/C% ;) - (6°/V?), by further assuming that

2
643 0_2 1 2

g
Cps V¥ Ch, W)’

anax(

we can derive the lower bound
217\ 2/3 2\ 72(5-1)/3
w2 Caa(T) [l ()]

where Cj . = Cyps - 27257 D/3, O

E.15 Proof of Proposition 14

Proof of Proposition 14. Suppose fa € fgf_st for a € {—o0, +00}4 and Zae{foo,+oo}d fa=Tf.
By repeating the argument in the proof of Proposition 12, it can be shown that for every
g S F;lcgsfSU

V2 en(9) < Valg) = HKa(g),

oco—xgb

where V,(+) is defined as in (E.20). Applying this inequality to each f, € Fgf_st yields

Z HKa(fa) 2 Z Vociixgb(fa) > voijixgb<f)a

ac{—o0,+o0}d ac{—o0,+o0}d

which proves one direction of the desired identity:

VE e <t > HK.(f): Y fa=/ fa€ Fl, Val),

ac{—o0,+o0}d ac{—o0,+o00}d
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We now turn to the reverse inequality. Suppose f € .F;ﬁs_st is expressed as

flzr,...,xq) = c+ Z / " IHl(a:’j > lj)~H1(xj < u;)dvyy(l,u)
RILHTT S

LU:LNU=0 JEU
0<|L|+|U|<s

for some ¢ € R and signed measures vz on RIEHUI For each a € {—00, +00}4, define
fa:R? — R by

falx1, ..., 2q) :c-Hl(aj:—oo)+ Z H 1(a; :—oo)'Hl(aj:—i-oo)

Jj=1 LU:LNU=p jeU® jeu
0<|L|+|U|<s
- / 116> 1) T 1w < ) dveo (L ).
RILIHIU] .
jeEL jeu

It is clear that f, € F%* , for all a € {—00, +00}4. Moreover, since for each integral over
viu, there is exactly one value of a that makes all multiplied indicator functions equal to

one, we have
Y =1

ac{—o0,+oo}d

Fix a € {—o00, +oo}¢. For each nonempty S C [d], we have

d
f(ij,jGSC)(xj7j S S) =C- Hl((l] — —OO)
=1
+ > I tey=—00)- [T 1(a; = +o0)
LUCS:LNU=0 jeU* bt
O<|LI+|U|<s
. / H 1(z; > 1) - H 1(z; < uy) dvp (1, a).
RIZI+U| |
jeL jeu

Hence, for each nonempty 7' C [d],

D (DI fE s (@5 € 5)

SCT
= (=prEt o ] ey = —o0) - ] 1y = +00)
SCT LUCS:LNU=0 jeU¢° Jjeu
0<|L|+|U|<s
: / H ]_([L'] 2 l]) : H 1(1'] < Uj) dI/L,U(l,u)
RILIHIU] jeL jeu
= > (X 0T IT e = —o0) - [T 1, = +0)
LU:LNU=p S:LUUCSCT jeue jeu

0<|L|+|U|<s
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1(x; > 1) 1(x; < wuj)d 1
/LIHUIH :EJ_ H ZL’] UJ VLU( 11)

jeu
= Z Hlaj:—oo-Hla:
LU:LNU=0,LUU=T jeU® jeU
O0<|L|+|U|<s
/ Hl > 1) Hl x; < uj)dvpy(la)
ILH\U\ jeu

if |T| < s, and it vanishes otherwise. For each nonempty 7' C [d] with |T| < s, since there
is at most one pair of (L,U) with LNU = () and LU U = T such that

IT 1(a; = —o0) - [] 1(a; =1,

jeue JjeUu

by repeating the computation in the proof of Proposition 12, we obtain

Vit(fi jere) = Vit((j,5 € T) o D (=D 78 (@55 € 9)

scr
= > [T 1(a; = —o0) - [ 1(a; = +00) - [lvr.wllv-
L,U:LNU=0,LUU=T jeU* jeU
0<|L|+|U|<s
Therefore,
HKa(fa) = Y Vit(fl, jere) = > Vit(fi, jere)
0<|T|<d 0<|T|<s
= Z Z H 1(a; = —o0) - Hl ) - lvpollry
0<|T|<s L,U:LNU=0, LUU=T jeU® jEU
O0<|L|+|U|<s
— Z H 1(a; = H 1(a ) lveulloy.
LU:LNU=0 jeUe jEU

O0<|L|+|U|<s

Summing the above identity over all a € {—o0, +oo}¢ gives

inf{ > HK(f): > fa=f faeFruVal< Y HK(f)

ae{—o0,+o0}4 ac{—oo0,+o0}d ac{—oo,+o0}?
= > 2. ( I1 1(ay=—o00)- [ ] 1a; = +00)> lvrollrv
LU:LNU=0 ac{—oco,+oo}d jJeEU® JeUu
0<|L|+|U|<s
= Z lveulrv.
LU:LNU=0

0<|L|+|U|<s
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Taking the infimum over all possible representations f.y,, .} of f, we arrive at
inf{ > HKa(fa): Y, fa=[ fa€FL Va } < VI (),
ac{—o0,+o0}d ac{—o0,+o0}d

which completes the proof. n

E.16 Proof of Lemma 7

Proof of Lemma 7. Suppose that f € ]-"i’s and that f = 2521 fx, where each fy is a regres-
sion tree with right-continuous splits and depth at most s. Let w, denote the leaf-weight
vector of f;.

Fix an integer L > 1. For each k, define the regression tree gy := (1/L)f, obtained
by scaling each leaf weight of fi by 1/L while keeping the same tree structure. Using these
gk, We can represent f as a sum of KL trees:

K L
f=2.2
k=1 1=1

For this representation, the sum of the p™ powers of the leaf weights equals

K L
SO/ wlly = - 1Z||wk||”

k=1 I=1

Because p > 1, this quantity converges to 0 as . — oo. This proves that V;(dg,i(f;p) =0. O

E.17 Proof of Lemma 40

Lemma 40 is proved similarly to Lemma 16 in Appendix C. It is also a corollary of the more
general result involving the Bernstein norm stated in Lemma 23 of Appendix C.

Proof of Lemma 40. Let P be the law of (x(,¢;) on R x {—1,1} and let G denote the
collection of all functions ®; on R? x {—1,1}, one for each f € .7: , defined by

ef(x)

5D for (x,¢) € R x {—1,1}.

Pr(x,€) =

For every @ € G, we have

cf(X ef(X 1/2 >
bestrs = (e o (157)) 1= 1G5 )) = (27 B 195
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=1 FE) 2N\ (e —2)V2 _at
= <2ZM'EXNPO[ 2DH) S T9ipp T ap

where the first inequality uses the fact that [|f|| < D, and the second inequality follows
from the fact that || f||,,2 < t. Applying Lemma 23 with G and § = at/2D, we obtain

k
£[imp |2 Ysx)] 20 g | 7 306
<20-C (55611 o) - (1 LUELBDEL )

Next, we relate the bracketing entropy integral of G in the Bernstein norm to that of F
in the || -||p2 norm. Fix ®; € G, and let [fi, f2] be a bracket containing f. Since |||« < D,
by replacing f; with x — max(min(f;(x), D), —D) if necessary, we assume that || fi]|e < D.
Similarly, we assume that || f2]|sc < D. Define ®;,®y : R x {—1,1} — R by

Di(x,6) = fi(x) - L(e =1) — fo(x) - L(e = —1) for (x,¢) € R? x {~1,1}
and
Dy(x,€) = fo(x) - L(e=1) — fi(x) - 1(e = —1) for (x,€) € R? x {—1,1}.

Clearly, the bracket [®;, ®;] contains ®;. Moreover, since || fa — filleo < 2D, by the same
argument as above, we obtain

ol = (28 [ (| L2 1 (BB g

It follows that e
N[]<_,g7 [ - HP,B) <N, Fo |l - lpo,2) for e > 0.

2D
Hence,
at/2D
I0(550 0 ew) = [ TN ) de
- L 14+ N, <—, - )d < L T F N ).
2D/O\/ V(250,11 de < s TG F - )
Substituting this bound into (E.43) completes the proof. O

E.18 Proof of Lemma 41

We use the following lemma, which ensures that the supports of the signed measures can be
restricted to [[;c,(—M;/2, M;/2] x [ [, (—M;/2, M;/2] without changing the function on
H;l:l[—Mj/Z M;/2]. The proof is omitted, as it can be proved similarly to Lemma 39.
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Lemma 45. For every f. (., 1, there exists fy 1., ,1 with finite signed measures pry sup-
ported on [[;c (—M;/2, M;/2] X [1;c,(—M;/2, M;/2] such that

d
° fba{uL,U}(') = fC»{VL,U}<‘> on Hj=1[_Mj/27 Mj/2];
e ZO<\L|+\U|§5 lprullrv < ZO<|L|+|U\§5 ey

Proof of Lemma 41. Suppose f € F¥* . with V% (f) < V. By the definition of the

oco—xgb
complexity measure V. (), there exists feqvoy € FLe . such that feqvooy = f and

oco—xgh
Z lveolltv < V.
O0<|L|+|U|<s

Lemma 45 also guarantees the existence of fy(,, ,; with finite signed measures pz sup-
ported on [ [, (—M;/2, M; /2] x ][, (—M;/2, M; /2] satistying conditions (a) and (b) of the
lemma. By condition (a), fo {4z 03() = fefuroy(-) = f(-) on H?:1[_Mj/27 M;/2]. Moreover,

by condition (b),
Z lprollry < Z lveollrv < V.

0<|L|+|U|<s 0<|L|+|U|<s

Hence, fp {,, 1 is a desired function satisfying the conditions of Lemma 41. ]

E.19 Proof of Lemma 42

Proof of Lemma /2. We use the bracketing entropy bound for Dy (V, t) established in Lemma 6:

t
(6 Dra(V-0). ) = [ /1108 N e Daa(V,0), ] ) e

St—l—/t [log (2+M>]U2de

€

+ Cad (1 +log ) [ (24 L) iog (2+ L) ae

To handle the integrals on the right-hand side, we use the following lemma, which is a
straightforward consequence of integration by parts. We omit the proof, since it is similar
to that of Lemma 13 in Appendix C.

[ Lios ()] ae= 57 a2

/t (%)m [1og (%)]k de < Cpu'Pt (14 74),
0

where T = log(u/t) and Cy is a constant depending on k.

Lemma 46. For u > t,

and
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By the first inequality in Lemma 46,

/t [1og <2+ w)]uz de < /t [log <2t+(JS€(V+t))]1/2 .

< Ct[l—{—?log (2t+Cst(V+t)>] < Cstlog <2+ %)

Also, by the second inequality in Lemma 46 and by (z + y)/? < 2'/2 + y/2, we have

t 5— t -
/U (2+¥>1/2|:10g <2+%>} 1d6§/0 <2tjv>1/z[log<2tjv>] 1d€
< COy(2t + V)1/2t1/2(1 N [log (2 . %ﬂ—l)

< Cst[log <2 + ¥>]§—1 + C, V212 [log (2 + %)}g_l.

Combining these bounds yields

Tt DaVt), 1 lo2) < Cutlog (24 ) 4 Cp(1 +loga) e log (24 %)

_ _ 5—1
+ Cpod*(1 4 log d)™ V1212 [10g (2 + Kﬂ '
’ t
Ift<V,
5—1 5-1
t[log (2+¥)] < Vl/ztl/Q[log <2+¥>} ,
and otherwise,
V 5—1 \%
t[log <2+7)} §08t§05t10g<2+?>.

Hence, in both cases, we have

300

, , 14 V51
Tt Daa(Vi ), |- ) < Crpod®(1+ log )" (t log (2+ ) + V22 og (2+ =) | > .

E.20 Proof of Lemma 44

Proof of (E.39). By definition, for each n € {—1,1}7, we have

wl(T1(-2.%2))

Jj=1

]



APPENDIX E. PROOFS FOR XGBOOST 301

M \/‘?l/ ot ZanIprm( )‘dt

peP ielp
1 | ZZ L0
v 9 1/2
< 1 15
< |Pz‘ /(071)8(;16211077;) prj 4 ) >
v 5 1/2
= Lo Z(an o) )
s 1/2
v
= B sz]:/ (H¢pj»ij(tj)) dt)
V pEP, ic =

(ST s - (51 -

peP ielp j=1 peh ielp j=1

Here, the inequality is from Cauchy inequality, the third equality follows from the fact that

1
/ Y e () Yy g () dz = 0
0

for distinct m and m/, and the fourth equality is due to the fact that ¢, x1m, » = 0 provided
k # k'. This proves that Voi’ixgb(fn) <V for every m € {—1,1}1. O

Proof of (E.40). For an integer m > 1 and k € [2™], let ¥, be the real-valued function on

[0, 1] defined by
= mk(t) d
) /0 Y 1o (t) dt

(1) Uppp(x) =0 fz < (k—1)27"orax > k27"
(i) Upp(z +27" N = =W, 1 (x) forz e [(k—1)27™ (k—1/2)27"] (E.44)
(iil) |Wpi(z)] <2772 for all x € [0, 1].

It can be readily verified that

Also, for every (x1,...,x5) € [0,1]°, we have
M M
fn<M1$1—71 ooy Mszs — 5 >

_ ! a- Moy
- \/WZZUPI/ (M¢/2,M¢/2)]H1[1<M]% 2 Zt]> (=4

pEPR ielp
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\/FZZ%I / H ¢pﬂj( )]

pEPR ielp
i Wy, i (1) d 1%, (E.46)
\/WI;EZI;UP H/ p J \/Fggnp H P ZL’J

We prove (E.40) using equation (E.45). Assume that we are given n,m' € {—1,1}7 with
H(n,m') =1 and that (p, i) is the unique element in @) for which n,; # 7, ;. We then have

M, M v d
o oy Mz — 9 ) B (np,i - n;),i) H\ijjyij(xj)7

(fn_fn’)(Mlxl_ |Pl|

from which it follows that

B
f — for ||2 S / (fo — fo )2 (21, ..., 25) dx
n Il = 30, RC IRV D

M M;
:B-/ 7(fn—fn/)2<M1x1——1,... Mizs — )dx
[0,1)°

2 e 2
4Bv2 / _4Bv? - BV? ]
3; dx - . 9=Pj . 9—2pj—4 _ . 9—3l—45+2
H iz = g1l 7
Recall that B = Mj - -+ My - sup, po(x) for the first inequality. O]

Proof of (E.41). Fixn # n' € {—1,1}7. For an integer m > 1 and k € [2™], let h,, ; be the
real-valued function on [0, 1] defined by

M2 if (k—1)27" < x < (k—1/2)2"
h(z) = ¢ =2M2 if (kK —1/2)27™ <z < k27™,

0 otherwise,

and, for each (p,i) € Q, let Hp; be the real-valued function on [0, 1]* defined by

le.’lfl,..., th]z] .CEJ

It can be readily checked that {Hp; : (p,i) € Q} is an orthonormal set in L*([0, 1]¥). Consider
the function gy, : [0,1]° — R defined by

gnm/(fﬂl,-..,l‘g) \/|_ZZZ Mpi — 77Pl H\IIPJZ] x]

pEPR iel,
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Since
b= M - My- inf po(x) > 0,
x€[ ]y [—M;/2,M;/2]
we have
b
fn— for _—/ f—f/Qx,...,mgdx
H n n Hp02 M Md H‘;l[_Mj/ZM]-/Q]( n 77) ( 1 )

M M
—be [y (M = T M = ) dx = bl

where || - || denotes the L? norm. Recall (E.45) in the proof of (E.40) for the last equality.
By Bessel’s inequality, it thus follows that

1 — o Hp02 > bl gnay 15>0 Z Z Ina» H, (E.47)

pEF'lIGI/

where (-, -) denotes the L? inner product.
Observe that for each (p’,i) € @,

5

DN s = ) Ty P i) (B.48)

pEPR iclp j=1

, Hy
(Inm ‘ P

We conclude the proof by showing that for (p,1i), (p/,1') € @,

5 273l/273§ if 2 — ’osr
H<\ijj7ij’ hp,"i,'> _ 1 (p7 1>' (p 1 ) (E49)
e I 0 otherwise.
Once (E.49) is proved, by combining it with (E.47) and (E.48), we can derive that
5 bV2 —3[—65
HfTI fWHpOZ— |P| 23[6 ZZUPI 77p1 |Pl| -2 316+2'H("7777/)7
PEP; IGI

from which (E.41) directly follows. We first consider the case where (p, ) # (p',1). Ifp #p/,
then, since > 7 p; =1 = Z]:1 P}, there exists j € [s] such that p; > p. In this case, b, it
is constant on ((i; — 1)27%/,4;27%7), and hence, (E.44) implies that (¥y, i, hy ) = 0. If
p = P, then i and i’ must be distinct, and thus, there exists j € [5] such that i; # . In
this case, Wy, i, (2) - by i (x) = 0 for all z € [0, 1], and clearly, (¥, ;;, hyy ) = 0. For the case
where (p,i) = (p’,1), (E.49) follows from the fact that for each j € [s],

i;27Pi

<\I[pj7ij’ hpj,ij> — / \I[pjyij (x) . hpj,ij (x) dx f— 2_3pj/2—3.
©

j;—1)27Pi
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