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Abstract. Let n > 2r > 0 be integers. We consider families F of subsets of an n-element
set, in which the union of any two members has size at most 2r. One of our results states that
for n > 8r the number of members of size exceeding r in F is at most (:‘:? ) . Another result
shows that for n > 3.5 the number of sets of size at least r is at most (7;) Both bounds
are best possible and the latter sharpens the classical Katona Theorem. Similar results are
proved for the odd case of the Katona Theorem as well.

Keywords. The Katona theorem, overflow, shifting, the random walk method

Mathematics Subject Classifications. 05D05

1. Introduction

Let {n] = {1,2,...,n} be the standard n-element set and 2" its power set. For 0 < k < n
let () c 2"l be the collection of all k-subsets. Subsets of 2I"! are called families. If F C (7!
it is called k-uniform.

For a positive integer ¢, the family F is called t-intersecting if |[FNF'| > tforall F, F' € F.
Also for a positive integer u, F is called u-union if |FF U F'| < u forall F, F' € F.

Define F¢ = {[n] \ F: ' € F}, the family of complements. 1t should be obvious
that F C 20" is t-intersecting if and only if F* is (n — ¢)-union.

Let us state the two most important results concerning intersecting families, the Erdgs—Ko—
Rado Theorem and the Katona Theorem.

Theorem 1.1 ([EKR61]). Letn > k >t > 0 be integers and F C ([Z]) be t-intersecting. Then

forn > ny(k,t),
-t
F| < (Z_t). (1.1)

*Supported by National Natural Science Foundation of China Grant no. 12471316 and Natural Science Foun-
dation of Shanxi Province, China Grant no. RD2500002993.
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Let us mention that the exact value ng(k,t) = (k —t + 1)(¢t + 1) was determined by Erdds,
Ko and Rado for ¢ = 1, by Frankl [Fra78] for ¢ > 15 and finally Wilson [Wil84] closed the
gap 2 < t < 14 with a completely different proof valid for all ¢. Let us note also that the full

t-star S(n ko) = {S c ([Z]) Y] c S}

shows that (1.1) is best possible.
The corresponding problem for non-uniform families was solved by Katona. Let us state it
for u-union families.

Theorem 1.2 ([Kat64]). Let n > u > 0 and suppose that F C 2" is u-union. Then (i) or (ii)
holds.

(i) u = 2d and
n
< ). 1.2
b Ogd(z) (1.2)

(ii) u=2d+ 1 and

|J_"|<22 (nzl) (1.3)

0<i<d

Let us define the Katona Families K(n, u):
K(n,2d) ={K C [n]: |K| <d}, K(n,2d+ 1) ={K C [n]: |[K\ {1}] < d}.

These families show that both (1.2) and (1.3) are best possible. As Katona [Kat64] showed,
foru < n — 2, u = 2d the family K(n, 2d) is the unique family attaining equality in (1.2).
Similarly, for u < n — 2, u = 2d + 1, K(n,2d + 1) is unique up to isomorphism.

Let us mention that in the case of u = n— 1 both bounds (1.2) and (1.3) reduce to | F| < 2!
which was already known to Erdds, Ko and Rado. In this case there are many non-isomorphic
extremal families (cf. [EKR61]).

An intersecting family F C ([Z]) is called non-trivial if N"F = &. Define the Hilton—Milner
Family H(n, k) and the Triangle Family T (n, k) as:

H(n,k):{He (“2): 1ed, Hﬂ[2,k+1]7é®}u{[2,k+1]}

and T(mk):{Fe([Z]>;|Fm[3]|>2}.

It is easy to see that they are both non-trivial intersecting.
For the t = 1, n > 2k case of the Erd6s—Ko—Rado Theorem, Hilton and Milner proved a
very important stability result.
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Theorem 1.3. Let n > 2k and let F C ([Z]) be non-trivial intersecting, then

n—1 n—k—1
< — 1. 1.4
1] (k;—l) ( k-1 >+ (14)
The construction H(n, k) shows that (1.4) is best possible.

The corresponding statement for the Katona Theorem was proved by Frankl [Fral7b]. De-
fine C*(n, u) as:

K*(n,2d) = K(n, 2d) \ {H € ([Z]) CHN[d+1] = @} U{ld+ 1]}

and
K*(n,2d+1):l€(n,2d+1)u{He (d[i]1>: le HHHN[2,d+ 2] :@}U{[Q,CHQ]}.

Theorem 1.4 ([Fral7b]). Suppose that F C 2" is u-union, 2 < u < nand F ¢ K(n,u) holds.
Then
[ < IK*(n, u)l.

Let us note that |H(n, k) \ S(n,k,1)| = 1 and |K*(n,u) \ K(n,u)| = 1, i.e., both families
are in a sense extremely close to the original optimal families. For z € [n], define

Flz)={FeF:z¢F}
Let us define the diversity vy(n, k) for n > 2k by

~v(n, k) = max min |F(Z)|,

F  z€[n]

where the maximum is taken over all 1-intersecting families & C ([Z]). The problem of deter-
mining 7(n, k) was raised by Katona (cf. [LP08]). Improving earlier results ([LP08], [Fral7a],
[Kup18])), it is proved that

Theorem 1.5 ([Fra20b], [FW24]). For n > 36k,

-3
y(n,k) = (Z - 2)- (1.5)

In case of the Katona Theorem, for u = 2d, there is no special element in (7, u). Therefore
we prefer a new name for the maximum of | F \ IC(n, u)|.

Definition 1.6. For n > 2d + 1 define the overflow o94(F) of F as |F \ K(n,2d)| and set

o(n,2d) = max {oo(F): F C 2l i 2d-union } .
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A natural family with relatively large overflow is
B(n,2d) ={B C [n]: |B\[2]] <d-1}.

Obviously,
B(n,2d) \ K(n,2d) = {B c ( n ); 2] B}.

d+1
Our main result shows that o(n, 2d) = (’}_%) for n > 8d.

Theorem 1.7. Suppose that n > 8d, F C 20l s 9d-union. Then

n—2
|IF\ K(n,2d)| < (d— 1). (1.6)

Recall the standard notations
FO={FeF:|F|=(}and F*) = {F € F: |F| > (}.

With these notations F \ K(n,2d) = FEHD = Fld+) gy Fld+2) Uy F™. Moreover, if F
is u-union then FY) = & for ¢ > u.
Let us define one more 2d-union family:

D={DC [n]: |D\ [4]| <d—2}.

Its overflow is

—4 n—4
D\ K(n.2d)| = D] 4 D@+ —5(" .

Forn < 4d — 2,
5 n—4 . n—4 _ n— 2 _4 n—4 . n—3 _ n—2
d—2 d—3 d—1) \d-2 d—2 d—1
n—4 n—3
_4(d—2)_(d—1)
_4d—1—n n—4 -0
- d-1 d—2 ‘
This shows that (1.6) does not hold for n < 4d — 1.

Let
K:(n,2d+ 1) ={K C [n]: |K\ {z}| < d}.

Define the overflow 0341 (F) of F as mingep | F \ Ky (n,2d + 1)
For the odd case, we obtain the following result.
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Theorem 1.8. Suppose that n > 36(d + 1), F C 2" is (2d + 1)-union. Then

—3
201 (F) < Q(Z - 1). (1.7)

Define
G=Gn,2d+1)={G Cn|: |GN[4,n]| <d-1}.
Then G(4+2) is the star of [3] and G(**) is the triangle family 7 (n, d + 1). Hence for z € [3],

G\ Ko(n,2d + 1) :2(2:;3).

Thus (1.7) is best possible.
Our next result is a sharpening of the Katona Theorem in the case v = 2r.

Theorem 1.9. Letn > 3.5r + 1 and let F C 2" be 2r-union. Then

|]:(>r)| < (n) (1.8)

r

with equality if and only if F&") = (M)'

T

To see that Theorem 1.9 implies the Katona Theorem just note that (<) < 37, (") is
evident for any F C 21",

The coefficient 3.5 in the above theorem could most likely be replaced by a smaller num-
ber. However the example and computation below show that the statement is no longer true
forn < 2.2r.

Recall the 2r-union family:

D={DCn): |D\[6]] <r—3}.

It is easy to see that D*"*%) = & and
—6 n—~6 n—~6 n—~6
D0 =20(" 1
o= 7g) () <075+ (00)
-6 n—~6 n—=6
Do) = 15( " 6
| | r—3 + r—4 + r—>5)°
-6 n—~6
D2 — ("
| | r—3 * r—4)’
’D(r+3)‘: n—>6 _
r—3

—6 n—=6 n—=6 n—=6
DE| = a2( " 22 .
| | (r—3 * r—4 T r—>5 N r—©6

Thus,
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Since

()= o2 ) s () oo =5) e () oo 25)+ (0 20),

it follows that

G (M) _ o (n—6 n—=6 n—6)
P () =) 0o+ 0
n—06 n—06 n—=06
—( . )_6(7“—1)_15(7“—2)' (1.9

Note that forany 0 < 7 < 5bandn = (1 + ¢)r,

() n—r+i—5 er4i-5
(rﬁz_—ﬁl) B T—’i B T_i

— C

as 7 tends to infinity. Thus (1.9)> 0 is essentially equivalent to
14 7c+22¢* — 15¢% — 6¢* — ¢ > 0.

This holds for 1 < ¢ < 1.2. Thus to establish (1.8) one needs at least n > 2.2r.
For the odd case we have the following result.

Theorem 1.10. Let n > 67 and let F C 21" be (2r + 1)-union. Then

FEr| < (" - 1) (1.10)

-
with equality if and only if F&™+) = S(n,r + 1,1) up to isomorphism.

Computation similar to the even case, using the example { /' € [n] : |F'\ [5]| < r — 2} shows
that 67 cannot be replaced by 2.88r.

Two families A C ([Z]) and B C ([Z]) are called cross t-intersecting if |A N B| > t for

any A € Aand B € B. We need the following simple fact.

Fact 1.11. Suppose that F C 2" is (2d + h)-union then (i), (ii) hold.
(i) F is (2i — h)-intersecting.
(ii) F'9 and F949) are cross (i + j — h)-intersecting.

Proof. Since (i) is the special case i = j of (ii), we only prove (ii). Choose Fic F(@+9) G ¢ Fld+i),
Then

IFNG|=|F|+ |G- |FUG| > (d+1)+ (d+j)— (2d+h)=i+j— h. O
Let us recall the following common notations: for P C @) C [n], let
F(P.Q)={F\Q:FeF, FNQ=P}.
When P = (@, we simply write F(P).
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2. Shifting and random walks

In this section, we recall the shifting method invented by Erdds, Ko and Rado [EKR61] and the
random walk method developed by the first author [Fra78, Fra87].
For a family F C 2" and two integers 1 < i < j < n, one define the i +— j shift S;; by

SU(JT") = {SZ](F) F e ]:},

where
F=(F\{j}Hu{i}, jeF,i¢ Fand F' ¢ F;

F, otherwise.

Si(F) = {

Obviously, |.S;; (F)| = |F|, |Si;(F)| = |F| and it is known (cf. e.g. [Fra87]) that the i < j shift
maintains the ¢-intersecting, u-union and cross ¢-intersecting properties.

Repeated application of the i < j shift leads to a family F satisfying S;;(F) = F for
all 1 <7 < j < n. Such families are called initial.

Let (z1,...,2x) denote the k-set {x1,...,zr} where we know that z; < ... < x.
If (v1,....21), (y1,---,y6) € (%) then we say that (z1,...,2;) precedes (yi,...,y:) and
denote it by (z1,...,2%) < (y1,...,yx) if and only if x; < y; forall 1 <i < k.

The initial family has the following key property.

Proposition 2.1 ([Fra87]). Let F C 2I". Then F is initial if and only if for all F,G C [n]
with |F| = |G|, G € Fand F < G imply F € F.

For t-intersecting initial families and cross ¢-intersecting initial families, the first author
proved the following two results.

Proposition 2.2 ([Fra87]). Suppose that F' € F C 20" and F is initial and t-intersecting. Then
|F O [t+ 2i]| > t+ifor somei > 0. (2.1)

Proposition 2.3 ([Fra87]). Suppose that F,G C 2"l are cross t-intersecting and both ini-
tial, F € F, G € G. Then there exists some s > t so that

IFN[s)|+|GNIs]| = s+t (2.2)

One can deduce (2.1) from (2.2). On the other hand (2.1) has a geometric interpretation.
Let us associate with every subset R C [n] a walk w(R) of n steps in the plane starting from
the origin. If after the ith step we are in point (z,y) then we move to (z,y + 1) or (x + 1,y)
according to whether i + 1 € Rori+ 1 ¢ R. If |R| = k then w(R) is a walk from (0, 0)
to (n — k, k) with each step goes up a unit or goes right a unit.

Choose i in (2.1) to be maximal implies equality and thereby w(F') is in the point (7,¢ + 7)
after ¢t 4 2:¢ steps. That is, it is on the line y = = + ¢.

Corollary 2.4 ([Fra78]). If F C 2" is t-intersecting and initial, then w(F) hits the line y = x-+1
foreach F € F.
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The reflection of (0, 0) on the line y = = + ¢ is (—t, t). The reflection principle says that the
number of walks from (—¢,¢) to any fixed point V' under the line is the same as the number of
walks from (0, 0) to V" hitting the line. This method was first used in [Fra78] to derive a general
upper bound on the size of a uniform ¢-intersecting family.

Proposition 2.5 ([Fra78]). Suppose that F C 2" is t-intersecting. Then
|FEH0) < <Z> forall € > 0. (2.3)

Similarly, we have the following more general statement.

Proposition 2.6. Let (a,b) and (n — k,k) be two points below the line y = x + t and
assume a +t < k. Then the number of walks from (a, b) to (n — k, k) hitting the liney = x +t

is (-079)-

Proof. Consider a walk P from (a, b) to (n — k, k) hitting the line y = x + ¢ with each step goes
up a unit or goes right a unit. Let (¢, ¢ + t) be the first point on the line y = x + ¢ touched by P.
Let P, be the subwalk of P from (a, b) to (¢, c+t) and let P, be the subwalk of P from (¢, c+1)
to (n — k, k). We reflect P, about the line y = = + ¢ and obtain a walk @; from (b —¢,a + t)
to (¢, c + t). Following ()1 with P, we get a walk ) from (b — t,a + t) to (n — k, k). Itis
easy to check that this established a one-to-one correspondence between the walks from (a, b)
to (n — k, k) hitting the line y = z + ¢ and the walks from (b —¢,a +t) to (n — k, k). Since the

number of walks from (b—¢,a+t) to (n — k, k) is exactly (Z:Z:f) , the proposition follows. [

It should be mentioned that the universal bound (2.3) for ¢-intersecting families was improved
by Frankl [Fra20a].

Theorem 2.7 ([Fra20al). Suppose that F C 2" is t-intersecting. Then

‘}“(t%)’ < (n Z 1) fort < H_Tt_l (2.4)

The following proposition was proved in [Fra78] and we include its proof for completeness.

Proposition 2.8 ([Fra78]). Let F C ([Z]) be an initial family. If (1,2,....p,p+2,p+4,...,
2k —p) & F for some 0 < p < k — 1, then

|f|<( " ) 2.5)

k—p—1

If (p,p+2,p+4,....p+2k—2) & F for some 2 < p <n— 2k + 2, then

n n—p-+2 n—p-42
() (L) e
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Proof. Assume A := (1,2,...,p,p+2,p+4,...,2k — p) ¢ F. Then by Proposition 2.1,
A < F cannot hold for all ' € F. If w(F') does not hit the line y = = + p + 1 then w(F") would
go below w(A), implying A < F, a contradiction. Thus w(F) hits the line y = = + p + 1 for

all ' € F. By Proposition 2.6,
n
F| < :
d (k —p- 1)
n—op+ 2>

e e asone()- (7

Note that

2.7)

Suppose that B := (p, p+2, p+4, ..., p+2k—2) ¢ F. Let F € F with FN[p—2| = @. fw(F)
does not hit the line y = z — p+ 3, then w(F') goes below w(B), implying B < F', contradicting
Proposition 2.1. Then w(F) hits the liney = 2 —p+ 3 forall F' € F with FN[p — 2] = @.
By Proposition 2.6,

HFeF: Fnip—2] =0}
< the number of walks from (p — 2,0) to (n — k, k) hitting the liney =« — p + 3

_(n—p+2
(7). o5

Adding (2.7) and (2.8), (2.6) follows. [
We need the following inequality in the proofs.

Proposition 2.9. Let n,r, a, b be positive integers,n > r +a, n > r > b. Then

(”;) N <n—r+b—a+1>a(w)b. 2.9)

<r7b> n—a-+1 T

Proof. The inequality follows directly from

(") —r+b)(n—r+b—1).. (n—r+b—a+1)

(Tﬁb)_ nn—1)...(n—a+1)

" m—r+b—a)n—r+b—a—-1)...(n—r—a+1)
r(r—1)...(r—=b+1)

a b
2(n—r%—b—a—l—l) (n—r—i—b—a) . -
n—a-+1 r
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3. Proof of Theorem 1.7

For £ = (ay,as, ..., ax), let E—pdenote the set (a; — p,as —p, ..., ar —p). Let F C ([p+kl’"])

be an initial family. Define the left-translate L,(F) of F as
L,(F):={F—-p: FeF}
Clearly, L,(F) C ("™.7)) is also an initial family.

Lemma 3.1. Ler F C ([z]) be an initial t-intersecting family. Then for any R C [t], F(R, [t])
is 2(t — | R|)-intersecting.

Proof. Suppose that there exist £y, Ey € F(R, [t]) such that |E; N Ey| < 2(t — |R|). Since F
is t-intersecting, we infer that |E; N Ey| > t — |R|. Choose S C Ey N E, with |S| =t — |R|.
Then by initiality and (E; \ S) U [t] < RU E; we have (E; \ S) U [t] € F. However,

‘((E1\5> U m) " (Es um\ B, Byl — |S| 1R < 2(t — |R)) — (t — |R) + |R] = .

a contradiction. Thus the lemma holds. O]

Proof of Theorem 1.7. Noting that shifting does not change the overflow |F \ IC(n, 2d)|, we may
assume that F is initial. Since adding a subset Fy C F' € F to F will not affect the u-union
property, we may assume that F is a complex, that is, Fy C ' € F implies Fj € F.

If 7O = @ forall ¢ > d + 2 then F \ K(n,2d) = F@*V, By Fact 1.11, F@+1) js 2-
intersecting. Thus by (1.1), | F+1| < (Z:f) for n > 3d and the theorem holds.

From now on we assume F*) £ @ for some ¢ > d + 2. Since F is a complex, F(42) £ &,
By initiality [d+2] € F follows. By Fact 1.11, F(4+1) F(d+2) are cross 3-intersecting. Note that
[d+2]N(1,2,d+3,d+5,...,3d—1)| = 2. Itfollows that (1,2, d+3,d-+5,...,3d—1) ¢ Fl+1,

Let 7\ = {F € F@+D: {1,2} C F} and let 7™ = 7@\ FD We distinguish
two cases.

Casel. (1,2,4,6,8,...,2d) ¢ F+D,
Since (1,2,4,6,8,...,2d) ¢ F4D, (2,4,6,...,2d — 2) ¢ Ly(F([2])). By (2.5) we
have

A = < (" 50 ) = (505) G

Since F@*1 is 2-intersecting, by Lemma 3.1, F({¢}, [2]) is 2-intersecting for £/ = 1,2
and F(@,[2]) is 4-intersecting. By (2.4) we have |F({¢},[2])] < (373). Using (2.4) we
have |F(2, [2])| < (;3). Thus,

FY] = [ F{L) 2D)]+ 1FE2) 2D)] + |F (e, [2))]

n—3 n—3 n—3 n— 2
<2(d_2)+<d_3) _ (d_2)+(d_2). (32)
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By Fact 1.11 and Proposition 2.5,

(d+i)| < n _( "
7 ‘\<d—|—i—2i> <d—¢)‘

Note that n > 6d implies that

() n—d+i+l .
(oiy)  d—i '
It follows that

. ) n n 5 n? n—2
(d+)] < Ty " 2 < il
Q;d’f ‘\2;d<d—')\(d—2 Ti\a-3)S\a—2) T1m—apla—3
n 9/n—2
< - . .
\(d—2)+5(d—3) 33)
Adding (3.1), (3.2) and (3.3), we get
- -3 n—2 n 9/n—2
(@d+i) < (T s
27 |\(d—2>+2<d—2>+(d—2>+5<d—3>
1<i<d
_(n—3 +1 n—2 _|_9 n—1 n n
- \d—-2) 5\d-2) 5\d-2 d—2)

, d—1 1 d 9 dn dn? n—2
(d+2) < - e
I;du: ’\(n—2+5n—d+5(n—d)2+(n—d)3) (d—l)

Case2. (1,2,4,6,8,...,2d) € Fl+b),

Choose the minimal j such that (1,2,5,7 + 2,5 +4,...,j+2d—4) ¢ ]-"O(dﬂ). Clearly we
have 5 < j < d+3. By minimality of j, (1,2, —1,j+1,j+3,...,j+2d—5) € F\*™). Then
the 2-intersecting property implies (3,...,7—2,7,j+2,...,j+2(d—j+3)) ¢ FeY({(},[2])
for ¢ = 1, 2. It follows that
By (2.5), we infer that

| FED Y, 12])] = |Lo(FED ey, 12])] < <d— (?:i) — 1) - (di;3]>



12 Peter Frankl, Jian Wang

Similarly, (1,2,...,5 — 4,5 — 3,5 —2,4,...,j +2(d — j +2)) ¢ Ly(F4* (2, [2])) and

|f<d+1><@,[2]>|:|L2<f<d+”<z,[21>>|<( n-2 ):(”‘2,).

(d+1)—(—2)—-1 d+2—j
Thus,
|, d+1)| < |]—"(d+1 ({1}, [2)] + |]:(d+1 ({2}, 12))] + |]__(d+1)(®’ )|
n—2 n—2 n—9 ——
(d+3— ) (d+2—4>_(d+3—j)+(d+3_j)‘ (3.4
Claim 3.2.

d+1 n—2\ (n—-j+2 n—j+2
I ( ) ( I )+( I ) (3.5)
Proof. Since (1,2,7,7+2,7+4,...,j+2d—4) §§]—"0d+1),

(=255 42,5 +2d—6) ¢ Lo(F"([2)).

By (2.6) it follows that

FSH) = |Lo(F([2]))] < (Z:f) R (n QEQ) + (n ﬂﬂj

By Fact 1.11, we know that FU+1) F(@+) are cross (i + 1)-intersecting.  Since
(1,2,j—1,j+1,j+3,....5+2d—5) € FY,

(1,2,3,...,j+2i—8,j+2i—7,j+2i—6,j +2i — ,2d — j 4 6) ¢ Fl),
By (2.5),

Fla+) n _ n '
| | <d+i—@+2r—®—1 d+5—i—j

Since n > 6d implies
(d+5ii_j):n—d—4+i+j
(ya ) d+5—i—j

d+4—i—j

P ) i)
2§;d| | d+ d+2—7
< n 5 n n—1
d+3— 4n—d d+2—7
n—1
<d + 3 ) (d + 2 — j) (3.6)

29,

we have

<
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Adding (3.4), (3.5) and (3.6),

n

— (d+i)<
FAK@m,2d) = S |F |\3(d+3_].)

1<i<d

We are left to show that

13

n n—2\ (n—j+2 n n—7j+2
d—1 d—1 d—2 )

n—7j+2 n—7j+2 n
— -3 0. 3.7
( d—1 ) ( d—2 ) <d+3—j)> -7
Since n > 6d and j < d + 3 imply
(T _n-j-dre_,
G .
it follows that (”;{J{Q)—(”;if) >§L(”;ﬁ2).By 2.9),5<j<d+3andn > 6d,
n—j+2 j— i—
(d]Jf)>< ”fd >]2(n_d_1)J4>52j—6/6j—2.
<d+3fj) n—j+3 d—1
For j > 6,
3/n—7+2 n 3 n 26 i
2 _ > 2 j -2 _ 4
() 80 ) 2 50 h ) 6
3 n
> = 50/6* —4) > 0.
Hass,) =0
Thus (3.7) holds.
For j = 5, by n > 8d we have
n—3 _ n—3 _ 3 n
d—1 d—2 d—2
[ n (n—d+2)(n—d+1)(n—d)(n—d—1) 4
\d—2 (d—1n(n—1)(n—2)
o\
S n (n—d) 4
d—2 dn?
n 74
> — —4 .
(") (5-1) >0

Thus (3.7) holds and the theorem is proven.
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4. Proof of Theorem 1.8

We are going to derive Theorem 1.8 from the following proposition.

Proposition 4.1. Ler F; C (,, ﬁ]ﬂ) = 1,2,...,d. Suppose that F; is (2i + 1)-intersecting

and F;, F; are cross (i + j + 1)-intersecting. Then for n > 9d,
n—3
| < )
> 171 (1))
1<i<d

Proof. Assume that F; is initial forall ¢ = 1,2,...,d. Let 7, = {F € Fy: {1,2,3} C F}
and let 71, = F; \ Fi0. We distinguish three cases.

Casel. (1,2,3,d+4,d+6,...,3d) € Fi.
The 3-intersecting property implies (1,2, 4,5, ...,d+3) ¢ F;. It follows thatevery F' € F;
contains {1,2,3}. Also, fori > 2,

{1,2,3,d+4,d+6,...,3d}N[d+1+i]| <i+2.

Since JFi, F; are cross (i + 2)-intersecting, [d + 1 + i] ¢ F;. By the initiality 7; = & for
alli = 2,3,...,d. Since F; is 3-intersecting and n > 4(k — 2), by (1.1) we have |F;| < (d 1)

Thus,
S E = 1Al < ‘3 .
—1

1<i<d

Case2. (1,2,3,5,7,9,...,2d+1) ¢ F;.
Then (2,4,6,...,2d —2) ¢ L3(F1([3])). By (2.5) we have

Frol = [Ls(F(B)] < (ng). @

Since F; is 3-intersecting, by Lemma 3.1, 7 ([3] \ {¢}, [3]) is 2-intersecting, F({¢}, [3]) is
4-intersecting for £ = 1,2, 3 and F (&, [3]) is 6-intersecting. By (2.4) we obtain that

Ful= Y RGNS B)I+ Y 1R{GL B+ |Fi(2,B8)

1<0<3 1<0<3

<3(32a) w3t e) (e o)
() () (o)
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Since F; is (2 + 1)-intersecting, by Proposition 2.5

n n
| < — .
’El\(d+1+z‘—2z’—1) (d—z’)

Note that n > 7d implies that

(d—?—l) d—i

i) = = (075) < £(57,). it follows that

n n 6 n n n—1
| < < - . .
Z|E|\Z(d—z’)\<d—2>+5(d—3)<<d—2>+2(d—3> *43)
2<i<d 2<i<d

Adding (4.1), (4.2) and (4.3),

n—4 n—3 n—2 n n—1 n
il S 2 2 < .
1<ZZ<d|f‘ <d_2>+ (d_2)+<d_2>+<d_2>+ (d_?’) 5<d_2>

By n > 9d,
oy n(n — 1)(n - 2)(d - 1) "3
5nd  (n—3
g<n—d>4(d—1)

<(520)

Case3. (1,2,3,d+4,d+6,...,3d) ¢ F and (1,2,3,5,7,9,...,2d + 1) € F,.

Choose the minimal j such that (1,2,3,j,7 + 2,5 +4,...,5 +2d — 4) ¢ Fip.
Then 6 < 7 < d+ 4.

By minimality of j, (1,2,3,7—1,j+1,j+3,...,j+2d—5) € Fy . Then the 3-intersecting
property implies (1,2,4,5,...,7—2,7,7+2,...,7+2(d—j+3),j+2(d—j+4)) ¢ Fi..
It follows that for all ¢ € [3],

> 6.

Since (

(1,2,...,5—5,7—=3,j—1,...,5+2(d—j+3)—=3,j+2(d—j+4)—3) ¢ L3(F1([3]\{¢},[3])).
By (2.5),

IF(BIN A, B)] = | Ls(F B\ {6, B)] < (d_ 0 1) = (diﬁj)-

Similarly,

(1,2,...,§=5,7—4,j=3,j—1,...,74+2(d—j+3)=3,j+2(d—j+4)—3) & Ls(F.({¢},[3]))
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and

By (2.5),
A< ()50 Y@< (150 ),
Thus,
il = 3 IAEVELBI+ S IA.E) 7 B)
B(diij)+3<di;§j>+<d—t;:>
3(dii j)' 44)

Since (1,2,3,7,7 + 2,5 +4,...,j +2d—4) ¢ F,

Fal=inEEn< (30 - (") (10 0) 6

Since F;, F; are cross (i+2)-intersecting, by (1,2,3,j—1,j+1,j+3,...,74+2d—5) € Fi
we have

By (2.6),

(1,2,3,...,j+20—8,j+2i—7,74+2i—6,j+2i—4,...,2d — 7+ 8) ¢ F,.
By (2.5) for 2 < i < d,

| Fil < <<d+1+¢)_8’+2¢—6)—1) N (d+67i¢_j).

Since n > 9d implies

(d—&—GZL—Lz‘—j) _ n—d—5—.i—i—|b—j > 8,
(d+5—z‘—j) d+6—i—j

we infer that

8 n n n—1
Z| (d+4 )+?<d+3—j><(d+4_j>+2<d+3_j)- 4.6)

2<i<d

Adding (4.4), (4.5) and (4.6),

S, )G - (T (M),

1<i<d



COMBINATORIAL THEORY 6 (2) (2026), #7 17

We are left to show that

n—j+2 n—j+2 n
( d—1 >_< d—2 >_4(d+4—j)>0' “.7)

Since n > 9d implies that

> 7,

Car) _
("759) d—1
)

it follows that (“;{f) _ (nfj+2

("I n—d— 1N n—d =2\ fn—d—1\2 n—d\ "
> ———— —) =
(dﬁij) n—j+3 d—1 n—3 d

8 2 |—5 25—T7 j—2
> (=) 85 =8%7/9i2
(5) /

6(n—7+2 n 6 n 9i 7 iig 14
b —4 > = ) (8¥-Tygim2 =
7( d—1 ) (d+4—j> 7(d+4—j>< / 3

5

> =

6

(d+Z—j) (85/94_%) -0

and the proposition is proven. [

> §("77%). As j > 6and n > 9d, by (2.9)

Thus,

Proof of Theorem 1.8. Let F C 2" be (2d + 1)-union. Let F; = F@H1+) § = 1.2 ... ,d.
By Fact 1.11, F; is (2¢ + 1)-intersecting and F;, F; are cross (i + j + 1)-intersecting. By

Proposition 4.1,
(d+1+i)| _ ' n—3
L ED SILE (]

1<i<d 1<i<d

Since the (2d + 1)-union property implies that F(@+1) is intersecting, by Theorem 1.5
for n > 36(d + 1) there exists = € [n] such that

-3
@d+1) (= <« [
Fewl< (77).

Thus,
FA\Ka(n 24+ 1) < Y [FOHI] 4| FE (7)) < 2(n_ 3) 0

1<i<d
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5. Proof of Theorem 1.9

We need Hilton’s Lemma [Hil76], which is a useful reformulation of the Kruskal-Katona The-
orem [Kru63, Kat64].
To state it let us recall the definition of the lexicographic order on ([Z]). For two distinct

sets F,G € ([Z]) we say that I’ precedes G if
min{i: i € F\ G} <min{i: i € G\ F}.

E.g., (1,7) precedes (2,3). For positive integers n, k, m, let L(n, k, m) denote the family of
first m members of (I1).

Lemma 5.1 ([Hil76]). Let n,a,b be positive integers, n > a + b. Suppose that A C ([Z])
and‘B C ([Z]) are cross-intersecting. Then L(n,a, |A
as well.

) and L(n,b, |B|) are cross-intersecting
For F C ([Z]) and 0 < ¢ < k, define the (th shadow 0O F as
OOF = {E € <[Z]) : there exists I’ € F such that &/ C F} :

Proposition 5.2 ([Spe28]). For F C (") and 0 < ¢ <k,

0O F F
% > |n_| (5.1
@ K
We need the following consequence of Sperner’s bound (Proposition 5.2).
Corollary 5.3. Let A C ([Z}), B C ([’Z]) be cross-intersecting families. Then
B
|—A| + u < 1. (5.2)

@ G
Proof. Let A° = {[n] \ A: A € A}. Since A, B are cross-intersecting, 0¥ A°N B = @. It
follows that

’a(b)AC’ + ’B’ < (Z) )
By Sperner’s bound (Proposition 5.2), we have

00A] A A
n > n
(b) (nfa)

Thus (5.2) follows. [

Proof of Theorem 1.9. Let F C 2" be an initial 2r-union family. Since adding a
subset Fy, C F' € F to F will not affect the 2r-union property, we may assume that F is a
complex.
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Claim 5.4. If |F®)| > ("71) + ("73), then

|}'(7“)| + 2'5|}‘(r+1)| < (n> ) (5.3)
T

Proof. By Fact 1.11, F™) and FU+Y are cross-intersecting. Let A = L(n,r, |F)|)
and B = L(n,r + 1, |F0+V)). By Hilton’s Lemma (Lemma 5.1) A, 3 are cross-intersecting as
well. Since |A| = .7-" @ > ("2]) + ("22), we see that

{A € ([Z]) CAN{1,2) £ @} C A and thereby |B| = |B(1,2)|.

Then A(1,2), B(1, 2) are cross-intersecting families on the ground set [3, n]. By (5.2),

A0, 2)| | |B(1,2)]

G R
Hence,
ALY+ 25801, < JALY) + "L B1,2)] < (" - 2).

By |A(L,2)| = |A| — ("2]) — ("=}) and |B| = |B(1,2)], (5.3) follows. O

Let us distinguish two cases.
Casel. (2,4,6,...,2r)¢ F)

By (2.5),

FalllEs (r " 1). (5.4)
Using that F is a complex, for = 1,2, ..., we have
(1,2,...,20,2i+2,...,2r) ¢ FU+i,

Then by (2.5),

| F+)| < ( " > (5.5)
r—i—1

Since n > 3r, (")/(,_" ) = =E£L > 2. Thus (5.4) and (5.5) imply

r—i—1

(r+) 5 n _ o T n n‘ .
ZZ>0:|]: < (7"—1) n—r—+1\r < T (5.6)
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Case2. (2,4,6,...,2r)c F),
By Fact 1.11, F"+9 is 2i-intersecting for i = 1,2, ..., r. By (1.1) and n > 3r we have

n—2
|]:(r+1)| < (r B 1)_ (5.7)
Using n > 2r and (2.4),
} 1
|Fr+)| < (n _) fori=2,3,...r
r—1
For n > 3.5r, (T;:ll)/(rf;ll) = ”;—T > 2.5, implying
, —1 5/n—1
Frep < ST (" <2 . 5.8
; | | ; r—1 3\r—2 (5-8)

We distinguish three subcases according to the size of F(.

Subcase 2.1.  |[F| < (")) + ("70).
By (5.7) and (5.8),

(FE = |FO 4 | FD 4 7]

i>2

< n—1 49 n—2 +5 n—1

S\r—-1 r—1) 3\r-—2

< n—1 49 n—2 49 n—1

S \r—-1 r—1 r—2

_(n—1 1+2(n—7‘)+2(r—1) |
r—1 n—1 n—r+1

Asn > 3.5r,using 2=1 > 3.5andn —r = (n — 1) — (r — 1), we infer

1+2?:f)+5f;jl:3+%T_U<n—i+1_ni1)
2(r —1)(r — 2)
(n—1)(n—-r+1)
2
T35%25 °

=3+

<3 3.5.

Thus | F&| < 3.5(")) < (7).

T
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Subcase 2.2. (") + ("72) < |[FO| < 2("7)).

If Y7, [ FU] < 1.5| F+1] then by Claim 5.4,

FEI = [FO) 4+ |FO| < |FO] 4 2.5| 70| < (n)

- r
1>1

and we are done. Thus we may assume that

2 .
|]_-(r+1)| < 3 Z |]:(r+z)|' (5.9)

i>2
By (5.8),

- 25 /n—1
E (r+i)| « 22
= < 9(7”—2)'

i1

-1\  25(n—-1 n—1 25 r—1
G <a(” = = 24 ————
F s <T—1)+9(r—2) (r—1)<+9n—r+1
(P (5 B2
r—1 9 5
<3.2(n_1><(n).
r—1 r

Thus,

Subcase 2.3. |F"| > 2("")).
By Claim 5.4 we may assume that

41 2 rti
(FEL< S DI (5.10)
1>2
Since |[F|>2(" 1) = (") = (") + (" **), by (2.6) we infer that (3,5, 7, ..., 2r+1) € F.
Choose the maximal j such that (j,7 +2,...,j +2r —2) € F™. Then (j + 1,5 +3,...,
j+2r—1) ¢ F and j > 3. Recall that F is an initial complex. If FU+) = g
then |FC)| = |F| < (). Thus we may assume that 7"+ = @. By (5.10), FU'+? # o
Then the initiality implies [r + 2] € F*2). Since F "), F+2) are cross 2-intersecting, j < 7.
Hence 3 < 5 < r.
Since (j+1,j+3,...,5+2r —1) ¢ F), by (2.6)

|}_(T)|<(n)_(n—j+1>+<n—j+1>. 5.11)
T T r—1

Recall that (), F("+9) are cross i-intersecting. By (4,7 +2,...,j +2r —2) € F), we
infer that

(1,2,...,§+2—5,j+2 —4,j+2 —3,j+2i—1,...,2r —j+1) ¢ FO+i,
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By (2.5) we have

(r+i)| < n _ n .
= |\((r+i)—(j—|—22'—3)—1) (r—z’—j+2)

Since n > 3.5r implies (,_,". .)/(,_," ):LW>25—§,

i—j+3) [ \r—i—jt2 T—i—j+3
r+i n 5( n
Zreer () =all)
By (5.10),
s e (2] (0 ) B ()
1<i<r r=1J 9\r—yJ
Thus,

() ()3 )
T T r—1 9 \r—y
We are left to show that
—7+1 —74+1 25
(n ‘H)—(n ]+>——(n.>>o. (5.12)
r r—1 9\r—y

Since n > 3.5r and j < rimply ("7 /(" 0T = 22 > 15,

r—1 r

n—j+1 n—j+1 >1 n—7+1
r r—1 -3 r '

As3 < j<randn > 3.57, by(29)

("_f,H) n—r+2 n—r+1 > n—r+2\" ' n—r j>2.52j*1
(:j) > n—j+2 - n—1 r ~ 3.5t

Since 2.57/3.5% > 14, for j > 4 we have
n— ]+ > 1/ n 2.57 25
r—j 3\r—j 3.5 9
- 1
3

and (5.12) follows.
For j = 3, using n > 3.5r + 1 we have (%) /("_3) = ==L > 2.5. It follows that

n— 2 n—2 3/n—2
_ > = )
)G =30)
3/n—2 25 n - n 3X2.55 25 -0
5 r 9 \r—3 r—3 5  3.52 9 ’

Thus (5.12) holds and the theorem is proven. [

Thus,
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6. Proof of Theorem 1.10

Proof of Theorem 1.10. Assume that F C 2/ is an initial (2r + 1)-union complex. We distin-
guish two cases.

Casel. (1,3,5,...,2r+1)¢ F0r+h),

By (2.5),
(r+1)| « n
|F | < (T B 1).

Using the fact that F is a complex, we infer (1,2,3,4,5,...,20—2,2i—1,2i+1,...,2r+1) ¢
FU+d fori=2,3,...,7+ 1. By (2.5),

ol ((rJri)—(Zi—l)—l) B (U

Since n > 4r implies (r:)/( n ) _ nortidl o 3

r—i—1 r—i

Z|F(T+i)| gz(riz) <;(rﬁl) S 2(n—rimf)(n—7“) (n;1> = (nzl)

i>1 i>1

Case2. (1,3,5,...,2r +1) ¢ Fr+h),

Choose maximal j such that (1,5, +2,...,7 + 2r — 2) € FU*Y, Then the maximality
implies (1,7 4+ 1,74+ 3,...,5 +2r —1) ¢ FU+, Clearly j > 3. Recall the definition of the
left-translate

Ll(./_") :{{xl—l,mQ—l,...,xk—l}: {$1,]}2,...,5L’k} EF}
It follows that (j,j 4+ 2,...,7 + 2r —2) & Ly (FU"T(1)). Thus by (2.6)

FE()] = |L(FC (1) < (“ - 1) - (” it 1) " (“ it 1). 6.1)

r T r—1

By Fact 1.11, F+Y is intersecting. If F*"+2) = &, then by (1.1) for n > 2(r + 1),

[FE) = |F| < (n " 1)

r

with equality holding if and only if 7+Y) = S(n,r + 1, 1), the full star up to isomorphism.
Thus we may assume that F>"+2) =£ &, As F is a complex, [r +2] € F. By Fact 1.11 we know
that F"+1) | F+2) are cross 2-intersecting, implying that j < r + 2.

As FU*Y i intersecting, (1, 7,5 +2,...,7 + 2r) € FU+Y implies that

(2,3,...,5—1,j+1,...,2r —j+5) ¢ Fr+i(1).
Thatis, (1,2,...,5 — 2,7,...,2r — j +4) ¢ Li(FU*+Y(1)). Using (2.5),

(r+1) (7V| _ (r+1) (7 n—1 _ n—1
=< ("0l )= (0,) e
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Note also that F+1 F+9) are cross i-intersecting. Then (1,5, 5 +2,...,j+2r) € FU+D
implies

(1,2,...,j +2i—6,j+2i—5,j+2i—3,...,2r —j+5) ¢ FU.

Hence, by (2.5)

Fr+| n _ n ‘
| | r+i—(j+2i—5) —1 r—i—7j+4

Since (,_,". )/ (. ) =S 5 3

r—i—j+4 r—i—j+3 r—i—j+4
DIFEISY A, <20 ) 6.3)
i>2 i>2 Z_j+4 2\r—j+2

Adding (6.1), (6.2) and (6.3), we obtain that

—1 n—7+1 n—j+1 5 n
Fer+)| < n _ e )
| < r r + r—1 +2 r—7+2

We are left to show that

n—j+1 n—j+1 5 n
( r )_<r—1> 2<r—j+2>>0 ©.4)

Note that ("7+1)/("911) = n=i=r42 > 9 [t implies that ("7*1) — ("9 > L("9HY).

r—1 T r—1 T

By (29),3<j<r+2andn > 4r,

n—j+1 j—1 j—2
( . )>< ”fr )J (n_r_l)j 2323'—3/43‘—1.
(T_j+2) n—j+2 r

For 5 > 5,

n—j3+1 n—7j3+1 5) n >1 n—7j3+1 5) n
r r—1 2\r—75+2 2 r 2\r—7+2
1 n . ,

2_ 32]—34]—1_5
2<r—j+2)( / )
1
2

(T _7;+ 2) (37/4% = 5) > 0.

P
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For j = 4, using n > 4r we have
n—3 _ n—3 _5 n
r r—1 2\r—2

()
T n—r—2

r(r—1n(n—1)(n —2) )

m—r+2)n—r+1)n—-r)n—r—1)n-r—2)

r(r—1n(n—1)(n — 2) )
Y(n—r)(n—r—1)3

S
=
w
~~
VR
—
|
3
|
S |3
|
(N}
|
N Ot N Ot
=
|
3
+
—_

For j = 3 andn > 6r,
n—2 n—2 5 n
T r—1 2\r—1

- (n;2> (1_71—:—1_g(n—r+137(lvin—:")1()n—r—1))

Thus (6.4) holds and the theorem is proven. 0

7. Concluding remarks

In the present paper we investigated the maximal overflow in the Katona Theorem. We estab-
lished best possible bounds under linear constraints. However there is still a gap that remains.

Open Problem. Determine the maximal overflow
o(n,u) = max {o,(F): F C olnl " F initial and u-union} ,n > u + 2.

It is not hard to show that in the case n = u + 1, u is even the maximum is attained
for F = 20,

To introduce a closely related problem, let us first recall the notation AA B=(A\ B)U(B\ A)
for symmetric difference.

Let us mention that 2"l endowed with the distance d(A, B) = |A A B| is a metric space.
The diameter of A C 2" is defined as §(A) = max{|A A B|: A, B € A}.

Since |[AA B| < |[AUB|, §(A) < u for a u-union family F, the following result strengthens
the Katona Theorem.
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Kleitman’s Diameter Theorem ([Kle66]). Letn > u > 0. Suppose that F C 2" satis-
fies 0(F) < u. Then

|F| < |K(n,u)|. (7.1)

Unlike in the Katona Theorem, there are many families attaining equality. In fact for ev-
ery A C 2 Ky(n,u) = {K A A: K € K(n,u)} satisfies §(Ka(n,u)) = u. Forn > u + 1
Bezrukov [Bez87] proved that these are the only optimal families.

For u = 2d the family 4(n,u) = {K C [n]: |K A A|] < d} and it is called the ball of
radius d with center A. By analogy for u = 2d + 1 we call K 4(n, u) the double ball.

For his proof Kleitman [Kle66] introduced a very useful operation, the down-shift D;:

Di(F) ={Di(F): F € F},

where

D(F) F\{i}, ifie FeFand F\ {i} ¢ F;
! B F, otherwise.

As 0(Di(F)) < O(F), applying the down-shift D;, 1
eventually produce a complex J with |F| = |F| and o(F F)
§(F) = max{|AU B|: A, B € F}. Consequently, | F| = |F| < |K(n,5(F))|.

For a fixed pair (n, u), let us define the (diametral) overflow r,(F) as

(
Fou(F) = min{[F\ Ka(n,u)|: A C [n]}.
The following two facts are easy to prove.
Fact 7.1. Let F,G C 2I", i € [n]. Then
|Di(F) N Di(G)| = [Fngl.
Fact 7.2. D;(Ka(n,u)) = Ka\ gy (n, ).
Corollary 7.3. Let F C 2" be a complex. Then
ou(F) = ku(F).
Recall the definition of the families:
B(n,2d) ={B C [n]: |B\ [2]| <d-1}

< n repeatedly will

< 1
< O(F). For a complex F,

and
G(n,2d+1)={G C [n]: |G\ [3]] <d-1}.
Then Corollary 7.3 implies
n—2 3
Koa(B(n,2d)) = (d _ 1), Kodr1(G(n,2d + 1)) = 2(d . 1)
Based on these examples let us state:

Conjecture 7.4. Let F C 2" with §(F) < u. There exists an absolute constant ¢ such that
for n > cu,

n—2

n—3
< = < =
nu(f)\<d_1) for u = 2d, mu(}")\Z(d_l) foru = 2d + 1.
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