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Abstract—Magnetoinductive waves in arrays of split ring 
resonators (SRRs) have been previously investigated. Here we 
characterize modes with real and complex wavenumber in two 
dimensional periodic arrays of SRRs. Each SRR is modeled as a 
single magnetic dipole, and the retrieval of the complex modal 
wavenumbers is performed by computing the complex zeroes of 
the homogeneous scalar equation characterizing the field in the 
array. The required periodic Green’s function is analytically 
continued into the complex wavenumber space by using the 
Ewald method. The proposed method allows for the description 
of each complex mode when varying frequency, complementing 
previous investigations. In particular, we analyze proper and 
improper, bound and leaky, magnetoinductive waves. 

I. INTRODUCTION 
Magnetically coupled resonators can support propagating 

waves, which are generally referred to as magnetoinductive 
(MI) waves. The simplest set of resonators consists of a 
capacitor and an inductor coupled with other resonators of the 
same kind, which can be easily produced with capacitively 
loaded rings or split ring resonators (SRRs), as shown in the 
inset in Fig. 1. Magnetoinductive waves have been studied in 
arrays of SRRs periodic in one, two (2D) or three dimensions 
in [1] by using a circuit formulation taking into account the 
coupling between elements (showing that nearest neighbor 
approximation provides already with the salient propagation 
features; more coupling is needed for accuracy of the results). 
The propagation in linear arrays of SRRs in axial (i.e., 
wavevector is in the same direction of the magnetic dipole 
moment describing the SRR) or transverse (i.e., wavevector is 
in the transverse direction of the magnetic dipole moment 
describing the SRR) configuration has been studied 
experimentally in [2], and similar works (including theory) 
have been shown in [3-5]. The dispersion properties of a bi-
periodic linear array of SRRs (contiguous loops are loaded with 
different capacitances) have been shown experimentally in [6] 
to support MI waves in two distinct frequency bands. The same 
phenomenon has been studied thoroughly in linear arrays in [7] 
by having also a unit cell with two SRRs whose relative 
distance is smaller than the period. The arranging in various 
orientations of the SRRs in two coupled linear arrays to tailor 
the dispersion diagrams has been shown in [8]. A 
comprehensive review of MI wave theory and applications has 
been also provided in [9-10]. The scope of this paper is the 
characterization of the bound (non radiating) and leaky 

(radiating) modes with complex wavenumber in 2D arrays of 
SRRs (Fig. 1), as recently done in [11-12] for 1D and 2D 
arrays. We model each SRR as a single magnetic dipole 
through the single dipole approximation (SDA) [13-14] and use 
a periodic Green’s function (GF) formulation based on the 
Ewald method to describe the field in the array as shown in 
[12, 15].  

II. FORMULATION  
The structure under analysis is the 2D periodic array of 

SRRs reported in Fig. 1, in a homogeneous background with 
relative permittivity hε , where each SRR is placed at position 

ˆ ˆmn ma nb= +r x y , with , 0, 1, 2,...m n = ± ± , and a, and b are the 
periodicities along the x and y direction, respectively [12-13]. 
The ( )exp j tω  monochromatic time harmonic convention is 
assumed.  

 
Figure 1.  Schematic of the 2D periodic array of SRRs. For 

simplicity, only the case with SRRs laying in the x-y plane is 
shown. 

We model each SRR as a single magnetic dipole. As such, 
the mn-th induced magnetic dipole moment is given by 

( ) ( )mm loc
B Bmn mn= ⋅m k α H k , where mmα  is the magnetic 

polarizability tensor of the SRR, and 

( )loc
B, ,mn mn mn mn

∞
= ⋅H G r r k m  is the local magnetic field 

acting on it produced by all the SRRs but the one at position 

mnr , and ( )B, ,mn mn
∞

G r r k  the regularized periodic dyadic 
GF (see [15]). For the SRR orientation in Fig. 1, as well as for 
the other two orthogonal orientations, the problem reduces to a 
scalar one, where only the component correspondent to the 
directions orthogonal to the ring plane, here the z direction, 
will be different from zero, as mm mm ˆˆzzα=α zz , where 
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mm 2 2 2
0 0( / )[1 / ( / 1 / )]zz A L jR Lα μ ω ω ω= − + [16], with 0μ  

the absolute permeability of free space, 2A rπ=  the area of 
each ring, ( )0 ln 16 / 2L r r wμ ⎡ ⎤≈ −⎣ ⎦  the self-inductance of the 
ring, with r  and w  ( w r<< ) denoting the radius and the 
thickness of the ring as in the inset in Fig. 1, 0 1/ LCω =  the 
resonance angular frequency of the ring, and 

0.5 2 /SR R r wπ≈ × accounts for ohmic losses, with SR  the 
metal surface resistance. The quality factor of the ring series 
resonance is given by / /Q L C R= . We use rings with the 
following characteristics: 33 nH,L =  188 pF,C =  200,Q =  

0 / 2 63.87 MHz,ω π =  as in [9]; a practical design would be 
8.47 mm,r ≈ 0.826 mm,w ≈  and 66.24 mR = Ω  assuming 

SRR made of copper. Suppose that the array in Fig. 1 supports 
a mode with wavevector B ˆ ˆx yk k= +k x y . Then, specifying 

previous equations at 00 ,r  one obtains the following 

dispersion equation ( ) ( )mm
B 00 00 B1 , , 0zz zz zzA Gα ∞= − =k r r k  

that can be solved for complex Bk .  

III. DISPERSION DIAGRAMS 
Here we analyze modes with complex wavenumber 

traveling along the x direction, i.e., B ˆxk=k x , with 

x x xk jβ α= − , embedded in free space (i.e., 1hε = , 0kk = ), 
with rectangular lattice 23 mma b= = . The transverse-to-the-

array wavenumber is 2
B Bzk k ⋅= − k k . We distinguish 

between proper (i.e., decaying getting away from the array, 
( )Im 0zk < ) and improper (i.e., growing getting away from the 

array, ( )Im 0zk > ) modes as previously done in [12], thus 
providing the knowledge on the physical bound and leaky 
modes excitable by a localized point source.  

    
Figure 2.  Example of dispersion diagram for the array in Fig. 
1. Solid = proper, dashed = improper modes, dotted-dashed = 

x kβ = (light line). 

The dispersion diagrams of xβ  and xα for a dominant 
mode are shown in Fig. 2. At low frequencies, a physical 
backward ( 0x xβ α < ), bound ( x kβ > ), proper mode with 
large attenuation xα  is observed (see [12, 17] for a complete 
classification of physical modes). Increasing frequency, this 
mode becomes a physical backward leaky ( x kβ < , note the 
dotted-dashed “light line” in the inset), proper, mode. Further 
increasing frequency, this mode transitions to a physical 

forward ( 0x xβ α > ) leaky, improper, mode with very low 
attenuation xα . Then, it becomes a non-physical (i.e., not 
excitable by a localized source [11-12]) bound improper mode. 
Analogous descriptions apply to 2D arrays of other SRR 
configurations laying in the x-z and y-z planes. Such modes can 
be used for guidance (based on magnetoinductive phenomena) 
or radiation (leaky modes, with x kβ < ).  
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