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ABSTRACT OF THE DISSERTATION
Arithmetic Stability of Higher Rank Artin—Schreier—Witt Towers
By
Shichen Tang
Doctor of Philosophy in Mathematics
University of California, Irvine, 2022

Professor Daqing Wan, Chair

Let p be a prime and ¢ = p® be a power of p. Consider a tower of finite Galois covers

= C, = -+ = C; = Cy = P!, whose total Galois group G is a compact p-adic Lie
group, where Cy, C, - - - are smooth projective geometrically irreducible curves over F,. It is
conjectured by Daqing Wan that if this tower is naturally arising from algebraic geometry,
then the zeta functions Z(C,,, s) must have a stable pattern when n — oco. The most general
form of this conjecture is wide open, and it is already very difficult even when G is abelian.
In this dissertation, we study the case where the tower is a higher rank Artin—Schreier—Witt
tower totally ramified at infinity and unramified at other points. We prove that if this tower
is strongly genus stable, then the slopes of the Newton polygon of Z(C,,s) are uniformly
distributed on the interval [0, 1] when n — oco. Furthermore, if the tower satisfies a slightly
stronger condition than being strongly genus stable, we prove that the slopes of Z(C,, s)
are given by a finite union of arithmetic progressions. This generalizes the main results
of [5] from rank one case d = 1 to higher rank case d > 1. We also prove a spectral halo
property for Artin—Schreier—Witt eigenvarieties corresponding to overconvergent higher rank

Artin—Schreier—Witt towers.

vi



Chapter 1

Introduction

Fix a prime p and let ¢ = p®. Let C' be a smooth projective geometrically irreducible curve

over [F,. The zeta function of C'is

Z(C,s) =exp (Z% . #C(Iﬁ‘qn)> = H ﬁ € 1+ sZ[[s]].

n>1 2€|Ch|

It is known to Weil[16] no later than 1949 that

P(C,s)
(1—=s)(L—gs)’

Z(C,s) =

where P(C,s) € 1+ sZ]|s| is a polynomial of degree 2¢(C), pure of ¢ weight one, and g(C')

denotes the genus of C. One can factor P(C,s) over Q as

29

P(C,s) = [](1 - aus).

i=1

The algebraic integers o; € Q are the reciprocal roots of P(C,s). An important topic in
arithmetic geometry is to understand these algebraic integers. Since P(C,s) is pure of ¢

weight one, we know |o;| = /g for any ¢ and any Archimedean absolute value | - |. For any

1



(-adic absolute value | - |, with ¢ # p, the functional equation of Z(C,s) implies |a;|, = 1
for any 7. But the p-adic absolute values depend on the curve C. In other words, the p-adic
Newton polygon of P(C, s) depends on the curve C, and is in general much more complicated

and much less predictable.

In many cases there is a Hodge lower bound for the Newton polygon improving the classical
Hodge bound, and a criterion for when the Newton polygon coincides with the improved
Hodge lower bound is established, see for example [14], [10], [7] and [8]. Also see the recent
paper [6] by Kramer-Miller for the most recent results in this direction. However, when
the Newton polygon is strictly above the improved Hodge lower bound, it is much harder
to find a pattern. In a very special kind of Z,-tower of covers, Davis, Wan and Xiao [1]
found that the p-adic absolute value of the reciprocal roots exhibits some asymptotic stable
behavior. Their results were then generalized in [9], [5], and generalized to Z,-towers in
[12]. In this dissertation, we will dig further into the geometric and arithmetic asyptotic

patterns of Z,q«-towers.

1.1 Higher rank Artin—Schreier—Witt towers

Let us first define the tower of covers we are interested in. We fix some notations. Let p
be a prime, and let ¢ = p* be a power of p. K = F,(X) is the field of rational functions
on the projective line P! over F,, K%P is the separable closure of K. For a field k, W (k)
is the ring of Witt vectors over k. For a Witt vector w = (ay,as,---) € W(k), its n-th
truncation is the vector w,, = (ay,--- ,a,). The ring of all n-th truncations of Witt vectors
in W (k) is denoted by W, (k). The ring endomorphism - on W (k) (or W,,(k)) is such that
)F

(ay,az, -+ )" = (af,db,---) (or the n-th truncation of this equation, respectively.)

For a positive integer d dividing a, the Z,qs-Artin—Schreier-Witt tower (or simply Z,q4-tower)



over Aﬂqu associated to f € W(K) is a sequence of finite Galois covers
P:o=Cp— - Cp— Co=P,

constructed via Artin—-Schreier-Witt theory from f = (f1, f2,---) € W(K). For each m, the

affine curve C), is defined by the Witt vector equation
Y Y, = (e ),

where Y = (Y1,Y3,---) € W(K*P). For example, C; is defined by the equation
v -Yi = h,

(5 is defined by the equation above and an additional equation

Y,lpd-u _ Yip _ <}/1pd _ Yi)p
p

A = fo,

and similar for C3, Cy, - - -.

The total Galois group of this tower P is W (F,a) = Z,q¢, the unramified extension of Z, of
degree d, which is isomorphic to (Z,)? as topological groups. We refer to d as the rank of

this tower, since d is the rank of its total Galois group as a free Z,-module.

In this dissertation, we restrict our attention to towers that are totally ramified at one
rational point, and unramified at other points, with no constant subextension. Up to a
change of coordinates, we can assume the tower is totally ramified at co. In other words, we

consider étale covers

7) PN Czﬁ‘lne .. .C?fﬁne N Cgfﬁne — Al,



where C#fin¢ is ), removing the unique point at infinity. In this case, by [3], one can write

F=HXD) =bo+ Y b[X] e W(K),
2:(3,p)=1
where [X] = (X,0,0,---) € W(K), b; € Zg, v,(b;) = 00 as i — oo and min{v,(b;) : (i,p) =
1} = 0. If f is a polynomial with each b; being either 0 or a (¢ — 1)-st root of unity, then f is
called a unit root polynomial, and the corresponding Z,a-tower is called a unit root tower. In

literature, the patterns of slopes are first discovered for unit root towers, as in [1] and [12].

1.2 Asymptotic patterns

In general, for a Za-tower P : -+ — C, — ---Cy — Cy = P! associated to f, the genus
g(Cy,) can grow arbitrarily fast when n — oco. By [3], the growth of g(C,,) is at least in a
degree d + 1 polynomial of p™. We say P is genus stable if g(C,,) is actually a degree d + 1
polynomial of p" for large n. Genus stable towers are natural objects to be studied, as it is

conjectured by Wan [15] that any Z,.-tower coming from geometry is genus stable.

By [3] and [4], whether or not the tower P associated to f is genus stable can be determined

by an explicit condition on f.

Let v, denote the g-adic valuation, normalized such that v,(q) = 1. The study of p-adic
absolute values is equivalent to the study of g-adic slopes of the Newton polygon of P(C,,, s).
In a genus stable Z,«-tower, we expect to observe two different types of asymptotic behavior

about slopes.

Definition 1.1 (slope uniformity for zeta function). We say the Z,«-tower P is slope uniform
if the g-adic Newton slopes of P(C,,s) approaches a uniform distribution on the interval

0, 1] when n approaches infinity. In other words, let av, 1, - , @ 24, denote reciprocal roots



of P(C,, s), then P is slope uniform if for all 0 <a < b <1,

o 1 vu() € [0,

=b—a.
n—oo QQ(Cn)

Definition 1.2 (Slope stability for zeta function). We say the Z,.-tower P is slope stable if

there exists positive integers m’ and r, and exists r many rational numbers

O<a < <a <1,

such that for n > m/, the multiset of slopes of % is give by the truncation of r + 1
many arithmetic progressions, explicitly expressed in terms of aq,-- - , a.

REMARK 1.3. For the slope stable towers considered in this thesis, the multiset of slopes of

]f(agi—’ifl) can be obtained by the following procedure: first scale the set {a1,---,a,} by a
factor of zﬁ’ then shift the scaled set to the right for 0, zﬁ’ pnfm, R pn}m, units,

then take the union of all the shifted sets, make several copies and take union again, and
finally union with another several copies of the set {zﬁ’ ﬁ, N zﬁ} When the
slopes can be described in this way, it is clear that they approaches a uniform distribution
on [0,1] when n — oo. For this reason, we view slope stability as a stronger property than

slope uniformity. Also note that by counting degrees of the polynomials P(C,, s), it can be

easily shown that slope stability implies genus stability.

In literature, Davis—Wan—Xiao [1] first proved that a unit root Z,-tower is slope stable. After

that, Kosters-Zhu [5] studied strongly genus stable Z,-towers.

Definition 1.4 (strong genus stability). Recall that f([X]) = by + D 5y =1 bilX]" €

W(K). We say the tower P is strongly genus stable if

5 =4(P) ::max{ﬁ:i:(),l,&---}



exists. When 0 exists, put m = m(P) := —v,(0).

REMARK 1.5. Since (i,p) = 1 when ¢ > 1, there must be a unique i such that § = pim. We
prove in Chapter 2 that the existence of 6 implies genus stability, and a treatment in a more
general setting is given in [3]. But note that genus stability cannot imply existence of § in
general. In fact, it was originally claimed in [3] that the existence of ¢ is equivalent to genus
stability. However, Kosters and Wan discovered that the existence of ¢ is actually slightly

stronger than genus stability, see [4].

In their paper, Kosters-Zhu proved that strongly genus stable Z,-towers are slope uniform.
They also proved that a slightly stronger condition than strong genus stability on Z,-towers
(but much weaker than being a unit root tower) can imply slope stability, which we will

discuss in detail later.

In [12], the result of Davis—Wan—Xiao was generalized in another direction, by considering
more general unit root Z,-towers instead of just d = 1 case, but they only proved slope
uniformity, because they were not able to prove slope stability. In this dissertation, we
further generalize [1] by considering strongly genus stable Z,qs-towers, for general d. Our

first main result is:

Theorem 1.6.

(1) If P is a strongly genus stable Zya-tower, then it is slope uniform.

(2) Suppose P is strongly genus stable with §(P) = 6. There exists a constant C = C(d,q),
such that if vy,(b;) > i for all j > dp' — C when i is large enough, then we have P is

slope stable.

We refer to Theorem 3.10 in Section 3.3 for an explicit description of the multiset of slopes

of % when n is large.



1.3 Slope of L-function

Theorem 1.6 can be reduced to a question on L-functions. Let x : Z,« — C; be a continuous

character of the Galois group of P, the L-function L¢(y,s) over A]}q is defined by

1
L = €1+sC
f(X? 8) H 1 — (FrOb )Sdeg +s P[[S]]7
z€|AL|
where |A'| denotes the set of closed points in A]qu- When y = 1 is the trivial character,
L (x, 5) is the same as the zeta function of A , which is {——. When x is a nontrivial finite
character, Ls(x, s) is a polynomial whose degree can be easily calculated, see Theorem 2.12.

Understanding the slopes of L(x, s) for all finite characters x can help us understand slopes

of Z(C,,s). In fact, C, has one unique point at infinity, let C2fin¢ = C,, — {00}, then
P(C,,s)
7 C«afﬁne _ )
( n 78) 1 _ qS )

and we have the decomposition

Z(Cyffee, ) = 11 Ly(x:9)-
x factors through p"Zpd
We refer to Section 2.2 for the proof. Now, to understand the asymptotic behavior of L(x, s),

we will first prove:

Theorem 1.7 (Slope uniformity for L-functions). Let P be a strongly genus stable Zq-tower
associated to f([X]) = bo + > 1 =1 b;[ X', with § = max{ Soy t1=0,1,2,- }, and let

m be such that § =

z:z. Let x : Zpa — C; be a nontrivial finite character of order p™x > p™.
Then L¢(x,s) is a polynomial of degree op™ ' — 1. Write

spmx 11

Ls(x,s) = Z ars”.

k=0



We have the following:

(1) ag=1. For any 0 <n < p™ ™1 we have

n(nd,, — 1) n(nd, + 1)
/Uq(afndmfl) — W and Uq(a/ndm> = —mex_m_l )
and we have
5pmx—1 -1

Uq(‘lépmx—lq) =

2

(2) The q-adic Newton polygon of L;(x, s) starts from (0,0), ends at (6p™ ' —1, 5pmx2¢)7

and passes through the points

(ndm —1, M) and (ndm, M) :

2pmx—m—1 2pmx—m—1

for any 0 < n < p™1L,

3) The q-adic Newton polygon of L;(x,s) has slopes (in multiset notation and in increas-
f

ing order)

my —m—1

U {%‘1, T 704idm} - {0};

where

i—1 N
Oélj = my —m—1 lf j - 17

#<O¢ij<pmx+‘m—l if j>1

REMARK 1.8. The d = 1 case of the previous theorem is proved by Kosters—Zhu in [5].

Theorem 1.7 directly implies that the g-adic slopes of L¢(x, s) approach a uniform distribu-

tion on [0, 1] when m, — oo, and hence implies part (1) of Theorem 1.6.

8



In order to prove the second part of Theorem 1.6, we seek a similar stable pattern for L-
functions. In d = 1 case, for nice Z,-towers, the Newton polygon of L(x,s) is completely
determined by the order of x when this order is large, and can be written down explicitly
using some arithmetic progressions. This is the idea of Kosters—Zhu’s work, which implies
the d = 1 case of Theorem 1.6. For d > 1, it is unclear whether the Newton polygon of
L¢(x,s) is completely determined by the order of x. To our best knowledge, this is still an
open problem. Therefore, we need to start from dividing the set of finite characters into
several parts such that in each part the Newton polygon is completely determined by the

order of the character.

Let us denote the set of all finite characters of Z,« by W. For a character xo € W of order

p™°, we denote the multi-set of the g-adic slopes of L¢(xo, s) by

{ala e 7ar}7

where r = deg L¢(xo, s). For a subset V' C W, we say V is an f-stable family of xo if every
character in V' has order at least p"°, and for any character y € V of order p", the multi-set

of the g-adic slopes of L¢(x, s) is

pnfmo 1

1 a; +1 o, +1
U { n—mo’ pn—mo’ —n—mo } - {0}
p p p

1=0

It is a union of r many arithmetic progressions. For any nontrivial character yo, its f-stable
family at least contains xq itself. If W — {1} (where 1 denotes the trivial character) consists
of only finitely many stable families, then the data of the Newton polygons for all finite
characters is completely determined by the data of the Newton polygons for finitely many
characters. We show that this is the case when the condition in the second part of Theorem

1.6 is satisfied.

Theorem 1.9 (Slope stability for L-functions). Suppose P is strongly genus stable with



§(P) = 6. There exists a constant C = C(8,q), such that if vy(b;) > i for all j > op" — C

when i 1s large enough, then we have:

d_l)p(d—l)(m’—l)
p—1

There are an integer m’ > m and a set € consisting of e many characters of
order p™, such that any character x of order p™ > p™ belongs to the f-stable family of

some xo € €. Furthermore, x is in the f-stable family of xo € € if and only if kery C keryy.

Part (2) of Theorem 1.6 is proved by considering all the characters of order p", where n > m’

and m’ as in Theorem 1.9, and apply Theorem 1.9 to all the L-functions L(y, s).

The key idea of the proofs of Theorems 1.7 and 1.9 is to reduce to a one parameter family of
d=1 cases with the help of the universal L-series that was introduced in [10] and generalized
in [12]. Tt is more convenient to consider the L-function for x over the torus G,, = Ay —{0},
defined by:

) 1
Li(x,s) = H T = (Frob, ) 5@ €1+ sC,[[s]].

2€|Gm|

Fix a Zy-tower P associated to f, then there is a universal L-series

Li(T,s) € 1+ sZy[[L]][[s]];

where T' = (T1,--- ,Ty), such that for every continuous character x : Z,a — C,, the L-
function L}(x,s) can be recovered from L}(T,s) by evaluating 7; at some numbers in C,
determined by x. The details about this universal L-function is discussed in 3.2. Using
the universal L-series, we will show that L;(x,s) for a Z,-tower is the same as L.f(X, 5)
for a Z,-tower, where c € Z;d and ¥ is a restriction of x, in the sense that there is some
n 1 Zyi — Zy such that x = X on. Then the problem is successfully reduced to the same

question on Z,-towers generated by cf, which is already proved in [5].

10



The complete proof of Theorems 1.7 and 1.9 as well as the proof for Theorem 1.6 can be

found in Section 3.3.

1.4 Infinite characters and the Artin—Schreier—Witt eigen-

variety

Note that all the theorems above are about finite characters. It would be interesting to study
infinite characters as well. For a continuous character x : Z,« — C;, define the characteristic

function by

Ci(x,s) = Ly(x, s)L3(x, qs) L (x, a*s) - - - € 1+ sCp|[5]].

We hope to understand the g-adic Newton polygon of C7(x,s). We express our results in

terms of the Artin—Schreier-Witt eigenvariety defined below.

Similar to the universal L-series, we also have a universal characteristic series
C(L,s) € 1+ sZp[[TT][[s]];

such that for every continuous character x : Zy — C;, the characteristic function C7 (x,$)
can be recovered from C% (T, s) by evaluating T;. Analogous to the Coleman—Mazur eigen-
curve for igusa tower of modular curves, the Artin—Schreier—Witt eigenvariety, denoted by
Ey, is defined to be the zero locus of the universal characteristic series Cf (T, s), inside the

rigid analytic space GI& x (W — {0}), where W is the weight space defined by

W ={(t1,"+ ,ta) € CL:vy(ty) > 0,1 < k < d}.

11



Consider a point (T, s) on . The “a,-map” sends this point to s™* € C,. The “slope map”
is the g-adic valuation of the image of the “a,-map”. The projection map sending (7', s) to

T is called the weight map, denoted by wt. We have the following diagram:

slope
/—\
E Cr .
g s+ 571 P Yq Q
WtJ
w —{0}

In other words, this eigenvariety £; is a d-dimensional rigid analytic variety that parameter-
izes all the Newton slopes of Cf (x, s) for all continuous characters y. Analogous to the halo
conjecture for Coleman—Mazur eigencurves, we expect the Artin—Schreier—Witt eigenvariety
&r to have a nice decomposition into disjoint union of subspaces near the boundary of the

weight space.

In the spirit of this analogy, in Chapter 7, we prove our second main result:

Theorem 1.10. The Artin—Schreier—Witt eigenvariety constructed from an overconvergent
power series f, when restricted to the admissible locus and the boundary of the weight space,
is an infinite disjoint union of subspaces which are finite and flat over the weight annulus.

The slopes on each component lies in an interval determined by the weight parameters.

Theorem 7.1 in Chapter 7 is a more precise statement of this theorem. We explain some

necessary definitions and backgrounds in Chapters 4, 5, 6.

Finally, we can also interpret our main theorem in terms of the Artin—Schreier-Witt eigen-
variety for a unit root polynomial f. We show that there is a stronger decomposition of the

eigenvariety over some rigid lines on the weight space WW. This is Theorem 7.4.

12



Chapter 2

Preliminaries

2.1 Rigid analytic geometry

In this section, we briefly review the theory of rigid analytic geometry. We use [2] and [13]
as our references. Our purpose is to properly define varieties over C,, such that each variety

has a sheaf of “holomorphic functions” and a nice Cech cohomology theory of sheaves.

We put K = C,. The subalgebra

T.k=T,=K )Ty Rn) = = an'__anEK y Ty Anllt li a=0 )
K (z1 Zn) {f ;c 23 28 [[21 Zn]] Lo dim e }
of Kl[z1, -, 2] is called a standard affinoid algebra or Tate algebra over K, where av =
(v, -+, ) is a multi-index. T, is a K-Banach algebra with respect to the multiplicative
norm

13



The valuation ring of K is K° := {a € K : |a] < 1}. The unique maximal ideal of K° is
K% :={a € K : |a] < 1}. The residue field of K is k := K°/K®. Let T? = {f € T,, :

| Il < 1}, then there is a surjective map

T2 — klz1, -+, znl,

given by f +— f, where f is the reduction of f modulo K. An element f € T), is called

regular with respect to z, of degree d if f has the form \z% + Z?:_()l c;z! with A € k* and all

¢ € klz1, -+, zn_1]. Weview T,,_1 = K(z1,--+ ,2,-1) as a K-subalgebra of T,,.

Theorem 2.1 (Weierstrass preparation and division).

(1) Division: Let f € T, be reqular in z, of degree d and let g be any element of T,,. There
are unique elements r € T,,_1|z,] of degree < d in the variable z, and q € T,, such that

9 = aqf +r. Moreover ||g|| = max([lg[|, [I)-
(2) Preparation: Let f € T, has norm 1. There exists a k-algebra automorphism o of T,
such that o(f) is reqular in z,.

Proof. This is [2, Theorem 3.1.1]. O

An affinoid algbra over K is a K-algebra which is a finite extension of T}, i for some n > 0.
The below properties of affinoid algebras are consequences of the Weierstrass preparation

and division theorem.

Theorem 2.2.

(1) Any affinoid algebra is noetherian.

(2) T, is a unique factorization domain (of Krull dimension n).

14



(8) Let || - || be a norm on some affinoid algebra A, which makes A into a Banach space

over K. Then every ideal of A is closed with respect to this norm.

(4) For every ideal I C T, there exists an integer d and an injective, finite morphism of
K-algebras Ty — T, /1 (i.e. which makes T,,/1 into a finitely generated T;-module).
The Krull dimension of T, /1 is d.

(5) For any maximal ideal M C T, the field T, /M is isomorphic to K.

(6) Any affinoid algebra A has the form T, /1 (for some n and some ideal I1). The norm

on T,, induces a norm on A for which A is a Banach algebra over K.

(7) All norms on an affinoid algebra A, which makes A into a Banach algebra over K, are

equivalent.

Proof. This is [2, Theorem 3.2.1]. O

One associates to an affinoid algebra A over K the set X = Max(A) of its maximal ideals.
There is a canonical topology on X, which is the one generated by all sets {x € X : |f(x)| <
1}, with f varying in A and | - | being the p-adic absolute value on K. However, this
topology does not lead to a good notion of analytic function. In particular, the presheaf
of holomorphic functions is not a sheaf, see for example [2, Exercuse 2.4.4]. To remedy
this defect Tate introduced a Grothendieck topology for X. The easy form of Grothendieck

topology, used here, is called a G-topology.

Definition 2.3. Let X be a set. A G-topology T on X is given by the following data and

requirements:

(1) A family F of subsets of X with the properties: @, X € F and if U,V € F, then
unveF.
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(2) For each U € F a set Cov(U) of coverings of U by elements of F.

(3) For each U € F, {U}Cov(U).

(4) For V,U € F with V C U and U € Cov(U) the covering U NV :={U'NV : U’ € U}
belongs to Cov (V).

(5) Let U € F, {U;}ic1Cov(U) and U; € Cov(U;), then

Uui := {U’ : U’ belongs to some U, }

i€l

is an element of Cov(U).

The U € F are called admissible sets or T-open and the elements of Cov(U) are called

admissible coverings or T-coverings.

We start defining admissible sets on X = Max(A) from rational subdomains.

Definition 2.4. A subset R C X is called a rational subdomain if there exists fo, f1, -+, fs €

A, generating the unit ideal of A (i.e. has no common zero) such that
R={zxe X :|fi(x)] <|fo(x)| fori=1,---s}.
The affinoid algebra Ox(R) = A(Z1,--- ,Zs)/(f1 — foZ1,- -+, fs — foZs) is associated to R.

The admissible sets for the very weak G-topology on X are the rational subdomains of X.
The sheaf of K-algebras Oy is the sheaf of “holomorphic functions” on X. The very weak
G-topology can be improved by considering slightly finer G-topologies instead. We say a

G-topology T" is slightly finer than the G-topology T if all of the following hold:
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(1) Every T-open set is T"-open and every T-covering is a T’-covering.
(2) Every T"-open U has a T"-covering by T-open sets.

(3) Every T’-covering of a T-open set can be refined by a T-covering.

Consider the collection of all G-topologies slightly finer than the very weak G-topology. It
can be shown [2] that there is a finest G-topology in this collection. It turns out that this

G-topology is the strong G-topology T* on X, defined by the following[13].

Definition 2.5 (Strong G-topology). A subset U C X is called T*-open if there are rational

subdomains U; C X for 7 € I such that

(1) U € U,¢; Ui (in particular U is open in the canonical topology) and

(2) for any map « : Max(B) — Max(A) induced by a homomorphism of affinoid algebras

A — B with im(a) C U the covering Max(B) = |J,.; @ *(U;) has a finite subcovering.

iel
Let V and V; for j € J be T™"-open subsets of X such that V' = UjeJ; this covering of V' is an
admissible T™*-covering if for any map « : Max(B) — Max(A) with im(«) C V' the covering

Max(B) = e, @' (V;) can be refined into a finite covering by rational subdomains.

Definition 2.6. An affinoid variety or affinoid space over K is a triple (X, T, Ox r) where
X = Max(A) for some K-affinoid algebra, T is a G-topology equal to, or slightly finer than,
the very weak G-topology. The sheaf of K-algebras Ox r for the given G-topology is uniquely
determined by the requirement that for any R = {z € X : |fi(z)| < |fo(z)| fori=1,--- s}
one has Ox r(R) = A(Zy,--- , Zs)/(fr — foZa, -, [s — foZs).

EXAMPLE 2.7. The maximum spectrum Max(T},) of the Tate algebra T, is an affinoid space.

By the Weierstrass preparation and division theorems, its underlying set is

Max(T,) =B" := {(t1,--- ,ta) € CL: |ty < 1,1 < k < d}.
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The structure sheaf Oxp is “the same” for the very weak G-topology and any slightly
finer G-topology. In fact, let (Affinoidg,T") denote the category of affinoid spaces with the
G-topology T, then the obvious functor (Affinoidg, very weak) — (Affinoidg, strong) is an
equivalence of categories. For the rest of this thesis, unless otherwise stated, we only consider

the strong G-topology on X and use Ox to denote the structure sheaf Ox p-.

We note that the product of two affinoid spaces is again an affinoid space.

Lemma 2.8. The complete tensor product A1 & As of two affinoid algebras Ay, Ay over K
1s again an affinoid algebra over K. Moreover, their complete tensor product is the coproduct

in the category of the affinoid algebras over K.

Proof. This is [2, Lemma 3.7.1]. O

With this lemma in hand, we define the product of two affinoid spaces X; = Max(4;) as
X1 X Xy := Max(A;®gAz). This product is indeed the product in the category of affinoid

spaces over K.

Definition 2.9. A rigid analytic variety or rigid space over K is a set X equipped with a G-
topology and a sheaf of K-algebras Ox such that there is an admissible covering X = J,.; U;

where each (U;, Ox|y;) is isomorphic to an affinoid space over K.

REMARK 2.10. let (Rigidy,T) denote the category of rigid analytic spaces with the G-
topology 1" on each U;. It is pointed out in [2] that the obvious functor (Rigid, weak) —

(Affinoid g, strong) is not an equivalence of categories.

In practice, rigid analytic varieties are often constructed by gluing affinoid spaces (or even
rigid spaces over K'). This procedure is quite similar to constructions in algebraic geometry.

Given are the gluing data:

(a) A family {X;};cr of affinoid spaces over K (or rigid spaces over K).

18



(b) For every (i, j) € I* admissible subsets X; ; C X; and an isomorphism ¢;,; : X; ; — X,

of rigid spaces over K.
These data are supposed to satisfy:

(1) Xi,i = Xz and ¢i,i = id for all 7.
(2) ¢ is the inverse of the morphism ¢;; for all i, j.

(3) For all 7,7,k one has ¢;;(X;; N X;x) = X;; N X, and ¢p; = ¢x,; © ¢;; holds on
Xi,j N Xi,k'

For the gluing data satisfying (1)—(3), there exists a unique rigid space (Y, Ty, Oy) over K
having an admissible covering {Y;};c; such that each Y; is an affinoid space over K (or an
open rigid subspace), and provided with an isomorphism 1; : X; — Y; of rigid spaces, such
that for every (i,7) € I?, the restriction ¥s|x, , = ¥;|x,, © ¢;i. The G-topology Ty is given
by U € Ty if and only if U N X; € Tk, for all i. Further a covering {U,} of U € Ty with all

U, € Ty is admissible if and only if {U; N X} is an admissible covering of U N X; for all 1.

We also remark that the existence of products X; x g X5 for affinoid spaces over K leads,

by gluing, to the existence of fiber products for rigid spaces over K.

EXAMPLE 2.11. The weight space W = {(t1, -+ ,ta) € Cl : v,(tx) > 0,1 < k < d} C B" has

. . . 1
an admissible covering W = J°2, W=1/p " where

1/n

WP — {4y ) € CLe ] < 7] = 1/pm 1 < k < dY.

By definition W=/?"" is a rational subdomain in B". So W is a rigid analytic variety and

a subspace of B".
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2.2 L-function

In this section, we review the basic properties of L-functions. We fix a Zja-tower P : - -+ —
C,—--Ci—Cy= AJqu> defined by the Witt vector equation Y’ ! —Y = f([z]). Throughout

this chapter, we assume P is totally ramified at infinity and unramified at other points.

Let x : Zy,« — C; be a finite continuous character. Recall that the L-function over A%Fq is

1 _
Lf(X? 8) = H 1 — X(FrObp>5degp € 1 + SZP[[S]]7
belal, |

where Frob, € Z,« = W(F,«) is the Frobenius element associated to p.

Since p # oo, the tower is unramified at p. Let = € (IF,)* be any of the conjugate geometry
points in the closed point p. When there is no ambiguity, we use p and = interchangeably.

By definition the Frobenius element satisfies

adeg p

Frob,(Y;) =Y/ (mod X — x).

Note that in finite extension of K = F [X], modulo X — x is same as setting X = . Let
y = (y1,y2,---) € W(F,) be such that ng —y = f([z]), where [] denotes the Teichmiiller

lifting. Then, we have

Fadegp
Frob, =y —

(a/d)degp ) i
n n—1
= > vy
n=1
(a/d)degp )
n—1
= F(lp™
n=1

= Trquegp/def([x]>‘
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Therefore, we have a second formula for the L-function:

1
Lix.s) = ][] :
et 1= X (Tr0 0,0 ([2)) 525

The zeta function has a decomposition as a product of L-functions. Suppose = € |A[1Fq| and
Y1, -,y are closed points in |C,| lying over x, let ' be the subgroup generated by Frob,
in Gal(C,,/A") = Z,a/(p"). Then deg(y;) = |F| - deg(x) for all i and r =

| F| which means

r

H 1— Sdeg Yi) H H _ Csdeg

i=1 =1 ¢IF|= 1

1
B H 1 — x(Frob,)sdes(@)’

X:Zya/(P")—=Cyp

1
affine o
Z(Cn 75) - H 1 . Sdeg(y)

yelCyee|

1
- H H 1 — x(Frob,)sdes(@)

x factors through (p") z€|Al|

= 11 Ly (x, s).

x factors through (p™)

In this thesis, we use two other functions to help us study the L-function over Alqu- The first
one is the L-function over the torus G,, = Ay —{0}. As mentioned in the introduction, this

18

Lites) = II — (Frjb = 11 ! & 1+5Z,[[5]).

CEE|Gm| :E€|Gm| 1 - X <Trqueg(z)/de f([x])> Sdeg(x)

Since x = 0 is a point of degree one, we have

L3(x, s) = (1 — x(Frobg)s) Ls(x, 5),
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so the Newton polygon of L}Z(X, s) always has one more line segment of slope zero than the

Newton polygon of L(x, s).

The second one is the characteristic function (over G,,):

Ci(x,8) = Ly(x, $)L(x, qs) L5 (x, ¢°s) - - - € 1+ sZy[[s]].

This function is studied in Chapter 4.

2.3 Genus stability

For the purpose of this section, fix a Z,-tower P associated to f, where f = f([X]) =
by + Zizl,(i,p)zl b; is a power series in [X] = (X,0,0,---) such that lim; ,, b; = 0. Suppose
P is a strongly genus stable tower in the sense of Definition 1.4, and recall from this definition
that 6 = max {W 1=0,1,2,--- }, and m = —v,(0). The goal of this section is to justify
the terminology by showing that the genus growth in this tower is indeed in a degree d + 1

polynomial of p”. We use the factorization of zeta function proved in the previous section

and a formula for the degrees of L-functions.

We write

= Zpifi,
i=0

where

fi= lay][X7,

J=0

with a;; € F, and a;; = 0 if p|j. Note that lim; ,,, b; = 0 implies that each f; is a polynomial
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in [X]. Denote d; = deg f;, then

5:max{iz::i20,1,2,---}.
p'L

Furthermore, § = Z—m and since p 1 d; for all i € Z>(, we have § > %ﬁ for all 7 # m.

Following the treatment of [11], for each finite character x : Z,» — C; of order p™x, we
associate f with a Newton polyhedron A = A(f, x), which is the convex hull in Q of the set

{p™17"d; : 0 <i <m — 1} U{0}. The degree of L}(x, s) is calculated by:

Theorem 2.12 (Liu-Wei, 2007). The L-function L}(x, s) is a polynomial of degree Vol(A).

Proof. This is a special case (n = 1) of [11, Theorem 1.3]. O

Corollary 2.13. The L-function L}(X, s) is a polynomial of degree at most dp™ 1. Fur-

thermore, when m, > m + 1, the degree is equal to §p™ .

Proof. The Newton polyhedron A is a line segment on Q. Its length is

. d.
my—1—1 77 _ my—1 2l o gmx—1
og%%(—l{p diy =p 0T {pi } S A

Furthermore, when m, > m + 1, we have

]

P(Cn+1,s)

Corollary 2.14. The quotient =5z =

is a polynomial of degree at most (0p™—1)(p?—1)p?".

Furthermore, the degree is equal to (6p™ — 1)(p? — 1)p if n > m.

Proof. Since L}(x,s) = (1—x(Froby)s)L(x, s), the L-function over A', L¢(x;, s), has degree
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at most §p™ ! —1, and equal to §p"™ ! —1if m, > m. By the decomposition of Z(C2fine s)

P(Cy,s)  Z(Cyfine,s)

P(Cyoys)  Z(Cone
( +1 ) _ ( +1 ) H Lf(X73)

X:my=n+1

There are (p? —1)p? many characters with m, = n+1 in total, and we have deg L(x, s) <

SpmtH-1_1 So PI(D%IIS’;) is a polynomial with deg % < (0p"—1)(p?—1)p™. If n > m,

we have deg L(x, s) = op™+H~! — 1, so the degree is equal to (6p™ — 1)(p? — 1)p?". O

Corollary 2.15. Let g, denote the genus of C,,. Then

In < 2((52(95“__11) ((pn)d+1 - 1) - (pn)2 — 1'

Furthermore, there are rational numbers a, b, ¢ determined by f and d such that for alln > m,
G = a(p")" !+ b(p")" + .

In particular, the tower P :--- — Cy — Cy = Al is genus stable.

Proof. Recall that 2¢g,, = deg P(C,,,s). So go = 0, and

20, = (290 — 29n—1) + (20n-1 — 2gn—2) + - - - + (291 — 290)

<360 - Dt — 1t

i:Od -
= % () =1) = (") + 1.
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The upper bound for g, is proved. Furthermore,

20, = (290 — 29n-1) + (20n-1 — 20n—2) + - - + (29m+1 — 29m) + 29

3
—

=Y (0p" = 1)(p* — 1)p + 29,

0 pd_ 1 n m n m
= ﬁ ()™ = ™™ = "+ (™) + 29m
5pd_1 . . . 5pd_1 pmd+1
= ﬁ(p ) — (") + ((p )+ 2Gm — ( pd—l-l)(_ 1) :
We can take
e S I TR Y A S(p* = D)(p™) ™!
—m,b——§,c—§ (p™)" + 29, — P — 1 .
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Chapter 3

Slopes of the zeta functions

The goal of this chapter is to prove Theorem 1.6. We fix f = f([X]) = bo+3_,.; =1 bi[X]" €

W(K) and let d|a. Consider the Zi-tower associated to f,
P:oo-=Cp—---C,— Cy=P.

As we mentioned in the introduction, the zeta function of €, has a decomposition into
product of L-function, thus reducing the problem to the study of L-functions. Therefore
it would be helpful if all such L-function belongs to a parameterized family. We build the

theory by first defining the universal character, which parametrizes all the finite characters.

3.1 The universal character
Let 8 = {c1,--- ,ca} be a basis for Z,. as a free Z,-module, and let c7, - - , ¢} be such that

Trg ,/q,(cxck) = 1 and Trg ,/q,(cicj) = 0 if i # j. In other words, the dual basis of 3 is

given by {Tr(c; - —)}¢_,. Note that ¢, -, c; uniquely determines an isomorphism between
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the Z,-modules . and Zg,

~

7 a Z]U?l

p

T — (Terd/Qp (xeq), - ,Tr@pd/Qp(atcd)>

yicy + -+ yacy (Y1, 5 Ya)

Using this correspondence, the universal character of Z,q is defined by

Xuniv * Zpd Zp[[Tl, cee ,Td]]*

T (1+ Tl)Tr@pd/@p(:vq) (14 Td)Terd/Qp(zcd)'

Suppose x € |A!| is a closed point, then

Xuniv (Fl"Obm) = Xuniv TIQ ydegz/Qpd (f[x])>
d
H 1 4 T Trg d/Qp (Trquegz/de (f[;t]))

ol
—_

d
(14T} Trq degm/Qp(f[lD

Bl
—_

Any continuous character x : Z,» — C; can be recovered from xuniy by evaluating 7}, at

x(c;) — 1 for all k,

Xuniv Tk = X(C;;) — 1 for all &
G

X L ZPHT17"' ’TdH*
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3.2 The T-adic L-series and characteristic series

Now we describe how to parameterize the family of L-function. Since any continuous char-
acter is a specialization of the universal character, if we define a universal L-series as the
L-series attached to the universal character, then we can recover any L-function from it by
the same specialization. This idea leads to the definition of the The T-adic L-series. Note
that the definition of the universal character depend on the choice of basis 8 = {¢1, -+, cq},

so this T-adic L-series should also implicitly dependent on the choice of basis.

Definition 3.1. The (rank d) T-adic L-series of f over G,, is defined by

B =L@ = 1 7 ey o €1 Bl Tl

This definition implicitly depends on the basis § because the definition of the universal
character depends on . We include S in the subscript when we want to emphasize the

choice of basis. Otherwise, (3 is omitted.

Let x : Zya — C be a continuous character. By evaluating T} at x(c;) — 1 for all k, we
immediately get

1
L =
7 9) H 1 — x(Frob, )sdes(®)

.Z’€|Gm|

- L}<Z’ 8) {Tkzx(c;;)—l for all k

Therefore, the T-adic L-series L}(T, s) is universal in the sense that the L-function L} (x;, s)

can be recovered from the T-adic L-series.

We also have the characteristic series:

Definition 3.2. The (rank d) T-adic characteristic series associated to f over G, is defined
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C;(Iv S) = C;,,B(Z7 5) = L}(Ia S)L}(Za QS)L}(I, (]23) €14 SZPHTh T 7Td“[[8]]

The characteristic function of a continuous character x (over G,,), as mentioned in the

introduction, is

Cr(x,s) = L3(x, $)L3(x, a5) Ly (x, a°5) -+ € 1+ sZy[[s]].
By the relation between L3(T,s) and L}(x, s), it is clear that

Ci(x,s) = C5(L, s

)|Tkzx(c]’;)—1 for all k& °

L3(T, s) and C%(T, s) also have generating series expressions, which are in fact more conve-
nient to deal with than the Euler product expression. To express them as generating series,

we need to use the T-adic exponential sums.

Definition 3.3. Let d be a positive integer dividing a. For a positive integer n and a basis
B ={c1, -+ ,ca} for Z,a as a free Z,-module, the (rank d) n-th T-adic exponential sum of f

over sz is defined by

* * TI‘ n C x
Si(n,T) = S;4(n,T) := Z H (1 + Tpp) ™an /2w (exF D)

vEF%, 1<k<d

where T = (T4,--- ,T;). We include (5 in the subscript of S if we want to emphasize the
choice of basis, or if we want to emphasize the rank d, which is also the cardinality of the

basis f.

Proposition 3.4.
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(1) L}(T,s) is the generating series

* * > * Sn
Li(T,s) = Ly (T, s) :=exp (Z Sf,ﬁ(”aI)E) :
n=1

(2) C3(L,s) is the generating series

o0

Cf(za 3) = Cf,ﬁ(z; S) = exp (Z 11— anﬁﬁ(n’I)g) .

n=1

Proof.

Li(mivs) = JI exp (= log(l = x(Frob,)s™=))

v€lAg |*—{0}

z€|Al [1—{0} r=1

ﬂIH

X(Frob,) degmy)

d
(LI + T s on AT ey

k=1

S| =

= exp Z Zl
)=

welat [1—{0

d
— oXp > ZH 1+T) e o/ S ED L o deg
1 k=1 r

velab |1-{0} 7=

[e.9]

d
— Q qr de z/QP(Ckf([‘TD) 1 Tdeg;v
—on T TI[0 el

Q?G(Fq)* r=1 k=1

o0

d
C xX 1
= exp Z H(1 + Tk)ﬁ@qn/@p( I (2) 2 gn

* n
n=1 xG]Fqn k=1

The second last equality holds because a close point on the affine line splits into deg  many

30



conjugates in (IF,)*. The equation for L}(T, s) is proved. As for the characteristic series,

CH(T,s) =[] L}(T.q"s)
k=0

= H exp (Z Si(n,T) (4 ;)n>

3.3 (Generalization to higher rank

The goal of this section is to prove the higher rank case of Theorems 1.7 and 1.9. We make
use of the rank one case of these two theorems, which are proved by Kosters-Zhu in [5] and

stated below.

Theorem 3.5. Let x be a finite character of Z,. We can write
Spmx 11
Lf(X7 8) = Z &kska

k=0

such that:

(1) ag=1. For any 0 < n < p™ ™" we have'

n(nd,, — 1)
2pmx—m—1

n(nd,, + 1)

and v,fana,) = G,

'Uq (a’ndmfl) =

'We fix a typo of Kosters-Zhu here. Note that we cannot take n = p™x~™~1 because otherwise nd,, >
Spmxl — 1,
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and we have

dpmx—t —1
Uq(aépmrl—l) = 5

(2) The q-adic Newton polygon of L¢(x, s) starts from (0,0), ends at (§p™1—1, %),

and passes through the points

(ndm —1, M) and (ndm, M) :

mex_m_l 2pmx—m—1
for any 0 <n < p™1L,

(3) The g-adic Newton polygon of L¢(x,s) has slopes (in multiset notation and in increas-

ing order)

my —m—1

U {Oéil, T 7aidm} - {0},

p

where
Q5 = p'm.;+11n—f if  j=1,
# < oy < pmx+@ if g>1
Proof. This is [5, Theorem 7.1]. O

Theorem 3.6. Suppose P is strongly genus stable with 6(P) = 6. Put C = w.

Suppose v,(b;) > i for all j > ép' — C when i > N, and put

N
o o (525

Then there is character xo of order p™ , such that any character x of order p > p™ belongs

to the f-stable family of xo.
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Proof. See the proof for Theorem B and Remark 8.6 in [5]. O

Fix a finite continuous character x : Z,« — C;, and let p™x be the order of x. The first step
is to find a corresponding Z,-tower and a character of Z,, so that we can apply the rank one

case.

Let ¢} € Z,a be such that x(c}) is a primitive p™x-th root of unity, and extend it to a basis
i, 5, ¢y of Zya as a free Z,-module, such that x(cj) = 1 for & > 2. This is always
possible because otherwise we can replace cj, by ¢, — ncj for some integer n. Let ¢, € Z,a be

such that Trg , /g, (ckcy) = 1 and Trg /g, (cicj) = 0 if @ # j.

Now denote 5 = {c1, -+, cq}. We have

L; (X’ 8) o }75 (I’ S) }lex(cf)—l, T,=0 for k>2

(3.1)

T1=x(c})—1, Tp=0 for k>2

oo . sn
= exp (Z Sclfy{l}(n, T)g)

n=1

Y

T=x(cy)—1

Let X : Z, — C; be the restriction of x to the subgroup c¢iZ, of Z,«, and identify ¢;Z, with

Z,, in the canonical way. Equivalently, this means

X(1) = x(c1)-
For the Z,-tower associated to c; f and for the character , we have the L-function

L;f(y? 5) - L;f,{l}(T’ S) ‘T:X(c’l‘)fl

[e.e] . Sn
= exp (Z Sclﬁ{l}(n,T)g)

n=1

T=x(c7)—1

33



By comparing (3.1) and (3.2), we get:

Lemma 3.7.

Li(x. ) = Lty 4 (%, ).

Recall that the Newton polygon of L}(X, s) always has one more line segment of slope zero

than the Newton polygon of L(x,s). As a consequence, we have:

Corollary 3.8. The g-adic Newton polygon of L¢(x, s) is the same as that of L, ¢(X, s).

This corollary says that if we know the Newton polygon of the rank one L-function, we
immediately get the Newton polygon of the rank d L-function. Now we use this idea to

divide characters into stable families, and eventually prove Theorems 1.7 and 1.9.
Proof of Theorem 1.7. Note that

af(X])=cbo+ Y ablX],

:(4,p)=1

SO

max{}m:z=0,1,2,~--}:5:max{]m:z:0,1,2,~--}.

Apply Theorem 3.5, we can write
Spx 11
Lc1f(y7 S) = Z akskv

k=0

such that:
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(1) ap =1. For any 0 < n < p™ ""! we have

n(nd,, — 1) n(nd,, + 1)
Vg(@nd,, 1) = W and vy(ang,,) = W’
and we have
dpmx—t — 1
Uq(aép’"X*l—l) = 9

(2) The g-adic Newton polygon of L., (X, s) starts from (0, 0), ends at (6p™ -1, %),

and passes through the points

(ndm Y n(nd,, — 1)) and (ndm, n(nd,, + 1)) |

2pmxfm71 2me*m*1

my—1

forany 0 <n <p

(3) The g-adic Newton polygon of L., ¢(X,s) has slopes (in multiset notation and in in-

creasing order)

my —m—1

U {air, -+ g, } — {0},

p

i=1
where
Q5 = pmi:}”_l if j = ].,
I#<aij<p'mx+'mfl if j>1
Therefore, by Corollary 3.8, the same is true for Ly(x, s), for the same 6. ]

Proof of Theorem 1.9. Let f([X]) = by + >, )= bi[ X]" be such that

i :
5:max{]m,l_o,1’27...}_p_m’



where m, d,, € Z>o, p1d,,. We take

a(p - 1)<dm - 1)2‘

¢= )

Note that d,, is uniquely determined by ¢ because p 1 d,,,. Also note that the numbers a and
p are uniquely determined by ¢, so C' = C(d, q). Suppose there exists some positive integer
N such that v,(b;) > i for all ¢ > N and j > dp’ — C. Note that for such 7,j and for any

unit ¢; € Z;d, we automatically have v,(c1b;) > i. Now take

N
1 [, ()]

Let x : Zy« — C; be a finite continuous character of order p™x > p™. Chose a basis
B =A{ci, ¢, i} of Z% such that x(c}) is a primitive p™-th root of unity and x(c}) =
o= x(cg) = 1. Let ¢1,- -+ ,¢qg and X be as defined in this section. Define x¢ : Z,« — C; to

be the character such that

Xo(c1) = ¢ xo(c3) = -+ = xo(cy) = 1,

where  is any primitive p™ -th root of unity. We will show that y is in the ¢; f-stable family

of Xo-

Consider the Z,-tower associated to ¢ f. Let Yo be a character of Z,, such that

Xo(1) = xo(c1)-

By Theorem 3.6,  is in the ¢; f-stable family of 3. By Lemma 3.7, we have

Lf(Xv S) = Lle(Y’ S) and Lf(XOa 3) - Lclf(%WS)’
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so x is in the f-stable family of y,.

Note that in the construction above, xo(¢}) can be any primitive p™ -th root of unity. This
means for any n € (Z/p™ Z)*, the f-stable families of y, and Y2 are the same. Also note
that keryo = kerx3. The sets in the form {x% : n € (Z/p™ Z)*} where ¥ is a character of
order p™ form a partition of the set of all characters of order p™. To construct the set €,
we just need to take one representative in each of the sets {x2 : n € (Z/p™ Z)*}, which has
(p — 1)p™ ' many elements. There are in total (p? — 1)p?™ =1 many characters of order

/

p™, so

(pd _ 1)pd(m’—1) B (pd _ 1)p(d—l)(m'—1)

#Q:: / -
(p—1)pm—1 p—1

Furthermore, suppose xo, x1 € €, xo # X1 and x is in the f-stable family of xo. Then clearly

kerx = p"Xc1Zy, + c3ly + - - - + iy, C kerxo.

Since xo, x1 € €, Xo # X1 by our construction there is at least one k, 2 < k < d, such that
x1(cr) # 1. So ¢ is not in keryy, but it is in kery. Therefore, x is in the f-stable family of

Xo if and only if kery C keryy. O]

REMARK 3.9. If d=1, then € contains only one character, so Theorem 1.9 reduces exactly

to 3.6.

Now we are ready to proof Theorem 1.6. We state and prove a more precise version of

Theorem 1.6:

Theorem 3.10.

(1) If P is a strongly genus stable Z,q-tower, then it is slope uniform.
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(2) Suppose P is strongly genus stable with 6(P) = 6. There exists a constant C = C(4,q),
such that if v,(b;) > i for all j > 6p" — C when i is large enough, then we have P
is slope stable. Moreover, let m' be as in the Slope Stability Theorem for L-functions,

then the multiset of slopes of % is

( d 1) dn—d

i
pnfm/ ’

—m! / / _
pn mo_q . . % (p—1 d(n—m")4+m’'—1 p” m
aq + 1 a, 44 X@Pop
U S L U U
=1

77— n—m
i=0 p p

where v = (6p™ 1 — 1) - -1 pm'=1)(d=1)
Proof. Recall that

P(C,,s)
P(Cnys) Ls(x, 5).
P(Cnf:[? 8) X hasgier p" !

By the Slope Uniformity Theorem for L-functions, taking n — oo, the slopes of L¢(x, s)

P(Ch,s)

approach the uniform distribution on [0,1]. So PO s is a polynomial, and its slopes

approach the uniform distribution on [0,1]. So the product P(Cy,s) = [[,_; 5 kal & has

slopes approaching the uniform distribution on [0, 1]. This proves sentence (1).

By Theorem 1.7, for any yo € €, we have

deg L¢(x0,5) = op Tt — 1.

Let
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and let

{ay, -, o} = U {g-adic slopes of L¢(xo,s)}-

X0€C

For n > m/, any character of order p™ is in the f-stable family of some yq € €. For any y, € €,
without loss of generality suppose the multi-set of slopes for L (xo, s) is {a1, -+, agpm—1_1},
then by Theorem 1.9, for any x in the f-stable family of xo and has order p”, the multi-set

of slopes for L(x, s) is

p"fm/—l . . .
1 Ofl +Z 055 m’—lil + ]
U {— —,,---,p—}—{O}.

= pn—m’ ’ pn—m pn—m’

The number of characters of order p™ does not depend on Yy, because the construction of
all such characters does not depend on the choice of basis 5 = {ci,- -, cq}. Therefore, each

f-stable family has

(pd o 1>pd(n—1) _
#C

many characters of order p”. Taking disjoint union of multi-sets of slopes over f-stable family

of xo, we get the multi-set

d(n—m/)+m/—1

_ {O}X(pfl)p :

)

’ ’ ’
pn—m -1 . . . % (p—1 d(n—m')+m'—1
U { [ ap +1 Qgpm’—1_1 +Z} (p=1)p

pn—m’ ’ pn—m’ e pn—m’

1=0

where the superscript -*¥ means each element in the underlying multi-set has multiplicity k.

Then by taking disjoint union over €, we get the multi-set

—m/ ’ / —m!
pnTm —1 . . % (p—1)pd(n—m )+m'—1 pnT™m
U { a1+ ap +1 } (p=1p U
n—m'’ ' n—m! U
=0 p p i=1

1{ i }X(p’il)pd”‘d
pnfm/ ’
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Number of elements in this set is

’

e (7’) . (p _ 1)pd(n—m’)+m’—1 + (pn—m’ _ 1)(pd _ 1)pdn—d
= ((5pm’71 _ 1) CHE (p _ 1)pd(n7m’)+m’fl + <pnfm’ _ 1>(pd _ 1)pdnfd

= (p "t =p ) (= p™ T+ (T = 1) (p — 1)ptn

= (0" = 1) (" = e
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Chapter 4

Infinite characters

Chapter 3 deals with finite characters. But in order to study the eigenvariety, we also need
to consider infinite characters. Note that in Section 3.3, we are able to reduce to rank one
case exactly because any finite continuous character x : Z,« — C* has a cyclic image, so x
can always be viewed as the induction of a character of Z,. However this is no longer true for
infinite characters. It turns out that we need to put a stronger restriction on the Z,.-tower

and use a different method to treat infinite characters.

4.1 Overconvergent Z i-towers

Let P be a strongly genus stable Z.-tower associated to f([X]) = by + 3 . =1 bi[X]" €
W(K), totally ramified at infinity and unramified at other points. Let §, m, d;, be as in

Section 2.3, and note that § = g—z.

Definition 4.1. We say f is overconvergent if there is a positive rational number D and
an integer mp > m such that d; < Ddi for all i > mp, i € Z. We also say the Z-tower

associated to such f is overconvergent.
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REMARK 4.2. Consider f as a power series in Z,[[(z,0,0,---)]] € W(K). The generic radius
of convergence is one. When such D exists, however, the radius of convergence is at least p™°.
In fact, one can check that the existence of such D is equivalent to the radius of convergence
of f being strictly greater than one. In other words, f is overconvergent means v,(b;) has a
linear growth when i — oo, whereas f is strongly genus stable means v,(b;) has at least a

logarithmic growth when 7 — oo, where b; € Z, is the i-th coefficient of f.

Note that for overconvergent f, the numbers D and mp are usually not unique. When we
want to make mp smaller, we may need to increase D. On the other hand, if we want an
almost optimal D, we may need to set mp to be very large. The strength of our main result
on overconvergent Z,s-towers depends on both D and mp, therefore we need to “balance
between D and mp” to get the strongest result. For this reason, we let (D, mp) to be the

tuple with smallest mp, in the set

mp/2

{(D,mD) 1 d; < DdZ,VZ > mp; mp > 2; > D}

mp

Assumption 4.3. From now to the end of Chapter 6, we fix a strongly genus stable Z,-
tower associated to f, assume f is overconvergent, and let §, D, m, mp, d,, be as defined
before. Note that mp > m and § = Z—m. We also fix a basis {ci, -+ ,cq} of Zya as a

free Z,-module such that ¢ is a (p? — 1)-st root of unity. Put ¢} € Z,a to be such that

TI‘de/Qp(CkCZ) =1 and Terd/Qp(CiC;) =0ifi# 7.

4.2 The Artin—Hasse exponential series

Recall that the Artin—Hasse exponential series is defined by

< TP o
E(T) = exp <§ : > ) = ] @-1)"0f e14T+71°7,[T).
i=0 pli, i>1
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Lemma 4.4. For each i € Z>1, the map
E(-) : T'Z[[T]) — 1+ T"Z,[[T]]

s a bijection, such that
E(T +T°Z,[[T)]) = 1+ T + T?Z,[T)).

In particular, for any r € TZ,[[T]], we have vr(r) = vp(E(r) — 1), where vy denotes the
T-adic valuation on Z,[[T]] with vp(T) = 1.

Proof. See [5, Lemma 2.1]. O
Fori € Zso,k € Z and 1 < k < d, define m;(T") € TZ,[[T]] by

mHU:E”<O+TW>.

me/2
mp

Lemma 4.5. Recall that mp > 2 and

> D. Foranyt e C, with 0 < v,(t) < 1/pmP

and for any i € Z, we have

o, (t if i <mp,
R =
D-i-vy(t) if i>mp,

where we use the convention that v,(0) = +0oo.

Proof. By Lemma 4.4, there is g(T) € T + T?Z,|[T]] such that

E(g(T))=1+T.

In fact, g is the preimage of 1+7T € 1+T7Z,[[T]] under the bijection F, so E~*(1+T) = ¢(T).
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We can express m;(t) in terms of g,

2

mi(t) = B! ((1 + t)pi) —g ((1 . 1) € ((1 . 1) + ((1 P 1) Z,]T7).

Note that v, ((1 - 1) > 0. Hence the term with smallest valuation in m;(¢) (i.e. the

“leading term”) has to be from (1 +¢)*' — 1, so

p'—1 3
vy (mi(1)) = v, | 7 + Z <];>tj :
j=1

When i < mp, we have v,(t"') = p'v,(t) < 1, and p|(’;) for 1 < j < p'—1,sot" is the

leading term. Hence

up(milt)) = v, () = poy(t).

When i > mp, it is harder to find the leading term. Write j = p®u with p 1 w, it is well

known that p*~?| (’j) This implies

Uy <<p,>tj) >0 — o+ ju(t) > 1 —a+ pu(t).
J

We separate into two cases.

Case 1. 1 —a > pg;. Then since v,(t) < 1/p™P, we have

AW D1
vp<(p,)t])Zi—az—ZD-i-vp(t).
J pme
. - . mp/2
Case 2. i —a < 2L Then since 22— > D, we have -2 < —L_ 5o
p™D mp p"D pD/mD
- Dq S 7 >i
Q= W_Z pmo/2mpy T 2
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. . X . . .
Because i > mp, we have a > 2. The function £~ is increasing when = > 1, so

(e mp/2
P= 5 2”27 > D. Therefore,

2a mp

v, <(p,i)tj) > pPu,(t) > 2Dav,(t) > D i - v,(t).

J

4.3 The characteristic series

Notation 4.6.
(1) Define
X={(i,j,k)€Z: 1<k <d,j<dp forali, and j <dDiifi>mp}.

This is the set of tuples (3, j, k) such that ¢x[a;;] can be nonzero.
(2) The m-adic uniformizers are symbols 7 ;) for (i,7,k) € X.

(3) Define
Rp = ZP[[W(i,j,k) : (iaja k) € %]]7 Rq = Rp ®ZP Zq'

(4) Consider the monoid
U={u:X— Z>o:u(x) =0 for all but finitely many =} .

Define 7% = H Wg(zif ), then any r € R, can be written as r = Zauﬂ“, where

ay € Zyq.
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(5) The m-adic valuation on R, is defined such that:

' 1
v(r) = min Z %~u(i,j,k):u€U,au7éO GSZ.
(4,5,k)exX

We set v(0) = +o00. Note that v(m(; ) = % and v(r) = 0 for r € Z, — {0}. Also note

that the existence of the minimum is guaranteed because %Z is discrete.

Definition 4.7. For a positive integer n, the n-th m-adic exponential sum of f over ]F;k is

defined by

* Trg , crlaii][z])?
Simm) =3 I] Emeim) o (erlasllel)) ¢ g

xelF;n (3,7,k)EX

Definition 4.8. The w-adic characteristic series associated to f is defined by

o0

Ci(m, 8) == exp (Z ! S*(n,w)%) €1+ R,[[s]].

1—qm

n=1

Definition 4.9. For t = (t1,--- ,ty) e Wort =T = (T,--- ,Ty), the evaluation at t map

from R, to C, or Z,[[T]] is the Z,-algebra homomorphism defined by
€V£(7T(i7j7k)) = Wi(tk) = E_l ((1 + tk)pi> .

Proposition 4.10. The w-adic, T-adic characteristic series and the character series C (x,s)

of a continuous character x is related by

C;(T, s) =evr (O;(?T, 3)) ,

C7(x. 5) = evy (C7(m, 5)) = eVixep)—1, xiep-1) (CF(m, ) -

Proof. After the evaluation at T = (T, - -+ ,Ty), C7(m, s) becomes identical to the generating
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series form of C(T, s). Therefore the first equation holds. Moreover, one has

eV(X(CT)_lv"‘7X(C:l)_1) (C}k<ﬂ-’ S)) = C;(T’ S)‘IZ(X(CT)*L"WX(CE)*U )

so by Section 3.2, the second equation also holds. O

4.4 Dwork Theory

Set Ef(X) = H E (74 jxcklaij] X7), and o = Frob(Zg» /Z,), then

(i,5,k)€X

Lemma 4.11. For any x € F,.. one has

an—1

Tr, cplais][x)? ot ¢
[T Blrgm) e @t = T EF ([«).
(3,7,k)eX t=0
Proof. To simplify the proof, we put m = 7m(; j ) and z = ¢;[a;;][x]7. Recall from Assumption
4.3 that ¢ is a (p? — 1)-st root of unity, and recall that d|a, where ¢ = p*. Note that [a;;] is
a (¢ — 1)-st root of unity and [z] is a (¢" — 1)-st root of unity. So z is a (¢" — 1)-st root of

. 1 .t 1 ptts
unity. Therefore, o(z) = 2P. One has Y ", a? =Y " a? ", so

E(m) om0 ) = p(r)Tiet
= exp — |- z
s=0 p t=0
((m—l 7Tps
t+s
= exp Z < — 2" >>
t=0 p
an—1 t\ S
~P"\p
()
t=0 p
an—1
t

= (E(r2))7 .

t=0
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Substituting with 7 j») = 7 and ¢x[a;;][z]? = 2, we get

an—1
E(/]T(’L,j,k)) I n/@p(ck[az] 33]3) H E W(ljk)Ck[a,Z]][x] )O’ '
t=0
Taking product over X, we get
an—1
H E Tr@ n/@p(ck[abﬂ] I]J) H Ef

(3,5,k)eX

Notation 4.12.

(1) Define Banach R,-module

B:=R,(X) = {iaiXi € R,[[X]] - v(e;) = o0 as i — oo} .

The set I' = {X" : i € Z>¢} is a basis for B.

(2) Define 4y, - Ry[[X]] — R,[[X]] by

o0 o0
U, (Z aiXi> => X',
i=0 =0
It restricts to an operator ¢, : B — B.

(3) The Frobenius ¢ = Frob(Z,/Z,) acts on B by acting on R,. Define the Dwork
operator ¢ by ¥ = 07 o 1p, 0 E4(X), where E;(X) denotes multiplication by F;(X).

We will show in Lemma 4.19 that E;(X) € B. Therefore ¢ is an operator on B.

(4) For convenience, we write E¢(X) =Y~ e, X", and

an—1 00
I B (x*)=> nx".
t=0 r=0
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Lemma 4.13. Each r(X) € B can be viewed as a map r(X) : B — B, sending g(X) to
r(X)g(X). The operators r(X), v, and o satisfy:

(1) r(X) oty = ¢ 01 (XP).
(2) r(X)oo ' =07 tori(X).
(3) o7t oth, =100t
Proof. Put r(X) = >, X", and let g(X) = >"°, 8 X" € B. For (1), one has
r(X) o ¥(g(X)) = r(X) - (Z sz’XZ) :
On the other hand
Yy or(XP)(9(X)) =ty <<Z O‘Z'Xpi) : (Z 5ij>)
=, (Z (Z aiXpi> 5J~Xj>

j=0 \i=0

By comparing the two equations above, one verifies (1). Then, we directly calculate the

action of left hand side of (2),
r(X) o N (g(X)) =07 (r(X) - g(X)).

So (2) is verified. For (3), it follows directly from the definition of v, that ), commutes with

o. O
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Corollary 4.14. For any integer n, one has

n—1
Y=o "ol o (H EY (sz)) .
=0

Proof. One simplifies (07! 0 4, 0 E;(X))" by applying Lemma 4.13 repeatedly. O

REMARK 4.15. Note that 9" is not in general R, -linear, but just R,-linear. However, it is
R,-linear if a : n. While applying Dwork’s Theory, it is important to keep track of whether

the operators are R,-linear or just R,-linear.

Notation 4.16. For any A € R.(, we define the ideal I* C R, by
I :i={r e R,:v(r) > \}.

REMARK 4.17. Note that if r; € I and 75 € I*?, then v(r1r9) > A1 - Ap. Therefore, for any

A1, A2 € Ry, we have
IS el s

Lemma 4.18. Let f;(X) € 1+ XR,[[X]], g(z) € 1 + XR,[[z]] be such that [[;2, fi(X) =
g(X). Write g(X) = ", anX". Suppose there is a universal constant ¢ € R~ such that

the m-adic Newton polygon of fi(X) lies above the line y = cx. Write

o0

fi= Z @in X",

n=0

where a;, € R,. Also write g(X) = ZanX". Then

n=0
(1) The m-adic Newton polygon of g(x) also lies above the line y = cx.
(2) a, = o, (mod I"*Y/9) where o) € Zy[[ain : v(ai,) = cn]].
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Proof. Write

o0

fi= Z @in X",

n=0
where a;, € R,;. Then we have

s
Oy = E Ha%nk.
k=1

11, ,8s€ZL>0
ni, = ,Nsni+-+ns=n

S
Consider each term H @iy = Qiy oy~ Qigmg **° * iy n, i the sum. We have
k=1
v (ail,m *Qigmg aisms) =0 (ai17n1> v (ai27n2) B (aisﬂ'LS)
> cng +ceng + -+ eng (4.1)
= cn.

Therefore v(cv,) > cn. The first conclusion is proved. For the second conclusion, note that if

the equality of equation 4.1 is realized, then we must have v (a;, ,, ) = cng for k =1,2,--- | s.
Consequently,
iymy * Giginy * Gy € Lgl[ai g = v(ain) = cn]].
m

Lemma 4.19 (Kosters-Zhu [5, Lemma 5.4]). Write [[;—) B¢ (X?') = >2° 8, X", then

(1) U(ﬂf‘) > 15

(2) Forn € Z>y, the map o™ o Y™ is Ry-linear and one has

Mat (0" 0 ¢™|[) = (Byni—j)i ;-
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Proof. To prove (1), recall that

H E z]kckz azj]Xj)a

(i,5,k)ex

and v(m(i ;kycklai;]) = L. Since E(T) € 1+TZ,[[T]], the Newton polygon of E (7(; j xycx[ai;] X7)
lies above the line y = %. So by Lemma 4.18, the Newton polygon of E;(X) also lies above

the line y = £

This implies that the Newton Newton polygon of E}’t (Xpt) lies above the line y =

5
(0 <t <n-—1), all of which are above the line y = So by Lemma 4.18 and that (1)

n15

is true for n = 1, we have that the Newton polygon of Higo E}’Z (Xi”l) lies above the line

Y = 5tr5- This is equivalent to (1).

To prove (2), R,linearity follows from that ¢, and E¢(X) are R,-linear and Cor 4.14. Then,
O_ 1) wn Xl _ <Z /BTX'/‘) Z

=Y (Z BT_iXT)

= 1&271 (Z ﬂprin)

pr>i

- .= Z Byrr_i X"

prr>t

Theorem 4.20 (Dwork’s Trace Formula). For any positive integer n,

S*(n,m) = (¢" = 1) - Tr(™|I').
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Proof. By lemma 4.11,

an—1
SCEED I | CIESED o it
xE]F;n t=0 CCE]F*

Apply lemma 4.19, and note that » [z]"is (¢" —1) if (¢" —1)|r, and is 0 otherwise, then

xEFZn

S*(n,m) = (@" = 1) Y mgr-ve = (@" = 1) Y Mpon—1yr
r=0 r=0

=(¢" — 1)Tr(c™ o p*"|I")

= (¢" = Te(™[D).
because o is the Frobeius of Gal(Qpan/Q,), so 0" = id. O

Corollary 4.21.
Ci(m,s) = det(I — sy|T').
Proof.

det(I — sy*|T") = exp < ZTI“ T )
= ex —i ! S*(n W)i
- p qn . 1 ) n

n=1

= C§(m, s).

Therefore, we can understand C’}(W, s) by studying 1. It’s hard to study ¥* directly, so we

reduce to o o, which is R,-linear by lemma 4.19 and easier to study. Let /N be the matrix
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(o 09|I'), then

det(I — sy|T") = det (I - S(U_IN)Q)
= det (I — sa_l(NU_l(NU_l(' : 'U_I(N)) T ))

= det (I— sa_l(N)--'U_a(N))‘
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Chapter 5

The Newton polygon of the universal

character series

In this chapter, we study the m-adic Newton polygon of the m-adic characteristic series

C3(m, s), which is derived from the 7-adic valuation v on R,.

5.1 Lower bound

To treat the matrix N from previous chapter, we need to introduce the theory of twisted

m-adic incremental matrices.

Definition 5.1.

(1) Let My (R,) be the set of matrices with entries in R,, rows and columns indexed by

Zzo. We say a matrix N = (Rpn)mmnezs, € Moo([y) is twisted 7-adic incremental (in

d steps) if v(hpn) > "5
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(2) Let M € M(R,), then

mo Mmp - Mg
nNg N1 - Nk
M
denotes the k£ x k submatrix of M that consist of rows indexed by mqg, mp, -+, mp_1
and columns indexed by ng,ny,--- ,ng_1. Note that in our notation the top row is the

Oth row, and the leftmost column is the Oth column.

. an(n—1)(p—1
(3) Define A, := %.

Proposition 5.2. [12, Proposition 4.6] Let Mo, My, --- , M,—1 € My (R,) be twisted w-adic

mcremental matrices, and denote

det (I — sM_y---MMg) = > 18", 1y € Ry.

n=0
Then:
(1) v(rn) > .
(2)
a-l 01 --- n—1 )
Ty = Hdet (mod I*5),
j—0 01 --- n—1

recall that for A € Rsg, I* is the ideal consisting of elements in R, whose w-adic

valuation s greater or equal to .
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Proof.

mo Mmp - Mp-
Ty, = E det
0<mo<mp<--<mn_1 mog Mmp -+ Mp-1
Mq—1--M1 Mo
a—1
mjo mji U Mjn—1
= E det
0<mo,0<mo,1 <+ <Mo,n—1 J=0 | Mjyr10 Myt11 - Mjitin-1
0<meg—1,0<Maq—1,1<<Mg—1,n—1 !
a—1
Mjo — Myj1 - Myn-1
= E | | det
0<mp,0<mo,1 <+ <mo,n—1 j=0 miri10 Mjy11 - Mytin—1

Ogma_170<ma—l,1<“‘<ma,—1,n—l

Where we set m,; = mg; for 0 < ¢ < k — 1. Then we estimate the valuation of each

summand. Because each M; is twisted m-adic incremental,

v | det B
mMjit10 Mjt11 - Mjtin—1
J
. 1 n—1
> min § < ZZ;P “Mji — Mjt1,0()

n—1
1
=5 E DMy — Myjp1-
i=0
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Hence,

a—1
m.70 m71 .« e 7’)’1/»7 _1
v det ! ! "
3=0 Mjr10 Myt 0 Myjpin-1
J
a—1
m;.o m;1 Mjn—1

= v | det ’ ’ "

j=0 Mjir10 Mjr11 - Mitin—1

J

1 a—1 n—1

25 ZP T T M
=0 i=0
—1 n—1

(p—1) ¥

= 5 Z £ m]ﬂ
7=0 =0
-1

(p—1)

>+ Z(O—I—1+---+(n—1))
7=0
_a(p—1)n(n—1)
N 20
So each summand of 7, have valuation greater than or equal to 42=1nn=1) _1)23(”_1), this proves the

first conclusion. And the equality can hold only if m;; = ¢ for all . This proves the second

conclusion. n

By Cor 4.21 and Proposition 5.2, we can get a lower bound for C7 (m,s) if we can show N is

a twisted m-adic incremental matrix. And that is a direct consequence of Lemma 4.19.

Lemma 5.3. N is twisted m-adic incremental.

Proof. By Lemma 4.19, v(Npyp) = v(€pm—n) > 5. O

Recall that A\, = %_

Theorem 5.4. The w-adic Newton polygon of C’;(W, s) lies above the polygon whose vertices

are (n, \y) forn € Zsy.
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Proof. By Lemma 5.3, M), = 0*~%(N) are twisted m-adic incremental, for k = 0,1,--- ,a— 1.

Then apply Proposition 5.2. O]

In chapter 6, we use this 7-adic lower bound to obtain a lower bound for C%(x,s), for

characters xy whose corresponding point on W is close to the boundary.

5.2 Upper bound

As a reminder, Assumption 4.3 is still in force. The 7-adic Newton polygon of C%(r, s) also

has an upper bound.

Theorem 5.5. The m-adic Newton polygon of C§(, s) passes through the vertices (n, A,) for
n=0orl (modd,). As a consequence, the m-adic Newton polygon of Cj(m,s) lies below

the polygon whose vertices are (n, \,) forn =0 or 1 (mod d,,).

Proof. Recall that the integer m is such that § = z—m. Let x : Zpa — C; be any finite
continuous character of order p™x > p™, then by Theorem 1.7, the ¢g-adic Newton polygon
of L(x,s) (recall that this is the g-adic Newton polygon of L;(x,s) with one additional

O-slope edge) passes through the points

2pmx—m—1 2pmx—m—1

for 0 < n < p™!. Note that the m -adic valuation and g-adic valuation has the relation

Ur, (2) = a(p — 1)p™ ug(z), x € C.
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And we verify

_andm(nd,, —1)(p—1)  andy(nd, —1)(p — 1)p™ L n(ndy, — 1)
e = 20 - 2d,, = alp=1p™ opmx—m—1 '
and
_ Dip — 1)pm .
Andpt1 = andm(ndn + 1)(p ~ 1) _ andm(ndn + 1)(p — Lp" _ a(P—l)pmx—l.M

20 2d,,

2pmxfmfl !

Therefore, the 7 -adic Newton polygon of L}(X, s) pass through the vertices

(ndpm, Ana,,) and (nd,, + 1, Apa,, +1) ,

for 0 < n < p™~!. Then, recall that

Cilx,s) = Li(x,s) - L3(x,q5) - Ly(x, ¢%s) - - .

Therefore, the m-adic Newton polygon of C (x, s) pass through the vertices

(ndpm, Ana,,) and (nd,, + 1, Apa,, +1) ,

for 0 <n < p™~! In the proof of Theorem 6.2, we proved that the 7 -adic

of C}(x; s) lies above the m-adic Newton polygon of C}(, s). So the 7-adic

Newton polygon

Newton polygon

of Cf(m, s) lies below the vertices (ndm, Ang,,) and (ndpy, + 1, Ang,, 1) for 0 < n < p™1,

By Theorem 5.4, it must pass these vertices. Letting m, — oo, we have

sentence. The second sentence is just a direct corollary.
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5.3 The leading term

Unlike the lower bound case, the m-adic upper bound does not directly imply an upper
bound for the m,-adic Newton polygon of C’}‘(X, s), for all continuous characters x. After
specializing to x, the Newton polygon could possibly go up and become strictly above the n-
adic upper bound. But as we will see later, this is not the case for most continuous characters
X. To learn exactly when this happens, we study the “leading term” of the determinant of

the matrix N.

Notation 5.6.

(1) Denote Fy[[n]] :=F,[[mq k) : (4,5, k) € X]].

(2) For any r € R,, we denote its reduction modulo p in F[[r]] by 7. For x € Z,, we also

use Z to denote its reduction modulo p in F,.

(3) For (4,7) such that j < Ddi if i > mp and j < 6p’ for all 4, denote T(;; =
d
ch’ﬁ(i,j,k) € Rq.
k=1

d
(4) For the same (i, j), denote T; j = Z CT (i gy € Follm]].
k=1

(5) Denote Z,[[T)) = Z,[[Ty) : (0.4 1) € X]) C R,.

(6) Denote IF,[[T]] = Fy[[Ti : (i,5,1) € X]] € Fyf[n]].

The following lemma helps us do row reduction on the matrix N mod p.

Lemma 5.7. Recall Ef(X) =) e, X", then

ne, = Z Z ‘Z(” a” p en—jpr (mod p)

r=0 j<op
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Proof. By logarithmic differentiation, the derivative of the Artin—Hasse exponential series is

E(X)=()_X"EX).

r=0

So by chain rule,

Il
L[]
M
S
)
M

>5

hsﬂ

:/_\
gMﬁﬁ

g

£

N——

El

2
S

On the other hand,

o / o0
— (Z enX”) = Z ne, X"t
n=0 n=1

Compare the mod p coefficients of X™! in both equations, we get

ne, = Z Z T(ig) aw pr €n—jpr (mod p).

=0 i,5:j<op*

The next lemma is the key idea of this section. Recall that by the second part of Proposition
5.2, if the m-adic Newton polygon of Cf (m, s) touches its lower bound at the n-th horizontal
position, then the “leading term” of the n-th coefficient of C;(w, s) depends on the upper
left n X n minor of N. Our next goal is to show that this minor mod p does not depend on

the rank d of the Zpd—tower.
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Lemma 5.8. The determinant

01 .- n-1
det mod p,

01 .- n-1
N

viewed as an element in € Fy[[n]], lies in F,[[T]]. Moreover, the coefficients of this determi-

nant as a power series do not depend on d.

Proof. Consider the matrix N, defined by

n (n—=1(p-1)
€ € €p ... €(n—1)p 0O 00 ... 0
0 ép,1 égp,1 . é(n—l)p—l 0O 00 ... 0
0 €0 ép . é(n_Q)p O 00 ... 0 rn
0 0 eé-1 ... €na2p-1 000 ... 0
NT = :
0 0 * - €(n—-1)(p—1) 0 00 0
0 O * cor Em-Dp-n-1 1 0 0 0
0 0 * Ce é(n—l)(p—l)—Q 01 0 0
0 0 * cee €n—1)(p—1)—3 0 0 1 0 b (TL — 1)(]? — 1)
0 0 0 0 €o 000 ... 1
where -Tmeans matrix transpose. Then the upper left k& x k block of N,, is same as that of
N mod p, so
01 - n—-1 _
det mod p = det(N7).
01 -+ n—-1
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The next step is to study det(NT). In Lemma 5.7, Replace n by h'p — h, where h, h' € Z,

and 0 < A/ <n—1, we get
(W'p—h)ewpn = —hewy n = Z Zj (Teplai])” ewp—(hspry  (mod p). (5.1)
r=0 1

Define the 1 x n vector

Vh = (é—ha ép—ha s 7é(n—1)p—h>7

then the vector equation

—hVi =" > (Zaiai)” Vi (5.2)

=0 4,5:j<ép
is equivalent to equation 5.1, because comparing h'-th entry on both sides of equation 5.2
gives exactly equation 5.1. Moreover, because V}, = (0,0,...,0) for b > np—p+2, by taking

the summation on j and r first, equation 5.2 can be rewritten as
[e.e]

—hVi, = 2. J (Z (i(i,j)aij)pj Visjpr- (5-3)

{j;r:h+jpr <np—p+1} i=0

Note that the right hand side is a finite sum of vectors, and the coefficient j (Z;’io (‘i(i,j)aij)p

3
N——

is in F,[[T]]. If p ¥ m, multiply both sides of equation 5.3 by the multiplicative inverse of h

in F, we get
e S (S ) -
{4,r:h+jp"<np—p+1} i=0

Now we are ready to do row reduction on the matrix NI. Fix n, view NI = (4; 4,) as a
block matrix, where A; is an (np —p+ 1) X k matrix, As isan (np—p+1) x (n—1)(p—1)

matrix. Then V}, is the h-th row of A; for 0 < h < (n — 1)p. So equation 5.4 implies that
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standard row reduction can cancel all h-th row of the matrix A; with p ¥ h. This means

there is a (np — p+ 1) X (np — p + 1)matrix P such that

€0 € .- En-1)p

0 e ... €(n—2)p
b N

PA=1"9 o &

0 O 0
(n=1(p-1)

0 O 0

P represents some replacements and Wtimes of interchange, so det P = 1. By

definition of E;(X), we know ey = 1, by equation 5.4, entries of P lie in F,[[T]], and entries

of Ay are 0 or 1, so

o . n nt+l -+ (n—1p _
det(N, ) = det(PN, ) = det(PA; PAs) = det e F,[[%]].

n nt+l -+ (n—1)p
PA;

This argument is the same for all d, so the coefficients of this power series do not depend on

d. ]

Recall

d
Tid) = D ki j)-
k=1

Let o be the Frobenius of Z,« over Z,, for r € Z>(, we set

d
T =D 0" ()T
k=1
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To reduce some writings, we denote
R = Zq[[ ?ir,j) : (iajv 1) < %,T‘ € ZZOH - RQ'

Then we have the corollary below explaining the “leading term” of the coefficients of C’;Z(ﬂ, s).

Corollary 5.9. Consider the w-adic characteristic series Cj(m,s) = 1+ Zrnsn. When
n=1
n=0 or1l (mod d,,), we have

a—1
— HF"J (mod pI* + [’\"“/5),

J=0

for some F € Z,[[%]]. In particular, the “leading term” of r,, is congruent mod p to a power

series that lies in R', and does not depend on d.

Proof. By Lemma 5.8, we can find a power series F' lying in Z,[[%]], does not depend on d,

such that

F = det o (mod p),

N

By Theorem 5.5, when n =0 or 1 (mod d,,), we have v(r,) = A,. Then by Proposition 5.2,

we have
a—1 a—1
01 - n-—-1 ‘
Ty = Hdet =|[F’ (mod pI* + 1+1/9),
§=0 01 --- n—1 §=0
gi—%(N)

where the right hand side is a power series in terms of T(’;j) and does not depend on d. [

66



Chapter 6

Characteristic series of infinite

characters

Recall that {ci,--- ,cq} is a basis of Z, as a free Z,-module, chosen in Section 4.1, and

Ck € Zya are such that Trg , /g, (ckcy) = 1 and Trg /g, (cicj) = 0 if i # j.

Notation 6.1. Let x : Z,« — C; be a continuous character, not necessarily finite. Denote
ty = x(cg) =1 €C;, for k = 1,2,--- ,d. Then vy(ty) > 0 for k = 1,2,--- ,d, since x is a

well-defined character. Define m, € {t1,ts,-- ,tq4} to be any element such that

Vy(Ty) = mkin{vq (tr)}-

This definition allows us to discuss the m,-adic Newton polygon of C%(x,s). As we have
mentioned in Chapter 5, we can use the lower bound and the upper bound for the m-adic
Newton polygon of C(, s) to obtain bounds for the ,-adic Newton polygon of C}(x, s),

for some characters y.
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Suppose v,(m,) < 1/p™P, in other words, the point

—1/p™D

(X(CT) - 17 e 7X(C;kl) - 1) € sz ;
where
W2 ={teW:|t|>r}={teW:0<u,(t) < —log,r}.

Then, a direct application of the m-adic lower bound proves the same lower bound for the
my-adic Newton polygon of C’}k(x, s). But to obtain the upper bound, by the discussion of
the leading terms in coefficients of Cf(, s), we need to introduce one more restriction. This
restriction is described by the admissible locus W™, which is an admissible subset of W
which we define in Section 6.2. In this chapter, we show that if y is also in the admissible

locus W™ then the desired upper bound can be obtained.

6.1 Lower bound

By specializing Thereom 5.4 to a continuous character y, we can get:

Theorem 6.2. If v,(m,) < 1/p™P, then the my-adic Newton polygon of C7(x,s) lies above

the polygon with vertices (n, \,).

Proof. By Lemma 4.5, for i« < mp, by strong genus stability, we have
(1) 2 Pop(t) 2 o).

And for ¢ < mp, since f is overconvergent, we have

wlm(te)) > D -0y (t4) 2 ().
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So, for all (i, j, k) € X, we have

Use my-adic valuation instead, we get

U (Ti(tk)) > 0(7 ) )-

This means the m -adic valuation after specialization is greater than the m-adic valuation

before specialization. In other words, let t = (¢, t2,- -+ , %), then we have

Un, (evie(rp)) = v(rn).

By Proposition 4.10, and the previous equation, the m,-adic Newton polygon of C’;(X, s) lies
above the m-adic Newton polygon of C}(m, s). Therefore, by Theorem 5.4, the polygon with

vertices (n, A,) is its lower bound. O

6.2 The admissible locus

In this subsection we describe the admissible locus, and prove some necessary properties.
Recall that the weight space is W = {(t1,--- ,ta) € C% : v,(t;) > 0,1 < k < d}. Bach

continuous character x : Z,s — Z, corresponds to a point ¢, = (x(cj)—1,--- , x(cj)—1) € W.

Definition 6.3.

(1) Define the polynomial



where o denotes the Frobenius of the extension Zyi/Z,, and T = (11, T3, -- ,Ty).

(2) The admissible locus is defined by

yyadm . {; e W(C,) — {0} : v, (6(t) =d- min {vq(tk)}} cw.

1<k<d

For a continuous character x : Z,« — Z,, the corresponding point £, = (x(cj)—1,---, x(cj)—
1) € W depends on the choice of basis {ci, - ,cq}, and the definition of W™ depends on
the basis as well. We hope that whether ¢, € Wadm depends only on y but not on the choice
of basis made in Section 4.1. Also, the name “admissible locus” makes sense only if 1™

is an admissible set.

We list and prove the two desired properties of the admissible locus below.

Proposition 6.4.

(1) The admissible locus is an admissible subset of the weight space WV .

(2) Let x : Zya — Zy be a continuous character. Whether or not t, € Wadm does not

depend on the choice of basis {c1, -+ ,cq}.

Proof. For (1), because v, (6(t)) < d - min;{v,(t;)}, the set

1/n

yymdm q L™ {(tl, ) €WV (1) = d- mkin{vq(tk)}}
0, (S(1)) < d- minu, ()} }

S@)] > 1<k < d}.

1/n

= {(tl,“' ta) c Wl/p

1/n

= {(h,"' ta) c Wl/p

Therefore, W2dm 0 W1/P" ig a rational subdomain of WY/P"/". By Section 2.1, W™ is an

admissible subset of W.
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For (2), the group of all possible change of basis operations is generated by the following

three types:

(a) only swapping ¢; with c;;

(b) for a unique fixed i, scaling ¢; to uc; for u € Z;;

(c) only changing ¢; to ¢; + ucy for u € Z,.
It suffices to check whether ¢, € Wadm does not change under these three changes of basis
operations. For simplicity, we write t, = (t1,--- ,14).

Operation (a) will result in swapping ¢; with ¢; in ¢ , and swapping ¢; with ¢; in &(t).

Whether ¢, € Wadm is unchanged by the definition.

Operation (b) will result in changing ¢; to (14¢;)*  —1 in t, and changing ¢; to uc; in &(2).

One has the congruence
ity = uei (141 1) (mod (pt) + (1)°),

in the ring Zp = {z € C, : || < 1}, where () is the ideal generated by z. So the change
of &(t,) has the valuation at least min{vy(t;) + 1,v4(7)} + (d — 1) - ming{wv,(t;)}, which is

strictly greater than d - ming{v,(t;)}. Therefore whether v, (&(t,)) = d - ming{v,(ty)} is

=X

unchanged.

Operation (c) will result in changing ¢, to (1 +£2)(1 + %)™ — 1 in ¢, and changing ¢; to

¢1 + uce in &(t). One has the congruence
Cltl + Cztg = (Cl + 'LLCQ)tl + Co ((1 + tz)(l + tl)iu — 1) (HlOd (ptl,ptg) + (tl,tz)Q).

The change of &(t,) has the valuation at least min;—y o{vy(t;) + 1,v4(t3)} + >, vq(tk), 5O
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whether v, (6(t,)) = d - ming{vy(tx)} is unchanged. O

X

The next lemma kills the possibility of “unexpected cancellation” for characters whose cor-

responding point on the weight space lie in the admissible locus.

Lemma 6.5. Lett = (t;, -+ ,t5) € W™ and let r € Z>y. Ifmkin{vq(tk)} < 1/ap™P, then

v (eve (S7,)) 2 5 - minfuy (1)},

S,

with equality holds if and only if (i,7) = (m,dy,).
Proof. Recall that Ty = S20_, T(ijx), SO
vg (evi(0™(Zig))) = mkin vg (eve(T(ismy)) - (6.1)
By Lemma 4.5, for i < mp, since j < §p’,
Vg (evi(T(ign))) = Puglt) > %Uq(tk)-
For i < mp, since j < Ddi,
Uy (evi(w(i7j7k))) > Divy(ty) > %vq(tk).
Therefore, for all 7 € Z>(, we have
vg (eve(miim)) > %Uq(tk)- (6.2)

Combining equations 6.1 and 6.2, we get

v (e(T0y)) > % - minfu ().
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The inequality is proved.
Next, we show that if the equality holds, then we must have (i, j) = (m, d,,). Now suppose

T

o J.
g (evi(ST,) = % - minfuy (1)},
then the equality in equation 6.2 must hold, which means
_J
v (eVa(m(i)) = Sva(ti)-

By the discussion above, this can happen only if i < mp and j = dp’. Recall that we have
o> % for all i # m, and j < d;, so j < dp® if i # m. Therefore, to ensure j = Jp’, the only

option is to set (i,j) = (m,d,,).

The last step is to show that whenever (i,j) = (m,d,,), the equality holds. We fix (i,j) =
(m,d,,). Recall that

evg(ﬂ-(m,dm,k)) = E_l ((1 —+ tk>pm) ,

and as we have mentioned in the proof for Lemma 4.5, the “leading term” of E~! ((1 + tk)pm)

comes from (1 4 ¢)P" — 1. If v,(t;) < ame, then we have v, (t! 1) < w,(p - ), so
(B ((1+4)"")) = 2" (mod "),

Without loss of generality suppose t; has the smallest valuation among ty,--- ¢4, then

ap™D ap™+1°

vy(t1) = mkin{vq(tk)}, and v,(t1) < —h= < —+—. For all k, either v,(t;,) < ap%n, then

(E’l ((1 + tk)pm)) = tim (mod t]fmﬂ),
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or vy(tg) > T then

(BT (A +6)")) =0=1  (modp),

SO
(mod #]" ),

(E_l ((1 + tk)pm)) =0=1¢

note that the Frobenius o satisfies o(z) = 27 (mod p) for = € Z,, we have

th mdm) § o" Ck th Tm,dm, k)
k=1

d

= Z o"(cp)t?" (mod #7711

k=1

= (ar_m(ck)tk)pm (mod tfmﬂ)

m

= (Z or_m(ck)tk> (mod 2”11

This implies

Since t € W™ we have

(Hevt i ) ) = ) = S in 1)

But we have proved
o dy, .
(o (57,)) 2 22 min{o 00}

74



So the equality must hold for all r = 1,2,--- ,d. Therefore, when (7, j) = (m, d,,), we have

r dm .
vy (eve (T(i))) = i min{vy(te)}-

6.3 Upper bound

We now give the upper bound for the 7,-adic Newton polygon of C7(x; ).

Theorem 6.6. Let x : Zy,a — C; be a continuous character such that v,(m,) < meD, and

such that (x(c;) —1,- -, x(¢j) —1) € W™, The m,-adic Newton polygon of Cj(x, s) passes
through the vertices (n, A\,) forn =0 or 1 (mod d,,,). As a consequence, the m,-adic Newton

polygon of C%(x, s) lies below the polygon whose vertices are (n, A\,) forn =0 or 1 (mod d,,).

Proof. Fix n such that n = 0 or 1 (mod d,,). Let xo be a finite character of order p™xo,

such that p™x > n and m,, > mp. To simplify notations, denote

EVx = OV (x(et) o x(ey))

By Theorem 1.9, the m,,-adic valuation of the n-th coefficient of C%(xo, s) is

Ury, (€V30 (7)) = An.

Denote )\, := "(”%)Tflp_l) = a/z\?—%. By Lemma 5.9 we can find F' € Z,[[%]] such that F' € [P,

and

a—1
Ty, = l_IF"J (mod pI* + I’\"“/‘S).
=0
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By Lemma 4.5, we must have

a—1
Ury, (evx0 (rn — H F"J>> > A\,
§=0

SO
a—1 ,
VUry, (evx0 (rn - HF"]>) = A\ (6.3)
j=0
a—1 _
In other words, H F°’ contains the “leading term” of 7,,.
j=0

We take a closer look at F'. Write

F:u-‘E’\%

(mdyy T Other terms € Z,[[T]],

where u € Z,, v(other terms) > A,. Then by Lemma 6.5,

N m
/UT(XO (eVXO <(3:(T7);,dm)>> =p )\;w

whereas
Uy, (evy, (other terms)) > p™ A,

because any summand in “other terms” either has m-adic valuation greater than p™\.,
or contains at least one factor T jy with (¢,7) # (m,dy,), therefore the valuation strictly
increases after evaluation at yg, according to Lemma 6.5. So, after specializing to xo, u is

the coefficient of the “leading term” with , -adic valuation equal to A,. From this fact and

1

equation 6.3 we know u € Zj. Therefore, for a continuous character x such that vp(my) < )
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Vn, (evy (1)) = n, (evx (Hl <u‘3(*r’z dm))fﬂ)) .

This finishes the proof.
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Chapter 7

The Artin—Schreier—Witt eigenvariety

Recall that the Artin—Schreier-Witt eigenvariety associated to f is the zero locus of C} (T, s)
inside G2 x (W —{0}), and is denoted by &;. As discussed in the introduction, it is expected

that £¢ can be decomposed to an infinite disjoint union of nice subspaces.

In the special case where d = 1 and f is a unit root polynomial, Davis—Wan—Xiao [1] obtained
two different results regarding the decomposition. The first one states that £; is an infinite
disjoint union [ [, ;cz Xi, such that each Xj is finite and flat over W, and that for any point

r € X;, the ratio

vg(wit(z))
is in an interval depending on 7. The second result states that over the boundary annulus

W= ={teW:|t| >r}={teW:0<u,(t) < —logr},

where 0 < r < 1 is a constant, X; can be further decomposed into a finite disjoint union,

such that the ratio Z]’Zéjv’;g; is a constant on each component. In this dissertation, we refer
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to the first result as the weak decomposition, and the second as the strong decomposition.

For general d and unit root polynomial f, Ren-Wan—Xiao—Yu [12] proved a similar weak
decomposition over the admissible locus. This result can be viewed as a generalization of
Davis—Wan—Xiao’s weak decomposition, since when d = 1, the admissible locus becomes
W — {0}. However, they were not successful trying to generalize the strong decomposition

to d > 1.

Based on our results in Chapter 6, we can prove the weak decomposition over the intersection
of the admissible locus with certain boundary annulus, for general d and overconvergent f.
In terms of the strong decomposition, our results in Chapter 3 suggest that the strong

decomposition might not be true, but a slightly weaker form is reasonable to expect.

7.1 Weak decomposition

Put Wadm2r . — padm q)2r - We show that for overconvergent Za-towers, there is an r

such that we have a weak decomposition over Wadm2r

Theorem 7.1. Let P be an overconvergent Z,.-tower associated to f. Then there is a

rational number v with 0 < r < 1, such that the space
adm,>r | -1 adm,>r
& = wt (W )

s an infinite disjoint union:

5?dm,2r = X{q HX(O,I) H Xy HX(LQ) H X2y H e

of rigid subspaces, such that:
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(1) the map wt : X; — WM s finite and flat. The map is degree 1 if J = [n,n], and

is degree d,, — 1 if J = (n,n+1), and

(2) for any x = (t,s) € X, we have

Uq(sil)

Wq(tk)} S apm(p— 1) -

Proof. Recall D and mp from the definition of overconvergence, and that mp > 2 and

pro > D. Let r = p~'/7"". Let (t1,--- ,tq) € W™= and let y : Zys — Cj be the

mp

continuous character such that

x(c)—1=ty, k=1,2,--- ,d.

By Theorem 6.2 and Theorem 6.6 applied to x, for each n € Zs(, the m-adic Newton

polygon of C%(x;, s) has:
(a) One line segment with horizontal length one, and with slope
Andp+1 = And, = ap™ (p— 1) - .

(b) Line segments with total horizontal length d,, — 1, whose slopes are in the interval

(ap™(p—1) -n,ap™(p—1)- (n+1)).
By Weierstrass Preparation Theorem, over WW24™2" e have the factorization
C;(T, 8) = P{O}(S) . P(()J)(S) . P{l}(S) . P(LQ) (S) et

such that for each n € Z>:
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a) Pra(s) € Z,||T]|(s) is a degree one polynomial in s, with exactly one reciprocal zero
{n} p

of my-adic valuation ap™(p — 1) - n, and

b) Punnin(s) € Z,||T]|(s) is a degree d,,, — 1 polynomial in s, whose reciprocal zeroes have
( ’ ) p

my-adic valuation in the interval (ap™(p — 1) - n,ap™(p — 1) - (n + 1)).

For each interval J = [n,n] or (n,n + 1), let X; be the zero locus of P; in Wadm:2r x Grie,
Then each X is finite and flat over W24™2" hecause it is the zero locus of a polynomial.

The weight map
wt : X — yadm=r

has degree deg P;, which is one if J = [n,n], and is d,,, — 1 if J = (n,n+ 1). This proves (1).

For any « = (t,s) € Xy, (t,5) is a zero of Py(s), so the m-adic valuation of % is in the

interval ap™(p — 1) - J. Note that v,(my) = ming{v,(tx)}, and vy(1/s) = vr, (1/5) - v4(Ty), SO

vy(s7)

mim{og (i} C WP

Therefore (2) is proved.

The intervals ap™(p — 1) - J are distinct for different J in the form J = [n,n] or (n,n + 1).

As a consequence, the ratio

Uq(s_l)
ming{v,(tx)}

take distinct values on each X ;. Therefore, X; are disjoint subspaces. This finishes the

proof. O

REMARK 7.2. When f is a unit root polynomial, Ren-Wan—Xiao—Yu [12] proved the same

weak decomposition over the entire admissible locus. In comparison, in this case, our result
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. . .. —1/p2
only implies the decomposition over Wadm:=2P~/"" But our result covers a much larger class

of f.

7.2 Strong decomposition

vg(s™h)

T ENON) take constant values

We hope to further decompose X, ,41) such that the ratio
on each component. Up to when this dissertation is written, this question is answered only
for d = 1 and f being a unit root polynomial[l], and is open in other cases. It is already

very hard for unit root polynomial f and d > 1.

For the rest of this section, fix a unit root polynomial f([X]) = bo+by[X]+ - -+ baeg £[X]87,
where b; are (¢ — 1)-st roots of unity in Z,, p f deg f. Put 7 = p~8(deaN)/a(p—1)(dea /=1 " Fop

d = 1, the following is known.

Theorem 7.3 (Davis-Wan-Xiao, 2016). Let P be the Z,-tower associated to a unit root
polynomial f, and E be the corresponding eigencurve. Then there exists an integer | € N
and distinct rational numbers oy, -+ ,aq € [0,1), such that the subspace wt™! (WZT) of &

s an infinite disjoint union

oo 1
Wt_l (WZT) == H HX@J'

i=0 j=1

of rigid subspaces, such that:

(1) the morphism wt : X;; — W="is finite and flat, and
(2) for any x = (T, s) € X, , we have v,(s™') = a(p — 1)(a; + i)vy(T).

The method used in Chapter 3 and the above theorem can help us understand the d > 1 case.

For a basis 8 = {c1,-+ ,cq}, let ¢, -+ , ¢} be such that {Tr(c} - —)}{_, is the corresponding
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dual basis. Note that
S;,B(H’Z”Tk:o for k>2 S;f,{l}(n’T)‘T:Tl :

Then by the generating series formula for the T-adic characteristic series, we get
C;,B(L S)}Tk:O for k>2 C;f’{l}(Ta S)|T:T1 )

By [1], when ¢; is a (¢ — 1)-st root of unity, the zero locus of C’;f{l}(T, s) has a strong
decomposition over the one-dimensional weight space. Therefore, the zero locus of C% ,3(27 s),
which is the d-dimensional eigenvariety £y, has a strong decomposition over the rigid line ¢

defined by the equations
T, =0for k>2

inside the d-dimensional weight space W. Consider another basis ' = {c|,---, ¢}, such

that ¢} is also a (¢ — 1)-st root of unity just like ¢; does. Write

d
/ —_
Cp = ak;Cy,
Jj=1

where the matrix (ax;) € GL4(Z,). By linear algebra, let (aj;) denote the transposed inverse

of the matrix (ay;), then

d
I * ok
C = E aijj.
J=1
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Therefore, if y is any continuous character or the universal character, then
d
Za’k] ] —1= H(X( ))ak] — 1

7=1

Let Ty = x(cj) =1, T}, = x(¢§) = 1, k= 1,2,--- ,d. If we set T} =0 for k = 2,--- ,d, then
the universal character series becomes C:,l ;. {1}(T 1,s). Now let C be the rigid curve on W

defined by

d
T, = [[(Te + 1)% —1=0for k> 2,

Jj=1

such that ¢] = Z;.lzl ai;c; is also a (¢ — 1)-st root of unity. By the strong decomposition of

(@ 1, {1}( s), we get a strong decomposition of £ over C.

Summarizing all above, we have proved:

Theorem 7.4. Fiz a basis B = {c1,--- ,ca} of Zya as a free Zy-module. For each (ay;) €

q—1
GL4(Z,) with (Z 1 aljc]> =1, we can define a rigid curve C inside VW by the equations

d
[T+ )% —1=0 for k > 2.
7=1

There is an integer | € N and distinct rational numbers ay,--- ,oq € [0,1), such that £ N

C N W?=" has the strong decomposition

oo 1
ENCNW = HHXi,ja

i=0 j=1

such that:

(1) the morphism wt : X; ; — C N W?=" is finite and flat, and
(2) for any x = (T, s) € X, ;, we have vy(s™') = a(p — 1)(a; + i)vy(T).
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Note that the rational numbers aq,--- ,a; depend on C. In fact, they are determined by
the number ¢}, because they are related to the Newton polygon of C’;*,l s {1}(T, s). If % € Ly,

then there is an isomorphism between Z,-towers associated to ¢} f and ¢ f, so the numbers

a1, -+ ,ap should be the same over two rigid lines C,C’ corresponding to bases 3, 5’ respec-
tively. Therefore, in Theorem 7.4, there are at most % = 1% many distinct patterns for
P

aq, -+, It would be interesting to know whether this number can be reduced.
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