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Bifurcation Analysis of Sub-Synchronous Oscillations Related to
Grid-Forming Converter Inner Controllers

Luke Ian Benedetti†, Robin Preece†, Panagiotis N. Papadopoulos†

Abstract—To ensure power system stability and security, it
is vital to understand the complex nonlinear power system dy-
namics related to converter-interfaced generators. For example,
grid-forming (GFM) converters are expected to be a key asset for
maintaining a strong and stable power system, but might cause
wide-bandwidth stability issues with underlying mechanisms
heretofore unseen or understudied, including sub-synchronous
oscillations (SSOs). This paper details a continuation-based bi-
furcation analysis of a GFM converter, revealing stability bounds
with respect to operational conditions in addition to the time
constant of the cascaded inner voltage and current controllers.
We focus our analysis on the strong grid instability caused by an
inner controller-related SSO, including continuation of the limit
cycle past the Hopf bifurcation point, revealing rapid onset of
unacceptably large oscillations. Furthermore, we investigate the
impact of the circular current limiter, revealing spurious Hopf
bifurcations in weak grids associated with the aforementioned
SSO when adopting smooth approximations; this suggests the
need for careful implementation of such approximations for
GFMs, at least in bifurcation studies.

Index Terms—Bifurcation, dynamics, grid-forming, limit cycle,
nonlinear, sub-synchronous oscillation.

I. INTRODUCTION

Grid-forming (GFM) devices are required for the formation
and regulation of the voltage-sourced power system [1]. As
such, GFM converters are expected to play a major role in the
energy generation mixture [2] as fossil-fuelled synchronous
generators are increasingly disconnected to meet critical de-
carbonisation goals [3]. Such technologies bring novel, wide-
band dynamics spanning large frequency ranges [4] whose
characteristics need to be fully understood to ensure desirable
dynamic responses, avoid adverse interactions, oscillations,
or instability, and design methods for the monitoring and
mitigation thereof. Furthermore, single operating point small-
signal analyses rely on localised linear assumptions, meaning
they cannot capture important nonlinear dynamical phenomena
including bifurcations and limit cycles [5]–[7]. As such, this
paper performs a continuation-based bifurcation analysis of
a standard GFM converter with cascaded control structure,
revealing the nonlinear effects of operating conditions and
inner controller time constants.

The standard cascaded GFM control structure [8] has known
limitations with respect to inner controller tuning and strong
grid instabilities [9]. In particular, the control system incites
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sub-synchronous oscillations (SSOs) related to the cascaded
inner voltage and current controllers, seen to be around
12.5 Hz in [10], and 15 Hz to 17 Hz in [11]. Using a
simplified model which allowed for analytical expression of
the damping ratio of the SSO, the authors of [10] reveal
the potential destabilising effect of increasing the current
controller time constant or the filter capacitance, or decreasing
the inner voltage controller proportional gain. Under different
parametric conditions but with similar controller architecture,
[12] finds slower strong grid instability-inducing SSOs of
around 2.5 Hz which are related to interactions between
the inner voltage and the outer synchronisation controllers.
Meanwhile, [13] suggests increasing the voltage controller
bandwidth to mitigate such issues. Whereas, in this paper
we focus on the cascaded inner controller-related SSO, and
investigate for the first time the parametric stability bounds of
the (full detail) GFM converter with respect to codimension
(codim)-2 continuation of the strong grid Hopf point of the
SSO considering the time constants (bandwidths) of the inner
voltage and current controllers simultaneously. We also con-
sider stability bounds across a range of operational parameter
variations with respect to the short-circuit ratio (SCR), X/R
ratio, and active power set-point of the GFM.

Going beyond local equilibrium point bifurcation analysis,
continuation of the limit cycle of a Hopf bifurcation has
been seen to offer insights into the large-disturbance stability
of a converter-based system [14], [15]. For example, we
might observe a small region of attraction (RoA), caused
by the unstable limit cycle that converges towards the stable
equilibrium point prior to a subcritical Hopf bifurcation [14],
[15]. Additionally, following a supercritical Hopf bifurcation,
a stable limit cycle appears around the unstable equilibrium
point [14], [16]. If said limit cycle is very small in magnitude
then the system states (or observables) may stay well within
the acceptable bounds, meaning by the formal power system
stability definition [17] the system is stable, despite the local
equilibrium point analysis suggesting instability. Both of these
scenarios are ruled out for the GFM system in this work as
we use normal form theory and limit cycle continuation to
reveal that the strong grid Hopf point is supercritical with the
emerging limit cycle quickly increasing to unacceptable levels.

Since continuation analysis typically requires a continuously
differentiable vector field [6], [7], non-smooth elements such
as saturation limiters require smooth approximations to be
included in the analysis [18]. Therefore, we investigate the
influence of including corresponding smooth approximations
on the results of our bifurcation analyses. We find that smooth
approximations of the circular current limiter can cause spu-
rious Hopf bifurcations of the aforementioned SSO. This can
invalidate the resultant bifurcation studies.

Ultimately, we add to the growing literature pertaining to
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nonlinear dynamics, bifurcations and SSOs of GFM converters
with a systematic, continuation-based bifurcation analysis of
the standard cascaded control structure and concomitant SSOs.
The contributions of this work include:

• Revealing stability bounds of GFM converters for key
operational and control parameters via local bifurcation
analysis. In particular, to the best of our knowledge, this
has not previously been performed for the simultaneous
tuning of the inner controller time constants.

• Unveiling the strong grid Hopf bifurcation of the inner
controller-related SSO of the GFM to be supercritical
with rapid onset of an unacceptably large limit cycle.

• Investigation of the impact of the circular current limiter
smooth approximation, revealing potential for spurious
Hopf bifurcations of the aforementioned SSO.

• We provide the Julia scripts for: modelling the GFM con-
verter with ModelingToolkit.jl [19]; continuation analysis
with BifurcationKit.jl [20], including bespoke wrappers
required to enable this functionality; and nonlinear dy-
namical simulations with DifferentialEquations.jl [21].

II. METHODOLOGY

The analysis methodology adopted in this work is based on
local (equilibrium point) bifurcation analysis [5]. In particular,
we utilise a standard predictor-corrector continuation approach
[20], [22]. In addition to this, continuation of the limit cycle
is performed based on the collocation method [7], [20].

In this work, we consider a nonlinear dynamical system
representation in ordinary differential equation (ODE) form,

ẋ = f(x,p), (1)

where f : RN × RNp → RN denotes a sufficiently smooth
vector field [6] with N dynamic states, x, and Np parameters,
p. The dot operator signifies differentiation w.r.t. time.

A. Bifurcation Theory

Local bifurcation theory deals with the continuous change
of parameters, finding points at which the qualitative behaviour
of the nonlinear dynamical system suddenly changes apropos
the stability of the equilibrium point [6], [23] evaluated at

0 = f(x,p). (2)

Such a change is reflected in the eigenvalues of the Jacobian
of f(x) (i.e., evaluated at p), often termed the state matrix
A, crossing into the right half-plane. With respect to codim-
1 parameter variations [6], a single real-valued eigenvalue
crossing results in aperiodic instability [24] and might indicate
a pitchfork, transcritical, or saddle node bifurcation. However,
the latter of these is more typical in power system scenarios in
the form of voltage instability (e.g., maximum loadability lim-
its), which from the nonlinear dynamical analysis perspective
represents the point at which a stable and unstable equilibrium
point collide and subsequently vanish [6] [25].

A pair of complex conjugate eigenvalues of A crossing the
imaginary axis indicates a Hopf bifurcation, leading to oscil-
latory instability. A non-degenerate Hopf bifurcation [6] can

be either supercritical or subcritical. For the former, a stable
limit cycle emerges around the (now unstable) equilibrium
point. The latter means an unstable limit cycle has collapsed
onto the stable equilibrium point and the limit cycle disappears
while the equilibrium point becomes oscillatory unstable (but
without a nearby stable limit cycle as in the supercritical case).

Although not encompassed within the theory of bifurca-
tions of continuously differentiable ODEs, the limit-induced
bifurcation is an important consideration in modern power
systems [26]. When a saturation limiter engages, the system
undergoes a non-smooth change of its vector field. This es-
sentially blocks the controllers “behind” the saturation limiter
thereby eliminating the corresponding equations and dynamic
states. [26] highlights that such a change of the governing
equations can immediately shift the system to an unstable
state. However, non-smooth action is not compatible with
standard continuation methods [6], thereby incentivising the
use of smooth approximations for non-smooth elements [18].
The smooth approximation used in this work is discussed in
more detail in Section III-D.

B. Continuation of Equilibrium Branch or Bifurcation Branch

Starting from a known initial condition, continuation meth-
ods follow the equilibrium branch, along which (2) holds true,
as a parameter is varied. Fundamentally, this involves a predic-
tor and a corrector step [7], with one of the most common and
robust algorithms being pseudo-arclength continuation (PALC)
as implemented in this work using BifurcationKit.jl (BFK)
[20]. Bifurcation points are identified based on the behaviour
of the eigenvalues of the Jacobian as discussed in Section II-A.

Once a bifurcation point is identified, a second contin-
uation parameter can be selected and they can be varied
simultaneously along the bifurcation curve for which the
relevant eigenvalue(s) remain on the imaginary axis. If no
other bifurcation branches are found within the (codim-2)
parameter space considered, this bifurcation branch represents
the stability boundary. This procedure is performed for the
strong grid Hopf bifurcation in this work.

C. Hopf Normal Form and Limit Cycle Continuation

In this work, we find that the strong grid Hopf bifurcation is
supercritical, meaning that a limit cycle emerges after the Hopf
point. This is determined by considering the centre manifold
theorem [6] which states that the dynamics of the system
can be reduced to a two-dimensional invariant manifold1 near
the Hopf bifurcation point. The normal form of the Hopf
bifurcation can be calculated by considering the third-order
Taylor series approximation of the centre manifold, which
captures the nonlinear effects that determine whether the Hopf
bifurcation is subcritical, supercritical, or degenerate (Section
II-A). In particular, the Hopf normal form as considered in
BFK is

ż = z
(
jω + a δp+ b |z|2

)
, (3)

1This is the centre manifold. It can be noted that, at the bifurcation point,
it is tangent to the plane spanned by the corresponding eigenvectors [6].
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where z is a complex phasor, ω is the frequency of the
complex conjugate eigenvalue pair giving rise to the Hopf
bifurcation, a quantifies the linear growth of the limit cycle,
which holds true for very small values of the change in
continuation parameter [6], δp. The first Lyapunov coefficient
is given by b, whose real part indicates supercriticality if
negative, subcriticality if positive, and degeneracy if zero.

We can then apply continuation to the limit cycle itself2 as
the parameter continues to change. This requires an estimation
of the limit cycle, as represented as a boundary value problem,
achieved in this case using the orthogonal collocation method
[27], again implemented with BFK [20]. Therefore, as we
further change the continuation parameter, we can track the
period and envelope of the limit cycle. In our (supercritical)
case, this is done to check whether the resulting oscillation
remains small or quickly increases to unacceptably large
values (e.g., extensive voltage and current swings).

III. GRID-FORMING CONVERTER SYSTEM UNDER TEST

All models were implemented in the Julia programming
language using ModelingToolkit.jl (MTK) within the SciML
ecosystem3 [19]. The nominal parameters are displayed in
Table I and described further throughout this section. The ∗

superscript denotes references and set points.

TABLE I: NOMINAL PARAMETERS OF THE GFM-INFINITE BUS
SYSTEM

Parameter Value Parameter Value
P ∗ 0.8 pu mp 0.01 pu
Q∗ 0 pu ωc,p 2π5 rad s−1

V ∗ 1 pu mq 0.01 pu
ωb 2π50 rad s−1 ωc,q 2π5 rad s−1

Rf 0.03 pu ζIV C 0.7

Xl,f 0.08 pu τIV C 45 ms
Xc,f 13.51 pu ζICC 0.7

SCR 2.5 τICC 1.5 ms
X/R 10 |i|max 1.2 pu

Ts 47.12 ms

The models of the electrical and GFM control systems are
completed in independent rotating reference frames, synchro-
nised to the grid voltage angle, ∠vg , and virtual rotor speed,
θ, respectively. A phasor can then be denoted in the form
ν = νd + jνq and physical signals in the control frame are
discerned by superscript ctrl. Conversion of signals between
reference frames is through a geometric transform [18].

A. Electrical System

We consider a GFM voltage-sourced converter (VSC) con-
nected to a Thévenin equivalent grid model. The single line
circuit diagram is illustrated in Fig. 1, where vcv , vm, and
vg are the voltages at the converter switches, across the
filter capacitor, and of the Thévenin equivalent infinite bus,

2A detailed technical discussion of this is out of the scope of this paper
and the reader is referred to [6], [20] for more information.

3The corresponding modelling (and analysis) scripts are available in [28].
Note, bespoke wrappers for extraction of the vector field and Jacobians of a
hierarchically constructed MTK model are provided to allow for continuation
analysis with the BifurcationKit.jl package [20].

Fig. 1: Single line circuit diagram of grid-forming converter
connected to Thévenin equivalent grid model.

PI

PI

PI

PI

Fig. 2: Multi-loop, droop-based GFM controller.

respectively. The current through the coupling filter and grid
impedance are denoted by icv and ig , respectively. The VSC
is the averaged model with θ and vctrl

cv denoting the virtual
rotor angle of the GFM and the requested value of vcv in
the controller reference frame, respectively. Furthermore, we
consider that, on the timescales of interest, there is sufficient
power available from the primary source to compensate for
any current drawn, thereby allowing representation with an
ideal voltage source on the DC side of the converter.

The per unit resistance, inductive reactance, and capacitive
reactance of the coupling filter are denoted by Rf , Xl,f ,
and Xc,f , respectively. The resistance and inductive reactance
of the Thévenin equivalent grid are Rg and Xl,g but when
it comes to continuation, we are more interested in these
parameters from the perspective of the short circuit ratio
(SCR) and the X/R ratio, with the corresponding conversion

SCR = 1/

√(
R2

g +X2
l,g

)
, (4)

X/R = Xl,g/Rg. (5)

B. Droop Control

The full GFM control system block diagram is illustrated
in Fig. 2. The active power/synchronisation controller is a
standard droop with low-pass filter. The droop gain and cut-
off frequency are denoted by mp and ωc,p, respectively. Also
included is a reactive power droop which augments the voltage
magnitude reference with droop gain and cut-off frequency
denoted by mq and ωc,q , respectively.

C. Inner Voltage and Current Controllers

The inner voltage and current controllers adopt a vector
control architecture including proportional-integral (PI) regu-
lators in addition to feed-forward and decoupling terms [8].
The proportional and integral gains are denoted by Kp,IV C

and Ki,IV C , and Kp,ICC and Ki,ICC for the inner voltage
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and current PI controllers, respectively. Tuning of the inner
controllers is achieved independently using pole-placement.

For the inner current controller, assuming ideal
timescale separation, neglection of pulse-width modulation
(PWM)/control delay, and considering identical d-axis and
q-axis control loops [29], the closed loop consists of the
transfer functions of the PI controller,

GPI(s) = Kp,ICC +
Ki,ICC

s
, (6)

and the RL branch of the output filter,

GRL(s) =
1

(Xl,f/ωb)s+Rf
, (7)

with unity feedback of the measured output current, icv . The
resulting characteristic equation is

s2 +
Rf +Kp,ICC

(Xl,f/ωb)
s+

Ki,ICC

(Xl,f/ωb)
= 0. (8)

We can then compare this to the standard second-order
characteristic equation with natural frequency of ωn,ICC and
damping ratio of ζICC , giving PI controller gains in the form

Kp,ICC = 2 ζICC ωn,ICC
Xl,f

ωb
−Rf , (9)

Ki,ICC = ω2
n,ICC

Xl,f

ωb
. (10)

The speed of the closed-loop response can then be chosen by
considering the relation between ωn,ICC , ζICC and the 5%
settling time, termed τICC for the inner current controller,
based on the approximate relation

τICC ≈ 3

ζICC ωn,ICC
. (11)

Rearranging (11) for ωn,ICC and substituting back into (9) and
(10) allows us to tune our closed-loop response based only on
ζICC (which we keep constant at 0.7) and τICC , which is
used for the continuation analysis.

We perform a similar procedure for the inner voltage
controller, resulting in PI controller gains of

Kp,IV C =
6

τIV C ωb Xc,f
, (12)

Ki,IV C =
9

ζ2IV C τ2IV C ωb Xc,f
. (13)

D. Current Limitation

To protect the converter switches from over-current condi-
tions, a circular current limiter can be included [30]. This is
described as

i∗lim = ρ× i∗, (14)

ρ = min(1, |i|max/|i∗|), (15)

where i∗, i∗lim, |i|max are the unsaturated and saturated
current references, and the maximum current magnitude, re-
spectively. It is also standard practice to include anti-windup
control in this scenario to avoid accumulation of the integral
output for the inner voltage PI controllers when the current ref-
erence is saturated. In particular, we adopt the common back-
calculation and tracking method as per [31]. This approach

Fig. 3: Input-output (unsaturated-saturated current reference in
per unit) response of current limiter with different values of
the smoothing parameter δ. The inset zooms on the knee point.

requires the tuning of a tracking time constant, Ts, for which
there exists several different recommendations. We adopt the
suggestion from [31] where Ts = Ki,IV C .

As discussed in Section II-A, we investigate the impact of a
smooth approximation of the current limiter, as is required for
inclusion within continuation analysis [18]. In particular, we
consider the transition from non-limited to limited conditions
(and vice versa) as a Heaviside step function approximated
based on the hyperbolic tangent function [18] as

i∗lim = (1− α)× i∗ + α× |i|maxe
j∠i∗ (16)

with

α =
1

2

(
1 + tanh

(
|i∗|− |i|max

2× δ

))
(17)

where δ is a “smoothing” parameter, the impact of which is
illustrated in Fig. 3. Particularly, δ of 0.001 and 0.01 provide
very close approximations to the ideal (hard) response, while
more noticeable, but not ostensibly significant, divergence is
seen for δ of 0.05 and 0.1. Please see Appendix A for time-
domain validation of the system response when adopting the
current limiter smooth approximation.

IV. BIFURCATION ANALYSIS AND RESULTS

In this section, parametric stability bounds are illustrated
based on continuation analysis of operational parameters and
inner controller time constants. Additionally, we continue the
limit cycle associated with the strong grid Hopf bifurcation to
reveal rapid onset of unacceptably large oscillations. Finally,
we study the impact of the circular current limiter smooth
approximation to show the existence of spurious Hopf bifur-
cations that can invalidate corresponding analyses.

A. Continuation of Operational Parameters

Beginning with the nominal parameters outlined in Table
I (current limitation not yet included), we choose the SCR
as continuation parameter, and display the equilibrium branch
results for differing values of active power set point, P ∗, in
Fig. 4. Bifurcations are found to occur in both weak grid
(SCR ≲ 1) and strong grid scenarios (SCR ≈ 4.95). The
former is the saddle node bifurcation due to the maximum
power transfer limits [25] in a lossy system as per [32]

Pmax =
|vm|

R2
g +X2

g

(
|vm|Rg + |vg|

√
R2

g +X2
g

)
, (18)
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(a)

(b)

Fig. 4: Bifurcation diagram for (a) |vm| and (b) δθ for varying
SCR, with different values of P ∗. A star shows the Hopf point
and thin dotted line shows unstable points.

and with Xg = 10Rg , Pmax occurs at δθ ≈ ∠vm − ∠vg =
π/2 + tan−1(Rg/Xg) rad = 1.6705 rad. In this case, as
observed in Fig. 4a, the continuation algorithm fails4 as
we approach the saddle node (Pmax) point. To confirm this
behaviour, we can observe the real part of the rightmost (real-
valued) eigenvalue as we approach the weak grid instability
point in Fig. 5 (for P ∗ = 0.8 pu), where we find that a
single real-valued eigenvalue approaches the stability bound-
ary before the continuation corrector step fails to converge.
Particularly, for a given X/R ratio, Rg and Xg will increase as
SCR decreases due to (4). Therefore, especially for relatively
small variations of |vm| (Fig. 4b), Pmax reduces, and once
Pmax becomes less than P ∗, the equilibrium point vanishes.

Fig. 5: Trajectory of the real part of the rightmost eigenvalue,
R(λmax), as the SCR is varied, with P ∗ = 0.8 pu.

The strong grid instability is related to the Hopf bifurca-
tion associated with the inner controller-related SSO5, and is

4Continuation algorithms can fail near the saddle-node point, especially in
stiff systems such as the one being studied. This is because the Jacobian
becomes increasingly ill-conditioned near the critical point [33], causing
the predictor step to provide poor estimates to the corrector, whose own
convergence also degrades due to the ill-conditioning. In this case, extremely
small steps of the bifurcation parameter are required to improve the likelihood
of Newton convergence, eventually hitting minimum thresholds and compu-
tational limits. Furthermore, the fold, as seen in Fig. 4, is very sudden with
the voltage magnitude and angle nearing vertical at the failure point.

5The inner controller characteristics of these SSOs are discussed in [10] and
[11] and, although not displayed for brevity, confirmed in this work through
participation factor analysis.

seen to be largely unaffected by P ∗. Considering converter-
interfaced generators may be connected at different voltage
levels, with different X/R ratios, we also perform codim-
2 continuation (Section II-B) of this strong grid Hopf point,
varying the X/R ratio along with the SCR. This is displayed
in Fig. 6, with the colourbar relaying the frequency of the
SSO along the Hopf branch. We find that decreasing the X/R
ratio increases the SCR at which the strong grid instability
occurs, suggesting that distribution-connected GFMs utilising
the prototypical control scheme of Fig. 2 can be connected in
stronger grids than transmission system-connected GFMs. We
can also note that the frequency of the corresponding SSO
reduces with the reduction of X/R ratio (and concomitant
increase of SCR). At the nominal X/R = 10, the frequency
is 25.58 Hz, whereas this reduces to 5.71 Hz at X/R = 0.1.

Fig. 6: Bifurcation diagram for simultaneous variation of SCR
and X/R ratio, following the strong grid Hopf bifurcation.

B. Continuation of the Limit Cycle

Returning to the nominal parameters of X/R = 10 and
P ∗ = 0.8 pu, we can apply the normal form analysis (Section
II-C) to the strong grid Hopf bifurcation. We find that the
first Lyapunov coefficient, denoted as b in (3), is equal to
−0.00198 − j0.00096. Since the real part of b is negative,
the Hopf bifurcation is supercritical6 and a stable limit cycle
emerges as the parameter continues past the bifurcation point.

We can then perform continuation of the limit cycle (Section
II-C) and observe the impact on |vm| and |icv|. The corre-
sponding maximum and minimum of the magnitude of the
limit cycle are displayed in Fig. 7, revealing that very small
increase of the SCR past the bifurcation point results in rapid
growth of the limit cycle, quickly reaching unacceptable levels.
Note, |icv| constitutes a magnitude which is why the lower
bound of the limit cycle appears to “bounce” off of zero, when
it is rather changing direction.

C. Continuation of Inner Controller Time Constants

As previously discussed, the strong grid instability-inducing
SSO results from an interaction involving the cascaded inner
voltage and current controllers [10], [11]. Therefore, in this
subsection we perform codim-2 continuation analysis of the
Hopf bifurcation with respect to the inner controller time
constants τIV C and τICC (Section III-C). The continuation
plot, with the nominal parameters of Table I, is displayed in
in Fig. 8. Clearly, the parametric stability bounds indicate

6The supercriticality of the Hopf bifurcation is consistent across the
different parameter conditions analysed in this work, except when adopting
the smooth current limiter approximation, as per Appendix B.
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Fig. 7: Bifurcation diagram showing the maximum and mini-
mum bounds of the limit cycle as SCR is continued past the
strong grid Hopf bifurcation point.

that the time constants for the inner voltage and current
controllers must be sufficiently large and small, respectively,
highlighting the need for sufficient timescale separation in
strong grid-connected GFM control designs. Consequently,
if the bandwidth of the inner current controller is limited
due to reduced switching frequency of the converter, the
inner voltage controller must be sufficiently slow to maintain
stability. However, if τICC ⪆ 2.5 ms when SCR = 5, then
tuning τIV C cannot bring stability in strong grids.

Fig. 8: Bifurcation diagram for simultaneous variation of τIV C

and τICC ratio, following the strong grid Hopf bifurcation.

D. Impact of Current Limiter Smooth Approximation

In this subsection, we re-perform the SCR continuation
analysis from Section IV-A but with the addition of the circular
current limiter outlined in Section III-D. We consider both
the ideal (hard) limiter and the ostensibly very good smooth
approximations of δ = 0.001 and δ = 0.01, with P ∗ = 1 pu.
The continuation results for the smooth approximations are
displayed in Fig. 9, while the hard limiter continuation gives
the same curve shape as the δ = 0.001 but without the
Hopf points (included in Appendix B for completeness), and it
fails at the limit-induced bifurcation point. In particular, this
spurious Hopf bifurcation occurs in the weak grid scenario
when SCR is reduced to 1.043 and 1.234 for δ = 0.001
and δ = 0.01 respectively, despite not occurring when the
ideal (hard) limiter is modelled. The corresponding complex
conjugate pair of eigenvalues then returns to stability just
before the limit-induced bifurcation point [26] (at Icv = 1.1 pu
and SCR ≈ 1.033) when SCR = 1.034 and SCR = 1.048
for δ = 0.001 and δ = 0.01 respectively. Furthermore,
analysing the corresponding eigenvalue trajectory in Fig. 10
reveals that this Hopf bifurcation is induced by the same SSO
that causes the strong grid Hopf bifurcation. It can also be
noted that the strong grid Hopf bifurcation appears at a lower
value of SCR = 4.390 when δ = 0.01.

Further analysis of this spurious Hopf bifurcation can be
found in Appendix B, also revealing that the smooth approx-

(a)

(b)

Fig. 9: Bifurcation diagram of |icv| against SCR with smooth
limiter with (a) δ = 0.001 and (b) δ = 0.01. Black stars and
red circles show Hopf and limit-induced bifurcation points,
respectively. Thin dotted lines denote instability.

Fig. 10: Trajectory of the strong grid instability-inducing SSO
eigenvalue, λ, as SCR varies between 1.075 and 5.5 with
circular current limiter smooth approximation with δ = 0.01.

imation can change the strong grid (and corresponding weak
grid) Hopf to subcritical. However, this ultimately constitutes a
modelling artefact (i.e., it is not present when using the hard
limiter model) that can invalidate the results of bifurcation
analysis, suggesting false instabilities. Subsequently, extreme
caution, and careful validation is recommended if adopting
smooth current limiter approximations.

V. CONCLUSIONS

This paper details a continuation-based bifurcation analy-
sis of a grid-tied multi-loop controlled GFM converter. In
particular, focus is given to an inner controller-related SSO
that can incite instability in strong grids. Parametric stability
bounds are outlined for a range of SCR, X/R ratio, and active
power set point conditions, as well as highlighting the need
for sufficiently small and large time constants for the inner
current and voltage controllers, respectively.

Additionally, we reveal through normal form theory that the
corresponding Hopf bifurcation is supercritical, and find that
subsequent continuation of the bifurcation parameter leads to
rapid onset of unacceptably large limit cycle oscillations (e.g.,
extensive voltage and current swings).

Finally, we find that the adoption of smooth approximations
of the (circular) current limiter can cause spurious Hopf bifur-
cations of the aforementioned SSO in weak(er) grid conditions,
representing a modelling artefact, even for ostensibly sufficient
approximations of the ideal saturation response.
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APPENDIX

A. Time-Domain Validation of the Circular Current Limiter
Smooth Approximation

To add to the static input-output visualisation of Fig. 3, we
consider here the time-domain response of the system under
test in response to a grid voltage magnitude dip from 1 pu
to 0.9 pu which starts at 0.01 s and lasts 20 ms. Parameters
are set to nominal values of Table I but with P ∗ = 1 pu.
It can be seen from Fig. 11 that δ = 0.001 provides a very
good approximation to the ideal hard current limiter response,
while δ = 0.01 results in some slight but not significant
discrepancies. When adopting δ of 0.05 or 0.1, the time-
domain response shows instability, the reason for which can
be understood based on the spurious Hopf bifurcations as
discussed in Section IV-D and Appendix B.

Fig. 11: Time-domain response of |icv| when the system is
subject to a grid voltage dip, when including current limiter
with ideal (hard) response as well as smooth approximation
with δ = 0.001 and δ = 0.01.

B. Supplementary Analysis of the Spurious Hopf Bifurcation

For completeness, Fig. 12 displays the SCR continuation
with hard limiter model, for comparison against Fig. 9. This
confirms the lack of weak grid Hopf bifurcation, and the
failure of the continuation at the limit-induced bifurcation
point (i.e., no subsequent thin dotted line as in the smooth
approximation case).

Fig. 12: Bifurcation diagram of |icv| against SCR with hard
current limiter model. The red circle shows the limit-induced
bifurcation point.

We can continue the (spurious) weak grid Hopf point by
varying the smoothing parameter δ along with the SCR as
per Fig. 13. This reveals that further increase of δ increases
(worsens) the lower SCR stability boundary associated with
this Hopf bifurcation. At the same time, we observe that the
weak and strong grid Hopf bifurcations approach each other
as δ is increased, until they meet at δ = 0.0142 and any
further increase results in instability at all points for the range
of SCR considered. This behaviour can be intuitively (yet

crudely) understood by considering the whole eigenvalue curve
of Fig. 10 moving to the right as we increase δ.

It can also be noted that the strong grid Hopf bifurcation
remains supercritical only for very small values of δ with a
Bautin (generalized Hopf) bifurcation occurring when δ ≈
0.0011 and SCR ≈ 4.944, after which (i.e., smaller SCR)
the bifurcation is instead subcritical. The (spurious) weak grid
Hopf bifurcation is always subcritical.

Fig. 13: Bifurcation diagram for simultaneous variation of
SCR and δ, following the weak grid Hopf bifurcation (which
is seen to lead into the strong grid Hopf) when adopting
smooth approximation of the circular current limiter. Note, the
SSO returning to stability (at SCR = 1.043) just before the
limit-induced bifurcation point, as discussed in Section IV-D,
means that the stability of the system is not solely delineated
by the Hopf curve, hence the * superscript in the unstable
label.
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I. REVIEW #39A

A. Paper summary

Understanding the complex, nonlinear dynamics of grid-forming (GFM) converters is essential for grid stability because
these devices can trigger unique, wide-bandwidth oscillations, such as sub-synchronous oscillations (SSOs). This paper uses
bifurcation analysis to identify stability thresholds related to controller configurations and current limiters. The paper emphasizes
the impact of modeling artifacts and demonstrates how inner-loop controllers and specific smoothing approximations can cause
abrupt, widespread instability.

B. Comments for authors

This paper provides a compelling assessment of grid-forming (GFM) converter nonlinear dynamics through bifurcation
analysis, Hopf normal forms, limit cycle continuation, and the center manifold theorem. It is an excellent contribution.
These classical tools effectively extend analysis beyond small-signal stability at a single equilibrium. Furthermore, this work
demonstrates to the power systems community that nonlinear dynamics can be assessed via formal, tractable approaches—at
least for a Single Machine Infinite Bus (SMIB) case—rather than relying solely on time-domain sensitivity analysis.

Some comments:
• The true current-limiting strategy should be recalled in the paper. As far as I understand it i∗lim = ρ · i∗, where ρ =

min(1, |i|max

|i∗| ).
• It would be interesting to analyze other current-limiting strategies and their smooth approximations. Examples include

nonlinear/adaptive virtual impedance, noncircular limiters (d or q priorities), threshold-based switching (GFM -¿ GFL),
direct voltage magnitude and phase limiting, etc. Some of these strategies may exhibit similar behavior to the one you
showed due to modeling artifacts.

• The SMIB test case is certainly a mandatory step when analyzing the nonlinear dynamics of grid-forming (GFM)
converters. An even more interesting extension of the analysis would be to include a small triangular test case: two
GFM converters connected together and to an infinite bus. Is this extension feasible? As far as I know, defining a common
rotating framework for grid equations is an open question in large disturbance analysis. A brief discussion of this critical
issue at the end of the paper would be valuable for future work.

C. Summarize your recommendation in one to two sentences

Analyzing other current-limiting strategies would be valuable. Some strategies may exhibit behavior similar to what you
demonstrated due to modeling artifacts.

Discussing possible extensions for analyzing multi-grid forming converters would be interesting and could define future
work on this topic. This could be added to the Notes Papers section.

— Anonymous reviewer

II. REVIEW #39B

A. Paper summary

The paper conduct bifurcation analysis of a grid forming converter (BFM). The focus is the study of stability or oscillatory
behavior as the short circuit ratio (SCR, the reciprocal of the Thevenin equivalent f grid impedance) or inner controller time
constants change, for both strong (high SCR) and weak (low SCR) grid, for different values of active power set points and
X/R ratios of the gird Thevenin equivalent. It also studies the effect of smooth approximations of (nonsmooth) current limits
and finds that it can give rise to spurious strong grid Hopf bifurcations. Simulation results of these scenarios are presented to
illustrate the main conclusions.

B. Comments for authors

+ IBR’s and its stability properties are of great interest worldwide because of the continued deployment of IBRs at scale
and because various instabilities (e.g., sub synchronous oscillations) have been observed in real systems. Therefore this
paper studies an important and timely problem.

+ Many IBR stability analysis uses linear time invariant models. This paper focuses on nonlinear properties of GFM.
Bifurcation behavior is important to understand and cannot be adequately studied using linear models. Therefore this
paper fills a gap.
Nonlinear systems are inherently much more difficult to analyze. There is often this tradeoff between (simplified) linear
analysis that reveal structure properties around an equilibrium but may not be informative on global properties, or nonlinear
analysis that covers global properties but is often too difficult to reveal much. Specifically:

- On the negatively side, the system studied is very simple, a single GFM connected to an infinite bus for a single set of
nominal parameter values. The simulations of this simple system offer interesting insights, but it is unclear how these



properties might scale to bigger or more complex systems. In contrast, linear models in the literature are used to study
large-scale networks of IBRs and practical grid codes.

- Simulation results often offer little structural understanding of the dynamic phenomenon. Such structural properties,
especially properties that are scalable to larger or more complex systems, are often the most useful for design, operation
and optimization of practical systems.

C. Summarize your recommendation in one to two sentences

The paper is marginal with strengths and weaknesses. I feel it adds useful insights, but I’m not familiar with the literature to
judge how significant its relative contributions are. I hope other reviewers with more expertise can provide more information.

— Anonymous reviewer

III. REVIEW #39C

A. Paper summary

The paper provides a bifurcation analysis of a grid-forming converter that reveal interesting stability bounds and spurious
bifurcations that can arise from approximations.

B. Comments for authors

• The paper is easy to follow.
• The issue of continuation with ill-conditioned Jacobian needs a little more careful discussion than provided.
• The time-constants for the voltage and current controllers must be quite different to guarantee stability. Is there an easy

way to explain why one would expect that?
• The effect of the smooth approximation of the current limiter is quite interesting. Again, is there any intuition that the

authors can provide behind the spurious bifurcation obtained with smooth approximation?

C. Summarize your recommendation in one to two sentences

Accept.
— Subhonmesh Bose

IV. BRIEF RESPONSE TO REVIEWERS (OPTIONAL)

I would like to start by sincerely thanking the reviewers for lending their time and expertise in reviewing our manuscript. I
will address here the primary discussion points raised in the comments. Comments that resulted in changes in the paper have
been explained in the “brief summary of changes”.

1) Might we find similar modelling artefacts with other current limiting strategies?
This is very interesting and is an area that requires further work. However, purely hypothesising, we might expect
similar behaviour with axis priority limiters since these also sit between the inner voltage and current controllers (which
participate in the mode of the spurious Hopf bifurcation). It is harder to speculate on the other methods listed by the
reviewer but would be very interesting to see if their smooth approximations also cause any modes to go unstable (not
just this inner voltage and current controller-related oscillation).

2) Will we find similar results when analysing larger systems?
We absolutely agree that it would be valuable to check whether such dynamics persist in multi-machine systems, although
we were only focused on local phenomena in this work. From preliminary tests, we know that the strong grid Hopf
bifurcation can still occur in multi-machine systems with heterogeneous generation devices, but have not yet tested
whether the spurious Hopf bifurcations will still occur.

3) Simulations offer little structural understanding of the dynamic phenomena.
This is an important point and links to the need for more detailed analysis of the phenomena observed in this paper.
However, it can be noted that the continuation approach used in the paper follows the equilibrium point, and so for each
parameter value we are able to understand the system’s underlying (linear) structure through eigenvalue analysis. For
example, when a mode crosses into the unstable region (i.e., a bifurcation), we can use participation factors to understand
better the states that are involved in that mode. In this paper it is an oscillation related to the inner voltage and inner
current controllers of the GFM that goes unstable under the strong grid condition.

4) Is there any intuition as to why the modelling artefact occurs?
It is noted that the current limiter is placed between the inner voltage and current controller, both of which participate
in the mode that (spuriously) goes unstable. However, more work is required to understand the impact of the smooth
approximation, potentially utilising reduced order models to extract a closed-form expression for the oscillatory mode
that goes unstable.



5) Why must the voltage and current controller time constants be quite different to guarantee stability?
Our understanding is that this is a typical timescale separation issue. It is also known to be a particular problem in
GFMs, especially in large power-rated scenarios when the switching frequency of a voltage-sourced converter must be
reduced. This can result in interaction between the switching and the inner current controller. In our case, we see that
the timescale separation issues are exacerbated in strong grid conditions.

V. BRIEF SUMMARY OF CHANGES MADE TO THE FINAL PAPER

here were two minor changes made to the manuscript in response to the reviewer comments. The first was to explicitly
state equations (14) and (15) for the circular current limiter; and the second was to improve the discussion on continuation
failure near a saddle-node bifurcation point (e.g., removing the mention of eigenvalue sensitivities which was not pertinent to
the discussion and only served to introduce ambiguity), along with the addition of reference [33] to support the explanation.
An additional change has been made whereby mentions of ”discontinuous” action of the current limiter has been replaced by
the term “non-smooth”. This is to reflect the fact that the current limiter is actually imposing a piecewise continuous action
which is non-smooth. Finally, the heading of Section II-B has been changed from “Continuation of Equilibrium Branch” to
“Continuation of Equilibrium Branch or Bifurcation Branch” to better reflect the content of the subsection.




