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Abstract

On Freudenthal Duality and Gauge Theories

by

Anthony Joseph Tagliaferro
Doctor of Philosophy in Physics

University of California, Berkeley

Professor Bruno Zumino, Chair

In this thesis, I write down a Lagrangian for an exotic gauge theory defined using Freudenthal
Triple Systems (FTS). FTSs are algebraic systems that arise in the context of Lie algebras
and have have been found useful in D=4 Supergravity. These systems come with a sym-
metry known as Freudenthal Duality (or F-duality) which preserves a certain degree four
polynomials ∆(x). The Lagrangian I write down is invariant under both the exotic gauge
theory defined by the FTS and Freudenthal Duality. In prepration for discussing these top-
ics, I review FTS and touch on their relationship to Lie algebras. I then discuss F-duality
and present a novel proof that only depends on the axioms of the FTS on not on a direct
calculation of any particular realization. I then review N=2 Maxwell-Einstein Supergravity
in 4D (and 5D) and go over how F-duality arose in the first place. The final main chapter
goes over my main results, which is taken from a paper which will be published soon, with
several coathurs.
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Chapter 1

Introduction

1.1 Introduction

Freudenthal Triple Systems (FTS) have long been in the mathematical literature, and
more recently have started appearing in the physics literature. Hans Freudenthal intro-
duced them when studying them in connection to the exceptional Lie algebras [28]. These
algebras have some very nice propterties and enjoy a close relationship with Lie algebras,
particularly the exceptional Lie algebras (G2, F4, E6, E7, E8) as well as the symplectic Lie
algebras (Sp(2n)). Many of their properties had been worked out decades ago, but more re-
cently, they’ve been appearing in physical applications, especially in connection to Maxwell-
Einstein Supergravity Theories, U-duality, and black hole entropy. The properties that
define a Freudenthal triple system not only make them useful in studying gauge theories and
U-dualities in supergravity, they also are useful in defining new types of gauge theories [10].

To begin, a Freudenthal Triple System consists of a triple product, xyz, and a antisym-
metric bilinear form, 〈x, y〉, satisfies the following axioms

xyz = yxz (1.1)

xyz = xzy + 2λ〈y, z〉x− λ〈z, x〉y − λ〈x, y〉z (1.2)

uv(xyz) = (uvx)yz + x(uvy)z + xy(uvz) (1.3)

〈xyz, w〉 = −〈z, xyw〉 (1.4)

where λ is a real number; different FTS in the literature have different values of λ, but they
all can be put in a form which satisfies these axioms. From this system it is possible to
construct a degree 4 polynomial, of the form

∆(x) =
1

2
〈xxx, x〉. (1.5)

This object is used to calculate the entropy of a black hole, which is the first case in which
Freudenthal duality arose. As explained in [9] (and references contained therein), black hole
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entropy takes the form (in some 4D models)

I4 = π
√

∆(x) (1.6)

where x is a FTS element representing the electric and magnetic charges of the black hole.
The reason it takes this form is that they come from 5D models whose structure is determined
by Jordan algebras. By dimensional reduction the Jordan algebras become Freudenthal
Triple Systems using a well-known construction. It turns out that the object ∆(x) (and
hence the black hole entropy) was invariant under a duality operation dubbed Freudenthal
Duality [14]. This duality relation showed that two black holes with very different charge
configurations had the same entropy.

Freudenthal duality (F-duality) is a nonlinear operation on the FTS which leaves the
object ∆(x) invariant. It acts as follows:

F(x) =
sgn(∆(x))√

6|λ∆(x)|
xxx. (1.7)

Using these ingredients, it is possible to construct a gauge theory which is based on the
Freudenthal Triple System, which has the axioms listed above, and which is invariant under
the F-Duality. The gauge symmetry, which is constructed similarly to the Lie 3-algebra
gauge theories of the BLG model [3], acts on scalar fields as follows,

(LΛφ(x))d = f d
abc Λab(x)φc(x) (1.8)

where f d
abc are the structure constants for the FTS (which satisfies the axioms listed above),

Λab(x) are the local gauge parameters, and φ(x) is the scalar field. From this, we construct
a covariant derivative, which transforms in the usual way under a gauge transformation,

(Dµφ)d = ∂µφ
d − f d

abc A
ab
µ φ

c (1.9)

for gauge fields Aab. A field strength is then constructed from this gauge field, and the usual
Maxwell action (plus potential topological terms) form the Lagrangian for the gauge fields.
The total (minimal) Lagrangian constructed is as follows

Lminimal [φ(x), Fµν (x)]D>4 = −1

2
〈Dµφ,D

µφ̃〉 +
1

4
Tr
(
F̂ 2
)
− ∆(φ), (1.10)

where F̂ is the field strength associated with Aab
µ , and φ̃ = F(φ) is the Freudenthal dual of

φ. This action was constructed to not just be invariant under the gauge theory determined
by the FTS, but also invariant under F-duality.

In this thesis, we will begin with a discussion of Freudenthal Triple Systems. We will
define them and show how they relate to Lie algebras and Jordan algebras. From there, we
will discuss Freudenthal Duality and make a few comments. In the following chapter, we will
give a brief review of Maxwell-Einstein Supergravity and how Freudenthal Triple Systems
tie into that topic and how Freudenthal Duality arose in the first place. Finally, we will end
on a soon-to-be published paper on the Freudenthal Gauge Theory.
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Chapter 2

Freudenthal Triple Sytems

2.1 Introduction to Freudenthal Triple Systems

Historically, Freudenthal Triple Systems (FTS) were first introduced by Hans Freuden-
thal in his study of the exceptional Lie Algebras. He realized he could use Jordan algebras
in the process and managed to create a realization of the exceptional Lie algebras, which
had proven resistant to this. Since then, Freudenthal Triple Systems have appeared in other
applications, most recently in black hole physics (as the algebra naturally arises in 4D sys-
tems). In this chapter, we will cover the basics of Freudenthal Triple systems, show how
they are related to Lie algebras and provide some useful relations.

2.2 Definition of a Freudenthal Triple System

2.2.1 The Defining Properties of a FTS

To our purpose, a FTS is a Symplectic Triple System, which is a symmplectic vector
space K equipped with a triple product xyz : K⊗ K⊗ K→ K, defined for any three elements
x, y, z ∈ K. The triple product satisfies the following axioms:

(i) xyz = yxz

(ii) xyz = xzy + 2λ〈y, z〉x− λ〈z, x〉y − λ〈x, y〉z

(iii) uv(xyz) = (uvx)yz + x(uvy)z + xy(uvz)

(iv) 〈uvx, y〉+ 〈x, uvy〉 = 0,

where 〈x, y〉 = −〈y, x〉 is the symplectic form defined in K, and λ is an arbitrary constant.
Let us remark here that when λ 6= 0 the fourth axiom can actually be derived from

the previous three. Mathematically, whenever λ 6= 0 the second axiom is a very strong
compatibility condition that constrains the structure of the triple product and the symplectic
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form defined over the vector space K, and hence the non-trivial algebraic structure of the
FTS. On the other hand, when λ = 0, the first three axioms reduce to the defining properties
of a Lie-3 algebra defined over Grassmanian numbers, which in general is not a FTS. And
hence, one has to further impose the fourth axiom as a compatibility condition between
the (now totally symmetric) triple product and the symplectic form and hence restores the
algebraic structure of the FTS K. In any rate, we include the fourth conditon as part of the
axioms so that the most generic situation will be included.

It will be convenient for our discussion later to introduce a basis {ea} of K that allows
one to write down the symplectic metric and the triple product structure constant (or simply
structure constant for short) as:

〈ea, eb〉 = ωab

eaebec = fabc
ded.

When the symplectic metric ωab is non-degenerate, which we will always assume to be true
in this paper, one has an isomorphism between the vector space K and its dual space, and
hence can lower the last index of the structure constant 1 : fabcd ≡ fabc

eωed. In terms of
these coefficients, the defining axioms can be re-written as:

(i) fabcd = fbacd

(ii) fabcd = facbd + 2λωadωbc − λωcaωbd − λωabωcd

(iii) f d
abc f

g
efd = f d

efa f g
dbc + f d

efb f
g

adc + f d
efc f

g
abd

(iv) fabcd = fabdc.

Expressing the triple product in this way will allow us to compare our triple products to
others in the literature, which tend to be expressed in terms of their structure constants.

2.2.2 The Left Multiplication Operator

We first observe that the third property of the FTS allows one to introduce for any pair
of x, y ∈ K a linear operator Lxy ∈ gl(K) acting on z ∈ K as:

Lxy z ≡ xyz, (2.1)

Using this operator, we can reformulate the properties of the Freudenthal Triple product as
follows:

(i′) Lxy = Lyx

(ii′) Lxyz = Lxzy + 2λ〈y, z〉x− λ〈z, x〉y − λ〈x, y〉z
1In this note, we will adopt the NE-WS convention when raising or lowering the indices using the sym-

plectic metric.



Section 2.2. Definition of a Freudenthal Triple System 5

(iii′) Luv (xyz) = (Luv x)yz + x(Luv y)z + xy(Luv z)

(iv′) Luv 〈x, y〉 = 〈Luv x, y〉 + 〈x,Luv y〉 = 0.

Property (iii′) indicates that the left multiplication operator, Lxy is a derication with respect
to the triple product. Moreover, looking at property (iv′), it is clear that Lxy is not just a
linear operator, Lxy ∈ gl(K), it is actually a symplectic operator. sp(K) is defined to be set
of all linear operators A ∈ gl(K) such that

〈Ax, y〉 + 〈x,Ay〉 = 0. (2.2)

Thus we can think of Lxy as a mapping from K to sp(K):

L : K× K→ sp(K) (2.3)

(x, y) 7→ Lxy (2.4)

However, LLxy is linear in each of its arguments,

L(ax)yz = Lx(ay)z = Lxy(az) = aLxyz = a(xyz), (2.5)

for any a in our field of coefficients (usually a ∈ R). Which suggests that we should in
fact think of L as mapping the tensor product K ⊗ K into sp(K), but by property (i′), it is
symmetric in its arguments. Hence L is mapping from the set of symmetric 2-tensors into
sp(K) (taking {ea} to be a basis for K):

L : K⊗S K→ sp(K) (2.6)

Λ = Λabea ⊗ eb 7→ ΛabLeaeb
(2.7)

where Λab ∈ K⊗S K is symmetric in a, b. In what follows, we will typically put a hat over Λ
to denote the image of this map:

Λ̂ = ΛabLeaeb
. (2.8)

This is just a notational convenience for when we start using these operators in gauge theories
and don’t want to clutter the formulas with too many L’s.

It should be noted that with gl(K) comes the notion of trace. The trace maps linear
operators into scalars and it satisfies the following properties:

(i) tr(A+B) = tr(A) + tr(B)

(ii) tr(aA) = a · tr(A)

(iii) tr(AB) = tr(BA)
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for A,B ∈ gl(K) and a ∈ R. The usual way the trace is introduced is by looking at the
coefficients of a given linear operator, setting the indices equal to each other and summing
as follows:

tr(A) ≡ Aa
a = ea (Aea) (2.9)

(Einstein summation convention is being used). Where {ea} is a basis for K and {ea} is the
associated dual basis defined by ea(eb) = δa

b, where δa
b here is the Kronecker delta. It turns

out that if you have a bilinear form, you can express the trace in another way:

tr(A) = ωab〈eb, Aea〉 (2.10)

Where ωab = 〈ea, eb〉 are the coefficients for our symplectic bilinear, and ωab is its inverse,
ωacωcb = δa

b. Once it is expressed in this way it is clear to calculate that Lxy is traceless:

tr (Lxy) = ωab〈eb, Lxyea〉 (2.11)

= −ωab〈Lxyeb, ea〉 (2.12)

= +ωab〈ea, Lxyeb〉 (2.13)

= −ωba〈ea, Lxyeb〉 (2.14)

= −tr (Lxy) = 0 (2.15)

This is as it should be because Lxy ∈ sp(K) ⊂ sl(K), as sl(K) is defined to be the set of all
traceless matrices.

2.2.3 Useful Identities

Using the properties of the Freudenthal Triple System, we can prove a few identities
which will be useful later. In particular, properties (i), (ii), and (iv) imply the following
identity:

〈Luvx, y〉 = 〈Lxyu, v〉. (2.16)

In terms of basis elements, the identity reads as fabcd = fcdab. The proof of this fact is shown
below:

〈uvx, y〉 = 〈uxv, y〉+ 2λ〈v, x〉〈u, y〉 − λ〈x, u〉〈v, y〉 − λu, v〉〈x, y〉 (2.17)

= 〈uxy, v〉+ 2λ〈y, u〉〈x, v〉 − λ〈u, x〉〈y, v〉 − λ〈x, y〉〈u, v〉 (2.18)

= 〈xuy + 2λ〈y, u〉x− λ〈u, x〉y − λ〈x, y〉u, v〉 (2.19)

= 〈xyu, v〉 (2.20)

Another useful identity is given by the following:

L(xyx)y + Lx(yxy) = 0. (2.21)

In particular, if x = y, then the above expression implies that:

L(xxx)x = 0. (2.22)
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This identity will be very important when we attempt to work with Freudenthal Duality in
an upcoming section. The proof relies on the derivation property:

LxyLxyz = xy(xyz) = (xyx)yz + x(xyy)z + xy(xyz) (2.23)

Notice that the original term is reproduced on the right hand side, and thus vanishes from
the equation, leaving us with:

(xyx)yz + x(xyy)z = (xyx)yz + x(yxy)z = L(xyx)y z + Lx(yxy) z = 0 (2.24)

As z was an arbitrary element, we’ve shown that the operator identity is true.

2.2.4 Relations Between Various FTS in the Literature

If you read up on the literature of Freudenthal Triple systems, you will find a number
of different looking defining conditions all going under the same name ”Freudenthal Triple
Systems”. The way we have stated the properties matches Okubo’s notation [39]. However,
all of the different triple products are very simply related to the one we are using, as we will
now show.

In Yamaguchi’s paper [33], he lists the below properties of his triple product. It should
be noted that his paper P,Q,R ∈ K are elements of the Freudenthal Triple System and
P × R is analogous to what we call Lxy in that it is an operator who’s action on vectors in
K is the triple product.

• (P ×Q)R− (P ×R)Q+ 1
8
〈P,Q〉R− 1

8
〈P,R〉Q− 1

4
〈Q,R〉 = 0

• 〈(P ×Q)R, S〉 + 〈R, (P ×Q)S〉 = 0

• [P ×Q,R× S] = (P ×Q)R × S +R× (P ×Q)S.

Which, if you convert these expressions into our notation are exactly properties (ii)-(iv) of
our triple system, with λ = 1

8
. Our first property (i), is implicit in Yamaguchi’s construction

P × R = R × P . We will return to this construction as an example of a Freudenthal Triple
System that has been explicitly worked out.

Another paper dealing triple systems like ours is Faulkner’s paper [31]. Faulkner used
〈x, y, z〉 to denote his triple product, which satisfied the following properties:

• 〈x, y, z〉 = 〈y, x, z〉 + 〈x, y〉z

• 〈x, y, z〉 = 〈x, z, y〉 + 〈y, z〉x

• 〈〈x, y, z〉, w〉 = 〈〈x, y, w〉, z〉+ 〈x, y〉〈z, w〉

• 〈〈x, y, z〉v, w〉 = 〈〈x, v, w〉y, z〉+ 〈x, 〈y, v, w〉, z〉+ 〈x, y, 〈z, w, v〉〉
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Noted the switched order of v, w in the last term. It turns out that the triple product listed
above is very simply related to our triple product by the following relation:

< x, y, z >= xyz +
1

2
〈x, y〉z, (2.25)

with λ = 1
2
. As an example, consider the first property listed:

〈x, y, z〉 = xyz +
1

2
〈x, y〉z (2.26)

= yxz +
1

2
〈x, y〉z (2.27)

=

(
yxz +

1

2
〈y, x〉z

)
− 1

2
〈y, x〉z +

1

2
〈x, y〉z (2.28)

= 〈y, x, z〉 +

(
1

2
+

1

2

)
〈x, y〉z (2.29)

Yet another example of a Freudenthal Triple System is the one in Brown’s paper [13],
which is the closest to Freudenthal’s original construction of the ones listed. He denotes
his triple product by t(x, y, z) and he expresses the properties of this triple product by
considering a degree four polynomial q(x, y, z, w) = 〈x, t(y, z, w)〉. In terms of these objects,
his axioms read as follows:

• q(x, y, z, e) is symmetric in all arguments (hence t(x, y, z) is also symmetric.

• q does not vanish everywhere

• t(t(x, x, x), x, y) = 〈y, x〉t(x, x, x) + 〈y, t(x, x, x)〉x

As Brown’s triple product is symmetric and ours is not, it turns out that the Brown’s triple
product is the symmetrization of ours:

t(x, y, z) = xyz + yzx+ zxy + yxz + xzy + zyx (2.30)

= 6 (xyz − λ〈y, z〉x+ λ〈z, x〉y) (2.31)

Working our Brown’s last property using the above formula results in:

t(t(x, x, x), x, y) = 6λ (〈y, x〉t(x, x, x) + 〈y, t(x, x, x)〉x) (2.32)

Thus, in order to be consistent, λ = 1
6
. Duff et al. [14] use Brown’s triple system while

investigating Freudenthal Duality (to be discussed shortly), and given the form of their F-
dual field, would seem to suggest that λ is indeed one sixth.
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2.3 Lie Algebras and Freudenthal Triple Systems

Originally, Freudenthal invented his triple systems in order to study the exceptional
groups. Thus, there is a close connection between the triple systems under consideration
and Lie algebras which can be summarised using Freudenthal’s Magic Square. It turns out
that there is a relatively simple procedure that allows one to go from one system to the
other, which will be elaborated on shortly.

2.3.1 Constructing a Lie algebra from a FTS

The Lie algebra will be constructed from a copy of SL(2,C) which is generated by u, ũ,
and V , two copies of the Freudenthal Triple system whose elements will be denoted by x and
x̃, respectively, and finally the left action operator Lxy whose action is given by: Lxyz = xyz
and Lxyz̃ = x̃yz.

The Lie algebra we construct will be graded, meaning that different subspaces will be
assigned a grading between −2 and +2 and will satisfy [gi, gj] ⊂ gi+j where i, j is the grading.
The full Lie algebra is given as the sum of these subspaces: g = g2 ⊕ g1 ⊕ g0 ⊕ g−1 ⊕ g−2.
Using this grading, the Lie algebra will be broken up in the following way:

Table 2.1 Grading of Lie Algebra - FTS perspective
Subspace Elements Contained
g2 u
g1 x ∈ K

g0 V , Lxy

g−1 x̃ ∈ K̃

g−2 ũ

Now the multiplication table for the Lie algebra can be given. To read this table, the
element in the box is [x, y], where x is the row on which the box is found and y is the column.
The error in reading it the other way is a minus sign.

Thus, for example, [x, ũ] = +x̃ and [ũ, y] = −ỹ. Note that the grading is preserved
using this bracket.

2.3.2 Constructing a FTS from a Lie algebra

This summarizes what Okubo discusses in his paper “Triple Products and the Yang
Baxter Equation (Part II)” (hep-th/9212052). This can be obtained from what was written
in the previous section, but it’s presented a bit cleaner in Okubo’s paper.

Start with a Lie algebra g in the Chevally basis with an associated root structure ∆.
Remember that the root stucture decomposes the Lie algebra into eigenspaces, gα of the
Cartan subalgebra h ⊂ g under the adjoint action. In other words, for α ∈ ∆, h ∈ h and



Section 2.3. Lie Algebras and Freudenthal Triple Systems 10

Table 2.2 Product Rule for Lie Bracket

u ũ V y ỹ Lyz

u 0 V 2u 0 y 0
ũ −V 0 −2ũ −ỹ 0 0
V −2u 2ũ 0 −y ỹ 0
x 0 x̃ x 2λ〈x, y〉u Lxy + λ〈x, y〉V −yzx
x̃ −x 0 −x̃ −Lxy + λ〈x, y〉V 2λ〈x, y〉ũ −ỹzx
Lxw 0 0 0 xwy x̃wy L(xwy)z + Ly(xwz)

g ∈ g, then [h, g] = α(h)g. The Chevalley basis consists of picking basis elements xα ∈ gα

and hi ∈ h that are normalized so that:

[hi, hj ] = 0 (2.33)

[hi, xα] = 〈α, αi〉xα (2.34)

[xα, x−α] = hα (an integer combination of h1, h2, . . . , hℓ) (2.35)

[xα, xβ ] =

{
±(r + 1)xα+β if α + β ∈ ∆

0 else
(2.36)

In that last formula, r is the largest integer such that β − rα ∈ ∆. In short, this is a way of
writing down the Lie algebra while only refering to the Dynkin diagram.

Now, to construct a Freudenthal Triple system from a Lie algebra, we first need to find
the highest root for our Lie algebra, ρ, normalized so that (ρ, ρ) = 2, where (·, ·) is the
normal dot product. Then take u = xρ to be the generator of gρ and ũ = x−ρ to be the
generator of g−ρ, and define V = [u, ũ] ∈ h. As before, we can constuct a new grading for our
Lie algebra, g = g2 ⊕ g1 ⊕ g0 ⊕ g−1 ⊕ g−2. The generators of these subspaces are as follows:
As would be expected, we identify the vector space K = g1 as the Freudenthal Triple system

Table 2.3 Grading of Lie Algebra - root space perspective

g2 u = xρ

g1 xα such that (α, ρ) = +1
g0 xα such that (α, ρ) = 0
g−1 xα such that (α, ρ) = −1
g−2 ũ = x−ρ
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with the triple product and symplectic 2-form defined as below:

〈x, y〉u = 4[x, y] ∀ x, y ∈ K = g1 (2.37)

xyz =
1

2
([z, [x, [y, ũ]]] + [z, [y, [x, ũ]]]) (2.38)

Note: I’ve modified the first formula from Okubo’s paper in order to match the conventions
of the last section.

2.3.3 An Easy Example: SU(3)

We want to find out what Freudenthal Triple system is associated with the Lie algebra
SU(3). Since its Dynkin consists of two dots connecte by a line, we can tell that it’s root
system is generated by two simple roots, α1 and α2 whose inner product is (α1, α2) = −1
(remember that (α1, α1) = (α2, α2) = 2). The Cartan subalgebra is 2-dimensional, and the
root spaces are gα1

, gα2
, gα1+α2

, g−α1
, g−α2

, and g−α1−α2
. Notice that the dimenions of the

Cartan subalgebra and the root spaces work out to 8 = 32 − 1 which is the dimension of
SU(3). Constructing the grading as in the last section, we find: Call x the generator of

Table 2.4 Grading of SU(3)

Subspace dimension

g2 = gα1
1

g1 = gα1+α2
+ g−α2

2
g0 = h 2
g−1 = g−α1−α2

+ gα2
2

g−2 = g−α1
1

gα1+α2
, y the generator of g−α2

, ṽ the generator of g−α1−α2
, and w̃ the generator of gα2

. So
x, y generate one copy of the Freudenthal triple system and ṽ, w̃ generate the other. Looking
at the above relations, we can read off that [x, w̃] ∈ gα1+2α2

, but since α1 + 2α2 isn’t an
allowed root, [x, w̃] = 0. Reading off what this commutator is implies:

[x, w̃] = Lxw + λ〈x, w〉V = 0 (2.39)

Observe that Lxw is symmetric in x, w while 〈x, w〉 is antisymmetric. The only way the
above relation can vanish is if both terms vanish separately. This implies that 〈x, w〉 = 0,
but since the vector space is 2-dimensional, means that w ∝ x. We can take them to be
equal w = x. This further implies that Lxw = Lxx = 0, giving us information about the
triple product. For a similar reason, [y, ṽ] = 0 implies y = v and Lyy = 0.

Now, looking at g0, we see that it must be spanned by V, Lxx, Lxy, Lyy, but since Lxx =
Lyy = 0, we only have two nonzero generators V, Lxy. By dimension counting, the space is
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only 2 dimensional, so we have a complete basis. Finally, to determine the form of the triple
product explicitly, we will observe the following:

Lxyx = xyx (2.40)

= xxy + 2λ〈y, x〉x− λ〈x, y〉 − λ〈x, x〉y (2.41)

= Lxxy︸︷︷︸
=0

− 3λ〈x, y〉x (2.42)

= −3λ〈x, y〉x (2.43)

Similarly, we find that Lxyy = 3λ〈x, y〉y so that:

Lxyx = xyx = −3λ〈x, y〉x (2.44)

Lxyy = xyy = +3λ〈x, y〉y (2.45)

xxx = xxy = yyx = yyy = 0 (2.46)

Thus, we have determined the Freudenthal Triple system associated with the Lie algebra
su(3).

2.4 Simple Lie Algebras and FTS

It turns out that there the construction in the previous section results in simple Lie al-
gebras when the symplectic form is non-degenerate [33][31]. In fact, studying the exceptional
(simple) Lie algebras was the initial reason for constructing the Freudenthal Triple System.

Theorem: g(K), the Lie algebra constructed from the Freudenthal Triple System K, is
simple if and only if the symplectic bilinear form, 〈·, ·〉, is non-degenerate.

In order to prove this theorem, we first need to introduce a little terminology. For Lie
algebras, an ideal, I, of a Lie algebra g is a subspace I ⊂ g such that

[x, y] ∈ I ∀x ∈ I, ∀y ∈ g. (2.47)

In other words, if the bracket [·, ·] is thought of as the product in the Lie algebra, then
multiplying an element of an ideal by any other element results in something still in the
ideal, in much the same way as multiplying an even number by any other integer results
in an even number. By this definition, both the element {0}, and the full algebra g are
ideals. We will call these ideals trivial, and all other ideals non-trivial. A Lie algebra is
considered simple if there are no non-trivial ideals. The simple Lie algebras have all been
classified by Cartan into the familes An (SL(n+1,C)), Bn (SO(2n+1,C)), Cn (Sp(2n,C)),
Dn (SO(2n,C)), G2, F4, E6, E7, and E8. These are complex Lie algebras, and there are
corresponding real forms for each of them.

In much the same way, an ideal in a Freudenthal Triple System, K, is defined to be a
subspace I ⊂ K such that

xyz, zxy, yzx ∈ I ∀x ∈ I, ∀y, x ∈ K. (2.48)
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In other words, if any one of the elements in the triple product is in the ideal, then the
resultant of the product is also in the ideal. And just like a Lie algebra, a FTS K is said to
be simple if there is no non-trivial ideals ({0} and K are considered trivial).

With that bit of terminology out of the way, we can now begin to prove the theorem
introduced earlier. However, we must first prove some lemmas first.

Lemma 1: K is simple if and only if 〈·, ·〉 is nondegenerate.
Proof: First recall property (ii) of the triple product:

xyz = xzy + 2λ〈y, z〉x− λ〈z, x〉y − λ〈x, y〉z. (2.49)

Using this identity, we can arrive at the following relation:

〈x, y〉z = 〈y, z〉x+
1

2λ
(2zxy − yzx− xyz) (2.50)

Now, take x ∈ I, an ideal of K, and let y, z ∈ K be random elements of the FTS. In
particular, let z ∈ K − I, the complement of I in K, which is nonzero if I is a nontrivial
ideal. Then, the right hand side of that equation is an element of I, since I is an ideal, but
the left hand side of the equation is not, unless 〈x, y〉 = 0 for all y ∈ K. This shows that if
there is a non-trivial ideal of K, then the symplectic bilinear form is degenerate. Conversely,
Rad(K) = {x ∈ K|〈x, y〉 = 0, ∀y ∈ K} is an example of an ideal, should the metric be
degenerate. The lemma is merely the converse of these two statements. �

One quick note: in the above proof, we mentioned Rad(K). This is a maximal ideal in
that all other non-trivial ideals are contained within it.

Lemma 2: g(K) is simple (as a Lie algebra) if and only if K is simple (as a FTS).
Proof: Again, we will prove the converse of this statement. If g(K) has a nontrivial ideal

then K also has a nontrivial ideal. Also, recall that as a vector space g(K) = K⊕ K̃⊕ sl(2) ⊕
{Lxy}.

First, assume g(K) has a nontrivial ideal I ⊂ g(K), then I = I ∩ K is a nontrivial ideal
of K. This can be seen from the below relation:

xyz =
1

2
([z, [x, [y, ũ]]] + [z, [y, [x, ũ]]]) (2.51)

If x ∈ I ∩ K, then the right hand side of that equation is in I, by virtue of I being an ideal,
and it’s in K by explicit calculation of the above product. Thus xyz ∈ I if x ∈ I, and the
same is true if y or z is in I. Thus, if g(K) has a nontrivial ideal, then K also has one.

Contrary, let K have a nontrivial ideal I ⊂ K, then it turns out that I = I⊕Ĩ⊕{Lxy|x ∈
I, y ∈ K} is a nontrivial ideal of g(K). We will not go through every possible combination
of products to show that [I, g(K)] ⊂ I, though it is easily done. We will point out a couple
example calculations to show how it goes (take x ∈ I and y, z ∈ K):

[Lxy, z] = xyz ∈ I ⊂ I (2.52)

[x, y] = 2λ〈x, y〉u = 0 (2.53)
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In the second formula, 〈x, y〉 = 0 because, as noted above, I ⊂ Rad(K) = {x|〈x, y〉 =
0, ∀y ∈ K}. The above demonstrates that I is a nonzero ideal of K, and it turns out that
it is a proper subset of K, as the ideal does not contain u, ũ, or V , among other elements.
The only calculation that could have resulted in a term proportional to u is the one above,
where [x, y] = 0. This shows that if K has a nontrivial ideal, then g(K) has one as well. �

When you combine the two lemmas, you can state that a Freudenthal Triple system
only gives rise to a simple Lie algebra when its symplectic bilinear form is nondegenerate.

We can also make comments on the subset of {Lxy}. As has been said earlier, these
elements cannot form an ideal of K, however, they do close to form a Lie subalgebra of g(K).
In fact, one can show the following lemma:

Lemma: The subalgebra of g(K) formed from {Lxy} is a simple Lie algebra if and only
if K is simple in the 3 algebra sense.

Proof: First of all, an ideal of this Lie algebra would take the following form2

I ′ = {Lxy|x ∈ I ⊂ K, y ∈ K}. (2.55)

Where I ⊂ K is a subspace of K. Then all that remains is to show that I ′ is a proper ideal
of {Lxy} precisely when I is an ideal of K. Take x ∈ I and assume u, v /∈ I, then, looking
at the commutator of two L’s we see:

[Lxy,Luv] = L(xyu)v + Lu(xyv). (2.56)

Thus to be in the ideal I ′, either (xyu) or v must be in I and either u or (xyv) must be in
it. By construction, neither u or v is in I, thus xyu and xyv must be in I if x ∈ I, which
defines an ideal of K. �

2.5 Explicit Construction of FTS using Jordan alge-

bras

There is a way to construct Freudenthal Triple Systems using Jordan algebras. A good
review of Jordan algebras as they apply to octonians, among other mathematical structures
is given in [54]. Jordan algebras were investigated by Jordan [59] in the context of quantum
mechanics; in particular as an algebra describing the observables. In its most basic form, a
Jordan algebra consists of the set of n × n Hermitian matrices combined with a product of
the form:

X ◦ Y =
1

2
(XY + Y X) . (2.57)

2Ideals must be of this form; consider the commutator of an element Lxy ∈ I ′ and an element of the form
Lzz for arbitrary z ∈ K. The commutator takes the form

[Lxy,Lzz ] = 2L(xyz)z. (2.54)

Since z ∈ K is arbitrary, xyz must be restricted in some way, e.g. be in a proper subspace of K.
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Where X, Y are Hermitian matrices and XY is the usual matrix multiplication. It was
realized that the notion of Jordan algebras could be generalized and that a Jordan algebra
could be any algebra with a commutative product ◦ that satisfied the following identity:

X ◦
(
X2 ◦ Y

)
= X2 ◦ (X ◦ Y ) . (2.58)

In [59], it was shown that all Jordan algebras could be expressed as a direct sum of the Jordan
algebras in Table 2.5. Note that JF

n denotes the set of Hermitian matrices with coefficients
in F.3

Table 2.5 Simple Jordan Algebras

Algebra Product Rule

JR

n X ◦ Y = 1
2
(XY + Y X)

JC

n X ◦ Y = 1
2
(XY + Y X)

JH

n X ◦ Y 1
2
(XY + Y X)

R
n ⊕ R (v, a) ◦ (w, b) = (aw + bv, v · w + ab)

JO

3 X ◦ Y = 1
2
(XY + Y X)

In constructing E8, we will be interested in the last Jordan algebra in this list, JO

3 ,
which is the set of 3 × 3 Hermitian matrices over the octonions, the non-associative (but
alternative) division algebra of dimension 8.

For the time being, we will work with an arbitrary Jordan algebra with identity, J, and
procede to construct a Freudenthal Triple product in terms of this Jordan algebra. To define
the Freudenthal Triple system, we will need a notion of trace, Tr(X), which is defined in
the usual way on the spaces we’re interested in. From this, it is possible to define a triple
product N(X, Y, Z) on the Jordan algebra, but first we must introduce a symmetric cross
product:

X#Y ≡ X ◦ Y − 1

2
(Tr(X)Y + Tr(Y )X − Tr(X)Tr(Y )I + Tr(X ◦ Y )I) (2.59)

Where I is simply the identity. From this we define the following left multiplication operator
which takes two elements of J as arguments:

L(X, Y )Z ≡ 2Y#(X#Z) − 1

2
Tr(Y ◦ Z)X − 1

6
Tr(X ◦ Y )Z, ∀Z ∈ J. (2.60)

Note, L(X, Y ) is neither symmetric nor anti-symmetric in X and Y , but it is linear in all
of its arguments. In fact a trilinear operator can be defined by N(X, Y, Z) = L(X, Y )Z,
and a Jordan algebra with a unit and such a trilinear operator is known as a “unital Jordan
algebra with cubic norm”.

3This table was pulled from Baez’s The Octonions [54].
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Denote by H the subspace spanned by {L(X, Y ) |X, Y ∈ J} in gl(J), one can construct
the following two vector spaces (as a direct sum of vector spaces):

K = J ⊕ J ⊕ R ⊕ R, with elements of the form x = (X, Y, ξ, ω); and

L = H⊕ R ⊕ J ⊕ J, with elements of the form Θ = (
∑

i LJ(Xi, Yi), ρ, A,B),

where in the last line, the sum is over some pairs Xi, Yi ∈ J. The space K is the Freudenthal
Triple System; all that remains now is to define the symplectic bilinear form and the triple
product over it.

For any two elements xi = (Xi, Yi, ξi, ωi)i=1,2 in K, one can define a symplectic form 4

〈x1, x2〉 and an element x1 × x2 ∈ L as follows:

〈x1, x2〉 ≡ Tr(X1 ◦ Y2) − Tr(X2 ◦ Y1) + ξ1ω2 − ξ2ω1,

x1 × x2 ≡ 1
2




L(X1, Y2) + L(X2, Y1)

−1
4

(
Tr(X1 ◦ Y2) + Tr(X2 ◦ Y1) − 3 ξ1ω2 − 3 ξ2ω1

)

−Y1#Y2 + 1
2

(
ξ1X2 + ξ2X1

)

X1#X2 − 1
2

(
ω1Y2 + ω2Y1

)




. (2.61)

Geometrically, each element Θ = (
∑

i LJ(Xi, Yi), ρ, A,B) ∈ L corresponds to a linear
transformation of the vector space K given by:

Θ x =




(∑
i L(Xi, Yi) + 1

3
ρ
)
X + 2B#Y + ωA

−
(∑

i L(Yi, Xi) + 1
3
ρ
)
Y + 2A#X + ξB

Tr(A ◦ Y ) − ρξ
Tr(B ◦X) + ρω



, ∀x = (X, Y, ξ, ω) ∈ K. (2.62)

Note the different ordering of Xi, Yi of the
∑

i L(Xi, Yi) term in the first line and the sec-
ond line. Restricting to the subspace spanned by {xi × xj | xi, xj ∈ K} ⊂ L, this linear
transformation induces a triple product x1x2x3 : K⊗ K⊗ K→ K defined by:

x1x2x3 ≡ (x1 × x2) x3, (2.63)

which is clearly symmetric in the first two variables but not symmetric with respect to any
other exchange of indices. This triple product satisfies the following relations:

x1x2x3 − x1x3x2 =
1

4
〈x2, x3〉 x1 −

1

8
〈x1, x2〉 x3 −

1

8
〈x3, x1〉 x2 (2.64)

x1x2(x3x4x5) − x3x4(x1x2x5) = (x1x2x3)x4x5 + x3(x1x2x4)x5 (2.65)

〈x1x2x3, x4〉 = −〈x3, x1x2x4〉 . (2.66)

They are exactly the defining axioms (i)-(iv) with the parameter “λ = 1
8
” as discussed

previously. In this way, we have constructed a Freudenthal Triple System from a Jordan
algebra.

4This symplectic form 〈xi, xj〉 is non-degenerate provided the Bilinear Trace Form is non-degenerate,
which is always true in our case.
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Chapter 3

Freudenthal Duality

3.1 Introduction to F-duality

In this chapter, I will discuss Freudenthal Duality as well as present a novel proof of
the duality using only axioms of the Freudenthal Triple Systems (the previous proof relied
on a direct calculation of a particular FTS- this is reviewed in the next chapter). Because of
the fourth axiom, one may define a quartic form ∆(φ) for any φ = φaea ∈ M from the triple
product and symplectic form as follows:

∆(φ) =
1

2
〈φφφ, φ〉 =

1

2
fabcdφ

aφbφcφd. (3.1)

In the following, we will set T (φ) = φφφ to simplify the notation. The quartic form ∆(φ) has
appears in various place, most notably in the formula for the entropy of a supersymmetric
N = 2 black hole in 4-dimensional spacetime.

From the axioms of the FTS one can show that ∆(φ) is invariant under the following
transformation F : M→ M

F : φ 7→ φ̃ =
sgn(∆(φ))√

6|λ∆(φ)|
T (φ). (3.2)

That is ∆(φ) = ∆(φ̃), whose proof will be presented shortly. In the physics literature, the
map F is called “Freudenthal Duality” (or F-duality for short), which was first observed in
[14] as a symmetry of the black hole entropy formula.

This duality has the property that F2 = −I, that is to say, its square is negative of the
identity. This implies that it forms a Z4 symmetry as it sends a single element to itself after
four iterations:

φ
F→ φ̃

F→ −φ F→ −φ̃ F→ +φ (3.3)

It should be noted that the F-dual of an element scales in the same way as the original
element:

F(aφ) = aF(φ), (3.4)
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for any scalar a ∈ R.
Also notice that the F-duality is ill-defined when λ→ 0. This case, which corresponds to

having completely symmetric fabcd structure constants, does not have an F-duality defined.
Finally, F-duality is non-linear, and it is not a derivation of the algebra. This would

seem to imply that there is no continuous version of this symmetry (no way to exponentiate
the operator as you would a normal matrix operator). However, as long as you restrict to
the subspace generated by a single element, things simplify enourmously and a continuous
version of the symmetry is possible, but strictly speaking this is a very special scenario.

3.2 Proof of Freudenthal Duality

Here we present the proof that the four form ∆(φ) ≡ 1
2
〈T (φ), φ〉 is invariant under the

Freudenthal dual F : φ→ φ̃ = sgn(∆(φ))√
6|λ ∆(φ)|

T (φ).

Let’s start with the following observation: by the derivation property of Lφφ

LφφT (φ) = (Lφφφ)φφ+ φ(Lφφφ)φ+ φφ(Lφφφ) = T (φ)φφ+ φT (φ)φ+ LφφT (φ), (3.5)

from which, one gets T (φ)φφ = −φT (φ)φ = −T (φ)φφ = 0. This means, again by the
derivation property, LT (φ)φ and LφT (φ) act like annihilation operators when acting on any
element of the form f(φ) ∈ Mφ. While by axiom (ii) and the definition of ∆(φ) one gets:

LT (φ)T (φ)φ = T (φ)T (φ)φ (3.6)

= T (φ)φ T (φ) + 2λ 〈T (φ), φ〉 T (φ) + λ 〈T (φ), φ〉 T (φ)− λ 〈T (φ), T (φ)〉φ (3.7)

= 6λ∆(φ)T (φ), (3.8)

and similiarly, φφ T (φ) = −6λ∆(φ)φ. Then, direct evaluation of T (T (φ)) leads to:

T (T (φ)) = LT (φ)T (φ)T (φ) = 6λ∆(φ)
(
T (φ)φφ+ φ T (φ)φ+ φφ T (φ)

)
(3.9)

= −
(
6λ∆(φ)

)2
φ, (3.10)

from which, for 6λ∆(φ) 6= 0, one can check the following two statements are satisfied at the
same time:

• The F-dual F : φ → φ̃ = sgn(∆(φ))√
6|λ ∆(φ)|

squares to negative identity, i.e. F ◦ F = −1 ∈
gl(M),

• The four-form ∆(φ) = 1
2
〈T (φ), φ〉 is invariant under F-dual, i.e. ∆(φ) = ∆(φ̃),

which then completes the proof.
To the author’s knowledge, such a proof of F-duality is not in the literature. This ax-

iomatic proof of the duality shows that it is an inherent and inseparable aspect of Freudenthal
Triple Systems. The paper introducing F-duality, [14], calculated the F-dual using a par-
ticular realization of an FTS. Notice, that the key axoim to proving this duality was the
(mostly) symmetric property of the triple system. A Lie triple system, on the other hand
would not exhibit a symmetry like F-duality.
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3.3 Why F-duality works the way it does

To understand why F-duality works the way it does, we first need to examine the
subalgebra generated by a single element, φ. Working out all the possible relations using a
triple product, it is quite surprising that the whole algebra is generated (as a vector space)
by two elements, φ and T (φ) = φφφ and linear combinations thereof. Sure enough, the
multiplication table works out as follows:

Table 3.1 Multiplication table for the subalgebra generated by a single element
φφφ = T (φ)

φφT (φ) = − [6λ∆(φ)]φ
T (φ)T (φ)φ = + [6λ∆(φ)]T (φ)

T (φ)T (φ)T (φ) = − [6λ∆(φ)]2 φ
φT (φ)φ = φT (φ)T (φ) = 0
T (φ)φφ = T (φ)φT (φ) = 0

In the above table, ∆(φ) = 1
2
〈T (φ), φ〉 is a scalar. As one can see, every concievable

combination of φ and T (φ) results in a linear multiple of φ or T (φ), implying that the vector
space is only 2 dimensional. It is only natural to think that some operator, defined using the
triple product, should allow one alternate between φ and T (φ) through successful application
of said operator. As it turns out, the F-duality operator defined by

F (φ) =
sgn(∆(φ))√

6|λ∆(φ)|
T (φ) (3.11)

is not the only operator with this property. An equally valid operator that accomplishes the
same task is defined by

G (φ) =
1

|6λ∆(φ)|3/2
T (φ)T (φ)φ. (3.12)

To see that this is so, it’s useful to re-write the multiplication table in terms of φ̃ = F(φ):

Table 3.2 Multiplication table for the subalgebra generated by φ, φ̃

φφφ = sgn(∆(φ))
√

6|λ∆(φ)|φ̃
φφφ̃ = −

√
6|λ∆(φ)|φ

φ̃φ̃φ = +
√

6|λ∆(φ)|φ̃
φ̃φ̃φ̃ = −sgn(∆(φ))

√
6|λ∆(φ)|φ

φφ̃φ = φφ̃φ̃ = 0

φ̃φφ = φ̃φφ̃ = 0

Writing the multiplication table in this way puts φ and φ̃ on the same footing. It also
makes it trivial to check that Freudenthal duality does act in the ways it is supposed to
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(remembering that ∆(φ) = ∆(φ̃)):

F(φ) =
sgn(∆(φ))√

6|λ∆(φ)|
φφφ (3.13)

=
sgn(∆(φ))√

6|λ∆(φ)|
(
sgn(∆(φ))

√
6|λ∆(φ)|φ̃

)
(3.14)

= φ̃ (3.15)

F(φ̃) =
sgn(∆(φ))√

6|λ∆(φ̃)|
φ̃φ̃φ̃ (3.16)

=
sgn(∆(φ))√

6|λ∆(φ̃)|

(
−sgn(∆(φ))

√
6λ∆(φ̃)φ

)
(3.17)

= −φ. (3.18)

What’s mildly surprising is that the operator G, defined above, has exactly the same action
on φ and φ̃:

G(φ) =
1

|6λ∆(φ)|3/2
T (φ)T (φ)φ (3.19)

=
1√

6|λ∆(φ)|
φ̃φ̃φ (3.20)

= φ̃ (3.21)

G(φ̃) =
1

|6λ∆(φ̃)|3/2
T
(
φ̃
)
T
(
φ̃
)
φ̃ (3.22)

= +
1√

6|λ∆(φ)|
φφφ̃ (3.23)

= −φ. (3.24)

In short, G(φ) would work just as well as a generator of F-duality as F , as both operators

have the same action in the φ, φ̃ plane. Also, it is not very surprising that such a duality
exists given the nature of this subspace, which is generated by a single element.

3.4 The continuous F-duality

In the last subsection, we explored the subspace generated by a single element, and we
observed how F-duality behaves on this subspace. In this section, we will talk about a slight
generalization of the idea and show that when restricted to the φ − φ̃ plane, the F-duality
can be extended into a continous U(1) symmetry which acts as rotations in the plane. In
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this context, the function ∆(φ) acts as something of a radius, describing how large a circle
we are creating in the plane, as we will describe shortly.

To start, observe that F(φ) = φ̃ and that F2(φ) = F(φ̃) = −φ. From this, one is

tempted to state that when restricted to the φ− φ̃ plane, the action of F is the matrix:

F =

(
0 −1
1 0

)
. (3.25)

It turns out that this is indeed what happens, though it is complicated by the fact that as
per its definition, F is not a linear operator, and there is no reason to expect that it should
act linearly at all- even if it exchanges φ for φ̃ as above. One could imagine trying to write
out the formal power series:

eθF(·)φ =
∞∑

n=0

1

n!
θnFn(φ) = cos(θ) φ+ sin(θ) φ̃ (3.26)

Though this relation appears correct, one should always keep in mind that the operator
F is not linear and not all results of matrix analysis will carry over. We will call this
transformation the continuous F-duality. For the rest of the section, we will call the resultant
vector φθ = cos(θ) φ+ sin(θ) φ̃.

Below, we will show that the F-duality operator is nothing more than a rotation by 90o

in the φ− φ̃ plane,
F(φθ) = φθ+ π

2
, (3.27)

and moreover, the degree four polynomial, ∆(φ), is invariant under this continuous F-duality:

∆(φθ) = ∆(φ). (3.28)

To demonstrate the above assertions, we first must calculate T (φθ) using the multipli-
cation table in the previous section:

T (φθ) =
(
cos(θ) φ+ sin(θ) φ̃

)(
cos(θ) φ+ sin(θ) φ̃

)(
cos(θ) φ+ sin(θ) φ̃

)
(3.29)

= cos3(θ) φφφ+ cos2(θ) sin(θ)
(
φφφ̃+ φφ̃φ+ φ̃φφ

)
(3.30)

+ sin2(θ) cos(θ)
(
φφ̃φ̃+ φ̃φφ̃+ φ̃φ̃φ

)
+ sin3(θ) φ̃φ̃φ̃

(3.31)

=
√

6|λ∆(φ)|
(
cos2(θ) + sgn(∆(φ)) sin2(θ)

) (
− sin(θ) φ+ sgn(∆(φ)) cos(θ) φ̃

)

(3.32)

=
√

6|λ|∆(φ)
(
− sin(θ) φ+ cos(θ) φ̃

)
(3.33)
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In the last line, we assume ∆(φ) > 0. Now, we can demonstrate that ∆(φ) is invariant under
the continuous F-duality when ∆(φ) > 0.

∆(φθ) =
1

2
〈T (φθ), φθ〉 (3.34)

=
1

2

√
6|λ∆(φ)|〈− sin(θ) φ+ cos(θ) φ̃, cos(θ) φ+ sin(θ) φ̃〉 (3.35)

=
1

2

√
6|λ∆(φ)|

(
cos2(θ) + sin2(θ)

)
〈φ̃, φ〉 (3.36)

=
1

2
〈T (φ), φ〉 (3.37)

= ∆(φ). (3.38)

And finally, we can show that F-duality is nothing more than a rotation by 90o (again,
assuming ∆(φ) > 0):

F(φθ) =
1√

6|λ∆(φθ)|
T (φθ) (3.39)

=

√
6λ∆(φ)√

6|λ∆(φθ)|
(
− sin(θ) φ+ cos(θ) φ̃

)
(3.40)

= cos(θ + π/2) φ+ sin(θ + π/2) φ̃ (3.41)

= φθ+ π

2
. (3.42)

The two square roots in the second line cancel by virtue of the fact that ∆(φ) = ∆(φθ).
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Chapter 4

Maxwell-Einstein Supergravity
Theories and Freudenthal Triple
Systems

4.1 Introduction

In this chapter, we will show how Freudenthal Triple Systems arise in Maxwell-Einstein
Supergravity Theories (MESGT), following the references [9] and [72] (and references con-
tained therein). We will start with the 5 dimensional MESGTs and explain how Jordan
algebras play a fundamental role in the structure of those theories before dimensionally
reducing and seeing how those Jordan algebras generate the Freudenthal Triple System rel-
evant for 4 dimensional MESGT. From there, we will discuss the black hole entropy and
how Freudenthal Duality arises in that situation. We will also discuss a couple other novel
invariances of the entropy formula which have not been discussed eslewhere.

4.2 5 Dimensional N = 2 MESGTs

4.2.1 The Action for 5D MESGT

To begin, we first describe the action for the 5 dimensional Maxwell-Einstein Supergrav-
ity Theories. The field content comes from two types of multiplets, the N = 2 supergravity
multiplet and the N = 2 vector multiplet. Each multiplet contributes:

• supergravity multiplet: the vielbein, em
µ ; 2 gravitinos (i = 2, 1), ψi

µ; and the gravipho-
ton, Aµ.

• vector multiplet: the vector field, Aµ; 2 gauginos (i = 1, 2), λi; and a real scalar φ.
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Combining a single supergravity multiplet and (nV −1) vector multiplets, you can construct
the Lagrangian:

e−1L = −1

2
R− 1

4
åIJF

I
µνF

Jµν − 1

2
gxy(∂µφ

x)(∂µφy)

+
e−1

6
√

6
dIJKǫ

µνρσλF I
µνF

J
ρσA

K
λ + fermionic terms (4.1)

Where I = 1, . . . , nV (including the graviphoton), x = 1, . . . , nV − 1 (doesn’t include addi-
tional field from sugra), µ, ν = 0, . . . , 4, and e is the determinant of the veilbein. The term
gxy can be interpreted as the metric of the scalar manifold, M5, while the term åIJ acts as
a metric for the field strength terms. Note that both gxy and åIJ depend on the scalar fields
φx, but the coefficients dIJK are constant.

As it turns out, this lagrangian has global symmetry, called U-duality. In the maximally
symmetric case (N = 8), the global U-duality would be the extra symmetry left over from
dimensionally reducing from the 11 dimensional supergravity theory, and it would be equal to
E6(6), a non-compact version of E6. More generally, it’s equal to E(11−d)((11−d)) for maximally
supersymmetric theories. However, because the N = 2 theory has less supersymmetry, we
expect a different U-duality group.

As it turns out, all of the coefficients in this lagrangian are completely determined by
the constant coefficients dIJK , as realized by Günaydin, Sierra, and Townsend [8]. To realize
this, first define the cubic polynomial V as follows:

V(h) ≡ dIJKh
IhJhK (4.2)

Where the variables h are functions of φx and they span a nV dimensional space. A symmetric
bilinear form can be created from this polynomial as follows:

aIJ(h) ≡ −1

3

∂

∂hI

∂

∂hJ
lnV(h) (4.3)

As was demonstrated in [8], the scalar manifold, M5 (e.g. the space that the real scalar
fields φx parametrize) is equivalent to the hypersurface defined by this equation:

V(h) = dIJKh
IhJhK = 1, (4.4)

and the metric on M5 is the pull-back of aIJ :

gxy(φ
x) =

(
hI

xh
J
yaIJ

) ∣∣
V(h)=1

where hI
x =

√
3

2

∂hI

∂φx

∣∣∣∣
V(h)=1

. (4.5)

Furthermore, the coefficient for the field strengths is also determined by aIJ in the very
simple manner:

åIJ(φx) = aIJ

∣∣
V(h)=1

. (4.6)
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Going back to the scalar manifold M5, we find that its curvature tensor has the form:

Kxyzu =
4

3

(
gx[ugz]y + T

w
x[u Tz]yw

)
(4.7)

Where Txyz = hI
xh

J
yh

K
z dIJK is the pull-back of the 3-tensor dIJK . Since this expression only

depends on the metric gxy and tensor Txyz, the curvature is covariantly constant whenever
the tensor Txyz is covariantly constant (as the metric is convariantly constant by definition of
the Levi-Civita connection). This would imply that in this case, the scalar manifold M5 is
a locally symmetric space. Working out Txyz;w = 0 in terms of dIJK results in the following
”adjoint identity”:

dIJKdJ(MNdPQ)K = δI
(MdNPQ), (4.8)

where, as usual, the indices between the round brackets are symmetrized. The indices are
raised and lowered using the metric åIJ and its inverse åIJ .

According to [8], theories that satisfy the adjoint identtiy and lead to positive definite
metrics (both åIJ and gxy) are in one-to-one correspondence with norm forms of Euclidean
Jordan algebras of degree 3, J, which will be defined shortly. The associated scalar manifolds
take the form:

M5 =
Str0(J)

Aut(J)
, (4.9)

where Str0(J) is the invariance group of the norm N(·) of J and Aut(J) is its automorphism
group.

4.3 Jordan Algebras and Entropy of 5D Black Holes

4.3.1 Euclidean Jordan Algebras of Degree 3

First, we will review what Jordan algebras with norm are before discussing how they
determine the 5D MESGT black hole entropy, which we will use to determine the 4D MESGT
black hole entropy.

A Jordan algebra consists of a vector space combined with a non-associative product
that satisfies the two following relations:

X ◦ Y = Y ◦X (4.10)

X ◦ (Y ◦X2) = (X ◦ Y ) ◦X2 (4.11)

for X, Y ∈ J and X2 = X ◦ X. A norm defined over this Jordan algebra is a mapping
N : J → R satisfying the relation:

N [2X ◦ (Y ◦X) − (X ◦X) ◦ Y ] = N2(X)N(Y ) (4.12)

This norm is said to have a degree p if it satisfies N(λX) = λpN(X) for λ ∈ R. And finally,
the Jordan algebra is “Euclidean” if X2 + Y 2 = 0 implies that X = Y = 0 for all X, Y ∈ J.
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Repeating what was said in the previous section, it turns out that the constant tensor dIJK

from the 5D MESGT defines just such a norm.
Euclidean Jordan algebras of degree three come in a couple of different flavors. The

simplest one is the real numbers R, and the norm on that algebra is simply N(X) = X3.
It’s scalar manifold is simply a point.

Another set of such Jordan algebras consist of an infinite family of non-simple Jordan
algebras which are of the form:

J = R ⊕ Γ(m,n) (4.13)

They a direct sum of R, a degree 1 Jordan algebra and Γm,n, a degree 2 Jordan algebra. An
irreducible realization of Γ(m,n) consists of the Dirac gamma matrices, γi, which satisfy the
usual axioms of the standard Clifford algebra with signature (m,n) norm. For our case of
4D N = 2 MESGT, we will only be interested in Γ(1,n−1) but the other versions are relevant
elsewhere. The norm on J = R ⊕ Γ(1,n−1) is generated by:

N(y ⊕Xiγ
i) = y · (ηijXiXj), (4.14)

where ηij is the usual Minkowski metric. The associated scalar manifolds are of the form:

M5(R ⊕ Γ(1,n−1)) =
SO(n− 1, 1)

SO(n− 1)
× SO(1, 1) (4.15)

In addition to the above algebras, there exist four simple Euclidean Jordan algebras of
degree 3. These are given by 3x3 hermitian matrices, with coefficients in the four division
algebras R, C, H, and O. Note that the octonions are not associative, so some care is to be
taken when using this algebra. A generic element will have the form:

A =



α z ȳ
z̄ β x
y x̄ γ


 (4.16)

Where α, β, γ ∈ R and x, y, z ∈ A, where A is one of the four division algebras. The Jordan
product is taken to be:

A ◦B =
1

2
(AB +BA) , (4.17)

Where AB denotes the usual matrix product. The norm form for these algebras is simply
the determinant of these 3x3 matrices:

N(A) = det(A) = αβγ − αxx̄− βyȳ − γzz̄ + 2Re (xyz) (4.18)

The Jordan algebras are denotes by JR

3 , JC

3 , JH

3 , and JO

3 , and the scalar manifolds associated
with having these Jordan algebras is summarized in this table:

It should be noted here that split forms of the division algebras (wherein half of the
imaginary units now squre to +1 instead of -1) can give rise to Jordan algebras that are
useful in other situations.
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Table 4.1 Scalar Manifolds Associated with Magical Supergravities
Jordan Algebra Scalar Manifold, M5

JR

3 SL(2,R)/SO(3)
JC

3 SL(3,C)/SU(3)
JH

3 SU∗(6)/USp(6)

JO

3 E6(−26)/F4

4.3.2 The Rotation, Lorentz, and Conformal Groups of Jordan

Algebras

Here, we will describe generalized spacetimes which are constructed considering the
various Jordan algebras. Then, we show how analogs of rotation, Lorentz, and conformal
groups in these generalized spacetimes. To begin, we start with a well-known example. In
four dimensions, you can represent any spacetime point as a 2x2 hermitian matrix (over C):

x = xµσ
µ. (4.19)

This is exactly the simple Jordan algebra JC

2 . With this identification, we can see that ro-
tations of the Poincaré group correspond to automorphisms of the Jordan algebra, Lorentz
transformations correspond to what’s known as the reduced sructure group of the Jordan
algebra, and the conformal group corresponds to the Möbius (linear fractional) transforma-
tions. Note that the reduced structure group Str0(J) is the invariance group of its norm
form N(J), which will be identified as the U-duality group for 5D N = 2 MESGT theo-
ries. That is to say, the U-duality group for 5D N = 2 MESGTs is Str0(J) = Lor(J),
which are listed in the table below. It should also be emphasized that the automorphism
group Aut(J) = Rot(J) is the maximal compact subgroup of the reduced structure group
Str0(J) = Lor(J) for the cases listed.

To generalize this story to other Jordan algebras (and the generalized spacetimes they
represent), we must determine the corresponding groups for the various different Jordan
algebras. These have been listed in the table below, taken from [9]. Of course, the last line

Table 4.2 Rotation, Lorentz, and Conformal groups of various Jordan algebras
J Rot(J) Lor(J) Conf(J)

R 1 1 SL(2,R)
JR

n SO(n) SL(n,R) Sp(2n,R)
JC

n SU(n) SL(n,C) SU(n, n)
JH

n USp(2n) SU∗(2n) SO∗(4n)

JO

3 F4 E6(−26) E7(−25)

Γ(1,d) SO(d) SO(d, 1) SO(d, 2)

looks familiar to anyone studying Minkowski space.
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To evaluate how the groups act on the Jordan algebra, we go to the Lie algebra level
and show that the Lie algebras of the above groups have the usual known commutation
relations. For example, the group Conf(J) has the Lie algebra conf(J) which is generated by
translations Ta, special conformal generators Ka, dilatations and the Lorentz transformations
Mab, where a, b ∈ J. The action of this Lie algebra on the Jordan algebra is as follows:

Tax = a (4.20)

Mabx = {abx} (4.21)

Kax = −1

2
{xax} (4.22)

Where the Jordan triple product, {· · ·} is defined by:

{abx} ≡ a ◦ (b ◦ x) − b ◦ (a ◦ x) + (a ◦ b) ◦ x (4.23)

Notice in particular that the Lorentz transformations/dilatation operator has two parts
Mabx = {ab·} = Dabx+ La◦b:

Dabx = a ◦ (b ◦ x) − b ◦ (a ◦ x) (4.24)

Lcx = c ◦ x (4.25)

The first operator generates pure Lorentz transformations while the second one generates
dilitations. The above operators satisfy the following commutation relations:

[Ta, Kb] = Mab (4.26)

[Mab, Tc] = T{abc} (4.27)

[Mab, Kc] = K{bac} (4.28)

[Mab,Mcd] = M{abc}d −M{bad}c (4.29)

This is the Tits-Kantor-Koecher construction of Lie algebras from Jordan Triple systems,
and it demonstrates that the Lie algebras do have the desired properties.

4.3.3 The Attractor Equations and Black Hole Entropy in 5D

In this subsection, we will describe how the entropy is calculated for 5D black holes.
The same techniques will be used for 4D black holes, which is our main interest. The entropy
of a black hole should depend on quantities like its electric/magnetic charge or its angular
momentum, however, calculating the black hole entropy seems to imply that it depends on
the values that the scalar field takes at points in spacetime, which can vary continuously,
whereas the quantities it should depend on (charge, angular momentum, etc.) are discrete.
The resolution is through the attractor mechanism, which says that even though the entropy
depends on the fields, and these fields can essentially have arbitrary values at infinity, they
flow to fixed points as you near the black hole horizon, and the attractor mechanism allows
you to calculate the values they take at these fixed points.

To begin, denote the (n + 1) dimensional charge vector in an extremal1 black hole

1Extremal meaning the black hole has vanishing temperature (T = 0), but non-vanishing entropy.[70]
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background as

qI =

∫

S3

HI =

∫

S3

åIJ ∗ F J . (4.30)

The black hole potential that determines the attractor flow takes the following form for
N = 2 MESGTs:

V (φ, q) = qI å
IJqJ , (4.31)

and the central charge function is Z = qIh
I . Reexpressing the blackhole potential in terms

of this central charge gives us the formula

V (q, φ) = Z2 +
3

2
gxy∂xZ∂yZ where ∂xZ = qIh

I
,x =

√
2

3
hI

x (4.32)

The critical points are found in the normal way, by setting the derivative of the potential
equal to zero:

∂xV = 2

(
2Z∂xZ −

√
3

2
Txyzg

yy′

gzz′∂y′Z∂z′Z

)
= 0 (4.33)

BPS attractors are those for which ∂xZ = 0, while non-BPS attractors are nontrivial solutions
to the above equation. You can use this to solve for the charges of the black hole

qI = hIZ (BPS) (4.34)

qI = hIZ −
(

3

2

)3/2
1

2Z
hI,xT

xyz∂yZ∂zZ (non-BPS) (4.35)

In the end, the entropy of a black hole in 5D MESGT with charges qI is determined by the
black hole potential at the attractor points:

S = (Vcritical)
3/4 . (4.36)

For the BPS case, this results in

SBPS BH = (VBPS)3/4 = Z
3/2
BPS, (4.37)

and for the non-BPS case, you have an entropy of the form

Snon−BPS = (Vnon−BPS)3/4 =

(
Z2 +

3

2
gxy∂xZ∂yZ

)3/4

= (3Znon−BPS)3/2 (4.38)

The last equality is true because gxy∂xZ∂yZ = 16
3
Z2 for MESGTs defined over degree 3

Jordan algebras. Calculating the Hessian for BPS solutions, which will tell you if the solution
is stable or unstable results in

∂x∂yV =
8

3
gxyZ

2 (4.39)

As gxy is positive definite, it is clear that this Hessian positive curvature, and that the critical
points are attractive.
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4.4 4D N = 2 MESGT and Freudenthal Triple Systems

4.4.1 4D MESGT from 5D MESGT

Continuing to follow [9], under dimensional reduction, the 5D N = 2 Maxwell-Einstein
Supergravity Theories with (nV − 1) vector multiplets become 4D N = 2 MESGTs with
nV vector multiplets (the extra vector comes from dimensionally reducing the 5D vielbein).
The target space for the scalar fields are parametrized by the complex coordinates:

zI =
1√
3
AI +

i√
2
h̃I , (4.40)

where AI denote the new 4D scalar fields coming from 5D vectors and h̃ = eσhI , for dilaton
σ coming from the graviton (vielbein) and hI being the scalars from the 5D theory. The
fields h̃ satisfy the positivity condition

V(h̃) = CIJKh̃
I h̃J h̃K = e3σ > 0 (4.41)

The matrix CIJK is not a constant matrix, though it does depend on the matrix dIJK of 5D
MESGT. This geometry is called “very special geometry” (to be distinguished from “special
geometry”, which while similar is slightly different). Similar to the 5D case, we will use
the very special geometry to generate all of the coupling constants in the Lagrangian using
minimal information. To begin, we can reexpress the space using homogenous coordinates
XA by defining:

XA =

(
X0

XI

)
=

(
1
zI

)
A = 0, . . . , nV (4.42)

The “pre-potential” is the CIJK tensor from the 5 dimensional theory

F (XA) = −
√

2

3
CIJK

XIXJXK

X0
(4.43)

Then, using the notation FA = ∂AF ≡ ∂F
∂XA , and FAB = ∂A∂BF , one can derive the Kählar

potential (whose Hessian is the metric of the scalar manifold):

K(X, X̄) = − ln
[
iX̄AFA − iXAF̄A

]
(4.44)

= − ln

[
i

√
2

3
CIJK(zI − z̄I)(zJ − z̄J )(zK − z̄K)

]
(4.45)

This scalar function immediately gives the metric for the scalar manifold, which can be found
to be:

gIJ̄ = ∂I∂J̄K(X, X̄) =
3

2
e−2σåIJ . (4.46)
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In order to get the coupling constant for the vector field strengths, we need to calculate
what’s known as the “period matrix”. As it terns out, the period matrix takes the form:

NAB = F̄AB + 2i
ℑ(FAC)ℑ(FBD)XCXD

ℑ(FCD)XCXD
, (4.47)

where ℑ(FAB) = 1
2i

(FAB − F̄AB) is the imaginary part of FAB, and ℜ(FAB) denotes the real
part.

Given the above information, we finally have all the terms needed to write down the
bosonic part of the 4D MESGT Lagrangian:

e−1L = −1

2
R− gIJ̄(∂µz

I)(∂µz̄J) +
1

4
ℑ(NAB)FA

µνF
µνB − 1

8
ℜ(NAB)ǫµνρσFA

µνF
B
ρσ (4.48)

Note, we will not be looking at the most general solutions to this Lagrangian, only those
where the prepotential and period matrix takes the very special form above. Since the fields
zI are restricted to the domain V(ℑ(z)) > 0, the scalar manifolds of 4D MESGT by Euclidean
Jordan algebras of degree 3 are Köcher “upper half spaces”. The “upper half spaces” can
be realized as hermitian symmetric spaces of the form

M4 =
Conf(J)

S̃tr(J)
, (4.49)

where Conf(J) is the conformal group of the Jordan algebra J and S̃tr(J) is its maximal
compact subgroup, the compact real form of Str(J). In 5D, the U-duality group came from
the reduced structure group, which left the norm N(X) = CIJKX

IXJXK invariant. As it
turns out the 4D Kähler potential that results has a larger invariance group, which leads
to a larger U-duality group of 4D N = 2 MESGTs. To see this, observe that the Kähler
potential depends on

V (z − z̄) = CIJK(zI − z̄I)(zJ − z̄J )(zK − z̄K) (4.50)

which is obviously invariant under the 5 dimensional U-duality group Str0(J) = Lor(J).
However, it is also invariant under real translations

ℜ(zI) → ℜ(zI) + aI ∀ aI ∈ R. (4.51)

Also, while not invariant, under dilatations and special conformal transformations, the po-
tential only gets scaled by a certain amount. In particular, under an infinitessimal special
conformal transformation,

KIV(z − z̄) = (zI + z̄I)V(z − z̄). (4.52)

Thus, should the potential be set to zero, V(z − z̄) = 0, it would be invariant under the
entire conformal group.
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In N = 2 MESGTs defined by Euclidean Jordan algebras of degree 3, the correspondence
between vector fields (and their charges) with elements of a Jordan algebra J gets extended,
in 4D, to a one-to-one correspondence between field strengths (and their magnetic duals)
with a Freudenthal Triple System (which is constructed from J. A generic element of the
Freudenthal Triple system will take the form

x =

(
α X
Y β

)
∈ K(J) α, β ∈ R X, Y ∈ J (4.53)

With this identification, one can collect the field strength tensors (and their magnetic duals)
into an element of this algebra, as well as their corresponding charges:

(
F 0

µν F I
µν

F̃ µν
I F̃ µν

0

)
→
(
p0e0 pIeI

qI ẽ
I q0ẽ

0

)
∈ K(J) (4.54)

Where F̃ µν
I/0 are the magnetic dual field strength tensors, eI are a basis for one copy of the

Jordan algebra, ẽI is a second copy, and e0, ẽ
0 are bases for two copies of R.

The U-duality group, called G4 of the 4D MESGT acts as the automorphism group of
the FTS, which, as covered in an earlier chapter, is endowed with an invariant quartic form
and a skew-symmetric bilinear form. These forms are invariant under the U-dualtiy group.
As it turns out, the entropy of an extermal black hole in this theory is determined by the
quartic invariant, ∆(q, p). The scalar manifolds for 4D theories are listed in the table below:

Table 4.3 Scalar Manifolds for 4D MESGT
J M4 = Conf(J)/S̃tr(J)

JR

3 Sp(6,R)/U(3)
JC

3 SU(3, 3)/S(U(3) × U(3))
JH

3 SO∗(12)/U(6)

JO

3 E7(−25)/E6 × U(1)
R ⊕ Γ(1,n−1) SO(n, 2)× SU(1, 1)/SO(n) × SO(2) × U(1)

4.4.2 4D Black Hole Entropy

Following [9] and [41], we will summarize the story of black hole entropy in 4D MESGT.
As far as calculating the black hole entropy, the process is the same. Write down the black
hole potential, minimize it to find the critical values, and plug in the critical values to
determine the entropy. In the 4D case, the black hole potential takes the form

VBH ≡ |Z|2 + gIJ̄(DIZ)(D̄J̄Z̄), (4.55)
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where Z is the central charge. Taking the derivative and setting it to zero gives the following
condition for the critical points:

2Z̄DIZ + iCIJKg
JJ̄gkK̄D̄J̄ Z̄D̄k̄Z̄ = 0. (4.56)

CIJK is the rank 3 completely symmetric, covariantly holomorphic tensor of special Kähler
geometry satisfing

D̄L̄CIJK = 0 D[LCI]JK = 0. (4.57)

For symmetric special Kähler manifolds, the tensor CIJK is covariantly constant, which
further implies

gKK̄gMJ̄CM(PQCIJ)KC̄K̄ĪJ̄ =
4

3
C(IJPgQ)Ī (4.58)

Working everything out, it turns out that the entropy depends on the U-duality invariant
degree four polynomial ∆(p, q).

S4 = π
√

∆(p, q) (4.59)

4.5 Freudenthal Duality and Black Hole Entropy

In the paper by Duff et al. [14], Freudenthal Duality is introduced as a symmetry of the
black hole entropy function, which is not U-duality invariant. In other words, when working
with U-duality invariant objects, the action of Freudenthal Duality changes the values these
objects take on. In their paper, they look at the quantized theory, and their U-duality is a
discrete symmetry and their invariants were of the form d1(x) = gcd(x) (gcd standing for
‘greatest commmon denominator’), d3(x) = gcd(T (x)), etc. As it turned out, F-duality left
the entropy

S4 =
√

∆(x) (4.60)

invariant, but some of the other U-duality invariants were changed.
To prove their duality, they did not refer to the axiomatic proof presented in the previous

chapter; they proved it using their specific example and through direct calculation. Their
FTS consisted of elements of the form

x =

(
α A
B β

)
(4.61)

Where α, β ∈ Z (though we can take them to be in R), and A,B ∈ J, a Jordan algebra of
degree three with norm N(A). From there, they defined their bilinear form

〈x1, x2〉 = α1β2 − β1α2 + Tr(A1, B2) − Tr(B1, A2) (4.62)

where Tr(A,B) = 3 (3N(c, c, A)N(c, c, B) − 2N(c, A,B)), N(A,B,C) is the linearization of
N(A) and c is a “base point” element of the Jordan algebra such that N(c) = 1. Next, they
introduce their quartic form

∆(x) = −4
[
αN(A) + βN(B) + κ(x)2 − Tr(A#, B#)

]
(4.63)
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where κ(x) ≡ 1
2
(αβ − Tr(A,B)) and A# is the quadratic adjoint map uniquely defined by

the property Tr(A#, B) = 3N(A,A,B). Because the bilinear form is non-degenerate, they
can define the triple product from the quartic form by 〈T (x, y, z), w〉 = 2∆(x, y, z, w), where
again, ∆(x, y, z, w) is the linearization of ∆(x). The triple product of a single element is
given by:

T (x) = 2

(
−ακ(x) − N(B) −βB# + (B + A#)# − B# − N(A)A + κ(x)A

αA# − (A + B#)# + A# + N(B)B − κ(x)B βκ(x) + N(A)

)

(4.64)

From here, it’s straightforward to demonstrate F-duality, if a bit calculationally tedious.
The method is to calculate T (T (x)). Excplicit calculation using the above formula results in

T (T (x)) = −∆(x)2x (4.65)

It’s very easy to show that

x̃ =
1√

|∆(x)|
T (x) (4.66)

leaves ∆(x) invariant. Notice the lack of the 6λ term in this expression; presumably, in their
explicit example, λ = 1/6.

∆(φ̃) = ∆

(
1√

|∆(x)|
T (x)

)
(4.67)

=
1

2|∆(x)|2 〈T (T (x)), T (x)〉 (4.68)

=
−(∆(x))2

2|∆(x)|2 〈x, T (x)〉 (4.69)

= ∆(x) (4.70)

As an aside, it’s clear that Freudenthal Duality preserves ∆(x), but as we have seen
in the previous chapter, the continuous Freudenthal Duality does the same as well, which
would provide a larger duality group for the black hole entropy in 4D.
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Chapter 5

Freudenthal Gauge Theory

Abstract

We present a novel gauge field theory, based on the Freudenthal Triple System (FTS ),
a ternary algebra with mixed symmetry (not completely symmetric) structure constants.
The theory, named Freudenthal Gauge Theory (FGT ), is invariant under two (off-shell)
symmetries: the gauge Lie algebra constructed from the FTS triple product and a novel
global non-polynomial symmetry, the so-called Freudenthal duality.

Interestingly, a broad class of FGT gauge algebras is provided by the Lie algebras “of
type e7” which occur as conformal symmetries of Euclidean Jordan algebras of rank 3, and
as U -duality algebras of the corresponding (super)gravity theories in D = 4.

We prove a No-Go Theorem, stating the incompatibility of the invariance under Freuden-
thal duality and the coupling to space-time vector and/or spinor fields, thus forbidding
non-trivial supersymmetric extensions of FGT.

We also briefly discuss the relation between FTS and the triple systems occurring in
BLG-type theories, in particular focussing on superconformal Chern-Simons-matter gauge
theories in D = 3.

5.1 Introduction

The idea that a ternary algebra might be an essential structure governing a physical
system has a long history. It can be traced back to the early 70’s, when Nambu [1] proposed
a generalized Hamiltonian system based on a ternary product, the Nambu-Poisson bracket.
Since then, physicists have tried to apply ternary algebras to a number of physical systems;
despite some partial results (see e.g. [2] for a comprehensive review), the quantization of the
Nambu-Poisson bracket remains a long-term puzzle.

Almost four decades later, ternary algebras re-appeared in the study of M-theory by
Bagger and Lambert [3] and by Gustavsson [4], in which a ternary Lie-3 algebra is proposed
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as the underlying gauge symmetry structure on a stack of supersymmetric M2-branes; this
is the famous BLG theory (for a recent review and list of Refs., see e.g. [5]). When taking
the Nambu-Poisson bracket as an infinite-dimensional generalization of the Lie-3 bracket,
one gets from the BLG theory a novel six-dimensional field theory, which can be interpreted
as a non-commutative version of the M5-brane theory [6].

In the present paper, we propose a novel gauge field theory, based on another ternary
algebra: the Freudenthal Triple System1 (FTS ). We call this theory “Freudenthal Gauge
Theory” (FGT). In its simplest setup, FGT contains a bosonic scalar field φ(x) valued in
the FTS K together with a gauge field Aµ(x) taking values in the symmetric product K⊗s K.
Similar to the BLG theory, the gauge transformation is constructed from a triple product
defined over the FTS K. However, unlike the totally anti-symmetric Lie-3 bracket used in the
BLG theory, in general the FTS triple product does not have a simple symmetry structure
with respect to the exchange of a pair of its arguments. Nevertheless, one can still prove
that the gauge invariance of FGT is guaranteed by the algebraic properties of the FTS.

Besides the off-shell gauge symmetry, FGT also possesses a novel global (off-shell) sym-
metry, the so-called Freudenthal duality (F-duality). This is a non-linear, non-polynomial
mapping from K to K, relying on non-linear identities which can be traced back to the early
days of the mathematical investigation of FTS ’s [13]. The name Freudenthal duality is much
more recent, and it was introduced within physical literature in [14], studying Maxwell-
Einstein supergravity theories (MESGT’s) in D = 4 space-time dimensions based on sym-
metric scalar manifolds and with non-degenerate groups of type E7 [13; 14; 15; 16; 17; 18; 19]
as generalized electric-magnetic (U -)duality2 symmetries. In such a framework, F-duality was
observed as a non-polynomial, anti-involutive mapping on K-valued black hole charges (i.e.
fluxes of the Abelian 2-form field strengths) which keeps the Bekenstein-Hawking [22; 23]
black hole entropy invariant [14]. Further generalization to a generic N = 2 special Kähler
geometry, to its N > 2 generalization and to the so-called effective black hole potential
governing the scalar flows has been discussed in [15].

At any rate, FGT, in its simplest setup presented in this paper, can be regarded as the
simplest gauge theory admitting F-duality as global symmetry. Despite the No-Go theorem
proved in Sec. 5.4.2, a slight generalization of the FGT will be presented in a companion
paper [24].

1Historically, there are several different notions of Freudenthal Triple System, which differ by the symmetry
structure of their triple product. They were introduced in mathematics in order to address different algebraic
properties of the triple system. Although simply related, different definitions of FTS have different properties,
which of course can be translated from one to another. In the physics literature, the FTS we focus on in this
paper is sometimes also called generalized Freudenthal Triple System, which makes the derivation property
more transparent.

Since there is no general agreement on the definition, we will simple denote the triple system in this paper
by Freudenthal Triple System (FTS ). The FTS introduced in N = 2 Maxwell-Einstein supergravity and its
N > 2 generalizations [7; 8] (see also e.g. [9] and [11; 12] for recent reviews) can be regarded as some special
cases of it.

2Here U -duality is referred to as the “continuous” symmetries of [20]. Their discrete versions are the
U -duality non-perturbative string theory symmetries introduced in [21].
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Intriguingly, as discussed in Sec. 5.5, FGT shares the same symmetry structures as
the “quaternionic level” of Faulkner’s construction [25], which relates triple systems to pairs
(g,V) of a metric Lie algebra g and a suitable representation V. After the treatment
[26; 27], an interesting similarity between FGT and the bosonic sector of N = 3, D = 3
superconformal (SC) Chern-Simons-matter (CSM) gauge theories can be envisaged. An
important difference relies in supersymmetry, which in FGT, as discussed in Sec. 5.4, is
essentially spoiled by the enforcement of global invariance under F-duality ; this affects also
other terms in the Lagrangian, e.g. the scalar potential (quartic in FGT, sextic in BLG-type
theories).

All in all, we can observe that, with some important differences pointed out along the
present investigation, the same symmetry structures are shared (with different implementa-
tions and physical meanings) by three (a priori very different) classes of theories, namely :
(D = 3) FGT (non-supersymmetric), D = 4 MESGT (with various amounts of local super-
symmetry) and D = 3 SC CSM gauge theory (with N = 3 global supersymmetry). Further
details and results will be reported in a companion paper [24].

This paper is organized as follows.
We start by recalling the relation between FTS, rank-3 Euclidean Jordan algebras and

exceptional Lie algebras (Sec. 5.2.1); the treatment is then generalized in Sec. 5.2.2. The
axiomatic definition a FTS and the general symmetry of its structure constants are then
discussed in Secs. 5.2.3 and 5.2.4. The Freudenthal duality for a generic FTS is introduced
in Sec. 5.2.5, along with a discussion of its basic properties.

The global transformation constructed from the FTS triple product is introduced in
Sec. 5.3.1, and its gauging is discussed in Sec. 5.3.2. Then, in Sec. 5.3.3 we propose a
bosonic Lagrangian density that (off-shell) exhibits both FTS gauge symmetry and (global)
F-duality, and we provide a detailed proof of its invariance under such symmetries. The class
of FGT gauge Lie algebras of type e7 is considered in Sec. 5.3.4, and the intriguing relation
between the corresponding FGT and D = 4 MESGT’s with U -duality symmetry given by
such Lie algebras of type e7 is discussed in Sec. 5.3.5.

The possible generalization of the simplest FGT Lagrangian introduced in Sec. 5.3.3 is
discussed in Sec. 5.4, in which the FTS K is coupled to the most general algebraic system, and
the mathematical structure required for a consistent definition of F-duality is investigated
(Sec. 5.4.1); a No-Go theorem is proved in Sec. 5.4.2.

The intriguing similarities (and important differences) between FGT and (the bosonic
sector of) N = 3 SC CSM gauge theories in D = 3 are discussed in Sec. 5.5.

The concluding Sec. 5.6 contains a summary, along with some remarks and an outlook
of further developments.

Three Appendices concludes the paper. Apps. 5.7 and 5.8 respectively contain details
on the F-duality and on the FGT scalar kinetic term, whereas App. 5.9 lists the induced
axioms needed for the discussion of the generalization of FGT and in the proof of the No-Go
theorem of Sec. 5.4.2.

As mentioned above, further results and more detailed analysis of some topics mentioned
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along the paper will be reported in a companion work [24].

5.2 Freudenthal Triple Systems (FTS ’s)

5.2.1 Rank-3 Jordan Algebras and Lie Algebras

The Freudenthal Triple System (FTS ) K was first introduced by Freudenthal in his
study of exceptional Lie algebras [28; 29; 30] (see also [31]). In the original construction, K
is defined to be the direct sum of two copies of a Jordan Triple System (JTS ) J and two
copies of real numbers3 R:

K(J) ≡ J ⊕ J ⊕ R ⊕ R. (5.1)

Over the vector space K(J), one can introduce a symplectic invariant 2-form, as well as
a triple product. This latter is defined via the completely symmetric tri-linear form (also
known as cubic norm) of the JTS J, and it can be re-interpreted as a linear map LφIφJ

over
K parametrized by a pair of elements φI , φJ ∈ K (cfr. definition (5.13)).

In Freudenthal’s construction of exceptional Lie algebras, the JTS J is restricted to a
rank-3 simple Euclidean Jordan algebra Ĵ, namely Ĵ = R or Ĵ = JA

3 ≡ H3(A), where H3(A)
stands for the algebra of Hermitian 3×3 matrices with entries taking values in one of the four
normed division algebras A = R (real numbers), C (complex numbers), H (quaternions), O

(octonions) (see e.g. [32]). Then, by introducing in K(Ĵ) the hypersurface

MbJ
≡
{
φI ∈ K(Ĵ) | LφIφI

φJ = 0, ∀φJ ∈ K(Ĵ)
}
, (5.2)

the five exceptional (finite-dimensional) Lie algebras G = g2, f4, e6, e7, e8 arise as the the
direct sum of the algebra Inv(MbJ

) that keeps the hypersurface MbJ
invariant, together with a

copy of su(2) and two copies (namely, an su(2)-doublet) of K(Ĵ) [28; 33]:

G = Inv(MbJ
) ⊕ su(2) ⊕ K(Ĵ) ⊕ K(Ĵ). (5.3)

As a vector space, K
(
Ĵ
)

may be regarded as the representation space of a non-trivial4

symplectic representation R of the algebra Inv(MbJ
) itself, introduced in (5.3):

K

(
Ĵ
)
∼ R

(
Inv(MbJ

)
)
. (5.4)

3Namely, the ground field was chosen to be R. Other choices are of course possible (such as Z or C), but
we will not deal with them in the present investigation.

4Such a representation is not necessarily the smallest one. A counter-example is provided e.g. by sp(6) =
Inv(MJR

3

), whose smallest non-trivial symplectic irrep. is the fundamental 6. However, K(JR
3 ) has dimension

14, and it is based on the rank-3 completely antisymmetric irrep. 14
′, which exhibits a completely symmetric

rank-4 invariant structure.
However, a suitable FTS K on the 6 can also be constructed; see point 2 in Sec. 5.5.



Section 5.2. Freudenthal Triple Systems (FTS ’s) 39

At least for R irreducible, Inv(MbJ
) is maximally (and non-symmetrically) embedded into the

symplectic algebra sp
(
K

(
Ĵ
))

through the Gaillard-Zumino (GZ) embedding [34] (see also

e.g. [57] for a recent review)

sp
(
K

(
Ĵ
))

⊃ Inv(MbJ
);

Fund
(
sp
(
K

(
Ĵ
)))

= R
(
Inv(MbJ

)
)
.

(5.5)

This can be regarded as a consequence of the following Theorem by Dynkin (Th. 1.5 of
[35], more recently discussed e.g. in [36]) : Every irreducible group of unimodular linear
transformations of the N-dimensional complex space (namely, a group of transformations
which does not leave invariant a proper subspace of such a space) is maximal either in SL(N)
(if the group does not have a bilinear invariant), or in Sp(N) (if it has a skew-symmetric
bilinear invariant), or in O(N) (if it has a symmetric bilinear invariant). Exceptions to this
rule are listed in Table VII of [36].

For later convenience, we introduce the number f as (cfr. (5.4))

dimRFund
(
sp
(
K

(
Ĵ
)))

= dimRR
(
Inv(MbJ

)
)

= dimRK

(
Ĵ
)
≡ f, (5.6)

which is even whenever the symplectic 2-form on K
(
Ĵ
)

is non-degenerate (as we will assume

throughout).
From (5.3) and (5.5), it thus follows that the invariance subalgebra Inv(MbJ

) can be

equivalently defined as the intersection of two Lie algebras : the symplectic one sp
(
K

(
Ĵ
))

in (5.5) and the exceptional one G(= g2, f4, e6, e7, e8) in (5.3):

Inv(MbJ
) = sp

(
K

(
Ĵ
))

∩ G. (5.7)

5.2.2 General Case

Within Freudenthal’s formulation, the above construction can be repeated for a generic
FTS K , by generalizing (5.2) to the hypersurface

MJ ≡
{
φI ∈ K(J) | LφIφI

φJ = 0, ∀φJ ∈ K(J)
}
, (5.8)

and thus introducing its invariance algebra Inv(MJ).
It is however worth remarking that, in this general case, neither Inv(MJ) nor

G = Inv(MJ) ⊕ su(2) ⊕ K(J) ⊕ K(J) (5.9)

(this latter generalizing (5.3) to a generic JTS J), along with their possible non-compact
real forms, are necessarily simple.
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Nonetheless, it still holds that, as a vector space, K (J) may be regarded as the rep-
resentation space of the relevant symplectic representation R of the invariance subalgebra
Inv(MJ) of MJ (5.8):

K (J) ∼ R (Inv(MJ)) . (5.10)

Before proceeding to analyze the axiomatic definition of FTS, we remark that, as men-
tioned in Footnote 1, in the mathematics literature there are several different notions of FTS,
which differ by the symmetry structure of the corresponding triple product (see for instance
[13; 31; 37]). All of these “FTS ’s” are closely inter-related by simple redefinitions; however,
because they exhibit different symmetry properties, some algebraic properties of the FTS
are manifest only within a specific formulation.

5.2.3 Axiomatic Definition

We define an FTS to be a particular Symplectic Triple System [38; 39], which is a
symplectic vector space K equipped with a (not necessarily completely symmetric) triple
product

T :




K⊗ K⊗ K→ K;

φI , φJ , φK 7→ T (φI , φJ , φK) .
(5.11)

In the following, for brevity’s sake, we will denote T (φI , φJ , φK) ≡ φIφJφK .
By introducing the symplectic form as5

〈·, ·〉 :




K⊗a K→ R;

φI , φJ 7→ 〈φI , φJ〉,
(5.12)

in an FTS the triple product (5.11) satisfies the following axioms :

(i) φIφJφK = φJφIφK ;

(ii) φIφJφK = φIφKφJ + 2λ 〈φJ , φK〉φI + λ 〈φI , φK〉φJ − λ 〈φI , φJ〉φK ;

(iii) φLφM(φIφJφK) = (φLφMφI)φJφK + φI(φLφMφJ)φK + φIφJ(φLφMφK);

(iv) 〈φLφMφI , φJ〉 + 〈φI , φLφMφJ〉 = 0,

where λ is an arbitrary (real) constant6.

5Subscripts “s” and “a” respectively stand for symmetric and antisymmetric.
6Axioms (i)-(iv) define the most general FTS K, which does not necessarily enjoys the decomposition

(5.1) in terms of an underlying JTS J (as in the original Freudenthal’s construction).
A counterexample is provided by Example 1 of [31], in which g = sp (2l). In N = 1, D = 4 supergravity,

this corresponds to a theory in which the scalar fields parametrize the upper Siegel half-plane; see e.g. a
recent treatment in [40].
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By introducing, for any pair φL, φM ∈ K, a linear operator LφLφM
∈ gl(K) acting on

φK ∈ K as

LφIφJ
:




K⊗s K→ K;

φI , φJ 7→ LφIφJ
φK ≡ φIφJφK ,

(5.13)

axiom (iii) yields that LφIφJ
is a derivation with respect to the FTS triple product T (5.11).

On the other hand, the axiom (i) implies

LφIφJ
= LφJφI

, (5.14)

which justifies the symmetric tensor product of K’s in the definition (5.13) itself.
By virtue of the definition (5.13), one can reformulate axioms (iii) and (iv) as follows:

(iii′) LφLφM
(φIφJφK) = (LφLφM

φI)φJφK + φI(LφLφM
φJ)φK + φIφJ(LφLφM

φK);

(iv′) LφLφM
〈φI , φJ〉 = 〈LφLφM

φI , φJ〉 + 〈φI ,LφLφM
φJ〉 = 0.

In particular, the reformulation (iv′) of axiom (iv) makes manifest the fact the symplec-
tic form 〈·, ·〉 (5.12) is invariant under LφIφJ

. Thus, LφIφJ
is valued in a certain Lie algebra

g, which exhibits a symplectic bilinear invariant structure in the relevant representation R
to which φI belongs. At least when such a representation space is irreducible, through the
GZ embedding [34], or equivalently through the abovementioned Dynkin Theorem [35]

g
GZ⊂ sp(K) ⊂ gl(K) : R (g) = Fund (sp) = Fund (gl) , (5.15)

it holds that

LφIφJ
∈ g

GZ⊂ sp(K) ⊂ gl(K). (5.16)

Within Freudenthal’s construction, an important class of algebras is given by g = Inv(MbJ
)

introduced above. The Lie algebra g will be identified below as the gauge Lie algebra of the
Freudenthal gauge theory.

It is here worth remarking that for λ 6= 0 axiom (iv) can actually be derived from axioms
(i)-(iii). Mathematically, whenever λ 6= 0 axiom (ii) yields a compatibility condition that
constrains the structure of the triple product (5.11) and the symplectic form (5.12), and
hence the non-trivial algebraic structure of the FTS itself. We anticipate that the axiom
(iii) can be regarded as the “FTS counterpart” of the so-called “fundamental identity” of
Lie-3 algebras (see Sec. 5.5). On the other hand, for λ = 0 axioms (i)-(iii) reduce to the
defining properties of a Lie-3 algebra over Grassmannian numbers, which in general is not a
FTS. And hence, in order to restore the algebraic structure of the FTS K, one has to further
impose axiom (iv) as a compatibility condition between the (now totally symmetric) triple
product (5.11) and the symplectic form (5.12).

At any rate, in the present investigation we regard an FTS K as a Symplectic Triple
System [38; 39] with λ 6= 0, and we include (iv) (or equivalently (iv′)) as part of the defining
axioms, so that the most generic situation will be considered.
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5.2.4 FTS Structure Constants and their Invariance

In order to make our treatment more explicit yet basis-dependent, it is convenient to
introduce a basis {ea} of K, such that φ = φaea (a = 1, ..., f ; recall (5.6)). Thus, one
can define the symplectic metric ωab and the FTS (triple product) structure constants fabc

d

respectively as
〈ea, eb〉 ≡ ωab = −ωba;

eaebec ≡ fabc
ded. (5.17)

As mentioned above, ωab is invariant under g (recall (5.15) and (5.16)). Furthermore, when
ωab is non-degenerate (which we will always assume to hold true in this paper), an isomor-
phism is defined between the vector space K and its dual space, and hence one can lower7

the last index of the FTS structure constants as follows:

fabcd ≡ fabc
eωed. (5.18)

By virtue of definitions (5.17), the defining axioms (i)-(iv) of the FTS K can be rewritten
as follows:

(i) fabcd = fbacd;

(ii) fabcd = facbd + 2λωadωbc − λωcaωbd − λωabωcd;

(iii) f d
abc f

g
efd = f d

efc f g
abd + f d

ecf f g
adb + f d

fce f
g

bda ;

(iv) fabcd = fabdc.

It is here worth stressing that the non-complete symmetry of the FTS triple product T
(5.11) (as yielded by axioms (i) and (ii)) implies the non-complete symmetry of the rank-4
tensor of FTS structure constants fabcd (5.18). However, note that axioms (i), (ii), and (iv)
imply the structure constants to be symmetric also under exchange of the first and last pair
of its indices:

fabcd = fcdab, (5.19)

a property which will be important in the construction of a Chern-Simons action for the
gauge fields of the “Freudenthal gauge theory” (see next Sections).

Summarizing, the general symmetry properties of fabcd, as implied by axioms (i), (ii)
and (iv), are given by

fabcd = f((ab),(cd)). (5.20)

fabc
d and fabcd are rank-4 invariant tensors of the Lie algebra g (5.15)-(5.16). Under certain

further restrictions (see point 2 in Sec. 5.5), the symmetry can be extended to sp(K) itself.

7We adopt the NE-WS convention when raising or lowering the indices using the symplectic metric.
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5.2.5 Freudenthal Duality

Whenever the completely symmetric part of fabcd is non-vanishing, from the definition
of the FTS triple product (5.11) and of the symplectic form (5.12) one can define a quartic
g-invariant structure ∆(φ) for any φ ∈ K, as follows8 (cfr. (25c) of [14]; φφφ ≡ T (φ)):

∆ :




K→ R;

φ 7→ ∆(φ) ≡ 1
2
〈φφφ, φ〉 = 1

2
fabcdφ

aφbφcφd.
(5.21)

Such a quartic form has appeared in physical literature e.g. in the formula for the
Bekenstein-Hawking [22; 23] entropy of spherically symmetric, asymptotically flat, static,
extremal black hole solutions of D = 4 supergravity theories whose U -duality Lie algebra is
a particular non-compact, real form of Inv(MbJ

), namely the conformal Lie algebra g = conf(Ĵ)

of Ĵ itself (see e.g. [9] and [41] for a review, and a list of Refs.).
Interestingly, ∆ also occurs in the duality-invariant expression of the cosmological con-

stant of some AdS4 vacua (and of the corresponding central charge of the dual CFT’s) of
general N = 2 gauged supergravities underlying flux compactifications of type II theories
[58].

The fact that f(abcd) 6= 0 which allows for the existence of (primitive) quartic g-invariant

structure ∆(φ) characterizes the pair
(
g = conf(Ĵ),R

)
as a (non-degenerate) Lie algebra of

type e7, defined axiomatically by the axioms (a)-(c) of [13]: R is a representation space of g

such that

(a) R possesses a non-degenerate, skew-symmetric bilinear g-invariant form (cfr. (5.12) and
(5.17));

(b) R possesses a completely symmetric, rank-4 g-invariant structure f(abcd) ( given by the
completely symmetric part of (5.18)), which allows to define

q (x, y, z, w) ≡ f(abcd)x
aybzcwd = 2∆ (x, y, z, w) ; (5.22)

(c) by defining a ternary product T (x, y, z) on R as

〈T (x, y, z) , w〉 ≡ q (x, y, z, w) , (5.23)

then it holds
3 〈T (x, x, y) ,T (y, y, y)〉 = 〈x, y〉 q (x, y, y, y) . (5.24)

Note that, from (5.22) and (5.23), T (x, y, z) is the the completely symmetric part of
the triple product T (5.11) on K ∼ R.

8Even if here fabcd is not (necessarily) completely symmetric in the present framework, we adopt the
same normalization of [14] and [15].
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Recently, the role of Lie algebras of type e7 was investigated in supergravity in some
detail (see Sec. 5.3.5). In Sec. 5.5 Brown’s definition of Lie algebras of type e7 [13] will be
discussed in relation to FTS and Freudenthal gauge theory.

From the FTS axioms discussed in Subsecs. 5.2.3 and 5.2.4, one can show that ∆(φ) is
invariant under the following transformation:

F :





K→ K;

φ 7→ F (φ) ≡ sgn (∆(φ)) T (φ)√
6 |λ∆(φ)|

≡ φ̃,
(5.25)

namely that
∆(φ) = ∆(φ̃), (5.26)

The proof can be found in the App. 5.7 (which generalizes the treatment of [14], in turn
referring to [13], to FTS defined by axioms (i)-(iv); see also [15]). In the physics literature,
the map F (5.25) has been called “Freudenthal Duality” (or F-duality for short); it was first
observed in [14] as a symmetry of the Bekenstein-Hawking [22; 23] entropy-area formula for
black holes, and then further generalized9 in [15].

In the rest of this Subsection, we list some remarks.

(I) Anti-Involutivity. The F-duality F (5.25) is an anti-involution in K [13; 14; 15]:

F ◦ F = −Id;

˜̃
φ = −φ.

(5.27)

This holds whenever φ is an element in Mc
J, which is the complement in K of the

hypersurface (recall (5.8))

MJ|I=J ≡ {φ ∈ K | Lφφφ ≡ T (φ) = 0} ⊂ K. (5.28)

In addition to this, for λ 6= 0 and for any φ ∈ K, the F-duality map and its image φ̃
(namely, the “F-dual” scalar field) are defined iff ∆(φ) 6= 0. Whenever Inv(MJ) is non-
empty and thus its corresponding action determines a stratification of the symplectic
vector space K (J) ∼ R (Inv(MJ)) (cfr. (5.10)), this can also be equivalently stated as
the request of φ to belong to the rank-4 orbit of K under the action of Inv(MJ) itself.

(II) Lagrangian Sub-Manifolds and Z4-Grading. Another geometrical interpreta-
tion of F-duality is as follows: given any φ in a Lagrangian sub-manifold L ⊂ K,
by virtue of the anti-involutivity property (5.27), F-duality F (5.25) gives an one-to-
one, homogeneity-preserving, non-linear (namely, non-polynomial) pairing from φ to

9In the nomenclature introduced in [15], (5.25) (which preserves the homogeneity in φ) defines the non-
polynomial “on-shell” version of F-duality; other possible versions and generalizations are discussed therein.
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another element φ̃ in the complement Lagrangian sub-manifold Lc ⊂ K, up to a sign. In
this respect, note that the anti-involutivity (5.27) of F yields a Z4-grading of the sym-
plectic vector space K. This interesting property will be investigated in a forthcoming
paper [24].

(III) F-Duality is not an FTS Derivation. The non-linear map over K provided by F-
duality (5.25) is not a derivation with respect to the triple product (5.11) over K. Thus,
such a mathematical structure cannot be consistently used to define an infinitesimal
transformation. This means that the invariance (5.26) is rather a global symmetry
(“duality”) of K, and thus a global (off-shell) symmetry of the corresponding gauge
theory; see next Sections.

5.3 Freudenthal Gauge Theory (FGT)

In the present Section, we will introduce the gauge theory based on the FTS discussed
in Sec. 5.2. As anticipated, this theory, whose consistent (bosonic) Lagrangian density is
proposed in Subsec. 5.3.3, will be named “Freudenthal Gauge Theory” (FGT ).

As it will become clear, our construction resembles very much the one of BLG theory
[3; 4]. However, we present here a detailed analysis, also in order to make several remarks
addressing the differences between FGT (and thus FTS ) and the triple systems-related gauge
theories, especially in D = 3 (see the discussion in Sec. 5.5).

5.3.1 From Global Symmetry...

We consider a real scalar field φ(x) valued in a FTS K over R, and we aim at constructing
a Lagrangian density functional L [φ(x)] with the desired symmetry.

Clearly, L [φ(x)] must be a K-scalar, and thus all its terms must be of the form

L [φ(x)] ∼ α(φ) 〈f(φ), g(φ)〉, (5.29)

α :

{
K→ R;
φ (x) 7→ α (φ(x)) ;

(5.30)

f, g :

{
K→ K;
φ (x) 7→ f (φ(x)) ; φ (x) 7→ g (φ(x)) .

(5.31)

At each point x in space-time, f (φ(x)) and g (φ(x)) are elements of the subalgebra Kφ(x) ⊂ K
generated by the element φ(x) ∈ K. More precisely, elements of Kφ(x) are homogeneous
polynomials of odd degree in φ(x), with the multiplication defined by the non-associative
(cfr. axiom (iii)) triple product T (5.11) over K.

The FTS axiom (iii) (or equivalently (iii′)), along with the definition (5.13), allow for a
consistent definition of an infinitesimal transformation LΛ ∈ sp(K) (recall (5.16)), such that

[f ((Id+ LΛ)φ(x)) − f (φ(x))]linear order = LΛf (φ(x)) , (5.32)
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where the parameters of the transformation are denoted by

Λ ∈ K⊗s K. (5.33)

Note that only elements in the symmetric tensor product K⊗sK can generate a transformation
LΛ, because the antisymmetric part K⊗a K is projected out by the symmetry property under
the exchange of the first two entries of the triple product T (cfr. axiom (i)).

Crucially, axiom (iv) (or equivalently (iv′)) states that for any f(φ), g(φ) ∈ K, the
symplectic product 〈f(φ), g(φ)〉 (defined in (5.12) and in (5.17)) is invariant under LΛ:

LΛ〈f(φ), g(φ)〉 = 〈LΛf(φ), g(φ)〉+ 〈f(φ),LΛg(φ)〉 = 0. (5.34)

By the same argument, all K-scalar real functions α(φ) (5.30) are necessarily of this form,
namely

α(φ) ∼ 〈h(φ), l(φ)〉 (5.35)

for some functions h(φ) and l(φ) of the same kind of f(φ) and g(φ) defined in (5.31).

Thus, one can conclude that any Lagrangian density functional L of the form (5.29) is
invariant10 under the infinitesimal transformation (5.32). In other words, by the four axioms
(i)-(iv) of FTS, any Lagrangian L of the form (5.29) is guaranteed to be invariant under
the global symmetry generated by LΛ (5.32).

It should also be remarked here that the definitions (5.21) and (5.25) imply that the
F-dual field φ̃(x) is also an element of Kφ(x). Therefore, φ̃(x) transforms in the very same
way as φ(x) under the global symmetry LΛ (5.32).

As already pointed out above, the invariance (5.34) of the symplectic product 〈·, ·〉 (5.12)
in K under the action of the infinitesimal transformation LΛ implies that this latter is not
simply an element in gl(K), but rather it generally belongs to the Lie algebra g (5.15)-(5.16).

5.3.2 ...to Gauge Symmetry

We will now proceed to gauge the global symmetry introduced in Subsec. 5.3.1, by
promoting the infinitesimal generator Λ (5.33) to be a function Λ(x) over space-time. Cor-
respondingly, this will identify g (5.15)-(5.16) as the gauge algebra.

As done in Subsec. 5.2.3, by adopting a basis {ea} for K, one can generally write down
the gauge transformation of a K-valued scalar field φ(x) = φa(x)ea in the following form
(recall (5.17)):

LΛφ(x) = Λab(x)Leaeb
φ(x) = fabc

dΛab(x)φc(x)ed, (5.36)

where Λab(x) denotes the rank-2 tensor generating the gauge transformation itself. Note
that axiom (i) of FTS implies such a tensor to be symmetric (cfr. (5.14)):

Leaeb
= Lebea

⇔ Λab(x) = Λba(x), (5.37)

10Note that no mentioning of invariance under (global ; cfr. point (IV) of Subsec. 5.2.5) Freudenthal
duality F (5.25) (which will be a crucial ingredient of FGT; see Subsec. 5.3.3) has been made so far; indeed,
it is immediate to check that the Lagrangian density functional L (5.29) is not invariant under F (5.25).
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which is consistent with (5.33). When Λab is constant over space-time, one consistently
re-obtains the global symmetry considered in Subsec. 5.3.1.

By recalling (5.16), one can define the linear operator Λ̂ ∈ g as11

Λ̂ a
b ≡ fcdb

aΛcd, (5.38)

such that the gauge symmetry transformation (5.36) of a field φ(x) is nothing but a matrix

multiplication by the linear operator Λ̂:

LΛφ
a = Λ̂ a

b φ
b. (5.39)

As discussed at the end of Subsec. 5.3.1, the gauge transformation of the F-dual field φ̃(x)
(5.25) is by construction the following one:

LΛφ̃
a = Λ̂ a

b φ̃
b. (5.40)

Next, we introduce a gauge field

Aµ(x) ≡ Aab
µ (x) ea ⊗s eb, (5.41)

which is a 1-form valued in12 K⊗s K. Correspondingly, a g-valued gauge covariant derivative
Dµ acting on the scalar field φa(x) can be defined as:

Dµφ
a(x) ≡ ∂µφ

a(x) − (Âµ) a
b (x)φb(x), (5.42)

where
(Âµ)

a
b (x) ≡ f a

cdb A
cd
µ (x) (5.43)

is the corresponding 1-form linear operator in g.
It is worth remarking that both definitions (5.38) and (5.43) can respectively be regarded

as images of the rank-2 symmetric tensor Λab (x) (5.33) of infinitesimal gauge parameters
and of the corresponding rank-2 symmetric tensor Aab

µ (x) (5.41) of 1-form gauge potentials,
under a map (dubbed “hat” map), defined through the FTS structure constants f d

abc (5.17)
as follows:

·̂ :





K⊗s K→ g;

Ψab(x) ea ⊗s eb 7→ f a
cdb Ψcd(x) ≡ Ψ̂ a

b .

(5.44)

The “hat” map (5.44) allows one to implement (generally g-valued) infinitesimal gauge trans-
formation LΛ defined via the FTS triple product in terms of standard matrix multiplication

11In the following treatment, we will often drop the explicit x-dependence in order to simplify the notation,
whenever confusion is unlikely to occur.

12Note that the symmetric nature of the tensor product in (5.41) does not imply any loss of generality,
due to the axiom (i) of FTS (yielding f a

cdb = f a
(cd)b ).
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(in gl(K)). As such, this map provides an explicit matrix realization of the gauge Lie alge-
bra g of the FGT, by means of an embedding (local in space-time) analogous to the local
embedding Kφ(x) ⊂ K mentioned below (5.31).

Then, the requirement of Dµφ(x) to transform under the gauge symmetry LΛ in the
same way as φ(x), i.e.

LΛ (Dµφ
a(x)) = (LΛDµ)φ

a(x) +Dµ(LΛφ)a(x) ≡ Λ̂ a
b (x)(Dµφ)b(x) (5.45)

consistently fixes the gauge transformation Âµ(x) as follows:

LΛÂµ(x) = ∂µΛ̂(x) −
[
Âµ(x), Λ̂(x)

]
≡ DµΛ̂(x), (5.46)

namely Âµ(x) transforms as a g-valued 1-form.
To proceed further, we introduce the gauge field strength 2-form

F̂µν ≡ [Dµ, Dν ] = ∂µÂν − ∂νÂµ − [Âµ, Âν ] ∈ g, (5.47)

whose infinitesimal gauge transformation can consistently be computed to be

LΛF̂µν = [F̂µν , Λ̂]. (5.48)

The matrix embedding of LΛ into g provided by the “hat” map (5.44) also ensures that the

“trace” of the field strength F̂µν(x) (5.47) is g-gauge invariant ; in the next Subsection, this
fact will be used to work out a bosonic Lagrangian for FGT.

5.3.3 The Lagrangian

We are now going to propose a consistent bosonic Lagrangian for the FGT.
We start by observing that, for a generic term α(φ)〈f(φ), g(φ)〉 (5.29) in the Lagrangian

density L [φ(x)], the anti-symmetry of the symplectic form (5.17) requires f(φ (x)) and
g(φ (x)) ∈ Kφ(x) to live in complementary Lagrangian sub-manifolds of K (see also point
(II) of Subsec. 5.2.5).

By recalling definitions (5.21) and (5.25) and considering the lowest possible order in
the scalar field φ(x), one can introduce the following (generally non-polynomial) term

〈φ, φ̃〉 = sgn (∆(φ))
〈φ, T (φ)〉√
6 |λ∆(φ)|

= −
√

2

3 |λ|
√

|∆(φ)|, (5.49)

which is homogeneous of degree 2 in φ(x). As discussed in Subsec. 5.3.2, the gauge covariant
derivatives of both φ(x) and its F-dual field φ̃(x) transform as vectors under the gauge
transformation LΛ; therefore, a consistent kinetic term for scalar fields reads

−1

2
〈Dµφ,D

µφ̃〉, (5.50)
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whose gauge invariance is guaranteed by the FTS axioms (i)-(iv), (5.34), and by the very
treatment of Subsec. 5.3.2.

From axiom (iv) (or equivalently (5.34)) and (5.49), it follows that for any sufficiently
smooth function V : R → R, then13

V
(
∆(φ)

)
(5.51)

is a gauge invariant real function of φ:

LΛ

(
V
(
∆(φ)

))
= 0, (5.52)

which therefore can be taken as a gauge invariant potential in the bosonic FGT action.
By exploiting the matrix embedding of g-valued Freudenthal gauge transformations LΛ

(realized by the “hat” map (5.44)), one can construct a Maxwell term for the gauge invariant

kinetic term for the gauge field Âµ(x).
By introducing the Minkowski metric ηµν = ηµν and a vector-scalar coupling function

N (∆(φ)), for D > 4 the following kinetic Maxwell term can be constructed:

1

4
N (∆(φ)) Tr

(
F̂ 2
)

≡ 1

4
N (∆(φ))

(
F̂µν

) b

a

(
F̂ µν

) a

b

=
1

4
N (∆(φ)) ηµληνρ f b

cda f
a

efb F cd
µν F

ef
λρ

= −1

4
N (∆(φ)) ηµληνρ fcdagfefbhω

ahωgb F cd
µν F

ef
λρ . (5.53)

The gauge invariance of (5.53) results from the simple computation

LΛ

(
1

4
N (∆(φ))Tr

(
F̂ 2
))

=
1

4
LΛ (N (∆(φ))) Tr

(
F̂ 2
)

+
1

4
N (∆(φ))LΛ

(
Tr
(
F̂ 2
))

=(5.54)

=
1

2
N (∆(φ)) Tr

(
[F̂ , Λ̂]F̂

)
= 0, (5.55)

where (5.52) has been used for the function N , the field strength gauge transformation
property (5.48) has been recalled, and the cyclicity of the trace has been exploited.

Thus, by merging (5.50), (5.51) and (5.53), the following (bosonic) Lagrangian for the
“Freudenthal gauge theory” (FGT) can be written down:

L [φ(x), Fµν (x)]D>4 = −1

2
〈Dµφ,D

µφ̃〉 +
1

4
N (∆(φ))Tr

(
F̂ 2
)
− V

(
∆(φ)

)
, (5.56)

13Actually, by recalling definitions (5.30) and (5.31), one could have chosen
V
(
α(φ) 〈f(φ), g(φ)〉

)
as the most general gauge invariant potential term. However, the invariance

also under F-duality F (5.25), as we do impose in FGT (see further below), further restricts the choice to
V
(
∆(φ)

)
, as given by (5.51).
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whose simplest (“minimal”) version corresponds to setting V
(
∆(φ)

)
= ∆(φ) (quartic scalar

potential) and N (∆(φ)) = 1:

Lminimal [φ(x), Fµν (x)]D>4 = −1

2
〈Dµφ,D

µφ̃〉 +
1

4
Tr
(
F̂ 2
)
− ∆(φ). (5.57)

Remarkably, the FGT Lagrangian density functional L [φ(x), Fµν (x)]D>4 (5.56) is not
only invariant under the off-shell gauge Lie algebra g introduced in Subsecs. 5.3.1-(5.3.2),
but also under the F-duality F (5.25), which acts as a global (off-shell) symmetry14. In
order to check this, one should simply recall (5.26), as well as the anti-involutivity (5.27) of
F (5.25) itself and the anti-symmetry of the symplectic product used to construct the scalar
kinetic term (5.50). In particular, the F -invariance of the latter reads (recall point (IV) of
Subsec. 5.2.5):

F
(
ηµν〈Dµφ,Dνφ̃〉

)
= ηµν〈Dµφ̃, Dν(−φ)〉 = ηµν〈Dνφ,Dµφ̃〉
= ηµν〈Dµφ,Dνφ̃〉, (5.58)

where in the second line one does not necessarily have to use the the symmetry of the
Minkowski space-time metric ηµν , because, the scalar kinetic term is symmetric under the
exchange of its space-time indices:

〈Dµφ,Dνφ̃〉 = 〈Dνφ,Dµφ̃〉, (5.59)

as shown in App. 5.8.

It should be here remarked that in the above construction the dimension D of space-time
does not necessarily need to be specified. As mentioned, the (φ-coupled) Maxwell kinetic
vector term (5.53) is well defined in D > 4. Moreover, in D = 4 a topological (theta) term
can also be introduced, along with its vector-scalar coupling function M (∆(φ)):

1

4
M (∆(φ))Tr

(
F̂ ∧ F̂

)
, (5.60)

and its gauge invariance and F-invariance once again follow from (5.52), (5.48), (5.26) and
the the cyclicity of the trace.

Thus, in D = 4, the bosonic Lagrangian density (5.56) can be completed as follows:

L [φ(x), Fµν (x)]D=4 = −1

2
〈Dµφ,D

µφ̃〉 − V
(
∆(φ)

)

+
1

4
N (∆(φ))Tr

(
F̂ 2
)

+
1

4
M (∆(φ))Tr

(
F̂ ∧ F̂

)
. (5.61)

14From point (IV) of Subsec. 5.2.5), the Freudenthal duality F (5.25) is not a derivation with respect
to the FTS triple product (5.11) over K, and thus with respect to the FTS -based gauge transformation
introduced above.
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On the other hand, in D = 3 a Chern-Simons (CS) term for the gauge sector can be
considered, with the same form as in the BLG theory (cfr. (45) of [3]):

1

2
εµνλ

(
fabcd A

ab
µ ∂νA

cd
λ +

2

3
f g

cda fefgbA
ab
µ A

cd
ν A

ef
λ

)
, (5.62)

whose consistence in FGT follows from FTS axioms (i) and (iv). The F-invariance of the
CS term (5.62) is trivial (it does not depend on φ at all), while its gauge invariance can be
easily proved by exploiting the symmetry property (5.19) of FTS structure constants fabcd.

Thus, in D = 3 one can propose the following bosonic FGT Lagrangian density:

L [φ(x), Fµν (x)]D=3 = −1

2
〈Dµφ,D

µφ̃〉 − V
(
∆(φ)

)

+
1

2
εµνλ

(
fabcd A

ab
µ ∂νA

cd
λ +

2

3
f g

cda fefgbA
ab
µ A

cd
ν A

ef
λ

)
. (5.63)

5.3.4 Gauge Algebras of Type e7

An interesting class of gauge algebras g (5.15)-(5.16) for the FGT can be obtained

by considering symmetry algebras of Jordan algebras Ĵ themselves. Indeed, a particular
non-compact, real form of the decomposition (5.3) reads

qconf(Ĵ) = conf(Ĵ) ⊕ sl(2,R) ⊕ K(Ĵ) ⊕ K(Ĵ), (5.64)

where conf(Ĵ) and qconf(Ĵ) respectively denote the conformal and quasi-conformal Lie alge-

bras of rank-3 simple Euclidean Jordan algebras Ĵ (see e.g. [9], and Refs. therein). Note that

conf(Ĵ) is nothing but a particular non-compact, real form of Inv(MbJ
); this is also consistent

with the fact that conf(Ĵ) is nothing but the automorphism Lie algebra of K(Ĵ) itself:

conf(Ĵ) ∼ aut
(
K(Ĵ)

)
. (5.65)

Analogously, also formulæ (5.4)-(5.7) hold at the suitable non-compact real level, by respec-

tively replacing Inv(MbJ
) and sp

(
K(Ĵ)

)
with conf(Ĵ) and15 sp (f,R). In particular, (5.7) can

be recast as
conf(Ĵ) = sp (f,R) ∩ qconf(Ĵ). (5.66)

The decompositions (5.3) and (5.64), as well as the whole treatment above, also hold
for rank-3 semi-simple Euclidean Jordan algebras of the type

Ĵ = R⊕Γm,n, (5.67)

where Γm,n is a rank-2 Jordan algebra with a quadratic form of pseudo-Euclidean signature
(m,n), i.e. the Clifford algebra of O(m,n) [59]. However, in this case the corresponding

15Note that sp (f, R) is the maximally non-compact (split) real form of sp
(
K(Ĵ)

)
.
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Ĵ conf(Ĵ) qconf(Ĵ) R
(
conf(Ĵ)

)
N

R sl(2,R) g2(2) 4 2

R⊕R sl(2,R) ⊕ sl(2,R) so (3, 4) (2, 3) 2

R⊕R⊕R sl(2,R) ⊕ sl(2,R) ⊕ sl(2,R) so(4, 4) (2, 2, 2) 2

R⊕Γm,n sl(2,R) ⊕ so(m+ 1, n+ 1) so(m+ 2, n+ 2) (2,m + n + 2)
2 (m = 1)
4 (m = 5)

JR

3 sp(6,R) f4(4) 14′ 2
JC

3 su(3, 3) e6(2) 20 2

JCs

3 sl(6,R) e6(6) 20 0
M1,2(O) su(1, 5) e6(−14) 20 5

JH
3 so∗(12) e7(−5) 32(′) 2, 6

JHs

3 so(6, 6) e7(7) 32(′) 0

JO

3 e7(−25) e8(−24) 56 2

JOs

3 e7(7) e8(8) 56 8

Table 5.1 Conformal conf(Ĵ) and quasi-conformal qconf(Ĵ) Lie algebras associated to rank-3

Euclidean Jordan algebras. The relevant symplectic irrep. R of conf(Ĵ) is also reported.
In particular, 14′ denotes the rank-3 antisymmetric irrep. of sp(6,R), whereas 32 and
32′ are the two chiral spinor irreps. of so∗ (12) . Note that conf(JAs

3 ) and qconf(JAs

3 ) are
the maximally non-compact (split) real forms of the corresponding compact Lie algebra.
M1,2 (O) is the JTS generated by 2 × 1 vectors over O [7; 8]. Note the Jordan algebraic
isomorphisms Γ1,1 ∼ R ⊕ R, and Γ1,0 ∼ R. The number of spinor supercharges N of the
corresponding supergravity theory in D = 4 (cfr. Subsec. 5.3.5) is also listed.

Lie algebra G in (5.3) (or qconf(Ĵ) in (5.64)) is a classical Lie algebra, namely a (pseudo-
)orthogonal algebra.

Table 1 lists the entries of (5.64) for rank-3 Euclidean Jordan algebras, also including

the cases Ĵ = JAs

3 ≡ H3(As), where As = Cs, Hs, Os are the split version of C, H, O,

respectively (see e.g. [9] for further elucidation and list of Refs.). The role of K(Ĵ)’s and
their symmetries in supergravity is discussed in next Subsec. 5.3.5.

It is here also worth recalling that the the Lie algebra Inv(MbJ
) (or equivalently conf(Ĵ))

is “of type e7” [13], as recalled in Sec. 5.2.5, and in mathematical literature its symplectic
(real) representation R is sometimes called minuscule irrep. (see e.g. [42]).

5.3.5 FGT and Supergravity

Summarizing, a class of gauge algebras (and representations) for FGT is provided by the

conformal Lie algebras conf of (simple and semi-simple) Euclidean, rank-3 algebras Ĵ, listed
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in Table 1, along with their (real) symplectic representation R. The pair
(
conf

(
Ĵ
)
,R
)

characterizes conf
(
Ĵ
)

as a Lie algebra of type e7 [13].

Interestingly, conf
(
Ĵ
)

is the U -duality16 Lie algebra of D = 4 Maxwell-Einstein super-

gravity theories (MESGT’s) related to the FTS K(Ĵ) [7; 8] (see also e.g. [9] and [11; 12] for
recent reviews, and list of Refs.).

Indeed, within such a class of theories, the decomposition (5.64) can be further inter-

preted as the Cartan decomposition of the qconf(Ĵ) (U -duality algebra inD = 3) with respect

to conf(Ĵ) (U -duality algebra in D = 4). In particular, R
(
conf(Ĵ)

)
listed in Table 1 is the

representation in which the 2-form field strengths of the D = 4 Abelian vector potentials
sit, along with their duals. As mentioned above, conf(Ĵ) is nothing but Inv(MbJ

), possibly
specified as a suitable non-compact real algebra17.

At least in D = 3, 4, 5, 6, the theories of this class all exhibit (Abelian vector multiplets’)
scalar manifolds which are symmetric cosets18. In particular, the coset Lie generators in
D = 4 and D = 3 Lorentzian space-time dimensions are respectively given by conf(Ĵ) and

qconf(Ĵ) modded out by their maximal compact subalgebra (mcs).
The number of spinor supercharges N of the D = 4 supergravity theory is reported

in Table 1. In particular, the theories associated to Ĵ = JA
3 ≡ H3(A) are usually dubbed

”magical” MESGT’s [7; 8], whereas the N = 2, D = 4 theories corresponding to Ĵ = R,
R ⊕ R and R ⊕ R ⊕ R are the so-called T 3, ST 2 and STU models [45; 46]. It should also be

remarked that Ĵ = JH
3 is related to both N = 2 and N = 6 theories, which in fact share the

very same bosonic sector [7; 8; 47; 48; 49].

As discussed in Subsec. 5.2.1, FTS ’s K
(
Ĵ
)

(with Ĵ simple) exhibit a close relationships

with exceptional Lie algebras, as given by (5.3). As listed by Table 1, when considering
suitable non-compact, real forms, (5.3) enjoys the reinterpretation (5.64) : in other words,
exceptional Lie algebras occur as as quasi-conformal Lie algebras of the corresponding simple
Jordan algebras Ĵ [28; 33]. In this respect, it is worth adding that classical (namely, pseudo-
othogonal) Lie algebras also occur as quasi-conformal Lie algebras of rank-3 semi-simple
Euclidean Jordan algebras of the type (5.67) [50].

These facts provide indication of possible links between FGT and Yang-Mills (excep-

16Here U -duality is referred to as the “continuous” symmetries of [20]. Their discrete versions are the
U -duality non-perturbative string theory symmetries introduced by Hull and Townsend [21].

17In fact, as a maximal subalgebra of qconf(Ĵ), in this framework the Lie algebra Inv(MbJ
) can be compact

(with commuting subalgebra su(2)) or non-compact (with commuting subalgebra sl(2, R)), depending on
whether the D = 4 → 3 Kaluza-Klein reduction is performed along a space-like or time-like direction,
respectively; in turn, this mathematically corresponds to perform a c-map [60] or a c∗-map (see e.g. [61])
on the D = 4 (vector multiplets’) scalar manifold.

18A particular case is given by M1,2 (O), which (cfr. caption of Table 1) is a JTS generated by 2 × 1
vectors over O [7; 8]. It is related to supergravity with 20 local supersymmetries, which exists only in D = 4
(N = 5 [43]) and in D = 3 (N = 10; see e.g. [44] and Refs. therein).
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tional) gauge theories.
Note the crucial difference : in FGT the scalar fields φ fit into R(g) and the vectors

arise from the gauging of the FTS triple product symmetry algebra g; on the other hand, in
the corresponding (D = 4) supergravity framework, the vectors fit into R(g = conf(Ĵ)), and
the scalar fields are in a suitable representation of the maximal compact subalgebra mcs(g).
On the gravity side, supersymmetry seems to be an accidental feature; indeed, we recall that
for Ĵ = JCs

3 and JHs

3 , the corresponding theories of gravity coupled to Maxwell and scalar
fields are not supersymmetric.

It will be interesting to investigate these relations in future studies; see also the discus-
sion in Sec. 5.5.

5.4 Generalization?

In the previous Section, we constructed a consistent Lagrangian for the Freudenthal
gauge theory (FGT), based on the FTS K (J), with K-valued scalar field φ(x), admitting
both (off-shell) FTS gauge symmetry and (off-shell) global Freudenthal-duality symmetry
F .

The most important kind of generalization would concern an FGT-type Lagrangian
involving some vector fields and/or spinor fields, which is again invariant under both FTS
gauge and Freudenthal duality symmetries; indeed, this would be a necessary condition for a
supersymmetric (non-trivial) extension of FGT. Moreover, such a generalization is of interest
to the physicists, since it potentially might define a sigma-model type theory if the space-
time considered in this paper is regarded as the world-volume of some extended objects (for
instance, M2-branes), and correspondingly the vector fields conceived as the image of the
world-volume in some target space.

However, in Subsecs. 5.4.1-5.4.2 we shall prove that, within some minimal reasonable
assumptions, such a generalization is not possible.

5.4.1 Coupling to a Vector Space

Let us start the analysis by coupling a generic FTS K to a generic vector space V,
over which one can introduce suitable algebraic structures and make it into an algebra; for
instance, spinors can be regarded as vectors with an anti-symmetric binary product that
yields the Fermi statistics. In this way, our discussion for the formal algebraic system V will
cover the most generic space that couples to K.

Thus, we are considering an extended vector space

N ≡ K⊗ V, (5.68)

whose element, denoted by Φ, is the tensor product of an element φ ∈ K and an element
v ∈ V, i.e.

Φ ≡ φ⊗ v ∈ N. (5.69)
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In order to be able to construct a Lagrangian density functional L [Φ(x)] for the fields
Φ(x) ∈ N obtained from promoting an element Φ ∈ N to a N-valued space-time field Φ(x),
one starts and introduces a bilinear form (namely, the metric)

〈·, ·〉 :




N⊗ N→ R;

ΦI ,ΦJ 7→ 〈ΦI ,ΦJ〉,
(5.70)

defined for any two ΦI,J = φI,J ⊗ vI,J in N. Via direct evaluation, (5.70) induces a metric
on V itself:

〈ΦI ,ΦJ〉 = 〈φI ⊗ vI , φJ ⊗ vJ〉 = 〈φI , φJ〉 × (vI , vJ)
V
, ∀ΦI ,ΦJ ∈ N, (5.71)

where “×” is here mulitplication by a scalar (real) factor, and

(·, ·)
V

:





V ⊗ V → R;

vI , vJ 7→ (vI , vJ)
V
,

(5.72)

is the induced metric over V. Note that the symmetry property of (·, ·)
V

(5.72) is to be
determined by the required symmetry property of the metric 〈·, ·〉 (5.70) over N (by also
recalling the anti-symmetry of the symplectic form (5.12) over K).

Furthermore, in order to consistently define the Freudenthal duality F of this extended
theory, one needs to introduce a triple product

T :




N⊗ N⊗ N→ N;

ΦI ,ΦJ ,ΦK 7→ T (ΦI ,ΦJ ,ΦK) ≡ ΦIΦJΦK ,
(5.73)

defined for any three elements ΦI ,ΦJ ,ΦK ∈ N, which would then induce a tri-linear triple
product on V itself:

[·, ·, ·]
V

:





V ⊗ V ⊗ V → V;

vI , vJ , vK 7→ [vI , vJ , vK ]
V
.

(5.74)

In order to proceed further, we here make a plausible conjecture that Freudenthal du-
ality F can be defined only for algebraic systems satisfying the axioms (i)-(iv) of an FTS,
introduced in Subsec. 5.2.3. As a consequence, we require the metric (5.70) to be an anti-
symmetric bilinear from (and append this as axiom (o)), thus obtaining the following five
axioms for the algebra N:

(o) 〈ΦI ,ΦJ〉 = −〈ΦJ ,ΦI〉

(i) ΦIΦJΦK = ΦJΦIΦK

(ii) ΦIΦJΦK = ΦIΦKΦJ + 2µ 〈ΦJ ,ΦK〉ΦI + µ 〈ΦI ,ΦK〉ΦJ − µ 〈ΦI ,ΦJ〉ΦK
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(iii) ΦLΦM (ΦIΦJΦK) = (ΦLΦMΦI)ΦJΦK + ΦI(ΦLΦMΦJ)ΦK + ΦIΦJ (ΦLΦMΦK)

(iv) 〈ΦLΦMΦI ,ΦJ〉 + 〈ΦI ,ΦLΦMΦJ〉 = 0,

where µ plays the role of the real parameter λ introduced above for the FTS K.
Then, by repeating for the algebra N the very same construction discussed in Sec. 5.3

for the FTS K, one gets the most general Lagrangian density functional L [Φ(x)] invariant
under the two desired symmetries, namely under both (off-shell) FTS gauge symmetry and
(off-shell) global Freudenthal-duality symmetry F .

5.4.2 A No-Go Theorem

However, this seemingly smooth construction of an extended FGT coupled to vector
and/or spinor fields suffers from some severe constraints, which actually spoils the above
generalization.

Indeed, the axioms (o)-(iv) of N induce a set of corresponding axioms for the metric
(5.72) and the triple product (5.74) induced on V (in addition to the ones already introduced
for other physical reasons, such as the ones yielded by the Bose and/or Fermi statistics for
the fields vI ∈ V); the reader can find the full set of such axioms for V in App. 5.9.

Among them, axiom (B. iii) induced from the derivation property of N leads to a par-
ticularly strong constraint. In order to realize this, let us restrict to a subalgebra

Nφ ≡ Kφ ⊗ V ⊂ N, (5.75)

where Kφ is the subalgebra in K generated by a single generator φ ∈ K (see also Subsec.
5.3.1). Then, by taking five elements of the form

ΦL,M,I,J,K ≡ φ⊗ vL,M,I,J,K ∈ Nφ (5.76)

and inserting them into axiom (B. iii) of App. 5.9, the following simplified (weaker) condition
on the algebraic structure of V is achieved:

φφ T (φ)⊗
([
vL, vM , [vI , vJ , vK ]

V

]
V
−
[
vI , vJ , [vL, vM , vK ]

V

]
V

)
= 0, (5.77)

where the simplification comes from the fact that over the subalgebra Kφ, LφT (φ) and LT (φ)φ

act as annihilation operators, whose proof can be found in App. 5.7.
Moreover, we observe that, as holding for K (cfr. definition (5.13)) for any two elements

vL, vM ∈ V one gets a linear operator (generally gl(V)-valued, whenever it is non-zero)
LvLvM

, whose action is evaluated by the triple product (5.74) as:

LvLvM
:





V ⊗ V → V;

vL, vM 7→ LvLvM
vI ≡ [vL, vM , vI ]V ,

(5.78)
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Then, by using definition (5.78), the weaker form (5.77) of the axiom (B. iii) can be recast
as a condition on the matrix commutator in gl(V):

[
LvLvM

,LvIvJ

]
= 0, ∀vI,J,L,M ∈ V. (5.79)

Under the assumption that the metric (5.70) in N is non-degenerate (which we under-
stand throughout19), the condition (5.79) can be satisfied in only two instances:

[ I ] when dim(R)V = 1, i.e.
N = K⊗ R, (5.80)

which is the case of a single K-valued (real) scalar field discussed in Secs. 5.2-5.3;

[ II ] when the set
{LvIvJ

∈ gl(V) | vI , vJ ∈ V} ⊂ gl(V) (5.81)

is a subset of the Cartan subalgebra of gl(V), namely20 (recall definitions (5.72) and
(5.78)):

LvIvJ
vK = [vI , vJ , vK ]

V
= (vI , vJ)

V
× vK . (5.82)

The triple product [·, ·, ·]
V

(5.74) defined by (5.82) satisfies the strong form of axiom
(B. iii) and most of other axioms of App. 5.9. However, at least within the assumption
of non-degeneracy of the metric of the algebra N (cfr. Footnote 19), it is refuted by
axiom (B. ii) whenever K is larger then a single-generator algebra Kφ. �

This complete the proof of the following

No-Go Theorem
Assuming the metric of the algebraic system N (5.68) to be non-degenerate and the

Freudenthal duality F to be defined only for N satisfying all the four FTS axioms introduced
in Subsec. 5.2.3, then it is not possible to construct a Lagrangian density functional L [Φ(x)]
for a K-valued vector/spinor field Φ(x) which admits both (off-shell) FTS gauge symmetry
and (off-shell) global F-duality symmetry F .

19For instance, if the metric (5.70) of the algebra N is degenerate, it can be proved that a coupling to a
Grassmannian number degree of freedom is possible. However, since there is no fermion bilinear for a one-
dimensional spinor, this is a rather trivial theory, in which the fermionic degree of freedom never plays any
role, and it cannot mix up with the bosonic degree of freedom. In such a theory, the structure is essentially
the same as the one pertaining to a single K-valued (real) scalar field, and hence a consistent implementation
of invariance under (global, off-shell) Freudenthal duality is possible. We plan to investigate further this issue
in future work.

20In general, instead of (5.82) one may propose

LvIvJ
vK = [vI , vJ , vK ]

V
= h

(
(vI , vJ)

V

)
× vK ,

for any function h : R → R, as the most generic possibility [ II ]. However, the tri-linearity of the triple
product [·, ·, ·]

V
(5.74) in V requires the function h to be linear. Since the constant term of the linear function

h leads to a trivial triple product and is easily refuted by the other axioms of App. 5.9, one can conclude
that, up to an overall (real) factor, (5.82) is the most generic possibility [ II ].
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5.5 FGT and (N = 3, D = 3) SC CSM Gauge Theories

We will now briefly make some observations on the relation between Freudenthal gauge
theory (FGT) (based on Freudenthal triple systems (FTS ’s)) and the intense research on
triple systems and gauge theories, in which remarkable advances were achieved after the
seminal papers of Bagger and Lambert [3] and Gustavsson [4]. A more detailed analysis will
be reported in [24].

Here, we will focus on the relation to superconformal (SC) Chern-Simons-matter (CSM)
gauge theories in D = 3 (in which the R-symmetry structure is richer); we will mainly refer
to the mathematical treatment of [26] and [27] (see also [51]); for an extensive list of Refs.
on BLG theories and related developments, besides [26; 27; 51], we address the reader e.g.
to the recent comprehensive review [5]. As in previous Sections, we will make use of a
basis-dependent tensor notation.

We start by observing that the set of axioms (i), (iii) and (iv) defining an FTS (as
given in Sec. 5.2.4) match the set of axioms (a), (b) and (c) defining the triple systems based
on quaternionic unitary representations W of a metric Lie algebra g, as discussed in [26]
and [27] (see e.g. App. A.2.4 of [27], and axioms (125)-(127) therein); in particular, the
FTS axiom (iii) is nothing but the so-called fundamental identity of the triple system (see
e.g. (127) of [27]). In turn, the treatment of [26] and [27] is based on a construction due to
Faulkner [25; 52], which essentially constructs triple systems from pairs (g,V), where V is
a suitable representation21 of g [26].

The g-irreducible decomposition of the rank-4 g-invariant structure in W is given by
(124) of [27] (also, cfr. Table 2 therein):

S2S2W ∼= S4W ⊕ W(2,2). (5.83)

In tensor notation, a reformulation22 of (5.83) reads as follows (a, b ∈ R):

fabcd = af(abcd) + bωa(cωd)b. (5.84)

(5.84) is consistent with the general symmetry of the FTS structure constants’ tensor fabcd

given by (5.20); furthermore, Freudenthal duality F (5.25) can be consistently introduced
whenever f(abcd) 6= 0.

It is worth remarking that Brown’s definition of Lie algebra (g,R) of type e7 [13] (cfr.
(a)-(c) in Sec. 5.2.5) can be extended to include also the not completely symmetric part
ωa(cωd)b of (5.84) as follows: R is a representation space of g such that

(â) R possesses a non-degenerate, skew-symmetric bilinear g-invariant form ω (cfr. (5.12)
and (5.17));

21The fourth axiom (quaternionic condition; see e.g. (128) of [27]) defining Faulkner’s triple systems based
on (g,W) is essentially related to the existence of an skew-symmetric symplectic invariant bilinear form ω

which raises and lowers indices.
22Here, we will not deal with issues of generality of the reformulation (5.84) of (5.83).
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(̂b) R possesses a rank-4 g-invariant structure fabcd (5.84), which allows to define

q̂ (x, y, z, w) ≡ fabcdx
aybzcwd = 2∆̂ (x, y, z, w) ; (5.85)

(ĉ) by defining a ternary product T̂ (x, y, z) on R as

〈
T̂ (x, y, z) , w

〉
≡ q̂ (x, y, z, w) , (5.86)

then it holds
3
〈
T̂ (x, x, y) , T̂ (y, y, y)

〉
= 〈x, y〉 q̂ (x, y, y, y) . (5.87)

By enhancing fabcd = f(abcd) to a not completely symmetric fabcd given by (5.84), one can
conclude that, by virtue of (â), the real parameters a and b can always be chosen such that
the inclusion of ωa(cωd)b in Brown’s definition [13] yields nothing but an equivalent definition
of Lie algebra of type e7; however, as pointed out below, the presence or absence of the term
ωa(cωd)b matters in order to make contact with FTS ’s.

Note that the λ-dependent FTS-defining axiom (ii) was not mentioned so far. However,

at least for the class of pairs (g,R) =
(
conf

(
Ĵ
)
,R
)

reported in Table 1, the parameters a

and b can be fixed consistently with axiom (ii), by further elaborating (5.84) as

fabcd = 6λf(abcd) − 2λωa(cωd)b. (5.88)

For pairs (g,R) =
(
conf

(
Ĵ
)
,R
)

with g simple, both (5.88) and the parameter λ acquires a

very simple group-theoretical meaning. Indeed, exploiting the results of [53], (5.88) can be
rewritten as

fabcd = −3τf(abcd) + τωa(cωd)b = tαabt
β
cdgαβ, (5.89)

where tαab = tα(ab) is the (g-invariant) realization of the generators of g in R; the indices α and
a respectively are in Adj and R of g, whose Cartan-Killing metric is gαβ . Therefore, fabcd

can be defined as the adjoint-trace of the product of two realizations of generators of g in its
representation R. Moreover, the parameter [53]

τ ≡ 2dimRAdj (g)

dimRR (g) (dimRR (g) + 1)
= −2λ (5.90)

expresses the ratio between the sets of indices α and ab = (ab) of tαab (in the treatment above,
we set dimRR (g) ≡ f ; cfr. (5.6)). By virtue of the Gaillard-Zumino embedding (5.5) [34]
(or, equivalently of the aforementioned Theorem by Dynkin [35; 36]), τ expresses the fraction
of generators of sp (f,R) which generate its maximal (generally non-symmetric) sub-algebra
g. Indeed, it holds that

0 < τ 6 1 ⇔ −1

2
6 λ < 0. (5.91)
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By a suitable generalization of the analysis of [62], explicitly worked out in [63], the

choice of fabcd given by (5.89) can be made also for the pairs (g,R) =
(
conf

(
Ĵ
)
,R
)

with g

semi-simple. However, in these cases the last step of (5.84) does not hold:

fabcd = −3τf(abcd) + τωa(cωd)b 6= tαabt
β
cdgαβ; (5.92)

in fact, the explicit expression of tαabtα|cd for these cases has been computed in [63], and it is
such that [64]

gαβt
α
(abt

β
c)d = 0.

Thus, the FTS (the triple system on which the FGT is based) turn out to be related
to the quaternionic level of Faulkner’s construction [25] of triple systems from pairs (g,V),
which has been recently re-analyzed by [26; 27; 51] within D = 3 SC CSM gauge theories.

An important difference with the latter framework is the fact that, in the treatment of
the present paper, FTS is defined on the ground field R (recall Footnote 1); this constrains
the pair (g,V) = (g,K) such that V is a real representation space of the (non-compact) real

algebra g; some examples, related to conformal symmetries of JTS J = Ĵ, are reported in
Table 1. It should be pointed out that this is not inconsistent with the physical constraint
on matter representations in D = 3 SC CSM gauge theories; indeed, V = W is always
assumed with a positive-definite inner product (for unitarity of the corresponding gauge
theory), but CS gauge fields are not propagating (and they are in Adj (g)), and therefore g

does not necessarily have to be endowed with a positive-definite product, thus allowing for
non-compact (real) forms of g.

The position (5.84) for the FTS structure constants’ tensor fabcd (or, equivalently, for
the rank-4 g-invariant structure in W in (g,V = W)-based Fualkner’s construction of triple
systems [25]) entails two “extremal” cases:

1. The case in which fabcd is completely symmetric (and therefore Freudenthal duality F
(5.25) can be consistently introduced), corresponding to b = 0 and (up to redefinition)
a = 1 in (5.84):

fabcd = f(abcd), (5.93)

which characterizes Brown’s definition [13] of (g,W) as a Lie algebra of type e7 (cfr.
axiom (b) in Sec. 5.2.5). The corresponding triple system has been named quaternionic
Lie triple system (qLTS ) in [27]. However, this triple system is not relevant for appli-
cation in (BLG-type) gauge theories. Indeed, for positive-definite W (as assumed for
unitarity of the corresponding gauge theory), fabcd is nothing but the Riemann tensor
of a symmetric hyper-Kähler manifold, which is Ricci-flat ; however, any homogeneous
Ricci-flat Riemannian manifold is actually Riemann-flat [65; 66]. Thus, a positive-
definite W in qLTS (5.93) is necessarily the trivial representation (cfr. Corollary 6
in [27]). Remarkably, this result has a consistent interpretation in the FTS frame-
work. Indeed, it can be checked that (5.93), when plugged into the FTS axiom (iii)
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(fundamental identity) and contracted with xaxbycyeyfyg, does not yield the axiom
(c) defining a Lie algebra of type e7 [13]. In other words, (g,W) of type e7 [13] is not
consistent with the FTS introduced in Secs. 5.2.5-5.2.4; in particular, the fundamen-
tal identity (iii) is not consistent with axiom (c) of Lie algebras of type e7 [13]. As
a consequence, the limit of the defining axioms (i)-(iv) in which fabcd is taken to be
completely symmetric (5.93) is ill defined; a non-trivial λ→ 0 limit in (i)-(iv) can still
be implemented, but it yields an FTS which does not fulfill the symmetry condition
(5.93) [24].

2. The case in which fabcd lacks of its completely symmetric part, corresponding to a = 0
and (up to redefinition) b = 1 in (5.84):

fabcd = ωa(cωd)b. (5.94)

In this case the Freudenthal duality F (5.25) cannot be consistently introduced. The
corresponding triple system has been named anti-Lie triple system (aLTS ) in [27]; it
characterizes N = 4 and N = 5 SC CSM gauge theories in D = 3, as thoroughly ana-
lyzed in [27] (see also Table 6 therein), by elaborating on previous literature (see Refs.
therein). A prototypical case (treated in Example 1 of [31]) is provided by a consistent
limit of (5.88), given by23 (recall (5.6)) g = sp(f,R) and W = f (fundamental irrep.).
Since

S4f ≡ (f × f × f × f)s (5.95)

is irreducible in sp(f,R) and contains no singlets, it follows that f(abcd) = 0. On the
other hand, since Adj(sp(f,R)) = S2f ≡ (f × f)s, the definition (5.90) also yields τ =
1, and therefore (5.94) is recovered from (5.88). It is worth remarking that in this case
the resulting FTS is not endowed with a manifestly JTS -covariant structure (5.1) as
in the original Freudenthal’s formulation [28; 29; 30]; the corresponding (super)gravity
theory in D = 4 can have at most24 N = 1 local supersymmetry, and has a (non–
special) Kähler scalar coset with algebra sp (f,R) ⊖ u(f/2) (upper Siegel half-plane).

The general triple system under consideration, which interpolates between qLTS (5.93)
and aLTS (5.94), is endowed with an fabcd given by (5.84) with both a and b non-vanishing.
Among SC CSM gauge theories in D = 3, this is consistent only with N = 3 (see e.g. [27],
and Refs. therein), which is thus the only amount of (global) supersymmetry for which
Freudenthal duality F (5.25) could a priori be implemented, even if its enforcement as a
global (off-shell) symmetry is in contrast with supersymmetry itself, as implied by the No-
Go theorem proved in Sec. 5.4.2.

It is worth observing that this general case is also consistent with the “extension” of
the definition of Lie algebras of type e7 (based on axioms (â)-(ĉ) above); indeed, up to

23Recall that, under the assumption that ω is non-degenerate, f is even.
24In this theory, the consistency of N = 1 local supersymmetry with a symplectic structure of electric and

magnetic fluxes has been studied e.g. in [40]; see also [67].
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some redefinitions, the real parameters a and b can always be chosen such that (5.84), when
plugged into the FTS axiom (iii) and contracted with xaxbycyeyfyg, does yield the axiom
(ĉ) introduced above; the term ωa(cωd)b plays a key role in this result.

The above treatment hints for the existence of a class of N = 3, D = 3 SC CSM gauge
theories in which the gauge Lie algebra and its matter representation are given by

(g,V) =
(
conf

(
Ĵ
)
,R
)
, (5.96)

namely they are respectively given by the conformal symmetries of rank-3, Euclidean Jordan
algebras, and by their relevant symplectic irreps. R, as reported in Table 1.

In this respect, by recalling Sec. 5.3.5, N = 3, D = 3 SC CSM gauge theories based
on (5.96) share the same symmetry (with different physical meanings) of other two distinct
classes of theories :

• D = 4 Maxwell-Einstein (super)gravity theories (ME(S)GT) (with various amount N
of local supersymmetry) having symmetric scalar manifolds, as discussed in Sec. 5.3.5
(and reported in Table 1);

• (D = 3) Freudenthal gauge theories (FGT’s) based on an FTS K ∼ R
(
conf

(
Ĵ
))

.

The consistency of FGT with (global) supersymmetry is an important difference with
respect to N = 3 SC CSM gauge theories. Indeed, the No-Go Theorem proved in Sec.
5.4.2 essentially states that global (off-shell) Freudenthal duality is not consistent with
a non-trivial coupling to space-time vector/spinor fields, which in turn is a necessary
condition for supersymmetry.

These relations among N = 3, D = 3 SC CSM gauge theories, D = 4 ME(S)GT’s and
FGT’s can actually be extended to the general case in which the pair (g,V = W) defines a
generic FTS (based on axioms (i)-(iv)) corresponding, in the sense outlined above, to the
“quaternionic level” of Faulkner’s construction [25; 52; 26; 27; 51].

We plan to investigate this interesting interplay of symmetries in future work [24] (also
in view of possible AdS/CFT applications). In particular, when disregarding the global (off-
shell) Freudenthal duality, it will be interesting to consider the consistency of (D = 3) FGT
as a(n alternative, purely) bosonic sector of the corresponding N = 3, D = 3 SC CSM gauge
theory. In fact, as analyzed in Sec. 5.3.3, in FGT the non-vanishing of f(abcd) allows for
terms in the Lagrangian which differ from the usual ones in BLG theories; for instance, the
simplest FGT scalar potential is quartic in the scalar fields (essentially given by ∆ (5.21);
see (5.57)), whereas in BLG theories it is of order six (see e.g. (19) of [3]).

5.6 Concluding Remarks

In this paper, we have introduced the Freudenthal Gauge Theory (FGT), a gauge the-
ory invariant under two off-shell symmetries: a local, gauge symmetry constructed from a
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Freudenthal Triple System (FTS ) K, and a global symmetry based on the so-called Freuden-
thal Duality (F-duality) F .

We presented the most general bosonic action invariant under these two symmetries,
containing a single K-valued scalar field φ(x) and a gauge field Aab

µ (x) ∈ K⊗SK. The algebraic
structure of the FTS ensures that the FGT is well defined and has the requisite properties.

One of the building blocks of FGT is the F-duality F , which is a non-linear duality, and
can be geometrically understood as a map from an element φ in the Lagrangian sub-manifold
of K to a dual-element φ̃ in the complement Lagrangian sub-manifold of K. More over, the
anti-involutivity property F2 = −Id gives, up to a sign, an one-to-one pairing of elements
in K, which is almost as strong as invertibility of F .

In Sec. 5.4, we also analyzed the possibility of generalizing the simple setup presented
in Sec. 5.3 by coupling to space-time vector and/or spinor fields, which is a necessary
condition for supersymmetry and it is usually a relatively simple task when constructing
gauge theories. Within the assumption25 that Freudenthal duality F can be defined only for
algebraic systems satisfying the FTS axioms (i)-(iv) (see Subsec. 5.2.3) we proved a No-Go
theorem, holding true if the metric of the system is non-degenerate, which essentially forbids
the coupling to space-time vector and/or spinor fields.

However, we point out that such a coupling it is possible at least if one relaxes the
request of invariance under F-duality. We also note that in our treatment there is, a priori,
no restriction on the space-time dimension D. In particular, in D = 3, the resulting (non-
Freudenthal-invariant) FGT can contain both bosonic and fermionic degrees of freedom
together with the Chern-Simons term.

Some intriguing similarities (and important differences) between FGT and D = 3 su-
perconformal (SC) Chern-Simons-matter (CSM) gauge theories with N = 3 global super-
symmetry have been discussed in Sec. 5.5. Indeed, among SC CSM gauge theories in D = 3,
a generic FTS is consistent only with N = 3 (see e.g. [27], and Refs. therein), which is thus
the only amount of (global) supersymmetry for which Freudenthal duality F (5.25) could a
priori be implemented, even if its enforcement as a global (off-shell) symmetry is in contrast
with supersymmetry itself, as implied by the No-Go theorem proved in Sec. 5.4.2.

It is here worth recalling that our treatment hints for the existence of a class of N = 3,
D = 3 SC CSM gauge theories in which the gauge Lie algebra is given by (5.96), namely

by the conformal algebras g = conf
(
Ĵ
)

of rank-3, Euclidean Jordan algebras, and by their

relevant symplectic irreps. R, as reported in Table 1. In this respect, such N = 3, D = 3 SC
CSM gauge theories share the same symmetry (with different physical meanings) of other two
distinct classes of theories : I] D = 4 Maxwell-Einstein (super)gravity theories (ME(S)GT)
(with various amount N of local supersymmetry) having symmetric scalar manifolds, as
discussed in Sec. 5.3.5 (and reported in Table 1); II] (D = 3) FGT’s based on an FTS

K ∼ R
(
conf

(
Ĵ
))

.

25We leave the possible relaxation of the assumptions on F and/or on the metric of the algebraic system
to further future investigation. Concerning the case of degenerate metric, see also Footnote 19.
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These relations among N = 3, D = 3 SC CSM gauge theories, D = 4 ME(S)GT’s and
FGT’s can actually be extended to the general case in which the pair (g,V = W) defines
a generic FTS (based on axioms (i)-(iv)) corresponding, as discussed in Sec. 5.5, to the
“quaternionic level” of Faulkner’s construction [25; 52; 26; 27; 51].

We plan to investigate this interesting interplay of symmetries in future work [24] (also
in view of possible AdS/CFT applications). In particular, when disregarding the global (off-
shell) Freudenthal duality, it will be interesting to consider the consistency of (D = 3) FGT
as a(n alternative, purely) bosonic sector of the corresponding N = 3, D = 3 SC CSM gauge
theory. In fact, as analyzed in Sec. 5.3.3, in FGT the non-vanishing of f(abcd) allows for
terms in the Lagrangian which differ from the usual ones in BLG theories; for instance, the
simplest FGT scalar potential is quartic in the scalar fields (essentially given by ∆ (5.21);
see (5.57)), whereas in BLG theories it is of order six (see e.g. (19) of [3]).

The close relation between the particular class K
(
Ĵ
)

of FTS ’s and exceptional Lie

algebras g (discussed in Secs. 5.2.1 and 5.3.4) could also be used to investigate the possible
relation (duality? ) between FGT and Yang-Mills gauge theory with exceptional gauge Lie
algebra g. This is certainly possible, but one should recall that exceptional Lie groups cannot
be embedded into standard matrix groups, and thus the resulting Yang-Mills theory would
not have the standard Maxwell term constructed from trace over matrices. Geometrically,
a better way to understand this model is by noting that the exceptional Lie groups can be

embedded as matrix groups over octonions O [54]; thus, the K
(
Ĵ
)
-based FGT would be dual

to a standard Yang-Mills theory over26 O.
The present investigation proved the quartic polynomial ∆ (5.21) to be invariant not

only under Freudenthal duality F (5.25), but also under the (global or gauged) transfor-
mation based on the FTS triple product (5.11). It will be interesting to investigate the
physical meaning of such an invariance of ∆ e.g. within black hole physics [14] and flux
compactifications [58], in which ∆ occurs in relation respectively to the Bekenstein-Hawking
[22; 23] black hole entropy and to the cosmological constant. Interesting recent advances on
Freudenthal duality [68] might also yield to further developments in understanding FGT.

Finally, we would like to point out that the FTS has another intriguing geometrical
interpretation in terms of the so-called metasymplectic geometry, introduced decades ago by
Freudenthal [28] [71]. In such a geometric framework, two points can define, instead of a line
passing through them as in the standard geometry, two more relations, called interwoven
and hinged. Furthermore, to each set of points there corresponds a set of dual geometrical
objects called symplecta, satisfying relations which are dual to the aforementioned three
ones among the points. In this bizarre geometrical setup, the FTS axioms acquire a natural
geometrical interpretation, and the relation to the exceptional Lie algebras becomes more
transparent. We leave the possible physical interpretation of such a fascinating geometry
within FGT for further future investigation.

26For similar formulations, see e.g. [55; 56], and Refs. therein.
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5.7 Freudenthal Duality

In this Appendix, by generalizing the treatment of [14] (in turn referring to [13]) to a
generic FTS K (see also [15]), we present the proof that the quartic polynomial ∆(φ) (5.21)
is invariant under the Freudenthal duality F (5.25).

By recalling definition (5.13) with I = J = K, we start with the derivation property of
Lφφ, given by the restriction of FTS axiom (iii′) of Subsec. 5.2.3 to the case L = M = I =
J = K:

LφφT (φ) = (Lφφφ)φφ+ φ(Lφφφ)φ+ φφ(Lφφφ) = T (φ)φφ+ φT (φ)φ+ LφφT (φ). (5.97)

This implies
T (φ)φφ = −φT (φ)φ = −T (φ)φφ⇔ T (φ)φφ = 0, (5.98)

where the FTS axiom (i) of Subsec. 5.2.3 has been used. This means, again by the derivation
property of L, that both LT (φ)φ and LφT (φ) act like annihilation operators on any element of
the form f(φ) ∈ Kφ, where f is defined by (5.31).

Then, by recalling the definition (5.21), from the FTS axiom (ii) of Subsec. 5.2.3 one
obtains:

LT (φ)T (φ)φ = T (φ)T (φ)φ

= T (φ)φ T (φ) + 2λ 〈T (φ), φ〉 T (φ) + λ 〈T (φ), φ〉 T (φ)− λ 〈T (φ), T (φ)〉φ
= 6λ∆(φ)T (φ); (5.99)

LφφT (φ) = φφ T (φ) = −6λ∆(φ)φ. (5.100)

Consequently, the direct evaluation of T (T (φ)) reads:

T (T (φ)) = LT (φ)T (φ)T (φ) = 6λ∆(φ)
(
T (φ)φφ+ φ T (φ)φ+ φφ T (φ)

)

= −
(
6λ∆(φ)

)2
φ. (5.101)

From result (5.101), by assuming 6λ∆(φ) 6= 0 (see discussion in Subsec. 5.2.5, in particular
point (III)), one can check that the following two statements hold true:

1. The Freudenthal duality F (5.25) is an anti-involution in the FTS K, namely it squares
to negative identity (cfr. (5.27) and point (I) of Subsec. 5.2.5):

F2 ≡ F ◦ F = −Id. (5.102)

2. The quartic polynomial ∆(φ) (5.21) is invariant under the Freudenthal duality F
(5.25), namely (cfr. (5.26))

∆(φ) = ∆(φ̃), q.e.d. �
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5.8 Space-Time Symmetry of Scalar Kinetic Term

In order to prove the symmetry (5.59) of the FGT kinetic scalar term under the exchange
of its space-time indices, one needs to re-write it only in terms of the K-valued scalar field
φ(x), by recalling the definitions (5.21) and (5.25) of the quartic polynomial ∆ (φ) and of

F-dual field φ̃(x).

One starts by computing the FTS gauge covariant derivative of φ̃(x), as follows:

Dµφ̃(x) = sgn (∆(φ))
1√
6
Dµ

(
T (φ)√
|λ∆(φ)|

)
(5.103)

=
sgn (∆(φ))√

6|λ∆(φ)|

[
3LφφDµφ+ 6λ〈Dµφ, φ〉φ+

〈Dµφ, T (φ)〉
∆(φ)

T (φ)

]
(5.104)

As an aside, notice that the ∆(φ) in the denominator of the last term does not have absolute
signs attached it. Plugging this expression into the kinetic term (prior to contraction with
ηµν) yields its following explicit re-writing only in terms of φ(x):

1

2
〈Dµφ,Dνφ̃〉 =

sgn (∆(φ))

2
√

6|λ∆(φ)|

[
3〈Dµφ,LφφDνφ〉 + 6λ〈Dµφ, φ〉〈Dνφ, φ〉

+
1

∆(φ)
〈Dµφ, T (φ)〉〈Dνφ, T (φ)〉

]
. (5.105)

On the other hand, the second and third term of (5.105) are manifestly symmetric under
µ↔ ν, the symmetry of the first term can be proved as follows:

〈Dµφ,LφφDνφ〉 = −〈LφφDµφ,Dνφ〉 = 〈Dνφ,LφφDµφ〉, (5.106)

thus implying the result (5.59). �

5.9 Axioms of V

As discussed in Subsec. 5.4.2, we here report the the five axioms induced on V by the
five axioms (o)-(iv) of the algebra N (in addition to the ones already introduced on V for
other physical reasons, such as the ones yielded by the Bose and/or Fermi statistics for the
fields vI ∈ V). In particular, in the proof of the No-Go Theorem in Subsec. 5.4.2, a crucial
role is played by axioms (B. iii) and (B. ii).

(B. o) (vI , vJ)
V

= (vJ , vI)V
;

(B. i) [vI , vJ , vK ]
V

= [vJ , vI , vK ]
V
;
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(B. ii) (φIφJφK) ⊗
(
[vI , vJ , vK ]

V
− [vI , vK , vJ ]

V

)

= 〈φJ , φK〉φI ⊗
(
2µ (vJ , vK)

V
× vI − 2λ [vI , vJ , vK ]

V

)

+〈φI , φK〉φJ ⊗
(
µ (vI , vK)

V
× vJ − λ [vI , vJ , vK ]

V

)

−〈φI , φJ〉φK ⊗
(
µ(vI , vJ)

V
× vK − λ [vI , vJ , vK ]

V

)
;

(B. iii) 0 = (φLφMφI)φJφK ⊗
([
vL, vM , [vI , vJ , vK ]

V

]
V
−
[
[vL, vM , vI ]V , vJ , vK

]
V

)

+φI(φLφMφJ)φK ⊗
([
vL, vM , [vI , vJ , vK ]

V

]
V
−
[
vI , [vL, vM , vJ ]

V
, vK

]
V

)

+φIφJ(φLφMφK) ⊗
([
vL, vM , [vI , vJ , vK ]

V

]
V
−
[
vI , vJ , [vL, vM , vK ]

V

]
V

)
;

(B. iv)
(
[vL, vM , vI ]V , vJ

)

V

+
(
vI , [vL, vM , vJ ]

V

)

V

= 0.
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Chapter 6

Conclusions

6.1 Concluding Remarks

In this thesis, we have discussed the Freudenthal Gauge Theory, demonstrated that it is
a consistent gauge theory and that it was invariant under the Freudenthal Duality. Moving
forward, it should be prudent to take a closer look at the continuous F-duality, which was
discussed briefly in the chapter on F-duality. This continuous symmetry (defined only on the
subspace defined by an element and its Freudenthal dual) is a U(1) symmetry which may
be of interest in finding more black hole configurations which have the same entropy. Also,
it may be possible to define a gauge theory on this U(1) symmetry, but this is by no means
clear given the non-linear nature of the F-duality.

One could also study the geometry of the minimal Lagrangian. The total space K is a
vector space, and thus has the natural differentiable structure we expect. Moreover, at a
point x ∈ K, the tangent space at this point TKx is isomorphic to the vector space K, just
as in the usual case of R

N . Moreover the bilinear form 〈·, ·〉 on K has a natural action on
tangent vectors in TKx (since TKx ≈ K).

The minimal Lagrangian seems to suggest that there is a symmetric bilinear form on
the TK, which we can take to be a metric. The Lagrangian was taken to be the minimal
one that admits both gauge theory and Freudenthal duality, but from it we can define the
following metric for vectors at a point x, v, w ∈ TKx:

g(v, w)
∣∣
x

=
1√

6|λ∆(x)|

[
3〈v,Lxxw〉 + 6λ〈v, x〉〈w, x〉+

1

∆(x)
〈v, T (x)〉〈w, T (x)〉

]
(6.1)

=
3√

6|λ∆(x)|
[〈v,Lxxw〉 + 2λ (〈v, x〉〈w, x〉+ 〈v, x̃〉〈w, x̃〉)] (6.2)

Where x̃ = sgn(∆(x))√
6|λ∆(x)|

T (x) is the Freudenthal dual of x.1 This metric can be shown to be

invariant under a Freudenthal duality of x, assuming we identify TKx ≈ TKx̃. This can be

1We are using bad notation here as x is being used to denote both a point in spacetime and as an element
of K. I hope the space x is in is clear from context.
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seen by observing that
Lx̃x̃ = Lxx. (6.3)

This identity can be proven with too much difficulty. Next, it is known that under Freuden-
thal Duality, x → x̃ and x̃ → −x, thus all of the terms in this metric are invariant under
Freudenthal Duality.

Next, we see how this metric behaves under symplectic transformations. As has been
stated before, the set {LΛ|Λ ∈ K ⊗s K} ⊂ sp(K), form a subalgebra of the symplectic Lie
algebra of K. If we perform an infinitessimal transformation of x→ x+ LΛx, we find that2:

g(v, w)
∣∣
x+LΛx

= g(v −LΛv, w)
∣∣
x

+ g(v, w − LΛw)
∣∣
x

(6.4)

This implies that under a finite transformation x→ Ax for A ∈ {eLΛ} ⊂ Sp(K), we have:

g(v, w)
∣∣
Ax

→ g(A−1v, A−1w)
∣∣
x
. (6.5)

Finally, it should be noted that this metric is invariant under scaling x:

g(v, w)
∣∣
x

= g(v, w)
∣∣
ax

(6.6)

where a ∈ R, or whatever field we are working with. This fact is pretty obvious as ∆(ax) =
a4∆(x), and T (ax) = a3T (x). This seems to suggest that we can actually look at g(v, w)
as defining a metric on the projective space PK = K/ ∼, where the equivalence relations is
x ∼ ax for x ∈ K and a ∈ R.

It would be interesting to pursue further the geometry suggested by the minimal La-
grangian. Things such as the curvature of the metric could tell us interesting things about
the “scalar” manifold of the scalars of this theory.

2The calculation is not hard if you use the properties (i)-(iv) of the FTS
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