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Critical to accurate reconstruction of sparse signals from low-dimensional obser-
vations is the solution of nonlinear optimization problems that promote sparse
solutions. Sparse signal recovery is a common problem of many different appli-
cations ranging from photography to tomography and from radiology to biology.
Within the compressive imaging community, minimizing the ¢;-norm or the total
variation (TV) seminorm penalized least-squares problem is the most conventional
approach for sparse signal recovery. The least-squares data-fidelity term assumes
a Gaussian noise model. However, there are many real-world applications that
do not follow Gaussian noise statistics. For an instance, when the number of ob-
served photon counts is relatively low at the camera detector, they are corrupted
by Poisson noise. This phenomenon can be seen in a variety of different appli-
cations including astronomy, night vision, and medical imaging. Therefore, the
contribution of the dissertation to sparse signal recovery is two-fold. First, we
propose several nonconvex algorithms operate on Poisson statistics to promote
sparsity. Second, we will present methods based on trust-region and alternating
minimization techniques for sparse signal recovery under Gaussian statistics.
While convex optimization for low-light imaging has received some attention
by the imaging community, non-convex optimization techniques for photon-limited
imaging are still in their nascent stages. Theoretically, the non-convex ¢,-norm

regularization (0 < p < 1) would lead to more accurate reconstruction than the
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convex /1-norm relaxation. In this dissertation, we explore sparse Poisson inten-
sity reconstruction methods using gradient based optimization approach with the
nonconvex regularization techniques: ¢,-norm, TV ,-seminorm, and the generalized
Shannon entropy. The proposed methods lead to more accurate and high strength
reconstructions in medical imaging and computational genomics. In particular, we
developed a stage-based nonconvex approach to solve time dependent biolumines-
cence and fluorescence lifetime imaging problems in the Poisson noise context.

In Gaussian noise context, we solve the £5-¢; and ¢»-¢, sparse recovery problems
by transforming the objective function into an unconstrained differentiable function
and apply a limited-memory trust-region method. Unlike gradient projection-type
methods, which uses only the current gradient, our approach uses gradients from
previous iterations to obtain a more accurate Hessian approximation. Numeri-
cal experiments with simulated compressive sensing 1D and 2D data are provided
to illustrate that our proposed approach eliminates spurious solutions more ef-
fectively while improving the computational time to converge in comparison to
standard approaches. Moreover, we employ nonconvex £,-norm regularization for
better recovery and demixing of sparse signals arise in image inpainting and source

separation applications.
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Chapter 1
Introduction

Over the course of this dissertation, I will present methods for accurate recon-
struction of sparse signals from low dimensional observations with applications to
medical imaging, signal processing, and computational genomics. In particular,
we will discuss algorithms that can be used for sparse recovery in Gaussian noise
and Poisson noise contexts separately. Before we begin, I would like to motivate
our research work and outline our main contributions to sparse recovery in this

chapter.

1.1 Sparse Signal Recovery

Most signals such as images and sounds seem to carry an overwhelming amount
of data, however, they contain a lot of redundant information and repeated hidden
patterns. These signals have a high level of sparsity — signals can be represented
by relatively few number of crucial information components. For example, natural
images are often sparse in wavelet (see Fig. 1.1(b)) or discrete cosine basis. These
transformations typically help to discard redundant information before we store
them in electronic devices. In medical imaging, magnetic resonance images have
sparsity properties in Fourier basis, while some fluorescence molecular tomography
signals are known to be sparse in the canonical basis with relatively small targets
(see Fig. 1.1(c)). Moreover, sparse signal representations can be seen in many

different applications including seismic imaging, DNA microarray sensing, com-
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Figure 1.1: (a) The “Cameraman” image. (b) Sparse wavelet coefficients of the
“cameraman” image in (a). (c) Sparse fluorescence target in medical imaging.

munication, and networks [103]. Due to the diversity of its applications, sparse
signal recovery has attracted the attention of statistician, mathematicians, and
engineers. Mathematically, if f* € R™ represents the true signal or image vector
to be recovered, then the measurement process is typically modeled as a discrete

linear system of the form

where y; € R™ is a vector of observed true measurements and A € R™*" is a
projection matrix. If £* is sparse in sparsifying basis W € R™**_ then f* in (1.1)
can be replaced by WO (ie., yy = AWGO"), where the sparse coefficients are
now given by 8* € R" (if f* is sparse itself, then f* = 8" and W = I). The linear
projection matrix A is constructed based on the application. For example, in image
deblurring applications, A is computed using a convolution with a blur kernel. In
optical tomography, A is constructed based on light propagation inside of a tissue
sample. In practice, the true measurements y are corrupted by noise which is due
to measuring hardware issues, quantization error, and transmission channel errors
[84]. Next I describe sparse recovery under two noise settings: Gaussian noise and

Poisson noise.



1.1.1 Recovery under Gaussian Noise

Under Gaussian noise, we modify the measurement process in (1.1) by adding
a noise vector w € R™ to the true measurement vector yg, which is generated from

Gaussian distribution with zero-mean and variance o?:

ye+w ~ Af" (1.2)
b ~ Af" (1.3)

where measurement vector b = y; + w € R™ is corrupted by Gaussian noise.

In the inverse problem setting, i.e., f* is to be recovered when b and A are
given, a most straightforward method is to follow the least squares approach that
estimates f* by minimizing the discrepancy between corrupted measurements and
its prediction:

f = argmin |Af — b)2. (1.4)

feRn

It can be shown that this least squares model is proportional to the negative

Gaussian log-likelihood function:
IAf b5 o = log [p(bi|(Af),)].
i=1

However, in some applications such as medical imaging, we observe only low-
dimensional measurements at the tissue boundary. In that case, the optimization
problem in (1.4) becomes ill-posed. In addition, the system matrix A often be-
comes ill-conditioned in many applications (e.g., high scattering and high absorp-
tion of light inside tissue make A ill-conditioned [51]) that leads f to be unstable
[28]. To obtain a stable and unique solution, we incorporate a regularization term
to the problem (1.4). The Tikhonov regularization [126] is one of the most popular
techniques in which an ¢3-norm term is added to the objective function of (1.4):

f = argmin ||Af — b2 + 7||f||2, (1.5)
feR”

where 7 > 0 is a regularization parameter. The fs-norm regularized problem (1.5)

is simple and efficient to solve using gradient based methods; however, the resulting



solution is over smoothed [82]. In sparse recovery, since the true signal is sparse or
sparse in some other basis, the reconstruction f also should be sparse. With this
prior knowledge, a sparse solution can be achieved by incorporating the fy-norm
regularization term, which counts the number of nonzero entries in the solution,

to the original problem:
f = argmin ||Af — b2 + 7||f]/o,
feRn

Solving the fy-norm minimization problem is NP-hard and computationally infea-
sible for high-dimensional problems [94]. As a good approximation to the {y-norm,
the ¢;-norm regularization has been used to promote the sparsity of the solution:

f = argmin ||Af — b2 + 7|/f|1,
feR"

where |[f]y = >_,|fi|. Recovering such a sparse signal only using fewer mea-
surements is the main problem of compressed sensing (CS) [48]. Much of the
early research work on sparse signal recovery with the ¢;-norm can be found in
(38, 49, 134, 91, 61, 142], to name just a few.

Theoretically, nonconvex ¢,-norm (0 < p < 1) should lead to more accurate
sparse reconstruction than the convex ¢;-norm relaxation. The optimization prob-
lem with £,-norm relaxation is given by

f = argmin |Af — bl|3 + 7[|f||P, (1.6)
feRn

where ||f|[? = >, |fi|’. The problem (1.6) is nonconvex and global minimum is
difficult to trace. However, Chartrand demonstrated that the local minimum of
this nonconvex problem can produce exact sparse reconstruction with many fewer
measurements than the ¢;-norm required. Accurate reconstruction of sparse sig-
nals/image from few number of measurements is crucial in application such as
radiation-based medical imaging (to reduce radiation doses for patients). Ac-
cording to the literature, ¢,-norm regularization has garnered significant recent
attention due to the better recovery performance in many applications (see e.g.,
[101, 81, 146, 89, 137]).



1.1.2 Recovery under Poisson Noise

There are many real world situations, where the measurement noise does not
follow a Gaussian distribution but a Poisson distribution. This phenomena occurs
in a wide variety of real world applications, including astronomy [66, 117}, medical
imaging [115] (such as Positron Emission Tomography (PET), Single Photon Emis-
sion Computed Tomography (SPECT), and fluorescent tomohraphy), night vision,
traffic models [129], and computational genomics [18]. Under the inhomogeneous

Poisson process model [113], we can write our measurement process as
y ~ Poisson(Af*), (1.7)

where measurement y € Z7' is corrupted by Poisson noise (also known as shot
noise), A € R}"™" is a linear projection matrix, and f* € R’} is the nonnegative
true signal/image of interest.

Under the Poisson process model (1.7), an unknown true signal f* is estimated

by minimizing the negative Poisson log-likelihood function

P(f) = 1"Af = "y, log(e/Af), (1.8)
i=1
where 1 is an m-vector of ones, e; is the i-th column of the m x m identity matrix.
In particular, the function F(f) in (1.8) is derived using the mazimum likelihood
principle: given y, choose the parameter of interest Af* in such a way that the
data are most likely (see Appendix A.1 for details).

In our research, f* is estimated from measurement vector y, when

1) the true signal f* is known to be sparse or sparse in some basis W (i.e.,

f* = W@, where 0 is sparse approximation), and

2) the dimension of the true signal f* is larger than the dimension of the mea-

surement y.

Therefore, the estimation of f* is related to the compressed sensing framework
[48], but our research is mostly connected to the general problem of sparse signal

recovery in the context of Poisson noise. In particular, Poisson sparse recovery



problems such as tomographic reconstruction in photon-limited medical imaging
will restrict the matrix A and the signal f* to be nonnegative. This nonnegativity
of £* will introduce a set of inequality constraints to the problem and would lead
to a more challenging optimization problem.

To avoid the singularity of negative Poisson log-likelihood function (1.8) when
f = 0, a small parameter § > 0 (typically 8 < 1) is used inside the log function
[57]. Then the function (1.8) can be rewritten as

F(f) = 1"Af = "y, log(e/Af + ), (1.9)

i=1
which is convex. Approximating f* by minimizing F'(f) in (1.9) is ill-posed if the
dimension of the measurement vector y is smaller than the dimension of the true
signal f*. Therefore, various penalization schemes are usually incorporated to pose
the problem better as we explain in Section 1.1.1. The regularized Poisson intensity

reconstruction problem has the following constrained optimization form:

f = argmin F(f)+ 7 pen(f)
feRn
subject to f >0, (1.10)

where 7 > 0 is the regularization parameter, and pen: R®” — R is an usually

nonsmooth and potentially nonconvex penalty functional (see e.g., [56]).

1.2 Contribution of the Dissertation

In this dissertation, we explicitly model noise using Poisson or Gaussian statis-
tics for low-dimensional measurements and further enforce sparsity and structure
in the solution using nonconvex sparsity promoting regularizers. We developed the
following novel optimization methods for solving sparse recovery problems arising

in medical imaging, signal/image processing, and computational genomics:

(1) SPIRAL-/, is a method for minimizing the negative Poisson log-likelihood
with nonconvex £,-norm regularization (0 < p < 1) to infer sparse signals

from low-count measurements. We have analyzed zero-finding methods for



solving the /,-norm regularized minimization subproblems arising from a
sequential quadratic approach. We have also provided a local convergence
proof for the nonconvex method under mild conditions. To the best of my
knowledge, this is the first method to bridge the gap between convex ¢;-norm
and £y counting seminorm in Poisson noise context. We applied this method
to solve a 3D fluorescence molecular tomography problem in collaboration

with the Li Lab in Bioengineering at UC Merced.

SPIRAL-TV, is an algorithm to recover image from photon-limited obser-
vations when the image is not sparse. This nonconvex p-th power total
variation (TV) regularization problem is solved in a convex setting by using
a reweighting strategy for each iteration. We have shown that the proposed
algorithm converges to a reasonably good local solution that is more accurate

than the existing TV; global solution.

SPIRAL-Shannon, a sparsity promoting algorithm in which we propose to
regularize the Poisson log-likelihood by the generalized nonconvex Shannon
entropy function. In particular, this non-separable Shannon regularization
function is approximated using its first-order Taylor series. We explore the
effectiveness and efficiency of the proposed method using numerical experi-
ments. Unlike previous nonconvex methods, the proposed method achieved

comparable results with less computational effort.

Bounded-SPIRAL-/; is a method for minimizing the negative Poisson log-
likelihood where upper and lower bounds on the true signal are known a
priori. This method incorporates additional information beyond sparsity,
such as signal support and maximal signal intensity, to improve signal re-
construction. We applied this method to deblur Quick Response (QR) codes

and phantoms from medical imaging under low-light conditions.

We designed and implemented stage-based methods to solve time-dependent
bioluminescence tomography and fluorescence lifetime imaging problems.
Our approach is different in the following manner: (a) We incorporate a

nonconvex ¢,-norm regularization to promote further sparsity and highlight



different structural properties of the solution, (b) we explicitly model CCD
camera measurements using Poisson noise model, and (c) we recover the sup-
port of the signal using the time-averaged data and reconstruct the signal
intensity and lifetime using the time-dependent data. We demonstrate the
effectiveness of the proposed stage-based methods through numerical exper-

iments in 2D imaging.

(6) TrustSpa-¢; and TrustSpa-¢, (0 < p < 1) are two limited-memory trust-
region methods for minimizing a least-squares fidelity term with a convex
and nonconvex regularization penalties, respectively. Our approach is novel
in the transformation of the sparse recovery problem to a differentiable un-
constrained minimization problem and in the use of eigenvalues for efficiently
solving the trust-region subproblem. Unlike gradient projection-type meth-
ods, which use only the current gradient, our approach uses gradients from
previous iterations to obtain a more accurate Hessian approximation. Nu-
merical experiments show that our proposed approach eliminates spurious
solutions more effectively while improving the computational time to con-

verge.

In addition, I have collaborated on sparse signal recovery methods for next-
generation DNA sequence data with the Sindi Lab at UC Merced. Most of this work
involves developing novel computational methods to predict structural variants,
which are rearrangements of an individual’s genome. Furthermore, as a result of
another collaborative work with Dr. Fei Wen from Shanghai Jiao Tong University,
I proposed to employ the £,-norm (0 < p < 1) regularization for demixing problems

in signal and image processing.

1.3 Organization of the Dissertation

Generally, this dissertation is divided into two parts: The first part of the
dissertation (i.e., Chapter 2 and 3) will discuss nonconvex sparse Poisson intensity

reconstruction methods with their applications and the second part (i.e., Chapter



4) is concerned with nonconvex sparse recovery methods with Gaussian noise.

Chapters in this dissertation are organized as follows:

Chapter 2: Photon-Limited Imaging

In this chapter, We propose four novel optimization methods for sparse signal
recovery under low-light conditions: (1) A bounded photon-limited image recovery
algorithm, (2) a non-convex ¢,-norm regularization method (SPIRAL-/,) with an
analysis for the subproblem minimization. We are also able to provide local con-
vergence guarantees under mild conditions for SPIRAL-/,, (3) a non-convex p-th
power total variation regularization method, (4) a non-convex Shannon entropy
regularization method for efficient sparse recovery from photon-limited observa-

tions.

Chapter 3: Applications with Poisson Process Model

In this chapter, We concern on demonstrating the effectiveness of proposed
Poisson sparse recovery algorithms in Chapter 2 with real world applications. First,
we investigate the effectiveness of our £,-norm regularized method in solving the
fluorescence molecular tomography problem with low photon counts. Second, we
propose two novel stage-based methods to solve tomography problems in func-
tional imaging: A two-stage method for bioluminescence tomography and three-
stage method for fluorescence lifetime imaging problem in low photon context.
Lastly, we will discuss my contribution on structural variants detection algorithms

in computational genomics with the Sindi Lab.

Chapter 4: Sparse Recovery Methods with Gaussian Noise

This chapter focuses on sparse recovery methods and their applications under
Gaussian noise. First, we propose two novel methods (using convex regulariza-
tion and nonconvex regularization) to solve the fs-¢; problem by transforming
its objective function into an unconstrained differentiable function and apply a

limited-memory trust-region method. After that, we will briefly discuss a collab-
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orative work with Dr. Fei Wen on sparse recovery and demixing signals with an
image inpainting example.
Chapter 5: Conclusion

Finally, this chapter concludes the dissertation and suggests several new av-

enues in photon-limited imaging for future research.



Chapter 2
Photon-Limited Imaging

Reconstructing high-dimensional sparse signals from low-dimensional low-count
photon observation is a challenging nonlinear optimization problem. In low photon
context, the arrival of photons at the detector is typically modeled by the inho-
mogeneous Poisson process (1.7). In this chapter, we propose three algorithms
to minimize the Poisson log-likelihood function using three nonconvex sparsity-
promoting regularizers: (1) {,-norm (0 < p < 1), (2) p-th power (0 < p < 1)
total variation, and (3) generalized Shannon entropy, for accurate sparse signal
recovery. In addition, I will discuss a bounded photon-limited image recovery al-
gorithm where maximum and minimum amplitudes at specific regions of an image

are known a priori.

2.1 Prior Work

According to the literature, inverse problems with Poisson data has garnered
significant attention by applied mathematicians and statisticians in many applica-
tions including medicine, engineering and astronomy (see e.g., [118, 67, 20, 30, 73]).
A Poisson intensity reconstruction algorithm to solve the Poisson problem in (1.10)
has been investigated in several works using different techniques. In particular,
Fessler proposed a algorithm in [57] based on finding paraboloidal surrogate func-
tions for the log-likelihood at each iteration and maximized these surrogate func-

tions using existing algorithms such as coordinate ascent. In [97] and [96], Nowak

11
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and Kolaczyk introduced a Bayesian multiscale framework with the expectation-
maximization algorithm for linear inverse problems involving Poisson data. Other
recent effort [58] known as the alternating direction method of multipliers (ADMM)
solved the problem of restoring Poissonian images based on an alternating direction
optimization method. The main hurdle of the ADMM method is that it requires
to solve a linear system at each iteration with a matrix inverse operation. In [77],
Jansen proposed a wavelet-based Poisson estimation method, which leads to inac-
curate solutions when the observed number of photons per pixel is very low. In
our research, we consider the recent Sparse Poisson Intensity Reconstruction AL-
gorithm (SPIRAL) [70], which is a flexible framework to solve the Poisson inverse
problem with state-of-the-art performance by modifying the penalty term.

2.1.1 Sparse Poisson Intensity Reconstruction ALgorithm

(SPIRAL)

In SPIRAL [70], we approximate the negative Poisson log-likelihood function
F(f) in (1.9) with a sequence of quadratic subproblems. Each iterate is obtained
from the previous iterate by solving

f*1 — argmin  F*(f) + 7 pen(f),
fern

subject to f > 0,

where F*(f) denotes the second order Taylor series approximation to the F(f) at
£
1
FR(E) ~ F(f%) + (f — 9TV () + (- fYIVEE(E5)(F — £). (2.1)
Then the Hessian V2F(f¥) in (2.1) is approximated by a scaled identity matrix
arl, with ay > 0 [134]. This yields

FH(E) ~ F(E9) 4 (€ = €TV (E9) + 55 | £ — £ |3 (2.2)

where «y, is chosen by a modified Barzilai-Borwein (BB) method [23] as

vy adh/ar 151
KA |

Ak
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where 6F = f¥ — f*=1 and /%, -, / are component-wise operators. As described in
the Appendix A.2, simplifying the second-order approximation in (2.2) yields a

sequence of subproblems of the form

1
f = argmin - || f—s* |2 + — pen(f)
feRn 2 Qy,
subject to f >0, (2.3)

where

1
sk =fF — —VI(fh).

Qg
In SPIRAL, the Poisson intensity reconstruction was achieved by replacing the

penalty function pen(f) in (2.3) by a variety of convex penalty terms such as ;-
norm, ¢;-norm with noncanonical basis, and total variation (TV) seminorm. In
our research, we introduce nonconvex penalty functionals to SPIRAL to promote

sparse solutions with more accuracy.

2.2 Bounded Sparse Photon-Limited Image

Recovery

The work describes in this section is based on the paper by Adhikari and Marcia
[6]. Photon-limited recovery methods typically incorporate sparsity and nonneg-
ativity through constraints and penalizers (see e.g., [57, 58, 70]). In addition to
sparsity and nonnegativity, other information about the true signal may be known
in practice. In particular, its maximum and minimum amplitudes at specific re-
gions might be known a priori. In medical imaging, structural information such as
tissue geometries are used to improve the accuracy of tomography. For example,
in near infrared diffuse optical tomography, structural priors from magnetic reso-
nance imaging are incorporated to limit smoothing across their shared boundaries
and adjust the image smoothness [135, 136, 33]. These structural priors can be
expressed as bounds on the signal intensity, and as such, they can be incorpo-
rated into the photon-limited image recovery problem to enhance the quality of
the reconstruction. Here, we describe an optimization method (based on the SPI-

RAL approach [70]) that includes upper and lower bound constraints that model
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additional signal intensity information. We demonstrate the effectiveness of the

proposed approach on two different low-light deblurring examples.

Problem Formulation

When the maximum and minimum signal intensity information is known, the
sparsity-promoting Poisson intensity reconstruction problem has the following con-

strained minimization form:

~

f = argmin F(f) + 7||f]
feR®

subject to by, < f < by,

where F(f) is the negative Poisson log-likelihood function (1.9), 7 > 0 is the
regularization parameter, and by, and by are the lower and upper bounds on
signal f, respectively (note these bounds take the dimension as the signal/image).

Based on the SPIRAL framework [70], our subproblems are of the form

£ = argmin g [[f—s" |5 + ]l

feRn
subject to by <X f < by,

where s = ¥ — aikVF (f*). If the signal of interest is sparse in some orthonormal
basis W, then the penalty term ||f||; is replaced by ||0]1, where & = Wf. Then
the minimization subproblem becomes
0" = argmin ¢"(9) = 416 —s"[3 + (]|,
6eR™ F

subject to by, < W@ < by. (2.4)

We note that typically, by, = 0, but we do not make that assumption here. We can
solve this minimization problem by solving its Lagrangian dual. The discussion
below follows [70] very closely. Our main contribution is the extension of the
constraints to general bounds and the inclusion of a convergence proof for the
subproblem minimization.

First, we introduce u, v € R™ with u, v = 0 and write & = u — v so that ¢*(8)
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n (2.4) is differentiable [58, 70]:

u,veR” k
subject to u,v =0, b, X W(u—v) < by. (2.5)

Note, however, that the new problem now has twice as many parameters and has
additional nonnegativity constraints on the new parameters. The last constraints
can be expressed as W(u—v) —byg, = 0 and by — W(u—v) = 0. The Lagrangian
function corresponding to (2.5) is given by
g(u7V7A17A27A37A4) - %Hu—v—sng—l—aile(u—}-V)—}\{u—)\gv
— A3 (W(u—v) = by) = X (by — W(u-v)),
where Aq, Ao, A3, Ay € R™ are the Lagrange multipliers corresponding to the con-
straints in (2.5). Differentiating . with respect to u and v and setting the deriva-
tives to zero yields
u—v=s"+X - 14+ W3- W\, and (2.6)
Ay = 21— Ap.
Then it follows that ~17(u+v) —Alu—Alv==1"(u—v) = Al (u—v) in .Z.
g Qg
Therefore
g(u7v7)\17)‘27)‘37)‘4) = %HU—VHS—F%HS]CHS
—(u—v)T (" + X - Z1+ Wi - W)
+A2by, — AlTby.
Substituting u — v from (2.6) in .Z, we obtain the Lagrangian dual function inde-

pendent of the primal variables, u and v:
gL Ag, Ay) = = 3[Is" + A — 14+ WA — )3
FATby — ATby + 3
Next, let v = Ay — aikl. For the Lagrange dual problem corresponding to (2.5),
the Lagrange multipliers A; = 0 for i € {1,2,3,4}. Since
0
0

A

A223—21—)\1:aik1—7 and

A

Alz’}’—l—alk]_,
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T

then ~ satisfies 1 =37 = aikl. The Lagrange dual problem associated with
(2.5) is thus given by

Co. . _ 11k T, . 2
minimize A(, Az, As) = 3lls" + 7 + WA — A5

— Aibr + Afby — 1[|s"13

subject to A3, Ay =0, — L1 <~= aikl. (2.7)

(€95

At the dual optimal values v*, A}, and Aj, the primal iterate 0" is given by
oM = uMtt — VAT = sF LAt L WIS — X)),

We note that the duality gap for (2.5) and its dual (2.7) is zero, i.e., ¢*(") =
—h(y*, A3, A}) because (2.5) satisfies (a weakened) Slater’s condition [32]. In ad-
dition, the function —h(~, A3, A4) is a lower bound on ¢*(6) at any dual feasible
point. We note that the objective function h(7y, Az, A4) can be written as

v, Az A1) = BB+ "W — A +
{213 = Aall3 + (A = A0)"Ws" — Afbr, + Al by}

We minimize the objective function h(7y,As, Ay) by solving for ~, Az, and A4
alternatingly, which is done by taking the partial derivatives of h(7y, A3, A4) and
setting them to zero. Each component is then constrained to satisfy the bounds

in (2.7). We now describe each step more explicitly.
Step 1. Given )\éj ) and /\4(1‘7 Y from the previous iterate, solve

7(3’) = arg gin %H’YH% +,7Tsk+,YTWT()\Z()’jfl)_Aé(ljfl))
‘YE n

subject to — aikl <= aikl. (2.8)
The solution to (2.8) is obtained via thresholding:

MO mid{ Y SR WT(}\éj—l)_ Af‘”) T }, (2.9)

70‘]@

where the operator mid{a, b, c} chooses the middle value of the three arguments

component-wise.



17

Step 2. Given v, solve

AP, A) = argmin LA, X)) = 3 — A3

2

A3, A1ER? )
+ AL (W(s* ++9)) — by)
+ A] (by — W(s" +~41))
subject to Az, Ay = 0. (2.10)

The minimization problem (2.10) has the following solution. Noting 5 ||As— 4|3 =
HIAsl2 = A + 3 A4ll3, and letting v = W(s* + v9)) — by, and ry¥) =
by — W(s* +~U), then (2.10) can be written as

(A AY) = arg min 3 Asll3 + ATV = AI
A3,A4LER™

+ 5lIA4ll3 + AT
subject to Az, Ay = 0. (2.11)

Note that if #0) = 0 and rg@) = 0, ie., by = W(s* + 4U)) < by, then
L(A3,Ay) = 0 for Az, Ay = 0, and is therefore minimized at A3 = Ay = 0. We now
assume otherwise. Computing the gradient of £(A3, A4) with respect to Az and Ay
yields

Vas LAz, Ag) = Az + 7.9 — Ay

and

V)\4£(>\3, )\4) =M+ ’I‘U(j) — As.

For each i, unless (by,); = (by);, both (V,£); and (V,L); cannot be simultane-
ously 0 (since this implies (r9));+(ry9); = 0, or equivalently, (by); —(by,); = 0).
Therefore, the components of the gradient of the minimizer must be 0 or the corre-
sponding components of the minimizer must lie on the boundary, i.e., (Vx,£); =0
and (Ayg); = 0, or (A3); = 0 and (Vx,L); = 0. These conditions define the values
of the solutions )\éj ) and }‘ij ).

}\gj) = [—r V] = [-W(sF +~4U)) + by,
AV = gD = [ W(sF +49)) — byls.

where the operator [ - |, = max{ - ,0} component-wise.
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Convergence. We prove the convergence of this alternating minimization strategy

from techniques found in [25]. Let

VA ) = YTWI(A3 — Ay)

a(v) = glvlz+~"s"
92(A3, A1) = 3l As = A3+ (A — Ay)T W
—Aiby + Al by

so that A(y, A3, Ay) = ¥(v, A3, Ay) + g1(7) + g2(A3, Ay). Note the following: (A)
Both functions g; and g, are continuous functions whose domains are closed. Con-
sequently, they are closed (see Sec. A.3.3 in [32]). (B) ¢ is bilinear in 4 and in
(A3, Ay). Therefore, it is a continuously differentiable convex function. (C) The
gradient of ¢ with respect to « is constant, and therefore V41 is Lipschitz con-
tinuous. (D) The gradient of ¢ with respect to (As, A4) is constant, and therefore
Vs a ¥ is Lipschitz continuous. (E) Since the primal problem (2.4) has a con-
tinuous objective function and has a closed and bounded domain, it must have a
minimum by the Extreme Value Theorem. Because the duality gap is zero, i.e.,
* (0" = —h(~*, A5, A}), the dual problem (2.7) must have a solution. In addi-
tion, the subproblems (2.8) and (2.10) have explicit minimizers. With these, the
assumptions needed to apply Lemma 3.2 in [25] are satisfied. In particular, we

obtain the following convergence result:

Theorem 1: Let {(v\7, )\gj ), )\Ef ))}jto be the sequence generated by the proposed
alternating minimization method. Any accumulation point of { (v, }\gj ), AY ))} is

a stationary point of problem (2.7).

Feasibility. We now show that at the end of each iteration j, the approximate
solution 8Y) = ¥ + 40 + WT(AY — AP to (2.4) is feasible with respect to the
constraint by, < W@ < by. First, note that

WY = Wsk + WAl £ AP — Y
= W(s"+~49) + [by — W(s" + ’Y(j))h
— [W(s" ++4Y) = by, . (2.12)
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We note that (2.12) is equivalent to
WY = mid{bg,, W(s* + v), by}.

Thus, we can terminate the iterations for the dual problem early and still obtain

a feasible point.

Numerical Results

We investigate the effectiveness of the proposed bounded SPIRAL-¢; (B-SPIRAL-
/1) method by solving two image deblurring problems. In both experiments, the
blurry observations are obtained from Af*, where the signal f* is convolved with a
5 x 5 blur matrix, whose action is represented by the matrix A. The MATLAB’s
poissrnd function is used to add Poisson noise. Here, we used the Daubechies-2
(DB-2) wavelet basis for W.

We implemented the B-SPIRAL-/; algorithm by including constraints to the
existing SPIRAL approach [69] to solve subproblem (2.4). The algorithm is ini-
tialized using the lower and upper bound information incorporated ATy and
terminates if the relative difference between consecutive iterates converged to
|£¥FE — £ /]|£%|ls < 107°. Similar to the SPIRAL approach, we define 30 as
the minimum number of iterations to avoid any issues with premature termina-
tion. Finally, we compare the results with nonnegatively constrained SPIRAL-¢;
method based on RMSE (%) = 100 - ||f — £*||3/||f*||2. The final SPIRAL-¢; re-
constructions are thresholded using the same bounds used in B-SPIRAL-¢;. The
regularization parameters (7) for both experiments are optimized to get the mini-

mum RMSE value.
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QR code deblurring

(a) True image f* (b) Observation y (¢) Zoomed region

Figure 2.1: Experimental setup: (a) True QR code image f*, (b) noisy and blurry
observation y with mean photon count 5.7, (¢) a zoomed region of y.

In this experiment, we wish to recover a Quick Response (QR) code of size
512 x 512 (see Fig. 2.1(a)) from the Poisson-noise corrupted blurry image (see Fig.
2.1(b) and the red zoomed region in Fig. 2.1(c)). We set by as the peak intensity
of f*, i.e., by = 3e+4, and by, as the zero intensity.

The SPIRAL-/; method took 16.52 sec (32 iterations) to converge, and its
reconstruction (fs) has RMSE = 18.92%. In contrast, the proposed B-SPIRAL-
¢, method took 25.06 sec (30 iterations) to converge, but its reconstruction (fp)
has RMSE = 16.42%. The B-SPIRAL-/; improvements can be best seen in the
magnitude of the log error between the true signal f* and the reconstructions (see
Figs. 2.2(a) and (b)). Note that the fp reconstruction more closely matches the
original signal f* than the fs reconstruction by the prevalence of blue regions in

Fig. 2.2(b).
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(a) log(1 + |f* — fg]) (b) log(1 + |£* — f5|)
(RMSE = 18.92%) (RMSE = 16.42 %)

Figure 2.2:  (a) Log magnitude of error between the true image, f*, and the
SPIRAL-/; reconstruction fg, (b) Log magnitude of error between f* and the pro-
posed B-SPIRAL-(; reconstruction f5. RMSE (%) = 100 - ||f — £*[|5/||f*||.. Note
the lower RMSE for the proposed method’s reconstruction, fB, whose log error is
closer to zero (represented in blue) than the original method.

Shepp-Logan phantom image deblurring

In the reconstruction of optical images, anatomical information (the tissue
shape and/or structure) from x-ray computed tomography (CT) or magnetic res-
onance imaging (MRI) can be used to improve the spatial resolution [22, 87]. In
this experiment, we wish to apply a similar approach to recover the Shepp-Logan
phantom image of size 128 x 128 from the observed image (see Fig. 2.3(a) and (b)
respectively), when the tissue outer boundary is known. More specifically, we in-
corporate that outer boundary as a structural information (see Fig. 2.3(c)), where
the lower and upper bound intensities are known based on the region (i.e., 0 and
le+6 are outside and inside tissue maximum intensities respectively).

For this problem, the SPIRAL-¢; method took 1.89 sec (39 iterations) to con-
verge, and its reconstruction (fs) has RMSE = 21.57%. The proposed B-SPIRAL-
¢, method took 1.98 sec (30 iterations) to converge, and its reconstruction (fz)
has a lower RMSE = 18.85% (see Figs. 2.4(a) and (b)). Note the more accurate

reconstruction along the top edges as well as the overall improved accuracy within



22

the body (represented in yellow) in comparison to the fs reconstruction.

O10]¢

) True image f* (b) Observation y ) Mask

Figure 2.3: Experimental setup: (a) True phantom image f*, (b) noisy and blurry
observation y with mean photon count 45.8, (c) a mask with prior structural
information.

(a) log(1 + |[f* — f5|) (b) log(1 + |f* — fB])
(RMSE = 21.57%) (RMSE = 18.85%)

Figure 2.4: (a) Log magnitude of error between the true image, f*, and fs, and
(b) log magnitude of error between f* and fz. RMSE (%) = 100 - ||f — £*||5/]|f*]|2-
Note the proposed method’s log error is lower on the whole (represented in yellow)
in contrast to the mostly orange in (a).
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Conclusion

In this method, we formulated a sparsity-promoting bound-constrained photon-
limited image recovery method by solving the dual problem based on an alternating
minimization strategy. The utilization of any available prior image information
has proven very successful for accurately recovering images. We demonstrate that
the proposed B-SPIRAL-¢; method leads to more accurate reconstructions than
the simply thresholded solutions from the nonnegatively constrained minimization

method.

2.3 Nonconvex Regularization for Photon-Limited
Imaging

Reconstructing high-dimensional sparse signals from low-dimensional low-count
photon observations is a challenging nonlinear optimization problem. Theoreti-
cally, non-convex regularization would lead to more accurate reconstruction than
the convex relaxation commonly used in sparse signal recovery. In this Section,
we propose to regularize the negative Poisson log-likelihood objective function us-
ing three different nonconvex regularizers: ¢,-norm, TV,-norm (0 < p < 1), and

nonconvex Shannon entropy.

2.3.1 Non-convex /)-norm Regularization

The method describes in this section is based on the paper by Adhikari and
Marcia [5]. Here, we consider the recent Sparse Poisson Intensity Reconstruction
ALgorithm (SPIRAL) [70], which is a flexible framework to solve the Poisson in-
verse problem with state-of-the-art performance by modifying the penalty term.
Solving the fy-norm regularized minimization problem is NP-hard and computa-
tionally infeasible for high-dimensional problems. The ¢;-norm has been shown
to be a very good approximation to the {y-norm in sparse signal recovery [125].
While the SPIRAL method with ¢;-norm (SPIRAL-¢;) yielded reasonably good

results, its reconstruction contained some spurious artifacts. These artifacts can
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be corrected by using a nonconvex £, penalty term (p < 1) while keeping the recon-
struction error low (see Fig. 2.5 for comparison between ¢;-norm ball and £,-norm

ball in 2D).

2
18
16
14
12
0B
06
T—y
~ > b

Figure 2.5: (a) The ¢;-norm ball with its contour lines in 2D. (b) The £,-norm ball
when p = 0.5 with its contour lines in 2D. Note that the £,-norm ball is nonconvex.

In the proposed method called SPIRAL-/, (0 < p < 1), we consider pen(f) =
|f][? as the penalty term in (1.10). Then the corresponding subproblems in (2.3)

can be written as

1 T
"1 — are min =2 +— £
gmin 3 f-st 5+ ]
subject to  f = 0. (2.13)

Note that the subproblems (2.13) can be separated into scalar minimization prob-
lems of the form

foo= argmin ()= S(f— 9+ AP
feRrR

subject to  f >0, (2.14)

where f and s denote elements of the vectors f and s* respectively and A\ = 7/ay.
Recently, Zuo et al. [148] proposed a simple and efficient iterative algorithm to
solve the nonconvex scalar minimization problem in (2.14), which was an extension

to the popular soft-thresholding operator [47].
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Generalized Soft-Thresholding (GST) Function

As shown in Figure 2.6, for a given regularization parameter A > 0 and p-value
for Q(f) in (2.14), there exists a threshold value ~,(\) (that explicitly depends on
p and ) such that if s < v,(\), the global minimum of (2.14) is f* = 0; otherwise,
the global minimum will be a non-zero value. We now show how to compute the

threshold value 7,(\) so that we can compute f*.

" S <7vp(™) \ S =7,(M) N s> v,(M)
\ 24
16 \
14 \ 2 \ 22
o |\ \ : ;
T2 \ \ \\
18 \
! \\\ _ - 5 \ 16 \\
08 \ o \ \\\ p—
\/~ VT h | T~
06 ( | — 12 T
o4 0 05 1 5! 0 05 1 15 ! 0 05 1 15
f* A S* S 1 S f
(a) (®) (©

Figure 2.6: The plot of the scalar quadratic function (f) with p-norm penalty
term in (2.14), where p = 0.5 and A = 1.0. (a) If s is less than the specific threshold
value 7,(A), then f* =0 is the global minimum. (b) If s = ~,(\), there are global
minima at f* = 0 and f (to promote sparsity, we pick f* = 0 as the solution).
(c) If s > 7,(N), then the global minimum is uniquely at f* > 0.

Note that Q(f) is symmetric in s (i.e., if s > 0, we can prove that the solution
f* > 0; otherwise, f* < 0). Thus, without loss of generality, we consider the case

s > 0. When s = v,(\), there exists f, (see Figure 2.6(b)) such that

Q(fy) = Q(0) and (2.15)

Q(f) = o. (2.16)
By solving (2.15) and (2.16) simultaneously (see Appendix A.3), we can explicitly
find the threshold value v,(A) for given p and A values. Specifically, v,(\) is given
by

1 p-1
Ww(A) = AL = p))=7 + Ap2A(L = p))==7. (2.17)

For any s > 7,(A), the unique minimum f* = S,(|s|, ) of Q(f) is greater than 0
and is obtained by setting €2’ to 0 :

Y (Sp(|s, A)) = Sp(lsl, A) — s+ Ap(S,(|s], A))"~" = 0. (2.18)
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The root of €' can be computed using fixed-point iteration (we analyze root finding
methods more thoroughly in Section 2.3.2). Then the solution f* to (2.14) is given
by the generalized soft-thersholding (GST) function

0, if [s| < 7(A)

(2.19)
sgn(s)Sp([s[, A), if [s[ > 7,(A).

Ty(s,\) = {

When p = 0, the GST function Ty(s, A) becomes the hard-thresholding function,
and when p = 1, the GST function 7} (s, A) becomes the soft-thresholding function.
In both cases, we do not compute S,(|s|,A) in (2.18) iteratively, but rather we
compute it explicitly (see Appendix A.4).

Employing Nonnegativity Constraint

Since the subproblems in (2.13) are nonnegatively constrained, the solution of
the scalar minimization problem (2.14) also needs to be nonnegative. Therefore

the theresholding operator is employed to obtain the next iterate:

fH = max(0, T,(s, \).

Convergence Proof

Here, we prove the convergence of SPIRAL-/,, to a critical point from techniques

found in [70, 134]. Suppose a problem of the form

mi?i]erize O(f) = p(f) + p(f) (2.20)
6 n
follows the following three mild assumptions:

(A1) ¢ is proper convex and Lipschitz continuously differentiable on R7,
(A2) p is continuous on R’} (not necessarily convex),
(A3) @ is coercive (i.e., limg_o0 P(f) = 00).

If ¢ is the negative Poisson log-likelihood function as defined in (1.9) and the
function p : R” — R = R U {—00, 0} is defined as

p(f) = 7|7 + 01 (F), (2.21)
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where

0 iff>=0,
o+ (f) :{

oo otherwise,

then solving (2.20) is equivalent to solving the SPIRAL-/, optimization problem

.. P
m1£1€1%1Z6 F(f)+7'||f||p

subject to f > 0. (2.22)

Now note the following: (A1) The negative Poisson log-likelihood function F' is
convex and Lemma 1 in [70] proves that F' is Lipschitz continuously differentiable
on R% with parameter 8 > 0. (A2) The penalty function p defined in (2.21) with
nonconvex {,-norm term is continuous on R’}. (A3) Objective function ® becomes
infinite along any path for which ||f|| becomes infinite. Therefore, ® is coercive
even with the /,-norm term.

With these, we can obtain convergence results to a critical point through the

following theorem:

Theorem 1. Suppose the SPIRAL framework [70] with its acceptance test is ap-
plied to solve (2.20) with the assumption that (A1) to (AS3) hold. Then all accu-

mulation points are critical.

Proof. For contradiction, assume an accumulation point generated by SPIRAL-/,
is not critical. We follow the same proof of Theorem 1 in [70], which we summarize
as follows. Lemma 2 [70] shows that in the vicinity of a non-critical point, the
solution is a substantial distance away from the current iterate. That is, if the
sequence {oy, }jez, were bounded, then |[f*+! — f* |, > € for some € > 0 and
all j large enough. However, Lemma 4 [70] shows that the sequence {f*};cz,
generated by the algorithm is such that the step length ||f* ™! — f*i||, approaches 0
as k — o0o. Therefore, the Lemma 2 result contradicts Lemma 4, hence {ay, }jez,
must be unbounded. We can now assume that {ay, } increases monotonically to oco.
In order this assumption to be true, a;, must fail the acceptance test by violating
the upper safeguard ay,.x. Then this contradicts Lemma 3 [70]; Lemma 3 assures

us to satisfy the acceptance criteria for all sufficiently large values of ay. All these
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contradictions show that any noncritical point can not be an accumulation point.

Hence, all accumulation points are critical points. O

Note the function ® is nonconvex due to the nonconvexity of p in SPIRAL-
¢,. Therefore, we can not claim that critical points are always global solutions of
the problem (2.22). Although it is not guaranteed to converge to a solution, any

accumulation point of the SPIRAL-/, iterations will be a critical point.

Numerical Results

We evaluated the effectiveness of the proposed SPIRAL-{, method by com-
paring it to the existing SPIRAL-/; method. We implemented the SPIRAL-/,
method in MATLAB (on a PC with Intel Corei7 2.7GHz Processor, 2 cores, 8GB
RAM) by modifying the existing MATLAB code of the SPIRAL method [69]. In
the experiment, the true signal f is of length 100,000 with 1,500 nonzero entries
(1.5% of sparsity), and the observed vector y is of length 40,000. We generated
Poisson intensity reconstructions for 23 different p-values ranging from 0.99 to 0.
For that, we used the parameters in SPIRAL-/; experiment as our default param-
eters in SPIRAL-/,. More specifically, SPIRAL-/, is initialized using A7 (y) and
terminates if consecutive iterates do not significantly change. The regularization
parameter 7 in (1.10) is optimized to get the minimum root-mean-square (RMS)

error ||[£* — £||o/||£*||2 for cach p-value.
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Figure 2.7: The plot of the RMS error and the number of nonzero entries in the
reconstruction over the p-values ranging from 0.99 to 0. The left most data points
in both curves correspond to the error and number of non-zeros of SPIRAL-/;.
There is a steep decrease in the RMS error after p = 0.4 while, non-zeros attain
their exact value 1500 at p = 0.35. Note RMS error (%) = 100 - ||£* — £||o/[|£*]]2.

The RMS error curve in the Fig. 2.7 shows that there is no considerable change
in the error for the p-values ranging from 0.99 to 0.4. But when p < 0.4, the RMS
error decreases drastically and is less than the SPIRAL-¢; RMS error. Meantime,
the number of nonzero entries of the reconstruction also converge to the exact
sparsity as p value decreases. These results reveal that the SPIRAL-/, with p
value ranging from 0.35 to 0 can generate better reconstruction than SPIRAL-¢;
method. For instance, when p = 0.05, Fig. 2.8 depicts the high accurate SPIRAL-
¢, reconstruction without the spurious solutions appear in the SPIRAL-¢; recon-
struction. Furthermore, the SPIRAL-¢ o5 intensity reconstruction exactly matches
the sparsity of the true signal. In additional, we note that the amplitude of the
SPIRAL-{q o5 reconstruction is greater than the SPIRAL-¢; reconstruction.
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» ; ° .
‘ihnm_ h " T.T 'fﬂw'

Sample Number
Figure 2.8: SPIRAL-/, intensity reconstruction with p = 0.05 (green diamond
stems) compared with the SPIRAL-/; intensity reconstruction (red filled circle
stems). The blue stems depict the true signal. There are 12 spurious solutions in
the SPIRAL-/; reconstruction. (A) SPIRAL-{y 5 reconstruction eliminates spuri-
ous solutions in the SPTRAL-¢; reconstruction. (B) SPIRAL-{j o5 solution gener-
ally matches the SPIRAL-¢; solution with high strength.

o

Amplitude

Finally, we ran the proposed SPIRAL-/, method with p = 0.05 for ten different
simulated measurement vectors yi,¥ys,...,¥10 with Poisson noise. Specifically,
the Poisson noise levels in y;’s are around 16%, where noise (%) = 100 - [|Af* —
Vill2/llyill2. The resulting RMS error and the number of nonzeros for each of the
final reconstruction are shown in the Table 2.1. In particular, we were able to
recover the exact sparsity of the true signal in all ten different experiments with
an average of 5.998% RMS error. Therefore, we conclude that for this experimental

setup, the proposed SPIRAL-¢, method is robust with respect to different Poisson
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Experiment RMSE (%) Non-zeros

1 5.945 1500
2 5.947 1500
3 5.959 1500
4 5.991 1500
5 6.140 1500
6 6.077 1500
7 5.827 1500
8 5.955 1500
9 5.973 1500
10 6.162 1500
Average 5.998 1500

Table 2.1: RMS error and number of non-zeros in reconstructions using 10 different
Poisson measurements. Here, RMSE (%) = 100 - [|[£* — f||2/|/f*]|2-

noise realizations.

While SPIRAL-/, generates high accurate, high strength reconstruction for
small p-values, it requires more computational time than the SPIRAL-¢; method.
More precisely, SPIRAL-¢; takes less than 1 second to obtain the reconstruction,
while SPIRAL-/¢, takes on average, 66 seconds. However, initializing the SPIRAL-
¢, with the SPIRAL-/{; solution improves the computational time approximately
by 30%.

Conclusion

In this method, we have formulated the nonnegatively constrained sparse Pois-
son intensity reconstruction algorithm as a £, nonconvex regularized minimization
problem (2.13). We have showed that this approach can be uncoupled into the
separable /,-minimization problems in the form of (2.14), with each scalar min-
imization problem is solved using Generalized Soft-Thresholding (GST) function
(2.19). We have demonstrated that the proposed SPIRAL-¢, reconstruction for
small p values eliminates the spurious artifacts found in the SPIRAL-¢; recon-

struction. While the proposed method leads to more accurate and high strength
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reconstructions, it requires more computational effort because evaluating the GST
function requires solving a zero-finding problem (2.18) iteratively. We have found
that computational time can be decreased significantly by using the SPITRAL-¢;
solution to initialize the SPIRAL-/,, method.

2.3.2 Analysis of the p-Norm Subproblem Minimization

The collaborative work describes in this section is based on the paper by
Orkusyan et al.[100]. Recall that the subproblem (2.13) can be uncoupled into
scalar minimization problems of the form (2.14), i.e.,

foo= agmin Qu(f) = 2(f — 8 £ AP,
FeR 2

subject to  f > 0. (2.23)

where f and s denote elements of the vectors f and s* respectively and A = 7/ay,.
Recall from Section 2.3.1, given a regularization parameter A > 0 and p-norm for
Qs(f) in (2.23), there exists a threshold value 7,(A) (that explicitly depends on p
and A) such that if s < ~,()), the global minimum of (2.23) is f = 0; otherwise,
the global minimum will be a non-zero value (see Fig. 2.9). When s = v,(\), there

exists f such that

Q(f7) = 9,000 and Q(f7) = 0. (2.24)

Y

By solving (2.24) simultaneously, we can explicitly find the threshold value 7,())
for given p and A values. For any s > 7,(\), the unique minimum f* of Q,(f) is

greater than 0 and is obtained by setting 2. to O:
Q) =fo = s+ ()P =0. (2.25)
We now describe zero-finding algorithms to compute the root f;.

Fixed-Point Iteration Method

A point f* is said to be a fixed point of a function G(f) if G(f*) = f*. Setting
Q(f) equal to zero, we have s — Ap(f*)P~! = f*. The fixed-point iteration method
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Figure 2.9: The plot of the scalar quadratic function Q(f), where p = 0.5 and
A = 1.0. (a) When s is less than the specific threshold value v,(\), then f¥ =0
is the unique global minimum. (b) When s = ~,(\), there are global minima at
f*=0and fr. If s > 7,(A), then the global minimum is uniquely at some f > 0.

is an iterative method for finding fixed points of a function. In particular, it defines
a sequence of points {f,} given by f,+1 = G(f,). In the previous Section 2.3.1,
we used the fixed point iteration for finding the root of Q(f):

farr = g(fa) = s = Xpfi " (2.26)

Newton’s Method

There are various ways of defining fixed point iterations. One particular fixed-

point formulation is Newton’s method, which is given by the iterations

A,
Q(fn)
In our case, the iterations for Newton’s method are given by
fo—s+Apfit s+ p—2) M
L+ Ap(p— D" 1+ dplp— D)

In order to simplify the computation of this iteration and avoid computing two

fn+1 = G(fn) = fn

fn+1 = fn -

different roots fP~! and fP~2, we multiply the numerator and denominator by

£

sfa P+ =2 fn

SR (o — 1) (2.27)

fn+1 =
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The performance of fixed-point iteration and Newton’s method very much depend

on the choice of the initial point fy, which we discuss next.

Initialization

When s = 7,()), the solution f> such that
V() =F5 =) + ()P =0

is given explicitly by
1
f5=02A1 —p))=>.
Then if s = 7,(\) + ¢ for some € > 0, we now analyze how to estimate f to

initialize the zero-finding methods described previously.

First-order Taylor series approximation. To define the initial point, we can

linearize (2 (f) around f and find the zero of the linearization. More specifically,

Q(f5 +0) Q(fy) + 02 (f5)
£ = (N +2) + Ap(f5)P
+0(1+Aplp — (£

(
= —e+ 61+ Ap(p—1)(f2

Q

)%
2P,
Setting this equal to zero and solving for § suggests the use of the initialization

£
L+ Ap(p — )(f5)P~2

Second-order Taylor series approximation. Similarly, we can use a second-

fo= I, +0, where d =

order Taylor approximation to Qf around f7:

)
(15 +0) = ,(f5) + 0 (f7) + 5 (f),

which yields the following approximation:

—b+Vb? — 4dac

2a

fs():f;k—l—& where § =
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——Quadratic Approximation
——Linear Approximation

Figure 2.10: Approximations to (. (f) centered at f7. As f increases, both the
linear and quadratic Taylor approximation diverge from Q,v( f). In contrast, the
approximation £(f) = f—s, which are the first two terms in €2/ (f), is more accurate

for large values of f.

where
b= 1+ Ap(p—1)(f)"?
c = —¢

The linearization and second-order Taylor approximation, however, diverge
quickly from the true solution as f* becomes large (see Fig. 2.10). We now
discuss bounds on f} that allow us to make more effective initial approximations
to f¥. We first prove a lemma, which will be useful in showing bounds on f} as

well as other results.

Lemma 1. Let A > 0 and 0 < p < 1. Then for s > v,(\), A\p(1 — p)(f7)P~2 <

[SJ4S]

Proof. Recall that for s = 7,()), there exists an f> > 0 such that (??) hold. From
Q,(fr) = Q,(0), we can obtain

v

S AL = 30, (225)
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and from € (f5) = 0, we have

Ly ()P = (). (2.29)

Setting (2.28) equal to (2.29) and with some algebraic manipulation, we have

Ap(1 = p)(f2)P=* = §. For s > 7,(A), the unique minimizer f > f*. Thus,

Ap(L=p) (£ < (L= p) () =2,

which completes the proof. O

This result allows us to prove the following theorem, which bounds the mini-

mizer, fF, of Q(f):

Theorem 2. For A > 0 and 0 < p < 1, the minimizer, [, of Qs is bounded by
fi<s. If0<p< %, then the minimaizer is further bounded by %s < fr<s.

Proof. Recall that the minimizer of € solves Q,(f¥) = 0. Solving for f¥, we have

- S
fo =1 + Ap(fr)p=? (2:30)

Rewriting the main result of Lemma 1, we obtain Ap(f})P~2 < --L—. Observe that

)T S )
if p <4,

*\p—2 p
Ap(fO) < M —p) =

Using these bounds in (2.30) yields the desired results. O

and 1 <1+ Mp(ffP2<

NN RN

1
2

Note that Theorem 1 implies that as s increases, so does f;. Moreover, as s — o0,

(f¥)P~2 — 0, and therefore, by (2.25), f — s. Thus, a sensible initial estimate for

fris s.

Fixed-point initialized Newton’s Method. We can improve the initial guess
from s by finding a point between f¥ and s. The mean-value theorem guarantees

the existence of £ € (f¥,s) such that

Q/ _Q/ *
(e = =L
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Rearranging, we find that

S0 () _ ApsP~!
Q1(¢) 1= Ap(1 —p)er=2

By Lemma 1, % <1—Mp(1—p)éP~2 <1, and thus,

fi=s

fr~s— \psP~t e (f*,s).

We note that this is precisely the first fixed point iteration initialized at s.

Guarantee of Convergence

Let e, = f, — f* and e, 1 = fuy1 — f* represent the errors on the n-th and

n+1-th iterations respectively. For fixed point iteration, we have

ent1 = for1 — fF=G(fn) — [
=G(["+e.) = [,
= G(f") +enG'(f) +eG"(E) = [
="+ enG'(f*) +enG (&) —
= enG'(f*) + e G (€).

For small e,, €,11 ~ €,G'(f*). In our context,

G(f)=s—Xpff" and G'(f)=Ap(l—p)f*2

By Lemma 1, G'(f) < 1. Therefore, the error is decreasing and the fixed point
iteration method is guaranteed to converge.

To show Newton’s method is guaranteed to converge, let f. be a critical point
of QL(f) ie. Q/(f.) = 0. In particular, f. = (Ap(1 —p))ﬁ and for any f > f,,
QUf) =1+ Ap(p— 1)fP72 > 0 ie. Q.(f) is increasing in the interval (f.,00).
Then, Q”(f) = Ap(p—1)(p—2)fP=2 > 0 for all f € (0, 00), which implies Q/(f) is
convex. Finally, we note that f. < (2Ap(p — 1))ﬁ = fr < f* e Q(f) has aroot
in (f.,00). Therefore, Q.(f) is increasing, convex, and has a zero in (f., c0), and
Newton’s method is guaranteed to converge from any starting point in the interval

(fey 00) (see Theorem 2 pg. 86 in [80]).
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Rate of convergence. Let ¢ be some set tolerance such that on the n-th iteration
if |en| = |fn — fZ] < e then we will consider the algorithm to have converged to

the root. For fixed point iteration, we have convergence when
> ‘€n| = Cl|€n—1| = C?|60| (231)

where C; = G'(f}) = Ap(1 — p)(f)?~2. Solving for n, the number of iterations

required to converge, we have

Ine —In|eg|

ixed Poin Z 2.32
NFixed Point InC, (2.3 )
For Newton’s method, we have convergence when
£ > len| = Colen_1* = CF Heo|*” (2.33)
LAp(1 = p)(2 = p)(f3)"° . - :
here Cy = = - . Sol fi 2.33 1d
where C3 = 5 —— o= p) ()2 olving for n in (2.33) yields
1 InCy +1Ine

ewton Z ]- . 2. 4
et In2 n(ln02+lneg> (2:34)

Fig. 2.11 shows the theoretical number of iterations for fixed-point iterations and
Newton’s method to converge. Note that when s is near v,(\), fixed-point iter-
ations take many more iterations than Newton’s method. However, for large s,
fixed-point iterations only require four iterations. Although this is still twice as
many as the iterations for Newton’s method, the number of floating point oper-
ations for fixed-point iterations is much smaller than that for Newton’s method
(compare (2.26) and (2.27)). Since s can take on any real value, we expect the aver-
age performance of fixed-point iteration and Newton’s method will be comparable,

which we see in the next section.

Numercal experiments

We simulated a 3D cubic phantom with two embedded fluorescence capillary
rod targets. For the finite element mesh, there are a total of 8,690 nodes inside
the 3D cube while only 36 nodes are located inside the two rods. The fluorophore

concentration of the nodes is set to 7,000 inside the two rods and 0 outside. We
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Figure 2.11: Theoretical number of iterations required to converge as a function
of s. Here p=05,A=1,e=107% ey = s — f*, and v,(\) <s < 11.

chose a total of 20 excitation source positions and 1, 057 detector positions on
the top surface of the cube, which gives us 20 x 1,057 = 21,140 measurements.
About one-tenth of all the measurements were used (i.e. 2,120 measurements). We
assumed that the excitation wavelength is 650 nm and the emission wavelength is
720 nm in the construction of the system matrix A. The tissue optical properties
were (i, = 0.0022mm™', y) = 1.41mm™! at both 650 nm and at 720 nm. For this
experiment, the simulated measurement vector y is corrupted by Poisson noise
with signal-to-noise ratio (SNR) of 3 dB (= 57% noise). In our method, we used
p =0.74 and ATy as the initial guess. Fig. 2.12 shows the true signal (f*) and our

reconstruction.

Time (sec) | Iterations
Fixed-point iteration 21.2829 1,281,974
Newton’s method 21.0128 476,585

Table 2.2: Time and iteration average over 10 trials for fixed-point iteration and
Newton’s method to reconstruct the fluorescence molecular tomography data.
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(a) (b)

Figure 2.12: (a) Horizontal slices of a simulated fluorescence capillary rod targets.
(b) Reconstruction using p-norm regularized subproblem minimization.

Conclusion

Here, we analyzed methods for solving the p-norm regularized subproblems
arising from minimizing the Poisson-log likelihood for reconstructing sparse sig-
nals from photon-limited measurements. These non-convex subproblems do not
have closed form solutions, and as such, they require numerical approaches for
computing the minimizers. While Newton’s method in theory should converge to
the solution faster than fixed-point iterations, the number of floating-point op-
erations needed to perform each iteration offsets the computational advantage of

using derivative information.

2.3.3 p-th Power Total Variation Regularization

The sparse recovery method describes in this section is based on the paper by
Adhikari and Marcia [4]. When the signal to be reconstructed is known to be
sparse in the canonical basis, it can be recovered accurately using a nonconvex
¢,-norm regularization technique as we discussed in Section 2.3.1. However, when
the image is not sparse, a different regularization technique must be employed.
The total variation (TV) seminorm penalty [104] has been commonly used as a
sparsity measure and has been shown to be very effective as a regularization term
for image reconstruction. More specifically, the TV seminorm measures the first-
order difference between adjacent pixels in images. Thus, an image with a small

TV seminorm means that generally, it has homogeneous signal levels with few
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abrupt changes or edges. The recent work of Yan and Lu [138] generalizes this
TV seminorm to the p-th power (TV,), where 0 < p < 1, by using a weighted TV
minimization where the weights are computed to approximate the TV, regularized
problem locally.

TV seminorm regularized Poisson intensity reconstruction problem (2.4) has
been solved in many previous works. In the efforts [60] and [107], the split Bergman
approach [65] was used to solve the Poisson problem, but the proposed methods
are not suitable for large scale problems due to a matrix inversion operation in-
volve with those approaches. In this study, we propose to regularize the negative
Poisson log-likelihood function (1.9) using the TV, penalization method in [138].
Specifically, we use the SPIRAL approach [70] to define a sequence of minimization
subproblems with the TV, penalty. These subproblems are solved using the FISTA
method for modified TV-based denoising approach [27]. We explore the effective-
ness of the proposed method through numerical experiments in image deblurring
and compare the results with the state-of-the-art SPIRAL-TV; results.

We propose to regularize the negative Poisson log likelihood function in (1.10)
using a p-th power total variation [138], denoted by TV, (0 < p < 1). Then the
sequence of subproblems in (2.3) can be written as

.1 T
fF1 — argmin = || f—s" |2 + —|[|f]|Tv, (2.35)
feR'VVL”L 2 ak

subject to f >0,

where [|f||Tv, is defined as the anisotropic TV seminorm

m—1 n m n—1
1]l pyr = SN U= fusrglP + DD g = Figeal”s (2.36)
i=1 j=1 i=1 j=1
or as the isotropic TV seminorm
m—1n—1
HfHTV;I) = Z Z \/(fz‘,j—fi+1,j)2p + (fij—figr)?
o
+ D Min=fevral? + D 1= Fmiarl?- (2.37)
i=1 j=1

When p = 1 in (2.36) and (2.37), TVEY and TV recover the standard TVEA)
and TVgI) respectively. Note that when p < 1, both TV, penalty functions are
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nonconvex, making the global minimum of (2.35) difficult to trace. In [138], the
minimization of the nonconvex problem (2.35) is accomplished through the con-
vexification of the nonconvex penalty function ||f||ry, using a reweighting strategy.
More specifically, a weighted TV seminorm is used to approximate the anisotropic

TV, seminorm in (2.36) as

m—1 n m n—1
£l e = Zzai,j|fi,j — firrgl + ZZ@AJ‘},J‘ — fij+l, (2.38)
im1 j—1 =1 j=1

and the isotropic TV,, seminorm in (2.37) as

m—1n—1

Hf“Tij) - Z Z \/(ai7j<fi,j — fis13))2 + (Bij(fig — fij+1))?

i=1 j=1

m—1 n—1
+ > Qinlfin = fiinl + D Bl fmg = Frgial. (2.39)
i=1 j=1

In the above weighted TV definitions, «;; > 0 and f; ; > 0 are coefficients whose

values are computed using f in the previous iterate k:

k k _

ai; = (Y =0+, (2.40)
k k _

By = (f% = B+ e, (2.41)

where € > 0 to prevent the weights from being zero. By substituting (2.40) and
(2.41) for ;; and B;; in the weighted TV definitions (2.38) and (2.39), it can be

shown that [|f]| ., ~ [[f®] o and [[f]| 0 = [[EF] 0 (see [138] for details).
w P w P

Modified Dual Approach with Weighted TV Norms

Using the weighted TV functions as defined in (2.38) and (2.39), we now show
how to modify the FISTA approach of dual problem construction [27, 39]. In
particular, we use the exact same set of notations used in Sec. 4.1 of [27] with the
exception of the linear operator .Z.

(m—1)xn

Let P4 be the set of matrix-pairs (p1,q;) where p; € R
R™* (1) satisfying

and q; €

A

lpigl < 1, i=1,....m—1,j=1,...,n,

gl < 1, i=1,....m,j=1,...,n— 1L
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Similarly, let P; be the set of matrix-pairs (pa,qz) where py € RM~DX" and
gz € R™ (1) that satisfy

pzz,j_‘_qgj < 1 i=1L....m-17=1....n—1,

IN
\.b—‘
[
=
3
—_

’pi7n|

INA
\.I—‘
.
I
\.'_‘
=
|
—_

|Gm.j1
We redefine the linear operator & : RUm—Dxn o Rmx(n=1) _y Rmxn a5 follows:
Z(pe, CIE)i,j = jPij — Qi-1;DPi-15 + Bij%; — Bij-14ij-1,
where £ is 1 or 2, and we assume that
Poj; =Pmj=0¢0=0¢n=0 for i=1,....m, j=1,...,n.
The operator £ : R™*" — R(m=Dxn  Rmx(=1) ig given by
27 (x) = (pe, ),
where p; € R"=D*" and q, € R™* ™~ are the matrices defined by

Dij = Tij — Tit1,j, izl,...,m—l,jzl,...,n,
Qi; = Tij — Tij+1, izl,...,m,jzl,...,n—l.
Since our subproblems (2.35) are non-negatively constrained, P¢ is the orthogonal

projection operator on to the set C' = [0, 00).

Now note that the following two relations

ajz| = max{axp : |p[ <1},
p
Varz? + 22 = max {axp; + Byps : pf +p; < 1},
P1:P2

hold true for weights @« > 0 and 5 > 0 (see Appendix A.6). Therefore, the

anisotropic weighted TV seminorm can be written as the maximization problem

f = max Ti(f,p1,q1),
” ”TVS"M (P1,q1)€EPA 1( P1 Ch)
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where
m—1 n m n—1
Tl(f7 plaql = Zza,] fz,] fH—l,] pz,] + ZZ/B’L,] fz,] fz,]-i-l)%g
=1 j=1 =1 j=1

Similarly, the isotropic weighted TV seminorm also can be written as the maxi-

mization problem

f = max T5(f, po,
| HT\/S’ (oo ePr 5 (f, P2, q2),
where
m—1n—1
To(f,p2qe) = > Y euj(fig — fivrg)pig + Big(fij — fij1) @]
i=1 j=1
m—1 n—1

+ Q; n(fz,n - fi-l—l,n)pi,n + Z Bm,j(fm,j - fm,j+1)Qm,j-
: o
With the above defined notations, we have

Ti(f,p1,a1) = Tr(ZL(p1,ai)’ ),

Ty(f, p2, q2) = Tr(ZL(p2, a2) ).

Hereafter we can follow the same procedure explained in [27] to obtain the dual
problem with the weighted TV norm. This dual problem is iteratively solved using
a fast gradient projection method [27].

Numerical Results

In this section, we demonstrate the effectiveness of the proposed algorithm,
which we call SPIRAL-TV,. In particular, we consider an image deblurring prob-
lem for which TV norm regularization is highly suitable.

In this experimental setup, we used the Shepp-Logan phantom image of size
128 x 128 available in the MATLAB’s image processing toolbox as the true image
f* (see Fig. 2.13(a)). The true detector blurred image (see Fig. 2.13(b)) was
obtained by Af*, where A is a blurring operator (f* is convolved with some blur
matrix). Finally, a Poisson noisy observation matrix of size 128 x 128 was simulated
by MATLAB’s poissrnd function. The Poisson noisy observation matrix is shown

in Fig. 2.13(c), where the mean photon count is 45.8 with a maximum of 398.
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(a) Truth image (f*) (b) True detector (c) Observed photon
intensity (Af*) counts (y)

Figure 2.13: Experimental setup: (a) Shepp-Logan head phantom as true image,
(b) blurred phantom image, (c) Poisson noisy phantom image with mean count
45.8.

We implemented the SPIRAL-TV,, algorithm in MATLAB R2013a (on a PC
with Intel Core i7 2.7GHz Processor with 8GB memory) by modifying existing
codes of the SPIRAL method [69] and the TV-based FISTA denoising method [26].
SPIRAL-TV, follows a warm-start strategy, where we start the method by solving
the p = 1 case first, and then using its solution to initiate the next problem with a
smaller p value, say, p = 0.9. (This can be viewed as a homotopy or continuation
method.) In Egs. (2.40) and (2.41), ¢ = 107" in our numerical experiments.
We run the algorithm until the relative difference between consecutive iterates
converged to [[f**t1 — £, /||f*|l, < 107 with a minimum of 50 iterations. For
each p-value, the regularization parameter in (2.35) is optimized to get minimum
RMSE value. Finally, we compared SPIRAL-TV,, reconstruction with SPIRAL-
TV, reconstruction for both isotropic and anisotropic TV types using RMSE values
and peak signal-to-noise ratios (PSNR (dB) = 10log;,(max(f*)?/MSE)).

The results of the experiments for anisotropic and isotropic TV regularization
are presented in Figs. 2.14 and 2.15 respectively. For the anisotropic TV regular-
ization, the SPIRAL-TV g reconstruction has RMSE = 11.57% and PSNR =30.95
dB while the reconstruction for SPIRAL-TV; reconstruction has RMSE = 11.90%
and PSNR = 30.70 dB. For the isotropic TV regularization, the SPIRAL-TVqg
reconstruction has RMSE = 14.45% and PSNR = 29.02 dB while the reconstruc-
tion for SPIRAL-TV; reconstruction has RMSE = 14.80% and PSNR = 28.80 dB.
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(a) SPIRAL—TVI (b) Truth - SPIRAL—TVI (C) Zoomed region
PSNR =30.70 dB RMSE = 11.90%

(d) SPIRAL-TV,¢ (e) Truth - SPIRAL-TV,¢ (f) Zoomed region
PSNR =30.95 dB RMSE =11.57%

Figure 2.14: Anisotropic TV based reconstructions and error images. Top row:
(a) SPIRAL-TV; reconstruction, (b) magnitude of error between the true image
and the SPIRAL-TV; estimated image, (¢) SPIRAL-TV; reconstruction has more
artifacts. Bottom row: (d) SPIRAL-TV, s reconstruction, (e) magnitude of error
between the true image and the SPIRAL-TV;g estimated image, (f) SPIRAL-
TVy.g reconstruction has more homogeneous signal levels.

In both cases and both metrics, the SPIRAL-TV g reconstructions show improve-
ment over the SPIRAL-TV; reconstructions. Furthermore, the SPIRAL-TVqg
reconstructions recovered the actual gray area in the phantom body without los-
ing the edge details and has less prominent cloud noise-like texture (see red zoomed

areas in Fig. 2.14 (c¢) and (f) and Fig. 2.15 (c) and (f)).

Conclusion

Here, we have formulated a TV, regularized negative log-likelihood function for
photon-limited imaging problems. This nonconvex TV, regularization problem is

solved in a convex setting by using a reweighting strategy for each iteration. The
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(a) SPIRAL-TV, (b) Truth - SPIRAL-TV, (c) Zoomed region
PSNR =28.80 dB RMSE = 14.80%

(d) SPIRAL-TV4 (e) Truth - SPIRAL-TV (f) Zoomed region
PSNR =29.02 dB RMSE = 14.45%

Figure 2.15: Isotropic TV based reconstructions and error images. Top row:
(a) SPIRAL-TV; reconstruction, (b) magnitude of error between the true image
and the SPIRAL-TV; estimated image, (¢) SPIRAL-TV; reconstruction has more
artifacts. Bottom row: (d) SPIRAL-TV,g reconstruction, (e) magnitude of error
between the true image and the SPIRAL-TV,s estimated image, (f) SPIRAL-
TVy.s reconstruction also has more homogeneous signal levels.

SPIRAL-TV; solution is used as the warm initial point in the proposed SPIRAL-
TV, method, and we proceed with this strategy by reducing the p-value. Under
the warm-start strategy, the proposed SPIRAL-TV, algorithm will converge to a
reasonably good local solution that is more accurate than the SPIRAL-TV; global
solution. Since the anisotropic TV is related to the ¢;-norm, the SPIRAL-TV,
with the anisotropic TV leads to more accurate results than with the isotropic
TV. In our experience with this particular data set, there is no any significant
improvement in reconstructions for p-values less than 0.8. While the proposed
SPIRAL-TV, method leads to more accurate results with less artifacts, it requires

more computational effort than SPIRAL-TV; due to the iterative nature of the
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warm-start strategy.

2.3.4 Non-Convex Shannon Entropy Regularization

The work describes in this section is based on the paper by Adhikari and Marcia
[7]. In this method, we propose to regularize the Poisson log-likelihood objective
function (1.9) by the generalized nonconvex Shannon entropy function:

TR
(0 = =3 fer o (figp) (2:42)

i=1

where p > 0. This regularizer enforces sparsity by driving the solution towards
axes (see Fig. 2.16). Then the corresponding subproblems (1.10) can be written

as

1
"1 = argmin @ < ||[f—s" |3 + - H,(f) (2.43)
fcRn 2 (077

subject to f > 0.

Figure 2.16: The generalized nonconvex Shannon entropy function H,(f) with
p = 0.5 in 2D space.

The nonconvex Shannon entropy function (2.42) was recently proposed by

Huang et al. [75] as a sparse-promoting penalizer for Gaussian noise based re-
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constructions. A Shannon form of entropy [108] based Bayesian image reconstruc-
tion method has been studied by Nunez et al. [98] for the Hubble space telescope
data. Skilling et al. [112] maximized the Shannon entropy: — "7 p;log(p;),
where p; = f;/> ", f;, for image recovery in astronomy. Moreover, Donoho et
al. [50] recovered nearly-black objects by minimizing the Shannon entopy regu-
larized least-squares function. Our approach is novel in regularizing the Poisson
log-likelihood using the sparsity promoting generalized Shannon entropy function
(2.42) in photon-limited context. In order to make the problem (2.43) separable,
we replace H,(f) using its first-order Taylor series approximation at current iterate
£
HY(f) = H,(f*) + VH, (%) (f — £),

where the gradient of H]’f(f ) is computed by

[OH,(f)]
ol f1]

VH,(f) = | fal ’

where

OHy(E) _ _plEP ) P
N T

Manipulating this Taylor approximation and ignoring constant terms yield a se-

Z|f£|p og | fil?, fori=1...n

quence of subproblems of the form

1 n
k1 _ - k
f = argmin o E 2+ E VH ()i fi, (2.44)

£-0 i=1

where s¥ is the i-th element of the vector s*. The minimizer f**! can be computed

analytically by solving each scalar function of the form

f* = argmin 1(]"—5)2 + 771, (2.45)
20 2

where f and s denote i-th element of the vectors f and s* respectively and v =

alk(VHp(fk))i. Then the minimum of (2.45) is given by

[ =1-1,
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where a thresholding operator [ - | = max{0, -} is employed to get a nonnegative

solution.

Numerical Experiments

We investigate the effectiveness and efficiency of the proposed method, which
we call SPIRAL-Shannon, by comparing it to the existing SPIRAL-¢; [70] and
SPIRAL-¢, [5] methods (on a MacBook Pro with Intel Core i7 2.8GHz 4 cores
Processor with 16GB memory). Here, we use 16% Poisson noise corrupted observed
vector y of length 4 x 10* to recover a true signal f of length 10° with 1.5% sparsity.
All algorithms are initialized with A7 (y) and terminate if consecutive iterates do

not change significantly.

1512
=—o—Nonzeros - SPIRAL-Lp
1510
Nonzeros - SPIRAL-Shannon
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\
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Figure 2.17: Number of nonzeros in the reconstructions of SPIRAL-¢;, SPIRAL-
¢, and the proposed SPIRAL-Shannon over the p-values. Note that the number of
nonzeros are started to decrease after p = 1 for both the SPIRAL-¢,, and SPIRAL-
Shannon.

The number of nonzeros in the reconstruction of SPIRAL-Shannon (see Fig.
2.17) decreases drastically after p < 1 and recover the exact sparsity (i.e., 1,500) at
p = 0.2. Even though the SPIRAL-¢, converges monotonically to the exact spar-
sity at p = 0.3, it requires more computational effort than the SPIRAL-Shannon
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method (see Fig. 2.18). On average, SPIRAL-Shannon and SPIRAL-¢, methods

recover the true signal with root mean square error 0.059.
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Figure 2.18:  Computation time of the SPIRAL-¢;, SPIRAL-¢, and SPIRAL-
Shannon over the p-values. Note that the proposed SPIRAL-Shannon requires
significantly low computational effort to obtain comparable results.

Conclusion

We proposed a novel Poisson intensity reconstruction method by introduc-
ing sparsity promoting Shannon entropy penalizer to the photon-limited imaging.
Unlike previous nonconvex methods, the proposed method achieved comparable

results with less computational effort.

2.4 Summary of Contribution

In this chapter, we proposed four novel sparse signal recovery methods in
the Poisson noise context: (1) A bounded photon-limited image recovery algo-
rithm: Proposed to incorporate upper and lower bound constraints that model
additional signal intensity information, (2) a non-convex f,-norm regularization

method (SPIRAL-/,). Here, we provided local convergence proof under some mild
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conditions for SPIRAL-/,. Furthermore, we analyzed zero-finding methods for
solving the p-norm regularized minimization subproblems arising from a sequen-
tial quadratic approach, (3) a non-convex p-th power total variation (TV,) reg-
ularization method. This work introduced TV, regularization for image recovery
problems in photon-limited context using iterative reweighting, (4) a non-convex
Shannon entropy regularization method. To the best of our knowledge, this is the
first time to use the generalized version of the Shannon entropy for sparse Poisson

intensity reconstruction.



Chapter 3

Applications with Poisson Process

Model

In this chapter, we demonstrate the effectiveness of the proposed nonconvex
sparse Poisson intensity reconstruction algorithms that we discussed in Chapter
2 with real world application in medical imaging and computational genomics.
Specifically, we propose two novel stage-based approaches to solve time-dependent
tomography problems in medical imaging: Bioluminescence tomography and fluo-

rescence lifetime imaging.

3.1 Fluorescence Molecular Tomography

The work describes in this section is based on the paper by Adhikari et al. [9].
As an emerging near-infrared molecular imaging modality, fluorescence molecular
tomography (FMT) has great potential in resolving the molecular and cellular
processes in 3D objects through the reconstruction of the injected fluorescence
probe concentration. In practice, when a charge-coupled device (CCD) camera is
used to obtain FMT measurements, the observations are corrupted by noise which
follows a Poisson distribution [68]. To reconstruct the original concentration, the
standard least-squares function for data-fitting is not a suitable objective function
to minimize since this model assumes measurement noise which follows a Gaussian

distribution. Most of recent studies [130, 146] in solving FMT problem, assumed

53
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Gaussian type noise and are based on the least-square model. In the rare cases
where the Poisson noise was considered in solving the FMT problem, such as in a
recent work of Yu [140], the least-squares model was still used as objective function.
Based on the SPIRAL-/, approach explained in Section 2.3.1, we propose to
solve the ill-posed, ill-conditioned FMT reconstruction problem only using a rela-
tively small number of observations with Poisson noise. Using simulated FMT data
with different Poisson noise levels, we compare the performance of the proposed
method with the newest Gaussian-based Non-Uniform Multiplicative weighting
with Ordered Subsets (NUMOS) algorithm [147] with respect to different image
quality metrics (VR, Dice, CNR, and MSE) as mentioned in Appendix A.5.

3.1.1 Numerical Results

Truth X1 03

6

Figure 3.1: The true image of the simulated cube.

In this experiment, we simulated a 3D cubic phantom with two embedded
fluorescence capillary rod targets as shown in Fig.3.1. For the finite element mesh,
there are a total of 8,690 nodes inside the 3D cube while only 36 nodes are located
inside the two rods. The fluorophore concentration of the nodes is set to 7,000
inside the two rods and 0 outside. More specifically, the true signal £* of length
8,690 with 36 nonzero entries (=~ 0.41% of sparsity) and the corresponding system
matrix A of size 2,120 x 8,690 were obtained from Prof. Changqing Li’s medical
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Figure 3.2: Experimental setup. (a) True signal (f*) of size 8,690 with 36 nonzero
entries. (b) True intensity (Af*) at 2,120 detectors. (c) Very low mean photon
count measurements (y) with 57% Poisson noise (SNR ~ 3). Note that the di-
mension of the measurement vector y is four times smaller than the dimension of
the true signal (f*).

imaging lab. We simulated measurement vector y is of length 2,120 having Poisson
noises with signal-to-noise ratio (SNR) of 20 (= 10% noise), 10 (=~ 30% noise) and
3 (=~ 57% noise), where noise (%) = 100 - ||Af* — y|l2/||y]l2. Fig. 3.2 shows the
true signal (f*), the true detector intensity (Af*), and the measurement vector y

for the case SNR =~ 3.
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SNR

SPIRAL-(, SPIRAL-(, NUMOS
(dB)

Table 3.1: Reconstructed horizontal slice images of the simulated cube using
SPIRAL-¢;, SPIRAL-{,(p = 0.74) and NUMOS method: (a) when SNR ~ 3 dB
(57% Poisson noise), (b) when SNR ~ 10 dB (30% Poisson noise), and (c) when
SNR & 20 dB (10% Poisson noise).

SPIRAL-¢; SPIRAL-¢,

The true image

Figure 3.3: Zoomed version of a reconstructed slice image (see red box) using the
three different methods when SNR ~ 3: (a) Truth slice, (b) SPIRAL-¢; recon-
structed slice, (¢) more localized and high contrast SPIRAL-/,(p = 0.74) recon-
structed slice, (d) NUMOS reconstructed slice with smooth-out edges.
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The reconstructed results for each method for different Poisson noise levels are
shown in Table 3.1, and the corresponding detailed image quality metrics are given
in Table 3.2. When the SNR is high (SNR = 20 or 10% noise), we can see that
the all methods perform well. NUMOS performs particularly well in obtaining
more localized targets with high location accuracy. For low SNR measurements
(SNR ~ 3), SPIRAL-/, method outperforms the NUMOS and SPIRAL-¢; methods
in obtaining locationally accurate targets with more strength (see Fig. 3.3). In
the 30% Poisson noise experiment (SNR ~ 10), even though the both SPIRAL-
¢, and SPIRAL-¢, perform quite well with relatively close image quality metrics,
SPIRAL-/, image has very low background artifacts. For the SNR ~ 3 setting,
on average, SPIRAL-¢, requires about 30 seconds for reconstruction, SPIRAL-{;

requires 15 seconds, and NUMOS requires 3 seconds.

SNR Algorithm VR | Dice | CNR MSE

SPIRAL-¢, 0.95 | 0.30 | 7.40 | 9.1 x 10*

~3 | SPIRAL—£, | 1.10 | 0.35 | 7.90 | 8.8 x 10*

NUMOS 1.10 | 0.32 | 7.20 | 9.3 x 10*

SPIRAL-¢; 1.01 | 0.43 10 7.0 x 104

~10 | SPIRAL—£, | 0.98 | 0.47 | 10 | 7.8 x 10*

NUMOS 0.94 | 0.42 | 870 | 83 x 10*

SPIRAL-¢, 0.73 | 0.61 16 3.8 x 104

~20 | SPIRAL-(, | 1.01 | 061 | 12 | 5.5 x 10*

NUMOS 0.94 | 0.63 | 14 | 4.5 x 10*

Table 3.2: Metrics of the best reconstructions under different SNR levels (&
3,10,20) using SPIRAL-¢;, SPIRAL-¢, (p = 0.74), and NUMOS algorithms. In
the best case, VR and Dice metrics have to be closed to 1, CNR value should
be higher, and MSE value should be lower. Those best selections are in boldface
letters.
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3.2 Time-Dependent Bioluminescence
Tomography

The work describes in this section is based on the paper by Adhikari et al. [2]. In
bioluminescence imaging one seeks to reconstruct sources of light contained within
a tissue sample from boundary measurements of scattered light. This imaging
modality provides valuable insight into in vivo cellular and molecular processes in
small animals, for example [55]. For this imaging problem, measured signals are
modeled by solutions of an initial-boundary value problem of a partial differential
equation modeling the multiple scattering of light by tissues. Hence, the main
challenge in this problem lies in processing signals that are constrained by partial
differential equations.

For this problem, it is reasonable to assume a sparse distribution of sources.
In that regard, there have been several recent results that have employed sparsity-
promoting methods to solve this bioluminescence imaging problem, e.g. [62, 63, 71,
24, 54, 143]. For all of those studies, the sources did not vary in time. In contrast,
Unlu and Gulsen [127] identify the importance of considering a time-dependent
source for these imaging problems.

Motivated by this study, we take on the problem of reconstructing time-dependent
bioluminescent sources. In particular, we consider measurements with relatively
low photon counts so that one must explicitly consider Poisson noise in the data.
For that case, we employ the nonconvex Sparse Poisson Intensity Reconstruc-
tion ALgorithm (SPIRAL-/,) [5] to solve the nonconvex problem for the negative
Poisson log-likelihood function. We show that this approach applied to the time-
averaged data provides an effective method for reconstructing the spatial support
of the bioluminescent sources. Upon determining these supports, we recover the
characteristic time decay of each of the sources from the time-dependent data.
We show using numerical simulations that this two-stage reconstruction method
effectively solves this time-dependent bioluminescence problem.

The remainder of this section is as follows. In Section 3.2.1, we describe the

forward model and inverse problem that make up this time-depdendent biolumines-
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cence imaging problem. In Section 3.2.2, we describe the details of our two-stage
method to recover the sources from boundary measurements of scattered light cor-
rupted by Poisson noise. We give results from numerical simulations demonstrating

this method in Section 3.2.3. Section 3.2.4 gives our conclusions.

3.2.1 Problem Formulation

Consider the domain 2 with boundary 92 composed of a uniform absorbing
and scattering medium. We assume that the optical properties of this medium
are known to reasonable precision. Contained within () are a sparse distribu-
tion of time-dependent sources. For the time-dependent bioluminescence imaging
problem, we seek to recover the spatial locations of these sources as well as their
characteristic time behavior. In what follows, we describe the forward model and

then the corresponding inverse problem for this bioluminescence problem.

Forward model

We model light scattering and absorption in the medium using the diffusion
approximation [131, 12]. Let ¢(r,t) denote the optical fluence rate at position r

at time t. It satisfies the diffusion equation,

%%_K;V%-H%@:S in Q x (0,77, (3.1)

with x denoting the diffusion coefficient, 1, denoting the absorption coefficient, and
S denoting the time-dependent bioluminescent sources contained in the medium.

We solve (3.1) subject to initial condition
é(r,0) =0 inQ, (3.2)
and boundary condition
¢+ 2k0,0 =0 on 02 x (0,7 (3.3)

Here, 0,¢ denotes the outward normal derivative of ¢. Note that S provides the

only source of light in this problem. Upon solution of the initial-boundary value
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problem consisting of (3.1) subject to (3.2) and (3.3), we model measurements of

scattered light leaving the boundary of the medium, u(r, ), through evaluation of
1
u(r,t) = —Kk0po = §¢ on 02 x (0, 7. (3.4)

Note that we have substituted (3.3) into the first result of (3.4) to obtain the final
result of (3.4).

Suppose we consider the time-averaged data defined as

1

i(r) = 56(r) = % /0 6(r,t)dt on OQ. (3.5)

The steady-state optical fluence rate, ¢, satisfies the steady-state diffusion equation
— KV + 0 =S inQ, (3.6)

subject to the boundary condition
¢+ 2K0,6 =0 on 0Q. (3.7)

We will make use of this boundary value problem consisting of (3.6) subject to

(3.7) in the analysis that follows.

Tissue

Sample

Bioluminescent
Source

Detectors

Figure 3.4: Schematic diagram of time-dependent bioluminescence tomography.
Photon-count measurements u(r,,,t) are collected at detectors, which are placed
at boundary locations r,, form=1,..., M.
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Inverse problem

Suppose we take measurements of the scattered light leaving the boundary
of the medium at M distinct locations denoted by r,, € 9Q for m = 1,--- , M.
Moreover, suppose we collect NV samples these measurements in time with sampling
rate, At with T" = NAt. This entire collection of data is given by the vector
u € RMY with

u = [u(ry,ty), - ,u(ry,tr), - ulra, ty)l. (3.8)

Because these measurements have relatively low photon counts, these data are
subject to Poisson noise.

The inverse problem seeks to reconstruct S(r,t) appearing in (3.1) from the set
of noisy measurements in u. Because the optical properties of the medium are as-
sumed known, this inverse problem is a linear, inverse source problem. Nonetheless,
it is severely ill-posed. We propose the following two-stage method for reconstruct-

ing the sources.

1. Assuming a sparse distribution of sources that does not change over [0, 77,
we apply SPIRAL-/,, a nonconvex, sparsity promoting optimization method
(see Section 2.3.1 for more details), to determine the spatial support of the

sources from the time-averaged data (3.19).

2. Using the determined support of the sources from Step 1, we recover the

characteristic time of decay for each of the sources.

In what follows, we give the details for this two-stage reconstruction method and
then show results from numerical simulations to evaluate its effectiveness in solving

this problem.

3.2.2 Methodology
Finite difference discretization

We solve the initial-boundary value problem (3.1) subject to the initial condi-

tion (3.12) and the boundary condition (3.3) using the Crank-Nicolson method
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[86]. We discretize the spatial domain  with a 2D spatial grid of the form
z; = tAz and y; = jAy for i = 0,...,N;,7 = 0,...,N,. We also discretize
the temporal domain [0,7] into N equally spaced intervals of length At. We let
the vector VY have entries (VOZ%, VI{%, e VJ\ZX—I,N 1), Where VN ~ d(x, 5, NAL)
and 1 < N < N. Similarly, we let the vector SV = (SéYD,S{YO,...,Sﬁfwrl),
where SZ = S(z;,y;, NAt). Then the Crank-Nicolson method leads to a linear
model at time NAt in the form

L-VN+ Lty = SN+1 (3.9)

where

and
cAt

2
Here, Ly is the N, N, x N, N, finite difference operator given by

SN+1 (SN+1 + SN)

ckAt crAt N N
2A 12 V - 2V + ‘/234-1)

LVN —< i,J
b 2Ay2 " P

oage (Vi — 2V + Vi) +

For all time levels, (3.9) can be written as a system of linear equations of the form

- o ... o 1[v] [s]
Lt L- - : V2 S2

0 . 0 B ’
0 0 -L* L= | |yN SN
. - A T
% S

where L is a sparse lower triangular block matrix of size NN,N, x NN,N,, con-
taining L~ and L. As defined in (3.4), in the discrete setting, time-dependent
measurements are obtained by restricting the numerical solution V at the bound-
ary:

1 1 <
S — ZRL!
u 2RV 2R S,
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where boundary restriction operator R is a sparse matrix of size M N x NN, N, and
%RL*1 is defined as the system matrix A. Instead of generating the system matrix
A explicitly, we compute the action A(x) and AT (x) on-the-fly using the forward
and backward substitution techniques. Similarly, the actions of time-independent
system matrix also has to be constructed to solve the steady-state boundary value
problem in (3.6) and (3.7). Next we briefly recall our sparsity-promoting nonconvex

optimization technique from Section 2.3.1 to recover interior sources.

Poisson intensity reconstruction

The arrival of photons at the detector is typically modeled by the Poisson noise
model [113]:
y ~ Poisson(Af"),

where y € ZT! is a vector of observed photon counts, f* € R is the vector of true
signal intensity, and A € R7*" is the system matrix. Therefore, the nonconvex

Poisson reconstruction problem has the following constrained optimization form:

. p
minimize F(f) + 7 [|f[]D

subject to  f =0, (3.10)

where F(f) is the negative Poisson log-likelihood function (1.9):

F(f) = 1"Af = > "y, log(e/Af + 3).

i=1
We solve (3.10) using the SPIRAL-/,, approach proposed in [5], which was described
in detail in Sections 2.3.1 and 2.3.2.

Computational details

As we explained in inverse problem, our proposed method consists of two steps.
In Step 1, we set the time-averaged measurements u as the observation vector y
of SPIRAL-/, algorithm, i.e., y = u, while in Step 2, we set y = u. Similarly, the
true signal f* of SPIRAL-/, is set to the time-averaged S in Step 1, while £* is S
in Step 2. Note that the relevant system matrix also needs to be defined similarly

according to each step.
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Figure 3.5: Time-dependent measurements u corrupted by 15% Poisson noise.

3.2.3 Numerical Results

We apply the proposed two-stage method for two 2D bioluminescence tomogra-
phy problems. For the MATLAB simulations, we used the following optical prop-
erties: the absorption coefficient p, = 0.02 and the diffusion coefficient Kk = 0.22
[21]. We set 2 = (0,1) x (0,1). Although this domain is considered to be small
for the physical problem, it is sufficient to test and evaluate the method presented
here. For both experiments, N, = N, = 21 and collected N = 1000 samples from
M = 72 boundary detectors with sampling rate At = 0.01. Also, the decay rate
of sources are set to 1.5. The simulated boundary measurements are corrupted
by Poisson noise using the MATLAB’s poissrnd function. The noise level (%)
is computed as 100 - ||Af* — y||2/|ly|l2. The SPIRAL-{, algorithm is initialized
using ATy and terminates if the relative difference between consecutive iterates
converged to ||[f¥T1 — £¥||y/||f*]]2 < 1078, The regularization parameters (1) for
both experiments are manually optimized to get the minimum RMSE (RMSE
(%) =100 - [|f = £°lo/[|£*]|2)-

We are unaware of any other open source methods for solving time-dependent
photon-limited bioluminescence problems, and thus, we do not present any com-

parisons with other methods.

Experiment 1

In this experiment, we wish to recover two bioluminescent point sources con-
tained in the medium from approximately 15% Poisson noise corrupted time-
dependent boundary measurements (see Fig. 3.5). In the first step of our pro-

posed method, we obtained the time-averaged measurements u (see Fig. 3.6) and
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Figure 3.6: Time-averaged measurements u at the 72 boundary detectors.

recovered the two locations accurately by solving the steady-state inverse problem
using the SPIRAL-/, algorithm (see Fig. 3.7). Using the identified support in Fig.
3.7(b) and the time-dependent boundary measurements u in Fig. 3.5, we approxi-
mated the bioluminescent source intensities in space-time (see Fig. 3.8) by solving
the time-dependent inverse problem using the SPIRAL-/; approach. Specifically,
since we have already identified the support for this intensity reconstruction, we
use the (1-penalized SPIRAL without regularization (i.e., we set 7 < &, where ¢ is

machine precision) to reconstruct S.

True support Reconstructed support

0 0.5 1 0 0.5 1

(a) (b)

Figure 3.7: Spatial support of the point sources from the time-averaged data in
Fig. 3.6. (a) True locations of the sources, (b) SPIRAL-{,(p = 0.5) reconstructed
support. Note the SPIRAL-¢, method recovered the true support accurately.
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Figure 3.8: (a) The true source intensities in space-time, (b) Reconstructed source
intensities in space-time with RMSE = 5.63%. RMSE (%) = 100 - ||f — £*||2/[|£* ||

The decay rate for two point sources is computed by plotting the maximum
intensity reconstruction of each time step in Fig. 3.8(b) over the time in semi-log
scale (see Fig. 3.9). In particular, the decay rate is approximated by the negative
reciprocal of the slope of the linear fit (represented by the orange line in Fig. 3.9)
to the reconstruction (represented in red). In this experiment, the decay rate is

approximately 1.54, while the true rate is 1.5.
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Figure 3.9: Approximation of the decay rate of the two point sources. The es-
timated decay rate using a linear fit to the reconstruction is 1.54, while the true
decay rate is 1.50. The decay rate is equal to the negative reciprocal of the slope of
the curve in semi-log scale and the half-life period from the peak time-dependent
measurement is used as the time window.

Experiment 2

In this experiment, we wish to recover the support and the decay rate of two
islands of pixels (see Fig. 3.10(a)) using 5% Poisson noise corrupted time-dependent
measurements. By following the same approach as explained in Experiment 1,
SPIRAL-/, identified the support of the sources (see Fig. 3.10(b)) with one spurious
location (see the red box in Fig. 3.10(b)). To identify the support more accurately,
we lowered the value of p from Experiment 1 to p = 0.3.

We used the recovered support (including the spurious location in Fig. 3.10(b))
to approximate the decay rate of the group of sources. Using a linear fit to the log
of the intensity reconstruction (see Fig. 3.11), we estimated the decay rate to be

1.53, while the true decay rate is 1.50.
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Figure 3.10: Spatial support of the two group of sources from the time-averaged
data. (a) True locations of the sources, (b) SPIRAL-{,(p = 0.3) reconstructed
support. Note that there is a spurious support in the reconstruction which is
marked by red color box.
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Figure 3.11: Decay rate of the two group of interior sources. Approximated decay
rate through a linear fit to the reconstruction is 1.53, while the true decay rate is
1.50. The decay rate is equal to the negative reciprocal of the slope of the curve in
semi-log scale and the half-life period from the peak time-dependent measurement
is used as the time window.



69

3.2.4 Conclusion

We proposed a novel two-stage method to recover time-dependent biolumi-
nescent sources from Poisson noise corrupted boundary measurements. Unlike
previous methods, the first stage of our approach uses a nonconvex sparse Pois-
son intensity reconstruction method (SPIRAL-{,) to recover the support of the
bioluminescent sources using the time-averaged data. In the second stage, we use
the determined support of the sources to recover the characteristic time decay
using the time-dependent data. Numerical experiments show that the proposed
two-stage reconstruction method accurately solves this time-dependent biolumi-
nescence problem. Furthermore, while this approach is efficient for small scale

problems, it can be parallelized for large-scale problems.

3.3 Time-Dependent Fluorescence Lifetime
Tomography

The work describes in this section is based on the paper by Adhikari et al. [3].
Fluorescence microscopy provides the ability to study in vivo cellular and molecu-
lar dynamics in real time, because of its sensitivity, specificity, and versatility [122].
In particular, fluorescence lifetime imaging (FLIM) is becoming increasingly im-
portant. The lifetime of a fluorophore provides useful information about the local
environment (pH, ion, or oxygen concentration), but not on the local fluorophore
concentration or absorption in the sample, etc [122, 76].

In fluorescence lifetime imaging, one seeks to reconstruct the spatial distri-
bution of the fluorescence decay rates within the tissue sample. Typically, this
spatial distribution is sparse. Consequently, there have been several recent studies
that employed sparsity-promoting methods to solve this FLIM problem. However,
these methods minimize the least-squares cost functional with Gaussian noise,
e.g. [10, 31]. Implicitly, these studies assume that there is enough signal in the
measurements made by photon counting detectors that Gaussian noise is a valid

assumption. In contrast, we consider here time-dependent measurements with rela-
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tively low photon counts. For that case, we must consider measurements corrupted
by Poisson noise [13]. To do so, we use the nonconvex Sparse Poisson Intensity
Reconstruction ALgorithm (SPIRAL-/,) [5] to minimize the ¢,-norm penalized
negative Poisson log-likelihood function. We show that this approach applied to
the time-averaged data provides an effective method for reconstructing the spatial
support of the fluorophores. Upon determining these supports, we recover the flu-
orescence decay rates from the time-dependent data. Using numerical simulations,
we show that this reconstruction method effectively solves this time-dependent

FLIM problem.

3.3.1 Problem Formulation

For the fluorescence-lifetime imaging problem, we seek to reconstruct the flu-
orophore concentration along with the support and fluorescence-lifetime from the
time-dependent measurements of emitted light due to pulsed excitation of a strongly
scattering medium. We assume that the optical properties of the medium are
known to reasonable precision. In what follows, we describe the forward model
and then the corresponding inverse problem for this fluorescence-lifetime imaging

problem.

Forward model: Let () denote the domain with boundary 0€2. A pulse of exciting
light is injected into Q2 on ). Let S(r,t) for r € 02 and ¢ > 0 denote that exterior
time-dependent source of exciting light. Let /¢(r,t) denotes the intensity of this
exciting light source at position r € Q at time ¢ € [0,T]. It is governed by the
following initial-boundary value problem for the diffusion approximation [131, 12]:

18[5
c Ot

— V- (KVI®) + I =0 in Q x (0,77, (3.11)

with k¢ denoting the diffusion coefficient and i denoting the absorption coefficient

at the exciting wavelength. We solve (3.11) subject to initial condition

I(r,0) =0 in €, (3.12)
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and boundary condition

oI¢ v¢S(r,t) onr€r,
Ie + Oéeﬁ,/e —

(3.13)

on 0 onr € 0N\r

Here, 01¢/0n denotes the outward normal derivative of I¢, constants a¢ and ~°

are defined in terms of pf and x° as part of the diffusion approximation and r;
denotes the source location at the boundary.

Next, we consider that a portion of /¢ is absorbed by the fluorophores and

re-emitted. The transportation of emitted light I/ is then modeled by
!
=V (Il =Q(r,t) in Q x (0,7, (3.14)

with x/ denoting the diffusion coefficient and i/ denoting the absorption coefficient
at the exciting wavelength. Here, the emission of fluorescent light is due to the

excited interior source [13],

Q(r,t) = x(r)h(r) /t e~ T re(e ¢t (3.15)
0

where x(r) is the indicator function, h(r) is the fluorophore concentration, and

7(r) is the fluorescence-lifetime. We solve (3.14) subject to initial condition
I'(r,00=0 inQ, (3.16)
and boundary condition
I+ afmf%—g =0 on 0. (3.17)

Upon solution of the initial-boundary value problem for emission light consisisting
of (3.14) subject to (3.16) and (3.17), we model measurements of scattered light

leaving the boundary of the medium, u(r,t), through evaluation of

u(r,t) = —Iifa—jf = ilf on 02 x (0,7 (3.18)
’ on  of Y '

Note that we have substituted (3.17) into the first result of (3.18) to obtain the
final result of (3.18).
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Suppose we consider the time-averaged data defined as

T
u(r) = i[’f(r) = ﬁ 0 I (r,t)dt  on ON. (3.19)

The steady-state optical fluence rate for emission light, I/, satisfies the steady-state

diffusion equation

— &IV 4+ f =Q in Q, (3.20)

subject to the boundary condition
I+ afkf9,I" =0 on 09. (3.21)

We will make use of this boundary value problem consisting of (3.20) subject to

(3.21) in the analysis that follows.

Inverse problem: The measurements of the scattered light leaving the boundary
of the medium are taken at M distinct locations denoted by r,, € 02 for m =
1,---, M. Moreover, N samples of these measurements in time are collected with
sampling rate, At with 7" = NAt. The observed collection of data is given by
the vector u € RMN with u = [u(ry,t1), - ,u(ry, t), u(ry, ta), - u(rar, ty)].
Because these measurements have relatively low photon counts, we model the
noise in the data using Poisson statistics.

The inverse problem seeks to reconstruct the sparse spatial distribution of fluo-
rescence lifetime appearing in (3.15) from the set of noisy measurements in u. We
assume that the fluorophores are concentrated only in a small area. Furthermore,
we assume that the optical properties of the medium for excitation and emission
are known, i.e., k% k', pu¢, and puf are known. Therefore, this inverse problem
is linear. However, the problem is ill-posed. Hence, we include a regularization
term that promotes sparsity in the solution. We propose the following three-stage

method for reconstructing the fluorescence sources:

Step 1: Assuming a sparse distribution of fluorescence sources that does not
change over [0, 7], we apply SPIRAL-/, [5], a nonconvex, sparsity promoting opti-
mization method (see Section 2.3.1), to determine the spatial support, x(r) of the

sources from the time-averaged data in (3.19).
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Step 2: Using the determined support x(r) of the sources from Step 1, we apply
SPIRAL-/¢; [70] to determin Q(r, ) from the time-dependent measurements. Since
we have identified the support in Step 1 and therefore no longer need to promote
sparsity in the solution, we use SPIRAL-/; with a negligible regularization penalty

parameter.

Step 3: Using x(r) and Q(r,t) from Steps 1 and 2, we apply a nonlinear least
squares solver to recover the fluorophore concentration h(r) and the lifetime 7(r)

from (3.15).

Previous work for solving Poisson inverse problems include statistical multiscale
modeling and analysis frameworks [97], nonparametric estimators using wavelet
decompositions [11], and combination expectation-maximization algorithms with a
total variation-based regularization [105]. Our proposed approach uses a sequence
of separable approximations to the objective function with non-convex p-norm
regularization to identify the support of the time-dependent fluorescence sources

and to recover their lifetime parameters.

3.3.2 Methodology

Finite difference discretization: Both initial-boundary value problems (3.11)
and (3.14) subject to the initial and boundary conditions ((3.12), (3.13) and (3.16),
(3.17) respectively) are solved using the Crank-Nicolson method [86]. As defined
in (3.18), in the discrete setting, the measurements are obtained by restricting the

numerical solution of emission light, say V, to the boundary:
- Lrv=LtRrLG 3.22
nE gV EgRER (3:22)

where R is a boundary restriction operator, L is the finite difference operator and
Q is averaged () between consecutive time steps. More over, %RL_1 is defined as
the system matrix A for the inverse algorithm. Instead of generating the system
matrix A explicitly, we compute the action A(x) and AT (x) on-the-fly using the
forward and backward substitution techniques. Similarly, actions of the steady-
state boundary value problem in (3.20) and (3.21) also have to be constructed in

a similar technique.
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Poisson intensity reconstruction: The arrival of photons at a detector is typi-
cally modeled by a Poisson noise model [113], y ~ Poisson(Af*), where y € Z'" is
the vector of observed photon counts, £* € R} is the vector of true signal intensity,
and A € R"" is the system matrix. The negative Poisson log-likelihood function

(1.9) corresponding to observing y given Af is given by

F(f) = 1"Af = "y, log(e/Af).
i=1
We formulate our Poisson reconstruction problem as the following constrained

optimization problem:

A

f = argmin o(f) = F(f) + B [|f[]5

feER™

subject to f = 0. (3.23)

where [|f[|P (0 < p < 1) is a penalty function that promotes sparsity in our solution
and 8 > 0 is a scalar regularization parameter. The nonnegativity constraint
on f ensures that the solution, which corresponds to the fluorescence sources, is
nonnegative. Our optimization problem formulation is different from the more
commonly used least-squares minimization problem [13] in three ways: (1) instead
of a least-squares data-fidelity term, we use a negative log-likelihood function to
model the noise statistics more accurately; (2) instead of a Tikhonov regularization
or a sparsity-promoting /;-norm, we use a non-convex p-norm, where 0 < p < 1,
to bridge the convex ¢;-norm and the ¢y counting semi-norm; and (3) we enforce
a nonnegativity constraint on our solution. We solve the minimization problem

(3.23) using the SPIRAL-¢, approach (see Section 2.3.1 for further details).
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3.3.3 Numerical Experiments
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Figure 3.12: Measurements for Experiment 1: (a) Time-dependent measurements
u corrupted by 7.5% Poisson noise, (b) Time-averaged measurements u at the 360
boundary detectors (72 detectors per one exterior source).
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Figure 3.13: Support reconstruction for Experiment 1 for all 5 sources using
SPIRAL-¢, method (p = 0.3) in stage 1 of our proposed method. Here, RMSE =
0.79 and 23 nonzero components are in the reconstruction.
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We apply the proposed three-stage reconstruction method to solve 2D fluo-
rescence lifetime imaging problem. For the MATLAB simulations, we used a
unit square domain Q = (0,1) x (0,1) with the following non-dimensionalized
optical properties: the absorption coefficient p, = 0.05 and the diffusion coef-
ficient K = 0.0476 [10]. For all experiments, N = 200 time-level samples from
M = 72 boundary detectors with sampling rate At = 0.05 are colloected using 5
exterior near-infrared source points. Also, the fluorescence-lifetime and the fluo-
rophore concentration are set to 5.7 and 2000, respectively [123]. The simulated
boundary measurements are corrupted by Poisson noise using the MATLAB'’s
poissrnd function. The noise level (%) is computed as 100 - ||Af* — y|l2/||¥]|2-
The SPIRAL-/, and SPIRAL-¢; algorithms in stage (1) and (2) are initialized us-
ing ATy and terminate if the relative objective values do not significantly change,
ie., |®E™) — o(f*)|/|®(f")] < 1077. The regularization parameters (3) for
both experiments are manually optimized to get the minimum RMSE (RMSE
(%) = 100-||f — £*||5/||£* |2, where f is an estimate of £*). Next we show numerical

results for two experiments: two point source and two island source reconstruction.
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Figure 3.14: (a) True fluorophore locations in the 2D grid. (b) Final reconstructed
support of the fluorophore by thresholding and computing the mode of the results
in Fig. 3.13. (¢) SPIRAL-¢; support reconstruction. (d) GPSR support recon-
struction. Note the reconstructed support from existing methods in (¢) and (d)
are very inaccurate.

Here, we consider two experiments. Experiment 1 consists of a fluorescence
reconstruction problem with two fluorophore point sources (see Fig. 3.14(a)) while
Experiment 2 consists of two islands of fluorophore sources (see Fig. 3.16(a)). The
observations u are time dependent and are corrupted by Poisson noise (see e.g.,
Fig. 3.12(a)). Step 1 of our proposed method uses the time-averaged measurements
u (see e.g., Fig. 3.12(b)) to obtain an estimate for the support of the fluorophores

for all 5 exterior sources (see e.g., Fig. 3.13). The final reconstructed support
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Figure 3.15: Experiment 1 SPIRAL-¢; reconstruction of Q with the given recon-
structed support in Fig. 3.14(b). RMSE of the reconstruction is 0.108.

of the fluorophores is obtained by thresholding and computing the mode of the
SPIRAL-/, reconstruction since the location of the fluorophores must be the same
for each source (see Figs. 3.14(b) and 3.16(b)). Then given the estimated support
from Step 1, in Step 2 we reconstructed Q in (3.22) using SPIRAL-¢; with negli-
gible regularization since we already identified the support and no longer need to
promote sparsity in the solution (see e.g., Fig. 3.15). In Step 3, we used the built-in
Matlab nonlinear least-squares command lsgnonlin to compute the estimate h
at the two source locations using the initial concentration value ho = 1.0 for both
locations and initial fluorescence lifetime value 75 = 1.0. Results are presented in

Tables 3.3 and 3.4.

Ground Truth | Estimate

h(ry) 2.00 x 103 2.07 x 103

h(rs) 2.00 x 103 1.95 x 103
T 5.70 5.64

Table 3.3: A comparison between the true and the computed fluorophore con-
centrations, h, at point locations r; and r, and between the true and computed
fluorescence lifetimes, 7 for Experiment 1.
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Figure 3.16: (a) True fluorophore islands in the 2D grid. (b) Reconstructed support
of the fluorophore by thresholding and computing the mode of the SPIRAL-¢, (p =
0.1) reconstruction. (c¢) SPIRAL-¢; support reconstruction. (d) GPSR support
reconstruction. Note the reconstructed islands from existing methods in (¢) and

(d) are very inaccurate.

3.3.4 Conclusion

We proposed a novel three-stage method to solve the fluorescence lifetime

imaging problem from Poisson noise corrupted boundary measurements. For this

imaging problem, measured signals are modeled by solutions of a coupled initial-

boundary value problem for light scattering and absorption inside the sample.



80

Ground Truth Range of Estimate

h(Iy) 2.00 x 10? 1.29 x 103 to 2.72 x 103

h(I3) 2.00 x 103 0.58 x 10% to 0.95 x 103
T 5.70 5.76

Table 3.4: A comparison between the true and the computed fluorophore concen-
trations, h, at islands I; and I, and between the true and computed fluorescence
lifetimes, 7, for Experiment 2.

Furthermore, unlike previous methods, Poisson noise is explicitly modeled in the
inverse problem and a nonconvex sparse recovery method (SPIRAL-/,) is used to
determine the support of the fluorophores. Numerical experiments demonstrate
that the proposed method accurately solves the FLIM problem than the existing
methods.

3.4 Inferring Structural Variants from

Sequencing Data

In this section, I briefly discuss my work on sparse recovery methods for struc-
tural variant detection in collaboration with the Sindi Lab at UC Merced. In
particular, the work discribed here is based on conference proceeding papers co-
authored with the Sindi Lab, [18, 19, 17|, summarized with the explicit permission

of Mario Banuelos and Prof. Suzanne Sindi.

Structural variants (SVs) are rearrangements of DNA sequences. SVs typi-
cally consist of many kinds of variation in genome such as inversions, insertions,
deletions, and duplications (see Fig. 3.17). These structural variations make an
important contribution to human diversity through complex traits such as behav-
iors and to disease traits such as Mendelian diseases [116, 110]. SVs are typically
predicted by sequencing fragments from an unknown individual genome and map-
ping those fragments to a previously identified reference genome [92; 111]. If the
starting points of the genomic fragments are chosen uniformly and randomly from

the genome, then the expected number of fragments covering any position in the
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Figure 3.17: Different structural variations in a sample genome in comparison to
the reference genome. Image courtesy of Mario Banuelos.

genome is given by a Poisson distribution [83]. The mean of this Poisson distribu-
tion is referred to as the coverage of the genome. Since, in most large sequencing
studies, many individuals will be sequenced at low coverage, even if an individual
carries a genetic variant, we may not sample a fragment from that particular region
of the genome. Similarly, if we observe a single fragment supporting a variant, it
may represent an erroneous mapping rather than a true observation.

There have been many published methods to identify SVs from sequencing data
(see, e.g., [109, 74, 44]). However, these approaches almost universally rely on high-
coverage of a single individual genome and not on the scenario emerging from many
large-scale sequencing efforts where there is low-coverage of many individuals. In
addition, prior approaches when applied to populations typically consider each
individual in isolation when — in fact — common variants would be shared by
many individuals. Finally, most methods utilize a threshold — minimum number
of supporting fragments — to prioritize predicted variants rather than a likelihood
based statistic. Indeed, inferring SV information from sequencing data has proven
to be challenging because true SVs are rare and are prone to low-coverage noise.

In this work, we attempt to mitigate the deleterious effects of low-coverage
sequences by following a maximum likelihood approach to SV prediction. Specif-
ically, we model the noise using Poisson statistics and constrain the solution to

promote sparsity, i.e., SV instances should be rare. Further, we consider multiple
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individuals and use relatedness among individuals as a constraint on the solu-
tion space — to our knowledge, this is the first SV detection algorithm to do so.
Specifically, in our work below we use the assumption that a parent and child are
sequenced and require that any SVs predicted in the child be present in the parent.
Numerical analysis of both simulated and real sequencing data suggest that our
approach has the promise to improve SV detection in studies of many low-coverage

individuals.

3.4.1 Problem Formulation

We propose to model the measurements through the Poisson process and to
minimize the negative Poisson log-likelihood objective function with sparsity pro-
moting regularizer: ¢;-norm or ¢,-norm (0 < p < 1), following the SPIRAL frame-
work [70]. For simplicity, if we have only two individuals, i.e., one parent and one
child, then the Poisson noise-corrupted measurements y, € Z" and y. € Z!} can

be modeled as

yp ~ Poisson(A,f;)

y. ~ Poisson(A.f)),

C

where f; and f} are the true genomic variants of n-vector of {0,1} for the parent

and child, respectively, and

A, = (¢—¢I e RV
A, = (c.—e)I e R™™,
where constant sequence coverages c,,c. € R and € is an error term associated

with the measurements. These observations can be written in the form (1.7) by

stacking the signals, that is
y ~ Poisson(Af"),

where y = [y,;y.] € Z3", A € R**" is a block-diagonal matrix with diagonal
(A, A.), and f* is also stacked similarly. The unknown signal f* is recovered by

minimizing the negative Poisson log-likelihood F(f) as we defined in (1.9). With



83

additional constraints on variants, the regularized SPIRAL subproblem minimiza-

tion can be written in the form:

1
fF — arg min -~ —||f — s¥||2 + lpen(f)
FeR2n 2 Ok (3.24)
subject to 0 <f. <f, <1,
where
s 1
sh=| 7| =fF — —VF(f}),
sk Qg

where the penalty term pen(f) is replaced by a sparsity promoting functional,
such as ||f[|; or [|f][Z (0 < p < 1). If |||, is the penalty term, then (3.24) can be

expanded as

1 T 1 T
fk—i-l — . ZIE — k|2 —If ZIIf — k|12 —If
argmin S, = <5+ TG+ 55—+ T,

(3.25)
subject to 0 <f, <f, < 1.

We can now uncouple the objective function of (3.25) to scalar minimization prob-
lems of the form

1 1
minimize é(fp — Sp)2+/\|fp|+§(fc — 5¢)2+ A fel

fp: Fe€R (3.26)

subject to 0 < f. < f, <1,

where A\ = 7/ay, f,, f. and s,, s. denote elements of the vectors f,, f. and s’;, sk,
respectively. The solution to (3.26) is obtained by completing the squares and
projecting to the feasible region (see Fig. 2 in [18]). This problem formulation also
can be extended to two-parent and one-child case using a similar approach (see

e.g., [19, 17]).
3.4.2 Numerical Results

The proposed method is implemented in Matlab by following the SPIRAL
framework [70]. We evaluate the effectiveness of the proposed method through
numerical experiments on both simulated and real genomic data. Specifically, I
have contributed on performing experiments using simulated data to demonstrate

the effectiveness of the proposed method with family constraints in (3.24) over the
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regular constraints model (i.e., non-negativity constraints on both parent and child

signals) and the thresholded observations (generic GASV).
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Figure 3.18: Reconstruction of the parent signal with ¢, = 2, ¢, = 5 and 70%
similarity. (a) False positives vs. true positives in the reconstruction. (b) False
positive rate vs. true positives rate of the reconstruction. Note the model with
family constraints enhances the accuracy of SV detection.

We simulated both parent and child signals with length 10°, where the child
is chosen to have 70% of structural variants from the parent. In particular, 500
variants are present in the parent signal (i.e., sparsity is 0.5%), while the child
has only 350 variants. We set ¢, = 2, ¢. = 5, and € = 0.01. The proposed fa-
miliarly constrained model recovers signals with high accuracy than the regular
constraint method (see Figs. 3.18 (a) and (b) for true positives and true positive
rates of parent signal reconstruction, respectively). We did not see any signifi-
cant improvement of the regular constraint method over the simply thresholded

observations with this simulated data.

3.4.3 Conclusion

This work presents a novel approach for inferring structural variants from Pois-
son noise-corrupted obervations. It is very challenging to accurately recovering
SVs due to their scarcity and low-coverage. In this work, we explicitly model the

rare occurrence of structural variants through Poisson statistics and incorporate
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sparsity-inducing /;-norm penalty term for accurate recovery of sparse signals.
Furthermore, we incorporate the relatedness of individuals as a constraint on the
solution space. Specifically, we use the assumption that a parent and child are se-
quenced and require that any SVs predicted in the child be present in the parent.
Moreover, if we replace the penalty term by the nonconvex ¢,-norm (0 < p < 1),
then we can demonstrate that the solution is more accurate and sparser than the
solution of ¢;-norm penalty functional (see [15]). Since humans are diploid — they
have two copies of their genome and child receives one copy from each parent —
this Poisson noise modeling method has been recently extended for sparse diploid

biosignal recovery (see [16]).

3.5 Summary of Contribution

In this chapter, we investigated the effectiveness of the proposed nonconvex
Poisson sparse recovery algorithms with applications. In particular, we solved
the fluorescence molecular tomography problem with low photon counts using the
SPIRAL-/, method. Here, we showed that the proposed nonconvex method is
particularly effective in low SNR settings. More importantly, we proposed novel
stage-based methods to solve time-dependent tomography problems: A two-stage
method for bioluminescence tomography (BLT) and three-stage method for fluo-
rescence lifetime imaging (FLIM) problem in low photon context. To the best of
our knowledge, this is the first time to investigate time-dependent BLT and FLIM
problems with Poisson noise corrupted measurements. Our proposed SV detection
approaches are also the first SV detection algorithms to follow sparsity constrained

Poisson log-likelihood objective function.



Chapter 4

Sparse Recovery Methods with

(Gaussian Noise

Sensing a sparse signal from underdetermined linear measurements is the main
problem of compressed sensing. Sparse recovery is important in a variety of dif-
ferent applications such as medical imaging, photography, face recognition and
network tomography. Basis Pursuit and the Least Absolute Shrinkage and Se-
lection Operator (LASSO) are few popular models for sparse recovery. In this
chapter, we minimize an objective function with a quadratic data-fidelity term
(/5-norm) combined with a sparsity-promoting penalty function (such as ¢;-norm
or {,-norm (0 < p < 1)). In Section 4.2, we propose to solve the o — ¢, sparse
recovery problem by transforming the objective function into an unconstrained dif-
ferentiable function and applying a limited-memory trust-region method. Unlike
gradient projection-type methods, which use only the current gradient, our method
uses gradients from previous iterations to obtain a more accurate Hessian approx-
imation. Moreover, we compute a global solution to the trust-region subproblem
using a formula which makes use of an efficient partial spectral decomposition of
the Hessian approximation via a QR factorization. In Section 4.3, we will extend
this trust-region approach to solve the nonconvex ¢, — ¢, sparse recovery problem.
Lastly, we will propose a sparsity inducing ¢,-norm regularized formulation for

recovery and demixing problems.

86
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4.1 Prior Work

In the literature, there are several types of optimization algorithms have been
proposed to solve sparse recovery problems with Gaussian noise, many of them
use a gradient decent-type approach. Figueiredo et al. proposed the Gradient
Projection Sparse Reconstruction (GPSR) method, which is a gradient projection
algorithm operates on a bound-constraints [61]. The SpaRSA is another closely
related approach introduced by Wright et al. [134] to solve ¢5 — ¢; problem, where
each subproblem is constructed by approximating the Hessian using a scaled iden-
tity matrix. Based on the classic augmented Lagrangian function and alternating
minimization approach, Yang and Zhang proposed YALL1 (Your ALgorithm for
L1) to solve the ¢;-norm regularized problem [139]. Non-convex regularizers to
bridge the sparsity promoting ¢;-norm and the ¢y counting semi-norm have been
previously investigated in [41, 40, 42, 43, 148]

Our proposed approaches in Sections 4.2 and 4.3 are based on quasi-Newton
methods, which have been previously shown to be effective for sparsity recovery
problems (see e.g., [141, 85, 145]). (For example, Becker and Fadili use a zero-
memory rank-one quasi-Newton approach for proximal splitting [29].) Trust-region
methods have also been implemented for sparse reconstruction (see e.g., [132, 72]).
Our approach is novel in the transformation of the sparse recovery problem to a
differentiable unconstrained minimization problem and in the use of eigenvalues

for efficiently solving the trust-region subproblem.

4.2 Trust-Region Methods for Sparse Relaxation

This section concerns solving the sparse recovery problem of the form
o1 2
minimize §||Af—b||2+7||f||1, (4.1)

where A € R™" £ ¢ R®, b € R™, m < 7, and 7 > 0 is a constant regularization
parameter (see [125, 37, 48]). The work describes here is based on the paper by
Adhikari et al. [1]. By letting

f=u-—v,
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where u, v = 0, we write (4.1) as the constrained but differentiable optimization

problem

1
minimize §||A(u —v)=b|+71i(u+v) st. u,v =0, (4.2)
u,veR”?

where 1; is the n-vector of ones (see, e.g., [61]). We transform (4.2) into an

unconstrained optimization problem by the change of variables

(), = log(1+e®i) and
(v)i = log(1+e™),

where (u),, (v), € R for 1 <i <7 denotes i-th component of the vector (-); (see
(14, 99]). With these definitions, u and v are guaranteed to be non-negative. Thus,

(4.2) is equivalent to the following minimization problem:

7 L 2
1 - n 1 + e(ﬁ)j
; ~ o~ A
ﬁglé%ﬁ@(u, V) - 5 Z [{Z(A)w log (m)} —(b)i]

i=1 L\ =1
+ 7 Z log <(1 +e®i)(1 4 e({’)f)) (4.3)

j=1
We propose solving (4.3) using a limited-memory quasi-Newton trust-region opti-

mization approach, which we describe in the next section.

4.2.1 Trust-Region Methods

In this section, we outline the use of a trust-region method to solve (4.3). We

begin by combining the unknowns u and v into one vector of unknowns
x=[a’ v e R,

where n = 2. (With this substitution, ® can be considered as a function of x.)
Trust-region methods to minimize ®(x) define a sequence of iterates {x;} that are
updated as follows:

Xg+1 = Xg + Pk,

where p; is defined as the search direction. Each iteration, a new search direction

pr is computed from solving the following quadratic subproblem with a two-norm
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constraint:

. 1
Pi = a1g min g(p) = gip+ 5P Bip st [pl> <, (4.4)
peR™

where g £ V®(x;), By is an approximation to V2®(xy), and d; is a given posi-
tive constant. In large-scale optimization, solving (4.4) represents the bulk of the
computational effort in trust-region methods.

Methods that solve the trust-region subproblem to high accuracy are often
based on the optimality conditions for a global solution to the trust-region sub-

problem (see, e.g., [64, 93, 45]) given in the following theorem:

Theorem 3. Let § be a positive constant. A wvector p* is a global solution of the
trust-region subproblem (4.4) if and only if ||p*|l2 < d and there exists a unique
o* > 0 such that B 4+ o*I is positive semidefinite and

(B+o'I)p*=—g and o"(0—|p*l2) =0. (4.5)

Moreover, if B + o*1 is positive definite, then the global minimizer is unique.

4.2.2 Quasi-Newton Matrices

In this section we show how to build an approximation By, of V2®(x;) using
limited-memory quasi-Newton matrices.

Given the continuously differentiable function ® and a sequence of iterates {xy},
traditional quasi-Newton matrices are genererated from a sequence of update pairs

{(sk, yx)} where

JAN
Sk = Xp+1 — Xk
and

Vi 2 VO(xpy1) — VO(xy).

In particular, given an initial matrix By, the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) update (see e.g., [88, 95]) generates a sequence of matrices using the fol-

lowing recursion:

1 1
Bii1 2 B, — ——BsisI B + —yiyL, 4.6
k1 k STBrs, £SkS;, By + vTsr YeYi (4.6)
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provided y}s;, # 0. In practice, By is often taken to be a nonzero constant multiple
of the identity matrix, i.e., Bg = I, for some v > 0. In large -scale optimization,
so-called limited-memory BFGS (L-BFGS) methods store and use only the m most-
recently computed pairs {(sg,yx)}, where m < n. Often m may be very small
(for example, Byrd et al. [36] suggest m € [3,7]). The BFGS update is the most

widely-used rank-two update formula that

(i) satisfies the secant condition Byy18k = yi,
(ii)) has hereditary symmetry,
(iii) provided that yIs; > 0 for i = 0,...k, then {B,} exhibits hereditary

positive-definiteness.
Often in practice, the condition y}'s; > 0 can be enforced by either skipping up-

dates when y7's; < 0 or using a Wolfe line search to help generate the sequence
{x1} (for more details, see, e.g., [95]). For the proposed trust-region method,
V2®(x) is approximated by an L-BFGS matrix.

The L-BFGS matrix Bg,; in (4.6) can be defined recursively as follows:
B,,1=B B B, ! T
k+1 = Bo + Zz: STB SiS; b + yiTSiYiYi :
Then By, is at most a rank-2(k + 1) perturbation to By, and thus, B, can be

written as
[ M, ][ oi ]
Byt = Bo+ | P,

for some W, € R™2*+) and M, € R2*+D>x20:+1) " Byrd et al. [36] showed that
W, and M, are given by

\Ilk = |:Bosk Yk:| and Mk = —

STBoS, Ly

LT  -D,|
where S, 2[sg s; sy -+ s ] € RFH) and Y, 2 [yo y1 ¥2 -+ Y] €
R (+1) “and Ly, is the strictly lower triangular part and Dy, is the diagonal part
of the matrix S}Y, € RE+Dx(k+D) i e STV, = L, + Dj, + Uy, where Uy, is a

strictly upper triangular matrix.
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4.2.3 Solving the Trust-Region Subproblem

In this section, we show how to solve (4.4) efficiently. First, we transform (4.4)
into an equivalent expression. For simplicity, we drop the subscript k. Let ¥ =
QR be the “thin” QR factorization of ¥, where Q € R™*2*+1) has orthonormal

columns and R € R2k+1)x2(k+1) s ypper triangular. Then
By = By + YMU¥T” =41+ QRMR”Q".

Now let VAVT = RMR” be the eigendecomposition of RMR” € R2(k+1)x2(k+1)

where

V e R2EHDX2(HD 45 orthogonal,

A € R2FDX2(kHD) §g diaoonal,

with A = diag(j\l, e ,;\2(k+1)). We assume that the eigenvalues \; are ordered in
increasing values, i.e., 5\1 < 5\2 <. < 5\2(k+1). Since Q has orthonormal columns
and V is orthogonal, then P £ QV € R"*2**+1) also has orthonormal columns.
Let P, be a matrix whose columns form an orthonormal basis for the orthogonal
complement of the column space of P|. Then P £[ P P, ] € R™*" is such that
PP = PP? = 1. Thus, the spectral decomposition of B is given by

A—I—vI 0
0 ~vI

Ay O
0 Ao

B = PAP?, where A 2 , (4.7)

where A = diag(\1,...,\), Ay = diag(Ar, ..., Aogyr)) € REHFFDRAEED - ang
Ay = 7L, _3(k+1). Since the ;\i’s are ordered, then the eigenvalues in A are also
ordered, ie., Ay < Ay < ... < Agpg1)- The remaining eigenvalues, found on the
diagonal of Ay, are equal to . Finally, since B is positive definite, then 0 < \; for
all 1.
Defining v = PTp, the trust-region subproblem (4.4), can be written as
1
v* = arg min q,(v) 2 g’ v + §VTAV st vz <6, (4.8)
veRn?

where g = PTg. From the optimality conditions in Theorem 1, v* is a solution to

(4.8) if and only if ||[v*||y < § and satisfies the following equations:

(A4 T)vi=—g and o (||[v']2—9)=0 (4.9)
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for some scalar 0* > 0. Note that the usual requirement that o* + \; > 0 for all
i is not necessary here since A\; > 0 for all ¢ (i.e., B is positive definite). Note
further that (4.9) implies that if * > 0, the solution must lie on the boundary,
i.e., ||[v*||]2 = 0. In this case, the optimal ¢* can be obtained by finding solving the

so-called secular equation:

1 1
¢(0) = =7 — = =0, (4.10)
[v(e)ll2 0
where ||v(o)]ls = || = (A + oI)7'g|ls. Since A\; + ¢ > 0 for any o > 0, v(o) is
well-defined. In particular, if we let
g _ Pﬁ _ Pﬁg _ [g|]
P Plg g1
then
2(k+1) 9 5
2 (g)); gL ll3
= —_— —_— 4.11
HV(O->H2 Z ()\z . 0_)2 + (’Y . 0_)2 ( )

i=1
We note that ¢(o0) > 0 means v(o) is feasible, i.e., ||v(o)|l2 < 6. Specifically,
the unconstrained minimizer v(0) = —A~!g is feasible if and only if ¢(0) > 0
(see Fig. 4.1(a)). If v(0) is not feasible, then ¢(0) < 0 and there exists o* > 0
such that v(o*) = —(A + o*I)~'g with ¢(c*) = 0 (see Fig. 4.1(b)). Since B
is positive definite, the function ¢(c) is strictly increasing and concave down for
o > 0, making it a good candidate for Newton’s method. In fact, it can be shown
that Newton’s method will converge monontonically and quadratically to o* with
initial guess o(® = 0 [45].

The method to obtain o* is significantly different that the one used in [35] in
that we explicitly use the eigendecomposition within Newton’s method to compute
the optimal o*. That is, we differentiate the reciprocal of ||v(¢)|| in (4.11) to com-
pute the derivative of ¢(o) in (4.10), obtaining a Newton update that is expressed
only in terms of g, g1, and the eigenvalues of B. In contrast to [35], this approach
eliminates the need for matrix solves for each Newton iteration (see Alg. 2 in [35]).

Given ¢* and v*, the optimal p* is obtained as follows. Letting 7 = v + o,
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(a) (b)

Figure 4.1: Plot of the secular function ¢(o) given in (4.10).
¢(0) > 0, which implies that the unconstrained minimizer of (
When ¢(0) < 0, there exists o* > 0 such that ¢(c*) =0, i.e., v
is well-defined and is feasible.

(a) The case when
4.8) is feasible. (b)
Y= —(A+oD) g

the solution to the first optimality condition, (B + ¢*I)p* = —g, is given by

p* = —(B+o'Dg
= (Y I+9¥MP” +5T) g
1
= ——[I-¢M '+ 0"0)'wl] g (4.12)
7—*

using the Sherman-Morrison-Woodbury formula. Algorithm 1 details the proposed
approach for solving the trust-region subproblem. Algorithm 2 outlines our overall
limited-memory L-BFGS trust-region approach.

The method described here guarantees that the trust-region subpoblem is
solved to high accuracy. Other L-BFGS trust-region methods that solve to high
accuracy include [53], which uses a shifted L-BFGS approach, and [34], which uses

a “shape-changing” norm in (4.4).

Convergence. Global convergence of Algorithm 2 can be proven by modifying
the techniques found in [35, 102] that require that the following assumptions are
satisfied: [A.1] There are constants [ and w such that [ < ||Bg|| < u for all k.
[A.2] V@ is Lipschitz continuous. For Assumption A.1, since By is symmetric
and positive definite, ||Bgll2 = Amax. Because we are able to explicitly compute

the eigenvalues of By in (4.7), we can satisfy Assumption A.1 by accepting an
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ALGORITHM 1: L-BFGS Trust-Region Subproblem Solver
Compute R from the “thin” QR factorization of W;

Compute the spectral decomposition

RMR” = VAV with A < Ay < -+ < Aages),
Let A; = A + ~vI;
Define P = YRV and g = Pfg;
Compute [[PTgll> = /lIgll3 — llgy3;
if ¢(0) > 0 then

0* = 0 and compute p* from (4.12) with 7* = ~;
else

Use Newton’s method to find o*;

Compute p* from (4.12) with 7% = v 4 o%;

end

update pair (sg, yx) only if I < Apax < u. For Assumption A.2, the gradient of the
function ®(x) is continuously differentiable, and therefore, V& must be Lipschitz
continuous.

With these assumptions satisfied and noting that ®(x;) > 0 for all x; (since
each term in (4.3) is nonnegative), then by [35, Theorem 5.4] the sequence of

iterates generated by Algorithm 2 converges to a critical point of ®.

4.2.4 Numerical Experiments

We call the proposed method, Trust-Region Method for Sparse Relaxation
(TrustSpa Relaxation, or simply TrustSpa). We compared the performance of
TrustSpa with the Gradient Projection for Sparse Reconstruction (GPSR) method
[61] (with the Barzilai and Borwein (BB) approach and without the debiasing op-
tion) and YALL1 (Your ALgorithm for L1) method [139]. We note that GPSR
is among the most widely used sparse reconstruction methods available and has
been cited by 479 IEEE publications alone. In [61], GPSR is shown to outperform
the [1.1s [79] and IST [59] methods. The more recent YALL1 method is also citied
more than 693 publications and is shown to outperform SpaRSA [134], FISTA [28],
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ALGORITHM 2: TrustSpa: Limited-Memory BFGS Trust-Region Method

for Sparse Relaxation
Define parameters: m, 0 < 7 < 0.5, 0 < ¢;

Initialize xo € R™ and compute go = V& (xp);
Let k = 0;
while not converged
if ||gk|l2 < € then done
Use Algorithm 1 to find py that solves (4.4);
Compute pp = (P(xx + Pr) — P(xk))/a(Pr);
Compute gr.1 and update By 1;
if pp > 71 then
Xi+1 = Xpp + P;
else
Xi+1 = Xk;
end if
Compute trust-region radius 0gi1;
k+k+1;

end while

and SPGL1 [128] in [139]. We evaluate the effectiveness of the proposed TrustSpa
method by solving 1D and 2D signal reconstruction problems.

We implemented TrustSpa in Matlab R2015a using a MacBook Pro with In-
tel Core i7 2.8GHz processor with 16GB memory. Both TrustSpa and GPSR-BB
methods are initialized at the same starting point, i.e., zero and terminate if the rel-
ative objective values do not significantly change, i.e, |®(x*™!) — ®(x*)|/|®(x*)| <
1078, Similarly, YALL1 method is also initialized with zero and is terminated as
authors instructed in the YALL1 User’s Guide [144] and its Matlab implementa-
tion, i.e., [[x**1 — x*||5/||x*|l < 107*. The regularization parameter 7 in (4.1) is
optimized independently for each algorithm to minimize the mean-squared error

(MSE = %Hf' — £||2, where f is an estimate of f).
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1D signal recovery

Similar to the experiment found in [61, Sec. IV.A], the true signal f is of size
4,096 with 160 randomly assigned nonzeros with amplitude +1 (see Fig. 4.2(a)).
We obtain compressive measurements b of size 1,024 (see Fig. 4.2(b)) by projecting
the true signal using a randomly generated system matrix (A) from the standard
normal distribution with orthonormalized rows. In particular, the measurements

are corrupted by 5% of Gaussian noise.

(a) Truth f (7 = 4096, number of nonzeros = 160)
1 H \} I I I |} 1A

-1 ] ] ] ] ] Lt
0 500 1000 1500 2000 2500 3000 3500 4000

(b) Measurements b (1 = 1024, noise level = 5% )
1 I I I I I

-1 1 1 1 1 1
0 200 400 600 800 1000

Figure 4.2: Experimental setup: (a) True signal f of size 4,096 with 160 + spikes,
(b) compressive measurements b with 5% Gaussian noise.

We ran the experiment 10 times with 10 different Gaussian noise realizations.
The average MSE for GPSR-BB for the 10 trials is 1.758 x 10~% and the average
computational time is 4.45 seconds. The average MSE for YALLI is 1.753 x 10~*
and the average computational time is 0.86 seconds. Note that the YALLI is
terminated with a lower tolerance value, i.e., 107*. If we use 10~ as the YALL1’s
stopping tolerance, then we will get same solution with higher computational time.
In comparison, the average MSE for TrustSpa is 9.827 x 107°, and the average
computational time is 3.52 seconds. For one particular trial with 5% noise, the

GPSR-BB reconstruction, fopsy (see Fig. 4.3(a)), has MSE 1.624 x 10~* and the
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(a) GPSR-BB reconstruction fapsr (MSE = 1.624e-04)

1 T T T T T T=

-1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000

(b) YALLI reconstruction fyaLLL (MSE = 1.621e-04)
1 T T T T T T T~

1 T
IR T P |

1000 1500 2000 2500 3000 3500 4000

(¢) TrustSpa reconstruction frg (MSE = 9.347¢-05)
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I:
=
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0 500 1000 1500 2000 2500 3000 3500 4000

Figure 4.3: (a) GPSR-BB reconstruction, f'GPSR, UP> YALLI reconstruction, fYALLl,
(c) TrustSpa reconstruction, frs. MSE = (1/7)||f — £||3. Note the lower MSE for
the proposed method.

YALL1 reconstruction fyarp (see Fig. 4.3(b)), has MSE 1.621 x 10~* while the
TrustSpa reconstruction, frg (see Fig. 4.3(c)), has MSE 9.347x 1075 Note that the
fTs has fewer reconstruction artifacts (see Fig. 4.4). Quantitatively, f’GPSR has 786
nonzeros, where the spurious solutions are between the order of 1072 and 1073, In
contrast, because of the variable transformations used by TrustSpa, the algorithm
terminates with no zero components in its solution; however, only 579 components
are greater than 107% in absolute value. This has the effect of rendering most

spurious solutions less visible.
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Figure 4.4: Zoomed boxed regions in the reconstructions in Fig. 4.3: (a) A zoomed
region of fGPSR, (b) A zoomed region of f'YALLl, (c) a zoomed region of fTS. Note
the presence of artifacts in GPSR-BB and YALLI reconstructions that are absent
in the proposed method’s reconstruction.

2D image deblurring

In this experiment, we wish to recover a Quick Response (QR) code of size
512 x 512 (see Fig. 4.5(a)) from the 3% zero-mean Gaussian noise corrupted
blurry image (see Fig. 4.5(b) and the blue zoomed region in Fig. 4.5(c)). GPSR-
BB took 20 seconds (129 iterations) to converge, and its reconstruction fGPSR has
MSE 5.3 x 107!, YALL1 took 40 seconds (1450 iterations) to converge to 10~
stopping tolerance, and its reconstruction f'YALLl has MSE 4.03 x 10~!. In contrast,
the proposed TrustSpa took only 16 seconds (42 iterations) to converge (see Fig.
4.6(a)), and its reconstruction frs has only MSE 3.9 x 107, Here, frg has a lower

MSE value due to the low variance of reconstructed amplitudes.
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( ) True image f (b) Observatlon b (¢) Zoomed region

Figure 4.5: Experimental setup: (a) true QR code image f, (b) blurry observation
b with 3% Gaussian noise, (c) a zoomed region of b.

~ ~

(a) frg (b) frg log-error

m] = R (][]0

Figure 4.6: (a) TrustSpa reconstruction in true image scale, (b) (c) and (d) a
zoomed-in region of the error plots log(1 + |f — fTS|) log(1 + |f — fyapr1|) and
log(1+|f — fGPSR|) respectively. Note the log error of fopsy has higher amplitude
and YALL1 has more artifacts than the TrustSpa.

In particular, fapsg is in the range [-3, 6.5], fyarr; is in the range [-1.4, 4.4] and
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frs is in [-1.5, 4.5]. These very high and very low amplitude artifacts in fapsr can
be mostly found around edges of the black codes (compare zoomed-in log error
plots in Fig. 4.6(b) and 4.6(c) for yellow and orange areas). Even though YALL1
gives competitive results in MSE, it does not recover edges of QR image as good

as TrustSpa does (compare circled areas in Fig. 4.6(d) with 4.6(b)).

4.2.5 Conclusion

We proposed an approach for solving the ¢5-¢; minimization problem that arises
in compressed sensing and sparse recovery problems. Unlike gradient projection-
type methods, which uses only the current gradient, our approach uses gradients
from previous iterations to obtain a more accurate Hessian approximation. Nu-
merical experiments in 1D and 2D show that our proposed approach mitigates
spurious solutions more effectively with a lower average MSE in a smaller amount

of time.

4.3 Trust-Region Methods for Nonconvex Sparse

Recovery Optimization

In Section 4.2, we proposed limited memory trust-region methods to solve a
¢1-norm penalized sparse recovery problem. This section concerns solving ¢,-norm

(0 < p < 1) regularized sparse recovery problem of the form
1
inimize —||Af — b||? f? 4.13
minimize [ Af — bJ3 + 7], (413)

where A € R™" f ¢ R" b e R™", m <7, 0 < p< 1l and 7 > 0is a
constant regularization parameter. Non-convex regularizers have been previously
investigated in [41, 40, 42, 43, 148] and this work is based on the paper by Adhikari
et al. [8]. By letting

f=u-—v,
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where u, v = 0, we write (4.13) as a constrained optimization problem

. 1 2 -
minimize §HA(u—V) —bl;+7 E 1((u)j+(v>j)p
J:

u,veR™

subject to u,v =0, (4.14)

where (-); denotes the jth element of the vector (). We transform (4.14) into an

unconstrained optimization problem by the change of variables
(u); = log(1 + eWi) and (v); =log(l + eMs),

where (1);, (v); € Rfor 1 < j < (see [14, 99]). With these definitions, u and
v are guaranteed to be non-negative. Thus, (4.14) is equivalent to the following

minimization problem:

5 . 2

1 & - 1+ e®s

in @@, ) 2 - A)log (S V()

i, (0, ) 2;[{;( Jid Og(1+e(v>j>} (b>Z]
p

+ 7 Z <log(1 + e®i) +log(1 + e({’)j)> : (4.15)

where (-); ; indicates the (7, j)-th element of the matrix (-). To compute the gra-

dient of ®(11,v), we define the following: Let wy, Wy € R™ with

(W) = log((1+e™)/(1+ M),
(Wa)i = (log(1+e™) 4 log(1 + ™))"

and let
®1(1,v) = ATAW, and Py(, V) = 7p Wo.
Furthermore, let Dg, Dy € R™" be diagonal matrices with
e(ﬁ)i e(v)i

:m and (D{,)”

(Dﬁ)i,i 4= ma

Then the gradient of the function ®(i,v), i.e., VO = [V3P; V] is given by

Vad =
Vid =

=11

[ @(, %) — ATb + &y(, V)],

D
Dy [—®1(q,v) + ATb + (11, V)] .
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We propose solving (4.15) using a limited-memory quasi-Newton trust-region
optimization approach (this is similar to Sections 4.2.1, 4.2.2, and 4.2.3), which we
describe briefly in next sections. we begin by describing quasi-Newton matrices

and then demonstrate their use in a trust-region method to solve (4.15).

4.3.1 Limited-Memory Quasi-Newton Matrices

Given a continuously-differentiable function ®(x) as in (4.15), i.e., x = [u,v]T €
R™, and a sequence of iterates {x;}, quasi-Newton matrices can be used to approx-
imate V2®(x). Traditionally, a quasi-Newton matrix is generated by updating an

initial matrix By using a sequence of pairs {(sg,yx)}, where
Sk 2 Xp1 — X, and  yg 2 VO(xp41) — VO(x4).

One of the most widely-used update formulae is the Broyden-Fletcher-Goldfab-
Shanno (BFGS) update given by

1 1
Biy1 £ By — BkSkSZBk + T—Skykyf, (4.16)

T
S Bisk Yi

provided yZ's; # 0 and By is a symmetric positive-definite matrix. For simplicity,
By is often taken to be a scalar multiple of the identity matrix, i.e., By = 71 for
some v > 0. As we discussed in Section 4.2.2, the compact representation for an

L-BFGS matrix will be used in the trust-region method for solving (4.15).

4.3.2 Trust-Region Methods

Trust-region methods are one of two important classes of methods for uncon-
strained optimization (see, e.g., [95, 45]). As we explained in Section 4.2.1,
basic trust-region methods generate a sequence of iterates {x;} by the relation
Xp11 = Xi + Pk, Where py is an approximate solution to the trust-region subprob-

lem given by

. 1
pr = argmin g (p) £ g;fp + §pTka (4.17)
pER”

subject to [|p|l2 < d%,
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where g, £ V®(x;), By, is an approximation to V2®(x;), and 8, is a given positive
constant. At the end of each trust-region iteration, the trust-region radius dj is
used to update 0, 1; depending on how well the quadratic model predicted actual
decreases in the function W(x) from xj, to xx,1, the trust-region radius is possibly
increased or decreased for the next iteration. To solve (4.15), By is taken to be an
L-BFGS matrix.

Generally speaking, computing an approximate solution to the trust-region
subproblem is the computational bottleneck for most trust-region methods. While
trust-region subproblems can be defined using any norm, there is an important
advantage in using the Euclidean two-norm: There are well-known optimality con-
ditions for a global solution to (4.17) (see [64, 93]). These optimality conditions
allow one to monitor how close iterates for solving the subproblem are to a global
solution; they have also inspired algorithms that solve (4.17) by explicitly trying
to satisfy the optimality conditions. There are two important advantages in taking
B to be an L-BFGS matrix: (i) the trust-region subproblem is convex and (ii) By
has structure that can be exploited to solve (4.17) efficiently.

4.3.3 Solving the Trust-Region Subproblem

To solve the trust-region subproblem when By is an L-BFGS matrix, we use
the method described in Section 4.2.3. This method solves each trust-region sub-
problem to high accuracy using the optimality conditions for a global solution to
(4.17). Tailored to the case when By, is positive definite, the optimality conditions
in [64] and [93] are given in Theorem 3 in Section 4.2.3 (see [8] for details).
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4.3.4 Numerical Results

(a) Truth £* (7 = 4096, number of nonzeros = 160)
1 H T T T T T

-1 ] ] ] ] ] ]
0 500 1000 1500 2000 2500 3000 3500 4000

(b) Observations b (m = 1024, noise level ~ 5% )

0 200 400 600 800 1000

Figure 4.7: Experimental setup: (a) True signal f* of size 4,096 with 160 + spikes,
(b) low-dimensional observations b with 5% Gaussian noise. Noise level (%) =
100 - [[A£* — bl|2/]|b]],.

We demonstrate the effectiveness of the proposed method, called TrustSpa-¢,,
by reconstructing a sparse signal (in the canonical basis) of size 4,096 with 160
randomly assigned nonzeros with maximum amplitude £1 (see Fig. 4.7(a)). The
system matrix (A) is randomly generated with samples from a standard Gaussian
distribution, which linearly projects the true signal (f*) to the low-dimensional ob-
servations b (see Fig. 4.7(b)). These observations are corrupted by 5% of Gaussian
noise, where the noise level (%) = 100 - ||Af* — b||2/||b]|2.
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(a) TrustSpa-{, reconstruction frg. ¢, (MSE = 1.403e-05)
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(b) Zoomed region of fTS_gp
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(¢) Zoomed region of TrustSpa-¢; reconstruction fTs_gl
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Figure 4.8:  (a) TrustSpa-{, reconstruction, fTS_gp, with p = 0.7, (b) a zoomed
region of frgy,, (c) the corresponding zoomed region of TrustSpa-¢; reconstruction,

fres,. MSE = (1/7)|/f — £*|2. Note the presence of artifacts (represented in black
spikes) in the TrustSpa-¢; reconstruction that are rarely present in the TrustSpa-/,
reconstruction.

We implemented the proposed TrustSpa-£, method in MATLAB R2015a using
a MacBook Pro with Intel Core i7 2.8GHz 4-core processor with 16GB memory.
The results are compared with the widely-used Gradient Projection for Sparse Re-
construction (GPSR) method [61] without the debiasing option and our TrustSpa-
¢; method (see Section 4.2). In these experiments, all the methods are initialized

at the same starting point, i.e., zero and terminate if the relative objective values
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do not significantly change, i.e, |®(xzy1) — ®(xx)|/|®(xx)| < 1078, The regular-
ization parameter 7 in (4.13) is tuned for the minimum mean-squared error

(MSE = %Hf — £*||2, where f is an estimate of £*).
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Figure 4.9: Magnitude of error between the true signal f* and reconstructions: (a)
magnitude of error of the GPSR reconstruction fGPSR vs. magnitude of error of
fTS_gp, (b) magnitude of error of fTs_gl vs. magnitude of error of fTS_gp. Note the
lower error for the proposed TrustSpa-¢, when p = 0.7 (represented in red), whose
values are more closer to zero.
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Using the compressive measurements b (see Fig. 4.7(b)), a single-trial optimal
reconstruction using the proposed TrustSpa-¢, for p = 0.7 is given by Fig. 4.8(a).
The TrustSpa-¢,, reconstruction, fTs_gp, has MSE 1.403 x 10~°, while the TrustSpa-
/1, fTs_gl (see Fig. 4.8(c) for a zoomed region of fTs_gl) has MSE 9.347 x 1075,
and the GPSR reconstruction (see Fig. 4.3(a) for the full reconstruction) has
MSE 1.624 x 10~%. Specifically, notice that the fTs_gl has more spurious artifacts
(shown in black in Fig. 4.8(c)) than the artifacts in fTs_gp (see black spikes in Fig.
4.8(b)). Quantitatively, fTs_gp has only 263 nonzero components greater than 107°
in absolute value, while f'TS_gl has 579 nonzeros.

In addition, we analyzed the discrepancy between the true and approximated
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amplitudes from each method using magnitude error plots (see Fig. 4.9). In par-
ticular, the magnitude of error of the fTs_gp is much closer to zero (see the red color
spikes in Fig. 4.9(a) and (b)) than the magnitude of error of the GPSR reconstruc-
tion fopsr (see blue spikes in Fig. 4.9(a)) and the frs,, (see blue spikes in Fig.
4.9(b)). These results indicate that the TrustSpa-¢, method better approximates
the truth in terms of signal amplitude.

Furthermore, ten-trial average MSE values and average computational times
for each method are reported in Table 4.1, showing that the above single trial

claims are robust with different Gaussian noise realizations.

Ten-trial average

Method MSE Time (seconds)
GPSR 1.758 x 10~ 4.45
TrustSpa-f; 9.827 x 107 3.52
TrustSpa-{, 1.791 x 1075 1.57

Table 4.1: Reconstruction MSE and computational time for the results averaged
over ten-trials. MSE = (1/n)||f — £*||3.

In our experience with this 5% Gaussian noise corrupted dataset, there is no
any significant improvement in MSE value for p-values less than 0.7. Therefore,
we have used the TrustSpa-f, reconstruction with p = 0.7 as a representative for

the TrustSpa-¢,, method.

4.3.5 Conclusion

Here, we proposed a quasi-Newton trust-region method for solving a non-convex
penalized sparsity recovery problem. We formulate the minimization problem as
a smooth unconstrained optimization problem using a change of variables. We
bridge the commonly-used convex ¢; norm with the ¢, quasi-norm using a non-
convex £, norm. Numerical results show that the proposed TrustSpa-¢, approach
eliminates spurious solutions more effectively than using an ¢;-regularization term.

Furthermore, the proposed method converges faster over the 10-trial average.
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4.4 Recovery and Demixing of Sparse Signals

using Nonconvex Regularization

In many real-world applications such as separation of texture in images (this
is so-called source separation) [52], image inpainting and super-resolution [90], we
have to recover and demix signals. In this collaborative work with Dr. Fei Wen,
we address the sparse recovery and demixing problem of signals that are sparse in
some known dictionary. In particular, I propose to employ the ¢,-norm (0 < p < 1)
penalty term to enforce the sparsity of the reconstructions. This nonconvex formu-
lation is typically difficult to solve. We propose two first-order algorithms based on
block coordinate descent (BCD) and alternative direction method of multipliers
(ADMM) to solve this noncovex sparse recovery problem. The new algorithms
are convergent in the nonconvex case under some mild conditions and scale well
for high-dimensional problems. Various numerical experiments showed that the
new algorithms can achieve considerable performance gain over the existing ¢;-
regularized algorithms. The techinical detilas and experiemntal results in this
section are based on our paper [133] with the explicit permission from Dr. Fei

Wen.

4.4.1 Introduction

This work concerns of solving the problem of identifying two sparse signals
fi, € R™ k =1,2, from linear measurements b € R™. Specifically, in the presence

of noise, the measurement model can be written as
b= A1f1+A2f2 + n, (418)

where A, € R™*™ are known system matrices and n is the additive Gaussian
noise. Here, signals f; and f are known to be sparse. For example, in source
separation applications [119], Ay and A, are two dictionaries allowing for sparse
representation of the two distinct features, and f; and fs are the corresponding
sparse coefficients describing these features. In image inpainting, A; be a basis

for the image (e.g., inverse discrete cosine transformation) and f; holds the cor-
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responding sparse coefficients. Since image corruptions such as over-written text
and salt-and-pepper noise are sparse in canonical basis, we can select corruptions
as fy while Ay = 1.

To recover f; and fy from noise corrupted measurements b, we propose to solve

the following ¢,-norm regularized constrained minimization problem:

() = argmin {72 + 1072 }
f1,f2 (4.19)
subject to ||Aif; + Aofy — b, < ¢,

where 0 < py,ps <1, € > 0, p is a positive parameter which takes the statistic
difference between the two components into consideration and its optimal value is
related with the statistical information of the true signals f; and f;. Further, this
constrained optimization problem (4.19) can also be written as an unconstrained

optimization problem:

f1,f2

1

where 5 > 0 is a penalty parameter. When p; = ps = 1, the problem (4.20)
reduces down to an /;-norm regularization problem which is widely used as a sparse
promoting method. Since the problem is convex under the ¢;-norm, it is easy to
trace the global minimum. However, with the /;-norm regularization we can not
expect to recover a much sparser signal, which always has small artifacts [121].
Moreover, minimum number of measurements required for a perfect recontruction
can also be reduced as the p-value reduces below 1 [42]. Therefore, according to
the literature, the £,-norm regularization has shown significantly better recovery

performance in many applications (see eg., [101, 81]).

4.4.2 Methodology

In the following, I briefly explain two algorithms that we developed to solve the
problem (4.20) based on the BCD and ADMM, which are two popular first-order

frameworks for solving nonsmooth problems.
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Proximal BCD Algorithm

The block coordinate descent (BCD) method minimizes ® cyclically over each
variable f; and f5, while fixing one variable at their last updated value. Specifically,
for the problem (4.20), at the k+ 1-th iteration, f; and f; are alternatingly updated

by minimizing the objective as
) 1 2
ff-i—l = argfmln {B HAlfl + A2f§ — bH2 + 1 ||f1| gi} s (421)

1
f57! = arg min {E HAlf{’“HL + Aof; — sz + Hfzﬂii} : (4.22)

fa

The resulting subproblems (4.21) and (4.22) are difficult to solve analytically
due to the nonsmoothnesses and nonconvexity of the £,-norm terms. Therefore,
we propose to adopt an linearizion to the ¢y-norm terms in (4.21) and (4.22) and

use proximity operator to solve for k + 1-th iterate (see Section III-A in [133]).

ADMM Algorithm

The alternative direction method of multipliers (ADMM) is a powerful frame-
work which is well suited to solve high-dimensional optimization problems arising
in image processing applications. Here, we use two auxiliary variables z; = f; and
zo = fy to reformulate the problem (4.20) as

minimize { | Aify + Aoty = bl + Bp 12| + 8 |1z2]122 }

f1,f2,21,22

subject to f; =z, f5 = 2. (4.23)

Even though the reformulation (4.23) seems trivial, the resulting problem now be
solved using methods of constrained optimization — the augmented Lagrangian
method (see Section III-B in [133]).

Moreover, the above proposed BCD and ADMM methods can be extended to
recover 3 channel RGB color images where each channel is assumed to have a

similar sparsity pattern.
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(a) True image (f*) (b) Salt-and-pepper noise corrupted image

(c) JP (PSNR = 21.48 dB) (d) YALL1 (PSNR = 25.80 dB)

(e) BCD (PSNR = 34.62 dB) (f) ADMM (PSNR = 34.44 dB)

Figure 4.10: Restoration of a 318 x 500 image corrupted by salt-and-pepper noise
(sparsely occurring black and white pixels). (a) True image of interest. (b) Image
corrupted by 30% salt-and-pepper noise. (c¢) Recovered image using JP method.
(d) Recovered image using YALL1 method. (e) Proposed BCD reconstruction with
p1 = 0.9 and p; = 0.3. (f) Proposed ADMM reconstruction with p; = 0.8 and
p1 = 0.4. Note the proposed methods (e) and (f) outperform JP and YALLI in
PSNR (dB) = 10log;o(max(f*)2/MSE).
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4.4.3 Numerical Experiments

We investigate the performance of the two proposed methods using image in-
painting experiments, in comparison with two existing ¢;-norm solvers: JP [120]
and YALL1 [139] solvers. The both proposed BCD and ADMM algorithms are
initialized by standard ADMM with p; = p» = 1,4 = 1 and set 8 = 1075, With
properly tuned p; and ps, both the new methods achieve surprisingly better re-
covery performance compared with the JP and YALL1 methods (see 4.10). The
best performance of BCD method (PSNR = 34.62 dB) is given by p; = 0.9 and
p2 = 0.3, which yields a 8.8 dB recovery PSNR improvement than the YALLI.
The proposed ADMM (PSNR = 34.44 dB) also gives comparable results to the
BCD with 8.6 dB recovery PSNR improvement than the YALL1 reconstruction.

4.4.4 Conclusion

In this method, we proposed a novel formulation for sparse signal recovery
and demixing using the £,-norm (0 < p < 1) for sparsity inducing. Two first-order
algorithms have been developed based on the BCD and ADMM frameworks, which
are convergent under some mild conditions and scale well for high-dimensional
problems. Furthermore, the new algorithms have been extended for the multitask
case. Experiments demonstrated that the new algorithms can achieve considerable

performance gain over the /;-minimization algorithms.

4.5 Summary of Contribution

To solve the ¢5-¢1 problem, we proposed a limited-memory trust-region method.
Here, we formulated the objective function as a smooth unconstrained optimization
problem and use eigenvalues for efficiently solving the trust-region subproblems.
We extended this approach to ¢,-norm relaxation for better sparse recovery by
bridging the gap between the ¢;-norm and the ¢y quasi-norm. In addition, we
proposed a novel formulation for sparse signal recovery and demixing using the

¢,-norm penalization.



Chapter 5

Conclusion

5.1 Summary

Acquisition of a sparse signal from an undersampled set of linear measurements
is the main problem of compressed sensing (CS). Within the CS community, min-
imizing the /;-penalized least-squares problem is the most popular approach for
sparse signal recovery. The least-squares data-fidelity term assumes a Gaussian
noise model. However, there are many real-world applications that do not follow
Gaussian noise statistics. For example, a low number of photons hitting a detec-
tor can not be effectively modeled using a Gaussian noise model, rather require
a Poisson noise model. Therefore, under the Poisson noise model, the signal of
interest has been usually recovered by exploiting signal sparsity through convex
regularizers such as ¢;-norm or TV, seminorm [70]. But these convex regularizers
are merely two representative measures of sparsity. Therefore, in our research, we
have investigated relaxations of the regularizers in the Poisson inverse problem to
nonconvex regularizers that prompt sparsity even better.

The following summarizes my contributions of the dissertation towards sparse

Poisson intensity reconstruction algorithms:

e We proposed SPIRAL-/, [5], a nonconvex method for further enforce sparsity
and structure in the solution using the £,-norm (0 < p < 1). We showed that

this approach can be uncoupled into the separable ¢,-minimization prob-
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lems, with each scalar minimization problem is solved using generalized soft-
thresholding function [100]. We demonstrated that the proposed method for
p < 1 eliminates the spurious artifacts found in the SPIRAL-¢; [70] recon-
struction for simulated data. Moreover, we discussed the convergence of the

proposed nonconvex algorithm to a critical point.

e If the image of interest is not sparse, we proposed a p-th power (0 < p < 1)
total variation regularized optimization approach (SPIRAL-TV, [4]) using
iterative reweighting. The proposed method iteratively convexifies a sequence
of nonconvex subproblems using a weighted TV approach and is solved using
a modification to the FISTA method for TV-based denoising. We explored
the effectiveness of the proposed method through numerical experiments in

image deblurring.

e Recently, we proposed a novel nonconvex Poisson intensity reconstruction
method by introducing sparsity promoting Shannon entropy to the SPIRAL
framework (SPIRAL-Shannon). In particular, the non-separable Shannon
regularization function is approximated using its first-order Taylor series.
We showed that this method achieved comparable results to the SPIRAL-/,

with less computational effort.

e In many photon-limited applications including medical imaging, additional
information on the signal of interest is often available. Specifically, its maxi-
mum and minimum amplitudes at specific regions might be known a priori.
To fill this gap in SPIRAL framework, we proposed an approach that incorpo-
rates this information by the inclusion of upper and lower bound constraints
(B-SPIRAL-¢; [6]).

The following summarizes my contributions of the dissertation towards applica-

tions to the proposed nonconvex sparse Poisson intensity reconstruction methods:

e We demonstrated that the SPIRAL-{, method is effective in solving the
fluorescence molecular tomography (FMT) inverse problem when the obser-

vations are low-dimensional and are corrupted by high Poisson noise levels

[9]-
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e We proposed following novel stage-based methods to solve time-dependent

tomography problems under the Poisson point process:

— A two-stage method to recover support and the decay rate of time-

dependent bioluminescent sources [2].

— A three-stage method to recover support, fluorescence lifetime, and flu-

orophore concentration [3].

There are three main challenges in these two problems: (1) Signals are con-
strained by partial differential equations. (2) Low photon counts at the
boundary are corrupted by Poisson noise. (3) Discretized problem becomes

large-scale in space and time.

e We proposed sparse recovery methods for structural variant detection in col-
laboration with the Sindi Lab at UC Merced [18, 19, 17, 15, 16].

In the context of Gaussian noise, there are various methods for solving the
least-squares problem using convex and nonconvex regularization techniques. The
following summarizes my contributions of the dissertation towards solving sparsity

promoting least-squares optimization problem:

e We proposed to solve the ¢y — f; sparse recovery problem using a limited
memory trust-region approach [1]. Unlike gradient projection-type meth-
ods, which uses only the current gradient, our approach uses gradients from
previous iterations to obtain a more accurate Hessian approximation. We
demonstrated that the proposed nonconvex method eliminates spurious so-
lutions more effectively and efficiently in numerical experiments in 1D and

2D settings.

e To promote sparsity and the structure of the solution, we proposed to extend
the above trust-region approach to solve the ¢, — ¢, (0 < p < 1) sparse

recovery problem [8].

e Recentely, we proposed methods for recovery and demixing of sparse signals

using nonconvex regularization in collaboration with Dr. Fei Wen [133].
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5.2 Future Work

We believe that this is the beginning of nonconvex techniques in photon-limited
imaging. Therefore, to fill up some remaining gaps in Poisson noise context, we

would like to propose following future work:

e Poisson regression model assumes that the mean and the variance of the
observed counts are the same, i.e., Var(y;) = E(y;). However, in practice,
photon count data often demonstrate over- or under-dispersion compared to
the Poisson model [106]. Therefore, it might be effective to model the mea-
surements using Conway-Maxwell-Poisson distribution [78] and regularized
using sparsity promoting nonconvex regularizers such as ¢,-norm to recover

a sparse solution.

e Following a similar approach as in [133], one can research to develop an
algorithm that operates on Poisson noise context to recover and demix two

sparse signals by exploiting their sparsity structure.

e Develop an algorithm for solving potentially nonlinear photon-limited inverse

problems.

Under the Gaussian noise context, we would like to propose trust-region SR1
methods to solve the ¢, — ¢, nonconvex sparsity recovery optimization. In our
recent work, the Hessian of the quadratic subproblem is efficiently approximated
by the limited-memory BFGS method, which preserves the hereditary positive-
definiteness. Since the sparse recovery problem is nonconvex, here we propose
to use the limited-memory SR1 (Symmetric Rank 1) trust-region optimization

approach, where the Hessian approximation is not necessarily positive definite.



Appendix A

A.1 The Negative Poisson Log-Likelihood Func-

tion Formulation

Under the Poisson process model (1.7), the unknown f* can be recovered by
maximizing the probability of observing measurements y. By assuming each y; is
mutually independent, the likelthood function can be written as

m

L(Af") = _Hp(yil(A £):),

=1
ﬁ (e;T Af*)vie (e AFY)
- i=1 il

I

where €; is the ith canonical basis unit vector. Let \; = e;7 Af*,

— ﬁ (Ai)ylie_’\z

|
i=1 Yi
AN N e (i A

H?i1 yi!
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Then the log-likelihood function is defined as,
[(Af*) = log L(Af"),
= yilog(A1) + ...+ ymlog(Am) — ZM log(e) — 108?Hyi! ;
i=1 i=1

———
Independent of f*
m

= > wilog(A) = D>\,
i=1

=1

= ) yilog(e;" Af*) — 17 Af",
=1

where 1 is an m-vector of ones and we neglected log(y;!) terms since they are
constant with respect to £*. Thus, the negative Poisson log-likelihood function is

given by

F(f) = —I(Af) = 1TAf — iyi log(e] Af).

A.2 Subproblem Formulation in SPIRAL

The Poisson intensity reconstruction subproblems take the following constrained

minimization form:

f*1 = argmin  F*(f) 4+ 7 pen(f),

feRn
subject to f = 0,

where F*(f) denotes the second order Taylor series approximation to the F(f) at
£k

F*(f)

Q

F(f*) + (f — 9V F(f*) + %(f — T V2F(FR)(f — £%)

~agl

= F(E) + (£~ )T VF(E) + S| £ - )3
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Then

f*+1 = argmin F(EY) 4+ (E—9TVEE) + 22 | £ — £% |12 47 pen(f)
Jerr ind dent of f .
independent o

— argmin (f — £TVEF(E5) + % | £ — £* |2 +7 pen(f)

fern
: L or k L oopr k
= argmin —f VF(f*) — —f" VF(f")
feRrn (6773 6773
+1(f —T(F — £F) + - pen(f)
2 Qg
— argmin(f — Y7 (F — £9) + —— TV F(F) — —— TV E(EY)
fern 2 20, Qg

1 1 T
— VEF()Tf — — V()T + — f
v L oR@ye s T e
— argmin %{(f—f’f)T(f—f’f)+i(f—fk)Tvp(fk)
(673

feR™

1 1
+— VE(ET (£ — £*) + — VF(E)VEF(E*)} + — pen(f)
(63 Qg B (73

N

TV
add constant

= argmin L { [(f — 7 4 LVF(f’“)T} {(f — ) + iVF(f’“)} } + - pen(f)
feRn 2 ay ay (677
1 1
= argmin = || f— (F* + —VEF(*)) |2 +— pen(f).
fern 2 N Qg 5 Qg

~~
Sk

A.3 Finding the Thresholding Value v,(\)

Since the solution f* of (2.14) is nonnegative when s > 0, we can write the

objective function and its first derivative as

Af) = 5(f =P+ A"

V() = f-s+rpfr

respectively. When s = 7,(A), there exists f, such that

) = 90)
S = AT = S (A1)
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and
Q(fy) = 0
=)+ ()P = 0
WA = fr+ ()Pt (A.2)

Then, we can substitute 7,(A) in Eq. (A.2) to Eq. (A.1), and obtain the following
equation
(f)P AL =p) = (f;)*") =0.
Since f; > 0, we can obtain f as
fy = @M1 —=p))r. (A.3)
Then the thresholding value 7,()) is obtained by substituting f, in Eq. (A.3) back

into the Eq. (A.2):

() = (2M(1 = p)) 77 + Ap(2A(1 — p)) 5.

A.4 Special Cases of GST Function

When p = 0, the GST function Tg(s, A) is called the hard-thresholding function,

and it solves
minifmize %(f —5)>+ A f]°
where
P = { 0, ?ffzo
1, if f#0.
In this case, the GST function is given by

(A.4)
s, if |s| > v(N),

T()(S, /\) = {

where the thresholding value is obtained by evaluating (2.17) at p = 0, i.e., yo(\) =
(20)1/2,
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When p = 1, the GST function becomes the soft-thresholding function, where
Vl(A) = >\7 and

Ti(s,\) =
o {Sgn(8)<|s|—A), if |s| > 11 (N).

A.5 Image Quality Metrics

(1)

The Volume Ratio (VR) [124]: The VR measures the ratio between the true

and the reconstructed target volumes and is given by

_ [rROI]
~ RO}’

where ROI is the true region of interest and rROI is the reconstructed region
of interest containing the reconstructed signals whose amplitudes are higher
than half of the maximum amplitude of the reconstructed signal. Here, | - |

denotes the number of elements of the set. Ideally, VR is close to 1.

The dice similarity coefficient (Dice) [46]: Dice measures the location accu-

racy of the reconstructed target with respect to the true location and is given

by
2 % [rROI N ROI]|

['ROI| + [ROI|

Here, | - | also denotes the number of elements of the set. Similarly, in the

Dice =

ideal case, Dice is close to 1.

The Contrast-to-Noise Ratio (CNR) [114]: CNR measures how easy it is to
see the reconstructed target from the background. CNR is given by

_ Mean( fror) — Mean( fros)
VwrorVar(fror) + (1 — wror) Var(fros)

where wror = |ROI|/(|ROI| 4+ |ROB|), ROB is the true background region
and f denotes the reconstructed signal. A high CNR value means a high

CNR

contrast between the reconstructed target and the background.
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(4) The Mean Square Error (MSE): MSE measures the difference between the

approximation and the truth, and it is given by
1 * (12
MSE = —||f — 7|3,

n

where f € R™ and f* € R™ are the reconstructed and true signals, respectively.

Smaller MSE value is preferred.

A.6 Proof of the Relation

Vatr? + B2y = max {f = capy + Bypz : p + p5 < 1}

p2

\ Vf = [az; Byl

(p]P3)

P1

v

N

Figure A.1: Function f is maximized at the point (p}, p3).

Proof. As shown in the Fig. A.1, f is maximized at the boundary of the circle.

pit+ps=1= p =1/1-p

Therefore
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Then the objective function can be written as

f = axzp + Bypy = ax /1 — p3 + By po,

and the py value at the maximum point is obtained by setting derivative of f to

Zero:

af
dpy

1 1
ax 5(1—193) 2(=2p2)+ By = 0

B2y?
by = a2x2+52y2'

2

Then pj will be
a’a?

* 1— *2 - -
Y41 Y2 a2x2+ﬁ2y2

Then the maximum function value at the point (pf, p3) is given by

axpy + Bypy = \/ ax? + 22
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