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Abstract. A recent result of Lofano and Paolini expresses the characteristic polynomial
of a real hyperplane arrangement in terms of a projection statistic on the regions of the
arrangement. We use this result to give an alternative proof for Greene and Zaslavsky’s
interpretation for the coefficients of the chromatic polynomial of a graph and further gen-
eralize this interpretation to signed graphs. We also show that this projection statistic has a
nice combinatorial interpretation in the case of the braid arrangement, which generalizes to
graphical arrangements of natural unit interval graphs.

Keywords. Hyperplane arrangements, chromatic polynomials, signed graphs

Mathematics Subject Classifications. 52C35, 05A15, 05C15, 05C22

1. Introduction

A (real) hyperplane arrangement is a finite collection of affine hyperplanes in R" for n > 1.
These hyperplanes decompose the space into convex regions. A central question of the study of
hyperplane arrangements is counting the number of regions of a given hyperplane arrangement.

A fundamental invariant associated to a hyperplane arrangement is its characteristic polyno-
mial (see (2.1) for a definition). One of the major results on counting the number of regions of a
hyperplane arrangement is from Zaslavsky’s thesis [Zas75], where he proved that the number of
regions of a hyperplane arrangement is (up to a sign) the evaluation of the characteristic polyno-
mial of that arrangement at —1. It is known that the coefficients of the characteristic polynomial
of a hyperplane arrangement are integral and alternate in sign.

Hence, an evaluation of the characteristic polynomial at —1 is the sum of the absolute values
of its coefficients. This raises the question of if one can express the characteristic polynomial of
an arrangement A C R” as a statistic on the set of regions of .A.

No such statistic was known until Lofano and Paolini [LP21] and Kabluchko [Kab23]
recently independently gave the same projection statistic. They showed that given a generic
point v € R", the characteristic polynomial of .4 can be expressed as the generating function
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of the regions counted by the dimension of the face containing the projection of v to the region
(see Section 2 for the exact statement).

For many hyperplane arrangements, there is a labeling of the regions by combinatorial ob-
jects. Hence the question arises: can we find a point v € R"” such that the projection statistic
given in [LP21, Kab23] corresponds to a natural combinatorial statistic on the objects label-
ing the regions? In this paper, we answer this question for graphical arrangements and more
generally, all subarrangements of the Type B Coxeter arrangement.

Given a graph G = ([n], E') one can define the corresponding graphical arrangement A as
the collection of the hyperplanes x; — x; = 0 where {7, j} € E. See Figure 1.1 for an example.
It is known that for any graph G, the chromatic polynomial of a graph, x (see Definition 2.1), is
equal to the characteristic polynomial of the corresponding graphical arrangement, x 4., that is,

xa(q) = Xaq(q)- (1.1)

Hence, any interpretation of the coefficients of the chromatic polynomial is an interpretation
of the coefficients of the characteristic polynomial. It is also known that each region of the
graphical arrangement can be uniquely labeled by an acyclic orientation of GG. This means that
the chromatic polynomial can be expressed through [LP21, Kab23] as a generating function
on acyclic orientations of GG according to a projection statistic (which depends on choice of
projection point v).

To = I3

1 = I3

G Ac
Figure 1.1: A graph GG and the corresponding graphical arrangement Ag.

In [GZ83], Greene and Zaslavsky gave an interpretation for the coefficients of the chromatic
polynomial of a graph GG as counting acyclic orientations of GG according to their number of
source components (see Section 2). This raises the question of whether the Greene and Zaslavsky
result can be related to the projection statistic, and whether there exists a point v € R" such that
for each region of A, the projection statistic given in [LP21, Kab23] equals the number of
source components of the acyclic orientation of GG labeling the region as given in [GZ83]. In
this paper, we answer this question in the affirmative.

We further generalize this by considering subarrangements of the Type B Coxeter arrange-
ment. We call these arrangements B-graphical arrangements as they can be defined on symmet-
ric graphs in a similar manner to graphical arrangements. In fact, the regions of a B-graphical
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arrangement B3 are in bijection with symmetric acyclic orientations of the symmetric graph G.
We generalize the concept of source components to these symmetric graphs and show that there
are points v € R" such that for each region of B, the projection statistic given in [LP21, Kab23]
equals the number of signed source components of the symmetric acyclic orientation of G la-
beling the region. Further, the characteristic polynomial of a B-graphical arrangement is equal
to the chromatic polynomial of the associated symmetric graph, and we can generalize Greene
and Zaslavsky’s result to symmetric graphs. In fact, symmetric graphs are equivalent to signed
graphs, so we obtain a combinatorial interpretation for the coefficients of the chromatic polyno-
mial of a signed graph.

This paper is organized as follows. In Section 2, we set up some background and recall some
results. In Section 3, we look at the braid arrangement A, = Ay, , and show that there is a
particularly nice combinatorial interpretation for the projection statistic (see Theorem 3.3). In
Section 4, we find a set of points in R™ such that for each region of A, the projection statistic
equals the number of source components of the acyclic orientation of GG labeling the region.
This shows that the Greene and Zaslavsky result can be obtained using the Lofano and Paolini
statistic. In Section 5, we look at graphical arrangements of natural unit interval graphs and
show that the combinatorial statistic for the braid arrangement generalizes to these arrangements
(see Theorem 5.2). We use this interpretation to give an alternative proof of the form of the
chromatic polynomial of a natural unit interval graph (see Corollary 5.3). Finally, in Section 6,
we generalize our results from Section 4 to subarrangements of the Type B Coxeter arrangement.

2. Background

In this section we state some definitions and recall some known results. We assume a
standard background on graphs and hyperplane arrangements as given in [Stal1]. We use graph
to mean an undirected finite graph without loops or multiple edges. For the rest of this section,
let G = ([n], ) be a graph, where [n| = {1,...,n}.

Definition 2.1. Let G = ([n], F) be a graph. The chromatic polynomial of G, denoted by x¢,
is the polynomial which when evaluated at a non-negative integer ¢ gives the number of proper
g-colorings of G.

We now define source components as in [BN20].

Definition 2.2. Let v be an acyclic orientation of G. For i € [n], let R; be the set of ver-
tices reachable from ¢ by a directed path of v (with i € R;). We define 51, .55, . .. recursively:
for k > 1,if |J,.,Si = [n], then S, = @. Otherwise, define S, = R, \ U, Si
where m = min{[n] \ {J,_, Si}. The non-empty subsets S, thus defined are the source compo-
nents of ~.

The source components of the acyclic orientations of K5 are illustrated in Figure 2.1.

The following result was proven by Greene and Zaslavsky.

Theorem 2.3 ([GZ83, Corollary 7.4]). Let G = ([n|, E) be a graph, and k be a non-negative
integer. Then,

["Ixa(q) = (=1)"Fay,
where «y, is the number of acyclic orientations of G with exactly k source components.
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1 1 1
2° : 3 2 3 2° : 3
1 1 1
2¢ : 3 2¢ : 3 2¢ : 3
Figure 2.1: The source components of the 6 acyclic orientations of K.

The characteristic polynomial of a hyperplane arrangement 4 C R”, denoted by y 4, is
classically defined using the Mobius function of the intersection lattice £ 4 as follows:

xalg) =Y u(®R", L)g"™*, 2.1)

Lel g

where R" is the least element of £ 4. For our part, we use a characterization of the characteristic
polynomial given by Lofano and Paolini [LP21] and Kabluchko [Kab23], which we now recall.

Definition 2.4. Let A be a hyperplane arrangement in R” and let v € R"™ be an arbitrary point.
Let R be a region of .A. We define the projection from v to R to be the unique point in R that
has the minimum Euclidean distance from v, and denote it by proj,(R). Further, we define
the projection dimension of v on R to be the dimension of the unique face of R that contains
proj,(R) in its relative interior, and denote it by pd, (R). An example is shown in Figure 2.2.

Theorem 2.5 ([LP21, Theorem 5.14][Kab23, Corollary 1.2]). Let A be a hyperplane arrange-
ment in R", and let v € R™ be a generic' point. Let R(A) be the set of regions of A. Then, the
characteristic polynomial of A is given by

xa(@) = Y (=1 Phfgrd.t0,
RER(A)

Equivalently, for a non-negative integer k, the coefficient of ¢* in (—1)"x 4(—q) is the number
of regions R of A such that the projection dimension of v on R is k.

Remark 2.6. Another interesting interpretation of the coefficients of the characteristic polyno-
mial of a hyperplane arrangement was given by Klivans and Swartz [KS11]. They show that the
coeflicients can be interpreted as average projection volumes of the regions of the arrangement.

'For a detailed definition of generic, see [Kab23]. For our purposes, as long as the set of points we consider
contains an open ball, it contains generic points.
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Hl H2

projv(Rl)

Figure 2.2: A hyperplane arrangement in R? with a point v € R? and the projection from v to
some regions. Here, pd,(R;) = 1, pd,(R2) = 0, and pd,(R3) = 1.

3. The Braid Arrangement

In this section, we show that for the braid arrangement 4,,, the projection statistic defined in
Theorem 2.5 can be expressed as a natural combinatorial statistic on the permutations labeling
the regions of A,,.

Definition 3.1. The braid arrangement A,, is defined as the collection of the following hyper-
planes:

where H, ; = {(z1,...,2,) € R" | ; —z; = 0}.

Itis easy to see that each region of the braid arrangement is uniquely determined by a total or-
dering of the coordinates. As a consequence, there is a bijection between the regions of the braid
arrangement .4,, and permutations of [n|. When considered in one line notation, the permutation
indicates the relative order of the coordinates. For example, the permutation 0 = 0103 ... 0, is
associated to the region consisting of all points with coordinates z,, > z,, > ... > Z,,.

More generally, it is classical that flats and faces of the braid arrangement can be encoded by
combinatorial objects (see in particular [AM17, Section 6.3]). More precisely, the flats of the
braid arrangement can be represented by partitions of [n], the blocks indicating which coordi-
nates are equal (that is, if 7 and j are in the same block, then z; = x; for any point x of the flat).
Finally, the faces of the arrangement can be represented by ordered partitions of [n], the relative
order of the blocks indicating the relative order of the corresponding coordinates (that is, if ¢ is
in a block before j, then z; > x; for all points x of the face). Note that the number of blocks of
the partition is the dimension of the corresponding face. Figure 3.1 illustrates this labeling for
the 3-dimensional braid arrangement .A3. Given a face F' of A, we denote by I1(F") the ordered
partition labeling it, and given an ordered partition IT of [n], we denote by FJ; the face it labels.

Definition 3.2. Let o = 0, ...0, € &, be a permutation. We say o; is a right-to-left minimum
of 0 if 0; < o for all j > i. We denote by RLmin(c) the number of right-to-left minima of o.
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T = Ty ({1,\2}1 {3} {13423} ay=ua3

/ T1 > Ty > T3

({13 {2} {3})

Ty > T1 > T3 xr1 > T3> Ty

({2}, {1,3})
e \} ({2} {1} {3}

4

({1,35,{2})
({1} {3}, {2}) /

Tr1 = T3
(EROREP S RN RGN E)
({1.2,3)
PERIR S ey N\
(231 1) vy > > o (3. (1.2

Figure 3.1: A3z with the faces labeled by ordered partitions of [3].>

‘We now state the main result of this section.

Theorem 3.3. Let v = (vq,...,v,) € R" such that
v > ... > v, and v; — vig > n(vie — vy,) forall i < n. (3.1

Let 0 € &, be a permutation and let R, be the region of the braid arrangement A, labeled
by o. Then the projection dimension of v on R, equals the number of right-to-left minima of o,
that is, pd,(R,) = RLmin(o).

Figure 3.2 demonstrates Theorem 3.3 for the 3-dimensional braid arrangement .43.

Remark 3.4. Note that the set defined by Equation (3.1) is open and further, v € R" such
that v; = (n + 1)~ for all i € [n] belongs to the set. Thus the set of v € R" for which the
above theorem holds must contain generic points.

Observe that Theorem 3.3 (along with Theorem 2.5 from [LP21, Kab23]) imply the follow-
ing classical expression for the characteristic polynomial of the braid arrangement

Xa, (@) = D (=1)"(=g)" ),

O’GGn

The rest of this section is dedicated to the proof of Theorem 3.3.

Let v € R" be as in Equation (3.1), and R be a region of .4,,. There is a unique face of R
that contains proj,(R) in its interior. In order to prove the above theorem, we first prove some
lemmas which allow us to characterize this face.

Note that the hyperplane H = {(x1,z2,73) = z1 + 2 + x3)} is orthogonal to all the hyperplanes of A3, so
we represent A3 by drawing its intersection with H.



COMBINATORIAL THEORY 6 (3) (2026), #14 7

Tl = Ty T9 = T3
Tl > Ty > T3

125

To > T1 > T3 xr1 > T3 > X9

NS

213 132

231 1 312

To > T3 > X1 321 XT3 > T1 > X9

XT3 > Ty > X1

Figure 3.2: A3 with projection from a point v as in Equation (3.1) onto the regions, with the
regions labeled by permutations (in blue) with right-to-left minima marked by dots, and dimen-
sion of projection/number of right-to-left minima (in green).

Lemma 3.5. Let v € R" and let 11 = {By,..., By} be an unordered set partition of [n].
Ifi € Bj = {Ji1,...,Js} then the projection of v on the flat labeled by 11 has the i"™ coordinate
Vj, + ...+,
. )
Proof. Let X be the flat of A, labeled by II. Note that proj,(X) is the orthogonal projection
of von X.
For j € [k], define f; = > e; where ¢; is the i standard basis vector of R™. Note that the

’iEBj
set O = { f;}je[x forms an orthogonal basis of X, so proj,(X) = > <|r}j|172> fi-
jelk] 1177

Now, if i € By, the i coordinate of f; for ¢ # j is 0, and the i coordinate of f; is 1. Hence,
the i coordinate of proj, (X) is (v, fj2> _ Ut Y O

1511 s
Definition 3.6. Let A be a hyperplane arrangement in R", and let v € R" be a point. Let F" be
a face of A. We say I’ is a v-face if the projection of v on span(F) lies in the relative interior
of F. Further, for R a region of A, we say a face F' is a v-face of R if F' is a v-face and F' is
incident to R.

given by

The following lemma characterizes the v-faces of A,,.

Lemma 3.7. Let v € R" be as in Equation (3.1), and let 11 = (By, ..., By) be an ordered
partition of [n|. Then Fy is a v-face of A,, if and only if min(B;) < min(B;41) for all i < k.
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Proof. Let B = {iy,...,ix} and B = {i},...,1,} be two blocks of our partition, where we
write their elements in increasing order. Then min(B) = ; and min(B’) = 7}. Without loss of
generality, let i; < 4}.

Let X = span(Fy), that is, X is the flat labeled by the unordered partition { By, ..., By}.
Let proj,(X) = (p1,...,pn)- Note that as proj,(X) lies in a unique face of X, it is enough to
show that the ordered partition labeling this face satisfies min(B;) < min(B;;) for all i < k.

Then, from Lemma 3.5, and the fact that v;, — Vi1t Viyg — U+ .0, — v > 0, we
have:

Ui1+...+Uik (k;_l)'l]n—i—l}i/lfl
bi, = k 2 L )

and, as 7} < z; for all j € [k], as v satisfies Equation (3.1), we have vy < v, and therefore,

Vit + ..+
1 o
pzlffgvz’l

This gives us

vi—1 — vy — (k= 1)(vy —vn) S V-1 T T n(vy — vn)

0.
k; K -

Diy — Pi, 2
Hence B must appear before B’ in the ordered partition. 0

Lemma 3.8. Let A be a hyperplane arrangement in R", let v € R" be a point and let R be a
region of A. Then,

proj,(R) = proj,(F)
where F is a v-face of A incident to R.

Proof. Clearly, there is a unique face F' of R that contains proj,(R) in its relative interior.
Hence, proj,(R) = proj,(F'), and we need to show that F' is a v-face.

Suppose F' is not a v-face. Then, by the definition of a v-face, for X = span(F'), we
have proj,(X) # proj,(F'). Let L be the line joining proj,(X) and proj,(F'). As proj,(X) is
the orthogonal projection of v onto X and L lies in X, the distance between v and a pointp € L
increases as p moves from proj,(X) to proj,(F'). But then proj,(F') must be on the bound-
ary of I as otherwise we would have points on L in F’ closer to v, which contradicts the fact
that proj, (#’) minimizes distance. This contradicts the fact that proj,(F') is in the relative inte-
rior of F', so ' must be a v-face. ]

Now, we finally have enough information to prove Theorem 3.3.

Proof of Theorem 3.3. Let 0 = oy...0,. For any face of R,, the ordered partition label-
ing it is of the form ({o4,...,04 }, {00 +1,-- -0}, -, {0i41,...,0,}) for some k > 0,
and 0 <17 < ... <1 <n.

Now, by Lemma 3.8, proj,(R,) must lie on a v-face of R,. Lemma 3.7 further gives
us that these v-faces are precisely those labeled by ordered partitions of [n] of the
form IT = (By, ..., By) such that min(B;) < min(B;;1) forall i < k.
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This implies that if Fi; is a v-face of R,, then each block B; contains at least one
right-to-left minimum. If not, suppose j is the greatest index such that B; does not contain
a right-to-left minimum. Then, as o, is always a right-to-left minimum, j < k and further
min(B;) > min(B;;1), contradicting that Fyy is a v-face. Hence, the dimension of a v-face
cannot be greater than RLmin(o).

Now, suppose that F,, is the face of R, that v projects into. If the dimension of F;, is less
than RLmin(o), there is a block of I1( F,,) that has more than one right-to-left minimum. We can
refine the partition (by breaking this block into two blocks, each containing at least one right-to-
left minimum) to get a partition corresponding to a larger face F which contains F,,. Thus the
projection from v onto F’ must be of shorter length (strictly shorter as F” is a v-face) than the
projection onto F;, which is a contradiction.

Therefore pd, (R,) = RLmin(o). O

Remark 3.9. For a point v = (vy,...,v,) € R" such thatv; > ... > v, and v; — v >
n(v; — v;) for all i < n, one can similarly show that for a permutation 0 = 0y ...0, € &,

pd,(R,) = LRmax(co) = # of left-to-right maxima of o,

where 0; is a left-to-right maximum of o if ; > o, for all j < 1.

4. Graphical Arrangements

In this section, we show that for a graphical arrangement, the projection statistic corresponds to
Greene and Zaslavsky’s statistic from [GZ83]. We also show that this is a generalization of our
results from Section 3.

Definition 4.1. Let G = ([n], E)) be a graph. The graphical arrangement Ag is defined as the
collection of the following hyperplanes:

Ac = {H;; | {i,j} € E,i <j},
where H; ; = {(z1,...,2,) € R" | z; — x; = 0}.

Definition 4.2. Let R € R(Ag). We associate to R an acyclic orientation of G, denoted by g,
by directing the edge {7, j} € E towards i if and only if z; > z; in R.

An example of this association is shown in Figure 4.1. We now recall a classical fact.

Lemma 4.3 ([Sta07, Proposition 2.5]). The mapping ~ which associates to each
region R € R(Ag) the orientation -y is a bijection between R(Ag) and the set of acyclic ori-
entations of G.

Recall that the faces of the braid arrangement A,, can be identified with ordered partitions
of [n]. As Ag is a subarrangement of A,,, each flat of A corresponds to a partition of [n] and
each face of A corresponds to a set of ordered partitions of [n].

Note that for an acyclic orientation v of G, the source components (51, . .., Sk) of v form
an ordered partition of [n]. We denote this ordered partition by T1(~).

The main result of this section is the following:
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T9 — X3
xr1 > X3, Tog > T3
1 | X1 > T3 > X9
P
L1 = T3
1 1
3 2 3172

To > T3 > I
xr3 > T, T3 > T2

Figure 4.1: A graphical arrangement with the regions labeled by the acyclic orientations given
by .

Theorem 4.4. Let v = (vy,...,v,) € R" be such that
Vi € [n—1], v; > (6n® + 1)v;; and v, > 0. “4.1)

Let G = ([n|, E) be a graph, let R be a region of the graphical arrangement Ag, and let the
acyclic orientation g have k source components.

Then, pd,(R) = k, that is, the projection dimension of v on R equals the number of source
components of yg. In fact, the face of R that proj,(R) lies in the relative interior of is Fii(y)-

Figure 4.2 demonstrates Theorem 4.4 for a graph on three vertices.

Remark 4.5. Note that the set defined by Equation (4.1) is open and further, v € R" such
that v; = (6n® + 2)~* for all 7 € [n] satisfies the conditions of Equation (4.1). Hence the
set of v € R" for which the above theorem holds contains generic points. Further, any point
satisfying the conditions of Equation (4.1) will also satisfy the conditions of Equation (3.1).
Therefore, any results that hold for a point v as in Equation (3.1) will also hold for a point v as
in Equation (4.1).

Remark 4.6. In the case of the braid arrangement, Theorem 4.4 along with the following lemma
imply Theorem 3.3. In fact, they imply a stronger result as they show that for a region R, of the
braid arrangement labeled by o € &, the face that proj, (R, ) lies in the relative interior of is
labeled by the ordered partition formed by partitioning o at its right-to-left minima.

Lemma 4.7. The number of right-to-left minima of a permutation o € S,, is equal to the number
of source components of the acyclic orientation g, of K,, where R, is the region of A,, labeled
by o.
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T9 = T3

Tl > T3, To > T3 TU T, > T3 > To

N

1

SLQ

1 = I3

Figure 4.2: A graphical arrangement with projection from a point v as in Equation (4.1) onto the
regions, with the regions labeled by acyclic orientations with source components, and dimension
of projection/number of source components in green.

Proof. Let 0 € &,,. Then, i € [n] is not a right-to-left minimum of o if and only if there is
a j < ¢ such that j appears after ¢ in the one line notation of . The only way this can happen is
ifx; > x;forallz € R,.

Further, each source component of vz, can be identified with the least element in that s
ource component. Then i € [n] is not the least element in its source component if and
only if there exists j < ¢ such that ¢ is j-reachable. Let the path from j to ¢ be jk; ... k7.
Then, z; <z, < ... < xy, < z; forall z € R,. Hence, i € [n] is not the least element in its
source component if and only if there exists j < 7 such that z; < z; for all z € R,.

Therefore, i € [n] is not a right-to-left minimum of ¢ if and only if it is not the least element
in its source component.

So, the number of right-to-left minima of o € G,, is equal to the number of source compo-
nents of the acyclic orientation vz, of K. OJ

Further, Theorem 4.4 along with Theorem 2.5 and Equation (1.1) give us an alternative proof
of Greene and Zaslavsky’s result about the interpretation of the coefficients of the characteristic
polynomial (Theorem 2.3).

The rest of this section is devoted to the proof of Theorem 4.4.

Lemma 4.8. Let G = ([n|, E) be a graph, let R be a region of Ag, and let v be the acyclic
orientation of G labeling R. Let I1(~g) = (B, ..., By). Then, for v € R™ as in Equation (3.1),
Fri(yp) is a v-face of R of dimension k and R does not have a v-face of dimension greater than k.
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Proof. LetII be an ordered partition of [n]. Then, span(F) is a flat of A if and only if for every
block B of I1, the induced subgraph G[B] is connected. This is because two coordinates z; and x;
can be equated if and only if we have a set of hyperplanes x; = xy,, T, = Tiy, ..., Th, = T,
which corresponds to a path between i and j in G.

Further, Fy; is a face of a region R if and only if any weak inequality in Fy; holds in R.
Hence, it is easy to see that Fyy(,,) is a face of 12 of dimension k. Also, for b; = min B;, we
have b; < by < ... < by, and therefore Fyy(,,) is a v-face of R by Lemma 3.7.

Now, let F’ be a v-face of R. This face corresponds to a set of ordered partitions
of [n]. We consider II(F') = (Dy,...,D,) to be the ordered partition in the set satis-
fying min(D;) < min(D;4,) for all ¢ < ¢. Note that such a partition exists as F” is a v-face.

Claim. Forall j € [k],
J J
UsclJp:, 4.2)
i=1 i=1

where we use the convention D; = & for all j > (.

We prove this using induction on j € [k]. The base case for j = 0 is trivial.
-1

Now, suppose we have U B; C U D;. Then two cases arise:
i=1 =1

7j—1
Casel: b; € |J D..
i=1
Letm € [n] be bj-reachable. Then, z,,, > w3, forall v € R. Now, if m € D, for some t > j,
we get 1y, > 1, for all z € R, which is a contradiction.

Jj—1 Jj—1 J
Hence, m € |J D;, which givesus B; C |J D; C |J D..

i=1 =1 =1

Case2: b; ¢ U D;.
Then b; € D; as 1f b; € D, for some ¢t > j, we have min D; > min D,, contradicting the

J
fact that " is a v-face by Lemma 3.7. Further, as b; € D;, we have B; C |J D; using the same
i=1
argument as above.
Hence our claim is true by induction on j.

ASUB = [n], we have [n ]CUD So, ¢ < k.

Thus R does not have a v-face of dlmensmn greater than k. [
Lemma 4.9. Let v be as in Equation (4.1). Let R be a region of Ag, let I1(vg) = (B, ..., By)
and let pgp = proj,(Fri(yy)). Let 1" = (Dy,...,Dy) # (B, ..., Bi) be an ordered partition

of [n] such that Fyy is a v-face of R, and pp = proj,(Fir).
Then, |lv = pg|| < |lv = pol|
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Proof. From Lemma 3.5, pg = (p1,...,pn), Where Vi € B;, p, = > |2—m|
mEBj 7
Um

and pp = (q1,...,qn), WhereVi € Dj, ¢; = >, .
meD; |DJ|
Now, from Equation (4.2), By = Dy or By € Dy, andif B; = D; forall 7 < j, B; = D;
or B; C D;. Further, from Lemma 4.8 we have { < k, and as (Dy, ..., D;) # (B, ..., By) we
must have D; 2 B, for some j.

Let j be the first index where D; D B; and let |D;| = d, |B,| = b.

Then,
o= psll> =D (vi — p)’
i=1
= Z (vi —pi)* + Z(Uz —pi)? + Z (v = pi)°
1€Bm,m<j 1€B; 1€EBm,m>j
Now,
2
(b—1) 1 b—1\2
(Ubj - pbj)2 = b Ubj - E Z v; - T Ul?]- +é1,
i€B;
i#b;
where

2

L %Z” _Q(bb_l)vbj %Z“

1€B; 1€B;
i;’ébj i;ébj

Now, as v; > (6n2 + 1)v;4, forall i < n,

12 <1 1 . 1 n i 1
- v, LT Vp, +————=Vp, + ...+ ————p,
b b\6n?+ 1" " (6n?+1)2 " (6n2 + 1)1

iGBj
i#£b;
1
S 6n2bvbj‘
Hence,
20-1) , 1 20b-1) ,
‘W<m“{6mmvw%mm% = e U
Further,

iEB‘j iEBj EEBJ‘
i#b; i#b; l#£b;
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where

N e LSS ve
b b ! b !

iEBj eGBj iEBj ZGB]'

i#b; £5#b; i#b; \ l#b;

Now, as v; = (6n% + 1)v;,, foralli < n,

Ve < 1

7 TV x5V
ey b 6n° + 1
£4£b;

bj»

and hence,
20—1) b-1) ,
< — 7 + —— ;.
&2l S St Gz et
Finally, for: € B,,, m > 7,

1

i —Di) K —5——
(vi — pi) e 1l

bj»

and hence,

les] =

Z (Ui—pi)2 < 2(n—b) :

S o2 w12
1€ Bm,m>j <6n + 1> ’

Now, for e = ¢; + &9 + €3,

lel < lea] + lea] + les|

g(mb—n ob—1)  (b—1) 2m—b)>v

6n2E  bonE+ 1) | (n2+ 12 (62 +1)2
1 f20—1) 20-1) 2n—b—1Y ,
\&ﬂ( B b omr1 )W
1 2
< 3a'h

and hence,

|lv—pgl|* < Z (vi = pi)* +

1€EBm,m<j

b

In a similar manner,

1€ Dy ym<j

Now, as B; = D, forall < j,and d > b,

l[v — ppl|* = v — ps||* = (— — == ﬁ) vy, >0. O

1 1
1-— —) Ugj + 71)2_.

1 1
HU—pDH2> Z (’Ui_pz')z‘i‘(l—a) Ugj—ﬁvgj.

Neha Goregaokar



COMBINATORIAL THEORY 6 (3) (2026), #14 15

Proof of Theorem 4.4. Let R be a region of the graphical arrangement A;. By Lemma 3.8,
we have proj,(R) = proj,(F') where F' is a v-face of R. Now, suppose the acyclic orien-
tation v has k source components. By Lemma 4.8, Fyy(,,) is a v-face of R of dimension £
and R does not have a v-face of dimension greater than £. Further, by Lemma 4.9, for any
other v-face F’ of R, the distance between v and proj, (F") is strictly greater than the distance
between v and proj,(Fi,). Hence, proj, (R) = proj,(Fiiyy)). As dim(Fiy,)) = k, we
have pd, (R) = k. O

S. Natural Unit Interval Graphs

In this section, we consider a special type of graphs known as natural unit interval graphs. We
show that for the graphical arrangements of these graphs, the projection statistic is a generaliza-
tion of the RLmin statistic for the braid arrangement. We further show that this can be used to
give the general form of the characteristic polynomial of such a graphical arrangement.

Definition 5.1. A graph G = ([n|, F) is a natural unit interval graph if for all {i,j} € FE,
with i < j, we have {i,k} € Eand {k,j} € Eforalli < k < j.

We now consider the graphical arrangement A of a natural unit interval graph G. We
know that every region of the braid arrangement is indexed by a permutation. As a region of a
graphical arrangement is a union of adjacent regions of the braid arrangement, each region R
of our graphical arrangement .4 is uniquely associated to a set of permutations. Let us denote
this set by Sgi. Further, note thatif o = 0y...0, € Sg,theno’ = 0y...0;,10;...0, € Sy if
and only if z,, — 5, , = 0 is not a hyperplane of the arrangement.

We now state the main results of this section:

Theorem 5.2. Let G = ([n], E) be a natural unit interval graph, and let R be a region of Ac.
Let 0 € G, be the lexicographic minimum permutation of Sr. Let v be as in Equation (4.1).
Then,

pd,(R) = RLmin(o).

v

Corollary 5.3. Let G = ([n], E)) be a natural unit interval graph. Then,

xa6(0) = [ [(a = ),

7j=1
where c; = [{i < j | {i,j} € E}| forall j € [n].

Note that Corollary 5.3 is known for the chromatic polynomial of a natural unit interval graph
(see, for instance, [DSv21]). Hence, Corollary 5.3 provides a new interpretation of this classical
result’. The rest of this section is dedicated to the proof of Theorem 5.2 and Corollary 5.3.

31tis easy to see that a natural unit interval graph G is chordal, so the factorization of x 4. is expected. Indeed, for
a chordal graph G, the associated bond lattice L is supersolvable and therefore the characteristic polynomial x 4,
factors (see [Sta07, Corollaries 4.9 and 4.10]).
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Definition 5.4. Let G = ([n], ) be a natural unit interval graph. A permutationoc=o0;...0,€6,
is said to be a G-local minimum if for all i € [n—1] such thato; > 0,1, we have {0, 0,11} € E.

We now characterize G-local minima. To do this, we first define (G-descents.

Definition 5.5. Let G = ([n], E) be a natural unit interval graph and 0 = 07...0, € &,.
For i € [n — 1] we say we have a G-descent at i (or that 0;0,,, is a G-descent) if o; > 0,11
and {O-h Ui+1} € FE.

Note that a permutation o € &,, is a (G-local minimum if and only if every descent of o is a
(G-descent.
We further have:

Lemma 5.6. Let G = ([n], E)) be a natural unit interval graph. Let R be a region of Ag and
let SR be the set of permutations associated to R. Then there is a unique G-local minimum in Sg
and it is in fact the lexicographic minimum of Sg.

Proof. Let 0 = o1 ...0, be a G-local minimum in S and 7 = 71 ... 7, be the lexicographic
minimum of Sg. It is clear that 7 is a G-local minimum as if there were a descent 7; > 7,41
of 7 such that {7;, 7,11} ¢ E, we could swap 7; and 7;,, and get a permutation in Sg that is less
than 7 in the lexicographic order.

We assume for contradiction that ¢ # 7. Suppose they first differ at the ;™ position, that
is,o1...0,_1 =7 ...7,_1 and 0; # 7;. As T and ¢ are permutations, 7; = oy, for some k > i.

Now, as both o and 7 correspond to the same region of .4, we can obtain one from the
other by a sequence of swapping adjacent elements in the one line notation, where the pairs of
swapped elements are of the form {a, b} with {a, b} ¢ E.

We have 0 = 7y...7;,_10;...0,_1Ti0Oky1 - - .0n. To obtain 7 from o, we would have to
swap 7; with o, forall: < ¢ < k — 1. So, forall: <t < k — 1, x,, = x,, is not a hyperplane
of Ag, thatis, {7;,0:} ¢ FE.

Claim. Fori <t <k —1, we have o; < T;.

We prove this claim inductively. Suppose o1 > 7;. Then, o;_17; is a descent which is not
a G-descent, contradicting the fact that ¢ is a GG-local minimum.

Now, suppose for r < t < k — 1, we have 0; < 7;. Then, if o, > 7;, we have o, > 0,11.
As o is a G-local minimum, we have {0,,0,.1} € E. Further, as G is a natural unit interval
graph, we get that {7;, 0.} € E, which is a contradiction. Therefore, o, < 7.

Hence our claim is proved.

But then we have o; < 7;, which is a contradiction as 7 is the lexicographic minimum,
so 7; < o;. Therefore, 0 = 7, that is, a G-local minimum in Sk is the lexicographic minimum
of Sk and so it is unique. ]

Let GG be a natural unit interval graph. As the lexicographic minimum is unique for each
region R of A, we can choose the representative of the region R to be the lexicographic min-
imum of Sg. By Lemma 5.6, these lexicographic minima will be precisely the permutations
where all descents are G-descents.
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Lemma 5.7. Let v be as in Equation (4.1), and let G = ([n], E) be a natural unit interval graph.
Let R be a region of Ag. Then proj,(R) € R, where o is the lexicographic minimum of S,
and R, is the region of the braid arrangement A,, labeled by o.

Proof. Let o/ = o}...0, € Sg be such that proj,(R) € R,, where R, is the region of
the braid arrangement A,, labeled by o’. Suppose ¢’ is not the lexicographic minimum of Sg.
Then, from Lemma 5.6, ¢’ is not a G-local minimum. Hence, for some i € [n}, o, > o},
and {0},0,,,} ¢ E. Then, 0" =0} ...0,,,0;...0, € Sk.

Now, as a consequence of Theorem 4.4 and Lemma 4.7, the face F’ of R, that v projects
into is labeled by the ordered partition obtained by partitioning ¢’ at the right-to-left minima.
Let us denote this partition by IT(F").

In II(F"), o} and o, will be in the same block (as o} cannot be a right-to-left minimum).
As swapping o} and o}, does not affect the partition, F’ is a common face of R, and R,.
Hence proj,(R) € R,, the region of the braid arrangement .A,, labeled by o”.

Continuing like this, we get that proj,(R) € R, where ¢ is a G-local minimum of Sk and
therefore the lexicographic minimum of Sz by Lemma 5.6. [

Lemma 5.8. Let G = ([n], E) be a natural unit interval graph, and let R be a region of Ac.
Let 0 € G,, be the lexicographic minimum of Sg. Let 11 be the ordered partition obtained by
partitioning o at the right-to-left minima. Then, Fy is not contained in the relative interior of
another face of Ag.

Proof. To show that Fpy is not contained in the relative interior of another face of Ag, it is
enough to show that span(Fyy) is a flat of Ag. To show this, we show that for any block B of II,
the induced subgraph G[B] is connected.

Suppose the induced subgraph G|[B] is not connected. Let i be the smallest vertex in B. As
we get 11 by partitioning at the right-to-left minima, ¢ will appear after any other element of B
in the one line notation of 0. Let j be the greatest vertex of the component with ¢, and k be a
vertex in a different component of the induced subgraph.

Now, as ¢ and j are in the same component, we have a path from i to j, say 1k ks . .. k;J.
Suppose we have © < k < j. Then, ks < k < k4 for some s (take ky = 7 and k;;1 = 7). But,
as {ks, ks11} € F, and G is a natural unit interval graph, {ks, k} € F, that is, k is in the same
component as ks and thus the same component as 7, a contradiction.

Hence £ > j, that is, any other component of the induced subgraph has all vertices greater
than j and therefore greater than any vertex in the component containing . We can order the
components of G[B] independently in the one line notation of o and still have a permutation
in Sg. The permutation obtained by ordering these components such that the component with ¢
appears before any other component of G[B] will be less than ¢ in the lexicographic order. This
contradicts the fact that o is the lexicographic minimum of Si. Therefore G|[B] is connected. [

As a consequence, by Lemmas 5.7 and 5.8, for a region R € R(Ag) and v as in Equa-
tion (4.1), pd,(R) = dim(F1y), where I is the ordered partition of [n]| obtained by partitioning
the lexicographic minimum o of S, at its right-to-left minima. As dim(Fyy) is clearly the number
of right-to-left minima of o, Theorem 5.2 follows.

We can now obtain the characteristic polynomial of the graphical arrangement of a natural
unit interval graph.
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Proof of Corollary 5.3. Let R be a region of the graphical arrangement A and let o be the
lexicographic minimum of the associated set of permutations Sg. Then, by Theorem 5.2, for
any point v as in Equation (4.1), we have pd,(R) = RLmin(o).

We have also shown that these lexicographic minima are precisely the permutations where
all descents are (G-descents.

Hence, from Theorem 2.5 we have

XAG(_Q) _ (_1)n Z qRLmin(J)'
ceG,
all descents of o are G-descents
So, it is enough to show that

n

Z qRLmin(a) _ H(q + Cj)‘

0'6671 ] =1
all descents of o are G-descents

We prove this using induction on n. The base case is trivial.

Suppose that the statement holds for every natural unit interval graph on n — 1 vertices.

Let G = ([n], E)) be a natural unit interval graph and let G’ be the subgraph obtained by
deleting the vertex n. Then G’ is also a natural unit interval graph.

We claim that if we have a permutation o of [n] such that all descents are G-descents, re-
moving n from the 1-line notation of o gives us a permutation of [n — 1] such that all descents
are G'-descents. This is because for o = o7 ... 0, with 0; = n (i < n), no;, is a descent and
therefore a G-descent. If 0,41 < 0;_1, as {0;41,n} € F and G is a natural unit interval graph,
we have {0;,1,0,_1} € F, and so the only new descent formed on removing n is a G’-descent.
If 0,41 > 0;_1, no new descent is formed on removing n and all descents are G’-descents.

Hence, we can uniquely obtain all permutations of [n] such that all descents are G-descents
by inserting n into a permutation of [n — 1] such that all descents are G’-descents. There are two
ways to do this:

We can insert n before any element it is adjacent to so that the descent thus formed is a G-
descent. We have c¢,, ways of doing this. In this case, the number of right-to-left minima of the
permutation will remain the same as n does not become a right-to-left minima and the ordering
of the other elements is unchanged. The contribution of this to the characteristic polynomial will

n—1

bec, [[(¢+ ¢)).
j=1
We can also insert n at the end of the permutation. This will not form any new descents, so

all descents will be G-descents. However, the number of right-to-left minima will increase by
one as n is also a right-to-left minima. The contribution of this to the characteristic polynomial
n—1
willbe ¢ [ (¢ + ¢;).
=1

J=
n

Hence, by induction, 3 Em) =TT (g + ¢).
all descents gfeaea?e G-descents 7=t
Therefore, x.4,(—q) = (—=1)" [ (¢ + ¢;). N

Jj=1
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6. Type B Coxeter arrangement and signed graphs

In this section, we show that for any subarrangement of the Type B Coxeter arrangement, the
projection statistic defined in Theorem 2.5 has a combinatorial interpretation that is a general-
ization of source components. We first establish some notation for this section.

Notation. Letr £[n] := [n] U —[n]. Then, fori € [n], and x € R™, we denote x_; := —u;.
Further, for m,n € N, we denote [—m;n] := {—m,—(m —1),...,n —1,n}.

Definition 6.1. The Type B Coxeter arrangement B,, is defined as the following collection of
hyperplanes:

where H; ; = {(x1,...,2,) € R" | x; = x;}, withz_; = —x; for all i € [n].
Figure 6.1 depicts the 2-dimensional Type B Coxeter arrangement Bs.

:L’1:0
T = T2

7‘2:0

T — —XT2

Figure 6.1: The 2-dimensional Type B Coxeter arrangement ;.

6.1. Symmetric graphs, orientations and signed source components

In Section 4, we defined subarrangements of the braid arrangement using simple graphs. We
further related the chromatic polynomial of a simple graph to the characteristic polynomial of
its corresponding arrangement. We can similarly define subarrangements of the Type B Coxeter
arrangement using symmetric graphs. In this subsection, we will recall some definitions and
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results related to symmetric graphs, and state a generalization of Greene and Zaslavsky’s statistic
for coefficients of the chromatic polynomial of symmetric graphs.

Definition 6.2. Let G = (£[n], E) be a graph. We say that G is a symmetric graph if for
all u,v € £[n], one has {u,v} € E if and only if {—u, —v} € E.

Definition 6.3. Let G = (£[n], F) be a symmetric graph and let k be a positive integer. A
symmetric k-coloring of G is a function ¢ : £[n] — [—k;k] such that ¢c(u) = —c(—u) for
all u € [n]. The coloring is proper if c(u) # c(v) for all {u,v} € E.

We define the symmetric chromatic polynomial as the polynomial xZ(q) such that for
allk e N,

Xg(Zk: + 1) = the number of proper symmetric k-colorings of G.
Example 6.4. For the symmetric graph G shown in Figure 6.2(a), one can define the color-

ing c(u) = u for u € £[2] and ¢(3) = ¢(—3) = 0. This is a proper symmetric 2-coloring
of G.

_________ 1
P T ~, ’ ":
- 2 ~ II 1
1 € -=-=-==-=-= "R, \," 3 _ 7\
o \.\ ‘,. l/ \
N ‘,‘/ , .
..\,\ I/ +\
s 4+ N
’ ’ s N 92 A ’ S
.““/ ‘\. -, N, R
& - = ====- e o« - PR
1 -2 -3 -3
(a)A symmetric graph G (b)The corresponding signed graph ¥¢

Figure 6.2: An example of a symmetric graph G and the corresponding signed graph . The
different type and color of edges show the correspondence between the edges of GG and ..

Remark 6.5. A signed graph . = (V,E’,0) is a graph G = (V, E’) together with a func-
tion o : B/ — {+, —} assigning a sign to each edge. To a symmetric graph G = (£[n], E') one
can associate the signed graph X = ([n], E’, o) where

* ¢ = {u,v} € E' with o(e) = + if and only if {u, v} and {—u, —v} € E, and
* ¢ = {u,v} € E' with o(e) = — if and only if {u, —v} and {—u, v} € E.

In fact, this defines a bijection between symmetric graphs on +[n| and signed graphs on [n] where
any loop is negative (as a positive loop would correspond to a loop in the symmetric graph). The
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symmetric graph corresponding to a signed graph is called its signed covering graph in [Zas82].
Figure 6.2 shows an example of a symmetric graph G and its corresponding signed graph ..

Further, for a positive integer k, a proper k-coloring of a signed graph > = (V, E',0) is a
function ¢ : V' — [—k; k| such that foranedge e = {u, v} € E’, c¢(u) # o(e)c(v) and the signed
chromatic polynomial is the polynomial such that

Xs(2k + 1) = the number of proper k-colorings of 3.

Given a proper symmetric k-coloring ¢ of a symmetric graph G = (+£[n], E), we can ob-
tain a proper k-coloring ¢’ of the corresponding signed graph Y by defining ¢’(u) = ¢(u) for
all u € [n]. In fact, this defines a bijection between proper symmetric k-colorings of a symmetric
graph GG and proper k-colorings of the signed graph Y.

Hence,

x&(9) = xs4(9).

Example 6.6. For the signed graph Y in Figure 6.2(b), the coloring ¢(u) = u for u € [2],
d(3) = 0 defines a proper 2-coloring of . In fact, this coloring corresponds to the coloring
of G defined in Example 6.4.

Figure 6.3: A symmetric acyclic orientation of the symmetric graph GG shown in Figure 6.2(a).

Definition 6.7. Let G = (+£[n], F) be a symmetric graph. We say an orientation ~y of G is
symmetric if for u,v € £[n], we have (u,v) € ~ if and only if (—v, —u) € 7.
Figure 6.3 gives an example of a symmetric acyclic orientation of a symmetric graph on +[3].

Definition 6.8. Let G = (+([n|, F) be a symmetric graph and let v be an symmetric acyclic
orientation of G. For i € =£[n], we define ~; to be the set of vertices reachable from i by a
directed path of y (with 7 € ~;), and +* to be the set of vertices from which there is a directed
path to i (with i € ~%).

Note that for i € +[n|, v; = —y " as if j is i-reachable via a directed path 7v,v; . . . v}j of 7,
then (—j)(—wvg)...(—va)(—v1)(—17) is also a directed path of ~ by symmetry of ~.
So—j € -y
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Definition 6.9. Let G = (+([n], F) be a symmetric graph and let v be an symmetric acyclic
Vi if —idy
YNy if —iewy
define Sy, S, . .. recursively: for & > 1, if |J (S; U —S;) U B = £[n], then Sy = &. Otherwise,

i<k

for m = min ([n] \ (U (S, U —S;) U B))),

i<k

orientation of G. For i € [n], define R; = ,and set B = @. We

* B=BUR, if—-meR,
e Sy =R, \ U Siif —m ¢ R,,.
i<k
The non-empty subsets S, thus defined are the signed source components of v and the final B

obtained is the zero block of . The signed source components are illustrated for various acyclic
orientations in Figure 6.4.

k y WL L )
N A
\\\2 _2 N -

Figure 6.4: The signed source components of the 8 acyclic orientations of the complete symmet-
ric graph on £[2]. The signed source components .S; and —S; are in green with a solid boundary
and the zero blocks are in blue with a dashed boundary.

We will prove a generalization of Greene and Zaslavsky’s Theorem 2.3 for symmetric graphs
by expressing the coefficients of Xg(q) in terms of signed source components of symmetric
acyclic orientations of the graph.

Theorem 6.10. Let G = (x[n|, E) be a symmetric graph, and k be a non-negative integer.
Then,

[4*IxG(a) = (—1)" "B
where B} is the number of symmetric acyclic orientations of G with exactly k signed source
components.
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Theorem 6.10 will be proved in Section 6.3.

Remark 6.11. Let G = (£[n], E) be a symmetric graph and Y be the corresponding signed
graph on [n] as defined in Remark 6.5. As

Xse (@) = X5(0),

Theorem 6.10 gives a combinatorial interpretation of the coeflicients of the chromatic polyno-
mial of a signed graph with no positive loops.

6.2. B-graphical arrangements

In this section, we define subarrangements of the Type B Coxeter arrangement and obtain a
combinatorial interpretation for the coeflicients of their characteristic polynomial via a projec-
tion statistic.

Definition 6.12. Let G = (+[n|, ) be a symmetric graph. The B-graphical arrangement B¢
is defined as the collection of the following hyperplanes:

B :={Hi; |{i,j} € E},
where H, j = {(z1,...,2,) | ; = z;}, withx_; = —x; for all i € [n].

Remark 6.13. The B-graphical arrangements are precisely the subarrangements of 3,,. Hence,
it is clear that subarrangements of 5,, are in bijection with symmetric graphs on +[n].

As with chromatic polynomials of graphs and characteristic polynomials of graphical ar-
rangements, we have a similar relation between the symmetric chromatic polynomial of a sym-
metric graph and the characteristic polynomial of the corresponding B-graphical arrangement.

Theorem 6.14 ([Zas12, Lemma 4.3]). Let G = (£[n], E) be a symmetric graph and B the
corresponding B-graphical arrangement. Then,

Xé = XBg-

Now, in order to obtain a combinatorial interpretation for the projection statistic, we need a
labeling of the regions. As with graphical arrangements, we associate to each region an acyclic
orientation of the underlying graph. An example of this association is shown in Figure 6.5.

Definition 6.15. Let R be a region of B;. We associate to R an acyclic orientation of GG, de-
noted g, by directing the edge {i, j} € E towards ¢ if and only if ; > z; in R.

In fact, the acyclic orientations thus obtained are symmetric. See Figure 6.5 for an example.
The following result was given in [Zas91]*.

“The reference gives a bijection between regions of B and acyclic orientations of the signed graph ¥. These
acyclic orientations are in bijection with symmetric acyclic orientations of G.
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.%’1:0

$2:O

T = —XT9

Figure 6.5: A B-graphical arrangement with the regions labeled by the symmetric acyclic ori-
entations given by .

Lemma 6.16 ( [Zas91, Theorem 4.4]). The mapping ~y which associates to each region R of Bg
the orientation g is a bijection between the set of regions of Bg and the set of symmetric acyclic
orientations of G.

Next, we talk about the labels of the faces of the Type B Coxeter arrangement.

Definition 6.17. Let II be a partition of +[n]. We say II is a B,,-partition if for any block B
of I1, its negative — B3 is also a block of II, and there is exactly one (possibly empty) block, called
the zero block, such that B = —B. We say an ordered B,,-partition is antipalindromic if it is of
the form (B, ..., By, By, B_g,...,B_1) where B_; = —B,; for all i € [k] and By is the zero
block.

Reiner showed in [Rei97] that the flats of the Type B Coxeter arrangement are in bijection
with the B3,,-partitions of =£[n|, with the zero block indicating which coordinates are zero and
the other blocks indicating which coordinates are equal (that is, if < and j are in the same block,
then z; = x; for any point x of the flat with the convention that x_, = —z; for all i € [n)).

Further, the faces of the Type B Coxeter arrangement B3,, are in bijection with antipalindromic
ordered B, -partitions. Here, the relative order of the blocks indicates the relative order of the
corresponding coordinates (that is, if 7 is in a block before 7, then x; > x; for all points x of the
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face). Note that the order of the blocks after By is a mirror of the order before, so without loss
of generality, we can consider (By, ..., By, By) as the label of the face. Figure 6.6 demonstrates
this labeling for the arrangement 5.

1 =0 )
T ({2,-13,0) S~ ({25 {1,-1}) <
1,2}, 0
({23 {=110) | ({2}, {1},0) (11,2}, 0)
D ({13, 23.0)
({1,2,-1,-2})
T9 =10

T " (f 22

{=13{=2}0) {1} {=2},0)

(200 | 200 (020
e L (o Tty

Tr1 = —XT9

Figure 6.6: B, with the faces labeled with antipalindromic ordered Bs-partitions. The last set in
the tuple is the (possibly empty) zero block.

Definition 6.18. Let G = (£[n], E') be a symmetric graph and 7 be a symmetric acyclic orien-
tation of GG. Let Sy, ..., Si be the signed source components of v and B be the zero block of ~.
Note that B = —B and (S, ..., Sk, B, =Sk, ..., —S1) forms an antipalindromic 3,-partition
of &[n]. Let us denote this partition by II(+) and the face labeled by it Fiy.).

The following is the main result of this section.

Theorem 6.19. Let v = (vy, ..., v,) € R" be such that
Vi€ [n—1], v; > (14n* + 1)vy1 and v, > 0. (6.1)

Let G = (£[n], E) be a symmetric graph, let R be a region of the B-graphical arrangement B,
and let yr be the symmetric acyclic orientation labeling R. Suppose vr has k signed source
components.

Then, pd,(R) = k, that is, the projection dimension of v on R equals the number of signed
source components of Yg. In fact, proj,(R) lies in the relative interior of the face Fry(yy).
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T = —XT9

Figure 6.7: A B-graphical arrangement with projection from a point v as in Equation (6.1)
onto the regions, with the regions labeled by symmetric acyclic orientations with signed source
components (signed source components both .S; and —S; in green with solid boundaries, zero
block B in blue with dashed boundary) and projection dimension in green.

Figure 6.7 demonstrates Theorem 6.19 for a symmetric graph on £[2].
The following corollary is a simple consequence of Theorems 2.5 and 6.19.

Corollary 6.20. Let G = (£[n], E) be a symmetric graph and let Bg be the corresponding
B-graphical arrangement. Then,

(4" xse(q) = (=1)" "By
where [y, is the number of symmetric acyclic orientations of G with k signed source components.

Remark 6.21. Note that the Type A, Type B and Type D Coxeter arrangements are all subar-
rangements of the Type B Coxeter arrangement and are thus B-graphical arrangements. Hence
Corollary 6.20 gives us a combinatorial interpretation for the coefficients of the characteristic
polynomials of these arrangements.

There are other combinatorial interpretations of these coefficients. For example, in [DM25],
Deshpande and Menon give an interpretation that is a generalization of the right-to-left minima
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statistic on signed permutations. However, unlike for the braid arrangement, where the RLmin
statistic coincides with the number of source components, Deshpande and Menon’s statistic does
not coincide with our generalization to signed source components.

6.3. Proofs of Theorem 6.10 and Theorem 6.19

Remark 6.22. Note that Theorem 6.10 is a direct consequence of Theorem 6.14 and Corol-
lary 6.20.

Now, before we proceed to the proof of Theorem 6.19, we need to prove some lemmas that
allow us to characterize the faces that the projection from a point v lies in the relative interior
of.

Lemma 6.23. Let v = (vy,...,v,) € R and 11 be a B, -partition of +|n| labeling a flat X
of B,.. Fori € [n), let B be the block of 1 containing i. Then the i'" coordinate of the projection

U .
i’

|B

of von X is given by , Where ¥j € [n], v_; = —vj.

Proof. Recall that proj,(X) is the orthogonal projection of v on X.

Let B = {By,..., By} be such that B € B, for all non-zero blocks B’ of II, exactly one
of B and — B’ is in B and B contains the zero block if and only if it is non-empty. Without loss
of generality, let B; = B.

Now, for j € [k], define f; = Y e; where Vi € [n], ¢, is the i'" standard basis vector of R"

1€B;
and e_; = —e;. Note that the i*" coordinate of fj for j # 1is 0 and the i" coordinate of f; is 1
(asi € By).
Then two cases arise.

Case 1: B is not the zero block.
Then, O = {f;},c forms an orthogonal basis of X, and therefore

> v
_jeB

<U7fj> L
b= TEr

[1£51]?

proj,(X) =

JE[K]

Case 2: B is the zero block.
Then, f; =0, and O = {f;}1<,<, forms an orthogonal basis of X, and therefore

> U
_ jeB

<U’fj> 0 =

175112

proj,(X) = )

JE[K]
Hence the result holds. O]

Definition 6.24. Let II be a B,,-partition of &[n] and B be a non-zero block of II. We define

absmin(B) :=i € B such that |i| < |j| forall j € B.
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Note that as B is not the zero block, it contains at most one of ¢ or —i for all i € [n], so
absmin is well defined.
The following lemma characterizes the v-faces (see Definition 3.6) of B,,.

Lemma 6.25. Let v € R" be such that v; > 2nv;yy forall i € [n — 1] and v, > 0. Let
be a face of B, labeled by (Bi,...,By,By). Then F is a v-face of B, if and only
if 0 < absmin(B;) < absmin(B;,1) for all i € [k — 1].

Proof. Let X = span(F), that is, X is the flat of B, labeled by the unordered parti-
tion Il = {By,..., By, Bo, B_1,...,B_1}. Let proj,(X) = (p1,. -, Pn)-

Let F' be a v-face of B,,. We first show that any non-zero block B of II with absmin(B) > 0
appears before By in the ordered partition labeling F'. Next, we show that given two non-zero
blocks B and B’ of II with 0 < absmin(B) < absmin(B’), B must appear before B’ in the
ordered partition of F'.

Let B = {i1,...4s,—J1,- .., —Ji} be a non-zero block of II such that absmin(B) = i; > 0.
Then, from Lemma 6.23, as v, > v, for all & € [n], and as j, > i; + 1, v;, < v;,4q for
all k£ € [t], we have

0, VU, — Y — >v,~1+(s—1)vn—tv,~1+1
" s+t - s+t '

Now, as v;, > 2nwv;, 11, we have p;; > 0. So, any block B of IT such that absmin(B) > 0 appears
before By in the ordered partition labeling F'.

Let B'={d,...i,,—7j,,...,—j; } be another non-zero block of IT such that absmin(B’) =1.
Further, we assume that 0 < 7; < 4}.

Then, from Lemma 6.23, as vy < v; forall k € [s'], and as i; < 7],

Uii+"'+vi;/_vji_"'_UJ"/
pi, = Y = < vy < U4
Therefore,
Vi, + (s — D, — (s + 2t)v; 2n — s — 2t)v; +(s—1)w
pil_pi/1> i1 ( )n ( )21-&-12( )21-1-1 ( >n>0‘

s+t s+t

Hence B must appear before B’ in the ordered partition.

We have shown that if F is a v-face of B, then 0 < absmin(B;) < absmin(B;;;) for
all i € [k — 1]. Conversely, let F' be a face of B, labeled by (B, ..., By, By) such that 0 <
absmin(B;) < absmin(B;;;) for all ¢ € [k — 1]. Note that for X = span(F’), exactly one face
of X satisfies this condition. Further, the projection of v on X lies in a unique face of X which
satisfies this condition. Hence, the projection of v on X must lie in F, that is, F' is a v-face
of B,,. ]

Lemma 6.26. Ler G = (£[n], E) be a symmetric graph, let R be a region of Bg and let yr
be the symmetric acyclic orientation of G labeling R. Let 11(vyg) = (B4, ..., By, Bo). Then,
forv = (vi,...,v,) € R" such that v; > 2nv; 4 for all i € [n — 1], Fui(yy) is a v-face of R of
dimension k.

YR)
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Moreover, if ' = (D, ..., Dy, Dy) is such that Fyy is a v-face of R, we have for all j € [k|,

J J
B <D (6.2)
=1 =1

Proof. Let Il be an antipalindromic ordered B,,-partition of £[n]. Then the flat span(Fy) of B,
is a flat of B if and only if

* for every non-zero block B of II, the induced subgraph G'[B] is connected
* there is a path between 7 and —: for any 7 in the zero block B,.

Clearly, by the definition of signed source components, this holds for I1(yg).

Further, F7; is a face of a region R if and only if any weak inequality that holds in F7; holds
in . Hence it is easy to see that Fyy(,,) is a face of I? of dimension %. Further, by definition
of signed source components, 0 < absmin(B;) < absmin(B;;1) for all i < k, s0 Fii(y,) is a
v-face of R.

The proof of Equation (6.2) follows the same lines as that of Equation (4.2). OJ

We can now complete the proof of Theorem 6.19.

Proof of Theorem 6.19. By Lemma 6.26 we know that F:= FTy(,,) is a v-face of R of dimension £.
It suffices to show that for any v-face F’ # F of R, one has ||v — proj,(F)|| < ||v — proj,(F")||-
Let I[I(yg) = (B, ..., Bk, By), and let absmin(B;) = b;. By the definition of source com-
ponents, we have 0 < by < ... < bg.
Let F’ be another v-face of R, and let (D,...,D; Do) be its label satisfying
absmin(D;) < absmin(D;,;) for all i < ¢. Now, suppose that F’ is the face of R that v
projects into.

Claim: Eachof Dy, ..., D, contains at most one of the b;’s.

Suppose not. Then, for some ¢ € [¢], some D, contains b; and by with i’ > i. Let D be the set
of all b -reachable elements of D; (including b;/). Let I1; = (Dy,..., D, \ D}, D;, ..., Dy, D)
correspond to the face F; of . Clearly, F} is another face of 12 of higher dimension contain-
ing F’. Now, suppose b; < absmin(D,) < by for j € [t + 1;r| and absmin(D, ;) > b;.
Let [Iy = (Dy,...,Dy\ D;, Dyyq, ..., D, Di, ..., Dy, Dy) correspond to the face I of Bg.
Then F3 is a v-face of Bg.

Subclaim: II; and II; correspond to the same face of 5.

Letj € [t+ 1;r] and let o € D;. Then, for any 8 € D!, we must have that there is no
directed path from 3 to a in «yg. If there were such a path, we would have z, > xgforall z € R,
and hence D; C D, or D, must appear before D; in II,, which is not true. Thus, D; and D, are
independent for all j € [t + 1;r] and any ordering of these blocks corresponds to the same face
of Bg.

Hence, F5 is a v-face of R of higher dimension containing F’. The projection of v onto this
face must be of shorter length than the projection onto F”, which is a contradiction. Thus ¢ > k.
Further, from Lemma 6.26, we must have that for all ¢ € [k], b; € D;.
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Now, from Equation (6.2), 3j € [k] such that D; D B; and D; = B, forall i < j. Let j be
the first index where D, D B;, and let | D;| = d, | B;| = b.
From Lemma 6.23, we have pg = proj,(Fiivy) = (P1,--.,Pn), Where Vi € Bj,

va va

mEB]- mEDj

pi = ————, and pp = proj,(F") = (q1,...,q,) where Vi € D,, ¢ = , with
| Bj | Dj
the usual convention v_; = —wv; for all i € [n].
It now suffices to show ||v — pg|| < ||v — pp]|-
Then,
lv —ps|* = Z(Ui — i)’
i=1
= Z (vi = pi)* + Z(Uz —pi)*+ Z (vi = pi)* + Z(Uz — i)
i€Bm i€B; i€Bp, i€By
0<m<yj m>J
Now,
2
b—1 1 b—1\°
(’Ubj—pbj)zz ( ; )Ubj—gzvi = (T) UI?J-_‘_EI)
iEBj
i#b;
where

2

1 2(b— 1)
€ = Eg V; —Tvbj —E v;
ZEBj ZEBJ'
i;’ébj ’L';Abj

Now, as v; > (14n? + 1)v;4, forall i < n,

| S < 1/ 1 Lo - 1
b 2 S\ e 1 T a2 02 T T (n 1

iEBj
i#b;
1
14n2b
Hence,
2b—1) , 1 9 2b—-1
= S e U T TognnE S TanagE
Further,
2
e b—1
Z(Ui_pi)2zz %+ %_Ui Z(l)—2)U§j+€2,
iEBj iEBi EEBJ‘

i#bj i#£b; ££b;
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where

622221;% %—Ui +Z %—’Ui

iEBj eGBj iij ZGB]'
ib; b i#b;  \ L#b]

Now, as v; > (14n? + 1)v;4 forall i < n,

Uy < 2
— = V| < 5,
Pt b 14n*+1 7
0£b;
and hence,
4b—-1 2(b—1
|ea] < _4b-1) v _20-1) v .
b(14n?4+1) 7 = (14n%2+1)2 %
Finally, let
= Y e p)
1€EBm,m>j
Now, for 7 € B,,, m > j,
2

=il < =t
|Uz pz| 14n2+1vb]

Hence,

An—1b) ,

Z (v; — pi)?| < 5 Vb, -

les| = S 5T

J

Now, fore = 1 + 9 + €3,

el < lex] + lea] + fes)
c(2=1 4(b—1) 2(b— 1) 4n—1b) \ ,
S\ 14n202  b(14n2 +1) 0 (14n2+1)2  (14n2+1)2) %

L (21 A=) dAn-2-2)
S Tz 2 b unz+1 )%
1 2
< gt

Then, two cases arise:
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Casel : By=D,.
Then,

1 1
||U—pB||2< Z (Uz_pz>2+<1_g)vgj+ﬁ?}g]

1€ Bm,m<j

Similarly,

1 1
l-polP> 3 (gl + (1 - 3) 1~ gt

1€ Dy, m<j

Now, as B; = D, forall+ < j,and d > D,
1 1 1
o= poll = llo—pal? > (3~ - ) o >0

Case2 : By # D,.

Then, as a consequence of Equation (6.2), we have Dy C B,.

Let ¢ be the least index such that D, contains an element of By, and let the least such element
in D; be (. Further, let absmin(D;) = d;.

Now, as [ is an element of B, there exists an index i € By, i« > 0 such that 3 lies on
a directed path from 7 to —i. Let « be the least such index. Then, as —« is [S-reachable, we
have —a € D,. In fact, as —a € By, and o < ||, we have § = —a. Note that we cannot
have |3| < d; as then absmin(D;) = 5 < 0, contradicting the fact that F” is a v-face.

Further, any element of By \ Dy must be greater than d; in absolute value as if not, we will
have o/ € D, for some s > ¢, with |&/| < d;. Then absmin(Dy) < absmin(D;), contradicting
that /" is a v-face.

Now,

Zvi ?

(v —q)2: Udt+i'§égf o > Vg, 2
o D] "Dl T \2p)

and, as p; = 0 for ¢ € B,,

> npe Y e e ()
(2 K3 1\14n2\ Q‘Dt‘

i€ Bo\ Do i€Bo\Do

Hence,

1 1
2 E 2 2 2
||U_pBH < = (Ui_pi)+<1_g>vbj+ﬁvbj
0<m2j

! (2\053,4)2+ 2 (wi=p)*

1€Dg
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and,

1 1
||U —pDH2 = Z (Ui — qi)2+ (1 — 8) Ug]_ — Q—nzvgj

1€Bm
0<m<yj

(o) + St

i€Dg

Now, as B; = D, foralli € [j — 1], p; = ¢; = 0 fori € Dy, and d > b,
2 2 Ly 5
llv —ppl|” —|lv —p5l| ><————ﬁ)vbj>0. O

Remark 6.27. Let G = ([n], E) be a graph. Note that the graphical arrangement A is a sub-
arrangement of the Type B Coxeter arrangement. In fact, for the graph G* on +[n] defined
as G U —G, where —G = (—[n|, —F), Ag is precisely the B-graphical arrangement B+ . Fur-
ther, the signed source components of any symmetric acyclic orientation of G* are precisely the
source components of the corresponding acyclic orientation on GG. Hence, if we restrict Theo-
rems 6.10 and 6.19 to symmetric graphs corresponding to graphical arrangements, we recover
Greene and Zaslavsky’s result (Theorem 2.3) and Theorem 4.4 respectively.
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