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Abstract

We study auxetic lattice structures with curved bi-material ligaments using the finite element
method. The overall Poisson's ratio and coefficient of thermal expansion of the lattices can be
simultaneously tuned to be negative by adjusting their microstructural geometries and constituent
material parameters. The Young's modulus of ligaments plays an important role in controlling the
effective Poisson's ratio and coefficient of thermal expansion. The size and Young’s modulus of
the joints that connect ligaments strongly affect the effective mechanical properties. When Young’s
modulus of the joint is given, a larger joint size gives rise to stronger auxeticity, but less negative
thermal expansion. By tuning the coefficient of thermal expansion of each constituent, the overall
coefficient of thermal expansion may be negative, zero or positive. The bicamaterial auxetic
structures studied here may be designed to possess desired properties for real-world applications
when their microstructural properties are appropriately tuned.

Introduction

Mechanical metamaterials and composite materials have been under intensive study in recent years
for their unique and unusual properties [1,2,3]. One of the unusual properties is the negative
Poisson's ratio (NPR) [4,5,6,7]. The Poisson's ratio is defined by the ratio of lateral strain to the
longitudinal strain with a minus sign as v = - gyy/exx, when the prismatic material is under the
longitudinal straining exx. Various mechanisms have been proposed to generate auxeticity, such as
the connected stars as auxetic systems [8,9]. The terms “auxeticity” and “negative Poisson's ratio”



are used interchangeably. Giant NPR from patterned slit perforations within a sheet/block of
material has been reported [10]. Ref. [11] has studied NPR in lattice structures with sinusoidal
ligaments. The deformation mechanism of NPR due to the re-entrant cell shapes has been
discussed in detail [12]. The re-entrant shape is also called inverted hexagons, as opposed to the
regular hexagons in the honeycomb structures [13]. In addition, effects of inhomogeneity in
gradient auxetic closed cell foams on NPR have been analyzed and experimentally studied [14].
Furthermore, the tunability of NPR can be achieved in certain novel microstructures [ 15,16].
Negative Poisson's ratio at the molecular level has been investigated [17,18], including the o-
cristobalite tetrahedral framework [19,20], and crystalline cellulose Ig [21]. Recently, molecular
systems containing nanochannels and nanolayers as a second phase have been shown to exhibit
NPR [22,23]. Moreover, the ordering of the second phase can be used as a fine-tuning parameter
to change the Poisson’s ratio of the molecular systems.

Regardless of microstructures, the theory of elasticity states that, in order to satisfy the
pointwise stability condition that strain energy is positive definite [24], the Poisson's ratio of
isotropic three-dimensional materials is in the range between -1 and 0.5. For two-dimensional
materials, their Poisson's ratio is between — 1 and 1 [25,26,27,28,29]. The cross-sectional shape of
ligament in cubic lattices can be used as a strategy to tune the effective Poisson’s ratio to be
positive or negative [30]. The characteristic of the anticlastic curvature in negative Poisson’s ratio
materials has recently been further studied [ 31]. In addition, chirality arising from non-
centrosymmetry may also give rise to auxeticity [32,33,34]. Recently, the valid range of Poisson’s
ratio in chiral solids has been extended beyond classical limits [35,36]. Chirality can also affect
the bandgap structures in the negative Poisson’s ratio materials [37]. Furthermore, chiral effects
on viscoelastic properties have been reported [38].

A related research area is the use of negative stiffness to obtain unbounded overall
properties in composite materials [39,40,41,42,43,44]. Unlike auxeticity, the stability of negative
stiffness systems for extreme effective properties requires careful considerations [45,46,47,48,49].
Simultaneously achieving negative stiffness and negative Poisson's ratio has been experimentally
demonstrated and analyzed [50].

In addition to negative Poisson's ratio, metamaterials have also been widely studied for
their negative thermal expansion (NTE) in the bi-material lattices [51,52,53], albeit NTE in two-
phase composite materials has been studied quite some time ago [54]. Microstructured isotropic
media that are mechanically auxetic and thermally shrink under heating have been investigated
[55]. Metamaterials with the unimodal deformation mechanism for negative thermal expansion
and compressibility have been investigated [56,57,58]. In addition, rotating-square microstructures



for negative thermal expansion have been analyzed [59]. Furthermore, tunable positive to negative
thermal expansion in metamaterials has been reported [60,61,62,63,64], as well as in Ref. [65] for
tunable hygrothermal expansion. Negative thermal expansion has also been studied at the
molecular levels [66,67,68]. Recently, simultaneously obtaining a negative Poisson's ratio and a
negative thermal expansion has been reported for the curvature effects in the bi-material lattice
[69,70]. In this work, we provide a further detailed analysis of the systems on the effects of
microstructural properties, including the joint size and its elasticity. In the literature, two-
dimensional auxetic foams with Y-joint and A-joint geometry have been investigated [71].

In this work, we conduct the finite element analysis [72] to study the negative Poisson’s
ratio and thermal expansion of a class of 2D and 3D auxetic structures with COMSOL software
[73]. Effects of the material properties of the two constituents in the bi-material ligaments on the
overall thermoelastic properties of the lattices are investigated, as well as the effects of the joint
size and its Young's modulus.

Estimation of effective properties

The effective thermoelastic properties of composite materials comprising fully anisotropic phases
can be estimated from constituents' properties in the Hashin-Shtrikman sense by the following two
equations [74].

Ce = Cm [I +fJK(Cm _Ci)]il (1)
a,=a,+fJKC (a,-a,) 2)

Here Ce is the 6 x 6 matrix of the effective elastic constants, and a. the 6 x 1 vector of the effective
coefficient of thermal expansion (CTE). The subscripts m and i indicate the matrix and inclusion,
respectively. The inclusion volume fraction is denoted by f. The matrices J and K are defined in
terms of the Eshelby matrix S as follows.

J=[I-fK(C,-C)A-8)]" 3)

K=[C,—(C,—C,)S]" 4)

m

The above equations can be algebraically recast into the following equation with the Eshelby
matrix for the effective coefficient of thermal expansion.

ae = a’m +(C;1 _C;nl )Cm (Cm _Ci )71 (a‘i _am) (5)

By switching the roles of matrix and inclusion, an upper and lower bound on the effective
thermoelastic properties can be obtained from the above equations. Furthermore, these equations



can be reduced for the isotropic constituents [75,76]. When the microstructures are known, as in
this study, the effective thermoelastic properties can be calculated from the averaged stress and
strain tensors, defined as follows [41], via the finite element analysis.

_ 1 1
G, :;J-VaijdV:;LtixjdA (6)

_ 1 1
g :;J‘ngdV:WL(uinj+ujni)dA (7)

The volume integrals require all the stress and strain information in the domain, while the area
integrals only require the information on the boundary surfaces. With the averaged stress and strain
tensor, the effective Young’s modulus Ee, two-dimensional bulk modulus Be and biaxial shear
modulus Gve can be calculated by

E =— (8)
81 1
B=2uton ©)
2(811 + 822)
G, = —2 (10)
2&,,
The biaxial shear loading condition is defined when =~ = — ,where =~ is the averaged stress
on the left and right edge of the specimen, and — is the averaged stress on the top and bottom
edge. In addition, the effective Poisson's ratio can be calculated by
v,=-2 (11)
gl 1
when the stress element is under x-direction straining ~ , and the effective coefficient of thermal
expansion by
a,=——I(&,+¢& 12
e 2AT ( 11 22) ( )

where AT is the uniform temperature change applied to the whole specimen.

Computational models and settings

Figures 1 (a), (c) and (e) show the two-dimensional auxetic structures and their unit cells
around the joint are shown in Figures 1 (b), (d) and (f). The structures possess 2D cubic symmetry



and are analyzed along their principal directions, i.e. the horizontal and vertical directions. The
three structures, labeled as the “small”, “medium” and “large” structure, have the same radius of
midline curvature Rc = 5 cm for each bi-material ligament, but have different square joint sizes.
The edge lengths of the joint and unit cell of the “small” structure are Lj = 0.18 cm and Lcenn = 6.58
cm, those of the “medium” structure Lj = 0.82 cm and Lcen = 7.22 cm, and those of the “large”
structure Lj = 1.55 cm and Lcenn = 7.95 cm. To facilitate data analysis and discussion, the joint size
is normalized to cell size, i.e. Li® = Lj/Lcen, and hence they are Li® = 0.028, 0.114, 0.195 for the
three structures. The corresponding area fractions of the small, medium and large structure are f =
0.165,0.197 and 0.245, respectively. In our models, larger joint sizes result in larger area fractions.
Although the systems are analyzed for their linear thermoelastic responses in this work, it is
intended for future analysis of the effects of nonlinearity and damage on the overall auxetic and
NTE properties by more involved numerical methods, such as the one discussed in Ref. [77].

Each bi-material ligament consists of two different isotropic, homogeneous materials, as
shown in Figure 1. Orange color is for Material 1 with Young's modulus Ei and Poisson’s ratio vi.
The yellow color indicates Material 2, with Young's modulus E2 and Poisson's ratio v2. The
alternate arrangement of Material 1 and Material 2 is noted. The square joint having Young's
modulus E;j and Poisson’s ratio vj is in cyan color, and the boundary rectangles in green color. The
boundary rectangles are assigned a very large Young's modulus for the purpose of loading and
deformation measurement.

In order to analyze the structures, the finite element method is adopted to numerically
calculate their effective properties from effective stress by Eq. (6) and effective strain by Eq. (7).
The number of triangular elements used in the small-, medium-, and large-joint-size models is
15196, 10256, and 8964, respectively. More elements are used when the joint size is smaller to
obtain more accurate results in models with large stress and strain gradients. The shape function
used in our finite element calculation was the fifth-order Lagrange polynomial function, i.e. six
nodes on an edge of a triangular element. Full integration was used to evaluate the elastic and
thermal fields in each element. Mesh sensitivity studies have been investigated, and our results
reported here are consistent with data from denser meshes.

For the mechanical responses, such as effective Young’s modulus Ee and Poisson’s ratio ve,
the displacement boundary condition of the left and bottom edges is set to be rollers, and uniform
tensile straining is applied on the right edge. The upper edge is stress-free. Rollers allow sliding in
one direction but constrain any rotation of the edges. For thermal responses, the structures are
subjected to a uniform temperature change, and roller boundary conditions are applied at the left
and bottom edges. We choose the boundary conditions so that our results can be directly compared



with possible experimental prototypes. Due to the small number of cells in the models and no
periodic boundary conditions employed in the 2D models, we acknowledge our results are
influenced by the boundary conditions on the edges; hence, they may be model-size-dependent.
When the system contains a large number of unit cells, the effects of boundary conditions may be
neglected, and the calculated homogenized properties may be consistent with those obtained under
periodic boundary conditions.

Results and discussion

To demonstrate the effects of the Young’s modulus of ligament, the model shown in Figure
1 (c) is chosen. Figure 2 and Figure 3, respectively, show the effective Poisson’s ratio and
coefficient of thermal expansion of the three auxetic structures against the normalized Young’s
modulus of the bi-material ligament. As can be seen from the figures, simultaneous negative
Poisson’s ratio and negative CTE can be achieved. Figure 2 (b) is an enlarged version of Figure 2
(a) when E; is near Ez, and the sensitivities of the effective Poisson’s ratio and CTE with respect
to the logarithmic Young’s modulus of ligament are identified in Figure 2 (b). The slopes of
effective coefficient of thermal expansion with respect to the logarithmic Young’s modulus of
ligament are identified in Figure 3. When E (or E2) is under sweep, we set Eo = E2 (or Eo = E1) as
the normalization parameter. Hence, when E1/Eo = 1 or E2/Eo = 1, it indicates E1 = E2, and the bi-
material ligament is composed of a single material. In the calculation, Eo is set to be 100 GPa, as
the normalization Young’s modulus.

Effects of joint size and normalized Young’s modulus (E;") of the joint on effective
Poisson’s ratio, Young’s modulus, plane-strain bulk modulus, and biaxial shear modulus are shown
in Figures 4, 5, 6 and 7, respectively. Figure 8 shows the effective coefficient of thermal expansion
versus the joint’s Young’s modulus. When the Young’s modulus of the joint is small, the
dependence of the effective Poisson’s ratio on the joint’s Young’s modulus is indicated in Figure
4. The slopes of the effective Poisson’s ratio with respect to the logarithmic joint Young’s modulus
are ms = -1.389, mm = -3.311, and mL = -3.769 for the small, medium and large models,
respectively. The slope of the larger joint size model is more negative. When the joint’s Young’s
modulus is large, no strong dependence between theall calculated effective properties and the
joint’s Young’s modulus is observed. It is because when the joint’s Young’s modulus is large, the
joint may behave as a relatively rigid unit in the structures. Hence, asymptotically plateau behavior
is observed when E;" is large.

The effective Young’s modulus of the three structures is shown in Figure 5. The slopes of
the effective Young's modulus with respect to the logarithmic joint Young’s modulus are ms =9.81,
mm = 16.00, mL = 16.66. The medium and large joint models show similar slopes for overall



Young's modulus. However, the slope of the small joint model is less than that of the other two
models.

For isotropic and homogeneous materials, the plane-strain bulk modulus, defined in Eq.
(9), can be expressed as Be = A+ = (C11+Ci2)/2 = p(1+v)/(1-v), and bi-axial shear, defined in Eq.
(10), can be expressed as Gve = (C11-Ci12)/2. From Figure 6. When E® ~ 0.1, the normalized
effective 2D bulk modulus of the large model is about 20 x 10-3, which is about the same as that
of the small model. When Ej" ~ 2.3, the normalized effective 2D bulk modulus is about 44 x 103
for both the medium and large model. From Figure 7, when E® ~ 0.22, all three models show
similar normalized effective shear modulus Gve ~ 0.56. However, the three curves do not coincide
at a single point, but their intersecting points are very close. The crossovers among the curves can
be used to design the auxetic structures to achieve certain purposes.

From Figure 8, the small model exhibits the strongest effective negative coefficient of
thermal expansion, which is about -24 x 10 (1/K). All three models show similar trends when E;"
increases. In Figure 9 (a), we set Ei” = 1, and study the variations of a1 and o2 on the effective
thermal expansion. When a1 parameter is under scanning (red curves), the value of a2 = 10 (1/K)
is fixed. When the a2 parameter varies (black curves), the value of a1 = 10 (1/K) is fixed. With a
given structure, the effective coefticient of thermal expansion can be tuned to be positive, zero or
negative by choosing suitable a1 or a2, as can be seen in Figure 9 (b) in terms of the absolute value
of the coefficient of thermal expansion. For the black curves, CTE is positive on the right hand
side of the anti-peaks, and negative on their left hand side. For the red curves, CTE is negative on
the right hand side of the anti-peaks, and positive on their left hand side. The anti-peaks indicate
zero CTE. Zero thermal expansion coefficient is particularly intriguing for materials design,
especially in avoiding residual stress under large temperature variations or thermal loadings.
Furthermore, controlling the thermal expansion coefficient could allow for residual stress control
in stability manipulation. The deformation of the small structure under uniform temperature
change is shown in Figure 10 (a), as a demonstration. The von Mises stress around the small joint
is shown in Figure 10 (b).

In this work, it is found that the geometric size and the elastic properties of the joints, in
combination with ligament’s thermoelastic properties affect the effective Poisson’s ratio and
thermal expansion. Large joints with sufficient elastic modulus may exhibit high rigidity, which
may make the joints behave like a rigid rotating block in the microstructure, giving rise to more
negative Poisson’s ratio, as shown in Figure 4. However, for thermal expansion, smaller joints may
yield more negative CTE, as the solid curves shown in Figures 8, 9 (a) and (b). Therefore, when



in design for simultaneous NPR and negative CTE, the designer needs to pay attention to the subtle
detail of microstructure.

We acknowledge that the overall properties studied here are only from the lattices with the
4x4 unit cells under the prescribed loading and boundary conditions. More unit cells in the lattices
would reduce boundary effects. One may alternatively use periodic boundary conditions to reduce
boundary effects. Our study here reveals quantitative relationships between constituents’
properties and overall properties for the specifically chosen structures.

Conclusion

Through our finite element calculations, the effects of microstructural properties, including joint
size and Young’s modulus, on the overall properties of the 2D bi-material auxetic lattices are
demonstrated in this work. Simultaneously achieving auxeticity and negative thermal expansion,
or other combinations, has been quantitatively analyzed in our parametric study. Under a given
joint Young’s modulus, a larger joint size gives rise to stronger auxeticity, but less negative thermal
expansion. The joint size affects the area fraction. The effective mechanical properties, such as
effective Young’s modulus, 2D bulk modulus, and biaxial shear modulus, increase with the E; for
a given Lj. By tuning the coefficient of thermal expansion of the constituent, the overall coefficient
of thermal expansion may be negative, zero or positive. The bi-material auxetic structures studied
in this work may be designed to possess desired properties through microstructural control for real-
world applications.
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Figures and Figure Captions

Auxetic structures with (a)(b) ‘small’, (¢)(d) ‘medium’ and (e)(f) ‘large’ joints

studied in this work.

Figure 1.
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