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Bootstrap Prediction Intervals for Time Series
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Li Pan
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Professor Dimitris Politis, Chair

We construct bootstrap prediction intervals for linear autoregressions, non-
linear autoregressions, nonparametric autoregressions and Markov processes. Several
forward and backward bootstrap methods using predictive residuals and fitted resid-
uals are introduced and applied to those time series. We describe exact algorithms
for these different models and show that the bootstrap intervals properly estimate the
distribution of the future values. In simulations using standard time series models, we
compare the prediction intervals of different methods with regards to coverage level

and length of interval.
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Chapter 1

Bootstrap Prediction Intervals for

Linear Autoregression

Stine(1987) used a bootstrap method to estimate the prediction mean squared
error of the estimated linear predictor of an AR(p) model with i.i.d. Gaussian errors.
Relaxing the assumption of Gaussian errors, Thombs and Schucany(1990) proposed a
first backward and then forward bootstrap method to find prediction intervals for lin-
ear autoregressions conditioned on the last p observations. This backward bootstrap
method was revisited by Breidt, Davis and Dunsmuir(1995) who gave the correct
algorithm of finding the backward errors. Masarotto(1990) first proposed a forward
bootstrap method based on the studentized predictive root to get the prediction inter-
vals for AR(p) models and Pascual et al. (2004) proposed another forward bootstrap
method and apply it to the prediction intervals for both autoregresson and ARMA
model.

In this chapter we first give our algorithms for constructing forward boot-
strap prediction intervals using fitted residuals and predictive residuals, and then
prove the consistency of the prediction root method for prediction intervals. We then
study the corresponding backward methods. We improve the Breidt, Davis and Dun-
smuir(1995)’s method by introducing the predictive residuals. In simulation, we will

see that the method with predictive residuals improves the coverage level significantly



comparing to the method with fitted residuals. This result is not unexpected since a
similar phenomenon occurs in linear regression, cf. Politis (2010,2013).

In the last section of this chapter, we will review other methods to con-
struct bootstrap prediction intervals, for example, the bootstrap prediction inter-
val based on generating the standardized bootstrap prediction error proposed by
Masarotto(1990) and Grigoletto(1998), the computationally faster method proposed
by Cao et al.(1997), the sieve bootstrap prediction interval proposed by Alonso, Pena
and Romo(2002), and the bootstrap prediction intervals for ARIMA model proposed

by Pascual, Romo and Ruiz(2004), and compare their approaches with ours.

1.1 Notation and Definition

Let Xi,---, X, be variables from the strictly stationary causal AR(p) model

defined by the following recursion

p
Xy = ¢o + Z O Xi—j+ €& (1.1)
j=1
where ¢(z) =1 — 12—+ — ¢p2P # 0 for |z| < 1 and {¢;} are i.i.d. random variables
with mean zero, variance 02 and distribution Fi. ¢ = (¢, ¢1, ¢, - , ¢p)" is the vector
of autoregressive parameters. Let V; = (X¢, X;1, -+ , Xyp1),t =p,p+1,--- ,nis
the vector of the last p observations up to X;. Let é = (6507 b, 7gzgp)’ be the vector

of estimators of the coefficients, and Xt be the fitted value of X;. X, is the h-step
ahead future value that we want to predict.
Politis(2010) gave the definition of 'predictive roots’ in regression. Following

is our definition for 'predictive roots’ in linear autoregression,

Definition 1.1.1.

(i) predictive root and studentized predictive root

The predictive root is the error in h-step ahead prediction, i.e.,

A

Xn+h - Xn-i—ha



where Xn+h is the predictor of X, based on the data Xi,---,X,. Since Xn+h s a
function of the data, let th =I(Xy, -+, X,). Let Vnz be an estimate of the error

variance in h-step ahead prediction, then the studentized predictive root is

Xn+h - Xn+h

i Y

Va
Also V, is a function of the data, let vV, = V(Xy, -, Xy).

(ii) bootstrap predictive root and studentized bootstrap predictive root
Consider a bootstrap pseudo series X, --- , X}, the bootstrap predictive root is defined
as:

:;-s-h - A:H-ha
and the studentized bootstrap predictive root is defined as:
nih — A2+h'
Vi
Here )A(;:Jrh =X}, -, X2) and V¥ = V(X7,---, X?) are functions of pseudo data,

where I1 and V' are the same functions as above.

Definition 1.1.2. Asymptotic validity and correctness
Let Ly, U, be functions of the data Xy,---,X,. The interval [L,,U,] will be called
a (1 — «)100% asymptotically valid prediction interval for X,in given X, i1 =

Tp—pt1,- - 7Xn = Tn Zf

P(L,<Xn<U,) —1—aasn—

for any {xn_pi1,- -, xn}-

The above probability P should be interpreted as conditional on X, ., given
Xnpt1l = Tpept1, "+, Xn = Tp. S0 the definition indicates conditional validity.

In addition, if the interval [L,,,U,] also captures the variability resulting from
estimation error, we call [L,,U,] a (1 — «)100% asymptotically valid and correct
prediction interval. If the variability from the estimation error is partially captured,

then the prediction interval can be called asymptotically valid and partially correct.



The salient point in all bootstrap algorithms is that we use the distribution
of the (studentized) bootstrap predictive root to estimate the distribution of the

(studentized) predictive root.

Remark 1.1.1. If one can show that

A

sup |P(Xpnqn — Xpan < a) — P¥( v — Xo o, < a)] = 0 in probability,

here the P* can be interpreted as the conditional probability given the observations

A

{x1,--- ,x,}. Then standard results imply that the quantiles of P*(X}, , — X%, , < a)
can be used to approximate the quantiles of P(X,p — Xn+h < a), thus leading to
asymptotically valid prediction intervals.

If one wants to approximate the distribution of the studentized predictive root

by its bootstrap analog, one should show

A

X — X on — X : "
sup |P(ZoHh__ 2 ) — pr(Enth_Dnth < )| - 0 in probability.
a Vi, vV
To ensure the correctness, we need to show that the distribution of the bootstrap

estimators is able to mimic the distribution of estimators of interest.

1.2 Forward Bootstrap Algorithm

The idea of forward bootstrap method is that given observations {xy,- -, z,},
we use a certain recursion to generate bootstrap series "forward" in time with initial
conditions (x1,--- ,x,).

The details for estimating the coefficients, generating the bootstrap pseudo-
data and constructing the prediction intervals using both the fitted and predictive

residuals are given in the following two sections.

1.2.1 Forward Bootstrap with Fitted Residuals

Given a sample {1, ,x,}, following are steps needed to construct the pre-

diction interval for future value X, .



Algorithm 1.2.1. Forward bootstrap with fitted residuals(Ff)

1. Use all observations xy,--- ,x, to obtain the least-squares estimators of the
autoregressive coefficients: é = (ggo,qgl, e ,qu)’ through the following linear
model

Ty, 1 z,.1 Tn—p oo €n
T I @pp -0 Tppoa| |1 €n—1

i I RS (1.2)
Lp+1 _1 Tp r1 | bp €p+1

2. Compute the fitted value and fitted residuals:

p
Ty =¢o+ > OjTi—j,

J=1

€& = Ty — Ty,
te(+1,--,n).

3. Center the fitted residuals: let 1y = é — ¢ fort = p+1,---,n, and é =

(n—p)~' X0, &; let the empirical distribution of vy be denoted by E,.

(a) Draw the bootstrap pseudo residuals €, t > 1 from E),

(b) Let ui = x1,--- ,uy =, then generate {uf,t > p+ 1} by the recursion:

p
ul‘:qboqLquju:_quef, fort=p+1,--- ;n+m.
j=1

To ensure stationarity of the pseudo data, we generate n+m pseudo-data

for some large positive m and then discard the first m data. So
Ty =Up ., fort=1,2--- n.

(c¢) Based on the pseudo-data {x7,--- ,x}}, re-estimate the coefficients ¢ by
least-squares estimator g = (éo*, ¢A1*, ‘e ,gbAp*)’ as in step 1. Then com-

pute the future bootstrap predicted values ;|- -+ , &}, by the recursion:

A Xk p A Xk
Ty = 0o —i—Zgbj foH_j fort=1,--- h.
j=1



Where &, ; = Tpi—j whent < j

(d) For AR(p) model, it is well known that the distribution of the future value
Xnan, conditional on all past observations, is the same as the distribution
of Xnin, given the last p observations. In order to get the conditional
distribution of future value X, 1 , we fix the last p observations to the true
observed values. i.e., T, .1 = Tn_py1, ", %, = Tn. Then we compute
the future bootstrap observations xy,  ,, Ty o, ,Th,, by the recursion:

A p A
x7*1+t = o + Z qux;kl-f—t—j + E:z+ta Jort=1,2,--- h
j=1

(e) Calculate a bootstrap root replicate as
Toin — Tnn

4. Steps (a)-(e) in the above are repeated B times, and the B bootstrap repli-
cates are collected in the form of an empirical distribution whose a-quantile is

denoted q(a).
5. Compute the predicted future values Tpiq -+ , Tnen by following recursion:
Fuse = o + icﬁj:?:n+t_j fort =1, h.
=
Note that when t < j, Tpi4—j = Tngi—j
6. Construct the (1 — a)100% equal-tailed predictive interval for X,y as

[Bnn + q(a/2), Tngn + (1 — a/2)]. (1.3)

1.2.2 Forward Bootstrap with Predictive Residuals

The fitted residuals ¢, = x; — £ can be viewed as an effort to the transform the
X-data towards "i.i.d.-ness". Motivated by Politis(2010), we consider another trans-
formation: predictive residuals €§t) = — :zf), where i‘gt) is computed from the delete-
x; data set, so the available data for the LS scatter plot of xj, vs. {zg_p, -, Zk-1}

excludes this pair ({@;_p, -+, x_1}, 2¢).



The forward bootstrap procedure with predictive residuals is similar with that

listed in section 1.2.1. The only difference is in step 2.
Algorithm 1.2.2. Forward bootstrap with predictive residuals(Fp)
17 same as step 1 in Algorithm 1.2.1.

27 Use the delete-xy data set to compute the least square estimator:

~ ()
7¢1 7"'7¢p )/

as in step 1. i.e., compute é(t) by changing regression model (1.2) as follows:

Delete the row of x; in left hand side of (1.2), delete the row (1,z4_1,- - , T4—p)
in the design matriz of right hand side of (1.2) and change theé to é(t) in

right hand side .

Then we calculate the delete-x; fitted values:
) O =
T :¢O +Z¢] xtfjat:p+1a"'7n
j=1

and the predictive residuals: €,§t) =1 — :?:,E”, t=p+1,---,n

3-6" Change the & into €§t); the rest is the same in Algorithm 1.2.1.

1.2.3 Forward Studentized Bootstrap with Fitted Residuals

In the previous two sections we have introduced the bootstrap methods using
prediction roots. We can use studentized prediction roots instead of prediction roots,
see Definition 1.1.1 and Remark 1.1.1. Inspired by Masarotto(1990), we propose
our studentized bootstrap methods with fitted residuals. The forward bootstrap
procedure with predictive residuals is similar with that listed in section 1.2.1. The

only differences is in step 3(e) and 6.

Algorithm 1.2.3. Forward Studentized bootstrap with fitted residuals(FSf)
Change the 3(e) and 6 of Algorithm 1.2.1 into the following steps:



3(e) Calculate a studentized bootstrap root replicate as

* sk
Tpth — Tnth

(S0 U312

where 1@*, j=0,1,--- are the coefficients of the power series @ZA)*(B) = gg**l(B)

and 6* is the standard error of residuals x; — 2}, t=p+1,--- ,n.

6 Construct the (1 — a)100% equal-tailed predictive interval for X,y as

h

[Bnin+ 0 0 P2V 2g(f2), Bnen + &(Z_O PV2(1—a/2). (1.4)

|
—

<
I

Where q(«) is the a-quantile of the empirical distribution of B collected stu-
dentized bootstrap roots, ¢ is the standard error of the fitted residuals €, for

=p+1,---,n and 2@-, 7 =20,1,--- are the coefficients of the power series
W(B) = ¢(B)

Remark 1.2.1. For all the algorithms introduced above, in step 3(c) and 3(d), we fix
the last p values in pseudo series as observed values in calculating the future bootstrap
predicted values and future bootstrap observations. If we calculate the future bootstrap
predicted values and observations without fizing the last p values of pseudo series in
Algorithm 1.2.3, then this algorithm is exactly the same as the method proposed by
Masarotto(1990).

1.2.4 Forward Studentized Bootstrap with Predictive Resid-

uals

Now let’s use predictive residuals instead of the fitted residuals, following is

the algorithm.

Algorithm 1.2.4. Forward Studentized bootstrap with predictive residuals(FSp)

1 Same as step 1 in Algorithm 1.2.1.



2 Same as step 2’ in Algorithm 1.2.2
3-6 Change the & into €§t); the rest is the same as Algorithm 1.2.3

Remark 1.2.2. The two methods(FSf and FSp) using studentized bootstrap root in-
troduced above require more calculation in finding the &, 6* and @j However, in
simulation we will see that the method with fitted residuals benefit a lot from studen-
tizing the bootstrap root.

In the simulation at the end of this section, we will see that advantage of using
the studentized root is that we do not need to use the predictive residuals and achieve

the same performance as our Fp and Bp methods.

Remark 1.2.3. Our Fp method improved the Ff method through predictive residu-
als since Ff method is characterized by under-coverage(see the Monte Carlo studies
in Section 1.7) and predictive residuals are inflated as compared to fitted residuals.
However, if we studentized the residuals, the inflated effect is offset by the simultane-
ously inflated bootstrap estimator 6*. In simulation, we will see that our Fp and FSf

methods have similar performances and FSp method is not necessary.

1.3 Asymptotic Properties

Theorem 1.3.1. Let {X;} be a stationary causal AR(p) process defined by (1.1)
with Ele] = 0, var(e) = 6> > 0 and E|e|* < co. Let {z1,-- ,z,} denote a realization
from {X;}. Then as n — oo, the conditional bootstrap distribution of \/ﬁ(é* — @
and the distribution of \/ﬁ@ — ¢) converge to the same limit in probability, and
[P (X

n+m

< 2) = P(Xpim < @) 5 0 for m > 0, where P* is the conditional

probability given the data.

Proof. Using the argument along the lines described in Freedman(1984), Theorem 4.1
together with formulas (4.14),(4.20) of Freedman(1984) ensure that the conditional
distribution of \/ﬁ(é* - é) and the distribution of \/ﬁ(é — ¢) converge to the same
limit. See also Kreiss(1997).



10

Note that the last p values X;_ .4, , X} are fixed to be the z,,_p11,-- -, @y

and
:L+1 = <1 Y,{) é"‘ E:;Jrl
Xnt1 = (1 Yé) @+ €ntr-
Freedman(1984) proved that E.— F. ie., ¢ e, Apply this result and Slutsky’s

Lemma, to prove by induction that X*, =~ and X, .,, have the same limit distribution

n+m

for any m > 0. O]

Lemma 1.3.2. ¢ — e\ = O,(%)

n

-1 Xn—l e Xn—p _ Xn

1 X, o -+ Xupo X
Proof. Let M = | .2 . _pl,V: .1;

1 X, - X Xpi1

M, be the matrix after deleting the row Z; = (1, X,_1,---,X,_,) in M, V; be the
vector after deleting X; in V. Then

6= MMMV

= [(M{M,) ' Z, Z{ + Ly ] (M{M,) " (M]V, + Z,.X,)
1. , PR 1
= [l (1 + Op(;))] HM{My) T MV (1 + Op(g))
~(t) 1
= Q + Op(ﬁ)

Here X; = 0,(1),i=1,2,--- ,n. Z;Z]is a (p+ 1) x (p+ 1) matrix whose entries are
of O,(1) while M{M; is a (p+ 1) x (p+ 1) matrix whose entries are the summation
of n bounded in probability terms, then Z,Z] = M{M, - O,(2). Similarly Z,X, =
MiVe - Op(;).

So&— el = 26" = ) = 0,3, =
Theorem 1.3.3. Let ﬁ’n be the empirical distribution of fitted residuals {&}, F.
be the distribution of errors e satisfying the assumptions of Theorem 1.3.1 and
sup, |F/(x)| < oc.

€

S‘ip ’ﬁn($) — F(z)| = OP<1/\/H)7
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Proof. Let F,, = %_p Z?:pﬂ l{e,<sy be the empirical distribution of the errors. Sim-
ilarly, F, = n%pZ?:pH l{e,<qy. Boldin(1982) proved sup, V| Fy(z) — Fy(z)] — 0
in probability. By the central limit theorem of empirical distribution, we have
F.(z) = F.(x) + O,(1/+/n) for any .

O

Lemma 1.3.4. Let F, be the empirical distribution of predictive residuals. Under

the same assumptions of Theorem 1.3.3
do(F,, F) = 0,(1/n).
dy s the Mallows distance.

Proof. Let € is sampled from Fn, ¢ is sampled from F,, and €;, € have the same
distribution as é; and 69), where J taking values uniformly from (p+1,--- ,n). Apply

Lemma 1.3.2, we have

J
1 noo
= 3 (@ —a))V=0,01/n),
n pt:p—I—l

Note that

X=X = (1 Vi) =8+ e

Xogh = Xngn = (1 Yn+h—1/) (¢ — @ + €ntn

Let Zu, = (1 Yn+h_1’) (¢ — ¢) and Z%, = (1 Y;‘+h_1’) (" — ). Let F. be the
distribution function of ¢ and FE be the distribution of €. Assume F. and 131
are twice continuously differentiable,(if empirical distribution is used, it need to be
smoothed first) and F| = f., F/ = f.. Let F be the distribution of fitted resid-
uals, then the empirical distribution of the fitted residuals £, = F 4 O,(1/y/n)
by the property of empirical distribution and the smoothed estimator of the dis-
tribution of fitted residuals . = F + O,(1/y/n), cf. Berg and Politis(2009) and
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Elharfaoui and Harel(2008). So The difference between F, and F, is of Op(1/y/n).
Together with |F,(a) — F.(a)| = O,(1//n) as showed in Theorem 1.3.3, we have

|Fe - ﬁel = Op(l/\/ﬁ)'
P(Xpin = Xnpn < Y = yn)

= /_O; P(enin < a+2)dFy,, (2) (1.5)
Ji@)
2

=F(a) + f(@) E(Zun|Yn = yn) + E[ZrthD/n = Y| + O(E[Zzhlyn = UYn))-

Here F , (2) is the conditional distribution function of Z,, given Y,, = y,.

In the bootstrap world, we have

P*<Xrt+h - X*+h < alY) = y,)

n

“F(0) + F0) B (ZlYE = ) + f“>Eﬂwa>u“—yA (1.6)

+ OP(E*[<Z:Lh)2|Yn = yn])

Where E* is the conditional expectation given the original observations and P* is the
conditional probability given the observations.

Theorem 1.3.3 guarantees the asymptotic validity of interval (1.3). But it is
more than validity. By Theorem 1.3.1, \/ﬁ@* — é) and \/ﬁ(é — ¢) have the same
limit. This limit is a normal distribution with mean 0 and some finite variance. cf.
Kreiss(1997 Property 4.2).

Then we have E(/nZun|Yn = yn) = o(1), E*(\/nZ5|Y,F = y,) = 0,(1) and

E(nZy, Y = yn) = O(1), E*[n(Z3,)*|Y,) = ya] = Op(1), but E(nZz, Y = yn) —
B (Z) 1Y = v] = 0p(1).

Since E(Zun|Yn = yn) — EX(Z2,|YF = yn) = 0,(1/4/n) and E(Z2,|Y,, = yn) —
EX(Z: )Y = yn] = 0,(1/n), (1.5) and (1.6) will match up to the first three terms
if F. = F,, which leads to asymptotic validity and correctness.

We will discuss the sieve bootstrap and the bootstrap method introduced by
Pascual, Romo and Ruiz(2004) later in Chapter 1.8.4 and show that even if £, = F,,
the discrepancy of third term of the distribution functions is O,(1/n) instead of

0p(1/n). Thus, our method has higher order accuracy.
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Lemma 1.3.2 and 1.3.4 ensure the same conclusion for the method with pre-

dictive residuals.

1.4 Backward Bootstrap and Asymptotic Proper-
ties

The difference of the backward bootstrap and forward bootstrap is in gen-
erating the bootstrap-pseudo data. The idea of starting from the last p obser-
vations that are given and using the backward errors to generate the bootstrap-
pseudo data {X; . ---, X{} backward in time using the backward representation

&(B )X, = ¢+ ¢((;(B];)l )¢, was first proposed by Thombs and Schucany(1990) and im-

proved by Breidt, Davis and Dunsmuir(1995). Here, B is the backward shift operator:
BkXt - Xt—k-
Let {w;} be the backward noises defined by

Wy = ¢(B_1)€t.
¢(B)
Thombs and Shucany(1990) generated the fitted backward residuals w; as 0, =

(1.7)

Ty —gfgo _q/glxt_i_l — -—ggprp, fort =1,2,--- ,n—p. Then they fixed the last p values
and generated the pseudo series backwards through the following backwards recursion,
;= <z§0+<;31:1:;‘+1+- . ‘+<;3pxj+p+w;*, fort =n—p,n—p—1,--- ,1. Where w, is generated
from Fw, the empirical distribution of w;s. However, as mentioned in Breidt, Davis
and Dunsmuir(1995), although the backward errors w;s are uncorrelated, they are
dependent. So we cannot resample {w;} directly from F,,. However, the forward
noise {¢;} are independent and we can generate ¢ directly from E.. After getting the

€fs, we are able to generate the backward noise {w;} via the following recursion,

wy = (ZB(AB_l)e;“.
¢(B)

Our algorithm for backward bootstrap with fitted residuals is exactly the same
as Breidt, Davis and Dunsmuir(1995). But we also propose the backward bootstrap

with predictive residuals which works much better as shown in the simulation section.
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1.4.1 Algorithm for Backward Bootstrap with Fitted Resid-
uals
Algorithm 1.4.1. Backward bootstrap with fitted residuals(Bf)

1-2. same as the steps in Algorithm 1.2.1.

3. Center the fitted residuals: let r, = é — € fort = p+1,---.,n, and é =
(n—p)~! Z;‘H €, the empirical distribution of r; is denoted by Fn

(a) Choose a large positive integer M and create the independent bootstrap

pseudo-noise €y -+ € € g, from E, , and then generate the boot-
strap backward noises {w;,t = —M,--- n} recursively as follows,
0, t<—M
wy =
R N I P I
(b) Fiz the last p values,i.e., T;, = Tp, -+ , 25,1 =, Tn_pr1, and then gener-

ate a bootstrap realization { X[} by the backward recursion:

§ G0+ Qri g+ Qpri, Fwp t=n—pn-—p—1---,1
xf =

Ty t=nn—1,--- ,n—p—+1.

(c) Based on the pseudo-data {x7,--- )}, re-estimate the coefficients ¢ by

least-squares estimators é* = (gbAO*, qgl*, e ,gbAp*)' as in step 1. Then com-

pute the future bootstrap predicted values xy  y,--- , ), via:

Ak p Ak
=00 + 0; &5 fort=1,--- h
j=1

Where &, ;= ; whent < j
(d) Compute the future bootstrap observations x|, &y o, -+ , %5, through

the last p observations by the forward recursion:

p
x:H-t = ¢p + Z¢sz+t—j + GZ—H: fort=1,2,--- h
j=1
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(e) Calculate a bootstrap root replicate as
Ty = Tnin

4. Steps (a)-(e) in the above are repeated B times, and the B bootstrap repli-

cates are collected in the form of an empirical distribution whose a-quantile is

denoted q(a).

5. Compute the predicted future values T,11--- , Tnin by following recursion:
A p A
Tpye = Qo + qujj:n-i-t—j Jort=1,--- h.
j=1
Note that when t < j, Tpit—j = Tngi—j

6. Construct the (1 — «a)100% equal-tailed predictive interval for X,y as

[Tnin +a(a/2), Zpon +q(1 — a/2)]. (1.8)

1.4.2 Algorithm for Backward Bootstrap with Predictive

Residuals

Algorithm 1.4.2. Backward bootstrap with predictive residuals(Bp)
1-2. Same as steps 1-2 in Algorithm 1.2.2

3-6. Change the € into €§t), the predictive residual defined in Algorithm 1.2.2 step
2’ the rest is the same in Algorithm 1.4.1.

1.4.3 Algorithm for Backward Studentized Bootstrap with
fitted Residuals
Algorithm 1.4.3. Backward bootstrap with predictive residuals(BSf)

This algorithm is the same as Algorithm 1.4.1 except steps 3(e) and 6. These 2 steps
are the same as steps 3(e) and 6 in Algorithm 1.2.5.
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1.4.4 Algorithm for Backward Studentized Bootstrap with

Predictive Residuals

Algorithm 1.4.4. Backward bootstrap with predictive residuals(BSp)
Change the é; into €§t), the predictive residual defined in Algorithm 1.2.2 step 2°, the

rest is the same in Algorithm 1.4.3.

Remark 1.4.1. Both Masarotto(1990) and Pascual et al.(2004) only worked on for-
ward bootstrap methods. Masarotto(1990) did not fix the last p values as mentioned
in Remark 1.2.1 and Pascual et al.(2004) did not use the distribution of the bootstrap
predictive root to approximate the distribution of the predictive root, we will discussed

it in detail later in Section 1.8.

Remark 1.4.2. Same as the forward methods, we will see in the simulation that the
Bp and BSf improve a lot compared to Bf, and technique of predictive residuals is not

necessary for studentized method(BSp).

Remark 1.4.3. The least-squares estimator é s asymptotically causal but not gquar-
anteed to be causal in finite samples while the Yule- Walker estimator is always causal.
However Yule-Walker will not work with our predictive residuals as you need to delete
the present x; and its future value. So if the LS estimatoré is not causal, then we
can use Yule-Walker estimator and do the algorithm with fitted residuals only. If é is
causal, we can use both fitted and predictive residuals but discard the bootstrap pseudo
series that lead to a non-causal é* In practice, for the forward bootstrap method,
even though we get the non-causal estimates which cause the pseudo series to explode,
since we fix the last p values to be the true observed values, if h is not large, the é* i
also close toé and the distribution of the bootstrap predictive root is still close to the
predictive root. But for the backward bootstrap, the backward errors {w;} computed
via (1.7) are going to explode when n is large, which leads to erratic behavior of é*

and incredibly large interval lengths.
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1.5 Joint Prediction intervals

If observe time series { X7, -+, X, }, we wish to find the joint prediction inter-
val for { X, 41, -, Xpen}-It is very hard to find this joint prediction interval if we do
not use the bootstrap method. Let us look at the predictive root in the form of an

expression only depending on past data and future errors as follows:

h—1
Xosn = 9Yni0) + D vjenin- (1.9)
=0
Xown = 9(Yni 9) (1.10)
h—1
Xp+h — Xptn = (g(Yn;@ — Q(Yn;@) + > Vientinj (1.11)
=0

g(+) is a linear function of Y;, and the coefficients only depend on ¢ where Y, =
(X, -, Xpupy1) and {1;} are the coefficients of the power series ®~'(B). If we
do not use the bootstrap method, we need to find the distribution of (1.11). The
first difficulty is in capturing the distribution of the first term g(Y,; ¢) — g(Yy; @ in
(1.11). This term is quite small compared to the second term Z?:_l Y€n4h—j, how-
ever, even if we ignore the first term, the second difficulty is that the second terms of
{Xnt1,-++, Xoyn} are dependent! If we assume the {¢} are i.i.d. normal distributed
errors, given Y, =y, {X,41,- -+, Xpyn} has multivariate normal distribution. Then
we can estimate the covariance matrix and find the inverse of the estimated covariance
matrix and form the joint prediction interval. However, this method ignores the vari-
ability from estimating ¢ by é and the assumption of normal errors is often violated
in practice. Moreover, the estimated covariance matrix is not always invertible.

We can construct not only an prediction interval for any future value but
also the joint prediction interval for {X,, .1, -+, X,,.5} because bootstrap can equally
mimic the univariate distribution or multivariate distribution. In our case, we use
the bootstrap to mimic the distribution of predictive roots or studentized predictive
roots.

To construct the joint prediction interval using bootstrap predictive root, we

can collect B bootstrap replicates of the t-step ahead bootstrap predictive roots
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Xy — X;: 4 in the form of empirical distribution whose a-quantile is denoted as
qi(«) for each t € {1,--- ,h}. A possible way to construct the joint prediction inter-

val is as follows through Bonferroni correction
[Kote + a(a/2h), Xy + q(1 — /2h)] for t =1,--- , b,

However, as mentioned above, the ¢t-step (t = 1,--- , h) ahead prediction intervals are
dependent. We can not simply apply the Bonferroni correction to our case.

To find the joint 1 — « prediction intervals, we can look at the distribution
of all the Bh predictive roots we collected(h roots from each bootstrap path and in
total B paths). However, the variance of the predictive roots X, — Xn—i—h increase
with h. which may lead to unbalanced joint interval. This issue will be automatically
taken care of if we use the bootstrap method to mimic the distribution of studentized
predictive roots instead of predictive roots. We collect h studentized bootstrap root
replicates for each bootstrap step, repeat the bootstrap step B times and in total
we have Bh studentized bootstrap root replicates. Let g(«) be the a-quantile of the
empirical distribution of those Bh bootstrap replicates. Then the joint prediction

interval is

”*H_UZ )'2q(a/2), n+t+0'z W2q(1—a/2)] fort=1,--- ,h

Jj=0 J=0

1.6 (eneralized Bootstrap prediction Intervals

Chatterjee and Bose(2005) introduced the generalized bootstrap method for
estimators obtained by solving estimating equations. The least-squares estimators
of the coefficients we use in this chapter is a special case. With a bootstrapped
weight (wp1, -+ ,Wyy,) in the estimating equations, we have the generalized boot-
strapped estimators by solving the bootstrapped estimating equations. If we sample
(Wn1,+* , Wpy) from Multinomial(n, 1/n, -+ ,1/n), we get the paired paired bootstrap
estimator of the coefficients.

Inspired by the idea of generalized bootstrap, we apply this bootstrap method
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into constructing bootstrap prediction interval and form a new bootstrap approach for

bootstrap prediction intervals. The generalized bootstrap method is computationally

fast because we do not need to generate the pseudo series, instead we sample the

weight (w1, -, Wyy,) from some distribution. Following is the bootstrap algorithm

for generalized bootstrap with fitted residuals.

Algorithm 1.6.1. Generalized bootstrap with fitted residuals(Gf)

1-2 Same as the steps in algorithm 1.2.1

3

(a)

(b)

Calculated the bootstrapped estimator of the coefficients

¢ = (X'WX)'X'WY,

1 Tp—-1 - Ln—p L,
1 Tp—o -+ Tpp Tn-1 . .
where X = , Y = and W is a diago-
oz Ty | Tpt1
nal matriz whose diagonal elements (w1, -+, w,—p) are sampled from a

multinomial distribution(n —p,1/(n —p),---,1/(n —p)).

Compute the future bootstrap predicted values )A(;H, e ,)A(,*LHL by the re-

CUTsion:
A Ak P A K A
Xo = o +Z¢j X;;-i-t—j fort=1,--- h.
j=1
and the future bootstrap observations X, X 5, , X}, by the recur-
sion:

P
Xo=do+> 60X j+e€ny, fort=1,2--- h

j=1
Where X3, ;= Xpii ) = Tnp—j whent < j and €,,, is sampled from

the centered fitted residuals. And then calculate the bootstrap predictive

root replicate as X, — X}

4-6 Same as the steps from algorithm 1.2.1
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Algorithm 1.6.2. Generalized bootstrap with predictive residuals(Gp)
Change the step 2 of algorithm 1.6.1 into the step 2 of algorithm 1.2.2 and use the
predictive residuals instead of the fitted residuals in step 3[b] of the algorithm 1.6.1,

we have the algorithm for generalized bootstrap with predictive residuals.

The consistency of the conditional distribution of é* — é and the distribution

of é — ¢ is given in Chatterjee and Bose(2005).

Remark 1.6.1. Chatterjee and Bose(2005) shows that the resampling conditional
variance of \/ﬁogl@* — @ is consistent for the asymptotic variance of \/ﬁ(é - 9).

2

Note that there’s a o' in the first expression, where o2

s the variance of w;.If we
sample the weight (wy, -+ ,wy,) from a multinomial distribution and the variance is

1—1/(n—p), the difference between the conditional variance of (é* —@ and ng(é*—@

1
n

is of order O(=3),which is negligible.

1.7 Monte Carlo Studies

In this section, we evaluate the performance of all the 10 methods above,
i.e., four forward methods with fitted or predictive residuals using nonstudentized or
studentized predictive root(FfFp,F'Sf and FSp), four corresponding backward meth-
ods(Bf,Bp,BSf and BSp) and two generalized bootstrap methods in the case of AR(1)
model: Xy = 91X} + ¢ with

(1) ¢ = 0.9 or 0.5

(2) errors ¢ iid. from N(0,1) or two-sided exponential(Laplace) distribution

rescaled to unit variance.

(3) 500 data sets each of size n = 50 or 100, and for each data set we create

B = 1000 bootstrap pseudo series.

(4) prediction interval with nominal coverage levels of 95% and 90%.
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For each type of intervals, we assess the corresponding empirical coverage level
(CVR) and average length (LEN). For each type of bootstrap method, we generate
500 data sets each with size n = 50 or 100. And for each data set, we use the bootstrap
method to create B = 1000 bootstrap sample paths(step 4) and 1000 one-step ahead
future values(Y,4+1;,7 = 1,2,---,1000). We construct the prediction interval(step 6)
(L;,Uj), i =1,2,--- 500, and the coverage level and length as

1 1000
CVRZ = T 1[L1‘,U7;} (YTH’L')’
1000 = !
LEN; =U; — L;.

Note that for ith data set of size n, i = 1,2,--- 500, we have the prediction
interval (L;,U;) of X, 11 given X,, = z,;, where x,, is the last observation from the
ith data set. The values of these x,;s are different and are determined by the data
sets.

Then the coverage level and length for each bootstrap method can be calcu-
lated by the average {CV R;} and {LEN,}, i.e.

1 5%
CVR= =00 ; CVR;,

500
LEN = — Y LEN;.
500 ;



Table 1.1: Simulation Results of AR(1) with normal innovations and ¢; = 0.5

normal ¢; = 0.5 | nominal coverage 95% nominal coverage 90%
n =50 CVR LEN  st.err CVR LEN  st.err
Ff 0.930 3.848 0.490 0.881 3.267 0.386
Fp 0.940 4.011  0.506 0.895 3.405 0.406
Bf 0.929 3.834 0.500 0.880 3.261 0.393
Bp 0.941 4.017 0.521 0.896 3.410 0.410
FSf 0.942 4.036  0.501 0.894 3.391 0.395
FSp 0.941 4.028 0.493 0.894 3.393 0.399
BSt 0.941 4.016 0.514 0.894 3.388 0.402
BSp 0.942 4.033  0.500 0.896 3.402 0.398
Gf 0.930 3.847 0.483 0.881 3.264 0.389
Gp 0.940 4.007  0.502 0.895 3.402 0.399
n = 100
Ff 0.940 3.895 0.357 0.892 3.294 0.283
Fp 0.945 3.968 0.377 0.899 3.355 0.281
Bf 0.940 3.895 0.371 0.892 3.286 0.275
Bp 0.945 3971 0.375 0.899 3.360  0.289
FSt 0.946 3.981 0.358 0.899 3.355  0.282
FSp 0.945 3.977  0.370 0.899 3.350 0.277
BSf 0.945 3978 0.366 0.898 3.349  0.275
BSp 0.946 3.978  0.366 0.898 3.352  0.283
Gf 0.940 3.891 0.359 0.891 3.289 0.275
Gp 0.944 3.969  0.383 0.897 3.350 0.284




Table 1.2: Simulation Results of AR(1) with normal innovations and ¢; = 0.9

normal ¢; = 0.9 | nominal coverage 95% nominal coverage 90%
n =50 CVR LEN  st.err CVR LEN  st.err
Ff 0.933 3.906 0.489 0.884 3.306 0.395
Fp 0.943 4.063 0.513 0.898 3.443 0411
Bf 0.927 3.824 0.485 0.878 3.255  0.388
Bp 0.939 4.007 0.516 0.893 3.402 0.408
FSf 0.945 4.107 0.515 0.898 3.450 0411
FSp 0.945 4.099 0.506 0.899 3.444  0.408
BSt 0.939 4.018 0.502 0.892 3.397 0.403
BSp 0.940 4.032 0.501 0.894 3.406 0.399
Gf 0.928 3.838 0.490 0.878 3.261 0.394
Gp 0.938 3.999  0.505 0.892 3.393  0.406
n = 100
Ff 0.941 3915 0.355 0.893 3.306 0.282
Fp 0.945 3.989 0.371 0.899 3.368 0.282
Bf 0.939 3.892 0.363 0.891 3.284 0.273
Bp 0.945 3976 0.372 0.898 3.356  0.287
FSt 0.946 4.005 0.355 0.900 3.373  0.286
FSp 0.946 3.997  0.365 0.899 3.369 0.279
BSf 0.945 3.981 0.362 0.898 3.352 0.274
BSp 0.945 3.982 0.355 0.898 3.355 0.282
Gt 0.939 3.890 0.355 0.890 3.286  0.275
Gp 0.944 3.967 0.381 0.897 3.353  0.285




Table 1.3: Simulation Results of AR(1) with Laplace innovations and ¢; = 0.5

Laplace ¢; = 0.5 | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN  st.err
Ff 0.930 4.175 0.804 0.881 3.270  0.570
Fp 0.937 4.376  0.828 0.892 3.420 0.597
Bf 0.929 4.176 0.815 0.881 3.267 0.571
Bp 0.937 4.376  0.882 0.892 3.415 0.600
FSt 0.940 4.176  0.873 0.894 3.438 0.578
FSp 0.941 4.376 0.851 0.894 3.452 0.583
BSf 0.939 4.457  0.862 0.893 3.436  0.587
BSp 0.941 4.462 0.875 0.895 3.443 0.583
Gf 0.930 4.177 0.774 0.881 3.274  0.577
Gp 0.937 4.367 0.864 0.892 3.420 0.611
n = 100
Ff 0.939 4.208 0.612 0.891 3.274 0.431
Fp 0.943 4.302 0.638 0.897 3.344 0.439
Bf 0.940 4.220 0.616 0.892 3.274 0.429
Bp 0.943 4.290 0.618 0.896 3.340 0.431
FSt 0.945 4.343 0.622 0.898 3.363 0.431
FSp 0.945 4.349 0.629 0.898 3.362  0.429
BSf 0.945 4.338 0.318 0.898 3.362 0.435
BSp 0.945 4.340 0.615 0.898 3.357 0.424
Gf 0.940 4.238  0.627 0.892 3.285 0.424
Gp 0.943 4.305 0.638 0.897 3.355 0.439
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Table 1.4: Simulation Results of AR(1) with Laplace innovations and ¢; = 0.9

Laplace ¢; = 0.9 | nominal coverage 95% nominal coverage 90%
n =50 CVR LEN  st.err CVR LEN  st.err
Ff 0.930 4.236  0.826 0.886 3.317 0.574
Fp 0.937 4.417 0.833 0.896 3.462 0.597
Bf 0.929 4.179 0.894 0.881 3.280 0.645
Bp 0.937 4.380 0.977 0.892 3.426 0.681
FSt 0.943 4.520 0.885 0.898 3.502  0.595
FSp 0.943 4.510 0.866 0.899 3.510 0.601
BSt 0.939 4.451 0.963 0.894 3.458 0.671
BSp 0.940 4.481 0.987 0.896 3.470  0.685
Gf 0.929 4.159 0.780 0.880 3.260 0.576
Gp 0.936 4.343 0.864 0.891 3.411 0.597
n = 100
Ff 0.940 4.229 0.620 0.892 3.286 0.429
Fp 0.944 4.321 0.636 0.897 3.358  0.428
Bf 0.940 4.225 0.618 0.891 3.270 0.423
Bp 0.943 4.302 0.626 0.896 3.336  0.427
FSt 0.946 4.367 0.620 0.899 3.382 0.428
FSp 0.946 4.365 0.627 0.899 3.380 0.423
BSf 0.945 4.356 0.624 0.898 3.365 0.431
BSp 0.945 4.353 0.617 0.898 3.356 0.416
Gf 0.940 4.233 0.620 0.892 3.285 0.418
Gp 0.943 4.316 0.641 0.896 3.348 0.436

The two tables above summarize the average coverage level and the average
length of the prediction intervals for normal and Laplace errors. The st.err in the
table is the standard error associated with each average length. We can see some

important features through the two tables above:

e When the error is i.i.d form N(0,1) or Laplace distribution re-scaled to unit
variance, for all methods mentioned above, the coverage levels and intervals

are quite reliable.

e The coverage of the Gf intervals resemble that of Ff and Bf intervals. Similarly,

the coverage of Gp intervals resemble that of Fp and Bp intervals.

e All the prediction intervals are characterized by under- coverage. However Fp,
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Bp and Gp methods using predictive residuals outperform Ff, Bf and Gf using
fitted residuals since they have better coverage in all cases of ¢ for both normal

and Laplace errors.

e The predictive residuals are inflated as compared to the fitted residuals. i.e.
the empirical distribution of the predictive residuals is very much like a re-

scaled version of the empirical distribution of fitted residuals.

e The price to pay for using predictive residuals is the increased variability of
the interval length. However this is a finite sample effect since asymptotically,
the omission of a finite number of points from the scatter plot makes no differ-
ence. The use of predictive residuals appears to partially correct the problem
of under-coverage of bootstrap predictive intervals as it is the case in linear

regression; see Politis(2010,2013).
e The four studentized methods have similar performance of Fp and Bp methods.

e Using predictive residuals is not necessary for studentized method as discussed

in Remark 1.2.3.

To see the convergence properties Ff, Fp,Bf, Bp methods, consider one data set
of sample size n = 100 with normal errors, and generate 1000 bootstrap sample paths
to construct the prediction interval. The following figure is the distribution of the
bootstrap roots and the true root. Note that the true root, X, 1 — X’nﬂ = €n11 N
€nt+1, can be approximated by the true error which has N(0,1) distribution. Figure

1.1 contains the densities of the bootstrap and the true predictive roots
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Figure 1.1: densities of bootstrap predictive roots vs. true predictive root

The black curve is the probability density of N(0,1) distribution. The yellow

A

curve is the density of the predictive root: X, 11 — X,+1, where X,,,; is generated by
Xni1 = 0Xn + €ns1, ¢ = 0.9 and €, is generated from N(0,1), XnH = éXn. The
red curve is the density of Ff bootstrap predictive root, the blue curve is Fp predictive
bootstrap root, the green curve is Bf bootstrap predictive root, the purple curve is
Bp bootstrap predictive root. From the figure, we see that the densities of all the

bootstrap roots are very close to the N(0,1) distribution.
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1.8 Alternative Approaches to Bootstrap Predic-

tion Intervals for Linear Autoregression Model

1.8.1 Bootstrap Prediction Intervals Based on Studentized
Predictive Root

Box and Jenkins(1976) proposed a widely used prediction interval for an AR(p)

model as

Erin + 2020 (3 O)Y2, B, + 21020 Z b2, (1.12)

where 1/;]-, j =0,1,--- are the coefficients of the power series w(B) = gg_l(B), 2q 1S
the ath quantile of a standard normal variate. & is an estimate of o, the standard
deviation of the innovations {¢;}. This prediction interval only takes into account the
variability from the errors but does not account for the variability from the estimation
of the model, i.e parameter estimates. Moreover, to use this prediction interval, we
need to assume the errors are Gaussian. Although this interval is asymptotically
valid, it is not correct and is expect ed to be characterized by under-coverage in finite
samples.

To relax the Gaussian assumption and consider the variability from both the
errors and the model estimation, Masarotto(1990) proposed a bootstrap method to
construct the prediction interval as follows:

for each pseudo series x7, - ,xy, -+, z; .}, we can generate the studentized bootstrap

Y n?
predictive root

5 ( h& *2)1/2

where ¢* and 1&3"2 are obtained from the pseudo series in the same way & and zﬁj
obtained from true series. Suppose we generate B values of r*, and order them as
(ry,---,ry%), then k = | Ba|. Then the (1 — «a)100% prediction interval is

h—1

[T + 10 Z jn+h + T*B—lﬁ(z &?)1/2]
=0 =0
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In his paper, he also mentioned the procedure to estimate the order p by p if p
is unknown. This idea is also used in Sieve bootstrap when we want to approximate
an invertible ARMA model by an AR(p) model for some finite order p, cf. Alonso,
Pena, Romo(2002).

One difference of this approach to the prediction intervals from our approach
is that we fix the last p pseudo values to obtain the bootstrap predicted value 2,
in Algorithm 1.2.1 step 3(c) and bootstrap future value z;_, in Algorithm 1.2.1 step
3(d). So our bootstrap predictive root is conditioned on the last p observations. But
Masarotto’s method generate the bootstrap fitted value and bootstrap future value

without fixing the last p pseudo values to be the true observations.

1.8.2 Grigoletto’s Method

A computationally more efficient method based on Masarotto’s method is pro-
posed by Grigoletto(1998). Taking advantage of the independence of the future errors
and the data containing all past and current information, Grigoletto(1998) generated
B? standardized bootstrap prediction root out of B pseudo series. Take one-step

ahead studentized bootstrap predictive root for example:

* %
* ‘/L‘n—i—l - xn+1

/r = *
g
€y + (1 Y,;) b6—0)
_ -
a+b

C

In the real world, the term a is €,,; which is independent of b and ¢ which are

(1 Yé) (¢ — @ and 6. We repeat the bootstrap procedure to generate B pseudo

standardized bootstrap root () ... r*(B) and 70 = m Then we can obtain
B? standardized bootstrap roots as
a; + b; . .
Tij = + ! fori=1,---,B,j=1,---,B.
€

We can also apply Grigoletto’s idea into our procedure and generate many
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more (B?) bootstrap roots using the fact that term a and b are independent. This

approach allows us to get the predictive interval much faster.

1.8.3 A computationally faster method

Another approach to save computer time in constructing the prediction interval
is proposed by Cao et al.(1997). Conditional on the last p observations, they only
generate the future bootstrap observations instead of generating the whole pseudo
series up to x;,_,,. i.e. they define 2 = z,, for s =n—p+1,--- ,n, and then compute

the future observations by the following recursion:
TE= o+ qixi + G b, t=n4 1, n+h (1.14)

€: are drawn from E., the estimate of F.. Finally, they estimate the distribution of
Xp+n by the empirical distribution of X7, ,. So the prediction interval is constructed

[Q(a/2),Q(1 — o/2)],

Q(a) is the a-quantile of the empirical distribution of X ;.

The prediction interval they constructed is computed much faster. However,
this prediction interval does not take the variability from é = ((230, e ,gzgp) into con-
sideration and introduce more bias. To see these disadvantages, let us take h = 1 for

example. We estimate the distribution of future value
Xny1 = <1 Yn’> @+ €1
by the distribution of the bootstrap future value
;+1 = (1 Yé) é*‘ €;+1'

Given a data set {x1, -+, z,}, é is a constant vector. Using this prediction interval,
there will be a discrepancy of O,(1/4/n) from estimating ¢ by é, and the variability

of é is not captured. In our approach, we split X, .1 as X,,11 — Xn-i—l + )A(,Hl, and
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A

then estimate the distribution of the predictive root X, 1 — X, 11 by the distribution

of the bootstrap predictive root X, — X . Note that

A

Xpy1 — Xpp1 = (1 YA) (¢ — @ + €nt1,

- Xia= (1 ) @-d)+an
And the variability from ¢ — é is captured by é — é* by the asymptotic property
stated in Theorem 1.3.1 part(a).

1.8.4 Sieve/PRR Bootstrap

Alonso, Penia, Romo(2002) use the autoregression sieve bootstrap in order to
approximate the distribution of X, by the distribution of X ,. But the way they
generate the future bootstrap value is different from all other methods mentioned

previously. They generate the future pseudo value through this recursion:
B = Gy B 4 Gt (1.15)

Same as before, we let ¥ = x4, for s = n —p+1,--- ,;n. The difference of the
recursion (1.14) and (1.15) is that the sieve bootstrap method generates the future
pseudo values using é* instead of é So the sieve bootstrap prediction interval does
consider the variability from the model estimation.

The bootstrap method proposed by Pascual, Romo and Ruiz(2004) is same
as the sieve bootstrap in autoregression case when the order p is known. From now
on, let us call their bootstrap method as PRR method. The Sieve/PRR bootstrap
method is a forward method using the fitted residuals, the differences between our
forward fitted(Ff) approach and the sieve bootstrap/ PRR method for AR(p) model

is as follows,

e Sieve/PRR bootstrap methods construct the prediction interval by using the
bootstrap distribution of X, to estimate the distribution of the future value
X,1+n while we construct the prediction interval using the distribution of boot-

strap predictive root to estimate the true predictive root.



32

e In the recursion to get X}, Sieve/PRR bootstrap methods use é* instead of

0.

So for Sieve/PRR bootstrap, the difference of the limit conditional distribution
of X, and the distribution of X, is due to two parts, one is the difference in
distribution between the bootstrap future errors € and true error ¢, the second part
is the discrepancy between é* to ¢, which is of O,(1//n). In our approach, the
difference between the conditional distribution of X, and the distribution of X,
is the difference between the bootstrap predictive root and the true predictive root,
which also can be split into two parts. The first part is the same as that of Sieve/PRR

bootstrap, but the second part comes from the difference between the distribution of

¢ — & and the distribution of ¢ — é, which agree up to order of O,(1/y/n). So our

approach is more accurate and can be called asymptotically correct,the Sieve/PRR

bootstrap are asymptotically valid but only partially correct.
We take h = 1, then X | = (1 Yn/,) é*qLe;:H while X,,1; = <1 Yn’> O+€nyr.
We use the same technique as in (1.5) and (1.6), let Z, = (1 Yn’>gz5 and 7! =

(1 Yn/> é*, even if Fe = Fe; we have

P(Xn—l—l S C]5|Y;L - yn)

(1.16)
=F.(a) + [() E(Zu|Yo = ya) + fUQ)E(Z2Y, = ya) + o( E(Z}|Y, = )
and
PH(Xy0 < oYy = yn)

=Fi(a) + f@) EX(Z3]Y;y = ya) + FAQ)EX(Z2Y = y) + o EX(Z1Y, = wn))
(1.17)

The difference of the third term of (1.16) and (1.17) is O,(1/n), which is bigger than
0p(1/n), the different of the third term of (1.5) and (1.6). So our forward fitted
method is more accurate than the Sieve/PRR method.

Mukhopadhyay and Samaranayake(2010) made two improvements on sieve

bootstrap. First, they considered the variability from estimating the mean of the
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time series by adjusting X, into X?,, + X* — X. The model (1.1) I use has a
constant term ¢, and this variability has already been captured in ¢;. Secondly, they
also noticed the deflation of underlying variability, they thus inflated e by multiplying
[(n —p)/(n — 2p)]*/? and inflated ¢* by multiplying [(n — p)/(n — p — 1)]/%. So this
modified Sieve bootstrap approach is expected to have larger interval length and

better coverage rate.

1.8.5 More Monte Carlo Studies

In the following two tables, we compare the simulation results of all the meth-
ods we discussed in the chapter for an AR(1) model with ¢; = 0.5. The following
two tables contain all the results from table 1.1 and 1.3, plus the simulation results

of B&J, Cao, Sieve/PRR and Masarotto methods.



Table 1.5: Simulation Results of AR(1) with normal innovations and ¢; = 0.5

normal ¢; = 0.5 | nominal coverage 95% nominal coverage 90%
n =50 CVR LEN  st.err CVR LEN  st.err
BJ 0.934 3.832 0.402 0.880 3.216 0.338
Cao 0.917 3.720 0.532 0.871 3.199 0.417
Sieve/PRR 0.930 3.858  0.498 0.880 3.268  0.390
M 0.946 4.510 0.599 0.898 3.792  0.493
Ff 0.930 3.848  0.490 0.881 3.267 0.386
Fp 0.940 4.011  0.506 0.895 3.405  0.406
Bf 0.929 3.834 0.500 0.880 3.261 0.393
Bp 0.941 4.017 0.521 0.896 3.410 0.410
FSft 0.942 4.036  0.501 0.894 3.391 0.395
FSp 0.941 4.028 0.493 0.894 3.393 0.399
BSf 0.941 4.016 0.514 0.894 3.388 0.402
BSp 0.942 4.033  0.500 0.896 3.402  0.398
Gt 0.930 3.847 0.483 0.881 3.264 0.389
Gp 0.940 4.007  0.502 0.895 3.402 0.399
n = 100
BJ 0.943 3.887 0.275 0.892 3.262 0.231
Cao 0.936 3.853 0.392 0.888 3.262 0.291
Sieve/PRR 0.939 3.893 0.368 0.891 3.283 0.283
M 0.948 4.514 0.430 0.898 3.793  0.348
Ff 0.940 3.895 0.357 0.892 3.294 0.283
Fp 0.945 3.968 0.377 0.899 3.355 0.281
Bf 0.940 3.895 0.371 0.892 3.286 0.275
Bp 0.945 3.971 0.375 0.899 3.360 0.289
EF'St 0.946 3.981 0.358 0.899 3.355  0.282
FSp 0.945 3.977  0.370 0.899 3.350  0.277
BSt 0.945 3.978 0.366 0.898 3.349  0.275
BSp 0.946 3.978  0.366 0.898 3.352  0.283
Gf 0.940 3.891 0.359 0.891 3.289 0.275
Gp 0.944 3.969 0.383 0.897 3.350 0.284




Table 1.6: Simulation Results of AR(1) with Laplace innovations and ¢; = 0.5

Laplace ¢; = 0.5

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN st.err CVR LEN st.err
BJ 0.923 3.812 0.603 0.885 3.199 0.506
Cao 0.921 4.065 0.863 0.873 3.197 0.605

Sieve/PRR 0.930 4.211 0.832 0.882 3.279 0.573
M 0.942 4.827 0.960 0.897 3.817 0.692
Ff 0.930 4.175 0.804 0.881 3.270 0.570
Fp 0.937 4.376 0.828 0.892 3.420 0.597
Bf 0.929 4.176 0.815 0.881 3.267 0.571
Bp 0.937 4.376  0.882 0.892 3.415 0.600
St 0.940 4.176  0.873 0.894 3.438 0.578

FSp 0.941 4.376 0.851 0.894 3.452 0.583
BSf 0.939 4.457 0.862 0.893 3.436 0.587
BSp 0.941 4.462 0.875 0.895 3.443 0.583
Gf 0.930 4.177 0.774 0.881 3.274 0.577
Gp 0.937 4.367 0.864 0.892 3.420 0.611

n = 100
BJ 0.931 3.877 0.456 0.894 3.254 0.383
Cao 0.938 4.198 0.650 0.888 3.245 0.452

Sieve/PRR 0.940 4.226 0.628 0.892 3.282 0.434
M 0.946 4.802 0.668 0.897 3.789 0.479
Ff 0.939 4.208 0.612 0.891 3.274 0.431
Fp 0.943 4.302 0.638 0.897 3.344 0.439
Bf 0.940 4.220 0.616 0.892 3.274 0.429
Bp 0.943 4.290 0.618 0.896 3.340 0.431
FSt 0.945 4.343 0.622 0.898 3.363 0.431

FSp 0.945 4.349 0.629 0.898 3.362 0.429
BSt 0.945 4.338 0.318 0.898 3.362 0.435
BSp 0.945 4.340 0.615 0.898 3.357 0.424
Gf 0.940 4.238 0.627 0.892 3.285 0.424
Gp 0.943 4.305 0.638 0.897 3.355 0.439

Following table shows the simulation results based on an AR(2) model:

Xt = 1'55Xt—1 - 0.6Xt_2 + €t

35

Same as before, we use both normal and Laplace innovations, for each type of inno-

vation we generate 500 data sets each of size n = 50 or 100. And for each data set,

we generate B = 1000 pseudo data sets.
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Table 1.7: Simulation Results of AR(2) model X; = 1.55X;_1 — 0.6X;_2 + ¢ with

normal innovations

normal errors

nominal coverage 95%

nominal coverage 90%

n =50 CVR LEN st.err CVR LEN st.err
BJ 0.926 3.771  0.402 0.868 3.165 0.337
Cao 0.905 3.640 0.560 0.859 3.150 0.424

Sieve/PRR | 0.926 3.931 0.523 0.875 3.324 0.410
M 0.942 4.098 0.515 0.894 3.455 0.413
Ff 0.931 3.933 0.521 0.883 3.328 0.417
Fp 0.946 4.171 0.543 0.902 3.527 0.434
Bf 0.926 3.850 0.499 0.874 3.254 0.394
Bp 0.942 4.100 0.527 0.897 3.471 0.424
F'St 0.946 4.185 0.547 0.901 3.521 0.441
FSp 0.945 4.159 0.537 0.899 3.496 0.431
BSf 0.941 4.082 0.517 0.893 3.429  0.408
BSp 0.941 4.085 0.513 0.894 3.443  0.409
Gf 0.926 3.858 0.524 0.875 3.270 0.416
Gp 0.941 4.098 0.541 0.895 3.470 0.430

n = 100 CVR LEN st.err CVR LEN st.err
BJ 0.939 3.862 0.274 0.885 3.241 0.230
Cao 0.931 3.816 0.393 0.879 3.218 0.286

Sieve/PRR | 0.937 3.904 0.361 0.887 3.296 0.282
M 0.945 4.002 0.361 0.897 3.370 0.281
Ff 0.939 3.908 0.358 0.889 3.295 0.280
Fp 0.945 4.026 0.366 0.899 3.399 0.283
Bf 0.938 3.893  0.367 0.889 3.294 0.277
Bp 0.946 4.026 0.377 0.898 3.384 0.286
FSt 0.946 3.020 0.362 0.898 3.384 0.286
FSp 0.945 4.014 0.360 0.897 3.381 0.278
BSf 0.945 4.003 0.368 0.897 3.379 0.286
BSp 0.945 4.016 0.368 0.897 3.371  0.279
Ff 0.938 3.895 0.369 0.888 3.284  0.280
Fp 0.945 4.007 0.369 0.899 3.389 0.284
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Table 1.8: Simulation Results of AR(2) model X; = 1.55X;_1 — 0.6X;_2 + ¢ with

Laplace innovations

Laplace errors

nominal coverage 95%

nominal coverage 90%

n =50 CVR LEN st.err CVR LEN st.err
BJ 0.918 3.755 0.580 0.877 3.151  0.487
Cao 0.915 3.994 0.841 0.864 3.151  0.599

Sieve/PRR | 0.929 4.235 0.800 0.880 3.335 0.596
M 0.940 4.488 0.839 0.894 3.489 0.576
Ff 0.931 4.252 0.828 0.883 3.322 0.582
Fp 0.942 4.529 0.873 0.898 3.537 0.613
Bf 0.929 4.200 0.814 0.878 3.266 0.570
Bp 0.939 4.448  0.859 0.893 3.469 0.601
F'St 0.943 4.569 0.858 0.899 3.563 0.611
FSp 0.943 4.563 0.871 0.899 3.564  0.620
BSf 0.940 4.507 0.881 0.894 3.493 0.596
BSp 0.940 4.483 0.832 0.894 3.479 0.586
Gf 0.928 4.201 0.825 0.878 3.279  0.592
Gp 0.939 4.456 0.874 0.893 3.48 0.606

n = 100 CVR LEN st.err CVR LEN st.err
BJ 0.929 3.842 0.440 0.890 3.224 0.369
Cao 0.934 4.151 0.644 0.883 3.213 0.443

Sieve/PRR | 0.938 4.219 0.615 0.887 3.256 0.419
M 0.944 4.358  0.596 0.896 3.371  0.420
Ff 0.939 4.206 0.566 0.889 3.271 0.410
Fp 0.944 4.357 0.645 0.897 3.387 0.430
Bf 0.937 4.194  0.600 0.888 3.259 0.421
Bp 0.943 4.343  0.653 0.896 3.367 0.438
FSt 0.945 4.374 0.591 0.897 3.388  0.421
FSp 0.944 4.377 0.620 0.898 3.393 0.424
BSf 0.944 4.363 0.623 0.896 3.372 0.429
BSp 0.944 4.369 0.637 0.897 3.377 0.432
Gf 0.938 4.199 0.604 0.888 3.258  0.417
Gp 0.944 4.344 0.630 0.896 3.366 0.427

From the previous four tables, we see that

e The BJ(Box and Jenkins) method has similar coverage rates as Sieve/PRR

and our Forward fitted method when the error is normal. However, when the

errors have Laplace distribution, the BJ method is not good, especially, when

n = 100, BJ method is worse than all the other methods.
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e Our forward and backward methods with fitted residuals(Ff and Bf) outper-
form Cao(Cao et al.), Sieve/PRR methods. This conclusion is expected and
consistent with the discussion we have in the previous sections. And the
methods with predictive residuals (Fp and Bp) and the studentized method
(FSfFSp,BSf,BSp) are even better.

e The M(Masarotto) method has similar performance as our FSf method as dis-

cussed in Remark 1.2.1. M method works better than our Ff and Bf methods.

The following tables compare the Masarotto method with our four forward
methods. As discussed in Section 1.8.1, Masarotto method is a forward method, the
different between Masarotto method with our four forward method is that Masarotto
do not fix the last p values to obtain the bootstrap future values and bootstrap pre-
dicted values. Following two compares M, Ff, Fp, FSf, FSp methods for AR (1) model
with ¢ = 0.5 when X,, = 0,1,2,3 and n = 100. Similar as previous simulations, we
have 500 dataset and each dataset is a series of size n. But this time, we generate

each dataset through backward bootstrap having X, fixed.



Table 1.9: Simulation Results of AR(1) model X; = 0.5X;_1 + ¢; with normal

innovations when n = 100

normal errors | nominal coverage 95% nominal coverage 90%
X,=3 CVR LEN st.err CVR LEN st.err
M 0.947 4.108 0.368 0.899 3.450 0.290
FSft 0.951 4.216 0.355 0.905 3.540 0.272
FSp 0.951 4.222 0.337 0.905 3.535 0.264
Ff 0.946 4.125 0.342 0.898 3.466  0.269
Fp 0.951 4.217 0.341 0.904 3.537  0.265
X,=2 CVR LEN st.err CVR LEN st.err
M 0.945 4.002 0.362 0.899 3.384 0.283
FSt 0.947 4.045 0.357 0.902 3417 0.274
FSp 0.947 4.049 0.349 0.902 3.413 0.263
Ff 0.943 3.959 0.350 0.895 3.350 0.270
Fp 0.947 4.047  0.358 0.902 3.415 0.270
X,=1 CVR LEN st.err CVR LEN st.err
M 0.944 3.960 0.364 0.897 3.340 0.282
EF'St 0.944 3.957 0.369 0.897 3.336  0.279
FSp 0.945 3.968 0.366 0.897 3.335 0.269
Ff 0.939 3.877 0.370 0.891 3.273 0.275
Fp 0.944 3.966 0.380 0.898 3.340 0.269
X,=0 CVR LEN st.err CVR LEN st.err
M 0.945 3.956 0.366 0.897 3.329  0.283
FSt 0.944 3.937 0.371 0.895 3.313 0.281
FSp 0.944 3.949 0.374 0.895 3.312 0.272
Ff 0.939 3.861 0.379 0.889 3.252 0.281
Fp 0.943 3.944 0.389 0.896 3.318 0.273
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Table 1.10: Simulation Results of AR(1) model X; = 0.5X; 1 + ¢; with Laplace

innovations when n = 100

Laplace errors | nominal coverage 95% nominal coverage 90%
X,=3 CVR LEN  st.err CVR LEN  st.err
M 0.946 4.475 0.594 0.897 3.473 0.422
FSft 0.948 4.562 0.572 0.901 3.557 0.401
FSp 0.948 4.568  0.581 0.902 3.563 0.410
Ff 0.944 4.424  0.558 0.895 3.465 0.398
Fp 0.947 4521 0.578 0.900 3.537 0.410
X, =2 CVR LEN st.err CVR LEN sterr
M 0.944 4.366 0.602 0.897 3.392 0.412
FSt 0.946 4.407  0.592 0.899 3.426 0.404
FSp 0.946 4.403 0.597 0.900 3.434 0.407
Ff 0.940 4.265 0.579 0.893 3.338 0.397
Fp 0.944 4.359 0.593 0.898 3.410 0.407
X,=1 CVR LEN st.err CVR LEN st.err
M 0.943 4.326 0.614 0.896 3.343 0.426
EF'St 0.944 4.329 0.613 0.896 3.339 0.424
FSp 0.944 4.333 0.607 0.897 3.352 0.422
Ff 0.938 4.188 0.601 0.889 3.259  0.420
Fp 0.942 4.286 0.610 0.894 3.331 0.427
X,=0 CVR LEN st.err CVR LEN st.err
M 0.944 4.324 0.613 0.896 3.336 0.429
FSt 0.943 4.316 0.622 0.895 3.321 0.429
FSp 0.944 4.310 0.606 0.896 3.334 0.431
Ff 0.938 4.172  0.608 0.889 3.238 0.432
Fp 0.941 4.267 0.609 0.894 2316 0.439

The distribution of the bootstrap prediction root depends on X,, = x since
Xi—Xp = (06— )r+6€ . (1.18)

So the first term depends on x, however this term is too small compared to the error
term. The situation is the same for studentized bootstrap root since the first term of
the numerator contains a term including x.

When x=1,2,3 in (1.18), the distribution of ¢ — ¢* is amplified by 1,2, or 3 for
Ff,Fp,FSfFSp. For Masarotto method, Xn is random(with mean 0) instead of a fixed

value z, so (ngS — @*)Xn has a smaller spread and thus lower coverage level. When
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x=0, the first term of the prediction root in (1.18) is exactly 0 for Ff Fp ,FSf FSp.
For Masarotto, the first term of the prediction root: (ngS - QAS*)Xn is a random variable
which does not depend on x. So the distribution of Masarotto bootstrap root has a
larger spread and higher coverage level.

For linear autoregression, we see that the effect of fixing the last p or not is
negligible. However in nonlinear case, the bootstrap error term will also depend on
x, then the effect of x is not negligible and the Masarotto idea will have problems for
large x.

Now let’s look at the performance of all the methods for a large p. The

following two tables show the simulation results for an AR(20) model:
Xt = 0.7Xt,10 - 0.1Xt720 + €.

We compare the simulation results for 500 datasets with sample size n = 50,100 or
200 and {e;}s are standard normal errors or Laplace errors rescaled to unit variance.

For each dataset, we create B = 1000 bootstrap pseudo series.
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Table 1.11: Simulation Results of AR(20) model X; = 0.7X;_19 — 0.1X;_99 + ¢ with

normal innovations

normal errors

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN st.err CVR LEN st.err
BJ 0.645 2.458 0.515 0.564 2.063 0.432
Cao 0.649 2.538 0.595 0.555 2.045 0.453

Sieve/PRR | 0.914 5.348  2.448 0.848 4.313 1.787
M 0.993 8.288  1.788 0.977 6.670 1.425

Ff 0.908 5.342 2.461 0.844 4.312 1.787

Fp 0.997 11.357 4.168 0.993 9.360 2.989

Bf 0.895 4.742  0.950 0.825 3.918 0.776

Bp 0.987 9.267 2.192 0.972 7.859 1.748
F'St 0.995 10.516 5.001 0.980 &.140 3.482
FSp 0.949 6.210 2.324 0.900 4.935 1.631
BSf 0.981 8&.102 1.615 0.953 6.504 1.297
BSp 0.976 8.519 2.157 0.950 6.976 1.742

n = 100 CVR LEN st.err CVR LEN st.err
BJ 0.861 3.422 0.326 0.786 2.872 0.273
Cao 0.851 3.404 0.413 0.779 2.865 0.329

Sieve/PRR | 0.912 3.983 0.418 0.850 3.348 0.345
M 0.950 4.620 0.465 0.901 3.865 0.386

Ff 0.906 3.994 0.423 0.844 3.355 0.353

Fp 0.965 5.098 0.540 0.927 4.298 0.447

Bf 0.894 3.844 0.405 0.830 3.236 0.334

Bp 0.957 4.971 0.512 0.916 4.195 0.430
FSt 0.949 4.699 0.499 0.900 3.931 0.414
FSp 0.934 4.420 0.464 0.882 3.708 0.379
BSf 0.939 4.504 0.468 0.888 3.779 0.383
BSp 0.939 4.571 0.471 0.889 3.842 0.394

n = 200 CVR LEN st.err CVR LEN st.err
BJ 0.917 3.720 0.207 0.855 3.122 0.173
Cao 0.911 3.691 0.284 0.853 3.116 0.231

Sieve/PRR | 0.932 3.938  0.278 0.877 3.312 0.223
M 0.948 4.208 0.293 0.900 3.536 0.235

Ff 0.931 3.954 0.279 0.875 3.321  0.227

Fp 0.956 4.416 0.312 0.912 3.711 0.247

Bf 0.928 3.913 0.280 0.872 3.293 0.228

Bp 0.955 4.387 0.316 0.911 3.692 0.259
FSt 0.947 4.230 0.300 0.898 3.546 0.245
FSp 0.944 4.172 0.289 0.893 3.502 0.232
BSf 0.944 4.184 0.297 0.894 3.513 0.239
BSp 0.945 4.192 0.304 0.895 3.521 0.243
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Table 1.12: Simulation Results of AR(20) model X; = 0.7X;_19 — 0.1X;_99 + ¢ with

Laplace innovations

Laplace errors

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN st.err CVR LEN st.err
BJ 0.672 2.397 0.684 0.595 2.012 0.574
Cao 0.684 2.622 0.952 0.581 1.987 0.580

Sieve/PRR | 0.915 5.149 2.611 0.860 4.138 1.880
M 0.986 8.139 2.488 0.968 6.529 1.931

Ff 0.912 5.154 2.626 0.852 4.136  1.877

Fp 0.995 11.329 5.228 0.989 9.302 3.790

Bf 0.902 4.669 1.169 0.842 3.852 0.951

Bp 0.986 9.372  3.147 0.971 7.866 2.382
F'St 0.992 10.104 5.165 0.976 7.814 3.614
FSp 0.945 6.047  2.877 0.899 4.78 2.012
BSf 0.977 7.963 2.146 0.949 6.401 1.701
BSp 0.974 8.547 3.073 0.949 6.936 2.364

n = 100 CVR LEN st.err CVR LEN st.err
BJ 0.867 3.397 0.442 0.809 2.851 0.371
Cao 0.871 3.541 0.582 0.795 2.783  0.423

Sieve/PRR | 0.911 4.043 0.588 0.855 3.281 0.442
M 0.942 4.710 0.669 0.899 3.814 0.509

Ff 0.909 4.026 0.579 0.852 3.272  0.455

Fp 0.957 5.225 0.775 0.921 4.225 0.573

Bf 0.900 3.916 0.546 0.837 3.165 0.419

Bp 0.950 5.102 0.730 0.909 4.116 0.532
F'St 0.944 4779 0.715 0.899 3.865 0.547
FSp 0.934 4.559 0.692 0.886 3.676  0.511
BSf 0.934 4.608 0.659 0.884 3.708 0.486
BSp 0.936 4.730 0.696 0.886 3.795 0.508

n = 200 CVR LEN  st.err CVR LEN st.err
BJ 0.913 3.674 0.313 0.869 3.084 0.262
Cao 0.920 3.871 0.476 0.861 3.021 0.323

Sieve/PRR | 0.932 4.074 0.426 0.879 3.214  0.300
M 0.944 4.380 0.460 0.897 3.449 0.318

Ff 0.931 4.090 0.430 0.879 3.229 0.299

Fp 0.949 4.562 0.486 0.906 3.602 0.347

Bf 0.929 4.047 0.419 0.876 3.198 0.303

Bp 0.949 4.549 0.494 0.904 3.583 0.343
F'St 0.944 4.406 0.461 0.897 3.466 0.322
FSp 0.941 4.333  0.456 0.893 3.416 0.323
BSf 0.941 4.346 0.446 0.893 3.421 0.318
BSp 0.943 4.374 0.485 0.894 3.436 0.327
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From the previous two tables, we see that all the methods proposed in this
chapter work well for the AR(20) model when n = 200. The non-studentized forward
and backward method with predictive residuals show a little over-coverage when n =
100. However, when n = 50, which is not large compared to p = 20, BJ, Cao,
Sieve/PRR Ff and Bf are under-covered while M, Fp, Bp, FSf, BSf, BSp are over-
covered. FSp performs best but the mean of the interval length are still too large
compared to the nominal length of standard normal or Laplace distribution and the
standard deviation of the interval length is large.

Chapter 1, in full, is currently being prepared for the following paper prepared
for future submission for publication: Bootstrap prediction intervals for linear, non-
linear and nonparametric autoregressions. Pan,Li; Politis, Dimitris. The dissertation

author was the primary investigator and author of this material.



Chapter 2

Bootstrap Prediction Intervals for

ARCH model

In Chapter 1, we have discussed the bootstrap prediction intervals for a sim-
ple parametric autoregression model: linear model. In this chapter we will continue
study the parametric autoregression but in a nonlinear case: Autoregressive Con-
ditional Heteroskedasticity model (ARCH). Engle(1982) first introduced the ARCH
model in which the volatility of current state is a linear function of the squares of
past observations. Baillie and Bollerslev(1992) constructed the Gaussian prediction
error intervals using the estimated time-varying variance. Weiss(1986), Bollerslev and
Wooldridge (1992) studied the properties of the quasi-maximum likelihood estimator
(QMLE), which is the most commonly used method in estimating the parameters
from an ARCH model. The bootstrap methods for constructing prediction intervals
introduced by Reeves(2000) and Rubio(1999) are both based on QMLE.

However, the QMLE requires nonlinear optimization and does not have a
closed form expression. Bose and Mukherjee(2003) proposed an linear estimator(LE)
of the ARCH parameter by solving two sets of linear equations. This method does
not involve nonlinear optimization and gives a closed form expression, so it is com-
putationally easier to obtain the estimator compared to QMLE. Simulation results

in Bose and Mukherjee(2003) also show that the proposed estimator performs better

45
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than the QMLE even for small sample size such as n = 30 for normal, exponential or
t-distributed errors.

Bose and Mukherjee(2009) further proposed weighted linear estimator(WLE)
to estimate the positive parameters and the bootstrap weighted linear estima-
tor(BWLE) whose asymptotically valid is showed via proof and simulations.

Inspired by Bose and Mukherjee(2009), we will propose a new bootstrap
method to construct the predicion intervals for ARCH model based on BWLE in

this chapter.

2.1 Bootstrap Algorithm and Asymptotic Proper-
ties

We consider the stationary and ergodic process { X;} from the following ARCH

model of order p:
X, =o0i-1(P)e; (2.1)
B = (Bo,P1,- -+ ,Bp) is the unknown parameter to estimated, assume [y > 0 and
B;>0forj=1,2,---,p. 07 (B) = Bo+ X} +---+0,X7 . {e&]} are independent
and identically distributed with zero mean and unit variance. ¢, is independent of the

previous {X;,i < t} and F(e}) < oo.

2.1.1 Bootstrap Algorithm Based on BWLE with Fitted

Residuals

Let {x1,---,z,} be the observations from model (2.1), y; = 2?

1
/
Y

zp = (Ly’iayifla te 7y’ifp+1)

Zp yp-l,-l

Z=|"'"|andy = Yp2

n—1 Yn
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Following is algorithm for constructing the bootstrap prediction interval for

ARCH(p) model based on BWLE with fitted residuals(BWLEf).
Algorithm 2.1.1. Bootstrap algorithm based on BWLE with fitted residuals(BWLEY)

(1) Compute the preliminary weighted least squares estimator(PWLS) as ﬁApr =
(Z’UZ)'Z'UY, where U is a (n — p) x (n — p) diagonal matriz whose ith

diagonal term is
1
[(T+yi) - (L4 Yigp-1)]
And then compute the wieghted linear estimator(WLE) of 5 as

U; =

{z vipi[52) (i)} {zvz prileitin/ (2iBm)]

=p
where v; = u; fort=1,2,--- ,n—p.
(2) Compute the residuals as
b= ——t
V é' Rt—1
Then center the residuals: 7y = € — ﬁ iepy1 € fort =p+1,--- n. Denote

the empirical distribution of 7y as ]3’6.

(3) (a) Generate a (n — p) x (n — p) diagonal matriz W whose diagonal ele-

1 1 )

ments (wy,- -+, Wy—p) are from a multinomial (n — p, %, PR

distribution.

(b) Compute the bootstrapped preliminary weighted least squares estimator
(BPWLS) as A;T = (Z'WUZ) ' Z’WUY and the bootstrapped weighted
linear estimator (BWLE) 3% as

n—1 n—1

o -1 o
{ Z Wi—p1Vipi1[2i2i/ (2 p?“)2]} { Z Wi—pt1Vip+1[2Yit1/ (% pr)Q}}
1=p =p
(c) Compute H? = var(w;) =1 — Tp and
A Bn - B:L *

5UZ+1 = (B + H, )En-i-l?
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where o,(f) = \/ﬁo + /X2 + -+ B, X7 1, and €, is generated from
E. in step(2).

(4) Repeat step(3) B times and collect x,,, 1, , 751 5 in the form of an empir-
ical distribution whose a-quantile is denoted as q(«). Then the (1 — a)100%

equal-tailed predictive interval for X, .1 is given by
[9(a),q(1 — a/2)] (2.2)

Remark 2.1.1. There are other choices for preliminary weight U, bootstrapped pre-
liminary weight W and the bootstrap weight V' as long as they satisfy assumption(W1)
and equations (11),(12),(17)-(19),(21) from Bose and Mukherjee(2009). See Chat-
terjee and Bose(2005) for more examples of the bootstrapped preliminary weight W .

2.1.2 Bootstrap Algorithm Based on BWLE with Predictive

Residuals

An advantage of using linear estimator instead of QMLE is that we can obtain
the predictive residuals through deleting one pair of data. To get the predictive
residual ¢, t = p+1,--- ,n, we can exclude the pair (z;_1,¥;) from the scatter plot

of yr vs. zx—1, k=p+1,--- ,n.

Algorithm 2.1.2. Bootstrap algorithm based on BWLE with predictive residuals
(BWLEp)
To get the bootstrap algorithm based on BWLE with predictive residuals we only need
to substitute {€,§t),t =p+1,---,n} for {é&,t=p+1,--- ,n} in step(2) of Algorithm
2.1.1.

Following steps describe how to get the predictive residuals {€;,t = p+1,--- ,n}

in detail.

1 Let Z® be the matriz Z excluding the row z,_,, Y® be the vector Y excluding

v, UD be the diagonal matriz excluding the diagonal element Up—p.
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2 Compute Bf,f) = (Z2OyWZz0)~LZzOyOY O gnd

3 compute the predictive residual égt) =

n—1 n—1

BO={ Y wpnlad/ AN S wiplzin / (B}

i=p,i#£t—1 i=p

Tt

VaDz

2.1.3 Bootstrap Algorithm Based on QMLE

The bootstrap method for bootstrap prediction intervals for ARCH models
based on QMLE are discussed by Reeves(2000) and Rubio(1999). You can also find

the algorithms in their papers. To compare the two methods introduced above, we

will give the more detailed algorithm based on QMLE as follows.

Algorithm 2.1.3. Bootstrap algorithm based on QMLE Let {zy,--- ,x,} be the ob-

servations from model (2.1).

1 Fit an ARCH(p) model to the data. Let B = (30,31, e ,Bp)’ be the quasi-

maximum likelithood estiamtor.

N

2 Calculate the residuals: é& = x¢/oy_1(B), fort =p+1,--- ;n. And then center

the residuals: 7, = & — € fort =p+1,--- ,n, where ¢ = (n — p)~" D tepi1 €t

3 (a)

(b)

Use é and residuals {&}, along with initial conditions uj = 1, - - Uy =

z, to generate {u;,t > p+ 1} by recursion:

upy = \/ﬁg + frui?y + - -+ Bpui?er,

where € is a random draw from the pool of centered residuals {ry,t = p+

L,---,n}. To ensure stationarity of the pseudo series, we generate n+m
pseudo data for some large positive m, i.e. {uj,--- ,ub, wh 4, - un .},

and discard the first m data.

Fit an ARCH(p) model to pseudo data {z; = uy,,,,t =1,2,--- ,n} and
re-estimate the QMLE 3* = (Bg‘,ﬁf, e ,ﬁ;)’.
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(c) Fiz the last p pseudo data as the true data: x, . = Tn_pi1, 75,9 =
Tppta, Ty = T and generate the future bootstrap value {x; ,,t > 1}

by the following recursion,

* _ D% Dk %2 Dk %2 *
Lt = \/BO + Bieni + o+ B;xnﬂffpen—i-tv
where €, , is a random draw from the centered residuals.

4 Repeat steps 3(a)-(c) B times and collect B bootstrap h-step ahead future val-
ues in the form of empirical distribution whose a-quantile is denoted q(«).

Construct the (1 — a)100% equal-tailed predictive intervals for X, .y as
[9(/2),q(1 = a/2)].

Remark 2.1.2. Qur bootstrap Algorithm BWLEf and BWLEp are computationally
easier compared to the bootstrap method based on QMLE because of the following two
reasons. First, BWLEf and BLWEp have closed form expressions of the solutions of
the two involved linear equations while QMLE requires nonlinear approximation and

does not have a close form. Secondly, there’s no need to create pseudo series through

recursion in Algorithms for BWLEf and BWLEDp.

2.1.4 Asymptotic Properties

We assume that the process {X;,¢ > 1} is stationary and ergodic and satisfies
(2.1) and E(e}) < co. We further assume that the assumptions for all the weight V/,
U and W mentioned in Remark 2.1.1 are satisfied and the assumptions of Lemma 2
from Bose and Mukherjee(2009) hold, the following theorem is proved by Bose and
Mukherjee(2009).

Theorem 2.1.1 (Bose and Mukherjee(2009) Theorem 2).

sup{|F7; (z) — Fu(2)[;2 € R} = 0,(1) (2.3)

A A

where Fy () = PlVi(B, — B) < 2] and F(«) = P, a(B; — B) < o).



o1

In Algorithm 2.1.1 step (3)(c), we use the conclusion from the previous theorem

and approximate the distribution of 5 — Bn by the distribution of %

2.2 Monte Carlo Studies

In this section, we use Monte Carlo simulations to assess the performance
of our two methods based on BWLE and the traditional bootstrap method based
on QMLE as suggested by Reeve(2000) and Rubio(1999). We create 500 data sets
for each of the following scenarios: sample size n = 50, 100 or 200; innovations are
from standard normal or Laplace (rescaled to unit variance) distribution; series are

generated from Model 1 or Model 2 listed below.

e Model 1: ARCH(1) X, = /0.5 + 0.25X7 ,¢

e Model 2: ARCH(2) X; = /0.1 + 0.2X? 5¢,

We compare the coverage levels(CVR) and length(LEN) of all the intervals
constructed by the three methods metioned above with nominal coverage levels of

95% and 90%. Following four tables show the simulation results.

Table 2.1: Simulation Results of ARCH(1) model X, = \/0.5 +0.25X7 1€, with

normal innovations

normal errors | nominal coverage 95% nominal coverage 90%
n =50 CVR LEN  st.err CVR LEN st.err
BWLEf 0.927 3.040 0.762 0.877 2.610 0.608
BWLEp 0.941 3.269 0.883 0.890 2.675 0.654
QMLE 0.924 2.964 0.657 0.873 3.507  0.523
n = 100 CVR LEN  st.err CVR LEN st.err
BWLEf 0.940 3.098  0.607 0.890 2.607  0.491
BWLEp 0.946 3.203 0.631 0.896 2.655 0.496
QMLE 0.937 3.055 0.562 0.888 2.582  0.448
n = 200 CVR LEN  st.err CVR LEN st.err
BWLEf 0.945 3.190 0.720 0.896 2.680 0.587
BWLEp 0.948 3.230 0.716 0.898 2.700  0.590
QMLE 0.943 3.152  0.650 0.894 2.661 0.545




Table 2.2: Simulation Results of ARCH(1) model X; = \/0.5 +0.25X7 1€, with

Laplace innovations

Laplace errors | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN  st.err
BWLEf 0.931 3.428  1.457 0.883 2.645 1.080
BWLED 0.943 3.811 1.735 0.892 2773 1.128
QMLE 0.928 3.279 1.211 0.877 2.542  0.892
n = 100 CVR LEN  st.err CVR LEN  st.err
BWLEf 0.941 3.466 1.503 0.894 2.662 1.086
BWLED 0.947 3.615 1.500 0.897 2717 1.101
QMLE 0.937 3.334  1.228 0.887 2.575 0.919
n = 200 CVR LEN  st.err CVR LEN  st.err
BWLEf 0.941 3.320 0.882 0.892 2.559 0.644
BWLED 0.944 3.378 0.865 0.893 2.577 0.631
QMLE 0.940 3.272 0.778 0.889 2.531 0.569

Table 2.3: Simulation Results of ARCH(2) model X; = /0.1 + 0.2X?2 ¢, with

normal innovations

normal errors | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN st.err
BWLEf 0.926 1.339 0.337 0.875 1.124 0.275
BWLEp 0.943 1.477 0.407 0.894 1.193 0.295
QMLE 0.926 1.304 0.225 0.875 1.099 0.179
n = 100 CVR LEN st.err CVR LEN st.err
BWLEf 0.936 1.351 0.264 0.886 1.135 0.212
BWLEp 0.946 1.414 0.277 0.895 1.169 0.220
QMLE 0.936 1.332 0.189 0.887 1.125 0.151
n = 200 CVR LEN st.err CVR LEN st.err
BWLEf 0.942 1.374 0.237 0.892 1.154 0.198
BWLEp 0.948 1.407 0.252 0.898 1.173 0.202
QMLE 0.943 1.366 0.183 0.892 1.148 0.147
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Table 2.4: Simulation Results of ARCH(2) model X; = /0.1 + 0.2X?2 ,¢; with

Laplace innovations

Laplace errors | nominal coverage 95% nominal coverage 90%
n =50 CVR LEN  st.err CVR LEN  st.err
BWLEf 0.930 1.599 1.485 0.883 1.242 1.105
BWLED 0.944 1.852 2.051 0.896 1.324 1.130
QMLE 0.928 1.537 2.224 0.879 1.134 0.582
n = 100 CVR LEN  st.err CVR LEN  st.err
BWLEf 0.941 1.454 0.357 0.891 1.116  0.257
BWLED 0.948 1.549  0.405 0.898 1.156 0.271
QMLE 0.939 1434 0.419 0.890 1.103 0.245
n = 200 CVR LEN  st.err CVR LEN  st.err
BWLEf 0.939 1.486 0.509 0.890 1.145 0.365
BWLED 0.943 1.523  0.500 0.893 1.165 0.380
QMLE 0.941 1.455 0.291 0.890 1.122 0.212

The previous four tables show that BWLEf and QMLE have similar coverage
level, but the QMLE has smaller variance of interval length. Our BWLEp method
outperforms other with respect to the coverage level but the variability of the interval
length is increased as a price to pay for using predictive intervals. When n = 50, we
see that the standard error related to the interval length is fairly large, this is due
the heavy tail of the distribution of arch errors.

Chapter 2, in full, is currently being prepared for the following paper prepared
for future submission for publication: Bootstrap prediction intervals for linear, non-
linear and nonparametric autoregressions. Pan,Li; Politis, Dimitris. The dissertation

author was the primary investigator and author of this material.



Chapter 3

Bootstrap Prediction Intervals for

Nonparametric Autoregression

In this chapter, we construct the prediction interval in a general nonparametric
autoregression model fitted via kernel smoothing. We introduce the forward bootstrap
methods with fitted and predictive residuals as those in chapter 1, and show that they
properly estimate the distribution of the future value capturing both the variability
of the kernel estimator and the variability of the innovations from the autoregression
model. Monte Carlo simulations are given in Section 3.4 to show that our method
achieves near nominal coverage.

A nonparametric approach for fitting nonparametric autoregression is studied
in Franke, Kreiss and Neumann(2002Franke et al. (2002b)Franke et al. (2002a)) who
used the kernel smoothing estimator and constructed asymptotically valid confidence
bands by bootstrap method. We complement the Franke et al. results by constructing
prediction intervals as opposed to confidence intervals. In addition, we propose the
alternative of resampling the predictive residuals.

In Section 3.1, we give the bootstrap procedure for a nonlinear nonparametric
autoregression with independent and identically distributed errors. In Section 3.2, we

extend the model to heteroscedastic errors. These two models are given below.

o4
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e with same variance

Xt = m(Xt_l, ceey Xt—p) + €, (31)

e with heteroscedastic variance

Xt = m(Xt_l, ceey Xt—p) + O'(Xt_l, ceey Xt—p>€t- (32)

In the above, m(-) and o(-) are functions that are unknown but assumed smooth
and {¢; }s are independent, identically distributed random variables with mean 0 and
variance o2. In (3.2), we further assume o2 = 1.

Simulations and results are given in Section 3.4.

3.1 Nonparametric Autoregression with i.i.d Inno-
vations

In this section, we consider a stationary and geometrically ergodic process of
the form (3.1). We will first give the algorithms using fitted residuals and predictive

residuals and then discuss their asymptotic validity.

3.1.1 Bootstrap Algorithm with Fitted Residuals

Given a sample {z1, 2, ,x,}, let yp = (x4, T4-1,- -, Tt—py1)’. The resam-

pling algorithm for the predictive distribution of future value X, is as follows:
Algorithm 3.1.1.
(1) Construct the Nadaraya-Watson Kernel estimator {m(y)}, for i =
1,---,n—2, where y € RP and

_ Z?;pl K(”y_hyt“)xt+1
Z;L:—pl K(Hy—hytll)

where || - || is a norm in RP. K(-) is compactly supported, symmetric density

m(y)

b

function on R with bounded derivative and satisfying [ K(v)dv = 1. The
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bandwidth satisfies h — 0 and nh® — ¢ > 0. In practice, we choose h through

cross validation.
(2) Compute the fitted residuals: é = x; — m(y;—1), fori=p+1,--- ' n
(3) Center the residuals: 7; = é; — (n — p)~! St € fori=p+1,--- n.

(a) Sample randomly(with replacement) from the values 71, - -+ , 7y, to create

bootstrap pseudo errors e, v =—M+p,--- ,n+ 1 for some large positive

M.

(b) Set (x* 5, 2% pri1y - Tomip—1) equal to p consecutive values drawn from
{z1,-++ ,x.}. Then generate x}, by the recursion: x¥ = My ) + € for
t=—-M+p,---,n.

(¢) Drop the first M ‘burn in’ observations to make sure that the starting

values have an insignificant effect. Then construct the kernel estimator

m* using bootstrap series {x%, -+ ,xk}.
—1 g ly=yill
W (y) = Z?zp K( 5 )‘T?+1
o -1 prolly=yilly 7
Y, K(5)
where y;( = (mf, x?—l? T 7x2k—p+1),‘

(d) Now we fix the last p pseudo values to be the true observations,i.e.,y’ =

Yn, and then calculate the bootstrap predictor
Xoor =1 (y) = " (yn)
and the future bootstrap observation x; , as
X1 = m(yp) + €1 = M(Yn) + €41
(e) Calculate the bootstrap predictive root replicate as X | — X;+1.

(4) steps (a)-(e) in the above are repeated B times, and the B bootstrap predictive
root replicates are collected in the form of an empirical distribution whose o-

quantile is denoted q(«).
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(5) Then, a (1 —a)100% equal-tailed predictive interval for X, 1 is given by

[(yn) + q(a/2), M(yn) + q(1 — a/2)] (3.3)

3.1.2 Bootstrap Algorithm with Predictive Residuals

Algorithm 3.1.2.
(1) same as step(1) in Algorithm 3.1.1.

(2) Use the delete-z; dataset as described in Section 1.2.2 to compute the delete-x;

kernel smoothing estimator

ly=yi=1ll\,.

no .
m (y) = =izt K h_ ) fort=p+1,---.n, andy € RP
n K(Hy—yz—ﬂ\)
i=p+1,i#t h

(t) _
p =

Then calculate the predictive residuals: € Ty — mﬁ”(yt_l), t=p+1,--- ,n.

(3)-(5) Replace & into eV the rest is the same as in Algorithm 3.1.1.

3.1.3 Asymptotic Properties

In this subsection, we focus on a stationary and geometrically ergodic process
of order p = 1; the general case of order p is similar. Then the nonparametric

autoregression model which we study is tailored as the following form,
Xt = m(thl) + € (34)

where the innovations {¢;} are independent, identically distributed random variables
with mean 0 and variance o2.

We assume that the ¢; have a density of f; then the following assumption(A1l)
implies that {X,} is geometrically ergodic(Franke,Kreiss and Neumann(2002)Franke
et al. (2002b)), while assumption(A2) ensures the independence of X; and ¢, for

m > t.
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(A1) {X;} obeys (3.4), where

1. |m(z)] < Cy + Cslz| for all x and some C < oo, Cy < 1,
2. Ele| < oo,
3. fE(ZL‘) > 03 >0

for all z € [-Cy —sup,cx{m(x) — 2}, Cy — inf e {m(z) — x}] and some

C4 > O, where K = [—05, 05], C5 > (Cl + E‘Et’)/(l — 02)
(A2) ¢ is independent of {X;, fori <t}

We suppose that the data generating process obeys (3.4) , and take Nadaraya-

Watson Kernel estimator to estimate m(x).

?;11 K(w_hXt )X 41

SR ()

i(z) = (3.5)

let K(-) be an appropriately chosen compactly supported, symmetric and nonnegative
function on R with bounded derivative and satisfying [ K (v)dv = 1. The bandwidth
satisfies h — 0 and nh®> — ¢ > 0.

Franke, Kreiss and Neumann(2002)Franke et al. (2002a) have proved the con-
sistency of m(z) as follows. All the following theorems and lemmas in the section
are under assumptions (AB1)-(AB10)(Franke, Kreiss and Neumann 2002Franke et al.
(2002a)).

Theorem 3.1.1. [Franke, Kreiss and Neumann(2002)Franke et al. (2002a)]
do(L*(Vnh{m(z,) — m*(x,)}), (L(Vnh{m(z,) — m(x,)})) — 0 in probability, where
dy denotes the Kolmogorov distance, L* is the distribution given X1 = x1,--- , X, =

Ty

Lemma 3.1.2. ¢ — & = Op(%), when n — oo.
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Proof.

e T KX
=1 h

(X — Zlnz_ll K(@)Xiﬂ — K(%)Xt
M (Xy—1) = 1 1/ Xe_1—X; e o
= 5 K(%)Xiﬂ — K(0)X;

Yot K (R — K(0)

let a, = Yo K(2=259) X0, 6, = K(0) Xy b, = Yp! K(2=25) 05, = K(0).

_ Qp — 0
by, — 6
a1 —d,/an
=5, 15/,

Z:u — 0a/an) (1 + 8y/by + (8/ba)? + 0(5/,)?)

an
= 2+ 0,(1/n)

— (Xi1) + O,(1/n)

It follows that & — &) = X, — m(X,_1) — (X, — m®(X,_1)) = O,(1/n) 0

We know that the predictive root of the one-step ahead future value is

A

Xni1 — Xpo1 = m(X,) — (X)) + €na1, (3.6)
and the bootstrap predictive root conditioned on x4, --- , x, is
Xp1 — X;+1 = M(Xn) — M (Xn) + €,41- (3.7)

Theorem 3.1.1 showed that given X,, = z,, m(X,) — m(X,) and m(X,) — m*(X,)
are negligible compared to €,4; and €, ;. €,11 is sampled from the ditribution of
F., €,.1 is sampled from the the empirical distribution of the fitted residuals Fn
Let F,, be the empirical distribution of errors, suppose the density of the error f.

is Holder continuous with exponent & greater than 1/3. Furthermore, strengthen

the assumption of the error € in assumption (AB4) to having a finite moment of
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order great than 8/3. Miiller, Schick and Wefelmeyer(2009, Theorem 1) showed that
sup,, |Fl (o) — Fo(a)| = Op(5 Y05 €¢;) = Op(1/y/n). Same as the arguments in
Section 1.3, apply the property of empirical distribution, we get sup,, \ﬁn(a)—Fe(a)\ =
0,(1/y/n). Immediately we have

A

sup ‘p<Xn+1 — Xn+1 S Q‘Xn — xn) _ P*(X*

O %
n+l_X

i1 < al X = zn)| = Op(1/V/n).

The prediction interval (3.3) is asymptotic valid.
Let Z, = m(X,) —m(X,), ZF = m*(X,) —m*(X,). We smooth F, to get F..

Assume F. and . are twice differentiable and the derivatives are f. and f.. Then

A

P<Xn+1 - Xn+1 < a|Xn = xn)

/ (3.8)
fe;a)E(ZZ’Xn =2,) +o(E[Z2| X, = z,])

=F.() + [.(Q)E(Zo| Xy = ) +

and

A

P (Xo — Xop S ol X =2,

~Ff0) + F0) 231, = ) + LB 221X, = ) 4 o (271, = )

(3.9)
Here P* and E* are the conditional probability and expectation given all the obser-
vations.

By Theorem 3.1.1, we know that v/nh{m(z,) — m(z,)} and vnh{m(z,) —
m*(x,)} have same limit distribution with variance and mean given in Frank, Kreiss
and Mammen(2002)Franke et al. (2002a). Unlike the zero bias of \/ﬁé and \/n¢g
or the zero bias of \/ﬁé* and \/ﬁé in linear autoregression case, the limit bias in
nonparametric autoregression is nonzero, see Frank, Kreiss and Mammen(2002Franke
et al. (2002a), eq.(41)-(44)).

So if we estimate (3.8) by F.(a) only, the bias of E(Z,|X, = z,) in the
second term from (3.8) is of order O,(1/v/nh) and is not captured. In addition,
E(Z% X, = z,) from the third term is of order O,(1/nh), which is not captured by
Fe(a) too. even if we know the distribution of error F., i.e., . = F., the discrepancy

from estimating (3.8) by F.() is O,(1/v/nh).
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If we use (3.9) to approximate (3.8), we have
Vnh(E(Z,| X, = x,) — E*(Z;| X} = x,)) = o(1),

nh(B(Z2|X, = 1) — EN(Z2|X;, = 1)) = o(L).

So

A A

|P(Xpg1 — Xny1 < o Xy, = ) — PY( :-1-1 - X:L-i—l <al|X; =m,)|
=|F.(a) — F.(a)] + 0,(1/Vnh)

If we assume F. = F_, the discrepancy from estimating (3.8) by (3.9) is of 0,(1/v/nh).
We conclude that the variability of (3.8) is fully captured by (3.9) and the

prediction interval (3.3) is asymptotically valid and correct.

Remark 3.1.1. The prediction root (3.6) contains two parts. The first part —Z, is
unknown but can be estimated by the distribution of —Z7 collected in step (3)(e) in
Algorithm 3.1.1 and 3.1.2. The distribution of the second part €,.1 can be approximate
by €, 1, which is resampled from the fitted or predictive residuals. We approzimate

the distribution of X, 41 through shifting the bootstrap root (3.7) by m(xy,),

3.2 Nonparametric Autoregression Bootstrap
with Heteroscedastic Innovations

Now we consider the nonparametric autoregression model (3.2). Similar as

Section 3.1, we use Nadaraya-Watson estimators to estimate the unknown function

m and o based on observations {zi,- - ,z,} as follows,
n—1 g ly—uell
nly) = ZELC e, 3.10)
- K55
n— lly—yell A
7*(y) = S KR (e m<yt))2, (3.11)

2?2—11 K( IIy—hytH)

where Yy e RP7 Y = (zta T 7$t—p+1)/‘



62

Remark 3.2.1. Sometimes, people use an alternative estimator for o as follows

-1 ly—vell\ .2
_ PR K(Tt)xtﬂ

5*(y)

In practice, we prefer 6 as in (3.11) because & is guaranteed to be nonnegative while

g in (3.12) can be negative.

We generate the bootstrap pseudo series based on the following process:

Ty = mg(y:—l) + 69(9?—1)6;;,

where M, and 6, are computed in the same way as m and & respectively but using
an over-smoothed bandwidth g > h.

The asymptotic properties of these estimates will be given after the algorithms.

3.2.1 Bootstrap Algorithm with Fitted Residuals

Given a stationary sample {z1, 22, -+ ,2,}, let v = (x4, -+ ,24—p+1)’. The

resampling algorithm for the predictive distribution of future value X, is as follows:
Algorithm 3.2.1.
(1) Construct the estimates m(-) and 6*() by formula (3.10) and (5.11).

(2) Compute the residuals:

€ = i — M (yi-1) (3.13)

Z 6(yi1)
fori=p+1,--- . n

(3) Center the residuals:?; = é — (n — p)~! St € fori=p+1,--- n.

(a) Sample randomly(with replacement) from the values ryiq,- -+ , 7y to create
bootstrap pseudo errors €, v = =M +p,---,1,2,--- ;n+1. M is some

large positive integer.
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(b) First set (x* y;, 2% i1, T-mtp—1) equal to p consecutive values drawn

from {x1,--- ,x,}.And then generate x} by the recursion:

*

x; = 1mg(yi_y) + G4(yi_y )€

fori=—M+p,--- n.

(¢) Drop the first M ‘burn in ’observations to make sure that the starting val-

ues have an insignificant effect. And then construct the kernel estimator

m* by bootstrap series {7, - ,x}. Let yf = (xf, 2} 1, -+, T4_pt1).

-1 lly=y;ill
_ P K( n )$§+1

Z;@:—ll K( Ily;lyi || )

m*(y)

.y € RP.

(d) Fiz the last p pseudo values as: Xy =Ty, , Xy 1) =, Tn_pr1,i-e,0, =

Yn and compute the bootstrap root replicate as
X*

O
n+l Xn+17

where )A(;';H =m*(y,) = Mm*(ya), and

X;:+1 = mg(y:) &g(yZ)EZ—H = mg(fUﬂ) + &g(yn)e;;-s-l'

(4) steps (a)-(d) in the above are repeated B times, and the B bootstrap root repli-
cates are collected in the form of an empirical distribution whose a-quantile is

denoted q(«).

(5) Then, a (1 —a)100% equal-tailed predictive interval for X, .1 is given by

[yn) + a(@/2), m(yn) + q(1 — @/2)] (3.14)

3.2.2 Bootstrap Algorithm with Predictive Residuals

Algorithm 3.2.2.

(1) same as step(1) in Algorithm 3.2.1
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(2) Use the delete-x; data set to compute the delete-tth-observation kernel smooth-

ing estimator m\") and 6® using the similar formula as (3.10) and (3.11),

n ly—yi—l

0 () = Zizrize KO D) (3.15)

Z?:p-i—l,i;ﬁt K( ||y*2;/;71|| )
&(t)( ) = ?:p—l-l,i;ét K(Mﬂ)(% — m® (?Ji—l))2 (3 16)

y n , K(”y_yi—1”> ’ '
i=p+1,i#t h
Then calculate the predictive residuals:
—m®

A1) Ty — MM (ytfl)’t:p_i_l’... , M. (317)

T &0 (Y1)
(3)-(5) Replace € into e the rest is the same in 3.2.1.

Remark 3.2.2. The kernel smoothing estimator m(y) has poor performance if y is
located in sparse area. In order to get a reliable estimator of X,,11, Y, = yn can NOT

be an extreme value.

Remark 3.2.3. In practice, especially when n is not large, 321" 1 ;4 K(w)

in the denominator of (3.15) and (3.16) could be O if y,—q is far from {y;, i #t— 1}.
Then these estimates in (3.15) and (3.16) are not defined.
If K(inyt‘l;y"’lu) is close to 0 for all i # t,j , and K(Lyt*l;%’—lll) # 0. then

A

MmO (y,1) = x; and 6O (y,_1) ~ x; —1m B (y;_1) = 0. So the denominator of (3.17) is
close to 0 if m® (yj—1) is close to x;. In this case, égt) will be extremely large.
To avoid these situations, we delete all égt) that is not defined or extremely

large.

3.2.3 Asymptotic Properties

For simplicity, we again consider a stationary and geometrically ergodic pro-
cess or order 1. Then the nonparametric autoregression model with heteroscedastic

innovations is tailored as the following form,

Xe=m(Xi1) +o(Xi1)e (3.18)
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where the innovations {¢;} are independent, with mean 0 and variance 1.
We estimate the conditional mean m(z) = E[X;1|X; = 2| and the condi-
tional variance o%(z) = E[(X;11 — m(2))?|X; = x| by the following kernel estimates

m(x),6%(x) defined as

N Y K (52 X4

m(l’) - n—1 z—X4
i K ()

&2(1,) _ Z?:_II K(z_hXt)(Xt-i-l B m(Xt))z
Yo K (55)

Franke, Kreiss and Neumann(2002Franke et al. (2002a)) have proved the con-

(3.19)

(3.20)

sistency of the bootstrap in estimating the distribution of the estimators of m(z) and

o(z). From now on all the following theorems and lemmas in this section are under

assumptions (AB1)-(AB12)(Franke, Kreiss and Neumann 2002Franke et al. (2002a)).

Theorem 3.2.1. [Franke, Kreiss and Neumann(2002)Franke et al. (2002a)]
do(L*(Vnh{m(z,) — m*(z,)}), (L(Vnh{m(x,) — m(x,)})) — 0 in probability, and
do(L*(Vnh{6(x,) — 6" (xn)}), (L(Vnh{o(z,) —6(x,)})) — O in probability, where dy

denotes the kolmogorov distance, L* is the distribution given the original observation.

Lemma 3.2.2. ¢ — €§t) = Op(%), when n — oo.

Proof. We can prove in a similar way as lemma 3.1.2 that 1 — m® = O,(1/n) and
& —6W =0,(1/n). Then
6o _ Xy —m(Xer)  Xi— M (X, 1)
P 5(Xi1) 5O (X;1)
_ X (X)) — (X - m® (X, 1))
(X;1)
= 0p(1/n)(1 + Op(1/n)) = Op(1/n)

(1+0,(1/n))

Following the Definition 1.1.1, the predictive root is:

A

Xn+1 - Xn+1 = m(Xn) + J(Xn)€n+1 - m<Xn)
(3.21)

= (m(Xn) = m(Xy)) + o (Xn)ent
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And the bootstrap predictive root is as follows,
Xio = Xr = m(X,) —m*(X,) + 6(Xn)eh (3.22)

As mentioned in 3.1.3, the distribution of (m(X,) — m(X,)) can be approxi-
mated by the distribution of m(X,)—m*(X,)(Theorem 3.1.1) and distribution of €,,,4
can be approximated by the distribution of €}, ;, which is re-sampled from the fitted
or predictive residuals. Theorem 3.2.1 further shows that we can use the distribution
of 6(X,) — 6*(X,,) to approximate distribution of o(X,) — 6(X,,).

Follows from Politis(2013), we have

A

P(Xn+1 - Xn+1 < C]5|4Xvn = xn)

(3.23)
=F, () + fo() E((x,) — m(z,)) + fo(@) E(i(x,) — m(x,))* + o(1/Vnh)
and
P*(X;H - X:LH < alX, = 7,)

=Fo6() + fro(a)E* (0 (2,) — m*(xn)) + fr (@) B* (W (2,) — m*(x,))?  (3.24)
+ 0,(1/Vnh)

Here, F, and f, are the distribution and density function of o(z,)€,+1, Fis and
fns are the distribution and density function of &(x,)e;,,,. We further assume F,, 5
and F, are differentiable. When n — oo, both (3.23) and (3.24) converge to F,(«).
However, when investigating the high order accuracy, even if the distribution of € is
given, i.e., F. = F., the difference of the first term of (3.23) and (3.24) is of order
O,(1/v/nh) since &(x,) = o(x,) + O,(1/v/nh) while the first term in (3.8) and (3.9)
in Section 3.1.3 are exactly same in this case. So (3.24) does not fully capture the

variability of (3.23).

Remark 3.2.4. Although we know that given X,, = x,,, the the distribution of the first
term of (3.21) and the distribution of the first term in (3.22) agree up to O,(1/v/nh)

as in i.i.d. case we discussed in 3.1.3. However, the second term of the expansion

(5.22) will differ by O,(1/v/nh) from the second term of (3.21) due to the difference of
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6 and o. We can analyze m(X,,) —m(X,) and 0(X,)ent1 in (3.21) seperately because
given X, = x,, (m(X,,) — m(X)| Xy = x) = m(z,) — m(z,) and (0(Xy)ent1| Xy =

Tn) = 0(x,)€ns1 are independent.

Due to the bias of O,(1/v/nh) from estimating o(X,) by ¢(X,) in the sec-
ond term of(3.21) and (3.22), we expect to see under-coverage phenomenon of the
prediction interval in the simulation section. To fix this problem, we use an over-
smoothed bandwidth in creating the pseudo data in the bootstrap world. i.e,
xy, = mg(zy) + 64(x;)e;. ™y and 6, are computed in the same way as 7 and
¢ but using a bandwidth g, where g > h. This idea was originally developed for
confidence interval by Hardle and Marron(1991).

3.3 Partially Studentized Method

n+h_Xn+h

In Chapter one, we define the studentized predictive root as = , Where

n
V? is an estimate of the error variance in h-step ahead prediction. For a linear

autoregression model, we discussed that

h—1
Xn—i—h - Xn+h = (Q(Yn,@) - g(YmQ)) + Z ¢j6n+h—j>
=0
where g(Yn;@ is a linear function of the last p observations and the coefficients

only depend on é Take AR(1) for example, if h = 2, then ¢(X,,¢) = ¢*X,, and
N Vjenthej = Ens2 + Peny1.

We estimate the h-step ahead error variance by the variance of Z?;& Vj€nth—j,
which can be estimated by V2 = (34 ¥/?)42, where 42 is the variance of the fitted
or predictive residuals.

For a nonparametric model, it is not easy to estimate the error variance of
Xnan— Xn+h. We can not capture the prediction error caused by noises in an explicit
expression as we do for linear autoregression. However, we can partially capture the

error variance in h-step ahead prediction by the variance of residuals. Then we can
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define the partially studentized predictive root and partially studentized bootstrap

predictive root as follows,

Definition 3.3.1.

(i) partially studentized predictive root

The partially studentized predictive root is

Xn+h - Xn+h
~ )

S

Where Xn+h is the predictor of X,in, S’n is an estimate of the residual variance,
Xn+h and S, are both functions of the data, let X,Hh = (X4, -+, X,) and S, =
S(Xb e 7Xn)

(ii) partially studentized bootstrap predictive root
Consider a bootstrap pseudo series Xi,---, X}, the partially studentized bootstrap

predictive root is defined as:
nth — Xph
Sn
Here X}, =TI(X;, -+, X}) and S = V(XF,---, X}) are functions of pseudo data,

n

where I1 and S are the same functions as above.

If we collect B partially studentized bootstrap predictive root replicates in
the form of an empirical distribution whose a-quantile is denoted as g(«), then the

(1 — a)100% equal-tailed predictive intervals for X, 4, is given by
[Xn+h + gnq(@/2>7 XnJrh + S’nq(l - 05/2)}7

where S2 is the variance of the fitted or predictive residuals calculated in step (2) of

Algorithm 3.1.1, Algorithm 3.1.2, Algorithm3.2.1 and Algorithm 3.2.2. Note that for

n+h7Xn+h

nonparametric model with i.i.d. errors, when h =1, & is also the studentized

n

predictive root.
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3.4 Monte Carlo Studies

3.4.1 Simulation Results for Nonparametric Autoregression

with i.i.d. Errors

In this subsection, we still use Monte Carlo simulations to assess the perfor-
mance of the bootstrap methods with fitted and predictive residuals through average
coverage level(CVR) and length(LEN) as defined in Section 1.7.

To evaluate the performance of the bootstrap methods for nonparametric non-

linear auto-regression with i.i.d. innovations, we use the following models of order

p=1.
e Model 1: Xy 1 =sin(Xy) + €41
e Model 2: X,y =0.8log(3X? + 1) + €41
e Model 3: X;y1 = —0.5exp(—50X2)X; + €141
with following features:

(1) {e&} are iid. from N(0,1) or two-sided exponential(Laplace) distribution

rescaled to unit variance,
(2) 500 data sets each of size n = 100 and n = 200,
(3) prediction interval with nominal coverage levels of 95% and 90%,
(4) 1-step ahead and 3-step ahead prediction intervals
(5) choose K (-) to be the normal kernel and select h by cross validation method.

Table 2.1 -2.3 summarize the simulation results of each model.



Table 3.1: nonparametric autoregression with i.i.d innovations-model 1

normal innovation

nominal coverage 95%

nominal coverage 90%

h=1,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.927 3.860 0.393 0.873 3.255 0.310
nonpara-p 0.943 4.099 0.402 0.894 3.456 0.317
nonpara-Sf 0.938 4.020 0.403 0.887 3.387 0.314
nonpara-Sp 0.939 4.030 0.405 0.888 3.390 0.313
h=1n=200
nonpara-f 0.938 3.868 0.272 0.886 3.263 0.219
nonpara-p 0.948 4.012 0.283 0.899 3.385  0.231
nonpara-Sf 0.945 3.966 0.280 0.894 3.339 0.222
nonpara-Sp 0.945 3.970 0.282 0.895 3.344 0.228
h=3,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.924 4.534 0.396 0.867 3.829 0.339
nonpara-p 0.941 4.801 0.444 0.889 3.048 0.378
nonpara-Sf 0.936 4.734  0.450 0.881 3.981 0.379
nonpara-Sp 0.937 4.719 0.423 0.882 3.969 0.357
h=3,n=200
nonpara-f 0.933 4.589 0.271 0.878 3.873 0.221
nonpara-p 0.941 4.733 0.305 0.889 3.995 0.253
nonpara-Sf 0.939 4.704 0.298 0.886 3.967 0.239

nonpara-Sp

0.938 4.674 0.291

0.885 3.945 0.242

Laplace innovations

nominal coverage 95%

nominal coverage 90%

h=1n=100
nonpara-f 0.933 4.161 0.648 0.879 3.218 0.452
nonpare-p 0.944 4.430 0.658 0.896 3.445 0.470
nonpara-Sf 0.942 4.388 0.675 0.892 3.386  0.466
nonpara-Sp 0.942 4.364 0.641 0.892 3.386  0.465
h=1n=200
nonpara-f 0.937 4.122  0.460 0.885 3.198 0.329
nonpara-p 0.943 4.275 0.455 0.895 3.341 0.341
nonpara-Sf 0.943 4.250 0473 0.893 3.293 0.333
nonpara-Sp 0.941 4.234  0.447 0.893 3.299  0.327
h=3,n=100
nonpara-f 0.931 4.462 0.564 0.872 3.702 0.433
nonpare-p 0.943 4.930 0.656 0.891 3.940 0.497
nonpara-Sf 0.941 4913 0.632 0.887 3.906 0.490
nonpara-Sp 0.940 4.866 0.631 0.886 3.875 0.466
h=3,n=200
Laplace innovations | CVR.  LEN  st.err CVR LEN  st.err
nonpara-f 0.934 4.622 0.396 0.877 3.692 0.298
nonpara-p 0.941 4.781 0.419 0.888 3.821 0.305
nonpara-Sf 0.940 4.768 0.418 0.885 3.800 0.314

nonpara-Sp

0.940 4.749 0.423

0.884 3.782  0.303

70



Table 3.2: nonparametric autoregression with i.i.d innovations-model 2

normal innovations

nominal coverage 95%

nominal coverage 90%

h=1,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.928 3.870 0.388 0.875 3.260 0.308
nonpara-p 0.946 4.143 0.393 0.900 3.495 0.305
nonpara-Sf 0.940 4.051 0.393 0.890 3.407 0.309
nonpara-Sp 0.941 4.049 0.387 0.891 3.407 0. 306
h=1n=200
nonpara-f 0.936 3.877 0.297 0.883 3.270 0.238
nonpara-p 0.948 4.053 0.295 0.899 3.418 0.238
nonpara-Sf 0.943 3.992 0.302 0.893 3.359  0.241
nonpara-Sp 0.944 3.999 0.292 0.894 3.364 0.234
h=3,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.922 4.908 0.479 0.863 4.136 0.411
nonpara-p 0.941 5.234 0.504 0.889 4.412 0.432
nonpara-Sf 0.935 5.149 0.517 0.880 4.325  0.447
nonpara-Sp 0.935 5.120 0.485 0.880 4.304 0.419
h=3,n=200
nonpara-f 0.931 4.989 0.311 0.874 4.214 0.266
nonpara-p 0.941 5.177 0.335 0.889 4.369 0.290
nonpara-Sf 0.938 5.135 0.333 0.884 4.330 0.282

nonpara-Sp

0.937 5.099 0.327

0.883 4.300 0.281

Laplace innovations

nominal coverage 95%

nominal coverage 90%

h=1,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.932 4.175 0.639 0.880 3.237 0.449
nonpara-p 0.944 4.458 0.649 0.898 3.472 0.464
nonpara-Sf 0.942 4.414  0.667 0.893 3.415 0.466
nonpara-Sp 0.941 4.380 0.631 0.893 3.406 0.452
h=1n=200
nonpara-f 0.937 4.110 0.455 0.884 3.192 0.322
nonpara-p 0.944 4.284 0.452 0.895 3.347 0.336
nonpara-Sf 0.942 4.247 0.467 0.892 3.296 0.328
nonpara-Sp 0.942 4.234 0.453 0.892 3.297  0.327
h=3,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.925 4.992 0.653 0.867 4.044 0.529
nonpara-p 0.940 5.318 0.715 0.889 4.312 0.563
nonpara-Sf 0.938 5.302 0.744 0.884 4.277 0.599
nonpara-Sp 0.937 5.250 0.709 0.883 4.234 0.538
h=3n=200
nonpara-f 0.931 4.971 0.463 0.872 4.028 0.373
nonpara-p 0.940 5.174 0479 0.886 4.184 0.377
nonpara-Sf 0.938 5.139 0.494 0.883 4.162 0.403

nonpara-Sp

0.937 5.115 0.486

0.882 4.136 0.378
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Table 3.3: nonparametric autoregression with i.i.d innovations-model 3

normal innovations

nominal coverage 95%

nominal coverage 90%

h=1,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.932 3.832 0.369 0.881 3.236  0.282
nonpara-p 0.940 3.946 0.380 0.892 3.332 0.296
nonpara-Sf 0.940 3.945 0.372 0.891 3.323 0.280
nonpara-Sp 0.940 3.944 0.376 0.891 3.322 0.288
h=1n=200
nonpara-f 0.941 3.862 0.265 0.890 3.257 0.210
nonpara-p 0.945 3.926 0.274 0.896 3.312 0.214
nonpara-Sf 0.944 3.921 0.263 0.895 3.302 0.206
nonpara-Sp 0.945 3.929 0.271 0.896 3.309 0.210
h=3,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.937 3.858 0.362 0.886 3.256 0.274
nonpara-p 0.944 3.987 0.389 0.898 3.370  0.297
nonpara-Sf 0.944 3.976 0.376 0.896 3.344 0.289
nonpara-Sp 0.945 3.985 0.374 0.897 3.355  0.286
h=3,n=200
nonpara-f 0.943 3.894 0.276 0.894 3.284 0.212
nonpara-p 0.947 3.949 0.285 0.899 3.312 0.218
nonpara-Sf 0.947 3.951 0.272 0.899 3.330 0.212

nonpara-Sp

0.947 3.953 0.276

0.899 3.327v 0.214

Laplace innovations

nominal coverage 95%

nominal coverage 90%

h=1,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.934 4.192 0.636 0.882 3.228  0.447
nonpara-p 0.938 4.295 0.640 0.890 3.322  0.455
nonpara-Sf 0.941 4.361  0.647 0.891 3.350 0.454
nonpara-Sp 0.940 4.317 0.622 0.891 3.335 0.443
h=1n=200
nonpara-f 0.939 4.143 0.478 0.889 3.205 0.327
nonpara-p 0.941 4.190 0.467 0.893 3.269 0.337
nonpara-Sf 0.943 4.226 0.471 0.894 3.268 0.324
nonpara-Sp 0.942 4.206 0.460 0.894 3.273 0.329
h=3,n=100 CVR LEN  st.err CVR LEN  st.err
nonpara-f 0.936 4.178 0.612 0.886 3.232  0.431
nonpara-p 0.943 4.329 0.677 0.895 3.349 0.448
nonpara-Sf 0.944 4352 0.634 0.895 3.356  0.448
nonpara-Sp 0.944 4.357 0.655 0.896 3.365 0.445
h=3,n=200
nonpara-f 0.940 4.130 0.457 0.891 3.226 0.332
nonpara-p 0.943 4.212 0.470 0.894 3.269 0.319
nonpara-Sf 0.943 4.219 0.457 0.896 3.285 0.326
nonpara-Sp 0.944 4.228 0.464 0.895 3.281 0.313

From Table 2.1-2.3, we see that
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e when n = 100 the p, Sf and Sp methods have significant improvement on the
coverage rate compared to the nonstudentized method with fitted residuals for
both h = 1 and h = 3. The coverage levels of all but the f method are close

to the true coverage level in both normal and Laplace case.

e When n = 200, the coverage levels of the nonstudentized method with fitted
residuals improve a lot. The coverage levels for the other methods are already
very good when n = 100, so the coverage level almost stay same for other

methods when changing to a larger sample size.

e The standard deviation of the interval length become smaller when n = 200
for both normal and Laplace innovations. Larger sample size leads to the

decreased variability of the interval length.

e The technique of using predictive residuals is not necessary for studentized

method.

3.4.2 Simulation Results for Nonparametric Autoregression

with Heteroscedastic Errors

To evaluate the performance of the bootstrap methods for nonparametric non-

linear auto-regression with heteroscedastic innovations, we use the following model,

o Model 4: X, =sin(X, 1) + /0.5 + 0.25X7 ;¢
e Model 5: Xt+1 = 075Xt + 0-15Xt6t+1 + €t+1

with the features same as (1)-(3) and (5) of model 1-3.
Following two tables summarize the simulation results of model 4 and model

5 without over-smoothed resampling bandwidth.



Table 3.4: heteroscedastic model 4 without over-smoothed bandwidth

heteroscedastic nominal coverage 95% nominal coverage 90%
normal innovations | CVR  LEN  st.err CVR LEN st.err
n = 100
nonpara-f 0.838 2.630 1.093 0.776  2.238  0.930
nonpara-p 0.871 2.889 1.193 0.804 2.391 0.989
n = 200
nonpara-f 0.864 2.733 1.007 0.801 2.317 0.845
nonpara-p 0.885 2.888 1.024 0.817 2.405 0.846
Laplace innovations | CVR LEN  st.err CVR LEN st.err
n = 100
nonpara-f 0.847 2.719 1.349 0.785 2.147  1.000
nonpara-p 0.878 3.094 1.571 0.812 2.330 1.063
n = 200
nonpara-f 0.871 2.687 1.098 0.810 2.128 0.873
nonpara-p 0.890 2914 1.207 0.824 2233 0.921

Table 3.5: heteroscedastic model 5 without over-smoothed bandwidth

heteroscedastic nominal coverage 95% nominal coverage 90%
normal innovations | CVR LEN  st.err CVR LEN  st.err

n = 100
nonpara-f 0.884 3.619 1.575 0.831 3.079 1.317
nonpara-p 0.911 3.969 1.732 0.856 3.290 1.414

n = 200
nonpara-f 0.904 3.706 1.490 0.854 3.146  1.255
nonpara-p 0.919 3.916 1.602 0.866 3.264 1.323
Laplace innovations | CVR LEN  st.err CVR LEN st.err

n = 100
nonpara-f 0.880 3.886  2.351 0.829 3.085 1.841
nonpara-p 0.906 4.452  3.852 0.850 3.354  2.066

n = 200
nonpara-f 0.900 3.803 1.787 0.846 3.005  1.405
nonpara-p 0.915 4.129 1.962 0.860 3.172  1.485
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From above two tables, we see that there is significant under coverage for the

models with heteroscedastic errors in both normal and Laplace case. As mentioned in

the Section 3.2, the nonparametric autoregression bootstrap discussed in this section

doesn’t work well for heteroscedastic models without using over-smoothed resampling
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bandwidth.
As a rule of thumb, the resampling bandwidth g are often recommended to be

1.5h or 2h. So we re-do the simulation for model 4 and model 5 using g = 1.5h and
g = 2h.

Table 3.6: heteroscedastic model 4 with g = 1.5h

g = 1.5h nominal coverage 95% nominal coverage 90%
normal innovations | CVR  LEN  st.err CVR LEN st.err
n = 100
nonpara-f 0.870 2.809  0.968 0.813 2.391 0.824
nonpara-p 0.901 3.090 1.058 0.839 2.556  0.870
n = 200
nonpara-f 0.885 2.840 0.857 0.825 2408 0.719
nonpara-p 0.904 3.003 0.874 0.841 2.502 0.726
Laplace innovations | CVR  LEN  st.err CVR LEN st.err
n = 100
nonpara-f 0.874 2.951 1.240 0.819 2.329 0.894
nonpara-p 0.904 3.371 1.464 0.843 2.526 0.955
n = 200
nonpara-f 0.889 2.835 0.973 0.831 2.245 0.763
nonpara-p 0.907 3.076  1.063 0.846 2.357 0.806




Table 3.7: heteroscedastic model 4 with g = 2h

g=2h nominal coverage 95% nominal coverage 90%
normal innovations | CVR LEN  st.err CVR LEN  st.err
n = 100
nonpara-f 0.894 3.015 0.926 0.843 2.566 0.783
nonpara-p 0.922 3.318 1.003 0.868 2.744  0.826
nonpara-f 0.894 3.018 0.934 0.843 2.569  0.790
nonpara-p 0.923 3.337 1.017 0.869 2.761 0.839
n = 200
nonpara-f 0.903 2.903 0.774 0.848 2.537  0.647
nonpara-p 0.921 3.164 0.789 0.863 2.636 0.654
nonpara-Sf 0.903 2.986 0.779 0.847 2.534  0.652
nonpara-Sp 0.921 3.168 0.796 0.863 2.638  0.657
Laplace innovations | CVR  LEN  st.err CVR LEN  st.err
n = 100
nonpara-f 0.895 3.197 1.270 0.843 2.521  0.909
nonpara-p 0.921 3.662 1.515 0.866 2.740  0.967
nonpara-Sf 0.894 3.200 1.300 0.843 2.523  0.930
nonpara-Sp 0.922 3.691 1.553 0.866 2.762  0.989
n = 200
nonpara-f 0.905 3.028 0.955 0.851 2.395 0.747
nonpara-p 0.921 3.285 1.029 0.864 2.514 0.776
nonpara-Sf 0.904 3.026 0.972 0.850 2.392  0.757
nonpara-Sp 0.921 3.294 1.041 0.864 2.520 0.783




Table 3.8: heteroscedastic model 5 with g = 1.5

g = 1.5h nominal coverage 95% nominal coverage 90%
normal innovations | CVR  LEN  st.err CVR LEN st.err

n = 100
nonpara-f 0.911 3.816 1.494 0.862 3.250 1.253
nonpara-p 0.934 4.197 1.655 0.885 3.475 1.342

n = 200
nonpara-f 0.925 3.848 1.384 0.878 3.267 1.169
nonpara-p 0.938 4.065 1.483 0.889 3.390 1.229
Laplace innovations | CVR LEN  st.err CVR LEN st.err

n = 100
nonpara-f 0.906 4.145 2.292 0.860 3.290 1.796
nonpara-p 0.929 4.760 2.782 0.880 3.596  2.029

n = 200
Nonpara-f 0.920 4.014 1.592 0.871 3.174  1.240
Nonpara-p 0.934 4.360 1.758 0.884 3.347 1.343

7
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Table 3.9: heteroscedastic model 5 with g = 2h

g=2h nominal coverage 95% nominal coverage 90%
normal innovations | CVR  LEN  st.err CVR LEN  st.err
n = 100
nonpara-f 0.931 4.063 1.453 0.888 3.465 1.228
nonpara-p 0.950 4.672 1.621 0.908 3.704 1.321
nonpara-Sf 0.930 4.054 1.462 0.887 3.457 1.232
nonpara-Sp 0.950 4.481 1.639 0.908 3.711 1.332
n = 200
nonpara-f 0.941 4.034 1.322 0.898 3.427 1.113
nonpara-p 0.952 4.262 1.404 0.909 3.556 1.173
nonpara-Sf 0.940 4.029 1.326 0.898 3.422 1.117
nonpara-Sp 0.953 4.262 1.411 0.910 3.557 1.178
Laplace innovations | CVR  LEN  st.err CVR LEN  st.err
n = 100
nonpara-f 0.923 4.414  2.283 0.881 3.512 1.811
nonpara-p 0.943 5.081 2.865 0.899 3.827 2.001
nonpara-Sf 0.922 4.384  2.256 0.880 3.490 1.784
nonpara-Sp 0.943 5.103 2.951 0.900 3.844 2.076
n = 200
nonpara-f 0.933 4.222 1.484 0.888 3.338 1.151
nonpara-p 0.945 4.594 1.656 0.900 3.525 1.249
nonpara-Sf 0.932 4.204 1.475 0.887 3.323 1.149
nonpara-Sp 0.945 4.597 1.661 0.900 3.530 1.255

From the previous four tables, we see that

When we choose a resampling bandwidth ¢ as 1.5h and 2h the predictive
interval for model 4 improved compared to those without using over-smoothed
bandwidth in creating the pseudo series. Based on the simulation result, it
is proper to choose a g at least as big as 2h to make the prediction intervals
closer to the true ones. And the predictive residuals works better than the
fitted residuals. For model 5, the coverage levels of the predictive intervals
using predictive residuals are close to the nominal coverage level when g = 2h.

So for model 5, we can choose a g = 2h.

For both model 4 and model 5, we observe that when n = 200, the variability

of the interval length decreased significantly. However the standard deviations
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corresponding to the interval lengths are still quite large with respect to the

length.

e The undercoverage of heteroscedastic model is mostly due to the bias of es-
timating o(-) by &(-), and partially studentized approaches do not help for

heteroscedastic models.

3.5 Backward Bootstrap for Nonparametric Au-
toregression

We use the backward scheme in chapter 1 for simple linear autoregression. The
backward errors are not i.i.d., however we can construct the backward errors explicitly
through the autoregression coeflicients and the forward i.i.d. errors as in formula (1.7).
When we try to apply this idea to the totally nonparametric procedure, the problem
arises because it’s hard to find the explicit distribution for the backward errors. Let
us take the model of order 1 with i.i.d. errors for example, X; = m(X,_1) + €,
and the backward presentation is X; = m (X1 — €,41) = v(X¢41) + w; both the
distribution of backward error {w;} and the backward function v(-) are hard to find
explicitly through m(-) and {e}.

However, we can use the bootstrap based on the estimation of the transition
density or the local bootstrap method discussed in next chapter to find the distri-
bution of X;|X;11. So we can use the bootstrap based methods introduced in next
chapter to generate the pseudo bootstrap series and still use the nonparametric kernel
estimator derived in this chapter to get m and m* and construct the prediction root.

We will revisit the backward method for nonparametric autoregression in the
context of resampling Markov processes in next chapter.

Chapter 3, in full, is currently being prepared for the following paper prepared
for future submission for publication: Bootstrap prediction intervals for linear, non-

linear and nonparametric autoregressions. Pan,Li; Politis, Dimitris. The dissertation



author was the primary investigator and author of this material.
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Chapter 4

Bootstrap Prediction Intervals for
Markov Processes Based on

Conditional Distributions

In chapter 1 and 2 we constructed the bootstrap prediction intervals for linear
and nonlinear autoregression, and in chapter 3 we addressed the nonparametric au-
toregression model. In this chapter, we will extend to a more general autoregressive
structure: strictly stationary and real-valued stochastic processes {X;,t = 1,2,---}
that follow a general finite order Markovian structure. All the models discussed in
previous chapters are included in the Markovian structure.

Rajarshi(1990) developed a bootstrap method based on kernel estimates of
the transition density of the Markov processes. We will use this method to construct
the prediction interval in section 4.1. In the procedure of generating pseudo series
X7, X5, -+, X, we use both forward and backward schemes. We will assess the per-
formance of the forward and backward bootstrap method in Monte Carlo simulation.

Paparoditis and Politis(2002) proposed another bootstrap method for Markov
processes based on conditional distributions, the so called local bootstrap. The idea
of backward local bootstrap for prediction was first proposed and used in an autore-

gressive process with ARCH errors by Paparoditis and Politis(1998). We will also use
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the local bootstrap method to construct prediction intervals using both forward and
backward schemes in section 4.2.

In Section 4.3, we will apply the backward bootstrap methods introduced
in Section 4.1 and 4.2 to the nonparametric autoregression model discussed in last

chapter. Simulation results will be given in the end of this section.

4.1 Bootstrap Based on estimates of Transition
Density

In this section, we start to consider a strictly stationary Markov sequence
X ={X1, Xy, -} of order p. Motivated by Rajarshi(1990), we introduce a forward
bootstrap method based on transition density estimates to construct the prediction
intervals in Section 4.1.2. After showing the reverse of a Markov chain is also a
Markov chain in Section 4.1.3, we give the algorithm of backward bootstrap based
on backward transition density. The asymptotic properties and Monte Carlo Studies

will be discussed in Section 4.1.4 and 4.1.5.

4.1.1 Notation and Definition

Let € Ry € RP, {X;,t =1,2,---} is a order p strictly stationary Markov
chain with
F(y) = P[Y, <y,
Flr,y) = P[Xp01 <3, <4, (4.1)
F(zly) = P[Xpa < zlY, = y].
Here V; = (X4, Xio1, -+, Xipt1). Y = {Y},, Y11, - } forms an aperiodic, strictly
stationary and geometrically ergodic Markov chain on (RP,B,). B, is the Borel o-

algebra over RP. Let f(y), f(z,y), f(z|y) be the corresponding densities of (4.1).

Let x1,x9,---,x, be the observed sample path from the Markov chain X,

Yn = ($n> e axn—p—&-l)/-
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Definition 4.1.1. The predictive root is the error in prediction:
Xn+1 - Xn+1;

Given Yy, = yp, Xny1 is sampled from the transition density f(-|lyn) and Xpi1 =
fxfn(x|yn)dx is an estimate of conditional expectation of X, 1 given Xy, -+, X,.
Since fn(x|yn) is a function of data and x,y,, let fn(:n|yn) =1(x, yn, X1, , Xp)-
Consider a pseudo series X7,--- , X, the bootstrap predictive root is defined
as:
Xop1 — X;-Ha

Given Y = y,, X is sampled from Fol-lyn) and X:, = [afi(x|yn)dz is an

estimate of conditional expectation of X , given Xi,--- X}, where f;(:zr|yn) =

(x, yn, X5, -+, X5). I is the same function as above.

4.1.2 Forward Bootstrap Based on Transition Density

Let xq,x9, -+ ,x, be the observed sample path from the Markov chain X,
Yn = (T, -+, Tp—ps1)’. The construction of the bootstrap prediction interval can be

performed as follows,
Algorithm 4.1.1.

(1) Choose a proper kernel on R? and bandwidth hy, hy to construct the estimator
of the transition density fn(x|y), re€R, yeRP, as follows,

. _ 1 = =z ||y =yl

fn('x’ y) - (n . p)hlhg izp;_l K( hl ) hg ) (42)

r _ fn(x7y) 4.4

fn(zly) ) (4.4)
Here || - || is a norm in RP.

(2) Calculate the predictor of future value Z,.1 by an estimate of conditional ex-

pectation [ xf,(x|y,)dz.
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(3) (a) Generate y; = (x,,--- ,x7) with probability density function Fu(*) given
by (4.3).
(b) Generate x| with probability density function fn(]y;) given by (4.4).
(c) Repeat (b) to generate x;lwfn(-\yf), t=mp,---,n—1, where
i = (@, wi )
(d) Construct f(z|y) is constructed in the similar way as (4.4) but based on

the pseudo data 3,25, , x)

» instead of the original observed data.

(e) Calculate the bootstrap predictor of future value %, by fmf:;(ﬂyn)dx
(f) Generate the bootstrap future value x2+1an('|yn).

(g) Calculate the bootstrap root replicate as x| — &,

(4) Repeat (3) B times. The B bootstrap root replicates are collected in the form

of an empirical distribution whose a-quantile is denoted q(c).

(5) The (1 — @)100% equal-tailed predictive interval for X, .1 is given by
[jn+1 + Q(O'//Q)v ‘%n—&-l + Q(l - a/Q)]' (45)

Remark 4.1.1. Rajarshi(1990) used the bandwidth 0.9An~'6  where A =
min(, %{f) and & is the estimated standard deviation of the data, IQR is the in-
terquartile range(Q3 — @Q1). When we use this bandwidth selection rule, we have
significantly over-coverage prediction interval. As suggested in assumption (B3):
3% (nh)F < oo, for some k > 3. we need h of order n~ 10+ 5%) for some k >3
and a > 0. For infinitely large a and k, the order of h is n=1. So the order of h
should be no more than O,(n~Y4). We adjust h to be 0.9An=Y*. We do not rec-

ommend the cross validation method for bandwidth selection since the order of the

optimal h selected by cross validation is of O,(n=1/?)
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4.1.3 Backward Bootstrap Based on Transition Density

In chapter 1, we used both the forward bootstrap and backward bootstrap
methods to create the bootstrap pseudo data. Inspired by the idea of generating
pseudo data backwards, we introduce the backward bootstrap based on transition
density for Markov process. Before applying the backward bootstrap for Markov
process, however we need to show that the reverse Markov process is also a Markov
process. Here we study the properties of Markov processes using the copulas. Follow-
ing Sklar(1959,1973), an m-dimensional joint distribution function F' with marginal

distribution functions Fi, F5,--- , F,, can be written as

Fioom(z1, - 2m) = C(F1(z1), -+, Fon(Tm)),

for some function C' : [0,1]™ + [0,1] called an m-copula. For an m copula
Clag, - ,am), 0 < a; <1,7=1,2--- ,m. Let C,j denote the partial derivative
oC/da;.

Darsow, Nguyen and Olsen(1992) have proved the following theorem

Theorem 4.1.1 (Darsow, Nguyen and Olsen(1992) ). A real valued stochastic process
Xy, t €T (T is some set of real numbers) is a Markov process if and only if for all

positive integers n and for all ty,--- ,t, € T satisfying t, < tpi1,k=1,--- , n—1,
Chioty = Crytg * Cigg * -+ % Gy,

where Cy, .4, is the copula associated with the joint distribution of Xy, -, X,

The definition of the * is as follows:
Let A be an m-copula and B be an n-copula. Ax B is an m +n — 1 copula
given by

Qm

A*B(O{l,"' 7am+n—1) — 0 A,m(ala"' 705m—17€)B,1(£705m+17"' 7am+n—1)d£-

A useful property for 2-copula and % operation is that

Cst = Csu * Cuta (46)
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for s,u,t € T satisfying s < u < t. Here Cj; is the copula of X, and X;. cf. Darsow,
Nguyen and Olsen(1992, Theorem 3.2).

Let X;, t € T be a Markov process, then we have the following 2 claims.
Claim 4.1.2. Cy,y, = Cpy, * Ciyyy for any ty,to,t3 € T and t; < 1y < 3.
Proof.
Claty (g, vy ) = Chyg (i, i) by the definition of copula C
= Ot1t2 * Ct2t3 by (46)
1
= / Chyty2(ary, ) Clyty 1 (€, g )dE by the definition of * operation
0
1
- / Ot (€0, )Crara (g, )€ by the definition of €, €' and C'
0
1
= /O Ct3t2,2(at37§)0t2t1,1(§7O‘tl)dg
= Ct3t2 * Ct2t1 (atsv atl)

]

Claim 4.1.3. Cy,.., = Cit, . *Ct, 11,5 * -+ * Cyy, for all positive integers n and

forall ty,--- t, €T satisfying tp < tpi1,k=1,--- ,n—1.

Proof. We prove the claim by induction.
we know that Ci,y, = Ciy, * Ctye, (0ne % operation, n = 3).

If Chpoty = Crotp s *Cy ity * - *x Cryry ((k-2) * operations, n = k),
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to show: Cy, 4.t = Chyrtp * Cryt_y %+ % Chyr, . Note that

Ctk+1tk-~~t1 (atk+17 Qgyy sty at1>
=Chy ety (- 0y ) by Copula definition
=(Chyty * Cpopy % -+ % Chy_1,) * Ctktk+1 by Theorem 4.1.1
=Cy.t), * Ctpty s by Theorem 4.1.1

(677
:/ * Corotp (- a1, €)Chu01(& ay,,,)d§ by the definition of x operation
0

:/0 ’ Crrrtn2(0 1 §) O 1 (§ gy gy )dE by the definition of Copula

=Ci 1t * Copoty by the definition of x operation
=Ch 1ty * Ciptyy * - x Ciypy by the assumption for n = k
O

Let X = {X;,t € T} be a Markov process, the reversed process X is just those
of X with ¢ reversed in time. Reversing the process {X;,t € T} from a random time

U, we get a process {f(t = Xy_+}.
Lemma 4.1.4. The reverse of a Markov process is also a Markov process.

Proof. The proof is immediate by Claim 4.1.2 and 4.1.3 in connection with Theorem
4.1.1. O

Follows from the above results, we can generate the bootstrap pseudo series
backwards. If we have observed x1, zo, - - - , x,,, a sample path of a Markov chain. Then
Ty Tn—1,- - ,21 1S a sample path of a Markov chain with densities fy,(z,v), fon(2)

and fp,(y|z). And the estimators of these densities are as follows,

ﬁm(l’,y) = w'ilK(ZE—hﬁ:i—p’”y;zyi”) (47)
fulw) = [ Finlwp)da (48)
fnlaly) = Jm@) (4.9)

fbn (y)
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The algorithm of backward bootstrap based on transition density is very similar
to that of forward bootstrap based on transition density. The only difference is
in step(3). We generate the pseudo series (x7,---,z}) backwards. The backward

bootstrap algorithm can be performed as follows,
Algorithm 4.1.2.
(1)-(2) Same as the steps in Algorithm 4.1.1.
(3) (a) Lety; = yn.
(b) Generate x;_pwfbn(-|y; = Yn)
(c) Repeat (b) to generate xfwfbn(-|yf+p), t=n—p,---, 1
(d) Generate bootstrap future value x;+1~fn(-|yn).

(e) Based on x¥,--- ,xk, compute f;:(|yn) as in (4.4). Then calculate T,

as [ xﬁ’{(ﬂyn)dx

(f) Calculate the bootstrap root replicate as x,, , — &,

(4)-(5) Same as the steps in Algorithm 4.1.1.

4.1.4 Aymptotic Properties

For simplicity, in this section we consider a strictly stationary Markov sequence

X of order one. Suppose

(A1) X = {X1, Xy, -} forms an aperiodic, strictly stationary and geometrically
ergodic Markov chain on (R, B). B is a Borel-o algebra over R.

The existence and uniqueness of the following functions are ensured by assumption

(A1),
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(A2) F(y), F(z,y) and F(z|y) defined in (4.10) are absolutely continuous, and
have uniformly continuous and bounded densities f(y), f(z,y) and f(z|y)
respectively. Assume a compact subset S C R exists such that X; € S a.s.

and f(y) > ¢ > 0 for each y € S.
(A3) The sequence X = {X;, Xy, -} is ¢-mixing.

Let k(x,y) be an appropriately chosen kernel on R?. The conditions of the kernel
k(x,y) would be specified later in assumption (B1-B3). Then the estimator of f(z,vy),

f(y) and f(z|y) are given by

fulev) = o S R L) (a.11)
) = [ Fulw,y)da (4.12)
futaly) = 22 (4.13)

By comparison to eq.(4.2), here we let hy = hy = h since the role of the two arguments
of k(-,-) is interchangeable.

Following are the assumptions for the choice of the kernel and the bandwidth.

(B1) k(z,y) — 0 as [|(z,y)|| = oo, uniformly continuous in (x,y). Here || - | is the

Euclidean norm.
(B2) k(x,y) is of bounded variation on S x S
(B3) h = h(n) — 0, nh — oo and -°(nh*)**! < oo, for some k > 3.

Under assumption (A1)-(A3) and (B1)-(B3), the following results are proved
by Rajarsh(1990, Lemma 2.2, Corollary 2.1 and 2.2)

sup | fu(,y) = fz, )| = 0 as. (4.14)
sup |fu(z) — f(z)| = 0 as. (4.15)

sup f(yle) — F(ylo) >0 as, (4.16)
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Now suppose we have observations zi, s, - ,x, then fn(m,y),fn(a:) and
fn(y|x) are determined. Then we generate the Markov-sequence X* = (X}, X5, )
with densities f,(z) and f,(y|lz) as described in Algorithm 4.1.1. Based on

X1, X5, -+, X, we re-estimate the density functions as
; 1 = r—Xr, y—X;
. = a2k = : 4.17
fily) = / fr(, y)dz (4.18)
£ A*<x> y)
falzly) = =5 (4.19)
fay)

Theorem 4.1.5. Under assumptions (A1)-(A3) and (B1)-(B3), given observations

T1,To, -+ , Ty, we have

sup | fi(x,y) = fulw,y)| = 0 as. (4.20)
z,Yy
Proof. From Lemma 2.3 of Rajarshi(1990), it follows that X* is also ¢-mixing. Fol-
lowing the same argument from the proof of Theorem 1 part(B) in Riischendorf(1977),

given observations x1,xs,- - ,T,, we have
sup | fr(x,y) = Efi(w,9)] = 0 aus.
By eq. (7) of Nadaraya (1965), we have
sup | B3 (2,9) = fal,y)

<sup sup | fulw—wiy—u) = fule,y) +2M [ K (3, 1) dordy

Y ||(z1,y1)lI<n I(z1,91)[I=n/h

(4.21)

where M = max, f,(z). Note that

A A

sup  sup |fu(z — 21,y —y1) — fu(z,y)]

Y (z1y)l<n

=sup  sup |(fu(z — 20,y — 1) — flo — 21,5 — 1))

Y ||(z1,y1)[I<n

+ (f(xvy) - fATL('ruy)) + (f(SC — T,y — yl) - f(xvy»'

<sup sup |fulr —x1,y —11) — flz — 21,y — 1)
Y |[(z1,y1)||<n

+sup | f(z,y) — fulz,y)| +sup  sup |f(z—z1,y —u1) — f(z,9)|
z,y Y |[(z1,y1)l1<n
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By (4.14) and the uniform continuity of f(z,y), for any € > 0, choose 1 sufficiently
small, we can make the first term on the right hand side of (4.21) < ¢/2. Having so
chosen 7, choose n so large that n/h — oo; then the second term of the right hand

side of (4.21) is also < €/2. O

Corollary 4.1.6. Under the same assumptions of above theorem, given observations

T1,To, -+ , T, we have

sup | f3(z) — fu(z)] = 0, a.s. (4.22)

sup fi(ylz) = falylz)] = 0, a.s. (4.23)

In the following theorems of this section, we let X, 1~f(-|x,), and

XE X, X~ fu(cln), de,
f(Xnt1 = 2) = f(2|2,),

f(X;-H = ZB|X1, T ’Xn) = fn(x|xn)7
and f,(x|z,) is given in (4.13).
We denote P* as the probability given Xi,---,X,, and E* as the expectation
given Xy, -+, X,,.

Remark 4.1.2. When we use P* and E*, we would not write the conditional random
variables Xy, --- , X, explicitly. For evample, P*(X} | < x) in the following theorem
means P(X} | <z|Xq, -, X,).

n

Theorem 4.1.7. Suppose the assumptions of Theorem 4.1.5 hold, then

sup |P(Xpp1 <2) — P(X,, <) =0 a.s.
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Proof. Let (x1,---,x,) be any realization of Xy,---,X,. Given such a realization,

we have

P(Xup < 2) = P(Xj0 <)
=1 [ (tuken) = Fululan))dul
—| [T lan) = falwlza))dul  (since [ f(ulea)du = [ fululza)du = 1)
=1 [ () = Fulez)dul + 51 [~ (Fulen) = Fufulen))du
< [ S5 = Fululen)du
= [ (F(ulz) = falulz))* du

(since [ (f(ulan) = fululzn)) du = [(Fulwn) = fululz,)"du

here f* = max(f,0), f~ = —min(f,0))

— [ lim (f(ulzn) — flulz,)) du =0

n—oo

since (f(u|@n) — fo(ulz,))™ < f(ulz,) and the last step follows by lemma 4.1.6 and
the dominated convergence theorem. So sup, |P(X,41 < 2) — P*(X},, <) = 0

holds for any realization of X,---, X,,. O

Let the predictor of future value be
Xn—i—l = /xfn(x]xn)dx
and the bootstrap predictor be
K = [ afi(elen)de.

Note that Xn—i—l is a function of Xi,---,X,, and x, while X;;H is a function

of X{,---, X} and z,.
Theorem 4.1.8. Suppose the assumptions of Theorem 4.1.7 are met,

EX, — E*X:,, —0 as.
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Proof. Let (x1,---,z,) be any realization of Xi,---,X,. Under each realization
(1, ,xn), fn(|) is a non-random function and EX,LH = fa:fn(.r|xn)da: We

generate z7, - - -, x), where x} is sampled from f,(-|z;_;). Then we have non-random

n

Let Fo(ylen) = [V fa(uls)du and F,(ylan) = [V fu(ulz,)du, follow the

function f*(ulz,) based on a3, - -+, z* and E*X:,, = [ afr(z]@,)dz.

argument of theorem 4.1.7,
< [(fulukea) = Filulwa))tdu

s [ T (Fuukon) — Fruln))™ =0
Note that (f,(u|z) — fr(ulzn))™ < fulu|z,) — f(ulz,). Apply Fatou to both
Fuulen) = (Fululzn) — F2(ulz))* and fu(ulza) + (Fu(ulz) — F(ulz,))*, then apply
dominant convergence theorem to f,, (u|zy), we have
My oo [(fu(ulzn) — F(ulzn)) T du = [limy, o (fo(ulz,) — fr(u|z,))t. And the last
step follows by Corollary 4.1.6.

Given any realization of the data (zi1,---,2,) and (z7,---,2}), let U, be a
random variable with density function f,(:|z,) and V, be a random variable with
density f*(-|z,). Because X, € S a.s, S is compact and the assumption (B1)-(B2)
of kernel, U, and V,, have same limit distribution when n is large, which implies

EU,—FEV, — 0. So EXnH — E*X;:H — 0 holds for any realization of (X7, -, X,,).
]

Theorem 4.1.9. Under assumption (A1)-(A3) and (B1)-(B3), The prediction inter-
val (4.5) from Algorithm 4.1.1 is asymptotic valid.

Proof.
P(Xpi1 — Kop1 <) = / P(Xpar <3+ 2)dr,(2)
= P(Xps1 < 2) + f(@|0) EXpi1 + 0(EXpp1)
Similarly

P( ;4—1 - X;-H <z)= P*(X;:-s-l <)+ fn(x|xn)E*X:+1 + O(E*X;H)
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The rest of the proof follows by Theorem 4.1.7, Theorem 4.1.8 and Corollary 4.1.6 [
Remark 4.1.3. The asymptotic validity for the backward method follows similarly

since the reverse of a Markov process is also a Markov process.

4.1.5 Simulation Results

In the Monte Carlo study, we simulate 500 samples each of size 50 or 100 from

the following Markov models.

e Model 1: X; 11 = sin(Xy) + €41,

e Model 2: X,y = 0.8log(3X? + 1) + €41,

e Model 3: X;y1 = —0.5exp(—50X) X; + €141,

e Model 4: X; 1 = sin(X;) + \/MGH_l,

e Model 5: Bilinear model X;,; = 0.75.X; + 0.15X;€6,41 + €141,

where {¢;} is a sequence of independent N (0, 1) variables.

In the bootstrap procedure, we choose B=250. We check the performance of
the bootstrap methods based on coverage level and interval length defined in section
1.5. And k(z,y) = ki(z)ki(y), where ki(x) is the standard normal density. As
suggested in remark 4.1.1 We choose h to be 0.9An~"/4,



Table 4.1: bootstrap based on transition density with i.i.d. errors-model 1

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.931 4.126  0.760 0.886 3.544  0.667
Backward 0.931 4.130 0.757 0.887 3.555  0.677
n = 100
Forward 0.942 4.137 0.627 0.901 3.535 0.519
Backward 0.942 4.143 0.621 0.900 3.531 0.519
n = 200
Forward 0.944 4.061 0.501 0.902 3.472 0.415
Backward 0.944 4.058 0.507 0.902 3.470 0.424
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.913 4.072 1.033 0.873 3.429 0.894
Backward 0.913 4.081 1.021 0.873 3.441  0.897
n = 100
Forward 0.925 4.236  1.027 0.885 3.424 0.763
Backward 0.926 4.239 1.024 0.885 3.437 0.764
n = 200
Forward 0.928 4.184 0.914 0.884 3.307 0.619
Backward 0.929 4.202 0.904 0.883 3.299 0.619
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Table 4.2: bootstrap based on transition density with i.i.d. errors-model 2

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.936 4.270 0.798 0.893 3.658 0.720
Backward 0.937 4.278 0.812 0.893 3.667 0.723
n = 100
Forward 0.948 4.219 0.608 0.906 3.600 0.526
Backward 0.948 4.225 0.612 0.905 3.594  0.525
n = 200
Forward 0.949 4.151 0.512 0.907 3.533  0.448
Backward 0.948 4.147  0.529 0.907 3.530  0.446
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.919 4.252 1.166 0.880 3.565  0.991
Backward 0.919 4.250 1.153 0.879 3.571 1.014
n = 100
Forward 0.932 4.372 1.071 0.893 3.549  0.797
Backward 0.933 4.396 1.080 0.895 3.573 0.799
n = 200
Forward 0.935 4.336 0.943 0.893 3.454 0.664
Backward 0.935 4.337  0.963 0.893 3.454 0.674
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Table 4.3: bootstrap based on transition density with i.i.d. errors-model 3

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.910 3.821 0.716 0.862 3.310 0.638
Backward 0.911 3.840 0.706 0.862 3.316 0.628
n = 100
Forward 0.929 3.933 0.588 0.883 3.373  0.506
Backward 0.928 3.934 0.589 0.882 3.366  0.505
n = 200
Forward 0.934 3.938 0.528 0.888 3.345 0.442
Backward 0.934 3.938 0.537 0.887 3.339  0.443
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.881 3.791 1.207 0.835 3.186 1.032
Backward 0.884 3.827 1.225 0.838 3.208 1.033
n = 100
Forward 0.911 4.102 1.114 0.867 3.336 0.864
Backward 0.912 4.109 1.110 0.867 3.341 0.865
n = 200
Forward 0.916 4.060 1.038 0.870 3.224 0.739
Backward 0.917 4.069 1.040 0.871 3.227 0.726
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Table 4.4: bootstrap based on transition density with i.i.d. errors-model 4

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.927 3.477  0.802 0.882 2.983 0.716
Backward 0.928 3.495 0.832 0.882 2.992 0.722
n = 100
Forward 0.943 3.421 0.629 0.901 2.928 0.561
Backward 0.943 3.439 0.648 0.901 2930 0.573
n = 200
Forward 0.943 3.428 0.627 0.901 2.921 0.548
Backward 0.943 3.430 0.633 0.901 2.921 0.552
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.910 3.359 0.964 0.870 2.828  0.847
Backward 0.911 3.369 0.953 0.871 2.839 0.841
n = 100
Forward 0.926 3.518  0.952 0.887 2.867 0.779
Backward 0.926 3.526  0.963 0.886 2.872  0.789
n = 200
Forward 0.932 3.492 0.915 0.890 2.783 0.714
Backward 0.932 3.494 0.920 0.890 2.780 0.721
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Table 4.5: bootstrap based on transition density with i.i.d. errors-model 5

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.941 4.286 0.987 0.902 3.670 0.870
Backward 0.940 4.284 0.993 0.901 3.666 0.870
n = 100
Forward 0.950 4.203 0.885 0.913 3.584 0.747
Backward 0.949 4.198  0.900 0.912 3.586 0.769
n = 200
Forward 0.954 4.109 0.815 0.916 3.502 0.689
Backward 0.954 4.101  0.810 0.916 3.505 0.685
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.926 4.329 1.368 0.890 3.613 1.171
Backward 0.925 4.304 1.353 0.889 3.599 1.164
n = 100
Forward 0.936 4.332 1.307 0.899 3.533  1.049
Backward 0.936 4.330 1.258 0.899 3.531 1.026
n = 200
Forward 0.935 4.191 1.053 0.895 3.375 0.809
Backward 0.935 4.180 1.047 0.895 3.375 0.808

From the above tables, we see that
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The coverage level improved when we increase the sample size in all the cases.

The standard deviation of the interval length decreased when n = 100 except

for the 95% prediction interval of model 4 with Laplace error using backward

method. However, after further investigation of this case, we notice that the

inter quantile range decreased when n = 100 and the large standard deviation

is due to an outlier in the 500 backward interval lengths we collected.

The forward and backward methods have similar performances.
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4.2 Local Boostrap

Paparoditis and Politis(2002) proposed the local bootstrap for Markov pro-
cesses. Let X = {Xj, Xy, -} be a Markov sequence of order p. Suppose assump-
tions (A1)-(A3) and (B1)-(B2) of Paparoditis and Politis(2002) are satisfied. All the
assumptions mentioned in this section are referred to the assumptions in Paparoditis
and Politis(2002). Let xy,--- ,z, be the observed sample path or a Markov chain of
order p. Let V; = (X¢, Xooq, -+ . Xop1)'s v = (x4, 4-1, -+ .4—pt1)’. Following the
idea of Paparoditis and Politis(2002) ,we have the estimator of the one-step ahead
transition probability given by

. Wi (ye — y;
P(Xt+1 - l’j+1|Y;t = yt) = Zn_lbI(/ng(y y])y )7 (4'24>
m=p t— Ym

j € {p,---,n — 1}, where Wy(-) = 1/bW(-/b) and W (-) is a bounded, Lipschitz

continuous and symmetric probability density kernel in R? satisfying assumption (B1);
as in Paparoditis and Politis(2002), the bandwidth satisfies the assumption (B2).

Then the estimator of the transition distribution is as follows,

n—1
F(zly) = Z Lo (Tj41) P(Xip1 = 2511]Y; = y)
Jj=p

_ Z;:; 1000 (2j+1)Wa(y — y;)
Yz Wo(y = Ym)

The process of generating the bootstrap pseudo data is based on the conditional

(4.25)

distribution as above.

4.2.1 Forward Local Bootstrap

To construct the bootstrap prediction interval, we estimate the distribution of
the future value conditioned on the last p observations. Applying the same technique
as before, we fix the last p pseudo values to be the true observations in generating
the bootstrap replicates of bootstrap predictive root. The approach for the local
bootstrap can be described by the following steps:

Algorithm 4.2.1.
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(1) Choose a resampling kernel W and select bandwidth b through cross validation.
Then we calculate the predictor Z,+1 as

S Wo(Yn — )T i1
221;1;; Wb(yn - ym)

(2) (a) Set start value y; to any consecutive p values from {y, -, x,}.

(b) Suppose x3,---  xf for t > p have already been generated. Let J be a
discrete random variable taking its values in the set {p,--- ,n — 1} with
probability mass function given by

_ Wy — )
S, Wo(yi — Ym)’

P(J =s)

Then let x| = T 4.

*
n-

(¢c) Repeat (b) to generate xy, 1, ,x
(d) Calculate the bootstrap predictor &, as

Zj:_; Wi (yn — Z/;)x;H
S Wiy — i)

where yf = (xf, -, xf 1)
(e) Redefine y; = yn, and then generate x| = xy11 as in step (b), where J

is a discrete random variable taking its values in the set {p,--- ,n — 1}

with probability mass function given by

Wy(Yn — Ys)
:Ln_zlp Wo(Yn — Ym)’

(f) Calculate the bootstrap prediction root replicate as x4 — &} 4

(3) Repeat step (2) B times and B bootstrap root replicates are collected in the

form of an empirical distribution whose a-quantile is denoted q(c).

(4) The (1 —a)100% equal-tailed predictive interval for X, ., is given by

[Frit + @(0)2), Bns1 + q(1 — a/2)].
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4.2.2 Backward Local Bootstrap

As mentioned in Lemma 4.1.4, the reverse of a Markov process is also a Markov
process. So in this section we will discuss the backward local bootstrap using back-

ward transition kernel given by

A Wb(yt+p - y‘+p)
Py(Xy = 25|Yiip = Yegp) = n— ! )
’ P P Zm:pl Wb(yt+p - ym+p)

(4.26)

je€{1,2,--- ,n—p}, and the backward conditional distribution is

n—p
an($|y) = Z 1(—oo,x](xj)Pb(Xj = xj|Y}+p = y)
= (4.27)
= 5t Yoo m (@) Wy — Yjsp)

B S Woly = Ymeip)

This backward local bootstrap resampling scheme has been used by Paparo-

ditis and Politis(1998) in a first order autoregressive process with ARCH errors as

X = 0Xy, +Jag + a1 X7? 1€,

where {¢;} are i.i.d with mean 0 and variance 1.

follows,

In the Markov case, the algorithm for backward local bootstrap can be de-

scribed as following steps:
Algorithm 4.2.2.
(1) Same as the forward local bootstrap in Algorithm 4.2.1.

(2) (a) Set start value y); = y,.

(b) Suppose y;,, have already been generated. Let J be a discrete random
variable taking its values in the set {1,2,--- n—p} with probability mass

function given by

Wb' (y;(-i-p - y5+P)
Z?n_:% Wy (?J?er - ym+p) ’

where V' is the backward bandwidth. Then let x; = x;

P(J=s)=
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(c) Repeat (b) to generate x},_,,--- x5, 7 backwards in time.

(d) Let J be a discrete random wvariable taking its values in the set {p,p +

1,---,n— 1} with probability mass function given by

Wb(yn - yS)
P(J=s)= ,
( S) an;lp Wb(yn - ym)

Then let x}, | = T4
(e) Calculate the bootstrap predictor &, ., by

E?:_; Wiy — ;)] 44
an_zlp Wi (yn — yir)

(f) Calculate the bootstrap prediction root replicate as x| — %

(3)-(4) Same as the steps of forward local bootstrap in Algorithm 4.2.1.

4.2.3 Asymptotic Properties

Paparoditis and Politis(2002) proved the following theorem of the estimator
of the transition distribution F(y|z) defined in (4.25).

Theorem 4.2.1. [Paparoditis and Politis(2002)] Under assumptions (A1)-(A3) and
(B1)-(B2) we have as n — oo

52}1;3 |, (y)z) — F(y|z)| — 0 a.s.

Theorem 4.2.2. Under the same assumptions as in Theorem 4.2.1, we have as
n — oo

sup | Fyn (yz) — F(y|z)| = 0 a.s.
m7y

Proof. Proof follows from the result showed in Lemma 4.1.4 and Theorem 4.2.1. []

4.2.4 Simulation Results

In this section, some simulated sample paths generated by the following models

are used to demonstrate the performance of the bootstrap prediction interval.



104

Model 1: X;1; = sin(Xy) + €41

Model 2: X;,1 = 0.810g(3X2 + 1) + €141

Model 3: X; 1 = —0.5exp(—50X2)X; + €41

Model 4: X; 1 = sin(X;) + 1/0.5 + 0.25X?€,44

e Model 5: Xt+1 = 075Xt + 0-15Xt6t+1 + €t+1

Where the errors {e;} are chosen from i.i.d. N(0,1) distribution or i.i.d. Laplace
distribution rescaled to variance 1. Above 5 models are the same as those in Section
4.1. We choose sample size n=>50, 100 and 200, construct the 95% and 90% prediction
interval, and repeat the experiment 500 times. The kernel W is the normal kernel.

And the forward and backward bandwidth b and b’ are chosen by cross validation

method.
Table 4.6: local bootstrap with i.i.d. errors-model 1
normal innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.910 3.885 0.778 0.862 3.337 0.685
Backward 0.911 3.920 0.795 0.863 3.355 0.676
n = 100
Forward 0.930 3.980 0.625 0.886 3.409 0.511
Backward 0.932 4.001  0.605 0.886 3.411  0.508
n = 200
Forward 0.937 3.968 0.530 0.891 3.369 0.439
Backward 0.937 3.979 0.551 0.893 3.383 0.448
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.902 4.036 1.138 0.856 3.313 0.935
Backward 0.905 4.046 1.103 0.861 3.324  0.847
n = 100
Forward 0.923 4.153 0.935 0.878 3.323 0.714
Backward 0.923 4.189 0.986 0.879 3.356 0.724
n = 200
Forward 0.928 4.140 0.838 0.883 3.274  0.586
Backward 0.929 4.142 0.850 0.884 3.298 0.610




Table 4.7: local bootstrap with i.i.d. errors-model 2

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.908 3.982  0.869 0.862 3.426 0.761
Backward 0.912 4.016 0.863 0.865 3.446  0.747
n = 100
Forward 0.932 4.016 0.642 0.887 3.437 0.557
Backward 0.932 4.031 0.648 0.888 3.445 0.574
n = 200
Forward 0.936 4.008 0.585 0.890 3.387 0.473
Backward 0.936 3.993 0.559 0.891 3.387 0.470
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.895 4.021 1.263 0.854 3.360 1.021
Backward 0.900 4.004 1.188 0.856 3.339  0.982
n = 100
Forward 0.920 4.179 1.041 0.877 3.375 0.813
Backward 0.922 4.239 1.081 0.880 3.417 0.830
n = 200
Forward 0.931 4.259  0.947 0.886 3.385 0.740
Backward 0.930 4.228  0.929 0.883 3.346 0.663
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Table 4.8: local bootstrap with i.i.d. errors-model 3

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.912 3.744 0.648 0.862 3.200 0.534
Backward 0.913 3.771  0.649 0.863 3.220 0.525
n = 100
Forward 0.927 3.818  0.499 0.879 3.248  0.399
Backward 0.928 3.828  0.487 0.879 3.256 0.391
n = 200
Forward 0.935 3.846 0.404 0.885 3.246 0.304
Backward 0.934 3.832 0.386 0.885 3.253  0.308
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.910 4.090 1.178 0.858 3.182 0.788
Backward 0.910 4.035 1.103 0.858 3.172  0.766
n = 100
Forward 0.929 4.162 0.819 0.878 3.229  0.597
Backward 0.928 4.156  0.822 0.881 3.261  0.597
n = 200
Forward 0.931 4.055 0.658 0.881 3.161  0.449
Backward 0.932 4.081 0.647 0.883 3.203  0.467
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Table 4.9: local bootstrap with heteroscedastic errors-model 4

normal innovation

nominal coverage 95%

nominal coverage 90%

n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.914 3.424 0.833 0.867 2.893 0.717
Backward 0.914 3.451 0.803 0.867 2.924  0.692
n = 100
Forward 0.938 3.425 0.628 0.895 2.908 0.553
Backward 0.937 3.410 0.616 0.894 2.903 0.549
n = 200
Forward 0.942 3.425 0.578 0.898 2.894  0.483
Backward 0.941 3.406 0.562 0.895 2.858  0.462
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.904 3.423 1.029 0.864 2.809 0.818
Backward 0.907 3.433 0.983 0.864 2.798 0.766
n = 100
Forward 0.924 3.482 0.839 0.877 2.762 0.654
Backward 0.924 3.531 0.871 0.881 2.810 0.676
n = 200
Forward 0.932 3.425 0.717 0.888 2.724  0.580
Backward 0.933 3477 0.735 0.888 2.751  0.592
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Table 4.10: local bootstrap with heteroscedastic errors-model 5

normal innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.914 3.967 1.039 0.870 3.407 0.907
Backward 0.916 6.993 0.991 0.871 3.406 0.879
n = 100
Forward 0.936 3.996 0.910 0.893 3.405 0.766
Backward 0.937 4.021 0.944 0.896 3.442  0.787
n = 200
Forward 0.945 3.980 0.832 0.903 3.395 0.697
Backward 0.944 3.969 0.813 0.901 3.377 0.694
Laplace innovation | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN std.err CVR LEN std.err
Forward 0.905 4.144 1.410 0.864 3.429 1.168
Backward 0.910 4.177 1.371 0.869 3.454 1.178
n = 100
Forward 0.926 4.196 1.269 0.883 3.364 1.014
Backward 0.926 4.173  1.240 0.885 3.385 1.045
n = 200
Forward 0.930 4.073  0.967 0.887 3.272  0.765
Backward 0.930 4.098 1.080 0.886 3.292 0.839

The above 5 tables show the simulation results of the corresponding models.
We see that the backward and forward methods have similar performances in both
normal and Laplace cases. Moreover, when n is increased, the coverage level improved
and the standard deviation of the interval length decreased.

Compare these simulation results with those from the bootstrap based on
transition density, we observe that the bootstrap based on transition density tend to
have better coverage level in most models (except for model 3) while the standard
deviation corresponding to the interval lengths of both bootstrap methods are about
the same.

Compare all the simulation results above from Chapter 4 to those of Chapter
3, for models with i.i.d errors, the methods in Chapter 3, especially the nonparametric
methods with predictive residuals, have better performance than those methods in

Chapter 4 since the nonparametric methods have significantly smaller standard de-
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viation corresponding to the interval length. For models with heteroscedastic errors,
the methods in Chapter 4 have better coverage level and smaller variability compared

to those in Chapter 3.

Remark 4.2.1. The local bootstrap is computationally faster compared to the boot-
strap based on transition density because the point mass density function (4.24) we
used in local bootstrap is a discrete function while the transition density function (4.4)

s a continuous function.

4.3 Hybrid Backward Markov Bootstrap for Non-
parametric Autoregression

In this section, we will apply the backward bootstrap based on the transition
density and the backward local bootstrap to the nonparametric autoregression model.
In chapter 1, we applied a backward bootstrap method for a linear autoregression
model based on a backward representation:
¢(B~)

¢(B)

However, as mentioned in the last section of chapter 2, it is hard to find the explicit

¢(B™HX; = ¢o +

€t.

backward representation for a nonparametric model. Actually, the explicit calculation
of the backward conditional distribution X;1|X; is difficult even it is a parametric
model. For example, a first order autoregression process with ARCH(1) error: X, =
OXi 1+ \/MQ, cf. Paparoditis and Politis(1998). The methods introduced
in this chapter give us a bootstrap-based method to estimate the backward conditional
distribution. So we will use these methods to generate the pseudo data and form the
backward bootstrap based on transition density and backward local bootstrap for

nonparametric autoregression with i.i.d innovations.
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4.3.1 Algorithms

We consider Markov Processes of the form (3.1) and (3.2) given in Chapter 2.
Given a sample {x1,z9, -+, x,}, we give the algorithms of hybrid backward Markov
bootstrap based on transition density for nonparametric model with i.i.d errors and
heteroscedastic errors in Algorithm 4.3.1 and 4.3.2 respectively, and the corresponding

algorithms based on local bootstrap in Algorithm 4.3.3 and 4.3.4.

Algorithm 4.3.1. Hybrid backward Backward Markov bootstrap based on transition

density for nonparametric model with i.i.d errors

(1) Select the bandwidth h and construct the estimates {m(y;)}, for i =

p,---,n— 1, where
Z?—_l K(Ilyi—ytH):CtJrl
M) = = o e Tl
Yo, K(H5)
and Y = ('xtaxt—l? e 7xt—p+1)/) || : || s a norm in RP.

(2) Compute the residuals: é; = x; — m(y;_1), fori=p+1,---  n.

(8) Center the residuals:i; = é — (n—p) ' i, 1 &, fori=p+1,--- n; let the

empirical distribution of 7, denoted by E.

(a) Select a resampling kernel and the proper bandwidth and Construct the

backward transition density fb as follows,

fb(m,y) = (n—ll)blbgg:k(x_blxiﬂﬂ Hyb—zylH)
fb(?J) = /fb(l’,y)dx
fulely) = f;éf’yiﬂ

(b) Let y! = y,.
(c) Generate w;_p’vfb(‘“/:; = yn). Repeat it to generate xINfb(‘|yf+p), t =
n—mp,---, 1.
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(d) Compute the future bootstrap observation X, by formula
X = M(y,) + € = 1(Yn) + 6,41,

where €, is generated from E.. Then re-estimate m(-) based on the
pseudo data, i.e.,

-1 ly—y; I
. Z?:p K( 7 )‘T?+1

E?:—pl K( ||y;1yi I )

m*(y)

Then we let X;;H =m*(y:) = m*(yn)
(¢) Calculate the bootstrap root replicate as X}, — X1, .

(4) Steps (a)-(e) in the above are repeated B times, and the B bootstrap root repli-
cates are collected in the form of an empirical distribution whose a-quantile is

denoted q(«).
(5) Then, a (1 — «)100% equal-tailed predictive interval for X, .1 is given by
[u(zn) + a(er/2), M) + q(1 — a/2)]

Algorithm 4.3.2. Hybrid backward Markov bootstrap based on transition density for

nonparametric model with heteroscedastic errors

(1) Select the bandwidth h and construct the estimates {m(y;),5(y;)}, for i =

p,---,n— 1, where
iy = i K
Z?:_pl K(”yi;yt“)
&Q(y) _ Z?;ll K(w)(‘rtﬁ-l - m<yt>)2
St (g
and yy = (e, -1, -, Te—ps1), || - || is a norm in RP.

(2) Compute the residuals:

fori=p+1,--- ,n.
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(8) This step is similar as step (3) in Algorithm mkvback, the only difference is in

step (d) when computing the future bootstrap observation X, :

X;:H = mg(?/;) + 69(3/2)6:#1 = mg(yn) + 69<yn)62+1'

Here 1, and 64 are over-smoothed estimates of m and g computed in the same

way as m and & but using bandwidth g much bigger than h.
(4)-(5) Same as those in Algorithm 4.3.1.

Given a sample {1, x9, -+ ,x,}, the algorithms for hybrid backward local
bootstrap with fitted residuals for nonparametric models are similar to the algorithms
for the hybrid Markov bootstrap based on the backward transition density as given
in Algorithm 4.3.1 and 4.3.2. The only difference is in generating the pseudo data

* ..
ns

x -, o] backwards in time.

Algorithm 4.3.3. Hybrid backward local bootstrap for nonparametric model with i.i.d
errors

By changing the step 3 (a) to (c) of Algorithm 4.3.1 into the following steps, we
have the algorithm for backward local bootstrap with fitted residuals for nonparametric

models.
(a)’ Select a resampling bandwidth b and kernel W.

(b)" Let vy = y, Suppose Yy, have already been generated. Let J be a discrete
random variable taking its values in the set {1,2,--- ,n — p} with probability

mass function given by

Wb (yzii-p - ys-i—p)

P(J=5)=—— ,
Zm:pl Wb(y:—i-p - ym-i—p)

Then x; = x

(¢)’ Repeat (b) to generate x,_,--- x5, T}

Algorithm 4.3.4. Hybrid backward local bootstrap for nonparametric model with het-

eroscedastic errors
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(1)-(2) Same as the corresponding steps in Algorithm 4.3.2

(3)
(a)-(c) Same as (a)’ to (c)’ in Algorithm 4.3.3

(d)-(e) Same as the corresponding steps in Algorithm 4.53.2
(4)-(5) Same as the corresponding steps in Algorithm 4.3.2

Remark 4.3.1. The hybrid algorithms for the backward bootstrap based on transition
density and the backward local bootstrap with predictive residuals for nonparametric
models are similar as the above algorithms. We just need to change the fitted residuals
{&} in step (2) of Algorithm 4.3.1 to 4.3.4 into the predictive residuals {éit)} as
follows: Use the delete-{x;} data set, i.e., the dataset excluding the pair(ys_1,x),
to compute the delete-tth-observation kernel smoothing estimator m\Y as described
in step(2) of Algorithm 3.1.2. Then calculate the predictive residuals: €§t) = —

mgt)(yt—l); = p+ 17 e, n.

4.3.2 Simulation

In this section, we do the Monte Carlo studies on 3 nonparametric models
with i.i.d erros and 2 models with heteroscedastic error. The five models we choose
are the same as those in Chapter 2 and in Section 4.1 and 4.2.

The estimation bandwidth h for nonparametric bootstrap and the resampling
bandwidth b for local bootstrap are all selected by cross validation based on corre-
sponding regression kernel estimators. Same as in Section 4.1, the resample band-
width b for the backward bootstrap based on the transition density is given by
0.9An~Y* where A = min(é, %{f), & is the estimated standard deviation of the
data and IQR is the interquartile range. The over-smoothing bandwidth we use is
g = 2h.

The following five tables show the simulation results based on 500 dataset

using hybrid backward bootstrap based on transition density.
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Table 4.11: Hybrid bootstrap based on transition density for nonlinear

autoregression-model 1

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN  st.err

fitted residuals 0.908 3.822  0.522 0.852 3.230 0.432
predictive residuals | 0.935 4.181  0.583 0.889 3.553 0.470
n = 100 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.921 3.822 0.412 0.868 3.241 0.335
predictive residuals | 0.936 4.045  0.430 0.889 3.441 0.341
n = 200 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.932 3.838 0.359 0.880 3.238 0.290
predictive residuals | 0.942 3.977  0.360 0.893 3.358 0.281

Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN  st.err

fitted residuals 0.905 4.070 0.925 0.848 3.174  0.633
predictive residuals | 0.926 4.425  0.931 0.878 3.507 0.635
n = 100 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.925 4.056 0.702 0.872 3.174  0.495
predictive residuals | 0.939 4.370  0.748 0.891 3.418 0.513
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.931 4.041 0.509 0.880 3.172  0.388
predictive residuals | 0.939 4.221  0.544 0.891 3.307 0.385
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Table 4.12: Hybrid bootstrap based on transition density for nonlinear

autoregression-model 2

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN  st.err

fitted residuals 0.901 3.862 0.557 0.845 3.265 0.464
predictive residuals | 0.928 4.255  0.625 0.879 3.600 0.507
n = 100 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.921 3.828  0.437 0.867 3.238  0.352
predictive residuals | 0.940 4.089  0.435 0.894 3.476  0.345
n = 200 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.931 3.841 0.354 0.880 3.253  0.290
predictive residuals | 0.943 4.022  0.360 0.895 3.399 0.289

Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN  st.err

fitted residuals 0.909 4.068 0.878 0.848 3.201 0.635
predictive residuals | 0.932 4.555  0.907 0.884 3.599 0.633
n = 100 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.925 4.101 0.685 0.872 3.198 0.510
predictive residuals | 0.938 4.410 0.731 0.891 3.430 0.515
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.930 4.021 0.522 0.878 3.158  0.387
predictive residuals | 0.938 4.186  0.526 0.890 3.315  0.397
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Table 4.13: Hybrid bootstrap based on transition density for nonlinear

autoregression-model 3

normal innovations | nominal coverage 95% nominal coverage 90%
n =50 CVR LEN st.err CVR LEN  st.err

fitted residuals 0.912 3.749 0.538 0.860 3.169 0.415
predictive residuals | 0.926 3.918  0.521 0.880 3.350  0.430
n = 100 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.925 3.769 0.415 0.874 3.194 0.324
predictive residuals | 0.934 3.882  0.421 0.886 3.300 0.331
n = 200 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.936 3.818 0.321 0.886 3.238 0.263
predictive residuals | 0.940 3.879  0.342 0.892 3.293 0.265

Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN  st.err

fitted residuals 0.917 4.058 0.904 0.862 3.156  0.661
predictive residuals | 0.930 4.312  1.040 0.881 3.367 0.643
n = 100 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.925 4.050 0.682 0.875 3.176  0.508
predictive residuals | 0.932 4.231  0.760 0.883 3.294 0.519
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.935 4.081 0.539 0.885 3.171 0.372
predictive residuals | 0.936 4.100  0.580 0.888 3.224  0.397
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Table 4.14: Hybrid bootstrap based on transition density for nonlinear

autoregression-model 4

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN  st.err

fitted residuals 0.865 3.169 1.212 0.812 2.721  1.050
predictive residuals | 0.897 3.639  1.494 0.840 2.978 1.148
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.888 2.997 0.873 0.833 2.564 0.747
predictive residuals | 0.914 3.301  0.980 0.855 3.726  0.792
n = 200 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.892 2991 0.789 0.836 2.541 0.652
predictive residuals | 0.908 3.147  0.816 0.849 2.631 0.663

Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.866 3.209  1.562 0.814 2.595 1.195
predictive residuals | 0.899 3.848  1.980 0.841 2.895 1.340
n = 100 CVR LEN  st.err CVR LEN  st.err
fitted residuals 0.885 3.149 1.232 0.830 2.499 0.890
predictive residuals | 0.910 3.576  1.468 0.849 2.707  0.990
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.894 2998  1.006 0.837 2.386 0.768
predictive residuals | 0.910 3.241  1.040 0.850 2.494  0.768
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Table 4.15: Hybrid bootstrap based on transition density for nonlinear

autoregression-model 5

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN st.err

fitted residuals 0.904 4.121 1.467 0.860 3.552  1.289
predictive residuals | 0.931 4.683  1.720 0.887 3.891 1.392
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.925 4.049 1.399 0.881 3.464 1.163
predictive residuals | 0.944 4.416  1.496 0.900 3.686  1.237
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.935 4.019 1.309 0.889 3.423 1.115
predictive residuals | 0.946 4.244  1.407 0.900 3.540 1.163
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.905 4.441 2.343 0.864 3.603 1.798
predictive residuals | 0.931 5.352  2.875 0.889 4.099 2.040
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.920 4.351 2.149 0.876 3.501  1.700
predictive residuals | 0.938 5.020  3.051 0.893 3.805 1.988
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.926 4.154 1.485 0.880 3.322 1.165
predictive residuals | 0.938 4.497  1.650 0.890 3.475 1.216

From the previous five tables, we observe that

e The method with predictive residuals outperforms the one with fitted residuals.
Especially when sample size is not large enough, the method with predictive

residuals significantly improve the coverage level.

e When we increase the sample size, all models have increased coverage levels

and decreased variability of the interval lengths.

The following five tables show the simulation results from the Hybrid backward

local bootstrap methods:
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Table 4.16: Hybrid backward local bootstrap for nonlinear autoregression-model 1

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.914 3.782 0.525 0.860 3.199 0.433
predictive residuals | 0.938 4.136  0.592 0.892 3.496 0.463
n = 100 CVR LEN st.err CVR LEN st.err
fitted residuals 0.923 3.815 0.430 0.869 3.226  0.343
predictive residuals | 0.937 4.018  0.433 0.890 3.414 0.338
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.932 3.798 0.336 0.882 3.228 0.272
predictive residuals | 0.942 3.958  0.338 0.895 3.356  0.265
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.913 4.081 0.934 0.857 3.184 0.623
predictive residuals | 0.929 4.447  0.973 0.882 3.498 0.655
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.927 4.094 0.687 0.876 3.202 0.493
predictive residuals | 0.938 4.310 0.731 0.891 3.400 0.512
n = 200 CVR LEN st.err CVR LEN  st.err
fitted residuals 0.932 4.041 0.560 0.881 3.170  0.405
predictive residuals | 0.940 4.204  0.552 0.892 3.302 0.395
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Table 4.17: Hybrid backward local bootstrap for nonlinear autoregression-model 2

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.916 3.836  0.537 0.861 3.231 0.448
predictive residuals | 0.940 4.231  0.622 0.893 3.562 0.486
n = 100 CVR LEN st.err CVR LEN st.err
fitted residuals 0.926 3.824 0.412 0.874 3.242 0.334
predictive residuals | 0.943 4.073  0.439 0.895 3.438 0.327
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.930 3.815 0.342 0.879 3.237 0.276
predictive residuals | 0.942 3.997 0.374 0.895 3.390 0.296
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.913 4.045 0.923 0.859 3.175 0.617
predictive residuals | 0.934 4.489  0.960 0.887 3.524 0.648
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.929 4.092 0.683 0.877 3.205 0.497
predictive residuals | 0.940 4.359  0.718 0.895 3.426 0.526
n = 200 CVR LEN st.err CVR LEN  st.err
fitted residuals 0.931 4.016 0.564 0.880 3.151  0.393
predictive residuals | 0.940 4.209  0.550 0.893 3.310 0.378
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Table 4.18: Hybrid backward local bootstrap for nonlinear autoregression-model 3

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.913 3.721 0.524 0.863 3.172 0.418
predictive residuals | 0.929 3.935 0.531 0.882 3.334 0.424
n = 100 CVR LEN st.err CVR LEN st.err
fitted residuals 0.928 3.798 0.419 0.877 3.217 0.324
predictive residuals | 0.935 3.880 0.412 0.887 3.294 0.314
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.934 3.790 0.332 0.885 3.226 0.268
predictive residuals | 0.940 3.882  0.337 0.892 3.294 0.267
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.917 4.041 0.922 0.866 3.143  0.605
predictive residuals | 0.290 4.263 0.971 0.880 3.298 0.615
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.928 4.090 0.677 0.877 3.189  0.502
predictive residuals | 0.934 4.215 0.706 0.885 3.281  0.498
n = 200 CVR LEN st.err CVR LEN  st.err
fitted residuals 0.934 4.057 0.559 0.883 3.168 0.413
predictive residuals | 0.937 4.128  0.559 0.888 3.231 0.401
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Table 4.19: Hybrid backward local bootstrap for nonlinear autoregression-model 4

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.862 3.146  1.256 0.808 2.686 1.070
predictive residuals | 0.895 3.639  1.637 0.840 2.956 1.180
n = 100 CVR LEN st.err CVR LEN  st.err
fitted residuals 0.888 2.988 0.877 0.834 2553 0.748
predictive residuals | 0.916 3.301  0.996 0.858 2.727  0.796
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.892 2953 0.763 0.837 2.520 0.643
predictive residuals | 0.911 3.148  0.810 0.853 2.628 0.663
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN  st.err

fitted residuals 0.866 3.194 1.674 0.814 2572 1.245
predictive residuals | 0.901 3.875  2.093 0.846 2.894 1.391
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.888 3.153 1.201 0.835 2.514  0.906
predictive residuals | 0.913 3.580  1.470 0.854 2.699 1.026
n = 200 CVR LEN st.err CVR LEN  st.err
fitted residuals 0.897 3.006 0.961 0.841 2.397 0.765
predictive residuals | 0.911 3.229  1.036 0.852 2481 0.752
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Table 4.20: Hybrid backward local bootstrap for nonlinear autoregression-model 5

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.901 4.079 1.516 0.857 3.508  1.306
predictive residuals | 0.929 4.636  1.756 0.884 3.832 1.403
n = 100 CVR LEN st.err CVR LEN st.err
fitted residuals 0.924 4.005 1.393 0.881 3.437 1.186
predictive residuals | 0.945 4.418  1.589 0.901 3.668 1.282
n = 200 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.932 3971 1.293 0.886 3.382 1.098
predictive residuals | 0.944 4.214 1.378 0.900 3.534 1.155
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err

fitted residuals 0.905 4.426  2.469 0.864 3.583  1.866
predictive residuals | 0.932 5.423  3.217 0.889 4.073 2.223
n = 100 CVR LEN  st.err CVR LEN st.err
fitted residuals 0.920 4.338 2.091 0.877 3.470 1.612
predictive residuals | 0.938 4.976  2.835 0.893 3.759 1.941
n = 200 CVR LEN st.err CVR LEN  st.err
fitted residuals 0.927 4.177 1.531 0.881 3.320 1.203
predictive residuals | 0.938 4.496  1.629 0.893 3.486 1.228

The previous five tables show the simulation results using hybrid backward
local bootstrap, we observe similar results as those from the backward bootstrap with
transition density. The backward bootstrap using predictive residuals outperforms the
backward bootstrap using fitted residuals and the standard deviation corresponding
to the interval length drops when the sample size increases.

From Table 4.14, 4.15, 4.19 and 4.20, we see that the standard deviation of
the interval lengths are incredibly large for the models with heteroscedastic error.
We observed the same phenomenon in nonparametric autoregression for models with
heteroscedastic errors.

Chapter 4, in full, is currently being prepared for the following paper prepared
for future submission for publication: Bootstrap prediction intervals for Markov Pro-
cesses. Pan,Li; Politis, Dimitris. The dissertation author was the primary investigator

and author of this material.



Chapter 5

Bootstrap Prediction Intervals for

Markov Processes Based on the

Model-free Method

In this chapter we will discuss a fully model-free approach for predictive in-
ference. The idea of model-free prediction is first proposed by Politis(2010). The
principle of model-free prediction is to transform the dependent data into i.i.d data
in a model-free environment. This transformation makes it easy to work with the
i.i.d data, for example, we can resample the transformed i.i.d. data.

Instead of generating one-step ahead pseudo data by some estimated condi-
tional distribution, for example the transition density given in (4.4) and the probabil-
ity mass function given in (4.24), the model free method first resamples a value from
a transformed i.i.d. data set and then transforms it back to one-step ahead pseudo

data ;.1 based on the inverse transformation and z,,.

5.1 Construct the Transformation

Let X = {X;, Xy, -} is a stationary time series from a Markov process of

orderp, Yi 1 = (X1, -+, Xt—p)". Given Y;_; =y, denote the conditional distribution
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of X, as

Dy(x) = P(Xy < z|Yi-1 = y) (5.1)

and the unconditional distribution of Y; as D(y) = P(Y; < y). We assume that D(-)
and D, (-) are continuous and invertible over the support of X.
Let n, = Dy, ,(X), fort =p+1,--- ,n and n, = D(Y,) Then
P < 2V = y) =P(Dy(Xy) < 2[Yi1 =)

=P(X, < D' (2)[Yi-1 = y)
=D,(D,"(2))
=z does not depend on y, fort =p+1,---,n

and

P(n, < 2) = P(D(Y,) < 2) = P(Y, < D7'(2)) = D(D"'(2)) = =

So n,~U(0,1) and P(n, < zp, Np1 < Zpt+1) = 2p - Zp+1 Which is the density of two i.i.d.
Uniform(0,1). Prove by induction, we have P(n, < zp,Mpt1 < 2o, 0 < 2,) =

ZpZp41 -+ zn Which is the density of n —p + 1 i.i.d. uniform distributions.

Given observation x4, - - - , z,,, we estimate D, (x) by following kernel estimator
i), ly=yi-1]
. no g o k(i

Dy(z) = Lizpir Lz KU ) (5.2)

S K ()
The D in (5.2) is a step function, we use linear interpolation to smooth the function
D in (5.2) to D. See Politis(2010 Section 4.1) for the detail of linear interpolation.
Therefore, the estimated transformation amount can be calculated as follows and we

claim they are approximately i.i.d. Uniform(0,1).

u = Dy, (z¢), fort=p+1,--- n. (5.3)

Let us take p =1 and x,y € R, intuitively, the model free estimator

D (y) = Z;le 1{Ii+1§y}K(z;in)
oy K(552)

(5.4)
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works because that
E(lx,,,<y|X: =) = P(X;11 <y|X, =) = F(y|z). (5.5)

Here F'(y|z) is the transition distribution. Li and Racine(2007 Chapter 6.1) studied

how to estimate the conditional distribution function similar as (5.4) in regression.

5.2 Algorithm for Model-free Prediction Inter-
val:MF

Given observations xy,- - - , x,, the model-free algorithm for constructing the

predictive interval can be described as follows,
Algorithm 5.2.1.

(1) Use (5.3) to obtain the transformed data upiq,- -+ ,Up.

(2) Calculate 41, the predictor of x,.1, by

Tpp1 = > D, (uy)
n—p,S5 "’
(3) (a) Resample randomly(with replacement) the transformed data upiq,--- , uy,
to create the pseudo data u® y;,u pp q,- - ug, Uy, -+ uy_q,un and uy
for some large positive integer M.
(b) Draw x* 5, -+ 2% 54,1 from any consecutive p values of (x1,- -+ ,2n).

(c) Use Dy}l_l to generate xj = D;tl_l(uf) fort=—M+p,--- ,n.

(d) Calculate the bootstrap future value x},,, = D;ﬂl(uzﬂ)
(e) Calculate ), = n%p >t [)Z;l(u;f), where D* is a smoothed version
of the following step function through linear interpolation
n lly—y; .|l
A - Ei:pﬂ 1{r§Sx}K(%)
n ly—yi_4 |l
Ek:p+1 K( hk ' )
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(f) Calculate the bootstrap root x| — 7 ;.

(4) Repeat (3) B times. The B bootstrap root replicates are collected in the form

of an empirical distribution whose a-quantile is denoted q(a) .

(5) The (1 — @)100% equal-tailed predictive interval for X, 1 is given by

[Zns1 +q(a/2), Znp1 +q(1 — a/2)].

5.3 Better Model-free Prediction Inter-
vals:Predictive Model-free Method

In chapter 1 and 2, we use the predictive residuals instead of the fitted residuals

to improve the performance of the predictive interval. From(5.2), we see that

D (x) = Lizpt1 1{$i§$}K(”yn_7;lJi_lH>
Yn = - S
Sy K (el

So the above estimated conditional distribution for z,, takes pair (y,,x,11) as an
"outside" pair. To mimic this situation, we can use the same trick mentioned in
chapter 1 and 2 to calculate ﬁéﬂ . using the data set excluding (y,_1, ;) data set for
t=p+1,---,n:

( llye—1—yi—1ll )

D® (2,) = 2icpt it Hai<ed I

. t - 7t:p—|—1’...’n
Yi—1 Py ——— K(w)

After smoothing D, () to D,(z), we get

W = DO (z,) (5.6)

— Ty

here, the ugt) serves as the analogs of the predictive residuals in chapter 1 and chapter

2. For the algorithm using the predictive transformed data, we just need to substitute

ugfll), e ,u%") for wpyq, -+, u, in Algorithm 5.2.1.



128

5.4 Smoothed Model Free: SMF

In section 4.1, we estimated the transition distribution D,(z) = P(X; <
z|Y,_1 = y) by D,(z) as defined in (5.2). In this section, we discuss an alterna-
tive estimator of the conditional transition density that smooths the variable X;.
l{z;<z} in (5.2) is the cumulative distribution of a point mass distribution such that

P(X; = ) = 1. To smooth this point mass distribution, we substitute 1;,,<; with

T—x;

ho

a continuous function denoted as G(*=), where G(-) is a continuous cumulative

distribution function. The new estimator S, (x) is defined by

n G(x—xi)K(Hy*yile)

Syla) = =~ (5.7)
ZZ:erl K(Hy z#qll)
and the estimated transformation {v;,t =p+1,--- ,n} can be calculated by
v =5y, (1) (5.8)
hg is the smoothing bandwidth associated with Xy,---, X,, and hy — 0.

Substituting S, (z) for D,(x) and {v,} for {u,} in Algorithm 5.2.1, we have
the smoothed model free method(SMF) as follows:

Algorithm 5.4.1.
(1) Use (5.8) to obtain the transformed data vpiq,- -« ,Uy.

(2) Calculate 41, the predictor of x,.1, by

A 1 " A—1
Tpy1 = Z S:):n (Ut)
n—p t=p+1
(3) (a) Resample randomly(with replacement) the transformed data vy.q,--- , v,
to create the pseudo data v* v\, 1, 05,07, ,vn_1, 0, and vy

for some large positive integer M .
(b) Draw x* 7, -+ 0%y, from any consecutive p values of (x1,--- ,xy).

(c) Use S’y}: to generate x; = Sy_il(uz‘) fort=—M+p,--- ,n.
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(d) Calculate the bootstrap future value x,,, = gg;}(v;;ﬂ).

(e) Calculate &, = %—;; S rpi1 5”;‘;1(1;2‘), where S; (x) is

n r—z; ly—y;_,|
o) = S GCEDE(ED
n ” 7*_1H
Zk:p—l—l K( < ?Zk )

A

(f) Calculate the bootstrap root x| — 7 ;.

(4) Repeat (3) B times. The B bootstrap root replicates are collected in the form

of an empirical distribution whose a-quantile is denoted q(a) .
(5) The (1 — a)100% equal-tailed predictive interval for X, .1 is given by
[Fns1 + q(@/2), Fngr + q(1 — a/2)].

Remark 5.4.1. As suggested by Li and Racine(2007 Chapter 6.2), the optimal
smoothing for weighted MSE requires that hg = O,(n=%%) and h = O,(n~'?), we

choose h through cross validation and then let hy = h?.

We can also use the delete-z; estimator
Z?::,H_Li?gt G(-’Eth:)ﬁi )K( Hyt—lgyi—l“ )
2 k=p+1kAt K(Hyt’l_fyk*”)

to get the predictive transformed i.i.d. data:

SO () = t=p+1l,---.n

?},Et) =S (x¢), fort=p+1,--- n.

Yi—1

To construct the algorithm for predictive smoothed model free method, we

just need to substitute vl(,ﬂl), ool for vyyq, -+, v, in Algorithm 5.4.1.

Let us take p = 1 and z,y € R, intuitively, the smoothed model free estimator

N n_—lG Y—Tit1 K T—T5
Su(y) = i n(_l o w)_wk( i) (5.9)
Zk:l K( h )
works because if F(y|z) is twice continuously differentiable, k(v) = dG(v)/dv is

bounded symmetric, and compactly supported, and that F®(z) is hélder-continuous,

Oghogn*forsomeogegé,thenasn%oo,

Y= Xery v ) = Fyle) + O(h2). (5.10)

B
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See Li and Racine(2007 Theorem 1.2) for the detail.
Under regression case, {(x;,y;)} are i.i.d. data. Substitute the x;, in (5.4)

and (5.9) with y;, we have

2o Ly K (557)

Fl:]c(y> = 2221 K(x;LZk)
R noG(ES) (st
By (y) = St CURIK(52)

>h=1 K(557%)

If the density distribution u(x) for x and the conditional distribution F(y|z)
are larger than 0 and twice continuously differentiable, K(-) is a symmetric, bounded
and compactly supported PDF, and h — 0, nh — o0, it can be proved that

_ 2ho(J G(v) K (v)vdv) ([ K(s)*dsF, (y|z)/p(x))

> 0.
(5.11)

See Li and Racine(2007) theorem 6.1 and 6.2.

We can linear interpolate the step function ﬁlx(y) to get Fi.(y) as we get
D,(y) form D,(y). Note that Fi(y) = Fi.(y) + Op(55), so MSE[Fi,(y)] =
MSE[Fi,(y)] + Op(=3=). Since the optimal smoothing for weighted MSE requires
that hg = O,(n~%/%) and h = O,(n~'/%), we have —» < ™ the smoothed method
improve the mean square error by order of Op(%). We conclude that in regression
the smoothed method has higher order accuracy.

In autoregression, we expect the smoothed model free method has smaller
mean square error too. We will see that the smoothed model free(SMF) method

indeed has better performance than model free(MF) method.

5.5 Simulation

Same as before, we conduct monte-carlo studies based on 3 models with i.i.d

innovations and 2 models with heteroscedastic errors as follows,

e Model 1: Xy 1 = sin(Xy) + €41
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Model2: X; 1 = 0.8log(3X7? + 1) + €111

Model3: X;;; = —0.5exp(—50X2)X; + €41

Modeld: X,y = sin(X;) + /0.5 + 0.25X €44

Model5: Xt+1 = O75Xt + 0-15Xt€t+1 -+ €11

For each model, we do the simulations for n = 50, 100 or 200 with normal and
Laplace errors and record the coverage rate, length of interval and corresponding
standard deviation. For the bandwidth A, we select it through cross validation, We
use standard normal CDF restricted on [—2,2] as G(-). We choose bandwidth & for
kernel K (-) through cross validation and choose the smoothing bandwidth hgy to be

ho = h? as mentioned in remark 5.4.1.
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Table 5.1: Model Free Method-model 1

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.893 3.647  0.740 0.844 3.150 0.645
MF-predictive 0.926 4.108 0.854 0.880 3.482 0.721
SMF-fitted 0.892 3.627 0.717 0.843 3.131 0.619
SMF-predictive 0.939 4.293 0.828 0.893 3.614 0.709
n = 100 CVR LEN st.err CVR LEN st.err
MF-fitted 0.917 3.771  0.602 0.869 3.238  0.497
MF-predictive 0.941 4.152 0.680 0.897 3.511  0.550
SMF-fitted 0.916 3.731 0.551 0.869 3.221  0.489
SMF-predictive 0.946 4.231  0.647 0.902 3.471  0.530
n = 200 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.924 3.750 0.481 0.878 3.222  0.403
MF-predictive 0.942 4.065 0.558 0.894 3.395 0.455
SMF-fitted 0.924 3.731 0.464 0.877 3.208 0.387
SMF-predictive 0.946 4.123 0.570 0.899 3.439 0.444
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN st.err
MF-fitted 0.889 3.708 0.986 0.844 3.086 0.803
MF-predictive 0.922 4.278 1.129 0.876 3.494 0.993
SMF-fitted 0.891 3.715 0.963 0.846 3.084 0.764
SMF-predictive 0.930 4.442 1.126 0.887 3.620 0.972
n = 100 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.911 3.884 0.895 0.864 3.124 0.643
MF-predictive 0.935 4.426 1.001 0.891 3.510 0.765
SMF-fitted 0.910 3.846 0.856 0.864 3.106 0.623
SMF-predictive 0.941 4.544  0.965 0.896 3.542 0.738
n = 200 CVR LEN st.err CVR LEN st.err
MF-fitted 0.922 3.926 0.711 0.873 3.119 0.514
MF-predictive 0.938 4.387  0.900 0.891 3.386 0.639
SMF-fitted 0.921 3.895 0.684 0.873 3.103 0.491
SMF-predictive 0.942 4.447  0.868 0.894 3.407 0.629
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Table 5.2: Model Free Method-model 2

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.894 3.763  0.850 0.843 3.228  0.750
MF-predictive 0.932 4.269 0.927 0.886 3.614 0.794
SMF-fitted 0.893 3.713  0.805 0.844 3.211 0.713
SMF-predictive 0.943 4.440 0.885 0.902 3.755 0.751
n = 100 CVR LEN st.err CVR LEN st.err
MF-fitted 0.918 3.790 0.620 0.868 3.247  0.542
MF-predictive 0.945 4.218 0.706 0.901 3.560 0.569
SMF-fitted 0.915 3.733  0.597 0.865 3.202 0.516
SMF-predictive 0.950 4.315 0.695 0.906 3.600  0.550
n = 200 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.924 3.773 0.524 0.875 3.212 0.431
MF-predictive 0.944 4.126 0.609 0.895 3.419 0.472
SMF-fitted 0.921 3.725 0.495 0.873 3.195 0.417
SMF-predictive 0.947 4.163 0.605 0.899 3.447  0.469
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN st.err
MF-fitted 0.886 3.774 1.094 0.840 3.145 0.918
MF-predictive 0.924 4.412 1.222 0.881 3.587 1.035
SMF-fitted 0.886 3.744  1.047 0.841 3.117 0.855
SMF-predictive 0.933 4.599 1.209 0.890 3.707  1.022
n = 100 CVR LEN sterr CVR LEN st.err
MF-fitted 0.908 3.904 0.961 0.863 3.162 0.744
MF-predictive 0.937 4.581 1.100 0.893 3.589  0.881
SMF-fitted 0.909 3.848  0.882 0.863 3.128 0.683
SMF-predictive 0.941 4.637 1.060 0.898 3.630 0.822
n = 200 CVR LEN st.err CVR LEN st.err
MF-fitted 0.922 3.974 0.793 0.872 3.145 0.560
MF-predictive 0.939 4.464 1.000 0.893 3.444 0.701
SMF-fitted 0.920 3.941 0.749 0.872 3.123  0.540
SMF-predictive 0.941 4.497  0.990 0.895 3.471 0.689
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Table 5.3: Model Free Method-model 3

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.893 3.570  0.651 0.844 3.100 0.580
MF-predictive 0.922 3.892 0.697 0.874 3.338  0.588
SMF-fitted 0.893 3.566 0.643 0.843 3.084 0.567
SMF-predictive 0.935 4.057 0.676 0.889 3.477  0.589
n = 100 CVR LEN st.err CVR LEN st.err
MF-fitted 0.919 3.736  0.506 0.870 3.195 0.410
MF-predictive 0.937 3.996 0.571 0.888 3.360 0.443
SMF-fitted 0.920 3.711  0.465 0.871 3.184 0.39%4
SMF-predictive 0.944 4.092 0.551 0.898 3.439 0.433
n = 200 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.930 3.783 0.415 0.882 3.224 0.326
MF-predictive 0.940 3.946 0.470 0.893 3.329 0.358
SMF-fitted 0.931 3.779 0.391 0.882 3.218 0.311
SMF-predictive 0.945 4.019 0.451 0.898 3.377 0.349
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN st.err
MF-fitted 0.888 3.665 0.933 0.840 3.011 0.754
MF-predictive 0.916 4.146 1.082 0.874 3.401 0.864
SMF-fitted 0.892 3.686  0.902 0.844 3.021 0.715
SMF-predictive 0.926 4.270 1.015 0.883 3.482  0.847
n = 100 CVR LEN sterr CVR LEN st.err
MF-fitted 0.920 3.961 0.746 0.871 3.149  0.559
MF-predictive 0.938 4.321 0.936 0.893 3.450 0.657
SMF-fitted 0.921 3.949 0.711 0.872 3.130 0.514
SMF-predictive 0.943 4.499 0.857 0.897 3.501 0.626
n = 200 CVR LEN st.err CVR LEN st.err
MF-fitted 0.927 3.991 0.701 0.879 3.153 0.504
MF-predictive 0.938 4.331 0.894 0.890 3.318  0.568
SMF-fitted 0.927 3.962 0.651 0.879 3.139 0.476
SMF-predictive 0.942 4.403 0.863 0.892 3.340 0.551
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Table 5.4: Model Free Method-model 4

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.891 3.084 0.742 0.841 2.660 0.670
MF-predictive 0.926 3.549 0.849 0.880 2.989 0.725
SMF-fitted 0.890 3.073 0.712 0.842 2.653 0.630
SMF-predictive 0.931 3.687 0.836 0.891 3.078  0.699
n = 100 CVR LEN st.err CVR LEN st.err
MF-fitted 0.921 3.134 0.578 0.874 2.685 0.504
MF-predictive 0.945 3.495 0.636 0.900 2.916 0.533
SMF-fitted 0.921 3.119 0.551 0.874 2.679 0.476
SMF-predictive 0.951 3.587 0.620 0.908 2.964 0.513
n = 200 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.927 3.192 0.539 0.880 2.716  0.439
MF-predictive 0.944 3.458  0.636 0.897 2.866 0.476
SMF-fitted 0.926 3.167 0.504 0.879 2.707  0.420
SMF-predictive 0.947 3.481 0.574 0.900 2.890 0.473
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN st.err
MF-fitted 0.891 3.102 0.932 0.846 2.554 0.764
MF-predictive 0.920 3.616 1.064 0.879 2916 0.855
SMF-fitted 0.893 3.093 0.871 0.846 2.539  0.707
SMF-predictive 0.930 3.774 1.094 0.888 3.017  0.857
n = 100 CVR LEN sterr CVR LEN st.err
MF-fitted 0.912 3.200 0.740 0.865 2.578  0.581
MF-predictive 0.938 3.755  0.905 0.894 2918 0.663
SMF-fitted 0.912 3.177 0.724 0.864 2.559  0.555
SMF-predictive 0.943 3.880 0.892 0.899 2.950 0.605
n = 200 CVR LEN st.err CVR LEN st.err
MF-fitted 0.926 3.261  0.695 0.878 2.572  0.502
MF-predictive 0.942 3.648 0.862 0.895 2.774 0.664
SMF-fitted 0.926 3.224 0.648 0.878 2.559  0.463
SMF-predictive 0.945 3.716  0.846 0.898 2.812 0.562
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Table 5.5: Model Free Method-model 5

normal innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.898 3.724  0.980 0.850 3.204  0.855
MF-predictive 0.941 4.310 1.121 0.898 3.635 0.919
SMF-fitted 0.898 3.710 0.937 0.852 3.206 0.812
SMF-predictive 0.949 4.509 1.071 0.910 3.772 0.883
n = 100 CVR LEN st.err CVR LEN st.err
MF-fitted 0.920 3.715 0.851 0.874 3.189 0.714
MF-predictive 0.946 4.155 0.933 0.901 3.464 0.775
SMF-fitted 0.920 3.689 0.794 0.874 3.177  0.667
SMF-predictive 0.952 4.264 0.915 0.909 3.528 0.733
n = 200 CVR LEN  st.err CVR LEN st.err
MF-fitted 0.929 3.724 0.781 0.882 3.171  0.652
MF-predictive 0.946 4.015 0.866 0.901 3.357 0.712
SMF-fitted 0.928 3.700 0.731 0.882 3.165 0.624
SMF-predictive 0.950 4.062 0.836 0.904 3.381 0.685
Laplace innovations | nominal coverage 95% nominal coverage 90%
n = 50 CVR LEN st.err CVR LEN st.err
MF-fitted 0.892 3.837 1.327 0.846 3.166 1.138
MF-predictive 0.926 4.435 1.482 0.882 3.575 1.224
SMF-fitted 0.894 3.813 1.235 0.849 3.166 1.053
SMF-predictive 0.937 4.748  1.497 0.898 3.757  1.149
n = 100 CVR LEN sterr CVR LEN st.err
MF-fitted 0.911 3.822 1.167 0.865 3.085  0.898
MF-predictive 0.941 4.564 1.436 0.896 3.507 1.054
SMF-fitted 0.911 3.779 1.066 0.866 3.072  0.840
SMF-predictive 0.946 4.703 1.401 0.903 3.587 1.002
n = 200 CVR LEN st.err CVR LEN st.err
MF-fitted 0.920 3.830 0.991 0.871 3.047 0.728
MF-predictive 0.942 4.369 1.074 0.893 3.344 0.817
SMF-fitted 0.920 3.791 0.904 0.871 3.028 0.682
SMF-predictive 0.945 4.412 1.076 0.895 3.350 0.783

From the simulation results, we conclude that

e The predictive methods improve the coverage level with the cost of high vari-
ability. However, this is a finite sample effect. For large sample size, the effect

of deleting one pair of data in the scatter plot is negligible.

e The smoothed model free methods tend to have smaller standard deviation
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and better coverage level.

e When the sample size is increased to 100, the standard deviation of the interval

lengths decreased in all cases .

e When the sample size is increased to 100, the coverage levels are improved

compared to the corresponding coverage levels when n = 100

Remark 5.5.1. Due to the complezity of the dependence structure of time series, it’s
not easy to prove that the mean square error of the smoothed model free estimator
(5.7) is smaller than that of the estimator (5.2). But at least we know it is true for
regression as showed in (5.11). So the observation result that by smoothing the the
indicator function for X;i1 with a CDF G(-) the standard deviation corresponding to

the interval length is reduced is not unexpected.

Remark 5.5.2. In chapter 3, chapter j and chapter 5, we use the same 5 models (3
models with i.i.d. errors, 2 models with heteroscedastic errors). For the models with
i.1.d. errors, the nonparametric kernel smoothing method in chapter 3, the bootstrap
based on transition density, the local bootstrap and the Hybrid bootstrap in chapter 4,
the model-free methods in chapter 5 all work well. Among all the methods, the non-
parametric methods are more stable than others due to the lowest standard deviation
associated with the interval lengths.

However, for models with heteroscedastic errors, the monparametric kernel
smoothing methods do not work well even though we use over-smoothed resampling
bandwidth in generating the pseudo series. But the bootstrap based on transition den-
sity, the local bootstrap in Chapter 4 and all the model-free methods in Chapter 5
do a good job in dealing with models with heteroscedastic errors. We observe that
nonparametric approach has significantly larger variability compared to other Markov
approaches discussed in chapter 4 and 5. The predictive smoothed model free method
in Chapter 5 is the best among all the methods for Markov processes in Chapter 4 and
5. Howewver, the smoothed model free method demands powerful computation power

due to smoothing the conditional distribution function.
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Chapter 5, in full, is currently being prepared for the following paper prepared
for future submission for publication: Bootstrap prediction intervals for Markov Pro-
cesses. Pan,Li; Politis, Dimitris. The dissertation author was the primary investigator

and author of this material.
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