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PRODUCTION MECHANISMS AND RELATIONS BETWEEN
SPIN DENSITY MATRIX ELEMENTS*
Gordon A. Ringlaﬁd* and Robert L. Thews
‘Lawrence Radiation Laboratory
University of Californisa

Berkeley, California

December 26, 1967

ABSTRACT
The spin structure of amplitudes for the production of a single
baryon or meson‘resonanée of arbitrary spin in a quasi-two-body final
state has been investigated. If the dominant mechanism is the exchange
of a single set of quantum numbers in the crossed channel, the spin
density matrix elements are shown to satisfy bllinear relations.

Typical relations are

2 2
(Re py 1)° + (Re oy )7 = oy Py
for baryon production, and
(Reo tRep )" = (o to Yo +to _
m,n - m,-n’. mm - "m,~m’*"nn - "n,-n

for meson production. It is suggested that the use of these relations
in data analysis is a gooa test for the.presenée of two or more
exchange contributions.

The relations are used to analyze vector and tensor meson
production from xN and KN initial states, and A(1236) production
from N and NN initial states. Two of the most interesting results

concern A production. We find that the small-angle data on NN -~ NA



cannot be dominated by =«
‘on N - A at 8 GeV/e

addition to p exchange.

-iv= UCRL-18010

exchange alone, and analysis of the data

indicates the existence of contribuﬁions in

<
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I. INTRODUCTiON

A lérge amount of information ﬁas fecentLy become available
on high energy inelastic reactioné of stfongly interacting particles.
One common feature of these reactions is that a large percentage of
the events can be classified as quasi-two-body events, in which the
final state is the result of the decay of one or two unsfable particles.
The differential cross sections often show a rapid decrease with
increasing momentum transfer, indicating that a peripheral-model
analysis might be apprépriate. Tt is of interest to determine if the
dominant mechanism is the exchange of avdefinite set of quantum numbersl
(a single particle or Regge trajectory) in the crossed channel.

The characteristic energy dependence do/dt 52a(t)-2’
where a(t) is the angular momentum exchanged, 1s not a very
" sensitive test for the presence of two or more exchanges with similar
trajectory values. Polarization effects are a good test, since they
depend only on interference terms, but no data are presently available
on inelastic reactions with polarized targets or beams. However, an
analysis of the angular distridbution of decay products in an unpolarized
experiment gives information on the real parts of the spin density
mafrix elements. These elements are directly related to the individual
spin amplitudes. Requirements of parity and G—parity'conservation give
relations between different spin amplitudes, which may be transformed
into relations between the spin density matrix elements. Relations of
this type are necessary dbut not sufficient conditions for single

particle or trajectory exchange.
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Restrictions such as these have been noted for certain reactions

1-5

and have been used as constraints in data fitting. They are valid v
for all energy and momentum transfer, and consequently are more useful

than the obvious restriction of asymptotic energy independence outside

the forward scattering region. We derive such relations in general

for the production of a single meson or baryon resonance of arbitrary

spin in a gquasi-two-body meson-nucleon or nucleon-nucleon interaction.

That such relations must exist for sufficiently high spin is obvious,

since the number of independent spin amplitudes for the production

of a spin J particle grows like J, while the number of spin density

2
matrix elements grows like J .

II. FORMALISM
Coﬁsidef the s-channel process A + B - C + D, with the
subsequent decay of either C or D. For a two-body parity conserving

decay, the angular distribution of the products may be written

X 2 X ,
W(e,p) = N z MO A o oL (mn')P @ (@) al, (), (1)

xde
where Nu and %B are the helicities of the decay particles,
A=t 7‘8’ M(\ a,xﬁ) is the decay amplitude, and J the spin of -

the parent particle. The density matrix elements Pt depend only
on the production process. A convenient quantization axis for P
is the so-called t-channel axis, which is the direction of the incoming

particle (A for C or B for D) as seen in the rest frame of the
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unstable particle. Then the density matrix elements may be expressed

in terms of helicity amplitudes FKBXD A\ for the t-channel process
b

A+C=38+D. The relation is

F s, m F* s N, m!
. Z_—VA)\'.B}\D 0 TN

2>

7\',l\?\'B)\'C}\'D

F
7‘}3)“1)’ XA)"C

for particle C, with a similar expression for particle D.

"From parity conservation, the F's have the property

. ) (_l)(?\‘B—)‘D)-()\'A‘hC) 11{_12 (-1) 8757 o
R N | K My M

()

where ny and si are the intrinsic parity and spin of the particles.

=
al

Equations (2) and (3) imply

P = B 4. (Ll')

©
|
—
i
o}

Bt 2 . (5)

:Z:‘pmm % + (6)

Thus the independent measurable density matrix elements are

and

pmm, O <m\<J;
Re p, s In| <m<y3,
and o) if J is integral.

m, -m
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The partial-wave expansion of the helicity amplitudes is

o¢]

(t,%x) = 7 £) . (x), | 7
() % o (8 G0 (7

where t 1is the total energy squared and x the cosine of the scattering
angle in the t-channel center of mass, fJ is the partial-wave helicity

amplitude, A =M, - Ao A = A - A, and = vax(|n], In*]). For
c Mo N M

A
the exchange of definite quantum numbers, the different partial-wave
helicity amplitudes are related by parity restrictions. Since7
J--sl--'s2
Plo A, A) = B By (-1) 13, N R) (8)

where Pi and 84 are the intrinsic parity and spin of particle i,

we obtain the relation

J S
% %% % fxBxD,xAxc ’ (9)
1

2

J
f =
My M
’ S, S,
, i L. . . i
where the J-parity o, = Pi(-l) if i is a boson, or o, = Pi(—l)

if i 1is a fermion, and E represents the exchanged trajectory. Thus

iy

the particles in the s-channel reaction, not the antipafticles in the

= i o g
0o if OE ' Oc

= -1. Note that the ci's in (9) are for
t-channel reaction.

If A and C or B and D are identical fermions, G parify
brings in additional relations. A particular case of interest is the
nuclecn-antinucleon system. The results of combining parity and G-
parity restricticns have been reportedvelsewbereh and are summarized by

the following rules. Isosvin, n»arity, G-parity, and J-parity of the

-
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exchanged particle or trajectory are denoted by I, P, G, and o.

1. For o =-1, Pa(-1)*

1l

-1, all smplitudes with X\, + A

are zZero.

2, For o = -1, IG(-l)I +1, all amplitudes with A = A,
are zero.

3, TFor O = +1, PG(-l)I = +1, all amplitudes are nonzero.

L, For o = 41, IG(—l)I = -1, all amplitudes are zero.
In subsequent discussion, particles or trajectories with quantum numbers
in 1, 2, and 3 above will be called n-type, Al-type, and p-type,
respectively. .
The symmetry broperties of the rotation coefficients under
interchange and reflection of helicities make it possible to transform
the relations between partial-wave amplitudes into relations between

the full helicity amplitudes. The useful properties are7

SO RERENC | (10)
Q&) = (P (), | | (11)
and - 1
di l(x) + di’_l(x) = Cil(x) + lower order terms in x,8
* (12)

1.2 x J-m
F) s e P N o
= (I‘(J +m+ LTI - m o+ 1)PE)(T +2) —é]

> >(m-l)/2

. (13)

The assumption of the exchange of a single particle or trajectory in the

t channel also assures that all helicity amplitudes will have the same

phase.
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- - *
A, 0" + 42 >0 4N
since Ay =N, =0 in this reaction, we must have oy = +1

*
from (9). Denote the helicities of the % and N by A and m.

Then parity conservation at the baryon vertex gives

J J
£, a(8) = o B (6) (14)

With the use of (10) and (11), the parity restrictions on the helicity

amplitudes may be written

-
F-X-m GN*(-l) Fhm' (15)

In obtaining the sum rule, one writes out the measurable density matrix
elements in terms of the independent helicity amplitudes. For simplicity

in notation, all amplitudes are normalized by dividing by

S e
T
- =Z lF./\ml2 (16)

Re p = L Fm Fm (17)

Re pm} -n - z ; F7\.m F}\, ~-n

(18)
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To eliminate the mixed wm-n terms in (17) and (18), one may square and
add, noting that the cross terms cancel:
2
)

2 _Z— A=A
(Re pmn) + (Re Pm, -n - \ ka Fh'm(FXn Fk’n + (1) F—x-nF-X'n)
MY

Z ¥, |7 z r, 17
A A

The last expression is Jjust the product of the m and n diagonal

I

elements, so that the relation is

¥ = o o . (19)

(Re o ) + (R
© pmn - ¢ pm,—n mm - nn

Note that this rule must be satisfied for the production of an N* with
any quantum numbers if it is dominated by the exchange of any single set
of quantum numbers in the t channel. Note also that the two O
particles need not be identical, so that the relation should apply to
processes like = + N - 1 + N*, K+N->=x + Y*, ete.

If more than one exchanged particle or trajectory contributes to
the process, the helicity amplitudes will not in general have the same
" phase, so that the relation may not be satisfied. However, we can
express the terms which violate the relation in terms of thevinterference
between amplitudes due to different exchanges, or equivalently in terms
of the imaginary parts“of the density matrix elements. The relevant

exXpressions are

, (20)
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1

- _1)2 4

pm’_n = ON*( 1) (F_%m F_%n
and
1

_ _ m+= .

. UN*( 1) 2i Im(F%m F

1
~-3m

UCRL-18010

(21)

). (22)

The cross terms are again eliminated by squaring and adding, yielding

|2

lo, o

m,

pmm pnn

m-n
+ (-1) o 0 .

m, -m 'n,-n

(23)

The terms which violate the single-exchange rule (19) can be separated,

to give the relation

2
P P - (BE £ )" - (Re P,

For production of a baryon of spin X + %5

‘independent normalized helicity amplitudes.

diagonal elements pmm

There are also K(K + 1)/2 elements Re Py
3

relation (19).

still grows faster than the number of helicity amplitudes,

-n

)2

and K(X + 1)/2

2
= (Imp )" + (Im Py, -

)2

+ (_l)m~n Im p

- In p

n n, -n’

(24)

there are 2(K + 1) - 1

There are K independent

~independent Re Pun for n > 0.

, constrained by the

-

However, the number of independent density matrix elements

so there must

be additional relations for high spin production. The number of these

additional relations is

K(K - 1)
2

N 1

(25)

Then for spin 7/2 there are two additional relations, for 9/2 five

relations, and so on.

The form of these relations is not immediately
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apparent from the general equations, so evidently they must be worked
out individually for each spin. This could be done by trying to invert

(16) - (18) and looking for singularities.

*
B. N+N->N+0W

The derivation of relations between spin density matrix elements for
this reaction proceeds exactly as in the previous case, except for the
complication of additional amplitudes due to nucleon spin. The parity

relations for the partial-wave amplitudes are

J B J :
| fm’._u_a = 9% T8 (26)
and
J B J : ,
f-?x.—m,pﬁ = o CFN* fm)'ﬁ . (27)

These are used to write the expressions for the density matrix elements

in the form

Re p =~ = Z FXm,uﬁ Fxn,ub, v (28)
LD

‘ A
Re = O0_ 0 -1 F F
pm,-n E * E (-1) NI, (L~ =N,
LA

j i A ‘
) GN* = (-1) F7‘-m) H=p F"'M; ~pp (29)

It is convenient to study separately the exchange of the three types of
trajectories. For the n-type trajectory, only those amplitudes with
u =9 will be nonzero, so that the second sum in (29) is absent. The

same operations as in the previous case (with the additional sum over )
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yield the same result. The rule (19) is satisfied for the exchange
of a single n-type trajectory.

For the exchange of an Al—type trajectory, only those amplitudes
with p #£8 will be nonzero. However, the parity relations (26), (27)
cannot be directly>taken over to the full helicity amplitudes, since
the nonzero helicity flip appears also in the rotation coefficients.
The methods of the previous case can be used to yield

2
-0 o

2
(Re pmn) + (Re pm,—n mm " nn

= —;_ F F F F - F F
A, p-p -Nn,u-u( A, -p =N, p-p A, -UR  =AD, -j)
A

7
+ Z F F F F + F F
Ny - Nn,-uu( A, - T AR, ~u -1, p-p -M,-uu)
AL

i ZFEM, Hop Z Fi'n, —pp (30)
AL

}\.1
The relation (12) must now be used in the form

J 1Etx) g ,
dmjﬂ(x) = [ =5—) &) - (31)

One can then show that the first sum in (30) is zero, and that the second
and third sums cancel. Thus the rule (19) is also valid for the exchange
of an Al-typé trajectory.

‘For the exchange of a p-type trajectory, terms with both p = )

are nonzero. Upon writing an expression analogous to (30) for this case,

one sees that the second sum contains interference terms of the type
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F which cannot be cancelled b
Py e Iy -t Fenm, -t Fan, oy v any

of the other terms. The result is that the rule (19) is not valid even

for a single p-type trajectory exchange.

- + +
cC. 0 +% »v+3

First consider the case when the meson V has natural spin-

perity, oy = +l. From (9), we see that if Op = +1, all amplitudes

with zero meson helicity are zero. As a consequence,

Re p ., = 0. (32b)
This is an immedlate test of the necessity of OE = -1 exchanges in
55k

meson production reactions.
Tt is convenient to write out the density matrix elements for a

combination of an arbitrary number of O = +1 exchanges. Denote the

helicity amplitudes for each by FA’B respectively. The relations

m, A’

between various helicity amplitudes can be derived, using (8) - (12).

If we define

A,B J,JB Jd ., JB
F, = fm%él_ le (x) , (33)

the spin density matrix elements may be written in the form

D
Re p_ + (-1) Re p = L Re( > + Re(
mn I R " nl

A BY B a¥
+ X Re(FilFﬁ)—xRe[F F +F F )

ml nl ml nl
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* ¥
n A A B B '>
Re o - (-1)" Re P, on = 4 Re (F L ¥ 1_1_> + Re (le Fqi
m, 22 n, 2z
2 A A" A B B a* v
+ x Re (%ml Fnl) - X Re le Fnl + le Fn .
(35)
If a single OE = +1 exchange dominates, all FB’s are zero, all
's have the same phase, and from (34) we can derive the relation
n 2 m n
(Re Py * (-1)" Re P, _n> = (pmm + (-1) O, _m>(pnn. + (-1) O, _n)-
(36)
If a single GE = =1 exchange dominates, all ‘FA’s are zero, and (35)
yields
n 2 m n
(Re oy - (1 Re by ) = (O - (" 0y )P - 0y )

(37)

Note that (37) has no content for m or n = 0. If the %+ particles

are identical, G-parity conservation then distinguishes between the

two types of GE = ~1 exchanges. For a w-type exchange only F Bll are
m, 52
nonzero, and for Al-type exchange only Fﬁl are nonzero. One sees

from (34) that in both cases the relation (36) is wvalid. Thus for a
reaction such as =N - VN, the relation (36) is valid for any single
trajectory exchange, whereas for a reaction like XN - VI, the relation

is either (36) or (37), depending on the value of o

E
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The expressions (34) and (35) may be combined to give more

A,B \2 v
information for m = n. Since <F ’k ) > 0, one can derive the
m, AR
inequality for any number of exchanges with the same OE B
2 m 2
on(® = ) = oy (-1 e () > 0 . (58)

If this is combined with the constraint due to parity conservation alone

that Ip | £ P, one has both an upper and lower bound
m, ~m mm
X =1 lpm -ml -
i) ¢ =R <1, (39)
x +1 mm

along with the condition that g . has the same sign as GE(-l)m+l.
Since xe = 1 for ineléstié reactions in the forward direction, but
increases rapidly away from the forward direction at high energy, (39)
can be very restrictive and a good test for the presence of exchanges
with different GE .

For the case where G-parity conservation differentiates between
n- and A, -type exchahges, (34) and (35) can be used to give more

information, even for m # n. One sees immediately that for any number

of m-type exchanges,

Re P, on = (-1)" Re P ? (40)

and for any number of Al-type exchanges

2
_ n {x <1
Re Pn, o = (-1) - Re p (41)

for n # 0. If we insert (40) or (41) into the sum rule (36), it may be

written in the compact form
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(Re pmn)2 = Py P (%)

For the production of V particles with UV

due to the restriction of (9), which has the effect of switching the role

= ~1, the only change is

of Op = t 1 exchanges. For example, (32a,b) are now valid for a on = -1

exchange. For all the relations,. the change can be made by inserting

a factor g, before each (-1)" or (-1)* factor.

One can summarize the results as follows. Consider the reaction

IN > VM, where P=0, N,M=2', V has J-parity oy- If & single
trajectory with J-parity OE is exchanged, one has the relation
n 2 m
(Re pmn + UE GV (_l) Re pm,-n> B <me * 0E OV(_l) pm,-m.)
x( )R )
pnn * GE GV( 1) pn,-—n ‘
(43)
In addition, the elements p _ =~ have the property
, -
2 le _ |
X -1 ' m, -1
~2——-—>s—p——ﬁ——\<1, ()
x + 1 ’ mm
and
O = O I e | (45)
m, ~m BV m, ~m )
for any number of exchanges with the same OE . For the reaction v
PN - VN, (43) - (45) above are true, with additional results from
. d
G-parity for Op = -1 exchanges. For a combination of =n~ and Al-type'
exchanges, (43) - (45) also apply, with 0y = -1. For a single wx-
or A,-type exchange, (43) also holds with 0 = +1. In addition, we

have the relations
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Re pm, -n

I

GV(-l)n Re A (46)

for any number of w-type exchanges, and

2
o (-1 (52 ) Re o (47)
x + 1

Re pm,--n

for any number of Al-type exchanges with n # 0. 1If these are inserted

in (43) with o = +1, the compact form (k2) results.

As in the baryon resonance case, there may be additional relations

. for high~spin particle production. There are four cases to comsider.

Let s be the spin of the meson resonance.

l. For = +1, there are 2s ~ 1 independent normalized

o
%v g
amplitudes, & s -1 density matrix elements with % s(s - 1)

relations of the type (43). The number of additional relations is

Nl = %‘S(S-"l); (18)

which means that they start with spin-two production, in reactions such
as =nN - A2N with p exchange.

2. For =+1, but o, = -1 and G-parity restrictions, there

v %k E
are an additional % s(s - 1) relations of the type (46) or (47). Then

the number of additional relations is reduced to

N, = 0, (L49)

i.e., no additional relations are required for any spin.

3. For = -1, there are 2(s + 1) - 1 independent normalized

g_0
V E

amplitudes, s(s + 2) density matrix elements with % s(s - 1) relations
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of the type (43). The number of additional relations must be

N3=%'-(s2+s-2). (50)

The additional relations again start with spin-two production, in
reactions such as KN - A,A with X exchange, and =N - B(27 )N
with @ exchange.

k., For -1, but o_ = -1 and G-parity restrictions, there

% % = E

are s more relations of the type (43), and % s(s - 1) relations from

(46) or (47), reducing the number of additional relations to
N, = -1. (51)

In cases one and three, the general form of the additional relations is
not apparent, and evidently they must be treated individually. Note
that in all cases, Ni represents the minimum number of additional
relations. The detailed structure of the density matrix- helicity
amplitude relationship could produce additional relations even when
none are required by the cbunting of independent amplitudes.

-

D. = p - po n.

This reaction, alﬁhough it falls into the previous category,
requires special attention. This is due to the-forward-backward
asymmetry observed in po decay, indicating that the pions do not
decay from a pure 1  state. The analysis of the x-n angular
distribution iglusually done with the assumption that it is a
combination of p decay plus some S-wave two-pion state.9 There are

five measurable density matrix elements in this case: the usual



w
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Re plO and pl -1 for the pure 1”7 state, a combination of diagonal
24

elements + pSS, and two interference elements Re psO

t
Poo = Poo
and Re Pg1* It is thought that pion exchange alone may account for
this process, so we shall derive relations on this basis. We denote

the helicity amplitudes for p production with helicity O and 1

by R, and Rl , and the amplitude for s-wave production by RQ. It

0
we define y E Rl/RO and z = RQ/RO’ we can write
1
o 1.2
Re piy = Ny, (52p)
Re Po = Nz, , (52¢)
2
pl’ ~1 = - N A (52d)
and
Rep, = Nyz, . (52e)
where
1
N = . (521)

1+ 2y2 + z2

must be negative, and that the product

One sees immediately that o
-

of the interference terms must have the same sign as Re Pio° To get
relations between the matrix elements, we express y and 2z 1in terms
of péo and Re psO , and then solve for the remaining elements. The

results are



Re 0., =
10 3(a - 1)
\ 4
pl,-l - poo (l - Oﬁ)/a -
and
2 2
(Re o )" = (Re o))" (1 -0B),
where
a b=
and
B = (304 - 1)/20,

From the reality condition, we get the additional constraint

Re pS

]
Poo

0

(Re p_)° (1 - 0B)

-18-

<

)
T

1/2
g (poo/Re pso)2 1 - [ - g— (Re pso/p(')o)g;l ‘

UCRL-18010

(53)

(54)

(55)

(56)

(67)

(58)

@
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IIT. ANALYSIS OF DATA
The follqwing comparisons with experiment are presented in the
same order as the derivatioﬁ of the constraints in Section II. We
emphasize that while the failure of the.data to satisfy the constraints
demonstrates that more than one trajectory contributes, the converse
does not hold.

A, O + +

-0 + N¥

M~

Relation (19) is used to analyze data on the reactions

ﬂ+p —anoaf+ and xtp —an4f+. These reactions are of particular interest
since only one established trajectory contributes in each case. We

write
RAVY
2 2 +
bp oy - (e pg)? - (e, )7 =) (59)

so that T measures the violation of the constraints by the data. This
notation is used throughout the rest of this section.

A single trajectory exchange gives £ = 0, and AV, are the

errors due to the experimental errors in the determination of the

density matrix elements. The results are presented in Table I.
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Table I. Test of relation (19) for A(1236) production in x-N
interactions.

Laboratory Momentum, P, ., GeV/c -t,(GeV/c)2 by
‘I[+p = T[OA++
+0.040
4.0t0 | 0.0k 0,001
. ' -0.094
. +0.030
5.0t ~ 0.10 0.015
-.081
+0.0k4Y
4.0 | 10.20 0.030
-0.078
+0.007
8.0t 0.03 0.050
-0.038
: +0.023%
8.0t | -~ o.11 0.052
~0.037
' +0.039
8.0Mt 0.20 0.006
-0.070
o - natt
12 +0,035
3,0 - 4.0 Average over all t -0.,010

-0,052




UCRL~18010
=01~

To understand the significance of the above resvlts we must
consider how badly constraint_(l9) can be violated. For the case of
J = 5/2, assuming parity conservation, the maximum value of p55pll is
0.062%, and the minimum value of (Re p5‘l)2 + (Re 031)2 is, of course,
zero. Therefore a value for § of 0.0625 repreéents the maximal
.violation of -our constraint. ’ |

Tt is of considerable interest that thel.O GeV/c gives %
compatible with zero, while the two lower-momentum transfer points in
the 8.0-GeV/c data fail to satisfy (19) by approximately 1.5 standard
deviations and the central value of £ 1is approximately 80% of its
maximum. We tentatively conclude that the reaction nfp - nOAf+
cannot be completely explained by p exchange alone. However, a more
definite conclusion mugt await improved statistics. The above situation-
is similar to ﬁ—N charge exchange, where a nonvanishing polarization
demonstrates that p exchange cannot be the only contribution to the
reaction.

The analysis of n+p - néf+ shows that X 1is consistent
with zero, and so gives no evidence of any exchange in addition to the
AE’

B. NN — NN¥

N .\ 15 |
The 5.5-GeV/c pp — pA data 5 are analyzed by  using
(59), and the results presented in Table II. Recall that (19) is

satiSfied'<i.e., £ =0 in (59)) for either single 5 or A, exchange.
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Table IT. Test of relation (19) for A(1236) production
in N-N interactions.

_ 2
Py GeV/c t, (GeV/c) X
P - PA+
| +0.005
5.5 0.004 - 0.084 0.055
-0.009
+0.016
5.5 0.084 - 0.16k 0.020
-0.027
: +0.012
5.5 , 0.164 - 0.406 0.035
-0.02%
+0.005
5.5 . Average over all angles 0.055
-0.010

Clearly (19) is not satisfied by the smallest momentum transfer
data, and indeed the value of > 1indicates approximately maximal
violation. It has been proposed that x trajectory exchange alone
could account for the small-angle data on pp —apéf,lh and such a
model can account satisfactorily for the shape and energy dependence
of the differential cross section. However, the above result demon-
strates that the 5 exchange model cannot possibly explain the spin
structure of the scattering amplitudes near the forward direction. If

7 exchange is to play a significant role in this process,'then there
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must exist a substantial contribution from another trajectory.
Consideration of the energy dependencélu implies that this additional
trajectory should have an intercept close to n at small t values.
One notes that a conspirator for the s could fill this role.

3 - l+ . l+
C. Reactions of the Type 0 + 35 -V + 3

As an example of the weakest constraints for 0 + 3 -V + 3

00

we first discuss data on K p — @ A. In this case we have no
W
constraints due to G-parity. The only constraints concerning 1

production are (52 g) which can tell us if Op = -1 exchange is

required, and constraints (44) and (45). The data considered are at
4.1 and 5.5 GeV/c,15 and the density matrix elements are the average

over all angles. The results are presented in Table III.
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Table IIT. Test of relations (44) and (45) for vector meson

production in K-N interactions.
5
| CGE - 1)/ v 1)
Plab’ GeV/c, P1-1 | Poo lpi-l'/pll _ Average over
: all angles
K-p - pOA
, +0.1h : - +0.35
L1 0.00 0.20 + 0.16 0.00 0.68
-0.00 -0.00
+0.1k4 +0.20 . +0.31
5.5 0.00 0.10 0.00 0.71
-0.00 '~ -0.10 -0.00
K-p_ — oA
: +0.16
h.1 0.18 + 0.16 0.10 0.4%0 + 0.36 0.70
' ~-C.10
5.5 0.24 + 0.16 0.20 + 0.20 0.60 + 0.h43 0.7k
Kp - @A
, +0.10 ' +0.71
.1 0.20 0.60 + 0.20 1.00- 0.64
-0.1k  -0.86
+0.30 +0.54
5.5 0.23 + 0.25 0.10 0.51 0.79
-0.10 -0.51
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Kp - OAQ
One sees immediately that ‘pl—l'/pll fails by approximately

21 el
two standard deviations to satisfy (4k), 5 < <1,
¥ +1 P

indicating more than one exchange contributes. The large errors on

do not allow us to determine through (32a) whether o_ = -1 is

required.
K_p — A
The sign of o, _;, using (45), implies o = +1 exchange, hence
would demand both o

a nonzero value for +1 and o = -1

Poo

exchange. However, Poo is nét incompatible with zero. Finally we
note that (L44) is not violated by more than one standard deviation,
and we therefore conclude that there is no definite evidence for the
exchange of more than one trajectory.
Kp - @A
As above, (Lh) is not violated. The 4.1 GeV/c results require

o, = -1, which from (45) would give negative. The positive

E P1-1

central value of o171 implies the addition of ¢ = +1 exchange,
but the large errors on P11 allow no firm conclusion. The 5.5 GeV/c
results are consistent with a single contribution in the t channel.

ey
Recall that 11 > 1 implies the existence of background, since

P11
conservation of parity gives lpl—l,/pll < 1 forapure J =1
state. |
For the remainder of this section we consider reactions with a

nucleon in both the initial and final states. This, of course, means
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that we have stronger constraints than in the general case of
0 + %f - V + %+, because of the additional information given by
conservation of G-parity.
P - Aép
We write

2 .
(922 + 02_2)(911 - pl_l) - (Re pgl - Re pe_l) = Z, (60)

, 2
1 - -
3000(Pon * Po_o) = (Re o)™ = I, (61)

o .
%Doo(pll - pl-l) - (Re plo) = X, (62)
From (43), = = 0 in each of (60), (61), and (62) if a single trajectory

dominates. The data analyzed are at 2.9 - 3.3 GeV/c,16 averaged over all

+0,03%3

production angles. We find in (60) and (61) that % = 0.013 ~0.035

and % = 0.011 fg'ggi, respectively, clearly consistent with zero.
. +0.031 : ~
From (62), we obtain £ = 0.0L9 -0.053’ approximately 1.5 standard

deviations from zero. We tentatively conclude that a satisfactory model
for the above reaction requires more than one trajectory to be exchanged.
The errors on diagonal elements are such that (46) and (L7) cannot give

any indication of the value of o_ required. When (32a) is used, the

E

experimental value Poo = 0.38 +.0.15 shows o_ = -1. is required

E

K™p — K*(1400)p and K7p — K (1400)° n

The data for the above reactions are at 3.5 GeV/c,17 and the

density matrix elements are the average over all preduction angles.
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The data are such that only (62), (32a), and (45) are relevant to the

analysis. Applying (62), we obtain for K*(1400)"

+0.023
£ =0.018 "7,
0
and for K*(1400)
+0.038
£ =0.120 " 4 0lo.

The violation of (43) by 3 standard deviations for the K*(lMOO)O demon-
strates that the reaction X p —>K*(lhOO)O n cannot proceed via single
trajectory exchange. However, the data on K p — K*¥(1400)  p are quite
compatible with % = O in (62). Since all contributions to the charge-
exchange process also contribute to the non—chargéfexchange-case, the
results for K_p —>K*(lh00)o_n show that more than one tfajectory must
contributevfo K p — K*¥(1400) ™ p, even though the data satisfies (L43).
This situation underlines the warning given at the beginning of this
section, that the satisfaction of Sur constraints does not imply the
dominance of one trajectory.

We now consider the vaiue of Po0? and the relative sign of
p1; and py g (32a) and (L5).

K*(1L00)~

We have = 0.40 + 0.12 and p1_q = 0.39 £ 0.07. From (ks)

this indicaﬁeé a strong o_ = +1 contribution. However,

E

showing that both o = +1 and -1 +trajectories arevimportant.

k*(1400)°

Here

Poo

P17 = 0-22 £ 0.11, and p, .= -0.18 + 0.0k, and from (45)

we see that o = -1 exchange is required. The value of

= 0.3910.07,
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Poo = 0;65 + 0.08 clearly demands siggificant o= -1 exchange, bﬁt

from (45) we have no evidence for strong o = +1 contribution. 1In
comparing the two reactioms we can say that from (43) both require
multiple trajectory exchange, but that whereas both UE = +]  and

op = -1 are significant in X'p —aK*(lhOO)-p, there is little evidence

*
for =+l in Kp =K (1hOO)O n. This suggests that the o_ = +1

o) E

contribution to the former reaction is isoscalar.

Kp - K (890)7p and Kp —X (890)° n

The data considered are those of the Argonne-~Northwestern

Collaboration at 4.1 and 5.5 GeV/c.18

Kp - K*(890) p

In Table IV we recall the data relevant to constraints (32 a)
and (45), and we present the value of £ for test (62). DNote that the
nonzero value of 000° particularly near the forward direction, implies
through (32 a) o = -1 exchange. From (h5),‘the sign of p, ; indicates
significant OE = +1 contribution. % 'is consistent with zero despite
the necessity for the exchangé of at least two ﬁrajectdries. The data
are compatible with the-inequality (45). We are therefore unable to

19

add anything to previous discussions in this case. The results are
included only for completeness, and comparison with the charge exchange

data.



Table IV, Test of relation (62) for K*¥(890)" production in K-N interactions.

) P00 P1-1
-t, (GeV/c)
L.1 GeV/e 5.5 GeV/e 4.1 Gev/e 5.5 GeV/e 4.1 Gev/e 5.5 GeV/c

‘ +0,0083 +0.0091
0.0 - 0.1 0.40040.100 0.281+0.073 0.300+0.090 0.254+0,060 ’O'Oouu-o.0056 o.01o9_0.0107
‘ : +0.0054 +0.003%2
0.1 - 0.2 0.150+0.072 0.057io.o§7 0.325+0.067 0.379+0.058 0.0065 5" Jo6e '0'0015-o.oou5
_ - ' +0.0037 +0.0029
0.2 - 0.4 0.13240.062 0.129+0.046 0.%256+0.053 0.336+0.0kL o.oouo_o_0053 o.oo6l+_o.0055
. +0.0076 +0.0037
0.4 - 1.0 0.226#0.086 0.100+0.070 0.3%29+0.067 0.369+0.07k 0'006”-0.0070 O'Oouo-o.005o
0.0 - 1.0 0,224+0.038 0.12410.027 0.325#0.029 0.311+0.027 o.oo62f8'88§g o.0071f8'0019

.0023

'68'

OTOGT-T¥00
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Kp —aK*(89O)O n

As in the above case, we present the results relevant to (32 a),
(45), and (62) in a table.

The analysis of the data by use of (Lk),

2 P _
xe-lsl'lvlle’
x“ + 1 P11
is presented in Figtra§.l‘and 2. We represent 55—:—5, the lower bound
x + 1
Pq . Py
for lgé—il, by a dashed curve; and the upper bound, igi—ll = 1, by
11 : 11

the solid line. Recalling (46) and (47) we see that for any number of

: o1
n-type exchanges alone, the data points lie on the line igl—li = 1,
11

while for any number of Al-type exchanges the points lie on the dashed
curve. Any number of o0 = +1 exchanges, or a combination of g and

. Pq-
Al-type exchanges, give values for igl—ll satisfying the inequality,
11

and from (45) the sign of ., distinguishes the two cases. Data

points below the dashed line in “Figs. 1 and 2 fail to satisfy (Lk),
and demonstrate the existence of a combination of ¢ = +1 and
0 = -1 exchanges. |

From Table V we see that the value of Poo indicates a substan-
tial contribution from o = -1 exchange. The values.and errors for
P71 at.the two lower-momentum transfer points at both eneréies do

not give any clear indication of o© = +1 exchange. However, we see



Table V. Test of relation (62) for K*(890)o production in K-N interactions.

~t, (Gev /c)? P00 P =

h.1 GeV/e 5.5 GeV/e 4.1 Gev/e 5.5 GeV/e L.1 Gev/e 5.5 GeV/c
0.0 - 0.1 0.55040.082 0.76040.088 =-0.033:0.067 0.0h7+0.068 o.o66ofg:gigé o.ooo9f8:8§%§_
0.1 - 0.2 0.612:0.112 0.500t9.1§o 0.020£0.099 0.1000.070 0.019ofg:8igg ‘-0,0359t8:8283.
0.2 - 0.1 . 0.378:0.126 0.43810.124  0.0950.094 0.2390.099 0.053§f8:géz$ 0. fgzgfgg
o%h - 1.0  0.360:0.116 0.26040.110 0.,17910.087 0.211:0.089 o.oeh8fg:gigg_ o.ozo5fg:8iig
0.0 - 1.0 -0.50010.65u 0.52240.060 0.04:20.0k2  0.14710.041 o.ou87fg:8ig§‘ o.0251fg:8i22_

-1¢%- .

0TOgT-TdoN
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from Figs. 1 and 2 that there is clear evidence for O = +1 in
the first three momentum transfer bins at h.1 GeV/c and in the second
bin of the 5.5 GeV/c data.

0
D. n™p -»pn

The g exchange model for the reaction x7p —apon, discussed
in Section II D, is.compared with experiment. We take the experimental

values for pdo' and Re bSO’ and using equations (53) to (57)
inclusive, we predict the values of Re plo; py_1» and Re py . These
results are presented in Table VI. The sign of Re P1g Was assumed

to be negative. Most of the predictions are incompatible with experi-
ment. The disagreement betweén the theoretical and experimental values
for Re P10 is particularly large. It is clear that this model, based
on single n-trajectory exchange, is not consistent with the

7P —apon data. However it should be remembered that both the
theoretical model and data analysis depend on the assumption that the
asymmetry in the 5 'n~ angular distribution (in the o mass region)
is due to the interference of the  with an S-wave. If instead fhe
requisite even partial wave is a D-wave, for instance, the interpretation

of data would be modified, and our discussion in Section II D would,

in its present form, be inappropriate.
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Table VI. Test of relations (53) - (55).

Frap 2 Re 019 e1-1 Re ogy

(Gev/e) % (BV/e)T ——r . . . : :

Theoretical Experimental Theoretical — Experimental Theoretical  Experimental

22720 0.013-0.03 -0.29 #0.05 -0.16 #0.05 -0.11 #0.02 . 0.08 #0.05 -0.07 #0.03 ~0.09 ;0,03
0.0% -0.05 =-0.04 #0.06 -0.15 #0.05 =~0.002#0.003 0.1lhk 20.05 -0.01 #0.01 0.06 #0.03
0.05 -0.085 -0.25 +0.07 -0.18 #0.05 -0.08 t0.0ﬁ | 0.02 +0.06 -0.06 #0.02 -0.03 #0.0%
0.085-0.12 -0.23 #0.07 =-0.15 #0.06 -0.07 #0.0k 0.09 +0.06  -0.08 iOfOB -0.06 #0.03
0.12 -0.175 -0.33 +0.0%3 =0.12 #0.07 -0;19 +0.05 0.07 #0.07 =0.10 #0.05 =-0.10 #0.03
0.175-0.25 -0.35 +0.02 =~0.18 #0.07 -0.22 #0.05 -0.03 #0.07 ‘ ~0.07 #0.05 -0.09 #0.05°

6.02l 0 -0.05 . -0.280+0.017 -0.15420.025 -0.122+0.019 —O.bEOi0.0BO -0.12020.014 -0.070+0.020
0.05 -0.10 -0.26710.019 -0.184+0.030 =-0.106+0.019 -0.060+0.030 =-0.11320.01kL -O;OSOi0.0lO
0.10 -0.20 -0.%3810.011 b-O.210i0.0hO -0.21040.030 0.025#0.045 =-0.089+0.023 -0.065+0.020
0.20 -0.30 -0.301#0.029 - -0.25040.060 =-0.130%0.028 0.140+0.030 -0.080+0.027 -0.190%0.050
0.30 -0.50 -0.340#0.020 =-0.13%0%0.050 ‘- -0.176+0.035 0.18040.0L0 0.013+0.031 0.0BSi0.0hO

-¢¢-

OTOGT-T¥dA
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IV. CONCLUSIONS

We have derived a set of relétions between spin-density‘matrix
elements which should prove very useful in the peripheral-model
analysis of data on resonance production. They provide a simple method
of testing for the minimum number and type of crossed-channel exchanges
which is required to reproduce thé spin structure of the reaction
mechanism. Independent tests are possible at each energy and momentum
transfer, thus avoiding the uncertainty due to normalization inherent
in energy dependence tests, and also avoiding dependence on the
parameterization of residﬁe and trajectory functions. Since these
relations are valid for arbitrary spin, they proﬁide a convenient
starting point for the analysis of future data on high spin resonance
production. We emphasize again that the most useful information is
obtained when the relations are not satisfied, indicating the presence
of additional exchanges. Since interference terms violate the
relations, relatively small contributions (to the cross.section) from
exchanges not associated with established particles may be detected.
The analysis of data in the preceding section, while not exhaustive,

contains examples of all the above points.
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FIGURE CAPTIONS

Fig. 1. Comparison of the L.1-GeV/c K™p —aK*(890)on data (Ref. 18)
with inequality (4k4). |
Fig. 2. Comparison of the 5.5-GeV/c K™p —>K*(89O)On data (Ref. 18)

with inequality (4k4).

g
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