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CONVERGENCE OF VORTEX METHODS FOR EULER'S EQUATIONS
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Department of Mathematics
Lawrence Berkeley Laboratory
University of California
Berkeley, California 94720

and

" Vincenza Mauceri Del Prete

Istituto di Matematica
Universita di Genova
16132 Genova, Italy

ABSTRACT

A numerical method for approximating the flow of a two dimensional
incompressible, inviscid fluid is examined. It is proved that for a
short time interval Chorin;s vortex method converges superlineafly
toward the solution of Euler's Equations, which govern the flow. The
length of the time interval depends upon the smoothness of the flow and
of the particular cutdff. The theory is supportéd by numerical experi-
ments. These suggest that the vortex method may even be a second order

method.



INTRODUCTION.  In this paper we will prove the convergence of Chorin's

vortex method for the flow of a two dimensional, inviscid fluid. The flow

is governed by Euler's equations, which.canvbe reduced to a scalar»

equation, the vorticity equation; In the classical point vortex method,

studied by Rosenhead [10] and Westwater [13], it is assumed that the vorticity

is concentrated at a number_of points. This corresponds to.épproximating

the vorticity by a sum of delta-functions. A point vortex is theﬂ.moved

by the velocity field inducéd by the other point vortices. However, the

velocity field becomes unbounded near a point vortex, and this leéds_to a

spurious interaction of neighbouring vortices. This effect is nét_present

in the original calculations by Rosenhead and Westwater, poésibly because

of the small number of vortices used or the limited accuracy of their

calculations [3]. Recent experimgnts by Takami [12] and Moore [9],busing a

large number of vortices, indicate that the classical point vortex-methqd

is unreliable. To improve the vortex method Chorin [2] smoothes out the

velocity field in a circle with center at the point vortex and radius §.

This can be interpreted as approximating the vorticity by a sum of functions

with small support, thus replacing the point vortices Qith blobs of vorticity.
There is considerable difference of opinion as to the optimal

smoothing. Shestakov [11] follows Chorin [2] and takes 2m§ equal to the-

average distance B between the voftices along the boundary onvwhich the

vortices are created. Depending upoﬁ the time step in theAnumerical

solution of the associated ordinary differential equations, 6 will be much

larger than the average distance between the vortices in the direction

normal to the boundary. On the other hand, Milinazzo and Saffman [8] believe

that the cutoff § should be as small as possible and take § equal to B/50.



Finally, Chorin and Bernard [3] haye observed that the results of the
compﬁtations are quite insensitive to the exact details of the smoothing.
Our analysis indicates that the optimal vcutoff depends upon the smoothness
of the flow under consideration, and that for smooth flows § should bevof’

/3

This implies that the cutoff § tends to zero more slbwly

/3

order 82
than the average distance B between the vortices. With § =182 the rate
of convérgence is foughly speaking 84/3, and this has been confirmed by
numerical tests. However, our choice of § must be regarded as the result
éf a premature payoff because numerical experiments with different kinds
of smoothing show that the convergence of the voftex method can actually
"be of the second order.

~ The convergence of Chorin's method has already been considered by
Dushane té]. However, his proof is incorrect, and.the obvious modifications
do not eliminate the problem. Our proof follows the general outline of
Dushane but introduces fwo new ideas. First, we do not assume that the
cutoff § and .the average distance B between the vortices are of the same
order. Seéondly, we do not compare the position of the point vortices tb
_the streamlines of the flow, but rather to the center of mass (the centroid)
of small blobs which move with the fluid. These changes lead to an improvéd
estimate for the'truncation error and this salvages the proof.

In one respect our result‘is less than satisfying. It can be shQWn
that the solution of the Euler equations for a two dimensional flow exists
for all time (see Wolibner [14], McGrath [7]‘and Kato [6]). However, we
have only been able to prove.the cdnvergence of Chorin's method for a small
time interval. The length of this interval depends on the Holder continuity

of the vorticity and on the details of the smoothing. Otherwise our proof
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is quite economical. For example, we do not require more smoothness:of

the flow than that which is provided by the mathematical theory.

1. The Basic Equations. 1In this section we will present the vortex

method and discuss different choices of smobthing.
The vorticity equation for a two dimensional incompressible, inviscid
.fiow is
(1.1) | CE teME =0,
where u = (u,v) is the velocity field, & = curl u is the Vorticity,_and ‘t is
the time. Since the flow is incompressible, the divergence of u is equal

to zero and we may express u and v in terms of the stream function Y as

follows
(1.2) Ny = -E
(1.3) | . Cu=v , v=-y

We will assume that & has compact support and that u vanishes at infinity.
The solution of Eq. (1.2) is then determined up to an additive constant

2 = 42 4y2,

and-is givén by Y = G*E where G = -1/2m log r with r
It follows from Kelvin's theorem that the integral of the vorticity

in a material blob is constant as the blob moves with the fluid (see (1,

p.2741). It is therefore natural to partition the support of £ into non-

overlapping blobs Bj and to assign the vorticity in each blob to a single

point Zj' This corresponds to approximating the vorticity by
~ ).k, 8(z-2))
: EJ j it 7

where Kj = j£ € and z = (;). The sum converges to & in the sense of



distributions as the diameter of the blobs tends to zetro. To approximate
the stream function, we smooth the kernel G near the origin, thus obtaining

G5' The first two of the following examples have been used in practice

(1.4) ¢ ~ =[1-F-10g6] ,
N A ]
(1.5) | o [§-< —-EE> - ;og 8 ,

¢

(1.6) 2—1,”-[—3-(1-?) -%(1”_?)'_1% 6]

for r<¢6 and G6 = G for r>6 (see [2,3,8 and 11]). It is straightforward
to extend this list by requiring that the higher derivatives of GG ére
continuous at r=36. We will show thgt the Vortex method converges provided
Gd'is a smooth function of r for r<{§ and that the derivative of G6 with
respect to r 1is Lipschitz continuous. By combining the approximation of
£ with the smoothing of G, we obtain;an approximation of\the stream function,
namely |
(1.7) Yo~ ZGG(z—zj)Kj )

The distribﬁtion of vorticity at later times is ébfained by letting
the point vortices move with the fluid. Thus by combining Eq.b(ll3) with

the approximation (1.7) we get

[l

(1.8) | Xi ZayGG(Zi—zj)Kj ’

-y axGG(Zi - zj)Kj )

X, : :
where z; = (y;) is the position of the i'th point vortex. The sums are

taken over j different from i. In Chorin's method GG is given by (1.4)



and the system of ordinary differential equations may have a uniqﬁe solution
only forva éhort time bécause two point vortices may collide. However, if
arGG is Lipéchitz continuous and Vanishés at the.ofigin as in (1.5) of.(1.6);
then the solution exists for all tiﬁe.

The above presentation of the vortex method 1is mathematically"oriehted.
However, the original derivation and justification of thé vortex method is
baséd on physical arguments (see [2]). Let ;6 be défined by AG6 = ~Lg»
where the derivatives are taken in the sense of distributions. Then ;8 has
compact support and will approximate the‘delta function. Fér (1.4) to (1.6)
we see that ;é is equal to 1/(2mr8), 1/(m8”) and 3(1-1/8)/(n8®) for
r < § and zero otherwise. Thus G6 can be interpreted as the stream
function corresponding_to a small circular blob with the vqrticity C& and
(1.7) is therefore the.étream function corresponding to the vorticity‘

distribution
gé = ZJ CG(Z-Zj)Kj .

This interpretation is due to Chorin [2]. It can be shown that if'Gd is
given by (1.6), then &6 is continuous and converges uniformly to &,
provided the diameter of the blobs Bj tends to zero faster than §. This

implies an ever increasing overlap of the circular blobs.

2. Properties of the Flow. 1In this section we will show that the -

distance between two points of the flow can be bounded f;om above and below
in terms of the initial distance of the points. The flow is then partitioned

in non overlapping blobs which move with the fluid. We will estimate the
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distancé between the:centroid (the center of mass) of a blob and the pafh o
of the material element which coincides with the centroid initially.
‘Finally we will prove‘that the centroids do not collide for a finite time,
provided the partition is sufficiently fine.

Throﬁghout this paper we will assume that the vorticity g is differ-
entiable wifh respect to t and that & and the partial derivatives of;g afe
uniformly Holder continuous with exponent 0, i.e. £ and the components of

Vu satisfy

(2.1) £z) - E(z)| < H]z -2 |

for all z, and z, ih'Rz. Here H and o do not depend on t for Q <7t < T,
For the related problem of a two dimensional flow in a bounded, possibly
multi connected domain with smoofh boundary, Kato has shown that our
assumptions are satisfied [6]. We begin with an estimate of the expansion
and the céntraction of the flow.

Lemma 1 (Dushane). Let zl(t) and zz(t) be the path'of two material points

of the flow. Then

C:llzl(‘O)—zbz(O)l < 2, (0 -2 (0)] < Cllz;(O);;z(Q)l ,

where Izl = 1sz-kyz . The constant C1 is independent of z_, and z, but

1

depends on T and the flow under consideration.

v : ) _
Proof. Let z = (;) be a point in R . The path of a material element is
obtained by solving the ordinary differential equation z = u(z,t), with

initial conditions z(0) = z,- By using the fundamental theorem of calculus



we see that
(2.2) z, -z, = u(z) - u(z) = Az, -2z,

where A = fl Vg(z2 +6(z1 - Zz)) d6. Since £ is Holder continuo‘us and
has compactO support,‘ we. can estimate the 2-norm of A by m = maxIVEl .
The maximum is taken over z in R2 and t in [O,T]I. vLeit F = |z1 —zz’Iz.

It follows from Eq (2.2) that !FI < 2 mF. By integrating this differential

inequality we obtain

-2mt o 2mt
e  F) < F(t) < e F(0)

The proof is completed by taking C1 = emT.

We consider now the support of the vorticity at time t =0. We
partition the support in a finite number of non overlapping squafés Bj
and let B be the length of the sides. ‘For t >0 the squares move with the
fluid and change their shape, but since the flow is incompfessible the
area of the blobs Bj(t) femains constant. By using Lemma 1 we make the

following

Observation. Let C, =v2 C,. The diameter of Bj (t) is less than
C,B for 0 < t < T.
A rough description of the position of the blob Bj at time t is

provided by its center of mass, the centroid. It is defined by

z, = -8-2 z dxdy -
J

j(t)



where 2 = (;).. Note that 62 is the area-of Bj(t). Observe also th;at'zj
depends upon t because the centroid follows the blob as the blob moves'
with the fluid. To find éj we introduce the mapping @t. Here @t ﬁaps thev
position of a material point at time t=0 to tﬁe position of‘the pdint at
time t, i.e. @t: z(Oj - z(t). Since the pa;h of a material element is
given by z = u(z), it follows from Lemma 1 and the incompressibility of the
Iflow that @t is a one to one, measgre preserving transformationvof R2

onto itself, and its Jacobian is equal to one. We can now use the change

of variables formula to compute éj and get

By = B'2f ‘u(z) dxdy

Bj(t)

Thus the centroid moves with the average velocity of the blob. It is
therefore natural to compare the path of the centroid to the path of the

material element which coincides with the centroid initially.

Lemma 2. Let zj(t) be the path of the centroid of Bj(t) and let z(t)

be the path of the material element for which z(0) = zj(O). Then

|2,(0) - 2(0)] < c gl

for 0 < t < T. The constant C, is independent of Bj and B but depends on

T and the flow.

Remark. The centroid is always in the convex hull of Bj(t), but, by
combining Lemma 1 and 2, we see that it is actually an interior point of

the blob for B sufficiently small.
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Proof. Let Bj = Bj(t)' It follows from Taylor's formula_with'remaindef'

~ -that
2 ' | B :
z. = B‘f ;u(z,) +f [Vu(z, + 6(z'=z2.)) - Vu(z,)]d8 * (z' -z,){dz" "
j R =73 - j =3 7] |
h| 0 ' '
‘where dz' = dx'dy' and we have used that j% z'-z, vanishes. »it is this

]
property which makes the centroid such a powerful tool. To estimate the

last term in the above equation, we remember that Vu is Holder continuous.
Since ]z'—zj[ is less than the diameter of Bj for all 2z' in B,, we find

by using Observation 1 that

. 1+o
z, - u(z, < 2H (diam B, :
IJ u( J)I ( J)
(2.3)
< ottt

_ " : .
where C, = 2HC% a. We consider now the difference zj—z. Since the path
of the material element satisfies z = u(z), we conclude by using the

inequality (2.3) and the fundamental theorem of calculus that

N
|
N
1]

uz) - u@) + c,87% e

-+
A(zj-z) + C3Bl a.g

where e 1is a vector with norm less than one. .Let F Izj—z]; This
function is differentiable from the right (see Hartmann [5, p.26]).

Since the 2-norm of A is less than m = max|Vg|, we obtain the estimate

F <mF + C381+a. By integrating this differential inequality we find
mT
+ - : +
F < C Bl o e 1 - C Bl o
3 . m 4

This completes the proof.
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In the convergehce proof for the vortex ﬁethod, we estimate the
distance between the point vorticés and the centroids of the blobs. Thus
we préSume the‘existence of a solution of Eq. (1.8) and (1.9). To prove
that the point vortices do not collide for a finite time which is independent

of B we need

Corollary 1. Let zi(t) and zj(t) be the centroids of Bi(t) and Bj(t).

If |2, (0) - 2,(0)| > B, then

Y

|z, (©) - 2, ()] > c,B

for 0 S t < T, provided'B is sufficiently small. The constant c, is

positive and depends on T and the flow.

: (1)

Prbof._ Let z

and z(J) be the paths of the material elements which

coincide with z; and Zj initially. By using the triangle inequality and

‘Lemma 1 and 2, we get

Iz, -z, z(j)l
i

2. Iz, -
J 1

I > Iz(i)__z(j)l - _z(i)l - |z,

> (¢!

(¢4
c;’ - 2c,6% 8

To complete the proof we take c, = (2CA1)--1 and let B be 1e$s thén (ACICH).Q

3. Consistency and Stability. For linear differential equations it

is well known that consistency plus stability implies'convergence for all
time. For the vortex method, we prove that consistency plus weak instability

implies convergence for a short time. In this section we will first consider
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the truﬁcation error and then the stability of the vortex method. '
Let u be the velocity field at time t. It follows from Eq. (1.3)
dy . ' . dy
that u = K* £ where K = —3x G. Similarly we define KS as | _ax G and

set 56(0) = 0.. We will assume that KG is continuous for =z different from

zero and that there exists a constant Co such that

( c
___0+._ for 0 < |Z| < 4§ -
6|Z|P q
(3.1) |32 che Ks(2) |
. CO .
- : <
e for |z] s .,
||
\
for all p+q < 2.  For the cutoffs presented in (1.4) to (1.6), the constant .

C, is equal to 1/w, 1/m and 2/m respectively. Note that C, camnnot be less
than 1/7 since Kg=K for |z] >8. To estimate the truncation error for the

vortex method, we need the following result:

Lemma 3. Let z., be the centroids of the blobs Bj at time t ‘and let D  be the
' J S ‘ o
maximum of the diameter of the support of & for 0<t<T. If £ and 56 satisfy

the inequalities (2.1) and (3.1), then there exists a constant C5 such that

lu - I Kstz-zpr;] < ¢ ll0g 8] g0/ TR

for 0 < t < T and B sufficiently small. The distance from z to supp §

should be less than D, and § equal to-Bl/(l-+a/2).

Remark. The factor -logB can be omitted for smooth cutoffs such as (1.5)
and (1.6). By combining Lemma 3 with the inequality (2.3), we see. that

our estimate of the truncation error T depends on the smoothness of the flow.
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If the vorticity & is differentiable, then T ~ g4/3 |1ogB]. This is an
improvement of the estimate due to Dushane. 1In his paper [4] Dushane takes

6§ = 0(B) and obtains T ~ B|log6|ﬂ Also, the optimal cutoff depends upon

2/3.

the vorticity. If & is smooth, then § = B For highly irregular flows

L1/ (1+0/2)

§ will be close to B. We choose § = B , but since the theory below

: +
is an asymptotic theory, we could also have used § = 100 Bl/(l. a/2).

This would only change the constant C,. Actually the vortex method will

converge faster than linearly whenever § = Bp, where 1/(1+a) < p < 1.

Proof. ‘Since the Bj's cover the supp £ we find

u(z) = Zj Ké(z_zj)_[ g(z')dz{ + zj.j.[gd(z—z') - ES(Z_Zi)JE(é')dZ'
B, '
J

B.
3
(3.2)
+ ‘[ [E(z—z') - Ea(z—z')] [E(z") - E(z)]az" R
|z-z"| < &
where dz' = dx'dy'. Note that the integral of K;—§6>éver |z-z'| < 8 is zero.

Since & is Holder continuous, we can estimate the last term of Eq. (3.2) by
+o . :
H(l%—ﬂCo)Gl . To estimate the second term, we cover the supp & by N

annuli with center at z at radii r, = kCZB. Here N =1 + [2D/r1], where

K be those

" Then the second term of Eq. (3.2)

[a] is the greatest integer less than or equal to a. Let I

L. . < _ <
cent?01ds zj for which rk—l I; zj| rk.
is

(3.3) s = EN > [[EG(Z—Z') -55(242.)] £(z')dz’
. k=1 z. €L, Bj ' 3 o

Note that S is a vector with two components. Since 56 may not be continuous
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at the origin and the derivatives of 56 will be discontinuous: at the circle

of radius §, we divide the disk Iz—z'l < r_ in four non-overlapping regions.

N
Let n = 1+—[6/r1]. Region I consists of the first three annuli and regioh.
II consists of the union of the fourth to the n-2'th annulus. Region ITI

is the ring with radii r and T+l and region IV is the union of the

n-2
remaining annuli up to the N'th. Similarly we split the sum S into four
parts, SI to SIV' |

We observe now that a blob cannot intersect more than two annuli at
any time because its diameter is less than tﬁe distance between the circles.
Since the area of eéch blob is constant, we conclude that.the tqtal area
of the blobs with centroids in a given annulus cannot be larger than»three'.
times the area of that annulus.

To estimate S  we choose B such that r, <38. This impiies that_n_> 5.

Since the blobs with centroids in region I cannot cover more than the first

four annuli, we conclude by using the estimate (3.1) that

where M is larger than max|E| for 0 < t < T. 1In region II, Ks is a smooth

function. Thus it follows from Taylor's formula with remainder that

wn
|

n-2 ,
LT v - '-z, 'y - '
II Ek=4 zzjelk[ Ks(z Zj)'/f;j(z zJ){E(z ) g(zj)}dz

1
0

' —ay P a9 g (e .
+L Zp+q=2 f (1-9) 3X E)y ES(Z 2 +6(z .zjv))d‘e.
- J |

X

" P .v_ q ' '
(x Xj) (v yj) £(z')dz ] N
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where we have used that Jg z'-zj = 0. According to ‘the Observation
following Lemma 1, the diameter of Bj is less than or equal to r_ . Since

£ is Holder continuous and the z;norm of VKS is less than V2 CO/G, we

see that
n-2 \/?'C
s;;] < Z ——2 ¢ cHr * 3T(2k-Dr’
k=b  §(k-Dr, SR '
cyr2 o U1, Lyl ko 1ye
2 r . -Dr

k=4 G(R—Z)Zri 2

To estimate the sums we use n S S/r1 and get after a straightforward,
but lengthy calculation,

2

B

1+ ' 2 '
+ 6w COC2 M 3 + log ( )

|s < 1omcc 8

I+a
II| 2 #
In region III we observe that K may not be differentiable, but it follows

from the bound (3.1) that KS is Lipschitz continuous with Lipschitz constant

yff CO/(Grn_3). We can therefore estimate SIII by

n+l vz
ISyl < X2 2 S .r +M- |B|

k=n-1 _ : :
zjeIk §(n 3)r1 1 . i

: 2 -
2 B

< r_
50m C C2 M 3

where 'le is the area of Bj. To estimate SI we use the same -approach as

A
for SII an@ obtain
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We have now shown that the last two terms of (3.2) can be estimated

in terms of the maximum of 61+a; 82/6 aﬁd Bl+a. "Since B<§ we find the v
optimal choice of § by letting s ~ B /8 and this leads to § = Bl/(14—a/?).
140

Iy to H(l%—ﬂCo)G R

use that log(28/8) < 2/3|logB| and log(3D/8) < 2|logR| for_B sﬁfficiently

To compléte the proof we add the estimatesifqr_SI to S

small and let

C, = 20m COC2 (H f SM)‘

Lemma 4. Let zj be the centroids of the blobs Bj at time t and let c,

be the constant in Corollary 1. If maxj|2j-zj| < CZB/A; then

maxi.E:j¥i Igs(ii-zj) - 56(Zi'-zj)| |Kj| < C|log8|imaxj|§j-zj

for 0 < ¢t < T and B sufficiently small. The constant C depends on T and

the flow under consideration.

Remark. This stability result is a discréte analogue of a basic Iemma

in the mathematical theory for Euler's equations (see Wolibner [14],v
McGrath {7] and Kato [6]). The factor llogBI occurs also in.the mathematicél
theory wheré it is replaced by 1—1og(maxj|zjf-zj|). 1t this factor were.

not present, we could easily prove the convergence of the vqrtex method

for all time. As it is, we get convergence for a short time only.'

Proof. We will use the ideas and the notations from the preceding proof

with minor modifications. Let zi be fixed and let Ik be the set of zj

in the k'th annulus. Since'Kj'= J% £ we conclude that IKjI < MIBj!,
j
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where M 2> IE[% for a1 0 S t < T and Ile is the area of Bj; It is

therefore sufficient to estimate

s = ¥ %

IKa(Zi"Zj)_" Kd(zi-zj)’ IBj|

= €l
k=1 zj K
We partition the sum S into four sums, SI to SIV agcording to regions I
to IV. Let E = maxj|5j—zj!; In the lemma we have assumed that E < c28/4.
Since c, < %—, this certainly implies that 2E<ir1 where r =‘C26. Thus

by using the triangle inequality and Corollary 1 we find that

< ez, - 7, -z, - (%, - < -
(3.4)  c,B/2 lzi 25 + 6lz; -z, (zj zj)][v lzi zjl +r

for i#j and 0 < § < 1. This shows that all the points on the line segment

between Zi-zj and zi—zj are different from zero and lie in the first four

annuli for z, in region I. To estimate S_ we let w, = z, -z, - (Z.-2z2.)
_ J I J i i 3

and by using the fundamental theorem of calculus we get

3 r1 '
]SII < Zk=l szeka IVEG(Zi_Zj+er)Ide ijl lle
0

By combining the estimates (3.1) and (3.4), we see that

, V2 c,
< o
sl sze-11u12u13 8c_B/2

w

s E

O

2E |B, | < 1287 ¢ C°
3j : 0 2

- where we have used‘c;1=_vqf C,. The estimates of 5;; to SIV are deriVed

in mﬁch the same manner. If zj is in Ik with -k >3 then the lower bound

in (3.4) can be replaced by r and the upper bound can be replaced

k-2

b Since n < l+6/r1 we conclude that

Y Trtr
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n-2 \/7 C

: 2 k
< —_—_— - ) < .
IIl k=4 Sk < 2) : _2E 3ﬂ(2k l)r1 30mM C E

Is
If zj is in region III then ng may have a discontinuity on the line
connecting Zi—E. and zi—zj.. However, since all points on this line segment
lie outside the disk with center at z; and radius r _3» We see that Ks is

Lipschitz continuous with Lipschitz constant \/ECB/(Grn_3). Thus

3]
< _
111, 64T CC, 5 E

Finally by using the fundamental theorem of calculus once more, we can

estimate
N V2 ¢
s '

L2
< . -
| vl > k= b2 2E « 3m(2k - Dt

(k—2)2rj
. 3D
< - JE .
247 C0 log(a)E
To complete the proof we sum the estimates for SI to SIV’ multiply the
result by M and use that B/S§ is less than one. Since c, > V2 and

log(3D/8) < 2|log8] for 8 sufficiently small, we may choose the coﬁstant

C as

(3.5) C = 190mCC M
o 2

4. Convergence Results. 1In this section we will establish the

convergence of the vortex method on three different levels. The basic
result is that the path of the point vortices computed by (1.8) and (1.9)

converges toward the path of the centroid of the material elements. This
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implies the cénvergence of the induced velocity field and aiso the

convergence of the vorticity distribution.

Theorem 1. Let zj be the centroid of Bj'and let Ej-be the solution of

Egs. (1.8),(1.9). There exist two constanté, Ce and To,~such that

(Q+a) /(1 +0/2) - Ct

maxj|5j-zj| < CB

for 0 <t <‘To and B Sufficieﬁtly-small.- The constant C is given by

Eq. (3.5).

Remark. It follows from Lemma 2 that the centroids,zj in the theorem can
be replaced by the paths of the material elements with the same initial
positions as the z,. Thus the paths of the point vortices will approximate

the streamlines if the flow is stationary.

Proof. By combining Eqs. (1.8),(1.9) with Lemma 3 and the inequality (2.3),

we see that
,Vv 3 . ~ -~ l+0,
(Z;-z;) = Zj#i[gg(zi-zj) - 55<zi—zj>]v<j - 8[c,B v+‘05|logB|BY] ,

where LQI S 1land vy = (1+a)/(1+0/2). let E = maijEj-sz. Since
Ej-zj is differentiable with respect to t, it can be shown that E(t) has

a right derivative, which we denote by E (see [5, p.26]). Assume now that

E < c28/4; We can then apply Lemma 4 and get

E < C|logB|E + (Cs+C5) |10gB] gY
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By.intégrating this differential inequélity and using the estimates for

c, C, C,, and C,, we obtain after some simplification

(o]
cllogBlt
' Y e -1
E(t) < (C,+Cg) [logB| B!
' C|1logB|
1 1 H) ,Yy-Ct
<i e (5+M>e .

This estimate is only valid as long as E < c28/4. In the proof of
Corollary 1, we took c, = (V2 CZ)—l. Our requirement can therefore be
rephrased as

g "ot < —%j G-+%>
NG

This inequality will certainly be satisfied for all t in the interval
[O,TO] provided that Toris strictly less than T and a(244a)_1 C_.1 and
that B is sufficiently small. The proof is now completed by taking

C, = (54-H/M)/(8C2).

LetVEj be the position of the point vortices Cbmputed by.(l.8),(1ﬂ9).

To approximate the velocity field u for the flow we will use
' \

(4.1) i@ = ] _IS(S(Z—Ej)Kj

‘This choice is natural, but it should be observed that u may-not‘be
continuous as 55 may have a discontinuity at the origin. Nevertheless

we will now show that §; converges uniformly to u as B tends to zero.
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Theorem 2. There exists a constant C7 such that

max2 IE(Z) - _1_1__(z)| < C7|vlog6| B<l+u)/(l_+q/2) -_Ct

z€R
for 0 €t < TO if B is sufficiently S“!a,ll and 8 = Bl/-(l 0t/2). .
Remark. Dushane [4] obtains the estimate |u-1|< const BZ-C_G, which is

better than ours, but his proof is incorrect.

Proof. Let the distance from z to supp § Be less than D. It follows'frbm

Eq. (4.1) and Lemma 3 that
~_ = ’ — - _. ___-' | Y
(4.2) o ‘E. Ef | zj [Ea(z zj) | KG(Z zj)]Kj gxcsllog6| B

 where y = (1+a)/(1+0a/2) and Lglsél. To estimate the sum, we will use

Lemma 4. However, the bound for S_. is no longer valid, because z-—zj

I
may be arbitrarily small. Since [z-—Ejl and Iz-—zjl are less than 6§ for

~all points zj in region I, we can use the bound (3.1) to estimate the

first partvof the sum in (4.2) and get

By combining this result with Lemma 4, we conclude from Eq. (4.2) and
Theorem 1 that
- < -
14 - u 327 COCZth + C|log8!maxj|zj zj| + C5|10g8| B

(4.3)
< 2 Y - Ct
(327 cCoM+cc + c.) l1og8] B
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for B sufficiently small. This completes‘the first part of thévprédf.

In the second part we let the distance from z to supva be larger'thaﬁ D;
We mustAtherefore reconsider the derivation of LemmaVB. Sincg E(z")
vanishes for all z' in the disk |z-2'| <8, we see that the third term in
Eq. (3.2) is zero. Let 4r1<<D. To estimate the right-hand side of the

Eq. (3.3) we use Taylor's formula with remainder (as in SII) and get

- V2 c o
T - ]
Is| < Z[:_——OZ sr,cBr B 45— 2% n, |
J (D-r) : T (D-2r)) 1 :
1+a T+a 2 M 2
< .=
6T cc, HB + 18w 0002 B 8
The sum is taken over those j for which jg ,Ef is larger-fhan zZeéro.

J .
Thus the right-hand side of this inequality replaces the estimate of the

truncation error in Lemma 3. Since lz-—zj-+6(§j-—zj)l is larger than

D-2r, for all |6| < 1, we infer from Eq. (4.2) by using the fundamental

' théorem of calculus and the bound (3.1) that

_ V2
Iu-fﬁl < Z -2 .z, —zj

A 2 oMo
J (D-2r)) J

B.l + [s]
S sl

< [lB'rrCCM+6TrCCZH+l81rCC2 M]BY'Ct .
o 6 o 2 o 2 D

We observe now that our last esfimate is smaller than the right-hand side of

the inequality (4.3) for B sufficiently small, and this completes the proof.

Finally, we consider the convergence of the computed'vorticity
(4.4) O EB@) = ) gz-%)k;
- £(2) ZJ Zs pL3

to £(z). 1In general it is not possible to show that E converges uniformly



for 0 <t < T provided B is sufficiently small and § =

to £, because CS ma& becqme unbouhded at the oﬁigin, as in the casgrof‘the
approximation (1.4). Howeﬁer, even though thevposition Ej of the point
vortiées are coﬁputed by using the cutoff (1.4), we may interpolate the
results by using a vérticity which corresponds to a different cutoff. 1In

the proof below we choose the one corresponding to the approximation (1.5).

Theorem 3. Let CS(Z) = 1/78% for lz|< § and. 0 otherwise, and‘let g'be

given by Eq. (4.4). There exists a constant C9 such that

(s (a/2)/ (1 +0a/2)
E@ -e=] < ¢, 8 |

81/(1 +oc/2) )

Remark. This result can be substantially improved, if it is assumed-that

£ and CS are twice differentiable, but we shall not do so;

Proof. Let zj be the centroids of the Bj' We begin‘by decomposing & (z)

in a manner similar to Eq. (3.2)

E(z) = Zj CG(Z-Z-J.)J]; E(z')dz' + Zj_;‘;[cs(vz-:z")v —vca(z—zj)]E(Z")dZ'

J ]
(4.5)

+ f t5(z-2") [E(2) - E(z")1dz’

|z-z'| < 8
Since £ is Holder continuous we can estimate the last term by Héa.'bTo
estimate the second term, which we denote by S, we cover the supp g by a
sequence of annuli, as in the proof of Lemma 3. 1If z-zj and z-z' are less

than § for all z' in Bj then the integral over Bj in the second sum of
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Eq. (4.5) is zero. The same éonclusion holds if z—zj'ahd z-z' are greater

than § for all z' in Bj' We can therefore estimate the sum S by

n+l 1 s
:E: :E:z eI [———-+-;;;;] M :

k=n-1

Let Cg = H + 20C2M. Since &% < B/S we conclude from Eq. (4.5) that &(z)

can be approximated uniformly and the error can be estimated by

(@/2)/ (1 +0/2)
|€(2) - DPENCEE DI B

Even if the vorticity & is a smooth function, the error will be of order

B1/3

and the approximation is therefore quite crude. We can now compare

§ with £ and have

Pr o . , (@/2)/ (1 +a/2)
(4.6) E-E = Zj ENE zj) ca(z z.)]|<j +8c B |

It follows from Theorem 1 that IEj—zj| < r, for all zj. To complete the
proof we estimate the sum in (4.6) by using the same argument as for S
and we take C; = 2C

g *

5.  Numerical Experiments. To support the theory ﬁrésented in the

previous sections we have carriéd out a largé number of numerical_experiménts.“
The preliminary calculations were done'oﬁ the CDC—6400lat thé Uni§ersity'

of California, Berkeley, while the results presented here were obtaiped‘on

the CDC-7600 at Lawrence Berkeley Laboratory.. As initial vorticiiybwe

choose £(z) =1 - Iz{ for7|z| < 1 and zero otherwise. The.solufion of

Euler's equations can be fquﬁd explicitly and satisfies the smoothneés

assumptions used in this paper. To discretize the problem we covered
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[zl < 1 by a uniform mesﬁ witﬁ meshlength 8. 1In the experimentS'breSented
below B lies in the interval [O.i, 0.5]. The mesh was placed such that

z =0 became the center of gravity (the centroid) of one of thé small
squares. To find the strength Kj of the point vértex in the square Bj

we calculated the double integral j%.gdxdy numerically by.using the
trapezoidal rule with meshlength B/fg. To reduce the costs‘of.the
calculations we have excluded thase vortices.for which Kj'< l/BO.Ba. The
bulk of our experiments were done with the cutoff (1.4). Finaily, the‘
bordinary differential equations (1.8),(1.9) were solved by using the
classical fourth ¢rder Runge-Kutta method.

We have used sevéral ways of measuring the.error. SinCe‘the‘solufion_

of the Eulef's equations is stationary and rotatipnal‘invariaht, we Can
compare the positions of the point voftices af time t with the pésitions

of the material points which follow the streamlines. Thus we compute

(5.1) . : B V[zj (computed 25 - exact zj-)2 .

'The sum is téken over all j for’which Kj = 83/30, and it is an estimate

of the error in L2 over the suppoft of &. Another way of estimating the
error is to compare tﬁe position of thé point vortices with the centérs

of gravity (the céntroids) of the blobs Bj at time t. Althoughithe
stream-function @t can be givén explicitly, we have nét been.able té

find a convenient expression in closed form for the center pf grayity. 
Consequently we have estimated S-ZJ£(t) zd#dy by evaluating.the doublé1_.
iptegral B‘ZJ;(O)Qt(z')dz'.' the that B(0) is a.sduare. This calcqlation

was done by using the reqtangie rule with mesh length B/20. Thus we

~ have also computed
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(5.2) . B \/ Zj (computed zj - c‘entroidej)2 e

According to Lemma 2 there shquid only be_é smallidifférence between the
expréssions (5.1)'and (5.2), but we have foﬁnd that the two error'gstipates
behave quite differently. Fihaily we have studied the poiﬁtwise_convergence
of the vortex‘method.

It folloWs frbﬁ the proof of Theorem 1 thét with the,aﬁove choices
of initial Qorticity and of the cutoff;‘the vorféxvmethod will converge
for 0 < t < 0.00062 provided B is sufficieﬁtly smali. This is-leSs‘than'
impressive, and we have investigated.the algorifhﬁ for 0 <'t'< 6. 1In this
time the vortices at lzl=ﬁi travel one radian, while those near z=0 travel

2/3

three radians. We begin with the cutoff & =B since our theory gives
preference to this choice. It follows from Table 1 that the error in the

vortex method increases liﬁearly in time. There is no hint of any“

exponential loss of accuracy as t increases.

TABLE 1. Linear growth of the error
Cutoff (1.4), §=8-2/3_, B=1/10, At=1.

t=2 t=4 t=6
(5.1): Comp. — exact 0.0163 0.0328  0.0494
(5.2): Comp. — centroid 0.0147 - 0.0296 0.0446

Thevtime—étep in the Runge;Kutta metﬁod is'At=;1. By:comparihg the .
numerical solution of (1.8),(1.9) with Af==1 with the solution for .
At = % and %, we estimate that the erfor due to the numerical’solufién
~of the differential equations is less than one percent of the error due
to the discretization. Finally Table 1 reveals thaﬁ the differenég bétweén
the positions of the point vbrﬁices‘and the centroids is smaller than fhe

difference between the point vortices and the material points on the
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‘streamlines. We have'fbuhd that inbgeneral £his holds even pointwise,

but it may fail if the calculations are extended over long ;ime iﬁtervals.
The reason is that the blobs get quite distorted and the centefqu'gravity
for a blob may lie far from the blob. For a fixed time this last
phenomena disappears as B tends to zero.

To estiﬁate the rate of convergence for the vortex method, we have
used gichardson's extrapolation with the meshlengths B and B/2. ' If we
ignore the exponential loss of accuraéy, which we believe is a technical
artifaét, then wé find from Theorem lithat ﬁhe fate of convergence should

be 1.33. This is borne out in the experiments presented ih Table 2. -

TABLE 2. Rate of convergence = 'logz [E%%%%%-%Tf]L

Cutoff (1.4), & =823, =1, t=6.

vB=1/‘2 B=1/3 B=1/4 | B=1/5

Comp. — exact . | 1.23 1.32 1.39 1.40
Comp. — centroid 1.06 ©1.21 . 1.30 0 1.33

In all our experiments with the cutoff (1;4), Weiﬁave found that the
rate of convergence measufed in the norm (5.1) is 1argefvthanbthe rage of
convefgence measufed in thé_norm (5.2), even though the values of (5.2) are
consistently smaller than the values of (5.1); We have not been aBle'to
explain.ﬁhis phenomenon. fhe estimate in Table 2 of the rate of.conQergeﬁce
is calculated atAt:=6,.but we have observed that the rate of convgrgencé
is decaying by rdughlj 0.01 per unit time interval. This also_femains
inexplicable. It seems to be iﬁdependent of the smoothness of thé initial

vorticity, of the meshlength B, and of the timestep At. On the other hand,
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v. for some cutoffs, see e.g.; (5;7),‘£h¢‘rate of convergence may increase .
.as time progresses. | |
One may argue thaf the supefliﬁear‘convergenée of fhe vqftéx~ﬁethodv_;

is due to a lucky cancellation caused by the rotqtibnalfsymmetry of the |
initial Vorticity. To counter this objeption we have réplaced the coﬁe. 

£ =_1-|z| by a pyfamid with center at z=0 and height one. The vertices
of the pyramid.are placed ‘at x=%1 and y==t1.' The solution of the Euler
equatiéns with this initial-vorticity seems to be unknown. To estiméte

the rate.ofvconvergence Qe have -used Righérdson's’extrapolation witﬂ three

meshlengths B8, 2/3 B and 1/2 B. If the computed solution, i.e. Zj’ is

equal to the exact solution plus 84/3e(x,y,t)-plus higﬁer order terﬁs,

then . . .. -
lfcomp: B - comp: g—BII- ' 34/3 - (333)4/3 ;

-3 2 4 M e vy IR LR
Il comp: §~B - comp: E-Bll (3.3) - (E_B) .

We chopse fhe nofm in (5.3) fo be the disgfete 22 norm of the differences
between the vorticés which have thé same initial positions. With B=1/4 and
t =0, the three meshes overlap at all points (x,y) for which x,y = 0, ii/2,'
- +1. In our numerical experiment we found that the first éuotient in (5.3)
is equal to 2.26, 2.17 and 2.22 for t=2, 4, and 6, respectively. These
results indicate that the rate of convergence, which we have observed with
the inifial vorticity & = l-f[zl, may be trusted.

We will now present some calculations with initial vorticity g = 1-|z|,
whicb indicate that the rate of convergence of the vortex mgthod may be of thé
second ordef. This has come as a great surprise to:us. In the proof of

Lemma 3, the optimal choice of § was determined by letting 8%~ B%/S.
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Here we assume that the so1utioﬁ‘é is at least Lipéchitz continuous.
" Thus if 8§ = Bp then we expect that the rate of convergeﬂce‘should be 2p
for 1/2 < p < 2/3 and 2-;P'for 2/3<p< l.r_However, there is no indication
in>Fig. 1 of the last -branch. This leads us to conjectufe‘that the factor
82/6 in our estimates is due to an impérfect techniﬁue, and should really
“be replaced by Bz. |
It follows frqm‘Table'B that the numerical erfor for the vortex
method is smallesp forxbf=l. Thus in préétice there is no réasoﬁ fq take
§=gP witﬁ p<l.. HOwever,fif 6==B, then our technique cannot be used to

prove the convergence of the vortex method even for a short time interval.

TABLE 3. Errors in the vortex method.
Cutoff (1.4), .d.=8p', At=1, t=6.

p=1/6  1/3 ' 1/2 2/3 5/6 1
Comp. — exact, 8=1/4 | 0.486  0.347  0.242  0.176  0.126  0.0946
Comp. — exact, B=1/8 | 0.391  0.220  0.121  0.0673  0.0396  0.0256

We will4ﬁow give a heuristic explanation of the fesuité in‘Fig; 1
and Table 3. Assume that our conjecture is valid. Then the iast_;erm in
Eq. (3.2) is the dominating'term in the trunc;tion error. It is easy to
show that if the solution £ is three fimes differentiable, then Ehe last
term in Eq. (3.2) is equal to o |

A [ &\ |
(5.4) cazv(_gy)& os™

X

where the constant C depends.on.the particular cutoff. . Thus if the vortex
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(o] ‘ .
o = .Computed - Centroid
e = Computed - Exact
. B |
0
L i
05. o | [
P |
-~ XBL _77|o‘.—'2o7| |

Fig. 1.  Rate of convergence for 0 < p < 1 with ¢= gP.

Cutoff (1.4), B = 1/4 ba_nd l/8,vAti-l and t=6.
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.methodvisjéctually stable, and not.weakly unstablé as in-Lemmé 4, then thé

- error should be expécted to be of orde? BZP. This_explains the results

in Fig. 1. Note, ﬂo&ever, that the solutionvg is n§£ threé timés_differ—
entiable at z=0 aﬁd lz]==1. Thé'decay of thé errors in fable 3 caﬁ-be

well described by const .Bap, where a=1.43 for B=1/4 and a==l.60 for
B=1/8. Although heither of these results are copsistent with (5.3), they
do explain why the observed raté of convergence in Fig. 1 is very closé to
2?. The constant C in‘fhe ekbreésion (5.4) is equal to 1/12, 1/8, and 3/40
for the cutoffs (1.4) to (1.6) respectivelyf Thus we expéct that the cutoff
(1.4) which has been used by Chorin [2j and Shestakov [11] should be superior
'fo the cutoff (1.5), which has been used by Milinazzo and Séffmanv[S], while
the cutoff (1.6) ;hould be the best of the tﬁree;_ This is clearly borne
out in Table.4. The qﬁbtients between' the errors aré‘Qéry close to-thbsé
predicted by the expréssipn (5;3). Finally.we'mention that fofvfhe next
cutoff in the‘sequence, the constaﬁt C is equai.to 1/20, and this cutoff

must therefore be expected to be even better.

TABLE 4. Errors for different cutoffs.

Initial vorticity g =1- Iz |, 8= 82/3, At=1, t=6.
 Cutoff: | (L&) (1.5)  (1.6)
Comp. — exact, B=1/4 0.176 0.237 0.153

Comp. — exact, B=1/8 0.0673 0.0936 - 0.0609
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It is natural to ask whether it.is possible to construct a cutoff
such that the coﬁstant C in (5.4) is zero. It is easy tp»show'that if
: _the.cutoff corresponds.tﬁ‘a blob of vorticity thc? is évefywhere non- .
negative, then C‘ﬁuét be positi&gf Howe;ér, thé.coﬁstant C Qaniéhes for

the following two cutoffs:

_ | . 1 2\ 5(, ¢ |
(5.6)‘ (S 271_31—*6—2-‘—-:? 1-8—3—10g6 )

1] ﬁ) 4_5(.-5_“_) 5_6( 'r_"’) 10 ’
(5.7) Gs 5 _5(} ~7) TE N E) S l'f %) 3 (i,— 66) - log 6§ .

[}
]

|

We note that the kernels KG’ which.corresppndbﬁo the two cutoffs, satiéfy
the inequality (3.1). Thg performance. of (5.65 and (5.7) are_comparable‘
and the errors for.the two cutoffs are in_general cpnsidérably smallerb
than the errors for the cutoffs (1.4),(1.6). The new cutoffs alsé héve
theoréticél advantages. If the soiution § is three times differentiable,
then we éonclude from (5.4) that the"opgimal.choice of § is obtained by

letting 8" be of the same order as B°/8. Thus if & = 80'4 then the expected

1.6

rate of convergence should be B . We have tested the cutoff (5.7) and.

report faithfully the results in Table 5.

TABLE 5. Rate of ¢onvéfgénce; o _
Cutoff (1.5), §=8P, B=1/4 and 1/8, At=1, t=6.

lp=1/6 1/3 -1/2  -2/3  5/6 . 1

Comp. — exact 0.79  1.52 2.05 2.53  1.81  1.59

Comp. — centroid| 0.48  1.29  2.02  2.59  1.62  1.38
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The initial Vortiéity was choseﬁ és a rotated,cubic spline withv
center at z=0, height one, and with knots at lz' = 1/2 and |z| = 1.
To reduce the cost of the calculation we have excluded those vortices fqr
which Kj < 1/10 Bs. For 6==Bp and p < 1/2 the réte of convérgenCe'seéms
to be 84p whiie the rate of convergence for 1/2 < p <1 remains mysteriops.
We would have expected second order accuracy in this interval. Finally
we have obsefved that for 1/2 < p < 1 the rate of convergence may change

by as much as 0.1 per unit time interval.
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