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Abstract

Combinatorics of Bosonic-Fermionic Coinvariant Rings

by

John Lentfer

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Mark D. Haiman, Chair

Professor Sylvie Corteel, Co-chair

The (k, j)-bosonic-fermionic coinvariant ring R
(k,j)
n , defined for k sets of commuting variables

and j sets of anticommuting variables, generalizes many previously-studied coinvariant rings.
As special cases, R

(k,j)
n includes the classical coinvariant ring R

(1,0)
n , the diagonal coinvariant

ring R
(2,0)
n studied by Haiman, the superspace coinvariant ring R

(1,1)
n , Zabrocki’s module

for the Delta conjecture R
(2,1)
n , and the diagonal fermionic coinvariant ring R

(0,2)
n . In this

dissertation, we prove results on R
(k,j)
n for specific small values of k, j, along with structural

results for all k, j.

We give the first conjectural construction of a monomial basis for the coinvariant ring R
(1,2)
n ,

for the symmetric group Sn acting on one set of commuting and two sets of anticommuting
variables. Our construction interpolates between the modified Motzkin path basis for R

(0,2)
n

of Kim–Rhoades (2022) and the super-Artin basis for R
(1,1)
n conjectured by Sagan–Swanson

(2024) and proven by Angarone et al. (2025). We prove that our proposed basis has cardinality

2n−1n!, aligning with a conjecture of Zabrocki (2020) on the dimension of R
(1,2)
n , and show

how it gives a combinatorial expression for the Hilbert series.

We also conjecture a Frobenius series for R
(1,2)
n . We show that these proposed Hilbert

and Frobenius series on R
(1,2)
n are equivalent to conjectures of Iraci, Nadeau, and Vanden

Wyngaerd (2024) in terms of segmented Smirnov words, by exhibiting a weight-preserving
bijection between our proposed basis and their segmented permutations. We extend some
of their results on the sign character to hook characters, and give a formula for the mµ

coefficients of the conjectural Frobenius series.

We conjecture a monomial basis for R
(1,2)
Bn

, the analogous ring for the hyperoctahedral group
Bn, and show that it has cardinality 4nn!.
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We determine the trigraded multiplicity of the sign character of the triagonal fermionic
coinvariant ring R

(0,3)
n . As a corollary, this proves a conjecture of Bergeron (2020) that the

multiplicity of the sign character of R
(0,3)
n is n2 − n+ 1.

We also give an explicit formula for double hook characters in the diagonal fermionic
coinvariant ring R

(0,2)
n , and discuss methods towards calculating the sign character of R

(0,4)
n .

We give a multigraded refinement of a conjecture of Bergeron (2020) that the multiplicity of

the sign character of the (1, 3)-bosonic-fermionic coinvariant ring R
(1,3)
n is 1

2
F3n, where Fn is

the n-th Fibonacci number.

For finite groups G, we show that bosonic-fermionic coinvariant rings have a natural
U(gl(k|j)) ⊗ C[G]-module structure. In particular, we show that their character series
are sums of super Schur functions sλ(q/u) times irreducible characters of G with universal
coefficients (independent of k, j). In the case where G is the symmetric group with diagonal
action, this proves the “Diagonal Supersymmetry” conjecture of Bergeron (2020).

Alfano (1994) determined a monomial basis, bigraded Hilbert series, and bigraded Frobenius

series for the ring of diagonal dihedral group coinvariants R
(2,0)
I2(n)

. Using diagonal supersym-
metry, we determine a universal multigraded character series, universal multigraded Hilbert
series, and monomial basis for the generalization to any k sets of bosonic variables and j sets
of fermionic variables R

(k,j)
I2(n)

.

We determine that the standard character of all (k, j)-bosonic-fermionic coinvariant rings

R
(k,j)
n has multigraded multiplicity s(1)(q/u) + s(2)(q/u) + · · ·+ s(n−1)(q/u).

We note a conjectural relationship between multichains in the Tamari lattice and the multi-
plicity of the sign character in multivariate coinvariant rings R

(k,0)
n .

We extend the operator conjecture of Haiman (1994) to bosonic-fermionic coinvariant rings

R
(k,j)
n .
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Chapter 1

Introduction

This dissertation is on algebraic combinatorics, which is the field that explores the deep
connections between algebraic and combinatorial structures. Many problems in geometry
and representation theory can be translated into a combinatorial language, revealing further
structure and enabling explicit computations. A central object in algebraic combinatorics is
the classical coinvariant algebra

R(1,0)
n = C[x1, . . . , xn]/⟨C[x1, . . . , xn]Sn

+ ⟩, (1.1)

the quotient of a polynomial ring by symmetric functions without constant term. The
symmetric group Sn permutes the variables and gives R

(1,0)
n a graded Sn-module structure,

where the grading is by total degree. Borel [22] showed that R
(1,0)
n is the cohomology ring of

the flag variety. As an Sn-module, it affords the regular representation, and Stanley [91] gave

a formula for the graded structure of R
(1,0)
n in terms of statistics on standard Young tableaux.

This dissertation investigates a generalization of coinvariant algebras, called the bosonic-
fermionic coinvariant algebra R

(k,j)
n , which involves k sets of commuting and j sets of

anticommuting variables (defined in equation (1.2)). Studying R
(k,j)
n is extremely challenging

for general k and j, but we prove one of the first structural results for all k and j (Theorem 1.0.5
below).

A well-known example is the diagonal coinvariant algebra R
(2,0)
n , studied in seminal work

of Haiman [57,59], which is related to his proof of the Macdonald positivity conjecture [58].
The diagonal coinvariant algebra is isomorphic to the diagonal harmonic space, which is a
solution to a system of partial differential equations. The diagonal coinvariant algebra has
been involved in several breakthroughs in algebraic combinatorics, including the proofs of the
longstanding Shuffle Conjecture [20, 51,81] and the Loehr–Warrington Conjecture [18, 77]. It
is connected to the elliptic Hall algebra [21,26,46], to link homology [48,49,83,100], and to
theoretical physics [10, 68].

The study of the coinvariant ring with one set of commuting variables and one set of
anticommuting variables R

(1,1)
n was initiated around 2018. Eventually, the multiplicity of the

sign character of R
(1,1)
n [96], its dimension and Hilbert series [88], a monomial basis [3, 90]
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and its Frobenius series [84] were all determined. Zabrocki [101] introduced a module with

two sets of commuting variables and one set of anticommuting variables, R
(2,1)
n , which he

conjecturally related to the Delta Theorem [19,39,53].
Extending coinvariant algebras beyond the well-studied cases where k + j ≤ 2 introduces

dramatic new complexity but also reveals intriguing patterns. A general understanding of
R

(k,j)
n remains elusive, especially once k + j ≥ 3. In fact, our result on the sign character of

R
(0,3)
n (Theorem 1.0.4) is the first to be established for any k + j ≥ 3. Recent conjectures of

Zabrocki and Bergeron [10,11,102] suggest that these algebras possess rich behavior across
broader values of k and j; see Figure 1.1 for known and conjectural dimensions in small
cases. Among these conjectures, Bergeron’s diagonal supersymmetry conjecture plays a
central role by identifying a deep relationship between the commutative and anticommutative
variables. We prove Bergeron’s diagonal supersymmetry conjecture (Theorem 1.0.5) using the
representation theory of gl(k|j) and Howe duality [74], establishing one of the first structural

results across all R
(k,j)
n .

Building on this, much current research aims to study more of these algebras R
(k,j)
n

systematically by determining their dimensions, monomial bases, Hilbert series, and Frobenius
series.

Problem 1.0.1. Give a monomial basis, dimension formula, multigraded Hilbert series, and
multigraded Frobenius series for R

(k,j)
n .

k
j

0 1 2

0 1 2n−1
(
2n−1
n

)
1 n!

∑n
i=1 i!S(n, i) 2n−1n!∗

2 (n+ 1)n−1
∑n+1

i=0

(
n+1
i

)
in

2(n+1)

∗
–

3 2n(n+ 1)n−2
∗

– –

Figure 1.1: Known or conjectured∗ dimension formulas for R
(k,j)
n .

Fix k, j as nonnegative integers or infinity. Denote k sets of n commuting (bosonic)

variables by x(1), . . . ,x(k), where x(i) = {x(i)1 , . . . , x
(i)
n }, and j sets of n anticommuting

(fermionic) variables by θ(1), . . . ,θ(j), where θ(i) = {θ(i)1 , . . . , θ
(i)
n }. Define the (k, j)-bosonic-

fermionic coinvariant ring by

R(k,j)
n = C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]/⟨C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]Sn

+ ⟩, (1.2)

where C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]Sn
+ denotes polynomials without constant term, which

are invariant under the diagonal action of the symmetric group on each set of variables
(see [9–11,102]).

R
(k,j)
n is a symmetric group module, so it decomposes into a sum of simple modules. The

Frobenius characteristic map associates to a symmetric group module a symmetric function,
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such that each simple module corresponds to a Schur function sµ. This correspondence
allows us to translate between symmetric group modules and the combinatorics of symmetric
functions.

The multigraded Sn-module structure is encoded by the multigraded Frobenius series,
denoted by Frob(R

(k,j)
n ; q1, . . . , qk;u1, . . . , uj). It is obtained by applying the Frobenius char-

acteristic map to each multigraded component of R
(k,j)
n . Let q = {q1, . . . , qk} denote the

gradings for the commuting variables and u = {u1, . . . , uj} denote the gradings for the anti-
commuting variables. In symmetric function theory, a symmetric function can be superized.
In particular, the superization of a Schur function is a super Schur function, denoted by
sλ(q/u).

The main results and organization of this dissertation follow. Background is discussed in
Chapter 2.

Chapter 3: The (1, 2)-bosonic-fermionic coinvariant ring

In [73], we give the first conjectural construction of a monomial basis B
(1,2)
n for the coinvariant

ring R
(1,2)
n . Our construction interpolates between the modified Motzkin path basis Π(n)>0

of Kim–Rhoades [69] for R
(0,2)
n and the super-Artin basis for R

(1,1)
n conjectured by Sagan–

Swanson [90] and proven by Angarone et al. [3]. We prove that the proposed basis B
(1,2)
n has

cardinality 2n−1n!, aligning with a conjecture of Zabrocki [102] on the dimension of R
(1,2)
n .

Showing that the conjectural basis for R
(1,2)
n is indeed a basis would imply the following

formula for the Hilbert series, which is a multigraded version of the dimension.

Conjecture 1.0.2 (Lentfer [73]). For n ≥ 1,

Hilb(R(1,2)
n ; q;u, v) =

∑
π∈Π(n)>0

udegθ(π)vdegξ(π) stairq(π). (1.3)

Here we set q := q1, u := u1, v := u2, and stairq(π) is a certain polynomial in N[q]. In

particular, this conjecture would imply that dimR
(1,2)
n = 2n−1n!.

We also conjecture a Frobenius series for R
(1,2)
n in terms of fundamental quasisymmetric

functions QS,n and a statistic Asc(b) on B
(1,2)
n .

Conjecture 1.0.3 (Lentfer [73]).

Frob(R(1,2)
n ; q;u, v) =

∑
b∈B(1,2)

n

udegθ(b)vdegξ(b)qdegx(b)QAsc(b),n. (1.4)

We show in [73] that these proposed Hilbert and Frobenius series imply conjectures of

Iraci, Nadeau, and Vanden Wyngaerd [65] on the Hilbert and Frobenius series of R
(1,2)
n in

terms of segmented Smirnov words.
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Chapter 4: The sign character of the triagonal fermionic
coinvariant ring

In [75], we determine the trigraded multiplicity of the sign character in the triagonal fermionic

coinvariant ring R
(0,3)
n . Note that s(1n) is the Schur function corresponding to the sign

character in the Frobenius series.

Theorem 1.0.4 (Lentfer [75]). The trigraded multiplicity of the sign character of R
(0,3)
n ,

denoted by ⟨Frob(R(0,3)
n ;u1, u2, u3), s(1n)⟩, is

⟨Frob(R(0,3)
n ;u1, u2, u3), s(1n)⟩ = s(n−1)(u1, u2, u3) + s(n−2,1,1)(u1, u2, u3). (1.5)

As a corollary, this proves a conjecture of Bergeron [10] that the multiplicity of the sign

character of R
(0,3)
n is n2 − n + 1. In [75], we also give an explicit formula for double hook

characters in the diagonal fermionic coinvariant ring R
(0,2)
n .

In [75], we give a multigraded refinement of a conjecture of Bergeron [10] that the

multiplicity of the sign character of R
(1,3)
n is 1

2
F3n, where Fn is the n-th Fibonacci number.

Chapter 5: Diagonal supersymmetry for coinvariant rings

We show that bosonic-fermionic coinvariant rings have a natural U(gl(k|j))⊗ C[Sn]-module
structure, where U(gl(k|j)) is the universal enveloping algebra of the Lie superalgebra
gl(k|j). As a consequence, we prove the following “diagonal supersymmetry” conjecture of
Bergeron [10].

Theorem 1.0.5 (Lentfer [74]). Fix a positive integer n. For partitions λ with ℓ(λ) ≤ n, and
partitions µ ⊢ n, there exist nonnegative integer coefficients cλ,µ such that for any (k, j), the

multigraded Frobenius series of R
(k,j)
n is

Frob(R(k,j)
n ;q;u) =

∑
λ

∑
µ⊢n

cλ,µsλ(q/u)sµ. (1.6)

Chapter 6: Universal series for dihedral group coinvariant rings

In fact, a more general version of Theorem 1.0.5 holds for all finite groups G ⊂ GL(n) in place
of Sn. In the case of the symmetric group, it is computationally very difficult to determine
the coefficients cλ,µ for general λ and µ. For example, having a combinatorial description
of just cλ,(1n) where ℓ(λ) ≤ 2 would give us enough information to solve a well-known open
problem of Haglund: find a combinatorial proof of the q, t-symmetry of the q, t-Catalan
numbers via Dyck paths [54]. However, for the dihedral and cyclic groups, we determine a
monomial basis, universal multigraded Hilbert series, and universal multigraded character
series for all k, j [76], which is the subject of this chapter.
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Chapter 7: Further directions

As previously mentioned, it is quite challenging to determine the coefficients cλ,µ for general

λ and µ. The trivial character is known to have multiplicity 1 for all R
(k,j)
n . We are able to

show that the multiplicity of the standard character, that is, the character indexed by the
partition µ = (n− 1, 1), is s(1)(q/u) + s(2)(q/u) + · · ·+ s(n−1)(q/u) for all n ≥ 2.

We also explain the connection between the Tamari lattice and R
(3,0)
n , and include a

conjecture on the multiplicity of the sign character of R
(4,0)
n .

Finally, we conjecture an extension of Haiman’s operator conjecture to R
(k,j)
n .
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Chapter 2

Background

In this chapter, we briefly overview some of the background material from algebraic combina-
torics, symmetric function theory, and representation theory. We also give an introduction to
the (k, j)-bosonic-fermionic coinvariant ring R

(k,j)
n , and briefly summarize some of the results

on the classical coinvariant ring R
(1,0)
n and the diagonal coinvariant ring R

(2,0)
n .

The reader who is familiar with the basic tenets of combinatorics and representation
theory but not familiar with coinvariant algebras should skip ahead to Section 2.4. The
reader who is also familiar with coinvariant algebras may skip this chapter entirely, as each
of Chapters 3, 4, 5, and 6 begins with an introduction specific to that chapter.

2.1 Combinatorial basics

Most of the information in this section can be found in [8].

Partitions and tableaux

A partition λ of a nonnegative integer n is a weakly decreasing sequence of positive integers
(λ1, λ2, . . . , λℓ) such that λ1 ≥ λ2 ≥ . . . ≥ λℓ > 0 and λ1+λ2+ · · ·+λℓ = n. Each λi is called
a part of λ, and the number of parts, ℓ = ℓ(λ), is called the length of the partition. We call
n = |λ| the size of the partition.

A Ferrers diagram1 is an arrangement of left-justified square boxes such that the top row
has λ1 boxes, the second row has λ2 boxes, etc. For example, the Ferrers diagram for the
partition (5, 3, 2) of 10 is

. (2.1)

1This is drawn in English notation. French notation would result from flipping each diagram over a
horizontal line.
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The transpose of a partition, denoted by λ′, is the partition obtained from flipping the
partition’s Ferrers diagram across a line of slope −1 starting from the upper left corner. For
example, if λ = (5, 3, 2), then λ′ = (3, 3, 2, 1, 1), with Ferrers diagram

. (2.2)

A standard Young tableau is a Ferrers diagram in which each box is filled with an integer
in {1, . . . , n} exactly once, where n is the size of the partition according to the following
rules:

• the numbers increase to the right along each row;

• the numbers increase down each column.

For example, all standard Young tableaux of the partition (3, 1) are

1 2 3

4
, 1 2 4

3
, 1 3 4

2
. (2.3)

A semistandard Young tableau is a Ferrers diagram in which each box is filled with a
positive integer according to the following rules:

• the numbers weakly increase to the right along each row;

• the numbers strictly increase down each column.

Now, there are infinitely many semistandard Young tableaux of any (nonempty) shape. For
example, some semistandard Young tableaux of the partition (3, 1) are

1 2 3

4
, 1 1 1

3
, 5 6 8

6
. (2.4)

A skew shape λ/µ is defined for two partitions λ, µ, when the Ferrers diagram of λ contains
the Ferrers diagram of µ. Then the boxes of the Ferrers diagram of λ/µ are those which
are in λ, but not in µ. For example, (5, 3, 2) contains (4, 1), so we have the skew shape
(5, 3, 2)/(4, 1):

. (2.5)

Standard and semistandard tableaux can be similarly defined for skew shapes.
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q-analogues

A q-analogue of a combinatorial expression O is an expression in terms of a parameter q,
which we call O(q), such that upon setting q = 1 (or taking a limit as q → 1), we recover O.
That is to say,

lim
q→1

O(q) = O. (2.6)

This definition does not prescribe what the q-analogue of O must be, in fact, there can
be multiple q-analogues of the same thing. In combinatorics, we typically desire to have a
q-analogue generalize some desirable combinatorial properties of the original expression.

Define the q-integer [n]q by

[n]q = 1 + q + · · ·+ qn−1. (2.7)

Define the q-factorial number [n]q! by

[n]q! = [n]q[n− 1]q · · · [2]q[1]q, (2.8)

and set [0]q! = 1.
Define the q-binomial coefficients by[

n

k

]
q

=
[n]q!

[k]q![n− k]q!
. (2.9)

Just like the binomial coefficients, the q-binomial coefficients satisfy many identities including
Pascal’s rule: [

n

k

]
q

= qk
[
n− 1

k

]
q

+

[
n− 1

k − 1

]
q

, (2.10)

and [
n

k

]
q

=

[
n− 1

k

]
q

+ qn−k
[
n− 1

k − 1

]
q

. (2.11)

We also have a combinatorial interpretation (see for example [93, Chapter 1.7])∑
λ⊆(n−k)k

q|λ| =

[
n

k

]
q

, (2.12)

where (n− k)k denotes the rectangular partition with k parts each of size n− k.

2.2 Symmetric functions

Invariant theory

The material in this section can be found in [8].
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Consider the polynomial ring C[x1, . . . , xn]. The degree of a polynomial f(x1, . . . , xn) is
the maximum degree of all of its monomials. A ring R is graded with respect to degree if

R ∼=
⊕
d≥0

Rd (2.13)

such that RdRi ⊆ Rd+i, where Rd denotes the C-span of all degree d monomials. Note that
C[x1, . . . , xn] is graded by total degree.

We define the Hilbert series of a graded ring R by

Hilb(R; q) =
∑
d≥0

dimC(Rd)q
d. (2.14)

Note that the dimension of R as a vector space over C is recovered by setting q = 1 (if R is
finite-dimensional).

Next we describe how groups act on polynomials. Let G be a finite group which is a
subgroup of the group of orthogonal matrices On(C). For g ∈ G, we say that

g · f(x1, . . . , xn) = f((x1, . . . , xn)g), (2.15)

where (x1, . . . , xn)g is the product of the vector (x1, . . . , xn) with the n× n matrix g.
We say that a polynomial f(x1, . . . , xn) ∈ R = C[x1, . . . , xn] is G-invariant if g ·

f(x1, . . . , xn) = f(x1, . . . , xn) for all g ∈ G. Let RG denote the subspace of all G-invariant
polynomials in R. For groups G generated by reflections, it is well-known that there exist sets
of n algebraically independent elements f1, . . . , fn, with degrees d1, . . . , dn, which generate
RG.

For G = Sn the symmetric group, we can take fi = pi(x1, . . . , xn), where

pi(x1, . . . , xn) =
n∑

j=1

xij (2.16)

is the i-th power sum symmetric polynomial.
One can then show that we have the Hilbert series

Hilb(RG; q) =
n∏

i=1

1

1− qdi
. (2.17)

See [64] for more on the topic.
A symmetric polynomial is a polynomial f(x1, . . . , xn) ∈ R which is Sn-invariant. That

is, for each permutation σ ∈ Sn, we have that

f(xσ(1), . . . , xσ(n)) = f(x1, . . . , xn). (2.18)

The power sum symmetric polynomials are examples of symmetric polynomials.
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Ring of symmetric functions

The material in this section can be found in [92, Chapter 7] or in [78].
A weak composition of a nonnegative integer n is a countably infinite sequence α =

(α1, α2, . . .) of nonnegative integers αi such that the sum of the finitely-many nonzero entries
is n.

Let x = (x1, x2, . . .) be an infinite set of indeterminates. A symmetric function which is
homogeneous of degree n over a commutative unital ring R is the formal power series

f(x) =
∑
α

cαx
α, (2.19)

where the sum ranges over all weak compositions α = (α1, α2, . . .) of n, the cα are some coeffi-
cients in the ring R, the notation xα means xα1

1 x
α2
2 · · · , and importantly, f(xσ(1), xσ(2), . . .) =

f(x1, x2, . . .) for every permutation σ in S∞ =
⋃

i≥1 Si.
A note on terminology: symmetric functions are not really functions, but they are formal

power series. Sometimes, symmetric polynomial is used when the set of indeterminates x is
finite.

The ring of symmetric functions ΛR consists of all symmetric functions over R. This
is graded by homogeneous degree. That is, let Λn

R consist of all symmetric functions over
R of homogeneous degree n. Then it is easy to check that if f, g ∈ Λn

R and a, b ∈ R, then
af + bg ∈ Λn

R, so it has the structure of an R-module. Also, if f ∈ Λn
R and if g ∈ Λm

R , then
fg ∈ Λn+m

R and if R contains Q, then ΛR is an R-algebra. Let ΛQ = Λ and Λn
Q = Λn for

short.
Define the monomial symmetric function by

mλ =
∑
α

xα, (2.20)

where the sum ranges over all distinct permutations α = (α1, α2, . . .) of the partition
λ = (λ1, λ2, . . . , λℓ).

Define the elementary symmetric function by

en = m(1n) =
∑

1≤i1<···<in

xi1 · · · xin (2.21)

for n ≥ 1, by e0 = 1, and for a partition λ = (λ1, λ2, . . . , λℓ), by

eλ = eλ1eλ2 · · · . (2.22)

Define the complete homogeneous symmetric function by

hn =
∑
λ⊢n

mλ =
∑

1≤i1≤···≤in

xi1 · · · xin (2.23)
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for n ≥ 1, by h0 = 1, and for a partition λ = (λ1, λ2, . . . , λℓ), by

hλ = hλ1hλ2 · · · . (2.24)

Define the power sum symmetric function by

pn = mn =
∑
i≥1

xni (2.25)

for n ≥ 1, by p0 = 1, and for a partition λ = (λ1, λ2, . . . , λℓ), by

pλ = pλ1pλ2 · · · . (2.26)

The fundamental theorem of symmetric functions says that {mλ |λ ⊢ n}, {eλ |λ ⊢ n},
{hλ |λ ⊢ n}, and {pλ |λ ⊢ n} are all bases for Λn. Note that the power sum symmetric
functions are not a basis over the ring Z, but the others are.

Schur functions

Denote the set of all semistandard Young tableaux of shape λ/µ by SSYT(λ/µ). For a
semistandard Young tableaux T ∈ SSYT(λ/µ), by xT , we mean xα1

1 x
α2
2 · · · , where αi is the

number of times that i appears in the filling of the tableau T .
Define the Schur function by

sλ/µ =
∑

T∈SSYT(λ/µ)

xT . (2.27)

The Schur functions are symmetric functions, and {sλ |λ ⊢ n} is also a basis for Λn.
We have already defined Schur functions in an alphabet of infinitely many indeterminates

x = (x1, x2, . . .). Upon specializing to finitely many indeterminates, the Schur functions may
also be defined as the ratio of two alternating polynomials, that is,

sλ(x1, . . . , xn) =
aλ+δ

aδ
, (2.28)

where aλ+δ = det(x
λj+n−j
i )ni,j=1 and aδ = det(xn−ji )ni,j=1 =

∏
1≤i<j≤n(xi − xj) is the Vander-

monde determinant.

Omega involution and Hall inner product

The following all define the same algebra endomorphism ω : Λ→ Λ:

• ω(eλ) = hλ;

• ω(hλ) = eλ;
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• ω(pλ) = ελpλ, where ελ = (−1)|λ|−ℓ(λ);

• ω(sλ/µ) = sλ′/µ′ .

The endomorphism ω is an involution, that is, ω2 = id.
The Hall inner product may be defined by any of:

• ⟨mλ, hµ⟩ = δλ,µ;

• ⟨pλ, pµ⟩ = zλδλ,µ, where zλ = 1m1m1!2
m2m2! · · · where mi is the number of parts of size

i in λ;

• ⟨sλ, sµ⟩ = δλ,µ.

The Hall inner product is symmetric and positive definite. The omega involution ω is an
isometry, that is ⟨ωf, ωg⟩ = ⟨f, g⟩ for all f, g ∈ Λ.

2.3 Representation theory

The basic information in this section can be found in [92, Chapter 7] or [42].

Representation theory of the symmetric group

The symmetric group Sn is the group of all permutations of n elements.
A representation of the symmetric group Sn is a group homomorphism φ : Sn → GL(V ),

where V is a finite-dimensional complex vector space. A subrepresentation is a subspace
W ⊆ V that is invariant under the group action of Sn. An irreducible representation is a
representation which has only the 0 vector space and itself as subrepresentations.

By Maschke’s theorem, every representation of the symmetric group Sn over C is a direct
sum of irreducible representations. The irreducible representations of the symmetric group Sn

are indexed by the set of partitions {λ ⊢ n}. Furthermore, Sn representations are equivalent
to C[Sn]-modules. A concrete realization of these irreducible representations is given by the
Specht module Sλ, an irreducible C[Sn]-module (see [42] for details of the construction).

A class function is a function which is constant on conjugacy classes in the symmetric
group. Let CFn denote the set of all class functions f : Sn → Q. There is a natural scalar
product on CFn given by

⟨f, g⟩CFn =
1

n!

∑
w∈Sn

f(w)g(w). (2.29)

The character of a representation φ : Sn → GL(V ) is defined by

χφ(w) = tr(φ(w)), (2.30)

where tr denotes the trace of the matrix in GL(V ).
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The Frobenius characteristic map is a linear function F : CFn → Λn defined by

F (f) =
1

n!

∑
w∈Sn

f(w)pρ(w) =
∑
µ⊢n

f(µ)
pµ
zµ
, (2.31)

where ρ(w) is the partition obtained from rearranging the cycle type of w, and f(µ) is f(w)
for any w such that ρ(w) = µ.

The Frobenius characteristic map is an isometry, that is, ⟨f, g⟩CFn = ⟨F (f), F (g)⟩Λn .
Two operations governing the relationship between the symmetric group Sn and its

subgroups are restriction, which takes a representation of Sn back to a subgroup, and
induction, which builds a representation of Sn from one defined on a subgroup.

The natural subgroups in this context are the Young subgroups. Given a composition
µ = (µ1, µ2, . . . , µk) of n (a sequence of positive integers summing to n), the corresponding
Young subgroup is

Sµ := Sµ1 ×Sµ2 × · · · ×Sµk
, (2.32)

embedded in Sn as the subgroup of permutations that separately permute the blocks of
consecutive integers {1, . . . , µ1}, {µ1 + 1, . . . , µ1 + µ2}, etc.

Using the language of the group algebra, given a C[Sn]-module V , its restriction to Sµ is
the module ResSn

Sµ
V , which has the same underlying vector space as V but with the action

restricted to the subgroup Sµ ⊂ Sn. In the reverse direction, given a C[Sµ]-module W , its
induction is

IndSn
Sµ
W := C[Sn]⊗C[Sµ] W, (2.33)

the C[Sn]-module formed by extending scalars from C[Sµ] to C[Sn].
These two operations are adjoint by Frobenius reciprocity :

HomSn

(
IndSn

Sµ
W, V

)
∼= HomSµ

(
W, ResSn

Sµ
V
)
. (2.34)

Finally, let Rn denote the set of all virtual characters of the symmetric group Sn, which
consists of all Z-linear combinations of the irreducible characters of Sn. Then it follows that
F : Rn → Λn

Z is a ring isomorphism. Furthermore, the image of the irreducible symmetric
group character χλ under the Frobenius characteristic map is the Schur function sλ, that is,

F (χλ) = sλ. (2.35)

This is important because it allows us to translate between problems on symmetric group
representations and on symmetric functions. In particular, because the multiplicity of an
irreducible representation in any representation must be a nonnegative integer, we can show
that a symmetric function is Schur-positive (expands nonnegatively in the Schur basis) by
exhibiting a symmetric group module that it is the Frobenius image of.
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Representation theory of the general linear group

The general linear group GLn(C) is the set of all n× n invertible matrices, with the group
operation of matrix multiplication.

A finite-dimensional continuous representation of GLn(C) is a group homomorphism
ρ : GLn(C)→ GL(V ), where V is a finite-dimensional complex vector space. We will focus
on rational or polynomial representations, wherein the matrix entries of ρ(g) are respectively
rational functions or polynomials in the matrix entries of GLn(C).

The category of finite-dimensional rational representations of GLn(C) is semisimple, so
any such representation exhibits complete reducibility, uniquely decomposing into a direct
sum of irreducible subrepresentations up to isomorphism.

The classification of these irreducible polynomial modules is governed by the theory
of highest weights. Every irreducible polynomial representation of GLn(C) is uniquely
parameterized by a dominant integral weight, which corresponds to an integer partition
λ = (λ1, λ2, . . . , λn) such that λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0. The algebraic structure of finite-
dimensional rational representations is completely encoded by their characters. Here, the
corresponding character is the Schur function sλ(x1, . . . , xn). Notice that a Schur function
sλ(x1, . . . , xn) is 0 if λ has more than n parts. Thus the Schur functions sλ(x1, . . . , xn) for
partitions of length at most n form an orthonormal basis for the ring of symmetric functions
in the variables (x1, . . . , xn). Hence the decomposition of any GLn(C) representation into
irreducible components is equivalent to expanding its character as a nonnegative linear
combination of Schur functions.

Schur–Weyl duality connects the representation theory of the group GLn(C) and the
symmetric group Sk via their natural commuting actions on the k-fold tensor product space
V ⊗k. It states that under the joint action of GLn(C)×Sk, this tensor space decomposes as
a multiplicity-free direct sum:

V ⊗k ∼=
⊕
λ

Vλ ⊗ Sλ, (2.36)

where the sum runs over partitions λ of k (with at most n parts), Vλ is an irreducible
GLn(C)-module, and Sλ is the corresponding irreducible Sk-module.

The general linear Lie superalgebra

The information in this section can be found in [32].
A vector superspace V is a vector space with a Z2 grading, that is, V = V0⊕V1. Elements

in V0 are called even and elements in V1 are called odd. The dimension of V is (dimV0| dimV1).
By Ck|j, we mean the superspace with even subspace Ck and odd subspace Cj of dimension
(k|j).

A superalgebra A is a vector superspace A = A0⊕A1 whose bilinear multiplication satisfies
A0A0 ⊆ A0, A0A1 ⊆ A1, A1A0 ⊆ A1, and A1A1 ⊆ A0. Modules, subalgebras, and ideals are
all Z2-graded.
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A Lie superalgebra g is a superalgebra g = g0 ⊕ g1 with bilinear multiplication [·, ·] which
satisfies, for all homogeneous elements a, b, c ∈ g:

• skew-supersymmetry: [a, b] = −(−1)|a|·|b|[b, a];

• the super Jacobi identity: [a, [b, c]] = [[a, b], c] + (−1)|a|·|b|[b, [a, c]].

Our only use of Lie superalgebras will be the general linear Lie superalgebra, denoted
gl(k|j). This consists of all linear endomorphisms of the superspace Ck|j = V , that is,
gl(k|j) = End(V ).

Choose a basis for V0 and for V1, parametrizing the basis for V by the set {1, . . . , k, 1′, . . . , j′}
=: I(k|j). The elementary matrices may be denoted by Eh,i where h, i ∈ I(k|j). Then
gl(k|j) = End(V ) can be realized as all (k + j)× (k + j) matrices with entries in C, with a
block form of [

A B
C D

]
, (2.37)

where A is a k × k matrix, B is a k × j matrix, C is a j × k matrix, and D is a j × j
matrix. Then the even subalgebra gl(k|j)0 is comprised of all matrices with B and C
blocks of all 0’s. In other words, gl(k|j)0 ∼= gl(k) ⊕ gl(j). On the other hand, the odd
subalgebra gl(k|j)1 is comprised of all matrices with A and D blocks of all 0’s. Then
gl(k|j)1 ∼= (Ck ⊗ Cj∗)⊕ (Ck∗ ⊗ Cj), where Cj∗ denotes the dual space of Cj.

The theory of characters and highest weight theory have extensions to the Lie superalgebra
setting. In general, a gl(k|j)-module is not semisimple. However, there exist certain irreducible
gl(k|j)-modules, which have character sλ(q/u), a super Schur function. Define a super Schur
function by

sλ(q/u) =
∑
ν⊆λ

sν(q)sλ′/ν′(u), (2.38)

where ν ⊆ λ means that the Ferrers diagram of ν is contained in that of λ. Super Schur
functions may also be defined in terms of super tableaux (see [85, Chapter 12.3]). The super
Schur functions sλ(q/u) are characters of the simple gl(k|j)-modules Uλ

k|j which appear in

the decomposition of Sym(Ck|j ⊗ V ) via Howe duality (see [61,62]). This will be discussed
more in Chapter 5.

Super Schur functions are uniquely characterized by the following four properties (see [78,
I.3 Example 23] but with a different sign convention):

• Homogeneity: The polynomial sλ(q1, . . . , qk/u1, . . . , uj) is homogeneous of degree |λ|;

• Factorization: If λk ≥ j ≥ λk+1 so that λ = (jk + τ) ∪ η, then

sλ(q1, . . . , qk/u1, . . . , uj) = sτ (q1, . . . , qk)sη′(u1, . . . , uj)
k∏

h=1

j∏
i=1

(qh + ui); (2.39)
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• Cancellation:

sλ(q1, . . . , qk−1, qk/u1, . . . , uj−1, uj)|uj=−qk = sλ(q1, . . . , qk−1/u1, . . . , uj−1); (2.40)

• Restriction:

sλ(q1, . . . , qk−1, qk/u1, . . . , uj)|qk=0 = sλ(q1, . . . , qk−1/u1, . . . , uj), (2.41)

sλ(q1, . . . , qk/u1, . . . , uj−1, uj)|uj=0 = sλ(q1, . . . , qk/u1, . . . , uj−1). (2.42)

2.4 Bosonic-fermionic coinvariant rings

For a complex vector space V = Cn, let SymCn denote the symmetric algebra and ∧Cn

denote the exterior algebra. For nonnegative integers k, j, define the (k, j)-bosonic-fermionic
coinvariant ring for a finite group G ⊂ GL(n) by

R
(k,j)
G = ((SymCn)⊗k ⊗ (∧Cn)⊗j)/⟨((SymCn)⊗k ⊗ (∧Cn)⊗j)G+⟩, (2.43)

where I
(k,j)
G := ⟨((SymCn)⊗k ⊗ (∧Cn)⊗j)G+⟩ is generated by the G-invariants for the simulta-

neous action of k + j copies of G on (SymCn)⊗k ⊗ (∧Cn)⊗j, without constant term.
By placing coordinates, we can identify this with the quotient of a polynomial ring in

both commutative and anticommutative variables. Let x(i) = {x(i)1 , . . . , x
(i)
n } be a set of n

commutative (bosonic) variables, and let θ(i) = {θ(i)1 , . . . , θ
(i)
n } be a set of n anticommutative

(fermionic) variables. Commutative variables commute with all variables, while anticom-
mutative variables anticommute only with all anticommutative variables. This means that
x
(a)
h x

(b)
i = x

(b)
i x

(a)
h and x

(a)
h θ

(b)
i = θ

(b)
i x

(a)
h , while θ

(a)
h θ

(b)
i = −θ(b)i θ

(a)
h .

Then we may write that

R
(k,j)
G = C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]/⟨C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+⟩, (2.44)

where C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+ denotes the polynomials without constant term, which
are invariant under the diagonal action of G on each set of variables. In the case where G is
the symmetric group Sn acting diagonally by permuting the indices of the variables within
each set, we denote this by R

(k,j)
n .

To define R
(k,j)
G where k or j is infinite, take the direct limit of the R

(k,j)
G as k or j goes to

infinity.
Consider the ring C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]. We may arrange these variables into a

pair M of a k × n matrix and a j × n matrix:

M0 =

x
(1)
1 x

(1)
2 · · · x

(1)
n

...
...

. . .
...

x
(k)
1 x

(k)
2 · · · x

(k)
n

 ,M1 =

θ
(1)
1 θ

(1)
2 · · · θ

(1)
n

...
...

. . .
...

θ
(j)
1 θ

(j)
2 · · · θ

(j)
n

 (2.45)
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For each pair A of a k × k invertible matrix A0 in GLk and a j × j invertible matrix A1 in
GLj multiply M on the left by A to obtain the product A ·M = (A0 ·M0, A1 ·M1). Then, in
any polynomial f ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)], replace each variable by the corresponding
entry of A ·M . This defines a left GLk×GLj-action on C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)].

The ring C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] is naturally multigraded by q = {q1, . . . , qk} where
qi is the degree of the variables in the set x(i) and by u = {u1, . . . , uj} where ui is the degree
of the variables in the set θ(i).

Denote by (C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)])r1,...,rk;s1,...,sj the homogeneous component of
multidegree q1, . . . , qk;u1, . . . , uj . Since GLk×GLj acts by linear combinations of the k and j
rows (separately), the GLk×GLj-action preserves the total degree d = r1+· · ·+rk+s1+· · ·+sj .
Hence each total degree d component⊕

r1+···+rk+s1+···+sj=d

(C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)])r1,...,rk;s1,...,sj (2.46)

is GLk×GLj-invariant.
Each permutation σ ∈ Sn may be associated to a permutation matrix Pσ, defined by

(Pσ)i,j = 1 if i = σ(j) and 0 otherwise. Then the right multiplicationM ·Pσ = (M0 ·Pσ,M1 ·Pσ)

has the effect on M of letting σ act on the indices of all variables: x
(i)
h 7→ x

(i)
σ(h) and

θ
(i)
h 7→ θ

(i)
σ(h). Then, in any polynomial f ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)], replace each

variable by the corresponding entry of the pair M · Pσ. This defines a right Sn-action on
C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)].

Because left multiplication by A and right multiplication by Pσ commute, these GLk×GLj

and Sn-actions commute, so C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] is a GLk×GLj ×Sn-module. By
replacing the matrices for the symmetric group Sn with another group G which is a matrix
subgroup of GLn, we may generalize this module structure.

Furthermore, by combining both the commuting and anticommuting variables into one
matrix, instead of using a pair of matrices, we can act with gl(k|j) to put on a gl(k|j)-module
structure. This is discussed in Chapter 5, where we propose that a natural setting for studying
R

(k,j)
G is as a U(gl(k|j))⊗ C[G]-module.

The coinvariant ring R
(k,j)
G decomposes as a direct sum of multihomogeneous components,

which are G-modules:

R
(k,j)
G =

⊕
r1,...,rk,s1,...,sj≥0

(R
(k,j)
G )r1,...,rk,s1,...,sj . (2.47)

We denote the multigraded Hilbert series by

Hilb(R
(k,j)
G ; q1, . . . , qk;u1, . . . , uj)

:=
∑

r1,...,rk,s1,...,sj≥0

dim
(
(R

(k,j)
G )r1,...,rk,s1,...,sj

)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j .
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Denote the multigraded G-character series by

Char(R
(k,j)
G ; q1, . . . , qk;u1, . . . , uj)

:=
∑

r1,...,rk,s1,...,sj≥0

Char
(
(R

(k,j)
G )r1,...,rk,s1,...,sj

)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j ,

where Char denotes the G-character. Since R
(k,j)
G is a GLk×GLj ×G-module its multigraded

character series is a sum of products of two Schur functions, which are irreducible characters
of polynomial representations of GLk and GLj, along with a G-character.

In the special case of the symmetric group Sn, we may further apply the Frobenius
characteristic map, yielding the multigraded Frobenius series:

Frob(R(k,j)
n ; q1, . . . , qk;u1, . . . , uj)

:=
∑

r1,...,rk,s1,...,sj≥0

F Char
(
(R(k,j)

n )r1,...,rk,s1,...,sj
)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j ,

where F denotes the Frobenius characteristic map and Char denotes the character. We often
omit the word “graded” or “multigraded” when the gradings are clear from the notation or
context.

For simplicity, if k ≤ 2, we will use q, t for q1, q2 and if j ≤ 3, we will use u, v, w for
u1, u2, u3.

Recall that ⟨Frob(R(k,j)
n ; q1, . . . , qk;u1, . . . , uj), h

n
1 ⟩ = Hilb(R

(k,j)
n ; q1, . . . , qk;u1, . . . , uj), i.e.,

the Hilbert series can be recovered from the Frobenius series.

Harmonic spaces

Recall the definition of derivative of anticommuting variables is (see for example [97, Section
1.5]):

∂
θ
(a)
j
θ
(a1)
i1
· · · θ(ap)ip

=

{
(−1)ℓ−1θ(a1)i1

· · · θ̂(a)iℓ
· · · θ(ap)ip

if j = iℓ,

0 otherwise.
(2.48)

Then we have that the partial derivatives with respect to commutative variables commute
with all partial derivatives, while the partial derivative with respect to anticommutative
variables anticommute only with all the partial derivatives of anticommutative variables. This
means that ∂

x
(a)
h
∂
x
(b)
i

= ∂
x
(b)
i
∂
x
(a)
h

and ∂
x
(a)
h
∂
θ
(b)
i

= ∂
θ
(b)
i
∂
x
(a)
h
, while ∂

θ
(a)
h
∂
θ
(b)
i

= −∂
θ
(b)
i
∂
θ
(a)
h
.

Write S = C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] for short. Define the space of (k, j)-bosonic-
fermionic harmonics by

H(k,j)
n :=

{
f ∈ S

∣∣∣∣∣
n∑

i=1

∂a1
x
(1)
i

· · · ∂ak
x
(k)
i

∂b1
θ
(1)
i

· · · ∂bj
θ
(j)
i

f = 0 for all
k∑

i=1

ai +

j∑
i=1

bi > 0

}
. (2.49)
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Looking at the infinitesimal action of the Lie algebra slk × slj on H
(k,j)
n allows us to study

H
(k,j)
n as a GLk×GLj-module. Similarly to [57, Section 3.1], we define polarization operators.

For 1 ≤ a < b ≤ k and 1 ≤ c < d ≤ j, we have

Ea,b =
n∑

p=1

x(a)p ∂
x
(b)
p
, Ec′,d′ =

n∑
p=1

θ(c)p ∂
θ
(d)
p
, (2.50)

and for 1 ≤ b < a ≤ k and 1 ≤ d < c ≤ j, we have

Fa,b =
n∑

p=1

x(a)p ∂
x
(b)
p
, Fc′,d′ =

n∑
p=1

θ(c)p ∂
θ
(d)
p
. (2.51)

Along with H operators given by taking the commutators of the E and F operators, these
generate the Lie algebra slk × slj.

Furthermore H
(k,j)
n is a GLk×GLj ×Sn-module. One can show that H

(k,j)
n
∼= R

(k,j)
n as

GLk×GLj ×Sn-modules. This was shown in the seemingly special case of (k, j) = (1, 1)
in [96, Section 3] and [97, Section 4.1].

H
(k,j)
n may also be described as the orthogonal complement to I

(k,j)
n with respect to a

certain form. We leave the details to [95], where the case of (k, j) = (1, 1) is worked out in
great detail, but the general case is essentially the same.

Therein, they show that for certain finite groups G, R
(1,1)
G
∼= H

(1,1)
G . We wish to show

that R
(k,j)
G
∼= H

(k,j)
G . Without loss of generality, say k ≥ j and then this would follow from

R
(k,k)
G
∼= H

(k,k)
G . Rewrite the known isomorphism as R

(1,1)

G̃
∼= H

(1,1)

G̃
, where

G̃ = G× · · · ×G︸ ︷︷ ︸
k

(2.52)

acts on sets of ñ variables, where ñ = nk. Thus R
(k,k)
G
∼= H

(k,k)
G follows.

To get a gl(k|j) action, we describe the action of gl(k|j) by superderivations. Notably,
these include operators that switch between the commutative and anticommutative variables.
For 1 ≤ a, b ≤ k and 1 ≤ c, d ≤ j, we have

Ea,b =
n∑

p=1

x(a)p ∂
x
(b)
p
, Ea,d′ =

n∑
p=1

x(a)p ∂
θ
(d)
p
, Ec′,b =

n∑
p=1

θ(c)p ∂
x
(b)
p
, Ec′,d′ =

n∑
p=1

θ(c)p ∂
θ
(d)
p
, (2.53)

which realize the action of gl(k|j) on C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] [32, Lemma 5.13].
A polynomial p ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] is called antisymmetric if σ(p) = sgn(σ)p

for all σ ∈ Sn, where σ acts by simultaneously permuting the variables. Let (H
(k,j)
n )ϵ denote

the antisymmetric subspace of H
(k,j)
n , which consists of all elements p ∈ H(k,j)

n which are
antisymmetric. This corresponds to the multigraded multiplicity of the sign character in
R

(k,j)
n , that is,

Hilb((H(k,j)
n )ϵ;q;u) = ⟨Frob(R(k,j)

n ;q;u), s(1n)⟩. (2.54)
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2.5 The classical coinvariant ring

This section serves to summarize some of what is known about R
(1,0)
n , especially to see the

contrast with the more challenging cases of R
(k,j)
n . This material is found in [57] and [60].

Although we have already seen the following more generally for R
(k,j)
n , it is repeated here

for R
(1,0)
n for clarity and concreteness. Let x = (x1, . . . , xn) and consider the polynomial ring

C[x1, . . . , xn]. The symmetric group Sn acts on C[x] = C[x1, . . . , xn] by permuting variables.
The classical coinvariant algebra is the quotient ring

R(1,0)
n = C[x1, . . . , xn]/I(1,0)n , (2.55)

where I
(1,0)
n is the ideal generated by all Sn-invariant polynomials in C[x1, . . . , xn] of strictly

positive degree. Equivalently, I
(1,0)
n is generated by the elementary symmetric polynomials

e1(x), . . . , en(x), or by the power sum symmetric polynomials p1(x), . . . , pn(x). This is a

homogeneous ideal, so R
(1,0)
n inherits a grading R

(1,0)
n =

⊕
d≥0(R

(1,0)
n )d.

The harmonics perspective is quite useful. The space of Sn-harmonics is H
(1,0)
n = (I

(1,0)
n )⊥,

the orthogonal complement of I
(1,0)
n with respect to the apolar form

⟨f, g⟩ = f(∂x1 , . . . , ∂xn) · g(x1, . . . , xn)
∣∣
x1,...,xn=0

. (2.56)

The spaces R
(1,0)
n and H

(1,0)
n are isomorphic as graded Sn-modules, with an explicit isomor-

phism given from H
(1,0)
n → R

(1,0)
n by α 7→ α + I

(1,0)
n .

The space of harmonics H
(1,0)
n contains the Vandermonde determinant

∆(x) =
∏

1≤i<j≤n

(xi − xj). (2.57)

H
(1,0)
n is precisely the C-span of ∆(x) and all of its partial derivatives ∂x1 , . . . , ∂xn . In

particular, ∆(x) lies in the top degree component (H
(1,0)
n )(n2)

, which is one-dimensional and

affords the sign representation of Sn.

Dimension and Hilbert series

Classical work of Chevalley, Shephard–Todd, and Steinberg asserts that C[x] is free of rank
n! as a module over C[x]Sn , so

dimCR
(1,0)
n = n!. (2.58)

Moreover, R
(1,0)
n is isomorphic to the regular representation of Sn as an Sn-module, which is

obtained when Sn acts on itself on the left. The Hilbert series of R
(1,0)
n is

Hilb(R(1,0)
n ; q) = [n]q!. (2.59)
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Frobenius series

The Frobenius series of R
(1,0)
n encodes its graded Sn-character. One has

Frob(R(1,0)
n ; q) =

∑
λ⊢n

(
(1− q)(1− q2) · · · (1− qn) · sλ(1, q, q2, . . .)

)
sλ. (2.60)

This is equal to Stanley’s formula [91]:∑
λ⊢n

∑
T∈SYT(λ)

qmaj(T ) sλ, (2.61)

where the inner sum runs over standard Young tableaux of shape λ and maj(T ) is the major
index statistic.

2.6 The diagonal coinvariant ring

Let C[x,y] = C[x1, . . . , xn, y1, . . . , yn]. The symmetric group Sn acts diagonally: σ(xi) =

xσ(i), σ(yi) = yσ(i). Let I
(2,0)
n ⊂ C[x,y] be the ideal generated by all Sn-invariant polynomials

of strictly positive degree. The diagonal coinvariant ring is

R(2,0)
n = C[x,y]/I(2,0)n . (2.62)

By a theorem of Weyl [99], I
(2,0)
n is generated by the polarized power sums pr,s(x,y) =

∑
i x

r
iy

s
i

for 1 ≤ r + s ≤ n. Since I
(2,0)
n is bihomogeneous, R

(2,0)
n =

⊕
h,i≥0(R

(2,0)
n )h,i is a bigraded

Sn-module.
The space of diagonal harmonics is H

(2,0)
n = (I

(2,0)
n )⊥ with respect to the apolar form

extended to two sets of variables. We have that H
(2,0)
n is isomorphic to R

(2,0)
n as a bigraded

Sn-module. Furthermore, R
(2,0)
n contains a copy of R

(1,0)
n in x-degree 0 and also in y-degree

0.

Dimension

The “(n+ 1)n−1 conjecture” was conjectured by Haiman in 1994 [57] and proved by Haiman
in 2002 [59] via the geometry of the Hilbert scheme of points. It states that

dimCR
(2,0)
n = (n+ 1)n−1. (2.63)

This conjecture attracted attention in part because of the appearance of the delightful
combinatorially-meaningful number (n+1)n−1. For example (n+1)n−1 is the number of rooted
labeled forests on vertex set {1, . . . , n}, or equivalently the number of labeled rooted trees
on {0, 1, . . . , n}. It also equals the number of parking functions f : {1, . . . , n} → {1, . . . , n}
(functions satisfying |{i : f(i) ≤ k}| ≥ k for all k) [70]. It turns out that the module structure
of parking functions is also connected with the diagonal coinvariants, as we shall see shortly.
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The conjecture was also more difficult to prove than it might appear at a first glance.
Some of the key techniques which worked on R

(1,0)
n , such as Gröbner basis theory, were

not successfully extended to this setting. Specifically, the polarized power sums are not
algebraically independent when there are two or more sets of variables.

The Frobenius series

The ungraded module structure is given by the following.

Theorem 2.6.1 ([59]). As an Sn-module, R
(2,0)
n
∼= ε ⊗ Vn, where Vn is the permutation

representation of Sn on Zn
n+1/Zn+1, and ε is the sign representation.

There is a natural action of the symmetric group Sn on the set of parking functions for a
given n, giving it the structure of an Sn-module. Furthermore, it is graded according to the
weight, where the weight wt(f) of a parking function f is

wt(f) =

(
n+ 1

2

)
−
∑
i

f(i). (2.64)

The generating function for wt(f) over all parking functions f is the inversion enumerator
for trees [71].

The singly graded structure, in either the x or in the y variables, is given by the following.

Theorem 2.6.2 ([59]). As a graded Sn-module, R
(2,0)
n
∼= ε⊗ Vn, where Vn is the module of

parking functions, graded by the weight wt, and ε is the sign representation.

In order to give the bigraded Frobenius series of R
(2,0)
n , we need a few more definitions.

Previously we have discussed symmetric functions over the base ring Q. Extending to
the ring Q(q, t), the modified Macdonald polynomials H̃λ form a basis for ΛQ(q,t) (see [60]
for their definition). The nabla operator ∇ [12] acts on symmetric functions in ΛQ(q,t) by

∇H̃µ = tn(µ)qn(µ
′)H̃µ, where n(µ) =

∑
i(i− 1)µi.

Now we can state Haiman’s theorem.

Theorem 2.6.3 ([59]). For any positive integer n,

Frob(R(2,0)
n ; q, t) = ∇en. (2.65)

Regarding using this theorem computationally, one must first expand en into the Mac-
donald basis H̃λ, then apply nabla, before converting to the basis of choice for the answer.
Since this is the bigraded Frobenius series of a symmetric group module, we know that when
expanded in the Schur basis, the coefficients of each sλ will be polynomials in Z[q, t] with
nonnegative coefficients.

It follows that the Hilbert series of R
(2,0)
n is given by

Hilb(R(2,0)
n ; q, t) = ⟨h(1n),∇en⟩. (2.66)

More recently, the resolution of the Shuffle conjecture [51] by [28] gives further combina-

torial formulas for the Frobenius and Hilbert series of R
(2,0)
n .
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Catalan numbers

The multiplicity of the sign representation ε in R
(2,0)
n is the Catalan number

Cn =
1

n+ 1

(
2n

n

)
. (2.67)

A bivariate q, t-Catalan number

Cn(q, t) = ⟨s(1n), Frob(R(2,0)
n ; q, t)⟩ (2.68)

refines Cn, and satisfies Cn(q, t) = Cn(t, q). See [54] for more on the q, t-Catalan numbers,
and for various combinatorial formulas.
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Chapter 3

A conjectural basis for the
(1, 2)-bosonic-fermionic coinvariant ring

We give the first conjectural construction of a monomial basis for the coinvariant ring R
(1,2)
n ,

for the symmetric group Sn acting on one set of bosonic (commuting) and two sets of
fermionic (anticommuting) variables. Our construction interpolates between the modified

Motzkin path basis for R
(0,2)
n of Kim–Rhoades (2022) and the super-Artin basis for R

(1,1)
n

conjectured by Sagan–Swanson (2024) and proven by Angarone et al. (2025). We prove that
our proposed basis has cardinality 2n−1n!, aligning with a conjecture of Zabrocki (2020) on

the dimension of R
(1,2)
n , and show how it gives a combinatorial expression for the Hilbert

series.
We also conjecture a Frobenius series for R

(1,2)
n . We show that these proposed Hilbert and

Frobenius series are equivalent to conjectures of Iraci, Nadeau, and Vanden Wyngaerd (2024)

on R
(1,2)
n in terms of segmented Smirnov words, by exhibiting a weight-preserving bijection

between our proposed basis and their segmented permutations. We extend some of their
results on the sign character to hook characters, and give a formula for the mµ coefficients of
the conjectural Frobenius series.

Finally, we conjecture a monomial basis for the analogous ring in type Bn, and show that
it has cardinality 4nn!.

This chapter appears in [73].

3.1 Introduction

The classical coinvariant ring R
(1,0)
n = C[xn]/⟨C[xn]

Sn
+ ⟩ is the quotient ring of a polynomial

ring in n variables xn = {x1, . . . , xn} by Sn-invariant polynomials with no constant term. It
is well-known (see for example [57, Section 1.5]) to have dimension n!, Hilbert series [n]q!,
and Frobenius series ∑

λ⊢n

∑
T∈SYT(λ)

qmaj(T )sλ.
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An important basis of the classical coinvariant ring is the Artin basis {xα1
1 x

α2
2 · · · xαn

n | 0 ≤
αi ≤ i− 1}.

In 1994, Haiman [57] introduced the diagonal coinvariant ring R
(2,0)
n = C[xn,yn]/

⟨C[xn,yn]
Sn
+ ⟩, which extends the classical coinvariant ring to two sets of n variables. Here and

throughout, Sn acts diagonally by permuting the indices of the variables. Given a polynomial
ring R, the notation ⟨RSn

+ ⟩ denotes the ideal generated by all polynomials in R which are
invariant under the diagonal action of Sn, with no constant term. In 2002, Haiman [59]

proved that R
(2,0)
n has dimension (n+ 1)n−1, Hilbert series ⟨∇en, hn1 ⟩, and Frobenius series

∇en, using several deep results in algebraic geometry. A combinatorial formula for its Hilbert
series was conjectured by Haglund and Loehr [52], and eventually was proven as a consequence
of the more general shuffle theorem, conjectured by Haglund, Haiman, Loehr, Remmel, and
Ulyanov [51] and proven by Carlsson and Mellit [28], which gives a combinatorial formula for
∇en. A monomial basis was given by Carlsson and Oblomkov [29].

Recently, there has been interest (see [6, 10, 11, 102]) in extending the setting to in-
clude coinvariant rings with k sets of n commuting variables xn,yn, zn, . . . and j sets of n
anticommuting variables θn, ξn,ρn, . . .. We denote this by

R(k,j)
n = C[xn,yn, zn, . . .︸ ︷︷ ︸

k

,θn, ξn,ρn, . . .︸ ︷︷ ︸
j

]/⟨C[xn,yn, zn, . . .︸ ︷︷ ︸
k

,θn, ξn,ρn, . . .︸ ︷︷ ︸
j

]Sn
+ ⟩. (3.1)

Commuting variables commute with all variables. Anticommuting variables anticommute
with all anticommuting variables, that is, θiθj = −θjθi, which also implies that θ2i = 0.

We briefly overview some recent results on the special cases of R
(k,j)
n for which there

has been significant progress. Kim and Rhoades [69] showed that the fermionic diagonal

coinvariant ring R
(0,2)
n = C[θn, ξn]/⟨C[θn, ξn]

Sn
+ ⟩ has dimension

(
2n−1
n

)
, confirming a conjecture

of Zabrocki [102]. They gave a combinatorial formula for its Hilbert series:

Hilb(R(0,2)
n ;u, v) =

∑
π∈Π(n)>0

udegθ(π)vdegξ(π), (3.2)

where Π(n)>0 denotes the set of modified Motzkin paths1 of length n. They also gave a

monomial basis for R
(0,2)
n , and found its Frobenius series [69, Theorem 6.1]:

Frob(R(0,2)
n ;u, v) =

∑
i+j<n

uivj(s(n−i,1i) ∗ s(n−j,1j) − s(n−i+1,1i−1) ∗ s(n−j+1,1j−1)), (3.3)

where ∗ denotes the Kronecker product and s(n+1,1−1) is interpreted as 0.

The superspace coinvariant ring is R
(1,1)
n = C[xn,θn]/⟨C[xn,θn]

Sn
+ ⟩. Sagan and Swanson

[90] conjectured, and Rhoades and Wilson [88] proved, that its Hilbert series is

Hilb(R(1,1)
n ; q;u) =

n∑
k=1

un−k[k]q! Stirq(n, k), (3.4)

1This and other undefined terms which are needed will be defined in the subsequent sections.
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where the q-Stirling number Stirq(n, k) is defined by the recurrence relation Stirq(n, k) =
[k]q Stirq(n− 1, k) + Stirq(n− 1, k − 1) with initial conditions Stirq(0, k) = δk,0. This implies

that the dimension of R
(1,1)
n is the ordered Bell number, which counts the number of ordered

set partitions of {1, . . . , n}. Sagan and Swanson [90] conjectured and Angarone, Commins,

Karn, Murai, and Rhoades [3] proved that a certain super-Artin set is a basis for R
(1,1)
n . A

Frobenius series has been conjectured for R
(1,1)
n [6, Equation 5.2]:

Frob(R(1,1)
n ; q;u) =

n−1∑
k=0

∑
λ⊢n

∑
T∈SYT(λ)

ukqmaj(T )−k des(T )+(k2)
[
des(T )

k

]
q

sλ. (3.5)

In general, much less is known about R
(k,j)
n when k + j ≥ 3. In 1994, Haiman [57]

conjectured that the dimension of R
(3,0)
n is given by 2n(n + 1)n−2, which is still open. A

partially-graded Frobenius series has been conjectured by Bergeron and Préville-Ratelle
(originally [14]; phrased as in [6]):

Frob(R(3,0)
n ; q, t, 1) =

∑
α⪯β

qdist(α,β)Lβ(t), (3.6)

where α ⪯ β are pairs of elements (Dyck paths) of the Tamari lattice, dist(α, β) is the length
of the longest chain from α to β, and Lβ(t) denotes the LLT polynomial associated to the
Dyck path β.

There is no conjecture for the dimension of R
(0,3)
n .

Zabrocki [101] conjectured the following Frobenius series for R
(2,1)
n :

Frob(R(2,1)
n ; q, t;u) = ∆′en−1+uen−2+···+un−1(en), (3.7)

where ∆′f is a Macdonald eigenoperator defined by ∆′fH̃µ[X; q, t] = f [Bµ(q, t)−1]H̃µ[X; q, t].2

Finally, its dimension is conjectured by Zabrocki [102] to be given by 1
2

∑n+1
k=0

(
n+1
k

)
kn

n+1
(see

OEIS sequence A201595 [86]). Haglund, Rhoades, and Shimozono showed that this implies
the conjecture in equation (3.5) [55].

D’Adderio, Iraci, and Vanden Wyngaerd [37] introduced certain symmetric function
operators Θf , called Theta operators, where f is any symmetric function, in order to extend

Zabrocki’s conjecture on the Frobenius series of R
(2,1)
n to a conjectural Frobenius series for

R
(2,2)
n . They conjectured that

Frob(R(2,2)
n ; q, t;u, v) =

∑
k,ℓ≥0,
k+ℓ<n

ukvℓΘekΘeℓ∇en−k−ℓ, (3.8)

which is known as the Theta conjecture. Since they showed that ∆′n−k−1en = Θek∇en−k,
Zabrocki’s conjecture is recovered by setting v = 0 (equivalently, ℓ = 0).

2For definitions of the terms in this expression, see [53].

https://oeis.org/A201595
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The ring R
(1,2)
n = C[xn,θn, ξn]/⟨C[xn,θn, ξn]

Sn
+ ⟩ is the main object of study in this paper.

Zabrocki [102] conjectured that the dimension of R
(1,2)
n is 2n−1n!, and an ungraded Frobenius

series was conjectured by Bergeron [10]:

Frob(R(1,2)
n ; q;u, v)|q=u=v=1 =

1

2

∑
µ⊢n

2ℓ(µ)(−1)n−ℓ(µ)
(

ℓ(µ)

d1(µ), . . . , dn(µ)

)
pµ, (3.9)

where ℓ(µ) denotes the length of the partition µ and di(µ) denotes the number of parts of
size i in µ. Another formulation of the conjecture was given in [6]:

Frob(R(1,2)
n ; q;u, v)|q=u=v=1 =

∑
µ⊢n

eµ
∑
α∼µ

α1(2α2 − 1) · · · (2αℓ(α) − 1), (3.10)

where the second sum is over all compositions α whose parts rearrange to the partition µ.
The Theta conjecture specialized at t = 0 immediately gives a conjectural Frobenius

series for R
(1,2)
n , however, the specialization can only be done after applying both of the

Theta operators, so the resulting formula does not easily simplify. Recently, Iraci, Nadeau,
and Vanden Wyngaerd [65] have given a conjectural Hilbert series (equation (3.17)) and
conjectural Frobenius series (equation (3.16) and Proposition 3.5.4) using the combinatorics
of segmented Smirnov words. However, they did not propose a monomial basis. Their results
which will be used in this paper are surveyed in Section 3.5.

Our first main contribution is a combinatorial construction of a set of monomials, denoted
by B

(1,2)
n (Definition 3.3.1), which we conjecture to give a basis of R

(1,2)
n (Conjecture 3.3.2). If

the conjecture holds, it implies the following combinatorial Hilbert series (Proposition 3.3.6):

Hilb(R(1,2)
n ; q;u, v) =

∑
π∈Π(n)>0

udegθ(π)vdegξ(π) stairq(π). (3.11)

In support of this conjecture, we show that the cardinality of B
(1,2)
n is 2n−1n! (Theorem 3.3.7).

By establishing a weight-preserving bijection between B
(1,2)
n and the set of segmented per-

mutations SW(1n) (Theorem 3.6.2), we are able to show that our conjectural Hilbert series
is equivalent to the conjectural Hilbert series of Iraci, Nadeau, and Vanden Wyngaerd [65]
(Corollary 3.6.4).

Our second main contribution is a simple combinatorial formula for the conjectural
Frobenius series of R

(1,2)
n (Conjecture 3.4.1):

Frob(R(1,2)
n ; q;u, v) =

∑
b∈B(1,2)

n

udegθ(b)vdegξ(b)qdegx(b)QAsc(b),n, (3.12)

where QS,n denotes the fundamental quasisymmetric function. We show that this is equivalent
to the conjectural Frobenius series of Iraci, Nadeau, and Vanden Wyngaerd (Theorem 3.6.6).

A benefit of using B
(1,2)
n instead of segmented permutations is that determining Asc(b) and
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degx(b) for b ∈ B
(1,2)
n is typically more direct than determining Split(σ) and sminv(σ) for

σ ∈ SW(1n), which fulfill analogous roles.
In Section 3.7, we give a formula for the mµ coefficient of our conjectural Frobenius series.

In Section 3.8, we extend some results of Iraci, Nadeau, and Vanden Wyngaerd on the sign
character to hook shapes. Specifically, we give two formulas, one in terms of the proposed
basis (Theorem 3.8.1) and one in terms of q-binomial coefficients (Theorem 3.8.4):

⟨Frob(R(1,2)
n ; q;u, v), s(d+1,1n−d−1)⟩

=
∑

k+ℓ<n

ukvℓq(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

.

In Section 3.9, we consider some of the same questions in type B. Let

R
(k,j)
Bn

= C[xn,yn, zn, . . .︸ ︷︷ ︸
k

,θn, ξn,ρn, . . .︸ ︷︷ ︸
j

]/⟨C[xn,yn, zn, . . .︸ ︷︷ ︸
k

,θn, ξn,ρn, . . .︸ ︷︷ ︸
j

]Bn
+ ⟩, (3.13)

where Bn denotes the Weyl group of type B and rank n acting diagonally, that is, by
permuting variables with sign.

The Hilbert series for R
(1,0)
Bn

is well-known to be [2n]q!!, and unknown in general for R
(2,0)
Bn

,

although Gordon [47] constructed a notable singly-graded Bn-quotient module of R
(2,0)
Bn

with
dimension (2n + 1)n, as conjectured by Haiman [57]. Gordon’s construction shows that

dimR
(2,0)
Bn
≥ (2n+ 1)n. Equality holds only for n = 2, 3; for n ≥ 4, Haiman [57] conjectured

and Ajila and Griffeth [1] proved that dimR
(2,0)
Bn

> (2n+ 1)n.

The Hilbert series for R
(0,2)
Bn

was found by Kim and Rhoades (in fact, their results were

type-independent). The Hilbert series for R
(1,1)
Bn

was conjectured by Sagan and Swanson [90]
to be:

Hilb(R
(1,1)
Bn

; q;u) =
n∑

k=1

un−k[2k]q!! Stir
B
q (n, k), (3.14)

where the typeB q-Stirling number StirBq (n, k) is defined by the recurrence relation StirBq (n, k) =

[2k + 1]q Stir
B
q (n− 1, k) + StirBq (n− 1, k − 1) with initial conditions StirBq (0, k) = δk,0.

We interpolate between the work of Kim–Rhoades and Sagan–Swanson to give a combi-
natorial construction of a set of monomials, denoted by B

(1,2)
Bn

(Definition 3.9.5), which we

conjecture to be a basis of R
(1,2)
Bn

(Conjecture 3.9.6). If the conjecture holds, this implies the
following combinatorial Hilbert series:

Hilb(R
(1,2)
Bn

; q;u) =
∑

π∈Π≥0(n)

udegθ(π)vdegξ(π) stairBq (π). (3.15)

We also conjecture that dimR
(1,2)
Bn

= 4nn! (Conjecture 3.9.8), and conclude by showing

that the cardinality of B
(1,2)
Bn

agrees with this conjecture (Theorem 3.9.10).
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3.2 Background

In this section, we describe the Kim–Rhoades basis for R
(0,2)
n [69] and the super-Artin basis

for R
(1,1)
n conjectured by Sagan–Swanson [90] and proven by Angarone, Commins, Karn,

Murai, and Rhoades [3].
Define the set of modified Motzkin paths of length n, Π(n)>0, to be the set of all paths

π = (p1, . . . , pn) in Z2 such that each step pi is one of:

(a) an up-step (1, 1),

(b) a horizontal step (1, 0) with decoration θi,

(c) a horizontal step (1, 0) with decoration ξi,

(d) or a down-step (1,−1) with decoration θiξi,

where the first step must be an up-step, and subsequently, the path never goes below the
horizontal line y = 1.3

Define the weight wt(pi) of a step pi of a modified Motzkin path to be its decoration, or 1
if it does not have a decoration. Then define the weight wt(π) of a modified Motzkin path
π ∈ Π(n)>0 to be the product of the weights of each step pi, that is,

wt(π) :=
∏

pi∈(p1,...,pn)=π

wt(pi).

Definition 3.2.1 ([69]). The Kim–Rhoades basis B
(0,2)
n is the set of all weights of the modified

Motzkin paths π ∈ Π(n)>0, that is,

B(0,2)
n := {wt(π) | π ∈ Π(n)>0}.

For an example, see Figure 3.1. We are justified in calling it a basis because of the
following result of Kim and Rhoades.

Theorem 3.2.2 ([69]). The Kim–Rhoades basis B
(0,2)
n is a basis for R

(0,2)
n .

Next, we recall the super-Artin basis, defined by Sagan and Swanson. Let χ(P ) be 1 if the
proposition P is true, and 0 if the proposition P is false. Let θT denote the ordered product
θt1 · · · θtk for any subset T = {t1 < · · · < tk} ⊆ {1, . . . , n}. For any T ⊆ {2, . . . , n}, define
the α-sequence α(T ) = (α1(T ), . . . , αn(T )) recursively by the initial condition α1(T ) = 0 and
for 2 ≤ i ≤ n,

αi(T ) = αi−1(T ) + χ(i ̸∈ T ).
Let xα denote xα1

1 · · · xαn
n for a sequence α = (α1, . . . , αn).

3Kim and Rhoades defined the modified Motzkin paths in a slightly different manner, where there are no
decorations on the down-steps, but they still contribute θiξi to the weight. Furthermore, they defined the
decorations to be just θ or ξ instead of θi and ξi. Converting between these conventions is straightforward.
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1

θ2

θ2

ξ2

ξ2

θ3

θ3

ξ3

ξ3

θ2 θ3

θ2θ3

θ3ξ3

θ3ξ3

ξ2 θ3

ξ2θ3

θ2 ξ3

θ2ξ3

ξ2 ξ3

ξ2ξ3

Figure 3.1: The basis B
(0,2)
3 . Each modified Motzkin path is labeled with its corresponding

monomial.

Definition 3.2.3 ([90]). The super-Artin set is

B(1,1)
n := {xαθT |T ⊆ {2, . . . , n} and α ≤ α(T ) componentwise}.

See Figure 3.2 for an example. The following result was conjectured by Sagan and
Swanson, and was proven by Angarone, Commins, Karn, Murai, and Rhoades.

Theorem 3.2.4 ([3]). The super-Artin set B
(1,1)
n is a basis for R

(1,1)
n .

In this paper, we assume familiarity with the basics of symmetric function theory (see for
example [78, Chapter I] or [92, Chapter 7]). Let mλ, eλ, hλ, pλ, and sλ denote respectively the
monomial, elementary, complete homogeneous, power-sum, and Schur symmetric functions in
infinitely many variables.

Finally, we record the definitions of the multigraded Hilbert and Frobenius series of
R

(k,j)
n (see for example [10]). Fix integers k, j ≥ 0. R

(k,j)
n decomposes as a direct sum of

multihomogenous components, which are Sn-modules:

R(k,j)
n =

⊕
r1,...,rk,s1,...,sj≥0

(R(k,j)
n )r1,...,rk,s1,...,sj .

We denote the multigraded Hilbert series by

Hilb(R(k,j)
n ; q1, . . . , qk;u1, . . . , uj)

:=
∑

r1,...,rk,s1,...,sj≥0

dim
(
(R(k,j)

n )r1,...,rk,s1,...,sj
)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j ,

and the multigraded Frobenius series by

Frob(R(k,j)
n ; q1, . . . , qk;u1, . . . , uj)

:=
∑

r1,...,rk,s1,...,sj≥0

F Char
(
(R(k,j)

n )r1,...,rk,s1,...,sj
)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j ,



CHAPTER 3. THE (1, 2)-BOSONIC-FERMIONIC COINVARIANT RING 31

1 x3 x2 x2x3 x23

x2x
2
3

θ2

x3θ3 x2x3θ3θ3 x2θ3

x3θ2 θ2θ3

Figure 3.2: The basis B
(1,1)
3 . The α-sequence is shown as the outline of all boxes, and those

xi used for a particular basis element are shaded in gray.

where F denotes the Frobenius characteristic map and Char denotes the character. For
simplicity, if k ≤ 2, we will use q, t for q1, q2 and if j ≤ 2, we will use u, v for u1, u2. Recall
that ⟨Frob(R(k,j)

n ; q1, . . . , qk;u1, . . . , uj), h
n
1 ⟩ = Hilb(R

(k,j)
n ; q1, . . . , qk;u1, . . . , uj).

3.3 The conjectural monomial basis

The goal of this section is to interpolate between the Kim–Rhoades basis and the super-Artin
basis to construct a new set B

(1,2)
n , which we conjecture to be a basis for R

(1,2)
n .

We generalize the α-sequence as follows. Let ξS denote the ordered product ξs1 · · · ξsk
for any subset S = {s1 < · · · < sk} ⊆ {1, . . . , n}. For any T, S ⊆ {2, . . . , n}, define the
generalized α-sequence α(T, S) = (α1(T, S), . . . , αn(T, S)) recursively by the initial condition
α1(T, S) = 0 and for 2 ≤ i ≤ n,

αi(T, S) = αi−1(T, S)− 1 + χ(i ̸∈ T ) + χ(i ̸∈ S).

Definition 3.3.1. We let

B(1,2)
n := {xαθT ξS | θT ξS ∈ B(0,2)

n and 0 ≤ αi ≤ αi(T, S) for all i ∈ {1, . . . , n}}.

See Figure 3.3 for an example of B
(1,2)
n at n = 3.

Conjecture 3.3.2. The set B
(1,2)
n is a basis for R

(1,2)
n .

Remark 3.3.3. The conjecture has been verified for n ≤ 4.
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1 x3 x2 x2x3

x23 x2x
2
3

θ3

θ3

θ3

x3θ3
θ3

x2θ3

θ3

x2x3θ3

ξ3

ξ3

ξ3

x3ξ3
ξ3

x2ξ3

ξ3

x2x3ξ3

θ3ξ3

θ3ξ3

θ3ξ3

x2θ3ξ3

θ2

θ2

θ2

x3θ2

ξ2

ξ2

ξ2

x3ξ2

θ2 θ3

θ2θ3

θ2 ξ3

θ2ξ3

ξ2 θ3

ξ2θ3

ξ2 ξ3

ξ2ξ3

Figure 3.3: The basis B
(1,2)
3 . Below each modified Motzkin path is the outline of the

generalized α-sequence, and those xi used for a particular basis element are shaded in gray.
Note that the outline of the generalized α-sequence can be determined by the following rule:
in each position i, the column of boxes extends up until its right side is one unit below the
path above it.
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Remark 3.3.4. B
(1,2)
n specializes to the super-Artin basis B

(1,1)
n by setting all ξi = 0. Then

the Kim–Rhoades basis elements permitted in the definition will always have S = ∅, so that
condition becomes just T ⊆ {2, . . . , n}. Thus α(T, S) = α(T,∅) = α(T ).

Remark 3.3.5. B
(1,2)
n specializes to the Kim–Rhoades basis B

(0,2)
n by setting all xi = 0.

Next, we consider the implications of Conjecture 3.3.2 on the Hilbert series of R
(1,2)
n . To

do so, define

stairq(π) :=
∏

k∈α(T (π),S(π))

[k + 1]q,

where T (π) and S(π) are determined by which elements in {2, . . . , n} appear as indices for θi
and ξi respectively in the weight of the modified Motzkin path π.

For a modified Motzkin path π, let degθ(π) = |T (π)| and let degξ(π) = |S(π)|.

Proposition 3.3.6. Assuming Conjecture 3.3.2, it follows that the Hilbert series of R
(1,2)
n is

Hilb(R(1,2)
n ; q;u, v) =

∑
π∈Π(n)>0

udegθ(π)vdegξ(π) stairq(π).

Proof. The number of θi weights contributes to the u-degree and the number of ξi weights
contributes to the v-degree. Then regarding the q-degree, for each index i ∈ {1, . . . , n}, let
k = αi(T, S). Then there will be k + 1 choices for the exponent of xi in the monomial, from
0 to k. So the contribution of xi to the Hilbert series is [k + 1]q, and across all indices i, it
contributes stairq(π). Summing over the contributions of all elements π ∈ Π(n)>0 gives the
result.

Finally, we show that the proposed basis B
(1,2)
n has Zabrocki’s conjectured dimension.

Theorem 3.3.7. The cardinality of B
(1,2)
n is 2n−1n!.

Proof. Let P (n, r) denote the subset of elements of B
(1,2)
n corresponding to modified Motzkin

paths π ∈ Π(n)>0 which end at height r. We claim that p(n, r) := |P (n, r)| = n!
(
n−1
r

)
, which

we show by induction on n. The base cases consist of

p(0, r) =

{
1 if r = n,

0 otherwise.

Assume the claim holds for arbitrary, fixed n− 1 (for all r), and we wish to show it holds
for n (for all r). Note that p(n, r) = 0 whenever r < 0 or r > n.

If the final step of π is an up-step, then for each element in P (n − 1, r − 1), we can
multiply it by one of the r + 1 choices 1, xn, x

2
n, . . . , x

r
n to get such an element in P (n, r).

If the final step of π is a horizontal step, then for each element in P (n − 1, r), we can
multiply it by one of the r + 1 choices 1, xn, x

2
n, . . . , x

r
n, and by one of the two weights θn, ξn,

depending on the decoration, to get such an element in P (n, r).
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If the final step of π is a down-step, then for each element in P (n − 1, r + 1), we can
multiply it by one of the r+1 choices 1, xn, x

2
n, . . . , x

r
n, along with θnξn, to get such an element

in P (n, r).
Thus

p(n, r) = (r + 1)p(n− 1, r − 1) + 2(r + 1)p(n− 1, r) + (r + 1)p(n− 1, r + 1)

= (r + 1)

(
(n− 1)!

(
n− 2

r − 1

)
+ 2(n− 1)!

(
n− 2

r

)
+ (n− 1)!

(
n− 2

r + 1

))
= (r + 1)(n− 1)!

(
n

r + 1

)
= n!

(
n− 1

r

)
,

where we used the inductive hypothesis and some binomial coefficient identities. Finally, sum
over all possible heights r to get that |B(1,2)

n | =
∑

r n!
(
n−1
r

)
= 2n−1n!, as desired.

Remark 3.3.8. The argument in this enumeration is adapted from a similar argument of
Corteel–Nunge [35, Lemma 17] on marked Laguerre histories, which also are enumerated by
2n−1n!.

3.4 A conjectural Frobenius series

The goal of this section is to demonstrate how the conjectural basis can be used to propose a
Frobenius series for R

(1,2)
n .

Recall that the fundamental quasisymmetric function QS,n is defined by

QS,n =
∑

a1≤a2≤···≤an,
ai<ai+1 if i∈S

za1za2 · · · zan ,

for any subset S ⊆ {1, . . . , n− 1}. Note that the fundamental quasisymmetric function can
also be indexed by a composition α ⊨ n, which we denote by Fα. To convert between the two, if
S = {s1 < s2 < · · · < sk}, then use co(S) := (s1, s2−s1, s3−s2, . . . , sk−sk−1, n−sk) for α. For
the other direction, if α = (α1, α2, . . . , αℓ), then use Set(α) := (α1, α1+α2, . . . , α1+ · · ·+αℓ−1)
for S (see for example [92, Chapter 7.19]).

We will also need the following definitions, which are motivated by related definitions
of Iraci, Nadeau, and Vanden Wyngaerd on segmented permutations. We will recall their
definitions in Section 3.5 and see the relationship between their definitions and the present
ones in Proposition 3.6.5. For any b ∈ B(1,2)

n , we may write

b = ±
n∏

i=1

xαi
i θ

βi

i ξ
γi
i ,
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for some exponents αi ∈ Z≥0 and βi, γi ∈ {0, 1}. Since this is an ordered product, reordering
the factors may change the sign, however, for our purposes the sign does not matter. Then
define i to be an ascent of b if and only if one of the following occurs:

• βi < βi+1;

• βi = βi+1 = 1 and αi ≥ αi+1 + γi+1; or

• βi = βi+1 = 0 and αi < αi+1 + γi+1.

For b ∈ B(1,2)
n , we say that

Asc(b) := {i ∈ {1, . . . , n− 1} | i is an ascent of b}.

Now we can state a conjectural Frobenius series for R
(1,2)
n in terms of the set B

(1,2)
n .

Conjecture 3.4.1.

Frob(R(1,2)
n ; q;u, v) =

∑
b∈B(1,2)

n

udegθ(b)vdegξ(b)qdegx(b)QAsc(b),n.

This conjecture has been verified for n ≤ 6. We will see further evidence for this conjecture
with Theorem 3.6.6.

3.5 Background on segmented Smirnov words

The goal of this section is to provide the necessary background on the theory of segmented
Smirnov words, recently advanced by Iraci, Nadeau, and Vanden Wyngaerd [65], so that we
can discuss the relationship between their work and the present work in Section 3.6.

We recall the following definitions from [65, Section 1]. A Smirnov word of length n is a
word w ∈ Zn

≥0 such that wi ̸= wi+1 for all i ∈ {1, . . . , n− 1}. A segmented Smirnov word of

shape α = (α1, . . . , αs) ⊨ n is a word w ∈ Zn
≥0 such that w = w(1) · · ·w(s) is a concatenation of

s Smirnov words, where each subword w(i), called a block, is a Smirnov word of length αi. We
write segmented Smirnov words with a vertical bar between each block. For example, 121|13
is a segmented Smirnov word of shape (3, 2). Let SW(n) denote the set of segmented Smirnov
words of length n. Let µ ⊨0 n denote that µ is a weak composition of n, i.e., µ = (µ1, µ2, . . .),
where µi ∈ Z≥0 and

∑
i∈Z≥0

µi = n. Given µ ⊨0 n, let SW(µ) denote the set of segmented

Smirnov words with content µ, i.e., there are µ1 many 1’s, µ2 many 2’s, etc.
An ascent4 of a Smirnov word w is an index i such that wi < wi+1 and a descent of a

Smirnov word w is an index i such that wi > wi+1. For segmented Smirnov words, ascents
and descents are those that occur strictly within its blocks. Let SW(n, k, ℓ) denote the set

4It should be clear from the context whether we are referring to the ascents of a (segmented) Smirnov

word, or the ascents of an element b ∈ B
(1,2)
n , which are different.
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of segmented Smirnov words of length n with exactly k ascents and ℓ descents. Since each
index i ∈ {1, . . . , n} is exactly one of: the index of an ascent, the index of a descent, or the
last index in a block, we have that the number of blocks is n− k − ℓ. Finally, for µ ⊨0 n, let
SW(µ, k, ℓ) := SW(µ) ∩ SW(n, k, ℓ).

Definition 3.5.1 ([65, Definition 1.7]). For a segmented Smirnov word w, the ordered pair
(i, j) with 1 ≤ i < j ≤ n is a sminversion (short for Smirnov inversion) if wi > wj and one of
the following conditions holds:

(1) wj is the first letter of its block;

(2) wj−1 > wi;

(3) i ̸= j − 1, wj−1 = wi, and wj−1 is the first letter of its block; or

(4) i ̸= j − 1 and wj−2 > wj−1 = wi.

Denote SF(n, k, ℓ) := (ΘekΘeℓ∇en−k−ℓ)|t=0.
5 Define the statistic sminv(w) on a segmented

Smirnov word to be the number of sminversions of w. Denote

SWz;q(n, k, ℓ) :=
∑

w∈SW(n,k,ℓ)

qsminv(w)zw.

Now we can state one of the main results of [65].

Theorem 3.5.2 ([65, Theorem 3.1]). For any 0 ≤ k + ℓ < n,

SF(n, k, ℓ) = SWz;q(n, k, ℓ).

By summing over all possible k, ℓ, we get their conjectural Frobenius series for R
(1,2)
n :∑

k+ℓ<n

ukvℓ(ΘekΘeℓ∇en−k−ℓ)|t=0 =
∑

k+ℓ<n

ukvℓ
∑

w∈SW(n,k,ℓ)

qsminv(w)zw. (3.16)

By taking the inner product of this conjectural Frobenius series with hn1 , Iraci, Nadeau,
and Vanden Wyngaerd are able to derive the following recursive formula for the conjectural
Hilbert series of R

(1,2)
n . When µ = (1n), we call the corresponding segmented Smirnov words

segmented permutations, since they have each of {1, . . . , n} appearing exactly once. They
also note that when we restrict to the case of segmented permutations, only conditions (1)
and (2) in the definition of sminversion (Definition 3.5.1) will apply. Let

SWq(µ, k, ℓ) :=
∑

w∈SW(µ,k,ℓ)

qsminv(w).

5In [65], SF(n, k, ℓ) is first defined by (ΘekΘeℓH̃n−k−ℓ)|t=0, where H̃n−k−ℓ is the modified Macdonald
polynomial. These two definitions are equivalent by [66, Lemma 3.6].
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Proposition 3.5.3 ([65, Proposition 3.2]). For any k+ℓ < n, the polynomials SWq(1
n, k, ℓ) ∈

Z[q] satisfy the recursion

SWq(1
n, k, ℓ) = [n− k − ℓ]q

(
SWq(1

n−1, k, ℓ) + SWq(1
n−1, k, ℓ− 1)

+ SWq(1
n−1, k − 1, ℓ) + SWq(1

n−1, k − 1, ℓ− 1)
)
,

with initial conditions SWq(∅, k, ℓ) = δk,0δℓ,0. Furthermore, ⟨SF(n, k, ℓ), hn1 ⟩ = SWq(1
n, k, ℓ).

To obtain a conjectural Hilbert series of R
(1,2)
n , take the sum∑

k+ℓ<n

⟨SF(n, k, ℓ), hn1 ⟩ukvℓ =
∑

k+ℓ<n

SWq(1
n, k, ℓ)ukvℓ. (3.17)

We recall some additional definitions from [65, Section 5]. Given a segmented Smirnov
word w, for each index i ∈ {1, . . . , n}, we say:

• i is thick if i is initial (in a block) or wi−1 > wi;

• i is thin if i is not initial and wi−1 < wi.

Note that i is thick is equivalent to i is initial or i is the end of a descent. Also i is thin is
equivalent to i is not initial and i is the end of an ascent. Let σ be a segmented permutation
of length n, σi < n, and let j be defined by σj = σi + 1. If any of the following hold, we say
that σi is splitting for σ:

(a) i is thick and j is thin;

(b) i and j are both thin and i < j;

(c) i and j are both thick and j < i.

Define Split(σ) = {m ∈ {1, . . . , n− 1} | m is splitting for σ}. Then Split can be used to give
the following quasisymmetric expansion.

Proposition 3.5.4 ([65, Proposition 5.3]).

SWz;q(n, k, ℓ) =
∑

σ∈SW(1n,k,ℓ)

qsminv(σ)QSplit(σ),n.

3.6 The proposed basis and segmented permutations

In this section, we establish a bijection between our proposed basis B
(1,2)
n and the set

of segmented permutations SW(1n) which is q, u, v-weight preserving. This implies the

equivalence of two conjectural Hilbert series for R
(1,2)
n (equations (3.11) and (3.17)).
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Define a map ψ : B
(1,2)
n −→ SW(1n) as follows. For any b ∈ B(1,2)

n , we can write it as

b = ±
n∏

i=1

xαi
i θ

βi

i ξ
γi
i ,

for some αi ∈ Z≥0 and βi, γi ∈ {0, 1}. Each b ∈ B(1,2)
n is associated with a modified Motzkin

path π. Each π starts with an up-step: this implies that α1 = β1 = γ1 = 0, so we start by
writing the corresponding segmented permutation as 1. Then, as i ranges from 2 up through
n, do exactly one of the following for each i:

(a) if βi = γi = 0 (this corresponds to an up-step): insert “|i” or “i|” in such a way as to
create a new block consisting of only i at position αi + 1 from the rightmost block in the
permutation (indexing starting at 1);

(b) if βi = 1 and γi = 0 (this corresponds to a horizontal step with decoration θi): insert i as
the last element of an existing block, at position αi + 1 from the rightmost block in the
permutation;

(c) if βi = 0 and γi = 1 (this corresponds to a horizontal step with decoration ξi): insert i as
the first element of an existing block, at position αi + 1 from the rightmost block in the
permutation;

(d) if βi = γi = 1 (this corresponds to a down-step with decoration θiξi): insert i to replace
a “|” and thus merge two adjacent blocks into one block, which is now at position αi + 1
from the rightmost block in the permutation.

Upon completion of this process, observe that the output is some segmented permutation σ
in SW(1n). Also, note that the height of the path is equal to the number of blocks in the
corresponding segmented permutation.

Example 3.6.1. Consider b = x3θ3θ4ξ4ξ5 ∈ B(1,2)
5 . We rewrite this as b = ±

∏n
i=1 x

αi
i θ

βi

i ξ
γi
i ,

with (α1, β1, γ1) = (0, 0, 0), (α2, β2, γ2) = (0, 0, 0), (α3, β3, γ3) = (1, 1, 0), (α4, β4, γ4) = (0, 1, 1),
(α5, β5, γ5) = (0, 0, 1). We start building the segmented permutation by writing 1. Then, for
i = 2, we are in case (a) and insert |2 to get 1|2 so that the new block is in position 1 from
the right. Next, for i = 3, we are in case (b) and insert 3 as the last element in the existing
block in position 2 from the right, yielding 13|2. Next, for i = 4, we are in case (d) and insert
4 to replace the “|” to merge the two blocks to create just one block in position 1 from the
right, yielding 1342. Finally, for i = 5, we are in case (c) and insert 5 as the first element in
the existing block in position 1 from the right, yielding 51342.

For more examples, see the tables in Appendix 3.10.

Theorem 3.6.2. The map ψ : B
(1,2)
n −→ SW(1n) is a q, u, v-weight preserving bijection.
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Proof. First, we can check that ψ is an injection by exhibiting a left inverse. In other
words, we will show that B

(1,2)
n is in bijection with a subset of SW(1n). Consider any

σ ∈ ψ(B(1,2)
n ) ⊆ SW(1n). We will algorithmically construct a b ∈ B(1,2)

n such that ψ(b) = σ.
Initialize the value of b at 1. Each iteration of the algorithm will update the values of σ and
b; the values of b and σ which satisfy ψ(b) = σ will be the initial value of σ and the final
value of b. Take i to be the highest number present in the segmented word σ (i will first be n
and then decrease by 1 for each iteration of the algorithm). We determine how i must have

been inserted when σ was constructed from an element of B
(1,2)
n :

(a) if i occurs alone in a block, then βi = γi = 0, and αi is determined by the block which
consists of i being αi + 1 from the rightmost block in the permutation (indexing starting
at 1);

(b) if i occurs as the last element of a block with at least two elements, then βi = 1, γi = 0,
and αi is determined by the block which contains i being αi +1 from the rightmost block
in the permutation;

(c) if i occurs as the first element of a block with at least two elements, then βi = 0, γi = 1,
and αi is determined by the block which contains i being αi +1 from the rightmost block
in the permutation;

(d) if i occurs within a block with at least one element to the right and to the left, then
βi = γi = 1, and αi is determined by the block which contains i being αi + 1 from the
rightmost block in the permutation.

Having found the values of αi, βi, γi, multiply the current value of b by xαi
i θ

βi

i ξ
γi
i , updating it

with the new value. Then update σ by undoing the insertion of i according to the same cases:

(a) delete i and if two | become adjacent, delete one of them;

(b) delete i;

(c) delete i;

(d) replace i with a |.

Then the highest value in σ is now i− 1. Repeat this process until the segmented word σ
becomes 1, and then b is fully constructed.

By Theorem 3.3.7, the cardinality of B
(1,2)
n is 2n−1n!. To enumerate the segmented

permutations σ ∈ SW(1n), consider that there are n! permutations and n− 1 binary choices
for whether or not there is a vertical bar between any two adjacent letters. Thus the
cardinality of SW(1n) is also 2n−1n!, and ψ is a bijection, and the left inverse just described
is an inverse function.

It only remains to check that ψ is weight-preserving. We show that the θ-degree and
the ξ-degree is preserved. Consider the four cases used in the construction of a segmented
permutation under ψ from b ∈ B(1,2)

n :
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(a) no ascents or descents are created, so the θ-degree and the ξ-degree are unchanged;

(b) one ascent is created (which ends with i) and no descents are created, so the θ-degree
increases by 1 and the ξ-degree is unchanged;

(c) no ascents are created and one descent is created (which begins with i), so the θ-degree
is unchanged and the ξ-degree increases by 1;

(d) one ascent is created and one descent is created (the ascent ends with i and the descent
begins with i, as i is the highest number in the segmented permutation at this point), so
the θ-degree increases by 1 and the ξ-degree increases by 1.

In each case, the number of ascents remains the same as the θ-degree and the number of
descents remains the same as the ξ-degree. Regarding the x-degree, when i is inserted in the
construction, it creates a sminversion with exactly all initial elements of blocks to its right,
which corresponds exactly to the increase in x-degree by αi (cf. [37, proof of Proposition
3.2]).

We record an important consequence of this bijection, which follows since q-weights are
preserved.

Corollary 3.6.3. Let b ∈ B(1,2)
n . Then degx(b) = sminv(ψ(b)).

As another consequence of this bijection, we are able to conclude that the conjectural
Hilbert series of Iraci, Nadeau, and Vanden Wyngaerd is equal to ours.

Corollary 3.6.4.∑
k+ℓ<n

ukvℓ
∑

w∈SW(1n,k,ℓ)

qsminv(w) =
∑

π∈Π(n)>0

udegθ(π)vdegξ(π) stairq(π).

This result can also be shown directly, by showing that∑
π∈Π(n)>0

udegθ(π)vdegξ(π) stairq(π)

satisfies the recurrence relation given in Proposition 3.5.3.
With the bijection ψ : B

(1,2)
n −→ SW(1n) in hand, the following result relates Asc(b) with

Split(σ).

Proposition 3.6.5. For any b ∈ B(1,2)
n ,

Asc(b) = Split(ψ(b)).
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Proof. We wish to relate Asc(b) for elements b ∈ B(1,2)
n with Split(σ) for ψ(b) = σ ∈ SW(1n).

Both definitions reduce to determining which indices m are ascents of b or splitting for σ,
respectively. For σ, this depends on whether indices are thick or thin, so we wish to determine
the analogous conditions on b. Consider each of the four ways to insert m into a segmented
permutation in SW(1m−1) to yield one in SW(1m), and how each affects the modified Motzkin
path used to construct the proposed basis elements:

(a) (“|m” or “m|” is inserted to create a new block ←→ append up-step): this will be thick
since it is the beginning of a block;

(b) (m is inserted as the last element of an existing block ←→ append horizontal step with
decoration θm): this will be thin since it is preceded by a smaller number;

(c) (m is inserted as the first element of an existing block ←→ append horizontal step with
decoration ξm): this will be thick since it is the beginning of a block (and note that the
next index remains thick since it was previously the first element in a block and is now
the end of a descent);

(d) (m is inserted to replace a “|” ←→ append down-step with decoration θmξm): this will
be thin, as it is the end of an ascent, as the number which precedes it must be smaller
(and note that the next index remains thick since it was previously the first element in a
block and is now the end of a descent).

From this discussion, we conclude that thin indicesm in a segmented permutation σ correspond
exactly to the weights θσm which appear as factors in b ∈ B(1,2)

n .
Now we desire a specific classification for when m = σi is splitting. Let j be defined by

σj = σi + 1. We have that:

• if θm ̸∈ b (i thick) and θm+1 ∈ b (j thin), then m is splitting for σ;

• if θm, θm+1 ∈ b (i, j thin) and i < j, then m is splitting for σ;

• if θm, θm+1 ̸∈ b (i, j thick) and i > j, then m is splitting for σ;

and otherwise, m is not splitting for σ. However, we have not yet described what i and j are
without appealing to the segmented permutation. But we only need the relative position of i
and j for this purpose, which we can deduce directly from b ∈ B(1,2)

n , which we write as

b = ±
n∏

m=1

xαm
m θβm

m ξγmm ,

for some αm ∈ Z≥0 and βm, γm ∈ {0, 1}.
Each αm indicates that when building up the corresponding segmented permutation, just

after m has been inserted, it is in block αm+1 from the right. If step m in the path associated
to b is:
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(a) an up-step: if αm ≥ αm+1, then i < j, else i > j;

(b) a horizontal step with decoration θm: if αm ≥ αm+1, then i < j, else i > j;

(c) a horizontal step with decoration ξm: if αm > αm+1, then i < j, else i > j;

(d) a down-step with decoration θmξm: if αm > αm+1, then i < j, else i > j.

We determined whether the condition αm ≥ αm+1 or αm > αm+1 is used in each case
depending on how the insertion affects the relative order of m and m+ 1.

Recall that for b ∈ B(1,2)
n , Asc(b) = {m ∈ {1, . . . , n − 1} | m is an ascent of b}. At this

point, we have that m is splitting for σ if and only if one of the following occurs:

• if θm ∤ b and θm+1 | b;

• if θm, θm+1 | b and

– if b has an up-step or horizontal step with decoration θm in position m, we have
αm ≥ αm+1, or

– if b has a horizontal step with decoration ξm or a down-step with decoration θmξm
in position m, we have αm > αm+1;

• if θm, θm+1 ∤ b and

– if b has an up-step or horizontal step with decoration θm, we have αm < αm+1, or

– if b has a horizontal step with decoration ξm or a down-step with decoration θmξm,
we have αm ≤ αm+1.

Finally, we can convert this to a criteria on only the exponents of b. That is, m is splitting
for σ if and only if one of the following occurs:

• βm < βm+1;

• βm = βm+1 = 1 and αm ≥ αm+1 + γm+1; or

• βm = βm+1 = 0 and αm < αm+1 + γm+1,

which is exactly the definition of when m is an ascent of b, as desired.

Now, we are able to establish the equivalence of our conjectural Frobenius series (Conjec-
ture 3.4.1) with that of Iraci, Nadeau, and Vanden Wyngaerd (equation (3.16)).

Theorem 3.6.6.∑
b∈B(1,2)

n

udegθ(b)vdegξ(b)qdegx(b)QAsc(b),n =
∑

k+ℓ<n

ukvℓ
∑

σ∈SW(1n,k,ℓ)

qsminv(σ)QSplit(σ),n.
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Proof. This follows from Theorem 3.6.2, establishing that ψ : B
(1,2)
n −→ SW(1n) is a bijection,

along with Corollary 3.6.3 and Proposition 3.6.5, which state, respectively, that if ψ(b) = σ,
then degx(b) = sminv(σ) and Asc(b) = Split(σ).

We conclude this section with the discussion of some specializations. Iraci, Rhoades, and
Romero [66, Theorem 1.3] showed that

Frob(R(0,2)
n ;u, v) =

∑
k+ℓ<n

ukvℓΘekΘeℓ∇en−k−ℓ|q=t=0.

As discussed in [65, Section 6.3], the conjectural Frobenius for R
(1,2)
n in equation (3.16)

recovers the Frobenius series for R
(0,2)
n (equation (3.3)) by further specialization of the Theta

conjecture at q = 0. This implies by Theorem 3.6.6 that Conjecture 3.4.1 also specializes to
the Frobenius series for R

(0,2)
n .

The conjecture in equation (3.5) can be recovered from Conjecture 3.4.1. The Theta con-
jecture (equation (3.8)) can be specialized at v = 0 to Zabrocki’s conjecture (equation (3.7)),
which can be further specialized at t = 0 to equation (3.5). That is,∑

k+ℓ<n

ukvℓΘekΘeℓ∇en−k−ℓ|v=0,t=0 (3.18)

=
n−1∑
k=0

∑
λ⊢n

∑
T∈SYT(λ)

ukqmaj(T )−k des(T )+(k2)
[
des(T )

k

]
q

sλ.

On the other hand, starting with the Theta conjecture and specializing at t = 0 gives
Conjecture 3.4.1; upon further specialization at v = 0, since the order of specialization
commutes, implies that equation (3.18) is also equal to∑

b∈B(1,2)
n

udegθ(b)vdegξ(b)qdegx(b)QAsc(b),n|v=0 =
∑

b∈B(1,1)
n

udegθ(b)qdegx(b)QAsc(b),n|v=0,

where Asc(b) for b ∈ B(1,1)
n is determined in the same way as for b ∈ B(1,2)

n .
It would be interesting to see if the conjectures in equations (3.9) or (3.10), can be recovered

by specializing from either form of the conjectural Frobenius series given in Theorem 3.6.6.
It would also be interesting to have direct combinatorial proofs of the two specializations just
discussed.

3.7 Refining the fundamental quasisymmetric function

In this section, we establish a formula for ⟨SF(n, k, ℓ), hµ⟩ = [mµ] SF(n, k, ℓ). Recall from
Section 3.4 that Set(µ) = {µ1, µ1 + µ2, . . . , µ1 + · · ·+ µℓ(µ)−1}, where ℓ(µ) is the length of the
partition µ.
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Theorem 3.7.1. Let µ ⊢ n. For any fixed k, ℓ, we have that

⟨SF(n, k, ℓ), hµ⟩ =
∑

b∈B(1,2)
n ,

degθ(b)=k,
degξ(b)=ℓ,

Asc(b)⊆Set(µ)

qdegx(b).

We make use of the following lemma, which is a modification of [54, Lemma 6.14], a
similar result on (non-segmented) permutations, and is proven in the same manner.

Lemma 3.7.2. Let µ ⊢ n. If f is a symmetric function, then for any family of constants
c(b), and any set B such that elements b ∈ B have a function Asc : B −→ {1, . . . , n− 1},

f =
∑
b∈B

c(b)QAsc(b),n (3.19)

if and only if

⟨f, hµ⟩ =
∑
b∈B,

Asc(b)⊆Set(µ)

c(b). (3.20)

Proof of Theorem 3.7.1. Fix k and ℓ. Let c(b) = qdegx(b). Then we can use

f =
∑

b∈B(1,2)
n ,

degθ(b)=k,
degξ(b)=ℓ

QAsc(b),n

in Lemma 3.7.2. It follows that

⟨f, hµ⟩ =
∑

b∈B(1,2)
n ,

degθ(b)=k,
degξ(b)=ℓ,

Asc(b)⊆Set(µ)

qdegx(b).

Proposition 3.5.4 and Theorem 3.5.2 imply SF(n, k, ℓ) =
∑

σ∈SW(1n,k,ℓ) q
sminv(σ)QSplit(σ),n.

We can restrict the bijection ψ from Theorem 3.6.2 to one on {b ∈ B
(1,2)
n | degθ(b) =

k and degξ(b) = ℓ} and SW(1n, k, ℓ) since it is q, u, v-weight preserving. Corollary 3.6.3 tells
us that degx(b) = sminv(ψ(b)) and Proposition 3.6.5 tells us that Asc(b) = Split(ψ(b)), so
f = SF(n, k, ℓ), and the claim follows.

In the special case where µ = (d+1, 1n−d−1) is a hook shape, we have the following result.

Denote by B
(1,2)
n |(d+1)−up the subset of b ∈ B(1,2)

n where the corresponding modified Motzkin
path begins with d+1 up-steps, with no x-degree contribution from those steps. Equivalently,
if b = ±

∏n
m=1 x

αm
m θβm

m ξγmm , then αm = βm = γm = 0 for all m ∈ {1, . . . , d+ 1}.
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Corollary 3.7.3.

⟨SF(n, k, ℓ), h(d+1,1n−d−1)⟩ =
∑

b∈B(1,2)
n |(d+1)−up,

degθ(b)=k,
degξ(b)=ℓ.

qdegx(b).

Proof. From Theorem 3.7.1 specialized to hook shapes, we have that

⟨SF(n, k, ℓ), h(d+1,1n−d−1)⟩ =
∑

b∈B(1,2)
n ,

degθ(b)=k,
degξ(b)=ℓ,

Asc(b)⊆{d+1,...,n−1}

qdegx(b).

It only remains to show that for any b ∈ B(1,2)
n , the condition b ∈ B(1,2)

n |(d+1)−up is equivalent
to Asc(b) ⊆ {d+ 1, . . . , n− 1}.

First suppose that Asc(b) ⊆ {d + 1, . . . , n − 1}, so then m is not an ascent of b for all
m ∈ {1, . . . , d}. Every modified Motzkin path must start with an up-step, so α1 = β1 = γ1 = 0.
Then for 1 to not be an ascent, β2 ̸= 1, so β2 = 0. Furthermore, since β1 = β2 = 0, then
for 1 to not be an ascent, we must have α1 ≥ α2 + γ2. Since α2, γ2 are both nonnegative,
this implies that α2 = γ2 = 0. This means that the second step must be an up-step with no
x-degree contribution. Repeating this argument proves this direction.

On the other hand, suppose that b ∈ B(1,2)
n |(d+1)−up. Then it follows that αm = βm =

γm = 0 for all m ∈ {1, . . . , d+ 1}, so Asc(b) ⊆ {d+ 1, . . . , n− 1}.

3.8 Characters for hook shapes

In this section, we derive a formula for ⟨SF(n, k, ℓ), sλ⟩, when λ is a hook shape (d+1, 1n−d−1) ⊢
n for 0 ≤ d ≤ n− 1.

First, we prove the following proposition, which extends [65, Proposition 5.7] for column
shapes (at d = 0) to hook shapes.

Theorem 3.8.1.

⟨SF(n, k, ℓ), s(d+1,1n−d−1)⟩ =
∑

σ∈SW(1n,k,ℓ),
Split(σ)={d+1,...,n−1}

qsminv(σ) =
∑

b∈B(1,2)
n ,

degθ(b)=k,
degξ(b)=ℓ,

Asc(b)={d+1,...,n−1}

qdegx(b).

Proof. Since SF(n, k, ℓ) is a symmetric function, its expansion into fundamental quasisymmet-
ric functions SF(n, k, ℓ) =

∑
α⊨n cαFα determines its Schur expansion SF(n, k, ℓ) =

∑
α⊨n cαsα

(see for example [44,45]). Note that the Schur function sα is indexed by a composition, and
it may be simplified to a Schur function indexed by a partition or 0, using the “slinky rule”
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(see [40]), which we describe briefly here. Draw a compositional Young diagram for α in
French notation, and fix all left endpoints of each row, so they can never move. Then let
each row fall down as far as possible, such that each row remains a ribbon (hence the term
“slinky”). If this forms a partition Young diagram λ, then sα = ±sλ, but if not, then sα = 0.
(See Figure 3.4 for examples.)

Since S = Split(σ) = {d+1, . . . , n− 1}, then α = (d+1, 1n−d−1). We claim that the only
composition α such that sα = ±s(d+1,1n−d−1) is α = (d+ 1, 1n−d−1). Indexing the positions of
the boxes in the compositional Young diagram with Cartesian coordinates starting from (0, 0)
in the lower left corner. When applying the slinky rule to any other α with a row longer than
1 except for the bottom row would fall in such a way that a box would be either created in
position (1, 1), and λ would not be a hook shape, or would not fall all the way to (1, 1), and
not be a partition Young diagram so the resulting Schur function would be 0.

Consider the coefficient of s(d+1,1n−d−1) in SF(n, k, ℓ). We write:

⟨SF(n, k, ℓ), s(d+1,1n−d−1)⟩ =

〈∑
α⊨n

cαFα, s(d+1,1n−d−1)

〉

=

〈∑
α⊨n

cαsα, s(d+1,1n−d−1)

〉
= c(d+1,1n−d−1).

Let [Fα]X denote the coefficient of Fα in X. From the discussion on the slinky rule, we have
that

c(d+1,1n−d−1) = [F(d+1,1n−d−1)] SF(n, k, ℓ)

= [F(d+1,1n−d−1)] SWz;q(n, k, ℓ)

= [Q{d+1,...,n−1},n]
∑

σ∈SW(1n,k,ℓ)

qsminv(σ)QSplit(σ),n

=
∑

σ∈SW(1n,k,ℓ),
Split(σ)={d+1,...,n−1}

qsminv(σ),

where we used Theorem 3.5.2 and Proposition 3.5.4.
Finally, to convert into the formula in terms of B

(1,2)
n , we can restrict the bijection ψ from

Theorem 3.6.2 to one on {b ∈ B(1,2)
n | degθ(b) = k and degξ(b) = ℓ} and SW(1n, k, ℓ) since it

is q, u, v-weight preserving. Then the result follows from Proposition 3.6.5.

We can characterize when Asc(b) = {d + 1, . . . , n − 1}. Via the weight-preserving

bijection between B
(1,2)
n and SW(1n), this generalizes a characterization in the special case of

d = 0 [65, Proposition 5.8].
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×
×
×
×

−→

×
×
×
×

(a) s(5,1,1,4) = ±s(2,2,3,4).

×
×
×
×

−→

×
×
×
×

(b) s(3,1,1,4) = 0.

Figure 3.4: Examples of applying the slinky rule.

Proposition 3.8.2. An element b ∈ B(1,2)
n satisfies Asc(b) = {d+ 1, . . . , n− 1} if and only

if when b is written as

b = ±
n∏

m=1

xαm
m θβm

m ξγmm ,

for some αm ∈ Z≥0 and βm, γm ∈ {0, 1}, we have that for some a ∈ {d+ 1, . . . , n},

(a) αm = βm = γm = 0 for all m ∈ {1, . . . , d+ 1};

(b) βm = 0 and αm−1 < αm + γm for all m ∈ {d+ 2, . . . , a};

(c) βa = 0 and βa+1 = 1; and

(d) βm = 1 and αm−1 ≥ αm + γm for all m ∈ {a+ 2, . . . , n}.

Note that if a = d+1, then criterion (b) is skipped. If a = n, then criterion (c) is skipped.
If a = n− 1 or a = n, then criterion (d) is skipped.

Proof. First, observe that if b satisfies all of the given criteria, then Asc(b) = {d+1, . . . , n−1},
by applying the definition of an ascent of b.

On the other hand, suppose that Asc(b) = {d+ 1, . . . , n− 1}. From the characterization
of Asc(b) ⊆ {d+1, . . . , n−1} given in the proof of Corollary 3.7.3, criterion (a) is satisfied for
all m ∈ {1, . . . , d+1}. Next, since d+1 is an ascent, either βd+2 = 0 with αd+1 < αd+2+γd+2

(satisfying criterion (b) for m = d+ 2), or βd+2 = 1 (satisfying criterion (c) for a = d+ 1). In
the former case, we can continue satisfying criterion (b) for m in an interval {d+ 1, . . . , a}.
Eventually, if we have not reached the end already, we will hit criterion (c) when some
βa+1 = 1. At no point once we have reached any βi = 1 will we be able to return to any
βj = 0 for j > i, as an immediate consequence of the definition of an ascent of b. This implies
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that if we have not reached the end, since we continue to have ascents, we will continue to
have βm = 1 and αm−1 ≥ αm + γm for the remaining m, satisfying criterion (d).

As a consequence of [38, Theorem 8.2], the following explicit formula was given by Iraci,
Nadeau, and Vanden Wyngaerd for λ = (1n), which indexes the sign character.

Theorem 3.8.3 ([65, Theorem 5.6]).

⟨SF(n, k, ℓ), s(1n)⟩ = q(
n−k−ℓ

2 )
[
n− 1

k + ℓ

]
q

[
k + ℓ

k

]
q

.

Using the characterization given in Proposition 3.8.2, we give the following generalization
to hook shapes.

Theorem 3.8.4. For 0 ≤ d ≤ n− 1,

⟨SF(n, k, ℓ), s(d+1,1n−d−1)⟩ = q(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

.

To prove the theorem, we will make use of the following lemma, which is an immediate
consequence of the q-Chu-Vandermonde identity.

Lemma 3.8.5. For any positive integer n and nonnegative integers k, ℓ < n− d,

q(
n−d−k−ℓ

2 )
[
n− d− 1

ℓ

]
q

=
ℓ∑

f=0

q(
n−d−k−f

2 )+(ℓ−f
2 )
[
n− d− 1− k

f

]
q

[
k

ℓ− f

]
q

.

Proof. Recall the q-Chu-Vandermonde identity (see for example [65, Proposition 2.4] or [93,
Chapter 1, Solution to Exercise 100]):[

j

a

]
q

=
a∑

i=0

q(r−i)(a−i)
[
r

i

]
q

[
j − r
a− i

]
q

.

Substituting i 7→ f , a 7→ ℓ, j 7→ n− d− 1, and r 7→ n− d− 1− k gives[
n− d− 1

ℓ

]
q

=
ℓ∑

f=0

q(n−d−1−k−f)(ℓ−f)
[
n− d− 1− k

f

]
q

[
k

ℓ− f

]
q

,

and the result follows from
(
n−d−k−f

2

)
+
(
ℓ−f
2

)
−
(
n−d−k−ℓ

2

)
= (ℓ− f)(n− d− 1− k − f).

Proof of Theorem 3.8.4. By Theorem 3.8.1, it remains to show that∑
b∈B(1,2)

n ,
degθ(b)=k,
degξ(b)=ℓ,

Asc(b)={d+1,...,n−1}

qdegx(b) = q(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

.
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ξ6

ξ8

θ10
θ11ξ11

θ12
θ13ξ13

θ14ξ14

T1 T2

d+ 1

Region 0

n− d− 1− k
Region 1

k

Region 2

Figure 3.5: A diagram showing the three regions for some b with Asc(b) = {d+ 1, . . . , n− 1}.
The boxes shaded in crosshatch indicate where there is a minimal structure of boxes which
must be filled in, and then above the minimal structure, boxes may be filled in, subject to
certain increasing/decreasing conditions.

Recall the characterization of when Asc(b) = {d + 1, . . . , n − 1} from Proposition 3.8.2.
Throughout the proof, we refer to Figure 3.5 for a guiding example of what such a b will
look like. We record some facts on such a b. Region 0 will consist of only up-steps with no
contribution to the x-degree. This corresponds to condition (a) of Proposition 3.8.2. Region
0 cannot be empty, as d+ 1 ≥ 1.

At line T1, we change to Region 1. This corresponds to condition (b) of Proposition 3.8.2.
The path in this region can be any sequence of up-steps or horizontal steps with decoration
ξi. Region 1 may be empty. Throughout Region 1, when there is a horizontal step with
decoration ξi, the part of the staircase that is filled in must weakly increase, and when there is
an up-step, it must strictly increase. This implies that there exists some part of the staircase
that must always be filled in, which we call the minimal structure for Region 1 and encode
as a vector of column heights: MS(1) = (MS(1)1, . . . ,MS(1)n−d−1−k). We determine MS(1)
recursively: for 1 ≤ i ≤ n− d− 1− k,

MS(1)i =

{
MS(1)i−1 + 1 if pd+1+i is an up-step,

MS(1)i−1 if pd+1+i is a horizontal step with decoration ξd+1+i,

where we use the initial condition MS(1)0 = 0, although that is not considered part of the
minimal structure. Recall that pd+1+i denotes the (d+ 1 + i)-th step in the path, which is
the i-th step in Region 1.

Changing from Region 1 to Region 2 at line T2 corresponds to condition (c) of Proposi-
tion 3.8.2, and then the rest of Region 2 corresponds to condition (d). The path in this region
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can be any sequence of horizontal steps with decoration θi or down-steps with decoration
θiξi. Region 2 may be empty. Throughout Region 2, when there is a horizontal step with
decoration θi, the part of the staircase that is filled must weakly decrease, and when there is a
down-step with decoration θiξi, it must strictly decrease. Again, this implies that there exists
some part of the staircase that must always be filled in, which we call the minimal structure
for Region 2 and encode as a vector of column heights: MS(2) = (MS(2)1, . . . ,MS(2)k). We
determine MS(2) recursively: for k − 1 ≥ i ≥ 1,

MS(2)i =

{
MS(2)i+1 if pn−k+i is a horizontal step with decoration ξn−k+i,

MS(2)i+1 + 1 if pn−k+i is a down-step with decoration θn−k+iξn−k+i,

with initial condition MS(2)k = 0. Recall that pn−k+i denotes the (n− k + i)-th step in the
path, which is the i-th step in Region 2.

Now we are ready to prove the claimed q-enumeration. First, note that since k, ℓ, d, n
are all fixed, the location of the lines T1 and T2, and thus the regions, are fixed. It only
remains to count the possible paths and fillings in Regions 1 and 2. Let f denote the number
of horizontal steps with decoration ξi, all of which occur in Region 1. Note that there are(
n−d−1−k

f

)
ways to pick which of the steps in Region 1 will be horizontal steps with decoration

ξi.
Consider MS(1): there is a classical staircase shape with heights (1, 2, 3, . . . , n− d− 1−

k − f) (corresponding to the up-steps) which is interleaved with f additional components
(corresponding to the horizontal steps with decoration ξi) which are equal in height to

whatever immediately precedes them. So the contribution to the q-enumeration is q(
n−d−k−f

2 )

by the classical staircase and
[
n−d−1−k

f

]
q
by the additional interleaving components. See

Figure 3.6 for an example.
Similarly, consider MS(2): there is a reversed classical staircase shape with heights

(ℓ−f−1, . . . , 2, 1, 0) (corresponding to the down-steps with decoration θiξi) which is interleaved
with ℓ− f additional components (corresponding to the horizontal steps with decoration θi)
which are equal in height to whatever immediately precedes them (or height ℓ− f if nothing

in Region 2 precedes it). So the contribution to the q-enumeration is q(
ℓ−f
2 ) by the classical

staircase and
[

k
ℓ−f

]
q
by the additional interleaving components.

By Lemma 3.8.5, by summing over all possible values for f , we get that the contribution

of the minimal structures MS(1) and MS(2) to the q-enumeration is q(
n−d−k−ℓ

2 )[n−d−1
ℓ

]
q
.

All that remains is to consider how we can fill in the region above the minimal structure.
First, observe that by construction, the boxes for which we have choice to fill in are equinu-
merous within each column in Region 1 (there are d boxes) and within Region 2 (there are
n− k − ℓ− 1). There is one more choice for filling a column than the number of boxes, since
it is possible to leave all empty. In Region 1, the criteria that:

• when there is a horizontal step with decoration ξi, the part of the staircase that is filled
must weakly increase, and when there is an up-step, it must strictly increase
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ξ6 ξ7 ξ8 ξ9 ξ6 ξ7 ξ8 ξ6 ξ7

ξ9

ξ6

ξ8 ξ9

ξ7 ξ8 ξ9

ξ6 ξ7 ξ6

ξ8 ξ7 ξ8

ξ6

ξ9

ξ7

ξ9 ξ8 ξ9

ξ6

ξ7

ξ8

ξ9

Figure 3.6: All possible paths for Region 1, when d+1 = 5 and n− d− 1− k = 4, along with

each path’s minimal structure shaded in crosshatch. The contribution of f = 4 is q(
1
2)
[
4
4

]
q
= 1,

of f = 3 is q(
2
2)
[
4
3

]
q
= q + q2 + q3 + q4, of f = 2 is q(

3
2)
[
4
2

]
q
= q3 + q4 + 2q5 + q6 + q7, of f = 1

is q(
4
2)
[
4
1

]
q
= q6 + q7 + q8 + q9, and of f = 0 is q(

5
2)
[
4
0

]
q
= q10.
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ξ6

ξ8

−→

Figure 3.7: A demonstration of deleting the minimal structure from the maximal staircase,
and letting the remaining boxes fall by gravity. This will always result in a rectangular shape.

upon deletion of the minimal structure MS(1), and letting the remaining boxes fall by gravity
becomes:

• the part of the staircase that is filled must weakly increase.

See Figure 3.7. Then this is counted by the number of length n − d − 1 − k sequences on
d+ 1 letters, which is

((
d+1

n−d−1−k

))
=
(
n−1−k

d

)
.6 Keeping track of the effect of the fillings on

the q-weights gives
[
n−1−k

d

]
q
.

Following similar analysis for Region 2, where we delete the minimal structure MS(2), we
find what we need to count is the number of length k sequences on n− k− ℓ letters, which is((

n−k−ℓ
k

))
=
(
n−1−ℓ

k

)
. Keeping track of the effect of the fillings on the q-weights gives

[
n−1−ℓ

k

]
q
.

Finally, multiplying q(
n−d−k−ℓ

2 )[n−d−1
ℓ

]
q
by
[
n−1−k

d

]
q
and

[
n−1−ℓ

k

]
q
proves the theorem.

3.9 The conjectural basis in type B

In this section, we describe analogous results and conjectures where the Weyl group of type
Bn replaces the symmetric group Sn. We denote the ring in question by R

(1,2)
Bn

. We describe

the Kim–Rhoades basis for R
(0,2)
Bn

and Sagan–Swanson’s conjectural super-Artin basis for

R
(1,1)
Bn

.
Define the set of (type B) modified Motzkin paths of length n, Π(n)≥0,

7 to be the set of
all paths π = (p1, . . . , pn) in Z2 such that each step pi is one of:

(a) an up-step (1, 1),

(b) a horizontal step (1, 0) with decoration θi,

6
((

a
b

))
denotes the multiset coefficient (see for example [93, Chapter 1.2]).

7Note the difference in notation between this and in Section 2. The difference between the definitions is
that paths either must not go below y = 0 in Π(n)≥0, or y = 1 after the first step in Π(n)>0.
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(c) a horizontal step (1, 0) with decoration ξi,

(d) or a down-step (1,−1) with decoration θiξi,

where the path never goes below the horizontal line y = 0. The weight of π ∈ Π(n)≥0 is
defined in the same way as in Section 3.2.

Definition 3.9.1 ([69]). The type B Kim–Rhoades basis B
(0,2)
Bn

is the set of all weights of the
modified Motzkin paths π ∈ Π(n)≥0, that is,

B
(0,2)
Bn

:= {wt(π) | π ∈ Π(n)≥0}.

We are justified in calling it a basis because of the following result, which is a special case
of a more general, type-independent result of Kim and Rhoades.

Theorem 3.9.2 ([69]). The type B Kim–Rhoades basis B
(0,2)
Bn

is a basis for R
(0,2)
Bn

.

Next, we recall the conjectural type B super-Artin basis, due to Sagan and Swanson.
Recall that χ(P ) is 1 if the proposition P is true, and 0 if the proposition P is false. For any
T ⊆ {1, . . . , n}, define the β-sequence β(T ) = (β1(T ), . . . , βn(T )) recursively by the initial
condition β1(T ) = χ(1 ̸∈ T ) and for 2 ≤ i ≤ n,

βi(T ) = βi−1(T ) + χ(i ̸∈ T ) + χ(i− 1 ̸∈ T ).

Definition 3.9.3 ([90]). The type B super-Artin set is

B
(1,1)
Bn

:= {xβθT |T ⊆ {1, . . . , n} and β ≤ β(T ) componentwise}.

Conjecture 3.9.4 ([90]). The type B super-Artin set B
(1,1)
Bn

is a basis for R
(1,1)
Bn

.

We generalize the β-sequence as follows. For any T, S ⊆ {1, . . . , n}, define the gener-
alized β-sequence by β(T, S) = (β1(T, S), . . . , βn(T, S)) recursively by the initial condition
β1(T, S) = −1 + χ(1 ̸∈ T ) + χ(1 ̸∈ S) and for 2 ≤ i ≤ n,

βi(T, S) = βi−1(T, S)− 2 + χ(i ̸∈ T ) + χ(i− 1 ̸∈ T ) + χ(i ̸∈ S) + χ(i− 1 ̸∈ S).

Definition 3.9.5. We let

B
(1,2)
Bn

:= {xβθT ξS | θT ξS ∈ B(0,2)
Bn

and 0 ≤ βi ≤ βi(T, S) for all i ∈ {1, . . . , n}}.

For example, consider B
(1,2)
B6

. To construct this set, we start with B
(0,2)
B6

. One such element

in B
(0,2)
B6

is θ{3,4}ξ{3,6} = θ3θ4ξ3ξ6. We compute the generalized β-sequence β({3, 4}, {3, 6}) =
(1, 3, 3, 2, 3, 4). Then to construct the elements in B

(1,2)
B6

associated to θ3θ4ξ3ξ6, multiply by
xβ, where β satisfies 0 ≤ βi ≤ βi({3, 4}, {3, 6}). See Figure 3.8 for one of the 2 · 4 · 4 · 3 · 4 · 5,
elements associated to the modified Motzkin path, and observe that in type B, the maximal
staircase given by β(T, S) in general does not fit underneath the modified Motzkin path.
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θ3ξ3
θ4

ξ6

·

Figure 3.8: An element x1x
3
2x

2
5x6θ3θ4ξ3ξ6 in B

(1,2)
B6

, represented by a type B modified Motzkin
path and partially filled-in staircase.

Conjecture 3.9.6. The set B
(1,2)
Bn

is a basis for R
(1,2)
Bn

.

Define
stairBq (π) :=

∏
k∈β(T (π),S(π))

[k + 1]q,

where T (π) and S(π) are determined by which elements in {1, . . . , n} appear as indices for θi
and ξi respectively in the weight of the modified Motzkin path π. As before, degθ(π) = |T (π)|
and degξ(π) = |S(π)|. The following result follows from a similar argument as that used to
show Proposition 3.3.6.

Proposition 3.9.7. Assuming Conjecture 3.9.6, it follows that the Hilbert series of R
(1,2)
Bn

is∑
π∈Π≥0(n)

udegθ(π)vdegξ(π) stairBq (π).

Based on computations for n ≤ 5, we make the following conjecture on the dimension of
R

(1,2)
Bn

, which to our knowledge, has not previously appeared.

Conjecture 3.9.8. The dimension of R
(1,2)
Bn

is 4nn!.

Remark 3.9.9. Note that the conjectural dimension of R
(1,2)
n and R

(1,2)
Bn

are both given by
2r|W |, where r is the rank of W . It would be interesting to know for which finite Coxeter
groups this holds, and for which it fails. Type-independent work in the case of one set of
bosonic and one set of fermionic variables has been advanced by Swanson and Wallach [96,97].

Theorem 3.9.10. The cardinality of B
(1,2)
Bn

is 4nn!.

Proof. Let PB(n, r) denote the subset of elements of B
(1,2)
Bn

which have maximal staircase
ending at height r.8

Since in type B, both the current step and the previous step in π affect the shape of the
maximal staircase at the current position, it will be convenient to introduce the following

8Unlike in the case of B
(1,2)
n , as in the proof of Theorem 3.3.7, here the height of the modified Motzkin

path does not in general correspond to the height of the maximal staircase.
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notation. Let PE(n, r) denote the subset of PB(n, r) whose current step (that is, step n)
of the corresponding path is a horizontal step. Let PU(n, r) denote the subset of PB(n, r)
whose current step is an up-step. Let PD(n, r) denote the subset of PB(n, r) whose current
step is a down-step. It follows that PB(n, r) = PE(n, r) ⊔ PU(n, r) ⊔ PD(n, r). Also denote
pB(n, r) := |PB(n, r)|, pE(n, r) := |PE(n, r)|, pU (n, r) := |PU (n, r)|, and pD(n, r) := |PD(n, r)|.
Thus pB(n, r) = pE(n, r) + pU(n, r) + pD(n, r).

Consider π ∈ PE(n, r): since step n is a horizontal step, it does not affect the height
of the maximal staircase. But whether step n − 1 in π is either a horizontal step, an up-
step, or a down-step does affect the height of the maximal staircase: specifically, we get
pE(n− 1, r) + pU (n− 1, r− 1) + pD(n− 1, r+ 1) as the possibilities, and then we multiply by
2(r + 1) to account for the two choices of weight on n, either θn or ξn, along with the r + 1
choices for the exponent of xn. This implies that

pE(n, r) = 2(r + 1) (pE(n− 1, r) + pU(n− 1, r − 1) + pD(n− 1, r + 1)) .

Similarly, we find that

pU(n, r) = (r + 1) (pE(n− 1, r − 1) + pU(n− 1, r − 2) + pD(n− 1, r)) ,

and
pD(n, r) = (r + 1) (pE(n− 1, r + 1) + pU(n− 1, r) + pD(n− 1, r + 2)) .

The initial conditions are given by: pE(0, r) = δ0,r, pU(0, r) = 0, and pD(0, r) = 0. It follows
that pE(n, 2r + 1) = 0, pU(n, 2r) = 0, and pD(n, 2r) = 0 for any nonnegative integers r.

Next, we claim that for n ≥ 1,

pE(n, 2r) = (n− 1)!2n
(
n− 1

r

)
(2r + 1),

pU(n, 2r + 1) = (n− 1)!2n
(
n− 1

r

)
(r + 1),

pD(n, 2r + 1) = (n− 1)!2n
(
n− 1

r

)
(n− r − 1).

We show these by induction on n. For the base case of n = 1,

pE(1, 2r) =

{
2 if r = 0,

0 otherwise,

since there are two elements in B
(1,2)
B1

with maximal staircase of height 0: θ1 and ξ1, and none
with maximal staircase of height greater than 0. Similarly, we check that

pU(1, 2r + 1) =

{
2 if r = 0,

0 otherwise,
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since there are two elements in B
(1,2)
B1

, 1 and x1, each with maximal staircase of height 1, and
none with maximal staircase of height greater than 1. Finally, pU (1, 2r + 1) = 0, as there are
no paths which begin with a down-step.

Now assume that the claim holds for fixed n ≥ 1. Using the previously established
recurrence relations, we have that

pE(n+ 1, 2r)

= 2(2r + 1)

[
(n− 1)!2n

((
n− 1

r

)
(2r + 1) +

(
n− 1

r − 1

)
r +

(
n− 1

r

)
(n− r − 1)

)]
= (2r + 1)(n− 1)!2n+1

[
n

(
n− 1

r

)
+ r

((
n− 1

r

)
+

(
n− 1

r − 1

))]
= n!2n+1

(
n

r

)
(2r + 1).

Similarly, we have

pU(n+ 1, 2r + 1)

= 2(r + 1)

[
(n− 1)!2n

((
n− 1

r

)
(2r + 1) +

(
n− 1

r − 1

)
r +

(
n− 1

r

)
(n− r − 1)

)]
= (r + 1)(n− 1)!2n+1

[
n

(
n− 1

r

)
+ r

((
n− 1

r

)
+

(
n− 1

r − 1

))]
= n!2n+1

(
n

r

)
(r + 1),

and

pD(n+ 1, 2r + 1)

= 2(r + 1)

·
[
(n− 1)!2n

((
n− 1

r + 1

)
(2r + 3) +

(
n− 1

r

)
(r + 1) +

(
n− 1

r + 1

)
(n− r − 2)

)]
= (r + 1)(n− 1)!2n+1

[
n

(
n− 1

r + 1

)
+ (r + 1)

((
n− 1

r + 1

)
+

(
n− 1

r

))]
= n!2n+1

(
n

r + 1

)
(r + 1)

= n!2n+1

(
n

r

)
(n− r).

This completes our induction.
Considering pB(n, s), depending on the parity of s, we get that

pB(n, 2r) = pE(n, 2r) = (n− 1)!2n
(
n− 1

r

)
(2r + 1),
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and

pB(n, 2r + 1) = pU(n, 2r + 1) + pD(n, 2r + 1) = n!2n
(
n− 1

r

)
.

Putting everything together, we have that

2n+1∑
s=0

pB(n, s) =
n∑

r=0

pB(n, 2r) +
n∑

r=0

pB(n, 2r + 1)

=
n∑

r=0

(n− 1)!2n
(
n− 1

r

)
(2r + 1) +

n∑
r=0

n!2n
(
n− 1

r

)
= (n− 1)!2n

n∑
r=0

(
n− 1

r

)
(2r + 1 + n)

= 4nn!,

where the last line follows from the identity n2n =
∑n

r=0

(
n−1
r

)
(2r + 1 + n), which can be

shown by induction.

3.10 The bases B
(1,2)
n and SW(1n) for n = 1, 2, 3

This appendix consists of tables which show the bijection between segmented permutations
σ ∈ SW(1n) and basis elements b ∈ B(1,2)

n . In each segmented permutation, the thin indices
are underlined.

Segmented
Permutation σ

Basis
Element b

Path
Model

k(σ) =
degθ(b)

ℓ(σ) =
degξ(b)

sminv(σ) =
degx(b)

sdinv(σ)9
Split(σ) =
Asc(b)

1 1 0 0 0 0 ∅

Table 3.1: Conversion between B
(1,2)
1 and SW(1) with statistics.

9We do not define sdinv in this paper because we do not otherwise use it. It is equidistributed with sminv
and is defined in [65, Section 4.3].
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Segmented
Permutation σ

Basis
Element b

Path
Model

k(σ) =
degθ(b)

ℓ(σ) =
degξ(b)

sminv(σ) =
degx(b)

sdinv(σ)
Split(σ) =
Asc(b)

12 θ2
θ2 1 0 0 0 {1}

21 ξ2
ξ2 0 1 0 0 {1}

1|2 1 0 0 0 0 ∅

2|1 x2 0 0 1 1 {1}

Table 3.2: Conversion between B
(1,2)
2 and SW(12) with statistics.
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Segmented
Permutation σ

Basis
Element b

Path
Model

k(σ) =
degθ(b)

ℓ(σ) =
degξ(b)

sminv(σ) =
degx(b)

sdinv(σ)
Split(σ) =
Asc(b)

123 θ2θ3
θ2 θ3 2 0 0 0 {1, 2}

132 θ3ξ3
θ3ξ3

1 1 0 0 {2}

213 ξ2θ3
ξ2 θ3 1 1 0 0 {1, 2}

231 x2θ3ξ3
θ3ξ3

1 1 1 1 {1, 2}

312 θ2ξ3
θ2 ξ3 1 1 0 0 {1}

321 ξ2ξ3
ξ2 ξ3 0 2 0 0 {1, 2}

1|23 θ3

θ3

1 0 0 1 {2}

1|32 ξ3

ξ3

0 1 0 0 {2}

2|13 x2θ3

θ3

1 0 1 2 {1, 2}

2|31 x2ξ3

ξ3

0 1 1 1 {1}

3|12 x3θ2
θ2 1 0 1 1 {1}

3|21 x3ξ2
ξ2 0 1 1 1 {1, 2}

Table 3.3: Conversion between B
(1,2)
3 and SW(13) with statistics (first half).
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Segmented
Permutation σ

Basis
Element b

Path
Model

k(σ) =
degθ(b)

ℓ(σ) =
degξ(b)

sminv(σ) =
degx(b)

sdinv(σ)
Split(σ) =
Asc(b)

12|3 θ2
θ2 1 0 0 0 {1}

13|2 x3θ3

θ3

1 0 1 0 {2}

21|3 ξ2
ξ2 0 1 0 0 {1}

23|1 x2x3θ3

θ3

1 0 2 1 {1, 2}

31|2 x3ξ3

ξ3

0 1 1 1 {2}

32|1 x2x3ξ3

ξ3

0 1 2 2 {1, 2}

1|2|3 1 0 0 0 0 ∅

1|3|2 x3 0 0 1 1 {2}

2|1|3 x2 0 0 1 1 {1}

2|3|1 x2x3 0 0 2 2 {1}

3|1|2 x23 0 0 2 2 {2}

3|2|1 x2x
2
3 0 0 3 3 {1, 2}

Table 3.4: Conversion between B
(1,2)
3 and SW(13) with statistics (second half).
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3.11 Examples of Frobenius and Hilbert series

Frob(R
(1,2)
1 ; q;u, v) = s1

Hilb(R
(1,2)
1 ; q;u, v) = 1

Frob(R
(1,2)
2 ; q;u, v) = (q + u+ v)s11 + s2

Hilb(R
(1,2)
2 ; q;u, v) = q + u+ v + 1

Frob(R
(1,2)
3 ; q;u, v) =

(
q3 + (q2 + q)u+ (q2 + q)v + u2 + (q + 1)uv + v2

)
s111

+
(
(q2 + q) + (q + 1)u+ (q + 1)v + uv

)
s21 + s3

Hilb(R
(1,2)
3 ; q;u, v) = (q3 + 2q2 + 2q + 1) + (q2 + 3q + 2)u+ (q2 + 3q + 2)v + u2

+ (q + 3)uv + v2

Frob(R
(1,2)
4 ; q;u, v) =

(
q6 + (q5 + q4 + q3)u+ (q5 + q4 + q3)v + (q3 + q2 + q)u2

+ (q4 + 2q3 + 2q2 + q)uv + (q3 + q2 + q)v2 + (q2 + q + 1)u2v

+ (q2 + q + 1)uv2 + u3 + v3
)
s1111

+
(
(q5 + q4 + q3) + (q4 + 2q3 + 2q2 + q)u+ (q4 + 2q3 + 2q2 + q)v

+ (q2 + q + 1)u2 + (q3 + 3q2 + 3q + 1)uv + (q2 + q + 1)v2

+ (q + 1)u2v + (q + 1)uv2
)
s211

+
(
(q4 + q2) + (q3 + q2 + q)u+ (q3 + q2 + q)v + (q2 + 2q + 1)uv

+ qu2 + qv2 + u2v + uv2
)
s22

+
(
(q3 + q2 + q) + (q2 + q + 1)u+ (q + 1)uv + (q2 + q + 1)v

)
s31

+ s4
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Hilb(R
(1,2)
4 ; q;u, v) = (q6 + 3q5 + 5q4 + 6q3 + 5q2 + 3q + 1)

+ (q5 + 4q4 + 9q3 + 11q2 + 8q + 3)u

+ (q5 + 4q4 + 9q3 + 11q2 + 8q + 3)v + (q3 + 4q2 + 6q + 3)u2

+ (q4 + 5q3 + 13q2 + 17q + 8)uv + (q3 + 4q2 + 6q + 3)v2

+ (q2 + 4q + 6)u2v + (q2 + 4q + 6)uv2 + u3 + v3
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Chapter 4

The sign character of the triagonal
fermionic coinvariant ring

We determine the trigraded multiplicity of the sign character of the triagonal fermionic
coinvariant ring R

(0,3)
n . As a corollary, this proves a conjecture of Bergeron (2020) that the

multiplicity of the sign character of R
(0,3)
n is n2 − n+ 1.

We also give an explicit formula for double hook characters in the diagonal fermionic
coinvariant ring R

(0,2)
n , and discuss methods towards calculating the sign character of R

(0,4)
n .

Finally, we give a multigraded refinement of a conjecture of Bergeron (2020) that the

multiplicity of the sign character of the (1, 3)-bosonic-fermionic coinvariant ring R
(1,3)
n is 1

2
F3n,

where Fn is a Fibonacci number.
This chapter appears in [75].

4.1 Introduction

The diagonal coinvariant ring

R(2,0)
n := Q[x1, . . . , xn, y1, . . . , yn]/⟨Q[x1, . . . , xn, y1, . . . , yn]

Sn
+ ⟩ (4.1)

was introduced by Haiman in 1994 [57], and since then has been studied extensively. Its
defining ideal is generated by all polynomials in Q[x1, . . . , xn, y1, . . . , yn], with no constant
term, which are invariant under the diagonal action of Sn:

σ · p(x1, . . . , xn, y1, . . . , yn) = p(xσ(1), . . . , xσ(n), yσ(1), . . . , yσ(n)). (4.2)

Haiman found the dimension, bigraded Hilbert series, and bigraded Frobenius series of
R

(2,0)
n [59].
There has been much recent interest (see [6, 10, 11, 102]) in studying a more general class

of coinvariant rings R
(k,j)
n with k sets of n commuting (bosonic) variables xn := {x1, . . . , xn},

yn := {y1, . . . , yn}, zn := {z1, . . . , zn}, etc., and j sets of n anticommuting (fermionic)
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variables θn := {θ1, . . . , θn}, ξn := {ξ1, . . . , ξn}, ρn := {ρ1, . . . , ρn}, etc. We define the
(k, j)-bosonic-fermionic coinvariant ring by

R(k,j)
n := Q[xn,yn, zn, . . .︸ ︷︷ ︸

k

,θn, ξn,ρn, . . .︸ ︷︷ ︸
j

]/⟨Q[xn,yn, zn, . . .︸ ︷︷ ︸
k

,θn, ξn,ρn, . . .︸ ︷︷ ︸
j

]Sn
+ ⟩, (4.3)

where its defining ideal is generated by all polynomials in Q[xn,yn, zn, . . .︸ ︷︷ ︸
k

,θn, ξn,ρn, . . .︸ ︷︷ ︸
j

],

without constant term, which are invariant under the diagonal action of the symmetric group
Sn, given by permuting the indices of the variables. Commuting variables commute with all
variables. Anticommuting variables anticommute with all anticommuting variables. That
is, θiθj = −θjθi for all i, j, and mixed products between different sets of fermionic variables
likewise anticommute. Note that this implies that θ2i = 0.

Note that R
(k,j)
n also can be defined in terms of symmetric and exterior algebras:

R(k,j)
n = ((SymQn)⊗k ⊗ (∧Qn)⊗j)/⟨((SymQn)⊗k ⊗ (∧Qn)⊗j)Sn

+ ⟩. (4.4)

We recall the definitions of the multigraded Hilbert and Frobenius series of R
(k,j)
n (see for

example [10]). For fixed integers k, j ≥ 0, R
(k,j)
n decomposes as a direct sum of multihomoge-

neous components, which are Sn-modules:

R(k,j)
n =

⊕
r1,...,rk,s1,...,sj≥0

(R(k,j)
n )r1,...,rk,s1,...,sj . (4.5)

We denote the multigraded Hilbert series by

Hilb(R(k,j)
n ; q1, . . . , qk;u1, . . . , uj)

:=
∑

r1,...,rk,s1,...,sj≥0

dim
(
(R(k,j)

n )r1,...,rk,s1,...,sj
)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j ,

(4.6)

and the multigraded Frobenius series by

Frob(R(k,j)
n ; q1, . . . , qk;u1, . . . , uj)

:=
∑

r1,...,rk,s1,...,sj≥0

F Char
(
(R(k,j)

n )r1,...,rk,s1,...,sj
)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j ,

(4.7)

where F denotes the Frobenius characteristic map and Char denotes the character. For
simplicity, if k ≤ 2, we will use q, t for q1, q2 and if j ≤ 4, we will use u, v, w, z for u1, u2,
u3, u4. Recall that ⟨Frob(R(k,j)

n ; q1, . . . , qk;u1, . . . , uj), h
n
1 ⟩ = Hilb(R

(k,j)
n ; q1, . . . , qk;u1, . . . , uj).

Furthermore, R
(k,j)
n is a GLk×GLj ×Sn-module (see [10, Section 2]), so its multigraded

Frobenius character is a sum of products of three Schur functions, which are irreducible
characters of polynomial representations of GLk and GLj, along with a Frobenius character.
The main focus of this paper is on the case (k, j) = (0, 3).
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Observe that the Schur function s(ℓ−2)(u, v, w) is a u, v, w-analogue of the binomial

coefficient
(
ℓ
2

)
; denote it by (

ℓ

2

)
u,v,w

:= s(ℓ−2)(u, v, w). (4.8)

Recall the notation [n]u,v := un−1+un−2v+ · · ·+uvn−2+vn−1. It follows that as a polynomial
in w with coefficients in u and v we have(

ℓ

2

)
u,v,w

= [ℓ− 1]u,v + [ℓ− 2]u,vw + [ℓ− 3]u,vw
2 + · · ·+ [1]u,vw

ℓ−2, (4.9)

and there are two similar expressions for
(
ℓ
2

)
u,v,w

as a polynomial in u or in v.

Our main result is the following.

Theorem 4.1.1.

⟨Frob(R(0,3)
n ;u, v, w), s(1n)⟩ = s(n−1)(u, v, w) + s(n−2,1,1)(u, v, w)

=

(
n+ 1

2

)
u,v,w

+ uvw

(
n− 1

2

)
u,v,w

.
(4.10)

The theorem immediately implies the following corollary, which was conjectured by
Bergeron [10, Table 3].

Corollary 4.1.2.
⟨Frob(R(0,3)

n ; 1, 1, 1), s(1n)⟩ = n2 − n+ 1. (4.11)

Proof. Recall that
(
ℓ
2

)
u,v,w
|u=v=w=1 =

(
ℓ
2

)
. By evaluating Theorem 4.1.1 at u = v = w = 1,

the multiplicity is
(
n+1
2

)
+
(
n−1
2

)
= n2 − n+ 1.

The organization of the paper is as follows. In Section 4.2, we detail the setting of R
(0,3)
n

from the perspective of both coinvariants and harmonics. In Section 4.3, we recall some results
of Haglund–Sergel [56] and Kim–Rhoades [69], along with proving some preliminary results.
In Section 4.4, building on the work of Haglund–Sergel and Kim–Rhoades, we give an upper
bound on the multiplicity of the sign character of R

(0,3)
n (Corollary 4.4.2). In Section 4.5, we

construct two elements in the ring of triagonal fermionic harmonics Tn (Proposition 4.5.4),
and study the GL3-representations that they generate (Proposition 4.5.6), which constructs
enough elements in Tn to show that the upper bound on the multiplicity of the sign character
is achieved with equality, proving the main theorem.

In Section 4.6, we derive a formula for double hook characters of R
(0,2)
n (Theorem 4.6.2).

In Section 4.7, we discuss methods to analyze the sign character of R
(0,4)
n . In Section 4.8, we

provide a q, u, v, w-refinement of a conjecture of Bergeron [10] on the sign character of R
(1,3)
n

(Conjecture 4.8.6).
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4.2 Coinvariants and harmonics

We now describe the setting in more detail, from the perspective of both coinvariants and,
isomorphically, harmonics.

Specialize toR
(0,3)
n := Q[θn, ξn,ρn]/⟨Q[θn, ξn,ρn]

Sn
+ ⟩, which we call the triagonal fermionic

coinvariant ring. Its defining ideal ⟨Q[θn, ξn,ρn]
Sn
+ ⟩ is the ideal generated by polynomials in

Q[θn, ξn,ρn], without constant term, invariant under the diagonal action of Sn. A generating
set for the ideal ⟨Q[θn, ξn,ρn]

Sn
+ ⟩ is given by all the nonzero monomial symmetric functions

in any of the three sets of variables:

{θ1 + · · ·+ θn, ξ1 + · · ·+ ξn, ρ1 + · · ·+ ρn, θ1ξ1 + · · ·+ θnξn,

θ1ρ1 + · · ·+ θnρn, ξ1ρ1 + · · ·+ ξnρn, θ1ξ1ρ1 + · · ·+ θnξnρn}.
(4.12)

Consider the ring Q[θn, ξn,ρn] in three sets of n anticommuting variables, which we
arrange into the 3× n matrix

M :=

θ1 θ2 · · · θn
ξ1 ξ2 · · · ξn
ρ1 ρ2 · · · ρn

 . (4.13)

For each 3× 3 invertible matrix A in GL3, multiply M on the left by A to obtain the product
A ·M . Then, in any polynomial f ∈ Q[θn, ξn,ρn], replace each variable θi, ξi, ρi by the
corresponding entry of the matrix A ·M . This defines a left GL3-action on Q[θn, ξn,ρn].

The ring Q[θn, ξn,ρn] is naturally trigraded. Denote by (Q[θn, ξn,ρn])a,b,c the homoge-
neous component spanned by all monomials that contain exactly a variables in θn, b variables
in ξn, and c variables in ρn. Since GL3 acts by linear combinations of the three rows, the
GL3-action preserves the total degree d = a+ b+ c. Hence each total degree d component⊕

a+b+c=d(Q[θn, ξn,ρn])a,b,c is GL3-invariant.
Each permutation σ ∈ Sn corresponds to a permutation matrix Pσ, defined by (Pσ)i,j = 1

if i = σ(j) and 0 otherwise. Then the right multiplication M · Pσ has the effect on M of
letting σ act on the indices of all variables: θi 7→ θσ(i), ξi 7→ ξσ(i), and ρi 7→ ρσ(i). Then, in
any polynomial f ∈ Q[θn, ξn,ρn], replace each variable θi, ξi, ρi by the corresponding entry
of the matrix M · Pσ. This defines a right Sn-action on Q[θn, ξn,ρn].

Because left multiplication by A and right multiplication by Pσ commute, these GL3 and
Sn-actions commute, so Q[θn, ξn,ρn] is a GL3×Sn-module.

Recall the definition of derivative of anticommuting variables (where here each θi could be
from any of the three sets of anticommuting variables) is (see for example [97, Section 1.5]):

∂θjθi1 · · · θik =

{
(−1)ℓ−1θi1 · · · θ̂iℓ · · · θik if j = iℓ,

0 otherwise.
(4.14)

Define the space of triagonal fermionic harmonics by

Tn :=

{
f ∈ Q[θn, ξn,ρn]

∣∣∣∣∣
n∑

i=1

∂hθi∂
k
ξi
∂ℓρif = 0 for all h+ k + ℓ > 0

}
. (4.15)
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Since any θ2i = 0, we need not check any second derivatives, hence

Tn =

{
f ∈ Q[θn, ξn,ρn]

∣∣∣∣∣
n∑

i=1

∂hθi∂
k
ξi
∂ℓρif = 0 for all h+ k + ℓ > 0 and h, k, ℓ ∈ {0, 1}

}
.

(4.16)
Looking at the infinitesimal action of the Lie algebra sl3 on Tn allows us to study Tn as a

GL3-module.1 Similarly to [57, Section 3.1], we define the operators

F θ→ξ :=
n∑

i=1

ξi∂θi , and F
ξ→ρ :=

n∑
i=1

ρi∂ξi , (4.17)

and

Eθ←ξ :=
n∑

i=1

θi∂ξi and E
ξ←ρ :=

n∑
i=1

ξi∂ρi . (4.18)

Along with two H operators given by taking the commutators of the E and F operators,
these generate the Lie algebra sl3.

Furthermore Tn is a GL3×Sn-module. Write a trigraded component of Tn as (Tn)a,b,c and

R
(0,3)
n as (R

(0,3)
n )a,b,c. Then we have that Tn ∼= R

(0,3)
n as trigraded Sn-modules. Working with

harmonics was advocated by Garsia: a benefit of working with harmonics over coinvariants is
that one works with polynomials instead of equivalence classes.

A polynomial p ∈ Q[θn, ξn,ρn] is called antisymmetric if σ(p) = sgn(σ)p for all σ ∈ Sn,
where σ acts diagonally by permuting the variables. Let (Tn)

ϵ denote the antisymmetric sub-
space2 of Tn, which consists of all elements p ∈ Tn which are antisymmetric. This corresponds
to the u, v, w-graded multiplicity of the sign character in R

(0,3)
n , that is, Hilb((Tn)

ϵ;u, v, w) =

⟨Frob(R(0,3)
n ;u, v, w), s(1n)⟩.

4.3 Preliminary results

In this section, we recall or prove some preliminary results. Haglund and Sergel gave a formula
for the graded Frobenius series of the fermionic coinvariants R

(0,1)
n := Q[θn]/⟨Q[θn]

Sn
+ ⟩.

Lemma 4.3.1 ([56, Lemma 4.10]). For n ≥ 1,

Frob(R(0,1)
n ;w) =

n−1∑
k=0

wks(n−k,1k). (4.19)

Kim and Rhoades gave a formula for the bigraded Frobenius series of the diagonal
fermionic coinvariants R

(0,2)
n := Q[θn, ξn]/⟨Q[θn, ξn]

Sn
+ ⟩.

1See for example [43, Section 15.5] for more on the relationship between SL3 and GL3-representations.
2This is sometimes called the alternating subspace.
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Theorem 4.3.2 ([69, Theorem 6.1]). For n ≥ 1,

Frob(R(0,2)
n ;u, v) =

∑
0≤i+j<n

uivj
(
s(n−i,1i) ∗ s(n−j,1j) − s(n−i+1,1i−1) ∗ s(n−j+1,1j−1)

)
, (4.20)

where ∗ denotes the Kronecker product and s(n+1,1−1) is interpreted as 0.

In particular, they found bigraded multiplicities for the trivial, sign, and hook characters.

Proposition 4.3.3 ([69, Proposition 6.2]). In R
(0,2)
n , the multiplicity of the trivial character

is
⟨Frob(R(0,2)

n ;u, v), s(n)⟩ = 1, (4.21)

the bigraded multiplicity of the sign character is

⟨Frob(R(0,2)
n ;u, v), s(1n)⟩ = [n]u,v, (4.22)

and for 0 < k < n− 1, the bigraded multiplicity of a hook character is

⟨Frob(R(0,2)
n ;u, v), s(n−k,1k)⟩ = [k + 1]u,v + uv[k]u,v. (4.23)

As a consequence of their result on the sign character, we conclude the following.

Corollary 4.3.4.

1. If a nonzero harmonic polynomial in Tn ∩Q[θn] is antisymmetric, then it must be of
degree exactly n− 1.

2. If a nonzero harmonic polynomial in Tn ∩Q[θn, ξn] is antisymmetric, then it must be
of degree exactly n− 1.

Proof. The first claim is implied by the second. To show the second, notice that Proposi-
tion 4.3.3 shows that the multiplicity of each component of the sign character is n− 1.

There is a useful condition for when antisymmetrizing a polynomial results in zero.

Lemma 4.3.5. Let p be a polynomial in Q[θn, ξn,ρn]. If there exists a transposition s ∈ Sn

such that s(p) = p, then ∑
σ∈Sn

sgn(σ)σ(p) = 0. (4.24)

Proof. Consider the symmetric group Sn as a set, and partition it Sn = S′n ⊔S′′n into two
equal-sized subsets such that for each σ′ ∈ S′n, we have that σ′ · s = σ′′, for some σ′′ ∈ S′′n.
Since sgn(s) = −1, then∑

σ∈Sn

sgn(σ)σ(p) =
∑
σ′∈S′

n

sgn(σ′)σ′(p) +
∑
σ′∈S′

n

− sgn(σ′)σ′(p) = 0. (4.25)
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As a consequence, we establish that an antisymmetric polynomial must use enough distinct
indices of variables to be nonzero.

Lemma 4.3.6. If a polynomial in Q[θn, ξn,ρn] is antisymmetric, and for the variables that
appear, at most n− 2 unique indices are used, then the polynomial is identically 0.

Proof. Call the polynomial in question r. Without loss of generality, say that the indices
used in r are {1, 2, . . . , n − 2}. Since r is antisymmetric, it can be obtained by applying
an antisymmetrizing operator

∑
σ∈Sn

sgn(σ)σ to some polynomial p ∈ Q[θn−2, ξn−2,ρn−2].
Then p is invariant under the action of sn−1. Apply Lemma 4.3.5 to conclude that r = 0.

4.4 An upper bound on degree

In this section, we prove an upper bound on the trigraded degree of the sign character.
The following result is inspired by a similar result of Haglund–Sergel (on a different ring,

R
(2,1)
n ) [56, Theorem 4.11].

Proposition 4.4.1. For n ≥ 1,

⟨Frob(R(0,2)
n ⊗R(0,1)

n ;u, v, w), s(1n)⟩ =
(
n+ 1

2

)
u,v,w

+uvw

(
n− 1

2

)
u,v,w

+uv[n− 1]u,v. (4.26)

Proof. As noted in [56, equation (4.9)], following from [16], for any Sn-modules A and B
tensored under the diagonal action of Sn, we have that

Frob(A⊗B) =
∑
ν⊢n

sν
∑
λ,µ⊢n

⟨Frob(A), sλ⟩⟨Frob(B), sµ⟩⟨sλ ∗ sµ, sν⟩, (4.27)

where ⟨sλ ∗ sµ, sν⟩ = g(λ, µ, ν) are the Kronecker coefficients. In our case, we are interested in

⟨Frob(R(0,2)
n ⊗R(0,1)

n ;u, v, w), s(1n)⟩

=
∑
λ,µ⊢n

⟨Frob(R(0,2)
n ;u, v), sλ⟩⟨Frob(R(0,1)

n ;w), sµ⟩g(λ, µ, 1n)

=
∑
λ⊢n

⟨Frob(R(0,2)
n ;u, v), sλ′⟩⟨Frob(R(0,1)

n ;w), sλ⟩,

(4.28)

since g(λ, µ, 1n) = δµ,λ′ . By Lemma 4.3.1, which states that only hook Schur functions appear

in Frob(R
(0,1)
n ;w), we reduce to

⟨Frob(R(0,2)
n ⊗R(0,1)

n ;u, v, w), s(1n)⟩ =
n−1∑
k=0

wk⟨Frob(R(0,2)
n ;u, v), s(k+1,1n−k−1)⟩

=
n−1∑
k=0

wk([n− k]u,v + uv[n− k − 1]u,v),

(4.29)

where we applied Proposition 4.3.3. After a bit of algebra, we obtain the claimed formula.
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Now the following result gives us an upper bound on the occurrences of the sign character
in R

(0,3)
n . For multivariate polynomials A and B, the notation A ≤ B means that B − A is a

sum of monomials with only nonnegative coefficients.

Corollary 4.4.2. For n ≥ 1,

⟨Frob(R(0,3)
n ;u, v, w), s(1n)⟩ ≤

(
n+ 1

2

)
u,v,w

+ uvw

(
n− 1

2

)
u,v,w

. (4.30)

Proof. First note that any occurrence of the sign character in R
(0,3)
n is predicated on it

occurring in R
(0,2)
n ⊗R(0,1)

n , since R
(0,3)
n is a quotient of R

(0,2)
n ⊗R(0,1)

n under the diagonal action
of Sn (see [56]).

By permuting which sets of variables out of θn, ξn,ρn are assigned to R
(0,2)
n and to R

(0,1)
n in

Proposition 4.4.1, we conclude that a sign character in R
(0,3)
n must have trigraded multiplicity

bounded above by (
n+ 1

2

)
u,v,w

+ uvw

(
n− 1

2

)
u,v,w

+ uv[n− 1]u,v, (4.31)

(
n+ 1

2

)
u,v,w

+ uvw

(
n− 1

2

)
u,v,w

+ uw[n− 1]u,w, (4.32)

and (
n+ 1

2

)
u,v,w

+ uvw

(
n− 1

2

)
u,v,w

+ vw[n− 1]v,w. (4.33)

Note that if a polynomial A ≥ 0 satisfies A ≤ uv[n − 1]u,v, A ≤ uw[n − 1]u,w, and A ≤
vw[n−1]v,w, then A = 0. Hence by taking the bounds given by equations (4.31-4.33) together,

we conclude that the sign character in R
(0,3)
n must have trigraded multiplicity bounded above

by (
n+ 1

2

)
u,v,w

+ uvw

(
n− 1

2

)
u,v,w

. (4.34)

4.5 Construction of basis elements

Now we will work towards the proof of the main theorem, by constructing two explicit elements
in Tn, which are highest weight vectors for certain GL3-representations. We ultimately show
that the upper bound given in Corollary 4.4.2 is obtained with equality.

Definition 4.5.1. For n ≥ 1, define the primary theta-seed by

∆1(θn) :=
∑
σ∈Sn

sgn(σ)σ(θ1θ2 · · · θn−1). (4.35)
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Definition 4.5.2. For n ≥ 3, define the secondary theta-seed by

∆2(θn) :=
∑
σ∈Sn

sgn(σ)σ((θ1ξ2ρ2 + θ2ξ1ρ2 + θ2ξ2ρ1)θ3θ4 · · · θn−1). (4.36)

When n = 1 or 3 in the definitions of the primary and secondary theta-seed, respectively,
the empty product of θi’s is interpreted as 1.

We now prove a technical lemma.

Lemma 4.5.3.

1. The antisymmetrization operator
∑

σ∈Sn
sgn(σ)σ commutes with the differential operator∑n

i=1 ∂
h
θi
∂kξi∂

ℓ
ρi
.

2. The antisymmetrization operator
∑

σ∈Sn
sgn(σ)σ commutes with the operators F θ→ξ,

F ξ→ρ, Eθ←ξ, and Eξ←ρ.

Proof. First we show (1). Let f ∈ Q[θn, ξn,ρn]. Observe that for any σ ∈ Sn,
n∑

i=1

∂hθi∂
k
ξi
∂ℓρi =

n∑
i=1

∂hσ(θi)∂
k
σ(ξi)

∂ℓσ(ρi), (4.37)

since addition is commutative. Thus,
n∑

i=1

∂hθi∂
k
ξi
∂ℓρi

(∑
σ∈Sn

sgn(σ)σ(f)

)
=
∑
σ∈Sn

sgn(σ)
n∑

i=1

∂hθi∂
k
ξi
∂ℓρi(σ(f))

=
∑
σ∈Sn

sgn(σ)
n∑

i=1

∂hσ(θi)∂
k
σ(ξi)

∂ℓσ(ρi)(σ(f))

=
∑
σ∈Sn

sgn(σ)σ

(
n∑

i=1

∂hθi∂
k
ξi
∂ℓρif

)
,

(4.38)

so the operators commute as claimed.
Next we show (2). For any σ ∈ Sn,

n∑
i=1

ξi∂θi =
n∑

i=1

σ(ξi)∂σ(θi), (4.39)

since addition is commutative. Thus for F θ→ξ =
∑n

i=1 ξi∂θi ,

n∑
i=1

ξi∂θi

(∑
σ∈Sn

sgn(σ)σ(f)

)
=
∑
σ∈Sn

sgn(σ)
n∑

i=1

ξi∂θiσ(f)

=
∑
σ∈Sn

sgn(σ)
n∑

i=1

σ(ξi)∂σ(θi)σ(f)

=
∑
σ∈Sn

sgn(σ)σ

(
n∑

i=1

ξi∂θif

)
,

(4.40)
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and similarly for the other operators.

Now we show that ∆1(θn) and ∆2(θn) are harmonic.

Proposition 4.5.4.

1. The primary theta-seed ∆1(θn) is in (Tn)
ϵ.

2. The secondary theta-seed ∆2(θn) is in (Tn)
ϵ.

Proof. We show (1). Consider the primary theta-seed

∆1(θn) =
∑
σ∈Sn

sgn(σ)σ(θ1θ2 · · · θn−1). (4.41)

By equation (4.16), to show it is in Tn, we only need to show that
∑n

i=1 ∂
h
θi
∂kξi∂

ℓ
ρi
∆1(θn) = 0 for

(h, k, ℓ) ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1)}. Since only θi variables
appear in ∆1(θn), it only remains to check (1, 0, 0). Consider θ1 · · · θn−1, which is what we
will antisymmetrize to get the primary theta-seed. By Lemma 4.5.3, the differential operator
commutes with the antisymmetrization operator. We write

n∑
i=1

∂θiθ1 · · · θn−1 =
n∑

i=1

(−1)i−1θ1 · · · θ̂i · · · θn−1, (4.42)

where each monomial on the right hand side is in only n− 2 variables. By Lemma 4.3.6, this
becomes 0 upon antisymmetrization. This shows ∆1(θn) is in Tn, and since it is constructed
via an antisymmetrization operator, it is in (Tn)

ϵ.
We show (2). For n ≥ 3, consider the secondary theta-seed

∆2(θn) =
∑
σ∈Sn

sgn(σ)σ((θ1ξ2ρ2 + θ2ξ1ρ2 + θ2ξ2ρ1)θ3θ4 · · · θn−1). (4.43)

We must check that ∆2(θn) is in Tn. We only need to show that
∑n

i=1 ∂
h
θi
∂kξi∂

ℓ
ρi
∆2(θn) = 0

for the following seven choices of (h, k, ℓ):

{(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1)}. (4.44)

Case 1: (h, k, ℓ) = (1, 0, 0). Let f = (θ1ξ2ρ2 + θ2ξ1ρ2 + θ2ξ2ρ1)θ3θ4 · · · θn−1, which is what
we will antisymmetrize to get the secondary theta-seed. For concision, write

∏n−1
i=3 θi for the

ordered product θ3θ4 · · · θn−1. We write that

n∑
i=1

∂θif = ∂θ1f + ∂θ2f +
n−1∑
i=3

∂θif

= ξ2ρ2

n−1∏
i=3

θi + (ξ1ρ2 + ξ2ρ1)
n−1∏
i=3

θi

+
n−1∑
i=3

(−1)i(θ1ξ2ρ2 + θ2ξ1ρ2 + θ2ξ2ρ1)θ3 · · · θ̂i · · · θn−1.

(4.45)
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Then upon antisymmetrization, both of the terms ξ2ρ2
∏n−1

i=3 θi and
∑n−1

i=3 (−1)i(θ1ξ2ρ2 +
θ2ξ1ρ2 + θ2ξ2ρ1)θ3 · · · θ̂i · · · θn−1 will be 0 due to Lemma 4.3.6, since they only contain n− 2
indices for variables. Since the simple transposition s1 leaves the term (ξ1ρ2 + ξ2ρ1)

∏n−1
i=3 θi

invariant, by Lemma 4.3.5, it becomes 0 upon antisymmetrization.
Case 2: (h, k, ℓ) = (0, 1, 0). Before antisymmetrization, we write that

n∑
i=1

∂ξif = ∂ξ1f + ∂ξ2f

= −θ2ρ2
n−1∏
i=3

θi − (θ1ρ2 + θ2ρ1)
n−1∏
i=3

θi.

(4.46)

By Lemma 4.3.6, θ2ρ2
∏n−1

i=3 θi becomes 0 upon antisymmetrization. By Lemma 4.3.5, (θ1ρ2 +
θ2ρ1)

∏n−1
i=3 θi becomes 0 upon antisymmetrization, since it is invariant under s1.

Case 3: (h, k, ℓ) = (0, 0, 1). The same argument as in Case 2 applies.
Case 4: (h, k, ℓ) = (1, 1, 0). Before antisymmetrization, we write that

n∑
i=1

∂θi∂ξif = ∂θ1∂ξ1f + ∂θ2∂ξ2f +
n−1∑
i=3

∂θi∂ξif

= 0− ρ1
n−1∏
i=3

θi + 0,

(4.47)

which becomes 0 upon antisymmetrization by Lemma 4.3.6.
Case 5: (h, k, ℓ) = (1, 0, 1). The same argument as in Case 4 applies.
Case 6: (h, k, ℓ) = (0, 1, 1). The same argument as in Case 4 applies.
Case 7: (h, k, ℓ) = (1, 1, 1). Before antisymmetrization, we write that

n∑
i=1

∂θi∂ξi∂ρif = ∂θ1∂ξ1∂ρ1f + ∂θ2∂ξ2∂ρ2f +
n−1∑
i=3

∂θi∂ξi∂ρif

= 0,

(4.48)

which remains 0 upon antisymmetrization.
This completes the proof that ∆2(θn) is in Tn, and since it is constructed via an antisym-

metrization operator, it is in (Tn)
ϵ.

A priori, a harmonic polynomial in Tn could equal zero if certain term cancellations occur.
However, the following result demonstrates that this does not happen for ∆1(θn) and ∆2(θn).

Proposition 4.5.5.

1. The primary theta-seed ∆1(θn) is nonzero in Tn.
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2. The secondary theta-seed ∆2(θn) is nonzero in Tn.

Proof. We show (1). Consider in Tn,

∆1(θn) =
∑
σ∈Sn

sgn(σ)σ(θ1θ2 · · · θn−1). (4.49)

When the antisymmetrization operator
∑

σ∈Sn
sgn(σ)σ is applied to θ1θ2 · · · θn−1, consider

which σ will output the monomial θ1θ2 · · · θn−1. Such a σ must fix n, but 1, . . . , n − 1
can be permuted. For any σ in the symmetric group on letters 1, . . . , n − 1, we have
that sgn(σ)σ(θ1θ2 · · · θn−1) = θ1θ2 · · · θn−1 (see for example [23, Chapter III, Section 7.3,
Proposition 5]). Hence antisymmetrization produces (n− 1)! copies of θ1θ2 · · · θn−1, so ∆1(θn)
is nonzero in Tn, as desired.

Next we show (2). Consider in Tn,

∆2(θn) =
∑
σ∈Sn

sgn(σ)σ((θ1ξ2ρ2 + θ2ξ1ρ2 + θ2ξ2ρ1)θ3θ4 · · · θn−1). (4.50)

When the operator
∑

σ∈Sn
sgn(σ)σ is applied to (θ1ξ2ρ2+θ2ξ1ρ2+θ2ξ2ρ1)θ3θ4 · · · θn−1, consider

which σ will include the monomial θ1ξ2ρ2θ3θ4 · · · θn−1 in its output. Since the ξi and ρi have
the same index, it must come from an antisymmetrization of θ1ξ2ρ2θ3θ4 · · · θn−1 (and not of
θ2ξ1ρ2θ3θ4 · · · θn−1 nor θ2ξ2ρ1θ3θ4 · · · θn−1). Thus such a σ must fix 2 and n, but 1, 3, 4, . . . , n−1
can be permuted. For any σ in the symmetric group on letters 1, 3, 4, . . . , n−1, it follows that
sgn(σ)σ(θ1θ3θ4 · · · θn−1) = θ1θ3θ4 · · · θn−1. This implies that sgn(σ)σ(θ1ξ2ρ2θ3θ4 · · · θn−1) =
θ1ξ2ρ2θ3θ4 · · · θn−1. Hence antisymmetrization produces (n− 2)! copies of θ1ξ2ρ2θ3θ4 · · · θn−1,
so ∆2(θn) is nonzero in Tn, as desired.

Starting with ∆1(θn) and ∆2(θn), the operators defined in equation (4.17) F θ→ξ and
F ξ→ρ create representations of GL3.

Proposition 4.5.6.

1. The primary theta-seed ∆1(θn) is the highest weight vector for the representation of
GL3 with character s(n−1)(u, v, w).

2. The secondary theta-seed ∆2(θn) is the highest weight vector for the representation of
GL3 with character s(n−2,1,1)(u, v, w).

Proof. We show (1). Start with the primary theta-seed

∆1(θn) =
∑
σ∈Sn

sgn(σ)σ(θ1θ2 · · · θn−1). (4.51)

By Proposition 4.5.4, it is in (Tn)
ϵ, and by Proposition 4.5.5, it is nonzero. Observe that

Eθ←ξ and Eξ←ρ both kill ∆1(θn). Thus ∆1(θn) is a highest weight vector for the irreducible
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GL3-representation with highest weight (n− 1, 0, 0), where the weight of any p ∈ Tn is given
by (degθ p, degξ p, degρ p) (see for example [43, Section 14-15] for a reference on the Lie theory
used). This GL3-representation is in (Tn)

ϵ since Lemma 4.5.3 implies that (Tn)
ϵ is closed

under F θ→ξ and F ξ→ρ. The GL3-character of this representation is s(n−1)(u, v, w).
We show (2). Consider the secondary theta-seed

∆2(θn) =
∑
σ∈Sn

sgn(σ)σ((θ1ξ2ρ2 + θ2ξ1ρ2 + θ2ξ2ρ1)θ3θ4 · · · θn−1). (4.52)

This is antisymmetric, as it is constructed using an antisymmetrization operator. By
Corollary 4.3.4, there are no antisymmetric elements of degree n solely in any one or two
sets of variables. This implies that Eθ←ξ and Eξ←ρ both kill ∆2(θn). By Proposition 4.5.4,
it is in (Tn)

ϵ, and by Proposition 4.5.5, it is nonzero. Thus ∆2(θn) is a highest weight
vector for the irreducible GL3-representation with highest weight (n− 2, 1, 1). Again, this
GL3-representation is in (Tn)

ϵ by Lemma 4.5.3. The GL3-character of this representation is
s(n−2,1,1)(u, v, w).

Now we can prove the main theorem.

Theorem 4.1.1.

⟨Frob(R(0,3)
n ;u, v, w), s(1n)⟩ = s(n−1)(u, v, w) + s(n−2,1,1)(u, v, w)

=

(
n+ 1

2

)
u,v,w

+ uvw

(
n− 1

2

)
u,v,w

.
(4.53)

Proof. The representations constructed in Proposition 4.5.6 are sufficient to force the bound
in Corollary 4.4.2 to be achieved with equality. A bit of algebra verifies that the formulation
in terms of Schur functions is equivalent to the formulation in terms of u, v, w-binomial
coefficients.

Remark 4.5.7. While it is not necessarily true in general that the Lie algebra operators
F and E will correspond to crystal operators, in the present case, it is true since every
weight space for the representations studied in Proposition 4.5.6 is one-dimensional. The
representation with highest weight (n− 1, 0, 0) has crystal structure isomorphic to a crystal of
tableaux B(n−1) and the representation with highest weight (n− 2, 1, 1) has crystal structure
isomorphic to a crystal of tableaux B(n−2,1,1) (see for example [25, Chapter 3]).

4.6 Double hook characters of the diagonal fermionic

coinvariant ring

With Proposition 4.3.3, Kim and Rhoades gave explicit formulas for the trivial, sign, and
hook characters of R

(0,2)
n . In this section, we extend the analysis to give an explicit formula for

double hook characters of R
(0,2)
n , where a double hook is a partition λ = (λ1 ≥ λ2 ≥ λ3 ≥ · · · )
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such that λ3 ≤ 2 and λ2 ≥ 2. All characters of R
(0,2)
n indexed by shapes not contained in a

double hook have multiplicity 0.
Rosas gave a combinatorial formula for the Kronecker coefficients g(λ, (n−e, 1e), (n−f, 1f )),

for any shape λ. These Kronecker coefficients are only nonzero if λ is contained in a double
hook shape. Here, we recall her formulas for double hook shapes, rows, and hook shapes.

Theorem 4.6.1 ([89, Theorem 3]). Let (n− e, 1e) and (n− f, 1f ) be hook shapes.

1. If λ is not contained in a double hook, then g(λ, (n− e, 1e), (n− f, 1f )) = 0.

2. Let λ = (λ1, λ2, 2
ℓ, 1n−2ℓ−λ1−λ2) where λ1 ≥ λ2 ≥ 2 be a double hook. Then

g(λ, (n− e, 1e), (n− f, 1f ))
= χ(λ2 − 1 ≤ e+f−n+λ1+λ2

2
≤ λ1) · χ(|f − e| ≤ n− 2ℓ− λ1 − λ2)

+ χ(λ2 ≤ e+f−n+λ1+λ2+1
2

≤ λ1) · χ(|f − e| ≤ n− 2ℓ− λ1 − λ2 + 1),

(4.54)

where χ(P ) is 1 if the proposition P is true and 0 if it is false.

3. If λ = (n), then g(λ, (n− e, 1e), (n− f, 1f )) = χ(e = f).

4. If λ is a hook shape (n− d, 1d), then

g(λ, (n− e, 1e), (n− f, 1f )) = χ(|e− f | ≤ d) · χ(d ≤ e+ f ≤ 2n− d− 2). (4.55)

This implies that these coefficients are in {0, 1, 2} [89, Corollary 4]. We are ready to prove

the following result, establishing a formula for double hook characters in R
(0,2)
n .

Theorem 4.6.2. Let λ ⊢ n be a double hook, that is, λ = (λ1, λ2, 2
ℓ, 1n−2ℓ−λ1−λ2) where

λ1 ≥ λ2 ≥ 2. Let m := n− 2ℓ− λ1 − λ2 + 2. Then if λ1 = λ2, we have that

⟨Frob(R(0,2)
n ;u, v), sλ⟩ = (uv)ℓ+λ2−1(uv[m− 2]u,v + [m]u,v + [m− 1]u,v). (4.56)

If λ1 > λ2, we have that

⟨Frob(R(0,2)
n ;u, v), sλ⟩ = (uv)ℓ+λ2−1(uv[m− 1]u,v + uv[m− 2]u,v + [m]u,v + [m− 1]u,v). (4.57)

Proof. Recall from Theorem 4.3.2 that

Frob(R(0,2)
n ;u, v) =

∑
0≤i+j<n

uivj
(
s(n−i,1i) ∗ s(n−j,1j) − s(n−i+1,1i−1) ∗ s(n−j+1,1j−1)

)
. (4.58)

Thus

⟨Frob(R(0,2)
n ;u, v), sλ⟩

=
∑

0≤i+j<n

uivj
(
g(λ, (n− i, 1i), (n− j, 1j))− g(λ, (n− i+ 1, 1i−1), (n− j + 1, 1j−1))

)
.

(4.59)
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Since λ = (λ1, λ2, 2
ℓ, 1n−2ℓ−λ1−λ2) is a double hook, by Theorem 4.6.1,

g(λ, (n− i, 1i), (n− j, 1j))− g(λ, (n− i+ 1, 1i−1), (n− j + 1, 1j−1))

=
(
χ(λ2 − 1 ≤ i+j−n+λ1+λ2

2
≤ λ1)− χ(λ2 − 1 ≤ i+j−n+λ1+λ2−2

2
≤ λ1)

)
· χ(|j − i| ≤ n− 2ℓ− λ1 − λ2)

+
(
χ(λ2 ≤ i+j−n+λ1+λ2+1

2
≤ λ1)− χ(λ2 ≤ i+j−n+λ1+λ2−1

2
≤ λ1)

)
· χ(|j − i| ≤ n− 2ℓ− λ1 − λ2 + 1).

(4.60)

Define d := λ1 − λ2. We analyze a component of equation (4.60):

χ(λ2 − 1 ≤ i+j−n+λ1+λ2

2
≤ λ1)− χ(λ2 − 1 ≤ i+j−n+λ1+λ2−2

2
≤ λ1), (4.61)

which is equivalent to

χ(|i+ j − (n− 1)| ≤ d+ 1)− χ(|i+ j − (n+ 1)| ≤ d+ 1). (4.62)

Since the bigraded component (R
(0,2)
n )i,j = 0 whenever i + j ≥ n, we exclude these cases

from our analysis. Thus |i + j − (n − 1)| ≤ d + 1 is satisfied if i + j = n − 1 or n − 2 (if
d ≥ 0), if i + j = n − 3 (if d ≥ 1), if i + j = n − 4 (if d ≥ 2), etc. On the other hand,
|i+ j − (n+ 1)| ≤ d+ 1 is satisfied if i+ j = n− 1 (if d ≥ 1), if i+ j = n− 2 (if d ≥ 2), etc.
Putting these together, we get that equation (4.62) is 1 when i+ j ∈ {n− 1− d, n− 2− d}
and 0 otherwise.

We analyze when condition χ(|j − i| ≤ n− 2ℓ− λ1− λ2) is satisfied. At i+ j = n− 1− d,
the condition is true exactly for integers j which satisfy

ℓ+ λ2 ≤ j ≤ n− d− ℓ− λ2 − 1. (4.63)

Summing up un−1−d−jvj over such j gives

(uv)ℓ+λ2 [n− d− 2ℓ− 2λ2]u,v. (4.64)

At i+ j = n− 2− d, the condition is true exactly for integers j which satisfy

ℓ+ λ2 − 1 ≤ j ≤ n− d− ℓ− λ2 − 1. (4.65)

Summing up un−2−d−jvj over such j gives

(uv)ℓ+λ2−1[n− d− 2ℓ− 2λ2 + 1]u,v. (4.66)

Next we analyze another component of equation (4.60):

χ(λ2 ≤ i+j−n+λ1+λ2+1
2

≤ λ1)− χ(λ2 ≤ i+j−n+λ1+λ2−1
2

≤ λ1), (4.67)

which is equivalent to

χ(|i+ j − (n− 1)| ≤ d)− χ(|i+ j − (n+ 1)| ≤ d). (4.68)
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We have that |i+ j − (n− 1)| ≤ d is satisfied if i+ j = n− 1 (if d ≥ 0), if i+ j = n− 2 (if
d ≥ 1), if i+ j = n− 3 (if d ≥ 2), etc. On the other hand, |i+ j − (n+ 1)| ≤ d is satisfied if
i+ j = n− 1 (if d ≥ 2), if i+ j = n− 2 (if d ≥ 3), etc. Putting these together, when d = 0,
we get that equation (4.68) is 1 when i+ j = n− 1 and 0 otherwise. When d ≥ 1, we get
that equation (4.68) is 1 when i+ j ∈ {n− d, n− 1− d} and 0 otherwise.

We analyze when condition χ(|j− i| ≤ n−2ℓ−λ1−λ2+1) is satisfied. At i+j = n−1−d,
the condition is true exactly for integers j which satisfy

ℓ+ λ2 − 1 ≤ j ≤ n− d− ℓ− λ2. (4.69)

Summing up un−1−d−jvj over such j gives

(uv)ℓ+λ2−1[n− d− 2ℓ− 2λ2 + 2]u,v. (4.70)

When d ≥ 1, at i+ j = n− d, the condition is true exactly for integers j which satisfy

ℓ+ λ2 ≤ j ≤ n− d− ℓ− λ2. (4.71)

Summing up un−d−jvj over such j gives

(uv)ℓ+λ2 [n− d− 2ℓ− 2λ2 + 1]u,v. (4.72)

For concision, we use m := n− 2ℓ− λ1 − λ2 + 2 = n− d− 2ℓ− 2λ2 + 2. When d = 0, i.e.,
λ1 = λ2, summing equations (4.64), (4.66), and (4.70) proves equation (4.56). When d ≥ 1,
i.e., λ1 > λ2, summing equations (4.64), (4.66), (4.70), and (4.72) proves equation (4.57).

4.7 Four sets of fermions

A natural further question is to determine ⟨Frob(R(0,j)
n ;u1, . . . , uj), s(1n)⟩ for j ≥ 4, of which

the simplest next case is ⟨Frob(R(0,4)
n ;u, v, w, z), s(1n)⟩. If the hook characters in R

(0,3)
n are all

known, then a similar process as in Proposition 4.4.1 using Frob(R
(0,3)
n ⊗R(0,1)

n ;u, v, w, z) can

be attempted. Using Theorem 4.6.1, we can first bound ⟨Frob(R(0,3)
n ;u, v, w), s(n−d,1d)⟩.

Example 4.7.1. Let n = 3. Suppose we want to calculate ⟨Frob(R(0,3)
3 ;u, v, w), s(2,1)⟩.

Consider that any s(2,1) in Frob(R
(0,3)
3 ;u, v, w) must appear in Frob(R

(0,2)
3 ⊗ R(0,1)

3 ;u, v, w).
We compute that

⟨Frob(R(0,2)
3 ⊗R(0,1)

3 ;u, v, w), s(2,1)⟩

=
∑
λ⊢3

2∑
d=0

⟨Frob(R(0,2)
3 ;u, v), sλ⟩⟨Frob(R(0,1)

3 ;w), s(3−d,1d)⟩g(λ, (3− d, 1d), (2, 1)).

(4.73)
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Using Rosas’ formula for Kronecker coefficients of two hooks, we determine that the only pairs
of λ and (3− d, 1d) which do not have multiplicity of 0 are (3), (2, 1); (2, 1), (3); (2, 1), (2, 1);
(2, 1), (13); and (13), (2, 1), which all have multiplicity of 1. Using Proposition 4.3.3 and
Lemma 4.3.1, we obtain

w + ([2]u,v + uv) + ([2]u,v + uv)w + ([2]u,v + uv)w2 + [3]u,vw. (4.74)

By permuting which sets of variables are assigned to R
(0,2)
n and R

(0,1)
n , we can similarly obtain

v + ([2]u,w + uw) + ([2]u,w + uw)v + ([2]u,w + uw)v2 + [3]u,wv, (4.75)

u+ ([2]w,v + wv) + ([2]w,v + wv)u+ ([2]w,v + wv)u2 + [3]w,vu. (4.76)

Summing the monomials which appear in all three equations, we obtain

u+ v + w + uv + uw + vw + 2uvw. (4.77)

Now a computer calculation finds that

⟨Frob(R(0,3)
3 ;u, v, w), s(2,1)⟩ = u+ v + w + uv + uw + vw, (4.78)

which shows that the bound is not tight in this case due to the monomial 2uvw. It will
require additional work to determine how to cut out the extra monomials in general.

Example 4.7.2. Let n = 3. Suppose we know all of the hook characters in R
(0,3)
3 ; in this

case Frob(R
(0,3)
3 ;u, v, w) = (uvw + u2 + uv + v2 + uw + vw +w2)s(13) + (uv + uw + vw + u+

v + w)s(2,1) + s(3). Consider that any sign character in R
(0,4)
3 must appear in R

(0,3)
3 ⊗R(0,1)

3 .
We compute that

⟨Frob(R(0,3)
3 ⊗R(0,1)

3 ;u, v, w, z), s(13)⟩ =
∑
λ⊢3

⟨Frob(R(0,3)
3 ;u, v, w), sλ′⟩⟨Frob(R(0,1)

3 ; z), sλ⟩

=
2∑

d=0

⟨Frob(R(0,3)
3 ;u, v, w), s(d+1,12−d)⟩zd,

(4.79)
using Lemma 4.3.1. This simplifies to

u2 + v2 + w2 + z2 + uv + uw + uz + vw + vz + wz + uvw + uvz + uwz + vwz, (4.80)

which is unchanged under changing which sets of variables are assigned to R
(0,3)
n and R

(0,1)
n . In

this example, equation (4.80) is equal to ⟨Frob(R(0,4)
3 ;u, v, w, z), s(13)⟩ determined by computer

calculation.

Example 4.7.3. The previous example also gives tight bounds for n = 4, with graded
multiplicity s(3)(u, v, w, z) + s(2,1,1)(u, v, w, z) + s(2,1,1,1)(u, v, w, z), and for n = 5, with
graded multiplicity s(4)(u, v, w, z)+s(3,1,1)(u, v, w, z)+s(3,1,1,1)(u, v, w, z)+s(2,2,1,1)(u, v, w, z)+
s(2,2,2,1)(u, v, w, z).
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Another approach is to use Frob(R
(0,2)
n ⊗R(0,2)

n ;u, v, w, z) to bound the sign character in

Frob(R
(0,4)
n ;u, v, w, z) directly. As Kim and Rhoades note, only Schur functions of shapes

contained within double hooks occur in Frob(R
(0,2)
n ;u, v), so the shapes which index sign

characters are limited.

Example 4.7.4. Let n = 3. Consider that any sign character in R
(0,4)
3 must appear in

R
(0,2)
3 ⊗R(0,2)

3 . We compute that

⟨Frob(R(0,2)
3 ⊗R(0,2)

3 ;u, v, w, z), s(13)⟩ =
∑
λ⊢3

⟨Frob(R(0,2)
3 ;u, v), sλ′⟩⟨Frob(R(0,2)

3 ;w, z), sλ⟩.

(4.81)

In this case, there are only three partitions of 3: (13), (2, 1), (3). Using Proposition 4.3.3, we
get

⟨Frob(R(0,2)
3 ;u, v), s(3)⟩⟨Frob(R(0,2)

3 ;w, z), s(13)⟩ = [3]w,z, (4.82)

⟨Frob(R(0,2)
3 ;u, v), s(2,1)⟩⟨Frob(R(0,2)

3 ;w, z), s(2,1)⟩ = ([2]u,v + uv)([2]w,z + wz), (4.83)

⟨Frob(R(0,2)
3 ;u, v), s(13)⟩⟨Frob(R(0,2)

3 ;w, z), s(3)⟩ = [3]u,v. (4.84)

Putting these together, we obtain

[3]w,z + ([2]u,v + uv)([2]w,z + wz) + [3]u,v. (4.85)

By changing which sets of variables are assigned to each R
(0,2)
n , we can similarly obtain

[3]v,z + ([2]u,w + uw)([2]v,z + vz) + [3]u,w, (4.86)

[3]u,z + ([2]w,v + wv)([2]u,z + uz) + [3]w,v. (4.87)

In this case, all three are equal to each other, and expand to give

uvwz+ uvw+ uvz+ uwz+ vwz+ u2 + uv+ v2 + uw+ vw+w2 + uz+ vz+wz+ z2. (4.88)

Now a computer calculation finds that

⟨Frob(R(0,4)
3 ;u, v, w, z), s(13)⟩

= uvw + uvz + uwz + vwz + u2 + uv + v2 + uw + vw + w2 + uz + vz + wz + z2,
(4.89)

which shows that the bound is not tight in this case due to the monomial uvwz. It will
require additional work to determine how to cut out the extra monomials in general.
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4.8 One set of bosons and three sets of fermions

In this section, we study the sign character in R
(1,3)
n , the (1, 3)-bosonic-fermionic coinvariant

ring. We first recall the “Theta conjecture” of D’Adderio, Iraci, and Vanden Wyngaerd,
which expresses the multigraded Frobenius series of R

(2,2)
n in terms of certain Theta operators

and the nabla operator.

Conjecture 4.8.1 ([37, Conjecture 8.2]). For all n ≥ 1,

Frob(R(2,2)
n ; q, t;u, v) =

∑
k+ℓ<n

ukvℓΘekΘeℓ∇en−k−ℓ. (4.90)

The Theta conjecture specialized at t = 0 is the following.

Conjecture 4.8.2 (D’Adderio, Iraci, and Vanden Wyngaerd). For all n ≥ 1,

Frob(R(1,2)
n ; q;u, v) =

∑
k+ℓ<n

ukvℓ (ΘekΘeℓ∇en−k−ℓ) |t=0. (4.91)

We recall the following result on the conjectural hook characters in R
(1,2)
n .

Theorem 4.8.3 ([73, Theorem 8.4]). If the Theta conjecture specialized at t = 0 (Conjec-
ture 4.8.2) is true, then

⟨Frob(R(1,2)
n ; q;u, v), s(d+1,1n−d−1)⟩

=
∑

k+ℓ<n

ukvℓq(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

.
(4.92)

Now we compute an example.

Example 4.8.4. Let n = 3. Consider that any sign character in R
(1,3)
3 must appear in

R
(1,2)
3 ⊗R(0,1)

3 . We compute that

⟨Frob(R(1,2)
3 ⊗R(0,1)

3 ; q;u, v, w), s(13)⟩

=
∑
λ⊢3

⟨Frob(R(1,2)
3 ; q;u, v), sλ′⟩⟨Frob(R(0,1)

3 ;w), sλ⟩

=
2∑

d=0

⟨Frob(R(1,2)
3 ; q;u, v), s(d+1,12−d)⟩wd

= (q3 + vq[2]q + uq[2]q + uv[2]q + v2 + u2) + (uv + q[2]q + v[2]q + u[2]q)w + w2.
(4.93)

In this example, this is equal to ⟨Frob(R(1,3)
3 ; q;u, v, w), s(13)⟩ determined by computer calcu-

lation.
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Proposition 4.8.5. If the Theta conjecture specialized at t = 0 (Conjecture 4.8.2) is true,
then we have the following upper-bound:

⟨Frob(R(1,3)
n ; q;u, v, w), s(1n)⟩

≤
∑

k,ℓ,d≥0

ukvℓwdq(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

.
(4.94)

Proof. Any sign character in R
(1,3)
n must appear in R

(1,2)
n ⊗R(0,1)

n . Assume the Theta conjecture
specialized at t = 0 (Conjecture 4.8.2) is true. By Theorem 4.8.3, we compute that

⟨Frob(R(1,2)
n ⊗R(0,1)

n ; q;u, v, w), s(1n)⟩

=
∑
λ⊢n

⟨Frob(R(1,2)
n ; q;u, v), sλ′⟩⟨Frob(R(0,1)

n ;w), sλ⟩

=
n−1∑
d=0

wd⟨Frob(R(1,2)
n ; q;u, v), s(d+1,1n−d−1)⟩

=
n−1∑
d=0

wd
∑

k+ℓ<n

ukvℓq(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

=
∑

k,ℓ,d≥0

ukvℓwdq(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

,

(4.95)

where the last line follows by considering when the q-binomial coefficients must be 0 (specifi-
cally, one could take k + ℓ < n, ℓ+ d < n, and d+ k < n).

Based on data for n ≤ 5, we propose the following conjecture.

Conjecture 4.8.6.

⟨Frob(R(1,3); q;u, v, w), s(1n)⟩

=
∑

k,ℓ,d≥0

ukvℓwdq(
n−d−k−ℓ

2 )
[
n− 1− d

ℓ

]
q

[
n− 1− k

d

]
q

[
n− 1− ℓ

k

]
q

.
(4.96)

Notice that upon specializing q, u, v, w all to 1, the conjecture becomes

⟨Frob(R(1,3); 1; 1, 1, 1), s(1n)⟩ =
∑

k,ℓ,d≥0

(
n− 1− d

ℓ

)(
n− 1− k

d

)(
n− 1− ℓ

k

)
. (4.97)

Let Fn be the nth Fibonacci number, defined by the initial conditions F0 = 0, F1 = 1,
and recurrence Fn = Fn−1 + Fn−2 for all n ≥ 2. Inspired by a conjecture of Zabrocki

on Frob(R
(2,1)
n ; q, t;u) [101], Bergeron made a general conjecture on how the Frobenius

series of bosonic-fermionic coinvariant rings could be derived from the Frobenius series of
purely bosonic coinvariant rings [10, Conjecture 1]. While collecting computational evidence,
Bergeron conjectured the following.
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Conjecture 4.8.7 ([10, Table 3]). For all n ≥ 1,

⟨Frob(R(1,3)
n ; 1; 1, 1, 1), s(1n)⟩ =

1

2
F3n. (4.98)

Beginning at n = 1, the sequence 1
2
F3n is 1, 4, 17, 72, 305, 1292, 5473, 23184, . . . (see [86,

Sequence A001076]). The two proposed enumerations are connected by the following result.

Proposition 4.8.8 ([27]; see [5] for a bijective proof). For n ≥ 1,∑
k,ℓ,d≥0

(
n− 1− d

ℓ

)(
n− 1− k

d

)(
n− 1− ℓ

k

)
=

1

2
F3n. (4.99)

Remark 4.8.9. If the Theta conjecture specialized at t = 0 (Conjecture 4.8.2) is true, and
the conjecture of Bergeron (Conjecture 4.8.7) that ⟨Frob(R(1,3); 1; 1, 1, 1), s(1n)⟩ = 1

2
F3n is

true, then by Proposition 4.8.8, the sign character has multiplicity large enough to force
equality in the upper bound given in Proposition 4.8.5. This would prove Conjecture 4.8.6.

https://oeis.org/A001076
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Chapter 5

Diagonal supersymmetry for
coinvariant rings

For finite groups G, we show that bosonic-fermionic coinvariant rings have a natural
U(gl(k|j)) ⊗ C[G]-module structure. In particular, we show that their character series
are a sum of super Schur functions sλ(q/u) times irreducible characters of G with universal
coefficients, which do not depend on k, j. In the case where G is the symmetric group with
diagonal action, this proves the “Diagonal Supersymmetry” conjecture of Bergeron (2020).

This chapter appears in [74].

The diagonal coinvariant ring R
(2,0)
n = C[x,y]/⟨C[x,y]Sn

+ ⟩ was introduced by Haiman in
1994 [57], and has played a central role in contemporary algebraic combinatorics (see for
example [19,20,28,39,53,81]). Here x and y denote two sets of variables {x1, . . . , xn} and
{y1, . . . , yn}, respectively. The defining ideal ⟨C[x,y]Sn

+ ⟩ is generated by all polynomials in
C[x,y] without constant term, which are invariant under the diagonal action of the symmetric
group Sn. Haiman conjectured [57] and then later proved [59] formulas for the dimension,

bigraded Hilbert series, and Frobenius series of R
(2,0)
n using novel results on the Hilbert scheme

of points in C2.
There has been previous work on coinvariant rings R

(k,0)
n with k sets of commuting

variables [9, 11], however a proof of just the dimension for R
(3,0)
n , the case with three sets of

variables, has been elusive [14].
The study of the coinvariant ring with one set of commuting variables and one set of

anticommuting variables R
(1,1)
n was initiated by N. Bergeron, Colmenarejo, Li, Machacek,

Sulzgruber, and Zabrocki in a working seminar in algebraic combinatorics at the Fields
Institute in 2018. Eventually, the multiplicity of the sign character of R

(1,1)
n [96], its dimension

and Hilbert series [88], a monomial basis [3,90] and its Frobenius series [84] were all determined.
Zabrocki introduced a coinvariant ring with two sets of commuting variables and one set
of anticommuting variables [101], which is conjecturally related to a symmetric function
appearing in the Delta conjecture of Haglund, Remmel, and Wilson [53].1 Then D’Adderio,

1One version of the Delta conjecture has been proven by [39] and [19], but the connection between that
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Iraci, and Vanden Wyngaerd [37] considered a coinvariant ring with two sets of commuting
variables and two sets of anticommuting variables, related to their work on Theta operators.

All of these are instances of coinvariant rings R
(k,j)
n with k sets of n commuting (bosonic,

even) variables x(1),x(2), . . . ,x(k), where x(i) = {x(i)1 , . . . , x
(i)
n }, and j sets of n anticommuting

(fermionic, odd) variables θ(1),θ(2), . . . ,θ(j), where θ(i) = {θ(i)1 , . . . , θ
(i)
n }, for k, j nonnegative

integers (see equation (5.1) for the complete definition). It has been proposed to study
coinvariant rings in this more general setting (see [6, 10,11,102]).

We first describe the construction of the polynomial ring C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)].
Let G ⊂ GL(V ) = GL(n) be a finite group acting on V = Cn. Let Ck|j denote the complex
superspace of even dimension k and odd dimension j. Then Sym(Ck|j ⊗ V ) = (Sym(V ))⊗k ⊗
(
∧
(V ))⊗j , and upon choosing a basis of V , we number the coordinates so that they correspond

to the tensor factors. That is, x(1), . . . ,x(k) correspond to coordinates on k copies of the
symmetric algebra Sym(V ) and θ(1), . . . ,θ(j) correspond to coordinates on j copies of the
exterior algebra

∧
(V ). Thus we write Sym(Ck|j ⊗ V ) = C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)], where

commuting variables commute with all variables; anticommuting variables anticommute with
all anticommuting variables. That is, θ

(ℓ)
i θ

(m)
h = −θ(m)

h θ
(ℓ)
i , which implies that (θ

(ℓ)
i )2 = 0.

We now define the (k, j)-bosonic-fermionic coinvariant ring for a finite group G ⊂ GL(n)
by

R
(k,j)
G = C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]/⟨C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+⟩, (5.1)

where C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+ denotes the polynomials without constant term, which
are invariant under the diagonal action of G on each set of variables. In the case where G is
the symmetric group Sn acting diagonally by permuting the indices of the variables within
each set, we denote this by R

(k,j)
n .

In this paper, we propose that a natural setting for studying R
(k,j)
G is as a U(gl(k|j))⊗C[G]-

module, where U(gl(k|j)) is the universal enveloping algebra of the Lie superalgebra gl(k|j).
Recall that a G-representation G → GL(V ) is equivalent to a C[G]-module [24, §21.1]. In
general, given any Lie superalgebra g, a g-module is equivalent to a U(g)-module, where U(g)
is the universal enveloping algebra of g [31, Chapter 1.5.1]. We will frequently utilize these
equivalences.

We describe the relevant actions on Sym(Ck|j ⊗ V ). First, gl(k|j) acts on Ck|j as the
defining representation. Since gl(k|j) acts trivially on V = Cn, then gl(k|j) acts on Ck|j ⊗ V .
As Ck|j ⊗ V is the degree 1 (in total degree) part of Sym(Ck|j ⊗ V ), then the action of
gl(k|j) extends to the whole ring Sym(Ck|j⊗V ) by left superderivations (see equation (5.20)).
Next, since G ⊂ GL(V ), then G acts in a natural way on V , in addition to trivially on Ck|j.
Combining these, G acts on Ck|j ⊗V , which extends to Sym(Ck|j ⊗V ). The actions of gl(k|j)
and G commute with each other (cf. [32, Section 5.2.1]).

With this action in hand, we then show that R
(k,j)
G is a quotient module of Sym(Ck|j ⊗V ).

Since gl(k|j) is not semisimple, we are not a priori guaranteed that R
(k,j)
G will decompose into

simple U(gl(k|j))-modules. Our first main result is that the desired U(gl(k|j))⊗C[G]-module

and Zabrocki’s coinvariant ring remains conjectural.
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structure exists for R
(k,j)
G , and we describe how it decomposes into simple modules. Denote

the set of partitions λ with length ℓ(λ) ≤ n which satisfy λk+1 ≤ j by P (k, j, n). Let µ index
the irreducible characters of G. Let sλ(q/u) denote a super Schur function (see Section 5.1
for definitions), where q denotes (q1, . . . , qk), and u denotes (u1, . . . , uj).

Theorem 5.0.1. Fix a positive integer n and a finite group G ⊂ GL(n). There is an
isomorphism of U(gl(k|j))⊗ C[G]-modules:

R
(k,j)
G
∼=

⊕
λ∈P (k,j,n)

⊕
µ

(
Uλ
k|j ⊗Nµ

)⊕cλµ , (5.2)

where the Uλ
k|j are simple U(gl(k|j))-modules with character sλ(q/u) and the Nµ are simple

C[G]-modules, for some nonnegative integer coefficients cλµ.

Let IrrChar(G) denote the set of irreducible characters of G. From the module structure
in Theorem 5.0.1, taking gl(k|j) and G-characters yields a character series in terms of super
Schur functions and G-characters. A priori, for fixed G ⊂ GL(V ), these coefficients are
functions of (k, j). However, in our second main result we show that they are independent of
(k, j).

Theorem 5.0.2. Fix a positive integer n and a finite group G ⊂ GL(n). For partitions
λ with ℓ(λ) ≤ n, and indices µ of irreducible G-characters, there exist nonnegative integer

coefficients cλµ such that for any (k, j), the multigraded character series of R
(k,j)
G is

Char(R
(k,j)
G ;q;u) =

∑
λ∈P (k,j,n)

∑
χµ∈IrrChar(G)

cλµsλ(q/u)χ
µ. (5.3)

When G is the symmetric group acting by permuting variables, we may apply the Frobenius
characteristic map to the symmetric group characters, which are indexed by partitions of
n. Let z be an (infinite) auxiliary set of variables for the Frobenius characters. Then the
following result is an immediate consequence of Theorem 5.0.2. Thus we prove a conjecture
of Bergeron.

Corollary 5.0.3 (Diagonal Supersymmetry [10, Conjecture 1]). Fix a positive integer n. For
partitions λ with ℓ(λ) ≤ n, and µ ⊢ n, there exist nonnegative integer coefficients cλµ such

that for any (k, j), the multigraded Frobenius series of R
(k,j)
n is

Frob(R(k,j)
n ;q;u) =

∑
λ∈P (k,j,n)

∑
µ⊢n

cλµsλ(q/u)sµ(z). (5.4)

Remark 5.0.4. Given fixed n, k, j, it is important to note that equation (5.4) does not
determine cλµ for all partitions λ of length at most n, but only for those which satisfy
λk+1 ≤ j.
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Previously, Bergeron showed [10, equation (2.1)] that R
(k,j)
n is a GL(k) × GL(j) ×Sn-

module, without taking advantage of the relationship between the even and odd parts, which
in the present setting comes from the Lie superalgebra structure. In this case, the irreducible
characters of polynomial representations of GL(k) are Schur functions sλ where ℓ(λ) ≤ k (see
for example [78, I.A.8]). Taking GL(k) × GL(j) characters and Frobenius characters, one
obtains a series which is a product of Schur functions in three sets of variables. That is, for
partitions λ with ℓ(λ) ≤ n, and µ ⊢ n, there exist nonnegative integers cλνµ such that for any
(k, j)

Frob(R(k,j)
n ;q;u) =

∑
λ,ν,

ℓ(λ)≤k,ℓ(ν)≤j

∑
µ⊢n

cλνµsλ(q)sν(u)sµ(z). (5.5)

Since a super Schur function sλ(q/u) can always be written as a sum of products of Schur
functions sλ(q)sν(u), but the converse does not hold, equation (5.4) implies equation (5.5),
but equation (5.5) does not imply equation (5.4).

Define R
(∞,∞)
n as the direct limit of the modules R

(k,j)
n over the directed set N×N ordered

componentwise. The limit R
(∞,∞)
n has an N∞ × N∞ multigrading, where N∞ denotes the set

of nonnegative integer sequences with finitely many nonzero terms. Let Λ(z) denote the ring
of symmetric functions in the variables z. For any N∞ × N∞ multigraded Sn-module V , one
can define a multigraded Frobenius series

Frob(V ;q;u) =
∑

(α,β)∈N∞×N∞

qαuβ Frob(V(α,β)) ∈ Z[[q,u]]⊗ Λ(z). (5.6)

Here q = (q1, q2, . . .) and u = (u1, u2, . . .) are infinite formal alphabets, and qαuβ records the
multidegree of the component V(α,β). This formula recovers the standard definition of the
multigraded Frobenius series in the finite case.

If V = lim−→V (k,j) for some finite-dimensional, Nk × Nj multigraded modules {V (k,j)} with
graded transition maps, then

Frob(V ;q;u) = lim←−
k,j

Frob(V (k,j); q1, . . . , qk;u1, . . . , uj), (5.7)

where the inverse limit is taken with respect to the standard projections.
Bergeron showed [10] that there is a well-defined universal series

Frob(R(∞,∞)
n ;q;u) =

∑
λ,ν

∑
µ⊢n

cλνµsλ(q)sν(u)sµ(z), (5.8)

which determines all cλνµ which could appear in the expansion in equation (5.5) for any (k, j).
We strengthen equation (5.8) by showing that there is a well-defined universal series in

terms of super Schur functions.
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Proposition 5.0.5. Fix a positive integer n. There is a well-defined universal series

Frob(R(∞,∞)
n ;q;u) =

∑
λ, ℓ(λ)≤n

∑
µ⊢n

cλµsλ(q/u)sµ(z) (5.9)

which determines all cλµ which could appear in the expansion in equation (5.4) for any (k, j).

In general, cλµ may be zero or nonzero. For some finite k or j in the expansion of

Frob(R
(k,j)
n ;q;u) (equation (5.4)), not all nonzero cλµ from the universal series (equation (5.9))

need to appear, since they are multiplied by sλ(q/u), which equals 0 when k or j is too small.
This raises the question of when there are enough nonzero coefficients cλµ determined

by the multigraded Frobenius series of R
(k,j)
n to determine the multigraded Frobenius series

of R
(k′,j′)
n . By Proposition 5.0.5, the multigraded Frobenius series of R

(k,j)
n determines the

multigraded Frobenius series of R
(k′,j′)
n whenever k′ ≤ k and j′ ≤ j. In Proposition 5.3.2,

we show that neither of the graded Frobenius series of R
(1,0)
n and R

(0,1)
n determines enough

nonzero cλµ to determine the other; similarly none of the bigraded Frobenius series of R
(2,0)
n ,

R
(1,1)
n , and R

(0,2)
n determine enough nonzero cλµ to determine another.

The outline of the paper is as follows. After reviewing the background in Section 5.1, we
prove Theorems 5.0.1 and 5.0.2 in Section 5.2. In Section 5.3, we study the universal series
for the symmetric group, where we prove Propositions 5.0.5 and 5.3.2. In Section 5.4, we
conclude by discussing further combinatorial consequences of cancellation on the Hilbert and
Frobenius series of certain R

(k,j)
n .

5.1 Background

We assume basic familiarity with symmetric functions (see [92, Chapter 7] or [78, Chapter
I]), and representation theory of finite groups and Lie algebras (see [24]). Assume all tensor
products are taken over C. If a ring R decomposes as a direct sum of multihomogenous
C[G]-modules, for G a finite group:

R =
⊕

r1,...,rk,s1,...,sj≥0

(R)r1,...,rk,s1,...,sj , (5.10)

then its multigraded character series is

Char(R;q;u) :=
∑

r1,...,rk,s1,...,sj≥0

ch
(
(R)r1,...,rk,s1,...,sj

)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j , (5.11)

where ch(S) denotes the character of a G-module S.
Recall that the Frobenius characteristic map F is an isomorphism between the ring of

virtual Sn-characters and the ring of symmetric functions ΛZ, given by F (χµ) = sµ(z), where
χµ is the irreducibleSn-character indexed by µ, and sµ(z) is a Schur function (see [92, Chapter
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7.18]). In the special case where G is the symmetric group Sn, such as when R = R
(k,j)
n , we

can apply the Frobenius characteristic map F to the character of each multigraded component,
and obtain the multigraded Frobenius series:

Frob(R(k,j)
n ;q;u) :=

∑
r1,...,rk,s1,...,sj≥0

F ch
(
(R(k,j)

n )r1,...,rk,s1,...,sj
)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j . (5.12)

We often will use q, t for q1, q2 and u, v for u1, u2 when k, j ≤ 2.
We have that Sym(Ck|j ⊗ V ) has a multigrading with respect to q and u. That is, each

variable in x(i) has qi-degree of 1 and each variable in θ(i) has ui-degree of 1. Furthermore,
Sym(Ck|j ⊗ V ) is graded by total degree, where each variable has degree 1. That is,

Sym(Ck|j ⊗ V ) =
⊕
d≥0

Symd(Ck|j ⊗ V ), (5.13)

where Symd(Ck|j ⊗ V ) is the dth symmetric power.
Define a super Schur function2 (see [32, Appendix A.2.2]) by

sλ(q/u) =
∑
ν⊆λ

sν(q)sλ′/ν′(u). (5.14)

Super Schur functions can also be defined in terms of super tableaux (see [85, Chapter 12.3]).
While we will not otherwise use it, we note that in [10] the plethystic notation sλ[q− εu] is
used. Since (see for example [10, Section 2])

sλ[q− εu] =
∑
ν⊆λ

sν(q)sλ′/ν′(u), (5.15)

then sλ(q/u) = sλ[q− εu]. We will exclusively use sλ(q/u).
Super Schur functions satisfy the following key properties [78, I.3 Example 23]:

• Cancellation:

sλ(q1, . . . , qk−1, qk/u1, . . . , uj−1, uj)|uj=−qk = sλ(q1, . . . , qk−1/u1, . . . , uj−1), (5.16)

• Restriction:

sλ(q1, . . . , qk−1, qk/u1, . . . , uj)|qk=0 = sλ(q1, . . . , qk−1/u1, . . . , uj), (5.17)

sλ(q1, . . . , qk/u1, . . . , uj−1, uj)|uj=0 = sλ(q1, . . . , qk/u1, . . . , uj−1). (5.18)

The super Schur functions sλ(q/u) are characters of the simple gl(k|j)-modules Uλ
k|j which

appear in the decomposition of Sym(Ck|j ⊗ V ) via Howe duality (see [61, 62]). The following
result is due to Howe [61] (see also [32, Theorem 5.19; Chapter 5: Notes]).

2Also called a hook Schur function–not to be confused with a Schur function of a hook shaped partition.
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Theorem 5.1.1 ((gl(k|j),GL(n))-Howe Duality). For all d ≥ 0, we have that

Symd(Ck|j ⊗ V ) ∼=
⊕

λ∈P (k,j,n)
λ⊢d

Uλ
k|j ⊗ Uλ

n , (5.19)

where for each λ ∈ P (k, j, n), Uλ
k|j is a simple gl(k|j)-module with character the super Schur

function sλ(q/u), and U
λ
n is a simple GL(n)-module with character the Schur function sλ.

We note that taking characters of both sides of (gl(k|j),GL(n))-Howe Duality gives
a super Cauchy identity, which can also be used to compute the super Schur functions
(see [32, Chapter 5.2.2]).

We describe the action of gl(k|j) by superderivations. For 1 ≤ a, b ≤ k and 1 ≤ c, d ≤ j,
we have

E+
a,b =

n∑
p=1

x(a)p ∂
x
(b)
p
, E±a,d =

n∑
p=1

x(a)p ∂
θ
(d)
p
, E∓c,b =

n∑
p=1

θ(c)p ∂
x
(b)
p
, E−c,d =

n∑
p=1

θ(c)p ∂
θ
(d)
p
, (5.20)

which realize the action of gl(k|j) on Sym(Ck|j ⊗ V ) [32, Lemma 5.13]. In the special case of
(k, j) = (1, 1), see also [96, Section 3] and [97, Section 4.1]. Note that the action of gl(k|j)
by superderivations preserves each degree d component (with respect to the total degree)
Symd(Ck|j ⊗ V ).

We also have that GL(V ) acts by matrix multiplication on V and trivially on Ck|j. This
action also preserves Symd(Ck|j ⊗ V ). Since G ⊂ GL(V ), G acts by matrix multiplication on
V and trivially on Ck|j, and the action preserves Symd(Ck|j ⊗ V ).

We conclude this section with a consequence of the Jordan-Hölder theorem, on the
multiplicities of simple modules occurring in a composition series of a quotient module
(see [24, §11.3]).

Lemma 5.1.2. Let A be an associative algebra over C. Let M be a finite-dimensional
A-module, and let N be an A-submodule of M . Then for any simple A-module S in a
composition series of M/N , its multiplicity in M/N is less than or equal to its multiplicity in
M .

5.2 Proofs of the main results

We prove the first main theorem from the introduction.

Proof of Theorem 5.0.1. We continue with the setup from the introduction, where V = Cn

and

C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] = (Sym(V ))⊗k ⊗ (
∧

(V ))⊗j

= Sym(V ⊗ Ck|0 ⊕ V ⊗ C0|j)

= Sym(Ck|j ⊗ V ).

(5.21)
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Our strategy is to first study Sym(Ck|j ⊗ V ) and then consider the quotient R
(k,j)
G . We will

work with Symd(Ck|j ⊗ V ), the part of homogeneous total degree d.
Consider the simple GL(n)-modules Uλ

n which occur in Howe duality (Theorem 5.1.1).
Since V = Cn, GL(V ) is GL(n), and we identify their modules. From GL(V ) we may restrict
to any finite subgroup G of GL(V ). Upon restricting the representations Uλ

n , since any
finite-dimensional G-representation is semisimple, we have that

Res
GL(V )
G (Uλ

n ) =
⊕
µ

(Nµ)⊕dλµ , (5.22)

where the sum is over an indexing set for the simple G-representations Nµ, and the dλµ are
some nonnegative integers. In particular, the dλµ are finite because Uλ

n is finite-dimensional.
Since the actions preserve Symd(Ck|j ⊗ V ), it is a (gl(k|j), G)-module (equivalently,

a U(gl(k|j)) ⊗ C[G]-module). By Howe duality (Theorem 5.1.1) and equation (5.22),
Symd(Ck|j ⊗ V ) has decomposition:

Symd(Ck|j ⊗ V ) ∼=
⊕

λ∈P (k,j,n)
λ⊢d

Uλ
k|j ⊗

(⊕
µ

(Nµ)⊕dλµ

)

∼=
⊕

λ∈P (k,j,n)
λ⊢d

⊕
µ

Uλ
k|j ⊗ (Nµ)⊕dλµ .

(5.23)

Let Sym(Ck|j ⊗ V )Gd denote the total degree d polynomials in Sym(Ck|j ⊗ V )G. Since the
gl(k|j)-action is degree-preserving and the gl(k|j) and G-actions commute, Sym(Ck|j ⊗ V )Gd
is a U(gl(k|j))⊗ C[G]-submodule of Sym(Ck|j ⊗ V ). Then

Sym(Ck|j ⊗ V )G+ =
⊕
d≥1

Sym(Ck|j ⊗ V )Gd (5.24)

is a U(gl(k|j))⊗ C[G]-submodule of Sym(Ck|j ⊗ V ).

We turn our attention to R
(k,j)
G . From its definition, we have that

R
(k,j)
G = Sym(Ck|j ⊗ V )/⟨Sym(Ck|j ⊗ V )G+⟩. (5.25)

Consider the multiplication map m : Sym(Ck|j ⊗ V ) ⊗ Sym(Ck|j ⊗ V ) → Sym(Ck|j ⊗ V ).
Restrict to the map m′ : Sym(Ck|j ⊗ V )⊗ Sym(Ck|j ⊗ V )G+ → Sym(Ck|j ⊗ V ). The image of
m′, which is ⟨Sym(Ck|j ⊗ V )G+⟩, is a U(gl(k|j))⊗ C[G]-submodule of Sym(Ck|j ⊗ V ). Thus
R

(k,j)
G is a quotient module of Sym(Ck|j ⊗ V ).
Since Uλ

k|j is a finite-dimensional simple U(gl(k|j))-module and Nµ is a finite-dimensional

simple C[G]-module, then Uλ
k|j ⊗Nµ is a finite-dimensional simple U(gl(k|j))⊗C[G]-module,

by [24, §12.1 Theorem 1(a)]. This implies that

Symd(Ck|j ⊗ V ) ∼=
⊕

λ∈P (k,j,n)
λ⊢d

⊕
µ

(
Uλ
k|j ⊗Nµ

)⊕dλµ (5.26)
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is a decomposition into simple U(gl(k|j))⊗ C[G]-modules, and is semisimple. Then (R
(k,j)
G )d,

the homogeneous part of total degree d of R
(k,j)
G , is semisimple, by [24, §4.1 Corollary 3]. In

the decomposition in equation (5.26), there are finitely many λ indexing the sum and the
decomposition in equation (5.22) is into finitely many simple modules. Thus Symd(Ck|j ⊗ V )
has a direct sum decomposition into finitely many simple modules, so it is of finite length.
Then by Lemma 5.1.2,

(R
(k,j)
G )d ∼=

⊕
λ∈P (k,j,n)

λ⊢d

⊕
µ

(
Uλ
k|j ⊗Nµ

)⊕cλµ , (5.27)

for some integers 0 ≤ cλµ ≤ dλµ. By summing over all d, we get that

R
(k,j)
G
∼=

⊕
λ∈P (k,j,n)

⊕
µ

(
Uλ
k|j ⊗Nµ

)⊕cλµ . (5.28)

Next, we prove our second main theorem.

Proof of Theorem 5.0.2. Given the decomposition in Theorem 5.0.1, take the U(gl(k|j))⊗
C[G] character to conclude that

Char(R
(k,j)
G ;q;u) =

∑
λ∈P (k,j,n)

∑
χµ∈IrrChar(G)

cλµsλ(q/u)χ
µ. (5.29)

It remains to show that as long as cλµ appears in a Frobenius series expansion, it does not
depend on the choice of (k, j).

Note that there is a canonical isomorphism between the quotient ring Sym(Ck|j ⊗
V )/⟨x(k)⟩ = Sym(Ck|j ⊗ V )|x(k)=0 and the subring of Sym(Ck|j ⊗ V ) consisting of poly-
nomials with zero qk-degree.

For any G-invariant polynomial p, since G acts diagonally on each set of variables, every
monomial in p has the same qk-degree. Thus

C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+|x(k)=0 = C[x(1), . . . ,x(k−1),θ(1), . . . ,θ(j)]G+. (5.30)

Restrict the image of the multiplication map m′ (from the proof of Theorem 5.0.1) to the
subring C[x(1), . . . ,x(k−1),θ(1), . . . ,θ(j)]. Observe that a polynomial which has zero qk-degree
in the image of m′ must have zero qk-degree in both tensor factors in the preimage. We
conclude that

⟨C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+⟩|x(k)=0 = ⟨C[x(1), . . . ,x(k−1),θ(1), . . . ,θ(j)]G+⟩. (5.31)

It follows that R
(k−1,j)
G = R

(k,j)
G |x(k)=0. Since only the variables in x(k) contribute to the

qk-degree,

Char(R
(k−1,j)
G ; q1, . . . , qk−1;u) = Char(R

(k,j)
G ; q1, . . . , qk−1, qk;u)|qk=0. (5.32)
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On the one hand, suppose we are given equation (5.29); then by equation (5.32),

Char(R
(k−1,j)
G ; q1, . . . , qk−1;u) =

∑
λ∈P (k,j,n)

∑
χµ∈IrrChar(G)

cλµsλ(q1, . . . , qk−1, qk/u)|qk=0 · χµ

=
∑

λ∈P (k−1,j,n)

∑
χµ∈IrrChar(G)

cλµsλ(q1, . . . , qk−1, 0/u)χ
µ,

(5.33)

where the last equality follows because when qk = 0, the restriction on which super Schur
functions are nonzero changes from λk+1 ≤ j to λk ≤ j.

On the other hand, we can compute directly that for some nonnegative integer coefficients
c̃λµ,

Char(R
(k−1,j)
G ; q1, . . . , qk−1;u) =

∑
λ∈P (k−1,j,n)

∑
χµ∈IrrChar(G)

c̃λµsλ(q1, . . . , qk−1/u)χ
µ

=
∑

λ∈P (k−1,j,n)

∑
χµ∈IrrChar(G)

c̃λµsλ(q1, . . . , qk−1, 0/u)χ
µ,

(5.34)

where we applied restriction (equation (5.17)). Thus we conclude that c̃λµ = cλµ for all
λ ∈ P (k − 1, j, n), i.e., which appear in both expansions (equations (5.33) and (5.34)).

Checking the character series for R
(k,j−1)
G is analogous, and we conclude that the cλµ do not

depend on (k, j).

For the symmetric group Sn, once k, j have been fixed, in the special case that n ≤ k+ j,
then the purely bosonic case or the purely fermionic case completely determines the mixed
bosonic-fermionic case. For the general situation, see Proposition 5.3.2.

Corollary 5.2.1. For fixed n ≤ k + j, the multigraded Frobenius series of R
(k,j)
n may be

calculated from the multigraded Frobenius series of R
(k+j,0)
n or R

(0,k+j)
n . In particular, the

coefficients cλµ in equation (5.4) are determined by

Frob(R(k+j,0)
n ; q1, . . . , qk+j) =

∑
λ∈P (k+j,0,n)

∑
µ⊢n

cλµsλ(q1, . . . , qk+j)sµ(z), (5.35)

or by

Frob(R(0,k+j)
n ;u1, . . . , uk+j) =

∑
λ∈P (0,k+j,n)

∑
µ⊢n

cλµsλ′(u1, . . . , uk+j)sµ(z). (5.36)

Proof. By Corollary 5.0.3, it only remains to check that equation (5.35) or equation (5.36)
can be used to determine the cλµ if n ≤ k + j. By [9], the multigraded Frobenius series for

R
(k+j,0)
n is coefficient stable once k + j ≥ n. Therefore all of the coefficients are determined

by equation (5.35). Using the other equation is analogous.
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If we take the limit as k or j goes to infinity, we conclude the following result, which was
a motivation for [10]. Let R

(∞,0)
n be the direct limit of the R

(k,0)
n , and let R

(0,∞)
n be the direct

limit of the R
(0,j)
n . The result says that the mixed bosonic-fermionic case may be determined

from the exclusively bosonic or the exclusively fermionic case.

Corollary 5.2.2. For all n, the multigraded Frobenius series of R
(∞,∞)
n may be calculated

from the multigraded Frobenius series of R
(∞,0)
n or R

(0,∞)
n . In particular, the coefficients cλµ

in equation (5.4) are determined by

Frob(R(∞,0)
n ; q1, q2, . . .) =

∑
λ, ℓ(λ)≤n

∑
µ⊢n

cλµsλ(q1, q2, . . .)sµ(z), (5.37)

or by

Frob(R(0,∞)
n ;u1, u2, . . .) =

∑
λ, ℓ(λ)≤n

∑
µ⊢n

cλµsλ′(u1, u2, . . .)sµ(z). (5.38)

5.3 Universal series for the symmetric group

Currently, combinatorial or algebraic formulas have been proven for the Frobenius series of
R

(k,j)
n only in the cases of R

(1,0)
n [33], R

(2,0)
n [59], R

(0,1)
n ,3 R

(0,2)
n [69], and R

(1,1)
n [84]. All cases

where k + j ≥ 3 are outstanding.
A natural question is if the graded Frobenius series for R

(1,0)
n or R

(0,1)
n determines the

other; similarly if the bigraded Frobenius series for R
(2,0)
n , R

(1,1)
n , or R

(0,2)
n determines any of

the others. We will answer these in the negative in Proposition 5.3.2.
More generally, fix k, j ≥ 0 and consider the following. Suppose we know the following

multigraded Frobenius series expansion for fixed n:

Frob(R(k,j)
n ;q;u) =

∑
λ∈P (k,j,n)

∑
µ⊢n

cλµsλ(q/u)sµ(z). (5.39)

For any 0 ≤ k′ ≤ k and 0 ≤ j′ ≤ j, because of restriction (equations (5.17) and (5.18)),
this determines the cλµ necessary to expand

Frob(R(k′,j′)
n ; q1, . . . , qk′ ;u1, . . . , uj′) =

∑
λ∈P (k′,j′,n)

∑
µ⊢n

cλµsλ(q1, . . . , qk′/u1, . . . , uj′)sµ(z).

(5.40)
Now we can prove Proposition 5.0.5.

Proof of Proposition 5.0.5. The above discussion justifies calling

Frob(R(∞,∞)
n ;q;u) =

∑
λ, ℓ(λ)≤n

∑
µ⊢n

cλµsλ(q/u)sµ(z) (5.41)

3Since R
(0,1)
n = C[θ1, . . . , θn]/⟨θ1 + · · ·+ θn⟩ ∼= C[θ1, . . . , θn−1], this just reduces to an exterior algebra.
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the universal series, since this determines all cλµ which could appear in such an expansion for
any finite or infinite k, j.

For fixed k, j, to show that it is not possible to determine multigraded Frobenius series
expansions for k′, j′ where at least one of k′ > k or j′ > j would follow from identifying some
specific λ̂, µ̂ such that:

• cλ̂µ̂ > 0,

• λ̂k′+1 ≤ j′, and

• λ̂k+1 > j.

We make the following natural conjecture.

Conjecture 5.3.1. There are nonzero cλµ in the expansion of the multigraded Frobenius series

of R
(k′,j′)
n (equation (5.40)) which are not determined by the expansion of the multigraded

Frobenius series of R
(k,j)
n (equation (5.39)) when (k, j) and (k′, j′) are incomparable in the

componentwise order.

Then we verify some small cases of this conjecture with the following result.

Proposition 5.3.2. There are nonzero cλµ in the expansion of the multigraded Frobenius

series of R
(k′,j′)
n (equation (5.40)) which are not determined by the expansion of the multigraded

Frobenius series of R
(k,j)
n (equation (5.39)) when (k, j) and (k′, j′) are either permutation of

(1, 0) and (0, 1), or when (k, j) and (k′, j′) are any two distinct choices of (2, 0), (1, 1), and
(0, 2).

Before proving Proposition 5.3.2, we will find formulas for certain cλµ to use in the proof.

The following result classifies all cλµ which we can determine from Frob(R
(0,2)
n ;u, v).

Proposition 5.3.3. For λ a partition where each part is at most 2, and µ ⊢ n, the coefficients
cλµ defined by

Frob(R(∞,∞)
n ;q;u) =

∑
λ∈P (∞,∞,n)

∑
µ⊢n

cλµsλ(q/u)sµ(z) (5.42)

are 1 if:

(i) µ = (n) and λ = ∅;

(ii) µ = (1n) and λ = (1n−1);

(iii) µ = (n− k, 1k) and λ = (1k) or (2, 1k−1) for k ∈ {1 . . . , n− 2};

(iv) µ = (µ1, µ1, 2
ℓ, 1n−2ℓ−2µ1) where µ1 ≥ 2 and λ = (2ℓ+µ1 , 1n−2ℓ−2µ1−1), (2ℓ+µ1−1, 1n−2ℓ−2µ1+1),

or (2ℓ+µ1−1, 1n−2ℓ−2µ1);
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(v) µ = (µ1, µ2, 2
ℓ, 1n−2ℓ−µ1−µ2) where µ1 > µ2 ≥ 2 and λ = (2ℓ+µ2 , 1n−2ℓ−µ1−µ2), (2ℓ+µ2−1, 1n−2ℓ−µ1−µ2+1),

(2ℓ+µ2 , 1n−2ℓ−µ1−µ2−1), or (2ℓ+µ2−1, 1n−2ℓ−µ1−µ2),

and 0 otherwise.

Proof. Consider

Frob(R(0,2)
n ;u, v) =

∑
λ∈P (0,2,n)

∑
µ⊢n

cλµsλ(0/u, v)sµ(z). (5.43)

Recall that sλ(q/u) = sλ′(u/q). From [69, Proposition 6.2], we have that the coefficient
of s(n)(z) is 1 = s∅(u, v) = s∅(0/u, v), the coefficient of s(1n)(z) is [n]u,v = s(n−1)(u, v) =
s(1n−1)(0/u, v), and for any k ∈ {1, . . . , n − 2}, the coefficient of s(n−k,1k)(z) is [k + 1]u,v +
uv[k]u,v = s(k)(u, v)+s(k,1)(u, v) = s(1k)(0/u, v)+s(2,1k−1)(0/u, v). Similarly, from [75, Theorem
5.2] we determine (iv) and (v).

Swanson–Wallach [96, Corollary 5.8] found the bigraded multiplicity of the sign character

in R
(1,1)
n , which can be expressed in the form (see [10, equation (3.14)]):

⟨Frob(R(1,1)
n ; q;u), s(1n)(z)⟩ =

n−1∑
d=0

q(
n−d
2 )
[
n− 1

d

]
q

ud. (5.44)

We wish to write this in terms of super Schur functions sλ(q/u).

Lemma 5.3.4. If λ is (a, 1b) for some a ≥ 1 and b ≥ 0, then sλ(q/u) = qaub + qa−1ub+1. If
λ is ∅, then sλ(q/u) = 1. If λ is not contained in a hook shape, then sλ(q/u) = 0.

Proof. Direct calculation.

For a polynomial p ∈ C[q], let ⟨qi⟩p denote the coefficient of qi in p. Define

gi,d,n := ⟨qi⟩
[
n− 2

d

]
q

= |{λ ⊢ i : λ ⊆ (n− 2− d)d}|, (5.45)

where (n− 2− d)d is the rectangular shape of width n− 2− d and height d.

Proposition 5.3.5. For all n ≥ 1,

⟨Frob(R(1,1)
n ; q;u), s(1n)(z)⟩ =

n−1∑
d=0

∑
i≥0

gi,d,n s((n−d
2 )+i,1d)(q/u). (5.46)
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Proof. By Lemma 5.3.4, we write

n−1∑
d=0

∑
i≥0

gi,d,n s((n−d
2 )+i,1d)(q/u) =

n−1∑
d=0

∑
i≥0

(
q(

n−d
2 )+iud + q(

n−d
2 )+i−1ud+1

)
⟨qi⟩
[
n− 2

d

]
q

=
n−1∑
d=0

ud

(∑
i≥0

q(
n−d
2 )+i⟨qi⟩

[
n− 2

d

]
q

+
∑
i≥0

q(
n−d+1

2 )+i−1⟨qi⟩
[
n− 2

d− 1

]
q

)

=
n−1∑
d=0

udq(
n−d
2 )

([
n− 2

d

]
q

+ qn−d−1
[
n− 2

d− 1

]
q

)

=
n−1∑
d=0

udq(
n−d
2 )
[
n− 1

d

]
q

,

(5.47)

where the last line is Pascal’s identity. Then apply equation (5.44).

Corollary 5.3.6. For λ a partition contained in a hook shape, the coefficients cλ,(1n) defined
by

Frob(R(∞,∞)
n ;q;u) =

∑
λ∈P (∞,∞,n)

∑
µ⊢n

cλµsλ(q/u)sµ(z) (5.48)

are given by:

cλ,(1n) =

{
gi,d,n if there exist i, d ≥ 0 such that λ = (

(
n−d
2

)
+ i, 1d),

0 otherwise.
(5.49)

Proof of Proposition 5.3.2.

1. R
(1,0)
n ↛ R

(0,1)
n : By Proposition 5.3.3(ii), cλ̂µ̂ = c(1n−1),(1n) = 1. For all n ≥ 3, λ̂ = (1n−1)

satisfies λ̂1 ≤ 1 and λ̂2 > 0.

2. R
(0,1)
n ↛ R

(1,0)
n : By Corollary 5.3.6, cλ̂µ̂ = c((n2)),(1n)

= 1. For all n ≥ 3, λ̂ = (
(
n
2

)
)

satisfies λ̂2 ≤ 0 and λ̂1 > 1.

3. R
(2,0)
n ↛ R

(0,2)
n : By Proposition 5.3.3(ii), cλ̂µ̂ = c(1n−1),(1n) = 1. For all n ≥ 4, λ̂ = (1n−1)

satisfies λ̂1 ≤ 2 and λ̂3 > 0.

4. R
(0,2)
n ↛ R

(2,0)
n : By Corollary 5.3.6, cλ̂µ̂ = c((n2)),(1n)

= 1. For all n ≥ 3, λ̂ = (
(
n
2

)
)

satisfies λ̂3 ≤ 0 and λ̂1 > 2.

5. R
(2,0)
n ↛ R

(1,1)
n : By Corollary 5.3.6, cλ̂µ̂ = c((n−2

2 ),1,1),(1n) = 1. For all n ≥ 4, λ̂ =

(
(
n−2
2

)
, 1, 1) satisfies λ̂2 ≤ 1 and λ̂3 > 0.
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6. R
(0,2)
n ↛ R

(1,1)
n : By Corollary 5.3.6, cλ̂µ̂ = c((n2)),(1n)

= 1. For all n ≥ 3, λ̂ = (
(
n
2

)
)

satisfies λ̂2 ≤ 1 and λ̂1 > 2.

7. R
(1,1)
n ↛ R

(0,2)
n : By Proposition 5.3.3(iv), cλ̂µ̂ = c(2,2,1n−5),(2,2,1n−4) = 1. For all n ≥ 5,

λ̂ = (2, 2, 1n−5) satisfies λ̂1 ≤ 3 and λ̂2 > 1.

8. R
(1,1)
n ↛ R

(2,0)
n : Lee, Li, and Loehr [72, Appendix] determine the sl(2)-string structure for

the homogeneous components of the q, t-Catalan number Cn(q, t) = ⟨Frob(R(2,0)
n ; q, t), s(1n)(z)⟩

of total degree greater than or equal to
(
n
2

)
− 9. In particular, the homogeneous com-

ponent of total degree
(
n
2

)
− 2 is shown to be s((n2)−3,1)

(q, t) + s((n2)−4,2)
(q, t) for large

enough n. This implies that cλ̂µ̂ = c((n2)−4,2),(1n)
= 1. For large enough n, λ̂ = (

(
n
2

)
−4, 2)

satisfies λ̂3 ≤ 0 and λ̂2 > 1.

5.4 Cancellation and the Hilbert series for the

symmetric group

In this section, we discuss further applications of diagonal supersymmetry for the symmetric
group. In particular, we consider the Hilbert series, and obtain a diagonal supersymmetry
result for Hilbert series in Proposition 5.4.1. Super Schur functions satisfy a cancellation
property (equation (5.16)) which has no analogue for classical Schur functions. We are able to
leverage cancellation in Proposition 5.4.2 and then explain how several conjectures or results
on symmetric functions in the literature relate to conjectures or results on the Frobenius and
Hilbert series of coinvariant rings.

The multigraded Hilbert series is defined by

Hilb(R(k,j)
n ;q;u) :=

∑
r1,...,rk,s1,...,sj≥0

dim
(
(R(k,j)

n )r1,...,rk,s1,...,sj
)
qr11 · · · q

rk
k u

s1
1 · · ·u

sj
j . (5.50)

Recall that we can recover the Hilbert series from the Frobenius series via:

⟨Frob(R(k,j)
n ;q;u), h(1n)(z)⟩ = Hilb(R(k,j)

n ;q;u). (5.51)

We give a Hilbert series version of Corollary 5.0.3.

Proposition 5.4.1. Fix a positive integer n. For partitions λ with ℓ(λ) ≤ n, there exist
nonnegative integer coefficients cλ such that for any (k, j), the multigraded Hilbert series of

R
(k,j)
n is

Hilb(R(k,j)
n ;q;u) =

∑
λ∈P (k,j,n)

cλsλ(q/u). (5.52)
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Proof. By Corollary 5.0.3,

Hilb(R(k,j)
n ;q;u) = ⟨Frob(R(k,j)

n ;q;u), h(1n)(z)⟩

=

〈 ∑
λ∈P (k,j,n)

∑
µ⊢n

cλµsλ(q/u)sµ(z), h(1n)(z)

〉
=

∑
λ∈P (k,j,n)

sλ(q/u)
∑
µ⊢n

cλµ⟨sµ(z), h(1n)(z)⟩

(5.53)

and the formula follows upon setting cλ :=
∑

µ⊢n cλµ⟨sµ(z), h(1n)(z)⟩, which is independent of
µ. Since ⟨sµ(z), h(1n)(z)⟩ and cλµ are both nonnegative integers and independent of (k, j),
the description of the cλ follows.

Now we show a general result on Frobenius and Hilbert series involving certain evaluations.

Proposition 5.4.2. For any n ≥ 1 and for any 0 ≤ m ≤ min(k, j),

(i) Frob(R
(k,j)
n ;q;u)|qk=−uj ,...,qk−m+1=−uj−m+1

= Frob(R
(k−m,j−m)
n ; q1, . . . , qk−m, u1, . . . , uj−m),

(ii) Hilb(R
(k,j)
n ;q;u)|qk=−uj ,...,qk−m+1=−uj−m+1

= Hilb(R
(k−m,j−m)
n ; q1, . . . , qk−m, u1, . . . , uj−m).

Proof. The first claim follows immediately from Corollary 5.0.3 and m applications of can-
cellation (equation (5.16)), along with restriction (equations (5.17) and (5.18)). The second
claim follows from the first after applying ⟨−, h(1n)(z)⟩.

We now discuss some connections with other results and conjectures in the literature.
Sagan–Swanson conjectured [90] and Rhoades–Wilson proved [88] that

Hilb(R(1,1)
n ; q;u) =

n∑
d=0

[d]q! Stirq(n, d)u
n−d, (5.54)

where the q-number [d]q is defined by 1+ q+ q2 + · · ·+ qd−1, the q-factorial [d]q! is defined by
[d]q[d−1]q · · · [2]q[1]q, and the q-Stirling number Stirq(n, d) is defined by the recurrence relation
Stirq(n, d) = [d]q Stirq(n− 1, d) + Stirq(n− 1, d− 1) with initial conditions Stirq(0, d) = δd,0.

We give a short proof of the following result, originally proven by Sagan—Swanson with
a sign-reversing involution.

Corollary 5.4.3 ([90, Theorem 5.5]). For n ≥ 0, we have

n∑
d=0

[d]q! Stirq(n, d)(−q)n−d = 1. (5.55)

Proof. By Proposition 5.4.2, Hilb(R
(1,1)
n ; q;u)|q=−u = Hilb(R

(0,0)
n ) = 1. The result follows by

equation (5.54).
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We briefly recall the Delta and nabla operators. The modified Macdonald polynomials
H̃λ form a basis for ΛQ(q,t), the ring of symmetric function with coefficients in Q(q, t) (see [60]
for example). Let

Bµ =
∑
c∈µ

qa
′
µ(c)tl

′
µ(c) and Tµ =

∏
c∈µ

qa
′
µ(c)tl

′
µ(c), (5.56)

where the sum or product is taken over all boxes c in the Ferrers diagram of the partition
µ. The co-arm statistic a′µ(c) is the number of boxes strictly to the left of c in µ and the
co-leg statistic l′µ(c) is the number of boxes strictly below c in µ (in the French notation for
partitions: parts are left-justified with the largest part on the bottom).

Nabla ∇ [12] is defined to be an eigenoperator on the Macdonald basis:

∇H̃µ = TµH̃µ for all µ. (5.57)

Let f be any symmetric function in ΛQ(q,t). The more general Delta operators ∆f and
∆′f [13, 53] are eigenoperators on the Macdonald basis defined by

∆fH̃µ = f [Bµ]H̃µ and ∆′fH̃µ = f [Bµ − 1]H̃µ for all µ. (5.58)

Here, f [·] denotes plethystic substitution (see for example [60]).
Zabrocki conjectured [101] that

Frob(R(2,1)
n ; q, t;u) =

n−1∑
d=0

ud∆′en−d−1
en(z). (5.59)

D’Adderio, Iraci, and Vanden Wyngaerd [36, Theorem 4.11] proved that

n−1∑
d=0

(−q)d∆′en−d−1
en(z) = ∇en(z)|q=0, (5.60)

Haiman [59] showed that Frob(R
(2,0)
n ; q, t) = ∇en(z). Combining this with Proposition 5.4.2,

we have
Frob(R(2,1)

n ; q, t;u)|q=−u = Frob(R(1,0)
n ; t) = ∇en(z)|q=0. (5.61)

So if equation (5.59) is true, then equation (5.60) follows from equation (5.61).
Moving to the level of Hilbert series, Zabrocki’s conjecture implies that

Hilb(R(2,1)
n ; q, t;u) =

n−1∑
d=0

⟨ud∆′en−d−1
en(z), h(1n)(z)⟩. (5.62)

From equation (5.60), Corteel, Josuat-Vergès, and Vanden Wyngaerd [34, equation (6)]
derived

n−1∑
d=0

⟨ud∆′en−d−1
en(z), h(1n)(z)⟩

∣∣∣∣
q=−1=−u

= [n]t!. (5.63)
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From Proposition 5.4.2, we have

Hilb(R(2,1)
n ; q, t;u)|q=−u = Hilb(R(1,0)

n ; t) = [n]t!, (5.64)

where the second equality is due to Artin [4]. So if equation (5.62) is true, then equation (5.63)
follows from equation (5.64).

D’Adderio, Iraci, and Vanden Wyngaerd [37] introduced the Theta operators Θf : ΛQ(q,t) →
ΛQ(q,t), which, like ∆f , depend on a choice of a symmetric function f ∈ ΛQ(q,t). Unlike ∆f ,

they are are not eigenoperators for the Macdonald polynomials H̃λ. Corteel, Josuat-Vergès,
and Vanden Wyngaerd [34, Section 6.4] conjectured that

⟨ΘedΘeℓ∇en−d−ℓ(z), h(1n)(z)⟩|q=−1 (5.65)

is t-positive. D’Adderio, Iraci, and Vanden Wyngaerd [37] conjectured that

Frob(R(2,2)
n ; q, t;u, v) =

∑
d,ℓ≥0,
d+ℓ<n

udvℓΘedΘeℓ∇en−d−ℓ(z), (5.66)

which implies that

Hilb(R(2,2)
n ; q, t;u, v) =

∑
d,ℓ≥0,
d+ℓ<n

udvℓ⟨ΘedΘeℓ∇en−d−ℓ(z), h(1n)(z)⟩. (5.67)

From Proposition 5.4.2, we have

Hilb(R(2,2)
n ; q, t;u, v)|q=−1=−v = Hilb(R(1,1)

n ; t;u), (5.68)

which is clearly t-positive. Thus if equation (5.67) is true, then∑
d,ℓ≥0,
d+ℓ<n

ud⟨ΘedΘeℓ∇en−d−ℓ(z), h(1n)(z)⟩|q=−1 (5.69)

is t-positive. By considering the components graded by u-degree, this would imply that
equation (5.65) is t-positive.
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Chapter 6

Universal series for dihedral group
coinvariant rings

In 1994, Alfano determined a monomial basis, bigraded Hilbert series, and bigraded Frobenius
series for the ring of diagonal dihedral group coinvariants R

(2,0)
I2(n)

. Using diagonal supersym-
metry, we determine a universal multigraded character series, universal multigraded Hilbert
series, and monomial basis for the generalization to any k sets of bosonic variables and j sets
of fermionic variables R

(k,j)
I2(n)

.

This chapter appears in [76].

6.1 Introduction

The diagonal coinvariant ring R
(2,0)
n = C[x,y]/⟨C[x,y]Sn

+ ⟩ was introduced by Haiman in
1994 [57], and has been of much interest in algebraic combinatorics since. Here x and y
respectively denote two sets of variables {x1, . . . , xn} and {y1, . . . , yn}. The defining ideal
⟨C[x,y]Sn

+ ⟩ is generated by all polynomials in C[x,y] which are invariant under the diagonal
action of Sn, with no constant term. In 1994, Haiman conjectured the dimension, bigraded
Hilbert series, and Frobenius series of R

(2,0)
n , however these resisted proof until 2002, where

he proved them using new results on the Hilbert scheme of points in the complex plane [59].

In the interim, Alfano [2] studied the related ring R
(2,0)
I2(n)

= C[x1, x2, y1, y2]/
⟨C[x1, x2, y1, y2]I2(n)+ ⟩, where I2(n) denotes the dihedral group of order 2n. This ring is

easier to study than R
(2,0)
n since every dihedral group is of rank 2, while the rank of the

symmetric group Sn grows with n. Alfano found the dimension, bigraded Hilbert series, and
bigraded character series of R

(2,0)
I2(n)

using combinatorial constructions, linear algebra, and Lie
algebra operators, without any new results in algebraic geometry.

There has been recent interest (see [6, 7, 10, 11,102]) in considering coinvariant rings with
k sets of commuting (bosonic) variables x(1), . . . ,x(k) and j sets of anticommuting (fermionic)
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variables θ(1), . . . ,θ(j). We denote this by

R
(k,j)
G = C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]/⟨C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+⟩, (6.1)

where G ⊆ GL(n) is a finite group acting diagonally on all sets of variables. In the case

where G = Sn acts by permuting variables, we write R
(k,j)
n := R

(k,j)
Sn

. Commuting variables
commute with all variables. Anticommuting variables anticommute with all anticommut-
ing variables, that is, θ

(ℓ)
i θ

(m)
j = −θ(m)

j θ
(ℓ)
i , which implies that (θ

(ℓ)
i )2 = 0. Note that

C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] comes from taking coordinates on (SymCn)⊗k ⊗ (∧Cn)⊗j.

In [74], it was shown that R
(k,j)
G is a U(gl(k|j))⊗ C[G]-module, where U(gl(k|j)) is the

universal enveloping algebra of the Lie superalgebra gl(k|j). As a consequence, for fixed n

and G ⊆ GL(n), the multigraded character series of R
(k,j)
G can be written in terms of universal

coefficients cλ,µ and super Schur functions as

Char(R
(k,j)
G ;q;u) =

∑
λ∈P (k,j,n)

∑
χµ∈IrrChar(G)

cλ,µsλ(q/u)χ
µ, (6.2)

where P (k, j, n) denotes the set of partitions λ with length ℓ(λ) ≤ n which satisfy λk+1 ≤ j,
and IrrChar(G) denotes the set of irreducible characters χµ of G. This is a general, but
abstract result, since there is no known explicit formula for all of these coefficients. In the
important case of G = Sn acting by permuting variables, the universal series is currently
known explicitly only for n ≤ 6 [11, Section 2.3].

The goal of this paper is to give explicit universal series coefficients and an explicit
monomial basis when G = I2(n). Our main object of study is

R
(k,j)
I2(n)

= C[x(1)1 , x
(1)
2 , x

(2)
1 , x

(2)
2 , . . . , x

(k)
1 , x

(k)
2 , θ

(1)
1 , θ

(1)
2 , θ

(2)
1 , θ

(2)
2 , . . . , θ

(j)
1 , θ

(j)
2 ] (6.3)

/⟨C[x(1)1 , x
(1)
2 , x

(2)
1 , x

(2)
2 , . . . , x

(k)
1 , x

(k)
2 , θ

(1)
1 , θ

(1)
2 , θ

(2)
1 , θ

(2)
2 , . . . , θ

(j)
1 , θ

(j)
2 ]

I2(n)
+ ⟩,

where, as before, the defining ideal is generated by all polynomials which are invariant under
the diagonal action of I2(n), with no constant term.

In Section 6.2, we review background. In the next three sections, we study R
(k,j)
I2(n)

for

arbitrary non-negative integers (k, j), and prove our main results. In Section 6.3, using
diagonal supersymmetry and a theorem of Alfano, we derive an explicit multigraded character
series for R

(k,j)
I2(n)

(see Section 6.2 for the definitions of the dihedral group characters χi and

χi).

Theorem 6.1.1. Let q = (q1, . . . , qk) and u = (u1, . . . , uj). The q,u-graded character series
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for R
(k,j)
I2(n)

is given by

Char(R
(k,j)
I2(n)

;q;u) = χ1 + s(1,1)(q/u)χ2 + s(n)(q/u)χ2 +

⌊n−1
2
⌋∑

i=1

(s(i)(q/u) + s(n−i)(q/u))χ
i

+

{
s(n

2
)(q/u)(χ3 + χ4) if n even,

0 if n odd.

(6.4)

In Section 6.4, as a consequence, we obtain an explicit multigraded Hilbert series for R
(k,j)
I2(n)

(Theorem 6.4.1), and determine the dimension of R
(k,j)
I2(n)

(Corollary 6.4.2). In Section 6.5, we

derive a monomial basis for R
(k,j)
I2(n)

(Theorem 6.5.2) using straightening relations.
Section 6.6 briefly remarks on the sign character and the connection with Catalan numbers

of type I. In Section 6.7, we discuss some numerological implications of these results for
specializations of (k, j) to certain small values. Appendix 6.8 contains analogous results for
the much simpler case of cyclic groups Zn.

6.2 Preliminaries

The dihedral group

The setting of the paper is G = I2(n), the dihedral group of order 2n, and we require
that n ≥ 2.1 I2(n) is the symmetry group of a regular n-gon in the real plane R2, and is
generated by the Euclidean transformations ρ, rotation by 2π/n radians counterclockwise,
and ϕ, reflection about the x-axis. Matrices for these are given by:

ρ =

[
cos 2π

n
− sin 2π

n

sin 2π
n

cos 2π
n

]
and ϕ =

[
1 0
0 −1

]
. (6.5)

Since these matrices are unitary matrices, we may take {x(1)1 , x
(1)
2 } to an orthonormal basis

for R2. The action of I2(n) can be extended homomorphically to all R[x(1)]. Since we will
use the character theory of I2(n), and its irreducible real characters are not necessarily all
irreducible over C, we will work with complex characters. So we complexify R2 to C2, and
work over C throughout. We remark that we could work more minimally over Q(ζn), where
ζn is a primitive nth root of unity.

Let ℜ(P ) denote taking the real part of a complex polynomial P . As our fundamental

I2(n)-invariants, we use (x
(1)
1 )2 + (x

(1)
2 )2 and from [2, equation (4.6)],

ℜ(x(1)1 + ix
(1)
2 )n =

⌊n
2
⌋∑

m=0

(
n

2m

)
(−1)m(x(1)1 )n−2m(x

(1)
2 )2m, (6.6)

1Sometimes the case where n = 2 is treated separately from n > 2 (for example, I2(2) ∼= S2 ×S2 is
reducible).
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where here i =
√
−1.

Dihedral group coinvariants

Fix V = C2. Note that I2(n) ⊆ GL(V ) = GL(2). Let SymV denote the symmetric algebra
on V over C and let ∧V denote the exterior algebra on V over C.

Here and throughout, let

C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] (6.7)

denote the polynomial ring C[x(1)1 , x
(1)
2 , . . . , x

(k)
1 , x

(k)
2 , θ

(1)
1 , θ

(1)
2 , . . . , θ

(j)
1 , θ

(j)
2 ]. The diagonal ac-

tion (in k sets of bosonic variables and j sets of fermionic variables) of I2(n) on C[x(1), . . . ,x(k),

θ(1), . . . ,θ(j)] is defined for any g ∈ I2(n) and polynomial P (x
(1)
1 , x

(1)
2 , . . . , x

(k)
1 , x

(k)
2 ,

θ
(1)
1 , θ

(1)
2 , . . . , θ

(j)
1 , θ

(j)
2 ) ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] by

g · P (x(1)1 , x
(1)
2 , . . . , x

(k)
1 , x

(k)
2 , θ

(1)
1 , θ

(1)
2 , . . . , θ

(j)
1 , θ

(j)
2 )

= P (g · x(1)1 , g · x(1)2 , . . . , g · x(k)1 , g · x(k)2 , g · θ(1)1 , g · θ(1)2 , . . . , g · θ(j)1 , g · θ(j)2 ).
(6.8)

Note that matrices for this action are generated by block diagonal matrices with k + j blocks
of the matrices for ρ and ϕ given in equation (6.5).

Dihedral group characters

We recall the dihedral group irreducible characters (see for example [67, Chapter 18.3]). We
use the group presentation I2(n) = ⟨ρ, ϕ | ρn = ϕ2 = 1, ϕ−1ρϕ = ρ−1⟩. The 1-dimensional
irreducible characters are:

• χ1 defined by χ1(ρ) = 1 and χ1(ϕ) = 1,

• χ2 defined by χ2(ρ) = −1 and χ2(ϕ) = 1,

and if and only if n is even,

• χ3 defined by χ3(ρ) = 1 and χ3(ϕ) = −1,

• χ4 defined by χ4(ρ) = −1 and χ4(ϕ) = −1.

The 2-dimensional irreducible characters are, for 1 ≤ h ≤ ⌊n−1
2
⌋:

• χh defined by χh(ρ) = 2 cos(2hπ
n
) and χh(ϕ) = 0.

These constitute the complete list of irreducible characters.

Remark 6.2.1. The definition of the 2-dimensional characters may be extended to for
1 ≤ h ≤ n− 1:
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• χh defined by χh(ρ) = 2 cos(2hπ
n
) and χh(ϕ) = 0.

Then χi and χn−i are isomorphic, and when n is even, the character χ
n
2 is reducible with

χ
n
2 = χ3 + χ4.

Dihedral group polarization operators

Define polarization operators for ℓ ∈ {1, . . . , k − 1} by

Eℓ :=
2∑

i=1

x
(ℓ+1)
i ∂

x
(ℓ)
i
, (6.9)

for k,

Ek :=
2∑

i=1

θ
(1)
i ∂

x
(k)
i
, (6.10)

and for ℓ ∈ {k + 1, . . . , k + j − 1},

Eℓ :=
2∑

i=1

θ
(ℓ−k+1)
i ∂

θ
(ℓ−k)
i

, (6.11)

which are all diagonal invariant under the action of I2(n); this is shown for E1 in [2, Section
IV.C], and the same argument holds for the others.

The operators in equations (6.9-6.11) generate the Lie superalgebra sl(k|j) [32, Section
5.2.1].

Super Schur functions

A super Schur function sλ(q/u) is defined by

sλ(q/u) =
∑
ν⊆λ

sν(q)sλ′/ν′(u), (6.12)

where λ′ denotes the transpose of the partition λ (see for example [32, Sections A.2.2 and
3.2]).

A special case that we use often is

s(n)(q/u) =
n∑

i=0

s(n−i)(q)s(1i)(u), (6.13)

where (0) means the empty partition ∅.
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Diagonal supersymmetry

We recall the “diagonal supersymmetry” theorem, which was previewed in equation (6.2).

Theorem 6.2.2 ( [74, Theorem 1.2]). Fix a positive integer n and a finite group G ⊂
GL(n). For partitions λ with ℓ(λ) ≤ n, and indices µ of irreducible G-characters, there exist
nonnegative integer coefficients cλ,µ such that for any (k, j), the multigraded character series

of R
(k,j)
G is

Char(R
(k,j)
G ;q;u) =

∑
λ∈P (k,j,n)

∑
χµ∈IrrChar(G)

cλ,µsλ(q/u)χ
µ. (6.14)

By specializing to dihedral groups, the multigraded character series of R
(k,j)
I2(n)

is a sum of

super Schur functions times I2(n)-characters.

Theorem 6.2.3. Fix an integer n ≥ 2. For partitions λ with ℓ(λ) ≤ 2, and irreducible
I2(n)-characters χ

µ, there exist nonnegative integer coefficients cλ,µ such that for any (k, j),

the multigraded character series of R
(k,j)
I2(n)

is

Char(R
(k,j)
I2(n)

;q;u) =
∑

λ∈P (k,j,2)

∑
χµ∈IrrChar(I2(n))

cλ,µsλ(q/u)χ
µ. (6.15)

In particular, the condition λ ∈ P (k, j, 2) means that ℓ(λ) ≤ 2 and λk+1 ≤ j.

6.3 The multigraded character series

In this section, we derive a multigraded character series for R
(k,j)
I2(n)

. Alfano [2, equation (4.18)]

recorded the singly graded character of R
(1,0)
I2(n)

as the following graded version of the regular
representation:

Char(R
(1,0)
I2(n)

; q) = χ1 + qnχ2 +

⌊n−1
2
⌋∑

i=1

(qi + qn−i)χi +

{
q

n
2 (χ3 + χ4) if n even,

0 if n odd.
(6.16)

Alfano [2, Chapter IV.C] applied the polarization operators E0
1 , E

1
1 , . . . , E

i
1 to any bigraded

component (R
(2,0)
I2(n)

)i,0 to generate an sl(2)-string of modules (R
(2,0)
I2(n)

)i,0, (R
(2,0)
I2(n)

)i−1,1, . . . ,

(R
(2,0)
I2(n)

)0,i. By looking at dimensions, the only bidegree not fully accounted for by this process

is (1, 1). The extra basis element in bidegree (1, 1) spans a 1-dimensional module with
bigraded character qtχ2. Thus Alfano concluded the following.
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Theorem 6.3.1 ([2, equation (4.19)]). The bigraded character of R
(2,0)
I2(n)

is given by

Char(R
(2,0)
I2(n)

; q, t) = χ1 + qtχ2 +
n∑

i=0

qn−itiχ2 +

⌊n−1
2
⌋∑

i=1

i∑
h=0

qi−hthχi +

⌊n−1
2
⌋∑

i=1

n−i∑
h=0

qn−i−hthχi

+

{∑n
2
i=0 q

n
2
−iti(χ3 + χ4) if n even,

0 if n odd.

(6.17)

We are ready to prove our first main result.

Theorem 6.1.1. Let q = (q1, . . . , qk) and u = (u1, . . . , uj). The q,u-graded character series

for R
(k,j)
I2(n)

is given by

Char(R
(k,j)
I2(n)

;q;u) = χ1 + s(1,1)(q/u)χ2 + s(n)(q/u)χ2 +

⌊n−1
2
⌋∑

i=1

(s(i)(q/u) + s(n−i)(q/u))χ
i

+

{
s(n

2
)(q/u)(χ3 + χ4) if n even,

0 if n odd.

(6.18)

Remark 6.3.2. Using the notation from Remark 6.2.1, we can write the character series
more succinctly as

Char(R
(k,j)
I2(n)

;q;u) = χ1 + s(1,1)(q/u)χ2 + s(n)(q/u)χ2 +
n−1∑
i=1

s(i)(q/u)χ
i. (6.19)

Proof of Theorem 6.1.1. First observe that equation (6.17) can be rewritten in terms of Schur
functions (which are a special case of super Schur functions) as

Char(R
(2,0)
I2(n)

; q, t) = χ1 + s(1,1)(q, t)χ2 + s(n)(q, t)χ2 +

⌊n−1
2
⌋∑

i=1

(s(i)(q, t) + s(n−i)(q, t))χ
i

+

{
s(n

2
)(q, t)(χ3 + χ4) if n even,

0 if n odd.

(6.20)

This determines the coefficients cλ,µ in equation (6.15) for all λ ∈ P (2, 0, 2), i.e., for all λ
which satisfy ℓ(λ) ≤ 2, and for all χµ. Recall that we require n ≥ 2. Explicitly, for ℓ(λ) ≤ 2
we have:

• if λ = ∅ and χµ = χ1, then cλ,µ = 1;

• if λ = (1, 1) and χµ = χ2, then cλ,µ = 1;
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• if λ = (n) and χµ = χ2, then cλ,µ = 1;

• if n is even, if λ = (n
2
) and χµ = χ3, then cλ,µ = 1;

• if n is even, if λ = (n
2
) and χµ = χ4, then cλ,µ = 1;

• if λ = (i) for i ∈ {1, . . . , ⌊n−1
2
⌋} and χµ = χi, then cλ,µ = 1;

• if λ = (n− i) for i ∈ {1, . . . , ⌊n−1
2
⌋} and χµ = χi, then cλ,µ = 1;

• otherwise cλ,µ = 0.

The question which remains is if we have found all of the coefficients cλ,µ which appear in the
universal series in equation (6.15). The condition λ ∈ P (k, j, 2) means λ such that ℓ(λ) ≤ 2
and λk+1 ≤ j, so since we already determined all cλ,µ for all λ which satisfy ℓ(λ) ≤ 2, there
are no additional coefficients left to determine. Hence expanding equation (6.15) with the
coefficients we have determined completes the proof.

6.4 The multigraded Hilbert series

In this section, we derive the Hilbert series of R
(k,j)
I2(n)

. The following theorem was first

shown by Alfano [2, equation (4.17)] for k = 2 and j = 0. It was then generalized by
Bergeron [9, Theorem 2.3 and equation (30)] to arbitrary k with j = 0.

Theorem 6.4.1. Let q = (q1, . . . , qk) and u = (u1, . . . , uj). The q,u-graded Hilbert series

for R
(k,j)
I2(n)

is given by

Hilb(R
(k,j)
I2(n)

;q;u) = 1 + s(1,1)(q/u) + s(n)(q/u) + 2
n−1∑
i=1

s(i)(q/u). (6.21)

Proof. This follows immediately from Theorem 6.1.1 and the fact that the characters
χ1, χ2, χ3, χ4 are 1-dimensional, and the characters χi are 2-dimensional.

By specializing the Hilbert series at q1, . . . , qk, u1, . . . , uj = 1, we obtain a formula for the

dimension of R
(k,j)
I2(n)

.

Corollary 6.4.2. The dimension of R
(k,j)
I2(n)

is given by

1+

(
k

2

)
+kj+

(
j + 1

2

)
+

n∑
h=0

(
j

h

)(
k + n− h− 1

n− h

)
+2

n−1∑
i=1

i∑
h=0

(
j

h

)(
k + i− h− 1

i− h

)
. (6.22)
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Proof. Consider the Hilbert series given in Theorem 6.4.1. Recall the Schur function special-
izations

s(1m)(q)|q1,...,qk=1 =

(
k

m

)
and s(m)(q)|q1,...,qk=1 =

(
k +m− 1

m

)
. (6.23)

Then we obtain the super Schur function specializations

s(m)(q/u)|q1,...,qk,u1,...,uj=1 =
m∑
ℓ=0

(
k + ℓ− 1

ℓ

)(
j

m− ℓ

)
, (6.24)

and

s(1m)(q/u)|q1,...,qk,u1,...,uj=1 =
m∑
ℓ=0

(
k

ℓ

)(
j +m− ℓ− 1

m− ℓ

)
. (6.25)

Specializing the Hilbert series at q1, . . . , qk, u1, . . . , uj = 1 proves the claim.

6.5 A monomial basis

In this section, we derive a monomial basis for R
(k,j)
I2(n)

. In lieu of determining the I2(n)-

invariants of the polynomial ring C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)], we list some elements of I
(k,j)
I2(n)

which we will use as straightening relations in the quotient ring R
(k,j)
I2(n)

.

Proposition 6.5.1. The following elements are in the ideal I
(k,j)
I2(n)

:

{x(h)1 x
(i)
1 + x

(h)
2 x

(i)
2 | 1 ≤ h ≤ i ≤ k} ∪ {x(h)1 θ

(i)
1 + x

(h)
2 θ

(i)
2 | 1 ≤ h ≤ k, 1 ≤ i ≤ j}

∪ {θ(h)1 θ
(i)
1 + θ

(h)
2 θ

(i)
2 | 1 ≤ h < i ≤ j}

∪ {(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βj |α1 + · · ·+ αk + β1 + · · ·+ βj = n},

(6.26)

where the αi are nonnegative integers and the βi are 0 or 1.

Proof. The set {(x(1)1 )2 + (x
(1)
2 )2,ℜ(x(1)1 + ix

(1)
2 )n} is a minimal set of generators of I

(1,0)
I2(n)

.

Using equation (6.6), since (x
(1)
1 )2 ≡ −(x(1)2 )2 (mod I

(1,0)
I2(n)

), the invariant ℜ(x(1)1 + ix
(1)
2 )n can

be replaced by (x
(1)
1 )n. Thus {(x(1)1 )2 + (x

(1)
2 )2, (x

(1)
1 )n} is also a minimal set of generators for

I
(1,0)
I2(n)

.2

Applying all sequences of operators Eℓ from equations (6.9-6.11) to (x
(1)
1 )2 + (x

(1)
2 )2 gives

the sets

{x(h)1 x
(i)
1 + x

(h)
2 x

(i)
2 | 1 ≤ h ≤ i ≤ k}, (6.27)

{x(h)1 θ
(i)
1 + x

(h)
2 θ

(i)
2 | 1 ≤ h ≤ k, 1 ≤ i ≤ j}, (6.28)

{θ(h)1 θ
(i)
1 + θ

(h)
2 θ

(i)
2 | 1 ≤ h < i ≤ j}. (6.29)

2Here and throughout, whenever we are considering I
(0,j)
I2(n)

or R
(0,j)
I2(n)

, if we use I
(1,0)
I2(n)

or R
(1,0)
I2(n)

in a proof,

we can first construct I
(1,j)
I2(n)

or R
(1,j)
I2(n)

and then restrict to the desired ideal or ring.
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Regarding equation (6.29), the operators must be applied in a certain order to avoid squaring

any fermionic variables. Specifically, apply Ek+i−1 · · ·E1 to (x
(1)
1 )2 + (x

(1)
2 )2 to yield x

(1)
1 θ

(i)
1 +

x
(1)
2 θ

(i)
2 . Then apply Ek+h−1 · · ·E1 to yield θ

(h)
1 θ

(i)
1 + θ

(h)
2 θ

(i)
2 .

Similarly, applying all sequences of operators Eℓ to (x
(1)
1 )n gives the set

{(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βj |α1+ · · ·+αk+β1+ · · ·+βj = n, αi ∈ Z≥0, βi ∈ {0, 1}}.

(6.30)

Since (x
(1)
1 )2 + (x

(1)
2 )2 and (x

(1)
1 )n are in I

(k,j)
I2(n)

and the operators Eℓ are I2(n)-invariant,

the polynomials in equations (6.27-6.30) are in the ideal I
(k,j)
I2(n)

.

Now we find a monomial basis for R
(k,j)
I2(n)

.

Theorem 6.5.2. A monomial basis B
(k,j)
I2(n)

for the coinvariant ring R
(k,j)
I2(n)

is given by:

{(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βj | 0 ≤ α1 + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1}

∪
k⋃

i=1

{(x(i)1 )αi · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βjx

(i)
2 | 0 ≤ αi + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1}

∪
j⋃

i=1

{(θ(i+1)
1 )βi+1 · · · (θ(j)1 )βjθ

(i)
2 | 0 ≤ βi+1 + · · ·+ βj ≤ n− 1}

∪ {x(h)1 x
(i)
2 | 1 ≤ h < i ≤ k} ∪ {x(h)1 θ

(i)
2 | 1 ≤ h ≤ k, 1 ≤ i ≤ j} ∪ {θ(h)1 θ

(i)
2 | 1 ≤ h ≤ i ≤ j},

(6.31)
where the αi are nonnegative integers and the βi are 0 or 1.

Proof. The main idea of the proof is to describe straightening relations, which will allow us
to construct the desired spanning set. Then we show that the spanning set is a basis by
showing that it has the correct dimension.

The following identities are elements in the ideal I
(k,j)
I2(n)

, by Proposition 6.5.1:

x
(ℓ)
1 (x

(h)
2 x

(i)
1 − x

(h)
1 x

(i)
2 ) = x

(h)
2 (x

(ℓ)
1 x

(i)
1 + x

(ℓ)
2 x

(i)
2 )− x(i)2 (x

(ℓ)
1 x

(h)
1 + x

(ℓ)
2 x

(h)
2 ), (6.32)

θ
(ℓ)
1 (x

(h)
2 x

(i)
1 − x

(h)
1 x

(i)
2 ) = x

(h)
2 (θ

(ℓ)
1 x

(i)
1 + θ

(ℓ)
2 x

(i)
2 )− x(i)2 (θ

(ℓ)
1 x

(h)
1 + θ

(ℓ)
2 x

(h)
2 ), (6.33)

x
(ℓ)
1 (x

(h)
2 θ

(i)
1 − x

(h)
1 θ

(i)
2 ) = x

(h)
2 (x

(ℓ)
1 θ

(i)
1 + x

(ℓ)
2 θ

(i)
2 )− θ(i)2 (x

(ℓ)
1 x

(h)
1 + x

(ℓ)
2 x

(h)
2 ), (6.34)

θ
(ℓ)
1 (x

(h)
2 θ

(i)
1 − x

(h)
1 θ

(i)
2 ) = x

(h)
2 (θ

(ℓ)
1 θ

(i)
1 + θ

(ℓ)
2 θ

(i)
2 )− (θ

(ℓ)
1 x

(h)
1 + θ

(ℓ)
2 x

(h)
2 )θ

(i)
2 , (6.35)

x
(ℓ)
1 (θ

(h)
2 θ

(i)
1 − θ

(h)
1 θ

(i)
2 ) = θ

(h)
2 (x

(ℓ)
1 θ

(i)
1 + x

(ℓ)
2 θ

(i)
2 )− (x

(ℓ)
1 θ

(h)
1 + x

(ℓ)
2 θ

(h)
2 )θ

(i)
2 , (6.36)

θ
(ℓ)
1 (θ

(h)
2 θ

(i)
1 − θ

(h)
1 θ

(i)
2 ) = −θ(h)2 (θ

(ℓ)
1 θ

(i)
1 + θ

(ℓ)
2 θ

(i)
2 )− (θ

(ℓ)
1 θ

(h)
1 + θ

(ℓ)
2 θ

(h)
2 )θ

(i)
2 . (6.37)

We establish the following straightening rules:
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(A) {x(h)1 x
(i)
1 + x

(h)
2 x

(i)
2 | 1 ≤ h ≤ i ≤ k} ∪ {x(h)1 θ

(i)
1 + x

(h)
2 θ

(i)
2 | 1 ≤ h ≤ k, 1 ≤ i ≤ j} ∪

{θ(h)1 θ
(i)
1 + θ

(h)
2 θ

(i)
2 | 1 ≤ h < i ≤ j} ⊆ I

(k,j)
I2(n)

allows us to re-express any monomial

M ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] modulo I
(k,j)
I2(n)

as a monomial of total degree no

greater than 1 in {x(1)2 , . . . , x
(k)
2 , θ

(1)
2 , . . . , θ

(j)
2 }.

(B) {(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βj |α1 + · · ·+ αk + β1 + · · ·+ βj = n, αi ∈ Z≥0, βi ∈

{0, 1}} ⊆ I
(k,j)
I2(n)

allows us to re-express any monomialM ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]

modulo I
(k,j)
I2(n)

as a monomial of total degree no greater than n − 1 in {x(1)1 , . . . , x
(k)
1 ,

θ
(1)
1 , . . . , θ

(j)
1 }.

(C) For any monomialM ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] which has as a factor x
(ℓ)
1 (x

(h)
1 x

(i)
2 )

for some ℓ and h < i, then modulo I
(k,j)
I2(n)

we can re-express that factor within M as

x
(ℓ)
1 (x

(h)
2 x

(i)
1 ), by equation (6.32). Similarly, for any monomial M which has as a factor

θ
(ℓ)
1 (x

(h)
1 x

(i)
2 ) for some ℓ and h < i, then modulo I

(k,j)
I2(n)

we can re-express that factor

within M as θ
(ℓ)
1 (x

(h)
2 x

(i)
1 ), by equation (6.33).

(D) For any monomialM ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] which has as a factor x
(ℓ)
1 (x

(h)
1 θ

(i)
2 )

for some ℓ, then modulo I
(k,j)
I2(n)

we can re-express that factor within M as x
(ℓ)
1 (x

(h)
2 θ

(i)
1 ),

by equation (6.34). Similarly, for any monomial M which has as a factor θ
(ℓ)
1 (x

(h)
1 θ

(i)
2 )

for some ℓ, then modulo I
(k,j)
I2(n)

we can re-express that factor within M as θ
(ℓ)
1 (x

(h)
2 θ

(i)
1 ),

by equation (6.35).

(E) For any monomial M ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] which has as a factor x
(ℓ)
1 (θ

(h)
1 θ

(i)
2 )

for some ℓ and h < i, then modulo I
(k,j)
I2(n)

we can re-express that factor within M as

x
(ℓ)
1 (θ

(h)
2 θ

(i)
1 ), by equation (6.36). Similarly, for any monomial M which has as a factor

θ
(ℓ)
1 (θ

(h)
1 θ

(i)
2 ) for some ℓ and h < i, then modulo I

(k,j)
I2(n)

we can re-express that factor

within M as θ
(ℓ)
1 (θ

(h)
2 θ

(i)
1 ), by equation (6.37).

(F) For any monomial M ∈ C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)] which has as a factor θ
(ℓ)
1 (θ

(i)
1 θ

(i)
2 )

for some ℓ, then modulo I
(k,j)
I2(n)

we can re-express that factor within M as θ
(ℓ)
1 (θ

(i)
2 θ

(i)
1 ),

by equation (6.37) specialized at h = i. On the other hand, θ
(ℓ)
1 (θ

(i)
1 θ

(i)
2 ) = −θ(ℓ)1 (θ

(i)
2 θ

(i)
1 )

by directly swapping the order of the anticommuting variables. Together, these imply
that θ

(ℓ)
1 (θ

(i)
2 θ

(i)
1 ) must be 0 modulo I

(k,j)
I2(n)

, so M = 0 modulo I
(k,j)
I2(n)

.

First, note the spanning set should contain a monomial (x
(1)
1 )α1 · · · (x(k)1 )αk(θ

(1)
1 )β1 · · · (θ(j)1 )βj

for each choice of nonnegative integers α1, . . . , αk and β1, . . . , βj ∈ {0, 1} such that 0 ≤
α1 + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1 because of (B). While there might be no variables from

{x(1)2 , . . . , x
(k)
2 , θ

(1)
2 , . . . , θ

(j)
2 } present, there could also be one, say x

(1)
2 , of degree 1, due to (A).
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Thus in the spanning set we include

{(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βj | 0 ≤ α1 + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1}, (6.38)

and

{(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βjx

(1)
2 | 0 ≤ α1 + · · ·+αk + β1 + · · ·+ βj ≤ n− 1}. (6.39)

In most circumstances, we will be able to swap for a different choice of the variable x
(i)
2

(to lower i) due to (C), (D), and (E). The exceptions to (C) occur when x
(h)
1 x

(i)
2 appears

alone, so we must also include these monomials in the spanning set:

{x(h)1 x
(i)
2 | 1 ≤ h < i ≤ k}. (6.40)

The exceptions to (D) occur when x
(h)
1 θ

(i)
2 appears alone, so we must also include these

monomials in the spanning set:

{x(h)1 θ
(i)
2 | 1 ≤ h ≤ k, 1 ≤ i ≤ j}. (6.41)

The exceptions to (E) occur when θ
(h)
1 θ

(i)
2 appears alone, so we must also include these

monomials in the spanning set:

{θ(h)1 θ
(i)
2 | 1 ≤ h < i ≤ j}. (6.42)

Now we can reduce the problem repeatedly, as there are no more monomials needed left
with a variable x

(1)
1 or x

(1)
2 . As we already took care of all monomials with no x

(i)
2 variables,

we are left to consider

{(x(2)1 )α2 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βjx

(2)
2 | 0 ≤ α2 + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1},

{(x(3)1 )α3 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βjx

(3)
2 | 0 ≤ α3 + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1},

. . .

{(x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βjx

(k)
2 | 0 ≤ αk + β1 + · · ·+ βj ≤ n− 1}.

(6.43)

Now at this point, there are no more monomials needed left with a variable x
(ℓ)
1 or x

(ℓ)
2 for

any ℓ. We are left to consider monomials consisting of only fermionic variables which must
contain some variable θ

(ℓ)
2 . By (F), when θ

(i)
1 θ

(i)
2 appears alone, we must also include these

monomials in the spanning set:
{θ(i)1 θ

(i)
2 | 1 ≤ i ≤ j}. (6.44)

Going forwards, we cannot have θ
(ℓ)
1 θ

(ℓ)
2 appearing in a monomial, as by (F) it will reduce to

0 or be one of the monomials we already included. Thus we are left to progressively consider

{(θ(2)1 )β2 · · · (θ(j)1 )βjθ
(1)
2 | 0 ≤ β2 + · · ·+ βj ≤ n− 1},

{(θ(3)1 )β3 · · · (θ(j)1 )βjθ
(2)
2 | 0 ≤ β3 + · · ·+ βj ≤ n− 1},

. . .

{(θ(j)1 )βjθ
(j−1)
2 | 0 ≤ βj ≤ n− 1},

{θ(j)2 }.

(6.45)
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Taking the union of all of these sets in equations (6.38-6.45) shows that the claimed basis is
a spanning set.

We will show that the spanning set is a basis by showing that its cardinality matches the
dimension of R

(k,j)
I2(n)

from Corollary 6.4.2. We will show this by induction on n. For fixed k, j,

let Pn denote the cardinality given in equation (6.22), and the induction hypothesis is that
the cardinality of the spanning set in equation (6.31) is equal to Pn.

For the base case of n = 2, a direct computation shows that both P2 and the cardinality
of the spanning set are

1 + 2k + 2j + 2kj +

(
k

2

)
+

(
k + 1

2

)
+

(
j

2

)
+

(
j + 1

2

)
. (6.46)

For the inductive step, we calculate

Pn+1 − Pn =
n+1∑
h=0

(
j

h

)(
k + n− h
n+ 1− h

)
+

n∑
h=0

(
j

h

)(
k + n− h− 1

n− h

)
. (6.47)

Let us label the constituent sets in equation (6.31) which depend on n:

An = {(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βj | 0 ≤ α1+ · · ·+αk+β1+ · · ·+βj ≤ n−1} (6.48)

Bn =
k⋃

i=1

{(x(i)1 )αi · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βjx

(i)
2 | 0 ≤ αi + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1}

(6.49)

Cn =

j⋃
i=1

{(θ(i+1)
1 )βi+1 · · · (θ(j)1 )βjθ

(i)
2 | 0 ≤ βi+1 + · · ·+ βj ≤ n− 1} (6.50)

We compute the set differences between n+ 1 and n, finding that

An+1 \An = {(x(1)1 )α1 · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βj |α1+ · · ·+αk+β1+ · · ·+βj = n}, (6.51)

Bn+1 \Bn =
k⋃

i=1

{(x(i)1 )αi · · · (x(k)1 )αk(θ
(1)
1 )β1 · · · (θ(j)1 )βjx

(i)
2 |αi + · · ·+ αk + β1 + · · ·+ βj = n},

(6.52)

Cn+1 \ Cn =

j⋃
i=1

{(θ(i+1)
1 )βi+1 · · · (θ(j)1 )βjθ

(i)
2 | βi+1 + · · ·+ βj = n}. (6.53)

Counting with stars and bars arguments, their cardinalities are

|An+1 \ An| =
n∑

h=0

(
j

h

)(
k − 1 + n− h

n− h

)
, (6.54)
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|Bn+1 \Bn| =
k∑

i=1

n∑
h=0

(
j

h

)(
k − i+ n− h

n− h

)
, (6.55)

which by reversing the order of summation and the hockey-stick identity simplifies to

|Bn+1 \Bn| =
n∑

h=0

(
j

h

)(
k + n− h
n− h− 1

)
. (6.56)

We compute that

|Cn+1 \ Cn| =
j∑

i=1

(
j − i
n

)
=

(
j

n+ 1

)
. (6.57)

Note that equations (6.56) and (6.57) can be combined to give

n+1∑
h=0

(
j

h

)(
k + n− h
n− h− 1

)
, (6.58)

hence their sum with equation (6.54) equals equation (6.47). Thus the spanning set has
cardinality Pn for all n ≥ 2, and hence must be a basis.

Remark 6.5.3. It is possible to prove the main results without using diagonal supersymmetry,
generalizing the method in [2, Chapter IV].

Using a certain form where multiplication is adjoint to differentiation, one can define a
space of diagonal harmonics in k sets of bosonic variables and j sets of fermionic variables
(see [96, Section 2] and [97, Section 2]). This harmonic space is isomorphic to the coinvariant

ring R
(k,j)
I2(n)

as a multigraded I2(n)-module.

First, derive the monomial basis for R
(k,j)
I2(n)

(Theorem 6.5.2) by constructing a spanning set,
and then construct enough linearly independent harmonics in the harmonic space isomorphic
to R

(k,j)
I2(n)

. Second, enumerate each graded component of the basis to determine the explicit

multigraded Hilbert series for R
(k,j)
I2(n)

(Theorem 6.4.1). Finally, apply the polarization operators

Eℓ to Alfano’s formula for the bigraded character series of R
(2,0)
I2(n)

in equation (6.17) to derive

the explicit multigraded character series for R
(k,j)
I2(n)

(Theorem 6.1.1).

6.6 The sign character

The sign character, which is χ2 in our notation, is of particular interest, so we briefly record
its multigraded multiplicity in R

(k,j)
I2(n)

. The dimension of the sign character of R
(2,0)
W defines the

Catalan numbers of type W , for any finite Coxeter group W , and the q, t-graded dimension
of the sign character defines the q, t-Catalan numbers of type W . Denote the latter by
Cat(W ; q, t). See [57, Section 7] and [94] for a discussion of what is conjectured and known
for different groups W .
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Define
[n]q,t := qn−1 + qn−2t+ · · ·+ qtn−2 + tn−1. (6.59)

From Alfano’s formula for the q, t-graded character series of R
(2,0)
I2(n)

[2], we can extract the
q, t-graded multiplicity of the sign character as

Cat(I2(n); q, t) = [n+ 1]q,t + qt = s(n)(q, t) + s(1,1)(q, t), (6.60)

which is also given in [94, Corollary 3].
More generally, for arbitrary (k, j), denote the q,u-graded multiplicity of the sign character

of R
(k,j)
W by Cat(W ;q;u),3 where as usual, q = q1, . . . , qk and u = u1, . . . , uj. Then from

Theorem 6.1.1, we immediately get that

Cat(I2(n);q;u) = s(n)(q/u) + s(1,1)(q/u). (6.61)

6.7 Numerology

In this section, we discuss various specializations of the dimension of R
(k,j)
G to some small

values of (k, j), using Corollary 6.4.2 to get formulas for the dimension of R
(k,j)
I2(n)

. See Figure 6.1

for some values of dim(R
(k,j)
I2(n)

).

There is interest in establishing formulas that are type-invariant (either for all types, or
for at least some types) depending on information on G. For example, it is a classical result

that dim(R
(1,0)
G ) = |G| if and only if G is a finite reflection group. See Figure 6.2 for some

example dimension formulas, which are known or conjectured to hold for both types A and I.
Haiman [57] observed that dim(R

(2,0)
W ) ≥ (h+ 1)r, where h denotes the Coxeter number

and r denotes the rank for many finite Coxeter groups W . This inequality was proven by
Gordon [47] for all Weyl groups W . Alfano showed that equality holds for type I, where

dim(R
(2,0)
I2(n)

) = (n+ 1)2. When W = Bn, equality holds for n = 2, 3, while for n ≥ 4, Haiman

conjectured and Ajila–Griffeth [1] proved that dim(R
(2,0)
Bn

) > (2n+ 1)n. For W an irreducible
complex reflection group with order greater than 2 reflections, the lower bound was further
improved by Griffeth [50].

Zabrocki [102] observed that dim(R
(1,1)
W ) is the order of Σ(W,S), the Coxeter complex

of W , for small n for W = Sn, W = Bn, W = Dn, and W = I2(n). This was proven in
type A by Rhoades and Wilson [88] and in type B by Bhattacharya [17]. Rhoades and
Swanson calculated that this is not true for W = F4. Specializing Corollary 6.4.2, we find
that dim(R

(1,1)
I2(n)

) = 4n+ 1, which is the order of the Coxeter complex of I2(n).

It is not hard to see that dim(R
(0,1)
W ) = 2r; for example, this was noted by Machacek

and Zabrocki [79] for type A. A type-independent proof follows as a corollary from the

3Note that Cat(W ; q, t) is recovered, when k ≥ 2, by setting all but two of the qi to zero and all of the ui

to zero. Specializing this with all variables to 1 is not in general a Catalan number of type W .
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k
j

0 1 2

0 4 ≤ 10
1 2n 4n+ 1 8n
2 (n+ 1)2 2(n2 + n+ 2) 4n2 + 9

3 2n3+9n2+13n+18
6

2n3+6n2+7n+21
3

4n3+6n2+8n+36
3

4 n4+8n3+23n2+28n+72
12

n4+6n3+14n2+15n+66
6

n4+4n3+8n2+8n+51
3

k
j

3 4

0 ≤ 21 ≤ 41
1 ≥ 16n− 8 ≥ 32n− 35
2 8n2 − 8n+ 20 ≤ 16n2 − 32n+ 50

3 8n3+16n+51
3

16n3−24n2+56n+48
3

4 2n4+4n3+10n2+8n+72
3

4n4+20n2+99
3

Figure 6.1: Some polynomial dimension formulas for R
(k,j)
I2(n)

for 0 ≤ k, j ≤ 4. When j − k ≥ 2,
the dimensions eventually stabilize to the listed values as n→∞. All formulas are obtained
by specializing Corollary 6.4.2.

k
j

0 1 2

0 2r
(
2r+1
r

)
1 |W | |Σ(W,S)| 2r|W |
2 (h+ 1)r

Figure 6.2: Known or conjectured dimension formulas for R
(k,j)
W for types A and I together.

The entries for (1, 0), (0, 1), and (0, 2) are type invariant for all finite Coxeter groups. The
entries for (2, 0), (1, 1), and (1, 2) are known or expected to not necessarily hold for all types,
but are known or expected to hold for both types A and I.
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work of Kim and Rhoades [69] on R
(0,2)
W , by setting one set of variables to zero. Specializing

Corollary 6.4.2, we find that dim(R
(0,1)
I2(n)

) = 4.

Kim and Rhoades [69] showed that dim(R
(0,2)
W ) =

(
2r+1
r

)
, for any irreducible complex

reflection group W . Since I2(2) is reducible, when n > 2, this agrees with specializing

Corollary 6.4.2, which says that dim(R
(k,j)
I2(n)

) = 10 =
(
5
2

)
.

In [73], it was observed that for small n, dim(R
(1,2)
W ) = 2r|W | for W = Sn or Bn and

conjectural bases were constructed which give those enumerations. Specializing Corollary 6.4.2,
we find that dim(R

(1,2)
I2(n)

) = 8n = 22|I2(n)|. Contrast with [87], where the Hilbert series of

the defining ideal I
(1,2)
I2(n)

was found: since with multiple sets of variables I2(n) does not act by

reflections, neither the Hilbert series of R
(1,2)
I2(n)

nor I
(1,2)
I2(n)

directly implies the other.

Haiman observed that for small n, dim(R
(3,0)
n ) = 2n(n+1)n−2. Note that for W = I2(6) =

G2, the factorization dim(R
(3,0)
I2(6)

) = 142 = 2 · 71 does not seem to readily mesh with Haiman’s

conjecture on R
(3,0)
n in a type-independent way.

6.8 Cyclic groups

In this appendix we concisely derive analogous results for the cyclic group. Let Zn denote
the cyclic group of order n. As this is a rank 1 complex reflection group, each set of
variables only has one variable, so we dispense with the superscripts, and consider the ring
R

(k,j)
Zn

= C[x1, . . . , xk, θ1, . . . , θj]/⟨C[x1, . . . , xk, θ1, . . . , θj]Zn
+ ⟩. The action of Zn on xi is given

by g · xi = ζgnxi and on θi by g · θi = ζgnθi for g ∈ Zn = {0, 1, . . . , n − 1}, where ζn = e2πi/n

is a primitive nth root of unity. The generators and relations for Zn may be written as
⟨a | an = 1⟩. The irreducible characters of Zn are:

• χi defined by χi(a
ℓ) = ζ iℓn for i ∈ {0, . . . , n− 1}.

We determine the multigraded character series.

Theorem 6.8.1. Let q = (q1, . . . , qk) and u = (u1, . . . , uj). The q,u-graded character series

for R
(k,j)
Zn

is given by

Char(R
(k,j)
Zn

;q;u) =
n−1∑
i=0

s(i)(q/u)χi. (6.62)

Proof. It is straightforward to show that R
(1,0)
Zn

= C[x1]/(xn1 ), with monomial basis

{1, x1, x21, . . . , xn−11 }. Then the singly graded character of R
(1,0)
Zn

is the following graded
version of the regular representation:

Char(R
(1,0)
Zn

; q) =
n−1∑
i=0

qiχi. (6.63)
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Since each set of variables has only one variable in it, then diagonal supersymmetry
(Theorem 6.2.2) says that for partitions λ with ℓ(λ) ≤ 1, and indices µ of irreducible Zn-
characters, there exist nonnegative integer coefficients cλ,µ such that for any (k, j), the

multigraded character series of R
(k,j)
Zn

is

Char(R
(k,j)
Zn

;q;u) =
∑

λ∈P (k,j,1)

∑
χµ∈IrrChar(Zn)

cλ,µsλ(q/u)χ
µ. (6.64)

Thus equation (6.63) determines all coefficients cλ,µ where λ ∈ P (1, 0, 1), i.e., ℓ(λ) ≤ 1.
Explicitly, for n ≥ 1, and ℓ(λ) ≤ 1 we have:

• if λ = (i) for i ∈ {0, . . . , n− 1} and χµ = χi, then cλ,µ = 1;

• otherwise cλ,µ = 0.

Thus we have determined cλ,µ for any λ ∈ P (k, j, 1). Hence expanding equation (6.64) with
the coefficients we have determined completes the proof.

We then conclude the following formula for the Hilbert series. This recovers a result of
Bergeron for the purely bosonic case (at j = 0) [9, Theorem 2.3].

Theorem 6.8.2. Let q = (q1, . . . , qk) and u = (u1, . . . , uj). The q,u-graded Hilbert series

for R
(k,j)
Zn

is given by

Hilb(R
(k,j)
Zn

;q;u) =
n−1∑
i=0

s(i)(q/u). (6.65)

Proof. This follows immediately from Theorem 6.8.1 since each character is 1-dimensional.

As a corollary, we obtain the dimension of R
(k,j)
Zn

.

Corollary 6.8.3. The dimension of R
(k,j)
Zn

is given by

n−1∑
i=0

i∑
ℓ=0

(
k + ℓ− 1

ℓ

)(
j

i− ℓ

)
. (6.66)

Proof. This follows from Theorem 6.8.2 specialized using equation (6.24).

Finally, we determine a monomial basis for R
(k,j)
Zn

.

Theorem 6.8.4. A basis B
(k,j)
Zn

for the coinvariant ring R
(k,j)
Zn

is given by

{xα1
1 · · · x

αk
k θβ1

1 · · · θ
βj

j | 0 ≤ α1 + · · ·+ αk + β1 + · · ·+ βj ≤ n− 1}, (6.67)

where βi ∈ {0, 1} for all i ∈ {1, . . . , j}.
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Proof. It is not difficult to see that the invariant ideal ⟨C[x1, . . . , xk, θ1, . . . , θj]Zn
+ ⟩ contains

all monomials xα1
1 · · · x

αk
k θβ1

1 · · · θ
βj

j where α1 + · · ·+ αk + β1 + · · ·+ βj = n and βi ∈ {0, 1}
for all i ∈ {1, . . . , j}. Furthermore, there are no non-constant invariants of lower total degree.
We can use these as straightening relations to show that the claimed basis is a spanning set.

To show that the spanning set is a basis, it suffices to show that its enumeration matches
that in Corollary 6.8.3. Let i = α1+ · · ·+αk+β1+ · · ·+βj and use a stars and bars argument
to complete the proof.
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Chapter 7

Further directions

7.1 The standard character

In general, it is quite difficult to compute the universal series coefficients of the Frobenius
series of a (k, j)-bosonic-fermionic coinvariant algebra.

In this section, we determine that the standard character of all (k, j)-bosonic-fermionic
coinvariant algebras has multigraded multiplicity s(1)(q/u) + s(2)(q/u) + · · ·+ s(n−1)(q/u),
where sλ(q/u) is a super Schur function in grading variables q = {q1, . . . , qk} and u =
{u1, . . . , uj}.

Define the (k, j)-bosonic-fermionic coinvariant ring by

R(k,j)
n = C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]/⟨C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]Sn

+ ⟩, (7.1)

where C[x(1), . . . ,x(k),θ(1), . . . ,θ(j)]G+ denotes the polynomials without constant term, which
are invariant under the diagonal action of the symmetric group Sn on each set of variables.

The standard character of the symmetric group Sn is the irreducible character indexed
by the partition (n− 1, 1). The main theorem of this note is a formula for the multigraded

multiplicity of the standard character of R
(k,j)
n . This is the first character, aside from the

trivial character, to be determined for all R
(k,j)
n .

Theorem 7.1.1. Fix n ≥ 2. For any k, j nonnegative integers or infinity,

⟨Frob(R(k,j)
n ;q;u), s(n−1,1)(z)⟩ = s(1)(q/u) + s(2)(q/u) + · · ·+ s(n−1)(q/u). (7.2)

We recall the following result from [74], which was conjectured in [10, Conjecture 1]. Let
z be an (infinite) auxiliary set of variables for the Frobenius characters.

Theorem 7.1.2 ( [74]). Fix a positive integer n. For partitions λ with ℓ(λ) ≤ n, and
µ ⊢ n, there exist nonnegative integer coefficients cλµ such that for any (k, j), the multigraded

Frobenius series of R
(k,j)
n is

Frob(R(k,j)
n ;q;u) =

∑
λ∈P (k,j,n)

∑
µ⊢n

cλµsλ(q/u)sµ(z). (7.3)
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Define a super Schur function (see [32, Appendix A.2.2]) by

sλ(q/u) =
∑
ν⊆λ

sν(q)sλ′/ν′(u). (7.4)

The following is well-known, but we include a proof for completeness. It has essentially
the same proof as that of [57, Proposition 1.2.2].

Lemma 7.1.3. Fix n ≥ 1. For any k, j nonnegative integers or infinity,

⟨Frob(R(k,j)
n ;q;u), s(n)(z)⟩ = 1. (7.5)

Proof. Let (R
(k,j)
n )r1,...,rk;s1,...,sj denote the homogeneous subspace of R

(k,j)
n of multidegree

r1, . . . , rk; s1, . . . , sj. Since (R
(k,j)
n )0,...,0;0,...,0 is spanned by 1, an Sn-invariant polynomial, it

affords the trivial representation. However, any Sn-invariant polynomial of any multidegree
(r1, . . . , rk; s1, . . . , sj) not equal to (0, . . . , 0; 0, . . . , 0) is in the defining ideal ⟨C[x(1), . . . ,x(k),

θ(1), . . . ,θ(j)]Sn
+ ⟩, and thus cannot be in (R

(k,j)
n )r1,...,rk;s1,...,sj .

We have that gl(k|j) acts by superderivations. For 1 ≤ a, b ≤ k and 1 ≤ c, d ≤ j, we have
polarization operators

Ea,b =
n∑

i=1

x
(a)
i ∂

x
(b)
i
, Ea,d′ =

n∑
i=1

x
(a)
i ∂

θ
(d)
i
, Ec′,b =

n∑
i=1

θ
(c)
i ∂

x
(b)
i
, Ec′,d′ =

n∑
i=1

θ
(c)
i ∂

θ
(d)
i
, (7.6)

which realize the action of gl(k|j) on Sym(Ck|j ⊗ V ) [32, Lemma 5.13].
Since each polarization operator is a sum over all indices {1, . . . , n}, we have the following.

Lemma 7.1.4. The polarization operators from equation (7.6) commute with the action of
Sn.

We recall the following formula for the Frobenius series of R
(1,0)
n .

Theorem 7.1.5 ([91]). For any positive integer n,

Frob(R(1,0)
n ; q) =

∑
λ⊢n

∑
T∈SYT(λ)

qmaj(T )sλ. (7.7)

Proposition 7.1.6.

⟨Frob(R(1,0)
n ; q), s(n−1,1)(z)⟩ = s(1)(q) + s(2)(q) + · · ·+ s(n−1)(q). (7.8)

Proof. We only consider standard Young tableaux of shape (n− 1, 1):

1 . . .

i
.
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Such a standard Young tableaux must have a 1 in the upper left corner, and then may have
any value i ∈ {2, . . . , n} in the lower left corner. The choice of i then determines the rest of
the tableau. Then i is part of a descent with i− 1, and this is the only descent in the tableau.
Recall that the major index statistic of a standard Young tableaux is the sum of all descents.
As a result, we write

⟨Frob(R(1,0)
n ; q), s(n−1,1)(z)⟩ =

∑
T∈SYT((n−1,1))

qmaj(T ) = q + q2 + · · ·+ qn−1, (7.9)

by Theorem 7.1.5, which is equivalent to the claimed formula.

Let the polarized power sum be defined by

pr1,...,rk(x
(1)
n , . . . ,x(k)

n ) =
n∑

i=1

xr11 · · · x
rk
k . (7.10)

Note that we added the subscript n to x
(1)
n to record how many variables are in each set.

Proposition 7.1.7 ([99]). The defining ideal of R
(k,0)
n ,

⟨C[x(1), . . . ,x(k)]Sn
+ ⟩ (7.11)

has as a generating set

{pr1,...,rk(x(1)
n , . . . ,x(k)

n )|1 ≤ r1 + · · ·+ rk ≤ n}. (7.12)

Now we are ready to prove Theorem 7.1.1.

Proof of Theorem 7.1.1. Fix n ≥ 2. By Lemma 7.1.3, we have that

⟨Frob(R(k,0)
n ;q;u), s(n−1)s(1)⟩ = ⟨Frob(R(k,0)

n ;q;u), s(n−1,1) + s(n)⟩ (7.13)

= ⟨Frob(R(k,0)
n ;q;u), s(n−1,1)⟩+ 1. (7.14)

Now since Sn−1 ×S1
∼= Sn−1, we can write

s(n−1)s(1) = Frob(IndSn
Sn−1×S1

(1Sn−1 ⊗ 1S1)) = Frob(IndSn
Sn−1

(1Sn−1)), (7.15)

where 1 denotes the trivial representation.
We have that

⟨Frob(R(k,0)
n ), s(n−1)s(1)⟩ = ⟨R(k,0)

n , IndSn
Sn−1

(1Sn−1)⟩ (7.16)

= ⟨ResSn
Sn−1

(R(k,0)
n ),1Sn−1⟩, (7.17)

by Frobenius reciprocity.
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It remains to compute the multiplicity of the trivial representation 1Sn−1 inside of

ResSn
Sn−1

(R
(k,0)
n ).

But this is equivalent to determining ⟨Frob(R(k,0)
n ), s(n−1)s(1)⟩, which is all Sn−1-invariants

inside R
(k,0)
n .

Every Sn−1-invariant polynomial in C[x(1)
n , . . . ,x

(k)
n ] can be written as g(x

(1)
n−1, . . . ,x

(k)
n−1) ·

f(x
(1)
n , . . . , x

(k)
n ), where g is an Sn−1-invariant polynomial in C[x(1)

n−1, . . . ,x
(k)
n−1] and f is any

polynomial in just the nth variable from each set, that is, C[x(1)n , . . . , x
(k)
n ].

By Proposition 7.1.7, the defining ideal ofR
(k,0)
n imposes the relations {pr1,...,rk(x

(1)
n , . . . ,x

(k)
n )

= 0 | 1 ≤ r1 + · · ·+ rk ≤ n}, equivalently

{pr1,...,rk(x
(1)
n−1, . . . ,x

(k)
n−1) = −(x(1)n )r1 · · · (x(k)n )rk |1 ≤ r1 + · · ·+ rk ≤ n}. (7.18)

Hence the Sn−1-invariant polynomial g can be expressed as a function of just the variables

x
(1)
n , . . . , x

(k)
n in the quotient ring. Thus any Sn−1-invariant polynomial in C[x(1)

n , . . . ,x
(k)
n ]

can be expressed as a function of just the variables x
(1)
n , . . . , x

(k)
n in the quotient ring.

Now from the k = 1 case, we can compute that (x
(1)
n )n = 0 in R

(1,0)
n . This can be seen

because the elementary symmetric functions also form a generating set for the defining ideal of
R

(1,0)
n , specifically {e1(x(1)

n ), . . . , en(x
(1)
n )}. Consider the polynomial P (t) =

∏n
i=1(t− x

(1)
i ) in

R
(1,0)
n [t]. Expanding gives P (t) = tn−e1(x(1)

n )tn−1+e2(x
(1)
n )−· · ·+(−1)nen(x(1)

n ). In R
(1,0)
n [t],

we have ei(x
(1)
n ) = 0 for all i ≥ 1, so P (t) = tn. Since x

(1)
n is a root of

∏n
i=1(t − x

(1)
i ) = tn,

then (x
(1)
n )n = 0.

By Lemma 7.1.4, the defining ideal I
(k,0)
n is invariant under the action of the operators

in equation 7.6 which only act on commutative variables. Thus if indices i1, . . . , ik satisfy
i1 + · · ·+ ik = n, then Eik

1,k · · ·E
i2
1,2(x

(1)
n )i1 · · · (x(k)n )ik = c(x

(1)
n )n = 0, for some nonzero scalar

c. We conclude that all monomials in C[x(1)n , . . . , x
(k)
n ] of total degree n vanish.

Thus the Sn−1-invariant subspace is isomorphic as a vector space to a subspace of

C[x(1)n , . . . , x(k)n ]/⟨(x(1)n )i1 · · · (x(k)n )ik | i1 + · · ·+ ik = n⟩, (7.19)

which has a basis of

{(x(1)n )i1 · · · (x(k)n )ik | 0 ≤ i1 + · · ·+ ik ≤ n− 1}. (7.20)

The basis has multigraded Hilbert series

1 + s(1)(q) + s(2)(q) + · · ·+ s(n−1)(q). (7.21)

We claim that the Sn−1-invariant subspace is isomorphic exactly to equation (7.19). Suppose
not. Then at least one element will be missing from the basis in equation (7.20), say,

(x
(1)
n )i1 · · · (x(k)n )ik for some i1, . . . , ik such that i1 + · · ·+ ik = d < n. Then use polarization

operators to push all variables into the first set, that is, Eik
1,k · · ·E

i2
1,2(x

(1)
n )i1 · · · (x(k)n )ik =
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c(x
(1)
n )d, for some nonzero scalar c. However, since R

(k,0)
n contains R

(1,0)
n as a subring, this

contradicts that (x
(1)
n )d ̸= 0 unless d ≥ n.

Finally, take the limit as k →∞. This shows that

⟨Frob(R(∞,0)
n ;q), s(n−1,1)(z)⟩ = s(1)(q) + s(2)(q) + · · ·+ s(n−1)(q). (7.22)

Then by [74], we conclude that

⟨Frob(R(∞,∞)
n ;q;u), s(n−1,1)(z)⟩ = s(1)(q/u) + s(2)(q/u) + · · ·+ s(n−1)(q/u), (7.23)

and all finite cases follow from this.

7.2 The Tamari lattice

The Tamari lattice Yn is a partial order on the Cn = 1
n+1

(
2n
n

)
Catalan objects of order n,

introduced by Tamari [98]. It may be defined by a covering relation on a set of Catalan
objects.

The Tamari lattice Yn is simple to describe in terms of binary trees (see [15] for the
following exposition). Binary trees can be defined recursively so that a binary tree is either
a leaf, or an ordered pair of binary trees B = (B1, B2). The number of binary trees with
n internal nodes is Cn. Next, we define the covering relations for the Tamari lattice. A
binary tree B which contains ((B1, B2), B3) as a subtree is covered by B′, which is obtained
from B by replacing the subtree ((B1, B2), B3) with (B1, (B2, B3)). It follows that Yn can
also be succinctly described on non-associative parenthesizations. For other Catalan objects,
for example Dyck paths, to describe the Tamari lattice amounts to determining the right
characterization of the covering relations under some bijection with binary trees.

The fact that Yn is indeed a lattice was established in [41,63].
An interval in a lattice L is a pair x, y ∈ L such that x ⪯ y in the partial order. The

number of intervals in the Tamari lattice was found by Chapoton [30] to be

2(4n+ 1)!

(3n+ 2)!(n+ 1)!
. (7.24)

Now equation (7.24) is the conjectural multiplicity of the sign character of the triagonal
coinvariant ring, according to a conjecture of Haiman.

Conjecture 7.2.1 ([57, Fact 2.8.1]). For positive integers n,

⟨Frob(R(3,0)
n ; 1, 1, 1), s(1n)⟩ =

2(4n+ 1)!

(3n+ 2)!(n+ 1)!
. (7.25)
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n
k

1 2 3 4 5 6

1 1 1 1 1 1 1
2 1 2 3 4 5 6
3 1 5 13 26 45 71
4 1 14 68 217 549 1196
5 1 42 399 2110 8067 25007

Table 7.1: The multiplicity ⟨Frob(R(k,0)
n ; 1, . . . , 1), s(1n)⟩.

Haiman proved that
⟨Frob(R(2,0)

n ; 1, 1), s(1n)⟩ = Cn (7.26)

using results on the Hilbert scheme of n points in C2, however, the framework does not
extend to C3, which would be needed to extend the proof methods to R

(3,0)
n .

Further work on the connection between the Tamari lattice and R
(3,0)
n was advanced by

Bergeron and Préville-Ratelle [14], where they both generalized this story to the m-Tamari
lattice (which is related to the higher triagonal harmonics) and have a conjectural Frobenius

series for R
(3,0)
n with two out of the three gradings.

Define a length k multichain of a lattice L to be a sequence x1 ⪯ x2 ⪯ · · · ⪯ xk of
k elements xi ∈ L which are weakly increasing in the partial order. Now we see that the
number of length 1 multichains of Yn is ⟨Frob(R(2,0)

n ; 1, 1), s(1n)⟩ and, conjecturally, the number

of length 2 multichains of Yn is ⟨Frob(R(3,0)
n ; 1, 1, 1), s(1n)⟩. One could then make the false

conjecture that the number of length k − 1 multichains of Yn is ⟨Frob(R(k,0)
n ; 1, . . . , 1), s(1n)⟩.

However, data shows that this starts to fail at k = 4.
We compute that the sequence of the number of length 3 multichains of Yn begins

{1, 4, 26, 218, 2141}. (7.27)

The sequence of the multiplicity of the sign character of R
(4,0)
n begins

{1, 4, 26, 217, 2110}. (7.28)

We summarize the experimental data for ⟨Frob(R(k,0)
n ; 1, . . . , 1), s(1n)⟩ in Table 7.1.

Contrast this with the experimental data for the number of length k − 1 multichains of
Yn in Table 7.2.

It is interesting to note how similar these tables are. The data suggests the following
conjecture.

Conjecture 7.2.2. ⟨Frob(R(k,0)
n ; 1, . . . , 1), s(1n)⟩ is less than or equal to the number of length

k − 1 multichains of Yn.

Furthermore, it would be interesting to establish a combinatorial condition to exclude
some k − 1 multichains of Yn to make the conjecture tight.
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n
k

1 2 3 4 5 6

1 1 1 1 1 1 1
2 1 2 3 4 5 6
3 1 5 13 26 45 71
4 1 14 68 218 556 1224
5 1 42 399 2141 8401 26947

Table 7.2: The number of length k − 1 multichains of Yn.

A sequence
{Td+1}d≥1 = {1, 4, 26, 217, 2110, 22744, 264057, . . .} (7.29)

is introduced in [80]. Td is the number of degree d rational curves in CP2 that satisfy an order
3d− 1 local tangency constraint (see OEIS sequence A364973 [86]). In [82], this sequence is
studied further and given a recursive formula. Furthermore, therein it is noted that Q. Ren
found that this sequence may be computed as follows. Let F (x) = 1 +

∑∞
d=1 T̃dx

d and let the
coefficient of xd in (F (x))3d be (3d)!/(d!)3. Solve for T̃d and then divide by 3d− 1 to obtain
Td.

Now this exactly matches the known data from equation (7.28) on the multiplicity of the

sign character of R
(4,0)
n . Hence it would be interesting to investigate the following.

Conjecture 7.2.3. The multiplicity of the sign character of R
(4,0)
n is given by Tn+1.

7.3 Higher operator conjecture

The harmonic space H
(1,0)
n can be described as the space which consists of the Vandermonde

determinant
∏

1≤i<j≤n(xj − xi) and is closed under the action of the operators ∂xi
for all

i ∈ {1, . . . , n}.
Haiman conjectured the following [57, Conjecture 5.1.1], which was later proven as a

consequence of his work in [59]. Here let H
(2,0)
n use x1, . . . , xn as the first set of variables and

y1, . . . , yn as the second.

Theorem 7.3.1. The diagonal harmonic space H
(2,0)
n is the smallest space which:

• contains the Vandermonde determinant
∏

1≤i<j≤n(xj − xi);

• is closed under the action of the operators

Ep =
n∑

i=1

yi∂
p
xi

(7.30)

for all p ∈ {1, . . . , n− 1};

https://oeis.org/A364973
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• is closed under the action of the operators ∂xi
for all i ∈ {1, . . . , n}.

There is also an analogue for the super harmonic space H
(1,1)
n , which was conjectured

by [97].

Theorem 7.3.2 ([88]). The harmonic space H
(1,1)
n is the smallest space which:

• contains the Vandermonde determinant
∏

1≤i<j≤n(xj − xi);

• is closed under the action of the operators dp which are defined by

dp(f) =
n∑

i=1

∂pxi
(f)θi (7.31)

for all p ∈ {1, . . . , n− 1};

• is closed under the action of the operators ∂xi
for all i ∈ {1, . . . , n}.

For 1 ≤ a, b ≤ k and 1 ≤ c, d ≤ j, define operators, which generalize those from
equation (7.6) by:

E
(p)
a,b =

n∑
i=1

x
(a)
i ∂p

x
(b)
i

, Ea,d′ =
n∑

i=1

x
(a)
i ∂

θ
(d)
i
, E

(p)
c′,b =

n∑
i=1

θ
(c)
i ∂p

x
(b)
i

, Ec′,d′ =
n∑

i=1

θ
(c)
i ∂

θ
(d)
i
, (7.32)

Some of the operators are partial inverses to each other, or up to a scalar can be obtained
by composing operators, so consider a subset of them:

E
(p)
2,1 =

n∑
i=1

x
(2)
i ∂p

x
(1)
i

, . . . , E
(p)
k,k−1 =

n∑
i=1

x
(k)
i ∂p

x
(k−1)
i

,

E
(p)
1′,k =

n∑
i=1

θ
(1)
i ∂p

x
(k)
i

,

E2′,1′ =
n∑

i=1

θ
(2)
i ∂

θ
(1)
i
, . . . , Ej′,j−1′ =

n∑
i=1

θ
(j)
i ∂

θ
(j−1)
i

.

(7.33)

It would be interesting to know for which choices of k, j the following holds.

Problem 7.3.3 (Higher operator conjecture). Let k ≥ 1 and j ≥ 0. Determine if the

harmonic space H
(k,j)
n is the smallest space which:

• contains the Vandermonde determinant
∏

1≤i<j≤n(xj − xi);

• is closed under the action of the operators given in equation (7.33) for all p ∈ {1, . . . , n−
1};
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• is closed under the action of the operators ∂xi
for all i ∈ {1, . . . , n}.

We have checked that it holds for (k, j) = (k, 0) for k ≤ 6 and n ≤ 4. Generalizing in a
different direction, it is known that the analogue of the operator conjecture for type B is
slightly incorrect when (k, j) = (2, 0) [57].
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[71] Germain Kreweras, Une famille de polynômes ayant plusieurs propriétés enumeratives,
Period. Math. Hung. 11 (1980), 309–320 (French).

[72] Kyungyong Lee, Li Li, and Nicholas A. Loehr, A combinatorial approach to the symmetry
of q, t-Catalan numbers, SIAM Journal on Discrete Mathematics 32 (2018), no. 1, 191–
232.

[73] John Lentfer, A conjectural basis for the (1, 2)-bosonic-fermionic coinvariant ring,
Algebr. Comb. 8 (2025), no. 3, 711–743.

[74] , Diagonal supersymmetry for coinvariant rings, preprint (2025), https://
arxiv.org/abs/2505.14885.

[75] , The sign character of the triagonal fermionic coinvariant ring, preprint (2025),
https://arxiv.org/abs/2501.09920.

[76] , Universal series for dihedral group coinvariant rings, preprint (2025), https:
//arxiv.org/abs/2509.15054.

[77] Nicholas A. Loehr and Gregory S. Warrington, Nested quantum Dyck paths and ∇(sλ),
Int. Math. Res. Not. 2008 (2008), 29 (English), Id/No rnm157.

[78] Ian Grant Macdonald, Symmetric functions and Hall polynomials., 2nd ed. ed., Oxford:
Clarendon Press, 1995.

[79] John Machacek and Mike Zabrocki, Symmetric and harmonic polynomials in super-
space, https://garsia.math.yorku.ca/fieldseminar/DOCS/1902SuperHarmonics.

pdf, 2018.

[80] Dusa McDuff and Kyler Siegel, Counting curves with local tangency constraints, J.
Topol. 14 (2021), no. 4, 1176–1242 (English).

[81] Anton Mellit, Toric braids and (m,n)-parking functions, Duke Math. J. 170 (2021),
no. 18, 4123–4169.

[82] Grigory Mikhalkin and Kyler Siegel, Ellipsoidal superpotentials and stationary descen-
dants, 2023, https://arxiv.org/abs/2307.13252.

https://arxiv.org/abs/2505.14885
https://arxiv.org/abs/2505.14885
https://arxiv.org/abs/2501.09920
https://arxiv.org/abs/2509.15054
https://arxiv.org/abs/2509.15054
https://garsia.math.yorku.ca/fieldseminar/DOCS/1902SuperHarmonics.pdf
https://garsia.math.yorku.ca/fieldseminar/DOCS/1902SuperHarmonics.pdf
https://arxiv.org/abs/2307.13252


BIBLIOGRAPHY 136

[83] Hugh Morton and Peter Samuelson, The HOMFLYPT skein algebra of the torus and
the elliptic Hall algebra, Duke Math. J. 166 (2017), no. 5, 801–854 (English).

[84] Satoshi Murai, Brendon Rhoades, and Andy Wilson, A proof of the fields conjectures,
preprint (2025), https://arxiv.org/abs/2505.24027.

[85] Ian M. Musson, Lie superalgebras and enveloping algebras, Grad. Stud. Math., vol. 131,
Providence, RI: American Mathematical Society (AMS), 2012 (English).

[86] OEIS Foundation Inc. (2024), The On-Line Encyclopedia of Integer Sequences, Pub-
lished electronically at https://oeis.org.

[87] Victor Reiner, Anne V. Shepler, and Eric Sommers, Invariant theory for coincidental
complex reflection groups, Math. Z. 298 (2021), no. 1-2, 787–820 (English).

[88] Brendon Rhoades and Andrew Timothy Wilson, The Hilbert series of the superspace
coinvariant ring, Forum Math. Pi 12 (2024), 35 (English), Id/No e16.

[89] Mercedes H. Rosas, The Kronecker product of Schur functions indexed by two-row
shapes or hook shapes, Journal of Algebraic Combinatorics 14 (2001), no. 2, 153–173.

[90] Bruce E. Sagan and Joshua P. Swanson, q-Stirling numbers in type B, Eur. J. Comb.
118 (2024), 35, Id/No 103899.

[91] Richard P. Stanley, Invariants of finite groups and their applications to combinatorics,
Bull. Am. Math. Soc., New Ser. 1 (1979), 475–511 (English).

[92] , Enumerative combinatorics. Volume 2, Camb. Stud. Adv. Math., vol. 62,
Cambridge: Cambridge University Press, 1999.

[93] , Enumerative combinatorics. Vol. 1., 2nd ed. ed., Camb. Stud. Adv. Math.,
vol. 49, Cambridge: Cambridge University Press, 2012.

[94] Christian Stump, q, t-Fuß-Catalan numbers for finite reflection groups, Journal of
algebraic combinatorics 32 (2010), no. 1, 67–97.

[95] Joshua P. Swanson, Alternating super-polynomials and super-coinvariants of finite
reflection groups, preprint (2019), https://arxiv.org/pdf/1908.00196.

[96] Joshua P. Swanson and Nolan R. Wallach, Harmonic differential forms for pseudo-
reflection groups I. Semi-invariants, Journal of Combinatorial Theory, Series A 182
(2021), Paper no. 105474.

[97] , Harmonic differential forms for pseudo-reflection groups II. Bi-degree bounds,
Combinatorial Theory 3 (2023), no. 3, Paper no. 17.

https://arxiv.org/abs/2505.24027
https://oeis.org
https://arxiv.org/pdf/1908.00196


BIBLIOGRAPHY 137

[98] Dov Tamari, The algebra of bracketings and their enumeration, Nieuw Arch. Wiskd.,
III. Ser. 10 (1962), 131–146 (English).

[99] Hermann Weyl, The classical groups, their invariants and representations., 2nd ed. ed.,
Princeton Math. Ser., vol. 1, Princeton, NJ: Princeton University Press, 1946.

[100] A. T. Wilson, Torus link homology and the nabla operator, J. Comb. Theory, Ser. A
154 (2018), 129–144 (English).

[101] Mike Zabrocki, A module for the Delta conjecture, preprint (2019), https://arxiv.
org/abs/1902.08966.

[102] , Coinvariants and harmonics, 2020, https://realopacblog.wordpress.com/
2020/01/26/coinvariants-and-harmonics/.

https://arxiv.org/abs/1902.08966
https://arxiv.org/abs/1902.08966
https://realopacblog.wordpress.com/2020/01/26/coinvariants-and-harmonics/
https://realopacblog.wordpress.com/2020/01/26/coinvariants-and-harmonics/

	Contents
	List of Figures
	List of Tables
	Introduction
	Background
	Combinatorial basics
	Symmetric functions
	Representation theory
	Bosonic-fermionic coinvariant rings
	The classical coinvariant ring
	The diagonal coinvariant ring

	A conjectural basis for the (1,2)-bosonic-fermionic coinvariant ring
	Introduction
	Background
	The conjectural monomial basis
	A conjectural Frobenius series
	Background on segmented Smirnov words
	The proposed basis and segmented permutations
	Refining the fundamental quasisymmetric function
	Characters for hook shapes
	The conjectural basis in type B
	The bases Bn12 for n=1,2,3
	Examples of Frobenius and Hilbert series

	The sign character of the triagonal fermionic coinvariant ring
	Introduction
	Coinvariants and harmonics
	Preliminary results
	An upper bound on degree
	Construction of basis elements
	Double hook characters of the diagonal fermionic coinvariant ring
	Four sets of fermions
	One set of bosons and three sets of fermions

	Diagonal supersymmetry for coinvariant rings
	Background
	Proofs of the main results
	Universal series for the symmetric group
	Cancellation and the Hilbert series for the symmetric group

	Universal series for dihedral group coinvariant rings
	Introduction
	Preliminaries
	The multigraded character series
	The multigraded Hilbert series
	A monomial basis
	The sign character
	Numerology
	Cyclic groups

	Further directions
	The standard character
	The Tamari lattice
	Higher operator conjecture

	Bibliography



