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Abstrac t 

Psychophysical findings accumulated over the past several 
decade s indicat e tha t  perceptua l  task s suc h a s similarit y judg -
ment  ten d t o b e performe d o n a  low-dimensiona l  representatio n 
of  th e sensor y data .  Lo w dimensionalit y i s  especiall y importan t 
fo r  learning ,  a s th e numbe r  o f  example s require d fo r  attainin g 
a give n leve l  o f  performanc e grow s exponentiall y  wit h th e di -
mensionalit y o f  th e underlyin g representatio n space .  Becaus e 
of  Ihi s curs e o f  dimensionality,i n shap e categorizatio n th e hig h 
initia l  dimensionalit y o f  th e sensor y dat a mus t  b e reduce d b y 
a nontrivia l  computationa l  process ,  which ,  ideally ,  shoul d cap -
tur e th e intrinsi c low-dimensiona l  natur e o f  familie s o f  visua l 
shapes .  W e sho w ho w t o mak e a  connectionis t  syste m us e clas s 
label s t o lea m a  representatio n tha t  fulfill s  thi s requirement , 
thereb y facilitatin g shap e categorization .  Ou r  result s indicat e 
tha t  low-dimensiona l  representation s ar e bes t  extracte d i n a 
learnin g tas k tha t  combine s discriminatio n an d generalizatio n 
constraints . 

I n t r o d u c t i o n 

The sophisticated behavior of biological cognitive systems 
i s widel y assume d t o ste m fro m thei r  abilit y  t o lear n fro m 
th e environment ,  whic h lead s t o th e formatio n o f  a n interna l 
representatio n o f  informatio n pertinen t  t o th e task .  Becaus e 
learne d representation s ca n b e employe d i n shapin g th e be -
havio r  i n similar ,  an d thu s potentiall y  relate d situation s i n th e 
futur e (Shepard ,  1987) ,  similarit y (Nosofsky ,  1992 ;  Med i n 
et  al. ,  1993 )  an d it s representatio n (Edelman ,  1997 )  ar e cen -
tra l  concern s i n cognitiv e science . 

I n thi s note ,  w e conside r  a  cor e propert y o f  an y representa -
tio n o f  similaritie s a m o n g object s whos e goa l  i s  efficien t  learn -
in g an d generalization :  lo w dimensionality .  Becaus e th e lin k 
betwee n th e issue s o f  similarit y an d o f  low-dimensiona l  repre -
sentatio n ( L D R )  i s readil y apparen t  i n visua l  psychophysics , 
we concentrat e o n thi s area ,  rathe r  tha n o n othe r  potentia l  ap -
plication s i n cognition ,  rangin g fro m visio n t o languag e an d 
reasoning .  Psychophysics ,  b y definition ,  involve s a  relation -
shi p betwee n th e physica l  characteristic s o f  a  stimulu s an d th e 
perceptua l  even t  i t  evokes .  N o w ,  fo r  specifi c  discriminatio n 
tasks ,  a  natura l  framewor k fo r  a  physica l  descriptio n o f  vari -
ous relationships — a m o n g the m similarities — betwee n th e 
differen t  possibl e stimul i  i s a  low-dimensiona l  metri c space . 
I n thos e cases ,  i t  i s  reasonabl e t o expec t  tha t  th e representa -
tiona l  syste m reflec t  th e dimensiona l  structure ,  th e topology , 
and mayb e eve n th e metrics ,  o f  th e stimulu s space .  W e start , 
therefore ,  b y examinin g th e exten t  t o whic h thi s expectatio n 
i s fulfille d i n a  typica l  perceptua l  task :  colo r  perception . 

A cas e study :  colo r  spac e 

The central feature of the problem of computing the re-
flectance  o f  a  surfac e patc h fro m measurement s performe d 
on it s retina l  imag e i s tha t  th e expecte d solutio n (i.e. ,  th e re -
flectance  functio n o f  th e surface )  resides ,  i n principle ,  i n a n 
infinite-dimensiona l  space :  a  potentiall y  differen t  valu e o f 
reflectanc e m a y hav e t o b e specifie d fo r  eac h o f  th e infinit e 
number  o f  wavelength s o f  th e inciden t  ligh t  (D 'Zmur a an d 
Iverson ,  1997) .  Computationally ,  th e recover y o f  surfac e re -
flectance  i n th e fac e o f  possibl e variation s i n th e illuminatio n 
(itsel f  a  nominall y infinite-dimensiona l  quantity )  i s  difficul t 
enoug h becaus e o f  th e nee d t o pr y apar t  tw o multiplicativel y 
combine d functions ,  reflectanc e an d illumination .  T h e infinit e 
dimensionalit y o f  thes e function s seem s t o suggest ,  further , 
tha t  n o finite  se t  o f  measurement s woul d suffic e t o suppor t 
th e recover y o f  surfac e reflectance .  Nevertheless ,  h u m a n 
visio n exhibit s colo r  constanc y unde r  a  wid e rang e o f  con -
dition s (Beck ,  1972) ,  despit e th e smal l  dimensionalit y o f  th e 
neura l  colo r  codin g spac e (D e Valoi s an d D e Valois ,  1978) ; 
moreover ,  th e dimensionalityo f  th e psychologica l  (perceived ) 
colo r  spac e i s als o smal l  (Boynton ,  1978) .  I n fact ,  bot h thes e 
colo r  space s ar e two-dimensional. ' 

Low-dimensiona l  physiologica l  colo r  space .  I n h u m a n vi -
sion ,  ther e ar e onl y thre e kind s o f  differen t  retina l  con e type s 
(/? ,  G ,  B ,  i n additio n t o th e rods ,  whos e spectra l  selectivit y 
resemble s tha t  o f  th e R  cones) .  T h e questio n arises ,  there -
fore ,  h o w i s i t  possibl e t o recove r  th e potentiall y  infinite -
dimensiona l  spectra l  quantitie s usin g thi s measuremen t  mech -
anism . 

Th e solutio n t o thi s parado x lie s i n th e lo w dimensionalit y 
of  th e spac e o f  th e actua l  surfac e reflectance s an d dayligh t 
illuminatio n spectra.- ^  Thi s finding  (Cohen ,  1964 ;  Jud d e t  al. , 
1964 )  help s on e understan d w h y a  smal l  numbe r  o f  indepen -
den t  color-selectiv e channel s suffic e t o represen t  internall y th e 
ric h worl d o f  color .  Th e reaso n i s simple :  th e interna l  rep -
resentatio n spac e ca n b e low-dimensional ,  becaus e th e dista l 
spac e happen s t o b e low-dimensional . 

'  A n additiona l  dimensio n i n bot h case s i s luminance .  Colo r  con -
stanc y require s simultaneou s processin g o f  severa l  spatia l  locations , 
makin g th e effectiv e dimensionalit y fo r  thi s tas k somewha t  highe r 

^Over  9 9 % o f  th e varianc e o f  Munsel l  chi p reflectanc e func -
tion s ca n b e accounte d fo r  usin g thre e basi s functions ,  coirespond -
in g roughl y t o variation s i n intensit y an d i n color-opponen t  R  -  G 
and 5  -  y  channel s (Cohen ,  1964) .  Likewise ,  ove r  9 9 % o f  th e 
varianc e o f  dayligh t  spectr a ca n b e accounte d fo r  b y thre e principa l 
component s (Jud d etal. ,  1964) . 
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Low-dimensiona l  psychologica l  colo r  space .  A s th e di -
mensionalit y o f  th e physiologica l  codin g spac e fo r  colo r 
matche s tha t  o f  th e univers e o f  stimul i  i t  i s  geare d l o re -
spon d to ,  i t  shoul d no t  b e surprisin g tha t  th e representatio n 
spac e fe d b y th e colo r  pathwa y i s equall y low-dimensional .  A 
dat a processin g too l  tha t  ha s prove d t o b e exceptionall y use -
fu l  i n th e characterizatio n o f  interna l  representatio n space s i s 
multidimensiona l  scaling ,  o r  M D S .  Thi s techniqu e i s derive d 
fro m th e observatio n tha t  th e knowledg e o f  distance s amon g 
severa l  point s constrain s th e possibl e location s o f  th e point s 
(relativ e t o eac h other )  t o a  sufficien t  degre e a s t o allo w th e 
recover y o f  th e location s (i.e. ,  th e coordinate s o f  th e points )  b y 
a numerica l  procedur e (se e Shepard ,  1980 ,  fo r  a  review) .  I n 
th e processin g o f  colo r  perceptio n data ,  th e configuratio n de -
rive d b y M D S i s invariabl y foun d t o b e approximatel y circula r 
(placin g viole t  clos e t o red) ,  an d t o resid e i n tw o dimensions , 
on e o f  whic h correspond s t o th e hue ,  an d th e othe r  -  t o th e 
saturatio n o f  th e colo r  (Boynton ,  1978) . 

Th e exploratio n o f  th e metri c an d th e dimensiona l  struc -
tur e o f  psychologica l  space s ha s bee n booste d b y th e im -
provemen t  o f  th e metri c scalin g technique s an d b y th e de -
velopmen t  o f  non-metri c multidimensiona l  scalin g (Shepard , 
1966 ;  Kruskal ,  1964) .  B y 1980 ,  a  genera l  patter n wa s emerg -
in g fro m a  larg e variet y o f  perceptua l  scalin g experiments :  th e 
subject' s performanc e i n task s involvin g similarit y judgmen t 
or  perceptio n ca n b e accounte d fo r  t o a  substantia l  degre e 
by postulatin g tha t  th e perceive d similarit y reflect s th e met -
ri c structur e o f  a n underlyin g perceptua l  space ,  i n whic h th e 
variou s stimul i  ar e represente d a s point s (Shepard ,  1980).' ' 

Low-dimensional shape representation space 

A serie s o f  psychophysica l  studies ,  originatin g wit h (Shepar d 
and Cermak ,  1973) ,  sugges t  tha t  th e low-dimensiona l  similar -
it y spac e framewor k ca n b e extende d fro m th e representatio n 
of  basi c perceptua l  qualitie s (suc h a s colors )  t o tha t  o f  comple x 
shapes .  I n thes e studies ,  low-dimensiona l  similarit y pattern s 
wer e impose d o n familie s o f  stimuli ,  b y exertin g parametri c 
contro l  ove r  th e shap e o f  eac h object .  Th e low-dimensiona l 
similarit y spac e ha s bee n recovere d i n eac h experimen t  b y 
applyin g M D S t o th e respons e dat a o f  huma n subject s (Shep -
ar d an d Cermak ,  1973 ;  Cortes e an d Dyre ,  1996 ;  Edelman , 
1995 ;  Cutz u an d Edelman ,  1996) .  Moreover ,  th e location s o f 
th e stimul i  i n th e MDS-derive d spac e closel y reflecte d thei r 
arrangemen t  i n th e parametricall y define d patter n impose d i n 
eac h experiment .  Thes e tw o propertie s o f  th e interna l  shap e 
representatio n spac e — lo w dimensionalit y an d preservatio n 
of  dista l  similarit y relationship s — indicat e tha t  th e huma n 
visua l  syste m routinel y solve s a  formidabl e computationa l 
problem :  massiv e dimensionalit y reduction . 

Constraints on dimensionality reduction 

Althoug h empirica l  evidenc e fo r  th e lo w dimensionalit y o f 
th e psychologica l  representatio n space s ha s bee n accumulat -
in g steadil y  fo r  decades ,  ther e i s stil l  a  widesprea d tendenc y i n 
psycholog y t o overloo k th e computationa l  proble m presente d 

'Som e qualification s t o thi s vie w ar e discusse d i n (Gregson , 
1975) .  I n particular ,  th e metri c mode l  mus t  b e modifie d (Krumhansi , 
1978 ;  Edelma n e t  al. ,  1996 )  t o accoun t  fo r  asymmetr y an d lac k o f 
transitivit y o f  similarit y judgment s i n som e task s (Tversky ,  1977 ; 
Tversk y an d Gati ,  1982) , 

by th e derivatio n o f  low-dimensiona l  representation s fro m 
perceptua l  data .  Th e mai n reaso n behin d thi s i s th e mistake n 
assumptio n tha t  th e ra w dat a availabl e t o th e cognitiv e syste m 
resid e i n a n immediatel y accessibl e low-dimensiona l  space . 
For  example ,  textbook s typicall y describ e visua l  perceptio n 
as th e extractio n o f  informatio n fro m th e two-dimensiona l 
retina l  image ,  completel y ignorin g th e fac t  tha t  th e immedi -
at e successo r  o f  th e retina l  spac e i n th e processin g hierarch y 
is ,  i n primates ,  a  million-dimensiona l  spac e spanne d b y th e 
activitie s o f  th e individua l  axon s i n th e opti c nerve . 

Assumin g tha t  th e informatio n require d b y th e syste m i s 
presen t  i n thi s ra w measuremen t  space ,  on e ma y wonde r  wh y 
th e huma n visua l  syste m bother s t o reduc e dimensionalit y a t 
all .  A  crucia l  theoretica l  consideratio n her e ha s t o d o wit h 
learning .  Specifically ,  learnin g fro m example s i s computa -
tionall y infeasibl e i f  i t  ha s t o rel y o n high-dimensiona l  rep -
resentations .  Th e reaso n fo r  thi s i s know n a s th e curs e o f 
dimensionality :  th e numbe r  o f  example s necessar y fo r  reli -
abl e generalizatio n grow s exponentiall y  wit h th e numbe r  o f 
dimension s (Bellman ,  1961 ;  Stone ,  1982) .  Learnabilit y  thu s 
necessitate s dimensionalit y reduction . 

The choic e o f  th e computationa l  approac h t o dimensionalit y 
reductio n i s guide d b y tw o considerations .  Th e first  i s  th e 
scal e o f  th e problem :  shap e representatio n i n huma n visio n 
require s reductio n fro m ten s an d hundred s o f  thousand s tojus t 
a fe w dimensions .  Th e secon d consideratio n i s preservatio n 
of  a  certai n orde r  o f  point s correspondin g t o differen t  objects , 
as the y ar e mappe d fro m th e high-dimensiona l  measuremen t 
spac e int o th e low-dimensiona l  representatio n space :  object s 
tha t  ar e geometricall y simila r  shoul d b e mappe d t o nearb y 
location s (Edelman ,  1997) .  Intuitively ,  then ,  th e proces s o f 
dimensionalit y reductio n mus t  preserv e th e topolog y o f  th e se t 
of  stimul i  (measurement-spac e points )  pertinen t  t o th e tas k a t 
hand . 

Topology-preservin g method s ar e especiall y usefu l  fo r 
representin g dat a know n t o resid e i n a n intrinsicall y low -
dimensiona l  spac e (embedde d i n a  high-dimensiona l  mea -
suremen t  space) .  Fo r  instance ,  fo r  colo r  stimuli ,  ther e i s a 
natura l  low-dimensiona l  patter n o f  similaritie s tha t  mus t  b e 
preserve d (pin k shoul d b e represente d a s close r  t o re d tha n 
t o green) ;  furthermore ,  th e objectiv e (distal )  reflectanc e an d 
illuminan t  space s ar e low-dimensional ,  a s w e hav e see n i n th e 
introduction .  Likewise ,  i n shap e representation ,  th e relevan t 
dista l  space s ar e low-dimensiona l  (i n an y smoot h measure -
ment  space ,  view s o f  a n objec t  undergoin g a  transformatio n 
suc h a s rotation ,  o r  a  deformatio n suc h a s morphin g int o an -
othe r  object ,  for m low-dimensiona l  manifolds) . 

I n al l  thes e cases ,  object s t o b e represente d ma y b e visu -
alize d a s point s draw n o n a  shee t  o f  rubber ,  whic h i s the n 
crumple d int o a  (high-dimensional )  ball ,  a s illustrate d i n Fig -
ur e I .  Th e objectiv e o f  a  dimensionality-reducin g mappin g i s 
t o unfol d th e shee t  an d t o mak e it s low-dimensiona l  structur e 
explicit .  I f  th e shee t  i s no t  tor n i n th e process ,  th e mappin g i s 
topology-preserving ;  if ,  moreover ,  th e rubbe r  i s no t  stretche d 
or  compressed ,  th e mappin g preserve s th e metri c structur e 
of  th e origina l  space ,  and ,  hence ,  th e origina l  configuratio n 
(similarit y pattern )  o f  points . 

Th e requiremen t  tha t  th e mappin g b e a n isometr y i s ver y 
restrictive :  i f  i t  i s  t o hol d globally ,  th e mappin g mus t  b e linear . 
For  loca l  approximat e isometry ,  an y smoot h an d regula r  map -
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dimensio n t o b e 
generalize d ove r 

dimensio n t o b e use d 
fo r  th e discriminatio n 

dimension s t o b e ignore d 

Figur e 1 :  A  schemati c illustratio n o f  a  proble m spac e whos e 
efficien t  representatio n require s nonlinea r  dimensionalit y re -
duction .  Th e instance s o f  th e tw o classe s clin g t o a  low -
dimensiona l  manifold ,  embedde d i n a  measuremen t  space , 
whose dimensionalit y ma y ru n i n th e ten s o f  thousands .  A s i n 
discriminan t  analysis ,  som e dimension s ar e crucia l  fo r  distin -
guishin g betwee n th e categories ,  whil e othe r  dimension s mus t 
be downplayed ,  o r  collapsed .  I n th e contex t  o f  objec t  recog -
nition ,  th e forme r  m a y b e th e dimension s o f  objec t  identity , 
and th e latte r  -  o f  objec t  orientation .  Standar d discriminan t 
analysi s method s i n multidimensiona l  space s ar e plague d b y 
th e presenc e o f  irrelevan t  dimensions ;  i n thi s paper ,  w e sho w 
tha t  trainin g wit h a  combine d objectiv e o f  (1 )  discriminatio n 
among labele d categorie s know n t o resid e withi n th e manifold , 
and (2 )  explici t  collaps e o f  dimension s ove r  whic h discrim -
inatio n i s t o b e generalized ,  lead s t o a  reliabl e recover y o f 
th e targe t  manifold ,  eve n whe n i t  i s significantl y curve d (i.e. , 
when th e proble m i s highl y nonlinear) ,  an d i s embedde d i n a 
measuremen t  spac e o f  nearl y a  thousan d dimensions . 

pin g i s sufficient.' *  Moreover ,  nea r  linearit y an d smoothnes s 
ar e als o necessar y fo r  topolog y preservation .  Thi s i s goo d 
news,  a s fa r  a s th e learnabilit y  o f  th e mappin g i s concerned : 
a smoot h mappin g implie s a  smal l  numbe r  o f  parameter s t o 
be learned .  This ,  i n turn ,  reduce s th e likelihoo d o f  overfittin g 
and o f  poo r  generalization ,  whic h plagu e learnin g algorithm s 
i n high-dimensiona l  spaces . 

The oldes t  nonlinea r  metho d fo r  topology-preservin g di -
mensionalit y reductio n i s multidimensiona l  scalin g ( M D S ) , 
originall y develope d i n psychometric s a s a  metho d fo r  th e 
recover y o f  th e coordinate s o f  a  se t  o f  point s fro m measure -
ment s o f  th e pairwis e distance s betwee n thos e points .  M D S 
can serv e t o reduc e dimensionalit y i f  th e point s ar e embedde d 
int o a  spac e o f  fewe r  dimension s tha n th e origina l  spac e i n 
whic h interpoin t  distance s wer e measured .  Th e mai n proble m 
wit h M D S ,  considere d a s a  metho d fo r  massiv e dimensional -
it y reductio n rathe r  tha n fo r  exploratio n o f  experimenta l  dat a 
i n applie d sciences ,  i s it s poo r  scalin g wit h dimensionalit y 
(Intratoran d Edelman ,  1996) .  Th e sam e proble m arise s i n 
th e variou s attempt s t o exten d a  popula r  too l  fo r  linea r  dimen -
sionalit y reduction ,  principa l  componen t  analysi s ( P C A ) ,  t o 
handl e nonlinea r  spaces. ^ 

A numbe r  o f  learnin g method s fo r  topology-preservin g di -

•" A discussio n o f  suc h quasiconforma l  mapping s i n th e contex t  o f 
shap e representatio n ca n b e foun d i n (Edelma n an d Duvdevani-Bar , 
1997) . 

'A n exampl e o f  suc h a n approac h i s clusterin g followe d b y (local ) 
PCA (Lee n an d Kambhatla ,  1994) . 

mensionalit y reductio n hav e bee n derive d fro m th e ide a o f  a 
self-supervise d auto-associativ e networ k (Elma n an d Zipser , 
1988 ;  DeMer s an d Cottrell ,  1993 ;  Demartine s an d H^rault , 
1996) .  Becaus e thes e method s ar e unsupervised ,  the y extrac t 
representation s tha t  ar e no t  orthogona l  t o th e irrelevan t  dimen -
sion s o f  th e inpu t  space .  A s a  result ,  thes e method s ar e les s 
likelytofin d th e targe t  manifol d (Intratoran d Edelman ,  1997) , 
whic h i s defined ,  t o a  larg e extent ,  b y th e measurement-spac e 
direction s t o whic h i t  i s orthogonal ;  se e Figur e 1 .  Supervise d 
approaches ,  base d o n join t  optimizatio n o f  discriminabilit y 
and o f  topolog y preservation ,  ar e describe d i n (Koont z an d 
Fukunaga ,  1972 ;  W e b b ,  1995) ;  thes e methods ,  whic h resem -
bl e M D S ,  suffe r  fro m th e sam e poo r  scalin g wit h th e dimen -
sionality . 

A scheme for the extraction of low-dimensional 

represen ta t ion s 

We n o w procee d t o sho w tha t  trainin g wit h a  combine d ob -
jectiv e o f  (1 )  discriminatio n amon g labele d object s know n t o 
resid e withi n th e targe t  manifold ,  an d (2 )  explici t  collaps e o f 
dimensions ,  orthogona l  t o th e manifold ,  ove r  whic h discrim -
inatio n i s t o b e generalized ,  lead s t o a  reliabl e recover y o f  th e 
targe t  manifold . 

Solvin g th e proble m w e chos e t o addres s — learnin g t o 
recogniz e visua l  object s fro m example s — require s th e abil -
it y  t o find  meaningfu l  pattern s i n serie s o f  images ,  or ,  i n othe r 
words ,  i n space s o f  ver y hig h dimensionality .  A s mentione d 
above ,  dimensionalit y reductio n i n thi s tas k i s greatl y assiste d 
by th e realizatio n tha t  a  low-dimensiona l  solution ,  i n fact , 
exists .  Th e mer e knowledg e o f  it s existenc e doe s not ,  how -
ever ,  automaticall y provid e a  metho d fo r  computin g a  low -
dimensiona l  solution .  T o d o that ,  th e learnin g syste m mus t  b e 
biase d toward s solution s tha t  posses s th e desirabl e propertie s 
— a  tas k tha t  i s  highl y nontrivia l  i n a  high-dimensiona l  space , 
becaus e o f  th e curs e o f  dimensionality .  Ou r  metho d fo r  di -
mensionalit y reductio n effectivel y biase s th e learnin g syste m 
by combinin g multipl e constraint s vi a th e us e o f  a n extensiv e 
set  o f  clas s labels .  Th e us e o f  multipl e clas s label s steer s th e 
low-dimensiona l  repiesentatio n t o becom e invarian t  t o thos e 
direction s o f  variatio n i n th e inpu t  spac e tha t  ar e irrelevan t 
t o classification ;  thi s i s don e merel y b y makin g clas s label s 
independen t  o f  thes e directions . 

The extraction of a low-dimensional representation 

As i n th e "bottleneck "  approache s t o dimensionalit y reductio n 
(Cottrel l  etal. ,  1987 ;  Lee n an d Kambhatla ,  1994) ,  w e force d a 
classifier ^  t o lear n a  se t  o f  clas s label s fo r  inpu t  objects ,  whil e 
constrainin g th e dimensionalit y o f  th e representatio n — e.g. , 
th e numbe r  o f  hidde n unit s i n a  3-laye r  networ k — use d b y 
th e classifier .  Unlik e i n th e standar d methods ,  however ,  th e 
classifie r  ha d t o produc e onl y th e labels ,  rathe r  tha n recon -
struc t  th e inpu t  patterns .  Thi s approach ,  therefore ,  constitute s 
a compromis e betwee n completel y unsupervise d an d totall y 
supervise d method s i n tha t  i t  use s a  labe l  tha t  individuate s 
a give n dat a item ,  bu t  doe s no t  requir e informatio n regard -
in g th e relationshi p betwee n th e differen t  items ,  le t  alon e th e 

''Experimentatio n wit h variou s architectures ,  includin g multi -
laye r  perceptron s an d radia l  basi s functio n networks ,  yielde d sim -
ilarl y encouragin g results ;  se e (Intrato r  an d Edelman ,  1997 )  fo r 
details . 
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Figur e 2 :  S o m e o f  th e image s fro m th e Face s dat a set .  Top : 
th e 1 8 head s obtaine d b y placin g a  3  x  6  gri d i n th e spac e 
of  th e tw o leadin g principa l  component s o f  th e origina l  nin e 
heads .  Bottom :  th e 7  \  iew s o f  th e rightmos t  hea d i n th e to p 
ro w above :  th e \  iew s diffe r  b y 3 °  step s o f  rotatio n i n depth , 
summin g u p t o a  tota l  differenc e o f  18° .  Prio r  t o classification , 
th e images ,  originall y o f  siz e 40 0 x  400 ,  wer e reduce d t o 78 4 
dimension s b y croppin g th e backgroun d an d b y correlatio n 
wit h a  4 9 x  1 6 ban k o f  filter s (th e exac t  spatia l  profil e o f  thes e 
filters  turne d ou t  t o b e unimportant :  Gaussia n filters  di d jus t 
as wel l  a s opponen t  center-surroun d ones) . 

complet e reconstructio n o f  th e dat a a s i n th e bottlenec k au -
toencode r  systems . 

Th e abilit y  o f  thi s metho d t o discove r  simpl e structur e em -
bedde d i n a  high-dimensiona l  measuremen t  spac e wa s demon -
strate d o n a  fac e dat a set ,  i n whic h th e extractio n o f  th e L D R 
(low-dimensiona l  representation )  require s a  highl y nonlinea r 
transformatio n o n th e measuremen t  space. ^  A t  th e basi s o f 
thi s dat a se t  lie s a  two-dimensiona l  parametri c representatio n 
space ,  i n whic h 1 8 classe s o f  face s ar e place d o n a  regula r 
3 x 6 grid ;  a n additiona l  parametri c dimension ,  orthogona l  t o 
th e first  two ,  model s th e within-clas s variatio n (se e Figur e 2) . 
To impos e a  distinctiv e low-dimensiona l  structur e o n th e se t 
of  faces ,  w e followe d th e simpl e approac h o f  c o m m o n pa -
rameterizatio n b y principa l  componen t  analysi s (PCA) .  Thi s 
was don e b y startin g wit h a  se t  o f  nin e 3 D lase r  scan s o f  hu -
m an heads ,  an d b y embeddin g th e 3 x 6 gri d i n th e 2 D spac e 
spanne d b y th e tw o leadin g "eigenheads "  obtaine d fro m th e 
dat a b y P C A .  Eac h o f  th e 1 8 head s derive d b y P C A fro m 
th e origina l  scanne d hea d dat a wa s pipe d throug h a  graphic s 
program ,  whic h rendere d th e hea d fro m seve n viewpoints ,  ob -
taine d b y steppin g th e (simulated )  camer a i n 3 °  rotatio n step s 
aroun d th e midsagitta l  axis . 

Results 

Th e applicatio n o f  th e label-base d metho d le d t o a  goo d recov -
er y o f  th e relevan t  low-dimensiona l  descriptio n o f  th e FACE S 
dat a se t  (se e Figur e 3) .  Th e performanc e o f  thi s metho d 
i n recoverin g th e row/colum n parametri c structur e o f  th e 1 8 

clas.se s seem s t o b e especiall y amazing. *  Moreover ,  th e sam e 
structur e wa s apparen t  i n th e L D R produce d b y a  networ k 
tha t  wa s traine d o n ever y secon d fac e clas s (face s 1 ,  3 , 
5 ,  B ,  D ,  F ,  a ,  c ,  e ) ,  the n teste d o n th e ful l  dat a se t 
(se e Figur e 3 ,  right). 

The difficult y o f  L D R extractio n i n th e presen t  cas e i s 
demonstrate d b y a  compariso n t o th e result s obtaine d b y 
mor e conventiona l  neura l  networ k methods .  First ,  w e aske d 
whethe r  a  self-supervise d 3-laye r  autoencoder ,  whic h aim s a t 
th e bes t  reconstructio n o f  th e inputs ,  ca n revea l  th e correc t 
low-dimensiona l  structur e i n th e presen t  case .  Althoug h i n 
th e linea r  cas e suc h network s d o quit e well ,  essentiall y  b y 
extractin g th e principa l  component s o f  th e dat a (Elma n an d 
Zipser ,  1988) ,  th e performanc e o n th e FACES dat a wa s poo r 
(th e networ k consistentl y converge d t o th e mea n o f  th e data) , 
presumabl y du e t o th e nonlinearit y introduce d b y th e imag -
in g step .  Second ,  w e experimente d wit h a  5-laye r  nonlinea r 
bottlenec k autoencode r  (Lee n an d Kambhatla ,  1994) ,  which , 
likewise ,  performe d poorly .  Th e outcom e o f  thi s experimen t 
showe d tha t  self-supervise d dimensionalit y reductio n canno t 
recove r  a  goo d L D R i n th e presen t  case ,  illustratin g th e im -
portanc e o f  guidanc e provide d b y th e clas s labels .  Third ,  w e 
teste d a  modifie d versio n o f  ou r  method ,  i n whic h th e classifie r 
was no t  traine d t o ignor e th e directio n orthogona l  t o th e targe t 
manifol d (cf .  Figur e 1 ;  thi s wa s don e b y trainin g o n th e 7 2 
fac e vie w labels ,  instea d o f  th e 1 8 fac e identit y  labels) .  Here , 
too ,  th e L D R wa s poor ,  underscorin g th e importanc e o f  guid -
anc e provide d b y a n explici t  specificatio n o f  th e dimensio n t o 
be collapsed . 

Discussion 

The research program which led to the results outlined above 
i s motivate d b y th e notio n tha t  a  goo d representatio n o f  th e 
visua l  worl d is ,  first  an d foremost ,  a  low-dimensiona l  repre -
sentation .  W e describe d a  famil y o f  method s tha t  ca n ma p 
a high-dimensiona l  dat a se t  int o a  low-dimensiona l  space , 
whic h i s topologicall y a  goo d approximatio n o f  a  nonlinea r 
manifol d presen t  i n th e origina l  measurements .  Th e prop -
ert y o f  topolog y preservation ,  share d b y al l  th e method s w e 
considered ,  appear s t o b e du e t o th e smoot h natur e o f  th e 
mappin g the y realiz e (Intrato r  an d Edelman ,  1997 ;  Edelma n 
and Duvdevani-Bar ,  1997) .  Thi s propert y alone ,  however ,  i s 
insufficien t  t o ensur e th e extractio n o f  th e correc t  manifold : 
contro l  experiment s indicat e th e importanc e bot h o f  th e us e o f 
clas s label s (whic h hel p defin e th e tangen t  spac e t o th e man -
ifold ,  a s i t  i s  illustrate d i n Figur e 1) ,  an d o f  th e stipulatio n o f 
th e generalizatio n se t  fo r  th e stimul i  (whic h define s th e nor -
mal  t o th e manifold) .  Moreover ,  th e separat e definitio n o f  th e 
norma l  fo r  eac h clas s (i.e. ,  th e specificatio n o f  th e viewpoint -
induce d variatio n fo r  eac h o f  th e 1 8 faces )  i s importan t  fo r 
th e recover y o f  nonlinea r  (curving )  manifolds ,  i n whic h th e 
directio n o f  th e norma l  change s fro m poin t  t o point . 

^We teste d thi s metho d als o o n anothe r  dat a set ,  consistin g o f 
parameterize d fracta l  image s (Intrato r  an d Edelman ,  1996) . 

"T o asses s th e qualit y  o f  th e LDR ,  w e define d a  dichotom y task , 
i n whic h nin e o f  th e 1 8 face s (labele d i n Figur e 2  a s 2  ,  1 ,  A , 
a ,  b ,  c ,  d ,  D ,  E )  wer e attribute d t o on e class ,  an d th e othe r 
nin e face s -  t o anothe r  class .  I n thi s task ,  th e LDR s recovere d b y 
our  metho d consistentl y supporte d bette r  performanc e tha n th e ra w 
images . 
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Figur e 3 :  FACE S dat a set ,  dimensionalit y reductio n b y a  bottlenec k multilaye r  perceptro n ( M L P ) ;  th e plot s sho w th e location s 
of  th e 1 8 X  3  tes t  stimul i  i n th e spac e spanne d b y th e activitie s o f  th e unit s residin g i n a  hidde n laye r  (1 8 face s time s 3 
tes t  orientation s pe r  face) .  Left :  result s obtaine d wit h a  3-laye r  M L P wit h 1 3 unit s i n th e middl e hidde n layer ,  traine d fo r 
20,00 0 epoch s o n th e 18-wa y classificatio n task .  Th e low-dimensiona l  representatio n prove d t o b e a  goo d substrat e fo r  solvin g 
classificatio n task s o n whic h th e syste m ha s no t  bee n trained :  th e erro r  rat e o n a  nonlinea r  dichotom y involvin g th e 1 8 classe s 
was 0.02 ,  compare d t o 0.0 7 obtaine d b y a  syste m traine d specificall y o n tha t  dichotomy ,  bu t  usin g th e ra w multidimensiona l 
representation ;  se e (Intrato r  an d Edelman ,  1997 )  fo r  details .  Middle :  result s fo r  a  5-laye r  bottlenec k M L P wit h 2  hidde n unit s 
i n th e middl e hidde n layer ,  traine d o n th e 18-wa y classificatio n task .  Th e tes t  dichotom y erro r  rat e wa s 0.1 ,  compare d t o 0.2 9 
on th e ra w data .  Right :  result s obtaine d wit h a  3-laye r  M L P networ k wit h nin e hidde n units ,  traine d o n ever y secon d o f  th e 1 8 
classe s tha t  compris e th e proble m spac e (th e nin e classe s use d fo r  trainin g an d th e nin e omitte d classe s forme d a  checkerboar d 
pattern) .  Not e tha t  al l  1 8 classe s -  bot h familia r  one s an d thos e no t  see n b y th e syste m -  ar e i n a  topology-preservin g formation . 
For  thi s representation ,  th e erro r  rat e o n a  nonlinea r  dichotom y involvin g th e 1 8 classe s wa s 0.14 ,  compare d t o 0.2 8 obtaine d 
by a  syste m traine d specificall y o n tha t  dichotomy ,  bu t  usin g th e ra w multidimensiona l  representation .  Remark :  i n th e lef t 
and th e righ t  plots ,  multidimensiona l  scalin g wa s use d t o visualiz e th e representatio n space s (whic h were ,  nominally ,  13 -  an d 
9-dimensional ,  respectively) ;  i n th e middl e plot ,  th e 2-dimensiona l  hidden-uni t  spac e o f  th e 5-laye r  networ k i s plotte d directly . 

Implication s 

The computational feasibility of learning a representation that 
i s bot h low-dimensiona l  an d similarity-preservin g m a y b e 
take n a s furthe r  suppor t  fo r  th e attempt s t o mak e similarit y a 
centra l  explanator y concep t  i n psychology .  O n e suc h attemp t 
i s describe d i n Shepard' s (1987 )  paper ,  whic h appeare d o n 
th e tri-centennia l  anniversar y o f  th e publicatio n o f  Newton' s 
Principia .  I n tha t  paper ,  Shepar d propose d a  la w o f  gener -
alizatio n tha t  tie d th e likelihoo d o f  tw o stimul i  evokin g th e 
same respons e t o th e proximit y o f  th e stimul i  i n a  psychologi -
cal  representatio n spac e — th e sam e spac e tha t  s o persistentl y 
turne d ou t  t o b e low-dimensiona l  i n th e dozen s o f  experiment s 
surveye d i n (Shepard ,  1980 ;  Shepard ,  1987) ,  a s wel l  a s i n th e 
mor e recen t  work s o n shap e representatio n (Edelman ,  1995 ; 
Cortes e an d Dyre ,  1996 ;  Cutz u an d Edelman ,  1996) . 

The significanc e o f  havin g a  similarity-preservin g low -
dimensiona l  spac e a s a  substrat e fo r  representatio n i s twofold . 
First ,  th e introductio n o f  th e notio n o f  a  similarit y spac e put s 
nove l  stimul i  o n a n equa l  footin g wit h familia r  ones :  a  poin t 
correspondin g t o a  nove l  stimulu s i s alway s locate d some -
wher e i n th e representatio n space ;  al l  on e ha s t o d o i s charac -
teriz e it s locatio n wit h respec t  t o th e familia r  points .  Th e vi -
sual  syste m literall y neve r  encounter s th e sam e stimulu s twice : 
ther e ar e alway s variation s i n th e viewin g condition s suc h 
as illumination ;  object s loo k differen t  fro m differen t  view -
points ;  articulate d an d flexibl e object s chang e thei r  shape . 
Mer e memor y fo r  pas t  stimuli ,  faithfu l  an d extensiv e a s i t 

m ay be ,  is ,  therefore ,  a  poo r  guid e fo r  behavior .  I n contrast ,  a 
suitabl e (i.e. ,  similarity-preserving )  representatio n spac e ca n 
hel p th e syste m dea l  wit h object s fo r  whic h n o m e m o r y trace s 
ar e availabl e (cf .  Figur e 3 ,  right) .  I n suc h a  space ,  proximit y 
i s a  reliabl e guid e fo r  generalization. ^ 

Th e secon d importan t  trai t  o f  th e representatio n spac e com -
m on t o a  rang e o f  stimul i  i n a  give n tas k — it s lo w dimen -
sionalit y — becam e graduall y clea r  onl y recently ,  wit h th e 
emergenc e o f  forma l  approache s t o th e quantificatio n o f  com -
plexit y o f  learnin g problems .  Wherea s i n som e perceptua l 
task s (suc h a s colo r  vision )  lo w dimensionalit y o f  th e rep -
resentatio n stem s naturall y fro m th e correspondin g lo w di -
mensionalit y o f  th e stimulu s space ,  i n othe r  task s (notably ,  i n 
objec t  shap e recognition )  a  computationall y convenien t  basi s 
fo r  low-dimensiona l  shap e representatio n i s ye t  t o b e devel -
oped .  I n th e meanwhile ,  a  usefu l  c o m m o n low-dimensiona l 
parameterizatio n o f  shape s belongin g t o certai n categorie s ca n 
be achieve d vi a principa l  componen t  analysis ,  a s i t  wa s don e 
her e fo r  th e huma n heads ;  cf .  (Atic k e t  al. ,  1996) . 

Summary 

To conclude ,  w e propos e tha t  th e developmen t  o f  system s ca -
pabl e o f  representin g th e worl d i s governe d b y th e followin g 
unifyin g principle :  variou s aspect s o f  th e worl d ar e repre -

^Shepard' s (1987 )  wor k show s tha t  th e vahdit y o f  proximit y a s 
th e basi s fo r  generalizatio n i s universal ,  an d ca n b e derive d fro m first 
principles . 
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sente d successfull y insofa r  a s the y ca n b e expresse d i n a  low -
dimensiona l  space .  Specifically ,  w e sugges t  tha t  th e possibil -
it y o f  effectiv e representatio n stem s fro m th e low-dimensiona l 
natur e ofth e real-worl d classificatio n tasks :  a n intelligen t  sys -
te m woul d d o wel l  merel y b y reflectin g th e low-dimensiona l 
dista l  spac e internally .  Thi s undertaking ,  however ,  i s  no t  a s 
straightforwar d a s i t  sounds .  Becaus e th e relevan t  dimension s 
of  th e dista l  stimulu s variatio n ar e neithe r  know n i n advanc e 
nor  immediatel y availabl e internally ,  th e perceptua l  fron t  en d 
t o an y sophisticate d representationa l  syste m mus t  star t  wit h 
a high-dimensiona l  measuremen t  stage ,  whos e tas k i s mainl y 
t o assur e tha t  non e o f  th e relevan t  dimension s o f  stimulu s 
variatio n ar e los t  i n th e proces s o f  encoding .  Th e ultimat e 
performanc e o f  th e syste m depends ,  therefore ,  o n it s capa -
bilit y  t o reduc e th e dimensionalit y ofth e measuremen t  spac e 
bac k t o a n acceptabl e level ,  whic h woul d b e o n pa r  wit h tha t 
of  th e original ,  presumabl y low-dimensional ,  dista l  stimulu s 
space . 
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