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'CANONICAL REPRESENTATIONS OF sp(2n,R)
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In this paper, we study a rather unconventional real basis for the real symplectic
algebra sp(2n,R). We demonstrate the utility of this basis for practical computations
by giving a simple derivation of the second and fourth order indices of irreducible

representations of sp(2n,R).
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I. INTRODUCTION

In this paper, we study irreducible representations (irreps) of the real symplectic
Lie algebra sp(2n,R)[1] carried by homogeneous polynomials of the 2n phase-space
variables {¢;,p;} (: = 1,2,...,n). These representations of sp(2n,R) are the physically
interesting ones in classical mechanics[2].

First, we define a real basis for sp(2n,R). Using this basis, irreps of sp(2n,R)
carried by homogeneous polynomials of phase-space variables are obtained. Weight:
vectors corresponding to these irreps are also computed. Using these results, we
finally give a simple derivation of the second and fourth order indices corresponding

to these irreps.

II. A REAL BASIS FOR SP(2N,R)

In this section, we obtain a real basis for sp(2n,R). Since we are interested in
representations carried by functions of phase-space variables, it is convenient to define
the operators constituting a basis for sp(2n,R) using these variables. This can be done
using the concept of a Lie operator[2]. Let us denote the collection of 2n phase-space
variables ¢;, p; ( = 1,2,...,n) by the symbol 2. The Lie operator corresponding
to a phase—spacek function f(z) is denoted by : f(z):. It is defined by its action on a

phase-space function g(z) as shown below

1f(2): 9(2) = [f(2),9(2)]. ' (2.1)
Here [f(2), g(z)] denotes the usual Poisson bracket of the functions f(z) and g(z):

=Y (LE%D M) 22)

1=1
We are now in a position to give a basis for sp(2n,R). Consider the following set

of real operators:



1Ok =1¢;Pkty

Ljk:=:qiq:, J§ <K, (2:3)

:Rjk:=:pjpk:’ ] < k,

where t\h_e indices j and k range from 1 to n. We note that these are nothing but
Lie operators corresponding to the set of all quadratic monomials in variables ¢; and
pr. It can be shown that these operators constitute a real basis for the Lie algebra
sp(2n,R) [3]. As expected, there are n(2n + 1) elements in this basis. We will denote
a general basis element by the symbol w;.

‘The commutator of two Lie operators : f: and :g: can be shown|[2] to satisfy the

following relation
{:f:,:g:}E:f::g:f:g::f:=:[f,g]: (2.4)

Using this property, the basis elements are seen to satisfy the following commutation

relations’
{:Cjk:,:Crs:} =:Cp: 655 — :Cig: bpry
{:Cjkty:Lys:} = —:Ljs: bir — 1 Ljy 2 by,
{:Ck:y: Besi} = Ris: 65 + 2 Ry 855,
(2.5)
{:Ljx:: Ly :} =0,
{:Rjk:,:Rrs:}zoa
{1 Lkt Rps:} =:Chst 8jr +:Chr: 855 4 :Cist bhr 4 :Cir 2 b
Here the indices j, k,r, and s range from 1 to n.
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The basis given in Eq. (2.3) is not the conventional basis used for sp(2n,R). It
does not contain a basis for the unitary algebra u(3) as a subset. However, this short-
coming is of no consequence when one studies only the symplectic algebra without
any reference to its unitary subalgebras. In such cases, the real basis defined in Eq.
(2.3) offers several advantages due to its one-to-one correspondence with the set of
quadratic monomials. These advantages will become apparent in the discussions that

follow.

III. REPRESENTATION OF SP(2N,R)

In this section, we first obtain the irreps of sp(2n,R) carried by homogeneous poly-
nomials of phase-space variables. Next, we compute the weight vectors corresponding
to these irreps.

From the previous section, it is clear that Lie operators corresponding to the
set of all quadratic polynomials in z constitute the symplectic Lie algebra sp(2n,R).
Therefore, an N dimensional representation of sp(2n,R) is obtained by mapping each
element (denoted in general by : f,:) onto a N x N matrix d( f) such that the following

conditions are satisfied for all : f,:, : g2: belonging to sp(2n,R):

d(afy + bgy) =a d(fz) + bd(g92), a,bER (3.1.)

d([f2, g2]) ={d(g2), d(f2)}- (3.2)

A representation d is said to be said to be (completely) reducible if it can be converted
into a block diagonal form using a similarity transformation. Otherwise, it is said to
be irreducible.

Irreducible representations of sp(2n,R) carried by homogeneous polynomials in 2z
can be obtained in a straightforward fashion. Let P(™)(z) denote the set of all homo-

geneous polynomials in z of degree m and g¢,,(z) denote a general element belonging



to this set. Consider the following property of the Lie operator : f;: [cf. Eq. (2.2)]

:f2 Gm = [f?agm] = hma (33)

where h,, is an element of P(™)(z). That is, the elements : f: of sp(2n,R) preserve the

degree of the polynomial on which they act. We therefore get the following relation
:f2: gm = [f2agm] € P(m) v gm € P(m) (34)

In other words, the set of all elements belonging to sp(2n,R) leaves P(™) invariant.
Let {P{™} be a basis for the set P(™). Typically, we choose these basis elements

to be the monomials of degree m in the 2n phase—spaog variables. The number of

basis monomials N(m) of degree m in the 2n phase-space variables is given by the

relation[4, 3]

N(m) = (2"* ™= 1). - (3.5)

m
From Eq. (3.4) and the completeness of the set {P{™}, we get the following relation
' N(m) .
fo: P(2) = Y d(H)E PMM(z) a=1,2,...,N(m). (3.6)
p=1
where d(™)(f,)? are coefficients multiplying the basis elements.

As we vary « from 1 to N(m) in Eq. (3.6), the set of coefficients d(™)(f,)2 gives
rise to an N(m) x N(m) matrix, d"™(f;), for each : f,: belonging to sp(2n,R). It is
easily verified that the set of such matrices (obtained by letting : f2: range over the
entire Lie algebra) gives an N(m)-dimensional representation of sp(2n,R). It can be
shown([3] that these representations (for each m) are in fact irreducible.

Next, we obtain the weight vectors for irreps of sp(2n,R) defined above. First, we

need the Cartan subalgebra of sp(2n,R). It is easily verified that the Cartan subalgebra

of sp(2n,R) is spanned by the following n elements:



Hy =:qip1:, Hy=:qp2: ..., Hp=:q¢upn:. (3.7)
As expected, the rank of sp(2n,R) is equal to n. The N(m)-dimensional irrep of H;
is given by Eq. (3.6).

To proceed further, we need to choose the N(m) basis elements P{™)(z). We make
the simplest choice. We choose {P{™(z)} to be the set of all mth degree monomials
in the 2n phase-space variables. Therefore, the general element P{™)(z) is given by
the following relation

P{™(2) = gi'pf* ... g2 7pn,  riAredeco o =m. (3.8)

Now, the advantage of using the rather unconventional basis given in Eq. (2.3)
- becomes apparent. In this basis, the N(m)-dimensional irreps of the Cartan basis
elements H; are automatically diagonal! This is true for all the irreps defined by Eq.

(3.6). Moreover, it is a simple matter to calculate the general weight vector. Using

Eq. (3.8), we obtain the following results
:q;p,-:Pém)(z) = (rg; — rg,'_l)Po(('”)(z), 1=1,2,...,n. (3.9)
The weight vector A(®) is defined by the relation
:qipi 1P (2) = )\,(-Q)Pém)(z), 1=1,2,...,n. (3.10)
Comparing Egs. (3.9) and (3.10), we obtain the result

2@ — (re —r1,7ra — 73,000, Ton — 7'2n—1)- (3.11)

IV. INDICES OF IRREDUCIBLE REPRESENTATIONS
Indices of irreducible representations[5] play an important part in representation
theory. For example, they can be used to decompose direct products of representations
and compute branching rules. In this section, we illustrate the utility of the basis
given in Eq. (2.3) by explicitly computing the second and fourth order indices of the

irreps carried by homogeneous polynomials.
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A. Second order index

The second order index is defined as follows[5]

N(m)
IP =3 PP, (4.1)
a=1

where
@ =30 TP )
=1
Here n is the rank of sp(2n,R), )\Ea) is the ith component of the ath weight vector
and N(m) is the dimension of the irrep carried by the mth degree homogeneous
polynomials [cf. Eq. (3.5)]. The expression for I{2) in Eq. (4.1) can be simplified as

follows. From symmetry considerations, we have the following relation

N @ @)
NP =Y NP Vi, (4.3)

a=1 a=1
Hence, Eq. (4.1) can be rewritten as follows:

N(m)
IO =nS NP (4.4)

a=1
. Before proceeding further, we first establish the relation between the second order
index and the more familiar Dynkin index[5]. Using the fact that d(™(¢;p;) is diagonal,
we obtain the relation [cf. Eq. (3.6)]

sqpr: PO(2) = d™(@p) P (z)  a=1,2,...,N(m)  (45)
Comparing this with Eq. (3.10), we discover that Eq. (4.4) can be rewritten as follows
19 = nTr[d(m)(q;px)d(m)(qlpl)]. (4.6)

However, the Dynkin index v(m) is defined by the relation[6] |

v(m) = Te[d™ (wa)d™ (wp)]/ Tr[d® (wa)d® (wp)]. (4.7)



Since v(m) is independent of the the choice for w, and wg, we can take both to be

equal to ¢;p;. Then, we get the relation
1D = y(m)IP. (4.8)

We now turn to the task of computing I{?). | From Eq. (4.4), we see that we need
to sum over squares of the first components of the weight vectors corresponding to all
the monomials P{™(z) (a = 1,2,... N(m)). Since :¢;p,: acts only on the ¢; and p,
variables, we need to know only the ¢; and p; content of the basis monomials P{™)(z).

Hence, we write the general monomial as follows

Po(zm)(z) = ‘Z;n—k—lpllhk((h,Pz, ey qn,pn)a (49)

where hj stands for a monomial of degree k in the 2n — 2 variables g3, p2, ..., pn.
The index k varies from 0 to m and the index ! from 0 to m — k. The total number

of monomials hy of degree k is given by the relation [cf. Eq. (3.5)]

N'(k) = (2" +kk - 3). ' (4.10)

From Eqgs. (3.11) and (4.9), we find the following expression for the first compo-

nent /\ga) of the weight vector corresponding to the monomial P{™(z)
A = —m4 k4 2L (4.11)

Since all N'(k) monomials with the same value of k¥ have the same weight, we obtain

the result:
IO =n fj mf (2" +kk - 3) (—m 4+ k +20)% (4.12)
k=0 I=
However, the following identity can be proved
,:z_(:)k(_an k+20)2 = 2(::;:’:?) (4.13)



Therefore, we obtain the relation

1@ — 9 Z(2n+k 3)(;7;:}’:2) §4.14)

After some manipulation, this can be shown to equal the following result

2n + m
() — ) 4.1
L 2n(2n +1 ) (415)

It is easiy verified that this expression gives the correct second order indices[7] for the
irreps .being studied (apart from an overall numerical factor).

From Eq. (4.8), the Dynkin index v(m) is given by the relation

v(m) = (22’;1’;“) /(2n +2). (4.16)

Further, the eigenvalue Cy(A) of the second order Casimir operator can be calculated

using the following relation[6]
Ca(A) = N(2)v(m)/N(m), (4.17)
where N(2) is equal to the dimension of sp(2n,R). We obtain the foll/owing result

Cao(A) = (m? + 2nm) /4(n + 1).‘ (4.18)

B. Fourth order index

The fourth order index is defined as follows[5]

N(m) n 2
®=3 [Z(AS“))Z] . (4.19)
a=1 =1
Using symmetry considerations, this can be rewritten as follows -
I =n 2 O 4 n(n—1) Z (AL (a)y2, (4.20)

a=1 a=1

Proceeding as before, we find after some manipulation the following relation



N(m) m-1 _
Z (/\(a) (2n + k- 3) (m : + 2) [-—8 + 12(m _ k) + 6(m _ k)2]/5.
k=0
(4.21)
Evaluating the sums, we obtain the result
N(m) 2
Z (/\ﬁ“’)“ = 2( nt m) (2n? 4+ 6m® + 12mn — Tn — 3)/(2n + 3)(n + 1).
=1 2n +1 |
(4.22) »

Sinﬁlarly, we can derive the relation

N(m) m—-1 m—k k-1 k-k" M +kl
S APA =Y X (emtk+2) Y Y ( o )(—k+k’+2”>2-
a=1 k=0 [=0 k'=0 I'=0

(4.23)

This can be simpliﬁed to the following expression

N(m) m—1 m—k
2 —
> ooy =2 (T cnrbrar e
a=1 2n —1 =0
Evaluating this double sum, we obtain the result
N 2
(@)y2(y()y2 n+m+l
g (A0 4( m+3 ) | (4.25)

Substituting Eqs. (4.22) and (4.25) in Eq. (4.20), we finally get the following relation
(4 2n +m
I =2n om +1 (2mn® + m®n + 10mn + 5m* — 6n — 2)/(2n + 3)(n + 1).
(4.26)

Again, it is easily verified that the above expression for I{#) gives correct results (upto
an overall numerical factor). Comparing Eqgs. (4.15) and (4.26) we also obtain the

relation

IY = IA(2mn? + m?n + 10mn 4+ 5m? —6n — 2)/(2n + 3)(n + 1).  (4.27)
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V. SUMMARY
In this paper, we discussed a real basis for sp(2n,R). In this basis, the Cartan basis
elements are automatically diagonal for all irreps carried by homogeneous polynomials
of phase-space variables. This fact facilitates the computation of various quantities
characterizing these irreps. As an illustration, we calculated the second and fourth

order indices of these irreps.
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