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Light propagation in strongly scattering media can be described by the diffusion approximation to the
Boltzmann transport equation. We have derived analytical expressions based on the diffusion approximation
that describe the photon density in a uniform, infinite, strongly scattering medium that contains a sinusoidally
intensity-modulated point source of light. These expressions predict that the photon density will propagate
outward from the light source as a spherical wave of constant phase velocity with an amplitude that attenuates
with distance r from the source as exp(—ar)/r. The properties of the photon-density wave are given in terms
of the spectral properties of the scattering medium. We have used the Green’s function obtained from the dif-
fusion approximation to the Boltzmann transport equation with a sinusoidally modulated point source to derive
analytic expressions describing the diffraction and the reflection of photon-density waves from an absorbing
and/or reflecting semi-infinite plane bounded by a straight edge immersed in a strongly scattering medium.
The analytic expressions given are in agreement with the results of frequency-domain experiments performed
in skim-milk media and with Monte Carlo simulations. These studies provide a basis for the understanding
of photon diffusion in strongly scattering media in the presence of absorbing and reflecting objects and allow
for a determination of the conditions for obtaining maximum resolution and penetration for applications to op-
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Propagation of photon-density waves in strongly scattering

tical tomography.

1. INTRODUCTION

Light diffusion in strongly scattering media is of primary
importance in several fields, including spectroscopy of
highly turbid media and optical imaging of thick tissues.’™”
After a few scattering events the light propagation pro-
cess can be treated as a transport of particles that un-
dergo a large number of collisions, performing a random
walk through the scattering medium. This diffusion ap-
proximation is valid at distances from the light source
much larger than the mean free path for light scattering.®®
In a macroscopically uniform medium without boundaries
the measurement of the average light intensity at different
distances from the source and at different angles cannot
separate scattering from absorption properties. For the
case of multiple scattering of light, fluctuation correlation
spectroscopy has been used largely in the study of optical
properties, with an emphasis on the determination of the
diffusion coefficient of the scattering particles. A large
literature on this subject exists, and for a review we refer
to Ref. 1. However, when the problem is the identifica-
tion of macroscopic regions in the scattering medium with
different absorption and transport scattering coefficients,
this approach cannot be used. In the present approach we
neglect the diffusion of the scattering particles. It has
been suggested that the use of short light pulses can pro-
vide a better approach to the identification of different
macroscopic regions with different optical properties,
since the time of photon propagation through a strongly
scattering medium is related to the effective optical path,
which is dependent on the absorption and transport scat-
tering coefficients of the medium. Time gating makes
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possible discrimination between the direct optical path
and the longer photon paths, which permits one to isolate
regions of the medium with different optical properties.
A number of publications have recently appeared on the
different aspects of light pulse propagation and reflection,
almost exclusively in the time domain, %1%

In this paper we present the complementary frequency-
domain approach, and we show that in the frequency
domain the problem of light propagation in strongly scat-
tering media can be treated within the familiar frame-
work of wave phenomena. It must be remembered that,
in the frequency-domain method, only the front of the
photon-density wave is considered, not the optical light
front, which is multiply scattered in the diffusion regime.
In particular, we derive the Green’s function for the diffu-
sion approximation to the Boltzmann transport equation
with a sinusoidally modulated point source, and we experi-
mentally verify the basic predictions of the theory. Hav-
ing in mind the problem of optical imaging of tissues and
its application to medicine, we performed a frequency-
domain study of the problem of the diffusion of photons in
the presence of a semi-infinite absorbing plane bounded
by a straight edge. Our aim in studying the effect of the
edge on the diffusing photons is to determine systemati-
cally the conditions necessary for obtaining the highest
spatial resolution by observing how different parameters
of the experiment affect the sharpness of the edge. In
this paper we present an analytical solution to the edge
problem in the frequency domain that is derived from the
above-mentioned Green’s function, and we verify with ex-
periments the principal features of the solution. Hebden
and Kruger have reported preliminary time-domain ob-
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servations of the effect of an absorbing edge on photon
diffusion.’” We perform frequency-domain Monte Carlo
simulations of particles diffusing in a lattice in which we
simulate the presence of an absorbing plane bounded by a
straight edge to verify the theoretical prediction further
and to compare it with experiments.

The detection of unscattered photons in strongly scat-
tering media has also received attention.’* Of course, if
unscattered light can be detected, optical spectroscopy
and optical imaging are feasible in the conventional way.
However, for most applications to the medical field, the
use of unscattered light for optical imaging is restricted to
only a few tissues such as the eye or to tissues that are at
most a few millimeters thick.'

2. ANALYTICAL SOLUTION FOR A
UNIFORM INFINITE MEDIUM

An isotropic source of visible or near-infrared light is
immersed in a macroscopically homogeneous, strongly
scattering medium. It is assumed for this case that the
density of photons U(r,#) and the photon current den-
sity J(r,¢) satisfy the diffusion approximation to the

Boltzmann transport equation®%%:
t
%f’)- + o Ule,t) + V- J(r, t) = qo(r, 8), (1a)
VUG, + 22d®D  IoD (1b)

viot vD

where v is the speed of a photon in the transporting me-
dium (i.e., water in our experiments), D is the diffusion
coefficient, namely,

D= {3[#:n + /»Ls(l - g)]}-ly (2)

Mo is the linear absorption coefficient (i.e., the inverse of
the mean free path for photon absorption, with units of
inverse distance), u, is the linear scattering coefficient
(i.e., the inverse of the mean free path for photon scatter-
ing), g is the average of the cosine of the scattering angle,
and q(r, ¢) is the photon source. Equations (1) imply a tre-
mendous simplification. Use of the diffusion approxima-
tion to the Boltzmann transport equation means neglect
of interference terms arising from the superpositioning of
electromagnetic fields. Polarization as a degree of free-
dom is also neglected. The density of photons and the
photon current density can be accurately calculated from
the diffusion approximation to the Boltzmann transport
equation when the point of interest is far from sources or
boundaries and when the ratio u,/(u. + w,) is close to
unity, i.e., when the absorption of the medium is low.!®

In the case of a sinusoidally intensity-modulated point
source of light, the photon source is

qo(r,2) = 8(r)S{l + Aexp[—ilwt + €]}, 3

where 8(r) is a Dirac delta function located at the origin, S
is the fluence of the source (in photons per second), A is the
modulation of the source, i = V=1, wis the angular modu-
lation frequency of the source, and ¢ is an arbitrary phase.
Substituting Eq. (3) into Eq. (1a) and assuming that Ul(r, ¢)
and J(r, t) have the forms

Ue,t) = [UW)]g + [U)], expl—i(wt + €], (4a)
J(r, 1) = [J@)]a + [ expl—ilwt + €], (4b)
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we obtain the steady-state equations (i.e., the dc part)
U [lUMg + V - [F(@)]ge = Sb(r), (52)
[J(@®)]ge = —vDVI[U )4 (5b)
and the frequency-dependent equations (i.e., the ac part)
(e — i) [UX)]ee + V - [J(X)]oe = SAS(r), (62)

1 + i3wD/v

m] V[U(r)]ac . (Gb)

[ = —UD[

We make the assumption that wD << v, which is equiva-
lent to saying that the wavelength in vacuum of the wave of
angular frequency w is much larger than the distance be-
tween the scattering particles in the medium. With this
assumption Eq. (6b) reduces to

[J@)]oe = —vDV[U@)]ac - (7

Eliminating the dependent variable [J(x)]s from Egs. (5),
we obtain the steady-state diffusion equation

VAU®a = (/D) [U®]ge = —(S/uD)S(x). ®

Eliminating the dependent variable [J(r)],. from Eq. (6a)
and expression (7), we obtain the frequency-dependent dif-
fusion equation

Utg — o

SA
D > W) = —55(1‘). 9

VU)o — (

For an infinite medium, Egs. (8) and (9) can easily be solved
to yield

S Mo \V2 SA
= -r| = +
u,2 47ruDr exp[ r(D) 4mvDr
Ve + w?\H 1 M w
X eXp{—r(W' cos 5 tan™ ot
. v2“a2 + (02 1/4 . 1 i ©
X exp{zr( V22 sin 2 tan o

- iwt + e)}- (10)

For a nonabsorbing medium, u, = 0, and Eq. (10) reduces to

S . SA B i 1/2
47vDr  4wuDr eXp r 2uD

e\
X exPl:”(EE) - ot + e)] . 1y

Equation (10) is the Fourier transform equivalent of

Ur,t) =

1 r2
p(r,t) = @moDt™® eXp(‘m - l"avt> , 12)

which is the time-dependent solution of the diffusion
equation as reported by Patterson et al.5 Here, p(r,?) is
the photon density that satisfies the diffusion approxima-
tion to the Boltzmann transport equation when the source
term is a narrow pulse given by go(r, #) = 8(r)é(¥). Exami-
nation of Egs. (10) and (11) shows that the photon density
U(r,t) generated by a sinusoidally intensity-modulated
point source immersed in a strongly scattering, infinite
medium constitutes a scalar field that is propagating at
a constant speed in a spherical wave and attenuates as
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exp(—ar)r as it propagates. Equations (10) and (12) show
the practical difference in describing photon diffusion in
the frequency domain with respect to its Fourier trans-
form equivalent in the time domain: the photon density
generated by a sinusoidally intensity-modulated source at
any given modulation frequency propagates with a single
phase velocity, while pulses undergo dispersion owing to
the different phase velocity of each frequency component
of the pulse.

The approach that regards photon transport in strongly
scattering media as a diffusional process shows that light
emitted from a sinusoidally intensity-modulated point
source in such a medium can be treated within the frame-
work of wave phenomena; we therefore refer to U(r, ) as a
photon-density wave. The study of the propagation, the
reflection, and the refraction of these waves becomes a
trivial problem. For a nonabsorbing medium the photon-
density wave emitted from a source of angular modulation
frequency w has a wavelength, from Eq. (11), of

A = 27 (2uDjw)V?, 13
and its wave front advances at constant speed
V = 2uvDw)*?. 14

Note that Egs. (13) and (14), respectively, describe the wave-
length and the phase velocity of a photon-density wave,
not the wavelength and the phase velocity of the electro-
magnetic wave, which is multiply scattered for the case of
visible and near-infrared light propagating over large dis-
tances in strongly scattering media. Sinusoidal modula-
tion of the intensity of a light source in strongly scattering
media has the following consequences:

(1) A diffraction pattern caused by an object immersed
in a strongly scattering medium should be evident in the
presence of a photon-density wave. From the Green’s
function solution of Eq. (9), we can use the superposition
principle to calculate this diffraction pattern caused by
the absorbing and/or reflecting object.

(2) An apparent index of refraction of the photon-
density wave can be defined as the ratio of the phase ve-
locity of the photon-density wave to the phase velocity of
light in vacuum.

(3) The phase velocity is dependent on the modulation
frequency of the source but is independent of the distance
from the source.

(4) There is an exponential attenuation of the ampli-
tude of a photon-density wave as it propagates in the
strongly scattering medium because of the first-order
time derivative in Egs. (1).

Figure 1(a) gives a schematic representation of light in-
tensity measured in response to a narrow pulse emitted
into a strongly scattering medium, and Fig. 1(b) shows the
time evolution of the intensity measured when light from
a sinusoidally intensity-modulated source propagates
through the same medium. In Fig. 1(b) the light signal
measured by the detector is of the same modulation fre-
quency as that of the light source, but it is shifted in phase
and demodulated relative to the light source. The quanti-
ties that are measured in a frequency-domain experiment,
namely, the phase lag ® of the signal at the detector rela-
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tive to the source, the average intensity of the detected
signal (i.e., the dc), and the amplitude of the frequency-
dependent part of the detected signal (i.e., the ac), are
shown in Fig. 1(b). Equation (10) yields expressions for
these experimentally determined quantities in a uniform,
infinite medium:

vl + 0?1 o
b = r<W— sin E tan™! ot s
(15)

1/2
In[(r)(de)] = —r<ED—"> + ln<47iD) , (16)

2, 2, 2\l
In[(r)(ac)] = _r<v_;.cv.121;~2_w>

1 ) SA
X cosI:2 tan (v,u,,)] + ln<4va) amn

The above three expressions are linear functions of the
source/detector separation r but have a more complicated

(a)

source

intensity

detector

4

t=0 time

(b)

.....................................................................................................

intensity

Doc

source

e detector

»

time

Fig. 1. (a) Schematic representation of the time evolution of the
light intensity measured in response to a narrow light pulse
traversing an arbitrary distance in a scattering and absorbing
medium. If the medium is strongly scattering, there are no un-
scattered components in the transmitted pulse. (b) Time evolu-
tion of the intensity from a sinusoidally intensity-modulated
source. The transmitted photon wave retains the same fre-
quency as the incoming wave but is delayed owing to the phase
velocity of the wave in the medium. The reduced amplitude of
the transmitted wave arises from attenuation related to scatter-
ing and absorption processes. The demodulation is the ratio ac/dc
normalized to the modulation of the source.
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n—0

plane

detector

T+ 6
Fig. 2. Cylindrical coordinate system used to describe the con-
figuration of a semi-infinite plane bounded by a straight edge,
the point photon source, and the point detector. The edge of the
plane lies on the z axis, and the face of the planeisat § = 0. The
coordinates of the point source are (+,6’, z’), and the coordinates
of the detector are (r, 6, 2).

dependence on w, v, g, ts, and g. Note that the natural
logarithm of the demodulation, i.e., In(ac/dc), is also linear
in r. Thus it is seen that the linear dependence on r of @,
In[(r)(dc)], and In{(r)(ac)] is a necessary but not a suffi-
cient condition for the validity of the diffusion approxima-
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dinate system with the edge of the semi-infinite plane
lying on the z axis and the plane itself at # = 0. The coor-
dinates of the point source are (+/, ', 2'), and the coordi-
nates of the detector are (r, 6§, 2), as shown in Fig. 2. On
inspection of our steady-state and frequency-dependent
equations for photon diffusion, i.e., Egs. (8) and (9), respec-
tively, we see that our physical problem, like the sound-
wave problem solved by Carslaw, reduces to the solution of
an equation of the form

VU + k*U = —4w5R) (18)

in the twofold Riemann space described by Carslaw,®
Sommerfeld,!” and Jeans,’® where the source/detector
separation R is given by

R=[r +r?+(z — 2% — 2rr'cos(®@ — 801" (19)

and where U is a function of r, 6, and z and has the follow-
ing properties:

(1) It is a finite, single-valued, and continuous func-
tion of position in the twofold Riemann space.

(2) It has one and only one infinity, this being at the
point (7, @', z') on the first sheet of the Riemann space,
with U approximating the function exp(—ikR)/R as R ap-
proaches zero.

(8) Itis zeroatr = .

Carslaw gives two solutions of Eq. (18) in the twofold
Riemann space that satisfy the above conditions®®:

U,0) = R

exp(-ikR) 1 1(0 — o f‘” exp{—ik[r? + % + (z — 2')? + 2rr' cosh B]1**}cosh(B/2)dB
o8| o P2+ 1'% + (z — 2)° + 2rr cosh B1"[cos(@ — §') + cosh B]

> exp{—ik[r? + r'? + (z — 2')* + 2rr' cosh B1**}cosh(B/2)dg

(20)

U;(0') = -1 cos[i(e - 6’)]
T 2

o P2+ 2 + (z — 22 + 2rr cosh B1"[cos(@ — 8') + cosh Al

21

tion to the Boltzmann transport equation. We note that
we can obtain the optical properties of a macroscopically
homogeneous, infinite, strongly scattering medium by fit-
ting the phase, demodulation, and dc intensity data to
Eq. (10) to recover u, and D.

3. DIFFRACTION BY AN EDGE

We will now use the Green’s functions obtained from
Egs. (8) and (9) above to calculate the diffraction and
the reflection of photon-density waves from an absorbing
and/or reflecting semi-infinite thin plane bounded by a
straight edge, the plane being immersed in an infinite,
strongly scattering medium. The study of this problem
will provide information about how sharply an edge im-
mersed in a highly turbid medium can appear and what
parameters affect the sharpness. In performing the cal-
culation to study the effect of an edge on a photon-density
wave, we follow the methodology of Carslaw!® in his
study of a point source of sound in the presence of a thin,
rigid semi-infinite plane bounded by a straight edge.
Carslaw’s research on this topic involves an extension of
the methodology developed by Sommerfeld” in his study
of a single point charge in the presence of an uninsulated,
semi-infinite conducting plane at zero potential. So, fol-
lowing Sommerfeld and Carslaw, we use a cylindrical coor-

where U;(0") = U,(#') = (1/2)exp(—ikR)/R when 8 = 7 +
0’ and U;(—0') = Uy(—0') = (1/2)exp(—ikR)/R when 6 =
7 — @'. Note that U; and U, are periodic in ¢ with a pe-
riod of 47. With respect to the dec part of the photon den-
sity, we compare Eq. (8), the steady-state diffusion
equation, with Eq. (18) and write

ke = —i(ua/D)?, (22)
noting that the source strength of Eq. (8) is —S/uD as
compared with the source strength of Eq. (18), which is
—44r. We then have the two solutions to Eq. (8) in the two-
fold Riemann space, i.e., Usy(0') and Uy, (6'), these solu-
tions being analogous to U,(8") and U,(¢’) in Egs. (20) and
(21), respectively, but with the substitution of %4 for £ and
with an additional pre-exponential factor of S/A7wuvD. With
respect to the ac part of the photon density, we compare
Eq. (9), the frequency-dependent diffusion equation, with
Eq. (18) and write

. 1/2
_ e — 0
ke = 1<———UD > (23)

' Vg + ¥\ 1 M w
=ik = —(—vzb—z——> COS[E tan 1(@)]
(vu2+ o\ 1 o
+ l(w sin Etan 1 -~ (24)

or
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- o
A(l1,1)
B(1,2) plane__ -0
C(2,2)
ﬁ +6

Fig. 3. Division of the physical space into three regions about
the semi-infinite plane bounded by a straight edge and the corre-
sponding values of U; and U, used for U(9") and U(—#’) in each
region of the physical space.

and note that the source strength of Eq. (9) is —SA/uD.
We then have the two solutions to Eq. (9) in the twofold
Riemann space, i.e., U, (0'), and U, (0’), which are analo-
gous to U1(6') and U (') in Egs. (20) and (21), respectively,
but with the substitution of %, for 2 and with an addi-
tional pre-exponential factor of SA/47uD.

The boundary condition imposed by a semi-infinite ab-
sorbing plane is that the photon density U must vanish at
60 = 0and § = 27. To satisfy this condition, we put poles
at (,0',2') and (', —¢', 2') and take the physical space to
be the first sheet of the twofold Riemann space, as de-
fined by

0<6<2m,

and the imaginary space to be the second sheet of the two-
fold Riemann space, as defined by

—2r<6<0.
Thus
U=U®) - U-6) (25)

satisfies all the conditions of the physical problem posed
by an absorbing plane in a strongly scattering medium,
where U(6') is the source function and U(—6") is the image
function.

As shown by Carslaw,® care must be taken in the choice
of proper values for U(6’) and U(—#¢') in Eq. (25), the choice
of these functions being dependent on the value of 6 in the
physical space. The physical space is divided into three
regions, as shown in Fig. 3. Intheregion0 =9 <# — ¢’
the values for both U(#') and U(—¢’) in Eq. (25) are given
by U;. Intheregion v —8' <8 < 7 + ¢, U, is taken for
U(0") and U, is taken for U(—-6'). In the region 7 + 0’ <
6 < 27 the values for both U(#’) and U(—§') are given by
U;. At the coordinate § = 7 — #', U, is taken for U(9")
and (1/2)exp(—ikR)/R is taken for U(—@'), where R is de-
fined in Eq. (19) as the source/detector separation. At the
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coordinate 8 = & + 6, (1/2)exp(—ikR)/R is taken for U(9’)
and U, is taken for U(—6'). Thus the solution to the prob-
lem of the absorbing semi-infinite plane takes the follow-
ing forms (refer to Fig. 3):

Region A:
Uy = Ui @) = Usar(—6"), (26)
Us = Una(0") — Una(—6"); @7

Region B:
Use = Usa(0") — Uygea(—9"), (28)
Use = Upa(0") — Unea(—6') ; (29)

Region C:
Uy = Usa (@) — Usea(—6"), (30)
U = Uncz0) = Uea(=0); (63

At = — 6"
T = Usa @) ~ % ; :}D exp[_Rz(eMa/D)m]’ 32)
T = Una (@) — % 4i‘:D exp(;k“‘R); 33)

At o + 6"
T, = % 7 fv - exP["R;"“/D " Uty a9

7 _ 1 SA exp(—ik.R)) _
“ 2 4muD R

ac2(—0'). (35)

We see from Egs. (26) and (27) that at § = 0, Uy, = 0 and
Uw = 0 for 0 < r < », and from Egs. (30) and (31) we see
that at § = 27, Use =0 and U,, = 0 for 0 < r < oo,

For a reflecting semi-infinite plane the boundary condi-
tion is that (1/r)oU/36 must vanish at § = 0 and 6 = 2.
This condition is met in a manner that is analogous to
the solution for the photon-absorbing plane, the only dif-
ference being that for the reflecting plane we add the
source function to the image function to satisfy the
boundary condition.

Thus

U=U®) + U-0) (36)

satisfies the boundary condition imposed by a reflecting
plane in a strongly scattering medium.

For the case of a semi-infinite plane that has a probabil-
ity paps of absorbing a photon that collides with it, the solu-
tion of the physical problem is given by

U=U®) - pas U=0) + (1 = pas)U(=0).  (37)

When pas = 1, Eq. (87) reduces to Eq. (25), the solution
for the absorbing plane, and when p., = 0, Eq. (37) re-
duces to Eq. (36), the solution for the reflecting plane. If
some of the light is able to pass through the plane, we add
an isotropic source term such as Eq. (10) above at point
(+',6',2") with a coefficient proportional to the transmis-
sion probability and we normalize the absorption, reflec-
tion, and transmission probabilities.
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The phase shift ® relative to the source, the average (dc)
intensity, and the amplitude of the frequency-dependent
part of the signal (the ac) are given by

® = tan'l[l—m—(_—t_]ﬁz:l: 38)
Re(U..)

de = U, (39)

ac = [Re(Uy)? + Im(UL)?*]*2, (40)

respectively, and
demodulation = ac/dec, (41)

where Re(U,) and Im(z,c) are, respectively, the real and
the imaginary parts of U,.

4. MONTE CARLO SIMULATION

To confirm further the validity of the analytical solution
and to treat problems with more complicated boundary
conditions, we implemented a Monte Carlo simulation pro-
gram to trace individual photon histories. We simulated
a point source of photons in a homogeneous cubic lattice in
which each cell has a probability for absorption and scat-
tering. We also added a semi-infinite absorbing plane
bounded by a straight edge to the homogeneous lattice,
where the plane had the thickness of a lattice cell. We
performed the simulations by using a random-number
generator to sample discrete events from probability dis-
tributions derived from the speed of a photon, y, in the
scattering medium, the absorption coefficient u,, the
scattering coefficient u,, and the average cosine of scat-
tering angle, g. In a given simulation we built up a time
histogram in the three-dimensional lattice by tracing at
least 10® individual photon histories. We then performed
a fast Fourier transform on the time histogram at each
point in the lattice to obtain a frequency-domain Monte
Carlo simulation, that is, a simulation of an intensity-
modulated point source in a strongly scattering medium.
The size of the lattice was such that, for the value of u,
used, no photon escaped the lattice.

5. EXPERIMENTAL APPARATUS AND
METHOD

We have studied the photon-transport properties of
strongly scattering media through frequency-domain ex-
periments on 3.78 L of skim milk mixed with quantities of
black India ink varying from no ink to 2000 uL of ink.
We have qualitatively compared the data from the analyti-
cal solutions, the Monte Carlo simulations, and the skim-
milk experiments.

For the skim-milk experiments our light source was a
Spectra Diode Laboratories SDL-2431-H2 diode laser
with a 1-m fiber optic pigtail of diameter 100 um. The
average diode current was set at values ranging from 200
to 830 mA and was sinusoidally modulated with a Marconi
Instruments Model 2022A signal generator with its out-
put amplified by a Model M502C wideband rf amplifier
from RF Power Labs, Inc. In a given experiment, light
was transferred from the diode laser into the skim-milk/
black-India-ink medium through the optical fiber pigtail
of the diode laser, the end of the fiber being immersed in

J. B. Fishkin and E. Gratton

the milk/black-ink solution. The wavelength of the diode-
laser light was 810 nm, and the intensity of the light
source was modulated at frequencies ranging from 20 to
120 MHz, the modulation frequency being fixed for a given
experiment. The light detector was a 3-mm-diameter op-
tical fiber bundle with one end immersed in the skim-milk
solution and the other end attached to a Hamamatsu R928
photomultiplier. The photomultiplier signals were pro-
cessed by a cross-correlation electronics system using the
digital acquisition system described by Feddersen et al.”®
In the course of the skim-milk experiments, care was
taken to keep the ends of the source and detector optical
fibers as far as possible from the walls of the solution con-
tainer and from the surface of the solution. The entire
setup was completely protected from room light that could
influence the dc measurement.

Three types of experiment were performed by the
Monte Carlo simulations and the skim-milk/black-India-
ink experiments. In one type of experiment we measured
the phase shift &, the dc intensity, and the ac amplitude of
the light intensity [Fig. 1(b) above] at a given modulation
frequency as a function of the source/detector separation r
to verify the validity of the diffusion approximation result
of Eq. (10) above. Here, the phase data were recorded
relative to the phase measurement made at the shortest
source/detector separation distance, and the dc and ac
data were normalized to the respective dc and ac values
made at the shortest source/detector separation distance.
In the case in which this experiment was performed on
skim milk, the end of the detector optical fiber was im-
mersed in the milk at a distance r from the source optical
fiber, with the ends of the two fibers pointing in the same
direction, as shown in Fig. 4. This orientation of the end
of the detector fiber relative to the end of the source opti-
cal fiber ensured that only scattered photons were de-
tected. In the skim-milk experiments the source/detector
separation was varied from 2.5 to 9.6 cm in increments of
0.115 cm during the course of an experiment. The two
other types of experiment were undertaken to verify the
validity of Egs. (26)-(35) above. We measured the effect
that an absorbing semi-infinite plane immersed in our
scattering media had on the intensity-modulated light.
The geometry for these experiments is explained in the
caption to Fig. 5. We measured the phase shift ® the dc

SINUSOIDALLY
INTENSITY-MODULATED
LASER LIGHT
DETECTOR
SOURCE r DETECTOR
OPTICAL ~| | OPTICAL
FIBER FIBER

[
>/

TANK CONTAINING
MILK/BLACK INDIA
INK MIXTURE

Fig. 4. Schematic of the experimental setup used to test the
validity of the diffusion approximation result of Eq. (10) above.
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MILK/BLACK INDIA OPTICAL
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[ (b)

Fig. 5. (a) Setup for a diffraction measurement: the ends of the
source and detector optical fibers are set a fixed distance apart
(3 cm) on opposite sides of the absorbing plane, the face of the
absorbing plane is oriented perpendicularly to the line joining the
ends of the source and detector optical fibers, and each point of
the face of the plane is equidistant from the end of each optical
fiber. Measurements are performed as a function of the position
of the edge of the plane relative to the line joining the source and
the detector optical fibers. The 0-cm position of the plane edge
is defined to be the point where the edge of the plane crosses the
line joining the ends of the source and detector optical fibers.
{b) Setup for a reflection measurement: same as that in (a), ex-
cept that now the ends of the source and detector optical fibers
are set a fixed distance (1.4 cm) apart on the same side of the
absorbing plane, with the ends of the optical fibers pointing in a
direction that is perpendicular to the face of the plane. The 0-cm
position of the plane edge is defined to be the point where the
edge of the plane crosses the line coming from the end of the
source optical fiber.

intensity, the ac amplitude, and the demodulation of the
signal at a given modulation frequency for each position of
the source and detector optical fibers relative to the edge
of the plane. The phase data were recorded relative to
the phase measurement made when the source and the de-
tector were in their initial positions relative to the edge of
the plane, that is, where the plane was far from the source
and the detector and the dc intensity, ac amplitude, and
demodulation data, respectively, were normalized to the
dc intensity, ac amplitude, and demodulation values
recorded for the initial position of the source and the de-
tector relative to the edge of the plane.
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6. RESULTS OF EXPERIMENTS ON
HOMOGENEOUS MEDIA

Figures 6-9 show plots derived from frequency-domain
experiments in homogeneous mixtures of skim milk and
black India ink and from frequency-domain Monte Carlo
simulations. Figure 6 shows the phase shift of the de-
tected sinusoidally intensity-modulated light signal versus
the source/detector separation in media of different ab-
sorptions u,. The linearity of the phase shifts in Fig. 6
with respect to the source/detector separation r is consis-
tent with the predictions of Eq. (15) above, indicating that
the photon density generated by a sinusoidally intensity-
modulated light source propagates with a single phase
velocity through the strongly scattering media. Figure 7
shows phase-shift values at four source/detector separa-
tions versus the square root of the modulation frequency
of the light intensity. Equation (15) predicts that for u, =
0 the phase will increase linearly as the square root of the
modulation frequency, which is not the case for the data
shown in Fig. 7, owing to u,’s being equal to 0.000125/mm

1501
SKIM MILK EXPERIMENT
modulation frequency = 120 MHz
@ 100
[
z
[}
7]
®
=)
[=9
501
0 - T v r
2 4 6 8 10
r (cm)
160

142=0.000125/mm
-
1404 Monte Carlo simulation

1204 modulation frequency = 117 MHz
12a=0.0005/mm

1004 (1 -g)ps= 0.46/mm
a=0.002/mm

phase (deg)

804
jm}
60
(b) wa=0.008/mm|
40
20+
°3 3 p 5 5 7 3 9

r (cm)

Fig. 6. Phase lag versus source/detector separation r, where the
source and the detector are immersed in 3.78 L of skim milk
mixed with three amounts of black India ink. The phase data
were plotted relative to the phase measured with the shortest
source/detector separation. The data were collected at a 120-
MHz modulation frequency. The correlation coefficients for the
lines fitting data of each milk/ink mixture are equal to 1.000.
(b) Frequency-domain Monte Carlo simulation of phase lag versus
source/detector separation r for four values of u,. The data were
plotted relative to the phase at 2.5 ¢cm from the source.
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Fig. 7. Frequency-domain Monte Carlo simulation of phase lag

versus the square root of modulation frequency. Each set of data
was obtained at a fixed source/detector separation.
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Fig. 8. (a) Natural logarithm of the source/detector separation r
multiplying the dc intensity obtained at r, versus r, where the
source and the detector are immersed in 3.78 L of skim milk
mixed with three amounts of black India ink. The data are
normalized to the r dc value at » = 2.5 cm. The correlation coef-
ficients for the lines fitting these data are equal to 1.000.
(b) Monte Carlo simulation of In{r de) versus r for four values of
e The data are normalized to the r dc value at » = 2.5 cm.

in this particular frequency-domain Monte Carlo simula-
tion. Figures 8 and 9 report plots of the natural loga-
rithm of the source/detector separation r multiplying the
dc intensity and the ac intensity of the detected light
signal versus the source/detector separation r in media of
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different absorptions p,. The linearity of the fits to the
data in Figs. 8 and 9 is consistent with the predictions of
Egs. (16) and (17) respectively, as are the decreasing values
of the slopes of the linear fits to the data in Figs. 8 and 9
with respect to the increasing media absorption u,.

The slopes of the linear fits to the phase-shift data of
Fig. 6(a) were used in the calculation (Table 1) of values for
the wavelength A and the phase velocity V of sinusoidally
intensity-modulated light at 120-MHz modulation fre-
quency as it propagates in the homogeneous scattering
medium (3.78 L of skim milk mixed with no ink to 10 uL
of black India ink). Comparing the wavelength and the
phase velocity of the 120-MHz light-intensity wave in a
vacuum with the wavelength and the phase velocity of the
120-MHz photon-density wave in the skim-milk media,

0T
SKIM MILK EXPERIMENT
modulation frequency = 120 MHz
-11
2 (a)
[9)
<
= -3
k]
-4 O noink
A 5pLink
0 10uLink
-5
-6
2 4 6 8 10
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0
" (b)
2
g 1
E. J15= 0.000125/mm

Monte Carlo simulation
g = 0.002/mm

’
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1 modulation frequency = 117 MHz
(1 - Q)us= 0.46/mm

Jea = 0.008/mm

3 4 5 6 7 8 9 10
r (cm)

Fig. 9. (a) Natural logarithm of the source/detector separation r
multiplying the ac amplitude obtained at r, versus r, where the
source and the detector are immersed in 3.78 L of skim milk
mixed with three amounts of black India ink. The data are
normalized to the r ac value at r = 2.5 cm. The correlation co-
efficients for the lines fitting these data are equal to 1.000.
(b) Frequency-domain Monte Carlo simulation of In(r ac) versus r
for three values of u,. The data are normalized to the r ac value
atr = 2.5 cm.

.
Ly

Table 1. Wavelength and Phase Velocity of a
Photon Density Wave in 3.78 L of Skim Milk
Mixed with Black India Ink*

A (mm) V (mm/s)
No ink 160 1.92 x 10%°
5 uL of black ink 168 2.02 x 10'°
10 L of black ink 176 2.11 x 10"

%w/27 = 120 MHz.
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Fig. 10. (a) Plots calculated from diffusion theory of de intensity
at four medium absorptions versus the position of an absorbing
edge. (b) Measurement in skim milk mixed with four amounts
of black India ink of dc light intensity versus the position of an
absorbing edge.
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Diffraction by an edge:

skim milk experiment

1/ sharpness (cm)

O.GW
0.4
0.2

005 1o 15 20 25 % & 4

square root of microliters of ink
Fig. 11. Inverse sharpness of an edge (the sharpness is the in-
verse of the distance moved by the edge, relative to the source/
detector position, that causes the intensity to decrease from 90%
to 10% of the initial value) versus the square root of the volume of
black India ink in the skim milk. This figure was derived from
the plots in Fig. 10(b).

we see that the wavlength and the phase velocity of the
photon-density wave in skim milk are reduced by a factor
of the order of 10 relative to the wavelength and the phase
velocity, respectively, of the light-intensity wave in a
vacuum. The values in Table 1 show that, as the medium
absorption increases, the wavelength of the photon-density
wave increases, as does the phase velocity. The magnitude
of the photon-absorbing properties of a transporting
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medium thus has implications for the use of sinusoidally
intensity-modulated light in the imaging of objects im-
mersed in strongly scattering media: the effect of in-
creasing the photon-absorbing properties of a scattering
medium reduces the resolving power of the frequency-
dependent part of the photon density by increasing its
wavelength. This result is consistent with Eq. (10) above.
Note that Eq. (10) also predicts that increasing the density
of scatterers in a transporting medium improves the re-
solving power of the frequency-dependent part of the pho-
ton density by reducing its wavelength. As the results in
Section 7 will show, the ability to resolve an object im-
mersed in a highly scattering medium may be improved by
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Fig. 12. Monte Carlo simulation of the time-gated mtens1ty ver-
sus the position of an absorbing edge.
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Fig. 13. (a) Plots calculated from diffusion theory of ac ampli-
tude at four modulation frequencies versus the position of an ab-
sorbing edge. (b) Frequency-domain Monte Carlo simulation of
ac amplitude at three modulation frequencies versus the position
of an absorbing edge.



136 J. Opt. Soc. Am. A/Vol. 10, No. 1/January 1993

80
704 Diffraction by an edge:
calculation
60+
@ 504 (1 - Qlus = 0.50/mm
T .
o 40 modulation frequency = 120 MHz
«©
S a0 g = 0.0017/mm ——————p
o 30
2 s = 0.008/mm
©
° 204 pa = 0.032/mm
104 (a)
0
-10 T T T T T T T T
-5 -4 -3 -2 -1 0 1 2 3 4
source/det. pos. relative to edge (cm)
80.0
70.0+ )
Diffraction by an edge:
5 60.01 skim milk experiment
ﬁ 50.01
% 40.04  modulation frequency = 120 MHz
=
Q
S 30.07
3
g 20.0 (b)
10.04 X
0.0 % SR —
g I
-10.0 T T

5 4 3 2 41 0 1 2 3 4
source/det. pos. relative to edge (cm)

r-— noink  ~— 30uLink —— 300uL ink

Fig. 14. (a) Plots calculated from diffusion theory of the relative
phase at three media absorptions versus the position of an ab-
sorbing edge. (b) Measurement in skim milk mixed with three
amounts of black India ink of the relative phase versus the posi-
tion of an absorbing edge.

an increase in the photon-absorption properties of the me-
dium if properties of the dc part (instead of the ac part) of
the photon density are used in the imaging process.

7. DIFFRACTION AND REFLECTION BY AN
ABSORBING EDGE: SIMULATIONS AND
EXPERIMENTS

Figures 10-19 were obtained with the use of the geometry
shown in Fig. 5(a) above. Figure 10 shows plots of the
normalized dc light intensity of a diffracted signal in scat-
tering media of different absorptions versus the source/
detector position relative to an absorbing edge. The plots
of Fig. 10(a) are derived from diffusion theory, and the
plots of Fig. 10(b) were obtained from the detection of the
dc light intensity in skim milk mixed with different
amounts of black India ink. The sharpness in the de-
crease in dc intensity in Fig. 10 increases with increasing
photon absorption in the medium, owing to the deletion of
photons traveling relatively long path lengths from the
source to the detector. We define the sharpness as the
inverse of the distance moved by the edge, relative to
the source/detector line, that causes a decrease in the in-
tensity from 90% to 10% of its initial value. Increasing
absorption leads to a narrowing of the distribution of
photon paths from the source to the detector, resulting in
a sharpening of the intensity decrease as the edge of the
plane cuts into the narrowing bundle of light. Figure 11
shows a plot of inverse sharpness of the decrease in dc in-
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tensity versus the square root of the volume of black India
ink mixed with skim milk. Note that the inverse sharp-
ness plotted in Fig. 11 appears asymptotically to approach
0.3 cm, which is the diameter of the aperture of the detec-
tor optical fiber. Figure 10 shows that when the edge is
exactly between the source and the detector, the dc light
intensity is less than one half of the maximum. Thisisa
consequence of the diffusion of the photons, which allows
for the deletion of photon paths that would have crossed
the area occupied by the edge multiple times. Figure 12
shows a Monte Carlo simulation of the normalized time-
gated light intensity versus the source/detector position
relative to an absorbing edge in a diffraction experiment.
The sharpness of the time-gated intensity plot in Fig. 12
increases with the separation of the earlier photons from
the rest of the photons, which is a consequence of the ear-
lier photons’ traversing a relatively straight path in their
movement from the source to the detector (i.e., the earlier
photons undergo relatively few collisions). Figure 13
shows plots derived from diffusion theory and from a
frequency-domain Monte Carlo simulation of the normal-
ized ac amplitude of the photon density generated by a
source that is sinusoidally modulated at different modula-
tion frequencies versus the source/detector position rela-
tive to an absorbing edge in a diffraction experiment.
The sharpness of the normalized ac amplitude in Fig. 13
increases with increasing modulation frequency. At high
modulation frequencies, only those photons traveling a
relatively straight path from the source to the detector
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Fig. 15. (a) Plots calculated from diffusion theory of the demodu-
lation at three media absorptions versus the position of an ab-
sorbing edge. (b) Measurement in skim milk mixed with three
amounts of black India ink of signal demodulation versus the po-
sition of an absorbing edge.
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survive, owing to the exp(—ar)/r attenuation of the ac
part of the signal. In comparing the plots of Fig. 10 with
the plots of Figs. 12 and 13, we can see that the photon-
absorption properties of a medium and the time resolution
of the scattered photons are analogous insofar as how they
affect the resolution of the absorbing edge in the scatter-
ing medium. Higher photon absorption in the medium
provides sharper resolution of the edge when the dc inten-
sity of the light signal is measured, owing to the deletion
from the medium of photons traveling relatively longer
path lengths from the source to the detector; faster time
gating or higher modulation frequencies provide sharper
resolution of the edge in measurements of the time-gated
or frequency-dependent part of the signal, owing to the
detection of photons undergoing relatively few scattering
events. Figures 14 and 15, respectively, show plots of the
phase and the demodulation of a diffracted signal at 120-
MHz modulation frequency versus the source/detector po-
sition relative to an absorbing edge in media of different
absorptions. The plots of Figs. 14(a) and 15(a) are derived
from diffusion theory, and the plots of Figs. 14(b) and
15(b) were obtained from the detection of a sinusoidally
intensity-modulated light signal in skim milk mixed with
different amounts of black India ink. Figures 16 and 17,
respectively, show plots of the phase and the demodulation
of a diffracted signal at different modulation frequencies
versus the source/detector position relative to an absorbing
edge. The plots of Figs. 16(a) and 17(a) are derived from
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diffusion theory, and the plots of Figs. 16(b) and 17(b) were
obtained from the detection of a sinusoidally intensity-
modulated light signal in skim milk. Figures 18 and 19,
respectively, show plots of the phase and the demodulation
of a diffracted signal at different modulation frequencies
versus the source/detector position relative to an absorbing
edge. The plots of Figs. 18(a) and 19(a) are derived from
diffusion theory, and the plots of Figs. 18(b) and 19(b) are
from a frequency-domain Monte Carlo simulation.

The frequency-resolved plots of Figs. 14-19 show that
the phase first decreases as the source and the detector
approach the zero position and then sharply increases.
The overall magnitude of the effect decreases as the pho-
ton absorption within the medium increases. To explain
this effect qualitatively, we must consider that at the
detector we are measuring the contribution of photons
traveling throughout a distribution of paths. As the
source and the detector approach the zero position, the
field of view becomes occupied by the absorbing edge, and
all the longer paths that would have crossed the boundary
now occupied by the edge are deleted. This deletion
causes an effective advance of the average wave front and
an increase in the modulation of the signal. As the source
and the detector move closer to the zero position, the phase
reaches its minimum value and the modulation reaches its
maximum value. When the edge passes the zero position,
all the shorter paths are deleted, and the wave front is
strongly retarded and demodulated. The addition of ink
effectively deletes the longer photon paths, thereby de-
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creasing the overall effect. In the limit of high absorption
the phase difference caused by the insertion of the edge
becomes small since the effective wave velocity is high.
Figures 20 and 21, respectively, show plots of the phase
and the demodulation of a reflected signal at different
modulation frequencies versus the source position relative
to an absorbing edge. These plots were acquired with the
use of the geometry shown in Fig. 5(b) above. The plots
of Figs. 20(a) and 21(a) are derived from diffusion theory,
and the plots of Figs. 20(b) and 21(b) were obtained from
the detection of a sinusoidally intensity-modulated light
signal in skim milk. The plots of Figs. 20 and 21 show
that the phase decreases as the source approaches the zero
position and then reaches a constant value, while the
modulation increases and then reaches a constant value.
The qualitative explanation of this effect is almost identi-
cal to the qualitative explanation of the behavior of the
phase and the demodulation in the diffraction experiment,
the only difference being that the phase and the modula-
tion reach a constant value in the reflection experiment
because the source and the detector are on the same side
of the plane; when the edge of the plane passes the source
and the detector, the distribution of the photon paths be-
tween the source and the detector becomes constant.

8. CONCLUSION

The diffusion approximation to the Boltzmann transport
equation fully describes our experiments of propagation of
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photons in macroscopically homogeneous infinite media
for all the absorptions investigated. The range of absorp-
tion and transport scattering coefficients that we have
studied is typical of many animal tissues in the near-
infrared region.® At high absorption or at distances from
the light source that are of the order of the mean free path
for light scattering, the diffusion approximation should
fail.’® Given the value of (1 — g)u, and the value of y,
for light of 810-nm wavelength in skim milk, which we
determined from our data to be 0.50/mm and 0.0017/mm,
respectively, few unscattered photons will survive the
transit from the source to the detector when the source/
detector separation is of the order of a few centimeters.
(Note that for our measurements the minimum source/
detector separation was 2.5 cm.) However, at short
distances from the source, unscattered photons will con-
tribute to the light intensity. We have performed other
experiments, not reported here, in which we have studied
the angular dependence of the light intensity in a milk
suspension. We have oriented the end of the detector op-
tical fiber either directly toward the source or away from
the source, and we have measured the same intensity in
the medium within errors. Only when the detector was
very close to the source, less than a centimeter for the
skim-milk experiment, did we observe a definitive depen-
dence of the light intensity on the orientation of the end of
the detector optical fiber relative to the source. The ef-
fects on the measured light intensity in the milk suspen-
sion that are due to the boundary of the tank containing
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Fig. 19. (a) Plots calculated from diffusion theory of the demodu-
lation at four modulation frequencies versus the position of an
absorbing edge. (b) Frequency-domain Monte Carlo simulation
of the demodulation at five modulation frequencies versus the po-
sition of an absorbing edge.
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Fig. 20. (a) Plots calculated from diffusion theory of the relative
phase at three modulation frequencies versus the position of an
absorbing edge. (b) Measurement in skim milk of the relative
phase at three modulation frequencies versus the position of an
absorbing edge. The light source that was used to generate these
data was a synchronously pumped Rhodamine 6G single-jet dye
laser that was cavity dumped at 2 MHz. The dye laser was tuned
to a wavelength of 690 nm. Apart from the light source, the ex-
perimental setup is as described in Section 5.

the milk suspension were also studied; deviations from
the expected behavior (based on the diffusion approxima-
tion for an infinite medium) were observed, these were
due to the light exchange with the room rather than to the
presence of the boundaries. The milk suspension acts as
a condenser for light, since the photon density is inversely
proportional to the photon diffusion coefficient. An opti-
cal fiber immersed in the milk suspension measures a
higher photon intensity than that measured by the fiber in
the room (assuming isotropic illumination).

For the purpose of spectroscopy and the imaging of thick
tissues, the scattered light component provides the only
contribution of the light transmitted through the sample,
since the unscattered component is already strongly at-
tenuated at distances comparable with the mean free path.
The amount of the scattered component that is transmit-
ted depends only on the absorption of the sample. To put
this scattered component to better use, we superimpose a
sinusoidal amplitude modulation upon the intensity of the
light source, or we can pulse the light source. The photon-
density wave reproduces some of the features of the origi-
nal electromagnetic wave of wavelength A and allows for
the recovery of the spectroscopic parameters u,(\) and
[1 — gW)]us(1) from a measurement of the ac phasor.
[As was noted by Patterson et al., a limitation of the model
based on the diffusion approximation is the ambiguity be-
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tween g and u,, since only the product (1 — g)u, can be
obtained.’] However, since the propagation is by diffu-
sion, the amplitude-modulated term attenuates as
exp(—ar)/r as the photon-density wave advances (even
with no photon absorption). Consequently the amplitude-
modulated term, which carries information on the optical
parameters, becomes negligible after propagation through
10-15 cm of scattering medium (with properties similar
to those of tissues) at rf modulation. To obtain good spa-
tial resolution, one must increase the amplitude modula-
tion frequency, which also reduces the penetration of the
photon-density wave at that modulation frequency. As a
consequence of the exp(—ar)/r attenuation of the ac am-
plitude, there is a quasi-linear relationship between the
wavelength of the photon-density wave and the penetration
of the photon-density wave in a strongly scattering me-
dium when p, = 0. Given the exponential nature of the
attenuation process, there is only a logarithmic advantage
in increasing the source intensity.

The edge resolution experiments show that the basic
rule that governs the resolution or the sharpness of the
edge is the deletion of the longer photon paths. Several
processes and measurement protocols can cause the effec-
tive deletion of the longer path: photon absorption, high
modulation frequency, and faster time gating. The
mechanism by which the sharpness of an edge is increased
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Fig. 21. (a) Plots calculated from diffusion theory of the demodu-
lation at three modulation frequencies versus the position of an
absorbing edge. (b) Measurement in skim milk of the signal de-
modulation at three modulation frequencies versus the position of
an absorbing edge. The light source described in the caption to
Fig. 20(b) was used in the acquisition of these data, but, apart
from the light source, the experimental setup is as described in
Section 5.
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can easily be explained from the perspective of a bundle of
photon paths that join the source to the detector. The
thinner the light bundle, the closer the approach to the
computer tomography geometry. In practice, the effective
light bundle can be made very narrow, of the order of a
millimeter for source/detector distances of 3-5 ¢cm and ab-
sorption and scattering transport coefficients of the order
of those found in animal tissues in the near infrared. The
ultimate resolution or sharpness of an edge should not be
confused with the detectability of a small object. The
detectability is determined by the precision of the phase
and demodulation measurement, which can be extremely
high.?® Instead, the sharpness of an edge or the separa-
tion of two small objects depends on the optical properties
of the medium, modulation frequency, or time gating.
Since we have obtained the analytical solution for some
typical cases, we understand how the optical properties
and modulation frequency or time gating determine the
sharpness of an edge.

The measurement of the photon-density wave front pro-
vides a simple and powerful method to detect macroscopic
inhomogeneities in a scattering medium. An absorbing
object causes a wave-front deformation that is easy to
measure. We are studying the limit of resolvability of
small absorbing objects in highly turbid media.
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