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Abstract
Quantum Computing with Superconducting Kerr-cat Qubits
by
Bingcheng Qing
Doctor of Philosophy in Physics
University of California, Berkeley

Professor Irfan Siddiqi, Chair

Quantum computing promises exponential advantages for simulating quantum systems and
solving certain computational problems beyond the reach of classical computers, but the
fragility of qubits and the resulting errors present a major challenge for scalable implemen-
tations. One promising approach is to engineer qubits whose physical noise processes are
intrinsically biased, enabling more efficient quantum error correction. This dissertation in-
vestigates quantum computing with superconducting Kerr-cat qubits, a bosonic qubit archi-
tecture in which qubit states are encoded in coherent states of a nonlinear oscillator stabilized
by a two-photon drive. This stabilization creates an effective double-well pseudo-potential
that strongly suppresses bit-flip errors while enabling universal quantum control, leading to
a noise-biased qubit. A superconducting device architecture based on SNAIL nonlinear os-
cillators is developed to realize Kerr-cat qubits with tunable parameters and high coherence,
integrating readout resonators, dedicated filters, and microwave control lines for measure-
ment and manipulation. Universal single-qubit gates are implemented using engineered
single-photon and two-photon drives to deform the pseudo-potential, and a cat-quadrature
readout method is employed to achieve high-fidelity quantum nondemolition measurement.
The performance of the qubits is systematically characterized through lifetime measurements
and benchmarking protocols, including quantum process tomography, gate set tomography,
and dihedral randomized benchmarking, revealing a strongly biased noise structure with high
performance. These results establish an experimental framework for the design, control, and
characterization of Kerr-cat qubits and demonstrate their potential as hardware-efficient
building blocks for scalable fault-tolerant quantum computing.
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Chapter 1

Introduction

The physical world is governed by quantum mechanics microscopically, and quantum me-
chanics describes all matter and interactions in a system using Hilbert-space vectors and
matrices’, whose dimensions grow exponentially with the size of the system[3]. As a conse-
quence, such exponentially high memory and execution time costs make the exploration of
the microscopic world challenging, or even intractable, with the usual classical computer[4].
To give an intuition for how rapidly the computational cost increases and becomes intractable
with increasing system size, it is instructive to examine a popular model in condensed matter
physics studies - the 2D Ising model. In this model, spin—% electrons reside on an L x L
lattice with 2 degrees of freedom: spin-up or spin-down. The associate Hilbert-space dimen-
sion is therefore 2&°, which increases exponentially with the size of the lattice. As a result,
simulating an L = 6 system would require a matrix with a dimension of 26” ~ 100, which is
already intractable with normal classical computers, and would require hundreds of graphics
processing units (GPUs) to handle[5].

Therefore, there has been a long-standing effort to seek more efficient computational
methods for the microscopic world, or more formally, for quantum mechanics. The visionary
idea of “simulating quantum physics with a quantum computer” was first articulated in
1982 by Richard P. Feynman in his famous keynote speech[6], and the pursuit of building
a quantum computer with quantum bits (qubits) has continued ever since. Unlike classical
bits, which are just single binary numbers, qubits are 2-dimensional vectors in the Hilbert
space that exhibit both superposition and entanglement properties — two key quantum
phenomena. Astute readers may have noticed that the definition of qubits mostly coincides
with spin—% electrons, and a qubit can faithfully simulate the dynamics of an electron in
the 2D Ising example above. Thus, the computational cost will only increase linearly with
the system size. Such an exponential speed-up compared to classical computers represents
the power of quantum computers and significantly enlarges the size of the quantum system

that can be efficiently simulated[7]. Later on, the potential of quantum computing is further

'People may be more familiar with the wavefunction formalism of quantum mechanics introduced by
Erwin Schrédinger[1], but the space-time wavefunction can be understood as a projection of vectors and
matrices onto the position space[2].
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revealed by various quantum algorithms across different fields[8], ranging from chemistry
simulation to general optimization[9-11], and from linear equation solving to integer fac-
toring[12, 13]. One of the most famous algorithms is Shor’s prime factorization algorithm,
which offers an exponential speed-up for factorizing a large prime number with quantum
computers.

Bringing these algorithms from theory into practice requires the ability to encode and
manipulate qubits in experimental systems. Even though the concept of quantum computers
was introduced in 1982, the first experimental realization of qubits can be traced back to the
1950s when researchers demonstrated the nuclear magnetic resonance (NMR)[14-16]. The
coherent two-level system dynamics observed in NMR clearly match the qubit dynamics,
but the word “qubit” was not yet invented at that time. However, NMR is a collective
behavior of an ensemble of nuclei, and it is challenging to isolate a single nucleus to create
a qubit[17]. Further development of experimental techniques for quantum computing has
extended the qubit implementation to various physical platforms, including natural systems
like optical photons[18, 19], trapped ions[20, 21], and neutral atoms[22, 23], and artificial sys-
tems like quantum dots[24, 25], topological systems[26] and superconducting circuits[27-29].
Among them, superconducting circuits have quickly evolved as one of the leading platforms
for quantum computing due to their good scalability, fast gate control, and compatibility
with modern micro-fabrication and electronic techniques. Some important contributions in-
clude the first observation of quantum tunneling in superconducting circuits, which laid the
foundation for quantum mechanical description of the circuits[29]; the invention of charge-
insensitive Cooper-pair box (or transmon), which significantly boosts the lifetime of super-
conducting qubits[27, 30, 31]; and the invention of Josephson parametric amplifiers (JPAs)
and traveling-wave parametric amplifiers (TWPAs), which enables the single-shot readout
of superconducting qubits[32, 33]. In this thesis, we will focus on quantum computing with
superconducting circuits.

The successful realization of qubits marks a significant milestone toward building quan-
tum computers. However, qubits are inherently fragile and prone to errors, and scaling to
large multi-qubit systems requires quantum error correction (QEC). Inspired by classical
error correction, QEC was first introduced in 1995 [34] to encode a low-error logical qubit
using many physical qubits, thereby enabling fault-tolerant quantum computing (FTQC).
This framework was subsequently extended to a wide range of QEC codes [35, 36], including
the surface code [37], low-density parity-check codes [38], and color codes [39]. These QEC
codes usually impose stringent requirements on qubit performance, as reflected in their low
“error threshold”, namely the maximum physical qubit error rate below which QEC can
successfully suppress logical errors[40, 41]. Moreover, most QEC codes entail significant
hardware overhead, often requiring hundreds of physical qubits to encode a single logical
qubit [28].

These challenges in QEC have motivated the development of alternative superconduct-
ing circuit designs that engineer noise-protected qubits, which provide resilience to some
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noise sources? at the hardware level and thereby relax both the overhead and performance
requirements imposed by QEC[42, 43]. The noise-protected qubits can be broadly classified
into two categories. The first one keeps the traditional two-level structure of the qubit and
introduces additional symmetry into its spectrum[44-47]. Some examples include the flux-
onium[44], blochnium[45], 0 — 7[46], and cos(26) qubits[47]. The second category exploits
the higher-dimensional Hilbert space of bosonic modes in superconducting circuits and is
commonly referred to as bosonic qubits[48]. These qubits range from using only several
levels of a bosonic mode, such as binomial qubits[49], to leveraging the full bosonic mode
spectrum, such as Gottesman—Kitaev—Preskill (GKP) qubits[50, 51] and cat qubits[52-56].
Specifically, the cat qubits exhibit noise bias with strong resilience to bit-flip error, which
can significantly reduce the hardware overhead and performance requirements with XZ7ZX
surface codes[57-61].

The advantages of cat qubits have driven the rapid development of their experimental
implementations over the last half-decade. Superconducting cat qubits are mostly realized
by engineered dissipation or engineered Hamiltonian, which are referred to as dissipative
cat qubits[55] and Kerr-cat qubits[62], respectively. The dissipative cat qubits have demon-
strated the long bit-flip time reaching up to 10 seconds[63], and a repetition code based on
dissipative cat qubits has also been demonstrated recently[56], but the universal control of
dissipative cat qubits remains under investigation. On the other hand, even though the bit-
flip time of Kerr-cat qubits is limited by the associated heating[64, 65], the universal control
of Kerr-cat qubits is comparatively more developed[53, 54, 62, 66]. The work in this thesis
fits within the continuing development of Kerr-cat qubits toward scalable, high-performance
quantum computing.

In this thesis, we will develop the high-coherence Kerr-cat qubit in a scalable supercon-
ducting circuit setup and demonstrate the universal quantum control on it. Moreover, we
will optimize the Kerr-cat qubit performance with various drive detunings and benchmark
its performance using systematic characterization protocols, including randomized bench-
marking and tomography. The thesis is organized as follows. In Chapter 1, we review
the basic concepts of quantum computing and QEC, providing the necessary background
for the subsequent discussions. In Chapter 2, we present the quantum theory of electrical
circuits, commonly referred to as circuit quantum electrodynamics (cQED), which lays the
theoretical foundation for superconducting qubits. The understanding of cQED is crucial
for engineering the Hamiltonian of Kerr-cat qubits. In Chapter 3, we proceed to the design
and fabrication of Kerr-cat qubits, which will cover the engineered Kerr-cat Hamiltonian,
the superconducting device layout, and the recipe for fabrication. With the understanding
of the Kerr-cat qubit device, we will present the measurement of the Kerr-cat qubit device in
Chapter 4, such as the calibration of the device, the universal local control, and the outlook
on entanglement gates. Finally, in Chapter 5, the performance of the Kerr-cat qubit will be
systematically examined, including the idling lifetimes and operational errors.

2We use the terms “noise” and “error” interchangeably, as they refer to the same physical effects.
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1.1 Classical and Quantum Bits

In classical computers, the classical bit is a binary number with the value of either 0 or
1. However, as mentioned above, in quantum computers, the quantum bit, or qubit, is a
vector in a 2-dimensional Hilbert space. To get an intuition of the qubit, we can make them
analogous to the classical bit by defining an orthonormal basis in this Hilbert space labeled
as |0) and |1), so that

(0[0) =1, (A1) =1, (1]0) = (0[1) =0, (1.1)

where (z|y) represents the inner product between vector |x) and |y). Then, one can represent
a qubit 1) as the superposition of these two basis vectors using two complex numbers « and

B,

[¥) = al0) + B[1), [af” + 8" = 1. (1.2)

The vector nature of a qubit naturally leads to the most important property of a single
qubit — quantum superposition. Unlike classical bits, which can exist only in one of two
discrete states, 0 or 1, a qubit can be any superposition of |0) and |1). This immediately
raises the question of the outcome obtained when measuring the qubit, and the answer to
this question depends on the measurement type. The simplest measurement is a projective
measurement to determine whether the qubit is in |0) or |1), for which Born’ s rule provides a
complete description[2, 67]. According to Born’ s rule, this measurement yields the outcome
|0) with probability P(0) = |a|* and |1) with probability P(1) = |5]?>. In contrast to the
measurement, of a classical bit, measuring a qubit inevitably alters its state: the act of
measurement destroys the superposition and collapses the qubit into the same state as the
observed outcome, either |0) or |[1). As we will see later in this chapter, this unique property
of qubits poses significant challenges for QEC.

The full power of qubits is unlocked when we increase the number of qubits and engineer
the entanglement between them — the most important property of multiple qubits. The
entanglement can be understood through a simple example with two qubits. Considering
two qubits with label a and b with basis vectors |0)q,|1)1,]0)s, |1)s, one can represent their
state as

[¥)ab = @|00)as + B101)as +110)as + 6[11)ap, [af* + (B + [4[* + [0]* = 1, (1.3)

where |2y)a, = |2)aly)s is the Kronecker product of |z), and |y),. In general, the two-qubit
state |1) cannot always be factorized into the Kronecker product of two single-qubit states,
i.e.

|¢>ab 7é W)>a|¢>b (14)

This inequality is a signature of quantum entanglement, indicating that the quantum state
of the two-qubit system contains correlations that cannot be reduced to properties of the
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individual qubits. One of the most famous examples of entangled states is the Bell states
shown below[68, 69]. For clarity of presentation, the subscripts have been omitted.

1

%) = == (100) + [11).
_ 1
#7) = =5 (00) ~ 1),
Y (1.5)
%) = <5 (101) +10)).
W) = —— (jo1) — [10))

S

2

For any Bell state, a measurement of either qubit alone yields the outcome |0) or |1)
with equal probability 50%. However, when we measure the two-qubit state together, we
do not obtain all possible combinations of |0) and |1) with probability 25%. Instead, some
combinations may have 0 probability, and the others have 50% probabilities. As a core
resource of qubits, quantum entanglement is the foundation for many quantum information
applications, including quantum teleportation[70], quantum key distribution[71, 72|, and
superdense coding[73].

The idea of quantum teleportation is particularly clear and pedagogical in revealing the
power of entanglement. Suppose that Alice and Bob share a Bell state pair |®1) 45 where
the qubit A is held by Alice and qubit B is held by Bob, and Alice wants to transmit another
qubit |£) = «|0) + B]1) to Bob. The composite state of these three qubits can be written as
(the order convention here is |£)|A)|B))

[¥) = (al0) + B[1))[27) = %(|¢+> (@|0) + 5|1)) +[27) (a]0) — B[1))

(1.6)
+ 194 (810) + al1)) + [97) (8]0} - al1)) ).

In the second expression, we group the qubit |£) with Alice’s half of the Bell state and rewrite
it in the Bell basis, which will be useful in later analysis. Instead of handing qubit [£) to
Bob, she can apply a Bell basis measurement® between her half of the entangled Bell state,
qubit A, and the qubit [¢)). According to Born’ s rule, conditioned on the outcome of Alice’
s measurement, Bob’ s half of the Bell state collapses into one of four states that are related
to the original state |€). The transformation required to map each of these states back to |£)
is deterministic and uniquely determined by Alice’ s measurement outcome. Consequently,
Alice can transmit her measurement result, encoded as 2-bit classical information, to Bob,
who can then recover the qubit [£) by applying the corresponding correction operation.
Finally, thanks to the entanglement shared among the three qubits, Alice can transmit the
quantum state ) to Bob by sending only 2-bit classical information, without physically
transmitting any qubits!

3A Bell basis measurement only determines which Bell state the two-qubit states are in, and does not
distinguish the individual qubit state.
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Figure 1.1: Qubit encoding in superconducting circuits. (a) Basic electrical elements. (b)
Transmon qubit potential profile and its qubit encoding. (c¢) Transmon qubit circuit. (d)
Fluxonium qubit potential profile and its qubit encoding. (e) Fluxonium qubit circuit. (f)
GKP qubit Wigner function and its qubit encoding. (g) GKP qubit circuit. (h) Kerr-cat
qubit Wigner function and its qubit encoding. (i) Kerr-cat qubit circuit. The axes of the
plots are omitted for clarity.

1.2 Quantum Computing

Qubits present powerful resources for information processing, and quantum computing re-
quires the programmable engineering of the transformations of and interactions between
qubits. A clear checklist of requirements for a physical system to implement quantum com-
puting is given by DiVincenzo’s criteria as illustrated below|[74]:

1. A scalable physical system with well-characterized qubits

2. A qubit-specific measurement capability

3. The ability to initialize the state of the qubits

4. A “universal” set of quantum gates

5. Long relevant decoherence times, much longer than the gate

As a leading platform for quantum computing, superconducting circuits meet all of the
criteria above, and we will examine them in this section.

Qubit Encoding

The qubits are encoded in superconducting circuits by carefully engineering the interactions
of basic electrical elements: Josephson junctions, capacitors, inductors, (distributed) res-
onators, and microwave cavities, as shown in Fig. 1.1(a). The combination of these elements
forms various microwave oscillators with different potential profiles, leading to different qubit
encodings. Some encoding isolated the lowest two levels of the oscillator to form the qubits.
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The example shown in Fig 1.1(b) and (c) is known as transmon qubits, where by connect-
ing a Josephson junction in parallel with a capacitor, one forms a nonlinear oscillator with
a weakly anharmonic potential[27]. As a result, the transition energy between the lowest
two levels differs from that of higher levels, allowing the lowest two levels to be selectively
addressed as a qubit. The addition of a large inductor in parallel, as shown in Fig. 1.1(e),
enables the engineering of a double-well potential profile that provides improved isolation
and protection of the two lowest energy levels, leading to the realization of fluxonium qubits
with enhanced lifetimes[44]. On the other hand, other encoding schemes leverage the multi-
level structure of a microwave oscillator to encode qubits in its bosonic modes, commonly
referred to as bosonic qubits. The encoded states are usually visualized by their Wigner
functions[75]. Some examples include the GKP qubit, which encodes the qubit into grid-like
states as seen by their Wigner functions in Fig. 1.1(f). GKP qubits can be implemented in a
resonator coupled to a transmon[51]. The focus of this thesis, Kerr-cat qubits, is also a kind
of bosonic qubits, which encode the qubits into two coherent states with opposite phases as
shown in Fig. 1.1(h). The Kerr-cat qubits can be engineered in a carefully designed nonlin-
ear system consisting of three large Josephson junctions in parallel with a small Josephson
junction, as shown in Fig. 1.1(i)[53, 54].

Qubit Measurement

The measurement of the qubit usually distinguishes the |0) and |1) states of the qubit,
and collapses it into the corresponding measured state. In superconducting circuits, this
can usually be achieved by coupling a readout resonator to the qubit dispersively (dispersive
readout). As shown by the example of transmon qubit readout in Fig. 1.2, the bare frequency
of the readout resonator will be shifted up or down depending on the state of the qubit, and
therefore, the qubit state can be measured by probing the readout resonator frequency[76],
which is known as dispersive readout.

One important evaluation of the qubit readout is quantum-nondemolition-ness (QND-
ness), which determines the extent to which the measurement keeps the qubit in the measured
state[77, 78]. A high QNDness is crucial for repeated qubit measurement, fast qubit re-using
and re-initialization, and heralding-based qubit initialization. Dispersive readout usually
has high QNDness, because such a measurement drives the readout resonator rather than
directly driving the qubit, thereby minimizing the perturbation on the qubit. Some research
focuses on reducing the measurement-induced state transitions (MIST) or drive-induced un-
wanted transitions (DUST)?* of dispersive readout to further improve the readout fidelity
and QNDness[79, 80]. In contrast, some readout schemes are inherently non-QND, such
as state-selective push-out imaging methods used for trapped neutral-atom qubits[23, 81,
82]. In these methods, the atoms in |1) state are deliberately pushed out of the trap prior to

4MIST is a term historically used in the superconducting community, but some researchers believe that
DUST can be a more appropriate term.
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Figure 1.2: Transmon qubit readout in superconducting circuits. (a) The circuit diagram.
(b) The measured spectrum. Sj; and 6 are the amplitude and phase of the scatter parameters,
w, is the bare frequency of the resonator.

imaging, so that only atoms in the |0) state remain and are detected, enabling discrimination
between the |0) and |1) states.

Due to the different encoding scheme of Kerr-cat qubits compared with transmon qubits,
the dispersive readout mentioned above is not directly applicable to Kerr-cat qubits. There-
fore, in this thesis, we introduce a cat-quadrature readout (CQR) method for reading out
Kerr-cat qubits with high QNDness[53, 54, 62].

Qubit Initialization

In superconducting qubits, qubits are usually initialized through three methods: passive
thermalization[83], active resetting[56, 84], and heralding[54, 85]. The passive thermalization
method relies on the low environment temperature to cool down the qubit and initialize it
to the ground state (usually the |0) state). In this method, the initialization time is set
by the relaxation process of the |1) state and is therefore on the order of the qubit energy
relaxation time T;. The final steady-state population of the qubit depends on the qubit
transition energy 0F = E; — Ej and the environment temperature 7, where Ey/; denotes
the energy of the |0)/|1) state. Superconducting qubits usually have a transition energy
of around 6E/h ~ 27 x 6GHz, and are thermalized to around 70mK?®. Therefore, we can

5Though superconducting qubits are measured in a dil-fridge with a base temperature of around 15mK,
the qubit temperature is usually higher, mainly due to the radiation from the microwave lines[86-89].
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estimate the final qubit state population using the Boltzmann distribution®[90] as

SE

e kyT

P(0) = ——5 =~ 98.4%, P(1)=1-P(0), (1.7)
1 + ekBT

where kp is the Boltzmann’s constant, and P(i) is the population in |¢). This initializa-
tion method requires minimal effort, but has multiple limitations. The initialization time
scales with the qubit 77, introducing a trade-off between qubit coherence and initialization
speed. Moreover, the Boltzmann distribution requires the qubit transition energy to be much
larger effective thermal energy of the qubit temperature, which limits its applicability to low
frequency qubits with small transition energy such as fluxonium?[91].

The active resetting methods, rather than relying on the qubit’ s passive decay, employ
carefully engineered drives to actively pump the qubit into a desired state [56, 84]. This
approach was originally developed in cold-atom and ion-trap experiments [92, 93] and was
subsequently rapidly adopted in superconducting qubit systems. For example, by resonantly
driving multiphoton transitions between the qubit and the readout resonator, the qubit
excitation can be swapped into the readout resonator, where it is rapidly removed via the
resonator’ s fast decay[56]. As a result, the qubit can be initialized in its ground state |0)
on a timescale shorter than its intrinsic 7j.

The heralding method relies on the readout process to collapse the qubit into a spe-
cific state, thereby initializing the qubit into that state. Apparently, the heralding method
requires a high-fidelity readout with high QNDness. Moreover, unlike the previous two meth-
ods, which initialize the qubit into a definite state, the initialization result of the heralding
method depends on the readout outcome and is therefore probabilistic. However, this can
usually be solved by post-selection and post-processing[54, 85]. In this thesis, we will ini-
tialize the Kerr-cat qubit with either the passive thermalization or the heralding methods,
depending on their applicability.

Qubit Control and Gate Time

A single qubit is a unit vector in a 2D Hilbert space characterized by two complex numbers.
The operations on this vector form an SU(2) group, which is locally isomorphic to the 3-
dimensional rotation SO(3) group[94]. Therefore, we can map the qubit states and gates
on a 3D sphere named the Bloch sphere, as shown in Fig. 1.3. Every point on the Bloch
sphere represents a specific qubit state denoted as |1)) = cos(g) |0) + et sin(g) |1) with the
polar angle ¢ and azimuthal angle ¢. Usually, the azimuthal angle ¢ is also referred to as
the phase of the qubit. Every rotation about the origin corresponds to a single-qubit gate.
We can define the generators of rotations along the three axes as the Pauli matrices,

6Some experiments done in our group suggest that the qubit may not follow the Boltzmann distribution

"In quantum mechanics, the level transition energy can also be denoted by their transition frequencies,
and the scaling coefficient between them is the Planck’s constant h (reduced Planck’s constant i) for linear
frequency (angular frequency)
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Figure 1.3: Bloch sphere representation of the qubit state and operations. (a) The qubit
states on the three axes. (b) The X (7) rotation gates. (¢) The Y'(v) rotation gates. (b) The
Z(7y) rotation gates.
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Therefore, the rotation of a specific state |¢)) along three axes can be represented as v(7)[) =
e v /21p), v = {x,y, 2z}. A universal single-qubit gate set can be achieved by the combina-
tion of these rotations.

In superconducting circuits, single-qubit gates are realized by microwave drives on res-
onance with the qubit transition frequency[76]. This resonant drive induces the coherent
population transfer between the |0) and |1) states, leading to an X (7) rotation when the
drive is in-phase with the reference®. The Z(v) rotation is realized by a phase shift of the
drive?, and the Y () rotation is implemented by the combination of the X(v) and Z(v)
rotations[76, 95].

A multi-qubit universal gate set can be generated by the combination of a two-qubit
entanglement gate and a single-qubit universal gate set[96]. The entanglement gates are
usually ISWAP, Controlled-Z (CZ), and Controlled-NOT (CNOT) gates[97-99]. The ISWAP
gate requires coherent population transfer between two coupled qubits, which can be achieved
by either bringing the frequencies of the two qubits on resonance[97], or parametrically

8This reference can be chosen arbitrarily, as long as it is fixed.
9This is often referred to as a virtual Z gate because it does not involve any physical drive applied to
the qubit and effectively takes zero time.



CHAPTER 1. INTRODUCTION 11

driving the coupler at the sideband frequency of the system[100, 101]. The CZ gate relies
on the strong ZZ interactions between the two coupled qubits, which are usually engineered
by off-resonantly driving the qubits[98] or bringing higher levels close to resonance[28]. The
CNOT gate flips the state of the target-qubit based on the state of the control-qubit, and can
be realized by a cross-resonance technique by driving the control-qubit at the target-qubit
frequency[99].

Usually, single-qubit gate times are usually several tens of nanoseconds|[54, 56], while
two-qubit gate times range from several tens of nanoseconds to several hundreds of nanosec-
onds|[28, 97]. Therefore, the qubit lifetimes have to be much longer than these time scales
to implement quantum computing.

Qubit Lifetime

The qubit lifetime is usually evaluated by two characteristic times, 77 and 7T,. Similar to the
terminologies used in the NMR community[15], T} represents the decay time of state |1) to
state |0), characterizing the state transition between |+2) and |—Z) states. Therefore, T} is
also named as bit-flip time. 75, on the other hand, represents the decay time of the phase
of the qubit, characterizing the state transition between |+X) and |—X) states. Therefore,
T5 is also named the phase-flip time.

The lifetimes of superconducting qubits were below one microsecond before the introduc-
tion of transmon[27, 31]. By increasing the capacitance of the superconducting Cooper-pair
box to reduce its sensitivity to charge noise, the transmon qubit was demonstrated to exhibit
long T and T5 times on the order of hundreds of microseconds. Recent research has pushed
these numbers to above one millisecond[102]. Beyond transmon qubits, other encoding
regimes also achieve long lifetimes. The fluxonium qubits achieved T} over one millisecond
due to their resilience to flux noises[103], and the cat qubits achieved bit-flip time on the
order of several seconds at the cost of low phase-flip time of sub-microseconds|63].

1.3 Quantum Error Correction (QEC)

Qubits are fragile, and the average error per operation in superconducting qubits is on the
order of 0.1% — 0.01%, which remains too high for practical quantum computing. Therefore,
QEC is necessary for achieving fault-tolerant quantum computing (FTQC). QEC is usually
much more complicated than the error correction of classical qubits, mainly because of the
broader range of noise sources[36, 42], collapse of the wavefunction[2], and the no-cloning
theorem[104]. Specifically, noise-biased qubits such as cat qubits, which are resilient to
dominant noise sources at the expense of enhanced sensitivity to others, provide a promising
pathway toward hardware-efficient quantum error correction[54, 56, 58].
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Figure 1.4: Common errors in superconducting qubits. (a) Coherent errors, corresponding
to a mis-rotation on the Block sphere. (b) Pure dephasing, corresponding to random phase
flips. (c¢) Longitudinal transitions, corresponding to random bit flips. (d) Depolarizing noise,
which represents an isotropic reduction of the state purity. (e) Stochastic Pauli noise, which
represents an anisotropic reduction of the state purity. (f) Leakage, corresponding to the
state transition out of the qubit encoding space.

Noise sources

Superconducting circuits are exposed to various noise mechanisms, including the radiation
loss[105], dielectric loss[106], resistive loss[107], two-level-system (TLS) -induced loss[108],
control electronics noises[109], correlated errors[110, 111]. Regarding their effects on the
qubit states, one can summarize some of them in Fig. 1.4[112].

When describing noisy states and processes, the density matrix representation is usually
more powerful than the state vector representation, because it can represent mixed states.
A mixed state is a classical mix of many pure quantum states |¢;) with probability p;, and
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its density matrix is defined as
p=> i) (el (1.9)

where (1;] is the dual (conjugate-transpose) of state vector [i;). For a pure quantum state,
only one p; is non-zero.

The density matrix of a single qubit is a 2 x 2 unitary matrix, which can be decomposed
into Pauli matrices as

1
p=5U+7-5) (1.10)

where & = [0,,0,,0.]", 7= [rs,7y,7.], |F] < 1. In the Bloch-sphere picture, the vector 7 lies
in the sphere. The pure states are those with |r] = 1, corresponding to points on the surface
of the Bloch sphere, while the mixed states are those with |7] < 1, corresponding to points
strictly inside the Bloch sphere.

Therefore, the effects of common errors in Fig. 1.4 can be easily interpreted by their
actions on the vector r. The coherent errors are usually from mis-calibrated control, which
only cause a mis-rotation on the Bloch sphere without degrading the state purity. The
pure dephasing introduces random phase flips, which reduce the purity of the states and
shrink 7 towards the Z axis. The longitudinal transitions, on the other hand, flip the bit
randomly, reduce the purity, and shrink 7 towards the equator. The depolarizing noise is a
uniform purity reduction, which isotropically shrinks 7, while stochastic Pauli noise reduces
the purity anisotropically, leading to different shrink rates along different directions. The
pure dephasing, or phase-flip error, is equivalent to stochastic Pauli Z noises because it
corresponds to a stochastic rotation along the 7 axis. Similarly, the longitudinal transitions
(with equal up- and down- transition rates, I';; = I'14)!%, or bit-flip error, is equivalent to
a combination of stochastic Pauli X and Y noises. Finally, the leakage represents the state
transition out of the Bloch sphere space.

Error Detection and Correction

The detection and correction of qubit error is more difficult compared to classical bit error
due to the state collapse and the no-cloning theorem. Measurement-induced state collapse
prevents direct measurement of a qubit for error detection, while the no-cloning theorem
forbids creating multiple copies of a quantum state for majority-vote correction. The state
collapse has been discussed in Section 1.1, and we will briefly describe the no-cloning theorem
here[104].

No cloning theorem is stated as follows. Considering a quantum state |¢), = «|0),+5]1)q,
there is no quantum operation between this qubit a and another qubit b that can make the

197y error, which has I'y) > I'14 ~ 0 is a non-unital error and cannot be described by stochastic Pauli
noises
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Figure 1.5: QEC codes. (a) Simple repetition code and its error syndrome check. (b) 9-qubit
Bacon-Shor code and its error syndrome check. (c¢) Surface code[37]. (d) Color code[113].

final two-qubit state be [¢),]1)),. People may intuitively misinterpret the CNOT operation
between two qubits as a “cloning”, which has the following effects:

CNOT|4)a|0)s = [0)a|0)y + Bl1)a[1)s # [¢)alth)s- (1.11)

But as indicated in the formula above, it generates an entangled gate rather than cloning
the qubit a.

Therefore, carefully designed error correction codes and ancilla-assisted error detection
are necessary for QEC. The simplest QEC codes are repetition codes, where a single logical
qubit is encoded by a repetition of many |0) and |1) state qubits, i.e., [¢)r = «|000...) +
BI111...). Then, as illustrated by the 3-to-1 encoding example shown in Fig. 1.5(a), a single-
qubit bit-flip error can be detected by measuring the two-qubit Pauli operators ZZ = 0, ®0,
on the first and the last pairs of qubits. Any single-qubit bit-flip error anti-commutes with
one or both of these ZZ Pauli operators, thereby flipping the sign of the corresponding
measurement outcomes. Importantly, both |0); and |1); have the same value of those
7 7 Pauli operators, and therefore, the encoded logical qubit will not be collapsed by such
measurement.

Qubits typically suffer from both bit-flip and phase-flip errors, whereas the repetition
code discussed above can correct only one type of error. As illustrated in Fig. 1.5(b), this
limitation can be overcome by concatenating two repetition codes: one for correcting bit-flip
errors (denoted by the subscript L1) and the other for correcting phase-flip errors (denoted
by the subscript L2). The resulting codes belong to the class of CSS codes [114]. The specific
construction shown here is one of the earliest examples of CSS codes, known as the Bacon—
Shor code. Some QEC codes have a planar geometry and require only nearest-neighbor
interactions, making them particularly well suited to superconducting qubit platforms. These
codes include surface codes and color codes shown in Fig. 1.5(c) and (d).
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Noise Bias

Most superconducting qubits have similar 77 and 75, leading to similar phase-flip and bit-flip
errors. However, with careful qubit encoding, one can achieve strongly biased noise in which
the bit-flip error rate is greatly suppressed[63]. With such noise-biased qubits, some tailored
surface codes, such as the XZZX surface code, are demonstrated to have low hardware
overhead and high error threshold, making them a promising platform for FTQC[58-60)].
The noise bias is usually defined as the ratio between the phase-flip error and the bit-flip
error. As mentioned previously, the bit-flip and phase-flip errors can all be described as
stochastic Pauli errors along different axes. Therefore, the noise bias of a qubit is usually
given by
_ P
Dz + Dy
where p,,v = {x,y,z} is the stochastic Pauli error along the v axis. In this thesis, we

demonstrate a Kerr-cat qubit with a noise bias of 250 with p, < 2%, establishing a state-of-
the-art performance benchmark for Kerr-cat qubits.

U] (1.12)
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Chapter 2

Quantum Electrical Circuits

The behavior of electrical circuits is governed by the collective dynamics of charge carriers
in conducting materials, most commonly free electrons in metals. These electrons generally
occupy distinct quantum states and are subject to frequent scattering, rendering their collec-
tive behavior effectively classical. Therefore, the description of electrical circuits is usually
classical.

However, in the superconducting phase of metals, electrons form bound pairs known
as Cooper pairs, which condense into a single macroscopic quantum state described by a
coherent wavefunction. This superconducting condensate is characterized by a well-defined
global phase, whose dynamics determine supercurrent flow and enable quantum behavior at
the macroscopic circuit level[115, 116].

As a result, in the superconducting microwave circuit regime, linear microwave resonators
behave analogously to optical cavities and can be described as simple harmonic oscillators
with equally spaced energy levels, supporting microwave photons|76]. The nonlinear mi-
crowave resonators, by contrast, exhibit anharmonic energy spectra with non-uniform level
spacing, effectively mimicking a single atom in the context of light—matter interactions[117].

The quantum theory of electrical circuits, or circuit quantum electrodynamics (circuit
QED), lies at the intersection between the circuit theory in the electrical engineering com-
munity and the cavity quantum electrodynamics (cavity QED) in the atomic, molecular,
and optical (AMO) physics community. We recommend three references that assist read-
ers in learning the theoretical approaches of, and building connections between, the two
communities.

e D. M. Pozar, Microwave Engineering: Theory and Techniques. This book
provides the classical theory for microwave circuits, which is useful before quantizing
the circuits.

o P. Krantz et al., A quantum engineer’s guide to superconducting qubits. This
review bridges the classical and quantum theories of microwave circuits.
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o D. A. Steck, Quantum and Atom Optics. This book provides the quantum theory
of light-matter interaction, which is useful after quantizing the circuits.

2.1 Classical Circuits and Lagrangian Analysis

We will start with the classical description of the electrical circuits and construct the La-
grangian analysis of basic circuit components. This will serve as the foundation for circuit
quantization and Hamiltonian analysis.

Lumped Elements

Lumped elements are idealized circuit components whose physical dimensions are much
smaller than the relevant electromagnetic wavelengths, allowing the abstraction of their
properties by capacitance C', inductance L, and resistance R. Usually, the behavior of
circuits is characterized by the voltage V' at different nodes, and the current I/ through
different paths. When constructing Lagrangian analysis, it is useful to integrate their time
dynamics and examine the flux ® and charge () variables defined as

¢>(t):/t V(thadt', Q(t):/t I(¢Hdt', (2.1)

—00 —0o0

so that V = @ and I = Q. The Lagrangian formalism is based on the Euler-Lagrange
equation for generalized coordinates and their first-order derivatives[118]. Therefore, we can
choose either the variable pair {®, ®} or {Q, Q} to build the theory. People usually choose the
{D, <I>} pair, because the flux variable ® is directly related to the phase of the superconducting
condensate wavefunction with a constant scaling factor, leading to a more physically intuitive
and simpler theoretical description. In this thesis, we will also follow this choice. For
intuitive understanding, {®, (IJ} can be treated as analogous to the {position, velocity} pair
in mechanics.

Capacitance

The constitutive relation of a capacitor reads
Q=CV, (2.2)
and by integrating it, we obtained the capacitive energy stored in the capacitor, given by
1, o 1 ..y
T = §CV = §C’<I> : (2.3)

The capacitive energy follows a similar formula to the kinetic energy in mechanics, so we
denote it as T'. Applying the Euler-Lagrange equation to this kinetic energy,
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d (0L oL . 1 .
(2= 2= O DP)=T=-0P2 2.4
we obtained the result as
Cd =0, ie Q=0, (2.5)

where we recovered the charge conservation law for an isolated capacitor.

Inductance

The constitutive relation for an inductor is given by

®=LI. (2.6)

Similar to the capacitor, the integration of it leads to the inductive energy stored in the
inductor, given by

(1)2
U=—. 2.7
5T (2.7)
In contrast to capacitive energy, inductive energy is similar to the potential energy in me-
chanics, and we denote it as U. Applying the Euler-Lagrange equation to this will give the

trivial result of & = 0, meaning that there is no dynamics in an isolated undriven inductor.

Resistance

The constitutive relation of a resistor is given by

V =1IR. (2.8)

Resistance, unlike capacitors and inductors, does not store energy. Instead, by integrating
the equation above, the resistor dissipates energy at the rate of

Table 2.1: Correspondence between flux-based circuit and mechanics

Circuit Mechanics

Flux () Position

Voltage (& = V) Velocity

Capacitance (C') Mass

Inverse inductance (L) Restoration force coefficient
Capacitive energy (%C’@Q) Kinetic energy

Inductive energy (%@2) Potential energy

Conductance/Resistance (G = 1/R) Friction coefficient
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Figure 2.1: Transmission line examples and circuit model. (a) Stripline. (b) Micro-strip. (c)
Coplanar waveguide (CPW), (d) Coaxial line. (e) Circuit model for an infinitesimal segment
of the transmission line.

V2 H2
"R R
To include this dissipative element into the Lagrangian analysis, one needs to general-

ize the Euler-Lagrange equation with the inclusion of the Rayleigh dissipation function as
follows,

F (2.9)

d (0L _8£+18F_0

dt\od) 0% ' 20d
Tab. 2.1 provides a comprehensive overview of the analogies between the core electrical

elements and mechanical systems as derived through the Euler-Lagrange formalism.

(2.10)

Distributed Elements

Beyond lumped elements, the distributed elements are another important building block for
microwave circuits. Distributed elements have sizes that are comparable to or larger than
the relevant electromagnetic wavelength. A primary example is the transmission line, which
supports the propagation of microwave electromagnetic fields over long distances. Some
examples of transmission lines are shown in Fig. 2.1, including the stripline, the micro-
strip, the coplanar waveguide (CPW), and the coaxial line. In superconducting circuits, the
dominant transmission line being used is the CPW.

To analyze the transmission line, one can construct the Lagrangian of an infinitesimal
segment of it, or the Lagrangian density. As illustrated in Fig. 2.1(e), an infinitesimal
segment of the transmission line of length dx is modeled using lumped-element parameters.
The signal path is characterized by an inductance [ and resistance r per unit length. The
coupling to the ground plane is represented by a shunt capacitance ¢ and conductance s
per unit length. For superconducting circuits, the lossy terms are approaching zero!, i.e.,
s~ 0,7r~0.

IThe lossy terms can be important for analyzing the internal quality factor of the high-performance
transmission line



CHAPTER 2. QUANTUM ELECTRICAL CIRCUITS 20

(a) [0) (b) | (C) Reflection magnitude (d) Reflection phase
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Figure 2.2: Parallel RLC resonator. (a) Circuit diagram. (b) Measurement of an RLC
resonator. (c) Reflection magnitude and (d) Reflection phase of the RLC resonator.

For lossless transmission lines, the Lagrangian density £ and the Lagrangian £ are given

by
g tepz_L(0% 2 .c—/sd (2.11)
—3° 20\ 0x ) ’ B v '

where ® = ®(z,t), and we omit the explicit arguments hereafter for brevity. The dynamics
of a transmission line can be described using the Euler-Lagrange equation for fields,

0L 0L 0 (0L 0 (0L oL

where o iterates over all dependencies of @, and &' = 9®/0z. Plugging in the Lagrangian

density of the transmission line, we end up with the lossless wave equation with the propa-
gation speed 1/v/1c,

0*P 0%

Resonators
Lumped Element Resonators

By combining the capacitance, inductance, and resistance in series or parallel, one can con-
struct a microwave resonator. The resonators in the superconducting qubit community are
usually configured in parallel, making the flux-based Lagrangian analysis particularly well-
suited for describing their dynamics.

Considering a circuit shown in Fig. 2.2 (a), the Lagrangian and the energy dissipation
rate are given by

1. 1 b2
S0P P = 2.14
£ 2C oL R (2.14)

Plugging this into the Euler-Lagrange equation, we obtained
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. 1 . 1
P+ —0+ —d = 2.1
+ fiTe + 76 0, (2.15)

which is exactly the equation of motion for a damped simple harmonic oscillator, with the
resonant frequency wo = 1/v/LC' and intrinsic damping rate s; = (RC) ™.

The properties of the resonator can be measured by connecting this resonator to a trans-
mission line with characteristic impedance Z; and measuring the reflection coefficient Si;.
The input impedance of the resonator is

IR 1\

where w is the signal frequency. Therefore, the reflection coefficient is

Tin— Zo (ZoC)"t — (RO)™L — =0
Sy = 0 _ (ZC) — (RC) S—— (2.17)
Znt 20 (ZyC) + (RO) it

For a near-resonance signal, w? — w2 ~ 2w(w — wp). Using this approximation, we obtained
a clean expression

S, — (/ﬁe—m)/Q—z:(w—wg) (2.18)

(Ke + Ki) /2 + i(w — wo)

with k. = (Z,C)~! as the external damping rate of the resonator. By fitting the reflection
spectrum to this equation, the intrinsic damping rate x;, external damping rate k. and
resonant frequency wqy can all be extracted, and a calculated example of Sy; is shown in Fig.
2.2(c) and (d).

However, when k. differs significantly from kappa;, this equation fails to accurately
extract k;. In superconducting circuits, x; is typically small due to low dielectric and resistive
losses, while k. is often too large for a directly connected transmission line with the commonly
used characteristic impedance Z; = 50€2. Therefore, in practice, people usually introduce a
coupling capacitance between the transmission line and the resonator to reduce the k.. But
one should also notice that in certain applications, including Josephson parametric amplifiers,
a larger k. is favorable. In these cases, directly connecting the circuit to a low-impedance
transmission line can further increase k. and lead to better performance[119-122].

Distributed Resonators

Beyond explicitly combining the lumped element resistance, inductance, and capacitance
together to form a resonator, carefully designed distributed elements, or transmission line
segments, could also form a resonator. In fact, due to the simplicity in design and fabrication,
the distributed resonators are more common in superconducting circuits.

Recalling that the transmission line dynamics is described by the wave equation in Eq.
2.13, which has the general solution given by
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(a) (d) (8)
0

Figure 2.3: Distributed resonators under varying boundary conditions and their associated
signal profiles. (a) Schematic of a resonator with both ends shorted. (b) Spatial profiles
for voltage and flux, which share the same node/antinode positions. (c) Spatial profiles for
current and flux derivative. (d—f) Corresponding schematic and signal profiles for a resonator
with both ends open. (g—i) Corresponding schematic and signal profiles for a resonator with
one end open and the other shorted.

O(z,t) = Z(Akeikx + Bke’““”)e’i‘“’“t, Wi = ﬂ

k Vic

Taking a segment of transmission line and terminating two ends with either open or short

circuit boundary conditions, one can impose different restrictions on the allowed modes on the

transmission line, which effectively form a multi-mode resonator. The boundary condition
for open ends is

(2.19)

109 0P
I(«Topenv t) = 78_I<=T0pen; t) =0 — a_x(xopena t) = 07 (22())
and the boundary condition for short ends is
0P
V(xshorta t) = W(J;short, t) =0 — (I)(xshorta t) = 0. (221)

We analyze resonators formed by the three possible terminations: both ends shorted
(short-short), both ends open (open-open), and one end open while the other is shorted
(open-short), as shown in Fig. 2.3. Plugging the general solutions to the corresponding
boundary conditions, we obtained the allowed solutions for a segment with length d shown
in Tab. 2.2, and the signal profile in the fundamental mode (n = 1) is sketched in Fig. 2.3.
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Boundary Condition d(x) k, Mode Frequency f,
nmwx nmw n
Short-Short, ®(0) = ®(d) =0 sin | —— —
(0) = o(d) (=) - e
nwx nmw n
Open-Open, ®'(0) = ®'(d) =0 cos | —— —
pen-Open, '(0) = &/(d) (=) - T
. [ (2n— 1)7TI) (2n —1)m 2n — 1
Short-Open, ®(0) = ®'(d) =0 | sin
pen, B(0) = ¥/(d) (*% - -

Table 2.2: Allowed solutions for flux ® in distributed resonators of length d.

The distributed resonator is, in principle, a multi-mode resonator supporting an infinite
set of resonant frequencies indexed by the integer n. However, in most superconducting qubit
practice, people only focus on the fundamental mode with n = 1, and keep all relevant fre-
quencies far detuned from higher order modes with n > 1, effectively treating the distributed
resonator as a single-mode resonator. For the resonators with the same boundary condition
for both ends (open-open and short-short), the fundamental resonant mode wavelength is
2d and is therefore referred to as A/2 resonators, while those with different boundary con-
ditions for two ends (open-short) have a fundamental resonant mode wavelength of 4d and
are therefore referred to as A/4 resonators.

A handy strategy for analyzing the fundamental mode of a distributed resonator is to
integrate its Lagrangian density and approximate it to a lumped element resonator. The
integration of fundamental mode profiles gives

@(x,t)z@(t)sin(%g) — /0 (f(a:',t)Qd:c:gi)(t),/o (%) d:c:;r—d@(t), (2.22)

cp(x,t):q>(t>cos(”§) - /0 cb(x,t)de:gcb(t),/o (0@&,@) dx:;r—d@(t), (2.23)

e ¢ . : d T 2 w2
@(x,t):@(t)sin(Q—d) — /0 @(x,t)zdx:gq)(t),/o (%) dx:@q)(t). (2.24)

Therefore, integrating the Lagrangian density of a distributed resonator gives the Lagrangian

d
1, . 1
L= /0 gdz = 3 q®? — 5T Hqﬂ, (2.25)
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Figure 2.4: Multi-mode circuit as a network. (a) The schematic of the network. (b) The
constitutive relation of the network.

where we omit the time argument of ®(t) for clarity, and Cez = %cd, Leg = % for A/2
resonator and Leg = % for A/4 resonator. The resultant distributed resonator Lagrangian
follows the same pattern as the lumped element resonator as long as the relevant frequency
is close to the fundamental resonant frequency.

Multiple Modes

Up to now, the analysis of microwave resonators has been restricted to a single mode. How-
ever, the qubit readout and entanglement usually require the interaction between different
modes. In this section, we will extend the Lagrangian analysis to multi-mode circuits. For
simplicity and clarity, we assume circuits to be lossless in this section (i.e., R = 00).

We can view the general multi-mode circuit as a network. In this network shown in Fig.
2.4(a), each node is characterized by its flux ®, voltage V = ®, charge @, and total current
leaving the node I, and each edge is characterized by capacitance C' or inductance L. By
arranging all the relevant node parameters as a vector, we can write the constitutive relation
of the network as

Q=CV=Cd, &=L1I (2.26)

where the node parameter vector is correlated by the Maxwell capacitance and inductance
matrix?. The capacitance and inductance matrices are always symmetric[124]. One can then
write down the Lagrangian of the network as

l.r . 1
L= 5<1>ch> -5l e. (2.27)

2 Another convention of the matrix construction is given by the Spice matrix[123].
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Figure 2.5: Commonly used circuit topologies and their capacitance and inductance ma-
trix. (a) Capacitively coupled resonators. (b) Inductively coupled resonators. (c) Mutual-
inductance coupled resonators.

with @ = [®, Dy, -+, ®,]T, and construct the equations of motion by the Euler-Lagrange
equation for each node
d (oL oL
—— ] - = 0. 2.28
dt (acbi) 0, (2:28)

In practice, the capacitance and inductance matrix of a realistic superconducting circuit
layout can be extracted by finite element method (FEM) simulation. The capacitance and
inductance matrices for several common topologies are presented in Fig. 2.5. Note that for
each topology, either the matrix or its inverse is provided, depending on which form yields
a more concise expression.

Transmission Line Coupling: position dependence

The above analysis is based on the assumption that notes and edges are described by lumped-
element parameters, but the properties of distributed elements, or transmission lines, can
not always be idealized as lumped elements. As an example, the capacitive coupling between
a distributed resonator and a lumped-element resonator is shown in Fig. 2.6 (a). In contrast
to lumped elements, the coupling is distributed along the transmission line and characterized
as the coupling capacitance density ¢(z), and the electrostatic energy due to the coupling is
given by

1[4 . . )
Toomp = 5 /O (@) (&) — y(z))2da (2.29)
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(a) (b) (c)
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1,

Figure 2.6: Coupling to a distributed resonator. (a) The schematic of capacitive coupling.
(b) The capacitive coupling with high coupling strength. (c¢) The mutual-inductance coupling
with high coupling strength.

Therefore, the coupling strength is dependent on the relative position between the lumped-
element resonator and the distributed resonator. Generally speaking, the capacitive coupling
strength is positively associated with the voltage amplitude and therefore is maximized at
the open end of a distributed resonator, where the voltage forms an antinode, as shown in
Fig. 2.6 (b). Correspondingly, the mutual-inductance coupling strength is positively associ-
ated with the current amplitude and therefore is maximized at the short end of a distributed
resonator, as shown in Fig. 2.6 (¢). On realistic superconducting chips, such couplings will
always be a combination of capacitive and mutual inductance coupling.

Conserved Quantities

Similar to classical mechanics, identifying and exploiting conserved quantities can signifi-
cantly simplify the analysis of electrical circuits and reduce the number of nodes. We will
show some examples in this section.

Floating Resonator

Considering the circuit shown in Fig. 2.7 (a), the parallel LC resonator is floating from the
ground with the capacitance Cy on each side. The Lagrangian is given by

1 . . 1 . . 1
The inductive energy is only related to the flux difference between the two nodes. Recalling

that the inductive energy is analogous to the potential energy in mechanics and the flux
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Figure 2.7: Simplification of circuits using conservative quantities. (a) A floating resonator
can be simplified to a grounded resonator. (b) Y-connected inductors can be simplified to
A-connection. (c¢) Y-connected capacitors can be simplified to A-connection.

coordinate is analogous to the position, this scheme is reminiscent of the two-body central-
force problem. By defining new coordinates &5 = ®; — 5 and &y = %(@1 + ®5), we can
rewrite the Lagrangian as

1
2L
with Cy, = 20y, Cegg = C'+ Cy/2. The two coordinates @y, and ®a are completely decoupled.
If we make an analogous to mechanics, Cs, and ®x corresponds to the total mass and center-
of-mass coordinate, Ceg and ® A corresponds to the reduced mass and relative coordinate,
and 1/L associates with the restoring force between the two bodies®. If we apply the Euler-
Lagrange equation to this Lagrangian, the coordinate ®y has no related potential term,
meaning that this coordinate corresponds to a free particle (analogous to mechanics) with

1, .y 1, .
L= 5CzclﬂE + iceﬁcbi — =3, (2.31)

Py =0, (2.32)

and considering that the sum of all charges on the two nodes is Qs = Cx®y,, this implies
the charge on the floating resonator is conserved:

Qs =0. (2.33)

3Notice that in this analogous, the reduced mass here is not necessary “reduced” because the capacitance
between two nodes provide an intrinsic mass term C' for the relative coordinate.
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Using this conserved quantity, we can effectively remove the @y coordinate and consider
the effective Lagrangian
1 1

L= §Ceﬂ<i>‘g — E(DQA’ (2.34)

which corresponds to a grounded resonator shown in Fig. 2.7 (b). Therefore, the dynamics
of the floating resonator can be effectively described by a single-node grounded resonator.

Y-A Transformation

Considering the circuit with Y-connected inductors shown in Fig. 2.7 (c), the circuit has
three nodes involved. However, using some conserved quantities, one can transform it into
a A-connected inductor system with only two nodes involved. If we arrange the coordinate
vector as ® = [@, P, Dy|, the capacitance and inductance matrix will be

0 O Ll + Lc LC LC
o of|, L= L. L L (2.35)
0 Cy L, L. Ly+ L.

The capacitance matrix has all zero values in the second row and second column, because
there is no capacitor connected to the node associated with ®.. As a result, the Euler-
Lagrange equation for ®. leads to

d (oL oL 1
— =) = = [(LT+L "o
dt (5@) 55, ~ 3 (LT +L7)2)
where [ - ], denotes the vector element corresponding to ®.. Plugging into the inductance
matrix, we obtained

=0, (2.36)

[

Ly'®, = L0 + Ly 'y, (2.37)

where the node flux ®. is not independent and completely determined by the other two mode
fluxes, and Ly' = Li' + L1 + Ly'. As the result, we can eliminate node ®, to arrange
the effective node flux as ¢ = [®1, Po|, and therefore obtain the effective capacitance and
inductance matrices:

C; 0 . L4 -1 e
C = L 1= ("t [ e . e, 2.3
(0 02>’ ( “Lot Ly L) (239

where the effective inductance is given by

, LyLo+LoL.+ LiL. ,/  LyLy+ LoL. + Ly L,

, LyLo+ LoL.+ LiL.
I, - L L:12+2 + Ly

Ll ’ ¢ Lc

. (2:39)
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These two-node inductance and capacitance matrices correspond to an effective circuit
shown in Fig. 2.7 (d), where two resonators are connected through a shunt inductance
with only two nodes being involved. In fact, the process above has transformed the Y-
connected (Fig. 2.7 (¢)) induatto A-connected inductors (Fig. 2.7 (d)), known as the Y-A
transformation in electrical engineering[124].

The conserved quantity being applied here is not apparent from the first glance. However,
Eq. 2.37 is equivalent to the equation below:

LY@y — ®,) + L7 (P — ®,) = L', (2.40)

meaning that the total current flowing into and out of node ¢ should be the same. This
equation also has a perfect analogy to classical mechanics. Recalling that in Tab. 2.1 we
made the analogy that the capacitance can be mapped to mass, flux can be mapped to
position, and inverse inductance can be mapped to restoration force coefficient. Therefore,
the node ¢ with no capacitor connected corresponds to a massless joint in a constraint
system[125], and the forces on this massless joint have to be balanced®. The Eq. 2.40 above
reflects this force balance constraint in its analogous mechanical system.

Similar treatment can also be applied to a Y-connected capacitor system shown in Fig.
2.7(e), which has the capacitance and inductance matrices as:

o —C 0 LY 0 0
C=[-C C1+C.+Cy —Co|, L'=10 0 0 ]. (2.41)
0 —Cs C, 0 0 L'

Noticing the zero-valued second row and second column of the inductance matrix, meaning
that the potential energy for node ®. is zero. The Euler-Lagrange equation for this node
will lead to

d . d . . . : .
[% ((CT + C)@)} =0 - = (cccpc O (D, — By) + Co(d — @2)) —0. (242
This equation reflects exactly the charge conservation at node c¢. Usually, the total charge
on a DC-isolated node is zero unless some specific process intentionally charges that node.
Therefore, we can force the total charge on node ¢ to be zero, leading to

Ccd)c —|— Cl<(i)c - q)l) —|— CQ((i)C - @2) — O (243)
Using this to eliminate the node ¢, one obtained the effective capacitance and inductance
matrices as
,_(Ci+C. =G, (LY 0
— / ¢ ’ ¢ ’ L — 244
¢ ( —C. Cy+C.)° 0 Ly')’ (2.44)

4For a massless joint, if the forces are not balanced, the acceleration of this joint will be infinite and
therefore, nonphysical.
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Figure 2.8: Josephson junction (a) structure and (b) circuit diagram

with the effective capacitance given by
o C.Cy ;o C.Ch ;o C1Cy
VO HCHCy T GGGy T G+ C Oy

Our process transforms the Y-connected capacitance system in Fig. 2.7 (e) into the A-
connected capacitance system in Fig. 2.7 (f) with the elimination of node c.

(2.45)

2.2 Nonlinearities in Superconducting Circuits

The AMO physics and cavity QED are mostly exploring the interaction between nonlinear
atoms and linear cavities. In circuit QED, the linear microwave resonators we discussed
before correspond to the linear cavities, while the nonlinear “atoms” are provided by the
various applications of Josephson junctions (JJ), which can be viewed as a nonlinear inductor
in superconducting circuits.

Josephson Junctions

A Josephson junction (JJ) is formed by sandwiching a thin insulator between two supercon-
ductors. In superconducting qubits, this structure is usually fabricated by an Al/AlOx/Al
stack, as shown in Fig. 2.8. When the two Al metal pads are used as conductors, the
current will be blocked by the AlOx insulator. However, when the two Al metal pads are
superconductors, the current can tunnel through the thin AlOx insulator.

To extract the dynamics of the tunneling current, it is necessary to connect the circuit
parameter, node flux ®, to the superconducting electron (or Cooper pair) wavefunction pa-
rameter, phase ¢. According to the Schrodinger equation and WKB approximation theory[2],
the Cooper pair wavefunction is given by

Yl t) = p()ew Lo HEOW (2.46)

where H is the Hamiltonian of the Cooper pair. In the absence of a magnetic field, the
Hamiltonian of the Cooper pair of a circuit node is usually the same as its energy, given by
H = —2eV, where V is the voltage of the node, e is the elementary charge, and the factor 2
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is because the Cooper pair is formed by two electrons. Plugging this into the wavefunction
of the Cooper pair, we obtained

Bl t) = a)e VO — @)t — (), (2.47)

where we found the relation between the node flux ® and the cooper pair wavefunction phase

¢

27 d

= — 2.48

o=, (245)
where @, is the magnetic flux quantum given by ®5 = %
e

Then, we can model the JJ as two condensation of cooper pairs with wavefunctions
VYa(,1) = g (x)e®e and Yy (x,t) = 1y(z)e’® with have their intrinsic site energy U, and Uy,
and the coupling between them through the thin insulator is then modeled as the tunneling
energy K between them. The Schrodinger equation of this system is given by

O, Oy

th % Vo + Ky, ihﬁ = Uphp + K1,. (2.49)
Solving these equations, one obtained
0|, (x 2K .
% =7 Yoy sin(¢p — Pg)- (2.50)

Noticing that [i,(x)| is proportional to the Cooper pair density, so the time derivative of
it is proportional to the tunneling current (up to a negative sign). Therefore, by defining a

proportionality coefficient I. named as critical current, one obtains the current-flux relation
of a JJ as

I = Lsin(¢, — éy) = Lsin (fb—”(@a _ @b)> | (2.51)
0

To the first order, the current I is proportional to the flux difference between the two nodes,
leading to the same constitutive relation as the linear inductor shown as

. (I)a - (I)b
=L

where L; = 2‘7};? . However, as the flux difference between the two nodes increases, the
nonlinearity appears to be more and more important, leading to the behavior of a nonlinear

inductor.
The energy associated with the JJ is given by

I (2.52)

dd . 2r® 21D 21D
U= /VIdt - Ic/ Esin(%o)dt - IC/sin(;TT)dq» ) cos(%o) = —E; cos(¢),
(2.53)
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Figure 2.9: SQUID. (a) SEM picture of a SQUID (colored in yellow) on a silicon chip. (b)
Circuit diagram. (c) Effective critical current.

where, for simplicity, we have replaced the flux (phase) difference ®,—®; (¢, — ¢5) by a single
symbol ® (¢), and E; = ‘1)20—7{0 is known as the Josephson energy of the JJ. JJ is modeled as
a nonlinear inductor, and the energy associated with JJ is only dependent on the node flux.
Therefore, we use the U for its energy to emphasize that it should be a “potential” like term
in Lagrangian analysis.

Superconducting Quantum Interference Device

For a single Josephson Junction (JJ), the critical current I. is determined by its physical
parameters, such as the barrier thickness and the superconducting energy gap. However,
by configuring two junctions in parallel to form a superconducting loop, known as a Super-
conducting QUantum Interference Device (SQUID), the tunneling currents through the two
paths undergo quantum interference. By applying an external magnetic flux ®qy; through
the loop, this interference can be modulated, providing a practical mechanism to tune the
system’s effective critical current.
As shown in Fig. 2.9, the current flowing through the upper and lower branches is

Iup = Ic,up Sin(@up)7 Liown = c,down Sin(@down)- (254)

In the presence of magnetic fields, the cooper pair phase difference across the JJ is not
only defined by the node flux/voltage difference, but also has an additional term from the
magnetic vector potential /T[126]. Therefore, we reserved the label ¢ for the phase purely
from the node flux, and use the label ¢ to denote the Cooper pair phase across the junction
here. The relation between them is

) .
%:@+£/AM (2.55)
hJu

, where . = {up, down}, and the integral is taken from one edge of the junction to the other
edge. The phase due to the node flux should be the same for the parallel connected “up”
and “down” branches ¢up = @gown = ¢. For the phase due to the magnetic field, by making
a loop integral of the SQUID loop, we obtained
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f /T-dl:/ fY-dl—/ ff-dl:// B-dS = &y, (2.56)
SQUID down up SQUID

where the loop integral around the SQUID loop is in a counterclockwise direction, so the
integral along the "upper” branch carries a negative sign. This derivation implicitly assumes
the Meissner effect, such that the magnetic vector potential is negligible within the bulk
of the superconductor[127]. Under this assumption, the contribution to the loop integral is
localized almost entirely at the Josephson junctions. As a result, we can obtain the relation
between the two Cooper pair phases as

2
Pdown = Pup + (}T(I)eXt = Pup + ¢ext' (257)
0

With this relation, we can calculate the total current flowing through the SQUID as

I= [up + [down = dcpeff Sin((beff)a (258>

Ic,eff — 2]2\/COS2 (%) + d2 Sin2 (¢;Xt>
(2.59)

¢eff:¢+f/ g-df+f/ A - dl — arctan (dtan (¢9Xt>)
h up h down 2

where Iy = @ and d = W characterizes the asymmetry of the SQUID. The
up own

expression of ¢t seems complicated, but one should notice that & fup A-dl+ 3 I} down A-dl—
arctan (tan (¢ey/2) d) is a constant for a specific magnetic field configuration. Recalling the
analogy to classical mechanics, where flux and phase variables are analogous to position, and
the inductive energies are analogous to potential, the flux variable should always stay at the
minimum location of the inductive energy when idling, and any excitation to the circuit will
perturb the flux variable away from the minimum location. The inductive energy is written
as

with

U = —FE; e cOS(@efr), (2.60)
<I>OIC,eff

with Fj.p = —5>=, which minimize at ¢og = 0. Therefore, in realistic analysis, we can safely
write the current flowing through a SQUID as

I = I, .gsin(¢), (2.61)

where we have used the variable ¢ to denote the phase/flux deviation from the minimum
location of the inductive energy. The expression above indicates that the SQUID loop is
effectively a single JJ with a tunable critical current. By modulating the external magnetic
flux threading the SQUID loop, one can tune its effective critical current in situ, as shown
in Fig. 2.9 (c).
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Figure 2.10: SNAIL element. (a) Circuit diagram. (b) An example of SNAIL inductive
energy profile. (c) The third-order nonlinear coefficient and (d) the fourth-order nonlinear
coefficient with different junction ratio S and external flux @y

Superconducting Nonlinear Asymmetric Inductive Element

The inductive energy profiles for a single JJ and SQUID are all in the form of a cosine
function, which is an even function and restricts the available nonlinearities to even orders.
However, many important applications, including Josephson parametric amplifier[128], dis-
sipative cat[63] and Kerr cat[54] engineering, would require odd-order nonlinearities.

By connecting three large JJs in parallel with a single small JJ, as shown in Fig. 2.10
(a), one can engineer a nonlinear inductive energy profile with both even and odd orders of
nonlinearities, as shown by the non-even function profile in Fig. 2.10 (b). The lower branch
of SNAIL has three large JJs with Josephson energy E; for each, and the upper branch of
SNAIL has a single small JJ with Josephson energy SE; (0 < 8 < 1). The inductive energy
(potential energy) of the SNAIL is therefore given by

3

where the flux is equally distributed among the three identical junctions on the lower branch,
as each sustains an equivalent voltage drop.
For a fixed external flux, one can Taylor expand this potential energy around its minimum

point,

Usnan(¢) = —BEjcos¢p — 3E; cos (M> , (2.62)

+oo
UsnaiL(¢) = UsnaiL(@min) + Z k(9 — Pmin) ", (2.63)
k=2

where the term with k& = 2 corresponds to the linear part of this element with the quadratic
dependence on the “position-like” variable ¢, and terms with k& > 2 correspond to higher
order nonlinearities. The analytical formula for r; is complicated, and we provided the
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Figure 2.11: Multi-loop structure circuit diagram.

numerical results of r3 and r, with E; = 27 x 1GHz® in Fig. 2.10 (¢) and (d). Importantly,
the third-order nonlinear coefficient r3 can be significantly higher than the fourth-order
nonlinear coefficient r,, which is necessary for engineering Kerr-cat qubits[53, 62].

Multiple Loops

For both SQUIDs and SNAILs, modulating the external flux not only changes the nonlin-
earities but also changes the linear part of the inductive potential (second-order coefficient
r3), i.e., the effective E; of the element. However, for many applications of parametric pro-
cesses, a pure modulation of the nonlinearities without influencing the linear behavior is
favorable[55, 63, 129], leading to cleaner multi-wave mixing. Such pure modulation can be
achieved with a multi-loop structure shown in Fig. 2.11.

The derivation of the inductive energy of this multi-loop structure is out of the scope of
this thesis, so we will directly provide the expression of its inductive energy here,

U(¢) = —Ej cos(¢) —2E} 5, coS(@ext,) COS(O+@ext,a) +2Ej A SIN(Pext,x ) SIN(O+Pext,n), (2.64)

where ;5 = w, Ein = @, Dext,y = M, Dext,A = M We can see
an un-modulated Josephson energy term associated with Fj,, which will be the foundation
for separating the external-flux modulation of linear and nonlinear terms.

By choosing different circuit parameters and biasing the circuit with different external
flux, one can engineer either an Asymmetrically Threaded SQUID (ATS)[55] or a Symmet-
rically Threaded SQUID (STS)[129]. For both ATS and STS, people design the multi-loop
with

5The exact values of E; do not matter too much here as everything is proportional to Ej.
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Figure 2.12: Array of nonlinear elements. (a) Circuit diagram of a single element. (b) Circuit
diagram of an array of elements to dilute the higher-order nonlinearities.

Ejl = Ejg — Ej,A =0 (265)

and modulate the circuit by the sum of the flux threading the two loops following

¢y = /2 + € cos (wyt) . (2.66)

However, they bias the differential flux at different points, with ATS biasing at ¢ext.a =
/2 and STS biasing at ¢exy o = 0. As a result, ATS is able to engineer a clean parametric
four-wave mixing process, leading to efficient two-photon dissipation for high-performance
dissipative cat qubits[55, 56, 63], while STS is able to engineer a clean parametric three-wave
mixing process, leading to efficient two-photon driving for high-performance Kerr-cat qubits
and parametric amplification[129].

Nonlinear Element Arrays

The nonlinearities of superconducting circuit elements can also be adjusted by connecting
them in series, forming an array of nonlinear elements, as shown in Fig. 2.12. The inductive
energy of the single element in Fig. 2.12 (a) can be represented as

U(g) = rad® + 13¢° + 149" +- -+, (2.67)
and the inductive energy of the element array in Fig. 2.12 is given by
¢ LR AN
/ ~ 7! r /

Typically, people do not want to modify the quadratic term because that term determines
the base oscillation frequency of resonators formed with those nonlinear elements. Therefore,
one can increase the effective E; of all elements in Fig. 2.12 (b) by a factor of N and make
ri = Nr;,i = {2,3,4,---}. As a result, the inductive energy of the N nonlinear element
array is

6Usually, the inductive energy of any JJ-based nonlinear elements is proportional to its effective E;
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@ 2 ’ ¢!
NU(N)%T%b +T3N+T4m+'--, (2.69)

where the quadratic term is the same as a single nonlinear element. Notably, the nonlinear
terms are “diluted” by the number of nonlinear elements N in the array. With the increasing
nonlinear orders, these dilution effects are exponentially enhanced.

Therefore, replacing a single nonlinear element with an array of identical nonlinear ele-
ments can dilute the higher-order nonlinearities, providing an easy way to adjust the nonlin-
earities of JJ-based elements. One popular application is to use an array of a large number
of JJs to form a so-called super-inductor, which exhibits a large linear inductance with

negligible nonlinearities. This structure is widely applied in fluxonium[44], STS[129] and
ATS[55].

2.3 Quantum Circuits and Hamiltonian Analysis

The condensate of Cooper pairs allowed us to connect circuit variables to Cooper pair wave-
functions, facilitating the quantization of electrical circuits. In this section, we will provide
the canonical quantization of electrical circuits, introduce several useful transformations,
and derive some widely used effective Hamiltonians for superconducting qubits.

Hamiltonian of Electrical Circuits

While Hamiltonian analysis and Lagrangian analysis are mathematically equivalent, Hamil-
tonian is usually more convenient for quantum mechanical applications, as it facilitates the
direct transition to the Schrodinger equation.

The Hamiltonian is the Legendre transformation[130] of the Lagrangian. Suppose we
have a Lagrangian given by

.czﬁ({d%,z':1,2,...},{@,1':1,2,...}), (2.70)
we can define the conjugate variables of ®; as @); = %, which is usually named “canonical

charge” in reminiscence of the “canonical momentum” in mechanics. It should be noticed
that even though ); has the unit of charge, it may not necessarily be equal to any charges
on the electrodes in the circuits.

Using the canonical charge and Legendre transformation, we can obtain the Hamiltonian
by

H=>Y Q¥ L (2.71)

and finally, we replace any remaining variables {®;} with {Q;} to obtain the final expression
of Hamiltonian
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—H{Qui=1,2,.. }{0,i=12..1}). (2.72)

Circuits with Multiple Modes
In previous sections, we derived that the Lagrangian of a circuit with multiple modes is

L= %@ch) U(®), (2.73)

where we wrote the inductive energy as U(®) rather than %@TL*”I) to include the possible
nonlinearities. The canonical charge Q is given by

1
Q= ag (C +CHd = Cd. (2.74)
Then, the Hamiltonian is given by
. 1
=Q'® - L= §QTC’1Q + U(®). (2.75)

For the situations with capacitance matrix C being singular (like the case for floating res-
onators), we should replace the normal inverse C™! with the Moore-Penrose pseudo-inverse
C*[131].

Single Resonator

For a single linear resonator, the Hamiltonian is given by

2
g_ <
20
which clearly mimics the Hamiltonian for a simple harmonic oscillator. When we replace the
inductor with a JJ, one obtained the nonlinear Hamiltonian

Q? P2 (27@)2
H——+ oo (2.77)
2C " 2L; 24L; \ @,

where we have omitted the terms that are not related to @) or ® without losing generality.
The fourth-order term characterizes the anharmonicity of the nonlinear resonator, which is
critical for engineering superconducting qubits.

For a general nonlinear element with inductive energy U(®) = ¥;r,¢", the Hamiltonian
is given by

+ (2.76)

Q2 o (27?@)
+) : (2.78)
zLeH e

with L.g = 2T2 (%)2.
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Figure 2.13: Driven resonators through (a) capacitance and (b) mutual inductance.

Coupled Resonators

For multiple uncoupled resonators, the inductance and capacitance matrices should be di-
agonal. Therefore, the coupling between different resonators manifests in the off-diagonal
terms of the capacitance and inductance matrices.

In the expression of Hamiltonian, the diagonal terms in C and L lead to quadratic terms,
and the off-diagonal terms lead to crossing terms. Therefore, the capacitive coupling and
inductive coupling between two modes ¢ and j will appear as

QiQ; ;D
i = Lij =
o Cc,eff ’ Y Lc,eﬂC,

where the values of effective coupling capacitance C, ¢ and inductance L.t can be derived
from the capacitance and inductance matrices.

(2.79)

Driven Resonators

In superconducting qubit systems, direct coupling between resonators and drive lines typi-
cally results in excessive coupling strengths, except for some specific applications like para-
metric amplifiers[32, 119, 120]. Therefore, people usually capacitively or inductively drive
the resonators, as shown in Fig. 2.13.

Considering the capacitively driven system in Fig. 2.13 (a), the Lagrangian now is given
by

1
2

where V= [V1,V2,...,V,]T and Cq = diag(Cy1,Caa,-..,Can). The canonical charge now
is given by

L= %@Tcé + <<i> - V)T Cq (q’s - V) - %@TL*@, (2.80)

Q= (C+Cq)® —CyV, (2.81)

where we can see that the canonical charge now does not correspond to any real charge
on the nodes. Therefore, to construct a physically consistent Hamiltonian, one must derive
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the kinetic energy via a formal Legendre transformation of the system’s Lagrangian kinetic
energy rather than assuming a standard quadratic form in terms of node charges”.

Then, using Legendre transformation and replace all & with Q, the Hamiltonian of the
system is given by

1 1
H=3Q"(C+Cy) ' Q+58'L7'@+Q" (C+Cy) ' CaV, (2:82)

where we have omitted all terms that is independent of Q and ®. The capacitive drives have
two effects, including a renormalization of the circuit capacitance matrix and the addition
of driven terms in the Hamiltonian that are linearly related to Q. For a single resonator, the
matrix equation above is simplified to

Q* d° Cy
H—-__ <% =
2C+Cy 2L CrCy

which is one of the most basic Hamiltonians for superconducting qubit control.

The analysis of inductively driven circuits is slightly different because the drives through
a mutual inductance introduce an extra term in the potential energy, rather than kinetic
energy. Potential energy is usually not influenced by the Legendre transformation, and
therefore, one can directly add the driven energy into the Hamiltonian. Considering a driven
node shown in Fig. 2.13 (b) through a mutual inductance M, the driven energy is given by

QV, (2.83)

M
Udriven - M]node] = fI(I)’ (284)

where [,,qe is the current flowing from the node to the ground, and L is the node-to-ground
inductance. Then, the Hamiltonian of the system is given by

Htotal = Hundriven + Udriven- (285)

Capacitive and inductive drives introduce terms in Hamiltonian that are linear to canon-
ical charge Q or flux ®, respectively.

Canonical Quantization

For simple harmonic oscillators, the canonical quantization replaces the position and momen-
tum variables with their corresponding operators, and imposes the canonical commutation
relation between the two operators, i.e., the commutator of two operators is ih.

In electrical circuits, we follow a similar procedure because the flux and canonical charge
variable are analogous to the position and momentum variable. By replacing them with the
corresponding operators,

“In fact, the Hamiltonian is not necessarily the total energy of the system. The fact that it matches the
total energy is only a coincidence for quadratic kinetic energy terms.
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;= & Qi Qs (2.86)
we can impose the canonical commutation relation

For a specific resonator mode, the quadratic part (corresponding to the linear resonator
part) is written as

R QQ o2
Hi = 2+ 2.
lin 20 + 2L7 ( 88)
We can then define the creation and annihilation operators as
1{é O 1/ & . Q
Q== + i , al=< —i : 2.89
2 <(I)pr Qpr) 2 <(I)zpf Qpr) ( )

where the zero-point fluctuations of flux and canonical charge are given by

|hZ [h | L | h [h |C
q)zpf - 7 - 5\/;» szf — ﬁ - 5\/;7 (290)

with Z = 1/ L/C as the characteristic impedance of the resonator. Then, the flux and charge
operators can now be written as

A

d=0,4(a+al), Q=—iQula—al), (2.91)

and the linear part of the Hamiltonian can be written as

Hy, = hwila, (2.92)

where w = 1/ VLC is the resonant frequency and the half-photon vacuum energy has been
omitted for clarity.

The remaining higher-order terms (nonlinear part) of the Hamiltonian usually have the
form of Y, rx¢". Therefore, one can express the remaining higher-order terms as

Hy =Y redby(a+a")* = hgia+ah*, (2.93)
k k

27 P, Hp
®o

with the zero-point-fluctuation for phase as ¢,pr =
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Useful Transformations and Approximations

The analysis of Hamiltonians in quantum mechanics usually involves many versatile approx-
imations and transformations. Most of those approximations and transformations aim to
reduce the time-dependence of the Hamiltonian and try to (block) diagonalize the Hamilto-
nian. We will introduce three of them, which will serve as a basis for further analysis.

Rotating Wave Approximation (RWA)

One class of commonly used Hamiltonians in circuit QED is shown below

Hy/h = eqafmare™, (2.94)

where m,n are any non-negative integers. This Hamiltonian can describe the single- and
multi-photon drives on a resonator mode. Similarly, the Hamiltonian above can also have
the creation and annihilation operators from different resonator modes, which will thereby
describe the multi-photon couplings and drives on multiple resonator modes.

When the oscillating frequency w’ in this term is much larger than any relevant energy
scale in the Hamiltonian®, e.g. w’ > e, this term will quickly average to zero with minimal
effect on the secular long-term dynamics. Therefore, when people are only interested in the
dynamics at the time scale much longer than %, this term can be approximately ignored.
Since the logic to ignore this term is based on the fast rotating waves, this approximation is
usually named “rotation wave approximation (RWA)”.

Unitary Transformation

Unitary transformation is a method to transform the analysis of a Hamiltonian from one
frame to another. Considering a Hamiltonian H and quantum state [¢), the Schrodinger
equation is given as

ihf) = Hb). (2.95)

Considering a unitary operator U, which transforms the quantum state to a new frame
with [¢0") = Uly), the Schrodinger equation in the new frame for [¢’) is

iy = H'[Y'). (2.96)

The change of frame with a unitary operator should not change the true physics being
observed. Therefore, the above two Schrodinger equations should be equivalent. Therefore,
we have

8In quantum mechanics, energy is equivalent to frequency up to a scaling factor of h. Therefore, in this
thesis, we will mix the language of frequency and energy, and the readers should assume the scaling factor
when necessary.

9For visual clarity, we omit the
variables.

“w oA,

symbol where the context clearly distinguishes them from classical
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iy = i (Ule) + UW)) = AU = ild) = UA'U —ihUT0 = Al).  (2.97)

The equation above implies that the Hamiltonian in the new frame should be

H' =UHU" +inUUT. (2.98)
The unitary transformation is extremely useful in the analysis of driven and coupled
systems, which can significantly reduce the time dependence of the Hamiltonian.

Schrieffer-Wolff Transformation

Schrieffer-Wolff (SW) transformation is a useful tool for getting the effective Hamiltonian by
removing the off-diagonal terms in the Hamiltonian to the first order. SW transformation
can be viewed as a special case of unitary transformation with U = e, where S is a time-
independent anti-Hermitian operator.

Considering a Hamiltonian with its diagonal part as Hy and off-diagonal part as H;,

H = Hy + Hj, (2.99)
the effective Hamiltonian under the SW transformation will be

~

. . . 1 N
Hyg=e"He ™ = H +[S, H) + 19[S H] + ... (2.100)

where we have expanded the operator exponential using the Baker-Campbell-Hausdorff ex-
pansion[132]. By imposing the balanced condition

(S, Ho] = —H, (2.101)

one can rewrite the effective Hamiltonian as

. 1 - 1 A 1 A -1 ~
Heg = Ho + _[Sv Hl] + _[Sa [Sa Hl” + §[37 [Sv [Sa Hl]“ oot nTCg_l(Hl) (2102)

2 3
where C2%(0) = [S,[S,...[S,0]...]]. Usually, the scale of off-diagonal terms H; is much
—_——

n times
smaller than the scale of diagonal terms ffo, so the scale of S is usually much smaller
than 1. The SW transformation above removed the off-diagonal terms to the first order,
and expanded the remaining off-diagonal contributions with higher orders of S. In most
applications, people only keep the first two terms, leading to an effective Hamiltonian given

by
. 1 .
Heff - HO + 5[5, Hl] (2103)

The SW transformation is very useful in deriving the effective Hamiltonian for dispersive
readout of superconducting qubits.
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Figure 2.14: Circuit diagram, potential energy, eigenstates, and eigenenergy for (a) linear
resonator, (b) transmon, (¢) SNAILmon.

Qubit

As mentioned before, the Hamiltonian of a linear resonator is Awa'a. The eigenstates and
eigenenergy of this linear resonator are sketched in Fig. 2.14 (a), where the location of
each eigenstate indicates its eigen-energy, and the color-filled profile indicates the scaled
eigenstate. We usually denote the eigenstate as [n) and the eigenenergy as E,, = nhw. The
eigenenergy of a linear resonator is evenly distributed, preventing the isolation of the lowest
two levels for qubit encoding and other multi-photon mixing processes.

Therefore, by replacing the linear inductor with a JJ, one can introduce the nonlinearity
given by (to the lowest order)

- @2 27‘(@ 2 4 ~ ~ 4
Hu = "I, (cITO> = radpela +al)", (2.104)

where the coefficient

q)% 1 2 h Lj
=0 =Dy 2.105
NS e T g\ Ve (2.105)

Usually, people define the capacitive energy unit as F, = % Thus, using £, and £},
one can simplify the above nonlinear Hamiltonian to be

3 Ec A ~
H, = —E(a +aM) (2.106)

Combining with the linear part, the total Hamiltonian is given by
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Yy Ec ~ ~
H = hwila — E(a +ah)* (2.107)

with w = /8E;E./h.
To further simplify the nonlinear terms, we can move to the frame rotating at the res-

onator frequency by a unitary transformation with U and its effect on the creation and
annihilation operators shown below

U =cw'e  [aUt = ge ™ UaTUT = gl (2.108)

Using the unitary transformation, the Hamiltonian in the rotating frame is given by

. E. , ,
H = —E(ae—wt + afetyt (2.109)

Among the terms in the expansion of the above bracket, only the terms with equal powers of a
and a' will have no time dependence, while the other terms will oscillate with a high frequency
on the order of w. Since in real applications, the oscillator frequency w ~ 5 GHz, which is
much higher than other interaction and drive strengths, and we are also only interested in the
dynamics at the time scale larger than several nano-seconds, we can safely apply RWA and
ignore all terms with unequal powers of @ and a'. One may also notice that RWA actually
ignored the terms that do not conserve the total excitations of the system, which is a more
physical implication of RWA. As a result, we can obtain the simplified Hamiltonian under

RWA

Towa = —%&*2&2 — E.a'a, (2.110)
where we have omitted the operator-independent terms. This Hamiltonian under RWA
provides a renormalization of the resonator frequency and an anharmonic term (nonlinear
term), which leads to unevenly distributed energy levels.

Finally, we can transform this Hamiltonian under RWA back to the original frame and
obtain the widely used Hamiltonian for a charge qubit[76].

Hrwa /h = wyata + %a”eﬁ, (2.111)

where the qubit frequency is w, = (1/8E;E. — E.)/h and the anharmonicity is « = —E./h.
When the capacitive energy is much lower than the inductive energy, i.e., E;/E. ~ 50, the
nonlinear resonator will be much more immune to the charge noise on the node, leading to
the realization of a charge-insensitive qubit, or transmon[27]. One example of the potential
energy profile and eigenstates of a transmon is shown in Fig. 2.14 (b).

Transmon is using a single JJ as the nonlinear element, which only provides even orders
of nonlinearity. One can also replace the JJ in transmon with a SNAIL element to form a
“SNAILmon”, which can further provide odd orders of nonlinearity, as shown in Fig. 2.14 (c).
One may notice that the expansion of third-order nonlinearity terms cannot survive under
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RWA because odd combinations of @ and a' will never form a term with equal powers for
each. However, when the SNAILmon is under some off-resonant drives or coupled to other
modes, the third-order nonlinearity can provide time-independent terms with significant
effects under RWA.

Driven Qubit

The qubit can be driven inductively or capacitively. Due to the large charge matrix element
and the simplicity in design and fabrication, people usually choose to capacitively drive the
transmons and SNAILmons!?. Moreover, for flux-tunable devices like SQUIDs and SNAILs,
one can also modulate the external flux threading the device, and therefore modulate the
frequency and nonlinearity coefficient of the qubits, which is known as parametric drives.
In superconducting qubits, the effect and treatment of near-resonant drives and off-resonant
drives are usually different. Therefore, we will introduce them separately.

Off-resonant Drive
The Hamiltonian of a capacitively or inductively driven qubit is given by

H/h = wala + 2eq cos(wat) f (@, at) + gs(a + a")® + ga(a + ah)*, (2.112)
where we have assumed that the drive follows a cosine function with frequency wy, f(a,a’) =
a+ a' for inductive drives and f(a,a’) = —i(a — a') for capacitive drives. To simplify this
Hamiltonian, we can apply a unitary transformation to move to a displaced frame with

U=~ paut=a+¢, UGTUN =at + ¢ (2.113)

and the resulting Hamiltonian will be

H'Jh = wata + |wé + 2eq cos(wat)w — 25] al + [wﬁ* + 2¢¢ cos(wgt)w™ + z{*] a
+gs(a+E+al +¢)3 (2.114)
+gs(a+E&+al+ 9%

where w = 1 for inductive drives and w = 4 for capacitive drives. We would like to require
the linear drive terms to be zero,

wE + 2€q cos(wat)w — i€ = 0, (2.115)

which leads to the solutions given by

YOTnductive coupling and driving may be more popular in the context of fluxonium qubit, which has a
large phase matrix element and small charge matrix element.
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efuudt

£(0) = e

Noticing that & will diverge for near resonant drive with wy; ~ w, indicating that the simplifi-
cation above becomes invalid when the drive is near resonance. In fact, the above treatment
of the driven Hamiltonian is usually only used for off-resonant drives. Plugging the above
formula into the Hamiltonian, we obtain

twgt
¢ ) . (2.116)

w—wqg W+ wy

H'/h = wala + gs(a + Ee™ ™ + af + ghe@at)® 4 gy (a + Eee ™t 4+ af 4 reatyt (2.117)

with

€o=—eow( Loy ! ) (2.118)

Ww—wg W+ wy

where the plus sign is for inductive drives and the minus sign is for capacitive drives. One may
notice that for low-frequency drives with wy < w, & approaches zero for capacitive drives,
while remaining non-zero for the inductive drives. Therefore, for low-frequency drives, the
inductive drives can be much more efficient than capacitive drives.

Up to now, we have finished the first step of Hamiltonian simplification, which removed
the drive terms to the first order. Next, we will move to the rotating frame with frequency,
which will enable us to identify the fast oscillating terms and apply RWA. The rotating
frequency of the rotating frame needs to be chosen carefully, depending on the driven process
of interest. If the driven process being considered is a multi-wave mixing process involving n
photons from the drive and m photons from the qubit, then the frequency match condition
should be nwy = mw, and the rotating frame frequency should be chosen as w, = nwy/m.

For example, if we are interested in the three-wave mixing process involving 1 photon
from the drive and 2 photons from the qubit, we will have the frequency match condition
given by wy; = 2w, and we should move to the frame rotating at w, = wy/2. The Hamiltonian
in this rotating frame is

H//

h — ACL a+g3( —i2d 2 +§ e lwdt—l-CLTeZ S +§* zwdt> +g4<de—i%‘it+£oe—iwdt+a'fez S +§* zwdt>

(2.119)
where A = w— % is the detuning between the qubit and the rotating frequency of the frame.
By expanding the higher-order nonlinear terms, we can identify the time-independent terms
that survive under RWA. In third-order terms, the desired three-wave mixing process leads
to two-photon drive terms

Haive/h = €201 + €5 (2.120)
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with eo = 3¢g3&. In fourth-order terms, beyond the anharmonicity term and frequency
renormalization terms that were already analyzed for the undriven qubit, we obtained an
extra term associated with the AC-Stark shift

Hgganc/h = 2494 &0 a'a, (2.121)

which shifts the qubit frequency depending on the strength of the drive.
Combining all effects together, one obtains the final effective Hamiltonian in the rotating
frame as

H"/h = (A +12g4)ata + 69400 + e2a' + €50 + 2494 & ata. (2.122)

This Hamiltonian is actually the core for engineering Kerr-cat qubits. By redefining the
detuning as A + 12g, — A, the Kerr nonlinearity as 6g, = K, and ignoring the AC-Stark
shift term, we end up with the Kerr-cat Hamiltonian commonly quoted in the literature.

Hyeq/h = Ad'a + Ka'a? + €0 + €50 (2.123)

Typically, for capacitive or inductive drives, a k-wave mixing process can only be acti-
vated by a kth-order nonlinearity, since the interaction requires the absorption or emission
of k photons supplied directly by the drive. In contrast, for parametric drives that modulate
the coupling coefficient gy itself, a k-wave mixing process can be enabled by a (k — 1)th-
order nonlinearity. This is because the parametric modulation of g effectively supplies one
additional photon to the interaction.

A well-known example is the flux-pumped Josephson parametric amplifier based on two-
photon driving. In this case, a three-wave mixing process is activated using quadratic terms
in the Hamiltonian!'! by parametrically modulating the SQUID inductance with an external
flux drive[119, 120].

Near-resonant Drive

For near resonant drives, the treatment above becomes invalid as the denominator for &,
approaches 0. Considering the driven Hamiltonian with wy ~ w in Eq. 2.112, moving
directly to the rotating frame with frequency w, leads to

H . ../h = Aata+2ey cos(wgat) f(ae™™at afeat) 4 gq(ae ™ +afei@at)d 4 g, (ae~™wal 4-gfeiat)4

(2.124)
By expanding the cosine function into co-rotating and counter-rotating terms with coefficient
ed and e~™d! one can apply RWA to simplify the driven terms as

H}yivo/h = €of (@, ). (2.125)

"Recalling that the quadratic term is in the form of E;(a+ a')? and the parametric drive can modulate
E;.
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If we allow the drives to have a phase, i.e. ¢ = |60|2 e~ then the driven terms will become

HYy. Jh=¢ea+ea — inductive drive (2.126)
H. Jh=—i(e;a —epal) —  capacitive drive
It is noticed that for near-resonant drives, the inductive and capacitive drives have equivalent
effects up to a 90-degree phase shift. The remaining part of the Hamiltonian is similar to the
undriven qubit discussed in the previous section. By applying RWA to the remaining part
of the Hamiltonian and combining it with the driven Hamiltonian, we obtained the effective
Hamiltonian for near-resonant drives
. o
H' Jh=Aadta+ 5&”&2 + €5 + €0l (2.127)

near-res

where we have redefined the detuning to absorb the frequency renormalization from fourth-
order nonlinearity.

This driven Hamiltonian includes all the basic control operations for a single transmon
qubit. The transmon qubit uses the lowest two levels |0) and |1) to encode the qubit, and
relies on the anharmonicity to isolate the qubit encoding space. For ideal cases, we can ignore
all higher levels and use the Pauli matrices to analyze the dynamics in just this two-level
system (TLS). In the subspace of these two levels, we can map the creation and annihilation
operators to Pauli operators as

1 1
at = 5(0a —i6y), al = 5 (02 +i6y) (2.128)
and map the Hamiltonian to
i A N ~ A
Hi s/h = —5 0 + Releg|d, + Im[eg)dy,. (2.129)

Therefore, this Hamiltonian enables coherent rotations of the qubit state about all three
Bloch-sphere axes. A finite detuning between the qubit and the drive produces an effective
Z rotation, while a resonant drive with nonzero amplitude generates rotations about the X
or Y axis, depending on the phase of the drive.

Importantly, a Z rotation does not require an actual microwave pulse. The effect of
detuning is simply to accumulate a relative phase between the qubit and the reference frame
of the drive. Therefore, in practice, a Z rotation is typically implemented by updating the
phase of subsequent control pulses. This technique is known as a “virtual Z gate”, since it
does not involve any additional physical interaction with the qubit and ideally incurs zero
duration and no additional error.

Coupling

For two resonator modes with their creation and annihilation operators given by {a, dI}
and {dy, al}, the coupled Hamiltonian is usually given by
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H/h=Hy/h+ Hy/h+ g(ay £ al)(ay + al), (2.130)

where H; and H, are the uncoupled Hamiltonians of the two modes, ¢ is the coupling
strength, and the plus sign corresponds to inductive coupling while the minus sign corre-
sponds to capacitive coupling. Usually, the detuning between two coupled modes and the
coupling strength are much smaller than the mode frequencies, A, g < wy,ws. Therefore,
similar to the analysis of the transmon qubit Hamiltonian in section 2.3, we can apply RWA
to the coupling terms to get the so-called Jaynes-Cummings (JC) Hamiltonian

Hjc/h = Hy/h+ Hy/h + g(agal + alay), (2.131)

which only keeps the excitation-conserved terms.
We will discuss several main applications of JC coupling in the superconducting qubit
community, including excitation swapping, dispersive coupling, and multi-wave mixing.

Excitation Swapping

JC Hamiltonian describes the excitation swapping between the two resonators. Therefore,
when the two resonators are on resonance, such coupling will be time-independent in the
rotating frame with each resonator, and a non-zero coupling strength g will induce coherent
excitation swapping. This effect has been used in engineering the ISWAP gate between two
qubits[133].

Suppose we have two qubits with frequency w; and ws, and anharmonicity «; and «s,
the coupled Hamiltonian is given by

. i . Q1 9.9 Q2 1o, T
H = wialay +woaba, + éa?a% + gaggag + glayad + alay), (2.132)

By moving to the rotation frame at the frequencies of two qubits with U = ei“’ltdidlei“ﬁd;d?,
we obtained

aq
2
with A = wy — w; being the detuning between the two qubits. When the two qubits are
resonant with A = 0, the above Hamiltonian will be time-independent. For the ideal case

where we treat the qubits as a TLS using Pauli operators, the above Hamiltonian will reduce
to

A R R (8% R R R . F o .
H = —al*a® + §a£2a§ + glayabe™ + alaye ™), (2.133)

Tris = %(&m&z,x + 01,402,) (2.134)

which is exactly the generator for the ISWAP gate[97].
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Figure 2.15: Dispersive coupling between (a) two states, and (b) a transmon and a resonator.
The black solid lines indicate the bare energy levels, and the red and blue arrows indicate
the dispersive shift due to the coupling terms given by the green arrows.

Dispersive Coupling

In qubit community, dispersive couplings usually refer to the ZZ type couplings, which per-
turb the frequencies, level energies and phases of the coupled system, and their Hamiltonian
is usually given by 6.6, or alaiala,. Considering the toy model shown in Fig. 2.15 (a).
When two energy levels separated by an energy gap A are coupled with strength g, we can
write down their Hamiltonian as

H = Alr) (thr] + glibo) (@] + glebn) (s (2.135)

When g < A, i,e, the coupling strength is much smaller than the energy gap, we can treat
the coupling term Hy = g|th) (¥ 4 g1b1) (1hs] as a perturbation, and use the perturbation
theory|[2] to extract the energy of the two levels influenced by the coupling term.

Using the perturbation theory up to the second order, we obtained

. ] ] 2

wal> = A + <w1’H1’w1> 4 <¢1|H1|¢2§¢2|H1|w1> _ A i gZ
FEulbs) (| E o) : (2.136)

Eigmy = A+ (bl o) + LA OIIE) _ o

As shown in Fig. 2.15 (a), the effective energy of |1;) and |,) is both shifted by g/A? away
from each other. Therefore, when g < A, the interaction reduces to an effective longitudinal
coupling between the two levels.
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Now we can switch from the toy model to a realistic model for a linear resonator coupled
to a qubit (transmon) with anharmonicity «. The bare energy levels of this system are
shown in Fig. 2.15 (b). The labels of the energy levels are given by |m,n) where m is the
excitation number of the resonator, and n is the excitation number of the qubit. Therefore,
the bare energy of |m,n) is given by E,,, = mw, + nw, + n(n;l)
frequency and w, is the qubit frequency.

The Jaynes-Cummings interaction will couple the states with the same total excitation
with the Hamiltonian

«, where w, is the resonator

Hint = g(drqu + didq), (2137)

where &Z s and agy, are the creation and annihilation operators of the qubit /resonator. The

effect of the creation and annihilation operators will be enhanced by a factor of y/n with the
excitation n. As a result, the effective coupling between each coupled level is given in Fig.
2.15 (b). The calculated energy shift of all relevant levels is also shown in Fig. 2.15, with
A = w, — w, being the detuning between the resonator and the qubit.

For the column with the transmon state being in |0), the transition frequency of the

resonator is )
(0) — g 2.138
Wy, Wy + A ( )
For the column with the transmon state being in |1), the transition frequency of the

resonator is ) )
2g g
- = 2.139
A—a A ( )

Therefore, the frequency of the linear resonator is shifted by x when the transmon is
excited to the |1) state, and y is given by

wi = w, +

A—a A

The effective Hamiltonian of this coupled system can thus be written as

1 1
x = wl —w® =24 ( — —> . (2.140)

2 2
Haispersive/h = (wr + gz) afa, + (wq — gz) ata, + %ajfag + xahagala, (2.141)

An important application of this dispersive coupling is the dispersive readout. Since the
frequency of the linear resonator is different when the qubit is in |0) or |1) state, one can
read out the qubit state by monitoring the frequency of the linear resonator[78], which avoids
measuring the qubit directly and leads to high QNDness.

When we replace the linear resonator with another qubit (as shown in Eq. 2.132, a
similar Hamiltonian will result in a dispersive coupling between the two qubits given by
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2 2
Hdispersive/h = (wl + gz) d];dl + <W2 - gz) 2 + 21 T2 2 1+ 720/;20/% + CCLTCAHCAL;CLQ (2142)

where ( = 2¢? ( Afag + Aial) is the ZZ interaction rate between the two qubits, and

A = w; — wy is the detuning. The reason why ( is called ZZ is because in the TLS
approximation, we have

. 1, . 1. 1.
;CLQ = 10-1720-272 — 50'172 — 50’2’2 (2143)
which involves a ZZ interaction term with some renormalization of the qubit frequency. In
practice, this Hamiltonian is usually used to engineer CZ gates between two qubits.

Multi-wave mixing

Another important application of the JC coupling Hamiltonian is the multi-wave mixing
process under off-resonant drives. Considering the coupled Hamiltonian between two qubits
given by

H/h = Hy/h+ Hy/h + g(ay + al)(as + al)
Hy/h = widlay + g8 (a1 + a})* + g5 (ay + a})’ (2.144)
Hy/h = wadfiay + g8 (@ + ab)* + g7 (a2 + ab)’

we can apply the SW transformation with

S = —%(d{dg — aah) (2.145)

where A = w; — wy is the detuning. The effect of this SW transformation on the creation
and annihilation operators to the first order is given by

Sare™ = ay +[S,dy] = a1 + %e@, Sale™ = al +[5, a1 = al + %a; o
eSase™5 = 4y + [, dy) = n — %al, eSale™ = al + S, d@'] = &l — %a{ '

Plugging this into the original Hamiltonian, we obtained the near Hamiltonian under the
SW transformation given by

Hsw/h = Hysw/h + Hysw/h

2
- g 9. .9 g
Hisw/h = (wl + _A) alay + g{" (a1 + Ko+ al + Zal)® + gM(ay + Ko+ al + =ah)?

l>

. 9\ i @ g P9 @) g Py
HQVSw/FL:(WQ—Z>CL2d2+g3 (CLQ—ZCL1+CL2—Z )+g (z—zal-i—&Q—Z
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Then, we can add an off-resonant drive ¢y with frequency wy, and follow the similar treatment
in section 2.3 to transform the Hamiltonian to the displaced. The k-th order nonlinear part
of the resulting Hamiltonian will have the form given by

(Ady + Bay + CE + A*al + B*al + C*e")k (2.148)

where the coefficients A, B, C' depend on which qubit is being driven. One can then engineer
the multi-wave mixing process with the frequency matching condition nw; 4 ws £+ vwy = 0,
where one can choose the photon numbers {n,m,v} and the plus and minus signs at their
will as long as the corresponding process is allowed by the available nonlinearity.

For example, if the system has third-order nonlinearity with g3 # 0, one can drive one
or both of the qubits at the frequency of wy; = w; — w9, and engineer the coherent excitation
swapping with the Hamiltonian

Eayab + € alas. (2.149)

One can also drive them at the sum frequency wy = w; + wy to engineer the pair-excitation
process with the Hamiltonian

calal + € ayas. (2.150)

Using the fourth-order nonlinearity, one can also engineer the cross-resonance[99] process
by driving one qubit at the other qubit’s frequency to engineer the following Hamiltonian

calaral + ¢ alaras. (2.151)
which corresponds to an ZX interaction, and has been used to engineer the CNOT gates
between two qubits.

Dissipation

Hamiltonian and Schrédinger equations usually can only describe the coherent processes
that conserve the total energy of the system. However, superconducting qubit systems are
open systems, which are always coupled to uncontrolled environmental degrees of freedom
and random fluctuations. The dynamics of these couplings usually involve the heating or
dissipation of the qubit systems, leading to an incoherent process. The description of such
incoherent qubit-environment coupling is, in general, complicated. However, such processes
can be approximately described by the Lindblad master equations under the following as-
sumptions|[134]:

« The system Hamiltonian Hg and environment Hamiltonian Hp is separable, and their
coupling Hgp is weak. R R R X
H=Hgs+ Hg+ Hgp (2.152)
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o Born approximation: the hybridization between the system and environment is weak,
so that the total density matrix py.t can be approximately factorized using the system
density matrix pg and environment density matrix pg

Prot = PS5 & PB (2.153)

o Markov approximation: the environment has no memory, so that the environment will
not be influenced by past interactions. Or equivalently, the environment is assumed to
be an infinite bath which is not influenced by the system-environment interaction.

o RWA: the system-environment interaction conserves the total excitation and energy of
the system-environment coupled system.

The Lindblad master equation for a system density matrix p is given by

‘Z H 7l +ZD (F) (2.154)

where H is the Hamiltonian of the system, and Lj and ; are the jump operator and dissi-
pation rate of each dissipation process. The Lindbladian dissipator is

~ A oA 1.0x 1 ~:x
D\ vils) = (Ljp@ - §L}Ljp - §pL}Lj) . (2.155)

Most of the dissipation processes satisfy the assumptions above and can be described
by the Lindblad master equation. The single-photon decay due to the spontaneous and
stimulated emission is modeled with

Y=(nm+ 1)V, L=a (2.156)

where we have omitted the subscription j for clarity. The jump operator of the single-photon
decay process is given by the annihilation operator, and the decay rate is enhanced by the
thermal photon population ngy, based on their vacuum decay rate 77,.. Even though the
natural decay processes are dominantly single-photon decay, one can engineer multi-photon
decay processes using multi-wave mixing. The two-photon decay process with the jump
operator a?, which is engineered by four-wave mixing through ATS, is the core technical
process for d1881patlve cat qubits[55, 56].
Similarly, the heating process due to the thermal photon population can be given by
Y=V L=al (2.157)
where 71, is the heating rate per thermal photon. Moreover, some other processes, such
as the dispersive couplings between the qubit system and the environment, can lead to
fluctuations of the qubit frequency. Such processes, also known as pure dephasing, are
intrinsically coherent and do not dissipate or excite energies in the system. However, because
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such fluctuations are usually random and not controlled, the average effect of them will reduce
the coherence of the system. In the Markovian white-noise approximation limit, the jump
operator of this process is usually given by

L =ala. (2.158)
Noticing that due to the intrinsically coherent nature, the pure dephasing noise can usu-
ally be mitigated by carefully qubit engineering and control. Some examples include the
continuously-driven qubit and dynamical decoupling[28, 135, 136].

Beyond using bosonic creation and annihilation operators to model the dissipation pro-
cess, one can also approximate the qubit dynamics as a TLS model and use Pauli matrices
to describe the noise mechanism. For example, the stochastic Pauli error along the v axis is
modeled by the jump operator

L=¢, (2.159)

Finally, we would like to offer an intuition for the Lindbladian dissipator as a conclusion.

The effect of the jump operator and dissipation rate can be intuitively understood as follows:

The system density matrix will be perturbed by the jump operator randomly, with the
probability per unit time given by the dissipation rate.

Example: Josephson Parametric Amplifier

In this section, we will provide an important application of the superconducting circuit
theory discussed above: Josephson parametric amplifier (JPA). The contents of this section
are based on the author’s publication[119], which developed a novel broadband Josephson
parametric amplifier by enhancing the amplifier-signal coupling using a CPW-taper.

The parametric process facilitates coherent energy transfer among electromagnetic waves
by nonlinearities, which enables quantum-limited parametric amplification [137]. Microwave
parametric amplification not only improves the readout of solid-state [77, 138-141] and
nanomechanical [142] quantum devices, but also becomes increasingly important in emerging
technologies such as hybrid quantum systems [143] and axion dark matter detection [144,
145]. Tt is thus important to develop amplifiers with outstanding performance: low noise,
broad bandwidth, and high saturation power. Moreover, for easy adaptation of parametric
amplifiers, their design and fabrication should be robust and simple.

In superconducting circuits, parametric amplification is achieved by JPAs utilizing multi-
wave mixing processes in nonlinear superconducting resonators, where Josephson junctions
provide the required nonlinearity without introducing dissipation [146, 147]. The nonlinear
resonator of the JPA is typically coupled to a fixed 50-2 embedding environment [148-151],
which prevents tuning its linewidth and saturation power independently, resulting in a trade-
off between saturation power and bandwidth[120]. Hence, its bandwidth is inherently limited
to 10-50 MHz, and its input saturation power is typically -120 dBm for a nominal gain of 20
dB.
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Figure 2.16: Flux-pumped Josephson parametric amplifier

In this section, we present a broadband CPW-based impedance-transformed parametric
amplifier (CIMPA) design and showcase its performance. By engineering an impedance
transformer based on the Klopfenstein taper[152] with reduced technical requirements, we
can implement it using a single horn-like CPW, which achieves the broadband behavior while
maintaining the simplicity of the design and fabrication. The horn-like CPW structure
allows us to leverage streamlined RF design tools [153] and minimize the complexity of
simulating and fabricating the impedance transformer, and the feature size of the horn-like
CPW is well within the scope of the optical lithography technique. The amplifier displays
an instantaneous bandwidth of 700(200) MHz for 15(20) dB gain, a 1.4 GHz flux-tunable
bandwidth, a saturation input power of approximately -110 dBm, and no significant back
action on the qubit.

Theory

Considering a symmetric SQUID!? directly coupled to the external signal through a trans-
mission line, as shown in Fig. 2.16, and the input impedance of the transmission line is given
by Zi,. Then, the external damping rate of the SQUID resonator is given by Keyxy = Re[c%m].
Notably, JPAs are usually designed to couple strongly with the signal and have a large exter-
nal damping rate for optimized bandwidth and dynamical range; therefore, the transmission
line is directly coupled to the SQUID resonator without any inductance or capacitance.
Typically, the ke is on the order of hundreds of MHz or several GHz, which is significantly
higher than the internal damping rate ;... Therefore, we can approximate the total damping
rate of the SQUID resonator as

K = Kext + Kint ~ Kext (2.160)

On the other side of the SQUID resonator, it is also coupled to a flux pump line, which
DC biases and AC modulates the external flux ®. threading the SQUID loop, following

12A symmetric SQUID has two junctions in each loop with the same E;



CHAPTER 2. QUANTUM ELECTRICAL CIRCUITS 58

P, = 20 20(F 4 5 cosliapt) (2.161)

We can write down the Hamiltonian of the SQUID resonator as
QQ
20

Assuming that the AC flux modulation is small, we can expand the cosine term as

H= — 2E; [cos(F + 0 f cos(wyt))| cos(o), (2.162)

cos(F + 0 f cos(wpt)) = cos(F') — sin(F)d f cos(wyt) = cos(F) — %sin(F)éf (et 4 et

(2.163)
and assuming that the phase operator fluctuation is also small, we can further expand the
cosine term with the phase as

cos(¢) =1 — %&. (2.164)

Plugging all of these expansions into the Hamiltonian, we obtained

2
o= ;20 + E; cos(F)¢* + %sin( )8 f (et 4 o7t 3% + O(¢Y) (2.165)

Translating the charge and phase operators Q and ngS into creation and annihilation operators
a' and @, we obtained the Hamiltonian

N 1 . . A
H/h = w,a'a+ 5 sin(F)8 f (e 4+ e™™) g2 (a+a')* + O(a*) (2.166)
where w = 4/ E;E.cos(F) — E, with E. = 262, and ¢,pr = (D—O b #S(F) We can then

move to the rotating frame with frequency w,/2 and extract the three—wave mixing process
engineered by the parametric drive. The resulting Hamiltonian is given by

H/h = Adata+ Mal? + a?) + O@ah), (2.167)

where A = w, — w,/2 is the frequency mismatch of the three-wave mixing, and A =
S fEjyerr/sin(F) tan(F)E./(8E; ). The flux modulation effectively realizes a two-photon
drive of the SQUID resonator through the parametrically activated three-wave mixing pro-
cess. This two-photon drive is the core for parametric amplification. Notably, the Kerr-cat
qubit has a similar Hamiltonian, but with a relatively large fourth-order nonlinearity term.
These two devices both rely on the two-photon drives to operate. However, the fourth-order
terms are harmful and reduce the dynamical range of a flux-pumped SQUID, while the
fourth-order terms are necessary for Kerr-cat qubits to engineer stable cat states and fast
gate operations.
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Assuming that the three-wave mixing frequency mismatch is zero, we can use the input-
output theory to write down the equation of motion'® for the CIMPA coupled to a trans-
mission line with decay rate x,

G= %[ﬁ, i) — ga + VR = —2ixat — ga + R, (2.168)

where a;, is the input field from the transmission line. We can solve this equation of motion
in the frequency domain by defining alw] = [~ dt ¢™'a(t) as the frequency-domain bosonic
annihilation operator, @i [w] = [ dt €™’a;,(t) as the frequency-domain input field, and x[w]
as a frequency dependent decay rate. The equation in the frequency domain is therefore given

by

iwalw] = —2ixat[—w] — gd[w] + /R W]
. (2.169)
—iwa [—w] = 2iXaw] — §ZLT[—w] + Vkal [~w).

Solving the equation above, we can obtain the solution of the fields inside the SQUID
resonator as

1l = /oD (K[w] /2 — iw)a, [w] — 2iXal [—w]
alwl = VKl ( [k[w] /2 — iw]2 — 4]\ ) ' (2.170)

One should notice here that w is the detuning from the SQUID resonance frequency because
we work in the rotating frame. Then, with the input-output boundary condition \/k[w]a|w] =
ain|w] 4 Gout[w], we can obtain the relation between the input signal tone a;,[w] and output
signal tone oy [w],

- (i Klw]/2 —iw i w
flont M_( Ty ) Y: 1) o

" (\/ﬂ[w]/;izjfg)\_ 4’)\’2) Ay, [—wl,

from which we can identify the gain G(w) as the ratio between the power of the output
and input signals with the same frequency,

(2.171)

Klw]/2 —iw 2

2w —anp
From the expression of gain, we found that the maximum gain appears when the signal

frequency is resonant with the SQUID resonator frequency, w = 0, and the bandwidth of
the gain is determined by x = Re[gz—]. Therefore, by decreasing the input impedance Zi,

—1

G(w) = (2.172)

13 Also known as quantum Langevin equation[154]
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Figure 2.17: Reflection coefficient of Klopfenstein impedance transformer.

of the coupled transmission line, one can increase the bandwidth of the JPA. As discussed
in the next section, the core technical approach to increasing the bandwidth of CIMPA is to
decrease Z;, through a dedicated impedance transformer.

One may also notice that for specific values of A, the gain will diverge and become
nonphysical. This is because the derivation above assumed that the field in the SQUID
resonator (a'a) is small, or equivalently, ($) is small, and the large gain will lead to a large
SQUID resonator field and break this assumption, making the equations above invalid. In
fact, when the gain or the input signal is large enough, the fourth-order term will introduce a
significant AC-stark shift, which distorts the output field and decreases the gain[155], leading
to the limited dynamical range and saturation power of the JPA.

Broadband JPA Design

Typically, the JPA is directly coupled to an environment with Z;, = 502 because most of the
microwave electronics are designed with a characteristic impedance of 50§2. However, in or-
der to increase the bandwidth of the JPA, we designed a CPW-based Klopfenstein taper[152]
to transform the 502 environment impedance to 182 for an enhanced JPA coupling coeffi-
cient x and large bandwidth, which is named CIMPA (CPW-based IMpedance-transformed
Parametric Amplifier).

The Klopfenstein impedance transformer has many nice properties. Firstly, as an impedance
transformer, we would like to maximize the transmission coefficient and minimize the reflec-
tion coefficient to have the most efficient signal delivery. For a Klopfenstein impedance
transformer that transforms the impedance from Z; to Zs, the reflection coefficient is shown
in Fig. 2.17 and is given by

I'(BL) = Tye "E

1 {cos (BL2— A2 BL>A (2173)

cosh A | cosh/A? — (BL)? BL< A
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Figure 2.18: Device layout. (a) False-color micrograph of the device with the nonlinear
resonator shown in the inset. From left to right are the horn-like CPW taper (green), the
parallel plate capacitor (blue), and the SQUID (yellow) forming the resonator, and the on-
chip flux line (red). (b) Parameters of the horn-like CPW impedance transformer, showing
decreasing characteristic impedance Z, along the CPW as its center-trace width becomes
wider, transforming from 50 €2 at the left end to 18 € at the right end. One should notice
that the characteristic impedance of the horn-like CPW is not exactly equal to 50 2 and
182 on the two ends because of the nature of the Klopfenstein taper. [152] (c) Electrical
circuit depiction of the CIMPA. The nonlinear resonator on the right side is constructed by
shunting a SQUID (yellow) with a capacitor (blue). The structure is galvanically coupled to
a Klopfenstein taper (green) on the left and inductively coupled to a flux-line (red) on the
right.

where 8 = ¢ is the wave vector of the signal with frequency w and speed v, L is the length

of the impedance transformer, A is a design constant and I'y is the bare-reflection coefficient
without the transformer, defined as

27
I+ 7y

0 (2.174)
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Therefore, an ideal Klopfenstein impedance transformer can ensure a broadband high trans-
mission behavior that for any signals with frequency above wy,,, the reflection coefficient is
smaller than I',,,,, where

Av FQ
Wmin = 5 max — 1 -
L cosh A

Secondly, to optimize the device layout compactness, the impedance transformer must
be kept as small as possible. The Klopfenstein impedance transformer is demonstrated to be
the optimal impedance transformer, which means that for a maximum reflection coefficient
specification in the passband, the length of the Klopfenstein taper is the shortest.

The CIMPA device layout is shown in Fig. 2.18 (a). The device is constructed from
three basic building blocks, as depicted by the circuit diagram in Fig. 2.18(b). The core
component of the device is the SQUID resonator that facilitates the necessary parametric
process through which amplification occurs, consisting of a SQUID (yellow) shunted by a
capacitor (blue). On the right-hand side, it is inductively coupled to a flux line (red) that
allows in-situ tuning of the resonator frequency and RF flux parametric pumping [149, 156].
On the left-hand side, it is galvanically connected to a Klopfenstein impedance transformer
(green).

The Klopfenstein impedance transformer transforms the input impedance Z;, seen by
CIMPA from the nominal 5082 to 18€2 to improve the bandwidth of the CIMPA. The maxi-
mum reflection coefficient |T'yay| and the cutoff frequency wp,, is designed to be

(2.175)

Piax| = —10 dB,  wyin = 27 x 2 GHz (2.176)

Typically, the frequencies of the relevant signals are around 6 GHz, but we choose a much
lower cutoff frequency here to ensure the low signal loss under possible experimental imper-
fections.

The design parameters chosen above satisfy the requirement for both efficient signal
delivery with small transmission loss and easy fabrication by photo lithography tools in
many research facilities with high yield. On the one hand, such a design of the Klopfenstein
tapers requires a 3-um gap width for CPW, which is readily achievable with commonly used
optical lithography tools. On the other hand, the -10 dB maximum reflection coefficient of
the Klopfenstein taper leads to a minimum transmission loss of -0.45 dB. As the signal passes
through the Klopfenstein taper twice, such an insertion loss will decrease the signal gain by
-0.9 dB, which is negligible compared to the nominal 15 to 20 dB gain of the amplifier.

To construct this Klopfenstein impedance transformer, we tailor a CPW with its gap fixed
at 3 um and its center trace width tapered from 7.8 ym to 218 pm, forming a horn-like shape.
The characteristic impedance along this horn-like CPW line follows the Klopfenstein taper
profile [152] as shown in Fig. 2.18 (c¢). The Klopfenstein profile is calculated using MATLAB,
and the CPW characteristic impedance is calculated using TX-Line, a convenient industrial-
level transmission line calculator [153]. To verify the property of the impedance transformer,
we simulate the transmission and reflection coefficients (Sg; and Sp1, respectively) of the
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Figure 2.19: S-matrix simulation result of the horn-like CPW line.

horn-like CPW line with ANSYS HFSS. The result in Fig. 2.19 shows low reflection (below
-10 dB) and high transmission (insertion loss below 0.3 dB) above the intended 2-GHz cutoff
frequency.

The design geometry of this single horn-like CPW structure can be computed using simple
RF design suites such as TX-Line [153], and its dimensions are compatible with single-layer
photo-lithography and reactive-ion etching techniques. As a result, this approach signifi-
cantly reduces the complexity overhead in both design and fabrication, which is reflected by
the simple construction of our device shown in Fig. 2.18 (a).

Fabrication and Measurement Setup

The CIMPA device is fabricated on an intrinsic high-resistivity Si wafer with resistivity p >
10 k -ecm. After sputtering a 100-nm-Al film, the horn-like CPW’s features are defined using
photo-lithography and reactive-ion etching. Notably, the fabrication process is compatible
with the photo-lithography technique thanks to the 3-um gap. Then, the capacitor is fab-
ricated using the lift-off e-beam lithography technique, followed by e-beam evaporation of
aluminum oxide and aluminum electrodes. We note that the size of the capacitor is approxi-
mately 39x39 um?, which can also be made using photo-lithography. The SQUID structure
is defined using e-beam lithography and double-angle e-beam evaporation of aluminum films
following the standard Dolan bridge technique [157]. The galvanic contact between the
SQUID and the capacitor electrodes is formed using the Argon ion-milling band-aid pro-
cess [158]. Finally, a layer of methyl methacrylate (MMA) resist is used to protect the wafer
before dicing. The chips are diced and then cleaned using N-methylpyrrolidone (NMP) before
being packaged into a copper box.

The CIMPA is wire-bonded to a printed circuit board (PCB) and packaged using a
copper box. The device is then attached to the mixing chamber stage of a dilution fridge
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operating at 20 mK. The wiring diagram of both the cryogenic and room-temperature setups
is shown in Fig. 2.20(d). A transmon qubit is integrated into the measurement setup to
calibrate the signal power and detect possible back action from the parametric process. Two
QuinStar 4 - 8 GHz cryogenic circulators are used to route the signals, and the signals leaving
the transmon are amplified by the CIMPA and a high-electron-mobility-transistor amplifier
(HEMT).

A Rohde & Schwarz SGT100A vector RF source (Control) is used to generate qubit con-
trol pulses. An Agilent Technologies E8257D signal generator (RO) generates the readout
signal at the readout resonator frequency. By mixing the readout signal with a Hewlett-
Packard 8671B local oscillator (LO), the readout signal information is converted to an inter-
mediate frequency of 50 MHz for the AlazarTech digitizer (Alazar) to record the signal. The
readout signal and control signal are pulse-controlled using HMC-C058 SPDT switches. A
Tektronix 5014C arbitrary waveform generator generates the pulse sequences to control the
qubit, read out the resonator signals, and trigger the Alazar. The DC bias current to the
CIMPA is provided by a Yokogawa GS200 DC voltage/current source, and the AC pump is
supplied by a Hewlett-Packard 83732B signal generator. The CIMPA gain and noise per-
formance are measured using an Agilent Technologies N9010A signal analyzer (SA) and an
Agilent Technologies N5230C network analyzer (VNA).

Device Parameter Characterization

We extract the parameters of the SQUID nonlinear resonator by measuring the small-signal
linear response of the device using a vector network analyzer (VNA). As the probe signal
goes through the resonant frequency wg/(27), the reflected signal phase is twisted, indicating
a resonant condition, and the resonant frequency is extracted by fitting the reflection spec-
trum. [159] When we adjust the external flux bias ®, of the SQUID, the effective inductance
L; of the SQUID will be changed, and thereby the resonant frequency changes according to
1 ~1/2

wo = [C(Ljerr|cos(mPe/Po)| ™ + Lgeo)] ', (2.177)
where Lg, is the parasitic geometric inductance originating from the leads, L; ¢ is the effec-
tive inductance of the SQUID at zero flux, and ®g is the magnetic flux quantum. Measuring
the phase response at each flux point gives us the spectrum shown in Fig. 2.21. By fitting
the measured spectrum, we extract the following parameters: L. = 69 pH, C = 4 pF, and
Lgeo < 4 pH. The spectrum also allows us to estimate the asymmetry of the SQUID to be
less than 1%.

Gain Characterization

We then proceed to measure the three main performance metrics for an amplifier: gain, noise
performance, and dynamic range. The gain profile is defined as the increase in signal power
when the CIMPA is tuned and flux-pumped to provide amplification, relative to the signal
measured when the CIMPA is bypassed.
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Figure 2.21: CIMPA’s spectrum. Reflectometry spectroscopy performed using a VNA shows
phase twists across the SQUID’s resonant frequencies. Repeating the measurement at various
flux biases yields the CIMPA’s characteristic frequency spectrum, which fits the relation given
by Eq. 2.177 with excellent agreement.

The noise performance refers to the noise temperature of the device, which is defined as

T=-—"2 (2.178)

where kg is the Boltzmann’s constant, w is the signal frequency and n noise photon number.
Typically, the microwave signal at frequency w from an environment at temperature 7y, has
the noise photon number given by

1 1
Nenv = — 75— + -, (2179)

ekpTenv — 1 2

For the relevant signals at around 6 GHz to 7 GHz and the mixing chamber temperature of
dilution refrigerators at 20 mK, kg7, < hw, and therefore the signal noise is approximately
half a photon. For an ideal parametric amplifier which offers quantum-limited amplification,
the added noise from the amplifier is also half a photon[119, 120, 155]. As a result, for an
ideal parametric amplifier, the noise temperature should correspond to one photon, i.e.

Tideal = e (2.180)
kp
The dynamical range, also known as the saturation power, is usually defined as the lowest
input power when the gain is reduced by 1 dB. As shown in Fig. 2.22, due to the higher-
order effects, when the input power increases, the gain of the amplifier will decrease. People
usually define the saturation power as the 1-dB compression point, i.e., the input power
when the gain is reduced by 1 dB, indicated by the dashed line in Fig. 2.22.
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Figure 2.22: Gain performance with different signal power.

To extract the gain profile, we set the external flux bias to &, = 0.3®,, and apply a
microwave pump tone at frequency w,/(27) = 13.41 GHz with 3.41 dBm power outside the
fridge. we measure the microwave response using the VNA, observing over 20(15) dB gain
over a 200(700)-MHz bandwidth (Fig. 2.23(a)). Such a high increase in the bandwidth cannot
be explained solely by the increased resonator linewidth [120]. As discussed in Ref. [120],
the weak frequency dependence of Z;, due to possible impedance mismatch strongly assists
the enhancement of the bandwidth, but it hinders the quantitative comparison between the
theory and experiments without the careful calibration of the impedance of the measurement
chain. A qualitative comparison with the calculated gain performance will be discussed later.

The noise performance of the device can be characterized via the signal-to-noise ratio
(SNR) improvement SNRiypry measured by a spectrum analyzer (SA) [32, 33, 120, 160]. In
an amplification chain consisting of a CIMPA and a HEMT, the SNR improvement due to
the CIMPA is given as

THEMT G

where Tompa and Tupvt indicate the noise temperatures of the CIMPA and the HEMT,
respectively. The extracted noise temperature with Tygyr = 2.3 K - 2.9 K is shown in
Fig. 2.23(b), which approaches the quantum noise limit set by the noise temperature of
one photon. The uncertainty here originates from the estimated Tygyt range. The device
approaches the quantum noise limit over a 700 MHz range, and the noise increase beyond
this range is mainly because the CIMPA’s gain is not large enough to compensate for the

T, 1\ !
CIMPA ) 7 (2.181)

Sl\Il%imprV = <
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noise at the HEMT.

Presently, we characterize the saturation power of the device as follows. First, the relation
between the actual signal power going into the CIMPA and the power set on the VNA must
be established. By measuring the ac Stark shift and measurement-induced dephasing of the
transmon qubit at various VNA powers, we can calibrate the cable attenuation [32]. The
detailed calibration process will be discussed in the next section. Then, we gradually increase
the power until the gain falls off by 1 dB, and convert this using the established attenuation.
The result in Fig. 2.23(c) shows an average input 1-dB compression point of approximately
-110 dBm. Compared with the input saturation power of simple JPAs coupled to a 50 €2
environment (with ) ~ 15), which is less than -120 dBm [120, 122, 149], our saturation power
is increased by around 10 dB. This can be explained by the reduction in the environment’s
input impedance in our design (with Q = 4), as P ~ C'/Z;, [120].

In addition to the instantaneous bandwidth, we can flux-tune the device and operate it at
other frequencies. To showcase this capability, we calibrate the CIMPA’s parameters at five
different external flux points corresponding to a frequency range of 1.4 GHz, and we then
characterize the gain performance of the device across this broad range. Figure 2.23 (d)
shows that the combination of the engineered broadband impedance transformer and the
inherent flux-tunability allows the device to amplify signals with a frequency range from
6 GHz to 7.4 GHz and at least 15 dB of maximum gain.

As mentioned before, the exact quantitative calculation of the gain profile is challeng-
ing without careful calibration of the impedance mismatch along the measurement chain.
However, we can assume reasonable parameters of the measurement chain and provide a
qualitative analysis of the gain profile and compare it with the experiments.

The gain performance of the CIMPA is given in Eq. 2.172, which depends on the decay
rate of the nonlinear resonator, x = Re[(C'Z;,)™!]. As mentioned in Ref. [120], the impedance
mismatch from the wire bonding, SMA cables and circulators will lead to complicated fre-
quency dependence of Z;, and strongly influence the gain performance.

To simulate the gain performance with possible impedance mismatch, we model the
measurement chain as shown in Fig. 2.24(a), where the CIMPA is coupled to an SMA cable
with characteristic impedance Zgya = 50 € and length Lsya = 25 ¢cm through wire bonds
with characteristic impedance Z,, = 55 ) and length Ly, = 2 mm. The SMA cable is
connected to the cryo-circulator with impedance Z. = 55 (2.

We analyze this microwave network using the ABCD matrix or the transmission matrix
T [152]. The ABCD matrix of the horn-like CPW line Tcpw is obtained using the S-
parameters from ANSYS HFSS results in Fig. 2.19, while the ABCD matrix of the wire
bonds and the SMA cable is given by

cos(ﬁLSMA(Wb)) 1 ZSMA (wb) Siﬂ(ﬁLSMA(wb)) (2.182)

T wh) = | .
SMAGMD) ™1 cos (3 Lsma(wh))/ ZsMA (wh) cos(BLsvia(wb))

The overall ABCD matrix of this microwave network is then given by T = TsyaTwt Topw.
Together with the impedance of the cryo-circulator, one can obtain the reflection coefficient



CHAPTER 2. QUANTUM ELECTRICAL CIRCUITS 69

— 20 . . .
o d /bv\
g 2 @] AN
£ 15 20[ . . : }
(©
O] 10 0 H H H H H i
—_ - 20 T T T T T
5 0.60 % [ /‘/‘M }

. . ~ 0 n n n n n n n n
S 0.45 c . . . . . - . .
§ 0.30 8 20[ o }
e o ° (™t |

. -90 20[ T T T T T v - T }

3 E -100 Y ——

o T T
@ -110 20[ }

= O /\

©~ —120F . . : . R . R R L . . . L i H H H

N 6.5 66 6.7 6.8 69 7.0 7.1 7.2 7.3 0760 62 64 66 68 70 72 74 76

Frequency (GHz) Frequency (GHz)

Figure 2.23: CIMPA’s performance. (a) Instantaneous signal gain, where the 20 dB gain
range is highlighted in cyan, and the 15 dB gain range is highlighted in blue, (b) noise
temperature, and (c) input saturation power (dark green) and output saturation power
(light green) of the CIMPA operated at ®./®, = 0.3 and w, = 27 x 13.41 GHz. (d) Signal
gain at different CIMPA frequencies tuned by varying ®..

11 as seen from the CIMPA’s nonlinear resonator. The input impedance Z;, is calculated
by

1+ 54,
1—54

The results are shown in Fig. 2.24(b). Plugging this input impedance Z;, into Eq. 2.172,
we obtained gain profiles at different flux bias and operating frequencies shown in Fig. 2.24(c),
where the gain profile shows non-Lorentzian line-shape and multi-peak behaviors due to the
frequency dependence of Z;,. The gain profiles qualitatively agree with the experiment
results shown in the main text. We can only obtain a quantitative comparison with precise
calibration of the impedance along the microwave chain.

Zin = 1802 x

(2.183)

Input Power Calibration

To measure the saturation power of the CIMPA, we need to precisely calibrate the input
power at the amplifier (not at the top of the fridge). Therefore, we need to calibrate the
attenuation along the input line and convert the power sent out of the VNA to the power
fed into the CIMPA. According to the method mentioned in Ref. [32], we can connect the
CIMPA with a transmon qubit, as shown in Fig. 2.20, and the signal at the CIMPA will
be equal to the signal reflected from the readout resonator of the transmon. we can then
calibrate the input signal power by extracting the intra-cavity photon number occupation
n inside the readout resonator. The power of the signal leaving the qubit and feeding into
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Figure 2.24: (a) The microwave measurement chain model for simulating the input
impedance Zi,, (b) the input impedance Zj, with respect to the frequency, and (c) the
simulated gain profile at different operating frequencies.

CIMPA is given by
P = hw,k,n, (2.184)

where w, and k, are the angular frequency and linewidth of the readout resonator, respec-
tively. The resonator linewidth and frequencies are extracted by directly fitting the resonator
reflection spectrum, as shown in Fig. 2.25(a).

The intra-cavity photon number is measured using the ac Stark shift and measurement-
induced dephasing of the qubit, which can be extracted by fitting the Ramsey measurement.
Considering a qubit dispersively coupled to a readout resonator with a dispersive shift y, the
ac Stark shift caused by the photon population in the readout resonator is A,. = 2xn, and
the measurement-induced dephasing is given by I'y, = 8x*n/k,[161]. Utilizing the quadratic
dependence of the dephasing rate and the linear dependence of the frequency shift on y, we
can extract xy and n. As we vary the VNA power outside the fridge, we can extract the
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Figure 2.25: The calibration of the measurement setup. (a) Fitting of the readout resonator.
(b) Fitting of the ac Stark shift. (c) Fitting of the measurement-induced dephasing. (d)
Calibration between the power going into CIMPA and the power at the top of the fridge

intra-cavity photon number of the readout resonator by the Ramsey spectrum of the qubit,
and then calibrate the corresponding signal power at the CIMPA. The ac Stark shift and
measurement-induced dephasing at various VNA powers are shown in Fig. 2.25(b, ¢). The
extracted correspondence between the signal sent into CIMPA and the VNA power outside
the fridge is shown in Fig. 2.25 (d). All extracted parameters are listed in Table 2.3.

u@/(Qﬂ) “%/(QW) KT/(zﬂ) jéﬁdm
Parameter (GHz) (GH?7) (ki) Ty (ps) (s5)
Value 5.350 6.633 309 45 16

Table 2.3: Qubit and resonator parameters
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Figure 2.26: Transmon’s coherence time statistics for CIMPA on (pumped) and off (un-
pumped), with the mean values equal to 14.78 us and 16 us, and the standard deviations
equal to 1.41 pus and 5.45 us, respectively. The statistics consist of 201 individual measure-
ments in each setting.

Back-action Measurement

Importantly, possible back action from the parametric process can undermine the integration
of an amplifier into a qubit measurement setup. For example, spurious microwave radiation
from the CIMPA can populate the readout resonator connected to the qubit, leading to
photon-noise dephasing [161, 162]. To investigate the possible back action of the CIMPA
device, we measure the echo time 75 e Of the qubit with and without amplification. To turn
off the CIMPA, we remove the pump tone and flux-tune its frequency away from the qubit’s
readout resonator, such that the amplifier acts as a passive mirror. When the CIMPA is
turned on, it provides a gain of 21 dB for the readout signal frequency at 6.633 GHz. The
T5 echo measurement is repeated continuously over 201 iterations in each setting to provide
reliable statistics despite temporal fluctuations. We attribute the wider fluctuation range
associated with the measurement when the CIMPA is off to the approximately ten times
longer data acquisition time. As shown in Fig. 2.26, there is no significant degradation of
the qubit’s coherence time beyond random fluctuation when the CIMPA is operated.

Summary and Discussion

In conclusion, we show that the CIMPA’s design and fabrication is as simple as the JPA’s,
yet its performance is comparable to earlier IMPA implementations. Therefore, it fills the
technological gap between JPAs and TWPAs, with potential applications ranging from qubit
readout to axion dark matter detection. Compared to typical TWPAs, the CIMPA device
reported here has a narrower bandwidth and lower dynamic range. However, we note that,
on one hand, a majority of quantum experiments do not require a 3-GHz bandwidth, and
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on the other hand, we can integrate SQUID arrays [163, 164] or superconducting nonlinear
asymmetric inductive elements (SNAIL) [165] into the CIMPA design to increase its power

handling capability.
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Chapter 3

Kerr-cat Qubit Design and
Fabrication

Quantum systems are fragile, subject to various errors such as decoherence [166], dephas-
ing [23, 167], stochastic and coherent errors [168]. As a result, quantum error correction
(QEC) is essential for practical and fault-tolerant quantum computing (FTQC) [37, 169].
Most QEC protocols impose stringent performance requirements on the physical device level
due to significant hardware overhead and low error thresholds [28, 169]. The suppression
of qubit errors via the surface code highlights the progress in this direction [28]. Alter-
natively, tailored QEC codes explore the noise structures of quantum systems to achieve
higher efficiency and error thresholds, relaxing the requirements for the quantum device
performance [170-173].

QEC codes tailored for noise-biased qubits [58—60], such as the XZZX codes [57, 174, 175],
have gained extensive attention. Recent work on enhancing the phase-flip time of dissipative
cat qubits using repetition codes marks an important step toward the extreme limit where
physical noises are so strongly biased that only one error channel requires correction [176].
Nevertheless, such a method is challenging to scale up because the uncorrected error will
still increase exponentially with the system size [176]. On the other hand, the exploration of
Kerr-cat qubits (KCQs) aims to address stochastic Pauli errors based on the XZZX surface
code and relies on noise bias to achieve high error thresholds [177]. Importantly, KCQs are
shown to be promising through demonstrations of their universal gate control and quantum
nondemolition readout [53, 62].

Kerr-cat qubits [53, 55, 62, 64, 83, 177—-183]are usually realized by engineering Schrodinger
cat states in quantum oscillators, and have attracted considerable attention due to their
comparatively high noise bias and low hardware complexity. Leveraging strong non-linear
interactions in superconducting circuits, many theoretical proposals examined cat qubit im-
plementations [174, 184], bias-preserving gates [185, 186], and applications in XZZX surface
code for FTQC [177]. Furthermore, the successful implementation of cat qubits in super-
conducting circuits has driven experimental advances [55, 62]. The universal quantum
operations of a KCQ enclosed in a 3D cavity have been demonstrated [52, 65]. However,
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Prior implementation of Kerr-cat qubits was restricted to 3D architectures, and the feasibil-
ity for realizing high-performance Kerr-cat qubits in the scalable 2D superconducting circuits
remains an open question, which limits their further progress in quantum error correction.
Therefore, the development of the Kerr-cat qubit in a 2D architecture is crucial for advancing
Kerr-cat qubits toward further applications in quantum computing.

In this chapter, we will discuss the design and fabrication of Kerr-cat qubits in a scalable
2D architecture, which exhibit inherent resilience to bit-flip errors[53, 54]. The biased noise
with suppressed bit-flip errors of Kerr-cat qubits offered the possibility for hardware-efficient
quantum error corrections, which have a high error threshold and reduced hardware overhead.
The contents in this chapter are based on the author’s publication[53, 54].

3.1 Hamiltonian Structure and Qubit Encoding

The Kerr-cat qubits are engineered in a bosonic oscillator mode through the following effec-
tive Hamiltonian

Hyoo/h = Ad'a + eal? + e5a® — Kat?a?, (3.1)

where @ and a' are the annihilation and creation operators of the bosonic mode. This Hamil-
tonian is reminiscent of the CIMPA Hamiltonian introduced in Eq. 2.167, which likewise
contains a detuning term characterized by A and a two-photon drive term characterized
by the drive strength e;. However, the present Hamiltonian additionally includes a non-
negligible fourth-order contribution, namely the Kerr nonlinearity term characterized by the
Kerr coefficient K. This Kerr term plays a crucial role in engineering Kerr-cat qubits.

To obtain an intuition for the structure of this Hamiltonian, one can make a plot of the
classical energy pseudo-potential of this Hamiltonian by mapping the bosonic operators to
complex numbers « following

a—a, a —a, (3.2)

and plot the values of the corresponding classical Hamiltonian. Unlike the CIMPA Hamil-
tonian Eq. 2.167, which has negligible fourth-order term and therefore maintain an ap-
proximately parabola profile, the Kerr-cat qubit Hamiltonian Eq. 3.1 forms a double-well
structure for suitable choices of for suitable choices of A and €;, as shown in Fig. 3.1. The
barrier energy of the pseudo-potential double-well, defined as the energy difference between

the bottom of the potential wells and the top of the potential barrier between them, is given
by

2|es| + A)?
Ebarrier - % (33)
Therefore, the potential well will become deeper with a higher ¢; and positive A.
A double-well potential structure usually supports pairs of eigenstates with even and

odd parities, and the tunneling between the two potential wells is exponentially suppressed,
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Figure 3.1: Classical pseudo-potential of Kerr-cat qubit Hamiltonian with different A and
€9.

enabling the protection of the states against noise. Similar properties are also observed in the
Kerr-cat qubit Hamiltonian. In the following of this section, we will discuss the structure of
the eigenstates and the eigenenergies of the Kerr-cat qubit Hamiltonian and their interactions
with various noise mechanisms.

Resonant-Kerr-cat qubit

We first analyze the resonant-Kerr-cat qubit case with A = 0, which has a clear analytical
formula of the eigenstates and eigenenergies. When A = 0, one can factorize the Hamiltonian
to be
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Figure 3.2: Eigenstates and cat qubit encoding. (a) The pseudo-potential and the ground
coherent states. (b) The Bloch sphere of a cat qubit.

H.o/h = €20 + €50 — Ka?a? = —K (™ — o*?)(a* — o?) + K|a/|* (3.4)

where o = /ey /K. This Hamiltonian clearly supports two degenerate ground states | £+ a),
which are two coherent states with opposite phases lying at the bottom of each potential well
as shown in Fig. 3.2 (a). The eigenenergies of these two ground states are Fy = K|a|? =
€5/ K. The superposition of them then forms a pair of eigenstates with even and odd parities

C3) = Ne(loy £] = o)), (3.5)

where N. is the normalization factor, which approaches 1/4/2 when |a|? > 1. The ecigen-
states above, consisting of the superposition of two coherent states with opposite phases, are
named Schrodinger cat states'. Therefore, using the superpositions of those cat states or
coherent states, one can encode a qubit and define the Bloch sphere of the qubit as shown
in Fig. 3.2 (b), where the Z axis states are coherent states, the X axis states are even and
odd cat states, and the Y axis states are the imaginary even and odd cat states defined as

C37) = Naila) £1i] — o)), (3.6)

and |a|? is usually referred to as the size of the cat qubit. One may find that e, and « are
in general complex with a non-zero phase. However, such a phase only causes a rotation in
the reference phase space. Therefore, without the loss of generality, we can always assume
€5 and « are real, and reference the phases of all other drives and corresponding dynamics
with respect to the phase of €.

'In reminiscence of Schrédinger’s cat thought experiment, “quantum” superposition of “classical” states
are usually referred to as cat states, and coherent states are considered a very “classical” state of the bosonic
mode.
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Detuned-Kerr-cat qubit

We then move to the discussion of the Hamiltonian with a non-zero detuning A # 0. Un-
like the resonant-Kerr-cat qubit case, where the Hamiltonian can be factorized to find the
eigenstates, the detuned-Kerr-cat qubit Hamiltonian is not factorizable, and it is challenging
to obtain an accurate analytical formula. Therefore, we will analyze the detuned-Kerr-cat
qubit Hamiltonian using perturbation theory.

We apply a displacement transformation to the detuned-Kerr-cat qubit Hamiltonian with
displacement operator U = D(a) = ea‘iT_a*&, and get the Hamiltonian in the displaced frame
as

H = E+ Ad' + Aa+ Aata + &(a’? + a®) + Ta'?a + Tafa® — Kat?a?, (3.7)

where we have assumed ¢, is real, and the coefficients are given by

E = Ala* - Kla|* + e(a® + a*?), (3.8a)
A = —Aa +2K|al’a* — 2607, (3.8b)
A=A —4K|af, (3.8¢)
& = —Ka? + e, (3.8d)
I'= —2Ka. (3.8¢)

With a suitable choice of & = /(€2 + A/2)/ K, the single-photon drive terms are canceled
out (i.e. A =0), and the displaced Hamiltonian can be written as

H' =H, + Hi, (3.9a)
Hy —W — (465 + A) a'a, (3.9b)
H, =— %A(a” + a?) (3.9¢)

— (265 + A)(a'?a + a'a?) — Ka™a?, (3.9d)

where the eigenstates of Hy are Fock states |n) and their eigenenergies are given by
EY) = (A/2+ €)? /K — (4es + A)n. Hy is treated as a perturbation as long as its energy
scale is much smaller than the energy gap of the unperturbed system (|es| > | K|, |A/2]).
Firstly, the perturbed ground-state energy is estimated as

(A2 +e)?  AK
+ + ...,
K (des + A)2

Ey=EY+EV + .. = (3.10)

In Fig. 3.3 (a), we plot the fractional deviation of the estimated ground state energy (Ej)
from the exact ground state energy (FEy) given by the numerical diagonalization with various
two-photon stabilization drive strengths. In the regime of interest where A/K ~ 2 and
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Figure 3.3: Detuned-Kerr-cat qubit ground state and its energy with A = 2K. a, The
fractional deviation of the ground state energy estimated by the unperturbed Hamiltonian
and perturbation theory. b, The difference between the coherent state and the ground state
of the detuned-Kerr-cat qubit Hamiltonian calculated by numerical diagonalization (ND)
and perturbation theory (PT).

€2/K ~ 1 — 10, the unperturbed ground state energy E(()O) matches the exact ground state
energy with less than 5% deviation, which is further improved slightly by the perturbation
theory. Notably, the unperturbed ground-state energy can also be written as

E(O) _ (A/Q + 62)2
0 K
which is in the same form as the ground state energy of a resonant-Kerr-cat qubit. In
fact, when A — 0, the perturbative corrections of the eigenenergies approach zero, and the
unperturbed ground state energy will approach the ground state energy of the resonant-
Kerr-cat qubit.
Secondly, the perturbed ground state (up to the first order) is given by

= Kla|*, (3.11)

hm:NQm—@§%§m>, 312

where the perturbation introduces the occupation beyond the unperturbed ground states,
and A is the normalization factor. After returning to the undisplaced frame, the ground
state ends up approximately as the coherent state,

\@zﬁmwszQ—m—Rg%Eﬁmewrw» 319

The difference between the coherent state | — ) and the ground state |¢) of the detuned-
Kerr-cat qubit when A = 2K is shown in Fig. 3.3b. The Wigner functions of the ground
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Figure 3.4: Higher excited eigenstates and eigenenergies of Kerr-cat qubits. (a) The pseudo-
potential and the higher excited states. (b) The energy spectrum of the Kerr-cat qubit with
different detuning A, where the degenerate point is marked by a star, and Nge, is the number
of degeneracies.

states when €3/ K = 1 and €5/ K = 4 are also plotted in the inset indicated by the orange and
blue stars. For non-zero positive detunings, the Wigner functions of the ground states are dis-
torted from the coherent blobs to kidney-shaped structures. Nevertheless, both results from
perturbation theory and numerical diagonalization indicate the rapidly decreasing difference
between the coherent state and the detuned-Kerr-cat qubit ground state. Therefore, as long
as the € is large enough, we can approximate the ground states of detuned-Kerr-cat qubits
as coherent states and encode the cat qubit in a similar manner to resonant-Kerr-cat qubits.
As an example, when e; = 4K (blue star), the difference between the coherent state and the
detuned-Kerr-cat qubit ground state is only 0.3%. Therefore, the analysis of coherent states
and cat states for resonant-Kerr-cat qubits is still compatible with detuned-Kerr-cat qubits.
While the above derivation employs the displacement operator D(a) to obtain the eigenstate
associated with | — «), the corresponding eigenstate for |«) can be derived analogously by
applying D(—a).

As a summary, the encoding of Kerr-cat qubits is shown in Fig. 3.2 (b) with the states
on three axes given by

|£2)=|£a), |£X)=|C3), [£Y)=|£CT) (3.14)

The Pauli matrices in the Kerr-cat qubit encoding are therefore defined as
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6. = 12)(2] - | - 2)(~Z|
6, = |X)(X] — | - X)(~X]| (3.15)
6, = [V)(Y|~ | - Y)(~Y]

Higher Excited States

The Kerr-cat qubits are encoded in the ground state manifold of the Kerr-cat Hamiltonian.
However, the structure of the higher excited states is important for analyzing the noise
mechanism of the qubit. Similarly to the ground states, the higher excited states also appear
in pairs with even and odd parities, as shown in Fig. 3.4 (a). According to the perturbative
analysis in the previous section, to the leading order when A — 0, we can write down the
j-th pair of higher excited states as

ej,o

(CE.0) = N o (D)) + D(=a)l)) (3.16)

where [j) is the j-th excited Fock state, and N;, is the associated normalization factor.

The eigenenergies of the j-th pair of higher excited states, to the leading order, can be
given by F; = 4K|a/|?j. Importantly, such eigenenergies indicate that the excited states are
separated from the ground state manifold by an energy gap of around Eg,,/h = 4K|a|?, as
shown in Fig.3.4 (a). This gap ensures the isolation of the ground state manifold for qubit
encoding. Therefore, analogous to the role of anharmonicity in transmon qubits, this energy
gap sets an upper bound on the gate speed within the ground-state manifold, beyond which
significant leakage to higher excited states occurs. A rough estimation of the fastest gate in
the ground-state manifold is given by T, ~ 27h/ Eg,p.

Unlike the ground-state manifold, the higher excited-state pairs, although degenerate
to leading order, are not exactly degenerate. Through numerical diagonalization of the
Kerr-cat qubit Hamiltonian, one obtained the eigen energy spectrum with various detuning
values A shown in Fig. 3.4 (b), where the two-photon drive strength e = 4K. While the
ground state manifold is always degenerate, the j-th excited state pairs are only degenerate
when A = 2nK,n > j, and the total number of degeneracies when A = 2nK is given
by Ngee = n + 1. The energy differences between the even and odd states in a higher
excited state pair are related to the tunneling rate across the energy barrier of the double-
well pseudo-potential, and therefore influence the bit-flip time of the Kerr-cat qubits. As
discussed in detail later, the bit-flip time of the Kerr-cat qubit can be significantly increased
when A =2nK,n ={1,2,---}.

3.2 Noise Structure

In this section, we firstly discuss the effect of an intrinsic non-ideality in the qubit encoding:
|a) and | — ) are not orthogonal. Then, we will discuss the influence of four dominant noise
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mechanisms on Kerr-cat qubits, including the single-photon decay, single-photon heating,
pure dephasing, and non-Markovian low-frequency noises.

Non-orthogonality of coherent states

The conventional qubit uses the orthogonal Fock state |0) and |1) as its Z-axis state with
|(0]1)|? = 0. In contrast, the Kerr-cat qubit uses the non-orthogonal coherent states | + «)
as the Z-axis state, with the inner product of them given by

| — a)|? = e 4P, (3.17)

As a result, even for a process A that does not perturb the Z-axis state, i.e.

Al+a)=AL+a) (3.18)

with AL being just a complex number rather than an operator, the Kerr-cat qubit will still
develop an intrinsic bit-flip with the probability of pininsic given by

Pintrinsic = | (Fa|A| £ a)[? = |Ay|2e 40P, (3.19)

This property is, in theory, harmful for Kerr-cat qubits. However, the overlap between
two coherent states decreases rapidly with increasing cat size |a|?, leading to an exponentially
small influence on the system. In fact, for a moderate cat size of |a|* = 2, this overlap is

—4el® 2 0.03%
€ ~ U. 0.

Single-photon Decay

The effect of single-photon decay is characterized by the jump operator L = & with the
decay rate of v+, and the relaxation time T} of the mode is given by T} = 1/~*. The effect
of single-photon decay on the three axis-states are given by

Q| £2Z)=%a|£2), a£X)=a|FX), aLY)=a|FY) (3.20)

As shown, the single-photon decay does not influence the Z-axis state because the coherent
states are eigenstates of the annihilation operator?. Therefore, it will only introduce a bit-
flip rate due to the intrinsic non-orthogonality of the coherent states, which is given by
7¢]a|26_4|a‘2. In contrast, the single-photon decay flips the X-axis and Y-axis states at an
enhanced rate. Therefore, for a single-photon decay process with rate v+ and jump operator
L = a, its effect can be described by a stochastic Pauli error process with the jump operator
L. = 6. with an error rate of 2y*|a|?. On the Bloch sphere, this corresponds to a phase-flip
process.

2For detuned-Kerr-cat qubits, the Z-axis states are not exact coherent states, but their deviations from
coherent states are usually on the order of 1%, and therefore, the perturbation of the annihilation operator
on them is minimal.
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As a summary, the single-photon decay process will introduce a bit-flip rate of 7¢|oz|26*4|°‘|2

and a phase-flip rate of 2v+a/?.

Single-photon Heating

The single-photon heating process is described by a jump operator L = a' and the error rate
of 4T, Usually, the error rate is proportional to the thermal photons ny, in the system and
written as 7' = nw7l,. . Noticing that the coherent states are not the eigenstates of the
creation operator, the creation operator will excite the coherent states following

afla) = a*|a) + D(a)|1) = ala) + D(a)[1) (3.21)

where we have implicitly assume « is real. The creation operator will perturb the coher-
ent state by introducing a leakage state D(«)|1) which is out of the computational space.
This leakage state will have non-zero overlap with the higher excited state pairs. For non-
degenerate excited state pairs, the non-zero tunneling rate across the energy barrier will
introduce bit-flip errors. The contribution of the bit-flip errors given by this leakage mech-
anism is given by|[187]

2 i/,

where ¢; is the energy non-degeneracy of the j-th excited state pair. Therefore, when the
j-th excited state pair is degenerate with ¢;, their contribution to the bit-flip error will be
removed, and the bit-flip time will be increased. However, one should also notice that the
contribution also scales as the overlap between the j-th excited state pair and the leakage
state ﬁ(a)|1>, which decreases rapidly as j increases. Therefore, people usually find that
a detuning of A = 2K or A = 4K is significantly beneficial, while the effects of higher
detunings become marginal.

oy . (kD] (1 ) Sm(aj/w)) (3.22)

Pure Mode Dephasing

As discussed above, pure dephasing arises from the averaged effect of random fluctuations
in the mode frequency. Although each individual frequency fluctuation corresponds to a
coherent evolution, ensemble averaging over these fluctuations leads to an effectively inco-
herent process that manifests as dephasing of the mode®. The Hamiltonian of the random
fluctuation of the mode frequency is given by

6H /h = dw(t)ala, (3.23)

3The notion of pure mode dephasing here should not be confused with the phase-flip error of the Kerr-cat
qubit discussed above.
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where dw(t) indicates the frequency fluctuation.
For conventional qubits encoded in the |0) and |1) Fock states, the evolution of the |1)
state will be perturbed by this frequency fluctuation following

e—ift 5I:Idt/h|1> _ e—ift 6w(t)dt|1>. (324>

Therefore, any frequency fluctuation, no matter how strong and how fast the fluctuation is,
will perturb the phase of the |1) state. By taking the average of the phase of the |1) state
and assuming that dw is a Gaussian noise, we can obtain the phase decay formula given by

E [eﬂ‘ I, 5w(t)dt] — ot (3.25)
and
1 [ sin?(wt/2)
A N e ) 3.26
Ve mt /0 wSu(w) w? ( )

where S, (w) = [ d7 E[dw(t)éw(t+7)] €T is the noise spectrum of dw, and E[dw(t)dw (t+7)]
is the correlation function of dw. For the Markovian white noise limit, where the correlation
function is a delta-function, E[dw(t)éw(t + 7)] = d(7), the phase decay factor v4 becomes a
constant 4 = 3.9,(0) and we can therefore end up with the Lindbladian for dephasing noise
with a jump operator of L = a'a and the dephasing rate Yo = %Sw(()).

However, the effect of frequency fluctuation on cat qubit states is fundamentally different
from that on Fock qubit states. In a Fock-state encoding, frequency fluctuations translate
directly into phase errors by altering the relative phases of the basis states. By contrast, cat-
qubit states can exhibit robustness against small and slowly varying frequency fluctuations,
since the encoded states adiabatically track the instantaneous eigenstates. Considering a
Kerr-cat qubit Hamiltonian with a random frequency fluctuation, shown below

H(t) = (dw(t) + A)ata + ea? + €50 — Ka%a?, (3.27)

the encoded states are the cat states |CF), imaginary cat states |CE%) and coherent states
|+a), and a = /(62 + A/2 + §(t)w/2) /K is dependent on the frequency fluctuation. There-
fore, as long as the encoded states can track the instantaneous eigenstates of the Hamiltonian
in the presence of the fluctuation, the qubit evolution proceeds as expected without accu-
mulating errors.

According to the adiabatic theorem, for a time-dependent Hamiltonian with instanta-
neous eigenstates 11 (t) and 1(t) and instantaneous eigenenergies F; and Es, the transition
probability T';_,5 from state v (t) to 15(t) with this time-varying Hamiltonian is[2]

B 220 ) |
(Ey — E»)?

F1~>2 -

: (3.28)
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and in order to allow the states to follow their instantaneous eigenstates, this transition rate
has to be much smaller than 1.

For Kerr-cat qubits, the higher excited states are separated from the ground manifold by
an energy gap of Eg,/h ~ 4K|al?. Therefore, we would require

2
aw_(t) < Eg;p’
ot h
so that the Kerr-cat qubit states will follow their instantaneous eigenstates. As a result,
only the fluctuation that varies mode frequency fast enough, i.e., the high-frequency pure
dephasing noises, will perturb the encoded cat qubit states, and the low-frequency pure
dephasing noises will have minimal effects. Such protection against low-frequency pure
dephasing noise is reminiscent of the dynamical decoupling technique, which uses “echo”
pulses to correct the low-frequency dephasing noises[136].
Therefore, to describe the effect of pure dephasing on Kerr-cat qubits, we should use the
same jump operator L = a'a but with a different dephasing rate modified by the protection
against low-frequency pure dephasing noises ’y(’z), and typically, we have

(3.29)

Vo < Vo (3.30)

Non-Markovian Low-frequency Noises

Even though the encoded cat qubit states can follow the instantaneous eigenstates under low-
frequency pure dephasing noises and avoid the associated higher excited state populations,
such low-frequency noises still influence the bit-flip time of the cat qubits. As mentioned
before, the bit-flip error contribution from single-photon heating is related to the degeneracy
of the higher excited states, depending on the detuning value A. Therefore, under finite
temperature with non-zero heating rate 7', the bit-flip time 77, is a function of the detuning
A. T,(A), and has peaks when A = 2nK,n = {1,2,...}, as shown in Fig. 3.5.

When the system suffers from a low-frequency noise that varies the mode frequency by
a random variable dw, it will also vary the detuning A by the same random variable, which
is shown as

A=A+ dw. (3.31)

~ As aresult, when the encoded cat qubit states follow the instantaneous eigenstates with
A, the effective bit-flip time T, being observed will be the average of the lifetime with the
varying detuning,

T.—E [TZ(A)} . (3.32)

The effect of this low-frequency noise cannot be adequately captured by a Lindblad master
equation formulated in terms of jump operators and constant error rates. We therefore
classify it as non-Markovian noise. Its dominant impact is the suppression and broadening
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Figure 3.5: Bit-flip times of Kerr-cat qubits with different detunings without non-Markovian
errors.

of the bit-flip time peaks at A = 2nK. In the experiments discussed later, incorporating
this low-frequency noise is essential for accurately predicting the bit-flip time and achieving
good agreement between the theoretical model and experimental results.

3.3 Kerr-cat Qubit Implementation

With the understanding of the Kerr-cat qubit Hamiltonian, encoding, and noise structure, we
proceed to the implementation of the Kerr-cat qubit Hamiltonian in a 2D superconducting
circuit. We begin with a general overview of the Kerr-cat qubit device layout, followed by
a description of its key components and their respective functions, including the SNAIL
nonlinear oscillator, the readout resonator, the strongly coupled microwave bus, and the
weakly coupled microwave bus. The SNAIL nonlinear oscillator provides the engineered
nonlinearities required to encode the cat-qubit states. The readout resonator enables high-
fidelity, quantum-nondemolition (QND) measurement of the cat-qubit states. The strongly
and weakly coupled microwave buses deliver the various drive tones necessary for stabilization
and coherent control of the cat qubits. Finally, we discuss the initialization of the cat qubits
via adiabatic mapping and heralded preparation.
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Figure 3.6: (a) False-color micrograph of the 2D Kerr-cat qubit device, which contains two
uncoupled Kerr-cat devices based on the SNAIL nonlinear oscillators. The SNAIL nonlinear
oscillator (yellow) is coupled to a readout resonator (dark green) with its Purcell filter (light
green) for quantum nondemolition readout through the readout bus (pink). A weakly coupled
control port (orange) delivers the single-photon drive, and a strongly coupled pump port with
a bandblock filter (purple) delivers the two-photon stabilization drive and cat-qubit readout
drive with suppressed Purcell decay. (b) The scanning electron microscope picture of the
double SNAILSs, with each consisting of three large JJs connected in parallel with a small JJ.
(¢) The zoom-in picture of the bandblock filter, where the stubs form destructive interference
in the block band, leading to low transmission.

Device Layout

The Kerr-cat qubit is implemented on a planar superconducting circuit device. The false-
color micrograph of the device chip is shown in Fig. 3.6 (a) and the equivalent circuit
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diagram of the device is shown in Fig. 3.6 (d). The key component of the Kerr-cat qubit
device, SNAIL nonlinear oscillator (yellow), consists of two SNAILs shunted by a coplanar
capacitor, where each SNAIL is formed by three large Josephson junctions connected in
parallel with a small Josephson junction, as shown in Fig. 3.6 (b). A readout resonator
(dark green) is capacitively coupled to the SNAIL nonlinear oscillator with a dispersive shift
X to enable the quantum nondemolition readout of the Kerr-cat qubit, and a Purcell filter
(light green) is introduced between the readout resonator and the readout port (pink) to
engineer the desired readout resonator decay rate k, with suppressed Purcell decay. We
engineered two microwave ports to deliver the microwave efficiently without introducing too
much Purcell decay. On the one hand, a control port (orange) is weakly coupled to the SNAIL
nonlinear oscillator to deliver the single-photon drive on resonance with the SNAIL nonlinear
oscillator frequency. On the other hand, a pump port (purple) with a bandblock filter is
strongly coupled to the SNAIL nonlinear oscillator to deliver the two-photon stabilization
drive and the cat-qubit readout (CQR) drive, where the bandblock filter strongly suppresses
the Purcell decay from this port by blocking the signal around the qubit frequency. A zoom-
in picture of the bandblock filter structure is shown in Fig. 3.6 (c), where the stubs form
destructive interference for the signals in the block band and reduce the transmission. We
will introduce the functions of the components on this chip in the following sections. Finally,
an external flux coil is anchored on the sample package to provide a DC flux bias to the
SNAIL.

Table 3.1: Device Parameters and Calibration Methods

Parameter Value Methods
SNAIL oscillator frequency wgq/(27) 5.9 GHz two-tone spectroscopy
SNAIL oscillator Kerr K /(2m) 1.2 MHz two-tone spectroscopy
SNAIL large junction E;/(27) 263.2 GHz | room-temp. resistance[188]
SNAIL small-to-large junction ratio /3 0.1 room-temp. resistance[188§]
SNAIL oscillator charge energy E./(2m) 118 MHz | finite-element-method simu.
SNAIL oscillator relaxation time T} 40 ps time-domain coherence
SNAIL oscillator dephasing time T5 3.2 us time-domain Ramsey[189]
SNAIL oscillator thermal population ng, 5% T, fitting
Readout resonator frequency wg/(27) 7.1 GHz microwave reflectrometry
Readout resonator relaxation rate kg/(27) | 0.4 MHz microwave reflectrometry
Readout resonator dispersive shift x/(2m) 40 kHz time-domain spectroscopy

The parameters of the device and the calibration/estimation methods are described in
Tab. 3.1. The calibration procedure will be illustrated later.
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Figure 3.7: (a) SNAIL nonlinear oscillator frequency w’, (b) Kerr-nonlinearity K, (c¢) third-
order nonlinearity g; and (d) the ratio between g3 and K with respect to different external
flux (I)ext

SNNAIL Nonlinear Oscillator

As we mentioned in previous sections, the SNAIL nonlinear oscillator has a Hamiltonian
with both fourth-order and third-order nonlinearities, given by

B 3 4
Hsnar/h = wa'a + g3 (a + aT) + g4 (a + aT) ) (3.33)

Therefore, one can engineer two-photon drives by capacitively driving it off-resonantly at

a frequency wg close to twice its resonant frequency, as described by the Hamiltonian below
Hy = —2ieq cos(wgt)(a — ab). (3.34)

Following the procedure mentioned in 2.3, we can apply the unitary transformation with

U = e$a'=8" anq & = —ieg (e_wst + ﬂ> to move to the displaced frame, and then apply

w—wg wtwg

the unitary transformation with U = e™s%/2 to move to the rotating frame and apply RWA,

and finally, we will end up with the Kerr-cat qubit Hamiltonian shown below

Hycq = Ada + e,a!? + e5a® — Kat?a?, (3.35)

where A = wg — %% is the detuning between the re-normalized SNAIL nonlinear oscillator
frequency and half of the two-photon drive frequency, and e = 3g3&, is the two-photon
drive strength. K = —6g, is the Kerr-nonlinearity, wg = w + 24¢4|&|* + 12¢4 is the re-
normalized SNAIL nonlinear oscillator frequency shifted by the static fourth-order terms

and AC-Stark shift due to the two-photon drive, and &, = i€ < L1 ) Noticing that

w—wg wtwg

the Kerr-cat qubit can only be engineered with K > 0, we must require that the SNAIL
nonlinear oscillator has g4 < 0. Using the parameters from Tab. 3.1, we can extract the
SNAIL nonlinear oscillator frequency wg, Kerr-nonlinearity K, third-order nonlinearity gs,
as well as the ratio between g3 and K with respect to different external flux ®.., as shown
in Fig. 3.7. Importantly, for suitable choices of external flux, one can obtain g3 > |K],
leading to efficient three-wave mixing and two-photon drive. As a result, a large cat size
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la|?> = e/K = 3g3&/K can be achieved without unreasonably large &. However, the
microwave drive strength ¢y may still be large due to the small factor w_lws. Therefore, we
engineered the strongly coupled port to deliver such a microwave drive efficiently.
Following the convention of the Kerr-cat qubit community, we will hereafter refer to the
two-photon drive €5 as the “stabilization drive” because such a two-photon drive “stabilized”

the cat qubit states.

Microwave Buses

The operation of the Kerr-cat qubit involves the microwave delivery at various frequencies,
including the near-resonant frequencies at wg/2 and wg, and off-resonant frequencies at
ws & 2wg and wegr = wrp — wg/2. Therefore, we engineered two different microwave
buses, one strongly coupled bus with a bandblock filter to deliver off-resonant drives while
suppressing the Purcell decay near the frequency of wg, and the other weakly coupled bus
without any filter to deliver near-resonant drives.

Strongly Coupled Bus and Bandblock Filter

The two-photon stabilization drive and the latter discussed cat-qubit readout (CQR) drive
are far off-resonant with the SNAIL nonlinear oscillator, and their effects are attenuated by
the factor w%w,wd = {ws,wer} in the displacement transformation. Therefore, to achieve
enough microwave delivery required for Kerr-cat qubit stabilization, we engineered a strongly
coupled port (purple) to deliver such a signal efficiently.

The key challenge of a strongly coupled port is the Purcell decay of the SNAIL nonlinear
oscillator mode through this port. To mitigate the Purcell decay while keeping efficient
signal delivery, we engineered a bandblock filter to prevent the signal transmission at the
SNAIL nonlinear oscillator frequency wg while allowing the signals at the other frequencies
to propagate, as shown in Fig. 3.6 (c).

A zoom-in view into one of the stubs of the filter is shown in Fig. 3.8 (c¢). The open
boundary condition requires this filter design to be A\/4 to have destructive interference inside
the stop band of the filter [152]. Fig. 3.8 (d) shows a visualization of this process.

Ideally, the filter should have high isolation at the qubit frequency (wq/27 = 5.9 GHz)
with low attenuation at other frequencies. In the experiment, the two-photon stabilization
drive at wg and the cat quadrature readout drive at wCQR4 will be delivered through this
strongly coupled bus. Therefore, specifically, the filter should have minimal attenuation at
the frequency of the two-photon stabilization drive (ws/27 = 11.8 GHz) and the frequency
of the cat quadrature readout (weqr/2m = 1.2 GHz). In Fig. 3.8, we present a measurement
of the transmission coefficient Sy, of the filter in a dedicated chip. In Fig. 3.8 (a), we show
the behavior of the normalized scattering parameter So; for the full range of interest. The 30
dB of isolation at the qubit frequency corresponds to a three-order of magnitude suppression

4This is an important off-resonant drive for cat quadrature readout being discussed later.
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Figure 3.8: (a) The measured performance for the full range of the filter (purple). The dark
grey line is the simulated performance using finite-element simulation. (b) Shows a zoomed
view around the qubit frequency with the 20,30 dB attenuation ranges. (c) A zoomed view
into one stub of the filter, where the length is chosen to have destructive interference around
the qubit frequency. (d) The destructive interference results from the m phase that the signal
picks from the two paths.

of the Purcell decay, pushing the Purcell limit energy relaxation time through the strongly
coupled port to 12 ms. In Fig. 3.8 (b), we zoom in around the qubit frequency to examine
the range of 20 dB and 30 dB of isolation. The large bandwidth of this filter makes it suitable
for multi-qubit chips with strong qubit-qubit coupling while maintaining a negligible Purcell
effect and efficient pumping for all the qubits. This filter can also be incorporated in any
circuit QED experiment in which a strong off-resonance drive is required to implement the
desired interaction.

Weakly Coupled Bus

In the operation and initial characterization of Kerr-cat qubits, we also need to apply near-
resonant drives at wg and wg/2. Such drives will be blocked by the bandblock filter men-
tioned above and therefore cannot be delivered through the strongly coupled bus. Moreover,
since these near-resonant drives have similar frequencies to the SNAIL nonlinear oscillator
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frequencies, it is challenging to engineer dedicated filters to suppress the Purcell decay.
However, unlike off-resonant drives, the effect of near-resonant drives does not rely on
multi-wave mixing processes or displacement transformations that introduce the small sup-

pression factor le_ Consequently, the near-resonant drive amplitudes required in ex-

periments are typically weak. This allows the use of a weakly coupled port, such as the
yellow-colored bus shown in Fig. 3.6(a), to deliver the near-resonant drives without intro-
ducing significant Purcell decay.

Readout Resonator and Cat Quadrature Readout

The coupling between the readout resonator and the SNAIL nonlinear oscillator can be
described by the JC coupling model given by

Hyg = g(ab' + a'b) (3.36)

where @ (at) and b (b") denote the annihilation (creation) operators of the SNAIL nonlinear
oscillator and the readout resonator, respectively. A Purcell filter is inserted between the
readout resonator and the readout bus. This dedicated Purcell filter is engineered to optimize
transmission at the readout resonator frequency while strongly attenuating signals at the
SNAIL oscillator frequency. As a result, the energy relaxation time 7} of the SNAIL nonlinear
oscillator remains mostly unaffected by the readout chain.

The readout resonator has two functions for Kerr-cat qubits corresponding to the two
coupling regimes discussed previously: dispersive coupling and multi-wave mixing. The
dispersive coupling provided the readout of Fock states, which is essential for the initial
characterization of the sample parameters, and the multi-wave mixing offered high-fidelity
QND readout of the cat qubit states, which is necessary for high-performance quantum
computing with Kerr-cat qubits.

Dispersive Readout

As mentioned in section 2.3, the coupling between the readout resonator and the SNAIL
nonlinear oscillator can be described by an effective dispersive coupling Hamiltonian,

ﬁdispcrsive = X(A],Tdi)TlA) (337)

1 1
wR—OJQ-i-ZK WR—WQ

where y = 2¢° ( and wg is the readout resonator frequency. The an-
harmonicity of the SNAIL nonlinear oscillator is given by twice the Kerr nonlinearity. For
Kerr-cat qubits, the anharmonicity 2K = 2 x 1.2 MHz and the dispersive shift y = 40 kHz
are much smaller than those of transmon qubits because engineering cat qubits requires a
large g3/ K ratio and therefore small K and y.

The dispersive readout of the SNAIL nonlinear oscillator is inefficient with such a small
dispersive shift, and therefore, one needs to take many shots and calculate the average of

them to obtain a reliable readout result. Thus, unlike transmon qubits, one cannot achieve
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single-shot high-fidelity dispersive readout for Kerr-cat qubits. Such dispersive readout is
only used for the initial characterization of the sample parameters, such as the SNAIL
oscillator frequency, Kerr-nonlinearity, 77, and T5, rather than quantum computing with
Kerr-cat qubits.

Cat Quadrature Readout

On the other hand, as mentioned in section 2.3, one can apply the cat quadrature readout
(CQR) drive to the SNAIL nonlinear oscillator at the frequency difference between the
rotating frame reference and the readout resonator frequency, weor = wr — wg/2, and
engineer the beam-splitter interaction through the three-wave mixing process to enable the
Z-axis measurement of the Kerr-cat qubit, as shown by the Hamiltonian below.

2 g * ~T7 ~7 * N A7
Heqr = bgs (5CQ Rath -+ &;QRabT> = Gbori'h+ gograb' (3.38)
- WR

The readout resonator mode will be populated by this Hamiltonian. To solve the dy-
namics of the readout resonator under such a Hamiltonian, one can apply the quantum
Langevin equation. Assuming the energy relaxation rate of the readout resonator mode is
Kp, we obtained

A T A Kp » A
Ob = i [HCQR, b] - b+ Vb
Ry . (3.39)
~ gcQRra — Eb + /Kpbin

If we set by, = 0 since we do not apply any input signal at the resonator frequency, we can
solve for the evolution of the resonator mode

2 2
j — 29CQR . [1 _ 6_,.%,5/2} _ 29cqr .
Kb Kb

(3.40)

t—o00

Clearly, the resonator mode will be populated in different states depending on the SNAIL
nonlinear oscillator mode. Therefore, by measuring the readout resonator field (E>, one can
obtain the average value of the SNAIL nonlinear oscillator mode (a). In Kerr-cat qubit
encoding, the SNAIL nonlinear oscillator mode for the Z-axis states | £ Z) = | £ «) is given

by

(@) = (£ala| £ a) = als,) (3.41)

where (d,) is the average value of the Pauli Z operator, with (6,) = +1 for | + a). As a
result, the resonator state will approach two points in the phase plane depending on the
Z-axis state of the Kerr-cat qubits, and by detecting the resonator state, one can easily

measure the qubit along its Z axis. We hereafter refer to this readout as the cat quadrature
readout (CQR).
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Unlike dispersive readout, where the readout fidelity is intrinsically limited by the low
dispersive shift y, one can increase the readout fidelity of CQR by increasing CQR drive to
achieve a large separation of the readout resonator states for | + ) and | — «), because the
beam-splitter interaction strength gogr is controlled by the CQR drive strength. Therefore,
one can usually achieve high-fidelity Z-axis readout of the Kerr-cat qubit through CQR.
However, increasing the CQR. drive too much will decrease the QNDness. The CQR process
depletes the photons stored in the SNAIL nonlinear oscillator by swapping them into the
readout resonator for detection. Consequently, the readout can be considered quantum
nondemolition only if the photons removed by the CQR are sufficiently replenished by the
two-photon stabilization drive €3, leading to the condition gogr < €. In Kerr-cat qubit
experiments, there is usually a wide range of gcgr where one can obtain both large enough
readout resonator state separation and QQNDness. Since the CQR drive frequency is far
off-resonant with wg and relies on higher order nonlinearities, it is delivered through the
strongly coupled bus, and the signal transmission at wegg for the filter is shown in Fig. 3.8
(a).

Although CQR can read out the Z-axis states of the Kerr-cat qubit, it cannot distinguish
the higher excited states from the ground states. For example, the SNAIL nonlinear oscillator
mode for the ground state |o) and higher excited state D(a)|1) is the same as shown below

(alafo) = a

(1D (@)aD(a)[1) = (1]al1) + a(1]1) = a

Therefore, CQR can only determine in which well of the double-well pseudo-potential the
Kerr-cat qubit state resides, but cannot distinguish the ground and excited states in the

same pseudo-potential well. One has to be cautious when using CQR when excited states
are involved.

(3.42)

Cat-qubit Initialization

The Kerr-cat qubit can be initialized either through adiabatic mapping or heralding. The
adiabatic mapping can initialize the Kerr-cat qubit into any state, but suffers from the
control errors and limited lifetimes of the Fock states. The heralding-based initialization can
prepare the Kerr-cat qubit into Z-axis states (| £ «)) using CQR, which is only limited by
the QNDness of CQR.

Adiabatic Mapping

Considering the Kerr-cat qubit Hamiltonian with time-varying two-photon stabilization drive
€2 (t) ’

Hyoq/lh = Adla + e()a” + ex(t)*a° — Kal*a® (3.43)

when €;(t) = 0, the Hamiltonian reduced to a nonlinear oscillator Hamiltonian
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Figure 3.9: The SNAIL nonlinear oscillator spectrum in the rotating frame as a function of
detuning with ey(t) =0

Hxeq = Adfa — Ka?a? (3.44)
€e2(t)=0

and the Fock states will be the eigenstates of this Hamiltonian. Therefore, by adiabatically

ramping up the es(t), one can adiabatically map the Fock states into the corresponding

eigenstates of the Kerr-cat qubit Hamiltonian and initialize the Kerr-cat qubit into a desired

state.

The mapping between the Fock states and the Kerr-cat qubit states can be analyzed
as follows. The X-axis states of the Kerr-cat qubit, | + X) = |C%), have definite parity.
Moreover, they correspond to the ground states of If[KCQ, yet possess the highest energy in
the rotating frame. It is important to note that the notion of a ground state in the rotating
frame differs from that in the laboratory frame, which explains why the ground states here
correspond to the highest, rather than the lowest, energy eigenvalues. Therefore, as €;(t)
is adiabatically ramped from zero to a finite value, the two highest-energy eigenstates of
Hyeq e>(t=o Will be mapped into | £ X) = |C¥) with the same parity, since the adiabatic
evolution preserves both the parity symmetry and the ordering of the energy levels.

The energies of several Fock states of Hamiltonian I:IKCQL2 (H)=0 with respect to different

detuning values A is shown in Fig. 3.9. Therefore, when A € [0, K), |0) and |1) states have
the highest energy and will be mapped to |CF) and |C). People have used this method to
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initialize a resonant-Kerr-cat qubit into |C}') by adiabatically ramping up € with the SNAIL
nonlinear oscillator in vacuum |0)[62]. However, when A € (K,3K), |2) and |1) states have
the highest energy, and one needs to excite the SNAIL nonlinear oscillator into the |1) state to
adiabatically map it to \C&, leading to significant errors from the 77 decay and control errors
of the Fock states. Therefore, adiabatic mapping is usually only used for resonant-Kerr-
cat qubits rather than detuned-Kerr-cat qubits. The author noticed that an initialization
method based on a chirp pulse has been reported recently [52, 190], which initializes the
detuned-Kerr-cat qubits by firstly mapping the vacuum state to a resonant-Kerr-cat qubit
state, and then adiabatically modulating the two-photon stabilization drive frequency to map
it to the detuned-Kerr-cat qubit state. This method provides a fast initialization method for
detuned-Kerr-cat qubits, but the initialization fidelity is still limited by the coherence and
adiabatic operation errors.

Heralding

The CQR provides a high-fidelity quantum nondemolition (QND) readout for Kerr-cat qubits
and can be used to initialize the qubit along the Z-axis via heralding. However, the CQR
can only distinguish Kerr-cat states residing in different potential wells; it cannot resolve
the ground and excited states within the same well. Therefore, prior to applying the CQR
to project the state, it is necessary to ensure that the Kerr-cat states remain within the
ground-state manifold.

Typically, the SNAIL nonlinear oscillator will stay in the vacuum state |0) before turning
on the two-photon stabilization drive e;. Therefore, if A € [0, K), after ramping up the two-
photon stabilization drive, the Kerr-cat state will remain in the ground manifold, and one
can apply CQR immediately to project the state into either |+ Z) = |a) or | — Z) = | — a).
However, for the detuned-Kerr-cat qubits with A > K, the detuning changes the energies of
SNAIL nonlinear oscillator states in the rotating frame, as shown in Fig. 3.9, making |0) no
longer the ground state. Consequently, when the two-photon stabilization drive is ramped
up, the |0) state is mapped to the higher excited states instead of the ground states. The
subsequent CQR drive will then collapse the qubit into excited states in one of the double
wells of the pseudo-potential, resulting in a failure to initialize the qubit into | £ Z) states.
To address this, it is crucial to introduce sufficient relaxation time before applying the CQR
drive, allowing the system to decay into the degenerate ground states. This ensures the
validity of preparing the | £ Z) = | & «) state through heralding.

Universal Single Qubit Gates

A universal gate set for the Kerr cat qubit consists of continuous Z(6) gates and a discrete
X(m/2) gate on the Bloch sphere. Here, we describe the implementation of these gates.
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Continuous Z(f) Gates

The continuous Z(f) gates are engineered by a single-photon drive at half of the stabilization
drive frequency wg/2 according to®
. Q QO

H; = 5&* +-a (3.45)

This single-photon drive shifts the energy of the two pseudo-potential wells, as shown in
Fig. 3.10 (a), which introduces an energy difference between the two Z-axis states | £ «) as
shown below

(a| Hylo) = Re[Q]a
(—a|Hy| — a) = —Re[Qa

This energy shift is analogous to the generator of {Z(0),60 = .t} rotation gates, which
corresponds to a rotation of the qubit states along the Z-axis at a Rabi rate of 2. = 2Re[Q]a,
as shown in Fig. 3.10 (b). As a result, such a single-photon drive at frequency wg/2 will
realize continuous Z(#) gates with any desired 6 by adjusting the drive amplitude and width.

Importantly, the analysis above is only valid when the energy shift stays much smaller
than the barrier energy of the pseudo-potential to preserve its double-well structure,

(3.46)

Re[Qa < Eparrier  —  Re[Q)] < € (3.47)

where in the scale estimation above, we have ignored the effect of A and « because their
values typically do not influence the scale estimation result.

One can also understand the effect of this single-photon drive through the quantum Zeno
effect. When applying the single-photon drive €2, the strong two-photon stabilization drive
€5 of the Kerr cat qubit continuously projects its dynamics into the cat space due to the
quantum Zeno effects. Therefore, one can project the effect of bosonic mode operators into
cat space to get:

PoaPo = a6, —iae 25, (3.48)
PoatPo = a6, + ia*e 26, (3.49)

where Pp = |CH)(CH| + |C5)(C; | is the projector in to the cat-qubit space. We notice that
both @ and a' exponentially approach ad, with increasing cat size. When € is in phase with
a, i.e. € is real, the single-photon transition effectively applies continuous Z(6) gates with
a Rabi rate of 2. = 2af) according to the Hamiltonian:

PoHyPL = 006, (3.50)

®Notice that we work in the rotation frame at the frequency wg/2. Consequently, all drive frequencies
are referenced to this frame, and a drive at wg/2 appears as a time-independent term in the Hamiltonian.
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Figure 3.10: The continuous Z(#) gates. (a) The shift of the pseudo-potential. (b) The
rotation of the states along the Z-axis.

The analysis through the quantum Zeno effect then leads to the same result as the analysis
through the pseudo-potential shift.

To ensure that the dynamics of Kerr-cat qubits under this single-photon drive stay within
the ground state manifold, we would require that the single-photon drive strength {2 be much
smaller than the energy gap between the ground states and the higher excited states Fg,p,

< Egap — O« €9 (351)

where we have ignored some constants that do not influence the scale estimation. The anal-
ysis of scale estimation also agrees with the analysis with pseudo-potential shift, indicating
the equivalence of the two understandings of the continuous Z(6) gates.

One of the important applications of this Z(f) gates is the calibration of cat size |a|?.
When the single-photon drive is in phase with the two-photon stabilization drive, the cat-
qubit state Rabi rate €2, = 2af) is enhanced by a factor of 2a comparing to the Fock state
Rabi rate 2. Therefore, by applying the same single-photon drive to both the Fock states
and the cat-qubit states, one can extract «, and hence the cat size, from the ratio of their
measured Rabi rates.
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Discrete X(7/2) gate

The discrete X (/2) gate change the coherent state | =) to the imaginary cat states |CF7).
However, due to the insensitivity of the coherent states against single photon drive®, it is
difficult to implement the X (7/2) gate with photon drive. The noise-resilience in qublt
design is always a double-edged sword, which not only protects the qubits against external
perturbations but also prevents the manipulation of their states.

In Kerr-cat qubits, the coherent states are stabilized at the bottom of the pseudo-potential
wells by the two-photon stabilization drive. Therefore, to perturb the coherent states and
engineer the X (7/2) gate, it is necessary to modify the two-photon stabilization drive and
deform the pseudo-potential. There are mainly two methods to modify the two-photon
stabilization drive. The first one interrupts the two-photon by turning it off abruptly[62],
and the free evolution of coherent states in the undriven Kerr-nonlinear oscillator naturally
implements an X (7/2) gate. However, in the absence of the two-photon stabilization drive,
this method is susceptible to T} decay, and the bosonic enhancement will make the high-
photon-number Fock states decay even faster, leading to degraded performance for cat qubits
with large cat sizes[65]. The second method, instead, keeps the two-photon stabilization drive
always-on during the gate implementation, and modulates the frequency of the two-photon
stabilization drive to deform the pseudo-potential and engineer the coherent state transitions
between |a) and | — ). We will explain these two methods in this section.

For the X (m/2) gate implemented through two-photon stabilization drive interruption,
we can expand the coherent state into the Fock basis as

)= % j%]n) (3.52)

Then, when the two-photon stabilization drive is turned off, the coherent state will evolve
under the undriven Kerr-nonlinear oscillator Hamiltonian with

Ut) = e vt H = —Ka%a® = —K(a'a)® + Ka'a (3.53)
The state will be given by

—la)? a™ . 5 .
U(t)la) = e 2 — KTt miknt 3.54
(Ola) =53 7 ) (3.54)
Noticing that for some specific values of ¢, one can rewrite the equation above with
coherent states. When ¢t = qlK, q € N, we can rewrite the equation to be

2q—12q—1

qK 2qzz zkkp)

p=0 k=0

Ut = oze’pﬁ_17> (3.55)

6This is also the origin of the bit-flip error protection of the Kerr-cat qubits
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Figure 3.11: Wigner function evolution of a coherent state under U (t)
When we set ¢ = 2, we will end up with the state
U(t = 57)l0) = et (Jac™F) — i —ae~E)) (3.56)
= —)|a) = —e (|ae —i| —ae .
2K V2

This state is just the imaginary cat state with a 7 /2 reference phase shift. The evolution of
the coherent state without the two-photon stabilization drive is visualized in Fig. 3.11 by
its Wigner functions.

Next, we move to the X (m/2) gate engineered through the frequency modulations of
the two-photon stabilization drive. An X(7/2) gate requires inter-well tunneling to achieve
the desired population transfer. Recalling that in Fig. 3.1, modifying detuning A by ad-
justing the two-photon stabilization drive frequency can adjust the potential barrier height.
Therefore, by increasing the two-photon stabilization drive frequency to introduce a nega-
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Figure 3.12: The energy barrier between the two wells and the tunneling rates with different
detuning A

tive detuning, one can lower the energy barrier and allow the two coherent states to tunnel
through it.

We calculate the barrier energy and the tunneling rate between two coherent states with
different values of detuning A, and the result is shown in Fig. 3.12, and the tunneling rates
are defined as

= | (~alicala) (357)

Therefore, by introducing a large enough negative detuning, one can achieve large enough
tunneling rates and implement coherent population transfer between the two coherent states.
Because A = wg — wg/2 is the detuning between the qubit frequency and half of the stabi-
lization frequency, there are two ways to introduce such detuning. First, one can modulate
the external flux threading the SNAILs to change the qubit frequency wg. However, this
method also changes the Kerr nonlinearity and the SNAIL’s third-order nonlinearity, mak-
ing the analysis more complicated. Therefore, we use the second approach, which involves
modulating the stabilization frequency wg directly. Practically, we modulate the phase of
the stabilization drive according to:

€x(t) = €3(0)e 0t (3.58)
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Figure 3.13: Discrete X (m/2) gate engineered by frequency modulation of the two-photon
stabilization drive. The state starts at | + Z), then tunnels through the potential barrier
during the gate implementation and ends up with | +Y). The effect of this gate is also
illustrated on the Bloch sphere, where we used a dashed line to indicate that it is not a
continuous rotation on the Bloch sphere.

which effectively modulate the frequency by d4(¢). Because the rotating frame is defined
by half of the two-photon stabilization drive frequency wg/2, such frequency modulation
will also modify the rotating frame frequency reference and lead to the Hamiltonian in the
rotating frame given by

HKCQ,rot = Urot HKCQUrTot + Z.h(]rot Ujot

. (3.59)
= Hxcq + A(t)de,
where the unitary transformation is given as
(A]rot — ei(sd(t)tafa/Q (360)

and the effective detuning A(t) = —1(d4(t) +1t04(t)) as the effective detuning. It is important
to notice that the effective detuning not only contains the frequency modulation, but also
includes the time derivative of the frequency modulation due to the fact that we work in the
rotating frame defined by wg/2.

Therefore, by choosing a suitable modulation pulse, one can lower the energy barrier
adiabatically, allow the two coherent states to tunnel and transfer their population coherently,
and then increase the energy barrier height back to engineer an X (7/2) gate, as shown in
Fig. 3.13.

Up to now, we have discussed the encoding, control, and readout of the Kerr cat qubit.
The encoding and control of the Kerr cat qubit can be summarized in Fig. 3.14 through the
understanding of the pseudo-potential profile.
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Figure 3.14: Kerr-cat qubit concepts. a, SNAIL nonlinear oscillator circuit with frequency
wgq, nonlinear factors g¢s, g4 and Kerr nonlinearity K, and its energy levels with wave-
functions. b, SNAIL oscillator pumped by a two-photon stabilization drive at wg = 2w,
and the engineered pseudo-potential profile with its energy levels and wave-functions. c,
Pseudo-potential profile and its energy levels engineered by a red-detuned two-photon sta-
bilization drive, where the excited states become degenerate. d, Bloch sphere defined by the
coherent states and their superpositions, where | £ 7) = |+ a), | £ X) = |CF) « |a) £| —a),
| +Y) = |CE) o |a) & i| — ). e, Pseudo-potential profile under a single-photon drive Q at
wg/2 for Z(0) gates. f, Pseudo-potential profile under a blue-detuned two-photon stabiliza-
tion drive for the X (7/2) gate. The detuning was chosen to be 5K as an example.
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Figure 3.15: Brief fabrication procedure.

3.4 Fabrication

The device in this work is based on superconducting circuits patterned on an intrinsic silicon
(Si) wafer with a resistivity p > 10k - cm using both the equipment in the Berkeley Nanolab
(Nanolab), a shared fabrication foundry, and the Quantum Nanoelectronic Lab (QNL), a
dedicated cleanroom for superconducting circuit development. The fabrication process is
briefly depicted in the flow chart shown in Fig. 3.15. We will discuss them in detail in this
section.

Substrate Cleaning

The substrate of our device is a double-side polished intrinsic 6-inch silicon (100) wafer from
WaferPro with a thickness of 675 ym=+ 15 pum. Before the metalization for large structure
patterning, we perform both the organics cleaning and oxide cleaning.

We use the MOS-Clean VLSI sink (msink6) at Nanolab to perform the substrate cleaning.
We soak the wafer in Piranha solutions, which consist of 19-L. H,SO4 spiked by 250-mL H50s,
for 10 minutes to clean the organics on the wafer. The solution is heated to 120 °C to increase
the chemical reaction rate.

After cleaning with the Piranha solutions, we load the wafer into a quick-dump-rinse
(QDR) machine to clean the residual Piranha on the wafer. QDR rinses the wafer with
deionized water (DI) until the container is full and then dumps the DI four times, which in
total takes around 5 to 10 minutes.

After QDR, the wafer is soaked in a room-temperature 25:1 dilute hydrofluoric acid (HF)
tank for 1 minute to remove the oxides (mainly SiOs). After cleaning, the wafer is loaded
into QDR again to remove HF residuals. After cleaning with QDR, the wafer is further
loaded into the spin-rinse-dry (SRD) machine for a final cleaning and drying. The machine
will rinse the wafer with DI and dry it by spinning it at 3000 r/min.
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The wafer is then ready for metalization with Niobium. Importantly, we carry the wafer
to the metal deposition chamber with a vacuum food container from Zwilling” to reduce the
oxidation rate and control the time interval between removing the wafer from the SRD and
loading it into the metal deposition chamber to within 15 minutes.

Large Structures

The large structures, including everything on the device but the Josephson junctions and
bandaids, are patterned on a 200-nm niobium layer with a high superconducting transition
temperature T, of around 9 K. We will discuss the fabrication of large structures in this
section.

Niobium Sputtering

The niobium (Nb) layer is deposited in a Kurt J. Lesker sputterer in QNL. Even though
the sputterer has a loadlock, we still pump the process chamber overnight after loading the
sample from the loadlock to the process chamber, and reach a base pressure of 3 x 10~ Torr
before the Nb sputtering.

After reaching the base pressure, we first apply an RF Argon (Ar) plasma cleaning of the
substrate with a power of 17 W. Then, we strike the Ar plasma with a DC power of 300 W
to sputter the Nb target. Once the pressure of the Ar environment reaches 1.95 mTorr, we
open the shutter of the substrate and deposit the film for 12 minutes to achieve the targeted
200-nm thickness. The wafer is water-cooled and spun during the cleaning and deposition
process to ensure the film uniformity and quality. The sputtering pressure is carefully chosen
to ensure the high T, of the film[191] and the stability of the Ar plasma.

The Nb film fabricated using the recipe above is measured to have a T, of around 9 K,
as shown in Fig. 3.16.

Optical Lithography

The large structures are defined by optical lithography on the Nb film. We apply the pho-
toresist (PR) using the Picotrack 6” /8” Spin Coat Track (picotracl) in Nanolab with the
default recipe for spin-coating a layer of 1-um MiR701 PR.

After spin coating, the optical lithography is done by loading the wafer in a Heidelberg
MLA150 Maskless Aligner (MLA150) in Nanolab to write the structures with a 375-nm laser.
The pattern is written with “high quality” mode and a dose of 140 mJ/cm?. Typically, it
takes around 30 minutes to 1 hour to write the patterns on the 6-inch wafer.

After lithography, the wafer is loaded into Picotrack 6” /8” Spin Develop Track (picotrac2)
in Nanolab to develop the structures with the default recipe for MiR701 PR. Finally, we will
apply a final hard-bake of the wafer at 110 °C for 1 minute.

TOf course, we will never use this box for food, it is just handy to buy this one.
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Figure 3.16: T, measurement of the fabricated Nb film.

Reactive Ion Etching and Resist Stripping

To transfer the structure of PR onto the Nb film, we use the reaction ion etching with Metal
(Al) TCP Etcher®(lam7) in Nanolab to etch the structures on Nb.

The etching process uses BCl; and Cl, as the reaction gas with a feeding flow of 15 sccm
and 130 sccm, respectively. The TCP RF power is set to 800 W to achieve the target etching
rate and quality. We monitor the byproduct of the etching process to determine the endpoint
when Nb is completely etched, and the byproduct stops being generated. After the endpoint,
we intentionally over-etch the structure for 7 to 10 seconds to ensure that the etched part is
completely separated from the adjacent Nb layers. One example of the endpoint monitoring
is shown as the purple curve in Fig. 3.17.

After finishing etching, we flow in SFg with no TCP RF power to flush out the etching
gas and byproducts. Then, we unload the wafer from the chamber, rinse it with DI, and dry
it by spinning with N, flow.

The wafer is then soaked in a bath of 80 °C NMP (PR remover 1165) in PR Strip &
Pre-Furnace Metal Clean Sink (msink1) in Nanolab for 2 hours to strip out the PR.

8Tt is just named as Al, but it can actually etch many different metals.
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Figure 3.17: Endpoint monitoring in lam?7.

Josephson Junctions

The JJs on the device are fabricated in QNL with E-beam lithography and E-beam evapo-
ration following the lift-off technique.

Pre-lithography Cleaning

Before JJ patterning, we first clean the substrate and the Nb film with Buffered oxide etchant
(BOE) 5:1 for 30s with strong agitation?, and clean the BOE residual by soaking it in three
DI baths for 30s each. We then spray the wafer with DI to further remove the BOE residuals
and load it into the spinner to coat the E-beam resist (ER) for E-beam lithography.

E-beam Lithography

We use a double-layer structure of ER to pattern JJ through E-beam lithography following
the bridge-free method shown in the reference[192]. E-beam lithography is necessary here

9Basically, we agitate the solution and wafer a lot to ensure uniform and thorough reaction.
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Figure 3.18: Optical microscope picture of the developed ER.

because of the small scale of the JJ and the double-layer structure of the ER. We first spray
DI and Isopropyl Alcohol (IPA) on the wafer and spin it at a low speed of 1000 r/min to
clean it. Then we bake it at 200 °C for 1 min to dehydrate the surface. Then, we apply
MMA-EL11 ER on the wafer and spin it at 1500 r/min for 1.5 min to coat the first layer
of ER with a thickness of around 300 nm. The MMA-EL11 is then softbaked at 150 °C to
solidify. The wafer is then applied with AR-P 6200.9 (CSAR) ER and spun at 3000 r/min for
1 min to coat the second layer of ER with a thickness of around 100 nm. CSAR is softbaked
at 150 °C for 1 min to solidify. The double-layer ER structure is essential for JJ design, and
therefore the thicknesses of them should be accurately calibrated for precise fabrication.

The E-beam lithography is done in a Raith E-beam lithography tool in QNL. To ensure
the quality of the lithography, we thermalize the chamber for 1 hour after loading the wafer.
The relatively large patterns, such as the junction leads, are written with a 150-nA beam with
300 pum aperture to increase the writing speed, while the small patterns like the junctions
themselves are written with a 1-nA beam with 300 um aperture to make sure the accuracy.
The beam voltage is 100 kV for the tool.

After E-beam writing, we develop the structure using two processes, one for CSAR and
the other for MMA-EL11. We first soak the wafer in AR600-546 (N-Amyl Acetate, NAA)
at 0 °C for 1 min with strong agitation to develop the structures on CSAR. We then soak
it in TPA to rinse the NAA residual. Then, we soak the wafer in a 3:1 ITPA:DI solution for
1min10sec to develop the structures on MMA-EL11 to clear the written structures and form
the undercut, which are essential for junction patterning. After MMA-EL11 development,
the wafer is soaked again in IPA to rinse the development residual, and then cleaned by
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Figure 3.19: SEM picture of the developed ER.

IPA spray and spun at 1000r/min to dry out. The undercut structures are usually visible
through optical microscopes. One example of the optical microscope image of the developed
ER is shown in Fig. 3.18. One can also sputter the ER with some metals, such as gold,
to visualize the ER in a scanning electron microscope (SEM). The developed ER structure
under SEM is shown in Fig. 3.19, where the undercut is clearly visible with a side-view from
SEM.

After development, the wafer is loaded in a Yield Engineering Systems G-1000 plasma
asher to remove the ER residual by an oxygen plasma at a pressure of 160 mTorr and a
power of 150W.

After ashing, the wafer is now ready for the Aluminum deposition to form the JJs. We
usually try to minimize the time between finishing development and JJ deposition to avoid
possible oxide accumulation on the wafer.
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Figure 3.20: Optical microscope picture of the fabricated JJ.

E-beam Evaporation and Liftoff

The JJs are deposited by aluminum (Al) using a PLASSYS MEB550S E-beam evaporation
tool. PLASSYS E-beam evaporation tools are commonly used in superconducting-circuit
fabrication, particularly for Josephson junctions, because they support precise and stable
fixed-angle evaporation.

After loading the wafer in the loadlock, we will pump the loadlock to below 10~ mbar and
open the gate between the loadlock and process chamber to pump them together with both
the turbo pump of the loadlock and the cryopump of the process chamber. We require the
chambers to be pumped down overnight to remove any possible contaminations introduced
when loading the wafer, and the base pressure of the chambers is usually below 5 x 1078
mbar.

Before evaporating the aluminum, we first release Titanium (Ti) into the chamber by
evaporating the Ti pocket for 3 minutes with the substrate shutter closed, which prevents
the Ti from being deposited on the wafer. The Ti can chemically bind residual gas molecules,
such as Oy, Ny, CO,, CO, Hy, which allows them to be pumped out more efficiently and
further reduces the base pressure to around 2 x 10~8 mbar. This step is usually referred to
as “Ti getter”.

After the Ti getter, we wait for 5 minutes to allow the pocket to cool down and the
chamber to be pumped. We then rotate the wafer to the desired angle and start to heat
up the Al pocket with the E-beam. A crystal monitor is used to monitor the deposition
rate of Al, and a PID loop is utilized to stabilize the deposition rate to 0.3 nm/s. Before
evaporation, the Al pocket is heated up for 1 minute to remove any possible contamination
on the material surface. Then, we open the substrate shutter and deposit a 30-nm layer of
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Al at a speed of 0.3 nm/s. After that, we wait for 10 minutes to allow the substrate and
pocket to cool down and the chamber environment to stabilize.

We then introduce the Argon:Oxygen 95:5 mixed gas to the chamber and stabilize the
chamber pressure at 20 mbar for 22 minutes to oxidize the surface of the deposited Al film,
which forms the insulation layer of the JJs and leads to a critical current density of around
600 nA/um? to 700 nA/um?. The substrate is constantly rotating during the oxidation to
enhance the uniformity. We found that the critical current density is usually very unstable
and can be influenced by a variety of factors, including the development method, geometric
design, surface preparation method, etc.

After oxidation, we implement another round of Ti getter following the same recipe as
the first deposition, and also wait for 5 minutes to allow everything in the chamber to cool
down and stabilize. After that, we deposit the second layer of Al with the same speed but
a thickness of 40 nm, which is intentionally made thicker than the first layer to ensure the
film edge coverage. Notice that even though the Al pocket has been cleaned during the first
evaporation, we still clean it for 1 minute before the evaporation here to ensure the quality
of the Al film.

Finally, after the second evaporation, we introduce 10mbar Argon:Oxygen 95:5 mixed
gas to form a stable oxidation layer on the second layer of Al. We implement this oxidation
because the oxide surface of the second layer Al formed in Argon:Oxygen 95:5 is cleaner
compared with that formed in the atmosphere. The chamber pressure during the evaporation
of both layers of Al is below 10~7 mbar.

We then take the wafer out of the evaporation chamber, and soak it into 67 °C acetone
bath for 36 hours for liftoff. To enhance the quality of liftoff, we sonicate the wafer for 5
minutes when removing unwanted Al films on the wafer.

The JJs after liftoff can be inspected under the optical microscope, and an example figure
is shown in Fig. 3.20. A zoom-in SEM picture of the JJs is shown in Fig. 3.21. One should
note that the SEM process will damage JJs and change their critical current. Therefore, one
should never SEM a qubit device before measuring it cryogenically.

Bandaids and Ion-Milling

The newly deposited Al JJs are separated from Nb large structures, such as the qubit ca-
pacitor pads, by a layer of Nb oxides. Therefore, we need to deposit another layer of Al to
make the galvanic connection between them. This process is called bandaids[119].

The bandaids are defined using E-beam lithography. We use E-beam lithography here
because the E-beam lithography tools are all located in QNL and dedicated to qubit devel-
opment, while the optical lithography tools are in Nanolab and shared by many parties. We
would like to make all processes as clean as possible, especially after the JJ is fabricated,
because the Al/AlOx/Al structure of JJ is susceptible to most acids like HF and HySOy,
and prevents any intense substrate cleaning methods.

To ensure the best film edge coverage, the bandaids being deposited have a thickness of
400 nm. Therefore, we replace the first layer of ER with MMA-EL13 and spin it at 2000
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Figure 3.21: SEM picture of JJs

r/min to form a 600-nm-thick ER layer. We then apply CSAR with the same recipe as JJ
fabrication to form the second layer of ER. The second layer here is purely for easier liftoff
and does not relate to the design of the bandaids. Therefore, the thickness of the ER here
is not critical.

The E-beam lithography, development process, and ashing process of bandaids are similar
to JJ fabrication, and therefore, we do not illustrate them again here. The lithography
precision requirement for bandaids is very low compared to JJ fabrication.

After E-beam lithography, we load the sample in PLASSYS MEB550S for ion-milling and
bandaid evaporation. To clean the surface oxide of Nb and Al to form a galvanic connection,
we apply Argon ion-milling with 400V voltage and 10mA current for a total time of 3 minutes.
However, we do not apply ion-milling constantly. Instead, we apply 3-second ion-millings
separated by an off-time of 20 seconds to avoid heating up the substrate. The ion-milling
process physically breaks the surface oxide. After ion milling, we implement the Ti getter
and wait for 5 minutes to stabilize the chamber. We then evaporate a 400-nm Al film at 1
nm/s to form the galvanic connection between the Nb layer and Al layer. After evaporation,
we apply an oxidation with 10-mbar Argon:Oxygen 95:5 mixed gas, and soak it into 67 °C
acetone for liftoff.

The reason for not doing ion-milling during the JJ evaporation is that the silicon substrate
is fragile and can be damaged by ion-milling, which will increase the Si-Al interface loss. The
author is aware that pre-JJ evaporation ion-milling is common for qubits with the sapphire
substrate.
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Figure 3.22: Package box.

Dicing and Package

Dicing

We usually fabricate 64 chips on a 6-in wafer, and therefore, we need to dice the wafer after
patterning the device. We usually cover the wafer with a layer of MMA-EL13 ER as a
protective layer before dicing.

The dicing is done with the DAD3240 Automatic Dicing Saw (disco) in Nanolab. The
cutting line of this tool is 60 pum, which should be taken into account when designing the
device.

The author noted that the Si substrate has two advantages compared to the sapphire
substrate in dicing. The first one is that Si is soft compared to sapphire, allowing easier,
faster, and stabler dicing!®. The second one is that Si has higher conductivity than sapphire,
preventing the charge accumulation on the capacitor pads of the qubit during dicing, which
may damage the JJs by electrostatic discharge. However, for the second advantage, some
other projects in the group, especially the 3D-cavity based transmon qubits, have been
observed to have damaged JJs due to electrostatic discharging during dicing, even with a Si
substrate!!.

10The author helped grad students from other groups to dicing their sapphire substrate. During their
process, the blade was broken more than 5 times, and the dicing speed is 1/10 of that for silicon.
UThey found that using an ion-fan to blow the wafer surface before dicing helps.
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After dicing, we store the chips in a vacuum box to prevent further oxidation. The
selected chip will be soaked in 80 °C NMP for more than 5 hours to remove the ER, and
then cleaned sequentially in DI water, acetone, and IPA with sonication.

Package Box Preparation

We package the qubit in an oxygen-free copper box shown in Fig. 3.22'2. Before loading the
chip in the box, we apply copper flux on the sample holder in the box to remove possible
surface oxidation on the copper holder. Then, we clean the box by DI spray, followed by
acetone and IPA sequentially with sonication.

Wire Bonding and Package Seal

The electrical connection between the microwave buses on the chip and the SMA ports on
the package box is made by wire bonding them on a customized PCB. We bond them using a
semi-automatic wirebonder from West Bond with Al wires. One example of the wire-bonded
device is shown in Fig. 3.23. Beyond the bonding wires connecting the microwave buses and
PCB traces, the dense wirebonds around the chip are to ensure the equal-potential of the
chip ground and the package ground, and the thermalization of the chip. The on-chip wire
bonds are used to ensure the equal potential of the chip ground to avoid parasitic modes like
the slotline modes.

After finishing wirebonding, we close the box and seal it with indium sealing, which is
perfect to isolate possible radiation and reduce the radiative loss of the device. The device
is then ready to be loaded into the dilution fridge for testing.

12The picture is just for schematic understanding, and the label on the box does not match the device
described in this thesis.
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Figure 3.23: Wire-bonded device
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Chapter 4

Kerr-cat Qubit Measurement

The Kerr-cat qubit device is measured in a He3/He4 dry dilution refrigerator named VeriCold
in QNL, which cools the device down to 20 mK. A picture of the inner structure of VeriCold
is shown in Fig. 4.1. The cooling procedure of VeriCold can be roughly separated into three
processes: pre-cooling, condensing, and diluting.

The pre-cooling process will circulate a He3/He4 mixture around the fridge with a He-
lium compressor to cool down the fridge to around 4 K, which is the limit of most Helium
compressor-based cooling processes because the Hed will start to condense at this tempera-
ture. Then, the thermal connection between the lowest three plates and the two upper plates
is interrupted, so that the two upper plates will stay at their current temperatures, and the
lowest three plates will be further cooled down. This thermal separation could reduce the
heat mass and save the cooling power.

Next, the He3/He4 mixture is introduced around the lowest three plates, and the Hed
starts to condense. During condensing, the He4 will be constantly pumped through a flow
impedance to further cool down the fridge to around 900 mK through Joule-Thomson Ex-
pansion[193]. At this temperature, the He3 gas will dissolve into the He4 as two phases:
dilute phase with less He3 and concentrated phase with more He3.

When the temperature is below 870 mK, a phase boundary will appear between the
concentrated and dilute phases, and the phase transition from concentrated phase to dilute
phase will absorb heat and further cool down the system. Therefore, through this process,
the fridge will further cool down the lowest plate, named mixing chamber (MXC), to the
base temperature of 20 mK. We attach our device to MXC to allow it to be thermalized with
20 mK.

4.1 Hardware Setup

As a strongly driven qubit, the Kerr-cat qubit requires multiple, strong drives at different
frequency ranges with high spectral purity and fast control. To accomplish this, we use
the standard techniques of up-conversion and down-conversion of RF signals that we gen-
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Figure 4.2: Wiring Diagram. (a) The microwave components used in this experiment for
control and readout involve an arbitrary waveform generator (AWG), local oscillators (LOs),
and an analog-to-digital converter (ADC). The rest of the microwave components are shown.
(b) The two schemes of up-conversion and down-conversion of the signals using the AWG
and ADC equipment at a 1GS/s sampling rate.

erate with the arbitrary waveform generator (AWG) and analyze with an analog-to-digital
converter (ADC) at 1 GS/s sampling rate.

The detailed cryogenic and room-temperature wiring diagram is shown in Fig. 4.2. To
make the presentation of the wiring configuration clearer, a simplified wiring diagram with
more details on the room-temperature connections is shown in Fig. 4.3.

The AWG enables using the lower sidebands of the IQ mixer with IF frequencies of 70
MHz for the qubit control signals, 140 MHz for the stabilization drive, and 140 MHz for the
cat quadrature readout up-conversion. For the down-conversion of the readout signal, we
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Figure 4.3: Simplified wiring diagram of the chip and the measurement hardware, where the
digital-to-analog converters (DACs) are implemented by an arbitrary waveform generator
(AWG), and the analog-to-digital converters (ADCs) are implemented by an Alazar sampling
card.

use a 210 MHz IF frequency. The difference between the upconversion and downconversion
IF frequencies is the result of the input signal being at wcqr and the output signal being
at wgr. In this experiment, we use two local oscillators around the qubit frequency and the
readout frequency. To generate the carrier of the stabilization drive, we use a frequency
doubler, and to generate the carrier of the cat quadrature readout, we mix the two local
oscillators with an RF mixer. This arrangement eliminates the sensitivity to the phase of
the local oscillators when controlling the qubit or performing the cat readout. Also, since
the Kerr cat Hamiltonian is realized in the rotating frame, the readout signal picks a phase
depending on the delay we use relative to the time we ramp up the stabilization drive. To
account for this delay, we multiply the CQR signal by the appropriate phase to make sure
the output signal always aligns with the reference we use to draw the discrimination line in
the 1Q plane. In this experiment, we ensured spectral purity of ~ 40 dB suppression of the
next visible side band, which requires large IF frequencies and the use of both high-pass and
low-pass filters to suppress the sidebands and DC bias at each mixer to suppress the carrier.

To ensure the thermalization of the qubit, we attenuate the lines heavily and use a gold-
plated cryogenic attenuator from Quantum Microwave at the mixing chamber in combination
with EccoSorb filters. To avoid dumping heat at the MXC, we use directional couplers to
attenuate the signal at the MXC plate while directing the signal to the 4 K with 50 ohm
terminations. The output signal is first amplified with a traveling wave parametric amplifier
(TWPA) near the quantum limit with a gain of around 20 dB at the mixing chamber [32],
then a HEMT amplifier at 4 K, and a low-noise amplifier at room temperature.

The parameters of the device and the calibration/estimation methods are described in
Tab. 3.1.
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Figure 4.4: (a) The sequence to calibrate CQR drive strength. (b) The QNDness with
different CQR drive strength for a cat size of 4 and a detuning of A = 2K. (c) The zoom-in
view around the peak of the QNDness. (d) The measured results of CQR, where the two
blobs are separated and correspond to two Z-axis states. (e) The histogram of CQR. and (f)
The collapse of wave-functions corresponding to CQR.

4.2 Cat Quadrature Readout

As mentioned before, the CQR of the Kerr-cat qubits is enabled by a beam-splitter inter-
action between the Kerr-cat qubits’ mode and the readout resonator mode. To calibrate
the CQR drive, we apply two consecutive CQR pulses with a duration of 4.5 us for each,
and define the QNDness as (P [Mya)|M1a)] + P [M|—a)|M|—a)])/2, where P [M4|Mjp] rep-
resents the probability of getting result A with the second CQR pulse conditioned on having
obtained result B with the first CQR pulse, as shown in Fig. 4.4 (a). The QNDness is
optimized with respect to the CQR drive strengths shown in Fig. 4.4 (b), resulting in good
separations shown in Fig. 4.4 (d) and (e). Such a quantum non-demolition readout can be
utilized to initialize the qubit through heralding. However, as shown in Fig. 4.4 (f) and
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Figure 4.5: Calibration of Z(0) gates. (a) The shifted energy profile when applying a single-
photon drive. (b) The sequence for calibrating the Z(0) gates. (c¢) Simulation of the measured
Chevron-like plot. (d) The measured Chevron-like plot with the sequence above.

discussed in the previous section, the qubit states have to stay in the ground states before
heralding because such readout cannot distinguish the excited states and the ground state
in the same potential well.
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Figure 4.6: The introduced detuning during the discrete X (7/2) gate. (a) The modulation
of the two-photon stabilization drive. (b) The extra detuning term in the Hamiltonian.

4.3 Universal Single-qubit Operation

As mentioned before, the universal single-qubit gates consist of the continuous Z(6) gates
and a discrete X (m/2) gate through pseudo-potential deformation. The continuous Z(0)
gates are realized by a single-photon drive €2 to lift the degeneracy between the two coherent
states, allowing them to accumulate different dynamical phases, and the discrete X (7/2)
gate is engineered by frequency-modulating the stabilization drive to lower the energy barrier
between the two coherent states, allowing them to tunnel between the two wells.

Continuous Z(0) Gates

We calibrate Z(6) gates following the pulse sequence shown in Fig. 4.5b. The pre-calibrated
X(m/2) gates are used to prepare and measure the state along the Y axis. The phase and
duration of the single-photon drive are swept to obtain the Chevron-like plot shown in Fig.
4.5d, which is in good agreement with the numerical simulation shown in Fig. 4.5c. The
Z(0) gate speed can be increased by increasing either the cat qubit size or the single-photon
drive strength. However, the large single-photon drive strength will lead to non-adiabatic
error.

Discrete X (7/2) Gate

The X (7/2) gate, corresponding to coherent tunneling between the two pseudo-potential
wells, is implemented by adiabatically lowering the energy barrier by introducing an effective
detuning of the two-photon stabilization drive adiabatically. We implement such gate by
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Figure 4.7: Calibration of X (7/2) gate. (a) The energy profile with low barrier when
modulating the two-photon stabilization drive. (b) The sequence for calibrating the X (7/2)
gate. (c) Simulation of the measured (7,) (d) The measured (7,) with the sequence above.

phase-modulating the two-photon stabilization drive ey(t) = €(0)e?¢®? with d4(t) defined
as

—sin (2¢/T,) t<T,/3

alf) =% x { SO (1) £(Ty) t>T,/3 (4.1)

where T}, is the gate time, dy is the modulation depth, and f(t) = exp (—8@_;—29/3)2> fol-
g

lows a Gaussian profile. The asymmetric modulation profile is chosen to minimize the gate
error. Such phase modulation adiabatically introduces a blue-detuning to the two-photon
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Figure 4.8: Calibration of the cat size based on Fock and cat state Rabi frequencies.

stabilization drive. As a result, it will introduce an extra detuning term
1 X
At) = 5 (04(t) + 16(0) (42)

which lowers the energy barrier of the pseudo-potential to allow the inter-well tunneling. We
plot the d,4(¢t) and A(t) in Fig. 4.6 to provide a visualization of the modulation profile.

We calibrate the X (7/2) gate with the sequence shown in Fig. 4.7 (b). A CQR pulse (la-
beled “Herald”) initializes the qubit into | + Z) state through heralding. Then, two X (7/2)
gate pulses with various modulation depth d; and duration are applied. Finally, another
CQR pulse (labeled “Readout”) is applied to read out the qubit state. The measured expec-
tation of the Pauli Z operator (6.) is shown in Fig. 4.7 (d), which clearly shows population
oscillating coherently between the | & Z) states. The numerical simulation, based on solving
the time-dependent Schrodinger equations, is shown in Fig. 4.7 (¢) in good agreement with
the experimental results. Therefore, we calibrate the X (7/2) gate for a detuned-Kerr-cat
qubit by optimizing the gate time and the modulation depth to achieve the largest (5,)
conversion. Importantly, a sufficiently long relaxation time (400 us) is necessary for the
initialization.

4.4 Cat Size Calibration

In the experiment with Kerr-cat qubits, it is important to calibrate the cat size |a|*. With the
two-photon stabilization drive, the Kerr-cat qubit Hamiltonian supports cat states |CF)
| +a) £ | — a) with cat size |a|?> = (ea + A/2)/K. As mentioned in the previous chapter,
a single photon drive Hy; = %&T + %d induces a transition between the two cat states with
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the rate 2. = 2Re[Q]a with €3 > 0. Conversely, without the two-photon stabilization drive
(€2 = 0), the same drive can induce the transition between |0) and |1) states of the nonlinear
oscillator with rate €). Therefore, by tuning the phase of the single photon drive to make
) real and measuring the two transition rates, we can extract a = €2./(2Re[]), as shown
in Fig. 4.8. For A = 0, we performed a cat size calibration with different strengths of
two-photon stabilization drive as shown in Fig. 4.9.

4.5 Initialization

The initialization of the detuned-Kerr-cat qubit is implemented through the CQR pulse
by heralding. The SNAIL nonlinear oscillator mode predominantly remains in the vacuum
state |0) with negligible thermal noise at low temperature. Therefore, the resonant-Kerr-
cat qubit can be initialized by adiabatically ramping up the two-photon stabilization drive,
followed immediately by a CQR drive, which maps the vacuum state to the cat state and
then collapses it into | & Z). However, this technique fails for the detuned-Kerr-cat qubit
because the finite detuning changes the energies of SNAIL nonlinear oscillator states in the
rotating frame. A finite A alters the spectrum in the rotating frame, causing |0) to no longer
be the ground state, while the cat states remain the ground states of the detuned-Kerr-
cat qubit Hamiltonian. Consequently, when the two-photon stabilization drive is ramped
up, the |0) state is mapped to the higher excited states instead of the ground states. The
subsequent CQR drive will then collapse the qubit into excited states in one of the double
wells of the pseudo-potential, resulting in a failure to initialize the qubit into | £ Z) states.
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Figure 4.10: Characterization of the resonant-Kerr-cat qubit initialization. (a) The pulse
sequence, noticing that there is only a short relaxation time. (b) The measured (d,). (c)
The schematic of the tunneling dynamics.

To address this, it is crucial to introduce sufficient relaxation time before applying the CQR
drive, allowing the system to decay into the degenerate ground states. This ensures the
validity of preparing the | £ Z) = | & o) state through heralding.

In this section, we characterize the initialization process by implementing the discrete
X(7/2) gate after the initialization. When we successfully initialize the qubit into the Z-
axis states, i.e., the ground states, the calibration of the discrete X (7/2) gate will show the
population transfer between two ground states | £ «). However, when we failed to initialize
the qubit into the ground states, we observed the dynamics of the higher excited states.

Resonant-Kerr-cat Qubit

We characterize the initialization of the resonant-Kerr-cat qubit using the sequence shown
in Fig. 4.10 (a). Specifically, for resonant-Kerr-cat qubits, we implement the heralding CQR
pulse only 5 us after ramping up the two-photon stabilization drive because the vacuum
state of the SNAIL nonlinear oscillator will be mapped to the ground state of the Kerr-cat
qubits with A = 0. The measured results in Fig. 4.10 (b) show the dynamics of ground
states, indicating a successful initialization.

Detuned-Kerr-cat Qubit

While the resonant-Kerr-cat qubit can be initialized from a vacuum state by applying a CQR
pulse immediately after ramping up the stabilization drive, a sufficiently long relaxation
time before the CQR pulse is necessary to initialize the detuned-Kerr-cat qubit, because
the vacuum state can be mapped to the excited states with a detuned stabilization drive
with non-zero A. The initialization sequence for the detuned-Kerr-cat qubit is shown in
Fig. 4.11 (a), along with the corresponding potential profiles and wave-functions in Fig. 4.11
(b), where a 400-us relaxation time is inserted before the heralding CQR drive. By ramping
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Figure 4.11: Initialization of detuned-Kerr-cat qubits. (a) The sequence for detuned-Kerr-cat
qubit initialization. (b) The evolution of the potential profiles and wave-functions during the
initialization. (c) The numerical simulation of the detuned-Kerr-cat qubit state population
transfer during the initialization.

up the two-photon stabilization drive, the potential of the SNAIL oscillator is converted to a
double-well pseudo-potential. Notably, due to the detuning A of the two-photon stabilization
drive, the vacuum state is mapped to the even-parity excited state of the pseudo-potential,
which is out of the computational manifold. Therefore, a 400-us relaxation time is added to
allow this excited state to decay to the ground states in the computational manifold. Finally,
the detuned-Kerr-cat qubit state is collapsed onto the | + Z) states by a CQR pulse.

Fig. 4.11 (c) shows the simulated overlaps of the detuned-Kerr-cat qubit state |¢(t))
with the computational states |C£) = | £ X)) and the vacuum state |0) during initialization
with A = 2K. The leakage out of the computational basis is defined as pieakage = 1 —
[(W()|CH | — [{w(#)|C)>. Another fast initialization method based on a chirp pulse has
been reported recently [52, 190], but our method achieves higher initialization fidelity despite
the long relaxation times, as indicated by the high QNDness over 98%.
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Figure 4.12: (a) The tunneling between the excited states when the relaxation time is short.
(b) The sequence for observing the excited states tunneling with 5-us relaxation time in
initialization. (c¢) The simulated population oscillation between excited states. (d), The
measured population oscillation between excited states with the pulse above.

To observe the effect of higher excited states when the relaxation time is not long enough
and the detuned-Kerr-cat qubit is initialized into some higher excited states, we applied a
sequence similar to that used for calibrating the X (7/2) gate to a detuned-Kerr-cat qubit
system with A = 2K, but with the relaxation time reduced to 5 us, as shown in Fig. 4.12
(b). Due to this shortened relaxation time, the detuned-Kerr-cat qubit states predominantly
occupy the excited states, and the pulse sequence captures the population oscillation between
these excited states within each well, as illustrated in Fig. 4.12 (a). The experimental results,
presented in Fig. 4.12 (d), show a reduced contrast and tunneling occurring at a lower
modulation depth due to the low lifetime and high energy of the excited states, which is in
excellent agreement with the numerical simulation shown in Fig. 4.12 (c).
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Chapter 5

Kerr-cat Qubit Characterization

Kerr-cat qubits typically exhibit biased noise with large Pauli Z errors and much smaller
Pauli X and Y errors. Previous performance characterizations of Kerr-cat qubits are either
limited to measurements of idling bit-flip and phase-flip times, which fail to capture the noise
structure of quantum operations, or are susceptible to non-bias-preserving SPAM errors that
obscure the operational error rates and prevent their reliable extraction.

In this chapter, we provide a comprehensive characterization of the performance of Kerr-
cat qubits, including basic characterizations of Fock state coherence, cat qubit state coher-
ence, quantum process tomography (QPT), gate set tomography (GST), and dihedral ran-
domized benchmarking (DRB). We will start from basic characterizations of the lifetimes,
showing the biased noise of the idling cat qubit with a high bit-flip time.

Next, we will move to the characterization of quantum operations. Among the native
single-qubit operations of the Kerr-cat qubit, the Z(#) gates are usually bias preserving,
because they do not mix the Pauli X and Y errors with the Pauli Z error. Therefore, the
operational errors of Z(0) gates on Kerr-cat qubits should show a biased pattern with high
Pauli Z error and low Pauli X and Y error. In contrast, the X (7/2) gate is not bias-preserving
because it will mix the Pauli Y and Pauli Z errors.

To characterize the operational performance of Kerr-cat qubits, we first characterize the
performance of Z(7/2) and X (7w/2) gates with QPT as reported in previous work[62], a
characterization method that is susceptible to SPAM errors. As we will see, the extracted
results for Z(7/2) show no noise-bias, because the SPAM operations contain X (7/2) gate,
which does not preserve the noise-bias.

We then characterize the Z(7/2) and X (7/2) gates with GST, a characterization method
that provides estimates of gate performance that are robust to SPAM errors. This method
could show the significant difference between the noise structures of Z(7/2) and X (m/2)
gates, indicated by the strongly biased noise of the Z(m/2) gate. However, due to the limited
classical computational power and the expensive computational cost of GST, the quantum
circuit depth used in the characterization is shallow and unable to extract the small bit-flip
errors in Z(m/2) gate accurately!.

1One should never mix a quantum circuit with a superconducting circuit. The former one is the abstract
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Figure 5.1: The Fock state relaxation times 7 over 2 hours with 100 iterations.

Therefore, we apply the scalable DRB method with significantly deeper quantum circuits
to accurately extract the rare bit-flip errors in Z(0) gates. Due to the scalable nature of
randomized benchmarking protocols, the computational cost of DRB is small compared to
GST, allowing the characterization of qubit operations with deeper circuits. Moreover, the
DRB method provides an estimates of the errors for the whole Dg dihedral group consisting
of {Z(nn/4), X (m)Z(nm/4) | n € N}, instead of a single Z(7/2) gate, which offers a more
comprehensive characterization of the continues Z(6) gates. One should notice that, unlike
the X (7/2) gate, the X (m) gate for the Kerr-cat qubit is trivially a 7 phase shift of the
reference, which can be applied virtually by adding an extra phase to the following control
and readout pulses in a noise-free manner.

5.1 Lifetimes

In this section, we provide the measurement of Fock state lifetime and cat qubit state lifetime,
and emphasize the advantage of finite detuning with A = 2K by its effect on enhancing the
bit-flip time.

Fock State Lifetimes

The Fock state relaxation time 77 is measured using standard time-domain coherence mea-
surement as mentioned in Tab. 3.1. A statistics of the measured T} over 2 hours with 100
iterations is shown in Fig. 5.12. Assuming that the thermal photon population in the system
is small, nyg, < 1, we can extract the vacuum decay /heating rate as 7., . = 7. = kM) = 1/T1,
which is an important parameter in predicting the cat state bit-flip time with the theory
model.

concept given by an ordered series of quantum gates, and the latter one is the physical circuits on the qubit
device.
2The author noticed that the averaged T} increases to around 40 us in the following experiments.
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The Fock state dephasing time 75 is measured to be 3.2 us, which is significantly lower
than its coherence limit 27 primarily due to the low-frequency noise from the external flux.
In the later theoretical models for the cat qubit bit-flip time, we use a pure dephasing rate
7 much smaller than that extracted from this 75 using 1/75 — 1/(277). This is because
the cat qubit bit-flip error is only susceptible to high-frequency dephasing noise and exhibits
resilience to low-frequency dephasing noises, as mentioned in section 3.2.

Cat Qubit State Lifetimes

We characterize the bit-flip times 7T, of Kerr-cat qubits by preparing it on Z-axis using
heralding, and measure the decay of the Pauli Z operator (), and characterize the phase-
flip times T} of Kerr-cat qubits by preparing it on Y-axis using heralding followed by an
X(7/2) gate, and measure the decay of the Pauli Y operator (5,).

Bit-flip Times

The bit-flip times for both resonant- and detuned-Kerr cat qubits are shown in Fig. 5.2 (a).
The bit-flip time 7T, increases quasi-exponentially in a staircase-like manner with the mean
photon number, or cat size, (R) = |a|*.

A master equation simulation, accounting for both single- and two-photon losses, photon
heating, mode dephasing, and non-Markovian noise mechanisms, captured the behavior of T3,
with discrepancies at high (n) primarily due to increased thermal population. We illustrate
the simulation of bit-flip times 7T, here with the example of A = 0. A careful analysis of the
effects of non-zero detuning will be provided later in this section.

The Kerr-cat qubit inevitably disperses irretrievable information to the environment,
leading to incoherent processes. We model the environment by a chain of harmonic oscilla-
tors with infinite modes and temperature Tg. While the exact dynamics of arbitrary system-
environment interaction and environment evolution are intractable analytically, one can con-
struct the master equation describing various effects of the environment on the system under
assumptions that generally hold in the experiments, including weak system-environment cou-
pling and a Markovian thermal environment. For simplicity, we consider an environment
with a fixed thermal distribution and energy-independent coupling with the system. With
the above approximations, the master equation has the following form,

o .
< = i+ Y DO, (5.1)
l

where O, describe three sets of incoherent processes, including @1, i (él,T) =a (a') for the
single-photon dissipation (excitation) process, @2, i (@Qﬁ) =a? (de) for the two-photon dis-
sipation (excitation) process, and (’A)(ﬁ = a'a for the dephasing process. The corresponding
coefficients v; | (v14) < &1, 79 (724) < k3, and 74 are single-photon dissipation (excita-

tion), two-photon dissipation (excitation), and dephasing rates, where ") and %) are the
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Figure 5.2: (a) The bit-flip time T, of resonant-Kerr-cat qubit and detuned-Kerr-cat qubit
as a function of mean photon numbers. (b) The phase-flip time T}, of the resonant-Kerr-cat
qubit and detuned-Kerr-cat qubit. The error bars are from fitting uncertainty, and the theory
predictions of the bit-flip times are calculated by master-equation simulations illustrated in
[183, 194]. The dashed lines correspond to an average photon number of 5.2, which will be
the operational point for QPT, GST, and DRB.
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Figure 5.3: (a) The bit-flip times 7, when A = 0 with different mean photon number
and their master equation simulation with the fitting parameters taking different incoherent
processes into account. (b) The bit-flip times 7, with different detuning and their master
equation simulation.

single-photon and two-photon spontaneous decay rates, respectively. A detailed derivation
of the master equation along with the expressions for v1 | (v14), 72,1 (72,+) and 7, is presented
in references [53, 183, 195]. Beyond the three incoherent processes above, we also consider a
non-Markovian stochastic process that leads to fluctuations in the SNAIL nonlinear oscillator
frequency with a noise strength of £ [53, 183].

With such four processes in a thermal environment with thermal photon population
nen = 4%, and fitted parameters k(® = 7 MHz, kg = 100 Hz, £ = 40 kHz, the experimental
behavior of the bit-flip times T, is accurately modeled as shown by the agreement between
the experiment data and master equation simulation results in Fig. 5.2 (a). The thermal
population corresponds to a temperature of 86.9 mK, which is higher than the base temper-
ature of the dilution fridge due to the strong microwave drives. The pure dephasing rate x4
is lower than that estimated from the 75 values, which is also observed in all related litera-
ture [65, 179, 183], and might be due to the non-uniform power spectrum of the dephasing
process under strong drive.

Here, we illustrate the effects of each process in detail. As shown in Fig. 5.3 (a), we
fit the bit-flip times of a resonant-Kerr-cat qubit as a function of two-photon stabilization
drive strength e;. When only considering the single-photon dissipation and excitation, i.e.
k® = kg = & = 0, the master equation simulation follows the blue curve, overestimating the
bit-flip times 7,. By introducing the stochastic frequency fluctuation of the SNAIL nonlinear,
ie., k? = K, = 0, the master equation simulation successfully modeled the bit-flip times
with small €5 following the yellow curve, but failed to model the strongly driven regime.
Finally, only by including all four processes does the master equation simulation accurately
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model the experimental data, as shown by the red curve.

Phase-flip Times

The phase-flip time of the resonant- and detuned-Kerr-cat qubits is shown in Fig. 5.2 (b),
which decreases according to T, = T7/(2(n)) [54], where T} ~ 40 us is the relaxation time
of the SNAIL nonlinear oscillator. One important observation is that for the same average
photon number, though the detuned-Kerr-cat qubit with A = 2K has the same phase-flip
time T, as the resonant-Kerr-cat qubit, it has a much higher bit-flip time 7, for moderate
cat sizes. Such an advantage makes detuning a promising method to further enhance the
performance of Kerr-cat qubits.

Advantages of Detuning

Due to the degeneracy of higher excited states mentioned in section 3.2, we observed increased
T, with detuning A = 2K ,4K... as shown in Fig. 5.3 (b). Specifically, T, is higher for
A = 2K compared to A = 0 with the same mean photon number, and more importantly,
the same 7}, as shown in Fig. 5.2 (a) and 5.2 (b). Therefore, a detuned-Kerr-cat qubit with
A = 2K is expected to exhibit greater noise bias without additional phase-flip errors, which
motivates the exploration of detuned-Kerr-cat qubits for enhanced performance [194, 196].

5.2 Quantum Process Tomography

Quantum operations, or gates, correspond to the mapping of one state of qubits to another
state of qubits. In other words, the quantum operations are mappings from one density
matrix to another density matrix.

There are various representations of such mapping, including Kraus representation, su-
peroperator representation, Pauli transfer matrix (PTM) representation, Chi matrix repre-
sentation, and Choi matrix representation[112]. All of those representations are physically
equivalent and can be converted from one to the other. In this work, we will focus on PTM
representation.

In PTM representation, the density matrix of an n-qubit state is decomposed into its
Pauli components following

1
P=5n Z ppop (5.2)

Pe{l,X.Y,Z}n

where pp is the coefficient corresponding to the Pauli matrix op.
Then, we can stack the Pauli coefficients of the density matrix and form a 4™ dimensional
vector given by

o) = lpp. P € {1, X, Y. Z}"}]" (5-3)
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where we use the label |-)) to distinguish this vector from usual quantum state vectors.
For a single qubit, this vector will be

o) = 1, px, pv, pz)" (5.4)

A quantum operation, or a mapping between different qubit states, can now be repre-
sented by the mapping between different |p)) vectors. Therefore, we can form a matrix A
which transform the |p)) following the effect of the quantum operations, given by

0) = Alp)) (5:5)

Such a matrix A is called a PTM and can faithfully describe the effect of the corresponding
quantum operations. Moreover, since PTM is a general transformation from one density
matrix to another density matrix and does not necessary corresponding to unitary operations
on the density matrix, it can also be used to describe incoherent processes such as noises.
Particularly, PTM is very effective for describing stochastic Pauli errors and coherent Pauli
errors. However, PTM can not be any arbitrary matrix and has to satisfy several physical
constraints, which ensure that p’ is a valid density matrix. We briefly describe them below.

o Real: A is a real matrix, because Pauli coefficients are real and |p)) is a real vector.

o Complete Positive: A should represent a complete positive process, because the density
matrix has positive eigenvalues.

We will summarize the introduction to PTM with an expansion of the PTM and |p)) for
a single qubit system shown below, which should provide a clear illustration of the PTM for
the readers.

P’I A Arix Ay Apz pPr

PIX _ Axr Axx Axy Axz Px ( 5 6)
PQ/ Ayvr Ayvx Ayy Ayyz PY '
0y Azr Azx Azy Azz Pz

Theory

Quantum process tomography is a method to extract PTM by preparing and measuring the
qubit in different Pauli matrix eigenstates®.

Suppose that we prepare the qubit into a specific state with ppyep; With its Pauli vector
representation |pprep ;)), and after an unknown process G with its PTM A, we measure the
state population in ppmess; with its Pauli vector representation |pmeas,i)), then the measured
population is written as

3More generally, people can prepare and measure the qubit in any complete set of qubit states and
reconstruct the process matrix
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Pi; = <<pmeas,i|AG|pprep7j>> (5.7)

By preparing and measuring the qubit in different states, we can stack the preparation
states and measurement states into matrix and construct the measurement matrix A and
preparation matrix B given by

<<pmeas,1 |

<<pmeas,2 |

A= , B = [ |pprep,1>> ) |:0prep,2>> ) e s |pprep,mprep>> ] (5~8)

<<pmeasvmmeas

where Mmeas (Mprep) 1S the number of measurement (preparation) states. To ensure the
validity of QPT, we require the measurement matrix A to have full column rank and the
preparation matrix B to have full row rank, or equivalently, we require the measurement and
preparation states to be informationally complete.

We can also arrange the measured population result into a population matrix given by

P11 P12 T P1,mprep
P21 P22 T P2mprep
p=| , , (5.9)
]j'fnmea&1 pmmea572 o pmmea57mprep

With these matrices, we can write down all the population results and the measurement
and preparation configuration into a matrix equation

P = AAB (5.10)

We can then solve the matrix equation above using the Moore-Penrose pseudo-inverse of
the A and B matrices to get the PTM of the gate G.

¢ =ATPBT = (ATA)'ATPBT(BB") ! (5.11)

Notice that when A or (and) B is (are) square matrix (matrices), the Moore-Penrose
pseudo-inverse will reduce to the conventional inverse with AT = A~! or (and) Bt = B™.
Notice that the full column (row) rank requirement for A (B) ensures the existence of the
Moore-Penrose pseudo-inverse. Even though the solution above with matrix inverse is ele-
gant, people usually get un-physical results of ¢ that do not satisfy the complete positive
constraints. Therefore, in practice, the equation above is typically solved using optimization
methods to obtain the closest physical process matrix that satisfies the completely positive.

QPT relies on a known set of state measurements and preparations, and therefore is very
sensitive to the SPAM errors.
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Figure 5.4: PTMs of resonant-Kerr-cat qubit extracted from QPT for (a) the X (7/2) gate
and (b) the Z(m/2) gate. The errors extracted from the PTMs for (¢) the X (7/2) gate and

(d) the Z(7/2) gate.

Experiment

In our experiments for QPT with a single Kerr-cat qubit, we choose to prepare the qubit into
|+ 2, | —Z), |+ X), | +Y), and measure them along the X, Y, and Z axes. The preparation
and measurement of states along the X and Y axes involves X (7/2) gate implementation,
which obscures the noise-bias of the tomography gate. Instead of using the pseudo-inverse,
we perform the least-squares method to find the PTMs of the gate that satisfy the physical
constraints. The PTMs of the X (7/2) gate and the Z(7/2) gate for resonant-Kerr-cat qubits
with A = 0 are shown in Fig. 5.4 (a) and (b) with their fidelities of Fx_, = 90.8% and

Fz,,, = 91.7% calculated by Fo = 5(3Tr(AfjcmAep) + 1), with Ay, being the ideal Pauli
transfer matrix (PTM) and Ay, being the experimental value[53].
We extract the errors of the gate G using Aenorc = AiﬂealAeXp shown in Fig. 5.4 (c)
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and (d). There is no noise bias observed for both Z(w/2) and X (7/2) gates because the
noise-bias structures are destroyed by the SPAM errors.

5.3 Gate Set Tomography

Unlike QPT, gate set tomography (GST) is robust to SPAM errors because it does not assume
a known set of state preparation and measurement. GST is a self-consistent calibration-
free protocol for characterizing the noisy implementation of an informationally complete
set of quantum gates[197-199]. GST usually executes a set of circuits that consist of a
state preparation and readout sequence (fiducials) and repeated sequences of gate operations
(germs) that amplify specific types of error [197, 200]. The fiducial operations are included
in the gate set and estimated self-consistently with the target gates. As a result, non-ideal
implementations of the fiducials do not necessarily corrupt the reconstructed PTMs of the
gates, leading to robustness against SPAM errors.

Moreover, GST is also capable of fitting models with physical constraints such as com-
pletely positive, trace preserving (CPTP) constraints[197-199]. This technique has been ap-
plied to various platforms of quantum computing, including ion traps[201], spin qubits[202,
203], and superconducting circuits[204].

SPAM-free PTM estimations

The local gates of Kerr-cat qubit are the discrete X (7/2) gate and continuous Z(6) gates, so
we construct the informationally complete set of quantum gates as { X (7/2), Z (7 /2),Y (7/2)},
where the Y (7/2) gate is complied using local gates as X (m)Z(mw/2)X (w/2)Z(7/2). Each
GST circuit has the form F;G'F;, where F; and F; are fiducial sequences, G is a germ se-
quence, and [ is the maximum integer such that the length of G! is at most some maximum
length L. Using the pyGSTi python package[200], we generate the GST circuits which have
a germ set with 10 germs of maximum length 5. The fiducials and germs are shown in Tab.
5.1.

Table 5.1: Gate Set Tomography Germs and Fiducials

Germs Z(r/2),X(r/2),Y(n/2), Y(7/2)X(7/2), X(7/2)Z(7/2),
(m/2)2(x/2), Y (/)X (n/2)X (x/2) Z(x/2),

(= /)Y (= /2)Y (1/2) Z(/2), X (x/2) 2 /2)Y (m/2) Z(/2) Z %),
7/2)X (7w /2)X (7 /2)Z(7/2)

Preparation Fiducials

Y
Y
X(m/2)

X(7/2), Y(m/2), X(7/2)X(7/2), no gates
X(7/2), Y(7/2), X(7/2)X(7/2), no gates

Measurement Fiducials

We perform GST with 800 circuits of maximum lengths L € {0, 1,2, 4,8, 16, 32,64, 128}
and each circuit is implemented with 1024 shots to obtain the statistics of the measurement
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Figure 5.5: GST results. SPAM-free Pauli transfer matrices, process infidelities, diamond dis-
tances, stochastic Pauli errors, and coherent Pauli errors for gates on resonant- and detuned-
KCQs. a, resonant-Kerr-cat qubit X (7/2) gate with 367-ns gate time. b, resonant-Kerr-cat
qubit Z(7/2) gate with 70-ns gate time. c, detuned-Kerr-cat qubit X (7/2) gate with 418-ns
gate time. d, detuned-Kerr-cat qubit Z(mw/2) gate with 70-ns gate time. The uncertainty
represents the standard deviation of the model fitting, and each circuit in GST is repeated
by 1024 shots.

results. The process matrices and error generators of X (7/2) and Z(m/2) gates are extracted
by fitting the measurement results to a model with CPTP constraints.

The GST results of the detuned-Kerr-cat qubit with A = 2K and resonant-Kerr-cat qubit
with A = 0 are shown in Fig. 5.5, including the SPAM-free estimations of the PTMs, errors,
and fidelities for X (7/2) and Z(7/2) gates. The error channels are defined as a combination
of stochastic and coherent Pauli errors, described by a PTM & = ev. The error generator L
is defined as

L =h,H+nh,H, +1.H, +p, Py +p, Py +p.P,, (5.12)

where H,(P,),H,(P,),H,(P,) are the coherent (stochastic) error generators with respect to
X, Y and Z axis and h, (py),hy (py),h. (p.) are the corresponding errors. The coherent
components in the error generator are defined in Eq. 5.13, and the incoherent components
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are defined in Eq. 5.14.[205, 206]

000 0 0 0 00 00 0 0
000 0 0 0 0 1 00 -1 0
He="Ag 00 —1]"®=10o 0 ool'"={o1 0 o (5.13)
001 0 0 -1 00 00 0 0
00 0 0 0 0 0 0 0 0 0 0
00 0 0 0 -2 0 0 0 -2 0 0
B=1o0 2 o['™=lo 0 0 oo 0o —2o0 (5.14)
00 0 -2 0 0 0 —2 0 0 0 0

For Z(m/2) gates, the stochastic Pauli X and Y errors are significantly smaller than the
stochastic Pauli Z errors, confirming the bias preservation. Our KCQs exhibit low coherent
errors, as evidenced by similar diamond distances and process infidelity. In fact, the effects
of coherent errors are negligible after Pauli twirling, as discussed later. According to the
extracted process infidelities of the quantum gates, the process fidelities of Z(7/2) and
X(m/2) gates for the resonant-Kerr-cat qubit are (99.25 4+ 0.067)% and (94.7 £ 0.18)%, and
the detuned-Kerr-cat qubit has similar performance with the fidelities of (99.18 + 0.066)%
and (92.540.23)%, respectively, signifying state-of-the-art performance [53, 62]. The slightly
lower gate fidelity of the X (7w /2) for the detuned-Kerr-cat qubit is mainly due to the longer
gate time.

Even though GST provides a comprehensive description of the noise structures of quan-
tum operations on KCQs and confirms the noise-bias structure for bias-preserving gates, the
uncertainty of extracted stochastic Pauli X and Y errors for bias-preserving gates is so large
that a faithful estimation of them is not possible. This is because the Pauli X and Y errors
are too small to be measured by GST with a shallow circuit depth of 128 at most.

Pauli Twirling

Pauli twirling converts a general noise channel into an effective Pauli channel by averaging
the noise over random Pauli operations, thereby removing the coherent error components,
or equivalently, removing the off-diagonal components of the PTMs of the errors. The Pauli
twirling process randomly inserts Pauli gates while compiling circuits, and all the Pauli
gates can be executed with an error-free virtual X (m) gate, a high-fidelity bias-preserving
Z(m) gate, or their combination in Kerr-cat qubits. Therefore, Pauli twirling error channels
introduce minimal extra noise with preserved the noise-bias property, and are reported to
be statistically the same as the full error channels in XZZX surface code[177].

For the error process defined in Eq. 5.12, we can expand the Pauli transfer matrix as
E=1+L+0.5L*+ o(L?) up to O(py),O(h2) with m,n € {z,y, 2} and p = p, + p, + p. for
small errors, as shown below
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1 0 0 0

0 1—2(py +p.)— 5(h +h2) —h.(1+p) + hohy, hy (1 +p) + 2h.h,

0 h.(1+p) + heh, 1—2(p, +p.) — 5(h2 + 1) —hy(1+p) + hyh,

0 —hy(1+p) + hyh, he (14 p) + hyh, 1 —2(py +py) — 5(h2+ h2)

(5.15)
The coherent error manifests as the off-diagonal elements of the Pauli transfer matrix,
which can be effectively removed by the Pauli twirling process.
The Pauli transfer matrix of the error process after the Pauli twirling process is reduced
to that of a Pauli stochastic error channel, shown in Eq. 5.16,

1 0 0 0
o =20, +p) 0 0
£=1, 0 1= 2+ ) 0 (5.16)
0 0 0 1— 2(p’x —l—p;)

where the associated stochastic Pauli errors are p), = p,, + 0.25h%, m € {z,y,z}. Even
with the highest coherent error rate, h, = 0.0038 +0.002, of the bias-preserving Z(7/2) gate
estimated from GST, the contribution of stochastic Pauli X error from this coherent error is
3.61 x 1079 £ 3 x 107%, which is two orders of magnitude smaller than the stochastic Pauli
X error. Therefore, the effects of coherent errors are negligible.

Model Violation

The GST model in this work is fitted with the CPTP constraints, which assume vanishing
non-Markovian errors, such as leakage, in the system. Therefore, any non-zero model viola-
tion from the fitting result indicates a deviation of the measured data set from an expected
distribution, implying the observed non-Markovian noises in the system. However, model
violation depends on the number of shots and the depths of circuits, and does not quantify
the amount of non-Markovianity in any physically meaningful units [112, 200], making it
difficult to interpret the model violation N, = 14.51 in our GST protocol.

Therefore, we report the 2Aggr log £ box plots [201, 207] for the GST fittings of each
sequence to describe the non-Markovianity in our system as shown in Fig. 5.6 for both
resonant-Kerr-cat qubit with A = 0 and detuned-Kerr-cat qubit with A = 2K, which
indicates the probability for detecting non-Markovian errors. The major y-axis corresponds
to the germ sequences, and the major x-axis corresponds to the germ repetitions. The minor
axes denote the four measurement and four preparation fiducials, respectively. Red markers
indicate detections of out-of-model effects at a confidence level exceeding 95%.
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Figure 5.6: 2Aggsrlog £ box plots for GST fits of each sequence with the resonant- and
detuned-Kerr-cat qubit, where red marks indicate a detection of non-Markovianity at a
confidence level of more than 95%.

5.4 Dihedral Randomized Benchmarking

The estimation of the minimal Pauli X and Pauli Y errors from GST has a huge uncertainty,
preventing the accurate estimation of the bit-flip errors of the Kerr-cat qubits. This is pri-
marily because the complicated fitting procedure and expensive computational cost of GST
limit the associated circuit depth to be shallow. Therefore, we will apply the noise-biased
dihedral randomized benchmarking method with significantly deeper circuits to accurately
extract the rare Pauli X and Pauli Y errors.

Quantum operations usually introduce additional noise, which may degrade the noise
bias. Therefore, the naive estimations of noise-bias from bit-flip and phase-flip time mea-
surements [53, 62, 194] are not accurate, and it is essential to benchmark the noise-bias of
bias-preserving operations of the Kerr-cat qubit. Based on the stochastic Pauli error channel,
we define the bit-flip error as pyiy = p, + py, the phase-flip error as p,n = p., and the noise
bias as 7 = ppn/puit- The conventional randomized benchmarking method based on Clifford
gates will mix the bit-flip and phase-flip errors, thereby preventing the estimation of noise
bias [208]. Therefore, we present the first experimental application of the DRB protocol on
the Kerr-cat qubit to extract the noise structure of the Z(0) gates with high precision [209,
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Figure 5.7: DRB survival probability fitting. Circuits and fitting curve examples of the expo-
nential decay in the Dg dihedral randomized benchmarking protocol when (a), (c¢) preparing
and measuring the states in Z axis, and (b), (d) preparing and measuring the states in X
axis. The error bars indicate the shot noise from 1024 repeated measurements.

210] by applying a benchmarking circuit with a maximum depth over 2000. This protocol
is also extensible to multi-qubit gate benchmarking by a recent protocol on CX dihedral
groups [209].

DRB Circuits and Fitting

The noise-biased DRB protocol samples random operations from the single-qubit Dg dihedral
group, which is generated by X () and Z(7w/4) gates. The X () gate for the Kerr-cat qubit
is trivially a 7 phase shift of the reference, which can be applied virtually by adding an
extra phase to the following control and readout pulses in a noise-free manner. This noise-
free virtual X (7) gate generates a bias-preserving Dg dihedral group with Z(7/4) gates.
Therefore, the DRB protocol avoids mixing the bit-flip and phase-flip errors, allowing them
to be benchmarked separately.

The circuits of the DRB protocol consist of two modified RB sequences labeled by b = 1
and 2, shown in Fig. 5.7 (a) and (b), which prepare and measure the qubit along the Z and
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X axis, respectively. The random gates in RB sequences consist of a gate P sampled from
the single qubit Pauli group P, followed by n gates D, sampled from the Dg dihedral group,
and a final gate D,,,, = (Dn...Dng)f1 to reverse the states. The bit-flip error and phase-flip
error are extracted by fitting the character-weighted survival probability Sy(n) (shown in Eq.
5.17) to an exponential function.

Sp(n) = PE]P [xi (P)Tqu,y] (5.17)
Uy---Un€Dg

Here, I'yy,y represents the expectation value of the measurement after applying a sample of
RB sequences, while E[-] denotes the average over all samples of gates. x;(P) is a factor to
track the effect of Pauli gate P on the qubit and is given by

Xi(X) =x1(Y) =xp(Z2) = xo(Y) = —1

. . (5.18)
Xi(Z2) = xp(X) =1
where X, Y, and Z here refer to the Pauli X, Y, and Z gates.
We fit the survival probability Sy(n) into an exponential function given by[209]
Sy(n) "EE AN (5.19)

Using the fitted parameter \,, one can extract the bit-flip error pyi; and phase-flip error ppp
as

1
Pbit = 5(1 - )\1)
(5.20)

1
pph = 1(1 + )\1 — 2/\2)

A few typical fitting plots are shown in Fig. 5.7 (c¢) and Fig. 5.7 (d).

Notably, the noise-free property of the virtual X (7) gate leads to an underestimation of
the extracted errors of Z() rotations because the extracted errors are weighted averages of
both the noise-free virtual X (m) gate and noisy Z(6) rotations. Even though such underes-
timation is minor due to the low weight of the X (7) gate in Dg, we proceed to address this
underestimation by introducing a scaling factor of 1.07 for ppi, and 1.02 for ppy.

The scaling factor between the errors of Z(6) rotations and the extracted errors from
the DRB protocol is derived by numerical simulation with the qiskit[211] package. We
introduce various phase-flip errors pp, real ranging from 0 to 3% and bit-flip errors pyf, real =
0.02ppf, real to Z(6) rotations, while keeping the X (7) gate noise-free, and then simulate the
DRB experiments to extract the bit-flip ppf extractea and phase-flip errors pps extracted- AS
shown in Fig. 5.8, the extracted errors are proportional to the errors on the Z(6) rotations.
By fitting the simulation results with a linear function, we extracted the scaling factor
between them, where pyf real = 1.02pps, extracted a0 Pof, real = 1.07Dpy, extracted-

As a summary, by applying the DRB protocol, we can precisely extract the bit-flip errors,
phase-flip errors, and noise bias of the bias-preserving gates.
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Figure 5.8: Scaling factor a between the extracted and real bit-flip errors, and b between
the extracted and real phase-flip errors

Errors and Noise Bias

We presently explore the noise structure of the resonant-Kerr-cat qubit and detuned-Kerr-cat
qubit as a function of Z(6) gate times, with results shown in Fig. 5.9a, where the uncertainty
of the extracted errors is significantly smaller than that from GST. We also plot the bit-flip
and phase-flip errors as predicted by the bit-flip and phase-flip times based on the stochastic
Pauli error model [112]. For both the resonant-Kerr-cat qubit and detuned-Kerr-cat qubit,
the bit-flip error is much lower than the phase-flip error. Clearly, while the phase-flip errors
align with the rates inferred from the phase-flip time (green line), the bit-flip error is typically
much higher than predicted by the bit-flip time (red and blue lines for resonant- and detuned-
KCQs, respectively). We attribute the high bit-flip error at short gate times to the leakage
into higher excited states caused by the strong gate drive, which tunnels between the wells
of the pseudo-potential. As the gate time increases, the bit-flip error approaches the error
set by the bit-flip time. These observations highlight an underestimation of the bit-flip
errors, and accordingly, an overestimation of the noise bias, based solely on the bit-flip and
phase-flip times, underscoring the need for direct benchmarking of the operational noise
characteristics. The additional structure of the bit-flip errors with several local minima is
related to the details of the gate pulses and leakage discussed in the next section, which may
provide insights for improving gate performance through pulse shaping.

As shown in Fig. 5.9a, for gate times longer than 60 ns, the detuned-Kerr-cat qubit has
a lower bit-flip error than the resonant-Kerr-cat qubit while maintaining the same phase-
flip error, indicating the advantage of the detuned-Kerr-cat qubit with higher noise bias.
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Figure 5.9: DRB results. a, The bit-flip py;; and phase-flip pyn errors of resonant- and
detuned-Kerr-cat qubit, and corresponding estimation p,, and ppi; based on the bit-flip and
phase-flip times measured in Fig. 5.2. The error bars are smaller than the marker size and
therefore not plotted. b, The noise bias as a function of phase-flip errors.

Fig. 5.9b further shows the noise-bias of both resonant- and detuned-KCQs with respect
to their phase-flip errors. Using the detuned-Kerr-cat qubit, we can achieve a noise bias
as high as 250 with phase-flip error rates below 2% for the bias-preserving gate set. This
is over twice as large as that for the resonant-Kerr-cat qubit without increasing the phase-
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Figure 5.10: Analysis of bit-flip errors. a Bit-flip errors of resonant-Kerr-cat qubit from
simulation pp;; and experiments ppi. b Simulated leakage of resonant-Kerr-cat qubit. c
Power spectral density (PSD) of the gate pulse, showing that the local minima in leakage
and bit-flip errors coincide with the zeros of the PSD at the transition frequency between the
ground and first excited states. d, e, f Corresponding results for the detuned-Kerr-cat qubit
with A = 2K. g, h, i Corresponding results for the detuned-Kerr-cat qubit with A = 4K,
for which experimental data were not collected in this study.

flip error. Such high-fidelity bias-preserving gates with a large noise bias, together with
high-fidelity quantum nondemolition readout and state initialization, represent the state-of-
the-art performance and position detuned-Kerr-cat qubit as a promising platform for the
future implementation of hardware-efficient quantum error correction.
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Non-adiabaticity and Leakage in Bit-flip Errors

The bit-flip error py;, for Z(0) gates exhibits additional fluctuation structures with several
local minima before approaching the errors set by the lifetimes. This structure originates
from leakage processes induced by the gate drive, where local minima occur when the power
spectral density (PSD) of the drive vanishes at the transition frequency between the ground
states and the first pair of excited states, thereby minimizing drive-induced excitations.

We simulate the bit-flip errors py;; of Z(6) rotation gates using the full detuned-Kerr-cat
qubit Hamiltonian and measured bit-flip lifetime, and compared them with the experimental
results ppi; in Fig. 5.10a and d. The simulated bit-flip errors exhibit multiple local minima,
qualitatively reproducing the patterns observed experimentally. To further illustrate the
correlation between bit-flip error and leakage, we also calculate the leakage probability of
the Z(0) gates, Pleakage; defined as the population outside the two ground states after the
gate operation. As shown in Fig. 5.10b and e, the leakage errors also follow a similar trend
with several local minima which appear at the same gate time for both leakage and bit-flip
error as indicated by the dashed lines.

To understand the local minima, we show the PSD of the gate drive defined as

T 2
= lim — / Q(t)e~1EmoStwolt gy (5.21)
T—oo 0

S(6f)

where 0 f is the frequency offset from the carrier frequency wy, and €(t) is the time domain
gate pulse.

As shown in Fig. 5.10c and f, for each gate duration, the PSD exhibits several zeros,
while the transition frequency between the ground states and the first pair of excited states
is indicated by the red (blue) dash-dotted line for A = 0 (A = 2K). Importantly, the
minima in both the leakage and bit-flip errors, indicated by the dashed lines, occur at gate
times where the PSD vanishes at the corresponding transition frequency with minimized
drive-induced excitations. This observation provides valuable insight into improving gate
performance through derivative-removal techniques such as DRAG pulses [212]. The slight
shift in the minima between experiment and simulation may arise from pulse distortions in
the microwave wiring, which alter the PSD at the qubit.

To examine the performance of gate operations on detuned-KCQs with higher detunings,
we also simulated the bit-flip error, leakage error, and PSD for the Z(6) rotation gates on
detuned-KCQs with A = 4K, assuming a bit-flip time of 1.2 ms. The gate performance
shows only minor improvement compared with the case of A = 2K, because the Z(0)
rotation is based on a single-photon process that primarily induces leakage into the first pair
of higher excited states. As shown in Fig. 5.11, the excited-state population after the Z(6)
operations resides mainly in the first pair of higher excited states, while the population in
the second pair is approximately an order of magnitude lower. Therefore, the improvement
from a larger detuning of A = 4K, which makes the second pair of excited states degenerate,
remains marginal.
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Figure 5.11: Excited state population after applying the Z(0) gates

5.5 Outlook and Conclusion

In summary, we have developed a complete quantum control toolbox for detuned-KCQs,
including initialization, universal single-qubit gates, and quantum nondemolition readout.
Moreover, we provide the first comprehensive experimental benchmarking of noise-biased
qubit operations, confirming their bias-preserving properties and revealing the inaccuracy
of noise bias estimation from idling bit-flip and phase-flip times. By introducing a detuned
stabilization drive to enhance the bit-flip time, we demonstrate the first implementation of
high-fidelity single-qubit universal quantum operations on a detuned-Kerr-cat qubit, achiev-
ing a bit-flip time of 1.2 ms, which is three times the conventional resonant-Kerr-cat qubit,
without further introducing more phase-flip noises. Using GST, we extract the detailed
noise structure of the noise-biased qubit operations, and measured SPAM-free gate fidelities
of over (92.5 4+ 0.23)% for the X (7/2) gate and (99.18 £ 0.066)% for the bias-preserving
Z(m/2) gate, representing the highest performance reported for KCQs. The minimal bit-flip
error and the high noise bias of the bias-preserving gates are further accurately measured
by the DRB protocol. While the resonant-Kerr-cat qubit already shows a large noise bias
as high as 100 with a phase-flip error rate below 2%, the detuned-Kerr-cat qubit has an
even larger noise bias of 250 with a similar phase-flip error rate. With the DRB protocol,
we confirmed the enhanced noise-bias without degraded phase-flip error for bias-preserving
gates of detuned-Kerr-cat qubit, demonstrating the advantage of detuned-Kerr-cat qubit.
The decay rate of the SNAIL nonlinear oscillator primarily constrains the performance
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of the detuned-Kerr-cat qubit. Continued advancements in superconducting circuit mate-
rials are expected to reduce this decay rate [213]. Further performance enhancement of
detuned-KCQs can be achieved by engineering faster gate operations through pulse shaping
to reduce leakage error [97, 214], or through optimized circuit designs to increase the excited
state energy gap [183]. In addition, the model violation observed in GST under the CPTP
framework for noise characterization implies some out-of-model effects, such as leakage, but
a more direct and precise characterization of these errors would be beneficial for optimizing
performance.

Our work exemplifies the characterization and benchmarking of noise-biased qubits, pro-
viding a framework that can be extended to other quantum systems with structured noises,
such as dissipative cat qubits [55, 63, 176], GKP qubits [215-217], and binomial qubits [218].
Compared to other bosonic qubit platforms with biased noise, the detuned-Kerr-cat qubit
uniquely achieves high-fidelity quantum nondemolition readout and universal gate opera-
tions simultaneously with low hardware complexity. It is also compatible with recently
demonstrated two-qubit gate operations in experiment [66]. Leveraging a scalable planar
superconducting architecture, our work is well-positioned for extension into multi-qubit pro-
cessors, paving the way for the application of noise-biased qubits in QEC. Moreover, the
enhanced bit-flip time of the detuned-Kerr-cat qubit presents it as a promising ancilla for
universal control of a quantum cavity, effectively mitigating parasitic error propagation [219,
220]. As a Kerr parametric oscillator (KPO) with the double-well potential, the detuned-
Kerr-cat qubit also opens new possibilities for KPO-network-based Ising machines, fostering
advancements in analog quantum computing [221-223].
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