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Abstract
Stable perfect isometries between blocks of finite groups
by

Cisil Karagiizel

Let (K, O, F) be a large enough p-modular system for finite groups G and H. Let A be
a p-block of the group algebra OG and B be a p-block of the group algebra O H. Broué introduced
the definition of a perfect isometry between the p-blocks A and B which is a generalized K-valued
character leading to a special bijection between the sets of irreducible K-characters of A and B.
We introduce and investigate the notion of a stable perfect isometry, a way to consider perfect
isometries up to generalized projective characters of the corresponding p-blocks. The main
interest lies in understanding for which blocks all stable perfect self-isometries can be lifted to
perfect self-isometries. We verify this for algebras of abelian p-groups and certain cases of blocks
with cyclic defect group as well as blocks with Klein four defect group. We also introduce the
notion of a stable p-permutation equivalence. Given block A, we show that if all stable perfect
self-isometries of A lift to perfect self-isometries, then all stable p-permutation self-equivalences

of A lift to p-permutation self-equivalences.



Acknowledgements

Firstly, I would like to thank my advisor Robert Boltje. I am grateful for his guidance,
advice, continuous support, and patience throughout my Ph.D. studies. It was a privilege to be
a part of his team at UCSC.

I would also like to thank Junecue Suh and Beren Sanders for being on my committee.
Additionally, T would like to thank Olcay Coskun for his support throughout my studies.

I thank Fulbright for funding the first and second years of my Ph.D. studies.

I am also grateful to Hatice Mutlu and Philip Barron for their friendship, continuous
care and support. It is always a pleasure to study with them.

I am also indebted to my academic brothers Deniz Yilmaz, Rob Carman and Jamison
Barsotti for their welcoming attitude, guidance and friendship.

There is also a very special thanks to my dear friends, Gonca, Mustafa, Cemile, Emre,
Muratcan and Nilgiin for all of the memories we collected.

I am eternally grateful to my parents, Metin and Beyhan for their constant support
and love. I also would like to thank my family members, Delayne, Giilhan, Nege, Elif, Sky,
Tutku, Cemre, Tom and Michelle.

Finally, I would like to thank to my amazing spouse, Scott Auerbach, for all of his

support, love and encouragement.

vi



Introduction

Let (K, O, F) be a large enough p-modular system for a finite group G. The group
algebra OG decomposes into a direct product of indecomposable algebras which are called block
algebras. To understand the module category of OG, it is sufficient to understand the module
categories of its block algebras.

The number of irreducible characters, irreducible Brauer characters and the module
category mod(B) are some of the characteristics of a block algebra B of a finite group G. These
are called global invariants of a block algebra B. On the other hand, a block algebra B of
a finite group G has local invariants such as defect groups and fusion systems.

In the representation theory, there are conjectures that concern the local-global features
of block algebras. Broué’s abelian defect group conjecture suggests an explanatory mechanism

for some of these conjectures.

Conjecture 1. (Broué’s abelian defect group conjecture): Let G be a finite group, b be a block
of OG, and D be a defect group of b. Moreover, let ¢ denote the Brauer correspondent of b. If
D is abelian, then there is an equivalence between the bounded derived categories of OGb and

ONG (D)C

There are different versions of the abelian defect group conjecture depending on the
chosen equivalence. A splendid Rickard equivalence gives the strongest version.

The abelian defect group conjecture has only been proven in certain cases such as for
blocks of symmetric groups by Chuang and Rouquier [7] and for the cyclic defect group case
over F' by Rickard [20] and over O by Linckelmann [11] as well as by Rouquier [21] with a

description of a splendid Rickard complex for a block with cyclic defect group.



Being one of the strongest block equivalences, a splendid Rickard equivalence implies
many other block equivalences. On the Grothendieck group level, a version of such a block
equivalence is a p-permutation equivalence introduced by Boltje and Xu in [2] in a restricted
case, and extended and studied in detail by Boltje and Perepelitsky in [1]. It is known that
such an equivalence preserves various local invariants of blocks such as defect groups, block
fusion systems and Kiilshammer-Puig classes. Moreover, every p-permutation equivalence gives
us a perfect isometry, which is a weaker form of a block equivalence. Perfect isometries were
introduced by Broué in [5].

If there is a perfect isometry between two block algebras A and B, then they have the
same number of irreducible characters and isomorphic centers as O-algebras, see [5] for further
details. The set of perfect self-isometries of a block B has a group structure that is denoted
by PI(B). Linckelmann [11] proved that given a block B of OG with a cyclic defect group D
and with the inertial quotient E, B and O(D x E) are derived equivalent. This result implies
that PI(B) = PI(O(D x E)). The precise group structure of PI(O(D x E)) can be found in
Ruengrot [22] and Sambale [24].

Examples of equivalences of blocks on the categorical level are Morita equivalences,
derived equivalences and splendid Rickard equivalences. A Morita equivalence and a splendid
Rickard equivalence imply a derived equivalence which implies a perfect isometry.

The stable versions of most of these block equivalences on the categorical level have
been defined and studied. For example, stable equivalences of Morita type are defined and
studied by Broué [6]. Linckelmann [13] proves that there exists a stable equivalence of Morita
type between two algebras OP and OQ of non-trivial p-groups if and only if there is a Morita
equivalence between OP and OQ.

Although it may be a straightforward question to ask if there are stable versions of the
block equivalences on the Grothendieck group level, to the best of our knowledge, they have not
been considered before. In this thesis, we will introduce and study the notions of stable perfect
isometries as well as stable p-permutation equivalences.

Chapters 1, 2, and 3, we review basics of the block theory and representation theory,
including the definitions and properties of perfect isometries and p-permutation equivalences.

In Chapter 4, we introduce the notion of a stable perfect isometry between blocks of
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finite groups. We let SPI(A4, B) denote the set of stable perfect isometries between the blocks
A and B. We introduce the set of cosets SPI(A, B) and the group structure of SPI(B). We
define the group homomorphism ® : PI(B) — SPI(B). We discuss the finiteness of the group
SPI(B). Mimicking the result of Broué in 6] for the stable equivalences of Morita type regarding
the stable centers, we show that stable perfect isometry also induces an O-module isomorphism
between stable centers of the corresponding blocks.

In Chapter 5, we verify the surjectivity of the map ® : PI(OP) — SPI(OP) for an
abelian p-group P. We prove that for two abelian p-groups P and @), there is a perfect isometry
between OP and OQ if and only if there is a stable perfect isometry between OP and OQ.

In Chapter 6, we study the stable perfect isometries of blocks with cyclic defect groups.
We will have a partial answer to the surjectivity of the map ® : PI(B) — SPI(B). The results
of this chapter are based on the result of Linckelmann [11] which is that there is a derived
equivalence between the block algebra B and O(D x E) where B has a cyclic defect group D
and the inertial quotient E.

In Chapter 7, we verify the surjectivity of the map ® : PI(B) — SPI(B) for a block
algebra B with a Klein four defect group. The result of this chapter is based on the fact that
such a block algebra B is perfectly isometric to either OV or O A4, which follows from [12].

In Chapter 8, we introduce the notion of a stable p-permutation equivalence. We show
that a stable p-permutation equivalence induces a stable perfect isometry. We show that to verify
the surjectivity of the map ¥ : T2(B, B) — stab, T2 (B), it suffices to verify the surjectivity of

& : PI(B) — SPI(B).



Chapter 1

Preliminaries

In this chapter, we review the background information and notation that will be used
throughout this thesis. In Section [[.I} we review the notion of p-modular systems, and in
Section [I.2] introduce definitions and notations in block theory. In Sections [I.3] and [I.4] we
review p-permutation modules and Grothendieck groups, respectively. Finally, in Sections [I.5]
and [I.6] we will review some known block equivalences on the categorical level, which motivate

the main topic of this thesis.

1.1 p-modular systems

The main reference of this section is [17].

A valuation of a field K is a function v : K* — R such that for any a,b € K*,
v(ab) = v(a) + v(b) and v(a + b) > min(v(a),v(b)).

Such a valuation is called discrete if the image is isomorphic to Z. One can extend v via

v(0) = oo and define v : K — R U {oco}. We define the valuation ring

O :={aeK|v(a) >0}



which is a subring of K and which has a unique maximal ideal called, the valuation ideal,
p:={acK|v(a)>0}.

Hence, one can define the field F := O/p called the residue field of (K, v).

By using the notion of "equivalence" on the discrete valuations, one can assume that
v is normalized, i.e. v(K*) = Z. For such a normalized valuation v, we let 7 € K be an
element such that v(7) = 1. In this case, one has O* = {a € K| v(a) = 0} and every element
a € K* can be written as ¢ = un™ with unique elements © € O* and n € Z. Furthermore, in

this case, K is the field of fractions of O and the ideals of O are as follows:

0=()7"0C---Cx’0Cn0CO.
neN
Next, for a given pair (K, ) as above, one can define a metric on K as follows: choose
v € R with 0 < v < 1. Then, d(a,b) := 7*(¢=% is a metric on K. K is a topological space with
respect to this metric. It should be noted that such a topology is independent of "equivalence

classes" of v and . Now we are ready to define a p-modular system:

Definition 2. Let p be a prime. A p-modular system is a triple (K, O, F) where K is a field
of characteristic 0 which has a valuation v such that O is its complete discrete valuation ring,

F is its residue field and has characteristic p.

We say a p-modular system (K, O, F) is large enough for a given finite group G if K
contains a root of unity of order exp(G). In this case, K and F' are splitting fields for G and all
of its subgroups. Such a p-modular system always exists, e.g., consider (Q,(¢), Zy[¢], F,) where
q is the smallest power of p such that the p’-part of exp(G) divides ¢ — 1 and ( is a root of unity
of order exp(G). Throughout, we will always assume that a given p-modular system is large

enough for groups that are considered.



1.2 Block theory

In this section, we review the basics of block theory. Further details can be found in
[15] and [17].
Let G be a finite group and let (K, O, F') be a large enough p-modular system for G.

One can write a decomposition of 1 € Z(OG) such that
l=e1+ex+--+e

where ey, eq,- - ,e; are primitive idempotents of Z(OG). Letting B; := OGe;, we get the

decomposition of the group algebra OG:
OG = By X By X --- X By.

In this case, each e; is called a block idempotent of OG and each B; is called a block algebra
of OG. The set of block idempotents of OG is denoted by BI(OG).
We set KB := K®p B for a block B of OG. We let Irrg (G) denote the set of irreducible

K-characters of G and we let
Irrg (B;) := {x € Irrg (G) : corresponding irreducible KG-module V;, belongs to e; }.
Similarly, we let IBrp(G) denote the set of irreducible Brauer characters of G, and we let
IBrp(B;) := {¢ € IBr(G) : corresponding simple F'G-module belongs to €;}

where ¢; is the image of e¢; under the map — : OG — FG = OG/7nOG.
t t
We have Irrg (G) = || Irrg(B;), and similarly IBrp(G) = || IBrp(B;) . Let x be
i=1 i=1

1=

in Irrg(G), one sets

ey = ng Z x(z™ ).

zeG

The primitive idempotents of Z(KG) are {e, | x € Irrx(G)}. For B € BI(OG), one has
ep = ). ey.

x€lrrg (B)



Remark 3. (|16, Theorem 2.13|) Let h € G and x;, x; be irreducible ordinary characters of G.
Then the following holds:

5 Skl = by

geqG

xi(h)
Xi(l).

Definition 4. Let g be an element of a finite group G.
e g is called p-element if o(g) = p® for some b € N,.
e g is called p-reqular (or p'-element) if pto(g).
e g is called p-singular if p | o(g).

Proposition 5. Let g be an element of a finite group G. There exists a unique pair (gp, gp) of

elements in G such that
®9=0p 9y-
e g, is a p-element and g, is a p'-element.
® 9p9p' — 9p' " Yp-

Notation 6. Let G' be a finite group. We let Gy denote the set of p-regular elements, and let

G, denote the set of p-singular elements.

Notation 7. Let G be a finite group, and e a block of OG and B := OGe be the corresponding

block algebra.
o K(G) = [Irx(C)].
* I(G) :=[IBrp(G)|.
* k(B) := [Irrg(B)].
e I(B) := [IBrp(B)|.

Remark 8. Let {x1, X2, -, Xk} denote the set of irreducible K-characters of G, and {¢1,- - , @1}
denote the set of irreducible Brauer characters of G. Let {n1,n2,--- ,m} denote the projective

indecomposable characters of G. Then, one has

7



!
o D:=(d;;) € Matg;(No) is the decomposition matriz, where Resgp, (x) = > dijepj.
j=1

o C:=(c;;) € Matx;(No) is the Cartan matriz such that C = D'D.

k
For each i€ {1,2,--- 1}, we have, n; = Y dj;X;-
i=1

Let e € BI(OG). If x; and n; belong to e and ¢, does not belong to e, then d;y = 0 and
cjr = 0. If we reorder x1,- -+ , Xk, ¢1, - , 1 and N1, -+, according to the block algebras
By := OGey, -+, By := OGey that they belong, one has the following:

Dp, 0 0
0 Dg, 0
D=
0 0 0

0 0 0 Dpg,

so that D Dp, = Cp, where Dp, € Matyp,)xkp,) with k(B;) := |Irrg(B;)| and also
I(B;) := |IBrp(B;)|. We will refer the matriz D, as the decomposition matriz of the block

B;, and Cp, as the Cartan matriz of the block B;.

We note that the following concepts and results can be found in [14] and [15].

Notation 9. Let ZIrrg(G) be the free Z-span of the irreducible K-characters of G. The elements
of ZIrrk (G) will be referred as generalized characters or virtual characters. For a block algebra
B of OG, we let ZIrrg(B) denote the free Z-span of the irreducible K-characters of the block
algebra B of G.

Notation 10. Let ZIBrg(G) be the free Z-span of the irreducible Brauer characters of G. For
a block algebra B of OG, we let ZIBrg(B) denote the free Z-span of the irreducible Brauer
characters of the block algebra B of G.

¢ ¢
Note that since Irrg (G) = || Irrg (B;), one has ZIrrg (G) = @ ZIrrg (B). Furthermore,
i=1

1= i=1

¢ ¢
since IBrp(G) = | | IBrp(B;), one has ZIBrp(G) = @ ZIBrp(B). For the details, we refer the

i=1 i=1
reader to [15], Chapter 6, Theorem 6.5.3.

Notation 11. Let Pr(OG) denote the subgroup of ZIrrk (G) which is generated by the characters

of finitely generated (left) projective OG-modules. Similarly, for a block algebra B := OGe of
8



OG, we let Pr(OGe) denote the subgroup of ZIrrg (OGe) which is generated by the characters
of finitely generated (left) projective OGe-modules. Similarly, we define Pr(FG) and Pr(FGe)
as subgroups of ZI1Brg(G) and ZIBrp(OGe), respectively.

Recall that we always assume that (K, O, F') is a p-modular system for G. In fact, the

next result is true when (K, O, F') is large enough for a given finite group G.

Remark 12. (|14, Theorem 5.14.1]) The decomposition map

dg : ZIrrg (G) — ZIBrp(G)

X Resgp, (x)

is a surjective group homomorphism.

Let e € BI(OG) and B = OGe be the corresponding block algebra. The decomposition

map dg in Remark [12] induces a group homomorphism dg g : ZIrrg (B) — ZIBrp(B).

Notation 13. (|15, Chapter 6, Section 5]) L°(B) denotes the kernel of dg p. Hence L°(B)

consists of all generalized characters in ZIrrg(B) that vanish on all p’'-elements of G.

Remark 14. (|15, Theorem 6.5.11]) Let G be a finite group and e be a block of OG and B = OGe
be the corresponding block algebra. Suppose that K is a splitting field for KGe. The following
hold:

(i) The decomposition map dg,p : ZIrrg(B) — ZIBrp(B) is surjective, and it induces an

isomorphism Pr(OGe) = Pr(FGe).
(i) The matriz Cp is positive definite, and det(Cg) > 0.

(iii) One has L°(OGe)t = Pr(OGe); equivalently, Pr(OGe) consists of all generalized charac-

ters in Zlrrg (B) that vanish on all p-singular elements of G.

Remark 15. (|15, Chapter 6]) Note that by Remark we have an isomorphism of abelian
groups

Zlrrg (0Ge) /(L°(OGe) @ Pr(OGe)) = ZIBrp(FGe)/Pr(FGe).



The order of this group is |det(Cp)| where B = OGe, and the orders of the cyclic direct factors

of this group are the elementary divisors of Cp.

Definition 16. Let G be a finite group, and H < G. We consider the H-fized points of OG

under conjugation,
(OG)Y! .= {x € OG | "z =z for all h € H}. (1.1)
If K < H <G, one has (OG)H C (OG)E. On the other side, we have the relative trace map
i (06)% = (0G)H, (1.2)

given by x— S hx. Welet (OG)H .= Tm(Tri).
he[H/K]

Definition 17. (|14, Theorem 5.4.1]) Let G be a finite group and P be a p-subgroup of G.
The canonical F-linear projection FG — FCg(P) induces a split surjective homomorphism of

N¢(P)-algebras over F,
Brp : (FG)” — FCg(P) (1.3)

where ker(Brp) = Y (FG)g. One can also precompose this morphism with (OG)Y — (FG)?
Q<P
and we again will denote this map with Brp : (OG)Y — FCg(P), which is an O-algebra

homomorphism which is not necessarily split any more.

Definition 18. Let e € BI(OG). A defect group of e is a subgroup P of G minimal with respect
to the property that e € (OG)%. Equivalently, it is a subgroup P of G mazimal with respect to

the property that Brp(e) # 0.

Theorem 19. Let P be a defect group of e € BI(OG). Then, the following hold:
(i) P is a p-subgroup of G.
(i) The defect groups of a block e form a G-conjugacy class of p-subgroups of G.

Definition 20. The defect of a block e € BI(OG) is the unique integer dy(e) := d such that the
order of defect groups of e is p?.
10



Definition 21. (|15, Definition 6.7.7]) Let b € BI(OG) and let P be a defect group of b. There
is a unique block ¢ of ONg(P) with P as a defect group with the property that Brp(b) = Brp(c).
The block c is called the Brauer correspondent of b. If e € B(OCq(P)) such that ec = e, then
the group E = Ng(P,e)/PCq(P) is called the inertial quotient of b.

1.3 p-permutation modules

The further details of this section can be found in Chapter 5 of |14].

Definition 22. Let M be a finitely generated indecomposable OG-module. A subgroup @ of G
is called a vertex of M if Q is a minimal with the property that M is relatively Q-projective. If
Q is a vertex of M, an OQ-source of M is an indecomposable OQ-module V such that M is

isomorphic to a direct summand of Indg(V).

Remark 23. A finitely generated indecomposable OG-module U is projective if and only if U

has the trivial group as a vertex and O as a source.

Definition 24. An indecomposable OG-module M is called a trivial source module if for some

vertex QQ of M the trivial OQ-module O is a source of M.

Remark 25. An indecomposable OG-module M is a trivial source module if and only if M is

a direct summand of a permutation module.

Definition 26. An OG-module M 1is called a p-permutation module if for any p-subgroup P

of G, ResG (M) is a permutation OP-module.
Remark 27. The following hold:

(i) A finitely generated OG-module M is a p-permutation module if and only if M is a direct

sum of trivial source OG-modules.
(i) Any direct summand of a p-permutation module is again a p-permutation module.
Note that projective modules are p-permutation modules.
Notation 28. We let pgtriv denote the category of p-permutation OG-modules.

11



1.4 Grothendieck groups

Given a finite-dimensional algebra A over a field k, the Grothendieck group, R(A),
with respect to short exact sequences, is the free abelian group with Z-basis given by isomorphism
classes [9] of simple (left) A-modules. We let A = KG be the group algebra over the field K.
We let R(KG) to denote the Grothendieck group of finitely generated (left) KG-modules. We can
identify R(KG) with ZIrrg (G). Similarly, one can define R(FG) and identify it with ZIBrp(G).

Let e be a block of OG and let R(KGe) denote the Grothendieck group of (left) KGe-
modules. We can identify R(KGe) with ZIrrg(OGe). We let R(F'Ge) denote the Grothendieck
group of FGe-modules and identify it with ZIBrg(FGe).

We consider the Z-span of the isomorphism classes of indecomposable projective (left)
OG-modules and we use the same notation Pr(OG). Similarly, we use the notations Pr(OGe),
Pr(FG) and Pr(FGe) with the obvious meanings.

We let T(OG) denote the Grothendieck group of the category ogetriv with respect
to direct sums. For a block e of OG, one can define T(OGe) and Pr(OGe). Note that clearly
Pr(OG) C T(OG) and Pr(OGe) C T(OGe). Similarly, one can define T(FG) and T(FGe). We
have Pr(FG) C T(FG) and Pr(FGe) C T(FGe).

One has
Pr(OGe) C T(OGe) =% R(KGe) (1.4)
where the map kg is induced by the scalar extension K ®» —. It is also important to note

since k¢ is injective on Pr(OGe), we also use the same notation for their characters in R(KGe).
Recall from Remark [14]that an element x € R(KGe) belongs to Pr(OGe) if and only if x(g) = 0

for all p-singular elements g € G.

1.5 Morita equivalences

Although the notion of Morita equivalence can be defined in a more general setting,
e.g., for symmetric algebras, in this thesis, we are interested in Morita equivalence for block

algebras. The further details of this section can be found in [6] and [14, Chapter 2].

12



We let A and B be block algebras of OG and OH, respectively for finite groups G
and H. We let mod(A) denote the category of finitely generated (left) A-modules and similarly
mod(B) denotes the category of finitely generated (left) B-modules.

The block algebras A and B are called Morita equivalent if the categories mod(A)
and mod(B) are equivalent. Equivalently, if there exists an (A4, B)-bimodule M and a (B, A)-

bimodule N satisfying the following:
(j) M ®p N = A as an (A, A)-bimodule,
(iil) N®4 M = B as a (B, B)-bimodule,
(ili) M and N are finitely generated projective as left and right modules.

In this case, one can define the functors

M ®p — : mod(B) — mod(A)

N ®4 — : mod(A) — mod(B)

which sends simple modules to simple modules.
Furthermore, the following invariants coincide for the Morita equivalent block algebras

A and B:
o Z(A) = Z(B).
o k(A) = k(B) and I(A) = I(B).
e Dy=Dpand Cy=Chp.

Related to our interest, one can also define a stable version of a Morita equivalence.
Later on, we will use a similar idea for perfect isometries to define stable perfect isometries and

obtain similar traits.

1.6 Stable equivalences of Morita type

Although stable equivalences of Morita type are defined in a more general setting,

namely for symmetric algebras, we again limit our attention to block algebras of finite groups.

13



For further details we refer to [6].

Let A be a block algebra of OG and B be a block algebra of OH for finite groups G
and H. A and B are called stably equivalent of Morita type if there exists an (A, B)-bimodule
M and a (B, A)-bimodule N satisfying:

(G) M@ N =2 ApV as an (4, A)-bimodule, for some finitely generated projective (4, A)-
bimodule V,

(iil) N®a M = B® W as a (B, B)-bimodule, for some finitely generated projective (B, B)-
bimodule W,

(ili) M and N are finitely generated projective as left and right modules.
In this case, the stable module categories of A and B are equivalent.

Definition 29. (|6], Section 5) Let e € BI(OG) and A = OGe. We set Z5'(A) := Z(A)/ZP"(A),

called the stable center of A. Here ZP"(A) :={ Y. 9a | a € A}, called the projective center of A.
geG

Proposition 30. ([6], 5.4 Proposition) Let A and B be block algebras of OG and OH, respec-
tively. A stable equivalence of Morita type between A and B induces an O-algebra isomorphism

between Z*(A) and Z*'(B).

We refer the reader to [6] for further details on stable equivalences of Morita type.

A similar statement to Proposition will be observed for stable perfect isometries
later in Proposition In our case, we will only have an O-module isomorphism instead of an
O-algebra isomorphism.

Further invariants of stable equivalences of Morita type are listed in |9]. More details
can also be found in [15]. We list some of them here:

In the following set up, assume A = OGe and B = OHf.

e R(KGe)/Pr(OGe) 2 R(KH f)/Pr(OHf)

o R(FGe)/Pr(FGE) = R(FHJ)/Pr(FHJ).

o L0(A) = L9(B).
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1.6.1 Stable equivalences of Morita type for p-groups

Let P and @ be non-trivial p-groups. Linckelmann |13 Theorem 3.1] shows that
if there is a stable equivalence of Morita type between OP and OQ, then OP and OQ are
Morita equivalent. The next theorem follows from [13, Theorem 3.1|, |13 Corollary 3.2] and
|13, Corollary 3.3]:

Theorem 31. (|13 Section 3|) Let P and Q be non-trivial p-groups. Then, the following are

equivalent:
(a) OP and OQ are Morita equivalent.
(b) There is a stable equivalence of Morita type between OP and OQ.
(c) P=Q.

In Chapter [5, we will try to mimic this theorem in the context of perfect isometries

and stable perfect isometries.
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Chapter 2

Perfect Isometries

Throughout this chapter, G, H and K denote finite groups. We assume that the p-
modular system (K, O, F) is large enough for G, H and K. In this section, we recall and introduce
notations, concepts and well-known results related to perfect isometries. For more details on
perfect isometries we refer the reader to [1], [5], and [15]. For the details on the perfect isometries
of blocks with cyclic defect group, we refer to [22] and [24].

Recall that we identify R(KG) with ZIrrg(G). We set R(KG,KH) := R(KG ® (KH)®)
where (KH)®° is the opposite algebra of KH and we identify (KH)® with KH via the map
h° — h=1. As a result, we identify KG ® (KH)° with K[G x H] via (g,h°) — (g,h™1).

Throughout we let e € BI(OG) and f € BI(OH), and B := OGe and A := OHf.
We set R(KGe,KH f) := R(K[G x H](e ® f*)) where f* is defined through the convention of
opposite algebras above. Furthermore, if 4 € R(KGe,KH f), p° denotes the K-dual of p in
R(KH f,KGe).

Given p € R(KG,KH) and v € R(KG,KK), the character -y v € R(KG,KK) is

defined as follows: for any (g,k) € G x K,

(1) k) = g7 3 sl ()
heH
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and in this way we have the following bilinear map

R(KG,KH) x R(KH,KK) — R(KG,KK)

sending (u, v) to p-gv. This map is induced by taking the tensor product —®k g — of bimodules.
As a special case, if we take K = 1, then one can see that every generalized character

1 € R(KG,KH) induces a group homomorphism

I, : R(KH) — R(KG) (2.1)

given by ¥ — p-gr .

2.1 Definition

Note that if p € R(KGe,KH f), then I, : R(KH f) — R(KGe) for any blocks e, f of
OG and OH, respectively. A generalized character p € R(KGe,KH f) is called an isometry
between OGe and OH f if the map I, : R(KH f) — R(KGe) is bijective, and it preserves inner

products, namely

for all v,¢" € RIKHf).
The next remark provides equivalent definitions of an isometry between two blocks

OGe and OH f.
Remark 32. (Remark 8.4(a), |1]) The following are equivalent:

(i) w is an isometry between OGe and OH f.

(i) p-g p° = > x X x° in R(KGe,KGe) and p° ¢ p = > P X P° in
x€lrrg (OGe) Yelrrg (OH f)
RKHf,KHf).

(i4i) There ezists a bijection Irrg(OH f) = Trrg (OGe), 1 +— Xy and some €, = +1 such that

one has p = > €p - Xop X P°.
Yelrrg (OH f)
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Notation 33. We will use the notation [KGe] for the character > X X X° as it is the
x€lrrg (OGe)
character of KGe as a (KG,KG)-bimodule.

A generalized character p € R(KGe,KH f) is called perfect (see |5]) if the following

two conditions are satisfied:

(i) For all (g,h) € G x H, u(g, h) is divisible by |Cg(g)| and |Cg (k)| in O. This condition is

called the integrality condition.

(ii) If (g,h) € G x H is such that u(g,h) # 0, then g is a p’-element if and only if h is a

p’-element. This condition is called the separability condition.

If only condition (¢7) holds, we call 4 quasi-perfect. We let QR (KGe, KH f) denote the
set of quasi-perfect generalized characters in R(KGe,KH f). If an isometry p € R(KGe, KH f)
is perfect, u is called a perfect isometry between OGe and OH f. Perfect isometries are first
defined by Broué in [5].

The next theorem provides a refined condition to check when a quasi-perfect character
is perfect. The result is due to Kiyota [10], Kiyota’s theorem is cited and explained in [22]
and [24]. We note that the original result of Kiyota is only for an isometry; however, the theorem
is also true for quasi-perfect generalized characters. The proof for the quasi-perfect generalized
characters is almost the same as the original proof in [10].

We will also benefit from Kiyota’s theorem later in this thesis.

Theorem 34. (|10, Theorem 2.2]) Let 1 € R(KGe, KH f) be a generalized quasi-perfect char-
acter. Then  is perfect if for all p-singular elements g € G, and h € H, u(g,h) is divisible by
|Ce(g)| and |Cr(R)| in O.

Lemma 35. (|18|, Lemma 2.21) Let x € G and ¢ € IBrp(G) where 1, is the corresponding

indecomposable projective character of G. Then, one has

N ()
m G O- (2.3)

As an application of Theorem [34] we review the following lemma which is well-known.

We will use this lemma later in this thesis.
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Lemma 36. Let p € R(KGe, KHf) and pipro; € Pr(OGe, OHf). Then p+ pipro; is perfect if

and only if p is perfect.

Proof. Note that if at least one of g or h is p-singular, then (g, h) + fpro; (g, h) = p(g, h), by
the definition of a projective character. This implies that u satisfies the separation axiom if and
only if p + ppro; satisfies the separation axiom. Additionally, the integrality condition follows

from Theorem [34] O

The next result will be referred to later. The ideas in the proof can be found in
Sambale [24] in the context of perfect isometries. We prove the result for the convenience of the

reader.

Lemma 37. (|24]) Let e € BI(OG), f € BI(OH) and ex € BI(OK). Let p € R(KGe,KH f)
and T € R(KH f,KKeg). Suppose that u and T satisfies the integrality condition. Then, p-g T

also satisfies the integrality condition.

Proof. Let (g,k) € G x K. Letting R denote a set of representatives of the conjugacy classes

of H, we obtain that

(,UJ'H T)(g’ k)
T > ulg,h

[Ca(g)| \H||C 2
1
—ﬁma;ﬂg%W'@AMMm><mm
: h k)
Z |CG )| cO

heR

because both p and 7 satisfies the integrality condition. Similarly, one can show |Ck (k)| divides

(-1 7)(g, k) in O, O

The next argument can also be found in [24]. We state and prove it in our context.

Lemma 38. (|24]) Let e € BI(OG), f € BI(OH) and ex € BIOK). Suppose that u is an
element of QR(KGe,KH f) and v is an element of QR(KH f,KKek). Then, - g is in
QR(KGe,KKeg).
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Proof. Let (g,k) € G x K such that (u-g 1)(g, k) # 0. That is we have

0% (k-m)(g k) (2.4)
- ﬁ S ulg, (b, k). (2.5)
heH

Thus there is at least one element h € H such that (g, h)(h, k) # 0. In particular, p(g, h) # 0
and ¥ (h,k) # 0. Since p is quasi-perfect, g is a p’-element if and only if h is a p’-element.
Furthermore, since v is quasi-perfect, h is a p’-element if and only if % is a p’-element. Hence

the proof follows. O

Suppose that there is a perfect isometry p € R(KGe, KH f) between the blocks OGe
and OH f with defect groups P, @, respectively. Broué in [5] and [6] showed that the following

properties hold:
(i) One has |P| = Q)|
(ii) The group isomorphism I, : R(KH f) — R(KGe) maps Pr(OH f) to Pr(OGe).

(iii) The Cartan matrices of e and f have the same determinant and elementary divisors with

the same multiplicities.

(iv) Z(OGe) = Z(OHf) as O-algebras and this isomorphism restricts to projective centers,
ZPr(OGe) = ZP"(OH f).

The next result relates stable equivalence of Morita type and perfect isometries.

Proposition 39. (]9, Proposition 3.3]) Given finite groups G, H, e € Bl(OG) and f € BI(OH),
let A= OGe and B = OHf. Suppose that (K,O,F) is large enough and suppose that there
is a stable equivalence of Morita type between A and B achieved by a (B, A)-bimodule M
which is finitely generated projective as a left and right module. Furthermore, assume that
the isometry L°(A) = LY(B) induced by ®); extends to an isometry ® : R(KA) = R(KB).

Then, xo — xm € Pr(A, B). In particular, ® is a perfect isometry.
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2.2 Perfect self-isometry group of a block

Let e € BI(OG). We use the notation of Ruengrot in [22|, namely PI(OGe) for the
group of perfect self-isometries of the block OGe. The group operation of PI(OGe) is — - — and
its identity is [KGe] = > X X x° in R(KGe, KGe), and given pu € PI(OGe), its inverse

x€lrrg (OGe)
is u°® € PI(OGe).
The next theorem describes the group structure of perfect self-isometries of the algebra

OP for an abelian p-group P. A special case of the following theorem, when P = (), can also

be found in |23].

Theorem 40. (|22, Theorem 5.1.1]) Let P be an abelian p-group. Then every perfect isometry
has a homogeneous sign and PI(OP) = (P x Aut(P)) x (—id).

The next result is regarding the group structure of perfect self-isometries of blocks
with cyclic defect group. The theorem uses Linckelmann’s result in [11] which says that the
derived category of a block with cyclic defect group is equivalent to the derived category of the
semidirect product of its defect group and its inertial quotient. Since the derived equivalence
implies perfect isometry, to understand the perfect self-isometries of a block with cyclic defect
group, it is sufficient to understand PI(O(D x E)) where D is a defect group of the block
and FE is the inertial quotient. Ruengrot provides a detailed study of the group D x E in
|22, Chapter 6]. To summarize, E acts Frobeniusly on D, so it also acts on the irreducible
K-characters of D. The size of the orbit of any non-trivial K-character of D is |E| = e, hence
|D| — 1 many non-trivial characters of D break up into orbits of equal size |E| = e. We let
t = (|D] — 1)/e, and each of these orbits induce an irreducible character of D x E, which
are denoted by ®1,®s, -+, ®;. These characters are referred as the exceptional characters of
D x E. Additionally, D x E also has irreducible K-characters inflated from E, denoted by
{X1sX2: ", Xe}, and these are called the non-exceptional characters of D x E. In fact, one has
Irrg (D} E) = {x1, ", Xe} U{P1, -+, P:}. The group of perfect self-isometries of a block B

with a cyclic defect group is computed by Ruengrot [22] and Sambale [24].

Theorem 41. ([22] Theorem 6.0.5, |24], Theorem 3.5) Let G be a finite group and B € BI(OG)
with a cyclic defect group D of order p™ and inertial quotient E with e :== |E|. Lett = (p"—1)/e.
Then; II‘I‘(B) = {Xla e ,Xe} U {(bh e aq)t}'
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(i) If e = 1, then PI(B) 2 PI(OD) = (D x Aut(D)) x (—id).

(i) Ife > 1 and t = 1 then |Irx(B)| = p. Every permutation on Irr(B) gives a perfect isometry
(with a choice of sign), and PI(B) = .S, x (—id).

(iii) If 1 <e <|D|—1 andt > 1, then PI(B) = (—id) x S. x Cy,(p|)/e where S. permutes the
non-exceptional characters, namely {x1,--- ,Xe}, and Co(|p|y/e permutes the exceptional

characters of B, namely {®1,--- ,®;}.

Note that D x E = Cp x Cp_1 in the case (ii). It is important to note that the
results of Ruengrot and Sambale indicate that perfect isometries behave mindfully with respect

to non-exceptional and exceptional characters with the exception of case (ii) above.
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Chapter 3

p-permutation equivalences

In this section, we will review the definition and some properties of p-permutation
equivalences. The further details of this section can be found in [1] and [19]. The p-permutation
equivalences were first defined by Boltje—Xu in |2| in certain restricted situations, and then
extended to a greater generality and studied in detail by Boltje-Perepeletsky in [1].

Throughout this section, we again let (K, O, F') be large enough for finite groups G
and H. For this thesis, we also always assume that e € BI(OG) and f € BI(OH). Recall
that T(OGe) denotes the Grothendieck group of the category ogetriv with respect to direct
sums. Similarly as before, we let T(OGe, OH f) := T(O[G x H](e ® f*)). The tensor product
of bimodules induces maps on the Grothendieck group level and we use the same notation - .

We will begin by reviewing some basic notions which can be found in [3].

Definition 42. Let G and H be finite groups and X < G x H. Letp1 : Gx H — G and

p2 : G x H— H be the canonical projections. Let
k1(X):={9€G|(g,1) € X} and ko(X):={h € H|(1,h) € X}.

Note that kl(X) S‘pl(X) and kQ(X) Slpg(X)

Definition 43. Given P < G, Q < H and a group isomorphism ¢ : Q — P, one defines
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a twisted diagonal subgroup of G x H as follows:

A(P, ¢, Q) :={(¢(y),y) lye Q} <G x H. (3.1)

Remark 44. Broué in |5] showed that given any e € BI(OG) and f € BI(OH), the character

of an indecomposable module M € pgetrivoms with twisted diagonal vertex is perfect.

Definition 45. Let X < G x H andY < H x K. Then,
X*xY :={(9,k) eGx K|3he H:(g,h) € X,(h,k)eY}. (3.2)

Note that X *Y <G x K.

Next, we will review the extended tensor product. This construction was first described

by Bouc in |4]. For further details on extended tensor products, see |1, Chapter 6].

Definition 46. Let X < Gx H andY < Hx K. Let M € pxmod and N € pymod. Consider
the (O[k1(X)], Olk2(Y')])-bimodule, M ®(ok,(x)nk, (v)) N Note that ki(X)xka(Y) < XY, One
can extend this module structure to an O[X xY|-module structure such that given (g,k) € X xY,
and m € M, n € N, (g,k) - (m®n) = (g,h)m ® (h,k)n where h € H is chosen such that
(g,h) € X and (h,k) € Y. We will denote this extended tensor product by M§N and obtain

the functor:

XY
— ® —oxmod X pymod = px,yjmod.
OH

Theorem 47. (|4, Corollary 3.4]) Let X <G x H,Y < Hx K, M € opxmod and N € oy mod.

Then, there is an isomorphism

X,y
d? (M) @og Indi K (N) = 4 md 5, (M Q) “UN) (3.3)
t€[pa(X)\H/p1(Y)] OH

of (OG,OH)-bimodules.
Lemma 48. (|1} Lemma 7.2]) Let X <G x H,Y < H x K.
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XY
(a) If M € oxtrivand N € oytriv, then M @ N € o(xyy)triv.
OH

(b) If M € oxmod and N € oymod are indecomposable with twisted diagonal vertices then

XY

every indecomposable direct summand of the O|XxY]|-module M @ N has twisted diagonal
OH

vertices.

Given a subgroup X < G x H, and d € Z(O[G x H]), one denotes by T*(0OXd)
the subgroup of T(OXd) which is spanned by the isomorphism classes of indecomposable p-
permutation OXd-module with twisted diagonal vertices. Given blocks e, f of OG and OH,

respectively, one sets T2 (OGe, OH f) := T*(O[G x H](e ® f*)).
Definition 49. Let e € BI(OG) and f € BI(OH). A p-permutation equivalence between OGe
and OH f is an element v € TA(OGe, OH f) satisfying

v - 7° = [0Ge] € T*(OGe, OGe) and v° -y = [OHf] € T*(OHf, OHf) (3.4)
Notation 50. The set of p-permutation equivalences between OGe and OH f will be denoted by
TA(OGe, OH).

The next proposition uses Remark [#4] which says that a p-permutation equivalence

induces a perfect isometry between two blocks. We will mimic this result in the stable set up.

Proposition 51. (|1, Proposition 9.9]) Let e € BI(OG) and f € B(OH). Lety € T2 (OGe, OH f).
Then, p:= kaxu(y) € R(KGe,KH f) is a perfect isometry between blocks OGe and OH f.
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Chapter 4

Stable perfect isometries between

blocks of finite groups

In this section, we introduce and investigate the notion of a stable perfect isometry,
a way to consider a perfect isometry up to projective modules. We will prove some properties
regarding the group of the set of cosets of stable perfect isometries.

Throughout this chapter, we always assume that e, f are blocks of OG, OH, respec-
tively. Recall that as before, we identify the element > x X x° in R(KGe, KGe) with

x€Irrg (OGe)
[KGe].

4.1 Definition

Definition 52. A stable isometry between the algebras OGe and OH f is a generalized character
u in R(KGe, KH f) satisfying the following two conditions:

() g p° =[KGe] + ng in R(KGe, KGe) for some ng € Pr(OGe, OGe).

(r) u ¢ p =[KHf] + mg in R(KHf,KHf) for some nyg € Pr(OHf,OHY).
Definition 53. Let e € BI(OG) and f € BI(OH). A stable perfect isometry between the block
algebras OGe and OH f (respectively stable quasi-perfect isometry) is a stable isometry pu in

R(KGe,KH f) which is also perfect (respectively quasi-perfect).
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Notation 54. Let SPI(OGe,OH f) denote the set of stable perfect isometries from OHf to
OGe. For convenience, we let SPI(OGe) := SPI(OGe, OGe).

Next, we make the following observation which is well-known to the experts.

Lemma 55. Let e, f,ex and fr, be in of BI(OG),Bl(OH),BI(OK) and BI(OL), respectively.
Let p and n be quasi-perfect generalized characters in R(KGe, KH f) and R(KKeg,KLfr) and
let m € Pr(OHf,OKeg). Then, p-g 7w -xn is in Pr(OGe, OLfr).

Proof. Let (g,1) € G x L be a p-singular element. Without loss of generality, we can assume

that [ is p-singular, then

(o 7o 0)(g,1) = % S (- (g, @), 1)
reK

- i (g ™) (g, 2)n(x,1)

by using the quasi-perfectness of 7 and the last equality holds since 7 is in Pr(OH f, OKeg)
so it vanishes on the p-singular elements (y,x) by Remark Now by the characterization of

elements in Pr(OGe, OLfL), we see that g 7 -k 7 is in Pr(OGe, OLf}). O

Lemma 56. Let e € BI(OG), f € BI(OH). Let i € SPI(OGe, OH f) and 7 € Pr(OGe, OH f).
Then, p + 7 is also in SPI(OGe, OHf). Therefore, for any p € SPI(OGe,OHf) the set
w4+ Pr(OGe,OHf) :={u+w |7 € Pr(OGe, OH f)} is a subset of SPI(OGe, OHf).

Proof. Firstly, by Lemma [36]if 41 is a perfect generalized character, then so is p+ 7 where 7 is a
generalized projective character. This means that we only need to check the conditions (i)-(ii)

in the Definition [52] for the generalized character p + 7.
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Note that

(tm)m (ptm)° = (p+m)-m(p°+7°%)
=pem (W +70) 7o (B +7°)
:M.HMO+N.H7TO+7T.HMO+7T.H7TO

:[KGe]—I—ﬂ/—|—,u~H7r°+7r-Hu°—|—7r~H7r°

where 11 p° = [KGe] 4+ for some © € Pr(OGe, OGe). Note that by Lemma w-g w° and
7. 1° are in Pr(OGe, OGe), and therefore 7 + - 7° + -5 p° 4+ - 7° is in Pr(OGe, OGe).
This shows that p 4 7 satisfies the condition (i) in Definition A similar proof will follow to
show condition (ii) where we use pu° - u = [KHf] 4+« for some 7 € Pr(OHf, OH).

The final part u + Pr(OGe, OH f) C SPI(OGe, OH f) is now straightforward. O

Notation 57. Given e € BI(OG) and f € B(OH), and u € SPI(OGe, OH f), we denote the
set of the cosets u+ Pr(OGe, OH f) by SPI(OGe, OH f). We also have the following map

O¢ y - SPI(OGe, OH f) — SPI(OGe, OH f)

given by i+ p+ Pr(OGe, OHf). We set SPI(OGe) := SPI(OGe, OGe).

Lemma 58. Lete, f,ex be in of BHOG),Bl(OH),BI(OK), respectively. Then, — - — induces

the following bilinear maps

SPI(OGe, OH f) x SPI(OH f,OKek) — SPI(OGe, OKek) (4.1)
by (u,v) — g v, and

SPI(OGe, OH f) x SPI(OH f,OKer) — SPI(OGe, OKex) (4.2)

by (u+ Pr(OGe, OHf), v+ Pr(OHf,OKeg)) — (p - v) + Pr(OGe, OKeg).

28



In particular, one has the following commutative diagram

SPI(OGe, OH f) x SPI(OHf, OKex) — SPI(OGe, OKe)

l l

SPI(OGe, OH f) x SPI(OH f,OKer) — SPI(OGe, OKe).

Proof. Firstly, we show that given u € SPI(OGe, OH f) and v € SPI(OH f,OKeg), one has
g v € SPI(OGe, OKeg). For this, note that

(uv) k(puv) =ppv v gp
=p-u (KHf]+m) g pe
=p-g [KHf] g p°+pgm-gp
=pHp A+ penTogp

= [KGe]l + 7 + p 75 pt°

where v g 1° = [KHf] +m and p -z p° = [KHf] + 7 for some 7,7 € Pr(OGe, OGe). By
Lemma [55 we know that © + g -z 7 -5 p° is in Pr(OGe, OGe). Similar argument follows for
(u-mv)°-c(p-gv)=[KKex]+7 forsomen €Pr(OKeg,OKeg). Furthermore, as both p
and v are perfect, so is -y v by Lemma[37] and Lemma 38 Hence we showed that p1 -5 v is in
SPI(OGe, OKeg).

Note that the second map is also well-defined as for any m € Pr(OGe, OH f) and
= Pr(OH f,0OKeg), one has

(p+m) g w+n)=p-gv+mgv+pnr +7-5gm
and by Lemma7r gVt ug T4 “H 7 isin Pr(OGe, OKeg) which implies that

(115 v) +Pr(OGe,OKeg) = [(u+ ) -5 (v +7 )] + Pr(OGe, OKex).
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4.2 The group SPI(OGe) and ® : PI(OGe) — SPI(OGe)

We note that the set of stable perfect isometries SPI(OGe) is in general not a group.

Theorem 59. The set SPI(OGe) has a monoid structure with respect to -¢ and with the identity
element [KGe]. For any u € SPI(OGe), the coset i + Pr(OGe, OGe) is also in SPI(OGe) and
we denote the set of all such cosets by SPI(OGe). Then, SPI(OGe) has a group structure
induced by -c. Furthermore, there is a group homomorphism ® : PI(OGe) — SPI(OGe) given
by p— p+ Pr(OGe, OGe).

Proof. By Lemma we see that SPI(OGe) has a monoid structure. As before, we consider
the binary operation x : SPI(OGe) x SPI(OGe) — SPI(OGe) defined by

(1 + Pr(OGe, OGe),n + Pr(OGe, OGe)) — (i - n) + Pr(OGe, OGe).

Since [KGe], the character of the block itself, is a perfect isometry, in particular, a stable perfect
isometry, the element [KGe] + Pr(OGe, OGe) in SPI(OGe) is the identity with respect to x. For
any element p + Pr(OGe, OGe) in SPI(OGe), we have that 1° + Pr(OGe, OGe) is the inverse
in SPI(OGe) as u° is also a stable perfect isometry. Finally, associativity of x follows from that
of -¢. Now, we conclude that SPI(OGe) has a group structure with respect to the operation x
which is induced by ..

Finally, we have for any p,n € PI(OGe) C SPI(OGe), one has the following:

Q(p-gn) = p-cn+Pr(OGe, OGe)
= (u+ Pr(OGe, OGe)) * (n + Pr(OGe, OGe))

— B(j1)  B(1).

O

Now, we denote the subgroup of the quasi-perfect generalized characters in R(KGe, KH f)
by QR(KGe, KH f). Since every projective character is perfect, Pr(OGe, OH f) C QR(KGe,KH f).
We would like to prove that the group SPI(OGe) is finite. More generally, we will show that

there are only finite many cosets in SPI(OGe, OH f).
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4.3 Finiteness of the group SPI(OGe)

Remark 60. Let e € BI(OG) and f € BI(OH). Assume that ¢ is in L°(KGe, KH f) and 7 is
in Pr(OGe, OHf). Then, (¢, m)axu = 0.

Proof. The proof follows from Remark O

Theorem 61. There are only finitely many distinct cosets of stable quasi-perfect isometries
between two blocks OGe and OH f with respect to Pr(OGe, OH f) in QR(KGe,KH f). In par-
ticular, SPI(OGe, OHf) is a finite set, and SPI(OGe) is a finite group.

Proof. For a given stable quasi-perfect isometry p in QR(KGe, KH f), we define the following
map

I, : QRKHf,KHf)/Pr(OHf,OHf) = QR(KGe, KHf)/Pr(OGe, OHf)

by v + Pr(OHf,OHf) — pu-g v+ Pr(OGe, OHf) for any v € QR(KH f,KH f). Note that
this map is well-defined by Lemma and since if v € Pr(OHf,OHf), then p - v is in
Pr(OGe, OH f) by Lemma Moreover, we observe that for any 7 € Pr(OGe, OH f), one has

I, = ~H+7T’ which once again follows from the fact that = -z ¢ is in Pr(OGe, OH f) for any

¥ € QR(KH f,KH f). Now, we consider the subgroup

S(KGe,KHf) := QR(KGe, KH f) N [L°(KGe, KH f) & Pr(OGe, OH f)]

= [QR(KGe, KH f) N L°(KGe, KH f)] © Pr(OGe, OH f)

of R(KGe, KH f). Next, we will show that the restriction of I,, to S(KH f,KH f)/Pr(OH f, OH f)
is a map into S(KGe,KH f)/Pr(OGe, OH f). Tt suffices to show that given an element ¢ in
QR(KH f,KHf) N LY(KH f,KHf), one has u - ¢ € QR(KGe,KH f) N L°(KGe, KH f). Let

(z,y) be a p’-element in G x H, then

(-1 ) (@) = ﬁ S pula, h)p(h, y)

heH
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in which the second equality follows from the fact that if & is not in H,,, then we have p(z,h) =0
since z is a p’-element and p is quasi-perfect. The final equality follows from the fact that
Y € L°(KH f,KGe) so 1 (h,y) = 0. This shows that u -z ¢ is in L°(KGe, KH f) and it is also
in QR(KGe,KH f) by Lemma Hence p -z 1 is in QR(KGe, KH f) N L°(KGe, KH f).

Now, we let ¢,¢ € QR(KH f,KHf)N L°(KH f,KH f). One has

/

(L), L Naxm = (0, 1° g o ¥ Y uxn
= (¢, [KHf] g ¢,>H><H + (U, 78 B '(/}/>H><H

= W, Y xn

where 41° - u = [KH f] 4 7 for some 7y € Pr(OHf,OHf). Note (Y, 7 -5 Yixug = 0 in the
equation above, since g - ¢ € Pr(OHf,OHf) and o € LO(KH f,KH f).

Now, let 11, ...,%, be a Z-basis for QR(KH f,KH f) N L°(KH f,KH f). Suppose that
(i, Vi)axma = n;. Then, by the above observation, we know that (I,(¢5), I,(¥:))axmr = ni-
For any group, and natural number n;, there are only finitely many generalized characters with
norm n;. Therefore, there are only finitely many possibilities for INM |S(KH f.KH ) /Pr(OHf,OH )5
the restriction of INM to S(KH f,KH f)/Pr(OHf,OHY).

Next, we consider the restriction map:

Hom(QR(KH f,KH f)/Pr(OH f,OH f), QR(KGe, KH f) /Pr(OGe, OH f))

J{res

Hom(S(KH f,KH f)/Pr(OH f,OH f), QR(KGe,KH f)/Pr(OGe, OH f)),

sending ¢ to ¢ |skuyfrHf)/Pr(oHf,0Hf)- We claim that this map is injective. Let ¢ be an
element in Hom(QR(KH f,KH f)/Pr(OH f,OH f), QR(KGe,KH f) /Pr(OGe, OH f)) such that
its restriction, ¢ |S(KHf,KHf)/pr(0Hf,0Hf)7 is the zero map.

Since R(KH f,KH f) is Z-free, we have QR(KH f,KH f) is Z-free. Next, we show that
QR(KH f,KH f)/Pr(OH f,OH ) is torsion-free. Let 0 # n € Z and ¢ € QR(KH f,KHf) be
such that n -4 € Pr(OHf,OHf). By the characterization of elements of Pr(OH f,OHf) in
Remark [T4] n - ¢ vanishes on p-singular elements of H x H. This implies that ¢ vanishes on
p-singular elements of H x H and hence again by Remark we have ¢ € Pr(OH f,OHf).
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Furthermore, recall that by Remark LY(KHf, KHf)®Pr(OHf,OHf) has a finite
index in R(KH f,KH f) and we have

QR(KH f,KH f)/S(KH f,KH ) =
QR(KH f,KH f)/(QR(KH f,KH f) N (L°(KH f,KH f) & Pr(OH f, OH f))) =

QR(KHf, KHf) + (L°(KH f,KHf) © Pr(OHf,OHf))/(L°(KH f,KH f) © Pr(OH f,OH)),

which is in R(KH f,KH f)/(L°(KH f,KH f) & Pr(OH f, OH f)). Therefore, S(KH f,KH f) has
a finite index in QR(KH f,KH f).

Next, since QR(KH f,KH f)/Pr(OH f, OH f) is a finitely generated torsion-free module
over a PID, QR(KH f,KH f)/Pr(OH f,OH f) is free. Since S(KH f,KH f)/Pr(OH f,OHf) is a
submodule of QR(KH f,KH f)/Pr(OHf,OHf), QR(KH f,KH f)/Pr(OH f,OH f) has a basis,
e1,...,e, and there exists (all non-zero) invariant factors dy | da | -+ | d, in Z such that
die1,...,dpe, is a basis of the submodule S(KH f,KH f)/Pr(OH f,OHf).

By our assumption, we must have ¢(d;e;) = 0 for each i € {1,2,...,n}. Then, we have
dip(e;) =0 for all i € {1,2,...,n}. Since QR(KH f,KH f)/Pr(OH f,OHf) is torsion-free and
also d; # 0, we have ¢(e;) =0 for each ¢ € {1,2,...,n}. Hence ¢ is the zero map to start with.

Now, combining injectivity of the restriction map and the fact that there are only
finitely many possibilities for iu ‘S(KnyKHf)/Pr(Onyon), we conclude that there are only
finitely many possibilities for I, 1

For the final part, note that if o, = QR(KGe,KH f) such that I, = 1:”/, one has
(0 —0)-u1 e Pr(OGe, OHY) for all ¥ € QR(KH f,KH f). Taking 1) = [KH f], we conclude
that 0 — o € Pr(OGe, OH f). Therefore, the map

QR(KGe,KH f)/Pr(OGe, OH f)

|a

Hom(QR(KH f,KH f)/Pr(OH f, OH f), QR(KGe, KH f) /Pr(OGe, OH f))

given by o 4+ Pr(OGe, OH f) — I, is injective.
Now combining all of our results with the injective map A, we conclude that there are

only finitely many cosets p + Pr(OGe, OH f) where p € SPI(OGe, OH f). O
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4.4 Stable centers

Throughout we let e € BI(OG) and f € BI(OH). We aim to show that a stable perfect
isometry between OGe and OH f gives an O-module isomorphism between the stable centers
Z5t(OGe) and Z**(OH f). For this section, we start with reviewing some results that are already
known and used in different contexts.

Broué in [5] proved that a perfect isometry induces an algebra isomorphism between
the centers of corresponding block algebras. In the next results, we adapt Broué’s proofs to our
situation where we have a stable perfect isometry. Therefore, we state the following results in

our context and prove it for the convenience to the reader.

Lemma 62. (|5|) Let u € R(KGe,KH f) be a generalized character such that it satisfies the

integrality condition. Then, the K-linear map,
w KH = KG

given by h — Z ‘ pu(g=t,h=1)g maps into Z(KGe). Moreover, it also restricts an O-linear
g€G

map OH — Z(OGe).

Proof. For any h € H,

= 3 s

geG
1

=> > —pltam e Rt

Te€R teG/Cq( |H‘

G
p(z”! h 1

=y BT > tat') € Z(KG),

TER teG/CG(a:)

where R denotes a set of representatives of conjugacy classes of G.

Now suppose that x ¢ Irrg(OGe). Then, next we will show that p,(h)e, = 0. Let

W= > > @)y - A X ¥°, then
PErrg (OGe) Aelrrg (OH f)

34



pu(h)ey = Z Z L hT |él|)x(x1)gx (letting y = gx)
gEG’
N b (1)
— Z;; i Z b |G| T )y
X Z S e AW e )l
9€G YElrrk (OGe) Aelrrg (OH f) geG

I
o QM

by Remark [3| and the fact that ¢ € Irrg (OGe) and x & Irrg (OGe). This implies that p, maps
into Z(KGe).

Finally, suppose that Y aph € OH, then we have

heH
1 1,
M(Z aph) = Z(ﬁ Z (gt an)g
heH geG heH
u(g~t hh)
- M Doy e 00
geG heR
since % € O by the integrality condition. In particular p, maps into Z(OGe). O

Lemma 63. Let p € R(KG,KH) and A € R(KH,KI). Then, p, o px = pu

Proof. For t € I, we have

Pu © pA(t) = Z AP 7Y pu(h)

heHd
mz Y A
hEH
Mgttt
il Z (1-m )g
geG
:p#'H)\(t)'

Remark 64. Let pi, o € R(KG,KH). Then, pu,+pu, = Pus + Pus -
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Proof. The proof is straightforward. O
Lemma 65. px)(a) =a for alla € Z(KH).

Proof. Tt is sufficient to show that pxm( >,  hyh™')= > hyh 'forallyec H.
heH/Cx(y) heH/Cu(y)

P ( Z hyh™') = Z i) (hyh ™)

heH/Cu(y) heH/Cu (y)

= > Z (z7 'y th )z

heH/Cx(y) xEH

> |Z > X Hx()e

heH/Cx(y) z€H xelrrg(OHf)

Z |Z|CH

h€eH/Ch(y) T=HY

=Y =

T=HY

= >yl

heH/Cu (y)

O

Now, we are ready to study stable centers under a stable perfect isometry. We will
observe that as in the case of a stable equivalence of Morita type, Section we have an
isomorphism between stable centers. However, in our case, we only could prove the isomorphism

as O-modules, not necessarily as algebras.

Proposition 66. Let 1 € R(KGe,KHf) be a stable perfect isometry. Then, p, induces an
O-module isomorphism between Z5'(OGe) and Z5'(OHf).

Proof. Firstly, we show p,(Trf (y)) C Trf(OG) for all y € H. Let R denote a set of represen-

tatives of conjugacy classes of G. We consider

WY hyhh) = Z pu(hyh™!

heH heH
heH geG
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=> ulg™ "y Mg

geG

=> Y wagtahy aget

gER z€G/C:(g)

-y Y M(flvyl)xgxl

oS Cal(9)|
= Trf(z N\g) € Tré(0G)
geER
where A\ = % € O by the integrality condition. Hence

pu(Tri(OH)) C Tr{ (OG) NKGe = Tr{ (OG)e = Tr{ (OGe).

Thus, p,, induces an O-module homomorphism p, : Z5/(OH f) — Z**(OGe).
Let a € Z(KH). Note that by Remark one has

prm) (@) = prms(a) + praa—-p)(a)

and since pigpf)(a) € Z(KH f), we have ppy (a)f = prry (a). Therefore

pim) (@) = prmg(a)f + praa—p(a)(1 = f).

and by Lemma [65] one has

af = PKH] (a)f = p[]KHf](a)f = PIKH f] (a).

Now since p is a stable perfect isometry we have pu°-gu = [KH f]+v where v is in Pr(OH f, OH f).

Next, note that given a = Y. hyh™! for y € H, we have
hGH/CH(y)

(e © pu)(a) = p(uo-gpy(a)
= picry)(a) + py(a)

=af + py(a).
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Note that

pr(@)=p,( D hyh™h)

heH/Cu(y)

= > py(hyh™

heH/Cg(y)

= Z P+ (y)

heH/Cgy(y)

o
= G

1 -1 ,-1
:mZV(h Y )k

heH

1 -1.-1 -1 -1
:7|CH(y)|Z Z y(@zh™ ™y )zha

h€R zeH/Cy(h)

1
S DD DR P
|Cu(y)] heR x€H/Cp (h)
’y(h_lvy_l) -1
_ AN
> Cu(W)[[Cr ()]

heR zcH

1ol (3

withu= ) %h in OH since Lyg‘ is in O by Remark Hence
heR '

[Crxu(hy

(puo 0 pu)(a) = af +Tr{ (u)

which implies

(puo © pu)(@)f = af +Tr{ (u)f

(pue © pu)(a) f = af +Tr{ (uf)
where uf € OH f. Now, note that there is a well-defined O-module homomorphism

pu: ZHOHF) — Z¥(OGe)
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induced by p,, and similarly p,. : Z'(OGe) — Z5(OH f).
By above observation, pyo o p, = Idzstiopy) and similarly, p, o pue = Idzst(oge)

proving the proposition. O

4.5 Further notes

Throughout we assume that e € BI(OG) and f € BI(OH). In this section, we will
observe that whenever two blocks OGe, OH f have a perfect isometry between them, if the
map ®g : PI(OGe) — SPI(OGe) is surjective then @y : PI(OH f) — SPI(OH f) is surjective.

Similarly, if the map ®¢ : PI(OGe) — SPI(OGe) is surjective then so is the map

®c .y : PLOGe, OH ) — SPI(OGe, OH f).

We start with the following result which can be found in |22].
Remark 67. (|22, Proposition 4.0.7]) Let u € R(KGe,KH f) be a perfect isometry between
OGe and OH f. Then, there is an isomorphism
0 : PI(OH f) — PI(OGe)
defined by o — - a - p® with the inverse

0! : PI(OGe) — PI(OHf)

is given by B — p° ¢ B -G -

Now, we are ready to introduce the main result of this section which motivates us to

work with stable perfect self-isometries and the surjectivity question in that case.

Lemma 68. Let e € BI(OG) and f € BI(OH). Let PI(OGe, OH f) denote the set of perfect
isometries between OGe and OH f. Assume that PL{OGe, OH f) # 0. If the map

g : PI(OGe) — SPI(OGe)
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is surjective, then

(i) @y : PI(OHf) — SPI(OH f) is surjective.

(i) ®c.p : PI(OGe, OH f) — SPI(OGe, OH f) is surjective.

Proof. By our assumption, PI(OGe, OH f) # 0. Thus, let u € PI(OGe, OH f).

(1)

(i)

Let 7+ Pr(OH f,OH f) € SPI(OH f). By the definition of SPI(OH f), 7 is in SPI(OH f).

Define 6 : SPI(OH f) — SPI(OGe) by 7+Pr(OH f,OHf) — -5 75 1i° +Pr(OGe, OGe).

It is clear from Lemma 58] that 6 is a well-defined group homomorphism.

By our assumption, ®¢ : PI(OGe) — SPI(OGe) is surjective. So there exists a € PI(OGe)
such that a + Pr(OGe,OGe) = p -y 7 - u° + Pr(OGe, OGe), ie., o — p g 7 -5 p° is in
Pr(OGe, OGe). By Lemma [55] u° ¢ (o — pp g 7 g pu°) -¢ o is in Pr(OH f,OH f). Since
u € PI(OGe, OH f), we have

pegla—puatap’)ep=p cagp —T
Therefore, we have (u° ¢ a g u) — 7 is in Pr(OH f, OH f), i.e.
T+ Pr(OHf,OHf)= (u° ¢ -gu)+Pr(OHf, OHY).
Note that p° ¢ a ¢ @ is in PI(OH f) by Remark Thus, the map
&y : PI(OHf) — SPI(OH f)

is surjective.

Let 0 + SPI(OGe, OH f) so o € SPI(OGe, OHf). Note that o -y u° + Pr(OGe, OGe)
is in SPI(OGe) by using Lemma Now using the surjectivity of ®¢, there exists 7 in
PI(OGe) such that ®¢(7) = o-gu°+Pr(OGe, OGe), i.e., 7— (o g p°) is in Pr(OGe, OGe).
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Then, clearly, 7 - u is again perfect, and furthermore,

(Tem) m(Tep) =17cpap w7’
=7 -¢ [KGe] ¢ 7°

=TT

= [KGe].

Similarly, one has (7 -G u)° - (7 -¢ p) = [KH f]. By using Remark [32] 7-¢ p is an isometry.
Now, combining the last two results, 7-gu is in PI(OGe, OH f). For the final part, note that
since 7 — (0 -5 11°) is in Pr(OGe, OGe), by using Lemmal 55 we have (7-¢ ) — (05 1°- 1)
is in Pr(OGe, OH f). Note that

(Tap)— (@ up’ gp)=17cp—0
is in Pr(OGe, OH f) since p° -¢ p = [KH f]. Hence, we have
T-.¢ b+ Pr(OGe,OHf) = 0 + Pr(OGe, OH f)

with 7-¢ u € PI(OGe, OH f) and so ®¢ g is surjective.

4.6 Stable isometry in terms of matrices

k k

Remark 69. Let m be an element in Pr(OGe, OGe). Then, 1 = 2:1 Zl vi,j - k(P ®o Pf)
i=1j=

for some integers v; ; where P;, P; runs through the indecomposable projective OGe-modules.

k k
Let V. = (vi;) and note that k(P;) = > dmiXm and &(P}) = 3 dnjX; where Dp = (d;j).
m=1 n=1
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Therefore, we have

i
M=
Mw

Vij+ P®0P*)

ﬁ
Il
—

<.
Il
-

E

'Ui,jdmidnj : (Xm X X%)

Il
M-
M-
KM? 'SLM?’
3
I

[
™=
™=

)

Uijdnj (Xm X sz)

I
A
3
Il
—
-
Il
_
<
Il
—

L (Xm X X3)

Il
N
3
Il
-
-
Il
—
<
Il
-

Il
M=
M=
.ng
3
M=
<
)

Dmi(VDT)in(Xm X Xo)

Il
M=
M=
M=

m=1n=1i=1
k k
=3 Y (DVD ) (xm X X5)-
m=1n=1

k
Remark 70. Let p= ) a;j-xi X X an element in R(KGe,KGe) and let A = (ai;) be the
i,j=1
k
corresponding integral matriz. Note that p° = % a;j - xj X X5. Recall that one has
)5

. . Xi Xxy  ifi=J',
(i X x5) ¢ (X5 X x3) =

0 otherwise
and this implies that
oo = ( Zaw Xi X X5) Zau X X XD
7,7=1 i,7'=1
ko k
= > (D ayaig) - xi x x5
Q=1 j=1
E ok
= O AiAL) i x X
=1 j=1
k
= > (AN xi X X5
iyi'=1
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k
Remark 71. Let p= 'Zl aij - Xi X X; be an element in SPI(OGe). Let A = (ai;). Then,
1,)=
(i) AA* =1+ DV D? for some V € Matyxx(Z),
(i) A'A =1+ DTD?! for some T € Matyx(Z),

(#ii) w is perfect.
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Chapter 5

Stable perfect isometries of abelian

p-groups

In this section, we would like to provide a full description of SPI(OP) and prove the
surjectivity of the map ® : PI(OP) — SPI(OP) where P is an abelian p-group. Throughout
this section F is the k x k-matrix whose entries are all 1 and k = |P|.

The only indecomposable projective (OP, OP)-bimodule is O(P x P), hence Pr(OP, OP)

k
is generated by the character k(O(P x P)) = »_ (1 x %) where Irrg (G) = {31, , 9% }. Now

ij=1
let = ij:l ai,j (i X ¥3) be a stable self-isometry of OP so we have

k k
pop it =Y W Xy A > (% X Y)
i=1 ij=1

and

k k
POp =) XS s Y (1 x ¥S)

i=1 ij=1

for some integers r and s. Now this implies that letting A = (a; ;), we have
AAT = I +rE and ATA = Ij,., + sE for integers r and s as given above. (5.1)

Therefore, to understand the stable self-isometries of O P, one has to understand k£ x k-matrices
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with integer entries that satisfy the equation (5.1)). The next proposition is crucial for the results

in this chapter.

5.1 The key proposition

Notation 72. Let E denote the k x k-matriz whose entries are all 1.

The following remark will help us to prove our main proposition below by providing a

decent reduction to cases to be examined.

Remark 73. Let k > 2, and A € Matyxx(Z) such that ATA=1+rE = AT A for some r € Z.
For any o, 8 € Sym(k), we let P, and Pg denote the corresponding permutation matrices P,

and Pg. Then, one has (P,APg)T (P, AP3) =1+ rE.

Proof. Tt is a straightforward proof once we note that £ commutes with permutation matrices

and permutation matrices are orthogonal. O

Proposition 74. Let k > 2, and A € Matyxx(Z). If AA' = I+ rE and A'A = [+ sE for some

r,s € Z then r = s > 0 and precisely one of the following occurs:
(i) r =0 and A is a signed permutation matriz.

(i) r #0 and A = eP + aF for some e € {—1,1}, and some permutation matriz P, and some

a#0inZ.

Proof. Note that (AA");; = Zle a;;?=1+r>0. Ifr = —1, then A is the zero matrix, and
it does not satisfy AA* = I + rE, so we must have r > 0. Similarly, (A*A);; = Zle ap? =
14 s > 0. Similarly, if s = —1, then A is the zero matrix. Hence, s > 0.

Next, note that

k k k
ZAi‘h'r‘ow . Ai”‘row = Z Zafj = k(l + ’I“),
i=1

i=1 j=1

and similarly,
k ko k

S Aol gt el Z N N g2 k(1 4 s).

i=1 j=11i=1
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These two sums are the same so r = s.

Firstly, assume that » = 0. Then, A is an orthogonal matrix. Hence, for all i €
{1, k} we have Ajinpon - Aitnrow = 1, that is, a? + ...+ a?, = 1. Since A has integer entries,
there is only one j such that a; ; € {—1,1} and the rest is 0. Now we consider Ad"eol g3 eol — 1,
that is, af; + ... + aj; = 1. We know that a; ; # 0 50 az; = 0 for all z € {1,...,k} — {i}. Hence
there is only one non-zero entry a; ; € {—1,1} in the i-th row and j-th column, which is true
for every i and j. Thus A must be a signed permutation matrix.

From now on assume r # 0. It suffices to show the statement in (ii). Recall that

(AAt)l'yj = Aithrow . Ajthrow = 5i,j + 7 and (AtA)i,j = AithCOl . Ajthcol = 51-,3' +r. If ¢ 7é j, then

(Ajtnrow — Ajinpow) * (Aithpow — Ajinroy) = 2 which implies Zle(ail —aj;)? = 2 and we will
call this the row condition. Similarly (A% col — 43" col) . (Ai""col _ gi""col) — 9 which implies
Zle(al,; — az5)? = 2 and we will call this the column condition. By using the fact that A is
a matrix with integer entries, the row (respectively column) condition implies that comparing
entries of the i-th row (respectively column) and the j-th row (column), they differ at precisely
two positions and there they differ by +1. We will refer these properties as the results of row
and column properties. By Remark [73] we can assume that these differences occur in the first
and second entries of the first two rows and we can assume a11 —az; = 1 and a12—agg € {—1,1},
therefore we have a1; = ag; for all i € {3,4, ..., k}. Hence we have two cases:

Case I: Assume that ais — agse = 1.

In this case, we have

a11 a12 aiz ... Qig

A= a1 —1 apxs—1 a3 ... aig

Next we compare the first and second row to obtain a relation between a1 and a12. We

have Aistpow - Alstrow = 147 = Agndyoy - Agndyoy Which implies a2, +a2y = (a11 —1)%+ (a12—1)?
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an so ajo = 1 — ay1. Hence the picture is:

ain l—ai1 a3z ... ak

A=lan—-1 —an a3z ... an

Since a11 € Z, one has a11; # 1 — a11- Then using the column condition we have
(a11 — (1 —an1))? =1,

i.e., (2a1; — 1)? = 1, so either 2a;; — 1 = 1 implying a;; = 1 or 2a;; — 1 = —1 implying a;; = 0.
SUBCASES:

(a) Assume a;; = 1. By using the column condition we obtain that a;; = a2 for all

l€{3,4,....k} so we have

1 0 aiz ... Qig
0 -1 aiz ... Q1g
azr a31

A =
ayq1 Q41
Akl Gkl

By the row condition one can see that a;; = 0for alll € {3,4, ..., k}. However, this would

imply that the norm of the first column is 1, which implies that » = 0, a contradiction.
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(b) Assume a7 = 0. Then a;2 = 1, and hence

0 1 ais ... Qaig
-1 0 ais ... Qaig
asy asi
A =
a41 Q41
Akl Qg1

By Remark [73] multiplying with a permutation matrix that changes first and second

column, we are back to case (a) and we already know that there is no solution for our case.

This finishes the proof of Case I.

Case II: Assume that a12 — a9 = —1. In this case we have
a1 a12 a1z ... 01k
A= a1 —1 ap+1 a3 ... aig

Since the norms of first and second rows are equal, we have

aly +ais = (a11 — 1)® + (a12 + 1)°

implying a1 = a11 — 1. If £ = 2, then

ait ajp —1
A= =—Pag +tankt

ajp —1 ait
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and we are done. Thus we assume k& > 3. Since a5 = a7 — 1, we have

aill ailr — 1 a3 e Q1
a;p —1 a1l a3 ... Qg
a31 a31
A =
a41 a41
Gkl (951

By the result of column condition we have ay; € {a;; — 1,a11} for all [ € {3,4,...,k}.
Similarly by the result of row condition we have a;; € {a11 — 1,a11} for all I € {3,4,...,k}.
Now, we examine possibilities for a3 and ag;. In total, we got 4 subcases:

SUBCASES:

Subcase 1: a13 =a11 — 1 and a3; = a11 — 1

In this case we have

arn a1 —1 ann—1 a -+ ag
aj; —1 an a1 —1 ayg -+ a
a1 —1 a1 —1 ass agy - Gsg
A p—
41 41 43 Qg4 - G4k
a1 ar ar3

By the result of column or row condition one has asz € {a;; — 2,a11 — 1,a11}. We will

separately study each of these cases.
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Subsubcase (a): Firstly, suppose a3z = aj;. Hence

aii a1 —1 ann—1 a -+ a
aj; —1 aiy a1 —1 ay - ay
a1 —1 ap;;—1 aii ais - Al

A=

41 41 41 GQgq -+ G4k

a1 ak1 ag1

Note that if & = 3, it follows that A = I 4 (a1; — 1) E. Hence we can assume k > 4. In this case
we note that a3 = ay; = a1 —1foralll € {4, ..., k}. (Explanation: we have aq; € {a11,a1; —1}
and if a4; = a11 then use row condition and compare the norm of first and fourth row and see

(a11 — 1)2 = a%l so no integer solutions. Similar argument follows for a;; and aq;). Hence we get

aii ai1—1 an—1 a1 -1 -+ a;1—1
ai; —1 aii ai1—1 an—1 - ap;—1
a1 —1 ap;;—1 aii a1 —1 -+ a;1—1
A=
a1 —1 a1 —1 a;1—1 (44 asg,

(11171 all—l all—l

By Remark [73] we can assume aqq # a11 — 1 implying by either the result of row or
column condition a4y € {a1; — 2,a11}. Next we compare AB""eol | p37%ecol _ g4'col | g4'"col
implying a?, + (a11 — 2)? = (a1 — 1)? + a3,, that is a3, = a?,. Hence either a4 = a11 or
44 = —0a11-

If ayy = —aq1, then since aqq € {a11 — 2, a11}, we have either —a1; = a1; — 2 implying
a11 = 1 or —aq; = a11 implying a7 = 0. If a;; = 1 then the norm of the first row is equal to 1
which implies » = 0, a contradiction. Hence a1; = 0 so aqq = 0. By Remark @ we can take

ass # —1. Hence as; € {—2,0}. But comparing the norm of 4-th and 5-th columns, we find

that ass = 0. Continuing this way, we find A =T+ (—1)E is a solution.
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Next we assume asqy = a11. Hence

aii a1 —1 an—1 a1 -1 -+ a;1—1

ajp —1 ail a1 —1 an—1 - a;;—1

a1 —1 a;p—1 ail a1 —1 - apn—1
A=la1—-1 a1 —1 ap—1 a1 aqk
air—1 an—-1 a1 —1 apn—1 - aqk

all—l all—l all—l all—l

Next, by Remark can assume ass # a11 — 1, implying ass € {a11 —2,a11}. Comparing norms
of third and fifth columns, we get a?; = a25 so either ass = aj; or ass = —aj;. Similarly as
before, if ass = —aj; then either —a;; = ay; — 2 implying a;; = 1 or —a1; = aq; implying
a11 = 0. In the case a;; = 1, it is easy to see that A would be an orthogonal matrix so r = 0
so not a solution. If a;; = 0, then A = I + (—1)F is a solution with k& > 3 for our case. Now,
assume ass = a11. Note with the same logic, we can take agg = ... = axr = a11 (otherwise
repeat the same argument as above). Hence, in this case A = I + (a1; — 1)F is a solution for
a11 # 1. This finishes the first subsubcase in which we assumed a33 = a1.

Subsubcase (b): We assume a33 = a;; — 2. Hence we have

aii a1 —1 apn—1 a -+ a
a;; —1 aii a1 —1 ayy -+ a
a1 —1 ann—1 a1 —2 azg -+ ag
A=
ag1 a41 a43 (44 -+ Q4
ag1 Ak ag3

Note by the result of column condition, a;; = a;3 for all [ € {4,5,...,k}. Also note
by the result of row condition ag; = aq; for all I € {4,5,...,k}. Now the norm of the second
column and third column is the same which implies a1; = 1. These three observations imply

that ay; = a;; = 0 for alll € {4,5, ..., k}. But then by taking the norm of the first row, it implies
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r = 0, a contradiction.

Subsubcase (c): We assume azz = aj; — 1. Then we have

aii a1 —1 a1 —1 a -+ ay
a;; —1 aii a1 —1 ayy -+ a
a1 —1 ann—1 a1 —1 azg -+ agg
A=
a41 a41 a43 Q44 -+ G4k
ap1 ag1 ax3

which implies £ > 4. In this case by the result of row and column conditions we note
ai, a1 € {ai1 — 1,a11}. By Remark [73| one can take azy # a3 — 1 50 asq € {a11 — 2,a11}. If
as4 = a1 — 2, then by exchanging the third and fourth columns to obtain the contradiction in
the Subsubcase (b). If azy = aq1, then a4 = a11 — 1, then by using a permutation, note that
we go back to the Subsubcase (a) where azz = a11.

Subcase 2: a3 = a1 — 1 and a3y, = a;; We have

ain a1 —1 ann—1 as -+ aig
aj; —1 ail a1 —1 ag -+ ak
a11 ail ass azq - A3k
A f—
a41 a41 a43 Qg4 - A4k
Gkl Gkl a3

Note that ags € {a11—1,a11}. If ass = a11, then note ay; = ag; for alll € {4,5, ..., k}. comparing
norm of second and third row, we get a contradiction so no solution. If ags = a;; — 1, then
comparing norm of second and third column, we again get a contradiction so no solution.

Subcase 3: a3 = a1 and a3; = a1 — 1. Note that this is the transpose of A in

Subcase 2, so no solution.
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Subcase 4: a13 = a1 and as; = a;; Hence we have

a a1 —1 ann aiqg -+ ank
aj; —1 aii ai1 a4 - Qg
aii aii asz ag4 - Az
A =
a41 a41 (43 Q44 - Qg
Qg1 (4251 a3

Note that if A has the property of AA' =T +rE = A'A, then so does —A. Note that
changing the first and second rows of —A and we are again in Subcase 1 with —a;; + 1 playing

the role of aq;. O

5.2 Surjectivity of the map ® : PI(OP) — SPI(OP)

Proposition [74] provides us with an understanding of integral k£ x k-matrices A with
the property that AAT = I +rE and ATA = I + sE, for integers r,s. We are now ready to
describe the stable perfect self-isometries of the p-block OP for an abelian p-group P and prove
the surjectivity of the map @ : PI(OP) — SPI(OP).

Corollary 75. Suppose that P is an abelian p-group. Then, the map ® : PI(OP) — SPI(OP)
s surjective.

Proof. Let p € SPI(OP) and A = (a; ;) be the integral k x k-matrix where p1 = zk: ai,j (i x3).
Since p is a stable isometry, we know that A satisfies the Equation ie., /iil:Tl: Iixr +T7FE
and AAT = I + sE for some integers r and s. Now, we can apply Proposition for A.
Then, one of the following occurs:

If » = 0 and A is a signed permutation matrix, then by Remark 32] x is an isometry.
Note that u is perfect as it is assumed to be a stable perfect isometry to begin with. Hence, u

is in PI(OP).

If r #0and A = eP + aF for ¢ = +1, and some permutation matrix P and some
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non-zero integer a. We can interpret this result as follows:

p=c¢€-pp+a-rclO(P x P)] (5.2)

where pp is the generalized character associated with the permutation matrix P. Next, recall
that p is perfect, and a - k[O(P x P)] is a generalized projective character, in particular also
perfect. It follows from the Equation[5.2]that €-up must also be perfect. On the other hand, note
that (eP) - (ePT) = I}« implies that (eup)-p (eup)°® = [KP] and similarly (ePT) - (eP) = Iyxx
implies that (e/p)°-p (epp) = [KP] . By Remark [32] this means that exp is also an isometry, so
epp is in PI(OP). Hence, u can be lifted to the perfect isometry eup, proving the surjectivity
of the map ®. O]

5.3 Main result

Now, we will generalize this result and show that any stable perfect isometry between
p-blocks OP and OQ can be lifted to a perfect isometry for abelian p-groups P and Q. We will

need the following theorem for our main result.

Theorem 76 ([8]). Let G and H be finite p-groups and F be a field of characteristic p. Suppose
that G is abelian. If FG 2 TFH then G = H.

Recall that Linckelmann in |11] proved Theorem [31]in the context of stable Morita

equivalences. Our next theorem will mimic that in the stable perfect isometry case.
Theorem 77. Assume that P and Q are abelian p-groups. The following are equivalent:
(a) P=Q.
(b) There exists a perfect isometry between OP and OQ.
(c) There exists a stable perfect isometry between OP and OQ.

Proof. The statements (a) implies (b) and (b) implies (c) are trivial.
Suppose that (b) holds, i.e., there exists a perfect isometry between the blocks OP
and OQ. Since every perfect isometry induces an algebra isomorphism between the centers
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of the corresponding algebras, and since Z(OP) = OP and Z(0Q) = OQ for abelian groups
P and @, we have OP = OQ as O-algebras. This implies that FFP = FQ as F-algebras. By
using Theorem [T6] we conclude that P = @, so (a) holds.

Next, suppose that (c) holds, i.e. there exists a stable perfect isometry p from OP to
0Q. We have Z5'(OP) = (O/|P|O)P and Z**(0Q) = (0/|Q|0)Q. We proved in Proposition [66]
a stable perfect isometry induces an O-module isomorphism between the corresponding stable
centers. Therefore we have (O/|P|O)P = (O/|Q|0)Q as O-modules which implies |P| = |Q].
Therefore we have |Irr(KP)| = |Irr(KQ)| = |P| = |Q| = k. Recall that O(P x P) is the only pro-
jective indecomposable (OP, O P)-bimodule and O(Q x Q) is the only projective indecomposable

(0Q, OQ)-bimodule. Since p is a stable perfect isometry, for some r, z € Z, it satisfies:
1oq 1 = [KP] 47 5(O(P x P)) and 1°p 1 = [KQ] + 5 - K(O(Q x Q)).

ko k
We have x(O(P x P)) = > Y 1y x ¢S where t),,, 1, runs through the irreducible

m=1n=1

ko k
K-characters of P. Similarly, we have x(O(Q X Q)) = > > xm X X5 where Xm, Xn runs
m=1n=1

through the irreducible K-characters of ). Therefore if we let A = (a; ;) be the k x k-matrix

associated with u, we have
AAT = Iy, +rE and ATA = I, + sE.

Now, by Proposition [74] either r = s = 0 and A is a signed permutation matrix, or r = s # 0
and A = eP’ + aF for some ¢ = +1 and some permutation matrix P’ and a € Z.

If r =s =0 and A is a signed permutation matrix, Remark [32] implies yx is isometry,
and p is also perfect by assumption.

If r=5%# 0and A = eP’ + aF for some ¢ = +1 and some permutation matrix P’
and a € Z, let ups be the generalized character in R(KP, K@) associated with the &k x k-matrix

permutation matrix P’. Then, we have

k k
pa=c-pp+a-k(OPXQ)=pp +a Yy > (m X X3):

m=1n=1
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Since pa and k(O(P x Q)) are both perfect, we have e - ups is also perfect. Since P is a
permutation matrix, it is clear that € - up/ is isometry. Combining these, we have proved that

€ - pps is a perfect isometry, hence (b) holds. O
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Chapter 6

Stable perfect isometries of the

blocks with cyclic defect groups

Let B be a block algebra of OG with a cyclic defect group D and inertial quotient F.
Then, by Linckelmann [11], O(D x E) and B are derived equivalent, in particular, perfectly
isometric. Then, by Lemma |68| to verify the surjectivity of the map ® : PI(B) — SPI(B), it is
sufficient to understand the surjectivity of the map ® : PI(O(D x E)) — SPI(O(D x E)).

Following the notation of Ruengrot in [22], we let e := |E| and t = |D|T_1. Then, there

are three possible cases:
(i) The case e =1, ie., O(D x E) = OD.
(ii) The case e > 1 and ¢t = 1 which is the case O(D x E) = O(C), x Cp,_1) as shown in [22].
(iii) The case e > 1 and ¢ > 1.

In this chapter, the question on the surjectivity of the map ® : PI(B) — SPI(B) will be
answered in the case (i) and (ii) above; however, we do not have an answer for the surjectivity
of the case (iii).

We prove the following results:

Theorem 78. Let B be a block algebra of a finite group G with a cyclic defect group D. Assume
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that the inertial quotient F is trivial, i.e., e = 1. Then, the map
® : PI(OD) — SPI(OD)

18 surjective.

Theorem 79. If € SPI(O(C, x Cp_1)) with the coefficient matriz A then A = eIl + DW D"

for e = +1 and some W € Mat;x;(Z). In particular, the map
P PI(O(CP X Cpfl)) — ﬁ(O(Cp X Cp,1>)

s surjective.

6.1 The case: e=1

Theorem 80. Let B be a block algebra of a finite group G with a cyclic defect group D. Assume

that the inertial quotient E is trivial, i.e., e = 1. Then, the map
® : PI(OD) — SPI(OD)

18 surjective.

Proof. This is the case where £ =1 and D = Cp~. In particular, D is an abelian p-group and
by Corollary [75, we know that ® : PI(OD) — SPI(OD) is surjective. O

Recall that by Linckelmann [11], O(D x E) and B are derived equivalent for blocks
with cyclic defect group D, in particular, perfectly isometric. Then, Lemma[68 and Theorem
imply that ® : PI(B) — SPI(B) is surjective in the case e = 1.

Recall that we also know PI(B) = (D x Aut(D)) x (—id) proven by Ruengrot in [22].

6.2 Thecase:e>1landt=1

Let B be a block algebra of OG with a cyclic defect group D and the inertial quotient

E where e > 1 and ¢ = 1. The following is shown by Ruengrot in [22]: if e > 1 and ¢ = 1, then
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we have D = Cp, and E = Cp—1. Hence O(D x E) = O(C)p, x Cp_1).

We let D = (a) and F = (b). Using Ruengrot’s notation in 22|, the conjugacy classes
of G = (Cp x Cp_q) are {1} , {b}€ for each i € {1,---,p— 2} and {a}“. Note that the only
p-singular conjugacy class is {a}G. Moreover, the non-exceptional characters are {x1, -+ , Xe},
and there is only one exceptional character which is {x, = ®,}.

The character table of Cp, x Cp_; is as follows:

Cpx Cp_q 1 b e b b2 a
Y1 1 1 1 ... 1 1

X2 1 £ g .. g&r—2 1

1 : 1

Xj+1 1 & N AT 5(1772)3' 1

1 1

Xp—1 1 gl Lo L 13 1
Xp=®, | p—1 0 o - 0 -1

where ¢ denotes a primitive (p — 1)* root of unity.
We denote the p x p-matrix coming from the character table of C, x C,,—; by X with
respect to the conjugacy class arrangement as above. We let Y denote the (p—1) x (p—1)-matrix

th column and p'” row. Note that Y is the character table of

formed from X by removing the p
Cp—1 as the non-exceptional characters of C, x C,_; are the ones inflated from the irreducible

characters of Cp,_;.

6.2.1 Supplementary observations

Our aim is to understand separability and integrality conditions of a given stable perfect
isometry p by using its coefficient matrix A and the character table of X = C}, x C},—;. For this

we will need the following observations:

Lemma 81. Let X be the matriz of the character table of Cp, x Cp—1 and Y = (y; ;) be the

matriz of the character table of Cp—1 as above. Then,

(i) Y1 = LY where Y = (i ;).

p—
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(i) Furthermore, one has

i 1y —1 1 T
Eyl'strow D
—1
2ndyrow 0
X t=
Ye?hlrow 0
1 1 =1
L P p p 1
Proof. (i) Note that
1 1 = o
j(yy)m,n = T Ym,iYi,n
p p i=1

e—1
1 iN— 1im
=1 me(b’)xi(b )
p i=0
1 e—1 )
=0T ZXm(bl)Xz’(bfn)
p i=0

1 e—1

_ gngzn
p—1 i=0

e—1
1 ———
= ——= 3 (O
p i=0

= 5m,n

where [6.1] follows from the first orthogonality relation.

(ii) By direct calculation, we have

_ 1 p—2 1
XX Y= —— 487202
( 1 pp—1) p—-1 p
(XX, =2l

p,p p p
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Furthermore, for 1 < i,7 < p—1, we have

k=1
p—1
=D XiwXpoj + Xip Xy
k=1
p—1
= D KanXioj + Xia Xy + XipX, |
k=2
p—1
=D Yir¥j + XiaXj + Xip X,
k=2
=0, —Yi Y7 + 41
W 1) T
1 1 1
— 51,’, + _
Top=1 plp-1) »p
=iy
Also,
1 -1
XX Mp==-+—=0
( )1p P
Ifi=1land 1< j<p-—1, then
p
(XX g = XXy )
k=1
p
—1
= ZXk,j
k=1
1 1 , . . 1
= + (€465 4. g elemDiy 4 =
plp—1) p-1 p

S SRR NS S
plp—1) p—1 p
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Ifl<i<p—1andj=1,then

p
(XX in = XinXey (6.16)
k=1
p—1
= Z Xip X1+ Xin X1 + Xip X, 1 (6.17)
k=2
p—1
1 1 1
=Y Yy + + = (6.18)
= "p—1 pp-1) p
—1 1 1

= - +-=0. (6.19)

Also,

+(-1)==0. (6.20)

Hence, we completed the proof of (ii).

6.2.2 Separability and integrality condition in terms of matrices

For the rest of this chapter, we fix the following notation for the conjugacy class
representatives of G = Cp, X Cp_1: x1 :=1, 29 :=b,- -+ ;@41 =", 2,1 = P72 2, = a.
We let o € S), such that 0(1) =1, o(p) =pand o(i+1) =p—iforie {1,2,--- ,p—1}.
Note that in this way o sends the index of z;11 = bt to Tp—i = pP—1-t = p=i. We let P, denote
the associated permutation matrix for o.
Notation 82. Let 1 € R(KG,KG) be such that p = > aij - (Xi X x3)- Throughout we

Xi,X; Elrrg (G)
let A= (a;;) denote the coefficient matriz of p.

Note that for m,n € {1,--- ,p}, one has

p p
— —1
,U/(xmawn = a; ,]Xz Tm X] )
i=1 j=1
p
— —1
= xm az,jX]
=1



|
NE

1

.
Il

Il
-M”

@,
Il
-

[
-M“

s
Il
-

I
.MB

&
Il
—

—~

p
Xi(Tm) Y @i j(XPy)

j=1

Xi(xm)(AXPU)i,n

Xi,m(AXPJ)i,n

Xfm(AXPg)m

X' AXPy) -

By Theorem [34] of Kiyota that we only need to assure that yu satisfies the separability condition

for all elements in G x G and the integrality condition for only p-singular elements of G x G

where G = C), x C,_; to ensure that j is perfect. Therefore u being perfect implies that the

matrix (X*AX P,) has the following shape with respect to the fixed conjugacy classes as above:

X'AXP, =

«a * 0
K1 * 0
0

Ke—1 * 0
0 0 ¥

28

where v € pO since Cg(a) = Cp. Thus X*AX = S'P,-: and note that by the way it is defined,

o fixes 1 and p and so multiplying S’ with P,—: from the right fixes the 15 and p*"-columns

of S’ and permutes the other columns among themselves. We let S denote the matrix S’ P,-1

That is to say, we have

o | 8 Be-1 || O

K1 0

X'AX = 0
Ke—1 0

L 0 gl
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Therefore, we can say that A = (X)71SX 1 = (X~1){SX 1. Let us first describe the matrix

SX~1 and its properties then describe the matrix A which we will use later.

B e—1 e—1
1 ) oo o 1 gle=1)j a
o1 T j;l Bi P10 1 ]gl Bi¢ P
1 e—1 1 e—1 Fe—1))
K K €e— K
-0 -1 2, Mg P10 T p-1 Z ma & >
j=1 Jj=1
SX—l _ Kq ol Ki 1 o (e—1)j Ki
o P T T 2 M Po-1) T pT 1m”§ P
= j=
Ke—1 E Ke—1 = (e—1)j Ke—1
-0 T 51 2 ey Po-D T =T 2 Me-1)3é P
ol i _
L P P P

For convenience, we will use the following notation for this matrix:

(07
8 S .« .. S _
11 S12 le .
K
821 S22 - 82 r
-1 o
SX7 = Si1 Si2 t Sie j
K(e—1)
Sel Se2 See ep
o x 2 _
L » P P p

Next, we observe the following relations:

2= Nn =)

. K1 K1
s2i =(p—1) 7= = —
; ( )p(pfl) p

Re—1 Re—1

;Sei: iy B

64

(6.21)

(6.22)

(6.23)

(6.24)



6.2.3 The coefficient matrix A

Now we are ready to describe the matrix A:

_ . .
1 1
ng P T G 321 i o Yo T “p
e o e o
21 pé‘j,lzp_l)sjlg(jil) +p ‘21 % 11,, 1)%65(]71) + a2,p
1= Jj=
S 1 feD(1 S 1 1)(j—1)
J§1 2953"1(1’*1)%15 T+ plz ng 176]'*1(1071)8]'65(e Y+ 2 Ap—1,p
L % + 1_7; Szlf + ;7; Ap,p
where
o' kg —n
ayp = —_ + i + )
3 (pg(p— 1) ;p(p— 1) p?
e—1 ;
o Ki&" —7)
az,p = + + —
To\pte - 1) ;p(p— 1) p?
ezl 2)i
(&% Iiig(p -
p—1p =\ 57—~ —+ L
e (pg(p— 1) ; plp—1) = p?

Gpp = :

Note that by the relations (6.26)), - - -, (6.29) we have

@ v
Bt Aoy = gt PNy =y
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We also note the following relations which follow from the relations (6.21)) and (6.24)) which will

be referred to later:

Y an=a,+ 2 (6.31)
i=1 p

(6.32)
e
3 e = e, + © (6.33)
i=1 p
- o - gl
izzl P p2 ( ) p2 pp D ( )

6.2.4 Stable isometries of O(C, x C,_1) in terms of matrices

Assumption: In addition to pu being perfect as above, now we let u be also a stable

isometry. Let G = C}, x Cp_1 as above. Thus, we have
(i) p-gp® =[KG]+ 7 for some 7 € Pr(OG, OG),
(i) p°-qp=[KG]+ 7 for some = € Pr(OG,Oq).

By .6, AA* = I+ DV D! and A*A = I+ DT D! for some V,T € Mat.yx.(Z) wherel :=e=p—1
y

and D is the decomposition matrix of O(C), x Cp_1), i.e.,

IE’XE
D=
1 ... 1
Note that
Dot
T+ Ioxe :
A'A=T1+ DTD!=
Zte,i
>t e D tie > tig+1
L i,j=1 J

where T' = (t;;) € Matexe(Z).
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Note that this implies
(ATA),, = (A'A);, + 1. (6.35)
On the other hand, we have
P
(ATA), = APHeol . gpthecol — 3742 (6.36)
i=1

The idea is to compare (6.35) and (6.36) and seek a result for v. Firstly we will calculate
(A*A), , by using the equation (6.35) where we will use our observation regarding the shape of

matrix A, (6.25).

e

(A" A)pp = 3 (A" A)ip+ 1 (637
i=1
_ ZAith col. | Apth col. +1 (638)

i=1

€ p
=D ariae, +1 (6.39)
=1 t=1

=YD ariar, +1 (6.40)

t=1 i=1
a _
— 4t i, (Lt a) (s (- 1)) +1 (6.41)
p p p
where the last equality follows from the relations (6.31)— (6.33).
On the other hand, by (6.36)), we have
(A*A),, = aip +-+ ag,p + ai)p. (6.42)
Now comparing (6.41) and (6.42]), we obtain
gl a -
(; + app)(ﬁ + (- 1)F) +1=ap, (6.43)
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which implies together with (6.34) that

v = ep for e = 1. (6.44)

Remark 83. Note that we also showed that for a given stable isometry u, the separability
condition implies that p satisfies the integrality condition for p-singular elements which then

implies the perfectness by Kiyota’s Theorem[3])

6.2.5 Main theorem

Now, we are ready to prove the following theorem:

Theorem 84. If y € SPI(O(C,, x Cp_1)) with the coefficient matriz A then A = eI + DW D"

for some W € Mat;x;(Z) and ¢ = 1. In particular, the map

P PI(O(CP X Cpfl)) — ﬁ(O(Cp X Cp,1>)

s surjective.

Proof. By (6.44), we know that v = ep for ¢ = +1. Let A denote the e x e-matrix formed by
removing the p-column and the p'"-row of the matrix A. Let W = A — el ..

Consider

elyxp + DW D' = €I,y + D(A — el y.) Dt (6.45)

BN

(6.46)

€ € e
Dl —€ it ) Gie—€ 2 aij—e(p—1)
i=1 i=1
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On the other hand, we have

N

Ap1r -+ Qpe Qpp

We already showed from (6.31)(6.33) that

Q1p = Z A1 — € (647)
i=1
(6.48)

= i: Qe; — €. (649)
i=1

By considering the matrix A, we can conclude

Zaﬂ S e R (6.50)
. Ly pi +e (6.51)
=ap1 + €. (6.52)

Hence, a1 = Y5, a;1 — €. In a similar way we can show that

ap2 = Z ;2 — € (653)
i=1
(6.54)

Ape = Z Qe — €. (6.55)
i=1
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€
Finally, it remains to show that a,, = . a;; — (e — 1)e. Note that
ij=1

Zaij—(e—1)e=Zal’j+-~-+ZaeJ—(e—l)e (656)
J=1 J=1

ij=1
=(a1p+e)+-+(a,+e) —(e—1)e (6.57)
=a1p+ -+ aept+ec—(e—1)e (6.58)
=aip+- ey te (6.59)
=app,—€+e€ (6.60)
=app (6.61)

where (6.57)) follows from the relations in (6.31)—(6.33) and (6.60]) follows from

v
alp""""'aep—app_g—app_'S

by (6.30). This completes the proof. O
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Chapter 7

Stable perfect isometries for blocks

with Klein four defect group

In this chapter, we will prove the surjectivity of the map ® : PI(B) — SPI(B) where
B is a block algebra of OG with a Klein four defect group. Detailed information regarding the
blocks with Klein four defect groups can be found in [15]. Throughout we assume that (K, O, F)

is large enough p-modular system where p = 2.

Remark 85. (|12, Corollary 1.4]) Let G be a finite group and B be a block algebra of OG having
a Klein four defect group P. Then, B is Morita equivalent to either OP or OAy or OAsby, the

principal block algebra of OAs.

Remark 86. |12, Corollary 1.5] Let G be a finite group and B be a block algebra of OG having

a Klein four defect group P. Then, B is derived equivalent to either OP or OA,.

Note that Remark [86]implies that the block algebra B with a Klein four defect group P
is perfectly isometric to either OP or O A,.

By Lemma [68], to verify the surjectivity of
®p : PI(B) — SPI(B),

it suffices to consider the cases where B = OV, and B = OA,.
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Theorem 87. The map ®v, : PI(OVy) — SPI(OV}) is surjective.
Proof. This follows from Corollary [75} O
Theorem 88. The map ®4, : PI(OA,) — SPI(OAy) is surjective.

Proof. Recall that the character table of A4 =2 V4 x C3 is as follows:

VaxCs | 1 (123) (132) || (12)(34)
X1 1 1 1 1
X2 IS '3 1
X3 ¢ 3 1
X4 = (I)4 3 0 0 -1
11 1 1
1 1 1
£ & -
Let X = and Y =11 ¢ ¢2] . Note that Lemma 31| applies in
1 & ¢ 1
1 & ¢
3 0 0 -1

which we replace p with |V;| = 4. We note that the rest of the proof for this case follows exactly
the same as the proof in Case 2 of Chapter 6 with the alteration of p with |V4| = 4. Using the

notation from Section if 4 is in SPI(OA4) and A is the coefficient matrix of u, we have
(i) v =€-4 where e = £1.
(i) A= el + DWD! for some W € Matgx3(Z).

(iii) In particular, ® 4, : PI(OA4) — SPI(OAy) is surjective.
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Chapter 8

Stable p-permutation equivalences

8.1 Definition

Throughout we let e and f be blocks of OG and OH, respectively. In this chapter,

Pr(OGe, OH f) refers to the Grothendieck group of projective (OGe, OH f)-bimodules.

Definition 89. A stable p-permutation equivalence between OGe and OH f is an element v in

TA(OGe, OH f) satisfying the following conditions:
(i) v -u ¥° = [0Ge] + ng in T2 (OGe, OGe) for some 1g € Pr(OGe, OGe),
(ii) ° -y = [OHf] + g in TA(OHf,OHf) for some ny € Pr(OHf, OHf).

We start with some observations which are known to the experts. We will then use these
observations to discuss a monoid structure on the set of stable p-permutation self-equivalences

of a block.

Lemma 90. Let M € TA(OG,0H), W € Pr(OH,0K) and N € TA(OK,OL). Then, we
have M @og W ®ox N € Pr(OG,OL).

Proof. 1t is suflicient to obtain this result for indecomposable modules. Let M be an inde-
composable trivial source O(G x H)-module with vertex A(P, ¢, Q) for some P < G,Q < H

and a group isomorphism ¢ : Q@ — P, ie., we have M | Indg(xlflq5 Q) (0), and let W be an
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indecomposable projective O(H x K )-module. By Theorem we have

mdSH, )(0) @on mdf" X (0) = P WS o (8.1)
te[Q\H/1]

~ P mdfFo) (8.2)
te[Q\H/1]

which follows from the fact that A(P, ¢, Q) x 1 = 1. Therefore, any indecomposable summand
of M ® oy W has a trivial source and trivial vertex, implying that M ®oyg W € Pr(OG, OK).
By using the same idea, one can show that W’ ®ox N € Pr(OH,OL) for W’ € Pr(OG, OK)
and indecomposable N € T4(OK,OL). Then it is enough to see that M ®pxy W ®px N is in
Pr(OG,0OL). O

Lemma 91. Let e, f,ex and er be in BI(OG),BI(OH),Bl(OK),BI(OL), respectively. Let
M € TA(OGe,OHf) and N € TA*(OKeg,OLer) and let P € Pr(OHf,OKey). Then,

M@y Pk N € Pr(OGe,OLey,).

Proof. Tt follows from Lemma [90] O

Proposition 92. Let v € T*(OGe, OHf) be a stable p-permutation equivalence. Then,
4= k() € R(KGe, KH )

is a stable perfect isometry between OGe and OH f.

Proof. The proof is very similar to that of Proposition [51| which is stated in |1]. We note that
the generalized character x(v) is perfect by Remark 44| as v € T (OGe, OH f).
Next, since v is a stable p-permutation equivalence, so (i)-(ii) holds in Definition

and by applying x we obtain

peom p° = kexa(y - 7°) = [KGe] + koxa(Ta) (8.3)

1’ ap=raxa(V -av) = [KHf]+ cgxu(nm) (8.4)
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where kaxa(me) and kg x g (7 ) are both generalized projective characters. This completes the

proof. O

Notation 93. We let stab, T2 (OGe, OH f) denote the set of stable p-permutation equivalences
between OGe and OHf.

Definition 94. Given v € stab,T*(OGe, OHf), we consider the set v + Pr(OGe, OH f). By
using Lemma one can show that y+Pr(OGe, OH f) C stab, T (OGe, OH f) for all such v in
stab, T2 (OGe, OH f). The set of such cosets y+Pr(OGe, OH f) is denoted by stab, T (OGe, OH f).
We let stab, T2 (OGe) := stab, T2 (OGe, OGe) and stab,T>(OGe) := stab, T2 (OGe, OGe).
We consider the map Vg g @ TA(OGe,OHf) — stab,T>(OGe, OHf) which is defined by
v+ v+ Pr(OGe, OH).

8.2 Properties

Lemma 95. Let e, f,ex be in BI(OG),BI(OH),Bl(OK), respectively. Then, — i — induces

the following bilinear maps

stab, T2 (OGe, OH f) x stab, T2 (OH f, OKeg) — stab, T*(OGe, OKex) (8.5)
by (v,7) =y -my s and

stab, T2 (OGe, OH f) x stab, T>(OH f,OKeg) — stab, T2 (OGe, OKe) (8.6)

by (v + Pr(OGe, OHf),v +Pr(OHf, OKer)) — (v -u 7 ) + Pr(OGe, OKek).

In particular, one has the following commutative diagram

stab, T2 (OGe, OH f) x stab, T2 (OH f,OKer) — stab,T*(OGe, OKeg)

l l

stabo T2 (OGe, OH f) x stab, T2 (OH f,OKey) — stab,T?(OGe, OKeg).

Proof. Firstly, given v € T2(OGe, OHf) and ' € TA(OHf OKeg), then it follows that

Y H fy/ € TA(OGe,OKey) by using the Lemma applied to a special case for X = G x H

(0]



and for Y = H x K. Next, we let v € stab,T2(OGe, OH f) and » € stab,T2(OH f, OKex).

Since we know that v - v € T®(OGe, OH f), it only remains to show (i)-(ii) in Definition

for v-g 7/.
(vuy)x(uy) =vuy k() HY (8.7)
=y ((OHf]+7 )5 ° (8.8)
=Y+ ET mA° (8.9)
=[OGe]+7m+7 1 T gy (8.10)

and we have 7+ -g7° € Pr(0OGe, OKeg) by using Lemma This shows (i) of Definition

for v -+, and (ii) follows very similarly.

For the second part, it suffices to show that
(y+m) 5 (v +7)+Pr(OGe,OKex) = (v -1 7 ) + Pr(OGe, OKex). (8.11)
Consider

(Y+m)m (Y +7)=v Y +yum +7ouy +rogw

and by Lemmawe have y-gm +m gy +m-gm isin Pr(OGe, OKeg) proving the claim. [

Lemma 96. stab,T>(OGe) has a group structure induced by — -¢ —. Then we have the group
homomorphism g : T2 (OGe, OGe) — stab,T>(OGe) defined by v + v + Pr(OGe, OGe).

Proof. The first part follows from Lemma Second part is straightforward. O

8.3 Surjectivity of ¥ : T2(OGe, OGe) — stab,T*(OGe)

Just like for the map ® : PI(OGe) — SPI(OGe), we are interested in the question of
surjectivity of the map ¥ : T2(OGe, OGe) — stab,T>(OGe). The next result shows that in
this case the surjectivity of ® implies the surjectivity of W.
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Proposition 97. Let e € BI(OG). Then, the following commutative diagram commutes:

T2 (OGe, OGe) —L— stab, T2 (OGe)

lﬁ |

PI(OGe) —2—— SPI(OGe).
Moreover, if ® is surjective, then so is W.

Proof. The commutativity of the diagram is straightforward. For the final part, assume that ®

is surjective. Let v € stab, T (OGe) and let r(y) = p. Then, we have

v-¢7° = [0Ge] + ¢ € TA(OGe, OGe) (8.12)

72 g7 = [0Ge] + 1 € TA(OGe, OGe) (8.13)

for some 7 and 75 in Pr(OGe, OGe).
By surjectivity of ®, there exists 7 € Pr(OGe, OGe) such that pu+ k(7 ) € PI(OGe).

Therefore one has

’

[KGe] = (u+ k(7)) c (n+ w(r))°

1"

— g ) o i ) o R )+ g R )

’ 1" "

= [KGe] + k() + ka(w) o 1+ k(T ) -6 vl )+ p-g r(r )°

" "

= [KGe] +w(ng +7 -a7°+7 -a(m )"+ )°).

This implies that

2

k(G + g+ G (77//)0 +7-¢(m)?)=0. (8.14)

Note that k(7 A (TFN)O +v-a (7r”)°) is a generalized projective character by using
a special case of Lemma |55/ and the fact that 7o and 7 is a generalized projective character.

Since « is injective on Pr(OGe, OGe), this implies that

12

mg+m o a () +ya () =0, (8.15)
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Next, we show that v+ 7 is actually in T2(OGe, OGe). Note that

(7)) =761 +ya(m ) +T 6T e (r ) (8.16)
=[0Ge] +mg+7v-¢(® ) +7 g +7 ¢(®)° (8.17)
= [0Ge] (8.18)

where the equality (8.18)) follows from the equality (8.15). Note that ¥(y+ 7 ) = v, showing

the surjectivity of ¥ whenever the surjectivity of ® is assumed. O
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