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Abstract. A recent result of Lofano and Paolini expresses the characteristic polynomial
of a real hyperplane arrangement in terms of a projection statistic on the regions of the
arrangement. We use this result to give an alternative proof for Greene and Zaslavsky’s
interpretation for the coefficients of the chromatic polynomial of a graph and further gen-
eralize this interpretation to signed graphs. We also show that this projection statistic has a
nice combinatorial interpretation in the case of the braid arrangement, which generalizes to
graphical arrangements of natural unit interval graphs.
Keywords. Hyperplane arrangements, chromatic polynomials, signed graphs
Mathematics Subject Classifications. 52C35, 05A15, 05C15, 05C22

1. Introduction

A (real) hyperplane arrangement is a finite collection of affine hyperplanes in Rn for n ⩾ 1.
These hyperplanes decompose the space into convex regions. A central question of the study of
hyperplane arrangements is counting the number of regions of a given hyperplane arrangement.

A fundamental invariant associated to a hyperplane arrangement is its characteristic polyno-
mial (see (2.1) for a definition). One of the major results on counting the number of regions of a
hyperplane arrangement is from Zaslavsky’s thesis [Zas75], where he proved that the number of
regions of a hyperplane arrangement is (up to a sign) the evaluation of the characteristic polyno-
mial of that arrangement at −1. It is known that the coefficients of the characteristic polynomial
of a hyperplane arrangement are integral and alternate in sign.

Hence, an evaluation of the characteristic polynomial at −1 is the sum of the absolute values
of its coefficients. This raises the question of if one can express the characteristic polynomial of
an arrangement A ⊆ Rn as a statistic on the set of regions of A.

No such statistic was known until Lofano and Paolini [LP21] and Kabluchko [Kab23]
recently independently gave the same projection statistic. They showed that given a generic
point v ∈ Rn, the characteristic polynomial of A can be expressed as the generating function
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of the regions counted by the dimension of the face containing the projection of v to the region
(see Section 2 for the exact statement).

For many hyperplane arrangements, there is a labeling of the regions by combinatorial ob-
jects. Hence the question arises: can we find a point v ∈ Rn such that the projection statistic
given in [LP21, Kab23] corresponds to a natural combinatorial statistic on the objects label-
ing the regions? In this paper, we answer this question for graphical arrangements and more
generally, all subarrangements of the Type B Coxeter arrangement.

Given a graph G = ([n], E) one can define the corresponding graphical arrangement AG as
the collection of the hyperplanes xi − xj = 0 where {i, j} ∈ E. See Figure 1.1 for an example.
It is known that for any graph G, the chromatic polynomial of a graph, χG (see Definition 2.1), is
equal to the characteristic polynomial of the corresponding graphical arrangement, χAG

, that is,

χG(q) = χAG
(q). (1.1)

Hence, any interpretation of the coefficients of the chromatic polynomial is an interpretation
of the coefficients of the characteristic polynomial. It is also known that each region of the
graphical arrangement can be uniquely labeled by an acyclic orientation of G. This means that
the chromatic polynomial can be expressed through [LP21, Kab23] as a generating function
on acyclic orientations of G according to a projection statistic (which depends on choice of
projection point v).

x2 = x3

x1 = x3

1

23

G AG

Figure 1.1: A graph G and the corresponding graphical arrangement AG.

In [GZ83], Greene and Zaslavsky gave an interpretation for the coefficients of the chromatic
polynomial of a graph G as counting acyclic orientations of G according to their number of
source components (see Section 2). This raises the question of whether the Greene and Zaslavsky
result can be related to the projection statistic, and whether there exists a point v ∈ Rn such that
for each region of AG, the projection statistic given in [LP21, Kab23] equals the number of
source components of the acyclic orientation of G labeling the region as given in [GZ83]. In
this paper, we answer this question in the affirmative.

We further generalize this by considering subarrangements of the Type B Coxeter arrange-
ment. We call these arrangements B-graphical arrangements as they can be defined on symmet-
ric graphs in a similar manner to graphical arrangements. In fact, the regions of a B-graphical
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arrangement BG are in bijection with symmetric acyclic orientations of the symmetric graph G.
We generalize the concept of source components to these symmetric graphs and show that there
are points v ∈ Rn such that for each region of BG, the projection statistic given in [LP21, Kab23]
equals the number of signed source components of the symmetric acyclic orientation of G la-
beling the region. Further, the characteristic polynomial of a B-graphical arrangement is equal
to the chromatic polynomial of the associated symmetric graph, and we can generalize Greene
and Zaslavsky’s result to symmetric graphs. In fact, symmetric graphs are equivalent to signed
graphs, so we obtain a combinatorial interpretation for the coefficients of the chromatic polyno-
mial of a signed graph.

This paper is organized as follows. In Section 2, we set up some background and recall some
results. In Section 3, we look at the braid arrangement An = AKn , and show that there is a
particularly nice combinatorial interpretation for the projection statistic (see Theorem 3.3). In
Section 4, we find a set of points in Rn such that for each region of AG, the projection statistic
equals the number of source components of the acyclic orientation of G labeling the region.
This shows that the Greene and Zaslavsky result can be obtained using the Lofano and Paolini
statistic. In Section 5, we look at graphical arrangements of natural unit interval graphs and
show that the combinatorial statistic for the braid arrangement generalizes to these arrangements
(see Theorem 5.2). We use this interpretation to give an alternative proof of the form of the
chromatic polynomial of a natural unit interval graph (see Corollary 5.3). Finally, in Section 6,
we generalize our results from Section 4 to subarrangements of the TypeB Coxeter arrangement.

2. Background

In this section we state some definitions and recall some known results. We assume a
standard background on graphs and hyperplane arrangements as given in [Sta11]. We use graph
to mean an undirected finite graph without loops or multiple edges. For the rest of this section,
let G = ([n], E) be a graph, where [n] = {1, . . . , n}.
Definition 2.1. Let G = ([n], E) be a graph. The chromatic polynomial of G, denoted by χG,
is the polynomial which when evaluated at a non-negative integer q gives the number of proper
q-colorings of G.

We now define source components as in [BN20].
Definition 2.2. Let γ be an acyclic orientation of G. For i ∈ [n], let Ri be the set of ver-
tices reachable from i by a directed path of γ (with i ∈ Ri). We define S1, S2, . . . recursively:
for k ⩾ 1, if

⋃
i<k Si = [n], then Sk = ∅. Otherwise, define Sk = Rm \

⋃
i<k Si

where m = min{[n] \
⋃

i<k Si}. The non-empty subsets Sk thus defined are the source compo-
nents of γ.

The source components of the acyclic orientations of K3 are illustrated in Figure 2.1.
The following result was proven by Greene and Zaslavsky.

Theorem 2.3 ([GZ83, Corollary 7.4]). Let G = ([n], E) be a graph, and k be a non-negative
integer. Then,

[qk]χG(q) = (−1)n−kαk

where αk is the number of acyclic orientations of G with exactly k source components.
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Figure 2.1: The source components of the 6 acyclic orientations of K3.

The characteristic polynomial of a hyperplane arrangement A ⊆ Rn, denoted by χA, is
classically defined using the Möbius function of the intersection lattice LA as follows:

χA(q) :=
∑
L∈LA

µ(Rn, L)qdimL, (2.1)

where Rn is the least element of LA. For our part, we use a characterization of the characteristic
polynomial given by Lofano and Paolini [LP21] and Kabluchko [Kab23], which we now recall.

Definition 2.4. Let A be a hyperplane arrangement in Rn and let v ∈ Rn be an arbitrary point.
Let R be a region of A. We define the projection from v to R to be the unique point in R that
has the minimum Euclidean distance from v, and denote it by projv(R). Further, we define
the projection dimension of v on R to be the dimension of the unique face of R that contains
projv(R) in its relative interior, and denote it by pdv(R). An example is shown in Figure 2.2.

Theorem 2.5 ([LP21, Theorem 5.14][Kab23, Corollary 1.2]). Let A be a hyperplane arrange-
ment in Rn, and let v ∈ Rn be a generic1 point. Let R(A) be the set of regions of A. Then, the
characteristic polynomial of A is given by

χA(q) =
∑

R∈R(A)

(−1)n−pdv(R)qpdv(R).

Equivalently, for a non-negative integer k, the coefficient of qk in (−1)nχA(−q) is the number
of regions R of A such that the projection dimension of v on R is k.

Remark 2.6. Another interesting interpretation of the coefficients of the characteristic polyno-
mial of a hyperplane arrangement was given by Klivans and Swartz [KS11]. They show that the
coefficients can be interpreted as average projection volumes of the regions of the arrangement.

1For a detailed definition of generic, see [Kab23]. For our purposes, as long as the set of points we consider
contains an open ball, it contains generic points.
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H1 H2

H3

v

R1

projv(R1)

R2

R3

projv(R2)

projv(R3)

Figure 2.2: A hyperplane arrangement in R2 with a point v ∈ R2 and the projection from v to
some regions. Here, pdv(R1) = 1, pdv(R2) = 0, and pdv(R3) = 1.

3. The Braid Arrangement

In this section, we show that for the braid arrangement An, the projection statistic defined in
Theorem 2.5 can be expressed as a natural combinatorial statistic on the permutations labeling
the regions of An.

Definition 3.1. The braid arrangement An is defined as the collection of the following hyper-
planes:

An = {Hi,j | 1 ⩽ i < j ⩽ n} ,
where Hi,j = {(x1, . . . , xn) ∈ Rn | xi − xj = 0}.

It is easy to see that each region of the braid arrangement is uniquely determined by a total or-
dering of the coordinates. As a consequence, there is a bijection between the regions of the braid
arrangement An and permutations of [n]. When considered in one line notation, the permutation
indicates the relative order of the coordinates. For example, the permutation σ = σ1σ2 . . . σn is
associated to the region consisting of all points with coordinates xσ1 > xσ2 > . . . > xσn .

More generally, it is classical that flats and faces of the braid arrangement can be encoded by
combinatorial objects (see in particular [AM17, Section 6.3]). More precisely, the flats of the
braid arrangement can be represented by partitions of [n], the blocks indicating which coordi-
nates are equal (that is, if i and j are in the same block, then xi = xj for any point x of the flat).
Finally, the faces of the arrangement can be represented by ordered partitions of [n], the relative
order of the blocks indicating the relative order of the corresponding coordinates (that is, if i is
in a block before j, then xi > xj for all points x of the face). Note that the number of blocks of
the partition is the dimension of the corresponding face. Figure 3.1 illustrates this labeling for
the 3-dimensional braid arrangement A3. Given a face F of A, we denote by Π(F ) the ordered
partition labeling it, and given an ordered partition Π of [n], we denote by FΠ the face it labels.

Definition 3.2. Let σ = σ1 . . . σn ∈ Sn be a permutation. We say σi is a right-to-left minimum
of σ if σi < σj for all j > i. We denote by RLmin(σ) the number of right-to-left minima of σ.
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x1 > x2 > x3

x1 = x2 x2 = x3

x1 = x3

x1 > x3 > x2x2 > x1 > x3

x2 > x3 > x1

x3 > x2 > x1

x3 > x1 > x2

({1, 2}, {3})

({1}, {2}, {3})

({1}, {3}, {2})

({3}, {1}, {2})({2}, {3}, {1})

({2}, {1}, {3})

({1}, {2, 3})

({1, 3}, {2})({2}, {1, 3})

({2, 3}, {1}) ({3}, {1, 2})

({1, 2, 3})

({3}, {2}, {1})

Figure 3.1: A3 with the faces labeled by ordered partitions of [3].2

We now state the main result of this section.

Theorem 3.3. Let v = (v1, . . . , vn) ∈ Rn such that

v1 > . . . > vn and vi − vi+1 > n(vi+1 − vn) for all i < n. (3.1)

Let σ ∈ Sn be a permutation and let Rσ be the region of the braid arrangement An labeled
by σ. Then the projection dimension of v on Rσ equals the number of right-to-left minima of σ,
that is, pdv(Rσ) = RLmin(σ).

Figure 3.2 demonstrates Theorem 3.3 for the 3-dimensional braid arrangement A3.
Remark 3.4. Note that the set defined by Equation (3.1) is open and further, v ∈ Rn such
that vi = (n + 1)−i for all i ∈ [n] belongs to the set. Thus the set of v ∈ Rn for which the
above theorem holds must contain generic points.

Observe that Theorem 3.3 (along with Theorem 2.5 from [LP21, Kab23]) imply the follow-
ing classical expression for the characteristic polynomial of the braid arrangement

χAn(q) =
∑
σ∈Sn

(−1)n(−q)RLmin(σ).

The rest of this section is dedicated to the proof of Theorem 3.3.
Let v ∈ Rn be as in Equation (3.1), and R be a region of An. There is a unique face of R

that contains projv(R) in its interior. In order to prove the above theorem, we first prove some
lemmas which allow us to characterize this face.

2Note that the hyperplane H = {(x1, x2, x3) = x1 + x2 + x3)} is orthogonal to all the hyperplanes of A3, so
we represent A3 by drawing its intersection with H .
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x1 > x2 > x3
x1 = x2 x2 = x3

x1 = x3

x1 > x3 > x2

x3 > x1 > x2

x3 > x2 > x1

x2 > x3 > x1

x2 > x1 > x3

v

3

2

2

2

1
1

1.2.3.

1.32.21.3.

31.2.231.

321.

Figure 3.2: A3 with projection from a point v as in Equation (3.1) onto the regions, with the
regions labeled by permutations (in blue) with right-to-left minima marked by dots, and dimen-
sion of projection/number of right-to-left minima (in green).

Lemma 3.5. Let v ∈ Rn and let Π = {B1, . . . , Bk} be an unordered set partition of [n].
If i ∈ Bj = {j1, . . . , js}, then the projection of v on the flat labeled by Π has the ith coordinate

given by
vj1 + . . .+ vjs

s
.

Proof. Let X be the flat of An labeled by Π. Note that projv(X) is the orthogonal projection
of v on X .

For j ∈ [k], define fj =
∑
i∈Bj

ei where ei is the ith standard basis vector of Rn. Note that the

set O = {fj}j∈[k] forms an orthogonal basis of X , so projv(X) =
∑
j∈[k]

⟨v, fj⟩
||fj||2

fj .

Now, if i ∈ Bj , the ith coordinate of ft for t ̸= j is 0, and the ith coordinate of fj is 1. Hence,

the ith coordinate of projv(X) is
⟨v, fj⟩
||fj||2

=
vj1 + . . .+ vjs

s
.

Definition 3.6. Let A be a hyperplane arrangement in Rn, and let v ∈ Rn be a point. Let F be
a face of A. We say F is a v-face if the projection of v on span(F ) lies in the relative interior
of F . Further, for R a region of A, we say a face F is a v-face of R if F is a v-face and F is
incident to R.

The following lemma characterizes the v-faces of An.

Lemma 3.7. Let v ∈ Rn be as in Equation (3.1), and let Π = (B1, . . . , Bk) be an ordered
partition of [n]. Then FΠ is a v-face of An if and only if min(Bi) < min(Bi+1) for all i < k.
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Proof. Let B = {i1, . . . , ik} and B′ = {i′1, . . . , i′ℓ} be two blocks of our partition, where we
write their elements in increasing order. Then min(B) = i1 and min(B′) = i′1. Without loss of
generality, let i1 < i′1.

Let X = span(FΠ), that is, X is the flat labeled by the unordered partition {B1, . . . , Bk}.
Let projv(X) = (p1, . . . , pn). Note that as projv(X) lies in a unique face of X , it is enough to
show that the ordered partition labeling this face satisfies min(Bi) < min(Bi+1) for all i < k.

Then, from Lemma 3.5, and the fact that vi1 − vi′1−1 + vi2 − vn + . . . + vik − vn > 0, we
have:

pi1 =
vi1 + . . .+ vik

k
⩾

(k − 1)vn + vi′1−1

k
,

and, as i′1 ⩽ i′j for all j ∈ [k], as v satisfies Equation (3.1), we have vi′j ⩽ vi′1 , and therefore,

pi′1 =
vi′1 + . . .+ viℓ′

ℓ
⩽ vi′1 .

This gives us

pi1 − pi′1 ⩾
vi′1−1 − vi′1 − (k − 1)(vi′1 − vn)

k
>

vi′1−1 − vi′1 − n(vi′1 − vn)

k
> 0.

Hence B must appear before B′ in the ordered partition.

Lemma 3.8. Let A be a hyperplane arrangement in Rn, let v ∈ Rn be a point and let R be a
region of A. Then,

projv(R) = projv(F )

where F is a v-face of A incident to R.

Proof. Clearly, there is a unique face F of R that contains projv(R) in its relative interior.
Hence, projv(R) = projv(F ), and we need to show that F is a v-face.

Suppose F is not a v-face. Then, by the definition of a v-face, for X = span(F ), we
have projv(X) ̸= projv(F ). Let L be the line joining projv(X) and projv(F ). As projv(X) is
the orthogonal projection of v onto X and L lies in X , the distance between v and a point p ∈ L
increases as p moves from projv(X) to projv(F ). But then projv(F ) must be on the bound-
ary of F as otherwise we would have points on L in F closer to v, which contradicts the fact
that projv(F ) minimizes distance. This contradicts the fact that projv(F ) is in the relative inte-
rior of F , so F must be a v-face.

Now, we finally have enough information to prove Theorem 3.3.

Proof of Theorem 3.3. Let σ = σ1 . . . σn. For any face of Rσ, the ordered partition label-
ing it is of the form ({σ1, . . . , σi1}, {σi1+1, . . . , σi2}, . . . , {σik+1, . . . , σn}) for some k ⩾ 0,
and 0 < i1 < . . . < ik < n.

Now, by Lemma 3.8, projv(Rσ) must lie on a v-face of Rσ. Lemma 3.7 further gives
us that these v-faces are precisely those labeled by ordered partitions of [n] of the
form Π = (B1, . . . , Bk) such that min(Bi) < min(Bi+1) for all i < k.
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This implies that if FΠ is a v-face of Rσ, then each block Bi contains at least one
right-to-left minimum. If not, suppose j is the greatest index such that Bj does not contain
a right-to-left minimum. Then, as σn is always a right-to-left minimum, j < k and further
min(Bj) > min(Bj+1), contradicting that FΠ is a v-face. Hence, the dimension of a v-face
cannot be greater than RLmin(σ).

Now, suppose that Fσ is the face of Rσ that v projects into. If the dimension of Fσ is less
than RLmin(σ), there is a block of Π(Fσ) that has more than one right-to-left minimum. We can
refine the partition (by breaking this block into two blocks, each containing at least one right-to-
left minimum) to get a partition corresponding to a larger face F ′ which contains Fσ. Thus the
projection from v onto F ′ must be of shorter length (strictly shorter as F ′ is a v-face) than the
projection onto Fσ, which is a contradiction.

Therefore pdv(Rσ) = RLmin(σ).

Remark 3.9. For a point v = (v1, . . . , vn) ∈ Rn such that v1 > . . . > vn and vi − vi+1 >
n(v1 − vi) for all i < n, one can similarly show that for a permutation σ = σ1 . . . σn ∈ Sn,

pdv(Rσ) = LRmax(σ) = # of left-to-right maxima of σ,

where σi is a left-to-right maximum of σ if σi > σj for all j < i.

4. Graphical Arrangements

In this section, we show that for a graphical arrangement, the projection statistic corresponds to
Greene and Zaslavsky’s statistic from [GZ83]. We also show that this is a generalization of our
results from Section 3.

Definition 4.1. Let G = ([n], E) be a graph. The graphical arrangement AG is defined as the
collection of the following hyperplanes:

AG := {Hi,j | {i, j} ∈ E, i < j} ,

where Hi,j = {(x1, . . . , xn) ∈ Rn | xi − xj = 0}.

Definition 4.2. Let R ∈ R(AG). We associate to R an acyclic orientation of G, denoted by γR,
by directing the edge {i, j} ∈ E towards i if and only if xi ⩾ xj in R.

An example of this association is shown in Figure 4.1. We now recall a classical fact.

Lemma 4.3 ([Sta07, Proposition 2.5]). The mapping γ which associates to each
region R ∈ R(AG) the orientation γR is a bijection between R(AG) and the set of acyclic ori-
entations of G.

Recall that the faces of the braid arrangement An can be identified with ordered partitions
of [n]. As AG is a subarrangement of An, each flat of AG corresponds to a partition of [n] and
each face of AG corresponds to a set of ordered partitions of [n].

Note that for an acyclic orientation γ of G, the source components (S1, . . . , Sk) of γ form
an ordered partition of [n]. We denote this ordered partition by Π(γ).

The main result of this section is the following:
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x1 > x3, x2 > x3

x2 = x3

x1 = x3

x1 > x3 > x2

x3 > x1, x3 > x2
x2 > x3 > x1

1

23

1

23

1

23

1

23

Figure 4.1: A graphical arrangement with the regions labeled by the acyclic orientations given
by γ.

Theorem 4.4. Let v = (v1, . . . , vn) ∈ Rn be such that

∀i ∈ [n− 1], vi > (6n2 + 1)vi+1 and vn > 0. (4.1)

Let G = ([n], E) be a graph, let R be a region of the graphical arrangement AG, and let the
acyclic orientation γR have k source components.

Then, pdv(R) = k, that is, the projection dimension of v on R equals the number of source
components of γR. In fact, the face of R that projv(R) lies in the relative interior of is FΠ(γR).

Figure 4.2 demonstrates Theorem 4.4 for a graph on three vertices.
Remark 4.5. Note that the set defined by Equation (4.1) is open and further, v ∈ Rn such
that vi = (6n2 + 2)−i for all i ∈ [n] satisfies the conditions of Equation (4.1). Hence the
set of v ∈ Rn for which the above theorem holds contains generic points. Further, any point
satisfying the conditions of Equation (4.1) will also satisfy the conditions of Equation (3.1).
Therefore, any results that hold for a point v as in Equation (3.1) will also hold for a point v as
in Equation (4.1).
Remark 4.6. In the case of the braid arrangement, Theorem 4.4 along with the following lemma
imply Theorem 3.3. In fact, they imply a stronger result as they show that for a region Rσ of the
braid arrangement labeled by σ ∈ Sn, the face that projv(Rσ) lies in the relative interior of is
labeled by the ordered partition formed by partitioning σ at its right-to-left minima.

Lemma 4.7. The number of right-to-left minima of a permutation σ ∈ Sn is equal to the number
of source components of the acyclic orientation γRσ of Kn, where Rσ is the region of An labeled
by σ.
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x1 > x3, x2 > x3

x2 = x3

x1 = x3

x1 > x3 > x2

x3 > x1, x3 > x2
x2 > x3 > x1

1

23

1

23

1

23

1

23

v

3
2

21

Figure 4.2: A graphical arrangement with projection from a point v as in Equation (4.1) onto the
regions, with the regions labeled by acyclic orientations with source components, and dimension
of projection/number of source components in green.

Proof. Let σ ∈ Sn. Then, i ∈ [n] is not a right-to-left minimum of σ if and only if there is
a j < i such that j appears after i in the one line notation of σ. The only way this can happen is
if xi ⩾ xj for all x ∈ Rσ.

Further, each source component of γRσ can be identified with the least element in that s
ource component. Then i ∈ [n] is not the least element in its source component if and
only if there exists j < i such that i is j-reachable. Let the path from j to i be jk1 . . . kri.
Then, xj ⩽ xk1 ⩽ . . . ⩽ xkr ⩽ xi for all x ∈ Rσ. Hence, i ∈ [n] is not the least element in its
source component if and only if there exists j < i such that xj ⩽ xi for all x ∈ Rσ.

Therefore, i ∈ [n] is not a right-to-left minimum of σ if and only if it is not the least element
in its source component.

So, the number of right-to-left minima of σ ∈ Sn is equal to the number of source compo-
nents of the acyclic orientation γRσ of Kn.

Further, Theorem 4.4 along with Theorem 2.5 and Equation (1.1) give us an alternative proof
of Greene and Zaslavsky’s result about the interpretation of the coefficients of the characteristic
polynomial (Theorem 2.3).

The rest of this section is devoted to the proof of Theorem 4.4.

Lemma 4.8. Let G = ([n], E) be a graph, let R be a region of AG, and let γR be the acyclic
orientation of G labeling R. Let Π(γR) = (B1, . . . , Bk). Then, for v ∈ Rn as in Equation (3.1),
FΠ(γR) is a v-face of R of dimension k and R does not have a v-face of dimension greater than k.



12 Neha Goregaokar

Proof. LetΠ be an ordered partition of [n]. Then, span(FΠ) is a flat ofAG if and only if for every
blockB ofΠ, the induced subgraphG[B] is connected. This is because two coordinates xi and xj

can be equated if and only if we have a set of hyperplanes xi = xk1 , xk1 = xk2 , . . . , xkt = xj ,
which corresponds to a path between i and j in G.

Further, FΠ is a face of a region R if and only if any weak inequality in FΠ holds in R.
Hence, it is easy to see that FΠ(γR) is a face of R of dimension k. Also, for bi = minBi, we
have b1 < b2 < . . . < bk, and therefore FΠ(γR) is a v-face of R by Lemma 3.7.

Now, let F ′ be a v-face of R. This face corresponds to a set of ordered partitions
of [n]. We consider Π(F ′) = (D1, . . . , Dℓ) to be the ordered partition in the set satis-
fying min(Di) < min(Di+1) for all i < ℓ. Note that such a partition exists as F ′ is a v-face.

Claim. For all j ∈ [k],
j⋃

i=1

Bi ⊆
j⋃

i=1

Di, (4.2)

where we use the convention Dj = ∅ for all j > ℓ.

We prove this using induction on j ∈ [k]. The base case for j = 0 is trivial.

Now, suppose we have
j−1⋃
i=1

Bi ⊆
j−1⋃
i=1

Di. Then two cases arise:

Case 1: bj ∈
j−1⋃
i=1

Di.

Let m ∈ [n] be bj-reachable. Then, xm ⩾ xbj for all x ∈ R. Now, if m ∈ Dt for some t ⩾ j,
we get xbj > xm for all x ∈ R, which is a contradiction.

Hence, m ∈
j−1⋃
i=1

Di, which gives us Bj ⊆
j−1⋃
i=1

Di ⊆
j⋃

i=1

Di.

Case 2: bj /∈
j−1⋃
i=1

Di.

Then bj ∈ Dj , as if bj ∈ Dt for some t > j, we have minDj > minDt, contradicting the

fact that F ′ is a v-face by Lemma 3.7. Further, as bj ∈ Dj , we have Bj ⊆
j⋃

i=1

Di using the same

argument as above.
Hence our claim is true by induction on j.

As
k⋃

i=1

Bi = [n], we have [n] ⊆
k⋃

i=1

Di. So, ℓ ⩽ k.

Thus R does not have a v-face of dimension greater than k.

Lemma 4.9. Let v be as in Equation (4.1). Let R be a region of AG, let Π(γR) = (B1, . . . , Bk)
and let pB = projv(FΠ(γR)). Let Π′ = (D1, . . . , Dℓ) ̸= (B1, . . . , Bk) be an ordered partition
of [n] such that FΠ′ is a v-face of R, and pD = projv(FΠ′).

Then, ||v − pB|| < ||v − pD||.
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Proof. From Lemma 3.5, pB = (p1, . . . , pn), where ∀i ∈ Bj , pi =
∑

m∈Bj

vm
|Bj|

and pD = (q1, . . . , qn), where ∀i ∈ Dj , qi =
∑

m∈Dj

vm
|Dj|

.

Now, from Equation (4.2), B1 = D1 or B1 ⊊ D1, and if Bi = Di for all i < j, Bj = Dj

or Bj ⊊ Dj . Further, from Lemma 4.8 we have ℓ ⩽ k, and as (D1, . . . , Dℓ) ̸= (B1, . . . , Bk) we
must have Dj ⊋ Bj for some j.

Let j be the first index where Dj ⊋ Bj and let |Dj| = d, |Bj| = b.
Then,

||v − pB||2 =
n∑

i=1

(vi − pi)
2

=
∑

i∈Bm,m<j

(vi − pi)
2 +

∑
i∈Bj

(vi − pi)
2 +

∑
i∈Bm,m>j

(vi − pi)
2.

Now,

(vbj − pbj)
2 =

(b− 1)

b
vbj −

1

b

∑
i∈Bj

i ̸=bj

vi


2

=

(
b− 1

b

)2

v2bj + ε1,

where

ε1 =

1

b

∑
i∈Bj

i ̸=bj

vi


2

− 2(b− 1)

b
vbj

1

b

∑
i∈Bj

i ̸=bj

vi

 .

Now, as vi ⩾ (6n2 + 1)vi+1 for all i < n,

1

b

∑
i∈Bj

i ̸=bj

vi ⩽
1

b

(
1

6n2 + 1
vbj +

1

(6n2 + 1)2
vbj + . . .+

1

(6n2 + 1)b−1
vbj

)

⩽
1

6n2b
vbj .

Hence,

|ε1| ⩽ max

{
2(b− 1)

6n2b2
v2bj ,

1

36n4b2
v2bj

}
=

2(b− 1)

6n2b2
v2bj .

Further,

∑
i∈Bj

i ̸=bj

(vi − pi)
2 =

∑
i∈Bj

i ̸=bj

vbj
b

+

∑
ℓ∈Bj

ℓ̸=bj

vℓ
b
− vi




2

=
(b− 1)

b2
v2bj + ε2,
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where

ε2 =
∑
i∈Bj

i ̸=bj

2vbj
b

∑
ℓ∈Bj

ℓ ̸=bj

vℓ
b
− vi

+
∑
i∈Bj

i ̸=bj

∑
ℓ∈Bj

ℓ̸=bj

vℓ
b
− vi


2

.

Now, as vi ⩾ (6n2 + 1)vi+1 for all i < n,∣∣∣∣∣∣∣∣
∑
ℓ∈Bj

ℓ̸=bj

vℓ
b
− vi

∣∣∣∣∣∣∣∣ ⩽
1

6n2 + 1
vbj ,

and hence,

|ε2| ⩽
2(b− 1)

b(6n2 + 1)
v2bj +

(b− 1)

(6n2 + 1)2
v2bj .

Finally, for i ∈ Bm, m > j,

(vi − pi) ⩽
1

6n2 + 1
vbj ,

and hence,

|ε3| =

∣∣∣∣∣ ∑
i∈Bm,m>j

(vi − pi)
2

∣∣∣∣∣ ⩽ 2(n− b)

(6n2 + 1)2
v2bj .

Now, for ε = ε1 + ε2 + ε3,

|ε| ⩽ |ε1|+ |ε2|+ |ε3|

⩽

(
2(b− 1)

6n2b2
+

2(b− 1)

b(6n2 + 1)
+

(b− 1)

(6n2 + 1)2
+

2(n− b)

(6n2 + 1)2

)
v2bj

⩽
1

6n2

(
2(b− 1)

b2
+

2(b− 1)

b
+

2n− b− 1

6n2 + 1

)
v2bj

⩽
1

2n2
v2bj ,

and hence,

||v − pB||2 ⩽
∑

i∈Bm,m<j

(vi − pi)
2 +

(
1− 1

b

)
v2bj +

1

2n2
v2bj .

In a similar manner,

||v − pD||2 ⩾
∑

i∈Dm,m<j

(vi − pi)
2 +

(
1− 1

d

)
v2bj −

1

2n2
v2bj .

Now, as Bi = Di for all i < j, and d > b,

||v − pD||2 − ||v − pB||2 ⩾
(
1

b
− 1

d
− 1

n2

)
v2bj > 0.
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Proof of Theorem 4.4. Let R be a region of the graphical arrangement AG. By Lemma 3.8,
we have projv(R) = projv(F ) where F is a v-face of R. Now, suppose the acyclic orien-
tation γR has k source components. By Lemma 4.8, FΠ(γR) is a v-face of R of dimension k
and R does not have a v-face of dimension greater than k. Further, by Lemma 4.9, for any
other v-face F ′ of R, the distance between v and projv(F

′) is strictly greater than the distance
between v and projv(FΠ(γR). Hence, projv(R) = projv(FΠ(γR)). As dim(FΠ(γR)) = k, we
have pdv(R) = k.

5. Natural Unit Interval Graphs

In this section, we consider a special type of graphs known as natural unit interval graphs. We
show that for the graphical arrangements of these graphs, the projection statistic is a generaliza-
tion of the RLmin statistic for the braid arrangement. We further show that this can be used to
give the general form of the characteristic polynomial of such a graphical arrangement.

Definition 5.1. A graph G = ([n], E) is a natural unit interval graph if for all {i, j} ∈ E,
with i < j, we have {i, k} ∈ E and {k, j} ∈ E for all i < k < j.

We now consider the graphical arrangement AG of a natural unit interval graph G. We
know that every region of the braid arrangement is indexed by a permutation. As a region of a
graphical arrangement is a union of adjacent regions of the braid arrangement, each region R
of our graphical arrangement AG is uniquely associated to a set of permutations. Let us denote
this set by SR. Further, note that if σ = σ1 . . . σn ∈ SR, then σ′ = σ1 . . . σi+1σi . . . σn ∈ SR if
and only if xσi

− xσi+1
= 0 is not a hyperplane of the arrangement.

We now state the main results of this section:

Theorem 5.2. Let G = ([n], E) be a natural unit interval graph, and let R be a region of AG.
Let σ ∈ Sn be the lexicographic minimum permutation of SR. Let v be as in Equation (4.1).
Then,

pdv(R) = RLmin(σ).

Corollary 5.3. Let G = ([n], E) be a natural unit interval graph. Then,

χAG
(q) =

n∏
j=1

(q − cj),

where cj = |{i < j | {i, j} ∈ E}| for all j ∈ [n].

Note that Corollary 5.3 is known for the chromatic polynomial of a natural unit interval graph
(see, for instance, [DSv21]). Hence, Corollary 5.3 provides a new interpretation of this classical
result3. The rest of this section is dedicated to the proof of Theorem 5.2 and Corollary 5.3.

3It is easy to see that a natural unit interval graphG is chordal, so the factorization ofχAG
is expected. Indeed, for

a chordal graph G, the associated bond lattice LG is supersolvable and therefore the characteristic polynomial χAG

factors (see [Sta07, Corollaries 4.9 and 4.10]).
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Definition 5.4. LetG=([n], E) be a natural unit interval graph. A permutation σ=σ1. . .σn∈Sn

is said to be aG-local minimum if for all i ∈ [n−1] such that σi > σi+1, we have {σi, σi+1} ∈ E.

We now characterize G-local minima. To do this, we first define G-descents.

Definition 5.5. Let G = ([n], E) be a natural unit interval graph and σ = σ1 . . . σn ∈ Sn.
For i ∈ [n − 1] we say we have a G-descent at i (or that σiσi+i is a G-descent) if σi > σi+1

and {σi, σi+1} ∈ E.

Note that a permutation σ ∈ Sn is a G-local minimum if and only if every descent of σ is a
G-descent.

We further have:

Lemma 5.6. Let G = ([n], E) be a natural unit interval graph. Let R be a region of AG and
let SR be the set of permutations associated to R. Then there is a unique G-local minimum in SR

and it is in fact the lexicographic minimum of SR.

Proof. Let σ = σ1 . . . σn be a G-local minimum in SR and τ = τ1 . . . τn be the lexicographic
minimum of SR. It is clear that τ is a G-local minimum as if there were a descent τi > τi+1

of τ such that {τi, τi+1} /∈ E, we could swap τi and τi+1 and get a permutation in SR that is less
than τ in the lexicographic order.

We assume for contradiction that σ ̸= τ . Suppose they first differ at the ith position, that
is, σ1 . . . σi−1 = τ1 . . . τi−1 and σi ̸= τi. As τ and σ are permutations, τi = σk for some k > i.

Now, as both σ and τ correspond to the same region of AG, we can obtain one from the
other by a sequence of swapping adjacent elements in the one line notation, where the pairs of
swapped elements are of the form {a, b} with {a, b} /∈ E.

We have σ = τ1 . . . τi−1σi . . . σk−1τiσk+1 . . . σn. To obtain τ from σ, we would have to
swap τi with σt for all i ⩽ t ⩽ k − 1. So, for all i ⩽ t ⩽ k − 1, xτi = xσt is not a hyperplane
of AG, that is, {τi, σt} /∈ E.

Claim. For i ⩽ t ⩽ k − 1, we have σt < τi.

We prove this claim inductively. Suppose σk−1 > τi. Then, σk−1τi is a descent which is not
a G-descent, contradicting the fact that σ is a G-local minimum.

Now, suppose for r < t ⩽ k − 1, we have σt < τi. Then, if σr > τi, we have σr > σr+1.
As σ is a G-local minimum, we have {σr, σr+1} ∈ E. Further, as G is a natural unit interval
graph, we get that {τi, σr} ∈ E, which is a contradiction. Therefore, σr < τi.

Hence our claim is proved.
But then we have σi < τi, which is a contradiction as τ is the lexicographic minimum,

so τi < σi. Therefore, σ = τ , that is, a G-local minimum in SR is the lexicographic minimum
of SR and so it is unique.

Let G be a natural unit interval graph. As the lexicographic minimum is unique for each
region R of AG, we can choose the representative of the region R to be the lexicographic min-
imum of SR. By Lemma 5.6, these lexicographic minima will be precisely the permutations
where all descents are G-descents.
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Lemma 5.7. Let v be as in Equation (4.1), and let G = ([n], E) be a natural unit interval graph.
Let R be a region of AG. Then projv(R) ∈ Rσ where σ is the lexicographic minimum of SR,
and Rσ is the region of the braid arrangement An labeled by σ.

Proof. Let σ′ = σ′
1 . . . σ

′
n ∈ SR be such that projv(R) ∈ Rσ′ , where Rσ′ is the region of

the braid arrangement An labeled by σ′. Suppose σ′ is not the lexicographic minimum of SR.
Then, from Lemma 5.6, σ′ is not a G-local minimum. Hence, for some i ∈ [n], σ′

i > σ′
i+1

and {σ′
i, σ

′
i+1} /∈ E. Then, σ′′ = σ′

1 . . . σ
′
i+1σ

′
i . . . σ

′
n ∈ SR.

Now, as a consequence of Theorem 4.4 and Lemma 4.7, the face F ′ of Rσ′ that v projects
into is labeled by the ordered partition obtained by partitioning σ′ at the right-to-left minima.
Let us denote this partition by Π(F ′).

In Π(F ′), σ′
i and σ′

i+1 will be in the same block (as σ′
i cannot be a right-to-left minimum).

As swapping σ′
i and σ′

i+1 does not affect the partition, F ′ is a common face of Rσ′ and Rσ′′ .
Hence projv(R) ∈ Rσ′′ , the region of the braid arrangement An labeled by σ′′.

Continuing like this, we get that projv(R) ∈ Rσ where σ is a G-local minimum of SR and
therefore the lexicographic minimum of SR by Lemma 5.6.
Lemma 5.8. Let G = ([n], E) be a natural unit interval graph, and let R be a region of AG.
Let σ ∈ Sn be the lexicographic minimum of SR. Let Π be the ordered partition obtained by
partitioning σ at the right-to-left minima. Then, FΠ is not contained in the relative interior of
another face of AG.

Proof. To show that FΠ is not contained in the relative interior of another face of AG, it is
enough to show that span(FΠ) is a flat of AG. To show this, we show that for any block B of Π,
the induced subgraph G[B] is connected.

Suppose the induced subgraph G[B] is not connected. Let i be the smallest vertex in B. As
we get Π by partitioning at the right-to-left minima, i will appear after any other element of B
in the one line notation of σ. Let j be the greatest vertex of the component with i, and k be a
vertex in a different component of the induced subgraph.

Now, as i and j are in the same component, we have a path from i to j, say ik1k2 . . . ktj.
Suppose we have i < k < j. Then, ks < k < ks+1 for some s (take k0 = i and kt+1 = j). But,
as {ks, ks+1} ∈ E, and G is a natural unit interval graph, {ks, k} ∈ E, that is, k is in the same
component as ks and thus the same component as i, a contradiction.

Hence k > j, that is, any other component of the induced subgraph has all vertices greater
than j and therefore greater than any vertex in the component containing i. We can order the
components of G[B] independently in the one line notation of σ and still have a permutation
in SR. The permutation obtained by ordering these components such that the component with i
appears before any other component of G[B] will be less than σ in the lexicographic order. This
contradicts the fact that σ is the lexicographic minimum ofSR. ThereforeG[B] is connected.

As a consequence, by Lemmas 5.7 and 5.8, for a region R ∈ R(AG) and v as in Equa-
tion (4.1), pdv(R) = dim(FΠ), where Π is the ordered partition of [n] obtained by partitioning
the lexicographic minimum σ ofSR at its right-to-left minima. As dim(FΠ) is clearly the number
of right-to-left minima of σ, Theorem 5.2 follows.

We can now obtain the characteristic polynomial of the graphical arrangement of a natural
unit interval graph.
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Proof of Corollary 5.3. Let R be a region of the graphical arrangement AG and let σ be the
lexicographic minimum of the associated set of permutations SR. Then, by Theorem 5.2, for
any point v as in Equation (4.1), we have pdv(R) = RLmin(σ).

We have also shown that these lexicographic minima are precisely the permutations where
all descents are G-descents.

Hence, from Theorem 2.5 we have

χAG
(−q) = (−1)n

∑
σ∈Sn

all descents of σ are G-descents

qRLmin(σ).

So, it is enough to show that

∑
σ∈Sn

all descents of σ are G-descents

qRLmin(σ) =
n∏

j=1

(q + cj).

We prove this using induction on n. The base case is trivial.
Suppose that the statement holds for every natural unit interval graph on n− 1 vertices.
Let G = ([n], E) be a natural unit interval graph and let G′ be the subgraph obtained by

deleting the vertex n. Then G′ is also a natural unit interval graph.
We claim that if we have a permutation σ of [n] such that all descents are G-descents, re-

moving n from the 1-line notation of σ gives us a permutation of [n − 1] such that all descents
are G′-descents. This is because for σ = σ1 . . . σn, with σi = n (i < n), nσi+1 is a descent and
therefore a G-descent. If σi+1 < σi−1, as {σi+1, n} ∈ E and G is a natural unit interval graph,
we have {σi+1, σi−1} ∈ E, and so the only new descent formed on removing n is a G′-descent.
If σi+1 > σi−1, no new descent is formed on removing n and all descents are G′-descents.

Hence, we can uniquely obtain all permutations of [n] such that all descents are G-descents
by inserting n into a permutation of [n−1] such that all descents are G′-descents. There are two
ways to do this:

We can insert n before any element it is adjacent to so that the descent thus formed is a G-
descent. We have cn ways of doing this. In this case, the number of right-to-left minima of the
permutation will remain the same as n does not become a right-to-left minima and the ordering
of the other elements is unchanged. The contribution of this to the characteristic polynomial will

be cn
n−1∏
j=1

(q + cj).

We can also insert n at the end of the permutation. This will not form any new descents, so
all descents will be G-descents. However, the number of right-to-left minima will increase by
one as n is also a right-to-left minima. The contribution of this to the characteristic polynomial

will be q
n−1∏
j=1

(q + cj).

Hence, by induction,
∑

σ∈Sn
all descents of σ are G-descents

qRLmin(σ) =
n∏

j=1

(q + cj).

Therefore, χAG
(−q) = (−1)n

n∏
j=1

(q + cj).
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6. Type B Coxeter arrangement and signed graphs

In this section, we show that for any subarrangement of the Type B Coxeter arrangement, the
projection statistic defined in Theorem 2.5 has a combinatorial interpretation that is a general-
ization of source components. We first establish some notation for this section.

Notation. Let ±[n] := [n] ∪ −[n]. Then, for i ∈ [n], and x ∈ Rn, we denote x−i := −xi.
Further, for m,n ∈ N, we denote [−m;n] := {−m,−(m− 1), . . . , n− 1, n}.

Definition 6.1. The Type B Coxeter arrangement Bn is defined as the following collection of
hyperplanes:

Bn := {Hi,j | −n ⩽ i < j ⩽ n, i, j ̸= 0},

where Hi,j = {(x1, . . . , xn) ∈ Rn | xi = xj}, with x−i = −xi for all i ∈ [n].

Figure 6.1 depicts the 2-dimensional Type B Coxeter arrangement B2.

x2 = 0

x1 = 0

x1 = −x2

x1 = x2

Figure 6.1: The 2-dimensional Type B Coxeter arrangement B2.

6.1. Symmetric graphs, orientations and signed source components

In Section 4, we defined subarrangements of the braid arrangement using simple graphs. We
further related the chromatic polynomial of a simple graph to the characteristic polynomial of
its corresponding arrangement. We can similarly define subarrangements of the Type B Coxeter
arrangement using symmetric graphs. In this subsection, we will recall some definitions and
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results related to symmetric graphs, and state a generalization of Greene and Zaslavsky’s statistic
for coefficients of the chromatic polynomial of symmetric graphs.

Definition 6.2. Let G = (±[n], E) be a graph. We say that G is a symmetric graph if for
all u, v ∈ ±[n], one has {u, v} ∈ E if and only if {−u,−v} ∈ E.

Definition 6.3. Let G = (±[n], E) be a symmetric graph and let k be a positive integer. A
symmetric k-coloring of G is a function c : ±[n] → [−k; k] such that c(u) = −c(−u) for
all u ∈ [n]. The coloring is proper if c(u) ̸= c(v) for all {u, v} ∈ E.

We define the symmetric chromatic polynomial as the polynomial χ±
G(q) such that for

all k ∈ N,

χ±
G(2k + 1) = the number of proper symmetric k-colorings of G.

Example 6.4. For the symmetric graph G shown in Figure 6.2(a), one can define the color-
ing c(u) = u for u ∈ ±[2] and c(3) = c(−3) = 0. This is a proper symmetric 2-coloring
of G.

(a)A symmetric graph G (b)The corresponding signed graph ΣG

1 2 3

−1 −2 −3

1

2

3

+ +

−

−−

Figure 6.2: An example of a symmetric graph G and the corresponding signed graph ΣG. The
different type and color of edges show the correspondence between the edges of G and ΣG.

Remark 6.5. A signed graph Σ = (V,E ′, σ) is a graph G = (V,E ′) together with a func-
tion σ : E ′ → {+,−} assigning a sign to each edge. To a symmetric graph G = (±[n], E) one
can associate the signed graph ΣG = ([n], E ′, σ) where

• e = {u, v} ∈ E ′ with σ(e) = + if and only if {u, v} and {−u,−v} ∈ E, and

• e = {u, v} ∈ E ′ with σ(e) = − if and only if {u,−v} and {−u, v} ∈ E.

In fact, this defines a bijection between symmetric graphs on±[n] and signed graphs on [n]where
any loop is negative (as a positive loop would correspond to a loop in the symmetric graph). The
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symmetric graph corresponding to a signed graph is called its signed covering graph in [Zas82].
Figure 6.2 shows an example of a symmetric graph G and its corresponding signed graph ΣG.

Further, for a positive integer k, a proper k-coloring of a signed graph Σ = (V,E ′, σ) is a
function c : V → [−k; k] such that for an edge e = {u, v} ∈ E ′, c(u) ̸= σ(e)c(v) and the signed
chromatic polynomial is the polynomial such that

χΣ(2k + 1) = the number of proper k-colorings of Σ.

Given a proper symmetric k-coloring c of a symmetric graph G = (±[n], E), we can ob-
tain a proper k-coloring c′ of the corresponding signed graph ΣG by defining c′(u) = c(u) for
all u ∈ [n]. In fact, this defines a bijection between proper symmetric k-colorings of a symmetric
graph G and proper k-colorings of the signed graph ΣG.

Hence,
χ±
G(q) = χΣG

(q).

Example 6.6. For the signed graph ΣG in Figure 6.2(b), the coloring c′(u) = u for u ∈ [2],
c′(3) = 0 defines a proper 2-coloring of ΣG. In fact, this coloring corresponds to the coloring
of G defined in Example 6.4.

1 2 3

−1 −2 −3

Figure 6.3: A symmetric acyclic orientation of the symmetric graph G shown in Figure 6.2(a).

Definition 6.7. Let G = (±[n], E) be a symmetric graph. We say an orientation γ of G is
symmetric if for u, v ∈ ±[n], we have (u, v) ∈ γ if and only if (−v,−u) ∈ γ.

Figure 6.3 gives an example of a symmetric acyclic orientation of a symmetric graph on±[3].

Definition 6.8. Let G = (±[n], E) be a symmetric graph and let γ be an symmetric acyclic
orientation of G. For i ∈ ±[n], we define γi to be the set of vertices reachable from i by a
directed path of γ (with i ∈ γi), and γi to be the set of vertices from which there is a directed
path to i (with i ∈ γi).

Note that for i ∈ ±[n], γi = −γ−i as if j is i-reachable via a directed path iv1v2 . . . vkj of γ,
then (−j)(−vk) . . . (−v2)(−v1)(−i) is also a directed path of γ by symmetry of γ.
So −j ∈ −γ−i.
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Definition 6.9. Let G = (±[n], E) be a symmetric graph and let γ be an symmetric acyclic

orientation of G. For i ∈ [n], define Ri =

{
γi if − i /∈ γi

γi ∩ γ−i if − i ∈ γi
, and set B = ∅. We

define S1, S2 . . . recursively: for k ⩾ 1, if
⋃
i<k

(Si ∪−Si) ∪B = ±[n], then Sk = ∅. Otherwise,

for m = min

(
[n] \

(⋃
i<k

(Si ∪ −Si) ∪B)

))
,

• B = B ∪Rm if −m ∈ Rm

• Sk = Rm \
⋃
i<k

Si if −m /∈ Rm.

The non-empty subsets Sk thus defined are the signed source components of γ and the final B
obtained is the zero block of γ. The signed source components are illustrated for various acyclic
orientations in Figure 6.4.

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2

Figure 6.4: The signed source components of the 8 acyclic orientations of the complete symmet-
ric graph on ±[2]. The signed source components Si and −Si are in green with a solid boundary
and the zero blocks are in blue with a dashed boundary.

We will prove a generalization of Greene and Zaslavsky’s Theorem 2.3 for symmetric graphs
by expressing the coefficients of χ±

G(q) in terms of signed source components of symmetric
acyclic orientations of the graph.

Theorem 6.10. Let G = (±[n], E) be a symmetric graph, and k be a non-negative integer.
Then,

[qk]χ±
G(q) = (−1)n−kβk

where βk is the number of symmetric acyclic orientations of G with exactly k signed source
components.
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Theorem 6.10 will be proved in Section 6.3.
Remark 6.11. Let G = (±[n], E) be a symmetric graph and ΣG be the corresponding signed
graph on [n] as defined in Remark 6.5. As

χΣG
(q) = χ±

G(q),

Theorem 6.10 gives a combinatorial interpretation of the coefficients of the chromatic polyno-
mial of a signed graph with no positive loops.

6.2. B-graphical arrangements

In this section, we define subarrangements of the Type B Coxeter arrangement and obtain a
combinatorial interpretation for the coefficients of their characteristic polynomial via a projec-
tion statistic.

Definition 6.12. Let G = (±[n], E) be a symmetric graph. The B-graphical arrangement BG

is defined as the collection of the following hyperplanes:

BG := {Hi,j | {i, j} ∈ E},

where Hi,j = {(x1, . . . , xn) | xi = xj}, with x−i = −xi for all i ∈ [n].

Remark 6.13. The B-graphical arrangements are precisely the subarrangements of Bn. Hence,
it is clear that subarrangements of Bn are in bijection with symmetric graphs on ±[n].

As with chromatic polynomials of graphs and characteristic polynomials of graphical ar-
rangements, we have a similar relation between the symmetric chromatic polynomial of a sym-
metric graph and the characteristic polynomial of the corresponding B-graphical arrangement.

Theorem 6.14 ([Zas12, Lemma 4.3]). Let G = (±[n], E) be a symmetric graph and BG the
corresponding B-graphical arrangement. Then,

χ±
G = χBG

.

Now, in order to obtain a combinatorial interpretation for the projection statistic, we need a
labeling of the regions. As with graphical arrangements, we associate to each region an acyclic
orientation of the underlying graph. An example of this association is shown in Figure 6.5.

Definition 6.15. Let R be a region of BG. We associate to R an acyclic orientation of G, de-
noted γR, by directing the edge {i, j} ∈ E towards i if and only if xi ⩾ xj in R.

In fact, the acyclic orientations thus obtained are symmetric. See Figure 6.5 for an example.
The following result was given in [Zas91]4.

4The reference gives a bijection between regions of BG and acyclic orientations of the signed graph ΣG. These
acyclic orientations are in bijection with symmetric acyclic orientations of G.
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x2 = 0

x1 = 0

x1 = −x2

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2
1 −1

2 −2

1 −1

2 −2
1 −1

2 −2

Figure 6.5: A B-graphical arrangement with the regions labeled by the symmetric acyclic ori-
entations given by γ.

Lemma 6.16 ( [Zas91, Theorem 4.4]). The mapping γ which associates to each region R of BG

the orientation γR is a bijection between the set of regions of BG and the set of symmetric acyclic
orientations of G.

Next, we talk about the labels of the faces of the Type B Coxeter arrangement.

Definition 6.17. Let Π be a partition of ±[n]. We say Π is a Bn-partition if for any block B
of Π, its negative −B is also a block of Π, and there is exactly one (possibly empty) block, called
the zero block, such that B = −B. We say an ordered Bn-partition is antipalindromic if it is of
the form (B1, . . . , Bk, B0, B−k, . . . , B−1) where B−i = −Bi for all i ∈ [k] and B0 is the zero
block.

Reiner showed in [Rei97] that the flats of the Type B Coxeter arrangement are in bijection
with the Bn-partitions of ±[n], with the zero block indicating which coordinates are zero and
the other blocks indicating which coordinates are equal (that is, if i and j are in the same block,
then xi = xj for any point x of the flat with the convention that x−i = −xi for all i ∈ [n]).

Further, the faces of the TypeB Coxeter arrangementBn are in bijection with antipalindromic
ordered Bn-partitions. Here, the relative order of the blocks indicates the relative order of the
corresponding coordinates (that is, if i is in a block before j, then xi > xj for all points x of the
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face). Note that the order of the blocks after B0 is a mirror of the order before, so without loss
of generality, we can consider (B1, . . . , Bk, B0) as the label of the face. Figure 6.6 demonstrates
this labeling for the arrangement B2.

x2 = 0

x1 = x2
x1 = 0

x1 = −x2

({1}, {2}, ∅)

({2}, {1}, ∅)

({1}, {−2}, ∅)

({−2}, {1}, ∅)({−2}, {−1}, ∅)

({−1}, {−2}, ∅)

({−1}, {2}, ∅)

({2}, {−1}, ∅)

({1}, {2,−2})

({1, 2}, ∅)

({2}, {1,−1})({2,−1}, ∅)

({−1}, {2,−2})

({−1,−2}, ∅) ({−2}, {1,−1})

({1,−2}, ∅)

({1, 2,−1,−2})

Figure 6.6: B2 with the faces labeled with antipalindromic ordered B2-partitions. The last set in
the tuple is the (possibly empty) zero block.

Definition 6.18. Let G = (±[n], E) be a symmetric graph and γ be a symmetric acyclic orien-
tation of G. Let S1, . . . , Sk be the signed source components of γ and B be the zero block of γ.
Note that B = −B and (S1, . . . , Sk, B,−Sk, . . . ,−S1) forms an antipalindromic Bn-partition
of ±[n]. Let us denote this partition by Π(γ) and the face labeled by it FΠ(γ).

The following is the main result of this section.

Theorem 6.19. Let v = (v1, . . . , vn) ∈ Rn be such that

∀i ∈ [n− 1], vi > (14n2 + 1)vi+1 and vn > 0. (6.1)

Let G = (±[n], E) be a symmetric graph, let R be a region of the B-graphical arrangement BG,
and let γR be the symmetric acyclic orientation labeling R. Suppose γR has k signed source
components.

Then, pdv(R) = k, that is, the projection dimension of v on R equals the number of signed
source components of γR. In fact, projv(R) lies in the relative interior of the face FΠ(γR).
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x2 = 0

x1 = 0

x1 = −x2

1 −1

2 −2

1 −1

2 −2

1 −1

2 −2
1 −1

2 −2

1 −1

2 −2
1 −1

2 −2

v21

0

0
1

1

Figure 6.7: A B-graphical arrangement with projection from a point v as in Equation (6.1)
onto the regions, with the regions labeled by symmetric acyclic orientations with signed source
components (signed source components both Si and −Si in green with solid boundaries, zero
block B in blue with dashed boundary) and projection dimension in green.

Figure 6.7 demonstrates Theorem 6.19 for a symmetric graph on ±[2].
The following corollary is a simple consequence of Theorems 2.5 and 6.19.

Corollary 6.20. Let G = (±[n], E) be a symmetric graph and let BG be the corresponding
B-graphical arrangement. Then,

[qk]χBG
(q) = (−1)n−kβk

where βk is the number of symmetric acyclic orientations of G with k signed source components.

Remark 6.21. Note that the Type A, Type B and Type D Coxeter arrangements are all subar-
rangements of the Type B Coxeter arrangement and are thus B-graphical arrangements. Hence
Corollary 6.20 gives us a combinatorial interpretation for the coefficients of the characteristic
polynomials of these arrangements.

There are other combinatorial interpretations of these coefficients. For example, in [DM25],
Deshpande and Menon give an interpretation that is a generalization of the right-to-left minima
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statistic on signed permutations. However, unlike for the braid arrangement, where the RLmin
statistic coincides with the number of source components, Deshpande and Menon’s statistic does
not coincide with our generalization to signed source components.

6.3. Proofs of Theorem 6.10 and Theorem 6.19

Remark 6.22. Note that Theorem 6.10 is a direct consequence of Theorem 6.14 and Corol-
lary 6.20.

Now, before we proceed to the proof of Theorem 6.19, we need to prove some lemmas that
allow us to characterize the faces that the projection from a point v lies in the relative interior
of.

Lemma 6.23. Let v = (v1, . . . , vn) ∈ Rn and Π be a Bn-partition of ±[n] labeling a flat X
of Bn. For i ∈ [n], let B be the block of Π containing i. Then the ith coordinate of the projection

of v on X is given by

∑
j∈B

vj

|B|
, where ∀j ∈ [n], v−j = −vj .

Proof. Recall that projv(X) is the orthogonal projection of v on X .
Let B = {B1, . . . , Bk} be such that B ∈ B, for all non-zero blocks B′ of Π, exactly one

of B′ and −B′ is in B and B contains the zero block if and only if it is non-empty. Without loss
of generality, let B1 = B.

Now, for j ∈ [k], define fj =
∑
i∈Bj

ei where ∀i ∈ [n], ei is the ith standard basis vector of Rn

and e−i = −ei. Note that the ith coordinate of fj for j ̸= 1 is 0 and the ith coordinate of f1 is 1
(as i ∈ B1).

Then two cases arise.

Case 1: B is not the zero block.
Then, O = {fj}j∈[k] forms an orthogonal basis of X , and therefore

projv(X) =
∑
j∈[k]

⟨v, fj⟩
||fj||2

fj =

∑
j∈B

vj

|B|
.

Case 2: B is the zero block.
Then, f1 = 0, and O = {fj}1<j⩽k forms an orthogonal basis of X , and therefore

projv(X) =
∑
j∈[k]

⟨v, fj⟩
||fj||2

fj = 0 =

∑
j∈B

vj

|B|
.

Hence the result holds.

Definition 6.24. Let Π be a Bn-partition of ±[n] and B be a non-zero block of Π. We define

absmin(B) := i ∈ B such that |i| ⩽ |j| for all j ∈ B.
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Note that as B is not the zero block, it contains at most one of i or −i for all i ∈ [n], so
absmin is well defined.

The following lemma characterizes the v-faces (see Definition 3.6) of Bn.

Lemma 6.25. Let v ∈ Rn be such that vi > 2nvi+1 for all i ∈ [n − 1] and vn > 0. Let F
be a face of Bn labeled by (B1, . . . , Bk, B0). Then F is a v-face of Bn if and only
if 0 < absmin(Bi) < absmin(Bi+1) for all i ∈ [k − 1].

Proof. Let X = span(F ), that is, X is the flat of Bn labeled by the unordered parti-
tion Π = {B1, . . . , Bk, B0, B−1, . . . , B−k}. Let projv(X) = (p1, . . . , pn).

Let F be a v-face of Bn. We first show that any non-zero block B of Π with absmin(B) > 0
appears before B0 in the ordered partition labeling F . Next, we show that given two non-zero
blocks B and B′ of Π with 0 < absmin(B) < absmin(B′), B must appear before B′ in the
ordered partition of F .

Let B = {i1, . . . is,−j1, . . . ,−jt} be a non-zero block of Π such that absmin(B) = i1 > 0.
Then, from Lemma 6.23, as vk ⩾ vn for all k ∈ [n], and as jk ⩾ i1 + 1, vjk ⩽ vi1+1 for
all k ∈ [t], we have

pi1 =
vi1 + . . . vis − vj1 − . . .− vjt

s+ t
⩾

vi1 + (s− 1)vn − tvi1+1

s+ t
.

Now, as vi1 > 2nvi1+1, we have pi1 > 0. So, any block B ofΠ such that absmin(B) > 0 appears
before B0 in the ordered partition labeling F .

LetB′={i′1, . . . i′s′ ,−j′1, . . . ,−j′t′} be another non-zero block ofΠ such that absmin(B′)= i′1.
Further, we assume that 0 < i1 < i′1.

Then, from Lemma 6.23, as vi′k ⩽ vi′1 for all k ∈ [s′], and as i1 < i′1,

pi′1 =
vi′1 + . . .+ vi′

s′
− vj′1 − . . .− vj′

t′

s′ + t′
⩽ vi′1 ⩽ vi1+1.

Therefore,

pi1 − pi′1 ⩾
vi1 + (s− 1)vn − (s+ 2t)vi1+1

s+ t
⩾

(2n− s− 2t)vi1+1 + (s− 1)vn
s+ t

> 0.

Hence B must appear before B′ in the ordered partition.
We have shown that if F is a v-face of Bn, then 0 < absmin(Bi) < absmin(Bi+1) for

all i ∈ [k − 1]. Conversely, let F be a face of Bn labeled by (B1, . . . , Bk, B0) such that 0 <
absmin(Bi) < absmin(Bi+1) for all i ∈ [k − 1]. Note that for X = span(F ), exactly one face
of X satisfies this condition. Further, the projection of v on X lies in a unique face of X which
satisfies this condition. Hence, the projection of v on X must lie in F , that is, F is a v-face
of Bn.

Lemma 6.26. Let G = (±[n], E) be a symmetric graph, let R be a region of BG and let γR
be the symmetric acyclic orientation of G labeling R. Let Π(γR) = (B1, . . . , Bk, B0). Then,
for v = (v1, . . . , vn) ∈ Rn such that vi > 2nvi+1 for all i ∈ [n − 1], FΠ(γR) is a v-face of R of
dimension k.
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Moreover, if Π′ = (D1, . . . , Dℓ, D0) is such that FΠ′ is a v-face of R, we have for all j ∈ [k],

j⋃
i=1

Bi ⊆
j⋃

i=1

Di. (6.2)

Proof. Let Π be an antipalindromic ordered Bn-partition of ±[n]. Then the flat span(FΠ) of Bn

is a flat of BG if and only if

• for every non-zero block B of Π, the induced subgraph G[B] is connected

• there is a path between i and −i for any i in the zero block B0.

Clearly, by the definition of signed source components, this holds for Π(γR).
Further, FΠ is a face of a region R if and only if any weak inequality that holds in FΠ holds

in R. Hence it is easy to see that FΠ(γR) is a face of R of dimension k. Further, by definition
of signed source components, 0 < absmin(Bi) < absmin(Bi+1) for all i < k, so FΠ(γR) is a
v-face of R.

The proof of Equation (6.2) follows the same lines as that of Equation (4.2).

We can now complete the proof of Theorem 6.19.

Proof of Theorem 6.19. By Lemma 6.26 we know thatF:=FΠ(γR) is a v-face ofR of dimension k.
It suffices to show that for any v-face F ′ ̸= F of R, one has ||v−projv(F )|| < ||v−projv(F

′)||.
Let Π(γR) = (B1, . . . , Bk, B0), and let absmin(Bi) = bi. By the definition of source com-

ponents, we have 0 < b1 < . . . < bk.
Let F ′ be another v-face of R, and let (D1, . . . , Dℓ, D0) be its label satisfying

absmin(Di) < absmin(Di+1) for all i < ℓ. Now, suppose that F ′ is the face of R that v
projects into.

Claim: Each of D1, . . . , Dℓ contains at most one of the bi’s.
Suppose not. Then, for some t ∈ [ℓ], someDt contains bi and bi′ with i′ > i. LetD′

t be the set
of all bi′-reachable elements of Dt (including bi′). Let Π1 = (D1, . . . , Dt \D′

t, D
′
t, . . . , Dℓ, D0)

correspond to the face F1 of R. Clearly, F1 is another face of R of higher dimension contain-
ing F ′. Now, suppose bi < absmin(Dj) < bi′ for j ∈ [t + 1; r] and absmin(Dr+1) > bi′ .
Let Π2 = (D1, . . . , Dt \ D′

t, Dt+1, . . . , Dr, D
′
t, . . . , Dℓ, D0) correspond to the face F2 of BG.

Then F2 is a v-face of BG.

Subclaim: Π1 and Π2 correspond to the same face of BG.
Let j ∈ [t + 1; r] and let α ∈ Dj . Then, for any β ∈ D′

t, we must have that there is no
directed path from β to α in γR. If there were such a path, we would have xα ⩾ xβ for all x ∈ R,
and hence Dj ⊆ Dt or Dj must appear before Dt in Π2, which is not true. Thus, D′

t and Dj are
independent for all j ∈ [t+ 1; r] and any ordering of these blocks corresponds to the same face
of BG.

Hence, F2 is a v-face of R of higher dimension containing F ′. The projection of v onto this
face must be of shorter length than the projection onto F ′, which is a contradiction. Thus ℓ ⩾ k.
Further, from Lemma 6.26, we must have that for all i ∈ [k], bi ∈ Di.
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Now, from Equation (6.2), ∃j ∈ [k] such that Dj ⊋ Bj and Di = Bi for all i < j. Let j be
the first index where Dj ⊋ Bj , and let |Dj| = d, |Bj| = b.

From Lemma 6.23, we have pB = projv(FΠ(γR)) = (p1, . . . , pn), where ∀i ∈ Bj ,

pi =

∑
m∈Bj

vm

|Bj|
, and pD = projv(F

′) = (q1, . . . , qn) where ∀i ∈ Dj , qi =

∑
m∈Dj

vm

|Dj|
, with

the usual convention v−i = −vi for all i ∈ [n].
It now suffices to show ||v − pB|| < ||v − pD||.
Then,

||v − pB||2 =
n∑

i=1

(vi − pi)
2

=
∑
i∈Bm
0<m<j

(vi − pi)
2 +

∑
i∈Bj

(vi − pi)
2 +

∑
i∈Bm
m>j

(vi − pi)
2 +

∑
i∈B0

(vi − pi)
2.

Now,

(vbj − pbj)
2 =

(b− 1)

b
vbj −

1

b

∑
i∈Bj

i ̸=bj

vi


2

=

(
b− 1

b

)2

v2bj + ε1,

where

ε1 =

1

b

∑
i∈Bj

i ̸=bj

vi


2

− 2(b− 1)

b
vbj

1

b

∑
i∈Bj

i ̸=bj

vi

 .

Now, as vi ⩾ (14n2 + 1)vi+1 for all i < n,∣∣∣∣∣∣∣∣
1

b

∑
i∈Bj

i ̸=bj

vi

∣∣∣∣∣∣∣∣ ⩽
1

b

(
1

14n2 + 1
vbj +

1

(14n2 + 1)2
vbj + . . .+

1

(14n2 + 1)b−1
vbj

)

⩽
1

14n2b
vbj .

Hence,

|ε1| ⩽
2(b− 1)

14n2b2
v2bj +

1

196n4b2
v2bj ⩽

2b− 1

14n2b2
v2bj .

Further,

∑
i∈Bj

i ̸=bj

(vi − pi)
2 =

∑
i∈Bj

i ̸=bj

vbj
b

+

∑
ℓ∈Bj

ℓ̸=bj

vℓ
b
− vi




2

=
(b− 1)

b2
v2bj + ε2,
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where

ε2 =
∑
i∈Bj

i ̸=bj

2vbj
b

∑
ℓ∈Bj

ℓ ̸=bj

vℓ
b
− vi

+
∑
i∈Bj

i ̸=bj

∑
ℓ∈Bj

ℓ̸=bj

vℓ
b
− vi


2

.

Now, as vi ⩾ (14n2 + 1)vi+1 for all i < n,∣∣∣∣∣∣∣∣
∑
ℓ∈Bj

ℓ̸=bj

vℓ
b
− vi

∣∣∣∣∣∣∣∣ ⩽
2

14n2 + 1
vbj ,

and hence,

|ε2| ⩽
4(b− 1)

b(14n2 + 1)
v2bj +

2(b− 1)

(14n2 + 1)2
v2bj .

Finally, let

ε3 =
∑

i∈Bm,m>j

(vi − pi)
2.

Now, for i ∈ Bm, m > j,

|vi − pi| ⩽
2

14n2 + 1
vbj ,

Hence,

|ε3| =

∣∣∣∣∣ ∑
i∈Bm,m>j

(vi − pi)
2

∣∣∣∣∣ ⩽ 4(n− b)

(6n2 + 1)2
v2bj .

Now, for ε = ε1 + ε2 + ε3,

|ε| ⩽ |ε1|+ |ε2|+ |ε3|

⩽

(
2b− 1

14n2b2
+

4(b− 1)

b(14n2 + 1)
+

2(b− 1)

(14n2 + 1)2
+

4(n− b)

(14n2 + 1)2

)
v2bj

⩽
1

14n2

(
2b− 1

b2
+

4(b− 1)

b
+

4n− 2b− 2

14n2 + 1

)
v2bj

⩽
1

2n2
v2bj .

Then, two cases arise:
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Case 1 : B0 = D0.
Then,

||v − pB||2 ⩽
∑

i∈Bm,m<j

(vi − pi)
2 +

(
1− 1

b

)
v2bj +

1

2n2
v2bj .

Similarly,

||v − pD||2 ⩾
∑

i∈Dm,m<j

(vi − qi)
2 +

(
1− 1

d

)
v2bj −

1

2n2
v2bj .

Now, as Bi = Di for all i < j, and d > b,

||v − pD||2 − ||v − pB||2 ⩾
(
1

b
− 1

d
− 1

n2

)
v2bj > 0.

Case 2 : B0 ̸= D0.
Then, as a consequence of Equation (6.2), we have D0 ⊊ B0.
Let t be the least index such that Dt contains an element of B0, and let the least such element

in Dt be β. Further, let absmin(Dt) = dt.
Now, as β is an element of B0, there exists an index i ∈ B0, i > 0 such that β lies on

a directed path from i to −i. Let α be the least such index. Then, as −α is β-reachable, we
have −α ∈ Dt. In fact, as −α ∈ B0, and α ⩽ |β|, we have β = −α. Note that we cannot
have |β| < dt as then absmin(Dt) = β < 0, contradicting the fact that F ′ is a v-face.

Further, any element of B0 \D0 must be greater than dt in absolute value as if not, we will
have α′ ∈ Ds for some s > t, with |α′| < dt. Then absmin(Ds) < absmin(Dt), contradicting
that F ′ is a v-face.

Now,

(vβ − qβ)
2 =

 vdt
|Dt|

+

∑
i∈Dt
i ̸=dt

vi

|Dt|
− v|β|


2

⩾

(
vdt
2|Dt|

)2

,

and, as pi = 0 for i ∈ B0,∑
i∈B0\D0

(vi − pi)
2 =

∑
i∈B0\D0

v2i ⩽
v2dt
14n2

⩽

(
vdt
2|Dt|

)2

.

Hence,

||v − pB||2 ⩽
∑
i∈Bm
0<m<j

(vi − pi)
2+

(
1− 1

b

)
v2bj +

1

2n2
v2bj

+

(
vdt
2|Dt|

)2

+
∑
i∈D0

(vi − pi)
2.
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and,

||v − pD||2 ⩾
∑
i∈Bm
0<m<j

(vi − qi)
2+

(
1− 1

d

)
v2bj −

1

2n2
v2bj

+

(
vdt
2|Dt|

)2

+
∑
i∈D0

(vi − qi)
2.

Now, as Bi = Di for all i ∈ [j − 1], pi = qi = 0 for i ∈ D0, and d > b,

||v − pD||2 − ||v − pB||2 ⩾
(
1

b
− 1

d
− 1

n2

)
v2bj > 0.

Remark 6.27. Let G = ([n], E) be a graph. Note that the graphical arrangement AG is a sub-
arrangement of the Type B Coxeter arrangement. In fact, for the graph G± on ±[n] defined
as G ∪−G, where −G = (−[n],−E), AG is precisely the B-graphical arrangement BG± . Fur-
ther, the signed source components of any symmetric acyclic orientation of G± are precisely the
source components of the corresponding acyclic orientation on G. Hence, if we restrict Theo-
rems 6.10 and 6.19 to symmetric graphs corresponding to graphical arrangements, we recover
Greene and Zaslavsky’s result (Theorem 2.3) and Theorem 4.4 respectively.
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