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ABSTRACT OF THE DISSERTATION

Fastest Time to Cancer by Loss of Tumor Suppressor Genes or Oncogene Activation.

By

Cynthia Hixahuary Sánchez Tapia

Doctor of Philosophy in Mathematics

University of California, Irvine, 2016

Professor Frederic Y. M. Wan, Chair

Genetic instability promotes cancer progression (by increasing the probability of cancerous

mutations) as well as hinders it (by imposing a higher cell death rate for cells susceptible

to cancerous mutation). With oncogene activation or the loss of tumor suppressor gene

functions known to be responsible for a high percentage of breast and colorectal cancer (and

a good fraction of lung cancer and other types as well), it is important to understand how

genetic instability can be orchestrated toward carcinogenesis. In this context, this research

gives a complete characterization of the optimal cell mutation rate for the fastest time to a

target cancerous cell population through the loss of both copies of a tumor suppressor gene

or through oncogene activation.
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Chapter 1

Genetic Instability in Cancer: An

Oncogene and a Tumor Supressor

Gene Cancer cell Models

Introduction

An adult human has around 1014 cells, each with 2 meters of DNA. If we stitch it end to

end, we would have a total length of DNA of around 200,000,000,000 kilometers long. This

DNA comprises a stretch of 1024 bases, all subject to daily threat of damage and mutation.

Damaged DNA is most dangerous during cell replication because it could be propagated,

whereas damaged DNA that cannot be replicated is irrelevant to the organism, even if it has

fatal damage, as there is a bunch more of normal cells and they can usually be replaced. In

normal circumstances, cells with damaged DNA are blocked from cell cycle progression and

DNA replication until the damage is repaired. As a contrast to normal cells, tumor cells

usually acquire genetic instability [19].
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Genetic instability refers to a set of events capable of causing unscheduled alterations, either

of a temporary or permanent nature, within the genome. Its acquisition may well be a

crucial step in the development of human cancer as mutations in other genes might take

place at a greatly accelerated rate. Genetic instability encompasses a diverse number of

genetic changes, which for simplicity, we will categorize into two major groups: instability

occurring at the chromosomal level and instability occurring at the nucleotide level.

Instability at the nucleotide level occurs due to faulty DNA repair pathways such as base

excision repair and nucleotide excision repair and includes instability of microsatellite repeat

sequences (MIN or MSI) caused by defects in the mismatch repair pathway. The second

form or chromosomal instability (CIN), defines the existence of accelerated rate of chromo-

somal alterations, which result in gains or losses of whole chromosomes as well as inversions,

deletions, duplication and translocations of large chromosomal segments.

Two important hypothesis about the apparition of cancer are: the CIN hypothesis and the

gene mutation hypothesis. The former contends that aneuploidy is the catalyst for transfor-

mation, whereas the latter asserts that cancer is driven by mutations to proto-oncogenes and

tumor-suppressor genes, with aneuploidy a side effect of tumorigenesis. The role of point

mutations is well established and MSI has been widely accepted as causal in tumorigenesis.

However, the contribution of massive genetic changes resulting from CIN and aneuploidy is

less certain. Interestingly, either CIN or MSI alone may be a sufficient driver of tumorigenesis

as, in general, individual tumors manifest one or other not both [19].

The debate over the role of genetic instability in initiating cancers continues to these days.

What is generally uncontested is that the majority of human cancers, when studied, exhibit

genetic instability and it plays a major role in the progression of most cancers at some stage

in their life - but when exactly has this occurred? - Is genetic instability a cause or an effect

of cancer? We still do not have an answer to these questions, what is widely accepted is

that the sequential accumulation of mutations that activate oncogenes and disrupt tumor
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suppressor genes, combined with multiple cycles of clonal selection and evolution facilitate

the process of carcinogenesis [19].

Through this investigation, we will analyze two important models that study the importance

of mutations for cancer to appear: The one step model (Oncogene Model) and the two step

model (Tumor suppressor gene model). Both models consider the event that mutations

might take place at a greatly accelerated rate due to genetic instability than the standard

mutation constant rate that every cell suffers.

In the next section we will introduce both models and the general problem to solve. This

work will put more attention to the two-step model since the one-step model has been

extensively studied before by Komarova et. al. in [12], [24] and [16]. However, since there

is still questions to answer about it, we will study here some situations that had not been

considered in previous work.

The One-Step (Oncogene) Model

The concept of an oncogene, the activated version of proto-oncogenes, was established by the

observation of viral genes that could promote cancers in animal cells.

In healthy cells the proto-oncogenes are under tight regulation to avoid excessive proliferation

or the survival of a cell with DNA damage. Once a mutation occurs or their expression

is increased, the oncogene becomes permanently turned on (or activated) when it is not

supposed to be. The permanent activation of these genes turns into an excessive cell growth

that most probably leads to cancer.

Normally, the complex signal networks into the cell are tightly regulated to ensure that

cells proliferate only when this is useful to the whole organism, such as during development,

after tissue injury, or in normal homeostasis. However, when an oncogene is activated, cell
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division and growth is accelerated, the cells avoid apoptosis and also play a key role in loss

of differentiation, cell motility and invasion.

A proto-oncogene can be converted to an oncogene in a number of ways. The major mech-

anisms involved in activating oncogenes can be classified as: (1) structural alterations from

point mutations in a single gene to chromosomal translocations, and (2) gene amplification,

leading to over expression of the oncogene. MYC, c - MIC, HRASI, NRAS are some examples

of cellular oncogenes activated by amplification in cancer[19].

The way in which a proto-oncogene suffers a mutation is not unique. However, most of the

mutations related with cancer are acquired, this means that it is not in the zygote, but it

is acquired some time later in life. These mutations usually activate oncogenes by: changes

in chromosomes that put one gene next to another, which allows one gene to activate the

other (chromosome rearrangements), or by having extra copies of a gene, which can lead to

the production of much more than is necessary of a certain protein (gene duplication).

A mutation in a single oncogene is not sufficient to cause cancer (the act of cooperation

between two oncogenes is the minimum that is required). Oncogene collaboration can be

demonstrated in vitro using cultured cells in which various oncogenes are introduced, an

also in vivo using genetically altered mice. It is worth emphasizing that the behavior of cells

studied in vitro might not always be the same for cells within the intact organism in vivo.

In conclusion, we can ascertain that oncogenes have a strong relationship with carcinogenesis.

The one-step model, that we will introduce in full in the next paragraphs, describes the

influence of oncogenes caused possibly by genetic instability for the appearance of cancer in

a cell population.

Consider a population of cells, under genetic instability it may escape regulation by a se-

quence of mutations that will produce a new phenotype of cells. These mutant cells will

suffer uncontrolled cell division and growth.
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Let X1 be the healthy cell population, or in other words, the cell population that had

not suffered a significant mutation and therefore behave normally, and denote by X2 the

mutant (cancerous) cell population. We will call p(t) to the mutation rate caused by genetic

instability which acts as a control for the population growth. Due to the nature of the

problem, the evolution of these two cell populations in the colony depend on the control

p(t). In [12] the authors are mainly interested in the mutation rate that drives the cancerous

cells to a target population M in the shortest possible time T (the shortest time problem).

The one-step model considers a cell colony undergoing a birth and death process with a time-

varying mutation rate within a biologically admissible range. Cells go through a sequence of

mutations until cancer-favorable phenotype is achieved (appearance of the X2 population).

A mutation rate can have two effects: (1) an increased mutation rate that can lead to

a faster production of the mutant cells, thus accelerating the growth of the colony; and

(2) a high mutation rate that reduces the fitness of the mutated cells which turns into a

higher death toll for the population. To portray the net consequence of these two competing

effects, the model considers a colony of cells initially evolving at a constant population size

N near a selection barrier. This barrier can be overcome by the offspring of a mutant

whose properties are different from those of normal cells. The model considers that the

mutant cells X2 have an activated oncogene and show an increased division rate. It also

assumes that X2, the mutant (cancerous) cells, are created by means of one molecular event,

genetic or epigenetic. It considers two types of mutations: the basic mutation rate µ̄, i.e,

the probability of a cell acquiring an inactivating mutation of a particular gene upon a cell

division and, the probability of mutation due to genetic instability p(t) (it measures the

degree of genetic instability). The value of p(t) value is low in stable cells (cells without

chromosomal instability (CIN)), but can be highly elevated in chromosomal unstable cells.

In fact, if p << µ̄ , then there is no genetic instability while p >> µ̄ means that the cell

population is genetically unstable. Both probabilities µ̄ and p are measured per gene per

cell division, but contrary to µ̄, p(t) is allowed to vary with time.

5
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growth

Figure 1.1: One Step Model mock-up

The dynamics of the cell populations modeled by the one-step model, shown in figure 1.1,

can be described as follows: cells reproduce and die; the rate of renewal is normalized to

be 1 for the X1 cell population. In the absence of mutant cells, the colony which is only

composed by healthy cells, X1, obeys the logistic growth law. The mutants X2 expand at

the rate a > 1. With (·)′ = d(·)/dt, the mutation diagram (shown in figure 1.1) translates

into the following system of ordinary differential equations describing the rate of change of

the two cell populations:

X ′1 = (1− µ̄− p− d(p))X1 −
(1− d(p))

N
X2

1 (1.1)

X ′2 = (p+ µ̄)X1 + a(1− d(p))X2 −
(1− d(p))

N
X1X2 (1.2)

where

X1(0) = N, X2(0) = 0 (1.3)

where d(p) is the death rate dependent on the mutation rate p. With part of the healthy

cell population starting to mutate into cancerous mutants, X2 cells break out of regulation
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and enter a phase of abnormal growth, which, depending on the growth rate, may or may

not lead to carcinogenesis. The dependence of the death rate, d(p), on the mutation rate p

is as follows: if p is small, then chromosome losses do not happen, but If p is large, a cell

often loses chromosomes, which results in an increased death rate. Therefore, in general, the

function d(p) is an increasing function of p. A particular death rate proposed in [12] is given

by

d(p) =
dm
uαm

(
uαm − (um − (p− pmin))α

)
, for α > 0 (1.4)

where

um = pmax − pmin and u =
p− pmin
um

(1.5)

with pmin ≤ p ≤ pmax. The quantities pmin and pmax define a biologically relevant range of

the mutation rate, p, and u is its normalized version which satisfies the inequality constraint

0 ≤ u ≤ 1 (1.6)

The constant dm defines the magnitude of the death rate, and is taken to be in the interval

[0, 1].

To reduce the number of parameters, we let the population size of healthy cells at time t to

be normalized by its initial size N and denote it by x1(t) = X1(t)/N while x2(t) = X2(t)/M

is the population size of cancerous cells normalized by its final target population size M .

Then, the normalized version of the system of ordinary differential equations (1.1)-(1.2) is:

x′1 = −(µ+ umu)x1 + (1− d(u))(1− x1)x1 ≡ g1(x1, x2, u) (1.7)

x′2 =
1

σ
(µ+ umu)x1 + (1− d(u))(a− x1)x2 ≡ g2(x1, x2, u) (1.8)

where ()′ = d()/dt, σ = M/N >> 1, a ≥ 2, 10−1 ≤ um ≡ pmax − pmin ≤ 1 and 0 < µ ≡

µ̄ + pmin << 1. (According to [24], the typical values for these parameters are: σ = O(10),
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a ≥ 2, and µ = O(10−1) << um). With the normalized mutation rate u, the death rate in

equation (1.4) becomes

d(u) = dm
(
1− (1− u)α

)
(1.9)

Observe that

d(0) = 0, d(1) = 1, 0 < d(u) < 1, and ḋ(u) > 0 ∀ 0 < u < 1. (1.10)

The ordinary differential equation system (1.7) - (1.8) is subject to the three auxiliary con-

ditions:

x1(0) = 1, x2(0) = 0 and x2(T ) = 1 (1.11)

where T is the unknown time when the dangerous mutant cell population reaches the target

size.

The Two - step (Tumor Suppressor Gene) Model

Tumor suppressor genes (TSG) are genes normally present in our cells. They encode proteins

that typically slow down cell division, repair DNA mistakes, and trigger apoptosis. Mutations

in TSG can lead to cells growing out of control, which can lead to cancer. If the cell contains

one functional copy of a given TSG, expressing enough protein to control cell proliferation,

that gene can inhibit carcinogenesis.

Some properties of TSG are:

� They only lose their functionality if both copies of the TSG are inactivated. This

mechanism is also known as the“two-hit theory”; figure 1.2 exemplifies it.
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Figure 1.2: Two hit model. This model of tumor suppressor inactivation has provided a useful conceptual
framework for research on the genetics and biology of tumor suppressor genes.

TABLE 1.1
This table shows examples of tumor supressor genes, their function and the
typical cancer where the mutation of these genes occurs.
Gene Normal function Cancer in which gene mutated
APC Scaffold protein Colorectal
CDKN2A Regulates cell division Melanoma
RB1 Regulates cell division Retinoblastoma
TP53 Regulates cell division and apoptosis Lung
VHL Regulates cell division and angiogenesis Kidney

� Although most of the genes associated with hereditary cancer are TSG, mutations in

TSG are usually acquired. These mutations may occur as the result of aging and/or

environmental exposures.

When a mutation in a TSG is inherited it is present in all cells of a person. The mutation in

the second copy of the gene (which is necessary for cell proliferation) is acquired and usually

occurs only in a single cell or a handful of cells. If the second mutation occurs in a type of

cell needed to control cell growth, the process of uncontrolled or abnormal proliferation will

begin.

Examples of human TSG are shown in table 1.1. One of these, the RB1 gene, is the

most frequently inactivated gene in retinoblastoma which is an example of a two hit cancer

because it needs exactly two mutations for cancer to initiate. Most mutations in the RB1

gene prevent it from making any functional protein, so it is unable to regulate cell division

9



(a) Non hereditary (b) Hereditary

Figure 1.3: Tumor Supressor Genes inactivation in hereditary and non-hereditary tumors.

effectively. As a result, certain cells in the retina can divide uncontrollably and form tumors.

Another example of a two hit behavior is colorectal cancer that sometimes arise with the

inactivation of the APC gene [7]. According to [17], both copies of the APC gene need to

be inactivated in order for cells to fail to undergo apoptosis, and as a consequence the crypt

is taken over by mutated cells resulting in ’displastic crypt’.

As in the 1-step model, the two-step model considers a population of cells that may escape

regulation under genetic instability. The cell colony undergoes a birth and death process

with a time-varying mutation rate within a biologically admissible range. Cells go through

a sequence of mutations until cancer-favorable phenotype is achieved (appearance of the X2

population). For this model, we let X0(t) be the population at time t of TSG+/+ cells (cells

with both copies of the TSG intact), X1(t) be the population of TSG+/− cells where one of

the copies of the tumor suppressor gene has mutated, and X2(t) be the population of TSG−/−

or TSG/− cells, where the remaining copy of the TSG has been lost. It is important to notice

that the TSG/− cells are obtained by a different mechanism known as “loss-of-chromosome”

event, by which the second copy of the TSG can be turned off. An example is the mutation

of the adenomatous polyposis coli (APC) gene that induces colorectal cancer. This second
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mechanism is known to be responsible for the inactivation of a large percentage of TSG

induced cancers [10]). As in the previous model, the two-step model considers two types of

mutations: the basic mutation rate µ̄, i.e, the probability of a cell acquiring an inactivating

mutation of a particular gene upon a cell division and, the probability of mutation due to

genetic instability p(t). The mutation of the first TSG copy occurs with probability 2µ̄ since

there are two alleles of each gene, and either can be inactivated first. The second inactivation

can occur by another mutation with probability µ̄ or by genetic instability p(t). Thus, the

deactivation of the second copy can happen with probability µ̄ + p(t). As before, the value

of p(t) value is low in stable cells, and it can be highly elevated in chromosomal unstable

cells. Both probabilities µ̄ and p(t) are measured per gene per cell division, but contrary to

µ̄, p(t) is allowed to vary with time.

TSG+/+

d

TSG-‐/-‐

TSG-‐/

TSG+/-‐

d d

𝟐𝝁# 𝝁# +𝒑
growth

Figure 1.4: Tumor Suppressor Gene Model mock-up

Figure 1.4 shows the dynamics of the cell populations subjected to the two-step model.

Such dynamics can be described as follows: cells reproduce and die; the rate of renewal is

normalized to be 1 for the X0 and X1 cell populations. In the absence of mutant cells, the

colony composed by X0 and X1 cells, obeys the logistic growth law. The mutants X2 expand

at the rate a > 1. With (·)′ = d(·)/dt, the mutation diagram (shown in figure 1.4) translates

11



into the following system of ordinary differential equations describing the rate of change of

the three cell populations:

X ′0 = (1− 2µ̄− d(p))X0 −X0
(1− d(p))

N
(X0 +X1) (1.12)

X ′1 = 2µ̄X0 + (1− µ̄− p− d(p))X1 −X1
(1− d(p))

N
(X0 +X1) (1.13)

X ′2 = (µ̄+ p)X1 + a(1− d(p))X2 −X2
(1− d(p))

N
(X0 +X1) (1.14)

where

X0(0) = N, X1(0) = 0 X2(0) = 0 and X2(T ) = M. (1.15)

here again, d(p) is the death rate dependent on the mutation rate p, and the dependence of

the death rate, d(p), on the mutation rate p remains the same: if p is small, then chromosome

losses do not happen, but if p is large, a cell often loses chromosomes, which results in an

increased death rate. The function d(p) is an increasing function of p. We will continue using

(1.4) as example of death rate. The parameters are defined as before: um = pmax − pmin,

dm ∈ [0, 1] (the magnitude of the death rate) and σ = M/N . The scaled rate of genetic

instability u satisfies the inequality constraint:

0 ≤ u ≤ 1 (1.16)

We normalize the cell populations by dividing the X0 and X1 cells by the initial cell popula-

tion size N , x0(t) = X0(t)/N and x1(t) = X1(t)/N , while x2(t) = X2(t)/M is the population

size of cancerous cells normalized by its final target population size M . Then, the normalized

version of the system of ordinary differential equations (1.12)-(1.14) is:
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x′0 =− 2µx0 + x0(1− d(u))(1− x0 − x1) ≡ g0(x0, x1, x2, u), (1.17)

x′1 =2µx0 − (µ+ umu)x1 + x1(1− d(u))(1− x0 − x1) ≡ g1(x0, x1, x2, u), (1.18)

x′2 =
1

σ
(µ+ umu)x1 + x2(1− d(u))(a− x0 − x1) ≡ g2(x0, x1, x2, u), (1.19)

where ()′ = d()/dt, a ≥ 2, 10−1 ≤ um ≡ pmax − pmin ≤ 1 and 0 < µ ≡ µ̄ + pmin << 1.

The ordinary differential equation system (1.17) - (1.19) are subject to the three auxiliary

conditions:

x0(0) = 1, x1(0) = 0, x2(0) = 0 and x2(T ) = 1 (1.20)

where T is the unknown time when the dangerous mutant cell population reaches the target

size.

The idea that instability may be beneficial for cancer at an early stage and can become a

liability later on was first developed in [12]. Two models of the time-dependent optimization

problem were formulated: the one-step model with cancerous mutation activated by an

oncogene and the two-step model with cancerous mutation initiated by successive losses of

the two copies of the TSG. The degree of instability (measured by the rate of mutations)

which appears as an unknown function of time, was sought to maximize the growth of the

mutants. Below are two main findings among those reported in [12]:

� For a wide range of parameters, the most successful strategy is to keep a high rate of

mutations at first and then switch to stability. This is consistent with, and possibly

explains much of the biological data in [5] and [11] for examples.

� It turns out that, depending on the concavity of the functional form chosen to express

the death rate as a function of the mutation rate, the corresponding optimal strategies

are qualitatively different. If the death rate is a linear or strictly concave function
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of the mutation rate, then the optimal strategy is an abrupt (discontinuous) change

from maximum instability to maximum stability. If the function is strictly convex, the

transition is gradual and smooth or continuous and piece wise smooth .

The one-step model has been studied in more detail by the authors on [12]. In fact, in [24]

the same authors give the mathematical underpinning for the one-step model. One of the

main goals in this work is to present the mathematical underpinning for the two-step model,

we will present them in chapter 4. Before that, in chapter one, we will deal with the simplest

case, the constant optimal control, for both models. This will serve to give an understanding

to the optimal control problem but also we will use the results obtained for this simple case

as a start for the second chapter where we will add a stochastic variable to the model to

study a more real situation, given that in real life a constant mutation rate is likely subject

to noise. We will go into more detail in the next chapters, for now we are going to introduce

the optimal control problem we want to solve for all the models.

The Optimal Control Problem

The micro-evolutionary forces that act on cancer cells during multistage carcinogenesis can be

modeled by taking into account both their beneficial and deleterious effects, and formulating

the question of interest from the viewpoint of cancerous cells [15], [16] & [3]. In that context,

an obvious question is: What is the optimal level of instability which makes cancer progress

in the fastest way?. An answer to this question would provide some insight to the clinical

data on the change of mutation rate during the progression of breast and intestinal cancer on

the one hand (see [5] and [11] for example), and to the time available for clinical intervention

on the other hand. The mathematical problem is finding the most efficient rate at which

genetic changes occur in cells toward target cancer cell population. It was shown in [16]

that “too much” instability is detrimental for the cells because of an increased death rate,
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but “too little” instability would slow down the progress because the basic rate of cancerous

mutant acquisition is too low.

Every biologically acceptable normalized genetic instability rate u(t), called an admissible

control, determines a growth process for the cell colonies. We seek the choice of the admissible

control ū(t) in the range 0 ≤ u ≤ 1 that steers the cancerous population to a given size M

(the target) faster than any other control is an optimal control.

We are now able to define the shortest time problem which is conventionally recast in the

standard form of choosing u(t) from the set of admissible controls, denoted by Ω, to minimize

the performance index

J =

∫ T

0

1dt, (1.21)

subject to the equations of state of system (1.7) - (1.8) with boundary conditions (1.11) for the

one-step model, and to the system of state equations (1.17)-(1.19) with boundary conditions

(1.20) for the two-step model. Both models are subjected to the inequality constraints

0 ≤ u(t) ≤ 1 and xk(t) ≥ 0 with k = 1, 2 for the one-step model and k = 0, 1, 2 for the

two-step model. In the boundary conditions the terminal time T > 0 is determined as part of

the solution (T is known as the the shortest possible time at which the cancerous population

reach the target size M).

The results of [12] for the one-step model for a specific form of the dependence of death rate

on the mutation rate were justified rigorously in [24]. It was proved also that the optimal

mutation rate for fastest time to cancer is a bang-bang control for death rate functions that are

linear or strictly concave in cancerous mutation rate; it is a smoothly (or at least piece wise

smooth) decreasing function for the case of strictly convex death rate until it reaches (and

continues with) the minimum feasible rate. In this sense, the strategies most advantageous

for the tumor’s growth were completely determined for this model and consistent with the
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numerical results for specific cases computed in [12]. A similar complete characterizations

of the optimal mutation rate for fastest growth to a target cancerous cell population were

extended in [24] to general concave and convex death rate functions. The two-step model

models carcinogenesis due to the loss of a TSG which lead to clonal expansion was not

considered in [24] and the results obtained there does not extend, in general, to the two-step

model, a rigorous optimal control solution for this model requires a different mathematical

analysis and hence a separate description of the novel analytic approach to the problem.

We will discuss it in full herein. But, we will start (chapter 2) with the class of admissible

controls, u(t), restricted to constant functions. In this case, the result of the optimization

problem is a single normalized mutation rate value, ū (or p̄ in unnormalized form), which

will depend on the parameters of the system. In chapter 3 we will go a step further and add

a stochastic component to the model to simulate a more real situation given that in real life

almost nothing (if anything at all) behaves so well as having a constant behavior. As a last

analysis to different control choices, we allow p(t) (and hence u(t)) to be a function of time.

It seems intuitive, and is evident from experimental results, that higher initial and lower

subsequent values of u(t) will better facilitate the growth. We will show in chapter 4 that

this is in fact the case and how the variation of u(t) with time depends on the convexity of

the death rate function d(u).
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Chapter 2

Optimization of a Constant Control

for the One-Step and Two-Step

Models

The purpose of this chapter is to solve the simplest case for the optimal control of the

shortest time problem with constant mutation rate, for both, the Oncogene and the Tumor

Suppressor Gene models. One of the main interests in solving the constant control case is

to offer an alternate path to the probabilistic approach given in [16] to obtain the optimal

mutation rate from the ODE system governing the evolution of the cancerous population.

Later on, complications to the one-step and two-step models will be added. For example,

in chapter 4, the mutation rate will be allowed to vary with time, and in chapter 3 the

ODE system will be modified into a SDE system (stochastic differential equation system) to

simulate a more real situation. In fact, the analysis and results made in this chapter will be

used as a start point for all that is to come.
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2.1 Oncogene Model

As we mentioned in chapter 1, our main goal is to find an admissible control u(t) that, in

this case, will be restricted to the set Ω defined as

Ω = {u : u is constant and 0 ≤ u ≤ 1} (2.1)

to minimize the performance index

J =

∫ T

0

1dt

subject to the state equations

x′1 = −(µ+ umu)x1 + (1− d)(1− x1)x1 ≡ g1(x1, u) (2.2)

x′2 =
1

σ
(µ+ umu)x1 + (1− d)(a− x1)x2 ≡ g2(x1, x2, u) (2.3)

with boundary conditions

x1(0) = 1, x2(0) = 0, x2(T ) = 1 (2.4)

and non negativity constraints

xk ≥ 0 for k = 1, 2.

One way of solving this shortest time problem is using the Maximum Principle (see appendix

if the reader is not familiar with it). The fact that the mutation rate u is constant allows us

to introduce it as another state variable whose state equation is

u′ = 0 ≡ gu. (2.5)
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We are now ready to find the adjoint (co-state) equations:

λ′1 = −

(
λ1
∂g1

∂x1

+ λ2
∂g2

∂x1

+ λu
∂gu
∂x1

)

λ′2 = −

(
λ1
∂g1

∂x2

+ λ2
∂g2

∂x2

+ λu
∂gu
∂x2

)

λ′u = −

(
λ1
∂g1

∂u
+ λ2

∂g2

∂u
+ λu

∂gu
∂u

)
.

For our problem, they become

λ′1 = −[−(µ+ umu) + (1− d)(1− 2x1)]λ1 −
1

σ
[(µ+ umu)− σ(1− d)x2]λ2 (2.6)

λ′2 = −(1− d)(a− x1)λ2 (2.7)

λ′u = [umx1 + αx1(1− x1)(1− u)α−1]λ1 −
1

σ
[umx1 − ασ(1− u)α−1x2(a− x1)]λ2. (2.8)

with Euler conditions:

λ1(T ) = 0, λu(T ) = 0 and λu(0) = 0. (2.9)

Since T is free, we still need a free end condition (transversality condition) to be able to

solve the BVP formed by equations (2.2)-(2.9). The Hamiltonian

H(t) = 1 + λ1g1 + λ2g2 + λugu = 1 + λ1g1 + λ2g2.

will help us to find such needed boundary condition. This Hamiltonian can be rewritten as

H(t) = 1 +
µ+ umu

σ
R(t) + (1− d)D(t) (2.10)
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where

D(t) = (λ1x1 + λ2x2)(1− x1) + (a− 1)λ2x2 (2.11)

and

R(t) = (λ2 − σλ1)x1. (2.12)

Since T is a free variable, the Maximum Principle assures us that H(T )|u=ū = 0, or what is

the same

H(T )|u=ū = 1 + λ1(T )g1(T ) + λ2(T )g2(T ) = 1 + λ2(T )g2(T ) = 0.

Thus,

λ2(T ) = − σ

(µ+ umu(T ))x1(T ) + σ(1− d(T ))(a− x1(T ))
(2.13)

is the free end condition we were looking for, and it must hold for u optimal.

Joining equations (2.2), (2.3), (2.5) and (2.6)-(2.8) we form a Hamiltonian system. This

Hamiltonian system has as boundary conditions equations (2.4), (2.9) and (2.13). Observe

that the Euler boundary conditions (2.9) and (2.13) are necessary because x1, x2 and u are

not prescribed at t = T and u is also not prescribed at t = 0. What remains now is to solve

this new boundary value problem that, from now on, we will call it the Hamiltonian BVP.

Once it is solved, we will have the value for the optimal control u.

Theorem 2.1. The constant control u = 1 is not optimal for the one-step or the two-step

models

Proof. One-step model case: With u = 1 system (2.2) - (2.8) becomes:

x′1 = −(µ+ um)x1) (2.14)

x′2 =
1

σ
(µ+ um)x1. (2.15)
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Using the initial conditions in (2.8) we obtain the solution:

x1(t) = e−(um+µ)t (2.16)

x2(t) =
1

σ

(
1− e−(um+µ)t

)
. (2.17)

The end point boundary condition x2(T ) = 1 implies that there must be a T such that

1 =
1

σ

(
1− e−(um+µ)T

)

if and only if

e−(um+µ)T = 1− σ < 0 (2.18)

which is impossible because of the biological meaning of the parameter σ requires it to

be much bigger than one. Thus u = 1 is not optimal for the one step model.

Two-step model case: In an analogous way we can prove that u = 1 is also not an

optimal mutation rate for the two-step model. In this case, the solution to the IVP is

x0(t) = e−2µt

x1(t) =
2µ

um − µ

(
e−2µt − e−(µ+um)t

)
x2(t) =

1

σ(um − µ)

(
(µ+ um)(1− e−2µt)− 2µ(1− e−(µ+um)t)

)
.

Thus, x2(T ) = 1 if and only if

(σ − 1)(um − µ) = e−(µ+um)T − e−2µT . (2.19)
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But, um >> µ, σ >> 1 and e−x is a positive and strictly decreasing function. Thus,

the left hand side on (2.19) is positive but the right hand side is negative for any T ≥ 0,

which allow us to conclude that u = 1 is not optimal for the two step model either.

Remark 2.2. Knowing that u = 1 is not an optimal mutation rate, will allow us to discard

that possibility in the numerical simulations.

In the next section we explore different numerical schemes to obtain the value of the optimal

control u and shortest time T . We will see that for a constant control we do not need to use

a powerful tool as is the Maximum principle to obtain its optimal value. However, for more

complicated cases as the ones we will approach in chapter 4 and 5, applying the Maximum

Principle to obtain information of the problem could be the wisest option, as a consequence,

our decision to introduce the method this early so it will feel more natural to use it in the

coming chapters.

2.1.1 Numerical Methods

The theory of optimal control has been developed since before the many advances of computer

techniques that we enjoy these days. With the advance of the technology, optimal control

started a multi-disciplinary path and it is now widely used in areas such as biology systems,

communication networks, socio-economic systems, etcetera.

Nowadays there are common routines in softwares such as MATLAB or R that help us to

solve both: fixed or free final time problems, our problem is of the later kind. The clue

to be able to solve such a problem with the help of these new routines is to know how to

reformulate the original problem as a Boundary Value Problem and solve it with bvp4c in

MATLAB or bvpsolver in R. We should also know how to get “good enough” solutions with
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these routines and under what conditions these routines will fail to find a solution. We must

take into consideration that the routines we are going to use belong to the indirect method

category. Being part of the indirect method means that constrains on the controls and state

variables are not considered, or in other words, the control can be found in terms of states

and costates, so the problem is equivalent to a Boundary Value Problem.

Solving a boundary value problem is not always easy, much less when it includes free bound-

ary conditions. We solve the free-final time problem by converting it into a fixed-final time

problem. Our reason to do this is simple, when dealing with optimal control problems, doing

numerical integration, either by indirect or direct methods, is unavoidable. Therefore, a time

interval must be specified for these methods.

The first step will be to get rid of the unknown free variable T in (2.4), at least explicitly. If

we normalize the time variable by τ = t/T then our boundary value problem will not have

a free final time anymore, but instead we will have one more ordinary differential equation.

With this new time variable the Hamiltonian BVP transforms into (with ()′ = d
dτ

):

x′1 = T [−(µ+ umu)x1 + x1(1− d)(1− x1)]

x′2 = T [
1

σ
(µ+ umu)x1 + x2(1− d)(a− x1)]

u′ = 0

λ′1 = T [(µ+ umu)− (1− d)(1− 2x1)]λ1 −
T

σ
[(µ+ umu)− σ(1− d)x2]λ2

λ′2 = −T (1− d)(a− x1)λ2

λ′u = T [umx1 + αx1(1− x1)(1− u)α−1]λ1 −
T

σ
[umx1 − ασ(1− u)α−1x2(a− x1)]λ2

T ′ = 0
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whose boundary conditions are:

x1(0) = 1,

x2(0) = 0, x2(1) = 1,

λ1(1) = 0,

λu(1) = 0, λu(0) = 0,

λ2(1) = − σ

(µ+ uum)x1(1) + σ(1− d)(a− x1(1))
.

Where the last boundary condition was obtained using the Maximum Principle which asserts

that H(1)|u=ū = 0. With the system already normalized, we are ready to implement it in

bvp4c on the interval [0, 1]. Some results are shown on figures 2.1, 2.2, 2.3, 2.4, 2.5 and table

2.1.

Although bvp4c works well so far, we must bear in mind that the quality of the solution

is heavily dependent on the initial guess we are giving. A bad initial guess may result

in inaccurate solutions, no solutions, or solutions which make no sense. For example, for

parameter values: α = 0.1, um = 1, a = 2, σ = 2, µ = 0.1 and dm = 1 the Maximum

Principle method yields no result (table 2.1). A more grievous case is the TSG - constant

optimal control model that we will solve in a different way due to the inefficiency of the

algorithm for this case.

Fortunately, we can avoid solving the Hamiltonian system by recalling that, in this case, u

is constant. This fact about u simplifies our numerical scheme in such a way that we only

need to work with the state equations, give an initial guess for u and compare the different

values of T that we obtain for a set of values of u when we solve the boundary value problem
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restricted to the state equations (2.2), (2.3) and(2.5) and boundary conditions (2.4). We will

refer to it as the state BVP whose normalized version is

x′1 = T [−(µ+ umu)x1 + x1(1− d)(1− x1)]

x′2 = T [
1

σ
(µ+ umu)x1 + x2(1− d)(a− x1)]

T ′ = 0

whose boundary conditions are:

x1(0) = 1,

x2(0) = 0, x2(1) = 1

An easy way to solve the normalized version of the two-point BVP formed by equations

(2.2), (2.3) and (2.4) (the state VBP) is by “brute force”. We will call this algorithm the

partition algorithm:

� Form a partition {u0 = 0, u1, u2, · · · , uN} of the interval [0, 1] (these are possible values

that u can take).

� Solve the BVP formed by (2.2), (2.3) and (2.4) for each of the values in the partition.

� Compare the different values of T that we obtain for the set of values of u. The

minimum value in the set of T ′s will be the best approximation to the shortest time

T̄ .

It is important to notice that you will need to give a very fine partition to get a good

approximation, which in consequence will have more computational cost. Table 2.1 shows
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the computational cost for the Maximum Principle algorithm (the algorithm that solves

the Hamiltonian BVP) and the Partition algorithm. You can notice the difference in time

computational cost between the two of them and the fact that the Maximum Principle

algorithm does not give a solution for all the parameter values.

TABLE 2.1
Dependence of the (normalized) gross chromosomal change rate u on α for
the Oncogene Model

α Partition Scheme Max. Prin. Scheme

ū T̄ tcomp ū T̄ tcomp

0.1 0.888 1.27198 154.687s – – –

0.25 0.756 1.46057 154.88s 0.756398 1.46057 1.19297s

0.5 0.602 1.69744 152.397s 0.601739 1.69744 1.0739s

0.75 0.494 1.8853 154.112s 0.494096 1.8853 1.07379s

1 0.414 2.04272 158.384s 0.413991 2.04272 0.826233s

1.25 0.351 2.17806 166.927s 0.351426 2.17806 0.821791s

Note: Dependence of the (normalized) gross chromosomal change rate u on α for the Oncogene model with
um = 1, a = 2, σ = 2, and dm = 1. It also shows the computational time, tcomp, that takes to get a solution
with each scheme.

There is however a better way to do it (If your main purpose is only to obtain the optimal

value of the mutation rate ū and its associated shortest time to Cancer T̄ . However, if you

would like to know what are the state and adjoint variables when u is optimal, then the

Maximum Principle algorithm is the correct option. Figures 2.1 - 2.5, for example, show the

solution of the state and adjoint variables obtained with the Maximum Principle algorithm

for the parameter values µ = 0.1, um = 1, σ = 10, a = 2, α = 2 and dm = 1.

We mentioned before that our actual problem is a free boundary problem, that is, the

terminal time T when the cancerous population reaches the target size is not known in

advance, in fact, it is a part of the solution for the problem (see equation (2.4)). As we

saw in the previous proposed methods, a standard way to approach this difficulty with
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Figure 2.1: This figure shows the plot of the healthy population cell with parameter values: µ = 0.1,
um = 1, σ = 10, a = 2, α = 2,dm = 1
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Figure 2.2: This figure shows the plot of the cancerous cell population with parameter values: µ = 0.1,
um = 1, σ = 10, a = 2, α = 2,dm = 1

numerical schemes is to scale the time variable by the unknown terminal time T , i.e., by

setting τ = t/T , to result in a BVP with fixed end points and with T as a parameter in the
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Figure 2.3: This figure shows the plot of the adjoint variable λ1(t) with parameter values: µ = 0.1, um = 1,
σ = 10, a = 2, α = 2,dm = 1
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Figure 2.4: This figure shows the plot of the adjoint variable λ2(t) with parameter values: µ = 0.1, um = 1,
σ = 10, a = 2, α = 2,dm = 1

ODE system. We take now an alternative approach treating the cancerous cell population x2

as the independent variable and both the normal cell x1 population and the time progression
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Figure 2.5: This figure shows the plot of the adjoint variable λu(t) with parameter values: µ = 0.1, um = 1,
σ = 10, a = 2, α = 2,dm = 1

as functions of x2. In that case, the two state equations (2.2) and (2.3), may be rewritten as

dx1

dx2

=
−(µ+ umu)σx1 + (1− d)(1− x1)σx1

(µ+ umu)x1 + (1− d)(a− x1)σx2

(2.20)

dt

dx2

=
σ

(µ+ umu)x1 + (1− d)(a− x1)σx2

(2.21)

for x1(x2;u) and t(x2;u) with the two initial conditions in (2.4) written as

x1(0;u) = 1 t(0;u) = 0. (2.22)

The terminal condition x2(T ) = 1 then gives the terminal time as a function of u:

t(1;u) = T (u). (2.23)

With this modification to the system of equations, we propose the next scheme.
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A Bisection Iterative Scheme

The problem to solve consists in choosing a constant control u to minimize T (u). A simple

bisection type solution scheme would be able to solve the IVP (2.20), (2.21) and (2.22) for

two initial guesses {u1, u2} with 0 ≤ u1 < u2 ≤ 1 and compare the corresponding terminal

time
{
T1 = T (u1), T2 = T (u2)

}
.

Phase I: Give two initial guesses u1 < u2 on the interval (0, 1), solve the IVP to obtain

the terminal times T1 and T2. Compare T1 with T2.

2(a): If T1 < T2 then set u3 = u1/2 < u1 and solve the corresponding IVP to

get T3. Continue this process to get successively smaller uk with uk = uk−1/2, so

u3 > u4 > u5 > · · · stopping at um when Tm > Tm−1 for the first time. Then set{
u

(0)
0 = um−1, T

(0)
0 = Tm−1

}
,
{
u

(0)
` = um, T

(0)
` = Tm

}
and

{
u

(0)
g = um−2, T

(0)
g =

Tm−2

}
to complete phase I of this algorithm.

2(b): If T1 > T2, set u3 = 1+u2

2
> u2 and solve the corresponding IVP to get

T3. Continue this process to get successively larger uk with u3 < u4 < u5 < · · ·

stopping at um when Tm > Tm−1 for the first time. Then set
{
u

(0)
0 = um−1, T

(0)
0 =

Tm−1

}
,
{
u

(0)
` = um−2, T

(0)
` = Tm−2

}
and

{
u

(0)
g = um, T

(0)
g = Tm

}
to complete

phase I of this algorithm.

2(c): If T1 = T2 then restart phase I picking a different u2.

Phase II: At the end of phase I, the iterative algorithm has led to one of the next

three scenarios:

Scenario I (T
(0)
0 < {T(0)

` ,T0
g} with u

(0)
` < u

(0)
0 < u

(0)
g ): For this scenario, set

u
(1)
0 = u

(0)
0 , u(1)

g =
u

(0)
0 + u

(0)
g

2
, u

(1)
` =

u
(0)
0 + u

(0)
`

2
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and solve the IVP again for the new mutation rate u
(1)
` and u

(1)
g with u

(1)
` < u

(1)
0 < u

(1)
g .

If T
(1)
0 continues to be smaller than T

(1)
` and T

(1)
g , we are still in Scenario I and the

same process of setting a new set of {u(k)
` , u

(k)
0 , u

(k)
g }, k = 2, 3, . . . applies until either

|u(k)
` −u

(k)
g | is within a prescribed error tolerance or Scenario I no longer applies. Should

the later occur, the new set of {T (k)
0 , T

(k)
` , T

(k)
g } may be in either scenario II or scenario

III. In either case, we proceed as prescribed below.

Scenario II (T
(k)
` < {T(k)

0 ,Tk
g}): For this scenario, set

u
(k+1)
0 = u

(k)
` , u(k+1)

g =
u

(k)
0 + u

(k)
`

2
, u

(k+1)
` =

u
(k−1)
` + u

(k)
`

2

to get the terminal times back to Scenario I so that we can continue the iterative

process for that scenario until the prescribed error tolerance is met or when we are no

longer in Scenario I.

Scenario III (T
(k)
g < {T(k)

0 ,Tk
` }): For this scenario, set

u
(k+1)
0 = u(k)

g , u(k+1)
g =

u
(k−1)
g + u

(k)
g

2
, u

(k+1)
` =

u
(k)
0 + u

(k)
g

2

to get the terminal times back to Scenario I so that we can continue the iterative

process for that scenario until the prescribed error tolerance is met or when we are no

longer in Scenario I.

The iterative algorithm above may seem complicated but is rather intuitive in its implemen-

tation. In addition, it is faster than the partition method and opposite to the Maximum

Principle method, it always finds a solution. Table 2.3 shows the iteration of the Bisection

Method for the set of parameter values α = 2, um = 1, a = 2, σ = 10, µ = 0.1 and dm = 1.

In table 2.2 we show the number of iterations and the computational time spent for the three

methods. In in this table where we can notice more clearly the efficiency of the Bisection
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method. Although the Bisection method requires more iterations than the Maximum Prin-

ciple method, its computational time cost is cheaper. If we compare it with the partition

method the difference between them, favoring the Bisection method, is abysmal in both

areas, the computer time and the number of iterations.

TABLE 2.2
Comparison in the number of steps and computational time for the three
methods in the Oncogene Model

α Partition Method Max.Prin. Method Bisection Method

Num. Iter. tcomp Num. Iter. tcomp Num. Iter. tcomp

0.1 901 154.687s – – 15 0.21175s

0.5 901 152.397s 1 1.0739s 16 0.22323s

1 901 158.384s 1 0.826233s 19 0.24583s

1.25 901 166.927s 1 0.821791s 15 0.22680s

Note: Dependence of the (normalized) gross chromosomal change rate u on α for the Oncogene model with
µ = 0.1, um = 1, a = 2, σ = 2, and dm = 1. It shows the computational time, tcomp, and number of
iterations needed to get a solution with each scheme.

We used the same three algorithms (Max. Princ., Partition and Bisection algorithms) to

solve the two-step model. The partition and bisection model worked well, but the Maximum

Principle algorithm did not yield reasonable answers due to the complexity of the normalized

BVP that consists of seven ordinary differential equations, a possible answer to the failure

of the Matlab package bvp4c is that it is based in the shooting method that needs a very

good initial guess to work properly.

We will not repeat here the procedure to obtain the normalized systems of equations needed

to implement the three algorithms for the TSG case, as we did for the Oncogene model, but

if you are curious about them, you can find the procedure in the appendix, for the Maximum

Principle and Partition methods, and in chapter 5 (at Linear and Concave Death Rate: A
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Bang-Bang Control section) for the bisection method . We will restrict here to show some

results related to these models, and to compare them. In table 2.4 we show the iterations

of the Bisection algorithm applied to the two-step model for parameter values: α = 2.14,

um = 1, a = 2, σ = 10, µ = 0.1 and dm = 1.

Something interesting to point out from the results in this table is that the optimal mutation

rate that we found for cancer to progress is ū = 0.01039 (for biological permitted parameter

values: µ = 0.1, um = 1, σ = 10, a = 2, α = 2.14 and dm = 1) that is comparable with the

value u = 10−2 for the rate of chromosomal loss obtained by in vitro experiments using CIN

colon cancer cell lines [2].

On the other hand, tables 2.5 and 2.6 show a comparison of the optimal values of the

mutation rate u and the shortest time T for both models with um = 1, µ = 0.1 and dm = 1.

In table 2.5 the set (a) is for four values of α with σ = 2 and a = 2 while the set (b) is for the

same four values of α with σ = 10 and a = 2. On the other hand, in table 2.6 the set (a) is

for the same values of α but a = 3 and σ = 2, while the set (b) repeats the values for α but

a = 5 and σ = 2. In both tables the numerical results suggest that for the same combination

of parameter values, it would take the two-step model longer to get to the target cancerous

population because two mutations are needed to lose both copies of TSG, compared to one

mutation needed to activate an oncogene, to get from a normal cell to a cancerous cell. They

also suggest that the level of mutation needed in the TSG model for cancer is smaller than

that of the oncogene model that makes the former a more dangerous situation since a high

mutation rate is not needed for cancer to occur. A less obvious result, when comparing both

tables, is the fact that as the mutant expansion rate a increases the optimal mutation rate ū

and the shortest time to cancer T̄ decrease which is an expected result biologically speaking.
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Table 2.7 shows a comparison of the optimal values of the mutation rate u and the shortest

time T for both models with parameter values: um = 1, a = 2, dm = 1 and α = 2. The set

(a) is for four values of µ with σ = 2 while the set (b) is for the same four values of µ with

σ = 10. The results shown in this table confirm something expected intuitively: It would

take cancerous mutants of each model longer to get to a larger target cancerous population,

i.e., as σ increases.
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TABLE 2.3
Bisection Method for the Oncogene Model

Phase I

k 1 2 3 4

uk 0.75 0.25 0.125 0.0625

Tk 19.59902 4.35057 4.15674 4.19499

Phase II

k u` T` u0 T0 ug Tg

0 0.06250 4.19499 0.12500 4.15598 0.25000 4.35057

1 0.09375 4.16262 0.12500 4.15674 0.15625 4.17349

2 0.10937 4.15668 0.12500 4.15674 0.11718 4.15598

3 0.10156 4.15887 0.10937 4.15674 0.12695 4.15714

4 0.11523 4.15602 0.11718 4.15668 0.12207 4.15629

5 0.11621 4.15599 0.11718 4.15598 0.11962 4.15607

6 0.11669 4.15598 0.11718 4.15598 0.11840 4.15601

7 0.11694 4.15598 0.11718 4.15598 0.11840 4.15601

8 0.11688 4.15598 0.11694 4.15598 0.11700 4.15598

9 0.11698 4.15598 0.11700 4.15598 0.11735 4.15598

10 0.11696 4.15598 0.11698 4.15598 0.11699 4.15598

11 0.11699 4.15598 0.11699 4.15598 0.11717 4.15598

Note: Gross chromosomal change rate u and shortest time T approximation for α = 2, um = 1, a = 2,
σ = 10, µ = 0.1 and dm = 1.
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TABLE 2.4
Bisection Method for the TSG Model

Phase I

k 1 2 3 4 5 6 7 8

uk 0.75 0.25 0.125 0.0625 0.03125 0.01562 0.00781 0.00390

Tk 28.6254 7.42712 6.61557 6.38234 6.32006 6.30724 6.30655 6.30784

Phase II

k u` T` u0 T0 ug Tg

0 0.00390 6.30784 0.00781 6.30655 0.01562 6.30724

1 0.00585 6.30705 0.00781 6.30655 0.01171 6.30637

2 0.00976 6.30633 0.01171 6.30637 0.01367 6.30668

3 0.00781 6.30655 0.00976 6.30633 0.01074 6.30632

4 0.01025 6.30631 0.01074 6.30632 0.01220 6.30643

5 0.00903 6.30638 0.01025 6.30631 0.01049 6.30631

6 0.01037 6.30631 0.01049 6.30631 0.01135 6.30634

7 0.01004 6.30632 0.01037 6.30631 0.01040 6.30631

8 0.01039 6.30631 0.01040 6.30631 0.01087 6.30632

9 0.01021 6.30631 0.01039 6.30631 0.01039 6.30631

10 0.01039 6.30631 0.01039 6.30631 0.01051 6.30631

Note: Gross chromosomal change rate u and shortest time T approximation for α = 2.14, um = 1, a = 2,
σ = 10, µ = 0.1 and dm = 1.
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TABLE 2.5
Dependence of the (normalized) gross chromosomal change rate u on α

α (a) σ = 2 (b) σ = 3

Oncogene TSG Oncogene TSG

ū T̄ ū T̄ ū T̄ ū T̄

0.5 0.6 1.69745 0.4 3.9368 0.54 2.05366 0.36 4.35617

0.8 0.48 1.91891 0.28 4.19268 0.43 2.30479 0.25 4.62219

1 0.41 2.04277 0.23 4.32196 0.37 2.44269 0.2 4.75365

1.25 0.35 2.17807 0.17 4.451 0.31 2.5919 0.15 4.88209

Note: Dependence of the (normalized) gross chromosomal change rate u on α with um = 1, a = 2, and
dm = 1.

TABLE 2.6
Dependence of the (normalized) gross chromosomal change rate u on α

α (a) a = 3 (b) a = 5

Oncogene TSG Oncogene TSG

ū T̄ ū T̄ ū T̄ ū T̄

0.5 0.54 1.24921 0.31 2.69763 0.46 0.840957 0.24 1.72382

0.8 0.48 1.39736 0.2 2.84476 0.31 0.925507 0.13 1.7896

1 0.33 1.47592 0.14 2.90975 0.24 0.966801 0.12 1.82156

1.25 0.26 1.5573 0.1 2.96879 0.17 1.00651 0.05 1.84562

Note: Dependence of the (normalized) gross chromosomal change rate u on α with µ = 0.1, um = 1, σ = 2,
and dm = 1.
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TABLE 2.7
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for non-convex cases

µ (a) σ = 2 (b) σ = 10

Oncogene TSG Oncogene TSG

ū T̄ ū T̄ ū T̄ ū T̄

10−1 0.2225 2.4911 0.0751 4.6919 0.117 4.156 0.0196 6.2972

10−2 0.2897 2.8421 0.0767 8.0053 0.1948 4.7913 0.0564 9.8267

10−5 0.2971 2.886 0.0363 15.8505 0.2034 4.8711 0.0322 17.5765

10−7 0.2971 2.886 0.0267 20.7574 0.2034 4.8712 0.0245 22.453

Note: Dependence of switch and terminal time on (normalized) basic mutation rate µ for non-convex cases
with um = 1, a = 2, dm = 1 and α = 2.
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Chapter 3

Stochastic One Step and Two Step

Cancer Models

3.1 Introduction

On chapter 2 we started answering the main question we have in this work: What is the

optimal level of instability that makes the cancerous population grow in the fastest way? We

gave a deterministic answer in the said chapter under the assumption that the mutation

rate is constant. A more realistic scenario however should include the fact that mutations

occur in a noisy environment and therefore with some degree of uncertainty. The stochastic

version of system of state equations (2.2) -(2.4) and initial conditions (2.5), below, includes

the effects of this uncertainty by treating the control u(0) = u0 as a second order random

variable:
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x′1 = −(µ+ umu)x1 + (1− d)(1− x1)x1 ≡ g1 (3.1)

x′2 =
1

σ
(µ+ umu)x1 + (1− d)(a− x1)x2 ≡ g2 (3.2)

u′ = 0 ≡ g3 (3.3)

with boundary conditions

x1(0) = 1, x2(0) = 0, x2(T ) = 1 and u(0) = u0. (3.4)

Here, the random variable u0 is defined by u0 = ū + r, with r the random deviation from

the time invariant optimal control ū.

As in chapter 2, we prefer to avoid working with the free time boundary condition x2(T ) = 1.

To this end, we apply a chain rule to system (3.1) - (3.4) to obtain:

dx1

dx2

=
−(µ+ umu)σx1 + (1− d)(1− x1)σx1

(µ+ umu)x1 + (1− d)(a− x1)σx2

≡ f1 (3.5)

dt

dx2

=
σ

(µ+ umu)x1 + (1− d)(a− x1)σx2

≡ f2 (3.6)

du

dx2

= 0 ≡ f3 (3.7)

for x1(x2;u0) and t(x2;u0) with the three initial conditions in (3.4) written as

x1(0;u0) = 1 t(0;u0) = 0 and u(0) = u0. (3.8)

The terminal condition x2(T ) = 1 then gives the terminal time as a function of u0:

t(1;u0) = T (u0). (3.9)
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System (3.5) - (3.8) is an stochastic differential system of equations of the form

Y′(z) = f(Y(z), z) Y(z0) = Y0 (3.10)

whose properties are known and the uncertainty lies on the initial data. On (3.5) - (3.8)

the vector stochastic process and initial data are Y =


x1

t

u

 and Y0 =


1

0

u0

, respectively,

with u0 being a second order random variable1.

We would like to know the probability (or probability density function) that T (u0) is close to

the optimal shortest time T̄ . The latter obtained by the deterministic version of the model

(studied in chapter 2). If the probability density function around the optimal mutation rate

ū is near to one, that means the random variable u0 is likely to be close to ū and equivalently,

it means that T (u0) is likely to be close to T̄ . If, on the other hand, the probability density

function is equals to zero in some interval, then u0 will be in that interval with probability

zero.

To translate the probability density function p(t,y;u0) into a probability, imagine that Iu0

is some small interval around the point ū. Then, assuming p(t,y;u0) is continuous, the

probability that u0 is in that interval will depend both on the density function p(t,y;u0)

and the length of the interval. Our first goal however is to determine the density function

of the solution process Y.

1This assumption is to guarantee that system (3.1) - (3.4) has a solution.
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An usual method to compute the probability density function is demonstrated in the next

example. Consider the ODE system

ẋ = v

v̇ = −ω2x

whose general solution is

Y(t) =

x(t)

v(t)

 =

 x0cos(ωt) + v0

ω
sin(ωt)

−x0ωsin(ωt) + v0cos(ωt)

 . (3.11)

Function (3.11) describes the state of the system at time t; at time t = 0, the system was at

the state Y0 =

x0

v0

. Thus, at each time t, function (3.11) represents a transformation of

the random vector Y0 into the random vector Y(t). Applying the theorem of transformation

of random vectors 2 , the pdf of Y(t) is:

p(t, x, v;x0, v0) = p0(x0, v0)|J |

= p0(x0, v0) · 1

= p0

(
x(t)cos(ωt)− v(t)

ω
sin(ωt), x(t)ωsin(ωt) + v(t)cos(ωt)

)
(3.12)

where p0 is the initial probability density function, and, for this particular problem,

J =

cos(ωt) ωsin(ωt)

− sin(ωt)
w

cos(ωt).

 (3.13)

2 Theorem of transformation of random vectors: Let X be a continuous random vector in Rn with
density function pX and the set of possible values A. For the invertible function h : A→ Rn, let Y = h(X)
be a random variable with the set of possible values B = h(A) = {h(a) : a ∈ A}. Suppose that the inverse
of y = h(x) is the function x = h−1(y), which is differentiable for all values of y ∈ B. Then pY , the density
function of Y , is given by pY (y) = pX(h−1(y))|J | for y ∈ B. [22],[26] & [23].
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Using equality (3.12), the expected value of x satisfies:

E[x] =

∫
R

∫
R
xp(t, x, v;x0, v0)dxdv =

∫
R

∫
R
xp(x0, v0)|J|dx0dv0 =

∫
R

∫
R
xp0(x0, v0)dx0dv0.

(3.14)

Furthermore, if we assume that only x0 is a random variable while v0 is a prescribed constant,

then it simplifies to

E[x] =

∫
R

∫
R
xp0(x0, v0)dx0dv0 =

∫
R

∫
R
xp0(x0)δ(v0 − v∗)dx0dv0 =

∫
R
xp0(x0)dx0. (3.15)

Of course, system (3.5) - (3.7) (for the one-step model) and system (3.36) - (3.39) (for the

two-step model) are not as easy to manipulate as our previous example. Finding the inverse

function that would allow us to have the initial conditions (associated to each ODE system) as

the dependent variables could not be a simple task. However, we must not concern ourselves

with this inconvenience because for cases such as this, there is a different method that uses

Liouville equation to obtain the probability distribution function. Liuoville theorem states

that each function p(t,y; y0) whose integral (with respect to y) is invariant during a motion

of the system described by (3.10) satisfies the equation

∂p

∂t
+

n∑
j=1

∂(pfj)

∂yj
= 0, (3.16)

which is known as the Liouville equation [13] & [22].

3.2 Liouville Equation for the One-Step Model

Assume that the mean square solution of the non-linear stochastic IVP (3.5)-(3.8) exists.

Then p(x2,Y;u0) is determined by the first order PDE (Liouville equation) [22] & [13]:
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∂p

∂x2

+
n∑
j=1

∂(pfj)

∂yj
= 0

with characteristic equations:

dx2

dξ
= 1,

dp

dξ
= −p∇ · f , dyj

dξ
= fj, (j = 1, 2, 3.) (3.17)

where f(y, x2) = (f1(y, x2), f2(y, x2), f3(y, x2))t and yj are the elements of Y. Given that

the characteristic system is autonomous, the first two equations can be combined as a single

equation:

dp

dx2

=
dp

dξ
· dξ
dx2

= −p∇ · f . (3.18)

Analogously we obtain:

dp

dx1

=
dp

dξ
· dξ
dx1

=
dp

dξ
· 1

f1

= − 1

f1

p∇ · f =
∂p

∂y1

dp

dt
=
dp

dξ
· dξ
dt

=
dp

dξ
· 1

f2

= − 1

f2

p∇ · f =
∂p

∂y2

.

Using all these identities, our purpose is to simplify Liouville equation in terms of the state

variables and p(x2,Y;u0):

0 =
∂p

∂x2

+
3∑
j=1

(
fj
∂p

∂yj
+ p

∂fj
∂yj

)

= 3
∂p

∂x2

+
3∑
j=1

p
∂fj
∂yj

.

Thus,

∂p

∂x2

= −p
3

2∑
j=1

∂fj
∂yj

. (3.19)
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Doing the appropriate substitutions we acquire the PDE:

∂p

∂x2

= −p
3

[
∂

∂t

(
1

g2

)
+

∂

∂x1

(
g1

g2

)]
. (3.20)

Observe that g2 does not depend on t explicitly, so

∂

∂t

(
1

g2

)
= 0.

This reduces equation (3.20) to:

∂p

∂x2

= −p
3

∂

∂x1

(
g1

g2

)
(3.21)

which turns into the PDE:

∂p

∂x2

= −p
3

(
σ(d− 1)[aσ(d− 1− µ− uum)x2 − 2a(d− 1)σx1x2 + x2

1(µ+ uum + (d− 1)σx2)]

[a(d− 1)σx2 − x1(µ+ uum + (d− 1)σx2)]2

)
(3.22)

with initial condition:

p(0,Y;u0) = p0(r). (3.23)

Here, p0(r) is the pdf for r, the random deviation from the time invariant optimal control ū.

3.2.1 A new ODE system for the One-Step Model

All the work done to find the new equations (3.22) and (3.23) will pay off because now we

have an Initial Value Problem that includes the probability density function:
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dx1

dx2

=
−(µ+ umu)x1 + x1(1− d)(1− x1)

1/s(µ+ umu)x1 + x2(1− d)(a− x1)
(3.24)

dt

dx2

=
1

1/s(µ+ umu)x1 + x2(1− d)(a− x1)
(3.25)

du

dx2

= 0 (3.26)

dp

dx2

= −p
3

(
σ(d− 1)[aσ(d− 1− µ− uum)x2 − 2a(d− 1)σx1x2]

[a(d− 1)σx2 − x1(µ+ uum + (d− 1)σx2)]2

+
σ(d− 1)x2

1[µ+ uum + (d− 1)σx2]

[a(d− 1)σx2 − x1(µ+ uum + (d− 1)σx2)]2

) (3.27)

with initial conditions:

x1(0) = 1, t(0) = 0, u(0) = u0, t(x2 = 1) = T and p(0,Y, u0) = p0(r).3 (3.28)

Thus we have successfully found a way to obtain the pdf of T as a function of u0. The next

step is to propose an initial pdf to proceed solving our stochastic differential systems that

will lead the way to our next objective of finding the expected value of the end time T for

both models.

3.3 Some examples of p0(r)

One thing one must consider when deciding the initial probability density function p0(r) is

that cancerous cell population would want to optimize their rate growth, thus we expect

that the random deviation r from the optimal mutation rate ū in the control u0 = ū + r

3Recall that u0 = ū+ r
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remains on a small neighborhood about ū. For this reason, we propose the following initial

pdf p0(u0 = ū+ r):

p0(ū+ r) =



c0(ū2 − r2)er/h if − ū < r < 0

c0(ū2 − r2)e−r/h if 0 < r < ū

0 otherwise

(3.29)

We still need to find an appropriate value for the constant c0 such that

∫
R
p0(r)dr = 1 (3.30)

is satisfied. With that purpose, we solve (3.30) for the constant c0:

1 =

∫
R
p0(r)dr

= c0

∫ 0

−uop
(u2

op − r2)er/hdr + c0

∫ uop

0

(u2
op − r2)e−r/hdr

= c0he
r/h

(
u2
op − 2h2 + 2rh− r2

)∣∣∣∣∣
0

−uop

+ c0he
−r/h

(
2h2 + 2hr + r2 − u2

op

)∣∣∣∣∣
uop

0

= c0

(
2hu2

op − 4h3 + 4h3e−uop/h + 4h2uope
−uop/h

)
.

Thus, we can substitute c0 in (3.29) with the value:

c0 =
1

2hū2 − 4h3 + 4h3e−ū/h + 4h2ūe−ū/h
.

where h is a parameter we can specify to control the rapid decay away from r = 0.
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Other pdf that we will use in our calculations are the following two options of the uniform

pdf:

p0(ū+ r) =


1

2ū
− ū < r < ū

0 otherwise

(3.31)

p0(u) =


1 − 0 < u < 1

0 otherwise

(3.32)

Before giving a formula for the expected value of the end time T for the one step model we

will need the next important result:

Theorem 3.1. For the one step model, the function p(1,Y(T (r)); r) is a probability density

function.

Proof. To show that p(1,Y(T (r)); r) ≥ 0 for all T (r) we only need to observe the integral

equation of (3.27) has the form:

p = Exp

[∫
G(x2, Y ;u0)dx2

]
(3.33)
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Thus, p ≥ 0 for all T (r). On the other hand, using theorem of change of variables we show

that:

∫∫∫
R×R×R

p(x2 = 1, x1, t; r)dx1dtdr =

∫∫∫
R×R×R

p(x0
1, t

0; r0)dx0
1dt

0dr0

=

∫∫∫
R×R×R

p0(r0)δ(t0)δ(x0
1 − 1)dx0

1dt
0dr0

=

∫
R
p0(r0)dr0

∫
R
δ(x0

1 − 1)dx0
1

∫
R
δ(t0)dt0

= (1) · (1) · (1)

= 1.

Thus, the function p(1,Y(T (r)); r) is a probability density function.

With p(1,Y(T (r)); r) at hand, we are ready to compute the expected value of the end time

T 4 :

E[T ] = E[t(x2 = 1)] =

∫∫∫
R×R×R

Tp(x2 = 1, x1, T ; r)dx1dTdr

=

∫∫∫
R×R×R

Tp0(x0
1, t

0; r0)dx0
1dt

0dr0

=

∫∫∫
R×R×R

Tp0(r0)δ(t0)δ(x0
1 − 1)dx0

1dt
0dr0

=

∫
R
Tp0(r0)dr0.

(3.34)

4 The third equality in (3.34) follows from: Proposition: Let X be a random variable with joint density
pX and Y = g(X), then E[Y ] = E[g(X)] =

∫
Rn g(x̄)pX(x̄)dx̄. [26] & [23]
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The importance about the equality obtained in equation (3.34) is that instead of computing

a triple integral we simplified the computation to a single integral. We state this result in

the next proposition.

Proposition 3.2. The expected value for the end time in the one step model is given by

E[T ] =

∫
R
Tp0(r)dr. (3.35)

3.4 Liouville Equation for the Two-Step Model

Finding the pdf for the two-step model is nos as straight forward as with the one-step model.

The reason can be noticed easily after observing that the stochastic differential system of

equations:

dx0

dx2

=
−2µσx0 + σx0(1− d(u))(1− x0 − x1)

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (3.36)

dx1

dx2

=
2µσx0 − (µ+ umu)σx1 + σx1(1− d(u))(1− x0 − x1)

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (3.37)

dt

dx2

=
σ

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (3.38)

du

dx2

=0 (3.39)

with initial conditions

x0(0;u0) = 1 x1(0;u0) = 0 t(0;u0) = 0 and u(0) = u0. (3.40)

and t satisfying

t(1;u0) = T (u0). (3.41)
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is not well defined at the given initial conditions (3.40). One way to avoid this inconvenience

when trying to obtain T is to obtain dp(t,W ;u0)
dt

, with W =



x0

x1

x2

u


, using the state equations

(shown below):

x′0 =− 2µx0 + x0(1− d(u))(1− x0 − x1) ≡ g0(x0, x1, x2, u
0), (3.42)

x′1 =2µx0 − (µ+ umu)x1 + x1(1− d(u))(1− x0 − x1) ≡ g1(x0, x1, x2, u
0), (3.43)

x′2 =
1

σ
(µ+ umu)x1 + x2(1− d(u))(a− x0 − x1) ≡ g2(x0, x1, x2, u

0), (3.44)

u′ =0 ≡ g3(x0, x1, x2, u
0). (3.45)

to solve the stochastic system formed by dp(t,W ;u0)
dt

(dp
dt

from now on) and (3.42) - (3.45) on

the interval [0, ts], with 0 < ts << T̄ . On the other hand, we will be solving the stochastic

system (3.50) - (3.54) on the interval [x2(ts), 1]. The first step then is to find dp
dt

:

0 =
∂p

∂t
+

3∑
j=0

(
gj
∂p

∂wj
+ p

∂gj
∂wj

)

= 4
∂p

∂t
+

3∑
j=0

p
∂gj
∂wj

.

Thus,

∂p

∂t
= −p

4

2∑
j=0

∂gj
∂wj

, (3.46)

which after the appropriate substitutions becomes:

∂p

∂t
= −p

4

[
∂g0

∂x0

+
∂g1

∂x1

+
∂g2

∂x2

]
(3.47)
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to finally obtain the PDE:

∂p

∂t
=
p

4
(1− d)(x0 + x1 + 3µ+ umu− a− 2). (3.48)

with initial condition p(0,W ;u0) = p0(r).

Just like that, we have two stochastic differential systems: one formed by equations (3.42) -

(3.45) and (3.48) with initial conditions:

x0(0) = 1, x1(0) = 0, x2(0) = 0, u(0) = u0 and p(0,W ;u0) = p0(r), (3.49)

the other formed by

dx0

dx2

=
−2µσx0 + σx0(1− d(u))(1− x0 − x1)

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (3.50)

dx1

dx2

=
2µσx0 − (µ+ umu)σx1 + σx1(1− d(u))(1− x0 − x1)

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (3.51)

dt

dx2

=
σ

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (3.52)

du

dx2

=0 (3.53)

dp

dx2

=− p

4

(
σ(d− 1)[aσ(d− 1− µ− umu)x2 − 2a(d− 1)σx1x2](

a(d− 1)σx2 − x1(µ+ umu+ (d− 1)σx2)
)2

+
σ(d− 1)[x2

1(µ+ umu+ (d− 1)σx2)](
a(d− 1)σx2 − x1(µ+ umu+ (d− 1)σx2)

)2

)
.

(3.54)
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with initial conditions:

x0(x2(ts)) = x0,s, x1(x2(ts)) = x1,s, t(x2(ts)) = ts, (3.55)

u(x2(ts)) = u0 and p(x2(ts),Y;u0) = p(ts,Y(ts);u
0). (3.56)

One question that should come to our minds when solving system (3.42) - (3.45) and (3.48)

on the interval [0, ts] is: What is an appropriate value for the point ts? In order to answer

this question we have some observations:

� When evaluating equation (3.43) at t0 = 0 we notice that x′1(0) = 2µ > 0. Thus, the

linear approximation about t0 = 0 of the TSG+/− cell population x1 is

x1(t) ≈ x1(0) + x′1(0) · t = 2µ · t.

� The malignant population x2(t) is increasing all the time (proved in chapter 4).

These observations suggest that system (3.36) - (3.39) is well defined for any t > 0. To avoid

numerical complications, we should pick ts such that x1(ts) = 2µts >> ε (where ε denotes

the machine epsilon). On the other hand, x2(t) ≈ x2(0) + x′2(0) · t = 1/σ(µ + umu)2µ · t <

4µ/σ · t << t << 1 = x2(T ) for any 0 < t << 1. Thus, for our numerical solutions we will

consider ts = 0.1 .

Analogous to the one-step case, we have a formula for the expected value of the end time

T . Thus, as before, we need to prove that p(1,Y(T (r)); r) is a probability density function

when we use the two step model.

Theorem 3.3. For the two step model, the function p(1,Y(T (r)); r) is a probability density

function for the final time as a function of the mutation rate.
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Proof. To show that p(1,Y(T (r)); r) ≥ 0 for all T (r) we only need to observe the integral

equation of (3.27) has the form:

p = Exp

[∫
G(x2, Y ;u0)dx2

]
(3.57)

Thus, p ≥ 0 for all T (r). On the other hand, using theorem of change of variables we show

that:

∫∫∫
R×R×R×R

p(x2 = 1, x0, x1, t; r)dx0dx1dtdr =

∫∫∫
R×R×R×R

p(x0
0, x

0
1, t

0; r0)dx0
0dx

0
1dt

0dr0

=

∫∫∫
R×R×R×R

p0(r0)δ(x0
1)δ(t0)δ(x0

0 − 1)dx0
0dx

0
1dt

0dr0

=

∫
R
p0(r0)dr0

∫
R
δ(x0

0 − 1)dx0
0

∫
R
δ(t0)dt0

∫
R
δ(x0

1)dx0
1

= (1) · (1) · (1) · (1)

= 1.

Thus, the function p(1,Y(T (r)); r) is a probability density function for the two-step model

too.

Analogously to the one-step model case, we can prove that computing the expected value

for end point T simplifies the calculations from a tetra integral to a single integral.

Proposition 3.4. The expected value for the end time in the one step model is given by

E[T ] =

∫
R

Tp0(r)dr. (3.58)
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3.5 Numerical Results

We have now all the tools needed to obtain the expected value of the end time T . It is time

to make some numerical computations that will allow us to come with some conclusions

about both models.

3.5.1 Algorithm to Compute P (x2,Y; r)

Step 1: Pick a pdf p0(r) for the random deviation r from the time invariant optimal

control ū with u0 = ū+ r.

Step 2: With ū and the other parameter values fixed solve the SDE system (for the

one step model, for example, we solve system (3.24) - (3.28)).

Step 3: Compute the expected value of t(x2 = 1) = T .

Tables 3.1 and 3.2 show values of the shortest time T for different values of r with particular

parameter values: h = 0.1, α = 1, µ = 0.1, um = 1, a = 2, σ = 10, and dm = 1. This table

is an example of the collection of points {(r, T (r))} for r ∈ R from which we can deduce

information about the effects of random perturbations from the optimal mutation rate on

the end time. In order to study these effects, however, we are going to use the probability

density function.

Figures 3.1, 3.2, 3.3, 3.4 and 3.5 show the scatter plots of different probability density

functions. We can observe, for example, a scatter plot of the initial probability density

function (3.29) for the one step model in figure 3.1 while, on the other hand, figure 3.2

presents a scatter plot of the probability density function (pdf ) p(x2 = 1,Y, u0) for the one

step model when (3.29) is the initial pdf.
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Figure 3.1: Scatter plot of p0(r) ( given in (3.29)) for the one step model with 5000 experiments and
parameter values: α = 1, dm = 1, um = 1, µ = 0.1, a = 2, σ = 10 and h = 0.1

Tables 3.3 and 3.4 show the probability that r ∈ (−ū, ū), the expected value of the end time

T and the shortest time to cancer T̄ (for the one step and the two step model, respectively)

for different sets of experiments with parameter values um = 1, σ = 10, dm = 1, α = 1,

µ = 0.1, h = 0.1 and a = 3 in column (i), or a = 4 in column (ii). We can observe from both

tables that the expected value of T , E[T ], does not goes far away from the optimal time value

T̄ . For similar parameter values but with a = 2 and the parameter σ equals to 2 in column

(i) and equals to 10 in column (ii) we have tables 3.5 and 3.6 where, again, no significant

difference is observed from the expected value E[T ] and the optimal value T̄ . This leads us

to conclude that small perturbations on the mutation rate, does not have severe effects on

the end time T .

On table 3.7 we show the dependence of the shortest time T on the basic mutation rate µ for

the one-step model on column (i), and for the two-step model on column (ii). The expected

values of T : E[0,1][T ], E[0,2ū][T ] and E[T ], with the uniform distribution on [0, 1], the uniform

distribution on [0, 2ū] and the (3.29) distribution as the initial condition for the probability

density function p, respectively, are shown on table 3.7 together with the optimal time value
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Figure 3.2: A zoom to the scatter plot of p(T (r)) for the one step model (when (3.29) is the initial pdf)
with 5000 experiments and parameter values: α = 1, dm = 1, um = 1, µ = 0.1, a = 3, σ = 10 and h = 0.1

T̄ for parameter values um = 1, a = 2, dm = 1, α = 1, h = 0.1 and σ = 10. For both models,

a change on the basic mutation rate µ does not give a significant difference between E[T ],

E[0,2ū][T ] and T̄ , but it is not the case between E[0,1] and T̄ . An example of the significant

increment in the end time T is clearly seen when µ = 10−7. In this case |E[T ]− T̄ | ≈ 0.1 (or

|E[0,2ū][T ]− T̄ | ≈ 0.5) for the one step model, and |E[T ]− T̄ | ≈ 0.25 (or |E[0,2ū][T ]− T̄ | ≈ 0.8)

for the two step model. On the other hand, |E[0,1][T ]− T̄ | ≈ 5.6 for the one step model and

|E[0,1][T ] − T̄ | ≈ 71 for the two step model. From the same table (table 3.7) we conclude

that as µ decreases, E[T ], E[0,2ū][T ] and T̄ remain close from each other but the distance

between E[0,1] and T̄ increases significantly. Some conclusions can be addressed from these

observations:

� A change in the mutation rate affects more the two step model than the one step

model. This can be explained by the necessity of an extra mutation in the two step

model.
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Figure 3.3: Another zoom to the scatter Plot of p(T (r)) for the one step model (when (3.29) is the initial
pdf) with 5000 experiments and parameter values: α = 1, dm = 1, um = 1, µ = 0.1, a = 3, σ = 10 and
h = 0.1

� The three different initial distributions (uniform on [0, 1], uniform on [0, 2ū] and (3.29)

distributions ) give very different outcomes in the expected value. The results suggest

that when perturbations cause the mutation rate to go far away from the ’comfort

zone’ for the cancerous population (away from its optimal mutation rate), the final

outcome will be very different to the one obtained when perturbations are small and the

mutation rate remains near to its optimal value. The results from these distributions

suggest that small perturbations to the mutation rate are not very significant for the

final outcome, but perturbations that make the mutation rate to land at any value on

the interval [0, 1] do not benefit the cancerous cell population growth, its growth will

not be as fast as when only small perturbations occur. Thus, for cancer to ‘succeed’

its best strategy requires that the mutation rate remains near to its optimal value.

On table 3.8 we show the dependence of the shortest time T on the parameter α (it trans-

lates into dependence on the death rate) for the one-step model on column (i) and for the

two-step model on column (ii). We kept the same notation that we used in table 3.7 to
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Figure 3.4: Scatter plot of p0(r) ( given in (3.29)) for the two step model is the initial pdf) with 5000
experiments and parameter values: α = 1, dm = 1, um = 1, µ = 0.1, a = 2, σ = 10 and h = 0.1

denote the expected values and the parameter values: um = 1, a = 2, dm = 1, α = 1, h = 0.1

and σ = 10. Analyzing this table we see that E[T ], E[0,2ū][T ] and T̄ remain close from each

other when compared to the distance between them and E[0,1][T ]. For the one step model,

for example, we notice that as the value of α grows the distance between E[0,1][T ] and T̄

increases, but for the two step model results suggest that the distance between E[0,1][T ] and

T̄ increases as α & 1 increases.

The short distance between E[T ], E[0,2ū][T ] and T̄ commends us to think that under small

perturbations on the mutation rate the final time does not lands far away from the desired

target. However, there is a difference if these perturbations are not restricted to stay close to

the optimal value as α increases to a value bigger o equals to one. Under those circumstances

the increment on the death rate will slow down the cancerous population growth in a more

significant way than does the diminution in the basic mutation rate.
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Figure 3.5: A zoom to the scatter plot of p(T (r)) for the two step model (when (3.29) is the initial pdf)
with 5000 experiments and parameter values: α = 1, dm = 1, um = 1, µ = 0.1, a = 2, σ = 10, h = 0.1

Tables 3.9 and 3.10 show, among other things, the standard deviation and the coefficient of

variation of the end times when the parameter values are a = 2, um = 1, σ = 10, dm = 1,

α = 1 and µ = 0.1. Tables 3.11 and 3.12 present the same (with same parameter values) but

for the two step model. No significant dispersion is observed in any of the tables. Change

of values on other parameters such as µ, a and σ gave similar response from the standard

deviation and the coefficient of variation. However, when moving the parameter α to small

values such as α = 0.1 we could notice a significant dispersion on the end time data. On

table 3.8 we can observe significant dispersion in some of the experiments. For example, the

value labeled with an “ ∗ ” used a sample whose p = 0.75, σ(T ) = 1.1806 and Cv = 0.3090,

the one labeled with a “ + ” has p = 0.76, σ(T ) = 0.7923 and Cv = 0.3311 and the value

labeled with “ ∗∗ ” used a sample whose p = 0.61, σ(T ) = 0.9486 and Cv = 0.5554, we run

it several times without improvement on its probability, standard deviation or coefficient of

variation values. The dispersion in the data could explain the lack of sense in the results of

their expected value.

As a final conclusion, we would like to add that perturbations on the mutation rate will

give a more negative output for the cancerous population under tumor suppressor gene

deactivation than under oncogene activation. Then again, we believe that the necessity
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of the extra mutation on the tumor suppressor gene deactivation is the key for the final

outcome.
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TABLE 3.1
Table of r and T (r) values for the Oncogene Model with the initial pdf
(3.29)

r T r T r T r T

-0.41201 2.04274 -0.30557 2.07067 -0.18628 2.16517 -0.08508 2.4154

-0.40027 2.04297 -0.30259 2.07092 -0.18458 2.18262 -0.08470 2.4367

-0.39589 2.04326 -0.29121 2.07844 -0.18429 2.19751 -0.08407 2.45067

-0.39304 2.04393 -0.29065 2.08145 -0.17977 2.2045 -0.08019 2.48221

-0.39295 2.0455 -0.28859 2.0863 -0.17965 2.21659 -0.07431 2.4823

-0.38754 2.04564 -0.28851 2.08831 -0.16851 2.2285 -0.06286 2.49353

-0.37691 2.04622 -0.28733 2.08941 -0.16592 2.24245 -0.06159 2.50092

-0.37287 2.04682 -0.27373 2.09431 -0.16426 2.25552 -0.05422 2.50418

-0.36439 2.04724 -0.27370 2.1055 -0.16077 2.25698 -0.05130 2.53306

-0.35383 2.04812 -0.25873 2.1216 -0.15459 2.2766 -0.04650 2.57283

-0.35195 2.04875 -0.25749 2.12176 -0.15426 2.28475 -0.04330 2.57721

-0.35093 2.04967 -0.25372 2.12212 -0.15411 2.28747 -0.04097 2.58538

-0.34127 2.05118 -0.24425 2.12891 -0.13809 2.32225 -0.03752 2.63368

-0.33376 2.05217 -0.24352 2.13289 -0.12555 2.32234 -0.03572 2.67575

-0.33288 2.05492 -0.23683 2.13483 -0.11959 2.35711 -0.03301 2.69693

-0.33087 2.05543 -0.22935 2.13788 -0.11820 2.36028 -0.03012 2.75666

-0.32777 2.06051 -0.22265 2.15174 -0.11562 2.3605 -0.0294 2.78943

-0.32774 2.06346 -0.21553 2.1519 -0.10913 2.3661 -0.01934 2.79

-0.31860 2.06554 -0.21125 2.1578 -0.10487 2.36765 -0.01289 2.80803

-0.31435 2.06589 -0.20171 2.15823 -0.09335 2.40019 -0.00870 2.83675

-0.30761 2.0661 -0.18966 2.16053 -0.09293 2.40916 -0.00231 2.92081

-0.30741 2.06916 -0.18879 2.16054 -0.09250 2.40993

-0.30582 2.07041 -0.18629 2.16396 -0.09042 2.41478

Note: The parameter values are h = 0.1, α = 1, µ = 0.1, um = 1, a = 2, σ = 10, and dm = 1.
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TABLE 3.2
Table of r and T (r) values for the Oncogene Model with the initial pdf
(3.29)

r T r T r T r T

0.00153 2.04273 0.12131 2.09296 0.20293 2.19596 0.28555 2.39178

0.00546 2.04282 0.12174 2.09334 0.20458 2.1988 0.29249 2.41447

0.01433 2.04339 0.12526 2.09647 0.20607 2.2014 0.30271 2.45021

0.01869 2.04386 0.12620 2.09731 0.21599 2.21949 0.31754 2.50752

0.02376 2.04455 0.13018 2.10101 0.23207 2.25179 0.32013 2.51826

0.03209 2.04607 0.13363 2.10432 0.23235 2.25237 0.33663 2.59251

0.03230 2.04612 0.14777 2.11903 0.23334 2.2545 0.34231 2.62058

0.04184 2.04843 0.15050 2.12208 0.23412 2.25617 0.35909 2.71244

0.05215 2.05163 0.15518 2.12748 0.23717 2.26286 0.36521 2.74967

0.05291 2.05189 0.15581 2.12822 0.24986 2.29229 0.36902 2.77399

0.06248 2.05556 0.15638 2.1289 0.25396 2.30241 0.36994 2.77998

0.06282 2.0557 0.16360 2.13775 0.25408 2.30271 0.37365 2.80479

0.06311 2.05583 0.16379 2.13799 0.25903 2.31536 0.37545 2.81711

0.06508 2.05667 0.16381 2.13801 0.25925 2.31593 0.38352 2.87534

0.06716 2.05759 0.16708 2.1422 0.26187 2.32284 0.39659 2.98074

0.07076 2.05926 0.16726 2.14244 0.26536 2.33224 0.39797 2.99282

0.07287 2.06028 0.16972 2.14568 0.27016 2.34556 0.40514 3.0584

0.07591 2.06181 0.18243 2.16341 0.27070 2.34712 0.41277 3.13449

0.07992 2.06392 0.18562 2.16813 0.27438 2.3577 0.41397 3.14705

0.08476 2.06663 0.18676 2.16987 0.27618 2.363 0.42315 3.24993

0.10003 2.07635 0.18981 2.17453 0.27989 2.37414 0.42429 3.2636

0.10852 2.08254 0.19343 2.18023 0.28017 2.37501 0.42477 3.2694

0.10930 2.08314 0.20020 2.19133 0.28060 2.37632 0.43216 3.36357

Note: The parameter values are h = 0.1, α = 1, µ = 0.1, um = 1, a = 2, σ = 10, and dm = 1.
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TABLE 3.3
Value of the shortest time T , expected value and probability of occurrence
for the Oncogene Model with the initial pdf (3.29).

#Experiments (i) a = 3 (ii) a = 4∫
Ir
p(r)dr E[T ] T̄

∫
Ir
p(r)dr E[T ] T̄

500 1.0239 2.4467 2.3724 1.0467 1.8657 1.7739

1000 1.0148 2.426 2.3724 1.0042 1.7912 1.7739

5000 1.0052 2.4035 2.3724 1.0297 1.8364 1.7739

10000 1.0403 2.4863 2.3724 1.0107 1.8028 1.7739

20000 1.016 2.4289 2.3724 1.0252 1.8285 1.7739

Note: Here E(T ) denotes the expected value of the time T , where T is such that x2(T ) = 1; Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. Parameter values for the Oncogene model: um = 1, σ = 10, dm = 1,
α = 1, µ = 0.1 and h = 0.1. Under these parameter values, ū = 0.19411 if a = 3 and ū = 0.14828 if a = 4

TABLE 3.4
Value of the shortest time T , expected value and probability of occurrence
for the Tumor Suppressor Gene Model with the initial pdf (3.29).

#Experiments (i) a = 3 (ii) a = 4∫
Ir
p(r)dr E[T ] T̄

∫
Ir
p(r)dr E[T ] T̄

500 1.0013 3.7848 3.772 1.0074 2.823 2.7992

1000 1.0129 3.8283 3.772 1.0064 2.8208 2.7992

5000 1.0178 3.8475 3.772 1.0036 2.813 2.7992

10000 1.0356 3.9146 3.772 1.0092 2.8287 2.7992

20000 1.0161 3.8413 3.772 1.0025 2.8098 2.7992

Note: Here E(T ) denotes the expected value of the time T , where T is such that x2(T ) = 1; Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. Parameter values for the TSG model: um = 1, σ = 10, dm = 1,
α = 1, µ = 0.1 and h = 0.1. Under these parameter values, ū = 0.077682 if a = 3 and ū = 0.053932 if a = 4
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TABLE 3.5
Value of the shortest time T , expected value and probability of occurrence
for the Oncogene Model with the initial pdf (3.29).

#Experiments (i) σ = 2 (ii) σ = 10∫
Ir
p(r)dr E[T ] T̄

∫
Ir
p(r)dr E[T ] T̄

500 1.005 2.0942 2.0427 1.0565 3.8596 3.6046

1000 1.0012 2.086 2.0427 1.0164 3.7153 3.6046

5000 1.0058 2.095 2.0427 1.0286 3.7594 3.6046

10000 1.0026 2.089 2.0427 1.008 3.6852 3.6046

20000 0.98919 2.0615 2.0427 1.0122 3.7001 3.6046

Note: Here E(T ) denotes the expected value of the time T , where T is such that x2(T ) = 1; Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. Parameter values for the Oncogene model: um = 1, a = 2, dm = 1,
α = 1, µ = 0.1 and h = 0.1. Under these parameter values, ū = 0.41399 if σ = 2 and ū = 0.29521 if σ = 10.

TABLE 3.6
Value of the shortest time T , expected value and probability of occurrence
for the Tumor Suppressor Gene Model with the initial pdf (3.29).

#Experiments (i) σ = 2 (ii) σ = 10∫
Ir
p(r)dr E[T ] T̄

∫
Ir
p(r)dr E[T ] T̄

500 1.0615 4.6186 4.3218 1.0197 6.1524 6.0052

1000 1.038 4.5188 4.3218 1.0555 6.3671 6.0052

5000 1.0012 4.3605 4.3218 0.99546 6.0077 6.0052

10000 0.9929 4.3247 4.3218 1.0024 6.0491 6.0052

20000 1.0048 4.3763 4.3218 1.0108 6.0997 6.0052

Note: Here E(T ) denotes the expected value of the time T , where T is such that x2(T ) = 1; Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. Parameter values: um = 1, a = 2, dm = 1, α = 1, µ = 0.1 and
h = 0.1. Under these parameter values, ū = 0.22473 if σ = 2 and ū = 0.14069 if σ = 10
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TABLE 3.7
Dependence of the shortest time T on the basic mutation rate µ.

µ (i) One Step (ii) Two Step

E[0,1][T ] E[0,2ū][T ] E[T ] T̄ E[0,1][T ] E[0,2ū][T ] E[T ] T̄

0.1 10.6689 3.8062 3.6781 3.6046 19.1826 6.0763 6.0076 6.0052

10−2 10.9469 4.4168 4.0297 3.9258 26.5925 9.4136 9.2812 9.2058

10−5 11.3667 4.5272 4.0598 3.9650 79.5513 17.8203 17.9943 16.8875

10−7 11.6262 4.4893 4.0606 3.9651 92.8711 21.9596 22.0957 21.7627

Note: Here E[0,1][T ] and E[0,2ū][T ] denote the expected value of the time T when p0(r) is the uniform
distribution on the interval [0, 1] and [0, 2ū], respectively, and Ep[T ] is the expected value when p0(r) is
given by (3.29). We run 5, 000 experiments. Parameter values: um = 1, a = 2, dm = 1, α = 1, h = 0.1 and
σ = 10.

TABLE 3.8
Dependence of the shortest time T on α

α (i) One Step (ii) Two Step

E[0,1][T ] E[0,2ū][T ] E[T ] T̄ E[0,1][T ] E[0,2ū][T ] E[T ] T̄

0.1 2.8456 1.708∗∗ 2.4178 2.3789 5.1424 3.8202∗ 4.919 4.825

0.25 3.1113 2.3928+ 2.7262 2.71 5.4988 5.491 5.3702 5.2014

0.5 3.914 3.5707 3.108 3.0946 6.7711 5.7439 6.0277 5.5836

0.75 5.6587 3.6562 3.4699 3.3794 5.9606 6.0145 5.8909 5.8321

0.95 9.2523 3.7692 3.5924 3.5634 6.0096 6.105 6.0938 5.9752

1 11.2097 3.8046 3.8277 3.6046 20.9718 6.1142 6.2075 6.0052

2 93.1874 4.1891 4.1748 4.1559 1603.46 6.2735 6.3116 6.2972

Note: Here E[0,1][T ] and E[0,2ū][T ] denote the expected value of the time T when p0(r) is the uniform
distribution on the interval [0, 1] and [0, 2ū], respectively, and E[T ] is the expected value when p0(r) is given
by (3.29). We run 5, 000 experiments. We run 5000 experiments. Parameter values: um = 1, a = 2, dm = 1,
µ = 0.1, h = 0.1 and σ = 10. The value labeled with an ∗ used a sample whose p = 0.75, σ(T ) = 1.1806 and
Cv = 0.3090 and the one labeled with an + has p = 0.76, σ(T ) = 0.7923 and Cv = 0.3311, we run it several
times without improvement on its probability. The value labeled with an ∗∗ used a sample whose p = 0.61,
σ(T ) = 0.9486 and Cv = 0.5554, we run it several times without improvement on its probability.
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TABLE 3.9
Value of the shortest time T , median, expected value, standard deviation,
coefficient of variation and probability of occurrence for the Oncogene
Model with the initial pdf (3.29).

#Experiments ∫
Ir
p(r)dr m(T ) σ(T ) Cv E[T ] T̄

500 0.9531 4.0853 0.1839 5.27 % 3.4870 3.6046

1000 0.9634 3.9997 0.1558 4.42 % 3.5247 3.6046

5000 0.9954 4.1284 0.0848 2.33 % 3.6397 3.6046

10000 1.0066 4.0322 0.0863 2.34 % 3.6801 3.6046

20000 0.9962 4.0667 0.0836 2.29 % 3.6428 3.6046

Note: Here m(T ), σ(T ), Cv and E[T ] denote the median, the standard deviation, the coefficient of variation
and the expected value of the time T , respectively (recall that the time T is such that x2(T ) = 1). Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. The parameter values are: a = 2, um = 1, σ = 10, dm = 1, α = 1,
µ = 0.1 and h = 0.1.

TABLE 3.10
Value of the shortest time T , median, expected value, standard deviation,
coefficient of variation and probability of occurrence for the Oncogene
Model with the initial uniform pdf (3.31)

#Experiments ∫
Ir
p(r)dr m(T ) σ(T ) Cv E[0,2ū][T ] T̄

500 0.9935 4.2373 0.1880 4.96 % 3.7905 3.6046

1000 0.9966 4.1164 0.1904 5.02 % 3.7908 3.6046

5000 0.9993 4.0714 0.1993 5.22 % 3.8132 3.6046

10000 0.9989 4.0751 0.2079 5.45 % 3.8140 3.6046

20000 1.0011 4.0513 0.2014 5.27 % 3.8153 3.6046

Note: Here m(T ), σ(T ), Cv and E[T ] denote the median, the standard deviation, the coefficient of variation
and the expected value of the time T , respectively (recall that the time T is such that x2(T ) = 1). Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. The parameter values are: a = 2, um = 1, σ = 10, dm = 1, α = 1
and µ = 0.1.
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TABLE 3.11
Value of the shortest time T , median, expected value, standard deviation,
coefficient of variation and probability of occurrence for the TSG Model
with the initial pdf (3.29).

#Experiments ∫
Ir
p(r)dr m(T ) σ(T ) Cv E[T ] T̄

500 1.0412 7.0180 0.2559 4.07 % 6.2800 6.0052

1000 0.9315 6.7523 0.4009 7.12 % 5.6243 6.0052

5000 0.9645 7.0523 0.2143 3.68 % 5.8223 6.0052

10000 1.0177 7.0495 0.1144 1.86 % 6.1403 6.0052

20000 0.9922 7.0804 0.0613 1.02 % 5.9885 6.0052

Note: Here m(T ), σ(T ), Cv and E[T ] denote the median, the standard deviation, the coefficient of variation
and the expected value of the time T , respectively (recall that the time T is such that x2(T ) = 1). Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. The parameter values are: a = 2, um = 1, σ = 10, dm = 1, α = 1,
µ = 0.1 and h = 0.1.

TABLE 3.12
Value of the shortest time T , median, expected value, standard deviation,
coefficient of variation and probability of occurrence for the TSG Model
with the initial uniform pdf (3.31)

#Experiments ∫
Ir
p(r)dr m(T ) σ(T ) Cv E[0,2ū][T ] T̄

500 0.9633 7.1515 0.2340 3.99 % 5.8664 6.0052

1000 0.9912 6.9307 0.0892 1.48 % 6.0292 6.0052

5000 0.9988 7.0535 0.0725 1.19 % 6.0726 6.0052

10000 1.0086 7.1243 0.0895 1.46 % 6.1295 6.0052

20000 1.0042 7.0847 0.0774 1.26 % 6.1053 6.0052

Note: Here m(T ), σ(T ), Cv and E[T ] denote the median, the standard deviation, the coefficient of variation
and the expected value of the time T , respectively (recall that the time T is such that x2(T ) = 1). Ir ⊂ [0, 2ū]
represents the set inside the interval [0, 2ū] that contains all the possible values for the second order random
variable u0 used in the given data set. The parameter values are: a = 2, um = 1, σ = 10, dm = 1, α = 1
and µ = 0.1.
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Chapter 4

Analysis of the Two Step Model

As we mentioned during chapter 1, the numerical results given in [12] suggest that for a

wide range of parameters the most successful strategy is to have a bang-bang mutation rate,

change from maximum instability to maximum stability, if the death rate (1.9) is a linear

or strictly concave function. But, if the death rate (1.9) is strictly convex the transition

is gradual and smooth. In this chapter we will provide the mathematical underpinning for

the conclusions achieved for (1.9), and we will go further, extending these results to general

strictly concave and strictly convex death rates.

Before starting our analysis, we should recall the optimal control problem for the TSG model

(Two-Step model). Here, we give a brief summary of the model, and recommend readers to

go to chapter 1 where it has been explained in detail.

Let x0(t) be the population size of normal cells and x1(t) be the population size of harmless

mutants with only one functioning copy of its TSG, both normalized by the initial normal

cell population size N . Define x2(t) to be the population size of dangerous TSG mutant cells

normalized by its final target population size M . With pmin = 0, the time evolution of the

three cell populations is governed by the following three first-order ODEs:
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x′0 =− 2µx0 + x0(1− d(u))(1− x0 − x1) ≡ g0(x0, x1, x2, u), (4.1)

x′1 =2µx0 − (µ+ umu)x1 + x1(1− d(u))(1− x0 − x1) ≡ g1(x0, x1, x2, u), (4.2)

x′2 =
1

σ
(µ+ umu)x1 + x2(1− d(u))(a− x0 − x1) ≡ g2(x0, x1, x2, u), (4.3)

subject to the boundary conditions:

x0(0) = 1, x1(0) = 0, x2(0) = 0, x2(T ) = 1, (4.4)

where T is the time when the dangerous mutant cell population reaches the target size.

The non-negative normalized gross chromosomal change rate u is limited by the inequality

constraint

0 ≤ u ≤ 1. (4.5)

The problem consists in choosing the normalized gross chromosomal change rate u(t), or

control function u(t), to minimize the time T needed to reach the target population size of

the dangerous mutants. The admissible controls are restricted to the set

Ω = {u : [0, T ]→ [0, 1]
∣∣ u ∈ PWS

(
[0, T ]

)
}.

Another restriction is the non-negativity constraints on the cell populations:

xk ≥ 0 for k = 0, 1 and 2. (4.6)
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We are now able to define the shortest time problem which is conventionally recast in the

standard form of choosing u(t) from Ω to minimize the performance index

J =

∫ T

0

1dt, (4.7)

subject to the equations of state of system (4.1)-(4.3), the boundary condition (4.4) and the

inequality constraints (4.5) and (4.6) with T > 0 to be determined as part of the solution.

We are ready to apply The Maximum Principle to find the optimal mutation rate in a similar

way as we did in chapter 2, the difference now resides in the definition of the set Ω because

now we have extended our set to include piece wise smooth functions which certainly includes

the constant functions but it is not limited to them.

The Hamiltonian and adjoint variables

The key to the solution of our optimal control problem is the Maximum Principle [9] & [14]

for the Hamiltonian

H = 1 + λ0g0 + λ1g1 + λ2g2 (4.8)

where λk, for k = 0, 1, 2, are the three adjoint variables for the problem determined by the

three adjoint ODE’s:

λ′0 = −
(
λ0
∂g0

∂x0

+ λ1
∂g1

∂x0

+ λ2
∂g2

∂x0

)
(4.9)

λ′1 = −
(
λ0
∂g0

∂x1

+ λ1
∂g1

∂x1

+ λ2
∂g2

∂x1

)
(4.10)

λ′2 = −
(
λ0
∂g0

∂x2

+ λ1
∂g1

∂x2

+ λ2
∂g2

∂x2

)
(4.11)
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and (for the given auxiliary conditions on the state variable xk, for k = 0, 1, 2) the transver-

sality conditions:

λ0(T ) = 0, λ1(T ) = 0. (4.12)

Note that (4.1)-(4.3) and (4.9)-(4.11) form the Hamiltonian system for the Hamiltonian

function given in (4.8). With the admissible controls restricted to be piecewise continuous,

the state and adjoint variables are continuous throughout [0, T ].

To find the optimal solution of our minimum terminal time problem, it is customary to

investigate first the possibility of an interior solution by seeking:

(i) A control u = ui(t) to satisfy 0 ≤ u ≤ 1 and the stationary condition:
[
∂H
∂u

]
u=ui

= 0.

(ii) Six quantities {xi(t), λj(t)} to satisfy the six differential equations (4.1)-(4.3), (4.9)-

(4.11) and the six auxiliary conditions (4.4) and (4.12).

From the state equations given in(4.1)-(4.3), the three adjoint differential equations given in

(4.9)-(4.11) take the form

λ′0 =2µ(λ0 − λ1) + (1− d(u))[λ0x0 + λ1x1 + λ2x2]

− λ0(1− d(u))(1− x0 − x1)

λ′1 =(1− d(u))[λ0x0 + λ1x1 + λ2x2]− umu+ µ

σ
(λ2 − σλ1)

− λ1(1− d(u))(1− x0 − x1)

λ′2 =− λ2(1− d(u))(a− x0 − x1).

(4.13)

Lemma 4.1. λ2(t) < 0 and λ′2(t) ≥ 0 for t ∈ [0, T ].
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Proof. At t = T ,

H(T ) = [1 + λ2(t)g2]t=T = 0. (4.14)

Thus,

λ2(T ) = −

[
σ

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)

]
t=T

< 0. (4.15)

The equality (4.14) is due to the transversality conditions given in (4.12). The inequality

shown in (4.15) holds because a > 1, 0 < x0 + x1 ≤ 1 (proved in the next section) and

0 ≤ d(u) ≤ 1. The continuity of λ2 implies that λ2(t) < 0 in some neighborhood of t = T .

Now,

λ′2(t) = −λ2(t)
(
a− x0(t)− x1(t)

)
(1− d(u)

)
.

Thus,

λ′2(T ) = −λ2(T )
(
a− x0(T )− x1(T )

)
(1− d(u)

)
≥ 0.

So, λ2(t) < 0 and λ′2(t) ≥ 0 in some neighborhood of T . So, λ2 is an increasing function

there. By the continuity of λ2 the result follows.

Lemma 4.2. In some interval (T0, T ) adjacent to the terminal time T we have

(i) λ2 − σλ1 − σλ0 < 0 for either corner solution.

(ii) λi(t) > 0 for i = 0, 1 and a lower corner control.
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(iii) λi(t) < 0 for i = 0, 1 and an upper corner control.

Proof. (i) By the transversality conditions and lemma 4.1 we have that

(λ2 − σλ1 − σλ0)(T ) = λ2(T ) < 0.

Thus, by the continuity of of the adjoint variables there must exist T1 < T such that(
λ2 − σλ1 − σλ0

)
(t) < 0 for all t ∈ (T1, T ).

(ii)-(iii) To prove the last two statements in the lemma we have the next observations:

1. λ′0(T ) = λ2(T )(1− d(u)).

2. λ′1(T ) = −λ2(T )
σ

[(umu+ µ)− σ(1− d(u))].

3. For u = 0, λ′0(T ) < 0. In addition to u = 0, σ >> µ+ um then λ′1(T ) < 0.

4. For u = 1, λ′0(T ) = 0 and λ′1(T ) > 0.

Case u = 0: The continuity of λ0 implies the existence of T3 < T such that

λ′0(t) < 0 for t ∈ (T3, T ), or said in another way, λ0 is a decreasing function on

(T3, T ). Therefore λ0(t) > 0 for all (T3, T ). On the other hand, λ′1(T ) < 0 given

σ >> µ + um and u is a lower corner control. Then, by continuity of λ′1 there

must exist T4 < T such that λ′1(t) < 0 for all t ∈ (T4, T ). But λ1(T ) = 0, so

λ1(t) > 0 for all t ∈ (T4, T ).

Case u = 1: Take the derivative of λ′0(t) given in (4.13). After the appropriate

substitutions we get λ′′0(T ) = λ2(T )
σ

2µ(um + µ). From lemma 4.1 we have that

λ′′0(T ) < 0. So, T is a maximum point of λ0 in [0, T ]. But λ0(T ) = 0, then there

exists T2 < T such that λ0(t) < 0 for all t ∈ (T2, T ).

The proof for λ1(t) < 0 is similar to the case u = 0. By contradiction we show

that there exists T5 < T such that λ1(t) < 0 for all t ∈ (T5, T ).
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Pick T0 = max{T1, T2, T3, T4, T5} and the result follows.

4.0.1 The interior control

Consider the interior control u(t) determined by the stationary condition ∂H
∂u

= 0, where

∂H

∂u
= λ0

∂g0

∂u
+ λ1

∂g1

∂u
+ λ2

∂g2

∂u

and

∂g0

∂u
= −x0(1− x0 − x1)ḋ(u),

∂g1

∂u
= −umx1 − x1(1− x0 − x1)ḋ(u)

∂g2

∂u
=
um
σ
x1 − x2(a− x0 − x1)ḋ(u).

Making the appropriate substitutions in equation (4.8) we can write the Hamiltonian function

in terms of the state and the adjoint variables:

H =1 + 2µx0(λ1 − λ0) +
1

σ
(µ+ umu)x1(λ2 − σλ1)+

(1− d)[(λ0x0 + λ1x1 + λ2x2)(1− x0 − x1) + (a− 1)λ2x2].

(4.16)

Let

D(t) = (λ0x0 + λ1x1 + λ2x2)(1− x0 − x1) + (a− 1)λ2x2, (4.17)

R(t) = x1(λ2 − σλ1), (4.18)

A(t) = x0(λ1 − λ0). (4.19)
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Then the Hamiltonian can be rewritten as

H = 1 + 2µA(t) +
1

σ
(µ+ umu)R(t) + (1− d)D(t) (4.20)

which implies that ∂H
∂u

= um
σ
R(t)− ḋD(t), where (̇) = d

du
, and therefore

[
∂H

∂u

]
u=ui

= 0 ⇔ ḋ =
um
σ

R(t)

D(t)
.

On the other hand, ḋ(u) = α(1 − u)α−1. These last two equalities imply that the interior

solution is equals to:

ui = 1−

(
umR(t)

ασD(t)

) 1
α−1

for all α 6= 1 (4.21)

or equivalently

ui = 1−

(
x1um(λ2 − σλ1)

ασ[(λ0x0 + λ1x1 + λ2x2)(1− x0 − x1) + (a− 1)λ2x2]

) 1
α−1

for α 6= 1 (4.22)

It is important to mention that an “ interior solution ” may not be well defined or may

violate the inequality constraints, 0 ≤ u ≤ 1. It may maximize the Hamiltonian (instead

of minimizing it). Hence, some combination of the “ upper corner solution ”, uup(t) = 1,

the “ lower corner solution” , ulow(t) = 0, and the interior solution, ui(t), may have to be

considered for an optimal mutation rate.

Proposition 4.3. The function:

S(t) =
(
a− 1

)
λ2(t) + σ

(
λ0(t)x0(t) + λ1(t)x1(t) + λ2(t)x2(t)

)
(4.23)
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is negative on the interval [0, T ].

Proof. Define

P (t) = λ0(t)x0(t) + λ1(t)x1(t) + λ2(t)x2(t). (4.24)

Then,

P ′(t) =
(
1− u(t)

)(
x0(t) + x1(t)

)
P (t).

or equivalently, on its integral form:

P (t) = P0e
−

∫ T
t

(
1−u(s)

)(
x0(s)+x1(s)

)
ds (4.25)

ξ(t) = −
∫ T
t

(
1 − u(s)

)(
x0(s) + x1(s)

)
ds is a negative, non-decreasing function. Let T0 be

the last switch point of the control u, then ( in equation (4.25) ) P0 = λ2(T ) < 0.

Under any feasible value of the optimal control, ū, the function P (t) is a negative non-

increasing function on (T0, T ] and, by the continuity of the state and adjoint variables,

P (T0) ≤ 0. If P (T0) < 0, then P (t) is negative, at least until the next switch point (going

backwards). Assume that Ts is the first switch point (going backwards) where P (Ts) =

0, then P (t) = 0 on the interval (Ts+1, Ts], and by continuity of the function P (t), we

must have P (Ts+1) = 0, where Ts+1 is a switch point. Therefore, P (t) = 0 for all t ∈

[0, Ts], so P (t) must be less or equals to zero on the interval [0, T ]. However, P (0) =

P0e
−

∫ T
0

(
1−u(s)

)(
x0(s)+x1(s)

)
ds < 0, so P (t) < 0 for all t ∈ [0, T ].

On the other hand, proposition 4.1 guarantees that λ2(t) < 0 on [0, T ], so S(t) must be

negative on [0, T ].
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Lemma 4.4. The derivatives of the functions R(t), D(t) and A(t) are given by:

R′(t) = 2µx0(λ2 − σλ1)− (1− d)x1S(t) (4.26)

D′(t) =
µ+ uum

σ
x1S(t) (4.27)

A′(t) = −(λ2 − σλ1)(µ+ umu)

σ
x0 (4.28)

Proof. It follows straightforward using the rules of derivatives and doing the appropriate

substitutions using the systems of equations (4.13) and (4.1)-(4.3).

Proposition 4.5. The function (4.17):

D(t) = P (t)
(
1− x0(t)− x1(t)

)
+ (a− 1)λ2(t)x2(t)

is negative on the interval (0, T ].

Proof. First, at t = 0, D(0) = 0 and at t = T , D(T ) = λ2(T )(a − x0(T ) − x1(T )) < 0. On

the other hand, according to lemma 4.4,

D′(t) =
µ+ uum

σ
x1S(t).

By proposition 4.3, D′(t) ≤ 0 on (0, T ). Observe however that x′1(0) = 2µ > 0, so there

exists t0 > 0 such that x1 > 0 and D′(t) < 0 on (0, t0). The continuity of D(t), implies it

is negative on (0, t0]. This result and the fact that, D(t0) < 0 and D′(t) ≤ 0 on (0, T ) gives

the desired answer.
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Proposition 4.6. Functions D(t) and R(t) ( functions (4.17) and (4.18) ) can be approxi-

mated accurately in a neighborhood of t = 0 by

D(t) =
µ

σ
(µ+ umu(0))[(a− 1)λ2(0) + σλ0(0)] · t2 +O(t3) (4.29)

R(t) = 2µ(λ2(0)− σλ1(0)) · t+O(t2). (4.30)

Proof. Use second order Taylor expansion about t = 0 for the state and adjoint variables

that appear on functions (4.17) and (4.18). The result follows straightforward.

Proposition 4.7. The function

q(t) = λ2(t)− σλ1(t) (4.31)

takes negative values on (0, T ].

Proof. Substituting the first two equations of system (4.13) in q′(t) = λ′2(t)− σλ′1(t) we get:

q′(t) =
[
(µ+ umu)− (1− d)(1− x0 − x1)

]
q(t)− (1− d)S(t) (4.32)

or written on its integral form,

q(t) = e−Γ(t)

∫ T

t

(
1− d(τ)

)
S(τ)eΓ(τ)dτ + λ2(T )e−Γ(t) (4.33)

where S(t) is as in proposition 4.3 and

Γ(t) = −
∫ T

t

[
(1− d(s)

)
(1− x0(s)− x1(s)

)
−
(
µ+ umu(s)

)
]ds. (4.34)
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The fact that Γ(t) is a non-singular integral1 so that eΓ(t) > 0 for any value of u with

eΓ(T ) = 1, λ2(T ) < 0 (by lemma 4.1), 0 ≤ d(t) ≤ 1 and S(t) < 0 on [0, T ] proves that

q(t) < 0 for all t ∈ (0, T ].

Remark 4.8. Although eΓ(t)q(t)) is an increasing function of t, q(t) may not be. For an

interval of time where u = 1, we have

q′(t) = (µ+ um)q(t) < 0

for all t ∈ (0, T ] (by proposition 4.7). Hence, q(t) is a decreasing function of t in that time

interval. The situation is different when u = 0. With

0 < µ <
(
1− d(0)

)(S
q

+ 1− x0 − x1

)

we have now q′ > 0 so that q(t) < 0 increases with time in that case. The sign of the right

hand side of equation (4.32) will have a significant role in the optimal mutation rate a few

sections later.

Lemma 4.9. Given ū optimal, if Ts is a switch point between corner controls, then it must

be a root of the function:

G(t) = D(t)− um
σ
R(t). (4.35)

Proof. At the switch point Ts, the Hamiltonian is required to be continuous at Ts, so it

must hold the equation [H]t=T
+
s

t=T−s
= 0 ( this is equation (6.9), one of the requirements of the

Maximum Principle. See appendix).

1Singular Integral: Is an integral whose integrand reaches an infinite value at one or more points in the
domain of integration. Even so, such integrals can converge, in which case, they are said to exist.
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Without loss of generality assume that the optimal control switches from an upper corner

control to a lower corner control at t = Ts. Thus,

[
H
]t=T+

s

t=T−s
=
[
1 + λ0g0 + λ1g1 + λ2g2

]t=T+
s

t=T−s

= 1 + λ0

(
g+

0 − g−0
)

+ λ1

(
g+

1 − g−1
)

+ λ2

(
g+

2 − g−2
)

= λ0x0

(
1− x0 − x1

)(
d(u+)− d(u−)

)
+ λ1

[
umx1(u+ − u−)

+ x1

(
1− x0 − x1

)(
d(u+)− d(u−)

)]
+ λ2

[
− um

σ
x1(u+ − u−)

+ x2(a− x0 − x1)
(
d(u+)− d(u−)

)]
= λ0x0(1− x0 − x1) + λ1

[
umx1 + x1(1− x0 − x1)

]
+ λ2

[
− um

σ
x1 + x2(a− x0 − x1)

]
= (λ0x0 + λ1x1)(1− x0 − x1) + λ2x2(a− x0 − x1)− um

σ
x1(λ2 − σλ1)

= D(Ts)− um
σ
R(Ts)

= G(Ts).

Lemma 4.10. Let ū be a bang-bang control and Ts be the switch point where ū changes from

an upper corner control to a lower corner control. If |µ
σ
q(t)| << 1 for all t ∈ [Ts, T ]. Then,

the derivative of G(t) is smaller or equals to zero on the interval (Ts, T ).

Proof. Equation (4.35) implies that

G′(t) = D′(t)− um
σ
R′(t),
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or equivalentely (using lemma 4.4),

G′(t) =
um(u+ 1− d(u)) + µ

σ
x1S(t)− 2µ

um
σ
x0q(t). (4.36)

However, |µ
σ
q(t)| << 1 for all t ∈ [Ts, T ], thus

|2µum
σ
x0q(t)| << 1 on the compact set [Ts, T ].

On the other hand, x1(t) grows every time it becomes zero (see equation (4.2)) and for ū = 0

it is an increasing function, thus x1(t) > 0 for all t ∈ (Ts, T ). By proposition 4.3, S(t) < 0

on [Ts, T ]. All these results together allow us to conclude that G′(t) ≤ 0 on (Ts, T ).

Lemma 4.11. The function f(t) = x0(t) + x1(t) is less or equals to one on the interval

[0, T ].

Proof. At t = 0, f(0) = 1 and its derivative is given by,

f ′(t) = −(µ+ umu)x1 + f(t)
(
1− d

)
(1− f(t)

)
. on (0, T ) (4.37)

Equation (4.37) tell us that f ′(t) ≤ 0 when f(t) = 1. Therefore, f(t) ≤ 1 for all t on

[0, T ].

4.0.2 No upper corner control at the end

The next proposition is related to a well-known result for autonomous systems, and will be

a key to our method for determining the optimal control configuration for different types of

death rate functions.

82



Proposition 4.12. For an optimal control ū(t) that leads to the target mutant cell population

in the shortest time, the Hamiltonian for the problem vanishes for all t ∈ [0, T ], i.e., H̄ ≡

[H]u=ū(t) = 0 for all t ∈ [0, T ].

Proof. Except for points of a jump discontinuity of the control, we have that

dH

dt
=
∂H

∂u

du

dt
+

2∑
i=0

(
∂H

∂xi

dxi
dt

+
∂H

∂λi

dλi
dt

)

=
∂H

∂u

du

dt
+

2∑
i=0

gi

(
∂H

∂xi
+
dλi
dt

)

=
∂H

∂u

du

dt
.

The last equality follows from the adjoint equations: ∂H
∂xi

= −dλi
dt

. For the optimal control

ū(t), ∂H
∂u

du
dt

vanishes because either ū(t) is an interior control so that ∂H
∂u

= 0 or it is a

corner control, and in that case dū
dt

= 0. Hence, H̄(t) is constant in any interval where H is

differentiable. Now, H̄(T ) = 0 so H̄(t) = 0 in (Ts, T ]. If there is a simple jump discontinuity

in ū at Ts ∈ (0, T ), then, by the Maximum Principle, the Hamiltonian must be continuous at

Ts: [H̄]t=T
+
s

t=T−s
= 0, so the constant H̄(Ts) must be the same on both sides of the jump in ū(t)

and equals to zero because H̄(T ) = 0.2 So we can extend H̄(t) = 0 to the next switching

point and finally for the entire interval [0, T ].

Proposition 4.13. An optimal control does not end with an upper corner control at terminal

time, i. e., ū(T ) < 1. In fact, an optimal control is not an upper control in an interval (T ∗0 , T ]

for some 0 < T ∗0 < T .

Proof. At terminal time we have that x2(T ) = 1, λ0(T ) = λ1(T ) = 0, D(T ) = λ2(T )(a −

x0(T )− x1(T )), R(T ) = x1(T )λ2(T ) and A(T ) = 0. Thus,

2This equality is a consequence of T being a free value.
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H(T ) =


1 + λ2(T )

(
µ
σ
x1(T ) + (a− x0(T )− x1(T ))

)
if u = 0

1 + λ2(T )
σ

(
µ+ um

)
x1(T ) if u = 1.

Relevant biological parameters value ranges are: a > 1, σ >> 1, 0 ≤ um ≤ 1 and 0 < µ << 1

. Thus, σ(a− 1) > um and x1

(
um
σ

+ 1
)
< a for any feasible solution. Therefore,

[H(T )]u(T )=0 < 1 + λ2(T )

(
µ

σ
x1(T ) + x1(T )

um
σ

)

= 1 +
λ2(T )

σ

(
µ+ um

)
x1(T )

= [H(T )]u(T )=1

So, ū(T ) = 1 does not minimize H at t = T and as a direct consequence, an optimal control

cannot end with an upper corner control. The existence of the interval (T ∗0 , T ] follows from

the continuity of state and adjoint variables.

Remark 4.14. The optimal control may or may not end with a lower corner control because

an interior control, if feasible, would be superior.

Proposition 4.15.

λ0(0)− λ1(0) =
1

2µ
. (4.38)

Proof. First, observe that
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H
(
t = 0

)
= 1 + 2µA(0) +

1

σ

(
µ+ umu(0)

)
R(0) +

[
1− d(u(0))

]
D(0)

= 1− 2µ
(
λ0(0)− λ1(0)

)

independently of the value of the control u(t) at t = 0. By proposition 4.12 we must have

that H(t = 0) = 0. Thus, equation (4.38) follows straightforward.

Proposition 4.16. λ1(0) < λ0(0) ≤ 0.

Proof. In the proof of proposition 4.3 we showed that the function P (t) = λ0x0 +λ1x1 +λ2x2

is a negative function on the interval [0, T ]. Recall also the required initial conditions for the

state equations: x0(0) = 1, x1(0) = x2(0) = 0. Thus,

λ0(0) = λ0(0)x0(0) + λ1(0)x1(0) + λ2(0)x2(0) = P (0) < 0.

On the other hand, by proposition 4.15, we must have

λ1(0) = λ0(0)− 1

2µ
< λ0(0) < 0.

Proposition 4.17. λ0(t) and λ1(t) are negative on some interval [0, T`) with 0 < T` < T .

Proof. The result follows from the continuity of the adjoint variables and proposition 4.16.
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4.1 A particular death rate and its relation with the

optimal control

The results in the previous sections do not make use of any specific functional form of d(u).

In particular, we do not make use of the given in equation (1.9). This section is dedicated

to show how the optimal control for our shortest time problem depends qualitatively on the

convexity of d(u). More specifically, we establish that:

� The unique optimal mutation rate ū(t) is a bang-bang control if d(u) is a strictly concave

or linear function of u, and

� If d(u) is strictly convex the unique optimal mutation rate is generally a monotone

decreasing interior control ū(t) = ui(t) > 0 but may start with an upper corner control

at t = 0 and end with a lower corner control adjacent to the terminal time T with

continuous transition at either switch.

Because the structure of the Hamiltonian for the two-step model is qualitatively different

from that of the one-step model, the method of analysis employed in Wan et al. (2010) is

not applicable and a completely new approach is developed for the solution of the present

problem. The new solution technique is first introduced through the special class of death

rates (1.9) in the next three subsections and then extended the results obtained to the general

death rates subsequently.

4.1.1 Strictly Concave death rates (α > 1)

Consider the death rate d(u) = dm(1− (1−u)α) (who was defined in (1.9)). At the moment,

we are going to concern only on its strictly concave case (α > 1). For this case, we can
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say more about the optimal control beyond the fact that it cannot be determined by the

stationary condition

∂H

∂u
=
um
σ
R(t)−D(t)ḋ(u). (4.39)

Proposition 4.18. For α > 1, if a, σ and um take values inside their biological ranges then

0 ≤ ui(T ) ≤ 1.

Proof. Observe that:

0 ≤ x1(T )um
ασ(a− x0(T )− x1(T ))

<
um
ασ

<
um
σ

< um < 1.

since α > 1.Thus,

1 ≥ 1−

(
x1(T )um

ασ(a− x0(T )− x1(T ))

) 1
α−1

> 1− u
1

α−1
m ≥ 0.

Even though proposition 4.18 guarantees that the interior control does not violate the in-

equality constraints, 0 ≤ ui ≤ 1 at terminal time, it is not an optimal solution there because

it maximizes the Hamiltonian. The next proposition shows it.

Proposition 4.19. For α > 1, the interior solution ui maximizes the Hamiltonian H on

any sub-interval of [0, T ] where ui is well defined.
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Proof. We are going to apply the second derivative rule. First, notice that for a well defined

interior control, we have

[
d2H

dt2

]
u=ui

=
d

dt

[
∂H

∂u

du

dt

]
u=ui

=

[
∂2H

∂u2

]
u=ui

(
du

dt

)2∣∣∣∣∣
u=ui

+

[
∂H

∂u

]
u=ui

d2u

dt2

∣∣∣∣∣
u=ui

=

[
∂2H

∂u2

]
u=ui

(
du

dt

)2∣∣∣∣∣
u=ui

.

The last equality holds because
[
∂H
∂u

]
u=ui

= 0. However,

∂H

∂u

∣∣∣∣∣
u=ui

=
um
σ
R(t)− ḋD(t) and

∂2H

∂u2

∣∣∣∣∣
u=ui

= −d̈D(t)

where

ḋ(ui) = α(1− ui)α−1 > 0 and d̈(ui) = −α(α− 1)(1− ui)α−2 < 0.

According to proposition 4.5, the function D(t) is negative on the interval (0, T ]. Thus we

must have that

∂H

∂u

∣∣∣∣∣
u=ui

= 0 and
∂2H

∂u2

∣∣∣∣∣
u=ui

< 0

Therefore ui maximizes the Hamiltonian wherever ui is well defined.

Proposition 4.20. For α > 1 the optimal control is an upper corner control on an interval

[0, T0).
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Proof. Recall equation (4.20):

H = 1 + 2µA(t) +
1

σ
(µ+ umu)R(t) + (1− d)D(t).

Proposition 4.6 implies that |D(t)| << |R(t)| for 0 < t << 1. Thus, for small values of t we

could only focus on the impact that the term 1
σ
(µ+ umu)R(t) has on the Hamiltonian when

we change the value of the control function. Proposition 4.7 implies that R(t) is negative on

(0, T ] and from equation (4.20) we get that u = 1 on (0, T0] with T0 > 0.

Proposition 4.21. For α > 1, any optimal solution for a minimum terminal time ends with

a lower corner control.

Proof. Proposition 4.13 implies that we cannot end with an upper corner control, an interior

corner control is not feasible as a consequence of proposition 4.19. Therefore there exists T ∗0

with 0 < T ∗0 < T such that ū = 0 for t > T ∗0 .

So far we know that the optimal control cannot have the interior control as part of its

configuration. We have also proved that it must start with an upper corner control and end

with a lower corner control. The next logic step is to ask: How many switch points does an

optimal control has if α > 1? We will answer this query in the next paragraphs.

Bang-Bang solution

From propositions 4.20 and 4.21 it is clear that there exists at least one switch point Ts ∈

[T0, T
∗
0 ]. Our next goal is to show that it is the only switch point; as a consequence, the

optimal control is a bang-bang control with only one switch point, at T0 = T ∗0 , that starts with

an upper corner control and ends with a lower corner control. If we make some assumptions

on µ and σ the next lemma can be proved easily.
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Lemma 4.22. For α > 1, let G(t) be as in lemma 4.9 with |µ
σ
q(t)| << 1 for all t ∈ [T0, T ].

Then, T0, is the unique switch point between the two corner controls on (0, T ).

Proof. The existence of a switch point follows from propositions 4.20 and 4.21. The uniticity

follows from lemma 4.10.

Figure 4.1: Plot that shows a bang-bang control with multiple switch points.

Notice that if we assume there is more than one switch point then we must have at least

three switch points, according to propositions 4.20 and 4.21. In fact, there must be an odd

number of them because we must start with an upper corner control and end with a lower

corner control. Assume then that there is more than one switch point, let T0, T1, T
∗
0 , be three

of these switch points, such that T0 < T1 < T ∗0 (this case is exemplified in figure 4.1). The

point T1 > T0 is the first switch point after T0 with ū(t) = 0 in the interval (T0, T1). Then

the function G is equals to zero in the switch points and

G(t) = D(t)− um
σ
R(t) is


> 0 if 0 < t < T0

< 0 if T0 < t < T1

> 0 if T1 < t < T ∗0 .

(4.40)
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On the other hand,

G′(t) =
µ+ um
σ

x1S −
um
σ

2µx0q. (4.41)

Observe that G′(t) does not depend explicitly on the control u. With equations (4.40) and

(4.41) in mind, we are ready to prove the following lemma:

Lemma 4.23. For α > 1 there exists a unique switch point, T0 ∈ (0, T ), between the two

corner controls.

Proof. We guarantee the existence of the switch point T0 by propositions 4.20 and 4.21. Let

us assume there is more that one switch point, then, as we mentioned before, there must be

at least three of them, T0 < T1 < T ∗0 . To show that it is not the case, we need the following

observations:

1. If u = 0, proposition 4.7 and remark 4.8 guarantees that q(t) is negative and increases

with t on the interval (T0, T1).

2. From lemma 6.8 (see Appendix), x0(t) decreases while x1(t) increases with time on the

interval (T0, T1). Then the second term in G′(t) becomes less negative with time. Like-

wise, x1(t)S(t) becomes more negative with time because along with x1(t) increasing

for t > T0 the derivative of S(t) given by

S ′(t) =
(
1− d(u)

)[
σ(x0 + x1)P − λ2(a− 1)(a− x0 − x1)

]
.

is dominated by the first term 3 , i. e.,

S ′(t) = O
(
σ(x0 + x1)P

)
≤ 0

3This result follows from the facts that x2(t) is an increasing function, so it is not close to 0 for t > T0.
On the other hand, when u = 0 (which is the case on the interval (T0, T1)), the function x0 +x1 is increasing
if x0 +x1 ≤ 1−µ, so σ(x0 +x1)P ∼ σP and (a− 1)(a−x0−x1)λ2 ∼ cλ2 with c a constant bigger or equals
to one but much smaller than σ.
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for t > T0.

Altogether, G′(t) becomes more negative with increasing t for t > T0, i. e.,

um + µ

σ
x1S < 2µ

um
σ
x0q for t > T0.

It follows that T0 is the only switch point. Hence, a control configuration that allows more

than one switch point like the one showed in figure 4.1 is not admissible. The optimal

mutation rate must be a bang-bang control with one switch point at t = T0.

An alternative proof to lemma 4.23 which involves a biological justification is as follows:

Proof. Let us assume again that T0 < T1 < T ∗0 be the switch points and a superscript (1)

again denotes the upper corner solution and (0) the lower corner solution. It is clear from

the relevant ODE for the two corner controls that

dx
(1)
2

dt
=
um + µ

σ
x

(1)
1 <

µ

σ
x

(0)
1 + x

(0)
2 (a− x(0)

0 − x
(0)
1 ) =

dx
(0)
2

dt

in some interval of (T0, T1), given that the lower corner control is optimal there. The situation

is even less favorable for growth rate of cancerous cells with the upper corner control in the

t > T1 range given the relative growth rates for the two corner solutions have not changed

structurally while x
(0)
0 and x

(0)
1 grow faster than x

(1)
0 and x

(1)
1 and thereby provide more fuel

for mutation into more cancerous cells. Hence, a switch from the lower to upper corner

control at T1 (or any later time) is not optimal leaving us with T0 = T1 = T ∗0 .
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Theorem 4.24. For α > 1, the optimal control, ū(t), is a bang-bang control that starts with

an upper corner control for t ∈ [0, T0) and switches to a lower corner control at T0 (< T ):

ū(t) =


1 for 0 ≤ t < T0

0 for T0 < t ≤ T

Proof. It is a direct consequence of propositions 4.20 and 4.21 and lemma 4.23.

4.1.2 Linear death rates (α = 1)

For the linear case, the stationary condition
[
∂H
∂u

]
u=ui

= 0 does not involve the control u and

therefore does not define an interior solution ui(t). The typical method to solve this case is

to analyze the singular solution.

When α = 1, d(u) = u. The Hamiltonian becomes

H = 1 + µ
(

2A(t) +
1

σ
R(t)

)
+D(t) + u

(um
σ
R(t)−D(t)

)
. (4.42)

Therefore, if a singular solution exists, it corresponds to

um
σ
R(t) = D(t) (4.43)

Proposition 4.25. For α = 1, the optimal control must start with an upper corner control

ū(t) = 1. In fact, there exists T0 > 0 such that ū(t) = 1 is optimal in the interval [0, T0).

Proof. Proposition 4.6 guarantees that |D(t)| < |R(t)| for 0 ≤ t << 1. This property implies

that we can find T0 > 0 such that
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sgn(
um
σ
R(t)−D(t)) = sgn(R(t))4

for all t ∈ [0, T0). By proposition 4.7, the function R(t) is negative on (0, T ]. Thus, um
σ
R(t)−

D(t) < 0 on (0, T0), which means that a singular solution is not feasible there and,

H[u = 1](t) = 1 + µ
(

2A(t) +
1

σ
R(t)

)
+D(t) +

(um
σ
R(t)−D(t)

)
≤ 1 + µ

(
2A(t) +

1

σ
R(t)

)
+D(t)

= H[u = 0](t)

for all t ∈ [0, T0). So, we must start with an upper corner control.

Proposition 4.26. For α = 1, the optimal control must be a lower corner control ū(t) = 0

in some finite interval (T ∗0 , T ] adjacent to the terminal time.

Proof. From the Euler boundary conditions and lemma 4.1 the value of the adjoint variables

at t = T must hold λ0(T ) = 0, λ1(T ) = 0 and λ2(T ) < 0. Thus, at terminal time T ,

um
σ
R(T ) =

um
σ
x1(T )λ2(T )

> x1(T )λ2(T )(a− 1)

≥ x1(T )λ2(T )(a− x0(T )− x1(T ))

= D(T ).

The first inequality holds because σ(a − 1) > um when all the parameters take meaningful

biological values. The second inequality follows from lemma 4.11.

4sgn(·) is the sign function such that sgn(x) = −1 if x < 0, sgn(x) = 0 if x = 0 and sgn(x) = 1 if x > 0.
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Recall that a singular solution exists if (4.43) holds. However, um
σ
R(T )−D(T ) > 0 and the

functions R(t) and D(t) are continuous, so, a singular solution cannot exist in some interval

adjacent to the terminal time. Let (T ∗0 , T ] be the biggest interval adjacent to the terminal

time where a singular solution is not feasible. Notice that at the terminal time T ,

[H(t = T )]u=0 < [H(t = T )]u=1. (4.44)

Thus, by the continuity of the state and adjoint variables and equation (4.44) the lower

corner control minimizes the Hamiltonian at (T ∗0 , T ].

Singular Solution

By proposition 4.6 there is T0 > 0 such that G(t) > 0 for all t ∈ [0, T0) (G(t) was defined in

(4.35)). On the other hand,

G(T ) =
[
a− x0(T )− x1(T )− um

σ
x1(T )

]
λ2(T ) < 0.

Since G(t) is a continuous function, then it remains negative on the interval (T ∗0 , T ], where

T ∗0 is the same as in proposition 4.26. Notice that G(T ∗0 ) must be equals to zero because

G(T ∗0 ) 6= 0 would be a contradiction to proposition 4.26.

On propositions 4.25 and 4.26 we discarded the possibility of a singular solution on the

intervals [0, T0) and (T ∗0 , T ] respectively. The existence of a singular solution in the interval

(T0, T
∗
0 ) requires G(t) and all its derivatives to vanish in that interval. In particular, we

require that
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G(t) = 0 ⇐⇒ D(t)− um
σ
R(t) = 0 (4.45)

σG′(t) = 0 ⇐⇒ 2µumx0q(t)− (um + µ)x1S(t) = 0 (4.46)

σG′′(t) = 0 ⇐⇒ f0(x0, x1, λ2, q)− uf1(x0, x1, λ2, q) = 0 (4.47)

where

f0(x0, x1, λ2, q) =2µ2um(x1 − 2x0)
x0

x1

q + 2µum(um − µ)x0q −
4µ2u2

mx
2
0

(µ+ um)x1

q

+ (µ+ um)x1

(
(a− 1)2λ2 + (a− 1)λ2 −

2µumx0

(µ+ um)x1

q

)
,

f1(x0, x1, λ2, q) =
2µumx0[2µumx0 + um(µ+ um)x1]

(µ+ um)x1

q

− (µ+ um)x1

(
(a− 1)2λ2 + (a− 1)λ2 −

2µumx0

(µ+ um)x1

q

)
.

But f0 and f1 do not vanish identically. Thus, if the singular solution is feasible it is given

by

u =
f0(x0, x1, λ2, q)

f1(x0, x1, λ2, q)
(4.48)

on any sub-interval (T1, T2) of (T0, T
∗
0 ) where equations (4.45)-(4.47) hold (see appendix, The

singular solution section, if you are curious about the steps to get equation (4.47).

Although (4.42) does not determine the optimal control. It help us to prove the following

result.

Lemma 4.27. If the singular solution, defined by (4.48), is feasible in some interval (T1, T2),

then the corresponding control is an upper corner control, ū(t) = 1 in that interval.

Proof. If the singular solution defined by (4.43) is feasible the Hamiltonian becomes

96



H = 1 + µ
(

2A(t) +
1

σ
R(t)

)
+D(t)

= 1 + µ
(

2A(t) +
1

σ
R(t)

)
+
um
σ
R(t)

= 1 + 2µA(t) +
µ+ um
σ

R(t)

= [H(t)]u=1.

Bang-Bang solution

The process to show that the optimal control must be a bang-bang control if the death rate

is a linear function is analogous to the strictly concave case.

Lemma 4.28. For α = 1 there exists a unique switch point, T0 ∈ (0, T ), between the two

corner controls.

Proof. The proof is the same as in lemma 4.23.

We have now all the arguments needed to prove that for the linear death rate, an optimal

mutation rate must be bang - bang. The next theorem resume this result.

Theorem 4.29. If α = 1, the optimal control, ū, is a bang-bang control which starts with

an upper corner control and then switches to a lower corner control, i. e.,

ū(t) =


1 if 0 < t < T0

0 if T0 < t < T .
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Proof. The result follows applying Lemmas 4.27 and 4.28 and propositions 4.25 and 4.26.

No singular solution

Although lemma 4.28 save us from the need to prove the non existence of a singular solution,

it is not so difficult to prove it. The following proposition shows the result.

Proposition 4.30. There is no singular solution for our problem.

Proof. Let z(t) = D(t)
R(t)

. Using equations (4.26) and (4.27) z′(t) becomes

z′(t) =

{
µ+ umu

σ
+
D

R
(1− d)

}
S

q
− 2µx0

D

x2
1q
. (4.49)

As t → 0+, the limiting behavior of D(t), R(t), S(t) and q(t) (see proposition 4.30 and

equations (4.23) and (4.31)) leads to

lim
t→0+

z′(t) =
µ+ umu(0)

2σ

S(0)

q(0)
> 0.

Continuity of state and adjoint variables requires z′(t) > 0 for some finite interval [0, t0)

prior to any switching of the mutation rate u(t). For t ≥ t0, we rewrite the expression (4.49)

for z′(t) as

z′(t) =
z

um

{(
ḋ(µ+ umu) + um(1− d)x1

)S
q
− 2µx0um

}
.

With the lower bounds for x1 established in the Appendix, we have x1 = O(2µx0) (and

possibly larger) for t ≥ min{T`, t0} ≡ Tmin and therewith

z′(t) =
x1z

um

{(
ḋ(µ+ umu) + um(1− d)

)S
q
− 2µx0um

x1

}
(4.50)

=
x1z

um

(
ḋ(µ+ umu) + um(1− d)

)S
q

{
1 +O

(
um
a

)}
(4.51)
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given 0 < um ≤ 1, ḋ > 0 and the growth rate constant a of cancerous cell population is

large compared to that of the normal cells (normalized to be 1) so that S/q = O(a). With

S/q > 0 by propositions 4.3, 4.5 and 4.7. This shows that z(t) > 0 for t ≥ 0.

Recall that if a singular solution exists, then the stationary condition

um
σ
R(t)−D(t) = 0

must hold, or equivalently z(t) must satisfy the equation:

z(t) =
um
σ

which implies that z′(t) = 0. But, it is a contradiction to the fact that z(t) > 0 for all t ≥ 0.

Therefore, no singular solution exists.

4.1.3 Strictly Convex death rates (α < 1)

Some numerical solutions reported in [12] let us know that the optimal control is not bang-

bang for α < 1, at least not for the cases computed there. In 2010, Wan et al [24] proved, for

the one-step model, that whenever α < 1, the optimal mutation rate for the shortest time

to cancer is not bang-bang. We will give an analogous result for the two-step model here.

The analysis involved to get this result is different of that used in [24] due to the difference

in the model.

Proposition 4.31. For α < 1, the interior solution is minimizing H whenever it is admis-

sible.
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Proof. As in proposition 4.19, we are going to apply the second derivative test. As before,

for a well defined interior control, we have

[
d2H

dt2

]
u=ui

=
d

dt

[
∂H

∂u

du

dt

]
u=ui

=

[
∂2H

∂u2

]
u=ui

[(
du

dt

)2]
u=ui

+

[
∂H

∂u

]
u=ui

[
d2u

dt2

]
u=ui

=

[
∂2H

∂u2

]
u=ui

[(
du

dt

)2]
u=ui

.

After the adequate substitutions (see the proof of proposition 4.19 ) we have

[
∂H

∂u

]
u=ui

=
um
σ
R(t)− ḋD(t) and

[
∂2H

∂u2

]
u=ui

= −d̈D(t)

where

ḋ(ui) = α(1− ui)α−1 > 0 and d̈(ui) = −α(α− 1)(1− ui)α−2 > 0.

According to proposition 4.5, the function D(t) is negative on the interval (0, T ]. Thus we

must have that

[
∂H

∂u

]
u=ui

= 0 and

[
∂2H

∂u2

]
u=ui

> 0

Then ui is minimizing the Hamiltonian whenever it is admissible.

Proposition 4.32. For α < 1 the optimal control must start with an upper corner control.

Proof. Recall that
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ui(t) = 1−

(
ασD(t)

umR(t)

) 1
1−α

Proposition 4.6 states that D(t) = O(t2) and R(t) = O(t) for 0 < t << 1. Thus,

lim
t→0+

D(t)

R(t)
= 0.

Therefore,

lim
t→0+

ui(t) = 1.

Proposition 4.33. For α < 1, the interior control ui(t) is well defined and monotone

decreasing on (0, Ti] for some 0 < Ti ≤ T .

Proof. By propositions 4.5 and 4.7, functions D(t) and R(t) are negative on (0, T ], respec-

tively. Proposition 4.3 implies that D′(t) < 0 on (0,T), thus, D(t) is a decreasing function.

On the other hand,

R′(t) = 2µx0q(t)− (1− d)x1S(t).

The term 2µx0q(t) is negative by proposition 4.7 while by proposition 4.3 the term −(1 −

d)x1S(t) is positive. However, the initial condition x1(0) = 0 assures the existence of an

interval adjacent to t = 0, say (0, Ti] where

| − (1− d)x1S(t)| << |2µx0q(t)| for all t ∈ (0, Ti].
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Thus, R′(t) < 0 for t ∈ (0, Ti]. All these results together with proposition 4.6 imply that the

control ui(t) is a monotone decreasing function on the interval (0, Ti].

Proposition 4.34. The function

∆(t) =
ασD(t)

umR(t)
(4.52)

is positive on (0, T ].

Proof. The result follows from propositions 4.5 and 4.7.

Lemma 4.35. Let α < 1. Switching between an interior control, ui, and an upper corner

control, uup, is not admissible in the interval (0, T ].

Proof. Let us assume that there exists a switch point Ts where the optimal control changes

from ui to uup. Since ui is well defined at t = Ts, the switch condition (6.9) becomes:

um
σ
R(Ts)(1− ui(Ts))− dm(1− ui(Ts))αD(Ts) = 0

which implies the first equality of the next chain of equalities:

dm
(1− ui(Ts))α

(1− ui(Ts))
=
um
σ

R(Ts)

D(Ts)
= ḋ(ui(Ts)) = dmα(1− ui(Ts))α−1

where dm > 0, 0 ≤ ui(t) ≤ 1 and 0 < α < 1. Therefore, ui(Ts) = 1 should hold. However,

from proposition 4.34 ui(t) < 1 on the interval (0, T ]. Thus, ui(Ts) < 1 →←.

Lemma 4.36. Let α < 1. If there exists a switch point between an interior control, ui, and

a lower corner control, ulow, at t = Ts, then ui(Ts) = 0.
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Proof. Let us assume that given α < 1 there is Ts such that the optimal control switches

from an interior control, ui, to a lower corner control, ulow such that ui(Ts) 6= 0. By the

switch condition (6.9) at the Maximum Principle we have that

d(ui(Ts)) = ui(Ts)
um
σ

R(Ts)

D(Ts)
.

But the right hand side of the previous equation is equals to ui(Ts)ḋ(ui(Ts)). Thus,

dm[1− (1− ui(Ts))α] = ui(Ts)dmα
[
1−

(
1− ui(Ts)

)α−1]

if and only if

(
1− ui(Ts)

)α−1[
1 + (α− 1)ui(Ts)

]
= 1. (4.53)

But

0 ≤ 1 + (α− 1)ui(Ts) ≤ 1 and 0 ≤ 1− ui(Ts) ≤ 1.

So, ui(Ts) = 0 must hold.

Proposition 4.37. ui(t) is a non-increasing function of t for all t ∈ [0, T ] whenever it is

well-defined and feasible.
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Proof. First observe that,

[
d2H

dt2

]
u=ui

=
dui
dt

[
d

dt

(
∂H

∂u

)]
u=ui

+

[
∂H

∂u

]
u=ui

d2ui
dt2

=
dui
dt

[
d

dt

(
∂H

∂u

)]
u=ui

=
dui
dt

[
d

dt

[
um
σ
R− ḋ(ui)D

)]

= u′i

[um
σ
R′ − ḋ(ui)D

′ − d̈(ui)Du
′
i

]

(4.54)

Suppose the interior control is not a non-increasing function for all t < T but reaches a local

minimum at some T1 with u′i(t) > 0 for t ∈ (T1, T
∗) with T ∗ ≤ T . For t ∈ (T1, T

∗) , the

last two terms in equation (4.54) are positive since ḋ(ui) > 0 and d̈(ui) > 0 for α ∈ (0, 1),

D(t) < 0 and D′(t) < 0 by proposition 4.5 and 4.3, respectively. If R′(t) is so negative so

that

um
σ
R′ − ḋ(ui)D

′ − d̈(ui)Du
′
i < 0,

then

[
d2H
dt2

]
u=ui

< 0, contradicting proposition 4.31. Hence, we must have

um
σ
R′ − ḋ(ui)D

′ − d̈(ui)Du
′
i ≥ 0,

or equivalently,

D′

D
− R′

R
+
d̈(ui)

ḋ(ui)
u′i ≥ 0 for all t ∈ (T1, T

∗).

With u′i(t) ↓ 0 as t ↓ T1, we must have

u′i(t) = −β∆(t)β−1∆′(t) = −β∆(t)β

[
D′(t)

D(t)
− R′(t)

R(t)

]
≤ 0 (4.55)
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for all t ∈ [0, T ∗1 ] with T1 < T ∗1 < T ∗ and β = 1/(1− α). The argument can be repeated to

get inequality (4.55) for t ∈ [0, T ].

Lemma 4.38. Let α < 1. Switching from a lower corner control, ulow, to an upper corner

control, uup, is not feasible.

Proof. First, observe that, according to lemma 4.35, to switch to a lower corner control

at some point T0, we must have that ui(T0) = 0. But ui is a non-increasing function (by

proposition 4.37) then the only options left are to switch between corner controls for t > T0.

On the other hand, according to proposition 4.13 we cannot end with an upper corner control,

thus there must be at least two switch points, say T1 and T2, otherwise we must end with

an upper corner control contradicting proposition 4.13. However, on the interval (T0, T1) the

function G′(t) becomes more and more negative as t grows (see proof of lemma 4.23). Thus,

T1 cannot be a root of the function G(t) as lemma 4.9 claims →←.

Proposition 4.39. Let α < 1. If the optimal control, ū(t), reaches the value zero at some

point T1 ∈ (0, T ), then ū(t) = 0 for all t ∈ [T1, T ].

Proof. By sake of contradiction, let us assume there exist T2 > T1 such that ui(T2) > 0, then

there exists δ > 0 such that u′i(t) > 0 for all t ∈ (T2−δ, T2 +δ) which contradicts proposition

4.37.

Proposition 4.40. For α < 1, consider the function ∆(t) (equation (4.52) ). The following

statements hold:

1. If ∆(T ) < 1, then ū = ui on (T
∆<1

, T ] for some T
∆<1

< T .

2. If ∆(T ) > 1, then ū = 0 on (T
∆>1

, T ] for some T
∆>1

< T .

Proof. 1. ∆(T ) < 1 implies that ū(T ) = ui(T ) and by proposition 4.37 the result follows.
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2. By proposition 4.13, an optimal control cannot end with an upper corner control,

∆(T ) > 1 implies that ui(T ) < 0. Thus, ū(t) = 0 on (T
∆>1

, T ] for some T
∆>1

< T .

Unlike the linear (α = 1) and the strictly concave (α > 1) cases where the optimal control is

a bang-bang control, the strictly convex case admits the interior control as optimal, at least

in some part of the interval [0, T ] (see proposition 4.33). In fact, proposition 4.34 guarantees

that ui(t) < 1 for all t ∈ [0, T ], proposition 4.31 implies the optimality of ui(t) whenever it

is feasible and proposition 4.40 guarantees that if there exists a point, T1, where the interior

control takes the zero value then the lower corner control is an optimal control for all t ≥ T1.

We can summarize all these results with the following classification of the optimal control

when α < 1:

Theorem 4.41. Let α < 1. The optimal mutation for the fastest time to target cancerous

population resides in one of the following cases:

1. If ∆(T ) < 1, then

ū(t) = ui(t) for all t ∈ [0, T ].

2. If ∆(T ) > 1, then

ū(t) =


1 for t = 0

ui(t) for 0 < t ≤ T1

0 for T1 < t ≤ T .

3. If ∆(T ) = 1, but there exists T1 such that ui(T1) = 0, then ū(t) is as in the previous

case.
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4. If ∆(T ) = 1 and ui(t) > 0 for all t ∈ [0, T ], then

ū(t) = ui(t) for all t ∈ [0, T ].

Proof.

1 & 4.- The result follow from proposition 4.37.

2 & 3.- Apply propositions 4.31, 4.32 and 4.39.

Admissibility of Interior Control

With ui(0) = 1 and ui(t) monotone decreasing with increasing t, at least for some inter-

val adjacent to the starting time, the interior control may be well defined and admissible

for the entire time duration [0, T ] required to reach the target cancerous cell population.

However, approximate numerical solutions computed in Komarova et al [12] show that for

some combinations of system parameter values the interior control vanishes at some T0 < T .

For a theoretical validation of these observations, we note that the interior control simplifies

considerably at the terminal time T to

ui(T ) = 1−

(
σα

um

a− x0(T )− x1(T )

x1(T )

) 1
1−α

(4.56)

given x2(T ) = 1 and the Euler boundary conditions λ0(T ) = λ1(T ) = 0.

With 0 ≤ x1 ≤ x0 + x1 ≤ 1 for all t ≥ 0, we arrive to the upper bound for ui(T ):

ui(T ) < 1−

(
σα

um
(a− 1)

) 1
1−α

.
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It follows that ui(T ) < 0 for σα(a−1) > 1 ≥ um. This would be the case for the biologically

realistic parameter value combinations of {um = 1, σ = 4, α = 0.1, a = 4}, leading to the

following proposition on the inadmissibility of the interior control:

Proposition 4.42. There is T ∗0 > 0 such that ui(t) < 0 for all t ∈ (T ∗0 , T ] if

σα(a− 1) > um (4.57)

Proof. With (4.57), we have ui(T ) < 0. By the continuity of the various state and adjoint

variables, we conclude that ui(t) < 0 in (T ∗0 , T ] for some 0 < T ∗0 < T . The positivity of

T ∗0 is guaranteed by the fact that we must start with and upper corner control, ū(0) = 1,

independently of the value of α.

With (4.57), ui(t) is not admissible in (T ∗0 , T ] for some T ∗0 > 0. By proposition 4.13, the

optimal control must be the lower corner control in that interval. The sufficient condition for

the inadmissibility of the interior control suggests that the interval (T ∗0 , T ] would be larger for

a larger value of “a” or “σ”. Clearly, with a higher growth rate constant for the cancerous cell

population, it would be more advantageous for x2(t) to grow by natural proliferation sooner.

The preference for natural proliferation when the target cancerous cell population is larger

(relative to the original normal cell population), i.e., large σ, is less obvious. Evidently,

the gain in mutants at any instant would be a smaller and smaller fraction of the target

cancerous cell population for larger and larger σ.
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4.2 General death rate

In the previous three sections, we determined the optimal control for the shortest time to

cancer considering the death rate

d(u) = dm
(
1− (1− u)α

)
.

The death rate split in three types: linear function (α = 1), strictly concave function (α > 1)

and strictly convex function (α < 1). In this section, we consider a more general form of

the (normalized) death rate d as a function of the (normalized) mutation rate u. With the

death rate associated with basic mutation already accounted for in the basic growth rates of

cells, we continue to stipulate d(0) = 0 and will take d(1) = 1 and ḋ(0) = α0 for simplicity

but otherwise no restriction on the form of d(u) other than:

d(0) = 0, d(1) = 1, 0 < d(u) < 1, and ḋ(u) > 0 ∀ 0 < u < 1. (4.58)

In section: The Hamiltonian and adjoint variables we proved some general results without

any convexity/concavity assumption, for this reason propositions 4.3, 4.5, 4.6, 4.7, 4.12, 4.13,

4.15, 4.16 and 4.17; and lemmas 4.4, 4.9, 4.10 and 4.11 all hold for general death rates with

properties stipulated in (4.58).

So far, we already have discussed the linear death rate case. The next subsections are

dedicated to discuss separately the death rates that are strictly concave and those that are

strictly convex.
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We denote by P 2
d the class of twice continuously differentiable function d(u) satisfying (4.58):

P 2
d =

{
d(u) ∈ C2 : d(0) = 0, d(1) = 1, 0 ≤ d(u) ≤ 1, ḋ(u) > 0 for 0 ≤ u < 1

}
(4.59)

4.2.1 Death Rate Strictly concave in the Mutation Rate

Let us restrict first to the subset of death rates in P 2
d that are strictly concave so that d(u)

satisfies the inequality

d̈(u) < 0 for all u ∈ [0, 1]. (4.60)

Proposition 4.43. Any interior control ui(t), whenever it is admissible, maximizes the

Hamiltonian, and therefore is not optimal.

Proof. For a twice continuously differentiable, strictly concave death rate we have that

d̈(u) < 0 for all 0 < u < 1.

On the other hand,

d2H

dt2

∣∣∣∣∣
u=ui

=
∂2H

∂u2
·

(
dui
dt

)2

= −d̈(ui)D(t)

(
dui
dt

)2

< 0.

for t > 0. Therefore, ui(t) maximizes H .

Proposition 4.43 implies the optimal control must be a corner control. We can use the same

arguments as in the strictly concave case, for the particular death rate example,to prove that

Proposition 4.44. For a strictly concave death rate d(u) with properties stipulated in (4.58)

we must start with an upper corner control.
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Proof. The proof is as in proposition 4.20.

Proposition 4.45. An optimal control ends with a lower corner control.

Proof. The proof is as in proposition 4.21.

We were able to call the proofs for the particular death rate because those proofs do not

depend on the specific form of the death rate defined in equation (1.9) but only on its

properties that are also required from any function in P 2
d . Seeing the similitude between the

general and particular strictly concave case (α > 1), the logical question is to wonder if for

strictly concave death rates we have a bang − bang control as for the particular death rate

when α > 1. The answer to this question is: yes! We resume this result in the theorem

stated below. The proposition that precedes the theorem is needed as an argument in its

proof.

Proposition 4.46. The optimal control has only one switch point.

Proof. The proof is as in lemma 4.23.

Theorem 4.47. Let the death rate, d(u), be an element of P 2
d that is strictly concave, then

the optimal control is a bang-bang control that starts with an upper corner control and ends

with a lower corner control.

Proof. The proof follows from propositions 4.44 to 4.46.

4.2.2 Strictly convex death rates

The situation is quite different for strictly convex P 2
d death rates characterized by

d̈(u) > 0 for 0 ≤ u ≤ 1. (4.61)
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Without loss of generality we are going to assume that ḋ(0) = α0 > 0. Equation (4.61)

implies that the positive ḋ(u) itself is also monotone increasing and

1− d(u)

1− u
> ḋ(u) > α0 for 0 ≤ u < 1. (4.62)

In that case, the stationary condition: ∂H
∂u

= um
σ
R(t)− ḋD(t) = 0 written as

0 < ḋ(u) =
um
σ

R(t)

D(t)
≡ w(t), (4.63)

is invertible to give a unique real-valued interior control Ui(w(t)) ≡ ui(t).

Proposition 4.48. For a strictly convex death rate in P 2
d the unique interior control ui(t)

minimizes the Hamiltonian H and is therefore optimal whenever it is admissible.

Proof. The invertibility of the interior control guarantees its uniqueness. On the other

hand, if a twice continuously differentiable, strictly convex death rate holds d̈(u) > 0 for all

0 < u < 1. Then,

d2H

dt2

∣∣∣∣∣
u=ui

=
∂2H

∂u2
·

(
dui
dt

)2

= −d̈(ui)D(t)

(
dui
dt

)2

> 0,

and as a consequence it implies that ui(t) minimizes H, or said in other words, ui(t) is

optimal whenever it is admissible.

Proposition 4.49. For a strictly convex death rate, a switch point from an interior control

to an upper corner control is not admissible.

Proof. Let us assume that there exists a switch point Ts where the optimal control changes

from ui to uup. Since ui is well defined at t = Ts, the switch condition (6.9) becomes:

um
σ
R(Ts)

(
ui(Ts)− 1

)
+
[
1− d(ui(Ts))

]
D(Ts) = 0.

112



But ḋ(ui) = um
σ

R(t)
D(t)

. Thus,

ḋ(ui(Ts))
[
1− ui(Ts)

]
= 1− d(ui(Ts)).

But then,

ḋ(ui(Ts)) =
1− d(ui(Ts))

1− ui(Ts)
> ḋ(ui(Ts)),

which contradicts the strict convexity of the death rate. Therefore, such switch point cannot

exist.

Proposition 4.50. For a strictly convex death rate, a switch point from a lower corner

control to an upper corner control is not admissible.

Proof. The proof is as in lemma 4.38.

Proposition 4.51. For a strictly convex death rate, if there is a switch point Ts from an

interior control to a lower control then ui(Ts) = 0.

Proof. By sake of contradiction let us assume there is Ts such that the optimal control

switches from an interior control, ui, to a lower corner control, ulow and ui(Ts) 6= 0. By the

switch condition (6.9) at the Maximum Principle we have that

d(ui(Ts)) = ui(Ts)
um
σ

R(Ts)

D(Ts)
.

But the right hand side of the previous equation is equals to ui(Ts)ḋ(ui(Ts)). Thus,

d(ui(Ts))

ui(Ts)
= ḋ(ui(Ts)).
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which contradicts the fact that the death rate is strictly convex. Therefore, ui(Ts) = 0 must

hold.

Lemma 4.52. Switching from a lower corner control, ulow, to an upper corner control, uup,

is not feasible.

Proof. The proof is as in lemma 4.38.

Interior Control is Monotone Decreasing in Time

Recall from Propositions 4.5 and 4.7 that both R(t) and D(t) are negative functions for

t > 0 and their local behavior given by Proposition 4.6 holds in some interval [0, T1). With

R(t) decreasing at a slower rate than D(t) in that interval, the positive ratio R(t)/D(t)

decreases monotonically with time at least for all t ∈ (0, T1). In that case, ui(t) = Ui(w(t))

is a decreasing function of t with u′i(t) < 0 for t ∈ [0, T1). We wish to extend this result to

the entire time interval [0, T ] (where Proposition 4.6 may not be applicable). The following

Lemma and Proposition accomplish the desired result.

Lemma 4.53. As in proposition 4.30 let us define

z(t) =
D(t)

R(t)
. (4.64)

For a general PWS death rate in P 2
d , z′(t) > 0 for all t ≥ 0.

Proof. Part of the proof is a repetition of the given in Proposition 4.30. We could have asked

the reader to go to that proof and read it there, but by the sake of having of the elements

at hand, we prefer to repeat what is needed in here.

114



Let z(t) = D(t)
R(t)

. Using equations (4.26) and (4.27) z′(t) becomes

z′(t) =

{
µ+ umu

σ
+
D

R
(1− d)

}
S

q
− 2µx0

D

x2
1q
. (4.65)

As t → 0+, the limiting behavior of D(t), R(t), S(t) and q(t) (see proposition 4.30 and

equations (4.23) and (4.31)) leads to

lim
t→0+

z′(t) =
µ+ umu(0)

2σ

S(0)

q(0)
> 0.

Continuity of state and adjoint variables requires z′(t) > 0 for some finite interval [0, t0)

prior to any switching of the mutation rate u(t). For t ≥ t0, we rewrite the expression (4.49)

for z′(t) as

z′(t) =
z

um

{
(ḋ(µ+ umu) + um(1− d)x1)

S

q
− 2µx0um

}
.

With the lower bounds for x1 established in the Appendix, we have x1 = O(2µx0) (and

possibly larger) for t ≥ min{T`, t0} ≡ Tmin and therewith

z′(t) =
x1z

um

{(
ḋ(µ+ umu) + um(1− d)

)S
q
− 2µx0um

x1

}

=
x1z

um

(
ḋ(µ+ umu) + um(1− d)

)S
q

{
1 +O

(
um
a

)} (4.66)

given 0 < um ≤ 1, ḋ > 0 and the growth rate constant a of cancerous cell population is

large compared to that of the normal cells (normalized to be 1) so that S/q = O(a). With

S/q > 0 by propositions 4.3, 4.5 and 4.7 we show that z′(t) > 0 for t > 0.

Strictly speaking, z′(t) > 0 for t ≥ t0 is proved asymptotically for a sufficiently large (that

it usually is). However, we know λ2(t) < 0 for all t (Proposition 4.1) and, by Proposition

4.16 and the continuity of the adjoint variables, λ1(t) < λ0(t) < 0 at least on an interval
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[0, T`) (as it is desirable to have more of all three types of cells at least at the early stage of

carcinogenesis). With λ1(t) < λ0(t) < 0 for t = O(Tmin), then

z′(t) ≥ x1z

um

{[
ḋ(u)(µ+ umu) + um(1− d)

]
λ2(a− 1 + σx2)

λ2

− 2µx0um
x1

}

=
x1z

um

{[
ḋ(u)(µ+ umu) + um(1− d)

]
(a− 1 + σx2)− 2µx0um

x1

}

> 0

(4.67)

given 2µx0um/x1 = O(1), a >> 1 and σ >> 1. For t considerably larger than Tmin (when it

may be more advantageous for the cancerous cell population to grow by natural proliferation

than by mutation of the other cell types so that λ0(t) and λ1(t) may turn positive) |λ0(t)|

and |λ1(t)| would be much smaller than |λ2(t)| since both must tend to zero as t approaches

T as required by the Euler boundary conditions given in (4.12). It follows that the λ2(t) term

in both S(t) and q(t) remains dominant and (4.67) again holds for the normal range of the

constant growth rate a (typically > 2) without appealing to asymptoticity. Also, when it is

more advantageous for x2(t) to grow by natural proliferation, the TSG+/− and TSG+/+ cell

populations would be of comparable magnitude (keeping in mind Lemma 6.8 requiring that

(x0, x1)→ (0, 1− µ)), the asymptotically stable critical point of (4.1)-(4.2) with u = 0 (see

Remark 6.7). In that case, 2µumx0/x1 = O(2µ) which is small compared to the S(t)/q(t)

term so that z′(t) > 0 again without appealing to asymptoticity.

If λ0(t) > 0 and/or λ1(t) > 0 at some later stage (when it is more advantageous for the

cancerous cell population to grow by natural proliferation than by mutation of the other

cell types), then the magnitudes, |λ0(t)| and |λ1(t)|, of these “shadow cell prices” would be

considerably smaller than |λ2(t)| since both adjoint variables must be zero at terminal time

(by the Euler boundary conditions). As such, the λ2(t) term in both S(t) and q(t) remain
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dominant and inequality (4.67) again holds for the normal range of the growth rate constant

a (typically > 2) without the asymptotic restriction.

With z′(t) > 0 for all t > 0 we are ready to show that the interior control associated to a

strictly convex death rate must be monotone decreasing:

Proposition 4.54. For any P 2
d death rate that is strictly convex, the interior solution is a

monotone decreasing function of time for all t in the interval [0, T ].

Proof. Let us rewrite the stationary condition (4.63) in terms of z(t), so

0 < ḋ(u) =
um
σ

R(t)

D(t)
=
um
σ

1

z(t)
. (4.68)

Differentiating both sides in the previous equation we have that

d̈(u)u′i(t) = −um
σ

z′(t)

[z(t)]2
. (4.69)

Recall that the death rate, d(u) is strictly convex, so d̈(u) > 0

Proposition 4.55. If ū(T0) = 0 for some T0 ∈ (0, T ) then ū(t) = 0 for all t ≥ T0.

Proof. Suppose T0 is the first zero of ū(t) with 0 < T0 < T . Then ū(T0) = 0 cannot be

preceded by an upper corner control because, by proposition 4.49, the latter cannot follow

an interior control. By proposition 4.51, ū(t) must be continuous at T0 with the interior

control ui(t) positive and continuous for (0, T0) vanishing at T0. Now, ū(t) cannot switch

from a lower corner control to an upper corner control at some Tl > T0 by 4.50. It also cannot

switch to an interior control because it is a non-increasing function. Therefore, ū(t) = 0 for

all t ≥ T0.
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Admissibility of the Interior Control Adjacent to Starting Time

Before dealing with the admissibility of the interior control at the starting time, let us check

what would happen at t = 0 even if ui where not admissible there.

Proposition 4.56. For a strictly convex death rate d(u) with properties stipulated in equation

(4.58) we must start with maximum instability, i. e., ū(0) = 1.

Proof. If ui is feasible, then

um
σ

R(t)

D(t)
= ḋ(ui) <

1− d(ui)

1− ui

if and only if

ui(t) > 1− (1− d(ui))
σ

um

D(t)

R(t)
.

But, limt→0+

(
1−

(
1− d(ui)

)
σ
um

D(t)
R(t)

)
= 1. Therefore ū(0) = 1.

Remark 4.57. Observe that if ui is not feasible, the proof that we must start with maximum

instability is as in proposition 4.20.

Even though we know what must happen at the start time, we wonder what happens with

the interior control when the death rate is strictly convex. For the particular case of the

death rate (1.9) with 0 < α < 1, we already established that the interior control ui(t) is

always admissible adjacent to the initial time but may become negative prior to the terminal

time (and hence not admissible). For our more general class of strictly convex death rates,

the situation is complicated by the additional possibility that ui(t) may exceed the upper

bound. The actual admissibility of the interior control near t = 0 is shown presently to
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depend on the value u∞ of the mutation rate u for which d(u) becomes unbounded,

lim
u→u∞

d(u) =∞. (4.70)

Note that with the restrictions imposed on P 2
d death rates specified in (4.59), we must have

1 ≤ u∞ ≤ ∞. Strict convexity of d(u) requires its slope to satisfy

ḋ(u) > ḋ(0) ≡ α0 > 0.

Proposition 4.58. For strictly convex P 2
d death rate, the following statements hold:

(i) ui(Tx) = 1 for some 0 ≤ Tx < T ,

(ii) ui(t) > 1 for all t < Tx and

(iii) ui(t) < 1 for all t > Tx.

Proof. For strictly convex d(u) death rates, we have d̈(u) > 0 so that ḋ(u) is itself a monotone

increasing function. It follows that

0 < α0 = ḋ(0) < ḋ(u) < ḋ(u∞) (4.71)

for 0 ≤ u < u∞ ≤ ∞ (keeping in mind u∞ ≥ 1 for P 2
d death rates). Then, the inverse of

(4.63), Ui(w) is a monotone increasing (strictly concave) function of w and bounded above

by u∞. With w(t) = um/(σz(t)) a monotone decreasing function of time from t = 0 and

lim
t→0

ḋ(ui(t)) = lim
t→0

w(t) = lim
t→0

um
σ

R(t)

D(t)
=∞, (4.72)
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the inverse function ui(t) is a monotone decreasing function of t starting from t = 0. If

u∞ > 1, then ui(t) > 1 for t ∈ [0, Tx) for some Tx > 0 with ui(Tx) = 1 and ui(t) < 1 for

t > Tx.

Corollary 4.59. If u∞ > 1, the optimal control starts with the upper corner control for the

interval [0, Tx], i.e., ū(t) = 1 in [0, Tx]

Proof. By proposition 4.56 we know that ū must start with maximum instability, or what is

the same: ū(0) = 1. Given that ui(t) > 1 on [0, Tx), it is not admissible in that interval. By

the continuity of the state variables, ū = 1 on [0, Tx).

The Optimal Control Configuration

For the configuration of the optimal control, we need to know when the interior control

remains admissible in (Tx, T ]. We saw on Proposition 4.58 how the admissibility of ui(t)

adjacent to t = 0 depends on u∞. We know show how the admissibility of ui(t) adjacent to

terminal time T depends of the initial slope α0 = ḋ(0).

Lemma 4.60. If d(u) is a strictly convex death rate in P 2
d and um/(σz(T )) > α0, then ui(t)

is admissible in the interval (Tx, T ] with the threshold defined in Proposition 4.58 (which may

be 0 as for the particular death rate case (1.9) with 0 < α < 1 ) with 0 < ui(t) < 1 there.

Proof. In proposition 4.58 we showed that there is Tx ∈ [0, T ) such that ui(Tx) = 1. On the

other hand, we know that ḋ(0) = α0 and um/(σz(T )) = ḋ(ui(T )). If ui(T ) were equals to

zero, then we must have

um
σz(T )

= ḋ(ui(T )) = ḋ(0) = α0

which is a contradiction.
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Thus, with ui(t) being and decreasing function, we must have that 0 < ui(t) < 1 on the

interval (Tx, T ].

Remark 4.61. Notice that the Lemma above still holds for um/(σz(T )) = α0 with ui(T ) = 0

in that case.

With all these results, we are ready to give the optimal control configuration when the death

rate is strictly convex and d̈(u) > 0:

Theorem 4.62. For a strictly convex death rate in P 2
d the optimal control lies in one of the

following cases:

(i) If umR(T )/(σD(T )) ≥ α0

ū(t) =


1 for 0 ≤ t ≤ Tx

ui(t) for Tx < t ≤ T

(ii) If umR(T )/(σD(T )) < α0

ū(t) =


1 for 0 ≤ t < Tx

ui(t) for Tx < t ≤ T0

0 fot T0 ≤ t ≤ T

with ui(T0) = 0 and ui(Tx) = 1 if Tx > 0.

Proof. (i) By Proposition 4.48 we know that ui is optimal whenever it is admissible.

Lemma 4.60 guarantees that it is the case on the interval (Tx, T0] and Corollary 4.59

proofs that ū = 1 on [0, Tx].

(ii) For the complementary case um/(σz(T )) < α0, we have ui(T ) < 0 which means that

the interior control is not admissible and by the continuity of ui there must exist
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T0 ∈ (0, T ) such that ui(T0) = 0. Recall now Proposition 4.55, which guarantees that

ū(t) = 0 for all t ∈ [T0, T ]. We apply again Lemma 4.60 on the interval (Tx, T0] and

Corollary 4.59 on [0, Tx] that gives as a result the desired ū.

Remark 4.63. Note that ū(t) = ui(t) for all t ∈ [0, T0) only if

lim
u→1−

ḋ(u) =∞.

This was the case when d(u) is of the form (1.9) with 0 < α < 1.

A sufficient Condition for T0 < T

The functions R(t) and D(t) depend on the state and adjoint variables (see equations (4.17)

and (4.18)) and are generally not known until we have the solution of our problem. However,

due to the boundary conditions associated to the state equations and the Euler boundary

conditions associated to the adjoint equations, the expressions for these two quantities sim-

plify at the terminal time. Thus, at terminal time equation (4.63) simplifies to

w(T ) = ḋ(ui(T )) =
um
σ

R(T )

D(T )
=
um
σ

x1(T )

a− x0(T )− x1(T )
.

While we also do not know the values of x0(T ) and x1(T ) without the solution of our problem,

the constrains on x1(t) given in equation (4.6) and x0(t)+x1(t) given in Lemma 4.11 provide

the needed ingredients for an upper bound for ḋ(ui(T )) that limits the admissibility of the

interior control:

Proposition 4.64. If σ(a− 1) > um/α0, where α0 = ḋ(0) then ui(t) < 0 for some interval

(T0, T ], with T0 such that ui(T0) = 0.
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Proof. With

ḋ(ui(T )) =
um
σ

x1(T )

a− x0(T )− x1(T )
≤ um
σ(a− 1)

< α0 = ḋ(0),

the strict convexity of d(u) (and hence ḋ(u) being monotone increasing) requires ui(T ) < 0.

By the continuity of the death rate function and the interior control, we have ui(t) < 0 for

some interval (T0, T ] adjacent to T where T0 is the first zero of the interior control.
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Chapter 5

Numerical Solutions for the Two Step

Model

One of the things we wanted to understand with this project is how the competing effects of

mutation may be orchestrated to be in favor of carcinogenesis and to quantify this favoring

process for the case of dysfunctional TSG. More specifically, the two-step model provides a

complete characterization of the optimal mutation rate for the fastest time to cancer and

how this rate depends on the convexity of the death rate as a function of the mutation rate.

We have so far made a deep analytical study of the optimal mutation rate. The next natural

step is to make a numerical study of it. In order to achieve this goal we are going to restrict

to the particular death rate given in equation (1.9) and formulate an appropriate algorithm

to compute the actual mutation rate. We will emphasize the strictly convex case when the

lower constraint on the optimal control is binding prior to the terminal time.
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5.1 Linear and Strictly Concave Death Rate: A Bang-

Bang Control

In chapter 4 we proved that whenever the death rate is a linear or strictly concave function

(see theorems 4.24 and 4.29 ) the optimal mutation rate must be a bang-bang control that

starts with maximum instability and, at some point Ts ∈ (0, T ), the population changes to

a phase of maximum stability for the time left. This knowledge about the optimal mutation

rate allow us to implement a very simple but efficient and successful bisection method (it

is, in essence, the same bisection algorithm that we introduced in chapter 2 ) to find a

satisfactory numerical approximation for the optimal switch point Ts.

We will take here the opportunity to reacquaint the reader with an alternative way of writing

the state of equations (1.17)-(1.19). We did something analogous for the one-step model in

chapter 2, the process of the two-step model is as follows: Let the population of TSG−/−

cells (the x2 population) to be the independent variable, and define the time progression,

the population of TSG+/+ and TSG+/− cells (the x0 and x1 population, respectively) as

functions of x2. In that case, the state equations (1.17), (1.18) and (1.19) tranform into

dx0

dx2

=
−2µσx0 + σx0(1− d(u))(1− x0 − x1)

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (5.1)

dx1

dx2

=
2µσx0 − (µ+ umu)σx1 + σx1(1− d(u))(1− x0 − x1)

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (5.2)

dt

dx2

=
σ

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
, (5.3)

for x0(x2;u), x1(x2;u) and t(x2;u) with the three initial conditions in (1.20) written as

x0(0;u) = 1 x1(0;u) = 0 t(0;u) = 0. (5.4)
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The terminal condition x2(T ) = 1 then gives the terminal time as a function of u:

t(1;u) = T (u). (5.5)

We must notice however that the system (5.1)-(5.3) is not well defined at the initial time.

Thus, we will solve the system (1.17)-(1.19) on the interval [0, T s] and the system (5.1)-(5.3)

on the interval [x2(Ts), 1] (this is possible because x2(t) is an increasing function, so for any

Ts > 0 the value x2(Ts) > 0). With this in mind we introduce the bisection algorithm that

will help us to find the optimal switch point:

Bisection Iterative Scheme

Our goal is to find the switch point Ts to minimize the terminal time T (Ts). Analogous to

what we did in chapter 2, a simple bisection type solution scheme would be implemented to

solve the IVP (5.1) - (5.3) and (5.4), but this time the mutation rate u will be fixed to be

u = 0 and two initial guesses, {Ts1 , Ts2} with 0 < Ts1 < Ts2 ≤ Tsmax , for the switch point will

be given. Once a solution of the IVP is obtained, for each of these switch points, we will be

able to compare the corresponding terminal times
{
T1 = T (Ts1), T2 = T (Ts2)

}
.

Phase Nulla: Solve (1.17)-(1.19) with the three initial conditions in (1.20) for u = 0

and u = 1, respectively. Find Tsmax (an upper bound for the switch point) solving the

equation x2[u = 0] = x2[u = 1] for the time variable. We will name Tsmax to be the

positive time value at which x2[u = 0] = x2[u = 1] is satisfied.

Phase I: Give two initial guesses Ts1 < Ts2 on the interval (0, Tsmax ], solve the IVP

(1.17)-(1.19) and (1.20) (when u = 1) on the intervals [0, Ts1 ] and [0, Ts2 ], respectively.

Then, solve the IVP (5.1) - (5.4) (when u = 0) to obtain the terminal times T1 and T2.

Compare T1 with T2.
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2(a): If T1 < T2 then set Ts3 = Ts1/2 < Ts1 and solve the corresponding IVP to

get T3. Continue this process to get successively smaller Tsk with Tsk = Tsk−1
/2,

so Ts3 > Ts4 > Ts5 > · · · stopping at Tsm when Tm > Tm−1 for the first time.

Then set
{
T

(0)
s0 = Tsm−1 , T

(0)
0 = Tm−1

}
,
{
T

(0)
s` = Tsm , T

(0)
` = Tm

}
and

{
T

(0)
sg =

Tsm−2 , T
(0)
g = Tm−2

}
to complete phase I of this algorithm.

2(b): If T1 > T2, set Ts3 =
Tsmax+Ts2

2
> Ts2 and solve the corresponding IVP to get

T3. Continue this process to get successively larger Tsk with Ts3 < Ts4 < Ts5 < · · ·

stopping at Tsm when Tm > Tm−1 for the first time. Then set
{
T

(0)
s0 = Tsm−1 , T

(0)
0 =

Tm−1

}
,
{
T

(0)
s` = Tsm−2 , T

(0)
` = Tm−2

}
and

{
T

(0)
sg = um, T

(0)
g = Tm

}
to complete

phase I of this algorithm.

2(c): If T1 = T2 then restart phase I choosing a different Ts2 .

Phase II: At the end of phase I, the iterative algorithm has led to one of the next

three scenarios:

Scenario I (T
(0)
0 < {T(0)

` ,T0
g} with T

(0)
s` < T

(0)
s0 < T

(0)
sg ): For this scenario, set

T (1)
s0

= T (0)
s0
, T (1)

sg =
T

(0)
s0 + T

(0)
sg

2
, T (1)

s`
=
T

(0)
s0 + T

(0)
s`

2

and solve the IVP again for the new mutation rate T
(1)
s` and T

(1)
sg with T

(1)
s` < T

(1)
s0 < T

(1)
sg .

If T
(1)
0 continues to be smaller than T

(1)
` and T

(1)
g , we are still in Scenario I and the

same process of setting a new set of {T (k)
s` , T

(k)
s0 , T

(k)
sg } for k = 2, 3, . . . applies until either

|T (k)
s` −T

(k)
sg | is within a prescribed error tolerance or Scenario I no longer applies. Should

the later occur, the new set of {T (k)
0 , T

(k)
` , T

(k)
g } may be in either scenario II or scenario

III. In either case, we proceed as prescribed below.

Scenario II (T
(k)
` < {T(k)

0 ,Tk
g}): For this scenario, set

T (k+1)
s0

= T (k)
s`
, T (k+1)

sg =
T

(k)
s0 + T

(k)
s`

2
, T (k+1)

s`
=
T

(k−1)
s` + T

(k)
s`

2
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to get the terminal times back to Scenario I so that we can continue the iterative

process for that scenario until the prescribed error tolerance is met or when we are no

longer in Scenario I.

Scenario III (T
(k)
g < {T(k)

0 ,Tk
` }): For this scenario, set

T (k+1)
s0

= T (k)
sg , T (k+1)

sg =
T

(k−1)
sg + T

(k)
sg

2
, T (k+1)

s`
=
T

(k)
s0 + T

(k)
sg

2

to get the terminal times back to Scenario I so that we can continue the iterative

process for that scenario until the prescribed error tolerance is met or when we are no

longer in Scenario I.
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Figure 5.1: x2, the mutant population under maximum stability (u = 0, the blue color curve ), and under
maximum instability (u = 1, the red color curve). The parameter values are: µ = 0.1, um = 1, σ = 2, a = 2,
α = 1 and dm = 1

In the Nulla Phase of the Bisection algorithm we mentioned the need of finding an upper

bound for the switch point Ts, but why did we decide that Tsmax is a valid upper bound for

Ts? The answer to this question can be better understood observing what happens in figure
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TABLE 5.1
Bisection Method for the TSG Model

Phase I

k 1 2 3

Tsk 1.0000 1.6000 1.9335

Tk 3.9391 3.8887 3.9562

Phase II

k Ts` T` Ts0 T0 Tsg Tg

0 1.0000 3.9391 1.6000 3.8887 1.9335 3.9562

1 1.3000 3.8799 1.6000 3.8887 1.7667 3.9160

2 1.1500 3.8995 1.3000 3.8799 1.4500 3.8772

3 1.3750 3.8766 1.4500 3.8772 1.6083 3.8898

4 1.2625 3.8831 1.3750 3.8766 1.4125 3.8764

5 1.3937 3.8764 1.4125 3.8764 1.5104 3.8802

6 1.3281 3.8782 1.3937 3.8764 1.4031 3.8764

7 1.4007 3.8764 1.4031 3.8764 1.4299 3.8767

8 1.3826 3.8765 1.4007 3.8764 1.4013 3.8764

9 1.3916 3.8764 1.4007 3.8764 1.4010 3.8764

10 1.4009 3.8764 1.4010 3.8764 1.4012 3.8764

11 1.3986 3.8764 1.4009 3.8764 1.4009 3.8764

12 1.3997 3.8764 1.4009 3.8764 1.4009 3.8764

13 1.4003 3.8764 1.4009 3.8764 1.4009 3.8764

14 1.4009 3.8764 1.4009 3.8764 1.4009 3.8764

15 1.4006 3.8764 1.4009 3.8764 1.4009 3.8764

16 1.4009 3.8764 1.4009 3.8764 1.4009 3.8764

17 1.4009 3.8764 1.4009 3.8764 1.4009 3.8764

Note: Switch time Ts and shortest time T approximation for α = 2, um = 1, a = 2, σ = 2, µ = 0.1 and
dm = 1.
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5.1, that exemplifies in good detail what occurs in general. As we are well aware, the best

strategy for Cancer to succeed is that the population starts mutating at its maximum rate

(u = 1) and then, at some point Ts it stops mutating and continues in the same fashion

for the time left. In figure 5.1, the population of cancerous cells at time t mutating at

its maximum rate is represented by the red curve. Before the time Tsmax , the population

with maximum instability (red curve) is above the population with maximum stability (blue

curve), but right after Tsmax their roles change. Observing figure 5.1 we know before hand

that any switch occurring after Tsmax will not be the best path for Cancer to succeed because

making the switch at t = Tsmax will be always a better option than doing it at a bigger time.

Therefore, Tsmax is a good enough upper bound for the switch time.
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The minimum time to target, T, for different values of T
s

Figure 5.2: The minimum time to target. T , for different values of the switch time, Ts. The parameter
values are: µ = 0.1, um = 1, σ = 2, a = 2, α = 1 and dm = 1

Table 5.1 presents the iterations of the Bisection method to find the optimal switch point

Ts = 1.4009 and the shortest time T = 3.8764 for parameter values α = 2, um = 1, a = 2,

σ = 2 and µ = 0.1. We can observe the same optimal values in figure 5.2, where we plotted

different values of Ts versus its respective minimum time to target T . The plot was obtained

130



using the Switch Point Partition Algorithm (this algorithm is explained in the Appendix).

The efficiency of the Bisection over the Partition algorithm is evidenced when comparing

the computing time of 0.8085s of the former versus 22.1690s of the latter.

The Biology of Switching

TABLE 5.2
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for non-convex cases

µ (a) σ = 2 (b) σ = 10

Oncogene TSG Oncogene TSG

Ts T Ts T Ts T Ts T

10−1 0.6563 1.5713 1.4009 3.8764 0.895 2.7809 1.413 5.3986

10−2 0.7451 1.6802 1.5744 6.3931 1.031 2.9238 1.574 8.0004

10−5 0.7561 1.6935 1.5936 13.334 1.048 2.9734 1.592 14.943

10−7 0.7561 1.6935 1.5936 17.938 1.050 2.9734 1.593 19.548

Note: Dependence of switch and terminal time on (normalized) basic mutation rate µ for non-convex cases
with um = 1, a = 2 and dm = 1.

Here, we limit our discussion to some insight into the biology that determines the switch

time of the bang-bang control for non-convex death rate cases as suggested by the numerical

solutions. In table 5.2, the optimal Ts and T are shown for both one-step model and two-step

model with um = 1, a = 2 and dm = 1. The set (a) is for four values of µ with σ = 2 while the

set (b) is for the same four values of µ with σ = 10. The corresponding results with the value

of a = 5 are given in Table 5.3. The range of µ in all cases is from the CIN-type mutation

rate of 10−7/s to the MSI-type mutation rate of 0.01 − 0.1/s (Komarova and Wodarz 2004

[16]).
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In each of the four combinations of σ and a, the results shown certainly confirm what is

expected intuitively:

� For the same combination of σ and a, it would take the two-step model longer to get

to the target cancerous population given that two mutations are needed to lose both

copies of TSG (compared to one mutation to activate an oncogene) in order to get

from a normal cell to a cancerous cell.

� For a fixed a, it would take cancerous mutants of each model longer to get to a larger

target cancerous population, i.e., as σ increases.

Less obvious, however, is the asymptotic behavior of the switch time and the time to target as

the basic mutation rate µ becomes much smaller than the (normalized) maximum cancerous

mutation rate um, i.e., µ << um = 1, with

� Ts and T tending to their respective asymptotic value as µ/um → 0,

Evidently, for µ/um = O(10−2) and smaller, the trade-off between the two corner controls is

unaffected by the basic mutation rate µ.

More interesting, however, is the biology responsible for the switch time and its asymptotic

behavior. It has been proved earlier that a high mutation rate is needed at the start for

faster production of the exceedingly low advantageous mutants but, once a sufficiently large

population of fast proliferating mutants is accumulated, becomes detrimental to the longevity

of the fast (naturally) proliferating mutants. For the question of when to switch , we report

in tables 5.4 and 5.5 four pieces of information for the optimal bang-bang solution for each

of the same four combinations of parameter values as tables 5.2 and 5.3: (1) the normalized

precancerous mutant (TSG−/+) population at the switch time x1(Ts) responsible for the

production of cancerous mutants; (2) the normalized cancerous mutant population at the
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TABLE 5.3
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for non-convex cases

µ (a) σ = 2 (b) σ = 10

Oncogene TSG Oncogene TSG

Ts T Ts T Ts T Ts T

10−1 0.210 0.73360 0.410 1.58188 0.220 1.11835 0.410 1.98173

10−2 0.230 0.77165 0.455 2.20387 0.245 1.16194 0.460 2.60616

10−5 0.235 0.77622 0.465 3.93662 0.250 1.16719 0.465 4.33902

10−7 0.235 0.77623 0.465 5.08796 0.250 1.16720 0.465 5.49032

Note: Dependence of switch and terminal time on (normalized) basic mutation rate µ for non-convex cases
with um = 1, a = 5, dm = 1.

switch time x2(Ts); (3) the rate of growth of the cancerous cell population at switch time by

maximum mutation rate (u = 1); and (4) the rate of growth of the cancerous cell population

at switch time without cancerous mutation (u = 0). (Note that {xk(t)} are continuous at Ts

while {x′k(t)} are not). From these results, we learn the following less obvious facts:

� x1(s)/µ and x2(Ts)/µ tend to an asymptotic value as µ/um → 0.

� At switch time, the growth rate of x2 with the lower corner control is generally not

less than the corresponding growth rate with the upper corner control and essentially

indistinguishable from the latter when µ/um << 1, say µ/um = O(10−3) or smaller.

It appears that switching from upper to lower corner control takes place when there are

sufficient cancerous mutants so that the population growth rate for the later caught up with

that for the upper corner. An exception to the second observation is when the natural

cancerous mutant growth rate is high (e.g., a = 5) and the target cancerous population is

relatively small. In that case, the switch over may be sooner since the higher cancerous

mutant growth rate with no mutation would more than make up for the shortfall from an

earlier switch.
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TABLE 5.4
Threshold for switching in two-step model for non-convex cases

µ (a) σ = 2 (b) σ = 10

x1(Ts)/µ x2(Ts)/µ x′2(Ts)/µ x1(Ts)/µ x2(Ts)/µ x′2(Ts)/µ

u = 1 u = 0 u = 1 u = 0

10−1 1.203 0.620 0.662 0.757 1.205 0.1256 0.133 0.153

10−2 1.546 0.777 0.781 0.797 1.546 0.1554 0.156 0.159

10−5 1.593 0.797 0.797 0.797 1.593 0.1591 0.159 0.159

10−7 1.594 0.796 0.797 0.797 1.593 0.1593 0.159 0.159

Note: Threshold for switching in two-step model for non-convex cases with um = 1, a = 2, dm = 1.

TABLE 5.5
Threshold for switching in two-step model for non-convex cases

µ (a) σ = 2 (b) σ = 10

x1(Ts)/µ x2(Ts)/µ x′2(Ts)/µ x1(Ts)/µ x2(Ts)/µ x′2(Ts)/µ

u = 1 u = 0 u = 1 u = 0

10−1 0.6317 0.0778 0.347 0.344 0.6317 0.0156 0.695 0.688

10−2 0.7260 0.0899 0.367 0.364 0.7322 0.0184 0.740 0.742

10−5 0.7437 0.0931 0.372 0.373 0.7437 0.0186 0.744 0.745

10−7 0.7437 0.0931 0.372 0.373 0.7437 0.0186 0.744 0.745

Note: Threshold for switching in two-step model for non-convex cases with um = 1, a = 5, dm = 1.

The observation that the switch should take place near the time determined by
[
x′2
]
u=1

=[
x′2
]
u=0

provides an estimate for Ts. From (4.3), we have

[
x′2
]
u=1

=
1

σ

(
µ+ um

)
x1,

[
x′2
]
u=0

=
µ

σ
x1 + x2

(
a− x0 − x1

)
.

Let T ∗s be the time of equality between the two growth rates at switch so that

um
σ
x1(Ts) = x2(Ts)

[
a− x0(Ts)− x1(Ts)

]
. (5.6)
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If the switch point is taken to be at T ∗s , the relation (5.6) constitutes a nonlinear equation

for T ∗s . With the various cell populations {xk(T ∗s )} known explicitly for both corner controls

(see Appendix) and continuous at the only switch point T ∗s , numerical solution can be found

accurately by any of the available numerical software.

For µ << um, a simple approximate determination of the switch time is possible. With

x0(T ∗s ) + x1(T ∗s ) . 1 (see (6.31) and (6.32) in the Appendix ), we may approximate the

relation (5.6) by

x2(T ∗s ) =
um

σ(a− 1)
x1(T ∗s ) (5.7)

where we have µ << um = 1 (see (6.31), (6.32) and (6.33))

x1(T ∗s ) =
2µ

um − µ

[
e−2µT ∗s − e−(µ+um)T ∗s

]
= 2µ

[
1− e−T ∗s +O(µ)

]

s

x2(T ∗s ) =
2µ

σ

[
T ∗s − 1 + e−T

∗
s +O(µ)

]
.

It follows that (5.7) becomes

T ∗s =
a

a− 1

(
1− e−T ∗s

)(
1 +O(µ)

)
. (5.8)

We summarize the development above in the following proposition:

Proposition 5.1. With the optimal bang-bang control switches at the instant T ∗s when the

cancerous mutant growth rate being indifferent to the choice of corner control (as suggested

by the numerical solution for the optimal mutation rate), the switch point T ∗s is determined

by (5.6) which simplifies to (5.8) up to terms of order O(µ/um). It follows that the switch

point T ∗s does not depend on µ or σ for sufficiently small µ.
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The conclusions of proposition 5.1 are consistent with the numerical data of tables 5.2, 5.3,

5.4 and 5.5 for the two-step model. Note that the conclusions do not apply to the one-step

model since the evolution of the two relevant cell populations is no longer given by (6.31),

(6.32) and (6.33).
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Figure 5.3: The switch time, Ts as a function of the constant growth rate of mutant cells, a. The parameter
values are: µ = 0.1, um = 1, σ = 2, α = 1 and dm = 1

Figures 5.3 and 5.4 show the switch point Ts as a function of the parameters a and σ,

respectively. In Figure 5.3 we observe that, analogous to the one step-model in [12], Ts is a

monotone, decreasing, convex function of the growth rate of mutants (parameter a). On the

other hand, Ts as a function of the parameter σ is a function that starts increasing and after

a threshold it starts decreasing again. This behavior of Ts is very different to what happens

in the one-step model. For the one-step model case Ts results in a monotone, very gradually

increasing, concave function of σ for σ > 1 [12]. A different behavior is not surprising, after

all, different mathematical techniques of those used to analyze the one-step case had to be

used for the analysis of the two-step model.
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Figure 5.4: The switch time, Ts as a function of the parameter σ. The parameter values are: µ = 0.1,
um = 1, a = 2, α = 1 and dm = 1

5.2 Strictly Convex Death Rate: An Interior Control

In chapter 4, we proved that the optimal control for the death rate given in (1.9) must be an

interior control, at least on some part of the interval [0, T ], whenever 0 < α < 1. Furthermore,

we gave some conditions under which the interior control is the optimal control on the whole

time interval [0, T ]. In [12], Komarova et al. showed some numerical results using an SQP

algorithm. Here, we propose a Forward-Backward Sweep algorithm that will bring a new

insight of how approach the problem.

Forward-Backward Sweep Scheme

Consider the optimal control problem of minimizing the performance index:

J =

∫ T

0

1dt, (5.9)
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subjected to the equations of state

x′0 =− 2µx0 + x0(1− d(u))(1− x0 − x1) ≡ g0(x0, x1, x2, u), (5.10)

x′1 =2µx0 − (µ+ umu)x1 + x1(1− d(u))(1− x0 − x1) ≡ g1(x0, x1, x2, u), (5.11)

x′2 =
1

σ
(µ+ umu)x1 + x2(1− d(u))(a− x0 − x1) ≡ g2(x0, x1, x2, u), (5.12)

with boundary conditions

x0(0) = 1, x1(0) = 0, x2(0) = 0 and x2(T ) = 1 (5.13)

As we saw in chapter 4, any solution to the above optimal control problem must also satisfy

the system of adjoint equations:

λ′0 =2µ(λ0 − λ1) + (1− d(u))[λ0x0 + λ1x1 + λ2x2]

− λ0(1− d(u))(1− x0 − x1)

λ′1 =(1− d(u))[λ0x0 + λ1x1 + λ2x2]− umu+ µ

σ
(λ2 − σλ1)

− λ1(1− d(u))(1− x0 − x1)

λ′2 =− λ2(1− d(u))(a− x0 − x1).

(5.14)

with boundary conditions

λ0(T ) = 0, λ1(T ) = 0 and λ2(T ) = − σ

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)
. (5.15)
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Basically, joining the adjoint equations with its boundary conditions to the state of equations

with its respective boundary conditions converts an optimal control problem into a two-point

boundary value problem.

Our main goal is to take advantage of some attributes of the optimality system. First, we are

given an initial condition for the state variables −→x = (x0, x1, x2) but a final time condition

for the adjoint variables
−→
λ = (λ0, λ1, λ2). Second, −→x ′ = (x′0, x

′
1, x
′
2) is a function of t, −→x and

u only. Values for
−→
λ are not needed to solve the differential equation for −→x using a standard

ODE solver. Taking this into account, the method we present here is very intuitive. It is

generally referred to as the Forward-Backward Sweep method. The algorithm is as follows:

Step 1. Make an initial guess for u over the interval [0, 1]

Step 2. Using the initial condition −→x (0) = (x0(0), x1(0), x2(0)) = (1, 0, 0) and the

values for u, solve −→x forward in time according to the ordinary differential equation

system (1.17)-(1.19).

Step 3. Using the transversality condition
−→
λ (T ) = (λ0(T ), λ1(T ), λ2(T )) and the

values for u and −→x , solve
−→
λ backward in time according to its ordinary differential

equation system (4.13).

Step 4. Update u by entering the new −→x and
−→
λ values into the characterization of

the optimal control.

Step 5. Check convergence. If the values of the variables in this iteration and the last

iteration are negligibly close, output the current values as solutions. If values are not

close enough (according to a given tolerance), return to Step 2.
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TABLE 5.6
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for strictly convex cases

α (a) σ = 2 (b) σ = 10

Oncogene TSG Oncogene TSG

T0 T T0 T T0 T T0 T

0.1 NA 1.2383 NA 3.2862 2.0970 2.3025 4.4610 4.7571

0.3 1.0383 1.4033 2.7871 3.5667 1.8983 2.5780 3.3099 5.1403

0.5 0.9125 1.4912 2.5110 3.7218 1.5607 2.7087 2.9660 5.3417

0.8 0.7319 1.5604 1.9720 3.8534 1.2352 2.7929 2.4947 5.5240

0.9 0.6685 1.5707 1.7732 3.8748 1.1540 2.8013 2.4383 5.5747

Note: Dependence of switch and terminal time on the parameter α for strictly convex cases with um = 1,
a = 2, dm = 1 and µ = 0.1. The switch point T0 refers to the value where the optimal control becomes a
lower corner control.

time

0 0.5 1 1.5 2 2.5 3

u
i

0

0.2

0.4

0.6

0.8

1

Interior Control for α  = 0.1 and T = 3.2862

Figure 5.5: Plot of the mutation rate ui for the TSG Model. Parameter values: α = 0.1, µ = 0.1, um = 1,
σ = 2, a = 2 and dm = 1.

Tables 5.6, 5.7 and 5.8 show the numerical values for the shortest time to cancer T , and

the switch point T0 from the interior control to the lower corner control (when it is feasible)

for both models: the one-step (oncogene) and the two-step (TSG) models. Table 5.6 shows

the dependence of T0 and T on the parameter α for (a) σ = 2 and (b) σ = 10, both with

parameter values µ = 0.1, um = 1, a = 2, dm = 1. In particular, we can observe in Table
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TABLE 5.7
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for strictly convex cases

µ (a) σ = 2 (b) σ = 10

Oncogene TSG Oncogene TSG

T0 T T0 T T0 T T0 T

10−1 0.9125 1.4912 2.0607 3.7184 1.5607 2.7087 2.8825 5.2384

10−2 1.0046 1.5840 2.875 6.1970 1.7594 2.8626 2.765 7.7999

10−5 1.0168 1.5952 2.7741 13.1301 1.7843 2.8814 2.8125 14.7429

10−7 1.0168 1.5952 2.7775 17.7356 1.7843 2.8814 2.8463 19.3596

Note: Dependence of switch and terminal time on (normalized) basic mutation rate µ for strictly convex
cases with um = 1, a = 2, dm = 1 and α = 0.5. The switch point T0 refers to the value where the optimal
control becomes a lower corner control.
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Figure 5.6: Plot of the mutant population x2 for the TSG Model. Parameter values: α = 0.1, µ = 0.1,
um = 1, σ = 2, a = 2 and dm = 1.

5.6, for α = 0.1 and σ = 2, that the switch point T0 is not feasible. The plot of this optimal

control, for the two-step model, is shown in figure 5.5, and figure 5.6 shows its respective

cancerous population on the time period [0, T ]. In figure 5.7 we can observe the plots of the

interior control for different values of the parameter value α.
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TABLE 5.8
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for strictly convex cases

µ (a) σ = 2 (b) σ = 10

Oncogene TSG Oncogene TSG

T0 T T0 T T0 T T0 T

10−1 0.3446 0.7083 0.6394 1.5441 0.4064 1.0945 0.6672 1.9446

10−2 0.3777 0.7418 0.7 2.1572 0.4397 1.1335 0.7115 2.5598

10−5 0.3807 0.7458 0.7054 3.8887 0.4430 1.1381 0.7147 4.2913

10−7 0.3807 0.7458 0.7071 5.0400 0.4430 1.1381 0.725 5.4429

Note: Dependence of switch and terminal time on (normalized) basic mutation rate µ for strictly convex
cases with um = 1, a = 5, dm = 1 and α = 0.5. The switch point T0 refers to the value where the optimal
control becomes a lower corner control.

time

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
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Interior Control for different values of alpha

α = 0.7

α = 0.3
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α = 0.8

α = 0.9

α = 0.95

Figure 5.7: Plot of the mutation rate ui for different values of α for the TSG Model. The parameter values
are: µ = 0.1, um = 1, σ = 10, a = 2 and dm = 1.

Tables 5.7 and 5.8 show the dependence of T0 and T on the basic mutation rate µ for (a)

σ = 2 and (b) σ = 10, both with parameter values um = 1, α = 0.5, dm = 1. Table 5.7

displays the values of T and T0 for the growth rate value of malignant cells a = 2 while table

5.8 reports the values for the case when a = 5.
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TABLE 5.9
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for strictly convex cases

µ (a) σ = 2 (b) σ = 10

x1(T0)/µ x2(T0)/µ x1(T0)/µ x2(T0)/µ

10−1 2.0581 2.0650 2.4045 0.8643

10−2 3.0381 3.4149 3.2812 0.8564

10−5 3.1611 3.3133 3.1755 0.6772

10−7 3.1615 3.2036 3.2010 0.6892

Note: Dependence of switch and terminal time on (normalized) basic mutation rate µ for strictly convex
cases with um = 1, a = 2, dm = 1 and α = 0.5. The switch point T0 refers to the value where the optimal
control becomes a lower corner control.

TABLE 5.10
Dependence of switch and terminal time on (normalized) basic mutation rate
µ for strictly convex cases

µ (a) σ = 2 (b) σ = 10

x1(T0)/µ x2(T0)/µ x1(T0)/µ x2(T0)/µ

10−1 0.9778 0.2485 1.0085 0.0554

10−2 1.1399 0.2893 1.1575 0.0610

10−5 1.1663 0.2960 1.1766 0.0611

10−7 1.1767 0.3040 1.1915 0.0636

Note: Dependence of switch and terminal time on (normalized) basic mutation rate µ for strictly convex
cases with um = 1, a = 5, dm = 1 and α = 0.5. The switch point T0 refers to the value where the optimal
control becomes a lower corner control.

Similar to the bang-bang case, the range of µ in all cases is from the CIN-type mutation rate

10−7/s to the MIS-type mutation rate 0.001 − 0.1/s [16]. In each of the four combinations

of σ and a, the results confirm what is expected intuitively:

� The value of switch point T0 decreases as α increases. This result is not completely

surprising because the interior control is a decreasing function and the shape of the

death rate implies that it increases as the parameter α increases.
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� For the same combination of σ and a, it would take the two-step model longer to get

to the target cancerous population given the two mutations are needed to lose both

copies of TSG (compared to one mutation to activate an oncogene) in order to go from

a normal cell to a cancerous cell.

� For a fixed a, it would take cancerous mutants of each model longer to get to a larger

cancerous population, i.e., as σ increases.

� As µ→ 0, T0 approaches a limit: As µ has less influence on the generation of mutants,

for each model, the switch time approaches a limit time value to stop mutating. In

the one-step model, the shortest time to cancer T also approaches a limit value as µ

approaches 0, but in the two-step model case we can notice that the smaller µ the

longest does take the mutant population to reach its target mutant population value.

Biologically speaking, the need of two mutations instead of one explains why achieving

the target cancerous population value takes longer for the two-step model compared

to the one-step model.

Tables 5.9 and 5.10 we report: (1) the normalized precancerous mutant (with only one copy

of TSG) population at the switch time x1(T0) responsible for the production of cancerous

mutants; and (2) the normalized cancerous mutant population at the switch time x2(T0).

From these results, we learn the following less obvious facts:

� For a fixed σ, as the growth rate value of malignant cells a grows, the values x1(T0)/µ

and x2(T0)/µ decrease.

� For a fixed a, as σ increases x1(T0)/µ increases, but x2(T0)/µ decreases.

Numerical results imply, something we knew intuitively, that the extra mutation needed for

the TSG activation (compared to only one mutation needed for the oncogene inactivation)
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makes a difference in the amount of time needed for the two-step model to get the target

cancer population compared to the amount of time necessary for the one-step model (which

is shorter) to reach also the target cancer population.
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Chapter 6

Summary and Concluding Remarks

Clinical data show that dysfunctional TSG is a prevalent cause of breast, colorectal and

lung cancer (and others no so prevalently), it is important to gain some understanding of

the TSG related mechanisms and processes favoring the promotion of these types of cancer.

However, intrinsic differences between the biology of the activation of an oncogene and the

lost of both copies of TSG render the successful method of analysis for the one-step model

ineffective for the two-step model and necessitate a considerably more intricate analysis in

order to completely characterize the optimal mutation rates for the two-step model. This

is accomplished herein first for a special class of death rate functions given in (1.9). More

specifically, we have the following characterization of the optimal time-varying mutation

rate:

� For α > 1, the optimal mutation rate is shown to be a (one-switch) bang-bang control,

starting with an upper corner control and ending in a lower corner control (see Theorem

4.24). An admissible interior control may exist for some interval(s) of time but is shown

to maximize the Hamiltonian and therefore not optimal by the maximum principle.

146



� For α = 1, the Hamiltonian is linear in the control and the stationary condition is

independent of the control. For this case, it is shown (see theorem 4.29 and proposition

4.30) that (i) there is no singular solution for any time interval for the problem and

(ii) the optimal control is also (one-switch) bang-bang, starting with an upper corner

control and ending in a lower corner control.

� For 0 < α < 1, a unique monotone continuously decreasing interior control ui(t) exists

for this case with ui(0) = 1. The optimal control consists of the interior control for all

t in [0, T1] with ū(t) = ui(t) > 0 for 0 ≤ t < T1 and ū(t) = 0 for T1 ≤ t ≤ T if T1 < T

(see proposition 4.42 ).

The same characterization is then shown in The General Rate section in chapter 4 to apply to

general twice continuously differentiable death rates with the properties stipulated in (4.58),

designated as P 2
d death rates. For concave P 2

d death rates, the optimal control for fastest

time to cancer is again bang-bang, similar to the special case death rate (1.9) with α ≥ 1.

For strictly convex P 2
d death rates, the results are somewhat more complicated than the

special death rate (1.9) with α < 1. Unlike the special case, the optimal control now may

start with an upper corner control for a finite duration before transition continuously to the

interior control at the instant T1 ≤ T . If T1 < T , then ū(t) = ui(t) in the interval (T1, T0)

for some T0 ≤ T . As in the case of (1.9), we have ū(t) = 0 for all t in [T0, T ] if T0 < T .

The qualitative characterization of the optimal program for the shortest time problem actu-

ally provides the needed information for computing the optimal solution. For the case of a

bang-bang control, we have upper and lower bounds for the only switch point of the optimal

mutation rate. They render a new iterative algorithm developed herein highly efficient as a

replacement for the brute force iterative scheme used in [12] which was developed without

the knowledge that the optimal control is bang-bang. We also obtain an upper bound for

the terminal time which is helpful for validating the solution algorithm.
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For the case of strictly convex P 2
d death rates, we obtain an explicit upper bound on the

terminal value of the interior control; it delimits the admissibility of the interior control ad-

jacent to the terminal time. The information is needed as an appropriate solution algorithm

for the problem necessarily depends on whether the interior control vanishes prior to the

terminal time.

While the principal objective of our research is to understand how the competing effects of

genetic instability may be orchestrated to favor carcinogenesis and to quantify this favoring

process for the case of dysfunctional TSG, there are also other goals. These include the

formulation of appropriate efficient theory-based algorithms for computing the actual optimal

mutation rate for death rates of different convexities mentioned above. In addition, the

results of Komarova and Wodarz [16] has been extended to allow for noise that affects the

optimal mutation rate. In chapter 2, we developed several numerical algorithms to find the

optimal constant mutation rate for the oncogene and the TSG models. Here, we discovered

that the most sophisticated methods are not always the optimal ones and that simplicity

could sometime be our best tool. The Bisection Method, described and implemented in

chapters 2 and 5 resulted in a powerful tool to find the optimal mutation rate in chapter 2,

and the optimal switch point in chapter 5. The importance of this algorithm is that we do

not need to apply the Maximum Principle, not even to solve a boundary value problem as

was our understanding due to the nature of the problem.

On Chapter 3, we studied how perturbations on the mutation rate affect the malignant cell

growth performance. Expecting that malignant cells will look to benefit themselves, we

suggested that small perturbation were most likely to occur once these malignant cells found

the way to successful growth. We analyzed however the case with small perturbations and

arbitrary perturbations. At the end of the analysis it is clear that small perturbations are

still acceptable for a positive outcome for the malignant population. On the other hand,

arbitrary perturbations (that we modeled using the uniform distribution (3.32)) are more
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positive for the affected individual since it gives a longer time period of time before the

malignant population reaches its target. Therefore, the affected individual has more time

for treatment before cancer succeeds.

With considerable effort expended in the mathematical analysis and numerical computation

of the optimal solution, it would seem reasonable to ask how well do the theoretical results

compare with available empirical evidence and/or clinical data.

However, what we have determined from our idealized model is the optimal mutation rate for

fastest time to cancer (characterized by a target cancerous mutant population size) possible,

not the time-varying mutation rate of any particular type to cancer. And as pointed out

before, there are different kinds of mutations contributing to genetic instability in a biological

host: CIN, MSI and telomeric abnormality, just to name a few. The frequencies of the

different mutation rates are known to range from 10−7/s to 0.1/s. At any instant in time,

all can contribute to the progression of cancer in the same host with different temporal

combinations giving different combined time-varying mutation rate histories.

With all these factors (different genes, different abnormalities, different mutation types, etc.)

contribute to each instant of a particular mutation rate time profile, even limiting to the

case of dysfunctional TSG, the actual time-varying rate cannot be expected to be close to

the optimal rate. An example of this expected discrepancy is the actual data for intestinal

carcinoma in mice and human [11] and for breast cancer [5], both having a mutation rate

first increases and then decreases in later stage. The optimal mutation rate, however, would

start at the maximum allowable rate before eventually decrease as time progresses.

Given the expected differences between the optimal mutation rate for an idealized model and

clinical data available, it is gratifying (and rather remarkable) that the order of magnitude

of the optimal solution is still consistent with the rate of chromosome loss obtained by in

vitro experiments using several CIN colon cancer cell lines [2] as previously observed in [12].
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6.1 Apppendix

6.1.1 Adjoint equations

The adjoint equations are related to the state equations used in optimal control. They are

stated as a vector of first order differential equations with the right-hand side being the

vector of partial derivatives of the negative of the Hamiltonian with respect to the state

variables:

λ̇T (t) = −∂H
∂x

.

Interpretation: The adjoint variables λ(t) can be interpreted as Lagrange multipliers associ-

ated with the state equations. The state equations represent constraints of the minimization

problem, and the adjoint variables represent the marginal cost of violating those constraints.

Solution: The state equations are subject to initial condition and are solved forwards in

time. The adjoint equations must satisfy a terminal condition and are solved backwards in

time, from the final time towards the beginning.

6.1.2 Formal statement of necessary conditions for minimization

problem

Take x to be the state of the dynamical system with input u such that:

ẋ = f(x, u), x(0) = x0, u(t) ∈ Ω, t ∈ [0, T ]
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where Ω is the set of admissible controls and T is the terminal (i. e. final) time of the system.

The control u ∈ Ω must be chosen for all t ∈ [0, T ] to minimize the objective functional J

which is defined by the application and can be abstracted as:

J = Ψ(x(T )) +

∫ T

0

L(x(t), u(t))dt.

The constraints on the system dynamics can be adjoined to the Lagrangian L by introducing

time-varying Lagrange multiplier vector λ, whose elements are called the adjoints of the

system. This motivates the construction of the Hamiltonian H defined for all t ∈ [0, T ] by

H(λ(t), x(t), u(t), t) = λT (t)f(x(t), u(t)) + L(x(t), u(t)) (6.1)

where λT is the transpose of the λ vector.

6.1.3 Pontryagin’s minimum principle

Pontryagin’s minimum principle also known as the Maximum principle states that the op-

timal state trajectory x∗, optimal control u∗, and corresponding Lagrange multiplier vector

λ∗ must minimize the Hamiltonian H so that

H(λ∗(t), x∗(t), u∗(t), t) ≤ H(λ∗(t), x∗(t), u(t), t) (6.2)

for all t ∈ [0, T ] and for all permissible control inputs u ∈ Ω. It must also be the case that

∂Ψ(x)

∂T
|x=x(T ) +H(T ) = 0. (6.3)
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Additionally, the adjoint equations

−λ̇T (t) = Hx(λ(t), x∗(t), u∗(t), t) = λT (t)fx(x
∗(t), u∗(t)) + Lx(x

∗(t), u∗(t)) (6.4)

must be satisfied. If the final state x(T ) is not fixed (i. e., its differential variation is not

zero), it must also be that the terminal adjoints are such that

λT (T ) = Ψx(x(T )). (6.5)

Conditions (6.2) -(6.5) are the necessary conditions for an optimal control. Note that (6.5)

only applies when x(T ) is free. If it is fixed then, then this condition is not necessary for an

optimum.

The Maximum Principle

The Maximum Principle requires every optimal control function ū(t) of the shortest time

problem to satisfy the following necessary conditions:

1.- Continuous functions {x0(t), x1(t), x2(t), λ0(t), λ1(t), λ2(t)} exist and satisfy the Hamil-

tonian system formed by the state and adjoint equations and their respective auxiliary

conditions for the optimal control.

2.- The terminal time T satisfies a free end condition [H(T )]u=ū(T ) = 0 which becomes

[H(T )]u=ū(T ) = [1 + λ̄2ḡ2]|t=T = 0, (6.6)

with
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ḡ2]t=T = [g2(x̄0(t), x̄1(t), x̄2(t), λ̄0(t), λ̄1(t), λ̄2(t)), ū(t)]t=T

= g2(x̄0(T ), x̄1(T ), 1, 0, 0, λ̄2(T ), ū(t))

(6.7)

after simplification by the transversality condition and the terminal condition.

3.- For all t ∈ [0, T ], the Hamiltonian achieves its minimum with u = ū(t), i. e.

H(λ̄0, λ̄1, λ̄2, x̄0, x̄1, x̄2, ū) = infv∈Ω[H(λ̄0, λ̄1, λ̄2, x̄0, x̄1, x̄2, v)]. (6.8)

4.- If there should be a finite jump discontinuity in the optimal control ū(t) at the instant

Ts, the Hamiltonian is required to be continuous at Ts:

[H]t=T
+
s

t=T−s
= 0. (6.9)

6.1.4 The singular solution

Singular solutions (Hu = 0) occur in which the matrix Huu is singular. They satisfy the

necessary condition of convexity (Huu ≥ 0) but not the strengthened condition (Huu > 0),

that is, the matrix Huu is semidefinite. In this cases, we need additional tests to determine

if a singular solution minimizes the Hamiltonian or not.

For our purposes, we are only going to discuss the case when the the Hamiltonian is linear in

the control variable u and is assumed to be nonlinear in the state variables. We shall treat

the problem of minimizing

J = Ψ(x(T )) +

∫ T

0

1dx (6.10)

subject to the constraints

x′(t) = f(x) + ug(x), t ∈ [0, T ], with x(0) given, (6.11)
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φ(x(T )) =



x1(T )− xf1

x2(t)− xf2
...

xq(t)− xfn


= 0, (6.12)

where xfi are specified, u is a scalar and

x(t) =



x1(t)

x2(t)

...

xn(t)


.

Let

λ(t) =



λ0(t)

λ1(t)

...

λn(t)


,

the Hamiltonian

H = 1 + λT · [f(x) + ug(x)]. (6.13)

Necessary conditions for a stationary solution include

Hu = λTg(x) = 0 (6.14)

λ′T = −[λT (fx + ugx)], λT (T ) = νTφx|t=T . (6.15)
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Now, equation (6.14) does not directly determine the control u, since u does not appear in

the equation. Nonetheless, it may be possible to find u(t) over a finite time period so that

(6.14) is satisfied; if this is possible it follows that

dHu

dt
= λT

dg

dt
+
dλT

dt
g(x) (6.16)

= (λTgx)
dx

dt
+
dλT

dt
g(x) (6.17)

= 0. (6.18)

Substituting (6.11) and (6.15) into (6.18) yields

d

dt
(Hu) = (λTgx)(f + ug)− [λT (fx + ugx)]g = λT (gxf − fxg).

Note that the terms in u canceled out of q(x), where

q(x) = gxf − fxg, (6.19)

so that (6.19) does not determine u(x, λ) either. Thus, we train one more time but now

differentiating dHu
dt

with respect to time:

d2Hu

dt2
= λT q′ + λ′T q (6.20)

= λT qx(f + ug)− λT (fx + ugx)q (6.21)

= λT (qxf − fxq) + λT (qxg − gxq)u (6.22)

= 0. (6.23)

If λT (qxg − gxq) 6= 0. Solving previous equation for the control u we have that

u = −λ
T (qxf − fxq)
λT (qxg − gxq)

. (6.24)
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Observe that the control (6.24) maintains the stationary condition (6.14) if it and (6.19)

were satisfied at the beginning (or the end) of the singular solution. Singular solutions are

not possible at all points of the 2n−dimensional (x, λ)−space; for stationary systems with

unspecified terminal time, the singular surface is of dimension 2n− 3 since the Hamiltonian

is zero over the hole time period.

6.1.5 Cell Populations for Corner Controls:

Corner controls play an important role in the optimal solution that is more obvious in the

linear and concave death rates cases. We note that the state equations (4.1)-(4.3) admit an

exact solution for these controls.

Cell Populations for Upper Corner Control

For the upper corner control uup(t) = 1, the state equations simplify to

dx
(1)
0

dt
= −2µx

(1)
0 , (6.25)

dx
(1)
1

dt
= 2µx

(1)
0 − (µ+ um)x

(1)
1 , (6.26)

dx
(1)
2

dt
=
um + µ

σ
x

(1)
1 . (6.27)

The following exact solutions for these uncoupled first-order state equations are immediate.

Lemma 6.1. For u(t) = uup(t) ≡ 1 and a general set of initial conditions x
(1)
k (Ti) = x

(1)
k,i for

k = 0, 1, 2, the exact solution for the three uncoupled first-order state equations (6.25)-(6.27)

is
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Figure 6.1: Plot of a numerical solution of system (6.25)-(6.27) for a control u = 1.The
parameter values are µ = 0.1, um = 1, a = 2, σ = 10, dm = 1. Observe that when u = 1 the
solution is independent of the value of the parameter α

x
(1)
0 (τ) = x

(1)
0,i e
−2µτ , (6.28)

x
(1)
1 (τ) =

2µx
(1)
0,i

um − µ

[
e−2µτ − e−(µ+um)τ

]
+ x

(1)
1,i e
−(µ+um)τ , (6.29)

x
(1)
2 (τ) = x

(1)
2,i +

x
(1)
1,i

σ

{
1− e−(µ+um)τ

}

+
x

(1)
0,i

σ(um − µ)

{
(µ+ um)(1− e−2µτ )− 2µ(1− e−(µ+um)τ )

} (6.30)

with τ = t − Ti and a superscript “ (1)” for upper corner control. The normalized mutated

cell populations x
(1)
1 and x

(1)
2 are positive function of time for τ = t− Ti > 0.

Remark 6.2. The concavity of x
(1)
2 (t) also follows from

d2x
(1)
2

dt2
=
um + µ

σ

dx
(1)
1

dt
= −(um + µ)2

σ
x

(1)
1 < 0.
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Remark 6.3. For the interval adjacent to the initial time t = Ti = 0, the exact solutions

(6.28), (6.29) and (6.30) simplify by the known initial conditions to

x
(1)
0 = e−2µt, (6.31)

x
(1)
1 =

2µ

um − µ

[
e−2µt − e−(µ+um)t

]
(6.32)

x
(1)
2 =

1

σ

[
1− 1

(um − µ)

{
(µ+ um)e−2µt − 2µe−(µ+um)t

}]
. (6.33)

Cell Populations for Lower Corner Control

For lower corner control ulow(t) = 0, the state equations (1.17), (1.18) and (1.19) simplify to

dx
(0)
0

dt
= x

(0)
0 (1− 2µ− x(0)

0 − x
(0)
1 ), (6.34)

dx
(0)
1

dt
= 2µx

(0)
0 + x

(0)
1 (1− µ− x(0)

0 − x
(0)
1 ) (6.35)

dx
(0)
2

dt
=
µ

σ
x

(0)
1 + x

(0)
2 (a− x(0)

0 − x
(0)
1 ). (6.36)

Equations (6.34) - (6.36) may be solved exactly (by Mathematica or Maple) allowing for the

satisfaction of two initial conditions

x
(0)
0 (Ts) = x

(0)
0,s, x

(0)
1 (Ts) = x

(0)
1,s, x

(0)
2 (Ts) = x

(0)
2,s. (6.37)
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Figure 6.2: Plot of a numerical solution of system (6.25)-(6.27) for a control u = 0.The
parameter values are µ = 0.1, um = 1, a = 2, σ = 10, dm = 1. Observe that when u = 0 the
solution is independent of the value of the parameter α

Instead of writing down the exact solution, we need only the following simple bounds on x
(0)
0

and x
(0)
1 for our purposes:

−2µx
(0)
0 ≤

x
(0)
0

dt
≤ x

(0)
0

(
1− 2µ− x(0)

0

)
(6.38)

2µx
(0)
0 − µx

(0)
1 ≤

x
(0)
1

dt
≤ 2µx

(0)
0 + x

(0)
1

(
1− µ− x(0)

1

)
, (6.39)

given the non-negativity of the three cell population and 0 ≤ x
(0)
0 +x

(0)
1 ≤ 1 by Lemma 4.11.

it is possible to simplify the upper bound for
dx

(0)
1

dt
further by replacing the right-hand side

of (6.39) with 2µx
(0)
0 + x

(0)
1 (1− µ). We refrain from doing so to get sharper results.

Lemma 6.4.

x0,se
−2µτ ≤ x

(0)
0 ≤ 1− 2µ (6.40)

x1,s + 2x0,s

{
e−µτ − e−2µτ

}
≤ x

(0)
1 ≤ x1,s (6.41)

where

τ = t− Ts, xk,s = x
(0)
k (t = Ts)
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Proof. The various inequalities are straightforward consequences of the inequalities (6.38)

and (6.39) along with the switch conditions (6.37): In particular, we have

x
(0)
0 ≤

(1− 2µ)C0e
(1−2µ)τ

1 + C0e(1−2µτ)
≤ 1− 2µ x

(0)
1 ≤ x1,p −

C1γe
−γτ

1 + C1γe−γτ
≤ x1,p . 1 + µ,

(6.42)

where

C0 =
x0,s

1− 2µ− x0,s

> 0, C1 =
x1,p − x1,s

x1,s + x1,p + µ− 1
> 0, γ = 2x1,p + µ− 1 > 0,

and

2x1,p = (1− µ) +
√

1 + 6µ− 15µ2 = 2
{

1 + µ+O(µ2)
}
. 2(1 + µ), (6.43)

keeping in mind x1,s < 1 < x1,p.

Remark 6.5. We note that the upper bound for x
(0)
1 is unrealistic since x

(0)
0 + x

(0)
1 < 1

(by Lemma 4.11 ) and x
(0)
0 ≥ 0. However, x1,p . 1 + µ is only an (overly conservative)

upper bound and does not contradict other more realistic results for cell populations (such as

Lemma 4.11).

Equation (6.36) is a linear first-order ODE for the only unknown x
(0)
2 and can be solved with

the help of an integrating factor. Even without the explicit solution, we see from (6.36) that

x2(t) increases without bound as t→∞ since a >> 1.

More useful for our analysis is the following upper and lower bound for x
(0)
2 :

Lemma 6.6. The following inequalities hold for u = 0 and x
(0)
2 (Ts) = x2,s:

x
(0)
2 (t) ≥ x2,se

(a−1)τ , τ = t− Ts. (6.44)
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Proof. With 0 ≤ x
(0)
0 + x

(0)
1 ≤ 1 by Lemma 4.11, the ODE (6.36) implies

dx
(0)
2

dt
≥ µ

σ
x

(0)
1 + x

(0)
2 (a− 1) ≥ x

(0)
2 (a− 1).

from which we get

x
(0)
2 (τ) ≥ x2,se

(a−1)τ .

Stability Analysis

Given system (6.34)-(6.34), its points of equilibrium are: (0, 0), (0, 1−µ) and (2µ−1, 2−4µ).

The last one has no biological meaning so we are going to ignore it. The Jacobian for system

(6.34)-(6.35) is

J [u = 0; (x∗0, x
∗
1)] =

1− 2µ− 2x
(0)
0 − x

(0)
1 −x(0)

0

2µ− x(0)
1 1− µ− x(0)

0 − 2x
(0)
1

 (6.45)

Thus,

J [u = 0; (0, 0)] =

1− 2µ 0

2µ 1− µ


and

J [u = 0; (0, 1− µ)] =

 −µ 0

3µ− 1 µ− 1


Remark 6.7. 1. The point (0, 0) has eigenvalues: {1− 2µ, 1−µ}and the point (0, 1−µ)

has eigenvalues: {µ− 1,−µ}.
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2. At µ = 1, the point (0, 1− µ) emerges into the point (0, 0) and for this value of µ, the

origin is stable but nos asymptotically stable since the eigenvalues are {−1, 0}.

3. For µ < 1, the point (0, 1− µ) is asymptotically stable . On the other hand, the point

(0, 0) is a saddle node if 1/2 < µ < 1; it is asymptotically unstable if 0 < µ < 1/2; it

is unstable but not asymptotically unstable if µ = 1/2.

4. However, we are only interested in the values of µ were 0 < µ << 1. So, for our

purposes, the origin is asymptotically unstable while the point (0, 1−µ) is asymptotically

stable. Thus, (x
(0)
0 + x

(0)
1 )→ 1− µ as t→∞, which is consistent with lemma 6.1.

A very useful result is stated in the next lemma:

Lemma 6.8. x
(0)
0 (t) is a decreasing function of time near the stable fixed point while x

(0)
1 (t)

is an increasing function of time.

Proof. Suppose (x
(0)
0 +x

(0)
1 ) = 1− εµ for some 0 < ε < 2 so that (x

(0)
0 , x

(0)
1 ) is near the stable

fixed point (0, 1− µ). The state equation (6.34) become

dx
(0)
0

dt
= −(2− ε)µx(0)

0 < 0.

Thus, x
(0)
0 decreases and x

(0)
1 increases with time.

Observe that the state equation (6.36) is a linear first order ODE for the only unknown x
(0)
2

and can be solved with the help of an integrating factor taken to be

I(t) = e
−

∫ t
t0

[a−x(0)
0 (τ)−x(0)

1 (τ)]dτ
(6.46)
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with

I(t)x
(0)
2 (t) = x

(s)
2 +

µ

σ

∫ t

t0

I(ξ)x
(0)
1 (ξ)dξ (6.47)

Even without the explicit expression (6.47), we see from the state equation (6.36) that x
(0)
2

increases without bound as t→∞.
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Figure 6.3: Vector field of system (6.30)-(6.34) when µ = 0.1. Here we can observe that the
trajectories converge to the point (0, 0.9) that is the asymptotically stable point mentioned
in the stability analysis.
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6.1.6 Strictly Convex and Strictly Concave Functions

A function f : R → R is called strictly convex if for all u 6= v in R and for all t on the

interval (0, 1):

f(t · u+ (1− t) · v) < t · f(u) + (1− t) · f(v)

If f is twice differentiable its second derivative is positive at all points then the function

is strictly convex, but the converse does not hold. For example, the second derivative of

f(x) = x4 is f̈(x) = 12x2, which is zero for x = 0, but x4 is strictly convex.

The fact that f̈ > 0 for a strictly convex function implies that the positive ḟ itself is also

monotone increasing and

ḟ(v) >
f(v)− f(u)

v − u
> ḟ(u) for 0 < u < v < 1. (6.48)

In particular,

f(u)− 0

u− 0
=
f(u)

u
< ḟ(u) <

1− f(u)

1− u
for 0 < u < 1. (6.49)

A function f : R → R is called strictly concave if for all u 6= v in R and for all t on the

interval (0, 1):

f(t · v + (1− t) · u) > t · f(v) + (1− t) · f(u)

If f is twice differentiable its second derivative is negative at all points then the function

is strictly concave, and as for the strictly convex function the converse does not hold. As
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Figure 6.4: Example of a strictly convex function

an example, consider f(x) = −x4, its second derivative is f̈(x) = −12x2, which is zero for

x = 0, but −x4 is strictly concave.

The fact that f̈ < 0 for a strictly concave function implies that the negative ḟ itself is also

monotone decreasing and

ḟ(v) <
f(v)− f(u)

v − u
< ḟ(u) for 0 < u < v < 1. (6.50)

In particular,

f(u)− 0

u− 0
=
f(u)

u
> ḟ(u) >

1− f(u)

1− u
for 0 < u < 1. (6.51)

( u, f !u")

(v, f !v")

Concave function f(x)
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!20

!15

!10
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0

Figure 6.5: Example of a strictly concave function
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6.1.7 System of equations for the Maximum Principle Method for

the Two Step Model

x′0 =− 2µx0 + x0(1− d(u))(1− x0 − x1),

x′1 =2µx0 − (µ+ umu)x1 + x1(1− d(u))(1− x0 − x1),

x′2 =
1

σ
(µ+ umu)x1 + x2(1− d(u))(a− x0 − x1),

u′ =0,

λ′0 =2µ(λ0 − λ1) + (1− d(u))[λ0x0 + λ1x1 + λ2x2]

− λ0(1− d(u))(1− x0 − x1)

λ′1 =(1− d(u))[λ0x0 + λ1x1 + λ2x2]− umu+ µ

σ
(λ2 − σλ1)

− λ1(1− d(u))(1− x0 − x1)

λ′2 =− λ2(1− d(u))(a− x0 − x1),

λ′u =(dmα(1− u)(α− 1) ∗ (1− x0 − x1)) ∗ λ0x0

+ (um + dmα(1− u)(α− 1)(1− x0 − x1))λ1x1

− 1

σ
(umx1 − dmασ(1− u)(α− 1)x2(a− x0 − x1))λ2

(6.52)
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with two point boundary conditions

x0(0) = 1,

x1(0) = 0

x2(0) = 0, x2(T ) = 1,

λ0(T ) = 0,

λ1(T ) = 0,

λ2(T ) = − σ

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)

λu(0) = 0, λu(T ) = 0.

The first step will be to get rid of the unknown free variable T , at least explicitly. Let

τ = t/T . With this new time variable the Hamiltonian BVP transforms into (with ()′ = d
dτ

):
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x′0 =T [−2µx0 + x0(1− d(u))(1− x0 − x1)],

x′1 =T [(2µx0 − (µ+ umu)x1 + x1(1− d(u))(1− x0 − x1)],

x′2 =T [
1

σ
(µ+ umu)x1 + x2(1− d(u))(a− x0 − x1)],

u′ =0,

λ′0 =T (2µ(λ0 − λ1) + (1− d(u))[λ0x0 + λ1x1 + λ2x2])

− T [λ0(1− d(u))(1− x0 − x1)]

λ′1 =T [(1− d(u))[λ0x0 + λ1x1 + λ2x2]− umu+ µ

σ
(λ2 − σλ1)]

− T [λ1(1− d(u))(1− x0 − x1)]

λ′2 =− T [λ2(1− d(u))(a− x0 − x1)],

λ′u =T [(dmα(1− u)α−1(1− x0 − x1))λ0x0]

+ T [(um + dmα(1− u)α−1(1− x0 − x1))λ1x1]

− T [
1

σ
(umx1 − dmασ(1− u)α−1x2(a− x0 − x1))λ2]

T ′ =0.

(6.53)
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with two point boundary conditions

x0(0) = 1,

x1(0) = 0

x2(0) = 0, x2(1) = 1,

λ0(1) = 0,

λ1(1) = 0,

λ2(1) = − σ

(µ+ umu)x1 + σx2(1− d(u))(a− x0 − x1)

λu(0) = 0, λu(1) = 0.

System (6.53) with the above boundary conditions is the normalized version is ready to be

solved using bvp4c in Matlab.

6.1.8 System of equations for the Partition Method for the Two

Step Model

As in the one step model case, we can avoid solving system (6.53) by recalling that in this

case the mutation rate u is assumed to be constant. In that case, the system simplifies to
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x′0 =T [−2µx0 + x0(1− d(u))(1− x0 − x1)],

x′1 =T [(2µx0 − (µ+ umu)x1 + x1(1− d(u))(1− x0 − x1)],

x′2 =T [
1

σ
(µ+ umu)x1 + x2(1− d(u))(a− x0 − x1)],

T ′ =0.

(6.54)

with two point boundary conditions

x0(0) = 1,

x1(0) = 0

x2(0) = 0, x2(1) = 1.

that can be solved using the partition method algorithm explained in chapter 2.
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