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Abstract

Transformation Based Wave Control

by

Ahmad Zareei

Doctor of Philosophy in Engineering - Mechanical Engineering

Designated Emphasis in Computational and Data Science and Engineering

University of California, Berkeley

Professor Mohammad-Reza Alam, Chair

The method of Transformation Optics, which is based on transformation solutions, was
originally developed in optics community for creating passive invisibility cloaks. This method
uses the subtle idea of coordinate transformation and form-invariance of Maxwell equations
and offers an unprecedented way of steering optical waves through architecting the consti-
tutive parameters (i.e. permittivity and permeability) of a dielectric.

In this thesis, we present the method transformation media, inspired by transformation
optics, as a general mathematical framework for an arbitrary steering of mechanical waves
including surface gravity waves in fluids and also flexural waves in thin plates. Particularly,
we prove that surface gravity wave equation in shallow water (long-wave limit) is form-
invariant and therefore permits transformation solutions. We further formulate a general
coordinate free equation that determines spatial variations required for water depth and
gravitational acceleration as constitutive parameters for an arbitrary steering of long surface
gravity waves. This general equation provides transformation media scheme for water waves.
Additionally, since one of the constitutive parameters is gravitational acceleration and is ac-
tually a physical constant, we formulate a nonlinear transformation to keep the gravitational
acceleration intact and with only sea-bed variations, we design and numerically validate a
broadband invisibility cloak for surface gravity waves as the benchmark of transformation
media method. In order to fully enable various applications of transformation media for sur-
face gravity waves, a variable gravitational acceleration is required. We show that an altered
effective gravitational acceleration is possible through a visco-elastic sea-bed, where the ef-
fective gravity depends on viscosity and elasticity of the bottom carpet. The visco-elastic
sea bed itself provides a new mechanism to control oceanic wave energy through variations
in the effective gravitational acceleration. Based on this idea, we present a theoretical design
for an equivalent of graded-index optical fibers for water-waves which defies the spreading
loss of water waves and can transmit wave energy over long distances in a broad range of
frequencies and without a need for side-walls. Since the effect of sea-bed variation decreases
exponentially as the water depth increases, a whole new approach is required for control-



2

ling waves in finite/deep water. We propose a flexural buoyant carpet, with an engineered
rigidity and mass, floating on the free surface to affect and control waves. We further design
a cloaking carpet for water waves in finite/deep water waves to prove the efficacy of the
proposed method.

In the case of flexural waves, the governing equation for elastic waves in thin plates is not
form invariant, and hence transformation based solution does not apply to such waves. Ap-
plying a transformation to the flexural wave equation, most of the terms in the transformed
equation do not match with the exact orthotropic and inhomogeneous flexural wave equa-
tion, and therefore the governing equation is not form-invariant. We show that by carefully
designing the transformation and also assuming a pre-stressed material with body forces,
all of the terms in the transformed equation match with the exact inhomogeneous and or-
thotropic equation, and a perfect broadband flexural cloak can be designed. For a readily
achievable flexural cloak in a physical setting, we further present an approximate adoption
of our perfect cloak under more restrictive physical constraints. Through direct simulation
of the governing equations, we show that this cloak maintains a consistently high cloaking
efficiency over a broad range of frequencies. The methodology developed here may be used
for steering waves and designing cloaks in other physical systems with non form-invariant
governing equations. Lastly, we show the relation between flexural rigidity in thin plates
and the equivalent of refractive index for flexural waves. We design a flexural GRIN lens
in a thin plate by smoothly varying the plate’s rigidity, and thus its refractive index. We
show that the proposed lens is broadband, has a fixed focal point over a wide range of fre-
quencies, and is theoretically capable of zero-aberration focusing. We numerically explore
our Continuous Profile GRIN lens (CP-GRIN lens) and further experimentally validate an
implemented design.
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Chapter 1

Introduction

1.1 Transformation Optics & Cloaking

Light rays propagate along straight lines in an isotropic and homogeneous medium. The
wave rays’ path can be engineered to follow a desired trajectory using a material with a cer-
tain spatial distribution of optical properties (i.e. permittivity and permeability, also known
as optical constitutive parameters). The refractive index, which depends on material proper-
ties, determines the light waves’ reflection, or refraction; and ray theory provides a method of
obtaining wave trajectory as it passes through an inhomogeneous material. Transformation
Optics, on the other hand, offers a new mathematical framework for obtaining the spatial dis-
tribution of constitutive parameters for an arbitrary manipulation of electromagnetic waves
and as a result has opened a new venue in designing and configuring artificial optical devices
with versatile functions, devices such as: invisibility cloaks [1, 2], bending wave guides [3,
4, 5, 6], field shifters [7, 8], field rotators [9, 10], concnetrators [11]/hyperlenses [12], optical
blackholes [13, 14, 15], and many more. The method of transformation media establishes
that in any wave system described by a form-invariant governing equation the trajectory
of wave rays can be architected along any desirable path by changing the properties of the
propagation medium. Depending on the complexity of the desired trajectory, the required
change in the properties may be quite involved. In fact, material properties found using
transformation media method are usually anisotropic and heterogeneous in space [1], and as
a result may need to be artificially engineered (such a medium is sometimes called “metama-
terial”, [16]). It is to be noted that the form invariance of the governing equation is the only
condition required to use transformation optics methods to manipulate and steer waves.

The most salient application of the method of transformation media is the design of
invisibility cloaks. A cloak is a two or three dimensional patch that encloses the object
which is to be made invisible. A perfect cloak must not reflect nor scatter any part of the
incident wave, and must perfectly reconstruct the incident wave downstream of the object in
such a way that waves outside the cloak bear no information of the presence of the cloaking
patch nor the encased object. A cloak is also required to be omni-directional, that is, to
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(b)(a)

Figure 1.1: Wave ray trajectories in a cloak. A cloaking device essentially bends the light
rays around the object without any scattering. The wave rays exit the cloak without any
deviation from their original path before entering the cloak. The outside observer cannot
detect any sign of the object and the object becomes cloaked from an outside observer. (a)
A 2D cross section of the light rays entering the cloak (blue) around the object (orange).
(b) A 3D depiction of the cloak and ray trajectories inside the cloak. Image is courtesy of
Pendry et al. [1].

cloak itself and the enclosed object from incident waves independent of the their direction
of incidence (therefore, two periscopes installed back to back are not considered to form a
cloak). Maxwell’s equations are form-invariant, hence a cloak of invisibility for objects from
electromagnetic waves can, in theory, be designed using transformation media method. Such
a cloak requires spatial variability of those material properties that appear in the Maxwell’s
equations, i.e. permittivity and permeability [1, 17].

In this thesis, we expand the method of transformation optics to the case of mechanical
waves, (i) surface gravity waves on fluids, and also (ii) elastic waves in thin flexural plates
and provide transformation based wave manipulation. In the following, we first review the
theory of surface wave propagation in fluids and elastic waves in thin plates.

1.2 Preliminaries

Theory of surface gravity waves

In this section, we review the governing equation of surface gravity waves. We start with
the Navier-Stoke’s equations, and walking through the assumptions we reach to the Euler’s
equations. Starting with the most celebrated equation in fluid dynamics, the Navier Stoke’s
equation for a Newtonian (constant dynamic viscosity µ), incompressible, and homogeneous
fluid (constant density ρ) is
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ρ
∂u

∂t
+ ρu.∇u = −∇p+ ρg + µ∇2u, (1.1)

∇.u = 0, (1.2)

where u is the fluid velocity vector, p is the pressure, and g is the gravitational acceleration.
Equation (1.1) is obtained through Newton’s second law for conservation of momentum and
equation (1.2) is the conservation of mass. We take a Cartesian coordinates system with free
water surface at z = 0 where positive direction points upward. Equations (1.1) and (1.2)
are solved in the fluid’s domain x ∈ Ω with proper boundary equations. The free surface
kinematic boundary condition states that the particles on the surface z = η(x, y, t) always
remain on the surface and is obtained as

d

dt
(z − η(x, y, t) = 0)→ ∂η

∂t
− u.∇(z − η) = 0, x ∈ ΓF (1.3)

where ΓF represents the free surface. The dynamic boundary condition on the other hand
assures the continuity of pressure on the free surface as

p(x, y, z = η) = p0, x ∈ ΓF (1.4)

where p0 is the atmospheric pressure on the free surface. On the solid boundaries, such as
bottom boundary condition, a no-slip boundary condition is required as

u = 0, x ∈ ΓS (1.5)

where ΓS represents the solid boundary condition. Typically ocean waves usually have
a length scale of L ∼ O(1)m, velocity of U ∼ O(1)m/s, and viscosity as ν = µ/ρ ∼
O(10−6)m2/s, therefore the Reynolds number becomes very large Re ∼ 106, which translates
into the fact that the viscous forces can be neglected. An important class of flows are
irrotational flows where ω = ∇ × u = 0. In gravity wave problems where the boundaries
are smooth enough that no vorticity is created at boundaries, if the initial vorticity is zero,
the flow remains irrotational at all times. In such irrotational flows, the velocity can be
expressed as the gradient of a scalar potential φ, where u = ∇φ. The mass conservation,
equation (1.1) therefore becomes

∇2φ = 0, x ∈ Ω (1.6)

By using the vector identity u.∇u = ∇ (u.u/2)−u×∇×u, the conservation of momentum,
equation (1.2), changes into

∇
(
∂φ

∂t
+

1

2
∇φ.∇φ

)
= −∇

[
P

ρ
+ gz

]
, (1.7)

− P

ρ
= gz +

∂φ

∂t
+

1

2
∇φ.∇φ+ C(t), (1.8)
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where the second equation is obtained through integration with respect to spatial variables.
The function C(t) is an arbitrary function of t and can be omitted by redefining the velocity
potential φ without affecting the velocity field u = ∇φ.

To summarize the full governing equations for gravity waves in an inviscid, irrotational,
incompressible, and homogeneous fluid become

∇2φ = 0, −h(x, y) ≤ z ≤ 0 (1.9a)

φt +
1

2
|∇φ|2 + gz = 0, z = η(x, y, t) (1.9b)

ηt = ∇φ.∇(z − η), z = η(x, y, t) (1.9c)

∇φ.∇(z − h(x, y)) = 0, z = −h(x, y) (1.9d)

where the fluid is in Ω = R×R× [−h(x, y), η(x, y, t)], the free surface is at ΓF : z = η(x, y, t),
and the solid boundary is defined at ΓS : z = −h(x, y, t). Equations (1.9) are known as
Euler’s equations where equation (1.9a) is the conservation of mass, equation (1.9b) is the
surface dynamic boundary condition, and equations (1.9c),(1.9d) are kinematic boundary
conditions at the free surface and bottom. Using asymptotic expansions, the flow variables
can be achieved to the leading order when wave amplitude to water depth ratio is small, and
when the wave amplitude to wavelength ratio is small, i.e., a/h � 1, and ka � 1, where a
and k are the characteristic length of wave amplitude and wave length, and h represents the
water depth.

Theory of flexural waves

In this part, we derive the flexural wave equation in thin plates. Consider a thin plate in
x− y plane with thickness h.

(a) (b)

dx
dy

h

z
y

x

Mxy
Mx

Qx

dy

qdxdy Qy Myx

My
dx

Mx + ∂Mx
∂x

dx

Mxy +
∂Mxy

∂x
dx

Qx + ∂Qx
∂x

dx

Qy +
∂Qy

∂y
dyMyx +

∂Myx

∂y
dy

My +
∂My

∂y
dy

Figure 1.2: (a) Shematic of a thin plate with the coordinate system and an infinitesimal
element; (b) free body diagram of the infinitesimal element with the forces and moments
shown with their directions.

We consider an infinitesimal element of size h dx dy as shown in figure 1.2. The bending
moments per unit length Mx and My are integral of moments of normal stresses σx and σy
over the thickness of the plate. On the other hand, the twisting moments Mxy and Myx
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are integral of moments of shear stresses τxy and τyx over the thickness. Finally the shear
forces per unit length Qx and Qy are integral of shear stresses τxz and τyz over the thickness.
Therefore, {

Mx

My

}
=

∫
z

{
σx
σy

}
dz, (1.10){

Mxy

Myx

}
=

∫
z

{
−τxy
+τyx

}
dz, (1.11){

Qx

Qy

}
=

∫ {
τxz
τyz

}
dz. (1.12)

Newton’s second law (momentum equation) in the z direction is

∂Qx

∂x
+
∂Qy

∂y
+ q = ρh

∂2w

∂t2
. (1.13)

The balance of moments of inertia in the x and y directions are respectively

−∂My

∂y
+
∂Mxy

∂y
+Qy = 0, (1.14)

∂Mx

∂x
+
∂Myx

∂y
−Qx = 0. (1.15)

The balance of moments in the z direction states the symmetry of shear stresses τxy = τyx.
The other two linear momentum equation in the x and y directions read

∂σx
∂x

+
∂τyx
∂y

= 0, (1.16)

∂σy
∂y

+
∂τxy
∂x

= 0. (1.17)

Substituting equations (1.14), (1.15) into equation (1.13), we find

∂2Mx

∂x2
+
∂2Myx

∂x∂y
− ∂2Mxy

∂y∂x
+
∂2My

∂y2
+ q = ρh

∂2w

∂t2
. (1.18)

Now in order to relate Mx,Mxy,Myx and My to the displacement w in equation (1.18), we
need to use equations (1.10), (1.11), and (1.12). However in these equations, we need to
relate σx, σy and τxy to the displacement field. General Hooke’s law reads

σx =
E

1− ν2
(εx + νεy) , (1.19a)

σy =
E

1− ν2
(εy + νεx) , (1.19b)

τxy = Gγxy. (1.19c)
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Considering Bernoulli-Euler assumption (planes perpendicular to midplane always remain
perpendicular to midplane), we have

dx = ρdθ, dx′ = (ρx + z)dθ = dx+ zdθ, (1.20)

ε = zdθ/ρxdθ, → ε = z/ρx, (1.21)

Using the relation between radius of curvature and displacement function of w(x, y), we
obtain

1

ρx
=

−∂2w
∂x2

1 +
(
∂w
∂x

)2 ,
1

ρy
=

−∂2w
∂y2

1 +
(
∂w
∂y

)2 . (1.22)

Ignoring the small deflections (i.e. ∂w/∂x� 1), we obtain

1

ρx
= −∂

2w

∂x2
,

1

ρy
= −∂

2w

∂y2
, (1.23)

εx = −z∂
2w

∂x2
εy = −z∂

2w

∂y2
. (1.24)

The shear strain on the other hand is

γxy =
∂u

∂y
+
∂v

∂x
. (1.25)

Using equation (1.24), the displacement fields become u = −z∂w/∂x and v = −z∂w/∂y.
Therefore the shear strain γxy is related to the displacement field w

γxy = −2z
∂2w

∂x∂y
. (1.26)

Substituting equations (1.24) and (1.26) in equation (1.19), the stresses are related to the
displacement field

σx = − Ez

1− ν2

(
∂2w

∂x2
+ ν

∂2w

∂y2

)
, (1.27a)

σy = − Ez

1− ν2

(
∂2w

∂y2
+ ν

∂2w

∂x2

)
, (1.27b)

τxy = −2Gz
∂2w

∂x∂y
. (1.27c)

Similarly, substituting the above equations in equation (1.10) and (1.11) and integrating over
the plate’s thickness (from z = −h/2 to z = h/2), the bending and twisting moments are
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obtained {
Mx

My

}
= − Eh3

12(1− ν2)

{
∂2w
∂x2

+ ν ∂
2w
∂y2

∂2w
∂y2

+ ν ∂
2w
∂x2

}
, (1.28)

{
Mxy

Myx

}
=

Eh3

12(1− ν2)
(1− ν)

{
∂2w
∂x∂y

− ∂2w
∂x∂y

}
dz. (1.29)

(1.30)

In the above equations we used the fact that G = E/2(1 + ν). Using the obtained bending
and twisting moments in equation (1.18), the governing equation for flexural wave becomes

− ∂2

∂x2
D

(
∂2w

∂x2
+ ν

∂2w

∂y2

)
− 2

∂2

∂x∂y
(1− ν)D

(
∂2w

∂x∂y

)
− ∂2

∂y2
D

(
∂2w

∂y2
+ ν

∂2w

∂x2

)
+ q = ρh

∂2w

∂t2
,

(1.31)
or equivalently

∂2

∂x2

(
D
∂2w

∂x2

)
+ 2

∂2

∂x∂y

(
D
∂2w

∂x∂y

)
+

∂2

∂y2

(
D
∂2w

∂y2

)
+ ρh

∂2w

∂t2
= q. (1.32)

1.3 Related Works

Surface Gravity Waves

The two constitutive parameters controlling propagation of water waves are water depth and
gravitational acceleration. Formerly the effect of changing water depth have been extensively
investigated through different mechanisms: (i) direct effects by introducing water wave’s
refractive index [18], (ii) Bragg resonance [19, 20, 21], or (iii) by homogenization of a rapidly
changing topography [22, 23]. Most recently manipulation of water waves are investigated
based on the band features of periodic structures which is inspired by photonic crystals.
Using these periodic structures several phenomena such as band gaps in water waves [24, 25,
26, 27], self-collimation [28], superlens effects [29], and epsilon near zero [30] devices have
been observed. It is to be noted that manipulating and steering water waves has a great
deal of importance due to (i) an enormous potential energy that oceanic waves reserves and
requires efficient harvesting, e.g., along the united states continential shelf, the wave energy
is estimated at about 2, 500 TWh/yr, which is about two third of the total U.S. energy
consumption (3, 900 TWh/yr as of 2016) [31]; (ii) highly destructive forces of water waves
that can cause devastating events on offshore structures and at the seashores.

Flexural Waves

Controlling flexural wave propagation in thin plates is a challenging problem since the gov-
erning equations for flexural waves are not form-invariant and as a result the transformation
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techniques can not be directly applied. The only technique used so far are (i) to define an
equivalent refractive index for flexural waves and by changing the refractive index affect the
waves [32, 33], or (ii) exploiting frequency bandgaps to guide waves along a pre-defined path
[34, 35, 36]. Both approaches can be achieved using periodic structures, such as phononic
crystals and metamaterials [37], which are lattice materials exhibiting refractive indices and
frequency bandgaps that can be tailored via unit cell design. These complex structures, in
the low frequency limit, behave like effective materials with tailorable anisotropic properties.

1.4 Outline

The outline of this thesis is as follows:
In the first part of this thesis we consider surface gravity waves in fluids:

• In chapter 2, we show that shallow water wave equation is form-invariant and in anal-
ogy to the electromagnetic waves, the idea of transformation media can be implemented
for shallow water waves. The issue, however, is that for shallow water waves the two
properties that are needed to be spatially variable are water depth and the gravita-
tional acceleration. The latter clearly cannot be altered. In this chapter, we present
a nonlinear transformation that only requires the change in one of the medium prop-
erties which, in the case of shallow water waves, is the water depth while keeping the
gravitational acceleration constant. This transformation keeps the governing equa-
tion perfectly intact and, if the cloak is large enough, asymptotically satisfies needed
boundary conditions. We show that with this nonlinear transformation an object can
be cloaked from any wave that merely satisfies the long wave assumption. The pre-
sented transformation can as well be applied for the design of non-magnetic optical
cloaks for electromagnetic waves. The results of this chapter were mainly presented in
[23].

• In chapter 3, we show that the effect of a viso-elastic sea-bed appears as an effective
gravitational accelaration which would enable variations in the effective gravitational
acceleration. This mechanism of changing the effective gravitational accelaration, along
with variations of sea-bed topography opens a new venue of applications in a perfect
and broadband manipulation of oceanic surface gravity waves. Using the visco-elastic
bottom topography, we present a graded index wave-guide for water waves that traps
the waves inside the visco-elastic bottom zone and can carry them along the axis of
the waveguide for long distances. The waves in the waveguide defy the spreading and
transmit their energy over a long distance. The waveguide is the equivalent of optical
fibers but for shallow water waves. In another example, we provide an engineered
elastic sea-bed that makes the water waves travel in a curve trajectory by rotating the
wave phase fronts while keeping the wave shape intact. The proposed mechanism of
manipulating effective gravitational acceleration, besides offering potentials in creating
new devices for steering shallow water waves, resembles an equivalent of dielectrics’
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Debye relaxation equation and potentially can offer new insight in the study equivalent
electromagnetic wave systems. The results of this chapter were mainly presented in
[38].

• In chapter 4, we show that in deep water there are no physical parameters in the
governing equation to vary and subsequently affect the wave propagation, therefore
manipulating and cloaking objects in deep water become a challenge. Furthermore,
we propose an axis-symmetric multi-layer elastic buoyant carpet floating on the sur-
face around the structure where it provides extra adjustable degrees of freedom in
physical parameters which can affect the wave propagation. We optimize the physical
parameters of the buoyant carpet (i.e. elasticity and density) using genetic algorithm
to minimize the scattering energy from the object and therefore cloak the inner cylin-
der from incident waves. The obtained cloak is omni-directional since the layers are
axis-symmetric. Moreover, for the ease of experimental implementation, each layer is
assumed to be homogeneous and isotropic. A psuedo-spectral method is developed
to quantify the effectiveness of the proposed cloak and the mean drift force reduction
on the cloaked cylinder. The proposed cloak has potential applications in cloaking
offshore structures in deep water. The results of this chapter were partially presented
in [39].

In the second part of this thesis we consider the flexural waves in elastic thin plates:

• In chapter 5, we show that the governing equation for elastic waves in flexural plates
is not form invariant, and hence designing a cloak for such waves faces a major chal-
lenge. In this chapter, we present the design of a perfect broadband cloak for flexural
waves through the use of a nonlinear transformation in the region of the cloak, and
by matching term-by-term the original and transformed equations and also assuming
a pre-stressed material with body forces. For a readily achievable flexural cloak in a
physical setting, we further present an approximate adoption of our perfect cloak under
more restrictive physical constraints. Through direct simulation of the governing equa-
tions, we show that this cloak, as well, maintains a consistently high cloaking efficiency
over a broad range of frequencies. The methodology developed here may be used for
steering waves and designing cloaks in other physical systems with non form-invariant
governing equations. The results of this chapter were mainly presented in [40]. The
experimental validation was later shown in [41].

• In chapter 6, we define the equivalent of refractive index for flexural waves in thin
plates. We then utilize this refractive index to design a flexural GRIN lens in a thin
plate by smoothly varying the plate’s rigidity, and thus its refractive index. Our lens
(i) is broadband, since the design does not depend on frequency and does not require
bandgaps; (ii) has a fixed focal point over a wide range of frequencies; (iii) is theo-
retically capable of zero-aberration focusing. We numerically explore our Continuous
Profile GRIN lens (CP-GRIN lens) and then experimentally validate an implemented
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design. Furthermore, we use a piezoelectric energy harvester disk, located at the first
focus of the CP-GRIN, to document improvements in power gain. The results of this
chapter were mainly presented in [42]. A similar approach of manipulating flexural
waves through changes in equivalent refractive index using thin plate’s thickness was
later used to efficiently direct flexural waves to follow curved trajectories [43].
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Part I

Surface Gravity Waves in Fluids
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Chapter 2

Cloaking shallow water waves via
nonlinear medium transformation

A major obstacle in designing a perfect cloak for objects in shallow water waves is that the
linear transformation media scheme (aka transformation optics) requires spatial variations
of two independent medium properties. In the Maxwell’s equation and for the well-studied
problem of electromagnetic cloaking these two properties are permittivity and permeability.
Designing an anisotropic material with both variable permittivity and permeability, while
challenging, is achievable. On the other hand, for long gravity waves, whose governing
equation maps one-to-one to the single polarization Maxwell’s equations, the two required
spatially variable properties are the water depth and the gravity acceleration; but in this
case changing the gravity acceleration is simply impossible. Here we present a nonlinear
transformation that only requires the change in one of the medium properties which, in
the case of shallow water waves, is the water depth while keeping the gravity acceleration
constant. This transformation keeps the governing equation perfectly intact and, if the cloak
is large enough, asymptotically satisfies needed boundary conditions. We show that with this
nonlinear transformation an object can be cloaked from any wave that merely satisfies the
long wave assumption. The presented transformation can as well be applied for the design
of non-magnetic optical cloaks for electromagnetic waves.

2.1 Introduction

The method of transformation media establishes that in any wave system described by a
form-invariant governing equation the trajectory of wave rays can be architected along any
desirable path by changing the properties of the propagation medium. Depending on the
complexity of the desired trajectory, the required change in the properties of the propagation
medium may be quite involved. In fact, material properties found using transformation media
method are usually anisotropic and heterogeneous in space [1], and as a result may need to
be artificially engineered (such a medium is sometimes called “metamaterial”, [16]).



CHAPTER 2. CLOAKING IN SHALLOW WATER 13

The design procedure based on the method of transformation media first considers a plain
original space So, with constant medium properties, in which waves rays propagate along
straight lines. Then a spatial coordinate transformation is found that transforms these
trajectories (i.e. straight wave rays in So) to the desired (potentially curved and complex)
trajectories which are expected in the physical space Sp. Note that while the transformed
governing equation guarantees that the wave rays travel along those desired, the equation
itself does not merit any physical wave system. Nevertheless, since the governing equation
of the wave system is form-invariant, the transformed equation must have the same form
as the one in the original space, but with (potentially) different coefficients. Noting that
the coefficients of the governing equation in the original space So are medium properties, it
can be shown that the new coefficients in the transformed equation may be absorbed into
these medium properties. Therefore, the transformed governing equation can be viewed as
the governing equation in physical space describing waves propagation in a medium whose
properties are different than the original space. Basically, the transformation is absorbed
in the medium properties. Waves propagating in such a medium travel along those specific
desired trajectories.

Since Maxwell’s equations are form-invariant, a cloak of invisibility for objects from
electromagnetic waves can, in theory, be designed using transformation media method. Such
a cloak requires spatial variability of those material properties that appear in the Maxwell’s
equations, i.e. permittivity and permeability [1, 17]. Governing equations for linear shallow
water waves have the same form as the single polarization Maxwell’s equation. In fact, there
is a one-to-one mapping between the two equations and boundary conditions at the interface
of two media. Therefore, in analogy to the electromagnetic waves, the idea of transformation
media can be implemented for shallow water waves. The issue, however, is that for shallow
water waves the two properties that are needed to be spatially variable are water depth and
the gravity acceleration. The latter clearly cannot be altered.

Here, we introduce a nonlinear transformation via which the required spatial variability of
the gravity acceleration is transformed to the water depth variations. Through this nonlinear
transformation, an (asymptotically) perfect and physically realizable cloak of invisibility is
designed. The proposed scheme rigorously satisfies required conditions on the governing
equation and we show that, if the cloak is large enough, the desired boundary conditions
are also obtained. We elaborate details of the method of transformation media and design
procedure in general, and the design of an invisibility cloak for shallow water waves in
particular. The designed cloak works for all frequency waves that satisfy shallow-water wave
assumption. We also present direct simulation of the cloak using Finite Element Method.

We would like to comment that cloaking of surface gravity waves has also been inves-
tigated via alternate methodologies. Farhat et al. [44] use concentric arrays of surface
piercing cylinders to cloak an area from surface gravity-capillary waves. Through homoge-
nization theory, they show that the effect of surrounding cylinders appears as two different
shear viscosities in two horizontal directions. These viscosities make the waves faster in
one direction than the other, via which bending around the central area is made possible.
In order to have a perfect cloak, however, besides a variable apparent viscosity, a radially
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variable density is also required that cannot be achieved physically but is approximated in
Farhat et al. [44] by modifying the effective shear viscosity. This modification (aka reduced
model) changes both the governing equation and boundary conditions in a way that none of
them are fully satisfied. Such an approximate cloak, nevertheless, shows a relatively good
performance as appears from the observed surface profile [e.g. 44].

Newman [45] investigated cloaking in deep water by surrounding a central cylinder (to be
cloaked) by an array of surface piercing (smaller) cylinders and also a by a continuous ring.
The geometries of the surrounding bodies are then optimized toward a cloak by minimizing
the scattered energy. Calculation of the scattering pattern and the optimizations were per-
formed by commercial software. The cloak presented by Newman [45] is non-axisymmetric
and hence is not omni-directional. In fact Newman [45] states that a perfect cloaking can
only be achieved with non-axisymmetric structures. The cloak of Newman [45] is also limited
to a single wavenumber, and is very sensitive to wavenumber detunings. In a similar effort,
Porter & Newman [46] define a topographic ring about a central cylinder, and by minimizing
the scattered wave energy converge toward a cloak. Likewise this cloak is also narrow-band,
and the highest efficiency cloaking is obtained for non-axisymmetric topographies that makes
the cloak directional.

Alam [47] achieved cloaking of surface objects in two-layer density stratified fluids using
seabed ripple invoking Bragg resonance between surface and interfacial waves [c.f. 48, 49].
In this approach waves are transported, upstream of a floating object, from surface to the
interface where waves pass underneath the surface object. On the downstream side of the
object, interfacial waves can then be moved back to the surface through a similar mechanism.
Downstream waves bypass the surface object and hence bear to trace of it.

2.2 Theory of the transformation media method

Governing equations for the propagation of long waves (i.e. kh� 1, where k is the wavenum-
ber and h = h(x) is the water depth) in an inviscid, irrotational and incompressible fluid,
i.e. potential flow, are

∂u/∂t+ g∇η = 0, (2.1a)

∂η/∂t+∇.(hu) = 0 (2.1b)

where u represents the velocity vector, η(x, t) is the water surface elevation measured from
the mean water level, g is the gravity acceleration, and ∇ is the horizontal gradient operator.
Equations (2.1a) and (2.1b) are respectively balance of momentum and mass equations.
Combining these two equations, assuming waves are time-harmonic with the frequency ω
and gravity acceleration g is constant, we obtain the well known shallow water wave equation
[e.g. 18]

∇. (h∇η) +
ω2

g
η = 0. (2.2)
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Equation (2.2) is form-invariant, i.e. it keeps its form under any arbitrary coordinate
transformation. To show this property, we integrate equation (2.2) over a specific (yet
arbitrary) volume Ω whose surface is denoted by ∂Ω, and use divergence theorem to get∫

∂Ω

h∇η.n dS +

∫
Ω

ω2

g
η dV = 0, (2.3)

where n = (n1, n2) is the normal vector to the surface ∂Ω, and dS, dV are respectively
infinitesimal surface and volume elements. We now consider a coordinate transformation
in the form x′ = x′ (x) with the transformation Jacobian F = {∂x′i/∂xj}, where primed
variables are in the new coordinate system. Under this transformation, equation (2.3) turns
into ∫

∂Ω′
h

FFT

|F|
∇′η.n′dS ′ +

∫
Ω′

1

|F|
ω2

g
η dV ′ = 0, (2.4)

where we have used the relations dV ′ = |F|dV , n′dS ′ = |F|F−TndS in which |X| stands for
the determinant of the matrix X. With the help of the divergence theorem on equation (2.4)
and noting that this equation is valid for any arbitrary volume we obtain

∇′. (h′∇′η) +
ω2

g′
η = 0, (2.5)

where h′ = hFFT/|F| and g′ = |F|g. Clearly equation (2.5) in the primed coordinate has
the same form as the equation (2.2) in the original coordinate, with the apparent values of
h, g in the original coordinate replaced by h′, g′ in the transformed coordinate. Therefore the
governing equations for long waves (2.2) is form-invariant under coordinate transformation.
This property can also be shown by a one-to-one mapping between the long wave equation
and two dimensional Maxwell’s equation for transverse magnetic (TM) polarization wave in
an isotropic medium with constant permittivity.

With the knowledge that equation (2.2) is form-invariant, we can invoke transformation
media method to steer long gravity waves in any desired direction. At this stage it is helpful
to use a notation from the differential geometry to express our form-invariant governing
equation (2.2). It can be shown that for any coordinate system (x1, x2) with the metric
tensor G, equation (2.2) can be rewritten as [see e.g. 50]

1√
|G|

~∂.
(√
|G|hG−1 ~∂η

)
+
ω2

g
η = 0, (2.6)

where ~∂ = (∂/∂x1, ∂/∂x2) is the partial derivative operator. For instance, if the coordinate
system of interest is Cartesian, its metric tensor Gc = I is an identity matrix and the
traditional form of (2.2) is readily obtained.

We first consider an original space So in which wave rays are along specific trajectories.
For example, if the water depth is constant and we have long-crested waves, then wave rays



CHAPTER 2. CLOAKING IN SHALLOW WATER 16

are along straight parallel lines. We define, in this space, a coordinate system (x1
o, x

2
o) with

the metric tensor Go. According to (2.6), equation (2.2) in this space is written as

1√
|Go|

~∂o.
(√
|Go|hG−1

o
~∂oη
)

+
ω2

g
η = 0, (2.7)

with ~∂o = (∂/∂x1
o, ∂/∂x

2
o).

We then find a transformation T that maps the original space So to the physical space Sp
in such a way that the wave ray trajectories in So are transformed to the desired trajectories
in Sp. This transformation transforms the coordinate (x1

o, x
2
o) to a new coordinate (x1

p, x
2
p)

whose metric is Gp and as result equation (2.7) becomes

1√
|Q|

~∂p.
(√
|Q|hQ−1 ~∂pη

)
+
ω2

g
η = 0, (2.8)

where ~∂p =
(
∂/∂x1

p, ∂/∂x
2
p

)
and Q−1 = FG−1

o FT in which F ≡ {∂xip/∂xjo} is the Jacobian
of the transformation T. Note that in (2.8), Q 6= Gp, i.e., Q is not the metric tensor
of the coordinate system (x1

p, x
2
p) and therefore wave rays under the equation (2.8) move

along different trajectories than those described by (2.7). Basically, equation (2.8) is not the
governing equation for water waves in a physical space.

Now consider the propagation of long waves in a water of depth h̃ and under the action
of gravity acceleration g̃ in the physical space, i.e.,

1√
|Gp|

~∂p.

(√
|Gp| h̃G−1

p
~∂pη

)
+
ω2

g̃
η = 0. (2.9)

Nevertheless, if we choose specific values for h̃, g̃ as followings:

h̃ =

√
|Go|√
|Gp|

FG−1
o FTGp

|F|
h, g̃ =

√
|Gp| |F|√
|Go|

g, (2.10)

then equation (2.9) and (2.8) become identical. Physically speaking, this means that if in
the physical space the water depth and the gravity acceleration are given by (2.10) then
the incident wave will be traveling along desired trajectories given by by the transformation
T . Note that equations (2.10) in a Cartesian coordinate simplifies to h̃ = hFFT/|F| and
g̃ = |F|g (see also Appendix A).

2.3 Implementation for shallow-water waves

There are two major issues in realizing conditions given by (2.10) in the physical world: (i)
in equation (2.10) the water depth h̃ is a tensor while water depth in the real world is a
scalar, and (ii) the gravitational acceleration g̃ as is required by (2.10) is different than the
physical world’s gravitational acceleration g.
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Generally speaking in (2.2) water depth h can be regarded as a tensor. In the simplest
case of a constant water depth h(x, y) = h0, the tensor elements are h11 = h22 = h0,
h12 = h21 = 0. However, the challenge of issue (i) is that in equation (2.10) the water depth
tensor may have non-identical elements. For example, if the physical space Sp is described
by a Cartesian coordinate system then the required water depth h̃ in (2.10) is given by

h̃c =
√
|Go|

FG−1
o FT

|F|
h. (2.11)

which is a symmetric tensor whose elements depend on F,Go and are not necessarily equal.
To address this issue, consider a spatially varying one-dimensional topography h = h(x)

with the characteristic wavelength Lx � λ where λ is the wavelength of the incident wave.
Homogenization theory implemented on this problem yields an equivalent depth hx in the
x direction and an equivalent hy in the y direction [51], or equivalently, the tensor elements
are h11 = hx, h22 = hy and h12 = h21 = 0.

Now note that in (2.11) the water depth tensor h̃c is symmetric and therefore it has two
orthogonal eigenvectors of v1,v2 with eigenvalues of v1, v2 respectively. In the basis of v1,v2

the water depth tensor h̃c is diagonal with elements v1, v2. If we define our x, y along v1,v2

then by a proper choice of h = h(x), we can achieve h11 = v1 and h22 = v2 and therefore the
required water depth tensor h̃c is obtained.

If the physical space Sp is described by any arbitrary (potentially curvilinear) coordinate
system, related to the Cartesian coordinate with the mapping Λ, then the water depth in
the new system h̃new is described by h̃new = Λ−1h̃cΛ. Clearly h̃new has eigenvectors of
Λ−1v1,Λ

−1v2 with eigenvalues of v1, v2. In other words, eigenvectors of the water depth in
the new coordinate system are transformation of the eigen vectors of the Cartesian coordinate
system, but eigenvalues of the two systems are the same. Therefore, if h̃new is given then h(x)
can be determined by eigenvalues of h̃new, with the direction of x, y being along eigenvectors
of h̃new.

The second issue has to do with the fact that in (2.10), the gravity acceleration g̃ is not
the same as the physical world’s gravity acceleration g. Clearly if

√
|Gp||F|/

√
|Go| = 1 then

this issue is resolved. However, this cannot always be achieved depending on the transfor-
mation required. Nevertheless, if the coefficient of g is (2.10) is any arbitrary constant, i.e.√
|Gp||F|/

√
|Go| = C, then both terms of equation (2.9) can be multiplied by C, and then

C can be absorbed into h̃. Therefore, by defining a new water depth h̄ = Ch̃ and ḡ = g, we
retrieve the required equation in the physical space. The significant of the arbitrary constant
C is that it provides an additional degree of freedom that, as will be shown later, is critical
in designing specific set of transformations. It is to be noted that multiplying the equation
by a constant, although keeps the governing equation intact, affects the required boundary
conditions. This is elaborated in details in §2.5.

In cases where the coefficient of g is (2.9) is not unity nor a constant, an approximation
approach is to use the following water depth ȟ and the gravity acceleration ǧ

ȟ = FG−1
o FTGp h, ǧ = g, (2.12)
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via which the speed of long waves remains the same, i.e., h̃g̃ = ȟǧ. The origin of this
simplification is that the refraction angle of the wave rays in oblique incidence at a depth
discontinuity with constant gravity is a function of the ratio of the long wave speed (i.e.

√
gh)

in the two media [18]. But note that if the gravity acceleration is spatially varying, which is
the case here, the governing equation is not fully satisfied. This is a typical approximation
widely used in the electromagnetic community to keep the permeability (or permittivity)
constant [16, 52, 53] and the approximate nature of that has been noted [53, 54].

2.4 Cloak of invisibility

An invisibility cloak for water waves is an area of (potentially) variable topography that
bends the wave rays about a specific target area that is to be cloaked. The cloaked area
and objects therein do not scatter incident waves, and therefore are invisible to the far field
observers.

Here we aim at the cloaking of a circular area Ac with radius a. One way to achieve
this, is to transform a circular region of radius b > a (centered at the center of Ac) to an
annular ring of the inner radius a and the outer radius b centered again at the center of Ac.
Basically, the transformation must satisfy the conditions rp(ro = 0) = a and rp(ro = b) = b,
where subscripts o, p refer to the original and physical spaces respectively.

One family of such transformations is{
rp = f(ro), 0 ≤ ro ≤ b,
θp = θo,

(2.13)

where f(0) = a and f(b) = b. The region beyond the circle b (i.e. ro > b) is identically
mapped from So to Sp. Jacobian of the transformation (2.13) is

F =
∂ (rp, θp)

∂ (ro, θo)
=

(
f ′ 0
0 1

)
, (2.14)

where f ′ = df (ro)/dro. For the problem at hand, it is more convenient to use a polar
coordinate system in the both original and physical spaces, with the following metric tensors

Go =

(
1 0
0 r2

o

)
, Gp =

(
1 0
0 r2

p

)
. (2.15)

Substituting equations (4.22) and (4.23) into equation (2.10), we obtain

h̃ =

(
f ′ro
rp

0

0 rp
f ′ro

)
h, g̃ =

f ′rp
ro

g. (2.16)

Equation (2.16) gives the values of h̃ and g̃ in the physical space in such a way that the wave
rays follow the path as is determined by the transformation in equation (2.13). In order to
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find a mathematically perfect as well as a physically realizable cloak, we have to fulfill an
additional condition that the ratio f ′rp/ro (i.e. coefficient of g in (2.16)) is constant. If this
condition is satisfied, then as discussed in §2.3 a new water depth h̄ and physically admissible
ḡ = g that steer the wave rays along the trajectories defined by the transformation (2.13).
For the considered case of a circular cloak it is easy to show that the following nonlinear
transformation {

rp = f(ro) =
√(

1− a2

b2

)
r2
o + a2, 0 ≤ ro ≤ b,

θp = θo,
(2.17)

satisfies the aforementioned condition and gives rise to

h̃ =

 r2p−a2

r2p
0

0
r2p

r2p−a2

h , g̃ =

(
1− a2

b2

)
g, (2.18)

and hence the final form of the water depth and gravity acceleration in the physical space is
obtained as

h̄ =

(
1− a2

b2

) r2p−a2

r2p
0

0
r2p

r2p−a2

h , ḡ = g. (2.19)

Water waves propagating over a topography given by (2.19) in the physical world of
gravity acceleration g move along trajectories given by equation (2.13) which are also shown
in Fig. 2.1. Clearly wave rays go around the circle in the middle and hence do not interact
with that circle. The circle is now cloaked. Note that although equation (2.19) fully satisfies
the transformed equation, it changes the flux boundary condition at the cloak’s boundary
by a factor of (1− a2/b2). Clearly, as a/b → 0, i.e. as the cloak size increases, the desired
boundary condition is asymptotically satisfied. This is discussed in more details in §2.5
where we drive the analytical solution of this cloak.

In the special case when both the original and physical spaces are described by a Cartesian
coordinate system, which is typically the case in the cloaking literature, the water depth
tensor and gravity acceleration (2.18) can be obtained directly as is elaborated in Appendix
A. We would also like to note that “rays” and “trajectories” are used here merely to discuss
the physical picture, and do not imply the use of the “ray theory”.

2.5 Analytical Solution

In this section, we present an analytical solution to the governing equation (2.2) for the
incoming wave and the scattered field as waves travel over the topography given by the
equation (2.19). Equation (2.2) in polar coordinate reads

1

r

∂

∂r
(rhr

∂η

∂r
) +

1

r2

∂

∂θ
(hθ

∂η

∂θ
) +

ω2

g
η = 0 (2.20)



CHAPTER 2. CLOAKING IN SHALLOW WATER 20

b

a

Figure 2.1: Trajectories of the wave rays due to transformation in equation (2.11). These
trajectories show the flow path of the wave’s energy

where we have assumed water depth tensor to be diagonal which is the case for the cylindrical
cloaks in here. Assuming that the solution to (2.20) is separable, i.e. η = Re{Ψ(r)Θ(θ)}, we
obtain

d2

dθ2
Θ +m2Θ = 0, (2.21)

d

dr
(rhr

dΨ

dr
) +

ω2r

g
Ψ− m2

r
hθΨ = 0. (2.22)

Solution to the equation (2.21) is Θ(θ) = exp(imθ). Since hr and hθ are different in the two
regions of a ≤ r ≤ b and r ≥ b, we break (2.22) into two equations, each for one of the
domains

d

dr
(
r2 − a2

r
h

dΨ

dr
) +

ω2br

g(b2 − a2)
Ψ− m2r

r2 − a2
hΨ = 0, a ≤ r ≤ b (2.23)

d

dr
(rh

dΨ

dr
) +

ω2r

g
Ψ− m2

r
hΨ = 0, r ≥ b (2.24)

whose solution is

Ψ(r) =

{
βimJm(k̃

√
r2 − a2) + βsmH

(1)
m (k̃
√
r2 − a2), a ≤ r ≤ b

αimJm(kr) + αsmH
(1)
m (kr), r ≥ b

(2.25)

where Jm and H
(1)
m are are respectively order m, Bessel function and Hankel function of

the first kind and k2 = ω2/(gh) and k̃ = kb/(b2 − a2)1/2. Hankel function of the first kind
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asymptotically approaches to an outgoing wave as r tends to infinity, and represents the
scattering field.

Noting that an incident plane wave of the form ηinc = Re {η0 exp(ikx)} can be ex-
pressed as ηinc = Re

{
η0

∑∞
m=−∞ imJm(kr)eimθ

}
, coefficients αim in (2.25) are readily ob-

tained. Boundary condition on the surface of the cylinder r = a is the no-flux (Neumann)
condition and implies βsm = 0. The other three coefficients are in general non-zero. The free
surface elevation η(r, θ) is obtained as

η(r, θ) = Re

{ ∑∞
m=−∞ β

i
mJm(k̃

√
r2 − a2)eimθ, a ≤ r ≤ b∑∞

m=−∞

(
αimJm(kr) + αsmH

(1)
m (kr)

)
eimθ, r ≥ b

}
. (2.26)

At r = b, both surface elevation η and mass flux hrur = (ighr/ω)∂η/∂r must be contin-
uous. Using the parameters of the cloak given by (2.19) we obtain from (2.25) the following
two relations

αimJm(kb) + αsmH
(1)
m (kb) = βimJm(kb), (2.27)

αimJ
′
m(kb) + αsmH

′(1)
m (kb) = (1− a2

b2
)βimJ

′
m(kb), (2.28)

where the prime on Jm and H
(1)
m stands for the derivative with respect to their arguments.

Therefore

βim =
J ′m(kb)H

(1)
m (kb)− Jm(kb)H

′(1)
m (kb)

(1− a2

b2
)J ′m(kb)H

(1)
m (kb)− Jm(kb)H

′(1)
m (kb)

αim, (2.29)

αsm =
a2

b2
Jm(kb)J ′m(kb)

(1− a2

b2
)J ′m(kb)H

(1)
m (kb)− Jm(kb)H

′(1)
m (kb)

αim. (2.30)

Coefficient αsm that appears in front of the Hankel function in (2.25) shows the scattered
field in the area r ≥ b and therefore for a perfect cloak must be zero. It is easy to see
that this is asymptotically obtained when b/a → ∞. In other words, if b/a � 1 then we
asymptotically obtain αsm = 0, βsm = 0 and βim = αim (c.f. Fig. 2.5, 2.4).

In order to quantitatively measure the efficiency of the implemented cloak, we calculate
the scattering cross-section (measure of the total energy scattered to infinity) for the two
cases studied here. The scattering cross-section σ(θ) can be defined as [e.g. 46]

σ(θ) = lim
r→∞

2πr
Φ

2

sca(r, θ)

Φ
2

inc(r, θ)
, (2.31)

where Φsca(r, θ) and Φinc(r, θ) are respectively the scattered wave velocity potential and the
incident wave velocity potential. The velocity potential Φ is obtained from the dynamic
boundary condition on the free surface, i.e. Φ = (ig/ω)η. The scattering field is calculated by
subtracting the incident wave potential from total velocity potential, i.e. Φsca = Φtot−Φinc.
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õ=a = 4

õ=a = 8

L

b/a

Figure 2.2: Analytically obtained cloaking factor L calculated from (2.26) and (2.33) as a
function of b/a. The cloaking efficiency exponentially decays and asymptotically approaches
to the ideal cloaking efficiency of L =0. At b/a=5, the cloaking factor L < e−5 for both
λ/a=4,8. In calculating L , the series in (2.26) is truncated at m ± 40 for which the value
of L is converged.

The overbars stand for the root mean square values in time. The total scattering cross-section
Σ is therefore

Σ =
1

2π

∮
σ(θ)dθ. (2.32)

The ratio of total scattered energy by the object in the presence of the cloak Σclk to the
total scattered energy when the seabed is flat Σflt is defined as the cloaking factor [46]

L =
Σclk

Σflt

. (2.33)

Perfect cloaking is achieved for L = 0 when no energy is scattered from the cylinder, and
cloaking factor for a flat seabed is unity.

With this definition of the cloaking factor L , effect of the ratio b/a on the cloaking
efficiency can be quantitatively addressed. For instance, in Fig. 2.5 we present L (for
enhanced accuracy averaged over the area 8 ≤ r/a ≤ 10) as a function of b/a and for two
values of λ/a=4,8. As is seen with the increase in b/a, the cloaking factor L exponentially
decays to the ideal value of L =0. For instance, for b/a=5, L < e−5 for both λ/a=4,8.

2.6 Numerical Results

For the implementation of the water depth tensor given by equation (2.19), as discussed in
§2.3, we employ homogenization theory on a spatially fast varying topography. To achieve
this for the case of equation (2.19), consider a water depth h = h(r) that alternates in
the radial direction between (constant) depths h1 and h2 with respective widths b1, b2. If
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b1, b2 � λ then homogenization theory gives

heqr =
h1h2(b1 + b2)

b1h2 + b2h1

, heqθ =
b1h1 + b2h2

b1 + b2

. (2.34)

By equating (2.34) with those depths required by (2.19), h1(rp) and h2(rp) are ob-
tained. In our simulation, for simplicity, we consider b1 = b2 for which h1,2(rp) = h̄22[1 ±
(1− h̄11/h̄22)1/2].

We use Finite Element Method with C++-library deal.II [55] for the direct simulation
of the cloaking [for details on validations and convergence of the scheme c.f. e.g. 55, 56,
57, 58]. We choose a domain of computation x, y ∈ [−4, 4]. The mesh is generated using
deal.II library with 2048 nodes in each direction. We chose δt such that the Courant
number in the simulations is C =0.5. We implement a numerical wavemaker on the left
boundary. Other vertical boundaries are chosen as reflecting walls. The boundary condition
on the inner cylinder is Neumann which corresponds to no-flux condition.

Water surface profile is shown in Fig. 2.3a-d for two ratios of the wavelength to the
cylinder radius λ/a= 4,8 and for each case with and without the cloak. We have chosen
maximum kh = 0.2, which happens at the inner cylinder’s boundary, where we replaced the
infinite depth with a depth O(10) times larger than the mean water depth outside the cloak.
Specifically, in this manuscript, we have used 12 times larger than the mean depth. We
would like to emphasis again that equation (2.2) is only valid in the limit of shallow water,
i.e. kh� 1. For investigated cases presented here, we have made sure that this condition is
always satisfied throughout the domain of simulation, as described above.

Figures 2.3a,c show the incident and the scattered wave for respectively λ/a=4,8 and
when the water depth is constant. Clearly a larger cylinder results in a higher scattering.
The water surface profile with the implementation of the cloak of (2.19) with b/a=4 is shown
in Fig. 2.3b,d. The dark circle shows the outer radius of the annular cloak. As is seen from
Fig. 2.3b,d the cloaking is visually perfect in both cases.

With the implementation of the cloak designed based on (2.19) with b/a = 4, we obtained
L = 0.013 for λ/a = 4 and L = 0.021 for λ/a = 8. This means that ∼99% of the scattering
energy is prevented by the proposed cloak. The exact theory of §2.5 predicts L = 0.0078
and L = 0.013 for respectively λ/a=4,8. The discrepancy comes from computatinal errors,
homogenization error, errors due to the finite time simulation, and the treatment of the
singularity at r = a where in numerical implementation is replaced by a large but a finite
water depth chosen such that shallow water assumption is not violated. In the physical space,
if the incident wave wavelength is λ = 200m, the mean water depth outside the cloak is 50cm
and the maximum depth at r = a is taken as 6.3 meters, the above two cases correspond to
cylinder radii of a = 50, 25 meters and outer cloak radii of b = 200, 100 meters respectively.
If a cloaking factor of L = 0.1 (∼ 90% cloaking) is acceptable, then the same cloaking can
be achieved over a mean water depth of 2 meters.

In §2.5, we derived analytically that the cloaking factor asymptotically approaches zero
as the ratio b/a increases. This can also be investigated numerically. Figure 2.4 compares
the water surface about a cylinder with a cloak implemented on the seabed for b/a=2 (Fig.
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(a) (b)

(c) (d)

Figure 2.3: Cloaking of a circular cylinder from surface gravity waves. The top and bottom
figures show two cases of λ/a=4,8 respectively. Figures (a),(c) show the water surface pattern
(i.e. incident and scattered waves) in the vicinity of the cylinder if the seabed is flat. Figures
(b),(d) show the water surface with the implementation of the cloak (b/a=4). The outer
perimeter of the cloak is marked by the black circle.
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(a) (b)

Figure 2.4: Effect of the cloak size b/a on the cloaking efficiency. Figure (a) is for the cloak
radius of b/a=2 for which L =0.11 and Figure (b) (same as Fig. 2.3b) is for the cloak
radius of b/a=4 for which L =0.013 . Clearly the case of b/a=4 (figure b) achieves a much
better cloaking efficiency than b/a=2 (figure a). As discussed in §2.5, cloaking efficiency,
parametrized by the cloaking factor L , exponentially improves as the ratio b/a increases.

2.4a) and b/a=4 (Fig. 2.4b). While cloaking in Fig. 2.4b is almost perfect, the case of
Fig. 2.4a is clearly not as good. The discrepancy, as discussed in §2.5, comes from the
discontinuity in the flux at the boundary r = b. This discontinuity exponentially fades away,
and the cloaking efficiency enhances, as the ratio b/a increases.

Beside the specific form of the topography proposed and discussed here, many other
forms of seabed variations may result in the desired depth tensor of (2.19). For instance, an
anisotropic bed can be formed by overlaying two interlocking fine-meshed combs aligned in
the radial and azimuthal directions which independently protrude to different height profiles.
On this topography, waves traveling radially only see the height profile of the circular comb
as they pass uninterrupted through the teeth of the radial comb whilst circular waves only
see the height profile of the radial comb.

2.7 Conclusion

In this chapter, we presented the design of a symmetric cloak for shallow-water waves via
the scheme of transformation media. The method of transformation media states that if
the governing equation of a wave system is form-invariant, then wave ray trajectories can be
forced along any desired path by architechting properties of the medium of propagation. The
challenge, for the case of water waves, is that usual linear implementations of the scheme
require water depth and gravity acceleration to be spatially variable along the path. The
latter is simply impossible. We presented a rigorous nonlinear alternative that relaxes the
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condition on the gravity acceleration, and guarantees an asymptotically perfect cloak by
mere variation in the seabed topography. As an example, a cloak for a circular cylinder
is designed and its performance under incident waves is presented analytically and via a
time domain direct simulation. The presented cloak is asymptotically perfect, physically
realizable, omni-directional, and works for all frequency waves that satisfy shallow-water
wave assumption.
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Chapter 3

Manipulating Effective Gravity in
Shallow Water

Steering shallow water gravity waves requires changes in water depth and gravitational accel-
eration as the two parameters governing the wave solution. Generally these required changes
are prescribed by the two main methods of transformation media or ray theory. While a per-
fect manipulation requires changes in both water depth and gravitational acceleration, the
gravitational acceleration is always a physical constant and is impossible to alter. Reduced
models and conformal transformation are used to keep the required changes in gravitational
acceleration as a constant at the cost of performance and restriction of use. Here, we show
that the effect of a viso-elastic sea-bed appears as an effective gravitational acceleration.
This method of changing the gravitational acceleration in terms of effective gravity, in ad-
dition to variations in bottom topography, opens a new venue of applications in controlling
surface waves and enables a perfect and broadband manipulation of water waves. Using the
visco-elastic bottom topography, we present a GRIN-lens wave-guide that traps the water
waves inside the visco-elastic bottom zone along the axis of the lens. Furthermore, we utilize
the visco-elastic sea-bed to bend waves in a channel without any refraction. The presented
method of manipulating effective gravitational acceleration has potentials in creating new
devices for steering shallow water waves; moreover it resembles the equivalent of dielectrics’
Debye relaxation equation and potentially offers new insight in the study equivalent wave
systems.

3.1 Introduction

As we showed in the previous chapter, the extended variation of transformation optics,
known as transformation media, provides the spatial distribution of constitutive parameters
that control wave propagation, i.e., water depth and gravitational acceleration for water
waves. This method usually requires complex anistropic distribution of constitutive pa-
rameters where experimental realization is challenging. In order to reduce the complexity
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of design, simplified versions to relax the anistropic distribution of constitutive parameters
have been proposed [52, 59]. The equivalent of such simplified methods in water waves can
relax the required variation in the gravitational acceleration for water wave; however, these
reduced models come at the cost of efficiency and effectiveness. In some special cases, where
the transformation is realizable through a conformal transformation [60], the resulted grav-
itational acceleration becomes isotropic and experimentally feasible. It is worth noting that
conformal transformation restricts the choice of transformation and therefore has limited
applications.

The gravitational acceleration in water waves is always a constant and could not be al-
tered. While the actual gravity is always a physical constant, the observed effective gravity
can change. There are only a few studies observing an altered effective gravitational acceler-
ation for water waves: (i) an array of vertical cylinders changes effective depth and effective
gravity at the same time in low frequencies, where the resulted values depend on the filling
ratio of cylinders [61]; (ii) a periodic array of resonators in low frequencies results in a neg-
ative effective gravity, creates band-gaps in the frequency response, and can strongly reflect
the waves [62, 63]; (iii) a thick rigid and unmovable plate covering the water surface ex-
hibits an infinite gravitational acceleration resulting in an equivalent of zero refractive index
(which is an analogue of epsilon near zero (ENZ) materials in optics) and has applications
in focusing and collimation of water waves [64]. Although all these methods offer different
scenarios for which an altered effective gravitational acceleration is observed, a solid method
of arbitrarily changing gravitational acceleration is missing.

In this chapter, we provide a way of manipulating the effective gravity for shallow water
waves using a visco-elastic bottom topography. This method of changing the effective gravity,
besides variation in water depth, opens new venues in designing water wave devices that have
applications in energy harvesting and coastal protection. As an example, we design a visco-
elastic bottom topography that can trap and transfer wave energy inside a region with no
physical walls. The proposed wave-guide is an analogue of graded index fibers in optics. We
numerically test the effectiveness of the device and compare the results with the case with
a flat bottom topography. Furthermore, we design an elastic carpet that enables rotating
waves, while keeping the wave shape intact. Various other applications such as focusing
waves for the purpose of energy harvesting are also easily possible though this method.

3.2 Governing Equations

We consider an inviscid, incompressible and irrotational fluid over a viscoelastic bottom (see
Fig. 3.1). We set the coordinate system on the mean free surface of water with z-axis pointing
upward and the mean depth being at z = −H. The linearized governing equations for the
surface/bottom elevation η/ζ and the velocity potential φ, ignoring the surface tension, are
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η
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Figure 3.1: Schematic of a viscoelastic carpet on the seafloor. The carpet is composed of
linear springs with stiffness coefficient k∗ providing the restoring force, and dash-pot type
dampers with damping coefficient b∗ extracting energy from the system. The distance be-
tween each module of the spring damper is assumed much smaller than the typical wavelength
of overpassing waves such that the assumption of continuously distributed spring dampers
is valid.

[65]

∇2φ = 0, −h ≤ z ≤ 0 (3.1a)

ηt = φz, z = 0 (3.1b)

φt + gη = 0, z = 0 (3.1c)

ζt − (hxφx + hyφy) = φz, z = −h (3.1d)

φt + gζ +
1

ρ
[b∗ζt + k∗ζ] = 0, z = −h (3.1e)

where k∗ and b∗ are the stiffness and viscous damping coefficient of the viscoelastic bottom
per unit area, ρ is the density of fluid, and g is the gravitational acceleration. In this set
of governing equations (3.1), equation (3.1a) is the continuity equation in the fluid domain,
(3.1b) and (3.1d) are the kinematic boundary conditions on the free surface and bottom
topography, and (3.1c) and (3.1e) are dynamic boundary conditions on the free surface
and viscoelactic bottom. We nondimensionalize the governing equations with the following
nondimensional groups

(x′, y′) = k(x, y), z′ =
z

H
, h′ =

h

H
, t′ = k

√
gHt, η′ =

η

A
, φ′ =

(
1

k

A

H

√
gH

)−1

φ

(3.2a)

ζ ′ =
ζ

A
, λ = (kH)

b∗

ρ
√
gH

, γ =
k∗

ρg
, µ := kh, (3.2b)
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where k is the characteristic wave number of the incident wave and A is its characteristic
amplitude. Nondimensionalizing the governing equations (3.1) and dropping primes for the
sake of simplicity and assuming time harmonicity ω for the waves, the governing equations
simplify to

µ2 (φxx + φyy) + φzz = 0,−h ≤ z ≤ 0 (3.3a)

− µ2ω2φ+ φz = 0, z = 0 (3.3b)

µ2 ω2φ

1 + λ(iω) + γ
− µ2 (hxφx + hyφy) = φz, z = −h. (3.3c)

We assume the shallow water regime, µ � 1, and expand the solution for the velocity
potential as φ = φ(0) + µ2φ(2) + . . .. Solving for the zeroth and second order solutions
considering the solvability condition [18], the governing equation to the first order is obtained.
In the dimensional form, the governing equation reads

∇⊥. (h∇⊥φ0) +
ω2

g̃
φ0 = 0, g̃ = g

[
1 +

ρg

k∗ + ib∗ω

]
, (3.4)

where ∇⊥ is the horizontal gradient operator. The obtained governing equation is similar to
the shallow water wave equation [18]; but with a different gravitational acceleration g̃. This
derivation suggests, that the effect of a visco-elastic carpet in shallow water regime is similar
to an effective gravity that depends on the visco-elastic sea-bed parameters.

We would like to point out that the shallow water equation is analogous to transverse
electric (TE) equation for electromagnetic waves in dielectrics. In TE equation, optical
material properties of permeability µ and permittivity ε control the electromagnetic wave
response, similar to the shallow water wave parameters of water depth h and gravitational
acceleration g. Complex permittivity of a medium ε in response of an incoming wave with
frequency ω reads (aka Debye relaxation)

ε = ε∞ +
∆ε

1 + iωτ
, (3.5)

where ε∞ is the high frequency limit of permittivity and ∆ε = εs − ε∞, εs, in which εs is the
static permittivity. The effective gravitational acceleration in (3.4) is similar in format to
the Debye relaxation permittivity, since it can be re-written as

g̃ = g +
(ρg/k∗) g

1 + i (b∗/k∗)ω
. (3.6)

This suggests, that shallow water equation with visco-elastic sea-bed is an equivalent of such
model, [ε∞, εs, τ ] ≈ [g, (1 + (ρg/k∗)g, b∗/k∗], and could be used to map experimental results
from one field to another.
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3.3 Discussion and Results

As shown in §3.2, in an incompressible, inviscid, and irrotational fluid where the fluid depth
is h and surface elevation is η, the wave equation in long wave limit kh� 1 reads ∇.(h∇η)+
ηtt/g = 0, where ∇ is the horizontal gradient and g is the gravitational acceleration. Similar
to optics a refractive index for water waves is obtained as n = v0/v, where v0 is the wave
phase velocity at a reference point and v is the local phase velocity [18]. Since the phase
velocity for shallow water waves is obtained as v =

√
gh, variations in water depth h, or

gravitational acceleration g leads to changes in the refractive index n. The local refractive
index determines wave ray paths for water waves and steering water waves is possible by
engineering the refractive index. In shallow water waves, water depth is constrained as
kh� 1, therefore variations in water depth decreases the effective bandwidth of the system.

Assuming a visco-elastic bottom topography as in Fig. 3.1, the governing equation for
shallow water waves is obtained as ∇.(h∇η) + ηtt/g̃ = 0, where

g̃ = g

[
1 +

ρg

k∗ + ib∗ω

]
, (3.7)

in which k∗, b∗ are the spring and damping coefficient in the viso-elastic sea-bed, ρ is the fluid
density, and ω is the frequency of incoming waves. The effective gravitational acceleration
observed is different from constant gravitational acceleration g and can be altered by changes
in stiffness and damper coefficients of the visco-elastic sea-bed. In the limit where the springs
are stiff k∗/ρg � 1, the equation simplifies to the known equation of g̃ = g. The imaginary
part of this effective gravity depends on both frequency and the damper coefficient ib∗ω and
shows the absorption of energy by the dampers in the visco-elastic carpet. Using obtained
effective gravity in (3.7), the new effective refractive index becomes

n =
v0√
g̃h

=

√
h0

h

1√
1 + ρg/ (k∗ + ib∗ω)

, (3.8)

where it depends on the visco-elastic sea-bed parameters. Using this general equation, dif-
ferent devices with versatile functionalities could be built. Here as an example, we design a
visco-elastic bottom topography which is an analogue of optical fibers for water waves.

Graded-Index (GRIN) Wave Guide

Graded-index waveguides (or fibers) in optics are used to guide electromagnetic waves in
long distances. The refractive index of such waveguides should vary as n(y) = ncsech(δ̃y/L)
where where n(y) is the refractive index of the waveguide measured by the distance from the
center line of the fiber, nc is the fiber’s core refractive index, L is the width of the waveguide,
and δ̃ is a tuning parameter that controls the distance between focal poitns Lf (see Fig. 3.2).
For the ease of design, we use the first two terms in the Taylor expansion of the refractive
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(a) (b) Lf

Figure 3.2: (a) Refractive index of a graded index (GRIN) wave guide with n(y) =
ncsech(δ̃ y/L) profile for water waves. (b) Top view of ray paths (solid lines) in a GRIN
fiber with the refractive index shown in (a). The tuning parameter δ controls the distance
between focal points Lf .

index [66] as

n2(y)

n2
i

= 1− δ r
2

L2
, (3.9)

Similarly, shallow water waves inside a region with parabolic form refractive index stay inside
the region and travel for much longer distances. We take x-axis to be the center-line of the
GRIN waveguide, and y-axis representing the distance from waveguide’s centerline. Using
equation (3.9) and (3.8), the effective gravity is obtained g(y) = g̃i/1− δy2/L2, where g̃i
represents the effective gravity at the waveguide’s centerline. The stiffness of the elastic
sea-bed is then obtain using equation (3.7) as k∗/ρg = 1/(1− g̃/g). Figure 3.3 shows values
of effective gravity and corresponding elastic sea-bed stiffness for different values of δ =
0.7, 0.8 and δ = 0.9. Here, we assume a core effective gravitational acceleration near actual
gravitational acceleration g̃c/g = 1.001. The higher difference between core’s effective gravity
and actual gravitational acceleration causes more reflection at the beginning/0end of the
waveguide, where the waves enter/leave the waveguide from/to a constant depth. The value
being close to gravitational acceleration translates into higher stiffness values. A rigid ground
has infinite stiffness value for which the effective gravitational acceleration becomes actual
gravity g.

In order to validate the theoretical design, we use Finite Element Method (FEM) to solve
the governing equation, given the stiffness profile shown in Fig. 3.3. We use CrankNicolson
method for time discretization along with piece-wise linear isoparametric shape functions for
spatial discretization. We use the open-source finite element package FreeFEM++ to solve
the discretized variational formulation of the governing equation. The length scale is non-
dimensionalized using the wave-length of the incoming wave, and the non-dimensionalized
time is obtained from the dispersion relation. The numerical domain is set to [0, 25] ×
[−7.5, 7.5], where the center of the wave guide is at y = 0 and spans in the y-direction
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(a) (b)

Figure 3.3: Nondimensionalized stiffness k∗/ρg and effective gravity g̃/g over the width of

the water wave fiber y/a for different values of δ assuming a waveguide’s core gravity near

gravitational acceleration g̃i/g = 1.001. (δ = 0.7 (——), δ = 0.8(– - –), and δ = 0.9

(- - -))

from −1.5 to 1.5. The domain’s border is seeded by δx = 0.04 and the element mesh is then
created using FreeFEM++ mesh generator. Waves are inserted through the waveguide using
a wave generator and the solution is found by marching in time with δt = T/100 where T is
the wave period. Outgoing boundary condition is used to absorb the outgoing waves at the
boundaries of the domain. The numerical simulation results are shown in Fig. 3.4.

(a)

y
/λ

in

y
/λ

in

(b)

x/λinx/λin

Figure 3.4: Plot of normalized velocity potential φ/φin, where φin is the incident velocity
potential. Figure (a) shows a top view of the velocity potential φ in a channel with a constant
depth and gravitational acceleration. Waves are inserted to the domain from left. Figure
(b) shows the velocity potential when the elastic wave-guide is implemented in the middle
region. The boundaries of the elastic sea-bed are shown with dashed lines (- - -).

As shown in Fig. 3.4(a), when the bottom topography is flat, the waves are dispersed
in the direction normal to phase velocity and wave amplitude decreases; however, when the
GRIN wave guide is implemented using the elastic sea-bed, the waves stay inside the region
and are less dispersed. The waves remain localized and focused inside the region as they
propagate. It is to be noted that there is no physical wall at the boundaries of the wave-
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guide, and the only change in the waveguide region is the usage of the elastic sea-bed for the
bottom topography.

In order to compare the wave amplitudes, we further plot the surface wave amplitude
along the center line of the waveguide y = 0 in Fig. 3.5(a), and compare the wave amplitudes
after a long distance at the end of the numerical simulation domain x/λin = 30 along
the centerline of the waveguide. As shown in Fig. 3.5(a), the wave amplitude when the
bottom topography is flat has 80% reduction (η/ηin = 0.2); while in the case of elastic sea-
bed waveguide the wave amplitude has only a 20% reduction (η/ηin = 0.8). Running the
simulation for a larger domain, at x/λin = 35, we observe a 90% reduction for the case of flat
topography and 25% reduction for the case with the elastic carpet waveguide implemented.
We also plot the elastic sea-bed elevation corresponding to Fig. 3.4, in Fig. 3.5(b). As it
is shown in this figure, the amplitude of elastic sea-bed is much smaller than the surface
elevation, which makes it reasonable in real applications. Note that increasing the value
of δ, shown in Fig. 3.3, increases the value of effective gravity at the boundaries of the
waveguide and therefore decreases the amount of energy escaped from the boundaries. As a
result, increasing δ results in larger final wave amplitude of surface elevation at the end of
the waveguide.

(a)

η
/η

in

y
/λ

in

(b)

x/λin

x/λin

Figure 3.5: (a) Wave amplitudes along the center-line of numerical domain y = 0 for the case
with waveguide (——) and the flat topography (- - -). (b) Bottom topography elevation.
The elastic carpet only extends as −1.5 ≤ y ≤ 1.5 where the elastic carpet’s elevation is
observed. The maximum elevation is ζmax/ηin = 0.07.

Wave bending Device

A wave bending device is intended to steer and guide water waves without any refraction.
If the phase velocity varies as vp ∝ r (or refractive index varies as n ∝ 1/r) [67], then the
waves are bent in a circular region without any diffraction (Fig. 3.6). We take a numerical
domain with ri = 3, and rout = 5, and vary the stiffness such that the refractive index varies
proportional to inverse of r (Fig. 3.6). Waves are inserted using a wave generator into the
wave bending device. Since the phase velocity of the waves increases with the radial distance,
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the waves closer to the outer region travel faster than the waves closer to the inner region
and the wave shape is preserved.

(a) (c) (d)

(b)

Figure 3.6: (a) Plot of refractive index with respect to radial direction, (b) Plot of effective
gravity with respect to radial direction. (c) Normalized surface elevation of gravity waves
(η/ηin). Waves are inserted from top canal using a wave generator. (c) Normalized elevation
of elastic bottom carpet (ζ/ηin).

3.4 Conclusion

In this chapter, we showed that the net effect of a visco-elastic sea-bed can be summarized
through an effective (modified) gravitational acceleration term which is adjustable through
elasticity and viscosity of the sea-bed parameters. This method proposes a generic broadband
mechanism for modifying the effective gravitational acceleration which enables new ways of
controlling oceanic wave energy. As an example, we designed a passive elastic sea-bed which
is capable of guiding and transmitting water waves over long distances. The proposed method
has potential applications in guiding and steering waves toward or away from destinations
of interest such as artificial surf zones, wave energy farms, or to protect shorelines.
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Chapter 4

Cloaking in Deep Water Waves via
Multilayered Buoyant Carpet

The only physical parameters controlling the trajectory of water waves propagation are the
sea-bed topography, water density, and gravitational acceleration; where they appear in the
governing equations of surface gravity waves. The effect of water depth on surface gravity
waves exponentially decreases as the water depth increases, and the density of water and
gravitational acceleration are physical constants. Since there are no physical parameters
to vary and subsequently affect the wave propagation, cloaking in deep water becomes a
challenge. In order to create an omni-directional cylindrical cloak in deep water, we propose
a multi-layer elastic buoyant carpet floating on the surface around the structure. The buoyant
elastic carpet provides extra adjustable degrees of freedom in physical parameters which can
affect the wave propagation. We optimize the physical parameters of the buoyant carpet
(i.e. elasticity and density) using genetic algorithm to minimize the scattering energy from
the object and therefore cloak the inner cylinder from incident waves. The obtained cloak is
omni-directional since the layers are axis-symmetric. Moreover, for the ease of experimental
implementation, each layer is assumed to be homogeneous and isotropic. A psuedo-spectral
method is developed to quantify the effectiveness of the proposed cloak and the mean drift
force reduction on the cloaked cylinder. The proposed cloak has potential applications in
cloaking offshore structures in deep water.

4.1 Introduction

Besides transformation media method which exactly prescribes the material properties re-
quired for cloaking, an alternative approach is to minimize the scattering energy from the
object at infinity through optimizing the physical parameters of the cloak that control the
wave propagation. A zero scattered energy in all directions at infinity translates into a perfect
cloak. In finite depth water using mild-slope approximation, Porter & Newman [68] consider
an annular region with a variable bathymetry around a central cylinder as the cloak and
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(b)(a)

Figure 4.1: Figure (a) shows the scattering pattern of a cylinder under the action of water
waves without a cloak, and figure b. shows the same cylinder protected by a surface wave
cloak. Clearly in figure (b) there is no scattering and the cylinder is cloaked.

optimize the bathymetry profile to minimize the scattered energy. The highest efficiency
cloak is obtained for a non-axisymmetric topographies, which makes the cloak direction-
ally dependent and therefore sensitive to the direction of incident waves. Since the effect
bathymetry variation on surface gravity wave propagation exponentially decreases as the
water depth increases, in deep water waves an extra degree of freedom is required to affect
the propagation of waves. Newman [45] introduces (i) an array of outer smaller cylinders or
(ii) a continuous ring with constant or variable cross section around the inner cylinder (to
be cloaked) and optimizes the geometry of outer bodies to minimize the scattering energy
at infinity. Substantial scattered energy reduction is observed for all cases where the high-
est efficiency is again for non-axisymmetric cases. Furthermore, in the case of a two-layer
density fluid, Alam [47] uses sea-bed ripples to invoke the Bragg resonance between surface
and interfacial waves to achieve cloaking. Through Bragg mechanism, surface waves are
transported, upstream of a floating object, from surface to the interface where waves pass
underneath the surface object. Interfacial waves are then be moved back to the surface in
the downstream side of the object through a similar mechanism. Downstream waves bypass
the surface object and hence bear to trace of it.

In this chapter, we propose a finite/deep water cloak using an engineered elastic buoyant
carpet placed on free surface and around the object (see Fig. 4.1). The carpet provides extra
adjustable degrees of freedom in physical parameters (rigidity and inertia) that control the
surface wave propagation. The cloak is assumed to be axis-symmetric and therefore omni-
directional and insensitive to the direction of incident waves. Furthermore, for the ease of
experimental implementation, each layer is assumed to be homogeneous and isotropic. A
psuedo-spectral method is developed to find the wave response of the buoyant carpet to
planar incident waves. The physical parameters of the buoyant carpet are optimized using
genetic algorithm to minimize the scattering energy from the object and therefore cloak
the inner cylinder from incident waves. The reduced scattering energy and the wave drift
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Figure 4.2: Schematic representation of the physical model.

force are quantified to show the efficiency of the carpet. The proposed cloak has potential
applications in cloaking offshore structures in finite/deep water. The method can potentially
open up a new avenue in the protection of offshore structures from the action of oceanic waves
by reducing load on such structures and lowering the design requirements. It is to be noted
that many offshore systems rely on the energy-intensive dynamic positioning to compensate
their displacement that mostly comes from wave actions. A surface cloak thrown about the
unit (e.g. FPSO) can substantially save energy for such systems.

4.2 Governing Equations

We aim to cloak a bottom mounted cylinder with radius a using a circular multi-layered
buoyant elastic carpet floating around the cylinder with the outer radius b (see Fig. 4.2).
The elastic cloaking carpet floats on the free surface around the cylinder and consists of a
total number of Nt concentric layers each with a constant rigidity. The carpet is assumed to
always stay in contact with the fluid’s surface. We consider the propagation of waves on the
surface of a homogeneous, inviscid, and incompressible fluid bath with depth h. We define a
Cartesian coordinate system at the center of cylinder with the x, y-axis on the mean surface
and positive z-axis pointing upward. Assuming an irrotational fluid, a velocity potential φ
is defined as u = ∇φ throughout the domain where u represents the fluid velocity. The
governing equations in the fluid’s domain read

∇2φ = 0, −h ≤ z ≤ η (4.1a)

∂φ

∂z
= 0, z = −h (4.1b)

∂φ

∂z
=
∂η

∂t
+∇⊥φ.∇⊥η, z = η (4.1c)

p+ ρw

(
gη +

∂φ

∂t
+

1

2
|∇φ|2

)
= 0, z = η (4.1d)

where η is the surface elevation, ρw is the fluid density, p is the pressure on the surface, and
∇⊥ is the horizontal gradient in (x, y) plane. In governing equations (4.1), equation (4.1a)
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is the conservation of mass, equations (4.1b), (4.1c) are kinematic boundary conditions at
the sea-bed and on the fluid surface respectively, and lastly equation (4.1d) is the dynamic
boundary condition on the fluid surface. The pressure term p in equation (4.1d), outside
the cloak on the free surface (r > b) is zero; and inside the cloak under the floating carpet
(a ≤ r ≤ b) is coupled with the thin elastic plate’s equation at each layer [e.g. 69, 70]

p = D(i)∇4
⊥η + ρ(i)

c t
(i)
c

∂2

∂t2
η (4.2)

where D(i) = E(i)t
(i)3
c /12(1 − ν) is the flexural rigidity, E(i) is the module of elasticity,

t
(i)
c is the thickness, ν is Poisson’s ratio, ρ

(i)
c is the density of the carpet and superscript

i ∈ {1, 2, ..., Nt} denotes the ith layer’s quantities.
Linearizing equations in (4.1) and combining the pressure term in equation (4.2) with the

dynamic surface boundary condition, we obtain a set of governing equations for the velocity
potential as

∇2φ = 0, −h ≤ z ≤ 0 (4.3a)

∂φ

∂z
= 0, z = −h (4.3b)[

D(i)∇4
⊥ + ρ(i)

c t
(i)
c

∂2

∂t2
+ ρwg

]
∂φ

∂z
+ ρw

∂2φ

∂t2
= 0, z = 0. (4.3c)

Note that in equations (4.3c), the free surface boundary condition outside the cloak,

i.e. r > b, is obtained by setting D(i) = 0 = ρ(i)t
(i)
c . We nondimensionalize the governing

equations in (4.3) using dimensionless groups x̄ = x/L, t̄ = t
√
g/L, φ̄ = φ/L

√
Lg, and

furthermore assume a time harmonic solution as φ̄(x̄, t̄) = <
{
φ̄(x̄) exp (−i

√
αt̄)
}

with the

nondimensional frequency
√
α = ω

√
L/g to simplify the equations as [c.f. 71]

∇2φ = 0, −H ≤ z ≤ 0 (4.4a)

∂φ

∂z
= 0, z = −H (4.4b)[

β(i)∆2
⊥ + 1− αγ(i)

] ∂φ
∂z

= αφ, z = 0 (4.4c)

where H = h/L, γ(i) = ρ
(i)
c t

(i)
c /ρwL and β(i) = D(i)/ρwgL

4 are non-dimensional parameters,
and bars are removed to simplify the notation. The free surface boundary condition outside
the carpet r > b is obtained by setting β(i) = 0 = γ(i) in equation (4.4c).

Spectral Methods

In order to solve for the velocity potential φ in equation (4.4), we utilize spectral methods
in cylindrical coordinates. Assuming Fourier transform in the azimuthal direction θ along
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with a time harmonic solution, the velocity potential is obtained as

φ(r, θ, z, t) = <
{

Φ(r, θ, z)e−i
√
αt
}

= <

{
ξ(z)

(
∞∑

m=−∞

ρm(r)eimθ

)
e−i
√
αt

}
. (4.5)

Plugging in the expanded solution into equation (4.4a) and assuming separation of variables,
we obtain the following equations in the vertical and horizontal direction

s2
i

d2ρm
ds2

i

+ si
dρm
dsi

+ (m2 − s2
i )ρm = 0, s ≡ κr (4.6a)

ξzz(z)− κ2ξ(z) = 0, (4.6b)

where κ is the constant separating the equations and its value is later assigned using dis-
persion relation. The horizontal equation (4.6a) is the Bessel differential equation with the
solutions of Bessel functions (modified Bessel functions) of the first Jm (Im) and second kind
Ym (Km) when κ is real (imaginary). The vertical equation (4.6b) is a simple second or-
der ordinary differential equation that considering the kinematic boundary condition at the
seabed (4.4b) has the solution

ξ(z;κ) =
coshκ(z +H)

coshκH
. (4.7)

Inserting the solutions into the dynamic boundary condition (4.4c), the dispersion relation
is obtained as

α

β(i)κ4 − αγ(i) + 1
= κ tanh(κH). (4.8)

The dispersion relation in the ith layer has a real root µ
(i)
0 that represents the propagating

waves, two complex conjugate roots µ
(i)
−2 and µ

(i)
−1 corresponding to damped/amplified trav-

eling waves, and infinitely many imaginary roots iµ
(i)
0 , iµ

(i)
1 , iµ

(i)
2 , · · · each giving rise to an

evanescent mode [see e.g. 72]. Note that the dispersion relation on the free surface outside the
carpet is obtained by setting β(i) = γ(i) = 0 into the dispersion relation i.e. equation (4.8).
The dispersion relation for the waves on the free surface has a real solution k0 representing
the propagating waves and an infinite number of imaginary roots ik1, ik2, · · · representing
the evanescent modes where (n− 1/2)π/H < kn < nπ/H.

Our interest is the wave response of the multilayered carpet to an incident planar wave.
The planer incident wave with amplitude A in cylindrical coordinate is as

ηinc = <
{
A exp(i(k0x−

√
αt))

}
. (4.9)

Writing the planer wave solution in terms of Bessel functions and using the relation between
the velocity potential and the surface elevation at the free surface we obtain

Φinc(r, θ, z, t) =
A

i
√
α
ei(k0x−

√
αt) ξ(z; k0) =

A

i
√
α

∞∑
m=−∞

εmJm(k0r) ξ(z; k0)ei(mθ−
√
αt). (4.10)
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where εm = im. In summary, the bounded solution of the velocity potential at the free
surface and the carpet region is obtained as

φ(r, θ, z, t) = <

{
A

i
√
α

∞∑
m=−∞

Ψm(r, z)eimθe−i
√
αt

}
(4.11)

with

Ψm(r, z) = (4.12)

εmJm(k0r)ξ(z; k0) + am0H
(1)
m (k0r)ξ(z; k0) +

∞∑
n=1

amnKm(knr)ξ(x; kn) r ≥ R1 = b

b
(i)
m0Jm(µ

(i)
0 r)F

(i)
0 (z) +

∞∑
n=−2,n6=0

b(i)
mnIm(µ(i)

n r) ξ(z;µ(i)
n )

+c
(i)
m0H

(1)
m (µ

(i)
0 r) ξ(z;µ

(i)
0 ) +

∞∑
n=−2,n6=0

c(i)
mnKm(µ(i)

n r) ξ(z;µ(i)
n ) Ri ≥ r ≥ Ri+1

where ith layer extends between Ri ≥ r ≥ Ri+1. Note that the outer radius of the cloak
is at R1 = b and the cylinder radius is at RNt+1 = a. Here, we use the Hankel function

of the first kind H
(1)
m (s) := Jm(s) + iYm(s) instead of the Bessel function of the second

kind Ym(s) for their significance in expressing outward- and inward- propagating cylindrical

waves. The coefficients amn, b
(i)
mn, and c

(i)
mn are found by solving for the boundary conditions

at the boundary of each layer (see details in section §4.3).

Scattered energy

In order to measure the efficiency of the cloak, we calculate the scattered-wave energy which
represents the energy transferred from incident waves to scattered waves [73]. The scattered
wave energy calculated here is equivalent to the cloaking factor [68]. We consider a cylindrical
surface S∞ at farfield and calculate the energy flux at far field using [74]

W = −
∫∫

S∞

∂φ

∂t

∂φ

∂n
dS ' −

∫ 0

−H
dz

∫ 2π

0

∂φ

∂t

∂φ

∂r
rdθ (4.13)

where the overbar X̄ represents the time averaged quantity of X. Since the cylindrical surface
is at the far distance from the cylinder, the evanescent modes are ignorable and therefore
the velocity potential at the far field is obtained as

φ(r, θ, z, t) = <

[
A

i
√
α

∞∑
m=−∞

{
εmJm(k0r) + am0H

(1)
m (k0r)

}
ξ(z; k0)eimθe−i

√
αt

]
(4.14)
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Substituting equation (4.14) into equation (4.13) in nondimensionalized form, we obtain

W =
W

1
2
ρwgL2

√
gL

=− i
√
α

8C0

∫ 2π

0

{
Φ∗
∂Φ

∂r
− Φ

∂Φ∗

∂r

}∣∣∣∣
z=0

rdθ

=− ik0A
2

8C0

√
α

∫ 2π

0

∞∑
p=−∞

∞∑
q=−∞

{(
ε∗qJq + a∗q0H

(2)
q

)(
εpJ

′
p + ap0H

(1)′

p

)
−
(
εpJp + ap0H

(1)
p

)(
ε∗qJ

′
q + aq0H

(2)′

q

)
eipθe−iqθ

}
rdθ (4.15)

where C0 = k2
0/ [α + (k2

0 − α2)H]. We further use the orthogonal relation and the Wronskian
formulae as [e.g. 75] ∫ 2π

0

eipθe−iqθdθ = 2πδpq (4.16)

JmH
(1)′

m − J ′mH(1)
m =

2i

πk0r

J ′mH
(2)
m − JmH(2)′

m =
2i

πk0r

H(1)′

m H(2)
m −H(1)

m H(2)′

m =
4i

πk0r

(4.17)

where δpq is the Kronecker delta to simplify the energy flux equation (4.15) as (e.g. [76])

W =
A2

C0

√
α

∞∑
m=−∞

{
<[εma

∗
m0] + |am0|2

}
(4.18)

Since the energy is conserved in the diffraction problem, therefore the energy loss here is
equal to zero i.e. W = 0. This energy conservation principle is used as a double check of
our numerical simulation accuracy and is confirmed by our numerical code.

In order to find the scattering energy flux, we set εm = 0 in (4.18), since εm represents
the incident wave part of the scattering energy [73]. Therefore, the scattered-wave energy
Ws is obtained as

Ws =
A2

C0

√
α

∞∑
m=−∞

|am0|2. (4.19)

Note that if the scattering energy reduces to zero at infinity, no effect of the cylinder is
realizable at the farfield. Therefore, the object is not detectable at farfield and hence is
“cloaked”.

The expected drift-force on a cloaked cylinder is zero [68]. Note that in here, the wave
drift force is the time averaged second order hydrodynamic force calculated by the first order
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velocity potential. Considering the control surface S∞ at the far field, the wave drift force
is calculated using conservation of momentum principle [e.g. 77, 78] as

Fx =

∫∫
SH

pnxdS = −
∫∫

S∞

(
pnx +

∂φ

∂x
un

)
dS, (4.20)

where Fx is the nondimensional wave drift force and pressure p is given as equation (4.1d).
Using similar analytical expansion as of the scattered-wave energy, the wave drift force is
obtained as [e.g. 79]

Fx
1
2
A2
' k0

C0α

∞∑
m=−∞

=[2am0a
∗
m+1,0 + εma

∗
m+1,0 + ε∗m+1am0]. (4.21)

The wave drift force part is the first term in the summation above (setting εm = 0) and is
calculated by the amplitude of scattering waves am0. In the case of an ideal cloak, there is no
scattering energy flux becomes, therefore by equation (4.18), all of the scattering amplitude
becomes zero i.e. am0 = 0, ∀m., which means that the drift force in (4.21) becomes zero as
well.

4.3 Numerical Approach

In order to numerically solve the spectral expansion in (4.11), we need to simultaneously sat-

isfy the boundary conditions and subsequently solve for the unknown coefficients amn, b
(i)
mn, c

(i)
mn

in (4.12). We first truncate the infinite series in equations (4.11) and (4.12) and keep the
terms upto order M and N in azimuthal and radial directions respectively. The values of
M and N are chosen such that the final results converges. For each azimuthal mode, we
have N + 1 unknowns outside the cloak (i.e. amn for n ∈ {0, 1, · · · , N}), and 2Nt(N + 3)

unknowns inside the cloak (i.e. b
(i)
mn and c

(i)
mn for i ∈ {1, · · · , Nt} and n ∈ {−2,−1, · · · , N}).

In total, N + 1 + 2Nt(N + 3) boundary equations are required for each azimuthal mode.
The first boundary condition is the continuity of the velocity potential φ and its radial

derivative φr between the free surface and the edge of carpet, and between adjacent layers
in the carpet. Since these boundary conditions are valid throughout the depth, we pick
f`(z) where ` ∈ {0, · · · , N} as a set of basis functions and multiply these functions with
the boundary conditions and integrate throughout the depth [e.g. 80]. The final boundary
conditions for continuity of φ and φr at r = Ri for i ∈ {1, 2, · · · , Nt}, are obtained as
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imJm(k0b)A0` + am0H
(1)
m (k0b)A0` +
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b
(1)
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n b)B
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+ c
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0 b)B
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N∑
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mnKm(µ(1)

n b)B
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n` (4.22a)
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n` , i ∈ {2, ..., Nt} (4.22c)
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(4.22d)

where ` ∈ {0, 1, · · · , N} and

An` =

∫ 0

−H
fn(z)f`(z)dz =

1

2

(
cos knH sin knH + knH

kn cos2 knH

)
δn` (4.23a)

B
(i)
n` =

∫ 0

−H
F (i)
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k` sin k`H cosµ
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n H
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n H)(k2

` − µ
(i)2
n )

(4.23b)

These boundary equations (4.22) provide us with 2Nt(N + 1) equations.
The next boundary condition is the zero flux at the surface of the cylinder or equivalently

φr = 0 at r = a. In expanded form this boundary condition translates into N + 1 equations
as

b
(Nt+1)
m0 µ

(Nt+1)
0 J ′m(µ

(Nt+1)
0 a)B

(Nt+1)
0` +
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+ c
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n` = 0

(4.24)

where ` ∈ {0, 1, · · · , N}. The next boundary conditions are the continuity of the surface
elevation η and its radial derivative ηr at the outer boundary of cloak and also in between of
adjacent layers. The surface elevation is obtained from the velocity potential using equation
(4.4c) and the linearized kinematic boundary condition of φz = ηt. The relation between
surface elevation and the velocity potential is as

(
β(i)∆2

⊥ + 1− αγ(i)
)
η = i

√
αφ. Using this

relation, the continuity of surface elevation and its radial derivative at the boundary between
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the layers at r = Ri for i ∈ {2, · · · , Nt} become as
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where C
(i)
n = i

√
α/
(
β(i)µ

(i)4
n + 1− αγ(i)

)
. These boundary condition of continuity of η, ηr

provide 2(Nt − 1) sets of equations. The last boundary conditions are continuity of the
shear force Vr and moment Mr at the boundary between layers; and also no-shear/no-
moment condition at the outer and inner boundaries of the carpet, i.e. r = a and r = b.
Nondimensional shear force and radial moment are obtained from the surface elevation η as
[e.g. 81]

Mr =− β
[
∆h −

1− ν
r

(
∂

∂r
+

1

r

∂2

∂θ2

)]
η (4.26a)

Vr =− β
[
∂

∂r
∆h +

1− ν
r2

(
∂

∂r
− 1

r

)
∂2

∂θ2

]
η (4.26b)

where ∆h is the horizontal Laplacian as ∆h = ∂2/∂r2 + (1/r) ∂/∂r + (1/r2)∂2/∂θ2. We
expand the shear force and the moment in each layer, V(i)(r) and M(i)(r) respectively, and
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we obtain
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and M(i)
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m (r) are given as
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Using these relations, the boundary conditions for the shear force and moment at the bound-
aries between layers are obtained as

M(i)
m (Ri+1) =M(i+1)

m (Ri+1) (4.30)

V(i)
m (Ri+1) = V(i+1)

m (Ri+1) (4.31)

for i ∈ {2, · · · , Nt − 1}. The no shear/moment boundary conditions on the boundaries of
the carpet are also given as

M(1)
m (b) = 0 =M(Nt)

m (a) (4.32)

V(1)
m (b) = 0 = V(Nt)

m (a) (4.33)

These boundary conditions for the shear and moment are another 2(Nt + 1) equations. So
in total, from boundary equations, we obtain 2Nt(N + 1) +N + 1 + 2(Nt− 1) + 2(Nt + 1) =
2Nt(N + 3) + N + 1 of equations which is same as number of unknowns that we can solve
for.
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Real-coded Genetic Algorithm

The scattered-wave energy is minimized by the buoyant carpet at specific frequency. For this
optimization, we utilize the Real-coded Genetic Algorithm (RGA), which is a metaheuristic
method inspired by the process of natural selections. We choose the Unimodal Normal
Distribution Crossover (UNDX, [82]) and the Minimal Generation Gap (MGG, [83]) for
coding the crossover and selection process, respectively. In the UNDX, two children x±c are
produced from three parents (x1,x2,x3) by the following rule

x±c = xg ± ξd±D

n−1∑
i=1

ηiei (4.34)

where x is a gene represented by real-coded vector, xg is the center of balance between two
parents x1 and x2, d is the distance between x1 and x2, D is the distance between x3 and
the vector d, ei is the orthogonal basis vector, n is the number of parameters, and ξ and
ηi are random numbers following normal distributions N(0, σ2

ξ ) and N(0, σ2
ηi

) where σξ = Θ
and ση = Ω/

√
n. Θ and Ω are arbitrary constants, and Θ = 0.5 and Ω = 0.35 are empirically

recommended.
In order to keep the diversity of genes, the MGG is used for the selections of reproduction

and survival. First, three parents are chosen from the pool of the population absolutely at
random. From these three parents, children are produced by using the UNDX. Evaluating all
children and selecting two individuals; one is the best individual and the other is determined
by roulette selection. Replacing two parents with two children selected above, while the third
parent is not replaced. This process is repeating until certain stop condition is satisfied.

4.4 Numerical Results

Our goal is to solve for the unknowns in (4.11), (4.12) using the boundary condition equations
i.e. equations (4.22),(4.23),(4.24),(4.25),(4.30),(4.31),(4.32),(4.33). We utilize the nondimen-
tionized equations derived. We present all the results in nondimensional format. Since the
method developed here is for finite and infinte depth where the effect of the bottom topog-
raphy is negligible, we solve the equations in infinte depth. The water depth is set equal
to wavelength H/λ = 1 i.e. deep water condition. Here we consider a buoyant carpet with
Nt = 8 layered concentric layers with outer radius b/a = 6. Poisson’s ratio is ν = 0.25
throughout the carpet similar to most materials found in nature. The mass γ(i) and the
flexural rigidity β(i) for each layer are optimized, a total of 16 variables,to minimize the
scattered-wave energy at the far field.

Here, the RGA is carried out to seek the optimized parameters to obtain the minimal
scattered-wave energy at the nondimensional wave number ka = 1.0. Both the mass and
the flexural rigidity are bound with constraint conditions 0 < γ(i) < 0.5 and 0 < β(i) < 0.5.
We consider 40 initial population and 22 crossover for each generation, and optimizations
are repeating for 4000 generations. The optimized parameters are shown in Fig. 4.3. Wave
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Figure 4.3: Optimized mass γ(i) and flexural rigidity β(i) for each layer. Nt = 8 layers are
considered.

patterns at ka = 1.0 are shown in Fig. 4.4. Figure 4.4(a) is the wave pattern when only
the cylinder is mounted. Incident waves propagating from left hand side are scattered by
the cylinder. As shown in Fig. 4.4(b), when the designed cloaking carpet is present, no
noticeable scattering wave pattern outside the carpet is observed. This proves that the
carpet is efficient in reducing the scattering energy from the cylinder.
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Figure 4.4: Wave patterns (real part of the complex wave amplitude) with ka = 1.0. Waves
are incident from left hand side. Cylinder (a) without any cloak, (b) with the buoyant carpet
as cloak.

In order to further quantify the efficiency of the carpet, we calculated the scattered energy
and the drift force on the cylinder. Figure 4.5 shows the scattered-wave energy (Fig. 4.5a)



CHAPTER 4. CLOAKING IN DEEP WATER 50

(a)

ka

W
s

A
2

(b)

ka

F
x

1 2
A

2

Figure 4.5: Nondimensionalized (a) scattered-wave energy (b) wave drift force versus ka in
a logarithmic scale. The cloak is optimized for the value of ka = 1. The solid black line
(——) represents a cylinder with no cloak and the blue dashed line (– - –) represents a
cylinder with a surrounding cloak.

and the drift force (Fig. 4.5b) in a range of frequencies. Black solid line represents the energy
or drift force by just the cylinder with no cloak, and the blue dashed line denotes the energy
and the drift force when the cloaking device, i.e. the buoyant carpet, is present. It is to be
noted that the carpet is designed to reduce the scattered-wave energy at ka = 1.0; however
the optimized value finds its minimum at a point near ka = 1.0. As shown in Fig. 4.5,
the scattered energy and the drift force are both reduced in a frequency range around the
optimized frequency. The nondimensionalized scattered-wave energy becomes Ws = 0.004 at
ka = 1.0, while the energy from the cylinder itself is Ws = 1.000. Therefore, at the designed
frequency, the optimized carpet suppresses outgoing scattering waves to 0.4%. The wave
drift force acting on the cylinder at this frequency is 1.330 at ka = 1.0 while without the
cloaking carpet the nondimensionalized drift force is 1.0. In other words, the cloaking carpet
when used, it reduces the drift force to 0.006%.

4.5 Conclusion

In this chapter, we proposed a multi-layered buoyant carpet floating on the free surface as a
method of cloaking in finite or deep water depth. To obtain an omni-directional cloak, the
carpet’s properties is assumed to be axis-symmetric, and therefore insensitive to the direction
of incoming waves. Each layer is considered to be homogeneous and iso-tropic as for the ease
of experimental implementation. The carpet’s parameters are optimized through genetic
algorithm to minimize the scattering energy at infinity. We developed a spectral method
to solve for the wave response and calculating the scattered energy and drift force on the
cylinder. The genetic algorithm code provides multiple solutions for each number of cloak
where some of obtained results are presented. The cloak has potential application in cloaking
offshore structures in finite or deep water to reduce force on such structures and relax the
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design requirements. Similar method could be used to focus the waves for energy extraction
purposes or scattering the waves to create calm areas.
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Part II

Flexural Waves in Thin Plates
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Chapter 5

Broadband Cloaking of Flexural
Waves

The governing equation for elastic waves in flexural plates is not form invariant, and hence
designing a cloak for such waves faces a major challenge. Here, we present the design of a
perfect broadband cloak for flexural waves through the use of a nonlinear transformation in
the region of the cloak, and by matching term-by-term the original and transformed equation
and also assuming a pre-stressed material with body forces. For a readily achievable flexural
cloak in a physical setting, we further present an approximate adoption of our perfect cloak
under more restrictive physical constraints. Through direct simulation of the governing
equations, we show that this cloak, as well, maintains a consistently high cloaking efficiency
over a broad range of frequencies. The methodology developed here may be used for steering
waves and designing cloaks in other physical systems with non form-invariant governing
equations.

5.1 Introduction

The method of Transformation Optics, which are based on transformation solutions [84] and
originally developed in optics community for passive cloaking [17, 1], offers a novel method for
controlling electromagnetic waves using the subtle idea of coordinate transformation. Based
on this method, invisibility cloaks for electromagnetic waves were designed, fabricated and
successfully tested [16, 85]. The most important necessary condition for applicability of the
method of transformation optics is that the governing equations must be form invariant
under coordinate transformation. Since physical systems admitting wave solutions share
many common properties, it is well expected that the transformation optics method works
in any wave system with form-invariant governing equation. This has been confirmed and
cloaks have been designed and tested in a variety of other systems such as for acoustic waves
[86, 87, 88], water waves [22, 23, 89] and matter waves [90].

Flexural waves, such as those propagating on a thin elastic plates, have a governing
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equation that is known to be not form-invariant [e.g. 91]. Therefore, the classical method
of designing a cloak through transformation media method does not directly work in the
context of flexural waves. While the method of transformation media cannot be directly
applied, it has long been known that a thin light density region coating a denser inclusion
reduces the shadow generated by a scatterer in low frequencies [92, 93], and therefore this
thin lighter density coat can be used as a camouflage to reduce the scattered field at the
far field in low frequencies. In order to expand this method to higher frequencies, a number
of actively controlled sources should be added to the exterior of the object to decrease the
scattered field at infinity [94, 95]. Note that these methods cannot be regarded as invisibility
cloaks, however they can reduce the leading monopole source term of a scatterer in the
asymptotics at infinity [96] and therefore reduce the scattered field.

In order to use transformation optics method for the flexural waves, one crude approxi-
mation is to adopt a form-invariant equation whose form is close to the governing equation
of flexural waves and then use classical linear cloak design [97, 98], which we refer to as lin-
ear because within the cloak, the radial direction is mapped with a function that is linearly
dependent on the radius. While the resulting wave pattern about a to-be-cloaked cylinder
may look like wave patterns of cloaking, a quantitative investigation of cloaking efficiency
1[99] reveals that such a cloak has a poor and in many cases even negative cloaking efficiency
(i.e. an object with the cloak about it scatters even more energy than the object without
one, see also Fig. 5.7, 5.8). Alternatively, if it is assumed that both density and elasticity
of the material can be independently tuned, then a condition is obtained under which the
highest order terms of the governing equation satisfy the cloaking requirement [96]. This
is theoretically an improvement, as the highest order terms can be shown to play a more
important role than the rest of the terms in the governing equation. Nevertheless, fabri-
cating a material with a variable density and elasticity is a serious challenge [98]. Along
the same line, more degrees of freedom such as several independent elastic parameters may
be assumed to improve the theoretical performance [100], but this makes the realization of
cloak in the physical space even farther from achievable.

In this chapter, we present the design of a perfect broadband cloak for flexural waves. For
the cloak to be realizable in the physical domain, we put the constraint that the density ρ is
constant and only the modulus of elasticity E can be changed across the cloak. We employ a
nonlinear transformation for the cloaking region and, by choosing proper material properties
with pre-stressing and body forces, match term-by-term the coefficients in the original and
transformed equations. We show rigorously that the transformed equation matches perfectly
with the pre-stressed orthotropic and inhomogeneous plate’s equation with body forces. We
then numerically test an experimentally feasible approximate adoption of the cloak, and
quantitatively analyze its effectiveness.

1Cloaking efficiency is defined as the ratio of reduction in the energy scattered to infinity in the presence
of cloak to the energy scattered to infinity in the absence of cloak. A perfect cloak has an efficiency of 100%.
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5.2 Governing Equations

For an isotropic plate with thickness h and density ρ0, governing equation for out of the
plane displacement η(R,Θ, t) in the z direction normal to the plate’s surface reads [e.g. 101]

D0∆2η + ρ0hηtt = 0, (5.1)

where D0 = E0h
3/12(1 − ν2) is the flexural rigidity, E0 is the Young Modules, ν is the

Poisson ratio, and ∆ is the horizontal Laplacian operator in (R,Θ) directions.
To cloak a circular region Ac (radius a) with a cloak of outer radius b co-centered with

Ac, we need to map the region of 0 ≤ R ≤ b to the cloaking region a ≤ r ≤ b. We use the
nonlinear transformation F defined as

F :

{
r =

√
(1− a2/b2)R2 + a2, 0 ≤ R ≤ b,

θ = Θ,
(5.2)

that has a special property of its Jacobian being a constant [23]. Using this transformation
and further assuming a time-periodic motion of frequency ω, equation (5.1) is mapped to
[using Lemma 2.1 in 102]

D0∇̃2∇̃2η − ρ0hω
2η = 0, (5.3)

where

∇̃2 =

(
1− a2

b2

)[
1

r

∂

∂r

(
r2 − a2

r

∂

∂r

)
+

1

r2 − a2

∂2

∂θ2

]
. (5.4)

Note that if a = 0, then ∇̃2 ≡ ∆.
In a traditional cloak design for form-invariant governing equations [e.g. 1], material

properties as functions of spatial variables are determined such that the transformed equation
(5.3) with the new material properties becomes equivalent of the original equation (5.1). If
we do the same here, the rigidity D becomes spatially variable in different directions, which
means the required material for cloaking is inhomogeneous and orthotropic. The issue is,
equation (5.1) with D = D(r, θ), is not the governing equation for an inhomogeneous and
orthotropic plate. In fact, the governing equation for a general D(r, θ) is very much different
in the look (see equation (C.3) in Appendix C), and most importantly this equation is not
form-invariant.

With this knowledge, we therefore look for material properties that result in the matching
of the coefficients of the two equations (i.e. (5.3) and (C.3)). We find that if we choose the
following material parameters

Dr = α2A2(r)D0, (5.5a)

Dθ = α2 (1/A(r))2D0, (5.5b)

Drθ = α2D0, (5.5c)

νθ =
1

α2A2(r)
[B(r)− 4 logA(r)] , (5.5d)



CHAPTER 5. BROADBAND CLOAKING OF FLEXURAL WAVES 56

whereA(r) = 1−(a/r)2, α = 1−(a/b)2 and B(r) = 3(r/a) log [(r − a)/(r + a)]−2a2/(r2 − a2)
then between equation (5.3) and (C.3) all terms that include 4th order derivatives (i.e. high-
est order appearing in these equation), all 3rd order, 2nd order and 1st order terms match
perfectly except two extra terms in the transformed equation which are factors of ∂2η/∂r2

and ∂η/∂r. Interestingly, these extra terms go to zero if the penetration depth is small (see
Eq. (C.11) in Appendix C). Alternatively, these two extra terms can be handled with a
material that is pre-stressed only in the radial direction (i.e. Nθθ = Nrθ = 0) with a radial
body force (i.e. Sθ = 0) according to

Nrr

D0

=
1

2a2

[(a
r

)8

N (r) +
3

2

(a
r

)
log

(
r − a
r + a

)]
, (5.6a)

Sr
D0

= − 3

a3

(a
r

)11

S(r) (5.6b)

with

S(r) =
[
5− 12(r/a)2 + 8(r/a)4

]
/
[
1− (a/r)2

]2
(5.7a)

N (r) =
[
6− 10(a/r)2 − 2(r/a)4 + 3(r/a)6

]
/
[
1− (a/r)2

]
. (5.7b)

The above cloak for flexural waves is a rigorously derived perfect (i.e. efficiency is the-
oretically unity) and broadband cloak. We now move to the next level by designing an ap-
proximate adoption of this perfect cloak restricted by more physical constraints that make
achieving such a cloak even easier in an experimental setting. Specifically, the goal is to find
an approximate adoption of our cloak that only requires concentric layers of homogeneous
material [c.f. 97, 98]. Using these concentric isotropic layers, we can only achieve a variable
radial and azimuthal flexural rigidities.

Assuming only a variable radial and azimuthal rigidities in our cloak (i.e. equations (5.5a)
and (5.5b)), only the highest derivatives (i.e. 4th order and 3rd order terms) match between
equations (5.3) and (C.3). In order to test the effectiveness of our cloak which is based on the
nonlinear transformation (5.2), in comparison with the one based on linear transformations
[97, 98], we use N = 15 layers of homogeneous but orthotropic materials, that is, Dr, Dθ are
constant throughout each layer to approximate (5.5a) and (5.5b). To achieve the required
orthotropic response, each layer is divided into two sub-layers of isotropic and homogeneous
materials with different rigidities to match (5.5a) and (5.5b) in that layer. These two sub-
layers can be shown through homogenization that approximate the required orthotropic
properties [e.g. 97, 98, 103, 104]. In implementing the cloak, since according to (5.5) the
rigidities go unbounded at the inner boundary, a small offset is introduced such that the
rigidity of the first layer (next to r = a) is calculated at this offset distance from the inner
boundary. This offset can be shown to be equivalent of transforming a region of ε ≤ R ≤ b to
the cloaking region a ≤ r ≤ b (see Eq. (C.23) and (C.24) in Appendix C). In the numerical
simulations that follow, we choose this offset to be 15% of thickness of a layer. The final
profile of the rigidity of the isotropic and homogeneous layers for the case of b/a = 4 is shown
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Figure 5.1: Profile of the rigidity as a function of r required to achieve a cloak for flexural
waves. Each layer is made up of a homogeneous and isotropic material, but the averaged
properties provides an inhomogeneous and orthotropic apparent rigidity according to (5.5).
In the design presented here, the number of layers is 15, each layer is divided to two sub-
layers, and b/a = 4.

in Fig. 5.1. We would like to note that the rigidity profile offered in Fig. 5.1 with a constant
density profile is experimentally feasible: for example i. see table 1 in [97] where a list of
polymers with 5 orders of magnitude changes in relative rigidities with a constant densities
is offered or ii. see [98] where a combination of only two polymers, polyvinyl chloride (PVC)
and polydimethylsiloxane (PDMS), provides us with a range of 3 orders of magnitude change
in relative rigidities with a constant density.

5.3 Numerical Model

In order to numerically solve the thin plate’s equation with flexural rigidity as shown in
Fig. 5.1, we use the spectral methods with Fourier expansion in the azimuthal direction and
Bessel functions in the radial direction. Assuming time harmonicity of ω, the solution in
each layer is therefore expressed as Re [η(r, θ) exp(iωt)]. We expand the spatial part η(r, θ)
as

η(r, θ) =
∞∑

n=−∞

ηn(r) exp (inθ) , (5.8)

where ηn(r) = AnJn(kir)+BnIn(kir)+CnYn(kir)+EnKn(kir) with k4
i = ρ0hω

2/Di andDi be-
ing the flexural rigidity of the layer. Here, Jn(.), Yn(.) and In(.), Kn(.) are respectively Bessel
and modified Bessel functions of the first and second kind. Also An, Bn, Cn and En are coeffi-
cients that are later found by satisfying the boundary conditions. These boundary conditions
are continuity of displacement η, its radial derivative ηr, momentum M and shear force V
at the boundaries (see Eq. (C.19) and (C.20) in Appendix C). Note that spatial part of the
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incident planar wave can be written as ηinc = a0 exp (ik0x) = a0

∑∞
n=−∞ i

nJn(k0r) exp(inθ),
where a0 is the amplitude of the wave, k4

0 = ρ0hω
2/D0 and D0 is the constant flexural rigidity

outside the cloak.
In order to quantitatively analyze the efficiency of the cloak, we calculate the scattering

cross section which corresponds to the energy scattered to the infinity. The scattered dis-
placement field is ηsc = η − ηinc, where ηinc is the incident plane wave [see Fig. 5.4]. The
scattered far field amplitude f(θ) is defined through [see e.g. 99]

ηsc =
a0√
2r
ei(k0r−π/4)f(θ) +O(1/

√
r) (5.9)

and the total scattering cross section is σsc = 1/2π
∮
|f(θ)|2dθ.

5.4 Results

We present here a side-by-side comparison of the surface elevation η, scattered displacement
field ηsc and scattered far field amplitude f(θ) for three cases: i. in the absence of cloak, ii.
with the claimed linear cloak of [97, 98], and iii. with our nonlinear cloak. We implement
the linear cloak according to Eq. (4) of [97] for a cloak size of b/a = 4. We approximate
the cloak N = 15 concentric layers that are homogeneous but anisotropic and then we
use two isotropic and homogeneous sub-layers to approximate each of the 15 layer [see e.g.
97, 98, 104]. The resulted layers of isotropic and homogeneous materials approximates the
anisotropic inhomogeneous cloak. We do the same for the nonlinear cloak but in this case
according to equation 5.5. The result for a linear cloak design [97, 98] and the nonlinear
cloak for the range of the frequencies of f = 200Hz−500Hz alongside with the case when
there is no cloak is shown in Fig. 5.2,5.3 and 5.4 for comparison.

Looking at the displacement field in Fig. 5.2,5.3, both of the cloaks seems to be effective
at lower frequencies. In fact, the linear cloak looks to be more effective than the nonlinear
cloak in f=200Hz. More specifically, the nonlinear cloak has less scattering downstream of
the cylinder compared to the linear cloak and the linear cloak have less scattering upstream
of the cylinder compared to the nonlinear case [see Fig. 5.4]. By increasing the frequency,
we observe that downstream scattering of the nonlinear cloak is much better in preserving
the wave shape; while at the upstream of the cylinder the linear cloak has less scattering.
We would like to mention that although linear cloak looks to be more efficient in lower
frequencies, the proposed nonlinear cloak has much less scattering in a broader range of
frequencies. The snapshot of scattered displacement field ηsc corresponding to Fig. 5.2,5.3 is
shown in Fig. 5.4. This figure explicitly shows that the linear cloak compared to other cases
scatters far more energy in the downstream of cylinder for all ranges of frequency. However,
the nonlinear cloak scatters less energy in the downstream, and the upstream scattering
increases partly as the frequency increases. We would like to point out that the downstream
scattering is related to the change in wave rays’ path followed by waves in the cloak: the path
is longer than that of rays traveling straightforwardly in an isotropic thin plate [c.f. 105].
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Figure 5.2: Nondimensionalized displacement field η/a0 for a nonlinear cloak (left column),
without any cloak (middle column), and linear cloak (right column). Each row corresponds
to a different frequency: 200Hz (first row) and 300Hz (second row). Coordinates are nondi-
mensionalized with radius of the inner cylinder a and the cloak size for both linear and
nonlinear cloak is b/a = 4. The cloaks are approximated with N = 15 layers of homoge-
neous anisotropic materials with each layer composed of two sub-layers made up of different
homogeneous and isotropic materials. For a direct comparison with Stenger et al. [98],
Frequencies are obtained using the values of h = 1mm, a = 1.5cm, ρ = 2000kg/m3 and
D0 = 0.1037Nm2. A nonlinear cloak shows a consistent cloaking efficiency for different fre-
quencies, while the performance of linear cloak drops significantly as the frequency increases.
The scattered field is also shown in Fig. 5.4. For a quantitative comparison of performance,
see Fig. 5.7 and 5.8.
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Figure 5.3: Continued from Fig. 5.2: Nondimensionalized displacement field η/a0 for a
nonlinear cloak (left column), without any cloak (middle column), and linear cloak (right
column). Each row corresponds to a different frequency: 400Hz (first row) and 500Hz (second
row). Coordinates are nondimensionalized with radius of the inner cylinder a and the cloak
size for both linear and nonlinear cloak is b/a = 4. The cloaks are approximated with
N = 15 layers of homogeneous anisotropic materials with each layer composed of two sub-
layers made up of different homogeneous and isotropic materials. For a direct comparison
with Stenger et al. [98], Frequencies are obtained using the values of h = 1mm, a = 1.5cm,
ρ = 2000kg/m3 and D0 = 0.1037Nm2. A nonlinear cloak shows a consistent cloaking
efficiency for different frequencies, while the performance of linear cloak drops significantly
as the frequency increases. The scattered field is also shown in Fig. 5.4. For a quantitative
comparison of performance, see Fig. 5.7 and 5.8.
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Figure 5.4: Nondimensionalized scattered field ηsc/a0 = (η − ηinc)/a0 where ηinc is the
incident wave, for a nonlinear cloak (left column), without any cloak (middle column), and
linear cloak (right column). Each row corresponds to a different frequencies: 200Hz (first
row) and 300Hz (second row). Coordinates are nondimensionalized with radius of the inner
cylinder a and the cloak size for both linear and nonlinear cloak is b/a = 4.

This path length difference results in phase difference between the plane waves propagating
in an isotropic plate and the wave field of a cloaked system in the downstream of the cloak.
Note that the change in rays’ path length in a nonlinear cloak is smaller than a linear cloak
which causes less scattering in the downstream of the cloak.

In order to demonstrate more quantitatively how superposition of the scattered field and
the incident wave results in graphs of Fig. 5.2,5.3, we show in Fig. 5.6 the nondimensionalized
scattered amplitude ηsc/a0 along the center-line of the simulation domain, i.e. θ = 0, π, at
the frequency of f = 300Hz for three cases : i. with no cloak (——), ii. with a linear cloak
(- - -), and iii. with our nonlinear cloak (– - –). We also show, for the sake of comparison,
the incident wave field (· · ·). In forming the final picture of waves over the water surface,
the relative phases of incident and scattered waves play significant roles. For example,
downstream of the cylinder (r/a > 1) and in the absence of a clock, scattered waves and
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Figure 5.5: Continued from Fig. 5.4: Nondimensionalized scattered field ηsc/a0 = (η −
ηinc)/a0 where ηinc is the incident wave, for a nonlinear cloak (left column), without any
cloak (middle column), and linear cloak (right column). Each row corresponds to a different
frequencies: 300Hz (first row) and 400Hz (second row). Coordinates are nondimensionalized
with radius of the inner cylinder a and the cloak size for both linear and nonlinear cloak is
b/a = 4.

incident wave have an almost π-radian phase difference, and hence nearly cancel each other
resulting in a clearly distinguishable shadow zone in Fig. 5.2, 5.3 middle column. A perfect
cloak must have zero scattered waves outside the cloak, and for a cloak to be considered
effective, it must have a scattering field with an amplitude that is at least smaller than that
without any cloak. Clearly, our nonlinear cloak satisfies the latter condition, whereas the
scattering field of a linear cloak does not (amplitude of scattering field on the downstream
is clearly larger than the amplitude of scattering field in the absence of the cloak).

In order to quantitatively test the effectiveness of the cloaks, we present in Fig. 5.7 the
absolute value of the scattered amplitude |f(θ)| at different angles for both of the cloaks
at different frequencies f = 200Hz−500Hz. As is seen, in all of the frequencies, although
in upstream of the cylinder the linear cloak is reducing the amount of energy scattered to
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Figure 5.6: Nondimensionalized scattered amplitude ηsc/a0 along the x-axis at the frequency
f = 300Hz for (i) without a cloak (——), (ii) with a linear cloak (- - -), and (iii) with
our nonlinear cloak (– - –). We also show the nondimensionalized incident wave amplitude
ηinc (· · ·).

(a) (b)

(c) (d)

Figure 5.7: Polar plot of absolute value of scattered amplitude |f(θ)| for the linear cloak
(- - -), without cloak (——), and with nonlinear cloak (– - –) for different frequencies of
(a) 200Hz, (b) 300Hz, (c) 400Hz and (d) 500Hz.

infinity compared to the nonlinear case, far more energy is scattered in the downstream of
the cylinder in the linear cloak, even larger than the case when there is no cloak. Therefore,
in all cases the linear cloak scatters more energy to the downstream compared to when the
cloak does not exist. Our nonlinear cloak consistently achieves a lower scattering in all angles
with no exception.

In order to quantitatively see the net effect of the cloak in terms of the total energy
scattered to the infinity, we also calculate and plot the total scattering cross section σsc

(Fig. 5.8). In the frequencies bellow 200Hz, although the linear cloak scatters more energy
at certain angles (at the downstream side of the cylinder) compared to the case with no
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Figure 5.8: Nondimensionalized total scattering cross section with wavelength i.e. kσsc for
the a range of frequencies for 3 different cases of without cloak, with a linear cloak and with
a nonlinear cloak.

cloak (see Fig. 5.7), the total energy scattered to the infinity is smaller than the case with
no cloak. At frequencies above 200Hz the linear cloak both scatters far more energy at the
back of the cylinder and also in total. Note that, the total scattering cross section for the
nonlinear cloak stays always smaller than the case without any cloak. This underlines the
broadband effectiveness of our proposed nonlinear cloak.

The nonlinear cloak proposed in here is combination of layers of homogeneous and
isotropic materials, which are amenable to physical fabrication and testing and real-life
application (e.g. potentially in cloaking against earthquakes [106, 107]). The nonlinear
transformation proposed here, may be applied for other types of the waves to soften the
required material properties. For instance, in electromagnetism, with this nonlinear cloak,
we can remove one degree of the freedom and keep permeability (permittivity) as a constant
in cloaking for transverse magnetic (or electric) waves.

5.5 Conclusion

In summary, we presented here the design of a perfect broadband cloak for flexural waves.
Since the governing equations for flexural waves are not form-invariant, the traditional cloak
design methodology through linear transformation optics scheme does not apply here. We
therefore employed a nonlinear transformation and matched, term-by-term, the transformed
equation with the true governing equation for an inhomogeneous and orthotropic plate equa-
tion. We showed rigorously that the resulting cloak is perfect. We also presented an adoption
of our perfect cloak obtained under more restrictive physical constraints that make the de-
sign more amenable for experimental investigations. These constraints are that cloak can
only include a finite number of concentric layers of homogeneous materials and that only
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modulus of elasticity can be variable from layer to layer. We presented this approximate
cloak, and showed via direct simulation that this experimentally realizable cloak of such type
has a consistent performance in all spatial directions, and also has a broad bandwidth of
high efficiency.
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Chapter 6

Continuous Profile Flexural GRIN
Lens: Focusing and Harvesting
Flexural Waves

A significant challenge in flexural wave energy harvesting is the design of an aberration-free
lens capable of finely focusing waves over a broad frequency range. To date, flexural lenses
have been created using discrete inclusions, voids, or stubs, often in a periodic arrangement,
to focus waves via scattering. These structures are narrowband either because scattering is
efficient over a small frequency range, or the arrangements exploit Bragg scattering bandgaps,
which themselves are narrowband. In addition, current lens designs are based on a single
frequency and approximate the necessary refractive index profile discretely, introducing aber-
rations and frequency-dependent focal points. Here, we design a flexural GRIN lens in a thin
plate by smoothly varying the plate’s rigidity, and thus its refractive index. Our lens (i) is
broadband, since the design does not depend on frequency and does not require bandgaps,
(ii) has a fixed focal point over a wide range of frequencies, and (iii) is theoretically capable
of zero-aberration focusing. We numerically explore our Continuous Profile GRIN lens (CP-
GRIN lens) and then experimentally validate an implemented design. Furthermore, we use a
piezoelectric energy harvester disk, located at the first focus of the CP-GRIN, to document
improvements in power gain.

6.1 Introduction

Wave control is critical for several intriguing concepts, such as flexural lenses [108, 109], cloak-
ing devices [40], hyperlenses [110], and enhanced imaging sensors [111]. Of particular interest
herein is the concept of flexural wave energy harvesting, where electrical energy is generated
from elastic plane waves via either transduction [112] (piezoelectric [113], electrostatic [114],
electromagnetic [115], and magnetostrictive [116] transducers) or through Helmholtz res-
onators [117], sonic crystals [118], or polarization-patterned piezoelectric solids [119]. The
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harvested energy can then be used with low-power electronic devices, such as sensors and
other transducers needed for structural health monitoring [120], wearable electronics [121],
and wireless ad hoc networks [122].

Recently, periodic structures have been combined with piezoelectric energy harvesters
to yield metamaterial energy harvester (MEH) systems [123]. As suggested by their name,
these systems use metamaterials to guide and focus flexural wave energy to where it can then
be harvested efficiently. To date, four MEH arrangements have been explored: (i) lattice
structures with imperfection-based resonators [124, 125], (ii) funnel-shaped waveguides [123],
(iii) parabolic lens-shaped mirrors [126, 127, 128], and (iv) Gradient-Index (GRIN) lenses
[129, 130, 109]. The first approach is narrowband and highly sensitive to frequency, while
the other three work in a broader range of frequencies. Funnel-shaped waveguides, while
effective, only act to geometrically amplify the wave amplitude via the ratio of the inlet
and outlet port dimension. Lenses (both parabolic and GRIN) can achieve much higher
theoretical amplification due to their ability to focus to a point. Moreover, the GRIN lens
can focus at multiple points along its length, providing multiple harvesting points, and
therefore is arguably the most promising of the MEH configurations.

The GRIN lens achieves focusing by grading the refractive index in a direction perpen-
dicular to the centerline of the lens, as depicted in Fig. 6.1c. This index can be varied by
altering the effective phase velocity, ideally in a continuous manner. For flexural waves,
discrete changes to the refractive index can be achieved by introducing periodic inclusions,
voids, or stubs that vary in size (or type) in the perpendicular direction [109, 33, 129, 131,
132, 133, 134]. These PC-based GRIN lenses have several deficiencies that motivate the
search for a continuous-profile GRIN lens: (i) the half-wavelength needs to be on the order
of the inclusion spacing, leading to narrowband performance; (ii) the refractive index profile
is designed using a given frequency, leading to different refractive index profiles (and thus
focal point locations) at each frequency; and (iii) discrete changes to the refractive index
cause loss of efficiency and lead to non-ideal focusing.

In this chapter, we propose a continuous profile GRIN lens (CP-GRIN lens) harvesting
system created by continuously altering the flexural rigidity profile (i.e., plate’s thickness),
similar in concept to that recently proposed and demonstrated numerically for circularly
symmetric GRIN devices [130]. In contrast to the latter study where the GRIN effect is
achieved locally in a well-like structure (and is not combined with harvesting), the GRIN
device we describe extends in a linear direction such that multiple focusing, and thus har-
vesting opportunities, occurs. Using numerical and experimental means, we show that the
CP-GRIN lens, coupled to piezoelectric harvesters, efficiently focuses and harvests waves at
designed-for and fixed focal spots, and does so over a broad frequency range. Thus it may
be an attractive alternative to narrowband MEH-based GRIN concepts [129].
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6.2 Theory

The governing equation of flexural waves in a thin rectangular plate with elasticity modulus
E, thickness h, density ρ, and Poisson’s ratio ν is given by

D∇4w + ρhwtt = 0, (6.1)

where D = Eh3/12(1− ν2) denotes the flexural rigidity, w the transverse displacement, and
subscript tt denotes a second derivative with respect to time. Note that equation (6.1), known
as Kirchoff-Love plate’s equation, is valid when the wavelength λ is large enough compared
to the thickness of the plate h and small compared to it’s in-plane dimension L (i.e., h �
λ� L). The quadratic dispersion relation of plane flexural waves with wavenumber k is then
obtained as Dk4 − ρhω2 = 0, where the phase velocity is c4 = ω4/k4 = Eh2ω2/12(1− ν2)ρ.
Similar to optics, the relative refractive index is defined as n = c0/c, where c0 is the wave’s
phase speed at a reference point (vacuum in optics; here, phase speed at full thickness) and c
is the local phase speed. In a thin plate, if we assume equal material properties everywhere,
the refractive index only depends on the plate’s thickness and thus

n(x, y) =

√
h0

h(x, y)
. (6.2)

The refractive index is independent of frequency, and therefore any design based on it
can be expected to be broadband and limited only by the frequency range over which the
governing equation, Eq. (6.1), is valid [130]. In order to design a flexural GRIN lens on a
thin plate with x being the lens’ axis and y being its in-plane perpendicular direction, the
refractive index should vary as n(y) = ncsech(κ y/L) where nc is the lens’ core refractive
index, L is the width of GRIN lens, and κ is a tuning parameter that controls the distance
betwen focal points Lf (see Fig. 6.1a). For the ease of experiment, we use the first two terms
in the Taylor expansion of the refractive as [66](

n(y)

nc

)2

= 1− κ y
2

L2
. (6.3)

We design the lens system such that a homogeneous plate with constant (reference)
thickness serves as the propagating medium outside of the lens, and the lens’ thickness
varies smoothly away from the reference thickness (see Figure 6.1b). We take κ = 0.75,
where the thickness at the lens’ center is 1/4th of the reference thickness. Figure 6.1d depicts
the configured lens system. Note that the flexural GRIN lens energy harvester is designed
based on Eq. (6.1) with the domain of validity h� λ� L. Also, flexural energy harvesters
are functional at low frequencies where f × h < 1MHz.mm [135, 136], which is identically
satisfied by thin plate’s frequency range.
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(a) Lf

(b) (c)

(d)

Figure 6.1: (a) Top view of ray paths (solid lines) in a GRIN lens with a n(y) = ncsech(κ y/L)
profile. The distance Lf shows the distance between two focal points as is obtained as
Lf/L = π/κ, (b) plate thickness profile for κ = 0.75 (see Equation (6.3)), (c) refractive
index profile, and (d) depiction of plate incorporating the GRIN lens.

6.3 Numerical Simulation

In order to validate the theoretical design, we use the Finite Element Method (FEM) to solve
the governing equation (i.e., Eq. (6.1)) with the chosen plate thickness profile (i.e., Eqs. (6.2)
and (6.3)). We introduce two auxiliary variables u and v and rewrite the governing equation
in second-order form as

u ≡ wt, (6.4a)

v ≡ ∇2w, (6.4b)

ρhut +D∇2v = 0. (6.4c)

In order to solve for the unknowns (w, u, v) using FEM, we rewrite the system of equations
in the weak form using test functions (w∗, u∗, v∗) together with a Crank-Nicolson method
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for time discretization. The variational formulation (after integration by parts) thus reads∫
Ω

[
(wn − wn−1)w∗ − δt

2
(un + un−1)w∗

]
dΩ+∫

Ω

[
(un − un−1)u∗ +

D

ρh

δt

2
(∇vn +∇vn−1) · ∇u∗

]
dΩ+∫

Ω

[vnv
∗ −∇wn · ∇v∗] dΩ = 0, (6.5)

where free boundary conditions have been assumed and evaluation at time tn is denoted
by subscript n. Piece-wise linear, isoparametric shape functions are employed for spatial
discretization using triangular elements. We chose the open-source finite element package
FreeFem++ [137] to solve the final set of discrete equations. The plate’s properties appear
in the form D/ρh in Eq. (6.4), and for simplicity this quotient is set to unity at the reference
point outside the lens. The length scale is nondimensionalized using the half-width of the
lens, and the nondimensionalized time is then obtained from the dispersion relation. The
numerical domain is set to [0, 16]× [−1.5, 1.5] where the lens spans the y-direction from −1
to 1. The domain’s border is seeded using nodes spaced by δx = 0.015 and the element
mesh is then created using the FreeFEM++ mesh generator. Inside the lens the plate’s
thickness changes according to Fig. 6.1(c). Perfectly matched layer boundary condition at
x = 0, 16 are used as artificial layers to absorb the outgoing waves. The domain is initialized
with a sinusoidal wave starting at x = 1 and the solution is then found by marching in
time with δt = T/100, where T is the excitation period. We record the wave’s velocity
field at the time steps δt = 0.8µsec corresponding to the experiment’s recorded data. The
numerical simulation results for the mean-squared integral of the wavefield velocity are shown
in Fig. 6.2. We observe two focuses at a distance of Lf = 3.2cm from each other.

Note that outside of the lens the RMS velocity is zero, documenting that the wave energy
stays confined to the lens as desired.

6.4 Experiment

Next we build an experimental setup to test the effectiveness of the refractive index profile
in Fig. 6.1. Figure 6.3 provides details of the experimental setup. We choose an aluminum
plate, because of its availability, ease of manufacturing, and cost, with width = 15cm,
length Lc = 50cm and thickness h = 4mm as the host medium. We create the GRIN lens
by changing the thickness of the middle 1/3rd of the plate in accordance with the refractive
index profile shown in Fig. 6.1. We use absorbing pitch tape to reduce the reflection from
the edges. Eight epoxy-bonded piezoelectric transducers (Steiner Martins SMPL7W7T02412,
3M DP270 Epoxy Adhesive) with thickness hp = 0.2mm were used at a distance of Lp =
15cm from the edge to excite the system. These rectangular piezoelectrics are 7mm ×
7mm and have an effective capacitance of Cp = 1.5nF. We use a 300 mV voltage profile
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Scanning Area

(a)

(b)

(c)

Figure 6.2: Nondimensionalized mean squared integral of velocity generated by line source
excitation for a)f = 20kHz, b)f = 40kHz, c)f = 60kHz. Coordinates are nondimensional-
ized with the half-width of the lens L. The focal points match with the ray theory simulation
shown in subfigure (b).

of one sinusoidal cycle created using a function generator (Agilent 33220A) coupled to a
voltage amplifier (B&K 1040L). A Polytec PSV-400 scanning laser Doppler vibrometer with
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Figure 6.3: Experimental setup: a) aluminum plate hosting piezoelectric transducers for
exciting and harvesting waves, oscilloscope and resistor sweep box, b) function generator
and amplifier for generating requisite voltage profiles, and c) overall setup showing mounted
plate (left) and laser vibrometer (right) used to measure backside transverse plate velocities.

a wavelength of 633 nm measures the resulting wavefield using the backside of the plate over
a 12cm × 30cm square area at a distance of Ls = 10cm from the exciting piezoelectrics
with a 250 × 250 grid resolution and a time resolution of δ = 0.8µs. A second transducer
(Steiner Martins SMD07T03R411) with a diameter of 7mm and an effective capacitance of
Cp = 1.5nF is used as a harvester. The distance between the excitation line and the harvester
center (i.e., focal length) is found post-experiment to be Lf/L ≈ 3.4, which is close to to
the simulated value of Lf/L = 3.2.

Figure 6.4 depicts the measured RMS wavefield obtained experimentally using a 100kΩ
resistor connected to the piezoelectric disk at five different frequencies. These pictures con-
firm the existence of two focal areas at the center-line of the aluminum plate and qualitatively
match the numerical results. Two strong foci appear at the lens’ center-line, as expected,
and no significant response is observed outside of the lens. To show the focusing efficiency,
the total output energy under the area of piezoelectric at the first foci is compared to the
total input energy under the area of piezoelectric transducers that are inserting energy to
the system. At the frequency of 40kHz, the total output energy in the experimental setup
is 83% of the total input energy, which shows high efficiency of continuous profile GRIN
Lens. Noted that, weak leakage of wave energy is observed close to the focal areas due to
the nonsmoothness of the as-manufactured profile, which causes minor experimental error.

We use a resistance substituter (IET Labs model RS-200) to generate a full sweep of
resistance from 10Ω (close to short-circuit condition) to 1MΩ (close to open-circuit con-
dition). Using an oscilloscope, voltage across the resistor is measured and average output
power is calculated accordingly. To show the efficiency of the system, another piezoelectric
is located at the center-line between the first and second focal spots. Note that this location
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(a)

(b)

(c)

(d)

Figure 6.4: Nondimensionalized mean squared integral of transverse velocity at, a) f =
20kHz, b) f = 40kHz, c) f = 60kHz, d) f = 80kHz using a 100kΩ resistor. Coordinates
are nondimensionalized with the lens half-width. The dashed white line represents the outer
edges of the lens.
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Focal Harvester
Baseline Harvester

(a)

Focal Harvester
Baseline Harvester

(b)

Figure 6.5: a) Peak voltage generated by the piezoelectric harvester for varying values of
load resistance, b) Average power generated by the piezoelectric harvester for varying values
of load resistance, both at frequency f = 40kHz.

has response equal to that of the source (see Fig. 6.1a). Figure 6.5a compares the experi-
mentally measured peak voltage of the harvesters at the first focal point and the baseline
for different values of load resistance. The piezoelectric voltage at the focal point is greater
than the baseline voltage for all values of load resistance, documenting the ability of the pro-
posed lens to significantly increase the generated voltage. Similarly, Fig. 6.5b documents the
experimentally measured average power output generated by the piezoelectric disks versus
load resistance. The generated power using the focal harvester is two orders of magnitude
larger than the baseline power. The optimized output power represents an increase of ap-
proximately 15 fold compared to the case with a near-open circuit condition. Moreover, the
peak resistance value of the power plot roughly conforms to that predicted using a classical
weakly-coupled prediction of 1/(ωCp) = 1000Ω.
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6.5 Conclution

In summary, in this chapter we proposed a Continuous Profile GRIN lens (CP-GRIN lens)
for focusing flexural waves in a thin plate. The configured GRIN lens is capable of guiding
and focusing plane harmonic flexural waves for subsequent use in wave energy harvesting.
We numerically explored the design and performance of our lens, and validated our results
using experimental measurements. We showed the proposed CP-GRIN lens is broadband,
free of large aberrations, and tightly focused. A piezoelectric harvester located at the first
focus of the CP-GRIN lens yielded two orders of magnitude larger power output as compared
to baseline energy harvesting on a uniform plate.
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Chapter 7

Conclusion

In summary, in this thesis we expanded the method of transformation optics to two types of
mechanical waves: (i) surface gravity waves in fluids, and (ii) flexural/elastic waves in thin
plates.

Surface Waves

In chapter 2, we showed that the surface gravity wave equation in long wave limit is form
invariant and as a result the method of transformation optics is applicable. We further de-
veloped a coordinate free equation for applying transformation media method. The general
equations obtained here, provide us the spatial variation of constitutive parameters control-
ling shallow water waves for any arbitrary transformation. The constitutive parameters in
the case of shallow water waves are the water depth and gravitational acceleration; how-
ever the gravitational acceleration is a physical constant. Since the gravity is impossible to
change, we found that using a special transformations one could relax the conditions on grav-
itational acceleration, and by only changing the water depth manipulates the surface waves.
Later, we designed a cylindrical cloak for water waves using a nonlinear transformation that
enables gravitational acceleration to remain a constant. We quantified the performance of
cloak under incident waves numerically and analytically. Furthermore, we proved that the
presented cloak is asymptotically perfect, physically realizable, omni-directional, and works
for all frequency waves that satisfy shallow-water wave assumption.

In chapter 3, we showed that while the physical gravitational acceleration is a constant,
the effective gravitational acceleration can change using a visco-elastic carpet as the sea-bed.
We showed that this effective gravitational acceleration is easy to vary using the stiffness
and damping coefficients of the visco-elastic sea-bed. We later defined the equivalent of
refractive index for water waves, and throughout the use of visco-elastic sea-bed designed
a broadband shallow water waveguide which can trap and transfer wave energy over long
distances without a need for sidewalls.

The effect of variations in bathymetry reduces exponentially by increasing the water
depth. As a result, new methods are required for manipulating surface waves in deep water.
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In chapter 4, we proposed engineering a flexible buoyant carpet floating on surface affecting
the propagation of surface waves. We further designed a cloaking device using a multi-
layered buoyant elastic carpet on the free surface to show the efficacy of our method. We
considered axisymmetric layers in order to have an omni-directional cloak and assumed each
layer to be homogeneous and isotropic for the ease of experimental implementation. We then
optimized properties of layers to minimize the scattering energy at infinity, noting that a
zero scattering energy at infinity translates into a perfect cloak. To solve this problem, we
developed a pseudo-spectral code to calculate the wave response, energy scattered to infinity,
as well as the drift force on the object. We further used genetic algorithm to optimize the
properties of each layer of carpet to minimize the scattering energy. We finally showed for
an optimized carpet, one can achieve cloaking and the drift force also reduces extensively.

Flexural Waves

In chapter 5, we extended the method of transformation optics to flexural waves. We first
showed that the governing equations for flexural waves are not form-invariant, the traditional
cloak design methodology through linear transformation optics scheme does not apply. We
therefore employed a nonlinear transformation and matched, term-by-term, the transformed
equation with the true governing equation for an inhomogeneous and orthotropic plate equa-
tion. We showed rigorously that the resulting cloak is perfect. We also presented an adoption
of our perfect cloak under more restrictive physical constraints which make the design fea-
sible for experimental investigations. We assumed that the cloak can only include a finite
number of concentric layers of homogeneous materials, and that only modulus of elasticity
can be variable from one layer to another. We presented this approximate cloak, and showed
via direct simulation that this experimentally realizable cloak of such type has a consistent
performance in all spatial directions, and also has a broad bandwidth of high efficiency.

Lastly, in chapter 6, we provided an alternative way of manipulating flexural waves by
defining an equivalent refractive index for these flexural waves. As an example, we proposed
a continuous profile graded index lens for focusing flexural waves in a thin plate by only
varying the equivalent refractive index. We showed both numerically and experimentally
that the configured lens is capable of guiding and focusing plane harmonic flexural waves
over a broad range of frequencies free of aberrations.
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for flexural waves based on thickness variations”. In: Applied Physics Letters 105.6
(2014), p. 064101.

[131] Sz-Chin Steven Lin et al. “Gradient-index phononic crystals”. In: Physical Review B
79.9 (2009), p. 094302.

[132] Xiang Yan et al. “Focusing guided waves using surface bonded elastic metamaterials”.
In: Applied Physics Letters 103.12 (2013), p. 121901.

[133] Tsung-Tsong Wu et al. “Design and fabrication of a gradient-index phononic quartz
plate lens”. In: SPIE OPTO. International Society for Optics and Photonics. 2014,
89940G–89940G.

[134] Yabin Jin et al. “Simultaneous control of the S0 and A0 Lamb modes by graded
phononic crystal plates”. In: Journal of Applied Physics 117.24 (2015), p. 244904.

[135] Huidong Li, Chuan Tian, and Z Daniel Deng. “Energy harvesting from low frequency
applications using piezoelectric materials”. In: Applied physics reviews 1.4 (2014),
p. 041301.

[136] F Levent Degertekin and Butrus T Khuri-Yakub. “Single mode Lamb wave excitation
in thin plates by Hertzian contacts”. In: Applied physics letters 69.2 (1996), pp. 146–
148.

[137] Frédéric Hecht. “New development in FreeFem++”. In: Journal of numerical mathe-
matics 20.3-4 (2012), pp. 251–266.



90

Appendix A

Transformation Media in Cartesian
Coordinate

In §2.2 we presented a general derivation of the method of transformation media that dis-
tinguishes between Jacobian of a transformation F, and a metric tensor G. This derivation
has the advantage that one can adopt any coordinate system for the physical space and/or
the original space. For instance, in the problem of cylindrical cloaking, it is more convenient
to use polar coordinate in both physical and original coordinate system.

In the special case that we use Cartesian coordinate in both original and physical space,
which is typically the common practice in the literature, the metric G is simply an identity
tensor and equation (2.10) readily reduces to h̃ = hFFT/|F| and g̃ = |F|g. For example,
consider the transformation (2.13) that transforms the radial direction in physical and orig-
inal space but keeps the angles intact. In a Cartesian coordinate system this transformation
can be written as

r = f(r′), r′ =
√
x′2 + y′2, r =

√
x2 + y2, (A.1)

cos θ =
x

r
=
x′

r′
= cos θ′, sin θ =

y

r
=
y′

r′
= sin θ′. (A.2)

whose Jacobin F is

F =
∂(xp, yp)

∂(xo, yo)
=

 f ′ cos2 θ + rp
ro

sin2 θ
(
f ′ − rp

ro

)
sin θ cos θ(

f ′ − rp
ro

)
sin θ cos θ f ′ sin2 θ + rp

ro
cos2 θ

 , (A.3)

in which |F| = rpf
′/ro. Therefore, water depth tensor and gravity acceleration in Cartesian

coordinates become
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h̃ =
FFT

|F|
h =

ro
rpf ′

 f ′2 cos2 θ +
r2p
r2o

sin2 θ
(
f ′2 − r2p

r2o

)
sin θ cos θ(

f ′2 − r2p
r2o

)
sin θ cos θ f ′2 sin2 θ +

r2p
r2o

cos2 θ

h, (A.4a)

g̃ = |F|g =
f ′rp
ro

g, (A.4b)

where tensor h̃ has eigenvectors of f ′ro/rp and rp/(f
′ro) in radial and azimuthal directions.

It is easy to see that (A.4a) and (A.4b) are the same as (2.16) which was obtained using
(2.10). The condition for a perfect physically-realizable cloak (non-magnetic in the context
of electromagnetic cloaking) therefore obtains as |F| = C.
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Appendix B

Numerical Simulation with Finite
Element

The governing equation for shallow water waves reads

∇.h (x)∇η − 1

g

∂2η

∂t2
= 0. (B.1)

In order to numerically simulate this differential equation, we introduce a new variable as
v = ∂η

∂t
, and then transform the equation to a system of ordinary differential equations. The

governing equations B.1 become

∂η

∂t
= v, (B.2)

1

g

∂v

∂t
= ∇.h (x)∇η, (B.3)

where the initial and boundary condition are

∂η

∂n
= 0, on ∂Ω, (B.4)

η (x, 0) = η0 (x) , (B.5)

v (x, 0) = v0 (x) . (B.6)

For time dependent problems, we could follow two different procedures,

1. Method of lines: The equation are first discretized in space to obtain a system of
ordinary differential equations (ODEs). The system of equations is then solved through
higher order ODE solvers with step length control for error estimation.

2. Rothe Method: The equations are first discretized in the time domain and then a
stationary partial differential equation at each time step is obtained and solved numer-
ically. This method has the advantage of the possibility of using different meshes in
different time steps to capture a detailed solution with finer meshes when needed.



APPENDIX B. NUMERICAL SIMULATION WITH FINITE ELEMENT 93

These two method finally converge to the same result. In our simulation, we use the Rothe’s
approach.

Discretizing in time, we obtain

ηn − ηn−1

k
= θvn + (1− θ) vn−1, (B.7)

1

g

vn − vn−1

k
= ∇.

{
h (x)

(
θ∇ηn + (1− θ)∇ηn−1

)}
, (B.8)

where k is the time step and θ is a parameter, where for θ = 1 (θ = 0), time discretization
corresponds to backward (forward) Euler. Crank-Nocolson method is obtained with θ = 1/2.
Simplifying our equations, we obtain

ηn = ηn−1 + kθvn + k (1− θ) vn−1, (B.9)

g−1vn = g−1vn−1 + k∇.
{
h (x)

(
θ∇ηn + (1− θ)∇ηn−1

)}
. (B.10)

Eliminating vn from equation (B.9) using equation (B.10), results in

g−1ηn − k2θ2∇.h (x)∇ηn = g−1ηn−1 + k2θ (1− θ)∇.h (x)∇η + kg−1vn−1, (B.11)

g−1vn−1 = g−1vn−1 + k∇.
{
h (x)

(
θ∇ηn + (1− θ)∇ηn−1

)}
. (B.12)

Next multiplying both sides by a test function φ and integrating by parts, we obtain(
g−1ηn, φ

)
+ k2θ2 (h (x)∇ηn,∇φ) =

(
g−1ηn−1, φ

)
− k2θ (1− θ) (h (x)∇η,∇φ)

+ k
(
g−1vn−1, φ

)
, (B.13)(

g−1vn−1, φ
)

=
(
g−1vn−1, φ

)
− kθ (h (x)∇ηn,∇φ) + k (1− θ)

(
h (x)∇ηn−1,∇φ

)
,

(B.14)

where (. , .) stands for integration of dot products over the entire domain (Ω). We now
approximate ηn ≈ ηnh (x) =

∑
j H

n
j φj (x) and vn ≈ vnh (x) =

∑
j V

n
j φj (x). Here, ηnh and

vnh are projection of our solution to the space spanned by shape functions φi. These shape
functions can depend on time, which results in different meshes at different times. Plugging
these ηn, ηn−1, vn and vn−1 into equations (B.13) and (B.14), we obtain

(
Mij + k2θ2Aij

)
Hn
j =

(
Mij − k2θ (1− θ)Aij

)
Hn−1
j + kMijV

n−1
j , (B.15)

MijV
n
j = MijV

n−1
j − kθAijHn

j − k (1− θ)AijHn−1
j , (B.16)

where

Mij =
(
g−1φi, φj

)
, (B.17)

Aij = (h (x)∇φi,∇φj) . (B.18)

The above equations are used in simulations to obtain the solution of the governing equation.
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Appendix C

Derivation of Flexural Wave Cloaking

Governing Equations

Assuming an orthotropic and inhomogeneous plate, under pure bending and in the absence
of in-plane forces, we have [81]

∂2MR

∂R2
+

2

R

∂MR

∂R
+

2

R

∂2MΘR

∂R∂Θ
+

2

R2

∂MΘR

∂Θ
+

1

R2

∂2MΘ

∂Θ2
− 1

R

∂MΘ

∂R
+ ρ0hω

2η = 0, (C.1)

where MR,MΘ and MRΘ are the bending moments, ρ0 is the density of the plate, h is the
thickness and ω is the frequency of the wave. Bending moments MR,MΘ and MRΘ are found
as

MR = −DR

[
∂2η

∂R2
+ νΘ

(
1

R

∂η

∂R
+

1

R2

∂2η

∂Θ2

)]
, (C.2a)

MΘ = −DΘ

(
1

R

∂η

∂R
+

1

R2

∂2η

∂Θ2
+ νR

∂2η

∂R2

)
, (C.2b)

MRΘ = −2DK
∂

∂R

(
1

R

∂η

∂Θ

)
, (C.2c)

where η(R,Θ) is the out-of-plane displacement, DR, DΘ are the flexural rigidities in the
R,Θ directions respectively, DK is the shearing rigidity and νR, νΘ are the Poisson ratios in
the radial and tangential directions. Note that the radial and tangential rigidities DR, DΘ

satisfy the symmetry relation DRνΘ = DΘνR. Using these relations and defining DRΘ =
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2DK +DRνΘ, equation (C.1) simplifies to [96]

DR
∂4η

∂R4
+
DΘ

R4

∂4η

∂Θ4
+

2DRΘ

R2

∂4η

∂R2∂Θ2
+(

2DR

R
+ 2

∂DR

∂R

)
∂3η

∂R3
+

(
2

R2

∂DRΘ

∂R
− 2DRΘ

R3

)
∂3η

∂R∂Θ2
+[

1

R2

∂

∂R

(
R2∂DR

∂R

)
+

1

R

∂(DRνΘ)

∂R
− DΘ

R2

]
∂2η

∂R2
+

(
∂2η

∂Θ2

)
(

2DRΘ

R4
− 2

R3

∂DRΘ

∂R
+

2DΘ

R4
− 1

R3

∂DΘ

∂R
+

1

R2

∂2(DRνΘ)

∂R2

)
+

(
DΘ

R3
− 1

R2

∂DΘ

∂R
+

1

R

∂2(DRνΘ)

∂R2

)
∂η

∂R
− ρ0hω

2η = 0. (C.3)

Assuming a constant rigidity DR = DΘ = DRΘ = D0, equation (C.3) simplifies to the famous
biharmonic plate’s equation as

D0∆2η − ρ0hω
2η = 0. (C.4)

Now as we aim to cloak a circular region Ac with radius a, with a cloak of outer radius b
co-centered with Ac, we use the following transformation F to map the area 0 ≤ R ≤ b to
the cloaking region a ≤ r ≤ b [23]

F :

{
r =

√
(1− a2/b2)R2 + a2, 0 ≤ R ≤ b,

θ = Θ.
(C.5)

The Jacobi of the transformation F in the polar coordinate is

F =
√

1− a2/b2

( √
r2 − a2/r 0

0 r/
√
r2 − a2

)
(er,eθ)

, (C.6)

where {er = ER, eθ = EΘ}. Note that det F =
√

1− a2/b2 6= 1.
Transforming the governing equation (C.4), we obtain [see Lemma 2.1 in Ref. 102]

∇̃2∇̃2η − ρ0hω
2η = 0, (C.7)

where

∇̃2 =

(
1− a2

b2

)[
1

r

∂

∂r

(
r2 − a2

r

∂

∂r

)
+

1

r2 − a2

∂2

∂θ2

]
(C.8)

Defining the following parameters

D′r = α2A2(r)D0, (C.9a)

D′θ = α2(1/A(r))2 D0, (C.9b)

D′rθ = α2D0, (C.9c)

ν ′θ =
1

α2A2(r)
[B(r)− 4 logA(r)] . (C.9d)



APPENDIX C. DERIVATION OF FLEXURAL WAVE CLOAKING 96

where α = 1− a2/b2 and A(r) = 1− a2/r2 and B(r) = 3(r/a) log
(
r−a
r+a

)
− 2a2/(r2 − a2). We

can further expand and simplify equation (C.7) as

D′r
∂4η

∂r4
+
D′θ
r4

∂4η

∂θ4
+

2Drθ

r2

∂4η

∂r2∂θ2
+(

2D′r
r

+ 2
∂D′r
∂r

)
∂3η

∂r3
+

(
2

r2

∂D′rθ
∂r
− 2D′rθ

r3

)
∂3η

∂r∂θ2
+[

1

r2

∂

∂r

(
r2∂D

′
r

∂r

)
+

1

r

∂(Drν
′
θ)

∂r
− D′θ
r2

+ C(r)
]
∂2η

∂r2
+
∂2η

∂θ2(
2D′rθ
r4
− 2

r3

∂D′rθ
∂r

+
2D′θ
r4
− 1

r3

∂D′θ
∂r

+
1

r2

∂2(D′rν
′
θ)

∂r2

)
+(

D′θ
r3
− 1

r2

∂D′θ
∂r

+
1

r

∂2(D′rν
′
θ)

∂r2
+D(r)

)
∂η

∂r
− ρ0hω

2η = 0. (C.10)

where

C(r) =
1

2a2

(a
r

)8

L(r)D0, (C.11a)

D(r) =
3

a3

(a
r

)11 5− 12(r/a)2 + 8(r/a)4

(1− a2/r2)2
D0, (C.11b)

where

L(r) =
6− 10(r/a)2 − 2(r/a)4 + 3(r/a)6

1− (a/r)2

+
3

2

(r
a

)7

log

(
r − a
r + a

)
. (C.12)

The transformed equation i.e. equation (C.10), matches with the inhomogeneous and
orhotropic plate’s equation i.e. equation (C.3), with the rigidities and the Poisson ratio as
defined in (C.9). The only difference is in the second order term ∂2η/∂r2 and the first order
term ∂η/∂r with the coefficients defined in (C.11). Note that these remaining terms goes to
zero as long as r � a, i.e. the penetration depth of the wave into the cloak is small.

These extra terms in equation (C.10) can also be interpreted as an additional pre-stress
force N and body force S as

Nrr = C(r), Nθθ = Nrθ = 0, (C.13)

Sr = −D(r), Sθ = 0. (C.14)

Note that the pre-stress force N and the body force S should satisfy the following constraint
as

∇.N + S = 0. (C.15)
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Numerical Solution

Our cloak is composed of concentric layers of homogeneous materials with a clamped bound-
ary condition at the inner most layer. We have plane incident waves and we aim to find the
cloak’s response to these incoming waves.

For each layer, we expand the solution in that layer using spectral methods as

η(i)(r, θ) = Re

{
eiωt

∞∑
n=−∞

Zn(kir)e
inθ

}
, (C.16)

Zn(kir) = A(i)
n Jn(kir) +B(i)

n In(kir)

+ C(i)
n Yn(kir) + E(i)

n Kn(kir) (C.17)

where k4
i = ρhω2/Di with Di being the flexural rigidity of the layer. Here, Jn(.), Yn(.) and

In(.), Kn(.) are respectively Bessel and modified Bessel functions of the first and second kind

and A
(i)
n , B

(i)
n , C

(i)
n , E

(i)
n are constants that are later found satisfying the boundary conditions.

Outside of the cloak, since the solution should remain finite and satisfy the radiation
condition, the solution can be written as

ηout(r, θ) = Re

{
eiωt

∞∑
n=−∞

Zn(k0r)e
inθ

}
,

Zn(k0r) = FnH
(1)
n (k0r) +GnKn(k0r) + a0inJn(k0r), (C.18)

where H
(1)
n (.) is the Hankel function of the first kind, k4

0 = ρhω2/D0 and D0 being the
flexural rigidity outside of the cloak. Note that a0i

nJn(k0r) represents the plane incident
wave. Boundary conditions at the boundary of each layer is the continuity of η, its radial
derivative ηr and also the continuity of momentum and shear force as

Mr = −D
[
∂2η

∂r2
+ ν

(
1

r

∂η

∂r
+

1

r2

∂2η

∂θ2

)]
, (C.19)

V = Qr +
1

r

∂Mrθ

∂θ
, (C.20)

where

Qr = −D ∂

∂r
∇2η, (C.21)

Mrθ = −D(1− ν)
∂

∂r

(
1

r

∂η

∂θ

)
. (C.22)

Using the above boundary conditions at each layer and also the clamped boundary con-
dition η = ηr = 0 at the boundary of the inner most layer, we can solve for the unknowns.
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Discussion on transformation

In this section we show that the offset ε introduced earlier, is equivalent to transforming the
region ε ≤ R ≤ b to the cloaking region a ≤ r ≤ b, where ε is a small nonzero number. A
transformations with a constant Jacobian, mapping the area ε ≤ R ≤ b to the cloaking area
a ≤ r ≤ b can be written as

F :

{
r =
√
c1R2 + c2, ε ≤ R ≤ b,

θ = Θ,
(C.23)

where

c1 =
b2 − a2

b2 − ε2
, c2 = a2 − ε2 b

2 − a2

b2 − ε2
. (C.24)

Note that when ε = 0, equation (C.23) reduces to equation (C.5). The offset we used in Fig.
1 is equivalent to picking the value of ε as ε/a = 0.175.




