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Generative models with iterative methodologies are used to probe high-dimensional sub-

spaces of the Minimal Super Symmetric Model (MSSM) in a variety of contexts. First, 

a dimensional reduction framework is used to sample theory points from a low-dimensional 

latent space and then de-code them back into theory parameters. Iterative density estimation 

sampling is used here to maximize efciency as well as to flter by additional constraints 

post facto without further training. Next, an iterative usage of generative fows is used to 

produce models which can sample theory points under multiple simultaneous, without loss 

of search resolution. An initial fow is trained on a single constraint, after which a new 

dataset generated from that fow is used to create training data for the learning of two 

simultaneous constraints. This process is repeated up to seven simultaneous constraints, 

with high efciency. Finally, we explore a new methodology which approximates an inverse 

mapping from experimental observable space to theory parameter space by learning to make 

small corrections to a ’bad guess’ candidate theory. Iterative corrections, taking the previous 

output theory point as a new input, are used to achieve sub-constraint-window accuracy. A 

secondary network is also trained to monitor the progress of these iterations in order to 

maximize efcacy. 
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Chapter 1 

Introduction 

In a broad sense, the process of deep machine learning can be thought of naively as a transfer 

of information: patterns contained within training data is transferred into the form of net-

work weights and biases via algorithms such as back-propagation [124, 118]. The ability for 

such neural networks to extrapolate this way is often explicated via the manifold hypothesis, 

the idea that the useful information needed for learning actually exists along a lower dimen-

sional manifold representation that sits within complex high-dimensional datasets [123, 129]. 

However, we also know in general that excessive dimensional reduction can result directly 

in information loss [125, 78, 131, 43]. Another potential bottleneck is that in most training 

contexts, training data is considered a fnite resource. So, especially in generative applica-

tions, a relevant question might be: how might one ’update’ a sampling method in light of 

new information. Bayesian inference gives a solid mathematical and statistical underpinning 

to this sort of question [62, 21, 10], but practically speaking how does one improve a faulty 

model in cases where that model’s inference is not strictly Bayesian? 

Iterative methodologies ofer an appealing answer to this question: using an existing model’s 

output data as a springboard allows us to inject new information and improve a model’s 
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generative outcomes, sometimes without even requiring additional training. 

In the scope of theoretical high-energy physics (HEP), generative ML tasks often consist of 

searching through a high-dimensional parameter space to fnd individual theories which agree 

with experiment. This is often a non-trivial task both due to the high-dimensionality of the 

space and the complex non-linear relationship between theory parameters and experimental 

observables. While there are many methodologies equipped for this task [77, 104, 4, 44, 46, 

3, 32, 96, 23, 112, 22, 97, 98, 14, 13], how can we be sure such methods are maximizing their 

utility in a landscape where brute-force dataset augmentation is often time and resource 

expensive? This thesis focuses on answering the question "how can iterative methods be 

utilized to improve the outcomes of existing generative methodologies in HEP applications 

beyond the standard model?". 

In chapter 2 we train a sliced Wasserstein auto encoder to map GUT theory points to a 

2D latent space where sampling and visualization are signifcantly easier. Crucially, our 

mapping is contrastive, such that experimentally valid points cluster together into a ’core’. 

We utilize an iterative formulation of Kernel Density Estimation to achieve high efciency in 

sampling this core in both the cMSSM pMSSM. Because our mapping is deterministic, we 

can also use iterative sampling to probe sub-regions of the valid core which meet additional 

constraints, despite the model not being trained on those constraints. 

In chapter 3 we conduct an in-depth probing of the pMSSM utilizing Normalizing Flows in an 

iterative context to prevent loss of search resolution. We train frst on a single experimental 

constraint, then use the resulting model to generate new training data, which we use learn 

two constraints at once, and so forth. In all, we are able to probe seven simultaneous 

constraints resulting in an improvement in efciency of several orders of magnitude. 

In chapter 4 we introduce the framework for a ’correctional network’ which is designed to 

approximate an inverse mapping of GUT-to-Weak evaluation software to take advantage of 
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the tractable properties of the weak-scale observable space when sampling. Our network 

functions by learning to correct a ’bad guess’ in GUT space such that the resulting theory 

point has the specifed weak signature. We utilize the network output to then perform 

iterative corrections, treating the ’corrected point’ as a new input point. We fnd that the 

average distance of our corrections seems to converge towards zero as we increase the number 

of iterations, suggesting that the model is indeed closing in on a specifc answer as opposed 

to fuctuating between possible options. We are able to reach sub-constraint-window levels 

of precision in ’reversing’ two experimental constraints, though the results shown here are 

preliminary. We detail what work remains for this project in the discussion section. 
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Chapter 2 

Visualization and Efcient Generation of 

Constrained High-dimensional 

Theoretical Parameter Spaces 

The text of this chapter of the dissertation is a reprint of the material [13] as it appears 

in J. Baretz, N. Carrara, J. Hollingsworth, and D. Whiteson, "Visualization and efcient 

generation of constrained high-dimensional theoretical parameter spaces," Journal of High 

Energy Physics, vol. 2023, no. 11, p. 62, 2023, used with permission from Springer Creative 

Commons Attribution 4.0 International License. The coauthors listed in this publication are 

Nicholas Carrara, Jacob Hollingsworth, and Daniel Whiteson. Daniel Whiteson directed and 

supervised research which forms the basis for the dissertation. 

Abstract— We describe a set of novel methods for efciently sampling high-dimensional 

parameter spaces of physical theories defned at high energies, but constrained by ex-

perimental measurements made at lower energies. Often, theoretical models such as 

supersymmetry are defned by many parameters, O(10 − 100), expressed at high ener-

gies, while relevant experimental constraints are often defned at much lower energies, 

4 

https://creativecommons.org
https://creativecommons.org


preventing them from directly ruling out portions of the space. Instead, the low-energy 

constraints defne a complex, potentially non-contiguous subspace of the theory param-

eters. Naive scanning of the theory space for points which satisfy the low-energy con-

straints is hopelessly inefcient due to the high dimensionality, and the inverse problem 

is considered intractable. As a result, many theoretical spaces remain under-explored. 

We introduce a class of modifed generative autoencoders, which attack this problem by 

mapping the high-dimensional parameter space to a structured low-dimensional latent 

space, allowing for easy visualization and efcient generation of theory points which sat-

isfy experimental constraints. An extension without dimensional compression, which 

focuses on limiting potential information loss, is also introduced. 

2.1 Introduction 

Decades of searches for extensions to the Standard Model such as supersymmetry (SUSY) 

have come up empty, and future higher-energy colliders may be required in order to discover 

new particles and interactions. But given the vast expense and wait time incurred by such 

projects, it is worth exploring diligently whether the parameter spaces of these theories 

have been thoroughly exhausted in current datasets. Could there still be novel unexplored 

islands—unexcluded regions of parameter space with signatures accessible to the LHC and 

astroparticle experiments? 

The full parameter space of the minimal super-symmetric model (MSSM) has more than 

100 parameters [100], making a complete exploration daunting. Out of desperate pragma-

tism, the search space is often restricted to a more tractable subset of parameters based 

on theoretical inclinations. Common examples include the (4 + 1)–dimensional cMSSM as 

well as the 19–dimensional pMSSM. These high-dimensional spaces guide the LHC program 

[63, 73, 9, 25, 24, 28, 30, 2, 42], but direct experimental searches are typically performed in 

only one or two dimensions, with all other parameters fxed to theoretically preferred values. 
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The resulting surfaces of LHC exclusion occupy a vanishingly small fraction of the volume 

of the larger theoretical space, most of which is essentially unexamined. Each point in such 

a space defnes a spectrum of particles which determine well-known quantities such as the 

Higgs boson mass and the dark matter relic density. But what portions of the full SUSY 

space are consistent with these weak-scale constraints and LHC exclusion results? Are there 

unexplored islands where promising models abound? Nobody knows. 

A critical obstacle is that weak-scale constraints such as the Higgs mass or the dark matter 

relic density are not expressed directly in terms of the fundamental parameters of the theory, 

such as SUSY particle masses, instead requiring intensive calculations. This prevents us 

from using experimental constraints to immediately rule out large portions of the model’s 

parameter space or reduce its dimensionality. Instead, the weak-scale constraints defne a 

complex, potentially non-contiguous subspace of the theory parameters. And the inverse 

problem, determining a map from weak-scale observables to fundamental parameters, is 

intractable. Instead, we are forced to scan the high-dimensional parameter space, evaluating 

each point for weak-scale consistency. Eforts to speed up the calculation of the weak-

scale quantities with machine learning [32, 96, 23] do not solve the core problem, which is 

dominated by the dependence of the scanning cost on the dimensionality rather than the 

per-sample computation time. 

Even the reduced spaces such as the pMSSM are difcult to scan using a brute-force search, 

so much so that the discovery of new islands of experimental consistency in this subspace 

relies largely on the inspiration of particle theorists intuiting their existence. Each island (e.g. 

“well-tempered SUSY” [40], “focus point SUSY” [57], “Natural SUSY” [111], “Gauge Mediated 

SUSY Breaking” [47], “General Gauge Mediation” [103]) is then carefully studied [95, 71, 79, 

58, 94, 54, 26, 27, 49, 48], and novel signatures can motivate new experimental analyses. But 

the danger of this exploration by intuition is that one may miss viable regions. Currently, 

many particle physics theories include vast, mostly-unexplored parameter spaces, which may 
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contain undiscovered islands consistent with experimental constraints. Some of these islands 

may reveal new unanticipated signatures accessible at the LHC. 

Fortunately, an arsenal of techniques in Artifcial Intelligence (AI), and in particular sta-

tistical techniques such as Machine Learning (ML), have shown great promise at exploring 

and summarizing information from high-dimensional data spaces. Recent approaches for 

exploring high dimensional HEP spaces fall largely into two broad categories. 

A class of generative method such as GANs [68], HMC [19, 107, 11], Normalizing Flows 

[88], and Genetic Algorithms [66], take advantage of the ability of ML to perform high-

dimensional interpolation, making notable improvements in the efciency of sampling high-

dimensional subspaces consistent with experimental constraints [77, 104, 4, 44, 46, 3]. But 

these methods often act as black boxes, making interpretability difcult, and ameliorate but 

do not fundamentally solve the underlying difculty of searching high-dimensional spaces. 

The increasingly high-dimensionality of SUSY-related theoretical spaces may instead require 

methods which map the problem to a lower-dimensional space where extensive sampling is 

more feasible. 

The other broad category of approaches, observational dimensional reduction methods (e.g. 

UMAP [101], TSNE [126], non-generative auto-encoders [6], and self-organizing maps [90, 

89]), analyze high dimensional datasets by mapping them to a lower-dimensional latent 

space [105, 76], allowing for visualization of any resulting structure, such as fertile islands 

of desirable points. For example, in the context of SUSY parameter space searches, these 

techniques allow for visual examination of the latent space in the hopes of fnding clus-

ters of points consistent with experimental constraints. While the goal of collapsing the 

high-dimensional structure into a lower dimensional space has solid mathematical under-

pinnings [56], actually creating useful structure is challenging, as many of the methods are 

unsupervised and thus cannot explicitly encourage such structure in the latent space. Often, 

the resulting latent space is too poorly structured for efcient sampling [92]. In other cases, 
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the lack of a return mapping from the latent space prevents sampling altogether. However, 

when used in the context of generative methods, reducing the dimensional complexity of the 

sampling space has the potential to directly remove the primary difculty posed by searching 

high-dimensional spaces. 

Additionally, Manifold Learning methods [112, 22, 97, 98] spanning both of these cate-

gories have sought to learn and sample from low-dimensional manifolds on which interesting 

points sit in high dimensional spaces, although they can be non-trivial and computationally 

expensive to train [112, 22]. 

In this paper, we build a new class of generative methods which map the problem to a 

lower-dimensional space, but specifcally encourage useful structure by treating the problem 

as a supervised learning task. We use a modifed Sliced Wasserstein Autoencoder (SWAE) 

[92] structure to create bidirectional maps between the GUT-scale parameter space and a 

structured low-dimensional latent space. The structure of the latent space is specialized 

to force valid points to cluster near the latent origin, allowing for efcient generation of 

new points which can be mapped back to the GUT-scale parameter space. Because the 

latent space is low-dimensional, it is inherently easier to search. Additionally, the added 

beneft of visualization due to dimensional reduction makes our maps easy to understand 

and interact with, and in some cases allows the addition of secondary constraints in media 

res with no additional training. Because our method reduces the complexity of the sampling 

space, it may be scalable in the future to tackle larger, less-constrained subsections of the 

MSSM. The structure of our approach shown in Fig. 2.1. To explore whether encouraging 

structure in the latent space is sufcient, without insisting on dimensional reduction, we 

also introduce a complementary formulation of our method which operates without any 

dimensional reduction. 

We call our primary method the SWAE Algorithm For Experimentally Sound Point-Production 

And Mapping (SAFESPAM), and two variants without dimensional reduction we refer to 

8 



as Constraint-driven High-dimensional UNcompressed (Categorical) Clustering, or CHUNC 

and CHUNC21 [33]. 

The paper is outlined as follows: In Section II we detail the task and nature of our ex-

perimental constraints. Section III describes the generation and parameters of our dataset. 

In Section IV, we discuss our approach for SAFESPAM, CHUNC and CHUNC2, as well 

as our sampling procedures. Section V presents the results of our trials for various sets of 

experimental constraints, and Section VI contains further discussion and conclusions. 

Figure 2.1: A simplifed diagram of SAFESPAM for the cMSSM. GUT-scale inputs are 
mapped to an abstract 2D latent space, where they are shaped to a target distribution via 
loss function. Weak scale values that accompany each theory point are used only to classify 
points as valid (orange) or invalid (blue), and do not enter the network as inputs. Valid 
points shown in orange cluster towards the center of the latent space. The mapping f from 
input theory space to latent 2D space is referred to as the encoder and the return mapping g 
as the decoder. SAFESPAM tries to reconstruct the GUT scale parameters as accurately as 
possible by minimizing the L2 term in the loss function, ensuring that the outputs from the 
decoder match the corresponding inputs to the encoder. Sampling new points in the valid 
region of the latent space allows for efcient generation of new valid points in GUT space. 

1https://github.com/infophysics/CHUNCNet. 
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2.2 Task 

To efciently generate new points in high-dimensional theoretical parameter spaces which 

satisfy the experimental constraints placed on weak-scale observables, we seek maps between 

the theory space and a structured latent space which are: 

• generative: capable of generating new points with high efciency compared with naive 

brute force sampling 

• contrastive: with structured latent spaces where valid and invalid points are separated 

into distinct regions 

• low-dimensional: for ease of sampling and visualization of the latent space 

In this paper, we study the performance of the SAFESPAM method in two constrained 

SUSY spaces, the cMSSM in 4+1 dimensions and pMSSM in 19 dimensions [41, 51, 36]. 

We impose two experimental constraints, the Higgs boson mass and the dark matter relic 

density: 

• Higgs Boson Mass: 122.09 GeV ≤ mh ≤ 128.09 GeV [1, 37] 

• Dark Matter Relic Density: 0.08 ≤ ΩDM h
2 ≤ 0.14 [122, 17] 

Points are denoted as ‘valid’ whose experimental values fall within these constraints. While 

in principle our methods could also use other experimental variables as constraints, prior 

work has often focused on these [77, 104, 44]. With CHUNC and CHUNC2, we introduce a 

third constraint that the Lightest Supersymmetric Particle (LSP) be a neutralino. All weak 

scale constraints are calculated using softsusy 4.1.10 and micromegas 5.2.6 [8] [16]. 
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2.3 Dataset 

We utilize initial brute-force scans, O(10-20M) points, of the parameters of pMSSM and 

cMSSM at the GUT scale to create our datasets [41, 28]. Below we denote the parameter 

ranges for the cMSSM (Table 2.1) and pMSSM (Table 3.2). All parameters are sampled 

uniformly over the specifed range, with the exception of A0, where 
m
A0

0 
is sampled uniformly 

[77]. 

GUT-scale points are considered to be valid if they are consistent with experimental con-

straints, calculated via softsusy 4.1.10 and micromegas 5.2.6 [8] [16]. 

Table 2.1: Range for cMSSM parameters used in the initial brute-force generation of the 
training dataset. 

Parameter Domain Description 

m0 [0,10] TeV Universal Scalar Mass 

m1/2 [0,10] TeV Universal Gaugino Mass 

A0 [-6m0,6m0] TeV Universal Trilinear Coupling 

tan β [1.5,50] Ratio of Higgs VEVs 

sgn(µ) 1 or -1 Sign of Higgsino mass 
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Table 2.2: Range for pMSSM parameters used in the initial brute-force generation of the 
training dataset.. An additional pre-processing step was taken to manually remove the gaps 
in |M1| < 0.05 TeV, |M2| < 0.1 TeV, and |µ| < 0.1 TeV before training. 

Parameter Domain Description 

|M1| 

|M2| 

M3 

[0.05,4] TeV 

[0.1,4] TeV 

[0.4,4] TeV 

Bino Mass 

Wino Mass 

Gluino Mass 

|µ| 

MA 

[0.1,4] TeV 

[0.1,4] TeV 

Bilinear Higgs Mass 

Pseudo-scalar Higgs Mass 

|Ab| 

|At| 

|Aτ | 

mL̃1 

[0,4] TeV 

[0,4] TeV 

[0,4] TeV 

[0.1,4] TeV 

Trilinear Bottom Coupling 

Trilinear Top Coupling 

Trilinear τ Coupling 

1st Generation L.h. Slepton Mass 

mL̃3 
[0.1,4] TeV 3rd Generation L.h. Slepton Mass 

mẽ1 [0.1,4] TeV 1st Generation R.h. Slepton Mass 

mẽ3 [0.1,4] TeV 3rd Generation R.h. Slepton Mass 

m ̃Q1 
[0.4,4] TeV 1st Generation L.h. Squark Mass 

m ̃Q3 
[0.2,4] TeV 3rd Generation L.h. Squark Mass 

mũ1 [0.4,4] TeV 1st Generation R.h. up-type Squark Mass 

mũ3 [0.2,4] TeV 3rd Generation R.h. up-type Squark Mass 

m ̃d1 
[0.4,4] TeV 1st Generation R.h. down-type Squark Mass 

m ̃d3 
[0.2,4] TeV 3rd Generation R.h. down-type Squark Mass 

tan β [1,60] Ratio of Higgs VEVs 
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2.4 Approach 

Unlike other dimensional reduction methods, auto-encoders include a mapping back to the 

original space by design. We utilize a modifed Sliced Wasserstein Autoencoder (SWAE) 

[92] which constrains the shape and consistency of the latent space to be suitable for efcient 

sampling, unlike standard non-generative auto-encoders. The latent space created is abstract 

in the sense that there is no direct physical interpretation of its coordinates. But it is 

also structured such that points are encouraged towards a target distribution using a Sliced 

Wasserstein loss term. The network fnds the most accurate way to encode this structure into 

reduced dimensionality by minimizing the reconstruction loss. New points that are generated 

in the low-dimensional latent space are then mapped back up to the original space, allowing 

for efcient sampling of the valid substructures in high dimensions. All feature columns are 

normalized to values between 0 and 1 before training. 

2.4.1 Why not a VAE? 

The Variational Auto-Encoder (VAE) [85] is a well-known generative framework using di-

mensional reduction, but complications in its structure make it non-ideal for our needs. 

Notably, the standard analytical form of the VAE’s Kullback-Leibler (KL) loss assumes a 

Gaussian target distribution, which is achieved when the term is minimized at µ = 0, σ = 1. 

This pushes all points in the latent space to within 1 unit of the origin, which when combined 

with the variational nature of the VAE has been shown to cause information collapse during 

training: loss values can diverge or become degenerate because KL loss is not a true distance 

metric [125, 78, 131]. Additionally, because the KL loss term is defned only in terms of µ 

and σ, it is difcult to ft points to more complicated distributions such as those that are 

concentric or hollow. 

SWAEs come from a family of autoencoders specifcally developed to avoid these issues 

[92, 78], by replacing the KL loss term with the Sliced Wasserstein distance from optimal 
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transport theory. The Sliced Wasserstein loss term fts latent points to individual points 

from the target distribution deterministically instead of variationally, mapping directly to 

latent coordinates instead of µ and σ. Thus SWAEs avoid the VAE’s information collapse 

problem and can utilize complex target distribution shapes, making them a superior choice 

for our purposes. Wasserstein-style autoencoders have been shown in the past to produce 

higher quality samples in image generation tasks, compared to VAEs [92]. 

2.4.2 SAFESPAM 

Using pytorch [113] and an ADAM optimizer [84] 2 , we train a modifed SWAE to learn 

the mappings to and from the latent space, which we denote as f and g respectively . 

The mapping {f : T → L} from the theory space T to the latent space L is learned by the 

encoder, and the return mapping {g : L → T } is learned by the decoder. The full mapping 

of the SWAE can then be written: 

T − 
f −g (2.1)→ L → T. 

In SAFESPAM, the primary modifcation is the addition of a clustering loss term which 

encourages valid points to cluster together. The loss function we use thus has three terms: the 

standard L2 reconstruction loss used by autoencoders to ensure accurate mapping, the Sliced 

Wasserstein loss term which fts latent points to a target distribution, and the clustering loss 

term, which pushes valid points toward the origin and invalid points away. Because the 

clustering loss term is aware of our experimental constraints, SAFESPAM is a supervised 

deep learning method, although weak-scale values do not enter the model as inputs. Our 

loss equation takes the following form: 

L = αLL2 + βLWasserstein + γLCluster. (2.2) 
2As well as code from the following packages: [86, 61, 127, 74, 102, 128, 80] 
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where α, β, γ are hyperparameters. Below we explain each term in more depth. 

L2 loss, or MSE Mean loss, is calculated between the training data and the output of the 

SWAE, ensuring that the decoder accurately reconstructs the original inputs when mapping. 

It looks as follows: 

NX 
LL2 =

1 
(ti − g(f(ti)))

2 , (2.3)
N 

i=1 

where N is the number of points per batch and t the input theory point vector. 

The Sliced Wasserstein loss is a formulation of the Wasserstein/earth-mover distance cal-

culated along projected one-dimensional slices in latent space. It quantifes how the target 

distribution and latent distribution difer from one another. [92, 78, 61] 

N MXX 
LWasserstein =

1 
tc(θi · s̃k[j], θi · f(tℓ[j])). (2.4)

NM 
i=1 j=1 

Where θi represents the randomly sampled one-dimensional slices along which the marginal 

distributions are defned, s̃k and f(tℓ) are random samples from the target distribution and 

the latent input data respectively, and tc(·, ·) represents the transport cost between the two 

distributions. 

Our exploratory experiments indicated that for SAFESPAM, strong performance can often 

be achieved training only on valid points. In these instances, latent valid cores often take a 

convenient compact shape, useful for sampling and further structural exploration. Heuris-

tically we fnd that utilizing concentric valid and invalid target distributions outperforms a 

bimodal normal target distribution where invalid points cluster around a point far from the 

latent origin. 

Our clustering loss term takes inspiration from the Triplet Loss originally used in the felds 
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of contrastive and metric learning [119, 120], with the goal of embedding a hierarchy of 

distances in the latent space, such that the distance between a desirable point and anchor 

point is minimized, and conversely the distance between an undesirable point and anchor 

point is maximized. For ease of sampling, we choose the latent origin as our anchor point. 

The mathematical expression per batch for our clustering is expressed as: 

N � �X1 b(1 − δvalid)LCluster = aδvalid||f(ti)|| + , (2.5)
N ||f(ti)||i=1 

where a, b are hyperparameters, N is number of points per batch, and t the input theory 

point vector. δvalid is 1 for valid points and 0 for invalid points. This term encourages valid 

points to clusters near the latent origin and pushes invalids outward. When training with 

only valid points, this term serves as an extra assurance that the valid portion of the latent 

space is sufciently compact. When γ = 0, a SAFESPAM network reverts to an unmodifed 

SWAE. 

Together, the Sliced Wasserstein and Clustering loss terms allow us to force favorable struc-

ture onto the latent space, controlling the distribution of valid and invalid points. Unlike 

standard non-generative auto-encoders, where poorly-defned latent spaces make sampling 

unfeasible, SAFESPAM enables efcient sampling by forcing desirable points to cluster to-

gether in one area; see Fig. 2.2 for a cartoon schematic. 
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Figure 2.2: A cartoon illustration of the desired outcome of training on the latent space. 
Minimizing the clustering loss term pushes valid points (shown in orange) towards the latent 
origin while minimizing the Sliced Wasserstein loss fts those latent valid points to a target 
distributions. Shown in blue, invalid points (if present in training data) are pushed outward 
by the clustering loss term. The resulting clustering of valid points in the latent space allows 
for straightforward, high-efciency sampling. Minimizing the L2 loss (not pictured) allows 
the network to successfully map back and forth between this structured latent space and the 
constrained MSSM parameter space. 

2.4.2.1 Sampling the latent space 

To sample, we generate points in the latent space and map them back to the original space 

using the network’s decoder. Our method supports a variety of sampling options, including 

simple approaches such as uniformly sampling in the valid region. We have found that 

Kernel Density Estimation (KDE) sampling is best at automatically capturing the shape of 

the latent valid core. KDE evaluates a kernel function over a dataset to estimate and sample 

from its probability density function. We utilized a top-hat kernel, with bandwidth h such 

that K(x; h) ∝ 1 if x < h, to estimate the density of our latent valid cores from known valid 

points, and sample the latent space accordingly. Using this kernel function, the density at a 

point in space X in relation to a group of data points xj can be estimated as 

NX 
ρK (X) = K(X − xj , h), (2.6) 

j=1 

where N is the number of points being used by the density estimation module. Essentially, 

this method approximates the density at each location by summing the number of data points 
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that fall within the bandwidth distance of that point in space. KDE sampling works best in 

low-dimensional applications, making it well-suited to the latent space of our dimensional-

reduction methods. 

The valid latent points can be used to build a density estimate, via SciKit Learn’s Density 

Estimation module [114], from which new points can be sampled. Because our mapping has 

already done the difcult task of clustering these points together in a reduced-dimensional 

representation, KDE sampling in our latent space is more efcient than in the original space. 

In some cases, the latent valid core takes an irregular shape that is more difcult to sample. 

To remedy this, we augment our basic KDE sampling approach iteratively. Valid points 

found in our frst round of KDE sampling are added to the pool of points used to ft the 

next round of KDE sampling; see Fig. 2.3. As this iteration progresses, the bandwidth of 

the kernel is successively tightened, to sample fner structures more accurately; see Fig. 2.4. 

Iterative KDE serves as a means of transitioning from initial exploration of the latent space 

into more intensive sampling of the valid regions already found [44]. This method can be 

repeated until a satisfactory efciency is achieved. 

While more advanced sampling options exist, such as training a normalizing fow to sample 

the potentially irregularly-shaped latent valid cores, we fnd KDE-style sampling to be much 

less labor-intensive and more robust at handling cases where there are disparities between 

the location of valid training data and valid sampled data. See, for example, the structures 

shown in Fig. 2.10. 

While SAFESPAM does not guarantee unbiased sampling of the full valid subspace, it does 

ofer signifcantly higher yields compared with naive sampling. In practice, this often means 

sampling with very high efciency over an incomplete portion of the valid range. All SAFES-

PAM trials shown here used a sampling size of 10k points. 
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Figure 2.3: A cartoon illustration of the KDE sampling methodology. In CHUNC and 
CHUNC2, step 1 is omitted and known latent valids from the training data are used instead. 

Figure 2.4: A cartoon illustration of the bandwidth shrinking procedure in our iterative KDE 
sampling methodology. As the number of known valid points grows with each successive 
iteration, we shrink the bandwidth used to estimate the density at each point in the latent 
space, allowing for higher precision. 
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Figure 2.5: An example of KDE sampling in the pMSSM: An initial uniform scan of the 
latent space (left) demarcates the shape of the valid core, and the valid points found in that 
scan are utilized via kernel density estimation to sample the core efciently (right). White 
spaces represent areas that are avoided by KDE to improve efciency. 

2.4.3 CHUNC 

Any function which reduces the dimensionality of its input has the potential to destroy 

information about the high-dimensional structures it seeks to describe. We anticipate such 

difculties in high-dimensional spaces like the CMSSM and PMSSM where collapse to a 

two-dimensional latent space could cause signifcant portions of the valid sub-space to be 

overlooked with SAFESPAM-style methods. Thus, in an attempt to avoid this information 

loss, we introduce a similar methodology that operates without dimensional compression by 

imposing that the latent space is of the same dimension as the input space and that none of 

the layers in the network have a dimension smaller than the input. 

The motivation for this approach comes from the Data Processing Inequality (DPI) [43] 

which states that any function f : T → L acting on a space T can only ever destroy or 

preserve information. This information is represented by the joint probability distribution 

p(T, θ), where T is the theory space discussed in Section III and Section IV.2, and θ are 

the experimental constraints. The SWAE networks constructed here attempt to transform 

the unknown distribution p(T, θ) to one whose structure is known p(L, θ) while preserving 
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the correlations between L and θ. The DPI states that the mutual information I[T ; θ] ≥ 

I[f(T ); θ] ≥ I[g(f(T )); θ] with equality when no information loss has occured. 

To maximize I[L; θ] = I[f(T ); θ] then, we impose that the dimension of the space L be 

the same as the dimension of T . This comes at expense to the ease of sampling which is 

otherwise gained from utilizing a low dimensional latent space, and we also sacrifce the 

benefts of visualization. However our latent space still retains the desired quality that valid 

points cluster near the origin while invalid points are pushed outward. We demonstrate this 

method in cMSSM and pMSSM on a triple constraint: Higgs, DM, and Neutralino LSP. We 

train on an equal mixture of valid and invalid points, which we ft to separate non-overlapping 

target distributions. Our Sliced Wasserstein loss term then becomes: 

= cLValid LWasserstein Wasserstein + dLInvalid (2.7)Wasserstein, 

where c, d are hyperparameters. To reiterate, the role of the latent space is not to generate a 

low dimensional representation, but rather solely to transform the unknown distribution of 

the input space p(T, θ) to one p(L, θ) which is intentionally structured for sampling purposes, 

without any potential loss of information. We sample from this known distribution with KDE 

and map back to the original space, in the same manner as SAFESPAM. Because CHUNC 

retains usage of the Sliced Wasserstein loss term, the methods avoids the same VAE pitfalls as 

SAFESPAM. While the lack of dimensional reduction makes CHUNC superfcially similar to 

normalizing fows, we believe our concentric contrastive target distributions are too complex 

to be utilized in a standard normalizing fow framework, which requires simple and well-

understood base distributions [77]. 

2.4.4 CHUNC2 

CHUNC2 is an alternative formulation of CHUNC which posits that further information 

loss might be avoided if the contrastive clustering is limited to a single additional categorical 
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variable, θ, allowing the rest of the latent space more freedom to preserve reconstruction 

capabilities. Instead of pushing invalid points to infnity, the network learns to map to 

the joint space L × θ so that the latent space is constrained as a simple Gaussian p(L, θ) = 

p(θ)p(L|θ) = p(θ)p(µL, σL|θ) where the categorical variable θ interpolates between signal-like 

and background-like events. As such, CHUNC2 replaces the clustering loss term mentioned in 

section 4.2 with a loss term built around an added categorical variable tasked with codifying 

whether a point is valid or invalid. Thus our latent space is now N + 1 dimensional, where 

the new dimension serves as a predictor of a point’s validity: 

• Binary L2 Loss - The latent categorical variable zi, is constrained through an L2 loss 

to match the category θi = {s, b} of each event, 

NX 
Lbin(z, θ) =

1 
(zi − θi)

2 . (2.8)
N 

i=1 

In the following studies, the categorical variable is trained to map to 1.0 for valid points and 

0.0 for invalid points. It is of course straightforward to generalize this approach to one which 

θ represents a multi-class problem, but we do not pursue this here since our task is a binary 

one (i.e. with our triple-constraint task we are not interested in generating points that only 

meet some but not all of the individual constraints). Sampling utilizes KDE on latent points 

which fall into the most valid categorical bin to generate new latent points in 6D or 20D 

respectively, which are mapped back to the original space. Since CHUNC2’s latent space is 

of a higher dimensionality than the parameter space, normalizing fows would not be able to 

emulate this methodology. 
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2.5 Results 

2.5.1 SAFESPAM 

We trained a series of Modifed SWAEs on cMSSM and pMSSM data using Higgs and DM 

constraints separately. Unless otherwise noted, all SAFESPAM models were trained on valid-

only data3 , and latent points were constrained to a truncated normal target distribution by 

minimizing the Sliced Wasserstein loss. The latent space was sampled with an initial uniform 

scan whose location was determined by the latent position of valid training data. Valid points 

from this scan were then used to defne a probability density sampled with single-round 

KDE sampling, using a tophat kernel for increased precision. Iterative KDE was utilized to 

improve results in cases with the Dark Matter experimental constraint. Below, we present 

the results for Higgs mass constraints in the cMSSM and pMSSM cases, followed by dark 

matter relic density constraints in each space, and an analysis of the ability of our method 

to simultaneously satisfy both constraints. We present visuals of the sampled points in the 

latent space to confrm the presence of a central valid core. We also include histograms 

comparing our generated valid data to our valid training data to qualify to what extent our 

sampling has introduced unwanted bias or excluded viable regions of the space. We then 

report sampling efciencies, defned as the fraction of points from the sample which adhere to 

the desired constraint. Relevant hyperparameters are listed in Appendix A. All SAFESPAM 

model-training for this project took place on a 2017 macbook pro without use of GPU. 

We introduce two additional metrics to better quantify the successes and shortcomings of 

this method, described as follows: 

3Note that using valid-only data is not a requirement of the method. 
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• Core-forming Metric 

– This metric measures how successfully the generated valid points match the core 

shape suggested by the position of latent valid training data. We calculate the 

Sliced Wasserstein distance between randomly selected points from the latent dis-

tribution of valid training points and the latent distribution of valid generated 

points. Latent points are normalized before calculation to account for difering 

target distribution sizes between trials. A low value suggests that the generated 

valid points are occurring where we expect them to be, whereas a higher value sug-

gests potential disparities between the latent distributions of training valids and 

generated valids. Multiple calculations of this value are averaged out to account 

for the random nature of the slices. All SAFESPAM metrics were calculated by 

taking the average over 10 iterations, using 200 projections. It takes the form: 

XX 
˜LWasserstein =

1 
N M 

tc(θi · glk[j], θi · f(tlℓ[j])), (2.9)
NM 

i=1 j=1 

Where θi represents the randomly sampled one-dimensional slices along which 

the marginal distributions are defned, gl̃ k are the normalized valid latent points 

generated by the model and f(tlℓ) are random normalized latent representations 

of samples from the valid training dataset, and tc(·, ·) represents the transport 

cost between the two distributions. 

• Incompleteness Metric 

– This metric measures how successfully the generated valid points account for the 

full distribution of expected valid points seen in the training data. We calculate 

the Sliced Wasserstein distance between randomly selected points from the GUT 

distribution of valid training points and the GUT distribution of valid generated 

points (excluding valid generated points outside the original range the training 
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data was generated with). All points are normalized before calculation to account 

for the diferent ranges used in data generation in the cMSSM and pMSSM. A 

low value indicates we are sampling without much bias, whereas a higher value 

suggests we are introducing more signifcant bias when sampling. Multiple cal-

culations of this value are averaged out to account for the random nature of the 

slices. All SAFESPAM metrics were calculated by taking the average over 10 

iterations, using 200 projections. It takes the form: 

XX 
LWasserstein =

1 
N M 

tc(θi · gg̃ k[j], θi · f(tgℓ[j])), (2.10)
NM 

i=1 j=1 

Where θi represents the randomly sampled one-dimensional slices along which 

the marginal distributions are defned, gg̃ k are the normalized valid GUT points 

generated by the model and f(tgℓ) are random normalized samples from the valid 

training dataset, and tc(·, ·) represents the transport cost between the two distri-

butions. 

2.5.1.1 Higgs cases 

Our method had little trouble creating a valid core using Higgs mass as the experimental 

constraint in the cMSSM; see Fig. 2.6, which allowed for highly efcient sampling efciency 

(0.957) compared to a naive scan (0.347). Small incursions of invalid points in the core 

are largely avoided by KDE sampling. The distribution of SAFESPAM-sampled points in 

the space of cMSSM parameters is shown in Fig. 2.7, where the newly generated points 

reasonably match the distribution in the original training set. 
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Figure 2.6: Distribution of sampled points in the two-dimensional latent space, for the case 
of learning to generate cMSSM points which satisfy the Higgs mass constraint. Points which 
satisfy (fail) the Higgs mass constraint are marked Valid (Invalid). Invalid regions in the 
center are partially avoided due to KDE sampling. 

Figure 2.7: Distribution of SAFESPAM-generated points (red) in the cMSSM in each of the 
fve cMSSM parameters, under the Higgs mass constraint, compared to the distribution of 
the training dataset (blue). 

In the case of the pMSSM, SAFESPAM was again able to structure the latent space for 

efcient sampling. We note that the specifc form of the latent space demonstrates signifcant 

sensitivity to the hyperparameters such as the shape of the target distribution, length of 

training, and inclusion or exclusion of valid points, though without a signifcant change in 

efciency. 

As a demonstration, we present results for two separate networks trained for the pMSSM 
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Higgs constraint, labeled Trials 1 and 2 respectively. Trial 1 was trained frst on a combina-

tion of valid and invalid points ft to a concentric distribution (a normal distribution with an 

ablated annulus to create two distinct regions), before being trained further with only valid 

points ft to a truncated normal. Trial 2 was trained only on valid points ft to a truncated 

normal, but trained for four times as many epochs. Figure 2.8 shows the distribution of 

the valid points in the latent space for each trial, with clear variation in the structure of 

the latent space. KDE sampling of the core achieves an efciency of 0.965 (0.961) for Trial 

1 (Trial 2), compared to naive sampling efciency of 0.171. Distribution of the generated 

points in the cMSSM parameter space for both trials is shown in Fig. 2.9. Although neither 

trial generated the full range of valid points seen in the training data, future methods might 

make use of ensemble sampling to remedy this. 

Figure 2.8: Distribution of sampled points in the two-dimensional latent space, for the case 
of learning to generate pMSSM points which satisfy the Higgs mass constraint. Points which 
satisfy (fail) the Higgs mass constraint are marked Valid (Invalid). Shown are points sampled 
via KDE, where invalid regions in the center are partially avoided due to KDE sampling. 
Trial 1 is shown on the left and Trial 2 on the right, showcasing the sensitivity of the latent 
space structure to the hyperparameters. 
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Figure 2.9: Distribution of SAFESPAM-generated points (red for Trial 1, orange for Trial 2) 
in the pMSSM in each of the nineteen pMSSM parameters, compared to the distribution of 
the training dataset (blue). While both trials achieve strong efciency, they sample diferent 
portions of the parameter space. 

2.5.1.2 Dark Matter Cases 

Our dark matter trials had signifcantly more difculty creating well-structured latent spaces. 

While the method was successful in clustering together valid training data, sampling in this 

vicinity resulted in many points which do not satisfy the constraints; see Fig. 2.10. However, 

a subset of points from the initial core allowed for efcient generation of new valid points, as 

discovered after iterating the KDE sampling procedure four times. This led to high efciency 

of 0.972(0.979), compared to naive sampling efciency of 0.05534(0.006506) in the cMSSM 

(pMSSM). See Figs 2.11 and 2.13. The iterative nature of our sampling method allowed us 

to probe these valid cores efciently despite their irregular shape. As in the Higgs trials, 

this method had more success in preserving the valid range of points from the training data 

when used in the cMSSM (Fig. 2.12), and less so in the pMSSM (Fig. 2.14). We speculate 
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that the difculty here may result from the particularly complex and narrow structures in 

the cMSSM and pMSSM created by the extreme narrowness of the dark matter constraint 

as applied to these spaces: we believe our valid-only training dataset lacked the sufcient 

resolution required to encode their boundaries accurately in the latent space. 

Figure 2.10: Distributions in the two-dimensional latent space for the cMSSM dark matter 
study, where points which satisfy (fail) the dark matter constraint are marked Valid (Invalid). 
Left shows the distribution of valid points in the training data, with a well-formed core. 
However, many new points sampled from this core do not satisfy the dark matter constraint 
(right), perhaps due to insufcient resolution of DM-valid features in the training data. 
Successive KDE iterations allowed for precise, efcient sampling in the remaining regions of 
high validity (see Figs 2.11 and 2.13). 
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Figure 2.11: Distributions of sampled points in the two-dimensional latent space in four 
successive rounds of sampling for the cMSSM dark matter case. Points which satisfy (fail) 
the dark matter constraint are marked Valid (Invalid). In each round, newly discovered valid 
points are used to update the kernel density estimation of valid regions of the latent space, 
which is used to perform the next round of sampling. As a result, the ‘crust’ of invalid points 
shown in blue shrinks away with each successive iteration. The efciencies for these 4 rounds 
are 0.724, 0.887, 0.945, and 0.972 respectively. 
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Figure 2.12: Distribution of SAFESPAM-generated points in the cMSSM (red) in each of 
the fve cMSSM parameters under the dark matter constraint, compared to the distribution 
of the training dataset (blue). 

Figure 2.13: Distributions in the two-dimensional latent space for the pMSSM dark matter 
study, where points which satisfy (fail) the dark matter constraint are marked Valid (Invalid). 
Shown are distributions of sampled points in successive rounds, where in each round valid 
points from previous rounds are used to perform a kernel density estimation of valid regions 
of the latent space for the next round of sampling. The initial scan in the top left frame 
samples via uniform distribution over a region determined by the position of latent valid 
training data. The efciency for each round is 0.049, 0.432, 0.881, 0.950, 0.979, respectively. 
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Figure 2.14: Distribution of SAFESPAM-generated points in the pMSSM (red) in each of the 
nineteen pMSSM parameters under the dark matter constraint, compared to the distribution 
of the training dataset (blue). 

2.5.1.3 Adding secondary constraints without additional training 

The structure of the SAFESPAM latent space allows us to apply additional constraints in 

media res when sampling. We identify latent points which meet these additional constraints 

via initial scan or previous sampling and use KDE sampling to draw new points from their 

vicinity in the latent space, without providing any additional information to the auto-encoder 

about which points satisfy these secondary constraints. We demonstrate this in the cMSSM 

(Fig. 2.15) and pMSSM (Fig. 2.16) by re-sampling our Higgs models for points that have 

both valid Higgs and DM values, i.e. a joint constraint. Although our method does not 

guarantee that such ‘double-valid’ points will exist in the latent space or form any neat self-

contained substructure, we found our KDE sampling was sufciently robust to sample the 
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clusters of points that were present in the latent space, achieving a signifcantly increased 

efciency compared to the naive scan, and doing so without requiring any additional training. 

This property gives our maps an added versatility that many non-mapping generative models 

and efcient search methods are unequipped for. For example, one can add additional 

experimental constraints or look for theory points from a specifc dark matter annihilation 

class just by selectively sampling regions of the map where those characteristics are known 

to exist. Our method’s dimensional reduction capabilities also give it a signifcant advantage 

in ease of sampling these added constraints compared to other mapping-based generative 

methods such as normalizing fows which could in theory attempt something similar. We 

see signifcant increases in efciency with single-round KDE up to 0.3191 (0.5621) in the 

cMSSM (pMSSM) compared to a naive value of 0.004467 (0.01892). Additional iterations of 

KDE may improve these results further. 

Table 2.3 summarizes the generation efciency of experimentally valid points using SAFES-

PAM and naive scanning. 

Figure 2.15: Distributions in the two-dimensional latent space for the cMSSM study, where 
points which satisfy (fail) the Higgs mass constraint are marked Valid (Invalid), and valid 
points which also satisfy the dark matter constraint are marked as Double-Valid. In the left, 
the initial scan identifes a core of valid Higgs points. On the right are the newly generated 
points which satisfy both constraints. 
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Figure 2.16: Distributions in the two-dimensional latent space for the pMSSM study, where 
points which satisfy (fail) the Higgs mass constraint are marked Valid (Invalid), and valid 
points which also satisfy the dark matter constraint are marked as Double-Valid. In the top 
left, the initial scan identifes a core of valid Higgs points. In the top right, the subset of 
those points which also satisfy the dark matter constraints are identifed. In the bottom left 
are points generated using a KDE built from the double-valid points, and in the bottom 
right are the new points which satisfy both constraints. 

34 



Table 2.3: Comparison of the efciency of generation of experimentally-valid points in naive 
scanning versus SAFESPAM, for several experimental constraints (Higgs mass mH , dark 
matter relic density ΩDM , or both) and two theoretical spaces (5-dim cMSSM, 19-dim 
pMSSM). 

Space Constraint 

Method 

Naive scan SAFESPAM Notes 

cMSSM 

pMSSM 

mH 

mH 

0.347 0.957 

0.171 0.965 

0.961 

Trial 1 

Trial 2 

cMSSM 

pMSSM 

ΩDM 

ΩDM 

0.0065 0.972 

0.0553 0.979 

Iterative 

Iterative 

cMSSM 

pMSSM 

mH ∩ ΩDM 

mH ∩ ΩDM 

0.0045 0.319 

0.0189 0.562 

Trained for mH 

Trained for mH 

Table 2.4: Comparison of the Core-Forming and Incompleteness Metrics for various SAFES-
PAM trials for several experimental constraints (Higgs mass mH , dark matter relic density 
ΩDM ) and two theoretical spaces (5-dim cMSSM, 19-dim pMSSM). 

Space Constraint Core-Forming Incompleteness Notes 

cMSSM mH 0.0037 0.0043 

pMSSM mH 0.0167 0.0202 Trial 1 

0.0081 0.0135 Trial 2 

cMSSM ΩDM 0.0051 0.0152 Iterative 

pMSSM ΩDM 0.0403 0.0355 Iterative 

2.5.2 CHUNC and CHUNC2 for Triple Constraint 

The cMSSM and pMSSM training datasets for CHUNC and CHUNC2 each consist of ap-

proximately 10K points, evenly split between invalid points and triple-valid points, which 

satisfy the Higgs mass, dark matter relic density and LSP constraints defned in section 2. 
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The higher-dimensional latent space requires a slightly diferent KDE sampling method. 

Rather than performing a uniform scan to identify a potential core, we use the position of 

known latent valid points from the training set to perform the kernel density estimation. 

CHUNC attempts to cluster all invalid points on an N -dimensional spherical shell of radius 

1 with of thickness of 0.6, and valid points to an N -dimensional spherical core of radius 0.3. 

In CHUNC2, all points are forced to a Gaussian distribution in the original dimensions, while 

the additional categorical quantity is constrained to a value of 1.0 (0.0) for valid (invalid) 

points. 

Despite not using dimensional reduction, CHUNC and CHUNC2 both achieve more than 

two orders of magnitude improvements in generation efciency over the naive scan, see 

Table 2.5. In the cMSSM, CHUNC2 has an efciency of 0.32, outperforming CHUNC’s 

efciency of 0.21. However, in the higher dimensional pMSSM case CHUNC’s efciency of 

0.24 exceeds CHUNC2’s efciency of 0.15. It is difcult to say why this is the case. Iterative 

KDE sampling may improve these results further. 

While CHUNC and CHUNC2 appear evenly matched at preserving the proportionality of 

the valid subspace in the lower dimensional cMSSM trials (see Fig. 2.17), CHUNC2 does a 

visibly better job at capturing the proportionality of the valid subspace without introducing 

signifcant distortion, as seen most notably in the |M2| , |At| , m˜ ,m˜ and mũ3 distributionsL1 L3 

in Fig. 2.18. However, CHUNC outpeforms CHUNC2 for pMSSM efciency. However our 

’incompleteness’ metric suggests these diferences may be less prominent than they appear. 

Both CHUNC and CHUNC2 appear to introduce notably less bias than SAFESPAM when 

sampling from the pMSSM. 
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Table 2.5: Comparison of the efciency of generation of experimentally-valid points in naive 
scanning versus CHUNC and CHUNC2 methods for three experimental constraints (Higgs 
mass mH , dark matter relic density ΩDM , and the lightest supersymmetric particle (LSP) 
being a neutralino) and two theoretical spaces (5-dim cMSSM, 19-dim pMSSM). The un-
certainty across all trials is ∼ O(0.01), estimated by running 10 independent samplings for 
each case. 

Space Constraint Naive scan 
Method 
CHUNC CHUNC2 

cMSSM mH ∩ ΩDM ∩ LSP 0.0004 0.21 0.32 
pMSSM mH ∩ ΩDM ∩ LSP 0.0012 0.24 0.15 

Table 2.6: Comparison of the Core-Forming and incompleteness Metrics for CHUNC and 
CHUNC2 for the ’triple’ experimental constraint (Higgs mass mH ∩ dark matter relic den-
sity ΩDM cap Neutralino LSP,) in two theoretical spaces (5-dim cMSSM, 19-dim pMSSM). 
Note that CHUNC2’s categorical variable is excluded from calculations of the Core-Forming 
metric. 

Space Method Constraint Core-Forming Incompleteness 

cMSSM CHUNC mH ∩ ΩDM ∩ LSP 7.9545 0.0252 

pMSSM CHUNC mH ∩ ΩDM ∩ LSP 0.0212 0.0023 

cMSSM CHUNC2 mH ∩ ΩDM ∩ LSP 0.0163 0.0174 

pMSSM CHUNC2 mH ∩ ΩDM ∩ LSP 0.0007 0.0020 
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Figure 2.17: Distribution of CHUNC (red) and CHUNC2 generated (orange) points in each 
of the fve cMSSM parameters under the triple constraint, compared to the distribution of 
the training dataset (blue). 
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Figure 2.18: Distribution of CHUNC (red) and CHUNC2 generated (orange) points in each 
of the nineteen pMSSM parameters under the triple constraint, compared to the distribution 
of the training dataset (blue). 

2.6 Discussion and Conclusion 

2.6.1 Strengths and Weaknesses 

SAFESPAM is capable of signifcant improvements in efciency over naive sampling, attain-

ing greater than 95% efciency in all single-constraint cases; see Table 2.3. However, the 

range of points sampled often missed valid regions from the training data, especially in the 

pMSSM. In many cases we also found valid points generated outside the boundaries specifed 

in our initial data generation, in ranges previously unknown to the model, behavior not un-

expected for such models. For example, Fig. 2.7 shows valid points with m0,m1/2 > 10, 000 
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GeV. While the latent distributions produced by SAFESPAM often display a distinct bound-

ary between valid and invalid points, this was not the case for the Dark Matter trials, perhaps 

due to the narrower constraint in weak-scale space. 

Diferences in evaluation software, difering combinations of experimental constraints, varia-

tions on which parameters of the spaces are being explored and the range of values over which 

they are explored all make it a signifcant challenge to make direct comparisons to other state 

of the art methods. In most cases these diferences constitute essentially diferent though 

related problems with potentially signifcant diferences in level of difculty. That said, if we 

ignore this we fnd that for the Higgs mass constraint, in both the cMSSM and pMSSM 

SAFESPAM achieves efciencies which signifcantly outperforms prior work using HMC 

(0.723 cMSSM and 0.319 pMSSM), normalizing fows (0.796 cMSSM and 0.663 pMSSM), 

NSGA-II (0.715 cMSSM and 0.862 pMSSM)and TPE (0.668 cMSSM and 0.557 pMSSM) 

methods, and slightly outperforms CMA-ES (0.924 cMSSM and 0.899 pMSSM) [77, 44]. A 

signifcant caveat is that SAFESPAM often fails to capture portions of the valid subspace, 

especially in the PMSSM. Other methods do not seem to struggle with this to the same 

extent (although this is difcult to quantify since few papers provide a numerical metric 

which directly measures this sort of sampling bias in aggregate over all dimensions). 

Across SAFESPAM, CHUNC, and CHUNC2 individually, we see that better (lower core-

forming) values seem to generally correspond with better (lower incompleteness), but com-

paring across methods suggests that the removal of the constraints of dimensional reduction 

allows for greater leeway in this regard: In SAFESPAM core-formation seems to become 

more difcult as the number of dimensions increases, but for CHUNC and CHUNC2 the 

opposite holds true. Although CHUNC seems to struggle with core formation at times even 

more than SAFESPAM, this does not seem to efect its incompleteness nearly as much, per-

haps because of the method’s lack of dimensional reduction. Notably in the cMSSM CHUNC 

has a core-forming value several orders of magnitude worse than any other trial, but is still 

40 



able to achieve better incompleteness than our pMSSM SAFESPAM dark matter trial. With 

respect to core-forming alone, CHUNC2 seems to perform around 2 orders of magnitude bet-

ter than corresponding CHUNC trials in both the pMSSM and cMSSM respectively, perhaps 

because the contrastive task has been shifted onto the categorical variable. However it is 

interesting and worthwhile to note the lack of pronounced efect this core-forming issue has 

on incompleteness in CHUNC and CHUNC2, compared to SAFESPAM. It is also possible 

that the diferences in incompleteness we observe are due to CHUNC and CHUNC2 being 

trained on a combination of valid and invalid points where SAFESPAM was trained only on 

valid data. Additionally we see that although CHUNC2 outperforms CHUNC in both the 

core-forming and incompleteness metrics in both spaces, this does not always lead to better 

efciency. It is difcult to quantify defnitively why this is the case. 

Both SAFESPAM and CHUNC-style methods show notable improvement across several 

constraints compared to naive sampling in the cMSSM and pMSSM. The ability to apply 

additional constraints while sampling makes these maps versatile tools, and the iterative 

usage of KDE sampling guarantees that even difcult latent shapes can be sampled with 

high efciency. Optimistically, one imagines a web of theorists training SWAE networks on 

specifc sub-regions of interest in these parameter spaces and sharing their models with one 

another for easy data generation in those regions. Another possibility is to use these methods 

to explore lesser-known and under-explored subspaces within the full MSSM, such as those 

which might lead to new solutions to the little hierarchy problem [59, 12]. Our methodology 

could also be used with non-MSSM theoretical parameter spaces, or any high-dimensional 

supervised learning problem with a clear labeled distinction between valid and invalid points. 

Broadly, there is a clear trade-of between the efciency benefts of dimensional reduction 

methods such as SAFESPAM and the potential sampling biases introduced by compressing 

these high-dimensional spaces. In contrast, CHUNC and CHUNC2-style networks avoid 

dimensional reduction in their latent spaces, and achieve signifcantly less bias in sampling 
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the pMSSM despite imposing no constraints that select for this, allowing these methods 

to sample a broader range of valid points. However, with no dimensional reduction, these 

latent spaces are still vast and difcult to search exhaustively, even if well-organized, and 

KDE-style sampling can be less efective, resulting in lower yield. 

2.6.2 Future Avenues 

In terms of near term improvements of our methodology, sampling jointly from an ensemble 

of models with varying hyperparameters could help recover portions of these spaces lost due 

to dimensional reduction in any given individual model. Alternatively, one might introduce 

a secondary Sliced Wasserstein loss term, applied to ft randomly generated output data to 

the expected proportionality of the valid sub-space while training, in order to prevent biased 

sampling. 

The cMSSM and pMSSM both adopt de facto theory biases in constraining the underlying 

MSSM space. Ideally, machine-learning-driven methods will someday be powerful enough to 

tackle larger unconstrained spaces with high accuracy and efciency, usurping the need for 

such constraints. However neither the SAFESPAM or CHUNC-style method in their current 

iterations would perform well in a ∼100 parameter space such as the unconstrained MSSM. 

Reduction to two dimensions via a SAFESPAM-style methodology would cause signifcant 

information loss, and a CHUNC-style method with no dimensional reduction would be over-

whelmed by the sheer vastness of the space, the primary reason the MSSM is difcult to 

explore in the frst place. Standard KDE sampling is also known to degrade due to curse of 

dimensionality, though there are proposed methods to circumvent this [106, 45, 115]. Ulti-

mately, future work in this vein will need to thread the needle with dimensional reduction 

in order to simplify sampling and search methods without incurring signifcant information 

loss. One optimistically imagines a variable-dimension auto-encoder where the dimension of 

the latent space at any given point is itself a trainable parameter. Such a network could 
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constrain diferent portions of a space into separate yet interconnected lower-dimensional 

representations, changing the dimension of the latent space as needed to maximize dimen-

sional reduction benefts while avoiding information loss. The boundaries of the resulting 

structures in the latent space could be elucidated iteratively then those structures could be 

learned and sampled via manifold learning [112, 22]. 

Another fundamental issue is that as dimensionality increases a larger initial scan is needed 

to represent the space without losing resolution. In the unconstrained MSSM any sort of 

uniform scan is currently intractable: a scan with only 2 values per dimension would require 

∼ 2100 points. A potential solution to this would be to focus on sequential or algorithmic 

search methods that can operate without the overhead of evaluating a large initial dataset 

(see [104], [3] for examples), but it is unclear how exactly one would meld these with a 

dimensional-reduction-based framework. 

2.6.3 Conclusion 

We trained a variety of modifed Sliced Wasserstein autoencoders, both with and without 

dimensional reduction, to sample efciently from experimentally valid regions of two sub-

spaces of the MSSM, the cMSSM and pMSSM, under multiple experimental constraints. 

Utilizing these mappings alongside KDE sampling, we were able to demonstrate efciencies 

signifcantly greater than naive values in all cases, and we suspect additional iterative usage 

of KDE sampling could improve these results even further. Our method also is capable of 

easily adding additional secondary constraints without any retraining, in part due to the 

benefts of dimensional reduction. 

If subtle, unexplored regions remain in spaces like the cMSSM and pMSSM, their discovery 

hinges on sampling methods that can overcome the inherent difculties of searching high-

dimensional spaces. Methods like SAFESPAM, CHUNC, and CHUNC2 provide a novel 

way to drill deeper into such parameter spaces and ensure underexplored regions do not 
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go overlooked. Further work with these methods to analyze such regions in the cMSSM 

and pMSSM remains, as do additional iterative strategies to apply additional successive 

experimental constraints. The discovery of notable regions in these spaces could easily 

inspire to new LHC analyses in search of supersymmetric signatures we would not know 

to look for otherwise. 
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Chapter 3 

Iterative Flows: Towards an exhaustive 

search of the PMSSM 

Abstract— We utilize normalizing fows to perform an iterative search of the 19-

dimensional pMSSM space across multiple experimental constraints. After learning the 

distribution of theory points which meet a single constraint, we generate a new dataset 

which we use to train on the distribution which meets 2 simultaneous constraints, and so 

on. While most searches are forced to choose between going "deep" (many constraints) 

or "wide" (more coverage of the search space), our iterative methodology allows us to 

bridge the gap and apply these constraints jointly to conduct a thorough search without 

loss of resolution. 

3.1 Introduction 

In the growing feld of Machine Learning (ML) for High Energy Physics (HEP) theory 

applications, one common task is efciently searching through a large ’parameter space’ for 

individual theories which agree with experiment [32, 96, 23, 77, 104, 4, 44, 3, 112, 22, 97, 

98, 14, 13]. This is difcult because the theory parameters are expressed at the Grand 
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Unifed Theory (GUT) scale and the experimental observables are expressed at the weak 

scale. While there exists a mapping from GUT to weak, experimental observables cannot 

be simply mapped onto GUT parameter spaces. This difculty is compounded by the high-

dimensionality of many HEP parameter spaces. For instance the Minimal Super-Symmetric 

Model (MSSM) has >100 parameters [100]. Broadly speaking, these searches can currently 

be divided into two categories: 

• ’Search-as-you-go’ methods which explore theory space sequentially without the over-

head of a large initial scan, but do so with limited breadth [104, 14, 3, 38, 75, 109, 130, 

34, 72, 108, 39, 31] 

• ’Proportional’ methods 1 which perform high-dimensional interpolation to generate 

theory points from a desired distribution, but require a typically large initial dataset 

to accurately do so [77, 112, 22, 97, 98, 44]. 

While ’as-you-go’ searches are highly adept at fnding viable models in ’needle-in-a-haystack’ 

contexts like previously unexplored spaces, they are not designed to exhaustively search 

through theory-space, and cannot capture the full breadth of desirable points across various 

sub-regions without incurring signifcant bias. To do so requires a methodology which can 

capture the underlying proportionality of the desired subspace to ensure that promising re-

gions are not overlooked: Only proportional methods can approximate an initial distribution 

this way. If one is satisfed with fnding any good model, as-you-go methods will sufce, but 

to fnd every good model—or even rule out a search space’s viability entirely—requires a 

proportional methodology. 

The accuracy of such proportional methods depends heavily on the initial training data, 

which is a signifcant limitation: Biased or sparse training data can inadvertently teach an 

1Naively, one might defne a method as ’ideally proportional’ if it generates points which minimize the 
earth-mover or Wasserstein distance [117, 65] with respect to the desired target distribution. However this is 
complicated in our case because our methodology seeks explicitly to discover regions of the parameter space 
which a naive scan has missed due to lack of resolution. 

46 



ML model to ignore promising regions of search space. Crucially, this poses particular 

difculty when attempting to apply multiple constraints in parallel: the more one constricts, 

the sparser and less reliable data from that initial scan becomes in representing the true 

nature of the multi-valid subspace. In high dimensional spaces, where initial scans often 

lack the sufcient resolution to adequately represent such complex distributions, the small, 

irregular or isolated pockets containing desirable models can easily be overlooked. 

However, using such methods iteratively presents an appealing solution to this problem: since 

new datasets can be generated between each additional constraint, the search-resolution is 

not diluted. Building on past work [77], we perform an iterative search of the Phenonmeno-

logical MSSM (pMSSM), a 19-dimensional subspace of the MSSM [50, 51]. 

Because immense spaces like the full MSSM are essentially intractable to search, the pMSSM 

acts as a simplifed, theory-motivated intermediary, by enforcing three high-level constraints: 

No new sources of CP violation, no favor-changing neutral currents, and frst-second gen-

eration universality [50]. These limitations exclude phenomenologically ill-behaved portions 

of the MSSM while also reducing the over-all dimensionality and allowing searches to take 

place [50]. While tightening experimental constraints [4, 5] and lack of direct detection 

at colliders [55] have gradually disfavored the PMSSM amongst other possible theories, it 

still plays a signifcant role in guiding current LHC experiments and inspiring new analyses 

[64, 73, 9, 25, 23, 29, 30, 2, 82, 46] making it very relevant to present-day HEP physics. 

We proceed with our iterative search of the pMSSM as follows: Instead of learning multiple 

experimental constraints in parallel, we do so in series. Once a constraint is learned with 

the correct proportionality, a new dataset is generated and the cycle repeats. We utilize 

normalizing fows for this task, a generative method known for its reliability in reproducing 

the proportionality of high dimensional data [88], to generate points which satisfy a multitude 

of constraints simultaneously. Importantly, the iterative nature of our search method ensures 

that the space is probed without loss of search-resolution, minimizing the possibility of 
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missing small or isolated but promising regions of theory space. 

We proceed as follows: In section 2 we describe the task and defne our experimental con-

straints and detail our initial dataset generation procedures. In section 3 we describe the 

specifcs of our iterative approach. In section 4 we present and discuss our results. Section 

5 consists of additional discussion and conclusions. 

Figure 3.1: A simplifed 2D cartoon demonstrating the issue with applying multiple exper-
imental constraints at once on the same dataset/scan. Insufcient resolution means that 
irregular but desirable regions in theory space may be overlooked. Interesting and unique 
theories may hide in these enclaves. 

3.2 Task & Initial Dataset 

To perform an exhaustive search of the pMSSM for points which satisfy multiple experimental 

constraints, we require a methodology which 

• captures the proportionality of the underlying valid subspace with high accuracy, 
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• allows for the iterative generation of subsequent training datasets, to prevent resolution 

loss. 

In each leg i of the search, we defne as ’j-valid’ those theory points which meet the i = j-th 

desired constraint as well as all j−1 previous constraints. Theory points which meet all of the 

listed constraints will be referred to from here on as ’7-valid’ points. Our list of experimental 

constraints is defned in Table 3.1 and all references to ’simultaneous constraints’ in this 

work will assume the specifc ordering provided therein. 

Table 3.1: A list of relevant experimental constraints for our search, presented in order of 
their application. 

j Constraint Description 

1 122.09 GeV ≤ mh ≤ 128.09 GeV [1, 37] Mass of Higgs Boson 
2 = χ0mLSP [104]1 Neutralino LSP 
3 0.08 ≤ σDM h

2 ≤ 0.14 [122, 17] Dark Matter Relic Density 
4 
5 
6 

5.6 × 10−10 ≤ aSUSY ≤ 44.6 × 10−10 [18, 5] µ 
BR(Bu→τ ν)0.7 ≤ ≤ 1.38 [7, 70] 

BR(Bu→τ ν)SM 
+2.142 × 10−9 ≤ BR(B0 → µ µ−) ≤ 3.658 × 10−9 [83]s 

Magnetic Muon Moment 
Ratio of MSSM/SM Branching Fractions 
Dimuon Branching fraction 

7 3.104 × 10−4 ≤ BR(B → Xsγ) ≤ 3.756 × 10−4 [70] Radiative Branching Fraction 

We begin with an initial uniform scan of O(20.9M) pMSSM points, as described in Table 

3.2. The subset of this dataset which satisfes the j = 1 constraint, the mass of the Higgs 

Boson, is then used to train our frst fow. All theory points are evaluated via SOFTSUSY 

4.1.10 and MicrOMEGAS 5.2.6 [8, 16]. We normalize all data values to between 0 and 1 

before training. 

3.3 Approach 

3.3.1 A Brief Introduction to Normalizing Flows 

Normalizing fows are invertible mappings which take points from an easy-to-sample base 

distribution, typically a gaussian, to a more complex target distribution [88]. They are known 

for high fdelity and low bias in recovering the proportionality of the desired distribution [110, 
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Table 3.2: Ranges for the pMSSM parameters used in the initial brute-force scan D0. Before 
training an additional pre-processing step was taken to manually remove the gaps in |M1| < 
0.05 TeV, |M2| < 0.1 TeV, and |µ| < 0.1 TeV. This step was reversed during the generation 
of new data. 

Parameter Domain Description 

|M1|
|M2|
M3 

[0.05,4] TeV 
[0.1,4] TeV 
[0.4,4] TeV 

Bino Mass 
Wino Mass 
Gluino Mass 

|µ|
MA 

[0.1,4] TeV 
[0.1,4] TeV 

Bilinear Higgs Mass 
Pseudo-scalar Higgs Mass 

|Ab|
|At|
|Aτ |
mL̃1 

[0,4] TeV 
[0,4] TeV 
[0,4] TeV 

[0.1,4] TeV 

Trilinear Bottom Coupling 
Trilinear Top Coupling 
Trilinear τ Coupling 

1st Generation L.h. Slepton Mass 
mL̃3 

[0.1,4] TeV 3rd Generation L.h. Slepton Mass 
mẽ1 [0.1,4] TeV 1st Generation R.h. Slepton Mass 
mẽ3 [0.1,4] TeV 3rd Generation R.h. Slepton Mass 
m ̃Q1 

[0.4,4] TeV 1st Generation L.h. Squark Mass 
m ̃Q3 

[0.2,4] TeV 3rd Generation L.h. Squark Mass 
mũ1 [0.4,4] TeV 1st Generation R.h. up-type Squark Mass 
mũ3 [0.2,4] TeV 3rd Generation R.h. up-type Squark Mass 
m ̃d1 

[0.4,4] TeV 1st Generation R.h. down-type Squark Mass 
m ̃d3 

[0.2,4] TeV 3rd Generation R.h. down-type Squark Mass 
tan β [1,60] Ratio of Higgs VEVs 

67, 87, 99]: a crucial property for the iterative nature of our task, to minimize compounding 

of errors. This mapping is learned by maximizing the log-likelihood of training data from 

the desired distribution [88]. For our purposes, we choose a map which is the composite 

of successive autoregressive transformations, specifcally rational quadratic splines [110, 52] 

defned over the interval [−B, B]. A more rigorous description of this methodology can be 

found here: [77, 20] . 

3.3.2 Iterating Our Flows 

Our iteration procedure is as follows: 

1. Flow Fi is trained on data Ti to generate points which satisfy i constraints simultane-
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Figure 3.2: A simplifed cartoon demonstrating an iterative training regimen. While our 
methodology uses the cumulative valid points from all prior datasets to train the next fow, 
in practice the majority of these points frequently come from the most recent preceding fow. 

ously, using the constraint ordering listed in Table 3.1. 

2. A new dataset Di is generated from Fi and evaluated. 

3. If Oin is the subset of Di which satisfes only the nth constraint,2 then we can defne 

j\ 
Sj = i Oin, 

n=1 

as the subset of Di which satisfes j constraints simultaneously, using the Table 3.1 

ordering, and the efciency of the ith leg of the search under j simultaneous constraints 

ican be expressed as Ei
j = |

|
D

Sj

i 

|
| . 

4. Our new training data can then be written as: 

[i 
Si+1Ti+1 = n , 

n=1 

where D0 represents our initial scan as described in Table 3.2. For example, T2 = 

S2 ∪ S2 
0 1 . 

5. Repeat the process, training Fi+1 on Ti+1, and generating Di+1, and so on. 
2While it is possible, and in fact desirable, for individual points in Oin to satisfy other constraints beyond 

the nth constraint, there is no guarantee of this, and the set is defned as only those points from Di which 
meet the nth constraint. 
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To ensure our search resolution is not lost, each new Di generated consists of O(22M) points. 

We assert that this high number of evaluations allows us to search the space more thoroughly 

than contemporary ’as-you-go’ approaches, while applying more constraints than standard 

proportional searches. 

3.4 Results and Discussion 

Figure 3.3: The normalized distributions of Higgs-valid pMSSM subsets are shown here: S1
0 

from the naive scan D0 in red and S1
1 from the fow-generated D1 in blue. The proportion-

alities are a close match, demonstrating that our fow is behaving as expected in capturing 
the proportionality of the Higgs-valid subspace. 

Overall we fnd our search method to be highly efective, generating points which meet all 7 

experimental constraints simultaneously and with high efciency. Looking at the results of 
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Figure 3.4: The normalized distributions of ’2-valid’ pMSSM subsets are shown here: S0
2 

from the naive scan D0 in red, S1
2 from D1 in blue, and S2

2 from D2 in green, whose fow was 
trained on S0

2 ∪ S1
2 . We observe only minor deviations from the expected proportionality. 

the frst two legs of the training in fgs. 3.3 and 3.4, we demonstrate that the fow captures 

the proportionality of the Higgs-valid subspace accurately and can then be iterated to the 

next constraint without introducing signifcant bias. Over the course of iterating, with only 

O(174.9M) cumulative evaluations we are able to generate a total of O(43.7M) 7-valid 

points: a brute force scan would require O(12.8T ) evaluations to produce the same quantity, 

making the task essentially intractable. The resulting end state normalizing fow yields an 

overall efciency improvement of more than 5 orders of magnitude compared to a naive scan. 

Furthermore, we fnd specifcally that the iterative nature of our approach allowed for a level 

of high-resolution sampling that would not have been possible otherwise. Our naive scan 

had only 71 points which met all 7 constraints simultaneously: a single fow trained from 
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Figure 3.5: The distribution of 7-valid pMSSM points S0
7 from the naive scan D0 are shown 

in red, against the 7-valid points S7
7 from the fow-generated D7 which are shown in blue. 

Several regions where the initial scan found few or no 7-valid points are in fact still viable. 
See discussion below for specifc ranges. 

only those points would undoubtedly miss subtle details of the valid manifold where novel 

theories might hide. 

Examining fgure 3.5, we see that our end-state fow was able to sample 7-valid points in 

several regimes where the initial scan lacked sufcient resolution, most notably M1 < 0 

GeV, |Ab| < 2000 GeV and m˜ > 1500 GeV, but also the regions M2 < 2500 GeV, 1000L1 

GeV<µ<3500 GeV, and tan β<15. 

Looking at the weak-scale observable space (Fig. 3.6) we see similarly that the naive scan had 

signifcant difculty fnding 7-valid points in multiple regions, most visibly in the mh>125.5 

SUSY BR(Bu→τν) +GeV, mLSP >900 GeV, aµ >2.0, 
BR(Bu→τν)SM 

<0.9 and 2.2<BR(Bs 
0 → µ µ−)<2.6 sectors 
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Figure 3.6: The weak-scale observables of the two 7-valid subsets shown in fgure 3.5 are 
shown here, as distributions in ’constraint space’. S0

7 from D0 is shown in red, and S7
7 from 

D7 in blue. Note that since constraint 2 (mLSP = χ1
0) is not a range of values, the actual 

value of mLSP for points which meet this constraint is plotted here instead. 

of the valid subspace. Our normalizing fow was able to generate points from these regions 

without difculty. 

Looking at the 2D histograms in fgs. 3.7 and 3.8, we see prominent islands/peninsulas in 

the ranges 600 GeV ≲ mLSP ≲ 1100 GeV and mL̃1 
≳ 1500 GeV which the naive scan largely 

overlooked. Proceeding iteratively allowed us to ’dig deeper’ into the space and sample 

areas the naive scan could not capture. We also quantify this in fg. 3.9, by calculating the 

distance from each fow-generated 7-valid point to the nearest naive 7-valid point. We plot 

this alongside the distance from each naive 7-valid point to the nearest non-identical naive 

7-valid point, as a baseline. 

55 



Table 3.3: Table of efciencies for each fow and set of constraints, where a "valid point" 
in each row is defned as one that meets both a.) the specifed constraint, and b.) all 
prior constraints. Each dataset consists of O(22M) theory points with the exception of D0 

which contains O(20.9M) points. The efciency term for the ith leg of the training under j 
|S |icumulative constraints, following the ordering in table 3.1, can be written as Ei

j = 
j 

. The|Di|

Ei
j=i terms are marked here in bold. 

Dataset 
j Constraints 

(cumulative) 
Di=0 

(Naive scan) 
D1 D2 D3 D4 D5 D6 D7 

1 mh 0.17081 0.87865 0.86881 0.74879 0.82514 0.91844 0.93258 0.93844 

2 mLSP 0.04407 0.23042 0.83470 0.67529 0.71766 0.89695 0.92749 0.93365 

3 σDM h
2 0.00115 0.00576 0.02025 0.44854 0.21395 0.72421 0.83947 0.88689 

4 SUSY aµ 1.0 × 10−5 5.1 × 10−5 0.00016 0.00024 0.18960 0.70604 0.82870 0.87775 

5 BR(Bu→τν) 
BR(Bu→τν)SM 

9.0 × 10−6 4.5 × 10−5 0.00014 0.00023 0.17998 0.70459 0.82850 0.87767 

6 +BR(B0 → µ µ−)s 6.3 × 10−6 3.2 × 10−5 9.8 × 10−5 0.00017 0.14818 0.59905 0.81750 0.87307 

7 BR(B → Xsγ) 3.4 × 10−6 1.9 × 10−5 5.9 × 10−5 0.00011 0.10178 0.42509 0.59386 0.86360 

Our 7-valid points also reproduce known physics structures, for instance: the Bino line [53] 

is visible in Fig. 3.7c, the Higgsino line [69] in Fig. A.4e, the A-funnel [60] in Fig. 3.7e, and 

BR(Bu→τν)the asymptotic behavior of at large MA due to charged-Higgs suppression [81] 
BR(Bu→τν)SM 

in Fig. A.4d. 

Additionally, across all legs of our search we fnd no 7-valid points in the regimes of µ<-
BR(Bu→τν)2600 GeV in the GUT-scale parameter space and >1.0 in weak-scale parameter 

BR(Bu→τν)SM 

space. The naive scan did probe these regions, with O(3.75M) and O(21.8k) pMSSM points 

respectively, but cumulatively our fows were able to generate an additional O(5.52M) and 

O(129.3k) points in each of these regimes, none of which were 7-valid. Additionally, our 

fows found points approaching these boundary regions which the naive scan missed: the 

minimum 7-valid value for µ in the naive scan was -1041.61 GeV, but our T7 set contains 

individual ’7-valid’ points with values as low as µ = −2530.06 GeV. Similarly, the highest 
BR(Bu→τν)value for amongst the naive 7-valids was 0.99946, but in T7 we found values 

BR(Bu→τν)SM 

BR(Bu→τν)as high as = 0.99991 Our results suggest the valid density in these regions can
BR(Bu→τν)SM 

be constrained to a lower threshold than the naive scan would allow. Our improved search 
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resolution allows us to make stronger inferences about which portions of the space might be 

ruled out. 

3.4.1 Improvements in Efciency 

As expected, we see that after each stage of training there are signifcant improvements in the 

Ej=i 
i term (the efciency of Di under j = i simultaneous constraints) as seen in bold in table 

3.3. This confrms our fow is learning to generate the desired distributions accurately at 

each step. In addition to this, we observe varying, though usually incremental improvements 

in the Ei
j>i efciencies at each stage: for instance the E2

1 efciency outperforms the E2
0 

efciency. We attribute these correlations in efciency to the underlying structure of the 

space and the spatial overlap of the various Oij subsets. The efciencies in the Ei
j<i regime 

are much less straightforward. 

For i ≤ 3 we observe that these terms decrease in efciency at each step. Naively we posit 

that this represents the model focusing on the constraint at hand at the expense of previous 

learned constraints. However, at i = 4 we see this trend begin to reverse, such that the Ei
j<i 

efciencies are now improving after each training. Stranger still, this change does not happen 

uniformly across all efciencies until i = 5. While E1
4 and E2

4 are improvements over their D3 

counterparts, the efciency for E3
4 still decreases in comparison to E3

3 . A partial explanation 

may be that the iterative process allows the fows to transition from initial "exploration" at 

the boundaries of these overlapping subsets into later "exploitation" of the regimes it has 

found. For instance, perhaps the j = 3 or j = 4 constraint create particularly irregular or 

disjointed manifolds, but the subsets of those manifolds which are valid under the j = 5 

constraint become neater and easier to sample, either because of the geometry of the space 

or because our iterative method does not lose resolution as we ’zoom in’. 
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Figure 3.7: Selected 2D histograms comparing the 7-valid distributions S0
7 from D0 in red, 

and S7
7 from D7 in blue. Bins containing only a single theory point from S7

7 are shown in 
charcoal for improved visibility in sparse regions and the axes for GUT-scale parameters are 
set to exclude points outside the initial scan boundaries. Note the islands/peninsulas found 
around 600 GeV ≲ mLSP ≲ 1100 GeV which the naive scan largely missed, but which the 
fow was able to sample admirably. The parameters plotted are as follows: a.) aSUSY 

µ vs. 
BR(Bu→τν)mLSP b.) vs. mLSP c.) mLSP vs. M1 d.)mLSP vs. M2 e.) mLSP vs. MABR(Bu→τν)SM 

f.)mLSP vs. tan β 
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Figure 3.8: Selected 2D histograms comparing the 7-valid distributions S0
7 from D0 in red, 

and S7
7 from D7 in blue. Bins containing only a single theory point from S7

7 are shown in 
charcoal for improved visibility in sparse regions, and the axes for GUT-scale parameters are 
set to exclude points outside the initial scan boundaries. Note the islands/peninsulas found 
around mL̃1 

≳ 1500 GeV which the naive scan largely missed, but which the fow was able 
SUSY to sample admirably. The parameters plotted are as follows: a.) aµ vs. mL̃1 

b.) mLSP 

vs. m˜ c.)m˜ vs. m˜L1 e1 L1 
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3.4.2 Comparability to other methods 

Direct comparison to other state-of-the-art methods proves difcult: Diferences in evalua-

tion software, constraint quantity and window size, and even the number of free vs. fxed 

parameters make direct juxtaposition difcult [13]. 

Adding to this, most proportional methods focus on maximizing the efciency of generated 

points across only one or two constraints, perhaps due to low resolution, while the "as-you-

go" methods that can more robustly tackle many constraints at once tend to emphasize 

lowering efciency primarily through minimizing the number of software evaluations instead 

of maximizing a percent yield. 

Nevertheless, in Figure 3.10 we plot a broad strokes comparison of efciency vs. number of 

experimental constraints, across a number of recent search methodologies in the pMSSM. 

While this does not account for the individual difculty of each experimental constraint, it 

is notable perhaps that of the proportional studies, we found no other methods capable of 

generating theory points which are valid for > 2 constraints simultaneously, and that for 

the ’as-you-go’ methods the highest efciency yield was only 0.05, more than an order of 

magnitude lower than our E7
7 efciency of 0.86360. 

We also note here that efciency is not a legitimate measure of the breadth or thoroughness 

of a search3 . Most pMSSM searches do not include any direct measure which quantifes 

this ’proportionality fdelity,’ and those which do [44] present their measurements separately 

for individual theory parameter, as opposed to using a single ’global’ metric, which makes 

cross-study comparisons a challenge. While we have suggested in the past [13] that Sliced 

Wasserstein distance [92, 78, 91] could serve as a metric in this regard, even this would not 
3In the most extreme cases, such as mode collapse [93], the repeated generation of the same individual 

valid point regardless of input data would give a misleading efciency of 100%. One possible solution is 
to only consider the number of unique generated points, but this causes complications in the subjective 
determination of what is ’sufciently unique,’ and does not address the underlying issue of quantifying how 
accurately a given search captures the true valid distribution within the space. 
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address the issue we pose in footnote 1: that discovering new or unexpected regions which 

are unrepresented in the initial naive scan would result in a worse score with such a metric. 

The dearth of methods which can do high-efciency proportional point generation across 

multiple constraints further underlines the necessity of iterative approaches which can bridge 

this gap in order to generate points that are valid across many constraints with high ef-

ciency, and do so while providing more exhaustive coverage of the space than the ’as-you-go’ 

methodologies. 

Figure 3.9: The distribution of distances from each point in S 
the nearest non-identical neighboring point in S 

7
0 

. Distances were calculated with axes 
in red and S7

7 in blue to 
7
0 

normalized using the values in Table 3.2. The ranges of these distributions suggest our fow 
was able to discover new 7-valid points that the naive scan missed due to low resolution (i.e. 
distances ≲ 1.5) as well as those outside the range of the initial scan (See Appendix A.3.1) 
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Figure 3.10: A scatterplot of recent SOTA pMSSM search methods showing efciency vs. 
number of experimental constraints. The studies cited are as follows: CMA-ES [44], NSGAII 
[44], TPE [44], HMC [77], Normalizing Flows [77], SBI [104], NPE (amortized SBI) [38] and 
Genetic Algorithms [3] are plotted against our results (listed here as "Iterative Flows"). 
Many of the proportional search papers listed here also conducted single-constraint trials 
(typically using the Higgs Mass constraint) which achieved higher efciencies than their 
respective two-constraint runs. These single-constraint runs are omitted here for legibility. 
Please note the following caveats and stipulations: 
∗ Efciency values for [44] are taken from [Phys. Rev. D 107, 035004 (2023)], which difer 
from the values specifed in the arxiv preprint. 
† Efciency values for [77] are taken from [Eur. Phys. J. C 81, 1138 (2021)] which difer from 
the values specifed in the arxiv preprint. The evaluation software used in [77] has known 
computational diferences which may have led to artifcially lowered efciencies, as noted in 
Footnote 10 of [44]. 
‡ The convention used in [3] contains ’aggregated composite’ constraints such as HiggsSignals 
[15] which combines multiple signals into a single experimental constraint with a single χ2 

contribution. We count each such composite as one individual constraint, and as such, when 
observables which appear within that composite block are instead studied individually, as 
in [38], we group and count those as one individual constraint as well. This discrepancy in 
how individual constraints are denoted is illustrative of the broader difculties in comparing 
results across multiple pMSSM search studies. We also note that [3] contains two separate 
trials with nearly identical constraints, with the exception that δaSUSY 

µ in trial 1 is replaced 
with the GCE constraint [35] in trial 2 (in both cases, no theory points which meet all 13 
constraints were found). 
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3.5 Conclusion 

We trained a series of normalizing fows iteratively on 19D pMSSM distributions of experi-

mental constraints, using the output from each to constitute the training data of the next, 

resulting in an end-state fow which can probe a total of 7 experimental constraints at once, 

without signifcant loss of resolution. Our results demonstrated a signifcant O(105) im-

provement over naive efciencies as well as an improvement in resolution over non-iterative 

methods such as brute-force scans. 

However one possible drawback of this iterative framework is that if additional observables 

are desired which were not included in the original MicrOMEGAS evaluation script, sig-

nifcant re-evaluations would be required to calculate the desired observable for all prior 

datasets. 

Another potential drawback is the potential under-sampling of sparse but viable regions: 

Because sparse regions of the valid manifold are harder to sample than dense ones, the 

fow has fewer points to train on in the areas where the constraints are already the most 

challenging. When iterating, this bias has the potential to compound, causing the model 

to over-sample dense regions which are easier to learn at the expense of more isolated and 

potentially interesting ones. However, even in this worst case scenario, the model will still 

capture some aspect of the proportionality more reliably than ’as-you-go’ methods, which do 

not explore the entire search space and tend to hone in on the frst viable region they fnd. 

More work remains in probing the depths of the pMSSM, most notably with regard to 

potentially challenging constraints such as the Galactic center gamma ray excess constraint 

(GCE) from Fermi-LAT [3, 35]. Flushing out the isolated, novel, and unexplored regions 

that hide in high dimensional parameter spaces, and doing so exhaustively, will require 

methodologies that can dig deep across multiple difcult constraints without loss of breadth 

or data resolution. We posit, optimistically, that iterative methodologies have a role to play 
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in the future of this work, both in searching for promising ’islands’ and ruling out portions of 

parameter space, in increasingly higher-dimensional HEP applications. Such discoveries have 

the potential to motivate new LHC analyses for supersymmetric signatures. In the words 

of Blues Traveler’s John Popper: "as we seek so shall we fnd". When high-dimensionality 

makes brute-force scans intractable, we will fnd novel theory-space enclaves only by seeking 

them out. 
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Chapter 4 

Reversing Spaces: Towards an inverse 

mapping of the PMSSM 

Abstract— We introduce a framework for learning mappings from weak scale observ-

ables to corresponding GUT-scale theory parameters in the context of the cMSSM and 

pMSSM, the reverse of the typical GUT-to-weak mapping done by typical HEP soft-

ware evaluations. In general this type of inverse of complex Renormalization Group 

Equations (RGEs) is considered intractable. Our ’correctional network’ methodology 

skirts this difculty by focusing on correcting an initial ’bad guess’ theory point in GUT 

space, which also allows us to avoid many degeneracy issues around what can otherwise 

be a one-to-many mapping, where multiple GUT points have the same weak signature. 

We also demonstrate the utility of iterative corrections, where the network output is re-

added to the original input to generate additional improvements in performance, as well 

as a secondary ’Smart iteration’ network which monitors this process and determines 

when sufcient iterative correction has been achieved. This is an on-going project, so 

the results presented here are of a preliminary nature. 
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4.1 Introduction 

A fundamental difculty with brute-force searches through High Energy Physics (HEP) 

theory spaces is their high-dimensionality. To search an n-dimensional space with m pos-

nsible values per dimension requires m data points, which makes searching spaces like the 

O(100)-dimensional Minimal Super-Symmetric Model (MSSM) essentially intractable [100]. 

Complicating things further, the parameters needed to specify a theory are defned at the 

Grand Unifed Theory (GUT) energy scale, while the experimental observables used to con-

strain theory space are defned at a separate, weak energy scale. Because the mapping from 

GUT to weak is highly non-linear, 

the distribution of viable theories not excluded by experiment takes the form of a complex, 

discontinuous ’valid manifold’ that sits within the high-dimensional GUT-space. Probing 

this distribution is challenging. 

Crucially, while the mapping from GUT to weak is a calculable process, there is no one-to-

one, tractable mapping from weak to GUT. 

Interestingly however, we observe that many of these difculties ameliorate when we treat 

the set of weak-scale observables as their own search space: Since we select which and how 

many experimental parameters are of interest in any given search, the dimensionality of the 

search space is easily containable a priori. The constraints on these weak parameters often 

take the form of a central value with error bars, which we can take to defne the edges of a 

’valid box’: the complex valid manifold from GUT space can now naively be represented as 

a uniform distribution whose dimensionality matches the number of constraints we wish to 

apply 1 . 
1While in practice there is no reason to assume a uniform scan of GUT space will return a uniform 

distribution in weak observable space, we are nevertheless interested in fnding any-and-all points which fall 
within the valid box, especially those from sparse regions which are atypical and may lead to novel theoretical 
classifcations. Thus a uniform observable space distribution is a reasonable ansatz. 
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Typically evaluation software [8, 16] is used to calculate the observables for a given GUT-

scale theory point. However, if one can learn to approximate a ’reverse mapping’ of that 

software, the tractable properties of observable space can be used to probe the less-tractable 

GUT parameter space itself. Such a mapping has the potential to yield sub-constraint-

window level precision, meaning its utility could persist even as constraints tighten in the 

future. 

While appealing in prospect, in practice the direct implementation of such a reverse mapping 

faces multiple hurdles: 

1. The HEP calculations which map from GUT to weak-space involve running coupling 

calculations via Renormalization Group Equations (RGE) that are mathematical com-

plex and non-trivial to reverse with the required precision. 

2. There is no guarantee that any given set of weak-scale observables has a one-to-one 

mapping to a corresponding GUT-space point. In fact, in cases where the dimensional-

ity of the weak space is less than that of the GUT space, the weak-to-GUT mapping can 

be one-to-many. Such a reverse mapping would not be able to handle the degeneracies 

that arise when two GUT points have identical weak-space vectors. 

3. Certain observables, such as the Dark Matter Relic Density, are known to be highly 

volatility: small movements in GUT space can produce orders of magnitude shifts in 

weak space, which means any mapping with insufcient precision will incur signifcant 

inaccuracies. 

Such difculties warrant a fundamental shift in approach. In this paper we introduce the 

framework for a "Correctional Network," which maps from a ’bad guess’ GUT point to the 

nearest GUT point which has the desired weak-scale properties. We use this correctional 

framework to learn approximate reverse mappings based on two simultaneous experimental 

constraints, the Higgs Boson Mass and Dark Matter Relic Density in two subspaces of 
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the MSSM, the the 5-dimenisonal constrained MSSM (CMSSM) and the 19-dimensional 

phenomenological MSSM (pMSSM). 

Instead of attempting to approximate the computationally-difcult inverse of a diferential 

equation, we instead seek to learn directly how small "nudges" in GUT space efect the values 

of weak-observables. Because we restrict our search to the nearest desirable GUT point with 

respect to the ’bad guess’, the potential for degeneracy is reduced signifcantly2.The output 

of our network is not the desired GUT point itself, but rather the δ vector in GUT space 

which takes our ’bad guess’ to the desired point. We postulate that this makes the network 

more sensitive to the small movements in GUT space required to handle volatile constraints. 

Searching the space for a specifc weak signature then becomes a matter of simply calculating 

the "nudges" of many bad guesses for the same desired observable vector, like throwing a 

handful of marbles into a precisely built funnel. 

Additionally, because the network takes GUT points as inputs, our method allows for ’iter-

ative corrections,’ wherein the model output is added to the original point and then passed 

through the network again, successively. To avoid excessive corrections, we also introduce 

a secondary network we refer to as ’Smart Iteration’ which is trained to determine whether 

outputs from the correctional network are sufciently ’nudged’ to satisfy difcult constraints 

such as the dark matter relic density, or whether further correction is needed. 

We proceed as follows: In section 2 we outline the task and the datasets used. In section 3 

we discuss the specifcs of our methodology. In section 4 we present our preliminary results 

in the cmssm and pmssm. In section 5 we discuss future work which remains for this project. 
2While it is technically possible for multiple theory points with identical weak signatures to sit equidistant 

from the ’bad guess’ point, in practice we construct our training dataset as a list of ordered pairs, a de facto 
one-to-one mapping. 
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Figure 4.1: A simple cartoon in a 2D slice of theory space demonstrating a desired correction 
where the vector ∆T maps the proposed Told to the nearest point with the desired weak 
signature (here dark matter relic density). 

4.2 Task & Datasets 

4.2.1 Task 

To learn an approximate reverse mapping from weak observable space to GUT-scale param-

eter space, we require a methodology which: 

• Avoids degeneracy issues posed by multiple GUT points with the same weak signature 

• Avoids the mathematical complexity of directly inverting the RGE calculations. 

• Is sensitive to volatile constraints like DM where small shifts in GUT space produce 
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large shifts in weak space. 

We construct our ’valid box’ from two experimental constraints, the Higgs boson mass and 

the dark matter relic density, using the following constraint windows: 

• Higgs Boson Mass: 122.09 GeV ≤ mh ≤ 128.09 GeV [1, 37] 

• Dark Matter Relic Density: 0.08 ≤ ΩDM h
2 ≤ 0.14 [122, 17] 

where all evaluations of weak parameters are done via SOFTSUSY 4.1.10 and MicrOMEGAS 

5.2.6 [8, 16].We focus solely on being able to reverse the GUT-to-weak mapping within 

this valid box: there is little utility in generating theory points that do not agree with 

experimental constraint. 

4.2.2 Correctional Dataset 

Our correctional dataset is generated as follows 

1. We begin with a library of known valid points (LOKV), which have been generated 

via past work, including KDE sampling and Normalizing Flows methods [114, 88, 77]. 

In addition to the two constraints listed above, we require that all valid points in this 

library have the Neutralino LSP mLSP = χ0
1. All points in this library, and their 

corresponding weak values, are normalized to values between 0 and 1. 

2. Using KDE sampling, a GUT-scale ’dummy point’ is generated based on the distribu-

tion of the library of valid points. Desired weak scale values for both constraints are 

generated via uniform distribution. Together these make up the input vector for the 

correctional network. 

3. The generated weak values are used to flter through the library of known points, such 

that only those within some tolerance ±σc of the specifed values are kept. 
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4. From this culled library, the point which lies closest in GUT space to the ’dummy 

point’ is selected: the diference vector between this target point and our dummy point 

becomes our target output. We posit that leaving the output in the form of a diference 

vector, allows our method to be more sensitive to small shifts in GUT space. 

5. Repeating this process, we generate a dataset of ordered pairs, where the dummy point 

and desired weak vector are matched to delta vector which maps to the closest known 

valid point with the desired weak signature. The full ordered pair can then be written 

as ([Tdummy,W ], ∆T ), where Tdummy − ∆T = TW ) recovers the nearest theory point 

with the correct weak signature from the LOKV. In practice we generate multiple weak 

values for each dummy point to encourage more generalized learning 

4.2.3 Smart Iteration Dataset 

Additionally, we generate a dataset for training the smart iteration network, with the specifc 

goal of distinguishing proposed points by accuracy of dark matter value (i.e. whether the 

proposed GUT point has the desired DM value). Our procedure is as follows: 

1. From each point in our library of known valids, we take the GUT point TT rue and the 

Higgs mass mh. For the true positive class we keep the true dark matter value, such 

that our order pair takes the form ([TT rue,mh, ΩDM h
2], y = 1) 

2. For the true negative class, we then draw ωdummy from a uniform distribution between 

0 and 1, and append this as our proposed DM value, ensuring that it is sufciently 

innacurate to the specifed threshold ±σs such that |ΩDM h
2 − ωdummy| > σs. The 

ordered pair then looks like ([TT rue,mh, ωdummy], y = 0) 

3. In practice we generate multiple ωdummy for each TT rue to improve generalization. We 

then add duplicates of the positive class datapoints to create an even split between 

the two classes. We detail the parameters of both the correctional and smart iteration 
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datasets in table A.4. 

4.3 Approach 

Figure 4.2: A series of diagrams representing the procedures for a single correction, iterative 
correction, and ’smart iteration’ correction, respectively 

4.3.1 The Correctional Network 

Using pytorch and ADAM optimizer, as well as the following packages [113, 84, 86, 127, 74, 

102, 128, 80, 114, 116], we train a neural network C to correct a ’bad guess’ theory point 

Tdummy by providing a ’nudge’ in theory space such that the resulting point has the desired 
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weak observable vector W: 

δ = C(Tdummy,W ) 

Our loss function is then calculated as the MSE loss between the network output and the 

truth value from the ordered pair: 

X 
Lc =

1 
N 

(∆Ti − δi)
2 ,

N 
i=1 

where N is the batch size. To generate new points, we again use KDE sampling to select 

dummy points in the vicinity of the LOKV distribution, and append our desired weak inputs. 

Our network then maps this vector to a GUT-space nudge, and the new ’corrected’ theory 

points can thus be written as 

Tnew = Tdummy − δ. 

4.3.2 Iterative Corrections 

Because our method includes a GUT point as an input, iterative corrections are possible. 

Our output is used to calculate the new GUT point, while the weak input is kept constant: 

δj+1 = C(T j − δj ,W ),dummy 

jP 
T j−1 − δj−1 T 0 δkwhere T j = = − , and the initial dummy point T 0 isdummy dummy dummy dummy 

k=0 

generated via KDE sampling as specifed above. In practice we fnd that the magnitude 

of the nudge, ||δj || shrinks with each additional correction, suggesting that the network is 

closing in on one specifc value rather than merely fuctuating between multiple possible 

candidates chaotically (See fg 4.3). 
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Figure 4.3: The average length of the correction vector ||δ|| is plotted over 100 iterative 
corrections for a batch of 10k cMSSM points. We see approximately asymptotic behavior, 
suggesting that the network is getting closer to the desired solution with each iteration, not 
vacillating wildly between many possible options. 

4.3.3 Smart Iteration 

In practice, we fnd the dark matter constraint signifcantly more challenging to reverse 

than the higgs mass, in both the cMSSM and pMSSM. Thus we introduce a secondary 

network whose job is to monitor whether the implemented correction has had the desired 

efect. The smart iteration network takes similar inputs to the correctional network but 

with a signifcantly simpler task. The neural net S(T,W) is trained to predict whether the 

input theory point T has the desired weak signature W, producing a single confdence value 

S(T,W ) = ŷ  between 0 and 1. We then utilize the MSE loss function to measure how well 

the network reproduces the true value y from the ordered pair: 

NX 
Ls =

1 
(yi − ŷi)

2 ,
N 

i=1 
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where N is the batch size. Outputs above a selected threshold S(T,W ) > 0.5 signify that the 

point has been adequately corrected and can be be excluded from further iterative correction. 

Results below the threshold designate the point for further iterative corrections. In practice 

we limit the maximum number of iterative corrections to a fxed constant: any corrected 

points still below the desired threshold at that point are accepted as-is. 

4.4 Preliminary Results 

Figure 4.4: "Input/Output" plots show the results of 40x iterative corrections in the cMSSM. 
Standard iterative corrections are shown on the left, and ’smart iteration’ on the right. The 
x-axis shows the input weak value W while the y-axis shows the true weak signature of the 
generated GUT point, calculated using SOFTSUSY and MicrOMEGAS. A ’perfect’ correc-
tion would sit exactly on the diagonal y=x, and in practice we see a signifcant number of 
points cluster along this trend line, though this is much more prominent for the higgs con-
straint than for dark matter. We also note that smart iteration shows a visible improvement 
in dark matter performance over standard iteration, as expected. 
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4.4.1 cMSSM results 

We observe relative success at reversing the Higgs mass constraint in the cMSSM, and while 

the dark matter constraint is signifcantly more challenging, signifcant in-roads were made 

using both iterative corrections and the secondary smart iteration network, as visible in the 

linear clustering trends in fgure 4.4. In examining the GUT-space distribution of these gen-

erated points in fg 4.5, we see the highest dark matter accuracy in regions corresponding to 

high density in the LOKV, such as |A0| ≲ 5000 GeV and m1/2 > 1000GeV. In LOKV-sparse 

regions we note a higher density of ’theoretically invalid’ points (whose GUT parameters are 

such that weak scale observables are not defned or calculable). Similarly, looking at weak 

space in fg 4.6 we note that the highest concentrations of both larger DM error and theoret-

ical invalids occur in the LOKV-sparse vicinity mh ≲ 124 GeV (though interestingly, these 

seem to be fairly evenly distributed across the range of valid (ΩDM h
2)Desired values. While 

we observe a visible improvement to the DM predictability in fg 4.4 as a result of the smart 

iteration network, we see also that this methodology seems to have diminishing returns, as 

the amount of total points the network accepts begins to plateau around 41.5% after 40 iter-

ations, as seen in fg 4.7. It is possible this could be improved with further training. In fg 4.9 

we can see the presence of theoretical invalids (denoted as "-1" by our evaluation software) 

as anomalous peaks at (ΩDM h
2)Desired + 1 and (mh)Desired + 1. Our present methodology 

struggles to avoid these theoretical invalids: since they have no defned weak signature and 

do not appear in the LOKV, the network is largely blind to their existence or position. We 

discuss possible remedies for this in section 5. 
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Figure 4.5: cMSSM points generated via smart iteration as seen in 4.4 are plotted in 2D 
slices of the cMSSM parameter space and shaded by the log of the dark matter error 
Log(|(ΩDM h

2)Desired − (ΩDM h
2)T rue|). We observe that the model performs best in areas 

that correspond to high LOKV density, and worse in sparser regions. 

Figure 4.7: The total number of cMSSM points accepted via smart iteration is plotted as a 
function of the number of iterations. We see diminishing returns at around 41.5% of the 10k 
sample. The remaining O(5.85k) points are taken as-is after 40 iterations. 
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Figure 4.6: cMSSM points generated via smart iteration as seen in 4.4 are plotted in weak 
space and shaded by the log of the dark matter error Log(|(ΩDM h

2)Desired − (ΩDM h
2)T rue|). 

We observe that the model performs best in areas that correspond to high LOKV density, 
and worse in sparser regions. 

4.4.2 pMSSM results 

Our results in the pMSSM are much earlier along in their development and should be viewed 

as strictly preliminary. Perhaps because of the increased dimensionality, the dark matter 

constraint seems signifcantly more challenging to reverse, as seen by the lack of signifcant 

clustering within the valid window in fgure 4.8. However the method does perform well 

on the Higgs constraint even when only utilizing a single correction. Figure 4.8 shows 

that unlike in the cMSSM, in the pMSSM our corrections generally yield |(ΩDM h
2)T rue| < 

|(ΩDM h
2)Desired|, such that the dark matter relic density is in most cases under-saturated by 

the generated GUT points. We see this also in fg 4.9, where the DM error has a prominent 

peak around O(10−1). In comparison, in the cMSSM we see more prevalent DM over-

saturation, such that there are several hundred generated points whose DM error is O(1) or 

greater. Comparing the Higgs error distributions in fg 4.9, we also see that the pMSSMrun 

78 



Figure 4.8: "Input/Output" plots show the results of a single correction in the pMSSM, in 
both standard and log scale. The x-axis shows the input weak value W while the y-axis 
shows the true weak signature of the generated GUT point, calculated using SOFTSUSY 
and MicrOMEGAS. A ’perfect’ correction would sit exactly on the diagonal y=x, and while 
we see signifcant clustering along this trendline for the Higgs constraint, the dark matter 
prediction has signifcant inaccuracy for most generated points. Improving this is the primary 
remaining task for this project. 

generated signifcantly fewer theoretical invalids than the cMSSM run. It is possible this is 

caused by the increase in degrees of freedom, or it may also be that theoretical invalids are 

most prevalent only in the valid DM window which the pMSSM model fails to accurately 

predict. 

In general, we fnd sub-constraint level accuracy for mh in both spaces, though in the pMSSM 

our model struggles more with the DM constraint than in the cMSSM. 

79 



Figure 4.9: Histograms show the error across both constraints for two separate 10k runs: a 
40x smart iteration run in the cMSSM on the left and a single pMSSM correction on the 
right. We note the following: 1.) A dotted line at |(ΩDM h

2)Desired − (ΩDM h
2)T rue| = 0.01 

denotes our desired minimum accuracy. 2.) The dark matter predictability in the cMSSM 
case signifcantly outperforms that of the pMSSM, though both perform well on the Higgs 
constraint 3.) An artifact exists around |(ΩDM h

2)Desired − (ΩDM h
2)T rue| = O(1.0) and 

|(mh)Desired − (mh)T rue| = O(126.0) GeV which results from points that are ’theoretically 
invalid’ (i.e. regions of parameter space where weak signatures are not defned/calculable). 
Our evaluation software marks these as "-1", creating artifcial spikes corresponding to 
(ΩDM h

2)Desired + 1 and (mh)Desired + 1. 4.) We note that the pMSSM run generated signif-
cantly fewer theoretical invalids than the cMSSM run despite using only a single correction. 
It is possible that theoretically invalid points are simply less common in the pMSSM due to 
the increase in number of degrees of freedom, or alternatively, perhaps theoretical invalids 
are more densely packed in regions that adequately satisfy the DM constraint. 

4.5 Discussion and Conclusion 

4.5.1 Future Avenues 

The bulk of the remaining work in the scope of this paper consists of 
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1. Improving the performance of the correctional network on dark matter in the pMSSM 

(primarily though increasing training data size and model complexity) 

2. Training a smart iteration network for the pMSSM case 

In addition to this, we seek better metrics to directly quantify the accuracy of the generated 

point. Currently we rely primarily on visual assessments of input-output plots and error 

histograms, but simple averages or sums of this data fail to discriminate generally poor-

performing models from those which are accurate with the exception of a few signifcant 

outlier points, especially in the case of the dark matter constraint where values (and thus 

errors) can sometimes reach as high as O(104). Additionally such metrics do not adequately 

account for the presence or absence of theoretical invalids. A suitable metric would directly 

enable more precise comparisons between trials. 

Beyond the scope of this project, we envision that future in-roads will require adaptations 

which drastically reduce the presence of both theoretical invalids and volatile/outlier points. 

A contrastive framework and/or use of an latent embedding space [13, 121] may provide an 

appealing solution here (see fg 4.10). While mapping to and from such a space is an added 

difculty, the potential boon of being able to perform corrections in an environment devoid 

of irregularities and outliers could make the core task signifcantly easier. 

81 



Figure 4.10: A simplifed cartoon of the proposed embedding correctional network: 1.) 
The initial ’bad guess’ points are mapped to the embedding space via an encoder. 2.)The 
correctional network performs the nudge strictly in latent space to yield the desired weak 
signature 3.)The corrected points are mapped back to GUT-space via decoder. 

4.5.2 Conclusion 

In conclusion, we trained a correctional network to learn how to ’nudge’ a bad guess in 

GUT-scale parameter space such that the resulting GUT point has the desired weak signa-

ture in both the cMSSM and pMSSM. Based on preliminary results, our method performs 

admirably on the Higgs mass constraint in both spaces, though dark matter relic density is 

more challenging, especially in the pMSSM. We also trained a secondary ’smart iteration’ 

network to monitor iterative corrections in the cMSSM with the explicit goal of improving 

DM accuracy. More work remains in improving the DM performance in the pMSSM. The 

ability to ’reverse’ high-dimensional spaces this way has the potential for broader utility, 

not just in searching other similar spaces: if novel and interesting regions of the MSSM are 

discovered, it can motivate new collider analyses and particle searches, directing us to look 

for new physics in places we would not have otherwise. 
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Appendix A 

Hyperparameters and Supplementary 

Plots 

A.1 Hyperparameters (Chapter 2) 

Hyperparameters for SAFESPAM, CHUNC and CHUNC2 
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Table A.1: Table of Hyperparameters for SAFESPAM. Note for pMSSM mH trial 1 training 
was split between 20 epochs with a proportional mix of valid and invalid data and 20 epochs 
of only valid data. 

Space cMSSM cMSSM pMSSM pMSSM pMSSM 

Constraint mH ΩDM mH (Tr. 1) mH (Tr. 2) ΩDM 

Batch Sz. 2500 2500 2500 2500 2500 

L.R. 0.0005 0.0005 0.0005 0.0005 0.0005 

Opt. ADAM ADAM ADAM ADAM ADAM 

num. layers 10 10 10 10 12 

Act. Leaky RELU Leaky RELU Leaky RELU Leaky RELU Leaky RELU 

num. epochs 60 6160 40* 160 160 

α 5 5 5 5 5 

β 1 5 1 1 1 

γ 0 0.1 0.3 0.3 0.8 
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


Table A.2: Table of Hyperparameters for CHUNC and CHUNC2. 

Model CHUNC CHUNC2 CHUNC CHUNC2 

Space cMSSM cMSSM pMSSM pMSSM 

Constraint Triple Triple Triple Triple 

Batch Sz. 64 64 64 64 

L.R. 0.001 0.001 0.001 0.001 

Opt. ADAM ADAM ADAM ADAM 

num. layers 22 22 22 22 

Act. Leaky RELU Leaky RELU Leaky RELU Leaky RELU 

num. epochs 100 100 100 100 

α 1 1 1 1 

β 1 1 1 1 

γ 1 1 1 1 

c 1 N/A 1 N/A 

d 1 N/A 1 N/A 

A.2 Hyperparameters (Chapter 3) 

Table A.3: Table of Hyperparameters 

Num. Transforms 

Batch Sz. 

Num. Epochs 

B 

NN Hidden Features 

4  


25000, |Ti| > 25000 

250 |Ti| ≤ 25000 

600 

3 

100 
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A.3 Supplementary plots (Chapter 3) 

A.3.1 Valid points beyond initial boundaries 

While the boundaries specifed in table 3.2 defne the intended scope of our search, our 

methodology also produced a lesser number of 7-valid points which fall outside those bounds. 

Because these points are generated as an artifact of our iterative search procedures, they do 

not convey information about the relative proportionality of the valid subspace in these 

regions. Nevertheless we include them here. 

Figure A.1: The same two distributions from fgure 3.5, S7
0 from D0 in red, and S7

7 from 
D7 in blue, are shown here, but with the axes expanded to include the 7-valid points found 
beyond the initial scan’s boundaries, which are represented via dashed lines. 

99 



A.3.2 Additional 2D Histograms (Chapter 3) 

In this work we focus primarily on displaying our results via 1D histograms. While it would 

be prohibitive to include all possible unique 2D Histograms of the same results, we recognize 

that some common choices may be useful for comparison to future studies, or show interesting 

proportionalities of the 7-valid manifold, and include them here. 

A.4 Hyperparameters (Chapter 4) 

Table A.4: Table of hyperparameters for generating correctional dataset and smart iteration 
dataset 

Correctional Dataset cMSSM pMSSM 

LOKV size 
Num. KDE dummy pts 

Num. weak targets per GUT pt 
Num. total ordered pairs 

σc 

O(187.5k) 
300k 
50 

15M 
1 
48 

O(9.84M) 
300k 
50 

15M 
1 
48 

Smart Iteration Dataset cMSSM pMSSM 
Num. weak targets per GUT pt 

σs 

Num. valid duplicates 
Num. total ordered pairs 

25 
1 
48 
25 

O(9.38M) 

N/A 
N/A 
N/A 
N/A 
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Figure A.2: Selected 2D histograms comparing the 7-valid distributions S0
7 from D0 in red, 

and S7
7 from D7 in blue. Bins containing only a single theory point from S7

7 are shown 
in charcoal for improved visibility in sparse regions and the axes are set to exclude points 
outside the initial scan boundaries. The parameters plotted are as follows: a.) M2 vs. M1 

b.) µ vs. M1 c.) µ vs. M2 d.) M3 vs. M2 e.) tan β vs. At f.) tan β vs. MA 
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Figure A.3: 2D histograms comparing the 7-valid distributions S0
7 from D0 in red, and S7

7 

from D7 in blue. Bins containing only a single theory point from S7
7 are shown in charcoal 

for improved visibility in sparse regions and the axes are set to exclude points outside the 
initial scan boundaries. The parameters plotted are as follows: a.) m˜ vs. m˜ b.) m˜ vs.e3 L3 L1 

Ab c.) m ̃  vs. m ̃  d.) m ̃  vs. m ̃  e.) m˜ vs. m˜ f.) m˜ vs. m ̃Q3 Q1 d3 Q3 u3 u1 u3 Q3 
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Figure A.4: Selected 2D histograms comparing the 7-valid distributions S0
7 from D0 in red, 

and S7
7 from D7 in blue. Bins containing only a single theory point from S7

7 are shown in 
charcoal for improved visibility in sparse regions and the axes for GUT-scale parameters 
are set to exclude points outside the initial scan boundaries. The parameters plotted are 
as follows: a.) BR(Bs 

0 → µ+µ−) vs. Ab b.) mh vs. Ab c.) BR(B → Xsγ) vs. mQ̃1 
d.) 

BR(Bu→τν) +vs. MA e.) mLSP vs. µ f.) BR(Bs 
0 → µ µ−) vs. tan β

BR(Bu→τν)SM 
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Table A.5: Table of hyperparameters for training correctional and smart iteration networks. 
The cMSSM correctional network was trained switching optimizers partway through: the 
SGD [116] portion of the training uses a learning rate 10x the one used for ADAM. The 
smart iteration network uses a Leaky ReLU as activation function, but the fnal output is 
passed through a hard sigmoid. Check-pointing was used in some instances to select models 
with the best test loss performance during training. 

Correctional Network cMSSM pMSSM 

Batch Sz. 

L.R. 

Opt. 

num. layers 

Act. 

num. epoch 

5000 

0.0005 (ADAM) 

0.005 (SGD) 

ADAM (120 epochs) 

SGD (80 epochs) 

8 

Leaky ReLU 

200 total 

150 

0.0008 

ADAM 

8 

Leaky ReLU 

35 

Smart Iteration Network cMSSM pMSSM 

Batch Sz. 10000 N/A 

L.R. 0.00005 N/A 

Opt. ADAM N/A 

num. layers 8 N/A 

Act. Leaky ReLU∗ N/A 

num. epoch 1472 N/A 
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