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New Algorithms for Riemannian Optimization and Minimax Problems with Machine

Learning Applications

Abstract

Machine learning (ML) has always been a wonderful tool on helping people solving real

world problems, like clustering, classification and regression. But without optimization, ML

can not shine! Optimization as a mathematical tool, is essential to ML since people use

optimization techniques on building efficient algorithms to train different ML models on

finding the optimal point of the loss function. In this dissertation, by using the technique

in Riemannian optimization and minimax optimization, we provide two new algorithms on

solving clustering and blackbox attacking problems.

In the second chapter of the thesis, we focus on designing manifold proximal linear algo-

rithm on solving sparse spectral clustering problem. We prove that our algorithm could find

an ε-stationary point within O(ε−2) iterations. Numerical implementation of our algorithm

on clustering task shows the advantage of our algorithm in terms of both clustering quality

and run time compared with existing methods.

In the third chapter of the thesis, we consider minimax problems when gradient is not

available to calculate. We first present four algorithms in both deterministic and stochastic

setting. We proved that our algorithms have improved oracle complexity when compared to

the current best known SOTA (Liu et al. [2020]) in both deterministic and stochastic setting.

We also present the usage of our algorithm in the distributed robust optimization problem.
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CHAPTER 1

Introduction

1.1. Motivation

Recently, machine learning (ML) has been a universal tool on helping people solving

real world problems and building product for different business use cases. Optimization

plays an important role in ML since it is always used to build different algorithms and train

different ML models on finding the optimal of the loss function. Building efficient and robust

optimization algorithm on training those ML models is always an important task to face

with everyday, especially in the area of clustering and black-box attacking: building a robust

algorithm that solves clustering task would help people have better understanding of the

underlying distribution of the unlabeled dataset; building an efficient algorithm that solves

the min-max problem will be used to train ML model under different noise attacking, or

performing regression task under different mild regularization. Based on above motivation, we

provide new algorithms on solving clustering and min-max optimization problem in this thesis.

The first problem is inspired by one category of the machine learning problem, called

spectral clustering (SC) [Ng et al., 2001], which belongs to the unsupervised learning algo-

rithm. SC is one of the methods of clustering. Data clustering is one of the few important

topics in unsupervised learning and has been widely applied in computer vision, data mining

and many other areas. Clustering divided the unlabeled dataset into groups which consists

of similar data points, in which the similarity is measured by certain function. Some of the

popular clustering methods include k-means [Krishna and Murty, 1999], spectral clustering,

and nonnegative matrix factorization [Pauca et al., 2006]. SC performs well when the data are
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not linearly separated when compared with traditional method like k-means. SC first learns

a low-dimensional embedding U of data by computing the eigenvectors of the normalized

Laplacian matrix [Ng et al., 2001], and then performs k-means [Ng et al., 2001] on U> to

get the final clustering result. In reality, clustering is not easy as just performing ordinary

spectral clustering since usually the data is noisy, the clustering boundary is complicated

during each boundary. It is important to add penalty on the objective function such that a

good clustering assignment will be made after executing the algorithm.

The Sparse Spectral Clustering (SSC) [Lu et al., 2016] method extends SC with a sparse

regularization on the graph structure of the data UU> by using the block diagonal structure

prior of UU> in the ideal case. However, encouraging UU> to be sparse leads to a heavily

nonconvex problem which is challenging to solve. The work [Lu et al., 2016] proposes a convex

relaxation in the pursuit of this aim indirectly. However, the convex relaxation generally

leads to a loose approximation and the quality of the solution is not clear. Lu [Lu et al., 2018]

then considers another strategy to solve the nonconvex formulation of SSC which directly

encourages UU> to be sparse by using the huber loss (smoothed `1 norm). We observe that

since the problem has orthogonal constraint, also the loss function has a certain special

structure, inspired by manifold proximal gradient algorithm (ManPG) [Chen et al., 2017] and

proximal linear method (in Euclidean setting) [Asi and Duchi, 2019; Charisopoulos et al.,

2019b], we proposed ManPL algorithm to solve the sparse spectral clustering problem with

exact `1 penalty and non-relaxed orthogonal constraint.

The second problem is a discovery and an extension of current development of min-max

optimization and zeroth order optimization problem. This formulation of this problem is

inspired by designing black-box attacks to deep neural networks. In many machine learning

tasks, the gradient is important in training the model and finding the minimal point of
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the loss function. Here ’blackbox’ means that the internal configuration and operating

mechanism are unknown to adversaries, thus we need to use zeroth order gradient to find a

good approximation to the gradient of the loss function. According to the attack purposes,

attacks can be divided into two categories: untargeted and targeted attack. In particular,

untargeted attack aims to turn the prediction into any incorrect label, while the targeted

attack, requires to mislead the classifier to specific target class. As the model architecture is

unknown to the adversary, the problem could naturally be formulated to solve a minimax

optimization problem under the availability of only noisy objective function evaluation.

First-order algorithms for minimax problems (aka saddle-point problems) have a long

history in the mathematical programming and operations research community. The cele-

brated extragradient method was proposed in [Korpelevich, 1976] and consequently analyzed

by [Facchinei and Pang, 2007; Fl̊am and Antipin, 1996; Tseng, 1995] for the case of bilinear

objectives and strongly-convex and strongly-concave objectives. Generalizing the extragra-

dient method, [Nemirovski, 2004] proposed and analyzed the mirror-prox method for the

smooth convex-concave objectives, which was also later analyzed by [Monteiro and Svaiter,

2010]. A sub-gradient based algorithm was proposed and analyzed in [Nedić and Ozdaglar,

2009] to handle non-smooth objectives. A unified view of extragradient and proximal point

method was provided in [Azizian et al., 2019; Mokhtari et al., 2019] and a stochastic version

of offline minimax problems was considered in [Palaniappan and Bach, 2016]. Frank-Wolfe

algorithm for saddle-point optimization was analyzed in [Gidel et al., 2017], where it was

noted that the first use of Frank-Wolfe algorithm for saddle-point optimization was in [Ham-

mond, 1984]. In the learning theory community, an alternative approach for solving minimax

problems has been considered. This approach involves using an online convex optimization

algorithm for performing saddle-point optimization; see, for example [Abernethy and Wang,

2017; Bailey and Piliouras, 2018; Cesa-Bianchi and Lugosi, 2006; Daskalakis et al., 2011;
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Rakhlin and Sridharan, 2013; Syrgkanis et al., 2015] for more details on this approach. The

developed approaches in the learning theory community compare favorably to the optimal

algorithm developed in the mathematical programming and operations research community

(for example, [Nemirovski, 2004]).

In the recent years, there has been an ever-growing interest in analyzing first-order algo-

rithms for the case of nonconvex-concave objective and nonconvex-nonconcave objectives,

motivated by its applications to training generative adversarial networks Goodfellow et al.

[2014], AUC maximization Ying et al. [2016], designing fair classifiers Agarwal et al. [2018],

robust learning systems Madry et al. [2017] fair machine learning Baharlouei et al. [2019]; Xu

et al. [2018]; Zhang et al. [2018], and reinforcement learning Dai et al. [2018]; Filar and Vrieze

[2012]; Neyman et al. [2003]; Pfau and Vinyals [2016]. Specifically, Lin et al. [2020]; Lu et al.

[2019]; Nouiehed et al. [2019]; Rafique et al. [2018]; Sanjabi et al. [2018]; Thekumparampil

et al. [2019], proposed and analyzed variants of gradient descent ascent for nonconvex-concave

objectives. Very recently, under a stronger mean-squared Lipschitz gradient assumption, Luo

et al. [2020] obtained the best known complexity for stochastic nonconvex-concave objectives.

Furthermore, Daskalakis et al. [2018]; Daskalakis and Panageas [2018]; Flokas et al. [2019];

Gidel et al. [2018]; Hsieh et al. [2018]; Jin et al. [2019]; Mertikopoulos et al. [2018]; Oliehoek

et al. [2018]; Piliouras and Schulman [2018] studied general nonconvex-nonconcave objectives.

Compared to first-order algorithms, zeroth-order algorithms for minimax optimization prob-

lems are understudied. Motivated by the need for robustness in optimization, Menickelly

and Wild [2018] proposed derivative-free algorithms for saddle-point optimization. However,

they do not provide non-asymptotic oracle complexity analysis. Bayesian optimization algo-

rithms and evolutionary algorithms were proposed in Bogunovic et al. [2018]; Picheny et al.

[2019] and Al-Dujaili et al. [2018]; Bertsimas and Nohadani [2010] respectively for minimax

optimization, targeting robust optimization and learning applications. The above works do
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not provide any oracle complexity analysis. Recently, Roy et al. [2019] studied zeroth-order

Frank-Wolfe algorithms for strongly-convex and strongly-concave constrained saddle-point

optimization problems and provided non-asymptotic oracle complexity analysis.

1.2. Preliminaries

1.2.1. Basic Concepts in nonlinear optimization.

Lemma 1.2.1. (Lemma 1.2.3, Theorem 2.1.8, Theorem 2.1.10 in Nesterov [2004])

• Suppose a function h is Lh gradient-Lipschitz and has a unique maximizer x∗. Then,

for any x, we have:

(1.1)
1

2Lh
‖∇h(x)‖2

2 ≤ h(x∗)− h(x) ≤ Lh
2
‖x− x∗‖2

2.

• Suppose a function h is τh strongly concave and has a unique maximizer x∗. Then,

for any x, we have:

(1.2)
τh
2
‖x− x∗‖2

2 ≤ h(x∗)− h(x) ≤ 1

2τh
‖∇h(x)‖2

2.

Lemma 1.2.2. [Drusvyatskiy and Paquette, 2018] Consider function h is convex and Lh

Lipshitz and function c is Lc-smooth, we have the following result:

(1.3) − LcLh
2
‖U2 − U1‖2

F ≤ h
(
c(U2)

)
− h
(
c(U1) +∇c(U1)(U2 − U1)

)
≤ LcLh

2
‖U2 − U1‖2

F .

Proof.

∣∣∣h(c(U2))− h(c(U1) +∇c(U1)(U2 − U1))
∣∣∣

≤Lh‖c(U2)− (c(U1) +∇c(U1)(U2 − U1)) ‖F
5



=Lh

∥∥∥∥∫ 1

0

(∇c(U1 + t(U2 − U1))−∇c(U1)) (U2 − U1)dt

∥∥∥∥
F

≤Lh
∫ 1

0

‖ (∇c(U1 + t(U2 − U1))−∇c(U1)) ‖op‖U2 − U1‖Fdt

≤LhLc
(∫ 1

0

tdt

)
‖U2 − U1‖2

F =
LcLh

2
‖U1 − U2‖2

F .

This completes the proof. �

1.2.2. Basic Concepts in Stochastic Optimization.

Lemma 1.2.3. Consider Xi is a series of i.i.d. random variables with i ∈ N such that:

• EXi = X ∀i

• Var(Xi −X) = σ2

We have the following identities holds:

• E( 1
n

∑
Xi) = X with n ∈ N

• Var(Xi −X) = E(X −Xi)
2 = EX2

i − (EXi)
2 ≤ EX2

i

• Var( 1
n

∑n
i=1 Xi) = σ2

n
with n ∈ N

1.2.3. Basic Concepts in Manifold Optimization. Let M⊂ Rn be a Riemannian

manifold and F (X) :M→ R be a differentiable function onM. To solve minX F (X), s.t., X ∈

M, we need to calculate the Riemannian gradient gradF (X), which is the steepest ascent

direction of F (X) among all directions in the tangent space TXM. Define PTXM as the

projection operator to the tangent space TXM. The Riemannian gradient gradF (X) is

given by PTXM∇F (X), where ∇F (X) is the gradient of F (X) from the Euclidean space Rn

to R.

Define a retraction operator RetrX that maps the tangent space back to the manifold,

i.e., RetrX : TXM → M. Note that RetrX needs to satisfy the following conditions: (i)

RetrX(0) = x, (ii) RetrX(y) = X + y + o (‖y‖2) as y → 0, and (iii) RetrX is smooth. The

6



smooth manifold optimization problem can be iteratively solved by the Riemannian gradient

descent method: for k = 1, 2, . . ., calculate

Xk+1 = Retr
Xk

(
−ηPTXk

M∇F (Xk)
)
.

Definition 1.2.1. (Generalized Clarke subdifferential Hosseini and Pouryayevali [2011])

For a locally Lipschitz function F on M, the Riemannian generalized directional derivative

of F at X ∈M in direction V is defined by

(1.4) F ◦(X, V ) = lim sup
Y→X,t↓0

F ◦ φ−1(φ(Y ) + tDφ(X)[V ])− F ◦ φ−1(φ(Y ))

t
,

where (φ, U) is a coordinate chart at X and Dφ(X) denotes the Jacobian of φ(X). The

generalized gradient or the Clarke subdifferential of F at X ∈ M, denoted by ∂RF (X), is

given by

(1.5) ∂RF (X) = {ξ ∈ TXM : 〈ξ, V 〉 ≤ F ◦(X, V ), ∀V ∈ TXM}.

Definition 1.2.2. (Yang et al. [2014]) A function f is said to be regular at X ∈ M

along TXM if

• for all V ∈ TXM, f ′(X;V ) = limt↓0
f(X+tV )−f(X)

t
exists, and

• for all V ∈ TXM, f ′(X;V ) = f ◦(X;V ).

For a smooth function f over Riemannian submanifold, if the metric on the manifold is

induced by the Euclidean inner product in the ambient space, then we know that grad f(X) =

ProjTXM∇f(X). Here grad f denotes the Riemannian gradient of f , and ProjTXM denotes

the projection onto TXM.

According to Lemma 5.1 in Yang et al. [2014], for a regular function F , we have ∂RF (X) =

ProjTXM(∂F (X)).

For many problems on the manifold, we need to identify the stationary point.
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Definition 1.2.3. Consider the optimization problem:

min
X∈M

F (X)

in which M is a manifold. A point X ∈ M is called a stationary point of problem if it

satisfies the first-order optimality condition,i.e. 0 ∈ ProjTXM(∂F (X))

Definition 1.2.4. A retraction on a differentiable manifold M is a smooth mapping Retr

from the tangent bundle TM onto M satisfying the following two conditions (here RetrX

denotes the restriction of Retr onto TXM)

• RetrX(0) = X, ∀X ∈M, where 0 denotes the zero element of TXM.

• For X ∈M, it holds that

lim
TXM3ξ→0

‖RetrX(ξ)− (X + ξ)‖F
‖ξ‖F

= 0.

The retraction onto the Euclidean space is simply the indentity mapping: RetrX(ξ) = X + ξ.

Common retractions include the polar decomposition:

RetrpolarX (ξ) = (X + ξ)(Ir + ξ>ξ)−1/2,

the QR decomposition:

RetrQR
X = qf(X + ξ),

where qf(A) is the Q factor of the QR factorization of A, and the Cayley transformation:

RetrcayleyX (ξ) =
(
In −

1

2
W (ξ)

)−1(
In +

1

2
W (ξ)

)
X,

where W (ξ) = (In − 1
2
XX>)ξX> −Xξ>(In − 1

2
XX>)

Here we present two useful lemmas for our analysis.

8



Lemma 1.2.4. [Boumal et al., 2018; Chen et al., 2020b] For all X ∈M and ξ ∈ TXM

there exist constants M1 > 0 and M2 > 0 such that the following two inequalities hold:

‖RetrX(ξ)−X‖F ≤M1‖ξ‖F ,∀X ∈M, ξ ∈ TXM(1.6a)

‖RetrX(ξ)− (X + ξ)‖F ≤M2‖ξ‖2
F ,∀X ∈M, ξ ∈ TXM.(1.6b)

1.2.4. Zeroth Order Gradient Estimator. We now discuss the idea of zeroth-order

gradient estimator based on Gaussian Stein’s identity [Nesterov and Spokoiny, 2017]. For

the deterministic case, we denote u1 ∼ N(0,1d1), u2 ∼ N(0,1d2), where 1d1 and 1d2 denote

identity matrices with sizes d1 × d1 and d2 × d2, respectively. The notion of the Gaussian

smoothed functions can be defined as:

fµ1(x, y) : = Eu1f(x+ µ1u1, y),(1.7)

fµ2(x, y) : = Eu2f(x, y + µ2u2),

and the zeroth-order gradient estimators Nesterov and Spokoiny [2017] are defined as

Gµ1(x, y,u1) =
f(x+ µ1u1, y)− f(x, y)

µ1

u1,(1.8)

Hµ2(x, y,u2) =
f(x, y + µ2u2)− f(x, y)

µ2

u2,

where µ1 > 0 and µ2 > 0 are smoothing parameters. It should be noted following the

arguments in [Balasubramanian and Ghadimi, 2019; Nesterov and Spokoiny, 2017] that

Eu1Gµ1(x, y,u1) = ∇xfµ1(x, y), andEu2Gµ2(x, y,u2) = ∇yfµ2(x, y). Hence, the zeroth-order

gradient estimators in (1.8) provide unbiased estimates of the gradient of Gaussian smoothed

functions fµ1(x, y,u1) and fµ2(x, y,u2). Similarly, for the stochastic case, the Gaussian

smoothed functions are defined as:

fµ1(x, y) := Eu1,ξF (x+ µ1u1, y, ξ),(1.9)

9



fµ2(x, y) := Eu2,ξF (x, y + µ2u2, ξ),

and the zeroth-order stochastic gradient estimators are defined as:

Gµ1(x, y,u1, ξ) =
F (x+ µ1u1, y, ξ)− F (x, y, ξ)

µ1

u1,(1.10)

Hµ2(x, y,u2, ξ) =
F (x, y + µ2u2, ξ)− F (x, y, ξ)

µ2

u2.

One can also show that the zeroth-order gradient estimators provide unbiased estimates to

the gradients of the Gaussian smoothed functions, i.e., Eu1,ξGµ1(x, y,u1, ξ) = ∇xfµ1(x, y),

and Eu2,ξHµ2(x, y,u2, ξ) = ∇yfµ2(x, y).

In the algorithms, we also need to use mini-batch zeroth-order gradient estimators, which

can reduce the variance of stochastic gradient estimators. To this end, we define the following

notation. For integer q > 0, we denote [q] := {1, . . . , q}. In the deterministic case, for integers

q1 > 0, q2 > 0 we denote

Gµ1(x, y,u1,[q1]) =
1

q1

q1∑
i=1

Gµ1(x, y,u1,i),(1.11)

Hµ2(x, y,u2,[q2]) =
1

q2

q2∑
i=1

Hµ2(x, y,u2,i).

For indices sets M1 and M2, in the stochastic case we denote

(1.12)
Gµ1(x, y,uM1 , ξM1) = 1

|M1|
∑

i∈M1
Gµ1(x, y,u1,i, ξi),

Hµ2(x, y,uM2 , ξM2) = 1
|M2|

∑
i∈M2

Hµ2(x, y,u2,i, ξi).

It is easy to see that we then have the following unbiasedness properties. That is we have,

Eu1,[q1]
Gµ1(x, y,u1,[q1]) = ∇xfµ1(x, y), and Eu2,[q2]

Hµ2(x, y,u2,[q2]) = ∇yfµ2(x, y)

and Eu1EξM1
Gµ1(x, y,uM1 , ξM1) = ∇xfµ1(x, y), and Eu2EξM2

Hµ2(x, y,uM2 , ξM2) = ∇yfµ2(x, y)

to be true.
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Here we present lemmas on how the convexity of fµ1 is related to true function f .

Lemma 1.2.5. [Nesterov and Spokoiny, 2017] fµ(x) = Eufµ(x+ µu) is a convex function,

if f(x) is convex.
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CHAPTER 2

Manifold Proximal Linear Method (ManPL)

2.1. Sparse Spectral Clustering

2.1.1. Introduction. Given the data matrix X = [x1, . . . ,xn] ∈ Rp×n, where n is the

number of data points and p is the feature dimension, SC constructs a symmetric affinity

matrix S = (sij)n×n, where sij ≥ 0 measures the pairwise similarity between two data

samples xi and xj for i, j = 1, . . . , n. Denote diagonal matrix D = Diag (d1, . . . , dn) with

di =
∑n

j=1 sij. The main step of SC is to compute the following eigenvalue decomposition:

(2.1) min
U∈Rn×C

〈UU>, L〉, s.t., U>U = IC ,

where L = In −D−1/2SD−1/2 is the normalized Laplacian matrix, IC denotes the C × C

identity matrix, and C is the number of clusters. The rows of U can be regarded as an

embedding of the data X from Rp to RC . The cluster assignment is then decided after using

a standard clustering method such as the K-means clustering on the estimated embedding

matrix Û obtained by solving (2.1).

Ideally, Û should be a sparse matrix such that Ûij 6= 0 if and only if the sample i belongs

to the j-th cluster. Therefore Û Û> should be a block diagonal matrix which is also sparse.

To this end, the sparse spectral clustering (SSC) Lu et al. [2018, 2016]; Park and Zhao [2018]

is proposed to impose sparsity on Û Û>, which leads to the following optimization problem:

(2.2) min
U∈Rn×C

〈UU>, L〉+ λ‖UU>‖1, s.t., U>U = IC ,

12



where ‖Z‖1 =
∑

ij |Zij| is the entry-wise `1 norm of Z and it promotes the sparsity of Z, and

λ > 0 is a weighting parameter.

In practice, the performance of SSC is sensitive to a single measure of similarity between

data points, and there are no clear criteria to choose an optimal similarity measure. Moreover,

for some very complex data such as the single-cell RNA sequencing (scRNA-seq) data Kiselev

et al. [2019], one may benefit from considering multiple similarity matrices because they

provide more information to the data. The next-generation sequencing technologies provide

large detailed catalogs of the transcriptomes of massive cells to identify putative cell types.

Clustering high-dimensional scRNA-seq data provides an informative step to disentangle the

complex relationship between different cell types. For example, it is important to characterize

the patterns of monoallelic gene expression across mammalian cell types Deng et al. [2014],

explore the mechanisms that control the progression of lung progenitors across distinct cell

types Treutlein et al. [2014], or study the functionally distinct lineage in the bone marrow

across mouse conventional dendritic cell types Schlitzer et al. [2015]. To this end, Park

and Zhao [2018] suggest the following similarity matrices which lead to multiple-kernel SSC

(MKSSC):

Kδ,m(i, j) = exp

(
‖xi − xj‖2

2ε2ij

)
, εij =

δ(µi + µj)

2
, µi =

∑
`∈KNN(i) ‖xi − x`‖

m
,

where KNN(i) represents a set of sample indices that are the top m nearest neighbors of

the sample xi. The parameters δ and m control the width of the neighborhoods. We use

S(δ) and S(m) to denote the sets of possible choices of δ and m, respectively. Then the total

number of similarity matrices is equal to T = |S(δ)| · |S(m)|. We denote the normalized

Laplacian matrices corresponding to these T similarity matrices as L(`), ` = 1, . . . , T . The

MKSSC can be formulated as the following optimization problem:

min
U∈Rn×C ,w∈RT

F̄ (U,w) ≡

〈
UU>,

T∑
`=1

w`L
(`)

〉
+ λ‖UU>‖1 + ρ

T∑
`=1

w` log(w`)(2.3)
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s.t. U>U = IC ,

T∑
`=1

w` = 1, w` ≥ 0, ` = 1, . . . , T,

where w`, ` = 1, . . . , T are unknown weightings of the kernels, and ρ
∑T

`=1 w` log(w`) serves

as an entropy regularization term, and λ, ρ are two regularization parameters.

Note that both SSC (2.2) and MKSSC (2.3) are nonconvex and nonsmooth with Rie-

mannian manfiold constraints. Therefore, they are both numerically challenging to solve.

In the following two sections of the thesis, we propose a manifold proximal linear (ManPL)

method for solving the SSC (2.2), and an alternating ManPL (AManPL) method for solving

the MKSSC (2.3). The convergence rates of ManPL and AManPL are rigorously analyzed.

Moreover, we present numerical results to demonstrate the advantages of ManPL and AManPL

in benchmark datasets, synthetic datasets, and real datasets in scRNA-seq data analysis.

2.2. Manifold Proximal Linear Method for SSC

2.2.1. Previous Methods on SSC. Since SSC (2.2) is both nonsmooth and nonconvex,

it is numerically challenging to solve. In the literature, convex relaxations and smooth

approximations of (2.2) have been suggested. In particular, Lu et al. [2016] proposed to

replace UU> with a positive semidefinite matrix P and solve the following convex relaxation:

(2.4) min
P∈Sn

+

〈P,L〉+ λ‖P‖1, s.t., 0 � P � I, Tr(P ) = C.

This convex problem (2.4) can be solved by classical optimization algorithms such as

ADMM. Denote the solution of (2.4) by P̂ , the solution of (2.2) can be approximated by the

top C eigenvectors of P̂ . In another work, Lu et al. [2018] proposed a nonconvex ADMM to

solve the following smooth variant of (2.2):

(2.5) min
U∈Rn×C ,P∈Sn

+

〈UU>, L〉+ gσ(P ), s.t., P = UU>, U>U = IC ,
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where gσ(·) is a smooth function with smoothing parameter σ > 0 that approximates the

`1 regularizer λ‖ · ‖1. In Lu et al. [2018], the authors used the following smooth function:

(2.6) gσ(P ) := max
Z
〈P,Z〉 − σ

2
‖Z‖2

F , s.t., ‖Z‖∞ ≤ λ,

where ‖Z‖∞ = maxij |Zij|. The nonconvex ADMM for solving (2.5) typically iterates as

Uk+1 := arg min
U∈Rn×C

L(U, P k; Λk), s.t., U>U = IC ,(2.7a)

P k+1 := arg min
P∈Sn

+

L(Uk+1, P ; Λk),(2.7b)

Λk+1 := Λk − µ(P k+1 − Uk+1Uk+1>),(2.7c)

where the augmented Lagrangian function L is defined as

L(U, P ; Λ) := 〈UU>, L〉+ gσ(P )− 〈Λ, P − UU>〉+
µ

2
‖P − UU>‖2

F ,

and µ > 0 is a penalty parameter. The two subproblems (2.7a) and (2.7b) are both relatively

easy to solve. The reason to use the smooth function gσ(·) to approximate λ‖ · ‖1 in (2.5) is

for the purpose of convergence guarantee. In Lu et al. [2018], the authors proved that any

limit point of the sequence generated by the nonconvex ADMM (2.7) is a stationary point of

(2.5). This result relies on the fact that function gσ is smooth. If one applies ADMM to the

original SSC (2.2), then no convergence guarantee is known.

Note that both the convex relaxation (2.4) and the smooth approximation (2.5) are only

approximations to the original SSC (2.2). In this section, we introduce our ManPL algorithm

that solves the original SSC (2.2) directly. For the ease of presentation, we rewrite (2.2) as

(2.8) min
U

F (U) ≡ f(U) + h(c(U)), s.t., U ∈M,

where f(U) = 〈UU>, L〉, h(·) = λ‖ · ‖1, c(U) = UU>, M = {U ∈ Rn×C | U>U = IC} is the

Stiefel manifold. Moreover, note that f and c are smooth mappings, and h is nonsmooth
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but convex in the ambient Euclidean space. Therefore, (2.8) is a Riemannian optimiza-

tion problem with nonsmooth and nonconvex objective function. Furthermore, throughout

this paper, we use Lf , Lc, Lh to denote the Lipschitz constants of ∇f , ∇c, and h, respectively.

Riemannian optimization has drawn much attention recently, due to its wide applications,

including low rank matrix completion Boumal and Absil [2011], phase retrieval Bendory

et al. [2018]; Sun et al. [2018], phase synchronization Boumal [2016]; Liu et al. [2017a], and

dictionary learning Cherian and Sra [2017]; Sun et al. [2017]. Several important classes of

algorithms for Riemannian optimization with a smooth objective function were covered in the

monograph Absil et al. [2008]. On the other hand, there has been very limited number of algo-

rithms for Riemannian optimization with nonsmooth objective until very recently. The most

natural idea for this class of optimization problems is the Riemannian subgradient method

(RSGM) Ferreira and Oliveira [1998]; Grohs and Hosseini [2016]; Hosseini and Uschmajew

[2017]. Recently, Li et al. [2019] studied the RSGM for Riemannian optimization with weakly

convex objective. In particular, they showed that the number of iterations needed by RSGM

for obtaining an ε-stationary point is O(ε−4).

Motivated by the proximal gradient method for solving composite minimization in Eu-

clidean space, [Chen et al., 2020b] proposed a manifold proximal gradient method (ManPG)

for solving the following Riemannian optimization problem:

(2.9) min
X

f(X) + h(X), s.t., X ∈M,

where M is the Stiefel manifold, f is a smooth function, and h is a nonsmooth and convex

function. A typical iteration of ManPG for solving (2.9) is:

V k := arg min
V

〈∇f(Xk), V 〉+ h(Xk + V ) +
1

2t
‖V ‖2

F , s.t., V ∈ TXkM,(2.10a)
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Xk+1 := RetrXk(αkV
k),(2.10b)

where TUM denotes the tangent space of M at U , αk > 0 is a step size, and Retr denotes

the retraction operation. For the Stiefel manifold, TUM := {V ∈ Rn×C | V >U + U>V = 0}.

Comparing with (2.9), we note that (2.8) is more difficult to solve, because of the nonconvex

term c(U). In fact, ManPG cannot be used to solve the SSC (2.2) because of the existence

of the nonconvex term UU> composite with the `1 norm. As a result, new algorithm is

demanded for solving SSC (2.2). The iteration complexity of ManPG is proved to be O(ε−2)

for obtaining an ε-stationary point of (2.9) [Chen et al., 2020b], which is better than the

complexity of RSGM [Li et al., 2019]. Variants of ManPG have been designed for different

applications, such as alternating ManPG for sparse PCA and sparse CCA [Chen et al.,

2020c], FISTA for sparse PCA Huang and Wei [2019a], manifold proximal point algorithm for

robust subspace recovery and orthogonal dictionary learning [Chen et al., 2019, 2020a], and

stochastic ManPG Wang et al. [2020] for online sparse PCA. Moreover, ManPG has been

extended to more general Riemannian proximal gradient method Huang and Wei [2019b].

Motivated by the success of ManPG and its variants, we propose a manifold proximal linear

algorithm for solving SSC (2.8).

2.2.2. Proximal Linear Method. The proximal linear method has recently drawn

great research attentions. It targets to solve the optimization problem in the form of (2.8)

without the manifold constraint, i.e.,

(2.11) min
x∈Rn

f(x) + h(c(x)),

where f : Rn → R and c : Rn → Rm are smooth mappings, h : Rm → R is convex and

nonsmooth. The proximal linear method for solving (2.11) iterates as follows:

(2.12) xk+1 := arg min
x

〈∇f(xk), x− xk〉+ h(c(xk) + J(xk)(x− xk)) +
1

2t
‖x− xk‖2

2,
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where J(x) = ∇c(x) is the Jacobian of c, and t > 0 is a step size. Note that since h is

convex, the update (2.12) is a convex problem. This method has been studied recently

by [Drusvyatskiy and Paquette, 2018; Duchi and Ruan, 2018; Lewis and Wright, 2016]

and applied to solving many important applications such as robust phase retrieval [Duchi

and Ruan, 2017], robust matrix recovery [Charisopoulos et al., 2019a], and robust blind

deconvolution [Charisopoulos et al., 2019b].

2.2.3. Main Method on ManPL. Due to the nonconvex constraint U ∈M, solving

(2.8) is more difficult than (2.11). Motivated by ManPG and the proximal linear method

(2.12), we propose a ManPL algorithm for solving (2.8). A typical iteration of the ManPL

algorithm for solving (2.8) is:

V k := arg min
V

〈∇f(Uk), V 〉+ h(c(Uk) + J(Uk)V ) +
1

2t
‖V ‖2

F , s.t., V ∈ TUkM,(2.13a)

Uk+1 := RetrUk(αkV
k).(2.13b)

Similar to (2.10a), the equation (2.13a) computes the descent direction V by minimizing

a convex function over the tangent space of M. However, solving (2.13a) is more difficult

than (2.10a) because of the non-trivial affine function, i.e., c(Uk) + J(Uk)V , composite with

the nonsmooth function h. Moreover, the difference of (2.13a) and (2.12) is the constraint in

(2.13a), which is needed in the Riemannian optimization setting. Fortunately, (2.13a) can

still be solved efficiently by a proximal point algorithm combined with a semi-smooth Newton

method, which will be elaborated in Section 2.2.5. The retraction step (2.13b) brings the

iterate back to the manifold M.

The complete description of the ManPL for solving SSC (2.8) is given in Algorithm 1.

The step (2.14) is a line search step to find the step size αk such that there is a sufficient

decrease on the function F .
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Algorithm 1 The ManPL for SSC (2.8)

Input: initial point U0 ∈M, parameters γ ∈ (0, 1), t > 0
for k = 0, 1, . . . do

Calculate V k by solving (2.13a)
Let jk be the smallest nonnegative integer such that

(2.14) F (RetrUk(γjkV k)) ≤ F (Uk)− γjk

2t
‖V k‖2

F

Let αk = γjk and compute Uk+1 by (2.13b)
end for

2.2.4. Convergence Analysis. We first present a lemma that describes the Lipschitz

constant of the objective function.

Lemma 2.2.1. The function h in (2.8) is Lh-Lipschitz continuous and the Jacobian ∇c(x)

is Lc-Lipschitz continuous, where Lh = nλ and Lc = 2.

Proof. Since h(Z) = λ‖Z‖1 where Z ∈ Rn×n, we immediately get that h is nλ-Lipschitz

continuous. Secondly, observing that ∇c(U)V = UV > + V U> for any V ∈ Rn×k, we have

‖∇c(U1)−∇c(U2)‖op = max
‖V ‖F =1

‖(U1 − U2)V > + V (U1 − U2)>‖F ≤ 2 ‖U1 − U2‖F .

Hence, ∇c(x) is 2-Lipschitz continuous. �

Before we given the analysis of the main algorithm, we introduce the following two useful

lemma:

Lemma 2.2.2. Let V k be the minimizer of (2.13a), the following holds for any α ∈ [0, 1],

with any t > 0:

(2.15)

〈∇f(Uk)), αV k〉+
1

2t

∥∥αV k
∥∥2

F
+ h
(
c(Uk) + α∇c(Uk)V k

)
− h
(
c(Uk)

)
≤ α2 − 2α

2t
‖V k‖2

F .

Proof. Proof. Since V k is the minimizer of (2.13a), for any α ∈ [0, 1), we have:

〈∇f(Uk), αV k〉+
1

2t
‖αV k‖2

F + h
(
c(Uk) + α∇c(Uk)V k

)
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≥〈∇f(Uk), V k〉+
1

2t
‖V k‖2

F + h
(
c(Uk) +∇c(Uk)V k

)
,

which implies that

(1−α)〈∇f(Uk), V k〉+ 1− α2

2t
‖V k‖2

F +h
(
c(Uk)+∇c(Uk)V k

)
−h
(
c(Uk)+α∇c(Uk)V k

)
≤ 0.

Using the convexity of h, we have

〈∇f(Uk), V k〉+
1 + α

2t
‖V k‖2

F + h
(
c(Uk) +∇c(Uk)V k

)
− h
(
c(Uk)

)
≤ 0.

Letting α→ 1, we get

〈∇f(Uk)), V k〉+ h
(
c(Uk) +∇c(Uk)V k

)
− h
(
c(Uk)

)
≤ −1

t
‖V k‖2

F .

Finally, from the convexity of h we get

〈∇f(Uk)), αV k〉+
1

2t

∥∥αV k
∥∥2

F
+ h
(
c(Uk) + α∇c(Uk)V k

)
− h
(
c(Uk)

)
≤α
(
〈∇f(Uk), V k〉+ h

(
c(Uk) +∇c(Uk)V k

)
− h
(
c(Uk)

))
+
α2

2t
‖V k‖2

F

≤α
2 − 2α

2t
‖V k‖2

F ,

which completes the proof. �

Here we prove that the function value decreases after one iteration of the algorithm.

Lemma 2.2.3. Given any t > 0, for V k and Uk+1 computed in (2.13), there exists a

constant ᾱ > 0 such that

(2.16) F (Uk+1)− F (Uk) ≤ − α
2t
‖V k‖2

F , ∀ 0 ≤ α ≤ min{1, ᾱ}.
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Proof. We will prove by induction. Denote Uk
+ = Uk + αV k. For k = 0, by using the

convexity of h and Lipchitz continuity of c, we can show that:

h
(
c(Uk+1)

)
− h
(
c(Uk) + α∇c(Uk)V k

)
=h
(
c(Uk+1)

)
− h
(
c(Uk) +∇c(Uk)(Uk+1 − Uk)

)
+ h
(
c(Uk) +∇c(Uk)(Uk+1 − Uk)

)
− h
(
c(Uk) +∇c(Uk)(Uk

+ − Uk)
)

(1.3)

≤ LhLc
2
‖Uk+1 − Uk‖2

F + Lh‖∇c(Uk)(Uk+1 − Uk
+)‖F

(1.6a)

≤ α2LhLc
2

M2
1‖V k‖2

F + Lh‖∇c(Uk)(Uk+1 − Uk
+)‖F

(1.6b)

≤ α2LcLh
2

M2
1‖V k‖2

F + LhLcM2α
2‖V k‖2

F =
(1

2
M2

1 +M2

)
LcLhα

2‖V k‖2
F .

(2.17)

Since ∇f(X) is Lf Lipschiz continuous, we obtain

f(Uk+1)− f(Uk) ≤ 〈∇f(Uk), Uk+1 − Uk〉+
Lf
2
‖Uk+1 − Uk‖2

F

= 〈∇f(Uk), Uk+1 − Uk
+ + Uk

+ − Uk〉+
Lf
2
‖Uk+1 − Uk‖2

F

(1.6b)

≤ M2‖∇f(Uk)‖F‖αV k‖2
2 + α〈∇f(Uk), V k〉+

M2
1Lf
2
‖αV k‖2

F

≤ c0α
2‖V k‖2

F + α〈∇f(Uk), V k〉,

(2.18)

where c0 = M2G+
M2

1Lf

2
and G = maxU∈M ‖∇f(U)‖F .

Now we need to show that the objective value decreases. It follows that

F (Uk+1)− F (Uk)

(2.18)

≤ α〈∇f(Uk), V k〉+ c0α
2‖V k‖2 + h

(
c(Uk+1)

)
− h
(
c(Uk) + α∇c(Uk)V k

)
+ h
(
c(Uk) + α∇c(Uk)V k

)
− h
(
c(Uk)

)
(2.17)

≤ α〈∇f(Uk), V k〉+ c0α
2‖V k‖2

2 + (
1

2
M2

1 +M2)LcLhα
2‖V k‖2

2

+ α
(
h
(
c(Uk) +∇c(Uk)V k

)
− h
(
c(Uk)

))
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(2.15)

≤
[(
c0 +

(
1

2
M2

1 +M2

)
LcLh

)
α2 − α

t

]
‖V k‖2

F .

Letting α = 1

2

(
c0+

(
1
2
M2

1 +M2

)
LcLh

)
t

, we get that for any 0 ≤ α ≤ min{1, ᾱ},

(2.19) F (RetrUk(αV k))− F (Uk) ≤ − α
2t
‖V k‖2

F .

Thus, the result (2.16) holds for k = 0. Using induction and the same procedure as above,

we can show that (2.16) holds for all k ≥ 1. The proof is completed. �

Definition 2.2.1. Given any t > 0, Uk is called an ε-stationary point of (2.8), if V k

computed in (2.13a) satisfies ‖V k/t‖F ≤ ε.

The following lemma indicates that Definition 2.2.1 is a reasonable defintion for the

ε-stationary point.

Lemma 2.2.4. If V k = 0, then Uk is a stationary point of problem (2.8).

Proof. Proof. The optimality conditions of (2.13a) are given by:

0 ∈ ProjT
UkM∇c(U

k)
>
∂h(c(Uk) +∇c(Uk)V k) +

1

t
V k + grad f(Uk).

If V k = 0, it follows that

0 ∈ ProjT
UkM∇c(U

k)
>
∂h(c(Uk)) + grad f(Uk),

which is the first-order optimality condition of (2.8). �

In the end, we provide the theorem that states the convergence.

Theorem 2.2.1. Assume F (U) is lower bounded by F ∗. The limit point of the sequence

{Uk} generated by ManPL (Algorithm 1) is a stationary point of (2.8). Moreover, ManPL

returns an ε-stationary point of (2.8) in O(ε−2) iterations.
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Proof. Proof of Theorem 2.2.1. By using Lemma 2.2.3, the claimed result directly follows

from the proof of [Chen et al., 2020b, Theorem 5.5]. We omit the details for brevity. �

2.2.5. A Semi-Smooth Newton-based Proximal Point Algorithm for the Sub-

problem. In this section, we introduce a proximal point algorithm (PPA) combined with

a semi-smooth Newton method (SSN) for solving the subproblem (2.13a) in ManPL. The

notion of semi-smoothness was originally introduced by Mifflin [1977] for real valued functions

and later extended to vector-valued mappings by Qi and Sun [1993]. The SSN method has

recently received significant amount of attention due to its success in solving structured

convex problems to a high accuracy in problems such as LASSO Li et al. [2018]; Yang et al.

[2013], convex clustering Wang et al. [2010], SDP Zhao et al. [2010], and convex composite

problems Xiao et al. [2018].

For simplicity of the notation, we omit the index k in (2.13a), and denote Z1 := ∇f(Uk),

Z2 := c(Uk), J = J(Uk), and operator A : V → V >Uk + (Uk)>V . Therefore, (2.13a) reduces

to the following form:

(2.20) min
V,Y

1

2t
‖V + Z1‖2

F + h(Z2 + Y ), s.t., A(V ) = 0, Y = JV.

Note that we have introduced a variable Y to replace JV . The Lagrangian function for

(2.20) is given by:

L(V, Y ; Γ1,Γ2) =
1

2t
‖V + Z1‖2

F + h(Z2 + Y )− 〈Γ1,A(V )〉 − 〈Γ2, JV − Y 〉,

where Γ1 and Γ2 are the Lagrange multipliers associated to the two equality constraints.

Therefore, (2.20) is equivalent to

(2.21) min
V,Y
{G(V, Y ) := max

Γ1,Γ2

L(V, Y ; Γ1,Γ2)}.
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The minimization problem (2.21) can be solved by a PPA, which iterates as:

(V k+1, Y k+1) := arg min
V,Y

G(V k, Y k) +
1

2β

(
‖V − V k‖2

F + ‖Y − Y k‖2
F

)
:= arg min

V,Y
max
Γ1,Γ2

L(V, Y ; Γ1,Γ2) +
1

2β

(
‖V − V k‖2

F + ‖Y − Y k‖2
F

)
,(2.22)

where β > 0 is a parameter. The problem (2.22) is equivalent to:

(2.23) max
Γ1,Γ2

min
V,Y
L(V, Y ; Γ1,Γ2) +

1

2β

(
‖V − V k‖2

F + ‖Y − Y k‖2
F

)
.

Note that the minimization part of (2.23) is strongly convex and admits a closed-form solution

given by:

(2.24) V =
tβ

t+ β

(
A∗(Γ1) + J>Γ2 −

1

t
Z1 +

1

β
V k

)
, Y = Proxβh(Z2 + Y k − βΓ2)− Z2,

where Proxg denotes the proximal mapping of function g, which is defined as:

Proxg(Z) := arg min
X

g(X) +
1

2
‖X − Z‖2

F .

For simplicity of the notation, we define function E(Γ2) := Z2 + Y k − βΓ2. Substituting

(2.24) to (2.23), and using the Moreau identity, we know that (2.23) is equivalent to:

max
Γ1,Γ2

Θ(Γ1,Γ2) :=− 1

2

tβ

t+ β

∥∥∥∥1

t
Z1 −

1

β
V k −A∗(Γ1)− J>Γ2

∥∥∥∥2

F

(2.25)

+ h(ProxβhE(Γ2)) + β‖Proxh∗/β(E(Γ2)/β)‖2
F + 〈Γ2, Y

k〉 − β

2
‖Γ2‖2

F ,

where h∗ denotes the conjugate function of h. Now by denoting

(2.26) Ψ(Γ2) := max
Γ1

Θ(Γ1,Γ2),
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it is easy to verify that Ψ(Γ2) is strongly concave and continuously differentiable [Li et al.,

2018], and its unique maximizer is found by solving the following nonsmooth system:

(2.27) ∇Ψ(Γ2) = 0.

Solving (2.27) can be done by using SSN [Li et al., 2018; Xiao et al., 2018]. After we obtain

the solution to (2.27), the optimal Γ1 can be found by solving the maximization problem in

(2.26), which is an easy least-squares problem. In order to avoid the inverse, we can also

solve the system of linear equations by using conjugate gradient method.

To summarize, the PPA for solving (2.13a) is given by (2.22), and its solution is given by

(2.24). The required Γ2 in (2.24) is obtained by solving (2.27) using SSN, and Γ1 in (2.24) is

obtained by solving the least-squares problem in (2.26). The convergence of the PPA and

the SSN has been well studied in the literature Li et al. [2018]; Yang et al. [2013].

2.3. An Alternating ManPL Method for Multiple-Kernel SSC

2.3.1. Multiple Kernel SSC with alternating ManPL method. In this section,

we consider the multiple-kernel SSC (2.3). [Park and Zhao, 2018] consider to solve the

following relaxation of (2.3) by letting P = UU>:

min
P,w

〈
P,

T∑
`=1

w`L
(`)

〉
+ λ‖P‖1 + ρ

T∑
`=1

w` log(w`)(2.28)

s.t. Tr(P ) = C, 0 � P � I,
T∑
`=1

w` = 1, w` ≥ 0, ` = 1, . . . , T.

Note that this is still a nonconvex problem due to the bilinear term in the objective function.

[Park and Zhao, 2018] suggested to use an alternating minimization algorithm (AMA) to

solve (2.28). Note that this method is named MPSSC in [Park and Zhao, 2018]. In the k-th

iteration of AMA, one first fixes w as wk and solves the resulting problem with respect to P

to obtain P k+1, and then fixes P as P k+1 and solves the resulting problem with respect to w
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to obtain wk+1. In particular, when w is fixed as wk, problem (2.28) reduces to

(2.29) min
P

〈
P,

T∑
`=1

wk`L
(`)

〉
+ λ‖P‖1, s.t., Tr(P ) = C, 0 � P � I,

which is a convex problem and can be solved via convex ADMM algorithm. When P is

fixed as P k+1, problem (2.28) reduces to

(2.30) min
w

c>w + ρ
T∑
`=1

w` log(w`), s.t.,
T∑
`=1

w` = 1, w` ≥ 0, ` = 1, . . . , T,

where c` = 〈P k+1, L(`)〉, ` = 1, . . . , T . This is also a convex problem and it can be easily

verified that (2.30) admits a closed-form solution given by

(2.31) w` =
exp(−c`/ρ)∑T
j=1 exp(−cj/ρ)

, ` = 1, . . . , T.

In summary, a typical iteration of the AMA algorithm proposed by [Park and Zhao, 2018] is

as follows:

(2.32)

 update P k+1 by solving (2.29)

update wk+1 by solving (2.30).

Another approach to approximate (2.3) is to combine the idea of AMA (2.32) and the

nonconvex ADMM for solving the smooth problem (2.5). In particular, one can solve the

following smooth variant of (2.3):

min
U∈Rn×C ,w∈RT

〈
UU>,

T∑
`=1

w`L
(`)

〉
+ gσ(UU>) + ρ

T∑
`=1

w` log(w`)

s.t. U>U = IC ,

T∑
`=1

w` = 1, w` ≥ 0, ` = 1, . . . , T,

(2.33)

where gσ(·) is the smooth approximation to λ‖ · ‖1 defined in (2.6). When fixing w, (2.33) is

in the same form as the smoothed SSC (2.5), so it can be solved by the nonconvex ADMM

(2.7). When fixing U , (2.33) is in the same form as (2.30), and admits a closed-form solution
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(2.31). In summary, the AMA+ADMM algorithm for solving (2.33) works as follows:

(2.34) update Uk+1 by solving (2.33) with w fixed as wk using nonconvex ADMM (2.7)

update wk+1 by solving (2.33) with U fixed as Uk+1 using (2.31).

By exploiting the structure of (2.3), we propose to solve (2.3) by an alternating ManPL

algorithm (AManPL). More specifically, in the k-th iteration of AManPL, we first fix w as

wk, then (2.3) reduces to

(2.35) min
U

〈
UU>,

T∑
`=1

wk`L
(`)

〉
+ λ‖UU>‖1, s.t., U ∈M,

which is in the same form of (2.8) with L in (2.8) replaced by L̄ :=
∑T

`=1w
k
`L

(`). Therefore,

(2.35) can also be solved by ManPL. Here we adopt one step of ManPL, i.e., (2.13) to obtain

Uk+1. More specifically, Uk+1 is computed by the following two steps:

V k := arg min
V

〈∇Uf(Uk, wk), V 〉+ h(c(Uk) + J(Uk)V ) +
1

2t
‖V ‖2

F , s.t., V ∈ TUkM,

(2.36a)

Uk+1 := RetrUk(αkV
k),

(2.36b)

where f(U,w) :=
〈
UU>,

∑T
`=1w`L

(`)
〉

, h(·) := λ‖ · ‖1, and c(U) = UU>. Note that (2.36a)

can be solved by the same PPA+SSN algorithm discussed in Section 2.2.5. We then fix U in

(2.3) as Uk+1, and then (2.3) reduces to

(2.37) min
w

c>w + ρ
T∑
`=1

w` log(w`), s.t.,
T∑
`=1

w` = 1, w` ≥ 0, ` = 1, . . . , T,
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where c` = 〈Uk+1Uk+1>, L(`)〉, ` = 1, . . . , T . We then obtain wk+1 by solving (2.37), which

admits a closed-form solution given by (2.31).The AManPL is described in Algorithm 2.

Algorithm 2 The AManPL Method for Solving MKSSC (2.3)

Input: parameter γ ∈ (0, 1), initial point U0 ∈M, let w0 be the optimal solution to (2.37)

for c` = 〈U0U0>, L(`)〉
for k = 0, 1, . . . do

Calculate V k by solving (2.36a)
Let jk be the smallest nonnegative integer such that

(2.38) F̄ (RetrUk(βjkV k), wk) ≤ F̄ (Uk, wk)− γjk

2t
‖V k‖2

F

Let αk = γjk and compute Uk+1 by (2.36b)

Update wk+1
` by (2.31) with c` = 〈Uk+1Uk+1>, L(`)〉, ` = 1, . . . , T

end for

2.3.2. Convergence Analysis. In this section, we provide the convergence analysis of

AManPL on MKSSC.

Lemma 2.3.1. (Sufficient decrease in the w subproblem) From (2.37), we have

(2.39) F̄ (Uk+1, wk+1)− F̄ (Uk+1, wk) ≤ −ρ
2
‖wk+1 − wk‖2

2.

Proof. This follows from the ρ-strong convexity of the objective function of (2.37) over

the probability simplex. �

Lemma 2.3.2. Let (V k, Uk+1) be computed from (2.36). There exists α̂ > 0 such that for

any 0 ≤ α ≤ min{1, α̂}, it holds that

(2.40) F̄ (Uk+1, wk+1)− F̄ (Uk, wk) ≤ −
( α

2t
‖V k‖2

F +
ρ

2
‖wk+1 − wk‖2

2

)
.

Proof. Firstly we show that the subproblem (2.35) is of the same form as (2.8). That

is, we show that f(U,wk) =
∑T

`=1w
k
` 〈L(`), UU>〉 is smooth with respect U and its gradient

with respect U is Lipschitz continuous. Once we prove this, then (2.40) follows by combining
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Lemma 2.3.1 and the proof of Lemma 2.2.3. Note that for any w ∈ RT , we have:

‖∇Uf(U1, w
k)−∇Uf(U2, w

k)‖F =

∥∥∥∥∥2
T∑
`=1

wk`L
(`)(U1 − U2)

∥∥∥∥∥
F

≤ 2
T∑
`=1

wk` ‖L(`)‖2‖U1 − U2‖F ≤ 2‖U1 − U2‖F ,

where we use the fact that ‖L(`)‖2 = 1 for every ` (followed by the property of the

affinity matrix). This implies that for fixed wk, f(·, wk) is smooth and its gradient is

Lipschitz continuous with Lipschitz constant Lf = 2. Now we can use Lemma 2.2.3 and let

α̂ = 1

2

(
c1+

(
1
2
M2

1 +M2

)
LcLh

)
t

, where c1 = M2G1 +
LfM

2
1

2
and

G1 = max
U∈M,

∑
` w`=1,0≤w≤1

‖∇Uf(U,w)‖F ,

M1 and M2 are constants defined in Lemma 1.2.4. From Lemma 2.2.3 we get that for any

0 ≤ α ≤ min{1, α̂},

F̄ (RetrUk(αV k), wk)− F̄ (Uk, wk) ≤ − α
2t
‖V k‖2

F ,

which together with (2.39) yields the desired result (2.40). �

Since for the w-subproblem (2.30), one always has (2.42). This movtivates us to define

the following ε-stationary point for problem (2.3).

Definition 2.3.1. We call a point (Uk, wk) an ε-stationary point of problem (2.3) if

∥∥V k/t
∥∥
F
≤ ε,

where Vk is the optimal solution to (2.36a).

The following lemma indicates that Definition 2.3.1 is a reasonable definition for the

ε-stationary point of problem (2.3).
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Lemma 2.3.3. For given (Uk, wk) generated from the k-th iteration of AManPL, if V k = 0,

where V k is the optimal solution to (2.36a), then (Uk, wk) is a stationary point of problem

(2.3).

Proof. Since V k = 0, the optimality condition of (2.36a) implies that

0 ∈ ProjT
UkM

(
2

T∑
`=1

wk`L
(`)Uk +∇c(Uk)

>
∂h(c(Uk))

)
.(2.41)

Moreover, the optimality condition to (2.37) implies that

0 ∈ c` + ρ(log(wk` ) + 1) + ∂`I(wk),(2.42)

where c` = 〈UkUk>, L(`)〉, ` = 1, . . . , T , and I(w) denotes the indicator function of the

probability simplex constraint S := {w |
∑T

`=1 w` = 1, w` ≥ 0, ` = 1, . . . , T}, i.e., I(w) = 0 if

w ∈ S, and I(w) = +∞ otherwise.

Moreover, since

∂R (h(c(U)), I(w)) = ProjTUM
(
∇c(U)>∂h(c(U))

)
× ∂I(w),

the first-order optimal conditions of (2.3) are given by

0 ∈ ProjTUM

(
2

T∑
`=1

w`L
(`)U +∇c(U)>∂h(c(U))

)
,

0 ∈ 〈L(`), UU>〉+ ρ(log(w`) + 1) + ∂`I(w), ∀`.

(2.43)

From (2.41) and (2.42) we know that (Uk, wk) satisfies the optimality condition (2.43).

Therefore (Uk, wk) is a stationary point of (2.3). �

Finally, we will present the convergence theorem for the AManPL algorithm.

Theorem 2.3.1. Assume F̄ (U,w) in (2.3) is lower bounded by F̄ ∗. The limit point of

the sequence {Uk, wk} generated by AManPL (Algorithm 2) is a stationary point of problem
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(2.3). Moreover, to obtain an ε-stationary point of problem (2.3), the number of iterations

needed by AManPL is O(ε−2).

Proof. Since the feasible region of (2.3) is bounded, there exists a convergent subsequence

of {(Uk, wk)}. We denote a limit point of {(Uk, wk)} as {(U∗, w∗)}. Lemma 2.3.2 indicates

that {F̄ (Uk, wk)} monotonically decreases, and therefore we have

lim
k→∞

∥∥V k/t
∥∥2

F
+ ‖ρ(wk+1 − wk)‖2

1 = 0.

Note that the function h(c(U) +∇c(U)V ) is convex with respect to V , therefore, taking limit

for (2.41) and (2.42) gives

0 ∈ ProjTU∗M

(
2

T∑
`=1

w∗`L
(`)U∗ +∇c(U∗)>∂h(c(U∗))

)
,

and

0 ∈ c∗` + ρ(log(w∗` ) + 1) + ∂`I(w∗), ` = 1, . . . , T.

This suggests that (U∗, w∗) is a stationary point.

Morevoer, given N ≥ 2tα̂γ(F̄ (U0,w0)−F̄ ∗)
ε2

it follows from Lemma 2.3.2 that

min
k=1,...,N

∥∥V k/t
∥∥2

F
≤ ε2.

The proof is completed. �

2.4. Numerical Experiments

In this section, we compare our proposed methods ManPL and AManPL with some

existing methods for solving SSC and MKSSC. In particular, for SSC (2.2), we compare

ManPL (Algorithm 1) with convex ADMM [Lu et al., 2016] (denoted by CADMM 1) for

solving (2.4) and nonconvex ADMM [Lu et al., 2018] (denoted by NADMM) for solving (2.5).

1cdoes downloaded from https://github.com/canyilu/LibADMM/blob/master/algorithms/sparsesc.m
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We also include the spectral clustering (denoted by SC) in the comparison. For MKSSC (2.3),

we compare AManPL (Algorithm 2) with MPSSC (i.e., AMA+CADMM 2) [Park and Zhao,

2018] and AMA+NADMM (2.34). All the algorithms were terminated when the absolute

change of the objective value is smaller than 10−5, which indicates that the algorithms were

not making much progress. All the codes were run in Matlab R2021a on a laptop with a 1.61

GHz Intel 6-Core i7 CPU and 16GB RAM. All reported CPU times are in seconds.

Formulation Method

Convex SSC (2.4) CADMM [Lu et al., 2016]
Smoothed SSC (2.5) NADMM (2.7) [Lu et al., 2018]
Original SSC (2.2) ManPL (Algorithm 1)

MKSSC (2.28) AMA+CADMM (2.32) [Park and Zhao, 2018]
Smoothed MKSSC (2.33) AMA+NADMM (2.34)

Original MKSSC (2.3) AManPL (Algorithm 2)

Table 2.1. Summary of different methods for solving SSC or MKSSC.

2.4.1. UCI Datasets. We first compare the clustering performance of different methods

on three benchmark datasets in UCI machine learning repository [Dua and Graff, 2017]. For

the parameters used in the models, we choose them in the following manner. For σ that is

used in (2.5) and (2.33), we set it as σ = 0.2. For λ that is used in all six models (2.2), (2.3),

(2.4), (2.5), (2.28) and (2.33), and ρ that is used in (2.3), (2.28) and (2.33), we choose them

from the following sets:

(2.44)

λ ∈ {5× 10−3, 10−3, 5× 10−4, 10−4, 10−5}, and ρ ∈ {0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1}.

We follow Park and Zhao [2018] to construct the similarity matrices and record the

Normalized Mutual Information (NMI) scores [Strehl and Ghosh, 2003] to measure the

2codes downloaded from https://github.com/ishspsy/project/tree/master/MPSSC
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performance of the clustering. Given two clustering assignments I and J on a set of n data

points with CI and CJ clusters, repectively, the NMI score is defined as

(2.45) NMI(I, J) =

∑CI

p=1

∑CJ

q=1 |Ip ∩ Jq| log n|Ip∩Jq |
|Ip|×|Jq |

max
(
−
∑CI

p=1 |Ip| log |Ip|
n
,−
∑CJ

q=1 |Jq| log |Jq |
n

) ,

where the numerator is the mutual information between I and J , and the denominator

represents the entropy of the clustering assignments I and J . Note that higher NMI scores

indicate better clustering performance. More specifically, based on the matrix Û computed

using the algorithm, we first perform K-means on Û to get the resulting label I ′ for each

data. Since the ground-truth assignments I of the clusters are available for the three datasets,

we can then calculate the NMI score based on the resulting label I ′ and the ground-truth

label I using (2.45).

Task Method
Wine Iris Glass

NMI CPU NMI CPU NMI CPU

SSC
CADMM 0.893 0.022 0.742 0.020 0.347 0.033
NADMM 0.893 0.075 0.636 0.063 0.346 0.381
ManPL 0.893 0.066 0.652 0.108 0.407 0.372

MKSSC
AMA+CADMM 0.893 0.965 0.804 0.784 0.353 1.842
AMA+NADMM 0.893 1.230 0.831 0.357 0.357 4.761

AManPL 0.882 0.578 0.804 0.658 0.416 2.630

Table 2.2. Comparison of NMI scores and CPU runtime for solving SSC or
MKSSC on the UCI datasets.

The NMI scores are reported in Table 2.2. Note that we can compute the NMI scores

because the ground-truth clustering assignments of these datasets are known. From Table

2.2 we see that for the Iris and Glass datasets, the MKSSC model always performs better

than the SSC model in terms of NMI scores. For the Glass dataset, we see that our ManPL

achieves better NMI score than CADMM and NADMM, and our AManPL achieves better

NMI score than AMA+CADMM and AMA+NADMM. For the Wine dataset, we find that

all algorithms perform similarly in terms of NMI scores, although AManPL achieves slightly

33



worse NMI score. Moreover, we show the heatmap of |UU>| for the Iris data set in Figure 2.1.

For the SSC models (2.4), (2.5) and (2.2), we show the figures corresponding to λ = 5× 10−3,

and for the MKSSC models (2.28), (2.33) and (2.3), we show the figures corresponding to

λ = 10−4, ρ = 2× 10−2. From Figure 2.1 we see that the figures generated by the SSC models,

i.e., Figures 2.1 (b)-(d) give clearly better clustering results than the spectral clustering model

(2.1), whose heatmap is given in Figure 2.1 (a). Furthermore, we also see that the MKSSC

models whose heatmaps are given in Figures 2.1 (e)-(g) give clearly better clustering results

than the single view SSC models. These observations demonstrate the necessity of studying

the multiple-kernel SSC models.
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Figure 2.1. The heatmaps of |UU>| on the Iris dataset estimated by (a)
SC (2.1), (b) CADMM for SSC (2.4), (c) NADMM for SSC (2.5), (d) ManPL
for SSC (2.2), (e) AMA+CADMM for MKSSC (2.28), (f) AMA+NADMM for
MKSSC (2.33), and (g) AManPL for MKSSC (2.3).

2.4.2. Synthetic Data. In this subsection, we follow Park and Zhao [2018] to evaluate

the clustering performance of different methods on two synthetic datasets with C = 5 clusters.

• Synthetic data 1. We randomly generate C points in the 2-dimensional latent

space spanning a circle as the centers of C clusters. For each cluster, we randomly

generate the points by adding an independent noise to its center, and the entries
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of the noise follow a Gaussian distribution. The noise level is equal to the radius

of the circle in the embedded space multiplied by a parameter σ. We project these

2-dimensional data to a p-dimensional space using a linear projection matrix and

then add the heterogeneous noise to obtain the data matrix X.

• Synthetic data 2. We randomly generate a matrix B′ ∈ RC×d with d = 10

by drawing its entries independently from Gaussian distributions, where different

rows of B′ specify heterogeneous variances. We randomly assign the cluster labels

z1, . . . , zn ∈ [C]. Let B =
[
B′, 0C×(p−d)

]
and Z = (Zij)n×C = (1{zi=j})n×C . We

generate X = ZB + W, where W is a noise matrix with independent standard

normally distributed entries. The noise level is equal to the radius of the circle in

the embedded space multiplied by a parameter σ.

Figure 2.2 visualizes one realization of the simulated data for these two settings. From Figure

2.2 we see that different clusters mix together and the variability between clusters varies.
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(b) Synthetic data 2

Figure 2.2. Illustration of one realization of the synthetic data.

The parameters λ and ρ are again chosen from (2.44). Note that there are 35 different

combinations of (λ, ρ). For each pair of (λ, ρ), we run the three algorithms AMA+CADMM,

AMA+NADMM and AManPL for 10 times, and then we report the average NMI scores and
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average CPU runtime over the 350 independent repetitions. The results are given in Table

2.3.

Method AMA+CADMM AMA+NADMM AManPL
n p NMI CPU NMI CPU NMI CPU

Synthetic data 1 with σ = 0.3
100 250 0.906 0.695 0.937 0.825 0.935 1.231
100 300 0.908 0.698 0.939 0.829 0.938 1.188
100 500 0.912 0.745 0.944 0.870 0.943 1.248
200 250 0.935 1.647 0.941 3.608 0.940 3.825
200 300 0.931 1.640 0.937 3.574 0.934 3.712
200 500 0.940 2.879 0.944 5.799 0.943 6.307

Synthetic data 2 with σ = 0.2
100 250 0.727 0.609 0.986 1.049 0.973 1.445
100 300 0.742 0.612 0.980 1.079 0.968 1.460
100 500 0.906 0.570 0.976 1.049 0.961 1.292
200 250 0.959 1.224 0.990 4.047 0.984 3.924
200 300 0.972 1.247 0.989 4.233 0.980 3.893
200 500 0.986 1.265 0.984 4.741 0.970 3.796

Table 2.3. Comparison of NMI scores and CPU runtime for solving MKSSC
for synthetic data 1 and 2.

From Table 2.3 we see that AMA+NADMM and AManPL provided better NMI scores

than AMA+CADMM in most cases, with the only exception of (n, p) = (200, 500) in synthetic

dataset 2 where AMA+CADMM is better in terms of the NMI score. We also observe that

AMA+NADMM usually provides slightly better NMI score than AManPL, but AManPL is

more efficient in some cases such as n = 200, p = 250, 300, and 500 in synthetic dataset 2.

This suggest that AManPL has potential to be more efficient in large-scale problems.

We further conduct some numerical tests to test the sensitivity of the algorithms to the

noise level σ. In particular, we repeat the tests above by varying σ in the following set of

values:

(2.46) σ ∈ {0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5}.
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We report the NMI scores of the three algorithms for varying σ in Figure 2.3 for the two

synthetic data sets both with (n, p) = (100, 300), (n, p) = (200, 300) and (n, p) = (200, 500).

From Figure 2.3 we see that AMA+NADMM and AManPL have very similar performance

when the noise level σ varies, and they are obviously better than AMA+CADMM for synthetic

data 1. However, it appears that when the noise level σ is large, AMA+CADMM is better

than the other two for synthetic data 2.

2.4.3. Single-Cell RNA Sequencing Data Analysis. Clustering cells and identifying

subgroups are important topics in high-dimensional scRNA-seq data analysis. The multiple

kernel learning approach is vital as clustering scRNA-seq data is usually sensitive to the choice

of the number of neighbors and scaling parameter. Recently, Park and Zhao [2018] showed

that AMA+CADMM for MKSSC provides a promising clustering result and outperforms

several state-of-art methods such as SC, SSC, t-SNE [van der Maaten and Hinton, 2008],

and SIMLR [Wang et al., 2017]. In what follows, we focus on the numerical comparison of

AMA+CADMM, AMA+NADMM and AManPL to cluster high-dimensional scRNA-seq data

on seven real datasets used in Park and Zhao [2018]. These seven real datasets represent

several types of important dynamic processes such as cell differentiation, and they include

the information about single cell types. We follow the procedure of Park and Zhao [2018] to

specify multiple kernels for clustering scRNA-seq data. The parameters λ and ρ are again

chosen from (2.44). For each dataset, we report the average NMI score and average CPU

runtime of AMA+CADMM, AMA+NADMM and AManPL in Table 2.4. Note that we

can compute the NMI scores because the ground-truth assignments of the clusters of these

scRNA-seq data are known in the literature e.g., Park and Zhao [2018]. Moreover, since

the Tasic dataset is very large, in which n = 1727, p = 5832 and C = 49, we only run the

algorithms with one particular choice of (λ, ρ) = (10−3, 10−1). From Table 2.4 we see that

AManPL provides the best NMI score in most cases, with the first dataset being an exception

for which AMA+NADMM gives the best NMI score. Furthermore, for the large-scale Tasic
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dataset, AManPL provides much better NMI score than the other two algorithms, and it is

much more efficient than AMA+NADMM. The results in Table 2.4 demonstrate that our

AManPL for solving (2.3) has great potential in analyzing the scRNA-seq data.

Method AMA+CADMM AMA+NADMM AManPL
Datasets NMI CPU NMI CPU NMI CPU C

Deng et al. [2014] 0.679 1.761 0.732 3.041 0.707 2.788 7
Ting et al. [2014] 0.901 1.124 0.919 1.576 0.941 0.911 5

Treutlein et al. [2014] 0.423 0.572 0.655 0.873 0.673 0.672 5
Buettner et al. [2015] 0.505 2.071 0.403 8.879 0.514 2.168 3
Schlitzer et al. [2015] 0.368 3.201 0.378 14.769 0.402 4.918 3
Pollen et al. [2014] 0.662 4.864 0.816 24.020 0.821 6.640 11
Tasic et al. [2016] 0.123 1.083e+02 0.156 3.421e+03 0.237 4.692e+02 49

Table 2.4. Comparison of NMI scores and CPU runtime for solving MKSSC
on real scRNA-seq datasets.

2.4.4. Unsupervised data. In practice, clustering usually needs to be performed for

unsupervised data. Here we test the three algorithms AMA+CADMM, AMA+NADMM and

AManPL on a microbiome dataset with no ground-truth assignment. The original data is

from Morgan et al. [2015]. After preprocessing, we have the mRNA expression of 170 genes

(i.e., p = 170) for all 196 Inflammatory bowel disease (IBD) patients (i.e., n = 196). The

spectral clustering on such microbiome mRNA data can help us understand the grouping

effect of gene expressions for IBD patients. For this dataset, we do not know the ground-truth

clusters, therefore NMI cannot be used. Instead, we choose to measure the performance of

the clustering by using the Calinski-Harabasz (CH) score [?], which is widely used to measure

the cluster quality when there is no ground-truth information available. According to the

definition of the CH score, under the same value of proposed clustering number C, higher

CH score usually corresponds to better clustering result. We report the CH scores of the

three algorithms for clustering number C = 2, 3, 4, and 5 in Table 2.5. From Table 2.5 we see

that AMA+NADMM gives the best CH scores when C = 2 and 4, and AManPL gives the

best CH scores when C = 3 and 5. Moreover, both AMA+NADMM and AManPL produce
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much better CH scores than AMA+CADMM. We also see that the CH varies significantly

for different C, which implies that it is very important to have a good estimation to C in

practice.

C AMA+CADMM AMA+NADMM AManPL
2 546.81 795.18 775.21
3 223.31 312.62 316.14
4 192.10 193.48 191.23
5 150.95 178.25 180.69

Table 2.5. Comparison of CH scores for solving MKSSC on an unsupervised
dataset.

2.5. Conclusion

Motivated by the recent demands on analyzing the single cell RNA sequencing data, we

considered the sparse spectral clustering and multiple-kernel sparse spectral clustering in

this project. The SSC and MKSSC can be formulated as optimization problems over the

Stiefel manifold with nonsmooth objective function. Existing methods usually solve their

convex relaxations or their approximation with the nonsmooth function being approximated

by a smooth function. In this paper, we proposed a manifold proximal linear method

for solving SSC, and the alternating manifold proximal linear method for solving MKSSC.

Convergence and iteration complexity of the proposed methods are analyzed. Numerical

results on clustering the single cell RNA sequencing data demonstrated the practical potential

of our proposed methods.
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Figure 2.3. Plots of NMI scores versus the noise level σ. The x-axis denotes
σ and the y-axis denotes the NMI score.
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CHAPTER 3

Zeroth Order Methods and Min-max Optimization

3.1. Overview

3.1.1. Introduction and Problem Description. In this section of the thesis, we study

zeroth-order optimization algorithms for solving nonconvex minimax problems. Specifically,

we consider both the deterministic setting, given by:

min
x∈Rd1

max
y∈Y

f(x, y),(3.1)

and the stochastic setting, given by:

min
x∈Rd1

max
y∈Y

f(x, y) = Eξ∼PF (x, y, ξ).(3.2)

Here, F (x, y, ξ) and hence f(x, y) are assumed to be sufficiently smooth functions, Y ⊂ Rd2

is a closed and convex constraint set1, and P is a distribution characterizing the stochasticity

in the problem. We allow for the function f(·, y) to be nonconvex for all y ∈ Rd2 but

require f(x, ·) to be strongly-concave for all x ∈ Rd1 . The exact assumptions are provided in

Section 3.3.1. Under these assumptions, we provide zeroth-order optimization algorithms for

solving the above minimax problem and characterize its oracle complexity (also called query

complexity in the zeroth-order setting).

Our main motivation for studying zeroth-order algorithms for nonconvex minimax prob-

lems is its application in designing black-box attacks to deep neural networks. By now, it is

well established that care must be taken when designing and training deep neural networks as

1One of our algorithms works also in the unconstrained setting. See Remark 3.3.2 for more details.
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it is possible to design adversarial examples that would make the deep network to misclassify,

easily. Since the intriguing works of Liu et al. [2017b]; Szegedy et al. [2013], the problem of

designing such adversarial examples that transfer across multiple deep neural networks models,

has also been studied extensively. As the model architecture is unknown to the adversary,

the problem could naturally be formulated to solve a minimax optimization problem under

the availability of only noisy objective function evaluation. We refer the reader to Liu et al.

[2020] for details regarding such formulations. Apart from the above applications, we also

note that zeroth-order minimax optimization problems also arise in multi-agent reinforcement

learning with bandit feedback Wei et al. [2017]; Zhang et al. [2019], robotics Bogunovic et al.

[2018]; Wang and Jegelka [2017] and distributionally robust optimization Namkoong and

Duchi [2016].

The analysis of minimax optimization algorithms in the zeroth-order setting is more

involved than that of argmin-type optimization problems. To highlight one such challenge,

as we discuss later in Remark 3.3.1, due to the intricacies involved in setting the smoothing

parameters of the zeroth-order gradients, one outcome of analyzing the Gradient Descent

Ascent (GDA) algorithm proposed in Lin et al. [2020] (and analyzed in the first-order setting)

is that, the condition number dependency becomes κ5 (while it is κ2 in the first order case)

in order to maintain a linear dimension dependency. If we were to obtain κ2 dependency,

the dependence on dimensionality will become polynomial. This motivates us to analyze

the multi-step GDA algorithm proposed in Nouiehed et al. [2019] (and analyzed in the

deterministic first-order setup), in the zeroth-order setting. We provide a complete analysis

of this algorithm, showing that indeed the multi-step GDA algorithm has the advantage

of obtaining κ2 dependency compared to GDA, while still maintaining linear dimension

dependence.

3.1.2. Contribution. We consider both deterministic and stochastic minimax problems

in the form of (3.1) and (3.2), respectively. Our contributions could be summarized as follows:
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• Considering deterministic minimax problem, we first design a zeroth-order gradient

descent ascent (ZO-GDA) algorithm, whose oracle complexity improves the currently

best known one in Liu et al. [2020]. Notably, for this algorithm, the set Y could be

constrained or unconstrained (i.e., the entire Euclidean space Rd2).

• We next propose a novel zeroth-order gradient descent multi-step ascent (ZO-GDMSA)

algorithm for the deterministic case, which is motivated by [Nouiehed et al., 2019].

This algorithm performs multiple steps of gradient ascent followed by one single step

of gradient descent in each iteration. Its oracle complexity is significantly better

than that of ZO-GDA in terms of condition number dependency. To the best of our

knowledge, this is the best complexity result for zeroth-order algorithms for solving

deterministic minimax problems so far under Assumption 3.3.1 stated below.

• We next analyze the stochastic counterparts of ZO-GDA and ZO-GDMSA and establish

its oracle complexity under two settings: (i) Constant variance upper bound on the

stochastic gradient, which is standard in stochastic optimization, and (ii) Strong

Growth Condition (SGC) [Vaswani et al., 2019a], which has been observed to be a

condition satisfied by modern overparametrized machine learning models. Notably,

under SGC, we show that the complexities of the stochastic algorithms is the same

as their deterministic counterparts.

3.2. Algorithms

3.2.1. Zeroth-Order Gradient Descent Ascent. The zeroth-order gradient descent

ascent (ZO-GDA) algorithm for solving problem (3.1) is described in Algorithm 3. The

algorithm is similar to the deterministic first-order approach analyzed in Lin et al. [2020]

with a few crucial differences. Specifically, we require a mini-batch gradient estimator with

the choices of the batch size depending on the dimensionality of the problem. The complexity

result for ZO-GDA (Algorithm 3) is provided in Theorem 3.3.2.
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Algorithm 3 Zeroth-Order Gradient Descent Ascent (ZO-GDA)

Initialization: (x0, y0), stepsizes (η1, η2), iteration limit S > 0, parameters µ1 and µ2. Set
q1 = 2(d1 + 6), q2 = 2(d2 + 6).
for s = 0, . . . , S do
xs+1 ← xs − η1Gµ1(xs, ys,u1,[q1]) with u1,i ∼ N(0,1d1), i ∈ [q1]
ys+1 ← ProjY [ys + η2Hµ2(xs, ys,u2,[q2])] with u2,i ∼ N(0,1d2), i ∈ [q2]

end for
Return (x1, y1), . . . , (xS, yS).

3.2.2. Zeroth-Order Gradient Descent Multi-Step Ascent. In this section, we

show that the dependence of the complexity on the condition number κ could be reduced

significantly (i.e., from κ5 to κ2) by making a simple modification to the ZO-GDA algorithm.

Specifically, we run T steps of the ascent part, for every descent step. The approach is

presented formally in Algorithm 4 and the corresponding complexity results are provide in

Theorem 3.3.3. The main idea behind running multiple ascent steps is to better approximate

the maximum of the stongly-concave function in each step. Subsequently, picking the number

of inner iterations T appropriately, helps us obtain improved dependence on κ while still

maintaining the same dependency on ε. We emphasize that Nouiehed et al. [2019] used the

multi-step ascent approach to handle certain non-convex minimax optimization problems

that satisfy the so-called Polyak- Lojasiewicz condition in the first-order setting.

Algorithm 4 Zeroth-Order Gradient Descent Multi-Step Ascent (ZO-GDMSA)

Initialization: (x0, y0), step sizes (η1, η2), iteration limit for outer loop S > 0, iteration
limit for inner loop T > 0, parameters µ1 and µ2. Set q1 = 2(d1 + 6) and q2 = 2(d2 + 6).
for s = 0, . . . , S do

Set y0(xs)← ys
for t = 1, . . . , T do
yt(xs)← ProjY(yt−1(xs) + η2Hµ2(xs, yt−1(xs),u2,[q2])) with u2,i ∼ N(0,1d2), i ∈ [q2]

end for
ys+1 ← yT (xs)
xs+1 ← xs − η1Gµ1(xs, ys+1,u1,[q1]) with u1,i ∼ N(0,1d1), i ∈ [q1]

end for
Return (x1, y1), . . . , (xS, yS).
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3.2.3. Zeroth-order Algorithms for Stochastic Minimax Problems. We now con-

sider the stochastic saddle-point optimization problem of the form (3.2), under the availability

of a stochastic zeroth-order oracle satisfying Assumption 3.3.2 or 3.3.3. This scenario is more

practical in the context of zeroth-order optimization, as often times, we are able to only

observe noisy evaluations of the function and not the exact values themselves Audet and

Hare [2017]; Conn et al. [2009]. Motivated by our analysis of the deterministic case, we now

analyze the stochastic versions of ZO-GDA and ZO-GDMSA.

We first consider stochastic version of the gradient descent ascent algorithm presented in

Algorithm 5 under Assumption 3.3.2 and 3.3.3. Under Assumption 3.3.2, the main difference

between Algorithm 5 and its deterministic counterpart in Algorithm 3 is in the choice of

mini-batch size in the zeroth-order gradient estimator. As opposed to the deterministic case,

where the mini-batch size is independent of ε, in this case, we require a mini-batch size that

depends on ε. Furthermore, due to the stochastic nature of the problem, the mini-batch

size also depends on the noise variance parameter σ2. However, under Assumption 3.3.3, it

suffices to have the batch size to be the same as in the deterministic case – this leads to

the rate improvement. The complexity result corresponding to Algorithm 5 is provided in

Theorem 3.3.4.

Algorithm 5 Zeroth-Order Stochastic Gradient Descent Ascent (ZO-SGDA)

Initialization: (x0, y0), step sizes (η1, η2), iteration limit S > 0, smoothing parameters µ1

and µ2. Indices sets M1 and M2.
for s = 0, . . . , S do
xs+1 ← xs − η1

1
|M1|

∑
i∈M1

Gµ1 (xs, ys,u1,i, ξi) with u1,i ∼ N(0,1d1)

ys+1 ← ProjY

[
ys + η2

1
|M2|

∑
i∈M2

Hµ2 (xs, ys,u2,i, ξi)
]

with u2,i ∼ N(0,1d2)

end for
Return (x1, y1), . . . , (xS, yS).

We also consider the stochastic version of Algorithm 4. Similar to the deterministic

case, we obtain an improved dependence on the condition number κ. The algorithm is
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formally presented in Algorithm 6 and the corresponding complexity result is provided in

Theorem 3.3.5.

Algorithm 6 Zeroth-Order Stochastic Gradient Multi-Step Descent (ZO-SGDMSA)

Initialization: (x0, y0), step sizes (η1, η2), iteration limit for outer loop S > 0, iteration
limit for inner loop T > 0, smoothing parameters µ1 and µ2. Indices sets M1 and M2.
for s = 1, . . . , S do

Set y0(xs)← ys
for t = 1, . . . , T do

yt(xs) ← ProjY

[
yt−1(xs) + η2

1
|Mt

2|
∑

i∈Mt
2
Hµ2(xs, yt−1(xs),u2,i, ξi)

]
with u2,i ∼

N(0,1d2)
end for
ys+1 ← yT (xs)
xs+1 ← xs − η1

1
|Ms

1|
∑

i∈Ms
1
Gµ1(xs, ys+1,u1,i, ξi) with u1,i ∼ N(0,1d1)

end for
Return (x1, y1), . . . , (xS, yS).
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3.3. Convergence Analysis

3.3.1. Assumptions. The following assumptions are made throughout the paper on

the theorem part.

Assumption 3.3.1. The objective function f(x, y) and the constraint set Y have the

following properties:

• f(x, y) is continuously differentiable in x and y, and f(·, y) is nonconvex for all

y ∈ Y and f(x, ·) is τ -strongly concave for all x ∈ Rd1.

• The function g(x) := maxy∈Y f(x, y) is lower bounded. We use Lg to denote the

Lipschitz constant of g, see Lemma 3.3.1.

• When viewed as a function in Rd1+d2, f(x, y) is `-gradient Lipschitz. That is, there

exists constant ` > 0 such that ∀x1, x2 ∈ Rd1 , y1, y2 ∈ Y .

(3.3) ‖∇f(x1, y1)−∇f(x2, y2)‖2 ≤ `‖(x1, y1)− (x2, y2)‖2,

We use κ := `/τ to denote the problem condition number throughout this paper.

• The constraint set Y ⊂ Rd2 is bounded and convex, with diameter D > 0.

In the above, the first condition details the structure of the objective function in the

minimax problem we consider. The second condition is required to make the optimization

problem well-defined. The third condition places a restriction on the degree of smoothness

to be satisfied by the objective function and is also standard in the literature. The fourth

condition places a restriction on the constraint set for the strongly-convex maximization part.

This assumption is only required in the analysis of ZO-GDMSA and its stochastic counterpart.

We emphasize that in the analysis of ZO-GDA, the assumption that Y is a closed and convex

set is not essential – our results continue to hold when Y := Rd2 . We utilize the constraint

set in both algorithms, to maintain a consistent presentation. See Remark 3.3.2 for more

details. We also make the following standard assumptions on the (stochastic) zeroth-order
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oracle, following Balasubramanian and Ghadimi [2019]; Ghadimi and Lan [2013]; Nesterov

and Spokoiny [2017].

Assumption 3.3.2. For any x ∈ Rd1 and y ∈ Y, the stochastic zeroth-order oracle outputs

an estimator F (x, y, ξ) of f (x, y) such that Eξ[F (x, y, ξ)] = f (x, y) and

Eξ[∇xF (x, y, ξ)] = ∇xf (x, y) ,

Eξ[∇yF (x, y, ξ)] = ∇yf (x, y) ,

Eξ[‖∇xF (x, y, ξ)−∇xf(x, y)‖2
2] ≤ σ2

1,

Eξ[‖∇yF (x, y, ξ)−∇yf(x, y)‖2
2] ≤ σ2

2.

In addition to the above, motivated by over-parametrized models arising in modern

machine learning problems, we also consider the following Strong Growth Condition (SGC)

on the stochastic gradient.

Assumption 3.3.3 (Strong Growth Condition Vaswani et al. [2019a]). There exists

ρ1, ρ2 > 1 such that the following is true for the stochastic gradients (note that ρ = 1

corresponds to deterministic case):

Eξ‖∇xF (x, y, ξ)‖2
2 ≤ ρ1‖∇xf(x, y)‖2

2,

Eξ‖∇yF (x, y, ξ)‖2
2 ≤ ρ2‖∇yf(x, y)‖2

2.

The above condition implies that when the point x is a stationary point of the function

f(·, y), then it is also a stationary point of the function F (·, y, ξ) almost surely. Alternatively,

the stochastic gradients become small when the true gradient is small. Such a condition

is widely observed to be satisfied in modern over-parametrized models (e.g., deep neural

networks) and has been used extensively for argmin-type optimization problems in the recent

years Bassily et al. [2018]; Ma et al. [2018]; Meng et al. [2020]; Roy et al. [2020]; Vaswani
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et al. [2019b]. Motivated by the use of over-parametrized deep neural networks in Generative

Adversarial Networks Goodfellow et al. [2014] and robustness properties of over-parametrized

models Madry et al. [2017], we explore the performance our stochastic algorithms under

the SGC assumption. In Section ??, we show that the above condition allows us to obtain

complexities in the stochastic setting, matching that of the deterministic setting.

3.3.2. Complexity Measure. Recall that the minimax problem (3.2) is equivalent to

the following argmin-type minimization problem:

min
x

{
g(x) := max

y
f(x, y) = f(x, y∗(x))

}
,(3.4)

where y∗(x) is the maximum y for given x. Due to our Assumption 3.3.1, that f(x, ·) is

strongly-concave for any fixed x ∈ Rd1 , the maximization problem maxy f(x, y) can be solved

efficiently and its optimal solution is unique. However, since g is a nonconvex function, it

is usually difficult to find its global minimum. Hence, following the standard approach in

the literature Nesterov [2018], we will seek for a stationary point of function g. In order to

measure the performance of the algorithms developed in this paper, we need to define some

new measures for optimality. In the definitions that follow, for the deterministic case, the

expectation is taken with respect to the Gaussian random vectors, used in the zeroth-order

gradient estimators. In the stochastic setting, the expectation is taken both with respect

to the Gaussian random vectors and the i.i.d copies of ξ used in the algorithm. We first

note that for argmin-type nonconvex optimization problem, as in (3.4), first-order stationary

solutions are defined as follows.

Definition 3.3.1. We call x̄ an ε-stationary point of a differentiable function g if

E[‖∇g(x̄)‖2
2] ≤ ε2. If ε = 0, then x̄ is called a stationary point of g.

Following Lin et al. [2020], we first define a notion of stationarity for the problem (3.1),

under Assumption 3.3.1.
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Definition 3.3.2. A point (x̄, ȳ) is called an ε-stationary point of problem (3.1) if it

satisfies the following conditions: E[‖∇xf(x̄, ȳ)‖2
2] ≤ ε2 and E[‖∇yf(x̄, ȳ)‖2

2] ≤ ε2.

It is straightforward to now relate the stationary point of function g, as in Definition 3.3.1,

to the stationary point of the original saddle-point optimization problem in (3.1), as in

Definition 3.3.2, as we outline in the following proposition.

Proposition 3.3.1. Under Assumption 3.3.1, if a point x̄ satisfies E[‖∇g(x̄)‖2
2] ≤ ε2, by

using extra O
(
κd2 log(ε−1)

)
calls to the zeroth order oracle in the deterministic setting or by

using extra O
(
d2/ε

2)
)

calls to the zeroth order in the stochastic setting, a point (x̄, ȳ) can be

obtained such that it is an ε-stationary solution of the minimax problem, as in Definition 3.3.2.

The proof of the proposition follows verbatim the proof of Proposition 5.1 in Lin et al.

[2020] and we omit it for succinctness. From Proposition 3.3.1, we note that in order to

obtain an ε-stationary solution (as in Definition 3.3.2) for the problem (3.1), it is equivalent

to analyzing the rate of convergence to ε-stationary solution (as in Definition 3.3.1) for

the function g(x). Based on this equivalence, in this work, we concentrate on obtaining

ε-stationary point of the differentiable function g in (3.4).

3.3.3. Technical Lemmas. Here we present lemmas for support our main theorem.

Lemma 3.3.1. (Lemma 3.3 in Lin et al. [2020]) The function g(·) := maxy∈Y f(·, y)

is Lg := (` + κ`)-gradient Lipschitz, and ∇g(x) = ∇xf(x, y∗(x)). Moreover, y∗(x) =

arg maxy∈Y f(·, y) is κ-Lipschitz.

Lemma 3.3.2. (Theorem 1 in Nesterov and Spokoiny [2017]) Under Assumption 3.3.1, it

holds that

|fµ2(x, y)− f(x, y)| ≤ µ2
2

2
`d2,∀x ∈ Rd1 , y ∈ Y .
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Lemma 3.3.3. (Lemma 3 in Nesterov and Spokoiny [2017]) Under Assumption 3.3.1, it

holds that

‖∇xfµ1(x, y)−∇xf(x, y)‖2
2 ≤

µ2
1

4
`2(d1 + 3)3, ‖∇yfµ2(x, y)−∇yf(x, y)‖2

2 ≤
µ2

2

4
`2(d2 + 3)3.

Lemma 3.3.4. (Lemma 4 in Nesterov and Spokoiny [2017]) Under Assumption 3.3.1, it

holds that

‖∇xf(x, y)‖2
2 ≤ 2‖∇xfµ1(x, y)‖2

2 + `2µ2
1(d1 + 3)3/2.

Lemma 3.3.5. (Theorem 4 in Nesterov and Spokoiny [2017]) Under Assumptions 3.3.1

and 3.3.2, we have

Eu1‖Gµ1(x, y,u1)‖2
2 ≤ 2(d1 + 4)‖∇xf(x, y)‖2

2 + µ2
1`

2(d1 + 6)3/2,

Eu2‖Hµ2(x, y,u2)‖2
2 ≤ 2(d2 + 4)‖∇yf(x, y)‖2

2 + µ2
2`

2(d2 + 6)3/2.

Lemma 3.3.6. Balasubramanian and Ghadimi [2018] Under Assumptions 3.3.1 and 3.3.2,

we have

Eu1,ξ‖Gµ1(x, y,u1, ξ)‖2
2 ≤

µ2
1`

2

2
(d1 + 6)3 + 2

[
‖∇xf(x, y)‖2

2 + σ2
1

]
(d1 + 4),

Eu2,ξ‖Hµ2(x, y,u2, ξ)‖2
2 ≤

µ2
2`

2

2
(d2 + 6)3 + 2

[
‖∇yf(x, y)‖2

2 + σ2
2

]
(d2 + 4).

We now bound the size of the mini-batch zeroth-order gradient estimator (1.11).

Lemma 3.3.7. Under Assumption 3.3.1 and choosing q1 = 2(d1 + 6), q2 = 2(d2 + 6). For

any x ∈ Rd1 , y ∈ Y, we have

(3.5)
Eu1,[q1]

‖Gµ1(x, y,u1,[q1])‖2
2 ≤ 3‖∇xf(x, y)‖2

2 + µ2
1`

2(d1 + 6)3,

Eu2,[q2]
‖Hµ2(x, y,u2,[q2])‖2

2 ≤ 3‖∇yf(x, y)‖2
2 + µ2

2`
2(d2 + 6)3.
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Proof. Since Eu1,[q1]
Gµ1(x, y,u1,[q1]) = ∇xfµ1(x, y), we have

Eu1,[q1]
‖Gµ1(x, y,u1,[q1])‖2

2

= Eu1,[q1]
‖Gµ1(x, y,u1,[q1])−∇xfµ1(x, y)‖2

2 + ‖∇xfµ1(x, y)‖2
2

= 1
q1
Eu1‖Gµ1(x, y,u1)−∇xfµ1(x, y)‖2

2 + ‖∇xfµ1(x, y)‖2
2

≤ 1
q1
Eu1‖Gµ1(x, y,u1)‖2

2 + 2‖∇xf(x, y)‖2
2 + 2‖∇xfµ1(x, y)−∇xf(x, y)‖2

2

≤ 2(d1+4)
q1
‖∇xf(x, y)‖2

2 + 2‖∇xf(x, y)‖2
2 +

`2µ21(d1+3)3

2
+

µ21`
2(d1+6)3

2q1
,

where the second equality is due to Lemma 1.2.3, and the last inequality is due to Lemma

3.3.5. Thus, the first inequality in (3.5) is obtained by noting q1 = 2(d1 + 6). The other

inequality can be proved similarly and we omit the details for succinctness. �

A similar result can be obtained for the stochastic zeroth-order gradient estimator (1.12).

Lemma 3.3.8. Under Assumptions 3.3.1 and 3.3.2, for given tolerance ε ∈ (0, 1), by

choosing |M1| = 4(d1 + 6)(σ2
1 + 1)ε−2, |M2| = 4(d2 + 6)(σ2

2 + 1)ε−2, for any x ∈ Rd1, y ∈ Y,

we have:

(3.6)
EuM1

,ξM1
‖Gµ1(x, y,uM1 , ξM1)‖2

2 ≤ 3‖∇xf(x, y)‖2
2 + %1(ε, µ1),

EuM2
,ξM2
‖Hµ2(x, y,uM2 , ξM2)‖2

2 ≤ 3‖∇yf(x, y)‖2
2 + %2(ε, µ2).

where %1(ε, µ1) := ε2/2 +µ2
1`

2(d1 + 3)3/2 +µ2
1`

2(d1 + 6)2ε2/8, and %2(ε, µ2) := ε2/2 +µ2
2`

2(d2 +

3)3/2 + µ2
2`

2(d2 + 6)2ε2/8.

Proof. Since EξM1
,uM1

Gµ1(x, y,uM1 , ξM1) = ∇xfµ1(x, y), we have

EξM1
,uM1
‖Gµ1(x, y,uM1 , ξM1)‖2

2

= EξM1
,uM1
‖Gµ1(x, y,uM1 , ξM1)−∇xfµ1(x, y)‖2

2 + ‖∇xfµ1(x, y)‖2
2

= 1
|M1|Eξ1,u1‖Gµ1(x, y,u1, ξ)‖2

2 + ‖∇xfµ1(x, y)‖2
2

≤ 1
|M1|

[
µ21L

2
1

2
(d1 + 6)3 + 2

[
‖∇xf(x, y)‖2

2 + σ2
1

]
(d1 + 4)

]
+ 2‖∇xf(x, y)‖2

2 + µ2
1`

2(d1 + 3)3/2

≤ 2(d1+4)
|M1| ‖∇xf(x, y)‖2

2 + 2‖∇xf(x, y)‖2
2 +

2(d1+4)σ2
1

|M1| + µ2
1`

2(d1 + 3)3/2 +
µ21`

2

2|M1|(d1 + 6)3,
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where the second equality is due to Lemma 1.2.3, the first inequality is due to Lemma 3.3.6

and 3.3.3. Substituting |M1| = 4(d1 + 6)(σ2
1 + 1)ε−2 proves the first inequality in (3.6). The

other inequality can be proved similarly and we omit the details for succinctness. �

The following result shows that ∇xfµ1(x, y) is Lipschitz continuous with respect to y.

Lemma 3.3.9. Under Assumption 3.3.1, for any x ∈ Rd1, y1, y2 ∈ Y, it holds that

‖∇xfµ1(x, y1)−∇xfµ1(x, y2)‖2 ≤ `‖y1 − y2‖2.

Proof. Following the definition of fµ1 , Assumption 3.3.1, and Jensen’s inequality, it

holds that

‖∇xfµ1(x, y1)−∇xfµ1(x, y2)‖2

= ‖Eu1∇xf(x + µ1u1, y1)− Eu1∇xf(x + µ1u, y2)‖2

≤ Eu1‖∇xf(x + µ1u1, y1)−∇xf(x + µ1u1, y2)‖2

≤ `‖y1 − y2‖2,

which proves the desired result. �

We now present the corresponding results with the Strong Growth Condition in Assump-

tion 3.3.3.

Lemma 3.3.10. The variance of the mini-batch stochastic gradient under strong growth

condition is given by:

E
∥∥∥ 1

| M1 |

|M1|∑
i=1

∇xF (x, y, ξi)
∥∥∥2

2
≤ ρ1

| M1 |
‖∇xf(x, y)‖2

2 ≤ ρ1‖∇xf(x, y)‖2
2

E
∥∥∥ 1

| M2 |

|M2|∑
i=1

∇yF (x, y, ξi)
∥∥∥2

2
≤ ρ2

| M2 |
‖∇yf(x, y)‖2

2 ≤ ρ2‖∇yf(x, y)‖2
2
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Proof. Using Cauchy Schwartz inequality we have:

E
∥∥∥ 1
|M1|

∑|M1|
i=1 ∇xf(x, y, ξi)

∥∥∥2

2
= 1
|M1|2 |M1|E‖∇xf(x, y, ξ)‖2

2

= 1
|M1|E‖∇xf(x, y, ξ)‖2

2

≤ ρ1
|M1|‖∇xf(x, y)‖2

2 ≤ ρ1‖∇xf(x, y)‖2
2

where the last inequality is based on |M1| ≥ 1. Results on stochastic gradient on y component

will follow strategy. �

Theorem 3.3.1 (ZO Gradient Under Strong Growth Condition). Under SGC, by choosing

|M1| = ρ1(d1 + 6), we have

(3.7) EξM1
,uM1
‖Gµ1(x, y,uM1 , ξM1)‖2

2 ≤ 3‖∇xf(x, y)‖2
2 + %1(µ1, ρ1)

EξM2
,uM2
‖Hµ1(x, y,uM2 , ξM2)‖2

2 ≤ 3‖∇yf(x, y)‖2
2 + %2(µ2, ρ2)

with %1(µ1, ρ1) =
µ21
ρ1
`2(d1 + 6) +µ2

1`
2(d1 + 3)3/2 and %2(µ2, ρ2) =

µ22
ρ2
`2(d2 + 6) +µ2

2`
2(d2 + 3)3/2

Proof. Since EξM1
,uM1

Gµ1(x, y,uM1 , ξM1) = ∇xfµ1(x, y), we have

EξM1
,uM1
‖Gµ1(x, y,uM1 , ξM1)‖2

2

= EξM1
,uM1
‖Gµ1(x, y,uM1 , ξM1)−∇xfµ1(x, y)‖2

2 + ‖∇xfµ1(x, y)‖2
2

≤ 1
|M1|Eξ1,u1‖Gµ1(x, y,u1, ξ)‖2

2 + ‖∇xfµ1(x, y)‖2
2

≤ d1+4
|M1|Eξ‖∇xf(x, y, ξ)‖2

2 +
µ21L

2(d1+6)2

2|M1| + 2‖∇xf(x, y)‖2
2 + µ2

1`
2(d1 + 3)3/2

≤ ρ1(d1+4)
|M1| ‖∇xf(x, y)‖2

2 + 2‖∇xf(x, y)‖2
2 +

µ21`
2(d1+6)2

2|M1| + µ2
1`

2(d1 + 3)3/2

where the last inequality follows from 3.3.3. Consider we use |M1| = ρ1(d1 + 6), we have:

EξM1
,uM1
‖Gµ1(x, y,uM1 , ξM1)‖2

2 ≤ 3‖∇xf(x, y)‖2
2 +

µ2
1

ρ1

`2(d1 + 6) + µ2
1`

2(d1 + 3)3/2

Similarly, we have:

EξM2
,uM2
‖Hµ1(x, y,uM2 , ξM2)‖2

2 ≤ 3‖∇yf(x, y)‖2
2 +

µ2
2

ρ2

`2(d2 + 6) + µ2
2`

2(d2 + 3)3/2
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�

Lemma 3.3.11. (Linear convergence rate under SGC) Under SGC, with η2 = 1
6`

, we have:

E‖y∗(xs−1)− ys‖2 ≤ E‖y∗(xs−1)− ys−1‖2
(

1− τ

12`

)
+ %̄(µ2, ρ2)

in which %̄(µ2, ρ2) = µ2
2d2/3 + 1

36`2

(
µ22
ρ2
L2(d2 + 6) + µ2

2`
2(d2 + 3)3/2

)
with η2 = 1

6`

Proof. Since we know:

EξM2
,uM2
‖Hµ1(x, y,uM2 , ξM2)‖2

2 ≤ 3‖∇yf(x, y)‖2
2 + %2(µ2, ρ2)

Then, by following the result in 3.3.15 and replacing the upper bound of zeroth order gradient

by using above result, we have:

E‖y∗(xs−1)− ys‖2

≤ E‖y∗(xs−1)− ys−1‖2
(

1− τ
12`

)
+ η2

2%2(µ2, ρ2) + 2µ2
2d2η2`

≤ E‖y∗(xs−1)− ys−1‖2
(

1− τ
12`

)
+ %̄(µ2, ρ2)

with %̄(µ2, ρ2) = µ2
2d2/3 + 1

36`2

(
µ22
ρ2
L2(d2 + 6) + µ2

2`
2(d2 + 3)3/2

)
µ2

2d2/3 = η2
2%2(µ2, ρ2) +

2µ2
2d2η2` �

3.3.4. Convergence analysis of ZO-GDA (Algorithm 3). We first show the following

inequality.

Lemma 3.3.12. Assume {(xs, ys)} is the sequence generated by Algorithm 3. By setting

η2 = 1/(6`), the following inequality holds:

(3.8) E‖y∗(xs−1)− ys‖2
2 ≤

(
1− 1/(12κ)

)
E‖y∗(xs−1)− ys−1‖2

2 + %(µ2),

where %(µ2) = µ2
2d2/6 + µ2

2(d2 + 6)3/36.
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Proof. According to the updates in Algorithm 3, we have

‖y∗(xs−1)− ys‖2 = ‖ProjY(ys−1 + η2Hµ2(xs−1, ys−1,u2,[q2])− y∗(xs−1))‖2
2

≤ ‖y∗(xs−1)− ys−1‖2 + 2η2〈Hµ2(xs−1, ys−1,u2,[q2]), ys−1 − y∗(xs)〉

+η2
2‖Hµ2(xs−1, ys−1,u2,[q2])‖2

2.

For a given s, denote by E taking expectation with respect to random samples u2,[q2]

conditioned on all previous iterations. By taking expectation to both sides of the above

inequality, we obtain

E‖y∗(xs−1)− ys‖2

≤ E‖y∗(xs−1)− ys−1‖2 − 2η2〈−∇yfµ2(xs−1, ys−1), ys−1 − y∗(xs)〉+ η2
2E‖Hµ2(xs−1, ys−1,u2,[q2])‖2

2

≤ E‖y∗(xs−1)− ys−1‖2 − 2η2[fµ2(xs−1, y
∗(xs))− fµ2(xs−1, ys−1)]

+η2
2

(
3‖∇yf(xs−1, ys−1)‖2

2 + µ2
2`

2(d2 + 6)3
)

≤ E‖y∗(xs−1)− ys−1‖2 − 2η2(f(xs−1, y
∗(xs))− f(xs−1, ys−1)) + µ2

2d2η2`

+η2
2(6`(f(xs−1, y

∗(xs))− f(xs−1, ys−1)) + η2
2µ

2
2`

2(d2 + 6)3

= E‖y∗(xs−1)− ys−1‖2 − (f(xs−1, y
∗(xs))− f(xs−1, ys−1))/(6`) + %(µ2)

≤ E‖y∗(xs−1)− ys−1‖2
(

1− τ
12`

)
+ %(µ2),

where the second inequality is due to the concavity of fµ2 (see Lemma 1.2.5) and Lemma

3.3.7, the third inequality is due to Lemma 1.2.1 and Lemma 3.3.2, the equality is due to

η2 = 1/(6`), and the last inequality is due to Lemma 1.2.1. This completes the proof. �

We now prove the following upper bound of E‖ys − y∗(xs)‖2
2.

Lemma 3.3.13. Consider ZO-GDA (Algorithm 3). Use the same notation and the same

assumptions as in Lemma 3.3.12. Denote δs = ‖ys − y∗(xs)‖2
2 and set η1 as in (3.14), and

(3.9) γ := 1− 1

24κ
+ 144`2κ3η2

1 ≤ 1− 5

144κ
< 1.
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It holds that

(3.10) Eδs ≤ γsEδ0 + α1

s−1∑
i=0

γs−1−iE‖∇g(xi−1)‖2
2 + θ0

s−1∑
i=0

γs−1−i,

where

(3.11) α1 =
9

128κ(κ+ 1)4(`+ 1)2
, θ0 = α2µ

2
1(d1 + 6)3 + 2%(µ2), α2 =

1

8× 127κ(κ+ 1)4
.

Proof. Define the filtration Fs =
{
xs, ys, xs−1, ys−1, ..., x1, y1

}
. Let ζs = (u1,i∈[q1],u2,i∈[q2]), ζ[s] =

(ζ1, ζ2, ..., ζs). Denote by E taking expectation w.r.t ζ[s] conditioned on Fs and then taking

expectation over Fs. Since κ > 1, using the Young’s inequality, we have

(3.12)

Eδs = E‖y∗(xs)− ys‖2
2

≤
(

1 + 1
2(12κ−1)

)
E‖y∗(xs−1)− ys‖2

2 +
(

1 + 2(12κ− 1)
)
E‖y∗(xs)− y∗(xs−1)‖2

2

≤ (1− 1
24κ−1

)(1− 1
12κ

)E‖y∗(xs−1)− ys‖2
2 + 24κE‖y∗(xs)− y∗(xs−1)‖2

2 + 2%(µ2)

≤ (1− 1
24κ

)E‖y∗(xs−1)− ys−1‖2
2 + 24κ3E‖xs − xs−1‖2

2 + 2%(µ2)

= (1− 1
24κ

)Eδs−1 + 24κ3η2
1E‖Gµ1(xs−1, ys−1,u1,[q1])‖2

2 + 2%(µ2)

= (1− 1
24κ

)Eδs−1 + α1

6
E‖Gµ1(xs−1, ys−1,u1,[q1])‖2

2 + 2%(µ2),

where the second inequality is due to (3.8), the third inequality is due to Lemma 3.3.1. From

Lemma 3.3.7, we have

(3.13)

Eu1,[q1]
‖Gµ1(xs−1, ys−1,u1,[q1])‖2

2

≤ 3E‖∇xf(xs−1, ys−1)‖2
2 + µ2

1`
2(d1 + 6)3

≤ 6E‖∇g(xs−1)‖2
2 + 6`2E‖y∗(xs−1)− ys−1‖2

2 + µ2
1`

2(d1 + 6)3,

where the second inequality is due to Assumption 3.3.1. Combining (3.12) and (3.13) yields

(3.10) by noting (3.9). �

Now we are ready to prove the following theorem:

57



Theorem 3.3.2. Under Assumption 3.3.1, by setting

(3.14) η1 :=
1

4× 124κ2(κ+ 1)2(`+ 1)
, η2 := 1/(6`),

and

(3.15) S := O(κ5ε−2), µ1 := O(εd
−3/2
1 κ−2), µ2 := O(εd

−3/2
2 κ−2),

ZO-GDA (Algorithm 3) returns iterates (x1, y1), . . . , (xS, yS) such that there exist an iterate

which is an ε-stationary point of g(x) = maxy∈Y f(x, y). That is, ZO-GDA (Algorithm 3)

returns iterates that satisfy mins∈{1,...,S} E[‖∇g(xs)‖2
2] ≤ ε2. Moreover, the total number of

calls to the (deterministic) zeroth-order oracle, KZO is given by,

KZO = S(q1 + q2) ∼ O
(
κ5(d1 + d2)ε−2

)
.

Remark 3.3.1. We see that the total calls to the (deterministic) zeroth-order oracle

depends linearly on the dimensionality of the problem under consideration. The dependence

on ε is the same as that of corresponding first-order methods Lin et al. [2020]. But, the

dependence on the condition number κ is increased from κ2 to κ5 (assuming d1 and d2 are of

constant order). This is due to the choice of balancing the various tuning parameters in the

zeroth-order setting, in particular µ1 and µ2 which are absent in the first-order setting.
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Proof of Theorem 3.3.2. First, the following inequalities hold:

g(xs+1)

≤ g(xs)− η1〈∇g(xs), Gµ1(xs, ys,u1,[q1])〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys,u1,[q1])‖2

2

= g(xs)− η1

〈
∇xf(xs, y

∗(xs))−∇xfµ1(xs, y
∗(xs)) +∇xfµ1(xs, y

∗(xs))−∇xfµ1(xs, ys)

+∇xfµ1(xs, ys), Gµ1(xs, ys,u1,[q1])
〉

+ 1
2
Lgη

2
1‖Gµ1(xs, ys,u1,[q1])‖2

2

≤ g(xs) + ‖∇xf(xs, y
∗(xs))−∇xfµ1(xs, y

∗(xs))‖2/Lg +
Lgη21

4
‖Gµ1(xs, ys,u1,[q1])‖2

+‖∇xfµ1(xs, y
∗(xs))−∇xfµ1(xs, ys)‖2/Lg +

Lgη21
4
‖Gµ1(xs, ys,u1,[q1])‖2

−η1〈∇xfµ1(xs, ys), Gµ1(xs, ys,u1,[q1])〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys,u1,[q1])‖2

2

≤ g(xs) + `2

Lg
‖y∗(xs)− ys‖2

2 − η1〈∇xfµ1(xs, ys), Gµ1(xs, ys,u1,[q1])〉

+η2
1Lg‖Gµ1(xs, ys,u1,[q1])‖2

2 +
µ21

4Lg
`2(d1 + 3)3,

where the first inequality is due to Lemma 3.3.1 and the Descent lemma, the second inequality

is due to Young’s inequality, and the last inequality is due to Lemmas 3.3.3 and 3.3.9. Now

take expectation with respect to u1,[q1] to the above inequality, we get:

(3.16)
η1E‖∇xfµ1(xs, ys)‖2

2 ≤ Eg(xs)− Eg(xs+1) + `2

Lg
E‖y∗(xs)− ys‖2

2

+η2
1LgE‖Gµ1(xs, ys,u1,[q1])‖2

2 +
µ21

4Lg
`2(d1 + 3)3.

From Lemma 3.3.9, we have

(3.17) η1E‖∇xfµ1(xs, y
∗(xs))‖2

2 ≤ 2η1E‖∇xfµ1(xs, ys)‖2
2 + 2η1`

2‖ys − y∗(xs)‖2
2.

From Lemma 3.3.3, we have

(3.18) η1‖∇g(xs)‖2
2 ≤ 2η1‖∇xfµ1(xs, y

∗(xs))‖2
2 +

η1µ
2
1

2
`2(d1 + 3)3.
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Combining (3.13), (3.16), (3.17), (3.18) yields,

(3.19)

η1E‖∇g(xs)‖2
2

≤ 4Eg(xs)− 4Eg(xs+1) +
(

4`2

Lg
+ 4η1`

2
)
E‖y∗(xs)− ys‖2

2 +
µ21
Lg
`2(d1 + 3)3 +

η1µ21
2
`2(d1 + 3)3

+4η2
1Lg

[
6E‖∇g(xs)‖2

2 + 6`2E‖y∗(xs)− ys‖2
2 + µ2

1`
2(d1 + 6)3

]
= 4Eg(xs)− 4Eg(xs+1) + 24η2

1LgE‖∇g(xs)‖2
2 + θ1Eδs + θ2,

where

(3.20) θ1 =
4`2

Lg
+ 4η1`

2 + 24η2
1Lg`

2 ≤ 4`+ 4η1`
2 + 24η2

1`
3(κ+ 1)

and

θ2 =
µ2

1

Lg
`2(d1 + 3)3 +

η1µ
2
1

2
`2(d1 + 3)3 + 4η2

1Lgµ
2
1`

2(d1 + 6)3

≤ µ2
1`(d1 + 3)3 +

η1µ
2
1

2
`2(d1 + 3)3 + 4η2

1(κ+ 1)`3µ2
1(d1 + 6)3(3.21)

where we have used the definition of Lg := `(κ+ 1). Taking sum over s = 0, . . . , S to both

sides of (3.10), we get

(3.22)
S∑
s=0

Eδs ≤
S∑
s=0

γsEδ0 + α1

S∑
s=0

s−1∑
i=0

γs−1−iE‖∇g(xi−1)‖2
2 + θ0

S∑
s=0

s−1∑
i=0

γs−1−i.

Moreover, from (3.9) it is easy to obtain

(3.23)
S∑
s=0

γs ≤ 36κ,
S∑
s=0

s−1∑
i=0

γs−1−i ≤ 36κ(S + 1),

and

(3.24)
S∑
s=0

s−1∑
i=0

γs−1−iE‖∇g(xi−1)‖2
2 ≤ 36κ

S∑
s=0

E‖∇g(xs)‖2
2.
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Substituting (3.23) and (3.24) into (3.22), we obtain

(3.25)
S∑
s=0

Eδs ≤ 36κEδ0 + 36κα1

S∑
s=0

E‖∇g(xs)‖2
2 + 36κθ0(S + 1).

Now, summing (3.19) over s = 0, . . . , S yields

(3.26)

η1

∑S
s=0 E‖∇g(xs)‖2

2

= 4Eg(x0)− 4Eg(xS+1) + 24η2
1Lg

∑S
s=0 E‖∇g(xs)‖2

2 + θ1

∑S
s=0 Eδs + (S + 1)θ2

≤ 4Eg(x0)− 4Eg(xS+1) + 24η2
1Lg

∑S
s=0 E‖∇g(xs)‖2

2

+θ1[36κEδ0 + 36κα1

∑S
s=0 E‖∇g(xs)‖2

2 + 36κθ0(S + 1)] + (S + 1)θ2

where the second inequality is from (3.25). Using (3.20), (3.11) and (3.14), it is easy to verify

that

36κθ1α1 ≤
(

108

3× 123
+

108

127
+

54

4× 1210

)
η1 ≤ 0.021η1,

which together with Lg := (κ+ 1)` yields

(3.27) 36κθ1α1 + 24η2
1Lg ≤ 0.021η1 + 0.0003η1 = 0.0213η1.

Combining (3.26) and (3.27) yields

(3.28)
0.9787η1

∑S
s=0 E‖∇g(xs)‖2

2

≤ 4Eg(x0)− 4Eg(xS+1) + θ1[36κEδ0 + 36κθ0(S + 1)] + (S + 1)θ2.

Dividing both sides of (3.29) by 0.9787η1(S + 1) yields

(3.29) 1
S+1

∑S
s=0 E‖∇g(xs)‖2

2 ≤
4∆g

0.9787η1(S+1)
+ 36κθ1Eδ0

0.9787η1(S+1)
+ 36κθ1θ0

0.9787η1
+ θ2

0.9787η1
,

where ∆g := g(x0)−minx∈Rd1 g(x). Now we only need to upper bound the right hand side

of (3.29) by ε2, and this can be guaranteed by choosing the parameters as in (3.15). This

completes the proof of Theorem 3.3.2. �
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Remark 3.3.2. Note that the term δ0 appearing in (3.29) is defined as δ0 := ‖y0−y∗(x0)‖2
2.

Under the assumption that the set Y is bounded, this term could be upper bounded by D2.

This is the only place in the proof where we require the constraint set Y to be bounded. In the

unconstrained case, when Y := Rd2, having δ0 being bounded away from infinity is dependent

on the initial values (x0, y0) supplied to the algorithm. Hence, as long as the initial values are

such that ‖y0 − y∗(x0)‖2
2 is bounded, the same result hold for the ZO-GDA algorithm. Indeed

this scenario is common in the complexity analysis of optimization algorithms Nesterov [2018].

3.3.5. Convergence analysis of ZO-GDMSA (Algorithm 4). First, we show the fol-

lowing iteration complexity of the inner loop for y in Algorithm 4.

Lemma 3.3.14. In Algorithm 4, setting η2 = 1/(6`), µ2 = O(κ−1/2d
−3/2
2 ε) and T =

O(κ log(ε−1)). For fixed xs in the s-th iteration, E‖y∗(xs)− yT (xs)‖2
2 ≤ ε2 for given tolerance

ε.

Proof. According to the updates in Algorithm 4, we have

‖y∗(xs)− yt+1(xs)‖2

= (‖ProjY(yt(xs) + η2Hµ2(xs, yt(xs)),u2,[q2] − y∗(xs))‖2
2)

≤ ‖y∗(xs)− yt(xs)‖2 + 2η2〈Hµ2(xs, yt(xs),u2,[q2], yt(xs)− y∗(xs)〉+ η2
2‖Hµ2(xs, yt(xs),u2,[q2]‖2

2.

For a given s, denote by E taking expectation with respect to random samples u2,[q2]

conditioned on all previous iterations. By taking expectation to both sides of this inequality,
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we obtain

E‖y∗(xs)− yt+1(xs)‖2

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2〈−∇yfµ2(xs, yt(xs)), yt(xs)− y∗(xs)〉+ η2
2E‖Hµ2(xs, yt(xs),u2,[q2])‖2

2

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2〈−∇yfµ2(xs, yt(xs)), yt(xs)− y∗(xs)〉+ η2
2

(
3‖∇yf(xs, yt(xs))‖2

2 + µ2
2`

2(d2 + 6)3
)

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2[fµ2(xs, y
∗(xs))− fµ2(xs, yt(xs))] + η2

2

(
3‖∇yf(xs, yt(xs))‖2

2 + µ2
2`

2(d2 + 6)3
)

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2(f(xs, y
∗(xs))− f(xs, yt(xs))) + 2µ2

2d2η2`+ η2
2(6L2(f(xs, y

∗(xs))− f(xs, yt(xs)))

+η2
2µ

2
2`

2(d2 + 6)3

= E‖y∗(xs)− yt(xs)‖2 − (f(xs, y
∗(xs))− f(xs, yt(xs)))/(6`) + µ2

2d2/3 + µ2
2(d2 + 6)3/36

≤ E‖y∗(xs)− yt(xs)‖2
(

1− τ
12`

)
+ µ2

2d2/3 + µ2
2(d2 + 6)3/36,

where the second inequality is due to Lemma 3.3.7, the third inequality is due to the concavity

of fµ2 (see Lemma 1.2.5), the fourth inequality is due to Lemmas 3.3.2 and 1.2.1, the equality

is due to η2 = 1/(6`), and the last inequality is due to Lemma 1.2.1.

Define δ = 12`(µ2
2d2/3 + µ2

2(d2 + 6)3/36)/τ . From the above inequality, we have

E‖y∗(xs)− yt(xs)‖2 − δ ≤ (E‖y∗(xs)− yt−1(xs)‖2 − δ)
(

1− τ
12`

)
≤ (E‖y∗(xs)− y0(xs)‖2 − δ)

(
1− τ

12`

)t
≤ E‖y∗(xs)− y0(xs)‖2

(
1− τ

12`

)t
≤ D2

(
1− τ

12`

)t
,

where the last inequality is due to Assumption 3.3.1. Now it is clear that in order to ensure

that E‖y∗(xs)− yT (xs)‖2 ≤ ε2, we need T ∼ O(κ log(ε−1)) and µ2 = O(κ−1/2d
−3/2
2 ε). �

We are now ready to prove Theorem 3.3.3.

Theorem 3.3.3. Under Assumption 3.3.1, by setting

(3.30) η1 = 1/(12Lg), η2 = 1/(6`), T = O(κ log(ε−1)),

and

(3.31) S ∼ O(κε−2), µ1 ∼ O(εd
−3/2
1 ), µ2 = O(κ−1/2d

−3/2
2 ε),
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ZO-GDMSA (Algorithm 4) returns iterates (x1, y1), . . . , (xS, yS) such that there exist an iterate

which is an ε-stationary point for g(x) = maxy∈Y f(x, y). That is, ZO-GDMSA (Algorithm 4)

returns iterates that satisfy mins∈{1,...,S} E[‖∇g(xs)‖2
2] ≤ ε2. Moreover, the total number of

calls to the (deterministic) zeroth-order oracle is given by

KZO = Sq1 + TSq2 ∼ O
(
κε−2(d1 + κd2 log(ε−1))

)
.

Remark 3.3.3. Note that compared to Algorithm 3, Algorithm 4 obtains improved depen-

dence on κ while maintaining the same dependence on ε. Recall that κ = `/τ . Assuming both

d1 and d2 are of constant order, the dependency of the complexity on κ is of quadratic order.

Proof of Theorem 3.3.3. First, the following inequalities hold:

g(xs+1)

≤ g(xs)− η1〈∇xg(xs), Gµ1(xs, ys+1,u1,[q1])〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys+1,u1,[q1])‖2

2

= g(xs)− η1

〈
∇xf(xs, y

∗(xs))−∇xfµ1(xs, y
∗(xs)) +∇xfµ1(xs, y

∗(xs))−∇xfµ1(xs, ys+1)

+∇xfµ1(xs, ys+1), Gµ1(xs, ys+1,u1,[q1])
〉

+ 1
2
Lgη

2
1‖Gµ1(xs, ys+1,u1,[q1])‖2

2

≤ g(xs) + ‖∇xf(xs, y
∗(xs))−∇xfµ1(xs, y

∗(xs))‖2/Lg +
Lgη21

4
‖Gµ1(xs, ys+1,u1,[q1])‖2

+‖∇xfµ1(xs, y
∗(xs))−∇xfµ1(xs, ys+1)‖2/Lg +

Lgη21
4
‖Gµ1(xs, ys+1,u1,[q1])‖2

−η1〈∇xfµ1(xs, ys+1), Gµ1(xs, ys+1,u1,[q1])〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys+1,u1,[q1])‖2

2

≤ g(xs) + `2

Lg
‖y∗(xs)− ys+1‖2

2 − η1〈∇xfµ1(xs, ys+1), Gµ1(xs, ys+1,u1,[q1])〉

+η2
1Lg‖Gµ1(xs, ys+1,u1,[q1])‖2

2 +
µ21

4Lg
`2(d1 + 3)3,

where the first inequality is due to Lemma 3.3.1, the second inequality is due to Young’s

inequality, and the last inequality is due to Lemmas 3.3.3 and 3.3.9. Now take expectation
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with respect to u1,[q1] to the above inequality, we get:

(3.32)

η1E‖∇xfµ1(xs, ys+1)‖2
2

≤ Eg(xs)− Eg(xs+1) + `2

Lg
E‖y∗(xs)− ys+1‖2

2 + η2
1LgE‖Gµ1(xs, ys+1,u1,[q1])‖2

2 +
µ21

4Lg
`2(d1 + 3)3

≤ Eg(xs)− Eg(xs+1) + `2

Lg
E‖y∗(xs)− ys+1‖2

2 + η2
1Lg

(
3‖∇xf(xs, ys+1)‖2

2 + µ2
1`

2(d1 + 6)3
)

+
µ21

4Lg
`2(d1 + 3)3,

where the second inequality is due to Lemma 3.3.7. From Lemma 3.3.3 we have

(3.33) E‖∇xf(xs, ys+1)‖2
2 ≤ 2E‖∇xfµ1(xs, ys+1)‖2

2 + µ2
1`

2(d1 + 3)3/2.

Combining (3.32) and (3.33), and noting η1 = 1/(12Lg), we have

(3.34)
E‖∇xf(xs, ys+1)‖2

2 ≤ 48Lg

[
Eg(xs)− Eg(xs+1)

]
+ 48`2E‖y∗(xs)− ys+1‖2

2

+13µ2
1`

2(d1 + 3)3 + µ2
1`

2(d1 + 6)3/3.

It then follows that

(3.35)

E‖∇g(xs)‖2
2

≤ 2E‖∇xg(xs)−∇xf(xs, ys+1)‖2
2 + 2E‖∇xf(xs, ys+1)‖2

2

≤ 2`2E‖y∗(xs)− ys+1‖2
2 + 2E‖∇xf(xs, ys+1)‖2

2

≤ 96Lg

[
Eg(xs)− Eg(xs+1)

]
+ 98`2E‖y∗(xs)− ys+1‖2

2

+26µ2
1`

2(d1 + 3)3 + 2µ2
1`

2(d1 + 6)3/3,

where the second inequality is due to Assumption 3.3.1, and the last inequality is due to

(3.34).

Take the sum over s = 0, . . . , S to both sides of (3.35), we get

(3.36)
1

S+1

∑S
s=0 E‖∇g(xs)‖2

2 ≤
96Lg

S+1
E[g(x0)− g(xS+1)] + 98`2

S+1

∑S
s=0 E‖y∗(xs)− ys+1‖2

2

+26µ2
1`

2(d1 + 3)3 + 2µ2
1`

2(d1 + 6)3/3.

Denote ∆g = g(x0) − minx∈Rd1 (g(x)). From Lemma (3.3.17), we know that when T ∼

O(κ log(ε−1)), we have E‖y∗(xs)− ys+1‖2 ≤ ε2 (note that ys+1 = yT (xs)). Therefore, choosing
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parameters as in (3.31) guarantees that the right hand side of (3.36) is upper bounded by

O(ε2), and thus an ε-stationary point is found. This completes the proof. �

3.3.6. Convergence analysis for ZO-SGDA (Algorithm 5). We first show the follow-

ing inequality.

Lemma 3.3.15. Assume {(xs, ys)} is the sequence generated by Algorithm 5. By setting

η2 = 1/(6`), the following inequality holds:

(3.37) E‖y∗(xs−1)− ys‖2
2 ≤

(
1− 1/(12κ)

)
E‖y∗(xs−1)− ys−1‖2

2 + ε̃(µ2),

where %(µ2, ε) = µ2
2d2/3 + µ2

2(d2 + 3)2/72 + µ2
2(d2 + 6)2ε2/576 + ε2/72`2.

Proof. According to the updates in Algorithm 3, we have

‖y∗(xs−1)− ys‖2 = ‖ProjY(ys−1 + η2Hµ2(xs−1, ys−1,uM2 , ξM2)− y∗(xs−1))‖2
2

≤ ‖y∗(xs−1)− ys−1‖2 + 2η2〈Hµ2(xs−1, ys−1,uM2 , ξM2), ys−1 − y∗(xs)〉

+η2
2‖Hµ2(xs−1, ys−1,uM2 , ξM2)‖2

2.

For a given s, denote by E taking expectation with respect to random samples uM2 , ξM2

conditioned on all previous iterations. By taking expectation to both sides of this inequality,

we obtain

E‖y∗(xs−1)− ys‖2

≤ E‖y∗(xs−1)− ys−1‖2 − 2η2〈−∇yfµ2(xs−1, ys−1), ys−1 − y∗(xs)〉+ η2
2E‖Hµ2(xs−1, ys−1,uM2 , ξM2)‖2

2

≤ E‖y∗(xs−1)− ys−1‖2 − 2η2[fµ2(xs−1, y
∗(xs))− fµ2(xs−1, ys−1)]

+η2
2

(
3‖∇yf(xs−1, ys−1)‖2

2 + ε(µ2)
)

≤ E‖y∗(xs−1)− ys−1‖2 − 2η2(f(xs−1, y
∗(xs))− f(xs−1, ys−1)) + 2µ2

2d2η2`

+η2
2(6`(f(xs−1, y

∗(xs))− f(xs−1, ys−1)) + η2
2%2(ε, µ2)

= E‖y∗(xs−1)− ys−1‖2 − (f(xs−1, y
∗(xs))− f(xs−1, ys−1))/(6`) + %(µ2, ε)

≤ E‖y∗(xs−1)− ys−1‖2
(

1− τ
12`

)
+ %(µ2, ε),
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where the second inequality is due to the concavity of fµ2 (see Lemma 1.2.5) and Lemma

3.3.8, the third inequality is due to Lemma 1.2.1 and Lemma 3.3.2, the equality is due to

η2 = 1/(6`), and the last inequality is due to Lemma 1.2.1. This completes the proof. �

We now prove the following upper bound of E‖ys − y∗(xs)‖2
2.

Lemma 3.3.16. Consider ZO-SGDA (Algorithm 5). Use the same notation and the same

assumptions as in Lemma 3.3.15. Denote δs = ‖ys − y∗(xs)‖2
2 and set η1 as in (3.14), and

(3.38) γ := 1− 1

24κ
+ 144`2κ3η2

1 ≤ 1− 5

144κ
< 1.

It holds that

(3.39) Eδs ≤ γsEδ0 + α1

s−1∑
i=0

γs−1−iE‖∇g(xi−1)‖2
2 + θ0

s−1∑
i=0

γs−1−i,

where

(3.40) α1 =
9

128κ(κ+ 1)4(`+ 1)2
, θ0 = α2%2(ε, µ2) + 2%(µ2, ε), α2 =

1

8× 127κ(κ+ 1)4
.

Proof. Define the filtration Fs =
{
xs, ys, xs−1, ys−1, ..., x1, y1

}
. Let ζs = (uM1 , ξM1 ,uM2 , ξM2), ζ[s] =

(ζ1, ζ2, ..., ζs). Denote by E taking expectation w.r.t ζ[s] conditioned on Fs and then taking

expectation over Fs. Since κ > 1, using the Young’s inequality, we have

(3.41)

Eδs = E‖y∗(xs)− ys‖2
2

≤
(

1 + 1
2(12κ−1)

)
E‖y∗(xs−1)− ys‖2

2 +
(

1 + 2(12κ− 1)
)
E‖y∗(xs)− y∗(xs−1)‖2

2

≤ ( 24κ−1
2(12κ−1)

)(1− 1
12κ

)E‖y∗(xs−1)− ys‖2
2 + 24κE‖y∗(xs)− y∗(xs−1)‖2

2 + 2%(µ2, ε)

≤ (1− 1
24κ

)E‖y∗(xs−1)− ys−1‖2
2 + 24κ3E‖xs − xs−1‖2

2 + 2%(µ2, ε)

= (1− 1
24κ

)Eδs−1 + 24κ3η2
1E‖Gµ1(xs−1, ys−1,uM1 , ξM1)‖2

2 + 2%(µ2, ε)

= (1− 1
24κ

)Eδs−1 + α1

6
E‖Gµ1(xs−1, ys−1,uM1 , ξM1)‖2

2 + 2%(µ2, ε),
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where the second inequality is due to (3.37), the third inequality is due to Lemma 3.3.1.

From Lemma 3.3.8, we have

(3.42)

EuM1
,ξM1
‖Gµ1(xs−1, ys−1,uM1 , ξM1)‖2

2

≤ 3E‖∇xf(xs−1, ys−1)‖2
2 + %2(ε, µ2)

≤ 6E‖∇g(xs−1)‖2
2 + 6`2E‖y∗(xs−1)− ys−1‖2

2 + %2(ε, µ2),

where the second inequality is due to Assumption 3.3.1. Combining (3.41) and (3.42) yields

(3.58) by noting (3.57). �

Now we are ready to prove Theorem 3.3.4.

Theorem 3.3.4. Let ε ∈ (0, 1). Then

(1) Under Assumption 3.3.1 and 3.3.2, by setting the parameters η1, η2 as in (3.14),

setting S, µ1, µ2 as in (3.15), and setting |M1| = 4(d1 + 6)(σ2
1 + 1)ε−2, |M2| = 4(d2 +

6)(σ2
2 + 1)ε−2, ZO-SGDA (Algorithm 5) returns iterates (x1, y1), . . . , (xS, yS) such that

there exist an iterate which is an ε-stationary point for g(x) = maxy∈Y f(x, y). That

is, ZO-SGDA (Algorithm 5) returns iterates that satisfy mins∈{1,...,S} E[‖∇g(xs)‖2
2] ≤ ε2.

Moreover, the total number of calls to the stochastic zeroth-order oracle, KSZO is

given by,

KSZO = S(|M1|+ |M2|) ∼ O
(
κ5(d1σ

2
1 + d2σ

2
2)ε−4

)
.

(2) Under Assumptions 3.3.1, 3.3.2 (only the unbiased part) and 3.3.3, by setting

|M1| = ρ1(d1 + 6), |M2| = ρ2(d2 + 6) and setting

µ1 ∼ O
(
ρ1`(d1)−3/2

)
µ2 ∼ O

(
ρ2`(d2)−3/2

)
,

with other parameters remaining the same, the conclusion in Part 1 holds. In this

case, the total number of calls to the stochastic zeroth-order oracle, KSZO is given
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by,

KSZO = S(|M1|+ |M2|) ∼ O
(
κ5(ρ1d1 + ρ2d2)ε−2

)
.

Remark 3.3.4. Under Assumption 3.3.2, the ε-dependence of Algorithm 5 is the same

compared to the first-order counterpart considered in Lin et al. [2020]. However, under

Assumption 3.3.3, the ε-dependence is improved and is the same as the deterministic case.

This improvement is not limited only to the zeroth-order setting – In Section ??, we establish

similar improvements in the stochastic first-order setting, for the sake of completeness. The

κ-dependence is same as in the deterministic case, for both cases. Finally, the dimension-

dependence is linear, to account for the zeroth-order setting.

Proof of Theorem 3.3.4. We first prove part 1. First, the following inequalities hold:

g(xs+1)

≤ g(xs)− η1〈∇g(xs), Gµ1(xs, ys,uM1 , ξM1)〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys,uM1 , ξM1)‖2

2

= g(xs)− η1

〈
∇xf(xs, y

∗(xs))−∇xfµ1(xs, y
∗(xs)) +∇xfµ1(xs, y

∗(xs))−∇xfµ1(xs, ys)

+∇xfµ1(xs, ys), Gµ1(xs, ys,uM1 , ξM1)
〉

+ 1
2
Lgη

2
1‖Gµ1(xs, ys,uM1 , ξM1)‖2

2

≤ g(xs) + ‖∇xf(xs, y
∗(xs))−∇xfµ1(xs, y

∗(xs))‖2/Lg +
Lgη21

4
‖Gµ1(xs, ys,uM1 , ξM1)‖2

+‖∇xfµ1(xs, y
∗(xs))−∇xfµ1(xs, ys)‖2/Lg +

Lgη21
4
‖Gµ1(xs, ys,uM1 , ξM1)‖2

−η1〈∇xfµ1(xs, ys), Gµ1(xs, ys,uM1 , ξM1)〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys,uM1 , ξM1)‖2

2

≤ g(xs) + `2

Lg
‖y∗(xs)− ys‖2

2 − η1〈∇xfµ1(xs, ys), Gµ1(xs, ys,uM1 , ξM1)〉

+η2
1Lg‖Gµ1(xs, ys,uM1 , ξM1)‖2

2 +
µ21

4Lg
`2(d1 + 3)3,

where the first inequality is due to Lemma 3.3.1, the second inequality is due to Young’s

inequality, and the last inequality is due to Lemmas 3.3.3 and 3.3.9. Now take expectation

with respect to uM1 ,ξM1 to the above inequality, we get:

(3.43)
η1E‖∇xfµ1(xs, ys)‖2

2 ≤ Eg(xs)− Eg(xs+1) + `2

Lg
E‖y∗(xs)− ys‖2

2

+η2
1LgE‖Gµ1(xs, ys,uM1 , ξM1)‖2

2 +
µ21

4Lg
`2(d1 + 3)3.
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From Lemma 3.3.9, we have

(3.44) η1E‖∇xfµ1(xs, y
∗(xs))‖2

2 ≤ 2η1E‖∇xfµ1(xs, ys)‖2
2 + 2η1`

2‖ys − y∗(xs)‖2
2.

From Lemma 3.3.3, we have

(3.45) η1‖∇g(xs)‖2
2 ≤ 2η1‖∇xfµ1(xs, y

∗(xs))‖2
2 +

η1µ
2
1

2
`2(d1 + 3)3.

Combining (3.42), (3.43), (3.44), (3.18) yields,

(3.46)

η1E‖∇g(xs)‖2
2

≤ 4Eg(xs)− 4Eg(xs+1) +
(

4`2

Lg
+ 4η1`

2
)
E‖y∗(xs)− ys‖2

2 +
µ21
Lg
`2(d1 + 3)3 +

η1µ21
2
`2(d1 + 3)3

+4η2
1Lg

[
6E‖∇g(xs)‖2

2 + 6`2E‖y∗(xs)− ys‖2
2 + ε(µ2)

]
= 4Eg(xs)− 4Eg(xs+1) + 24η2

1LgE‖∇g(xs)‖2
2 + θ1Eδs + θ2,

where

(3.47) θ1 =
4`2

Lg
+ 4η1`

2 + 24η2
1Lg`

2 ≤ 4`+ 4η1`
2 + 24η2

1`
3(κ+ 1)

and

(3.48)

θ2 =
µ21
Lg
`2(d1 + 3)3 +

η1µ21
2
`2(d1 + 3)3 + 4η2

1Lgε(µ2)

≤ µ2
1`(d1 + 3)3 +

η1µ21
2
`2(d1 + 3)3 + 4η2

1(κ+ 1)`ε(µ2)

≤ µ2
1`(d1 + 3)3 +

η1µ21
2
`2(d1 + 3)3 + η2

1(κ+ 1)`3
(

2µ2
1(d1 + 3)3 +

µ21(d1+6)2ε2

2

)
+ 2η2

1(κ+ 1)`ε2

where we have used the definition of Lg := `(κ+ 1). Taking sum over s = 0, . . . , S to both

sides of (3.46), we get

(3.49)
S∑
s=0

Eδs ≤
S∑
s=0

γsEδ0 + α1

S∑
s=0

s−1∑
i=0

γs−1−iE‖∇g(xi−1)‖2
2 + θ0

S∑
s=0

s−1∑
i=0

γs−1−i.
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Moreover, from (3.57) it is easy to obtain

(3.50)
S∑
s=0

γs ≤ 36κ,
S∑
s=0

s−1∑
i=0

γs−1−i ≤ 36κ(S + 1),

and

(3.51)
S∑
s=0

s−1∑
i=0

γs−1−iE‖∇g(xi−1)‖2
2 ≤ 36κ

S∑
s=0

E‖∇g(xs)‖2
2.

Substituting (3.50) and (3.51) into (3.49), we obtain

(3.52)
S∑
s=0

Eδs ≤ 36κEδ0 + 36κα1

S∑
s=0

E‖∇g(xs)‖2
2 + 36κθ0(S + 1).

Now, summing (3.19) over s = 0, . . . , S yields

(3.53)

η1

∑S
s=0 E‖∇g(xs)‖2

2

= 4Eg(x0)− 4Eg(xS+1) + 24η2
1Lg

∑S
s=0 E‖∇g(xs)‖2

2 + θ1

∑S
s=0 Eδs + (S + 1)θ2

≤ 4Eg(x0)− 4Eg(xS+1) + 24η2
1Lg

∑S
s=0 E‖∇g(xs)‖2

2

+θ1[36κEδ0 + 36κα1

∑S
s=0 E‖∇g(xs)‖2

2 + 36κθ0(S + 1)] + (S + 1)θ2

where the second inequality is from (3.52). Using (3.47), (3.59) and (3.14), it is easy to verify

that

36κθ1α1 ≤
(

108

3× 123
+

108

127
+

54

4× 1210

)
η1 ≤ 0.021η1,

which together with Lg := (κ+ 1)` yields

(3.54) 36κθ1α1 + 24η2
1Lg ≤ 0.021η1 + 0.0003η1 = 0.0213η1.

Combining (3.53) and (3.54) yields

(3.55)
0.9787η1

∑S
s=0 E‖∇g(xs)‖2

2

≤ 4Eg(x0)− 4Eg(xS+1) + θ1[36κEδ0 + 36κθ0(S + 1)] + (S + 1)θ2.
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Dividing both sides of (3.55) by 0.9787η1(S + 1) yields

(3.56) 1
S+1

∑S
s=0 E‖∇g(xs)‖2

2 ≤
4∆g

0.9787η1(S+1)
+ 36κθ1Eδ0

0.9787η1(S+1)
+ 36κθ1θ0

0.9787η1
+ θ2

0.9787η1
,

where ∆g := g(x0)−minx∈Rd1 g(x). Now we only need to upper bound the right hand side

of (3.56) by O(ε2). Note that by the choice of parameters in (3.15), the right hand side of

(3.56) is O(ε2) +O(ε4). Hence, with ε ∈ (0, 1), we get the required result. This completes the

proof of Theorem 3.3.4, part 1.

We now prove part 2. Denote δs = ‖ys − y∗(xs)‖2
2 and set η1 as in (3.14), and

(3.57) γ := 1− 1

24κ
+ 144`2κ3η2

1 ≤ 1− 5

144κ
< 1.

Following the result from (3.3.11), we have:

E‖y∗(xs−1)− ys‖2 ≤ E‖y∗(xs−1)− ys−1‖2
(

1− τ

12`

)
+ %̄(µ2, ρ2)

Using Young’s inequality on δs, we have:

Eδs ≤
(

1− 1

24κ

)
Eδs−1 +

α1

6
E‖Gµ1(xs−1, ys−1,uM1 , ξM1)‖2

2 + 2%̄(µ2, ρ2)

From the subroutine of (3.52), we have

(3.58) Eδs ≤ γsEδ0 + α1

s−1∑
i=0

γs−1−iE‖∇g(xi−1)‖2
2 + θ0

s−1∑
i=0

γs−1−i,

in which

(3.59) α1 =
9

128κ(κ+ 1)4(`+ 1)2
, θ̄0 = α2%̄2(µ2, ρ2) + 2%̄(µ2, ρ2), α2 =

1

8× 127κ(κ+ 1)4

Using above expressions and follows the result of (3.46), we have:

(3.60) 0.9787η1

S∑
s=0

E‖∇g(xs)‖2
2 ≤ 4Eg(x0)−4Eg(xS+1)+θ̄1[36κEδ0+36κθ̄0(S+1)]+(S+1)θ̄2
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with

(3.61)
θ̄1 =

(
4`2/Lg + 4η1`

2 + 24η2
1Lg`

2
)

θ̄2 =
µ21
Lg
`2(d1 + 3)3 +

η1µ21
2
`2(d1 + 3)3 + 4η1Lg%̄1(µ1, ρ1)

Divide both sides by 0.9787η1(S + 1), we get

(3.62)
1

S + 1

S∑
s=0

E‖∇g(xs)‖2
2 ≤

4∆g

0.9787η1(S + 1)
+

36κθ̄1Eδ0

0.9787η1(S + 1)
+

36κθ̄1θ̄0

0.9787η1

+
θ̄2

0.9787η1

,

Choosing µ1 ∼ O
(

min(1, ρ1)`(d1 + 3)3/2
)

, µ2 ∼ O
(

min(1, ρ2)`(d2 + 3)3/2
)

, we guarantee

that the right hand side of (3.62) is upper bounded by O(ε2) +O(ε4). Under SGC assumption

3.3.3, since we choose |M1| ∼ O(ρ1d1), |M2| ∼ O(ρ1d2) the total number calls to stochastic

zeroth-order oracle KSZO is O
(
κ5(d1ρ1 + d2ρ2)ε−2

)
. This completes the proof of part 2.x �

3.3.7. Convergence analysis of ZO-SGDMSA (Algorithm 6). First, we show the fol-

lowing iteration complexity of the inner loop for y in Algorithm 6.

Lemma 3.3.17. In Algorithm 6, setting η2 = 1/(6`), µ2 = O(κ−1/2d
−3/2
2 ε) and T =

O(κ log(ε−1)). For fixed xs in the s-th iteration, E‖y∗(xs)− yT (xs)‖2
2 ≤ ε2 for given tolerance

ε.

Proof. According to the updates in Algorithm 6, we have

‖y∗(xs)− yt+1(xs)‖2

= (‖ProjY(yt(xs) + η2Hµ2(xs, yt(xs),uM2 , ξM2)− y∗(xs))‖2
2)

≤ ‖y∗(xs)− yt(xs)‖2 + 2η2〈Hµ2(xs, yt(xs),uM2 , ξM2), yt(xs)− y∗(xs)〉+ η2
2‖Hµ2(xs, yt(xs),uM2 , ξM2‖2

2.

For a given s, denote by E taking expectation with respect to random samples uM2 , ξM2

conditioned on all previous iterations. By taking expectation to both sides of this inequality,
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we obtain

E‖y∗(xs)− yt+1(xs)‖2

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2〈−∇yfµ2(xs, yt(xs)), yt(xs)− y∗(xs)〉+ η2
2E‖Hµ2(xs, yt(xs),uM1 , ξM1)‖2

2

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2〈−∇yfµ2(xs, yt(xs)), yt(xs)− y∗(xs)〉+ η2
2

(
3‖∇yf(xs, yt(xs))‖2

2 + ε(µ2))

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2[fµ2(xs, y
∗(xs))− fµ2(xs, yt(xs))] + η2

2

(
3‖∇yf(xs, yt(xs))‖2

2 + ε(µ2)
)

≤ E‖y∗(xs)− yt(xs)‖2 − 2η2(f(xs, y
∗(xs))− f(xs, yt(xs))) + 2µ2

2d2η2`+ η2
2(6L2(f(xs, y

∗(xs))− f(xs, yt(xs)))

+η2
2ε(µ2)

= E‖y∗(xs)− yt(xs)‖2 − (f(xs, y
∗(xs))− f(xs, yt(xs)))/(6`)

+ε2/(72`2) + µ2
2(d2 + 3)3/72 + µ2

2(d2 + 6)2ε2/288

≤ E‖y∗(xs)− yt(xs)‖2
(

1− τ
12`

)
+ ε2/(72`2) + µ2

2(d2 + 3)3/72 + µ2
2(d2 + 6)2ε2/288,

where the second inequality is due to Lemma 3.3.8, the third inequality is due to the concavity

of fµ2 (see Lemma 1.2.5), the fourth inequality is due to Lemmas 3.3.2 and 1.2.1, the equality

is due to η2 = 1/(6`), and the last inequality is due to Lemma 1.2.1.

Define δ = 12`(ε2/(72`2) + µ2
2(d2 + 3)3/72 + µ2

2(d2 + 6)2ε2/288)/τ . From the above

inequality, we have

E‖y∗(xs)− yt(xs)‖2 − δ ≤ (E‖y∗(xs)− yt−1(xs)‖2 − δ)
(

1− τ
12`

)
≤ (E‖y∗(xs)− y0(xs)‖2 − δ)

(
1− τ

12`

)t
≤ E‖y∗(xs)− y0(xs)‖2

(
1− τ

12`

)t
≤ D2

(
1− τ

12`

)t
,

where the last inequality is due to Assumption 3.3.1. Now it is clear that in order to ensure

that E‖y∗(xs)− yT (xs)‖2 ≤ ε2, we need T ∼ O(κ log(ε−1)) and µ2 = O(κ−1/2d
−3/2
2 ε). �

We are now ready to prove Theorem 3.3.5.

Theorem 3.3.5. Let ε ∈ (0, 1). Then,

(1) Under Assumption 3.3.1 and 3.3.2, by setting η1, η2 as in (3.30), S, µ1, µ2 as in (3.31),

and setting |M1| = 4(d1 + 6)(σ2
1 + 1)ε−2, |M2| = 4(d2 + 6)(σ2

2 + 1)ε−2,ZO-SGDMSA

74



(Algorithm 6) returns iterates (x1, y1), . . . , (xS, yS) such that there exist an iterate

which is an ε-stationary point for g(x) = maxy∈Y f(x, y). That is, ZO-SGDA (Algo-

rithm 3) returns iterates that satisfy mins∈{1,...,S} E[‖∇g(xs)‖2
2] ≤ ε2. Moreover, the

total number of calls to the (deterministic) zeroth-order oracle, KSZO is given by,

KSZO = S|M1|+ TS|M2|

∼ O
(
κε−4(d1σ

2
1 + κd2σ

2
2 log(ε−1))

)
.

(2) Under Assumptions 3.3.1, 3.3.2 (only the unbiased part) and 3.3.3, by setting

|M1| = ρ1(d1 + 6), |M2| = ρ2(d2 + 6) and setting

µ1 ∼ O
(
ρ1`(d1)−3/2

)
µ2 ∼ O

(
ρ2`(d2)−3/2

)
,

with other parameters remaining the same, the conclusion in Part 1 holds. In this

case, the total number of calls to the (deterministic) zeroth-order oracle, KSZO is

given by,

KSZO = S|M1|+ TS|M2| ∼ O
(
κ(ρ1d1 + κρ2d2 log(ε−1))ε−2

)
Remark 3.3.5. Similar to the deterministic case, we improve the dependence of the query

complexity on κ. The dependence on ε and dimensionality remain the same. We emphasize

that the use of multiple step in the ascent part, leads to the improved dependency on κ over

Algorithm 5.
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Proof of Theorem 3.3.5. We first prove Part 1. First, the following inequalities hold:

g(xs+1)

≤ g(xs)− η1〈∇xg(xs), Gµ1(xs, ys+1,uM1 , ξM1)〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys+1,uM1 , ξM1)‖2

2

= g(xs)− η1

〈
∇xf(xs, y

∗(xs))−∇xfµ1(xs, y
∗(xs)) +∇xfµ1(xs, y

∗(xs))−∇xfµ1(xs, ys+1)

+∇xfµ1(xs, ys+1), Gµ1(xs, ys+1,uM1 , ξM1)
〉

+ 1
2
Lgη

2
1‖Gµ1(xs, ys+1,uM1 , ξM1)‖2

2

≤ g(xs) + ‖∇xf(xs, y
∗(xs))−∇xfµ1(xs, y

∗(xs))‖2/Lg +
Lgη21

4
‖Gµ1(xs, ys+1,uM1 , ξM1)‖2

+‖∇xfµ1(xs, y
∗(xs))−∇xfµ1(xs, ys+1)‖2/Lg +

Lgη21
4
‖Gµ1(xs, ys+1,uM1 , ξM1)‖2

−η1〈∇xfµ1(xs, ys+1), Gµ1(xs, ys+1,uM1 , ξM1)〉+ 1
2
Lgη

2
1‖Gµ1(xs, ys+1,uM1 , ξM1)‖2

2

≤ g(xs) + `2

Lg
‖y∗(xs)− ys+1‖2

2 − η1〈∇xfµ1(xs, ys+1), Gµ1(xs, ys+1,uM1 , ξM1)〉

+η2
1Lg‖Gµ1(xs, ys+1,uM1 , ξM1)‖2

2 +
µ21

4Lg
`2(d1 + 3)3,

where the first inequality is due to Lemma 3.3.1, the second inequality is due to Young’s

inequality, and the last inequality is due to Lemmas 3.3.3 and 3.3.9. Now take expectation

with respect to uM1 , ξM1 to the above inequality, we get:

(3.63)

η1E‖∇xfµ1(xs, ys+1)‖2
2

≤ Eg(xs)− Eg(xs+1) + `2

Lg
E‖y∗(xs)− ys+1‖2

2 + η2
1LgE‖Gµ1(xs, ys+1,uM1 , ξM1)‖2

2 +
µ21

4Lg
`2(d1 + 3)3

≤ Eg(xs)− Eg(xs+1) + `2

Lg
E‖y∗(xs)− ys+1‖2

2 + η2
1Lg

(
3‖∇xf(xs, ys+1)‖2

2 + ε(µ1)
)

+
µ21

4Lg
`2(d1 + 3)3,

where the second inequality is due to Lemma 3.3.7. From Lemma 3.3.3 we have

(3.64) E‖∇xf(xs, ys+1)‖2
2 ≤ 2E‖∇xfµ1(xs, ys+1)‖2

2 + µ2
1`

2(d1 + 3)3/2.

Combining (3.63) and (3.64), and noting η1 = 1/(12Lg), we have

(3.65)
E‖∇xf(xs, ys+1)‖2

2 ≤ 48Lg

[
Eg(xs)− Eg(xs+1)

]
+ 48`2E‖y∗(xs)− ys+1‖2

2

+13µ2
1`

2(d1 + 3)3 + ε(µ1)/12.
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It then follows that

(3.66)

E‖∇g(xs)‖2
2

≤ 2E‖∇xg(xs)−∇xf(xs, ys+1)‖2
2 + 2E‖∇xf(xs, ys+1)‖2

2

≤ 2`2E‖y∗(xs)− ys+1‖2
2 + 2E‖∇xf(xs, ys+1)‖2

2

≤ 96Lg

[
Eg(xs)− Eg(xs+1)

]
+ 98`2E‖y∗(xs)− ys+1‖2

2

+26µ2
1`

2(d1 + 3)3 + ε(µ1)/6,

where the second inequality is due to Assumption 3.3.1, and the last inequality is due to

(3.65).

Take the sum over s = 0, . . . , S to both sides of (3.66), we get

(3.67)
1

S+1

∑S
s=0 E‖∇g(xs)‖2

2 ≤
96Lg

S+1
E[g(x0)− g(xS+1)] + 98`2

S+1

∑S
s=0 E‖y∗(xs)− ys+1‖2

2

+26µ2
1`

2(d1 + 3)3 + ε(µ1)/6.

Denote ∆g = g(x0) − minx∈Rd1 (g(x)). From Lemma (3.3.17), we know that when T ∼

O(κ log(ε−1)), we have E‖y∗(xs)− ys+1‖2 ≤ ε2 (note that ys+1 = yT (xs)). Therefore, choosing

parameters as in (3.31) guarantees that the right hand side of (3.67) is upper bounded by

O(ε2) + O(ε4). Hence, with ε ∈ (0, 1), we get the required result and thus an ε-stationary

point is found. This completes the proof of Part 1.

We next prove Part 2. Following the result from (3.3.11), we have, we know the linear

convergence:

E‖y∗(xs−1)− ys‖2 ≤ E‖y∗(xs−1)− ys−1‖2
(

1− τ

12`

)
+ %̄(µ2, ρ2)

Choosing δ = 12`
τ
%̄(µ2, ρ2), we will have:

(3.68)

E‖y∗(xs)− yt(xs)‖2 − δ ≤ (E‖y∗(xs)− yt−1(xs)‖2 − δ)
(

1− τ
12`

)
≤ (E‖y∗(xs)− y0(xs)‖2 − δ)

(
1− τ

12`

)t
≤ E‖y∗(xs)− y0(xs)‖2

(
1− τ

12`

)t
≤ D2

(
1− τ

12`

)t
,
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In order to ensure that E‖y∗(xs) − yT (xs)‖2 ≤ ε2, we need T ∼ O(κ log(ε−1)) and µ2 =

O(min(1, ρ2)κ−1/2d
−3/2
2 ε).

Following the step of (3.66) and Theorem 3.7, we have

(3.69)
E‖∇g(xs)‖2

2 ≤ 96Lg

[
Eg(xs)− Eg(xs+1)

]
+ 98`2E‖y∗(xs)− ys+1‖2

2

+26µ2
1`

2(d1 + 3)3 + %1(µ1, ρ1)/6

In the end, taking the sum over s = 0, ..., S, to both sides, we get:

(3.70)
1

S+1

∑S
s=0 E‖∇g(xs)‖2

2 ≤
96Lg

S+1
E[g(x0)− g(xS+1)] + 98`2

S+1

∑S
s=0 E‖y∗(xs)− ys+1‖2

2

+26µ2
1`

2(d1 + 3)3 + %1(µ1, ρ1)/6.

Recall that %1(µ1, ρ1) =
µ21
ρ1
`2(d1 +6)+µ2

1`
2(d1 +3)3/2, choosing µ1 ∼ O

(
min(1, ρ1)`(d1)−3/2

)
,

we guarantee that the right hand side of (3.70) is upper bounded by O(ε2) +O(ε4). Hence,

with ε ∈ (0, 1), we get the required result and thus an ε-stationary point is found. This

completes the proof of Part 2.

�

3.4. Numerical Simulation

We now compare ZO-SGDA and ZO-SGDMSA with their first order counterparts (i.e., SGDA

and SGDMSA) on the distributionally robust optimization problem Namkoong and Duchi [2016].

For simplicity, we present the formulation of the problem in the finite-sum setting as:

min
x∈Rd

max
y∈Y

n∑
i=1

yi`i(x)− r(y),

where Y = {y ∈ Rn |
∑n

i=1 yi = 1, yi ≥ 0} is the probability simplex; r(y) = 10
∑n

i=1(yi −

1/n)2 is a divergence measure; `i(x) = f1(f2(x, si, zi)) where f1(x) = log(1 + x), f2(x) =

log(1 + exp[−zi(xT si)]), (si, zi) is the feature and label pair of a sample i in the dataset.
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It is easy to see that the above problem is a nonconvex-strongly concave problem with

d1 = d, d2 = n. For the tuning parameters, motivated by our theoretical results, we set

the batch size |M1| = d1/ε
2 and |M2| = d2/ε

2 with ε = 0.01. For ZO-SGDA, we choose

η1 = η2 = 0.01, and for ZO-SGDMSA, we choose η1 = 0.01 and η2 = 0.001. For SGDA and

SGDMSA, we choose the same stepsize as ZO-SGDA and ZO-SGDMSA and set |M1| = 1/ε2 and

|M2| = 1/ε2. We stop the iteration when ‖∇g(xs)‖2 ≤ ε, based on our theoretical analysis.

We test our algorithms on the following datasets from UCI ML-repository Dua and Graff

[2017] and LIBSVM Chang and Lin [2011]: A9A 2, Mushroom 3,W8A 4 and Colon-cancer

gene expression dataset5. In order to perform distributionally robust optimization, we sample

the dataset such that the positive and negative label ratio is 1:3. Details of these datasets are

provided in Table 3.1. All the experiments were run on Google Colab Python 3.5 Notebook.

We also remark that we cannot compare empirically to Liu et al. [2020] as they consider

constrained minimax problems. In Figure 3.1, we plot the value of the objective versus

iteration number and the value of gradient size versus iteration number. From the results we

find that the proposed zeroth-order methods perform favorably to their respective first-order

counterparts in terms of both the objective value and the norm of the gradient of the function

g, in terms of iteration count. It should be noted that to obtain this comparable behavior,

the zeroth-order method uses a mini-batch of samples that depends on the dimension in each

iteration (as expected), which results in the number of calls to the zeroth-order oracle of the

order as illustrated in our theoretical results.

3.5. Conclusions

In this chapter, we designed and analyzed zeroth-order algorithms for deterministic and

stochastic nonconvex minimax problems. Specifically, we considered two types of algorithms:

2https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/a9a
3https://archive.ics.uci.edu/ml/datasets/mushroom
4https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/w8a
5https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/colon-cancer.bz2
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Dataset Samples Features T/F ratio
A9A 200 123 1:3
Mushroom 100 22 1:3
W8A 100 300 1:3
Colon-cancer 200 500 1:3

Table 3.1. Details of the datasets.

zeroth-order gradient descent ascent algorithm and a modified version of it with multiple ascent

steps following each descent step. We obtained oracle complexities for both algorithms that

match the performance of comparable first-order algorithms, up to unavoidable dimensionality

factors. Our orcale complexities are better than that of existing methods under the same

assumptions. Future works include to explore lower bounds for zeroth-order nonconvex

minimax optimization problems, and to explore structural constraints to obtain improved

dimensionality dependence in our results.
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Figure 3.1. Performance of ZO-SGDA and ZO-SGDMSA in comparison to their
first-order counterparts. The results in the four rows respectively correpond
to the following datasets: A9A dataset, Mushroom dataset, W8A dataset and
Colon Cancer dataset. The results correspond to average over 500 trails.
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Nedić, A. and Ozdaglar, A. (2009). Subgradient methods for saddle-point problems. Journal

of optimization theory and applications, 142(1):205–228.

Nemirovski, A. (2004). Prox-method with rate of convergence o (1/t) for variational inequali-

ties with lipschitz continuous monotone operators and smooth convex-concave saddle point

problems. SIAM Journal on Optimization, 15(1):229–251.

Nesterov, Y. (2018). Lectures on convex optimization, volume 137. Springer.

89



Nesterov, Y. and Spokoiny, V. (2017). Random gradient-free minimization of convex functions.

Foundations of Computational Mathematics, 17(2):527–566.

Nesterov, Y. E. (2004). Introductory lectures on convex optimization: A basic course. Applied

Optimization. Kluwer Academic Publishers, Boston, MA.

Neyman, A., Sorin, S., and Sorin, S. (2003). Stochastic games and applications, volume 570.

Springer Science & Business Media.

Ng, A., Jordan, M., and Weiss, Y. (2001). On spectral clustering: Analysis and an algorithm.

Advances in neural information processing systems, 14:849–856.

Nouiehed, M., Sanjabi, M., Huang, T., Lee, J., and Razaviyayn, M. (2019). Solving a class

of non-convex min-max games using iterative first order methods. In Advances in Neural

Information Processing Systems, pages 14905–14916.

Oliehoek, F. A., Savani, R., Gallego, J., van der Pol, E., and Groß, R. (2018). Beyond local

nash equilibria for adversarial networks. arXiv preprint arXiv:1806.07268.

Palaniappan, B. and Bach, F. (2016). Stochastic variance reduction methods for saddle-point

problems. In Advances in Neural Information Processing Systems, pages 1416–1424.

Park, S. and Zhao, H. (2018). Spectral clustering based on learning similarity matrix.

Bioinformatics, 34(12):2069–2076.

Pauca, V. P., Piper, J., and Plemmons, R. J. (2006). Nonnegative matrix factorization for

spectral data analysis. Linear algebra and its applications, 416(1):29–47.

Pfau, D. and Vinyals, O. (2016). Connecting generative adversarial networks and actor-critic

methods. arXiv preprint arXiv:1610.01945.

Picheny, V., Binois, M., and Habbal, A. (2019). A bayesian optimization approach to find

nash equilibria. Journal of Global Optimization, 73(1):171–192.

Piliouras, G. and Schulman, L. J. (2018). Learning dynamics and the co-evolution of

competing sexual species. In 9th Innovations in Theoretical Computer Science Conference

(ITCS 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik.

90



Pollen, A. A., Nowakowski, T. J., Shuga, J., Wang, X., Leyrat, A. A., Lui, J. H., Li, N.,

Szpankowski, L., Fowler, B., Chen, P., et al. (2014). Low-coverage single-cell mRNA

sequencing reveals cellular heterogeneity and activated signaling pathways in developing

cerebral cortex. Nature Biotechnology, 32(10):1053.

Qi, L. and Sun, J. (1993). A nonsmooth version of Newton’s method. Mathematical

Programming, 58(1-3):353–367.

Rafique, H., Liu, M., Lin, Q., and Yang, T. (2018). Non-convex min-max optimization:

Provable algorithms and applications in machine learning. arXiv preprint arXiv:1810.02060.

Rakhlin, A. and Sridharan, K. (2013). Optimization, learning, and games with predictable

sequences. In Advances in Neural Information Processing Systems, pages 3066–3074.

Roy, A., Balasubramanian, K., Ghadimi, S., and Mohapatra, P. (2020). Escaping saddle-

points faster under interpolation-like conditions. Advances in Neural Information Processing

Systems.

Roy, A., Chen, Y., Balasubramanian, K., and Mohapatra, P. (2019). Online and ban-

dit algorithms for nonstationary stochastic saddle-point optimization. arXiv preprint

arXiv:1912.01698.

Sanjabi, M., Ba, J., Razaviyayn, M., and Lee, J. D. (2018). On the convergence and robustness

of training gans with regularized optimal transport. In Advances in Neural Information

Processing Systems, pages 7091–7101.

Schlitzer, A., Sivakamasundari, V., Chen, J., Sumatoh, H. R. B., Schreuder, J., Lum, J.,

Malleret, B., Zhang, S., Larbi, A., Zolezzi, F., et al. (2015). Identification of cDC1-

and cDC2-committed DC progenitors reveals early lineage priming at the common DC

progenitor stage in the bone marrow. Nature Immunology, 16(7):718.

Strehl, A. and Ghosh, J. (2003). Cluster ensembles – a knowledge reuse framework for

combining multiple partitions. Journal of Machine Learning Research, 3:583–617.

91



Sun, J., Qu, Q., and Wright, J. (2017). Complete dictionary recovery over the sphere I:

Overview and the geometric picture. IEEE Transactions on Information Theory, 63(2):853–

884.

Sun, J., Qu, Q., and Wright, J. (2018). A geometrical analysis of phase retrieval. Foundations

of Computational Mathematics, 18(5):1131–1198.

Syrgkanis, V., Agarwal, A., Luo, H., and Schapire, R. (2015). Fast convergence of regularized

learning in games. In Advances in Neural Information Processing Systems, pages 2989–2997.

Szegedy, C., Zaremba, W., Sutskever, I., Bruna, J., Erhan, D., Goodfellow, I., and Fergus, R.

(2013). Intriguing properties of neural networks. arXiv preprint arXiv:1312.6199.

Tasic, B. et al. (2016). Adult mouse cortical cell taxonomy revealed by single cell transcrip-

tomics. Nat. Neurosci., 19:335–346.

Thekumparampil, K., Jain, P., Netrapalli, P., and Oh, S. (2019). Efficient algorithms for

smooth minimax optimization. In Advances in Neural Information Processing Systems,

pages 12659–12670.

Ting, D. T., Wittner, B. S., Ligorio, M., Jordan, N. V., Shah, A. M., Miyamoto, D. T., Aceto,

N., Bersani, F., Brannigan, B. W., Xega, K., et al. (2014). Single-cell RNA sequencing

identifies extracellular matrix gene expression by pancreatic circulating tumor cells. Cell

Reports, 8(6):1905–1918.

Treutlein, B., Brownfield, D. G., Wu, A. R., Neff, N. F., Mantalas, G. L., Espinoza, F. H.,

Desai, T. J., Krasnow, M. A., and Quake, S. R. (2014). Reconstructing lineage hierarchies

of the distal lung epithelium using single-cell RNA-seq. Nature, 509(7500):371.

Tseng, P. (1995). On linear convergence of iterative methods for the variational inequality

problem. Journal of Computational and Applied Mathematics, 60(1-2):237–252.

van der Maaten, L. and Hinton, G. (2008). Visualizing data using t-SNE. Journal of Machine

Learning Research, 9(Nov):2579–2605.

92



Vaswani, S., Bach, F., and Schmidt, M. (2019a). Fast and faster convergence of sgd for

over-parameterized models and an accelerated perceptron. In The 22nd International

Conference on Artificial Intelligence and Statistics, pages 1195–1204. PMLR.

Vaswani, S., Mishkin, A., Laradji, I., Schmidt, M., Gidel, G., and Lacoste-Julien, S. (2019b).

Painless stochastic gradient: Interpolation, line-search, and convergence rates. In Advances

in Neural Information Processing Systems, pages 3727–3740.

Wang, B., Ma, S., and Xue, L. (2020). Riemannian stochastic proximal gradient methods for

nonsmooth optimization over the Stiefel manifold. https://arxiv.org/pdf/2005.01209.pdf.

Wang, B., Ramazzotti, D., De Sano, L., Zhu, J., Pierson, E., and Batzoglou, S. (2017).

SIMLR: a tool for large-scale single-cell analysis by multi-kernel learning. bioRxiv, page

118901.

Wang, C., Sun, D., and Toh, K.-C. (2010). Solving log-determinant optimization problems

by a Newton-CG primal proximal point algorithm. SIAM Journal on Optimization,

20(6):2994–3013.

Wang, Z. and Jegelka, S. (2017). Max-value entropy search for efficient bayesian optimization.

In Proceedings of the 34th International Conference on Machine Learning-Volume 70, pages

3627–3635. JMLR. org.

Wei, C.-Y., Hong, Y.-T., and Lu, C.-J. (2017). Online reinforcement learning in stochastic

games. In Advances in Neural Information Processing Systems, pages 4987–4997.

Xiao, X., Li, Y., Wen, Z., and Zhang, L. (2018). A regularized semi-smooth Newton method

with projection steps for composite convex programs. Journal of Scientific Computing,

pages 1–26.

Xu, D., Yuan, S., Zhang, L., and Wu, X. (2018). Fairgan: Fairness-aware generative

adversarial networks. In IEEE International Conference on Big Data (Big Data). IEEE,

pages 570–575.

93



Yang, J., Sun, D., and Toh, K.-C. (2013). A proximal point algorithm for log-determinant

optimization with group Lasso regularization. SIAM Journal on Optimization, 23(2):857–

893.

Yang, W. H., Zhang, L.-H., and Song, R. (2014). Optimality conditions for the nonlin-

ear programming problems on Riemannian manifolds. Pacific Journal of Optimization,

10(2):415–434.

Ying, Y., Wen, L., and Lyu, S. (2016). Stochastic online auc maximization. In Advances in

neural information processing systems, pages 451–459.

Zhang, B. H., Lemoine, B., and Mitchell, M. (2018). Mitigating unwanted biases with

adversarial learning. In AAAI/ACM Conference on AI, Ethics, and Society. ACM, pages

335–340.
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