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ABSTRACT OF THE DISSERTATION 

 

Three-Level Models for Partially Nested Data Structures 

 

By 

 

Jessica Marie Tessler 

Doctor of Philosophy in Psychology 

University of California, Los Angeles, 2014 

Professor Jennifer L. Krull, Chair 

 

Partially nested data structures occur when some units (typically individuals) are nested within groups 

while others are not nested.  An adjustment to the standard multilevel model for 2-level data structures to 

accommodate partially nested data was proposed by Bauer, Sterba, and Hallfors, where individuals at 

Level 1 are either nested within treatment groups or are independent at Level 2. The model was 

heteroscedastic, estimating separate Level 1 residuals for control and treatment arms. The focus of the 

current body of work was on extending this 2-level model in two ways. The extension in the first 

simulation study involved incorporating a higher level of nesting, such as schools. The extension in the 

second study involved incorporating a lower level of nesting, inclusive of repeated measures. This 

heteroscedastic longitudinal partially nested model included separate estimates of individual-level 

variance in intercepts, variance in slopes for the time effect, and the covariance between them. Given the 

strengths of such a model, a third study examined various methods for formally testing the hypothesis that 

individuals within treatment groups become similar as a function of time. Finally, findings from all three 

simulation studies were demonstrated using data from an intervention targeting slow readers.  While 

performance of the model incorporating a higher level of nesting was not overly problematic, the 

longitudinal model did not perform well. As parameter estimates were biased in the longitudinal model, 
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performance of tests proposed in the third study could not be properly evaluated. Implications for partially 

nested model extensions are discussed. 
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 Traditional multilevel modeling is based on the assumption that data have a hierarchically nested 

structure; that is, units at Level 1 are nested within groups at Level 2, which could be further nested 

within another type of group at Level 3, and so on.  However, it is not always the case that data are 

completely hierarchically nested, and different types of deviations from this structure have been explored 

in the literature and require various modifications to the standard multilevel model.  One such deviation 

occurs in the case of partially nested data.  In the typical case, partially nested data arises from 

randomized control trials where randomization is performed at the individual level.  Some participants are 

assigned to the treatment arm of the study, where their participation involves being part of a group, often 

a therapy group or some other small group format. The remaining participants are assigned to the control 

arm of the study, where they are either administered the same measure(s) as the treatment participants 

without involvement in the treatment aspect of the study or are “waitlisted” for possible assignment to a 

treatment group and are still administered the outcome measure.  In such a situation, the participants in 

the treatment arm are hierarchically nested within clusters, while participants in the control arm are un-

clustered, and thus otherwise independent of one another.   

Traditional Approaches to Partially Clustered Data Analysis 

Traditional approaches to the analysis of partially nested data involved treating the data as though 

observations were un-clustered, using standard regression models; or treating the data as though 

observations were entirely clustered, using standard multilevel models. The modeling strategy which 

assumes that the data are un-clustered is the more popular choice, according to Bauer, Sterba, and 

Hallfors (2008). These authors noted that of the 30 studies they found in which a partially nested data 

structure existed, 87% modeled the data as if the observations were independent, while the remaining 

13% modeled the data as though it were entirely nested. Using the frequently encountered example of 

randomized control trials, the typical analysis model when treating the data as completely non-nested 

would be as follows: 



2 
 

                         (1) 

The un-clustered approach models each observation, Y, for a given individual, i¸ as a function of some 

intercept,   , plus the effect of treatment on outcomes,   , plus residual variability not accounted for by 

the treatment,   .  This gives the following equations for subjects in the control and treatment arms: 

(  |       )               (2) 

(  |       )                  (3) 

Ignoring clustering in data has several well-known drawbacks.  If the nesting structure is ignored, 

observations for individuals are assumed to be independent.  In the case that similarity between 

individuals within treatment groups is not accounted for, standard error estimates for fixed effects may be 

too small, thus leading to overly optimistic inferences about treatment effects (Moerbeek, 2004; 

Raudenbush & Bryk, 2002).  Additionally, un-modeled variation associated with group-level effects is 

attributed to variability between individuals, thus leading to inflated estimates of the individual-level 

residual.  Multilevel modeling overcomes this problem by partitioning residual variance into that which is 

associated with persons and that which arises from group effects, by estimating separate variance 

components at each level of nesting.  

The second strategy traditionally employed by researchers with partially clustered data involved 

modeling the data as though it were entirely nested, with control subjects treated as belonging to groups 

of one (i.e. treated as singleton clusters). This is consistent with the typical multilevel model, where 

observations are conceived to be influenced by both individual- and group-level factors.  The problem 

with this model is that while it accounts for the clustering of observations due to assignment to treatment 

groups, the ungrouped control participants are treated as members of their own cluster, artificially 

partitioning residual variability into an individual- and group-level error term.  This model would take the 

form: 
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Level 1:                             (4a) 

Level 2:                   (4b) 

            

where the models for control and treatment arms are as follows: 

 (   |       )                    (5) 

 (   |       )                       (6) 

This model includes an additional error term,    ,  to account for variability in outcomes across groups. It 

is important to note that the residual variance for all individuals regardless of assignment to the treatment 

or control arm is partitioned into individual- and group-level variation, defined as: 

  
    

  

Additionally, the multilevel fully nested approach models variability in intercepts across groups, but 

assumes that the treatment effect is stable across groups, thus treatment effect is fixed.  

Modeling partially nested data as though it were fully nested is counterintuitive on two fronts.  

The first problem arises as a result of specifying the intercept as a random effect and the treatment effect 

as a fixed effect.  Modeling the intercept as a random effect implies that there could be variability around 

group intercepts for all participants.  As those in the control arm are not assigned to any group, there is no 

need, and further no logic behind assuming that there will be variability in group intercepts for both the 

treatment and control arms.  Further, specifying the treatment effect as constant across groups in the 

treatment arm fails to capitalize on a major advantage of using a multilevel model with cluster 

randomized control trials, which is the ability to model between group variability in the size of the 

treatment effect.  Thus, this parameterization does little to aid researchers in accurately assessing the 
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effect of a particular treatment, or in accounting for variability in the size of a treatment effect across 

treatment groups. 

The second problem arises from the fact that this model accounts for the clustering of 

observations that results from assignment to treatment groups, but it also implies that there exists 

individual- and group-level variation for control subjects, which is inaccurate. While ignoring clustering 

in data is associated with possible significant bias in standard errors of fixed effects and estimates of 

variance components, modeling the data as though all participants are nested within therapy groups is also 

problematic. One of the known problems with this approach involves the parameterization of the variance 

components.  For participants in the treatment arm, residual variance is correctly partitioned into person-

level and group-level variation, i.e.   
    

 .  However, residual variance for control participants is also 

conceptualized as   
    

 , despite the fact that no group level variation exists in the control arm.  This 

problem was identified by Roberts and Roberts (2005) in their discussion of partially nested data 

structures in the clinical literature. 

Recent Developments in the Analysis of Partially Nested Data 

 Two studies published in Clinical Trials in 2005 (Roberts & Roberts, 2005; Lee & Thompson, 

2005) highlighted the problems that arise from treating partially-nested data structures as fully nested and 

applying standard multilevel models to such data.  Roberts and Roberts’ (2005) main focus was on the 

interaction of cluster size and ICC.  They noted that in randomized control trials where assignment to 

groups occurs at the individual level, cluster sizes ought to be similar due to randomization and there is no 

reason to suspect that ICC’s across clusters would vary, thus traditional multilevel models for clustered 

data would suffice.  However, when there are systematic differences in group size, such as in trials 

involving individual and group therapy conditions, ICC’s may differ between study arms.  In the case that 

group size varies, Roberts and Roberts (2005) showed how different ICC’s across treatment arms can lead 

to bias in estimation of the standard error of the treatment effect in models assuming homogeneous 
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variance between study arms.  Particularly, when ICC is smaller for the arm with smaller cluster sizes, the 

standard error of the treatment effect will be underestimated.  Depending on the size of the differential 

between ICC and cluster size in the treatment arms, assuming homoscedasticity of residuals across 

treatment arms could also lead to considerable bias in estimation of variance components at the group and 

individual levels.   

Roberts and Roberts (2005) noted the frequent occurrence of studies where group size varies by 

design in the clinical trials literature, such as in trials comparing clustered to un-clustered treatment arms 

(i.e. group vs. individual therapy). The authors note that when modeling the data as though it were fully 

clustered (in a traditional multilevel modeling framework), the residual variance of the group therapy arm 

can be accurately conceptualized as   
    

 .  However, there is no group–level variability in the 

individual therapy arm, thus residual variability would be artificially partitioned into two sources of 

variance,   
    

 . In situations where heterogeneity of variance between study arms is anticipated, they 

suggest a heteroscedastic model with separate residual estimates for group and individual therapy arms.   

 Lee and Thompson (2005) focused specifically on different types of nesting structures that could 

possibly occur in randomized control trials.  Lee and Thompson make a specific suggested modification 

for situations in which clustering occurs in only one arm of the study (such as group treatment versus no 

treatment) and include a random effect allowing the treatment effect to vary across clusters, which is 

defined only for the treatment group.  The model proposed by Lee and Thompson in this case is: 

                                    (7) 

Though the model is presented in single-equation form, it is essentially a multilevel model with a fixed 

intercept and random slope. Specifying the intercept as fixed at Level 2 returns the difference in the 

estimate of the treatment arm intercept from the control arm.   As Level 2 parameters are defined only for 

those in the treatment arm (i.e., when Treat = 1), specifying the slope of the treatment effect as random 

provides an estimate of the average size of the treatment effect across treatment groups,   . The Level 2 
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variance component,    , allows the treatment effect to vary across groups, and provides an estimate of 

the variance in the size of the treatment effect. As no group-level residual variances are estimated for the 

control arm, observations for those in the control arm are effectively treated as independent.   

Current Approach to the Analysis of Partially Nested Data  

 Bauer, Sterba, and Hallfors (2008) integrated the suggestions made by Roberts and Roberts 

(2005) and Lee and Thompson (2005) and proposed a general model for examining partially nested data 

structures.  Drawing from the work of these two papers, Bauer, Sterba, and Hallfors (2008) dealt 

explicitly with the scenario in which randomization is performed at the individual level, and clustering 

occurs only in the treatment arm of the study, while control participants are un-clustered.  The model 

proposed by Bauer, Sterba, and Hallfors is identical to a typical multilevel model at Level 1: 

Level 1:                            (8a) 

but deviates from the typical parameterization, following  Lee and Thompson (2005), at Level 2: 

Level 2:                

                     (8b) 

This yields the following equations for control and treatment arms: 

 (   |       )                 (9) 

and 

 (   |       )                       (10) 

Thus, the intercept is fixed and     yields an estimate of the mean outcome for control participants. The 

average difference in outcomes between treatment and control arms is given by    . Residual variability 

for those in the treatment arm is decomposed into variation between treatment groups in the size of the 
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treatment effect,    , and variation between individuals,    . Since this is defined only for treatment 

participants (i.e. when Treat=1), this model properly accounts for clustering of observations due to 

assignment to treatment groups.  This parameterization is driven by the notion that since control group 

participants are not clustered, there is no reason to allow for a group level residual for these participants.  

Randomization of individuals to treatment and control arms is intended to yield equivalent groups 

with no preexisting differences in total variation prior to treatment. Bauer, Sterba, and Hallfors (2008) 

recognized that the proposed partially-nested model parameterization implies that the residual for the 

control arm is equal to   
 , while the residual for the treatment arm is equal to   

    
 , which makes the 

size of the residual variance in the treatment arm necessarily larger than the residual for the control arm.  

While the effect of a given treatment could lead to changes in the amount of total variability in 

observations for those in the treatment arm, it is more likely that variation between individuals would 

decrease as a function of treatment, as within-group processes generally lead to individuals within groups 

becoming similar over time.  To accommodate such situations, Bauer, Sterba, and Hallfors (2008) 

proposed an additional modification by way of a heteroscedastic partially-nested model which estimates a 

separate Level 1 residual for the control and treatment arms, making it possible for the residual variance 

in the control arm to be greater than or equal to the treatment arm, as indicated by :  

 (   |       )   (          
 )       (11) 

 (   |       )   (            
 )       (12) 

 By estimating separate residual variances for control and treatment arms, Bauer, Sterba, and Hallfors 

(2008) noted the potential for formally  testing the hypothesis that individuals within clusters actually do 

become similar to each other over time, as would be evidenced by a situation where         
  

          
 . 
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Previous Simulation Studies Involving Partially Nested Data Structures 

 Though there is little research on the performance of the partially nested model suggested by 

Bauer, Sterba, and Hallfors (2008), three studies have done some preliminary work on the topic.  While 

Bauer, Sterba, and Hallfors (2008) did not contain a simulation study, Baldwin, Bauer, Stice, and Rohde 

(2011) specifically sought to evaluate models for partially clustered data.  Data were simulated to reflect a 

partially nested data structure where a control arm contained independent observations, while the 

treatment arm contained observations clustered into treatment groups.  Baldwin, Bauer, Stice, and Rohde 

(2011) compared 5 approaches: a model assuming no clustering among participants (a single-level 

model), a model including cluster as a fixed effect, a multilevel model with a random intercept assuming 

all participants are clustered, a homoscedastic partially nested model and a heteroscedastic partially 

nested model.  The simulation study compared 3 methods of degrees of freedom computation; the 

between-within method, the Satterthwaite approximation, and the Kenward-Roger method.  They also 

varied cluster size (3 conditions), the number of clusters (4 conditions), ICC (5 conditions), and the ratio 

of the residual variance of the control arm to the treatment arm (  
    

 ) (3 conditions).  When this ratio 

was 1:1, the homoscedastic partially-nested model was properly specified, whereas when this ratio was 

not 1:1 (i.e. the variance in either the treatment or control arms was greater), the heteroscedastic partially-

nested model was properly specified.  10,000 replications were performed for each of the conditions.   

The partially nested models tested by Baldwin, Bauer, Stice, and Rhode (2011) outperformed the 

other 3 approaches in terms of Type 1 error rates for the fixed effect of treatment. However, specifying a 

homescedastic model rather than a heteroscedastic model did not impact these Type 1 error rates.  It was 

also found that it may be necessary to include at least 8 clusters, preferably 16 or more, to maintain the 

Type I error rate. The Satterthwaite method for computing degrees of freedom outperformed the between-

within method.  The results for the Kenward-Roger method were omitted due to similarity to the 

Satterthwaite method.  While estimates of the treatment effect were found to be unbiased, regardless of 

modeling strategy, variance component estimates at Level 2 (   ) were most biased when   
    

  was 
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large and when a small number of clusters was coupled with small cluster sizes.  The modeling of the 

heteroscedastic residual was also found to be important, where bias was greatly impacted by   
    

 , and 

the type of modeling strategy chosen.  Baldwin, Bauer, Stice, and Rohde (2011) also found that power 

was more affected by the number of clusters than cluster size and decreased as ICC increased.  

A second simulation study, included in a dissertation by Korendijk (2012), evaluated the utility of 

three competing strategies for modeling partially-nested data structures. These included the partially 

nested model consistent with Bauer,  Sterba, and Hallfors (2008), a fully nested model specifying control 

subjects as clusters of size one, and a fully nested model specifying control subjects as one big cluster.  

Only two factors were varied in the simulation study: the number of clusters (c = 10, 30, 50, or 100) and 

treatment group level ICC (              ).  While noting problems with negative variance estimates 

when the number of clusters was small (c = 10) and when ICC was small (  .05), they found that 

treating controls as one large cluster was significantly more likely to yield inadmissible solutions than the 

partially nested model or treating control subjects as clusters of size one.   Results indicated that the 

performance of the partially nested model and a model treating the controls as clusters of size one were 

roughly equal in terms of parameter bias, despite the fact that the latter is misspecified with respect to the 

variance component structure.  The model treating the control subjects as one large cluster was prone to 

underestimation of the Level 2 variance component and overestimation of the Level 1 residual.  Further, 

treating control subjects as one large cluster yielded inflated estimates of the treatment effect standard 

error, especially when ICC and the number of clusters was large, resulting in inflated Type II error rates.  

 A third study which evaluated the performance of models for partially nested data was included 

in a dissertation by Elizabeth Sanders of the University of Washington.  Sanders (2012) utilized four 

approaches to handling partial nesting, including a model treating the control participants as one large 

group, artificially pseudo-clustering the control participants into the clusters of the same size as those in 

the treatment arm, and two models treating controls as singleton clusters, one with a random intercept and 

fixed slope and another (consistent with Bauer, Sterba, and Hallfors (2008), though not as explicitly 
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argued) with a fixed intercept and random slope.  Sanders also evaluated the performance of two types of 

degrees of freedom calculations: the between-within method and the Kenward-Roger method.  The 

simulation study varied the same factors as Baldwin, Bauer, Stice, and Rohde (2011), including the 

number of clusters, cluster size, ICC and   
    

 . Results were consistent with those obtained by Baldwin, 

Bauer, Stice, and Rohde (2011) in that the Kenward-Roger method was found to be superior to the 

between-within method and that power increased more with an increase in the number of clusters rather 

than increases in cluster size.  Sanders generally found that the model with a fixed intercept and random 

slope outperformed the other models in most cases.      

Application of Models for Partially-Nested Data Structures 

Education and psychology are two fields in which partially nested data structures commonly 

occur.   The pioneering research on this topic came from the field of clinical psychology, where it is fairly 

common to have randomized control trials where assignment to treatment or control is performed at the 

individual level, making the application of Bauer, Sterba, and Hallfors’ (2008) model an obvious choice.  

However, partially-nested data structures do occur in education research as well. 

The empirical example given by Bauer, Sterba, and Hallfors (2008) involved an intervention 

called Reconnecting Youth (RY), which involved high school students.  The data structure included a 

treatment arm in which adolescents identified as “high-risk” were assigned to the treatment arm, where 

students were enrolled in classes where the RY intervention was implemented.  Additionally, the study 

employed two control arms comprised of ungrouped adolescents.  One control arm included adolescents 

identified as “high-risk” who did not receive the intervention (i.e. were not enrolled in special classes), 

while the other control arm consisted of “low-risk” students who also did not receive the intervention.  In 

all, 1370 high-risk adolescents were assigned to either the treatment (N =695) or control arm (N = 675), 

while the other control arm included 598 low-risk students. Findings from the application of a correct 

model for partially nested data yield results that contradicted the original analysis of the same data, where 
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it was found that the intervention actually worsened problematic behaviors.  Bauer, Sterba, and Hallfors 

found that after accounting for pre-existing between-individual differences and the effects of adherence to 

the intervention program (such as attendance rates), the negative impact of the intervention on 

problematic behaviors nearly disappeared, suggesting that it was not the intervention itself that had 

worsened problem behaviors, but that this was due to other factors that could be accounted for by the 

inclusion of covariates. 

The application of the two-level partially nested model is more straightforward in psychology 

than in education for several reasons. Despite the fact that the applied example in Bauer Sterba, and 

Hallfors (2008) involves an educational setting, the application of the model for partially nested data to 

studies in the field of education is often complicated by the unit of randomization to treatment or control 

arms.  The model is only directly applicable if one or more treatment arms is nested and another is non-

nested.  In educational data, students are often not the unit of randomization, rather assignment to 

treatment or control conditions is usually done at the classroom or cluster level.  Thus, for classrooms 

assigned to the control condition, the students are still nested within a classroom, which creates a 

clustering effect.  

However, it is possible that randomization could be performed at the student level.  For example, 

in elementary school, students are sometimes identified as falling behind in a certain area, such as reading 

or mathematics.  One method for helping these students is to pull them out of the classroom for periods of 

time during the school day to work in small, focused reading or math groups.  Thus, one could conceive 

of an intervention where randomization occurs at the student level, as students are either randomly 

assigned to a small reading group or they are control subjects and receive the usual instruction.  As a 

result, students in the treatment arm are clustered within reading groups, while control students are not 

clustered within groups, however all students could be conceived of as nested within classrooms and/or 

schools.  
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Since the publication of Bauer, Sterba, and Hallfors (2008), two studies published in 

psychological journals have acknowledged the presence of partial nesting, but only the second study 

applied the correct model.  The first study to note that the correct model to use would be one for partially 

nested data was Kirschner, Paas, Kirschner, & Janssen (2011) who looked at cognitive load theory with 

respect to individuals working alone or in a collaborative setting.  Kirschner, Paas, Kirscher, and Janssen 

(2011) sampled Dutch high school sophomores, who were assigned to either individual or 3-person 

groups and either problem-solving or worked example tasks.  While the authors noted that the correct 

analysis choice would have been the one described in Bauer, Sterba, and Hallfors (2008), due to the 

similarity of model parameter estimates, the authors reported only the results from analyses treating the 

sample as though the data were completely nested.   

The second study which correctly applied Bauer, Sterba, and Hallfors (2008) model was Price 

and Anderson (2011), which looked at group versus individual therapy in treating social anxiety disorders 

in relation to public speaking. This study looked at early outcome expectancy as a predictor of improved 

treatment response across both individualized virtual reality exposure therapy and exposure therapy 

delivered in a group format on social anxiety disorder.  The sample included 67 individuals with social 

anxiety disorders.  This design involved multiple observations at Level 1, individuals at Level 2 and 

groups at Level 3 for those assigned to treatment. This longitudinal model included a fixed intercept and 

random treatment effect at Level 3 to account for partial nesting and allowed the treatment effect to vary 

across clusters.  While Price and Anderson (2011) did not find evidence for a differential effect of 

outcome expectancy across group vs. individual therapy conditions, they did apply the correct model for 

partially nested data.  

Current Study 

 The existing literature on models for partially nested data structures is sparse, as models yielding 

accurate parameter estimates for these types of situations are relatively new.  Those studies that have 
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investigated the performance of models for partially nested data (Baldwin, Bauer, Stice, and Rohde, 2011; 

Sanders, 2011) have compared various approaches to the parameterization of control and treatment arms 

and demonstrated how bias can be expected when clustering of treatment arm observations is ignored, 

when all observations are treated as clustered (Baldwin, Bauer, Stice, and Rohde, 2011), or when those in 

the control arm are pseudo-clustered into groups of the same size as the groups in the treatment arm 

(Sanders, 2011).  Additionally, Baldwin, Bauer, Stice, and Rohde (2011) showed that in some cases, a 

heteroscedastic model is necessary to yield accurate estimates of variance components. Having 

demonstrated the utility of the partially-nested model, both studies also found that using the Satterthwaite 

(1941) method, which corrects for uncertainty regarding the reference distribution in calculating standard 

errors for fixed effects in models with multiple variance components, or the Kenward-Roger (1997) 

method, which provides an additional correction for underestimation of variance components in small 

samples, for calculating degrees of freedom were preferable to the between-within method, which makes 

no such adjustments and estimates degrees of freedom in a manner similar to OLS regression.  

However, several issues relevant to partially nested data structures remain unexplored.  

Particularly, one limitation of the existing small body of literature is that the three simulation studies that 

have investigated the performance of models for partially nested data have focused entirely on a two-level 

model, where individuals at Level 1 are either nested within treatment groups or are non-nested control 

subjects at Level 2. However, it would be possible to accommodate additional levels of nesting. For 

example, if a study involved randomization of individuals within schools to treatment and control arms at 

several different school schools, it would be possible to have individuals at Level 1, who are either nested 

within treatment groups or not grouped Level 2, but where all individuals are nested within schools at 

Level 3.  The empirical example given by Bauer, Sterba, and Hallfors (2008) exhibited this 3-level 

structure, as students were sampled from 9 different high schools, though the authors chose not to report 

results from analyses with school as a random factor due to the similarity of results to a model with 

school as a fixed factor and due to the fact that common practice involves non-random selection of 
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schools, which are often targeted for specific, study-related characteristics. Presuming that schools could 

be sampled and treated as a random effect, possibly in order to limit the number of locations in which a 

treatment need be implemented to achieve a desired sample size, one issue that needs to be explored with 

regard to this type of three-level model is the number of schools that are necessary to include in order to 

get stable and accurate estimates of the random effect of schools, which then permits the standard error of 

the treatment effect to be correctly estimated.  

Leaving off a level of nesting could lead to bias in the estimation of model parameters.  While the 

impact of omitting a level of nested in purely hierarchically nested data has been documented (Moerbeek, 

2004; Van den Noortgate, 2005), the distribution of un-modeled variance when a level of nesting is 

omitted in partially nested data may not be as predictable or straightforward.  Consider the situation in 

which individuals at Level 1 are either nested within treatment groups or are independent at Level 2, but 

all are nested within schools at Level 3.  If schools are left out of the model, between-school variation 

should bias the variance components and standard errors of fixed effects at the adjacent lower level 

(Moerbeek, 2004).  However, since only those in the treatment arm have a random effect at Level 2, the 

un-modeled variance for individuals in the control arm may also impact coefficients at Level 1, though 

the mechanism by which this would occur has yet to be explored in the literature.  

 An additional extension to the two-level model proposed by Bauer, Sterba, and Hallfors (2008) 

that has yet to be explored involves a situation where observations on students are collected over time and 

change trajectories could be modeled.  In this case, observations would constitute the Level 1 units, which 

would be nested within individuals at Level 2, and individuals would be assigned to the treatment or 

control arm at Level 3. While Price and Anderson (2011) appear to have applied the correct model for 

partially-nested data structures, it is unclear whether they suspected that variance would differ 

systematically between control and treatment arms as they reported results only from a homoscedastic 

model.   
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While previous analyses of partially nested data were limited prior to Bauer, Sterba, and Hallfors 

(2008), longitudinal data occurring in partially nested data structures are not uncommon in the literature.  

For example, Borman and Dowling (2006) analyzed longitudinal data from an intervention study 

targeting slow readers. The data were collected as part of a project entitled “Teach Baltimore” where 

students were individually randomized within schools into treatment or control arms.  The treatment arm 

individuals were nested within small summer school classes in an attempt to limit the loss of knowledge 

occurring over the summer months. Control arm individuals were measured at the beginning and end of 

each summer, but were not enrolled in summer classes and were thus independent. This data structure 

encompasses four levels, where observations at Level 1 are nested within individuals at Level 2, who are 

either nested within treatment groups or did not receive any specialized instruction at Level 3, yet all 

individuals are nested within schools at Level 4.  

 When partially nested data includes repeated measures for individuals as described above, 

additional complications may arise.  For example, including repeated measures on individuals in a model 

typically leads to an increase in power over data collected at a single time point.  While Baldwin, Bauer, 

Stice, and Rohde (2011) examined the issue of power to detect treatment effects with regard to two-level 

models for partially nested data, no studies to data have examined this issue for three-level models with 

repeated observations at Level 1.   

 Another issue that has yet to be addressed in relation to heteroscedastic models for partially 

nested data stems from a comment made in Bauer, Sterba, and Hallfors (2008) with regard to the 

possibility of testing the hypothesis that those in treatment groups become similar over time. As control 

subjects are non-nested while treatment subjects are nested within treatment groups, within-group 

processes for treatment subjects ought to result in a smaller residual at the individual-level in the 

treatment arm. Support for this would be found if the variance component for the control arm is larger 

than for the treatment arm.  However, this idea is limited by the fact that time was not included in the 

model, making it impossible to not only determine if control and treatment arm variance was equal prior 
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to the implementation of an intervention, but also whether any observed decrease in treatment arm 

variance occurred as a function of time.  The inclusion of repeated measures collected across time should 

allow for this hypothesis to be formally tested.  This would require a method for modeling decreasing 

variation within the treatment arm as a function of time, which is made possible by capitalizing on some 

of the strengths of a heteroscedastic model.  Particularly, this could be accomplished by establishing the 

occurrence of decreasing variance in the treatment arm as a function of time, while also demonstrating 

either a weaker effect, or the absence of such an effect in the control arm. 

 The primary goal of this study will be to extend the model suggested by Bauer, Sterba, and 

Hallfors (2008) to a 3-level model in two ways, accommodating an additional level of nesting at both the 

top and bottom levels. The first study will address a situation in which an additional level of nesting 

occurs at the “top,” where individuals at level 1 are either nested within treatment groups or are treated as 

independent at Level 2, but all participants are further nested within schools at Level 3. The second study 

will involve an additional level of nesting at the “bottom,” as would occur in longitudinal data where 

observations at level 1 are nested within individuals at level 2, who are either nested within treatment 

groups or are treated as independent controls at level 3. Finally, the third study will incorporate the notion 

of a heteroscedastic model in longitudinal data which would allow the hypothesis that those within 

treatment groups become similar over time to be formally tested. The viability of these model extensions 

will be explored through simulation studies as well as through applications to real-world data.  The 4-

level data structure analyzed in Borman and Dowling (2006) provides the opportunity to demonstrate both 

types of proposed extensions to the 2-level model for partially nested data structures in including both a 

higher level of nesting (as all individuals, regardless of assignment to treatment or control arms, are 

further nested within schools) and a lower level of nesting (i.e. repeated measurements nested within 

individuals). 
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Chapter II:  Study 1 - Incorporating a Higher Level of Nesting 

 The first extension to the model proposed by Bauer, Sterba, and Hallfors (2008) involves a data 

structure in which individuals within the same school at Level 1 are randomized to either treatment 

groups (nested) or are non-nested control participants at Level 2, but all participants are nested within 

schools at Level 3.  While there is no reason to expect dependence of observations between participants in 

the control and treatment arms at Level 2, it is possible that the sample could be drawn from multiple 

schools, where observations within-schools could be dependent. In this case, it is logical to expect that 

individuals in the same school will be more similar than a random grouping of individuals.  Thus, it is 

necessary to account for this clustering at Level 3, which would allow the clustering of individuals within 

schools to be modeled and for an estimate of between-school variability to be obtained.   

 Compared to typical multilevel models, a model for this data structure may appear to have an 

unconventional parameterization, arising from the intercept term being specified as fixed at Level 2, but 

random at Level 3.  Such a model would take the form: 

Level 1:                                 (13a) 

Level 2:                   (13b) 

                  

Level 3:                      (13c) 

                          

Key parameters in this model include the average outcome in the control arm (    ) and the average 

difference in scores from the control arm for those in the treatment arm (    ). This model would differ 

for those in the treatment and control arms of the study in the following way: 

 (    |       )                       (14) 
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 (    |       )  (         )  (         )              (15) 

For those in the control arm, an outcome for a given individual includes some school-specific deviation 

from the average,     , plus some individual-specific deviation,     .  For those in the treatment arm, an 

outcome for a given individual includes a group-specific deviation to the size of the treatment effect,     , 

plus a school specific deviation to the intercept,     , plus a school-specific deviation in average 

treatment effect size,     , plus an individual-specific deviation,     . 

 The inclusion of the school level of analysis allows for the possibility of adding school-related 

predictors to the model.  In fully-nested designs where individuals are nested within groups (typically 

teachers or intervention groups), which are further nested within schools, including school-related 

predictors can be useful in explaining variability in outcomes between schools. Some examples of school 

predictors include mean socioeconomic status (SES) for each school, whether the school was public or 

private, and whether its student body was comprised of only one gender as opposed to being coed.   In the 

individually-randomized control trial case considered with the partially nested model, including a school 

predictor could help explain why an intervention is more or less effective in a certain type of school, as 

would be evidenced in the cross-level interaction of the treatment effect and the school predictor. For 

example, Irvin, Tobin, Sprague, Sugai, and Vincent (2004) evaluated the utility of using office discipline 

referral measures as indicators of school climate.  Findings indicated that not only could these measures 

serve as school-level predictors of the effectiveness of school-wide interventions designed to reduce 

problematic behavior, they were also useful in identifying which schools might be particularly sensitive to 

the effects of such an intervention, based on a school’s standard protocol with regard to disciplinary 

practices. 

In the current study, a continuous school predictor is considered.  Of the three examples of school 

predictors mentioned above, only SES is likely to be measured as a continuous variable, thus the 

simulation will conceptualize the school predictor as the mean SES of a particular school.  The addition of 
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a school predictor to the model described in equations 13a-13c would change the previously 

unconditional Level 3 model as follows: 

Level 3:                             (16) 

                              

This model includes the fixed effect of a school level predictor for those in the control arm,         , 

and the effect of a school level predictor on treatment effect size,         . Including a school predictor 

at Level 3 would yield the following single equation form of the models for control ad treatment arms: 

    

 (    |       )                              (17) 

 (    |       )  (          )  (         )     (         )            (18) 

Goals of Study 1 

The first study, which aims to incorporate a higher level of nesting, addressed a situation in which 

individuals at Level 1 are either nested within treatment groups or are non-nested controls at Level 2, but 

all participants are nested within schools at Level 3. The performance of this type of three-level model 

depends on the characteristics of the data set being analyzed. Factors that have been shown to affect bias 

and efficiency of model parameter estimates in fully-nested 2- or 3-level models include sample size, in 

terms of cluster size and the number of clusters in the treatment arm (Moerbeek and Wong, 2008), the 

number of Level 3 units  sampled (Konstantopoulos, 2008), ICC at Level 2 in the treatment arm (Roberts 

& Roberts, 2005), ICC for schools at Level 3 (Konstantopoulos, 2008), and the ratio of residual variance 

in the control arm to the treatment arm (Baldwin, Bauer, Stice, & Rohde, 2011).  Prior to exploring 

specific hypotheses, performance of the 3-level partially nested model was explored in terms of 

convergence rates, the occurrence of boundary solutions, bias and efficiency of parameter estimates, and 

power to detect the treatment effect. 
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As findings in the existing literature (e.g. Roberts & Roberts, 2005; Bauer, Sterba, & Hallfors, 

2008) indicate that it is reasonable to expect that variance may differ systematically between control and 

treatment arms in partially–nested designs, one set of hypotheses focused on evaluating the importance of 

specifying a heteroscedastic model over a more parsimonious homoscedastic model.  In this simulation 

study, heteroscedasticity occurred in some data sets in that total variance in the control arm was smaller 

than in the treatment arm; while in others, treatment arm variance was greater than control arm variance.  

Homoscedastic conditions were also included where total variance was equal between control and 

treatment arms. Each simulated data set was fit with a homoscedastic model with a single Level 1 residual 

term and a heteroscedastic model, with separate Level 1 residual terms estimated for treatment and 

control arms.  The heteroscedastic model was expected to fit the data better than the homoscedastic model 

when total variance was unequal between control and treatment arms, where this will not be true when 

total variance is equal between control and treatment arms.  Further, differences in model fit between a 

heteroscedastic and homoscedastic model were expected to be exacerbated as the number of individuals 

and the number of schools increases, as well as with the presence of large ICC’s at Levels 2 and 3.  

Applying a homoscedastic model when the data are truly heteroscedastic may also have 

consequences for certain parameter estimates.  Specifically, misspecifying a model as homoscedastic 

should lead to biased estimates of the Level 1 residual, as estimates will likely reflect the average of the 

control and treatment arm variances (Baldwin, Bauer, Stice, & Rohde, 2011).  Misspecification of the 

variance component structure at Level 1 could also bias variance component estimates at the adjacent 

level (Moerbeek, 2004). In this case, the adjacent level contains a single variance component estimated 

only for those in the treatment arm, thus this parameter may be overestimated when there is greater total 

variation in the treatment arm and underestimated when the opposite is true.   

A second set of hypotheses that were be explored via a simulation study pertained to the impact 

of omitting the 3
rd

 level (schools, in this case) of nesting on variance components and the standard error 

of the treatment effect. The effect of omitting a level of nesting in hierarchically nested data structures has 
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been explored in the literature (Van den Noortgate, Opdenakker, & Onghena, 2005; Moerbeek, 2004).  

Given the existing evidence, if nesting at the top level of a 3-level data structure is ignored, un-modeled 

variance typically only inflates variance component estimates at the adjacent lower level, leaving the 

Level 1 residual unbiased.  Thus, omitting the effect of between-school variability should lead to inflated 

estimates of the between-individual (Level 2) variance component for those in the treatment arm.  

However, as no individual level (Level 2) variance component is estimated for those in the control arm, 

un-modeled school level variance was hypothesized to inflate estimates of the Level 1 residual for the 

control arm when the analysis model is heteroscedastic.  When the analysis model is homoscedastic, it 

was hypothesized that omitting the school level of analysis would inflate both the Level 2 variance 

component and the Level 1 residual.    

Finally, the advantages of including the school level of analysis were demonstrated in terms of 

the ability of school-related predictors to explain school-level variance in the treatment effect.  Including 

a school-level predictor in a real world data analysis would make it possible to identify which types of 

schools an intervention is more likely to be effective in, as well as serve to explain variation in outcomes 

between schools.     

Method 

Data Generation 

 Datasets were simulated using the SAS program (SAS Institute Inc., 2008), version 9.2 (see 

Appendix for simulation program). Using the previously described education scenario involving a 

partially nested intervention study, data sets were simulated where randomization to control or treatment 

arms occurs within schools at the individual level. This resulted in a 3-level structure, in which 

individuals at Level 1 were either nested within treatment groups or were not assigned to treatment groups 

at Level 2, but all individuals are further nested within schools at Level 3.  For the first two sets of 

hypotheses, data were simulated according to the following model: 
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                                                             (19) 

 For the third set of hypotheses involving the advantages of including a school-level predictor in 

the model, data were simulated according to the following model: 

                                                                     

                                                     (20) 

This data generation model includes a fixed effect of school SES,         , and a fixed effect of the 

cross-level interaction of school SES and treatment,                 , in addition to the effects in the 

first two sets of hypotheses.  In equation (18), certain parameter values were held constant across all 

simulated data sets, including the intercept (      ) and the treatment effect (       ), and equation 

(19) included an additional parameter for the effect of school SES (       ).   The size of the cross-

level interaction between school SES and treatment was varied (                    ) in order to 

examine power to detect effects of different magnitudes more thoroughly. As power to detect the 

interaction of school SES and the treatment effect was a focus of this set of hypotheses, the size of the 

effect was varied within this range so as to avoid having any single condition where power was perfect 

(the effect was significant 100% of the time) or where there was no power to detect the effect (the effect 

was significant 0% of the time).  The treatment effect variable was coded as either ‘0’ for an individual in 

the control arm or ‘1’ for an individual in the treatment arm.  School predictor values were randomly 

chosen from a normal distribution with a mean of 0 and a standard deviation of 1.  Random effects in both 

data generation models were randomly drawn from a normal distribution with a mean of 0, and a standard 

deviation specific to the simulation study condition for which the data were generated. 

 ICC. The three existing simulation studies that explored models for partially nested data 

structures used different values for treatment group ICC.  Values chosen for ICC at Levels 2 and 3 were 

consistent with previous simulation studies (Baldwin, Bauer, Stice, & Rohde, 2011; Sanders, 2011; 

Korendijk, Maas, Hox, & Moerbeek, 2010).  However, where previous studies have only considered a 2-
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level model, the current study involves potential between-group variation at the treatment group and 

school levels. Conditions where either treatment group level or school level ICC = 0 were included to 

reflect situations where all group-level variability is either at the treatment group level or the school level, 

as well as conditions where both ICC’s are equal to 0, to reflect a situation where the nesting structure is 

artificial and standard multiple regression analysis, which assumes independence of observations, would 

suffice.   The current simulation varied ICC at Level 2, reflecting variability in the size of the treatment 

effect across treatment groups, and Level 3, reflecting variability across schools (see Table 1).   As the 

degree of dependence between observations can be expected to decrease with the addition of each level of 

nesting, Level 2 ICC included 3 conditions (  = 0, .1, and .3) while ICC at the school level varied among 

3 conditions (  =0, .05, and .15).  

Sample size. An important issue in partially nested randomized control trials is sample size and 

allocation of participants to control and treatment arms (Moerbeek & Wong, 2008). Based on sample size 

suggestions in Roberts and Roberts (2005), Moerbeek and Wong sought to develop a sample size formula 

that would minimize cost and the number of participants necessary to achieve a given degree of power.  

The formula they derived for optimal allocation of participants to treatment and control arms is: 

 
  

 
 √(  

    
 )((   )   )    ⁄        (21) 

Where   refers to treatment group size,   to the number of groups, and   to the number of control 

participants.  This implies that sample size must increase as the ratio of variance between control and 

treatment arms (  
    

 ) increases, the design effect ((   )   ) increases, and the ratio of the cost of 

including control participants to treatment participants (    ⁄ ) increases.  When the cost of including 

participants in the treatment conditions increases, the number of participants in this arm decreases, but 

this must result in more participants allocated to the control condition in order to ensure that sample size 

is large enough maintain adequate power to detect a treatment effect.  Moerbeek and Wong (2008) also 

provide formulae to adjust the number of control participants when costs of treatment are high.  Given the 
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importance of proper allocation of subjects to treatment and control arms and the advantage of being able 

to specify the true population values for ICC and treatment effect size within simulation studies, the 

studies to follow employed the sample size formula given by Moerbeek & Wong (2008) to reflect 

situations in which study design is as close to optimal as possible.   

Due to the fact that simulation studies allow for population parameter values to be specified in 

advance, it is possible to know for certain the size of the ICC in the treatment arm and the size of the 

treatment effect, as this can be directly manipulated.  Thus, assuming equal cost for inclusion of treatment 

and control participants, and a mid-range ICC value of .1 for the treatment arm at Level 2, the simulation 

design included the allocation of individuals to treatment and control arms as recommended by Moerbeek 

and Wong (2008). Using the formula given in (19), sample size varied in terms of the number of clusters 

in the treatment arm, cluster size, and the number of schools. As Moerbeek and Wong (2008) only 

consider a sample size in a 2-level data structure, total sample size calculations involved sample size for a 

2-level data structure (individuals who are either nested within treatment groups or are control subjects) 

multiplied by the number of schools, which varied among 5, 15, and 30.  As shown in Table 2, sample 

size was varied in terms of the number of clusters in the treatment arm (k = 16, 10 or 8), which 

corresponds to cluster size (n = 5, 10, or 15), and the number of control subjects (m = 70, 78, or 85), 

creating three combinations of k, n, and m (k = 16, n = 5, m = 70; k = 10, n = 10, m = 78; and k = 8, n = 15 

, m = 85).  Additionally, to include small sample sizes without adjusting the ratio of the number of 

treatment and control subjects, three conditions distributed the treatment and control subjects across 5 

schools. Together, this yielded 12 distinct sample size conditions (see Table 2). 

 Ratio of residual variance in the control arm to the treatment arm. To gain insight into when a 

heteroscedastic model is preferable over the more parsimonious homoscedastic model, the relative size of 

the residual variance in the control and treatment arms (referred to from here on as   
    

 ) was varied.  

Consistent with Baldwin, Bauer, Stice, and Rohde (2011), three possible values for this ratio were 

included (  
    

  = .5, 1, or 2), holding residual variance in the control equal to a value of 1.0.  Thus, this 
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yielded some data sets in which there was more residual variance in the control arm, some where there 

was equal variance in the control and treatment arms, and some where there was more residual variance in 

the treatment arm (see Table 1).   In total, the combination of levels of simulation study factors (12 

sample size conditions * 27 possible patterns of variance components) yielded 324 distinct conditions.  

For each condition, 1000 replications were simulated.   

Analysis  

Regardless of the true nature of the data generation model, each simulated data set was fit with 

both a homoscedastic and a heteroscedastic model, including a random intercept and fixed treatment 

effect. All models were fit using SAS Proc MIXED (SAS Institute Inc., 2008), where estimation is 

performed via restricted maximum likelihood (REML). REML estimation differs from full information 

maximum likelihood (FIML or ML) in that where variance component estimates are typically treated as 

nuisance parameters and estimates may be biased under FIML, the likelihood function in REML is 

estimated from a transformed data set, which returns unbiased estimates of variance components and 

fixed effects (Bartlett, 1937; Harville, 1977). As the accuracy of variance component estimates can affect 

estimates of standard errors of fixed effects, REML is preferred for the fitting multilevel models over 

FIML (Harville, 1977).   The homoscedastic model assumed that the size of the Level 1 residual variance 

in the control arm is the same as in the treatment arm.  This homoscedastic model yields only one 

estimate for the Level 1 residual, as would be the appropriate model if individual level variability were 

equal in control and treatment arms.  The heteroscedastic model estimates separate Level 1 residuals for 

the control and treatment arms.  A likelihood ratio test was used to determine under what conditions the 

heteroscedastic model fit significantly better than the homoscedastic model.   

A second type of variation on analysis model involved the inclusion (or omission) of the top level 

of nesting.  Each simulated data set was fit with a 2-level (incorrect) and a 3-level (correct) model. As 

described above, this 3-level model included individuals at Level 1 who were either nested within 
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treatment groups or were non-nested controls at Level 2, but all individuals were further nested within 

schools at Level 3. The incorrectly specified model ignored variance attributable to between-school 

differences and took the form of a 2-level model with individuals who were either nested within treatment 

groups or were non-nested control participants, ignoring the school level of nesting. This model was 

misspecified regardless of whether the analysis model is homoscedastic or heteroscedastic.  

Combining the homoscedastic vs. heteroscedastic models with the 2-level vs. 3-level model 

comparison yielded four distinct analysis models, which were fit to each simulated data set. The four 

analysis models that were fit to the data are as follows (shown in single equation form): 

Model 1:                                                            (22) 

Model 2:                                                       (23) 

Model 3:                                                     (24) 

Model 4:                                               (25) 

Model 1 is a 3-level heteroscedastic model that is correctly specified when the Level 1 variance in the 

control arm is different from the treatment arm and accurate, but over-parameterized, when the Level 1 

variance in the control arm is the same as the treatment arm.  Model 2 is a 3-level homoscedastic model 

which is correctly specified only when the Level 1 variance in the control and treatment arms is equal. 

Model 3 is a two-level heteroscedastic model.  This model will always be misspecified due to omission of 

the school level of analysis, but it will also be over-parameterized when the Level 1 variance in the 

control and treatment arms are equal. Finally, Model 4 represents a homoscedastic 2-level model which 

will always be misspecified due to the omission of the school level of analysis, but could be further 

misspecified if the Level 1 variance in the control arm is different from the treatment arm. As it has been 

shown that the Kenward-Roger (Kenward & Roger, 1997) method for calculating degrees of freedom 

outperforms the between-within method in partially nested multilevel-models (Bauer, Sterba, & Hallfors, 
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2007; Sanders, 2012), the Kenward-Roger method will be employed for all estimation of all analysis 

models.   

   For hypotheses pertaining to the advantages of including a school-level predictor, two additional 

heteroscedastic models were fit to simulated data sets that included a school predictor. The data 

generation model for these two analysis models includes the effects of the school predictor: 

                                                        

                                               (26) 

The first heteroscedastic analysis model was identical to Model 1 described above and did not include the 

school predictor, while the second heteroscedastic analysis model included the school predictor,     . 

Assessing the impact of study conditions on model parameters.  Certain model parameter 

estimates, such as the standard errors of fixed effects and variance component estimates from all 4 

models, were collected and evaluated across simulation study conditions in terms of relative bias, absolute 

bias, and efficiency.  Relative bias in parameter estimates is the difference between the true population 

value (as defined in the data simulation program) and the estimate, scaled by the true size of the 

parameter. Calculating relative bias is useful, as it provides an index of the magnitude of observed biases 

and can be interpreted as how under- or over-estimated a parameter is in the form of a percentage. To this 

end, relative bias was calculated using the formula: 

              ( )   
 ̂  

 
        (27) 

where  ̂ represents the parameter estimate and   represents the true parameter value.  As some study 

parameters have true values of 0 in certain conditions (rendering the calculation of relative bias 

impossible), some hypothesis tests were performed using absolute bias, using the formula: 

              ( )   ̂           (28) 
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 Inefficiency or mean squared error (MSE) captures variability in parameter estimates around the true 

population value as specified in the simulation program. Thus, inefficiency was calculated as: 

             ( )  ( ̂   )         (29) 

 As the “true” value of the standard errors of fixed effects are not specified in the simulation 

program, empirical standard errors were calculated post-hoc as the standard deviation of the fixed effect 

estimate across the valid (where the model converged without a boundary estimate) replications in each 

condition. Relative bias, absolute bias, and inefficiency of the standard errors of the treatment effect were 

calculated based on deviations from the empirical standard errors.  Once bias and inefficiency were 

calculated for each parameter, the impact of the simulation study conditions on the parameter estimates 

was explored using analysis of variance, focusing on effect sizes of main effects and key 2- and 3-way 

interactions. 

The impact of simulation study conditions on likelihood ratio tests comparing the fit of 

heteroscedastic and homoscedastic models were evaluated in terms of Type I error rates when the data 

were truly homoscedastic, and power when the data were truly heteroscedastic. Additionally, power to 

detect the treatment effect across simulation study conditions was evaluated in terms of how often a 

significant treatment effect is detected across replications in each condition.     

Results 

 The current simulation study sought to extend the 2-level model for partially-nested data 

structures to a 3-level model, encompassing a higher level of nesting.  This is the first presentation of a 3-

level model incorporating partial nesting, thus the performance of this model in terms of the accuracy of 

certain parameter estimates and the power to detect the treatment effect were evaluated for properly 

specified models.  While the scope of the simulation was broad, three specific sets of hypotheses were 

tested with regard to the accuracy of certain parameter estimates, such as the standard error of the 

treatment effect and variance components at Levels 1 and 2. The first set of hypotheses evaluated the 
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utility of a heteroscedastic model over a homoscedastic model as a function of simulation study factors.  

The second set of hypotheses pertained to the impact of omitting the school level of analysis on bias in 

parameters at lower levels.  A third set of hypotheses involved the inclusion of a school-level predictor 

and investigated how varying the size of this effect impacted power rates for the simple effect of the 

predictor, as well as the cross-level interaction of the school predictor and the treatment effect.   

Performance of 3-Level Heteroscedastic Partially-Nested Model 

Convergence Rates and Boundary Solutions. Convergence rates for the 3-level heteroscedastic 

partially-nested model were evaluated in conditions where this is the properly specified model.  Model 

performance was not evaluated in conditions where ICC at any level of the model was equal to 0, as these 

conditions represent situations where the nesting structure of the data is artificial and the model is over-

parameterized as a result.  Baldwin, Bauer, Stice, and Rohde (2010) reported non-convergence rates of up 

to 20%.  Convergence problems in the current simulation study were primarily observed for conditions 

with small sample sizes (see Table 3).  Non-convergence was greatest in conditions with 5 schools, when 

the total number of individuals was between 150 and 205 (Mean = 24%), and in conditions with 5 

schools, when the total number of individuals was between 750 and 1025 (Mean = 11%).  When 

conditions included 15 or 30 schools, no convergence problems were encountered (Mean = 0%).   

When true values of parameters are close to zero (as is often the case with variance components 

when ICC values are small) the estimation procedure may yield a variance component estimate so close to 

zero it is not estimable. When this occurs in SAS Proc MIXED, the parameter estimate is constrained to a 

value of 0, which is referred to as a boundary solution.  In the current study, boundary solutions occurred 

more often for certain parameters, under certain study conditions (see Table 4). Of the converged 

solutions, zero estimates were infrequently encountered for the variance between treatment groups in the 

size of the treatment effect,    , across all conditions (Min = 0%, Max = 2%).  Zero estimates were also 

infrequently encountered for the school-level intercept variance component,     , across all conditions 
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(Min = 0%, Max = 5%).  However, estimates of school-level slope variance,     , were frequently 

constrained to zero (Min = 0%, Max = 38%).  Boundary solutions were most common when the number 

of schools was 5 (Mean = 20%), when Level 3 ICC was equal to .05 (Mean = 17%), and when Level 2 

ICC  was equal to .3 (Mean = 13%).  This is similar to findings from Korendijk (2012), where boundary 

estimates were most frequently encountered for the Level 2 slope variance parameter, which was 

estimated only for those in the treatment arm and estimated variance in the size of the treatment effect 

across treatment groups.  In the current study,       pertained only to those in the treatment arm and 

provided an estimate of the size of the treatment effect across schools. 

Accuracy of Estimates of Key Parameters. Estimates of certain parameters, including the 

standard error of the treatment effect and variance components at all three levels, in correctly specified 

models were evaluated in terms of relative bias and efficiency (MSE).  When the data were truly 

homoscedastic, the 3-level homoscedastic model was properly specified, while when the data were truly 

heteroscedastic, the 3-level heteroscedastic model was the correct one.  Figure 1 displays relative bias in 

estimates of key parameters (including the standard error of the treatment effect and variance components 

at all three levels of the model) in correctly specified 3-level partially-nested models.  Some parameters 

exhibited varying degrees of accuracy, depending on levels of simulation study factors, while others were 

consistently estimated without bias.  While certain tables referred to in text are included in the appendix 

of this document as they pertain to key findings, the full set of results, including bias and efficiency for all 

key parameters, analysis results tables, and simulation programs in SAS can be found in the 

supplementary electronic appendix. 

Estimates of the standard error of the treatment effect were impacted by sample size and Level 3 

ICC.  When the data set included only 5 schools and Level 3 ICC was equal to .05, estimates of this 

parameter were inflated (see Table 5), with relative bias ranging from 6.5% to 21.3% (Mean = 12.3%), 

however, bias in this parameter was less problematic across the other study conditions, ranging from -8% 

to 8.5% (Mean = -.2%). Though no large effect sizes were found, certain simulation study factors were 
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influential in causing the observed bias. Bias was greater when Level 3 ICC was small (   = .02), the 

number of schools included in the sample was small (   = .02), and was also impacted by the interaction 

of Level 3 ICC and the number of schools (   = .01).  Very little variability in estimates of the standard 

error of the treatment effect were observed (maximum MSE = .005), indicating that efficient estimates of 

this parameter were obtained across all simulation study conditions.  

Estimates of the Level 1 variance components, estimated separately for treatment and control 

arms (  
  and   

 )  were consistently unbiased, where relative bias of estimates of   
  (Mean =-.1%) and 

  
  (Mean = =.002%) was negligible (see Tables 6 and 7). Estimates of   

  and   
  were also highly 

efficient (Mean MSE = .006 and .003, respectively). The same was true for the Level 2 variance 

component (    ), estimated only for those in the treatment arm.  Estimates of      were slightly biased 

(see Table 8), with relative bias ranging from -4.6% to 5.9% (Mean = -.3%), and efficient, with MSE 

ranging from .0002 to .008 (Mean = .003).   

Estimates of school-level intercept variability (    ) were slightly biased, with relative bias in 

this parameter ranging from -5.4% to 5.7% (Mean = .02%). Estimates of      exhibited some variability 

under certain study conditions.  Specifically, when the sample included only 5 schools,   
    

  was equal 

to 2, and Level 3 ICC was equal to .15, estimates of this parameter were somewhat inefficient, with MSE 

averaging .15, compared to an average of .018 across the remaining study conditions (see Table 9).  

Estimates of school-level slope variability (    ) were inflated when only 5 schools were included, with 

relative bias ranging from -3% to 95% (Mean = 27.3%), compared to when the number of schools was 15 

or 30 (Mean = 1.7%) across study conditions (see Table 10).  Though no large effect sizes were observed, 

bias in estimates of      was greater when Level 3 ICC was small (   = .02) and five schools were 

included in the sample (   = .02). Similarly, when the sample included only five schools, estimates of the 

covariance between intercepts at slopes at Level 3 were inflated (Mean = 19.2%), where bias was 

considerably less when the number of schools was 15 or 30 (Mean = 3.8%, see Table 11). No study 
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factors appeared to be the cause of bias in estimates of      (all     < .001).  However, both      and      

were efficiently estimated across study conditions (Mean MSE = .005 and .006, respectively).   

Power to Detect the Treatment Effect. To determine the impact of simulation study factors on 

power to detect the treatment effect, the number of converged replications containing valid estimates for 

all parameters in each condition in which a significant treatment effect was found were examined.  Once 

again, only conditions where non-zero ICC’s were present at all levels of the data and the model was 

properly specified are included.  When the number of schools included was 15 or 30, power rates were 

very high, ranging from .95 to 1.0 (see Table 12).  However, when only 5 schools were included, power 

rates were considerably more variable, ranging from .34 to .95.  To investigate which simulation study 

factors impacted power to detect the treatment effect, a logistic regression analysis was performed for 

conditions in which only 5 schools were included.  In conditions where only 5 schools were included, 

power was most impacted by Level 3 ICC (   (1) = 3615.52, p < .0001),   
    

  (   (2) = 2235.64, p < 

.0001), and Level 2 ICC (   (1) = 1050.58, p  < .0001).  The odds of finding a significant treatment effect 

were 2 times greater when Level 3 ICC was equal to .05 than .15, 2 times greater when   
    

  was equal 

to .5 than 2, and 1.33 times greater when Level 2 ICC was equal to .1 than .3. Also found to impact power 

to detect the treatment effect were the interaction of Level 2 ICC and   
    

  (   (2) = 101.59, p < .0001), 

where differences in power between conditions where Level 2 ICC was equal to .1 and .3 were smaller 

when   
    

  was equal to 2:1 than .5:1. The interaction between Level 3 and Level 2 ICC (   (1) = 

107.85, p <.0001) was also impactful, where differences in power between conditions where Level 2 ICC 

was equal to .1 and .3 were smaller when Level 3 ICC was equal to .15 than when Level 3 ICC was equal 

to .05. 

 Heteroscedasticity Hypotheses 

 The first set of hypotheses was posed for the impact of the presence of heteroscedasticity at Level 

1, where the Level 1 variance differs between control and treatment arms.  If the amount of variance 
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differs between control and treatment arms and a homoscedastic model is used, model fit should be worse 

than when a heteroscedastic model is employed.  Conversely, when the amount of variance is equal for 

control and treatment arms, model fit should be similar for both types of models. This notion was 

evaluated in terms of likelihood ratio tests comparing model fit between a heteroscedastic 3-level model 

and a homoscedastic 3-level model across study conditions.  When misspecification occurs as a result of 

applying a homoscedastic model in the presence of heteroscedasticity, bias may be present in estimates of 

the Level 1 residual, as the analysis model assumes homoscedastic Level 1 variance, however, bias may 

also be found in variance component estimates at Levels 2 and 3.   

Model Fit Hypotheses.  To determine how great of an impact heteroscedasticity had on model fit, 

likelihood ratio tests were conducted in each replication, comparing fit for a heteroscedastic model to a 

homoscedastic model. Likelihood ratio tests between nested models are chi-square distributed, and tests 

were conducted with 1 degree of freedom.   When significant differences in model fit are found and the 

data are truly homoscedastic, this is indicative of Type I error, as no difference in model fit should be 

observed.  Type I error rates for this test were less than 5% across all simulation study conditions. When 

the data were truly heteroscedastic, likelihood ratio tests of differences in model fit were significant 

nearly 100% of the time (Min = 99.7%, Max = 100%) across simulation study conditions.  As the test was 

almost always significant, it was not possible to use logistic regression analysis to determine whether 

certain study factors had an impact on the power of this test.   

 Bias in Key Parameters.  Estimates of certain parameters were hypothesized to be affected by 

misspecification involving applying a homoscedastic model when the data are truly heteroscedastic, 

including the standard error of the treatment effect, variance components at Levels 2 and 3, and the Level 

1 residual.  While the data were generated such that heteroscedasticity was present at the individual level 

(Level 1), it is possible that un-modeled variance could bias variance component estimates at other levels 

of the model.  When the analysis model is homoscedastic, bias is expected in the Level 1 residual as this 

part of the model is misspecified, however, this model type may also give inflated estimates of variability 
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in the size of the treatment effect and estimates of variability between schools as misspecification of the 

variance structure at one level can bias variance component estimates at adjacent levels (Moerbeek, 

2004).  In this case, the Level 2 variance component is relevant only to those in the treatment arm, 

therefore, for those in the control arm, the school level (Level 3) would be the adjacent level.  In order to 

examine bias in variance components across all levels of simulation study factors including conditions in 

which Level 2 or Level 3 ICC was equal to 0, absolute bias was evaluated in lieu of relative bias.         

 Bias in the Level 1 residual was the focus of this particular set of hypotheses.  In the case that the 

analysis model was heteroscedastic, two Level 1 residual (  ) estimates were obtained, with one estimate 

pertaining to the control arm and one to the treatment arm.  When the analysis model was homoscedastic, 

only one estimate of the Level 1 residual was obtained, but this estimate can be partitioned to reflect bias 

for control and treatment arms by calculating the difference between estimates of the Level 1 residual and 

the true value of this variance component for control and treatment arms in order to determine if bias due 

to model misspecification is greater for one study arm than the other. Estimates of   
  and   

  were not 

differentially biased by the type of analysis model.  As expected, bias in estimates of   
  and   

  was 

primarily a function of the interaction of model type and   
    

  (    .87 and .86, respectively, see 

Figure 2). Both parameters were unbiased when the analysis model was heteroscedastic, and substantially 

biased when the analysis model was homoscedastic and   
    

  was equal to .5 or 2 (see Tables 13 & 14).   

When   
    

  was equal to .5, estimates of   
  were inflated while estimates of   

  were deflated.  

Conversely, when   
    

  was equal to 2, estimates of   
  were deflated while estimates of    

  were 

inflated.   

Overall, estimates of the standard error of the treatment effect were not affected by the 

application of a homoscedastic model in the presence of heteroscedasticity (all    < .001). However, 

estimates of the Level 2 variance component (    ), which provided an estimate of variability in the size 

of the treatment effect across treatment groups, were impacted by this type of model misspecification (see 
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Tables 15 & 16), as evidenced by a medium-sized effect of the interaction of analysis type and   
    

  (   

= .09, see Figure 3).  Estimates of      were upwardly biased when   
    

  was equal to .5 (Mean 

Absolute Bias = .03)  and a homoscedastic model was fit to the data and downwardly biased when   
    

  

was equal to 2 and the incorrect model was applied (Mean Absolute Bias = -.04). 

While model misspecification pertaining to variance component structure typically only impacts 

variance component estimates at the adjacent level, no Level 2 variance component is estimated for those 

in the control arm.  Thus, it was hypothesized that estimates of variance components at Level 3 could be 

impacted by applying a homoscedastic model when the Level 1 variance was heteroscedastic.  However, 

estimates of Level 3 variance components were not biased as a result of this type of misspecification.  

Applying a homoscedastic model at Level 1 in the presence of heteroscedasticity did not greatly impact 

estimates of intercept variability at the school level (Level 3, all    < .001), where absolute bias ranged 

from -.01 to .03 (Mean = .004).  Estimates of variability in the size of the treatment effect across schools 

(    ) were similarly unaffected by this type of model misspecification (all partial     .008), where 

absolute bias ranged from -.02 to .04 (Mean = .007).  Further, estimates of the covariance between 

intercepts and slopes (    ) were unaffected by applying a homoscedastic model when the data were truly 

heteroscedastic (all partial         ), where absolute bias ranged from -.02 to .02 (Mean = -.001).        

School Level Omission Hypotheses 

 A second set of hypotheses pertained to the impact of omitting the school level of analysis on 

key model parameter estimates.  Omitting a level of analysis in a multilevel model typically biases the 

variance components at the adjacent level (Moerbeek, 2004), however, in this case, only one variance 

component is estimated at Level 2 of the three-level model and this parameter only applied to those in the 

treatment arm of the study.  Thus, the Level 2 variance component reflects variation in the size of the 

treatment effect across treatment groups, and this parameter is expected to be biased by un-modeled 

treatment effect variability present at the school level of the data. Un-modeled school level variance for 
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those in the control arm was hypothesized to be filtered into the Level 1 residual, resulting in inflated 

estimates of this parameter.  Additionally, omission of the school level of analysis was hypothesized to 

artificially increase the power to detect the treatment effect at Level 2, as ignoring within-school 

similarity could make the standard error for this parameter downwardly biased.  These patterns of bias 

were hypothesized to be impacted by study conditions, such as sample size (including the number of 

school, cluster size, and the number of clusters) and ICC at levels 2 and 3 of the model, as well as the 

interaction between these factors.  

 Bias in Key Parameters.  Estimates of several parameters were hypothesized to be affected by the 

omission of the school level of analysis and other study factors, including the standard error of the 

treatment effect, the variance component associated with the treatment effect (    ), and the Level 1 

residual estimated for the control arm (  
 ).  In order to examine the impact of school level omission 

across all simulation study conditions, absolute bias estimates were used in lieu of relative bias, as 

calculation of relative bias is not possible when the true value of the parameter as specified in the 

simulation program is 0.  As shown in Figure 4, omission of the school level of analysis greatly impacted 

certain parameter estimates, and absolute bias of the standard error of the treatment effect,     , and   
  

varied considerably across study conditions.   

 Omission of the school level of analysis was hypothesized yield downwardly biased estimates of 

the standard error of the treatment effect.  Indeed, though bias was negligible for this parameter in the 3-

level models (Mean = .008), the misspecified 2-level models exhibited some bias in estimates of the 

standard error of the treatment effect (see Table 17), with absolute bias ranging from -.08 to .03 (Mean = -

.011) and this was evidenced in the main effect of model type (   = .13).  The only other study factor to 

affect estimates of this parameter was ICC at Level 3 (   = .23), and bias of the standard error of the 

treatment effect was greatest when the school level was omitted and Level 3 ICC was equal to .15 (Mean 

= -.03), though the interaction of model type and Level 3 ICC yielded only a small effect size (   = .05). 
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 Un-modeled variance resulting from omission of the school level of analysis was hypothesized to 

inflate estimates of the Level 2 variance component,     , which only pertained to those in the treatment 

arm.  On average, estimates of      were heavily inflated when the school level was omitted (Mean = .22, 

see Figure 5) compared to the correctly specified 3-level model (Mean = .01) and this effect was further 

evidenced by the large effect size for the main effect of model type (   = .41, see Table 18). A large 

effect was found for key interaction of model type by Level 3 ICC (   = .38), where bias was greatest 

when the school level was omitted and Level 3 ICC was equal to .15 (Mean = .51). 

 Finally, as there was no Level 2 variance component for those in the control arm, un-modeled 

variance resulting from omission of the school level of analysis was hypothesized to inflate estimates of 

the Level 1 residual, particularly when the analysis model was heteroscedastic, which estimated separate 

parameters for control and treatment arms.  Indeed, bias in the Level 1 residual resulting from omitting 

the school level of analysis was concentrated entirely in estimates of   
  (   = .31, see Figure 6), leaving 

estimates of   
  unbiased (   = .00).  Estimates of   

  were most heavily impacted by Level 3 ICC (   = 

.29), where a large effect was found for the interaction of model type and Level 3 ICC (   = .28) and bias 

was greater when Level 3 ICC was equal to .15 (Mean = .33) than .05 (Mean = .11, see Table 19). 

Power to Detect the Treatment Effect. When similarity between observations resulting from a 

nesting structure is ignored due to omission of a level of nesting, standard errors of fixed effects often 

exhibit downward bias (Moerbeek, 2004), leading to overly optimistic estimates of the size of the effect.  

In this case, when the school level is omitted from the analysis, the standard error of the treatment effect 

should be underestimated, resulting in artificially inflated power rates.  In the properly specified 3-level 

model, power to detect the treatment effect exceeded .95 in all conditions when 15 schools were sampled 

and 1.0 when 30 schools were included. As power cannot exceed 1.0, power rate inflation due to omission 

of the school level of analysis was not possible to evaluate. Artificially inflated power rates were 

observed  when the number of schools was 5, where power rate inflation ranged from .00 to .46 (Mean 

Power Difference = .18).  Power rate inflation was also found when 5 schools were included and 
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heteroscedasticity was present, where differences ranged from .01 to .39 (Mean = .14) when   
    

  = .5 

and ranged from .01 to .46 (Mean = .24).  Power rate inflation was further found when 5 schools were 

included and ICC at Level 3 was greater than 0, where differences ranged from .01 to .37 (Mean = .16) 

when Level 3 ICC was equal to .05, and ranged from .19 to .46 (Mean = .34) when Level 3 ICC was 

equal to .15.  

To determine whether the omission of the school level of analysis led to significant artificial 

inflation of power rates and how the combination of school-level omission and other simulation study 

factors differentially impacted this artificial power inflation, a logistic regression analysis was performed 

where the outcome variable indicated whether the treatment effect was significant or not for each 

replication.  Power rates were predicted by the interaction of model type (3-Level model with schools or 

2-Level model omitting schools) with other study factors, such as Level 2 ICC, Level 3 ICC,   
    

 , and 

cluster size/number of clusters.  There was no variability in power rates when the number of schools was 

15 or 30, regardless of model type (see Table 20). Thus, analyses were conducted for the remaining 

conditions where the number of schools was equal to 5.  

 For conditions including 5 schools, omitting the school level of analysis had a considerable effect 

on power rate inflation (   (1) =  3107.87, p < .0001), where the odds of finding a significant treatment 

effect were 5.3 times greater when the school level was omitted than in the correctly specified model.  

The interaction of model type and Level 3 ICC was also influential (   (2) = 318.62, p <.0001), where the 

odds of finding a significant treatment effect were 1.8 times greater when Level 3 ICC was equal to .05 

than .15 and the school level was omitted.  A sizable effect was also found for the interaction of analysis 

type and   
    

  (   (2) = 145.81, p < .0001), where the odds of finding a significant effect were 1.64 

times greater when   
    

  was equal to .5 than 2.  Finally, the interaction of analysis type and cluster 

size/number of clusters also impacted Type I error rates (   (2) = 121.6, p <.0001), where the odds of 

finding a significant treatment effect were 1.6 times greater when the sample included 16 clusters of 5 

individuals than 8 clusters of 15 individuals. 
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School Predictor Hypotheses  

One advantage of including a school predictor at Level 3 and the cross-level interaction of the 

school predictor and the treatment effect is in the ability to explain variance at the school level.  Power to 

detect the interaction of the school predictor and the treatment effect was examined for each coefficient 

size (    = .01, .05, or .09).  A set of simulations with very large sample sizes were conducted to 

determine the effect sizes associated with      coefficients of size .01, .05, and .09. When the      

coefficient size was small (     = .01), the amount of variance in school slopes explained was negligible 

(see Table 21), ranging from -.3% to 1.5% (Mean = .2%). When      was equal to .05, the amount of 

variance explained ranged from .1% to 11.7% (Mean  = 4.2%).  When      was equal to .09, the amount 

of variance explained ranged from 2.1% to 27.4% (Mean = 12%).   

Power to detect the interaction between treatment and the school predictor was influenced by 

study conditions, such as sample size, both in terms of the number of individuals and the number of 

schools, ICC at Level 2 and Level 3, and the ratio of total variance between control and treatment arms. 

Power rates varied depending on the size of the      coefficient.  When this effect was small (     = .01), 

power rates ranged from .02 to .54 (Mean = .1) across study conditions (see Table 22).  Power rates were 

not much higher when the size of the      coefficient was .05 (see Table 23), where power ranged from 

.02 to .58 (Mean = .1).  Power was greater when the size of the      coefficient was .09 (see Table 24), 

where power ranged from .04 to .97 (Mean = .21). However, the only conditions in which power was 

adequate (>.8) were conditions in which Level 3 ICC was equal to 0, indicating that the model is over-

parameterized and the nesting structure artificial. Power rates were most effected by the number of 

schools included, where power was greatest when 30 schools were included (Mean = .44), compared to 

when 15 (Mean = .24) or 5 (Mean = .08) school were included.  When the number of schools was larger 

(15 or 30), power was greater when Level 3 ICC was equal to .05 (Mean = .31) than .15 (Mean = .19).  
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Finally, power was slightly greater when the number of schools was large (15 or 30) and Level 2 ICC was 

was equal to .1 (Mean = .33) than .3 (Mean = .28).    

Chapter III:  Study 2 - Incorporating a Lower Level of Nesting 

 The second extension to the model proposed by Bauer, Sterba, and Hallfors (2008) involved the 

inclusion of a lower level of nesting, as would occur if observations are collected on individuals across 

time.  Many studies employ longitudinal data collection techniques and partially nested data structures 

with repeated observations could occur just as frequently as in studies where data are collected only once.  

Indeed, one of the few published studies which correctly employed the Bauer, Sterba, and Hallfors (2008) 

adjustment to the standard multilevel model for partially nested data was Price and Anderson (2011), who 

fit a 3-level model where observations collected at three time points were nested within individuals who 

were either nested within treatment groups or were non-nested controls.  However, while Price and 

Anderson applied the correct model structure for analysis, they did not capitalize on the unique potential 

of the model for testing hypotheses about heteroscedastic error for control and treatment arms.  If the data 

analyzed by Price and Anderson was indeed heteroscedastic and this aspect was ignored, the 

consequences may have been serious in terms of the accuracy of model parameter estimates.  The 

performance of the heteroscedastic longitudinal model for partially-nested data was explored in the 

current study, along with the implications of ignoring heteroscedastic individual-level variance in such 

data.  Further, the advantages of including repeated measures over analyzing data collected at a single 

time point in terms of increased power to detect a treatment effect were evaluated.   

To add a third level at the “bottom,” the two-level model proposed by Bauer, Sterba, and Hallfors 

(2008) is extended to a 3-level model in which observations are nested within individuals, and individuals 

in the treatment arm are further nested within treatment groups.  This model takes the form: 

Level 1:                                  (30a)  

Level 2:                                 
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                                  (30b) 

Level 3:                  (30c) 

                  

             

                  

This is a standard multilevel growth model at Levels 1 and 2, but only those terms associated with the 

treatment arm in the Level 2 intercept and slope equations can be made random across treatment groups at 

Level 3. For those in the control arm, outcomes are a function of the average outcome score for those in 

the control arm,     , the average slope of time,            , an individual-specific deviation from the 

average outcome score,     , an individual-specific deviation to the average  slope of time,            , 

plus an observation-specific deviation from the average outcome score,     . For those in the treatment 

arm, outcomes are a function of the average score for those in the treatment arm,           , plus the 

average effect of time, (         )       , an individual –specific deviation from the average outcome 

score,     , an individual-specific deviation to the slope of time,            , a group-specific deviation to 

the average outcome score,     , a group-specific deviation to the average slope of time,            , 

and an observation-specific deviation from the average outcome score,     .  This model differs for those 

in the treatment and control arms in the following way: 

 (    |       )                                           (31) 

and 

 (    |       )  (         )  (         )                               

                                               (32) 
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Finally, consistent with Bauer, Sterba, and Hallfors (2008), it is possible that variability in 

intercepts and the slope of time could differ systematically at the individual level between treatment and 

control arms. In Study 1, heteroscedastic variance was potentially present at Level 1, whereas in the 

longitudinal model described above, heteroscedastic variance is expected at Level 2 (now the individual 

level).  Thus, it is possible to model this heteroscedasticity by estimating separate Level 2 variance 

components for the treatment and control arms as follows: 

(   [
    
    
] |       )  [

     
          

]      (33) 

and 

(   [
    
    
] |       )  [

     
          

]      (34) 

This heteroscedastic model gives separate estimates for the variance of intercepts and Time slopes in the 

control and treatment arms. A likelihood ratio test was conducted to determine whether the 

heteroscedastic model was preferred over a homoscedastic model by comparing the difference in model 

deviance between the homoscedastic and heteroscedastic models. This test was assumed    distributed 

with 3 degrees of freedom, where a significant value would indicate that the heteroscedastic model fits the 

data better.  

Goals of Study 2 

A second simulation study was conducted where the data structure reflects partially nested 

longitudinal data. This 3-level model includes observations at Level 1, which are nested within 

individuals at Level 2, who are either further nested within treatment groups or are non-nested controls. 

The second simulation study will have three goals.  The first goal will be to evaluate the overall 

performance of the longitudinal model for partially-nested data, along with the impact of various 

conditions on the accuracy of model parameter estimates and power to detect the treatment effect.  This 
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will involve varying such factors as the number of time points at which data were collected, sample size 

in terms of the total number of individuals and the number of clusters and cluster size in the treatment 

arm, ICC in the treatment arm, and the relative size of Level 1 variance components in the treatment and 

control arms.  A second goal will be to determine the impact of ignoring heteroscedastic variance at the 

individual level (Level 2), in terms of model fit, the impact on the accuracy of parameter estimates, and 

power to detect the treatment effect.  A third goal of this study will be to assess how much power is 

gained by the inclusion of repeated measures over using data from a single time point.  Thus, each 

simulated data set will be analyzed both with the inclusion of data from all time points (the 3-level model 

described earlier) as well as a model that only uses data from the final time point (resulting in a 2-level 

model).   

Method 

Data Generation 

 As in Study 1, datasets were simulated using the SAS program (SAS Institute Inc., 2008), version 

9.2 (see Appendix for simulation program). Using the previously described education scenario involving 

a partially-nested intervention study, data sets were simulated where observations at Level 1 are nested 

within individuals at Level 2, who are either nested within treatment groups or are independent controls at 

Level 3. Data were simulated according to the following model: 

                                                                  

                                                         (35) 

 Number of Time Points.  One focus of this second simulation study was on the advantages of 

including multiple observations per individual and the ability to model change over time. Thus, it was 

important to assess the impact of the number of time points on the accuracy of model parameter estimates.  

To this end, two levels were included for number of time points (t = 3 or 6).  These values were chosen 
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based on published research involving partially nested data structures.  While data sets where data are 

collected at three time points are fairly common, the data set used for demonstration of simulation study 

results (Borman & Dowling, 2006) includes data collected across 6 time points. So as not to create effect 

size differences based on the number of time points, time was scaled such that the first time point was 

always coded as -1, while the final time point was coded as 0.  In the condition including 3 time points, 

time was coded -1, -.5, and 0, while in the condition including 6 time points, time was coded -1, -.8, -.6,   

-.4, -.2, and 0. 

Sample size. Sample size conditions for this simulation study were determined using a similar 

strategy to Study 1, which is based on optimal design recommendations for a 2-level partially nested data 

structure given by Moerbeek and Wong (2008).  However, rather than additionally varying the number of 

schools, as in Study 1, Study 2 will vary the number of time points, which will be 3 or 6.  As in Study 1, 

sample size varied in terms of number of clusters (k) and cluster size (n), yielding a total of six 

combinations of k and n. As such, the six levels of number of clusters (k = 16, 10, 8, 32, 20, and 16) 

corresponded to cluster sizes of (n = 5, 10, 15, 10, 20, and 30, respectively).  Each combination of k and n 

corresponded to the number of control subjects (m = 70, 87, 105, 280, 350, and 420, respectively), 

yielding 12 distinct sample size conditions (see Table 25). Half of the sample size conditions included 3 

time points and the other half included 6 time points.  The six combinations of number of clusters, cluster 

size, and number of control subjects were as follows:  k = 16, n = 5, m = 70; k = 10, n = 10, m = 87; k = 8, 

n = 15, m = 105; k = 32, n = 10, m = 280; k = 20, n = 20, m = 350; and k = 16, n = 30, m = 420. 

 Level 3 ICC. The values chosen for ICC at Level 3 in Study 2 reflect variation between treatment 

groups, relevant only for the treatment arm.  Three values for Level 3 ICC were included (   = 0, 

.05,.15), where these values represent conditions where there is no variability between treatment groups 

(   =0), conditions where 5% of the residual variability across all three levels is attributable to variability 

between treatment groups (   = .05), and conditions where 15% of the residual variability across all three 

levels is attributable to variability between treatment groups (   = .15, see Table 26).   
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 Degree of Heteroscedasticity at Level 2 (           ). Three levels of the degree of 

heteroscedasticity at Level 2 were included, characterized by the ratio of treatment to control arm 

intercept variance at the final time point (             1, 2, or 4).  With regard to this particularly 

important simulation factor, a value of 1 indicated that the data were homoscedastic, and values of 2 and 4 

indicated that the data were heteroscedastic. Larger values of this ratio coincided with a greater degree of 

decreasing variability between individuals as a function of time, where this effect was more pronounced 

when              4 than when              2.  Time was centered at the final time point, so that 

intercept variance,     , reflected the variance between individuals at end of the data collection process. 

As the objective of randomization of individuals to control and treatment arms is to ensure that any 

differences found between the arms post-treatment are not due to pre-existing differences between the 

groups (or arms), intercept variance for treatment and control arms should be approximately equal at the 

first time point. Thus, in heteroscedastic conditions, values for the negative covariance between intercepts 

and slopes in the treatment arm (     ) were strategically chosen so that intercept variance would be 

equal for control and treatment arms at the first time point.  

The parameter values for intercept and slope variance for the control arm (       and      ) were 

the same across all conditions. For those in the control arm, no systematic change over time was expected, 

however to avoid including a true value of 0 for this parameter, the covariance between intercepts and 

slopes (     ) was set to .25 across all conditions (see Table 26).  To reflect a situation where the data 

were homoscedastic (             1), treatment arm parameter values for        and       were equal 

to those in the control arm.  The parameter values for intercept variance (     ), slope variance (     ) 

and the negative covariance between intercepts and slopes (     ) were varied to reflect different degrees 

of within-group homogenization over time.  In the first of the two heteroscedastic conditions 

(              ), a larger slope variance and a larger negative covariance between intercepts and 

slopes was specified for the treatment arm, coupled with a smaller intercept variance at the final time 

point.  In the second heteroscedastic condition (             4), designed to reflect a greater degree of 
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within group homogenization over time, an even larger slope variance and covariance between intercepts 

and slopes was specified, coupled with an even smaller intercept variance at the final time point.   

Analysis  

To investigate the utility of a heteroscedastic model over a homoscedastic model, each simulated 

data set was fit with both types of models.  The homoscedastic model estimates one set of three variance 

components (including intercept variance, slope variance, and the covariance between intercepts and 

slopes) at Level 2. In contrast, the heteroscedastic model estimates a separate set of Level 2 variance 

components for treatment and control arms. Thus, each simulated data set was fit with a heteroscedastic 

model:        

                                                                   

                                                                  (36) 

and a homoscedastic model: 

                                                                  

                                              (37) 

The heteroscedastic model is correctly specified when the Level 2 variance is truly 

heteroscedastic (when              2 or 4), and over-parameterized when the Level 2 error is 

homoscedastic (when              1).  The homoscedastic model is correctly specified only when the 

data are truly homoscedastic (             1) and misspecified when the data are heteroscedastic (when 

             2 or 4).   

As one goal of this simulation study was to assess the increase in power to detect the treatment 

achieved by inclusion of multiple observations per individual, power rates from the 3-level analysis 
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model that includes data from all time points were compared to power rates from a 2-level analysis 

model, using data only from the final time point, defined as: 

                                                  (38) 

This model estimates separate Level 1 residuals for control and treatment arms (corresponding to Level 2 

variance in the model including repeated measures nested within individuals), but omits, of course, any 

effect associated with time. 

Assessing the impact of study conditions on model parameters.  Parameter estimates from both 

models were collected and evaluated across simulation study conditions in terms of bias and efficiency.  

Additionally, power to detect the treatment effect will be evaluated to determine the advantage of 

including multiple time points versus data from a single time point. Power rates for the three-level model 

including repeated measures will be compared to a model using data from the final time point via logistic 

regression. 2- and 3-way interactions between analysis type and the number of time points, sample size, 

cluster size/number of clusters,             , and Level 3 ICC were also examined.  

The first goal of this study was to evaluate the performance of the heteroscedastic longitudinal 

model for partially-nested data structures.  Convergence rates and the occurrence of boundary conditions 

relative to simulation study factors were examined. Also, accuracy of model parameter estimates were 

evaluated in terms of relative bias and mean squared error (MSE) across study conditions. Model 

performance was also evaluated in terms of power to detect the treatment effect across study conditions.  

Two distinct sets of hypotheses were posited in the extension of the 2-level model for partially nested data 

to a 3-level model involving repeated observations. The first set of hypotheses pertained to the necessity 

of applying a heteroscedastic model to account for differential variation between control and treatment 

arms.  There is evidence in the literature that heteroscedastic models can yield unstable parameter 

estimates when sample size is small (Hoffman, 2007; Baldwin, Bauer, Stice, and Rohde, 2011). It was 

expected that the heteroscedastic model would not be as useful with small sample sizes, as large samples 
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would be necessary to yield stable estimates. The impact Level 3 ICC and cluster size/number of clusters 

on differences in model fit between a heteroscedastic and homoscedastic model were also examined.  

A second set of hypotheses involves the advantages of including repeated measures over 

collecting data at a single time point in terms of increased power to detect the treatment effect.  Greater 

power to detect the treatment effect was expected in the model with repeated measures than in the model 

with data from only the final time point.  Power advantages in the repeated measures model were 

hypothesized to be greatest when sample size is small, when the number of time points is large, and when 

Level 3 ICC is small.   

Results 

 The current simulation study explored the impact of factors such as sample size, number of 

clusters, cluster size, Level 3 ICC, and             on model parameter estimates for data collected 

across multiple time points in partially-nested designs. First, the general performance of the 3-level 

heteroscedastic longitudinal model for partially nested data was evaluated, in terms of convergence rates, 

the occurrence of boundary conditions, and accuracy of parameter estimates.  Also, power to detect the 

treatment effect was evaluated.  

Hypotheses for this study focused on two distinct issues. The first set of hypotheses pertained to 

the impact of model misspecification with regard to the presence of heteroscedastic variance between 

control and treatment arms at Level 2 in terms of bias in key parameters and model fit. The second set of 

hypotheses looked to determine how including multiple observations for each individual could increase 

the power to detect a treatment effect compared to a situation where data were collected at a single time 

point.  The benefit of including multiple observations per individual was evaluated in terms of increases 

in power to detect the treatment effect.  
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Performance of the Heteroscedastic 3-Level Longitudinal Model for Partially Nested Data 

 Convergence Rates and Boundary Conditions. Convergence problems were not encountered for 

the heteroscedastic 3-level longitudinal model for partially nested data (the models converged 100% of 

the time).  As discussed in Study 1, in a simulation study involving 2-level partially nested models, 

Korendijk (2012) reported problems with boundary solutions related to estimates of the Level 2 variance 

component associated with variance in the size of the treatment effect across treatment groups.  Boundary 

solutions were encountered as often as 24.34% of the time across simulation study conditions in 

Korendijk’s study.  Not surprisingly, the occurrence of boundary solutions was even more pervasive in 

the current study.  Zero estimates were most frequently encountered for Level 2 slope variance in the 

control arm, but also occurred for the Level 3 slope variance (representing variability in the size of the 

time effect across treatment groups), which pertains only to those in the treatment arm.  The rate of 

occurrence of boundary solutions ranged from 35.9% to 83.1% (Mean = 64.6%) across simulation study 

conditions (see Table 27).  

While the occurrence of boundary solutions in real data is problematic, indicating an otherwise 

negative variance estimate and a possibly over-parameterized model, inadmissible solutions in a 

simulation study are problematic in a different way. Evaluation of the accuracy of parameter estimates 

using only solutions with non-zero estimates for all variance components indicated that an artificial 

positive bias is observed for estimates of the problematic parameter (in this case the Level 2 control arm 

slope variance), as well as other model parameters, as the 0 boundary creates a “floor” effect where bias 

in the estimate can only range from values close to zero through positive infinity.  To circumvent this 

problem, the “nobound” option was added to the Proc MIXED line in SAS (SAS Institute Inc., 2008).  

This same approach was taken by Korendijk (2012) upon finding similar systematic bias in parameter 

estimates. Invoking the ‘noboun’ option allows for negative variance estimates which, though invalid in 

real data, can allow for the true parameter bias to be calculated, as the range is no longer restricted.   
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When default settings are used (i.e. without invoking the ‘nobound’ option), a positive bias is 

observed in all model parameters (see Figure 7), except for the Level 1 residual which is generally 

underestimated. As shown in Figure 8, the invocation of the ‘nobound’ option in SAS Proc MIXED 

reveals that it is likely that a single parameter (     ) is the cause of boundary solution problems. When 

the ‘nobound’ option is invoked, the artificial positive bias caused by the floor effect disappears, and bias 

patterns follow what would be expected given the complexity of the model and the atypical variance 

structure. Figuress 7 and 8 display noticeable differences in the range of bias.  This is due to the fact that 

the range in bias across conditions is depicted, rather than the range across replications.  Estimates of 

these parameters are quite variable, thus when slope variance estimates are bound at zero, replications 

yielding grossly positively biased estimates are more influential. The range restriction in parameter 

estimates created by prohibiting negative variance estimates impacts not only the estimate of the variance 

component for which a boundary estimate was encountered, but also estimates of the other variance 

components, especially the covariance parameters.  Though the Level 2 covariance parameters are 

negative by design, the range of these estimates is also restricted when only positive slope variance 

estimates are allowed, which then makes them appear positively biased.  In the current simulation, 

invoking the ‘nobound’ option effectively removes bias caused by floor effect described above, revealing 

patterns of bias in parameters that is caused by simulation study factors and the ability of the proposed 

model to recover the true parameter values.  Thus, for the testing of specific hypotheses related to 

modeling heteroscedasticity at Level 2 and power advantages of including repeated measures over data 

from a single time point, data from simulations invoking the ‘nobound’ option were used.   

 Bias in Key Parameters. To assess the accuracy of key model parameter estimates, relative bias 

of key model parameters was evaluated.  While estimates of fixed effects are rarely problematic, given 

model performance issues observed for the 3-level longitudinal model for partially nested data, estimates 

of fixed effects were evaluated.  Bias in estimates of the intercept were not problematic, with relative bias 

ranging from -3% to 2% (Mean = -.05%, see electronic appendix).  However, bias was observed for 



51 
 

estimates of the treatment effect, where relative bias ranged from -19% to 13% (Mean = -.4%), estimates 

of the time effect for those in the control arm, where relative bias ranged from -12.6% to 11% (Mean = -

.9%), and estimates of the difference in the time effect for those in the control arm for those in the 

treatment arm, where relative bias ranged from -21% to 28% (Mean = 1.5%).  However, this bias is likely 

due to the ability of the “correctly” specified model to yield accurate parameter estimates, as bias 

appeared unrelated to simulation study factors (all    < .001).   

 In the current study, the standard error of the treatment effect was a key parameter.  Bias in this 

parameter ranged from -5% to 17.7% (Mean = .04) across study conditions (see Table 28). The largest 

effect on bias in this parameter was sample size (defined by the 6 combinations of cluster size and number 

of clusters,   = .05), where bias was greatest in the conditions with 8 clusters of 15 individuals (Mean 

Rel. Bias = 8.9%) or 10 clusters of 10 individuals (Mean Rel. Bias = 8.2%). This bias diminished in larger 

sample sizes, as in conditions with 32 clusters of 10 individuals (Mean Rel. Bias = -.3%).  Bias in this 

parameter was also affected by the interaction of the number of time points and sample size (  = .04), 

where bias was greater when the number of time points was equal to 3 and sample size was small, such as 

with 10 clusters of 10 individuals (Mean Rel. Bias = 11%) compared to when 6 time points were included 

along with 32 clusters of 10 individuals (Mean Rel. Bias = 0%).  A small effect of Level 3 ICC (  = .02) 

was also found, where this parameter was more inflated when Level 3 ICC was equal to .05 (Mean Rel. 

Bias = 5.9%) than .15 (Mean Rel. Bias =2.8%).  

 Bias in estimates of the Level 2 variance components,     ,     , and     , estimated separately 

for control and treatment arms, was also evaluated.  Generally, estimates of intercept variance in both 

control and treatment arms were not heavily biased (see Figure 6 and Tables 29 & 30).  However, 

estimates of the slope variance were downwardly biased, particularly for the control arm (see Table 31), 

where bias ranged from -77.7% to -4% (Mean = -34.4%). While a very small effect (  = .005) was found 

for Level 3 ICC in the control arm, where bias was greater when Level 3 ICC was equal to .15 (Mean Rel. 

Bias  = -51.2%) than .05 (Mean Rel. Bias = -17.7%), bias in this parameter was otherwise unrelated to 
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simulation study conditions. Estimates of Level 2 slope variance in the treatment arm were biased to a 

lesser degree (see Table 32), ranging from -22.8% to 12.7% (Mean = -.001%), however bias in this 

parameter appeared completely unrelated to simulation study conditions (all    < .001).  Estimates of the 

covariance between intercepts and slopes were also slightly more biased in the control arm (see Table 33) 

than the treatment arm (see Table 34), with bias in the control arm ranging from -32.2% to 47% (Mean = 

1.6%) and bias in the treatment arm ranging from -33.2% to 37.1% (Mean = -.6%).  Bias in these 

parameters was also unrelated to simulation study conditions (all    < .001). 

Bias in estimates of the Level 3 variance components,     ,     , and     , was also evaluated.  

Estimates of Level 3 intercept variance (representing variability in the size of the treatment effect across 

treatment groups) were generally not greatly biased (see Table 35), with bias ranging from -4.5% to 7% 

(Mean = .3%).  However, bias was present in estimates of Level 3 slope variance (representing variability 

in the size of the time effect across treatment groups), ranging from -26% to 14.4% (Mean = .2%, see 

Table 36).  Bias appeared unrelated to simulation study conditions (all    < .001).  Bias was also present 

in estimates of the Level 3 covariance (see Table 37), ranging from -63% to 52% (Mean = 1%), however, 

this bias was also unrelated to simulation study conditions (all    < .001).    

Power to Detect the Treatment Effect. Performance of the correctly specified 3-level model for 

partially nested data was also evaluated in terms of power to detect the treatment effect (see Table 38).  

While the size of the coefficient was chosen based on findings from previous studies, power rates were 

generally below the typical standard of .8, ranging from .04 to .16 (Mean = .08) across study conditions.  

Power was most impacted by sample size (Wald    (1) = 26.74, p < .001) where power was greater in 

larger sample sizes (Mean = .14) than smaller sample sizes (Mean  = .06). Power was also impacted by 

the interaction of sample size and Level 3 ICC (Wald    (1) = 7.31, p =.007), where power was greater in 

large sample sizes when Level 3 ICC was equal to .05 (Mean = .13) than .15 (Mean = .10), but roughly 

equivalent in smaller sample size when Level 3 ICC was equal to .05 (Mean = .05) or .15 (Mean = .06).        
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Heteroscedasticity Hypotheses 

Bias in Key Parameters. To make it possible to compare bias rates across all simulation study 

conditions, absolute bias was used in analyses involving variance component estimates, as some 

conditions have true values of ‘0’ for variance components.  As this was not a problem for the standard 

error of the treatment effect, relative bias was evaluated for this model parameter.    

 Relative Bias of the Standard Errors of Treatment Effect. Estimates of the standard error of the 

treatment effect were not greatly affected by the application of a homoscedastic model (Mean Rel. Bias  = 

6.8%) when the data were truly heteroscedastic (Mean Rel. Bias = 4.7%,    = .006) or by the interaction 

of model type and             (   = .006, see Table 39).  

Absolute Bias of Variance Components. Specifying a homoscedastic model in the presence of 

heteroscedasticity at Level 2 impacted estimates of some of the variance components in the model.  

Specifically, as this type of model misspecification pertains directly to the Level 2 variance components, 

estimates of these parameters were expected to be biased when the incorrect model was applied.  Indeed, 

estimates of Level 2 intercept variance for control (see Table 40) and treatment (see Table 41) arms were 

impacted by the application of a homoscedastic model when the data were truly heteroscedastic (   =.13 

and .15 for control and treatment arms, respectively).  Estimates of these parameters were also impacted 

by the interaction of model type and             (   = .08 and .09, for control and treatment arms, 

respectively, see Figure 10), where while both parameters were unbiased with the application of a 

heteroscedastic model, bias was greater (positive bias in treatment arm and negative bias in control arm) 

when             was equal to 3 (Mean Abs. Bias = -1.53 and 1.48, for control and treatment arms, 

respectively) than 2 (Mean Abs. Bias = -1.02 and .99, respectively).  Bias in these parameters was not 

affected by the interaction of model type and any other study factor (all    < .001). However, the same 

was not true for estimates of Level 2 slope variance for control and treatment arms, where a only very 

small effect was found for model type (   =.02 and .01, respectively).  Bias in these parameters was not 
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impacted by the interaction of model type and any other simulation study conditions (all    < .01).  

Model type had virtually no impact on estimates of the Level 2 covariance for control and treatment arms 

(   =.007 and .01, respectively), nor did the interaction of model type and all other simulation study 

conditions (all    < .01).    

The application of a homoscedastic model when the data were truly heteroscedastic did not 

impact estimates of Level 3 variance components, including estimates of intercept variance (   =.004), 

slope variance (   =.002), and the covariance (   =.002).  Further, estimates of these parameters were not 

impacted by the interaction of model type and any other simulation study factors (all    < .002).   

Effects of Heteroscedasticity on Model Fit 

 The necessity of specifying a more complex heteroscedastic model over a simpler homoscedastic 

model was next assessed by comparing model fit of the two types of models. To this end, likelihood ratio 

tests were performed for each replication to determine when the heteroscedastic model fit the data 

significantly better than a homoscedastic model (see Table 42).  To formally determine which simulation 

study factors were most important in driving these differences in model fit, a logistic regression analysis 

was employed, predicting significant likelihood ratio tests of differences in model fit from the simulation 

study factors of sample size in terms of the number of individuals, cluster size/number of clusters, degree 

of heteroscedasticity present at Level 2, and Level 3 ICC. 

When the data were truly homoscedastic (            = 1), significant differences in model fit 

were indicative of Type I error.  Type I error rates ranged from .125 to .323 (Mean = .213) across 

simulation study conditions.  Type I error rates were only impacted by the number of time points (Wald 

   (1) = 12.81, p < .001) where Type I error rates were higher when 3 time points (Mean Type I error = 

.24) were included than 6 (Mean Type I error = .18).  Type I error rates for model fit comparisons are 

higher than would be expected of a well-performing test, which is due to model performance issues.  

Parameter estimates for Level 2 variance components (especially estimates of slope variance and the 
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covariance between intercepts and slopes) are not estimated accurately in these models, thus it is possible 

that biased estimates in homoscedastic conditions are responsible for the observed high Type I error rates. 

 When the data were truly heteroscedastic (            = .5 or .25) significant likelihood ratio 

tests were indicative of power to detect this heteroscedasticity.  Power rates for this test ranged from .31 

to 1.0 (Mean = .76).  As expected, power was impacted by the degree of heteroscedasticity (Wald    (1) 

= 5.28, p = .02), where power was greater when             was equal to 3 (Mean = .86) than when 

            was equal to 2 (Mean = .65).  Power was also impacted by sample size (Wald    (1) = 

163.32, p < .001), where power was considerably lower in small sample sizes (Mean = .52) than large 

sample sizes (Mean = .99).  Several interactions between simulation study conditions also impacted 

power, including the interaction between             and the number of time points (Wald    (1) = 

72.13, p < .001), the interaction between sample size and the number of time points (Wald    (1) = 

138.09, p < .001), and the interaction of             and sample size (Wald    (1) = 66.58, p = .001).        

Power Advantages of Including Repeated Measures  

 A second set of hypotheses pertained to the advantage of including repeated observations for each 

individual over analyzing data from a single time point.  The benefits of including data from multiple time 

points should be evident in greater power to detect a treatment effect, compared to power rates from data 

from only the final time point.  This power advantage may also be affected by other simulation study 

factors, such as the presence and degree of heteroscedasticity at Level 2 (           ,), Level 3 ICC, the 

number of time points, and sample size in terms of cluster size/number of clusters. Power rates for the 

treatment effect from a model including repeated measures data (3-level model) were compared to model 

using data from just the final time point (2-level model). 

Overall, power was slightly greater when the full repeated measures data were included (Mean = 

.10) than when using only data from the final time point (Mean = .087, see Table 43).  Power gains 

resulting from the inclusion of repeated measurements were greater when sample size was large (Mean = 
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.14 and .12, for 3- and 2-level models, respectively) than when sample size was small (Mean = .06 and 

.05, for 3- and 2-level models, respectively).  While power differences between the two models were 

negligible when the full data included 3 time points (Mean = .10 and .10, for 3- and 2-level models, 

respectively), power advantages were noted when 6 time points were included (Mean = .10 and .08, 

respectively).   

 To formally investigate the magnitude of power gains resulting from the inclusion of repeated 

observations over data from a single time point, a logistic regression analysis was performed predicting 

significance of the treatment effect as a function of model type, sample size, the number of time points, 

           , Level 3 ICC, and importantly, all 2- and 3-way interactions between model type and the 

other study factors.  Though the main effect of model type was non-significant (Wald    (1) = .31, p = 

.58), the interaction of model type and the number of time points was significant (Wald    (1) =9.91, p = 

.002), where power differences between models were minimal when 3 time points were included, but 

power advantages of including repeated measures were found when 6 time points were included.  The  3-

way interaction between sample size,            , and model type (Wald    (4) = 60.5, p < .001) was 

significant, indicating that the odds of finding a significant treatment effect were 1.66 times greater when 

the data included 16 clusters of 30 individuals than 8 clusters of 15 individuals. Also, the 3-way 

interaction between the number of time points,            , and model type (Wald    (2) = 7.56, p =.02) 

was significant, indicating that the odds of finding a significant treatment effect in the 2-level model were 

1.05 times greater when the data were truly heteroscedastic and 6 time points were included than 3 time 

points.  

Chapter IV:  Study 3 - Tests of the Hypothesis That Individuals in Treatment Groups  

Become Similar Over Time 

The notion that individuals may be similar in their attitudes and/or behavior as a function of 

belonging to a group is inherently addressed by the multilevel modeling framework.  While this similarity 
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could be the result of non-randomly distributed background variables, it is sometimes the case that 

dependence between observations within groups occurs as a function of group processes.  If ignored, 

dependence of observations within groups can yield overly optimistic (i.e. too small) standard errors of 

fixed effects, which could then lead to potentially inaccurate conclusions regarding the significance of 

fixed effects.   The process of increasing within-group homogeneity across time has particular relevance 

to studies involving group-based interventions, as researchers must try to isolate the impact of a particular 

treatment from the influence of group dynamics on outcomes.   

Study designs where individuals, or clusters of individuals, are randomly assigned to either the 

control or treatment arm of a study are referred to as randomized control trials.  When randomization 

occurs at the cluster level, groups are often pre-existing (e.g. classrooms, schools, therapy groups, etc.) 

and it becomes difficult to isolate the impact of group-level processes from individual responses to a 

given treatment. However, in individually randomized control trials, those assigned to the control arm 

may be ungrouped, either having been “waitlisted” for participation in the intervention at a later time, or 

administered the same measures as treatment participants without being subjected to the group-based 

intervention. A partially-nested multilevel model correctly models observations as independent in the 

control arm and dependence of observations within treatment groups in the treatment arm. Further, 

estimating separate individual-level variance components for control and treatment arms in a 

heteroscedastic model makes it possible to model a situation in which variability between individuals 

decreases as a function of belonging to a treatment group, while variability between individuals in the 

control arm remains constant, or differs systematically from treatment arm variance. Control arm variance 

could differ systematically if those in the “control” arm were administered individual therapy rather than 

no treatment.  The data structure would still be partially nested, as individual therapy participants would 

be independent from each other, while those in group therapy would not.     

Bauer, Sterba, and Hallfors (2008) suggested that the hypothesis that persons within clusters 

become similar across time could be supported if   
    

  in a heteroscedastic 2-level partially-nested 



58 
 

model.  However, these observations were collected at a single time point, thus “time” is not included in 

the model, which means that it cannot be explicitly shown that the reason for the differential in size of the 

level 1 variance components is the interaction of Time and Treatment.  Findings from Study 1 showed 

that a situation where   
    

  could be the direct result of omitting a higher level of nesting in an 

analysis.  This occurs as a function of the atypical variance structure of the partially nested model, which 

does not include a variance component for the control arm at the treatment group level.  If individuals 

within schools are randomized into either the treatment or control arm, but the school level is omitted 

from the model, un-modeled variance attributable to control participants at the school level will inflate 

estimates of individual-level residuals for those in the control arm, while leaving estimates for the 

treatment arm at the individual level unbiased.   While it would be possible in some scenarios to test for 

variance at a higher level of nesting and rule out that particular cause of heteroscedasticity, simply finding 

that an estimate of total control arm variance is larger than treatment arm variance when data are collected 

at a single time point is an insufficient test of whether individuals within treatment groups become similar 

over time.     

To formally test whether individuals within clusters become similar across time, data would need 

to be collected longitudinally. The heteroscedastic longitudinal model for partially-nested data 

implemented in Study 2 lends itself to the possibility of directly testing the hypothesis that individuals 

within treatment groups become similar over time.  In this model, observations at the individual level are 

modeled as a function of both assignment to the treatment or control arm, and changes in outcomes are 

modeled as a function of time. Given the suitability of this structure for formally testing the hypothesis 

that within group variability decreases as a function of time, this third study examined several different 

approaches to testing the hypothesis that persons within clusters become similar across time. 

Models for individual change across time are commonly referred to as growth-curve models.  The 

multilevel approach to growth curve models treats observations as nested within individuals and estimates 

an “average” intercept and slope across individuals as well as variance components which account for 
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between person variability in intercepts and slopes (or growth rates) and the covariance between 

intercepts and slopes (indicative of converging or diverging individual trajectories).  In growth curve 

models, the process by which individuals become more or less similar over time is evidenced by the 

covariance between intercepts and slopes as a function of time at Level 2.  If this covariance is positive, it 

indicates a positive relationship between intercept variability and slope variability, such that greater 

variability in intercepts is associated with greater variability in slopes.  In growth curve models, it also 

suggests that those who start out higher (high intercept) make the greatest gains (steeper slope), while 

those who start out lower (low intercept) do not make great gains at all (flatter slope).  Alternatively, a 

negative covariance suggests that the individual trajectories are converging, and participants are 

becoming similar to each other across time (see Figure 8).  If a covariance is negative, it indicates a 

negative relationship between intercept and slope variability, such that greater variability in intercepts is 

associated with less variability in slopes.  In growth curve models, it implies that those who start low (low 

intercept) make greater gains (steeper slope), while those who start higher (high intercept) change less 

over the course of data collection (flatter slope).  More importantly for this study, a negative covariance 

also implies that variability between individuals decreases as a function of time. 

 Structurally, this study involves the same data generation model as in Study 2.  This 3-level 

model includes repeated measures at Level 1, nested within individuals at Level 2, who are either nested 

within treatment groups or are non-nested control subjects at Level 3. This model would differ for those 

in the treatment and control arms in the following way: 

 (    |       )                                           (38) 

and 

 (    |       )  (         )  (         )              

                                                             (39) 
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The focal parameters for formally testing the hypothesis that individuals within treatment groups 

become similar as a function of time are the variance components estimated separately for control and 

treatment arms at the individual level (Level 2), including the variances of      and      along with the 

covariance between them. Together, these estimates offer several possibilities for formally testing 

whether within-group variability decreases as a function of time. The analogue to a situation where 

  
    

  in this model would be the comparison of intercept variance at the final time point between 

control and treatment arms.  If it is found that      >      at the final time point, this could suggest that 

variability within treatment groups has decreased as a function of time, as it is assumed that the process of 

randomization to treatment or control arms results in equivalent treatment and control arms at baseline.  

The covariance between intercepts and slopes (    ) retains the same interpretation as in growth curve 

models, in that a negative covariance would indicate decreasing variability among individuals as a 

function of time. If the estimate of this parameter is negative in the treatment arm, and less-negative or 

positive in the control arm, this could serve as support for the hypothesis being tested.  However, merely 

noting the relative different in size or direction of parameter estimates is insufficient evidence of 

decreasing within group variability as a function of time, thus more specific, formal tests of observed 

differences are proposed.   

Goals of Study 3 

The third simulation study evaluated the utility of several different approaches to testing the 

hypothesis that individuals within treatment groups become similar over time, all of which involved 

individual-level variance components, which were estimated separately for control and treatment arms in 

the heteroscedastic longitudinal model for partially-nested data. Ideally, a formal test of this hypothesis 

would model decreasing variance between individuals in the treatment arm as a function of time, while 

demonstrating the absence of this effect in the control arm. Such a model would specify separate Level 2 

variance component estimates for control and treatment arms, as in the heteroscedastic model, however, 

only intercepts would be random at Level 2.  Instead of allowing a random effect of time and an estimate 
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of the variability in the size of the time effect, a linear model could be placed on the heteroscedastic 

individual-level intercept variance, predicting decreasing variance as a function of time.  While SAS Proc 

MIXED (SAS Institute Inc., 2008) currently allows estimation of separate variance components for 

control and treatment arms and also allows for a linear model to be placed on the error term at the first or 

second level (though this is theoretically possible at any level) level of a model, it does not allow for the 

combination of these two model specification strategies. Thus, as the ideal test of this hypothesis is not 

currently estimable with SAS Proc MIXED, several alternative tests were proposed and comparisons 

between the performance of each test were made. 

 Testing the hypothesis that individuals within treatment groups become similar over time 

involves the collection of three different pieces of evidence. As randomization of individuals to control 

and treatment arms ought to yield otherwise equivalent variance between control and treatment arms prior 

to intervention, finding no difference between individual-level intercept variance estimates at the first 

time point would provide the first piece of evidence. Secondly, finding that intercept variance at the final 

time point was smaller in the treatment arm than the control arm would indicate that some degree of 

within-group homogenization had occurred for those in the treatment arm.  Third, finding a negative 

covariance between individual-level intercepts and slopes in the treatment arm, while estimates of this 

parameter for the control arm were smaller in magnitude and/or less negative would indicate that some 

relationship between treatment and time exists for those in the treatment arm, resulting in increased 

within-group similarity.   

The performance of several specific statistical tests intended to test the hypothesis that individuals 

within treatment groups become similar over time was evaluated.  These included two informal (eyeball) 

tests involving differences in individual-level intercept variance between control and treatment arms and 

determining whether the covariance between individual-level intercepts and slopes was significant and 

negative in the treatment arm, while smaller in magnitude and less negative in the control arm.  Further, 

three formal statistical tests of these differences were proposed, including two methods for comparing 
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intercept variance between control and treatment arms and one comparing the covariance estimates for 

control and treatment arms by converting the covariance into a correlation using Fisher’s r  to z 

transformation. As no single piece of supporting evidence is sufficient, a multi-step, conditional method 

for testing this hypothesis using these formal tests was evaluated. This method involved three steps:   

1) Find no significant difference between individual-level intercept variance between control and 

treatment arms at the first time point (pre-intervention)  

2) Find a significant difference between individual-level intercept variance between control and 

treatment arms at the final time point (post-intervention) and 

3) Find a significant difference between the individual-level covariance estimates between control 

and treatment arms. 

Performance of this conditional method was compared to another possible formal method.  The 

method involved an ad-hoc regression analysis predicting individual-level intercept variance from 

control/treatment group status, time, and the interaction between the two. Finding a significant interaction 

would indicate that changes in intercept variance as a function of time differed systematically between 

control and treatment arms. It was hypothesized that the conditional formal tests would out-perform any 

of the formal tests in isolation.  Further, it was hypothesized that the post-hoc regression method would be 

the most direct test, and would yield the lowest Type I error rates overall.  While it was unclear which 

conditional formal test would perform best, it was hypothesized that either conditional test would out-

perform the formal test involving model fit comparisons.   

Method 

Data Generation 

 As in Studies 1 and 2, datasets were simulated using the SAS program (SAS Institute Inc., 2008), 

version 9.2. Data were simulated with the same 3-level structure as in Study 2, where observations at 
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Level 1 are nested within individuals at Level 2, who are either nested within treatment groups or are 

independent controls at Level 3. Data were be simulated according to the following model: 

                                                                  

                                                         (40) 

The data generation model differs for control and treatment arms as described above, where terms 

involving the treatment variable.        , are estimated only for those in the treatment arm (when 

       =1), while these terms drop out of the model for those in the control arm (when        =0).   

Simulation Study Conditions. Simulation study factors included similar conditions as in Study 2, 

with the exception of sample size. Sample size in Study 2 was varied with regard to the number of 

individuals in treatment and control arms.  The number of individuals in the treatment arm was a function 

of cluster size and the number of clusters.  Study 2 included a total of 6 combinations of cluster size (n) 

and number of clusters (k), however, as the focus of the current simulation study is considerably more 

specific, two sample size conditions were included.  The first condition involved 32 clusters of 15 

individuals and the second condition included 128 clusters of 15 individuals These two levels of sample 

size corresponded to 420 or 1680 control arm individuals, yielding two combinations of cluster size, 

number of clusters and number of individuals in the control arm (n = 15, k = 32, m = 420 and n = 15, k = 

128, m = 1680).  The current study also included two levels for the number of time points (t = 3 or 6), two 

levels of Level 3 ICC (  =  .05, or .15), and three levels of the degree of heteroscedasticity at Level 2, 

characterized by the ratio of control to treatment arm intercept variance at the final time point 

(             1, 2, or 4).  With regard to this particularly important simulation factor, a value of 1 

indicated that the data were homoscedastic, and 2 and 3 indicated that the data were heteroscedastic. 

Larger values of this ratio coincided with the degree of decreasing variability between individuals as a 

function of time, where this effect was more pronounced when              4 than when 
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             2.  This yielded a total of 24 distinct study conditions.  A total of 1000 replications were 

performed for each condition.   

Analysis 

 The goal of Study 3 was to compare the utility of several approaches to testing the hypothesis that 

individuals within treatment groups become similar over time. Some tests required that time be centered 

at the final time point, others required that time be centered at the first or middle time points, and some 

required a combination of both centering strategies to extract the necessary estimates of Level 2 variance 

components.  To this end, 3 models were fit to each data set, however the only difference between the 

models was the centering of the time variable.  

Tests of Decreasing Within-Group Variability as a Function of Time 

 Informal (“Eyeball” )Tests. Two informal tests of the hypothesis that within-treatment group 

variability decreases as a function of time were performed for each replication across the 24 study 

conditions.  These tests involved comparisons between estimates of certain Level 2 variance component 

estimates for control and treatment arms, and each provided some indication that variability between 

individuals in the treatment arm was decreasing as a function of time, while this process was not 

occurring, or was occurring to a lesser degree, in the control arm.  However, the purpose of including 

each test was to demonstrate the frequency by which one could reach the wrong conclusion by simply 

“eye-balling” differences between parameter estimates, rather than subjecting estimates to formal tests of 

the magnitude of the observed difference.   

 Informal Test 1:            .  Bauer, Sterba, and Hallfors (2007) suggested that if a 

comparison were made between estimates of the Level 1 residual for control and treatment arms for data 

collected at a single time point (presumably after the intervention was implemented), and it was found 

that   
    

 , this could indicate that individuals in the treatment arm became similar as a function of 

belonging to a treatment group.  The analogue to this comparison in the 3-level heteroscedastic 
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longitudinal partially-nested model is a comparison of estimates of individual-level intercept variance, 

    , at the final time point between control and treatment arms.  Finding that the estimate of       

       indicates a “positive” result for this informal test, where finding that            , or       

      would indicate a “negative” result. 

 Informal Test 2:        0 and            .  As is the case in individual growth curve models, 

if the estimate of the covariance between individual-level intercepts and the slope of time,      ,  is 

negative, it is an indication that individual trajectories are converging, or that variability in slopes is 

decreasing as a function of time.  In other words, a negative covariance between intercepts and slopes 

indicates that individuals in the treatment arm are becoming more similar as a function of belonging to a 

treatment group and the impact of group-level processes on individual outcomes.  If the estimate of       

is negative for the treatment arm and the estimate of       is less negative or positive, this would provide 

further evidence that variability is decreasing between individuals in the treatment arm as a function of 

time, while this process occurs to a lesser degree or does not occur for non-nested control subjects. Thus, 

if both criteria are met, this would indicate a “positive” result for this informal test, whereas if the 

estimate of       is positive, or if       <      , this would indicate a “negative” result. 

Unconditional Formal Tests. Four unconditional formal tests of the hypothesis that variability 

between individuals in treatment groups decreases as a function of time were performed for each 

replication across the 24 study conditions.  Three of these tests involved formal comparisons of 

individual-level variance component estimates between control and treatment arms, elaborating on the 

informal “eyeball” tests described above, to formally test the significance of observed differences in 

parameter estimates. For these three tests, time was centered at the final time point, where  hypothesized 

differences between parameters could be found.  The fourth test involves an ad-hoc regression test of the 

interaction between treatment and time in predicting variance at the first, middle, and final time points. 
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 Unconditional Formal Test 1:  F-Test of            .  Several tests exist of the equality of two 

sample variances drawn from independent populations. The most common is a test of the ratio of the two 

variances, otherwise known as an F-test. Offered as the formal analogue of Informal Test 1 (      

     ), the F-test of             tested the significance of the ratio between control arm intercept 

variance,      , and treatment arm intercept variance,      , at the final time point.  As it is expected that 

control arm intercept variance would be larger if treatment arm variance has decreased by the final time 

point as a function of decreasing within-treatment group variability, a directional hypothesis regarding the 

difference between the two variances can be tested by placing the control arm variance in the numerator. 

To determine whether control arm intercept variance is significantly greater than treatment arm intercept 

variance, the ratio of these two variances was evaluated using an F-test of the equality of sample 

variances, where  

  
     
     

         (41) 

with   -1 and    -1 degrees of freedom.  

If the p-value for this test was less than .05, the indication is that       is significantly greater 

than      .  While there are many reasons why       could be larger than       variance (for example, 

findings from Study 1 indicated that this could be due entirely to the omission of a higher level of 

nesting), in the absence of a competing hypothesis for why a difference would be found and assuming that 

treatment and control arm intercept variance was equal prior to treatment due to randomization of 

individuals to study arms, a significant result supports the hypothesis that variance between individuals in 

the treatment arm decreased as a function of time (and treatment group membership).   

Unconditional Formal Test 2: Bartlett’s Test of            .  As F-tests have been found to be 

sensitive to violations of the assumption of normality (Box, 1953), an alternative to the F-test was needed.  

Available alternatives to the F-test for comparing two sample variances included the Browne-Forsythe 
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test, Levene’s test, and Bartlett’s test.  As computation of both the Browne-Forsythe test and Levene’s 

test requires raw data, Bartlett’s test (Bartlett, 1937) was chosen as it can be computed from sample 

variances and sample size.  Bartlett’s test can be used to compare the sample variances of two or more 

populations, under the hypothesis that at least two of the variances are not equal.  The formula for 

computation of Bartlett’s test for   samples of size    and sample variances   
 , is as follows: 
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where 
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or the total sample size, and  
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is the pooled sample variance estimate.  This test statistic is    distributed with    – 1 degrees of freedom.  

Rather than testing the ratio of            , as in the F-test described above, Bartlett’s test tests the 

hypothesis that            . As such, is it not a directional test of the difference between the two 

variances.  However, Bartlett’s test allows for the possibility that the effect of treatment results in greater 

intercept variance in the treatment arm at the final time point than intercept variance in the control arm. 

Finding that             at the final time point indicates that the effect of group membership in the 

treatment arm caused individual trajectories to diverge to a greater extent than for those in the control 

arm.  Finding such an effect is directly opposed to the hypothesis that variability between individuals in 

treatment groups decreases as a function of time.  The occurrence of this type of effect was established in 

the 2-level partially nested model from the applied example in Baldwin, Bauer, Stice, and Rohde (2011), 

where it was found that   
    

 .  One possible explanation for the occurrence of this effect, suggested by 

Baldwin, Bauer, Stice, and Rohde, is that some individuals respond poorly to a group-based intervention, 
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leading to greater variability between individuals in the treatment arm. Finding a p-value of less than .05 

for this test statistic indicates that intercept variance in the control arm is significantly different from 

intercept variance in the treatment arm at the final time point, and the variance estimates themselves can 

be compared to confirm directionality of the difference. 

 Unconditional Formal Test 3:          .  As described above, in individual growth curve 

models, a negative covariance between intercepts and slopes is indicative of decreasing variability 

between individuals, or evidence that trajectories are converging as a function of time.  It is hypothesized 

that if the covariance for the treatment arm,      , is negative and significantly different from the 

covariance for the control arm,       at the final time point, which is hypothesized to be less negative 

than       or positive, this would serve as evidence that variability between individuals in the treatment 

arm is decreasing as a function of time.  However, covariance estimates for two independent samples 

cannot be directly compared without transforming them into correlations, as covariance estimates are 

scale dependent.  In the current study, treatment and control arms are hypothesized to have systematic 

differences in variance under some study conditions, therefore covariance estimates are not directly 

comparable. To compare differences in the size of the covariance between intercept and slopes as a 

function of time for control and treatment arms, the covariance estimates were transformed into 

correlations in order to determine their relative magnitude as follows: 

 (           )  
   (           )

          
 

     

√     √     
         (44) 

for the control arm, and: 

 (           )  
   (           )

          
 

     

√     √     
         (45) 

for the treatment arm.  Then, the correlations were converted to z-scores using Fisher’s r to z 

transformation (Fisher, 1915) as follows: 
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  (           )        ( (           ))     (46) 

and  

  (           )        ( (           ))     (47) 

Finally, the difference between   (           ) and   (           ) is a normally distributed random variable 

with a mean of 0 and variance of  (  ⁄   )   (    )⁄ .  If the difference between the z scores is 

greater than 1.96 standard deviations from the mean, the sample correlations are determined to be 

significantly different.  As the      is hypothesized to be negative and larger in magnitude than     , the 

difference between the transformed z scores was calculated as: 

                       (48) 

Finding a p-value of less than .05 for the difference between the z scores indicates that      <     , and 

subsequently that             , which is consistent with the hypothesis of decreases in between person 

variability in the treatment arm as a function of time. 

Unconditional Formal Test 4: Ad-Hoc Regression Test for Significant Negative Interaction 

between Time and Treatment in Predicting     . Differences in intercept variance between the first and 

final time point are hypothesized to be directly related to the effect of time and that the magnitude of this 

effect would differ between treatment and control arms.  An ad-hoc test of this association is proposed, 

where intercept variance estimates,     , are predicted by time, study arm, and the interaction of time and 

study arm using standard OLS regression as follows: 

                                            (49) 

To this end, three heteroscedastic longitudinal models were estimated with time centered at the first, 

middle, and final time points (t = 1, 2, and 3 in conditions involving three time points, and t = 1, 3.5, and 

6 in conditions involving six time points).  Estimates of       and       in each analysis were extracted 
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and used as outcomes in the regression model described in (52).  As the control arm was coded as ‘0’ and 

treatment arm coded as ‘1’, if the    coefficient was negative and significant at p < .05, this indicated that 

decreases in variance (    ) for every 1 unit increase in time were significantly greater for those in the 

treatment arm than for those in the control arm. 

 Conditional Formal Tests. When establishing evidence for the occurrence of a given 

phenomenon, finding multiple pieces of converging evidence is generally better than finding a single 

piece of supporting evidence.  While finding significant test statistics in the hypothesized direction for 

any of the unconditional formal tests provides some evidence supporting the occurrence of decreasing 

variability between individuals in the treatment arm as a function of time, it is possible that some 

unknown artifact in the data is driving the significant test result. Thus, a better method for testing the 

hypothesis that variability between individuals in the treatment arm decreases as a function of time would 

involve establishing preliminary evidence prior to conducting the previously described formal tests.  As 

previously mentioned, randomization of individuals to treatment or control arms is performed to create 

otherwise equivalent “groups” prior to the implementation of a given intervention. Given this notion, 

intercept variance between study arms at the first time point ought to be roughly equal.  As a function of 

treatment, intercept variance in the treatment arm is hypothesized to be smaller than intercept variance in 

the control arm at the final time point.  

An ideal test would incorporate a simultaneous comparison of all four estimates.  In theory, this 

would compare the difference in intercept variance between the first and final time points for the 

treatment arm to the difference in intercept variance between the first and final time points in the control 

arm.  However, to my knowledge, such a test has not yet been implemented in any existing statistical 

software package.  On finding roughly equal intercept variances between control and treatment arms at 

the first time point and significantly different intercept variances between control and treatment arms at 

the final time point, a third piece of evidence would involve comparisons of the covariance parameter 

between control and treatment arms. If the covariance parameter in the treatment arm is significant and 
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negative, while the same parameter in the control arm is less negative or positive, this would provide 

further support for the hypothesis. Thus, four conditional formal tests of differences in intercept variance 

between control and treatment arms are proposed.     

 Conditional Test 1: F-test of             at the final time point, given that             at the 

first time point.  Using the same formulae described in Unconditional Formal Tests 1, for testing the 

equality of two sample variances using an F-test of their ratio, and Unconditional Formal Test 3, for 

testing the equality of two sample covariance estimates a 3-step test is proposed.   

Step 1:  Conduct an F-test of             at the first time point. If the p-value for this test 

statistic is greater than .2, the indication is that              prior to the implementation of the 

intervention for those in the treatment arm.  Thus, any differences between       and        at 

the final time point are systematically related to assignment to control or treatment arms of the 

study.  

Step 2:  Given that the F-test of             in Step 1 was non-significant, conduct an F-test of 

            at the final time point.  Finding that this F-test is significant at a p-value of .05 or 

less indicates that control arm intercept variance is significantly greater than treatment arm 

intercept variance.  As the study arm intercept variances were equal prior to implementation of 

the intervention in the treatment arm, decreases in intercept variance in outcome measures 

between individuals in the treatment arm from the first time point to the final time point are 

indicative of systematic changes in outcomes as a function of time for treatment arm individuals, 

either as a result of the treatment effect or as a result of belonging to a group. 

Step 3: Conditional on finding support for the hypothesis in Steps 1 and 2, a third formal test of 

          would provide a third piece of supporting evidence for the hypothesis that individuals 

within treatment groups become similar over time.   
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 Conditional Test 2:  Bartlett’s test of             at the final time point, given that       

      at the first time point.  The three-step process for conducting this conditional test using Bartlett’s 

test is similar to the previously described F-test of equality of variances, with a third step using the 

formula described in Unconditional Formal Test 3.  While the hypothesis being tested with Bartlett’s test 

is not directional, this test is included for comparison to results using an F-test.  The same logic of finding 

no pre-existing differences in      between control and treatment arms applies in this case, but this test 

differs from the F-test in that it is possible to find significantly greater intercept variance for those in the 

treatment arm than the control arm at the final time point. 

Step 1: Conduct Bartlett’s test of equal variances,            , at the first time point.  Finding 

that test is non-significant using a p-value of .2, it can be concluded that             prior to 

implementation of the intervention for those in the treatment arm.    

Step 2: Given that Bartlett’s test of             was non-significant in Step 1, conduct 

Bartlett’s test of             at the final time point.  Finding a significant effect at p < .05 

indicates that differences in intercept variance from the first time point to the final time point 

between control and treatment arms are systematically related to assignment of individuals to the 

treatment arm.  

Step 3: As with Conditional Test 1, conditional on finding support for the hypothesis in Steps 1 

and 2, a third formal test of           would provide a third piece of supporting evidence for 

the hypothesis that individuals within treatment groups become similar over time.   

Conditional Test 3: 3-Step Conditional Test with F-tests plus Informal Test 2. As it is not 

necessary for the covariance parameters to be significantly difference for control and treatment arms in 

order for within-group similarity to increase as a function of time in the treatment arm, a third conditional 

test was proposed, substituting Informal Test 2 for Unconditional Formal Test 3. 
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Step 1: Conduct the same F-test described in Step 1 of Conditional Test 1. 

Step 2:  Conduct the same F-test described in Step 2 of Conditional Test 1. 

Step 3: Conditional on finding support for the hypothesis in Steps 1 and 2, conduct Informal Test 

2, whereby a situation in which         0 and             would be considered support for 

the hypothesis that individuals within treatment groups become similar over time. 

Conditional Test 4: 3-Step Conditional Test with Bartlett’s test plus Informal Test 2. Similar to 

Conditional Test 3, a fourth conditional test was proposed, substituting Informal Test 2 for Unconditional 

Formal Test 3. 

Step 1: Conduct Bartlett’s test of equal variances as described in Step 1 of Conditional Test 2. 

Step 2:  Conduct Bartlett’s test of equal variances as described in Step 2 of Conditional Test 21. 

Step 3: Conditional on finding support for the hypothesis in Steps 1 and 2, conduct Informal Test 

2, whereby a situation in which        0 and             would be considered support for 

the hypothesis that individuals within treatment groups become similar over time. 

Determining which of the proposed methods is the “best” approach. As the informal tests do 

not involve test statistics for which p-values could be calculated, comparisons between the informal tests 

were made using an analogue to Type I error and power rates, where the test is considered “significant” if 

the criteria for a positive test result is met.  The unconditional and conditional formal tests do involve test 

statistics for which p-values could be calculated, thus actual Type I error and power rates were computed 

across replications in each condition.  The simulation study factor involving the variance component 

structure at Level 2 included three conditions (            at the final time point = 1, 2, and 3). When 

            is equal to 1, it implies that simulated data sets involve homoscedastic Level 2 variance 

between control and treatment arms.  Thus, finding a significant result for any of the proposed tests under 

this condition is indicative of Type I error.  Type I error rates are computed as the proportion of 
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significant test results across replications in each condition when             is equal to 1.  When 

            is equal to 2 or 3, it implies that the simulated data sets involve heteroscedastic Level 2 

variance, where variability between individuals in the treatment arm decreases as a function of time.  This 

is true to a greater extent when             is equal to 3 than when             is equal to 2.  The power 

of the proposed tests to detect this effect can be computed as the proportion of significant test results 

across replications in each condition where             is equal to 2 or 3.  A test was considered to 

perform well if it exhibited acceptable rates for Type I Error ( 5%) and acceptable rates for power (  .8).   

Results 

 Once the resulting Type I error rates and power rates were computed for each study condition, 

comparisons of the performance of the proposed tests were made.  Broadly speaking, when collapsing 

across study conditions, exclusive of Level 2 variance component structure, the informal tests yielded 

high Type I error rates.  Three of the unconditional formal tests exhibited lower Type I error rates than the 

informal tests, but these rates were higher than would be desired, with the exception of Unconditional 

Test 4, where Type I error rates were sufficiently low. The conditional formal tests exhibited the lowest 

Type I error rates on average, compared to the informal and unconditional formal tests.  Unfortunately, 

these tests also exhibited power rates that were lower, on average, than the informal and unconditional 

formal tests.    

Comparisons between Informal Tests. Two informal tests were proposed with the intent to 

demonstrate the necessity of conducting formal tests of the hypothesis that variability between individuals 

in the treatment arm decreases as a function of time.  These tests included an “eyeball” comparison of 

intercept variance between individuals in control and treatment arms (Informal Test 1), where finding that 

            at the final time point was indicative of a positive test result.  A second “eyeball” test  

(Informal Test 2) involved identifying a negative covariance estimate (       ) between intercepts and 
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slopes and finding that             as evidence of decreasing variability between individuals in the 

treatment arm as a function of time.     

 Type I Error Rates. As the informal tests do not involve test statistics for which p-values could be 

calculated, Type I error rates are indicative of the proportion of the time that the criteria for a positive 

result was met (when             for Informal Test 1 or when         and             for 

Informal Test 2), given that no such effect should be present in the data when no systematic differences in 

variance between control and treatment arms are simulated. Of the two informal tests, Informal Test 2 

yielded slightly lower average Type I across simulation study conditions, ranging from .30 to .51 (see 

Table 44), however both tests yielded analogues of Type I error rates that were unacceptable, and 

indicated that the data were truly heteroscedastic nearly half of the time.  Interestingly, Type I error rates 

for Informal Test 2 differed depending on the number of time points, where Type I error rates were 

slightly lower when 3 time points were included (Mean = .37) than when 6 time points were included 

(Mean = .58), while no such effect was noted for Informal Test 1. 

 Power. Once again, as the informal tests do not involve p-values, power rates are indicative of the 

proportion of the time that the criteria for a positive result was met, given that the data are simulated 

inclusive of systematic differences in variance between control and treatment arms.  As neither of the two 

informal tests exhibited acceptable Type I error rates, the power of either test is irrelevant.  However, 

power rates for Informal Test 1 were generally high (Mean  = .98), while power rates Informal Test 2 

were lower (Mean = .73).  

Comparisons between Unconditional Formal Tests. Four unconditional formal tests of 

decreasing variability between individuals in the treatment arm as a function of time were proposed.  

These tests included an F-test of the ratio of treatment to control arm intercept variance at the final time 

point (Unconditional Test 1), a comparison between these same parameters using Bartlett’s test 

(Unconditional Test 2), a comparison of the covariance between intercepts and slopes in the treatment 
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arm to the control arm, via Fisher’s r to z transformation (Unconditional Test 3), and an ad hoc regression 

approach to testing this hypothesis (Unconditional Test 4).   

 Type I Error Rates. Of the four proposed unconditional formal tests, only Unconditional Test 4 

exhibited acceptable Type I error rates, ranging from .01 to .07 (see Table 45), however this seemingly 

promising finding is hampered by the lack of power to detect significant effects exhibited by this test 

(Mean = .28), likely due to the very small sample size (n = 6) used in the regression analysis. Of the three 

remaining unconditional tests, Unconditional Test 1 yielded the lowest Type I error rates, ranging from 

.17 to .39 across study conditions, however, ever the condition with the lowest Type I error rate still 

exceeds the nominal rate of .05.     

 Power. Of the four proposed unconditional formal tests, Unconditional Tests 1, 2, and 3 exhibited 

acceptable power rates across most conditions, ranging from .83 to 1.0, .78 to 1.0, and .83 to .99, 

respectively.  However, given that Type I error rates for all three tests were considerably higher than the 

acceptable rates, power rates for these tests are irrelevant. As mentioned previously, despite yielding 

acceptable Type I error rates, Unconditional Test 4 did not perform as well in terms of power in the 

current simulation study, with power rates ranging from .14 to .38.   

Comparisons between Conditional Formal Tests. Four conditional formal tests of decreasing 

variability between individuals in the treatment arm as a function of time were proposed.  All four tests 

involved comparisons of Level 2 intercept variance between control and treatment arms at the first and 

final time points, and differed in that Conditional Tests 1 and 3 compared differences in intercept variance 

between control and treatment arms using an F-test, while Conditionals Test 2 and 4 were conducted 

using Bartlett’s Test.  Further, Conditional Tests 1 and 2 included a third step in which Unconditional 

Formal Test 3 (comparison between       and       via Fisher’s r to z transformation) was conducted 

and Conditional Tests 3 and 4 included a third step in which Informal Test 2 (involving only a visual 

comparison of       and      ) was conducted (see Figure 9). 
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 Type I Error Rates. Of the four proposed conditional tests, Type I error rates for Conditional Test 

2, which included Bartlett’s test of equality of variances and Formal Test 3, were closest to nominal, 

ranging from .02 to .07 across study conditions (see Table 46). The next closest to nominal Type I error 

rates were observed for Conditional Test 1, ranging from .04 to .12.  Type I error rates for Conditional 

Test 4 were similar to Conditional Test 1, ranging from .06 to .14 while Conditional Test 3 exhibited the 

highest Type I error rates, ranging from .10 to .23 across study conditions.   

 Power. While Conditional Test 2 exhibited close to nominal Type I error rates, was not powerful 

enough to detect systematic differences in variance between control and treatment arms, with power rates 

ranging from .19 to .46 across simulation study conditions. The highest powered of the four conditional 

tests was Conditional Test 3, which included an F-test of intercept variances at the first and final time 

points, followed by Informal Test 2, where power ranged from .36 to .81.  This was the only conditional 

test where power not sufficient (>.8) and did so only when the sample included 6 time points, 128 

treatment groups, and  a Level 3 ICC of .15.  Unfortunately, the Type I error rate for the equivalent 

homoscedastic condition was .13, which exceeds the nominal threshold of .05.          

 Considering the high Type I error and power rates of the unconditional tests, the drastic reduction 

in Type I error and power rates from the unconditional tests to the conditional tests is curious.  However, 

the first step in each conditional test involves a comparison of Level 2 intercept variance between control 

and treatment arms at the first time point.  Regardless of the level of the simulation study factor, 

           , tests of differences in intercept variance between the first and final time points were 

significant approximately 30% of the time across all simulation study conditions (see Table 47).  Level 2 

intercept variance at the first time point ought to be equal, regardless of simulation study condition, by 

design.  Therefore, finding significant differences between these parameter estimates 30% of the time 

across all study conditions indicates that the test of differences in variances at the first time point may be 

overly stringent or it may be due to parameter bias, as serious problems with the performance of the 3-

level longitudinal model for partially-nested data were noted in Study 2.  
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Determining Which Test Performed Best Overall.  As the informal tests were included solely to 

illustrate the necessity of formal tests, they were not considered in terms of which test performed best.  

With the exception of Unconditional Test 4, Type I error rates for the unconditional formal tests were 

very high, thus none of these tests considered in isolation constitute a “good” test.  Despite yielding 

acceptable Type I error rates, Unconditional Test 4 was not powerful enough to detect heteroscedasticity 

with the sample and effect sizes used in the current study.  Of the conditional tests, the best performing in 

terms of Type I error rates was Conditional Test 2, however this test was also not powerful enough to be 

considered a “good” test in the current study. As none of the proposed tests exhibited acceptable Type I 

error rates, none of the tests can be recommended to researchers seeking to test the hypothesis that 

individuals within treatment groups become similar as a function of time, at least under conditions similar 

to this simulation study. 

Chapter V:  Demonstration of Results Via an Applied Example:  

Evidence from the Teach Baltimore Intervention 

 Despite the appearance of Bauer, Sterba, and Hallfors (2008) in Multivariate Behavioral 

Research (a top-tier methodology journal), the partially nested model has been slow to gather attention in 

the substantive literature (Korendijk, Maas, Hox, & Moerbeek, 2012).  This is typical of methodological 

developments that are new and/or reproduced with minor changes across journals from many disciplines.  

Eventually, new methodological developments can prove their worthiness and make it into the “statistical 

cookbook” used by substantive researchers, which is a goal of many methodologists.  New methods are 

typically evaluated via simulations studies intended to assess the performance of proposed methods.  To 

this end, findings from all three simulation studies will be demonstrated using data from Borman and 

Dowling (2006), which was published prior to Bauer et al. and thus did not employ the partially nested 

model in the original published results. 
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Teach Baltimore Data 

 The data from Borman and Dowling (2006) originated from a program called “Teach Baltimore.”  

The goal of the program was to prevent the “summer slide” whereby learning gains made during the 

academic year are lost over the summer months, as children shift focus from school to play.  To this end, 

Teach Baltimore coordinators hired undergraduate college students to lead small groups of early 

elementary school students in intensive reading development programs over the summer. Schools were 

sampled from the Baltimore area and while selection was not random, certain schools were targeted based 

on criteria involving the proportion of the student body who were eligible for free lunch. The sample 

included 10 schools. Children were selected for participation in the study if they scored below a certain 

threshold on a baseline reading ability measure.  Once selected for participation, students were randomly 

assigned, within schools, to either the control or treatment arm of the study.  If they were assigned to the 

control arm, they received no summer programming, but were still administered the reading assessments 

at each of the data collection time points.  If they were assigned to the treatment arm, they were further 

assigned to a site where the intervention would take place (based on the school they attended), and then 

divided into smaller groups for instruction.  All students, regardless of assignment to treatment or control 

arms, were administered reading assessments (comprising tests of vocabulary and comprehension skills) 

each spring and fall across the three year study.   

 Thus, the structure of the data set analyzed by Borman and Dowling (2006) involved 4 levels, 

with repeated measurements at Level 1 nested within individuals at Level 2, who were either nested 

within treatment groups or were non-nested control subjects at Level 3, but who were all nested within 

schools at Level 4.  Technically, schools were further nested within sites at Level 5, but this fifth level 

was not included in the applied example, as sites were created for use in the study and control subjects did 

not attend the sites where the intervention took place.  This made the structure of this particular data set 

ideal for demonstrating the results of all three simulation studies.  The data contain measurements across 

6 time points for a total of 686 individuals.  Of these 686 individuals, 438 were assigned to the treatment 
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arm of the study, and the remaining 248 to the control arm.  The 438 individuals assigned to the treatment 

arm were sampled from 10 schools, and further subdivided within the schools into small groups for 

instruction.      

 An important note must be made with regard to the data set used for this demonstration. Though 

there were five sites where the intervention program was actually administered, randomization of 

individuals to treatment or control arms was performed within schools.  Therefore, considering schools to 

be the highest level of nesting makes more logical sense than sites, as the control subjects never attended 

the summer school sites.  Students randomized to the treatment arm within schools were assigned to small 

groups for the purposes of the intervention. While it was clear from the study description in Borman and 

Dowling (2006) that the students were divided into small groups for instruction within schools, as 

previously published analyses were only concerned with the first two levels of the data (repeated 

measures within individuals), the small group membership indicators were missing from the data sets.  

After attempting to procure the cluster identification variable, it became clear that somewhere along the 

way, that information had been lost.   

However, as it is known that the individuals were indeed clustered within schools, clusters were 

created for the purposes of demonstrating how the models from the simulation studies could be applied to 

real world data.  To identify possible clusters that may have actually existed in the study design, TwoStep 

cluster analysis was employed (which uses the log-likelihood of cluster membership as the distance 

measure) to determine which treatment arm observations were most similar within schools and to form 

clusters based on this information.  Using only the total reading scale scores from the final time point, 

TwoStep cluster analysis formed clusters of between 2 and 10 (Mean = 6.24, Model = 6) individuals 

within schools.  Depending on the number of individuals in each school, the number of clusters formed 

ranged from 2-5 (37 total clusters). To gauge the quality of the clusters formed by the procedure, SPSS 

rates the cluster quality in terms of the silhouette measure of cluster cohesion, which is an index with 

values ranging of -1 to 1, where higher numbers indicate higher quality clusters. Values of .5 or greater on 
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this index are indicative of “good” quality clusters.  The TwoStep cluster analysis method indicated that 

the quality of all clusters that were formed were “good” with values on the silhouette measure of cluster 

cohesion ranging from .7-.8 (Mean = .73) across all clusters for all schools, and appeared to effectively 

group similar observations.   

 The 4-Level model applied to the Teach Baltimore data set involved repeated measurements at 

Level 1, which were nested within individuals at Level 2, who were either nested within treatment groups 

or did not receive an intervention at Level 3, but all were nested within schools at Level 4.  The total 

sample includes observations for two cohorts. The first cohort joined the study as kindergarteners in the 

spring of 1999, while the second cohort (comprised of children who had already completed kindergarten) 

joined in the spring of 2000.  A fixed effect of ‘cohort’ was included in the model to account for possible 

differences between cohorts. Data were collected beginning in the Fall of 1999, and was collected twice a 

year (in Fall and Spring of each academic year) from Fall 1999 through Spring 2002. The full data set 

included a total of 6 time points, however, due to the large proportion of missing data at the first time 

point (58% of cases had missing values at the first time point), only data from time points 2 through 6 

(Spring 2000 through Spring 2002) were used.     

During the school year, students typically make gains in reading ability, however, during the 

summer months, this trend is interrupted, as school instruction ceases.  Teach Baltimore was designed to 

prevent losses (corresponding to a deflection in reading abilities) that had been shown to occur over the 

summer months. To account for the discontinuity in individual trajectories associated with the effects of 

the “summer slide” from a modeling perspective, an indicator variable was created to provide an estimate 

of the deflection in the trend of changes in reading scores between Spring and Fall, from the gains in 

reading ability observed during the regular school year, encompassing the period of time between Fall and 

Spring for each year of data collection.  The effect of this change in trajectory was thought to differ across 

individuals, thus the indicator variable was included as a random effect at the individual level.   
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 While analyses reported in Borman and Dowling (2006) included total reading scores as well as 

the subscale scores for vocabulary and comprehension, only the total reading scores were used as 

outcomes in the current analysis.    

The 4-Level partially-nested model applied to the Teach Baltimore data took the form: 

Level 1:                                                    (50) 

Level 2:                                                  

                                                  

                                                    

Level 3:                     

                     

               

               

                     

            

               

                     

            

Level 4:                                   
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Per Borman and Dowling (2006), cohort was coded as -.5 for students who were in kindergarten 

at baseline and .5 for students who were in first grade at baseline. The main effect of cohort, 

              , along with the effect of cohort on time,                       , and the effect of 

cohort on the “summer slide,”                          , are included as covariates to account for 

variability associated with developmental differences in outcomes. Actual differences between cohorts 

were not of substantive interest.  Time in the original analysis was centered at the first time point, which 

was coded ‘0’ and increased by an increment of one at each successive time point.  As the focus of the 

current analysis is on differences between control and treatment arms at the final time point, time was 

centered at the final time point for this demonstration. For individuals in the control arm, reading scores, 

     , were modeled as a function of the average reading score for those in the control arm,      , plus the 

average effect of time,              , the average deflection in the effect of time during the summer 

months,                , plus the effect of the proportion of students within a school who were eligible 

for free lunch,                , plus individual-specific deviations,      ,              , and 

               ,  school-specific deviations,      ,      , and      , and the time point-specific error, 
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     .  For individuals in the treatment arm, reading scores,      , were modeled as a function of the 

average reading score in the treatment arm,            , the average effect of time in the treatment arm, 

(           )        , plus the average deflection in the effect of time during the summer months for 

those in the treatment arm, (           )           plus the average effect of the school predictor for 

those in the treatment arm, (           )         .  For those in the treatment arm, random effects 

included all of the above mentioned terms, plus treatment group-specific deviations,      , 

             , and                .  

 Observation level residuals are assumed to be independent and normally distributed as follows: 

       (   
 ) 

In heteroscedastic models, separate estimates were obtained for individual level residuals for those in the 

control and treatment arms.  These residuals were assumed to be normally distributed with variances as 

follows: 

(   [

     
     
     

] |       )  [

     
          
               

]     (51) 

and 

(   [

     
     
     

] |       )  [

     
          
               

]     (52) 

These parameters included separate estimates for control and treatment arms of the variance between 

individuals in average reading scores,     , variance between individuals in the average effect of time, 

    , the variance between individuals in the average deflection in the effect of time during the summer 

months,     , and all of the associated covariance estimates. 
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 For those in the treatment arm, treatment group-level residuals were assumed to be normally 

distributed with variances as follows: 

   [

     
     
     

]  [
    
        
            

]      (53) 

These parameters yielded an estimate of the variance between treatment groups in average reading scores, 

    , the variance between treatment groups in the average effect of time,     , the variance between 

treatment groups in the average deflection in the effect of time during the summer months,     , and the 

associated covariance estimates.  

Additionally, as the number of Level 4 units in this case was 10, estimating the full matrix of 

variance components would be impossible, due to the small number of units at this level.  Thus, Level 4 

of the model contained an estimate of the variance of average reading scores across schools,      and an 

estimate of the variance in the treatment effect across schools,     .   

Even with only two variance components estimated at Level 4, a model including the remaining 

19 variance components yielded problematic model solutions. Due to obtaining estimates zero variance 

between individuals in the average difference in slope between Spring and Fall,     , this effect was 

dropped from the model.  Further, due to obtaining estimates of zero variance between treatment groups 

in average reading scores, this effect was also dropped from the model.  The final analysis model differed 

between control and treatment arms in the following way: 

(     |       )                                                      (54) 

                                                       

                           

(     |       )  (           )                                        (55) 
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                          (                           )   

(                                )                       

                                 

Results 

 The data were first fit with an “empty” model using SAS Proc MIXED (SAS Institute Inc., 2008) 

to calculate the proportion of residual variance at each level of the data structure (see Appendix for model 

syntax). This analysis indicated that some variability at the school level of the data was present, as the 

proportion of variance at this level was equal to .8%.  The proportion of variance at the cluster level 

(Level 3) was 15% , the proportion of variance at the individual level (Level 2) was 32%, and the 

proportion of variance at Level 1 was 62.2% .  Next, the full 4-level heteroscedastic model was fit to the 

data (see Table 48). The positive coefficients for the effect of time (              for the control arm and 

(            )         for the treatment arm) indicate that during the school year, gains in reading 

scores are made, averaging across students.   The negative estimate of the average deflection in the effect 

of time during the summer months,                 for the control arm and (        

     )           for the treatment arm, indicates that while gains in reading ability are made during the 

school year, gains in reading scores do indeed level off over the summer months (see Figure 10).  It 

appears that the Teach Baltimore intervention did not significantly decrease the impact of the “summer 

slide,” as the treatment effect was not significant.  However, the average difference in the deflection in the 

effect of time during the summer months for the treatment arm was not significant, t (1084) = .18, p < .86.  

To determine if a heteroscedastic model was necessary, compared to a more parsimonious 

homoscedastic model, a likelihood ratio test was performed for the difference in model fit between the 

two models.  The heteroscedastic model required the estimation of three additional parameters, and the 
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likelihood ratio test indicated that this model fit the data significantly better than the homoscedastic 

model,   (3) = 34.7, p < .001.   

One of the advantages of including the school level of analysis is the possibility of including 

school-level predictors.  The school-level predictor included in the current analysis is the proportion of 

students in a given school who were eligible for free lunch.  This variable can be conceived as an 

indication of school-level SES and may lead to a reduction in the (already small) school-level variance 

(   = .008).  However, in this case, inclusion of the school-level predictor did not reduce school-level 

variance.  Further, the main effect of this predictor for the control arm was not significant, t (12.3) = 1.41, 

p = .16, nor was the difference in this effect significant for the treatment arm, t (12.7) = .80, p = .43).   

Demonstration of Simulation Study Findings 

 While the 4-level model is the correct model for this particular data set, the 3-level models 

implemented in Studies 1 and 2 can also be fit to the data, although both would constitute 

misspecification by means of omitting a level of analysis. As such, resulting parameter estimates should 

be interpreted with caution.  Study 1 extended the 2-level model for partially nested data structures 

proposed by Bauer, Sterba, and Hallfors (2007) to a 3-level model encompassing a higher level of 

nesting.  This resulted in a data structure where individuals at Level 1 were either nested within treatment 

groups or did not receive an intervention at Level 2, but all individuals were nested within schools at 

Level 3.  This structure maps on to the Teach Baltimore data, where the higher level of nesting involves 

schools.  Thus, the analysis model analogous to the 3-level model from Study 1 was estimated using only 

the final time point scores from the Teach Baltimore data (see Table 49).   

 Like the full 4-level model, the 3-level model analogous to the model extension from Study 1 

yielded a non-significant treatment effect, t(7.66) = .41, p = .69.  It appears that leaving off a level of 

nesting, and subsequently the effect of time and the interactions between time and other model covariates, 

implied a significant cohort effect, which was non-significant in the full 4-level model, t(311) = 2.13, p = 
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.03.  To determine whether a heteroscedastic model fit the data significantly better than a homoscedastic 

model, fit of the two models were compared.  When the repeated measures level of analysis is omitted, 

Level 1 variance would now be heteroscedastic.  Homoscedastic Level 1 variance involves a single 

estimate of the residual (  ), thus a heteroscedastic model estimating separate residuals for control and 

treatment arms (  
  and   

 , respectively) involves a difference of 1 degree of freedom between models.  

A likelihood ratio test indicated that the heteroscedastic model fit the data significantly better than a 

homoscedastic model,   (1) = 1.9, p < .05. 

 Using this particular parameterization of a 3-level model involves leaving off the repeated 

measures level of the model.  Results from the simulations in Study 2 indicated that including repeated 

measures increased the power to detect the treatment effect. Thus, it would seem that leaving of the 

repeated measures level of analysis ought to reduce power to detect the treatment effect.  The treatment 

effect was non-significant in both the true 4-level model (p = .87) and the 2-level model estimated in 

Borman and Dowling (2006) (p > .05) which both included repeated measures, thus it was not surprising 

that leaving off the repeated measures level of analysis did not yield a significant treatment effect, t(136) 

= ..52, p = .60.  Findings from Study 2 suggest that leaving off the repeated measures level of analysis 

ought to reduce power to detect the treatment effect.  However, this was not observed in the applied 

example, where the coefficient (5.74 vs. 1.45), the standard error (11.01 vs. 9.10), and also the t-value 

(.52 vs. .16) were larger in the model omitting the repeated measures level of analysis. 

 The 3-level model investigated in Study 2 extended the 2-level model proposed by Bauer, Sterba, 

and Hallfors to a 3-level model by incorporating a lower level of nesting, in the form of repeated 

measures.  This 3-level data structure included repeated measures at Level 1, nested within individuals at 

Level 2, who were either nested within treatment groups or non-nested control subjects at Level 3.  This 

structure also maps on to the Teach Baltimore data, in the sense that it can be produced by leaving off the 

school level of analysis.  Thus, the analysis model analogous to the 3-level model that was the focus of 

Study 2 was fit to the Teach Baltimore data (see Table 50). Though treatment effects were non-significant 
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in both the 4-level and 3-level model explored in Study 2, the coefficient estimate was smaller (.84 vs. 

1.45) and the standard error was larger (9.18 vs. 9.10) in the model omitting the school level of analysis, 

indicating that leaving off the school level of analysis may have resulted in a slight loss of power to detect 

the treatment effect, which contrasts with findings from Study 1, which indicated that leaving of a higher 

level of nesting ought to artificially increase power to detect the treatment effect. 

 To determine whether a heteroscedastic model provided a better fit to the data than a 

homoscedastic model, a comparison was made between the fit of the two models.  Similar to the true 4-

level model, three additional parameters were required to estimate a heteroscedastic model.  Thus, the 

likelihood ratio test in this case had 3 degrees of freedom.  The heteroscedastic model did provide a 

significantly better fit to the data than the homoscedastic model,   (3) = 35, p < .001. 

Given findings from Study 1, the omission of the school level of analysis ought to yield increased 

estimates of the individual-level residual for the control arm (     ), as un-modeled school level variance 

for this study arm cannot bias variance components at the adjacent level (the control arm has no variance 

component at the treatment group level). Compared to the estimate of variance in average individual 

reading scores in the control arm from the 4-level model (      = 6031.12), this estimate was larger in 

the 3-level model omitting the school level of analysis (      = 6077.32).  Further, estimates of the 

treatment group variance component should be larger in the 3-level model than in the true 4-level model, 

as un-modeled school level variance for the treatment arm should filter into     .  Compared to the 

estimate of variance in the average effect of time between treatment groups in the 4-level model (     = 

185.33), the estimate of this parameter in the 3-level model was slightly larger (     = 186.34).  However, 

while both of these differences seem trivial, it should be noted that the proportion of variance at Level 3 

was very small (   ), thus very little variance was actually omitted in 3-level analysis model.  

Study 3 proposed several informal and formal tests for determining whether variability between 

individuals decreases as a function of time.  Bauer, Sterba, and Hallfors (2007) noted that in partially-



90 
 

nested models it would be difficult, if not impossible, to tease apart the impact of treatment effects from 

group processes in determining why systematic changes in variance between individuals in the treatment 

arm occur.  However, given the absence of a significant treatment effect in the Teach Baltimore data (p = 

.44), differences in estimates of individual-level intercept variance between control and treatment arms 

are more likely to be a function of increasing within-treatment group similarity as a function of group 

membership than the effect of treatment. 

 Informal Tests. The results from Study 3 indicated that both of the proposed informal tests 

exhibited very high Type I error rates. Table 51 shows that Informal Test 1, which is considered to have a 

positive result if            , would have determined that intercept variance in the treatment arm did 

indeed decrease as a function of time.  However, this result is contradicted by the results of Informal Test 

2, which gives a positive result if         and if            .  The estimate of       is positive, 

however, it is smaller than the estimate of      .   

 Unconditional Formal Tests.  Unconditional Tests 1 and 2 involved formal tests of equality of 

      and       and differed only in the type of test statistic calculated.  Unconditional Test 1 tested the 

ratio of estimates of       and       using an F-test.  This test was conducted for the Teach Baltimore 

example, and yielded a significant result, F(173,231) = 1.32, p = .02 (see Table 53).   Unconditional Test 

2 also compared estimates of       and      , but tested this differences using Bartlett’s test (Bartlett, 

1937), which is    distributed with k -1 degrees of freedom.  Bartlett’s test indicated that the difference 

between estimates of       and       was not quite significant,   (1) = 3.75, p = .053.  Unconditional 

Test 3 involved a comparison between estimates of the covariance between intercepts and slopes at Level 

2.  A comparison of the difference between the two covariance estimates involved transforming the 

covariance estimates into correlations, by dividing each by the square root of the product of the intercept 

and slope variance estimates for the respective study arm.  The correlations were then converted to z 

scores using Fisher’s r to z transformation (Fisher, 1915), and the difference between the resulting z 

scores compared to a standard normal distribution with a mean of 0 and variance equal to 
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 (    )   (    )⁄⁄ , where     and    are the number of individuals in the control and treatment 

arms, respectively.  While the estimate of      was positive, indicating that individual trajectories were 

not converging, this test indicated that the difference between the z scores was significant at p <.001. In 

other words, though individual trajectories in the treatment arm were diverging as a function of time, 

evidenced by the positive value of     , they were not diverging as rapidly as individual trajectories in the 

control arm.  Unconditional Test 4 involved an ad hoc regression analysis, predicting intercept variance 

from treatment, time, and the interaction of treatment and time.  Intercept variance estimates were taken 

from the first, middle, and final time points for control and treatment arms.  This test yielded a non-

significant result, as the interaction between treatment and time was not significant, t(1) = -1.546, p = 26. 

 Conditional Formal Tests. Given that Unconditional Test 2 was not significant, conditional tests 

involving Bartlett’s tests of equality of variances were not necessary.  The two remaining conditional tests 

(Conditional Tests 1 and 3) involving F-test of intercept variances were conducted. The first step in both 

conditional tests involved a comparison of intercept variance at the first time point between control and 

treatment arms via an F-test.  This test was non-significant, F(173, 231) = 1.22, p = .08 (see Table 53), 

indicating that intercept variance were roughly equal at the first time point.  Step 2 involved a comparison 

of intercept variance at the final time point via an F-test.  This test was significant, F(173,231) = 1.32, p 

=.03,  indicating that control arm variance was significantly greater than treatment arm variance at the 

final time point.  As results of the first two steps in the conditional tests indicated support for the 

hypothesis, Conditional Test 1 was conducted in an effort to provide a third piece of evidence whereby 

support for the hypothesis would be found if the difference between the covariance estimates for control 

and treatment arms were significantly different. This test involved converting the covariance estimates to 

correlations via Fisher’s r to z transformation and indicated that the estimates were indeed significantly 

different, rdiff = .21, p < .0001.  Step 3 of Conditional Test 3 involved the same comparison as Informal 

Test 2, which was found to have a negative result.  Thus, Conditional Test 1 would have indicated support 
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for the hypothesis that individuals in treatment groups become similar as a function of time, while 

Conditional Test 3 would have had the opposite implication.   

Chapter VI:  Discussion 

 The purpose of the current body of work was to extend the 2-level model for partially nested data, 

proposed by Bauer, Sterba, ad Hallfors (2008), to a 3-level model in two different ways.  The first 

extension involved adding a higher level of nesting, such that individuals within schools at Level 1 were 

randomized into treatment groups or were non-nested controls at Level 2, but all were nested within a 

higher level unit (schools), at Level 3.  This extension is complicated by the atypical variance structure of 

the partially nested model, where the treatment group level contains a fixed intercept term and a random 

slope term, which estimates variability in the size of the treatment effect across groups, and is relevant 

only to those in the treatment arm.   

 The second extension to the 2-level model for partially nested data involved adding a lower level 

of nesting, where repeated measures at Level 1 are nested within individuals at Level 2, who are either 

nested within treatment groups or are non-nested controls at Level 3.  The addition of the repeated 

measures level of nesting changes several characteristics of the partially nested model, including 

differences in how heteroscedasticity is modeled between control and treatment arms, as three variance 

components are estimated for control and treatment arms at the individual level (as opposed to one when 

Level 1 constitutes the individual level of analysis), including an estimate of individual intercept 

variability, variability in the effect of time across individuals and a covariance between intercepts and 

slopes.  Further, the treatment group level (now Level 3) also involves three variance component 

estimates, including an estimate of variability in the size of the treatment effect across groups, variability 

in the effect of time across treatment groups and the covariance between treatment and time.   

 The inclusion of repeated measures in Study 2 provided a means to directly test the hypothesis 

that within-group variability was decreasing as a function of time (as suggested by Bauer, Sterba, and 
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Hallfors, 2008) when in fact, the appearance of greater total variation in the control arm was the direct 

result of omitting a level of analysis and unrelated to decreasing within-group variability in the treatment 

arm in Study 1.  Thus, Study 3 evaluated various methods for formally testing this hypothesis. These 

methods included comparisons of control to treatment arm intercept variance at the final time point and 

examining the differences between the covariance between intercepts and slopes between the control and 

treatment arms to determine which test was the most powerful in detecting decreasing within-group 

variability as a function of time. 

Study 1 

The first simulation study sought to extend the 2-level model for partially nested data structures 

proposed by Bauer, Sterba, and Hallfors (2008) to a 3-level model including a higher level of nesting, 

where sets of individuals who were either nested in treatment groups or were non-nested control subjects 

were all further nested within schools.  Certain issues arise as a result of the atypical variance component 

structure, where the model is heteroscedastic at Level 1 to account for differences in total variance 

between treatment and control arms.  At Level 2, the intercept parameter is fixed and the slope parameter 

is random, but is estimated only for those in the treatment arm, and provides an estimate of the fixed 

effect of treatment along with an estimate of the variance of the size of the treatment effect across 

treatment groups.  At Level 3, all individuals, regardless of study arm, are nested within schools, where an 

unstructured variance component matrix provides an estimate of variability in school intercepts, 

variability in the size of the treatment effect across schools, and the covariance between school intercepts 

and treatment effect size.  The potential advantages of including a school-level predictor were evaluated, 

both in terms of the impact of various factors that have been found to be important in analyzing partially 

nested data structures (e.g. ICC at Levels 2 and 3, ratio of total variance in control and treatment arms, 

cluster size/number of clusters, etc.) on the power to detect the main effect of a school predictor and the 

cross-level interaction between the school predictor and the treatment effect, but also with regard to the 
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ability to explain variance in school intercepts and variability in the size of the treatment effect across 

schools.   

Performance of the three-level model for partially nested data structures was evaluated prior to 

testing of specific hypotheses related to model misspecification. Model convergence was only 

problematic in conditions with a small number of schools.  Boundary solutions were infrequently 

encountered for all variance component estimates except for estimates of the variability in the size of the 

treatment effect across schools.  However, boundary solutions for estimates this parameter were 

problematic only when Level 2 ICC was equal to 0, indicating that there was no variation in the size of 

the treatment effect across treatment groups, within schools.  When the three-level model for partially 

nested data is estimated for conditions in which Level 2 ICC was equal to 0, the model is misspecified in 

terms of the variance component structure, thus finding a greater frequency of boundary solutions for this 

condition was not of great concern. Estimates of certain model parameters were found to be biased under 

certain conditions in the properly specified model.  These estimates included the standard error of the 

treatment effect, and the variance components at the school level (Level 3).  Bias in these parameter 

estimates was primarily found in conditions where only 5 schools were included in the sample.  Estimates 

of the standard error of the treatment effect when only 5 schools were included were generally positively 

biased, leading to decreased power to detect the treatment effect.  When the number of schools was 15 or 

30, bias in all model parameters was negligible and power to detect the treatment effect was adequate. 

 The first set of hypotheses pertained to the application of a heteroscedastic model which provides 

separate estimates of the Level 1 residual for control and treatment arms over the more parsimonious 

homoscedastic model.  The goal was to assess the advantages of the heteroscedastic model in terms of 

improved model fit over the homoscedastic model, and on the reduction of parameter bias.  While tests of 

comparative model fit were found to favor the heteroscedastic model almost universally in the presence of 

unequal total variance between control and treatment arms, the homoscedastic model was not universally 

preferred over the heteroscedastic model when total variance between study arms was equal.  However, as 
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tests were based on chi-square differences with one degree of freedom, this test may have been over-

sensitive and significant p-values may not always reflect substantially better fitting models, but could be a 

function of sample size.   

 Applying a homoscedastic model when the data are heteroscedastic between control and 

treatment arms was hypothesized to bias certain model parameters, including estimates of the Level 1 

residual, the variance component associated with variability in the treatment effect across treatment 

groups, and the standard error of the treatment effect.   No evidence was found for bias in the standard 

error of the treatment effect.  Considerable bias was observed for estimates of the Level 1 residual for 

both treatment and control arms, but was distributed evenly between the coefficients in the expected 

direction consistent with hypotheses.   Estimates of the Level 2 variance component were generally 

overestimated when the homoscedastic model was applied to the data and total variance was greater in the 

treatment arm, and underestimated, though to a lesser degree, when total variance was greater in the 

control arm.    

 The second set of hypotheses pertained to the consequences of ignoring the school level of 

nesting, in terms of power to detect the treatment effect and parameter bias.  Omitting the school level of 

analysis held consequences for the power to detect the treatment effect.  Power rates for the treatment 

effect were not problematic when the sample included 15 or 30 schools, or when there was no between-

school variance present in the data.  However, power rates were considerably more artificially inflated by 

omission of the school level when total variance was greater in the control arm (which is likely the most 

realistic condition, as treatment effects often result in within-group homogenization of outcomes) than 

when the opposite was true.   Further, this artificial power rate inflation was greater when more variance 

was present at the school level and schools were omitted from analysis, but also when variance was 

present between treatment groups.   
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 Omitting the school level of analysis resulted in biased estimates of certain model parameters, 

including the Level 2 (between treatment groups) variance component, the standard error of the treatment 

effect, and the Level 1 residual.  As expected, estimates of the Level 2 variance component were heavily 

inflated when ICC at Level 3 was greater than 0 and the school level was omitted. Omitting the school 

level of analysis impacted estimates of the Level 1 residual in a manner consistent with stated hypotheses, 

in that only estimate for the control arm was inflated when school level variability was present, but un-

modeled.  Un- modeled variability associated with omitting a level of analysis typically only biases 

variance components at adjacent levels, however, in this case, the adjacent level did not include a 

variance component for the control arm, thus un-modeled variance at Level 3 attributed to control arm 

observations was filtered into the Level 1 residual estimate for the control arm, leaving the Level 1 

residual for the treatment arm unbiased.   

The interaction of model type and Level 3 ICC was also important for the accuracy of estimates 

of the treatment effect standard error when the school level of analysis was omitted.  As evidenced in 

similar patterns in the power to detect this effect, omission of the school level generally lead to 

downwardly biased standard errors, yielding artificially inflated Type I error rates. In real data, this could 

lead researchers to overly liberal inferences regarding the effectiveness of an intervention and care should 

be taken to avoid such a situation.   

   Finally, the inclusion of the school level of analysis allows for the inclusion of school-related 

predictors.  While the nature of the predictor in this example was continuous, reflecting mean school SES, 

school predictors could also be categorical (e.g. public vs. private) and can be used to account for 

variability in school intercepts as well as variability in the size of the treatment effect across schools.  

Such a model could be used to determine in which types of schools an intervention would be most 

effective.  The specific values used for the size of the school predictor by treatment effect interaction did 

not necessarily reflect effect sizes found in published studies, but were chosen to best elucidate the impact 

of simulation study factors on power rates.  Power was most impacted by sample size, specifically by the 
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number of schools included in the sample.  Power was also affected by the ratio of total variance in 

control and treatment arms, and power was considerably worse when total variance was greater in the 

control arm.  Power was also worse for the treatment effect when total variation was greater in the control 

arm, which is problematic as this condition is the most likely of the three to be found in real data.  Power 

was only adequate in conditions where Level 3 ICC was equal to 0, which encompasses a situation in 

which the size of the treatment effect did not vary at all across treatment groups and the nesting structure 

is artificial. 

 The ability to explain variability in the size of the treatment effect across schools by including the 

cross-level interaction of the school predictor and the treatment effect depended on simulation study 

factors.  Generally speaking, when total variance was greater in the treatment arm and ICC’s at Levels 2 

and 3 were small or equal to zero, the inclusion of the school predictor was better able to explain 

variability in the size of the treatment effect across schools than when ICC was large at both levels.  

However, the opposite was true when total variance was greater in the control arm (again, the most 

realistic situation), and ICC was large at both Level 2 and 3, as more variability in the size of the 

treatment effect across schools was explained than when variance was greater in the treatment arm or 

equal across study arms for the same ICC conditions. However, this finding of greater variance explained 

when total variance in the control arm was greater than or equal to variance in the control arm coincided 

with greater total variance across all levels of the data structure and this discrepancy is likely the result of 

this imbalance. 

 One interesting aspect of this study concerns the notion that individuals within treatment groups 

become similar over time as a function of being placed in a group.  The particular suitability of models for 

partially nested data in formally testing this hypothesis was described by Bauer, Sterba, and Hallfors 

(2008, p. 220) as offering “the exciting possibility to formally test the hypothesis that participants within 

a group become similar to one another in their attitudes and behavior.”  In the partially nested case, the 

heteroscedastic model estimating separate variance components for treatment and control arms would 
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seem to allow for a direct test of this effect, as only those participants in the treatment arm are grouped, 

thus, if variance in the control arm was found to be greater than in the treatment arm, this could serve as 

evidence of this within group homogenization.  However, findings from the current study demonstrated 

that one should not be so quick to jump to such a conclusion, as omitting the school level of analysis 

caused previously unbiased and balanced estimates of the heteroscedastic Level 1 residual to become 

biased, with the control arm variance component absorbing the un-modeled variance from the school 

level, while the treatment arm variance component remained unbiased.   

Study 2 

 The purpose of the second simulation study was to extend the 2-level model for partially nested 

data proposed by Bauer, Sterba, and Hallfors (2008) to a 3-level model to incorporate a lower level of 

nesting, where repeated measures at Level 1 are nested within individuals at Level 2, who are either 

nested within treatment groups or are non-nested control subjects at Level 3.  The inclusion of repeated 

measures at Level 1 of the model makes it possible to model change in outcomes as a function of time. 

The effect of time can be allowed to vary across persons by making this effect random at Level 2 of the 

model.  However, the variance component structure at Level 2 is complicated by the potentially 

heteroscedastic variance between control and treatment arms.  Bauer, Sterba, and Hallfors (2008) noted 

that in a partially nested model involving data from a single time point, if it is found that   
 ̂    

 ̂, this 

would indicate the occurrence of within-group homogenization and lend further support to the efficacy of 

the treatment. One benefit of modeling heteroscedasticity at Level 2 of a growth curve model is that it 

becomes possible to partition differences in individual intercept variance, variance in the effect of time 

across individuals, and the covariance between intercept and slope variance separately for control and 

treatment arms in a partially nested design.  This is important, as it provides a better method of 

determining if within-group homogenization of outcomes occurs as a function of time in the treatment 

arm, where no such change occurs in the control arm. The implications of this parameterization with 

regard to formally testing this hypothesis are investigated in Study 3. 
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The adaptation of the standard multilevel model for the partially nested case occurs at Level 3, 

where individuals are either nested within treatment groups or are non-nested controls.  The between-

cluster intercept is still technically fixed, and variance component estimates still pertain only to those in 

the treatment arm, but three variance component estimates are obtained at Level 3, including an estimate 

of variability in the size of the treatment effect across treatment groups, an estimate of variability in the 

effect of time across treatment groups, and the covariance between treatment effect variability and time 

effect variability.     

Performance of the 3-level longitudinal model for partially nested data structures was evaluated 

prior to testing of specific hypotheses related to model misspecification.  While convergence was not a 

problem, the occurrence of boundary solutions, or solutions where one or more variance component 

estimates is set to zero to avoid encountering a negative variance estimate, was prevalent.  These zero 

estimates cause problems not only with the number of replications required to obtain enough valid 

solutions to estimate empirical standard errors, but also in terms of bias in the valid solutions. As variance 

estimates are bounded, such that they cannot go negative under default settings in SAS Proc MIXED 

(2008), this creates a floor effect when attempting to calculate bias in a parameter where boundary 

solutions frequently occur.  This floor effect results in a pervasive positive bias is most model parameters 

that is unrelated to simulation study conditions.   While boundary solutions render estimates of other 

model parameters invalid in real data, invoking the ‘nobound’ option in SAS Proc MIXED allows for 

variance estimates to be negative, which then eradicates the artificial bias imposed by the lower boundary. 

This helps explain patterns in the simulation study results, but is not necessarily recommended for use in 

real-world data sets. 

The 3-level longitudinal model for partially nested data structures is a difficult model to fit.  In 

small sample sizes, there is great variability in some parameter estimates, such as the Level 2 slope 

variance component for the control arm.  This parameter was frequently problematic in terms of boundary 

solutions, as estimates were quite variable and were frequently set to zero in test runs prior to 
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implementing the ‘nobound’ option. The reason for this is that the parameter was frequently negatively 

biased, even in larger sample sizes.  While this parameter exhibited the most severe estimation problems, 

other parameters were inaccurately estimated by the 3-level longitudinal model, including the Level 2 

slope variance in the treatment arm, the standard error of the treatment effect, and both Level 2 

covariance parameters.  Furthermore, power to detect the treatment effect was insufficient for the sample 

sizes and effect sizes examined in this study, due to the fact that estimates of standard error of this 

parameter were frequently inflated.  However, estimates of the Level 2 intercept variance were 

sufficiently accurate across all sample sizes, as were estimates of most other parameters in large sample 

sizes when the ‘nobound’ option was used. While there is an advantage of including repeated measures 

data in a partially-nested model, in terms of increased power to detect the treatment effect, the true values 

of model parameters were not recovered well in the simulation study, making the utility of these models 

for applied researchers quite limited.  Without sufficiently large sample sizes, primarily in terms of the 

number of Level 3 units sampled, these models are not likely to yield accurate solutions.      

Two sets of hypotheses were posited with regard to the necessity of employing a heteroscedastic 

model over the more parsimonious homoscedastic model across simulation study conditions.  The first 

hypothesis involved significant differences in model fit between the heteroscedastic and homoscedastic 

models.  One simulation study factor varied the degree of within-group homogenization of outcomes that 

occurred in the treatment arm, where no such effect was present in the control arm. A condition where 

Level 2 variance was homoscedastic was included to determine when model fit incorrectly favored the 

more complex heteroscedastic model. Beyond the expected impact of heteroscedasticity on likelihood 

ratio tests of model fit, the two most influential factors were the number of time points and sample size.  

When the number of time points was greater, the heteroscedastic model fit the data better far more 

frequently than equivalent conditions with only 3 time points included.  Large sample sizes also predicted 

superior fit of the heteroscedastic model; however, as chi-square values are heavily impacted by sample 

size, this finding must be interpreted with caution.  Consistent with Baldwin, Bauer, Stice, and Rohde 
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(2011), the number of clusters was found to be more important in terms of model fit than cluster size.  

One peculiar finding involved ICC at Level 3, where when the data were truly homoscedastic, when this 

parameter was large, sample size was large, and the number of time points was equal to 6, the 

heteroscedastic model was preferred almost exclusively over the homoscedastic model. This is possibley 

the result of underestimation of substantial variance components at Level 3 (which pertain only to the 

treatment arm) and the filtering of this un-modeled variance into treatment arm variance at Level 2, which 

could artificially create heteroscedasticity, but that this only becomes detectable at large sample sizes.    

The second set of hypotheses related to heteroscedasticity pertained to bias expected in certain 

parameter estimates when the incorrect homoscedastic model was applied in the presence of 

heteroscedastic Level 2 variance.  Though some degree of bias was observed in estimates of variability in 

the effect of time across treatment groups at Level 3, the other Level 3 variance components were 

relatively unbiased when a homoscedastic model was applied to heteroscedastic data.  Estimates of the 

Level 1 residual were unbiased across all study conditions. 

Surprisingly, estimates of Level 2 variance components were relatively unbiased when the 

incorrect analysis type was employed.  However, estimates of slope variance were generally downwardly 

biased for the control arm, especially when Level 3 ICC was large, while estimates of slope variance in 

the treatment arm were relatively unaffected.  This may have contributed to the unexpected differences in 

model fit described earlier, in which a large sample size and large Level 3 ICC caused the heteroscedastic 

model to fit significantly better than the homoscedastic model, despite the fact that the data were truly 

homoscedastic.  The large degree of bias observed for Level 2 slope variance estimates in the control arm 

may have artificially created heteroscedastic variance between control and treatment arms. 

Finally, the advantages of including repeated measures over data collected at a single time point 

were evaluated in terms of power to detect the treatment effect.  Indeed, the inclusion of repeated 

measurements did lead to slightly increased power rates compared to the model using only data from the 
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final time point.  Findings indicated that power was also impacted by sample size, where power 

advantages with the inclusion of repeated measures were more evident when sample size was small.  

Power gains were also greater when the data included 6 time points as opposed to 3, however this finding 

is hardly surprising. Finally, power differences between models were driven by the number of clusters, 

where power increased more as the number of clusters increased than as cluster size increased, indicating 

that the number of clusters is more important than cluster size in terms of power. 

The extension of the 2-level model for partially nested data to include repeated measures is 

particularly advantageous in correctly modeling heteroscedastic variance between control and treatment 

arms.  The variance component structure makes it possible to model within-treatment group 

homogenization of outcomes in the treatment arm directly, while also confirming the absence of this in 

the control arm.  While parameter bias was not generally found to be problematic when the incorrect 

homoscedastic model was applied, differential model fit supports the need to apply the correct 

heteroscedastic model if total variance is expected to differ systematically between control and treatment 

arms.   

Study 3 

The purpose of the third simulation study was to evaluate various methods of formally testing the 

hypothesis that within-group variability decreases as a function of time.  To this end, a third simulation 

study of smaller scale than the first two was conducted to determine which of the proposed tests 

performed best in detecting the presence of heteroscedastic Level 2 variance between control and 

treatment arms, while also identifying cases where the data were truly homoscedastic.  To this end, Type I 

error rates were calculated for each of the study conditions where the data were truly homoscedastic, and 

power rates were calculated for study conditions where the data were truly heteroscedastic.  This 

heteroscedasticity was of a particular form and two conditions were included, which manipulated the 

degree to which variability between individuals decreased as a function of time.   
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Three types of tests were proposed:  informal tests, unconditional formal tests, and conditional 

formal tests. Two informal tests were evaluated including a comparison of individual-level intercept 

variance between control and treatment arms at the final time point and a comparison involving finding a 

negative covariance between individual-level intercepts and slopes and also finding that this value was 

lower than the covariance estimate for the control arm.  

Four unconditional, single-step tests were also proposed.  Two of the tests were formal analogues 

of the informal test that compared individual-level intercept variance estimates between control and 

treatment arms.  The first of these four tests evaluated the equality of control and treatment arm intercept 

variances at the final time point via an F-test of their ratio.  The second test compared the intercept 

variances using Bartlett’s test.  The third unconditional test was a formal analogue of the informal 

comparison between individual-level covariance of intercepts and slopes between control and treatment 

arms and required that the covariance estimates first be converted to correlations and then to z scores 

using Fisher’s r to z transformation.  The difference between the z scores provided a formal test of the 

difference between the covariance estimate in control and treatment arms.  Finally, a fourth test was 

proposed for which intercept variance estimates were extracted from three separate analyses where time 

was centered at the first, middle, or final time points.  These intercept variance estimates were then used 

as the outcome in a regression analysis predicted by time, study arm, and the interaction of time and study 

arm.  Finding that the interaction coefficient was significant and negative served as an indication that 

between person variability was indeed decreasing as a function of time.  Of these unconditional formal 

tests, the ad-hoc regression test yielded nominal Type I error rates, but inadequate power for the range of 

sample and effect sizes included in this study. Type I error rates for the remaining three tests were too 

high.   

Finally, four conditional, three-step formal tests were proposed, all of which involved 

comparisons of individual-level intercept variance for control and treatment arms and of the covariance 

between intercepts and slopes for control and treatment arms.  The first “Step” involved comparing the 
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intercept variance estimates at the first time point.  Given that this test yielded a non-significant result, 

indicating that no significant pre-treatment differences existed between control and treatment arms, a 

second test was performed comparing intercept variance estimates at the final time point, where a 

significant result indicated that systematic changes in variance were in some way related to belonging to a 

treatment group.  Two of the conditional tests made these comparisons using an F-test and the other two 

using Bartlett’s test. In either case, a third step, conditional on the first two, involved comparisons of the 

covariance between intercepts and slopes for control and treatment arms. Two types of comparisons 

between the covariance estimates were evaluated. One type of test formally compared the two estimates, 

using Fisher’s r to z transformation, and the other used the same informal test of this difference whereby a 

“significant” result was indicated by a situation where the covariance estimate was negative form the 

treatment arm, and that the estimate was, at the very least, more negative than the control arm estimate. 

Combining two types of intercept variance comparisons and two types of covariance comparisons yielded 

four conditional tests.  Where the unconditional formal tests, exclusive of the ad hoc regression tests, 

yielded very high Type I error rates, the conditional tests yielded lower Type I error rates, but also low 

power rates.  Thus, none of the proposed tests yielded acceptable rates of both Type I error and power. 

One possible reason the proposed tests may have failed pertains to the sensitivity of the F-test and 

Bartlett’s test to small differences in variance between control and treatment arms.  In the smaller sample 

size condition, the F-ratio need only be greater than or equal to 1.16 in order for the difference between 

the variance estimates to be significant. In the larger sample sizes, the difference required for significance 

is even smaller, where the F-ratio need only be greater than or equal to 1.08 to be significant.  While this 

makes the test of differences in intercept variance at the final time point very powerful, it seems to over-

detect differences in variance, and yielded very high Type I error rates.  The same is true for Bartlett’s 

test, however, the degrees of freedom for this test doesn’t change depending on the number of individuals 

in control and treatment arms.  While this is bad for performance of the proposed unconditional tests, the 
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implications are even worse for the conditional tests, which perform variance comparisons at the first and 

final time points.   

The first step in each conditional test involves a comparison of Level 2 intercept variance 

between control and treatment arms at the first time point.  Regardless of the level of the simulation study 

factor involving the degree of heteroscedasticity at Level 2,           , tests of differences in intercept 

variance between the control and treatment arms at the first time point were significant approximately 

30% of the time across all simulation study conditions (see Table 49).  Level 2 intercept variance at the 

first time point ought to be equal by design, regardless of simulation study condition.  Therefore, finding 

significant differences between these parameter estimates 30% of the time across all study conditions 

indicates that the test of differences in variances at the first time point may be overly stringent. Thus, as it 

not required that intercept variances be exactly the same at the first time point for the process of 

increasing within-group similarity to occur, and that even slight differences in these estimates will return 

a significant test result, it seems that the tests of intercept variance differences at both the first and final 

time points may over-detect heteroscedasticity.  

The same over-detection problem also appears to affect the formal test of the difference between 

the covariance parameter for control and treatment arms. This test exhibited very high Type I error rates, 

indicating that the test is very sensitive to differences in these parameters.  In the smaller sample size 

condition, the difference between the transformed covariance estimates (transformed into correlations via 

Fisher’s r to z transformation) need only be greater than .008 to be significant, while in the larger sample 

sizes, this difference need only be greater than .002.  Given that the true values of these parameters range 

from .25 to 1.0, the occurrence of such small differences between parameter estimates and the true 

parameter values is likely to be quite common.  In fact, covariance estimates needed only be biased by 

.2% in the smaller sample size and .08% in the larger sample size conditions for this test to return a 

significant result.   
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While it is not the case that researchers generally want their tests to be less stringent, in the 

current study, differences between key parameters appear to be over-detected. This may be due, at least in 

part, to observed biases in these coefficients that are unrelated to simulation study conditions.  Study 2 

found that these models did not perform well, even in the largest sample sizes.  As the minimum number 

of Level 3 units recommended for accurate parameter estimates is 100 (Konstantopaulos, 2008), and the 

larger sample size condition in Study 3 included 128 units, the sample sizes in Study 3 ought to be 

sufficiently large, yet  bias in estimates of the Level 2 variance components did not fully diminish. 

Estimates of intercept variance did not exhibit much bias (Mean Relative Bias = .05% and .2% for control 

and treatment arms, respectively), however, bias in covariance estimates was substantial enough, on 

average (Mean Relative Bias 5% and -2% for control and treatment arms, respectively), to contribution 

substantially to the high Type I error rates of tests of differences between covariance estimates in control 

and treatment arms in conditions where the data were truly homoscedastic.  Thus, it may be the 

combination of the sensitivity of the tests and bias in parameter estimates that caused the proposed tests to 

fail.   

It is possible that different methods could be found for testing the hypothesis that individuals 

within treatment groups become similar over time.  Specifying a different model may be a better approach 

to modeling partially nested longitudinal data.  The model would be doubly-heteroscedastic, estimating 

separate intercept variance components for control and treatment arms at Level 2 and separate estimates 

of the Level 1 residual for control and treatment arms. While it would not be possible to directly test 

where individuals in the treatment arm were becoming similar as a function of time by placing a linear 

model on the intercept variance at Level 2, predicting decreases in variance as a function of time, it would 

be possible to predict Level 1 variance as a function of time. As control arm participants are not 

administered an intervention, variance across observations within individuals should not change at the 

same rate as for those in the treatment arm. Greater variance across observations within individuals in the 

treatment arm would be expected, as change is expected across time. Therefore, it may be possible in the 
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doubly-heteroscedastic model to place a linear model on the Level 1 residual, estimated separately for 

control and treatment arms.  Variance between observations within individuals could be predicted by 

time, and this effect should be more pronounced in the treatment arm than the control arm.   

In such a model, it is possible that bias in model parameters may no longer contribute to the poor 

performance of the proposed tests as the parameters exhibiting the most bias (Level 2 slope variance and 

covariance) are no longer part of the model.  Comparisons could still be made between intercept variance 

at the first and final time points for control and treatment arms, but instead of comparing the size of the 

covariance estimates, the coefficients from the linear model placed on the Level 1 residual could be 

compared for control and treatment arms. If the effect of time was significant and positive for the 

treatment arm, it would indicate that variance was changing at a significant rate in the treatment arm as a 

function of time. If the effect of time was less positive or non-significant in the control arm, it would 

indicate that changes in variance may differ systematically between control and treatment arms. In 

combination with finding equal intercept variance between control and treatment arms at the first time 

point and greater intercept variance in the control arm at the final time point, this alternative model could 

offer different approaches to testing the hypothesis that individuals within treatment groups become 

similar across time.   

  Other modeling strategies were considered, such as simultaneous comparison of intercept 

variance between control and treatment arms at the first and final time points.  At the very least, a formal 

test of the difference in intercept variance between the first and final time points within a given study arm 

could be useful in determining if change in variance across time is significant, before comparing estimates 

between study arms.  Tests of this kind are available (Morgan, 1939) and involve the integration of a t-test 

of independence of scores at the first and final time points, coupled with an F-test of the equality of these 

variances, however such tests require raw data in order to calculate sums of products and cross-products 

between the two “samples.” The problem with this test is that obtaining the “raw data” would require the 
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researcher to output random effects, which proved to be unfeasible in a simulation study, due to long 

computing times required to output random effects.    

Another possible approach involves employing a dummy variable to allow for the simultaneous 

estimation of two models, where time is centered at the first time point in one model and the final time 

point in the second.  Then, an estimate of the covariance between intercept variance at the first and final 

time points could be obtained.  This method was considered for inclusions in Study 3, but was abandoned 

due to convergence problems. 

Applied Example – Implementation of a 4-Level Model for Partially-Nested Data Structures Using 

data from Teach Baltimore 

 The applied example estimated a 4-level model encompassing both extensions from the 2-level 

model for partially-nested data structures that were presented in Studies 1 and 2, encompassing both a 

higher and lower level of nesting.  This 4-level model involved repeated measures at Level 1, nested 

within individuals at Level 2, who were either nested within treatment group or did not receive an 

intervention at Level 3, but all were nested within schools at Level 4.  The full multilevel model for these 

data, making all effects random, would have included many more variance component estimates than 

were estimable given the small number of Level 4 units (schools).  Level 4 of the model included only 

two variance components, variability in intercepts across schools and variability in the size of the 

treatment effect across schools.  Possibly due to the unfortunate necessity of artificial assignment to 

clusters, an estimate of 0 for variability between treatment groups in the size of the treatment effect was 

encountered. However, the model demonstrated the utility of the proposed extensions to the partially-

nested multilevel model in correctly specifying the atypical variance component structure associated with 

such data.   

Consistent with previously published results analyses of the Teach Baltimore data, which 

involved an intervention targeting slow readers in an attempt to prevent losses in academic aptitude that 
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typically occur during the summer months, the treatment effect was found to be non-significant.  While 

variability in the size of the treatment effect was not present across treatment groups, the treatment effect 

did vary to some degree across schools, though school-level variance was small (.8% of total variance 

across all levels). However, given known problems with performance of the 3-level longitudinal model 

for partially-nested data pertaining to parameter bias and model estimation issues, it is not possible to 

determine whether the treatment effect did not actually vary across treatment groups, or if it only appears 

invariant due to parameter bias.   

In terms of simulation study findings, the non-significance of the treatment effect made 

generalizations regarding power advantages of including repeated measures over data collected at a single 

time point difficult to demonstrate.  Given the performance problems for the longitudinal partially nested 

model observed  in Study 2, it is possible that finding a non-significant treatment effect could reflect bias 

in the standard error of the treatment effect, as this parameter was frequently positively biased in the 

simulation study, and often this bias appeared unrelated to simulation study conditions and was rather 

likely due to poor model performance. 

Some simulation study findings were not possible to demonstrate with in the applied example.  

While the treatment effect was non-significant in both the original publication using the Teach Baltimore 

data and in the current analyses, omission of the school level of analysis did not artificially increase 

power to detect the treatment effect, evidenced by a smaller coefficient estimate and a larger standard 

error in the model omitting schools.  Further, omission of the repeated measures level of analysis in the 

Teach Baltimore data did not appear to reduce power to detect the treatment effect, evidenced by a larger 

coefficient estimate and a larger standard error for this effect in the model leaving off repeated measures.   

Other simulation study findings were possible to demonstrate with the Teach Baltimore data.  

Tests of differences in model fit between a heteroscedastic and a homoscedastic model were significant 

for the full 4-level model, as well as for both of the two 3-level models estimated for the purposes of 
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demonstrating simulation study findings.  While problems with high Type I error rates for likelihood ratio 

tests between heteroscedastic and homoscedastic models were noted in Study 2, it is possible that this was 

due to the poor performance of the proposed model.  However, finding significant differences in model fit 

between heteroscedastic and homoscedastic models in both the full 4-level model and the model similar 

to the model proposed in Study 1 do support simulation study findings. 

While the tests proposed in Study 3 were less than ideal in terms of Type I error rates,  it is 

interesting to note that Conditional Test 1, which involved an F-test of the intercept variances at the first 

and final time points followed by a comparison of the equality of the covariance estimates for control and 

treatment arms, would have indicated support for the hypothesis that individuals within treatment groups 

become similar as a function of time.  As tests of differences in intercept variance at the first time point 

were significant approximately 30% of the time when the variances ought to have been equal by design, 

finding a non-significant test of the difference in intercept variance at the first time point does provide 

fairly strong support for the notion that no systematic pre-existing differences were present between 

control and treatment arms.     

Despite the fact that the covariance estimate for both the control and treatment arms in the Teach 

Baltimore data were significant and positive, the control arm estimate was more positive, intercept 

variance in the control arm was considerably greater than in the treatment arm at the final time point, and 

the variances were roughly equal at the first time point (indicated by the non-significant F-test, which was 

shown to over-detect differences in variances in Study 3).  Because the test employed at Step 2 was 

shown to have high Type I error rates, finding a significant result would not necessarily be indicative of 

actual parameter differences.  However, intercept variance estimates did appear considerably different 

between control ( ̂     = 6031.12) and treatment ( ̂     = 4585.76). 

Some of the proposed tests of the hypothesis that individuals within treatment groups become 

similar as a function of time were contingent on finding a negative covariance between intercepts and 
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slope in the treatment arm. As treatment arm variance appears to be considerably smaller than control arm 

variance at the final time point and these variances were statistically equivalent at the first time point, 

finding a considerable difference between the covariance parameters between control ( ̂     = 1259.68,  ̂ 

= .73) and treatment ( ̂     = 785.03,  ̂ = .94) arms would seem to indicate that perhaps the covariance 

parameter in the treatment arm need not be negative for some process of increasing within group 

similarity to be taking place. However, this was thought to have been evidenced by smaller intercept 

variance at the final time point than the first time point in the treatment arm, and this was not true of the 

Teach Baltimore data, where intercept variance in the treatment arm was greater at the final time point 

( ̂     = 4585.76) than the first time point ( ̂     = 3234.51), which is not consistent with the part of the 

hypothesis regarding decreasing variability between individuals in the treatment arm.  

One alternative explanation for observed systematic increases or decreases in within-group 

heterogeneity is an aptitude-by-treatment interaction, in which the effect of the treatment on individual 

outcomes differs across individuals.  The presence of a positive covariance between intercepts and slopes 

could be evidence of an un-modeled aptitude-by-treatment interaction effect (ATI, Cronbach & Webb, 

1975), rather than this being due to within-group processes causing individuals within groups to become 

less similar across time. While it is possible that a given treatment effect could be most beneficial for 

those whose initial aptitude was low, while less beneficial for those whose initial aptitude was high, 

resulting in a negative covariance between individual level intercepts and slopes, it could just also be that 

a given treatment is most beneficial for those with high aptitude, while it is less beneficial for those with 

low aptitude, yielding a positive covariance between intercepts and slopes.  Regardless of whether a 

positive or negative covariance between individual-level intercepts and slopes is estimated, it is not 

possible to determine whether the cause of systematic changes in within-group variability across time 

stems solely from the effect of being in a group, or if it is because the magnitude of the treatment effect 

differs across individuals. 
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Limitations 

 Study 1.  The first simulation study extended the 2-level model for partially nested data to a 3-

level model encompassing a higher level of nesting.  Some degree of bias was present in estimates of 

slope variance at Level 3, as well as in estimates of the covariance between intercepts and slopes at this 

level, even in the properly specified models, across all study conditions.  While mean squared error 

calculations did not indicate greater inefficiency in estimates of these parameters than estimates of other 

parameters, this bias did not seem to be directly related to other simulation study factors.  One possible 

explanation involves the fact that this particular extension of the partially nested model places the 

treatment group level, at which a single variance component relevant only to those in the treatment arm is 

estimated, in the middle of the hierarchy. This highly atypical variance structure may have produced the 

observed bias in estimates of variance between Level 3 units (which includes parameters that are 

estimated for both control and treatment arms).  

However, the more plausible explanation for this observed bias pertains to the number of Level 3 

units (schools, in this case) included in the simulated data sets.  Given findings from published research 

regarding the number of Level 3 units necessary to obtain accurate and efficient parameter estimates 

(Konstantopoulos, 2008), the indication is that the threshold in terms of the number of Level 3 units is 

around 100.  It is possible that including more Level 3 units (100 or more) may cause this bias to 

diminish, and this notion should be investigated in future simulation studies before recommending these 

models to substantive researchers who may have specific hypotheses regarding variance component 

estimates at Level 3, but may have insufficient sample sizes in terms of the number of Level 3 units to 

obtain accurate estimates of important model parameters. 

  An additional limitation pertains to hypotheses posed regarding the advantages in terms of 

model fit when applying a heteroscedastic model, rather than a homoscedastic model, when systematic 

differences in total variance are expected between control and treatment arms.  Findings from the 
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simulation study indicated that likelihood ratio tests chose the properly specified (heteroscedastic) model 

as fitting significantly better than the homoscedastic model when total variance differed between control 

and treatment arms (regardless of whether total variance was greater in the control or treatment arms) in 

nearly all replications across heteroscedastic conditions, while finding no significant differences in model 

fit when the data were truly homoscedastic.  While this finding would seem to indicate that the likelihood 

ratio test is particularly effective for model selection, it is more likely that the difference in total variance 

between control and treatment arms in heteroscedastic conditions was substantial enough that these tests 

were ineffective for evaluating the impact of simulation study conditions in testing hypotheses regarding 

model fit.  Future research could include more levels of the ratio of Level 1 variance between control and 

treatment arms in order to identify the degree of imbalance in total variance necessary to demonstrate 

under what conditions the heteroscedastic model is truly better fitting than the more parsimonious 

homoscedastic model. 

One additional caveat in the current simulation study pertains to the way in which 

heteroscedasticity was simulated, in that total variance across all levels of the data structure differed 

depending on the ratio of Level 1 control to treatment arm variance.  Thus, when this ratio was 2:1, total 

model variance was greater than when this ratio was 1:1 or .5:1.  This imbalance in total variance across 

levels of heteroscedasticity could be responsible for certain findings where differences in the accuracy of 

parameter estimates was found between the two heteroscedastic conditions, rather than from the atypical 

partially nested data structure itself. Further research could involve an improvement in which total 

variance could be held constant across levels of heteroscedasticity, allowing the ratio of Level 1 variance 

between control and treatment arms to differ across conditions without changing the amount of total 

variance. 

Differences in total variance across levels of heteroscedasticity may also have played a role in 

findings related to the advantages of including a school predictor.  Some differences were found in the 

ability of the school predictor to explain variance in the size of the treatment effect across schools for 
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different levels of heteroscedasticity.  A greater proportion of variance was explained by the inclusion of 

the school predictor when the ratio of Level 1 variance in control and treatment arms was .5:1 than when 

this ratio was 2:1.  As control arm variance cannot be explained by the interaction of treatment and the 

school predictor, it is likely that differences in the percentage of variance accounted for by the school 

predictor between the two heteroscedastic conditions is directly linked to the amount of total variance 

present in the data. Issues regarding this finding could also be clarified by keeping the total variance equal 

across levels of heteroscedasticity. 

Study 2. One major limitation of the simulation study employed to extend the 2-level model for 

partially nested data structures to a 3-level model inclusive of repeated measures is in terms of general 

model performance.  As problems with boundary solutions have been documented in 2-level models for 

partially nested data structures (Korendijk, 2012), it was not surprising that this problem was exacerbated 

in the 3-level model.  This problem was not encountered with the same severity in the model extension 

involving a higher level of nesting (schools in Study 1), indicating that something about the longitudinal 

model made estimation more difficult.  This dramatic increase in the frequency of boundary conditions in 

the 3-level longitudinal model is likely related to modeling heteroscedasticity at Level 2, which involved 

the estimation of 6 variance components at this level, instead of the 3 variance components estimated in a 

homoscedastic model.  In small sample sizes especially, this resulted in a highly pervasive problem with 

the frequent occurrence of boundary solutions.  When “invalid” boundary solutions were excluded from 

further analysis, most model parameter estimates were positively biased.  To determine the impact of 

discarding boundary solutions, the ‘nobound’ option was invoked in SAS Proc MIXED, which allows for 

negative variance estimates.  Analysis of resulting model solutions indicated that invoking the ‘nobound’ 

option negated bias due to the floor effect caused by zero estimates. When this option was used, most 

parameters were unbiased on average across simulation study conditions. Estimates of Level 2 slope 

variance in the control arm (the parameter for which zero estimates were most frequently encountered) 

were quite downwardly biased and highly variable.  While model solutions with negative variance 
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estimates are invalid, it appeared that when these negative variance estimates were allowed, the remaining 

model parameters were considerably less biased than when boundary solutions were discarded.  However, 

this did not completely eradicate bias in parameter estimates, and certain key parameters, such as the 

standard error of the treatment effect, were generally positively biased. As the majority of the bias 

observed when discarding boundary solutions was not present in solutions where negative variance 

estimates were allowed, specific hypothesis tests were performed using solutions from analyses invoking 

the ‘nobound’ option. However, in real data, invalid solutions are not interpretable, and the 3-level 

longitudinal model for partially nested data may be difficult to fit and will likely result in parameter 

estimates (including the standard error of the treatment effect) that are biased to some degree, unless very 

large sample sizes are obtained.   

Even the largest sample sizes included in this simulation study were not large enough to produce 

accurate estimates.  This problem also occurred in the first simulation study, but was considerable more 

problematic in the second study.  Where research indicates that 100 or more Level 3 units are necessary to 

obtain accurate parameter estimates of variance components (Kostantopoulos, 2008), the largest number 

of Level 3 units included in any simulation study condition was 32.  While sample sizes were chosen to 

best represent sample sizes in published research involving partially nested study designs, they were not 

large enough to determine the number of Level 3 units necessary to yield accurate model solutions.  

Further research using larger sample sizes, especially in terms of the number of Level 3 units, is required 

to determine guidelines for minimum sample sizes needed to produce accurate model parameter 

estimates.    

One way in which model parameter estimates may be improved would be by specifying a 

different model.  Rather than a heteroscedastic model estimating separate sets of three variance 

components for control and treatment arms, a doubly-heteroscedastic model could be specified, 

estimating separate individual-level intercept variance parameters and separate Level 1 residuals for 

control and treatment arms.  A linear model could be placed on the Level 1 residual, where changes in 
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this variance could be predicted by time.  This model may produce more accurate estimates than the 3-

level heteroscedastic model proposed in Study 2, as the only variance components that need to be 

estimated at Level 2 would be intercept variance, and this parameter was the only Level 2 variance 

component that was relatively unbiased in the simulation study.     

An additional limitation to the current simulation study involves tests likelihood ratio tests of 

model fit comparing the fit of a heteroscedastic model to a homoscedastic model across simulation study 

conditions.  This test was hypothesized to return non-significant tests of differences in model fit when the 

data were truly homoscedastic and significant test results when the data were truly heteroscedastic.  

However, Type I error rates indicated by significant likelihood ratio tests when the data were truly 

homoscedastic were high, indicating that significant differences in model fit were found when they should 

not exist.  This is either due to this being a poor test of differences in model fit or due to issues with 

model performance, where pervasive bias in parameter estimates was observed and was unrelated to 

simulation study factors.  Biased parameter estimates may have caused the high Type I error rates 

observed for this test. As a result, power rates for this test were uninterpretable, thus a better performing 

model returning accurate parameter estimates needs to be found before evaluating the utility of likelihood 

ratio tests of differences in model fit between a heteroscedastic and a homoscedastic model.  

Finally, one major goal of this second simulation study was to investigate power advantages 

associated with the inclusion of repeated measurements.  However, power rates for the treatment effect 

were inadequate (< .8 across all simulation study conditions) in the properly specified model, making 

comparisons to power rates from a model using data from only the final time point considerably less 

useful.  Future research should focus on finding a treatment effect size that will better demonstrate the 

power advantages associated with including repeated measures over data collected from a single time 

point. 
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Study 3.  None of the tests proposed in Study 3 performed adequately in determining whether 

individuals within treatment groups become similar over time. The greatest limitation to the tests 

proposed in Study 3 is with regard to answering the question of why the tests didn’t work.  The analysis 

model is the same longitudinal model as was evaluated in Study 2, where considerable problems with 

model performance were observed in terms of parameter bias, power to detect the treatment effect and 

tests of differences in model fit between a heteroscedastic and a homoscedastic model. As the 

unconditional formal tests in Study 3 typically exhibited very high Type I error rates (with the exception 

of the ad-hoc regression test), it is not clear whether these were poor tests of the hypothesis or whether 

performance of these tests was poor due to inaccurate estimation of model parameters.  Prior to evaluating 

different methods for testing the hypothesis that individuals within treatment groups become similar over 

time, a well-performing model for longitudinal partially nested data needs to be identified. 

An additional limitation involves the encouraging Type I error rates observed for Unconditional 

Formal Test 4, the ad-hoc regression test. This test exhibited nominal Type I error rates, but insufficient 

power under the current simulation study conditions.  As this test is the closest analogue to a direct test of 

the hypothesis that variance changes in a systematically different way in control and treatment arms, as 

would be evidenced by a significant, negative interaction between treatment and time, the performance of 

this test should be revisited if a well-performing heteroscedastic longitudinal model is identified. It may 

be that the lack of power stemmed from the small number of observations (N = 6) on which the regression 

was performed.  However, if the data set included 6 time points (as in the Teach Baltimore example), time 

could be centered at each of these time points (or at as many time points as are deemed necessary) to 

increase sample size, and this could increase power to detect the interaction effect and render this test 

useful for applied researchers.   

Applied Example. One major limitation concerning the applied example using the Teach 

Baltimore data was the absence of small-group identifiers.  An effort was made to create clusters of 

individuals that were likely to reflect actual small group membership; however, the failure of this method 
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may have been evidenced by the estimates of zero variance between treatment groups in the size of the 

treatment effect. However, it is just as likely that this boundary estimate for treatment group variability is 

due to poor performance of the model and reflects parameter bias, rather than an invariant treatment 

effect.      

 

Implications for Future Research 

 Future research could extend this body of work in a number of interesting ways.  For example, 

Study 1 provided evidence that one could mistakenly conclude that within-group variability decreased as 

a function of time, as evidenced by greater total variance in the control arm, when inflated estimates of 

this parameter were actually caused by omitting a level of analysis.  This effect was due to the atypical 

variance component structure of the partially nested model, where intercept variance is fixed at the 

treatment group level while slope variance is estimated, and this parameter pertains only to those in the 

treatment arm, causing un-modeled variance in the control arm at Level 3 to filter into the Level 1 

variance component specific to the control arm.      

 On finding that the treatment effect in the applied example (which was previously thought to have 

had the opposite effect from what was intended) was virtually non-existent after accounting for pre-

existing group differences and other covariates, Bauer et al. (2008) noted that because participants are 

grouped only in the treatment arm, it is not possible to isolate the effect of the treatment variable from the 

nesting structure.  As demonstrated in Studies 2 and 3, in a repeated measures model, heteroscedastic 

variance between control and treatment arms exists at Level 2 of the model, where each arm of the study 

receives three individual-level variance component estimates; an estimate of variability in individual 

intercepts, an estimate of the variability in the effect of time across individuals (variability in slopes), and 

a covariance between intercepts and slopes, which indicates whether slope variability is increasing or 

decreasing as a function of time.  Level 3 is where the partial-nesting occurs, but this level now estimates 
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three variance components for the treatment arm (instead of one, as in the 2-Level model from Bauer et 

al.), variability in the size of the treatment effect across treatment groups, variability between treatment 

groups in the size of the effect of time, and the covariance between treatment effect and time.   A large 

covariance would indicate that the larger the effect of treatment, the larger the time effect would be as 

well. If this were the case, it would indeed be impossible to isolate the effect of treatment from the time 

effect.  If there is a negative covariance, it would mean that the larger the treatment effect was in a 

particular group, the smaller the effect of time would be for that group, which would clarify a distinction 

between the treatment and time effects only when both deviations from the average treatment and time 

effects were large. However, finding no covariance between treatment and time variability would indicate 

that between group variation in treatment and time were unrelated. In the presence of a significant 

treatment effect, finding no covariance between treatment and time across treatment groups could indicate 

that the treatment was indeed effective, and independent from the effect of time.  

 An interesting extension to the current study could investigate the performance of a 4-level 

model, where repeated measures at Level 1 are nested within individuals at Level 2, who are either nested 

within treatment groups or are non-nested control subjects at Level 3, but all are nested within some 

higher level unit, such as schools, at Level 4.  This 4-level model would incorporate the increased power 

to detect treatment effects associated with the inclusion of repeated measures, while also permitting 

individuals to be sampled within schools, prior to randomization to control and treatment arms of a study. 

Doing so would simplify the data collection process, as researchers would have access to both treatment 

and control participants in the same location.  Small groups within schools could be formed for 

administration of group-based interventions, while control participants could remain ungrouped at this 

level.  This could be useful, as the grouping of control participants can lead to confounds that arise when 

control participants are not independent and are subject to the same group level processes as treatment 

participants, making it difficult to find significant differences between control and treatment arms of a 

study.   Further, the 4-level model would allow for inclusion of school level predictors in intervention 
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research to help explain variability at the school level, and also to identify which types of schools an 

intervention would be more effective, so that schools fitting these criteria can be targeted.  However, such 

a model would require a very large sample size, inclusive of a large number of Level 4 units (at least 100) 

in order to ensure that parameter estimates are accurate. However, given the performance problems 

encountered for the 3-level longitudinal model for partially nested data, perhaps other modeling options, 

such as the alternative doubly-heteroscedastic model discussed above, ought to be explored prior to 

further model extensions. 

 Given the poor performance of the tests proposed in Study 3, no ideal test of the hypothesis that 

individuals within treatment groups become similar over time has yet been found.  Tests of intercept 

variance differences at the first time point, where variances were equal by design, appeared overly 

stringent, while tests of variance differences at the final time point and differences between the covariance 

estimates exhibited either very high Type I error rates or very low power for the range of sample and 

effect sizes included in this study.  It is difficult, if not impossible, to determine whether the poor 

performance of the proposed tests is entirely due to their being inappropriate tests of the hypothesis or if it 

was to some degree due to poor model performance yielding inaccurate parameter estimates.  Thus, more 

modeling options for longitudinal partially nested data should be explored and a well-performing model 

identified before proposing alternative tests of this hypothesis.   

Chapter VII:  Implications for Education Researchers 

 One goal of the current body of work in evaluating the performance of the proposed model 

extensions is to be able to make recommendations to applied researchers who may face similar situations 

involving partially nested data structures.  Several studies (Bauer, Sterba, & Hallfors, 2008; Baldwin, 

Bauer, Stice, and Rohde, 2011; Korendijk, 2012; Sanders, 2012) have indicated that the prevalence of 

partially nested data structures in education may be underestimated due to the fact that prior to the 

publication of Bauer, Sterba, and Hallfors (2008), typical analyses of partially nested data structures 
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involved treating the data as though it were either fully clustered or fully un-clustered.  While the costs of 

modeling clustered data as though it were un-clustered have been established, modeling partially nested 

data as though it were fully clustered could potentially be problematic as well, and could impact the 

accuracy of parameter estimates, in addition to the counterintuitive variance structure in which those in 

the control arm (who are un-clustered) are implied to have both an individual- and cluster-level deviation 

from the average outcome.  

All the three published simulation studies evaluating 2-level models for partially nested data 

(Baldwin, Bauer, Stice, & Rohde, 2011; Korendijk, 2012; Sanders, 2011) looked specifically at the costs 

of modeling the data as though it were fully clustered.  While problems with obtaining zero estimates for 

the variance of the treatment effect across treatment groups is a known problem with partially nested 

models, treating the control arm as one large cluster increased the rate at which these boundary occurred 

(Korendijk, 2012).  This was especially true when the number of clusters was small or when the treatment 

effect variance was small.  Further, treating the data as though it were fully clustered produced inflated 

estimates of the standard error of the treatment effect, thereby reducing power to detect such an effect.  

Inflation of estimates of this parameter occurred most often when the treatment effect variance was large.   

The model evaluated in Study 1 incorporated a higher level of nesting, using a scenario where 

students within schools were randomized into control and treatment arms. This model did not exhibit the 

same performance problems as the longitudinal model in Study 2, however, estimates of the Level 3 

variance components were somewhat biased in small samples.  As variance components are not typically 

the focus of applied researchers, the fact that the treatment effect and its standard error were accurately 

estimated under certain conditions could make this model useful to applied researchers with partially 

nested data. As the accuracy of fixed effect estimates are typically the primary concern of applied 

educational researchers, the partially nested model including the school level of analysis returns unbiased 

estimates of the standard error of the treatment effect when at least 15 schools are sampled, or when 

school level variance is substantial (e.g.    = .15) and 5 schools are sampled.   
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Including the school level of analysis reduces artificially inflated power to detect the treatment 

effect caused by omitting a higher level of analysis.  An additional advantage of including the school level 

of analysis pertains to the possibility of including a school predictor. Including a school predictor could 

help explain why an intervention may be more or less effective in a given school, as evidenced by the 

cross-level interaction of the school predictor and the treatment effect.  However, applied education 

researchers should be sure to include a sufficient number of schools in the sample in order to ensure 

accurate parameter estimates. 

 The implications for applied researchers regarding the longitudinal model evaluated in Study 2 

are less encouraging.  The proposed model did not perform well, even in the largest sample size 

conditions.  However, modeling change across time is often important for educational researchers in 

investigating factors that could potentially impact student achievement or lessen problematic student 

behavior. If a researcher is forced to choose between modeling longitudinal data as fully nested or as 

partially nested and wishes to avoid the costs of modeling the data as though it were fully nested, the 

partially nested model may provide unbiased estimates of the standard error of the treatment effect under 

certain conditions. Relative bias in estimates of the standard error of the treatment effect reached 

acceptable levels (< 5%) when cluster size was large (n > 15) and variance in the size of the treatment 

effect across treatment groups was large (proportion of total residual variance = .15). However, 

performance of the longitudinal model requires improvement before it can be recommended to 

educational researchers.  

Advantages of explicitly modeling partial nesting in data, versus treating all individuals as nested 

within groups, have been demonstrated for 2-level models (Baldwin, Bauer, Stice, and Rohde, 2011; 

Korendijk, 2012; Sanders, 2011) and the 3-level model incorporating a higher level of nesting explored in 

Study 1, in terms of the accuracy of estimates of the standard error of treatment effects.  Thus, researchers 

with partially nested data collected across time should consider the implications of misspecifying the 

variance structure on the accuracy of fixed effect estimates, such as a treatment effect.  While the model 
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evaluated in Study 2 would not be recommended to researchers, future work should investigate better 

approaches to modeling this type of data in order to find an optimal modeling strategy that could be 

recommended to substantive researchers.   

Once a useful longitudinal model has been identified, the question of the utility of the tests 

proposed in Study 3 could be revisited.  As the issue of testing the hypothesis that individuals within 

treatment groups become similar across time was raised in the applied example in Bauer, Sterba, and 

Hallfors (2008), which involved an educational intervention, it seems that finding suitable tests of this 

hypothesis could be important to substantive researchers. Support for the hypothesis that individuals 

within groups become similar as a function of time was thought to be evidenced by a negative covariance 

between individual-level intercepts and slopes in the treatment arm, while this effect would be smaller in 

magnitude or non-existent in the control arm.  However, those within treatment groups may become 

dissimilar across time as a function of the aptitude-by-treatment interaction, where a given treatment 

effect is more effective for those with high aptitude and less effect for those with low aptitude.  In such a 

situation, a positive covariance between individual-level intercepts and slopes would be estimated, 

indicating that the individual trajectories were diverging. To the extent that a formal test of this 

hypothesis is important to education researchers, tests of intercept variance equality between control and 

treatment arms may provide better information. Further research, involving reevaluating the performance 

of previously proposed tests  and/or evaluating difference approaches using a well-performing model, is 

necessary before making recommendations to applied researchers in terms of how best to formally test 

this hypothesis. 
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Study 1 Tables 

Table 1.  Level 1 residual variance values and Level 

2 and Level 3 ICC conditionsfor Study 1 

Condition ρβ ρπ σ
2c

 σ
2T

 

1 0 0 0.5 1 

2 0.05 0 0.5 1 

3 0.15 0 0.5 1 

4 0 0.1 0.5 1 

5 0.05 0.1 0.5 1 

6 0.15 0.1 0.5 1 

7 0 0.3 0.5 1 

8 0.05 0.3 0.5 1 

9 0.15 0.3 0.5 1 

10 0 0 1 1 

11 0.05 0 1 1 

12 0.15 0 1 1 

13 0 0.1 1 1 

14 0.05 0.1 1 1 

15 0.15 0.1 1 1 

16 0 0.3 1 1 

17 0.05 0.3 1 1 

18 0.15 0.3 1 1 

19 0 0 2 1 

20 0.05 0 2 1 

21 0.15 0 2 1 

22 0 0.1 2 1 

23 0.05 0.1 2 1 

24 0.15 0.1 2 1 

25 0 0.3 2 1 

26 0.05 0.3 2 1 

27 0.15 0.3 2 1 
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Table 2. Sample size conditions for Study 1. 

  

 

Treatment 

Arm 

 

Control Arm 

  Condition n k   m Schools Total N 

1 5 16 

 

70 5 150 

2 10 10 

 

78 5 178 

3 15 8 

 

85 5 205 

4 5 16 

 

70 5 750 

5 10 10 

 

78 5 890 

6 15 8 

 

85 5 1025 

7 5 16 

 

70 15 2250 

8 10 10 

 

78 15 2670 

9 15 8 

 

85 15 3075 

10 5 16 

 

70 30 4500 

11 10 10 

 

78 30 5340 

12 15 8   85 30 6150 
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Table 3. Proportion of non-converged solutions across simulation study conditions 

 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.243 0.249 0.258 0.256 0.259 0.247 0.263 0.258 0.251 

178 

 

0.245 0.229 0.233 0.235 0.234 0.207 0.230 0.235 0.228 

205 

 

0.228 0.211 0.233 0.235 0.210 0.225 0.208 0.225 0.206 

750 

 

0.115 0.130 0.129 0.127 0.136 0.116 0.116 0.115 0.122 

890 

 

0.098 0.132 0.116 0.119 0.094 0.118 0.101 0.098 0.096 

1025 

 

0.103 0.100 0.083 0.108 0.106 0.130 0.107 0.096 0.097 

2250 

 

0.002 0.002 0.003 0.001 0.002 0.004 0.001 0.003 0.005 

2670 

 

0.000 0.003 0.002 0.004 0.001 0.000 0.000 0.003 0.000 

3075 

 

0.001 0.002 0.001 0.002 0.003 0.001 0.000 0.004 0.001 

4500 

 

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

5340 

 

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

6150   0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

1:1 

150 

 

0.259 0.260 0.285 0.246 0.257 0.248 0.278 0.262 0.239 

178 

 

0.260 0.235 0.238 0.251 0.223 0.245 0.229 0.239 0.253 

205 

 

0.241 0.228 0.228 0.251 0.249 0.243 0.219 0.217 0.216 

750 

 

0.107 0.127 0.126 0.117 0.138 0.114 0.119 0.131 0.125 

890 

 

0.106 0.107 0.104 0.102 0.109 0.106 0.103 0.131 0.103 

1025 

 

0.101 0.079 0.113 0.100 0.091 0.121 0.105 0.097 0.097 

2250 

 

0.003 0.002 0.005 0.000 0.004 0.001 0.002 0.005 0.000 

2670 

 

0.004 0.001 0.002 0.000 0.000 0.001 0.002 0.000 0.002 

3075 

 

0.000 0.000 0.001 0.001 0.001 0.002 0.001 0.001 0.000 

4500 

 

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

5340 

 

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

6150   0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

2:1 

150   0.290 0.275 0.265 0.264 0.257 0.281 0.273 0.260 0.275 

178 

 

0.254 0.242 0.243 0.237 0.224 0.260 0.259 0.272 0.243 

205 

 

0.244 0.242 0.192 0.238 0.238 0.215 0.224 0.227 0.220 

750 

 

0.143 0.132 0.124 0.116 0.129 0.119 0.119 0.121 0.127 

890 

 

0.094 0.126 0.104 0.121 0.111 0.106 0.131 0.123 0.088 

1025 

 

0.090 0.104 0.110 0.108 0.082 0.100 0.110 0.117 0.081 

2250 

 

0.002 0.004 0.002 0.002 0.001 0.004 0.001 0.003 0.000 

2670 

 

0.002 0.000 0.002 0.002 0.000 0.002 0.001 0.003 0.001 

3075 

 

0.000 0.001 0.002 0.000 0.003 0.003 0.000 0.003 0.001 

4500 

 

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

5340 

 

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

6150   0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
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Table 4. Boundary conditions by parameter 

Factor τπ11 τβ00 τβ11 

N Schools 

     5 (Distributed) 0.01 0.01 0.20 

  5 (Multiplied) 0.01 0.01 0.20 

  15 0.00 0.00 0.04 

  30 0.00 0.00 0.01 

Clust size/# of Clust 

     5/16 0.01 0.01 0.11 

  10/10 0.01 0.01 0.11 

  15/8 0.00 0.00 0.11 

σc : σt 

     .5 : 1 0.00 0.00 0.12 

  1 : 1 0.01 0.00 0.12 

  2 : 1 0.01 0.01 0.10 

Level 2 ICC 

     0.1 0.01 0.01 0.09 

  0.3 0.00 0.00 0.13 

Level 3 ICC 

     0.05 0.01 0.01 0.17 

  0.15 0.00 0.00 0.05 
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Table 5. Relative bias of the standard error of the treatment effect by simulation study condition. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.630 -0.010 -0.007 0.255 0.109 -0.009 0.156 0.133 0.006 

178 

 

0.592 0.015 -0.016 0.325 0.103 -0.026 0.229 0.151 0.058 

205 

 

0.638 0.071 -0.032 0.314 0.123 -0.005 0.225 0.132 0.027 

750 

 

0.723 0.047 -0.099 0.360 0.085 -0.008 0.226 0.089 -0.027 

890 

 

0.564 0.042 -0.022 0.250 0.109 -0.012 0.197 0.178 0.013 

1025 

 

0.667 0.051 -0.049 0.306 0.114 0.018 0.183 0.121 0.029 

2250 

 

0.545 0.060 -0.018 0.243 0.026 -0.033 0.116 0.007 -0.014 

2670 

 

0.487 0.043 0.003 0.199 0.041 0.017 0.119 0.051 -0.018 

3075 

 

0.545 0.044 0.017 0.209 0.002 0.013 0.071 0.018 -0.040 

4500 

 

0.448 0.010 0.002 0.164 -0.045 -0.036 0.054 -0.028 -0.023 

5340 

 

0.339 0.005 0.075 0.073 -0.010 -0.038 0.064 -0.053 -0.027 

6150   0.355 0.053 -0.013 0.111 -0.035 -0.041 0.042 -0.031 -0.011 

1:1 

150   0.692 0.050 -0.073 0.407 0.119 -0.004 0.284 0.066 -0.041 

178 

 

0.590 0.067 -0.033 0.254 0.088 0.014 0.219 0.129 0.055 

205 

 

0.678 0.011 -0.059 0.374 0.084 -0.043 0.225 0.145 0.002 

750 

 

0.696 0.028 -0.056 0.384 0.155 0.031 0.271 0.108 -0.027 

890 

 

0.756 0.025 -0.027 0.349 0.118 0.001 0.211 0.212 0.010 

1025 

 

0.666 0.053 -0.008 0.358 0.124 0.031 0.223 0.087 0.056 

2250 

 

0.607 0.070 0.025 0.371 0.024 -0.043 0.152 0.043 0.025 

2670 

 

0.450 0.064 0.025 0.248 0.028 0.006 0.165 0.050 -0.049 

3075 

 

0.612 0.010 -0.014 0.188 0.085 -0.008 0.082 0.000 0.020 

4500 

 

0.441 0.070 -0.024 0.263 0.019 0.004 0.140 0.004 -0.026 

5340 

 

0.286 0.007 0.039 0.133 0.015 0.044 0.045 -0.008 -0.033 

6150   0.404 0.004 0.054 0.147 -0.012 -0.017 0.099 -0.037 -0.014 

2:1 

150   0.511 0.009 -0.073 0.314 0.112 -0.080 0.619 0.126 0.022 

178 

 

0.429 0.010 -0.026 0.285 0.133 0.037 0.612 0.111 0.018 

205 

 

0.364 0.068 -0.021 0.340 0.188 0.011 0.608 0.105 0.009 

750 

 

0.483 0.049 -0.023 0.339 0.138 0.012 0.616 0.080 -0.046 

890 

 

0.400 0.023 0.023 0.288 0.114 -0.039 0.585 0.129 0.034 

1025 

 

0.413 0.074 -0.014 0.293 0.174 0.018 0.576 0.141 0.011 

2250 

 

0.370 0.133 -0.012 0.271 0.082 0.013 0.532 0.057 -0.022 

2670 

 

0.290 0.100 0.066 0.209 0.016 0.013 0.420 0.037 -0.024 

3075 

 

0.322 0.089 0.006 0.118 -0.022 0.003 0.406 0.033 0.000 

4500 

 

0.332 0.056 0.040 0.209 -0.023 0.071 0.407 0.000 0.055 

5340 

 

0.117 0.043 0.001 0.098 0.028 0.018 0.279 -0.024 -0.017 

6150   0.184 0.036 -0.027 0.120 0.040 -0.020 0.318 -0.022 -0.013 
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Table 6. Relative bias of the Level 1 residual for the control arm by simulation study condition. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   -0.003 -0.002 -0.001 -0.005 0.001 0.003 -0.005 -0.007 -0.002 

178 

 

0.001 0.000 0.002 -0.003 0.003 -0.001 0.003 -0.002 0.000 

205 

 

-0.004 0.001 -0.002 -0.004 -0.002 0.004 -0.003 -0.003 0.001 

750 

 

-0.004 0.000 0.000 -0.003 0.001 0.005 -0.003 -0.003 0.002 

890 

 

-0.008 0.002 -0.002 -0.001 -0.007 0.000 -0.006 0.004 -0.001 

1025 

 

-0.002 -0.003 -0.001 -0.002 0.005 0.000 -0.002 -0.005 -0.002 

2250 

 

-0.004 0.003 -0.002 -0.003 -0.001 0.001 0.000 0.000 -0.001 

2670 

 

-0.003 0.000 0.000 0.000 -0.003 0.000 -0.005 -0.001 0.000 

3075 

 

-0.001 -0.001 -0.002 -0.003 0.000 0.000 -0.004 0.001 0.001 

4500 

 

-0.002 0.000 0.000 -0.002 -0.002 0.001 -0.002 0.000 -0.002 

5340 

 

-0.001 0.002 0.001 0.000 0.000 -0.001 -0.002 -0.001 -0.001 

6150   -0.002 -0.001 0.000 -0.002 0.000 0.001 -0.001 0.001 0.002 

1:1 

150   -0.006 0.003 0.002 -0.002 -0.001 0.003 -0.005 0.002 0.000 

178 

 

-0.003 0.000 0.003 -0.001 -0.003 0.001 -0.004 0.002 -0.002 

205 

 

-0.003 0.000 -0.004 0.000 -0.003 -0.001 0.000 -0.002 0.000 

750 

 

-0.001 0.002 0.001 -0.004 0.001 -0.003 -0.004 -0.001 0.000 

890 

 

0.002 0.000 0.000 -0.005 -0.004 -0.001 -0.005 0.000 -0.002 

1025 

 

-0.006 0.001 0.002 0.000 -0.001 0.003 -0.005 0.002 0.004 

2250 

 

-0.003 0.000 0.000 0.001 -0.003 0.000 -0.003 0.001 0.001 

2670 

 

-0.005 -0.001 0.000 -0.003 0.000 0.001 -0.002 0.003 -0.001 

3075 

 

0.000 0.000 0.002 0.000 0.000 -0.001 -0.002 -0.002 0.001 

4500 

 

-0.002 -0.001 0.002 -0.002 -0.001 -0.002 -0.001 0.000 0.001 

5340 

 

0.000 0.001 0.001 -0.002 0.000 -0.003 -0.001 -0.001 -0.001 

6150   -0.001 0.000 0.000 0.000 0.001 0.001 0.000 0.000 0.000 

2:1 

150   -0.003 -0.002 0.001 -0.002 -0.002 0.001 -0.006 -0.004 0.001 

178 

 

-0.003 -0.003 -0.001 -0.009 -0.004 -0.005 -0.008 -0.001 0.000 

205 

 

0.000 0.000 0.001 -0.001 -0.001 0.001 -0.006 0.002 0.003 

750 

 

-0.004 0.003 0.002 -0.005 -0.004 0.003 -0.001 -0.004 0.000 

890 

 

-0.010 0.001 0.000 -0.001 -0.003 -0.001 -0.001 0.002 0.000 

1025 

 

-0.001 0.000 0.001 -0.001 -0.002 -0.002 -0.004 0.001 0.002 

2250 

 

-0.003 0.000 0.002 -0.003 0.002 0.000 -0.006 0.002 -0.001 

2670 

 

-0.003 -0.001 -0.001 -0.001 0.000 -0.001 -0.001 -0.001 -0.003 

3075 

 

-0.003 0.001 -0.001 -0.004 -0.003 -0.001 0.001 -0.002 -0.001 

4500 

 

-0.001 -0.001 0.000 -0.005 0.001 -0.001 -0.001 -0.001 0.000 

5340 

 

0.000 0.000 0.000 -0.001 -0.001 0.000 -0.002 0.000 0.000 

6150   -0.003 0.001 0.000 -0.001 0.000 0.000 -0.001 0.000 0.001 
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Table 7. Relative bias of the Level 1 residual for the treatment arm by simulation study condition. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   -0.012 -0.015 -0.013 -0.003 0.001 0.003 -0.003 -0.002 -0.001 

178 

 

-0.009 -0.007 -0.008 0.006 0.000 0.002 0.001 -0.005 0.002 

205 

 

-0.005 -0.006 -0.008 -0.001 -0.001 0.003 -0.001 -0.004 -0.002 

750 

 

-0.016 -0.013 -0.016 -0.002 -0.004 0.004 -0.001 -0.002 0.000 

890 

 

-0.013 -0.008 -0.009 0.001 -0.005 0.001 -0.002 0.001 0.000 

1025 

 

-0.007 -0.005 -0.008 0.001 0.004 0.001 -0.001 -0.003 0.002 

2250 

 

-0.008 -0.007 -0.010 0.000 0.000 0.001 0.002 -0.001 0.001 

2670 

 

-0.005 -0.003 -0.003 0.000 -0.002 0.000 -0.002 -0.002 0.001 

3075 

 

-0.002 -0.002 -0.004 0.001 0.001 -0.001 0.000 -0.001 -0.002 

4500 

 

-0.006 -0.007 -0.005 0.000 0.001 0.001 -0.001 0.000 0.000 

5340 

 

-0.003 -0.004 -0.002 0.000 0.001 0.001 0.001 -0.001 0.000 

6150   -0.004 -0.003 -0.002 0.000 0.001 0.001 0.001 0.000 0.000 

1:1 

150   -0.016 -0.010 -0.014 0.002 -0.002 0.001 -0.003 0.004 -0.006 

178 

 

-0.009 -0.008 -0.008 0.003 -0.002 0.001 0.000 -0.004 -0.001 

205 

 

-0.006 -0.005 -0.005 0.002 -0.001 0.000 -0.001 0.003 0.002 

750 

 

-0.014 -0.011 -0.013 0.001 -0.001 -0.004 0.003 -0.003 0.002 

890 

 

-0.005 -0.008 -0.008 0.001 -0.001 -0.002 -0.002 -0.002 0.002 

1025 

 

-0.007 -0.004 -0.004 -0.001 -0.003 0.000 -0.001 -0.001 0.005 

2250 

 

-0.009 -0.008 -0.005 0.003 -0.001 0.000 -0.001 0.001 0.002 

2670 

 

-0.006 -0.005 -0.004 -0.001 -0.001 -0.002 -0.001 0.001 -0.002 

3075 

 

-0.003 -0.004 -0.002 0.001 -0.001 -0.002 0.001 -0.001 0.001 

4500 

 

-0.006 -0.006 -0.005 -0.001 -0.002 0.000 0.000 0.000 0.000 

5340 

 

-0.005 -0.002 -0.001 0.001 -0.001 -0.001 0.000 -0.001 -0.001 

6150   -0.002 -0.002 -0.002 0.002 0.000 -0.001 0.002 0.000 0.001 

2:1 

150   0.001 -0.018 -0.011 0.003 -0.005 -0.002 -0.017 -0.005 0.003 

178 

 

0.000 -0.010 -0.010 -0.002 -0.005 -0.002 -0.013 0.000 0.001 

205 

 

0.001 -0.004 -0.004 0.000 0.001 0.001 -0.006 -0.001 0.001 

750 

 

-0.002 -0.009 -0.011 -0.001 -0.002 -0.003 -0.013 -0.001 -0.001 

890 

 

-0.003 -0.006 -0.009 0.000 -0.001 0.002 -0.009 -0.001 0.004 

1025 

 

0.002 -0.005 -0.005 0.003 -0.002 0.001 -0.008 0.003 0.004 

2250 

 

0.000 -0.009 -0.006 0.001 0.001 -0.001 -0.011 0.003 0.000 

2670 

 

-0.002 -0.006 -0.005 0.001 0.000 -0.001 -0.003 -0.002 0.000 

3075 

 

-0.001 -0.004 -0.003 0.001 -0.003 -0.001 -0.002 0.000 0.000 

4500 

 

0.001 -0.008 -0.004 -0.002 0.003 0.001 -0.007 -0.001 -0.002 

5340 

 

0.000 -0.004 -0.004 0.000 0.001 0.000 -0.002 0.002 -0.001 

6150   -0.002 -0.001 -0.002 0.000 -0.001 -0.001 -0.003 -0.001 0.000 
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Table 8. Relative bias of the treatment group variance component 

(Level 2) by simulation study condition. 

  

ρπ 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   -0.012 -0.021 0.016 -0.018 -0.021 0.017 

178 

 

-0.042 -0.008 -0.008 -0.023 -0.040 -0.011 

205 

 

-0.015 -0.014 0.001 -0.034 -0.011 0.003 

750 

 

-0.036 0.012 0.012 -0.006 -0.030 -0.004 

890 

 

-0.024 -0.026 0.003 -0.008 -0.025 -0.013 

1025 

 

-0.049 -0.009 -0.023 -0.037 -0.040 0.001 

2250 

 

-0.018 0.000 -0.003 -0.018 -0.007 0.004 

2670 

 

-0.012 0.001 -0.008 -0.020 -0.010 0.000 

3075 

 

-0.028 -0.019 0.002 -0.018 -0.011 -0.008 

4500 

 

-0.016 -0.004 0.001 -0.008 -0.004 0.007 

5340 

 

-0.015 -0.011 0.001 -0.011 -0.009 -0.003 

6150   -0.011 0.005 0.007 -0.021 -0.006 0.000 

1:1 

150   -0.024 0.001 0.054 -0.015 -0.015 -0.011 

178 

 

-0.024 -0.047 -0.007 -0.023 -0.025 -0.009 

205 

 

-0.027 -0.025 -0.009 -0.028 -0.033 -0.013 

750 

 

-0.040 0.004 0.018 -0.003 -0.001 -0.016 

890 

 

-0.043 -0.016 -0.013 -0.042 -0.016 -0.011 

1025 

 

-0.017 -0.013 -0.016 -0.031 -0.029 -0.009 

2250 

 

-0.019 0.007 0.013 -0.008 0.006 -0.002 

2670 

 

-0.021 0.002 0.008 -0.007 -0.011 -0.004 

3075 

 

-0.028 0.004 0.005 -0.002 -0.009 -0.001 

4500 

 

-0.010 -0.009 -0.009 -0.008 0.001 -0.002 

5340 

 

-0.018 0.002 0.003 -0.017 -0.002 0.001 

6150   -0.011 0.000 0.000 -0.009 -0.002 0.006 

2:1 

150   0.008 -0.008 0.438 0.457 -0.010 0.009 

178 

 

-0.028 -0.023 0.035 0.045 -0.016 -0.011 

205 

 

-0.008 -0.022 0.013 -0.001 -0.021 0.004 

750 

 

0.010 -0.028 0.459 0.423 0.008 -0.006 

890 

 

-0.038 -0.009 0.063 0.069 -0.008 0.000 

1025 

 

0.002 -0.032 0.009 0.005 -0.021 -0.001 

2250 

 

-0.009 0.000 0.264 0.261 0.002 -0.002 

2670 

 

-0.011 -0.017 0.008 0.000 -0.013 0.007 

3075 

 

-0.020 -0.013 -0.005 -0.009 -0.003 -0.005 

4500 

 

-0.015 -0.009 0.182 0.179 0.002 0.004 

5340 

 

-0.003 -0.004 0.004 -0.006 -0.005 0.000 

6150   -0.009 -0.008 -0.001 -0.002 -0.002 0.005 
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Table 9. MSE of the school intercept variance component (Level 3) by simulation study condition. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.000 0.006 0.033 0.000 0.005 0.038 0.000 0.005 0.050 

178 

 

0.000 0.019 0.031 0.000 0.005 0.037 0.000 0.005 0.043 

205 

 

0.000 0.006 0.032 0.000 0.004 0.036 0.000 0.006 0.045 

750 

 

0.000 0.008 0.046 0.000 0.004 0.036 0.000 0.005 0.047 

890 

 

0.000 0.006 0.035 0.000 0.005 0.034 0.000 0.006 0.044 

1025 

 

0.000 0.006 0.035 0.000 0.004 0.040 0.000 0.006 0.049 

2250 

 

0.000 0.001 0.009 0.000 0.001 0.010 0.000 0.002 0.014 

2670 

 

0.000 0.001 0.009 0.000 0.001 0.011 0.000 0.001 0.012 

3075 

 

0.000 0.001 0.009 0.000 0.001 0.010 0.000 0.002 0.013 

4500 

 

0.000 0.001 0.004 0.000 0.001 0.005 0.000 0.001 0.006 

5340 

 

0.000 0.001 0.004 0.000 0.001 0.005 0.000 0.001 0.007 

6150   0.000 0.000 0.004 0.000 0.001 0.004 0.000 0.001 0.006 

1:1 

150   0.002 0.032 0.065 0.001 0.007 0.066 0.000 0.010 0.069 

178 

 

0.000 0.013 0.053 0.000 0.008 0.062 0.000 0.010 0.080 

205 

 

0.000 0.009 0.060 0.000 0.008 0.065 0.000 0.008 0.073 

750 

 

0.001 0.016 0.060 0.001 0.007 0.070 0.000 0.009 0.077 

890 

 

0.000 0.014 0.068 0.000 0.008 0.067 0.000 0.010 0.070 

1025 

 

0.000 0.009 0.057 0.000 0.008 0.068 0.000 0.009 0.074 

2250 

 

0.000 0.002 0.017 0.000 0.002 0.018 0.000 0.003 0.023 

2670 

 

0.000 0.002 0.017 0.000 0.002 0.020 0.000 0.003 0.022 

3075 

 

0.000 0.002 0.016 0.000 0.002 0.018 0.000 0.003 0.020 

4500 

 

0.000 0.001 0.008 0.000 0.001 0.010 0.000 0.001 0.010 

5340 

 

0.000 0.001 0.008 0.000 0.001 0.009 0.000 0.001 0.011 

6150   0.000 0.001 0.008 0.000 0.001 0.009 0.000 0.001 0.010 

2:1 

150   0.003 0.022 0.183 0.004 0.019 0.137 0.002 0.021 0.142 

178 

 

0.001 0.021 0.134 0.001 0.017 0.155 0.002 0.018 0.157 

205 

 

0.000 0.023 0.163 0.001 0.019 0.147 0.001 0.020 0.151 

750 

 

0.003 0.044 0.170 0.002 0.018 0.139 0.001 0.018 0.153 

890 

 

0.001 0.035 0.141 0.001 0.016 0.140 0.001 0.020 0.185 

1025 

 

0.000 0.022 0.140 0.000 0.019 0.162 0.001 0.020 0.153 

2250 

 

0.000 0.005 0.045 0.000 0.006 0.039 0.000 0.007 0.048 

2670 

 

0.000 0.006 0.039 0.000 0.005 0.039 0.000 0.006 0.044 

3075 

 

0.000 0.005 0.040 0.000 0.005 0.039 0.000 0.006 0.044 

4500 

 

0.000 0.003 0.018 0.000 0.003 0.020 0.000 0.003 0.024 

5340 

 

0.000 0.002 0.019 0.000 0.003 0.019 0.000 0.003 0.023 

6150   0.000 0.002 0.018 0.000 0.003 0.019 0.000 0.003 0.022 
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Table 10. Relative bias of the school slope variance component (Level 

3) by simulation study condition. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0.05 0.15 0.05 0.15 0.05 0.15 

.5:1 

150   -0.269 -0.065 0.212 -0.032 0.485 0.150 

178 

 

-0.078 -0.028 0.362 0.094 0.694 0.180 

205 

 

-0.029 -0.017 0.354 0.080 0.899 0.210 

750 

 

-0.142 -0.072 0.346 0.038 0.448 0.073 

890 

 

-0.096 -0.050 0.379 0.037 0.794 0.194 

1025 

 

-0.004 -0.012 0.464 0.062 0.948 0.245 

2250 

 

-0.045 -0.047 0.007 -0.032 0.075 -0.013 

2670 

 

-0.040 -0.026 0.064 0.013 0.163 0.009 

3075 

 

0.001 -0.009 0.055 -0.016 0.228 0.023 

4500 

 

-0.066 -0.024 -0.037 -0.029 0.000 -0.014 

5340 

 

-0.031 -0.027 -0.020 0.013 0.007 -0.006 

6150   -0.018 -0.014 0.022 0.028 0.085 -0.014 

1:1 

150   -0.211 -0.083 0.217 0.053 0.477 0.075 

178 

 

-0.070 -0.074 0.325 0.085 0.628 0.155 

205 

 

-0.032 -0.061 0.329 0.016 0.763 0.168 

750 

 

-0.205 -0.151 0.251 0.022 0.404 0.057 

890 

 

-0.069 -0.008 0.271 0.034 0.534 0.114 

1025 

 

-0.059 -0.032 0.390 0.055 0.745 0.224 

2250 

 

-0.081 -0.052 -0.001 -0.035 0.077 -0.021 

2670 

 

-0.008 -0.027 0.048 -0.030 0.107 0.009 

3075 

 

-0.013 -0.009 0.026 -0.006 0.193 0.033 

4500 

 

-0.048 -0.009 0.002 0.000 -0.016 0.000 

5340 

 

-0.039 -0.003 0.021 -0.004 0.024 0.000 

6150   -0.011 -0.019 -0.014 0.001 0.076 -0.007 

2:1 

150   -0.194 -0.101 0.184 -0.027 0.345 0.040 

178 

 

-0.083 -0.009 0.312 0.044 0.540 0.118 

205 

 

0.063 0.001 0.445 0.071 0.542 0.119 

750 

 

-0.152 -0.084 0.218 0.081 0.350 0.047 

890 

 

-0.043 -0.012 0.333 0.066 0.431 0.121 

1025 

 

-0.049 0.047 0.354 0.065 0.609 0.117 

2250 

 

-0.081 -0.057 -0.031 -0.014 0.037 -0.029 

2670 

 

-0.014 0.003 0.026 -0.027 0.038 -0.012 

3075 

 

-0.040 -0.009 0.028 -0.031 0.140 -0.007 

4500 

 

-0.054 -0.009 -0.022 -0.012 -0.010 -0.006 

5340 

 

-0.032 -0.009 0.010 -0.012 0.015 -0.009 

6150   -0.032 -0.004 0.029 -0.020 0.054 0.013 
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Table 11. Relative bias of the covariance between school intercepts and slopes 

(Level 3) by simulation study condition. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0.05 0.15 0.05 0.15 0.05 0.15 

.5:1 

150   0.504 0.348 0.479 0.416 0.649 0.512 

178 

 

0.225 0.145 0.414 0.074 0.581 0.038 

205 

 

0.035 0.234 0.220 0.015 -0.196 0.085 

750 

 

0.429 0.106 0.133 0.102 0.486 0.169 

890 

 

0.053 -0.087 -0.164 0.058 0.330 0.024 

1025 

 

0.060 0.062 0.149 -0.059 0.382 0.131 

2250 

 

0.274 0.108 0.143 0.077 0.181 0.120 

2670 

 

0.242 0.048 0.077 0.114 0.220 0.042 

3075 

 

0.025 0.076 0.030 -0.052 -0.045 0.095 

4500 

 

0.130 0.004 0.222 0.044 0.104 0.098 

5340 

 

0.033 -0.043 0.032 0.001 -0.031 0.095 

6150   0.041 -0.021 0.005 0.007 0.057 -0.030 

1:1 

150   0.551 -0.041 0.421 0.253 0.752 0.360 

178 

 

0.424 0.216 -0.008 0.037 0.465 0.252 

205 

 

0.221 0.006 0.474 0.002 0.427 -0.031 

750 

 

0.258 0.158 0.849 -0.117 0.478 0.118 

890 

 

0.309 0.052 0.537 0.029 -0.024 -0.105 

1025 

 

0.321 0.140 -0.030 0.134 0.099 0.222 

2250 

 

0.117 0.100 0.222 0.003 0.132 -0.007 

2670 

 

0.090 0.030 -0.008 -0.017 0.178 -0.004 

3075 

 

-0.063 -0.037 0.041 0.086 0.051 -0.029 

4500 

 

0.142 -0.024 0.126 0.019 -0.003 -0.009 

5340 

 

0.009 -0.031 0.132 -0.059 0.014 -0.014 

6150   0.045 -0.040 0.002 0.028 0.009 0.072 

2:1 

150   0.962 0.102 0.200 0.142 0.424 0.253 

178 

 

0.107 0.217 -0.274 -0.003 0.367 0.154 

205 

 

0.140 0.047 -0.273 0.111 -0.322 0.110 

750 

 

0.360 0.139 0.297 0.297 0.519 0.220 

890 

 

0.233 0.076 0.504 0.087 0.147 0.068 

1025 

 

0.039 0.141 -0.226 0.113 0.183 0.104 

2250 

 

0.161 0.144 0.163 -0.086 0.029 -0.009 

2670 

 

0.036 -0.071 -0.027 -0.061 -0.022 -0.094 

3075 

 

0.012 0.089 0.070 -0.032 -0.020 0.048 

4500 

 

-0.034 0.052 0.016 -0.023 0.145 -0.012 

5340 

 

0.039 -0.051 0.063 -0.004 -0.053 0.061 

6150   0.120 -0.024 -0.032 -0.013 0.091 0.032 
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Table 12. Power to detect the treatment effect by simulation study condition. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.99 0.99 0.80 0.97 0.95 0.73 0.95 0.85 0.57 

178 

 

0.99 0.99 0.79 0.97 0.92 0.70 0.92 0.80 0.56 

205 

 

0.99 0.98 0.78 0.97 0.94 0.69 0.89 0.74 0.53 

750 

 

0.99 0.98 0.77 0.98 0.93 0.69 0.94 0.88 0.64 

890 

 

0.99 0.99 0.80 0.98 0.93 0.73 0.92 0.78 0.54 

1025 

 

0.99 0.99 0.78 0.97 0.93 0.71 0.90 0.75 0.54 

2250 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

2670 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

3075 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

4500 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

5340 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

6150   1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

1:1 

150   0.99 0.95 0.68 0.98 0.87 0.58 0.94 0.79 0.52 

178 

 

1.00 0.95 0.69 0.97 0.86 0.58 0.91 0.71 0.47 

205 

 

0.99 0.95 0.67 0.96 0.87 0.61 0.89 0.66 0.48 

750 

 

0.98 0.94 0.70 0.98 0.89 0.61 0.95 0.78 0.51 

890 

 

0.99 0.94 0.67 0.96 0.86 0.61 0.90 0.72 0.50 

1025 

 

0.99 0.95 0.66 0.97 0.86 0.59 0.86 0.67 0.47 

2250 

 

1.00 1.00 1.00 1.00 1.00 0.99 1.00 1.00 1.00 

2670 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

3075 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

4500 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

5340 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

6150   1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

2:1 

150   0.97 0.84 0.51 0.92 0.74 0.46 0.98 0.65 0.37 

178 

 

0.97 0.84 0.50 0.88 0.71 0.45 0.99 0.58 0.36 

205 

 

0.95 0.83 0.50 0.84 0.69 0.43 0.99 0.54 0.36 

750 

 

0.97 0.85 0.50 0.92 0.73 0.41 0.98 0.63 0.42 

890 

 

0.96 0.83 0.49 0.87 0.70 0.42 0.99 0.60 0.35 

1025 

 

0.95 0.85 0.47 0.85 0.70 0.43 0.99 0.58 0.35 

2250 

 

1.00 1.00 0.99 1.00 1.00 0.98 1.00 1.00 0.96 

2670 

 

1.00 1.00 0.99 1.00 1.00 0.98 1.00 1.00 0.96 

3075 

 

1.00 1.00 0.99 1.00 1.00 0.98 1.00 1.00 0.95 

4500 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

5340 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

6150   1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
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Table 13. Absolute bias of the control arm Level 1 residual - 3-level homoscedastic model 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.240 0.240 0.240 0.237 0.241 0.243 0.237 0.238 0.240 

178 

 

0.268 0.269 0.269 0.271 0.270 0.270 0.270 0.266 0.271 

205 

 

0.284 0.285 0.283 0.284 0.285 0.288 0.284 0.283 0.285 

750 

 

0.238 0.241 0.239 0.238 0.239 0.244 0.238 0.239 0.241 

890 

 

0.264 0.269 0.268 0.269 0.265 0.270 0.266 0.271 0.269 

1025 

 

0.283 0.285 0.284 0.285 0.289 0.286 0.284 0.283 0.286 

2250 

 

0.239 0.242 0.240 0.238 0.240 0.242 0.240 0.240 0.241 

2670 

 

0.267 0.270 0.270 0.269 0.268 0.270 0.266 0.268 0.270 

3075 

 

0.285 0.286 0.284 0.284 0.287 0.285 0.284 0.285 0.285 

4500 

 

0.239 0.240 0.241 0.239 0.240 0.241 0.238 0.241 0.240 

5340 

 

0.268 0.269 0.270 0.268 0.270 0.270 0.268 0.269 0.269 

6150   0.284 0.285 0.286 0.284 0.286 0.287 0.285 0.286 0.286 

1:1 

150   -0.011 -0.004 -0.006 0.000 -0.002 0.002 -0.004 0.003 -0.003 

178 

 

-0.006 -0.004 -0.003 0.001 -0.002 0.001 -0.002 -0.001 -0.002 

205 

 

-0.005 -0.003 -0.005 0.001 -0.002 0.000 0.000 0.001 0.001 

750 

 

-0.008 -0.004 -0.006 -0.002 0.000 -0.004 0.000 -0.002 0.001 

890 

 

-0.002 -0.004 -0.005 -0.002 -0.003 -0.001 -0.004 -0.001 0.000 

1025 

 

-0.007 -0.002 -0.001 -0.001 -0.002 0.001 -0.003 0.000 0.004 

2250 

 

-0.006 -0.004 -0.002 0.002 -0.002 0.000 -0.002 0.001 0.001 

2670 

 

-0.005 -0.003 -0.002 -0.002 -0.001 -0.001 -0.001 0.002 -0.002 

3075 

 

-0.002 -0.002 0.000 0.000 -0.001 -0.001 0.000 -0.001 0.001 

4500 

 

-0.004 -0.004 -0.002 -0.001 -0.001 -0.001 -0.001 0.000 0.001 

5340 

 

-0.003 -0.001 0.000 0.000 0.000 -0.002 0.000 -0.001 -0.001 

6150   -0.001 -0.001 -0.001 0.001 0.000 0.000 0.001 0.000 0.001 

2:1 

150   -0.540 -0.538 -0.532 -0.493 -0.496 -0.491 -0.480 -0.487 -0.479 

178 

 

-0.572 -0.567 -0.565 -0.541 -0.546 -0.546 -0.547 -0.540 -0.538 

205 

 

-0.590 -0.585 -0.584 -0.570 -0.572 -0.570 -0.571 -0.570 -0.569 

750 

 

-0.534 -0.528 -0.531 -0.496 -0.496 -0.489 -0.485 -0.486 -0.482 

890 

 

-0.563 -0.559 -0.563 -0.549 -0.543 -0.539 -0.538 -0.538 -0.536 

1025 

 

-0.590 -0.586 -0.585 -0.570 -0.574 -0.573 -0.569 -0.569 -0.567 

2250 

 

-0.539 -0.535 -0.531 -0.490 -0.486 -0.488 -0.482 -0.477 -0.482 

2670 

 

-0.562 -0.563 -0.564 -0.541 -0.540 -0.541 -0.538 -0.541 -0.542 

3075 

 

-0.584 -0.585 -0.586 -0.574 -0.576 -0.573 -0.573 -0.573 -0.572 

4500 

 

-0.534 -0.536 -0.533 -0.486 -0.484 -0.487 -0.485 -0.482 -0.482 

5340 

 

-0.563 -0.563 -0.563 -0.538 -0.539 -0.539 -0.538 -0.538 -0.540 

6150   -0.586 -0.585 -0.586 -0.574 -0.572 -0.572 -0.571 -0.572 -0.571 
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Table 14. Absolute bias of the treatment arm Level 1 residual - 3-level homoscedastic model 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   -0.260 -0.260 -0.260 -0.263 -0.259 -0.257 -0.263 -0.262 -0.260 

178 

 

-0.232 -0.231 -0.231 -0.229 -0.230 -0.230 -0.230 -0.234 -0.229 

205 

 

-0.216 -0.215 -0.217 -0.216 -0.215 -0.212 -0.216 -0.217 -0.215 

750 

 

-0.262 -0.259 -0.261 -0.262 -0.261 -0.256 -0.262 -0.261 -0.259 

890 

 

-0.236 -0.231 -0.232 -0.231 -0.235 -0.230 -0.234 -0.229 -0.231 

1025 

 

-0.217 -0.215 -0.216 -0.215 -0.211 -0.214 -0.216 -0.217 -0.214 

2250 

 

-0.261 -0.258 -0.260 -0.262 -0.260 -0.258 -0.260 -0.260 -0.259 

2670 

 

-0.233 -0.230 -0.230 -0.231 -0.232 -0.230 -0.234 -0.232 -0.230 

3075 

 

-0.215 -0.214 -0.216 -0.216 -0.213 -0.215 -0.216 -0.215 -0.215 

4500 

 

-0.261 -0.260 -0.259 -0.261 -0.260 -0.259 -0.262 -0.259 -0.260 

5340 

 

-0.232 -0.231 -0.230 -0.232 -0.230 -0.230 -0.232 -0.231 -0.231 

6150   -0.216 -0.215 -0.214 -0.216 -0.214 -0.213 -0.215 -0.214 -0.214 

1:1 

150   -0.011 -0.004 -0.006 0.000 -0.002 0.002 -0.004 0.003 -0.003 

178 

 

-0.006 -0.004 -0.003 0.001 -0.002 0.001 -0.002 -0.001 -0.002 

205 

 

-0.005 -0.003 -0.005 0.001 -0.002 0.000 0.000 0.001 0.001 

750 

 

-0.008 -0.004 -0.006 -0.002 0.000 -0.004 0.000 -0.002 0.001 

890 

 

-0.002 -0.004 -0.005 -0.002 -0.003 -0.001 -0.004 -0.001 0.000 

1025 

 

-0.007 -0.002 -0.001 -0.001 -0.002 0.001 -0.003 0.000 0.004 

2250 

 

-0.006 -0.004 -0.002 0.002 -0.002 0.000 -0.002 0.001 0.001 

2670 

 

-0.005 -0.003 -0.002 -0.002 -0.001 -0.001 -0.001 0.002 -0.002 

3075 

 

-0.002 -0.002 0.000 0.000 -0.001 -0.001 0.000 -0.001 0.001 

4500 

 

-0.004 -0.004 -0.002 -0.001 -0.001 -0.001 -0.001 0.000 0.001 

5340 

 

-0.003 -0.001 0.000 0.000 0.000 -0.002 0.000 -0.001 -0.001 

6150   -0.001 -0.001 -0.001 0.001 0.000 0.000 0.001 0.000 0.001 

2:1 

150   0.460 0.462 0.468 0.507 0.504 0.509 0.520 0.513 0.521 

178 

 

0.428 0.433 0.435 0.459 0.454 0.454 0.453 0.460 0.462 

205 

 

0.410 0.415 0.416 0.430 0.428 0.430 0.429 0.430 0.431 

750 

 

0.466 0.472 0.469 0.504 0.504 0.511 0.515 0.514 0.518 

890 

 

0.437 0.441 0.437 0.451 0.457 0.461 0.462 0.462 0.464 

1025 

 

0.410 0.414 0.415 0.430 0.426 0.427 0.431 0.431 0.433 

2250 

 

0.461 0.465 0.469 0.510 0.514 0.512 0.518 0.523 0.518 

2670 

 

0.438 0.437 0.436 0.459 0.460 0.459 0.462 0.459 0.458 

3075 

 

0.416 0.415 0.414 0.426 0.424 0.427 0.427 0.427 0.428 

4500 

 

0.466 0.464 0.467 0.514 0.516 0.513 0.515 0.518 0.518 

5340 

 

0.437 0.437 0.437 0.462 0.461 0.461 0.462 0.462 0.460 

6150   0.414 0.415 0.414 0.426 0.428 0.428 0.429 0.428 0.429 
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Table 15. Absolute bias of the Level 2 treatment group variance component - 3-level 

heteroscedastic model 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.012 0.014 0.014 -0.001 -0.002 0.002 -0.005 -0.006 0.005 

178 

 

0.007 0.009 0.010 -0.004 -0.001 -0.001 -0.007 -0.012 -0.003 

205 

 

0.007 0.006 0.006 -0.001 -0.001 0.000 -0.010 -0.003 0.001 

750 

 

0.013 0.013 0.015 -0.004 0.001 0.001 -0.002 -0.009 -0.001 

890 

 

0.008 0.009 0.008 -0.002 -0.003 0.000 -0.003 -0.008 -0.004 

1025 

 

0.006 0.006 0.007 -0.005 -0.001 -0.002 -0.011 -0.012 0.000 

2250 

 

0.007 0.009 0.008 -0.002 0.000 0.000 -0.005 -0.002 0.001 

2670 

 

0.005 0.005 0.005 -0.001 0.000 -0.001 -0.006 -0.003 0.000 

3075 

 

0.003 0.004 0.004 -0.003 -0.002 0.000 -0.006 -0.003 -0.002 

4500 

 

0.006 0.006 0.006 -0.002 0.000 0.000 -0.002 -0.001 0.002 

5340 

 

0.003 0.004 0.004 -0.002 -0.001 0.000 -0.003 -0.003 -0.001 

6150   0.002 0.003 0.002 -0.001 0.000 0.001 -0.006 -0.004 0.000 

1:1 

150   0.013 0.014 0.014 -0.002 0.000 0.005 -0.004 -0.004 -0.003 

178 

 

0.008 0.009 0.009 -0.002 -0.005 -0.001 -0.007 -0.007 -0.003 

205 

 

0.006 0.006 0.006 -0.003 -0.003 -0.001 -0.008 -0.010 -0.004 

750 

 

0.015 0.014 0.013 -0.004 0.000 0.002 -0.001 0.000 -0.005 

890 

 

0.009 0.008 0.009 -0.004 -0.002 -0.001 -0.013 -0.005 -0.003 

1025 

 

0.006 0.006 0.006 -0.002 -0.001 -0.002 -0.009 -0.009 -0.003 

2250 

 

0.007 0.008 0.008 -0.002 0.001 0.001 -0.002 0.002 -0.001 

2670 

 

0.005 0.005 0.005 -0.002 0.000 0.001 -0.002 -0.003 -0.001 

3075 

 

0.004 0.004 0.004 -0.003 0.000 0.001 -0.001 -0.003 0.000 

4500 

 

0.006 0.006 0.006 -0.001 -0.001 -0.001 -0.002 0.000 -0.001 

5340 

 

0.004 0.003 0.003 -0.002 0.000 0.000 -0.005 -0.001 0.000 

6150   0.002 0.003 0.003 -0.001 0.000 0.000 -0.003 -0.001 0.002 

2:1 

150   0.001 0.014 0.014 -0.002 0.044 0.046 0.015 -0.003 0.003 

178 

 

-0.003 0.008 0.010 -0.007 0.003 0.004 0.008 -0.005 -0.003 

205 

 

-0.001 0.006 0.007 -0.007 0.001 0.000 0.006 -0.006 0.001 

750 

 

0.001 0.013 0.013 -0.009 0.046 0.042 0.013 0.002 -0.002 

890 

 

-0.004 0.010 0.009 -0.003 0.006 0.007 0.008 -0.002 0.000 

1025 

 

0.000 0.007 0.007 -0.010 0.001 0.001 0.007 -0.006 0.000 

2250 

 

-0.001 0.008 0.008 0.000 0.026 0.026 0.009 0.000 0.000 

2670 

 

-0.001 0.005 0.005 -0.005 0.001 0.000 0.005 -0.004 0.002 

3075 

 

-0.002 0.004 0.004 -0.004 -0.001 -0.001 0.004 -0.001 -0.001 

4500 

 

-0.001 0.006 0.006 -0.003 0.018 0.018 0.006 0.001 0.001 

5340 

 

0.000 0.004 0.004 -0.001 0.000 -0.001 0.003 -0.001 0.000 

6150   -0.001 0.003 0.003 -0.002 0.000 0.000 0.003 -0.001 0.002 
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Table 16. Absolute bias of the Level 2 treatment group variance component - 3-level homoscedastic 

model 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.050 0.051 0.052 0.051 0.050 0.054 0.047 0.046 0.057 

178 

 

0.023 0.025 0.025 0.020 0.022 0.022 0.017 0.011 0.020 

205 

 

0.016 0.015 0.015 0.013 0.013 0.014 0.005 0.011 0.015 

750 

 

0.050 0.051 0.053 0.049 0.052 0.053 0.051 0.043 0.051 

890 

 

0.023 0.024 0.023 0.021 0.020 0.023 0.022 0.015 0.019 

1025 

 

0.015 0.015 0.016 0.010 0.013 0.012 0.004 0.002 0.015 

2250 

 

0.051 0.052 0.051 0.051 0.052 0.052 0.047 0.050 0.053 

2670 

 

0.023 0.024 0.023 0.022 0.023 0.022 0.018 0.020 0.023 

3075 

 

0.014 0.014 0.015 0.012 0.012 0.014 0.009 0.011 0.012 

4500 

 

0.051 0.052 0.052 0.051 0.052 0.052 0.050 0.051 0.054 

5340 

 

0.022 0.023 0.023 0.022 0.022 0.023 0.020 0.020 0.022 

6150   0.014 0.014 0.014 0.013 0.015 0.015 0.008 0.011 0.014 

1:1 

150   0.012 0.013 0.013 -0.002 0.000 0.005 -0.004 -0.004 -0.004 

178 

 

0.008 0.008 0.009 -0.002 -0.005 -0.001 -0.007 -0.008 -0.003 

205 

 

0.006 0.006 0.006 -0.003 -0.002 -0.001 -0.008 -0.010 -0.004 

750 

 

0.014 0.013 0.012 -0.003 0.000 0.002 0.000 -0.001 -0.005 

890 

 

0.009 0.008 0.008 -0.004 -0.001 -0.001 -0.012 -0.005 -0.003 

1025 

 

0.006 0.006 0.006 -0.002 -0.001 -0.002 -0.009 -0.009 -0.003 

2250 

 

0.007 0.007 0.008 -0.002 0.001 0.001 -0.002 0.002 -0.001 

2670 

 

0.005 0.005 0.005 -0.002 0.000 0.001 -0.002 -0.003 -0.001 

3075 

 

0.004 0.004 0.003 -0.003 0.000 0.001 -0.001 -0.003 0.000 

4500 

 

0.005 0.005 0.005 -0.001 -0.001 -0.001 -0.002 0.000 -0.001 

5340 

 

0.003 0.003 0.003 -0.002 0.000 0.000 -0.005 -0.001 0.000 

6150   0.002 0.003 0.003 -0.001 0.000 0.000 -0.003 -0.001 0.002 

2:1 

150   -0.081 0.000 0.000 -0.106 -0.060 -0.058 0.000 -0.106 -0.101 

178 

 

-0.047 0.000 0.000 -0.053 -0.042 -0.041 0.000 -0.051 -0.049 

205 

 

-0.029 0.000 0.000 -0.036 -0.027 -0.029 0.000 -0.035 -0.027 

750 

 

-0.081 0.000 0.000 -0.112 -0.056 -0.061 0.000 -0.101 -0.106 

890 

 

-0.048 0.000 0.000 -0.049 -0.040 -0.039 0.000 -0.049 -0.046 

1025 

 

-0.028 0.000 0.000 -0.039 -0.028 -0.028 0.000 -0.035 -0.029 

2250 

 

-0.090 0.000 0.000 -0.103 -0.077 -0.077 0.000 -0.103 -0.104 

2670 

 

-0.047 0.000 0.000 -0.051 -0.045 -0.046 0.000 -0.050 -0.044 

3075 

 

-0.030 0.000 0.000 -0.032 -0.029 -0.029 0.000 -0.029 -0.030 

4500 

 

-0.094 0.000 0.000 -0.105 -0.085 -0.085 0.000 -0.103 -0.103 

5340 

 

-0.046 0.000 0.000 -0.047 -0.046 -0.047 0.000 -0.048 -0.046 

6150   -0.029 0.000 0.000 -0.030 -0.029 -0.029 0.000 -0.029 -0.027 
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Table 17. Relative bias of the standard error of the treatment effect in 2-level heteroscedastic 

model. 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.510 -0.160 -0.311 0.139 -0.156 -0.312 0.032 -0.140 -0.300 

178 

 

0.440 -0.140 -0.263 0.159 -0.134 -0.287 0.075 -0.084 -0.206 

205 

 

0.445 -0.082 -0.227 0.141 -0.093 -0.226 0.046 -0.093 -0.177 

750 

 

0.611 -0.136 -0.375 0.238 -0.198 -0.330 0.099 -0.169 -0.316 

890 

 

0.418 -0.124 -0.273 0.116 -0.142 -0.257 0.050 -0.086 -0.241 

1025 

 

0.467 -0.109 -0.251 0.118 -0.110 -0.201 0.017 -0.102 -0.177 

2250 

 

0.470 -0.148 -0.319 0.182 -0.177 -0.317 0.052 -0.173 -0.279 

2670 

 

0.398 -0.116 -0.233 0.115 -0.114 -0.197 0.045 -0.089 -0.202 

3075 

 

0.449 -0.100 -0.170 0.124 -0.117 -0.152 0.001 -0.109 -0.173 

4500 

 

0.388 -0.189 -0.308 0.112 -0.218 -0.316 0.005 -0.191 -0.284 

5340 

 

0.271 -0.154 -0.170 0.019 -0.143 -0.246 0.009 -0.154 -0.199 

6150   0.290 -0.085 -0.192 0.059 -0.131 -0.199 -0.005 -0.101 -0.139 

1:1 

150   0.564 -0.114 -0.360 0.293 -0.137 -0.322 0.155 -0.182 -0.334 

178 

 

0.434 -0.100 -0.262 0.116 -0.140 -0.246 0.066 -0.095 -0.195 

205 

 

0.491 -0.127 -0.244 0.193 -0.104 -0.232 0.054 -0.068 -0.201 

750 

 

0.572 -0.140 -0.324 0.276 -0.116 -0.296 0.143 -0.149 -0.320 

890 

 

0.589 -0.133 -0.272 0.184 -0.092 -0.241 0.052 -0.028 -0.229 

1025 

 

0.466 -0.077 -0.203 0.176 -0.088 -0.178 0.036 -0.117 -0.162 

2250 

 

0.516 -0.130 -0.283 0.293 -0.167 -0.325 0.087 -0.142 -0.257 

2670 

 

0.351 -0.106 -0.207 0.157 -0.121 -0.205 0.084 -0.084 -0.233 

3075 

 

0.498 -0.121 -0.195 0.102 -0.039 -0.165 0.011 -0.110 -0.136 

4500 

 

0.375 -0.140 -0.328 0.203 -0.174 -0.296 0.090 -0.159 -0.297 

5340 

 

0.218 -0.146 -0.203 0.072 -0.126 -0.184 -0.008 -0.121 -0.216 

6150   0.328 -0.123 -0.131 0.084 -0.111 -0.176 0.042 -0.107 -0.149 

2:1 

150   0.513 -0.149 -0.345 0.405 -0.154 -0.350 0.191 -0.132 -0.287 

178 

 

0.444 -0.142 -0.263 0.273 -0.109 -0.227 0.119 -0.118 -0.235 

205 

 

0.409 -0.083 -0.219 0.187 -0.062 -0.204 0.145 -0.099 -0.188 

750 

 

0.509 -0.129 -0.316 0.358 -0.160 -0.307 0.209 -0.171 -0.341 

890 

 

0.425 -0.132 -0.231 0.231 -0.121 -0.290 0.133 -0.089 -0.212 

1025 

 

0.384 -0.062 -0.231 0.221 -0.049 -0.185 0.117 -0.066 -0.190 

2250 

 

0.450 -0.076 -0.303 0.292 -0.123 -0.283 0.194 -0.134 -0.298 

2670 

 

0.322 -0.069 -0.187 0.200 -0.135 -0.212 0.128 -0.097 -0.218 

3075 

 

0.311 -0.045 -0.171 0.218 -0.138 -0.161 0.036 -0.083 -0.148 

4500 

 

0.344 -0.151 -0.283 0.268 -0.173 -0.278 0.149 -0.171 -0.247 

5340 

 

0.211 -0.115 -0.228 0.057 -0.118 -0.202 0.042 -0.147 -0.208 

6150   0.251 -0.085 -0.199 0.117 -0.078 -0.180 0.062 -0.109 -0.160 
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Table 18. Absolute bias of the Level 2 treatment group variance component - 2-level 

heteroscedastic model 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.013 0.097 0.307 0.003 0.121 0.344 0.001 0.137 0.415 

178 

 

0.008 0.103 0.304 -0.001 0.125 0.328 0.001 0.140 0.373 

205 

 

0.007 0.101 0.311 0.002 0.121 0.334 -0.001 0.143 0.388 

750 

 

0.014 0.103 0.303 0.001 0.121 0.330 0.005 0.130 0.372 

890 

 

0.008 0.099 0.290 0.001 0.117 0.325 0.005 0.142 0.376 

1025 

 

0.007 0.101 0.303 -0.001 0.125 0.322 -0.003 0.143 0.402 

2250 

 

0.008 0.120 0.347 0.000 0.127 0.366 -0.001 0.144 0.425 

2670 

 

0.005 0.121 0.346 0.001 0.128 0.383 0.000 0.147 0.421 

3075 

 

0.003 0.116 0.351 0.000 0.123 0.366 0.000 0.141 0.423 

4500 

 

0.006 0.119 0.359 0.000 0.130 0.382 0.000 0.144 0.437 

5340 

 

0.003 0.121 0.356 0.000 0.126 0.382 0.001 0.142 0.437 

6150   0.002 0.119 0.356 0.000 0.130 0.387 -0.002 0.144 0.428 

1:1 

150 

 

0.014 0.135 0.380 0.001 0.153 0.451 0.002 0.185 0.481 

178 

 

0.008 0.134 0.399 0.001 0.145 0.432 0.000 0.182 0.498 

205 

 

0.006 0.136 0.396 0.000 0.159 0.426 0.000 0.180 0.476 

750 

 

0.015 0.127 0.391 -0.001 0.158 0.428 0.005 0.170 0.466 

890 

 

0.009 0.134 0.406 -0.002 0.161 0.431 -0.005 0.166 0.460 

1025 

 

0.007 0.139 0.412 0.002 0.157 0.437 -0.001 0.174 0.507 

2250 

 

0.008 0.155 0.468 0.000 0.168 0.480 0.001 0.186 0.531 

2670 

 

0.005 0.157 0.467 0.000 0.167 0.485 0.003 0.181 0.537 

3075 

 

0.004 0.154 0.463 -0.001 0.162 0.499 0.003 0.183 0.531 

4500 

 

0.006 0.160 0.481 0.000 0.169 0.507 0.000 0.185 0.553 

5340 

 

0.004 0.161 0.477 -0.001 0.172 0.493 -0.002 0.185 0.554 

6150   0.002 0.161 0.476 0.000 0.168 0.504 0.001 0.186 0.554 

2:1 

150   0.003 0.204 0.600 0.002 0.271 0.695 0.015 0.248 0.691 

178 

 

0.000 0.194 0.620 -0.001 0.226 0.635 0.008 0.251 0.684 

205 

 

0.002 0.211 0.618 -0.001 0.223 0.639 0.006 0.239 0.708 

750 

 

0.003 0.198 0.595 -0.004 0.268 0.697 0.013 0.250 0.672 

890 

 

-0.002 0.205 0.607 0.002 0.240 0.632 0.009 0.251 0.708 

1025 

 

0.003 0.202 0.619 -0.004 0.223 0.666 0.007 0.259 0.691 

2250 

 

0.000 0.233 0.708 0.002 0.266 0.721 0.009 0.257 0.756 

2670 

 

0.000 0.236 0.690 -0.002 0.243 0.698 0.005 0.251 0.763 

3075 

 

-0.001 0.227 0.711 0.001 0.240 0.709 0.004 0.264 0.768 

4500 

 

-0.001 0.237 0.719 -0.001 0.268 0.769 0.006 0.269 0.792 

5340 

 

0.000 0.240 0.717 0.001 0.251 0.741 0.003 0.258 0.803 

6150   0.000 0.241 0.715 0.000 0.249 0.732 0.002 0.271 0.800 
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Table 19. Absolute bias of the control arm Level 1 residual - 2-level heteroscedastic model 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   0.000 0.062 0.196 -0.001 0.074 0.218 -0.001 0.074 0.250 

178 

 

0.002 0.066 0.196 0.000 0.072 0.205 0.003 0.080 0.232 

205 

 

-0.001 0.066 0.197 0.000 0.070 0.214 0.000 0.079 0.238 

750 

 

0.000 0.068 0.200 0.000 0.072 0.215 0.000 0.076 0.238 

890 

 

-0.003 0.066 0.192 0.001 0.071 0.207 -0.002 0.082 0.235 

1025 

 

0.001 0.064 0.194 0.000 0.075 0.207 0.000 0.079 0.245 

2250 

 

-0.001 0.079 0.229 0.000 0.082 0.241 0.001 0.092 0.278 

2670 

 

-0.001 0.078 0.228 0.001 0.080 0.252 -0.002 0.092 0.277 

3075 

 

0.000 0.076 0.229 -0.001 0.079 0.244 -0.001 0.090 0.277 

4500 

 

0.000 0.079 0.241 0.000 0.084 0.254 0.000 0.094 0.286 

5340 

 

0.000 0.081 0.239 0.001 0.084 0.251 0.000 0.095 0.288 

6150   0.000 0.078 0.237 0.000 0.085 0.256 0.000 0.096 0.287 

1:1 

150 

 

-0.002 0.092 0.255 0.002 0.091 0.288 -0.001 0.109 0.299 

178 

 

0.000 0.085 0.259 0.002 0.088 0.278 -0.002 0.108 0.308 

205 

 

0.000 0.087 0.256 0.003 0.091 0.275 0.002 0.100 0.302 

750 

 

0.003 0.087 0.262 0.000 0.089 0.284 -0.001 0.095 0.303 

890 

 

0.005 0.086 0.265 -0.002 0.092 0.280 -0.003 0.100 0.296 

1025 

 

-0.003 0.091 0.269 0.002 0.096 0.281 -0.002 0.104 0.316 

2250 

 

0.000 0.103 0.312 0.003 0.106 0.318 -0.001 0.119 0.357 

2670 

 

-0.003 0.102 0.310 -0.001 0.110 0.325 0.000 0.119 0.355 

3075 

 

0.002 0.103 0.310 0.002 0.105 0.327 0.000 0.115 0.349 

4500 

 

0.000 0.104 0.324 0.000 0.110 0.336 0.000 0.124 0.371 

5340 

 

0.001 0.109 0.318 0.000 0.112 0.325 0.000 0.121 0.369 

6150   0.001 0.107 0.319 0.002 0.113 0.334 0.001 0.123 0.363 

2:1 

150   0.004 0.126 0.403 0.004 0.124 0.391 -0.003 0.140 0.440 

178 

 

0.002 0.124 0.393 -0.011 0.133 0.392 -0.009 0.141 0.429 

205 

 

0.006 0.138 0.404 0.003 0.133 0.400 -0.006 0.154 0.453 

750 

 

-0.001 0.138 0.396 -0.002 0.099 0.385 0.007 0.134 0.425 

890 

 

-0.013 0.136 0.393 0.005 0.126 0.391 0.006 0.156 0.455 

1025 

 

0.003 0.135 0.392 0.004 0.134 0.424 -0.003 0.155 0.436 

2250 

 

-0.001 0.155 0.474 -0.001 0.143 0.452 -0.006 0.172 0.504 

2670 

 

-0.001 0.156 0.458 0.003 0.159 0.461 0.002 0.165 0.508 

3075 

 

-0.003 0.152 0.466 -0.004 0.149 0.471 0.005 0.167 0.505 

4500 

 

0.001 0.157 0.475 -0.006 0.158 0.491 0.002 0.175 0.529 

5340 

 

0.003 0.159 0.482 0.002 0.163 0.493 -0.001 0.172 0.532 

6150   -0.003 0.161 0.476 0.001 0.166 0.486 0.001 0.177 0.528 
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Table 20. Power to detect the treatment effect in model omitting the school level of analysis 

  

ρπ 0 0.1 0.3 

σc:σt N ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5:1 

150   1.00 1.00 0.99 1.00 1.00 0.98 1.00 0.99 0.95 

178 

 

1.00 1.00 0.99 1.00 1.00 0.96 1.00 0.99 0.92 

205 

 

1.00 1.00 0.98 1.00 1.00 0.95 1.00 0.97 0.87 

750 

 

1.00 1.00 0.99 1.00 1.00 0.98 1.00 1.00 0.94 

890 

 

1.00 1.00 0.99 1.00 1.00 0.98 1.00 0.99 0.92 

1025 

 

1.00 1.00 0.98 1.00 1.00 0.97 1.00 0.98 0.89 

2250 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

2670 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

3075 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

4500 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

5340 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

6150   1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

1:1 

150   1.00 1.00 0.97 1.00 1.00 0.95 1.00 0.98 0.91 

178 

 

1.00 1.00 0.96 1.00 0.99 0.93 1.00 0.97 0.88 

205 

 

1.00 1.00 0.94 1.00 0.99 0.91 1.00 0.97 0.84 

750 

 

1.00 1.00 0.97 1.00 1.00 0.97 1.00 0.99 0.92 

890 

 

1.00 1.00 0.97 1.00 1.00 0.94 1.00 0.99 0.87 

1025 

 

1.00 1.00 0.95 1.00 1.00 0.91 1.00 0.95 0.82 

2250 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

2670 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

3075 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

4500 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

5340 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

6150   1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

2:1 

150   1.00 0.98 0.90 1.00 0.99 0.87 1.00 0.97 0.83 

178 

 

1.00 0.99 0.86 0.99 0.97 0.87 1.00 0.93 0.79 

205 

 

1.00 0.99 0.84 0.99 0.97 0.80 1.00 0.90 0.74 

750 

 

1.00 0.99 0.90 1.00 0.98 0.85 1.00 0.96 0.83 

890 

 

1.00 0.98 0.87 1.00 0.97 0.83 1.00 0.94 0.79 

1025 

 

1.00 0.99 0.86 0.99 0.98 0.79 1.00 0.92 0.71 

2250 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

2670 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

3075 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 

4500 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

5340 

 

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

6150   1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
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Table 21. Percentage of school slope variance explained with inclusion of a school 

predictor. 

   

τπ 0 0.1 0.3 

σc/σt Coef n / k τβ 0.05 0.15 0.05 0.15 0.05 0.15 

.5 : 1 

0.01 

5 / 16   -0.1% 0.0% 0.1% -0.2% 0.4% 0.0% 

10 / 10 

 

0.0% -0.1% 1.1% 0.0% 0.7% 0.2% 

15 / 8   0.5% -0.1% -0.1% 0.2% 1.2% -0.1% 

0.05 

5 / 16 

 

8.1% 2.6% 6.6% 2.1% 8.2% 1.5% 

10 / 10 

 

6.9% 2.5% 11.7% 2.6% 8.2% 3.0% 

15 / 8   9.9% 3.0% 6.7% 3.9% 10.2% 1.2% 

0.09 

5 / 16   23.8% 8.3% 20.4% 7.6% 22.4% 5.9% 

10 / 10 

 

20.7% 8.7% 27.4% 8.2% 21.2% 8.5% 

15 / 8   25.2% 9.4% 20.4% 10.5% 24.2% 5.3% 

1 : 1 

0.01 

5 / 16   0.2% 0.1% -0.3% 0.2% 0.5% -0.1% 

10 / 10 

 

0.3% 0.0% 0.7% -0.2% 1.1% -0.2% 

15 / 8   0.2% 0.1% 0.3% 0.0% -0.1% 0.0% 

0.05 

5 / 16   7.7% 2.3% 3.7% 2.5% 6.3% 0.5% 

10 / 10 

 

5.9% 1.9% 7.6% 1.2% 9.0% 1.4% 

15 / 8   7.5% 2.0% 5.8% 2.2% 3.4% 2.2% 

0.09 

5 / 16 

 

20.8% 7.0% 14.7% 7.2% 17.3% 3.4% 

10 / 10 

 

17.2% 6.4% 19.3% 5.0% 21.2% 5.6% 

15 / 8   20.5% 6.4% 16.4% 7.0% 12.5% 6.4% 

2 : 1 

0.01 

5 / 16 

 

0.3% -0.1% 0.0% 0.1% 0.3% 0.3% 

10 / 10 

 

-0.1% 0.0% 1.5% -0.3% -0.3% 0.2% 

15 / 8   -0.3% 0.2% 0.0% 0.1% -0.2% 0.0% 

0.05 

5 / 16 

 

6.0% 1.3% 5.3% 1.7% 5.3% 2.7% 

10 / 10 

 

2.4% 0.1% 8.2% 0.7% 2.3% 1.8% 

15 / 8   3.6% 1.0% 4.1% 1.7% 3.3% 1.2% 

0.09 

5 / 16 

 

15.9% 4.5% 15.4% 5.0% 14.0% 6.7% 

10 / 10 

 

9.5% 2.1% 18.0% 3.6% 9.3% 5.1% 

15 / 8   12.7% 3.7% 12.0% 5.0% 11.1% 4.1% 
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Table 22. Power to detect the interaction of treatment effect and school predictor when coefficient 

size = .01 

  

τπ 0 0.1 0.3 

σc/σt N τβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5 : 1 

150   0.04 0.07 0.07 0.02 0.08 0.09 0.06 0.09 0.06 

178 

 

0.06 0.07 0.05 0.04 0.06 0.07 0.06 0.08 0.08 

205 

 

0.08 0.08 0.05 0.04 0.06 0.07 0.06 0.10 0.05 

750 

 

0.05 0.10 0.06 0.08 0.09 0.05 0.03 0.09 0.06 

890 

 

0.08 0.08 0.08 0.07 0.07 0.06 0.04 0.07 0.10 

1025 

 

0.05 0.09 0.05 0.06 0.08 0.06 0.04 0.08 0.08 

2250 

 

0.19 0.11 0.09 0.20 0.12 0.09 0.08 0.09 0.08 

2670 

 

0.20 0.12 0.10 0.15 0.13 0.07 0.07 0.11 0.07 

3075 

 

0.24 0.14 0.10 0.15 0.11 0.07 0.11 0.09 0.07 

4500 

 

0.43 0.23 0.14 0.35 0.19 0.13 0.24 0.15 0.11 

5340 

 

0.43 0.27 0.16 0.33 0.22 0.11 0.21 0.15 0.09 

6150   0.54 0.24 0.13 0.34 0.19 0.11 0.17 0.13 0.11 

1 : 1 

150   0.02 0.08 0.06 0.02 0.06 0.06 0.02 0.08 0.05 

178 

 

0.07 0.08 0.07 0.04 0.10 0.09 0.02 0.09 0.07 

205 

 

0.04 0.08 0.05 0.06 0.07 0.04 0.05 0.09 0.07 

750 

 

0.04 0.08 0.07 0.06 0.08 0.09 0.04 0.09 0.06 

890 

 

0.05 0.07 0.04 0.03 0.08 0.07 0.04 0.07 0.09 

1025 

 

0.07 0.10 0.07 0.05 0.07 0.06 0.06 0.05 0.07 

2250 

 

0.16 0.12 0.04 0.15 0.10 0.08 0.10 0.10 0.07 

2670 

 

0.22 0.10 0.08 0.13 0.07 0.10 0.10 0.09 0.08 

3075 

 

0.19 0.12 0.08 0.11 0.11 0.08 0.08 0.08 0.06 

4500 

 

0.35 0.20 0.12 0.30 0.17 0.09 0.23 0.15 0.08 

5340 

 

0.37 0.18 0.13 0.24 0.16 0.09 0.18 0.15 0.08 

6150   0.48 0.21 0.11 0.24 0.17 0.11 0.14 0.13 0.10 

2 : 1 

150   0.02 0.05 0.03 0.03 0.12 0.05 0.05 0.06 0.06 

178 

 

0.04 0.08 0.05 0.04 0.05 0.06 0.05 0.11 0.06 

205 

 

0.02 0.07 0.05 0.02 0.08 0.06 0.04 0.10 0.08 

750 

 

0.05 0.09 0.07 0.03 0.09 0.08 0.02 0.05 0.10 

890 

 

0.04 0.08 0.07 0.05 0.06 0.07 0.04 0.07 0.06 

1025 

 

0.05 0.06 0.05 0.04 0.07 0.07 0.04 0.07 0.08 

2250 

 

0.11 0.08 0.09 0.06 0.05 0.04 0.08 0.07 0.06 

2670 

 

0.09 0.09 0.07 0.08 0.08 0.06 0.09 0.06 0.07 

3075 

 

0.10 0.11 0.06 0.08 0.13 0.07 0.12 0.11 0.05 

4500 

 

0.20 0.16 0.10 0.16 0.08 0.13 0.22 0.12 0.08 

5340 

 

0.22 0.16 0.08 0.12 0.15 0.11 0.21 0.13 0.12 

6150   0.18 0.14 0.08 0.12 0.10 0.09 0.26 0.12 0.10 
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Table 23. Power to detect the interaction of treatment effect and school predictor when coefficient 

size = .05 

  

τπ 0 0.1 0.3 

σc/σt N τβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5 : 1 

150   0.03 0.06 0.08 0.04 0.09 0.06 0.05 0.06 0.07 

178 

 

0.04 0.08 0.06 0.06 0.08 0.06 0.04 0.10 0.05 

205 

 

0.08 0.06 0.05 0.07 0.10 0.08 0.03 0.08 0.09 

750 

 

0.07 0.06 0.08 0.05 0.08 0.06 0.03 0.09 0.09 

890 

 

0.06 0.09 0.06 0.05 0.12 0.09 0.03 0.05 0.08 

1025 

 

0.05 0.06 0.07 0.06 0.06 0.07 0.05 0.09 0.07 

2250 

 

0.22 0.12 0.10 0.15 0.12 0.11 0.12 0.10 0.09 

2670 

 

0.26 0.12 0.08 0.20 0.11 0.10 0.09 0.11 0.06 

3075 

 

0.26 0.12 0.10 0.15 0.12 0.09 0.11 0.08 0.08 

4500 

 

0.46 0.22 0.18 0.27 0.20 0.13 0.26 0.17 0.11 

5340 

 

0.45 0.27 0.11 0.34 0.21 0.14 0.24 0.14 0.08 

6150   0.58 0.23 0.14 0.32 0.22 0.12 0.19 0.14 0.09 

1 : 1 

150   0.02 0.07 0.07 0.04 0.06 0.08 0.04 0.07 0.10 

178 

 

0.04 0.05 0.06 0.05 0.06 0.07 0.05 0.06 0.05 

205 

 

0.06 0.10 0.07 0.07 0.06 0.09 0.07 0.08 0.08 

750 

 

0.02 0.07 0.05 0.04 0.11 0.10 0.04 0.07 0.05 

890 

 

0.06 0.06 0.08 0.06 0.06 0.07 0.02 0.06 0.07 

1025 

 

0.05 0.05 0.05 0.05 0.06 0.07 0.03 0.06 0.06 

2250 

 

0.11 0.10 0.08 0.10 0.11 0.07 0.08 0.08 0.07 

2670 

 

0.17 0.11 0.06 0.14 0.07 0.08 0.08 0.10 0.06 

3075 

 

0.22 0.10 0.07 0.11 0.08 0.09 0.09 0.09 0.08 

4500 

 

0.33 0.15 0.09 0.20 0.21 0.09 0.23 0.13 0.06 

5340 

 

0.35 0.21 0.11 0.24 0.20 0.10 0.16 0.12 0.09 

6150   0.41 0.20 0.13 0.26 0.17 0.08 0.14 0.15 0.08 

2 : 1 

150   0.03 0.09 0.06 0.02 0.08 0.02 0.02 0.08 0.06 

178 

 

0.05 0.06 0.09 0.03 0.08 0.05 0.04 0.10 0.09 

205 

 

0.03 0.07 0.04 0.05 0.07 0.06 0.03 0.12 0.05 

750 

 

0.04 0.06 0.08 0.02 0.06 0.07 0.03 0.06 0.06 

890 

 

0.06 0.07 0.07 0.03 0.06 0.07 0.05 0.06 0.07 

1025 

 

0.04 0.08 0.04 0.04 0.07 0.06 0.05 0.08 0.05 

2250 

 

0.09 0.10 0.09 0.08 0.07 0.05 0.09 0.12 0.08 

2670 

 

0.10 0.07 0.07 0.06 0.08 0.05 0.11 0.11 0.10 

3075 

 

0.10 0.09 0.09 0.10 0.10 0.08 0.14 0.11 0.07 

4500 

 

0.16 0.13 0.08 0.17 0.14 0.08 0.20 0.12 0.08 

5340 

 

0.20 0.14 0.08 0.17 0.09 0.10 0.29 0.09 0.08 

6150   0.20 0.15 0.10 0.16 0.13 0.06 0.32 0.10 0.09 
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Table 24. Power to detect the interaction of treatment effect and school predictor when coefficient 

size = .09 

  

τπ 0 0.1 0.3 

σc/σt Total N τβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

.5 : 1 

150   0.12 0.13 0.09 0.13 0.09 0.08 0.08 0.07 0.08 

178 

 

0.15 0.14 0.07 0.13 0.09 0.05 0.09 0.08 0.08 

205 

 

0.14 0.09 0.05 0.10 0.07 0.06 0.04 0.07 0.06 

750 

 

0.15 0.13 0.06 0.12 0.07 0.08 0.06 0.07 0.07 

890 

 

0.17 0.09 0.10 0.12 0.09 0.08 0.13 0.06 0.05 

1025 

 

0.15 0.11 0.07 0.13 0.07 0.05 0.04 0.07 0.09 

2250 

 

0.55 0.35 0.18 0.50 0.27 0.15 0.27 0.20 0.13 

2670 

 

0.64 0.25 0.17 0.48 0.24 0.17 0.26 0.22 0.10 

3075 

 

0.68 0.35 0.16 0.46 0.23 0.21 0.23 0.19 0.11 

4500 

 

0.87 0.58 0.32 0.78 0.51 0.37 0.66 0.43 0.27 

5340 

 

0.92 0.62 0.36 0.79 0.52 0.28 0.56 0.43 0.23 

6150   0.97 0.65 0.37 0.79 0.49 0.26 0.54 0.34 0.23 

1 : 1 

150 

 

0.08 0.11 0.07 0.07 0.04 0.06 0.08 0.09 0.09 

178 

 

0.10 0.10 0.05 0.09 0.07 0.09 0.06 0.09 0.08 

205 

 

0.12 0.13 0.08 0.08 0.11 0.05 0.05 0.10 0.07 

750 

 

0.09 0.08 0.08 0.07 0.08 0.09 0.05 0.09 0.06 

890 

 

0.11 0.08 0.08 0.10 0.10 0.10 0.07 0.05 0.08 

1025 

 

0.16 0.09 0.07 0.08 0.09 0.05 0.09 0.09 0.07 

2250 

 

0.48 0.28 0.15 0.34 0.22 0.12 0.31 0.18 0.15 

2670 

 

0.53 0.24 0.16 0.33 0.22 0.13 0.23 0.17 0.11 

3075 

 

0.51 0.28 0.15 0.34 0.20 0.13 0.20 0.16 0.07 

4500 

 

0.78 0.48 0.26 0.69 0.34 0.21 0.55 0.40 0.22 

5340 

 

0.84 0.52 0.28 0.70 0.40 0.27 0.48 0.31 0.21 

6150   0.87 0.54 0.27 0.68 0.44 0.20 0.50 0.33 0.25 

2 : 1 

150   0.08 0.09 0.06 0.06 0.07 0.05 0.05 0.07 0.07 

178 

 

0.08 0.08 0.06 0.07 0.04 0.08 0.10 0.07 0.06 

205 

 

0.06 0.10 0.05 0.05 0.08 0.09 0.09 0.09 0.11 

750 

 

0.06 0.08 0.08 0.08 0.06 0.08 0.06 0.07 0.05 

890 

 

0.09 0.06 0.07 0.05 0.09 0.09 0.10 0.07 0.09 

1025 

 

0.08 0.11 0.06 0.06 0.10 0.06 0.10 0.10 0.07 

2250 

 

0.23 0.19 0.13 0.23 0.22 0.10 0.31 0.12 0.12 

2670 

 

0.27 0.18 0.12 0.19 0.17 0.13 0.34 0.15 0.08 

3075 

 

0.28 0.17 0.11 0.18 0.17 0.12 0.38 0.14 0.10 

4500 

 

0.50 0.32 0.22 0.40 0.32 0.21 0.62 0.28 0.16 

5340 

 

0.57 0.36 0.17 0.40 0.27 0.19 0.61 0.27 0.13 

6150   0.54 0.35 0.15 0.44 0.34 0.18 0.71 0.26 0.16 
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Study 2 Tables 

 

Table 25.  Sample size conditions for Study 2. 

 

 

Treatment Arm 

 

Control Arm 

  Condition n k   m Time Points Total N 

1 5 16 

 

70 3 450 

2 10 10 

 

87 3 534 

3 15 8 

 

105 3 615 

4 5 16 

 

70 6 900 

5 10 10 

 

87 6 1068 

6 15 8 

 

105 6 1230 

7 10 32 

 

280 3 1800 

8 20 20 

 

350 3 2250 

3 30 16 

 

420 3 2700 

10 10 32 

 

280 6 3600 

11 20 20 

 

350 6 4500 

12 30 16   420 6 5400 

 

 

Table 26. True values of variance components across 9 ICC conditions. 

 
Level 1 

 

Level 2 Variances - 

Control  

 

Level 2 Variances - 

Treatment  

 

Level 3 Variances  

Condition σ
2
   τπ00C τπ11C τπ10C   τπ00T τπ11T τπ10T   τβ00 τβ11 τβ10 

1 8 

 

4 1 0.25 

 

4 1 0.25 

 

0.00 0.00 0.00 

2 8 

 

4 1 0.25 

 

4 1 0.25 

 

0.80 0.20 0.08 

3 8 

 

4 1 0.25 

 

4 1 0.25 

 

2.40 0.60 0.24 

4 8 

 

4 1 0.25 

 

2 2 0.75 

 

0.00 0.00 0.00 

5 8 

 

4 1 0.25 

 

2 2 0.75 

 

0.65 0.16 0.07 

6 8 

 

4 1 0.25 

 

2 2 0.75 

 

1.95 0.49 0.20 

7 8 

 

4 1 0.25 

 

1 2.5 1 

 

0.00 0.00 0.00 

8 8 

 

4 1 0.25 

 

1 2.5 1 

 

0.64 0.16 0.06 

9 8   4 1 0.25   1 2.5 1   1.91 0.48 0.19 
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Table 27. Number of valid solutions using default settings in SAS Proc MIXED in 3-level 

longitudinal heteroscedastic model.. 

  

  τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

1000 220 171 1000 169 256 1000 185 191 

10/10 

 

1000 225 195 1000 239 214 1000 251 213 

15/8 

 

1000 295 246 1000 272 253 1000 246 250 

5/16 

6  

1000 187 201 1000 237 201 1000 219 199 

10/10 

 

1000 263 259 1000 310 267 1000 324 238 

15/8 

 

1000 339 292 1000 370 324 1000 252 311 

10/32 

3  

1000 290 391 1000 321 408 1000 323 410 

20/20 

 

1000 373 425 1000 396 466 1000 382 482 

30/16 

 

1000 406 472 1000 450 543 1000 438 538 

10/32 

6  

1000 384 467 1000 428 496 1000 394 505 

20/20 

 

1000 513 536 1000 534 612 1000 517 621 

30/16   1000 590 588 1000 568 641 1000 599 657 

 

Table 28. Relative bias of the standard error of the treatment effect in 3-level longitudinal 

heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

-0.010 -0.006 -0.013 0.001 -0.012 -0.029 -0.034 0.018 0.030 

10/10 

 

-0.011 -0.033 0.011 0.016 0.002 0.002 -0.024 0.041 0.010 

15/8 

 

-0.013 -0.004 0.000 -0.004 -0.022 -0.038 0.025 0.034 -0.002 

5/16 

6  

-0.015 0.011 0.005 0.014 0.008 0.010 0.006 0.020 0.004 

10/10 

 

-0.042 0.010 0.003 0.002 -0.017 0.022 -0.023 -0.045 -0.018 

15/8 

 

-0.042 -0.004 0.018 -0.041 0.000 0.020 -0.014 -0.020 -0.020 

10/32 

3  

-0.006 0.005 0.014 -0.038 -0.047 -0.030 0.004 0.031 0.035 

20/20 

 

0.004 0.039 0.007 -0.020 -0.047 0.002 0.003 0.009 0.005 

30/16 

 

-0.009 -0.009 0.034 -0.002 -0.035 0.028 -0.028 -0.058 0.023 

10/32 

6  

0.011 0.004 -0.002 -0.011 0.003 0.005 -0.009 0.017 0.005 

20/20 

 

-0.005 -0.017 0.003 0.016 0.008 -0.008 0.000 0.021 0.030 

30/16   0.029 0.010 0.015 -0.023 -0.043 0.021 0.006 -0.062 -0.007 

 

  



150 
 

Table 29. Relative bias of Level 2 intercept variance in the control arm in 3-level longitudinal 

heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.016 -0.001 -0.020 0.005 0.017 -0.003 0.017 -0.011 0.000 

10/10 

 

-0.006 0.001 -0.016 -0.020 -0.017 -0.009 -0.012 0.003 0.021 

15/8 

 

0.013 0.000 0.036 0.006 -0.005 0.013 0.001 -0.010 -0.001 

5/16 

6  

-0.001 -0.002 -0.014 0.003 -0.006 0.007 -0.011 -0.004 0.004 

10/10 

 

0.005 0.006 0.015 -0.008 0.015 0.010 0.003 0.005 -0.013 

15/8 

 

-0.006 -0.005 0.002 -0.020 -0.013 0.003 -0.001 0.023 -0.005 

10/32 

3  

0.009 -0.010 -0.006 0.006 -0.004 -0.003 0.005 0.009 -0.006 

20/20 

 

0.002 -0.006 0.008 -0.003 0.002 0.003 -0.009 0.011 0.005 

30/16 

 

-0.008 0.003 0.003 -0.003 -0.001 -0.003 0.004 0.001 -0.002 

10/32 

6  

0.000 -0.008 0.004 0.003 -0.006 0.000 -0.007 -0.006 0.004 

20/20 

 

0.006 0.001 0.002 -0.008 -0.004 0.005 0.004 0.000 0.007 

30/16   0.007 -0.004 0.002 0.008 -0.004 0.002 -0.003 -0.007 -0.002 

 
 

           

 

Table 30. Relative bias of Level 2 intercept variance in the treatment arm in 3-level longitudinal 

heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.008 -0.019 0.002 -0.041 0.017 0.026 -0.006 -0.024 -0.076 

10/10 

 

0.015 0.007 -0.020 -0.022 -0.018 0.018 -0.016 0.018 -0.022 

15/8 

 

-0.003 0.006 0.015 0.030 0.027 0.001 -0.055 -0.079 -0.042 

5/16 

6  

0.009 0.018 -0.001 0.007 0.001 0.016 0.024 0.026 -0.033 

10/10 

 

0.010 -0.013 0.006 -0.009 0.018 0.009 0.000 0.046 -0.003 

15/8 

 

0.002 -0.016 0.008 -0.015 -0.024 0.013 0.016 0.044 0.031 

10/32 

3  

-0.001 -0.013 0.006 0.000 0.002 -0.010 -0.008 0.037 -0.002 

20/20 

 

0.007 -0.007 -0.004 0.006 -0.005 -0.011 -0.009 0.056 0.007 

30/16 

 

-0.001 0.005 -0.008 -0.005 -0.012 0.013 0.013 -0.025 0.010 

10/32 

6  

0.010 -0.009 0.005 -0.008 -0.010 0.020 -0.001 -0.009 -0.024 

20/20 

 

0.008 0.001 0.001 -0.007 -0.002 0.005 0.018 0.000 0.004 

30/16   -0.001 -0.004 -0.003 0.008 -0.004 -0.001 -0.011 -0.007 -0.004 
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Table 31. Relative bias of Level 2 slope variance in the control arm in 3-level longitudinal 

heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

-0.045 -0.277 -0.523 0.174 -0.039 -0.609 0.099 -0.320 -0.354 

10/10 

 

-0.007 -0.074 -0.777 -0.131 -0.177 -0.373 0.028 -0.081 -0.422 

15/8 

 

0.041 -0.257 -0.559 -0.011 -0.168 -0.441 0.035 -0.216 -0.504 

5/16 

6  

0.000 -0.119 -0.609 0.035 -0.275 -0.528 0.182 -0.208 -0.433 

10/10 

 

0.011 -0.084 -0.505 -0.005 -0.167 -0.456 0.085 -0.216 -0.534 

15/8 

 

-0.013 -0.219 -0.499 0.001 -0.209 -0.536 0.001 -0.164 -0.527 

10/32 

3  

0.074 -0.206 -0.611 -0.053 -0.131 -0.478 -0.009 -0.089 -0.485 

20/20 

 

0.010 -0.232 -0.628 0.005 -0.112 -0.483 0.011 -0.049 -0.422 

30/16 

 

0.008 -0.210 -0.536 0.002 -0.178 -0.475 0.004 -0.172 -0.497 

10/32 

6  

0.024 -0.220 -0.606 0.040 -0.171 -0.501 -0.061 -0.167 -0.587 

20/20 

 

0.009 -0.212 -0.584 -0.041 -0.189 -0.449 0.049 -0.142 -0.414 

30/16   0.019 -0.232 -0.528 0.021 -0.183 -0.485 0.003 -0.189 -0.472 

             

Table 32. Relative bias of Level 2 slope variance in the treatment arm in 3-level longitudinal 

heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

-0.046 -0.084 -0.107 -0.015 0.081 0.017 0.024 0.008 -0.038 

10/10 

 

0.119 0.123 -0.228 -0.011 0.046 0.007 0.002 0.052 -0.035 

15/8 

 

0.052 0.031 -0.074 -0.033 0.046 0.054 -0.008 -0.026 -0.001 

5/16 

6  

0.029 0.127 0.012 -0.023 -0.062 -0.034 0.043 0.006 -0.034 

10/10 

 

-0.050 -0.041 -0.055 -0.012 0.041 0.011 0.047 0.026 0.003 

15/8 

 

-0.008 0.030 0.104 -0.013 -0.013 0.011 0.001 0.019 0.019 

10/32 

3  

0.023 -0.141 0.047 -0.007 -0.021 0.006 0.033 0.001 -0.036 

20/20 

 

-0.011 0.001 -0.063 -0.017 0.013 -0.009 -0.022 0.037 0.008 

30/16 

 

-0.051 0.048 0.055 -0.040 0.008 0.010 0.002 -0.015 0.010 

10/32 

6  

0.042 -0.068 0.004 -0.028 -0.027 0.014 -0.018 -0.028 -0.016 

20/20 

 

0.032 0.021 0.006 -0.014 0.015 0.027 -0.006 -0.004 -0.009 

30/16   0.011 0.012 0.024 0.002 0.002 -0.010 0.008 -0.016 0.009 
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Table 33. Relative bias of Level 2 covariance in the control arm in 3-level longitudinal 

heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.179 -0.012 -0.031 0.329 0.340 -0.164 0.156 -0.270 -0.048 

10/10 

 

-0.118 0.184 -0.322 -0.496 -0.156 0.051 -0.202 -0.013 0.106 

15/8 

 

0.071 -0.040 0.470 0.084 -0.093 0.084 0.015 -0.077 0.178 

5/16 

6  

-0.236 0.060 -0.030 0.061 0.014 0.117 -0.025 -0.080 0.192 

10/10 

 

-0.003 0.139 0.235 -0.026 0.216 0.031 0.136 -0.178 -0.207 

15/8 

 

-0.174 0.011 0.070 -0.352 -0.134 -0.041 -0.068 0.230 -0.023 

10/32 

3  

0.327 -0.092 0.025 -0.007 -0.015 0.053 0.049 0.142 -0.100 

20/20 

 

0.019 -0.045 -0.082 0.108 0.152 0.060 -0.131 0.178 0.150 

30/16 

 

-0.019 0.067 0.096 0.017 -0.088 -0.050 0.022 -0.020 -0.028 

10/32 

6  

-0.007 -0.050 0.049 0.055 -0.150 0.011 -0.038 -0.029 -0.068 

20/20 

 

0.069 -0.012 0.039 -0.095 -0.070 0.144 0.109 -0.023 0.203 

30/16   0.113 -0.093 0.107 0.132 -0.076 0.053 0.019 -0.101 0.015 

 

 

Table 34. Relative bias of Level 2 covariance in the treatment arm in 3-level longitudinal 

heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.327 -0.301 -0.200 -0.123 0.106 0.048 0.004 -0.011 -0.094 

10/10 

 

0.407 0.308 -0.302 -0.010 0.000 -0.031 -0.026 0.062 -0.028 

15/8 

 

-0.064 0.181 0.081 0.006 0.062 0.038 -0.020 -0.062 -0.034 

5/16 

6  

0.068 0.371 0.000 -0.023 -0.037 -0.063 0.038 0.000 -0.043 

10/10 

 

-0.049 -0.210 0.004 -0.034 0.086 0.057 0.037 0.038 0.001 

15/8 

 

0.070 -0.067 0.120 -0.066 -0.041 0.007 0.012 0.057 0.041 

10/32 

3  

0.064 -0.332 0.040 -0.006 -0.039 0.001 0.011 0.008 -0.030 

20/20 

 

0.071 -0.022 -0.122 -0.030 0.014 -0.023 -0.023 0.073 0.023 

30/16 

 

-0.040 0.048 -0.015 -0.040 -0.021 0.032 0.008 -0.035 0.013 

10/32 

6  

0.097 -0.165 0.091 -0.050 -0.057 0.035 -0.012 -0.044 -0.018 

20/20 

 

0.096 0.052 -0.002 -0.026 -0.001 0.029 0.010 -0.018 -0.009 

30/16   0.064 -0.041 0.039 0.005 -0.037 0.002 -0.002 -0.029 -0.003 
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Table 35. Relative bias of Level 3 intercept variance in 3-level longitudinal heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

- -0.011 0.014 - -0.007 -0.013 - 0.060 -0.039 

10/10 

 

- 0.069 -0.021 - 0.020 0.020 - 0.034 0.003 

15/8 

 

- 0.044 0.030 - -0.029 0.001 - 0.034 -0.015 

5/16 

6  

- -0.017 -0.025 - -0.045 0.011 - -0.037 0.000 

10/10 

 

- -0.030 0.019 - 0.036 0.006 - -0.010 0.007 

15/8 

 

- 0.054 0.010 - -0.004 0.007 - 0.031 0.020 

10/32 

3  

- -0.002 -0.007 - -0.036 -0.004 - -0.008 0.007 

20/20 

 

- 0.003 -0.005 - 0.001 0.016 - -0.019 -0.015 

30/16 

 

- 0.001 -0.006 - 0.011 0.009 - 0.006 -0.015 

10/32 

6  

- 0.027 0.006 - 0.024 0.003 - 0.017 0.007 

20/20 

 

- 0.002 -0.020 - 0.001 -0.019 - -0.008 0.004 

30/16   - 0.024 -0.011 - 0.008 0.010 - -0.015 0.000 

 
 

          Table 36. Relative bias of Level 3 slope variance in 3-level longitudinal heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

- 0.151 0.022 - -0.111 -0.012 - 0.259 -0.103 

10/10 

 

- -0.239 0.035 - -0.065 -0.101 - 0.000 -0.023 

15/8 

 

- 0.055 -0.005 - 0.031 -0.004 - 0.141 -0.005 

5/16 

6  

- -0.259 -0.040 - 0.121 0.141 - 0.007 -0.009 

10/10 

 

- -0.080 -0.056 - -0.102 -0.049 - -0.253 0.041 

15/8 

 

- 0.081 -0.033 - 0.055 0.108 - 0.067 0.144 

10/32 

3  

- -0.005 0.036 - 0.028 0.009 - -0.106 0.008 

20/20 

 

- 0.031 -0.018 - 0.067 0.015 - -0.072 -0.020 

30/16 

 

- -0.014 -0.016 - -0.097 -0.043 - 0.007 -0.017 

10/32 

6  

- 0.061 -0.007 - 0.048 0.022 - -0.014 0.101 

20/20 

 

- -0.016 0.021 - 0.045 0.029 - -0.017 -0.014 

30/16   - -0.010 0.000 - -0.004 -0.014 - -0.003 -0.019 
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Table 37. Relative bias of Level 3 covariance in 3-level longitudinal heteroscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

- 0.048 0.199 - -0.482 -0.004 - 0.332 -0.351 

10/10 

 

- -0.028 0.035 - 0.072 -0.078 - -0.126 0.122 

15/8 

 

- 0.279 0.237 - 0.291 -0.015 - 0.519 -0.107 

5/16 

6  

- -0.631 -0.199 - -0.169 0.330 - -0.093 -0.066 

10/10 

 

- -0.050 0.032 - -0.111 -0.023 - -0.065 0.035 

15/8 

 

- 0.044 0.013 - -0.084 -0.152 - 0.177 0.098 

10/32 

3  

- 0.250 0.037 - 0.002 -0.026 - -0.318 -0.002 

20/20 

 

- -0.027 -0.005 - 0.212 0.103 - -0.007 -0.012 

30/16 

 

- -0.051 -0.025 - 0.085 0.154 - -0.109 0.126 

10/32 

6  

- 0.164 0.010 - 0.040 -0.088 - 0.210 0.041 

20/20 

 

- -0.065 -0.005 - -0.089 -0.007 - -0.024 0.023 

30/16   - 0.000 0.065 - 0.064 0.027 - -0.068 0.018 

 

Table 38. Power to detect the treatment effect in the 3-Level heteroscedastic model 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.08 0.08 0.10 0.07 0.05 0.06 0.09 0.07 0.06 

10/10 

 

0.09 0.04 0.06 0.05 0.05 0.04 0.04 0.03 0.04 

15/8 

 

0.04 0.05 0.05 0.04 0.06 0.04 0.07 0.05 0.08 

5/16 

6  

0.06 0.02 0.04 0.06 0.06 0.06 0.06 0.04 0.06 

10/10 

 

0.06 0.06 0.07 0.07 0.05 0.06 0.08 0.09 0.07 

15/8 

 

0.06 0.05 0.07 0.06 0.06 0.06 0.08 0.08 0.05 

10/32 

3  

0.16 0.14 0.11 0.17 0.12 0.11 0.16 0.14 0.09 

20/20 

 

0.17 0.13 0.11 0.20 0.15 0.07 0.19 0.14 0.12 

30/16 

 

0.20 0.12 0.09 0.24 0.13 0.10 0.23 0.15 0.07 

10/32 

6  

0.19 0.14 0.11 0.21 0.16 0.12 0.23 0.14 0.10 

20/20 

 

0.14 0.10 0.09 0.16 0.12 0.09 0.22 0.16 0.09 

30/16   0.15 0.11 0.09 0.19 0.14 0.09 0.22 0.14 0.09 
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Table 39. Relative bias of standard error of treatment effect in 3-level homoscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 3 

n / k Time τβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

-0.013 -0.011 -0.025 -0.037 -0.050 -0.054 -0.063 -0.039 -0.047 

10/10 

 

0.077 0.183 0.051 0.255 0.114 0.085 0.193 0.102 0.028 

15/8 

 

0.330 0.154 0.035 0.300 0.139 0.067 0.131 0.113 0.043 

5/16 

6  

0.234 0.170 0.111 0.141 0.098 0.069 0.070 0.064 0.010 

10/10 

 

0.167 0.073 0.004 0.147 0.126 0.013 0.038 0.023 -0.026 

15/8 

 

0.342 0.117 0.059 0.266 0.128 0.031 0.085 0.052 -0.013 

10/32 

3  

-0.027 -0.033 0.025 -0.060 -0.053 -0.031 -0.066 -0.060 0.017 

20/20 

 

-0.003 0.013 -0.012 -0.045 -0.069 0.002 -0.046 -0.071 -0.028 

30/16 

 

0.008 -0.008 -0.004 -0.064 -0.040 -0.020 -0.096 -0.026 -0.031 

10/32 

6  

-0.018 0.004 -0.025 -0.054 -0.027 -0.021 -0.087 -0.041 -0.007 

20/20 

 

0.191 0.064 -0.023 0.107 0.066 0.009 0.099 0.025 -0.004 

30/16   0.259 0.086 -0.007 0.186 0.019 0.030 0.107 0.046 0.005 

 

 

Table 40. Absolute bias of Level 2 intercept variance component for control arm in 3-level 

homoscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 3 

n / k Time τβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.050 -0.031 -0.025 -0.979 -0.895 -0.919 -1.395 -1.455 -1.456 

10/10 

 

0.023 0.019 -0.063 -1.077 -1.064 -1.010 -1.559 -1.510 -1.493 

15/8 

 

0.022 0.017 0.107 -0.989 -1.014 -1.004 -1.576 -1.608 -1.570 

5/16 

6  

0.023 0.042 -0.009 -0.936 -0.956 -0.910 -1.440 -1.418 -1.430 

10/10 

 

0.044 -0.002 0.056 -1.039 -0.964 -0.983 -1.520 -1.490 -1.550 

15/8 

 

0.001 -0.032 0.032 -1.085 -1.080 -1.010 -1.544 -1.483 -1.541 

10/32 

3  

0.015 -0.046 0.006 -0.998 -1.015 -1.021 -1.511 -1.479 -1.526 

20/20 

 

0.018 -0.024 0.011 -1.040 -1.039 -1.043 -1.581 -1.509 -1.544 

30/16 

 

-0.017 0.018 -0.009 -1.061 -1.064 -1.041 -1.560 -1.586 -1.572 

10/32 

6  

0.023 -0.031 0.025 -1.014 -1.032 -0.985 -1.532 -1.532 -1.518 

20/20 

 

0.029 0.006 0.008 -1.061 -1.049 -1.024 -1.543 -1.561 -1.543 

30/16   0.013 -0.016 -0.001 -1.025 -1.061 -1.046 -1.585 -1.590 -1.580 
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Table 41. Absolute bias of Level 2 intercept variance component for treatment arm in 3-level 

homoscedastic model. 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 3 

n / k Time τβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.050 -0.031 -0.025 1.021 1.105 1.081 1.605 1.545 1.544 

10/10 

 

0.023 0.019 -0.063 0.923 0.936 0.990 1.441 1.490 1.507 

15/8 

 

0.022 0.017 0.107 1.011 0.986 0.996 1.424 1.392 1.430 

5/16 

6  

0.023 0.042 -0.009 1.064 1.044 1.090 1.560 1.582 1.570 

10/10 

 

0.044 -0.002 0.056 0.961 1.036 1.017 1.480 1.510 1.450 

15/8 

 

0.001 -0.032 0.032 0.915 0.920 0.990 1.456 1.517 1.459 

10/32 

3  

0.015 -0.046 0.006 1.002 0.985 0.979 1.489 1.521 1.474 

20/20 

 

0.018 -0.024 0.011 0.960 0.961 0.957 1.419 1.491 1.456 

30/16 

 

-0.017 0.018 -0.009 0.939 0.936 0.959 1.440 1.414 1.428 

10/32 

6  

0.023 -0.031 0.025 0.986 0.968 1.015 1.468 1.468 1.482 

20/20 

 

0.029 0.006 0.008 0.939 0.951 0.976 1.457 1.439 1.457 

30/16   0.013 -0.016 -0.001 0.975 0.939 0.954 1.415 1.410 1.420 

 

 

Table 42. Proportion of significant likelihood ratio tests comparing fit of 3-level heteroscedastic to 

3-level homoscedastic models 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.30 0.24 0.29 0.42 0.45 0.45 0.60 0.60 0.62 

10/10 

 

0.22 0.15 0.16 0.33 0.31 0.33 0.64 0.65 0.66 

15/8 

 

0.14 0.15 0.16 0.31 0.34 0.37 0.72 0.73 0.73 

5/16 

6  

0.16 0.14 0.15 0.37 0.39 0.39 0.72 0.75 0.77 

10/10 

 

0.17 0.15 0.14 0.45 0.45 0.49 0.83 0.85 0.86 

15/8 

 

0.15 0.14 0.13 0.50 0.53 0.55 0.88 0.89 0.92 

10/32 

3  

0.28 0.26 0.32 0.78 0.78 0.77 0.97 0.96 0.97 

20/20 

 

0.27 0.28 0.29 0.82 0.84 0.87 0.99 0.99 0.99 

30/16 

 

0.28 0.26 0.32 0.87 0.89 0.90 1.00 1.00 1.00 

10/32 

6  

0.26 0.30 0.32 0.90 0.90 0.92 1.00 1.00 1.00 

20/20 

 

0.17 0.18 0.21 0.97 0.97 0.97 1.00 1.00 1.00 

30/16   0.16 0.19 0.22 0.98 0.98 0.99 1.00 1.00 1.00 
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Table 43. Power to detect the treatment effect in the 2-Level heteroscedastic model 

  

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

n / k Time ρβ 0 0.05 0.15 0 0.05 0.15 0 0.05 0.15 

5/16 

3  

0.07 0.08 0.09 0.08 0.04 0.06 0.09 0.08 0.05 

10/10 

 

0.07 0.04 0.06 0.05 0.03 0.03 0.04 0.02 0.05 

15/8 

 

0.04 0.07 0.05 0.04 0.06 0.04 0.05 0.04 0.06 

5/16 

6  

0.06 0.03 0.05 0.05 0.03 0.06 0.05 0.05 0.06 

10/10 

 

0.05 0.03 0.06 0.05 0.03 0.04 0.06 0.07 0.08 

15/8 

 

0.06 0.05 0.06 0.04 0.03 0.04 0.06 0.05 0.05 

10/32 

3  

0.13 0.13 0.13 0.13 0.13 0.12 0.16 0.16 0.09 

20/20 

 

0.17 0.11 0.10 0.17 0.13 0.06 0.18 0.12 0.13 

30/16 

 

0.19 0.13 0.08 0.22 0.13 0.10 0.21 0.16 0.07 

10/32 

6  

0.15 0.12 0.12 0.15 0.11 0.11 0.17 0.12 0.09 

20/20 

 

0.10 0.07 0.09 0.12 0.08 0.07 0.12 0.12 0.09 

30/16   0.12 0.11 0.08 0.12 0.12 0.06 0.14 0.09 0.08 
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Study 3 Tables 

Table 44. Proportion of significant informal tests across simulation study 

conditions 

    

Type I Error 

Analogue Power Analogue 

   

τπ τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

Test k Time τβ 0.05 0.15 0.05 0.15 0.05 0.15 

1 

32 3 

 

0.48 0.51 0.88 0.89 0.97 0.96 

32 6 

 

0.51 0.49 1.00 1.00 1.00 1.00 

128 3 

 

0.54 0.51 0.98 0.98 1.00 1.00 

128 6   0.48 0.50 1.00 1.00 1.00 1.00 

2 

32 3 

 

0.30 0.37 0.48 0.44 0.52 0.55 

32 6 

 

0.40 0.41 0.78 0.76 0.87 0.87 

128 3 

 

0.40 0.39 0.63 0.60 0.70 0.68 

128 6   0.51 0.46 0.92 0.91 0.98 0.99 

 

 

Table 45. Proportion of significant unconditional formal tests across simulation 

study conditions 

    
Type I Error Power 

    

τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

Test k Time τβ 0.05 0.15 0.05 0.15 0.05 0.15 

1 

32 3 
 0.31 0.35 0.83 0.84 0.94 0.94 

32 6 
 0.17 0.14 0.99 0.99 1.00 1.00 

128 3 
 0.37 0.34 0.98 0.96 1.00 1.00 

128 6   0.20 0.20 1.00 1.00 1.00 1.00 

2 

32 3 
 0.56 0.56 0.78 0.78 0.69 0.68 

32 6 
 0.28 0.25 0.99 0.99 1.00 1.00 

128 3 
 0.62 0.63 0.97 0.96 0.90 0.87 

128 6   0.33 0.32 1.00 1.00 1.00 1.00 

3 

32 3 
 0.48 0.43 0.90 0.83 0.96 0.92 

32 6 
 0.36 0.23 0.92 0.88 0.98 0.96 

128 3 
 0.43 0.30 0.94 0.89 0.98 0.97 

128 6   0.34 0.12 0.94 0.82 0.99 0.95 

4 

32 3 

 

0.04 0.07 0.20 0.17 0.27 0.28 

32 6 

 

0.05 0.06 0.28 0.28 0.38 0.37 

128 3 

 

0.06 0.05 0.28 0.26 0.37 0.38 

128 6   0.01 0.01 0.14 0.14 0.31 0.30 
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Table 46. Proportion of significant conditional tests across simulation study 

conditions. 

    
Type I Error Power 

    

τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

Test k Time τβ 0.05 0.15 0.05 0.15 0.05 0.15 

1 

32 3   0.08 0.07 0.32 0.29 0.34 0.30 

32 6 

 

0.08 0.04 0.56 0.42 0.50 0.37 

128 3 

 

0.12 0.08 0.43 0.34 0.36 0.33 

128 6   0.12 0.05 0.71 0.46 0.64 0.51 

2 

32 3   0.05 0.04 0.22 0.21 0.20 0.19 

32 6 

 

0.04 0.02 0.45 0.31 0.36 0.26 

128 3 

 

0.07 0.05 0.28 0.25 0.23 0.21 

128 6   0.06 0.02 0.46 0.31 0.40 0.33 

3 

32 3   0.16 0.21 0.37 0.36 0.41 0.42 

32 6 

 

0.11 0.10 0.70 0.66 0.75 0.74 

128 3 

 

0.23 0.22 0.50 0.48 0.53 0.53 

128 6   0.13 0.13 0.77 0.74 0.79 0.81 

4 

32 3   0.11 0.14 0.19 0.19 0.14 0.16 

32 6 

 

0.07 0.06 0.53 0.47 0.51 0.50 

128 3 

 

0.14 0.13 0.32 0.34 0.29 0.28 

128 6   0.08 0.06 0.49 0.47 0.49 0.50 

 

Table 47. Proportion of significant tests of intercept variance at the first time point (Step 

1 of conditional tests)  across simulation study conditions 

    
Type I Error Power 

    

τπ00C:τπ00T = 1 τπ00C:τπ00T = 2 τπ00C:τπ00T = 4 

Test k Time τβ 0.05 0.15 0.05 0.15 0.05 0.15 

F-test 

32 3   0.28 0.28 0.31 0.29 0.31 0.34 

32 6 
 0.25 0.23 0.26 0.27 0.29 0.29 

128 3 
 0.26 0.28 0.32 0.32 0.35 0.33 

128 6   0.31 0.33 0.33 0.34 0.31 0.32 

Bartlett's 

test 

32 3   0.25 0.24 0.28 0.28 0.33 0.33 

32 6 
 0.22 0.20 0.19 0.20 0.23 0.25 

128 3 
 0.27 0.27 0.30 0.29 0.33 0.33 

128 6   0.26 0.29 0.26 0.29 0.31 0.28 
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Applied Example Tables 

Table 48. Parameter estimates for full heteroscedastic and homoscedastic 4-level 

models 

 

Full Model (4-Level 

Heteroscedastic) 

 

Full Model (4-Level 

Homoscedastic) 

Model Type Estimate SE   Estimate SE 

Fixed Effects 

       Intercept 637.21** 116.39 

 

654.57** 103.86 

  Treatment -128.41 161.56 

 

-142.59 156.29 

  Time 34.37** 2.26 

 

34.05** 1.97 

  Summer Slide -30.57** 4.06 

 

-30.45** 4.04 

  Cohort 12.96 9.22 

 

13.67 9.17 

  % Free Lunch -24.53 133.21 

 

-45.01 118.77 

  Treat * % Free Lunch 147.71 184.72 

 

164.43 178.55 

  Treat * Time -4.23 3.48 

 

-3.94 3.26 

  Treat * Summer .93 5.26 

 

1.31 5.25 

  Time * Cohort -8.93** 2.55 

 

-10.05** 2.63 

  Summer * Cohort 24.54** 5.20 

 

24.13** 5.19 

Variance Components 

     
    τβ00 45.96 123.71 

 

31.84 84.87 

    τβ11 150.32 284.91 

 

155.24 250.94 

    τπ11 185.33 53.88 

 

31.84 84.87 

    τψ00C 6031.12 923.34 

 

5172.60
a
 516.09 

    τψ10C 1259.68 255.53 

 

951.70
b
 135.34 

    τψ11C 498.14 91.41 

 

296.19
c
 45.60 

    τψ00T 4585.76 605.73 

 

5172.6
a
 516.09 

    τψ10T 785.03 148.61 

 

951.7
b
 135.34 

    τψ11T 151.97 44.35 

 

296.19
c
 45.60 

    σ
2
 2727.66 120.51 

 

2720.94 120.05 

  -2 Likelihood Ratio 20528.2     20562.9   

Note. 
a b c 

These residual variances were constrained to be equal in the homoscedastic 

model. 

* p < .05, ** p <.01 

      

  



161 
 

Table 49. Parameter estimates from 3-level partially-nested model analogous to the model 

explored in Study 1 

 

3-Level Heteroscedastic 

 

3-Level 

Homoscedastic 

Model Type Estimate SE   Estimate SE 

  Fixed Effects 

         Intercept 595.86** 14.31 

 

538.89** 5.13 

    Treatment  5.15 12.50 

 

14.02** 4.93 

    Cluster 23.25* 10.90 

 

50.41** 5.33 

  Variance Components 

     
    τβ00 1166.64 984.57 

 

1247.32 456.52 

    τβ10 -671.87 767.19 

 

-756.24 759.05 

    τβ11 227.68 687.93 

 

310.36 682.95 

    τπ11 318.87 466.71 

 

194.62 456.52 

    σ
2
C 10323.00 1276.17 

 

9104.49
a
 711.09 

    σ
2
T 8279.60 841.13 

 

9104.49
a
 711.09 

  -2 Likelihood Ratio 4435.8     4437.7   

Note. 
a  

These residual variances were constrained to be equal. 

 * p < .05, ** p <.01 
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Table 50. Parameter estimates from 3-level partially-nested model analogous to the 

model explored in Study 2. 

 

3-Level Heteroscedastic 

 

3-Level 

Homoscedastic 

Model Type Estimate SE   Estimate SE 

Fixed Effects 

       Intercept 616.04** 5.84 

 

615.45** 7.01 

  Treatment .84 9.18 

 

1.32 9.01 

  Time 34.49** 2.25 

 

34.16** 1.97 

  Summer Slide -30.57** 4.06 

 

-30.44** 4.04 

  Cohort 16.22   8.89 

 

16.28 8.89 

  Treat * Time -5.051 3.49 

 

-4.57 3.29 

  Treat * Summer .94 5.26 

 

1.33 5.25 

  Time * Cohort -8.26** 2.52 

 

-9.47 2.61 

  Summer * Cohort 24.61 5.20 

 

24.19 5.20 

  Variance Components 

     
    τπ11 186.34 53.06 

 

154.65 49.54 

    τψ00C 6077.32 904.59 

 

5286.11
a
 516.58 

    τψ10C 1269.15 253.92 

 

974.91
b
 135.26 

    τψ11C 497.95 91.35 

 

299.60
c
 45.88 

    τψ00T 4782.95 613.94 

 

5286.11
a
 516.58 

    τψ10T 825.52 151.24 

 

974.91
b
 135.26 

    τψ11T 159.01 45.05 

 

299.60
c
 45.88 

    σ
2
 2727.79 120.50 

 

2720.40 120.00 

  -2 Likelihood Ratio 20551.2     20586.2   

Note. 
a b c 

These residual variances were constrained to be equal. 

 * p < .05, ** p <.01 
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Table 51. Results of proposed tests of the hypothesis that individuals 

within groups become similar over time applied to the Teach 

Baltimore data 

Test Test Statistic p-value Test Result 

Informal Tests 

     Informal Test 1 - - Positive 

  Informal Test 2 - - Negative 

Unconditional Formal Tests 

    Unconditional Test 1 1.32 0.026 Positive 

  Unconditional Test 2 3.75 0.053 Negative 

  Unconditional Test 3 0.21 0.000 Positive 

  Unconditional Test 4 -1.55 0.262 Negative 

Conditional Formal Tests 

     Conditional Test 1 

       Step 1 1.22 0.081 

     Step 2 1.32 0.030 

     Step 3 0.21 0.000 Positive 

  Conditional Test 2 

       Step 1 1.94 0.160 

     Step 2 3.75 0.053 

     Step 3 0.21 0.000 Negative 

  Conditional Test 3 

       Step 1 1.22 0.081 

     Step 2 1.32 0.030 

     Step 3 - - Negative 

  Conditional Test 4 

       Step 1 1.94 0.160 

     Step 2 3.75 0.053 

     Step 3 - - Negative 
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Study 1 Figures 

Figure 1. Range of relative bias in key model parameters in properly specified models across simulation 

study conditons. 

 

Figure 2. Interaction between model type and ratio of control:treatment arm Level 1 variance (  
    

 ) in 

control (left) and treatment (right) arms. 
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Figure 3. Interaction between model type and ratio of control:treatment arm Level 1 variance (  
    

 ) in 

estimates of the Level 2 variance component (    ) 

. 

Figure 4. Absolute bias in estimates of the standard error of the treatment effect, the Level 2 variance 

component, and the Level 1 residual for the control arm in the model omitting school level of analysis, 

across simulation study conditions. 
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Figure 5. Interaction between model type and ratio of control:treatment arm Level 1 variance (  
    

 )  in 

estimates of the Level 2 variance component (    ). 

 
Figure 6. Interaction between model type and ratio of control:treatment arm Level 1 variance 

(  
    

 ) in estimates of the Level 1 residual for the control arm (  
 ).   
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Study 2 Figures 

Figure 7. Range of relative bias in key model parameters across simulation study conditions, without 

using ‘nobound’ option in SAS Proc Mixed. 

 

Figure 8. Range of relative bias in key model parameters across simulation study conditions, using 

‘nobound’ option in SAS Proc Mixed. 
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Figure 9. Bias in estimates of coefficients for intercept, treatment, time effect for control arm, and the 

difference in the time effect from control arm for those in the treatment arm across simulation study 

conditions.   

 

 
 

 

Figure 10. Interaction between model type and degree of heteroscedasticity at Level 2 (           ) for 

control (left) and treatment (right) arms. 
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Study 3 Figures 

Figure 11.  Spaghetti plot of individual trajectories across time, illustrating no covariance between 

individual intercepts and slopes (left) and a negative covariance between intercepts and slopes (right). 

 

 

Figure 12.  Arrangement of conditional formal tests of the hypothesis that individuals within treatment 

groups become similar over time. 
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Applied Example Figures 

Figure 10. Predicted values given results of 4-level  partially nested model applied to Teach Baltimore 

data. 
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