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High quality (Q) factor optical resonators offer a practical testbed for new advances 

in various applications, including photonics and sensing applications. One way to realize high 

Q factor devices is the utilization of the slow-light phenomenon associated with exceptional 

points of degeneracy (EPD). An EPD is a point in a system parameter space at which two or 

more eigenmodes coalesce in both the eigenvalues and eigenvectors. We present a novel 

approach and a theoretical framework for generating high order EPDs in optical photonic 

structures based on periodic coupled resonators optical waveguides (CROWs). We propose 

a novel CROW design by coupling the chain of ring resonators from one side to a straight 

waveguide. Then we present the mathematical theory of EPDs in the proposed CROW where 

we adopt the transfer matrix formalism. The proposed CROW design exhibits various EPD 

orders (2, 3, 4, and 6) and we show the dispersion relation of the proposed CROW unit cell 

and the necessary conditions governing the CROW parameters to exhibit each of such orders.  

Then we focus on CROW finite-length cavities operating in the vicinity of the DBE, 

where we explore the transfer function characteristics near the DBE. We show that the Q 
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factor of DBE cavities of N unit cells scales with N5 when operating at the resonance 

frequency closest to the DBE, even in the presence of losses. Moreover, we show that the 

obtained Q factor at the DBE resonance is higher in designs with flatter dispersion at the 

DBE, and we derive an analytic expression of the flatness parameter. We also demonstrate 

the robustness of the CROW Q factor at the DBE resonance against perturbations and 

disorders that could arise from tolerances in fabrication. In addition, we explore the 

sensitivity of the DBE-CROW and discuss the utilization of such unique sensitivity to design 

ultra-sensitive optical CROW gyroscopes. We present a mathematical model of the rotating 

CROW gyroscope based on the transfer matrix (T-matrix) formalism. 

Further on, we demonstrate for the first time the occurrence of a sixth order EPD 

(6DBE) in the proposed CROW with practical dimensions at the optical wavelength 𝜆𝜆𝑒𝑒 =

1550nm. Moreover, we report a new scaling law of the Q factor of an N unit cells periodic 

CROW cavity as 𝑁𝑁7 when operating in the vicinity of the 6DBE. Furthermore, we elaborate 

on the applications of the 6DBE-CROW to ultra-low-threshold mirrorless lasers. In addition, 

we show the high sensitivity of the 6DBE-CROW eigenvalues to perturbations, that may find 

applications in sensors, modulators, optical switches, nonlinear devices, and Q-switching 

cavities. 

We have also introduced a new CROW geometry based on racetrack resonators with 

different radii in each resonator to realize the stationary inflection point (SIP) at optical 

frequencies, which is a third order EPD. We have verified the existence of the SIP through 

full wave simulations. We have explored different unique properties associated with the 

existence of the SIP in finite-length cavities and show that the group delay at the SIP 
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frequency scales with the number of unit cells in the finite CROW cavity as N3. This SIP-CROW 

might find applications in optical delay lines, sensors and laser. 

In the microwave realm, we demonstrate theoretically and experimentally a novel 

simple periodic fully planar three-way microstrip coupled waveguide that exhibits a 

stationary inflection point (SIP). We verify experimentally the existence of the SIP in the 

proposed design where the coalescence parameter is used to determine how close the 

three-way system is to the ideal frozen mode condition. 
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CHAPTER 1 
 
INTRODUCTION 

1 INTRODUCTION 

Sec. 1.1 Challenges in the Optical Applications 

Bugbearing interest in high quality (Q) factor optical microcavities has spawned several 

innovative principles of optical resonators designs. Such high Q optical resonators offer a 

practical testbed for new advances in various applications, including photonics and sensing 

applications. Implementation of optical microcavities that provide high Q resonances been a 

classical contest in the optics realm  [1–4]. High Q cavities have been pervasive for various 

on-chip photonic devices thanks to state-of-the-art nanofabrication techniques. High Q 

resonators are also beneficial for other different applications including filters  [5], optical 

switching  [6], optical delay line devices  [7], and lasers  [8]. 

Moreover, optical Sensors have been a crucial part of different medical, industrial, and 

automotive applications that require sensing of local physical or biological quantities  [9–

12]. Hence, low-cost, low-profile and highly sensitive electromagnetic (EM) sensing systems 

are desired to achieve continuous and accurate measurement for various applications.   

Recently, the concept of slow light has been a growing aspect in the design of high Q cavity 

and optical sensors. EM fields in slow light optical guiding systems possesses a group velocity 
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much lower than the velocity of light in vacuum  [13–16]. The proliferation of slow light has 

spawned many intriguing aspects in light manipulation and transport for which 

nonlinearities (higher harmonic generation, wave mixing, etc.)  [17], and 

gain/absorption  [18] among other features can be significantly enhanced.  

Sec. 1.2 Exceptional Points of Degeneracy (EPD) 

Exceptional points of degeneracy (EPDs) have recently received a great interest owing to 

the associated various applications at microwave and optical frequencies  [19–24]. An EPD 

is a point in a system parameter space at which the system eigenmodes coalesce in both their 

eigenvalues and eigenvectors. The concept of EPD was associated with lossless photonic 

crystals  [19] and with the concept of parity-time (PT-)symmetry  [25,26]. The PT-symmetry 

condition leads to the observation of a real spectrum in a non-Hermitian system with 

balanced loss and gain. The concept of EPD in PT-symmetric systems has spawned many 

intriguing aspects in optics and photonics for its realization in optical resonators and 

coupled waveguides  [25,27,28,10].  

In the past, researchers were dealing with EPDs in periodic EM structures in a different 

way than EPDs that emerge in PT-symmetric systems. However, by inspecting the big picture 

of the EPDs in EM systems, we can see that both of them are based on the same mathematical 

concept which is the coalescence of eigenvectors at degenerate eigenvalues, both show the 

same signature in the system dispersion diagram, and both are exhibiting the unique 

properties associated with EPDs  [22]. At the EPDs, the system matrix describing the 

evolution of the EM modes becomes defective, i.e., the algebraic multiplicity of an eigenvalue 

(the number of repetitions of the degenerate eigenvalue) is greater than its geometric 
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multiplicity (the number of independent eigenvectors associated with the degenerate 

eigenvalues)  [29]. In other words, the system matrix becomes similar to a nontrivial Jordan 

block matrix, and in that case the EM modes evolution is calculated using the generalized 

eigenvectors.  

Indeed, there are different topologies to realize EPDs in coupled mode EM systems [30], 

i.e., systems with coupled resonators or coupled waveguides, as shown in Fig. 1.1. In the 

following subsections, we explain briefly each one of these topologies. 

 
Fig. 1.1. Different topologies to realized EPDs in coupled mode 
electromagnetic (EM) systems. EPDs can exist in both uniform and 
periodic EM structures. 

1.2.1 Uniform lossless and gainless coupled mode structures 

The general conditions for EPDs to exist in two uniform coupled waveguides have been 

investigated in  [31], where each waveguide (when uncoupled) may support forward 

propagating, backward propagating, or evanescent modes. The eigenmode solution of this 

coupled system is represented by four modes, which are for instance even and odd modes 

propagating along both the positive and negative z-direction. The novel and important idea 

is that a fourth order EPD may emerge in such structure by designing one of the coupled 



4 
 

waveguides to support evanescent modes so that the system matrix  is similar to a nontrivial 

Jordan block and the eigenvectors associated with the degenerate eigenvalue coalesce. 

1.2.2 Uniform loss-gain balanced coupled mode systems 

In that case, the EPD appears in coupled uniform systems (coupled resonators or coupled 

waveguides) with balanced gain and loss, i.e., a system with parity-time (PT-) 

symmetry  [27,32,33]. In the case of coupled waveguides presented in [33], an EPD emerges 

in the system through the proper design of the introduced gain and loss so that the system 

matrix can be reduced to a nontrivial Jordan block. The generalized eigenvectors in that 

system diverge algebraically while the wave is propagating in space.  

In the case of coupled resonators with balanced loss and gain  [27,32], the eigenmodes 

evolution is described in time and the EPD develops between eigenfrequencies, i.e., when 

there is an eigenfrequency with geometrical multiplicity is less than its algebraic multiplicity 

of the matrix’s eigenvectors describing such system. The generalized eigenvectors at the EPD 

in that coupled resonator system diverge algebraically with time. 

1.2.3 Time periodic resonators 

EPDs can also be found in linear time variant systems by introducing periodicity to the 

system  [11,34]. At the EPD, the transfer matrix (T-matrix) describing the evolution of the 

system eigenmodes is defective and similar to a Jordan Block matrix. Indeed, the existence 

of EPDs in time periodic systems has been confirmed experimentally in  [35]. 
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1.2.4 Periodic lossless and gainless coupled waveguides 

EPDs can emerge in lossless and gainless waveguide systems by introducing periodicity to 

the EM structure so that the T-matrix describing the spatial evolution of the system 

eigenmodes becomes defective at the EPD. For instance, various designs and different 

frequency regimes from lumped circuit components to coupled optical resonators have been 

proposed to exhibit EPDs in the dispersion diagram  [36–38,21,39]. 

In this dissertation, we focus on EPDs based on that category, i.e., EPDs in periodic coupled 

waveguides. We investigate the existence of EPDs in a new geometry based on the coupled 

resonator optical waveguide (CROW) and we investigate the associated unique properties. 

Also, in the microwave regime we verify experimentally the existence of an EPD in three-way 

coupled microstrip transmission lines.  

Sec. 1.3 Various orders of the EPDs 

A particular kind of EPDs occurs in the vicinity of the transmission band edge of periodic 

structures associated with a slow wave resonance. For this reason, a slow wave resonance is 

often referred to as a transmission band edge resonance [40–42]. The number of coalescing 

eigenmodes at the EPD defines the order of the degeneracy. For instance,  the regular band 

edge (RBE) , the stationary inflection points (SIP), and the degenerate band edge (DBE) are 

2nd, 3rd and 4th order EPDs, respectively  [39,37,38,26].  

In this dissertation we focus on the following EPDs: the RBE (2nd order EPD), the SIP (3rd 

order EPD), the DBE (4th order EPD), and the sixth order EPD that refer to as the sixth 

degenerate band edge (6DBE). Figs. 1.2(a), (b), and (c) show the typical shape of the 

dispersion relation at the SIP, the DBE, and the 6DBE respectively.  
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Fig. 1.2. Dispersion relations of arbitrary periodic structures 
exhibiting EPDs with different orders of modal degeneracy at angular 
frequency ωe and the coalescence of the modes at the same point with  
k = ke with: (a) Third order EPD (b) Fourth order EPD (c) Sixth order 
EPD. 

Sec. 1.4 Organization of the Thesis and Content of Each Chapter 

The dissertation is organized into chapters that include the design and analysis of mainly 

two geometries; the coupled resonators optical waveguides (CROW) and the three-way 

microstrip coupled transmission lines. We explore the conditions for various orders of EPDs 

to exist in such geometries and we investigate their novel applications from in High-Q 

cavities, sensors, low-threshold lasers, and gyroscopes. 

Chapter 2: We present a novel approach and a theoretical framework for generating high 

order exceptional points of degeneracy (EPD) in photonic structures based on periodic 

coupled resonators optical waveguides (CROWs). Such EPDs involve the coalescence of 

Floquet-Bloch eigenwaves in CROWs, without the presence of gain and loss, which is in 

contrast to the requirement of Parity-Time (PT) symmetry to develop exceptional points 

based on gain and loss balance. In this chapter, we describe the proposed CROW coupled to 

the straight waveguide while the field coupling coefficient may vary from cell to another in 
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the two-ring unit cell geometry. Then we detail the transfer matrix formalism adopted for 

the CROW system we present the mathematical theory behind the existence of the EPDs. 

Moreover, we analyze the Floquet-Bloch eigenwaves of the proposed CROW and present the 

mathematical description of all possible EPDS that may arise in such a guiding structure. 

Then, we introduce an analytic expression of the dispersion relation of the proposed CROW 

unit cell and the necessary conditions for such unit cell to exhibit a DBE. Later, we show with 

examples the dispersion diagram of various EPDs (RBE, SIP, and DBE) that manifest in the 

proposed CROW. Finally, we investigate the transfer function behavior of such CROW 

operating in the vicinity of the DBE and the SIP, and we briefly describe the unusual 

properties of the loaded Q-factor of CROW cavities with EPDs even in the presence of losses.   

Chapter 3: We propose a novel scheme for enhancing the quality factor (Q factor) of 

coupled resonators optical waveguides (CROWs) side coupled to a straight waveguide when 

operating near a degenerate band edge (DBE). In this chapter, we present different DBE 

designs based on the CROW geometry and compare them. We derive an analytic expression 

that describes the flatness of the dispersion diagram at the DBE and show how this is related 

to engineering the quality factor. We report an anomalous scaling law of the quality factor 

for a cavity made of the DBE-CROW with the fifth power of the number of rings when 

operating at the resonance frequency closest to the DBE frequency, even in the presence of 

losses and structural perturbations. Moreover, we compare the characteristics of DBE-

CROWs to those of conventional CROWs and ring resonators having the same material loss 

and Q factor, and we show the advantages of the DBE-CROWs. Remarkably, the Q factor of 

the proposed DBE-CROW can be engineered to exceed that of a single ring resonator having 

a diameter equal to the total DBE-CROW length, hence the DBE leads to an overall huge area 
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reduction. We also demonstrate the robustness of the DBE-CROW’s Q factor near the DBE 

against perturbations and disorders that could arise from tolerances in fabrication. 

Chapter 4: We demonstrate for the first time the occurrence of a sixth order exceptional 

point of degeneracy (EPD) in a realistic multimode optical photonic structure by using a 

modified periodic coupled resonators optical waveguide (CROW), at the optical wavelength 

𝜆𝜆𝑒𝑒 = 1550nm. In this chapter, we provide a design with the dimension of the coupled ring 

resonators, the effective refractive indices, and practical values of coupling coefficients for   

the CROW to exhibit a 6DBE in its dispersion diagram. Moreover, we report a new scaling 

law of the quality factor Q of an optical cavity made of such a periodic 6DBE-CROW with 

cavity length as ∝ 7Q N , when operating near the 6DBE with N being the number of unit cells 

in the periodic finite-length CROW. Furthermore, we elaborate on the application of the 

6DBE to ultra-low-threshold lasers. We present a novel scaling law of the lasing threshold 

that scales as −7N  when operating near the 6DBE. Also, we show the superiority of the 

threshold scaling of the 6DBE-CROW to the scaling of another CROW with the same size 

operating near a 4th order EPD that is often referred to as the degenerate band edge (DBE). 

In addition, we describe for the first time the lasing threshold of a cavity operating near a 

DBE based on this CROW geometry. The lasing threshold scaling of the DBE-CROW laser is 

shown here for the first time. Finally, we discuss the high sensitivity of the proposed 6DBE-

CROW to perturbations, that may find applications in sensors, modulators, optical switches, 

nonlinear devices, and Q-switching cavities. 

Chapter 5: In this chapter, we discuss the sensitivity of the DBE-CROW and explore how 

can we utilize such unique sensitivity to design ultra-sensitive optical gyroscopes. First, we 
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review the sensitivity of the EPDs to perturbations showing the mth root perturbations of 

the eigenvalues. Then, we present an overview of the optical gyroscopes by reviewing the 

Sagnac effect induced in rotating frames, different types of gyroscopes and their applications, 

and the principles to compare optical gyroscopes. Moreover, we show a literature review 

about coupled resonator optical waveguide (CROW) gyroscopes and a discussion about the 

maximum sensitivity that can be obtained from such gyroscopes. Later, we discuss state of 

the art gyroscope operating based on the concept of exceptional points. Then, we show the 

geometry of the proposed DBE-CROW gyroscope, and we present the mathematical model 

based on the transfer matrix (T-matrix) formalism and validate our results by reproducing 

one the published results. Finally, we show the design parameters and dimensions of the 

DBE-CROW and we demonstrate a comparison of the sensitivity results calculated based on 

three different observable quantities, where the maximum sensitivity of the DBE-CROW can 

be obtained by sensing the changes in the real part of the Floquet-Bloch wavenumbers. 

Chapter 6: In this chapter, we design a Si based optical waveguide that supports the 

stationary inflection point (SIP) and discuss some of its properties like transfer function, 

quality factor and group delay. We show the SIP in a three-way coupled resonators optical 

waveguides (CROW) coupled to a parallel straight waveguide, so three modes can be 

supported in each direction. We provide the design procedure based on an accurate hybrid 

model using the transfer matrices obtained by both the transmission line model of the unit 

cell subsections and by full-wave simulations of other sub-blocks of the unit cell. At the SIP, 

the finite-length CROW cavity shows very good matching to the input and output 

waveguides, low reflection coefficient and almost unitary transfer function. The group delay 

and the quality factor at the SIP frequency are showing N3 scaling, where N is the number of 
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unit cells in the finite-length periodic cavity. The frozen mode in the CROW may find 

applications in sensors, lasers and optical delay lines. 

Chapter 7:  We demonstrate theoretically and experimentally a novel simple periodic fully 

planar three-way microstrip coupled waveguide exhibits a stationary inflection point (SIP) 

in the microwave regime. Here, the frozen mode is shown in a reciprocal three-way 

waveguide supporting three modes in each direction. We illustrate the occurrence of the 

frozen mode regime by observing the dispersion diagram and by the coalescence parameter 

that is a measure of the separation of the three coalescing eigenvectors. Results based on 

full-wave simulations and measurements demonstrate the coalescence of three modes and 

how this coalescence is not perfect due to the presence of losses in the microstrip structure 

at 2 GHz. We provide the first experimental results to show the existence of the SIP at 

microwave frequencies. The coalescence parameter is used to determine how close the 

three-way system is to the ideal frozen mode condition. 
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CHAPTER 2 
 
Theory of Coupled Resonator Optical 
Waveguides (CROW) Exhibiting High 
Order Exceptional Points of 
Degeneracy  

 Chapter 2 New Amplification Regime for TWTs with 3rd Order MODAL DEGENERACY  

Sec. 2.1 Motivation 

Confinement of light in optical microresonators (or microcavities) is one of the 

fundamental processes for enhancing optical interactions for various applications  [1,2], 

including filters [3], sensors [4], optical delay line devices [5], optical switching and 

modulators [6,7], optical buffers [8], lasers [9], energy harvesting applications, and in 

engineering of the wave-matter interaction in quantum systems  [10]. Photonic crystal 

cavities  [11], disk [9], toroid  [12], or ring [13] microcavities, among others, are typically 

employed in those aforementioned applications requiring high quality (Q)factor. On the 

other hand, cascading a chain of coupled micro resonators, as was introduced in  [14], has 

stimulated a great interest in studying coupled resonator optical waveguides (CROWs) as 

efficient devices for light transport  [5,15,16]. 
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Slow-light phenomenon, whereby the group velocity of light in optical structures is low 

(much lower than the velocity of light in free space c) [17,18] has spawned many intriguing 

new aspects of optical resonators in which nonlinearities (harmonic generation, wave 

mixing, etc.) [19], and gain/absorption [20] among other features can be significantly 

enhanced. A particular kind of slow wave resonance occurs in the vicinity of the 

transmission band edge of periodic structures. For this reason, a slow wave resonance is 

often referred to as a transmission band edge resonance [21–23]. At the band edge, 

degeneracy of Floquet-Bloch eigenwaves that coalesce (in both eigenvalues and 

eigenvectors) at a single frequency. Degenerate band edge (DBE)  [21,24,25] arises when 

four Floquet-Bloch eigenwaves coalesce in periodic structures supporting multiple 

polarization eigenwaves that are periodically mixed. The DBE condition, which is a fourth 

order eigenwave degeneracy, causes a quartic power dependence at the band edge of the 

dispersion diagram, 4( ) ( )d dk kω ω ∝ −− where dω  is the DBE angular frequency, k is the 

Floquet-Bloch wavenumber, dk  is the band edge wavenumber. Hence the DBE condition is 

accompanied by a significant reduction in the group velocity of waves and improvement in 

the in the local density of states. DBE has stimulated research in many interesting 

applications such as small antennas  [26], low-threshold lasing and optical 

switching [25,27], and efficient high power microwave generation [28,29].  

Furthermore, another important point of degeneracy is the stationary inflection point 

(SIP), which is a third order degeneracy  [30] and in its proximity the dispersion relation 

follows 3( ) ( )sk kω ω ∝ −− s  where sω  is the SIP angular frequency, k is the Floquet-Bloch 

wavenumber, sk  is the SIP Floquet-Bloch wavenumber. Slow light associated with the SIP 
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shows promising characteristics  [31] potentially useful for many applications. In general, 

degeneracy conditions are exact mathematical condition and are very sensitive to losses. 

Here we demonstrate an effective approach for observing high Q-factors even in the 

presence of losses. 

In view of this background, the pervasive concept of exceptional points (EPs) has 

emerged to describe points of state eigenvector coalescence in coupled circuits, resonators 

and waveguides with gain and loss. The notion of Parity-Time ()-symmetry is widely 

used to conceive optical component and lasers [32,33] having spatially-symmetric 

distributions of gain and loss. These features occur in strictly non-Hermitian systems, 

which means that the local evolution of waves in the coupled system is described by a non-

Hermitian matrix. Two kinds of systems have been investigated in the contest of -

symmetry: (i) systems in which EPs are observed when describing eigenstates evolution in 

time (e.g., coupled resonators with loss and gain) [34–36], and (ii) systems in which EPs are 

observed when describing eigenwaves evolution in space, in other words, evolution of 

eigenwaves in a specific direction (e.g., multimode waveguides with loss and gain 

balance) [37–40]. In both kinds of systems, the EP is induced thanks to the presence of gain 

and/or loss. In this chapter, instead, analogous characteristics of EPs are found in lossless 

periodic structures, such EPs include the RBE, the DBE, and the SIP. Nonetheless, the 

evolution equations of locally-coupled waves in lossless uniform waveguides constitute 

Hermitian (i.e. diagonalizable) matrices. The EPs induced in lossless/gainless periodic 

structures are due to periodicity thanks to waves that can be periodically mixed. Indeed, 

EPs induced in both -symmetry systems and systems without loss or gain, are similarly 
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described with a system matrix similar to a Jordan block, that corresponds to the 

coalescence of multiple eigenvectors (besides the coalescence of eigenvalues), as it will be 

shown in Sec. 2.4. 

From here onward, we denote the EP that is associated to an eigenwave coalescence by 

the acronym EPD to avoid ambiguities since the term “exceptional” may have different 

meanings in different disciplines, and indeed here we investigate points of degeneracy. 

Therefore, the EPD is defined here as the point in the parameter space of the periodic 

CROW at which a degeneracy occurs, i.e., two or more physical wave eigenvectors coalesce. 

In this chapter, we reveal novel properties of a CROW that is engineered to exhibit EPDs 

of various orders. Our proposed theory of CROW with modal degeneracies leads to the 

observation of unconventional performance in terms of Q-factors which are suitable for 

many applications such as lasers, highly sensitive sensors, Q-switching devices, to name 

few. A great advantage of such CROWs is that they can be easily fabricated using optical 

lithography and possess high Q-factors compared to prior implementations of optical 

waveguides with DBE as those in  [27,41,42]. Our chapter shows for the first time the DBE 

condition in CROWs, as well as the SIP. We also demonstrate an unconventional scaling of 

Q-factor and we also investigate this scaling in the presence of losses.  

This chapter is organized as follows. First, in Sec. 2.2 we describe the proposed CROW 

coupled to the straight waveguide shown in Fig. 2.1. Then we detail the transfer matrix 

formalism adopted for the CROW system in Sec. 2.3. In Sec. 2.4, we analyze the Floquet-

Bloch eigenwaves of the proposed CROW and present the mathematical description of all 

possible EPDS that may arise in such a guiding structure. Then in Sec. 2.5 we introduce an 
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analytic expression of the dispersion relation of the proposed CROW unit cell shown in Fig. 

2.2 and the necessary conditions for such unit cell to exhibit a DBE. In Sec. 2.6 we show 

with examples the dispersion diagram of various EPDs that manifest in the proposed 

CROW. Finally, in Sec. 2.7 we show the transfer function behavior of such CROW near 

various EPDs, and we briefly describe the unusual properties of the loaded Q-factor of 

CROW cavities with EPDs even in the presence of losses. 

Sec. 2.2 GEOMETRY OF PROPOSED CROW 

In this chapter, we investigate the emergence of high order EPDs in CROWs shown in Fig. 

2.1(a) where the straight waveguide provides an additional coupling mechanism. It 

consists of a chain of coupled ring resonators, with outer radius R, side-coupled to a 

uniform optical waveguide. We define the field coupling coefficient (also referred to as 

cross-coupling coefficient, see Ch.2 [43]) between two contiguous rings or between the 

waveguide and a ring as κ which quantifies how efficiently the field leaks from one to the 

other (see definitions in [44]). The coupling is assumed to occur at discrete points of closest 

proximity (denoted hereafter as the coupling points), between adjacent rings and between 

each ring and the straight waveguide as in Fig. 2.1. For the sake of generality, the field 

coupling coefficients between the waveguide and the rings may change from pair to pair of 

adjacent rings as 1κ  and 2κ  while the rings coupling coefficients are alternating between 1κ′

and 2κ′ , respectively (see Fig. 2.1). Having 1κ  ≠ 2κ  and 1κ′  ≠ 2κ′  enables the occurrence of the 

third order degeneracy (the SIP). We also define a corresponding transmission coefficient 

at the coupling points denoted by τ. In our analysis we assume, for simplicity without loss 
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of generality, that both κ and τ are real positive values, see pages 120-122 in [45] or 

Ref. [46]. Also, we are assuming lossless coupling at all the coupled sections [15], i.e.  

  2 2 1κ τ+ =    (2.1) 

The waveguides and the rings support eigenwaves whose local phase propagation in the 

positive/negative z-direction is represented by 0ink ze±  and the time convention i te ω−  is 

implicitly assumed. Accordingly, phase propagation (or attenuation) in the waveguide as 

well as in the rings is modeled by their effective refractive index, namely n which is defined 

as the ratio between the propagation wavenumber k  of the propagating eigenwave 

normalized by the wavenumber in free space 0 /k cω= . Moreover, we assume that only a 

single transverse eigenwave can be excited inside the rings, in each direction, as well as in 

the waveguide, and we neglect higher order modes interactions. In addition, we assume 

that ring resonators do not couple waves of different polarizations  [43]. Also, we assume 

that the effective refractive indices n are frequency independent, justified by the 

narrowband frequency response investigated here. 

The unit cell of the considered periodic CROW is shown in Fig. 2.1(b) and the CROW’s 

period is 4d R= , where R is the outer radius of each ring resonator. We also consider the 

simplified version with period 2d R=  in Fig. 2.2 that is able to provide the fourth order 

degeneracy. Note that the coupling between adjacent rings is achieved with the small gaps 

shown in the figure, however when we evaluate the total length of the period, we neglect 

such gap lengths as was done in Ref. [15]. As an example, this CROW can be fabricated using 

silicon on insulator (SOI) technology [47,48]. All geometrical dimensions pertaining to the 

geometry in Fig. 2.1 are given in Appendix A; for the cases investigated in this chapter. 
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Fig. 2.1. (a) The proposed CROW is consisting of a chain of coupled 
ring resonators optical waveguides of radius R side coupled to a 
rectangular straight waveguide. The field coupling coefficients 
between the straight waveguide and the rings are alternating 
between 1κ  and 2κ , and the field coupling coefficients between the 
coupled ring resonators themselves are alternating between 1κ′  and

2κ′ . The CROW is periodic in the z-direction with a period 4d R= . (b) 
the unit cell of this CROW with the electric field wave amplitudes 
defined at the cell boundaries. z0 is the coupling point between the 
waveguide and the ring. 

Sec. 2.3 TRANSFER MATRIX FORMALISIM OF CROWS WITH EXCEPTIONAL POINTS 

OF DEGENERACY 

Analysis of a CROW can be carried out utilizing tight-binding methods [49], transfer 

matrices [15], or temporal coupled-mode theory [50]; aside from full-wave simulations. In 

particular, the transfer matrix (T-matrix) method [15,51] is the most convenient and 

flexible as it naturally allows for the analysis of finite, lossy and dispersive CROWs with 

strong coupling coefficients that are not necessarily identical for all resonators. Indeed, the 
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transfer matrix is often employed in analysis of layered media [23] as well as investigation 

of points of degeneracy [21,25]. We adopt the transfer matrix formulation for analyzing the 

modal behavior as well as the resonance properties of the proposed CROW.  

We consider that each waveguide is able to support a single traveling wave along the +z-

direction and by reciprocity also an analogous travelling wave along the −z-direction. 

These waveguides have uniform cross section and therefore their supported eigenwaves 

have fixed field distributions. In the straight waveguide, the fields’ variation along the +z 

and −z-directions is described by the electric field wave amplitudes 0
1 ( ) win k zE z e++ ∝  and 

01 ( ) win k zE z e−− ∝ , respectively, where wn  is the effective refractive index of the straight 

waveguide. In the rings, there are four electric field wave amplitudes, 2 ( )E z+ , 3 ( )E z+ , 2 ( )E z− , 

and 3 ( )E z−  as schematically shown in Figs. 2.1(b) and 2. 2 ( )E z±  are the wave amplitudes in 

the upper half ring representing waves propagating in opposite directions, and similarly 

3 ( )E z±  are the electric field wave amplitudes propagating in the lower half ring (closer to 

the waveguide).  

We then define the electric field wave amplitudes as three-dimensional vectors 

1 2 3( ) ( ) ( ) ( )
T

z E z E z E z+ + ++  =  E  and 1 2 3( ) ( ) ( ) ( )
T

z E z E z E z− − −−  =  E  to represent 

waves propagating in the + and – z-directions, and the superscript T stands for transpose. It 

is further convenient to represent electric field wave amplitudes at any point z using the 

six-dimensional state vector 
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Fig. 2.2. The CROW unit cell design that supports a DBE and an RBE. 
The structure is periodic in the z-direction with period 2d R= . The 
field coupling coefficient between the waveguide and the resonators 
chain is 1κ  while the field coupling coefficient between the coupled 
ring resonators is 1κ′ . The figure is also showing the orientation of 
the electric field wave amplitudes at the cell boundaries defined by 
the dashed lines. 

which describes how electric waves evolve along the z-direction, similar to the formalism 

in  [21,25]. Accordingly, the wave evolution between any two points z1 and z2 (see for 

example Fig. 2.1(b)) is governed by the simple translation property  

 2 2 1 1( ) , ( )( )z z z z=Ψ T Ψ           (2.3)  

where 2 1T( , )z z  is the 6×6 transfer (T)-matrix that translates the state vector from point 

z1 to z2. It is interesting to observe the analogy of this formalism with the coupled 

transmission line approach developed in  [52]. This is also a generalization of the coupled-

mode formalism developed for conventional CROW  [14,15]. It is the subject of the 

subsequent analysis to obtain 2 1( ),z zT for any z2 and z1. 
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Note that the structure is reciprocal; therefore, the T-matrix in (2.3) for any z1 and z2 has 

a determinant that equals unity, i.e., [ ]2 1det ( 1, )z z =T . In other words the eigenvalues of 

2 1( ),z zT  must come in reciprocal pairs  [21]. Moreover in lossless structures, the T-matrix 

is J-unitary (as explained in  [21,30]), meaning that 1 † 1
2 1 2 1( , ) ( , )z z z z− −=T J T J  where the 

dagger symbol †  denotes the complex-conjugate transpose operation, and the J  matrix is 

given in Appendix B.  

Scattering matrix (S-matrix) method. An alternative yet very ubiquitous approach for 

analyzing CROWs is the use of the scattering matrix or the S-matrix [53]. It is defined by 

relating the outgoing (or scattered) fields at specific boundary planes defined at z1 and z2 to 

the incoming (or incident) fields on the same planes defined at z1 and z2 as in Fig. 2.1(b). 

The 6×6 S-matrix is expressed in terms of the electric field wave amplitudes as [53] 

 1 1
1 2

2 2

( ) ( )
( , )

( ) ( )

z z
z z

z z

− +

+ −

   
  =  
   
   

E E
S

E E
         (2.4)  

From reciprocity the S-matrix must be symmetric, and for lossless structures (i.e. 

without dissipative or scattering/radiation losses) the S-matrix must be unitary, i.e. 

† =SS 1  where 1  is 6×6 identity matrix [54]. 

We also use the well-known generalized beam splitter relations  [55,56] to relate the 

fields at the coupling points. For example, let us consider the point 0z  between a ring and 

the waveguide as the point where coupling occurs, see Fig. 2.1(b). Let us define 0z−  and 0z+  

to be the z-coordinates just before and just after a coupling point at 0z , respectively, 

between the waveguide and the ring resonator. Accordingly, we relate the state vector 
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fields just before the coupling point 0 01 3( ), ( )E z E z+ − + −  to those just after the coupling point 

1 0 3 0( ), ( )E z E z+ + + +  as 

 021 0 1

2

2

2 03 0 3

( ) ( )

( ) ( )

E z E zi
iE z E z

τ κ
κ τ

+ + + −

+ + + −

    
   =         

        (2.5)  

where 2τ and 2κ  are the transmission and coupling coefficients, respectively 

representing the coupling at point 0z .  

It is intuitive in the proposed CROW to write the wave amplitude evolution equations 

describing a unit cell using the S-matrix. We proceed by relating the fields at the 

boundaries of the unit cell, namely at point z and z+d, (d=4R) as in Fig. 2.1(b). For 

simplicity, we divide the unit cell into two segments each of length 2R . The two segments 

are similar in construction; the first segment depends on 1κ  and 1κ′  whereas the second 

segment depends on 2κ and 2κ′  as seen in Fig. 2.1(b). Note that the wave amplitudes at the 

segment boundaries are defined on the left side of the coupling points; meaning that 

0( 2 ) ( )z R z−+ =Ψ Ψ  as can be seen in Fig. 2.1(b). To determine the scattering matrix of a unit 

cell, we first calculate the scattering matrix of the individual segments 1 and 2 defined in 

Fig. 2.1(b), then we determine their T-matrices and finally we combine them. Consequently, 

we write the 6×6 S-matrix 1S of the first segment of the unit cell in Fig. 2.1(b) as 

  11 12

2 22
1

1
T

 
 =
 
 

S S
S

S S
          (2.6) 

where the superscript T denotes the transpose operation, and each of the submatrices 

has dimensions of 3×3. The submatrices in (2.6) are expressed as  
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where r Rik
r e π=Ω is the phase propagation along half of the ring circumference, 

2 wRik
w e=Ω  is the phase propagation inside the uniform straight waveguide for a distance 

2R. Here, kr is the propagation wavenumber in the waveguide making the ring resonators 

and it is written as 0rrk n k=  where rn is the effective refractive index of that waveguide. 

Similarly, kw is the propagation wavenumber in the straight waveguide expressed as 

0w wk n k= . In the same manner one can derive the scattering matrix 2S  related to segment 

2 in Fig. 2.1(b) by replacing 1κ with 2κ , 1κ′  with 2κ′ , 1τ with 2τ , and 1τ ′  with 2τ ′ . 

Using the relation between the S-matrix and the T-matrix (Eq. (B2) in Appendix B), we 

calculate 1 ( 2 , )z R z≡ +T T  and 2 ( 4 , 2 )z R z R≡ + +T T  as the T-matrices of segments 1 and 2, 

respectively, from 1S  and 2S  (the sub matrices of 1T  are given in(B3), Appendix B). Finally, 

we calculate the unit cell T-Matrix, denoted by TU , simply as 

  2 1=T T TU     (2.10) 

The state vector evolves across a unit cell as 



26 
 

  ( ) ( )z d z+ =Ψ T ΨU     (2.11) 

where d is the period of the CROW. To find periodic solutions of the state vector in the 

CROW that behave as ikde  where k is the complex Floquet-Bloch wavenumber, the state 

vector )(zΨ  must follow the evolution equation 

       ( ) ( ), ikdz d z eζ ζ+ = ≡Ψ Ψ     (2.12) 

 Hence, using (2.11) and (2.12) we write the eigensystem equation  

  ( ) ( )z zζ=Ψ ΨTU   (2.13) 

whose eigenvalues nik d
n eζ ζ= ≡ , with 1,2,...,6n =  are evaluated by solving the 

dispersion equation  

 ( , ) det[ ] 0D k ω ζ≡ − =1TU   (2.14) 

for complex k  [21,52]. Solutions of (2.14) produce eigenvalues nζ  associated with regular 

eigenvectors nΨ  that are linearly independent if TU  is diagonalizable. In the proposed 

CROW, there are six modal (Floquet-Bloch) wavenumbers of the periodic structure, and if 

1 2 3, ,k k kand  are solutions, reciprocity implies that also 1 2 3, ,k k k− − −and  are solutions 

(i.e., if ζ  is an eigenvalue of TU  then 1ζ −  is another eigenvalue). This property is useful to 

determine the number of possible degenerate solutions (that have equal wavenumbers). In 

this chapter, we find it is convenient to represent the wavenumbers in the fundamental 

Brillouin zone (BZ) that is defined here within the range from kd = 0 to 2π. Accordingly, the 

center of the BZ is defined at k = π/d. Because of periodicity solutions associated to 
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wavenumbers −k1, −k2 and −k3 have also Floquet harmonics −k1+2π ⁄d, −k1+2π ⁄d, and 

−k1+2π ⁄d in the fundamental BZ. 

We construct the diagonal 3 3×  matrix k  of the Floquet-Bloch wavenumbers as  

  
1

2

3

0 0
0 0
0 0

k
k

k

 
 =  
 
 

k   (2.15)  

We also use Λ  as a 6 6×  diagonal matrix whose elements are the eigenvalues nik de  via 

  
i d

i d

e

e−

 
 =
 
 

k

k

0
Λ

0
  (2.16) 

where 0  and 1  are the 3 3×  zero and identity matrices respectively. Therefore, it 

follows that the transfer matrix TU , when diagonalizable, is written as 

 1−=T V Λ VU   (2.17) 

where V  is a 6 6×  matrix that represents a non-singular similarity transformation that 

diagonalizes TU , and is computed using the six regular normalized eigenvectors of TU  as 

[ ]1 2 3 4 5 6| | | | |=V Ψ Ψ Ψ Ψ Ψ Ψ . This diagonalization and the existence of 

six independent eigenvectors is only possible if there exists a complete basis of regular 

eigenvectors of TU . This is not valid anymore at a degenerate condition as described in the 

following. 
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Sec. 2.4 EXCEPTIONAL POINTS OF DEGENERACY IN CROW 

The aforementioned analysis is valid unless an EPD emerges. At an EPD, and only there, 

the unit cell T-matrix TU  is similar to a Jordan Block or a matrix containing Jordan Blocks, 

analogously to the cases of stratified media and photonic crystals in Refs. [21,57]. At the 

EPD, the algebraic multiplicity of an eigenvalue of (2.13) (i.e., the number of identical roots 

of (2.14)), is higher than its geometrical multiplicity (the number of independent 

eigenvectors associated to that eigenvalue). 

Note that the evolution equations of the wave amplitudes in the CROW constitutive 

waveguides can be described with first order differential coupled-wave equations that can 

be written in a Hermitian form (in the absence of gain and loss), as conventionally done in 

coupled-mode theory [44]. Therefore, this lossless system can be locally referred to as 

Hermitian (in the context of coupled-wave propagation [44,58]), even though the T-matrix 

(transfer matrix) is not Hermitian. Here we emphasize that the EPD induced through 

periodicity or through gain and loss balance, as in the -symmetry case, follow the same 

mathematical fundamental theory of degenerate operators (see Ch. 2 in  [59]).  

 We study the evolution of guided eigenwaves in space (i.e., along the z-direction) at and 

near EPDs. We propose a CROW with EPDs, in absence of losses and gain, and investigate 

their occurrence. The eigenvalue and the generalized eigenvectors [21,30] at the EPD are 

found by solving  

 ( ) ( ) , 1, 2, , .q
q z q mζ− = =T 1 Ψ 0 EPDU   (2.18) 
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Here qΨ  is a generalized eigenvector and m is the order of degeneracy, i.e., the number 

of coalescing eigenvectors at the EPD, hence also corresponding to the multiplicity of the 

eigenvalues at the EPDζ EPD . Note that at least one regular eigenvector is always present in 

(2.18), the other m−1 ones are generalized eigenvectors. Solutions represented in terms of 

generalized eigenvectors algebraically diverge along the z-direction as 

1( ) (0)q ikz
qz z e−∝Ψ Ψ  with 1,2,..., .q m=  (see Ch. 7 in [60]). Note that m in our CROW can 

only take the values of 2, 3, 4, and 6 due to symmetry of the Floquet-Bloch wavenumber 

solutions (reciprocity). Such points of degeneracy occur in the spectrum of TU  by varying 

system parameters, like frequency for example, or the coupling parameters. An important 

feature of an EPD, is that perturbation of such mathematical condition results in a 

fractional power series (or Puiseux series) of the resulting eigenvalues in the perturbation 

parameter  [61]. In other words, if we assume that the transfer matrix TU , that is a similar 

to a matrix containing at least a Jordan block at an EPD, is perturbed as ( ) (0)ε ε≅ + ∆T TU U , 

where ε  is a perturbation parameter and ∆  is a constant perturbation matrix, the resulting 

eigenvalues ζ  of TU  will obey the fractional power expansion in the perturbation 

parameter ε  as 

   1/ 2/
1 2

m ma aζ ζ ε ε= + + +EPD          (2.19) 

The same perturbation property is found also in the context of EPDs induced in systems 

with balanced gain and loss [36].  
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Indeed, EPDs induced either by periodicity in lossless/gainless systems or by gain and 

loss balance are two realizations of the same fundamental concept related to eigenvector 

coalescence and perturbation of a Jordan block in a system matrix, see Ch. 2 in  [59]. 

In the following subsections, we will show the mathematical construction of four 

different types of degeneracies that may emerge in the dispersion diagram of the proposed 

CROW.  

2.4.1 Second order degeneracy: m=2 

In the given CROW system three scenarios could occur to develop a second order EPD. At 

the second order EPD, the unit cell T-matrix TU  contains at least one degenerate 

eigenvalue and eigenvector (i.e. at least two of the six eigenvalue solutions are equal) while 

the remaining four eigenvalues are in general distinct (unless they also experience another 

degeneracy). As such, at a given frequency, a CROW can exhibit one, two or even three 

second order EPDS. The simplest case is when TU  is similar to a matrix that contains one 

Jordan block, hence it is casted as  

 1 1
,

0
g

g
gg

β ζ

ζ
−

   
= =        

Λ 0
T V V Λ

0 ΛU  (2.20) 

where V , in this case, is a 6×6 matrix composed of five column regular eigenvectors in 

addition to a generalized eigenvector corresponding to degenerate eigenvalue solutions gζ  

with a multiplicity of two. Furthermore, exp( )g gik dζ =  where kg is the Floquet-Bloch 

wavenumber of the second order degeneracy, and gΛ  is a 2×2 Jordan block shown in 
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(2.20). βΛ  is diagonal 4 4×  matrix with the four remaining eigenvalues. If gΛ  is the only 

Jordan block in TU  then 1gζ = ±  meaning that the degeneracy occurs either at the edge (

0gk = ) or at the center ( /gk dπ= ) of the BZ.  

On the other hand, another scenario could manifest when TU  is similar, at a given 

frequency, to a matrix having two Jordan blocks. This means that there exists two second 

order EPDs at that frequency, then TU  is casted as  

 ,1
,

,

1
,

0
b c

b b c
b c

c

γ
ζ

ζ
−

 
   
   = =   
   
  

Λ 0 0

T V 0 Λ 0 V Λ

0 0 Λ

U   (2.21) 

where bΛ  and cΛ  are two Jordan blocks corresponding to two pairs of degenerate 

eigenvalues bζ  and cζ  respectively, each pair is associated a two second order EPD, one at 

bk  and the other one at ck . The remaining 2×2 block 
γΛ in (2.21) is a diagonal matrix that 

has two eigenvalues that are not related to the degeneracies. Note that if the two 2nd order 

EPDs occur at the band edge or center, then bζ  and cζ  must take values of either 1 or −1. 

Otherwise, the two 2nd order EPDs occur inside the BZ, then 11/ cbζ ζ= ≠ ±  (this case will 

be shown later on in Sec. 2.5, and in Fig. 2.3). 

Furthermore, the last possible scenario is when three second-order degeneracies occur in 

TU  , all at a given frequency. Then 
γΛ  in (2.21) is also a 2×2 Jordan block and that could 
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only happen if the eigenvalues 
γΛ  are such that 1γζ = ±  i.e., they are either at the BZ edge 

or center.  

2.4.2 Third order degeneracy: m=3 

When a third order EPD occurs, TU  contains two sets of degenerate eigenvalues of 

algebraic multiplicity 3 and geometrical multiplicity 1, denoted by sζ  and 1
sζ − . The T-

matrix TU  is represented as  

 

1

1 1

1

1 0
0

, 0 1
0

0 0

s
s

ss
s s

ζ

ζ

ζ

±
−

− ± ±
+

±

 
   
   = =
   
   

 

Λ
T V V Λ

Λ
U  (2.22) 

where V  is composed of two regular eigenvectors and four generalized eigenvectors. 

The matrices s
+Λ  and s

−Λ  are 3×3 Jordan blocks and each degenerate eigenvalue solution, 

sζ  or 1
sζ − , has algebraic multiplicity of 3 and geometrical multiplicity 1. Therefore, there 

are a regular eigenvector and two generalized eigenvectors associated to each eigenvalue. 

Here exp( )s sik dζ = and ( )1 exps sik dζ − = − . Indeed, because of reciprocity that implies 

symmetries in the dispersion diagram, if sk is a third-order EPD, then also sk−  must be. In 

this chapter, we show them at sk  and 2 /sk dπ− + . The third order degeneracy is often 

called SIP resulting in an inflection point in the dispersion curve. 

As we discuss in the next sections and in Appendix C, we anticipate that the SIP can be 

obtained with the unit cell in Fig. 2.1(b). However, it cannot be obtained using a CROW with 

a simpler unit cell shown in Fig. 2.2. 
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2.4.3 Fourth order degeneracy: m=4 

When a fourth order EPD occurs, TU  contains four degenerate eigenvalues (i.e. four of 

the six eigenvalue solutions are equal) while the remaining two eigenvalues can be distinct 

or degenerate. In this case TU  is represented as  

 1

1 0 0
0 0 1 0

,
0 0 10
0 0 0

d

d
d dd

d

β

ζ
ζ

ζ
ζ

−

 
  
  = =
     
 

Λ
T V V Λ

ΛU  (2.23) 

where V  is composed of three eigenvectors and three generalized eigenvectors if there 

exists only a 4th order EPD. The eigenvalue exp( )dd ik dζ =  has algebraic multiplicity of 4 

and geometrical multiplicity of 1. Therefore, there are one regular eigenvector and three 

generalized eigenvectors associated to dζ . In (2.23), the matrix dΛ  is a 4×4 Jordan block 

that contains the four degenerate eigenvalues. Furthermore, 
βΛ  is a 2 2×  diagonal matrix 

with the two remaining eigenvalues, that are not affected by the fourth order degeneracy, 

associated to two other eigenvectors. In terms of wavenumbers, and because of reciprocity 

the fourth order degeneracy has to occur at both dk  and dk− , and in this chapter we show 

what happens at dk−  by looking at the higher Floquet harmonic at 2 /dk dπ− + . Now, the 

only way to have both wavenumbers dk  and dk−  of multiplicity four (we recall that the 

total dimensionality of the system is 6), is that dk  must be either 0dk =  or /dk dπ= , i.e., 

either at the edge or center of the BZ, respectively, so that exp( ) exp( )d dd ik d ik dζ = = − . In 

other words, this fourth order degeneracy cannot occur at other points of the BZ in a 
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reciprocal system. It is also possible that the block 
βΛ experiences another degeneracy of 

order 2 at the same frequency. 

As we show in the next section, we anticipate that the DBE can be obtained with the 

simpler unit cell in Fig. 2.2. 

2.4.4 Sixth order degeneracy: m=6 

When a sixth order EPD occurs, TU  contains six degenerate eigenvalues, i.e. all the six 

eigenvalues of (2.13) are equal, i.e., the algebraic multiplicity is 6 but the geometrical 

multiplicity is 1. Therefore, the T-matrix TU  is represented as  

 1

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

,
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

e

e

e

e

e

e

e

ζ
ζ

ζ
ζ

ζ
ζ

−

 
 
 
 

= =  
 
 
  
 

ΛVΛT VU  (2.24) 

where V  is now composed of a single regular eigenvector and five generalized 

eigenvectors corresponding to degenerate eigenvalue solutions exp( )e eik dζ =  where ke is 

the wavenumber at 6th order EPD and eΛ  is 6×6 Jordan block. The sixth order degeneracy 

has never been investigated in an optical platform and it is the highest order of degeneracy 

that can be achieved in the configuration shown in Fig. 2.1, i.e., associated to a system 

vector with dimension 6. In terms of wavenumbers and because of reciprocity, the system 

has to experience an EPD of order six also at ek−  (hence 2 /ek dπ− + ). It follows that ek  

must be either 0ek =  or /ek dπ= , i.e., either at the edge or center of the BZ, respectively. 
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In other words, this sixth order EPD cannot occur at other points of the BZ in this reciprocal 

system. 

Sec. 2.5 ANALYTIC DIPSERSION RELATION FOR CROWS WITH DBE 

In this section, we show that the proposed CROW is able to support EPDs of various 

orders through proper tuning of the unit cell parameters. Importantly, we derive analytical 

formulas for the dispersion relation of the CROW as well as the necessary conditions on the 

CROW parameters to exhibit a DBE (fourth order EPD). First, let us consider a CROW 

design where the period comprises a single ring, i.e., the coupling coefficients from ring to 

ring are all identical (i.e., 1 2κ κ′ ′= ) as well as the coupling coefficients between rings and the 

straight waveguide (i.e., 1 2κ κ= ) as shown in the unit cell depicted in Fig. 2.2. In this case 

the corresponding CROW period is d=2R. This simplified geometry is also able to support 

the DBE. 

The general k ω−  dispersion equation is obtained from (2.14), for the simplified unit 

cell in Fig. 2.2. After some manipulation (2.14) is casted in the analytic form  

0( , ) ( , ) ( ) ( , ),D k F kk S kω ω ω ω= Γ =−      (2.25) 

where k is the Floquet-Bloch wavenumber and ω is the angular frequency. The three 

functions in (2.25) are:  

1
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4 2
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   (2.26) 
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with ikdeζ = , and  

 

( )
1

1

2 2 2
1 1

1

112

2 2
1

1
2 1

2(1 )
1 2(1 )cos(2 ) 2

1 2 cos 2 4(1 )

cos(2 ),

cos(2 )

w

r

r w w

g k
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τ

τ π κ κ κ
κ

κ π τ τ
κ 

′
′

′  + 

= − −

 = − − + 

′
−  = − −

 (2.27)  

Recall that for a lossless coupling one has 2 2 1τ κ+ = , with τ and κ  being real positive 

numbers, though (2.25)-(2.27) are valid also for the more general case where τ and κ are 

complex. For the trivial case when the coupling coefficient 1 0κ =  and 1 1τ = , then 0Γ =  in 

(2.24, 2.26); and for this trivial case the dispersion equation (2.25) is casted simply as 

1 0 0( , ) ( , ) ( , )D k F k S kκω ω ω= = = , which is the dispersion relation of the two decoupled 

systems: the conventional CROW [15] made of a chain of coupled rings (and not coupled to 

the straight waveguide) and the isolated straight waveguide. Indeed, the function ( , )F k ω  

represents the dispersion relation of the straight waveguide alone, i.e., ( , ) 0F k ω = , that 

would generate the waveguide wavenumbers w w ck k n ω± ±= ≡ ; hence wk  is the 

wavenumber of the eigenwaves in the isolated straight waveguide and wn  is the associated 

effective refractive index. Furthermore, the dispersion relation of the conventional 

CROW [15] is ( , ) 0S k ω = . Such conventional CROW cannot develop degeneracies with 

order higher than two. This fact is evident from its dispersion relation as the function 

( , ) 0S k ω =  cannot have roots for the eigenvalue ζ  with multiplicity greater than 2, which 

is necessary to have a degeneracy higher than a second order.  
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Hence, the only degeneracy condition in the conventional CROW [15] is associated to the 

eigenvalue equation at the second order EPD angular frequency, called gω , that is 

( )22 2( , ) 0g gS k ω ζ ζ= − = , in which 1gζ = ±  are the two eigenvalues with 2nd order 

degeneracy that must occur either at the BZ edge or center. The reason behind this 

limitation in a simple conventional CROW is that the chain of coupled resonators does not 

allow coupling between waves propagating in opposite directions inside each ring. In 

addition, there is a symmetry between waves propagating in the upper and lower halves of 

each ring. The occurrence of more general EPDs require coupling of waves traveling in 

opposite directions that is achieved by symmetry breaking of the conventional CROW. We 

define symmetry here with respect to a plane perpendicular to the plane that contains the 

rings, which cuts all the rings of the chain in half as shown with a horizontal dashed line in 

Fig. 2.1(a). An effective symmetry breaking is achieved through side coupling to the 

additional straight waveguide that allows for non-trivial mixing of counter propagating 

eigenwaves in the CROW as shown next. 

Now let us introduce a non-vanishing coupling coefficient 1κ  that represents the 

strength of coupling between the chain of resonators and the straight waveguide (Fig. 2.2). 

In this case ( , ) 0k ωΓ ≠ , and rearranging (2.25) as )( , ) ( , ) ( ,F k S k kω ωω Γ= , it is apparent 

that ( , )k ωΓ  represents the coupling between the individual dispersion relation of the 

conventional CROW without waveguide and the straight waveguide. This introduces a 

structural symmetry breaking and leads to coupling of eigenwaves of the CROW, thus higher 

order EPD can be attained. As we show next, the dispersion equation ( , ) 0D k ω =  in (2.25) 
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can have solutions representing a fourth order EPD; as well as a second order EPD that is 

not necessarily at the edge or at the center of the Brillouin zone.  

2.5.1 Necessary conditions for DBE  

The characteristic dispersion equation of the system at the fourth order EPD (i.e., the 

DBE) frequency can be casted in simple way because the CROW has four degenerate 

Floquet-Bloch eigenwaves with four coincident eigenvalues, i.e., the characteristic equation 

must have the following term 4( )dζ ζ−  where dζ  is the DBE eigenvalue occurring at the 

DBE angular frequency dω . Moreover, the CROW has also two other eigenwaves that are 

independent of the four degenerate eigenwaves at the DBE and we assume that their 

wavenumbers are kβ  and kβ− . Therefore, the characteristic dispersion equation must also 

have the term ( )( )jk d jk de eβ βζ ζ−− −  which is simplified into 2 )2cos(( ) 1k dβζ ζ− + . Finally, 

at the frequency at which the forth order EPD occurs, the characteristic dispersion 

equation that comprises all the eigenvalues of the system at and only at the DBE angular 

frequency dω  must take the form 

  ( )( )42 2cos( 0( , ) ) 1 ddD kk dβω ζ ζ ζ ζ+ −= − =     (2.28) 

The formula (2.28) and the general dispersion equation (2.25) are polynomials of order 

6 in the variableζ . By equating the coefficients of these two polynomials, we obtain three 

equations governing the various CROW parameters that must be satisfied (necessary but 

not sufficient) in order for a DBE to manifest: 
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  (2.29) 

where the ±  sign corresponds to the existence of the DBE either at the center of BZ (i.e. 

/dk dπ=  or 1dζ = − ) or at the edge of BZ (i.e. 0dk =  or 1dζ = ). Even though the values of 

the lossless CROW parameters (i.e., 1 1 2 2, , , , ,r wn n Rκ τ κ τ and ) are real and some are bound 

within certain range, e.g., 1 1 2 20 , , , 1κ τ κ τ< < , infinitely many points in the parameter space 

of the CROW whose unit cell is in Fig. 2.2 can be found where a DBE is manifested. 

However, the necessary and sufficient condition to develop a DBE is that four eigenvectors 

of (2.13) coalesce. 

On the contrary, as demonstrated in Appendix C there are no points in the parameter 

space of the lossless CROW unit cell in Fig. 2.2 that can lead to an SIP. Therefore, for an SIP 

to manifest, the more general unit cell of the CROW shown in Fig. 2.1(b) must be 

considered. 

Sec. 2.6 EXAMPLES OF DISPERSION RELATION NEAR EPDs IN CROW 

In this Section, we show how the proposed CROW side coupled to a straight waveguide 

can exhibit degeneracies of order 2, 4 and 3, called RBE, DBE and SIP, respectively. For the 

RBE and DBE cases we consider a geometry as in Fig. 2.2 with parameters given in 

Appendix A (the same for both cases). For the SIP we consider the geometry in Fig. 2.1(b) 

with parameters given in Appendix A. 
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Fig. 2.3. The Floquet-Bloch wavenumber dispersion diagram 
associated to a CROW with unit cell shown in Fig.2. It shows various 
RBEs, one, at the center of the BZ, is at frequency 194.41f ≅  THz . The 
different parameters of the unit cell are set as radius, 10R = μm , 

power cross coupling coefficients 2
1 0.35κ = , 2

2 0.469κ = , and 
effective refractive indices 2.5wn = , and 1.5rn = . 

2.6.1 Regular Band Edges (RBEs)  

The CROW constructed from the unit cell depicted in Fig. 2.2, with period d = 2R, 

develops a second order degeneracy, also called regular band edge (RBE), at the center of 

the BZ (i.e., 1gζ = − ) marked with a red circle in the CROW Floquet-Bloch wavenumber 

dispersion diagram depicted in Fig. 2.3. Note that this plot shows only the propagating 

eigenwaves of the dispersion diagram in a lossless CROW (i.e. eigenwaves with a purely 

real Floquet-Bloch wavenumber k as conventionally done in periodic structures [62]). This 

RBE emerges at frequency ./ (2 ) 194 41gω π ≅  THz , for the parameters in Appendix A, some 

are summarized in the caption of Fig. 2.3. The dispersion around the RBE frequency is 

approximated by 2( ) ( )gg gh k kω ω ≅− −  where the geometry-dependent fitting parameter 

is 20.05~g g gh kω  for the parameters given in Appendix A. In fact, the dispersion of a 

conventional CROW [15] with only coupled rings exhibits an RBE. Furthermore, other 2nd 
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order degeneracies (RBEs) not at the edge/center of the BZ are found. At these points the 

group velocity also vanishes; however, the eigenvalues at such degeneracies are 1gζ ≠ ±  as 

marked with blue circles in Fig. 2.3. These RBEs not located at the center or edge of a BZ 

are developed in the proposed CROW in Fig. 2.2; they cannot occur in a standard CROW 

(i.e., CROW not side coupled to a waveguide) for the reasons discussed in Secs. IV and V. 

2.6.2 Degenerate Band Edges (DBEs) 

The proposed CROW whose unit cell with period d = 2R is depicted in Fig. 2.2 exhibits 

also a fourth order EPD (i.e., the DBE) when coupling parameters are properly designed, as 

those in Appendix A. A necessary set of equations that govern the different parameters of 

the CROW unit cell in Fig. 2.2 are given in (2.29). The other necessary and sufficient 

condition  

 
Fig. 2.4. The Floquet-Bloch wavenumber dispersion diagram of a 
CROW with unit cell as in Fig.2. It shows a DBE at frequency
f ≅ 194.83 THz  and an RBE in the shown frequency range at 
f ≅ 194.62 THz . The different parameters of the unit cell are set as 

in Fig 3. 
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to develop a DBE is that four eigenvectors coalesce, meaning that the transfer matrix 

contains a 4×4 Jordan block as explained in Sec. 2.4. Such condition is checked numerically 

once the set of equations (2.29) are satisfied. 

Here the DBE frequency is / (2 ) 194.83dω π ≅  THz  as shown in Fig. 2.4 in which the 

dispersion relation is depicted, for CROW parameters provided in Appendix A, and some 

are summarized in the caption of Fig. 2.4. One should notice the flatness at the DBE point, 

indeed the dispersion around the DBE frequency is approximated by 4( ) ( )dd dh k kω ω ≅− −  

where the geometry-dependent fitting parameter is 4~ 0.95 /d d dh kω  for the given 

parameters in Appendix A. The CROW with this kind of unit cell can develop either an RBE 

or DBE at any desired frequency through proper tuning of the different unit cell parameters 

(mainly the coupling coefficients and the effective refractive indices). 

2.6.3 Stationary Inflection Points (SIPs)  

As mentioned before, the proposed CROW can develop different kinds of degeneracies. 

Here, we illustrate how the CROW develops also a third order degeneracy (i.e., an SIP) in its 

Floquet-Bloch wavenumber dispersion diagram. The unit cell shown in Fig. 2.2 has been 

capable to develop RBE and DBE but is not capable of developing an SIP in its dispersion 

diagram, due to insufficient mixing of waves propagating in the CROW (see Appendix C for 

a mathematical proof). Therefore, to develop an SIP we use the unit cell with period d = 4R 

shown in Fig. 2.1(b) with alternating field coupling parameters among contiguous rings. 

The parameters of such unit cell are given at the end of Appendix A.  
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Fig. 2.5(a) shows the dispersion diagram for this unit cell and two SIPs are obtained at 

frequency 197.04f ≅  THz , symmetrically located with respect to the center of the BZ at 

/k dπ= . The dispersion around the SIP frequency is approximated by 

3( ) ( )ss sh k kω ω ≅− −  where sh  is a geometry-dependent fitting parameter. 

Note that Fig. 2.5(a) shows only branches with purely real wavenumber k. However, a 

more complete picture is provided by plotting the dispersion diagram allowing k to be 

complex. This is plotted in Fig. 2.5(b) showing both real and imaginary parts of the Floquet-

Bloch wavenumber k, where the purely real branches which representing propagating 

eigenwaves (with zero imaginary parts) are denoted by red lines. From this complex 

dispersion diagram, one can observe that at each frequency there are six complex values, 

and how a number m of wavenumbers (m = 2,3,4, is the order of EPD) converge to a single 

one at each EPD. In reading this diagram one should keep in mind that both k  and k−  are 

solutions, because of reciprocity. Furthermore, because of absence of losses, if k is a 

solution, then k* (the complex conjugate) is also a solution.  

Note that in this case all the aforementioned types of EPDs occur in a small frequency 

band. In other words, RBE, DBE, and SIP manifest at frequencies very close to each other in 

the same structure. The same closeness of EPDs is observed in Figs. 2.3 and 2.4. This is due 

to the fact that each ring, because of its large size, support several resonances. Using large 

(i.e., with multiwavelength size) rings is not necessary to develop EPDs of various order, 

indeed a chain of coupled resonators with smaller dimension than those in this chapter 

(each with a lower Q) would also exhibit EPDs. Another example of a simple optical 
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structure supporting DBE and RBE is shown in [63], where two waveguides are periodically 

coupled.  

 
Fig. 2.5. (a) The Floquet-Bloch wavenumber dispersion diagram of 
the CROW unit cell shown in Fig.1(b) showing the three different 
kinds of EPDs on the same figure. They occur at different 
frequencies: an RBE at 197.1f ≅  THz ; a DBE at 197.3f ≅  THz ; and 
SIP at 197.04f ≅  THz . The parameters of the unit cell are chosen as 
the radius is 10R = μm , the power cross coupling coefficients are 

2
1 0.5κ = , 2

1 0.2κ′ = , 2
2 0.3κ = , 2

2 0.4κ′ = , and the effective refractive 
indices are 1.5n n= =eff,w eff,r . (b) The complex dispersion diagram 
showing both real and imaginary parts of the Floquet-Bloch 
wavenumber k versus real frequency. Real branches in the complex 
dispersion (denoted by red lines) represent propagating 
eigenwaves, while complex branches (denoted by black lines) 
represent evanescent eigenwaves. 
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Sec. 2.7 GIANT RESONANCE IN CROW WITH EXCEPTIONAL POINTS OF 

DEGENERACY 

In this Section, we formulate and calculate the quantities relevant to resonators made of 

a CROW with a finite number of coupled rings, side-coupled to a uniform straight 

waveguide as in Fig. 2.6. We explore with examples the transmission coefficient (i.e., the 

transfer function) and the loaded Q-factor of the CROW near EPDs of various order as well 

as the field amplitude distribution inside the CROW at the resonance closest to the EPD 

frequency. This resonance is generally the sharpest one and for the DBE case we refer to it 

as the DBE resonance since it is very close to the DBE frequency. We will also investigate 

the effect of the waveguide and ring losses on the loaded Q-factor.  

To obtain a solution for the state vector )(zΨ  at any [0, ]z L∈ , where L is the length of 

the finite CROW, for a given excitation, we carry out the following steps. We define 

0 (0)≡Ψ Ψ  to be the boundary condition at a certain point z = 0. Hence the state vector

( )zΨ  at any other point z  can be found using 0,0( )z z=Ψ T Ψ( ) , where ,0zT( )  is the 

transfer matrix that translates the field from z = 0 to an arbitrary z. Let us assume that 0Ψ  

defines the electric field wave amplitudes at the left boundary of the first unit cell as seen in 

Fig. 2.6. We consider a CROW made of cascaded identical unit cells, as in Fig. 2.2, with 

period d = 2R, each described by the transfer matrix TU  that translates the state vector 

across each unit cell as discussed in Sec. 2.3. Accordingly, we relate the state vector at the 

end of the CROW ( )LΨ , i.e., at the cell boundary of the last unit cell, to 0Ψ  by  

  0( ) NL =Ψ T ΨU    (2.30) 
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where N is the number of unit cells, and the matrix NTU  is simply calculated as follows. 

At any frequency except for those at which EPDs occur we bring UT  to a diagonal form as 

shown in (2.17).  

 Then matrix multiplication is simply carried out as 1NN
U

−=T V Λ V . On the other hand, 

when UT  contains a Jordan Block, i.e., at any of the EPDs discussed in this chapter, UT  is 

non-diagonalizable and based on (2.21),(2.22), (2.23) or (2.24) one has 1NN
eU

−=T V Λ V  

where N
eΛ  is a matrix containing one or more Jordan Blocks. 

2.7.1 Boundary Conditions 

The state vector at z = 0 is chosen to have a specific value 00( )z = =Ψ Ψ  dictated by the 

boundary conditions, i.e., by the load-waveguide attached to the finite CROW and by the left 

(right) loads attached to the first (last) half-rings as shown in Fig. 2.6. The six-complex 

electric field wave amplitudes (0)±E  defined at the boundary of the first (z = 0) unit cell 

and those six ( )L±E  at the boundary (z = L) of the last unit cell are constrained. We assume 

that the chain of ring resonators is terminated from both left and right sides with complete 

rings (recall that the unit cell boundaries choice is made here to start at the middle plane of 

each ring i.e., at the coupling point, as shown also in Fig. 2.6). The straight waveguide is 

extended for z < 0 and z > L serving as the feed and the real load of the CROW from which 

power can be extracted. Therefore, the number of cascaded rings equals the number N of 

unit cells (defined as in Fig. 2.2) plus one. We assume that the straight waveguide in Fig. 2.6 

is excited by an incoming wave amplitude 1 (0)E E+ = inc , coming from the extended  
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Fig. 2.6. Finite CROW consisting of N unit cells. We consider the input 
at z = 0 and the output at z = L, where L = 2NR and R is the radius of 
each ring. Note that the large Q-factor and the giant scaling with 
length occur without mirrors, i.e., despite the waveguide coupled to 
chain of rings is continued to a waveguide with the same 
dimensions. 

waveguide on the left side, i.e., from z < 0. Recalling (2.2), the boundary state vector 

components at z = 0 and z = L are derived as 
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Using the six equations in (2.31) and (2.32) along with the six equations of the T-matrix 

in (2.30), we solve for the state vector at the boundaries of the finite CROW namely 

0 ( )LΨ Ψ and , and the transfer matrix defined next is also found. 
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Fig. 2.7. Magnitude of the transfer function FT  in dB close to a DBE 
frequency plotted versus angular frequency normalized to the DBE 
angular frequency ( 194.83f ≅DBE  THz ) for three different number of 
unit cells (N = 8,12 and 16) in the CROW with period d = 2R.  

2.7.2 Transfer function 

We define the transfer function 1/ (0)E E+=F outT  of the proposed CROW as the output 

electric field wave amplitude Eout  (see Fig. 2.6) divided by the CROW excitation 

1 (0)E E+ = inc   

 11 1 3( ) ( ), EE EE t i
E

L Lκ+ += = +out
F out

inc
T     (2.33)  

In Fig. 2.7, we show the transfer function of CROW made of a chain of N unit cells for 

different values of N. The structure is designed with the unit cell in Fig. 2.2 and parameters 

in Appendix A to have a DBE, i.e., a fourth order EPD as seen in Fig. 2.4. We see that for 

larger number of rings, the transmission peak closest to the 4th order EPD gets narrower 

(i.e., higher Q) and its DBE resonance ( ,r dω ) gets closer to the DBE frequency dω  following 

the equation 4
, /( )r d d dh Ndω ω π≈ −  [21] with dh  being the dispersion fitting parameter 
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and d is the period of the proposed CROW. Furthermore, for a given N, the peak closer to 

dω , denoted as resonance ,r dω , is the sharpest one. And this has been used to conceive the 

single mode of operation of the DBE laser in [63]. 

 
Fig. 2.8. Magnitude of the transfer function FT in dB near an SIP 
frequency plotted versus angular frequency normalized to the SIP 
angular frequency ( 197.04f ≅SIP  THz ) for three different number of 
unit cells (N) in the CROW given as 14, 17 and 20. Note that the unit 
cell in this case has a period d=4R. Hence, the number of rings in this 
CROW equals 2N+1. 

In Fig. 2.8 we show the transfer function of CROW made of a chain of N unit cells for 

different values of N. The structure is designed with the unit cell in Fig. 2.1(b) with the 

parameters at the end of Appendix A to have an SIP, i.e., a third order EPD, as seen in Fig. 

2.5. Note that the period is 4d R= , therefore the length of the CROW is 4L Nd NR= = . We 

see that the resonance closest to the SIP frequency is getting narrower (higher Q) and it is 

approaching the SIP frequency when N increases. Note that the transmission peak closest 

to the SIP frequency have a magnitude that is less than unity and this may be attributed to 
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the asymmetric topology of the unit cell, with the respect to the input signal (i.e., the unit 

cell in Fig. 2.1(b) is asymmetric about a plane defined at z0 in Fig. 2.1(b)).  

2.7.3 Quality factor 

 We point out that the straight waveguide part of the proposed CROW system is not 

terminated with partially reflecting mirrors at z = 0 and z = L, and indeed the straight 

waveguide is just extended without modifications. In other words, the straight waveguide 

segment part of the CROW is not mismatched when attached to the outside straight 

waveguide segments, i.e., the same straight waveguide coupled to the chain of rings is 

continued with the same kw and nw for z < 0 and z > L. 

Nevertheless, the CROW-waveguide system experiences large mismatch to the outside 

loading straight waveguides because of the EPD. This is the reason of the high Q-factor 

transmission resonance near the points of degeneracy such as the DBE or SIP shown in 

Figs. 2.7 and 2.8, respectively.  

In general, Floquet-Bloch eigenwaves at frequencies near that of the DBE have 

characteristic impedance (called the Floquet-Bloch impedance [52]) described by a 3 3×  

matrix that makes the CROW-waveguide system highly mismatched to the terminations 

impedances (loads) for almost any loading choice. This renders the DBE resonance strongly 

confined inside the resonator [25,28,64,63], for any load variation. Furthermore, operating 

near EPDs where the group velocity is vanishing leads to a giant scaling of Q-factor with the 

number of ring resonators in a CROW. The word “giant” has been used to describe this 

unconventional scaling law encountered also in other geometries supporting the 

DBE [21,25,28]. This can be inherently understood from the fact that the quality factor is 
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inversely proportional to the group velocity of the Floquet-Bloch wave gv  (i.e. 

gQv = constant ) as discussed in [62]. This statement implies that if the DBE resonance 

,r dω  coincides with the DBE frequency dω  at which 0gv = , then Q-factor will be infinite 

(ideally, in a lossless waveguide). However, the Q-factor is finite because ,r d dω ω≠ , though 

they are very close following the equation 4
, /( )r d d dh Ndω ω π≈ − . 

 
Fig. 2.9. Loaded quality factor (Q) of CROW-waveguide system 
(without internal losses) normalized with respect to that of a single 
ring Q0, calculated varying the number of rings for both the RBE and 
the DBE cases. The values of Q, denoted by cross symbols are 
calculated using the group delay method for DBE and RBE, 
respectively. However, we also used the fractional bandwidth (FBW) 
method in the DBE case, represented by square symbols) for the 
sake of comparing both methods. Continuous lines represent fitting 
curves: 3N  for the RBE case and 5N for the DBE case, where N is the 
number of unit cells. Note that the number of CROW rings = N + 1. 

In essence, ( ) 4
, /1r dd Nω ω− ∝ , hence the Q-factor rapidly increases with the number of 

cells N, because this latter formula describes the rate at which the resonance angular 
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frequency ,r dω  gets closer to dω  with growing N, which in turn leads to special scaling 

with N of the increase of group delay and Q-factor [65]. 

 
Fig. 2.10. Calculated loaded quality factor (Q) plotted versus number 
of rings for the lossless and lossy CROW. Each case is evaluated at 
the resonance frequency closest to the frequency at which the 
relative EPD occurs (i.e., at ,r dω  for the DBE case). The lines denote 
the N5 and N3 trends for the lossless case as in Fig. 2.9; while 
symbols are the calculated Q-factor for lossy CROWs. The number of 
CROW rings = N + 1. 

The loaded Q-factor of the CROW is estimated numerically using both the fractional 

bandwidth (FBW) as well as the group delay methods as discussed next. The FBW is 

defined as the 3dB bandwidth of the transfer function resonance normalized by the 

resonance frequency, and the Q-factor is then calculated as Q = 1/FBW. On the other hand, 

the group delay is calculated as the derivative of the phase of the transfer function, ∠ FT , 

with respect to the angular frequency ω, i.e., /gτ ω= ∂∠ ∂FT  [25]. The Q-factor is then 

calculated by , / 2r d gQ ω τ=  in which gτ  is the group delay [66]. 
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In Fig. 2.9, the Q-factor of a loaded CROW system, i.e., the CROW side coupled to the 

straight waveguide continued to the external straight waveguide, is calculated near the 

DBE frequency, namely at ,r dω , using both methods just discussed, for different number of 

rings.  

The loaded Q-factor is normalized to the Q-factor of a single ring resonator coupled to the 

waveguide ( 0Q ) calculated using the well-known equation ( )0 / 2 lnrQ Lω τ τα≈ −res ph  [67] 

whereωres is the ring resonance angular frequency, 2rL Rπ=  is the circumference of ring 

resonator, τph  is the phase delay given by /r rn L cτ =ph , and α is the power loss parameter 

per unit length, that includes radiation and material dissipation. In Fig. 2.9 we assume that 

α = 0, i.e., rings are lossless. With the parameters in Appendix A, one has ~ 900Q0 . It is 

clear from Fig. 2.9 that the two methods used to calculate the loaded Q-factor are almost 

equivalent (for instance see Ref.  [66]). The values of normalized Q are then fitted to a curve 

whose equation is 5bN  for N > 9, resulting in an error described by the parameter

~ 0.995R − squared , where R-square is a statistical measure expressing how close the 

calculated Q values are to the fitting curve [68] and it takes values between 0 (worst fitting) 

and 1 (best fitting). Also, in the same figure and using the same unit cell parameters, the 

normalized Q-factor of a loaded CROW working near an RBE frequency is shown and the 

values are fitted to an equation 3bN with 0.999R − squared~ . We stress that the Q-factor 

near a DBE scales as 5N , which is an unconventional scaling law with size. 
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Fig. 2.11. (a) Absolute values of the total electric field wave 
amplitude ( ) ( ) ( )n n nE z E z E z+ −= + , where n = 1,2,3, calculated at one 

point per unit cell (at the left boundary of each unit cell) in both 
lossless and lossy CROW-waveguide systems made of 16 rings 
operating at the DBE resonance ,r dω . (b) As in part (a) but at the 
RBE resonance. In both cases, solid lines represent field amplitudes 
in the straight waveguide 1 11( ) ( ) ( )E z E z E z+ −= + . Dashed and 

dotted lines represent the wave amplitudes inside the upper and 
lower branches of the ring resonators at the left boundary of each 
unit cell. DBE field values are always higher than RBE electric field 
wave amplitude values. Moreover, the DBE case with loss has higher 
field than the RBE case without losses. 

Note that the proposed CROW exhibit both RBEs and DBEs, and we consider the two 

denoted by the red circles in Figs. 2.3 and 2.4. The RBE and DBE are at two distinct, but 

close, frequencies, 194.22 THz and 194.83 THz respectively. The Q-factor evaluated in Fig. 
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2.9 is evaluated at the resonance of the finite-length CROW closest to the respective EPD. 

Fig. 2.9 also show the scaling of the Q-factor associated to the RBE, calculated at its closest 

resonance, that scales as 3N . Both scaling factors, of the DBE and RBE cases, should be 

compared with the Q-factor for a single ring resonator that increases linearly with the 

length. 

2.7.4 Losses in CROW 

 Now we investigate the effect of losses on the CROW-waveguide system that includes 

radiation (due to bending) and dissipative losses. We assume that losses are represented 

by the attenuation constant of the waveguide and ring resonators. The values of the 

dissipative losses; as well as radiation losses due to bending, are taken from [69]. 

Therefore, propagation in the straight waveguide and ring waveguides is characterized by 

wavenumbers with complex values , , ,Re[ ]r w r w r wk k iα= + , where 0.37wα =  dB/mm  is the 

wave attenuation constant for the straight waveguide whereas 0.45rα =  dB/mm is the 

attenuation constant inside the rings and it includes dissipative losses 0.37 dB/mm and 

radiation losses (due to bending) that is assumed to be 0.08 dB/mm (i.e, 0.005 dB/turn for 

a ring resonator with R=10μm) [69]. 

In Fig. 2.10 we show the effect of these internal losses on the scaling of Q-factor for both 

the RBE and the DBE cases. From Fig. 2.10 we see that the normalized Q is higher for the 

DBE case. We also observe that the Q-factor relative to the DBE case is affected by losses 

more than the Q-factor associated to the RBE case (the RBE and DBE designs are at two 

different, but close, frequencies, 194.22 THz and 194.83 THz respectively). For CROW-

waveguide systems made of a small number of rings the lossless and lossy cases exhibit, 
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more or less, the same Q-factor, for both the DBE and RBE cases. The Q-factor, in the lossy 

case, increases till it reaches a saturation value that is attained for the DBE case at a smaller 

number of rings than for the RBE case. Nevertheless, the Q-factor for the DBE case is always 

higher than that for the RBE case even when considering losses. The scaling of Q-factor still 

exists even in the presence of losses as shown from the microwave experiment [70]. 

2.7.5 Resonance with structured field 

The distribution of the normalized electric field wave amplitudes 1( ) / (0)nE z E+  is 

shown in Fig. 2.11 for a CROW made of 16 rings, where ( ) ( ) ( )n n nE z E z E z+ −= +  in each 

n=1,2,3 waveguide paths. The CROW is excited by an incoming guided wave from the left 

with magnitude 1 (0)E+ . The normalized electric field wave amplitudes are evaluated at 

discrete z-points, one per unit cell, specifically at the left boundary of each unit cell of the 

proposed CROW in Fig. 2.2, for both the lossless and lossy cases. For comparison, we show 

the fields at both the 2nd and 4th order EPDs, i.e., at the RBE and at the DBE, respectively. It 

is important to note that in the DBE case, 1( ) / (0)nE z E+  are twice more than the RBE case, 

consistent with the higher Q-factor in Fig. 2.10. Indeed, based on Fig. 2.10 it is expected that 

the DBE case leads to even stronger field values than the RBE cases for larger number of 

rings. Finally, we note that the effect of losses in the RBE case is less than that in the DBE 

case and that is consistent with the aforementioned observations made on the Q-factor. 

Nevertheless, the electric field wave amplitudes are still much stronger in the DBE case 

even when losses are present. 
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Sec. 2.8 CONCLUSION 

We have presented the concept of a CROW made of a chain of coupled ring resonators, 

all coupled to an adjacent straight waveguide, that exhibits EPDs with various orders of 

degeneracy. We have provided the theoretical formulation relying on the transfer matrix 

analysis that describes such EPDs of various orders. We have demonstrated that EPDs of 

various orders exist without the need for gain and/or loss. This is in contrast to what has 

been currently proposed in the context of -symmetric optics. We have also discussed the 

necessary conditions to realize a DBE in a CROW-waveguide system. We have derived an 

analytical expression for the CROW dispersion relation, based on the unit cell in Fig. 2.2, 

that provides physical insight into the DBE’s occurrence. Furthermore, we have shown that 

the simplest geometry in Fig. 2.2 is not able to generate SIP degeneracies, that have been 

obtained instead using the more general unit cell in Fig. 2.1(b). 

Moreover, we have shown that manipulation of various order of degeneracies in such a 

CROW system leads to unconventional enhancement in the Q-factor and its unconventional 

scaling law with the CROW length. Such unconventional and unconventional scaling law 

has been demonstrated even in the presence of loss. Importantly, when operating at the 

DBE resonance, the proposed CROW with losses has larger Q-factor than the ideal lossless 

RBE case.  

The concepts here discussed are general and the analysis can be applied to several other 

structures made of multiple coupled waveguides. The examples discussed in this chapter 

involved a CROW that has shown several EPDs at frequencies close to each other because 

we have used large (in terms of wavelength) resonators that individually support various 
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modes. Another example of coupled waveguides that support DBE and RBE is shown 

in [63]. Our proposed concept of degeneracies for a CROW coupled to a straight waveguide 

serves as a promising testbed for enhancing the Q of resonators, even without mirrors, and 

to have systems whose Q and transfer function changes abruptly by the slight variation of 

some system parameter, hence making them suitable for extremely sensitive sensors. EPDs 

like those discussed in this chapter are potentially useful toward various applications 

including non-linear light manipulation and transport, lasers, switches, modulators, and 

extremely sensitive sensors. 

APPENDIX A: PARAMETERS USED IN NUMERICAL SIMULATIONS 

The radius of all the ring resonators considered in this chapter is 10R = μm , similar to a 

design demonstrated in [71]. The various parameters of the unit cell shown in Fig. 2.2 that 

is able to develop RBE and DBE are as follows: power cross coupling coefficients are 

2
1 0.35κ = , and 2

1 0.469κ′ = , while the effective refractive indices that describe propagation 

in the waveguide and in the rings are set as 2.5wn =  [72], and 1.5rn = . Note that the values 

of the coupling coefficient were chosen in the range presented in [73] and these values are 

compatible with SOI fabrication as shown in [74]. For the SIP case, the parameters of the 

unit cell shown in Fig. 2.1(b) are as follows: power coupling coefficients are 2
1 0.5,κ =

2
1 0.2κ′ = , 2

2 0.3κ = , and 2
2 0.4κ′ = , while the effective refractive indices are set as 1.51wn = , 

and 1.5rn = . 
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APPENDIX B: TRANSFORMATION FROM S-MATRIX TO T-MATRIX 

We show here how to transform the scattering S-matrix into the transfer T-matrix. The 

advantage of using the T-matrix is that we can characterize our multiple unit cells structure 

by simply multiplying the T-matrices of the cascaded unit cells [75]. Recall that the transfer 

matrix relates the state vector at points z1 and z2 as seen from (2.3). On the other hand, the 

S-matrix relates them using (2.4). The following transformation from an S-matrix to a T-

matrix is a general property that is applicable to any dimensionality of the system. 

However, we apply it for any T-matrix or S-matrix relating electric field wave amplitudes at 

an arbitrary points z1 and z2 in the proposed CROW. Therefore, the T-matrix and S-matrix, 

for our proposed CROW, are 6×6 matrices. We represent the 6 6×  S-matrix and T-matrix 

using four sub-block matrices, each of size 3 3× , as  

 11 12 11 12
2 1 2 1

21 2221 22

( , ) , ( , )z z z z
   

= =        

S S T T
S T

S S T T
  (B1) 

Now we transform the sub-blocks of the S-matrix into the T-matrix sub-blocks through 

the following expressions [75] 

 

1
11 21 22 12 11

1 1
21 1212 11 22 12

1
22 12

,

−

− −

−

= −

= − =

=

T S S S S

T S S T S S

T S

  (B2) 

Accordingly, after proper substitutions of the S-matrix sub-blocks given in (B1) into 

(B2), the transfer matrix of the first segment 1T  of the unit cell shown in Fig. 2.1(b) is given 

by its sub-block matrices viz 
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where all these quantities were defined before in Sec. 2.3. Analogous steps are used to 

derive the transfer matrix of the other segment, shown in Fig. 2.1(b), through replacing the 

coupling coefficients 1 1,κ κ′  with 2 2,κ κ′  and the transmission coefficients 1 1,τ τ ′ with 2 2,τ τ ′ . 

Recall that the lossless condition of the S-matrix is †
2 1 2 1( , ) ( , )z z z z =S S 1 , where the dagger 

†  implies complex conjugation and transpose operation, meaning that it is unitary. In 

addition, the T-matrix of the lossless CROW obeys the fundamental J-unitary property 

(similar to general stratified media in [21]); which means that 1 † 1
2 1 2 1( , ) ( , )z z z z− −=T J T J  

with the matrix J here is given by 

 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 
 
 
 

=  
− 

 −
  − 

J   (B4) 
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APPENDIX C: ON THE NECESSARY CONDITIONS GOVERNING THE CROW 

PARAMETERS TO DEVELOP AN SIP 

The dispersion equation of the proposed CROW, made of periodic rings side coupled to 

the straight waveguide, whose unit cell is shown in Fig. 2.2 with period d = 2R, is obtained 

by solving the general expression (2.14); in which the unit cell transfer matrix TU  has sub-

blocks defined in (B3) and it is casted analytically in (2.25). In the following we consider 

the lossless CROW parameters ( 1 1 2 2, , , , , ,w rn n Rκ τ κ τ and ) that are real, positive and  some 

have restrictions on their values i.e., 1 1 2 20 , , , 1κ τ κ τ< < . 

The necessary conditions governing the various parameters of the lossless CROW unit 

cell shown in Fig. 2.2 in order to develop a DBE are given in (2.29). Contrarily, no points in 

the parameter space of the lossless CROW unit cell in Fig. 2.2 can be found such that SIP is 

observed, and the reason for this statement is laid out in the following. The necessary 

condition to achieve an SIP is that the characteristic equation of the CROW unit cell in Fig. 

2.2 at an SIP angular frequency sω  must take the form 

 [ ]
3

3 01( , )s s
s

D k ω ζ ζ ζ
ζ

 
−= − = 

 
 (C1)  

which means that there are two eigenvalues each with multiplicity of order three and 

they are a reciprocal pair, where the eigenvalue ss
ik deζ =  and d=2R. Similar to what we did 

for the DBE case, by equating the coefficients of this polynomial to those of (2.25), we get 

three equations governing the CROW parameters that are necessary to obtain the SIP for 

the geometry in Fig. 2.2 as 
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Omitting the details, the equalities in (C2) that represent the necessary conditions to 

achieve an SIP for the CROW unit cell in Fig. 2.2 cannot be simultaneously satisfied for any 

of the lossless CROW parameters except for the trivial case when 1 0κ = . Therefore, we find 

an SIP using a CROW with the more general unit cell with period d = 4R as in Fig. 2.1(b) that 

has more degrees of freedom than that shown in Fig. 2.2. The necessary condition for such 

unit cell to develop an SIP could also be derived analogously to what has been shown for 

the DBE. 
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CHAPTER 3 
 
Giant Resonance and Anomalous 
Quality Factor Scaling in Degenerate 
Band Edge Coupled Resonator Optical 
Waveguides 

 Chapter 2 New Amplification Regime for TWTs with 3rd Order MODAL DEGENERACY  

Sec 3.1. Motivation 

High quality (Q) factor microcavities provide a practical testbed for new advances in 

fundamental sciences, in particular biological and chemical sensing. Implementation of 

such high Q factor microcavities has been a classical contest in the optics realm  [1]. Thanks 

to state-of-the-art nanofabrication techniques such high Q cavities have been ubiquitous for 

various on-chip photonic devices. A recent burgeoning aspect in high Q cavity design is the 

concept of slow light in which a field in an optical guiding system possesses a group 

velocity much lower than the velocity of light in vacuum c  [2–5]. The proliferation of slow 

light has spawned many intriguing aspects in light manipulation and transport for which 

nonlinearities (higher harmonic generation, wave mixing, etc.)  [6], and gain/absorption 

 [7] among other features can be significantly enhanced.  
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Fig. 3.1. The loaded DBE-CROW consists of a chain of N ring 
resonators of radius R, coupled to each other with field coupling 
coefficient ′κ . They are side-coupled to a rectangular waveguide 
with κ . The structure is periodic in the z-direction with a period d = 
2R. The figure also shows the field amplitudes defined at points z = 0 
and z = L. 

In this chapter, we demonstrate a fundamentally novel approach for realizing high Q 

factor microcavities using a special kind of engineered slow-light  [8] through eigenmode 

dispersion and a special degeneracy condition occurring in periodic structures. 

Particularly, slow light resonance occurring in the vicinity of the band edge of periodic 

structures is intimately linked to degeneracies of Bloch eigenmodes.  

The degeneracy described in this chapter is referred to as a fourth order exceptional 

point of degeneracy (EPD), and it occurs when four eigenwaves coalesce in their 

eigenvectors and eigenvalues. In particular, among the possible EPDs that can occur in 

photonic structures, we explore resonances associated to a special fourth order EPD, 

referred to as the degenerate band edge (DBE)  [9–12]. This EPD occurs in absence of 

losses and gain in periodic structures supporting multiple polarization eigenstates that are 

periodically mixed. The DBE condition has been investigated in stacks of anisotropic media 

 [9,12,13], lumped circuits  [14,15], stacks of laminated layers of printed strips  [16], and 
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artificial anisotropic dielectrics  [17], structured transmission lines and striplines  [10,18], 

metallic waveguides  [19], multimode fibers  [20,21], and optical waveguides  [22–25]. 

The Floquet-Bloch eigenmode associated with the DBE has zero group velocity and does 

not contribute to the energy flux. This eigenmode is referred to as a frozen mode  [26–28]. 

The existence of such frozen mode has led to many interesting physical processes in optics 

 [12,23], and microwaves  [18,19]. The concept of EPDs  [29,30] has already received a 

surge of interest in recent years in the context of structures that include a symmetry 

between losses and gain, i.e., structures with Parity-Time symmetry  [29–31]. Periodic 

structures with DBE and those with PT-symmetry form two distinct classes of systems with 

EPDs, where in the former class the guiding structure has neither losses nor gain. Although 

the emergence of an EPD is based on an exact mathematical condition that can only be 

achieved when some parameters are rigorously met, we show here that the desired 

performance related to these EPDs can still be detected even when structural perturbations 

occur, as also seen in a recent microwave experiment  [19]. Here we propose an optical 

platform based on coupled resonator optical waveguide (CROW) introduced in  [32] 

modified by side coupling the CROW to a straight waveguide in order to generate the DBE, 

which we call the DBE-CROW, as shown in Fig. 3.1. This leads to observing the DBE and 

large Q factors higher than 105 in relatively small structures even in the presence of 

realistic material loss and perturbations existing due to potential microfabrication process 

tolerances. This shows great promise for realizing high Q factor compared to analogous 

designs investigated in  [25,33]. Interestingly, we demonstrate that the DBE-CROW can 

possess higher Q factors than that of a single microring resonator having a diameter equals 

the length of the DBE-CROW and same material loss.  
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The layout of this chapter is as follows: in Section 3.2, we show the resonance 

characteristics of some particular DBE-CROW designs. In Section 3.3, we compare these 

characteristics to those of conventional CROWs and ring resonators having the same 

material loss and Q factor, and we show the advantages of the DBE-CROWs. Finally, in 

Section 3.4, we demonstrate the robustness of the Q factor of the DBE-CROWs against 

perturbations and disorders in the coupling parameters as well as the waveguide’s 

effective refractive index. 

Sec 3.2. DBE-CROWs and The Anomalous Scaling of The Q Factor  

Let us consider the CROW side-coupled to a straight waveguide in Fig. 3.1 designed to 

exhibit a DBE. The DBE is a condition upon which four eigenvectors representing wave 

propagating in the periodic structure coalesce into a degenerate eigenvector. This could 

only occur in structures supporting multiple polarizations guided and coupled through a 

periodic waveguide, such as the anisotropic/birefringent layers in  [7], or as the coupled 

waveguides in the proposed DBE-CROW in Fig. 3.1. The proposed DBE-CROW is composed 

of a chain of ring resonators coupled to each other via coupling coefficient κ′  at the 

coupling points (points of closest proximity between the coupled rings); while the 

transmission coefficient through the coupled points is τ ′ . The chain of coupled rings is side-

coupled to a uniform waveguide with another coupling coefficient κ whereas the 

corresponding transmission coefficient is denoted by τ. In our analysis we assume, for 

simplicity and without loss of generality, that both κ and τ are real positive values (see 

pages 120-122 in  [34] or  [35]). Also, we assume a lossless coupling, therefore κ and τ are 

related as κ τ =+2 2 1   [35], and the same applies for κ′  and τ ′ . We assume single 
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transverse mode propagating in each waveguide, and the effective refractive indices nr and 

nw, describe propagation in the rings and the straight waveguide, respectively. Each ring 

resonator radius is R hence the periodic DBE-CROW has period d = 2R. Note that for 

simplicity we neglect the gap dimensions between adjacent rings as well as the ring 

thickness as was done in  [2]. To explore the unique modal characteristics of this DBE-

CROW, we proceed by representing wave propagation along z using complex electric field 

wave amplitudes that are defined as shown in Fig. 3.1. As such, there exist at any point z 

three complex electric field wave amplitudes that propagate in the positive z-direction, 

namely ( )E z+
1 , ( )E z+

2 , and ( )E z+
3 , and they are described by a three-dimensional vector 

( ) ( ) ( ) ( )
T

z E z E z E z+ + + + =  1 2 3E . Analogously, three electric field wave amplitudes at 

the same point z represent waves that propagates along the negative z-direction with a 

field amplitude vector ( ) ( ) ( ) ( )
T

z E z E z E z− − − − =  1 2 3E . To quantitatively analyze the 

wave dynamics, we assume a state vector composed of the six field amplitude components 

     
( )

( )
( )

z
z

z

+ 
 =  −  

E
ψ

E
                   (3.1) 

Then, we utilize coupled mode theory  [2,36] so that the evolution from cell to cell of the 

state vector governed by the equation ( ) ( )z d z+ =ψ Tψ , where d is the period, and T  is a 

6×6 transfer matrix relative to a unit cell whose expression is given in Appendix. This 

transfer matrix formalism is adopted here to investigate the evolution of the state vector 

along the DBE-CROW and derive the eigenwave characteristics. Accordingly, at any 

frequency, there exist up to six Bloch eigenwaves guided by the DBE-CROW. 
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TABLE 3.1 

THREE DESIGNS OF DBE-CROW UNIT CELL, AND THE 
CORRESPONDING VALUES OF THE Q FACTOR OF A SINGLE RING 
RESONATOR IN BOTH LOSSY (Q0,loss) AND LOSSLESS (Q0) CASES 

# κ  κ′  nw nr R(μm) η Q0 Q0,loss 

1 0.7 0.09 2.51 2.48 50 0.001 4.7×103 4.5×103 

2 0.25 0.1 2.4 2.51 10 0.03 1×104 9.3×103 

3 0.25 0.1 2.42 2.5 50 0.005 5×104 3.5×104 

TABLE 3. 1 

Yet at particular frequencies some eigenwaves coalesce in both their wavenumber and 

eigenvectors. Based on the state vector in (3.1) and the transfer matrix formalism, we 

generalize the theory of CROW  [2] to the case shown in Fig. 3.1 and obtain the dispersion 

relation of the eigenwaves of the system as 

      ( , ) det[ ] ; ( , ) l
l

l
D k D k aζω ω ζ

=
≡ − = = ∑

6

0
01T             (3.2) 

where ζ = exp(ikd), k is the Bloch wavenumber along z, ω is the angular frequency, and 1  

is the 6×6 identity matrix. The six Bloch wavenumber solutions of (3.2) obey a symmetry 

such that k and −k are both solutions. It is important to point out that conventional CROWs 

made of only a chain of coupled ring resonators have a structural symmetry that the modes 

propagating in counter directions are not coupled, hence conventional CROWs can exhibit 

only a regular band edge (RBE) as shown in  [2].  



73 
 

 
Fig. 3.2. The Bloch wavenumber dispersion showing the propagating 
modes (purely real k) of the three designed DBE-CROWs with 
parameters given in Table I. (b) The transfer function TF calculated 
near the DBE resonance ωr,d for the three DBE-CROW lossless 
designs with N=16. (c) Trajectory of the DBE resonance frequency of 
the lossless DBE-CROWs for different N that follows the trend

, / dr dω ω / Nη≈ − 41 , where η  is the flatness parameter. Note the 
normalization of the angular frequency axes in the three plots 
chosen to avoid showing many significant digits. 

Introducing coupling to the straight waveguide as in the geometry depicted in Fig. 3.1 

breaks the structural symmetry and in turn facilitates the coupling of counter propagating 

modes so that we observe the DBE, i.e., the fourth order degeneracy. Symmetry here is 

defined with respect to a plane cutting the rings in half and perpendicular to the plane 

containing the rings as shown in Fig. 3.1 with a horizontal dashed line. The DBE is found by 

proper tuning of the coupling parameters, effective refractive indices, and the radius of the 

rings. Although there are many possible points in the parameter space of the DBE-CROW that 

realize DBEs, we focus on some designs to demonstrate important resonance characteristics 

described in the following. The DBE wavelength is chosen close to /d dcλ π ω= =2 1550 nm in 
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all the subsequent analysis where dω  is the DBE angular frequency. We consider three different 

designs of the unit cell of the periodic DBE-CROW; whose parameters are given in Table I. The 

parameters of the three DBE-CROW designs are found by numerically solving the set of 

equations (A6) in the Appendix, at the desired wavelength, dλ = 1550nm . The reported 

coupling coefficients and effective refractive indices of the DBE-CROWs under consideration 

can be readily implemented using silicon optical ridge waveguides as in  [37,38]. The dispersion 

diagram of the three designs of the DBE-CROW is depicted in Fig. 3.2(a); near the DBE 

wavelength (only real branches are shown in the range [ , ]kd π∈ 0 2 ). Note that the dispersion 

relation in the vicinity of the DBE point, characterized by dω  and dk , is approximated by  

 ( ( / )/ )d dk kω ω η −− ≈ 41 1     (3.3) 

where /dk dπ= is the wavenumber at the band edge. The dimensionless “flatness parameter” η 

is related to the value of the fourth derivative of ω  with respect to k at the DBE angular 

frequency dω , i.e., ( )// d dd kdk ηω ω= −4 4 424  and it dictates the flatness of the dispersion 

relation at dω . Based on the steps summarized in the Appendix, the flatness parameter η of a 

DBE design has the following approximate analytic expression as a function of the DBE-CROW 

parameters evaluated at the DBE frequency: 

( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

cos cos

sin sin sin sin

w r

r r r rw w r w r w w w

κ κ τ κ θ θ κπη
τ κ θ θ θ θ τ θ θ θ θ θ θ θ θ

≈
−

′ ′− − + − +

 ′ + + − +


− +


+

2 2 2 24
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    (3.4) 

where w wk n Rθ = 02  and r r Rk nθ π= 02  with /dk cω=0 being the free space wavenumber at 

the DBE frequency. For the three designs whose parameters are given in Table I, the value 

of η  is calculated by locally fitting (3.3) to the actual dispersion diagram in Fig. 3.1, and this 
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agrees, within the digits of accuracy reported in Table I, with the values obtained from the 

analytic formula (3.4) for all designs. This approximate expression of η can be used to engineer 

the DBE-CROW to obtain the desired flatness at the DBE. For example, by inspecting (3.4) one 

can notice that larger values of the rings radii lead to smaller values of η (if all other parameters 

are fixed). Smaller values of η indicate flatter dispersion at the DBE, and this plays a very 

important role in realizing higher Q factors in DBE-CROWs of finite length. For that aim, we 

investigate the transmission properties of the finite DBE-CROW with N cascaded rings and 

examine the resonances closest to the DBE frequency. In Fig. 3.2(b) we show the transfer 

functions of the three DBE-CROW designs made of N = 16 coupled rings. The transfer function 

is defined as 

 
( )

F
ET

E+= out

1 0
 (3.5) 

where Eout  is the electric field wave amplitude exiting the waveguide from the right, while 

( )E+
1 0  is the field amplitude representing the excitation of the waveguide from the left. The 

transmission peaks of the DBE-CROW have a narrow spectral width when the frequency 

approaches the DBE one as seen from Fig. 3.2(b) (Note that the straight waveguide itself does 

not have discontinuities). Moreover, in Fig. 3.2(c) one can observe how the resonance angular 

frequency closest to DBE denoted by ,r dω  evolves as the length of the DBE-CROW increases; 

for the three different designs having various η’s. In addition, the full width half maximum 

(FWHM) of the DBE resonance is denoted by ,r dδω  which will be used later in Sec. 3.3 to 

estimate the scaling of the DBE-CROW finesse. Note that the DBE resonance angular frequency 



76 
 

,r dω  is getting closer to the DBE angular frequency dω  either by increasing N or decreasing η. 

Such trend follows the asymptotic formula  

 , / /r d d Nω ω η≈ − 41  (3.6) 

as discussed in  [9]. 

Now, we analyze the scaling of the Q factor with the length of a CROW side coupled to a 

waveguide as in Fig. 3.1, where the straight waveguide continues without terminations or 

discontinuities on both left and right ends of the waveguide. The loaded Q factor of the cavity 

versus the number of rings N is shown in Fig. 3.3(a) for the three DBE-CROW designs. From 

here onward, the loaded quality factor of the DBE resonator is referred to as “Q factor” and is 

calculated through the group delay gτ  as , /r d gQ ω τ= 2 , where the group delay is calculated 

as the derivative of the phase of the transfer function, ∠ FT , with respect to the angular 

frequency ω, i.e., /gτ ω= ∂∠ ∂FT  [12]. The group delay gτ  and the Q factor are evaluated at the 

DBE resonance angular frequency ,r dω  for each respective design, see Fig. 3.2(c). We observe 

the general trend for the loaded Q factor of the lossless DBE structures in which the Q factor is 

fitted by qN p+5  (see also  [9,12,33]) where the fitting parameters q and p are different for the 

three designed DBE-CROWs. For instance, the fitting parameters used in Fig. 3.3 for Design 1 

are q ≈ 30  and p ≈ 610 . It is important to point out that the Q factor grows with the DBE-

CROW length as  

 Q qN 5  (3.7)  
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Fig. 3.3. (a) The loaded quality factor of three designed DBE-CROWs 
in the ideal lossless (markers on solid lines) and lossy waveguide 
(markers on dashed lines) cases. (b) The loaded Q-factor normalized 
to the Q0 of a single ring, for each design. The values of Q0 and Q0,loss 
are given in Table I. Solid curves represent the lossless Q fitted by 
the equation qN5+p, that is in perfect agreement with the simulated 
Q represented with square markers. 

which represents the anomalous scaling of Q factor for the proposed DBE-CROW. The 

parameter q is inversely proportional to the dispersion flatness parameter η, in the sense that the 

product of q and η is approximately constant, i.e., qη ≃ constant for the three cases under 

consideration and such constant is approximately equal to 0.03. The later observation is 
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inherently related to giant resonance condition (3.6), indicating that when η decreases, the 

resonance frequency gets closer to the DBE angular frequency and the corresponding group 

delay increases. This is because the counter propagating eigenwaves contributing to the giant 

resonance in the DBE-CROW would have decreasingly small group velocity as the resonance 

frequency approaches the DBE. Therefore, realizing smaller values of η (meaning flatter 

dispersion) leads to higher group delays and higher quality factors in the DBE-CROW. In 

essence, this would also entail an increase in the local density of states [9] when wavenumber 

dispersion is flatter. The anomalous scaling law for large N applies to the lossless structures, 

whereas the effect of losses is described next. Note that the minimum number of rings N required 

for the unique properties associated with the DBE and the asymptotic N5 scaling of the Q factor 

to become apparent, varies from design to another. Such minimum number or rings depends on 

the design parameters, especially the radius of the ring resonators. For example, the N5 scaling of 

the Q factor for Design 2 becomes apparent after using N=5 rings, whereas for Designs 1 and 2 it 

becomes apparent after using N=4 rings due to their larger radius of the ring resonators.  

We account for radiation and dissipative losses by incorporating the attenuation constant of 

the waveguide and ring resonators. The values of the power attenuation constants inside the 

straight waveguide and the rings are assumed to be .wα = 0 37 dB/mm  and 

.rα = 0 45 dB/mm , respectively, as reported in  [39]. In Fig. 3.3(a) we show the Q factor for 

lossy DBE-CROWs where the existence of the losses causes a saturation effect in the Q factor 

scaling law. Indeed, the Q factor grows by increasing the number of rings N but after a certain 

length the growth ceases to have the N5 trend. 
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Fig. 3.4. Electric field amplitudes E1, E2, and E3, at the unit cell 
boundaries z = nd of (a) Design 1 and (b) Design 2 in both lossless 
and lossy DBE-CROWs. Solid lines represent the normalized electric 
field wave amplitude |E1(z)/E1+(0)| in the waveguide , while dashed 
and dotted lines represent the normalized electric field wave 
amplitudes inside the ring resonators, |E2(z)/E1+(0)| and 
|E3(z)/E1+(0)|, respectively. Note that z is normalized to the unit cell 
length d of the respective design. 

This is clearly seen from the Q factor of Design 2 in Fig. 3.3(a) where the slopes of the 

lossless and lossy Q factor (represented by red lines) are almost the same up to N=10 rings, 

beyond which the Q factor scaling is no longer proportional to N5. For Designs 1 and 3, the N5 

trend stops at smaller number of rings N not shown in Fig. 3.3, and this manifests because such 
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designs have larger dimensions than that of Design 2 hence the impact of losses is more 

significant in these designs than in Design 2. Furthermore, Designs 2 and 3, accounting for losses 

for N = 12 rings, have almost the same Q factor as seen in Fig. 3.3(a), even though Design 3 has 

a total length five times larger than that of Design 2 for the same N (yet they have almost 

identical coupling parameters). In principle, this indicates that to attain a specific Q factor using 

a lossy DBE-CROW with the smallest possible area while keeping all the other DBE-CROW 

parameters fixed, it is preferable to utilize rings with the smallest dimensions. 

We provide a comparative analysis for the three designs to show enhancement of the 

normalized Q factor defined as the ratio between the Q factor of the CROW to the single ring 

resonator Q factor. The latter is given by Q0,loss = ωr,dτph / [αLr−ln(1−κ2)]  [40] where ωr,d is the 

angular frequency coinciding with the one of the DBE-CROW, Lr=2πR is the circumference of 

each ring resonator, τph is the phase delay given by /ph r rL cnτ =  and nr is the effective 

refractive index of the ring resonator; while α is the waveguide power-attenuation constant. The 

respective single ring Q factor of the three designs considered here for both lossless (denoted by 

Q0  for the case when α = 0) and lossy (denoted by Q0,loss) are also reported in Table I. We show 

in Fig. 3.3(b) that the anomalous scaling of the normalized Q near the DBE depends on Q0  as 

well as on the DBE parameters, i.e., is a function of Q0  and the flatness parameter η. 

Notice that in Design 1, the Q factor of the single ring resonator (which could be considered 

simply as the Q factor of a DBE-CROW with a single ring or N =1) is smaller than the other two 

designs (due to its larger value of κ). Yet, interestingly such configuration produces the highest 

possible Q among the three designs for both lossless and lossy structures. For instance, for N = 

10 rings, the Q factor of Design 1 with losses is higher than that of Design 3 with losses and it is 
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Fig. 3.5. Q-factor of lossy DBE-CROWs, for the three designs in Table 
I, represented by solid lines. Results are compared to the Q of lossy 
single ring resonators having diameters equal to the respective DBE-
CROW length (i.e. Ds = 2NRi) represented by dashed lines. The 
dashed dotted lines with triangular markers represent Q factor of 
the conventional CROW (chain of coupled ring resonators). 

 
even higher than that of Design 2 without losses. This is attributed to having the smallest value 

of η (the flattest dispersion) as well as a large value of the stored energy in the DBE-CROW for 

Design 1, see Fig. 3.4(a). In Fig. 3.4 we plot the normalized electric field wave amplitudes 

( ) / ( )nE z E+
1 0 for a DBE-CROW made of 11 rings, where ( ) ( ) ( )n n nE z E z E z+ −= +  is the 
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electric field wave amplitude with n = 1,2,3 and it represents the wave amplitudes in each 

waveguide path i.e., in the straight waveguide and in the lower and upper halves of the ring, 

respectively [see Fig. 3.1]. The electric field wave amplitudes, ( )nE z , are calculated at the left 

boundary of each unit cell, i.e., at z=sd and s=0, 1, 2…N-1. We recall that the DBE resonance 

shows an unconventional standing wave profile mandated by giant field concertation in the 

center of the cavity [9,12]. By examining the field distribution in Designs 1 and 2 as shown in 

Fig. 3.4, we see that the resonance peak field exists as expected at the center region of the DBE-

CROW (z ≈ L/2) either inside the ring resonators (Design 1, Fig. 3.4a) or inside the straight 

waveguide (Design 2, Fig. 3.4b). In fact, for Design 1 the field is remarkably much higher than 

that of Design 2, that is why it has larger Q factor despite having the smallest Q0. In addition, in 

Design 1 the field is concentrated in the rings (see dashed and dotted curves). Note that the field 

profile associated to Design 2 in the presence of losses maintains the ideal DBE resonance field 

profile, whereas in Design 1 the DBE resonance shape is largely perturbed in the presence of 

losses, in both values and shape. This shows that different designs are affected by losses at a 

different rate and advancing knowledge of this aspect could be used to engineer the mode profile 

inside such CROW. 

Sec 3.3. Comparison with Conventional CROW Resonators  

To further elucidate the anomalous scaling of DBE-CROWs with its length when operating at 

the DBE, we compare their Q factors to that of other resonator designs without DBE: We 

compare the Q factor our proposed DBE-CROW design with the Q factor of a conventional 

CROW made of coupled ring resonators without coupling to the straight waveguide; also, we 

compare our proposed DBE-CROW Q factor with that of an optically large single ring resonator 
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whose diameter Ds equals the total length of CROW (i.e., DS =2NR). Finally, we compare our 

proposed DBE-CROW Q factor with that of a design of a chain of cascaded uncoupled ring 

resonators (i.e. similar to the proposed DBE-CROW with waveguide but with vanishing coupling 

between the adjacent rings, i.e., withκ′ = 0).  

In the lossless case, the conventional CROW Q factor scaling is proportional to N3 when 

operating at an RBE  [2], stressing the remarkable result of the N5 scaling showed in this 

chapter. On the other hand, the large single ring resonator of radius NR has a Q factor equals to 

NQ0, i.e., exhibiting a linear growth of Q with length. Hence, when the CROW’s normalized Q 

factor, i.e., Q/Q0 (shown in Fig. 3.3(b) exceeds N, the CROW’s Q factor surpasses that of the 

respective large single ring resonator. As such, the Q factor of Design 1, in the range shown in 

Fig. 3.3(b), is always higher than that of the respective large single ring resonator. Whereas the 

other two designs start to have higher Q factor than their respective large single ring only after 

11 rings. The behaviour of the chain of cascaded uncoupled ring resonators (i.e., with κ′ = 0), is 

identical to that of the large single ring resonator since Q grows linearly with N.  

In the lossy case, the Q factor of the DBE-CROW is compared to that of the other two 

resonators in Fig. 3.5; namely to the lossy chain of coupled ring resonators (conventional 

CROW), and to the respective lossy large single ring resonator with diameter DS =2NR. From 

Fig. 3.5 we observe that the Q factor of the conventional CROW which operates at an RBE is 

always worse than the other designs. On the other hand, Design 1 with losses shows always 

better performance than all other designs, in the range shown in Fig. 3.5(a). Lossy Design 2 in 

Fig. 3.5(b) starts to show better Q factor than the large single ring resonator when N > 12 rings, 

whereas the Q of lossy Design 3 does not exceed the Q of the single ring resonator till N = 14 

rings as seen in Fig. 3.5(c).  
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We would like to emphasize that the DBE-CROW is an unconventional resonator for which 

the spectral separation between resonant peaks near the DBE is not constant as seen from the 

Design 1 (black curve) in Fig. 3.2(b). Indeed, the angular frequencies ,r sω  associated to the 

transmission resonant peaks close to the DBE angular frequency are approximately given by the 

asymptotic (for large N) law  [9] 

 , /r s d
s
N

ω ω η ≈ −  


 

4
1  (3.8) 

with s = 1, 2, 3, … being the order number of the resonant peak from the DBE angular 

frequency. Also, we define the FWHM of each resonance frequency as ,r sδω . When s = 1, (3.8) 

represents the first resonant peak closest to the DBE frequency denoted also by , ,r d r sω ω =≡ 1  , 

that is the DBE resonance shown in (6) and its FWHM , ,r d r sδω δω =≡ 1 . It is clear from (3.8) that 

the spectral separation between successive resonant peaks, referred to as , , ,r s r s r sω ω ω +∆ = − 1  , 

near the DBE scales as N −4 . Here we focus on the spectral separation between the DBE 

resonance (the closest resonance to the DBE frequency) and the following one, denoted by 

, , , ,r d r s r d rω ω ω ω=∆ ≡ ∆ = −1 2 , that scales as , /r d d Nω ω η −∆ ≈ 415  for large values of N.  

Conventional resonators (such as ring resonators) are characterized by their finesse which is 

defined as the free spectral range (the spectral separation between resonances) divided by the 

resonance FWHM, as shown in Ch. 9 in  [41]. Therefore, the finesse of conventional cavities is 

independent of the order of their resonances and it is also independent of the resonator length, as 

shown in Ch. 9  [41]. Resonators with very high finesse are suitable for single mode lasers  [41]. 

On the contrary, since the spectral separation between resonances in the DBE-CROW is not 

constant, i.e., it depends on the order of the resonant peaks, one cannot characterize the DBE-
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CROW using the conventional definition of the finesse. Instead, one may modify the definition 

of finesse for DBE cavities ( dF ) to be the spectral separation between the DBE resonance and 

the closest resonance to it ,r dω∆  divided by the FWHM of the DBE resonance ,r dδω , similar to 

the regular definition of the finesse. Hence, we define the lossless DBE-CROW finesse dF  as  

 ,

,

r d
d

r d
F ω

δω
∆

≡ . (3.9) 

The Q factor associated to the DBE resonance ,r dω  is estimated as , ,/r d r dQ ω δω≈ , see Ch. 9 

in  [41]. Hence, using (3.7) in , , /r d r d Qδω ω≈ , the FWHM of the DBE resonance is 

approximated by , , / ( )r d r d qNδω ω 5 . Therefore, considering also that for large N one has 

, /r d dω ω ≈ 1  as seen from (3.6), it is clear from (3.9) that the DBE-CROW finesse dF  scales 

asymptotically as 

 dF Nqη 15  (3.10) 

This formula clearly demonstrates that dF  scales with N, i.e., with the length of the DBE 

cavity, which indicates another advantage of DBE cavities over regular cavities whose finesse is 

independent of the cavity length. Note that the flatness parameter η is small, but as noted in the 

discussion after Eq. (7), the product ηq is approximately constant in the three designs shown in 

this chapter. 

We need to mention that it has been shown that DBE resonators with gain medium show 

single mode lasing thanks to the dominance of the DBE resonance high Q factor over the other 

resonances leading to single mode selection scheme proposed in  [42]. Furthermore, results in 

 [42] show also that the advantages of the “DBE laser” are not only related to Q, since also with 
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the same Q, the DBE laser in  [42] has shown lower threshold than a conventional Fabry-Perot 

laser, beside the advantage of single mode spectral purity. 

Sec 3.4. Effect of Structural Perturbation on the Scaling of Q 

We finally study the impact of perturbations on the Q factor of the DBE-CROW shown in Fig. 

3.1, that operates near the DBE. Indeed, during a microfabrication process, structural, 

perturbations in the form of disorders and tolerances from the ideal design parameters occur. The 

analysis of the different disorders in conventional CROW was previously studied in  [43,44]. 

These disorders arise mainly from variation in the gaps between the rings, or variations in the 

cross-sections of the rings. These perturbations affect the coupling parameters as well as the 

effective refractive index in a random fashion and here we study their impact on the Q-factor 

near the DBE.  

3.4.1 Perturbation in the coupling parameters 

First, we analyze the effect of perturbations of the coupling parameters that are dictated by 

tolerances in the gaps between adjacent rings and between rings and the straight waveguide.  

 Let us assume that the values of κ κ′ and  in each unit cell of the N-rings DBE-CROW are 

varied within 5% change of their DBE design value in Table I using a standard uniform 

probability density function. Statistical variations in each cell are considered statistically 

independent from those in other cells. In other words, we assume a uniform distribution of 

the coupling coefficients κ κ′ and in each unit cell in the interval [0.95κ, 1.05κ] and  [0.95 

κ ′ , 1.05κ′ ] which are within the limits of modern fabrication tolerances  [45]. We perform 

random simulations within this interval and calculate statistics: namely the average Q factor and 
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Fig. 3.6. Statistics of the effect of random perturbations on the Q 
factor of Design 1 and Design 3 for both lossless and lossy cases 
when the structure is perturbed within 5% deviation in both κ and 
κ′  form their DBE design values in Table I. Dotted lines represent 
the statistical average of Q factor while error bars denote the 
standard deviation σQ. 

standard deviation σQ of the Q factor shown in Fig. 3.6 (σQ, is denoted by the total length of the 

vertical bars). For the lossless case, we see that the standard deviation increases as the number of 

cells increases. Despite perturbations, the effect of growing Q is still remarkable, i.e., a large 

scaling factor is visible even when considering the worst scenarios, i.e., when the average value 

is decreased by the standard deviation. For the lossy DBE-CROW designs, σQ is very small, 

almost unnoticeable when compared to average values of Q (as seen from the zoomed inset in 

Fig. 3.6). In other words, the main detrimental effect for Q is represented by the considered 

losses and not by the additional perturbation effect. 
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Fig. 3.7. Statistics of the effect of random perturbations on the Q 
factor of Design 1 and Design 3 for both lossless and lossy cases 
when the structure is perturbed within 5% deviation in both κ and 
κ′  form their DBE design values in Table I. Dotted lines represent 
the statistical average of Q factor while error bars denote the 
standard deviation σQ. 

We investigate how the Q is affected by perturbations in the rings’ effective refractive indices. 

In general, the effective refractive index nr of each individual ring is dictated by the shape, width 

and height of the ring’s constitutive waveguide and may slightly vary from ring to ring due to 

possible surface roughness and errors in dimensions. This may lead to variations in the optical 

length and cause phase disorders in the DBE-CROW as studied in  [43,44]. To analyze the 

impact of such pertubations in DBE-CROWs, we assume that the variation in nr from ring to ring 

of the N-rings DBE-CROW is within ± 0.01% from its nominal DBE Design 2 value in Table I, 

i.e., the maximum change in the effective refractive index from ring to ring is . −± × 42 4 10   [46]. 

Such amount of perturbation complies with existing fabrication tolerances  [47,48]. We perform 

random simulations analogously to what was done in the previous subsection and calculate the 
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average Q factor and standard deviation σQ statistics as a function of N for this kind of disorder 

in Design 2, reported in Fig. 3.7. 

For the lossless case, the same conclusion can be drawn as that obtained from the coupling 

perturbations analysis. Indeed, σQ increases with the number of rings and the scaling of averaged 

Q is still observable as a green dahsed line in Fig. 3.7. On the other hand, for the lossy case the 

average of the perturbed Q (as a blue dashed line) is slightly smaller than the Q simulated using 

the precise DBE design values (red solid line). In addition, in the lossy case the averaged 

growing Q trend tends to saturate for DBE-CROWs longer than 10 rings; which shows that using 

up to 10 rings in Design 2 can be advantagous to observe the anomalous scaling. Nonetheless, 

the refractive index disorder may have smaller impact on designs having smaller ring radii, and 

thus the giant scaling would be still discernible for larger number of rings. 

Note that we studied the perturbation of the coupling parameters on Design 1 and 3 as they 

have the larger dimensions (R=50μm), hence being robust against coupling parameters 

perturbation guarantees that Design 2 is also robust. On the other hand, we study the perturbation 

of the effective refractive indices on Design 2 (R=10μm) first, as it is expected to be the most 

robust design of the three designs against this kind of perturbations. The results show that the 

scaling of Q factor for lossy Design 2 is affected by this perturbation and definitely this 

perturbation will have a larger impact for designs with larger ring dimensions which can be 

beneficial towards making highly sensitive sensors.  

In summary, the trend of the Q factor versus N is not strongly dependent on possible 

fabrication tolerances for designs with ring dimensions that are not too large; thus, DBE is robust 

against standard fabrication tolerances, hence the DBE features and the anomalous scaling law of 

Q factor can be readily detected in experimental studies.  
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Sec 3.5. Conclusion 

We have demonstrated that the degenerate band edge (DBE), a fourth order EPD, occurs in a 

properly engineered CROW coupled to an adjacent waveguide. We have shown an anomalous 

scaling of the Q factor with the fifth power of length. Anomalous scaling is presented even in the 

presence of losses, though for a smaller number of rings, and saturates after a given number of 

rings, depending on the particular design adopted.  

We have illustrated a novel and very effective approach to enhance the Q factor at optical 

frequencies by properly engineering the coupling coefficients and dimensions of the proposed 

DBE-CROW. We have shown that the “flatness parameter” η, can be engineered by properly 

choosing the coupling coefficients. 

 Importantly, the desired large Q factor values associated to the DBE resonance are shown to 

be robust against possible fabrication tolerances and could be readily detected in experiments. It 

is important to notice that certain DBE-CROW designs show much larger Q factor than others, 

and we have explained how this depends on the “flatness parameter” η, that is thus important to 

obtain the benefits of the CROW with DBE. Furthermore, the anomalous scaling of the Q factor 

demonstrated here can also be obtained in analogous structures where instead of rings one may 

utilize photonic crystals cavities, toroid or disk resonators depending on the application. The 

dependence of DBE resonance on structural/environment parameters could be further 

investigated to conceive novel extremely sensitive sensors  [49,50]. 



91 
 

Appendix: Necessary conditions for CROW to exhibit DBE and the derivation of the 

flatness parameter  

The transfer matrix of the CROW side-coupled to a straight waveguide shown in Fig. 3.1 

is readily obtained using the evolution of the state vector (3.1) across a unit cell. Omitting 

the derivation of the ×6 6  transfer matrix used in (3.2),  
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is expressed in terms of the ×3 3 blocks 
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where the symbol * denotes complex conjugate of the matrix, /ri
r e θΩ = 2  , and wi

w e θΩ = . 

The dispersion relation is calculated from (3.2) and simply casted as a sixth order 

polynomial 

 ( , ) l
l

l
D k aω ζ

=
= =∑

6

0
0  (A3) 

with exp( )ikdζ = , and 
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Necessary conditions for DBE to manifest: At the DBE frequency there must be a 

degenerate eigenvalue dζ , i.e., roots of the dispersion equation (3.2), with multiplicity of 

four, where dk
d

i deζ = = −1  since /dk dπ= is the wavenumber at the band edge. In 

addition to the degenerate eigenvalue dζ , there are two other independent eigenvalues 

which must come in complex conjugate pair due to reciprocity. We denote these two 

eigenvalues as dike β
βζ ±= with kβ  and kβ−  being the Floquet-Bloch wavenumbers of the 

two associated eigenmodes, that are independent of the four degenerate eigenmodes at the 

DBE. Hence, the characteristic equation at and only at the DBE angular frequency dω  is 

casted as 

 ( )( )( )( , ) ik d ik d
dD k e eβ βω ζ ζ ζ−= − − + =41 0  (A5) 

By equating the coefficients of different powers of ζ  in the characteristic polynomial at 

the DBE frequency with those in the general dispersion relation (A4), we obtain three 

equations governing the various CROW parameters that must be satisfied (necessary but 

not sufficient) in order for a DBE to manifest: 
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There are many points in the parameter space of the DBE-CROW that satisfy the 

necessary set of equations (A6). In fact, by fixing the DBE wavelength at 1550 nm there are 

six parameter unknowns in (A6). To realize a DBE in the CROW, one may assume values of 

three parameters while the other three are obtained numerically via solving (A6). After 

obtaining a set of DBE-CROW design parameters that guarantee multiple identical 

eigenvalues, one must verify the coalescence of four eigenvectors of the transfer matrix T , 

that is the sufficient condition to realize a DBE. 

Next, we aim to obtain an expression for the dispersion flatness parameter η which 

provides the quartic power approximation of the dispersion relation in (3.3). We use the 

spectral perturbation analysis for degenerate operators that utilizes the Puiseux (fractional 

power) series  [51–53] to obtain the change in the wavenumber as a function of 

perturbations. For the sake of brevity we apply equations (1.6) and (1.8) in  [53] and obtain 

the first order approximation of the eigenvalues in (3.2) subject to a small frequency 

perturbation defined as dε ω ω= −  . After simplification, one obtains the following 

approximation of the eigenvalues ζ  near the DBE (based on equations (1.6) and (1.8) in 

 [53]) as a function of the detuning parameter dε ω ω= −  

 ( ) ( , ) ( )
( , )
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where /ε ε∂ ≡ ∂ ∂  and /ζ ζ∂ ≡ ∂ ∂ . Then we further take the first order approximation of 

( )ζ + 1  as ( ) ( ) ( )ikd
de i k k dζ + = + ≈ − −1 1  and derive the approximate expression of the 

dispersion flatness parameter defined in (3.3) as 
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d
d

a a
a aaω ω ω

πη
ω

=

− + 


−


∂ 
≈

− +

2

1

4
1

32

5 15
2 2

 (A8) 

where /ω ω∂ ≡ ∂ ∂  and the term inside the square bracket in (A8) is evaluated at the 

DBE angular frequency dω  for the respective designs reported in this chapter. If we neglect 

the refractive index dispersion and the frequency dependence of the coupling coefficients, 

the flatness parameter is then approximately determined as shown in (3.4). 
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CHAPTER 4 
 
Exceptional Point of Sixth Order 
Degeneracy in a Modified Coupled 
Resonators Optical Waveguide 

Sec. 4.1 Motivation 

An exceptional point of degeneracy (EPD) is a point at which two or more system 

eigenmodes coalesce in both eigenvalues and eigenvectors  [1–5]. Since the characterizing 

feature of an exceptional point is the strong degeneracy of at least two eigenmodes, as 

implied in  [6], we stress the importance of referring to it as “degeneracy” and including the 

“D” in EPD. Despite most of the published work on EPDs is related to PT symmetry  [3,4], 

the occurrence of an EPD actually does not require a system to satisfy PT symmetry. 

Indeed, EPDs have been recently found also in single resonators by just adopting time 

variation of one of its components  [7]. In this chapter, we focus on an EPD of sixth order in 

a lossless and gainless photonic structure, where the order of the EPD is determined by the 

number of coalescing eigenmodes at the exceptional point. EPDs in lossless structures  [8–

13] are associated with slow-wave phenomena, including band edges, whereby the group 

velocity of the propagating wave is almost vanishing  [14–16]. In the optical realm, slow-

wave phenomenon has invaded many intriguing aspects of optical resonators in which 
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nonlinearities  [17], and gain/absorption  [18], among other features, can be significantly 

enhanced. Generally, the existence of an EPD in electromagnetic systems leads to unique 

properties that cannot be obtained in conventional structures such as the giant field 

enhancement, strong enhancement in the local density of states  [12], unconventional 

scaling of the quality factor (Q factor) with structure length  [11–13,19], and extreme 

sensitivity to perturbations  [7,20]. Such properties can be utilized in various applications 

like modulators, switches, high quality factor resonators and sensors. 

Optical sensors based on the confinement of light in optical microresonators (or 

microcavities) have received a surge of interest nowadays  [21,22]. Sensors based on slow 

light in optical microcavities  [23,24] require the usage of high Q factor resonators  [25,26], 

which can be done by designing the optical resonators to operate near an EPD  [13]. High Q 

resonators are also beneficial for other different applications including filters  [27], optical 

switching  [28], optical delay line devices  [29], and lasers  [30]. On the other hand, 

cascading a chain of coupled micro resonators, as shown in  [31], has stimulated a great 

interest in studying coupled resonator optical waveguides (CROWs) as special devices for 

slow light transport  [29,5]. 

We stress that the EPD presented in this chapter is obtained in periodic structures 

without the existence of loss or gain in the system. The simplest EPD is the one that exists 

at the band edge of any periodic structure due to the coalescing of two eigenmodes. Such 

2nd order EPD is referred to as the regular band edge (RBE)  [8]. The 3rd order EPD was 

found in non-reciprocal structures  [2,32] and it is often referred to as the stationary 

inflection  
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Fig. 4. 1. a) The 6DBE-CROW consists of a chain of coupled ring 
resonators of radius R that is side coupled to a rectangular straight 
waveguide. The 6DBE-CROW is periodic in the z-direction with a 
period d R= 4 . (b) A unit cell of the periodic 6DBE-CROW with the 
electric field wave amplitudes defined at the periodic-cell 
boundaries. The field coupling coefficients between the coupled 
rings are alternating between κ′1  and κ′2  whereas the field coupling 
coefficients between the straight optical waveguide and the rings are 
alternating between κ1  and κ2 . 

point (SIP). Recently the SIP has been shown in lossless, reciprocal structures such as a 3-

way waveguide  [33] and the modified CROW  [5]. The 4th order EPD is a band edge of a 

periodic structure, so we refer to it as the degenerate band edge (DBE). Such an EPD was 

explored in various structures  [8,11,12,34] and it was even found in CROWs  [5,13]. Higher 

orders EPDs were studied theoretically in  [10] assuming coupled mode theory without 

referring to any particular structure, and to the best of our knowledge, EPDs of high orders 

(greater than 4) had not been found in any realistic optical structure yet.  
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In this chapter, we present a realistic optical structure made of a CROW side coupled to a 

waveguide that is capable of exhibiting a 6th order EPD in its dispersion diagram. 

Throughout the chapter we refer to this 6th order EPD as 6DBE since it is obtained at the 

band edge of the CROW without the need of loss or gain. We rely on the general 

formulation provided in  [5], and the several contributions presented here are summarized 

as follows. We provide a design with the dimension of the coupled ring resonators, the 

effective refractive indices, and practical values of coupling coefficients for the CROW to 

exhibit a 6DBE in its dispersion diagram. We also show some of the unique properties of 

CROWs operating near the 6DBE such as the scaling of the quality factor with cavity length. 

Indeed, we report a new quality factor scaling law as Q N∝ 7 with N being the number of 

unit cells in the periodic finite-length cavity. Finally, we explore two possible interesting 

applications of our modified CROW structure operating in close proximity to the 6DBE: 

sensors and low threshold lasing. In the latter application we show a newly observed 

scaling law of the lasing threshold that decreases as N −7  when operating near the 6DBE. 

Moreover, we compare the threshold scaling of a finite-length CROW cavity operating near 

the 6DBE to the scaling of another CROW-cavity, of the same dimensions, operating near 

the 4DBE. In doing so, we also describe for the first time the lasing threshold of a cavity 

operating near a 4DBE based on this CROW geometry. 

Sec. 4.2 CROW with 6th Order EPD 

We introduce the modified coupled resonator optical waveguide (CROW) structure 

shown in Fig. 4.1(a) which is capable of exhibiting various orders of EPDs. This structure 

represents a three-way waveguide, i.e., there are three propagating or evanescent modes in 
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each positive and negative z-direction. The theory of EPDs in CROWs was discussed in  [5], 

where we have discussed degeneracies of orders 2,3, and 4. In this chapter, we show the 

first realization of a waveguide that exhibits a 6th order EPD in its dispersion diagram, 

which is the maximum degeneracy order with a three-way waveguide. The structure is 

made of a chain of coupled ring resonator optical waveguides where the field coupling 

coefficients are alternating from one ring to another as κ′1  and κ′2 , and the outer radius of 

each ring is R. The CROW is side-coupled to a uniform optical waveguide with alternating 

field coupling coefficients κ1  and κ2 as shown in Fig. 4.1. We call this modified CROW, 

designed to exhibit the 6th order EPD, as 6DBE-CROW.  

Following  [5], we assume a single mode propagation in each waveguide segment, and 

the eigenwaves’ phase propagation in the positive/negative z-direction of the waveguides 

and the rings is represented by win k ze± 0  and rin k ze± 0 , respectively. Here, wn  , rn  are the 

effective refractive indices of the waveguide and the rings and /k cω=0  is the wavenumber 

in free space. Also, throughout the chapter we assume that the time convention is i te ω− . 

Each ring resonator external radius is R so that the 6DBE-CROW is periodic with a period d 

= 4R (the unit cell consists of 2 rings), where for simplicity we neglect the gap dimensions 

between adjacent rings as was done in  [5,13,14]. 

To explore the unique modal characteristics of this 6DBE-CROW, we represent the wave 

propagation along z using complex electric field wave amplitudes that are defined as shown 

in Fig. 4.1(b), at the immediate left of cell boundaries, i.e., just before where the ideal 

coupling κ1  occurs. Therefore, at any point z, there are three complex electric field wave 

amplitudes that propagate in the positive z-direction described by the 3-dimensional 
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vector ( ) ( ), ( ), ( )
T

z E z E z E z+ + + + =  1 2 3E and another three field wave amplitudes that 

propagate in the negative z-direction represented by the vector 

( ) ( ), ( ), ( )
T

z E z E z E z− − − − =  1 2 3E . We define a state vector composed of the six field 

amplitude components as 

    
( )

( )
( )

z
z

z

+ 
 =  −  

E

E
Ψ        (4.1) 

Using coupled mode theory  [5,14,35] and assuming single mode propagation in each 

segment (for each direction), the evolution from cell to cell of the state vector is governed 

by the equation ( ) ( )z d z+ = ΨTΨ , where d is the period, and T  is a 6×6 transfer matrix 

representing the evolution across a unit cell. The expression of the unit cell transfer matrix 

T  and a related discussion is in Appendix B. We utilize this transfer matrix formalism to 

investigate the evolution of the state vector along the 6DBE-CROW hence we derive the 

eigenwave characteristics. We obtain the kω −  dispersion relation of the 6DBE-CROW 

eigenmodes as 

 ( , ) det[ ] ; ( ) ), ( l
l

l
D k D k cζ ωω ω ζ

=
≡ − = =∑

6

0
0T 1   (4.2) 

where ζ = exp(ikd), k is the Bloch wavenumber along z, ω is the angular frequency, and 1  

is the 6×6 identity matrix. 
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Fig. 4.2. Floquet-Bloch wavenumber dispersion diagram of the 
6DBE-CROW whose unit cell is shown in Fig.1(b). (a) Only the 
propagating modes with purely real wavenumber values are shown, 
where the 6DBE occurs at the frequency corresponding to the 
wavelength 1550λ = nme  and δ ω ω= − e .  The red cross markers 
show the dispersion fitting formula given by equation (5) with the 
fitting flatness parameter 0.00025η =e . (b) and (c) Complex 
dispersion diagram showing both real (b) and imaginary (c) parts of 
the six Floquet-Bloch wavenumbers k versus normalized real 
frequency /δ ωe . This diagram shows six wavenumbers coalescing 
at ω ω= e . Branches with two overlapping modes are in red color. 
The parameters of the unit cell are chosen as the radius is 13= μmR , 
the cross coupling coefficients are 1 0.89κ = , 1 0.03κ′ = , 2 0.4κ = , 

2 0.72κ′ = , 2.45=rn , and 2.5=wn . 
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The polynomial coefficients )(lc ω  are function of frequency and the 6DBE-CROW 

parameters. It is clear from the dispersion relation (4.2) that at any frequency, there exist 

six Bloch eigenmodes guided by the 6DBE-CROW and we showed in  [5] that there are 

particular frequencies at which some eigenmodes coalesce in both their wavenumber and 

eigenvectors. The number of coalescing eigenwaves at the EPD represents the order of the 

EPD. In  [5] we have shown different designs where the proposed CROW can support 2nd , 

3rd and 4th order EPDs. However, in this chapter, we show that such CROW can exhibit also 

a 6th order EPD in its dispersion diagram, which is the highest order that can be obtained 

using such structure. When such a condition occurs, the six eigenvectors of T  coalesce as 

discussed in the next section. It is important to point out that this is the first time when the 

6th order EPD is shown in an optical realistic structure. 

Sec. 4.3  Mathematical Description of The Sixth Order EPD 

When an electromagnetic system exhibits a sixth order EPD in its dispersion diagram, 

exactly at the EPD frequency the unit-cell transfer matrix eT  contains six degenerate 

eigenvalues eζ , where the e subscript denotes the EPD. There are six degenerate 

eigenvectors, therefore the algebraic multiplicity of eζ  is 6 but its geometrical multiplicity 

is 1. Hence, the T-matrix eT  is similar to a Jordan matrix of order 6 which is represented as  
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Fig. 4.3. (a) Cavity made of a finite-length 6DBE-CROW of length 
L=Nd, where N is the number of unit cells. The straight waveguide is 
extended on both sides working as input and output waveguide 
without any discontinuity. The 6DBE-CROW is excited from the left 
extended waveguide by the field amplitude ( )E+

1 0  and the output 
electric field amplitude exiting the waveguide from the right is outE . 
(b) Magnitude of the transfer function, ( )FT ω , in dB of a 6DBE-
CROW cavity operating in close proximity of the 6DBE frequency 
calculated for three different number of unit cells (N) of the 6DBE-
CROW given as 6, 8 and 10. Resonances of such a cavity, denoted by 
transmission peaks, gets sharper when they get closer to the 6DBE 
frequency, i.e., when eδ ω ω= − → 0 . The longer the cavity, the closer 
the resonances to the 6DBE frequency. 
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Here V  is the similarity transformation matrix whose columns comprise one regular 

eigenvector and five generalized eigenvectors corresponding to the six degenerate 

eigenvalue solutions exp( )e eik dζ =  where ke is the wavenumber at the 6DBE and eΛ  is a 

6×6 Jordan block. 

Due to reciprocity, the six Bloch wavenumber solutions of (4.2) have to form pairs made 

of negative and positive values, i.e., k and −k are both solutions. Since there are only six 

solutions, the 6DBE has to be at ek  and ek−  simultaneously, i.e., e ek k= − , which leads to 

only two possibilities for the ek value: either ek = 0  or /ek dπ= , i.e., either at the edge or 

center of the first Brillouin zone (BZ), respectively (defined here by the interval 

[ ]/ dπ0 2 ). In other words, this sixth order EPD cannot occur at any other point of the 

BZ in this reciprocal system. This follows that the dispersion relation (4.2), when fixing the 

frequency exactly at the 6DBE one, must be in the form 

  ( )eζ ± =61 0        (4.4) 

where the + sign corresponds to the case when ek = 0  and the − sign corresponds to the 

case when /ek dπ= ; which is the case discussed next. 

There are many possible sets of parameters in to realize the 6DBE that can be obtained 

by proper tuning of the coupling coefficients, effective refractive indices and radius of the 

rings. To facilitate the tuning of the design parameters, we equate the coefficients of the 

polynomial (4.2) at the desired 6DBE frequency to those of (4.4). 

Hence, we can find a set of necessary equations governing the choice of the different 

6DBE-CROW parameters that can be solved numerically to determine the different 
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parameters. Note that equating the coefficients of the polynomials (4.2) and (4.4) at a 

specific desired optical frequency provides a necessary condition to find the 6DBE at that 

desired frequency, but the sufficient condition for the 6DBE to exist is to check that the 

system six eigenvectors are coalescing at such desired 6DBE frequency. 

In all the subsequent analysis and results, the 6DBE wavelength is designed to be at the 

optical wavelength /e ecλ π ω= =2 1550nm  where eω  is the 6DBE angular frequency. We 

have solved the necessary equations and found the 6DBE-CROW parameters that may lead 

to the  

 
Fig. 4.4. Loaded quality factor (Q) of the lossless 6DBE-CROW 
calculated at different cavity lengths, i.e., for growing number of unit 
cells N. The values of Q, denoted by black cross symbols, are 
calculated using the group delay method while the blue solid line 
represents the fitting curve with equation Q Nα β= + 7 . 
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existence of the 6DBE and we have confirmed the existence of the 6DBE by the coalescence 

of the six eigenvectors. The parameters of the unit cell are as follows: radius is R = 13μm , 

the cross coupling coefficients are .κ =1 0 89 , .κ′ =1 0 03 , .κ =2 0 4 , .κ′ =2 0 72 , and the 

effective refractive indices are .rn = 2 45 , and .wn = 2 5 . The used coupling parameters and 

refractive indices values are practical, and they can be realized using silicon on insulator 

(SOI) technology or using silicon nitride waveguides. For instance, designing the waveguide 

to have a rectangular cross section of width w ≈ 520-600 nm  and height h ≈ 220 nm  allows 

the propagation of a single transverse electric mode with an effective refractive index 

. .effn ≈ 2 4-2 5   [36]. Regarding the coupling parameters, usually the realization of small 

coupling coefficients is easy, and the challenge lies in realizing large coupling coefficients as 

they require small air gaps between the coupled waveguides. The maximum field coupling 

coefficient in the proposed 6DBE-CROW design is 0.89, which corresponds to a power 

coupling coefficient 0.79. As an example, this value of power coupling coefficient was used 

in a design of a bandpass filter presented in  [37] and was realized based on SOI technology 

in  [38] using racetrack ring resonators. Also, a slightly smaller power coupling coefficient 

of 0.7 was realized in  [39] using a racetrack ring resonator with an air gap of 200 nm; with 

new advancements in fabrication technologies, smaller air gap sizes are feasible. Indeed, in 

principle one can realize any desired coupling parameter in a racetrack ring resonator 

using equation (20) in  [40]. 

The dispersion diagram of this unit cell is shown in Fig. 4.2, where in Fig. 4.2(a) we show 

only the propagating modes, i.e., modes with zero imaginary part of the Bloch wavenumber 

k, while in Figs. 4.2(b) and (c) we show the complete complex dispersion diagram in order 
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to see clearly the coalescence of the six modes at the EPD. Branches with two overlapping 

modes are shown in red. In the dispersion diagram in Fig. 4.2, the 6DBE point is 

characterized by eω  and /ek dπ= , and in its vicinity the dispersion is well approximated 

by  

 ( ( / )/ ) ee ek kω ω η≈ −− 61 1      (4.5) 

where /ek dπ= is the 6DBE wavenumber at the band edge. In analogy to the theory 

presented in  [13], the dimensionless “flatness parameter” ηe is related to the value of the 

sixth derivative of ω  with respect to k at the 6DBE angular frequency eω , i.e., 

 ( )// e e ed kdk η ωω = −6 6 6720      (4.6) 

and it dictates the flatness of the dispersion relation at eω . Such fitting formula is shown 

with red cross markers in Fig. 4.2(a) with the flatness parameter .eη = 0 00025 . The flatness 

parameter plays an important role in the scaling of the quality factor of the whole structure 

as explained in  [13]. The dispersion diagram in Fig. 4.2 shows only the coalescence of the 

six eigenvalues but not the coalescence of the eigenvectors. To quantify the coalescence of 

the eigenvectors and define how close the system is to an EPD, we use the eigenvector 

coalescence parameter concept  [20] shown in Appendix C. 
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Fig. 4.5. Lasing threshold of a finite-length 6DBE-CROW calculated 
for different lengths of the structure. Blue markers represent the 
calculated threshold for a cavity operating near the DBE (4th order 
EPD) whereas black markers are the calculated threshold for a 
cavity operating near the 6DBE. Dashed lines represent the fitting of 
these data: the blue one represents the scaling ,th aNγ − 5

DBE  of the 
DBE laser [32], whereas the black one represents the asymptotic 
scaling ,th DBE pNγ − 7

6  of a 6DBE laser. 

Sec. 4.4 Giant Resonance in CROW Cavity with Sixth Order EPD 

We start this section by showing the transfer function of a cavity made of a lossless 

finite-length 6DBE-CROW comprises of N unit-cells, shown in Fig. 4.3(a), as a function of 

the angular frequency ω  for different numbers of unit cells. We recall that a unit cell is 

made of two rings, since the coupling coefficients are alternating from one ring to its 

adjacent one, as shown in Fig. 4.1. A unit cell starts at the center of the ring just before the 

coupling point with the straight waveguide, as shown with a dashed line in Fig. 4.3(a). At 

each end, at z = 0 and z = L, there are three ports to be terminated: the first and last rings 

are terminated with half rings; whereas the straight waveguide is extended, without 
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changing the waveguide dimensions, for both z < 0 and z > L to define the input and the 

output of the CROW. The transfer function is defined as 

  ( )
( )

F
ET

E
ω += out

1 0
      (4.7) 

where Eout  is the electric field wave amplitude escaping the straight output waveguide 

from the right at z = L, while ( )E+
1 0  is the field amplitude of the incident-wave to the 

waveguide from left. To calculate ( )FT ω , we first obtain the state vector at the right 

boundary of the last unit cell, just before the coupling point between the waveguide and 

ring resonators, as )( Nz L= = 0Ψ T Ψ . Here T  is the T-matrix of one unit-cell and 0Ψ  is the 

state vector defined just before the coupling point of the left boundary of the first unit cell. 

Then we apply the boundary conditions at both ends of the finite length CROW as in Eq. 

(30) and Eq. (31) in  [5] to get )(z L=Ψ , hence we calculate 

( ) ( )LE E i E Lκ κ+ += − +u
2

11 1 3o t 1 . Note that Eout  is defined on the right side of the coupling 

point, at z L=  as shown in Fig. 4.3. The magnitude of the transfer function ( )FT ω  is shown 

in Fig. 4.3(b), and it is clear that the cavity has multiple resonances, where resonances are 

denoted by transfer function peaks. We identify the resonance frequency closest to the 

6DBE frequency (the closest transmission peak) as the 6DBE resonance, denoted by ,r eω . 

Such a resonance exhibits the narrowest spectral width (highest Q factor), as seen for the 

case of N =10 unit cells in Fig. 4.3(b). Also, one can see that the 6DBE resonance gets 

sharper (higher Q factor) and it gets closer to eω  by increasing the number of unit cells N of 

a cavity. The 6DBE resonance frequency follows the asymptotic formula 
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  , //r e e e Nω ω η− 61                (4.8) 

in analogy to what was discussed in  [8,13] for a fourth order degeneracy. 

Now, we analyze the scaling of the Q factor with the length of a 6DBE-CROW cavity 

where the straight waveguide continues without terminations or discontinuities on both 

left and right ends of the waveguide, as shown in Fig. 4.3(a). The loaded Q factor of the 

cavity versus the number of unit cells N is shown in Fig. 4.4, where the Q factor is calculated 

by , /r e gQ ω τ= 2  in which gτ  is the group delay defined as the derivative of the transfer 

function phase, ∠ FT , with respect to the angular frequency ω, i.e., /gτ ω= ∂∠ ∂FT  

 [5,12,13]. The scaling of the Q factor versus N is fitted by Nα β+ 7  where the fitting 

parameters α and β for the case shown in Fig. 4.4 are given as .α ≈ 27 3  and .β ≈ 8 5 . Hence, 

we show here that the 6DBE-CROW cavity made of a waveguide structure of finite length 

has a Q factor that asymptotically grows with length as 

  Q Nβ 7 .      (4.9)  

The theoretical justification of the N7  scaling can be understood from the expression of 

the Q factor where, as stated earlier, Q is directly proportional to the group delay /g gL vτ =  

, with L Nd=  being the length of the finite length cavity and gv  being the group velocity. 

The group velocity is proven to be inversely proportional to mN , where m  is the order of 

the EPD  [12,41]. Hence, the group delay and in turn the Q factor is proportional to mN +1 , 

where m = 6  for the 6DBE. 
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Sec. 4.5 Applications of 6DBE-CROWs Operating Near a 6DBE 

We show two possible applications associated with the finite-length 6DBE-CROW 

operating near the 6DBE: an ultra-low-threshold laser and an ultra-sensitive sensor.  

4.5.1 Low threshold optical oscillator 

In this subsection we explore an interesting application of the 6DBE-CROW which is a 

low threshold lasing oscillator. To investigate the lasing threshold in a finite 6DBE-CROW, 

we introduce distributed gain only in the ring resonators of a finite lossless 6DBE-CROW. 

The distributed gain may be introduced by doping the rings or their surrounding with 

optically pumped active atoms, e.g., +3Er , or by using layers of quantum wells  [42]. Here 

we model the distributed gain as a negative imaginary part of the effective refractive index 

of the ring resonators, i.e., real imagrn n in= + , where in the introduced design .realn = 2 45  

and imagn  is dictated by the concentration of the active material and the pumping power. 

Hence, we define the per unit length propagation power gain as [ ]imagk nγ −= − 0
12 m , where 

k0 is the free space wavenumber  [12] (also see Ch.5, P. 229 in  [43]). Note that if we 

introduce large gain into the 6DBE-CROW, this would deteriorate the degeneracy and the 

unique properties associated with the slow-wave phenomena, as discussed in  [42,44]. So, 

we start with small values of distributed gain and increase it gradually, monitoring when 

the structure starts oscillating. This is done by tracking the complex-frequency poles loci of 

the transfer function ( )FT ω   [45] when varying the distributed propagation gain values, 

and the method is summarized in Appendix A. Hence, we calculate the lasing gain threshold 

thγ  defined as the minimum amount of distributed propagation gain (assumed uniform 
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along the structure) that is sufficient to maintain lasing in the 6DBE-CROW cavity through 

stimulated emission. In Fig. 4.5 we show the scaling of the lasing threshold versus number 

of unit cells N constituting the finite-length 6DBE-CROW, which is shown with black 

markers. The extraordinary property of the 6DBE-CROW is that the lasing threshold 

decreases with increasing number of unit cells N, i.e., increasing the structure length, 

following the unique trend 

  th pNγ − 7       (4.10) 

where p is a fitting constant, as shown with the dashed black fitting curve in Fig. 4.5. This 

result is quite expected as the scaling of the oscillation threshold is inversely proportional 

to the scaling of the quality factor  [12], that in turn is proportional to N7  as discussed in 

Sec. 4.4. 

In order to demonstrate the advantage of the 6th order EPD over the lower EPD orders, 

we compare the lasing threshold of the CROW operating near a 6DBE with another CROW 

of the same length, but different coupling parameters, that is operating near a DBE (4th 

order EPD) at the same frequency  [12,34]. The threshold in the DBE case is denoted by 

blue markers in Fig. 4.5, where the fitting curve of the lasing threshold scaling 

,th DBE aNγ − 5 with N is shown with blue dashed line. It is clear that the 6DBE provides 

lower lasing threshold than the DBE and a stronger scaling with the CROW length, 

representing a new scaling law for lasing threshold. 
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4.5.2 Ultra-sensitive optical sensor 

Another interesting property of EPDs is that they are very sensitive to perturbations 

that make them very promising for sensor applications  [22,46]. This also poses strict 

constraints on fabrication tolerances as already discussed in  [13] referring to the 4th order 

DBE. In order to demonstrate this sensitivity property, we consider the eigenvalues and 

dispersion relation of the infinite periodic circuit around the 6DBE condition. The tiny 

physical perturbation of the waveguide (in frequency, refractive index, couplings, losses, 

dimensions, etc) is modeled by a tiny perturbation   of the transfer matrix T  as 

e ′= +T T T , where eT  is the transfer matrix generating the 6DBE and ′T  accounts for the 

perturbed terms. In close proximity of the 6DBE, the perturbed eigenvalues of the system 

characterized by the perturbed transfer matrix T  are obtained using the Puiseux series 

expansion  [47,48] around the ideal degenerate eigenvalue eζ , which is approximated to 

the first order as 

 / /( ) iq
q e e πζ ζ α≈ + 1 6

1
3        (4.11) 

for , , ,...,q = 1 2 3 6 , where eζ = ±1  is the 6DBE degenerate eigenvalue,   is the 

perturbation factor of any parameter from the designed 6DBE value, and the Puiseux series 

coefficient α1  is calculated using the formula provided in  [48]. It is worth mentioning that 

α1  depends on both the perturbed system parameter and the flatness of the 6DBE 

dispersion curve. Since exp( )q qik dζ =  and exp( )e eik dζ = , the Puiseux series for the 

eigenvalues qζ leads to the following first order approximation fractional-power expansion 

of the six Bloch wavenumbers in the vicinity of the 6DBe wavenumber ek = 0  or /ek dπ= : 
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 / /( ) e iq
q e

ik dk d ek i e πα − −≈ − 1 61 3
1      (4.12) 

This equation shows that there are 6 different perturbed Bloch wavenumber, and the 

perturbations ( )q ek k−  are proportional to /1 6  which means the wavenumber shows 

much higher sensitivity for small values of the perturbation   than the linear 

proportionality in a regular straight waveguide. Further investigation of the 6DBE 

sensitivity is beyond the scope of this chapter and it can be a subject for future studies 

including system tolerances and other perturbing effects. We just add that in the case 

where   represents a perturbation to the operating 6DBE angular frequency, i.e., 

( ) /e eω ω ω= − , the relation between α1  and the flatness parameter eη  in (4.5) is 

/( )eek dα η −= 1 6
1 . In the case of ek = 0 , eη  in (4.5) would also vanish; hence α1  would 

assume a finite value. Effect of noise in such a 6DBE system imposes limitations on 

detection as it has been discussed in  [49,50] in the contest of PT-symmetric systems. The 

study of theoretical bounds of sensitivity for this class of gainless and (almost) lossless EPD 

waveguide systems is an important direction for future work. 

Finally, we would like to point out that in this chapter we only considered lossless 

structures. Some effect of losses and structural perturbations of the CROW were discussed 

before in  [5,13]; however such analysis was presented for the DBE case and more studies 

in this direction shall be performed. In  [5,13] we show that even in the presence of losses 

and fabrication tolerances, we are still able to obtain in an approximate way the unique 

properties associated with EPDs, e.g., the scaling of Q factor and of the lasing threshold, if 

losses are not too large. Losses are expected to have a larger impact in the case of the 6DBE 

than the DBE case. Furthermore, it is expected that the impact of losses is also affected by 
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the flatness constant eη  in (4.5). This higher sensitivity to losses and other perturbations 

may be disadvantageous for some applications, but at the same time it definitely represents 

an outstanding advantage in several applications like optical sensors, modulators and 

optical switches. In the presence of losses, one may still be able to quantify how close the 

system is to the 6DBE using the eigenvector coalescence parameter concept explained in 

Appendix C. 

Sec. 4.6 Conclusion 

We used a waveguide coupled to a periodic CROW to show for the first time a possible 

realization of a 6th order exceptional point of degeneracy at optical frequencies. The EPD 

studied here belongs to a class of EPDs found in lossless and gainless waveguides. We have 

investigated the quality factor of a cavity made of a finite-length CROW resonating near the 

6DBE frequency and we have shown that the scaling of the loaded Q factor of the 6DBE-

CROW cavity is proportional to N7  for lossless CROWs. In addition, we present a 

significant application of the 6DBE-CROW as a low threshold laser. We have found that the 

lasing threshold scales with the CROW-cavity length as thg N −∝ 7  when the CROW 

operates near the 6DBE, hence it decreases much faster than the threshold of a laser based 

on a CROW cavity operating near the 4th order DBE, when varying the cavity length. 

Moreover, we have discussed how the CROW Bloch wavenumbers are perturbed near a 

6DBE due to a small structural perturbation δ , and it was shown that the wavenumbers 

variation is proportional to /δ 1 6  indicating how a 6DBE-CROW is very sensitive to small 

perturbations. We expect that the 6DBE in a CROW is affected by perturbations in the 

system analogously to what was shown in Ref.  [13], though further studies would be 
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needed. It is important to point out that even though the EPD is a mathematical critical 

point, the system retains most of the physical properties of coalescing eigenvectors also 

when is not operating exactly at the EPD. Indeed, how a system operates close to an EPD 

can be measured using the eigenvector coalescence parameter introduced in Ref.  [20].  

Appendix A: Lasing Threshold Calculations of the 6DBE-CROW 

The lasing threshold of the finite-length 6DBE-CROW forming the cavity is defined as the 

minimum gain [ ]imagk nγ −= − 0
12 m  necessary to start and keep oscillations in the CROW 

cavity. It can be calculated through tracking the poles loci of the 6DBE-CROW transfer 

function ( )FT ω  in the complex ω-plane defined in (7) and record the gain value at which 

the system is critically stable, i.e., when a pair of the system poles are exactly located on the 

real ω-axis. Note that here we mathematically extend the notion of transfer function onto 

the unstable region to be able to track the poles. An approximate but effective way to track 

poles crossing the real ω-axis is based on tracking the magnitude of the transfer function 

( )FT ω  when varying the distributed gain γ . The magnitude of ( )FT ω  at an arbitrary 

complex frequency ω  is inversely proportional to the distance between ω  and the location 

of the poles pi in the complex ω-plane as  [45] 

 
( )

( )F
ii

ii

T
rp

ω
ω

∝ ∝
− ∏∏

1 1      (A1) 
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Fig. 4.6. (a) Example of three poles in the complex ω-plane, of the 
transfer function FT . The magnitude of FT  at an arbitrary frequency 
ω is inversely proportional to the product of “distances” between ω 
and the poles. (b) Plot of the magnitude of the transfer function, 

( )FT ω , defined in Eq. (7), of a 10 unit cell finite-length periodic 
6DBE-CROW calculated at the 6DBE resonance ,r eω ω=  versus 
distributed gain introduced in the rings of the 6DBE-CROW cavity. 
The oscillation (lasing) threshold is approximately the gain value at 
which ,( )F r eT ω  is maximum and shown with the red dashed line. 

where ir  is the distances from ω  to the pole pi, as shown in Fig. 4.6(a). This property arises 

by using a polynomial expansion of the transfer function denominator in the neighborhood 
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of ,r eω ω= . Note that since the electric field is a real-valued quantity, poles occur in pairs 

with the same imaginary part while the real parts have opposite signs, i.e., if ip  is a pole of 

the system, then ip∗−  is also a pole, where the star means complex conjugation. In Fig. 

4.6(a) we show only the right half of the complex ω-plane for simplicity. 

In the absence of gain, the system is stable and since we are adopting the time 

convention as i te ω− , poles associated to a stable system must have negative imaginary part, 

i.e., the poles are in the lower half of the ω-plane. Adding gain to the system results in a 

migration of the poles towards the upper half of ω-plane with positive imaginary part.  

We choose to calculate ( )FT ω  at the 6DBE resonance frequency, i.e., at ,r eω ω=  that is a 

purely real frequency by definition (corresponding to the peak of ( )FT ω  in Fig. 4.3), and 

represented by a point on the real ω-axis. If the system is passive (with some internal 

losses and with termination losses) poles are such that Im( )ip < 0 , and when we add gain 

eventually a pair of poles will migrate to the upper half of the complex ω-plane such that 

Im( ) .ip > 0  When Im( )ip = 0  for a pair of poles that cross the real axis, when increasing the 

gain, the “distances” of these poles from the real ,r eω  experience a local minimum and the 

magnitude of the transfer function, ,( )F r eT ω , exhibits a local maximum. 

This is an approximate but simple method to figure out when a pole crosses the real ω  

axis. Under the condition Im( )ip = 0  the system is said critically stable, and the gain that 

renders Im( )ip = 0  is the threshold gain. 

In Fig. 4.6(b) we show the magnitude of the transfer function of a finite-length 6DBE-

CROW made of 10 unit cells defined as in Eq. (7) and calculated at the 6DBE-resonance 
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frequency, i.e., ,( )F r eT ω ω= , versus gain. The ,( )F r eT ω  is maximum at a specific gain value 

which, based on what we have just discussed, is the threshold gain, shown in Fig. 4.6(b) by 

the red dashed line. Note that the concept of transfer function is properly defined only for 

stable systems, since above threshold a system is unstable and it would start to oscillate. 

Here we plot ,( )F r eT ω  also for gain values above the threshold just to understand when 

the minimum distance occurrs. Also, note that the ,( )F r eT ω  will show another local maxima 

when we further increased gain, corresponding to other poles crossing the real ω-axis, however 

we only care about the first local maximum because the system would start oscillating when the 

first pole crosses the real ω-axis. 

Appendix B: Transfer Matrix of a 6DBE-CROW Unit Cell 

In order to write an expression for the transfer matrix of the 6DBE-CROW unit cell 

shown in Fig. 4.1(b) of length d R= 4 , we divide the unit cell into two segments 1 and 2 

(they are identical except for the coupling coefficients) each of length 2R as shown in Fig. 7. 

Note that the state vectors ( )zΨ , ( / )z d+ 2Ψ , and ( )z d+Ψ  are defined at the immediate 

left of each truncation, just before where the ideal couplings κ1  and κ2  occur. The T-matrix 

of each segment is obtained by first writing the scattering matrix (S-matrix) of each 

segment  
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Fig. 4.7. A unit cell of the periodic 6DBE-CROW of length d R= 4  with 
the electric field wave amplitudes defined at the periodic-cell 
boundaries. The unit cell is consisting of two identical segments, 
each of length 2R, except for the coupling coefficients; in segment 1 
the coupling coefficients are κ1  and κ′1 , while in segment 2 they are 
κ2  and κ′2 . The dashed lines marking the start and end of each 
segment coincides with the vertical symmetry line of the 
corresponding ring resonator and they are defined just before the 
coupling point between the ring resonator and the straight 
waveguide. 

assuming single mode propagation in each segment (for each direction) as done in 

Appendix A in  [5], and then by transforming the obtained S-matrix into the desired T-

matrix of the segment. The T-matrix of segment 1 (the left half of the unit cell) is then given 

by 

 ( , )z z R
 

+ =   
 

11 12
1

21 22
2

T T
T

T T
     (B1) 

with  
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where all the parameters are defined in Sec. 4.2 and the *symbol denotes the conjugate 

operation. One can easily obtain the T-matrix of segment 2 (right half of the unit cell shown 

in Fig. 4.7) through replacing the coupling coefficients ,κ κ′1 1  with ,κ κ′2 2 . Then we find the 

unit cell matrix T  by multiplying the T-matrices of the two segments: = 2 1T T T  . 

We want to stress that in the absence of loss and gain, the T-matrix T  describing mode 

propagation across the unit cell is not Hermitian. Furthermore, T  of the lossless CROW 

follows the fundamental J-unitary property  [8,20]; which means that 

†( , ) ( , )z z z z− −=1 1
2 1 2 1T J T J  with the matrix J defined as a matrix that satisfies †−= =1J J J  

where the dagger †  denotes complex conjugation and transpose operation  [51]. An 

example of the matrix J for the CROW in this chapter is given by 
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=  
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 −
  − 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

J      (B4) 

The sixth order EPD is induced in the CROW due to the evanescent coupling between the 

waveguides and the periodicity of the structure so that at the EPD frequency T  is similar to 

a Jordan block matrix of order six. 

 
Fig. 4.8. The eigenvector coalescing parameter HD  of the periodic 
6DBE-CROW vanishing at the 6DBE angular frequency, 
corresponding to the wavelength eλ = 1550nm . Here eδ ω ω= − . 
When eω ω= , one has HD ≈ 0  which indicates the coalescence of all 
the six eigenvectors at the 6DBE frequency. 

Appendix C: Eigenvector Coalescence Parameter Calculation Near a 6th Order EPD  

The eigenvector coalescence parameter concept described in [20] is used here to show 

how a system is approaching an EPD based on the coalescence of eigenvectors. As a system 
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is subject to various types of perturbations, e.g., losses, fabrication tolerances or frequency 

detuning, the system deviates away from the EPD condition. Hence, the eigenvector 

coalescence parameter denoted by HD  is a measure of how close the system eigenvectors 

are to each other and can be defined as  

 ( ) ( )
,

sin , cos
,

n m

m n
H mn mn

m n
D

m n
θ θ

>

= =
= =
∑
61

15 1 2

Ψ Ψ
Ψ Ψ

   (C1) 

where mnθ  is the angle between the two mth and nth eigenvectors in a six-dimensional 

complex vector space. Such angle is defined via the magnitude of the inner product 

†,m n nm=Ψ Ψ Ψ Ψ , where mΨ  and nΨ  are the norms of the complex valued 

eigenvectors mΨ  and Ψn , respectively. The eigenvector coalescence parameter HD  takes a 

value between 0 and 1, and for the ideal coalescence of six eigenvectors, i.e., exactly at the 

6DBE, one has HD = 0 . In the case where structural perturbations are present, HD ≠ 0  and 

one may define a threshold value of the coalescence parameter below which the system 

exhibits the unique characteristics associated with the existence of EPDs. 

In Fig. 4.8 we show the calculated coalescence parameter for the CROW dispersion 

diagram shown in Fig. 4.2. We clearly see that when approaching the designed EPD 

frequency, i.e., when ( ) // e e eδ ω ω ω ω− → 0 , one has HD → 0 , that confirms the 

coalescence of all the six eigenvectors at that frequency. What shown here could be used 

also to discuss how close the waveguide system is to an EPD when losses and fabrication 

tolerances are present. 
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CHAPTER 5 
 
Application of EPD in Electromagnetic 
Structures: Ultrasensitive Optical 
Gyroscopes 

 Chapter 2 New Amplification Regime for TWTs with 3rd Order MODAL DEGENERACY  

Sec. 5.1 Motivation 

Gyroscopes are devices used to measure the rotation or position change. They have been 

used in various applications such as car navigation, space industry, satellites, and robots. 

Optical gyroscopes in specific are showing superiority over the traditional mechanical 

gyroscopes due to the low cost, low maintenance, higher accuracy and other. In this chapter 

we aim at proposing an ultrasensitive gyroscope based on the concept of exceptional points 

of degeneracy (EPD) in coupled resonator optical waveguides (CROW). We propose to 

design a CROW gyroscope that operate at the degenerate band edge (DBE), which is a 

fourth order EPD, and we refer to it as DBE-CROW gyroscope. 

This chapter is organized as follows. In Sec. 5.2, we review the sensitivity of the EPDs to 

perturbations. Then in Sec. 5.3, we present an overview of the gyroscopes by reviewing the 

Sagnac effect induced in rotating frames, different types of gyroscopes and their 

applications, and principles to compare optical gyroscopes. In Sec. 5.4, we show a literature 
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about coupled resonator optical waveguide (CROW) gyroscopes and a discussion about the 

maximum sensitivity. Later in Sec. 5.5, we discuss state of the art gyroscope operating 

based on the concept of exceptional points. Then, In Sec. 5.6 we show the geometry of the 

proposed DBE-CROW gyroscope, and we present the mathematical model based on the 

transfer matrix (T-matrix) formalism. Finally in Sec. 5.7, we show the parameters of the 

DBE-CROW and we show a comparison of the sensitivity results calculated based on three 

different observable quantities. 

Sec. 5.2 Sensitivity in EPD-based EM Structures 

One of the unique properties associated with exceptional points of degeneracy (EPD) in 

electromagnetic (EM) structures is the exceptional sensitivity to small perturbations that 

make them very promising for sensor applications  [1,2]. This also poses strict constraints 

on fabrication tolerances as already discussed in  [3] referring to the 4th order . As 

explained in Ch. 4 Sec 4.5, the tiny physical perturbation of an EM structure operating at or 

near an EPD of order m (in dimensions, refractive index, couplings, operating frequency, 

etc.) can be modeled by a tiny perturbation 𝜖𝜖 of the transfer matrix 

𝐓𝐓 as 𝐓𝐓 = 𝐓𝐓𝒆𝒆 + 𝝐𝝐�̀�𝐓      (5.1) 

where eT  is the transfer matrix of the system at the EPD, and ′T  accounts for the 

perturbation. In the vicinity of the EPD, the perturbed eigenvalues of the system 

characterized by the perturbed transfer matrix T  are obtained using the Puiseux series 

expansion  [4,5] around the ideal degenerate eigenvalue eζ , which is approximated to the 

first order as 
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e e πζ ζ α≈ + /2 1/

1( )        (5.2) 

for q m=1,2,3,..., , where qζ  is the perturbed eigenvalues, eζ = ±1  is the EPD degenerate 

eigenvalue,   is the perturbation, and the Puiseux series coefficient α1  is calculated using 

the formula provided in  [5]. Clearly, we see that the perturbed eigenvalues deviate from 

the EPD eigenvalue with an mth root of the system perturbation. For small values of 

perturbation i.e., <1 , the mth root will cause a significant change in the eigenvalues rather 

than just linear dependence  [6–8]. For example, if we have a small relative perturbation 

=1%  in one of a system’s parameters, then for a linear sensor this will cause change in the 

observable quantity by 1% but for an EPD-based sensor we will see a change of 10% in the 

system eigenvalues. This explains the ultimate sensitivity of EPDs to perturbations which 

can be exploited to utilize exceptional sensing applications. On the other hand, this also 

puts a constraint on the fabrication tolerances and losses in the EPD-based systems. 

In this chapter, we focus on using that advantage of sensitivity to design an optical 

gyroscope that measures the rotation angle of specific system. And one can overcome the 

fabrication difficulties by designing calibration circuit to restore the system to operate at or 

near the EPD. Also, we focus in this chapter on EPDs of fourth order that usually referred to 

as the degenerate band edge (DBE), where the system experiences such an EPD when four 

modes coalesce in both their eigenvalues and eigenvectors  [9–13]. 
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Sec. 5.3 Introduction to Optical Gyroscopes 

Optical gyroscopes are devices used to measure the rotation or the change of position 

based on Sagnac effect  [14,15]. The Sagnac effect describes the change in the phase 

between two counter propagating wave in a rotating resonator, as we explain shortly.  

Optical gyroscopes have long ago passed the point of achieving the fine specifications 

required for practical applications. In many applications, they have replaced the classical 

spinning gyroscopes because of the several advantages of optical gyroscopes. Such 

advantages include lower power consumption, lighter weight, easy maintenance, higher 

accuracy, and most important is their significant low cost. In addition, optical gyroscopes 

have opened many aspects for various new applications such as automobile navigation, 

antenna stabilization, oil drilling, aircraft and space crafts industry, and robots. The 

required sensitivity for these applications varies from low sensitivities as 0.01 deg/hour to 

very high sensitivities that can go beyond 1000 deg/hour. 

5.3.1 Sagnac Effect 

When a light wave travels along a rotating circular, or in general closed, loop, the phase 

accumulated by that light wave depends linearly on the rotation rate. Accordingly, two 

counter-rotating waves propagating through the same closed loop will exhibit a phase 

difference proportional to rotation rate. George Sagnac was the first to interpret the 

experiments of light travelling in rotating frames in 1913. 

To better understand the Sagnac effect, we consider the ring resonator in Fig. 5.1 that is 

rotating at a rate Ω  deg/hour. We assume that a single frequency light (laser beam) is 

entering a ring resonator rotating clockwise with a rate Ω  and the beam is split into two 
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waves: one propagating clockwise (CW wave), and one propagating counterclockwise 

(CCW wave). At rese, i.e., Ω =0 , both waves travel the same optical length and return in 

phase to their origin, i.e., no phase difference is accumulated in that case. When the entire 

system starts rotating clockwise, a difference in the optical path length between the two 

beams will occur. Hence an observer would notice that the CW wave travels longer distance 

(as it travels in the same direction of the rotating frame) than the CCW wave in their way to 

return to the origin.  

 
Fig. 5.1. A ring resonator rotating clockwise at rotational rate Ω  
deg/hour. The ring is carrying two counter propagating laser beams: 
one is rotating clockwise (CW wave) and the other one is rotating 
counterclockwise (CCW wave). Both laser beams are assumed to be 
single frequency waves. 

Without getting into deep details, the Sagnac phase difference φ∆  can be calculated 

using  

 
c
ωφ∆ = 

2
4 A Ω , (5.3) 

where ω  is the angular frequency of the propagating laser beam, c is the speed of light 

in free space, A is the area vector with a magnitude equal to the area of the closed loop and 
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direction perpendicular to the plane of the loop, Ω  is the rotating vector  [16]. Note that 

the directions of both A and Ω  are calculated using the right hand rule. We can describe the 

Sagnac effect as the flux of the rotation vector going through the enclosed area. 

Moreover, due to the rotation of the loop, the two initially degenerate resonance 

frequencies split with a frequency difference given by 

 f A
Lλ

∆ = Ω
4 , (5.4) 

with L being the perimeter of the closed loop and λ  is the guided wavelength in the 

material. It is worth mentioning that Sagnac effect is a non-reciprocal effect; meaning that 

the direction of rotation has different effects on the propagating modes. 

5.3.2 Gyroscope classification 

Most of optical gyroscopes operate based on Sagnac effect. However, they vary 

noticeably in their sensing principle, and the type of optical waveguide they use  [17]. One 

may categorize optical gyroscopes in three types:  

(1) Non-resonant optical gyroscopes, which only represented by the fiber optical 

gyroscope (FOG)  [15,17–19]. The sensing segment of a standard interferometric FOG 

consists of a fiber-coil loop of N turns closed upon itself with a 3-dB coupler connected to a 

power detector  [17]. When a laser source sends an input signal of a specific power, this 

signal will be divided at the coupler creating two propagating waves in the coil: CW wave 

and CCW wave similar to what is shown in Fig. 5.1. If the coil is at rest the two waves will 

arrive in phase and the power detector will detect maximum power. However, when the 

coil rotates, the two waves start to accumulate phase difference φ∆  according to Sagnac 
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effect and the output power is not maximum anymore. Indeed, the output power in that 

case is proportional to the phase difference as 

 outP φ∝ ∆2cos ( )  (5.5) 

Hence, one can easily relate the measured output power to the rotation rate using (5.3). 

More discussion about this type of gyroscopes and their sensitivity can be found in  [17]. 

 (2) Resonant optical gyroscopes, which utilizes a single resonator  [20–22], such as a 

resonant fiber optic gyroscope (RFOG). This kind of gyroscopes operate by detecting the 

increase in the output power due to a shift in the resonance frequency of the single 

resonator. To illustrate this, we assume a light source (laser) sends a signal at frequency f0; 

when this frequency matches the resonant frequency of the resonator, significant amount 

of power will be coupled to the resonating loop. When the system starts rotating, the 

resonance frequency shift following (5.4) and the output power increase. Several 

optimizations and other factors should be considered in this type of gyroscopes such as the 

resonator losses, the coupling coefficient, and the biasing of the device (the initial rotation 

rate)  [17]. 

(3) Gyroscopes employing multiple coupled resonant optical waveguides (CROWs)  [23–

25]. CROW gyroscopes can be extra divided into two classes: bidirectional and 

unidirectional. In the bidirectional ones, a counterclockwise mode in one resonator couples 

to a clockwise mode in its neighbor, and vice versa, which represent the classical CROWs 

such as the one presented in Chapter 1. On the contrary, in unidirectional CROW 

gyroscopes, the light wave propagates in the same direction, e.g., clockwise, in all 

resonators. Sometimes researchers refer to the unidirectional gyroscopes by folded 
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gyroscopes. As an example, such a unidirectional CROW can be obtained by modifying the 

CROW presented in  [13] (discussed in Chapter1) through inserting a small ring resonator 

between the coupled ring resonators. Such small resonators sandwiched between two ring 

resonators should be designed such that they are weakly coupled to one resonator and 

strongly coupled to the other one [17,26]. 

The waveguides constituting all the different types of gyroscopes may be obtained either 

by ring or disk resonators, optical fiber, microspheres  [27], or photonic crystal waveguides 

 [28].  

5.3.3 Principles to compare gyroscopes 

In order to compare different types of gyroscopes, we need to fix some parameters so 

that we can build a fair comparison  [29]. First, the area enclosed by the compared 

gyroscopes must be the same since as seen from (5.3) the accumulated phase difference is 

proportional to the area. Second, we must take into consideration the losses in the sensing 

elements of the compared gyroscopes. Third, the adjustable parameters and dimensions 

compared gyroscopes must be optimized to operate at the best sensitivity point. 

Sec. 5.4 Coupled Resonator Optical Waveguide Gyroscope 

Coupled resonator optical waveguide (CROW) gyroscopes were mentioned in the 

previous section but we want to focus more on this type of gyroscopes as we build our 

results based on CROW gyroscopes. Different studies and reviews of CROW gyroscopes has 

been carried out by Terrel  [17,29,30], and here we briefly go over this study.  
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The smallest CROW gyroscope is the one consisting of two coupled ring resonators. In 

the two-ring bidirectional CROW (i.e., CW wave in one ring couples to the CCW wave in the 

other ring), the travelling light wave accumulates positive Sagnac effect in one ring while it 

accumulates negative Sagnac effect in the other ring. This creates an almost vanishing 

Sagnac effect and hence the sensitivity for such CROW is poor. Changing the area of one 

ring resonator compared to the other enhances the sensitivity significantly. On the other 

hand, the unidirectional two-ring CROW show excellent sensitivity. Such a sensitivity for a 

lossless unidirectional CROW gyroscope is superior to other types of gyroscopes, yet by 

considering losses this sensitivity will be equal to other lossy gyroscopes having the same 

footprint. 

CROW gyroscopes consisting of N ring resonators have been studied extensively. In [27] 

the authors used an interferometric gyroscope side-coupled to N coupled high-Q ring 

resonators and they reached a conclusion that the lossless structure show enhanced 

sensitivity specially for odd number (N) of coupled ring resonators as the cancellation of 

Sagnac effect will be minimized by odd N. However, by considering losses, the sensitivity of 

such a structure cannot be enhanced more than a single (ROG) having the same area. In 

 [23] the authors claim that operating at the condition of slow light in such CROW can 

enhance the sensitivity and the sensitivity is proportional to N2, but it was proven later in 

 [30] that for the proper bias, the sensitivity is proportional to Ω2  which is almost 

vanishing for low values of the rotation rate. 

More studies have been carried out other researcher such as [28] that studies the 

enhancement of the sensitivity when operating at or near the bandgap of the CROW 
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claiming sensitivity enhancement, and  [16,31] that studied a unidirectional N-rings CROWs 

showing that their sensitivity is superior to the bidirectional CROWs. 

Despite all of the studies, the authors of the review article  [17,30] agrees that the 

enhancement of the sensitivity using N-rings CROW gyroscope is valid for lossless 

structures. Such an enhanced sensitivity can be improved more using slow-light 

phenomena and by using unidirectional CROWs instead of bidirectional ones. However, 

when we consider losses, the max sensitivity of even unidirectional CROW cannot exceed 

the sensitivity of ROG having the same losses and footprint. This can be interpreted as 

follows. Slow light allows waves to rotate many times in the resonators before they return 

back to the main waveguide which helps the waves accumulated more Sagnac effect. 

However, the output power is highly affected by the acquired losses in the resonators 

which degrades the rotation sensitivity. Due to these counter effective actions, the 

sensitivity of CROWs is not better than ROG having the same area.  

Sec. 5.5 Exceptional Points Based Gyroscopes 

In the previous section we talked about slow light in periodic CROW which is an 

exceptional point (EP) resulting from the periodicity of the structure despite that the 

authors did not use that term explicitly. Another way to have an exceptional point is by 

using the concept of parity time (PT) symmetry where gain and loss are balanced in two 

coupled resonators or waveguides to obtain an EP  [32–34]. In  [35] the sensitivity of a 

gyroscope operating at an EP is investigated. The proposed gyroscope is similar to the two-

ring CROW gyroscope except that one ring has loss and the other one has an equal gain. An 

EP can be obtained through the proper design of the coupling coefficients and the amount 
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of gain and loss. It has been shown that the sensitivity of this gyroscope is proportional to 

the square root of the beating frequency f∆  resulting from the Sagnac effect and calculated 

using (5.4). By operating the gyroscope at the EP, they show that even rotation rates as low 

as 10-4 deg/hour can generate a measurable beating frequency of 100 rad/s. 

Later on another study by Grant [36] criticizes the way the sensitivity is measured 

through the change in the resonance frequency in [35] and claims that this method is 

defective because other factors that may affect the rotation rate are ignored such as the 

linewidth and the shape of the resonance. Moreover in  [36], the authors uses the same 

structure but does not operate at an EP, instead they design the gyroscope with less gain in 

one ring than the loss in the other ring. After that they optimize the coupling to get the 

maximum sensitivity measured by the change in the output power not a shift in the 

resonance where they can reach very high sensitivity. Also, Vahala and his group have 

published another study [37] that shows a sensitivity boost up to order 4 in Brillouin 

gyroscopes when they operate at an exceptional point. 

Sec. 5.6 Geometry and Mathematical Model of the Proposed Rotating Degenerate 

Band Edge (DBE) Gyroscope 

The degenerate band edge (DBE) is an exceptional point of degeneracy (EPD) of order 4, 

i.e., at the DBE four modes of the system coalesce in both the eigenvalues and 

eigenvectors [9,10]. We propose to use the DBE-CROW structure presented in  [3,13] and 

exploit the ultra-sensitivity of the DBE to perturbations to make ultrasensitive gyroscopes.  

The rotating DBE-CROW shown in Fig. 5.2(a) is consisting of chain of coupled ring 

resonators of Radius R side-coupled to a straight waveguide. The unit cell shown in Fig. 
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5.2(b) demonstrates the field coupling coefficient between the rings is 2κ , and the field 

coupling coefficient between the waveguide and the chain of resonators is 1κ . The unit cell 

has period d R=2  where we ignore the gap between the rings. We assume a lossless 

coupling, hence we define a transmission coefficient across the coupled sections as 

 τ κ= − 21  (5.6) 

 
Fig. 5.2. (a) The DBE-CROW consisting of a chain or coupled ring 
resonators of radius R side-coupled to a straight waveguide. We 
assume that the rings rotate around their axis by a rotation rate Ω . 
(b)The CROW unit cell design where the field coupling coefficient 
between the waveguide and the resonators chain is 1κ  while the field 
coupling coefficient between the coupled ring resonators is 2κ . The 
orientation of the electric field wave amplitudes is shown at the cell 
boundaries defined by the dashed lines. 

The fields definition and their orientation are shown in Fig. 5.2(b) where we follow the 

mathematical model presented in  [13] and construct the state vector as 
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Using coupled mode theory  [13,38,39] and assuming single mode propagation, the 

evolution of the state vector across the unit cell is governed by the equation

( ) ( )z d z+ = ΨTΨ , where d is the period, and T  is a 6×6 unit cell transfer matrix. The unit 

cell T-matrix T  is obtained by cascading (multiplying) four T-matrices: a T-matrix wrT

representing the evolution across the coupled section between the waveguide and ring , a 

T-matrix pT  representing the propagation across half a ring until the coupling between the 

rings, a T-matrix rrT  to evaluate the state vector after the coupled rings, and finally the 

propagation T-matrix pT  again. Hence, we write the unit cell T-matrix as 

 rr wrp p=T T T T T  (5.8) 

where the three T-matrices are calculated as  

 * ,wr i
i
τ κ
κ τ

     = =   
    

11
11

11

1 1

1 1

1 0 00
0

0 0

T
T T

T
, (5.9) 

 r r R r r RR w R wp diag − − − − −

 
 
 =
 
 
 

Φ Φ Φ Φ Φ Φ Φ Φ Φ Φ1 1 1 1 1T , (5.10) 
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0 0 0 0

0 00 0 1 0

T T
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T Trr

i i

i i , (5.11) 

where rΦ  accounts for the phase propagation through a distance /π 2R , i.e., a quarter ring, 

in the ring resonator, and wΦ  accounts for the phase propagation through a distance R in 

the straight waveguide. rΦ  and wΦ  are given by 

 πΦ =
=Φ

exp( / 2)
exp( )

r
w

r
w

i k R
ik R  (5.12) 

where ( )= + i t0 n1 /(2 )w wk n k i Q  and ( )= + i t0 n1 /(2 )rrk n k i Q  are the guided 

wavenumbers inside the ring resonator and the straight waveguide, respectively, wn  is the 

effective refractive index of the straight waveguide, rn  is the effective refractive index of 

the ring resonator, π λ=0 02 /k  is the wavenumber in free space and λ0  is the free space 

wavelength, and the imaginary part in wk  and rk  account for the propagation losses in the 

waveguides with intQ  being the internal quality factor. φΦ = exp( / 4)R Ri  in (5.10) 

accounts for the accumulated phase due to the rotation of the rings and φR  is the rotation 

induced phase shift due to Sagnac effect and it is half the phase difference in (5.3) and it can 

be expressed as  

 
ωφ = 
2

2 ΩAR
c

 (5.13) 
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5.6.1 Verification of the rotating CROW model 

In this section we verify the mathematical model of the rotating CROW by calculating the 

sensitivity of the CROW shown in Fig. 5.3 for different values of κe  to the one published 

in [26]. The CROW in Fig. 5.3 is consisting of a chain of ring resonators of radius R coupled 

to each other with a coupling coefficient κ , whereas the whole chain is coupled to input 

and output waveguides with a field coupling coefficient κe . 

 
Fig. 5.3. Coupled resonator optical waveguide (CROW) consisting of 
coupled ring resonators of radius R. The rings are coupled to each 
other with a field coupling coefficient κ  while the whole chain is 
coupled to input and output waveguides with a different field 
coupling coefficient κe . 

We can obtain the CROW in Fig. 5.3 from the proposed DBE-CROW shown in Fig. 5.2(a) 

by removing the coupling between the straight waveguide and the chain of resonators, i.e., 

κ =1 0 , and by applying the proper boundary conditions at the start and end of the coupled 

chain. The gyroscope sensitivity (S) in [26] was defined as the change in the measured 

normalized output power due to a change in the rotation rate Ω , i.e.,  

 
Ω

=
1 out

in

dPS
p d

, (5.14) 
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where inP  is the input power from the laser source and outP  is measured output power by 

the detector. The sensitivity in (5.14) has units of time (usually measured in ns) and it can 

be written in terms of the power transmission coefficient as 

 
Ω

= =,
n

P
P

out

i

dT PS T
d P

. (5.15) 

 
Fig. 5.4. Maximum rotation sensitivity of the CROW shown in Fig. 5.3 
and made of 11 rings and the field coupling coefficient is κ =0.05 . 
The figure shows a comparison between the sensitivity calculated 
using the model proposed in this chapter, denoted by black cross 
markers, and the published results in [26], denoted by solid lines for 
two different values of the intrinsic resonator losses. 

In Fig. 5.4 we show a comparison between the sensitivity calculated using the proposed 

mathematical model, denoted by black markers, versus the one published in [26], denoted 

by solid lines, for two different values of intrinsic losses. The CROW is made of 11 silicon 

rings of radius = m11.5 μR  and effective refractive index =3.48n  coupled with a field 

coupling coefficient κ =0.05 . We can see the perfect agreement of the two models and 

hence we validate the proposed model. It is worth mentioning that the two models are 
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based on the transfer matrix formulation, while they are different in the way the T-matrix 

is constructed. 

Sec. 5.7 DBE-CROW Design and Sensitivity Results 

In this section we show first the dimensions and parameters of the DBE-CROW to exhibit 

a DBE when the system is at rest. Then we discuss various ways to define the gyroscope 

sensitivity according to the possible observable quantities in the DBE-CROW. In general, 

the Sagnac effect in a rotating ring resonator affects the accumulated phase of the 

propagating waves in the ring resonator which in turn affects some properties of the 

resonating system such as the resonance frequency and the detected power. The way one 

may define the sensitivity depends on the changing observable quantity.  

5.7.1 Design of the DBE-CROW 

We wanted to compare our results to the previous published CROW gyroscope results 

specially the ones published in  [26]. Hence, we optimized the parameters of the CROW to 

exhibit a degenerate band edge (DBE) in its dispersion diagram and we chose the 

parameters to be as close as possible to the values provided in  [26]. The complex 

dispersion diagram is shown in Fig. 5.5 where the DBE is obtained at a frequency 

corresponding to the optical wavelength λ =1550 nm. The ring resonators of such a DBE-

CROW have a radius =11.5R µm and effective refractive index rn =3.48, whereas the rings 

are coupled with a field coupling coefficient κ =2 0.27 . The straight waveguide has an 

effective refractive index =3.48wn  while it is coupled to the chain of ring resonators with 

a coupling coefficient κ =1 0.27 . 
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Fig. 5.5. The complex dispersion diagram of a CROW exhibiting a 
DBE at the optical frequency λ =1550 nm. The ring resonators 
radius is =11.5R µm and their effective refractive index is rn =3.48 
which is equal to that of the straight waveguide. The rings are 
coupled to each other and to the straight waveguide with field 
coupling coefficients κ κ= =2 1 0.27 . 

In order to study the sensitivity of the DBE-CROW, we need to build a finite length cavity 

based on the DBE CROW remembering that the unit cell boundaries, as shown in Fig. 5.2(b), 

are at the middle of the ring resonators constituting the finite cavity. We build our cavity as 

we proposed in  [3,13] by completing the first and last ring resonators (hence we terminate 

eight ports of the twelve) and we extend the waveguide from both ends. We excite the 

structure at the waveguide from the left and we put the detector at the end of the extended 

waveguide on the right as shown in Fig. 5.2(a). The boundary conditions and the 

calculations of the transfer function are given in equations (31-33) in  [13]. Let us now 

discuss the observable quantities. 

5.7.2 Change in the resonance frequency  

The measurement of the gyroscope sensitivity through the change in the resonance 

frequency has been investigated in [35,37] for gyroscopes operating near at an exceptional 

(a) (b)
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point resulting from PT-symmetry. This way can be applied to measure the rotation 

sensitivity of the optical DBE-CROW cavity because the change in the rotation rate affects 

the DBE resonance frequency indicated by power transmission peaks as shown in Fig. 5.6.  

 
Fig. 5.6. The power transmission of the DBE-CROW consisting of 11 
rings operating in the vicinity of the DBE. The DBE resonance (the 
peak of the power transmission) shifts while we increase the 
rotation rate. 

Unfortunately, the resonance frequency changes linearly with the rotation rate Ω  which 

proves that if we measure the sensitivity this way, we will not get any better results than 

the regular ring resonator gyroscopes. This is expected as the most sensitive characteristic 

of the EPD is the change in the eigenvalues not the resonance frequency. 

5.7.3 Change in the output power 

The second and the most common method of measuring the sensitivity of optical 

gyroscopes is done through the detection of the change in the output power 

 [17,23,26,28,30]. The sensitivity (S) in that case is defined as in (5.15) where it can be 

rewritten as  

No rota�on

Increasing 
rota�on rate
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 φ
φ

=
Ω Ω

= P P R

R

dT dT d
d

S
d d

 (5.16) 

where φR  is the accumulated phase shift due to Sagnac effect given by (5.13). Hence, we 

can see that the second term in (5.16) is constant for a fixed area and is given by 

 
φ ω

=
Ω 2

2R
d

Ad
c

, (5.17) 

On the other hand, the first term is not fixed, and it is dependent on the system, i.e., this 

is the term that can be improved and varies from design to another. As pointed out in Sec. 

5.3, investigation of different CROW gyroscopes shows that CROW gyroscopes enhances 

the sensitivity if they are lossless but if we consider losses, their sensitivity does not exceed 

that of a single ring resonator gyroscopes having the same footprint and total loss. Despite 

that fact, no one has designed a DBE gyroscope and we wanted to investigate its sensitivity. 

In Fig. 5.7 we show the power transmission of the DBE-CROW consisting of 11 rings 

operating in the vicinity of the DBE versus φR . We are searching for φ ,maxR  at which the 

derivative is maximum, so that we bias the gyroscope at that rotation rate, i.e., we design 

the gyroscope to be initially rotating at that biasing rotation rate. In Fig. 5.8 we show the 

sensitivity of the DBE CROW, biased at φ ,maxR , versus frequency. We see that the max 

sensitivity in that case is almost 5ns which is less than that reported in  [26]. We optimized 

the design more by forcing the last field coupling coefficient between the waveguide and 

the chain of ring resonators to be different than κ1  and optimize that value. Also, we tried 

to use the folded or unidirectional CROW as this one is affected more by Sagnac effect, and 

we design it such that it operates at a DBE.  Despite all the trials, the max sensitivity we get 



151 
 

is close to 8ns. This value is almost equal to the max sensitivity reported in  [26] which is 

the sensitivity of a single ring resonator gyroscope with the same footprint.  

 
Fig. 5.7. The power transmission of the DBE-CROW consisting of 11 
rings operating in the vicinity of the DBE versus the accumulated 
phase change due to Sagnac effect φR . 

 
Fig. 5.8. The sensitivity of a DBE-CROW gyroscope biased at ,maxφR  
operating in the vicinity of the DBE versus frequency. 

5.7.4 Change in the Floquet-Bloch wavenumber 

We know from Sec. 5.1 that the eigenvalues of the DBE system are the most sensitive to 

system perturbations including rotation of the rings. In Fig. 5.9 we demonstrate the change 

𝑇 𝑃

𝜙𝑅/𝜋

𝑓/𝑓𝐷𝐵𝐸 − 1
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in the real part of the complex Floquet-Block wavenumber versus the accumulated phase 

change due to Sagnac effect φR , shown with the solid line. While the black markers 

represent the fourth root fitting formula φ∝ 1/4(Re( ) )Rk . It is clear from that figure that 

small changes in the rotation rate results in a significant change in the Floquet-Block 

wavenumber. That proves the superior sensitivity of EPD based gyroscopes. 

 
Fig. 5.9. The real part of the complex Floquet-Block wavenumber 
versus the accumulated phase change due to Sagnac effect φR  is 
shown with the solid line. The markers represent the fourth root 
fitting formula φ∝ 1/4(Re( ) )Rk . 

One way to measure the change in the Floquet-Bloch wavenumber is to use the Mach-

Zehnder gyroscope proposed in  [29] but replacing the ring resonator with the DBE-CROW 

as shown in Fig. 5.10.  

 
Fig. 5.10. The proposed Mach-Zehnder DBE-CROW gyroscope. 

𝜙𝑅

DBE-CROW
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The sensitivity is showing promising results, but the research is still on going. 

Sec. 5.8 Conclusion 

Optical gyroscopes based on Sagnac effect have been used in a variety of applications 

nowadays replacing the traditional mechanical gyroscopes. Different designs to improve 

the sensitivity of such gyroscopes are evolving. Exceptional points of degeneracy (EPD) 

show unprecedented sensitivity to perturbations and it has been used to design 

ultrasensitive gyroscopes. We proposed a gyroscope based on a DBE-CROW and we have 

shown the mathematical model based on the transfer matrix formalism. We have shown 

that among the different methods to measure the rotation rate of the gyroscope, the change 

in the Floquet-Bloch wavenumbers is the best as such wavenumbers represent the 

eigenvalues of the DBE-CROW system. 
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CHAPTER 6 
 
Design of Stationary Inflection Point in 
Coupled Resonators Optical 
Waveguide with 3rd Order Modal 
Degeneracy  

Sec. 6.1 Motivation 

The exceptional point of degeneracy (EPD) in a system parameters space is the point at 

which two or more system eigenmodes coalesce in both eigenvalues and eigenvectors  [1–

5]. The EPD has an order that is determined by the number of coalescing eigenmodes. 

Although most of the published work on exceptional points is based on PT symmetry  [3,4], 

the occurrence of an EPD actually does not require a system to satisfy PT symmetry. 

Indeed, EPDs have been recently found also in single resonators by just adopting time 

variation of one of its components  [6].  

In this paper we focus on an EPD of third order in a periodic photonic structure, that is 

usually referred to as the stationary inflection point (SIP) or the frozen mode regime. Such 

an EPD is obtained due to the coalescence of three eigenmodes of which two are 
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evanescent and one is propagating to form a frozen mode at which the group velocity 

vanishes. Indeed, the group velocity preserves its direction for frequencies slightly smaller 

and higher than the SIP one, and this makes it beneficial for various applications. Such 

applications include but not limited to pulse compressors  [7], antennas, filters  [8], optical 

switching  [9], lasers  [10,11], delay lines  [12], and high-power amplifiers  [13], where the 

SIP is used to slow down the electromagnetic wave to allow strong interaction with the 

electron beam charge wave resulting in high gain. 

The third order EPD was found in non-reciprocal structures  [2,11,14] using magnetic 

materials to break the system reciprocity. Recently, it has been shown that the SIP can 

occur in lossless, reciprocal, structures, made of a three-way waveguide, i.e., a waveguide 

that supports three modes in each direction.  The SIP has been found in three-way 

waveguides made of periodic proliferations  [15], coil resonators  [16,17] and the modified 

coupled resonator optical waveguide (CROW)  [5]. 

In this paper, we present a design of an optical three-way waveguide based on Si on 

insulator (SOI) technology. The SOI platform has emerged as a promising technology for 

realizing photonic integrated systems. This platform offers low loss passive photonic 

components as well as a wide range of active components. Mature fabrication process and 

CMOS compatibility are two key factors that has attracted widespread attention to SOI 

platform. 
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Fig. 6.1. Finite-length CROW coupled to a parallel straight waveguide 
where the unit cell of length d is made of only one ring. The radius in 
the upper half of the ring is different than the radius in the lower 
half. Dashed lines represent the beginning and end of the unit cell. 
The N unit cells of length L are terminated to form a cavity by 
completing the racetrack resonators and extending the waveguide 
an extra length (Lex) to the right and left. 

The designed three-way waveguide is made of a coupled resonators optical waveguides 

(CROW) side coupled to a straight waveguide, and we show that the proposed design 

exhibits an SIP in its dispersion diagram. In Sec. 6.2, we discuss the CROW unit cell made of 

only one ring where we have introduced a design degree of freedom by making the radius 

in the upper half of the ring resonator different from the lower half radius. In Sec. 6.3, we 

discuss three possible analysis models for the CROW and compare between them in terms 

of the accuracy and the optimization time. Indeed, these CROW waveguides are very large 

in terms of optical wavelengths and smart schemes for modeling them are needed in order 

to preserve accuracy. In Sec. 6.4, we discuss the design and optimization process of the unit 

cell dimensions, based on the coalescence of three eigenvectors that are computed 

numerically. In Sec. 6.5, we show the dispersion diagram of the eigenmodes of an infinitely-

long periodic CROW, and we show that it exhibits an SIP. In Sec. 6.6, we explore the 
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properties of the finite-length CROW cavity operating near the SIP, show the transfer 

function, the reflection coefficient, the quality factor and the group delay based on full-

wave simulations. 

Sec. 6.2 Geometry of the SIP-CROW 

In this paper we show a practical design of the three-way coupled resonator optical 

waveguide (CROW) proposed in [5] so that we realize the third order EPD, i.e., the 

stationary inflection point (SIP).  

 

Fig. 6.2. (a) Unit cell made of only one ring, where the top radius of 
the ring is Rt and the radius in the lower half of the ring is Rb. The 
coupling between the straight waveguide and the ring is dictated by 
a directional coupler of length Lwr, while the coupling between the 
rings is dictated by a coupler of length Lrr. The gap between the 
coupler is g and the horizontal = + −2 2t wr b tL L R R  on top is added 
to complete the racetrack. (b) Cross section of the Si waveguides 
width w and height h. The waveguide is surrounded by a cladding of 
silicon dioxide. 
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A brief theoretical study of the SIP in CROWs was presented in  [5] simply using couple 

mode theory, but in this paper we deepen our study about SIP in optical resonators and we 

verify the existence of the SIP in a novel geometry with practical dimensions through full-

wave simulations. 

The unit cell of the CROW proposed in  [5] designed to realize an SIP with two rings in 

the unit cell where the coupling coefficients are different in the two rings. A thorough 

discussion is presented in  [5] about why such a unit cell is needed. In this paper we 

propose a new cavity design shown in Fig. 6.1 based on a more compact unit cell consisting 

of only one ring as shown in Fig. 6.2(a). The cavity is made of a chain of coupled racetrack 

resonators, each involving two different radii Rb and Rt as shown in Fig. 6.2(a). The 

coupling in the proposed racetrack CROW is realized by directional couplers, i.e., the 

coupling in Fig. 6.1 is distributed rather than point coupling as in  [5]. The coupling 

between the rings is dictated by a directional coupler of length Lrr while the gap in the 

couplers is g, hence we call the ring resonator as a racetrack resonator. The chain of rings is 

side coupled to a uniform optical waveguide through a directional coupler of length Lwr and 

gap g, similar to the gap between the rings. The upper horizontal flat part of the racetrack 

resonator is related to the radii and Lwr such that it satisfies 

  = + −2 2t wr b tL L R R       (6.1) 

Such a modification of introducing two different radii in the racetrack resonator adds 

more degrees of freedom to the design and ease the design process of the CROW so that it 
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may exhibit a stationary inflection point (SIP) in the dispersion diagram using only one-

ring unit cell rather than two-ring. The unit cell of the CROW shown in Fig. 2(a) has a 

period = + + +2 2b wrd R L w g . 

The waveguides are chosen to be SOI strip waveguide as shown in Fig.3(a). Full etched 

strip waveguide provides tight confinement due to high index contrast. The waveguide 

cross section has the dimensions =220nmh  and = 450nmw , with the top and bottom 

cladding are silicon dioxide with refractive index nc=1.45 as shown in Fig. 6.2(c). The 

dimensions are chosen to ensure single transverse electric (TE) mode operation as shown 

in Fig. 6.3(b). In Fig. 6.3(c), we show the minimum width for each waveguide height that 

enables multimode operation, which confirms that choosing =220nmw at a height 450nm 

guarantees the single mode operation. Waveguides with such dimensions are common in 

some foundry’s standard process development kit. 

Throughout the paper we assume that the time convention is ωj te  and we represent the 

wave propagating along the z-direction using the complex transverse electric field and 

magnetic field components. The fields are defined in the transverse plane at the middle of 

the waveguide-ring coupler so that the unit cell is symmetric around its vertical axis. We 

define a state vector composed of the six transverse electric and magnetic field amplitude 

components as 

Ψ(𝑧𝑧) = [𝐸𝐸1(𝑧𝑧), 𝐻𝐻1(𝑧𝑧), 𝐸𝐸2(𝑧𝑧), 𝐻𝐻2(𝑧𝑧), 𝐸𝐸3(𝑧𝑧), 𝐻𝐻3(𝑧𝑧)]   (6.2) 
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Sec. 6.3 Model of the SIP-CROW 

For the sake of brevity, the eigenvalue problem and the dispersion diagram are obtained 

following the analysis presented in  [5,18,19] using coupled mode theory  [20,21]. Hence, we 

first evaluate the 6×6 transfer matrix (T-matrix) T  representing the evolution of the state 

vector in (2) across a unit cell and the dispersion diagram is then obtained though the 

dispersion relation 

 ω ζ≡ − =( , ) det[ ] 0D k 1T       (6.3) 

where the eigenvalues ζ ζ −= ≡ njk d
n e , with =1,2,...,6n  and 1 is the 6×6 identity matrix. 

The transfer matrix may then be obtained numerically from the scattering parameters 

resulting from the full-wave simulations of the unit cell in Fig. 6.2.  

Reaching this point, we know how to calculate the dispersion diagram of the eigenmodes 

in an infinitely long CROW based on full-wave simulations, but the question is how we can 

optimize the unit cell dimensions to get an SIP. This is a challenge because the radii and the 

size of the unit cell are usually in few tens of µm which is huge compared to the gap size 

that is typically few tens of nm. To have accurate results from full-wave simulations, the 

mesh has to be fine which take quite some time to simulate even one unit cell. To get sense 

of the numbers, in order to simulate one unit cell of the SIP CROW (will be shown later), the 

mesh size is 2134366 tetrahedrons and the full-wave simulation time is around 6 hours on 
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a machine with 128 GB RAM and 2 processors of 2.6 GHz speed. This makes the 

optimization process through full-wave simulations almost impossible as it requires many  

 

 

Fig. 6.3. Silicon strip waveguide geometry with SiO2 cladding. (b) 
2E field pattern for the fundamental TE mode of the Si strip 

waveguide. (c) Maximum width for single TE mode operation 
calculated for different waveguide heights. The red star marks the 
dimensions of the waveguide cross section used in this paper. 
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iterations of simulations while optimizing the unit cell parameters to get an SIP. To solve 

this issue and make the optimization a realistic process, we have to use a model for the unit 

cell that closely match the full wave simulation results. 

We chose to use a transmission line (TL) model to model both the coupled and 

uncoupled regions of the waveguides. 

The transfer matrices of a single TL and coupled TLs are shown in Appendix A. We 

assume that all the coupling is happening only within the directional coupler length and no 

coupling in the curved areas. For more accurate modeling, the impedance and phase 

velocity of the propagating mode in a single uncoupled TL, and those for even and odd 

modes of coupled waveguides with the cross-section dimensions shown in Fig. 6.2(b) are 

calculated using port analysis implemented in CST Studio Suite as shown in Appendix A. 

Such values are needed to build the T-matrices as shown in Appendix A. 

That model ignores important factors such as the coupling between the waveguides in 

the curved areas, the slight change in the effective refractive index (or equivalently the 

impedance and phase velocity) due to the curvature, and the radiation losses. Hence, we 

came up with a better model where we divided the unit cell into different sections as 

shown in Fig. 6.2(a) and use the TL model to calculate the T-matrices of the directional 

couplers (highlighted by orange color in Fig. 6.2(a)). On the other hand, the T-matrices of 

the other sections that includes curvatures (highlighted by light blue color in Fig. 6.2(a)) 

are calculated from the full-wave simulations implemented based on the finite element 
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method using CST Studio Suite. The T-matrix of the whole unit cell is then calculated by 

multiplying the T-matrices of the different sections in the proper order. We refer to that 

model by the hybrid model. In this hybrid model we fix the gap g and the radii Rb and Rt 

leaving the couplers’ lengths to be optimized using MATLAB, i.e., we have two variables to 

optimize Lwr and Lrr in the unit cell shown in Fig. 6.2(a).   

We validate the accuracy of the hybrid model for the proposed unit cell by comparing 

the dispersion diagram of the eigenmodes in an infinitely-long CROW obtained fully from 

CST full-wave simulations with the dispersion diagram based on the hybrid model. The 

dispersion diagram comparison is shown in Fig. 6.12 in Appendix A, where we can clearly 

see the very good agreement between the results. Note that the dispersion diagram does 

not show an SIP since this validation step comes before the optimization process. 

To summarize, we introduce three different methods to obtain the T-matrix and 

optimize the unit cell dimensions: i) the full-wave simulations implemented in CST, despite 

that this method is the most accurate, it is very slow (in terms of a single unit cell 

simulation time) and cannot be used to optimize the CROW parameters. ii) The TL-model, 

this method is the fastest and very easy to optimize but it lacks accuracy as it includes 

many assumptions. iii) The hybrid model, this one has a moderate speed, offers some 

parameters to optimize based on the TL model, and its accuracy is comparable to the Full-

wave model. 
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Sec. 6.4 Design of Unit Cell Dimensions and the Optimization Process 

After having a valid model of the SIP-CROW unit cell, we come to the choice of the design 

dimensions and the optimization process. We discuss here the optimization of the one-ring 

unit cell based on the hybrid model, while the parameters of the two-rings unit cell can be 

optimized following the same procedure.  

As explained, in the hybrid model we fix the gap between the couplers g, and the radii Rt, 

Rb, whereas we are left with two parameters to be optimized Lwr and Lrr. The choice of the 

radii is a tradeoff between the propagation losses and the radiation losses. The EPD is a 

precise condition that is very sensitive to perturbation, and losses would highly affect it. 

Hence, our goal is to optimize the design with the minimum losses. Smaller radii suffer 

more from radiation losses; however, using larger ones means more propagation losses. 

The loss in the waveguide using SOI as shown in Fig. 6.3(a) is less than 2 dB/cm  [22] as 

also reported by IMEC, whereas the loss recorded by AIM is less than 2.5 dB/cm  [23]. Also 

due to tight confinement, SOI strip waveguide bend has very low radiation losses. For 

example, in  [24] the authors reported bend loss of 0.005 dB/90° for 5um bend at 1500 nm, 

where the waveguide is 445nm wide and 220 nm high. In  [25], the bend loss reported is 

0.013dB/90° for 500 nm× 220 nm waveguide at 1550 nm. We choose the radii to be in the 

order of 10 µm as an optimized value to get the minimal radiation and propagation losses. 
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Fig. 6.4. Complex dispersion diagram of the modes in a CROW with 
unit cell made of one ring shown in Fig. 6.2(b). The SIP is at a 
frequency fSIP = 193 THz corresponding to the optical wavelength of 
𝜆𝜆 = 1550 nm. Dimensions of the unit cell: gap g=200 nm, Rt=10 µm, 
Rb=11 µm, Lrr=0.273 µm, and Lwr=0.365 µm. The dispersion diagram 
obtained from the hybrid model is in a perfect agreement with the 
full-wave simulations except for a small frequency shift. 

After choosing the radii, we have to optimize the couplers’ lengths by minimizing the 

coalescence parameter C. The coalescence parameter was presented in  [26,27] for the 

EPDs and it is considered a figure of merit to evaluate how close we are to the exact EPD 

condition. The coalescence parameter in the case of the SIP is a measure of the three-

dimensional angle between the wavevectors of the eigenmodes existing in the structure. As 

presented in  [27], the coalescence parameter C is calculated by  
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where θmn is the angle between the two six-dimensional normalized complex state 

vectors mΨ  and nΨ , and it is defined via the inner product  

     =
†

, n nm mΨ Ψ Ψ Ψ       (6.5) 

with the dagger symbol † representing the complex conjugate transpose operation, and 


mΨ  and nΨ  denote their norms. The parameter C is always positive and less than one, 

and C = 0 indicates the perfect coalescence of the three eigenvectors, i.e., the system 

experiences an SIP. Hence, the optimum lengths of the couplers are those at which C is 

minimum. 

Sec. 6.5 Dispersion diagram of eigenmodes in SIP CROW 

We show in Fig. 6.4 the complex dispersion diagram of the eigenmodes in an infinitely-

long periodic CROW whose unit cell is made of one racetrack resonator as shown in Fig. 

6.2(a) with waveguide of cross section that is 450 nm wide and 220 nm high. The 

dimensions of the unit cell are given by g = 200 nm, Rt =10 µm, Rb = 11 µm, Lrr =0.273 µm, 

and Lwr = 0.365 µm. In the figure we show both the dispersion diagram obtained based on 
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the hybrid model represented by blue lines and the dispersion obtained from the full-wave 

simulation of the unit cell implemented fully in CST Studio Suite  

 

Fig. 6.5. Coalescence parameter calculated based on the hybrid 
model and full-wave simulations, where the minimum value 
represents the coalescence of three eigenvectors, i.e., three 
eigenvectors are almost parallel. 

represented by red lines. The two models are in perfect agreement except for a slight and 

acceptable shift in the frequency.  

In the dispersion diagram, the SIP is characterized by ωe  and ek , and in its vicinity the 

dispersion is well approximated by  

 ω ω η −− ≈ 3( ) )/1 (1 /ee ek k      (6.6) 



170 
 

 

 

where ek is the SIP wavenumber at the exceptional point. In analogy to the theory 

presented in  [18], the dimensionless “flatness parameter” ηe is related to the value of the 

third derivative of ω  with respect to k at the SIP angular frequency ωe , i.e., 

 ( )η ωω = −3 3 3// 6 ee ed kdk      (6.7) 

and it dictates the flatness of the dispersion relation at ωe . 

The dimensions and parameters of the unit cell are optimized based on the coalescence 

parameter C. In Fig. 6.5, we show the eigenvectors coalescence parameter using both the 

hybrid model and the full-wave simulations, where the minimum value refers to the SIP 

frequency. This value ideally should be zero, but it is slightly greater than zero because we 

consider here losses that prevent the complete coalescence of the eigenmodes. Again, the 

two methods are in a perfect agreement. It is worth mentioning that besides using the 

coalescence parameter in the optimization process, it is very helpful to assess how far are 

we from the ideal EPD condition  [27]. 

Sec. 6.6 CROW Cavity with SIP 

We investigate in this section some properties associated with a CROW cavity shown in 

Fig. 6.1 operating near an SIP. We start by showing the transfer function of a cavity made of 

a lossless finite-length CROW with N unit-cells as a function of the frequency (f) for 

different numbers of unit cells. A unit cell starts at the center of the ring just in the middle 

of the directional coupler coupling the straight waveguide to the rings, as shown with a 
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dashed line in Fig. 6.1. At each end, i.e., at z = 0 and z = L, there are three ports to be 

terminated: the first and last rings are terminated with half racetrack resonators, whereas 

the straight waveguide is extended for an extra length Lex without changing the waveguide 

cross-sectional dimensions. We define the input normalized wave amplitude (a1) at the 

start of the straight waveguide where the reflected normalized wave amplitude is (b1), 

while we define the output normalized wave amplitude of the CROW (b1). We define the 

input and output ports at = − exz L  and = + exz L L , with the extra length = −/ 2 / 2exL d g . 

The transfer function is then defined by the scattering matrix coefficient S21 as 

    =
1

21
2)( bS f

a
       (6.8) 

assuming the output port is terminated by the characteristic impedance of the single straight 

waveguide. 

To calculate 21( )S f , we first obtain the state vector at the right boundary of the last unit 

cell, as = = 0)( Nz LΨ T Ψ . Here T  is the T-matrix of one unit-cell and 0Ψ  is the state vector 

defined at z = 0. Then we apply the boundary conditions at both ends of the finite length 

CROW. The magnitude of the transfer function 21( )S f  is shown in Fig. 6.6 for three 

numbers of the unit cells N. 
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Fig. 6.6. Magnitude of the transfer function S21 in dB of an SIP-CROW 
cavity operating in close proximity of the SIP frequency calculated 
using full-wave simulations implemented in CST Studio Suite. The TF 
is calculated for three different number of unit cells (N) of the SIP-
CROW. The transfer function is almost unity at the SIP frequency. 

Note that the number of coupled racetrack resonators is N+1, as the unit cell starts in the 

middle of a resonator. It is clear from the figure that transfer function is almost unity at the 

SIP frequency and the cavity does not show sharp resonance near the SIP, i.e., low Q-factor.  

In Fig. 6.7 and for the same three numbers of unit cells N, we show the reflection 

coefficient 11 )(S f  defined as  

    =
1

1
11 )( bS f

a
       (6.9) 
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Fig. 6.7. Magnitude of the reflection coefficient S11 in dB of the SIP-
CROW cavity for different number of unit cells N. There is a good 
matching in proximity of the SIP frequency. 

We see from Fig. 6.7 that the CROW cavity provides very good matching at the SIP 

frequency denoted by the small reflection coefficient. Also, by increasing the number of 

unit cells we can get better matching exactly at the designed SIP frequency as we are 

approaching the ideal SIP condition defined for infinite structure. 

An important application of CROW cavities operating near an SIP is the design on optical 

delay lines  [12,28,29]. In Fig. 6.8, we investigate the group delay of the finite CROW cavity 

defined based on the ωtje  time convention as the negative derivative of the transfer 

function phase with respect to the angular frequency and is given by 
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Fig. 6.8. Group delay of the CROW cavity shown in Fig. 6.1 calculated 
for different number of unit cells (N) of the SIP-CROW exactly at the 
SIP frequency. The red solid curve is showing the fitted scaling of the 
group delay vs the length of the finite cavity as +3aN b , with a = 
31.9 fs and b = 5.04 ps. 

As shown from Fig. 6.8, the group delay at the SIP frequency shows a scaling with the 

cavity length that is fitted by +3aN b , where the fitting parameters are given as a = 31.9 fs 

and b = 5.04 ps. The N3 scaling of the group delay at the SIP frequency was proven in  [30]. 

Note that the group delay of a CROW cavity comprised of 14 unit cell is approximately 

equal to 74 ps, whereas the group delay of a single waveguide of the same length as the 

CROW is approximately equal to 2.7 ps. The value of the group delay of the single TL is 
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calculated as +( 2 )/ex phL L v , where the phase velocity × 81.27 10phv  m/s is calculated 

from the full-wave port analysis implemented in CST Studio. This shows that the group 

delay of the SIP-CROW is 27 times larger than that of the single waveguide for this specific 

length, and this ratio gets higher  

 

Fig. 6.9. The quality factor of the CROW cavity shown in Fig. 6.1 
calculated exactly at the SIP frequency for different number of unit 
cells (N) of the SIP-CROW. 

for longer cavities. This clarifies the advantage of the CROW operating near the SIP in delay 

line applications. 

Finally in Fig. 6.9, we show the quality factor (Q) calculated at the SIP frequency based 

on the group delay  [5,18]. The quality factor is calculated for different number of unit cells, 
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where is shows N3 scaling with cavity length similar to the group delay. The proposed SIP-

CROW can be used in wide applications that depends on compact optical delay lines. 

Sec. 6.7 CONCLUSION 

We have provided a design of a SIP-CROW.  by utilizing distributed coupling through a 

directional coupler instead of the point coupling introduced in  [5]. Also, we have 

introduced an extra  degree of freedom by having two different radii in each ring resonator 

so that we can obtain the SIP with a compact unit cell consisting only of one ring (in  [5] the 

SIP was obtained with a CROW with two rings in every unit cell). To facilitate the 

optimization of the unit cell dimensions and make it a realistic process, we used an 

integrated model based on full-wave simulations and an accurate transmission line model 

for the coupled directional coupler. We have illustrated the dispersion diagram showing an 

SIP at the optical wavelength 1550 nm. The dimensions of the unit cell are optimized using 

the concept of coalescence parameter. Finally, we have studied a finite length cavity 

operating in the vicinity of an SIP and we have shown that the transfer function is 

approximately unity at the SIP frequency without showing sharp resonances in the vicinity 

of the SIP. In addition, the finite length CROW operating at the SIP is showing very good 

matching that improves with using a greater number of unit cells. Moreover, we calculate 

the group delay and the quality factor of a finite length CROW operating at the SIP 

frequency and show that scale as N3 with N being the number of unit cells. The proposed 

CROW may find applications in sensors, lasers and optical delay lines. 
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Appendix A: Transmission Line Model of Coupled and Uncoupled Waveguide 

Single uncoupled transmission line (TL): The T-matrix that describes the propagation of 

the modes in a single TL of length LTL can be written as  

𝑇𝑇 = � cos (𝑘𝑘0𝐿𝐿𝑇𝑇𝑇𝑇) −𝑗𝑗Z0sin (𝑘𝑘0𝐿𝐿𝑇𝑇𝑇𝑇)
−𝑗𝑗 sin(𝑘𝑘0𝐿𝐿𝑇𝑇𝑇𝑇)/𝑍𝑍0 cos (𝑘𝑘0𝐿𝐿𝑇𝑇𝑇𝑇) �    (A1) 

where 0k  is the propagation constant given by ω=0 / phk v  with phv  being the guided 

phase velocity of the propagating wave, and 0Z  is the characteristic impedance of the line.  

Coupled transmission lines (CTL): The T-matrix that describes the propagation of the 

modes in CTLs of length LC is better defined in terms of the independent even and odd 

modes. The state vector representing the even and odd voltages and currents in that case is 

written as 

𝚿𝚿𝑒𝑒𝑒𝑒 = �

𝑉𝑉𝑒𝑒
𝐼𝐼𝑒𝑒
𝑉𝑉𝑒𝑒
𝐼𝐼𝑒𝑒

�       (A2) 

and in that case the T-matrix describing the evolution of the odd modes is given by  

𝐓𝐓𝑒𝑒𝑒𝑒 = �

cos (𝑘𝑘𝑒𝑒𝐿𝐿𝑐𝑐) −𝑗𝑗𝑍𝑍0𝑒𝑒sin (𝑘𝑘𝑒𝑒𝐿𝐿𝐶𝐶) 0 0
−𝑗𝑗sin (𝑘𝑘𝑒𝑒𝐿𝐿𝐶𝐶)/𝑍𝑍0𝑒𝑒 cos (𝑘𝑘𝑒𝑒𝐿𝐿𝑐𝑐) 0 0

0 0 cos (𝑘𝑘𝑒𝑒𝐿𝐿𝑐𝑐) −𝑗𝑗𝑍𝑍0𝑒𝑒sin (𝑘𝑘𝑒𝑒𝐿𝐿𝐶𝐶)
0 0 −𝑗𝑗sin (𝑘𝑘𝑒𝑒𝐿𝐿𝐶𝐶)/𝑍𝑍0𝑒𝑒 cos (𝑘𝑘𝑒𝑒𝐿𝐿𝑐𝑐)

� (A3) 
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Fig. 6.10. (a) Mode profile in a single straight waveguide of length 1 
µm and cross sectional dimensions 220 nm × 450 nm. The 
waveguide guide impedance Z0 and the propagation constant k0 are 
also shown. (b) and (c) are the mode profiles of the even and odd 
mode, respectively, in two coupled straight waveguides of length 1 
µm and cross sectional dimensions 220 nm × 450 nm, where the gap 
size between the coupled waveguide g = 80 nm. The wave 
impedances Z0e and Z0o together with the even and odd propagation 
constants ke and ko are shown. These results are obtained using full-
wave simulations based on the finite element method implemented 
in CST Studio Suite. 

where ek  and ok  are the propagation constants of the even and odd modes given by 

ω= ,/e ph evk  and ω= ,/o ph ovk , respectively, with ,ph ev  and ,ph ov  being the guided phase 
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velocities of the even and odd modes, respectively. 0eZ  and 0oZ   are the characteristic 

impedances of the even and odd modes. 

In order to get the T-matrix in terms of the regular propagating modes of the uncoupled 

TLs, we use the definition  

  
+

=
−

=

1

2

2

2

e o

e o

V VV
V VV

      (A4) 

and the T-matrix here is given by  

 𝐓𝐓𝑒𝑒𝑒𝑒 = �

𝑇𝑇11 𝑇𝑇12 𝑇𝑇13 𝑇𝑇14
𝑇𝑇12 𝑇𝑇11 𝑇𝑇14 𝑇𝑇13
𝑇𝑇31 𝑇𝑇41 𝑇𝑇11 𝑇𝑇12
𝑇𝑇41 𝑇𝑇31 𝑇𝑇12 𝑇𝑇11

�     (A5) 
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The characteristic impedances 0Z , 0eZ  and 0oZ  together with the propagation constants 

0k , ek  and ok  are calculated from the port analysis implanted in CST studio suite as 

shown in Fig. 6.10. The filed coupling coefficient in that case is dictated by the length of the 

directional coupler and the gap between the two coupled waveguide. In Fig. 6.11, we show 

the magnitude and phase of the field coupling coefficient κ  and the field transmission 

coefficient for two gap sizes, 80 nm (shown in Fig. 6.11(a)) and 200 nm (shown in Fig. 

6.11(b)).  

 

Fig. 6.11. (a) Magnitude and phase of the field coupling coefficient κ 
versus length of a directional coupler comprised of two coupled 
waveguides with a gap size 80 nm. Unitary coupling is achieved in 5 
µm. (b) Magnitude and phase of the field coupling coefficient versus 
the length of the directional coupler in the case of 200 nm gap size. 
Unitary coupling is achieved in 20 µm. 
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From these two figures we see that an almost 100% coupling can be achieved using only 

5 µm couplers with gap 80 nm, while we need 20 µm in the case of 200 nm. The magnitude 

of the field transmission τ  is related to κ  as  

    τ κ+ 2 2| || | 1        (A7) 

 

Fig. 6.12. Comparison of the complex dispersion diagram obtained 
using the hybrid model vs that obtained from full-wave simulations 
based on the finite element method implemented in CST studio suite. 
The one-ring unit cell has the dimensions g=80nm, Rt=10µm, 
Rb=11.95µm, Lrr=1.12µm, and Lwr=0.35µm. The two models have an 
excellent agreement. 

In Fig. 6.12, we show a comparison between the dispersion diagram obtained from the 

hybrid model and another one based completely on the full-wave simulations implemented 
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in CST Studio Suite. The two dispersion diagrams are in a very good agreement which 

validates the proposed hybrid model. 
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CHAPTER 7 
 
Frozen Mode in Three-Way Periodic 
Microstrip Coupled Waveguide with 3rd 
Order Modal Degeneracy  

Sec. 7.1 Motivation 

An exceptional point of degeneracy (EPD) is defined as the point in a system parameter 

space at which two or more system eigenmodes coalesce into a single degenerate mode [1], 

and the number of coalescing eigenmodes defines the order of the EPD. For instance, the 

cut off frequency in any uniform waveguide is a second order EPD resulting from the 

coalescence of two oppositely propagating modes [2], while the degenerate band edge 

(DBE) is a fourth order EPD [3-5]. EPDs are obtained also in systems with gain and loss 

exploiting the concept of Parity-Time symmetry [6-7], however in this chapter we focus on 

gainless waveguides. 

This chapter is concerned with a third order EPD in lossless and gainless waveguides 

which is often referred to as the stationary inflection point (SIP) or frozen mode regime. 

Such an EPD is obtained due to the coalescence of three eigenmodes of which two are 
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evanescent and one is propagating to form a frozen mode at which the group velocity is 

zero. Indeed, the group velocity preserves its direction for frequencies slightly smaller and 

higher than the SIP one, and this makes it beneficial for various possible applications such 

as small antennas, high order filters and pulse compressors [8], Lasers [9], delay lines [10], 

and high power amplifiers [11-12] where the SIP is used to slow down the electromagnetic 

wave to allow strong interaction with the electron beam charge wave resulting in high gain. 

The SIP was obtained in photonic crystals that support only four modes (including both 

directions) through using magnetic materials to break reciprocity [13–17]. However, to 

obtain an SIP in reciprocal structures, at least three coupled waveguides are required that 

allow three modes to exist in each direction [18–20]. The SIP has been obtained in 

reciprocal optical waveguides by introducing periodicity such as in periodic chain of 

coupled ring resonators that are side coupled to a straight waveguide [4], three coupled 

waveguides with periodic perforations [21], coil resonators [22-23], and also in [24] using 

coupled mode theory without referring to specific waveguide design. 

In this chapter we introduce a novel fully planar design of a three-way waveguide, 

shown in Fig. 7.1(a), that exhibits an SIP at microwave frequencies (Sec. 7.2). The proposed 

design is more practical than the one presented in [18] that required lumped components 

and a high air-bridge connection with a series lumped capacitor in each unit cell, so the 

structure was not fully planar. Moreover, using lumped elements as in [18] may not be the 

best choice because of component tolerances and low quality factors, and such 
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perturbations may strongly affect the SIP occurrence. In Sec. 7.2 we define and use the 

coalescence parameter concept to describe the coalescence of three eigenvectors at the SIP 

point and to quantify the closeness of the operating point to the ideal SIP. Finally, in Sec. 

7.3, we provide the first experimental demonstration of the SIP in reciprocal microstrip 

lines at microwave frequencies, where both full-wave simulations and measurements are 

in a very good agreement. 

Sec. 7.2 FROZEN MODE IN LOSSLESS THREE-WAY MICROSTRIP 

The periodic three-way reciprocal microstrip, shown in Fig. 7.1(a), exhibits a frozen 

mode at 2 GHz (i.e., an SIP) visible in the k-ω dispersion diagram relative to infinitely long 

periodic structure with the unit cell in Fig. 7.1(b), where k is the Bloch-wavenumber and ω 

is the angular frequency. The three-way waveguide comprises two uniform TLs that are 

coupled through a third serpentine-shaped TL as shown in Fig. 7.1(a), with the unit cell 

shown in Fig. 7.1(b). We assume that all the TLs have the same width w so that the three 

individual TLs have a characteristic impedance of 50 Ohms (when uncoupled), the distance 

between coupled lines is s, and the structure period is d. To find the proper dimensions of 

the three-way microstrip so that it exhibits an SIP at 2 GHz, we consider first a lossless 

structure with substrate of a dielectric constant εr = 2.2 and height H = 1.575 mm. The 

three-way microstrip supports six eigenmodes; three in each z-direction. We define a state 

vector to describe the evolution of the eigenmodes as 𝚿𝚿 = [𝑉𝑉1, 𝐼𝐼1,𝑉𝑉2, 𝐼𝐼2,𝑉𝑉3, 𝐼𝐼3]𝑇𝑇 , where T 
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Fig. 7.1. Three-way periodic microstrip waveguide that exhibits an 
SIP (a frozen mode regime). (a) 3D perspective of the geometry with 
copper lines over a grounded dielectric substrate (metals are in 
yellow). (b) Top view of a unit- cell. The structure can also be viewed 
as two straight TLs coupled through a serpentine TL. 

denotes the transpose operation, and Vi and Ii with i = 1, 2, 3 represent the voltage and 

the current in the i-th TL, respectively.  

The evolution of the state vector of the periodic structure is described by 𝚿𝚿(𝑧𝑧 + 𝑑𝑑) =

𝐓𝐓𝑢𝑢𝚿𝚿(𝑧𝑧), where d is the period and 𝐓𝐓𝑢𝑢 is the 6 × 6 unit-cell transfer matrix (T-matrix). 

According to Floquet-Bloch theory, we look for periodic solutions of the state vector as 

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 where k is the Floquet-Bloch complex wavenumber, that satisfy Ψ(z + d) = λΨ(z), 

with 𝜆𝜆 ≡ 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗. The eigenvalue problem is then formulated as  

𝐓𝐓𝑢𝑢𝚿𝚿 =  𝜆𝜆𝚿𝚿,       (7.1)  
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Fig. 7.2. Floquet-Bloch complex-wavenumber dispersion diagram of 
eigenmodes in the three-way periodic structure in Fig. 7.1(a). The 
dispersion diagram shows the existence of an SIP at frequency f = 2 
GHz, where three branches (one real and two complex) coalesce. The 
dashed red line represents the propagating modes with purely real 
wavenumber. 

where the eigenvalues 𝜆𝜆𝑛𝑛 = 𝑒𝑒−𝑗𝑗𝑗𝑗𝑛𝑛𝑗𝑗, with 𝑛𝑛 = 1, 2, … , 6 are obtained by solving the 

dispersion characteristic equation 𝐷𝐷(𝑘𝑘,𝜔𝜔) = 𝑑𝑑𝑒𝑒𝑑𝑑[𝐓𝐓𝑢𝑢 − 𝜆𝜆𝟏𝟏], with 1 being the 6 × 6 identity 

matrix. Due to reciprocity, the determinant of 𝐓𝐓𝑢𝑢 is always equal to unity [25], which 

implies that the eigenvalue solutions of the characteristic equation must appear in 

reciprocal pairs i.e., the six k-solutions must come in positive-negative pairs. Away from an 

EPD, the unit-cell T-matrix 𝐓𝐓𝑢𝑢 is diagonalizable hence it has six eigenvectors Ψn associated 

with six eigenvalues λn. However, at the EPD, the T-matrix 𝐓𝐓𝑢𝑢 is not diagonalizable and is 

similar to a matrix containing two 3 × 3 Jordan Blocks as shown in [4]. Since the waveguide 

has 6 eigenvalues, at the SIP frequency we have only two reciprocal eigenvalues λSIP and 
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1/λSIP, and each of them has algebraic multiplicity 3 and geometrical multiplicity 1. 

Hence, the six Floquet-Bloch wavenumber solutions are kSIP and kSIP, and each one is 

repeated three times. The eigenvectors associated with degenerate eigenvalues are 

generalized eigenvectors obtained from �𝐓𝐓𝑢𝑢 − 𝜆𝜆𝑆𝑆𝑆𝑆𝑆𝑆𝟏𝟏�𝚿𝚿p = 𝟎𝟎, p = 1, 2, 3, where 3 is the 

order of the SIP degeneracy, i.e., the number of coalescing eigenvectors. Note that Ψ1 is the 

regular eigenvector associated with the degenerate eigenvalue λSIP. 

The SIP is a mathematical concept that is never met perfectly in reality because losses 

and fabrication tolerances would inhibit the perfect coalescence. However, a system can 

operate in the vicinity of the frozen mode while retaining the unique physical properties of 

the three-mode degeneracy. In order to assess how close a system is to an EPD, we use the 

coalescence parameter concept that was originally developed in [26] for a fourth order 

modal degeneracy, where the authors referred to it as figure of merit or hyperdistance. 

Here, to better evaluate the coalescence of three eigenvectors, we normalize the 

eigenvector components so that they all have the same unit as 𝚿𝚿�𝑛𝑛 =

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(1,𝑍𝑍0, 1,𝑍𝑍0, 1,𝑍𝑍0)𝚿𝚿𝑛𝑛 and Z0 is a normalization impedance that is here considered to be 

equal to the TLs characteristic impedance. 

The coalescence of the three eigenvectors 𝚿𝚿�1, 𝚿𝚿�2 and 𝚿𝚿�3 associated to the three positive 

wavenumbers in (7.1) is measured via the coalescence parameter 

𝐷𝐷𝐻𝐻 = 1
3
∑ |sin (𝜃𝜃𝑚𝑚𝑛𝑛)|, cos(𝜃𝜃𝑚𝑚𝑛𝑛) = �〈𝚿𝚿�𝑚𝑚,𝚿𝚿�𝑛𝑛〉�

�𝚿𝚿�𝑚𝑚�  �𝚿𝚿�𝑛𝑛�
3
𝑚𝑚=1,𝑛𝑛=2
𝑛𝑛>𝑚𝑚

  (7.2) 
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where θmn is the angle between the two six-dimensional complex vectors 𝚿𝚿�𝑚𝑚 and 𝚿𝚿�𝑛𝑛, 

and it is defined via the inner product  

〈𝚿𝚿�𝑚𝑚,𝚿𝚿�𝑛𝑛〉 = 𝚿𝚿�𝑚𝑚
†𝚿𝚿�𝑛𝑛     (7.3) 

with the dagger symbol † representing the complex conjugate transpose operation, and 

�𝚿𝚿�𝑚𝑚� and �𝚿𝚿�𝑛𝑛� denote their norms. The parameter 𝐷𝐷𝐻𝐻 is always positive and less than 

one, and 𝐷𝐷𝐻𝐻 = 0 indicates the perfect coalescence of the three eigenvectors, i.e., the system 

experiences an SIP. To find the three-way waveguide dimensions so that it exhibits an SIP, 

we divided the unit-cell into five sections of uniform single/coupled TLs as shown in Fig. 

7.1(b). We built the T-matrix of each section using TL analytic formulas based on 

quasistatic models in [27], [28]. The unit-cell T-matrix, that is function of the microstrip 

dimensions and frequency, is then found by multiplying the T-matrices of the five sections. 

Hence, we fixed 𝑤𝑤 = 5.09 mm and 𝑆𝑆 = 0.5 mm, and we assumed some initial values for h 

and d that are to be optimized as ℎ = 3.5 mm and 𝑑𝑑 =  50 mm. Then we optimize such 

dimensions to obtain an SIP at 2 GHz by monitoring the coalescence of three 

eigenvectors, i.e., by minimizing the coalescence parameter 𝐷𝐷𝐻𝐻 . The eigenvectors in (7.2) 

are calculated from the eigenvalue problem (7.1). The optimized dimensions are h = 3 mm 

and d = 55 mm, and the lossless unit cell exhibits a frozen mode at 2 GHz as shown in Fig. 

7.2. At the SIP, the dispersion relation is approximated as 𝜔𝜔 − 𝜔𝜔𝑆𝑆𝑆𝑆𝑆𝑆 = 𝜂𝜂(𝑘𝑘 − 𝑘𝑘𝑆𝑆𝑆𝑆𝑆𝑆)3 where 

𝜔𝜔𝑆𝑆𝑆𝑆𝑆𝑆 is the angular frequency at which the three modes coalesce, η is a constant that 

describes the flatness of the SIP. The group velocity and its derivative are zero at the SIP, 
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i.e., 𝜕𝜕𝜔𝜔/𝜕𝜕𝑘𝑘 = 𝜕𝜕2𝜔𝜔/𝜕𝜕𝑘𝑘2 = 0, whereas the second derivative of the group velocity is 

nonze ro , i.e., 𝜕𝜕3𝜔𝜔/𝜕𝜕𝑘𝑘3 = 6𝜂𝜂 ≠ 0. 

 

Fig. 7.3. (a) Fabricated unit-cell of the three-way periodic SIP 
structure with extra length on both sides to deembed the SMA 
connectors effect. (b) Deembedding calibration circuit identical to 
the extensions added to the unit- cell. 

Sec. 7.3 EXPERIMENTAL VERIFICATION OF SIP AND FULL-WAVE SIMULATIONS 

We verify the existence of the SIP in the three-way periodic microstrip shown in Fig. 

7.1(a) both experimentally and via full- wave simulations. We used a grounded substrate 

(Roger5880) that has substrate loss of tan δ = 0.0005, whereas the metal layers are copper 

of thickness 35 µm. The fabricated unit cell is shown in Fig. 7.3(a) including SMA 

connectors, where we have added extra extensions of 13 mm on each side of the unit cell to 

deembed the effect of the SMA connectors. Indeed, the SMA connectors not only add extra 

length but also introduce high order evanescent modes due to the discontinuity [17]. We 
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fabricated a “calibration” circuit with only the two added extra lengths as shown in Fig. 

7.3(b), to deembed the SMA effects. 

 

Fig. 7.4. Floquet-Bloch complex-wavenumber dispersion diagram of 
the three- way periodic waveguide based on six-port S-parameter 
measurements (blue curve), compared to the result obtained from 
full-wave simulations of a unit cell (red curve). Also, shown a 
comparison in dB between the measured coalescence parameter and 
the one obtained from full-wave simulations. 

The T-matrices of the two fabricated circuits, the one with the extra lengths and the 

calibration circuit, in Figs. 7.3(a) and (b) are 𝐓𝐓𝐴𝐴 = 𝐓𝐓𝑅𝑅𝐓𝐓𝑢𝑢𝐓𝐓𝐿𝐿 and 𝐓𝐓𝐵𝐵 = 𝐓𝐓𝑅𝑅𝐓𝐓𝐿𝐿 respectively, 

where 𝐓𝐓𝑅𝑅 and 𝐓𝐓𝐿𝐿 are the T-matrices of the extra length and the SMA connectors on the right 

and left sides, respectively. Hence, we calculate a new T-matrix 𝐓𝐓𝑛𝑛 = 𝐓𝐓𝐴𝐴𝐓𝐓𝐵𝐵−1 = 𝐓𝐓𝑅𝑅𝐓𝐓𝑢𝑢𝐓𝐓𝑅𝑅−1 

whose eigenvalues are the same of those of the unit-cell T-matrix 𝐓𝐓𝑢𝑢, if 𝐓𝐓𝑅𝑅 is not singular, as 

shown in [29]; a related but different method is also shown in [17]. The T-matrices 𝐓𝐓𝐴𝐴 and 
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𝐓𝐓𝐵𝐵 are obtained by transforming the scattering matrices associated to the 6-port circuits in 

Figs. 7.3(a) and (b). 

The scattering matrices are obtained via measurements using a Rohde & Schwarz Vector 

Network Analyzer (VNA) ZVA 67 and also via full-wave simulations based on the finite 

element method implemented in CST Studio Suite. The measured 6 × 6 S-matrix is obtained 

through connecting two ports of the VNA to ports q and r of the unit cell, while the other 

four ports are terminated by 50Ω loads so that we measure a 2 × 2 S-matrix block S(q, r). 

We change the ports q and r to cover all the combinations of the 6-ports circuit to construct 

the 6 × 6 S-matrix from the obtained 2 × 2 block matrices. Once the T-matrices 𝐓𝐓𝐴𝐴 and 𝐓𝐓𝐵𝐵 

are obtained from the S-parameters, we calculate the unit-cell complex wavenumbers k 

from the eigenvalues of 𝐓𝐓𝑛𝑛 = 𝐓𝐓𝐴𝐴𝐓𝐓𝐵𝐵−1 following the method discussed in the previous 

section. The comparison between the measured and the simulated dispersion diagrams in 

Fig. 7.4 shows a good agreement. As mentioned previously, conductor, dielectric, and 

radiation losses slightly affect the coalescence of the three eigenmodes at the SIP. To 

quantify this effect, we calculate the coalescence parameter DH shown in Fig. 7.4 using the 

eigenvectors of the T-matrix 𝐓𝐓𝑛𝑛 obtained from both the measured and the numerically 

simulated unit-cell T-matrix. Note that the eigenvectors of 𝐓𝐓𝑛𝑛 and 𝐓𝐓𝑢𝑢 are not the same, yet 

they share the geometrical and algebraic multiplicities of the eigenvalues, see Ch. 7.2 in 

[30], so they demonstrate similar trends in their coalescence parameters. The dip at the SIP 
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frequency in the well matched numerically and experimentally calculated coalescence 

parameter verifies the SIP existence. 

Sec. 7.4 CONCLUSION 

We have proposed a three-way periodic fully planar microstrip geometry that exhibits 

an SIP in its dispersion diagram, without breaking the system reciprocity or using any 

lumped components and multiple high air-bridge connections with series lumped 

capacitors as was done earlier [18]. We have provided a theoretical model to describe the 

occurrence of the frozen mode regime through the coalescence parameter that quantifies 

the coalescence of three eigenvectors and also via the degeneracy in the complex 

wavenumber dispersion diagram. We have demonstrated the occurrence of the frozen 

mode regime using both full-wave simulations and scattering parameters measurement of 

a six-port unit cell. The SIP in periodic microstrip can serve various applications like 

distributed amplifiers, delay lines, pulse generators, and sensors. 
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