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ABSTRACT OF THE DISSERTATION

Faces of Weight Polytopes, a Generalization of a Theorem of Vinberg and Koszul
Algebras

by
Timothy Blake Ridenour

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, August 2010
Dr. Vyjayanthi Chari , Chairperson

Let g be a reductive Lie algebra over C and let V' be a g-semisimple module. In
this article, we study the category G of Z-graded gx V-modules with finite-dimensional
grade pieces. We construct and classify certain special subsets called weak FF-faces of the
set of weights of V. If V is a generalized Verma module, our result allows us to recover
and extend a result due to Vinberg on the classification of faces of the weight polytope.

If g is semisimple and V' is simple, we use the positive weak F-faces of the set
of weights of V' to construct a large family of Koszul algebras which have finite global
dimension. We are also able to construct truncated subcategories of é which are directed

and highest weight.

vi



Contents

Introduction

Preliminaries and Notation
Notation . . . . . . . . . . . e
Lie algebras . . . . . . . . . L
Associative Algebras . . . . . . . .

I Faces of Generalized Verma Modules
1 Alternative Characterization of Faces

2 Generalized Verma Modules
2.1 GVM Definition . . . . . . . . . ..
2.2 Propertiesof GVMs . . . .. ..
2.3 The Weights of a GVM . . . . . ... ... . o
2.4 Facesand GVMs . . . . . . . . . e
2.5 An Alternative Characterization . . . . ... . ... ... ... .....

3 Irreducible Ad-Nilpotent Ideals

II Koszul algebras

4 Faces and Koszul Algebras
4.1 Themainresults . . . . . . . . . . . . . . e
4.2 Preliminaries . . . . . . . . . ..
4.3 Projectives, resolutions, and truncated subcategories . . . . . .. . . ..
4.4 Undeformed infinitesimal Hecke algebras . . . . . . .. .. .. ... ...
4.5 Faces of polytopes and Koszul algebras . . . . . . .. .. ... ... ...
4.6 Proof of the mainresult . . . ... ... ... ... ... ... ......

Conclusions
Bibliography

Appendix

vii

- A R

10
11

20
21
22
23
24
27

29

38

39
39
46
51
67
71
80

86
87

89



Introduction

Motivated by the study of the category of finite-dimensional representations of
the classical and quantum loop algebras associated to a simple Lie algebra, g, Chari and
Greenstein studied the category of Z,-graded modules with finite-dimensional graded
pieces for the polynomial current algebra g[t] as well as its truncation g X g.q [5],[6].
For an arbitrary representation V of g, we can consider the semi-direct product Lie
algebra gix V. Several well-known families of Lie algebras including cominiscule parabolic
subalgebras of g, parabolic subalgebras of semisimple Lie algebras that arise from good
gradings [8], quotients of realizations of foldings of twisted affine Lie algebras [3], and
r-Takiff Lie algebras g ® C[t]/(t") are semi-direct product Lie algebras. It is, therefore,
of interest to consider the category of finite-dimensional representations of semi-direct
product Lie algebras a x V. In particular, we generally deal with the case where a is
reductive and V' is acted upon semisimply by the center Z(a) of a.

Unfortunately, the category of finite-dimensional modules for a x V is not
semisimple and the simple objects in this category may have self-extensions. If we con-
sider the category G of Z-graded modules over a ® V' with finite-dimensional graded
pieces, the simple objects no longer have self-extensions, so it will be convenient to work
in this category. G has enough projectives; however, the full subcategory G of finite-

dimensional objects in G does not have enough projectives. It is of interest to determine



truncated subcategories of G which do have enough projectives and whose simple ob-
jects are of finite global dimension. In particular, we wish to consider the truncated
subcategories of the form G[I'] whose objects have Jordan-Hélder factors parametrized
by I' associated to mice subsets I" of the the set PT of dominant integral weights.

As in [5] and [6], we are particularly interested in the sets I' C P* which
are associated to certain subsets W of the set of weights of V. In fact, if we choose ¥
appropriately, we are able to construct Koszul algebras of any finite global dimension.
The truncated subcategories in which we are interested are those which are equivalent
to the category of finite-dimensional modules over these Koszul algebras.

It is natural to ask which subsets of the set of weights of the a-module V' give
rise to these Koszul algebras. In [6] and [4], some of these sets were studied and classified
for the classical finite-dimensional simple Lie algebras. In Chapter 1, we consider subsets
X C R” and study subsets of X which we call weak F-faces and positive weak F-faces
where F' is a subfield of R. We study some combinatorial properties of these sets and
give a classification in the case when the convex hull of X gives a polytope in R™.

In Chapter 2, we extend a result due to Vinberg [19] and give a description of
weak and positive weak F-faces for the set of weights of a generalized Verma module of
a (semi-)simple Lie algebra g. In Chapter 3, we study some more equivalent properties
of positive weak F-faces in the set of roots of the finite-dimensional simple Lie algebras
and give explicit descriptions of these sets in the case when g is classical. The appendix
gives a list of the positive weak F-faces of the root system of g when g is an exceptional
finite-dimensional simple Lie algebra.

Finally, in Chapter 4, we discuss the category G and truncated subcategories
of the form G[I'] where T" is associated to certain positive weak F-faces ¥ of the set of

weights of V. In fact, for certain choices of ¥, we see that we can construct Koszul



algebras of finite global dimension in a natural way.



Preliminaries and Notation

Notation

Throughout this paper, we let R (respectively Q, Z, N) denote the real numbers (re-
spectively the rationals, the integers, and the natural numbers). For any subset X C R,
we let X := X N[0,00), Xs0:= X N(0,00). In the case X = Z, note that Z~y = N.
We will let a be a Z-graded Lie algebra over C, and we will assume that ap = g ® bg

is a reductive Lie algebra with semisimple part g and center bg.

Lie Algebras

Definition. A vector space a over a field k with a binary operation [, | :a x a — a is

a Lie algebra over k if
(a) [, ] is bilinear;

(b) [z,y] = —[y,z] for all z,y € a;

(c) [z, [y, z]] + [y, [z, z]] + [z, [x,y]] = 0 for all z,y,z € a (Jacobi identity).
Note. For the purposes of this work, we shall assume that all Lie algebras are over C.

A Lie algebra a is Z-graded if a = @;cz, & with [a;,a;] C a;4; for all ¢, j € Z..



A subspace i of a Lie algebra g is called a Lie subalgebra of g if [x,y] € i for all z,y € i
and an ideal if [x,y] € i for all z € g,y € i. If g is nonzero and the only ideals of g
are 0 and g, then g is a simple Lie algebra. The center of a Lie algebra g is the ideal
Z(g):={reg : [r,y] =0Vy g}

Given a Lie algebra a, we can define the following sequence of ideals: a(® = q, aG+1 =
[a® a@] for i > 0. We say that a is solvable if a = 0 for some i > 0. The unique

maximal solvable ideal of a is called the radical of a, Rad(a).

Definition. A Lie algebra a is called reductive if Rad(a) = Z(a). If Rad(a) =0, then

a is semisimple.

Every reductive Lie algebra can be written as a direct sum of a semisimple Lie algebra
and an abelian Lie algebra: a = g ® by where g = a(!) is semisimple and hy = Z(a). In
particular, every semisimple Lie algebra is reductive.

Suppose that g is a semisimple Lie algebra. A maximal abelian subalgebra h of g is
called a Cartan subalgebra. We obtain a decomposition g = @ 0o ® b where g, = {z €
g:[h,z] = a(h)z V h € h}. The set R is called the set of ;0601;5 of g. A subset A C R
is called a base if A is a basis for h* and every root 3 € R can be written in the form
B =73 aen kaa with either ko € Z, for all @ € A or —k, € Z, for all a € A.

Given a base A, define RT (respectively, R™) to be the set of roots which can be written

as non-negative (respectively, non-positive) integer combinations of A. We identify A

with the set I = {1,...,n} where n = dim(h). Define n* = EB go- A subalgebra of g
aER*
which contains b @ n™ is called a parabolic subalgebra of g.

Definition. Let a be a Lie algebra over C. The invariant, symmetric bilinear form

k:axa— C given by k(z,y) = Tr(ad(z) ad(y)) is called the Killing form on a.

Theorem 1. [10] A Lie algebra a is semisimple if and only if the Killing form on a is



nondegenerate: ¥ x € a 3 y € a such that k(z,y) # 0.

If a is a finite-dimensional semisimple Lie algebra, we identify h with h* via the Killing
form: ¢, € b is the element which satisfies a(h) = k(tq, h) for all A € . In particular,
there is a positive-definite symmetric bilinear form (,) : h* x h* — C given by (o, 5) =

K(ta,tg)-

Representations

Let V' be a vector space over C. Define gl(V') to be the Lie algebra consisting of linear

transformations V' — V with bracket given by the commutator [z,y] = zy — yz.

Definition. Let a be a Lie algebra over C. A Lie algebra homomorphism p : a — gl(V')

is called a representation of a.

Note. A representation p : a — gl(V') defines a a-module action on'V', and, similarly, a
a-module action on V' can be used to define a representation a — gl(V'). We will use the

terminology of a-modules and representations interchangeably without further mention.

Let V be an a-module. We say that v € V is a-invariant if a.v = 0 for all ¢ € a. Denote

the set of all a-invariants by V.

Lemma 0.1. [6, Lemma 4.1] Let M be a finite-dimensional a-module. There exists an
isomorphism

M = @ Viv)e (V(v)" @ M)"

vePt

of a-modules.

Let V be a a-module. Define the semi-direct product Lie algebra a ® V by giving the

vector space a@®V the bracket operation [(x,v), (y,w)] = ([z,y], z.w—y.v) forall z,y € a



and v,w € V. The Lie algebra U(a x V') is known as an undeformed infinitesimal Hecke

algebra.

Associative Algebras

Let A be a vector space over C, and let id4 : A — A be the identity map. A is an
associative algebra over C if there exists a homomorphism m : A ® A — A such that
mo (idg ® m) = mo (m ®idy). In other words, A is a vector space over C with a

multiplication which satisfies r(xy) = (rz)y = z(ry) for all r € C and z,y € A.

Example. The tensor algebra T'(V) = @ T"(V) of a vector space V over C, where
T€Z+

T7(V') is the r-fold tensor product of V', is an associative algebra over C. If I is the

ideal in T(V) generated by {x @ y+y @ x | x,y € V}, then the symmetric algebra

Sym(V) :=T(V)/I is also an associative algebra over C.

Definition. Let A be a finite-dimensional associative algebra over C. A is said to be
basic if every simple A-module is one-dimensional.
Let N be the Jacobson radical of A. A is quasi-hereditary if A has a nonzero ideal J

such that

(i) J is a projective A-module;

(i) Homa(J,A/J) =0 and JNJ = 0;

(i) If J # A, then A/J has a nonzero ideal J' such that (i) and (it) hold in A/J.

The following theorem due to Cline, Parshall, and Scott ([7, Theorem 3.6]) gives a useful

characterization of finite-dimensional quasi-hereditary algebras.

Theorem 2. [7, Theorem 3.6] Let A be a finite-dimensional algebra over a field k. The

following are equivalent:



(a) A is a quasi-hereditary algebra;
(b) The category of A-modules is a highest weight category;
(¢) The category of finitely-generated A-modules is a highest weight category.

An algebra A is Z,-graded if A =D Ali] with A[i]A[j] € A[i + j] for all 4,5 € Z.

1€Z 4

Given a Z.-graded associative algebra over C, we define a new associative algebra
Ty (A[1]) where Ty (A[1])[0] = A[0] and Ty (A[1])[r] = T [](AM) is the r-fold
tensor product of A[l] over A[0]. A canonical homomorphism m : Ty (A[l]) — A
of ZT-graded modules can be defined by extending the assignment m(a) = a for all

ac Alk]l, k=0,1.

Definition. A Z. -graded associative algebra over C is said to be quadratic if the

homomorphism m is surjective and ker m is generated as an A-module by R := kerm N
T2 (ALL).

The Koszul complex of a quadratic algebra A is a complex of the form

a"_‘“}_K’r‘ KT 187” 1 . Kl 01 0 80 A
where Ky = A ® 4 N}, and
Alrl, r=0,1

3T (AL @) R 940 T 2(AN, 722
The differential 9, : K% — K’ ' is the restriction of the map A ® A[O}(A[l]) —

A® Tr[ 0 (A[1]) given by extending
z® (a1 ®...a;) — za; ® (a2 ® ay).

Notice that if a; ® a, € N}, then a; ® ag € R, and m(a; ® az) = 0. Furthermore,

Or—100(z®a; ®...R0a,) =xajas ® (a3 @ ...a,) = 0.



Suppose that A is a Z,-graded associative algebra over C. A is Koszul if A[0] is

semisimple and admits a projective resolution of Z-graded A-modules

+— Py — P — Py— Al0] =0

such that P, is generated, as a graded A-module, by P,[r] for all r € Z..
From [1, Corollary 2.3.3], every Koszul algebra is quadratic. Furthermore, by [1, Theo-
rem 2.6.1], a quadratic algebra A over C is Koszul if and only if its Koszul complex is

exact.



Part 1

Faces of Generalized Verma

Modules
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Chapter 1

Alternative Characterization of

Faces

Definitions
Given v, w € R", set
Hv,w) ={ueR" |v-(u—w)=0} H(v,w):={uecR"|v-(u—w)>0};

i.e., the affine hyperplane orthogonal to v containing w and the corresponding (positive)
half-space. Let P be a convex subset of R”. We say that H(v,w) is a supporting
hyperplane of P if

P C H"(v,w) and P N H(v,w) # (.

A proper face of P is the intersection of P with a supporting hyperplane. A face
of P is either a proper face or P itself. We will say that P is a polyhedron if it is
the intersection of a finite number of affine half-spaces, and a bounded polyhedron is a
polytope.

Given a subset X C R™ and a subfield F C R, we define the F—convex hull of X to be

11



the set

k k
convy(X) = {erxs |keZ, rs € Fy, x5 € X, erzl}.

s=1 s=1

Also define the F-cone of X, coner(X), to be the set

k
conep(X) = {erxs cke€elyrselFy xg € X}.

s=1
The following is standard; see [21], for instance:
Theorem 3 (Decomposition Theorem). Let P be a subset of R™. Then,

(i) P is a polytope if and only if P = convg(U) for some finite subset U C R™.

(ii) P is a polyhedron if and only if P = convg(U) + coner(V') for some finite sets

UV CR™

In particular, the convex hull of the union of a finite set with a polytope or polyhedron

is also a polytope or a polyhedron, respectively.

Results on Polyhedra

In this section we prove some general results on polyhedra. Given a subset X of F"
and a subfield F of R, we denote by convp(X) the F-convex span of X. We define the

relative interior of convp(X) to be the set relint(convy(X)) given by

relint(convp(X)) :=={x € X |Vy € X, 3z € X,t € FN(0, 1) such that x = ty+(1—1t)z}.
Definition. Fiz a subset X C R", and a subfield F C R.

(i) We say that Y C X is a weak F-face of X if for every U C X,

convp(Y) Nrelintp(convy(U)) #0 = U C Y.

12



(ii) A weak F-face Y C X is a positive weak F-face of X if for every U C X,

convp(Y') Nrelinty(convy (U U {0})) = 0.

Our main goal in this section is to determine the relationship between the weak F-faces
of a set X and the faces of convp(X). The following lemma will be crucial in our

examination of these sets.

Lemma 1.1. Suppose X C F". If u is in the F-relative interior of convp(X) and

xo € X, then there exist m > 0, ro,r1,..rm € Fsq, and x1,...,x,m € X such that

m m
u = roxo + E riri, To-+ E r; =1.
j=1 j=1

Proof. Since w is in the interior of convp(X), we can find ¢t € Fs( such that u = tzo +

m

(1—t)a’, where 2’ € convp(X). By definition of convg(X), we can write ' = 377" | s;2;
for some x; € X and s; € F+¢ such that 27:1 sj = 1. Solving for u, we have
m
u=txy+ Z s;(1 —t)x;.
j=1
Setting 19 =t and r; = s;(1 — t) gives the result. O
Notice that if #X > 1, we may choose all xg, z1,.. .,z to be distinct from u: we start

by choosing any xp # w in convy(X), and proceed as above. Now, if z; = u for some
j > 0, then we simply subtract 7ju from both sides, and divide by 1 —r;.

The following result will also be used frequently.

Lemma 1.2. Let P C R™ be nonempty. A nonempty subset I C P is a face of P if

and only if F is the subset of P that mazimizes some linear functional ¢ € (R™)*.

Proof. If F is a face of P, F = P N H(v,w) for some supporting hyperplane H (v, w).

Define ¢ : R — R by p(u) = —v - u.

13



Suppose u € F. Then, ¢(u) = —v-u = —v-w = p(w) since u € H(v,w) gives that
v-(u—w)=0.IfueP\F, thenu e Hy(v,w)\ H(v,w), so v-(u—w) > 0. This gives
v-u>v-w and, thus, p(u) < ¢(w). In particular, ¢ is maximized in P precisely on F.
Similarly, if ¢ € (R™)* is maximized in P on F', choose v such that ¢(u) = —v - u for all

u € R™ Let w € F. Then, FF =P N H(v,w). O

Proposition 1.3. Suppose that X C F". Then convy(X) = convg(X) NF".

Proof. The inclusion convp(X) C convg(X) N F" follows immediately since F-linear
combinations of elements of F” are necessarily still in F”.
Suppose that v € convg (X )NEF™. Then, u € convg(U) for some finite subset U C X. By
Caratheodory’s theorem, u is in some r-simplex, S C convg(U), such that the vertices
of S are a subset of U.
Let {so, s1,...,sr} be the vertices of S. Then, u = ) ;_,n;s; for some n; € Ry with
>iconi =1
Let ¢ be an F-affine transformation of R™ such that ¥ (sg) = 0 and ¥(s;) = e€;, 1 <
i < r, where {e; : 1 < i < n} are the standard basis vectors in R". Choose a linear
transformation 7' : R — R™ and b € R" such that ¢(z) = T(x) + b for all x € R™.
Then,
(u) = T(Xi_gnisi) +b

= (ZizoniT(s1)) + b

= YimoniT(si) + Xi_gnib

= Yi—oni(T(si) +b)

= Y onit(si)

= D=1 M

Since 1 is F-affine, ¢)(u) € F'}, and n; € Fy for ¢ > 0. Furthermore, no =1—3%;_ n; €
F,, so u € convp(X). O

14



Corollary 1.4. Suppose X C F", and F is a face of convg(X). Then FNF" is a face

of convp(X).

Proof. Let H(v,w) be a supporting hyperplane for convg (X) such that F' = convg(X)N

H(v,w). Then,

FNF" = convr(X) N H(v,w) NF" = convy(X) N H(v,w).

Polyhedra and weak [F-faces

We now prove a general result relating weak F-faces and polyhedra.

Theorem 4. Suppose that convg(X) is a polyhedron for X C F". Then, Y C X is a

weak F-face if and only if Y = X N F for some face F of convr(X).

Proof. First, suppose that Y = X N F for some face F' of convg(X). By Lemma 1.2,
one can find a linear functional ¢ € (R™)* such that ¢(u) > ¢(v) for all u € F and
v € convr(X). Let xg € U C X, and suppose u € convy(Y') N relint(convy(U)).

We can write u = )

syy with s, € F and ) sy = 1, and, thus, ¢(u) = p(F).

yey yey

By Lemma 1.1, u = Z}”:O rjx; for some r; € F-o and z; € U. Applying ¢, we have

P(F) = p(u) =Y rip(a;) <D rjp(F) = o(F).
=0 §=0

Since g is positive, p(zg) = ¢(F), so 9 € FNX =Y. Since g € U was arbitrary,
UcCY,soY =XNF isa weak F-face of X.

Now, let Y be a weak F-face of X, and let F' be the smallest face of convg(X) such that
YCF. If#FNX =1, then Y = FFN X and we are done. Suppose that #F N X > 1.
Since F' is minimal and convg(X) is a polyhedron, the interior of F' must contain an

element y € convp(Y). Let z € FNX. If v =y, then it is clear that z € Y.

15



Suppose that « # y. Then, by Lemma 1.1, y = rox + Y-, rx; for some r; € F5o and
x; € FNX. In particular, y € convy(Y) N relint(convp(F N X)). Since Y is a weak

F-face of X, this gives that FN.X CY. O

Positive weak [F-faces

Next, we study positive weak F-faces. We start with an equivalent characterization.

Lemma 1.5. For all subsets X C R™ and subfields F C R, the positive weak F-faces of X

are the weak F-faces Y C X such that'Y is a weak F-face of X U{0} and 0 ¢ convg(Y).

Proof. First, suppose that Y is a positive weak F-face of X. Let U C XU{0} and suppose
that convp(Y') N relint(convp(U)) # 0. Then, U C X because, otherwise, 0 € U giving
convy (Y") Nrelint(conve ((U\ {0})U{0})) # 0, which contradicts Y being a positive weak
F-face of X. Thus, U C Y and Y is a weak F-face of XU{0}. Suppose that 0 € convg(Y),
and let U =Y. Then, convp(Y') Nrelint(convy(U U{0})) = relint(convp(Y')) # 0, which
contradicts Y being a positive weak F-face of X.

Now, suppose Y is a weak F-face for both X and X U {0} such that 0 ¢ convp(Y'). Let
U C X. If convp(Y) Nrelint(conve(U U {0})) # @, then U U {0} C Y since Y is a weak
F-face of X U{0}. However, this is impossible since 0 ¢ convp(Y'). Thus, Y is a positive

weak F-face of X. OJ

To connect these results to the results in Chapter 4, we prove the following

proposition.

Theorem 5. Let X C R"™ and F a subfield of R.

(i) A subsetY is a weak F-face of X if and only if the following condition holds:

16



Suppose that Z Mmyy = Z rzx with my,r, € FL Vy € Y,x € X then

yey zeX
Zmy: er = x €Y ifr, #0.
yey zeX

(ii) A subsetY is a positive weak F-face of X if and only if (i) holds and

Zmyy:erx - ZmySZrI.

yey zeX yey zeX

Proof. (i) (<) Suppose U C X and u € convy(Y) N relint(convp(U)). Let xzy € U.
By Lemma 1.1 and the definition of convp(Y), we can write u = 3 oy myy =
rovo + Y5 rjx; for some z; € U where m,, € FN[0,1] for ally € Y, r; € FN(0,1)
for j=0,...,m,and > oy my = Z;'n:o rj = 1. Then, 79 # 0, so g € Y. Since zg

was arbitrary, U C Y.

(=) Suppose that u =} oy myy =3 cyrzzand Y, oy my =3, 7z > 0 with

my, 1, €Fp forally €Y and z € X.

1
Let U = {x € X | r, # 0}, and consider v' = —————u € convp(U). Notice that
erX Ta
u = Z $y € convy(Y), so it suffices to show that «’ € relint(convy(U)).
D yey My
yey ~ye

Furthermore, since each x € convp(U) is a convex sum of a finite number of elements
in U, it suffices to check that for every zo € U, there exists yo € convy(U) and r¢ €
FN(0,1) such that u' = rozg+ (1 —ro)yo. By construction, we have v’ =3, i«
with 7, € FN(0,1) and ) ;7 = 1. Letting ro = r), , we have

uw = roxo + Z rix =rozo+ (1 —19) Z

TF#x0 T#x0

It is easy to check that y = Z z € convp(U). In particular, convp(Y') N

TH#T0

relint(convp(U)) #0,s0 U ={z € X | r, 0} C Y.

17



(ii) (<) Suppose that convp(Y) N relint(convp(U U {0})) # 0 for some U C X. Let
u € convy(Y) Nrelint(convp(U U {0})). By Lemma 1.1, there exist ro,71,...,7, €
FnN(0,1) and x1,...,x, € U such that Z?:o rjz; =1, and

n n
u=rg- O—I—erxj = era:j.
j=1 j=1
Similarly, there exist m, € FN [0,1] such that > o, my =1, and u=3_ o, myy.
However, this gives u = >y myy = >0 rjazy with 30 jrj = 1719 < 1 =
>_yey My, which is impossible. Thus, convy(Y") Nrelint(convg(U U{0})) = 0 for all

UcCX.

(=) Let u= 3" cy myy = > cx T2 With my, 7, € FN[0,00). Let
U={zeX|r, #0} #0,

and suppose that > v 7rs < >, cymy. Define ro = 37 oymy — > e > 0.

Then, u =190+ iy T

1
Let v’ = mu Since 1o+ ep e = Yoyey My, v’ € convp(UU{0}). In fact,
by an argument similar to that in part (i), v’ € relint(convy(U U {0})). However,
this gives v’ € convp(Y) N relint(convy(U U {0})), which contradicts Y being a

positive weak F-face of X. Therefore, oy my <3y 7a.

d

Finally, this equivalent formulation of the positive weak F-faces allows us to explain the

terminology.

Theorem 6. Suppose convg(X) is a polyhedron for X C F". ThenY C X is a positive
weak F-face of X if and only if Y maximizes in X some linear functional ¢ € (R™)*

which has a positive maximum on X.
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If 0 is in the interior of convg(X), then a subsetY is a positive weak F-face of X if and

only if Y # X and Y is a weak F-face of X.

Proof. By the Decomposition Theorem (Theorem 3), the R-convex hull of X U{0} is also
a polyhedron. By Theorem 4 and Lemma 1.5, if Y is a positive weak F-face of X, then
Y = (X U{0})N F for some face F of convg (X U{0}), so Y maximizes some ¢ € (R")*
in X U {0} and, hence, also in X. Furthermore, since 0 ¢ convg(Y), ¢(Y) > ¢(0) =0,
so ¢ has a positive maximum on X.

Conversely, choose ¢ € (R™)* which is maximized in X precisely on Y and ¢(Y') > 0. By
Theorem 4 and Lemma 1.2, Y is a weak F-face. Suppose that Zer MyY =D ocx Tal

with my,r, € F4 for all y € Y and € X. Applying ¢, we have

oY) Z My = Z mye(y) = Z rap(x) < oY) Z Tz-

yey yey zeX zeX

Since o(Y) >0, >, cy my < >, cx Tz, and Y is a positive weak F-face of X by Theo-
rem 3.

Finally, suppose that 0 € relintg (convg(X)). The result is clear if X = {0}, so suppose
otherwise. By the remark immediately following Lemma 1.1, we see that 0 € convg (X \
{0}) N F™, so by Proposition 1.3, 0 € convg(X \ {0}) C convg(X). Then, X is not a
positive weak F-face of itself, by Lemma 1.5. Since every positive weak F-face is a weak
F-face, it now suffices to prove that every proper weak F-face of X is a positive weak
F-face.

Let Y C X be a (proper) weak F-face of X. By Theorem 4, Y = F'N X, for some proper
face F' of convr(X) = convg(X U{0}). Since F is a proper face of convg(X), 0 ¢ F, so
0¢Y =FN(XU{0}). By Lemma 1.2, Y C X maximizes some linear functional ¢ on
X U{0}, and 0 ¢ Y. Hence p(Y) > ¢(0) = 0, and we are done by the first part of this

result. O
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Chapter 2

Generalized Verma Modules

In this chapter, the results from Chapter 1 are applied to set of weights of a generalized
Verma module.

Fix a complex semisimple Lie algebra g of rank n and a Cartan subalgebra § of g, and
let R C b* be the set of roots of g with respect to h. Set I = {1,--- ,n} and fix a set
{a; : i € I} of simple roots. Denote by R the corresponding set of positive roots. Let
k be the Killing form on g; recall that its restriction to h induces a positive definite
inner product (, ) on the real span b of Rt. Let {w; : i € I'} be the basis of h* which
satisfies 2(a;,w;) = 6; (v, ). Since the Killing form is nondegenerate, it induces an
identification of hgr with bj. Define h,, € hr to be the vector identified with 2cy;/ (v, v);
these vectors form an R-basis of hg.

The root lattice @ (respectively, weight lattice P) is the integer span of the simple roots
«; (respectively, fundamental weights w;), while Q1 (respectively, P*) is the Z,-span
of the simple roots (respectively, fundamental weights). Given a subset J of I, let @

(respectively Pj) be the Z-span of the simple roots {a; : j € J} (respectively, the

20



fundamental weights {w; : j € J}), and set R} := R* N Q.

Given any A € b*, say A = ) . ; riw; with all r; € R, we set
suppA\:={ie€l:r; #0}, Jy:={icl:Aha)€Zs+}.

Clearly, A € P if and only if Jy = I. Finally, let YW be the Weyl group of R, namely
the subgroup of Aut(hj) generated by the simple reflections {s; : ¢ € I}. Note that the

inner product ( , ) on by is W-invariant.

2.1 GVM Definition

Fix a Chevalley basis {z£,h; = ho, : @ € RT,1 <i < n} of g, set n* = P, p+ Cal,
and write
g=n"ohon'.

The subalgebras n}c are defined in the obvious way:

Tl:}: = @ J+a-

aeRj

Let p; be the parabolic Lie subalgebra of g associated to J. Then we have
pj=n;@hont, my=n;ehon;, ur= @ Cz,
a€RT\RY
where my is reductive with semisimple part g, and utj]E is nilpotent. The subgroup W;
of W generated by {s; : j € J} is the Weyl group of g;, and we set p; = >, ;w;.
The following is standard, but we isolate it in the form of a Lemma, since it is used

frequently.

Lemma 2.1. For w € Wy and i ¢ J, we have wo; € R, and hence wa € R for all

o€ R\ R}.
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Given any Lie algebra a, we let U(a) be the universal enveloping algebra of a. The

Poincare—Birkhoff-Witt theorem gives us an isomorphism of vector spaces:

U(g) =Un") @ U(h) @ Un™).

2.2 Properties of GVMs

We now give the definition and elementary properties of the generalized Verma modules.
Recall that a weight module V' for a reductive Lie algebra a with Cartan subalgebra t

is one which has a decomposition

V=,

pet*

where V, ={v eV :hv=pu(h)v, V het} Weset wtV ={uet:V,#0}
Given A € b* and J C J), the generalized Verma module M (), J) is the g-module

generated by an element m) with defining relations:

ntmy =0, hmy=Mh)my, (x;) ) Tmy =0,

for all h € h and @ € R}. The following is standard - see [17]:
Proposition 2.2. Let A € h* and J C J).

(i) The g-module M(X,J) is a free U(u;)-module, and dim U(mj)my < co. In par-
ticular, wt(U(my)my) is a finite subset of b*, and
wt M (A, J) =wt(U(my)my) — Z TaQ:Tq € Ly
a&R}'

(ii) The set wt M (X, J) is Wy-invariant.

In the special case when A € PT, the module M (), I) is the irreducible finite-dimensional

module with highest weight .
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2.3 The Weights of a GVM

Given any subset X of b we let convr(X) be the convex hull of X; i.e.,
k k
convg(X) = {erxs cke€eZyrseRy s € X, er = 1} .
s=1 s=1
Also define coneg(X) to be the cone of X, i.e.,
k
coneg(X) = {erxs ck€Zi,rs eRy x5 € X} )
s=1
Proposition 2.3. For A € by and J C Jy, we have
convr(wt M (X, J)) = convg(wt U(m)my) — coner(R* \ R}),

and hence convg(wt M (X, J)) is a Wy-invariant subset of bhy.

Proof. Let u € convg(wt M (A, J). Write u = Z«Sk,uk with pr € wt M(\, J), sk €

k
[0, 1], and Z sr = 1. By Proposition 2.2, ux = v — Z o,k Where v, € wt U(mj)m,y
k agRY
and 7, € R4 for all k. Replacing puz,
peo= 2k sk = Dagrt Taka)

= Dk SkVk = 2 Sk ZagR}- Tk
= Zk SEVE — ZQQR}- (Zk Skrmk)a.
This shows that convg(wt M (X, J)) C convg(wt U(my)) — coner(R* \ RY).

For the reverse inclusion, let

= Zrk/ik — Z mae, pr € wtU(my)my, g, mq € Ry, Zrk =1.
k a€RT\RY k

If mq = 0 for all «, then we are done since py, € wt(M (A, J)) for all k. Hence, we may
assume that m, > 0 for some o € R \ Rj. Furthermore, we may assume without loss

of generality that r; # 0. Thus, we can write

m
n= Zrk,uk + 7’1(,u1 - Z Taoz).
k#1 a 1
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Choose t € Z such that r = Z Ma < t. Since pj —ta € wt M (A, J), the claim follows
1
«

by noting that

T Ma
= kzﬂm,ui + (7‘1 - %) p1+ Za: T('ul — ta) € convr(wt M (A, J)).

The fact that convg(wt M (A, J)) is Wy-invariant is immediate from Proposition 2.2. =

Using the Decomposition Theorem, we have the following corollary to Proposition 2.3:

Corollary 2.4. convr(wt U(mj)my) is a convex polytope, and convg(wt M (X, J)) is a

convex polyhedron in bg.

2.4 Faces and GVMs

One of the main results of this chapter is the following:

Theorem 2.1. Let X € by, J C Jy, and let F C convg(wt M (X, J)). Then F is a face

of convg(wt M (A, J)) if and only if there exists a subset Iy of I and w € Wy, such that
wF = convr(wt M (X, J) N (A — Q?O))

Remark. In the case when X € P and J = Jy = I, Theorem 2.1 is proved in [19].

The proof supplied here is quite different.

Proof. Let F be a face of convg(wt M (A, J)). By Lemma 1.2, F' maximizes some linear
functional ¢ € by in convr(wt M (A, J)). Let v € b be such that ¢(u) = (v, ) for all
i € bi. Choose w € Wy such that (w(v),c;) > 0 for all j € J. Consider the linear
functional given by the inner product (w(v),—). If u € convg(wt M (A, J) maximizes
(w(v), —) in convg (wt M (A, J)), then w1y maximizes ¢, so w™!(u) € F. In particular,
this shows that wF maximizes the inner product (w(v), —) and, hence, wF is a face of

convr(wt M (A, J)) .
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Suppose that (w(v), ;) < 0 for some i € I\ J. Since i & J, A —ra; € wt M (A, J) for
all r € Z4. However, (w(v),\ —ra;) = (w(v),\) — r(w(v), ;) can be arbitrarily large,
which contradicts (w(v), —) having a finite maximum in convg(wt M (X, J)). Thus, w(v)
must be in the fundamental Weyl chamber.

Write w(v) = > ;cyaiw; with a; > 0 for all i € I. Let Igp = {i € I | a; = 0}. Recall
that wt M (X, J) C A —QT, so every pu € convg(wt M (), J)) can be written in the form

p=A— ey mia; with m; € RT. Then,

(ww),p) = (W), =3 micii)

= (W), A) = Lier(w(v), o)

= (w(v),\) = D e mia;

< (w(v),A).
This shows that the maximal value of (w(v), —) in convg(wt M (A, J)) is (w(v), A). Fur-
thermore, if 1 € convg(wt M (A, J))H(A—Q;;), then m; = 0 for all i & I, so (w(v), n) =
(w(v),A) and p € wF. Similarly, if u & convg (M (A, J))ﬂ(/\—QZ)), then m; # 0 for some
i & Ip, so (w(v),n) < (w(v),A) and pp € wF. Thus, wF = convr(wt M (A, J)O(A—Q};)).

For the converse, let pp 7, = Y ic I\Io Wis and consider the linear functional ¢ given by

o(p) = (pr\1o0 1)-

The subset of convg (wt M (A, J)) that maximizes ¢ is precisely convg(wt M (A, J) N (A —
Q};)) Hence, convg(wt M (X, J) N (A — Q};)) is a face of convg(wt M (A, J)).

Suppose that F' C convg(wt M (A, J)) and wF = convg(wt M (X, J)N ()\—Q};)) for some
w € Wy. Notice that F' maximizes the linear functional ¢ o w where p(u) = (pp\ 1y, 1)
as above; therefore, F' is a face of convg(wt M (A, J)) by Lemma 1.2. =

As a consequence, we obtain information about the set of weights of M (A, J) that lie in

a face.
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Corollary 2.5. Let A € by, J C Jy, and suppose that F is a face of convg(wt M (X, J)).

There exist w € Wy and Iy C I such that
w(FNwt M\ J)) =wt M\ J)N(A— Q;:))
Proof. By Theorem 2.1, there exist w € Wj and Iy C I, such that
wF = convr(wt M (XA, J) N (A — Q}E))
By Proposition 2.2, wt M (A, J) is Wy-invariant, so we have
wFNwt M\ J)=w(F NnwtM(A,J)),
and the corollary follows if we prove that
convg (wt M(X,J) N (A= QF ) Nwt M(X,J) = (A= QF ) Nwt M(X, J).

The fact that the right-hand side is contained in the left-hand side follows from wt M (A, J)N
(A= QZ)) C convr(wt M(N\, JJ)N (A — Q?O))
For the reverse inclusion, given u € convg(wt M (X, J) N (A — Q}Z)) NwtM(N,J), we

write

k
w=A— Zniai = ZCLS()\ - stiai)a
s=1

el i€lo

where n; € Zy fori € I, mg € Z4 for 1 < s < k and ¢ € Iy, and as € R4, with

Zle as = 1. Simplifying the expression above gives

k
Z n;o; = Z(Z AsMgi ) Q.

il icly s=1
Using the linear independence of «;, i € I, we see that n; = 0 Vi ¢ Iy, and, hence,

weEN— Q}Z. The reverse inclusion is proved, and we are done. ]
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2.5 An Alternative Characterization

Another corollary of the above theorem is

Corollary 2.6. F is a face of convr(wt(M (X, J))) if and only if
F = convg(w(wt U(mzyns)my)) — coneg w(R}; \ R}Lorm])
for some w € Wy and Iy C 1.

Proof. We first prove the following statement (which generalizes Proposition 2.3):

For all Iy, J C I,
convg(wt M (A, J) N (A — Q};)) = convr(wt U(m,ny)my) — coneR(R;B \R;BOJ)‘ (2.1)

To prove this equation, note that wt(M (A, J)) N (A — Q}FO) is the same as the set of
weights of the gj,-submodule U(gs,)my. Restricting our attention to gs,, we see that,
as in Proposition 2.2,
convr(wt U(gr,)my) = convr(wt U(mp,ns)my) — Z ra : ro € Ry
a€RT\R} -,

This proves (2.1). Now, by Theorem 2.1, if F' is a face, there exist w € Wy and Iy C [
such that w1 (F) = convg(wt(M (X, J)) N (A — Q};)) The result then follows from (2.1)
and the linearity of w. m

Using Theorem 2.1, we see that the vertices of convg(wt M(A,J)) are the elements
of Wy(A). Tt is well-known that a polytope is the convex hull of its vertices, so
convg(wt U(my)my) = convg(W;s(A)). Using this, we see that the above corollary
is a special case of the following more general result - which also generalizes a result of

Vinberg in [19].
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Proposition 2.7. Let A € b, and let J C I. Suppose P(X,J) is the polyhedron in b
given by

P(\, J) = convg(Wy(A)) — coner(R" \ R}).

Then F is a face of P(\,J) if and only if
w(F) = convg(Wynr, (X)) — coneR(Rfo \ ijo),
for some w € Wy and Iy C I, where X' € Wy(X) satisfies N'(h;) >0V j € J.

Proof. The proof goes through as in the proof of Theorem 2.1 once we note that if
we P(A, J), then N — p € Ry A. For this, it suffices to show that \' —w(X\) € Ry A for
all w e Wj.

Consider the partial order on by given by p < v if and only if v — € R A. Recall that
the intersection of the fundamental Weyl chamber and the Weyl orbit of any nonzero
element in hj contains exactly one element. In particular, if w € W; and w(X) # N,
then w(A)(h;) < 0 for some j € J, whence w(\) < s;(w(X)).

Since the set Wj(A) is finite, it must contain a maximal element with respect to the
partial order. We have shown that w(\) # )\ is not maximal, so A’ must be the unique
maximal element in Wy (\) in this partial order. In other words, N — w(\) € R4 A for

alwe Wy nm
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Chapter 3

Irreducible Ad-Nilpotent Ideals

Let p be a parabolic subalgebra of g containing b, and let p = m @ u be its Levi
decomposition, where m is the reductive part and u is the unipotent radical of p. By
restricting the adjoint action of g to m, an m-module structure may be induced on u.
The center 3 of m acts semisimply on u. An unpublished result of Kostant (a proof
can be found in [11] and [20]) shows that the distinct 3-eigenspaces of u are irreducible
m-modules. To describe these irreducible m-modules, choose a positive root system R™

and a proper subset J C I of simple roots such that

p=bh®Bacrt Ga @aeR‘} g-a,
m=h @QGR; +a,
U= Doept\rjBa
Define an equivalence relation ~ on R™ by a ~ 3 if and only if o — 3 € Q7 where Q
is the Z-span of Aj. An irreducible m-submodule of u is the direct sum of root spaces
which lie in a fixed equivalence class. The following is a standard simple exercise, but a

proof is provided for completeness.

Lemma 3.1. There exists a unique ad-nilpotent ideal ig of p which is irreducible as an
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m-module. In fact, ig = @ga and iy is abelian.

a~0

Proof. Assume we have fixed RT and J as in the discussion preceding the Lemma.
Let o,y € R* with a ++v € RT. If @ ~ 0, then v € RY since § — (o +7) € QT.
Hence, o + v ~ 6. It also follows that if « ~ 6 and v ~ 6, then o+~ € R™ since
0—(a+v)=(0—-a)+(—v) —0 ¢ Q". Furthermore, if & ~ 0 and 8 € R}, then
0 —(a— ) € Qysoa— [ ~ 6, which shows that iy is an abelian ideal of p. The fact
that ip is an irreducible m-module is a special case of the result of Kostant mentioned
before the Lemma.

If i is any other ad-nilpotent ideal of p, then xy € i. Hence, i contains the irreducible
m-module generated by xg; i.e., igp C i.

O]

We call iy the irreducible ad-nilpotent ideal of p. In other words, given a parabolic
subalgebra p of g containing b, a certain set of roots, namely the roots that determine
the irreducible ad-nilpotent ideal, can be associated canonically to p. It is not difficult
to see that different parabolic subalgebras could give rise to the same set of roots. For
example, let g be of type As. Suppose that RT is the standard set of positive roots,
and let p; and py be the parabolic subalgebras given by J = {1,5} and J = {1, 3,5}
respectively. For both p; and po, the set of roots that determine the irreducible ad-
nilpotent ideal is {6,0 — 1,0 — 5,0 — a1 — as}.

In this chapter, we give a necessary and sufficient condition for a subset S C R to
determine the unique irreducible ad-nilpotent ideal ig in some parabolic subalgebra of g
containing h. As a corollary, we prove that given such a subset, there exists a parabolic
subalgebra pg whose unique irreducible ad-nilpotent ideal is given by S and, if p is any

other parabolic subalgebra whose unique irreducible ad-nilpotent ideal is given by S,
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then p C pg. As a further consequence of our result, we write down explicitly all subsets
of R of the classical simple finite-dimensional Lie algebras which satisfy this condition.
For the exceptional simple finite-dimensional Lie algebras, the sets which satisfy this
condition are written explicitly up to Weyl-conjugation.

The following theorem follows easily from our discussion of weak F-faces:
Theorem 7. Let S C R. The following are equivalent:

(i) S is a positive weak F-face in R.

(i) wS=(0—QF)NR for somew €W and J C I.

(iii) S mazimizes some linear functional inside R; i.e.,

S={aeR|(pa)=>(unpB)VBeR}
for some p € P such that (u, ) > 0 for some a € R.
(iv) S={a€R| (ps,a) > (ps, ) ¥V B € R}, where 2ps =g @ and max pg > 0.
(v) Foralla,feS,a+ 3¢ RU{0}, and if vy € R\ S, then (y+ R)N(S+ S) = 0.

Before proving the theorem, we establish the following corollary. Given a non-zero

A € P, let py be the corresponding parabolic subalgebra of g; i.e.,

pr=mySuy, my=Dh @ Ota; UA= @ G-
{al(\a)=0} {al(Ae)>0}

Corollary 3.2. Let S C R satisfy the equivalent conditions from Theorem 7. Then,

(i) The unique irreducible ideal p, is given by S.

(ii) If p is another parabolic subalgebra of g containing b whose unique irreducible ad-

nilpotent ideal is given by S, then p C p,g.
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Proof. Let S ={a € R | (ps,a) = max pg}. To prove (i), it suffices by Lemma 3.1 to

show that

g = @ Yo

a€eS

is an ad-nilpotent ideal in p,, which is an irreducible m, -module.

Suppose that (pg, @) = max pg and (pg,3) > 0. Then, a + 3 ¢ R since (pg,a + 3) >
(ps, @), which shows that [u,s,i,,] = 0. On the other hand, if (pg, 3) = 0and o+ € R,
then (ps,a £ ) = (ps,®) = maxpg, and, hence, [m,g,i,,] C i,5. In particular, i,4 is
an ad-nilpotent ideal in p,.

Choose a positive root system R so that pg is dominant with respect to RT, in which
case, S C R" and # € S. To show that i,y is irreducible, suppose that o € S and let
0—o =Y, B; with 8; € R for all j. Since § € S and a € S, we have (ps,0 — ) =0,
so (ps,Bj) = 0 for all 1 < j < k. In other words, a ~ 6, and, hence, i, is the unique
irreducible ad-nilpotent ideal in p,.

To prove (ii), suppose that p is a parabolic subalgebra such that i,, is the unique
irreducible ad-nilpotent ideal in p. It suffices to show that (pg, ) > 0 for all @« € R such
that go C p and that (ps,a) = 0if goo C p. If @« € R and (B,a) > 0 for all 5 € S5,
then (pg, ) > 0. Suppose that g, C p and (3, ) < 0 for some 3 € S. Since f+ a € R,
98+a C ipg since i,, is an ad-nilpotent ideal of p. In particular, this gives that 34+a € 5,

SO

(ps, B+ a) = (ps, 3) = max pg

which implies that (pg,a) = 0. Finally, suppose that g1, C p. Then, either (3,a) =0
for all § € S or there exists a § € S such that either (5, a) < 0 or (8, —a) < 0. In either

case, we have shown that (pg,a) = 0.
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The remainder of this chapter is devoted to proving Theorem 7. The equivalence of the
first three conditions follows from Corollary 2.5 and Theorem 6. It is trivial that (iv)
implies (7i7), and, using Theorem 5, it follows that (i) implies (v). It now only remains
to show that (v) implies (iv). To prove this implication, we shall need the following

result. Note that (a, 3) > 0 for all a, 3 € S since « + 3 € R.

Lemma 3.3. Let o, € R. Assume that (3 is a long root and («, ) = 0. There exists

v,y € R with v € {«a, B} such that a + 5 =~v+7'.

Proof. Let {c; : i € I} be the set of simple roots, and assume without loss of generality

that « is simple, say o = «,. Set Iy = {ip}. For k > 1, define subsets I} recursively by
In={iel: (a0 <0 for some j € Ij_1}.

Since g is simple, I = U I,. Choose m minimal such that there exists i,, € I, with
k>0

(B,a;,,) # 0. Since iy, ¢ Ip—1 we pick iy,—1 € L—1 with (o, ;) < 0. Again,

im—1 ¢ Iym—2 since otherwise we would have i, € I,,,—1. In other words, we can choose

elements iy, € I\ Iy_q, with 1 < k < m such that (8, a;,) = 0 and(a;, , a4, ,,) < 0. Hence

@i, +--F o € Rforall0 <p<k<m. If (3,0,) <0, then (8,0, +--- + e;,) <0

P

forall 0 < p <m and so vy = o, + y + -+, + 8 € R. Since v — a4,y — B € R,

they are in particular non—zero and the Lemma follows from
aip + B = (i + iy + -+ + aiy, + 8) = (@i + -+ + aqy,)-

If (8, @,,) >0, then v = ajy+aj, +-- -+, € Rand alsoy = f— (o, +---+a;,,) € R.
It remains to prove that v ¢ {a, 8}. It is clear that v # o, since v — o, € R. Suppose

that v = 3. Then we have
(57/8) = (ﬁaaio +O[i1 + +aim) — (B)aim)'
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Since (3 is a long root this implies that we must have 8 = «;,, = 7. But this is impossible

since oy + @, + -+ 4, , € R and the proof of the Lemma is complete.

O]

We first prove that (iv) implies (i) when S is a subset of the set of long roots in R. For
a €5, set

at ={yeS:(a,7) =0}

We claim that for all a,, 8 € S, we have,
Hat = #4L. (3.1)

Assuming the claim, the proof that S = S(pg) is completed as follows. Since S consists
of long roots, we assume that (d,0) = 2if 6 € S and also that (J,5) < 1forall g € R\{d}.

If v € S and v # §, then we have 0 < (v,d) < 1 and so

(ps,v) = 2(5,7) =#S+1—#4-, y€S8S.
€S

Suppose now that v ¢ S. If (v,6) < 0 for all § € S, then (pg,7) < 0 and hence
v ¢ S(ps). Suppose that (7/,d) > 0 for some § € S. If §; € 6+ is such that (§1,7') >0

then we would have that 4; —~' + & € R. Since
oi+0=(001—-9+09)+~

it would follow that 4/ € S which is a contradiction. Hence, (7/,8+) = 0. But now, we

have

(ps:7) = D (61,9)+ D (01.7) S #S — #0 < #S+1—#5- = ps(0).

sre6t 51€8\51)

Hence, 7' ¢ S(pg) proving that S = S(pg).
It suffices to prove (3.1) when (a, 3) > 0, for, if (o, 3) = 0, then by Lemma 3.3, we can

choose v,7" € R such that a + 3 = v + 7/. By the conditions on S, this means that
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~v,7" € S. Using the fact that S consists of long roots, we see also that

(a, )+ (B,7) = (v,7) + (1,7) > 2,

which in turn implies that («,y) > 0 and (3,~) > 0, which gives
#ot = #yt = #6.

Assume now that (a,3) > 0. Let sq,sg be the reflections in W corresponding to the

roots a and (. It suffices to prove that
sasg(at) C Bt (3.2)
If v € o, it is easy to calculate that

Vs (736) =0,
50156(7) =

Y=B+a, (v,0)=1

In the first case, v € S(3). In the second case we have o + v = (7 — 8 + «) + 8 which
implies that v — 3+« € S. Since S consists of long roots, we get (y— 3+ «a, 3) = 0 and
(3.2) follows.
It remains to consider the case where S contains a short root. It suffices to consider
the case when S contains the highest short root since for each w € W, wS satisfies
(v) from Theorem 7 if and only if S does. Suppose first that g is of type G2, and let
a1, a9 be the simple roots with as being short. Assume that a; + 2as € S. Since
2(a1 + 2a9) = (201 + 3a2) + a2 and 27 + 3 € R, it follows that ay € S, but this is
impossible since a; 4+ 3 € R. Hence, the result is vacuously true for GGo. Suppose now
that g is of type Fy and suppose that S contains the highest short root. Then, a similar
argument proves

S=RnN(6— Q?LQB})’ ps = Twy.
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In this section, we explicitly write down all of the sets that satisfy the equivalent con-
ditions of Theorem 7 for the classical simple finite-dimensional Lie algebras. For an
explicit description of these sets (up to Weyl conjugation) in the case of the exceptional
Lie algebras, see Appendix. For the purposes of the following proposition, it is conve-
nient to use a slightly different notation for the set of roots. Let {¢; | 1 <i < mn -+ 1} be
an orthonormal basis for R"*!. For g of type A,, we set o = ¢; — €;41, 1 < i < n. For
g of types B,,, C,, and D, set a; = ¢; — ;41 if 1 < i <n — 1. Finally, we set o, = €5,

an = 2€, and ay, = €,_1 + €, for g of types B,, C, and D, respectively.

Proposition 3.4. Let S C R be such that if a,3 € S, then a + 8 ¢ RU{0} and if

vye€R\S, then (y+R)N(S+S)=0.

(i) If g is of type Ay, then there exist disjoint subsets i, j of {1,...,n+ 1} such that

Al

li]
S={ei—¢:i€ijej} PS:|j\Z€ip—|i|Z€jp~
p=1 p=1
(ii) If g is of type Cy, there exist disjoint subsets i and j of {1,...,n} such that

S = {Eil +6i2 :ilviQ € i}U{_(Ejl +€j2) :j17j2 ej}U{Ei — €5 (NS iv] Ej}a

ps=(lil+[+1) [ D &= ¢

i€ J€J
(iii) If g is of type By, then either
(a) there exist disjoint subset i and j of {1,...,n} such that
S={e—¢iei,jejiUf{es+te kleik#LU{—(ex+e€) kL] k#L}

ps=(il+ i -1 (D= ¢,

1€1 J€J

(b) or there exists i € I such that

+S ={e}U{e L€ i#7,1<j<n}, ps==x02n—1).
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(iv) If g is of type Dy, then either

(a) there exist disjoint subset i and j of {1,...,n} such that
S={e—¢:ici,jejiUf{es+te kleik#ALU{—(ex+e€) kL] k#L}

ps =1+l -1 (D e—> ¢,

i€i J€j

(b) or there exists i € I such that
+S={ete:i#j1<j<n},ps==E(2n—2).

Proof. The fact that these are the sets S that satisfy the condition follows from a case
by case consideration of the set of roots. Similarly, in each case, it is a simple task to
check that S = {a € R | (ps,a) = maxpg}. For instance, if g is of type A, for each
a€sS, (ps,a) =li|+|j|- If @ =€, —e &S, then either k ¢ i or £ ¢ j in which case,

(ps,a) < i+ jl-
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Part 11

Koszul algebras
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Chapter 4

Faces and Koszul Algebras

4.1 The main results

For this chapter, fix a complex semisimple Lie algebra g. Also fix a Cartan subalgebra h
of g, a base of simple roots A := {q; : i € I'} inside the root system R = R [[-R" C h*
and Weyl group W (with longest element w,). Let P D @ denote the weight and root
lattices respectively, and PT the set of dominant integral weights. Finally, fix a finite-
dimensional g-module V' that is not a direct sum of trivial g-modules (i.e., wt(V) # {0}.)

We now imitate some of the constructions in [6].

Definition. (i) Define V := @ V(p), V¥ .= @ V(w)*, where V(u) is the finite-
puepP+ nepPt
dimensional simple g-module of highest weight p.

(i) Given an associative C-algebra A, define A := AQV®® V. We will freely identify

A with V® ® A ® V without further mention.

The next result is taken from [6]. We need it to present our final main result for

A = Sym(V).

Lemma 4.1.
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(i) A is an associative algebra under the multiplication given by linearly extending

(a®@ fRU)(bRgRWw) :=g()a® few.

i) If A= Alk] is a grading on A, then A = Akl @ VO ®V is a grading
k>0 k>0

on A.

(i) If A is a Zy-graded g-module algebra such that g(Alk]) C A[k] Yk > 0, then A has

the same property.

(iv) The natural embedding V® @V — End 'V of g-modules given by extending f @ v —
(w — f(w)v) is an anti-homomorphism of algebras. Given p € PT, it restricts to

an isomorphism of algebras V (p)* @ V() — (End V(u))P.

The natural embedding V® @ V. — End V® given by f @ v — (g — g(v)f) is
a homomorphism of algebras. Given p € PT, it restricts to an isomorphism of

algebras V(p)* @ V(u) — End V(p)*).

(v) Under this isomorphism, the preimage of the identity element in (EndV (u))°P or

End V (u)* is the canonical g-invariant element 1, € V(pu)* ® V().

(vi) For p,v € P, we have

1,1, = 6,0, L,(VEV)=V(u)aV, (VE@ V)1, =V®e V().

(vii) Let 1, denote 14®1, € A. Then, 1,Al, =A@V (u)* @V (v).

Proof. (i) This follows from a straightforward calculation:

((a1®f1®v1)(a2®f2®v2))(a3®f3®v3) = (fg(vl)alag®f1®1)2)(a3®f3®1)3)

= f3(v2) fa(v1)arazas @ f1 ® vs.
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Similarly,

(a1 ® fiov)((a2® fa®@v2)(as® f3@u3)) = (a1 ® fi ®@vi)(f3(v2)azaz @ fo ® v3)

= f3(v2) fa(v1)arazas @ f1 ® vs.

(ii) This follows immediately from the definition of the multiplication.

(iii) g(A[k]) C (g-Ak)) @ VER V) + Akl ®g. (V)@ V+ Akl @ VE® gV C Ak ®

VeV = Ak

(iv) Let 1 : V¥ ® V — EndV be the natural embedding. It suffices to show that

01((f1 @ v1)(f2 @ v2)) = 1(f2 @ v2) 0 p1(f1 @ v1) for f1, fo € V® and vy,vp € V.

Let w € V. Then,

e1((frov)(f2@v2)(w) = @1(fa(v1)f1 @ v2)(w)

= fo(v1) fr(w)va.
On the other hand,
p1(fa@v2)op1(fi@v)(w) = ¢1(f2 @ v2)(fr(w)v1)
= fa(fr(w)vi)ve
= fi(w)fa2(v1)ve.

Thus, the natural embedding V¥ ® V — End V is an anti-homomorphism of alge-
bras.
Similarly, let 2 : V¥ @ V — End V® be the natural embedding. It suffices to

show that p2((f1 ® v1)(f2 ® v2)) = @2(fi ® v1) 0 Y2(fo ® v2) for fi1, f» € V® and

v1,v2 € V. Let g € V®. Then,

p2((frov)(f2@v2))(9) = pa(fa(v1)f1 ®v2)(9)
= g(v2) fa(v1) i
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On the other hand,

pa(fi@v1) opa(fo@v2)(9) = w2(f1 ®v1)(g(v2)f2)

= g(va)fa(v1) fa

Thus, the natural embedding V® ® V — End V® is a homomorphism of algebras.

Let idy(,) € (EndV(u))?? be the identity morphism. Note that (g.idy(,))(v) =
g-(idy () (v)) — idy(u(g-v) = gv —gwv = 0 for all g € g. In particular, idy ) is
g-invariant. The preimage of idy () in V(u)* ® V() under the isomorphism must

also be g-invariant.

Observe that (f®v)(g@w) =0ifv € V(u), g € V(v)* with p # v. This shows that
1,1, = 0if p # v. Under the isomorphism, 1,1, maps to the composition idy(,) o
idy (u) = idy (). Since 1, is the preimage of the identity element in (End V'(x))%
by definition, this shows that 1,1, = 1,,.

Write 1, = 3, & ®u; with & € V(u)* and w; € V(). Tt follows that 1,(f ®v) = 0
if f & V(u)*, and, similarly, (f ® v)1, =0if v € V().

Note that, for any f € V(u)*, >_; f(ui)§; = idy(,+(f) = f by the isomorphism
V(p)*®@V () — End V(p)*. Similarly, for any v € V(u), 32, &i(v)ui = idy(,)(v) = v
by the isomorphism V(p)* @ V() — (EndV(w))°P. In particular, 1,(f ® v) =
Yo fu)&@v=fuvforal feV(p)* ,veV,and (g@w)l, =g9g®) , &(w)u; =
g@w forall g€ V® w e V().

Finally, note that VE @V =3\ p  VIA)* @V =V® Q3 5. V(u). The result

now follows.
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(vii) This follows from (vi):
1,AL, = (1la®1,)(AV®PeV))(1la®1,)
= AV eoV)lael)

= Ao V(W V().

Definition. 1. Suppose ¥ C wt(V') is nonempty.
(a) Define <y via p <y v inh* < v —pu € 2.V, and define

dy(p,v) == min{z mg:v— = Z mgB, mg € Zy V3}.
Bevw Bev

(b) Given p,v € P, define [, v]y = (<g v) N (u <g), where
<gyvi={nePrin<gv}, p<e={necP:up<gn}

(¢) Define Ny := Z dim(V'),,.

pew

2. If A is Z, -graded and v <y p in PT, define
A‘I’(M’ V) = 1MA[d‘I/(V7 H)]ll/’

and for F C P*, define Ay (F) := @ Ag(p,v).
v<gpueF

3. If, in addition, A is a g-module algebra such that g(A[k]) C A[k] Yk > 0, then
define
A (w,v) = (Au(p,v)8,  AL(F) = (Ag(F))%, AY := AL (P™).
For instance, if V = g,q and ¥ C R, then Ny = |¥], as in [6].

We are now ready to state our main theorem, which this chapter is devoted to proving.
The proofs involve various categories of graded g x V-modules, with finite-dimensional

graded pieces.
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Theorem 4.1. Suppose ¥ = F Nwt(V(\)) where F' is some proper face of the weight
polytope corresponding to V().

Denote by S the algebra A with A = Sym(V'). Given p,v € P*, the algebras S§,(<y
v), 8% (1 <w), Sy, ([ v]w), and S§, are Koszul with global dimension at most Ny. More-
over, there exist i <y v € PV such that these bounds on the global dimension are

attained.

We now write down the other main results of this chapter, which will be used to prove

Theorem 4.1 as well. (We will prove the next three results in greater generality below.)

Theorem 4.2. Let G be the full subcategory of all g-semisimple Z 4 -graded gx V -modules
with finite-dimensional pieces, and let G be the full subcategory of finite-dimensional
objects in G. The set of simple objects in either category is in bijection with A =
Pt xZ,. Moreover, for all M € G, the module P(M) :=U(gx V) ®y(g) M is projective

~

mg.

These projective modules are used to construct explicit projective covers and resolutions

~

in G.

Theorem 4.3. Given (u,r) € A and 0 < j < dimV, define Pj(u,r) == P(N (V) ®

V(p,r)), where V(u,r) is simple in G and corresponds to (,7). Then
0 — Paimv (i, 1) = -+ — Po(p,r) = V(p,7) — 0
is a projective resolution of V(u,r) in G. Thus, for all j € Zy and (u,7), (v,s) € A,
Homg(N (V) @ V (), V(v)) if j=s—r;

Exté(V(,u,r), Vv, s)) =

0, otherwise.

For our last main result, we need some more definitions.
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Definition.

1. Given a set of simple objects I' C A, define G[I'] to be the full subcategory of G

whose objects have all Jordan-Holder factors only in I'.

2. Define a partial order < on A, which is generated by (u,r) < (u+B,7+1), for all

B e wt(V).

3. Suppose C is an abelian finite length category, whose objects and morphism sets
are C-vector spaces, and whose morphism sets are all finite-dimensional. We say

that C is directed if

(a) The simple objects in C are parametrized by a poset (I1, <), such that all sets
{€eTl: &< T} are finite (for all T € T1).
(b) For all simple objects &, 7 € C (and abusing notation, in 11 as well), Ext}(€, 1) #

0= &<,

4. (From [7].) Let C be an abelian finite length category with finitely many simples
whose objects and morphisms are C-vector spaces. Let I1 be the set of isomorphism
classes of simple objects. By abuse of notation, we also use Il to denote the simple

objects. We say that a partial order < on Il makes C a highest weight category if

(a) For each T € 11, there exists an object A(T) — 7 in C, such that the Jordan-
Holder factors & of the kernel satisfy & < T.

(b) For each T € 11, there exists a projective cover P(1) — A(T) — 7, such that
the kernel of the first map has a finite filtration with factors A(), each of

which satisfies: € > T.

Theorem 4.4. For allT' C A, G[I'] is directed. IfT" C (A, <) is finite and interval-closed,

then G[I'| is a highest weight category with A(t) = 7 VY7 € I'. G[I'] is anti-equivalent
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to the category of modules over a quasi-hereditary, finite-dimensional, basic, Z-graded

C-algebra B(T).

4.2 Preliminaries

Notation. Unless otherwise specified, all tensor products are over C. Suppose a is a Z-
graded Lie algebra, a = @nzo a,, where ag is a non-abelian reductive Lie algebra, and
each a, is a finite-dimensional completely reducible ag-module. Define a, := @n>0 a,.
Let ap = g @ bho, where g := [ag,ap] = n~ & h S nT is semisimple (with this triangular
decomposition), and ho = 3(ag). Let QT C b* denote Z, RT = Z, A. Fix a Chevalley
basis 2 for « € Rt and set hy := [Za,2Z_a). Let {a; : i € I} denote the set of simple
roots, and define h; := hq, Vi € 1.

Given a weight A\ € PT x b, one defines the ap-module, V()), as being generated by a

vector vy modulo the relations

tox=0;  hawy=Ah)uy YV heEb® b (g Y P)Fy =0 Vi e I.

n o

Finite dimensional examples of this setup include r-Takiff Lie algebras g[t]/(t") where
r € Z4+ and g is semisimple, semidirect product Lie algebras g x V where g is reductive
and V is a completely reducible g-module, and parabolic Lie algebras associated to good

gradings of semisimple Lie algebras [8].

Classification of graded or finite-dimensional simple modules

We now develop our theory in this setup (in parallel to [5, 6]), with the eventual
intention of applying it to undeformed infinitesimal Hecke algebras U(ag x ap) [12, 14].
Our first result describes all simple finite-dimensional a-modules (or graded a-modules

with finite-dimensional pieces) for certain a - in particular, when a is finite-dimensional.
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Proposition 4.2. Suppose M is a simple a-module.

(i) Suppose a and M are finite-dimensional. Let af be the sum of all trivial g-
submodules of ay, and @' be its complement as a g-submodule of ay. Then M =
V(A) for some M|y (as g-modules), with o/ .M = 0 and where by & a¥ acts by a

character on all of M.

(ii) If M is Z4-graded with finite-dimensional pieces, then M is of the form V() and
concentrated in a unique degree v € Z (where X\ € PT x b}). For distinct (A, 1),

these simple modules are pairwise nonisomorphic and

Homg(V/(A,7), V(p,s)) =0, if (A7) # (1, s)

Homg(V(A,7), V(A1) = C.

Thus, G may be perceived as a non-semisimple deformation of the category of finite-
dimensional g-modules. Moreover, a special case of the last part motivates the study of

graded representations:

Corollary 4.3. Suppose a is finite-dimensional and aﬂ_ = 0. Then every simple finite-

dimensional M is of the form V(X) for some X (so apM =0).

(Thus, this is similar to the situation when M is graded.) For example, this result could

be applied to r-Takiff Lie algebras g[t]/(¢") for any r > 0, where g is semisimple.

Proof of Proposition 4.2. Define b := hdhodnt @a. Notice that by = [b,b] C nT Ha,.
Since a is finite dimensional, by is solvable; hence, b is solvable as well. By Lie’s theorem,
b has a simultaneous eigenvector my € M with h-weight .

We now claim that nt @ o’ kills m). To see this, note that n* = [h,n"] C [b, b], which
kills my. Similarly, a’ has a basis of h-weight vectors a,, and if v # 0, then a,m) = 0,

since it has weight v + A # A. It remains to show that aj.my = 0. By the structure
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of finite-dimensional representations of semisimple Lie algebras, every aj € aj is in
[n:, a’ u] for some 0 # p € h* (since there is no copy of the trivial g-representation in
a’). This proves the claim.

Note that hg @ai acts by a character (7, say) on m) and commutes with all of g. Hence,
M =U(n")my is of the form V(\), and ho @ af acts by n on all of M =V ()).

The second part is now standard. Suppose M is graded with finite-dimensional pieces.
Then, it has a lowest (nonzero) graded component, say M|[r]. One checks that @, . M|s]

s>r

is then a proper a-submodule of M. By the simplicity of M, @,., M|[s] is trivial, so
M = M]|r] as desired. Moreover, M|[r] is a finite-dimensional g-module, so we are done

by the previous part (and ay acts by 0). O

Truncations by grading; tensor structure

We now mimic the constructions in [5] in this more general setup. First, we make the
following observation: since ag is reductive, all finite-dimensional ag-modules need not
be completely reducible; however, if we restrict to modules that are semisimple for hy =
3(ap), then this does hold. Thus, we will work henceforth with ho-semisimple modules
only. (If need be, the reader may assume that we work with all modules, assuming that

ap is semisimple.) We start by defining three subcategories of hp-semisimple a-modules:

e Let F(ap) denote the (full sub)category of finite-dimensional hg-semisimple ag-

modules. This is a semisimple tensor category.

e Let G be the category of all Z,-graded a-modules V' with finite-dimensional -

semisimple components V[r] (so V[r] € F(ag) Vr).

e Let G (defined previously only in a special case: a; = a; = V()\)) be the full

subcategory of finite dimensional objects in G.
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In both G and G. , the morphisms are graded maps of a-modules.

~

A covariant functor ev : F(ag) — G(C G) can be defined by ev(V)[k] := 0 if k& > 0,
and ev(V)[0] :== V with a; ev(V) := 0. Now define the grading shifts 7 : G — G by

(rsV)[k] :== V[k — s| YV € G, k,s € Z... Finally, define
VA7) i=1(ev(V(N)) VA€ PT x b, 7 € Zy.

One now defines G< as the full subcategory of G whose ob jects V satisfy V[r] = 0Vr > s.

Then G<s C G<» C G Vs < r € Z,. Moreover, if we define V55 := P, ., V[r] for V € 5,

r>Ss
then Vg = V/Vis € G<s. Furthermore, if f € Homé(V, W), then V<4 is contained in

the kernel of the canonical morphism f : V — Wcg; hence, there is a natural morphism

fgs (S Homgés (Vgs, Wgs)-

Lemma 4.4. The functor F : G — G<, defined by the assignment V +— V<, and f — f<,

1s full, exact, and essentially surjective.

Proof. Let V € G<,. Considering V' as an object in 3, we have V5, = 0; hence, V = V.,
as objects in G<;.
Let 0 = V 4 X % W — 0 be a short exact sequence in G. Since g is a surjective

morphism in g, 9(Xsy) = Ws,. Thus, 0 — V5, ey Xor &5 W, — 0 is a short exact

sequence in G also. Applying the Snake Lemma, we get that 0 — V<, ﬁ X< I=r,
W<, — 0is exact in § . Since G<, is a full subcategory of 3 , the last sequence is also an
exact sequence in G<,.

Finally, for objects V and W in QA, suppose that ¢ € Homg_, (V<,, W<,). Let 7y, :
V — V<, and my, : W — W, be the projection maps. Since each graded component

of V is finite-dimensional, we can construct a morphism f : V — W in G such that

pomy, =mw, o f. Then, ¢ = f<, by definition.
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Thus, F'is a full, exact, and essentially surjective functor.

Next, one defines a tensor product on 3 via
(VeW)k =& Ve Wik -1,
iEZJr

with the convention that V[i] := 0 Vi < 0. Then, similar to [5], we have

Lemma 4.5. Suppose a is Z4-graded, as above.

~

(i) Ufay)€d.

(i) IfV € G< and W € G<s, then VW € Gy, whence G C § are tensor categories.
(i) 7V =V @ V(0,s) and 7,os(V @ W) = 7.(V) @ 7s(W) forr,s € Zo, V,W €G.
(iv) Foralls>r,V €G, and M = M[r] € G, (VOM)<s =Ves—p @M.

Proof. (i) Let z; € aj, for 1 < i < k. We define a grading on U(ay) by stipulating
k
that the grade of the element zyxs...z; € U(ay) is Z]z Furthermore, we say
=1
that U(ay)[0] = C. Suppose that z; € aj, and x5 € csz. By construction, zyxe —
xzox1 € U(ay)[j1 + jo]. Since a is a graded lie algebra, [z1,x2] € aj,4j,; hence,

[z1,z2] € U(ay)[j1 + j2)- In particular, the grading is well-defined.

For each n > 0, notice that U(a)[n] is generated by elements of the form zjzs...x
with x; € aj, such that Zle Ji = m. Since each j; > 0 and each aj, is a finite-
dimensional ap-module, we must have that U(ay)[n]| is a finite dimensional ag-

module. Thus, U(a) € G.

(ii) It suffices to show that (V ® W)[k] = 0 for all & > r + s. Since V € G<, and

W € G<,, we can write V = @V[z] and W = @W[]] Then, if & > r + s,
i=1 j=1
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(iii)

(V@ W)[k] = @iez, Vi) © W[k — i] = 0 since for each i € Zy either i > r or

k—1>s.

Let V € G. Then, for i € Z,, 7,V[i] = V[i—s]. On the other hand, V @V (0, s)[i] =
P VIk@V(0,s)[i - k]. Note that V(0,s)[i — k] = 0 except when i — k = s. Thus,
kJEZ+

Ve V(0,s)i]=V[i-s®V(0,s) = V[i — s]. Since the graded components of the

modules are equal (isomorphic), 7,V =V ®@ V (0, s).

Suppose V, W € G. Letic Zy . By definition,

Tras(VRW)[i] = (VR W)[i —r — 5] @V |@WIi—1r—s—k|.
k€Z+

Similarly,

(nVerWil= @ rVilenWli-j= @ Vii-rleWli-j- s
JEL+ JEL+

In the second case, recall that V[j —r] =0 if j —r < 0. Letting k = j — r, we have

(VerW)il= P VI @ Wi —r—s— k| = 7qs(V @ W),
keZy

First, consider the natural map V ® M — V<,_, ® M. Note that (V ® M)[k] =
Dsez, VIk—s| @ M[s| = V[k —r]®@ M[r] = V[k —r] @ M. The assertion now

follows.

4.3 Projectives, resolutions, and truncated subcategories

We begin with some more notation. By Proposition 4.2, the set of simple objects in both

G and G is parametrized by A := Pt x b x Z,. We define a partial order < on A as

follows:
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First, say that (u,s) covers (A\,r) if s > r and p — A € wt(as—,). Define < to be the
transitive closure of this relation. In particular, (A, 7) < (i, 7) = A = p.

Given V € G, define [V : V(A,7)] to be the multiplicity of V (A, r) in a composition series
for V; given W € G, define [W : V(A,r)] := W<, : V(AN r)] and A(W) := {(\,r) € A:
[W V(A )] > 0}. Notice that [W : V(A,r)] = dim Homg, (V(\), Wr]).

Our first result involves the construction of projective objects in G. For each (A7) €A,
define P(\,7) := U(a) ®y(qy) V(A,7), whence, as vector spaces, P(\,r) = U(ay) ®
V(A r). Thus, P(\,r) € G, and

P\, r)[k] =U(ag)[k —r] @ V(A r) VE.
Note that P(A,7)[r] = 1® V(A,r) is generated as an ag-module by py , := 1 ® vy, the

unique maximal vector (up to scalar multiplication).

Proposition 4.6. Let (\,r) € A.
(i) P(A\,r) is generated as an a-module by py,, modulo the relations
wpar = (h=AW)par = 0; ()" py, =0 Vi€l hebh@hb.

(ii) IfV € G, then P(V) := U(a) QU(a) V = Ulay) ® V is projective in G and surjects

onto V.
(iii) P\, r) =P(V(\, 7)) 2 P(0,0) @ V(A7) inG.

(iv) Given r < s in Z4, the modules P(\,1)<s are projective in G<s, and P(\,7)<s =

P(0,0)<s—r @ V(A, 7).

(v) As ag-modules, we have P(0,0)[k] = U(ay)[k] = S¥)(a), where

SW(a):= @  Sym"(a)®-- @ Sym"(az).
(Tl,...,rk)EZﬁ_:
Z?le’r]‘:k
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(vi)

Let (pu,s) € A and K(\,r) be the kernel of the canonical projection P(A\,1) —»

V(A 7). Then [K(A\,7): V()] #0= (A7) < (1, 5).

(vii) If V € G, then dim Homg(P(\,7),V) = [V : V(A,7)] and

Homg(P(A,7), V) = Homg, (V(A), V[r]).

Proof. (i) U(a).pa, = U(a).(1 ® vr,) = U(a) @y(ay) V (A, 7) where the last equality

(iii)

comes from the fact that V (A, r) is generated by vy, as an ag-module. The relations

follow immediately since v} , satisfies the same relations.

Similar to the discussion preceding the proposition, P(V) = U(ay) ® V. Then,
for Veg, P(V) e G since U(ay) € G. To show P(V) is projective in G, suppose
W:M—»Ninéandn:P(V)HN. Restrict n to get a map n : V — N as
ap-modules. Now consider 7 as a map of ag-modules. By complete reducibility
of ag-modules, 7 has a splitting ¢ : N — M, so we have an gg-module map
pon:V — M. This induces the desired map of a-modules (where we forget the

ar-action on V' C P(V') now; ay acts on U(a) by left multiplication):
9 :P(V)=U(a)V = U(a) ®y(ay) V — U(a)M = M.

Thus, P(V) is projective for all V' € G. Moreover, idy : V — V is an ag-module
map, so it extends as above to a surjection P(V) — V in 6 In fact, we have
0—a;Ulay)®V —P(V)—V —0inG.

As vector spaces, we have P(A,7) = U(a;)®@ V(A,r). Similarly, P(0,0)@V (A, r) =
U(ay) ® V(0,0) ® V(A 7). Since V(0,0) = C, this shows that P(\,7) = P(0,0) ®
V(A7) as vector spaces.

Consider po,o ®vy . Note that U(a).(po,o ®vx,) = P(0,0)®@V (A, r). We show that
P0,0 ® vy, satisfies the defining relations for P(A,r).
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Let x € n*. Then,
z.(Po,0 ® Uar) = T.p00 ® Uxr + P00 @ 0N, = 0.
Let h € h. We have
h.(po,0 ® var) = h.poo @ Var + Po,o @ vy, =04 poo @ A(R)vr, = A(h)po,o @ va .

Finally, note that . .poo = 0 and consider (x YARi)H

i

(Po,o ® va,):

(J?Ei)/\(hi)ﬂ(po,o ® U)\,r) = (xa_i)A(hi)+l-p0,0 QU + P00 X (x;i)()\(hi)+1-v>\,r =0.

This gives a surjective morphism P(\,r) — P(0,0) ® V(A,7) in G, and the result

now follows.

Recall from Lemma 4.4 that the assignment V' — V<, is an exact functor. Since
P(A,r) is projective in G and P\, 1)<s # 0 for r < s, P(\,7)<s is projective in
G<s.

Now, since P(\,r) = P(0,0)@V (A7), P(A\,r)<s = (P(0,0)®V (A, 7))<s. Applying

Lemma 4.5, (P(0,0) ® V(\,7))<s = P(0,0)<s—r ® V(A r), which proves the claim.

From (4.3), P(0,0)[k] = U(ay)[k]®@V(0,0), so P(0,0)[k] = U(a4)[k] since V(0,0) =
C. It remains to show the second isomorphism. The case k£ = 0 is obvious since
U(a4)[0] = C. Let £ > 0. For s > 0, define U(at)<s to be the subset of U(ay)
spanned by the set
{ar1as...a; | a; €ar 1 <i<j<s}

Set Ulay) K<, i= Ula) [ N Ulay) <.

Notice that U(ay)[k]<s C U(ay)[k]<t for s < t. Furthermore, by construc-
tion, U(a;)[k]<sU(at)[k]<t C U(ay)[k]<st+t, so the subspaces U(ay)[k]<s form
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an increasing ag-equivariant filtration of U(ay)[k]. Since U(ay)[k]<, is finite-

dimensional, we have the following isomorphism of ag-modules:

(Ulap))[Fl<r Zao (Ulay))[k<r1 ® (U(ay))[k]<r/(Ulay)) [kl <r

1

a  (Ulao))[k]<r—1 & S"(ay)[K]
where the second isomorphism is a consequence of the PBW theorem. By a down-

ward induction on r, it follows that

k
Ulas) K] ey @ 57 (a1)[K] = Sym(as) 4]
r=1
Let n = (ng > ngs—1 > ... > n1 > 0) be a partition of k. Define V(n) to be the

subspace of Sym(a)[k] spanned by elements of the form z,xs_1...x1 where z; € a;.

Let z5z5-1...x1 € V(n) and z¢ € ag. Then,
S
20 (TsTs—1...21) = Z$3$5_1...1Ui+1[130,l‘i]CCZ'_]_...CC]_ € V(n).

i=1
For each n, V(n) is therefore an ag-submodule of Sym(a.)[k].
We now have that Sym(ay)[k] = @V (n) where the sum is taken over all partitions
of k. For each partition n of k, we have a corresponding k-tuple (1,72, ...,7%) € Zgo
defined by setting r; equal to the number of times ¢ occurs in the partition, and,
thus, 2?21 jrj = k. Note that for each partition n, V(n) is precisely the natural

embedding of Sym™ (a;)®Sym" (as)®. .. Sym'*(ax) into Sym(a, )[k], and the result

follows.

(vi) [K(\,r) @ V(p,s)] = dimHomg, (V (), K (X, 7)[s]), so we must have r < s since
K(\,r)[k] =0 for all £ < r. Suppose that [K(A\,r): V(u,s)] # 0. By the previous
observation, it follows that K (A, r)[s] contains a highest weight vector of highest
weight p. Since K (A, 7)[s] = P(A\,7)[s] for all s > r, K(\,r)[s] = U(ay)[s —r] ®
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V(A, 7). By Steinberg’s formula [10], u — A is a weight of U(ay)[s — r|. Finally,
note that the weights of U(ay )[s —r] are of the form > y; with ; € wt(a;,) and

Zle ji = s —r. Thus, (A\,7) < (u,s).

(vii) We first show that Homg(P(A,r),V) = Homg,(V(A),V). Since P(A,r)[r] =
V(A r), if f € Homg(P(A,7),V), the restriction f : P(A,7)[r] — V][r] defines a
morphism in Homg, (V' (X),V(r]). P(A,r) is generated as an a-module by pj ,, so
every morphism in HomgA(P (A, 1), V) is completely determined by its action on pj .
If g € Homg, (V' (A), V[r]), define f € Homg(P(A,r),V) via f(pxr) = g(vr) where

vy € V(X)) is nonzero.

From the comments preceding the proposition, we know that [V : V(A r)] =
dim Homg, (V/(A), V[r]). Since Homg(P(A,7), V) = Homg, (V(A), V), we are done.

O

We can now show that G has enough projectives.

Proposition 4.7. If V =V|r] € é, then 'V is semisimple in é, and P(V') is its projective
cover in QA In particular, P(\,r) is the projective cover of its unique simple quotient

V(A\r)inG

Proof. Since V € G, V[r] is a finite-dimensional ag-module, and we can write V|[r] =
;. , Vi with each V; a simple ap-module. For each i, 7.(ev(V;)) is a simple module in
G. The fact that V is semisimple in G now follows by noting that V = B, mr(ev(V7)).
To see that P(V') is the projective cover of V' in QA , suppose that P is any other projective
object in G which surjects onto V. The natural non-zero map P — P(V) must be
surjective in degree r. Moreover, P(V') is generated in degree r, so P(V) is a quotient of

P, and the result follows. ]

o6



Since a = g X V' is just a special case of a considered in this section, we have enough

information to prove Theorem 4.2 in more generality:

Proof of Theorem 4.2. By Proposition 4.2(ii), the set of isomorphism classes simple ob-
jects in G (and @) is in bijective correspondence with A. The fact that P(M) is projective

in QA for all M € QA was shown in Proposition 4.6(ii). O

We have now shown that G has enough projectives. We note, however, that G does not

have enough projectives. In fact, the category G does not contain any projective objects:

Proof. Suppose that P is projective in G. Because P is a finite-dimensional ag-module,
P must have a simple quotient V(u, s), and P[k] = 0 for all k£ > n for some n € Z.
Consider the module M := P(u,S)<ny1 € G where P(u,s) is the projective cover of
V(u,s) in G. M surjects onto V' (u, s) in G. Since P is projective in G by assumption,
we now have a non-zero map f: P — M in G.

Notice that M is cyclic since it is a quotient of the cyclic module P(u,s), and, thus,
the map f: P — M is surjective. However, this is impossible since 0 = f(P[n + 1]) C

M[n+ 1] #0. 0

Next, we produce a projective resolution of each simple object inside G. Given () € A

and j € Z4, define
Py, ) = P((Way) ® V(7)) = Ulay) ® (Way) ® V() € .

In particular, Po(p,r) = P(u,r), Pj(p, ) = P;(0,0) @ V (i, r), and Pj(u,r)[s] equals 0 if
s<r+7.

Now define d; : Pj(p,7) — Pj_1(p,r) for j > 0 by linearly extending the following map:

o7



dj(u® (/\lei) ®v) = 01 + 6, where u € U(ay),v € V(u,r),z; € ap Vi, and

J

0, = Z(—1)8_1U$3 &® (/\z;ésxz) ® v,
s=1

by = D (1)U ® ([ws, 2] A Aipspai) @ v,
s<t

Also define do : Po(p,7) — V(p,7) via do(u @ v) := uv. Thus, dj = D ® idy(,,y, where
D is the Koszul differential on the Chevalley-Eilenberg complex (tensored with V' (u,7)).

In particular, D is exact.

Proposition 4.8. (i) For all j € Zy and (p,7) € A, Pj(p,r) is projective in (j, and,

if [Pj(p,7) : V(A 8)] >0, then (p,7) < (A, s).

(ii) The following is a projective resolution of V(u,r) in G:

dn, n dn—
. _+} Pn(/‘ar) d—> nfl(ﬂar) —} i) Po(M,’l“) ﬂ) V(/L7T) — 0.

Proof.

(i) By Proposition 4.6, Pj(u,r) is projective for each j. Suppose [P;(\,7) : V(u,s)] >
0. Then, Homg, (V (1), Pj(A,7)[s]) # 0, whence r < s. Therefore, P;(X,7)[s] =
(U(ay ® May)[s —r] ® V(A7) has a highest weight vector of highest weight pu.
It now follows from an argument analogous to that from Proposition 4.6(vi) that

(A7) < (s 5).

(ii) We first check that every d; is an a-module map. It is clear that dy is an a-module

map, so we need to check for j > 0.

Let a € a, v € U(ay), v € V(A7) and z; € ay for 1 < i < j. Consider a.dj(u ®

/\gzlxj ®v):
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a.dj(u® /\lej ®v) = a. st':l(fl)s_luxs ® (Nigsi) @ v+
a. Zs<t(—1)5+tu @ ([ws, 4] A Nits i
= (Ol (1) laums ® (Aigsi) ® v+
et (D) au ® ([2, 2] A Nigsai) @)
This is, by definition, d;j(au ® /\gzla:j ®@v) = dj(a.(u® /\{lej ®v)), so d; is an
a-module map.
Hence, d; is a morphism in G for all j > 0. From the discussion preceding this

proposition, the sequence is now exact in G.
O

Corollary 4.9. Forallj € Zy, dj(u®a®v) = (u®1)d;j(l®a®v) for allu € U(ay),

a € Nay, veV(u,r). In particular, (imd;)[s] =0 Vs < j+r, and

(imdy ) [5) ey Por 11 7)[5] o /\ 01 ® V(1)

Proof. [(As in [6].)] For the first statement, note that the a-action is just given by left

multiplication in the first term. If u € U(ay), then
u(l®a®v)=(u1)(I1RaRv) =uRa®v
for all @ € AVay and v € V(u, 7). Since d; is an a-module map, we have
diu®a®v)=dj(u.(1®a®v)=udij(l1®a®v) =(u®1)d;(1®a®v).

Next, for each j € Z4, Pj(p,r)[s] = 0 for all s < r+j. Since (imd;)[s] = d;(P;(p,7)[s]),
we must have (imd;)[s] =0 if s <r 4 j.

Finally, suppose s =r + j (i.e., j = s — ). By exactness, (kerd;)[s] = (imd;4+1)[s], and
(imdjy1)[s] =0 since s <r+ (j+1). Hence, ds—p(Ps—r(t,7)[s]) Zay Ps—r(pt,7)[s]. O
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Finally, we address the issue of truncating. For each I' C A, define G [I'] to be the full
subcategory of G whose objects are the V € G which satisfy A(V) C I'. We also define
G[T'] to be the full subcategory of G[I'] whose objects are finite dimensional. We now
show that for suitable subsets I' C A, the truncated subcategory G [['] still has enough

projectives. A few prerequisites are required for this.

Proposition 4.10. Given V = @kez+ V[k] € C?, suppose that V' is an ag-submodule of
V, V(A7) is an ag-submodule of Vr], and V(u, s) is an ag-submodule of V[s] for some

Ap € PYx bl andr <sinZs;.
(i) If as—p.ux C V' where vy € V(A 1)y, then as_,.. V(A r) CV'.

(ii) If the composite & of the action and projection as_, @ V(A1) — V[s] = V(u,s) is

nonzero, then (u,s) covers (\,r).
(iii) If ExtG(V(A,7), V(i s)) # 0, then (u, s) covers (A,r).

In the proof, we need the Borel subalgebra b™ := b @ ho & n™ inside ag, where n* is the

positive nilpotent subalgebra inside g C ag.
Proof.

(i) Comsider v € V(\,r), v = by...bgvy with all b; € ag. We prove the claim by
induction on k. For k = 0, we have as_,.vy C V' by assumption. Suppose we know

the result for fewer than k terms from ag and v = by ...bgvy. Let a € as_,.. Then,
a.v = a.b1 e bkv,\ = Z bl e bi_l[a, bi}bi_;_l e bkv)\ + (bl e bk)(w)\.

For all 4, [a, b;] € [as—r, ap] C as—, so each summand is in V' by induction.
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(i)

(iii)

We first claim that the composite map & : as—, @ V(A7) — V(u, s) is surjective.
To see this, first note that the action map as_, @ V(\,r) — V]s] is an ap-module

map:

Let ag € ag, as—y € a5, and v € V(A, 7). Then,

ap.(as—r ®v) = ([ag, as—r] @V + a5—yr ® ag.v — [ag, Gs—y|.V + as_r.a0.v = ag.(Gs—p.V)

The projection V[s] — V(u, s) is also an ag-module map, so & is an ap-module map.

Since ¢ has nonzero image inside V(u, s), £ must be onto.

Furthermore, since £ is nonzero, as_,.V (A, r) # 0; hence, the maximal vector vy €
V(A7) is not killed by all of as_,. Since as—, ® Cvy is a U(b™)-submodule of
as—r @ V(A 1), &(as—, ® Cvy) is a nonzero U(b™)-submodule of V(u,s). Since
¢(as—r ® Cuy) is finite dimensional, it must contain a highest weight vector in
V(p,s). In particular, v, € {(as—r ® V(A, 1)) where v, € V (1, s),.

Inside V[s], as—,.v) contains an element of weight i, which gives p— X\ € wt(as_).

Thus, (A, 7) < (i, s).

Suppose 0 — V(u,s) =V — V(A,r) — 0 is an extension in G.

If r = s, then the extension is an extension of ag-modules, and, thus, it splits by
ap-semisimplicity.

o~

If r > s, Vis] is an a-submodule of V. V[r] is an a-module complement to V[s]

V(u, s), and the extension splits.

Suppose that r < s and as_,.V[r] = 0. Then, V[r] is an a-submodule of V', and the

extension splits.

Thus, if the extension splits, we must have » < s and as_,..V[r] # 0. By the
previous part, (u,s) covers (A, r).
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Definition. Suppose V € G and T C A.
1. Define Vi to be the set Vi := {v € V[r]y: (\,7) € T,nTv = 0}.
2. Define Vp := U(ag)Vi", and V' :=V/Vj\r.

3. Let'V 7, U be a morphism in G. Define the ag-module map fr : Vr — Ur by

T = flv.. Since 'wr) C Unr, we also have a natural map : — Up.
fr = flvi- Since f(Vayr) C Un, Iso h map f7:VE = U

Our next two results are useful for producing enough projectives in truncated subcate-

gories G[I'].
Proposition 4.11. Suppose V € G and T C A.

(i) Vr and V' are Z. -graded ag-modules with all Jordan-Holder factors in T. If T is

finite, then Vr and V' are finite-dimensional.

(ii) If Vr is not an a-submodule of V', then there exist (v,s) € A(V)\T and (\,r) €

I'NA(V) such that (v,s) covers (A, r).

Proof. (i) Vris an ap-module by definition. Define Vr[k] to be the ap-module generated
by the v € VF+ N V[k]. This defines a grading of V1 as an ap-module. Suppose that
V(u, s) is a Jordan-Hoélder factor of Vi, so Homg, (V (1), Vr[s]) # 0. In particular,
there is a highest weight vector v in Vr[s] of highest weight u, whence (u, s) € ' by

definition.
The analogous statements about V! follow similarly.
Suppose now that I' is finite. Each graded component of V' is finite-dimensional, so

VFJr is finite since it consists of the highest weight elements from a finite number of
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graded components of V. Finally, consider VI'. If VI'[s] # 0, then V[s] # Varlsl,
or, in other words, Vp[s] # 0. Since T is finite, this can only occur for a finite

number of s. Thus, VT is finite-dimensional as well.

Let v e VFJF. If ag.v C Vp for all k, then by Proposition 4.10, a.U(ag)v C V. Since
Vr is not an a-submodule of V' by assumption, there exists k£ € Z, and v € VF+

such that ax.v € Vr for some aj € ag.

Without loss of generality, we may choose v to be in V[r|y for some (\,r) € T,
whence aj.v € V[r + k] \ Vp. Choose an ag-module complement U of Vi in V € G.

Then, there exists (v,r + k) such that the composite ap-module map

0, @V(N\T) =V >U—>Ulr+k] - V(v,r+k)

is nonzero. By Proposition 4.10, (v,r + k) covers (A, r).

Now suppose that I' is interval-closed as well.

Proposition 4.12. (i) If for each (A, 1) € A(V)\L, there exists (u,s) € T" with (A\,r) <

(i)

(1, 5), then Vi € G[T| and VMY € GIA\ T).

Suppose that, for each (A, r) € A(V)\T, there exists (u,s) € T' with (\,r) > (u, s).

Then, Var € GIA\T] and VT € G[T].

(iii) Suppose 0 — V , U -2 W — 0 is a short ezact sequence in G. Then, U satisfies

the condition from (i) (respectively, (ii)) if and only if V. and W both satisfy the
condition from (i) (respectively, (ii)). Moreover, if U satisfies the condition from

T
(1) (respectively, (it)), then 0 — Vp Jr, Ur 25 Wr — 0 (respectively, 0 — VT 7z,

r ~
U 2 W' —0) is a short exact sequence in G|I').
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Proof.

(i) By Proposition 4.11(i), it only remains to show that Vr is an a-module in this
case. Suppose Vr is not an a-submodule of V. By Proposition 4.11(ii), we can find
(v,k) € A\T and (A, r) € T such that (A, r) < (v, k). By assumption, there exists
(1, 8) € T such that (v, k) < (u, s); however, this contradicts the interval-closure of

I'. Thus, Vr is an a-module.

(ii) This follows by emulating the proof of the previous part: Suppose that Va\r is not
an a-module. By Proposition 4.11(ii), we can find (v,k) € I and (A\,r) € A\ T
such that (A\,r) < (v, k). By assumption, there exists (u,s) € A\ ' such that
(1, 8) < (v, k). However, this contradicts the fact that I is interval-closed, so Vj\r

is an a-module.

(iii) As ap-modules, we have that Ulk] = V[k] ® W[k| for all k € Z,. It follows
that Homg, (V' (A),U[k]) # 0 if and only if at least one of Homg, (V()A), V]k]),
Homyg, (V' (X), Wk]) is non-zero, so A(U) = A(V) U A(W). The first part of the
statement now follows.

As for the second part, if U satisfies (i), then Vp C Ur in QA[F] As graded aop-

modules, we already have Ur = Vi & Wr, so we must have a short exact sequence

in G[I']. The case when (i) holds is similar.

O]

We now use these preliminary results to obtain enough projectives in certain truncated

subcategories.

Proposition 4.13. Suppose I' is finite and interval-closed. Assume (A, 1), (u,s) € T
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(i) P\, 7)Y is the projective cover of V(\,7) in G[U]. In particular, G[U'] has enough

projectives.
(i) [POLr) : Vi, 8) = (PO : Vg, s)] = dim Homgyy (PG, 5)7, PO 7)),
(iii) The map f +— f' defines an isomorphism
Homg(P(\,7), P(s1,5)) — Homgiry(PO\, )7, P11, 5)°).
(iv) For all (u,s) € T and j € Zy, Pj(u,s)' € GI']. Moreover, the induced ezact

sequence

dit1 r dn r dn-1 dy r d
T Pn(/,L,S) — n—l(/%s) — .. —>P0(,U,,S) —>V(M73) —0

is a finite projective resolution of V(u,s) in G[I'].
Proof.

(i) By Proposition 4.6(vi), (A\,7) < (v, k) for all (v, k) € A(P(A,r)). In particular, for
cach (u, s) € AP\, 7)\T, (A, ) < (1, s). By Proposition 4.12(ii), P(\, 7)€ G[T.

Furthermore, since T is finite, P(\, )" is finite-dimensional by Proposition 4.11(i).

Let K be the kernel of the surjection P(\,7) — P(\,r)'. Given (u,s) € T, apply

Homg(—, V' (1, s)) to the short exact sequence

0— K — P(\7r)— P\ =0

in G to obtain the long exact sequence

-+ — Homg(K,V(n,s)) — EX‘%(P(A,T)F, Viu,s))

— Ext(lj(P()\,T), Vp,s)) — ...,
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Since P(),r) is projective in G, Exté(P(/\,r), V(p,s)) = 0. By Proposition 4.12,
K = P(\,7)a\r as objects in G; thus, Homg(K,V(u,s)) = Oforall (u,s) € I'. Com-
bining these gives that Exté(P(/\, ),V (i, 5)) = 0 for all (u,s) € T. Furthermore,

since P(\,7)!' € G[I'], we have

Exté[r](P()\,r)F, Vip,s)) = Exté(P()\,r)F, Viu,s)) =0,

for all (u,s) € T, so P(\,r)' is projective in G[I']. Finally, P(\,r)' is a cyclic a-
module since it is a quotient of the cyclic a-module P(\,r). If P’ € G[T'] is projective
in G[I'] and P’ surjects onto V (A, r), then there is a natural non-zero G[I'] morphism
P' — P(\,r)I'. The restriction of the map to P'[r] — P(\,7)l' = V(\,r) must be
surjective, so the morphism P’ — P(\,r)! is a surjection since P(\, ) is generated

in degree . Thus, P(\,7)! is the projective cover of V(A7) in G[I'].

(ii) The first equality follows from Proposition 4.11. The second inequality follows by
noting that P(u,s)" is generated by P(u,s)"'[s] = V(u,s). Proceeding as in the
proof of the last part of Proposition 4.6, we see that Homgr) (P (1, s, P, =

Homg, (V (1), P(\,7)"'[s]), which gives the result.

(iii) Choose a nonzero f € Homg(P(A,r), P(u,s)). Then, f(pr,) € P(u, s);, which
gives fI' # 0. Thus, the map Homg(P(A, 1), P(p, s)) — HOHIg[F}(P(/\,T)F, P(u,s)")
given by f — fI is injective.
By the previous part, we know that [P (s, s) : V/(A,r)] = dim Homgr)(P(A, ', P, s)1).
By Proposition 4.6(vii), we also know that [P(u, s) : V/(A,7)] = dim Homg(P(A, r), P(u, 5)).
In particular, Homg(P(A, ), P(u, s)) and Homgr) (P(A, T, P(u, s)V) have the same

dimension, whence the map is an isomorphism.

(iv) By Proposition 4.8(i), if (u,s) € A(Pj(A,r)) \ T, then (A\,7) < (&, 5).
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It only remains to show that the resolution terminates after finitely many steps.
For each V € G, V[k] # 0 only if (A, k) € T for some A. Note that Pi(\,7)[k] =0
for all k < r+j. If s € Z; is the largest such that (\,s) € I for some A, then

Pj(\, )t =0 for all j > s —7.

4.4 Undeformed infinitesimal Hecke algebras

For this section, we assume that a; = a; is an ag-semisimple finite-dimensional module
(i.e., a3 € F(ag)). There are many examples of such algebras, including cominuscule
parabolics and quotients of realizations of type-ADE affine Lie algebras associated to
the folding of the Dynkin diagram given by an order 2 diagram automorphism.
Clearly, a; is an abelian ideal in a, of graded degree 1. Thus, P;(\,7) = P(MNa1@V (A, 1))
is generated as an a-module by its degree r + j component. This motivates our search
for Koszulity in the picture.

We begin by restating and expanding on some of the results from the previous section
in this simple case. For all (u,r) € A, the kernel K(u,r) of the canonical surjection
P(u,r) — V(u,r) is generated as an a-module by K (p,7)[r + 1] = a1 @ V(u, 7).

In this case, a; is an abelian subalgebra of a. As ag-modules, we know P(u,r)[r + k] &
U(ay)[k] ® V (i, 7); hence, P(u,r)[k] = Sym*(a1) @ V(u,7) as ag-modules.

Furthermore, by Proposition 4.6(vii), we have

Homg (P (v, s), P(u, 7)) = Homg, (V/(v), Sym™™"(a1) ® V().

If N = dimaj, then Aa; = 0 for all j > N. Therefore, 0 — Py(u,7) — --- —
Py(p,r) — V(u,7) — 0 is a finite projective resolution of V' (u,r) in G.
We now compute all Ext groups between simple objects in G (as in [5, 6]):

67



Proposition 4.14. For all j € Z4 and (u,7), (v,s) € A,

{ Homg, (May @ V(u),V(v)) ifj=s—r;
Extjé(V(,u, r),V(v,s)) =

0, otherwise.

Proof. Truncating the above projective resolution to obtain the short exact sequence

dj— ~
0 — imd; — Pj_1(u,7) == imd;_; — 0 in G yields
Ext]é(V(u, r),V(v,s)) = Extg(imd; -1,V (v,s)).
Moreover, applying Homg(—, V (v, s)) gives the exact sequence

0 — Homg(imd;—1,V(v,s)) — Homg(Pj—1(p, 1),V (v, s)) —

Homg(imd;, V (v, s)) — Exté(im dj—1,V(v,s)) — 0.

We now claim that Homg(imd;, V(v,s)) = 0 if j # s —r. To see this, first note that,
by Corollary 4.9, imd; has no graded component of degree less than j + r, whence

Homg(imd;,V(r,s)) =0if j <s—r.

Moreover, by Corollary 4.9 again, for v € (imd;)[s],

v = Z(Up ® 1)d;(1 @ wp),

with w, € Aa; ® V(u,7) and u, € U(ay)[s —r — 4] for all p. If j +r < s and
f € Homg(imd;, V (v, s)), then f(d;(1 ® wpy)) = 0 Vp since d;(1 ® wp) € (imd;)[r + j],

whence f(v) = 0. This proves the claim, and, thus,
Exté(V(,u, r),V(v,s)) = Exté(im dj—1,V(v,s)) =0Vj#s—r.

Now suppose j = s — r. By Proposition 4.6, Ps_,_1(u,r) is the projective cover of
ATl @ V(p,r) in G since A" la; ® V(u,7) is concentrated in degree s — 1. By
the note preceding the lemma, we know that Ps_,_1(u,7) is generated in degree s — 1;
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thus, every morphism Ps_,_1(u, ) is defined by its action on Ps_,_1(u,7)[s — 1]. In

particular, Homg(Ps_r_l(u,r), V(v,s)) = 0; hence,

Extfj_r(V(,u, r),V(v,s)) = Ext(lj(im ds—r—1,V(v,s))

1

Homg(imds—,, V (v, s))

g
=~ HOHlaO ((lm dsfr)[s]v V(V))
= Homg, (A "a1) @ V(u), V(v)),
where the final isomorphism follows from Corollary 4.9. [

Notice that this is a general case of Theorem 4.3; thus,
Proof of Theorem 4.83. This follows from Proposition 4.14. O

We next prove a result on the Ext-groups inside truncated subcategories G[I'| where T’

is a finite, interval closed subset of A.

Proposition 4.15. Suppose I' C A is finite and interval-closed. For all (u,r), (v,s) € T’
and j >0,

Extg iy (V (1 7), V(v, 8)) 2 BxtL(V (1), V (1, 5):

Proof. Let (u,s) € T'. By Proposition 4.8, we have a projective resolution Ps(u, s)
of V(u,s) in G, while Proposition 4.13 shows that there is a projective resolution
Pyo(i1,5)! for V(A\,r) in G[T]. Moreover, for all (\,7) € T, Homg(P;(p, s), V(A,1)) =
Homg ) (Pj(, s)', V(A, 7)) by Proposition 4.13. Now using Proposition 4.12, the natu-

ral map between the following complexes
HOHIQ\(P. (N? 8)) V()U ’l“)) - Homg[F] (P‘(Na S)Fv V()‘v ’I"))
is an isomorphism. O
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We end this section by proving Theorem 4.4 in greater generality.

Proof of Theorem 4.4. For each I' C A, the objects of G[I'] are the finite-dimensional Z -
grade a-modules with Jordan-Hélder factors in I'. By finite-dimensionality, all objects
in G[I'] must also be finite length, whence G[I'] is a finite length category. Restricting
the partial order < on A to I', we know that the simple objects in G[I'] are parametrized
by the poset (I',x). For each (A\,7) € I, {(u,s) € ' : (u,s) < (A, r)} is finite since
each a; is finite-dimensional. Proposition 4.10 shows that (T, <) is directed, so G[I'] is
directed for all I" C A.

Next, if I' is finite and interval-closed under <, then Proposition 4.13 shows that
each simple V(\,7) = A(V(\,7)) € G[I'] has a projective cover P(\,r)'". Moreover,
[P\ 2 Vi, s)] = [P(A7), V(g s)], so, if (u,s) € T and [P\, )" : V(u,5)] # 0,
then (A, r) < (u, s) by Proposition 4.6. Thus, G[I'] is a highest weight category.
Finally, suppose I' is finite and interval closed, whence G[I'] is a highest weight category.

Define

PTM):= @ P(\r), BT :=EndsP(T), B'(T):=Endgp(PI)").
(Ar)el

We can rewrite these to obtain

%(F) = @ HOHI@(P(ILL,’I”),P(I/, 8))
(m,7),(v,8)€l

and, similarly,
B'C)= € Homgp(P(p,r)", P(,s)").

(p,r),(v,8)€l

Using Proposition 4.6 and Proposition 4.11, it follows that

B(I) = @D  Homg(P(p,r), P(v,s))

() <w (v,s)€l

@ Homgp (P(u, ), P(v,s)")
(p,r)=Sw (v,s)€T

= BI(D).

I
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Notice that B(I") is graded via

B(I)[k] = B  Homg(P(A\r), P(u,r — k).
(A7), (pr—k)eT

It is standard that

Homgry(P(I)", =) : G[I] — Mod —B(T)

is an equivalence of categories. It follows that B(I") is finite-dimensional from the fact
GII'] € G. Since G[I'] is a highest weight category, Mod —B(I") is also a highest weight
category, so by [7],8(I") is quasi-hereditary. Simple modules over B(I") correspond to

simple modules V(A,7) in G[I']. Thus, the simple modules in B(T") are given by
Homg(P(F)F, V()V T)) = HOHIg(P()\, T)Fa V(Aa T)) = C,

whence B(T") is basic.
Finally, by Proposition 4.14, the global dimension of B(I") is at most ~ max _|r — s|.
(A7), (ps)€T

O

4.5 Faces of polytopes and Koszul algebras

We now work toward proving Theorem 4.1.

Henceforth, ap = g is a semisimple Lie algebra, and ay = a; € F(ap), with [h, a;] # 0.
In other words, a; is not a sum of trivial g-modules, and, equivalently, S := wt(a;) # {0}.
Fix a nonempty positive weak Q-face ¥ C §. Note that S is W-stable, so the sum of
all of the elements in § is W-stable. Thus, the origin is an interior point of the convex

hull of §, so by Theorem 5, W satisfies the following condition in S:

If Z a0 = Z bsB3, for an,bg € Z, (4.1)
acv peS

then Z o < Z bg, with equality if and only if 3 € ¥ whenever bg > 0.
a B
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Given a weight £ € P of g, define S(§) :={pn € S : (i,§) = maxs}.

For convenience, we recall the following from Definition 4.1:

If ¥ C wt(a1) and p, v € b*, we say p <y v if and only if v — p € Z V. Furthermore, if
w <g v, then

dy(p,v) = min{z mg:iv—p= Z mgf, mg € Z4 Y3}
Bev Bev

In the following proposition, we define a partial order <y on A which is a refinement of

the partial order <. Notice that (i, r) < (A, s) if and only if A — p = Z myv with
vewt(ay)
my € Z4 for all v € wt(a;) and Z my =s—r.
vewt(ar)

Proposition 4.16. Suppose ¥ C S = wt(a1) is a positive weak Q-face of wt(ay).
(i) <w is a partial order on h*. For alln <g p <y v,
dy(n, 1) + dw(p, v) = dw(n,v). (4.2)

(i) W induces a partial order <y on A = Pt x Z, given by

(n,7) <w (p,7") if and only if n <w p and dy(n, p) =" — .

If T C A is interval-closed under <w, then, if (u,r),(\, ") € T and (p,7) v
(A7),

(u,r) < (v,7) < (A ") = (v, ") €T

(iii) Suppose & € PT with maxg& > 0. If we set ¥ := S(€), then {u € PT : p <y n}
is finite for every n € PT. Similarly, if ¥ := S(=£) or S(w.(&)) where w, is the

longest element of W, then {u € P* :n <y u} is finite for every n € PT.

Proof. (i) For all ¥ C S, it is clear that <y is reflexive and transitive:
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Suppose that pu,v,A € b*. Since p —p =0€ Z VU, p <y p. Ifp <g v <y A,
A—v €Z ¥V and v —p € Z W, and transitivity follows by noting that A — p =
A=v)+(v—p) € Z47.
Now, suppose ¥ is a positive weak Q-face of wt(a;) and suppose that u <g v and
v<gp Let v—p=>3 5 4rs0and p—v =73 5y mgB with rg,mg € Z; for all
(. Combining these gives

0= Z(Tﬂ +mg)p.

Bev

Since W satisfies (4.1), we have 0 = rg + mg, so r3 = mg = 0. In particular,

v — i = 0 which gives antisymmetry.

Next, given that p <y v, suppose that
vV— = ngﬁ: ngﬂ
Bev Bevw
Applying (4.1) to each sum gives > 5.4 75 < > 5cq M < Y gey rp, Which shows
that dy(u,v) is taken over a singleton set. This uniqueness and the fact that

A—p=(A—v)+ (v—p) shows that dy(u,v) + dy (v, ) = dg(u, ).

Reflexivity and asymmetry both follow from the fact that dy (i, 1) = 0. Transitivity
follows from equation (4.2): if (u,7) <w (v,7') v (A, r”), then p <g A and

d\P(:Uﬂ /\) = d\IJ(Na V) + d\IJ(V; )\) = (T/ — 7’) + (T” — T‘l) =" —r.

Now, suppose (,7) < (v,8) < (A, t) and (u,r) <w (A, t) € T'. Then, by the remark
t—s s—r

preceding the proposition, we can write A — v = Z Giand v — pu = an, where
i=1 j=1

Bi,nj € wt(ay) for all 4, 5.

Since \—p=A-—v)+wv—p)and (t—s)+(s—r)=t—r=dv(p, ), Bi,n; € ¥

for all 4, j. This gives (u,7) v (v,8) <w (A, t), so (v,s) € I.
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(iii) If p, & € PT, then writing 4 as a nonnegative rational linear combination of simple
roots (by [10, Exercise 13.8]), (i,&) > 0. If p <y n, then ({,7 — p) = kmaxg ¢ for
some k > 0. We now have 0 < (&, ) = (§,1) — kmaxs & < (§,n). In particular,
{n € PT | p <g n} is the intersection of the discrete set P™ with the compact set

Neb* 10<(EN) < (&)} Thus, {pe PT | p<gn} is finite.

The result for ¥ = §(—¢) now follows in a similar fashion by noting that n <y u
implies that (n,—¢&) < (u,—¢) <0.

Finally, consider ¥ = S(w,(£)). Recall that (1, ws(£)) = (wst(n),£), so maxs wo (&) >
0. Furthermore, since —w,(£) € P*, for every u € Pt we must have (£, ) < 0.
For all 4 € PT such that n <g p, we now have (£,7) < (&) < 0. Thus,
{n € PT | n <y u} is again the intersection of P* with a compact set; hence,

it must be finite.

O]

We mention that the following is also a partial order on A: (n,7) <%y (p,7) if p <g 7
and dy(p,m) = r' —r. If a1 = gqq, this partial order, <, is the one considered in [6];
however, we will work with <g exclusively.

In what follows, we need some standard results on semisimple Lie algebras and their

finite-dimensional modules. We quote the following lemma from [6].

Lemma 4.17. Suppose g is a complex semisimple Lie algebra, V € F(g), and A\, u € PT.

Let {x£  h; :i € I} be Chevalley generators of g. Define V¥ :={v eV :ntv =0},
(i) dimHomg(V(X),V) =dim(VT NV)).
(ii) As vector spaces,

Homg(V @ V (), V(N) = {veVi,: (J:Z[i)“(hi)ﬂv =0 = (a )Mh)H1y),
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We now proceed as in [6]. Our first result involves g-modules. Recall the following from
Definition 4.1:

Define Ny := 3° cydim(ar),. Given p,v € P, define [, v]y = (<y v) N (1 <w),
where

<yvi={nePrin<gv}, p<w={neP’:p<yn}

Lemma 4.18. Suppose ¥ C wt(ay) is a weak Q-face of wt(ar). Define Ay € P by

)\\1; = Z (dim(al)u)p.

pnew
(i) Ifv,v+ Ay € PT, then dim Homg(AM a; @ V(v), V(v + Ay)) < 1.
(ii) Given n € P*, there exists v € Pt such that v,v + Ay € PT are both regular,

n < v, and the above bound is attained.

Proof. Applying Lemma 4.17, Homg(/\N‘I’ a1 @V (v),V(r+Ag)) has the same dimension

as {v e (A" ar)xy | (zf) )Ly = (25 ) AR+ 4 = 0} Tt follows that

Ny Ny
dim Homy (/\ V), V(v+ )up)) < dim (/\ a1> .
Ay

Suppose that AN z; € (AN a1)y, with z; € (a1)g,. Then, SN 8; = Ay. By (4.1),
B; € W for all i. Therefore, (A" A1)y = /\“ep(/\dim(“l)“(al)u) is one-dimensional, and
the first statement follows.

For the second statement, define ¢; := n(h;) € Z4 and d; := Ay(h;) € Z. Let v be a
non-zero vector in (A™ aj)y,. Since AM¥ a; is a finite-dimensional ag-module, there

exists k > 0 such that ¢; + d; + k € N for all 7 and

(m+ )c¢+k+1

(€7

Vo= (x;i)cﬁdﬁkﬂ.v = 0.

Let p:= ),y wi, and define v = n+2kp > n. Then, v(h;) = n(h;)+2kp(h;) = c;+2k >
2k > 0 and (v + Ay)(h;) = ¢; + d; + 2k > 0 for all i. Furthermore, from Lemma 4.17,

Homg(/\N‘I’ a1 @V (), V(p+ Ag)) = Cv. 0
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We now adapt the earlier analysis to this setting. Fix some (A, r) € A, and define
Al<w A1) = {(r,5) € A (15) <w (A1)},

Let I' € A(Xw (A, 7)) be interval-closed under <y. We now show several results con-

cerning the category G[I'|, which provide a key step towards proving Theorem 4.1.

Lemma 4.19. Suppose that I' C A(xw (A, 7)) is finite and interval-closed under <y .
(i) If Homgr(P(v,t)", P(n, s)") # 0, then (n,s) <w (v, t).
(i) If Extly (V(n,s), V(1) # 0, then (1,5) <w (v,t) and j = dy(n,v).

(iii) gldimG[I'] < Ny. For some (A\,7) € A and some T' C A(Kw (A, 1), the upper bound

18 attained.

Proof. First, note that I' is also interval-closed under <, whence all the earlier results
apply here:
Suppose (v1, s1), (v2,s2) € I' and (v1,81) < (A, 8) < (12, 82). Then, (v1,s1) < (12, 82) <

(w4, 1), so by Proposition 4.16, (v1, s1) <w (12, s2) and, furthermore, (A, s) € I'.

(i) Suppose Homg (P (v, t)T, P(n, s)') # 0. Then, it follows that Homg(P(v,t), P(n, s)) #
0, and, by Proposition 4.14, Homy(V (v), Sym'™*(a1)®V (1)) # 0. Using Lemma 4.17,
v is a highest weight of Sym'™*(a;) ® V(). Hence, v —n is a weight of Sym’~*(a;),
and we can write v —n = tifgi where &; € wt(ap) for all i. On the other hand,

i=1
(n,s), (v, t) v (A7), which gives

A—n:Zmuu,ZmM:r—s; )\—V:Znu,u,ZnM:r—t.
pnew new pnew pew
Then, A —n = (A —v) + (v — 1), which gives
t—s
A== Yt 36
pew pew i=1
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t—s
Furthermore, Z my=r—s=(r—t)+(t—s) = Z nuu—t—z 1. By (4.1),& € ¥ Vi
pnew pew =1
whence (n,s) v (v, ).

(ii) Suppose Exté[ (V(n,s),V(v,t)) # 0. By Proposition 4.14 and Proposition 4.15,

I]

j =t — s and Homg, (A a; ® V(n),V(v)) # 0. Using Lemma 4.17, this means that
v — 1 is a weight of Afa;. The result now follows from an argument identical to

that for the previous part.
(iii) Since G[I'] is finite length, it suffices to show that if (1, s), (v,t) € I', then

Ext/(V(n,s),V(v,t)) =0,  Vj> Nyg.

Now if Ext’

gm(V(n,s),V(y, t)) # 0, then, by the previous part, AJa; # 0. In

particular, this means that j < Ny, which proves that gldim G[I'] < Ny.

Next, use Lemma 4.18 to produce v € PT such that
Ny
dim Homyg, (/\ a @V, V(v+ )\‘1,)) =1.

Choose r € Z,, and suppose (v,7), (v + Ag) € I'. By Proposition 4.14 and Propo-

sition 4.15, Extg[‘lﬁ(V(u,r), V(p+ Aw,r+ Ny)) # 0, so gldim G[I'] = Ny.

The following result is shown just like its analogue in [6].

Lemma 4.20. Let A be an associative C-algebra; define A .= A®@V @ V&, Suppose

U C wt(ay) satisfies (4.1).

(i) If A is a Zy-graded algebra, then Ag(F) is a graded subalgebra of Ay (G), for all

FcGcP .
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(i1) Suppose A is also a g-module algebra with g(A[k]) C A[k] Vk. Then A% is also a
Zy-graded algebra: A%[k] := (A[k])S. Moreover, if F C G C P, then AY(F) is a

graded subalgebra of AY(G).

Proof. (i) Recallthat Ay(F)= P Aw(y,v). Define Ay(F)[kl= &  Awlpv).
v<gueF purveFvgpu
dy (v,u)=k

Then, if p, v, \,n € F and v <g u,n <y A,

Ag(p,v)Au(An) = 1L A[de(v, p)]1,15Aldw(n, A)]1y
C oualuAldy(v, w)]Alde(n, N1,

If v # A, then Ag(p, v)Ay(A,n) =0. If A = v, then n <g p and

Ag(p,v)Aw(v,n) C 1,A[dy(v, p)]Alde(n,v)]1,
C 1,Aldw(v, 1) + dw(n,v)]1, >
= 1uA[d\1/ (777 M)] Ly
where the last step follows by Proposition 4.16. Therefore, Ay (F') is Z4-graded for

all F C Pt.

(ii) It suffices to show that AY (F)is graded for all F C PT. Fork € Zy,let A} (F)[k] =
(Ag(F)[k])®. We only need to show that Ay (F)[j]AL(F)[k] C AY(F)[j + k] for
all j,k € Z. However, this follows immediately from the grading on Ay (F') and
the fact that the product of two g-invariant element of A is also g-invariant.

O]

We are now ready to approach Theorem 4.1. We need to relate the category G[I'| where
I is finite and interval-closed under <y with an algebra of the form S§,(F) for some F.

Define the projection map 7y : A = PT x Z, — PT.
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Lemma 4.21. Fiz (u,r) € A, and let ' C A((n,7) <w) be a finite, interval-closed

subset. Then, B(I')P = 8§ (m1(I)), and gldim B(T') < Ny.

Proof. By Proposition 4.14 and Lemma 4.19, if Homgry(P (v, s)", P(u,7)") # 0, then
(1, 7r) <w (v,s) and Homg(V (v), Sym* " (a1) ® V(n)) # 0. Moreover, as vector spaces,

we have

1,8% [dy (1, v)]1, = (V ()" @ Sym® ) (a1) @ V(u))®
=~ Homg(V (v), Sym™ ") (a1) @ V(1))

= Homg(P(v,r + dy(p,v)), P(i,7)).

However, the product of the terms 1,8y, [dy (i, v)]1,, is from left to right, whereas com-
position of terms in Homg(P(v,r + dy (i, v)), P(u, 7)) is from right to left. This shows
that B(T")? = S§,(m1(I")). The bound on the global dimension follows from Theorem 4.3

and Lemma 4.19. O

Theorem 8. IfI' C A((i,r) <w) is finite and interval closed under <y, then B(I")P =

S (m1(T)) is Koszul as a graded C-algebra.

Remark. Similar statements to Theorem 8 and Lemma 4.21 exist for finite, interval-

closed subsets I' of A((u,7) <w), and the proofs are similar.

Proof. Let F = m1(T), and let A = S§,(F). For each (u,s) € I, let S, be the simple
left S§,(F)-module corresponding to the idempotent 1, and let P, := S§ (F)1, be its
projective cover. Then, [P, : S,] = dim(1,8%(F)1,). The subalgebra 1,S% (F)[j]1, =

(V(v)* @ Sym? (a;) ® V(u))® is isomorphic to Homg(V (v), 327 (a1) ® V (1)), so

dim(1,8% (F)[j]1,) #0 = < v, j = du(v, ).
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By Theorem 4.3, the category, C, of finite-dimensional S§,(F)-modules is equivalent to

the category G[I']. By Lemma 4.19,
Exté(S,,,S#) #0 = v <y pu, j=dgv,pn).

This shows that the all products of the matrices H(A,t) and H(E(A),t) are lower
triangular.

Forv<gpuekF,
(H(E(A), —t)H (A, 1))

=Y H(E(A),~t),cH(A t)e,
(er

— Z (—1)dw Emydu(Em+de [P, . 5] dimEth‘I’(é’“)(S@Sﬂ)
v<w&<wp

=N N (—1)7[P, : Se] dim Ext} (S, S,)

720 v<gt<uyp

= ¢4 3™ (1) dim Ext}(P,, S).)
320

=94, #td\l/(%/ﬁ) = o
Thus, the matrix H(E(A), —t) is the inverse of the matrix H(A,t), so A = S§(F) is

Koszul by [1, Theorem 2.11.1].

4.6 Proof of the main result

For this section, g = ag is semisimple, a; is a finite-dimensional g-module with § :=
wt(ar) # {0}, and ¥ := §(¢) for € € —PT.
By Proposition 4.16, for all (n,7) € A, m (A((n,7) <w)) = {p € PT : n <y p} is finite.

We use this observation without mention throughout the rest of this section.

Proposition 4.22. The algebras S§(p <w),S% ([, v]w), S§(<w v), Sy, all have left
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global dimension at most Ny, and there exist u <g v in A for which this bound is

attained.

Proof. By Theorem 8 and Lemma 4.21, the result holds for the first two algebras.
Suppose p € PT, let S, be the simple left S?I,—module corresponding to the idempotent
1, € S?I,. Its projective cover in the category, S?I, — mody, of finite-dimensional left
S?I,—modules is P, = Sgplu. As in the proof of Lemma 4.21, p <y v if 1VS?I,1M # 0, so
we have

Syl = EB 1,831, = Sy (1 <w)lp.

u<gv

As in Proposition 4.6, we see that [P, : S,] > 0 = p <g v. This yields a projective
resolution

=Pl — P, —P,—8,—0

of S, in 8§, —mod; such that [Pﬂ :Sy] >0 = u <y v. Therefore, we can consider this
as a projective resolution of S, in the category of finite-dimenional S\%(,u <y) modules,
which we denote by S§, (1 <) — mod;.

Thus, for all u,v € P+, we have

: J
dlmEth?I,(ug\p)—modf(Sﬂ’ Sy), w<gv

dim EXt]S?I,—modf (S, Su) =

0, otherwise

By Lemma 4.21, we know that dim Extég

(u<\p)(8"’s”) = 0 for all j > Ny. Therefore,
v \H>

Sy, has global dimension less than or equal to Ny.
The result for S§,(<y v) is proved similarly, replacing p <g by [u, V]w.

O

We will conclude this section with a proof of Theorem 4.1. To that end, we will need

the following proposition.
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Proposition 4.23. For all p <y v € P*, the algebras SY,, S§,(n <w), S§, ([, v]w), and

SY(<w v) are all quadratic.

Proof. By [1, Corollary 2.3.3] and Theorem 8, S§, (1 <w) and S§,([11, v]w) are quadratic.
It remains to show that S§, and S (<y v) are quadratic. Consider the canonical map
IIg : T'(a;) — Sym(ay), and let IIg : T — S be the map Ilg = 1 ® IIg ® 1. We naturally
identify the ag-submodule of T2 (a1) generated by the set {r®@y—y®@x | z,y € a1} with
A*(a1), so kerIlg is the ideal of T'(a;) generated by the set A*(a;). For each F ¢ P+

that is interval closed with respect to <y,

Os(Ty(F) = Ts( D V()" @ T(a)[de(v,n)] @ V(v))
v<gneklF

= EB]/ <gneFV(n)" els(T(m)dy(v,eta]) @ V(v)

= P Vi eSa)dsv.n e V)

v<gneF

= Sy(F).
Furthermore, since Ilg is an ag-module map, we can consider the restriction Hg] Fi=
H%ITg(F) : TH(F) — S§(F). For k = 0,1, we know that TY, (F)[k] = S§(F)[k], so

ker IT§| p[k] = 0. Suppose k > 2. Then,

k—2 2
ker I [pNTY ()] = P Ve Y TV(ae \wm)@TF %) |eV(y)e.
plygv j=0

dw (p,v)=k

By Lemma 0.1, for each u <y v € F with dy(u,v) =k and 0 < j < k — 2, we have

(V) @ T (a) @ AXar) @ TFI"2(a1) @ V(p))® =
2 .

Y (V)T (a) @ V)V @ N@) @ V(E€)AV(E) @ TF7 % (a1) ® V(u)?
AEeP+

Applying Lemma 4.17, we see that
VE)y@Ti(a) eV £0 — A<v
V@A (@)@ V()P40 = &<

(V) @TF 72 (am)@V(p)P#0 = p<t
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In fact, we have that (u,0) < (§,k—j—2) < (A k—J) < (v, k). Applying Propo-
sition 4.16, p <y & <g¢ A <g v, and dy({,\) = (k —j) — (k —j —2) = 2. Thus,
(V(v)* @ T (a1) @ A*(a1) ® TF772(ay) ® V(1))® is in the ideal of TE (F) generated by
ker ITg|p N'TY, (F)[2].

In particular, we have shown that ker II§|p is generated by ker IIg|p N Ty, (F)[2]. To

finish the proof, we only need to show that
Ty (F)[2] = TG (F)[1] ©xe (yj0) T4 (F)[1] = S§(F)[1] ®sg ()07 Sy (F)[1]-
To verify this, first recall that

TL(M] = @ L(VE@a V)i,
u<greF;
dy (p,v)=1

From this, we obtain

Ty (F)[1] Qe (F)[0] Ty (F)[1]

= P (IA(VZ @ a1 © V)L @pg gy 1 (VE @ a1 ® V)?1,)
plgr,E<gAEF,
dq;(/ub,l/):dq/(g,k):l
= @ (1)\(V® ® al ® V)91€ ®T?I,(F)[O} 1V1V(V® ® al ® V)glu)
plg,ESyAER,
dy (p,v)=dw (§,X)=1
= &y (IAM(VE® a1 ® V)*Lel, @qg ()0 L(VE @ a1 @ V)1,)
plgv,E<gAEF,
dy (p,v)=dy (§,\)=1
= P (IA(VP @ a1 @ V)*L, @qo ()0 (VO @ a1 @ V)?1,)
plgv<gAEF;
dw (1,v)=dy (v,)=1
a (L\(VP0a ®© V)i, ©1,(V'®a @ V)i,
u<gv<gAeF;
dy (p,v)=dy (r,\)=1
= ) (VI @ueV(@)te V() @aeV(w)?)

u<gv<gAEF;
dy (p,v)=dy (v,\)=1

P (v eaeaaV(u)?
LSy AEF]
dw (1,A)=2

12

I
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where the last isomorphism follows from Lemma 0.1 and Proposition 4.16. Finally,
notice that, by definition,
D (vyemeaeVw)= @ (VO @T*a)o V() =T (F)2].

u<yAEF; u<yAEF;
dw (1,A)=2 dw (1,A)=2

Therefore, ker ITg | is generated by
ker TIg|p N (T4 (F)[1] @8 (o) T (F)[1]),

whence S}, (F) is quadratic.

O]

We can now give the long awaited proof of Theorem 4.1. It remains to show that
the algebras in question are Koszul. Theorem 8 gives the result for Sg\y(ﬂ <y) and
S% ([, v]w). By Proposition 4.23, S§, and S§,(<y v) are quadratic, so, by [1, Theorem

2.6.1], we only need to show that the Koszul complex is exact for S§, and S§,(<y v).

Proof of Theorem 4.1. Let A = S} and let F = PT or F =<y v. Then, for any
we P A(FN (1 <y)) is Koszul, whence it has an exact Koszul complex. We now wish
to consider the relationship between the Koszul complex of A(F) and A((p <¢)NF).

Let N"(F) = N} g, and let K"(F) = A(F) ® 4(pyjo) N" be the r" term in the Koszul

(F)

complex for A(F'). Notice that N"(F) = @ N"(F)1,. For each u € PT, we see that
nepP+

N'(F)l,= @ LN (F)1, =N (FN(u<e)ly

u<lgrePt
Furthermore, K" (F @ A(F) @a(ryo) N'( @ K, (F), so it suffices to
neEPT nepP+t

show that ker 8T|K;(F) C &«H(KZZH(F)) for each p € PT and r € Z*. Recall that
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1,1, = 6y, for all v,n € PT. Applying 4.6, we now have

Ki(F) = D AF) @y LN (F)1,

plgv

= @ A(F) @ A(F)[0] 1y1§NT(F)1M
ulwv,§

= @ A(F)ly ®A(F)[O] 1§NT(F)1#
/‘S‘l’yzg

= @ A(F)l,, ®A(F)[O] @ 15]\7T(F)1‘u

p<gv p<w§

= A(F N (k<)) @arnu<e)o] N (F N (1 <w)).
Furthermore, if f, is the isomorphism for each r, we have that f,.00,4; ‘K[;(F) = Or410fr11
for all 7 > 0. Thus, we obtain ker 9| ) C Or1(KTH(F)). Since this is true for all

p € P, the Koszul complex for S§ (F) is exact.
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Conclusions

We have introduced and studied weak F-faces and positive weak F-faces of subsets
X C R™. In the case when the closed convex hull of X is a polytope, we showed that
weak F-faces of a set X are precisely those sets which are the intersection of X with a
face of its convex hull. We have also shown that the intersection of X with a proper
face of its convex hull is a positive weak F-face of X when the origin is in the interior of
the convex hull of X. This has allowed us to study these subsets for the set of weights
of generalized Verma modules (GVM). In particular, we know that the subsets of the
weights of a GVM which maximize an F-linear functional are precisely the weak F-faces.
If the maximum of the linear functional on the set of weights is positive, then the set
which maximizes the linear functional is a positive weak F-face.

We have also considered the category G of Z-graded representations (with finite-
dimensional graded pieces) of the semi-direct product Lie algebra g x V. When V
was a finite-dimensional simple g-module, we used certain weak Q-faces, ¥, of the set
of weights of V' to construct associative algebras that are subalgebras of an algebra S§,
and are Koszul of finite global dimension.

We expect that these results can be extended to integrable modules over affine Kac-
Moody algebras. We also expect these results to be useful in the study of the represen-

tation theory of undeformed infinitesimal Hecke algebras.
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Appendix

For each of the exceptional finite-dimensional simple Lie algebras, we explicitly write
down the sets which satisfy Theorem 7 (up to Weyl conjugacy). For each set S, we also

write down p = Z B. Tt is an easy calculation to check that (p,—) is maximized in
Bes
wt V() precisely on S.

Fy

Use the following labelling for the simple roots:

1 2 3 4

Using this ordering, 6 = 2a1 + 3ae 4+ 4as + 2a4 = wy is the highest root. The positive

weak F-faces of wt V(0) = RU {0} are the Weyl conjugates of the following subsets:
1. {6}, p = wr;
2. {0,060 — a1}, p = wo;
3. {6,0 —a1,0 — a1 — as}, p = 2ws;

4. {0,0 —a1,0 — a1 —ag,0 —a; —ag — a3, 0 —a; —ag —2a3,0 — ag — 2a — 23,0 —

2041 - 20&2 - 20(3}, p = 7&)4.
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Es

Use the following labelling for the simple roots:

With this ordering, 6 = a; + 2as + 3as + 24 + a5 + 2a = wg is the highest root. The
positive weak F-faces of wt V() = R U {0} are the Weyl conjugates of the following

subsets:

L. {0}, p = we;

2. {07 0 — a6}a p = w3;

3. {9,9—046,9—043—066},pZWQ+W4;

4. {0,0—&6,0—a3—a6,9—a2—ag—aﬁ},p:w1+2w4;

5. {0,0 — 06,0 — a3 —ap,0 — a3 —ag — ag}, p = 2wa + ws;

6. {0,0 —ag,0 —ag —ag,0 —as — a3 —ag, 0 —a; —as —ag — agl, p = 3wy;

7. {0,0 — ap,0 — s — 6,0 — g — g — g, 0 — a3 — g — a5 — ag}, p = 3wa;

8. {0,0—a6,6—a3—a6,0—a2—ag—a6,6—a3—a4—a6,0—a2—a3—a4—a6,9—

a2—2a3—a4—a6,9—a2—2a3—a4—2a6},p:4w1+4w5;

9. {0,0—a5,0 —a3—ag, 0 —as—az—ag, 0 —az—ag—ag, 0 —as—ag—ag—ag, 0 —ag—
2a3—ayg—ag, 0—ao—2a3—ay—204, 0 — a1 —as—ag—ag, 0 —a1 —as—ag—as—ag, 0—
a1 —052—2043—(14—0%, 9—041—0(2—2(13—044—20(6, 9—@1 —20[2—2043—0(4—0[6,(9—
a1—2a2—2a3—a4—2a6, 9—041—2&2—30[3—&4—20[6, 9—(11—2&2—3(13—2(14—2@6},

p = 12ws.
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10. {0,0—ag, 0 —a3—ag, 0 —ag—as—ag, 0 —as—ag—ag, 0 —ag—as—ay —ag, 0 — g —
20[3—044—056, 9—042—2&3—044—2&6, 9—(12—&3—&5—&6, 6—0[2—&3—&4—(15—(16, 06—
a2—2a3—a4—a5—a6, 9—&2—20[3—044—&5—2&6, 9—2042—2&3—&4—045—046,9—
2&2—2@3—@4—0[5—2@6, 9—20&2—30(3—0&4—0&1—20(6, 9—2@2—3&3—2@4—@5—2@6},

p = 12(.01
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Er
Use the following labelling for the simple roots:

T

1 2 4 5 6

With this ordering, 8 = a; + 2a9 + 3as + 4oy + 3as + 206 + 2a7 = wg is the highest
root. The positive weak F-faces of wt V() = R U {0} are the Weyl conjugates of the

following subsets:

1. {6}, p = ws.

2. {0,0 — ag}, p = ws.

3. {0,0 —as,0 — a5 — ag}, p = wy.

4. {0,9—&6,0—a5—a6,9—a4—a5—a6},p:wg—i—cw.

5. {0,0 — ag,0 — a5 — g, 0 — g — a5 — g, 0 — a3 — g — a5 — agt, p = wa + 2wr.

6. {0,0 —ag,0 — a5 —ag,0 —ay — a5 — g, 0 —ag — a5 —ag — ar}, p=2ws.

7. {9, 9—@6, 9—0&5—@6, 9—@4—@5—&6, 0—043—044—045—046, 9—042—0&3—0&4—0&5—@6},

p = w1 + 3wr.

8. {9,0—a6,9—a5—a6,0—a4—a5—a6,9—a4—a5—a6—a7,9—a3—a4—a5—
a6,9—a3—044—045—a6—a7,9—a3—2044—a5—a6—a7,9—a3—2a4—2a5—

ag — a7, 0 —ag — 204 — 205 — 206 — a7}, p = Bwa.

9. {0,9—a6,9—a5—a6,9—a4—a5—a6,9—a3—a4—a5—a6,9—a2—a3—a4—

a5 — g, 0 —ap —ag —ag —ag —as —agl, p= 4wy
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10. {0,0—ag, 0 —as—ag, 0 —as—as—ag, 0 — oy — a5 —ag—ar, 0 —as — oy —as — g, 0 —
a3 — 0y — 05— 0 —Qry, 9—042—@3—0[4—045—&6, 9—043—2044—0[5—016—047, 9—0[3—
20[4—2&5—&6—047, 9—&3—2044—2045—20[6—017, 9—&2—043—044—045—046—047, 9—042—
043—4044—(15—@6—047, (9—042—0(3—20(4—20&5—0&6—a7, 9—&2—043—2044—2045—2046—
ar, 9-0&2-20&3-20&4-@5—046—067, 9—@2—2@3—2@4—2@5—@6—a7, 9—0&2—2&3—
2054_2045_2046_0577 9_042_2043_3044_2055_056_0577 9_042_2043_3044_2045_2046_
ar,0—ag—2a3—304—3as—206—a7, 0—ao—2a3— 3y — 205 —ag— 27, 0 — g — 23—
3oy —2a5 — 200 — 207, 0 — g — 23 — 3y — 35 — 205 — 207, 0 — avg — 203 — 4oy — 3oy —
206207, 0 — g —3ag — 4oy —3as — 20 — 27, 0 — 200 — 3 — 4oy — 3as — 20 — 207 §

p = 18w;.
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Ex

Use the following labelling for the simple roots:

IS
° . ° . . °
1 2 3 4 5 6 7

With this ordering, 0 = 2a1 + 3as + 4as + Say + 6as + dag + 2a7 + 3ag = wi is the
highest root. The positive weak F-faces of wt V() = RU {0} are the Weyl conjugates

of the following subsets:
L A0}, p=wr
2. {6,0 — a1}, p=wo
3. {0,0 —a1,0 — a1 —as}, p=ws
4. {0,0 —a1,0 — a1 —ag,0 — a1 —as —as}, p=wy
5. {0,0 —a1,0 —ay —ag,0 —ay —az —a3,0 —a1 —ax — a3 —as}, p=ws

6. {0,0—a1,0—a1—ag,0—a;—as—asz,0—a1—as—az3—ay, 0 —a;—as—as—ag—as},
p = we + ws

7. {9,9—&1,0—&1—Ozg,e—al—042—043,9—041—042—043—044,9—051—042—043—
a4—a5,0—a1—ag—ozg—oz4—a5—oz6},p=w7+2w8

8. {0,0—@1,0—(11—ag,H—al—ag—ag,ﬁ—al—ag—ag—a4,9—a1—a2—a3—
oy — 5,0 —ap —ag — a3 —ag —as —agh, p=2ws

9. {9,9—0[1,9—0[1—a2,9—a1—ag—ag,e—al—042—013—014,9—051—042—043—
a4—a5,9—a1—ag—ag—a4—a5—a6,0—a1—ag—ag—a4—a5—aﬁ—a7},
p = 3ws
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10. {0,0 —a1,0 — a1 — a9, 0 —a; —ag —as,0 —a; —ag —az —ag,0 — o —ag —ag —
a4—a5,0—a1—ag—ag—a4—a5—a6,9—a1—az—ag—a4—a5—ag,6—a1—
ag—ag—a4—a5—a6—a8,9—a1—ag—ag—a4—2a5—a6—ag,9—a1—ag—
043_2044_2045_046_04876_041_042_2()63_2044_2045_@6_@879_@1_2a2_

203 — 2a4 — 205 — g — ag, 0 — 201 — 200 — 203 — 20y — 205 — g — ag ), p = Twr.
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G

Use the following ordering for the simple roots:

——
1 2

With this ordering, 6 = 31 + 2a2 = ws is the highest root. The positive weak F-faces

of wt V(#) = RU {0} are the following sets:

1. +{3a2 + 2as}, p = +wo,

2. £{as}, p = £(—3w1 + w2),

3. £{301 + a2}, £(3wi — wa),

4. +{ag, 301 4 202}, p = £(—2wy + 2ws),
5. £{3a1 + az,3a1 + 202}, p = £(2w1),

6. +{—a9,301 + az}, p = £(4dw; — 2wo).
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