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DIVISORS CLASS GROUPS OF SINGULAR SURFACES

ROBIN HARTSHORNE AND CLAUDIA POLINI

ABSTRACT. We compute divisors class groups of singular surfaces. Most notably we produce an
exact sequence that relates the Cartier divisors and almostCartier divisors of a surface to the those
of its normalization. This generalizes Hartshorne’s theorem for the cubic ruled surface inP3. We
apply these results to limit the possible curves that can be set-theoretic complete intersection inP3 in
characteristic zero.

1. INTRODUCTION

On a nonsingular variety, the study of divisors and linear systems is classical. In fact the entire

theory of curves and surfaces is dependent on this study of codimension one subvarieties and the

linear and algebraic families in which they move.

This theory has been generalized in two directions: the Weildivisors on a normal variety, taking

codimension one subvarieties as prime divisors; and the Cartier divisors on an arbitrary scheme,

based on locally principal codimension one subschemes. Most of the literature both in algebraic

geometry and commutative algebra up to now has been limited to these kinds of divisors.

More recently there have been good reasons to consider divisors on non-normal varieties. Jaffe

[9] introduced the notion of an almost Cartier divisor, which is locally principal off a subset of

codimension two. A theory of generalized divisors was proposed on curves in [14], and extended to

any dimension in [15]. The latter paper gave a complete description of the generalized divisors on

the ruled cubic surface inP3.

In this paper we extend that analysis to an arbitrary integral surfaceX, explaining the group

APicX of linear equivalence classes of almost Cartier divisors onX in terms of the Picard group

of the normalizationS of X and certain local data at the singular points ofX. We apply these

results to give limitations on the possible curves that can be set-theoretic compete intersections in

P3 in characteristic zero

In section 2 we explain our basic set-up, comparing divisorson a varietyX to its normalization

S. In Section 3 we prove a local isomorphism that computes the group of almost Cartier divisors

at a singular point ofX in terms of the Cartier divisors along the curve of singularities and its

inverse image in the normalization. In Section 4 we derive some global exact sequences for the

groupsPicX, APicX, andPicS, which generalize the results of [15,§6] to arbitrary surfaces

These results are particularly transparent for surfaces with ordinary singularities, meaning a double

curve with a finite number of pinch points and triple points.
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2 R. HARTSHORNE AND C. POLINI

In section 5 we gather some results on curves that we need in our calculations on surfaces. Then

in Section 6 we give a number of examples of surfaces and compute their groups of almost Picard

divisors.

In Section 7 we apply these results to limit the possible degree and genus of curves inP3 that can

be set-theoretic complete intersections on surfaces with ordinary singularities in characteristic zero,

extending earlier work of Jaffe and Boratynski. We illustrate these results with the determination of

all set-theoretic complete intersections on a number of particular surfaces inP3.

Our main results assume that the ground fieldk is of characteristic zero, so that a) we can use

the exponential sequence in comparing the additive and multiplicative structures, and b) so that the

additive group of the field is a torsion-free abelian group.

The first author would like to thank the Department of Mathematics at the University of Notre

Dame for hospitality during the preparation of this paper.

2. DIVISORS AND FINITE MORPHISMS

All the rings treated in this paper are Noetherian, essentially of finite type over a fieldk which is

algebraically closed. In our application we will often compare divisors on integral surfaceX with

its normalizationS. But some of our preliminary results are valid more generally so we fix a set of

assumptions.

Assumptions 2.1.Letπ : S −→ X be a dominant finite morphism of reduced schemes. LetΓ and

L be codimension one subschemes inS andX respectively such thatπ restricts to a morphism ofΓ

to L. Assume thatS andX both satisfyG1 (i.e. Gorenstein in codimension 1) andS2 (i.e. Serre’s

conditionS2) so that the theory of generalized divisors developed in[15] can be applied. Further

assume that the schemesΓ andL have no embedded associated primes, hence they satisfyS1.

Now we recall the notion of generalized divisors from [15]. If X is a scheme satisfyingG1

andS2, we denote byKX the sheaf of total quotient rings of the structure sheafOX . A general-

ized divisoron X is a fractional idealI ⊂ KX , i.e. a coherent sub-OX -module ofKX , that is

nondegenerate, namely for each generic pointη ∈ X, Iη = KX,η, and such thatI is a reflexive

OX -module.

We sayI is principal if it is generated by a single non-zero-divisorf in KX . We sayI is Cartier

if it is locally principal everywhere. We sayI is almost Cartierif it is locally principal off subsets

of codimension at least 2. We denote byCartX and byACartX the groups of Cartier divisors and

almost Cartier divisors, respectively, and dividing theseby the subgroup of principal divisors we

obtain the divisors class groupsPicX andAPicX, respectively. The divisorI is effectiveif it is

contained inOX . In that case it defines a codimension one subschemeY ⊂ X without embedded

components. Conversely, for any suchY , its sheaf of idealsIY is an effective divisor.

We recall some properties of these groups.

Proposition 2.2. Adopt assumptions 2.1. The following hold:
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(a) There is a natural mapπ⋆ : PicX −→ PicS

(b) There is a natural mapπ⋆ : APicX −→ APicS

(c) There is an exact sequence

0 → PicX −→ APicX −→
⊕

x∈X

APic(SpecOX,x)

where the sum is taken over all pointsx ∈ X of codimension at least two.

Proof. For (a) and(b) see [15, 2.18]. The map onPic makes sense for any morphism of schemes.

For APic, we need only to observe that sinceπ is a dominant finite morphism, ifZ ⊂ X has

codimension two, then alsoπ−1(Z) ⊂ S has codimension two. The sequence in(c) is due to Jaffe

for surfaces (see [15, 2.15]), but holds in any dimension (same proof).

Proposition 2.3. Adopt assumptions 2.1. Further assume thatX andS are affine andS is smooth.

Then there is a natural group homomorphism

ϕ : APicX −→ Cart Γ/π∗CartL

Proof. Given a divisor classd ∈ APicX, choose an effective divisorD ∈ d that does not contain

any irreducible component ofL in its support (this is possible by Lemma 2.4 below). Now restrict

the divisorD toX−L, transport it via the isomorphismπ toS−Γ, and take its closure inS. Since

S is smooth, this will be a Cartier divisor on all ofS, which we can intersect withΓ to give a Cartier

divisor onΓ.

If we choose another effective divisorD′ representing the same classd, that also does not contain

any component ofL in its support, thenD −D′ is a principal divisor(f) for somef ∈ KX . Since

π gives an isomorphism ofS − Γ to X − L it follows thatS andX are birational, i.e.KX = KS .

So the equationD′ −D = (f) persists onS, showing that the ambiguity of our construction is the

Cartier divisor onΓ defined by the restriction off . Note now that since(f) = D−D′, we can write

ID′ = fID whereID′ andID are the ideals ofD′ andD in OX , andf ∈ KX . If λ is a generic

point ofL, then after localizing, the idealsID′,λ andID,λ are both the whole ringOX,λ, sinceD

andD′ are effective divisors not containing any component ofL in their support. Thereforef is a

unit in OX,λ. Thusf restricts to a non-zerodivisor in the total quotient ringKL, whose stalk atλ

is isomorphic toOX,λ/IL,λ. Thus the restriction off defines a Cartier divisor onL whose image

in Γ will be the same as the restriction off from S to Γ. Hence our mapϕ is well-defined to the

quotient groupCart Γ/π∗CartL.

The following lemma is the affine analogue of [15, 2.11].

Lemma 2.4. LetX be an affine scheme satisfyingG1 andS2. Letd ∈ APicX be an equivalence

class of almost Cartier divisors. LetY1, . . . , Yr be irreducible codimension one subsets ofX. Then

there exists an effective divisorD ∈ d that contains none of theYi in its support.
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Proof. The classd corresponds to a reflexive coherent sheafL of OX -modules [15, 2.8], which is

locally free at all pointsx ∈ X of codimension one because the divisors ind are almost Cartier.

SinceX is affine, the sheafL is generated by global sections. Thus for the generic pointyi of Yi,

there will be a sectionsi ∈ Γ(X,L) whose image in the stalkLyi is not contained inmyiLyi . Those

sectionss ∈ Γ(X,L) not having this property form a proper sub-vector spaceVi of Γ(X,L). Now

if we choose a sections ∈ Γ(X,L) not contained in any of theVi, the corresponding divisorD [15,

2.9] will be an effective divisor in the classd, not containing any of theYi in its support.

Remark 2.5. In Proposition 2.3 ifS is not smooth the construction does not work because the

closure ofD in S may not be Cartier. However if we defineG to be the following subset ofAPicX,

namely

G = {d ∈ APicX | π∗(d) ∈ PicS}
then we can construct the mapϕ : G −→ Cart Γ/π∗CartL in the same way. The condition that

the elementπ∗(d) of APicS lies inPicS is equivalent, by Proposition 2.2(c), to the vanishing of

its image inAPic(SpecOS,s) for all singular pointss ∈ S.

Proposition 2.6. Adopt assumptions 2.1. Assume that the map induced byπ fromIL,X toπ∗(IΓ,X)

is an isomorphism. Then the map of sheaves of abelian groupsγ : N −→ N0 onX defined by the

following diagram is an isomorphism:

(1)
O∗

X −→ π∗O∗
S −→ N → 0

↓α ↓β ↓γ
O∗

L −→ π∗O∗
Γ −→ N0 → 0

Proof. For every pointx ∈ X, set(A,mA) to be the local ringOX,x andB to be the semi-local

ring OS,π−1(x). As it is sufficient to check an isomorphism of sheaves on stalks, we can restrict to

the local situation whereX = SpecA andS = SpecB. LetA0 = A/I be the local ring ofL and

B0 = B/J be the semi-local ring ofΓ. Our hypothesis says that the homomorphism fromA to B

induces an isomorphism fromI to J . Now we consider the diagram of abelian groups:

A∗ −→ B∗ −→ N → 0
↓a ↓b ↓c
A∗

0 −→ B∗
0 −→ N0 → 0

and we need to show that the induced mapc is an isomorphism.

SinceA −→ A0 andB −→ B0 are surjective maps of (semi)-local rings, the corresponding

maps on unitsa andb are surjective (see Lemma 5.2). Therefore the third mapc is surjective.

To showc is injective, leta ∈ N go to1 in N0. Because the diagram is commutativea comes

from an elementb ∈ B∗ andb(b) = c ∈ B∗
0 whose image inN0 is 1. Hencec comes from an

elementd ∈ A∗
0, which lifts to ane ∈ A∗. Let f be the image ofe in B∗. Now b andf have the

same imagec in B∗
0 . Regarding them as elements of the ringB this means that their difference is in

the idealJ . But J by hypothesis is isomorphic toI, hence there is an elementg ∈ I whose image
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givesb− f in J . Now consider the elementh = g + e ∈ A. Sinceg ∈ I ⊂ mA, the elementh is a

unit in A, i.e. it is an element ofA∗. Furthermore its image inB∗ is b. Therefore the image ofb in

N , which isa, is equal to1. Thus the mapc is an isomorphism. Since this holds at all stalksx ∈ X,

we conclude that the mapγ : N −→ N0 of sheaves is an isomorphism.

Remark 2.7. In applications we will often consider a situation whereX is an integral scheme and

S is its normalization. ThenOS is a generalized divisor onX, whose inverseI = {a ∈ OX |
aOS ⊂ OX} is just theconductorof the integral extension. If we defineL by this ideal, andΓ as

π∗(L), then the map induced byπ from IL,X to π∗(IΓ,X) is an isomorphism and the hypothesis on

the ideal sheaves is satisfied. Conversely, if the map fromIL,X toπ∗(IΓ,X) is an isomorphism, then

restricting toX −L, we findOX −→ π∗(OS) is an isomorphism there, soS−π−1(L) −→ X −L

is an isomorphism.

Proposition 2.8. If π : S → X is a finite morphism of schemes, then the natural map

H1(X,π∗(O∗
S)) −→ H1(S,O∗

S)

is an isomorphism.

Proof. First we will show that the first higher direct image sheafR1π∗(O∗
S) is zero. This sheaf

is the sheaf associated to the presheaf which to each open subset V in X associates the group

H1(π−1(V ),O∗
S |π−1V ) [11, III, 8.1]. Hence the stalk of this sheaf at a pointx ∈ X is the direct

limit

lim−→
x∈V

H1(π−1(V ),O∗
S |π−1V ) .

An element in this direct limit is represented by a pair(V, α) whereV is an open set ofX containing

x andα ∈ H1(π−1(V ),O∗
S |π−1V ). This group is justPic(π−1V ), so the elementα corresponds to

an invertible sheafL onπ−1V . We may assume thatV is affine, since affine open sets form a basis

for the topology. Therefore, sinceπ is finite, the open subsetπ−1V of S is also affine, and henceL
is generated by global sections. Letz1, . . . , zr ∈ π−1V be the finite set of points inπ−1(x). We can

find a sections ∈ H0(π−1V,L) that does not vanish at any of thez1, . . . , zr. So the zero set ofs is

a divisorD whose support does not contain any of thezi. Sinceπ is finite, it is a proper morphism,

soπ(D) is closed inV and does not containx. Let V ′ = V − π(D). ThenL|π−1(V ′) is free, and

sinceπ−1(V ′) ⊂ π−1(V ), the image ofα in the above direct limit is zero. HenceR1π∗(O∗
S) = 0.

Now the statement of the lemma follows from the exact sequence of terms of low degree of the

Leray spectral sequence

0 → H1(X,π∗O∗
S) −→ H1(S,O∗

S) −→ H0(X,R1π∗(O∗
S) = 0
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Note 2.9. SinceH1(S,O∗
S) computesPicS see [11, III, Ex. 4.5], this means that we can also

computePicS asH1(X,π∗O∗
S).

3. A LOCAL ISOMORPHISM FORAPic

In this section we prove a fundamental local isomorphism that allows us to compute theAPic

group of a surface locally in terms of Cartier divisors on thecurvesL andΓ. We first observe that if

A is a local ring of dimension two satisfyingG1 andS2 with spectrumX and punctured spectrum

X ′ thenAPicX = PicX ′. IndeedAPicX = APicX ′ (see [15, 1.12]), andX ′ has no points of

codimension two, soAPicX ′ = PicX ′.

Theorem 3.1. Adopt assumptions 2.1. Further assume thatX is the spectrum of a two dimensional

local ring,S is smooth, and the map induced byπ fromIL,X to π∗(IΓ,X) is an isomorphism. Then

the map

ϕ : APicX −→ Cart Γ/π∗CartL

in Proposition 2.3 is an isomorphism.

Proof. Let x be the closed point ofX. SetX ′ = X − {x} andS′ = S − {π−1(x)}. As we

noted above we can calculateAPicX asPicX ′ which is alsoH1(X ′,O∗
X′). We consider sheaves

of abelian groups onX

(2) 0 → O∗
X −→ π∗(O∗

S) −→ N → 0

and similarly with primes

(3) 0 → O∗
X′ −→ π∗(O∗

S′) −→ N ′ → 0

Computing cohomology onX along (2) we obtain the exact sequence:

0 → H0(X,O∗
X ) −→ H0(X,π∗(O∗

S)) −→ H0(X,N ) −→ PicX = 0

whereH1(X,O∗
X ) = PicX = 0 sinceX is a local affine scheme. Now computing cohomology on

X ′ along (3) we obtain the exact sequence

0 → H0(X ′,O∗
X′) → H0(X ′, π∗(O∗

S′)) → H0(X ′,N ′) → APicX → H1(X ′, π∗(O∗
S′)) = 0

whereH1(X ′,O∗
X′) = APicX andH1(X ′, π∗(O∗

S′)) = 0 because by the Proposition 2.8 we have

H1(X ′, π∗(O∗
S′)) = H1(S′,O∗

S′). Now the latter isPicS′, which in turn is equal toAPicS. But

APicS = PicS becauseS is smooth and finallyPicS = 0 becauseS is a semi-local affine scheme.

SinceX andS both satisfyS2 any section ofOX or OS overX ′ or S′ extends to all ofX or S.

ThusH0(X,O∗
X ) = H0(X ′,O∗

X′) andH0(X,O∗
S) = H0(X ′,O∗

S′). This allows us to combine

the above two sequences of cohomology into one:

(4) 0 → H0(X,N ) −→ H0(X ′,N ′) −→ APicX −→ 0
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By Proposition 2.6 applied to both mapsS −→ X and S′ −→ X ′, we obtainH0(X,N ) =

H0(X,N0) andH0(X ′,N ′) = H0(X ′,N ′
0). Thus we turn (4) into the following short exact

sequence

0 → H0(X,N0) −→ H0(X ′,N ′
0) −→ APicX −→ 0

Using this exact sequence we can derive the following diagram:

0 0 0
↓ ↓ ↓

0 → H0(X,O∗
L) −→ H0(X,π∗(O∗

Γ)) −→ H0(X,N0) → 0
↓ ↓ ↓

0 → H0(X ′,O∗
L′) −→ H0(X ′, π∗(O∗

Γ′)) −→ H0(X ′,N ′
0) → 0

↓ ↓ ↓
0 → CartL −→ Cart Γ −→ APicX → 0

↓ ↓ ↓
0 0 0

The first two rows in the diagram are obtained applying cohomology to the short exact sequences

0 → O∗
L −→ π∗(O∗

Γ) −→ N0 → 0

and

0 → O∗
L′ −→ π∗(O∗

Γ′) −→ N ′
0 → 0

and observing that againH1(X,O∗
L) = PicL = 0 becauseL is a local affine scheme, and

H1(X ′,O∗
L′) = PicL′ = 0 becauseL′ as a scheme is a disjoint union of generic points. The ver-

tical columns arise from the fact thatL andΓ are (semi)-local curves, so that when we remove the

closed points we obtain the local rings of the generic points, namely the total quotient rings ofOL

andOΓ, and the Cartier divisors are nothing else than the quotients of the units in the total quotient

rings divided by the units of the (semi)-local rings, i.e.CartL = K∗
L/O∗

L andCart Γ = K∗
Γ/O∗

Γ.

Now the Snake Lemma yields the diagram. The last row of the above diagram implies the desired

statement, namely

APicX ∼= Cart Γ/π∗CartL.

Remark 3.2. If S is not smooth, we can replaceAPicX with the groupG defined in Remark 2.5,

in which case the proof of Theorem 3.1 shows thatϕ : G −→ Cart Γ/π∗CartL is an isomorphism,

because the cokernel ofH0(N0) −→ H0(N ′

0) is just the kernel ofAPicX → APicS, and in our

local case, for the image an element ofAPicX to vanish inAPicS is the same as saying it is locally

free, hence it is inPicS, which is zero becauseS is a semi local ring.

Proposition 3.3. If A is a local ring of dimension one satisfyingS1 andÂ is its completion, then

CartA = Cart Â
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Proof. This follows for instance from the proof of [15, 2.14] where it is shown thata 7→ â gives

a one-to-one correspondence between ideals of finite colength of A andÂ, under which principal

ideals corresponds to principal ideals.

The following proposition shows that the local calculationof APic depends only on the analytic

isomorphism class of the singularity when the normalization is smooth.

Proposition 3.4. LetA be a reduced two dimensional local ring satisfyingG1 andS2 whose nor-

malizationÃ is regular. Then

APic (SpecA) = APic (Spec Â).

Proof. We let S be the normalization ofX = SpecA, takeL to be the conductor andΓ to be

π−1(L). Then by Theorem 3.1 (cf. Remark 2.7) we can computeAPicX = Cart Γ/π∗CartL. On

the other hand, we have shown (Proposition 3.3) that the Cartier divisors of a one-dimensional local

ring are the same as those of its completion. So applying Theorem 3.1 also toSpec Â we prove the

assertion.

The next example shows that we cannot drop the assumption onÃ being regular.

Example 3.5. The divisor class groups of normal local rings and their behavior under comple-

tion have been studied by Mumford, Samuel, Scheja, Brieskorn, and others. In particular, if

A = C[x, y, z]/(xr + ys + zt) localized at the maximal ideal(x, y, z), wherer < s < t are

pairwise relatively prime, thenA is a unique factorization domain, soAPic (SpecA) is 0. How-

ever, the completioñA of A is not a unique factorization domain, soAPic (Spec Ã) is not 0, except

in the unique case(r, s, t) = (2, 3, 5) [24].

4. GLOBAL EXACT SEQUENCES

In this section we comparePic andAPic of any surfaceX to its normalization. This generalizes

[15, 6.3] which dealt with the case of a ruled cubic surface. In particular our result applies to a

surface with ordinary singularities whose normalization is smooth, thus providing an answer to the

hope expressed in [15, 6.3.1].

Theorem 4.1.Adopt assumptions 2.1. Further assume thatX is a surface either affine or projective

and the map induced byπ from IL,X to π∗(IΓ,X) is an isomorphism. Then there is an exact

sequence:

(a) PicX −→ PicS −→ Pic Γ/π∗PicL.

Furthermore, ifS is smooth, then there is also an exact sequence

(b) APicX −→ PicS ⊕ Cart Γ/π∗CartL −→ Pic Γ/π∗PicL → 0.
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Proof. For (a) we use the natural map from Proposition 2.2(a) of PicX toPicS and the restriction

map ofPicS to Pic Γ/π∗PicL. The composition is clearly zero, since a divisor class originating

onX will land in π∗PicL. To show exactness in the middle, we recall the result of Proposition 2.6

which shows that the sheavesN , N0 in the following diagram are isomorphic:

0 → O∗
X −→ π∗O∗

S −→ N → 0
α↓ β↓ γ↓∼=

0 → O∗
L −→ π∗O∗

Γ −→ N0 → 0

Taking cohomology onX and using Proposition 2.8, we obtain a diagram of exact sequences

0 → H0(O∗
X) → H0(π∗O∗

S) → H0(N ) → PicX → PicS → H1(N )
↓ ↓ ↓∼= ↓ ↓ ↓∼=

0 → H0(O∗
L) → H0(π∗O∗

Γ) → H0(N0) → PicL → PicΓ → H1(N0)

From this sequence, we see that if an element ofPicS becomes zero inPic Γ/π∗PicL, then it is

zero inH1(N0) = H1(N ) hence comes from an element ofPicX.

For (b) we first define the maps involved in the sequence. We use the natural map from Proposi-

tion 2.2(b) of APicX to APicS, which is equal toPicS sinceS is smooth, together with the map

ϕ of Proposition 2.3 applied locally. Note thatCart Γ/π∗CartL is simply the direct sum of all its

contributions at each one of its points, sinceL andΓ are curves. The second map of(b) is composed

of the mapPicS → PicΓ/π∗PicL of (a) and the natural maps of Cartier divisors toPic.

The composition of the two maps is zero, because if we start with something inAPicX, then

according to the construction of Proposition 2.3, its two images inPic Γ/π∗PicL will be the same.

The second map of the sequence(b) is clearly surjective.

To show exactness in the middle of(b), suppose that a classd ∈ PicS and a divisorD in Cart Γ

have the same image inPic Γ/π∗PicL. First, we can modifyD by an element ofπ∗CartL so

thatd andD will have the same image inPic Γ. Next, by adding some effective divisors linearly

equivalent tomH, whereH = 0 in the affine case andH is a hyperplane section in the projective

case, we can reduce to the case whered andD are effective. Consider the exact sequence of sheaves

0 → IΓ(d) −→ OS(d) −→ OΓ(d) → 0

If X is affine, thenH0(X,OS(d)) → H0(X,OΓ(d)) is surjective, so the sections ∈ H0(X,OΓ(d))

defining the divisorD will lift to a sections′ ∈ H0(X,OS(d)). This section defines a curveC in S

in the divisor classd, not containing any component ofΓ in its support, whose intersection withΓ

is D. We can transportC restricted toS − Γ to X − L, and take its closure inX. This will be an

element ofAPicX giving rise to thed andD we started with.

If X is projective, we use a hyperplane sectionH. SinceH comes fromPicX, it is sufficient to

prove the result ford+mH andD+mH. Now form ≫ 0 the cokernel of the mapH0(X,OS(d+

mH)) → H0(X,OΓ(d+mH)) lands inH1(X,IΓ(d+mH)), which is zero by Serre’s vanishing

theorem. Then the proof proceeds as in the affine case.

Proposition 4.2. With the hypotheses of Theorem 4.1 the following conditionsare equivalent:

(i) the mapPicX −→ PicS is injective
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(ii) the mapPicL → PicΓ is injective and

coker(H0(O∗
X) → π∗H

0(O∗
S)) = coker(H0(O∗

L) → π∗H
0(O∗

Γ)).

Furthermore ifS is smooth, conditions(i) and(ii) are also equivalent to

(iii) The first map of Theorem 4.1(b) is injective

In addition, without assumingS smooth, if conditions(i) and(ii) hold and the mapPicL → PicΓ

is an isomorphism thenPicX → PicS is also an isomorphism.

Proof. From the diagram of exact sequences in the proof of Theorem 4.1(a), statement(i) is equiv-

alent to the exactness of the sequence:

(5) 0 → H0(O∗
X) → H0(π∗O∗

S) → H0(N ) → 0.

SinceH0(X,N ) ∼= H0(N0), the exactness of (5) implies the exactness of

0 → H0(O∗
L) → H0(π∗O∗

Γ) → H0(N0) → 0.

Looking again at the diagram of exact sequences in the proof of Theorem 4.1(a), this implies(ii).

On the other hand,(ii) clearly implies(i). Now if S is smooth, because of the local isomorphism

of Theorem 3.1, any element in the kernel of the first map of Theorem 4.1(b) is zero in all the local

groupsAPic (SpecOX,x), hence by Jaffe’s sequence (see Proposition 2.2(c)) is already inPicX.

Thus(iii) is also equivalent to(i) and(ii).

The last statement follows again from the diagram of exact sequences in the proof of Theorem

4.1(a).

Remark 4.3. If X is integral and projective in Proposition 4.2 then so isS, thusH0(X,O∗
X ) =

H0(X,π∗O∗
S) = k∗, wherek is the ground field. Thereforecoker(H0(O∗

X) → π∗H
0(O∗

S)) = 0

and the equality of the cokernels in(ii) holds if and only if

H0(O∗
L) = H0(π∗O

∗
Γ).

Remark 4.4. If S is not smooth, then as in Remarks 2.5 and 3.2 we can obtain the same results as

in Theorem 4.1, withAPicX replaced byG.

The next theorem shows, that at least over the complex numberC, the mapPicX → PicS is

always injective.

Theorem 4.5. LetX be an integral surface inP3 overk = C. If S is the normalization ofX, then

the natural map

PicX −→ PicS

is injective.
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Proof. From the exponential sequence [11, Appendix B,§5] we obtain an exact sequence of coho-

mology

0 → H1(Xh,Z) −→ H1(X,OX ) −→ PicX −→ H2(Xh,Z) −→ H2(X,OX ) −→ . . .

whereXh is the associated complex analytic space ofX. Now H1(X,OX ) = 0 sinceX is a

complete intersection variety of dimension at least 2 [11, III, Ex. 5.5]. FurthermoreH2(Xh,Z) is

a finitely generated abelian group, so we conclude thatPicX is also a finitely generated abelian

group.

Next, using Grothendieck’s method of comparingPicX to the Picard group of the formal com-

pletion ofP3 alongX [10, IV, §3], the proof of [10, 3.1] and the groundfieldC being of characteristic

zero shows thatPicX is torsion free [17, Ex. 20.7]. ThusPicX is in fact a free finitely generated

abelian group.

TakingL to be the conductor andΓ its inverse image inS, the Assumptions 2.1 are satisfied.

Now, looking at the exact sequences used in the proof of Theorem 4.1, sinceX is integral and

projective,H0(O∗
X) → H0(π∗O∗

S) is an isomorphism, soH0(N ) is equal to the kernel of the map

PicX → PicS. If it is non zero, it must be a finitely generated free abeliangroup.

SinceL andΓ are projective curves, the group of units in each is a direct sum ofk-vector spaces

and copies ofk∗. To see this, refer to Proposition 5.9, and note that the firstsequence splits, since

k∗ is contained inO∗
C . Now comparing these sequences forL andΓ we see that the cokernel of the

mapH0(O∗
L) → H0(π∗O∗

Γ) must also be a direct sum of ak-vector space and copies ofk∗. But

H0(N0) = H0(N ) is a finitely generated free abelian group, so this cokernel must be zero.

HenceH0(N0) is equal to the kernel of the mapPicL → Pic Γ. SinceL andΓ are curves, there

are degree maps on each irreducible component to copies ofZ. The mapΓ → L is surjective, so

an element of positive degree onL remains an element of positive degree onΓ. Thus the kernel of

the mapPicL → PicΓ is just the kernel of the degree0 partPic 0L → Pic 0Γ. These are group

schemes, successive extensions of abelian varieties by copies ofGa andGm [20]. In particular,

the kernel is also a group scheme, of finite type overk. SinceH0(N0) is a finitely generated free

abelian group, as a group scheme it must have dimension zero,and hence (again using characteristic

zero) must be a finite abelian group. But it is also a free abelian group, hence it is zero. Thus

PicX → PicS is injective.

5. RESULTS ON CURVES

For our applications to surfaces, we need to know something about the curvesL andΓ. A curve

in this section will be a one dimensional scheme without embedded points, hence satisfying the

conditionS1 of Serre. For any ringA, we denote byCartA the group of Cartier divisors ofSpecA.

We first compute the local groupCartA at a singular point of a curve in terms of the number of

local branches and an invariantδ. Then we study the Picard group of a projective curve showingthe

contribution of the singular points. The results of this section are essentially well-known (see the
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papers of Oort [19] and [20] on the construction of the generalized Jacobian). Here we gather the

results on groups of divisors and divisor classes that we will need later.

In the followingk∗ is the multiplicative group of units of the fieldk andk+ is the whole fieldk

as a group under addition.

Theorem 5.1. Let A be a reduced local ring of dimension one with residue fieldk algebraically

closed of characteristic zero. Let̃A be the normalization ofA, letρ be the number of maximal ideals

of Ã (the number of branches of the curve singularity), and letδ be the length of̃A/A. Then

CartA ∼= Zρ ⊕ (k∗)ρ−1 ⊕ (k+)δ−ρ+1.

Before the proof we need some Lemmas.

Lemma 5.2. LetA be a ring,a an ideal, and assume eitherA is a local ring orA is complete in

thea-adic topology. Then the natural map of unitsA∗ → (A/a)∗ is surjective.

Proof. Let a ∈ A be an element such thata ∈ A/a is a unit. In the local case this meansa 6∈ mA/a,

which is equivalent to sayinga 6∈ mA, soa is a unit.

In the complete case, there exists ab ∈ A such thatab = 1. In other words,ab = 1+ x for some

x ∈ a. Now letu = 1− x+ x2 − x3 + . . . which exists inA since it is complete with respect to the

a-dic topology. Thenabu = 1, soa is a unit.

Recall that bya+ we denote the ideala as a group under addition.

Lemma 5.3. LetA be a ring anda an ideal. AssumeA is complete in thea-adic topology and that

A contains the rational numbersQ. Then there is an exact sequence of abelian groups

0 → a
+ α−→ A∗ β−→ (A/a)∗ → 1

where the mapα send an elementa of a to

exp(a) = 1 + a+
1

2
a2 +

1

6
a3 + . . .

Proof. Clearly the compositionβα is 1, and we know thatβ is surjective from the previous lemma.

If u is an element in the kernel ofβ that meansu = 1 + y for somey ∈ a, and then

a = log u = y − 1

2
y2 +

1

3
y3 − . . .

is in a and givesu via the mapα. This shows also thatα is injective, so the sequence is exact. We

need only to know that theexp map and thelog map are inverses to each other and this is purely

formal.

Proof of Theorem 5.1. By Proposition 3.3 we may assume thatA is a complete local ring.

Notice that the normalization of the completion is the completion of the normalization sõA is
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also complete with respect to its Jacobson radicalJ . Let K be the total quotient ring ofA. Then

A ⊂ Ã ⊂ K, CartA = K∗/A∗ andCart Ã = K∗/Ã∗. Therefore, we obtain the exact sequence

0 → Ã∗/A∗ −→ CartA −→ Cart Ã → 0.

Now Ã is just a product ofρ discrete valuation rings, soCart Ã = Zρ (recall that the group of

Cartier divisors of a discrete valuation ring isZ). SinceZ is a free abelian group, the sequence splits

and we can write

CartA ∼= Zρ ⊕ Ã∗/A∗.

To analyze this latter group we will apply Lemma 5.3 to the ringsA andÃ. Letm be the maximal

ideal ofA. Then we can write

(6)

0 1 1
↓ ↓ ↓

0 → m −→ A∗ −→ k∗ → 1
↓ ↓ ↓

0 → J −→ Ã∗ −→ (k∗)ρ → 1
↓ ↓ ↓

0 → M −→ Ã∗/A∗ −→ (k∗)ρ−1 → 1
↓ ↓ ↓
0 1 1

The first column of (6) defines anA-moduleM of finite lengthδ − ρ + 1, as is evident from

considering the analogue diagram of ideals and rings without ∗. The first two rows of (6) are

the applications of Lemma 5.3 to(A,m) and to(Ã, J). The bottom row of (6) gives us an exact

sequence for̃A∗/A∗. This sequence splits becauseA, being complete of characteristic zero, contains

its residue fieldk. And finally, as an abelian groupM is just isomorphic to(k+)δ−ρ+1. This gives

the desired decomposition.

In the next proposition we address the non-reduced case.

Proposition 5.4. LetA be a local ring of dimension one satisfyingS1 with residue fieldk of char-

acteristic zero, letK be the total quotient ring ofA, and letI be the ideal of nilpotents ofA. Then

there is an exact sequence

0 → (I ⊗K)/I −→ CartA −→ CartAred → 0.

Proof. We apply Lemma 5.3 to the pairs(A, I) and(K, I ⊗K), obtaining a diagram

0 1 1
↓ ↓ ↓

0 → I −→ A∗ −→ A∗
red → 1

↓ ↓ ↓
0 → I ⊗K −→ K∗ −→ K∗

red → 1
↓ ↓ ↓

0 → (I ⊗K)/I −→ CartA −→ CartAred → 0
↓ ↓ ↓
0 0 0
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Note 5.5. As an abelian group(I ⊗K)/I is ak-vector space, in particular, when we assume that

char k = 0, it is a torsion-free abelian group.

Examples 5.6. (a) If A is a node, thenρ = 2 andδ = 1, soCartA ∼= Z2 ⊕ k∗. This result

can also be deduced computationally from [15, 3.1], since any principal ideal generated by

a non-zerodivisor inA = k[[x, y]]/(xy) is of the form(xr+ays) with a ∈ k∗. Two of them

multiply by adding the exponents ofx andy placewise, and multiplying the coefficients of

a.

(b) If A is a cusp, thenρ = 1 andδ = 1, soCartA ∼= Z ⊕ k+. One could also recover this

result from [15, 3.7].

(c) More generally, ifA is the local ring of a plane curve singularity, thenρ is the number of

branches, andδ is the sum
∑ 1

2ri(ri − 1) taken over the multiplicitiesri of the point itself

and all the infinitely near singular points [11, IV, Ex. 1.8 and V, 3.9.3]. So for an ordinary

plane triple point for example,ρ = 3, δ = 3, we haveCartA ∼= Z3 ⊕ (k∗)2 ⊕ (k+).

(d) SupposeA is the local ring of a nonplanar triple point. Then we can suppose

A = k[[x, y, z]]/(xy, xz, yz).

Generalizing the method of [15, 3.1], a principal ideal is generated by an element of the form

xr + ays + bzt. Under multiplication the exponents ofx, y, z add, while the coefficients of

y, z multiply, respectively. HenceCartA ∼= Z3 ⊕ (k∗)2. From Theorem 5.1 we infer that

δ = 2.

(e) Suppose thatA is the local ring of a point on a double line in the plane, such ask[x, y]/(x2)

localized at(x, y). ThenAred is k[y] localized at(y). The ideal of nilpotentsI is xA, which

is a free module of rank1 overAred. Thus(I ⊗ K)/I ∼= k(y)/k[y] ∼= y−1k[y−1] is an

infinite dimensionalk-vector space. In the sequel we will denote this vector spaceby W .

Now let us studyH0(X,O∗
C) andPic C for a projective curveC.

Proposition 5.7. Suppose thatC is an integral projective curve with normalizatioñC. Then there is

an exact sequence

0 → π∗O∗
C̃
/O∗

C −→ Pic C −→ Pic C̃ → 0

Proof. From the short exact sequence of sheaves of units

1 → O∗
C −→ π∗O∗

C̃
−→ π∗O∗

C̃
/O∗

C → 1

taking cohomology, we obtain the long exact sequence

(7) 1 → H0(O∗
C) −→ H0(π∗O∗

C̃
) −→ π∗O∗

C̃
/O∗

C −→ Pic C −→ Pic C̃ −→ 0
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Indeed,π∗O∗
C̃
/O∗

C is supported only at points, soH0(π∗O∗
C̃
/O∗

C) = π∗O∗
C̃
/O∗

C and it has noH1.

By Proposition 2.8,

H1(C, π∗O∗
C̃
) = H1(C̃,O∗

C̃
) = Pic C̃.

Finally, sinceC andC̃ are both integral,

H0(O∗
C) = H0(π∗O∗

C̃
) = k∗.

Thus we obtain the desired short exact sequence.

Remark 5.8. SinceC̃ is a nonsingular projective curve,Pic C̃ is an extension ofZ by an abelian

variety of dimensiong = genus C̃. The dimension ofPic C is given bypa(C), the arithmetic genus

of C. On the other hand, the groupπ∗O∗
C̃
/O∗

C is supported at a finite number of points and can be

computed as in Theorem 5.1, giving

π∗O∗
C̃
/O∗

C
∼= (k∗)

∑
(ρi−1) ⊕ (k+)

∑
(δi−ρi+1)

whereρi andδi are defined at all the singular points ofC. Thus reading dimensions on the short

exact sequence of Proposition 5.7 we recover the well-knownformula

pa(C) = g(C̃) +
∑

δi.

The difference of the arithmetic genus and the geometric genus isδ, which is the total number of

copies ofk∗ or k+. [11, V, 3.9.2] .

Proposition 5.9. Suppose thatC is non reduced projective curve. LetI be the sheaf of nilpotent

elements ofC and letCred be the reduced curve. Assume thatchar k = 0. Then there are two exact

sequences

0 → H0(I) −→ H0(O∗
C) −→ H0(O∗

Cred
) → 0

0 → H1(I) −→ Pic C −→ Pic Cred → 0

Proof. Just take cohomology of the sequence

0 → I −→ O∗
C −→ O∗

Cred
→ 0

where the first map is the exponential map defined as in Lemma 5.3. SinceI is a coherent sheaf

on a scheme of dimension one,H2(I) = 0. On each connected component ofCred the sections of

O∗
Cred

are justk∗. These sections lift toH0(O∗
C) so the long exact sequence splits in two, and the

first sequence also splits.

Example 5.10. (a) If C is two lines in the planeP2 meeting at a point, theñC is two disjoint

lines. We find thatH0(O∗
C) = k∗ andH0(O∗

C̃
) = (k∗)2. By Example 5.6(a) the contribution

π∗O∗
C̃
/O∗

C of the point isk∗, and clearlyPic C̃ = Z2. The exact sequence (7) then becomes

1 → k∗ −→ (k∗)2 −→ k∗ −→ Pic C −→ Pic C̃ → 0
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hencePic C = Z⊕ Z (see also [15, 3.6]).

(b) If C is a plane nodal cubic curve, theñC is a a rational curve withPic C̃ = Z. The curves are

integral so we can apply Proposition 5.7. The local contribution of the node (see Example

5.6(a)) isk∗, soPic C = Z⊕ k∗ (see also [11, II, Ex. 6.7]).

If C is a plane cuspidal cubic curve, the local contribution of the cusp isk+ (see Example

5.6(b)), so as in (b) we findPic C = Z⊕ k+ (see also [11, II, 6.11.4]).

(d) If C is the union of three lines in the plane meeting at a single point P , then the local

contribution is(k∗)2 ⊕ k+ (see Example 5.6(c)), and̃C is three lines, so the exact sequence

(7) is

1 → k∗ −→ (k∗)3 −→ (k∗)2 ⊕ k+ −→ PicC −→ Pic C̃ → 0

ThereforePic C = Z3 ⊕ k+.

(e) If C is the union of three lines in the plane making a triangle, then we have three local

contribution ofk∗ from the thee nodes, and using the sequence analogous to the one in(d)

above, we findPic C = Z3 ⊕ k∗.

(f) Now suppose thatC is the union of three lines inP3 meeting at a point but not lying on

a plane. In this case the local contribution of the point is just (k∗)2 as we can see from

Example 5.6(d). Thus as in(d) and(e) we computePic C = Z3.

Remark 5.11. Note that in all the examples above, the ‘dimension’ ofPic C, meaning the number

of factorsk∗ or k+ plus the dimension of the abelian variety (not present in these examples) is

equal to the arithmetic genuspa of the curve. The plane cubic curves havepa equal one, while the

non-planar cubic curve of(f) haspa equal zero.

6. EXAMPLES AND APPLICATIONS

Throughout this section,X will denote a reduced surface inP3 andπ : S → X will be its

normalization. We takeL to be the singular locus ofX andΓ = π−1(L). Then the hypotheses of

Assumptions 2.1 are satisfied. In factX, being a hypersurface inP3, is Gorenstein, and so satisfies

G1 andS2. We will computeL, Γ, PicX, PicS, andAPic (SpecOX,P ) for some selected surfaces

X in P3, to illustrate the previous theoretical material.

Example 6.1. LetX = H1 ∪H2 be the union of two planes inP3 meeting along a lineL. ThenS

is the disjoint union of the two planesH1 ⊔H2, andΓ is a line in each of theHi. The reduced line

L is the conductor of the normalization. So for a pointx ∈ L there will be two points ofΓ lying

over it, and using Theorem 3.1 we can compute

APic (SpecOX,x) = Cart Γ/π∗CartL = (Z⊕ Z)/Z ∼= Z.
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To calculatePicX, sinceX andL have each one connected component, andS andΓ have each two

connected components, we havecoker(H0(O∗
X) → π∗H

0(O∗
S)) = coker(H0(O∗

L) → π∗H
0(O∗

Γ)).

FurthermorePicL = Z → Pic Γ = Z2 is injective, so by Proposition 4.2,PicX → PicS is injec-

tive.

Now by Theorem 4.1, sincePic Γ/π∗PicL ∼= Z andPicS = Z⊕ Z, we conclude thatPicX =

Z. SinceAPic (SpecOX,x) = Z for each pointx ∈ L, the sequence of Proposition 2.2(c) becomes

(8) 0 → PicX −→ APicX −→ Div L → 0,

whereDiv L is just the direct sum of a copy ofZ at each point ofX. Note the last map is surjective,

because using a sum of lines in one of the planesHi we can get any divisor onL. Thus the sequence

(8) splits and we obtainAPicX ∼= Z⊕Div L. ( see [15, 5.2, 5.3, 5.4] and the discussion following

for more details about curves onX.)

Example 6.2. Let X be the union of three planes inP3 meeting along a lineL0. ThenS is the

disjoint union of the three planes andΓ0 is the union of one line in each of the planes. TakingL0

andΓ0 to be reduced, for a pointP ∈ L0 we haveCart PL0 = Z andCartQi
Γ0 = Z for each of

the three pointsQ1, Q2, Q3 lying overP . So the quotientCartQΓ0/π
∗Cart PL0 that appears in

Proposition 2.3 is justZ2.

However in this case the conductor of the normalization is not L0 reduced! It is the scheme

structure supported on the lineL0 defined byI2
L0,P3 ( see Example 5.6(c), which shows thatδ = 3

for an ordinary plane triple point).

Lifting L up toS, thenΓ consists of a planar double line in each plane. Now forP ∈ L, the ideal

of nilpotentsI in the local ringk[x, y, z](x,y,z)/(x, z)
2 is free of rank2 overk[y], so using Example

5.6(e) we obtainCart PL = Z⊕W 2 (whereW is thek-vector spacey−1k[y−1]) and at each point

Qi ∈ Γ aboveP , we findCartQi
Γ = Z⊕W. The quotientCartQΓ/π∗Cart PL isZ2 ⊕W . This,

therefore is the groupAPic (SpecOX,P ), not just theZ2 found above.

Note that ifI is the sheaf of nilpotents ofOL (the non-reduced structure), thenI ∼= OL0
(−1)2.

This sheaf has no cohomology on the lineL0, soH0(O∗
L) = k∗ andPicL = Z. Similarly, for

each componentΓi of Γ we haveH0(O∗
Γi
) = k∗ andPicΓi = Z. Now from Proposition 4.2 we

conclude thatPicX −→ PicS is injective. Looking at the first sequence of Theorem 4.1 we obtain

thatPicX = Z.

Example 6.3. [Pinch points and the ruled cubic surface] A pinch pointof a surface is a singular

point that is analytically isomorphic tok[x, y, z](x,y,z)/(x
2z − y2). A typical example is the ruled

cubic surfaceX in [11, §6]. This surface has a double lineL with two pinch points. The normal-

izationS is a nonsingular ruled cubic surface (scroll) inP3. The inverse ofL is a conicΓ in S, and

the restrictionπ : Γ → L is a 2-1 mapping, ramified over the two pinch points. Thus at a pinch

pointx ∈ L, there is just one pointz ∈ Γ abovex, and the mappingCartL = Z → Cart Γ = Z is

multiplication by2. ThusAPic (SpecOX,x) = Z/2Z at the pinch point.
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SinceX is integral,L andΓ are both integral, andPicL → Pic Γ is injective, Proposition 4.2

applies and we findPicX → PicS is injective. AsPic Γ/π∗PicL = Z/2Z, andPicS = Z ⊕ Z,

we obtain alsoPicX ∼= Z ⊕ Z. The global sequences from Theorem 4.1 now give the results of

[15, 6.1, 6.2, 6.3] with simplified proofs.

Example 6.4. [The Steiner surface, see[25, page 137], [21, page 478], [23, Ex. 5.5]] According to

Pascal [21], this ‘superficie romana di Steiner’ was discovered by Jakob Steiner in 1838 during a

visit to Rome. It was first published by Kummer in 1863 in his article on quartic surfaces containing

infinitely many conics, where he attributed it to Steiner. The Steiner surfaceX is a projection of the

Veronese surfaceS in P5 (the 2-uple embedding ofP2 in P5), and has the equation

x2y2 + x2z2 + y2z2 = xyzw

in P3. To see this, lett, u, v be coordinate inP2, so thatS is given byt2, tu, u2, tv, uv, v2 in P5, and

project by taking

x = tu

y = tv

z = uv

w = t2 + u2 + v2.

Thenx, y, z, w satisfy the equation above. The singular locusL of X consists of the three lines

x = y = 0, x = z = 0, y = z = 0 meeting at the pointP = (0, 0, 0, 1) in P3. The curveL is

a double curve forX, with two pinch points on each line. It is the conductor of thenormalization

π : S → X. The inverse image ofL in S is a curveΓ, consisting of three conics, each meeting the

other two in a point, which are the images of the three linest = 0, u = 0, v = 0 of P2, forming a

triangle. The three vertices of the triangle go to the triplepointP , while each side of the triangle is

a 2-1 covering of the corresponding line.

At the triple pointP we haveCart PL = Z3 ⊕ (k∗)2 by Example 5.6(d). OnΓ, there are three

nodesQ1, Q2, Q3 lying overP , at each of whichCartQi
Γ = Z2 ⊕ k∗ by Example 5.6(a). Thus

APic (SpecOX,P ) = (Z2 ⊕ k∗)3/Z3 ⊕ (k∗)2 = Z3 ⊕ k∗. At any other point ofL we have either

an ordinary double point withAPic equal toZ (by Example 6.1) or a pinch point withAPic equal

toZ/2Z (see Proposition 3.4 and Example 6.3).

From Examples 5.10(f) and 5.10(e) we know thatPicL = Z3 andPic Γ = Z3 ⊕ k∗. The map

PicL → PicΓ sends a generator of one line to twice the generator of the corresponding line inΓ.

SoPicL → PicΓ is injective and the quotient is(Z/2Z)3 ⊕ k∗.

We look at the first sequence of Theorem 4.1

PicX −→ PicS −→ PicΓ/π∗PicL.

SinceS is the Veronese surface inP5, which is the 2-uple embedding ofP2, we havePicS = Z,

and the hyperplane sectionH is twice a generator. A curveC in PicS goes to zero inPic Γ/π∗PicL

if and only if its intersection with each line ofΓ is even, which means thatC has even degree inP2,
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so inPicS it is a multiple ofH. Hence the kernel ofPicS → Pic Γ/π∗PicL is justZ · H. On

the other hand, Proposition 4.2 applies to show thatPicX → PicS is injective, thusPicX = Z,

generated byH. (Note that sinceX in P3 is a projection ofS in P5, the hyperplene classH onX

lifts to the hyperplane class onS).

Finally, we can describeAPicX using Theorem 4.1(b).

Definition 6.5. We say a reduced surfaceX in P3 hasordinary singularitiesif its singular locus

L consists of a double line with transversal tangents at most points, plus a finite number of pinch

points and non-planar triple points.

Remark 6.6. The significance of ordinary singularities is that one knowsfrom the literature, at

least in characteristic zero, that the generic projectionX in P3 of any nonsingular surfaceS in Pn

has only ordinary singularities [18]. In characteristicp > 0 the same applies after replacingS if

necessary by a suitabled-uple embedding [22]. Conversely, ifX in P3 has ordinary singularities its

normalizationS is smooth (but may not have an embedding inPn of whichX is the projection).

Proposition 6.7. If X is a surface inP3 with ordinary singularities, then we can describeAPicX

by the sequence of Proposition 2.2(3) as

0 → PicX −→ APicX −→
⊕

P∈X

APic (SpecOX,P )

where

APic (SpecOX,P ) =





Z at a general point ofL
Z/2Z at a pinch point ofL
Z3 ⊕ k∗ at a triple point ofL .

Proof. Indeed, the local calculation ofAPic is stable under passing to the completion (see Proposi-

tion 3.4) and the calculations for these three kinds of points have been done Examples 6.1, 6.2 and

6.3.

Example 6.8. [A special ruled cubic surface] We consider the surface with equation

x2z − xyw + y3 = 0.

The lineL : x = y = 0 is a double line for the surface. There are no other singularities. The

line L has distinct tangents everywhere except at the pointP : x = y = w = 0, where it has a

more complicated singularity. This surface may be regardedas a degenerate case of the ruled cubic

surface considered above (see Example 6.3). It is still a projection of the cubic scroll inP4, but the

conicΓ has become two lines.

To investigate the singularity atP , we restrict to the affine piece wherez = 1, and the surfaceX

has affine equation

x2 − xyw + y3 = 0 .
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Adjoining u = x/y which is an integral element over the affine ring of the surface, we find that the

normalizationS is justk[u,w], and the mapS → X is given byx = uy, y = u(w − u). Lifting

the lineL to S we findΓ is two lines, having equationu(w − u) = 0, and that our special pointP

corresponds to the originQ : u = w = 0.

The conductor of the integral extension is justL, so bothL andΓ are reduced. We know that

CartQΓ = Z2 ⊕ k∗ from Example 5.6(a), andCart PL = Z. A generator ofCart PL is given

by w = 0 on L. If we lift w up toΓ it intersects each branch in one point giving(1, 1) in Z2 of

CartQΓ. Hence

APic (SpecOX,P ) = Z⊕ k∗ .

Going back to the projective surfacesX andS we know thatPicS = Z ⊕ Z, Pic Γ = Z ⊕ Z,

PicL = Z, soPicX = Z generated by the hyperplane classH, whose image inS is (2, 1) in the

notation of [15,§6]. Now by Theorem 4.1, in analogy with the ordinary ruled cubic surface above

(cf. [15, 6.3]), an element ofAPicX can be represented by a4-tuple (a, b, α, λ) wherea, b ∈ Z,

α ∈ DivL, λ ∈ k∗ with the condition thatdegα = a− 2b.

Example 6.9. [The cone over a plane cuspidal curve] We consider the cubic surfaceX given by the

equation

y2z − x3 = 0

in k[x, y, z, w], which is the cone with vertexP = (0, 0, 0, 1) over a cuspidal curve in the plane

w = 0. The normalizationS is obtained by settingt = yz
x . It is a cubic surface inP4 that is the

cone over a twisted cubic curve with vertexQ. The singular locus ofX is the lineL : x = y = 0.

Its inverse image inS is the double lineΓ defined byx = y = t2 = 0. SinceΓ is a planar double

line,PicL → Pic Γ is an isomorphism. FurthermoreH0(O∗
L) = k∗ = H0(O∗

Γ), X andS are both

integral, hence by Proposition 4.2,PicX → PicS is an isomorphism as well.

In place of the second sequence in Theorem 4.1, sinceS is not smooth, we must use the group

G = ker(APicX → APic (SpecOS,Q)) (see Remark 4.4). Then Theorem 4.1 tells us thatG is

isomorphic toPicS ⊕ Cart Γ/π∗CartL. Hence we have an exact sequence

0 → PicS ⊕ Cart Γ/π∗CartL −→ APicX −→ APic (SpecOS,Q) = Z/3Z → 0.

HerePicS = Z, generated by three times a ruling, and for each pointx ∈ L, Cart xΓ/π∗Cart xL

is just a group isomorphic toW = y−1k[y−1] sinceΓ is a double line (see Example 5.6(e)).

Example 6.10. [A quartic surface with a double line,[21, XII, §8, p. 471]] (This is also the surface

used by Gruson and Peskine [5] and [13] in their constructionof curves inP3 with all allowable

degree and genus.)

This surface can be obtained by lettingS beP2 with nine pointsP0, . . . , P8 blown up. We take

the pointsPi in general position, so that there is a unique cubic ellipticcurveΓ passing through

them. ThenPicS = Z10 generated by a line fromP2 and the exceptional curvesE0, . . . , E8. As
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usual, we denote by(a; b0, . . . , b8) the divisor classal − ∑
biEi. ThusΓ = (3; 19). Now take

H = (4; 2, 18), i.e. a plane curve of degree 4 with a double point atP0, and passing through

P1, . . . , P8. Then the complete linear system|H| mapsS to a quartic surfaceX in P3, whereby the

curveΓ is mapped2 − 1 to a double lineL of X with four pinch points. This is a surfaceX with

ordinary singularities and normalizationS, but it does not arise by projection from an embedding

of S in somePn, because the linear system|H| is not very ample onS.

SinceΓ is an elliptic curve, we have an exact sequence

0 → Pic0Γ −→ Pic Γ −→ Z → 0

wherePic0Γ is the Jacobian variety, which in this case is just a copy of the curve itself with its group

structure. If we have taken the pointsPi in very general position, then the restriction mapPicS →
Pic Γwill be injective. Dividing byπ∗PicL = Z, generated by the image of the hyperplane classH,

we see thatPicX = Z, generated byH. Along the double curveL, we haveAPic (SpecOX,P ) =

Z for a general pointP , orZ/2Z at each pinch point.

Example 6.11. [A quartic surface with two disjoint lines as its double locus, [21, XII, §10, type

XI, p.490]] The surface has two disjoint double lines as its singular locusL, each having four pinch

points. The inverse imageΓ of L in the normalizationS will be the disjoint union of two elliptic

curves.

We can construct this surface using an elliptic ruled surface. Following the notations of [11, V,

§2], let C be an elliptic curve. TakeE = OC ⊕ L0, whereL0 is an invertible sheaf of degree 0, not

isomorphic toOC , corresponding to a divisore onC. We takeS = P(E). The mapOC → E gives a

sectionC0 of S, so thatPicS = Z · C0 ⊕ Pic C · f , wheref is a fiber.

On the surfaceS we haveC2
0 = 0, C0 · f = 1, f2 = 0. The canonical class isKS = −2C0 + ef .

The surjectionE → OC → 0 defines another sectionC1 of S that does not meetC0. We have

C1 ∼ C0 − ef , so thatKS = −C0 − C1.

Now we fix a divisor classb on C of degree 2, and takeH = C0 + bf on S. Using [11, V,

Ex. 2.11] we deduce that the linear system|H| has no base points. Furthermore,H2 = 4 and

H0(OS(H)) = 4, so the linear system|H| determines a morphismϕ of S to P3, whose image we

call X. One can verify (we omit the details) thatH collapses the two elliptic curvesC0 andC1 to

two disjoint linesL0 andL1, and otherwise is an isomorphism ofS−C0−C1 → X−L0−L1. So

we denote byL the two disjoint linesL0 ∪ L1 and byΓ the two elliptic curvesC0 ∪ C1. The2− 1

coveringsC0 → L0 andC1 → L1 have four ramifications points each., corresponding to fourpinch

points on each line. In order to findPicX we first show thatPicS → PicΓ is injective. Consider

a divisorη = nC0 + af in PicS. Supposeη goes to zero inPic Γ. OnC1 the restriction ofC0 is

zero, sinceC0 andC1 do not meet. Now the image ofη in PicC1 ⊂ PicΓ is a, which is therefore

zero. Consider the restriction ofη = nC0 to PicC0. SinceC2
0 is the divisore, the image ofη is

ne. If we have chosene general, in particular a non torsion element inPic C, thenne = 0 implies
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n = 0. Therefore, when we divide byπ∗PicL only H vanishes. HencePicX = Z generated by

H. As before,APic (SpecOX,P ) isZ at a general point ofL, andZ/2Z at a pinch point.

Example 6.12. We now consider a more complicated example. LetX be the quartic surface inP3

defined by the polynomialf = x4 − xyw2 + zw3.

Taking partial derivatives one can verify that the singularlocusL0 of X is the linex = w = 0.

Sincef ∈ (x,w)3, the lineL0 has multiplicity 3 onX.

To find the normalizationS of X we proceed as follows. This method was inspired by a computa-

tion in Macaulay 2. First considerf
w2 and lett = x2

w . Then we findt2−xy+zw = 0, sot is integral

over the coordinate ring ofX. Next we considerz
2f
x3 and lets = zw

x . We obtains3−ys2+xz2 = 0,

thuss is integral overX. Now the inverse image ofX in the projective spaceP5 with coordinates

x, y, z, w, s, t is the surfaceS with equations




tw − x2

t2 − xy + sx

sx− zw

tz + s(s− y)

tx+ w(s − y)

st− xz

We recognize this equations as the2× 2 minors of the2× 4 matrix
(

x s w t
t z x y − s

)
.

ThusS is rational scroll of type(1, 3), namely an embedding of the rational ruled surfaceX2

(in the notation of [11, V,§2]). We havePicS = Z ⊕ Z, generated by two linesC0 andf with

intersectionC2
0 = −2, C0 · f = 1, andf2 = 0. The hyperplane sectionH is C0 + 3f .

The pullbackΓ0 of the singular locusL0 is C0 + 2f whereC0 = (x,w, t, y − s) and f =

(x,w, s, t).

To find the conductor of the integral extension, it is enough to look at any affine piece. So let

z = 1 and look at the affine ring

A = k[x, y, w](x4 − xyw +w3).

The normalization is the affine piece ofS defined byz = 1. One can eliminate variables and find

its affine ring isB = k[s, y], and the mapA −→ B is defined byx = s2(y− s), w = sx. We claim

the conductor of the integral extension is just the idealc = (x2, xw,w2). To see this, observe that

B as anA-module is generated by1, s, s2. We have only to verify that the elements ofc multiply s

ands2 into A. For instance,x2 · s = xw, xw · s = w2, etc..

We now take the schemeL in X to be defined by the conductor so that we have an exact sequence

0 → O2
L0
(−1) −→ OL −→ OL0

→ 0
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and hence on units, using Lemma 5.3

0 → O2
L0
(−1) −→ O∗

L −→ O∗
L0

→ 0

It follows thatH0(O∗
L) = k∗ andPicL = Z. Also, for any pointP ∈ L, we find as in Example

5.6(e)

Cart PL ∼= Z⊕W 2.

We takeΓ ⊂ S to be the pullback ofL. ThenΓ = 2C0 + 4f . From the study of curves on ruled

surfaces [11, V, 2.18] one knows thatΓ is linearly equivalent to an irreducible nonsingular curveon

S. HenceH0(OΓ), which depends only on the linear equivalence class ofΓ, is justk. It follows

thatH0(O∗
Γ) = k∗. The canonical classKS onS is−2C0− 4f [11, V, 2.18] so from the adjunction

formula one can compute thatpa(Γ) = 1. It follows thatH1(OΓ) = 1. Now we consider the exact

sequence

0 → I −→ OΓ −→ OΓ0
→ 0.

Sincepa(Γ0) = 0, we haveH0(OΓ0
) = 1 andH1(OΓ0

) = 0. Now from the exact sequence of

cohomology we findH0(I) = 0 andH1(I) = 1. Next, we consider the associated sequence of

units

0 → I −→ O∗
Γ −→ O∗

Γ0
→ 0.

Taking cohomology we obtain

0 → H1(I) −→ PicΓ −→ Pic Γ0 → 0.

An analogous argument comparingΓ0 to (Γ0)red shows thatPicΓ0 = Pic (Γ0)red = Z ⊕ Z (see

Example 5.10(a)). Hence we computePicΓ = Z⊕ Z⊕ k+.

With the information acquired so far, we can apply Proposition 4.2 and conclude thatPicX −→
PicS is injective. Taking for exampleC0 andf as a basis forPicS, it is clear thatPicS −→ PicΓ

is surjective. Therefore from the sequence of Theorem 4.1(a), we find thatPicX = Z and its image

in S consists of those curves whose intersection numbers with the two branches ofΓ, that isC0
andf , is the same. These are the curvesaC0 + bf with b = 3a, i.e. just the multiplies ofH. So

PicX = Z ·H.

Finally, we will computeAPic (SpecOX,P ) for a pointP ∈ L. According to Theorem 3.1 this

isCartQΓ/π∗Cart PL, whereQ is the point or points ofΓ lying overP .

The pointP0 defined byy = 0 in L has a single point ofΓ above it. All other pointsP ∈ L

have two points lying over them. IfP is general point6= P0, then we have seen thatCart PL =

Z⊕W 2. The two points ofΓ lying overP are on lines of multiplicity 2 and 4, respectively, so their

CartQi
Γ = Z⊕W andZ⊕W 3 respectively. Thus for a general pointP ∈ L,APic (SpecOX,P ) =

Z ⊕ W 2. At the special pointP0 the situation is a bit more complicated. As before,Cart P0
L =

Z⊕W 2. Using the exact sequence

0 → I −→ O∗
Γ −→ O∗

Γ0
→ 0
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and Proposition 5.4 we obtain an exact sequence

0 → (I ⊗K)/I −→ CartQ0
Γ −→ CartQ0

Γ0 → 0.

On the other hand, by the same method,

CartQ0
Γ0 = Z2 ⊕ k∗ ⊕W.

We can also regardI as ak[y]-module. It will have rank 3, so that(I ⊗K)/I ∼= W 3. Now finally,

taking the quotient, we obtain

APic (SpecOX,P0
) ∼= Z⊕ k∗ ⊕W 2

7. THE SEARCH FOR SET-THEORETIC COMPLETE INTERSECTIONS

We say a curveC in P3 is a set-theoretic complete intersection(s.t.c.i. for short) if there exist

surfacesX andY such thatC = X ∩ Y as sets. If the surfaceX containingC is already specified,

we will also sayC is aset-theoretic complete intersection onX.

In this section we first give some general results, building on the work of Jaffe and Boratynski

[6] [7], [8], [9], [1], [2], and [3]. If C is a set-theoretic complete intersection on a surfaceX having

ordinary singularities we show that the genus ofC is bounded below as a function of its degree.

Then we examine some particular surfaces and search for all possible curves that are set-theoretic

complete intersections on these surfaces.

Bounds on degree and genus.

Proposition 7.1. Let C be a curve on a surfaceX in P3 that meets the singular locus in at most

finitely many points. ThenC is a set-theoretic complete intersection onX if and only ifrC = mH

in APicX, for somer , m ≥ 1, whereH is a hyperplane section.

Proof. If C = X ∩ Y as sets, whereY is a surface of degreem, then the schemeX ∩ Y will be a

multiple structure on the curveC. SinceC is a Cartier divisor onX − SingX, this will be rC for

somer ≥ 1, sorC = mH in APicX.

Corollary 7.2. With the hypotheses of Proposition 7.1, assume in addition that C is smooth, and

thatC is a set-theoretic complete intersection onX. Then at each singular pointP ofX lying onC,

the curveC gives a non-zero torsion element in the local ringAPic (SpecOX,P ).

Proof. If C is a s.t.c.i. onX, thenrC ∼ mH for somer,m ≥ 1, showing thatrC is a Cartier

divisor. Hence the local contribution ofrC atP is zero, soC is torsion inAPic (SpecOX,P ). Being

a smooth curve it cannot be locally Cartier at a singular point hence it is non-zero.

Proposition 7.3. If C ⊂ X is a smooth curve that gives a non-zero torsion element inAPic (SpecOX,P )

for some pointP ∈ X, then the normalizationS ofX can have only one pointQ lying overP .
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Proof. SincerC is locally Cartier for somer ≥ 1, it will be defined locally by a single non-zero

divisorf in the local ringOX,P . If S has several pointsQ1, . . . , Qs lying overP , thenf will define

a curve at eachQi. ThusC will have several branches and cannot be nonsingular atP . (this result

is deduce by Jaffe [6, 3.3] from a more general result of Huneke.)

Corollary 7.4. With the hypotheses of Corollary 7.2, assume that the surfaceX has only ordinary

singularities. ThenC can meet the singular locus ofX only at pinch points.

Proof. Indeed, the normalizationS of X has two points lying over a general point ofL and three

points lying over a triple point. (cf. Examples 6.2 and 6.3).

Proposition 7.5. With the hypotheses of Corollary 7.4, assume thatchar k = 0. Then already

2C = X ∩ Y for some surfaceY . In this case we say thatC is a self-linkedcurve.

Proof. We have seen thatC can meet the double curveL only at pinch points. At a pinch point the

localAPic group isZ/2Z ( see Example 6.3), so2C will be locally Cartier there. Thus2C ∈ PicX.

Our hypothesis says thatrC ∼ mH for somer,m ≥ 1. Thus2C becomes a torsion element of the

quotient groupPicX/Z ·H. However, in case ofchar k = 0, this group is torsion free, by Lemma

7.6 below so we can conclude that2C ∼ mH for some (other)m, in other words, by Proposition

7.1, already2C is a complete intersectionX ∩ Y for someY andC is self-linked.

The statement of Lemma 7.6 is well known. We give the main steps of the proof below because

of the lack of a precise reference. A proof is given in Jaffe [8, 13.2], where he assumes normality but

he does not really use it. The statement is also given in [17, Ex. 20.7] as an exercise. Furthermore,

a proof whenX as dimension at least 3 can be found in [10, IV, 3.1] (this is the proof that we mimic

below). The method of proof is similar to the one employed in the proof of Theorem 4.5.

Lemma 7.6. If X is a surface inP3 over a fieldk of characteristic zero, thenPicX/(Z · H) is a

torsion free abelian group.

Proof. In the proof of [10, IV, 3.1], at each stage of the thickening,we havePicXn+1 −→
PicXn −→ H2(In

X/In+1
X ), and the class ofH comes fromPicXn+1, so its image in theH2

is zero. In characteristic0, thisH2 group is torsion free, so any class inPicXn whose multiple is in

the subgroup generated byH will also go to zero inH2, and hence will lift toPicXn+1. Continuing

in this way, it lifts all the way toPicP3 = Z, generated byH, so it is already a multiple ofH.

The following result can be basically recovered from Boratynski’s works ([1] and [3]).

Proposition 7.7. (Boratynski) LetC be a smooth curve inP3 that is self-linked, so that2C = X ∩Y

as schemes, whereX andY are surfaces of degreesm,n respectively. Then there is an effective

divisorD onC such that

OC(D) ∼= ω−2
C (2m+ n− 8)
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Proof. Let C′ be the scheme2C. Then there is an exact sequence

0 → L −→ OC′ −→ OC → 0

whereL is an invertible sheaf onC. One knows from an old theorem of Ferrand that

L ∼= ωC(−m− n+ 4).

This follows also from linkage theory (see for instance [15,4.1]), sinceL = IC,C′ which is just

Hom(OC ,OC′). But ωC
∼= Hom(OC , ωC′) andωC′

∼= OC′(m + n − 4) sinceC′ is the complete

intersection of surfaces of degreesm andn. ThusL ∼= ωC(−m− n+ 4).

On the other hand,L is a quotient ofI/I2, whereI = IC is the ideal sheaf ofC in P3. SinceC
lies on the surfaceX of degreem , there is a natural mapOC(−m) → I/I2, whose image maps to

zero inL. Hence there is an effective divisorD onC such that

0 → OC(−m+D) −→ I/I2 −→ L → 0

is exact.

Now from the exact sequence

0 → I/I2 −→ Ω1
P3|C −→ ωC → 0

of [11, II, 8.17], taking exterior powers, we find

∧2(I/I2) ∼= ω−1
C (−4).

But the above sequence withL implies that

∧2(I/I2) ∼= L(−m+D).

ThereforeL ∼= ω−1
C (m− 4−D). Combining with the earlier expression forL gives the result.

Theorem 7.8. Let C be a smooth self-linked curve, so that2C is the intersection of surfaces of

degreesm andn . Then lettingd = degree C andg = genus C, we have

d(m+ n− 7) ≤ 4g − 4

and

g ≥
√
2

2
d

3

2 − 7

4
d+ 1 .

Proof. In the proof of the previous proposition we saw thatOC(−m+D) is a submodule ofI/I2.

HenceOC(m−D) is a quotient of its dualN , the normal bundle ofC in P3. SinceC is smooth,N
is a quotient ofTP3|C , which in turn is a quotient ofOC(1)

4. HenceN (−1) is a sheaf generated by

global sections, and therefore the same holds forOC(m−D). We conclude that the degree of this

sheaf onC is non negative, i.e.degD ≤ dm. Combining with the expression forD in the statement

of Proposition 7.7 we find

−4g + 4 + d(2m+ n− 8) ≤ dm ,

which gives the first inequality.
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For the second inequality, we use the fact thatm+n ≥ 2
√
mn andmn = 2d since2C = X ∩Y .

Substituting and solving forg gives the result.

Corollary 7.9. If C is a smooth curve that is a set-theoretic complete intersection on a surfaceX

having at most ordinary singularities and ordinary nodes, and C 6⊂ SingX, andchar k = 0, then

the inequality of Theorem 7.8 hold, takingm = degX andn = 2d
m .

Corollary 7.10. With the hypotheses of Corollary 7.9 we findg ≥ d − 3 except possibly for the

pairs (d, g) = (8, 3), (10, 6), which we are unable to eliminate.

Proof. For d ≥ 11 the result follows from the second inequality of Theorem 7.8. Ford ≤ 10 we

treat case by case, considering the possiblem,n for which mn = 2d. If one ofm or n is equal

to 2, thenC lies on a quadric surface, which must be a cone. In this case, if d is even= 2a, then

g = (a− 1)2; if d is odd= 2a+ 1, theng = a(a− 1) [11, Ch. 3 Ex. 5.6 ]. In all casesg ≥ d− 3.

If one ofm or n is equal to 3, this result has been proved by Jaffe [6, 3.1]. Thus we may assume

m,n ≥ 4. This leaves only two cases,d = 8 andd = 10, in which cases our bound givesg ≥ 3 and

g ≥ 6 respectively. In cased = 8, thenm = n = 4, the curveC onS is linearly equivalent to2H

sogC = 2gH + 3, which is an odd number. This eliminates(8, 4).

Remark 7.11. Corollary 7.10 was proved by Jaffe for curves on cubic surfaces [6, 3.1], for surfaces

having only ordinary nodes [6, 4.1], and for curves on cones [6, 5.1]. Boratynski [2, 3.4] proved

the special case of genus zero, i.e. a smooth rational curve of degreed ≥ 4 cannot be a s.t.c.i. on a

surface of the type described in Corollary 7.10, under the additional hypothesis that ford ≥ 5 the

rational curve is general in its Hilbert scheme.

Examples and existence.

Now we will study some particular surfaces inP3, with the intention of finding all curves that are

s.t.c.i. on them. We preserve our earlier notation:X will be a surface inP3, L its singular locus ,

S its normalization,Γ the inverse image ofL, and we look for smooth curvesC ⊂ X, meetingL in

only finitely many points, such thatC is s.t.c.i. onX. We denote byC′ the support of the inverse of

C in S, which will be a smooth curve onS isomorphic toC.

Example 7.12. [The ruled cubic surface (cf. Example 6.3)]We know thatC can meetL only at

pinch points (Corollary 7.4), soC′ can meetΓ only at the two ramification points. In order forC to

be smooth,C′ must meetΓ transversally at these points, so the intersection multiplicity C′
·Γ ≤ 2.

Using the notation of [15,§6], the divisor class ofH on S is (2, 1) and that ofΓ is (1, 0). Since

rC′ = mH for somer,m, the class(a, b) of C′ must satisfya = 2b. But sinceC′
·Γ = a ≤ 2, there is

only one possibility, namelyC′ = (2, 1) = H in PicS. Thus we see that if there is a s.t.c.i. curveC
onX, it must be a twisted cubic curve, withC′ ∼ H onS. To see if such curvesC exist, we ask for a
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smooth curveC′ in the linear system|H| onS that meetsΓ at the two specified ramification points.

Remembering thatS is isomorphic to a planeP2 blown up at one pointP , and thatΓ corresponds

to a lineℓ not containingP , we ask for a conicC′′ in the plane containingP and meetingℓ at two

specified points. These exist, so we conclude that there are twisted cubic curvesC onX such that

2C is a complete intersection onX, and that these are the only smooth s.t.c.i. curves onX.

Example 7.13. [The special ruled cubic surface (cf. Example 6.8)]In this case the normalization

S is the same cubic scroll inP4 as in the previous example, butΓ is now two lines meeting at the

pointQ that lies over the special pointP onL. If C is a s.t.c.i. curve onX, then by Proposition 7.3

it can meetL only atP , and sinceC is smooth,C′ must meetΓ atQ without being tangent to either

of the two lines ofΓ. As in the previous example, the class ofH in PicS is (2, 1), the class ofΓ is

(1, 0), the intersection numberC′
·Γ = 2, and we find that the only possibility isC′ ∼ H, soC will

be a twisted cubic curve.

There is one well-known example of such a curve [12, Note, p. 381], namely (modulo slight

change of notation) the twisted cubic curveC whose affine equation in the open setz = 1 is given

parametrically by 



x = t3

y = t2

w = 2t

.

For this curve,2C is the complete intersection ofX with the surfacew2 = 4yz.

If we modify these equations by inserting a parameterλ 6= 0,±i, then the curveCλ defined by




x = λt3

y = t2

w = λ2+1
λ t

is another smooth twisted cubic curve lying onX and passing though the pointP , andC′
λ onS is

still the linear system|H|.
To see ifCλ is a s.t.c.i. onX, we must find out ifCλ gives a torsion element in the local group

APic (SpecOX,P ), which, according to Example 6.8, is isomorphic toZ⊕k∗. SinceCλ meets each

branch ofΓ just once, theZ component ofCλ in APic is 0.

To find the element ofk∗ representingCλ in APic , we recall from Example 5.6(a) that ifA ∼=
k[[x, y]]/(xy), then an ideal(xr + ays) gives the element(r, s; a) in CartA ∼= Z2 ⊕ k∗. SinceΓ

has local equationu(w − u) = 0, it is convenient to make a change of variablesv = w − u. thenΓ

is defined byuv = 0, and the curveC′
λ is defined by
{
u = x/y = λt

v = w − u = λ−1t
,

so the local equation ofCλ is u − λ2v, and we find thatCλ gives the elementµ = −λ2 in k∗. The

torsion elements ink∗ are just the roots of unity. Note that the first curve we discussed above, which
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corresponds toλ = 1, givesµ = −1, which is a torsion element of order 2 ink∗, confirming that

2C is a complete intersection.

For the other curvesCλ in this algebraic family, we see that for a generalλ, the curveCλ is not

a s.t.c.i. onX, but if λ is a root of unity, thenCλ will be a s.t.c.i. For anyn ≥ 2, takingµ to be

a primitiventh root of unity, and solvingλ2 = −µ, we find a curveCλ that is a s.t.c.i. onX of

ordern, but of no lower order. Note, by the way, that even though theC′
λ are all linearly equivalent

to H onS, the curvesCλ1
andCλ2

onX are not linearly equivalent inAPicX (unlessλ1 = −λ2,

in which case the curvesCλ1
andCλ2

are the same, replacingt by −t) because this class, in the

notation of Example 6.8, is(2, 1, 0, µ).

Remark 7.14. In particular the set of curves in an algebraic family onX that are s.t.c.i. need not

be either open or closed.

Example 7.15. [The Steiner surface (cf. Example 6.4)]Here the singular locusL is three lines

meeting at a point, and each having two pinch points. The normalizationS is isomorphic toP2, so

PicS ∼= Z, generated by a lineℓ. The hyperplane sectionH onX corresponds to the divisor class

2ℓ onS. The curveΓ onS corresponds to three lines forming a triangle inP2.

A s.t.c.i. curveC in X can meetL only at pinch points (Corollary 7.4), so the curveC′ ⊂ S meets

Γ only at the ramification points. ThusC′
·Γ ≤ 6. On the other hand,C′ ∼ aℓ for somea ≥ 1, and

ℓ·Γ = 3, soa = 1 or 2. Thus we are looking for a line or a conic inP2 that meets the triangleΓ

only in the six ramification points.

Using the notation of Example 6.4, we can compute the ramification points. On the linet = 0,

the image of(0, 1, λ) is (0, 0, 1, λ + 1
λ). Thusλ and 1

λ have the same image, and the ramification

points are whereλ = 1
λ , namely,λ = ±1. Thus the six ramification points in the(t, u, v)-plane are

(0, 1,±1), (1, 0,±1), and(1,±1, 0). A line (not equal tot = 0, u = 0 or v = 0) passing through

two of these passes through a third and in this way we obtain four conicsC in X for each of which

2C is a hyperplane section (cf. [21, p.474]).

On the other hand, since these six ramification points are aligned 3 at the time, there is no smooth

conic passing through all 6. Thus the four conics just mentioned are the only s.t.c.i. curves onX.

Example 7.16. [A rational quartic surface with a double line (cf. Example 6.10)] In this caseΓ is

an elliptic curve mapping 2-1 to the lineL, so there are four ramification points. We haveH·Γ = 2,

so we look for curvesC′ ∼ H or C′ ∼ 2H meetingΓ only in the ramification points. In the linear

system|H| on S, every divisor meetsΓ in a pair of the involutionσ defining the mapΓ → L.

Thus it cannot meetΓ in two ramification points. The divisor2H meetsΓ in the linear system

2σ. If we compare the mapΓ → L to the standard double covering of thex−axis by the curve

y2 = x(x− 1)(x − λ) [11, Chapter IV], thenσ is just pairs of points that add up to 0 in the group

law on the cubic curve, and the four ramification points are the points of order two in the group
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law. These form a subgroup isomorphic to the Klein four groupZ/2Z ⊕ Z/2Z, and the sum of all

four elements of this group is zero. Hence the sum of the four ramification points is in the linear

system defined by2H onΓ. Now a straightforward computation of cohomology groups shows that

H0(OS(2H)) → H0(OΓ(2H)) is surjective, so there exist curvesC′ ∼ 2H meetingΓ just at the

four ramification points, and it is easy to see, using Bertini’s theorem, that we may takeC′ to be

smooth. Thus we find smooth curvesC of degree 8 and genus 7 onX for which 2C is a complete

intersection, and these are the only s.t.c.i. onX.

Example 7.17. [A quartic surface with two disjoint double lines (cf. Example 6.11) ] Here the

singular locusL is two lines, andΓ is two disjoint elliptic curves, each having four ramification

points. SinceH·Γ = 4, we look for curvesC′ ∼ H or C′ ∼ 2H meetingΓ only in the ramification

points. Any curveC′ ∼ H maps to a singular curve inX, so we eliminate this case. Consider

C′ ∼ 2H. As in the previous example, the sum of the ramification points onΓ is in the linear

system induced onΓ by 2H. Again, standard calculations of cohomology together withBertini’s

theorem show that we can find smooth curvesC′ ∼ 2H meetingΓ only at the ramification points.

These give smooth curvesC ⊂ X of degree 8 and genus 5 for which2C is a complete intersection,

and these are the only s.t.c.i. onX.

Example 7.18. [The quartic surface of Example 6.12]We will show that there are no smooth s.t.c.i.

curves on this surface. By a reasoning similar to the previous examples we are looking for a smooth

curveC′ ⊂ S meetingΓ only at the special point and not tangent to either branch ofΓ. So its local

equation will bey− λs+ higher terms, for someλ 6= 0, 1. For this computation it will be sufficient

to use the reduced lineL0 and its inverse imageΓ0 defined bys2(y−s) = 0. We will use Proposition

2.3, and show that the image inCart Γ0/π
∗CartL0 of the class ofC′ in APic (SpecOX,P0

) is not

torsion. In Example 6.12, we foundCartQ0
Γ0 = Z2 ⊕ k8 ⊕ W . SinceCart P0

L0 = Z, we are

looking at the groupZ⊕ k∗ ⊕W . Now according to Proposition 5.4 and Example 5.6(e), we write

y − λs+higher terms asy(1 − λsy−1 + higher), and find that the contribution ofC′ to W is −λ.

The group law inW is addition. It is ak-vector space, and in characteristic zero, it is torsion free.

ThusC′ gives a non-zero element, and no multiple is zero, soC cannot be a s.t.c.i.

Recall that the curves that are self-linked inP3 are s.t.c.i. and conversely on a surface with

ordinary singularities in characteristic zero any smooth s.t.c.i. curve not contained in the singular

locus is self-linked.
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Remark 7.19. Summarizing what is known so far, we list the possible degreed ≤ 8 and genusg

smooth curvesC that are self-linked inP3 (always assumingchar k = 0):




d = 3, g = 0b

d = 4, g = 1a

d = 5, g = 2b

d = 6, g = 3c, 4a

d = 7, g = 6b

d = 8, g = 5d, 7d, 9a

.

These are the only possibilities, except maybe for(d, g) = (8, 3), which seems unlikely, but we

cannot yet exclude. Notes




a) strict complete intersection

b) 2C is a complete intersection on a quadratic cone

c) Gallarati [4] finds this one on a cubic surface with four nodes

d) Gallarati finds these on quartic surfaces with nodes. The case of g = 5 lying on a Kummar

surface was known to Humbert (1883). We find both cases on quartic surfaces with ordinary

(singularities Examples 7.16, 7.17).

.

Remark 7.20. The curve of degree 8 and genus 5 is the first known example of a non-arithmetically

Cohen-Macaulay curve inP3 that is a set-theoretic complete intersection in characteristic zero. (In

characteristicp > 0 there are many [12]).

Remark 7.21. using the same techniques, we looked for smooth s.t.c.i. curves on a surfaceX that

is generic projection of a smooth surfaceS in Pn, for some well-known surfacesS. We assume

always thatC is not contained in the singular locus ofX, and thatchar k = 0. We summarize the

results here without the computations.

(1) If S is a del Pezzo surface of degreen with 4 ≤ n ≤ 9, there are no s.t.c.i. curves on

X except in the casen = 4, where there are quartic elliptic curvesC with 2C a complete

intersection. Of course these curves are already strict complete intersection inP3.

(2) If S is the quintic elliptic scroll inP4, there are no s.t.c.i. curves onX.

(3) SupposeS is a rational scrollSe,n for anyn > e ≥ 0 of degreed = 2n − e and having

an exceptional curveC0 with C2
0 = −e. In cased = 3, we obtain the ruled cubic surface

studied above (Example 7.12). For alld ≥ 4 there are no s.t.c.i. curves onX.

(4) SupposeS is then-uple embedding ofP2 in PN , for n ≥ 2. In casen = 2 we obtain the

Steiner surface discussed in Example 7.15. Ifn ≥ 3, there are no smooth s.t.c.i. curves on

X.

Our conclusion is that smooth s..t.c.i. curves on surfaces with ordinary singularities are rather rare!
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