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Abstract

Efficient Uncertainty Propagation for Stochastic Model Predictive Control

by

Edward Allen Buehler

Doctor of Philosophy in Chemical Engineering

University of California, Berkeley

Professor Ali Mesbah, Chair

As the complexity and scale of chemical processes has increased, engineers have desired
a process control strategy that can successfully and safely regulate modern processes. These
processes are often subject to random noise and uncertainties in parameters or model struc-
ture which make regulation and control difficult. Stochastic model predictive control (SMPC)
is an advanced process control strategy that can systematically seek tradeoffs between mul-
tiple (possibly competing) control objectives in the presence of constraints for multi-input
multi-output systems. Furthermore, SMPC explicitly considers the stochasticity of system
states and parameters, allowing for the systematic trade off of robustness and performance.
Another key advantage of SMPC is the ability to implement chance constraints, which can
be violated with a specified probability, instead of hard constraints which must be satisfied
in all conditions. Because SMPC employs a probabilistic description of states and param-
eters, uncertainty propagation techniques are needed to determine the time evolution of
these probability distributions. Monte Carlo methods are a widely used uncertainty prop-
agation technique, but are too computationally expensive for real time optimization and
control. Three approaches to efficient SMPC implementations are investigated in this dis-
sertation. A SMPC algorithm with hard input constraints and joint chance constraints in
the presence of (possibly) unbounded noise is presented. By recasting the nonlinear SMPC
optimal control problem as a convex iterative deterministic program, the computational cost
of determining the optimal control policy is significantly decreased. Two uncertainty propa-
gation methods, the Fokker-Planck equation and adaptive polynomial chaos, are presented
in the context of optimal control. The Fokker-Planck equation is a partial differential equa-
tion that can propagate the full probability distribution of uncertainties. This allows for
shaping of the probability distribution function of states to desired distributions in an open
loop sense as well as eliminating the need for conservative approximations when evaluat-
ing chance constraint violation. Closed-loop simulations of a SMPC controller regulating
a bioreactor demonstrate the ability to shape the product probability distribution function
when using the Fokker-Planck equation as an uncertainty propagation technique. Adaptive
polynomial chaos (aPC) is an efficient technique that propagates the moments of (possi-



2

bly) cross-correlated distributions. Unlike similar techniques, aPC only requires knowledge
of the statistical moments of uncertain states and parameters, which can be readily esti-
mated from experimental data. The error convergence properties of aPC are investigated
in a continuous stirred tank reactor (CSTR) with correlated reaction kinetic parameters.
All three approaches to uncertainty propagation and constraint handling in the context of
SMPC discussed in this dissertation demonstrate promise for decreasing computational cost
and reducing reliance on conservative approximations.
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Chapter 1

Introduction

1.1 Model Predictive Control for Chemical Processes

Process control is vital to the regulation and safety of industrial chemical processes. From
keeping reactor and separation units at steady state operation to preventing dangerous run-
away reactions, process control is used by engineers to maintain desired operating conditions.
Chemical processes often involve nonlinear interactions between reaction kinetics, thermody-
namics, and mass transport that make control challenging. The need for a control strategy
that can effectively handle many inputs and outputs has grown as the scale and complexity
of industrial processes has continued to increase over the years.

Model predictive control (MPC) is a control strategy that addresses many of the require-
ments of modern chemical processes. MPC, which can trace its roots to industrial research
in the oil industry in the 1970s, has the ability to successfully regulate multiple inputs and
outputs in the presence of constraints while trying to achieve (possibly) competing control
objectives [1]. These characteristics are particularly important for processes which may have
many chemical reactants and intermediates, physical and safety constraints on equipment
and reaction conditions, and control objectives such as achieving a desired titer or purity
that may conflict with economic or safety considerations. The goal of MPC is to seek a con-
trol policy that achieves the control objective while satisfying constraints. MPC predicts the
future behavior of the system with a mathematical model and optimizes future manipulated
inputs of the open-loop system to achieve the control objective. The model used by the
MPC controller can be either derived from first principles or from empirical data, making
MPC feasible even for industrial processes with many species or complex dynamics. After
the first optimized input is applied to the system, outputs are measured and the prediction
of the future system behavior is re-initialized with the these measurements. This repeated
procedure of optimizing future inputs, applying the first input to the system, then measuring
outputs leads to a receding-horizon implementation of MPC, which means that the controller
takes real-time measurements of the system and adjusts future control actions accordingly.

Fig. 1.1 shows a block diagram of an MPC controller. Key to model predictive control is a
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Figure 1.1: Block diagram of MPC controller (adapted from [2]).

model of the process that forecasts future system behavior. The MPC controller manipulates
the inputs to optimize a cost function that is defined for the particular control objective (e.g.
setpoint tracking) over a future time frame known as the control horizon. The prediction
horizon, which is often chosen to be the same as the control horizon, is the time frame over
which the process model is used to predict the system behavior. The repeated process of
output measurement and optimization of the open loop control problem is referred to as
receding horizon MPC. Fig. 1.2 presents a graphical illustration of receding horizon MPC.
The optimization step is what gives MPC the ability to handle input and other system
constraints, as the optimization problem can be formulated to explicitly include constraints
and an objective function that considers multiple objectives.

Model predictive control has been successfully implemented industrially for a wide va-
riety of processes. However, a number of research questions about MPC remain. While
MPC theory has been extensively investigated for linear systems, nonlinear systems present
challenges in closed-loop stability, feasibility, and optimality [4], [5]. Furthermore, nonlinear
systems result in nonconvex optimal control problems and may have complex mathematical
models that can lead to a prohibitively high computational cost for online control. Since
many chemical processes follow nonlinear dynamics, it is desirable to implement process
control that can account for those dynamics to improve accuracy of model prediction.

Another area of ongoing research is MPC for systems with uncertainties such as distur-
bances and estimated states and parameters. One common approach to control of uncertain
systems is robust control, in which the controller is designed around the worst case potential
realizations of disturbances and estimation errors. Doing so ensures that under any uncer-
tainty realization (assuming bounded uncertainties) the controller will successfully regulate
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Figure 1.2: Illustration of receding horizon MPC [3]

the system. One shortcoming of this design, however, is that the controller can suffer from
conservative performance, especially if the worst case scenario has a very low probability of
occurring.

An emerging approach to controlling systems with dynamic uncertainties is stochastic
model predictive control (SMPC), which considers the statistics of uncertainties in order to
systematically tradeoff robustness and performance. Since SMPC treats uncertain states
and parameters as probabilistic distributions instead of deterministic values, knowledge of
these probability distributions is required as the system evolves in time. One key challenge
of SMPC is computationally efficient methods of uncertainty propagation for online control
in nonlinear systems. Another active area of research is the implementation of constraints
in the presence of stochastic disturbances without using conservative approximations that
degrade performance.

The aim of this dissertation is to investigate efficient uncertainty propagation techniques
and novel constraint handling in the presence of unbounded noise in the context of (possibly)
nonlinear SMPC. A brief summary of the open research challenges facing linear and nonlinear
SMPC will be presented next. Following that will be an overview of the contributions of the
dissertation.

1.2 Uncertainties in Dynamic Systems

Dynamic systems are subject to uncertainties in parameters and measurements. In many
chemical processes, measurements of all states are unavailable, and parameters are often
estimated from experimental data. Exogenous disturbances such as variations in ambient
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temperature or feed concentration and measurement noise can introduce further uncertainties
in the system. These factors lead to incomplete knowledge of the process, which gives rise
to many potential state trajectories since uncertainties in parameters and measurements
will propagate throughout the system in time. Designing a controller to account for these
systems presents a challenge, as some potential trajectories may lead to system instabilities.
Additionally, the propagation of potential state trajectories through time remains challenging
for online control. The traditional approach to uncertainty propagation in dynamic systems
is Monte Carlo techniques, which simulate the system under a large number of uncertainty
realizations to generate distributions of all potential system trajectories in time. However,
these methods can be extremely computationally expensive to perform, especially when the
process is difficult to simulate, since the needed number of sampled uncertainties can range
from hundreds to millions depending on system properties. Efficient uncertainty propagation
techniques that can be used for real-time control will be discussed in greater detail in the
following sections.

1.3 Control of Uncertain Systems

Robust Model Predictive Control

Robustness refers to a controller’s ability maintain desired performance over a wide range
of operating conditions (possibly in the presence of disturbances). Disturbances and plant-
model mismatch (differences between the true system dynamics and the mathematical model
used to describe them) may lead to instabilities if the controller is not sufficiently robust.
MPC is robust to a degree due to the repeated process of measurement and reinitializing the
open-loop control problem; however, uncertainties are not explicitly considered in the con-
troller design. A traditional approach to control systems with uncertainties is robust model
predictive control (RMPC). RMPC treats all uncertainties as a deterministic and bounded
set. As a result, there is a finite set of potential system trajectories. In an early formulation
know as min-max MPC, RMPC seeks to account for all potential trajectories of the system
and to avoid the worst case trajectory at all costs, even if the probability of that trajectory
actually realizing is minute [6], [7]. Because min-max MPC controllers are designed to avoid
the worst case scenario even if it is unlikely to occur, they often suffer from conservative per-
formance. Furthermore, since every potential state trajectory is accounted for, the solution
to the optimal control problem may run into feasibility issues. More advanced RMPC strate-
gies such as tube-based MPC approaches, which bound the potential state trajectories to a
set around the desired trajectory, have emerged over the years to address the shortcomings
of RMPC [8]–[10]. However, the treatment of uncertainties as deterministic and bounded is a
simplification that does not reflect reality; instead, uncertainties are typically stochastic and
are better described as probability distributions than bounded sets. An MPC formulation
that explicitly considers the stochasticity of states and parameters will be discussed in the
next section.
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Stochastic Model Predictive Control

Stochastic model predictive control, in contrast to robust MPC formulations based on
deterministic, set-based uncertainty descriptions, treats uncertainties and disturbances as
stochastic in nature. Instead of describing uncertain states and parameters as bounded sets,
SMPC assigns probability distribution functions (pdfs) to them. This probabilistic frame-
work is a better reflection of uncertainties in real systems. Additionally, SMPC may be
used to control systems that have inherent stochasticity, such as biochemical events like cell
signaling pathways or reactions with small numbers of interacting molecules. SMPC has
the ability to formulate control objectives and constraints in the probabilistic sense. Ex-
ample stochastic control objects are setpoint tracking of the expected value of an output
temperature or minimization of the variance of the concentration of a pharmaceutical drug.
Probabilistic constraints, known as chance constraints, are a key feature of SMPC. Unlike
hard constraints, which must be fully satisfied at all times, chance constraints allow state con-
straint violation with a pre-specified probability, or satisfaction in expectation. Constraint
satisfaction typically comes at the cost of degraded controller performance since constraints
typically reflect physical or safety limitations of the system. Because chance constraints
allow for some (small) violation, controller performance in regards to the control objective
is improved since the controller can operate closer to constraint boundaries.

While SMPC controllers offer several advantages over deterministic robust MPC, there
remain unresolved theoretical and practical research questions (see [11] and the references
therein). Closed-loop stability and constraint handling in the presence of unbounded uncer-
tainties have not established yet for generalized stochastic systems. Furthermore, solving the
stochastic optimal control problem in its most general form is computationally intractable
for several reasons: the high computational cost of online uncertainty propagation, the non-
convexity introduced by chance constraint formulation, and the arbitrary form of the optimal
feedback control policy.

Several approaches to SMPC controller design for both linear and nonlinear systems have
been proposed to address these current theoretical shortcomings. A brief review of the main
lines of research in SMPC will follow.

Similar to tube-based MPC approaches, stochastic tube-based MPC controllers have been
developed for linear systems with additive noise [12]–[15]. By expressing stochastic states as
the sum of a deterministic component and a stochastic component, chance constraints can
be recast under certain conditions as linear constraints based on the nominal state. This
leads to a dramatic reduction in the number of decision variables in the optimization, which
leads to a much more computationally tractable problem. The cross section of the stochastic
tube around the nominal state trajectories through time can be computed offline, which
further decreases the online computational cost. However, the offline computation of the
prestabilizing feedback gain prevents the implementation of hard input constraints.

Another linear SMPC approach is based on an affine parameterization of the feedback
control law [16]–[19]. This method describes the feedback control law as an affine function
of past disturbances. Doing so allows for knowledge of future states and disturbances. This
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knowledge can be used for future control actions when solving the open-loop control problem
over the control horizon. This method can lead to a reformulation of the stochastic opti-
mal control problem with chance constraints as a convex program. One advantage of this
approach over the stochastic tube-based approaches is the ability to implement hard input
constraints, though these constraints typically require softening when combined with state
chance constraints or unbounded disturbances. Another approach to this challenge is to
include a saturation function into the affine feedback control policy that makes the control
law nonlinear [19].

Notably fewer nonlinear SMPC (SNMPC) approaches have been reported in the litera-
ture. One key challenge of SNMPC is that uncertainty propagation in nonlinear systems is
significantly more challenging than in linear systems. Linear systems with Gaussian noise
(a common assumption) can take advantage of the Gaussian mixture approximation that
describes the linear combinations of Gaussian distributions [20], [21]. Therefore, the dis-
tributions of future states through time can be determined easily from knowledge of initial
distributions. Unfortunately this is not the case for nonlinear systems. As previously dis-
cussed, traditional uncertainty propagation techniques for nonlinear systems such as Monte
Carlo methods are computationally intractable for online control.

One efficient uncertainty propagation technique that has been demonstrated for SNMPC
controllers and optimal experimental design is generalized polynomial chaos (gPC) [22]–[26].
gPC describes stochastic states and parameters as an expansion of orthogonal polynomials
weighted by time-varying coefficients. The orthogonal polynomial basis functions capture
the stochasticity of the states and parameters, while the coefficients represent the evolution
of the system distributions through time. The orthogonal basis functions are chosen from
the Askey scheme depending on the form of the uncertainty distribution (e.g. Hermite
polynomials for Gaussian distributions). The moments of the state pdfs can be determined
through time from the coefficients of the gPC expansion. Alternatively, the gPC expansion
of the system can be used as a surrogate model for Monte Carlo methods. Although gPC is
limited to systems with a relatively small number of states and with no correlations between
states, it has shown promise as an efficient uncertainty method for SNMPC controllers.

1.4 Overview

Motivation

This dissertation aims to investigate methods into more efficient implementation of SMPC
for chemical systems. Two key research areas in the field of SMPC currently are efficient
uncertainty propagation methods in nonlinear systems and constraint satisfaction in the
presence of unbounded uncertainties.

Although many SMPC formulations for linear systems have been proposed, the pres-
ence of unbounded uncertainties with hard input constraints remains a challenge. Since
unbounded disturbances could theoretically take any value (though with a low probabil-
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ity), guaranteeing that inputs must remain in a bounded set requires novel controller and
optimal control problem formulations. A further complication is the presence of joint state
chance constraints, which typically require conservative approximations such as the Cantelli-
Chebyshev inequality to evaluate computationally [27]. Past work has approached this chal-
lenge by softening the hard input constraints. A problem formulation that does not require
this compromise would be a contribution to the theoretical linear SMPC literature.

Further work is also needed in the area of efficient uncertainty propagation for nonlin-
ear systems. While gPC has been demonstrated as an uncertainty propagation method of
SNMPC controllers, the method has notable shortcomings. gPC requires knowledge of the
distributions of all uncertainties. In experimental settings, the exact underlying distribution
is not precisely known; instead, the distribution moments can be estimated from data. Fur-
thermore, gPC assumes that all stochastic states and parameters are independent. This is an
oversimplification especially for systems with unknown parameters, as the outputs used for
estimation may be a convolution of multiple parameters. An extension of gPC that retains
its numerical efficiency but addresses some of its drawbacks could be used as an uncertainty
propagation method with fewer unrealistic assumptions.

Current uncertainty propagation techniques typically only propagate the moments of
distributions. Reconstructing distributions from moments is very challenging, so important
shape information may be lost. Furthermore, evaluating chance constraint violation without
knowledge of the full pdf requires conservative approximations that can degrade controller
performance. Investigation into the performance of an SNMPC controller that employs an
uncertainty propagation technique that retains all distribution information is needed.

Outline of Dissertation

The dissertation presents three formulations for efficient SMPC for linear and nonlinear
systems. In Chapter 2, a SMPC controller formulation with hard input constraints and
joint chance constraints in the presence of (possibly) unbounded noise is developed for linear
systems. To address the challenge of satisfying hard input constraints in the presence of
unbounded noise, saturation functions are introduced to the parameterized control law.
Since the joint chance constraints introduce nonconvexity into the stochastic optimal control
problem, the problem is recast as a two-stage iterative deterministic control problem. In
the first stage the feedback gain is fixed, while in the second stage the risk allocation (the
weighting of individual chance constraints) is fixed. This problem formulation leads to
a convex program which is efficiently solved by well-established methods. The controller
setpoint tracking performance and joint chance constraint handling are demonstrated for a
linearized continuous acetone-butanol-ethanol (ABE) fermentation system. For more details
on the development of the nonlinear continuous ABE fermentation model, see Appendix A.

In Chapter 3, the Fokker-Planck equation is demonstrated as an uncertainty propagation
method in the context of an SNMPC controller. The Fokker-Planck equation is a partial
differential equation that describes the time evolution of pdfs. In contrast to many other
nonlinear uncertainty propagation methods, the Fokker-Planck equation preserves full knowl-
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edge of all pdfs (instead of their moments only). This allows for shaping of state pdfs to
a desired distribution. Additionally, no conservative approximations are needed when eval-
uating chance constraint violation. The closed-loop performance of an SNMPC controller
shaping the pdf of the product concentration in a bioreactor is demonstrated.

Finally, in Chapter 4 an algorithm for an extension of gPC that addresses some short-
comings of the method is presented. Arbitrary polynomial chaos (aPC) is similar to gPC
in that it describes stochastic states and parameters as an expansion of weighted orthogo-
nal polynomial basis functions. Unlike gPC, however, aPC constructs the orthogonal basis
functions using the Gram-Schmidt procedure from the moments of the pdfs. This allows for
use of aPC as an uncertainty propagation technique even if the underlying distributions of
the uncertainties are unknown. Furthermore, aPC allows for correlations between stochastic
states and parameters. The error convergence properties of aPC are shown for a continuous
stirred tank reactor (CSTR) with correlated reaction kinetic parameters.
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Chapter 2

Stochastic Model Predictive Control
with Joint Chance Constraints1

2.1 Abstract

This chapter investigates stochastic optimal control of linear systems subject to arbi-
trary (possibly unbounded) stochastic disturbances. A model predictive control approach
is presented to account for hard input constraints and joint state chance constraints in the
presence of unbounded additive disturbances. The Cantelli-Chebyshev inequality is used in
combination with risk allocation to obtain computationally tractable but accurate surrogates
for the joint state chance constraints when only the mean and variance of the arbitrary dis-
turbance distributions are known. An algorithm is presented for determining the optimal
feedback gain and optimal risk allocation by iteratively solving a series of convex programs.
The proposed control approach is demonstrated on a continuous acetone-butanol-ethanol
fermentation process, which is used in the production of drop-in biofuels.

2.2 Introduction

Recent years have witnessed significant developments in the area of robust model predic-
tive control (MPC) with the aim to devise optimal control approaches that enable systematic
handling of system uncertainties [28]. Generally, robust MPC approaches consider bounded,
deterministic descriptions of uncertainties. The deterministic approaches to robust MPC
commonly use a min-max optimal control formulation in which the control policy is de-
signed with respect to the worst-case performance and system constraints are satisfied for
all possible uncertainty realizations [6]. These approaches can lead to overly conservative or
possibly infeasible control designs.

1Adapted from J. A. Paulson, E. A. Buehler, R. D. Braatz, and A. Mesbah, ”Stochastic model predictive
control with joint chance constraints,” International Journal of Control, pp. 1-14, 2017
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In practice, system uncertainties are often considered to be of stochastic nature. When
the stochastic description of uncertainties is available, a natural approach to robust MPC
involves explicitly accounting for the probabilistic occurrence of uncertainties in designing
the robust control policy. This consideration has led to the emergence of stochastic MPC
(SMPC). A core component of SMPC is (state) chance constraints that allow for constraint
satisfaction in a probabilistic sense. Chance constraints enable SMPC to trade off robustness
to uncertainties (in terms of constraint satisfaction) with control performance in a systematic
manner, possibly resulting in less conservative robust control performance.

A recent review on different SMPC approaches and their applications is given in [11].
Stochastic tube approaches to SMPC, e.g., [29], use probabilistic tubes with fixed or vari-
able cross sections to replace chance constraints with linear constraints on the nominal state
predictions as well as to construct terminal sets for guaranteeing recursive feasibility. These
approaches use a prestabilizing feedback controller to ensure closed-loop stability. However,
stochastic tube approaches cannot handle hard input constraints as the prestabilizing state
feedback controller is determined offline. SMPC approaches based on an affine parametriza-
tion of the feedback control law have been extensively investigated, e.g., [16], [30], [31]. Such
control law parametrizations allow for obtaining convex SMPC algorithms while solving the
stochastic optimal control problem over the feedback gains as well as the open-loop control
actions. The notion of affine disturbance (or equivalently state) parametrization of the feed-
back control laws originates from the fact that disturbance realizations and system states
will be known at the future time instants [32]. Therefore, the controller can use this infor-
mation when determining the future control inputs over the control horizon. A key challenge
in using such parametrizations, however, arises from handling hard input constraints in the
presence of unbounded stochastic uncertainties (e.g., Gaussian noise), as unbounded uncer-
tainties almost surely lead to excursions of states from any bounded set. To address this
challenge, the inclusion of a saturation function into the affine feedback control policy has
been proposed [19]. Saturation functions render the feedback control policy nonlinear to
enable direct handling of hard input constraints without relaxing hard input constraints to
input chance constraints. Extensive work has also been reported on SMPC approaches that
use the so-called sample-based approaches (aka scenario-based approaches). These algo-
rithms characterize the stochastic system dynamics using a finite set of random realizations
of uncertainties, which are used to solve the optimal control problem in one shot, e.g., [33],
[34]. This class of SMPC approaches typically does not rely on any convexity requirements;
however, establishing the recursive feasibility and closed-loop stability of these algorithms is
generally challenging, particularly for the case of unbounded uncertainties.

This chapter considers the MPC problem for stochastic linear systems with arbitrary
(possibly unbounded) disturbances. A SMPC approach is presented that handles both joint
state chance constraints and hard input constraints under closed-loop prediction in the pres-
ence of unbounded additive disturbances. The key contribution of this work lies in using
risk allocation [35], [36] in combination with the Cantelli-Chebyshev inequality [27] to obtain
computationally tractable surrogates for the joint state chance constraints when only the first
two moments of an arbitrary disturbance distribution are known (i.e., the full distribution
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is unknown). An algorithm is presented for solving the SMPC problem to determine the
optimal feedback gain and optimal risk allocation iteratively. The problem setup is similar
to that in [30], [37]. In contrast to [30], the proposed SMPC approach accounts for both
hard input constraints and state chance constraints. What distinguishes this work from [37]
is the direct handling of hard input constraints without relaxation as well as the convexity of
the optimization program. The proposed SMPC approach is demonstrated on a continuous
acetone-butanol-ethanol (ABE) fermentation process [38], which is used in production of
high value-added drop-in biofuels from lignocellulosic biomass. The performance of the pro-
posed approach is evaluated with respect to that of a certainty equivalence MPC algorithm
and a MPC algorithm with fixed uniform risk allocation.

Notation. Hereafter, R and N = {1, 2, . . .} are the sets of real and natural numbers,
respectively; N0 , N ∪ {0}. Sn+ and Sn++ are the sets of positive semidefinite and definite
matrices, respectively. IN denotes the N by N identity matrix and 1N denotes a column
vector of ones of length N . tr(·) denotes the trace of a square matrix. ‖ · ‖p denotes the
standard p-norms. ⊗ denotes the Kronecker product. For given random vectors X and Y ,
E[X] denotes the expected value, σ[X, Y ] , E[(X − E[X])(Y − E[Y ])>] denotes the cross
covariance matrix, and Σ[X] , σ[X,X] denotes the covariance matrix. P(A) denotes the
probability of event A.

2.3 Problem Statement

Consider a discrete-time stochastic linear system

x+ = Ax+Bu+Gw, (2.1)

where x ∈ Rn, u ∈ Rm, and w ∈ Rp are the system states, inputs, and disturbances at
the current time, respectively; x+ denotes the system states at the next time; and A, B,
and G are the known system matrices. It is assumed that the states x are observed exactly
at all times, and the disturbances are mutually independent such that system (2.1) is a
Markov process. The disturbances w can have an arbitrary (unbounded) distribution that is
unknown to the controller; the mean E[w] and covariance Σ[w] ∈ Sp+ are, however, assumed
to be known.

Let N ∈ N denote the prediction horizon of the predictive control problem. The states,
inputs, and disturbances over the prediction horizon are defined, respectively, by

x , (x0, x1, . . . , xN)

u , (u0, u1 . . . , uN−1)

w , (w0, w1, . . . , wN−1),

where xk = Axk−1 + Buk−1 + Gwk−1 is the predicted states k steps ahead from the known
current states x0 = x; and uk and wk are the inputs and disturbances k time steps into the
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future, respectively. Using this compact notation, the system model is written as

x = Ax0 + Bu + DGw, (2.2)

where the matrices A, B, D, and G can be straightforwardly derived, e.g., see [18] for details
on the explicit construction of these matrices.

The control inputs are assumed to be constrained to a convex feasible region FU described
by a finite set of NU linear inequalities

FU , {u | Hu ≤ h} , (2.3)

where H ∈ RNU×Nm and h ∈ RNU . The system states are also restricted to lie in a convex
region FX , which is defined by a collection of NX linear inequality constraints

FX ,
NX⋂
i=1

{
x | a>i x ≤ bi

}
, (2.4)

with ai ∈ R(N+1)n and bi ∈ R. For linear systems, the cost function is typically chosen to be
quadratic, i.e.,

VN(x0,u,w) = x>Qx + u>Ru, (2.5)

where Q ∈ S(N+1)n
+ and R ∈ SNm++ are specified weight matrices. As the distribution of the

disturbances is unknown and could be unbounded, it cannot be guaranteed that there always
exists a control action such that hard state constraints x ∈ FX are satisfied. Therefore,
x ∈ FX is replaced with a joint state chance constraint of the form

P(x 6∈ FX) ≤ δ, (2.6)

where δ ∈ (0, 1) is the maximum probability of constraint violation. The SMPC problem is
now stated as

SMPC Problem (P1)

min
u

E[VN(x,u,w)]

subject to: x = Ax0 + Bu + DGw
u ∈ FU , P(x 6∈ FX) ≤ δ, x0 = x

Problem P1 is solved online given the most recently observed states x. Let u?(x) be the
optimal feedback control policy that solves P1 as a function of the initial states. The receding-
horizon implementation of P1 implies applies only the first element of this policy, u?0, to the
system (2.1). Note that VN(x0,u,w) is a random variable with an unknown distribution (as
it is a function of w). Here, the expected value of the value function is optimized to obtain
a convex program.

There are two main difficulties that prevent direct solution of P1. First, the control
input u should be a causal feedback policy that is some function of the current and past
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states. In general, solving P1 over arbitrary functions of states is impractical using available
optimal control approaches. Second, the distribution of the disturbances is unknown and
possibly unbounded, which makes handling the hard input constraints and joint state chance
constraints challenging.

To address these challenges, a certain class of causal feedback policies is adopted to
define the control policy u. The adopted feedback policy allows for building feedback into
the prediction to reduce uncertainty in the state predictions as well as directly handling the
input constraints in the face of unbounded disturbances. In addition, the joint state chance
constraints are approximated for arbitrary disturbance distributions using distributionally-
robust bounds that are only a function of the mean and variance of the stochastic disturbance
(i.e., bounds do not depend on the full distribution of the disturbance, which is usually not
known in practical applications).

2.4 Feedback Parametrization

A natural approach to obtaining a computationally tractable surrogate for P1 is to adopt
an affine state feedback parametrization for the control policy u. Affine state feedback is in
fact the solution to the Linear-quadratic-Gaussian (LQG) problem, which minimizes (2.5)
in the absence of the input and state constraints. Solving P1 over an affine state feedback
control policy, however, results in a nonconvex optimization due to the product of the gains
over time. An alternative parametrization is an affine function of the sequence of past
disturbances [32]

ui ,
i−1∑
j=0

Mi,jGwj + vi, ∀i = 0, . . . , N − 1, (2.7)

where Mi,j ∈ Rm×n and vi ∈ Rm. This parametrization yields convex optimizations, and is
shown to be equivalent to the class of feedback control policies that are affine in the past
states [32, Theorem 9]. Using (2.7), the control policy u can be written as

u = MGw + v, (2.8)

where the block lower triangular matrix M ∈ RmN×nN and stacked vector v ∈ RmN are
given by

M ,


0 · · · · · · 0

M1,0 0 · · · 0
...

. . . . . .
...

MN−1,0 · · · MN−1,N−2 0

 , (2.9)

v , (v0, v1, . . . , vN−1). (2.10)

The pair (M,v) comprises the decision variables in P1.
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A key challenge in using the feedback control policy (2.8) arises from guaranteeing the
hard input constraints (2.3) in the presence of unbounded disturbances. SMPC algorithms
commonly overcome this difficulty by relaxing the hard input constraints to expectation-type
constraints [39] or probabilistic chance constraints [37]. These approaches, however, suffer
from the fact that the computed inputs may not be feasible in practice, which will cause the
controller to saturate. In this work, a saturated disturbance affine parametrization of the
form [18]

u = MGϕ(w) + v, (2.11)

is used, where, for any vector z = (z1, . . . , zn), ϕ(z) , (ϕ(z1), . . . , ϕ(zn)) with ϕ : R→ R de-
noting any function with the property supa∈R |ϕ(a)| ≤ ϕmax for some ϕmax > 0. The functions
ϕ(·) are known as saturation functions [18]. This definition implies that ‖ϕ(w)‖∞ ≤ ϕmax,
which can be written as a polytope of the form

FW , {w | Sw ≤ s} ,

with S ∈ RNW×Np and s ∈ RNW , and allows the hard input constraints u ∈ FU to be
rewritten as

Hv + max
ϕ(w)∈FW

(HMGϕ(w)) ≤ h, (2.12)

where the maximization is row-wise (i.e., maximum of each element in the vector). The
following lemma, which is inspired by the work of [32], [40], indicates that (2.12) can be
defined by a set of linear inequalities

Lemma 1 (Robust Linear Constraints with Polytopic Disturbance Sets). The
input constraint (2.12) is represented exactly by linear inequalities Hv +Z>s ≤ h and Z ≥ 0
(element-wise) for any Z satisfying Z>S = HMG.

Proof of Lemma 1. The proof follows from the concept of the dual norm as shown in,
e.g., [41]. Let the ith row of the maximization in (2.12) be the primal linear program. The
corresponding dual linear program is

min s>zi, s.t.: S>zi = (HMG)>(i), zi ≥ 0,

where (HMG)(i) denotes the ith row of HMG and zi ∈ RNW denotes the dual variables. By
the strong duality theorem, it is known that

max
ϕ(w)∈FW

(HMG)(i)ϕ(w) ≤ s>zi

holds for any zi satisfying the dual linear program constraints. Stacking the dual variables
into a matrix Z , [z1, . . . , zNU

] yields the inequality

max
ϕ(w)∈FW

(HMGϕ(w)) ≤ Z>s

for any Z ≥ 0 satisfying Z>S = HMG. Hence, the assertion of the lemma directly follows.
�
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Remark 1. The saturation functions ϕ can be chosen in any way that ensures |ϕ(z)| ≤ ϕmax

for all z ∈ R. Common examples include sigmoid functions such as z
1+|z| , tanh(z), and z√

1+z2

as well as the standard saturation function sat(z) , sign(z) min{|z|, 1}. An interesting route
for future research could involve developing a method (based on theory or heuristics) for
choosing ϕ based on the system characteristics. In addition, exploring the tradeoff between
control performance and optimization cost for different saturation functions ϕ can be of
interest.

Remark 2. The value of ϕmax is selected offline, and can be chosen as any value greater
than zero. The larger the value of ϕmax, the closer the saturated control law (2.11) is to
the unsaturated control law (2.8), however, the size of the saturated disturbance set FW will
become larger. In other words, there is a tradeoff between selecting a large ϕmax to mimic
(2.8) and selecting a small ϕmax to reduce the uncertainty in predicted satisfaction of the
input constraints. A rule-of-thumb is to select ϕmax to cover two or three standard deviations
of the disturbances away from the mean.

2.5 Joint State Chance Constraints

It is generally impractical to ensure that the system states lie in the feasible region
x ∈ FX when the disturbances w are unbounded. Hence, the hard state constraints (2.4)
must be replaced with the joint chance constraint (2.6) in P1. However, joint chance con-
straints are generally intractable and nonconvex [42], [43]. This is because evaluating joint
chance constraints requires solving a multivariate integrate over a known distribution of the
uncertainty.

To obtain a tractable deterministic surrogate for (2.6), this work uses Boole’s inequality
to bound the probability of violation of the joint chance constraint

P(x 6∈ FX) = P

(
x ∈

NX⋃
i=1

{
x | a>i x > bi

})
(2.13)

≤
NX∑
i=1

P(a>i x > bi).

This expression implies that the joint chance constraint (2.6) can be replaced with NX

individual chance constraints of the form

P(a>i x > bi) ≤ εi, i = 1, . . . , NX , (2.14)

where εi ∈ [0, δ] denotes the violation probability for the ith individual chance constraint.
When the so-called risk allocation εi is chosen such that∑NX

i=1 εi ≤ δ
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is satisfied, then the joint chance constraint (2.6) will be satisfied according to (2.13). Two
main approaches exist for defining the risk allocation. The first assumes a fixed risk allocation
in which the values of εi are fixed a priori, usually using a uniform allocation εi = δ/NX

[44]. Although this approach simplifies the optimization problem, it may lead to significant
conservatism in many situations as the prespecified risk may be better allocated to other
constraints. To address this shortcoming, the second approach optimizes the risk allocation
by treating εi as decision variables in the optimization [45].

The knowledge of the cumulative distribution function (cdf) of the disturbances w is
required to exactly evaluate the individual chance constraints (2.14). Once this knowledge
is available, the cdf of x can be straightforwardly determined using the linear relationship
(2.2). Then, the probability of violating an individual chance constraint is given by [35]

P(a>i x > bi) = 1− cdfa>i x(bi).

This expression is, however, difficult to evaluate for general disturbances as their cdfs do not
necessarily have a convex form. More importantly, the distribution of disturbances is not
known in many practical applications. Hence, the Cantelli-Chebyshev inequality is used in
this study to evaluate the individual chance constraints (2.14) for arbitrary distributions of
disturbances when only their first two moments are known.

Lemma 2 (Cantelli-Chebyshev Inequality [27]). Let Z be a scalar random variable
with finite variance. For every c ≥ 0, it holds that

P(Z ≥ E[Z] + c) ≤ Σ[Z]

Σ[Z] + c2
.

To apply the result of Lemma 2 to (2.14), it is assumed that some ∆bi ≥ 0 exists such
that

a>i E[x] + ∆bi ≤ bi. (2.15)

The goal is to derive a lower bound on ∆bi. Notice that

P(a>i x > bi) ≤ P(a>i x ≥ a>i E[x] + ∆bi),

≤ a>i Σ[x]ai
a>i Σ[x]ai + ∆b2

i

.

When this upper bound is less than or equal to εi, then the individual chance constraint
(2.14) must be satisfied. This inequality implies that√

1− εi
εi

√
a>i Σ[x]ai ≤ ∆bi. (2.16)

Combining (2.15) with (2.16), the individual chance constraint (2.14) can be (conservatively)
approximated by the deterministic constraint

a>i E[x] +

√
1− εi
εi

√
a>i Σ[x]ai ≤ bi, (2.17)
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which is guaranteed to hold for any distribution of the states x. This result has been derived
previously in [46, Theorem 3.1]. The key contribution of this work is to combine this result
with optimal risk allocation to substantially reduce the conservatism of (2.17). In the next
section, we present an MPC formulation that incorporates these robust constraints while
also including feedback into the predictions such that the state variance can be shaped by
the controller.

2.6 SMPC Algorithm

This section uses the saturated affine disturbance parametrization of the control inputs in
conjunction with the risk allocation method for bounding the joint state chance constraint to
obtain a tractable formulation for the SMPC problem P1. To this end, explicit expressions
are first derived for the mean and covariance of the states x. Using the system model (2.2),
the dynamics for E[x] and Σ[x] are described by

E[x] =Ax0 + BE[u] + DGE[w], (2.18a)

Σ[x] =BΣ[u]B> + DGΣ[w]G>D> + Bσ[u,w]G>D> + DGσ[u,w]>B>, (2.18b)

where E[w] = 1N ⊗ E[w] and Σ[w] = IN ⊗Σ[w] are assumed to be known. The statistics of
the control inputs u are derived from (2.11) as

E[u] =MGE[ϕ(w)] + v, (2.19a)

Σ[u] =MGΣ[ϕ(w)]G>M>, (2.19b)

σ[u,w] =MGσ[ϕ(w),w]. (2.19c)

For any chosen saturation function ϕ(·), the statistics E[ϕ(w)], Σ[ϕ(w)], and σ[ϕ(w),w]
can be straightforwardly computed by applying the saturation function to the data used to
estimate the mean and covariance of the disturbances w. The mean and variance equations



18

(2.18) and (2.19) are used to recast P1 to the following program.

Deterministic Surrogate for SMPC Problem (P2)

min
M,v,ε

E[x]>QE[x] + E[u]>RE[u] + tr(QΣ[x]) + tr(RΣ[u])

subject to: (E[x],Σ[x]) given by (2.18) (P2.1)
(E[u],Σ[u], σ[u,w]) given by (2.19) (P2.2)
M satisfies (2.9) (P2.3)
(M,v) satisfy Lemma 1 (P2.4)

βi =
√

(1− εi)/εi (P2.5)

νi =
√

a>i Σ[x]ai (P2.6)
a>i E[x] + βiνi ≤ bi (P2.7)
εi ≥ 0 (P2.8)∑NX

i=1 εi ≤ δ (P2.9)
x0 = x (P2.10)
∀i = 1, . . . , NX

In P2, the risk allocation of the joint state constraint violation is defined in terms of ε ,
(ε1, . . . , εNX

).
Let (M?(x),v?(x)) be the optimal control policy representing solutions to the optimiza-

tion problem P2 for any initial condition x. Receding-horizon implementation of the optimal
control policy results in a time-invariant control law µN : Rn → Rm defined by the first ele-
ment of the optimal control sequence

µN(x) , v?0(x). (2.20)

Hence, the closed-loop response of the system (2.1) is given by

x+ = Ax+BµN(x) +Gw. (2.21)

Note that at every sampling time, the state x is measured and P2 is subsequently solved to
obtain the control input µN(x), which defines the recursive SMPC algorithm (i.e., M?(x)
and v?(x) are solved at every sampling time, and are only functions of the initial states).

Convexity Analysis

Program P2 is nonconvex due to the multiplication of νi and βi in (P2.7), which makes
simultaneous optimization over the feedback gain M and risk allocation ε a nonconvex
problem. An iterative strategy can be devised to solve P2 by taking advantage from the fact
that the optimization problem is convex when either M or ε is fixed. To prove this, notice
that E[u] and E[x] are linear functions of the decision variables v and M, while Σ[u] and
Σ[x] are quadratic functions of M. Thus, the objective function is quadratic in v and M,
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and is a convex function of the decision variables since Q and R are assumed to be positive
semidefinite and definite matrices, respectively.

Requiring M to be lower block triangular can be represented by linear equality constraints
so that (P2.3) be convex. The hard input constraints (P2.4) are exactly represented by a set
of linear inequalities that are convex in v and M (see Lemma 1). Clearly, (P2.8)–(P2.10)
are linear inequalities or equalities, which are convex.

Now, let us consider the surrogate expressions for the state chance constraints (P2.7).
When the feedback gain M is fixed, Σ[u] and Σ[x] must be constant matrices from (2.19)
and (2.18), respectively. Therefore, νi from (P2.6) will be constant for all i = 1, . . . , NX .
Since the risk allocation ε still comprises the decision variables, (P2.7) reduces to a>i E[x] +
νi
√

(1− εi)/εi ≤ bi. The first term is an affine function of v. The second term is con-
vex for any εi ∈ [0, 0.75], which can be verified by observing that the second derivative of√

(1− εi)/εi is positive on this range. Since the sum of convex functions is a convex function,
(P2.7) will be convex for any fixed M and any choice of δ ≤ 0.75.

On the other hand, when the risk allocation ε is fixed, βi from (P2.5) will be constant
for all i = 1, . . . , NX . In this case, (P2.7) reduces to a>i E[x] + βiνi ≤ bi where the first term
is linear in v and the second term is linear in νi. By substituting the expression for Σ[x] in
(P2.6), this constraint can be rewritten as a second-order cone constraint

νi =

∥∥∥∥∥
[
Σ[ϕ(w)] σ[ϕ(w),w]

? Σ[w]

]1/2 [
G>M>B>ai

G>D>ai

]∥∥∥∥∥
2

.

This expression can be substituted into (P2.7), which renders P2 a convex second-order cone
program for fixed ε.

Iterative Optimization Strategy

The optimal control problem in P2 can be solved by optimizing both the risk allocation ε
and the control feedback gain M. An iterative two-stage optimization strategy is presented
in [35] to bisect the uniform risk allocation in the upper stage and to optimize the feedback
gain with fixed uniform risk allocation in the lower stage. On the other hand, [36] proposed
optimizing the risk allocation and feedback gain simultaneously using a tailored interior
point method that exploits the sparse multistage structure of the nonconvex optimization.
Although these approaches were developed under different disturbance assumptions and
control law parametrizations, they can be applied for solving P2 owing to the similar structure
of the optimization problems.

In this work, a simple iterative approach is proposed for solving P2, as summarized in
Algorithm 1. The primary notion of Algorithm 1 is to solve for the optimal risk allocation
given a fixed feedback gain and then solve for the optimal feedback gain given a fixed risk
allocation. This approach is similar to the well-known DK iteration used in µ-synthesis
problems [47]. This technique is known as a (block-)coordinate descent algorithm, and has
been applied more broadly to optimization problems subject to bilinear matrix inequality
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Algorithm 1 Coordinate descent for SMPC

Require: Initial feedback gain M(0) and maximum number of iterations Imax.
1: for i = 0 to Imax − 1 do
2: Solve convex optimization P2 with fixed M←M(i) for the optimal risk allocation ε?

3: Set ε(i+1) ← ε?

4: Solve convex optimization P2 with fixed ε← ε(i+1) for the optimal feedback gain M?

5: Set M(i+1) ←M?

6: end for

(BMI) constraints [48]. Although this algorithm is not guaranteed to converge to a local
optimum (as each iteration provides a solution that is optimal in the “directions” of one
subset of variables, but not in all directions), it is a commonly applied heuristic that performs
well in practice.

Two choices have been made in Algorithm 1: (i) initializing the algorithm with a fixed
feedback gain M(0) (instead of a fixed risk allocation ε(0) and switching the order of the
optimization problems), and (ii) running the algorithm for a fixed number of iterations
instead of running until a prespecified tolerance has been met. The initial feedback gain
M(0) can be designed optimally without explicitly considering constraints using any of the
numerous existing robust control methods, e.g., [49]. Since there has been a plethora of
work on offline feedback control design, initializing the algorithm based on a nearly optimal
feedback gain is likely to yield better performance than initializing the algorithm using a
fixed uniform risk allocation, which will rarely be optimal in practice. In addition, since
adequate closed-loop performance can often be obtained with just a few iterations from a
near optimal choice of M(0), it is best to run Algorithm 1 for a fixed number of iterations
so as to ensure that the control inputs can be computed within a reasonable computation
time. This idea has been widely used in the fast MPC literature to significantly reduce the
cost of solving MPC problems online [50].

Feasibility and Stability

Due to the inclusion of input and state constraints, the region of attraction XN for P2
(i.e., the set of initial conditions for which there exists a feasible solution to the optimization
problem) will be a subset of Rn. In the robust MPC literature, feasibility is commonly
addressed by ensuring that the states remain in XN at all times upon entering XN . When
the disturbances lie in a compact set, recursive feasibility (as well as closed-loop stability)
of the MPC problem can be guaranteed by defining terminal constraints and/or terminal
penalties [32], [51].

The proposed SMPC approach, however, considers arbitrary stochastic disturbances with
a (possibly) unbounded support. Hence, it is impractical to ensure that the states remain
inside XN in the presence of input constraints [52]. One approach for guaranteeing recursive
feasibility for SMPC problems with unbounded disturbances is to choose between a closed-
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loop and open-loop initialization strategy online [37]. The key idea in this approach is to
choose the closed-loop strategy when the problem is feasible and to choose the open-loop
strategy (whose feasibility is guaranteed through a proper selection of terminal constraints)
when the SMPC problem is infeasible for the most recently observed states. Although this
approach guarantees recursively feasibility, it disregards the most recent state measurements,
which will degrade closed-loop performance when the states are not in the region of attraction
of the controller.

Alternatively, a backup controller can be applied when the system states leave the region
of attraction of P2. In this case, a natural choice is to soften the state constraints in P2 since
this will enable driving the states back into XN [16]. To this end, the exact penalty function
method can be used to ensure that the backup controller yields the same solution as the fully
constrained MPC problem when it is feasible [53]. This approach allows for solving a single
optimization problem instead of having to verify feasibility and decide which MPC problem
to solve accordingly, as is the case in [37].

Stability of stochastic linear systems (in a mean-square boundedness sense) in the pres-
ence of unbounded disturbances and bounded control inputs has been explored by [54]. If the
eigenvalues of the system matrix A lie inside the unit disc, the variance of the states is shown
to be bounded as long as the disturbance has bounded variance. When A has eigenvalues on
the unit disc (with equal geometric and algebraic multiplicities), the variance of states will
be bounded provided that ‖u‖2 ≤ R for a sufficiently large R. However, if A has even one
unstable eigenvalue and the system is subjected to unbounded stochastic disturbances along
the directions of the unstable eigen-subspace of A, the linear system cannot be stabilized by
means of bounded control inputs [54]. Inspired by these results, the feasibility and stability
properties of the proposed SMPC approach outlined in Algorithm 1 are summarized below.

Theorem 1. Let X s
N be the domain of attraction for the softened version of P2 with pos-

itive slack variables added to the chance constraints (P2.7). Let µsN(x) be the receding-
horizon control policy defined similarly to (2.20) based on the softened P2. Let xk+1 =
Axk +BµsN(xk) +Gwk for k ∈ N0 describe the evolution of the closed-loop system from any
initial condition x0 ∈X s

N . Then, X s
N = Rn such that the softened version of P2 will have a

feasible solution for all initial states x ∈ Rn, ensuring recursive feasibility of the optimization
problem. In addition, the evolution of the closed-loop system is mean-square bounded such
that the sequence (xk)k∈N0 satisfies

sup
k∈N0

E
[
‖xk‖2

2

]
<∞, ∀x0 ∈ Rn, (2.22)

if either of the following conditions is met:

(i) A is Schur stable (eigenvalues inside of the unit circle) and Σ[wk] is bounded;

(ii) A is discrete-time, Lyapunov stable (eigenvalues on the unit disc with equal geometric
and algebraic multiplicities), Σ[wk] is bounded, and FU ⊇ {u ∈ RNm : ‖u‖∞ ≤ U∗max}
where U∗max is defined based on reachability of the orthogonal decomposition of the state
space and a bound on the fourth moment of the disturbances as given in [55].
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2.7 Case Study

Problem Description

The performance of the proposed SMPC approach is evaluated on a continuous clostridial
acetone-butanol-ethanol (ABE) fermentation. The model of [38], [56] is linearized around a
desired steady-state operating point to obtain the system description (2.1) consisting of 12
states and 2 inputs. The state vector is defined by

x ,
[
CAC, CA, CEn, CAaC, CAa, CBC, CB, CAn, CBn, CAd, CCf, CAh

]>
,

where C denotes concentration (mM) of species Acetyl-CoA (AC), Acetate (A), Ethanol
(En), Acetoacetate-CoA (AaC), Acetoacetate (Aa), Butyryl-CoA (BC), Butyrate (B), Ace-
tone (An), Butanol (Bn), enzyme adc (Ad), enzyme ctfA/B (Cf), and enzyme adhE (Ah).
The input vector is defined by

u ,
[
D, G0

]>
,

where D is the dilution rate (hr−1) and G0 is the inlet glucose concentration (mM). The
system matrices A, B, and G are given in Appendix B.

The control problem is defined in terms of setpoint tracking for the ABE products
(ethanol, acetone, and butanol) concentrations. Hard input constraints

0.005 hr−1 ≤ D ≤ 0.145 hr−1

0 mM ≤ G0 ≤ 80 mM

as well as joint chance constraints on acetate and butyrate (which are two key intermediate
species in the metabolic pathway) with a maximum allowed violation of 20%

P(13.83 mM ≤ CA ≤ 15.68 mM, 10.55 mM ≤ CB ≤ 12.30 mM) ≥ 1− 0.2

are enforced. The control problem is converted into a regularization problem by defining the
states/inputs in terms of deviation variables with respect to the setpoint

xss =
[
1.04 14.83 7.35 1.66 −4.67e–4 2.95e–7 11.55 43.51 56.94 1.46 14.14 37.98

]>
uss =

[
0.075 40.0

]>
.

The initial conditions (in deviation variables) are then given by

x0 − xss =
[
0 0 0 0 0 0 0 0 −5.16 0 0 0

]>
.

Since butanol is the main product of interest, the weight matrix in the cost function of MPC
is selected such that butanol has a weight that is 100 times higher than that for ethanol and
acetone

Q = diag(0, 0, 0.01, 0, 0, 0, 0, 0.01, 10, 0, 0, 0),

while the input penalty weight is chosen to be R = diag(0.1, 0.1). The sampling time for
this process is 1 hr, and a horizon of N = 10 is chosen for subsequent simulations (unless
otherwise noted).
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Closed-loop Performance

The control problem is solved using Algorithm 1, which iteratively solves the deterministic
surrogate SMPC problem P2 for the optimal feedback control policy and risk allocation. The
performance of the proposed approach is compared to that of a certainty equivalence MPC
algorithm (in which the disturbance is set equal to its expected value for the purposes
of prediction) and a SMPC algorithm with fixed uniform risk allocation. The fixed gain
optimization problem is solved using IPOPT, whereas the CVX package with the Mosek
solver is utilized to solve the fixed risk allocation optimization problem [57].

Figure 3.1 shows the closed-loop response of butanol, under 300 realizations of the distur-
bances, obtained using the three control algorithms. The proposed SMPC approach shows
comparable setpoint tracking performance to certainty equivalence MPC wherein both algo-
rithms keep butanol concentration around its setpoint with minimal variation. On the other
hand, SMPC with fixed uniform risk allocation yields the worst performance due to the
relatively large variation in butanol concentration. The poor setpoint tracking performance
can be attributed to conservative constraint handling since the SMPC algorithm with fixed
uniform risk allocation attempts to fulfill each individual chance constraint (decomposed
from the joint chance constraint) with equal risk regardless of how close the states are to
any particular constraint.

Figure 3.2 shows the closed-loop response of acetate and butyrate concentrations, under
300 realizations of the disturbances, obtained using the three control algorithms. The pro-
posed SMPC algorithm results in a maximum constraint violation of 14%, which is below the
allowed violation of 20%. This result is expected as the proposed algorithm guarantees satis-
faction of the joint chance constraint, regardless of the distribution of the disturbance, while
not being overly conservative since the risk allocation is optimized online. On the other hand,
certainty equivalence MPC yields 79% constraint violation, which is much larger than the
allowed 20%, since it cannot account for the joint chance constraint. The improved setpoint
tracking performance observed in Figure 3.1 for certainty equivalence MPC is due to this
large constraint violation. SMPC with fixed uniform risk allocation exhibits 0% constraint
violation at all times, indicating very conservative handling of the joint chance constraint
leading to the poor setpoint tracking performance. Overall, the proposed SMPC approach
provides the best control performance, while effectively satisfying the hard input and joint
chance constraints.

Convergence and Optimality

As discussed in Section 2.6, the convergence of Algorithm 1 has not been established.
However, the convergence properties of the proposed SMPC algorithm are evaluated for the
case study at hand in order to illustrate possible advantages of Algorithm 1 in practice. For
multiple sampling times in a closed-loop simulation, Figure 2.3 shows the value of the cost
function as a function of the number of iterations of Algorithm 1. At all time points, the cost
function converges to its minimum value within at most two iterations (mostly even with
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(a) Proposed SMPC with optimized risk allocation
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(b) Certainty equivalence MPC

Time (hr)
0 10 20 30 40

[B
ut

an
ol

] (
m

M
)

52

54

56

58

(c) SMPC with fixed uniform risk allocation

Figure 2.1: Comparison of closed-loop response of butonal concentration (controlled state)
under 300 disturbance realizations for (a) the proposed SMPC approach, (b) certainty equiv-
alence MPC, and (c) SMPC with fixed uniform risk allocation. The setpoint is shown with
a black dashed line.

only one iteration). This indicates that, for this case study, only two iterations of Algorithm
1 are sufficient for convergence. Note that, based on this analysis, the results of the proposed
SMPC algorithm shown in Section 2.7 utilized two iterations of Algorithm 1.

Now that (practical) convergence of Algorithm 1 has been demonstrated, we look to
investigate the optimality of the converged solutions by comparing the results to a nonlin-
ear gradient-based optimization method. To this end, the general nonlinear Matlab solver
fmincon is used for comparison. The horizon is decreased from N = 10 to N = 2 for these
simulations due to the large computational cost of fmincon since there are more than 2400
decision variables when N = 10 and only 36 decision variables when N = 2. Note that vari-
ants of the gradient-based algorithms utilized by fmincon provide guaranteed convergence
to (local) minimum.

Figure 2.4 shows the value of the “optimal” cost function over a closed-loop simulation
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(a) Proposed SMPC with optimized risk allocation
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(b) Certainty equivalence MPC
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(c) SMPC with fixed uniform risk allocation

Figure 2.2: Comparison of closed-loop response of acetate and butyrate concentrations (joint
constrained states) under 300 disturbance realizations for (a) the proposed SMPC approach,
(b) certainty equivalence MPC, and (c) SMPC with fixed uniform risk allocation. The four
state constraints are shown with black dashed lines. The chance constraints are enforced
jointly with a maximum allowed violation of 20%.

using the proposed SMPC algorithm (with two iterations) and the nonlinear optimization
solver fmincon. For consistency, both optimization methods were supplied the same initial
conditions derived from the unconstrained LQR solution. Figure 2.4 indicates that the value
of the “optimal” cost function in the proposed algorithm is always less than or equal to
that of fmincon. The proposed algorithm results in cost function values that are almost
an order of magnitude lower than fmincon (note that the y-axis is displayed in logarithmic
scale). Similar results were observed for different initial conditions, including a cold-start of
all zeros. These results are likely due to the nonlinear optimizer being trapped near a local
solution. This was verified by solving the nonlinear program for different initial conditions
wherein the optimizer converged to different solutions (not shown here).

The results indicate that the proposed SMPC approach in Algorithm 1 (that dynamically
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Figure 2.3: Value of the cost function as a function of number of iterations of Algorithm
1. Iteration 0 corresponds to the initial condition. The cost function converges within two
iterations.

allocates risk to the constraints) is robust to the initialization strategy, which makes intuitive
sense due to the properties of P2. When the states are far away from their constraints (acetate
and butyrate in this case), the problem is insensitive to the chosen risk allocation. In this
case, P2 is convex and both the proposed algorithm and fmincon reach the global optimum,
as seen in Figure 2.4 where the curves overlap. However, when constraints become active,
the proposed algorithm optimizes in the directions of ε and (M,v) separately as opposed
to a general nonlinear solver that optimizes in all directions simultaneously. Hence, the
directions in which the decision variables can be updated will be effectively constrained
in the proposed algorithm, likely reducing the chance of getting stuck in local solutions
(defined as zero gradient with respect to all decision variables). This is supported by Figure
2.4, wherein fmincon yields a higher “optimal” cost than the proposed algorithm at the
sampling times where the constraints are (nearly) active at the beginning and at the end of
the simulation.

Table 2.1: Comparison of CPU time of the proposed SMPC algorithm and a general nonlinear
solver. Results were obtained on a desktop computer with a 4.0 GHz Core i7 CPU.

Optimization method Mean CPU time per MPC iteration (s) Total CPU time (s)
Algorithm 1 2± 2 1,589
Nonlinear solver 807± 316 32,278

Lastly, the computational cost of the proposed SMPC algorithm (with two iterations)
is compared to the nonlinear optimization solver fmincon in Table 2.1, which shows the
mean CPU time per MPC iteration (± standard deviation) and the total CPU time for one
closed-loop simulation. The proposed algorithm takes significantly less time than fmincon

(over 400 times faster) due to the fact that only a small number of convex optimization
problems need to be solved in comparison with a general nonlinear optimization problem.



27

Note that tailored interior point methods such as that proposed by [36] can provide improved
performance over fmincon; however, the same applies to the convex optimization problems
in Algorithm 1.
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Figure 2.4: Value of the “optimal” cost function obtained with the proposed SMPC algorithm
and with a general nonlinear solver over an entire closed-loop simulation. Both optimization
algorithms were initialized with the unconstrained LQR solution at all times for consistency.

2.8 Conclusions

This chapter presented a MPC approach for linear systems subject to arbitrary (possibly
unbounded) stochastic disturbances with known mean and variance. The approach enables:
(i) accounting for hard input constraints and joint state chance constraints under closed-loop
prediction, (ii) efficient handling of joint chance constraints by using the Cantelli-Chebyshev
inequality in conjunction with risk allocation, and (iii) determining the optimal feedback
gain and risk allocation by iteratively solving convex optimizations. The proposed SMPC
approach is demonstrated on a continuous acetone-butanol-ethanol fermentation process
with 12 states, and its performance is compared to certainty equivalence MPC and SMPC
with fixed risk allocation. Convergence and optimality properties of the proposed iterative
optimization strategy are demonstrated in the context of this case study.
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Chapter 3

Lyapunov-based Stochastic Nonlinear
Model Predictive Control: Shaping
the State Probability Distribution
Functions1

3.1 Abstract

Stochastic uncertainties in complex systems lead to variability of system states, which
can degrade the closed-loop performance. This chapter presents a model predictive control
approach for a class of nonlinear systems with unbounded stochastic uncertainties. The
control approach aims at shaping the probability distribution function of stochastic states,
while satisfying input and joint state chance constraints. Closed-loop stability is ensured by
designing a stability constraint in terms of a stochastic control Lyapunov function, which
explicitly characterizes stability in a probabilistic sense. The Fokker-Planck equation is
used for describing the evolution of the probability distribution function of states. Con-
structing the probability distribution functions using the Fokker-Planck equation allows for
shaping the states’ distribution functions as well as direct computation of the joint state
chance constraints. The closed-loop performance of the stochastic optimal control approach
is demonstrated on a benchmark continuous bioreactor.

3.2 Introduction

The need to account for system uncertainties in model predictive control (MPC) of com-
plex dynamical systems has led to extensive investigation of robust MPC approaches (e.g.,

1Adapted from E. A. Buehler, J. A. Paulson, and A. Mesbah, ”Lyapunov-based stochastic nonlinear
model predictive control: Shaping the state probability distribution functions,” in The Proceedings of the
American Control Conference, Boston, 2016, pp. 5389-5394
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see [28]). The majority of work on robust MPC considers bounded, deterministic uncer-
tainty descriptions with the goal of designing control laws that are robust to worst-case
system uncertainties. Deterministic robust MPC approaches may, however, result in conser-
vative closed-loop control performance, as worst-case system uncertainties can have a small
probability of occurrence in practice [6]. When probabilistic descriptions of uncertainties
are available, stochastic MPC (SMPC) will be a more natural approach to dealing with the
stochastic system uncertainties (i.e., parametric uncertainties, uncertain initial conditions,
and exogenous disturbances). SMPC approaches allow for incorporating chance constraints
into a stochastic optimal control problem to systematically seek tradeoffs between the control
performance and robustness to system uncertainties (see [11] for a review on SMPC).

The solution to the stochastic optimal control problem largely depends on the complex-
ity of system dynamics and properties of stochastic uncertainties. SMPC approaches have
been proposed for linear systems with multiplicative noise [12], [39] and additive noise [17],
[19], [31], [58]. These approaches mostly use affine parameterizations of a feedback control
law to transform the stochastic optimal control problem into a deterministic one. Random-
ized algorithms have also been used to develop SMPC approaches for linear systems [34],
[59]. A closed-loop SMPC approach was presented in [60] for nonlinear systems with ad-
ditive disturbances in the absence of input constraints. Recently, a SMPC approach has
been proposed for nonlinear systems with time-invariant probabilistic uncertainties using
the generalized polynomial chaos framework [61]. Generally, the characteristics of stochastic
uncertainties (e.g., boundedness, additive/multiplicative, and time-varying/time-invariant
nature of stochastic uncertainties) have important implications for closed-loop stability and
recursive feasibility of SMPC approaches. In addition, the complexity of system dynamics
largely affects the computational complexity of probabilistic uncertainty propagation as well
as chance constraint handling [11].

This chapter presents a stochastic nonlinear MPC (SNMPC) approach for a class of
nonlinear systems with probabilistic uncertain initial states as well as unbounded stochastic
disturbances. The proposed SNMPC approach includes input constraints and joint state
chance constraints. To ensure closed-loop stability, a stochastic Lyapunov-based feedback
control law that explicitly characterizes stability in a probabilistic sense is used (e.g., [62],
[63]). The Lyapunov-based feedback control law allows for designing a stability constraint
in terms of a stochastic control Lyapunov function, which guarantees that the origin of the
closed-loop system is asymptotically stable in probability (Section 3.3).

The Lyapunov-based SNMPC approach is intended to shape the probability distribution
function (PDF) of the stochastic system states. This necessitates constructing the PDF of
states. The Fokker-Planck equation [64] is used to describe the dynamic evolution of the
(multivariate) PDFs associated with the stochastic nonlinear system (Section 3.4). Complete
characterization of the PDF of states also allows for direct computation of joint state chance
constraints without approximation. This work uses the Hellinger distance [65] to quantify
the similarity between the predicted (multivariate) PDF of states and a prespecified reference
PDF for shaping the probability distribution functions (Section 3.4). Control of the PDF
of system states/outputs [66]–[68] and MPC of stochastic systems using the Fokker-Planck
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equation [69], [70] have been reported in the literature. What distinguishes this work is the
generic formulation of the Lyapunov-based SNMPC approach in terms of PDF shaping and
input and joint state chance constraints handling as well as the ability to ensure closed-loop
stability (Section 3.4). The presented Lyapunov-based SNMPC approach is demonstrated for
stochastic optimal control of a benchmark continuous bioreactor in the presence of stochastic
uncertainties (Section 3.5).

3.3 Preliminaries

Notation

Throughout this chapter, boldface symbols (e.g., x) denote vectors and subscripts denote
vector elements (e.g., xi). Rn denotes the n-dimensional Euclidean space with R+ = [0, ∞).
Tr{·} denotes the trace operator on a square matrix. For a vector x ∈ Rn, ‖x‖ denotes
the Euclidean norm of x, and ‖x‖2

Q denotes the weighted norm of x defined by ‖x‖2
Q =

x>Qx with Q being a positive definite symmetric matrix. E[·] denotes the expectation
of a stochastic variable. Px denotes the (multivariate) probability distribution function of
x ∈ Rn. (Ω,F ,P) denotes a probability space defined by the sample space Ω, σ-algebra
F , and probability measure P on Ω. Pr{·} denotes the probability of satisfaction of an
expression. LfX denotes the Lie derivative of a scalar function X (·) with respect to a vector
function f(·). A continuous function V : Rn → R is said to be Ck if it is k-times differentiable.
A continuous function α : R+ → R+ is said to belong to class K when it is strictly increasing
and α(0) = 0. The function α is said to belong to class K∞ when α ∈ K and α(a)→∞ as
a→∞.

System Description

Consider a class of stochastic nonlinear systems described by the stochastic differential
equation (SDE)

dx(t) = f(x(t))dt+ g(x(t))u(t)dt+ h(x(t))dw(t)
x(t0) ∼ Px0 ,

(3.1)

where x(t) ∈ Rn denotes the stochastic state variables with the known initial multivariate
PDF Px0 ; u(t) ∈ Rm denotes the system inputs; w(t) denotes a q-dimensional standard
Wiener process (i.e., stochastic disturbances) defined on the probability space (Ω,F ,P);
and f : Rn → Rn, g : Rn → Rn×m, and h : Rn → Rn×q denote the Borel measurable
functions that describe the system dynamics. The functions f , g, and h are assumed to
be locally bounded and locally Lipschitz continuous in x(t), ∀t ∈ R+, and f(0) = 0 (i.e.,
the origin is the steady-state point of the unforced and undisturbed system). The latter
conditions ensure uniqueness and local existence of solutions to the SDE (3.1) [71]. The
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system inputs u(t) in (3.1) are constrained to lie in a nonempty convex set U ⊆ Rm defined
by

U := {u(t) ∈ Rm | umin ≤ u(t) ≤ umax}, (3.2)

where umin ∈ Rm and umax ∈ Rm denote the lower and upper bounds on u, respectively. In
addition, the stochastic system states x(t) should satisfy hard inequality constraints

k(x(t)) ≤ 0, (3.3)

where k : Rn → Rp denotes (possibly) nonlinear functions that describe the state constraints,
and k(0) = 0.

Note that the stochasticity of system (3.1) arises from the probabilistic nature of uncertain
initial states x(t0) (described by Px0) and the stochastic disturbances w. In (3.1), the terms
f(x(t)) + g(x(t))u(t) and h(x(t)) correspond to the drift and diffusion terms in the Ito
stochastic process, respectively [72].

Stochastic Optimal Control with State Chance Constraints

This chapter investigates MPC of the stochastic nonlinear system (3.1) such that stability
of the closed-loop system is guaranteed. The proposed SNMPC approach should allow for
shaping the multivariate PDF Px(t) of system states in an optimal manner, while the system
inputs u(t) lie in the set U. In addition, the stochastic optimal control approach should
ensure satisfaction of the state constraints (3.3) with at least probability β in the presence
of system stochasticity. This requires incorporating joint chance constraints

Pr{k(x(t)) ≤ 0} ≥ β (3.4)

into the stochastic optimal control problem. This chapter considers receding-horizon imple-
mentation of the stochastic optimal control problem in a full state feedback control scheme,
where the PDF Px(tk) is available at every measurement sampling time instant tk.

The key challenges that will be addressed in this chapter for solving the above described
stochastic optimal control problem are: (i) describing the dynamic evolution of the multivari-
ate PDF Px(t) associated with the SDE (3.1), (ii) converting the joint chance constraint (3.4)
to computationally tractable expressions, and (iii) designing the control law such that it en-
sures closed-loop stability of the stochastic system. Next, the main result of stochastic
Lyapunov stability (e.g., see [62], [73]) is summarized. This result is used for designing a
Lyapunov-based SNMPC approach.

Lyapunov-based Controllers

For stochastic nonlinear systems, Lyapunov-based stabilizing control laws explicitly char-
acterize the region of attraction of the closed-loop system in a probabilistic sense (e.g., see
[62], [63], [74], [75], and the references therein). In this chapter, a Lyapunov-based control
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law is designed for the above stochastic optimal control problem. It is assumed that there
exists a nonlinear feedback control law u(t) = p(x), ∀x ∈ X ⊆ Rn, where p : Rn → Rm

denotes a nonlinear function and X denotes a compact set that contains the origin x = 0.
The feedback control law p(x) is intended to make the closed-loop system asymptotically
stable (in probability) about the origin, while the input and state constraints (i.e., (3.2) and
(3.4)) are satisfied. According to the converse Lyapunov theorem [76], the existence of the
feedback control law p(x) implies the existence of a stochastic control Lyapunov function
V(x) defined as in Thm. 1.

Theorem 1 (Asymptotic stability in probability [62]): Consider the stochastic
nonlinear system (3.1) and assume that there exists a C2-function V : Rn → R+, class K∞
functions α1 and α2, and a class K function α3, such that ∀x ∈ X , ∀t ≥ 0

α1(|x|) ≤ V(x) ≤ α2(|x|),

LfV(x) + LgV(x)u(t)|u(t)=p(x)+

1

2
Tr{h(x)>

∂2V

∂x2
h(x)} ≤ α3(|x|).

Then, the stochastic control Lyapunov function V(x) ensures that the origin is asymptoti-
cally stable in probability. �

Thm. 1 indicates that the stochastic Lyapunov-based control technique allows for defining
feedback control laws that will lead to

LfV(x) + LgV(x)u(t)|u(t)=p(x) +
1

2
Tr{h(x)>

∂2V

∂x2
h(x)}

+ γV(x) ≤ 0, ∀x ∈ Π,
(3.5)

where the set Π is defined by

Π := sup
c∈R
{x ∈ Rn | u ∈ U, x ∈ X , V(x) ≤ c};

and γ > 0 is a constant. The stochastic control Lyapunov function V(x) is used for ensuring
closed-loop stability of the proposed SNMPC approach.

3.4 Stochastic Nonlinear Model Predictive Control

This section presents the formulation of the Lyapunov-based SNMPC approach with
joint state chance constraints. The propagation of probabilistic system uncertainties (i.e.,
uncertain initial states and stochastic disturbances) through system dynamics is performed
by the Fokker-Planck equation. The Hellinger distance is used as a measure of similarity
of multivariate PDFs in the objective function of the stochastic optimal control problem to
shape the PDF of states.
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Fokker-Planck Equation for Uncertainty Propagation

The Fokker-Planck (FP) equation is used to describe the dynamic evolution of the PDF
of stochastic states x(t) in system (3.1) [64]. The FP equation readily characterizes the
complete multivariate PDF Px(t) arisen from the stochastic system uncertainties in initial
states x(t0) (and measured states at every sampling instant) as well as disturbances w. This
is in contrast to uncertainty propagation techniques that describe merely certain statistics of
the PDFs (e.g., see [61] and the references therein). Constructing the PDF of states using the
FP equation enables the proposed SNMPC approach to: (i) shape the PDF Px with respect
to any reference (multivariate) PDF, and (ii) compute chance constraints of any complexity
directly without conservative approximations.2

The FP equation associated with the SDE (3.1), which describes the evolution of the
multivariate PDF Px(t), is defined by

∂Px

∂t
+

n∑
i=1

∂

∂xi

((
fi(x) + gi(x)u

)
Px

)
− 1

2

n∑
i=1

n∑
j=1

∂2

∂xi∂xj

(
Dij(x)Px

)
= 0

(3.6)

with the initial condition
Px(0) = Px0 ,

where D = h(x)h(x)> denotes the diffusion matrix. The FP equation (3.6) is a parabolic
partial differential equation, whose solution should be nonnegative and satisfy∫

Ωx

Px(t)dx = 1, ∀t ≥ 0.

The existence and uniqueness of a solution to (3.6) under mild assumptions have been es-
tablished [64], [77]. The FP equation (3.6) can be used to compute the univariate PDFs Pxi
for every state xi as well as joint PDFs for any combination of stochastic states.

Solving the FP equation is generally challenging for nonlinear systems, in particular
systems with high state dimension [64]. Various numerical methods such as finite difference
and finite element methods have been used to solve the FP equation for nonlinear systems
(e.g., see [78] and the references therein). In this work, the finite volume method with first
order upwind interpolation scheme [79] is used to solve (3.6). The finite volume method
allows for effectively dealing with the convective nature of the FP equation (due to the drift
term) and suppressing numerical instability problems.

Metric for Similarity of Probability Distribution Functions

The proposed SNMPC approach aims at shaping the PDF Px according to a reference
(arbitrarily-shaped) PDF. Hence, a metric is required to quantify the similarity between the

2The only numerical approximation will be associated with discretization of the FP equation.
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predicted and the reference PDFs at each time instant t. This chapter uses the Bhattacharyya
coefficient [80], a measure closely related to the Bayes error [81], to establish a metric for the
similarity of PDFs. The Bhattacharyya coefficient, which quantifies the degree of overlap
between two (multivariate) PDFs, is defined by

B(x) :=

∫
Ωx

√
Px(t)Pref

x dx, (3.7)

where Pref
x denotes the reference PDF. The Bhattacharyya coefficient will be larger when

the overlap between the PDFs is larger. B(x) = 0 if the PDFs do not overlap, whereas
B(x) = 1 when the PDFs are identical. Explicit forms of the Bhattacharyya coefficient for
various PDFs are given in [80], [82].

The Bhattacharyya coefficient (3.7) is used to define a metric for quantifying the similarity
between Px(t) and Pref

x in the objective function of the stochastic optimal control problem.
The metric, known as the Hellinger distance [65], is defined by

∆(x) :=
√

1−B(x). (3.8)

The metric (3.8) is near optimal due to its relation to the Bayes error, and can be used for
arbitrary PDFs [83].

Formulation of the Lyapunov-based SNMPC Approach

The Fokker-Planck equation (3.6) and the Hellinger distance (3.8) are used to cast the
Lyapunov-based stochastic optimal control problem for the stochastic nonlinear system (3.1).

Problem 1 (Lyapunov-based SNMPC with input and joint state chance con-
straints): Suppose that the PDF Px(tk) is known at every sampling time instant tk.

3 The
stochastic optimal control problem at each time instant tk is stated as

u∗(Px(tk)) := arg min
u

∫ Tp

0

(
∆(x̄(t̃)) +

∥∥u(t̃)
∥∥2

R

)
dt̃

3Notice that this work considers a full state feedback control scheme. The PDFs Px(tk) arise from
measurement error.
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s.t.:
∂Px̄

∂t
+

n∑
i=1

∂

∂x̄i

((
fi(x̄) + gi(x̄)u

)
Px̄

)
−1

2

n∑
i=1

n∑
j=1

∂2

∂x̄i∂x̄j

(
Dij(x̄)Px̄

)
= 0, ∀t ∈ [0, Tp]

LfV(x̄) + LgV(x̄)u(t)+
1
2
Tr{h(x̄)> ∂

2V
∂x̄2 h(x̄)}+ γV(x̄) ≤ 0, ∀t ∈ [0, Tp]

Pr{k(x̄(t)) ≤ 0} ≥ β, ∀t ∈ [0, Tp]

u(t) ∈ U, ∀t ∈ [0, Tc]

Px̄(0) = Px(tk),

(3.9)

where u∗ denotes the vector of optimal inputs (i.e., control policy) over the control horizon
[0, Tc]; x̄ denotes the stochastic states predicted by the system model; Tp denotes the pre-
diction horizon; and R denotes a strictly positive definite matrix. The closed-loop stability
of the SNMPC approach is ensured in a probabilistic sense by incorporating the stability
constraint (defined in terms of the stochastic control Lyapunov function V(x̄)) into (3.9).
The asymptotic stability properties of the closed-loop system are characterized in Thm. 1
and (3.5). The proposed stochastic control approach possesses the stability properties of
Lyapunov-based controllers when applied in a sample-and-hold fashion (e.g., see [63]). The
stochastic optimal control problem (3.9) is implemented in a receding-horizon mode, where
merely the optimal inputs u∗(0) are applied to the stochastic nonlinear system (3.1) at every
sampling time instant tk.

The Lyapunov-based SNMPC approach in Problem 1 enables shaping the multivariate
PDF of states, while satisfying input constraints and joint state chance constraints. This is
due to using the FP equation for probabilistic uncertainty propagation since the FP equation
allows for constructing the PDF of the states. The objective function in (3.9) is stated in
terms of the Hellinger distance to quantify the difference between the multivariate PDF Px(t)
and the reference distribution function Pref

x over the prediction horizon t ∈ [0, Tp].
4 The

objective function can be simplified by considering only certain statistics (e.g., the expected
value and variance) of the PDFs. Furthermore, the joint state chance constraint in (3.9) can
be readily computed through explicit integration without conservative approximations since
the knowledge of the full multivariate PDF is available. When only individual state chance
constraints are considered in (3.9), the FP equation can be adapted to compute only the
univariate PDFs for the respective states.

4When the control objective is defined in terms of PDF shaping for individual states, the objective
function in (3.9) must be modified to weighted sum of Hellinger distance defined for each state.
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3.5 Case Study: Stochastic Optimal Control of a

Continuous Bioreactor

The performance of the proposed SNMPC approach is demonstrated on a benchmark
continuous bioreactor [84], [85]. The dynamics of the bioreactor are described by

dX =

(
− Fin

V
+ µX

)
dt

+ σXdwX(t), X(0) ∼ N (X̄, 0.1)

dS =

(
Fin
V

(Sf − S)− 1

YX|S

)
dt

+ σSdwS(t), S(0) ∼ N (S̄, 0.1)

dP =

(
− Fin

V
P + (αµ+ β)X

)
dt

+ σPdwP (t), P (0) ∼ N (P̄ , 0.1)

dh =

(
1

πr2
(Fin − k1

√
h)

)
dt, h(0) = h̄,

where X is the biomass concentration; S is the substrate concentration; P is the product
concentration; h is the level of the reactor; Fin is the flow rate of the substrate into the
reactor; and Sf is the concentration of the substrate in the feed stream. wX , wS, and wP
denote standard Wiener processes operating on the system. The kinetic parameter µ and
the reactor volume V are defined by

µ =
µ0(1− P

Pm
S)

Km + S + S2

Ki

and V = πr2h,

respectively, where µ0 is the maximum specific growth rate of the biomass in the reactor.
The model parameters are listed in Table 3.1.

The bioreactor under study is a stochastic system due to the additive white process noise
wi ∼ N (0, 0.02), i = {X,S, P} and the uncertain initial conditions X(0), S(0), and P (0). It
is assumed that the concentrations of X,S, and P as well as the reactor level h are measured
at every sampling time instant tk, that is, every 1 hr. The measured outputs are corrupted
by zero-mean measurement noise with normal distribution N (0, 0.1). The only system input
that can be manipulated for control is Sf . The process is run for 70 hr.

The control objective is to shape the PDF of the product concentration around the
reference distribution PrefP = N (P̄ ,ΣP ), where P̄ = 23.3 g/L and ΣP = 0.1. The objective
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Table 3.1: Bioreactor model parameters.

YX|S 0.4 g/g Ki 22 g/L
α 2.2 g/g Fin 0.164 L/min
β 0.2 hr−1 X̄ 7.03 g/L
µ0 0.48 hr−1 S̄ 6.03 g/L
Pm 50 g/L P̄ 23.3 g/L
Km 1.2 g/L h̄ 1.18 m
σX 0.02 g/L σS 0.02 g/L
σP 0.02 g/L

function is defined as∫ Tp

0

(
∆(P(P (t̃)),PrefP ) +

(
E[P (t̃)]− Pmes(t̃)

)2
)
dt̃, (3.10)

where Pmes denotes the measured product concentration. The objective function (3.10) is
defined such that the SNMPC approach minimizes the difference between the PDF of P and
its reference PDF Pref

P over the prediction horizon [0, Tp]. An integrating action is conferred

to the controller by including the term
(
E[P (t̃)]−Pmes(t̃)

)2
into the objective function (3.10)

[86]. The prediction horizon and the control horizon are selected to be Tp = 20 hr and Tc = 20
hr, respectively. To design the stability constraint, the quadratic Lyapunov function V(x)
is defined as V(x̄) = x̄>Px̄, where x̄ = [X − X̄ S − S̄ P − P̄ h− h̄]> and

P = 103 ×


−0.0899 −0.0060 0.0215 −3.3081
−0.0060 0.0032 0.0009 0.1017
0.0215 0.0009 −0.0014 0.4369
−3.3081 0.1017 0.4369 7.6834

 .
The matrix P is obtained by solving the Lyapunov equation for the (nominal) linearized
system dynamics around the steady-state point. The parameter γ in the stability constraint
is chosen to be 108.

In the stochastic optimal control problem, the input to the system is constrained to lie in
the range 15 g/L ≤ Sf ≤ 35 g/L. The lower bound on Sf is applied to avoid starvation of the
biomass. In addition, the concentration of substrate S should remain below an admissible
threshold in the presence of probabilistic system uncertainties. Hence, the chance constraint

Pr{S(t) ≥ 10.5 g/L} ≤ 0.05

is incorporated, implying that the state constraint S(t) ≤ 10.5 g/L should be satisfied
with at least probability 95% in a stochastic setting. The FP equation is solved using
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Figure 3.1: Probability distribution functions of the product concentration P at various
times in the closed-loop simulation run. The SNMPC approach aims at shaping the prob-
ability distribution of P according to the reference probability distribution (black dashed
distribution).

the finite volume method with 200 discretization points over the concentration supports
Xsup = [5 g/L, 8 g/L], Ssup = [0 g/L, 15 g/L], and Psup = [10 g/L, 30 g/L]. The above
constrained nonlinear optimal control problem is solved using the MATLAB subroutine
fmincon, where the set of model equations is integrated using the solver ODE15s. The
control input is discretized in a piecewise constant fashion in 4 intervals over the control
horizon.

To evaluate the performance of the SNMPC approach, a closed-loop simulation run is
performed. Fig. 3.1 shows the evolution of the probability distribution of the product
concentration P in the course of the process. The SNMPC approach stabilizes the stochastic
system around the steady-state operating point (P̄ in Fig. 3.1). The integrating action of
the controller reduces the offset compared to the case of only using the Hellinger distance
as the objective function (not shown). Fig. 3.1 shows that the SNMPC approach can
effectively shape the PDF of P according to the reference PDF Pref

P . At the final process
time, the mean and variance of the PDF for P are 23.4 and 0.1, respectively, which are in
agreement with those of the reference PDF N (23.3, 0.1). The time evolution of the PDF of
substrate concentration is shown in Fig. 3.2. The substrate concentration remains less than
its constraint at all times in the course of the process. Effective constraint handling is due to
the state chance constraint, which ensures constraint satisfaction with a desired probability
level in the presence of stochastic uncertainties.

3.6 Conclusions

A model predictive control approach is presented for a class of nonlinear systems with
stochastic uncertainties. The closed-loop stability of the control approach is ensured by ex-
plicitly characterizing stability in a probabilistic sense using a stochastic control Lyapunov
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Figure 3.2: Probability distribution functions of the substrate concentration S at various
times in the closed-loop simulation run. The substrate concentration remains less than the
constraint 10.5 g/L at all times.

function. A key challenge in SMPC is efficient propagation of uncertainties through the sys-
tem dynamics to construct the probability distribution of the stochastic states. This chapter
uses the Fokker-Planck equation for uncertainty propagation, which allows for describing the
evolution of the probability distribution of the stochastic states for general probabilistic un-
certainty descriptions. This work demonstrates that constructing the complete probability
distribution enables shaping the probability distribution of states with respect to arbitrarily-
shaped reference distributions, as well as direct computation of chance constraints without
conservative approximations.
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Chapter 4

Arbitrary Polynomial Chaos for
Uncertainty Propagation of
Correlated Random Variables in
Dynamic Systems1

4.1 Abstract

Dynamic simulation of stochastic systems requires uncertainty propagation. Traditional
sample-based uncertainty propagation methods are often computationally intractable for
online optimization-based estimation and control applications. Generalized polynomial chaos
(gPC) is an efficient uncertainty propagation method that has been used for solving various
nonlinear estimation and optimal control problems. However, gPC requires knowledge of the
exact probability distribution of the random variables, and does not explicitly account for
correlations between these random variables. This chapter demonstrates the use of arbitrary
polynomial chaos (aPC) for propagation of correlated multivariate random variables. aPC
constructs orthogonal polynomial basis functions from only the raw moments of the random
variables. Thus, aPC can be used for propagation of uncertainties with arbitrary probability
distributions, even if their functional forms are unknown. The main contributions of this
chapter consist of presenting an algorithm for generating a set of orthogonal polynomial basis
functions for correlated multivariate random variables and applying the Galerkin projection
to compute closed-form expressions for the dynamics of the aPC expansion coefficients. An
algorithm is also presented for efficient calculation of inner products between polynomial
basis functions needed in the Galerkin projection. The error convergence properties of aPC
are investigated and compared to that of gPC and Monte Carlo using a dynamic simulation

1Adapted from J. A. Paulson, E. A. Buehler, and A. Mesbah, ”Arbitrary polynomial chaos for uncertainty
propagation of correlated random variables in dynamic systems,” in The Proceedings of the IFAC World
Congress, Toulouse, 2017, accepted
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case study.

4.2 Introduction

Mathematical models are used for design, analysis, and control of systems in a wide range
of engineering applications. A key consideration in mathematical modeling is characteriza-
tion and propagation of model uncertainties that can arise from, for example, inadequate
knowledge of model structure, parameters, initial conditions, and noise. In addition, some
systems exhibit intrinsically uncertain dynamics and/or are under the effect of uncertain ex-
ogenous disturbances, which must also be described by the model. When the model and/or
uncertainties are of probabilistic nature, uncertainty propagation poses a key challenge, par-
ticularly in online optimization-based estimation and control applications. The goal of this
chapter is to present a computationally efficient method for propagation of correlated random
variables in dynamic systems described by general nonlinear differential equations.

Traditional sample-based uncertainty propagation methods such as Monte Carlo (MC)
and Latin hypercube sampling techniques repeatedly simulate the system model for a large
number of realizations to predict the time evolution of the probability density function (pdf)
of system states [87], [88]. However, these techniques can often be computationally expen-
sive. Recently, generalized polynomial chaos (gPC) has been proposed for propagation of
uncorrelated uncertainties in stochastic differential equations [23]. In gPC, each state vari-
able is approximated by an expansion of orthogonal polynomial basis functions (selected
based on the known pdfs of the uncertainties) while the coefficients of the basis functions
capture the dynamic evolution of the system. Polynomial chaos provides an efficient ma-
chinery for uncertainty propagation since the expansions can be used as a surrogate for the
nonlinear model in order to perform MC simulations efficiently via evaluating the basis func-
tions at the MC samples once offline. Alternatively, expansion coefficients can be used for
computing the moments of stochastic states efficiently owing to the orthogonality of basis
functions. However, the convergence of moments is guaranteed only for mean and variance
[89].

The gPC framework has been applied to various estimation [90]–[95] and optimal control
problems [24], [96]–[100]. However, gPC has two main shortcomings. First, one must have
full knowledge of the pdfs of uncertainties to select the proper set of basis functions (often im-
practical in real systems). Second, the system uncertainties must be treated as independent
random variables, which is often not true since the coupled dynamic equations naturally lead
to correlations between the system states and parameters. To address these shortcomings,
this chapter presents an arbitrary polynomial chaos (aPC) approach [101], [102] for uncer-
tainty propagation in nonlinear stochastic differential equations. In aPC, the polynomial
basis functions are defined directly in terms of moments of the random variables, instead of
based on their full pdfs. It is shown that aPC can explicitly account for correlations between
the uncertainties. In the remainder of the chapter, the aPC framework is presented and an
algorithm is proposed for its efficient implementation for nonlinear dynamical systems with
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correlated uncertainties. The convergence properties of aPC are then compared to that of
gPC and MC using a continuous-stirred-tank reactor case study.

4.3 Problem Statement

Consider a class of nonlinear dynamical systems described by a set of stochastic ordinary
differential equations (ODEs)

ẋ(t, θ) = f(x(t, θ), u(t), θ), x(0, θ) = x0(θ), (4.1)

where x ∈ Rnx is the vector of states with initial values x0, u ∈ U ⊆ Rnu is the vector
of control inputs, and θ ∈ P ⊆ Rn is the vector of uncertain parameters. The set U
represents constraints on the control inputs and P is the uncertainty set. The vector function
f : Rnx×U ×P → Rnx describes the dynamics of the system, and is assumed to be known.

Uncertainties θ can arise from a variety of sources and can be used, for example, to repre-
sent errors in the estimates of the initial conditions or model parameters. When measurement
noise and disturbances are treated as stochastic, the majority of estimation methods will pro-
vide a pdf describing θ. Let fθ denote the pdf of θ, which is characterized from data. In the
context of stochastic optimization and stochastic optimal control, methods for efficient prop-
agation of fθ through dynamics (4.1) are required since traditional uncertainty propagation
methods are generally considered to be computationally intractable for online optimization
and control applications, and scale poorly with respect to problem size.

Generalized Polynomial Chaos

When θ = (θ1, θ2, . . . , θn) is a vector of independent random variables with finite variance,
gPC can be used to represent the states as an infinite weighted sum of orthogonal polynomials
(chosen from the Askey scheme)

x(t, θ) =
∞∑
i=0

ai(t)Φi(θ), (4.2)

where ai denotes the time-dependent expansion coefficients and Φi denotes the corresponding
basis functions. The function Φi is simplified notation for the multivariate polynomial basis
for θ and, due to the independence of the elements θ1, θ2, . . . , θn, can be constructed as a
product of their corresponding univariate polynomial basis

Φi(θ) =
n∏
j=1

φ
α
(i)
j

(θ1, θ2, . . . , θn), (4.3)

where φk is the univariate polynomial basis function of order k and α
(i)
j is a multivariate

index that contains all possible product combinations of the univariate basis functions. The
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index α
(i)
j ∈ {0, 1, . . .} can be thought of as the degree of parameter j in the expansion term

i.
The functions φ are chosen from the Weiner-Askey scheme based on the distribution of

each element of θ [23]. By combining orthogonality conditions for each univariate basis,
orthogonality conditions can be derived for the multivariate basis functions

〈Φi,Φj〉 = 〈Φ2
i 〉δij, (4.4)

where δij = 1 if i = j or δij = 0 if i 6= j and the inner product 〈·, ·〉 is defined as

〈F (θ), G(θ)〉 =

∫
F (θ)G(θ)fθ(θ)dθ.

In order to implement the gPC method numerically, the infinite expansion (4.2) must
be truncated to a finite expansion. When the highest order polynomial allowed in the
expansion (4.2) is d, then the total number of terms in the truncated expansion is given by
the combinatorial formula

N + 1 =
(n+ d)!

n!d!
. (4.5)

This imposes a constraint on the multi-index

n∑
j=1

α
(i)
j ≤ d, i = 0, . . . , N,

since all the remaining terms in (4.2) must have order less than or equal to d.

Galerkin Projection

Several methods exist for determining the time evolution of gPC expansion coefficients
ai(t). A commonly used method is collocation wherein a set of grid points is generated over
the support space for θ, the ODEs (4.1) are solved at each grid point, and then the resulting
solutions are fit to the expansion (4.2) using a least-squares method. Also, quadrature meth-
ods exist for approximating the integral form of (4.1). In control and optimization applica-
tions, the coefficients are a function of the input u(t), which can result in high computational
cost for collocation or quadrature methods due to the fact that many simulations/grid points
are required for achieving high accuracy.

An attractive alternative to these grid-based approaches is the Galerkin projection method
that directly uses the stochastic ODEs (4.1) by projecting the system along each of the or-
thogonal basis functions [103]. As such, the stochastic ODEs can be transformed offline into
a set of deterministic ODEs. To this end, the truncated expansion (4.2) is substituted into
(4.1)

ȧj(t) =
1

〈Φ2
j〉

〈
f

(
N∑
i=0

ai(t)Φi(θ), u(t), θ

)
,Φj(θ)

〉
, (4.6)
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for all j = 0, . . . , N . Once the expansion coefficients ai(t) are solved for over the time
window of interest, the gPC expansions for x(t, θ) can be used as a surrogate model for
approximating the state pdfs via evaluating the basis functions at several realizations of the
random variables θ. This also allows for efficient computation of the time evolution of the
moments of x(t, θ).

One key shortcoming of gPC is that the pdfs of the random variables θ must be known
(and of a standard type such as normal or beta) for calculating the inner products. Fitting
standard distributions to measurements may introduce a large source of error in the gPC basis
functions. Furthermore, standard gPC requires the random variables to be independent in
order to construct the multivariate basis using the product of univariate basis functions (4.3).
However, correlations in parameters can often occur, for example, in parameter estimation
since measurements typically contain information on multiple states and parameters. Even
though correlated random variables can generally be transformed to independent random
variables [104], gPC still requires knowledge of the functional form of the pdfs, which can
limit its applicability.

4.4 Arbitrary Polynomial Chaos

Arbitrary polynomial chaos (aPC) addresses the shortcomings of gPC [101], [102]. aPC
approximates the stochastic states similarly to (4.2), except that the polynomials {Φi} are
constructed differently so that they are orthogonal for any arbitrary (possibly unknown)
distribution. For notational clarity, we denote the aPC expansion by

x(t, θ) =
∞∑
i=0

bi(t)Ψi(θ) ≈
N∑
i=0

bi(t)Ψi(θ), (4.7)

where bi denotes the aPC expansion coefficients, Ψi denotes the aPC polynomial basis func-
tions, and the number of terms in the truncated expansion N is given by (4.5). The goal
is to construct {Ψi} such that they are orthogonal with respect to a correlated multivariate
pdf fθ. Since N is finite in practice, the basis set can be generated from merely the raw
moments of θ. These moments can be calculated, for example, using quadrature methods
applied to empirical data, thus requiring no knowledge of the explicit form of the pdf fθ. The
aPC multivariate basis functions directly account for correlations in the uncertain random
variables via the cross moments, as shown next.

Generation of Basis Functions

The set of basis functions {Ψi} are constructed such that they are mutually orthogonal
with respect to any arbitrary pdf fθ. Starting from an arbitrary basis, the Gram-Schmidt
orthogonalization method can be used to construct basis functions that are orthogonal with
respect to the given inner product. To this end, a set of linearly independent polynomials
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must first be constructed. We use the set of monic polynomials {pj(θ)}Nj=0 for simplicity
[102]

pj(θ) =
n∏
k=1

θ
α
(j)
k

k , j = 0, . . . , N,
n∑
k=1

α
(j)
k ≤ d, (4.8)

where α
(j)
k is the multi-index and d is the maximum order of the polynomials (as defined

previously). We consider a simple example for illustrative purpose. When n = d = 2, the
number of elements in the basis is N + 1 = 6. Hence, enumerating (4.8) yields a set of
linearly independent monic polynomials {1, θ1, θ2, θ

2
1, θ1θ2, θ

2
2}.

According to the Gram-Schmidt method, the aPC polynomial basis functions are con-
structed as

Ψ0(θ) = 1, (4.9)

Ψj(θ) = pj(θ)−
j−1∑
k=0

cjkΨk(θ), 1 ≤ j ≤ N,

where the coefficients cjk are defined by

cjk =
〈pj(θ),Ψk(θ)〉
〈Ψ2

k(θ)〉
. (4.10)

Remark 3. The basis functions generated in (4.9) are not unique, as they are dependent on
the choice and ordering of the polynomials {pj(θ)}Nj=0.

Efficient Calculation of cjk

The main computational burden in the Gram-Schmidt method (4.9) is computing the
coefficients cjk using (4.10) for all j = 1, . . . , N and 0 ≤ k < j. Calculating the inner
products in (4.10) typically hinges on the knowledge of the functional form of fθ. However,
the coefficients cjk can also be computed via direct substitution of the moments of θ, as
described below.

Let α(j) = (α
(j)
1 , α

(j)
2 , . . . , α

(j)
n ) be the index vector associated with the monic polynomial

pj(θ) in (4.8), whose entries are the integer exponents of θ = (θ1, θ2, . . . , θn). Define the
multivariate raw (cross-correlated) moment µθ(α

(j)) for a given α(j) as

µθ(α
(j)) =

∫
θ
α
(j)
1

1 θ
α
(j)
2

2 · · · θα
(j)
n

n fθ(θ)dθ. (4.11)

These raw moments for any multi-index α(j) can be determined completely offline using
either samples (data binned into histograms to form an empirical pdf) or the functional
form of the pdf fθ(θ).
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Proposition 1. The inner product between polynomials pi(θ) and pj(θ) is given by

〈pi(θ), pj(θ)〉 = µθ(α
(i) +α(j)). (4.12)

Proof. From the definitions of the inner product and the monic polynomials {pj(θ)}Nj=0

in (4.8), we have

〈pi(θ), pj(θ)〉 =

∫
pi(θ)pj(θ)fθ(θ)dθ,

=

∫ n∏
k=1

θ
α
(i)
k

k

n∏
k=1

θ
α
(j)
k

k fθ(θ)dθ,

=

∫ n∏
k=1

θ
α
(i)
k +α

(j)
k

k fθ(θ)dθ.

The assertion follows from the definition of µθ in (4.11). �
The result of Proposition 1 can now be used to present a recursive algorithm for com-

puting cjk, as summarized in Algorithm 1. Within Algorithm 1, we take advantage of the
fact that every Ψj can be represented as a linear combination of the monic polynomials

Ψj(θ) =

j∑
k=0

wjkpk(θ), j = 0, . . . , N, (4.13)

where wjk are coefficients that must be determined. The proposed method for calculating
cjk is summarized in Algorithm 1.

Galerkin Projection for aPC

Once the aPC orthogonal polynomial basis set {Ψj(θ)}Nj=0 is constructed, it can be used
for uncertainty propagation of dynamic systems of the form (4.1) in a similar manner to
gPC. The Galerkin projection for aPC will have the same form as (4.6), however, with
Φi(θ) ← Ψi(θ) replaced for all i = 0, . . . , N . As in gPC, a key consideration is how to
compute the inner products that appear in the Galerkin projection. When the system
equations f have a polynomial (or rational) form, these inner products can be rewritten in
terms of the raw moments µθ. In this case, the right-hand side of (4.6) will be a polynomial
function of θ. Hence, the Galerkin projection would involve computation of the inner product
of multiple basis functions.

For example, if f(x(t, θ), u(t), θ) = A(θ)x(t, θ) + B(θ)u(t) is a linear function, then all
of the triple products 〈Ψi(θ)Ψj(θ)Ψk(θ)〉 must be computed (e.g., see [98] for the details).
Instead of performing the integration directly, we can take advantage of (4.13) to rewrite
the inner products in terms of the known raw moments of θ, which greatly reduces their
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Algorithm 1 Computation of cjk from raw moments.

0. Initialize with w00 = 〈Ψ2
0〉 = 1. Set counter j = 1.

1. While j ≤ N , perform calculations:

cjk =
1

〈Ψ2
k〉

k∑
l=0

wklµθ(α
(j) +α(l)),

for each k = 0, 1, . . . , j − 1, and

〈Ψ2
j〉 = µθ(2α

(j))−
j−1∑
k=0

c2
jk〈Ψ2

k〉.

2. Extract coefficients {wjk}jk=0 using the monic polynomials and (4.9).

3. Increment index j ← j + 1 and go to step (1).

computation. The triple product of the basis functions is explicitly defined by

〈ΨiΨjΨk〉 =
i∑
l=0

j∑
m=0

k∑
q=0

wilwjmwkq〈plpmpq〉, (4.14)

where, by Proposition 1, the monomial inner product 〈plpmpq〉 = µθ(α
(l) + α(m) + α(q)).

Higher-order products are calculated in a similar manner. All the inner products (of any
finite order) can be computed offline when the aPC basis set is constructed using Algorithm
1. Note that all the inner product computations in aPC rely on the raw moments of θ only,
as opposed to gPC that requires the exact knowledge of fθ.

aPC Algorithm for Uncertainty Propagation

We can now present the aPC algorithm for propagation of correlated random variables
through the nonlinear system (4.1). Using (4.7), the uncertainty propagation reduces to
determining the time evolution of bi(t). This involves deriving a set of deterministic ODEs
for bi(t) obtained via aPC and the Galerkin projection, as summarized in Algorithm 2.

Several aspects of aPC remain open research questions. For example, the convergence
properties of aPC have not been theoretically established thus far. In addition, the construc-
tion of the aPC basis functions and inner products for the Galerkin projection may require
a large number of moments, which can be difficult to determine accurately when computed
numerically from data. This may introduce some error into the uncertainty propagation,
which must be accounted for.
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Algorithm 2 aPC algorithm for uncertainty propagation.

1. Calculate µθ(α) for all required multi-indices α, which is a function of n and d.

2. Generate a list of monic polynomials {pj(θ)}Nj=0 according to procedure defined by
(4.8).

3. Calculate a set of coefficients {cjk} using Algorithm 1. Store {wjk} obtained during
these calculations.

4. Construct the aPC orthogonal basis set {Ψj(θ)}Nj=0 using the coefficients {cjk} as shown
in (4.9).

5. Substitute the aPC expansion (4.7) into stochastic ODEs (4.1). Perform the Galerkin
projection to derive (4.6) with ai(t)← bi(t) and Φi(θ)← Ψi(θ).

6. Substitute raw moments µθ for the inner products on the right-hand side of (4.6) using,
e.g., (4.14) (as well as higher-order versions of this expression).

4.5 Case Study

To demonstrate the accuracy of aPC for uncertainty propagation, Algorithm 2 is applied
to a continuous-stirred-tank reactor (CSTR) with correlated uncertain kinetic parameters.
The chemical reactions in the CSTR involve a reactant species A being converted to a desired
product B and an undesired byproduct C

A
k1−→ B, 2A

k2−→ C.

The dynamics of the CSTR are described byĊAĊB
ĊC

 =

F (CA,in − CA)− k1CA − k2C
2
A

−FCB + k1CA
−FCC + k2C

2
A

 ,
where C denotes concentration, CA,in is the inlet concentration of A, k1 and k2 are kinetic
rate constants, and F is the inlet flow rate to the reactor (control input u(t)). The initial
conditions for the CSTR are CA(0) = 0.8 mol/L, CB(0) = 0.5 mol/L, and CC(0) = 0 mol/L.
The kinetic parameters k1 and k2 are normally distributed[

k1

k2

]
∼ N

([
k̄1

k̄2

]
,

[
σ2

1 ρσ1σ2

ρσ1σ2 σ2
2

])
,

where k̄1 = 50.61 h−1, k̄2 = 55.15 L
mol h

, σ2
1 = 25.62 h−2, σ2

2 = 30.41 L2

mol2 h2 , and ρ = 0.95.
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Figure 4.1: Time evolution of the pdf of CB, determined using 10,000 MC simulations. The
control inputs are specified as the solution to an open-loop optimal control problem based
on the nominal system.

The nominal CSTR model, with k1 = k̄1 and k2 = k̄2, was first used to design an optimal
piecewise linear inlet flow rate profile by solving a dynamic optimization problem aimed
at maximizing CB while ensuring CC < 0.17 mol/L. The optimal input profile was then
used to compare the accuracy of aPC for uncertainty propagation (i.e., correlated random
variables k1 and k2) to that of gPC and MC simulations with 10,000 realizations of the
random variables. aPC and gPC expansions were used as surrogates for the solution to the
stochastic ODEs with state pdfs constructed through sampling. For consistency, the same
uncertainty realizations were used in the three cases. Note that since the random variables k1

and k2 are correlated, the multivariate polynomial basis functions are defined from the cross-
correlated moments of k1 and k2 in aPC. In gPC, however, Hermite polynomials were used
to define the basis functions (based on the marginal distributions of k1 and k2, neglecting
the correlation) since the random variables are normally distributed.

The time evolution of the pdf of CB using the open-loop optimal control inputs is shown
in Fig. 4.1. Fig. 4.2 shows a comparison of the pdf of CB constructed by the MC simulations,
aPC, and gPC at time points 0.1 h, 0.5 h, and 1.0 h. The pdfs obtained from aPC almost
exactly match those predicted by the MC simulations, while the pdfs obtained from gPC
do not accurately represent the MC simulation results. The convergence properties of these
two methods were also evaluated against the MC simulation results. The normalized errors
in the mean and variance of CB were computed at multiple time points corresponding to
the dynamic and steady-state behavior of the CSTR. In addition, the Kolmogorov distance
[105], which provides a measure for the degree of overlap between pdfs, was used to compare
the pdf convergence for aPC and gPC with respect to the MC simulation results.

Fig. 4.3 shows the convergence errors for aPC and gPC as a function of the order of
polynomial basis. As the order rises, the convergence errors are expected to decrease. As
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Figure 4.2: Probability distribution of CB obtained from MC simulations, aPC, and gPC at
three time points.

can be seen, aPC consistently shows significantly better error convergence than gPC (note
the logarithmic scale of the y-axis). In fact, a polynomial basis of order 2 in aPC has an
error approximately 3 orders of magnitude less than that of a polynomial basis of order 5
for gPC. The error in the mean and variance only slightly decreases with increasing the
gPC basis order. The same error convergence trends were also observed for CA and CC (not
shown here). Note that aPC and gPC showed comparable online computational burden (on
the order of seconds), which grew as a function of the order of polynomial basis.

4.6 Conclusions and Future Work

This chapter demonstrates the use of aPC for uncertainty propagation of correlated
random variables through nonlinear differential equations. Unlike gPC, aPC does not require
exact knowledge of the pdf of the random variables and is able to directly account for
correlations between random variables. Simulation results suggest that aPC can accurately
propagate the mean, variance, and pdf of the states in time. This work reveals the promise
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Figure 4.3: Convergence errors for aPC and gPC (with respect to MC) for the mean, variance,
and pdf of CB as a function of the order of the polynomial basis.

of aPC as an efficient uncertainty propagation method for optimization-based estimation
and control applications, which will be investigated in our future work. The theoretical error
convergence properties of aPC will also be investigated.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

Stochastic model predictive control is a promising advanced control strategy that offers
the potential for improved performance and constraint handling in the presence of uncer-
tainties over traditional methods. The aim of this dissertation was to investigate methods
to implement SMPC for linear and nonlinear systems. Three different approaches to achieve
this goal were illustrated.

Chapter 2 presented a SMPC formulation for linear systems that allows for arbitrary
(possibly unbounded) stochastic disturbances with hard input constraints and joint state
chance constraints. The computational cost of solving the optimal control problem was
significantly decreased by recasting the nonconvex SMPC problem into a surrogate convex
deterministic problem. The (practical) optimality and convergence rates of the surrogate
problem were also shown to be superior to those of the nonlinear SMPC problem due to the
convexity of the surrogate problem. Chance constraint handling with dynamic risk allocation
allowed for little degradation in closed-loop performance compared to certainty equivalence
MPC while still satisfying the constraint probability bounds.

Chapter 3 investigated an uncertainty propagation technique for SNMPC. The Fokker-
Planck equation is a partial differential equation that describes the time evolution of proba-
bility distribution functions. Because the entire shapes of the pdfs are known, no conservative
approximations are needed for evaluating chance constraint satisfaction. Furthermore, the
pdf may be shaped to a desired distribution. This technique could give control engineers the
ability to fine tune the statistical properties of states. Stability of the nonlinear controller
was explicitly ensured by the inclusion of a Lyapunov stability constraint in the optimal
control problem. Closed-loop simulations of a bioreactor system demonstrated the ability of
the SNMPC controller to shape the pdf of a state to a desired distribution.

Chapter 4 presented an algorithm for aPC, which is an efficient uncertainty propaga-
tion technique that can account for correlations between states and that only requires the
moments of the random variables. This method is particularly advantageous when working
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with experimental data, as statistical moments can readily be estimated from data. The two
methods presented in these chapters offer two different alternatives for uncertainty propa-
gation each with advantages and disadvantages: the Fokker-Planck equation has a higher
computational cost but preserves distribution shape information, while aPC is very efficient
for low-dimensional systems but only propagates the moments of distributions.

The field of SMPC is in its infancy relative to other control methods, with many of the
foundational contributions being published within the last fifteen years. SMPC is a promising
new direction for MPC, which has become the industry standard over the years for chemical
processes. Continuing research into the theoretical properties and computational issues of
SMPC will advance its prospects as a next-generation control strategy.

5.2 Future Work

Further work remains on efficient uncertainty propagation methods for SNMPC. Both
the Fokker-Planck equation and aPC are limited to systems with a small number of states
and/or slow dynamics for real time applications due to computational cost. aPC suffers from
the curse of dimensionality, in which the computational cost of the method scales factorially
with the number of stochastic states and parameters described. In addition, the Fokker-
Planck equation, which requires a considerable computational burden in one dimension, is
even more costly to solve in higher dimensions as joint probability distribution functions
that describe correlations between states are needed. Since industrial chemical processes can
have hundreds of species and intermediates, an uncertainty propagation method that does
not suffer scaling issues is needed for widespread SNMPC implementation.

Additionally, the theoretical properties of aPC require investigation. While practical
error convergence properties of the method were demonstrated in the case study in Chapter
4, the theoretical error convergence rates and optimality of aPC basis functions have not
yet been determined. One key property of generalized polynomial chaos is that under the
conditions gPC requires, the orthogonal polynomial basis functions are guaranteed to have
optimal error convergence properties. Optimality of aPC basis functions has not yet been
proven.

More generally, much work remains in the area of SMPC, particularly for nonlinear
systems with many states. Theoretical properties such as closed-loop stability and constraint
satisfaction remain difficult to demonstrate for constrained systems with unbounded noise.
Computational issues when solving nonlinear programs also remain unresolved in the context
of SMPC. Typical chance constraint formulations lead to nonconvexity in the optimal control
problem. To address this, researchers often use conservative convex approximations that
make the problem tractable but decrease the performance of the controller. Other problems
of implementing SMPC in real systems remain. Most proposed SMPC approaches assume full
state feedback, in which the values of all states are known. For real systems, output-feedback
control strategies will need to be developed for situations where many states cannot be
directly measured. While many areas of SMPC remain open research questions, collaboration
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between academic researchers and industrial partners will help ensure that SMPC develops
into a viable advanced control strategy in the future.



55

Appendix A

Kinetic Study of
Acetone-Butanol-Ethanol
Fermentation in Continuous Culture1

A.1 Introduction

Recent concerns about depleting crude oil reserves, environmental impact of fossil fuels,
and national security threats have prompted increased interest in development of alternative
fuels [106]. Biobutanol derived from sustainable renewable resources such as lignocellulosic
biomass has emerged as a promising renewable drop-in fuel [107]–[110]. In comparison with
bioethanol, biobutanol has higher energy density and can be used in 100% blends, while
being less hygroscopic that facilitates its transport via pipelines [107], [108], [111], [112].

Biobutanol can be produced by bacteria of genus Clostridium (C.) in a process known
as the acetone-butanol-ethanol (ABE) fermentation. The ABE fermentation is a biphasic
process that converts sugars into acids (acetate, butyrate) and solvents (acetone, butanol,
ethanol). During the first phase, acidogenesis, the primary products are the acidic metabo-
lites. As the metabolism shifts to solventogenesis, the acids are assimilated into the ABE
solvents. While this metabolic shift is associated with changes in the extracellular pH and
the onset of sporulation, its exact mechanism is not understood [113], [114]. Recent exper-
iments have shown that enzyme regulation plays a key role in the phase shift [115]. The
ABE fermentation is also dependent on various culture conditions such as pH [113], [116],
[117], nutrient shortage [114], [118], product inhibition [119], [120], media composition [121]–
[123], and redox state [124], [125]. The most prevalent Clostridium bacteria for the ABE
fermentation are C. acetobutylicum and C. beijerinckii, though the more recent C. saccha-
roperbutylacetonicum N1-4 strain has garnered interest due to high butanol yields [112],
[126].

1Adapted from E. A. Buehler and A. Mesbah, ”Kinetic Study of Acetone-Butanol-Ethanol Fermentation
in Continuous Culture,” PLOS One, p. 0158243, 2016
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The ABE fermentation by clostridia in batch cultures is a well-established industrial pro-
cess that dates back to the early 1900s [107], [110], [127]. Initially discovered while searching
for a process to produce synthetic rubber, the batch clostridial ABE fermentation eventually
became the second-largest industrial bioprocess before falling out of favor in the 1950s due
to the increasing worldwide oil supplies [128]–[130]. Because of low productivity (0.1 - 0.3
g/L/h) of the batch ABE fermentation due to long process downtime, the ABE fermentation
in continuous cultures has garnered interest for large-scale production of biobutanol [131].
The continuous ABE fermentation offers several advantages over the batch fermentation –
improved productivity due to less process downtime, integration with downstream units,
and increased titer due to continuous product removal [107], [111], [132]. However, the con-
tinuous ABE fermentation exhibits poor long-term stability ( resulting in washout) [118]
that leads to low product titer, productivity, and yield [109], [112], [113], [130], [133]. To
address the latter shortcomings of the continuous ABE fermentation, a great deal of work
has been done on metabolic engineering of the ABE production pathway to improve butanol
tolerance and selectivity of the C. bacteria [108], [134]. On the other hand, systems analysis
of the continuous ABE production based on kinetic modeling of its metabolic pathway has
received much less attention [112]. Systematic analysis of the fermentation kinetics in rela-
tion to the continuous culture conditions can provide guidance for metabolic engineering as
well as fermentation design and optimization studies.

Kinetic modeling of fermentation processes aims at describing the time evolution of con-
centration of different metabolites by accounting for their rates of formation and consumption
in the metabolic pathway. The early work on modeling of the ABE fermentation mainly in-
volved developing stoichiometric models based on a flux balance of the system at steady state
(e.g., [135], [136]). Stochiometric models lack the ability to describe the fermentation be-
havior under transients and, thus, have limited predictive capability when culture conditions
change. Early attempts on modeling of the ABE fermentation also entailed development of
several kinetic models that relied on a reduced version of the metabolic pathway with only
few key metabolites (e.g., [137]–[139]). The kinetic models were intended to describe the
effects of culture conditions such as dilution rate, media composition, and pH on the ABE
production (see [140] for a recent review on mathematical modeling of ABE fermentation).

More recent kinetic modeling work for the batch ABE fermentation has demonstrated the
importance of the intermediates as well as the effects of enzyme regulation. Shinto et al. [141]
reported a kinetic model that included multiple intermediates in the metabolic pathway of
C. saccharoperbutylacetonicum N1-4, while accounting for product inhibition and metabolic
response to glucose inhibition. Li et al. [142] extended the latter kinetic model by including
butyryl-phosphate, an intermediate that can predict the shift from acidogenesis to solvento-
genesis, and the metabolic regulatory effects of transcriptional control. In [143], a metabolic
model based on an extensive number of genes, reactions, and metabolites was presented to
investigate the solventogenic stress response of C. acetobutylicum. The inclusion of a large
number of metabolites and genes allowed for successful prediction of the switch from acido-
genesis to solventogenesis and the effect of culture conditions. The most advanced kinetic
model of the batch ABE fermentation is that of Liao et al. [144], which integrated modules
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for gene regulation, environmental cues, and metabolic reactions to develop a systems-level
kinetic model. This novel modeling framework allowed for investigation into how conditions
at both the cellular scale and in the culture affect the fermentation. Recent efforts have also
been made to develop kinetic models of the continuous ABE fermentation with the aim of
providing similar insights into how culture conditions affect the fermentation. Haus et al.
[145] presented a kinetic model that considered some of the important enzymes in continu-
ous culture and their pH dependence. The latter kinetic model was extended in [146]–[148]
to include the role of cell population dynamics as well as other enzymes involved in the
metabolic shift from acidogenesis to solventogenesis. These kinetic models, however, provide
limited investigation into the effects of process and kinetic parameters on the systems-level
fermentation. Furthermore, several intermediates in the kinetic models of [141], [142], shown
to have significant effects on the batch fermentation dynamics, were omitted in the kinetic
model of [145]–[148] for the continuous ABE fermentation.

The aim of this paper is to present a kinetic model for the ABE fermentation in contin-
uous C. acetobutylicum that can be used for elucidating the behavior of the fermentation
under culture conditions most relevant to continuous ABE production. The kinetic model
mainly relies on the metabolic pathway presented in [141], and accounts for the effects of
biomass changes, enzyme regulation, culture pH, product inhibition, and glucose inhibition.
The intermediates are chosen such that the model can describe the key characteristics of
the metabolic pathway while avoiding its overparametrization (due to selecting an exces-
sive number of intermediates). Existing data from literature [149] are utilized to estimate
the parameters of the kinetic model using the weighted least-squares parameter estimation
method. After characterizing the uncertainty associated with the estimated parameters, the
kinetic model is employed for systems analysis of the continuous ABE fermentation. Ex-
tensive sensitivity analysis is performed to systematically investigate the effect of various
culture conditions (such as pH and dilution rate), reaction kinetics, and enzyme regulation
on continuous ABE production in C. acetobutylicum culture.

A.2 Methods

This section describes the metabolic pathway of C. acetobutylicum adopted for developing
the kinetic model. The modeling framework and the parameter estimation method are
discussed in this section.

ABE Pathway

The metabolic pathway of C. acetobutylicum is shown in Fig. A.1. The intermediates
that have not been included in the presented kinetic model are omitted for clarity. Initially,
the substrate glucose is converted to acetate and butyrate as the metabolism undergoes
acidogenesis. Due to generation of the acidic metabolites, the external pH of the culture
decreases until the cellular metabolism shifts to solventogenesis, a phase in which the acids
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Figure A.1: The metabolic pathway of Clostridium acetobutylicum (adopted from [130]).

are assimilated into acetone, butanol, and ethanol. Although this shift is associated with an
external pH drop, its exact mechanism is not fully understood [150], [151]. As solventogenesis
proceeds, the solvents eventually become toxic to C. acetobutylicum. In particular, butanol
begins to disrupt the cellular membrane fluidity at concentration levels 8 - 10 g/L [119], [152].
The toxicity of butanol to C. acetobutylicum poses a key challenge since it limits the product
titer. In fact, all the major products in the pathway - acetate, butyrate, acetone, butanol, and
ethanol - are toxic to C. acetobutylicum, but only butanol and butyrate are typically at high
enough concentration levels throughout the fermentation to cause substantial inhibition [119].
Running the ABE fermentation in a continuous culture helps alleviate product inhibition
since the products can be continually removed from the culture. Product removal enables
achieving higher product titers since the reactions are shifted toward the products.

In the continuous ABE fermentation, the shift to solventogenesis can be induced by
changing the external pH from a high (approximately 5.5−6.0) to a low (approximately 4.5)
level. Although over 100 different genes are upregulated after the switch to solventogenesis,
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the primary enzymes relevant to solventogenesis are encoded by the genes acetoacetate de-
carboxylase (adc), alcohol/aldehyde dehydrogenase (adhE), and butyrate-acetoacetate CoA-
transferase (ctfA/B) [115]. These enzymes are responsive to the pH of the culture and change
their expression accordingly. At acidogenic pH levels, the enzymes are present at a low con-
centration level. The enzymes are expressed more strongly when the fermentation switches
to solventogenesis.

As the solvent production is dependent on the concentration of undissociated acids in
the culture, it is often desirable to initially perform the continuous fermentation in the
acidogenic stage so that sufficient butyrate is produced [113], [153]. Biomass growth is also
impacted by the phase of the metabolism. During acidogenesis, C. acetobutylicum grows
exponentially. As the metabolism shifts to solventogenesis, C. acetobutylicum begins to
sporulate and reaches a stationary phase. Because the metabolic shift can be induced by
changing the external pH, one common approach to avoid washout of biomass is to have a
two-stage chemostat in which the first stage is operated at an acidogenic pH level and the
second stage at a solventogenic pH level [113], [149], [154]–[156]. Growth during both phases
is inhibited by the toxic acids and solvents produced during the fermentation. In addition
to disrupting the cell membrane, butanol decreases the glucose uptake by C. acetobutylicum
[119]. Ballongue et al. [157] have reported that the biomass growth rate decreases by 50%
when either acetate or butyrate reaches 4 g/L, and the biomass growth stops when the total
concentration of acids reaches approximately 5 g/L. Since butyrate is typically at a higher
concentration level than acetate, it has a more deleterious effect on biomass concentration.

It has been shown that glucose inhibition also has a significant effect on the metabolism
of C. acetobutylicum. Some of metabolic reactions that require an energy source such as
ATP, which is correlated with the glucose concentration, are likely to shut off when there
is a pronounced glucose inhibition [158]. The inclusion of certain intermediates such as
pyruvate is critical for describing the cellular dynamics during glucose inhibition since these
intermediates are affected by glucose inhibition.

Modeling Framework

Mass balance equations and reaction rates. Under the assumptions that the contin-
uous C. acetobutylicum culture has a constant volume and temperature, the kinetic model
of the metabolic pathway depicted in Fig. A.1 consists of (dynamic) mass balance equations
for all metabolites in the pathway. The metabolites’ mass balance equations are listed in
Table 1; reaction rates are labeled according to Fig. A.1. Glucose is the only metabolite
that is fed to the culture. Hence, the dilution rate D, the inlet glucose concentration [Gin],
and the pH of the culture comprise the (adjustable) inputs to the continuous culture.

The kinetic rate expressions for all the metabolic reactions are given in Table 2 with
the kinetic parameters being listed in Table 3 and Table 4 (see Appendix A). Most of the
reactions in the metabolic pathway are represented by a typical enzyme-substrate reaction
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Table A.1: The mass balance equations for all metabolites in the continuous C. aceto-
butylicum culture (see Fig. A.1). In all equations, [ ] denotes metabolite concentration
(mM), R refers to rate equations (mM h−1), r is the base enzyme production rate during
acidogenesis (mM h−1), r+ is the upregulated enzyme production rate during solventogenesis
(mM h−1), H is defined in (A.3), D is the dilution rate (h−1), and [Gin] is the inlet glucose
concentration (mM). The rate equations are given in Table 2.

Glucose:
d[G]

dt
= −R1 −Rx −D([G]− [Gin]) Acetate:

d[A]

dt
= R7 −R8 −D[A]

Fructose 6-Phosphate:
d[F6P]

dt
= R1 −R2 −D[F6P] Ethanol:

d[En]

dt
= R10 −D[En]

Glucose 3-Phosphate:
d[G3P]

dt
= R2 −R3 −D[G3P] Acetoacetyl-CoA:

d[AaC]

dt
= R9 −R8 −R12 −R13 −D[AaC]

Pyruvate:
d[Py]

dt
= R3 +R4 −R5 −R6 −D[Py] Acetoacetate:

d[Aa]

dt
= R8 +R13 −R11 −D[Aa]

Lactate:
d[Lac]

dt
= R5 −R4 −D[Lac] Butyryl-CoA:

d[BC]

dt
= R12 +R13 −R14 −R15 −D[BC]

Butyrate:
d[B]

dt
= R14 −R13 −D[B] Acetyl-CoA:

d[AC]

dt
= R6 +R8 −R7 −R9 −R10 −D[AC]

Biomass:
d[X]

dt
= Rx −Rd −D[X] Acetone:

d[An]

dt
= R11 −D[An]

Carbon Dioxide:
d[CO2]

dt
= R6 +R11 −D[CO2] Butanol:

d[Bn]

dt
= R15 −D[Bn]

Adc:
d[Ad]

dt
= rAd + r+AdH−D[Ad] CtfA/B:

d[Cf]

dt
= rCf + r+CfH−D[Cf]

AdhE:
d[Ah]

dt
= rAh + r+AhH−D[Ah]

scheme

E + S
k1


k−1

ES
k2→ E + P. (A.1)

The rate expressions for these reactions are described by the Michaelis-Menten kinetics [159]

d[P]

dt
=

Vmax[S]

KS + [S]
,

where [S] and [P] denote the concentration of substrate S and product P , respectively (mM);
Vmax is the maximum reaction rate (h−1); and KS is the Michaelis constant (mM). Biomass
is modeled as a substrate in the kinetic rates since all the metabolic reactions depend on the
concentration of biomass (see Table 2). To describe the effect of glucose inhibition on the
pathway dynamics, an on-off switch (denoted by F in the kinetic rates) is applied to reactions
that utilize glucose as their energy source. These reactions involve the energy sources ATP,
ADP, NADH, or NAD+, the availability of which is dependent on the glucose concentration
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[130]. The on-off switch describing the glucose inhibition effect is defined by the piecewise
constant function [141]

F =

{
1, [G] > 2 mM

0, [G] ≤ 2 mM,
(A.2)

where [G] denotes the concentration of glucose.
The reaction rate expressions that have not been described by the Michaelis-Menten

kinetics include the rates of biomass growth (RX) and death (Rd) as well as the rates of
enzyme regulation reactions (R8, R10, R11, R13, and R15). The rate expressions for these
reactions are discussed below.

Biomass growth and death. The dynamics of the biomass concentration in the con-
tinuous C. acetobutylicum culture are governed by the biomass growth rate Rx and death
rate Rd. The biomass death kinetics are described by a first order expression [141]. On the
other hand, biomass growth is dependent on the metabolic phase of the fermentation (and,
consequently, on the culture pH) as well as the concentration of the inhibitory metabolites.
The growth of biomass is generally inhibited by acetate, butyrate, acetone, butanol, and
ethanol since all these metabolites are toxic to the growth of C. acetobutylicum. However,
only butyrate and butanol typically reach the toxic levels that inhibit the biomass growth
[119].

In this work, the biomass growth is described by the Monod kinetics expression [160]

RX =
µ[G][X]

KX + [G]
,

where the observed specific growth rate of the biomass, µ, is defined by

µ = µmaxFT

(
[Bn], [B], pH

)
with µmax being the maximum specific growth rate and FT

(
[Bn], [B], pH

)
being the total

inhibition function that accounts for the inhibitory effects of butanol, butyrate, and the
culture pH on the biomass growth. The total inhibition function FT is defined by

FT

(
[Bn], [B], pH

)
= FBnFBFpH,

where FBn, FB, and FpH denote the inhibition functions for the butanol, butyrate, and pH
effects, respectively.

Butanol inhibits the biomass uptake of glucose with noncompetitive inhibition kinetics
[161]. Thus, the butanol inhibition function takes the form

FBn

(
[Bn]

)
=

1

1 + [Bn]
Ki

,



62

Table A.2: The reaction rates in the metabolites’ mass balance equations listed in Table 1.
F describes the effect of glucose inhibition (see (A.2)). In all equations, V is the maximum
reaction rate (mM h−1), K is the Michaelis constant (mM), α is the kinetic parameter
described by (A.4), kd is the first order biomass death constant (h−1), and µ is the specific
biomass growth rate (h−1).

R1 =
2(V1[G][X])

K1 + [G]
F R7 =

V7[AC][X]

K7 + [AC]
F R13 = α13[B][AaC][Cf][X]

R2 =
V2[F6P][X]

K2 + [F6P]
F R8 = α8[A][AaC][Cf][X] R14 =

V14[BC][X]

K14 + [BC]
F

R3 =
V3[G3P][X]

K3 + [G3P]
F R9 =

V9[AC][X]

2(K9 + [AC])
R15 = α15[BC][Ah][X]F

R4 =
V4[Lac][X]

K4 + [Lac]
F R10 = α10[AC][Ah][X]F Rd = kd[X]

R5 =
V5[Py][X]

K5 + [Py]
F R11 = α16[Aa][Ad][X] Rx =

µ[G][X]

KX + [G]

R6 =
V6[Py][X]

K6 + [Py]
F R12 =

V12[AaC][X]

K12 + [AaC]
F

where [Bn] is the concentration of butanol and Ki is an inhibition constant (mM). The
butyrate inhibition function is given by [162]

FB

(
[B]
)

= 1− (
[B]

[Bmax]
)mb ,

where [B] is the concentration of butyrate, [Bmax] = 125.0 mM is the toxic concentration of
butyrate, and mb is a constant.

Biomass growth is dependent on the metabolic phase, with exponential growth during
acidogenesis and stationary growth during solventogenesis. The metabolic phase of the
continuous fermentation is affected by the external pH. Since the biomass growth is high
during acidogenesis, high (acidogenic) pH does not inhibit the biomass growth, whereas low
(solventogenic) pH does inhibit growth. Thus, the pH inhibition function is defined by [162]

FpH

(
pH
)

=

{
1−mp(5.6− pH), pH ≤ 5.6

1, pH > 5.6,

where mp is a constant. The pH inhibition function indicates that the biomass exhibits the
highest growth rates at pH 5.6 (and higher pH levels) and less growth at lower pH levels.
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Enzyme regulation. Since the upregulation of the enzymes adc, adhE, and ctfA/B is
dependent on pH, the metabolic reactions involving these enzymes cannot be described by
the Michaelis-Menten kinetics. Following the approach presented in [145], it is assumed that
the total enzyme concentration in the culture does not remain constant. The mass balance
for each enzyme is written as

d[E]

dt
= rE + r+

EH − D[E],

where [E] denotes the concentration of the enzyme (i.e., adc, adhE, or ctfA/B) (mM); rE
and r+

E are constants (mM h−1); and H is a smoothed switch function defined by

H = 1− tanh
(
5
[
pH− 4.5

])
. (A.3)

In (A.3), the value of 4.5 represents the pH at which the switch occurs and the constant 5
determines the sharpness of the switch function. At low pH levels (∼4.5) the switch has a
value of 1 and at high pH levels (∼ 6.0) the switch has a value of 0.

The constant rE corresponds to the base enzyme production rate when the enzyme is
downregulated (i.e., at high pH during acidogenesis). After the switch to solventogenesis
(low pH), the enzyme is upregulated and is produced at the higher rate r+

E . Physically, these
constants represent the rates at which the enzyme is produced during the downregulated
phase (acidogenesis) and upregulated phase (solventogenesis), respectively. These production
rates are added to the outlet dilution term to obtain the overall mass balance for each enzyme.

Once the concentration of the enzymes is determined, the kinetic rates for the metabolites
created from the enzymatic reactions can be described by

d[P]

dt
= −α[S][E], α =

k1k2

k−1 + k2

, (A.4)

where [P], [S], and [E] denote the concentration of the product, substrate, and enzyme,
respectively; and k1, k−1, and k2 (h−1) are defined as in the reaction scheme (A.1). This
expression is derived using the pseudo steady-state approximation for the enzyme-substrate
reactions with variable enzyme concentration.

Parameter Estimation and Uncertainty Analysis

The kinetic parameters that arise in the rate equations listed in Table 2 are largely
unknown a priori and, therefore, must be estimated from experimental data. The large
number of metabolites in the metabolic pathway depicted in Fig. A.1 results in a large
number of parameters in the presented kinetic model. These include the parameters K
and V that appear in each reaction rate described by the Michaelis-Menten kinetics, the
parameters α in the enzyme regulation kinetics, and the parameters of the biomass growth
and death rates (i.e., kd, k12, µmax, Ki, mb, and mp). On the other hand, there is scant
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experimental data available for most intermediates in the pathway. Only the time profiles
for the acidic metabolites (acetate, butyrate), solvents (acetone, butanol, ethanol), glucose,
and biomass are typically measured in the continuous ABE fermentation [113], [114], [117],
[118], [149]. The lack of experimental data poses a key challenge to parameter estimation
since overfitting a large number of unknown parameters based on limited observations of the
metabolic pathway can lead to a kinetic model with poor predictive capability. Although
additional metabolic intermediates such as acetaldehyde and butyraldehyde exist in the
metabolic pathway of C. acetobutylicum [127], [163], [164], only those present in [141] were
included in order to reduce overparameterization and overfitting of the model.

In this work, the measured concentration of acetate, acetone, butyrate, butanol, ethanol,
and glucose, i.e.,

y =
[
[A] [An] [B] [Bn] [En] [G]

]>
,

reported in [149] is used to estimate the kinetic parameters

θ = [K1 K6 K7 K9 Ki V1 V9 α8 α10 µmax r+
Ah]
>

that most directly affect the measured metabolites. In [149], the ABE fermentation was
performed under limited phosphate (0.7 mM) and excess nitrogen in a continuous C. ace-
tobutylicum ATCC 824 culture at pH 4.5. The inlet glucose concentration and the dilution
rate were set to 167 mM (30 g/L) and 0.06 h−1, respectively.

The parameter estimation is posed as a weighted nonlinear least-squares optimization
problem [165]

θ̂ := arg min
θ

Nm∑
i=1

Nv∑
j=1

‖ȳij − yij‖2
Q

s.t.: model equations,

(A.5)

where θ̂ denotes the estimated value of the kinetic parameters θ; ȳ and y denote the measured
and predicted concentration of the metabolites; Nm is the number of measured metabolites
(Nm = 6); Nv is the number of measurement points (Nv = 31); and the subscript ij denotes
the jth value of the ith measured metabolite. The diagonal weight matrix Q in (A.5) is
defined in terms of the inverse of the standard deviation of concentration measurement noise
of the metabolites

Q = diag(0.143, 0.150, 0.260, 0.208, 0.513, 0.559).

The objective of the parameter estimation problem (A.5) is to determine the kinetic param-
eters θ by minimizing the weighted squared difference between the predicted and measured
concentration of the metabolites in y. The nonlinear optimization problem is solved in MAT-
LAB using the genetic algorithm routine ga from the Global Optimization Toolbox. The
parameter bounds considered in the optimization problem are give in Table 5 (see Appendix
A).
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Table A.3: The estimated kinetic parame-
ters and their 95% confidence intervals.

Parameter Value
K1 18.7 ± 0.410 mM
K6 0.00350 ± 9.54× 10−6 mM
K7 0.0655 ± 0.0030 mM
K9 1.15 ×104 ± 29.3 mM
Ki 1340 ± 188 mM
V1 1.61 ± 0.0036 h−1

V9 4.91 ×106 ± 1.25× 104 h−1

α8 4.53 ×103 ± 43.4 mM−2h−1

α10 0.0761 ± 0.0198 mM−2h−1

µmax 0.126 ± 6.98× 10−4 h−1

r+
Ah 10.9 ± 0.758 mM h−1

The uncertainty associated with the estimated parameters θ̂ is characterized in terms of
the parameter variance-covariance matrix Vθ [165]

Vθ =

( Nm∑
i=1

Nv∑
j=1

Q2
i

(∂yij
∂θ
|θ=θ̂
)>(∂yij

∂θ
|θ=θ̂
))−1

with Qi being the ith diagonal entry of the weight matrix Q and
∂yij
∂θ

denoting the parameter
sensitivities. The boundaries of the parameter uncertainty region correspond to contours
of constant probability density. When projected onto the parameter space, the uncertainty
region takes the form of the ellipsoidal contour

(θ − θ̂)>Vθ−1(θ − θ̂)

that has a χ2
p probability distribution with NP degrees of freedom (NP being the number

of estimated parameters) [166]. This implies that the estimated parameters θ̂ lie in an
ellipsoidal uncertainty region with a probability level greater than α, that is,

θ̂ ∈ {θ|(θ − θ̂)>Vθ−1(θ − θ̂) ≤ χ2
p(α)}. (A.6)

The uncertainty region (A.6) allows for defining the 95% confidence intervals for the esti-
mated parameters as

θi ≈ θ̂i ±
√
χ2
p(α)Vθ(i, i),

where Vθ(i, i) denotes the diagonal entries of the parameter variance-covariance matrix Vθ
and α = 0.025. In fact, the above expression describes the dimensions of a hyperbox in the
parameter space that circumscribes the ellipsoidal confidence region [167].
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Table A.3 lists the estimated parameters obtained through the parameter estimation
problem (A.5) and the experimental data reported in [149]. The 95% confidence intervals
of the estimated parameters are computed following the above uncertainty analysis proce-
dure. The small confidence intervals for most of the parameters suggest that the uncertainty
associated with the estimated parameters is reasonably small. This is attributed to the
optimization-based parameter estimation approach adopted in this work that results in ade-
quate estimates for the (unknown) true kinetic parameters. The predictive capability of the
kinetic model equipped with the estimated parameters is examined in the next section.

A.3 Results

Model Predictions vs. Experimental Data under Nominal Culture
Conditions

The predictions of the kinetic model are validated against the experimental data from
[149]. The chosen data set corresponds to the solventogenesis phase of the ABE fermentation
in continuous C. acetobutylicum culture. The experimental data set includes the time-
course concentration profiles for acetate and butyrate as well as the ABE solvents at a given
dilution rate and culture pH. Fig. A.2 shows the predicted concentration profiles against
the experimental data; the experimental concentration profiles are not shown for the initial
phase of fermentation due to lack of reliable data.2 Despite the noise in concentration
measurements of the metabolites, Fig. A.2 suggests that the presented kinetic model can
adequately predict the steady-state concentration of acetate and butyrate as well as that of
the ABE solvents.
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Figure A.2: Comparison between model predictions and experimental time-course data (from
[149]) for the key metabolites in continuous C. acetobutylicum culture.

2In [149], the biomass was inoculated in a batch culture before being transferred to a continuous culture.
The experimental conditions and concentration of metabolites during the switch over to the continuous
culture were not reported.
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Biomass pH Dependence

The pH of the culture affects the metabolic switch from acidogenesis to solventogenesis
and, consequently, affects the biomass growth. Previous experimental work indicates that
biomass growth tends to be maximum at the acidogenic pH levels, while the lower pH levels
during solventogenesis inhibit biomass growth [113], [116], [153], [162]. This is due to the
fact that C. acetobutylicum undergo exponential growth during acidogenesis, whereas they
reach a stationary phase during solventogenesis. Fig. A.3 shows the model predictions at
the pH levels 4.5 and 6.0 when other culture conditions are identical. As can be seen, at the
solventogenic pH level 4.5, the biomass concentration is constant for essentially the entire
fermentation time. At the pH level 6.0, however, the biomass grows exponentially before
reaching steady state due to death and washout of C. acetobutylicum. This behavior is
consistent with reported experimental results [117], [149], [168], [169].
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Figure A.3: Biomass concentration profiles during the two metabolic phases of fermentation.
The pH level 4.5 corresponds to the stationary biomass concentration during solventogenesis,
while the pH level 6.0 corresponds to the exponential biomass growth during acidogenesis.
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Figure A.4: Butanol and butyrate concentration profiles for different inlet glucose concentra-
tion levels. Due to the product inhibition effect, the concentration of butanol and butyrate
asymptotically reaches a maximum level as the inlet glucose concentration increases.
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Product Inhibition

Butanol and butyrate are the primary inhibitory metabolites in the culture that hinder
further biomass growth and solvent production. Even with abundant glucose present in the
culture, C. acetobutylicum cannot indefinitely convert glucose since the increasing levels of
butanol and butyrate will become toxic to C. acetobutylicum [119]. To demonstrate this ef-
fect, the inlet glucose concentration is increased from its nominal level in a stepwise manner.
As the availability of glucose in the culture increases, the concentration of all metabolites is
expected to increase when there is no product inhibition. Fig. A.4 shows the butanol and
butyrate concentration profiles for four different inlet glucose concentrations. In the case
of inlet glucose concentrations of 167 mM and 250 mM, C. acetobutylicum do not exhibit
significant inhibition as evidenced by the increase in concentration of butanol and butyrate
with the rising inlet glucose concentration levels. As the inlet glucose concentration increases
further to 334 mM and 500 mM, the concentration of butanol and butyrate asymptotically
reaches a maximum level of approximately 95 mM (6.7 g/L) and 80 mM (7.0 g/L), respec-
tively. These concentration levels correspond to the toxic levels at which C. acetobutylicum
undergo product inhibition, which hinders further glucose conversion [130], [133]. The higher
levels of inlet glucose concentration will also cause glucose uptake inhibition. Thus, in prac-
tice, inhibition is due to the combined effects of both glucose uptake inhibition and product
inhibition.

The Effect of pH on the Metabolic Switch

The phase of the ABE fermentation (acidogenesis or solventogenesis) is strongly influ-
enced by the culture pH. In the continuous ABE fermentation, the culture pH can be changed
to induce a switch from one phase to another. To observe the switch between acidogenesis
and solventogenesis, Fig. A.5 demonstrates the effect of changing the culture pH from an
acidogenic pH level (6.0) to a solventogenic pH level (4.5) at time 500 hr. At high pH, acid
production is high and solvent production is low. However, after the pH is lowered, the
acids are assimilated into the solvents, and solvent production dramatically increases. This
behavior indicates that the pH change from 6.0 to 4.5 triggers a switch from acidogenesis to
solventogensis. One observation to note is that while the butyrate concentration decreases
dramatically after the pH shift, the acetate concentration decreases only by a slight amount.
This result is an indication that the nominal solventogenic culture conditions under which
the kinetic model was validated (see Fig. A.2) have not been properly tuned for solvent
production, as excess acetate remains present.

Butanol Productivity in Relation to Dilution Rate and Culture
pH

The main culture (manipulated) inputs in the continuous ABE fermentation are the
dilution rate and culture pH. Investigating butanol productivity in relation to these inputs
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Figure A.5: Concentration profiles for ABE solvents and acids at acidogenic pH (6.0) and
solventogenic pH (4.5). At time 500 hr the culture pH is switched from 6.0 to 4.5 to demon-
strate the shift from acidogenesis to solventogenesis.

can elucidate the culture conditions under which ABE fermentation is stable and butanol
production is maximal. Typically, a high dilution rate is desired since higher dilution rates
favor higher productivity. However, excessively high dilution rates can lead to biomass
washout. To demonstrate the effect of dilution rate on the steady-state butanol productivity,
the dilution rate was varied from 0 to 0.1 h−1 while holding pH at a constant level 4.5. Fig.
A.6 shows that the steady-state butanol productivity increases with increasing dilution rate
until D = 0.061 h−1, where a sharp drop to zero productivity is observed. This result
suggests that the culture starts experiencing washout at this dilution rate.
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Figure A.6: The effect of dilution rate and culture pH on steady-state butanol productivity.

Another input that can have a significant effect on the steady-state butanol productivity
is the culture pH. Because the culture pH influences the metabolic phase of the fermentation,
butanol productivity must be highest at low pH levels that correspond to the solventogenic
phase. Fig. A.6 shows the steady-state butanol productivity for pH levels ranging from 4.0
to 6.0 at a constant dilution rate 0.06 h−1. The productivity is highest in the range of pH
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4.3 to 4.7 with a peak value at approximately pH 4.45, suggesting that the fermentation is in
the solventogenic phase in this pH range. Because biomass growth at pH levels lower than
4.3 becomes severely inhibited by the low pH [162], washout occurs at those conditions since
the outlet dilution term dominates the biomass growth term of the mass balance. On the
other hand, at the pH levels in the range of 4.6 to 6.0, the fermentation is in the acidogenic
phase with very low butanol production. This behavior is consistent with the time-course
data shown in Fig. A.5, which shows a high butanol concentration at pH 4.5 and a low
butanol concentration at pH 6.0 due to the switch between the acidogenic and solventogenic
phases. This is also consistent with previous experimental work [113], [116], [145], [149],
[154] that has shown a culture pH of approximately 4.3-4.8 leads to the highest productivity
and concentration of butanol [113], [116], [145], [149], [154].

To determine the culture conditions under which maximum butanol productivity is
achieved, it is necessary to vary both dilution rate and pH simultaneously. Fig. A.7 shows
the steady-state butanol productivity as a function of dilution rate (ranging from 0 to 0.1
h−1) and culture pH (ranging from 4 to 6). The maximum butanol productivity of 4.23
gL−1h−1 occurs at dilution rate and culture pH of 0.058 h−1 and 4.41, respectively. No-
tice that the maximum productivity occurs under different culture conditions in comparison
with the results shown in Fig. A.6. The butanol productivity compares very favorably to
the typical productivity of batch ABE fermentation (0.1 - 0.3 gL−1h−1), and is within the
productivity range 0.4 - 6 gL−1h−1 previously reported for continuous ABE fermentation
[110], [113], [170]–[172]. Fig. A.7 indicates the need for future model-based optimization
studies for systematically identifying the optimal culture conditions that result in enhanced
ABE production.
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Figure A.7: Steady-state butanol productivity as a function of dilution rate and culture pH.
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Figure A.8: Normalized dynamic sensitivity of acetone, butanol, and ethanol concentration
to the enzyme production rates.

Sensitivity of ABE Concentration to Enzyme Production Rates

To elucidate the effect of enzymes adhE, adc, and ctfA/B on concentration of the ABE
solvents, a dynamic sensitivity analysis is performed with respect to the enzyme production
rates r+

Ah, r+
Ad, and r+

Cf. These enzyme kinetic parameters are selected due to their dominant
effect on the enzyme production during solventogenesis. Dynamic sensitivity analysis allows
for systematically investigating the effect of each enzyme production rate on concentration
of the ABE solvents over the course of the fermentation. For each combination of the ABE
solvent concentration x and kinetic parameter p, the normalized sensitivity is defined by

Ŝ =
∂x

∂p

p̄

x̄
,

where p̄ and x̄ denote the nominal values of p and x, respectively. Fig. A.8 shows the nor-
malized dynamic sensitivity of concentration of the ABE solvents to the enzyme production
rates. The production of adhE promotes higher concentration levels of butanol and ethanol
but lower acetone concentration (see Fig. A.8). This is due to the fact that adhE is the
enzyme responsible for the reactions that produce butanol and ethanol. Similarly, higher
production of adc promotes higher acetone concentration with little effect on the concentra-
tion of butanol and ethanol since adc is only present in the metabolic reaction that produces
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acetone from acetoacetate. The enzyme CtfA/B is present in the backward reactions that
consume acetate and butyrate (see Fig. A.1). Fig. A.8 shows that CtfA/B can have a large
effect on the concentration of acetone while its effect on butanol and ethanol is insignificant.
This implies that ctfA/B promotes the acetone production. Overall, Fig. A.8 suggests that,
among the three enzymes, adhE is the strongest promoter of butanol and ethanol production,
while acetone production is decreased with increased adhE production. Thus, engineering
C. acetobutylicum to yield higher expression of adhE can possibly lead to higher butanol
concentration and yield.

Sensitivity of ABE Concentration to Reaction Kinetics
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Figure A.9: Normalized steady-state sensitivity of acetone, butanol, and ethanol concentra-
tion to different reaction kinetics along the metabolic pathway.

The normalized steady-state sensitivity of the ABE concentration to the kinetic param-
eters of different metabolic reactions along the pathway is shown in Fig. A.9. Acetone
concentration exhibits the highest sensitivity to the kinetic parameters. On the other hand,
ethanol concentration appears to be largely insensitive to the selected reaction kinetics. Bu-
tanol concentration is most sensitive to K7, V9, and r+

Ah with a positive effect, and most
sensitive to K9 and µmax with a negative effect. The high sensitivity of acetone and butanol
concentration to V9 and K9 indicates that acetoacetyl-CoA (produced by reaction 9) is a key
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intermediate for the production of acetone and butanol; increasing the rate of acetoacetyl-
CoA formation can promote higher acetone and butanol production. Fig. A.9 suggests that
forming more acetate (through increasing K7) is likely to promote a higher acetone and
butanol production. The rate of enzyme adhE production (r+

Ah) and the maximum specific
growth rate of biomass (µmax) have reverse effects on the concentration of acetone and bu-
tanol, while having little effect on the ethanol concentration. Hence, manipulating r+

Ah and
µmax can be an effective strategy for increasing the production selectivity toward butanol.
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Figure A.10: Normalized dynamic sensitivity of butanol concentration to the most sensitive
reaction kinetics.

To further investigate the sensitivity of butanol production to the most sensitive reaction
kinetics identified from the above analysis, the dynamic sensitivity of butanol concentration
to K7, K9, V9, and µmax is evaluated (see Fig. A.10); the sensitivity with respect to r+

Ah is
shown in A.8. Butanol concentration shows evolving sensitivity to these kinetic parameters
over time. The magnitude of the sensitivity results is greater at steady state than that during
the initial phase of the ABE fermentation. Fig. A.10 indicates the benefit of systems analysis
of the metabolic pathway since the sensitivity of metabolite concentration to reaction kinetics
may change dramatically during fermentation.
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A.4 Conclusions

A kinetic model has been presented for the ABE fermentation in continuous Clostridium
acetobutylicum culture. The kinetic model includes the key intermediates and enzymes in
the metabolic pathway, and describes the effects of culture pH, product inhibition, and
glucose inhibition. The parameters of the kinetic model have been estimated in a weighted
least-squares sense using literature data. The simulation results indicate that the presented
kinetic model can adequately describe the trends of the ABE fermentation under various
culture conditions as established in previous experimental studies. An extensive (dynamic)
sensitivity analysis has been performed to elucidate the effect of metabolic reaction kinetics
and enzyme production rates on the ABE production. In addition, the influence of culture
pH and dilution rate on steady-state butanol productivity has been explored to determine the
culture conditions that yield enhanced butanol production in a continuous culture. Systems
analysis of the metabolic pathway sheds light onto identifying the key intermediates and
enzymes for metabolic engineering as well as optimal design and operation of continuous
ABE fermentation processes.
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A.5 Kinetic parameter values

Table 4. Kinetic parameters of the
reaction rates listed in Table 2.

Parameter Value
K1 18.7 mM
K2 11.8 mM
K3 10.0 mM
K4 3.08 mM
K5 1.00 mM
K6 0.00350 mM
K7 0.0655 mM
K9 1.15 ×104 mM
K12 1.40 ×10−4 mM
K14 1.00 ×10−6 mM
Ki 1340 mM
KX 0.177 mM
V1 1.61 h−1

V2 25.5 h−1

V3 100 h−1

V4 23.2 h−1

V5 1.00 h−1

V6 2.18 h−1

V7 8.80 h−1

V9 9.82 ×106 h−1

V12 475 h−1

V14 600 h−1

α8 4.53 ×103 mM−2 h−1

α10 0.0761 mM−2 h−1

α11 1.35 ×10−4 mM−2 h−1

α13 5.00 ×106 mM−2 h−1

α15 3.47 ×106 mM−2 h−1

µmax 0.126 h−1

rAd 5.47 ×10−3 mM h−1

rCf 3.24 ×10−4 mM h−1

rAh 0.289 mM h−1

r+
Ad 19.3 mM h−1

r+
Cf 5.78 ×10−4 mM h−1

r+
Ah 10.9 mM h−1
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A.6 Kinetic parameter estimation bounds

Table 5. The parameter bounds
considered in the parameter estima-
tion problem (5).

Parameter Bound
K1 [10−6, 102] mM
K6 [10−6, 102] mM
K7 [10−6, 102] mM
K9 [1, 2× 105] mM
Ki [10−2, 104] mM
V1 [10−2, 105] h−1

V9 [10−2, 105] h−1

α8 [10−2, 105] mM−2h−1

α10 [10−2, 105] mM−2h−1

µmax [0.05, 0.8] h−1

r+
Ah [10−2, 50] mM h−1
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Appendix B

Linearized ABE Fermentation System
Model

The system matrices are given by

A = 10−2 ×



51 5.3 0 29 0 0 −2.7 0 0 0 3.4 −10
−2.5 85 0 −43 0 0 3.4 0 0 0 −5.1 −0.014
37 1.8 93 12 0 0 −0.59 0 0 0 1.4 1.1
3.3 −4.5 0 18 0 0 −5.0 0 0 0 −8.8 −0.036
0 0 0 0 0 0 0 0 0 −0.030 0 0
0 0 0 0 0 0 0 0 0 0 0 0
−2.1 2.6 0 −35 0 0 85 0 0 0 −4.1 0.012
4.6 4.9 0 78 93 0 4.9 93 0 0.030 9.1 −0.027
2.1 −2.6 0 35 0 93 8.3 0 93 0 4.1 −0.012
0 0 0 0 0 0 0 0 0 93 0 0
0 0 0 0 0 0 0 0 0 0 93 0
0 0 0 0 0 0 0 0 0 0 0 93



,

B =

[
−1.7 −13 −7.8 0.94 −1.4e–4 0 −10 −45 −51 −1.4 −14 −37
57e–6 0 16e–6 2e–6 0 0 0 1.5e–6 0 0 0 0

]>
,

and

G =

0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0

> .
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