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Strong-strong simulations of combined beam-beam and
wakefield effects in the Electron-Ion-Collider

J. Qiang

Lawrence Berkeley National Laboratory, Berkeley, CA 94720

M. Blaskiewicz

Brookhaven National Laboratory, Upton, NY 11973

Abstract

Collective wakefield and beam-beam effects play an important role in acceler-

ator design and operation. These effects can cause beam instability, emittance

growth, and luminosity degradation, and warrant careful study during acceler-

ator design. In this paper, we studied the combined wakefield and beam-beam

effects in an Electron Ion Collider design using strong-strong simulations. The

simulation results show that the nonlinear beam-beam effects help suppress

wakefield driven instability in the nominal working tune regime. In other tune

regimes, the coherent beam-beam modes interact with the wakefields and cause

a beam instability. The simulation results also show the importance of maintain-

ing nominal crab cavity voltage. If the crab cavity voltage drops significantly

the beam can become unstable.

1. INTRODUCTION1

The electron-ion collider (EIC) as the next generation collider for high en-2

ergy nuclear physics research is being actively studied [1]. The EIC consists3

of two colliding rings, a hadron ring with energy 41-275 GeV and an electron4

storage ring with energy 5-18 GeV. The nominal design goal is to attain a5

peak luminosity of 1034cm−2s−1. Such a luminosity requires high electron and6
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proton beam currents. With such high beam currents, coherent instabilities7

driven by accelerator wakefields become a major concern. Furthermore, the8

presence of the beam-beam effects from colliding beams further complicates the9

problem. On one hand, the nonlinear beam-beam interaction of two colliding10

beams produces tune spread in each beam. This tune spread provides Landau11

damping to the coherent instability and helps mitigate the instability [2, 3].12

On the other hand, the beam-beam interaction of colliding beams also excites13

coherent modes. These coherent beam-beam modes interact with the accelera-14

tor wakefield and cause beam instability [4, 5, 6]. Recently there were reports15

on the combined short-range wakefield and beam-beam effects in several lepton16

colliders [7, 8, 9, 10, 11, 12, 13]. In this study, we combine beam-beam, short-17

range and long-range wakefield effects. The beam-beam effects are modeled as18

weak-strong, strong-strong using a soft Gaussian approach, and a full strong-19

strong simulation. Certain instabilities are seen only in the full strong-strong20

simulation.21

2. COMPUTATIONAL MODEL22

In the following, we will give a brief overview of the single particle tracking23

model, wakefield simulation model, and strong-strong beam-beam simulation24

model.25

2.1. Single Particle Tracking Model26

Each macroparticle has six coordinates (x, p̃x, y, p̃y,∆γ, τ) [14], where p̃x,y27

are normalized transverse momenta, i.e. p̃x,y =
px,y

p0
β̄x,y, ∆γ = γ − γ0 is energy28

deviation, and τ is the arrival time of the particle with respect to the syn-29

chronous phase. The average Twiss beta function value is β̄x,y = cl/(2πµx,y), cl30

is the circumference of the ring, p0 is the total momentum value of the reference31

particle, and γ0 is the Lorentz factor of the reference particle of mass m and32
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charge q. The particle horizontal coordinates are updated via a transfer map33

followed by a single bunch wake kick applied nu times per turn34

x = x cos(ϕ/nu) + p̃x sin(ϕ/nu) (1)

p̃x = −x sin(ϕ/nu) + p̃x cos(ϕ/nu) (2)

where the phase advance per turn is ϕ = ϕ0 +
2πξ
β2γ0

∆γ + oxx(x
2 + p̃2x)/(2β̄x) +35

oxy(y
2+ p̃2y)/(2β̄y), ϕ0 = 2πµ is the on-momentum phase advance, ξ is the chro-36

maticity, and oxx and oxy are the magnitudes of amplitude dependent detuning37

phase factor. The transverse radiation damping and quantum excitation are38

applied to x once per turn as:39

x = (1− T0
Tx

)x+ δx (3)

p̃x = (1− T0
Tx

)p̃x + δpx (4)

where Tx is the transverse radiation damping time, and δx and δpx are random40

variables. The same above equations are applied to the particle vertical coordi-41

nates with x replaced by y. The particle longitudinal coordinates are updated42

nu times per turn. The update is:43

∆γ = ∆γ +
q

mc2nu
[V (τ)− Vs] (5)

τ = τ +
T0η

β2γ0nu
∆γ (6)

where V (τ) is the RF voltage, Vs is the synchronous voltage due to both acceler-44

ation and radiation, β = v/c, T0 is the revolution period, η is the frequency slip45

factor. Quantum excitation and radiation damping is updated once per turn.46
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2.2. Wakefield Simulation Model47

Wakes are simulated using standard binning techniques and fast Fourier48

transforms [14]. The voltage associated with the longitudinal wakefield can be49

obtained from the following convolution.50

Vs(t) = −
∫ τb

−τb
Ws(τ)Ib(t− τ)dτ (7)

where Ws(τ) is the longitudinal wake potential, and Ib(t) is the instantaneous51

beam current. The transverse voltage due to the transverse wakefield includes52

two terms. One is the short range term given by:53

Vx(x, t) =

∫ τb

−τb
[xWd(τ)Ib(t− τ) +Wx(τ)Dx(t− τ)]dτ (8)

where Wd(t) will be called the detuning wake [15], Wx(t) is the usual transverse54

wake potential, and Dx(t) is the instantaneous dipole density. The short range55

wakes are updated nu times per turn. This is because most short range wakes56

are due to a large number of relatively small contributions and are well approx-57

imated by a uniformly distributed impedance. If the number of updates per58

turn is too small, macroparticles can slip past each other longitudinally without59

interacting, resulting in nonphysical emittance growth.60

Transverse multibunch long-range wakefield effects are updated once per

turn. We track one bunch, it is assumed that there are M identical, equally

spaced bunches interacting with coupled bunch mode number s. On turn n one

generates the dipole moment of the tracked bunch at a fixed azimuth (say 0),

D0
x(t, n) = I(t) < x(t) >

where I(t) is the instantaneous bunch current and < x(t) > is the centroid of
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the bunch as it passes. The moment associated with the angular offset is,

D0
p(t, n) = I(t)[βx < x′(t) > +αx < x(t) >] = I(t) < p̃x(t) > .

Assuming the coherent tune shift is small, define the dipole moment for all61

subsequent bunches passing this location on turn n,62

Dx(t, n) =

M−1∑
m=0

D0
x(t−mTb, n) cos(m[ψβ − ψs])

+D0
p(t−mTb, n) sin(m[ψβ − ψs]). (9)

where there areM bunches with period Tb. The betatron phase advance between63

bunches is ψβ = 2πµx/M and the coupled bunch mode phase shift between64

bunches is ψs = 2πs/M .65

The long range wakes Wx(t) = Re(W (τ)) are modeled as a sum of damped66

oscillators67

W (τ) = H(τ)

L∑
l=1

Wl exp(−αlτ) (10)

where L is the number of wakes and H is the Heaviside function. The transverse68

voltage is given by69

Vx(t) =

t∫
−∞

Dx(t1)Wx(t− t1)dt1. (11)

Differentiating equation (11) with respect to t and using equation (10) results in70

an easily integrable ordinary differential equation for each index l. The integrals71

for D0
x(t, n) and D

0
p(t, n) need only be done once. The summation over the rest72

of the bunches is done directly, sinceM is always small compared to the number73

of macroparticles. The wakefields in the vertical direction can be attained by74

replacing x with y in the above equations.75

5



The wakefield model of the EIC has been steadily improving since 2019 [16].76

Wakes for individual components of the Electron Storage Ring have been mod-77

eled using CST, GdfidL and ECHO. The vertical long-range wake is dominated78

by the resistive wall and the horizontal one is dominated by the fundamental79

mode of the crab cavities. The Hadron Storage Ring broadband impedance80

can be well characterized by a broadband resonator. The horizontal long-range81

wake is dominated by the fundamental mode of the crab cavities.82

2.3. Strong-Strong Beam-Beam Simulation Model83

The beam-beam interaction is simulated using a strong-strong beam-beam84

code, BeamBeam3D [17, 18]. The BeamBeam3D is a parallel three-dimensional85

particle-in-cell code to model beam-beam effects in high-energy circular col-86

liders. This code does self-consistent calculation of the electromagnetic forces87

(beam-beam forces) from two colliding beams (i.e. strong-strong modeling) at88

the interaction point (IP) each turn. For the head-on collision (with offset), the89

colliding bunch is longitudinally divided into multiple slices with equal amounts90

of charge, and each slice collides with all slices of the opposite bunch. The beam-91

beam forces during the collision are calculated by solving the Poisson equation92

using a shifted integrated Green function method, which can be computed very93

efficiently using an FFT-based algorithm on a uniform grid. For the crossing94

angle collision, two colliding beams are transformed from the lab frame into95

a boosted Lorentz frame [19, 20], where the beam-beam forces are calculated96

in the same way as the head-on collision. After the collision the particles are97

transformed back into the laboratory frame. The BeamBeam3D code can also98

handle multiple bunches from each beam collision at multiple interaction points99

(IPs) and includes models for electron lens, conducting wire and crab cavity100

compensations.101
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3. Interplay between beam-beam and wakefield effects102

The parameters used in this study are from Table 4.15 of the EIC CDR design103

report [1]. Here, a 275 GeV proton beam collides with a 10 GeV electron beam104

with a 25 mrad collision angle. The proton beam has a single bunch population105

of 0.688× 1011, and electron beam 1.72× 1011. The beam-beam parameters for106

the proton beam are (0.012, 0.012) and (0.072, 0.1) for the electron beam. The107

nominal transverse working point tunes are (29.228, 30.21) for the proton beam,108

and (51.08, 48.06) for the electron beam. The linear chromaticity in the electron109

storage ring is (2.5, 2.5) and zeros in the hadron storage ring. The long-range110

and short-range wake functions used in this study are given in Table 1-3 and111

Fig. 1. The short-range wakefields are applied 10 times per turn, while the112

long-range wakefields are applied once per turn.

Table 1: Long-range wake in Hadron Storage Ring, all units are MKS

dimension Wl αl

X1 1.47×1015i 2.062×105+1.237×109i
X2 0.779×1015i 2.062×105+2.474×109i
Z1 1.425×1011-1.620×107i 2.249×105+1.980×109i

113

Table 2: Short-range wake in Hadron Storage Ring

dimension Wl αl

X1 1.441×1017i 4.712×109+1.825×1010i
Y1 1.441×1017i 4.712×109+1.825×1010i
Z1 1.001×1016-2.60×1015i 4.712×109+1.825×1010i

Table 3: Long-range wake in Electron Storage Ring

dimension Wl αl

X1 4.49×1013i 4.127×106+2.476×109i
Y1 6.0×1012i 2.45×105+2.393×106i
Z1 2.282×1012-2.153×1010i 5.957×107+6.314×109i
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Figure 1: Horizontal short-range wake function in the Electron Storage Ring.

The vertical short-range wake function in the ESR is assumed the same as114

that in the horizontal dimension.115

Figure 2: Electron beam natural logarithm average action (top) and proton beam natural
logarithm average action (bottom) evolution without beam-beam effects.

In this study, we first check how the electron beam and the proton beam116

behave with only the wakefield effects. Fig. 2 shows the electron beam loga-117

rithm of average action and proton beam average action evolution without the118

beam-beam effects. Here, the average action is defined as < x2 + p̃2x > for the119

horizontal x action with a similar expression for the vertical y action in this120

study, and <> denotes average through all macroparticles. It is seen that elec-121

tron beam vertical average action becomes unstable and grows exponentially122

after 1000 turns. This instability is caused by the long-range vertical resistive123

wall wakefield. The proton beam horizontal average action also shows unstable124
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growth. This instability is due to the long-range wakefield of crab cavities in125

the EIC.126

Next, we turn on the beam-beam interaction in the EIC using the strong-127

strong model of the BeamBeam3D. Fig. 3 shows the electron beam logarithm of128

average action and proton beam average action evolution with both the wakefield129

and the beam-beam effects. Both electron beam and proton beam become

Figure 3: Electron beam natural logarithm average action (top) and proton beam natural
logarithm average action (bottom) evolution with both wakefield and beam-beam effects.

130

stable in the horizontal and vertical dimensions. This is due to the fact that131

the nonlinear beam-beam interaction induces a tune spread. This tune spread132

provides Landau damping for the instability and suppresses the instability.133

Figure 4: Proton beam horizontal CSc growth rate versus proton beam transverse tunes.

The instability of colliding beams depends on the tunes of each beam. In134

this study, we fixed the working tunes of the electron beam, and scanned the135

working tunes of the proton beam. Here, we define the coherent Courant-Snyder136

9



parameter CSc that is tailored to be a sensitive indicator of instability.137

CSc =

∫
dtI(t)[x̄2(t) + p̄2(t)]∫

dtI(t)
(12)

where x̄(t), and p̄(t) are smoothed average values of x and p as the bunch passes,138

and I(t) is the smooth current. Figure 4 shows the proton beam horizontal139

CSc growth rate as a function of proton beam horizontal and vertical tune.140

Two strong instability stopbands are seen in this plot. One is around proton141

beam horizontal 0.15, the other one is around 0.37. These two stopbands are142

mainly along horizontal tune and independent of vertical tune, which suggests143

the horizontal instability driven by the crab cavity wakefield. In order to have

Figure 5: Proton beam horizontal CSc as a function of proton beam horizontal tune with the
nominal CDR electron tune working point (0.08, 0.06) and proton beam vertical tune 0.21.
The resonance near Qxp = 29.37 appears to be of the form 2Qxp + 2Qxe = integer.

144

better understanding of these stopbands, we fix the proton beam vertical tune,145

and show in Fig. 5 the instability growth rate as a function of horizontal tune146

together with the results from the weak-strong beam-beam simulation, the soft-147

Gaussian simulation and the beam-beam only simulation. Without wakefields148

(i.e. beam-beam only), there is no strong instability in this figure. With both149

wakefields and beam-beam effects, we see the above two major stopbands from150

the self-consistent strong-strong beam-beam simulation. There also exist three151

minor stopbands along the horizontal tune from the self-consistent strong-strong152
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beam-beam simulation. The weak-strong beam-beam simulation does not show153

the major instability stopbands except a minor stopband around the 4th order154

resonance. In the weak-strong simulation model, the beam-beam interaction is155

treated like an external nonlinear field. There is no coherent mode in this model.156

The nonlinear beam-beam interaction causes individual particle tune spread and157

results in the Landau damping of the wakefield induced coherent instability. In158

the strong-strong beam-beam simulation model, the coherent modes can be159

excited. The coherent mode interacts with the wakefields inside the accelerator160

and causes coherent instability. The soft-Gaussian strong-strong model does161

not have a self-consistent beam distribution. We measure the deviation from a162

Gaussian distribution using excess kurtosis that should be zero for the Gaussian163

distribution and observe its absolute value significantly greater than zero in164

the self-consistent strong-strong simulation. We think that this lack of self165

consistency in the soft-Gaussian model accounts for missing the second major166

stopband in Fig. 5.167

Next, we chose several working points along the proton beam horizontal168

tune and look into more details of beam centroid evolution. Figure 6 shows the169

proton and electron beam horizontal center evolution and their power spectra at170

proton beam tune working point (0.078, 0.21). At this working point, the proton171

beam horizontal tune is close to the electron beam horizontal tune. It can be172

seen that both electron beam and the proton beam have the same oscillation173

frequency and phase, which suggests a sigma type of mode instability. From the174

spectra, this coherent mode stays out of the continuous incoherent tune spread175

and will not be damped by incoherent tune spread of the distribution. Figure 7176

shows the proton beam horizontal log CSc evolution at this tune working point177

with both wakefield and beam-beam effects, with wakefield only and with beam-178

beam effects only. With both wakefield and beam-beam effects, the CSc shows179

11



Figure 6: Proton beam and electron beam horizontal centroid evolution (top) and power
spectra of the evolution (bottom) with proton beam horizontal tune 0.078. Here, the proton
beam centroid overlaps with the electron beam centroid during the evolution.

Figure 7: Proton beam horizontal log CSc evolution with proton beam horizontal tune 0.078
with both wakefield and beam-beam (magenta), wakefield only (green), and beam-beam only
(blue).

much larger instability growth rate than the wakefield only case. The unstable180

coherent beam-beam mode driven by the accelerator wakefields at this tune181

working point during collision is more dangerous than that without collision.182

Figure 8 shows the proton and electron beam horizontal center evolution and183
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Figure 8: Proton beam and electron beam horizontal centroid evolution (top) and power
spectra of the evolution (bottom) with proton beam horizontal tune 0.148.

their power spectra at proton beam tune working point (0.148, 0.21). At this184

point, the proton beam horizontal tune is close to the electron beam horizontal185

tune plus the beam-beam parameter. The electron beam oscillation and the186

proton beam oscillation show 180 degree out of phase, which suggests a pi187

type of mode instability. From the spectra plot, this coherent pi mode stays188

out of the continuous incoherent tune spread and is not damped by incoherent189

tune spread of the distribution. Figure 9 shows the proton beam horizontal190

log CSc evolution at this tune working point with both wakefield and beam-191

beam effects, with wakefield only and with beam-beam effects only. With both192

wakefield and beam-beam effects, the CSc shows larger instability growth rate193

than the wakefield only case. This instability during collision is more dangerous194

than that without collision.195

Figure 10 shows the proton and electron beam horizontal center evolution196
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Figure 9: Proton beam horizontal log CSc evolution with proton beam horizontal tune 0.148
with both wakefield and beam-beam (magenta), wakefield only (green), and beam-beam only
(blue).

and their power spectra at proton beam tune working point (0.368, 0.21). At197

this point, the electron beam and the proton beam interact with each other and198

fall into the octupole resonance ,i.e. 2Qxp+2Qxe = integer. The electron beam199

oscillation and the proton beam oscillation show 180 degree out of phase. From200

the spectra plot, this coherent mode stays out of the continuous incoherent tune201

spread and is not damped by incoherent tune spread of the distribution. This202

mode interacts with the wakefield of the accelerator and becomes unstable.203

Figure 11 shows the proton beam horizontal log CSc evolution at this tune204

working point with both wakefield and beam-beam effects, with wakefield only205

and with beam-beam effects only. With both wakefield and beam-beam effects,206

the CSc shows similar instability growth rate to the wakefield only case. Both207

instabilities are dangerous before and after collision.208

In contrast, Figure 12 shows the proton and electron beam horizontal center209

evolution and their power spectra at proton beam tune nominal working point210

(0.228, 0.21). At this working point, the electron beam oscillation and the proton211

beam oscillation does not show clear phase correlation. From the spectra plot,212

there is no coherent mode outside the continuous incoherent tune spread. The213

nonlinear beam-beam interaction generates sufficient tune spread and damps214

the wakefield driven instability.215
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Figure 10: Proton beam and electron beam horizontal centroid evolution (top) and power
spectra of the evolution (bottom) with proton beam horizontal tune 0.368.

Figure 11: Proton beam horizontal log CSc evolution with proton beam horizontal tune 0.368
with both wakefield and beam-beam (magenta), wakefield only (green), and beam-beam only
(blue).

The coherent beam-beam modes depends on the electron tune working point.216

Moving the electron beam horizontal tune changes the coherent beam-beam217

mode frequency and results in a different location of the instability stopband.218

Figure 13 shows the proton beam horizontal CSc growth rate as a function of219

proton beam horizontal tune with electron beam horizontal tune 0.12. Increas-220
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Figure 12: Proton beam and electron beam horizontal centroid evolution (top) and power
spectra of the evolution (bottom) with proton beam horizontal tune 0.228.

Figure 13: Proton beam horizontal CSc growth rate as a function of proton beam horizontal
tune with a new electron tune working point (0.12, 0.06) and proton beam vertical tune 0.21
from the self-consistent strong-strong model (magenta) and from the soft-Gaussian strong-
strong model (green).

ing the electron horizontal tune by 0.04 causes the first two instability stopbands221

in the proton beam horizontal tune to increase to 0.12 and 0.19 as seen in the222

above figure. The instability stopband associated with the pi mode becomes223

wider and merges with 4th order resonance instability stopband. The instabil-224
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ity stopband associated with the octupole resonance moves down by about 0.04225

to 0.33. The soft-Gaussian model shows similar instability stopbands to the226

self-consistent model for the sigma mode and pi mode instability. However, the227

soft-Gaussian model gives much smaller instability stopband around 0.32 than228

the self-consistent strong-strong model. We suspect this is due to the fact that229

the soft-Gaussian model assumes a transverse Gaussian distribution and has a230

different octupole component from the self-consistent strong-strong model.231

Figure 14: Proton beam horizontal CSc growth rate as a function of proton beam horizontal
tune with proton beam mode 25 and nominal electron tune working point (0.08, 0.06) and
proton beam vertical tune 0.21.

Figure 14 shows proton beam horizontal CSc growth rate as a function of232

proton beam horizontal tune with a proton beam mode 25 and the nominal233

electron beam tune working point and the proton beam vertical tune working234

point. The treatment of the coupled bunch mode ‘s’ is given in the Eq. 9 of235

this paper. It is seen that there exits similar instability stopbands to the mode236

29 in the above simulations except that the growth rate in these stopbands is237

significantly greater than that with the mode 29.238

4. Effects of Crab Cavity Voltage on Beam Instability239

In order to compensate the geometric luminosity loss from crossing angle240

collision, in the EIC, two group of crab cavities located at 90 degree phase241
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advance away from the interaction point (IP) on both sides of the IP are used242

to correct the collision angle so that two beams collide head-on at the IP. The243

voltage of the crab cavity is set as [21]:244

Vnominal =
Ec tan(θc/2)

qω
√
β∗βcc

(13)

This nominal voltage will fully compensate crossing angle at the IP. In practical245

operation, if there is a RF power loss or other accident, the crab cavity might246

not be able to operate with the nominal voltage. Fig. 15 shows the electron247

beam average vertical action and the proton beam average horizontal action248

evolution with several crab cavity voltages. Without RF power inside the crab

Figure 15: Electron beam natural logarithm vertical average action (top) and proton beam
natural logarithm horizontal average action (bottom) evolution with 0×, 0.6×, and 0.7×
nominal voltages.

249

cavity, strong instability is seen in both electron beam and the proton beam.250

18



Even with 0.6× nominal voltage, both beams still become unstable until 0.7×251

nominal voltage is restored inside the cavity. Losing voltage inside the crab252

cavity results in less correction of crossing angle and weaker beam-beam inter-253

action. This causes the shrink of tune spread and the loss of Landau damping254

to the instability.255

In order to mitigate the instability due to the loss of RF power inside the256

crab cavity, we tested the effects of larger chromaticity on beam instability.257

Figure 16 shows proton beam and electron beam horizontal centroid evolution258

with a chromaticity of 60, 80, and 100. Larger chromaticity results in smaller259

growth rate of the instability. It appears that in order to completely suppress the260

instability under RF failure of the crab cavity, one has to set the chromaticity261

beyond 100, a value that might not be practically attainable.

Figure 16: Proton beam horizontal centroid (top) and electron beam vertical centroid (bottom)
evolution with 0 crab cavity voltage and chromaticity 60, 80, and 100.

262

Another option to mitigate the instability is to use octupole magnets to263

generate large amplitude dependent tune spread. Figure 17 shows proton beam264

and electron beam horizontal centroid evolution with an amplitude dependent265

tune magnitude of 160, 640, and 25600. With a nominal horizontal emittance266

of 20 nm these correspond to average tune shifts of ∆µ = 5.1 × 10−7, 2.0 ×267

10−6, 8.2×10−5, respectively. Even with a factor of 25600 amplitude dependent268

tune spread, two beams still become unstable with a total failure of crab cavity.269
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Figure 17: Proton beam horizontal centroid (top) and electron beam vertical centroid (bottom)
evolution with amplitude dependent tune 160, 640, and 25600.

We also check whether this instability can be avoided by lowering the bunch270

intensity under the RF failure inside the crab cavity. Figure 18 shows the proton271

beam and electron beam horizontal centroid evolution with 0.01×, 0.005×, and272

0.001× nominal bunch population. It appears that the beam bunch intensity273

has to be lower than 0.001× in order for both beams to become stable.

Figure 18: Proton beam horizontal centroid (top) and electron beam vertical centroid (bottom)
evolution with 0.01×, 0.005×, and 0.001× nominal bunch intensity.

274

5. Impedance Budget with Beam-Beam Effects275

The wakefields used in this study are based on the nominal EIC design. It276

would be interesting to know how far one can deviate from these designed values.277

The long-range crab cavity wakefield is the dominant factor causing proton beam278

instability. This wakefield is characterized by a frequency, a damping rate, and279
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Figure 19: Electron beam natural logarithm vertical average action (top) and proton beam
natural logarithm horizontal average action (bottom) evolution with 1×, 0.85×, and 0.75×
nominal damping rate.

Figure 20: Electron beam natural logarithm vertical average action evolution with 4×, 4.1×,
and 4.2× nominal electron ring resistive wall wakefield amplitude.

an amplitude. Fig. 19 shows the electron beam vertical average action and280

proton beam horizon average action evolution with the nominal damping rate,281

0.85× the nominal damping rate, and 0.75× damping rate. A 25% reduction282

in damping rate causes the proton beam to become unstable. There is not a283

lot of margin of the damping rate in the crab cavity design with only direct RF284
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feedback.285

The long-range vertical resistive wall wakefield contributes to the electron286

beam instability. Fig. 20 shows the electron beam vertical average action and287

proton beam horizon average action evolution with 4× the nominal wakefield288

amplitude, 4.1×, and 4.2× the nominal amplitude. The electron beam becomes289

unstable with 4.2× nominal amplitude. This gives a large margin of resistive290

wall impedance in the electron storage ring for such an instability.291

6. Conclusions292

In this paper, we studied the combined beam-beam and wakefield effects in293

the Electron Ion Collider using self-consistent strong-strong simulations. Our294

simulation results show that the interplay between the beam-beam effects and295

the wakefields effects shows complicated tune dependency. For the nominal de-296

sign working tunes, the nonlinear beam-beam effects help stabilize both beams297

against the wakefield driven instability. For some other tunes, the coherent298

beam-beam modes interact with the wakefields and cause beam instability.299

These instability stopbands limit the adjustable working tune range during ac-300

celerator operation. We also did simulations with only the short-range wake-301

fields and the strong-strong beam-beam interactions and didn’t observe these302

instability stopbands.303

Moreover, we studied the crab cavity voltage effects on the beam stability304

for the nominal tunes. In case of completely losing of RF power inside the crab305

cavities, both beams would become unstable. Under this situation, it is difficult306

to restore the stability even with large chromaticity from sextupole or amplitude307

dependent tune spread from octupole. If the total crab cavity voltage can be308

maintained more than 70%, the beam can still stay stable, with the damping309

from the nonlinear beam-beam effects.310
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We also investigated the margin of the impedance in the current EIC design.311

It seems that there is not much margin in the crab cavity impedance damping312

rate (15%) before the proton beam becomes unstable. There is larger margin313

in the electron ring resistive wall impedance, which can be a factor of 4 of the314

current level.315

In this study, we employed fully self-consistent beam-beam simulations and316

none self-consistent weak-strong and soft Gaussian strong-strong simulations.317

Our simulation results show significant discrepancies in the instability tune318

stopbands along the proton beam horizontal tune space. The self-consistent319

simulations might be needed in some applications like EIC in order to accu-320

rately identify the safe working point regime in the tune space.321
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Appendix A. Semi analytic model371

In this section we present a semi analytic model based on the Vlasov equa-372

tion. All calculations are done in the smooth approximation where the forces373

are distributed around the accelerator. The general scheme is to calculate the374

beam response to an external drive. We then use a generalized version of the375

Nyquist stability condition to test for stability. Take azimuth, θ as the timelike376

variable and take two beams with distribution functions Fi(ψx, Jx, ψy, Jy; θ) for377

i = 1, 2. The Vlasov equations are378

∂Fi
∂θ

+ {Fi, Hi} = 0 (A.1)

25

doi:10.1103/PhysRevLett.74.2228
doi:10.1103/PhysRevLett.74.2228
doi:10.1103/PhysRevLett.74.2228
doi:10.1103/PhysRevSTAB.3.124002
do:10.1016/j.nima.2018.05.055


where

{A,B} =
∂A

∂ψx

∂B

∂Jx
− ∂A

∂Jx

∂B

∂ψx
+

∂A

∂ψy

∂B

∂Jy
− ∂A

∂Jy

∂B

∂ψy

is the Poisson bracket. We consider linear betatron oscillations and the beam379

beam force. For the beam beam force we take a round Gaussian beam. Using380

standard techniques one may show that the potential in Cartesian coordinates381

is382

U(x, y) = 2σ2

1/2σ2∫
0

dλ

λ

(
1− exp(−λ[x2 + y2])

)
= x2 + y2 +O(r4). (A.2)

Henceforth we set σ = 1 and relate Cartesian and action angle variables via

x =
√
2Jx sinψx, . . . For beam 1 we take H = H10 +H11 with

H10 = Q1xJx +Q1yJy + ξ1

〈
U(

√
2Jx sinψx,

√
2Jy sinψy

〉
ψx,ψy

where the angular brackets denote averaging over the angular variables and H10383

is purely a function of the actions. The beam-beam parameter is given by ξ1.384

In the perturbing Hamiltonian we include both the beam-beam force and385

coherent forces associated with impedances with the parameters α1 and β1.386

Without phase averaging it is given by387

H11 = x[2β1x̄1(θ)− 2α1p̄1(θ)]− x̄2(θ)ξ1
∂U

∂x
+ xD1(θ) (A.3)

where p =
√
2Jx cosψx, D1(θ) is an external drive and

x̄1(θ) =

∫
dJxdψxdJydψy

√
2Jx sinψxF1(ψx, Jx, ψy, Jy; θ)

with similar definitions for p̄1(θ), x̄2(θ). The horizontal coherent tune of beam388

1 is Qcohere ≈ Q1x + β1 + iα1 in the absence of the beam-beam force. Positive389
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α corresponds to growth.390

Phase averaging the force in (A.3) yields

∂U

∂x
→

√
2Jx sinψxUc(Jx, Jy), Uc(Jx, Jy) =

√
2

Jx

〈
sinψy

∂U

∂x

〉
ψx,ψy

For both beams we take the coherent force to be in the x direction. Take

the external drive to be D(θ) = D̂ exp(−i[ν + iϵ]θ). Then

F1 = F10(Jx, Jy) + F̂11(Jx, ψx, Jy) exp(−i[ν + iϵ]θ),

and the Vlasov equation becomes391

−i(ν + iϵ)F̂11 +
∂H10

∂Jx

∂F̂11

∂ψx
=
∂Ĥ11

∂ψx

∂F10

∂Jx
. (A.4)

Since Ĥ11 = H̃1(Jx, Jy) sinψx we can take F̂11 = F̂1c cosψx+ F̂1s sinψx. Insert-392

ing in the Vlasov equation and solving yields393

F1s =
∂H10

∂Jx

H̃1
∂F10

∂Jx(
∂H10

∂Jx

)2

− (ν + iϵ)2
(A.5)

and394

F1c = −i(ν + iϵ)
H̃1

∂F10

∂Jx(
∂H10

∂Jx

)2

− (ν + iϵ)2
. (A.6)

Now we have

ˆ̄x1 =

∫ √
Jx/2F1sdJxdJy, ˆ̄p1 =

∫ √
Jx/2F1cdJxdJy

27



So the moment equations for beam 1 close as

ˆ̄x1−
∫
dJxdJy

Jx
∂F10

∂Jx

∂H10

∂Jx(
∂H10

∂Jx

)2

− (ν + iϵ)2

{
2β1 ˆ̄x1 − 2α1 ˆ̄p1 − ξ1 ˆ̄x2Uc(Jx, Jy)− D̂1

}
= 0

and

ˆ̄p1−
∫
dJxdJy

Jx
∂F10

∂Jx
(ϵ− iν)(

∂H10

∂Jx

)2

− (ν + iϵ)2

{
2β1 ˆ̄x1 − 2α1 ˆ̄p1 − ξ1 ˆ̄x2Uc(Jx, Jy)− D̂1

}
= 0

For beam 2 one switches the first index from 1 to 2 and vice-versa. This gives395

four equations which can be written in matrix form396

qj −
4∑
k=1

Mjk(ν + iϵ)qk = dj (A.7)

where the q1 = ˆ̄x1 etc. and all the interesting physics is in the matrix elements

Mjk(ν+iϵ). To study stability, plot Det[1−M(ν+iϵ)] on the complex plane. If

this curve does not encircle the origin the system has an inverse and the beam is

stable. If it does encircle the origin increase ϵ until it passes through the origin.

That value of ϵ is the imaginary part of the coherent tune for the chosen set of

parameters. For a Gaussian kick in equation (A.2) one finds

Uc = 2
∂ < U >

∂Jx
= 4

∫ 1/2

0

dλ exp(−λ(Jx + Jy))I0(λJy) [I0(λJx)− I1(λJx)] .

Inserting this into the Mjk and finding growth rates yields result similar to the397

soft Gaussian curve in Figure 5, although only the large single bump is observed.398

That is to say, the soft Gaussian model significantly underestimates the unstable399

region and a full strong strong model with all the internal modes is needed for400

a reliable prediction.401
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