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Abstract

Noncommutative Distributional Symmetries and Their Related de Finetti Type Theorems
by
Weihua Liu
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Dan-Virgil Voiculescu, Chair

The main theme of this thesis is to develop de Finetti type theorems in noncommutative
probability. In noncommutative area, there are independence relations other than classi-
cal independence, e.g. Voiculescu’s free independence, Boolean independence and Muraki’s
monotone independence. Free analogues of de Finetti type theorems were discovered by
Kostler and Speicher and were developed by Banica, Curran and Speicher. Here, we will
define noncommutative distributional symmetries for Boolean and monotone independence
and we will prove de Finetti type theorems for them. These distributional symmetries are
defined via coactions of quantum structures including Woronowicz C*-algebra and Sottan’s
quantum families of maps. We show that the joint distribution of an infinite sequence of
noncommutative random variables satisfies boolean exchangeability is equivalent to the fact
that the sequence of the random variables is identically distributed and boolean independent
with respect to the conditional expectation onto its tail algebra. Then, we define noncom-
mutative versions of spreadability and show Ryll-Nardzewski type theorems for monotone
independence and boolean independence. We will show that, roughly speaking, an infinite
bilateral sequence of random variables is monotonically(boolean) spreadable if and only if the
variables are identically distributed and monotone(boolean) with respect to the conditional
expectation onto its tail algebra. In the end of this thesis, we will prove general de Finetti
theorems for classical, free and boolean independence. Our general de Finetti theorems work
for non-easy quantum groups, which generalizes a recent work of Banica, Curran and Spe-
icher. For infinite sequences, we determine maximal distributional symmetries which means
the corresponding de Finetti theorem fails if the sequence satisfies more symmetries other
than the maximal one.
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Chapter 1

Introduction

In classical probability, the study of random variables with probabilistic symmetries was
started by the pioneering work of de Finetti on 2-point valued random variables. One of
the most general versions of de Finetti’s work states that an infinite sequence of random
variables, whose joint distribution is invariant under all finite permutations, is conditionally
independent and identically distributed. One can see e.g. [20] for an exposition on the clas-
sical de Finetti theorem for more details. Also, see [18], Hewitt and Savage considered the
probabilistic symmetries of random variables which are distributed on X = EXEXE X --- |
where E is a compact Hausdorff space. Later, in [36], an early noncommutative version of
de Finetti theorem was given by Stgrmer. His work focused on exchangeable states on the
infinite reduced tensor product of C*-algebras. Roughly speaking, in noncommutative prob-
ability, Stgrmer studied symmetric states on commuting noncommutative random variables.
Recently, in [22], without the commuting relation, Kostler studied exchangeable sequences
of noncommutative random variables in W*-probability spaces with normal faithful states.
In classical probability, if the second moment of a real valued random variable is 0, then
the random variable is 0 a.e.. Faithfulness is a natural generalization of this property in
noncommutative probability, readers are refered to [38]. Kostler showed that exchangeable
sequences of random variables possess some kind of factorization property, but the exchange-
ability does not imply any kind of universal relation. In other words, we can not expect to
determine mixed moments of an exchangeable sequence of random variables in Speicher’s
universal sense [34]. By strengthening “exchangeability” to invariance under certain coac-
tions of the free quantum permutations, in [23], Késtler and Speicher discovered that the
de Finetti theorem has a natural analogue in Voiculescu’s free probability theory(see [38]).
Here, free quantum permutations refer to Wang’s quantum groups A,(n) in [41].

Kostler and Speicher’s work starts a systematic study of the probabilistic symmetries on
noncommutative probability theory. Most of the further projects are developed by Banica,
Curran and Speicher, see [2], [9], [8]. They showed their de Finetti type theorems in both of
the classical(commutative) probability theory and the noncommutative probability theory
under the invariance conditions of easy groups and easy quantum groups, respectively. All
these works in noncommutative case were proceeded under the assumption that the state
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of a probability space is faithful. This is a natural assumption in free probability theory,
because in [11], Dykema showed that the free product of a family of W*-probability spaces
with normal faithful states is also a W*-probability space with a normal faithful state. Thus
the category of W*-probability spaces with faithful states is closed under the free product
construction. Since a normal state on W*-probability space is not necessarily faithful, one
may need to consider what happens to probability spaces with states which are not faithful.
More specific, what are de Finetti type theorems for noncommutative probability spaces
with normal states which are not necessarily faithful?

Recall that in the noncommutative realm, besides the freeness and the classical indepen-
dence, there are many other kinds of independence relations, e.g. monotone independence
[27], boolean independence [35], type B independence [4] and more recently two-face freeness
for pairs of random variables [39]. All these types of independence are associated with certain
products on probability spaces. Among these products, in [34], Speicher showed that there
are only two universal products on the unital noncommutative probability spaces, namely
the tensor product and the free product. The corresponding independent relations associated
with these two universal products are the classical independence and the free independence.
It was also shown in [34] that there is a unique universal product in the non-unital frame-
work which is called boolean product. This non-unital universal product provides a way
to construct probability spaces with non-faithful states from probability spaces with faithful
states. By modifying the faithfulness, we will consider a more general noncommutative prob-
ability space which is a noncommutative probability space with a non-degenerated state. We
would expect that boolean independence plays the same role in noncommutative probability
spaces with non-degenerated states as the classical independence and the freeness play in
commutative probability spaces and noncommutative probability spaces with faithful states,
respectively. Then, we will prove our de Finetti type theorem for boolean independence.

On the other hand, compared with exchangeability, there is a weaker condition of spread-
ability: (&1, ...,&,) is said to be spreadable if for any k& < n, we have

(€10 €)= (G1y &), VIS <Dy <o <l <.

An infinite sequence of random variables is said to be spreadable if all its finite subsequences
have this property. In [30], Ryll-Nardzewski showed that de Finetti theorem hold under
the weaker condition of spreadability. Therefore, for infinite sequences of random variables
in classical probability, spreadability is equivalent to exchangeability. The second purpose
of this thesis is to study noncommutative versions of spreadability and extended de Finetti
type theorems associated with them.

Some other objects come into our consideration when we study spreadable sequences of
random objects. It was shown in [27], there are two other universal products in noncommu-
tative probability if people do not require the universal construction to be commutative. We
call the two universal products monotone and anti-monotone product. As tensor product,
free product and boolean product, we can define monotone and anti-monotone independence
associated with monotone and anti-monotone product. Monotone independence and anti-
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monotone independence are essentially the same but with different orders, i.e. if a is mono-
tone with b, then b is anti-monotone with a. For more details on monotone independence,
the reader is referred to [26], [29]. It is well known that a sequence of monotone random
variables is not exchangeable but spreadable. Therefore, there should be a noncommutative
spreadability which can characterize conditionally monotone independence.

We will define noncommutative distributional symmetries in analogue with spreadability
and partial exchangeability. Recall that in [2] [7], noncommutative distributional symme-
tries are defined via invariance conditions associated with certain quantum structures. For
instance, Curran’s quantum spreadability is described by a family of quantum increasing
sequences and their quantum family of maps in sense of Soltan. The family of quantum
increasing sequences are universal C*-algebras A;(n, k) generated by the entries of a n x k
matrix which satisfy certain relations R. Following the idea in [Liul], to construct a boolean
type of spaces of increasing sequences B;(n, k), we replace the unit partition condition in R by
an invariant projection condition. Recall that in In [14], Franz studied relations between free-
ness, monotone independence and boolean independence via Bozejko, Marek and Speicher’s
two-state free products[5]. In his construction, monotone product is something “between”
free product and boolean product. Thereby, we construct the noncommutative spreadability
for monotone independence by modifying quantum spreadability and our boolean spread-
ability. We will study simple relations between those distributional symmetries, i.e. which
one is stronger.

As the situation for boolean independence, there is no nontrivial pair of monotonically
independent random variables in W*-probability spaces with faithful states. Therefore, the
framework we use in this paper is a W*-probability space with a non-degenerated normal
state which gives a faithful GNS representation of the probability space. In this framework,
we will see that spreadability is too weak to ensure the existence of a conditional expectation.
Recall that, in W*-probability spaces with faithful states, we can define a normal shift on
a unilateral infinite sequence of spreadable random variables. Here, “unilateral” means the
sequence is indexed by natural numbers N. An important property of this shift is that its
norm is one. Therefore, given an operator, we can construct a WOT convergent sequence
of bounded variables via shifts. This is the key step to construct a normal conditional ex-
pectation in previous works. But, in W*-probability spaces with non-degenerated normal
states, the unilateral shift of spreadable random variables is not necessarily norm one. An
example is provided in the beginning of section 5.2. Actually, the sequence of random vari-
ables are monotonically spreadable which is an invariance condition stronger than classical
spreadability. Therefore, we can not construct a conditional expectation, for unilateral se-
quences, via shifts under the condition of spreadability. To fix this issue, we will consider
bilateral sequences of random variables instead of unilateral sequences. “bilateral” means
that the sequences are indexed by integers Z. In this framework, we will see that the shift of
spreadable random variables is norm one so that we can define a conditional expectation via
shifts by following Kostler’s construction. Notice that the index set Z has two infinities, i.e.
the positive infinity and the negative infinity. Therefore, we will have two tail algebras with
respect to the two infinities and will define two conditional expectations consequently. We
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denote by E*' the conditional expectation which shifts indices to the positive infinity and
E~ the conditional expectation which shifts indices to negative infinity. We will see that
the two tail algebras are subsets of fixed points of the shift and the conditional expectations
may not be extended normally to the whole algebra. In general, the two tail algebras are
different and the conditional expectation may have different properties. Then, we will prove
Ryll-Nardzewski type theorems for boolean and monotone independence.

In [15], Freedman considered rotatable random variables and showed a de Finetti type the-
orem which characterizes conditional central limit law. Recall that exchangeability and ro-
tatability are classical symmetries associate with permutation groups and orthogonal groups.
The quantum analogue of permutation and orthogonal groups were given by Wang in [40,
41]. Following the idea of free de Finetti theorem, in [9], Curran proved a free analogue
of Freedman’s work on quantum rotatability that an infinite sequence of noncommutative
random variables are invariant under quantum orthogonal groups is equivalent to the fact
that the random variables satisfy operator-valued free central limit law(semicircular) and free
with respect to the conditional expectation onto their tail algebra. Later, in [5], both clas-
sical symmetries and quantum symmetries are studied in the “easiness”formalism. Roughly
speaking, those structures are quantum groups associated tensor categories of partitions.
For each n, it was shown that there are six easy groups which are denoted by S,, O,,
B,, H,, B),, S/. We will denote the algebras of continuous functions on these groups by
Cs(n), Co(n), Cy(n), Cr(n), Cy(n), Cy(n), respectively. In the quantum aspect, for each
n, together with the work of Weber [42], there are seven easy quantum groups which are
denoted by Ag(n), A,(n), Ay(n), An(n), Ag(n), Ay(n), Ay (n). All these algebras are gen-
erated by n? matrix coordinates u; ;’s which satisfy certain relation R. The relations R for
Ci(n) and A.(n) are suitable such that all these algebras are Hopf algebras in the sense of
Woronowicz[43]. The distributional symmetries associated with Woronowicz’s are defined
via coactions of quantum groups on noncommutative polynomials in the sense of Sottan [31].
Among these symmetries, in [2], Banica, Curran and Speicher studied de Finetti theorems
for Cs(n), Co(n), Cy(n), Cp(n) and As(n), A,(n), As(n), Ap(n). In short, these symme-
tries can characterize independence relations which are classical or free, and can characterize
some special distributions which are symmetric, shifted central limit and centered central
limit laws. One goal of this paper is to study de Finetti theorems for all compact quantum
groups, for classical and free independence, which are either between Cs(n) and C,(n) or
between Ag(n) and A,(n).

Recall that Ryll-Nardzewski’s theorem holds under the weaker condition of spreadability.
Therefore, for infinite sequences of random variables, different symmetries may characterize
a same property. Another goal of this paper is to determine that under what conditions the
symmetries characterize a same property for infinite sequences. In our compact quantum
group framework, we will show that there is no characterization other than what Cs(n),
Cy(n), Cy(n), Cp(n) and Ag(n), A,(n), Ap(n), Ax(n) can characterize. On the other hand,
we will show that these symmetries are maximal which means the corresponding de Finetti
theorem fails if a sequence satisfies more symmetries other than a maximal one.

In [34, 35], it was shown that there is a unique non-unital independence, which is called
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boolean independence, in noncommutative probability. The study of distributional symme-
tries for boolean independence was started in [25]. We constructed a family of quantum
semigroups in analogue of Wang’s quantum permutation groups and defined their coac-
tions on joint distributions of sequences. It was shown that the distributional symmetries
associated those coactions can be used to characterize boolean independence in a proper
framework. In a recent work of Hayase [17], by following the idea of Banica and Speicher,
many distributional symmetries related to boolean independence were constructed via the
category of interval partitions. By using those distributional symmetries, Haysase find de
Finetti theorems for a boolean analogue of easy quantum groups. In this paper, we will
defined quantum semigroups, which are related to boolean independence in analogue of easy
quantum groups via some universal conditions, By(n), B,(n), By(n), By(n), By (n), By(n).
Our quantum semigroups are quotient algebras of Hayase’s. We do not have maximal dis-
tributional symmetries for boolean independence, but we provide a way to check de Finetti
theorems for some quantum semigroups other than these universal ones. The last topic of
the thesis is to prove a general de Finetti type theorem for all classical, free and boolean
independence.



Chapter 2

Preliminaries and Notation

2.1 Notation in noncommutative probability

In this section, we recall some necessary definitions and notation in noncommutative prob-
ability. For further details, see texts [23], [28], [3], [38].

Definition 2.1.1. A non-commutative probability space (A, ¢) consists of a unital algebra
A and a linear functional ¢ : A — C. (A, ¢) is called a x-probability space if A is a *-algebra
and ¢(zx*) > 0 for all x € A. (A, ¢) is called a W*-probability space if A is a W*-algebra
and ¢ is a normal state on it. We say (A, ¢) is tracial if

P(zy) = d(yz), Vr,y € A

The elements of A are called random variables. Let x € A be a random variable, the
distribution of x is a linear functional p, on C[X] such that p,(P) = ¢(P(x)) for all P € Clz],
where C[z] is the set of complex polynomials in one variable.

Note that we do not require the state on WW*-probability space to be tracial. We will
specify the probability spaces we are concerned with in section 4.1 and section 5.2.

Definition 2.1.2. Let I be an index set. The algebra of noncommutative polynomials in
|I| variables, C(X;|i € I), is the linear span of 1 and noncommutative monomials of the
form Xiklle;2 - -Xi]i" with @4 # 49 # .-+ # i, € I and all k;’s are positive integers. For
convenience, we use C(X;|i € ) to denote the set of noncommutative polynomials without
a constant term.

Let (x;);es be a family of random variables in a noncommutative probability space (A, ¢).
Their joint distribution is a linear functional p : C(X;|i € I) — C defined by

p(XEXE - XE) = pabiat o),

11 12 in

and p(1) = 1.
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Remark 2.1.3. In general, the joint distribution depends on the order of the random vari-
ables. For example, let I = {1,2}, then p,, ,, may not equal p,,,. According to our
notation, Moy ,zo (XlXZ) = ¢(l’1x2), but Mo ,zq (X1X2> = ¢(Z’23§1).

Definition 2.1.4. Let (A, ¢) be a noncommutative probability space. A family of unital
subalgebras (A;);c; is said to be free if

¢<a1 o 'an) = 07

whenever a, € A;, iy # iy # -+ # i, and ¢(ax) = 0 for all k. Let (x;);er be a family of
random variables and A;’s be the unital subalgebras generated by z;’s, respectively. We say
the family of random variables (z;);c; is free if the family of unital subalgebras (A;);er is
free.

Definition 2.1.5. Let (A, ¢) be a noncommutative probability space. A family of (not
necessarily unital) subalgebras {A4;|i € I} of A are said to be boolean independent if

P(r172 - ) = d(T1)P(22) - - - H(T0)

whenever zy € A;, with iy # iy # -+ # 4,. The family of subalgebras {A;|i € I'} are said to
be monotonically independent if

O(T1 T 1 TpTpg1 + Tp) = Q(T)P(X1 +++ L1 Tk~ ** T

whenever x; € A;; with iy # iy # -+ # i, and i1 < ix > dgy1. A set of random variables
{z; € A|i € I} are said to be boolean(monotonically) independent if the family of non-
unital subalgebras A;, which are generated by x;’s respectively, is boolean(monotonically)
independent.

One refers to [13] for more details on boolean product of random variables. Since the
framework for boolean independence is a non-unital algebra in general, we will not require
our operator valued probability spaces to be unital:

Definition 2.1.6. An operator valued probability space (A, B, E : A — B) consists of an
algebra A, a subalgebra B of A and a B — B bimodule linear map £ : A — B i.e.

E[blabg] = blE[CL]bQ, E[b] =b

for all by,by,b € B and a € A. According to the definition in [37], we call E a conditional
expectation from A to B if F is onto, i.e. E[A] = B. The elements of A are called random
variables.

In operator valued free probability theory, A and B are unital and have the same unit
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Definition 2.1.7. Given an algebra B3, we denote by B(X) the algebra which is freely gener-
ated by B and the indeterminant X. Let 1x be the identity of C(X), then B(X) is set of linear
combinations of the elements in B and the noncommutative monomials by Xb; Xbs - - - b,,_1 Xb,
where b, € BU{Clx} and n > 0. The elements in B(X) are called B-polynomials. In addi-
tion, B(X) denotes the subalgebra of B(X) which does not contain a constant term i.e. the
linear span of the noncommutative monomials by Xb; Xbs - - - b,_1Xb,, where b, € BU{Cly}
and n > 1.

Definition 2.1.8. Given an operator valued probability space (A,B,E : A — B) such
that A and B are unital. A family of unital subalgebras {A; D B}ics is said to be freely
independent with respect to E if

Ela;---a,] =0,

whenever iy # iy # -+ # i, ap € A;, and Elai] = 0 for all k. A family of (z;);e; is said
to be freely independent over B, if the unital subalgebras {A4;};c; which are generated by z;
and B respectively are free, or equivalently

Elpi(ziy)p2(xiy) - - pu(xi,)] = 0,

whenever iy # iy # - -+ % in, P1, ..., pn € B(X) and E[p(x;, )] = 0 for all k.

Let {x;};cr be a family of random variables in an operator valued probability space (A, B, E :
A — B). A, B are not necessarily unital. {z;};c; is said to be boolean independent over B if
for all 4y, ...,4, € I, with iy # iy # - -+ # i, and all B-valued polynomials py, ..., p, € B(X)g
we have

Elpi(ziy)p2(2iy) - - pu(@i,)] = Elpr (i) Elp2(2i,)] - - Elpn(2i,)].

{z;}icr are said to be monotonically independent over B if

E[pl (3721) o 'pk—l(xik—1)pk(xik)pk+l($ik+1) T pn('xln)]
= Elpi(xi) - pe—1(@iy ) Elpr(zi) o1 (@i, ) - palzi,)]

Y

whenever 11, ,ip € I, 1 7é 19 7é 7é I, T < 1 > ’ik+1 and P1,cc ,Pn € B<X>0

2.2 Combinatorics in noncommutative probability

All these three independence relations have rich combinatorial theories which we will recall
in the follows. One can see [1, 24, 33] for details.

Definition 2.2.1. Let S be an ordered set:

1. A partition 7 of a set S is a collection of disjoint, nonempty sets Vi, ..., V, such that
the union of them is S. Vi, ..., V.. are blocks of m. The collection of all partitions of .S
will be denoted by P(S).
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2. Given two partitions m, o, we say m < ¢ if each block of 7 is contained in a block of o.

3. A partition m € P(S) is noncrossing if there is no quadruple (sy, s2,71,72) such that
$1 <11 < 89 <719, 81,8 €V, r,ro € Wand V,W are two different blocks of .

4. A partition 7 € P(S) is interval if there is no triple (s1, s2,7) such that s; < r < sa,
s1,89 € V,re W and V,W are two different blocks of .

5. Let i= (i1,...,1) be a sequence of indices of I and [k] = {1, ..., k}. We denote by ker
i the element of P([k]) whose blocks are the equivalence classes of the relation

s~t& is = Z.t
Remark 2.2.2. In this paper, we are interested in S = {1, ..., k} for some k € N. It is easy
to see that interval partitions are noncrossing.
Definition 2.2.3. Let (A, £ : A — B) be an operator valued probability space:

1. A B-functional is a n-linear map p : A" — B such that
p(boayby, asha, ..., anb,) = bop(ay, byasg, ..., by_1a,)by,
for all by, ...,b, € BU{14}.
2. For k € N, let pi® be a B-functional from AF to B.

3. If B is commutative. Given 7 € P(n), we define a B-functional p(™ : A" — B by the

formula:
p™(ay,...,an) = H p(V)(ay, ..., a,),

Ver

where if V = (iy < iy < -+ < i) is a block of 7 then
p(V)(ay, ..., an) = p®(as,, ..., ai,).

4. Given 7 € NC(n), then a p(™ : A" — B can be defined recursively as follows:

T\ (@, ooy 10 (@1, )y sty oes @)

P (ay, ..., an) = p
where V' = (I 4+ 1,1+ 2,...,l + s) is an interval block of .

Remark 2.2.4. If B is noncommutative, there is no natural way to compute p™(ay, ..., a,)
for m & NC(n).

Definition 2.2.5. Let (A, B, E : A — B) be an operator-valued probability space:
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1. If A is commutative, then the operator-valued classical cumulants C(En) A" — B are
defined by the classical moment-cumulant formula:

Elay---a,] = Z cg)(al,...,an),

TEP(n)
for all ay, ...,a, € A.

2. The operator-valued free cumulants mg) : A" — B are defined by the free moment-

cumulant formula:
Elay---a,| = Z mg)(al, ey Q)
TeNC(n)
for all ai,...,a, € A.

3. The operator-valued boolean cumulants bg) : A" — B are defined by the boolean
moment-cumulant formula:

Elay---a,] = Z bg)(al,...,an),

rel(n)
for all ay, ..., a, € A.
Note that all these three types of cumulants can be resolved recursively, e.g.
i (@) = Elan)

and
C(En)(ala---;an):E[al"'an]_ C(Eﬂ)(&l,...,an),
TEP(n),m#ly

where cg)(al, ..., Gy,) depends on cg)(al, v ap) for k=1,...n—1if 7 # 1,. The same, to
determine /igl) and bgl) we just need to replace P(n) by NC(n) and I(n), respectively.

Theorem 2.2.6. Let (A, B, E : A — B) be an operator-valued probability space and (x;);es
be a family of random wvariables in A:

1. If A is is commutative, then (x;);c; are conditionally independent with respect to E iff
cg)(boxilbl, ey @i by) =0,
whenever iy, # i; for some 1 < k1 < n.
2. (;)ier are free independent with respect to E iff
Hg)(boxilbl, ey Ty b)) =0,

whenever iy, # i; for some 1 < k[ < n.
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3. (;)ier are boolean independent with respect to E iff
b(En) <b0$ilb17 ceey xznbn> = O,
whenever iy, # i; for some 1 < k1 < n.

Proof. The classical case is well know, the free case is due to Speicher and the scalar boolean
case is due to Lehner. For completeness, we provide a sketch of proof to operator-valued
boolean case:

If iy, # 4; for some 1 < k,[ < n, then there exists [ such that ¢; # 7;,1. Therefore, we have

Z()bg)(l'“bh,l'lnbn) = E[Iilbl,...,l’inbn]
wel(n

E[xzj bl) ceey CC'ilbl]E[xil+1bl+17 T xi"bn]
Z bgl)(xilbla -.-7:'Eilbl) Z bg2)<xil+1bl+]" 7$ann)

mel(l) mo€l(n—1)

We see that the coefficient of bfg(aﬁilbl, <ty i, b ) on the right is 0 which implies that bg(xilbl,

0 and vice verse.

]

Definition 2.2.7. Let (A,B,E : A — B) be an operator-valued probability space. Two
random variables z,x2 € A are said to be conditionally(free, boolean) i.i.d. respect to E
if they are conditionally(free, boolean) independent and have a same distribution. Suppose
x1, T2 € A are conditionally(free boolean) i.i.d. x1 is said to be symmetric if ; and —x; have
a same distribution. x; is said to be Gaussian (semicircular, Bernoulli) distributed if z; and
ax1 + Bxs have a same distribution whenever «, 3 are real numbers such that a?+ 3% = 1. z;
is shifted Gaussian (semicircular, Bernoulli) distributed if z; — b is Gaussian (semicircular,
Bernoulli) distributed for some b € B.

Remark 2.2.8. Gaussian (semicircular, Bernoulli) distribution in Definition2.2.7 is equiv-
alent to the usual definition which is also equivalent to the following cumulants definition.
In scalar case for free independence and classical independence, the tail algebra can be
considered as the commutative algebra generated by the unit of the probability space.
Therefore, the shifted constant commutes with random variables. Graphically, density func-
tions of shifted scalar Gaussian(Semicircular) laws are density functions of centered Gaus-
sian(Semicircular) laws translated by a constant. For example, the density function of the

centered semicircular law with variance 1 is
1

—V4 — g2

27

on [—2,2], where the density function of shifted semicircular law with variance 1 are in the
form

1
- 4—(x—a)?

3 zznbn>
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on [-2 + a,2 + a]. But, for boolean independence, the tail algebra does not necessarily
contain the unit of the space. Therefore, the shifted constant may not commute with random
variables. Graphically, density functions of shifted scalar Bernoulli laws are not simply
density functions of centered Bernoulli laws translated by a constant. For example, the
density function of the centered semicircular law with variance 1 is

1/20 4 +1/261,

where the density function of shifted Bernoulli law are in the form

a5a + b5_b
a—+b

for a,b > 0.

Theorem 2.2.9. Let (A, B, E : A — B) be an operator-valued probability space, and (x;);es
be a family of random variables in A:

1. If A is is commutative, then the B-valued joint distribution of (x;);c; has the property
corresponding to D in the table below iff for any = € P(n).

Cg)(bofbilbl, ceey ZL‘ann) = 0,

unless 7 € D(n) and © < ker i where 1= (i1,...,1,).

Partitions D Joint distribution

P: All partitions Classical independent

Py Partitions with even block sizes Classical independent and symmetric

Py,: Partitions with block size 1 or 2 Classical independent and Gaussian

Ps: Pair partitions Classical independent and centered Gaussian

2. The B-valued joint distribution of (z;);c; has the property corresponding to D in the
table below iff for any = € P(n).

Kg) (bo(L’Z’lbl, ceey xznbn) == 0,

unless 7 € D(n) and 7 < ker i.
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Partitions D Joint distribution

P: Noncrossing partitions Free independent

P, Noncrossing Partitions with even block sizes Free and symmetric

Py: Noncrossing Partitions with block size 1 or 2 Free and semicircular

P5: Noncrossing Pair partitions Free and centered semicircular

3. The B-valued joint distribution of (x;);c; has the property corresponding to D in the
table below iff for any = € P(n).

b(E7~r) (bol‘ilbl, ceey xznbn> = O,

unless 7 € D(n) and 7 < ker i.

Partitions D Joint distribution

I: Interval partitions Boolean independent

I}, Interval partitions with even block sizes Boolean and symmetric

I,: Interval partitions with block size 1 or 2 Boolean and Bernoulli

I5: Interval pair partitions Boolean and centered Bernoulli

Proof. These results are well know for free case and classical case. For boolean case, one
just need to follow the proof for free case and replace noncrossing partitions by interval
partitions. L]



14

Chapter 3

Distributional symmetries in
noncommutative probability

3.1 Quantum Exchangeability

In [41], Wang introduced the following quantum groups A4(n)’s.

Definition 3.1.1. A,(n) is defined as the universal unital C*-algebra generated by elements
w;j (i,7 =1,---n) such that we have
e each u;; is an orthogonal projection, i.e. uj; = u;; = ufj forall 4,7 =1,...,n.

e the elements in each row and column of u = (u;;); j—1,. ., form a partition of unit, i.e.
are orthogonal and sum up to 1: for each ¢ =1,--- ,n and k # [ we have

uirui; =0 and  wuyu,; = 0;

and for each 7 = 1,--- ,n we have
n n
E U | = 1= E Uk,;-
k=1 k=1

Ag(n) is a compact quantum group in the sense of Woronowicz [43], with comultiplication,
counit and antipode given by the formulas:
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In [23], the right coaction of As(n) on C(Xjy,...,X,) is a linear map a : C(Xy,..., X,,) —
C(Xy, ..., X)) ® Ag(n) given by:

n
(X, Xy - Xi,) = E X5, Xy oo X @ Uy iy Uiy * U i s

jl""?jmzl

where ® denotes the algebraic tensor product.

In the earlier papers, « is defined as an algebraic homomorphism. We put emphasis
on the linearity here because we will define some coactions of our quantum semigroups on
noncommutative polynomials in a similar way. The right coaction has the following property:

(a®id)a = (id ® A)a.

Let (z;)ien be an infinite sequence of random variables in a noncommutative probability
space (A, ¢). (z;)en is said to be quantum exchangeable if their joint distribution is invariant
under Wang’s quantum permutation groups, i.e. for all n, we have

Haq,...xn (p) Lasn) = Pay,oopn @ Z‘dz‘ls(n)(a(p))a

where fiz, .. ., is the joint distribution of z, ..., x, with respect to ¢ and p € C(X1, ..., X,,).
For example, if p = X;, X, - -+ X;,,, then the equation above can be written as:

m )

¢($z‘113z‘2 e 'l’im)lAs(n) = ,uxl,...xn((XilXiQ . 'Xim)lAs(n)

n
= Yoy w, @ida,my) (Y0 X5 Xy X @ Wy i Wiy iy Wi,
j17~'-7jm:1

n
= 2 @ my T Ui sy Wi
jl,...,jm:].
whenever iy, ..., 1, € {1,....,n}.
Let S, be the permutation group on {1,...,n}. The joint distribution of (z;);en is said be
exchangeable if for all n, o € S,,, we have

H/:El,‘..mn - ,ul‘g(l),.‘.,za(n)?

where i, ., is the joint distribution of x, ..., x,, with respect to ¢ . It was shown, in [23],
that quantum exchangeability implies classical exchangeability.

3.2 Quantum semigroups B(n)

In this section, we will introduce quantum semigroups Bs(n)’s. Our probabilistic symmetries
are described by linear coactions of Bgs(n)’s. First, we recall the related definitions and
notation of quantum semigroups. Then, we will introduce our boolean quantum semigroups
and their coactions on the joint distribution of random variables. In the end of this section,
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we will show that the invariance conditions associated with boolean quantum semigroups
are stronger than the quantum exchangeability defined in [23].

A quantum space is an object of the category dual to the category of C*-algebras( [44]).
For any C*-algebras A and B, the set of morphisms Mor(A, B) consists of all C*-algebra ho-
momorphisms acting from A to M (B), where M (B) is the multiplier algebra of B, such that
®(A)B is dense in B. If A and B are unital C*-algebras, then all unital C*-homomorphisms
from A to B are in Mor(A,B). In [32],

Definition 3.2.1. By a quantum semigroup we mean a C*-algebra A endowed with an
additional structure described by a morphism A € Mor(A, A® A) such that

(A ®id)A = (idg ® A)A.

In other words, A defines a comultiplication on A. Here the tensor product ® denotes
the minimal tensor product ®,,,.

Before introducing B,(n), we need to define a quantum semigroup Bs(n) of which Bg(n)

is a sub quantum semigroup. We need the help of Bs(n) because it is easy to define a

coassociative comultiplication on it. The definition of Bs(n) is close to Wang’s quantum
group Ag(n):

Quantum semigroup (Bs(n), A): The algebra Bs(n) is defined as the universal unital

C*-algebra generated by elements u; ; (i,7 = 1,---n) and a projection P such that we have

e cach u;; is an orthogonal projection, i.e. u; = u;; = uf] foralli,j=1,---,n.

[ ]
u iy =0 and g u,; =0,

whenever k # [.

e Forall1<i<mn, P=)> wu,; P.
k=1

We will denote the unit of Bs(n) by I, the projection P is called the invariant projection
of Bg(n). On this unital C*-algebra, we can define a unital C*-homomorphism

A : Bs(n) = Bs(n) ® Bs(n)

by the following formulas:

n
Au; j = E Uik @ U, j
k=1

and
AP= P P, AI=1®I1.
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We will see that (Bs(n),A) is a quantum semigroup. To show this we need to check
that A defines a unital C*-homomorphism from Bg(n) to Bs(n) ® Bs(n) and satisfies the
coassociative condition :

Because u; , uy, ; are orthogonal projections and w; yu;; = 0if k # [, {u; s ®uy j }r=1, n» is a set

.....

of orthogonal projections which are orthogonal to each other. Therefore, Aw; ; = > u; xQuy ;
k=1
is an orthogonal projection. A P = P ® P is a projection as well. Let [ # m, then

n

A(u ) AU, = (D Uik @ upg) (D] Ui @ Ujm)
k=1 =1

= D UiklUij @ Uk Ujm
k?jzl
n

= D Uk @ Up Uk m
k=1
= 0.

The same, we have A(u;;)Au,,; = 0, for m # [. Moreover, we have
A(Z ulyi)A P = ( Z Uy i X u;m-) P X P
=1

k=1

n
= Z Uy i P (029 Uk ; P
l,k=1

k=1
= P® P.

and A sends the unit of Bs(n) to the unit of Bs(n) ® Bs(n). Therefore, A defines a unital
C*-homomorphism on Bg(n) by the universality of By(n).

The coassociative condition holds, because on the generators we have:

(A ® Z'dA)Aum = Z U ® Up Q Uy = (idA ® A)Aum

k=1
(ARids)AP=Pe P P=(idi®A)AP
(ARIdNAI =111 = (idg ® A)AL
Therefore, (Bs(n), A) is a quantum semigroup.

Remark 3.2.2. If we let the invariant projection to be the identity, then we get Wang’s free
quantum permutation group. Therefore, As(n) is a quotient C*-algebra of Bg(n), i.e. there
exists a unital C*-homomorphism 5 : Bs(n) — Ag(n) such that /5 is surjective.
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The following two examples are nontrivial representations of Bg(n)’s:

Example 1.Let C° be the standard 6-dimensional complex Hilbert space with orthonor-
mal basis vy, ...,vg. Let

Pll - P’U1+’U27 P21 == P’U3+’U47 Pl3 == P’U5+’U57
P21 :Pvg-l-vaa P22 :Pv5+1)2; P23 :Pv1+v4;
P31 :Pv4+v57 P32 :Pv1+v67 P33 :P’U2+’U3'

and P = P, {y,+vstvs+vs+vs, Where P, denotes the one dimensional orthogonal projection
onto the subspace spaned by v. Then the unital algebra generated by F;; and P gives a
representation 7 of B,(3) on C° by the following formulas on the generators of B,(3):

71'(]) = I@G, W(ui,j> = Pij; 7T(P) =P

7 is well defined by the universality of B(3). In this example, we see that sums of columns
are different, e.g. P11 + Pa1 + P31 # Pia + Pas + Pso. Therefore, we can not construct B;(3)
from A,(3) by simply adding a special projection P. In general, Bs(n) is not quit different
from Ag(n) for all n > 1.

Example 2.Again,let C® be the standard 6-dimensional complex Hilbert space with
orthonormal basis vy, ...,vs. Let

Pll = Pv1+v27 Pl2 = Pv4+v57 Pl3 = Pv3+v67
P21 :P’U3+’U67 P22 :P’U1+’U27 P23 :P’U4+’U57
Py :Pv4+1)57 Psy :Pvg—i-vg; Ps3 :Pv1+v2-

and P = P, {y,+vstvs+vs+vs, Where P, denotes the one dimensional orthogonal projection
onto the subspace spaned by v. Then the unital algebra generated by F;; and P gives a
representation 7 of B,(3) on C° by the following formulas on the generators of By(3):

7T(I) = I(C67 W(ui,j) = Pij) 7T<P) =P.

7 is well defined by the universality of By(3).
Moreover, the matrix form for P, ; and P with respect to the basis are

110000 111111
110000 111111
000000 111111
Pu=1/2 o g g0 0o |MP=161 1 11111 |
000000 111111
000000 111111
then we have
111111
111111
111111
PPuP=1/18| | | | 1 1 1 | =1/3P
111111
111111



CHAPTER 3. DISTRIBUTIONAL SYMMETRIES IN NONCOMMUTATIVE
PROBABILITY 19

In general,we have

Lemma 3.2.3. Let vy, ..v9, be an orthonormal basis of the standard 2n-dimensional Hilbert
space C*", and let vy, = Vyon for all k € Z, let

Pi,j:Pv

2(i—j)+1TV2(j—i)+27

where P, 1s the orthogonal projection the one dimensional subspace generated by the vector v
and P = Py {pyiotva, 1 is the identity of B(C*) . Then {Pi;}ij1..n, P and 1 satisfy
the defining conditions of the algebra By(n). In addition, PP, ;P = %P foralli,j=1,....n.

Proof. 1t is easy to see that the inner product
(Va(imj)+1 + Va(j—i)+2; V2(imk)+1 + Va(k—i)+2) = 205k,

so PpP;; = 01if j # k. The same P P;; = 0if k # j. Fix i, we see that vy + va + -+ v, €

span{va(i—j)11 + Vagi—iy+2ld = 1,..n}, so > Py P = P. By a direct computation, we have
k=1

2n 2n
(PPjPY v,y vi) =2
=1 =1
and

2n
1Y will = 2n.
=1

2n
Since PP, ;P is a selfadjoint operator with rank 1 and ) v; is in the range of PP, ;P, we
i=1

have ) ,
(PP P Y v,y vi) 1
PP,,P = S5 po-p
n n
122 will
i=1
The proof is complete. O

Therefore, by lemma 3.2.3, there exists a representation 7 of By(n) on C*" which is
defined by the following formulas:

71'(135(”)) = 1, 7T(P) =P

and

foralli,5 =1,....n.
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Now, we turn to introduce a sub quantum semigroup of (Bg(n),A). Since P # I is a
projection in Bg(n), Bs(n) = PBs(n)P is a C*-algebra with identity P and generators

{Puihjl < 'uik,jkP|i17j17 Zk,]k c {1, TL}, k Z 0}

If we restrict the comultiplication A onto Bs(n), then we have

A(1:)1/%'1,]'1 o 'uik,jkP> P ® P Z Wiy g " Wiy 1y, @ Uy jy = ullmjk)(P ® P)v

=1

which is contained in By(n) ® Bs(n). Therefore, (Bs(n), A) is also a quantum semigroup and
P is the identity of Bs(n). We will call Bs(n) the boolean permutation quantum semigroup
of n.

Remark 3.2.4. If we require Pu;; = u;; P for alli,j = 1,...,n, then the universal algebra
we constructed in the above way is exactly Wang’s quantum permutation group. Therefore,
As(n) is also a quotient algebra of Bs(n).

In the following definition, ® denotes the tensor product for linear spaces:

Definition 3.2.5. Let S = (A, A) be a quantum semigroup and YV be a complex vector space,
by a (right) coaction of the quantum group S on V we mean a linear map L:V -V ® A
such that

(L®id)L = (id® A)L.

We say a linear functional w :V — C is invariant under L if
(w®id) L(v) = w(v) L4,

where I 4 is the identity of A.
Given a complex vector space W, We say a linear map T : YV — W is invariant under L if

(T ®id)L(v) = T(v) ® L4

Remark 3.2.6. This definition is about coactions on linear spaces but mot coactions on
algebras.

Let C(Xj, ..., X,,) be the set of noncommutative polynomials in n variables, which is a
linear space over C with basis X, --- X;, for all integer £ > 0 and 41, ..., € {1,...n}.
Now, we define a right coaction L,, of By(n) on C(X7, ..., X,,) as follows:

Ln(Xu Z ' ® Pujl,il T ujminP

o JEe=1

and
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It is a well defined coaction of Bs(n) on C(Xjy, ..., X,,)o, because:

(Ln ® id)Ln(in .. sz)
= (L,®id) Y Xj - Xj ®@Puj, ---uj,, P

= > > Xy Xy, @Puy w5, PPy g, P

= > XXy @( Y Puycoow,,PoPu o, P)
l1,..lp=1 J1se--Jr=1
= > XX, @ (APuy w4, P)
l1,...lx=1
= (WdoA) Y Xy Xy, © (Pugy, w0, P)
Jrodn=1

We will call L,, the linear coaction of Bs(n) on C(Xjy, ..., X,,). The algebraic coaction will be
defined in section 4.3.

Lemma 3.2.7. Let L, be the linear coaction of Bs(n) on C(Xy, ..., X,,), {wi;}ij=1,..n and P
be the standard generators of Bs(n). Then,

n

L (p1(Xiy) -+ pu( X)) = Z (X)) - pe(XG) @ Pujy gy Py

Jise--Je=1

for all iy # iy # -+ # ix and py,...px € C(X)o.

Proof. Since the map is linear, it suffices to show that the equation holds by assuming
pi(X) = X" where ¢, > 1 for all [ = 1,...k. Then, we have

LTL(’I.’LI ...xil ...xil ...xik>
—

t1 times tr times
n
= Z Ljiq - 'le,tl gyt 'J:jk,tk ® Pujl,lil o 'ujl,tlil P,

J1,15e 01ty yeesdly 1oee Tty =1

Notice that wj,, i, Wi oi1im = Ojimssjmsrt Ujm.sim, the right hand side of the above equation
becomes
n
t1 tr
Y a2l @ Puyy, -, P
jl 7777 ]kzl
The proof is now completed O

We will be using the following invariance condition to characterize conditionally boolean
independence.
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Definition 3.2.8. Let (A, ¢) be a noncommutative probability space and (x;);en be an infinite
sequence of random variables in A. We say that the joint distribution of (x;)ien is boolean
exchangeable if for all n, we have

Haq,....xn (p>P = Hzy,....xn ® Zst(n)(an)
for all p € C(Xq, ..., X,,), where iy, . 4. is the joint distribution of x1, ..., xy.

Let {w;;}ij=1,..n be the standard generators of As(n), and {u;;}ij=1,.» U {P} be the
standard generators of Bg(n), then there exists a unital C*-homomorphism g : Bs(n) —
As(n) such that:

Pluig) = @iz, B(P) = 1a,m)-
The C*-homomorphism is well defined because of the universality of Bg(n). Let p =
Xil < sz S (C(Xl, ...7Xn>, then

Hzy,....xn (p)P = Hgq,....zn ® Zst(n)(an)
implies

n

Mxl,...7In (XZ e Xlk)P = Z (Mx17-~-7xn ® ZdBS(n))(le U X]k ® Pujlyil o u]nﬂ«nP)

J1ygk=1
Now, apply 5 on both sides of the above equation, we get

n

Iu$1,~~733n (Xll e X1k>1As(n) = Z (/’Lml,m:xn ® ZdA.s(”))(‘le e X]k ® ajlyil e /ajnuin)7

Jis-Jr=1
which is the free quantum invariance condition. Since p is arbitrary, we have:

Proposition 3.2.9. Let (A, ¢) be a noncommutative probability space and (x;)i—=1. » be a
sequence of random variables in A, the joint distribution of (x;)i=1,..n S invariant under the
free quantum permutations As(n) if it satisfies the invariance condition associated with the
linear coaction of the boolean quantum permutation semigroup Bs(n).

3.3 Distributional symmetries for finite sequences of
random variables

In this section, we will review two kinds of distributional symmetries which are spreadability
and partial exchangeability, in classical probability. In [20], we see that the distributional
symmetries can be defined for either finite sequences or infinite sequences. Moreover, each
kind of distributional symmetry for infinite sequences of random objects is determined by
distributional symmetries on all its finite subsequences. For example, an infinite sequence
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of random variables is exchangeable iff all its finite subsequences are exchangeable. We will
present distributional symmetries for finite sequences and then introduce their counterparts
in noncommutative case. In the first subsection, we recall notions of spreadability and par-
tial exchangeability in classical probability and rephrase these notions in words of quantum
maps. In the second subsection, we will introduce counterparts of spreadability and partial
exchangeability in noncommutative case. Even though there are many interesting properties
of partial exchangeability, we are not going to study it too much here because the main prob-
lem we concern is about extended de Finetti type theorems for noncommutative spreadable
sequences.

3.3.1 Spreadability and partial exchangeability

Recall that in [21], a finite sequence of random variables (1, ..., x,) is said to be spreadable
if for any k < n, we have

(T, oo k) 2 (s y,)y b <o < -or <l (3.1)

For fixed natural numbers n > k, it is mentioned in [7], the above relation can be described
in words of quantum family of maps in sense of Soltan [31]: Considering the space Ij,, of
increasing sequences Z = (1 <43 < --- < i < n). For 1 <i < n, 1 < j <k, define

fij i Igm — C by:
1, =i
f”'(z)_{ 0, ij#i

If we consider I, as a discrete space, then the functions f; ; generate C'(I,,;) by the Stone-
Weierstrass theorem. Let C[Xj, ..., X,,] be the set of commutative polynomials in m vari-
ables. The algebra C(1, ;) together with an algebraic homomorphism « : C[Xj, ..., X;] —
C[Xy, ..., X,] ® C(I,,) define by:

(67 X] = ZXz & fi,j7 Oé(l) =1 ® 1C(Ik,n)’
=1

which defines a quantum family of maps from {1,...,k} to {1,...,n}.
Equation (3.1) can be rephrased in the following way: For fixed natural numbers n > k,

Hazy,... (p)lC(Inﬂk) = Wzq,...xn & ZdC(In,k)(Oé(p)) (32)

for all p € Clxy, ..., xx], where i, ., is the joint distribution of (z1, ..., x,).

For completeness, we provide a sketch of proof here: Suppose equation (3.1) holds. Let
p = X;;X;’: be a monomial in C[X7, ..., X;] such that 1 < j; < jo < -+ < jm < k
and iy, ..., %, are positive integers. Let Z = (1 < [; < --- < I < n) be a point in Ij,.

Then, the Z-th component of i, . .. (P)lc(r, ) 18 E[xéll . x;’;‘b] On the other hand, the
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-----

According the definition of f;;, (fs;j1 -+ fsmim)(Z) is not vanished only if s; = [;, for all
1 <t < m. Therefore,

n

> Blek e Foin e fonan) @) = Blef, oo ]

Since 1 < j; < jo < -+ < jm <k and 7 is an in creasing sequence, we have 1 <1[; <--- <
l;,. < n. Hence, the Z-components of the two sides of equation (3.2) are equal to each other.
Since 7 is arbitrary, equation (3.2) holds. By checking the Z-th component of equation (3.2),
we can also show that (3.2) implies (3.1). We will say that (&1, ...,&,) is (n, k)-spreadable if
(21, ..., z,) satisfies equation (3.2).

Remark 3.3.1. We see that the above (n, k)-spreadability describes limited relations be-
tween the mixed moments of (xy,...,x,). For fixed n,k, the (n,k)-spreadability gives no
information about mixed moments which involve k£ + 1 variables. For example, let n = 4,
k = 2 and assume that (z1,...,24) is a (4,2)-spreadable sequence. According to equation
(3.1), we know nothing about the relation between E[zixox3] and E[zazsx,]. We will call this
kind of distributional symmetries partial symmetries because they just provide information
of part of mixed moments but not all.

By using the idea of partial symmetries, we can define another family of distributional
symmetries which is stronger than (n, k)-spreadability but weaker than exchangeability.

Definition 3.3.2. For fixed natural numbers n > k, we say a sequence of random variables
(21, ..., z,) is (n, k)-exchangeable if

d
(:El, ,:L’k) = (L,(l), ...,:L‘U(k)), Vo € Sn,

where S, is the permutation group of n elements.

This kind of distributional symmetries are called partial exchangeability. See [10] for
more details. As well as (n, k)-spreadability, we can rephrase partial exchangeability in
words of quantum family of maps: Considering the space E,; of length k sequences {Z =
(i1, s i)l < iqyeyipy < myiy # iy forj # 5/} For 1 < i < n, 1 < j < k, define

Gij : In — C by:
o 1, ij - ’i,
9ia(2) _{ 0, ij #i.

(i}, ...,7}), there must exists a number

Given two different sequences Z = (iy, ..., 1) and Z’ ,
1 # 0 = g;#(Z). Therefore, the set

j such that i; # 4j. Then, we have that g;; (Z)
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of functions {g; ;|1 = 1,...,n;j = 1,...,k} separates E,j. According to Stone Weierstrass
theorem, the functions g;; generate C(E, ;). Again, we can define a homomorphism o' :
C[Xy, ..., Xi] = C[Xy, ..., X,)] ® C(E, ) by the following formulas:

o X; =) Xi®giy, /(1) = Lo,

=1

Lemma 3.3.3. Let p,, ... ., be the joint distribution of x1,...,x,. Then

------

Mﬂfl ----- Tk (p>1C(In,k) = Mml ----- Tn ® ch(ln,k)(a(p))
for all p € C[Xy, ..., Xk] if and only if x4, ..., x, is (n, k)-exchangeable.

The proof is similar the proof of (n, k)-spreadability, we just need to check the values at
all components of £, j.

3.3.2 Noncommutative analogue of partial symmetries

Now, we turn to introduce noncommutative versions of spreadability and partial exchange-
ability. The pioneering work was done by Curran [7]. He defined a quantum version of
C(I, ) in analogue of Wang’s quantum permutation groups as following:

Definition 3.3.4. For k,n € N with £ < n, the quantum increasing space A(n, k) is the
universal unital C*—algebra generated by elements {u; ;|1 <i <n,1 < j <k} such that

1. Each wu;; is an orthogonal projection: w;; = u;,; = uf] foralli=1,...n;5=1,... k.

2. Each column of the rectangular matrix v = (u;;)i=1, n;j=1,., forms a partition of

.....

unity: for 1 < j <k we have ) u;; = 1.
i=1

. o P S
3. Increasing sequence condition: u; juy = 0if j < j" and @ > 7.

Remark 3.3.5. Our notation is different from Curran’s, we use A;(n, k) instead of his
A,(k,n) for our convenience.

For any natural numbers k < n, in analogue of coactions of Ag(n), there is a unital
s-homomorphism a,  : C(X7, ..., Xi) — C(X1, ..., X,,) ® Ai(n, k) determined by:

@n,k<Xj) = Z XZ & Uy, j-
i=1

The quantum spreadability of random variables is defined as the following;:
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Definition 3.3.6. Let (A, ¢) be a noncommutative probability space. A finite ordered
sequence of random variables (z;);=1,., in A is said to be A;(n, k)-spreadable if their joint
distribution i, ., satisfies:

My ,... .z (p) 1Ai(n,k) = Wzq,...xn ® ZdAZ(n,lc) (an,k(p))a

for all p € C(X1, ..., Xi). (2;)i=1,.n is said to be quantum spreadable if (z;);=1__, is Ai(n, k)-
spreadable for all k =1,...,n — 1.

Remark 3.3.7. In [7], Curran studied sequences of C*-homomorphisms which are more
general than random variables. For consistency, we state his definitions in words of ran-
dom variables. It is a routine to extend our work to the framework of sequences of C*-
homomorphisms.

Recall that in [Liul], by replacing the condition associated with partitions of the unity
of Wang’s quantum permutation groups, we defined a family of quantum semigroups with
invariant projections. With a natural family of coactions, we defined invariance conditions
which can characterize conditional boolean independence. Here, we can modify Curran’s
quantum increasing spaces in the same way:

Definition 3.3.8. For k,n € N with £ < n, the noncommutative increasing space B;(n, k)
is the unital universal C*—algebra generated by elements {u; ;|1 <i <n,1 <j <k} and an
invariant projection P such that

1. Each u;; is an orthogonal projection:u;; = (u;;)* = (u;;)* for all i = 1,...,n;5 =

1, k.

2. For 1 <j <k we have ) u; ;P =P.
i—1

(2

3. Increasing sequence condition: w; juy v = 0if 7 < 5/ and i > 7.

The same as A;(n, k), there is a unital x-homomorphism as)}c :C(Xq, .., Xi) = C(X, .., X,)®
B;(n, k) determined by:

b
o\ (@) =Y v @ gy
i=1
As boolean exchangeability defined in [Liul], we have

Definition 3.3.9. A finite ordered sequence of random variables (x;);=1,. , in (A, ¢) is said
to be B;(n, k)-spreadable if their joint distribution p,, ., satisfies:

1111

Haq,...,xx (p>P - P,U/a:l,...,a:n ® ZdBl(n,k)(aS),L(p))Pa

for all p € C(X7, ..., Xi). (2;)i=1,..n is said to be boolean spreadable if (z;);—1__» is Bi(n, k)-
spreadable for all k =1,...,n — 1.
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We will see that B;(k,n) is an increasing space of boolean type, because we can derive
an extended de Finetti type theorem for boolean independence.

Recall that, in [14], Franz showed some relations between free independence, monotone
independence and boolean independence via Bozejko, Marek and Speicher’s two-states free
products[5]. We can see that monotone product is “between” free product and boolean prod-
uct. From this viewpoint of Franz’s work, we may hope to define a kind of “spreadability” for
monotone independence by modifying quantum spreadability and boolean spreadability. No-
tice that there are at least two ways to get quotient algebras of B;(k,n)’s such that the
P-invariance condition of the quotient algebras is equivalent quantum spreadability:

1. Require P to be the unit of the algebra.

2. Let P; = > u; j, require Pju;; = w;; Py forall 1 <j, 7’ <kand1<i<n.
i=1

)

To define our monotone increasing spaces, we will modify the second condition a little:

Definition 3.3.10. For fixed n,k € N and k£ < n, a monotone increasing sequence space
M;(n, k) is the universal unital C*-algebra generated by elements {u; ;}i—1  nj=1,. &

1. Each u;; is an orthogonal projection;

n
2. Monotone condition: Let Pj = > w; ;, Pjuyy = uyj if j' < j.
i=1

3. ZumPl:Pl fOI'&HlS]S/{Z
i=1

4. Increasing condition: w; juy v = 01if j < 7/ and i > 7'.

We see that P, plays the role as the invariant projection P in the boolean case. For
consistency, we denote P, by P. Then, we can define a P-invariance condition associated
with M;(n, k) in analogy with B;(n, k): For fixed n,k € N and k& < n, there is a unique

unital *- isomorphism ag?? : C(Xq, ..., Xi) = C(Xq, ..., X,,) ® M;(n, k) such that

ot (X)) =Y X @ gy
=1

The existence of such a homomorphism is given by the universality of C(X7, ..., Xk).

Definition 3.3.11. A finite ordered sequence of random variables (z;);=1. ., in (A, ¢) is
said to be M;(n, k)-invariant if their joint distribution p, . ., satisfies:

n

Hay,... .z (p)P = P;um,...,zn ® ZdMl(n,k)(Ofi:]? (p))Pa

for all p € C(Xy, ..., Xi). (z;)i=1..n is said to be monotonically spreadable if it is M;(n, k)-
invariant for all k =1,...,n — 1.
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We will see that these invariance conditions can characterize conditionally Monotone
independence in a proper framework.

As remark 2.3 in [7], a first question to our definitions is whether A;(n, k), B;(n,k),
M;(n, k) exist. In [7], Curran has showed several nontrivial representations of A;(n, k). In
the following, we provide a family of representations of A;(n, k), B;(n, k), M;(n, k) for n > k.
Fix natural numbers n > k, let [y, ..., [, € N such that

L+ -+l =n,

consider the following matrix:

Py 0 0

Py, 0 0
0 Py 0
0 Py, 0
0 0 0
0 0 Prs
0 0 - Py,

We see that the entries of the matrix satisfy the increasing condition of spaces of increasing

sequences. By choosing proper projections P, ;, we will get representations for our universal

algebras: .

We denote by H; a [;-dimensional Hilbert spaces with orthonormal basis {e§-l)| j=1,..,1}

Let I;, be the unit of the algebra B(H,,), P ;) be the one dimensional orthogonal projection
J

onto Ceéli), P, be the one dimensional projection onto C ) egl").Then, some representations
J

of A;(n, k), Bi(n,k), M;(n, k) can be constructed in the following way:

A representation of A;(n,k): For each 1 < j < k, the algebra generated by {Pe;;|z' =

1,...,l;} is isomorphic to C*(Z;;). The reduced free product *leZli is a quotient algebra of
A;(n, k). One can define a C*-homomorphism 7 from A;(n, k) to *5_,C*(Z;,) such that

i—1
the image of Py in +b_, C*(Zy,) if 0<j =j— > ln <l
ﬂ-(u@j) = €5 I=m
0 if otherwise

A representation of B;(n,k): One can define a C*-homomorphism 7 from B;(n, k) into
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k
B(Q #;) such that
i=1

i—1
®PImI®P(,) ® P, if 0<j =j—> In<l

W(“@j) - mi=1 i’ ma=i+l l=m
0 if otherwise

A representation of M;(n, k): One can define a C*-homomorphism 7 from M;(n, k) into
k

—1

®Ilml®Pu> ® B, if 0<]:]—Zl <

7T<ui7j> = mi=1 3" mo=i+1
0 if otherwise

The existence of these homomorphisms are given by the universal conditions for A;(n, k),
Bi(n, k) and M;(n, k) respectively. The of M;(n, k) plays an important role in our work, we
summarize it as the following proposition:

Proposition 3.3.12. For fized natural numbers n > k. Let ly,...,l[; € N such that I, +

-+ I, = n. Let H; be a l;-dimensional Hilbert spaces with orthonormal basis {e§1)|j =

L,....L;} and I, be the unit of the algebra B(H,,), P ) be the one dimensional orthogonal
J

projection onto (Cegli), P; be the one dimensional projection onto (C’Zeyi). Then, there is a

J
C*-homomorphism m : M;(n, k) — B(H1 ® --- @ Hy,) defined as follows:

B ®[lm1®P(1) ® P, if 0<j_j—2l <
m(ui;) =

mi=1 i’ mo=i+1
0 if otherwise

In addition, we need the following property:

Lemma 3.3.13. Given natural numbers ny,ne,n,k € N such thatn > k. Let (u; j)i=1,..nj=1,.,
be the standard generators of M;(n,k) and (u Z]) 77777 ntningii=1,...k+ni+ns D€ the standard

generators of M;(n + ny + no, k + ny + na). Then there exists a C*-homomorphism 7 :

M;(n+ny + ng, k +ny + ng) — M;(n, k) such that

6i,jP Zf 1§Z§n1
Tl ) = i j if  m+l1<i<n4+n, n<j<n+k
vl 0 if m+1<i<n+4ng, j<niorj>n+k
5i—n,j—/€] Zf ZZ n—+ny + 1

where P = Py =Y u;1 and I is the identity of M;(n, k).
i=1
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Proof. We can see that the matrix form of (7(u;;))i=1,..ntn1+noij=1,... k+ny 4ny 19

P --- 0 O --- 0 O ---0

0 P 0 0 0 0

0 0 U1 Uk 0 0

0 - 0 Upg -+ Upgp 0 - 0

0O --- 0 0 o [ --- 0

O --- 0 0 --- 0 0 --- 1T
It is easy to check that the coordinates of the above matrix satisfy the universal conditions
of M;(n+ nq + ng, k+ ny + ny). The proof is complete. O

In analogue of the (n, k)-partial exchangeability, we can define noncommutative versions
of partial exchangeability for free independence and boolean independence:

Definition 3.3.14. For k,n € N with £ < n, the quantum space A;(n, k) is the universal
unital C*-algebra generated by elements {u;;|1 <i <n,1 < j <k} such that

>.|<.:u2

1. Each u;; is an orthogonal projection:u;; = uj; e

2. Each column of the rectangular matrix u = (u;;) forms a partition of unity: for 1 <
n

Jj <k we have ) u;; = 1.
i=1

Remark 3.3.15. A;(n, k) is a quotient algebra of A;(n, k), because the definition of A;(n, k)
has one more restriction than A;(n, k)’s. A;(n,n) is exactly Wang’s quantum permutation
group Ag(n).

There is a well defined unital algebraic homomorphism

alP - C(Xy, . X)) = CXy, .. X,) ® Ay(n, k)

such that .
Oéf{,f)XJ = Z Xz X Us 5
i=1
where 1 < j < k.

Definition 3.3.16. Let zy,...,2, € (A, ¢) be a sequence of n-noncommutative random
variables, k < n be a positive integer. We say the sequence is (n, k)-quantum exchangeable

if

ey, oz, (P) = My, @ idAz(n,k)(Oéf(z{lS) (),
for all p € C(Xq, ..., Xi), where p,,
for j = k,n.

z; is the joint distribution of xy,...z; with respect to ¢

.....
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By modifying the second universal condition of A;(n, k), we can define a boolean version
of partial exchangeability:

Definition 3.3.17. For natural numbers k < n, Bj(n,k) is the non-unital universal C*-
r and an orthogonal projection P, such

..........

that

1. w;j is an orthogonal projection, i.e. w;; = uj; = u; ;.
2. Y u;P=P foralll1 <j<k.
i=1

Remark 3.3.18. Bj(n,n) is exactly the boolean exchangeable quantum semigroup Bg(n).

There is a well defined unital algebraic homomorphism
ol C(X, . X — C(X, ... X,,) ® By(n, k)

such that .
agﬁ)Xj = Z X @ j
i=1
where 1 < 5 < k.

Definition 3.3.19. Let zy,...,2, € (A, ¢) be a sequence of n-noncommutative random
variables, k < n be a positive integer. We say the sequence is (n, k)-boolean exchangeable if

. b
Harroaon ()P = Phig, 0, @ idp i () (p)) P

for all p € C(Xy, ..., Xi), where p,, ., is the joint distribution of x1,...z; with respect to ¢.

,,,,,

Now, we turn to define our noncommutative distributional symmetries for infinite se-
quences. In this paper, our infinite ordered index set I would be either N or Z.

Definition 3.3.20. Let (A, ¢) be a noncommutative probability space, I be an ordered
index set and (x;);e; a sequence of random variables in A. (z;);e; is said to be monoton-
ically (boolean) spreadable if all its finite ordered subsequences (x;,, ..., z;) are monotoni-
cally(boolean) spreadable.

Proposition 3.3.21. Let (x1,...,2,41) be a monotonically spreadable sequence of random
variables in (A, ¢). Then, all its subsequences are monotonically spreadable.

Proof. By, induction, it suffices to show that the subsequence (1, ..., 211, Tj11, .oy Tpa1) 18
monotonically spreadable for all 1 < [ < n. If we denote (xy,...,2—1, %141, ...y Tpy1) by
(Y1, -, Yn), then we need to show that (yi, ..., yn) is M;(n, k)-spreadable for all k£ < n.
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Fix k < n,let {u;;}iz1.. n;j=1..k be the set of generators of M;(n, k) and {P; ;}i—1
be an n + 1 by k + 1 matrix with entries in M;(n, k) such that

U if1<e,7<1
wi—,;, f1<ji<li>1
Pi,j: Uj 1 1f1§l<l,j2l
Uj—1,5-1 ifi,j>1
0 otherwise.

It is a routine to check that the set {P; ;}i=1 . n+t1,j=1,. k+1 satisfies the universal condi-
tions of M;(n + 1,k + 1). Thus, there exists a C*-homomorphism ¢ : M;(n + 1,k + 1) —
M;(n, k) such that

7/’(“;]) = P,

where {u;;} is the set of generators of M;(n + 1,k + 1). For convenience, we will use the

following notation:
(i) = i if1<i<l
TWZVi+1 ifi>l
Then, Py) o) = wij and y; = 2, foralli=1,...,n and j =1, ...,k + 1. For all monomial
Xy X, € C(Xy, ..., Xy), let P{ =3 uj, and P be the invariance projection of M;(n, k),

=1
we have

:U’yl ~~~~~ Yn (X] T X]m)P
= P/'Ll'l ,,,,, Tnt1 (Xd(jl) te Xa(jm))w(PDP

- Pl/)(,url ,,,,, Tnt1 X idMi(n+1,k+1)< Z Xz'l T Xz‘m ® U;ha(jl) cee u;m,a(jm))>P'

150y tm=1

Notice that w; ;) = 0 since o(j) never equals [, it follows that:

Hyi,..., yn<Xj "'ij)P
= PY(lay, . zni © g (nr1 k1) ( E Xot) Xolim) @ Uiy o) " Yolin).olm)

= P ' Z M,z (Ko - 'Xo(im))¢(u;(il),g(jl) o 'U;(im),g(jm))P

= 2 My (X X )Py, P

~
~—
~—

which completes the proof. O]

Proposition 3.3.22. Let (A, ¢) be a noncommutative probability space and (z;)icz be a se-
quence of random variables in A. Then, (z;);cz is monotonically (quantum, boolean) spread-
able if and only if (T;)i=—n,—n+1...n—1n 15 monotonically (quantum, boolean) spreadable for
all n.

......

..... n+1;5=1,....k+1
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Proof. 1t is sufficient to prove “<". Given a subsequence (z;,,...,%;,) of (2;);cz, there exits
an n such that —n < iy,...,4 < n. Since (2;)i=—n —n+1,.. n—1,, is monotonically spreadable,
by Proposition 3.3.21, we have that (x;,...,2;) is monotonically spreadable. The same to
quantum spreadability and boolean spreadability. O]

3.4 Relations between noncommutative probabilistic
symmetries

In this section, we will study some simple relations between noncommutative distributional
symmetries introduced in the previous section.

It is well known that every C*-algebra admits a faithful representation. Fix n,k € N,
such that 1 <k <n — 1. Let ® be a faithful representation of Bj(n, k) into B(H) for some
Hilbert space #H. For convenience, we denote ®(u; ;) by u;; and ®(P) by P.

According to the definition of B;(k,n), u; ;’s and P are orthogonal projections in B(H).

k

Let Q; = > u;; for 1 <i <n. In [19], we know that the set P(#) of orthogonal projections
j=1

on H is a lattice with respect to the usual order < on the set of selfadjoint operators, i.e.

two selfadjoint operators A and B, A < B iff B — A is a positive operator.

Now, we need the following notation in our construction. Given two projections £ and
F, we denote by E V F the minimal orthogonal projection in P(#), such that E V F is
greater or equal to E and F. E V F is well define and unique, we call it the supreme of F
and F. It is easy to see that (EV F)E = E and (EV F)F = F

We turn to define a sequence of orthogonal projections {F/}i—1. , in P(#H) as follows:

P{:]_Q17
Pl=1-PlV- VP, VQ,

for 2 <i<n.
To proceed our work, we need the following well know lemma:

Lemma 3.4.1. Given a nonzero vector v € H, E and F are two orthogonal projections on
H. If(EV F)x =z and Ex =0, then Fx = x.

According the construction of {P/}1<;<n, we have
PP} = 6; ;P
and
Plui; =0
foralll1<i<nand1<j <k
Lemma 3.4.2. > P/ = I, where I is the identity in B(H).

=1
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n
Proof. Since the orthogonal projections P/ are orthogonal to each other, > P/ is an orthog-
i=1

onal projection which is less than or equal to the identity I. If > P!/ < I, then there exists
i=1
a nonzero vector v € ‘H such that

Z Plv=0.
i=1
Then, we have
0O=Pax={I—-PV---VP_,VP)x

or say
(P[V---VP_VP)x==x

for all ¢. Since P/ .x =0 for all 1 <m <i—1, by Lemma 3.4.1, P;x = x. Then, we have

M-
e
8

s
Il
—

nr =

I
M=
Mw

S
&

S

@
Il
—
<.
Il
—

Il
M=
g
<
=

<
Il
—
o
I
.

kK n
which implies that n is in the spectrum of ) > wu; ;. Notice that, to every 1 < j < k,
j=1i=1

> u;; < I since they are orthogonal projections and orthogonal to each other. Therefore,
i=1

k n k
0<) ) wy; <Y I<kIL
j=1

j=1 i=1

It contradicts to the implication above. The proof is complete. O

n
Corollary 3.4.3. > P/P=P.
i=1
Now, we turn to show some relations between partial distributional symmetries. The
above construction can be applied quantum partial exchangeability:

Proposition 3.4.4. Let (A, ¢) be a noncommutative probability space, (x;)i=1,. n S a finite
ordered sequence of random variables in A. For fized n > k, the joint distribution piy, ... s,
is Ai(n, k)-invariant if it is A;(n, k 4+ 1)-invariant
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Proof. Let {u;;|1 < i <mn,1 <j <k} be the set of standard generators of A;(n, k), ® be
a faithful representation of A;(n, k) into B (7-[) for some Hilbert space H. With the above
construction, we can define {u; ;}i=1,. nij=1,..k+1 as following:

.....

;o Pluiy) i <k
YiiT\ P i j=k

J

By Lemma 3.4.2, {u; ; }i=1,...nj=1,..k+1 satisfies the universal conditions for A;(n, k+1). Let
{ufjll <i<n, 1<) < k+1} be the set of standard generators of A;(n,k + 1). Then, there
exists a C*—homomorphism ® : Aj(n,k + 1) — B(H) such that:

P’ (u” ) =

] 5"
Therefore, ®1®’ defines a unital C*—homomorphism
O O —alg{uj ;|1 <i<n,1<j<k}— A(nk)
such that
CI)_l(I)/(U;j) = ui,j

forall1<i<n,1<j5<k.
If pigy .. w, 18 Ay(n, k + 1)-invariant, then

B (D) = Han,on @ idayerny (@72 ()

for all p € C(Xy, ..., Xi11). Let p= X, --- X, € C(X3, ..., Xj). Then, we have

(
= (I)_I(I)/(:uxl ..... Tn & ZdAz(n k+1) (Oénf 1-1 (le e ij))
= O (. @ ida i+ ( 2 Koy Xiy @ug o ug )

11,71 ,J1

.....

= Hay,zn @ idAl(nk ( Z XZ1 o 'Xiz @ Wiy 5y * " Uy, Jz)

.....

Since p is an arbitrary monomial, the proof is complete. O
The same, by comparing universal conditions , we have

Corollary 3.4.5. pi, .. ., s Bi(n, k)-invariant if it is By(n, k + 1)-invariant

7777

Lemma 3.4.6. u,, is (n, k)-quantum spreadable if it is Aj(n, k)-invariant.

77777
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777777777

.....

!/ !/

,Uacl ..... Tk (p)lAl(n,k) = :uxl,...xn ® ZdAl(n,k) (aé{]];) (p)) = Z ¢($]1 e ajjm)ujl,il s u]m,lm

The proof is complete. O
The same, we have

Corollary 3.4.7. iy, .. 4, is (n, k)-boolean spreadable if it is Bj(n, k)-invariant.

-----

Corollary 3.4.8. (z1,...,x,) is boolean spreadable if it is boolean exchangeable. (xy,...,2,)
1s quantum spreadable if it is quantum exchangeable.

In summary, for fixed n, k € N such that k < n, we have the following diagrams:

B(”a n)inv —_— Bl (n7 k)inv - Bz(na k)inv

|

Mi(na k)inv

|

A(nu n)inv I Al(nu k)inv - Az(na k)inv

and

Booolean exchangeability —— Boolean spreadability

|

Monotone spreadability

|

Quantum exchangeability — Quantum spreadability.

The arrow “condtion a) — condition b)” means that condition a) implies condition b).
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Chapter 4

De Finetti type theorems in
noncommutative probability

4.1 Boolean independence and freeness

In this section, we will show that operator valued boolean independent variables are some-
times operator valued freely independent. Therefore, we should not be surprised that the
joint distribution of any sequence of identically boolean independent random variables is
invariant under the coaction of the free quantum permutations. The main idea we will use
is the unitalization of C*-algebras. Hence, we provide a brief review of the unitalization of
C*-algebras here:

To every C* algebra A one can associate a unital C* algebra A which contains A as a two-
sided ideal and with the property that the quotient C*-algebra A/A is isomorphic to C.
Actually, A = {zI + a|z € C,a € A}, where [ is the unit of A. We will denote zI + a by
(x,a) where x € C and a € A, then we have

(x,a) + (y,b) = (x +y,a+b), (z,a)(y,b) = (zy,ab+ xb+ya), (r,a)* =(T,a"),

for all x,y € C and a,b € A.

Let (A, B, E) be an operator-valued probability space where A and B are not necessarily
unital. Let A and B be the unitalization defined above, then we can extend E to E s.t
(A, B, E) is also an operator-valued probability space where E is a conditional expectation
on A.

It is natural to define E as

Elz,a] = (z, Ela]).
E[(1,0)] = (1,0), so E is unital. The linear property is easy to check.
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Take (z1,b1), (v2,b) € B and (y,a) € A, we have

E[(Hfl, bl)(y, CL) (.I'Q, bg)] = E[xlyxg, T1T20 + yill'gb + xzbl(l + :clabg + yblbg + blabz]
(x1yx9, E[r1290 + y22b + T3b1a + x1aby + yb1by + braby)]
= (z1yx2, 1172 E[a] + yxeb + xoby Ela] + x1Elalby + ybiby + b1 Elalbs)
(21, 01)(y, Ela])(z2, ba)
(

1, b1) E[(y, a)] (22, be)-

It is obvious that Ez = E. Hence, E is a B-B bimodule from the unital algebra A to the
unital subalgebra B, i.e. a conditional expectation.

Proposition 4.1.1. Let (A, B, E) : A — B be an operator valued probability space, {A;}icr
be a B-boolean independent family of sub-algebras and B C A; for all i. Then, in the
unitalization operator probability space (A, B, E), {A;}icr is a B-freely independent family of
sub-algebras.

Proof. Let (x,a) € A, where a € A and x is a complex number, then E[(z,a)] = (z, E[a]),
thus E[(z,a)] = 0 iff z = 0 and E[a] = 0.

Now, we can check the freeness directly. Let (zy,ay) € /L»k, iea, € A;, and z;’s are complex
numbers, for k = 1,--- ,n and E[zy, a;] = 0 and i) # iy # - - - # i,,, then we have z;, = 0 for
allk=1,--- ,n and

El(z1,a1)(w2,a2) - -+ (¥n, an)] = E[(0,a1)(0,a2) -+ (0, an)]
= E[(0,a1a3 - ay)]
= (0,Elajas---ay)]
= (0, E[a1]Elas] - - - Elay])
— (0,0)=0
and B C A; for all i. O

By checking the conditions for operator valued freeness directly as we did in the above
theorem, we also have

Corollary 4.1.2. Let (A,B,E) : A — B be an operator valued probability space, {B C
Ai}ier be a B-freely_ in_dependezzt family of_sub-algebms. Then, in their unitalization operator
probability space (A, B, E), {A;}icr is a B-freely independent family of sub-algebras.

4.2 Operator valued boolean random variables are
boolean exchangeable
In this section, we prove that the joint distribution of n boolean independent operator valued

random variables are invariant under the linear coactions of Bs(n). The proof of the main
theorem in this section involves combinatorial structure of the mixed moments of random
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variables. For boolean independence, the mixed moments of the random variables can be
easily described by interval partitions. Therefore, we give an introduction below and we
show some properties of this kind of partitions.

Given a set S, a collection of disjoint nonempty sets P = {V;|i € I} is called a partition
of Sif |JV; =S5, V; € Pis called a block of the partition P. Let S be a finite ordered set,

iel

then all the partitions of S have finite blocks. A partition P = {V;,--V,} of S is interval if
there are no two distinct blocks V; and V; and elements a,c € V; and b,d € V; s.t. a <b<c¢
or b < ¢ <d. An interval partition P = {W,|1 < s < r} is ordered if a < b for all a € W,
be W, and s <t. We denote by P;(S) the collection of ordered interval partitions of S.

For convenience, we need to introduce an equivalence relation on indices sequences. Let [
be an index set, [k] = {1, -, k} is an ordered set with the natural order. Let I* = IxIx---x
I be the k-fold Cartesian product of the index set I. A sequence of indices (i, )m=1... x € I*
is said to be compatible with an ordered interval partition P = {Wy,--- ,W,.} € P;([k]) if
14 = 1 whenever a, b are in the same block and i, # 4, whenever a, b are in two consecutive
blocks, i.e. W and Wy, for some 1 < s < r. One should pay attention that i, = 1, is
allowed for a € W, and b € Wy, 5 for some 1 < s <.

Now, we define an equivalence relation ~p, () on / k. two sequences of indices

(im)m:1,~~~ Jk 2 Pr([k]) (jm)m:1,~~- k

if the two sequences are both compatible with an ordered interval partition P € Pr([k]).

Given J = (im)m=1. &, J" = (m)m=1. x € {1,...,n}*, we denote Pu;, j ui, j, - i, ;, P
by ijf]/.

Lemma 4.2.1. Fiz k € N, let Bs(n) be the boolean permutation quantum semigroup with
standard generators {u; ;}i j=1..n and P. Let Jy = (i, -+ ,ix), Jo = (j1, -+ ,jk) € [n]* be
two sequences if indices. Then, the product Uy, 7, is not vanishing if Jy ~p,(x)) J2-

Proof. Suppose that each J; is compatible with an ordered interval partition P; for i = 1, 2.
Let P, = {Wy,--- W, } and P, = {W{,--- W/}, then P, # P, implies that there exists
a t such that W, # W/ for some 1 < ¢t < min{ry,r,}. Take the smallest ¢, then W, = W/
whenever s < t and W; # W/. Then, these two intervals begin with the same number but
end with different numbers. In other words , we have either W, G W/ or W} G W,. Without
loss of generality, we assume W, ; W)/, then there is a number g s.t ¢ € W, but ¢+ 1 ¢ W,
and ¢,q + 1 € W/. We have i, # i,+1 and j, = j,11. Thus

Ug.zo = Py gy = Wiy gy Wigy 1 gara = Uiy g P = 0.
]

Lemma 4.2.2. Let (A, B, E : A — B) be an operator valued probability space. Let (z;)i=1,. .n
be a sequence of n random variables which are identically distributed and boolean independent
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with respect to E. Given two sequences of indices J = (ig)q=1. k>, J = (Jg)g=1. k € [n]"

and J ~p, () J', then
Bl biziyba - by1wi,)] = Elxj b1,y - - - bp_12, ],
where by, -+ b1 € BU{I4}.

Proof. Suppose that J and J' are compatible with an ordered interval partition P =
{Wy,--- W, }. Assume that Wy = {1, -+ k1 }, Wolki+1, -+ [ ko},... W, = {kp1+1,- -+ [ k)},
then iy, # ig,+1 and jx, # jr,+1 for t = 1,...,r. For convenience, we let k. = k, ky = 0 and
b, = 14, we have

Elxi biaiby - - b1y, ]
= Elx; biziyby - - - byq2:, b

T Ng

= E[IIC II @b

s=1 t=ngs—1+1

= 1AL T b
= T1E[ I b

t=ns_1+1
Ns

@
Il

I
L)
—
—

<

xjtbt]
s=1t=ngs_1+1
= E[leblijbQ s bk—lxjk]-

]

We denote ~p,(x)) by ~p, when there is no confusion.
Let Bg(n) be the boolean permutation quantum semigroup with standard generators
{ui,j}i,j:1,~~~,n and P. We have

Lemma 4.2.3. Fix k and 1 < i1, ,i < n, then

n
E Pu;, j, -y 5 P =P

Jiye s Jk=1

Proof. The proof is straightforward:

n
) Z Puily]'l o 'uikyjkP
Ji,jk=1
n n

= Z Puihjl te uik_l,jk;—l( Z ulkv]kP)

Jiyjk—1=1 Jk=1
n

= X Puyyooouy P
i dee1=1

- ...—P.
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According to the definition of By(n), it follows that the product wu; j, - --u;, ;. is not
vanishing only if it satisfies that i; # ;.1 whenever j, # j,41 for all 1 <t <k — 1. Now, we
can turn to prove the main theorem in this section.

Theorem 4.2.4. Let (A, B, E : A — B) be an operator valued probability space, A be unital
and {x;}i—1,..n be a sequence of n random variables in A which is identically distributed and
boolean independent with respect to E. Let ¢ be a linear functional on B and ¢ is a linear
functional on A where (-) = ¢(E[-]). Then, the joint distribution of the sequence {x;}i=1. n
with respect to ¢ is invariant under the linear coaction of the boolean permutation quantum
semigroup Bs(n).

Proof. Fix k € N, and indices 1 < iy, -+ i < n, and by, ,bp_1 € BU{I4}, where I, is
the unit of A, by the two lemmas above we have

n

>, Elrybixgby - bpaxy ] @ Pugy gy ug g, P

Ji:g2, Jk=1
n
= p Elzjbixjby - - - b2y, ] © Pugy gy - w5, P
) J1sgzysje=1
(Js)s=1,....k~ P (it)t=1,...k
n
= X Elwibiwiyby - - - b1, ] @ P, g, -+ wi g, P
) J1:Jzysjp=1
(Js)s=1,..., kNPI(lt)t:1 ,,,,, k
k
= > Elubixyby bz, ] © Pugy g, - ugy g, P
-]17.]27”‘ 7‘771/:1

= E[Iilbll’z‘QbQ s bk_lxik] X P.

The last equality comes from Lemma 4.2.3. Let by,...,bp_1 = 14 and let ¢ ® idg,(») act on
the two sides of the above equation then we have

= > oy, xy, )Py, gy, P

J1,J2, s Jk=1

This is our desired conclusion. O

4.3 Tail algebra

In order to study boolean exchangeable sequences of random variables, we need to choose
a suitable kind of noncommutative probability spaces. It is pointed by Hasebe [16] that a
W*-probability with a faithful normal state does not contain a pair of boolean independent
random variables with Bernoulli law. Moreover, in the end of the next section, we will show
that an infinite sequence of boolean exchangeable random variables in a W*-probability space
with a faithful normal state are equal to each other. Therefore, in boolean situation, it is
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necessary to consider W* probability spaces with more general states rather than faithful
states:

Definition 4.3.1. Let A be a von Neumann algebra. A normal state ¢ on A is said to be
non-degenerated if x = 0 whenever ¢(axb) = 0 for all a,b € A.

Remark 4.3.2. By proposition 7.1.15 in [19], if ¢ is a non-degenerated normal state on A
then the GNS representation associated to ¢ is faithful.

Let (A, ¢) be a W*-probability space with a non-degenerated normal state ¢. Suppose
that A is generated by an infinite sequence of exchangeable random variables {z;};cn. In
the usual way, the tail algebra Ay, of {;}ien is defined by:

o0

Atait = m vN{z|k > n},

n=1

where v N{xk|k > n} is the von Neumann algebra generated by {zyx|k > n}. We call Ay
the unital tail algebra of {z;};en because it contains the unit of the original algebra. In
a W*-probability space with a non-degenerated normal state, we need to consider another
kind of tail algebra 7 which is defined by the following formula:

T = () W*{alk > n},
n=1

where W*{xy|k > n} is the WOT closure of the non-unital algebra generated by {x|k > n}.
We call T the non-unital tail algebra of {z; };en. If the unit of A is contained in 7, then T is
also the unital tail-algebra of {x;};en. Notice that the WOT closure of a non-unital algebra is
different from the von Neumann algebra generated a non-unital algebra. The WOT closure
of a non-unital algebra may not contain the unit of the original algebra. For example, let
P € B(C?) be a one dimensional orthogonal projection. The weak operator closure of the
algebra generated by P is CP, but the vN-algebra generated by P is Clg2) + CP.

In W*-probability spaces with faithful states, the normal conditional expectation is con-
structed via the shift, i.e. a *-homomorphism which sends z; to x;,; for all ¢ € N. In our
situation, we should carefully choose the tail algebra so that we can construct a ¢-preserving
normal conditional expectation via shifts. To illustrate this phenomena, we provide two
examples here. For the details of the examples, see [6] and [12].

Non-unital tail algebra case: Let H be a Hilbert space with orthonormal basis {e; }ienugoy-
We define a sequence of operators {x, }nen as follows:

Tneo = €p,and x,e; = d,e0 for i € N.

Let A be the von Neumann algebra generated by {z, }nen, then eq is cyclic for A. Since A is
WOT closed and contains all finite-rank operators, A is actually B(#). On the other hand,
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if we denote by P, the orthogonal projection onto the one dimensional generated by e; for

i € NU{0} , then

2. 2
L1Ly = Peo

and

n n

2 2.2 _
E z; — (n— Dajz; = E P...
i=1 =0

Since lim Z P., = Ip) in WOT, Ipy) is contained in the WOT closure of the non-unital

TL-)OO
algebra generated by (xz)iEN' Let ¢ be the vector state ¢(-) = (-ep,ep). We can see that
the random variables x;’s are identically distributed and boolean independent. Since e is
cyclic for B(#H), the probability space (A, ¢) is non-degenerated. To construct a ¢-preserving
conditional expectation, we need to use the non-unital tail algebra here. We have

T = (| W*{zilk > n} = CP,,.

n=1

The tail algebra 7 = CP,, does not contain the unit of B(H). The conditional expectation
E: A — T is given by the following formula:

E[z] = P, aP

€Q

for all x € A. One can check that the sequence (z;);cn is boolean independent in the operator
valued probability space (A, 7,E: A— T).
If we use unital tail algebra in this situation, then we have

o0

Asair = [ ) oN{zxlk = n} D {Ippo.p., }-

n=1

Notice that .
= E[Z ri — (n — 1)a3x3)
i=1
for all n. We have .
w* — nh_>nolo E[; P.] = P.y # Ipmy,

but lim Z P, = Ipz) in WOT. In conclusion, if the conditional expectation is normal, then
TL‘)OO

it may not be unital. In other words, the normal map FE is not a conditional expectation in
this case.
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Unital tail algebra case: Let H; = H & Ce_; be the direct sum of the Hilbert space
H with orthonormal basis {e; };enuqoy and Ce_;. As we constructed in the previous example,
we define a sequence of operators {z, },en as follows:

Tneo = ep,and x,e; = Oy e for 1 € N, 2,61 =0.

Let A be the von Neumann algebra generated by {z, },en, then A = B(H) @& CP,_,. There-
fore, the WOT-closure of the non-unital algebra generated by {z, },en is B(H) & 0 does not
contain the unit of A. Let ¢ be the vector state ¢(-) = 2(-(eg + e_1),e9 + e_1), then the
random variables x;’s are identically distributed and boolean independent. In this case, we
need to use the unital tail algebra here. The unital tail algebra is

-Atail = ﬂ UN{:L‘kUﬁ Z n} = C]Hl D CPeo~

n=1

According to our construction, the conditional expectation E is given by the following for-
mula:

E['T] = PEO‘I"PEO + <ZE€_1, e—1>(['H1 - Pe_1>7

for all a € A.
We see that the the non-unital tail algebra here is

T = (| W*{xlk > n} = CP,,.

n=1

If F is a conditional expectation from A to 7, then it sends the unit of A to the unit of 7.
We have
E[ly] = P.,.

But, .
SIn) # 5 = O(Pu).

Therefore, there is no ¢-preserving conditional expectation F : A — T in this situation.

Now, we turn to define the conditional expectation for our de Finetti type theorem.
In the rest of this section, we suppose that the joint distribution of {z;};en is boolean
exchangeable. Let Ay be the non-unital algebra generated by {z;}en. In addition, we
assume that the unit 14 of A is contained in the WOT closure of Ay,. We will denote the
GNS construction associated to ¢ by (H, &, ), then there is a linear map * : Ay — H such
that @ = m(a)¢ for all a € Ay. For convenience, we denote by A, the non-unital algebra
generated by {zx|k > n}. Now, we turn to define our 7-linear map. Recall that in [22],
the normal conditional expectation is defined as the WOT limit of shifts. The construction
works because the shift of an exchangeable sequence is automatically a normal isomorphism.
This fact relies on the property that a faithful normal state on A is faithful on all its
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subalgebras. When we consider W*-probability spaces with non-degenerated normal states,
we can see that a non-degenerated normal state on A is not necessarily non-degenerated
on A’s subalgebras. Therefore, in our situation , the shift of exchangeable sequence is not
automatically a normal isomorphism. In consequence, the conditional expectation defined
by taking WOT limit of shifts could not be well defined. Indeed, we are not sure that if
we can construct a normal conditional expectation under the assumption that the random
variables are only exchangeable. But in our situation, this is not a problem, since boolean
exchangeability is much stronger than classical exchangeability. For this reason, we check
the details of our conditional expectation in the rest of this section:

Lemma 4.3.3. Let A be a von Neumann algebra generated by an infinite sequence of self-
adjoint random variables (x;);en, ¢ be a non-degenerated normal state on A. If the sequence

(xi)ien is exchangeable in (A, @), then there is a C*-isomorphism o : Al')'” — .Aw such that,
(@) = @it
for all i € N, where AL"” is the C*-algebra generated by Aj;.

Proof. Let (H,£,m) be the GNS construction associated to ¢, it follows that {ala € Ay} is
dense in H. For each n € N, denote by Ay, the non—unital algebra generated by {x;|i < n}.

Then |J {7m(a){|a € A} is dense in H. Given y € U A, there exists N € N such that
n=1
y € Ay We can assume y = p(2q, ..., xx) for some p E C<X1, .-, XN)o, then we have

7 (p(21, s ) I = d(m(p(ar, s on)* (P(21, o0y TN)))
= gb(p(m, orey 13N+1)*(P($2, o ZUN+1))
= |Im(p(22, . wn1) &P

We can define an isometry U from H to its subspace H; which is generated by {ala € A}
by the following formula:

Uﬂ-(xil ' l‘lk)f 7T({L‘11+1 sz‘k+1)f,

for all 71, ...,7, € N.
Since ¢ gives a faithful representation to A, it gives a faithful representation to Aﬂ'”. For all
y € A;, according to the faithfulness, we have

a a .
ol = sup 2% € o, 0} = sup 25 o € oy otaa) 2 03
Denote by (H',&',n") the GNS representation of A; associated to ¢. Indeed, H' can
treated as H;. Because the identity of A is contained in the weak*-closure of the non-unital
algebra generated by (fL’i)ieN, by the Kaplansky density theorem, there exists a bounded
sequence {y;||lyill < 1} € U Ap, such that y; converges to 14 in WOT. Therefore, 7(y;)&

n=1
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converges to £ in norm. Again, by the exchangeability of (z;)icn and Un(y;)€ € {blb € A;}
for all 7, we have

10T (y)€ll = lIm(ya)éll <1

and

Therefore, Um(y;)¢ converges to £ in norm, namely, & € H;.

Let z € Ay, then x = p(xg,...xy41) for some N and p € C(Xy,..., Xn)o. For every
y € Ag there exists an M, such that y = p'(x1, ..., xp) for some p’ € C(Xj, ..., Xpr)o. By the
exchangeability, we send x; to xx,;. Then

Im(@)glld, = oW (x1, . 2ar) P22, . TN41) " P(T2s - @N41)P (1, oo Tar))
= o ($M+N7~-/_]\i) p(w2, . xn1) (T2, - TN 1)D (TN 05 T2, T30, T )
= |7 (@)p (@rren, T2 o)) |3
and . -
1P/ (@1, s wm )l = P (@arew, @2 wn)) |20
Therefore, we get

{—””ﬁ ﬁi“% € Ay i £ 0} C {”””( H)&”H’| € Ay a0},

which implies
[rzal» |7 ()all .
]l = l[w ()] = sup{ Tl o € Ao, a # 0} < sup{~———— Tl o € Av,a # 0} = |[7'(2)]]
It follows that ||z|| = ||7'(x)]| for all z € A;. By taking the norm limit, we have ||z|| = ||7’(z)]|

for all x € .A' I so the GNS representation of Aw associated to ¢ is faithful.
Now, we turn to define our C*-isomorphism «:
Since U is an isometric isomorphism from H to H’, we define a homomorphism o' : w(A4y) —
B(H’) by the following formula
o (y) = UyU”,

for y € m(Ap). Let y € n(Apy), then y = m(p(x1,...,2,)) for some p € C(Xy, ..., X,)o. For
all v € J{m(a)¢la € Ay C H', there exists N € N and p; € C(Xy,..Xy)o such that

=2

v = W(pl?;fz, o, Tn+1))E. We have
o(y)v = U?T(p(fﬁh ,l‘n)U*W(pl(xz,...,xzv+1))§

= Un(p( )
U (p(
= ﬂ-(p(x% xn+1)p1($17"'7$N+1))€

§
”&e
3
=
S
=
8
D
~
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Since |J {m(a)éla € Ap is dense in Hi, we get o (7(p(21,...,7,))) = 7(p(x2, ..., Tns1)).
=

Because (H,&,m) and (H', &', 7") are faithful GNS representations for .4, and A, respectively,
there is a well defined norm preserving homomorphism « : Ay — Aj, such that a(z;) = 2,41

for all i € N. Therefore, a extends to a C*-isomorphism from Al')'” to A!'”. H

Since W*{zx|k > n}’s are WOT closed, their intersection is a WOT closed subset of A.
Following the proof of proposition 4.2 in [23], we have

Lemma 4.3.4. For each a € Ay, {a™(a)}nen is a bounded WOT convergent sequence.
Therefore, there exists a well defined ¢-preserving linear map E : Ay — T by the following
formula:

Ela] = w* — lima™(a)

for a € A

Proof. By lemma 4.3.3, there is a norm preserving endomorphism « of 4y such that
poa=¢ and a(x;) =z

For I C N, denote by A; the non-unital algebra generated by {x;|i € I'}. Suppose a,b,c €
U A, we can assume a € A;,b € A; and ¢ € Ay for some finite sets I, J, K C N. Because
[T|<oo
I, J, K are finite, there exists an N such that (IUK)N(J+n) =0, for all n > N. We infer
from the exchangeability that ¢(aa”(b)c) = ¢(aa™(b)c) for all n > N. This establishes the
limit
lim ¢(aa™(b)c)

n—oo

on the weak*-dense algebra |J A;. We conclude from this and {a™(b) },en is bounded that
[I]<oo

the pointwise limit of the sequence « defines a linear map E : Ay — A such that E(Ay) C T.

0

To extend E to the W*-algebra A, we need to make use of the boolean invariance con-
ditions.

Lemma 4.3.5. Let {x;}ien C A be an infinite sequence of random variables whose joint
distribution is invariant under the linear coactions of the quantum semigroups Bs(k)’s, then

ky ke kn ki, k k
Qg ayy - ar) = glay as® - ayt),
whenever iy # ig # -+ F# iy, and ki, ..., k, € N

Proof. If iy # i, for all [ # m, then the statement holds by the exchangeability of the

.....

such that ¢, = ¢ and l; < Iy < -+ < l;,. Without loss of generality, we can assume that
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i1,y tnp < N+ 1and ¢, = N 4+ 1 for some N by the exchangeability.

For each M € N, by lemma 3.3, we have the following representation m,; of the quantum
semigroup Bs(M + N):

<U' ) . Pi—N,j—N; if mln{l,j} >N
M) =\ 6P, if min{i,j} <N

and m(P) = P, where p;; and p are projections in B(C?*?)given by lemma 3.3. Then we

have )
PP, ;P = MP’

for 1 <14,5 < N.
According to the boolean invariance condition, we have:

k1 ko En
¢(1’i1 Ly =0Ty, )P
M+N e .
_ 1.k2 ke
- Z ¢(x]1xj2 xjn)Pujl,Zl ujn,lnP
J1,92;---Jn=1
- 3 kg Mk pp PP P P
= ZA o) R A sy )PPy PP g Pecug,
Jllvjlgv'“]lmzl
N

- _1 ki ke ok
= Z o (x;, Tjyloee Tyt Ty )P
Jll 7]l27"']lm:1
_ 1 = k1 kiy kiy kn P N k1 kiy kiy
— W[ Z ¢(xi1"'lel"'le2"'xin> + Z qb(mil...lel...lez...x
Jis#J1y, if s#t Jis=Ji1, for some st
In the first part of the sum, by the exchangeability, it follows that
k1 ki, kiy kny _ k1 ki, ki, kn,
¢(x11 o e lel ... $jl2 DY I‘ln ) fr— ¢(l’il DY I‘N—‘rl DY :L‘N+2 DY xln ),
where we sent j;, to N 4 s. Then, we have
m—1
1 al k k [T (M=) k k
B E S A TPV 00 o T e U Y o AL RLLL SR
M ¢(37z‘1 L, Lj, Ly, )P = M ¢($z‘1 TNy1 " INGo Ty, )P,
Jis #1, if s#t
which converges to ¢(z*" - - TP LC S - 2% )P as M goes to 0o
g i N+1 N+2 in g :
To the second part of the sum, we have
k1 Ky Kuy n k1 ki, ki, kn ki tkn
o(z;] Ly, " Ly, i) < | Ty Ty Ty S |21 I,
which is bounded, therefore,
m—1
1 al k k 11 (M=)
k1 1 lo kn s=0 ki4-+kn
Mm E o(z;] Ty "'%2"'xin)lﬁ(l—T)H% |

Jis=Ji, for some s#t
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goes to 0 as M goes to co. By now, we have showed that if there are indices s = ; for
s # t in the the sequence, we can, without changing the value of the mixed moments, change
them to two different large numbers 7j,, j; such that j,, j; differ the other indices. After finite
steps, we will have

¢(x’f1l-k2 cooghn) = ¢(g;;€11xf22 coghn)

in In /7

such that all the j;” are not equal to any of the other indices. By the exchangeability, the
proof is complete. O

Corollary 4.3.6. Let {z;}ien C (A, @) be an infinite sequence of random variables whose
joint distribution is invariant under the linear coactions of the quantum semigroups Bs(k)’s,
then

whenever iy # iy # -+ # ip, J1 7é Jo F o FE Jny ey iny J1, --Jn € N oand ky, ..., k, € N.
Moreover, we have

olaxkak? - abrb) = glaakiak? . akep),

whenever i1 # g # <+ F iy, J1 £ Jo F  F Jny Uy s ln, J1yeodn > M, ky, ..k, € N and
a,b € Apy for some M € N.

Lemma 4.3.7. For all a,b,y € Ay, we have

—

(E(y)a,b) = (yE(a), E[B]).

Proof. Because an element in A, is a finite linear combination of the noncommutative

. . . . * 71 Tl _ S1 S
monomials, it suffices to show the property in the case: b* = -z, y = a3 - - 2",

a = le1"'le? where iy # io # - # Uy J1 F oo F Jm, k1 # ... # k, and all the power
indices are positive integers. Let N = max{i1, ..., 4, j1, .., Jm, k1, .., kn}, for all L > N, we
have i; # j; + L and j,, + L # ky. Therefore, we have

(E(y)a,b) = lim (aM(y)a,b)
M—o00 R
= (a*(y)a,b)
= plagt - aptayt, caimy ),

by corollary 4.3.6,

_ Tl .51 t1 tn
= ot @'y xl+mxl+m+1 xl+m+n)
qﬁ(w” R A R T L cay o)
1 l l+1 l+m l+m+1 l+'£71+n
r . Sm .. n
o(x;! +L zl+L5’7]1 "Ly Ik1+2L xkn+2L>

= ( :L‘ .. Tl )l'jll . $S$a2L(xkl P 'IZ)T;))
~ lim ¢(a (b*)ya2L+M(a))
M—o0

= ¢(a"(V")yElal).

Q
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Notice that {af(b)|L < N} is a bounded sequence of random variables which converges to
E[b*] in WOT and ¢(-yE|a]) is a normal linear functional on A, we have

olat()yElal) = lim ¢(a™(b%)yEla])
= 925( H*yE[ )
= (yBla), B[b).

O

Lemma 4.3.8. Let {y,}neny C Ao be a bounded sequence of random variables such that
w* —limy, =0, then w* —lim E[y,| = 0.

Proof. For all a,b € Ay, we have

— —

fim 2y Ja. EB) = iy Efa]. EF) = 0.

Since {ala € Ay} is dense in H, we get our desired conclusion. O

Let y € A and {y,}nen C Ao be a bounded sequence such that y, converges to y in
WOT. For all a,b € Ay, we have

~ — o~ _—

lim(Elyna, b) = lim{y, Elal, E[b]) = (yEla], E[b]).

n

Therefore, { E'[y,] }nen converges to an element ¢’ in pointwise weak topology, by the lemma
above, we see that ¢/ is independent of the choice of {y,}nen. Since {E[y,]|}nen C T, we
have ¢y € T. By now, we have defined a linear map F : A — 7T and we have

Lemma 4.3.9. F is normal.

Proof. Let {yn}nen C A be a bounded WOT convergent sequence of random variables such
that w* — lim y, = y. Then, we have
n— oo

e —_——

lim (Ey,]a. b) = lim (y,Ela], E[b]) = (yEla], E[]) = (Elyla, ),

n—oo n—oo
for all a,b € Ay. Therefore, E is normal. ]
Now, we can turn to show that F is a conditional expectation from A to ¢:

Lemma 4.3.10. Efa) = a for alla € T.
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Proof. Let a € T, b,c € Ay, then there exists an N € N such that a € Ay, and
b,c € Ain). We can approximate a in WOT by a bounded sequence (ax)ren C An41 in
WOT. According to the definition of E and the exchangeability, we have

(Blaje,b) = o(b"Elale)
= lim o(b* Bl

liin lim ¢(b*a™ (ay)c)

= liingb(b*akc)
= ¢(b*ac) = (aé,b).
The equation is true for all b, ¢ € Ay, so Ela] = a. ]

To check the bimodule property of E, we need to show that the quality of 4.3.7 holds for
all x € A:

Lemma 4.3.11. For all a,b,x € A, we have
¢(aEz]b) = ¢(EajzED)).

Proof. By the Kaplansky’s density theorem, there exist two bounded sequences {a, €
Aolllan|l < |la|l,n € N} and {b, € Ao|||b.|| < ||b|l,n € N} which converge to a and b in
WOT, respectively. Since ¢ and E are normal, we have

SaBlalh) — lm(a, Elalb)
= li}Ln liﬂrln o(an Elz]by,)
= li}Ln linrzn O(Elay]zE[by))
li}Ln ¢(Elay]zEb])
— G(BlaleE).

Lemma 4.3.12. Elax] = aFE[z] for alla € T and z € A.

Proof. For all b,c € Ag, by lemma 5.2.12 and Lemma 4.3.10, we have

~

(Elax]b,¢) = ¢(c*Elax]b)
¢(Elc|axEb])
= o((E[c"]a)zEb]).
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since E[c*|la € T, E[E[c*|a] = E[c*|a, then

¢((Elca)zElb]) =

S

Il
)
*

S
=
B,
=

_*
=
IS
5
g,
&
=
S~—

R NS
&

SESHONGNCS

Y
*
—~ O
IS]
i
B,
~—
&
=
~—

=
S
&

I
ssse99S

—
IS
BT
8
=53
Q)i
~—

Since b, ¢ are arbitrary, we get our desired conclusion

Lemma 4.3.13.

E[xkl...xks...xkt...mk”]:E[wkl...&N(xks...xkt)...xkn]

i s it in i s it in
whenever iy # iy # -+ # in, N > max{iy, ..., i}, k;’s are positive integers.

Proof. Given a,b € Ay, then there exists an M such that a,b € Ajp. Then, we have

<E[:[;k1 ...x],cs xkt xkn]d’z\)>

11 ls 1t in

— hm<al(xfl...xk5... kt k
1 1s 1t 7
l—o0

_ M, k1 k k¢ kn\~ 1
— <a (xil “ e 'Z'iss P xit N aji:)a7 b>
p— kl .« .. ks DY kt ... kn A

= (@i T T TG b),

by lemma 4.3.6 and iy + M # -+ #is 1+ M # s+ M+ N # i3+ M+ N # ---

it + M+ N F#ip +M# i, + M,

(e.9]
Elzkr .. V(s alty o atn)a, b).

Because {a|a € Ap} is dense in H, the proof is complete.

Corollary 4.3.14.
E[l’kl...xks...xlf"t...xlf;"] :E[mklE[l’ksxkt]..xk" ,

11 is [ in 1 1s n in

whenever iy # ig F «+ - F 1y.

52
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Proof. Let N = max{iy, ..., i,}. Since E[z}* -+ a}'] = w* — llim ol (w2, we have
— 00

l
1
s=1

Then, by lemma 4.3.13,

k1 ks k¢ kn
El:xll -..xis ...xit a..a’:in:l

l
= %Z{E[xfll'alv+l($ks"'xkt)-l‘k"]
s=

s it in

!
= E[xfll o+ [w* — lim % > ozN”(xf“’ . xftt)] . -xk"]
l—o00 s=1 s
— E[xfllE[xf:xit]..xf:]

The last two equations follow the normality of £ and

l
1
.Ti-cll s [7 ZO(N+I(I§SS .. xi’f)] .. xf: — xfll v E[I»”;Ss .. .‘/L‘Zt .. .xl,g"

s=1
in WOT. O
Lemma 4.3.15.
Elbiaftby - byl - bzl -+ byxin] = Elbiafiby - - Elbgal - bal] - - - bualn],
whenever iy # iy # -+ # i,, ki,...k, are positive integers, by,..b, € Anxy1 where N =

max{iy, ..., i}

Proof. By the linearity of £/, we can assume that b;’s are “monomials”, i.e. b; = z;,, -+~ @y,
. ’ )
where 4; ;/’s are greater than N. Then,

ks kt

kl k ki k _ kl
blxil 62 P bsxi: e btx, PN bnxl: — blxil b2 [N ‘7;7;3,1 “ e xismsxis . xit,l . x’l’t,rt‘x‘ PN

ts1 > N+1>1i,4 and 4;,, > N + 1> 4;y,. Therefore, by lemma 5.2.8,

k:l k k‘t k
E[blxil b2 N xis,l e xisms xi: e xit,l e xit,rtmit PPN bnajz:]

— k1 ks ke kn
— E[blx? b2 e E[xl.s’}g. . xismskxis P xi%l e xit,rt xit] e bnxzn]
_ 1 s t "

= Ebx;by--- Ebsx;® - - bg'] - - byayr].

[]

Proposition 4.3.16. Let (A, ¢) be a W*-probability space and (z;);en be a sequence of of
selfadjoint random variables in A whose joint distribution is invariant of under the boolean
permutations. Let E be the conditional expectation onto the non-unital tail algebra T of the
sequence. Then, E has the following factorization property: for all n,k € N, polynomials
D1y P € T( X1, ..o, Xp)o and iy, ..., 3, € {1,...,k} such that iy # iy # - -+ # in, we have

Elpi(zi,) - pi(@i,) - palzi,)] = Elpi(wi,) - Elpi(2i,)] - pal4,)]-
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Proof. 1t suffices to prove the statement in the case: py, ..., p, are T-monomials but none of
them is an element of 7. Assume that

Di (X) = bi,oXti’lbLlXtiﬂ?bi’z .. .Xti,ki’

where b” € T and t; ;s are positive integers. Let N = max{iy,...,i,}, then b;; € T C

Ani1 . By the Kaplansky theorem, for every b; ;, there exists a bounded sequence {b;; ; }ien
such that by j converges to b; ; in strong operator topology (SOT). Let py, i (X) = by i0X by i1 X 2by 0 - - 2
then p; (x;,) converges to pg(x;, ) in SOT. By the normality of E, we have

Elpi(zi,) - pi(xi,) - pal@i,)] = w" — llgilo Elpia(zi,) - pim(wi,,) -+ pro(zi,)]-
By lemma 4.3.15, we have
Elpia(zi) - pim(®iy,) - pim(@i,)] = Elpoa(ziy) - Elpim (i) -+ pua(s,)]-
It follows that E[p;m(x;,,)] converges to E[pm,(z;, )] in WOT. Therefore,

Pra(@iy) - Elpim(i,)] - - - prn(2i,)

converges to p1(z,) -+ E[pm(zi,,)] - pm(zs,) in WOT. Now, we have
Elpi(2i)) - - -pi(wi,,) - - pu(2i,)]
= w'— hm E[pl 1(-77“) " Di m(xzm) : 'pl,n(xin)]
1(@,) - Elpum(2i,)] - pua(ei,)]
= E[p1(x”)-~ Elpm(wi,,)] - palwi,)],

the last equality follows E’s WOT continuity. [

= w* —hm Elp,

4.4 Main theorem and examples

In this section, we will complete the proof of the main theorems. In the first subsection, we
assume that the unit of the original algebra is contained in the WOT-closure of the non-unital
algebra generated by random variables. The proof in this case is a summary of the results in
section 4.3 and section 4.2. In the second subsection, we assume that the unit of the original
algebra is not contained in the WOT-closure of the non-unital algebra generated by random
variables. We will show that a probability space in this situation is the unitalization of a
case in subsection 4.4.1. Then, we prove the theorem by using results in section 4.2. In the
last subsection, we show that boolean exchangeable sequences in a probability space with a
faithful state is trivial, i.e. all the random variables are equal to each other.
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4.4.1 Non-unital tail algebra case

Theorem 4.4.1. Let (A, ¢) be a W*-probability space and (z;)ien be an infinite sequence
of selfadjoint random variables. Suppose A is the WOT closure of the non-unital algebra
generated by (;)ien and ¢ is non-degenerated. Then the following statements are equivalent:

a) The joint distribution of (x;)en satisfies the invariance conditions associated with the
linear coactions of the quantum semigroups Bs(n)’s.

b) The sequence (z;);en is identically distributed and boolean independent with respect to
a ¢-preserving normal conditional expectation E onto the non-unital tail algebra T of
the sequence (x;)ien

Proof. a) = b): By choosing m = 1 in proposition 5.3.1, we have

Elpi (i) -+ pa(s,) - - - pol2,)]
= E[E[pi(v)|pa(ws) -+ pul:,)
= Elpi(w:)|Elpa(a1,) -+ pa(az,)

= Elpi(z:)]Epa(s,)] - Elpa(zi,)],

whenever iy # g # <+ £ ip, D1,y Pn € T{(X)o
b) = a) is a special case of theorem 6.2.12 O

The non-unital tail algebra case example in the previous section is a special case of this
theorem. The range of the conditional expectation in example is a one dimensional algebra.

4.4.2 Unital tail algebra case

Let (A, ¢) be a W*-probability space with a non-degenerated normal state ¢ and (z;)en
be a sequence of selfadjoint random variables. Suppose A is the WOT closure of the unital
algebra generated (z;);eny and ¢ is non-degenerated. Again, we denote by Ay the non-unital
algebra generated by (z;);en. Let I4 be the unit of A, we assume that I, is not contained

in .ATOW and denote by I; the unit of Tow . Then,
L=1I,—1#0

and

A=CLa A" .

For all x € Tgw*, we have
IQ{L’ = ([A - 11)23' = 0.

Let a € Ay " such that ¢(zray) = 0 for all z,y € A " For z,y € A, there exist two
constants ¢1,co € C and x,y € Iow such that x = ¢;ls + x and y = ¢ 5 + ¥y, then

¢(Tay) = ¢(xab) =0,
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Since our Z,y are chosen arbitrarily, we have a = 0. Therefore, (A *, ﬁ@ is a WH*-
probability space with a non-degenerated normal state. Let A;,; be the unital tail algebra
of (ﬁ:i)ieN in (A, ¢) and T be the non-unital tail algebra of (z;);en in (A ,ﬁ(ﬁ). Then,
we have

Avair = [V oN{zilk = n} = (YW {aw|k > n} + ClLy) = T + Cl4.
n=1 n=1

Since Ay is a two-sided ideal of A, for all ¥ € Ay we have T = aly + x for some
r €Ay anda € C. By theorem 7.1, there is a ¢-preserving normal conditional expectation
E from A," onto 7. As we proceeded in section 4.1, we can extend this conditional

expectation E to an conditional expectation E which is from the unitalization of 4, to
the unitalization of 7. The unitalizations of the two algebras are isomorphic to A and A,
respectively. We have

Lemma 4.4.2. The conditional expectation E is ¢-preserving and normal.

Proof. The normality is obvious, we just check the ¢-preserving condition here. Let T =
als+x € Afor some x € Ay and a € C, we have

O(E[7] = ¢(Elala+ z]) = ¢p(ala+ Elz]) = a+ ¢(E[z]) = a + ¢(x).

The last equality holds because F is a mgb—preserving conditional expectation on (Ay ¢&1)
]

Together with proposition 6.2.12, we have the following theorem:

Theorem 4.4.3. Let (A, ¢) be a W*-probability space and (x;);en be a sequence of selfadjoint
random variables. Suppose the unit 14 of A is not contained in the WO'T closure of the non-
unital algebra generated by (x;)ieny and ¢ is non-degenerated. Then the following statements
are equivalent:

a) The joint distribution of (x;);en is boolean exchangeable.

b) The sequence (x;);en 1 identically distributed and boolean independent with respect to
a ¢-preserving normal conditional expectation E onto the unital tail algebra Aiq of
the (2i)ien.

4.4.3 On W*-probability spaces with faithful states

Now, we turn to consider boolean exchangeable sequences of random variables in a W*-
probability space with a faithful state:
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Theorem 4.4.4. Let (A, ¢) be a W*-probability space and (x;);en be a sequence of selfadjoint
random variables such that A is generated by (x;)ieny and ¢ is faithful. Then the following
statements are equivalent:

a) The joint distribution of (x;);en is boolean exchangeable.
b) v; =x; for alli,j € N
Proof. b) = a): If x; = x; for all i, j € N, given a monomial p = X;, --- X;, € C(X,..., X,,),

then

= ¢(af)P

= Z ¢($If)W(PUJ1 i3 " ujk,ZkP)
jl,...,;’}‘jkil

= Z ¢(xj1 T xjk)Pujl,il ’ 'jk7 1, P
J1seesJe=1

b) = a): It is sufficient to show that x; = z5. By theorem 7.1 and 7.3, there exists a
¢-preserving conditional expectation F maps A to its unital or non-unital tail algebra such
that (z;)en is identically distributed and boolean independent with respect to E. For k € N
and k£ > 2, we have

O((21 — 2)an((21 — 2)k)")
O((21 — 2)a} (21 — 73))
G(E[(x1 — 2)a} (21 — 72)])

g(E[ﬂfl — 2] B[] Blzy — x3))

Since ¢ is faithful, we get
(1 —22)xp =0

for all k£ > 2. Let Ay be the WOT closure of the non-unital algebra generated by {z,|n > k},
then we have
(x1 —22)x =0

for all x € Aj . Notice that (z;);en is exchangeable, by the construction of proposition
4.2 in [23] , there exists a normal ¢-preserving homomorphism « : A, — A, such that
a(x;) = x;41. For each n € N, we denote by I,, the unit of A4,. Then, a(1,) = I,11 and
I,1,.1 = I,.1, since I, is a projection in A,,. Then, we have

(L — In+1>2) = oI — Ini1) = &(1,) — ¢(a(ln)) = 0,
which implies that I,, = [,,.1. It follows that

Iy =1 = I,.
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Therefore,
0= (Il - [L’Q)]Q = (ZL’l - ZEQ)IO =T — T2.

Especially, we have the following:

Corollary 4.4.5. Let (A, ¢) be a W*-probability space and (z;);en be a sequence of boolean
independent and identically distributed random variables. Then, there exists a real number
a and a projection P € A, such that x; = aP for all i € N.

Proof. The joint distribution of (x;);en is boolean exchangeable, since (z;);en are boolean
exchangeable and identically distributed. According to Theorem 4.4.4, all these random
variables (z;);en are equal to each other. Let x = x4, then

o(z") = ¢([ [ #:) = [ [ o) = o)™
i=1 i=1
Therefore, ¢((z? — ¢(z)x)?) = 0. It implies that x? = ¢(x)x. If ¢(x) = 0, then ¢(2?) = 0.
In this case, a = 0, P can be any projection in A. If ¢(z) # 0, then ﬁx is a projection. In

this case, a = ¢(x), P = @x O

4.5 Two more kinds of probabilistic symmetries

In this section, we study two more kinds of probabilistic symmetries. Since C(Xj, ..., X,,)
is an algebra, it would be natural to define coactions of the quantum semigroups Bs(n) on
C(Xy, ..., X,,) as algebraic homomorphisms but not only linear maps. In the following, we will
define algebraic coactions of the quantum semigroups Bs(n)’s and Bg(n)’s on C(X1, ..., X,,).
The invariance conditions for the joint distribution will be defined as we did in previous
sections.

In our situation, the algebraic coaction L, : C(Xy, ..., X,) — C(Xy,..., X)) ® Bs(n) is
given by the following formulas:

L) =101, L,(X:) =) X, ®PuyP.

k=1

Since C(X1, ..., X,,) is freely generated by n variables X7, ..., X,,, the homomorphism is well
defined. Then, we would have

Ln<X“ sz) — Z le Xjk ®Puj1,i1P”'Pujn,inP

JiyeJe=1

and
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We call L/, the algebraic coaction of By(n) on C(Xj, ..., X,,). The invariance condition asso-
ciated with L] would be the defined as following:

.....

.....

Bs(n) if

for allp € C(Xy, ..., X,,), where i, n With respect to

0.

We will see that this invariance condition is so strong that we can study it in finitely
generated probability spaces.

11111111

Proposition 4.5.2. Let (A, ¢) be a W*-probability space with a non-degenerated state ¢.
Suppose A is the WOT closure of the unital algebra generated by selfadjoint random variables
n 18 tnvariant under the algebraic coaction

-----

Proof. Suppose ©1 =x9 =---=x,. Let p=X;, --- X;,, € C(Xy,..., X,,), then we have

Hay,...xn ® ist(n)(Lgm(Xh o 'Xi ))
= Mo, Qidp,m (X Xy X, @ Puj g Pug, ,P - Puy, 5 P)

J1s---Jm=1
= Z ¢($]1 x]m)PujlyilPuj27i2P e PujM7imP
J1 ]m—l
= > o@!Puy i, Puy, i, P Puy, i, P
J1 ]m:]-
= o(2")P
= Mz, mn(X'h U X1m>P

Since p is arbitrary, we proved <.
Suppose the joint distribution of (z;);=1, . is invariant under the algebraic coaction L.
Let {v1, ..., v2,} be orthonormal basis of the standard 2n-dimensional Hilbert space C*" and
denote vy = vy 9, for all k € Z. Let

Pi = Pv

J 2(i—§)+1TV2(5—i)+2

and
P = Py tvptetvgns

where P, is the orthogonal projection onto the one dimensional subspace generated by the
vector v . By lemma 3.2.3, we have a representation 7 of Bs(n) on C*" defined by the
following formulas:

W(P) = P, 7T<Pui1,j1 o 'uik,jkP) = PP ’ 'Pik,jkp

1,J1 "
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for all i1, j1, ..., ik, jr € {1,...,n} and k € N. In particular, we have
1
7(Pu;P) = PP, ;P = —P.
n

Let 7 act on the invariance condition, we get

(i, - wy )P = W(Nm,ﬁ..zn(Xi - X;,)P)
= (2 Herew, ®idp,w)(Xj, - X, @ Puyy i, P Puy, , P))

Jlrz--w]k:l
= > By x)n(Puy i, P Puy , P))
jl’mhjk_l
= Y ol m)=x P,
J1yenJk=1

for all iy, ...,4 € {1,...n}. It implies that

n

1
@iy -wiy) = > by,
Therefore, two mixed moments are the same if their degrees are the same. Given two
monomials a = xg, - - Loy, and b = zy, - F Ty, s then
o(a(z;—x;)(zi—25)*b) = d(a(z;—x;)%b) = ¢(az;z;b) — d(az;x;b) — p(ax;x;b)+ ¢(az;z;b) = 0.

The last equation holds because all those monomials have the same degree. By the linearity
of ¢, we have

o(alz; — x;)(w; — 2;)"b) = 0,
for all a,b € Ap,), where A, is the unital algebra generated by w1, ..., x,. Therefore,

T, = Zj,
for all 7 # j. O

In the end of this section, we define an algebraic coaction
L,:C(Xy,..,X,) — C(Xy,..., X,,) ® Bs(n)

of Bs(n) on C(Xy, ..., X,,) via the following formulas:

k=1
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where 1 is the identity of C(Xy,...,X,) and [ is the identity of Bs(n). According to the
definition of L,,, we have

La(Xo - X)) = D Xjo Xy @ g+~ iy

Jse gk =1

One can easily check
(Ln X idBS(n))Ln = (id(cn X A)Ln,

where idp, ) and idc, are identity maps on Bs(n) and C(Xy,..., X,) respectively. The
invariance condition associated with L,, is

Definition 4.5.3. Let (A, ¢) be a probability space and (z;)i=1,., be random variables in
A. The joint distribution of (x;)i=1...n 1S invariant under the coaction L, if for all p €
C(Xy,..., Xn), we have

-----

Then, we have

Proposition 4.5.4. Let (A, ¢) be a probability space and (x;)i=1,.., be random variables in
A. If the joint distribution of (x;)i1,.. n is invariant under the coaction Ly, then ¢(x;, Ty - - - x4,) =
0 for all iy, ...,ix, € {1,....,n} and k € N.

Proof. Take a trivial representation 7 of Bs(n) on a 1-dimensional space V' defined by the
following formulas:
7(I) =1, and 7(u;;) = n(P) =0,

where 1 is the identity of V. By the universality of Bs(n), 7 is well defined. According to
the invariance condition, we have

for all p € C(Xy, ..., X,). Let p= X, --- X;,, we get

n

¢($i1$i2 o .$ik)1 = Z ¢($j1 o 'ajjk>7r(u]'1,i1 o .ujkzik) = 07

Jiye k=1

which completes the proof. O
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Chapter 5

Extended De Finetti type theorems in
noncommutative probability

5.1 Monotonically equivalent sequences

In order to study monotone spreadability, we need to find some relations between mixed
moments of monotonically spreadable sequences of random variables. In this section, we
introduce will an equivalent relation, which has a deep relation with monotone spreadability,
on finite sequences of ordered indices.

Definition 5.1.1. Given two pairs of integers (a,b), (¢, d) , we say these two pairs have the
same order if a — b, ¢ — d are both positive or negative or 0.

For example, (1,2) and (3,5) have the same order but (1,2) and (5,3) do not have the
same order.

Definition 5.1.2. Let Z be the set of integers with the natural order “>"and Z* = Zx - - - x Z
be the set of finite sequences of length L. We define a partial relation ~,, on Z%: Given two
sequences of indices Z = {iy,....,iz}, J = {j1,...,jr} € ZF. Iffor all 1 < I} < Iy < L such
that 4;, > max{i;, iy, } for all [; < l3 <y, (4;,,14;,) and (jy,, ji,) have the same order, then we
denote 7 ~,,, J.

Example: (5,3,4) ~,, (5,3,5) but (5,6,4)

m (5,6,5). It follows the definition that
(41,4141) and (j;, ji+1) have the same order for all 1 <

<LUHZ~,J.

Remark 5.1.3. In general, the relation can be defined on any ordered set but not only Z.
We will show this partial relation is actually an equivalence relation.

To show that ~,, is an equivalent relation, we need to show that the relation ~,, is
reflexive, symmetric and transitive.:
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(Reflexivity) First, reflexivity is obvious, because a pair (i,,17;,) always has the same order
with itself.

Lemma 5.1.4. (Symmetry) Let T = {iy,....,ir}, T = {j1,..,jr} € Z* such that T ~,, J.
Then, we have J ~,, L.

Proof. Suppose that J 4, Z. Then, there exist two natural numbers 1 < [; < I, < L such
that

jl3 > max{jh ) jlg}

for all Iy < I3 < Iy, but (j;,, ji,) and (i, 4;,) do not have the same order. Fix [y, we choose the
smallest [y which satisfies the above property. Notice that Z ~,, J, (j1,, Ji,+1) and (i, 45,+1)
have the same order, then

lo #1114+ 1.

According to our assumption, we have
Ju, > max{ji,, ji, }

for Iy < 15 < ls.
Suppose that there exists an [% between [; and I, such that

illgl < max{ill,z'b}.
Without loss of generality, we assume that
ly = Uy,

then
iy <y
Again, among these [, we choose the smallest one. Then, we have ¢, > i, > iy for

ll<l<l«g.

Since Z ~y, J, (i1, dy) and (i, jiy) must have the same order, but i, > iy and 4, < jiy. It
contradicts the existence of our 5. Hence, iy > max{i,, i, } for all Iy < I3 < l,. It follows
that (4;,,7;,) and (ji,, ji,) have the same order. But, it contradicts our original assumption.
Therefore, J ~,, I.

[l

Lemma 5.1.5. Given two sequences T = {iy,.....ir}, T = {j1, -, jr} € Z* such that T ~,,
J. Let 1 <1y <ly < L such that i, > max{i;,,i;,} for all Iy <3 <ls. Then, we have

Jis > max{Jji,, ji, }

fOT all ] < 13 < y.
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Proof. 1f the statement is false, then there exists I3 between [; and [y such that

Jis < max{jy,, ji, }-
Suppose jj, > ji,, then
Jis < Ju-
Among all these I3, we take the smallest one. Then, we have

jl4 > maX{jh ) jls}

forall [} <y <l3. By Lemma 5.1.4, J ~,, Z since Z ~,,, J. Therefore, (ji,, ji,) and (i, i)
must have the same order which means

U, > .

This is a contradiction. If we assume that j;; < ji,, then we just need to consider the largest
one among those l3 and we will get the same contradiction. The proof is complete. O

Lemma 5.1.6. (Transitivity)Given three sequences T = {iy,.....;ir.},J = {j1, .-, jr},Q =
{q1,...qr} € ZY, such that T ~,, J and J ~p Q, then T ~,, J.

Proof. Given 1 <[y < ly < L such that
il3 > max{ill, ZE}
for all [y < I3 < l,. By Lemma 5.1.5, we have

jl3 > max{jllajlg}

for all Iy < I3 < ly. It follows the definition that (i),,4;,), (ji,,ji,) have the same order and
(415 J12), (@i, @i,) have the same order. Therefore, (i;,,1,), (q,,q,) have the same order.
Since [y, [ are arbitrary, the proof is complete. O

By now, we have shown that the relation ~,, is reflexive, symmetric and transitive.
Proposition 5.1.7. ~,, is an equivalence relation on 7.

As we mentioned before, Z can be replaced by any ordered set I. When there is no
confusion, we always use ~,, to denote the monotone equivalence relation on I for ordered
set I and positive integers L. For example, I can be [n] = {1,...,n}.

Definition 5.1.8. Let Z = (iy,...,i1) be a sequence of ordered indices. An ordered sub-
sequence (z’lfl ) z'l/Q) of 7 is called an interval if the sequence contains all the elements i,
whose position 5 is between [} and I5. An interval (i, ...,7y) of Z is called a crest if
by =gt = Ay > max{ilfl_l,il/2+1}. In addition , we always assume that iy < 7; and
17, > 711 even though 7,77, are not in Z.



CHAPTER 5. EXTENDED DE FINETTI TYPE THEOREMS IN
NONCOMMUTATIVE PROBABILITY 65

Example: (1,2,3,4) has one crest of length 1, namely (4). (1,2,1,3,4,4,3,5) has 3
crests (2),(4,4),(5) and (2) is the first peak of the sequence. (1,1,1,1,1) has one crest
(1,1,1,1,1) which is the sequence itself.

Lemma 5.1.9. Given T = (iy,...,iz) € Z¥, T has at least one crest.

Proof. Since T consists of finite elements, it has a maximal one, i.e. 7; such that i; > iy for
1 <I"< L. It is obvious that 4, must be contained in an interval (i, ..., 7;) such that

L N e A
and
i > max{iy 1,441}
Therefore, Z contains a crest. 0

Lemma 5.1.10. Given two index sequences I, J € Z* such that T ~,, J. If (15 ey ) 48
a crest of I, then (ji,, ..., ju,) is a crest of J.

Proof. Since T ~,, J, all consecutive pairs (i;,4;41) and (j;, j;+1) have the same order.
According to the definition, we have

W1 <UL =41 =y > 4

If follows that
Ju—1 < Ju = Ju+1ccc = J1, > Ji4
thus (jir, ..., jiy) is a crest of J.
]

Now, we will introduce some ~,, preserving operations on index sequences. The first
operation is to remove a crest from a sequence. Let (illl, - ilé) be an interval of Z = (i, ..., 1),
we denote by T \ (i, ..., i) the new sequence (iy, ..., 41,41, .-,72). We denote by the
empty set ) = Z \ Z and we assume () ~,, (.

Lemma 5.1.11. Let T = (iy, ....,i),J = (j1, .-, jr) € Z* such that T ~p, J. If (i, ..., 01)
is a crest of T and (jy, ..., ji,) is a crest of J. Then,

TN (s eyity) ~m TN\ (s -0 1)

Proof. It T\ (iy, ...,iy) is empty, then J \ (ji;, ..., j,) must be empty because the lengths of
7, J are the same. The statement is true in this situation. If 7\ (i, ...,7) is non empty,
then Z can be written as

(il, ceny ’illl, ceey ’il/2, ceey ZL)

and

I\ (il/lv 7”&) = (i17 "‘Jilllflail/QJrla "'7Z.L) - (2/17 "'71.2’1—172.;’17 "'7i/[,_l’2+l’1_1)
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and
j\ (jl’lv a]l'z) = (jla -"ajl’l_lajl'2+1a "'7jL) = (]1’ "'7]‘[//1717]‘[//17 "'aj271/2+l’171)'

For any indices 1 <l <ly < L — Iy 41 — 1 such that i;; > max{7 , 7} forall [} < I3 <y :
If ly,lo <1y —1or ly,ly > 1}, then (i, ...,4,) is an interval of Z. Since T ~,, J, (4;,,1;,) and
(ji,» Ji,) have the same order .

If Iy <1} <ly, then i), = ij,4y ,11. We have

il3 > il’l—l > max{igl, Z;Q}
for all I} <3 <. It follows that
il3 > max{ill, 7:[2}

for all Iy < I3 <ly+1y — 1y + 1. Therefore, (i, i1y, —1;+1) and (jiy, ji, 11,1 +1) have the same
order which shows that (ij,,;,) and (jj,,j;,) have the same order.
The proof is complete. O

The same as the previous proof, by checking the definition of ~,,, we have
Lemma 5.1.12. Let T = (iy,....,i1) € Z" and (1, -, i) is a crest of I, then we have
T = (iny ein) ~m (it ooy iy 1y 4+ K gy + K1, oy i)
for any integer K such that iy, + K > max{iy 1,741}
Now, we turn to study some relations between M;(n, k) and ~,,:

Proposition 5.1.13. Given two sequences T = {iy,...,ip} € [k|*, T = {j1,...,jr} € [n]X, let
{w;;}iz1,. nyj=1,..k be the set of standard generators of M;(n, k), then we have

§ : Ugy iy *° .UQL7iLP

(q17"'7QL)NTVL\7

{P of T r~oml

0 otherwise.

Proof. We will prove the proposition by induction.

When L =1, the statement is obviously true.

Suppose the statement is true for all L < L’. Let us consider the case L = L'+ 1. Let
(15 -, igy) be a crest of Z:

Case 1: If (ji;, ..., jyy) is not a crest of J, then Z #£,, J and one of the following cases
happens:

1. There exists an index jy, of J such that ji, # ji, 11 for some I} <13 <15,
2. gy < g1

3. Ju, < Ji+1-
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But, for all @ = (¢1, ...,q1) ~m J, we have:
L. (quy,qy-1) and (ji, ji,—1) have the same order.
2. (@, qu-1) and (jir, ji—1) have the same order.
3. (qu, q,+1) and (ji, jiy41) have the same order.
Therefore, we have at least one of the followings:
L. qy # qu—1 and 4, = iy, for some I} <1y <15,
2. qr < qp1and iy >y .
3. qu < qu1 and dy > iy 4.
According to the definition of M;(n, k), we have one of the following equations:

— / / /
1. Uay iy Uy = 0 for some I} <5 < 5.

)
LMok
2. u o Ug, 5, = 0.
! 11 U
qll—l’ -1 ‘111711

=0.

3. uql’27il’2uql’2+17il’2+1
In this case, we always have
E , Uqgy iy -+ Uqy i, P = 0.
(q15eqL)~mJT

Case 2: If (jir, ..., jiy) is a crest of J, then (qi, ..., qy) is a crest of Q. Therefore,
uql/l 7il’1 T uql/2,il/2 = uqlfl 7il’1 .

By Lemma 5.1.12, if we fix the indices of Q \ (g, ..., qy), then gy, ...,q; can be any
integers such that ¢ = ... = g and max{q; 1, qy41)} < gy < n. Therefore, we have

Z uql’l—hil’l—luql’l ’il’l uql’2+17il’2+1
max{ql/l 1 7ql/2+1 )}<ql/1 <n

A L T e AL T I R A
1§ql/ Sn 1 1 1 1 2 2
1

Ug,, iy, Ug, I .
E S R U R A S|

The first equality holds because the extra terms are 0. The second equality uses the monotone
universal condition of M;j(n, k). Let L" = L—1I3+1}+1 < L', then J \ (jiy, ..., ji,) € " By
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Lemma 5.1.10, Q\ (q1;, ---»q) ~m I \ (> -+, ). If we denote by (7, ...,77,) the sequence
T\ (iy, - i), then we have

Z Ugy iy~ uquiLP

- , , ) ] quﬂ'/l T uq’L,,,i}/,,
(ql ~~~~~ qL//)NmJ\(]l/l ~~~~~ Jz’2)

0 otherwise.

The last equality comes from the assumption of our induction. By Lemma 5.1.10 and
Lemma 5.1.11, '\ (jir, -, i) ~m T\ (g, ..y i) iff T~y . The proof is complete. O

Now, we turn to show that operator valued monotone finite sequences of random variables
are monotonically spreadable.

Definition 5.1.14. Let Z = (iy, ..., ;) be a sequence of ordered indices and a = min{iy, ..., i1, }.
We call the set §(Z) = {l]i; = a} the positions of the smallest elements of Z. An interval of
(15 s i) 1s called a hill of T if iy, ) = iy 41 = a and 7}, # a for all [} < I3 <. Here, we
assume that ¢ = iyy1 = a for convenience.

Example: (1,2,3,4,1,2,1) has two hills (2,3,4) and (2). (1,2,1,3,4,) has two hills (2)
and (3,4). (1,1,1,1,1) has no hill.

Lemma 5.1.15. Given two sequences T = {iy,...,ir},J = {j1,..,jr} € [n]* such that
Tr~m T, then §(Z) = §(J). Let (ir,...,i,) be a hill of T, then

(Z‘Z’N R Zlé) ~m (jl’la 7]['2)
Proof. We just need to check the elements of 7 one by one. Suppose

§(7) ={lf <--- < I},

where £ is the cardinality of §(Z). Let b = min{ji, ...j.}, we need to show that j» = ---
ji, = b and j; > b for all | & §(Z).
Given an integer 1 < p < k/, we have

1y >a= Zlg = ilg+1
for all I7 <1 <I7,,. According to the definition of ~,, and Lemma 5.1.5, we have

Juy = Ju

p+1

and
Jv > max{jy, jir, }
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for all [ <1 <[, ;. The left is to check the elements j; with [ <} or [ > [},. If there exists

and [ < l” such that j; < ji, we chose the greatest such [. Then, we have

i > max{ji, ji }

for all [ <!’ < I{. Therefore, we have

i <y
which is a contradiction. It implies that
Ju>Ju
for all [ < [{. the same we have
Ju=> gy
for all I > [ Therefore, jiy = -+ = Ju, = min{ji, ..., jr.}. The last statement of this Lemma
is obvious from the definition of ~,,. O

Given Z = {iy,...,i .} € Z*, we will denote by 7 = x; 2;, - - x;, for short.

Proposition 5.1.16. Let (A, B, E) be an operator valued probability space, and (x;);=1
be a sequence of random variables in A. If (z;)i=1,., '
tonically independent. Then, for indices sequences T = {iy,....ir},J = {j1,--,jir} € [n]*
such that Z ~,, J, L € N, we have

-----

Elzz] = Elz ]

Proof. When L = 1, the statement is true since the sequence is identically distributed.
Suppose the statement is true for all L < I’ € N. Let us consider the case L = L' + 1:

If Z has no hill, then ¢y = --- = iy, which implies j; = --- = j;. The statement is true, since
the sequence is identically distributed.

Suppose Z has hills 7y, ..., Z; and @ = min{iy, ...,i5 }. Then, x7 can be written as

ni no ni+1
Loy T, X, X1,y ZL‘ ZEIll‘a s

where ns,...,n; € N and ny,n;.1 € NU {0}. Since x;’s are monotonically independent, we
have

Elaz] = Elag! Elag o Elxg,] - - - o' Elag o]
Let b = min{j,...,jr}, by Lemma 5.1.15, J has hills 7, ..., J; whose positions of elements
correspond to the positions of elements of Z;,....,Z; and Jy ~,, Jy for all 1 < [I' < K.
Therefore, we have

Elzg] = E[xglE[ﬂfjl]iU?E[fUJQ]"'%’E[ gz, ]
= Elry Elrg,ry* Elrg,] - - ' Eleg e l“]
= Elxg Elrg oy Elrg,] - - "’E[ 7] m“]
= E[xI]a

where the second equality follows the induction and the third equality holds because x, and
xp are identically distributed. The proof is complete. O
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Proposition 5.1.17. Let (A, B, E) be an operator valued probability space, and (x;)i=1
be a sequence of random variables in A. If (z;)i=1,..,
tonically independent with respect to E. Let ¢ be a state on A such that ¢(-) = ¢(E[]).
Then, (;)i=1...n s monotonically spreadable with respect to ¢.

-----

.....

Proof. For fixed natural numbers n,k € N, let (w; ;)i=1, n;j=1,.x be standard generators of
M;(n, k). Let J = (j1, ..., jz) € [k]* and denote z;, - - - x;, by 7. We denote the equivalent

class of [n]l associated with ~,, by [nk]. For each Z € [n]*, we denote w;, j, - i, j, by
uz,7. Then, by proposition 5.1.13, we have

> ¢($I)PUI,JP

Ze[n)L

= > ¢(E[x1])PUI,JP

Tem)L

= > > ¢(Elvz])PursP
QGWIGQ

= Y Y oEE)PurgP+ Y X é(Elrz))Pur P
J¢QenF I€Q JEeQen]E IeQ

= > 2 d(Exg))Pur P+ > ¢(Elzg])PursP
J¢Qen]L I€Q IromdT

= 0+ ¢(Elzs])P
= ¢(zg)P.

Since n, k are arbitrary, the proof is complete.

5.2 Tail algebras

In the previous work on distributional symmetries, infinite sequences of objects are indexed
by natural numbers. For this kind of infinite sequences, the conditional expectations in de
Finetti type theorems are defined via the limit of unilateral shifts. It was shown in [22]
that unilateral shift is an isometry from A into itself if (A, ¢) is a W*-probability space
generated by a spreadable sequence of random variables and ¢ is faithful. Therefore, a
normal conditional expectation defined via the limit of unilateral shifts exists under a very
weak condition, i.e. the sequence of random variables just need to be spreadable. However,
our works are in a more general situation that the state ¢ is not necessarily faithful. In our
framework, we will provide an example in which the sequence is monotonically spreadable but
the unilateral shift is not an isometry. Therefore, we can not get an extended de Finetti type
theorem for monotone independence in the usual way. Therefore, we will turn to consider
bilateral sequences of random variables. Here, we begin with an interesting example :
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5.2.1 Unbounded spreadable sequences

Example: Let H be the standard 2-dimensional Hilbert space with orthonormal basis

(1) ()

Let p, A,z € B(H) be operators on H with the following matrix forms:

(o) a(02) == (1),

Let 7 = @ H the infinite tensor product of H. Let {z;}°, be a sequence of selfadjoint

n=1

operators in B(¢) defined as follows:
i—1 [e'e
xiZZCg>/4Q§QT@>Cg>p
n=1 m=1

Let ¢ be the vector state (-v,v) on H and & = &) ¢ be a state on B(.%). It is obvious
n=1
that ®(z') = ¢(z™) for for i. Therefore, the sequence (z;);en is identically distributed. For
any x,y € B(H), an elementary computation shows

d(xpy) = o(x)d(y).

i—1 o0
For convenience, we denote by A®"~! = & A and P¥> = @ P. Also, we denote x;, - - - z;, =
n=1 =1

xr for T = (iy,...,i;) € NL . We will show that the sequer;ce {z;}ien 18 M;(n, k)-spreadable
with respect to .

Lemma 5.2.1. For indices sequences T = (iy,...,ir),J = (j1,...,jr) € [n]* such that T ~,,
J and L € N, we have

O(zz) = O(27).

Proof. When L = 1, the statement is true since the sequence is identically distributed.
Suppose the statement is true for all L < L’. Let us consider the case L = L' + 1. If Z has
no hill, then 7; = --- = iy, which implies j; = --- = j;. The statement is true for this case,
because the sequence is identically distributed. Also, we denote by :L‘En) the n-the component
of x;. Then,

a if n<1

2 =0z ifn=i
p if n>i
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and x; )—:c( ):c( . ~x§")

Accordlng to the definition of ®, we have that

[e's) L
(I)(ajilxlé T ‘CE]'L) = H ¢(H xin))
n=1 =1

Suppose that Z has hills 7y, ...,Z; and a = min{iy, ..., i1}, then zz can be written as

n n n,
A 1 il vy R S 7

and
L 1 if n<a
o([[) = { olam ATlgn: AT .. gm ATIgnis) i 0 —a
=1 ¢(Pw(£)pwg)p- x pxg)p) if n>a.
It follows that
L 0o L
oI« =TI oqI=").
=1 n>min{Z} =1
Because
o(pa paf)p - prlp) = o(aL)o () - - (),
we have

q)<xi1xi2 e ij)

— ¢($n1A|Il‘xn2A|IQ| e xnlAlIl‘an—l) H (b(pl-:(z_?)pxg;)p .. px(I:l)p)

n>a

= oam ARl AT g ATl [T (g )o(a) - oag))

n>a

= gb(xnlAlIl‘anAlIQI e ‘/L'nlAlIl‘InH»l)®($11)®<x1-2> . e @(xl-l>

Let b = min{jy, ..., jr}, by Lemma 5.1.15, J has hills 7, ..., J; whose positions of elements

correspond to the positions of elements of Z;,....7; and Jy ~,, Jy for all 1 < [I' < K.

Therefore, we have
q)(ajj) = Ly Ly " le)

P(
(b( ni AIJ1lgn2 A2 .. nlA|m‘$nl+1)(D(l'j1)(b($j2) ... (I)(le)
%

g A gne A2l g A g (27, )@ (2g,) - - - P(w7)
.TI)

where the second equality follows the induction, the fact that Jj ~,, Zyx and |Jx| = |Zx| for
all 1 <k <L ]

Proposition 5.2.2. The joint distribution of (x;)ien with respect to ® is monotonically
spreadable.
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77777 « be the set of standard generators of M;(n, k).

Proof. Fixedn > k € N, let {u;;}iz1,. nij=1
For all Z = (iy,...,ir) € [k]¥, we denote by [n]t the ~,, equivalence class of [n]*, then we
have

Je[n]E

= 2 Zi Hay ..o (X 7)Pug P
Qeln]L J€Q

= > 2 Haw(X)Pug P+ 30 ey, 0, (Xg)Pug P
Z¢Qe[n)k JE€Q T~mI

= > > Hay,., xn(XQ)PuJ,IP+ > M., xn(XI)PuJ,IP
I¢Qen)l JeQ T ~mI

= > Hayew.(Xo) X0 PugiP+ 37 ey 0, (X7)Pug P
T¢Oe] JeQ T~nT

= Yo Haywn(Xo) 04 X0 payw, (X2)Pug P
1¢Qeln]t Tml

= > a0, (X2)Pug P
ijZ

= IU’II 77777 xn<XI)P

The proof is complete. O

By direct computations, we have
n
H L1070 = w" @ v
=1

and
Ty w®" @ v®° = 2@ @ y®, (5.1)

Let (H', 7', &) be the GNS representation of the von Neumann algebra generated by (x;);—1
associated with ¢. We have
17" (@)l < @]l = 27,

but equation 5.1 shows that ||7'(z,41)]| > 2". Therefore, |7/ (z,41)|| = 2"
Let A be the von Neumann algebra generated by m(z;)’s. Then, there is no bounded
endomorphism a on A such that a(z;) = z;41.

5.2.2 Tail algebras of bilateral sequences of random variables

We have shown that, in a W*-probability space with a non-degenerated normal state, the
unilateral shift of a spreadable unilateral sequence of random variables may not be extended
to a bounded endomorphism. Therefore, in general, we can not define a normal condition
expectation by taking the limit of unilateral shifts of variables. In (A, ¢), a W*-probability
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space with a faithful state, the norm of a selfadjoint random variable x € A is controlled by
the moments of X, i.e. )
]l = i g(lo")%.

But, in non-degenerated W*-probability spaces, the norm of a random variable depends on all
mixed moments which involve it. As a kind of partial distributional symmetries, spreadability
can not provide relations between all mixed moments which makes a spreadable sequence
can be unbounded. To create a well-defined conditional expectation, we consider spreadable
sequences of random variables indexed by Z but not N. As a consequence, we will have two
choices to take limits on defining normal conditional expectations and tail algebras. Before
studying tail algebras of bilateral sequences, we introduce some necessary notations and
assumptions here.

Let (A, ¢) be a W*—probability space generated by a spreadable bilateral sequence of
bounded random variables (x;);cz and ¢ is a non-degenerated normal state. We assume
that the unit of A is contained in the WOT-closure of the non-unital algebra generated by
(x;)iez. Let (H,m, &) be the GNS representation of A associated with ¢. Then, {m(P(x;|i €
Z2))¢|P € C(X;|i € Z)} is dense in H. For convenience, we will denote 7(y)¢ by ¢ for all
y € A. When there is no confusion, we will write y short for 7(y). We denote by Ay, the
non-unital algebra generated by (x;);>r and Aj_ the non-unital algebra generated by (z;);<.
Let A and A, be the WOT-closure of A;, and Aj_, respectively.

Definition 5.2.3. Let (A, ¢) be a no-degenerated noncommutative W*-probability space,
(x;)icz be a bilateral sequence of bounded random variables in A such that A is the WOT
closure of the non-unital algebra generated by (z;)icz. The positive tail algebra A} . of

(x;)iez is defined as following:
Afau = ﬂ -’4;

k>0

In the opposite direction, we define the negative tail algebra A,_, of (z;);ez as following:
A =[] Ar
k<0

Remark 5.2.4. In general, the positive tail algebra and the negative tail algebra are different.

Even though our framework looks quit different from the framework in [22], we can show
that there exists a normal bounded shift of the sequence in a similar way. For completeness,
we provide the details here.

Lemma 5.2.5. There exists a unitary map U : H — H such that U(P(z;|i € Z))§ =
P(C(]Z‘+1|i S Z)f

Proof. Since (z;);ez is spreadable, we have

O((P(wili € Z))" P(xili € Z)) = o((P(zitali € Z))" P(xipa|i € Z)).
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It implies that
U(P(zili € Z)§) = P(xinl|i € Z)E

is a well defined isometry on {w(P(x;|i € Z))¢|P € C(X;|i € Z)} . Since {m(P(z;|i €
7))¢|P € C(X;|i € Z)} is dense in H, U can be extended to the whole space H. It is obvious
that {m(P(x;]i € Z))¢|P € C(X;|i € Z)} is contained in the range of U. Therefore, the
extension of U is a unitary map on H. O

Now, we can define an automorphism « on A by the following formula:
a(y) =UyU™t
Lemma 5.2.6. « is the bilateral shift of (z;)icz, i.e.
a(Tk) = Tyt
forall k € Z.
Proof. For all y = P(x;|i € Z)&, we have
alry)y = UryU ' P(ay)i € 2)€ = Uz P(zi_1)i € 2)€ = 131 P(3]i € Z)E.

By the density of {n(P(x;|i € Z))¢|P € C(X;|i € Z)}, we have a(x)) = x41. The proof is
complete. [

Since « is a normal automorphism of A, we have
Corollary 5.2.7. For all k € Z, we have a(A})) = A}, ;.
Lemma 5.2.8. Fixn € Z. Let y1,ys € A,_. Then, we have

(o' (@)1, 52) = {adi1, G2),
where | € N and a € A}, ;.

Proof. 1t is sufficient to prove the statement under the assumption that [ = 1. Since a €
A1, by Kaplansky’s theorem, there exists a sequence (am)men C Ant1)+ such that [|a,| <
||la|| for all m and a,, converges to a in WOT. Then, by the spreadability of (z;);cz, we have

<Oé(a)??1,?32> = Agﬂm<@(am)@1,§2> = n}g;o ¢(y§am@1) = (a@1,Q2>

In the following context, we fix k € Z.
Lemma 5.2.9. For all a € A", we have that

E't[a] = WOT — lim o!(a)

=00

exists. Moreover, E™[a] € A;;il
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Proof. For all yy,ys € {m(P(x;]i € Z))&|P € C(X;|i € Z)}, there exits n € Z such that
Y1,Yy2 € A,_. For all | > n — k, we have o/(a) € Ag,11)+. By Lemma 5.2.8, we have

<@n+17k(@)ylyy2> = <04n+27k(a)y1,y2> =

Therefore,
lim (o (a)y1, yo) = (@™ (a)y1, 1)

a!(a) converges pointwisely to an element E'[a]. Since for all n > 0, we have o!(a) € A for
all | > n—Fk+1. It follows that WOT — llim al(a) € A for all n. Hence, Et[a] € Al .. [
—00

tail”
Proposition 5.2.10. E* is normal on A} for all k € Z.

Proof. Let (am)men C .A; be a bounded sequence which converges to 0 in WOT. For all
y1, Y2 € {m(P(x;]i € Z))E|P € C(X;|i € Z)}, there exits n € Z such that y;,y> € A,_. Then,
we have

lim (E™ [am]y1,y2) = lim <(¥n+1_k(am)?/1,y2> = 0.
m—00 m—ro0
The last equality holds because a! is normal for all [ € N. The proof is complete. n

Remark 5.2.11. E* is defined on |J Af but not on A. In general, we can not extend E*
kEZ
to the whole algebra A.

Lemma 5.2.12. Et[a] = a for all a € A/

tail

Proof. For all g1,92 € {m(P(x;|i € Z))§|P € C(X;|i € Z)}, there exits n € Z such that
Y1,Y2 € A,—. Since a € A, C Al |, by Kaplansky’s theorem, there exists a sequence of

tail

(@m)men C Ans1)+ such that a,, — a in WOT and ||a,,|| < ||al| for all m. Then, we have

~ ~

(ai, G2) = nli_fgo@?)h@ﬁ = A%W(am)gl’gﬁ = (a(a)i, Ja)-
Since y1, yo are arbitrary, we have a = «a(a). O

Remark 5.2.13. One should be careful that Af ., could be a proper subset of the fized points
set of a.

Lemma 5.2.14.
E+[6L1b(12] = CL1E+[b]CL2

for allb e Ay, a1, a5 € Al

Proof. By Lemma 5.2.12, we have

E*[aibas] = zliglo ol (aybay) = llgglo o (ar)al (b)al (ay) = llgcr)lo a1al(b)ag = a1 E [blas.
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5.3 Conditional expectations of bilateral
monotonically spreadable sequence

In this section, we assume that the joint distribution of (z;);cz is monotonically spreadable.

Lemma 5.3.1. Fizn >k € N, let (ui,j)i:1 _____ n;j=1
Then, we have

r be the standard generators of M;(n, k).

-----

n

l l l 2 : l l l
Qﬁ(aliiibl%iibg tee bm,lxiZag)P = (b(allelblszbZ L bm,lxj’;ag)Pujhil cee UjmeP,

where 1 < iy, iy <k, by, b1 € Apngnyy and aq,az € Ag_.

Proof. Without loss of generality, we assume that there exist ni,ns € N such that
ai,ay € Aj—n 41,0

and
b17 ooy bmfl € A[n—l—l,nQ—l—kz}'

Since the map is linear, we just need to consider the case that a;,as and bq,...,b,,_1 are
products of (x;);cz. Let
A1 = Ty g * " Tsyy,

and
Qg = Tgyy * - 'x82,t2

for some ¢;,t, € Nand —n; +1 < s.4 < 0. Let
bi = xTi«,l e 'rri,t{

forth,....t,, _;, € NU{0}and n+1 < 7.4 < k+no. Then, (z_n,41, ..., Tnin,) Is a sequence of
length n+n;+ns, we denote it by (Y1, ..., Yntnytn, ). Let 0 = n+n;+ng and k' = k+n;y+ns.
By our assumption, alxﬁblxgbg . ~bm_1:c§2a2 is in the algebra generated by (yi,...., yx).
Let (uf;)i=1,..n';j=1,..k be the standard generators of M;j(n',k’) and P’ be the invariant
projection. Let 7 be the C*-homomorphism in Lemma 3.3.13 and id be the identity on
C(Xy,...., Xp). Since 1 < 5.4+ n; < ny, we have

-----

id® ﬂ_(a?(;’f])d (XSi,1+n1 o 'st',tl + nl)) = X8¢,1+m o 'Xsi,tler ® P.
Since ny +n+1<r.q+n; <ng +nyg + k, we have

(m)

id® ﬂ-(an’,k’ (XT¢,1+TL1 T XT1,t’1 + nl)) = Xri,1+n1+n—k T Xri7t4+n1+n—k & ]7
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where I is the identity of M;(n, k). According to our assumption, we have 1 < i, < k for
t=1,....,m. Then

n
: (m) Iy _ E Iy
Zd ® 7T<Oén’,k;’ (Xit+n1) - th+7l1 ® ujtyit'
Jt=1

According to the monotone spreadability of (yi, ..., ¥,) and Lemma 3.3.13, we have

I l2 l

¢(a1$i1b1xi262 L bm,1$iza2)P
_ I l /
= ,Uy1,...,yk/(X51,1+n1 T Xsl,t1+n1Xi1+n1 o 'Xi;:JranSl,l'i‘nl e 'X82,t2+n1)7r(P )
_ (m) l1 l

Pl”’ylv"vyn/ ® ﬂ-(an’,k’ (XS1,1+n1 T Xsl,t1+n1Xi1+n1 e X’i:+n1X51,1+n1 e XS2,t2+n1))P

n

_ Iy
- Z . oy sy (XS1,1+711 e Xsl,tl+H1Xj1+n1XT1,1+n1+n*k T

.]17"'7.77’77,:

Im~+n1
r 1+n1+n_kam XS1,1+711 T XSQ,tQ)Puj17i1 U ujm,imP'

mfl,t,/mi
Notice that (yi,...,y,) is spreadable and n + 1 < r, the above equation becomes

A lo l
gb(alxilblxing cee bm_lxiZag)P
n
_ l
- Z Koy .y, (XS1,1+n1 o Xsl,t1+n1Xj1+n1XT1,1+n1 T
Jisenjm=1 .
X X81,1+n1 e X

Tm—1,t! _ +ny Jm+n1 )Pujl,il te 'Ujm,z'mP

52,tg

n
B L !
= D (T Ty T Ty Tr gy LT Toyyy)
G1yejm=1 m—1
Puj iy -+ 1, 0, P
n
o A la l L. .
= 2 dlargbizgby by a2)Pu, - w0, P
jl?"'vjm:l

The proof is complete. O

Lemma 5.3.2. Fizn >k € N, let (u;j)i=1,..n; j=1,..k be the standard generators of M;(n, k).
Then, we have

n
+r1..0 l2 lm _ +r7..0 lo l
FE [Ii1b1$i2b2 cee bmflxi:] X P= E FE [.’L'jlblxjgbg s bmflsznn] X 1'-’7,Lj17i1 cee UjmeP,
Jloeeerfm=1

where 1 <y, iy < K, by, b1 € Apgny+

Proof. Tt is necessary to check the two sides of the equation equal to each other pointwisely,
ie.

n
gb(alEJr[:vﬁ bll'liibg . ~bm_1:v§:i]a2)P = Z ¢la ET [méllblx%bQ e bm_lx‘lj’;nn]QQ)PUjhil e, i P
1 eejm=1

(5.2)
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for all a;,a; € Aj—s o). Given ay,az € Aj_ ], then there exists M € N such that a;,ay €
Apr—. Then,

a ™(ay),a ™ (az) € Ag-

for all m > M. By Lemma 5.3.1, we have

gb(a*m(al)xﬁblxﬁz by - - bm_lxé;’;a*m(ag))P

Z qﬁ(a‘m(al)xﬁbﬁgbg cee bm,lmg’fnofm(ag))Pujml cee ujm,imP'

Therefore, for all m > M we have

gzﬁ(alozm(xﬁblxng e bm_lxi:;)ag)P

n
l l l
= . Z . ¢(a1am(a;jllbl$f2b2 tee bmflij)&z)PUjl’il s ujm,imP~
JLseees Jm=

Let m go to 400, we get equation 6.2.
The proof is complete since aq, ay are arbitrary. O

Proposition 5.3.3. Let (A, ¢) be a W*-probability space, (x;)icz, a sequence of selfadjoint
random variables in A , ET be the conditional expectation onto the positive tail algebra
Al Assume that the joint distribution of (x;)icz is monotonically spreadable, then the
same 1is true for the joint distribution with respect to E*T, i.e. for fited n > k € N and
(Wi j)iz1,..n; j=1,.. % the standard generators of M;(n, k), we have that

n

Et [xﬁ blxng bzt @ P = Z E* [xii 51352252 b2 ® Puj, gy s, 0 P

1< il, ,Zm < ]C, ll, ,lm € N and bl, ,bn S A:;n'l'

Proof. Since by, ...,b,,_1 € A} € A by Kaplansky’s theorem, there exists sequences

tail
{bs,t}szl,...mfl;tEN C An+

such that [|bs.|| < ||bs|| and lim by, = bs in SOT for each s = 1,...,m — 1. Therefore,
n—00

: 15 lo Im I lo l
SOT — tllggo Ty b1 T bagy -+ b1, T = T D15 ba s - - - b, T3

By Lemma 5.3.2, we have

n

+7 0 lo Im _ +71,..0 l2 Im
BT [0 25ba s, b1, 7 | QP = E ET[25 bin v ibogy - bt g 7 | QPG Gy 1, 0, P

im
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Let t; go to +oo, by normality of £, we have
E* [ llblx 2bZ A2 " b1 tm L z Z E+ ; b1£L’ 2b2 t2 b tm—1 j ]®Pujl ittt ujm,imP

Again, take to, ..., t,,_1 to +00, we have

n

E+ [l’,lli blafgbg s bm_lil'),ll:i] & P = Z E+[l’j1bll’j2b2 e bm—1$jm] X Puj1,i1 s ujm,imP

(5.3)
O

If iy = 541 for some s, according to the universal conditions of M;(n, k), the terms on
the right hand side are not vanished only if j; = js.1. Therefore, we can shorten the product
on the right hand side of (5.3) if iy = i541 for some s. We have

Proposition 5.3.4. Let (A, ¢) be a W*-probability space, (x;)icz a sequence of selfadjoint
random variables in A , ET be the conditional expectation onto the positive tail algebra A .
Assume that the jomt distribution of (x;)icz is monotonically spreadable, for fited n >k € N
and (u; j)i=1 k the standard generators of M;(n, k), we have that

..........

n

E+[p1(xi1)...pm<mim)] ®P: Z E+[p1(xj1)'..pm('rjm)] ®Puj17i1 '..ujmﬂ‘mP?

whenever 1 <'iy, ...,iy < k, i1 # -+ # im and p1, ...,pm € Al (X)o.

Lemma 5.3.5. Let (A, ¢) be a W*-probability space, (x;)icz a sequence of selfadjoint random
variables in A , E* be the conditional expectation onto the positive tail algebra A . Assume
that the joint distribution of (x;)iez is monotonically spreadable, then

E p1(ws,) - ps(w,) - - P (@0,,)] = EF [pr(wi,) - - BT [ps(s,)] - - pm ()]

whenever iy > iy for allt # s, i1 # -+ # iy and pr, ..., pm € Al (X)o.

tail *

Proof. Since (z;);cz is spreadable, by Lemma 5.2.9, we have that

a(pi(z;,)) = pi(a(w;,))
and /
E*[a* (a)] = E¥[a]
foralla e |J Al and k' € Z.

n' €z
Therefore, it is sufficient to prove the statement under the assumption that q,...,4,, > 0.
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Let is = k, (i;)i=1,. n+1,j=1,.k the standard generators of M;(n + k, k). By proposition
5.3.4, we have
n+k
F1,eim=1

Letly =---=1;_1 =1and [, =n+ 1. By proposition 3.3.12, we have

n+k

+ 1 +
B pi(wi) - po(@i) -+ o (w0, @ P = -t 37 B i) -+ po(@.) -+ Pn(2,)] @ P
o=k

Since n is arbitrary, and ET is normal on A, we have

E*[pi(;fn) o ps(@iy) e pm(,,)]

= oh Z EF[pi(zi,) - ps(j,) - P (24,,)]

Jjs=k
n+k

= WOT — lim E¥[p(2;,)-- (=5 kas(ffjs))"']?m(xim)]
= WOT — lim E¥lpy ()~ (7 £ 0'(pu(1) -+ P, )
Byl

— WOT — lim E*[pi(as)- - - Pl

n—oo
The proof is complete. O

Now, we turn to consider the case that the maximal index is not unique.

Proposition 5.3.6. Let (A, ¢) be a W*-probability space, (x;)icz a sequence of selfadjoint
random variables in A , ET be the conditional expectation onto the positive tail algebra A ;.
Assume that the joint distribution of (x;)icz is monotonically spreadable, then

Efpi(zs) - ps(@,) - pn(@i,,)] = BT [pr(wi,) -+ E¥ [ps(@a,)] - pin(2i,,)]
whenever iy = max{iy, ...,i,} for allt # s, iy # -+ # iy, and p1, ..., P € Al (X)o.

Proof. Again, we can assume that iy, ...,4; > 0 and max{iy, ..., i,, } = k. Suppose the number
k appears t times in the sequence, which are {i;; }; = 1,...,t such that i, = k and [} <, <

- < l;. Fix n, k and consider M;(n + k, k), by proposition 5.3.4 and proposition 3.3.12, we
have
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Efpi(wi) - pu (i) - po(a,) - pm(23,)] @ P
k4+n
= Z Bt [pl(xh) o Pn (lel) “ Pl (mjzz) e 'pm(xi7,L)] ® Pszl,kPszngP T ujzt7kP
jll 7j127"'jlt:k
k+n
= (n—il)t Z E+[p1(xi1> P (szl) “ Py (x]'zz) o pm<x2m)]] ® P
JiyJig -, =k
N
— R S Ealen) e pu (e ) e, paa) @ P
Jis szr
+ > Efpi(wa) - pu () - po(5,) - pm(3,,)] @ P).

Jis =31, for some s#t

In the first part of the sum, apply proposition 5.3.5 on indices ji,, ...J;, recursively, it follows
that

Efpi(@iy) - ps(g ) - ps(@i,) - o (@i)] = E¥ [pr(wy) -+ Elpr, ()] - - Bl (25,)] -+ - pm(i,,)]-

Since Elps(z;, )] = Elps(zx)] for all ji,, ..., ji,,

Efpr(wiy) - pu () o (@,) - P (3,)] = B [pu(3,) -~ Blpy (21)] -+ - Elpi (o)) - - - i (3,,)]-

Then, we have

N

(3 E¥ea) o (@) pueg,) - bl € P
Jis# I, i sF#T
t—1

[T (n+1-s)
= = B () - Elpy (@] Elp ()] - pn(21,)] © P,

which converges to Elps(xg)]- - Elps(xk)] -+ - pm(zs,)] ® P in norm as n goes to +o0.

To the second part of the sum, we have

1B Iy () - - iy (5, ) == i (5,) - - P (2,1
1p2(i,) - - (25, - - o (25, - - P, )|

P2 (i) |- [l (e - - [P (2] - - P ()
P2 (@] - - [lpn ()] - [l (@)1 - pm (20,

VARVANRVAN

which is finite. Therefore,

N
| > E (i) o () - o () -+ - (0, |
Jis=Ji, for some s#t
t—1
SUO(n+1—s)
< (= =Gmr )@l - e @)l - e ()l - - [lpm (21) ]
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goes to 0 as n goes to 4o00.
Therefore, we have

Efpi(xs) o (@) - 0o (@iy,) -+ pn(@3,)] = E¥ [pi(2s,) - Bl ()] -+ Elpi ()] -+ pn(,,)]-
The same we can show that

EFpy(xi,) o (wn) - BV [ps(@i )] -+ 0 (k) -+ - P (3,
= Efpi(xy,) - Elpy(wx)] - Elp(vx)] - p(Ti,,)]

which implies

Ef[pi(xi,) - po(wi,) - pm(@i,,)] = EF[pa(2s,) - - E¥ [ps(@,)] - - - pn(4,,)]-

5.4 de Finetti type theorem for monotone
spreadability

5.4.1 Proof of main theorem 1

Now, we turn to prove our main theorem for monotone independence:

Theorem 5.4.1. Let (A, ¢) be a non-degenerated W*-probability space and (x;)icz be a
bilateral infinite sequence of selfadjoint random variables which generate A. Let A be the
WOT closure of the non-unital algebra generated by {x;|i > k}. Then the following are
equivalent:

a) The joint distribution of (x;)icz is monotonically spreadable.

b) For all k € Z, there exits a ¢-preserving conditional expectation Ej : Al — AL,

such that the sequence (z;);> is identically distributed and monotone with respect E.
Moreover, Ey|4,, = E when k> K.

Proof. “b) = a) "follows corollary 5.1.17

We will prove “a) = b) by induction. Since the sequence is spreadable, it is suffices to
prove a) = b) for k = 1:
By the results in the previous two sections, there exists a conditional expectation FEj :
Al — A such that the sequence (z;);> is identically distributed with respect to Ej and
Ek| A, = Ew when k > k. Actually, E} is the restriction of E* on .AZ. Since the sequence
is spreadable, we just need to show that the sequence (z;);en is monotonically independent

with respect to Ei, i.e.

E¥[pa(x) -+ ps@i,) -+ pm(wi, )] = ETpu(s,) -+ B [pa(w,)] - pm(, )] (5.4)
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Gso1 < s > lgi1, 61 F 0 F by 01, ey i € N and py, .o, pr € AL (X)),

Now, we prove this equality by induction on the maximal index of {iy, ..., 4., }:

When max{iy, ..., i,, } = 1, then equality is true because i = 1 and the length of the sequence
(41, ...,1m) can only be 1.

Suppose the equality holds for max{iy, ..., i, } = n. When max{iy, ...,%,,} = n+ 1, we have
two cases:

Case 1: iy, = n + 1. In this case the equality follows proposition 5.3.6.

Case 2: i, < n. Suppose the number n 4+ 1 appears t times in the sequence, which
are {i,}; = 1,...,t such that i, = k and [; < Iy < --- < [;. Since i, < 45 > igpy,
1s_1,1s,%511 7 n + 1. By proposition 5.3.6, we have:

E¥[pi(@i) - pi, (%1) w s (@i, )P (@, )Ps 1 (@i, 1) 'plt(i’fnt) - (i)
= Efpi(x) - Efpy ()] - ps—1 (@i )ps (@i )psa (@) - ET [y (x0,)] - - - pn(@i,))]-
Notice that

pi(@iy) - BT pry (i) Dot (@i )Ps (w3, )Pss1 (Tig) - BV [puy (20,)] -+ i (3,,) € AlLi{ X5 s Xin),

by induction, we have

EFpi(zi) - BN [ (@) - pso1 (@i )ps (@) Dot (@i,10) - - B 1, () -+ - Pin(4,)]
= ETpi(wi) - B pry (wi)] - psoa (i, ) BT [ps(@i)|pea (wigg,) -+ - B i (23] - - i (23,,)]
= Efpi(xy) -y (l’z’zl) o Ds1 (@i ) BT ps(@i)]psia (Tigy) - oy (%t) DT,

The last equality follows proposition 5.3.6. This our desired conclusion.

5.4.2 Conditional expectation £~

We do not know whether we can extend E* to the whole space A. But, the conditional
expectation E~ can be extended to the whole algebra A if the bilateral sequence (x;);cz
is monotonically spreadable. Given a,b,c € Aj_o o, then there exists L € N such that
a,b,c € Ai_p p). Therefore, a™3"(c) € Aj_4p,_37). Since (z_4r, % 4141, ...) is monotonically
with respect to ET, we have

¢(aE"[b]c)
= lim ¢(aa""(b)c)

- :zﬁéu Plaa(b)e)

= OB a0
=l G(BFE*ala" () E*[c])
= Jim 6(E*[aja™ (0)E[c])

= lim ¢(E*[a]E~[b]E*[]).

n—00
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Since A is generated by countablely many operators, by Kaplansky’s density theorem,
for all y € A, there exists a sequence {yn }nen C A[—oco,n0) such that [ly,|| < ||ly|| for all n and
yn converges to y in WOT. Then, for all a,c € A|_ ) We have

lim $(aB"[y]c) = lim 6(E* alya B*[d]) = o(B [aly* [c]

n—o0

Therefore, E~[y,] converges to an element y' pointwisely. Moreover, " depends only on y.
If we define £~ [y] = ¢/, then we have

Proposition 5.4.2. Let (A, ¢) be a non-degenerated W*-probability space and (;);cz be a
bilateral infinite sequence of selfadjoint random variables which generate A. If (x;)icz is
monotonically spreadable, then the negative conditional expectation E~ can be extend to the
whole algebra A such that

¢(aE" [y]b) = ¢(E™ [a]lyET[c])

forally € A and a,c € A|_w ). Moreover, the extension is normal.

5.5 de Finetti type theorem for boolean spreadability

In this section, we assume that (A, ¢) is a W*-probability space with a non-degenerated
normal state and A is generated by a bilateral sequence of random variables (z;);ez and
(x;)iez are boolean spreadable.

Lemma 5.5.1. Let y; = x_; for all i € Z, then (y;)icz s also boolean spreadable.

,,,,,

.....

entries of the matrix are are orthogonal projections and

n n
z : / _ E —

ui’jP = ui,kﬂ,jP =P.
i=1 =1

Given j,j',i,7 € N such that 1 < j < 7/ < kand 1 < i < ¢ < n. Then, we have
n+l—i<n+1—dandk+1—j<k+1—j " Therefore,

/ /
U Wy i1 = Un1—i kt1—jUn+1—i k+1—5 = 0.

-----

that there exists a unital C*~homomorphism & : Bi(n, k) — B;(n, k) such that:

(I) (Ulﬂ) = Ul

Z?]’

and ¢(P) =P.
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Let z; = ;1 for i = 1,....,n. Since (x;);cz are boolean spreadable, (z;);=1.. , is boolean

spreadable. Therefore, for iy, ...,i € [k], we have

¢(yi1 e y1L>P
(yn—k-l—il e yn—k—f—iL)P

-----

n
= > @1 Ty 1) Pl Ui i P
J1senJr=1

n
= Z (yn+1_j1 T yn+1_jL)Pun+1_j17il o 'Un-l-l—jLJLP
J1yeengr=1

which completes the proof. O

Proposition 5.5.2. (A, ¢) is a W*-probability space with a non-degenerated normal state
and A is generated by a bilateral sequence of random variables (z;);cz and (x;);ez are boolean
spreadable. Then, E= and E* can be extend to the whole algebra A. Moreover, E= = E*

Proof. Since (x;);cz is boolean spreadable, (x;);cz is monotonically spreadable. By propo-
sition 5.4.2, E~ can be extended to the whole algebra. By Lemma 5.5.1, (z_;);ez is also
boolean spreadable and its negative-conditional expectation is exactly the positive condi-
tional expectation of (z;);ez. Therefore, ET can also be extended the whole algebra A
normally. Give a,b,c € A|_ ), by Lemma 5.4.2, we have

¢(aE~[ble) = ¢(E"[a]bE"[c])
= O(ET[ET[a]bET(c]])
= O(ET[a]ET[D]ET[C])
~ lim §(a"(@)E* BE(d)
= lim lim ¢(a™(a)ET[bla™(c)).

n—o0 m—oQ

Notice that, for fixed n,m,

o(a”(a)E*[bla™(c)) = p(a” (a)a"(b)a™(c))

for L € N which is large enough. Since (x_;);ez is monotonically spreadable, by theorem ?7,



CHAPTER 5. EXTENDED DE FINETTI TYPE THEOREMS IN
NONCOMMUTATIVE PROBABILITY 87

(x_;)iez is monotonically independent with respect to E~. Therefore, we have

¢(a”(a) ET[bla™(c))
= o(a"(a)a () ()

|
SS9 SS S

and

= ¢(aET[b]c).
It implies that E*[b] = E~[b] for all b € A[_oo . Since A is the WOT closure of Aj_ o,
the proof is complete. O]

Corollary 5.5.3. (A, ¢) is a W*-probability space with a non-degenerated normal state and
A is generated by a bilateral sequence of random variables (z;)icz and (x;)icz are boolean
spreadable. Then, the positive tail algebra and the negative tail algebra of (x;)icz are the
same.

Now, we are ready to prove theorem 77

Theorem 5.5.4. Let (A, ¢) be a non degenerated W*-probability space and (z;)icz, be a
bilateral infinite sequence of selfadjoint random variables which generate A as a von Neumann
algebra. Then the following are equivalent:

a) The joint distribution of (x;);en is boolean spreadable.

b) The sequence (x;);ez is identically distributed and boolean independent with respect to
the ¢p—preserving conditional expectation EY onto the non unital positive tail algebra

of the (xi)iGZ

Proof. “b) = a)”. If the sequence (z;);cz is identically distributed and boolean independent
with respect to a ¢-preserving conditional expectation F | then sequence (z;);cz is boolean
exchangeable by theorem 7.1 in [25]. According the diagram in section 3.4, (x;);cz is boolean
spreadable.

“a) = b)”. By Lemmab.5.2, (x;);cz is monotone with respect to Et, (x_;);cz is monotone
with respect to £~ and E* = E~. Therefore,

Efpy(zi) -+ pm(2i,,)] = EF [pi (20| ET [pa(24,) -+ P (23,,)] = -+
= E+[p1<xi1)]E+[p2<xi2)] """ E+[Pm($im>]
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whenever i # - -+ # i, and py, ..., p € A (X). The proof is complete.

tail
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Chapter 6

General De Finetti type theorems in
noncommutative probability

6.1 Noncommutative symmetries

In this section, we will recall distributional symmetries for classic independence are free
independence from [5].

Definition 6.1.1. An orthogonal Hopf algebra is a unital C*-algebra A generated by n?
selfadjoint elements {u;;|i,j = 1,...,n}, such that the following hold:

1. The inverse of u = (u;;)ije1..n € My(A) is the transpose u' = (u;;)ij=1,.n, 1€

.....

n n
Do Uiglj = Y Up iUk = 0514
k=1 k=1

2. Auj) = > uip ® uyj determines a C*-unital homomorphism A : A — A @y, A.
k=1

3. €(u;j) = 0;; defines a homomorphism e : A — C.
4. S(u;;) = u;,; defines a homomorphism S : A — A%.

This definition adapted from the fundamental work of Woronowicz[43]. Following the no-
tion of Wang’s free quantum groups in [40, 41], one can define universal algebras A generated
suitable choices of R, we will get Hopf algél'[;ras in the sense of Woronowicz[43].

In [5], Banica and Speicher found the following conditions which can be used to construct
Hopf orthogonal algebras:

Definition 6.1.2. A matriz u = (u; )i j=1,.n € My(A) over a C*-algebra A is called:

.....

e Orthogonal, if all entries of u are selfadjoint, and uu' = ulu = 1,
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e Magic, if it is orthogonal, and its entries are projections.

Cubic, if it is orthogonal, and u; ju;, = u;uk; =0, for j # k.

Bistochastic, if it is orthogonal, and Y w;; = Y ug; = 1a, for all j, k.
= =1

=1 J=

Magic’,if it is cubic, with the same sum on rows and columns.

Bistochastic’,if it is orthogonal, with the same sum on rows and columns
The universal algebras associated with the above conditions are defined as follows:

Definition 6.1.3. A,(n) with g = o,s,h,b,s, s,V is the universal C*-algebra generated by
the entries of an n X n matriz which is respectively orthogonal, magic, cubic, bistochastic,
magic’ and bistochastic’. Cy(n) with g = o0,s,h,b,s,s', b is the universal commutative C*-
algebra generated by the entries of an n X n matriz which is respectively orthogonal, magic,
cubic, bistochastic, magic’ and bistochastic’.

Especially, for each n, As(n) and A,(n) are Wang’s quantum permutation group and
quantum orthogonal group introduced in [41, 40]. C,(n) can be considered as the abelian-
ization of Ay(n) for all ¢ = o, s,h,b,s,s’,b'. It should be mentioned here that there are 7
easy quantum groups in total, see [42].

According to the definitions, we have the following diagram:

Ay(n) — Ay (n) — Ap(n)

and
Co(n) —= Cy(n) —= Cy(n)
L
Ch(n) —= Cy(n) — Cs(n)
and

Ag(n) = Cy(n),

for g = 0,s,h,b,s,8, 0. Here, the arrow means that there exists a morphism of orthogonal
Hopf algebras (A, u) — (B, v) which is a C*-homomorphism fromA to B such that u; ; — v; ;.
In other words, (A,u) — (B,v) implies that B is a quotient C*-algebra of A. We will use
B C A for (A, u) = (B,v).

Proposition 6.1.4. Let E(n) be an orthogonal Hopf algebra generated by n* selfadjoint
elements {w; ;}ij=1,. n, then

'''''
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1. If E(n) Z An(n), then there exists a j such that Y uj ; # lpm).
k=1

2. If E(n) € Ay(n), then there exists a j such that ) upj # lg@m).
k=1

n n
Proof. 1. Suppose Y uj; = lpm), for all i. Since Y uj; = 1pgm) and uy; < uj ;, we have
k=1 k=1
4 _ 2
Ug; = Uk -

(uf j)i,jzl ,,,,, » is a matrix of orthogonal projections with sum 1 on rows and columns. There-

2 2 2 2 _
U U g = U Uy =0

for j # k. Since u; ; and w;, are selfadjoint, we have
Wi jUi gk = Uj g =0

which implies that F(n) is a quotient algebra of Aj(n). It is a contradiction.

2. Suppose Y uy; = g, for all 7. Then, for each 7, we have

k=1
Z Ui = Z Zui,luk,l = Z Z U U = Z diklem) = LEM).
=1 I=1 k=1 k=1 1=1 k=1
Therefore, E(n) is a quotient algebra of Ay(n) which leads to a contradiction. O

Proposition 6.1.5. Let E(n) be an orthogonal Hopf algebra generated by m? selfadjoint
elements {w; j}ij=1..n such that As(n) C E(n) C A,(n). Then, the following hold:

1. If E(n) C Ap(n) and E(n) C Ay(n), then E(n) = As(n).
2. If E(n) € Ap(n) and E(n) C Ay(n), then 34" such that

n
E m

U’k,i’ 7é 17
k=1

for all m > 2.

3. If E(n) € Ay(n) and E(n) C An(n), then 34" such that

n

m
E Uy #1,
k=1

for all odd numbers m.
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4. If E(n) € Ap(n) and E(n) € Ap(n), then i}, iy such that

> uly # 1,
k=1
for allm > 2, and

n
E Uk 3!, # 1.
k=1

Proof. 1t is obvious that ||u, ;|| <1 for all¢,j =1,...n.
1. By assumption, we have
Z ik = lpm)
k=1

and
Uy, j Ui | = 0

for j # k. Therefore,
Ui, 5 = Ui 5 Z Ui = Ulzj
k=1
for all 4, j. It implies that E(n) is a quotient algebra of Ay(n), so E(n) = Ag(n).

2. By Proposition 6.1.5, there exists i’ such that

n
E ui}i, # 1.
k=1

Therefore, there exists k' such that
4 2
uk’,i' < uk’,’i’

which implies that the spectrum of wuy ; contains a number a such that —1 < a < 1.
Therefore,
u;;}7,i/ < ui’ﬂ:’

for all natural number m > 2. Hence, we have

n
Z UZ?Z», < 1E(n),
k=1

for m > 2.
3. According to Proposition 6.1.5, there exists i’ such that

Zuk,i’ # 1.
=1



CHAPTER 6. GENERAL DE FINETTI TYPE THEOREMS IN NONCOMMUTATIVE
PROBABILITY 93

Therefore, there exists k' such that uy ; is not an orthogonal projection which implies that

2m+1 2m
uk/72'/ < uk

/’,L'/o
Thus, we have
n n n
>yt < Qi = 3w = ey,
k=1 k=1 k=1
4. Combine Case 2 and 3, the proof is complete. O
Following the proof above, we have

Corollary 6.1.6. Let E(n) be an orthogonal Hopf algebra generated by n* selfadjoint ele-
ments {w; j}ij=1,.n such that Cs(n) C E(n) C Cy(n). Then, the following hold:

.....

1. If E(n) C Ap(n) and E(n) C Ay(n), then E(n) = As(n).

2. If E(n) £ An(n) and E(n) C Ay(n), then 3i" such that ) up’y # 1, for all m > 2.
k=1

3. If E(n) € Ay(n) and E(n) C Ap(n), then 37" such that ) uiy # 1, for all odd numbers
k=1

m.

4. If E(n) € Ap(n) and E(n) € An(n), then 34}, iy such that > Uty # 1, for allm > 2,
k=1
and Y upg # 1.
k=1

Now, we turn to define noncommutative distributional symmetries by maps of quantum
family of Soltan|[32]:

Definition 6.1.7. Let (A, A) be a quantum group and V be a unital algebra. By a (right)
coaction of the quantum group A on V, we mean a unital homomorphism o : V —- V® A
such that

(@ ®idy)a = (id @ A)a.

Definition 6.1.8. Given an orthogonal Hopf algebra E(n) generated by {uw;;}ij=1,.n, We
have a natural coaction «,, of F(n) on C(Xy, ..., X,,) such that

a, : C(Xq,..,X,) = C(Xy, ..., X,,) ® E(n)

is an algebraic homomorphism defined via a,(X;) = X @ug, foralli=1,... n.
k=1
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Definition 6.1.9. Given a probability space (A4, ¢), a sequence of random variables (x, ..., z,)
of A and an orthogonal Hopf algebra E(n) generated by {u; ;}ij=1.. .. We say that the joint
distribution gz, . ., of z1,...,x, is E(n)-invariant if

.....

for all p € C(Xq, ..., X,).

Remark 6.1.10. Noncommutative distributional symmetries, which are associated with
E(n) such that A, € E(n) C A,(n)(Cs € E(n) C Cy(n)), will be used to characterize
free(classical) type de Finetti theorems.

Proposition 6.1.11. Given a probability space (A, ¢) and a sequence of random variables
(x1,...,x,) of A. E(n) and F(n) are two orthogonal Hopf algebras such that Ey(n) C Ey(n).
Then, (z1,...,x,) is Ej(n)-invariant if Fs(n)-invariant.

,,,,,

a C*-homomorphism & : Es(n) — Ej(n) such that

(I)(U(Q)) — W

0] 1,J

for all 4, 7. (xy,...,x,) is Es(n)-invariant is equivalent to that

2
Hayeoin (X 1) 1By (n) = Z [, (X §) ® u(i,)j’

€
for all monomials X, - -+ X;, € C(Xj,..., X,,). Apply ® on both sides of the above equation,

i
we get
1
Ha,..., xn(X i)lEl(n) = Z Ha,..., a:n(XJ) ® u(i,)ja

which implies that (z1,...,2,) is E1(n)-invariant. O

Given an orthogonal Hopf algebra E(n) generated by {w;;}ij=1,. .. Then , for k € N,
E(n) can be considered as an orthogonal Hopf algebra E(n, k) generated by {v; ;}i =1, .n+k

such that
S ¥ ifi,j<n
" Gijlem)  otherwise

We will call E(n,k) the k-th extension of E(n). To study de Finettil theorems for all
orthogonal Hopf algebras E(n), we need to extend E(n)-invariance condition on n random
variables to infinitely many random variables.

Definition 6.1.12. Given a probability space (A, ¢), a sequence of random variables (z;);en
of A and an orthogonal Hopf algebra E(n) generated by {uw;;}ij=1,.,. We say that the
joint distribution g of (z;);en is E(n)-invariant if the joint distribution of (z1, ..., zn4k) is
E(n, k)-invariant for all k € N.
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6.2 Quantum semigroups in analogue of easy
quantum groups

Inspired by the previous work in [25], we will define distributional symmetries for boolean
independent random variables via quantum semigroups. We briefly recall quantum semi-
groups’ definition here: For any C*-algebras A and B, the set of morphisms Mor(A, B)
consists of all C*-algebra homomorphisms acting from A to M (B), where M (B) is the mul-
tiplier algebra of B, such that ¢(A)B is dense in B. If A and B are unital C*-algebras, then
all unital C*-homomorphisms from A to B are in Mor(A,B). In [32],

Definition 6.2.1. By a quantum semigroup we mean a C*-algebra A endowed with an
additional structure described by a morphism A € Mor(A, A® A) such that

(A ®@ida)A = (ids @ A)A.

The quantum semigroups for boolean independence are unital universal C*-algebras gen-
erated by an orthogonal projection P and entries of n x n matrices which satisfying certain
relation R related to P:

Definition 6.2.2. Let v = (u; ;)i j=1,.n € M,(A) be an n X n matrix over a C*-algebra A
and P be an orthogonal projection in A. The pair (u, P) is called:

1. P-orthogonal, if all entries of u are selfadjoint, and vu'(1, ®P) = v'u(1,P) = 1,P
i.e. 2 ui’kuj,kP = Z uk,iude = 6i,jP-
k=1 k=1

2. P-magic, if it is P-orthogonal, and the entries of u are projections.

3. P-cubic, if it is P-orthogonal, and u; ju; , P = u;,u; P =0, for j # k.

4. P-bistochastic, if it is P-orthogonal, and > u,; ;P =
— ;

u,; P =P, for all j, k.
7 =1

J

5. P—’, if Z ’LL,LJP =
=1

uy; P, for all j, k.
J =1

6. P-magic’, if it is P-cubic and P-.
7. P-bistochastic’,if it is P-orthogonal and P-".

Unlike universal conditions for quantum groups, these conditions cannot define universal
C*-algebras since they cannot ensure that u;;’s are bounded. Therefore, we need an addi-
tional condition to control the norms of u; ;s. We say (wij)i=1,.n is norm < 1 if the norm
H(Ui’j)i’jzl 77777 n“ of the matrix is S 1
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Definition 6.2.3. B,(n) with ¢ = 0,s,h,b,s,s',0 is the unital universal C*-algebra gener-
ated by the entries of an n x n norm < 1 matrix (u;;); -1, » and an orthogonal projection
P which is respectively P-orthogonal, P-magic, P-cubic, P-bistochastic, P-magic’ and P-
bistochastic’.

On the C*-algebra B,(n) with g = o,s,h,b,s,s, b/, we can always define a unital C*-
homomorphism
A': By(n) - B,(n) & By(n)

by the following formulas:

n
Au,j = E Uik @ Uk, j
k=1

and
AP= P P, AI=1I®I1.

To show the coproduct is well defined, we need the show that the (Aw; ;)i =1
P ® P satisfy the universal conditions as (u; ;) j=1,..» and P do:
Norm condition: If ||(u; ;)i j=1,.»] <1, we have

-----

n
(AU )i =1l = 1O wis®@u )i =1, mll = (W 5@1n)i =1, (1n @i )i g, nll < (W) g1, nl|* < 1.
k=1
n

P-orthogonal: If ) u;,u; P = > wu; ;P =9, ;P, then
k=1 k=1

Z A’U,i,kAUj,kAP

I
]
NE

Uit @ ULg)( Y Ujm @ U i) (P @ P)
m=1

H

o~
Il

—

|
]
NE
NgE

Ui 1 U m P @ g gty 1, P

£
Il
—_
Il
—_
Il
i

I
M=
M=

Q

iU P @ 0 P

3
Il

The same we have ) Auy ;A ;AP =9, ;P @ P.
k=1
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P-cubic: Since u; ju; 1P = u;u; P = 0, for j # k, we have

Aui,jAuivaP
n
= > U UimP @y, P

I,m=1
n

= Z UNUZ‘,[P X ul,juLkP
=1
= O’

whenever j # k. Then same, we have
AUJ‘J‘AU]‘,]CAP = O,

whenever j # k.

P-bistochastic: If ) u; ;P =
j=1

u;;P=P, forall j=1,..,n
J=1

-

AUZ7]AP

<
Il
—

[
M=

<

Il
i
B

Il
—

Ui7kP X uijP

|

—_

UJZ'J'P ® P

I
T

® P.

The same we will have ) Au;;AP =P @ P, for all j.
=1

P’ -condition: Letr =) w;;P =) u;,P, for j #k.
j=1 j=1

J

AUZJAP
1

ui,lP X ul,jP
1

uy P @r

[
T

J

I
NE

~

1
KT,

Il
<

for all j. The same we will have ) Au; ;AP =r @ r for all j.
i=1
Therefore, A is a well defined C*-homomorphism and (By(n), A) with g = o, s, h, b, s, s, V'

are quantum semigroups. As the relation for easy quantum groups, we have the following
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diagram for boolean quantum semigroups:

Bo(n) —_— Bb/(n) —_— Bb(n)

L

Bj(n) — By(n) — Bs(n)

We can see that easy quantum groups could be quotient algebras of these easy quantum
semigroups with requirement of P =1, i.e.

Cy(n) € Ag(n) C By(n)

for g =o0,s,h,b,s,5,b.
The algebras B,(n) generated by the generators of B,(n) with g = o, s, h, b are quotient alge-
bras of Hayase’s Hopf algebras C(G%2), C(GL), C(GI*), C(G%) in [17], respectively. Actually,
B,(n) with g = o, s, h, bsatisfy Hayase’s universal conditions for C(G2), C(G?L), C(Glr), C(GE).
To check the some vanishing conditions, we need the following notation for convenience:
Given m; € I(ky) and my € I(ky), m1 = mmy € I(k1 + ko) denotes the concatenation of
m and my. Given j; = (ji,...Jw) € [ and j, = (4, ...4,,) € )™, = j1 ] =
(j17 '--7jk17j17 7‘7]/@) € [n]kl+k2‘

According to Definition 2.2.1, it is obvious that

Lemma 6.2.4. Let m € I(ky + ko) such that m = myms for some 71 € I(ky) and 7o € P(ks).
Let j= j, + j, such that j, € [n]* and j, € [n]*. Then, © < ker j iff m; < ker j; for
i=1,2.

Therefore ,we have the following:
Lemma 6.2.5. Given m € I(k1), ma € P(ky) and j = j, + j, such that j, € [n]* and
j2 € [n]kQ If
| P if m <ker j
Z i P = { 0 otherwise
i;€[nki],m<ker i;

for 1 = 1,2. Then, we have
P if m <ker j
i P = —
Z Ui { 0 otherwise
ie[nF1tk2] mymo<ker i
Proof. By a direct computation, we have:

>, wuy, ;P oif m <ker j,

E . P = E E ooy P = i1€[nk1]
uleP — ulla.]lu 12:.]2P - w1 <ker i

ie[nh1th2] iren*1]  ipelnk2] 0 otherwise
mime<ker i m1<ker i; mo<ker ig
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Therefore,

?

Z uijP{ =P m <ker jandm < ker j,

0 otherwise
ie[nkl +k2}
mime<ker i

which completes the proof. O]
Now, we can turn to check a vanishing condition:

Lemma 6.2.6. Let u;;’s and P be the standard generators of B,(n),Bs(n),By(n),By(n).

Then, we have
| P ifrm<ker j
Z i, P = { 0 otherwise

ie[nk],r<ker i
for m € Iy(k), I(k), In(k), I,(k), respectively.
Proof. 1. For B,(n), k = 2. The identity holds by the definition of B,(n). Since all partitions

in I5(n) are concatenations of pair partitions by Lemma 6.2.5, the identity is true.

2. For By(n), the identity holds by the definition of B,(n) when 7 is a single partition
or a partition. Since all partitions in [,(n) are concatenations of single partitions and pair
partitions, by Lemma 6.2.5, the identity is true.

3. For By(n) we just need to check m = 1o, € I,(2m) for all m € N. It follows that

E u;, P = E :uzh' Ui o P

1€[n]2m
w<ker i

It equals zero if j; # j;11 for some [, otherwise

n n

2m—2 2m—2 o 2 _
E Ui gy * " Ui jo,, P = E uZJIP E ug ' E uth E ug ' P = = E Uz,j1P =P.
i=1 =1

Since all partitions in Ib(n) are concatenations of blocks of even length, by Lemma 6.2.5, the
identity is true.

4. For Bgs(n) we just need to check m = 1,, € I(m), for all m € N. It follows that

E uy P = E Ui g+ Ui, P

1€[n]m
w<ker i

It equals zero if j; # j;41 for some [, otherwise

n n

m—1 _ ) _
g Ui gy Ui, P = g u”lP E u”1 g u;, P = E (U P = = E u;, P =P.
i=1 =1
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Since all partitions in I(n) are concatenations of blocks of arbitrary length, by Lemma 6.2.5,
the identity is true. O

Now, we define noncommutative distributional symmetries for boolean independence in
general:

Definition 6.2.7. An orthogonal boolean quantum semigroup is a unital C*-algebra A
generated by n? selfadjoint elements {u; ;7,7 = 1,...,n} and an orthogonal projection P,
such that the following hold:

Low=(uij)ij=1,.n € My(A) is norm< 1 and (u,P) is P-orthogonal.

2. Au;;) = Z Ui @ up; and AP = P P,AIl = I ® I determine a C*-unital
homomorphlsm A A— ARQuin A.

Definition 6.2.8. Let (A, A) be a quantum semigroup and V be a unital algebra. By a right
coaction of the quantum semigroup A on V, we mean a unital homomorphism o : ¥V — V® A
such that

(@ ®idy)a = (id @ A)a.

Definition 6.2.9. Given an orthogonal boolean quantum semigroup E(n) generated by
{w;;}ij=1,.n and P, we have a natural coaction a,, of E(n) on C(Xj,...,X,) such that

a, : C(Xq,...,X,) = C(Xy, ..., X,,) ® E(n)
is an algebraic homomorphism defined via o, (X;) = > 7, Xj ® uy,; for all 4.

Definition 6.2.10. Given a probability space (A, ¢), a sequence of random variables (z1, ..., z;,)
of A and an orthogonal boolean quantum semigroup E(n) generated by {u; ;};j=1,.» and P.
We say that the joint distribution pi, . ., of x1,...,z, is E(n)-invariant if

-----

Hay,...xp (p)P = Mzq,...zn X ZdE(n)<an(p))Pa
for all p € C(X1,..., X,,).

The same as matrix quantum groups, we can define F(n)-invariance condition for infinite
sequences. Given an orthogonal boolean quantum semigroup F(n) generated by {uw; ;}ij=1,..
and P then , for k € N, F(n) can be considered as an orthogonal boolean quantum semlgroup
E(n, k) generated by {v;;}ij=1..n+r and P’ such that
- {u” if i,j <n

b i j1pm) otherwise

and P’ = P. We will call E(n, k) the k-th extension of E(n).
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Definition 6.2.11. Given a probability space (A, ¢), a sequence of random variables (x;);en €
A and an orthogonal Hopf algebra E(n) generated by {u;;}ij=1..n. We say that the joint
distribution p of (x;)ien is E(n)-invariant if the joint distribution of (x1, ..., Tpyx) is E(n, k)-
invariant for all k € N.

Proposition 6.2.12. Let (A, B, E : A — B) be an operator valued probability space and
{z:}iz1, n be a sequence of random variables in A. Let ¢ be a linear functional on A such

that ¢(-) = ¢(E[]). Then, in probability space (A, ¢), we have

o [f{x;}ic1,. n is identically distributed and boolean independent with respect to E, then
the sequence is Bg-invariant.

o If{z;}iz1,. ., is identically symmetric distributed and boolean independent with respect
to E, then the sequence is By-invariant.

o [f{x;}iz1. . n has identically shifted Bernoulli distribution and is boolean independent
with respect to E, then the sequence is By-tnvariant.

o If {z;}iz1,. n has identically centered Bernoulli distribution and boolean independent
with respect to E, then the sequence is B,-invariant.

Proof. Suppose that the joint distribution of {x;};—; ., satisfies one of the conditions spec-
ified in the statement of the proposition, and let D(k) be the partition family associated to
the corresponding quantum semigroups. Let X ; = Xj --- X, , by Lemma 6.2.6 and 2.2.9,
we have
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which completes the proof.

6.3 Main result

Z My, :cn(Xl)u i7jP
ie[n]k
> oz i)u, P
ie[n]k
> o(Elri])ui ;P
ie[n]k
S 60E (@i)us, P
ie[n]* meD(k)
S 0P (x)us, P
meD(k) i€[n]*
S o (@ )uy, P
meD(k) ie[n]k

m<ker i
>y gb(bg)(xl,...,xl))ui,jP
neD(k) ie[n)®

w<ker i

S 6 (1, .., 1)) P
weD(k)
w<ker j

> o (x )P
meD(k)
w<ker j

¢(Elz )P
o(x j)p
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In this section, we will prove our main theorem. Then, we will present an application of our
main theorem to easy groups Cy(n), easy quantum groups Cy(n), Ag(n), Ay(n) , Ay (n)
and boolean quantum semigroups By (n), By (n).

Theorem 6.3.1. Let (A, ¢) be a W*-probability space and (z;);en be a sequence of random

variables which generate A

e (Classical case:

Suppose that A is commutative. Let {E(n)},eny be a sequence of orthogonal Hopf
algebras such that Cs(n) C E(n) C C,(n) for each n € N. If the joint distribution
of (x;)ien is E(n)-invariant, then there are a W*-subalgebra 1 C B C A and a ¢-
preserving conditional expectation E : A — B such that

1. If E(n) = Cs(n) for all n, then (z;);en are conditionally independent and identi-
cally distributed with respect to F.
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2. If Cs(n) C E(n) C Cp(n) for all n and there exists a k such that E(k) # Cs(k),
then (z;);en are conditionally independent and have identically symmetric distri-
bution with respect to E.

3. If Cs(n) C E(n) C Cy(n) for all n and there exists a k such that E(k) # Cs(k),
then (x;);en are conditionally independent and have identically shifted-Gaussian
distribution with respect to E.

4. If there exist kq, ko such that E(ky) € Cp(k1) and E(ke) € Cy(ke), then (z;);en are
conditionally independent and have centered Gaussian distribution with respect
to E.

e Free case:
Suppose ¢ is faithful. Let {E(n)},en be a sequence of orthogonal Hopf algebras such
that As(n) C E(n) C A,(n) for each n. If the joint distribution of (z;);en is E(n)-
invariant, then there are a W*-subalgebra 1 C B C A and a ¢-preserving conditional
expectation F : A — B such that

1. If E(n) = Ag(n) for all n, then (x;);en are freely independent and identically
distributed with respect to E.

2. If A;(n) € E(n) C Ap(n) for all n and there exists a k such that F(k) # As(k),
then (z;);en are freely independent and have identically symmetric distribution
with respect to E.

3. If As(n) € E(n) C Ap(n) for all n and there exists a k such that E(k) #
Ag(k), then (x;);en are conditionally independent and have identically shifted-
semicircular distribution with respect to E.

4. If there exist ki, ky such that E(k;) € Ap(k1) and E(ks) € Ap(ka), then (z;)en
are freely independent and have centered semicircular distribution with respect
to E.

e boolean case:
If ¢ is non-degenerated. Let {F(n)},en be a sequence of orthogonal boolean quantum
semigroups such that By(n) C E(n) C B,(n) for each n. If the joint distribution of
(%;)ien is E(n)-invariant, then there are a W*-subalgebra(not necessarily contains the
unit of A) B C A and a ¢-preserving conditional expectation £ : A — B such that

1. If E(n) = Bs(n) for all n, then (z;);en are boolean independent and identically
distributed with respect to E.

2. If Bs(n) € E(n) C Bp(n) for all n and there exists a k such that E(k) has a
quotient algebra E'(k) that Ag(k) € E'(k) C A,(n), then (z;);en are boolean
independent and have identically symmetric distribution with respect to E.

3. If Bs(n) C E(n) C By(n) for all n and there exists a k such that E(k) has a
quotient algebra E'(k) that As(k) € E'(k) C Ap(n), then (z;);en are boolean
independent and have identically shifted-Bernoulli distribution with respect to E.
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4. TIf there exist kq, ko such that E(k;) and E(ks) have quotient algebras E'(k;) C
A, (k1) and E'(k2) C A,(ky) such that E (k1) € An(k1) and E'(ke) € Ap(kz), then
(x;)ien are conditionally independent and have centered Bernoulli distribution
with respect to E.

The proof of free case is the most typical, we list it below:

Free case: In a W*-probability space (A, ¢) such that ¢ is faithful. Let {E(n)},en
be a sequence of orthogonal Hopf algebras such that As(n) C E(n) C A,(n) for each n.
Let (z;);en be a sequence of random variables which generate A. Suppose that the joint
distribution of (z;);en is E(n)-invariant for all n. By Proposition 6.1.11, (x;);en are Ag(n)-
invariant for all n. By Kostler and Speicher[23], there are a W*-subalgebra 1 C B C A and
a ¢-preserving conditional expectation £ : A — B that (x;);en are freely independent and
identically distributed with respect to E. It proves the statement 1 for free case. In addition,
by Proposition 4.3 in [23] and Definition 6.1.12, the coaction invariant condition for ¢ can
be extended to the conditional expectation F, i.e.

n

E[bol’il b1 s bk,lxikbk] ® 1E(n) = Z E[bole b1 s bk,lxjkbk] ® ujl,il s ujk,ik
for iy, ...,4 < mn, where u; ;’s are generators of E(n).

2. Suppose that Ag(n) C E(n) C Ay(n) for all n and there exists a k such that E(k) #
Ay(k). Let {u;;}ij=1,.x be generators of E(k). By proposition 6.1.5, 3’ such that

k
E u'y # 1
1=1

.....

for all m > 2.

Without loss of generality, we assume that ¢/ = 1. In order to finish the proof, we need to
show that r;(z1by, ....,x10;) = 0 for all | > 3, where by, ....,b; € B. We prove this by induction
on [. First, we have that

E[(L’lbl s ZL’lbl] ® ]-E(n)
= > Elxgb---xb) @uiy
ie[k]!

= > > Ee(wabr, L xb) ®uga
ie[k]! TeNC(I)

= Yoo Do Ba(@iby, b)) @uig + > > Kr(@i b, s b)) @ wig
TeNCy(I) ic[k]! TENC(D\NCy(1) i€[k)!
= Z Z Iiﬁ(l’ilbl,...,l’ilbl)®Ui,1+ Z Z /{w(xilbh-'-?xilbl)@ui,l
TENCy(I) iek[k]l TENC()\NCy(1) iek[k]l
w<ker i w<ker i
= > Yo Ke(z1by, .y 21ly) QU i1+ > Yo Ke(x1by, .., 21ly) QU i1
TENCy(1) ic[k]! TENC(\NCW(1) ic[k]
w<ker i w<ker i
= Z Kiﬂ-(l'lbl,...,.xlbl) & 1E(n) + Z Z K,ﬂ(l'lbl,...,aﬁlbl) ®ui,1.
TENCy(1) TENC(I)\NCy(l) ic[k]!

w<ker i
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The first term of the last equality follows that F(n) is a quotient algebra of Ay(n). On the
other hand

Elx1by, ..., 210 ®@1pm) = Z K (2101, .0, 2161 @1 p(n) + Z K (101, .0, 2101 @1 E() .

TeENCy (k) TeNC()\NCy(1)
Therefore,
Z Z /ﬂ'/ﬂ-(ﬂflbl, ...,l’lbl) XU il — Z /'iﬂ-(l'lbl, ...,Q}lbl) & 1E(n) (61)
Te€NC()\NCy(l) ic[k]! TeNC(I)\NCy(1)

n<ker i

When [ = 3, we have NC(3) \ NCy(3) = {13}, then

Z K13($1b17 -~-,$1b3) QUi = H13(I1bh e $1b3) ® 1E(n)7
i€[n]®
w<ker 13
which is

Iilg(l’lbl,...,l'lbk Zu“ n) = 0.

Therefore, xi,(z1b1,...,21b3) = 0. Suppose H1l($1b1,--~,$1bl) = 0 for 3 <1l < m, then for
m € NC(m+ 1), kx(24, b1, ..., 21bm11) = 0 if 7 contains a block whose size is between 3 and
m. Each partition 7 € NC(m + 1) \ NCy(m + 1) contains at least one block whose size
is greater than 2. Therefore, for 1 € NC(m + 1) \ NCy(m + 1), kx(x1by, ..., x1b) = 0 if
7 # 1,,11. Hence, equation 6.1 becomes

E : +1
K1m+1 (l‘lbl, ...,l’lbm+1 Um - ]-E =0

which implies
/€1m+1 (Jllbl, ey xlbm+1) = 0,
for all by, ...,b,,+1 € B. The proof is complete.

3. Suppose that As(n) € E(n) C Ap(n) for all n and there exists a k such that E(k) #
A (k). Let {u;;}ij=1.. x be generators of E(k). By proposition 6.1.5, 3¢ such that

k
E u'y # 1
=1

for all odd numbers m.
Without loss of generality, we assume that i = 1. We need to show that ky(x1b1, ...., 21b;) =
0 for all add numbers k where by, ....,b; € B. Agian, we prove this by induction on [.
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We have that
E[[Elbl cet Qflbl] ® 1E(n)

= > Yo Er(@1by, . wiby) @uiq + > Yo (@b, b)) @ ugg
T€NCR(l) ig[k])! TeNC()\NCr(l) ic[k]!
w<ker i n<ker i
= Yo Er(@iby, e wiby) @ gy + > Yo Be(xiby, 1) @ wig
TENCRL(I) T€NC(D\NCL() ic[k]!
n<ker i

The first term of the last equality follows that F(n) is a quotient algebra of A,(n). On the
other hand, we have

E[l‘lbl, ceey xlbl]®1E(n) = Z Iiw(l‘lbl, ceey «lel>®1E(n)+ Z lﬁﬂ(l’lbl, cevy xlbl)®1E(n)

TeNCy(I) TeNC()\NCR(1)
Therefore,
Z Z R 371517 ...,l’lbl) XU il — Z /'iﬂ-(l'lbl, ...,CClbl) & 1E(n) (62)
T€NC()\NCy(l) ic[k]* TeNC(I)\NCy(l)

n<ker i

When | = 1, we have NC(1) \ NC(1) = {1}, then

xlbl ZUu—lE =0.

Therefore, k1, (x1b1) = 0. Suppose k1,(1b1, ..., 210;) = 0 for odd numbers [ < 2m, then for
m € NC(2m+1), Kx(xi,b1, ..., x1bom11) = 0 if ™ contains a block whose size is an odd number
less than 2m. Each partition 7 € NC(2m + 1) \ NCy(2m + 1) contains at least one block
whose size is odd. Therefore, for 7 € NC(2m + 1) \ NC,(2m + 1), kr(x1by, ..., x1bomi1) = 0
if ™ # 19,,41. Hence, equation 6.2 becomes

/€12m+1 (331[)1, ...,$1b2m+1 ZuQmH 1E(n)) =0

which implies
K,lm+1 (Zlflbl, ceey Ilbm+1) = 0,

for all by, ..., b,,11 € B. The proof is complete.
4. If there exist ky, ko such that E(k1) € Ap(k1) and E(ksy) € Ap(ks), by Case 3 and 4,
the only non-vanishing cumulants are pair partition cumulants. The proof is done.
Classical Case: The proof is almost the same as free case, we just need to replace
noncrossing partitions by all partitions.
boolean Case: The proof is a little different. Some properties of boolean conditional
expectation are discussed in [25], [17]. As it is shown in [25], for boolean de Finetti theorem,
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we need to consider random variables in W*-probability space with a non-degenerated state
(A, ¢). Assume that A is generated by a sequence of random variables (z;);en. Let { E(n) bnen
be a sequence of orthogonal boolean quantum groups such that Bs(n) C E(n) C B,(n) for
each n. If the joint distribution of (z;);en is E(n)-invariant, then the joint distribution of
(xi)ien is Bg(n) invariant for all n. By the main results in [25], there are a WW*-subalgebra(not
necessarily contain the unit of A) B C A and a ¢-preserving conditional expectation E :
A — B such that (z;);ey are boolean independent and identically distributed with respect
to E. In this part of proof, we will assume that B does not contain 1 4. It should be pointed
out that the case that B contains the unit of A is always a unitalization of the case that B
does not contain 14. Under our assumption, the tail algebra

B =\ W*{zlk > n},

n=1

where W*{xy|k > n} is the WOT closure of the non-unital algebra generated by {x|k > n}.
We call B the non-unital tail algebra of {x;};cn. Unlike the proof of free and classical case,
the coaction invariant condition for ¢ can be extended to the conditional expectation F
directly. Actually, we have a stronger statement.

Proposition 6.3.2. Let (A, ¢) be a W*-probability space and (z;);en be an infinite sequence
of selfadjoint random variables which generate A as a von Neumann algebra and the unit of
A is contained in the WOT closure of the non-unital algebra generated by (z;)ien - Let E(n)
be a sequence of boolean orthogonal quantum semigroups such that Bs(n) C E(n) C B,(n).
If (x;)ien is E(n)-invariant for all n, then there exists a ¢-preserving conditional expectation
E : A — B, where B is the non-unital tail algebra of {z;}ien, such that (x;)ien is boolean
independent with respect to E. Let A, be the non-unital algebra generated by {x;}ien. We
have that
E[albag] = E[al]bE[ag],

where ay,ay € A, for somen and b € B. Let {u;;}ij=1..n be generators of E(n). We will
have that

n

E[Iil e ka] ®P= Z E[le e xjk] Q@ Ujy iy~ 'ujkaikP

foriy,...;i <mn.

Proof. The existence of E is prove in [25]. We will just need to prove the last two equations.
Given ay,as € A, for some n and b € B, by assumption, b is contained in W*-closure of the
non-unital algebra generated by {z;|i > n}. By Kaplansky theorem, 3 a sequence of bounded
elements y; such that y; is contained in the non-unital algebra generated by {x;|i > n} such
that y; converges to b in strong operator topology. Therefore, by normality of F, we have

E[albaz] = }gglo E[awiaﬂ = llggo E[al]E[yi]E[GQ] = E[aﬂbE[aﬂ,
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where the second equality follows the fact that (z;);en are boolean independent with respect
to E. The second equation can be checked pointwisely. Let aq,as € A, for some m. In [25],
we showed that there exists a normal homomorphism « : A — A such that a(x;) = 2,41
for all i € N. By the proof of Lemma 6.7 in [25] and the assumption that {z;};en is E(n)-
invariant, we have

(b((llE[iCil s .fL'ik]CLQ) & P
= lim @(aal(zi, -5, )a2) @ P

l—o0,l>m
= lim ¢(a™(ar)z;, - 250" (a2)) @ P
l—o0,l>m
n
= lim (gb(an(al) Z Ljy - 'xjkan(cm)) @ Ujy iy~ ujmikP
l—o00,l>m Jlyeens =1
n
= lim ¢(a1al< Z Ljy "~ 'xjk)CL?) @ Ujy iy~ 'uijkP
l~>oo,l>m jl 77777 ]kzl
n
= 2 dmBlyy -z ]a) ©ugyg, o coug i P
JiyeJe=1
Since aq, ay are arbitrarily from the sense set | J A, of A, the proof is done. O

n—oo

Now, we turn to finish the proof of our main theorem for boolean case:
1. This is just the boolean de Finetti theorem in [25].
2. As the free case, we need to show that b%) (x1b1, ....,x10;) = 0 for all [ > 3 where by, ....,b; €
B U{C14}. By proposition 6.3.2, we have

E[l’ ilblx ip " bn_lfL’ im]
E[LL' il]b1E[$ 12] s bn_lE[$ im]

Z b(gl)(:l?igl), ...:Ui<1))b1 Z bg2)<£€i(12), ...:lj’i](cg)) ceobyq Z bgm)(xigm), ...:Ui](cm))
2 m

w1 €l (k1) k1 mo€l (k) Tom €1 (km)
— (m)
= Z bE (Iign, ...:L’il(cl), bll‘igg), ...:Eil(cz), R bn_lxi(lm), ...Ii](cm))
1 2 m

w€l(k1)xI (ko)X -XI(km)

where i = (igl), ,zé?) € [n]k for all [ = 1,...,m for some n and by, ..., b,, € B. Therefore,

to finish the prove, we just need to show that bg) (1, ....,21) = 0 for all I > 3. The rest of
the poof is almost the same as the free case:
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Let {u;;}ij=1,. ks and P be generators of E(k). First, by Proposition 6.3.2, we have

E[l’ll’ﬂ@P
= > Elzi®u; P
ie[k]!
= Y Y @) ouin
iclk]! meI(l)
= Y 2 W@, ) ounP+ Y 8wy, ) @ u P
wely(l) ic[k]! NIONAOREL
= Y Y W,z ouaP+ S Y 8 (@, m,) @ u P
nely(l) ic[k] rel(D\I,(1) ic[k]!
w<ker i w<ker i
= Y Y W, ) @uiP+ YD S 0z, ) @ u P
m€ly(l) ic[k]! r€l(O\I,(1) ic[k]!
w<ker i w<ker i
= Y @by, b)) @P+ ) S b (@, 1) ® w4 P
melp(l) rel(D\I,(I) ie[k]!

w<ker i

The first term of the last equality follows that E(n) is a quotient algebra of By(n). On the
other hand

E[Z'l,...,xl]@P: Z bg)<l’1,,$1)®P—|— Z bg)(SCl,,l'l)@P
rely (k) mel(H\Ip (1)

Therefore,

Z Z bg)(xl,...,xl)(@ui,lP = Z bg)(xl,,xl)@)P (63)

mel(O\L (1) ie[k]! rel(O\Ip (1)
w<ker i

By assumption, E(k) has a quotient algebra E'(k) that A (k) C E'(k) C A, (n). Let {uj;}'s
be the generators of E'(k). Then, there exists a C*-homomorphism V¥ : E(k) — E’(k) such
that

U(ug;) =uj; foralli,j=1,...k and V(P)=1p@y).

Without loss of generality, by proposition 6.1.5, we can assume that

Zu}"l%l

=1
for all m > 2. Let id ® ¥ acts on equation 6.4. Then, we get

Z Z bg)(l’l, ...,.Il) & U/Ll = Z bg)(l’l, ...,.Tl) (024 1E’(k) (64)

mel(D\I,(1) ie[k]! rel()\Ip(1)
w<ker i
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When [ = 3, we have I(3) \ [,(3) = {13}, then

Z b ml,...,xl)@)u/i,l :bg)(xl,...,xl)@)ly(k),

ie[n]*
w<ker 13

which is

I€13 T1yeeey T E u - ]-E’ = 0.

Therefore, bg)<x1, wnyx1) = 0.

Suppose b%)(xlbl, .. xlbl) =0 for 3 <1 <m. Then, for 7 € I(m + 1), b7 )(:171, wnxy) =0if
7 contains a block whose size is between 3 and m. Each partition 7 € 1 (m + 1)\ Ly(m+1)
contains at least one block whose size is greater than 2. Therefore, for 7 € I(m+1)\I,(m+1),

b(Eﬂ) (1,...,21) = 0 if m # 1,,41. Hence, equation 6.1 becomes

b(ETrH_l) ,171, Zu’mH — 1E’(k ) 0

which implies

b%nﬂ)(xl, ...,$1) = 0.

The proof is complete.
The same, compare to Case 3 and Case 4 in free case, by applying the method in boolean
Case 2, we have Case 3 and Case 4 for boolean independence are also true.

Remark 6.3.3. According to the proof, we can replace the condition xs(n) C E(n) for all n
by *5(n) C E(n) for infinitely many n which ensures fundamental de Finetti theorems hold,
where * could be A, B,C. Our general de Finetti theorem for boolean independence is not
complete since we know very little about classification of boolean quantum semigroups.

According the diagrams in Section 6.1 and 6.2, we have the following:
1. Cs(n) € Cy(n) C Cy(n) for all n, and Cs(n) # Cy(n) for n > 3.

2. Cy(n) € Ch(n),Cy(n) for n > 3.

3. Asn C Ay(n) C Ap(n) for all n, and As(n) # Ay (n) for n > 3.

4. Ay (n), Aye(n) € Ap(n), Ap(n) for n > 3.

5. Bs(n) € By(n) C By(n) for all n, and Bs(n) # By (n) for n > 3. Moreover Ay (n) is a
quotient algebra of By ()

6. Ay is a quotient algebra of By (n) and Ay(n) € An(n), Ay(n) for n > 3.
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By Theorem 6.3.1, we get the following:

Corollary 6.3.4. Let (A, ¢) be a W*-probability space and (z;);en be a sequence of random
variables which generate A.

e (lassical case:
Suppose that A is commutative and ¢ is faithful. We have

1. If the joint distribution of (x;)ien is Cy(n) invariant for all n € N, then there
are a W*-subalgebra 1 C B C A and a ¢-preserving conditional expectation E :
A — B (x;)ien such that (z;);en are conditionally independent and have identically
symmetric distribution with respect to E.

2. If the joint distribution of (x;);en is Cy(n) invariant for alln € N, then there are a
W*-subalgebra 1 C B C A and a ¢-preserving conditional expectation E : A — B
(x;)ien such that (x;);en are conditionally independent and have centered Gaussian
distribution with respect to E.

e Flree case:
Suppose ¢ is faithful. there are a W*-subalgebra 1 C B C A and a ¢-preserving
conditional expectation E : A — B such that

1. If the joint distribution of (x;)ien is Ag(n) invariant for all n € N, then there
are a W*-subalgebra 1 C B C A and a ¢-preserving conditional expectation E :
A — B such that (z;)ien are freely independent and have identically symmetric
distribution with respect to E.

2. If the joint distribution of (z;)ien is Ay (n) invariant for alln € N, then there are a
W*-subalgebra 1 C B C A and a ¢p-preserving conditional expectation E : A — B
such that (x;);en are freely independent and have centered semicircular distribution
with respect to E.

3. If the joint distribution of (x;)ien s Ay (n) invariant for all n € N | then there
are a W*-subalgebra 1 C B C A and a ¢-preserving conditional expectation E :
A — B such that (z;);en are freely independent and have centered semicircular
distribution with respect to E.

e boolean case:
If ¢ is non-degenerated. Let {E(n)}nen be a sequence of orthogonal boolean quantum
semigroups such that Bs(n) C E(n) C B,(n) for each n. If the joint distribution of
(x;)ien is E(n)-invariant, then there are a W*-subalgebra(not necessarily contain the
unit of A) B C A and a ¢-preserving conditional expectation E : A — B such that

1. If the joint distribution of (x;)ien is By(n) invariant for alln € N, then there are
a W*-subalgebra(not necessarily contain the unit of A) B C A and a ¢-preserving
conditional expectation E : A — B such that (x;);en are boolean independent and
have identically symmetric distribution with respect to E.
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2. If the joint distribution of (x;)ien is By (n) invariant for all n € N, then there are
a W*-subalgebra(not necessarily contain the unit of A) B C A and a ¢-preserving

conditional expectation E : A — B such that (x;);en are conditionally independent
and have centered Bernoulli distribution with respect to E.



113

Bibliography

Octavio Arizmendi et al. “Relations between cumulants in noncommutative probabil-
ity”. In: Adv. Math. 282 (2015), pp. 56-92. 1ssN: 0001-8708. por: 10.1016/j.aim.
2015.03.029. URL: http://dx.doi.org/10.1016/j.aim.2015.03.029.

Teodor Banica, Stephen Curran, and Roland Speicher. “De Finetti theorems for easy
quantum groups”. In: Ann. Probab. 40.1 (2012), pp. 401-435. 1SSN: 0091-1798. DOI:
10.1214/10-A0P619. URL: http://dx.doi.org/10.1214/10-A0P619.

S. T. Belinschi, M. Popa, and V. Vinnikov. “On the operator-valued analogues of the
semicircle, arcsine and Bernoulli laws”. In: J. Operator Theory 70.1 (2013), pp. 239—
258. 1SSN: 0379-4024. DOI: 10.7900/ jot .2011jun24.1963. URL: http://dx.doi.
org/10.7900/jot.2011jun24.1963.

Philippe Biane, Frederick Goodman, and Alexandru Nica. “Non-crossing cumulants
of type B”. In: Trans. Amer. Math. Soc. 355.6 (2003), 2263-2303 (electronic). I1SSN:
0002-9947. pOI: 10.1090/50002-9947-03-03196-9. URL: http://dx.doi.org/10.
1090/50002-9947-03-03196-9.

Marek Bozejko and Roland Speicher. “y-independent and symmetrized white noises”.
In: Quantum probability € related topics. QP-PQ, VI. World Sci. Publ., River Edge,
NJ, 1991, pp. 219-236.

Vitonofrio Crismale and Francesco Fidaleo. “De Finetti theorem on the CAR algebra”.
In: Comm. Math. Phys. 315.1 (2012), pp. 135-152. 1ssN: 0010-3616. pO1: 10. 1007/
s00220-012-1506-z. URL: http://dx.doi.org/10.1007/s00220-012-1506-z.

Stephen Curran. “A characterization of freeness by invariance under quantum spread-
ing”. In: J. Reine Angew. Math. 659 (2011), pp. 43-65. 1SSN: 0075-4102. DOT: 10.1515/
CRELLE.2011.066. URL: http://dx.doi.org/10.1515/CRELLE.2011.066

Stephen Curran. “Quantum exchangeable sequences of algebras”. In: Indiana Univ.
Math. J. 58.3 (2009), pp. 1097-1125. 1sSN: 0022-2518. DOI: 10.1512/iumj.2009.58.
3939. URL: http://dx.doi.org/10.1512/iumj.2009.58.3939.

Stephen Curran. “Quantum rotatability”. In: Trans. Amer. Math. Soc. 362.9 (2010),
pp. 4831-4851. 18SN: 0002-9947. DOI: 10 .1103/PhysRevX.1.011002. URL: http:
//dx.doi.org/10.1103/PhysRevX.1.011002.


http://dx.doi.org/10.1016/j.aim.2015.03.029
http://dx.doi.org/10.1016/j.aim.2015.03.029
http://dx.doi.org/10.1016/j.aim.2015.03.029
http://dx.doi.org/10.1214/10-AOP619
http://dx.doi.org/10.1214/10-AOP619
http://dx.doi.org/10.7900/jot.2011jun24.1963
http://dx.doi.org/10.7900/jot.2011jun24.1963
http://dx.doi.org/10.7900/jot.2011jun24.1963
http://dx.doi.org/10.1090/S0002-9947-03-03196-9
http://dx.doi.org/10.1090/S0002-9947-03-03196-9
http://dx.doi.org/10.1090/S0002-9947-03-03196-9
http://dx.doi.org/10.1007/s00220-012-1506-z
http://dx.doi.org/10.1007/s00220-012-1506-z
http://dx.doi.org/10.1007/s00220-012-1506-z
http://dx.doi.org/10.1515/CRELLE.2011.066
http://dx.doi.org/10.1515/CRELLE.2011.066
http://dx.doi.org/10.1515/CRELLE.2011.066
http://dx.doi.org/10.1512/iumj.2009.58.3939
http://dx.doi.org/10.1512/iumj.2009.58.3939
http://dx.doi.org/10.1512/iumj.2009.58.3939
http://dx.doi.org/10.1103/PhysRevX.1.011002
http://dx.doi.org/10.1103/PhysRevX.1.011002
http://dx.doi.org/10.1103/PhysRevX.1.011002

BIBLIOGRAPHY 114

[10]

[11]

[21]

[22]

P. Diaconis and D. Freedman. “Partial exchangeability and sufficiency”. In: Statistics:
applications and new directions (Calcutta, 1981). Indian Statist. Inst., Calcutta, 1984,
pp- 205-236.

Kenneth J. Dykema. “Faithfulness of free product states”. In: J. Funct. Anal. 154.2
(1998), pp. 323-329. 1SSN: 0022-1236. DOI: 10.1006/ jfan. 1997 .3207. URL: http:
//dx.doi.org/10.1006/jfan.1997.3207.

Francesco Fidaleo. “A note on Boolean stochastic processes”. In: Arziv (2014). URL:
http://arxiv.org/abs/1403.3763.

Uwe Franz. “Monotone and Boolean convolutions for non-compactly supported prob-
ability measures”. In: Indiana Univ. Math. J. 58.3 (2009), pp. 1151-1185. 1SSN: 0022-
2518. por: 10.1512/iumj.2009.58.3578. URL: http://dx.doi.org/10.1512/iumj.
2009.58.3578.

Uwe Franz. “Multiplicative monotone convolutions”. In: Quantum probability. Vol. 73.
Banach Center Publ. Polish Acad. Sci., Warsaw, 2006, pp. 153-166. DOI: 10.4064/
bc73-0-10. URL: http://dx.doi.org/10.4064/bc73-0-10.

David A. Freedman. “Invariants under mixing which generalize de Finetti’s theorem:
Continuous time parameter”. In: Ann. Math. Statist. 34 (1963), pp. 1194-1216. 1SSN:
0003-4851.

T Hasebe. “Private Communication”. In: ().

Tomohiro Hayase. “De Finetti theorems for a Boolean analogue of easy quantum
groups”. In: Arziv (2015). URL: http://arxiv.org/abs/1403.3763.

Edwin Hewitt and Leonard J. Savage. “Symmetric measures on Cartesian products”.
In: Trans. Amer. Math. Soc. 80 (1955), pp. 470-501. 1sSN: 0002-9947.

Richard V. Kadison and John R. Ringrose. Fundamentals of the theory of operator
algebras. Vol. II. Vol. 16. Graduate Studies in Mathematics. Advanced theory, Cor-
rected reprint of the 1986 original. American Mathematical Society, Providence, RI,
1997, i—xxii and 399-1074. 1SBN: 0-8218-0820-6.

Olav Kallenberg. Probabilistic symmetries and invariance principles. Probability and
its Applications (New York). Springer, New York, 2005, pp. xii+510. 1SBN: 978-0387-
25115-8; 0-387-25115-4.

Olav Kallenberg. “Spreading-invariant sequences and processes on bounded index sets”.
In: Probab. Theory Related Fields 118.2 (2000), pp. 211-250. 1ssN: 0178-8051. DOTI:
10.1007/s440-000-8015-x. URL: http://dx.doi.org/10.1007/s440-000-8015-x.

Claus Kostler. “A noncommutative extended de Finetti theorem”. In: J. Funct. Anal.
258.4 (2010), pp. 1073-1120. 18SN: 0022-1236. DOI: 10.1016/j. jfa.2009.10.021.
URL: http://dx.doi.org/10.1016/j.jfa.2009.10.021.


http://dx.doi.org/10.1006/jfan.1997.3207
http://dx.doi.org/10.1006/jfan.1997.3207
http://dx.doi.org/10.1006/jfan.1997.3207
http://arxiv.org/abs/1403.3763
http://dx.doi.org/10.1512/iumj.2009.58.3578
http://dx.doi.org/10.1512/iumj.2009.58.3578
http://dx.doi.org/10.1512/iumj.2009.58.3578
http://dx.doi.org/10.4064/bc73-0-10
http://dx.doi.org/10.4064/bc73-0-10
http://dx.doi.org/10.4064/bc73-0-10
http://arxiv.org/abs/1403.3763
http://dx.doi.org/10.1007/s440-000-8015-x
http://dx.doi.org/10.1007/s440-000-8015-x
http://dx.doi.org/10.1016/j.jfa.2009.10.021
http://dx.doi.org/10.1016/j.jfa.2009.10.021

BIBLIOGRAPHY 115

[23]

[24]

[32]

[33]

Claus Kostler and Roland Speicher. “A noncommutative de Finetti theorem: invariance
under quantum permutations is equivalent to freeness with amalgamation”. In: Comm.
Math. Phys. 291.2 (2009), pp. 473-490. 1ssN: 0010-3616. DOI: 10.1007/s00220-009-
0802-8. URL: http://dx.doi.org/10.1007/s00220-009-0802-8.

Franz Lehner. “Cumulants in noncommutative probability theory. I. Noncommutative
exchangeability systems”. In: Math. Z. 248.1 (2004), pp. 67—100. 1SSN: 0025-5874. DOI:
10.1007/s00209-004-0653-0. URL: http://dx.doi.org/10.1007/s00209-004-
0653-0.

Weihua Liu. “A noncommutative de Finetti theorem for boolean independence”. In:
J. Funct. Anal. 269.7 (2015), pp. 1950-1994. 1ssN: 0022-1236. por: 10.1016/j. jfa.
2015.07.007. URL: http://dx.doi.org/10.1016/j.jfa.2015.07.007.

Naofumi Muraki. “Noncommutative Brownian motion in monotone Fock space”. In:
Comm. Math. Phys. 183.3 (1997), pp. 557-570. 1sSN: 0010-3616. po1: 10 . 1007 /
s002200050043. URL: http://dx.doi.org/10.1007/s002200050043.

Naofumi Muraki. “The five independences as natural products”. In: Infin. Dimens.
Anal. Quantum Probab. Relat. Top. 6.3 (2003), pp. 337-371. 1SSN: 0219-0257. DOT: 10.
1142/S50219025703001365. URL: http://dx.doi.org/10.1142/50219025703001365.

Alexandru Nica and Roland Speicher. Lectures on the combinatorics of free probability.
Vol. 335. London Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge, 2006, pp. xvi+417. 1ISBN: 978-0-521-85852-6; 0-521-85852-6. DOTI: 10.
1017/CB09780511735127. URL: http://dx.doi.org/10.1017/CB09780511735127.

Mihai Popa. “A combinatorial approach to monotonic independence over a C*-algebra”.
In: Pacific J. Math. 237.2 (2008), pp. 299-325. 1SSN: 0030-8730. DOI: 10.2140/pjm.
2008.237.299. URL: http://dx.doi.org/10.2140/pjm.2008.237 .299.

C. Ryll-Nardzewski. “On stationary sequences of random variables and the de Finetti’s
equivalence”. In: Collog. Math. 4 (1957), pp. 149-156. 1sSN: 0010-1354.

Piotr M. Sottan. “Quantum families of maps and quantum semigroups on finite quan-
tum spaces”. In: J. Geom. Phys. 59.3 (2009), pp. 354-368. 1SSN: 0393-0440. DOTI:
10.1016/j . geomphys . 2008 . 11 . 007. URL: http://dx.doi.org/10.1016/j.
geomphys.2008.11.007.

Piotr Mikotaj Sottan. “On quantum semigroup actions on finite quantum spaces”. In:
Infin. Dimens. Anal. Quantum Probab. Relat. Top. 12.3 (2009), pp. 503-509. 1SSN:
0219-0257. DOI: 10.1142/S0219025709003768. URL: http://dx.doi.org/10.1142/
S50219025709003768.

Roland Speicher. “Combinatorial theory of the free product with amalgamation and
operator-valued free probability theory”. In: Mem. Amer. Math. Soc. 132.627 (1998),
pp. x+88. 18SN: 0065-9266. DOI: 10.1090/memo/0627. URL: http://dx.doi.org/10.
1090/memo/0627.


http://dx.doi.org/10.1007/s00220-009-0802-8
http://dx.doi.org/10.1007/s00220-009-0802-8
http://dx.doi.org/10.1007/s00220-009-0802-8
http://dx.doi.org/10.1007/s00209-004-0653-0
http://dx.doi.org/10.1007/s00209-004-0653-0
http://dx.doi.org/10.1007/s00209-004-0653-0
http://dx.doi.org/10.1016/j.jfa.2015.07.007
http://dx.doi.org/10.1016/j.jfa.2015.07.007
http://dx.doi.org/10.1016/j.jfa.2015.07.007
http://dx.doi.org/10.1007/s002200050043
http://dx.doi.org/10.1007/s002200050043
http://dx.doi.org/10.1007/s002200050043
http://dx.doi.org/10.1142/S0219025703001365
http://dx.doi.org/10.1142/S0219025703001365
http://dx.doi.org/10.1142/S0219025703001365
http://dx.doi.org/10.1017/CBO9780511735127
http://dx.doi.org/10.1017/CBO9780511735127
http://dx.doi.org/10.1017/CBO9780511735127
http://dx.doi.org/10.2140/pjm.2008.237.299
http://dx.doi.org/10.2140/pjm.2008.237.299
http://dx.doi.org/10.2140/pjm.2008.237.299
http://dx.doi.org/10.1016/j.geomphys.2008.11.007
http://dx.doi.org/10.1016/j.geomphys.2008.11.007
http://dx.doi.org/10.1016/j.geomphys.2008.11.007
http://dx.doi.org/10.1142/S0219025709003768
http://dx.doi.org/10.1142/S0219025709003768
http://dx.doi.org/10.1142/S0219025709003768
http://dx.doi.org/10.1090/memo/0627
http://dx.doi.org/10.1090/memo/0627
http://dx.doi.org/10.1090/memo/0627

BIBLIOGRAPHY 116

[34]

[35]

[41]

[42]

[43]

[44]

Roland Speicher. “On universal products”. In: Free probability theory (Waterloo, ON,
1995). Vol. 12. Fields Inst. Commun. Amer. Math. Soc., Providence, RI, 1997, pp. 257—
266.

Roland Speicher and Reza Woroudi. “Boolean convolution”. In: Free probability theory
(Waterloo, ON, 1995). Vol. 12. Fields Inst. Commun. Amer. Math. Soc., Providence,
RI, 1997, pp. 267-279.

Erling Stgrmer. “Symmetric states of infinite tensor products of C*-algebras”. In: J.
Functional Analysis 3 (1969), pp. 48-68.

Serban Stratila. Modular theory in operator algebras. Translated from the Romanian
by the author. Editura Academiei Republicii Socialiste Romania, Bucharest; Abacus
Press, Tunbridge Wells, 1981, p. 492. 1SBN: 0-85626-190-4.

D. V. Voiculescu, K. J. Dykema, and A. Nica. Free random wvariables. Vol. 1. CRM
Monograph Series. A noncommutative probability approach to free products with ap-
plications to random matrices, operator algebras and harmonic analysis on free groups.
American Mathematical Society, Providence, RI, 1992, pp. vi+70. 1SBN: 0-8218-6999-X.

Dan-Virgil Voiculescu. “Free probability for pairs of faces I”. In: Comm. Math. Phys.
332.3 (2014), pp. 955-980. 1sSN: 0010-3616. DOIL: 10.1007/s00220-014-2060-7. URL:
http://dx.doi.org/10.1007/s00220-014-2060-7.

Shuzhou Wang. “Free products of compact quantum groups”. In: Comm. Math. Phys.
167.3 (1995), pp. 671-692. 1ssN: 0010-3616. URL: http : //projecteuclid . org/
euclid.cmp/1104272163.

Shuzhou Wang. “Quantum symmetry groups of finite spaces”. In: Comm. Math. Phys.
195.1 (1998), pp. 195-211. 1ssN: 0010-3616. DOI: 10.1007/s002200050385. URL: http:
//dx.doi.org/10.1007/s002200050385.

Moritz Weber. “On the classification of easy quantum groups”. In: Adv. Math. 245
(2013), pp. 500-533. 1ssN: 0001-8708. DOI: 10.1016/j . aim.2013.06.019. URL:
http://dx.doi.org/10.1016/j.aim.2013.06.019.

S. L. Woronowicz. “Compact matrix pseudogroups”. In: Comm. Math. Phys. 111.4
(1987), pp. 613-665. 1sSN: 0010-3616. URL: http://projecteuclid. org/euclid.
cmp/1104159726.

S. L. Woronowicz. “Unbounded elements affiliated with C*-algebras and noncompact
quantum groups”. In: Comm. Math. Phys. 136.2 (1991), pp. 399-432. 1ssN: 0010-3616.
URL: http://projecteuclid.org/euclid.cmp/1104202358.


http://dx.doi.org/10.1007/s00220-014-2060-7
http://dx.doi.org/10.1007/s00220-014-2060-7
http://projecteuclid.org/euclid.cmp/1104272163
http://projecteuclid.org/euclid.cmp/1104272163
http://dx.doi.org/10.1007/s002200050385
http://dx.doi.org/10.1007/s002200050385
http://dx.doi.org/10.1007/s002200050385
http://dx.doi.org/10.1016/j.aim.2013.06.019
http://dx.doi.org/10.1016/j.aim.2013.06.019
http://projecteuclid.org/euclid.cmp/1104159726
http://projecteuclid.org/euclid.cmp/1104159726
http://projecteuclid.org/euclid.cmp/1104202358

	Contents
	Introduction
	Preliminaries and Notation
	Notation in noncommutative probability
	Combinatorics in noncommutative probability

	Distributional symmetries in noncommutative probability
	Quantum Exchangeability
	Quantum semigroups Bs(n)
	Distributional symmetries for finite sequences of random variables
	Spreadability and partial exchangeability
	Noncommutative analogue of partial symmetries

	 Relations between noncommutative probabilistic symmetries

	De Finetti type theorems in noncommutative probability
	Boolean independence and freeness
	Operator valued boolean random variables are boolean exchangeable
	Tail algebra
	Main theorem and examples
	Non-unital tail algebra case
	Unital tail algebra case
	On W*-probability spaces with faithful states

	Two more kinds of probabilistic symmetries

	Extended De Finetti type theorems in noncommutative probability
	Monotonically equivalent sequences 
	Tail algebras
	Unbounded spreadable sequences
	Tail algebras of bilateral sequences of random variables

	Conditional expectations of bilateral monotonically spreadable sequence
	de Finetti type theorem for monotone spreadability 
	Proof of main theorem 1
	 Conditional expectation E-

	de Finetti type theorem for boolean spreadability

	General De Finetti type theorems in noncommutative probability
	 Noncommutative symmetries
	Quantum semigroups in analogue of easy quantum groups
	Main result

	Bibliography



