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Abstract

Unraveling Geodesic X-ray Transforms on the

Heisenberg Group

by

Steven P. Flynn

We initiate the study of X-ray tomography on sub-Riemannian manifolds, for which
the Heisenberg group exhibits the simplest nontrivial example. With the language of the group
Fourier Transform, we prove a quantized version of the Fourier Slice Theorem and apply this
new tool to show that a sufficiently regular function on the Heisenberg group is determined by
its line integrals over sub-Riemannian geodesics. We also consider the families of compatible
Riemannian and Lorentzian metrics g and g;., respectively, taming the sub-Riemannian metric
and prove that their associated X-ray transforms are injective for all ¢ > 0. In the latter case,
we show in particular that a function on g;.-spacetime is determined by integrals over spacelike
geodesics. These results provide explicit examples of injective X-ray transforms in a geometry

with an abundance of conjugate points and with metrics of mixed curvature.
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Chapter 1

Inverse Problems and X-ray Transforms

1.1 Setting

This thesis presents results in X-ray Tomography on the Heisenberg group. In the broader field
of integral geometry, one attempts to reconstruct geometric information on a manifold from line
integrals over geodesics or more general integral functionals. Practical examples include X-ray
Computed Tomography used in medical imaging. At center stage is the X-ray transform, which
encodes data sampled from noninvasive measurements.

The geometry of the problem greatly influences the mathematical approach. If the
medium is highly anisotropic—constraining the degrees of freedom—such shale rock [24]], then
the appropriate model is a sub-Riemannian manifold, i.e., a smooth manifold M equipped with
a distribution D and a metric g defined strictly on that distribution. In [[17]] the authors propose a
method to construct memematerial arrays where light or acoustic waves propagate according to

sub-Riemannian optics and for which resonance frequencies are governed by the spectrum a hy-



poelliptic operator. X-ray transforms have been extensively studded on Riemannian manifolds
(see [26] for an exposition on standard results and applications), but to the author’s knowledge
the sub-Riemannian case is wide open.

Our primary object of study is the geodesic X-ray transform associated to the sub-
Riemannian geometry of the Heisenberg group, which is H := C x R with the multiplication

law
(z +iy,t)(u+iv,s) = (z +u+i(y +v),t+s+ (v —yu)),

and a metric defined in Section[2.1] H is the local model for any 3-dimensional sub-Riemannian
manifold of contact type, in the same sense that 3-dimensional Euclidean space is the local
model for any 3-dimensional Riemannian manifold [30, Thm. 1]. This property positions H as
the natural homogeneous starting point for studying the integral geometry of contact manifolds,
just as Radon first inverted the X-ray transform in R2. X-ray transforms on symmetric spaces
are also extensively studied, for example in [[15} 21], and the Heisenberg group arises as the
boundary at infinity of complex hyperbolic space in two dimensions [7, 51]].

To a function f € L!(H) we associate the function I f, its X-ray transform, defined

If(y) = /f (v(s)) ds,

where the geodesics v will be cast as (projections of) integral curves of the Hamiltonian flow on
T*H for the degenerate fiber quadratic Hamiltonian later described (2.2)). Related integral trans-
forms on H have been studied, for example, by Rubin [44], and Stichartz [46], who consider
integration over left translates of hyperplanes. We ask whether [ f determines f.

3



The sub-Riemannian setting, whose general theory is poorly understood, introduces
qualitatively new features to this question. For example, fibers of the unit cotangent bundle
U*H (defined in Section are cylinders, and there is no unique Levi-Civita connection.
Thus there is no canonical splitting of its tangent space into vertical and horizontal components
like there is in the unit sphere bundle of a Riemannian manifold as described in [38] or [26].
Furthermore, since the metric on a sub-Riemannian manifold is not invertible, there are no
normal coordinates.

A standard geometric obstacle to such inverse problems is presented by the presence
of conjugate points. In [13], [32], and [22] the authors show that conjugate points generally
inhibit stable inversion of the X-ray transform on Riemannian manifolds, with unconditional
loss in two dimensions. Unfortunately, the conjugate points in the Heisenberg group are ubiqui-
tous; the cut locus to any point passes through that point—a feature generic in sub-Riemannian
geometry, where the exponential map is never a local diffeomorphism at the origin [47, p.222].
Therefore, standard tools for proving injectivity, such as Pestov energy methods, which typi-
cally require a positive-definite second fundamental form [26] do not apply without a closer
look. We prove that, nonetheless, the X-ray transform on the Heisenberg group is injective.

Helgason [21]] created a framework for describing a large class of such integral trans-
forms with symmetry. Suppose X and Y are homogeneous spaces of a Lie group G with closed

subgroups H and K and consider the following double fibration:

G

7N

X=G/K Y =G/H
Assuming the existence of G-invariant measures on GG, X and Y, define the abstract Radon

4



Transform of a suitable function f : X — R by

Rf(x) := (w0 p”) f(x) = /Hf(xh)dh; reX

(See [20] for microlocal aspects of this picture.) The principle tasks to address are

Characterize the range and kernel of R.

If invertible, in what functions spaces is the inverse R~! bounded?

Explicit inversion formulas for R on suitable function spaces.

What differential operators on X are pushed forward by R to differential operators on Y ?

Inversion formulas for Radon Transforms are usually have the form

DR*Rf = f

where R* is the adjoint of R and D is an operator on X which is usually a function of dis-
tinguished G-invariant differential operators as in [3l [43]. We show that the Heisenberg X-
ray transform [ is a Radon Transform for a natural double fibration. However, defining I*/
poses technical problems—even on the domain C..(H)—due to the singular nature of the sub-
Riemannian exponential map; any neighborhood of the origin in H contains geodesics of arbi-
trary length. Instead, we focus on studying the transform [ directly. We observe a convenient
identification of the space of geodesics with a quotient of the Heisenberg group for which
1 is a convolution operator. We apply the group Fourier transform on the Heisenberg group and
its quotient to express I essentially as a multiplication operator (Theorem [2)), from which we

deduce that I is injective (Theorem |I)).



1.2 Approach and Main Theorems

The Heisenberg geodesics exists for all time and are left-translates of helices and straight lines.
Let G be the set of all Heisenberg geodesics without orientation, and G the set of all geodesics
having a fixed value A, for the “charge” A, which is a constant of motion. Left translation by
any element (z,t) € H is an isometry of H and so H acts on G. This action does not change
the value of A, and is a transitive action on each leaf Gy, A # 0. (It is not transitive on Gy since
it does not change the direction of the line in the plane which the A = 0 geodesic projects to.)
These facts are verified by inspecting the exponential map in (A.19). Thus we can use H to
parameterize Gy, A # 0 by fixing a particular helix v, € G, and left-translating it about. We
take this helix to be one whose projection is a circle of radius | R| = 1/|\| centered at the origin

and parameterized by arclength. Thus our parameterization of that part of G having A # 0 is
s (z,6)a(s), (s) = <Rei(s/R), %sR) eH; R=1/\ (1.1)

Using this identification, we may parameterize geodesics by (z, ¢, A) as above, uniquely modulo
the isotropy group I'y := {(0,knR?) € H : k € 7} stabilizing vy, and write the X-ray

transform concretely as

If(zt,A) == Iy f(z.1) = / (5 t)(s) ds,  f € Co(H).

We ignore the case when A = 0 where the geodesics are straight lines. Furthermore, since
A < 0 corresponds to a A > 0 geodesic with opposite orientation, we will always take A > 0. In
Proposition (8| we prove that I : L'(H) — L!'(G,), with a natural measure on the codomain,
is well-defined and bounded. In [46, p. 392], Strichartz proves indirectly that a function on the

6



Heisenberg group may not in general be recovered from its integrals over A = 0 geodesics, but
does not consider A # 0 geodesics.

We may now state our main result:

Theorem 1. The Heisenberg X-ray transform I : L' (H) — L'(G, dG) is injective. In particu-

lar;, if f € L'(H), and I\ f = 0 for all X in a neighborhood of zero, then f = 0.

We prove this result using harmonic analysis adapted to the group structure, modi-
fying familiar results in Euclidean space. Consider, for example, the Radon and Mean Value

Transforms on R2:

Rf(s,0) := / f (seie + iteie) dt, M"f(z) = % /027r f <z + T€i9> e (1.2)

R

where, say, f € C.(R?). Taking the Fourier Transforms in s and z, respectively, yields

FomsoRf(0,0) = f(oe”), FarseMT£(C) = Jo(rl¢)) F(Q),

where Jj is the zeroth-order Bessel function. These results are known as Fourier Slice Theo-
rems, or Projection Slice Theorems [37]. They reveal that R, thought of as a projection onto
{6}, becomes a restriction operator onto the “slice” ¢ — o€’ in the Fourier domain, and that
M becomes a multiplication operator by Jy(r|¢|) when viewed in the Fourier domain. Fourier
Slice Theorems exist for more general Radon transforms as well; for example, in [16} 27].

The Radon and Mean Value Transforms can interpreted as integration over straight
lines or magnetic geodesics in Euclidean space. In the case of H—which is a “flat” sub-
Riemannian geometry—we prove a corresponding Fourier Slice Theorem for Heisenberg geodesics.
We use the operator-valued group Fourier Transform Jpy associated to the Bargmann-Fock rep-
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resentation /3, (defined in equation (3.1)), which has proven a useful tool, for example, by Nach-
man in [36] to find the fundamental solution for the wave operator for the Heisenberg Laplacian.
The theory of Jy is extensively developed in [14} [50]. In particular it has a Plancherel Theo-
rem and Inversion Theorem [[11} 13} 50]. In the Fourier domain of Fy, the Heisenberg X-ray

transform is simultaneously a restriction and a multiplication operator:

Theorem 2 (Heisenberg Fourier Slice Theorem). If f € L' (H), then

(Fuyry (INS)) (n) = 27/X) Tn o (Fua (f)) (nA?),  Vn € Z\ {0}, VA > 0.

The Heisenberg Fourier Slice Theorem is an equality of operators acting on Bargmann-

Fock space (originally described in [6]),

H = {F € Hol(C) : i/@ IF(O))2e 1P d¢ < oo}. (1.3)

Jn : H — H is the operator

In|/2
TnF (O L <€> 7{2|n|_16_”|</2F(C+z)dz, (1.4)

= 27 \n|
where the contour is a circle around the origin oriented counterclockwise. Loosely speaking,
the Heisenberg X-ray transform I is “block-diagonalized” in A by the group Fourier Transform,
and each block is essentially a multiple of 7,,.

The classical Fourier Slice Theorem for R in states that knowledge of R f for a
fixed fy determines the Fourier transform f(¢) for all ¢ || 6. Similarly, the Heisenberg Fourier
Slice Theorem says that knowledge of I f for fixed A determines the group Fourier transform
Fuf(h), up to multiplication by the operator 7, for all h € A\2Z*. Therefore, injectivity of I

follows once we show that



Proposition 1. The map J,, : H — H is injective whenever 7 is an odd integer.

Finally, in Section we consider the ray transforms I¢ and ‘¢ for the families
of left-invariant compatible Riemannian and Lorentzian metrics g. and g;c parameterized by
e > 0. We prove Fourier Slice Theorems (Theorem [/) for the compatible Riemannian and
Lorentzian geodesics which we apply in the same way to show that the X-ray transforms /¢ and
I are injective (Theorem . In [40], the authors prove that the X-ray transform is injective
on step-2 Nilpotent Lie groups of rank greater than 3 with a left-invariant metric. However,
this result assumes the existence of 2-dimensional totally geodesic surfaces, which excludes the

Heisenberg group.

1.3 Heuristics

The heart of the proof is the following idea, which we describe informally. All of the relevant
objects in this section will be defined in the sequel. We stress that this section is not entirely
rigorous.

In analogy with the Peter-Weyl theorem, the Heisenberg Fourier Transform exhibits

the following isomorphism of L? spaces

®
fH:L2<H)u/ Sydu():  dpu(n) = =2 AldA

*

where So = H ® H* is the space of Hilbert-Schmidt operators on 7. Similarly

Fu : LY(H) = C (R*, S4), Fayr s LNH/T) = B Seo
nez*



where S, is the Banach space of compact operators on H and C (R*,Sy,) is the space of
strongly continuous S..-valued functions.

Given a parameterized curve c(s) in the plane, its horizontal lift v(s) to H is defined
by prescribing @(%7(3)) = 0. If the curve c(s) is closed, then its holonomy at a point is
the change in the vertical variable of its horizontal lift to H after traversing one period. Since
Heisenberg geodesics are horizontal lifts of magnetic geodesics in the plane to helices in H,
they are periodic modulo their holonomy. In Section we show for fixed A = 1 (and later

proceed using a dilation argument) that the X-ray transform factors as
I =1%o P,

where P : L'(H) — L'(H/T) is the periodization map and I!*d : L'(H/T") — L'(H/T) is

the X-ray transform /; descended to the quotient H/T". Intuitively, P captures the periodicity

of Heisenberg geodesics, and I1°d captures their holonomy.

The following diagram commutes.

LYH) —T2 ¢(R*, Sa)

Jr Jes

f
o LNH/T) 5 @, cpr Seo

ll ied J{2ﬂ'j n

1 Fu/r
L (H/T) —— @Dyez- S0
So on the Fourier domain, the periodization map P is essentially a restriction map of continuous
functions from R* to Z*, and the reduced X-ray transform is a multiplier. (We ignore zero in this
above diagram to avoid considering continuous functions on a non-Hausdorff space.) As A > 0
varies, the restriction operator restricts to the varying set A\~2Z*. Given ) in a neighborhood of

zero, we recover the Fourier Transform JFi f of a function f € L!(H) on the entire domain R*.
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Chapter 2

Heisenberg Geometry

2.1 The sub-Riemannian Structure
We define the sub-Riemannian metric on H by declaring the left-invariant vector fields
1 1

to be orthonormal, and the length of 7" = 0 to be infinite. Then any finite length smooth path
in H must be tangent to the nonintegrable distribution D, := Span{X,, Y,}, ¢ € H. We call
such a path horizontal. The length of a horizontal path equals the length of its projection to the

plane by the map
T, y,t) = (x,y).

A minimizing Heisenberg geodesic is a shortest horizontal path joining two points of H. That
any two points in H are connected by a horizontal path is guaranteed by Chow’s Theorem and

the fact that D satisfies the Hormander condition (i.e. D is bracket-generating).

12



The fiber quadratic Hamiltonian H : T*H — R given in canonical coordinates by

H(':rvyvtapxapy7pt) = % ((piﬂ - %ypt)z + (py + %xpt)z) ) (22)

generates the Heisenberg geodesics. By ‘generate’ we mean that any solution to Hamilton’s
equations for H projects, via the canonical projection 7*H — Hi, to a sub-Riemannian geodesic,
and conversely, all Heisenberg geodesics arise this way [34} Sec 1.5]. If we want geodesics pa-
rameterized by arclength we only take solutions for which H = 1/2. (Thus, we define the
unit cotangent bundle U*H as the set of all (¢,p) € T*H for which H(q,p) = 1/2.) These
geodesics can be best understood by their projection under 7 to the plane: they are circles or

lines. Indeed

OH
) :—7:07
bt ot

so that A\ := p, is a constant of motion. (Note that ¢ is not a temporal variable, but rather the
vertical variable in H =2 R3.) If we interpret \ as the charge e of a particle, then H, viewed as
a Hamiltonian on 7*R?, is the Hamiltonian for a particle of charge e = \ traveling in the plane
under the influence of a constant unit strength magnetic field. These solutions are well-known
and easy to derive [34, p. 12] . When H = 1/2 they are circles of radius R = 1/|\| for A # 0,

and lines when A = 0. In the next section, we find a concrete expression of all geodesics.

2.2 Left-Trivialization of the Cotangent Bundle 7™ H

In contrast with the Riemannian case, the sub-Riemannian geodesic flow has no natural real-

ization on the tangent bundle. To avoid unnecessary choices (as mathematicians typically do),

13



we work on T*H, and cast all the geometric information of interest there. To the horizontal

distribution D defined in the previous section, associate the left-invariant contact form
1
O :=dt — 5 (zvdy — ydx),

so that D, = ker ©,,.

For any vector field V' on H, define its momentum function Py : T*H — R by

Py (ng) = ng(Vy); g € TgH.

On other words, Py identifies the vector V;, at any point ¢ € H with its double dual, which maps

Tq*H — R. The functions Px, Py, Pr : T*H — R are related to the canonical coordinates
(l’, Y, t,px,py,pt) on T"H by

Px =ps — 3ypt

Py =py + sap,

Pr = p,.

The utility of this formalism is that (z+iy, t, Px+iPy, Pr) are global left-invariant coordinates

on the cotangent bundle 7*H. These coordinates establish the following isomorphism,

T*H =~ H x h*, (2.3)

Mg — dLZ—l(nq)
called the left-trivialization of T*H. In particular, for any 7, € T H,

ng = Px(ng)dx + Py (ng)dy + Pr(n,)0,

14



—since(dz, dy, ©) is the coframe dual to (X, Y, T")—which we simply write as

Mg = (PX(Uq) + iPY(nq)’ PT(Uq)) .

The above identification is the meaning of the isomorphism [2.3]

The cotangent bundle T*H carries a canonical symplectic structure.

invariant coordinates (x + iy, t, Px + iPy, Pr), the Liouville form « is

o = ppdx + pydy + pdt

= Pxdx + Pydx + PrO.

The canonical symplectic form w = —d« on T*H is then

w = dx N dpy + dy N dpy + dt A dp;

= dz AdPx + dy AdPy + © A dPp + Prdz A dy

since dO© = dx A dy.

2.3 Derivation of the Geodesic Flow

In the left-

We find the geodesics for the sub-Riemannian and its compatible Riemannian, and Lorentzian

metrics simultaneously. We see that all these cases, the geodesics only differ by a constant

motion in the vertical direction.

For 7 € R, consider the following perturbation of the Hamiltonian in[2.2]

H,:T"H—R

1
H,(q,p) = §(P§( + P} + TP3).

15



The term %TP% represents the energy “penalty” incurred by integral curves of the Hamiltonian

flow that leave the contact distribution D spanned pointwise by X and Y.

Remark 1. The Hamiltonian /, models the following cases:
When 7 = €2, it is the Hamiltonian for the Riemannian metric ¢, := da? + dy® + (1 / 62) o2
When 7 = —€2, it is the Hamiltonian for the Lorentzian metric g;. := dz? + dy® — (1 / 62) 2.

When 7 = 0, it is the Hamiltonian for the sub-Riemannian metric g := dz? + dy?|p.

The Poisson bracket {, } of functions f,g € C°°(T*H) is given in canonical coordi-

nates by

of og  Of 0g
hoy= Y A %
clont) 0q Opqy  Opq Oq

We have the following Poisson bracket relations on 7*H:

{z,Px} =1 {t,Px} = -1y
{y, Py} =1 {t,Py} =3z
{t,Pr} =1 {Px,Py}=—Pr

with all remaining relations zero.

Hamilton’s equations, written compactly as dH = ¢x,,w, are equivalent to

f:{f7HT}

16



as f € C°°(T*H) ranges over the coordinate functions of 7"*H:

T = Px Px = —PrPy
y =Py Py = PrPx

. 1 1 .
t:—iypx-i-iaﬁpy—i-TPT Pr=0.

Let z = x + 7y. Solving these equations with initial condition
go = (2(0),£(0) =0 € H;  po = (Px(0) +iPy(0), Pr(0)) = (re”, \) € Ty H;

yields
iei@
A
S
t(s) = / (—3yPx + $aPy + 7Pr)ds'
0

(1 _ ei)\S)

z(s)=r

1 S

= - / (v — 2y)ds' + TAs
2Jo

1 [° N

=— [ Im(z2)ds' + TAs
2Jo

As — sin As
.2
=7 o + T)s.

Furthermore
Pr=2X
(Px +iPy) = re'r*(Px(0) + iPy (0)) = re**e" = relst0),

So the integral curve 'y(T : R — T*H for the Hamiltonian flow of H, with initial condition

qo,Po)
go = 0 and py = (re??, \), and for which X\ # 0, is

. if .
T [ e irs 2)\8—8111()\8). iONs40 .
V(qo,po)(s)_ (T \ (1—e"), TAs +r BV re@s+0) N} e H x h* = T*H.

2.4)

17



For the case in which A = 0, just take the pointwise limit of[2.4as A — 0. Since the Hamiltonian
is left-invariant, we may left translate this integral curve by (z,¢) € H to account for initial
condition qp = (z,t).

The sub-Riemannian flow ¢ : U*H — U*H, is then given by

i i e — 1) As —sin()\s i1
‘Ps(Z,t;ee’)\):<(z,t)<€9( 5 )’ 2)\2( ));e(wre)’)\)

€H xS' x R~ U*H,
for A # 0, otherwise
s (2,t;ei9,0> = ((z,t) (sew,O) ;ei9,0> .

The sub-Riemannian flow talks to the group structure in the following ways:

Left-Invariance:

0s(z, 60, \) = (2,t)ps(0;0, \)

Roration-Invariance:

Rpps(z,t;0,\) = @S(ei%, t; 0+ o, \)

Here Ry(z,t; 60, ) := (€92, ;0 + ¢, ).

2.4 Double Fibration of the Heisenberg Motion Group

In this section we observe how the X-ray transform fits into Helgason’s double fibration picture.
Two covectors (¢, p) and (¢',p’) € U*H determine the same oriented geodesic if and

only if ¢, (g, p) = (¢/,p’) for some sy € R. In this case, say (¢, p) ~, (¢, p"). We identify the

18



space of oriented geodesics with the quotient
g =U'H/ ~ep - (2.5)

In Appendix we prove that G is a symplectic manifold for which of the quotient
map 7g : U*H — G is a symplectic reduction cotangent bundle 7*H.

Consider the following double fibration:

U'H

H g
Define the pullback and—with respect to the volume forms dvolg and dvoly«g—the pushfor-

ward on functions:
g Ce(H) - C(HM) (mg)« : C.(U'H) — C.(G)

We would like to define the X-ray transform as I = (mg), o m3;. However, the fibers of U*H are
not compact and neither of the above maps are proper, so it’s not clear that (7g), o 7j; makes
sense. Instead of introducing a cuffoff function, we restrict this picture in the A variable as
follows.

The additional ingredient that we will need is the Heisenberg Motion group HM :=
H x U(1), defined in Appendix which is (the identity component of) the isometry group
for the sub-Riemannian metric on H. The action of HM preserves the Hamiltonian H =

% (P% + P2) and therefore it acts on U*H on the left via

(07 69)- (o .9) = (106t 05003
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Recall that our model sub-Riemannian geodesic with A # 0 is
Ya(s) = <Rei8/R, sR/Q) s R=1/A
The geodesics 7, is an integral curve of a Hamiltonian flow H with initial condition
px= ((zo,to); ei"O,A) = ((A1,0);i,A0) e U'H=H x S' x R.
If we identify H M with its orbit in U*H over p) € U*H,
¢, : HM — U'H : ((z,t); ew) — ((z,t); ei€> DA

then we obtain the following restriction of the previous double fibration:

HM
H g

The sub-Riemannian geodesics are exactly orbits in U*H of certain 1-parameter subgroups
of HM, analogous to the relationship between to magnetic geodesics in R? and 1-parameter

subgroups of SE(2). Indeed, the sub-Riemannian flow has the form
Os (z,t; ew,)\) = (z,t; eie) eSEHAV) ((0,0); 1, \) (2.6)

(with the vector fields X an V defined in the Appendix [A.T]) and one may check directly that

SRV (((em —1) As— Siﬂ()\s)> . ei>\5>

i 2)2 ’
is a 1-parameter subgroup of HM. Thus, the projected curve s — pr (es(X+)\V)) € H is the

geodesic with initial condition ((0,0); 1, A), and its isotropy group in H M is
{esEHV) . s e RY c HM.
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Let H M), be the stabilizer of 7, for the action of HM. Since py = ((A71,0);4) - ((0,0); 1, \),

we have
HM) = AD (-1 g {e"®) 1 s e R} = { (o, = eMS) : s € R}.

For 'y := {(0,knrA=2) € H : k € Z}, consider the maps

. o
H—"—s HM —2— Orby(py)

I

H/T) —2—» HM/HM, ——— Gy

where ¢ : Hl <— H M is the inclusion, and

HM/HMy = Gy;  (z,t;)HM) — (2,t;¢")y
is the orbit-stabilizer isomorphism. Using the relation

((0,); 1) M) = ((0,0); e—Wt) HM,; teR,
(which is the helical symmetry (0,%;1) -y, = (0,0; e2*°%) . 5, on the level of cosets) the map

ix:H/T\ — HM/HMy; (z,t)T'x — (z,t; 1)HM,,
is well-defined and is an isomorphism with inverse given by

HM/HM) — H/Ty : (z,t; €¥)HM) — (2,t — 325Dz

Therefore we identity

Y H/Tx = Gy (2,8)Dx = (2,8) 7.
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With the volume forms dG) = Adx A dy A dt and dvolg s := dz A dy A dt A df we define the

following pullbacks and pushforwards on functions.
pr*: C.(H) — C.(HM) (m2)« : Cc(HM) — Ce(Gy)
Here the pushforward (7)), is defined by

/ (72)+ f 9dGx —/ fryxgdvolgas
g

/ / (g; € S(X“V)) 9(q; €”)ds d(q; ") HM,, see
HM

HM )y
— [ £ (i) dsaary)
H/Ty JR

We may then show that the following is an equivalent definition of the X-ray transform.

Definition 1 (The X-ray Transform). For f € C.(H),

If(z,t) =1} o (mx)« o pr’ f(2,1)

:/Rpr*f ((z,t; l)es(x+’\v)> dsH M.,

:/ﬂwmmww
R

Theorem ([11]). If G is a locally compact unimodular Lie group with left Haar measure dzx,
and H is a closed subgroup with Haar measure d§, then there exists a G-invariant measure
d(xH) on G/H. This measure is unique up to a constant factor, and if this factor is suitably

chosen we have

[jmwzéméﬂwmwmxfeam» @.7)
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Applying 277|with G = HM and H = H M, yields a version of Santal6’s formula.

f(g; €)dvolym :/ / f ((q; 6"9)65(X+W)> ds d(q; e’ )H M,
HM 1515\4& R

:/H/FA/IR]C(Q/YA(S))deqF)\

23



Chapter 3

Heisenberg Harmonic Analysis

3.1 Bargmann-Fock Representation

We start by giving a brief description of the representation theory of the Heisenberg group. A
more detailed discussion can be found in [10]]. Denote by U/ (H) the set of unitary operators on

Bargmann-Fock space, defined in (L.3). For each h € R* = R\ {0}, the map (motivated in
Section [B.6)
BrH —U(H)

given by

Bu(z,t)F(C) = 2M—VhG=5P pe 4 Vhz), h>0, 3.1)
and Bp(z,t) = By (z, —t) for h < 0, is a strongly continuous unitary representation of the
Heisenberg group on H. Moreover, it is known that these representations are irreducible, and
by the Stone-von Neumann Theorem, up to unitary equivalence, these are all of the irreducible

unitary representations on H that are nontrivial on the center of H [10].
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3.2 The Group Fourier Transform

We define the group Fourier Transform of an integrable function on H. Denote by B(H) the
space of bounded operators on . The Heisenberg Fourier Transform of f € L!(H) is the

operator-valued function

Fu(f) : R* - B(H)

Fa(f)(h) = /H F(a)Bn(a)*dq

where the integral is taken in the Bochner sense [50, p. 11]. Think of i as a semi-classical

parameter.

Remark 2. Many authors define Fpy alternatively with the Schrédinger representations. Our
definition seems more natural for studying the X-ray transform due to the simplicity of (I.4),
and is equivalent by conjugation with a unitary intertwining map anyway; the choice is largely
a personal preference. We also normalize the representations [3;, in such a way that they all act

on the same space H, rather than a family of spaces parameterized by A € R*, as in [10].

If f € LY(H) N L?(H), then Fy(f)(h) is a Hilbert-Schmidt operator on # [13}
14]. Let S denote the space of Hilbert-Schmidt operators on #H, and define the Hilbert Space

L?(R*, Sa;du) = L%(S2) via the inner product
(A, Blagsy = [ w(AWBO) ) du(h),  du = %|hla.

*

Theorem (Plancherel Theorem). If f € L' (H) N L*(H), then || f|| 2y = [|[Fef | 12(s,)-
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Theorem (Fourier Inversion Theorem). If f € S(H), Schwartz space on R3, then

f@) = [ (G @Faf W) du), qe (2

Thus Fp extends to an isometry from L?(H) into L?(S5). In fact, it is onto as well. Furthermore
if f € L'(H), then by convolving f with an approximation of identity, we may use (3.2) to
prove Fy is injective on L' (IH).

While the definition above is sufficient for our purposes, we remark that Fyg has been
extended to much more general classes of function such as tempered distributions [4]]. In [15, 48],
and much more generally in [28]] the authors use the group Fourier transform to develop theory

of pseudo-differential operators.

3.3 Fourier Transform on the Reduced Heisenberg Group

For any 7 > 0, the set 7I" := {(0,k7m) € H : k € Z}, is a discrete subgroup of the center
of H. Since Bj,(z,t) = €2 ,(z,0), the representation J3;, descends to the so-called reduced
Heisenberg group H/7T if and only if h € 77!Z*. To a function g € L!(H/7T'), we associate

the reduced Fourier Transform, defined as

Fuyer(g) : 25— B(H)

Fiayrrg)(n) := / 9(@)Bor(0)"da,

H/rT

where Z* := Z\ {0}.

Remark 3. The reduced Fourier Transform defined above is not invertible unless we also con-
sider the representations (z,t) — ¢%*¢; ¢ € C, which are trivial on the center, in the definition.
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(Indeed, if 9y f(z,t) = 0, then Fy/,rf = 0.) This extension is not necessary for our purposes.

For simplicity, we will take 7 = 1 and rescale as necessary in the sequel. Consider

the following subspaces of L?(H/T)
L*(C) ={f € L*(H/T) : f(2,1) = f(2,0), ¥(z,t) € H/T}
OL2(H/T) :={f € L*(H/T) : /OW f(z,t)dt =0, Vz € C}. (3.3)
Lemma 1. We have the orthogonal decomposition
L*(H/T) = L*(C) @ °L*(H/T). (3.4)

Proof. 1f f € L*(H/T), let fo(z,t) := L [7 f(z,t)dt and g = f — fo, then fo € L*(C) and
g € "L2(H/T).

Furthermore, for arbitrary fo € L?(C), and g € °L?(H/T),

fo(z,t)g(z,t)d(z,t)F:/(cfo(z)/ g(z,t)dtdz = 0.

vy
H/T 0

Note that the above decomposition remains true for L?(H/7T'), 7 > 0.

See [50, Ch. 4] for a proof of the following theorem.

Theorem (Plancherel Theorem for the Reduced Fourier Transform). The reduced Fourier Trans-

form Fyr is an isometric isomorphism between °L?(H/T') and L*(Z*, S).

The author could not find a source that explicitly states the following inversion theo-

rem for the reduced Fourier Transform on H/T", so we provide one here:
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Theorem 3. LetI' = {(0,7k) € Cx R : k € Z}. For f € S(H/T'), the usual Schwartz class,

with [ f(z,t)dt =0

Flet) = 5 3 InlTr (Buz, ) Fige(£)(m)

nezZ*

(3.5)

Proof Sketch. 'We use the inversion theorem for the Weyl Transfom W,g := Je9(2)Br(2,0)*dz

associated to the Bargmann-Fock representation (see in[B.31]in the Appendix) which says that

o) = A1 (307 W (9) . g€ S(©)

s

and the fact that

Tr (ﬁn(Z, t)fH/F(f)(n)) =nlr (5n(Z, 0) <’anf—n>*> p2int

= 7Tr (Bn(z, 0)* (Wnﬁ>> e2int

’/T2

— —fn(z)e%"t

]

where f,(z) == 1 [ f(z, t)e” " dt.

™

3.4 Convolution and Fourier Transform of Measures

Let G = Hor H/7T. Define

fxg(q) = /Gf(p)g(qp‘l)dp; f.9€ LYG).

Similarly, given a Radon measure v on G and f € L'(G), let

v+ f(q) :z/Gf(qp‘l)dV(p)-
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The Fourier Transform interchanges convolution and operator composition:

Fa (f*g) (h) = Fa(f)(h) o Falg)(h);  f.g € L'(G). (3.9)

If v is a compactly supported finite Radon measure on G, then we may define its Fourier Trans-

form
Fo (v) () == /G Bila)*dv(a). (3.10)
Then extends to convolution of measures and functions:
Fo (v ) (h) = Falw)(h) o Fa(f)(h). G3.11)

For more details on group convolution and Fourier Transforms of Radon measures, see [10] or

[45]].

3.5 Lemmas on the group Fourier Transform

We now prove a few general properties of the group Fourier Transform. In the first, we observe

how the Fourier Transforms behave with respect to dilations.

Lemma 2 (Dilation Property). Fix A > 0.

If f € LY(H), then
Fu (03) (h) = X" Fu(f)(h/>?), VheR".
If g € L"(H/7T) for 7 > 0 then 659 € L' (H/\*7T") and

Fayoenr (639) (n) = X Fayr(9)(n),  Vn € Z*,
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We expect the above exponent of A because the homogeneous dimension of the Heisenberg

group is 4.
Proof.
Fu (03 f) ( /f (A2, \2t) By (2, 1) d(2, 1) /f z,t)Bn (A z,)\*Qt)*d(z,t)
=371 0pe (2.0 t) = XF () (1)),
and the proof of for the reduced Fourier Transform is nearly identical. O

Next is a Poisson Summation formula for H — H/T" - a consequence of the classical

version. The author has not found a reference for this version, but does not believe it is new.
Lemma 3 (Poisson Summation Formula ). If f € L'(H), then
FH/F (Pf)(n) =Fu(f)(n), VYnelZ. (3.12)

More generally, if T > 0, and P,r is the Poisson summation for for the discrete subgroup

' = {(0,kn7) : k € Z}, we have
Fuser (Prrf) (n) = Fu(f) (n/7), Vne€Z”. (3.13)
Proof. For F,G € H,

Faye (PA) )P, Ghui= [ 3 fest+ k) (B(2:0)"F, Ghrad 2, )T

H/T ez

_ /H 7 F (ot k) (B2t 4+ k) F, Gpgd(2, £)T

/T kez

(since B, (z,t) = €2mtﬁn(2, 0),)

- /H P2, 8) (Bul2, )" F, G (2, 1),
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where the third equality follows from (&.8), and the fact that f(z,t)(8,(2,t)*F,G)y € L'(H)
by the Cauchy-Schwartz inequality. Since F' and G were arbitrary, (3.12)) follows from the
definition of the Bochner integral.

Next, observe that

Prf = 5*ﬁP15;‘/ﬁf, f € C.(H).

Then
Fiajrr (Prrf) (n) = Fayor (82P'61, 2f ) (0)
= 2 Fyer (P19}, 2F) ()
=725 (8}, =F ) ()
= Fu () (n/7)
as desired. L]

3.6 Matrix Coefficients

Most of the discussion here follows Thangavelu, but we record the following facts to establish
our notation and perspective.
We describe an important class of functions which are the cylindrical harmonics of

the Heisenberg group.

Definition 2 (Matrix Coefficients). The matrix coefficients of the Bargmann-Fock representa-

tion with respect to the standard basis of monomials {wy,} are defined as

M} (2,t) == (Bn(z, twj, wi)n.
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Proposition 2 (Multiplicativity of Matrix Coefficients). For (z,t) and (w, s) in H,
o
M ((z,t)(w, 8)) = > Mij(w, )M (2,1); Vi, k €N, neZ". (3.14)
1=0
Proof.
ik (2, 8)(w, 8)) = (Bn ((2, ) (w, ) wj, wi)n

= <BN(Z7 t) ° /Bn(w7 S)wj?wk>7-l

Z<Bn(27 t)wla wk>H<Bn(wa S)wj7 wl>7—[

=0

o

M (w, 8) Mjp(2,1).

Iy
=

O]

With respect to the standard orthonormal basis wy, = ¢* / VELE=0,1,..., of H, the
matrix coefficients of the Bargmann-Fock representation, (3.1)), M ]hk (z,t) == (Br(z, t)wj, wi)n

are given for h > 0 via a brute force computation by

\/g (4—\/52)];’6 LU™ (h|2[2) e-hlePr2e2ibt >

th(z,t) =

J , (3.15)

- k—j . .
\/g (—\/Ez> J L§k:—]) (hfzfz) o—hl2I?/2 p2iht i<k
and M ]hk(z, t)y=M JZ' (z,—t) for h < 0 (see Appendixfor a conversion between Folland’s

[10 p. 64] and our conventions).

Here Lg.o‘) (x) is the generalized Laguerre polynomial, defined recursively by

G+ DL (@) = (25 + 1+ a—2) L (2) — (j + a) L) (). (3.16)
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The matrix coefficients are not in L2(H). This means that the infinite dimensional irreducible
unitary representations of H are not square-integrable representations. Nonetheless we con-

struct a natural family Hilbert spaces in which the matrix coefficients live.

Definition 3. For each j € Nand h € R let H;‘ C C°°(H) be the space of smooth functions

f satisfying
Lf=(2j+1)[nlf —iTf =hf

and the condition f(z,0) € L?(C).
Proposition 3. For each j € N and h € R*, the space H? together with the inner product

(f:9)pn = 'Z’ /(C f(2,0)9(2,0)dz,  f,g€H]. (3.17)
is a Hilbert space for which the set of matrix coefficients with first index fixed

{M}, : k e N} (3.18)

are a complete orthonormal basis.

See [51, Ch.3]

Proof. We only show orthogonality. Note that
M} (2,0) = V21V, (Yk, V2hz), h>0

(see[B.29]in the Appendix) with z replaced by z if h < 0.
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: h h h
Given Mjk, Mjk, € Hj we have

h
(M]kv k’ ’Hh - ’ ’/M_yhk Jk/(z O)d
— o[ /C Vi, (W /2R 2) Vi, (02 v/ 21H]2)

= /(C ij (¢ka Z)Viﬁj (wk”a Z)dZ

= (5, ¥5) (Yr, Vi)

=6(k —K).

3.7 Fourier Modes on the Reduced Heisenberg group

Let I' = {(0,kr) € H : k € Z}. We call H/T the reduced Heisenberg group. Since
Bu(z,t) = €* By (2,0) by definition, the Bargmann-Fock representation descends to the re-
duced Heisenberg group if and only if h € Z*. More generally, given 7 > 0 the representation

By, descends to H /7T if and only if 7h € Z*.

Definition 4 (Normalized Matrix Coefficients on L?(H/T)). Let
Vin , .
my(z,t) = 7|r| k(zt); JkeN,neZ. (3.19)

Then by rescaling Propositionthe functions {m;‘k : J,k € N, h € Z*} are orthonor-

mal on L?(H/T") with respect to the inner product

(f. 9) Logaayr) = /O /C f(z.0)9(z D)zt (3.20)
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The functions m?;, forn € Z* and j, k € N form an orthonormal basis for OL2(H/T).

First

Theorem 4. For f € S(H/T),
f(z:t) = fo(2,0) Z nl 3 (f M) pagyey Mii(2:0). - (32D
nez* 7,keN

where fo(z = fo =0.

Proof. Suppose fo (z,t)dt = 0. We expand the inversion formula in Theoreml w1th respect

to the orthonormal basis wy, = ¢*/v/E! on H.

Tr(Ba (2, ) Figr (£)(n)) = D (Balz, ) Fayr () (m)wr, wi )

keN

= > (Fayr(f)(n)wp, wi) (B2, t)wj, wi)

7,keN

Z f(w, 8)(Bn(w, s) wg, wj)d(w, s){Bn(z, t)w;j, wk)

jkeN/H/T

Z fw, s) M (w, s)d(w, s)Mj (2, 1)

jkeN Y H/T

= > (s MJ3) 2 gaymy M (2, )

,kEN
Then [3.21| follows form Theorem 3] If (z,t)dt # 0, then set fo(2) := L [T f(2,t)dt and
O m JO

apply the previous result to g = f — fo. O

Corollary 1. Let f € L?(H/T) such that [ f(z,t)dt = 0, then we have

F=> Z £ 2y rymy, (3.22)

neZ* j,k=0
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Part 111

Proofs of Main Results
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Chapter 4

The Heisenberg X-ray transform

4.1 The space of geodesics
Recall that H acts transitively on G on the left. Since
(0, TR?)a () = (Reis/R, B(s+ 27TR)> =y (s+2rR); R=1/\, @.1)

the subgroup I'y := {(0,k7R?) € H : k € 7} stabilizes Gy. Upon fixing -y, we have the

identification

Gy = H/I'

(z,0)yr — (z,)Tx. (4.2)

When A = 1, we omit subscripts and write I' = I';.

Let d(z,t)I'y = dz A dy A dt be the Haar measure on H/T"y, and let G, inherit a
multiple of the Haar measure dG) := Adx A dy A dt, normalized to agree with ¢y, dvolg, where
dvolg = Adx A dy A dt A d), in Appendix Furthermore, set dG = e *dvolg, chosen to
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ensure boundedness in Proposition 8]

4.2 Symmetries of 7

We discuss basic infinitesimal and integrated symmetries of the X-ray transform 7. The results
in this section are not necessary for proving injectivity of I, but are informative nonetheless. Of
particular interest ot the author is Theorem[5] which says that I does not commute with the left-
invariant Heisenberg sub-Laplacian £ (defined below) on H and H/T"y, but rather intertwines
Lo with the wave operator [Iy := A727 — X2 — Y2 on the H/T') for the Lorentzian metric

gin := da® + dy? — A\ 7202

Lemma 4 (Equivariance of Ray Transform). I : C.(H) — C.(G)\) has the following symme-

tries:

I (Lt F) (2:8) = Ly () (1) 43)
LRy f) (1) = Inf (72,8 = 5% (44)
I(S™ 1)) = (7. ~1) 45)

where Ro(z,t) = (e?2,t); S_1(2,t) = (%, —t); and L5 (2,t) = (w,5)(2,1).

Proof. For f € C.(H), A >0, (2,t) € H/T') and (w, s) € H

D (L) 0 = [ Liwnf (e 0mm) dr = [ £ (o) 0mm)dr

= DS ((w,5)(2,8) = (L g Inf) (2:8).
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Generalizing (.1]), we see the cylindrical symmetry of 7y:
Raya(s) = (X)X, 5/20) = (0, =0/20%) s (s + 0/A).
So
I (Rof) (211) = [ f (R ((6)(5) ds
R
= [ £ Rt /R () ds
:/ f ((ewz,t - QL:\Q)%\(S + 9//\)) ds
R

:/Rf ((eiez,t - 2%2)7)\(3)> ds

—I)\f(e 2t — &)

Observe that S_175(s) = S—_1 (€*/X, 5/2X) = (e7*, —5/2)) = 75(—s). Then

NG /f (2, )a(s))) ds

Proposition 4. If f € C2°(H) then I\ f € C°(Gy).

Proof. 1If we define the measure 7, on H by

/Hf(z,t)w\(z,t) :—/Rf(w(s)_l) ds
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(here we use a bar because v will be reserved for a related measure in the sequel) then for

f € C.(H),
I/\f(Z,t) =U)* f(za t)'

Therefore if f € C°(H) then Iyf € C2°(G)) since convolution of a Radon measure by a

smooth function is smooth. (See [8].) ]
Recall the standard left invariant vector fields on the Heisenberg group
X:&C—%y&g Yzﬁy—i—%a:at T = 0.
The standard right invariant vector fields on H are
X =0, + 3y, Y =0, — iz0, T = 0.

We will also use the definitions above to denote the standard left and right invariant vector fields

on the reduced Heisenberg group.

Definition 5. For a € R the left and right invariant Heisenberg Laplacians are defined, respec-

tively, by
—Ly = X2+Y2+iaT, fENOl = X2+ Y2+ ial.
Explicitly,
Loi=— (0 — 3y0)? — (9, + 120,)* — iad;

= (024 07) + % (2° +y*) Of + 0p0r — iDy.
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and

5 2 2.
Lo =~ 0z + 2yd)" — (0, — 220,)” — iad,

=— (8% + (95) —1 (:r2 + yQ) O} + 00y — iy
where 0y := (x0y — yOy).
Proposition 5. If V' is a right-invariant vector field on H and f € C2°(H), then

V(If) (2,8) = Iy (V) (2.

Proof. This follows from the fact that I is a convolution operator. For f € C2°(H),

V(L) =V @rxf) =max Vf =1, (f/f).

Corollary 2. For f € C°(H),
I (Laf) = La (1)
Differentiating (4.4) yields the following infinitesimal symmetry:
Proposition 6. For f € C2°(H),
Ix(09f) = (80 — 5= T) In(f)-
We compute the pushforward of the left Laplacian by the X-ray transform.
Theorem 5. For f € C°(H),

L (Laf) = (Lo + A 2T?) L f.
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Proof. By the above remark, we have

Lo — Lo = 2090,
Then
I ((Za L) f> — 21, (090 f) = (2000; — 502) Irf.
SO
I (Laf) = I (£af) = (2000 — $507) Inf

= Lo (Inf) — (2000, — $207) Inf

= Lo (Inf) + 3207 (In])
as desired. ]

Remark 4. It is interesting to note that for o = 0, Proposition [5]says that the pushfoward by I

of the sublaplacian Ly on H is the wave operator (Jy = A™2T — X2 + Y2 on H/T,.

4.3 Reduction to /™4

The dilation map, 0y (2,t) := (\z, A*t), is also an automorphism of the Heisenberg group for
A # 0. Furthermore,
6y : Ty 3 (0,krA™2) = (0,kw) €T,
so dy : H/I'y — H/T is well-defined. Denote by d3 the pullback relation defined on functions:
8% :L'(H) — L'(H) Sif(z,t) = f(A\z, \%t)
5% L' (H/T) — L*(H/T') 59 (2. ) = g (A= A°0T).
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Remark 5. In the sequel, we write any function ¢ : H/I'y — C as g(z,t), in place of

g ((2,)T'y), understanding that the ¢ variable is taken mod wA~2.

The dilation map J), is especially relevant because it is a conformal map for the sub-
Riemannian metric (with constant conformal factor A\?). Consequently, we have the following

homogeneity of the ray transform:

Proposition 7 (Homogeneity of I). For f € C.(H),

L) = (/N8 (B 00) (1), (4.6)

Proof. Note that dilation preserves geodesics but rescales their speed:

d1/a71(8) = M(s/A). 4.7

Then

83 (06100) (2,8) = 1 (81/0F) (A2 X%)
- /Réf/Af (A2, Nt)7i(s)) ds
= /R £ (813(Az, A°t)31 )5 (11(s))) ds,  because ) € Aut(H),
:/Rf((z,t)fy,\(s/A))ds, by @),
=3 [ F(Gutyn(s) ds = M f)

O]

Next, we exploit the periodic symmetry of Heisenberg geodesics to reduce the X-ray
transform to one period.

43



Proposition 8. For any A\ > 0, I, : L}(H) — L'(G)) is well-defined, bounded, and factors in
the following way:

LY(H) —2— LY(G))

L'H/Ty) 7

where the maps which we call Poisson Summation and the reduced X-ray transform are given

by

2R
P\f (th) = Zf (Zat =+ kﬂRz) ) I;\edg(z>t) = / g ((th)fyx\(s)) ds; R = 1/)‘
ke 0

Furthermore, I : L'(H) — L'(G, dG) is well-defined and bounded.

Proof. By homogeneity (#.6), and since pullback by J is bounded in the above L' spaces for
A # 0, it suffices to prove the proposition for A = 1. For this case, we omit subscripts and write

P and I". The map

C.(H)> f— Pf(z,t)d(z,t)T
H/T

is a left-invariant positive linear functional on C.(H). By uniqueness of the Haar measure on H

(which is just the Lebesgue measure), and the Riesz-Representation theorem, 3¢ > 0 such that

Pf(z,t)d(z,t)T = C/H f(z,t)d(z,1), (4.8)

H/T
and one may check that ¢ = 1 (see [11, Thm. 2.49] for the general statement). So in particular,

Pl o @yry < I
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For g € C.(H/I),

11|11 g, = / 1% (2, ) |dGs

G1

o

27
< /0 /H (G 0m() G ords

27
/O 9 (=t (s)) ds|d(z, )T

2w
= [ [ et a(Gomes ) ras
o JE/r
2w
= / / 9 ((2,1)) |d(z,t)T'ds, since H /T is unimodular,
o Jur
= 27l|g|| 1 11y

Thus P and I™4 extend to L' bounded maps. Given f € C.(H), since Pf € C.(H/T) and

2m
I'Pf(zt) = /0 Zf ((z,t+ km)y1(s)) ds

kEZ

2
:/0 3" F (= t)n(s +2nk)) ds, by @I,

kEZ

2
= [ £ oms +2mb)) ds

kEZ

2m(k+1)
=S [ o s = e,

kez ’ 2k

we have [|I1 f|[r1g,) < 27|[f]|z1 ). The third equality follows from uniform convergence
of the integrand on the interval [0,27] > s. Therefore I; extends to a bounded map from
L'(H) to L*(G1). In particular one may check, using (@.6), that ||Ix f|| 11 (g,) = |11 fl|11(gy) <

27| £l L1 ey
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Finally, for f € L' (H), we have
1 flus) = [ 115z 01dg

= [ [ 1o an
0 g/\

<llfln | e =2l
as desired. O

Remark 6. The reduced X-ray transform ™ : L*(H/T') — L'(G) is not injective. In fact, if
g (Z, t) — 22€f|z\2e4it,

then 1™%g = 0. In Appendix we give essentially a Singular Value Decomposition of ™4,

4.4 A sub-Riemannian Santalé Formula

Remark 7. From these computations, we may also deduce a sub-Riemannian Santalé formula:

/ If(z,t)dGy —27r/ f(z,t)d(z,t), f€L'(H). (4.9)
Gx H

This is an example of a Santal6 formula like those proven in [41], but without the latter’s

restriction to the “reduced unit cotangent bundle.”
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Chapter 5

The Fourier Slice Theorem

5.1 Statement and Proof

We show that 1™ is a convolution operator by a compactly supported measure. Thus, it should

be a Fourier multiplier in a generalized sense. The next propositions make this heuristic explicit.
Definition 6. Define the compactly supported measure v on H/T" by
2m
/Hg(z, tv(z,t) := / g (71(9)_1) df; ge C.(H/T).
0

Lemma 5. For g € L'(H/T),

Iredg =v*g.

Proof.

27

vxg(z,t) = /H/Fg ((z,t)(w, s)_l) dv(w, s) = / g ((z,t)71(0)) df = I'™g(z,t).

0
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Proposition 9. If g € L'(H/T"), then for all n € Z*,
Fiyr (1) (n) = (2)Tn © Fayr(g) ().
and more generally, for A\ > 0 and g € L'(H/T),
Fuyr, (IXY9) (n) = (27/A) T © Fuyr, (9)(n)
with 7, defined in (1.4)).
Proof. Applying the reduced Fourier Transform to 1™4(g) = v % g, we obtain
Fayr (1) (n) = Fayr(v)(n) o Fayr(g)(n).

So it remains to compute

Fryr (v) (n) = Bn(z,t)*dv(z,t)
H/T
2m N
:/O Bn (’}/1(8)_1) ds
2
= Br (71(s))ds, since 3, is a unitary rep,
0
=2m)In
O
where the “multiplier”
1 2m
Tn = o Bn (71(s)) ds (5.1
T Jo

is the same as (1.4).
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Remark 8. 7, is similar to the “representation integral” considered in [25]], though s +—
Brn (71(s)) is not a homomorphism. Such integration of representations over geodesics also
appear in [[19], where the authors used the Principal Series representations of SL(2,R) to show
that the normal operator I*I associated to the X-ray transform on constant negative curvature

surfaces is a nontrivial function of the Laplace-Beltrami operator.

Together with Proposition[8] these imply the Heisenberg Fourier Slice Theorem:
Proof of Theorem[2] Let f € L'(H), A > 0 and n € Z*. By Propositionand@], we have

Fiyr (L f) (n) = Fygyr (I°UPf) (n) = (21) T 0 Fiayr (Pf) (n) = (27)Tn © Fu(f) (n).

(5.2)
Exploiting homogeneity of I,
Fiayry (W) () = X Fayr, (8300 (61)0F) ) (), Proposition ]
— /\_5.7'—]}11/1“ <1'1 ((ﬁ/)\f)) (n), Lemma [2]
= 2mA7 T, 0 Fu (8 ) (), by (2,
= 27271 T, 0 Fu (f) (n)?), Lemma 2]
as desired. O

Remark 9. In the special case when n = 0 or h = 0, the group Fourier Transforms are
qualitatively different; they are the Euclidean Fourier transform in the z variable (the precise
sense in which this limiting behavior occurs is formalized by Geller in [[13[]). In this case, the

Fourier Slice theorem takes the form

o~ ~

(Inf)(A,0) = (2m/N)Jo(I¢)) F(AC,0); VA >0, f e L' (H),
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where Jj is the classical Bessel function of order zero, and

7(¢.0) = /@ /R f(et)e < didz, f € L(H),

A2 )
9(¢,0) =/C/U g(z,t)e”“*dtdz; g € L'(H/T)).

52 SVDof J,(r)

The following mild generalization of (5.1]) will be useful for subsequent computations.

Definition 7. For n € Z*, let

1 27 )
Tnlr) - / B <rew,9/z) a9, > 0. (5.3)
0

:271'

In particular, 7, (1) = J,, defined in[5.1]

Lemma 6. Forany T € R*, j,k € Nandn € Z*,

Lo e 5(In| +j — k), ifr>0
or ), MG (e, 00 = MG (1,0)

5(In| +k—j), ifr<0
Proof. Note that
2 ) 2m ) )
/ eznGM;lk/T(ezﬂ’O)dg :/ e_merk/T(e_w,O)dG
0 0
SR
_ —1in —N/T o u
—/0 e "M, (e, 0)do.

If n > 0,and 7 > 0 then

M[7(,0) = U7 ALT(1,0)
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and if n > 0 and 7 < 0, then

ML (e,0) = MG (1,0)
hence the result. 0
Proposition 10 (SVD of 7,,(r)). For every n € Z* and r > 0, the operator J,,(r) : H — H
is bounded in the operator-norm topology. Furthermore, J_,,(r) = J,(r), and, with respect to

the orthonormal basis {w; = ¢//\/j1:j =0,1,2,...} of H, we have

4!
(j +n)!

Tn(P)w; = (—1)" ()" e LY () wjp, Vi EN, >0, (5.4)

Proof. Jn(r) : H — H is bounded in the operator-norm topology for any n € Z* since

17| <1/2”|/3 0/2) [|opd6 = 1
n'r‘opf27r0 ’n(re7/>H0P -

Note that, for n € Z*,

27T i 2m 0
Tonlr) = 5 0 Ba(re™,-0/2)d0 = 77/0 B, (re ,0/2) 6 = T (r).

For j, k € N,

1 2 ”
Tty = 5= [ (B (re.0/2) wpaadt
2

1

-5/ ﬁ(reie,H/Q) do

1 2 )
=5 e M i (rew, 0) do
T Jo

= 0(|n| +j — k)M (r,0), by Lemma@withT =1/r? (5.5)

in which case,
TIn(r)wj = M 41 (7, 0)W; 4 )
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and, by

n _ n ]' 2\Inl/2 —|n|r2/2 7 (In)) 2
M4y (r,0) = (1) ’/m (In|r?) e L; (In|r?). (5.6)

O

Corollary 3. Let r > 0 and n € Z* be fixed. Since 7,,(r) is bounded, it is injective if and only

if Lé\nl) (|n|r?) is nonzero for all j € N.

Proof of Proposition[l] Given n € 2Z + 1, by Corollary [3] the operator 7, is injective if and
only if the sequence {Lgn) (n)}52 is nonvanishing.

Setal™ = JIL{ (n) € Z. Then aJ” = a{" = 1, and by (3.16),

J
ol =(2j + 1)al™ = j(j +n)a™,

:ag-n) (mod 2)

since n is odd. Therefore ag-n) = a((]n) = 1 (mod?2) for all j = 0,1,2,.... In particular,

Lg.n) (n) = agn) /4! # 0 for j € N. Therefore 7, is injective whenever n is an odd integer. [

Remark 10. We know what 75 is not injective since L§2)(2) = 0. However, the author is not
currently aware of a general statement characterizing all (j,n) € NxN* for which Lg-") (n) =0.
While knowing this is not essential for proving injectivity of I, it would provide more ways to
invert I. This is because the space of geodesics is four dimensional, and so we only need a

subset of the overdetermined data to reconstruct f from [ f.
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5.3 Applications

5.3.1 Proof of injectivity of the X-ray Transform /

We now make use of the Heisenberg Fourier Slice theorem to prove injectivity of I (Theorem

E[); the proof is now almost immediate.

Proof of Theorem([l| Suppose I,f = 0 for all A\ € (0,7n), where n > 0. By the Heisenberg

Fourier Slice Theorem,

0=JnoFu(f)(nA?), VneZ* YAe(0,n).
By Proposition ]

0= Fu(f)(n\?), Vne2Z+1, VAe (0,n). (5.7)
In which case

0=Fu(f)(h), Yhe |J n(0,9*)=R"
ne2Z+1

Therefore f = 0 by the Fourier Inversion theorem for . U

5.3.2 SVDof ]red|0L2(H/F)

While not strictly necessary for our main result, the computation in Proposition [10| also gives
us the SVD of 1™ when restricted to a specific subspace.
The next result is a consequence of the fact that 1™ is convolution by a compactly

supported distribution, but we proceed explicitly.
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Proposition 11.
I L2(H/T) — L?(H/T)

is well-defined and bounded.

Proof. For g € C.(H/T') the Cauchy-Schwartz Inequality gives

2m ) 2 2m ) 2
[z, ) = ' [ a(Gnenom)a) <or [l (@oEtom) | v s
0 0
Then
Mgy = [ 119G, Pd(z. 8
/T
2m )
<) [ [T lg (G0 0/2) Pasatzor
H/T J0
2
= (2m) / / lg (2,t) |2d(z, t)Tdb, by left translation,
o Jur
= (2m)*||gl|Z2ary»
so 1™ extends to a bounded function from L2(H/T") to itself. O
Proposition 12. 1™ preserves the orthogonal decomposition in Lemma i.e.
red T2 2
I"™op2ry : *L*(H/T) — °L?(H/T). (5.10)

Furthermore, the restriction 174 r2(c) 1s essentially 27 times the Mean Value Transform M L
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Proof. For f € L?(C),

2w
Ired’LQ( / f 19 9/2)>
0
2w
:/ z—l—e’6t+9/2+11m<ze9>>d0
0

2m
/ f(z+€9)do = 2n M1 f(2),

0
and so I™f € L2(C).

For g € °L2(H/T),
s T 27 ) .
/ I (2, t)dt = / / g (z +e ¢+ 0/2+ %Im (Ee”g)) dodt
0 0 JO
27 ™
_ / / 24 e 1)dtdf = 0,
so that *4g € OL2(H/T). -

We know that I™|;2(cy = 2rM* has a continuous spectrum (see (T.2), or Remark
@), so we restrict the reduced X-ray transform to ° L2(H/T"), where is has a discrete spectrum,

and compute its Singular Value Decomposition there.

Theorem 6 (SVD of I™o2(y/r). Forall j,k € N, n € Z*,

a no_ n 7! wl/2 i
"o 2 m/rymjy = 2m(—1) G+t (Inl/e)™ LI (|n])ym? L
with m}‘k defined in (3.19).

Proof. This is really nothing more than the expansion of Proposition [J] with respect to the
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orthonormal basis {wj } j of H and the multiplicative property of the matrix coefficients M]”k
red \/W 2 i0
I |0L2 H/F) Z t ( 9/2))

\/W °n n 19
Z ,0/2) My (2,t)do, by (3.14),

\/W Inl (0 n
Z "M, 0/2) do M (=, )

n ,
= C > 2md( — L+ In) MY (1,0)M(2,1), by G3),

=0

= 2w M;! J.J+In| (17 O)m?+\n|,k(z7 t)

= 2 =T (il LI 4 .0

O

For n € Z* functions f(z,t) € H} C C°°(H) are periodic in ¢ with period . Thus,

we may identify H7 with a subspace of L?(H/T) in fact

‘e P H

JEN; nezZ*
Corollary 4. The reduced X-ray transform 1% decomposes as a collection of weighted shifts

on the spaces of matrix coefficients
red . n n
I |7.[;L : ’Hj — Hj—i—ln\ (5.11)
where component each is essentially a multiple of powers of the creation operator:

red| a(—1)" j' n e|n|/2 (In]) [n|
gy = 2n(=1)" =5y (nl/ @)™ L (nl) (=2) (5.12)
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Chapter 6

Compatible X-ray Transforms

6.1 X-ray Transform for the Riemannian metric g,

We use the same machinery to prove injectivity of the X-ray transform associated to the family
of left-invariant taming metric on H

Consider the family of left-invariant Riemannian metrics for € > 0:
ge :=da® + dy* + (1/€)* 02,

where © := dt — %(xdy — ydx) is a contact form for the Heisenberg distribution D, := ker©,,.
Geodesics of (H, g¢) converge uniformly to the sub-Riemannian geodesics as € — 0, [7, p. 33].

The explicit expression for g. geodesics is derived in [7, Sec. 2.4.4]. We record the exponential
map for g in (A.20).

Remark 11. To avoid quantifying € in every proposition of this section, with the exception of

Theorems 7] and [8] we will assume that we have chosen a fixed € > 0.
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Let G¢ be the set of geodesics for g without orientation, and g; be the subset of
geodesics having charge A (which is still a constant of motion). Geodesics with A # 0 still
project to circles in the plane, and those with A = 0 project to lines; they only differ from sub-
Riemannina geodesics by an e-dependent velocity in the T' = 0; direction. Left translation by
any element (z,t) € H is a g.-isometry, and so H acts on G¢ by pointwise left multiplication.
This action does not change the value of A and is transitive when A # 0.

We choose a particular geodesic «§ to be the one whose projection to the plane is a
unit-speed circular path of radius R = 1/|\|, and parameterize the set of g. geodesics having

charge A by

(R? + 2¢?)

s = (z,6)a(s), 75(s) = (Reis/R,s 5T ) eH; R=1/\ (6.1)

Remark 12. The geodesics described by (6.11)) are not arclength parameterized; indeed,

9e(75(8),75(s)) = 1+€2)A2. Instead, we insist that their projections to the plane are unit-speed.

We define the X-ray transform associated to the taming metric g, by
P It = ) = [ (i) s, f e ). 62)
Note that
75(s + 27 R) = ~75(s)(0, TR? + 27€?). (6.3)
Therefore the isotropy group of ~§ for the action of H by left translation on G is

S :={(0,kn(R*42€6%)) cH: k € Z}.
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We have the identification
g\ = H/T'S

(z,0)75 — (2, 0)T.

Remark 13. Again, when A = 1, we omit subscripts and write I'* = I'{. We will also write

g(z, 1), for any function g : H/I' — C, in place of g ((z, t)I').

Let d(z,t)['§ = dx A dy A dt be the Haar measure on H/T'§, and let G inherit a
multiple of the Haar measure dG5 := Adx A dy A dt. Furthermore, let dG¢ := e Az A dy A

dt A dA.

Note the homogeneity of geodesics with respect to dilation:

SN (s) =75(s/A); R=1/A. (6.4)

6.2 Mapping Properties of /¢

Proposition 13 (Homogeneity of /¢). For f € C.(H), we have

I5(£)(=,8) = X8I (61 ) (2:0). (6.5)
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Proof. This is essentially the same proof as }.6}

I (810f) (208 = 12 (6101 ) (02, X2)
= [ a7 (0 X0 ds
= [ 1 {G0amie) ds
= [ 1 (Gutrstsn) as by @)
= [ 8t (02005 00)) ds
= M A (2. 1).
.

Furthermore, in virtually the same way as Proposition 8| we reduce the X-ray trans-

form I€ to one period:

Proposition 14. For any A > 0, I§ : L'(H) — L!(g%) is well-defined, bounded, and factors in

the following way:

where

Pif(z,t) =

L' (H) _B (G%)

Pel /

H/FE Ie ,red

2R
S F (ot + k(B2 4262) I (5 1) ;:/ ()75 (s)) ds: B = 1/,
kEZ 0

(6.6)

Furthermore, 1€ : L1 (H) — L*(G¢, dG) is well-defined and bounded.
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Proof. By homogeneity (6.5), and since pullback by d) is bounded in the above L' spaces for
A # 0, it suffices to prove the proposition for A = 1. For this case, we omit subscripts and write
P¢ and 1679,

For exactly the same reason as (.8)), P¢ maps C..(H) to C.(H/T), and

Pf (2,t) d(z, )T = /H F(z,t)d(z,b). 6.7)

H/T<
So in particular, || P f{| 1 m/re) < |[f]lpm)-

For g € C.(H/I'?),

115 | prgg) = /g |15 (2, 1) |dGy
1

“Jin

2m
<[ [ oG oni) . oreas

27
/0 9 (2, £)75 (5)) ds|d(z, )T

2m
= [ [ latoy (o) e
0o JH/re
2
:/ / 9 (2,t) |d(z,t)T“ds, since H /T is unimodular,
0o JH/re

= 27|g|| L1 1/re)-

Thus P¢ and 1™ extend to L' bounded maps. Given f € C.(H), since Pf € C.(H/T¢) and

2w
IS™Pef(z,t) = /0 Zf ((z,t + km(1+ 262))75(3)) ds

kEZ

2T
- /0 S F (=10 (s 4+ 2mh)) ds, by @T3),

kEZ

2m
_Z/O £ (2, O)pu(s + 27k)) ds

ke
2m(k+1)

=S [ r Gy as = s,

kez Y 2Tk
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we have |[I{f|[r1 gy < 2| f[|p1 - The third equality follows from uniform convergence
of the integrand on the interval [0,27] > s. Therefore I§ extends to a bounded map from
LY(H) to LY(GY). In particular one may check, using (6.3)), that 5 fllzrge) = M fllpage) <
27THfHL1(H)-

Finally we have, for f € L!(H),

1 fluon = | V%F e Mg

= [ [ isfetidgse ax
o Jgg
<2 fll ey / e = 27| £ 11 s

as desired. O]

We note a Poisson summation formula for Px:

Lemma 7. For f € L*(H),

ni?

Fuyrs (PAS) (n), = Fu (f) (1_1_262>\2> , VneZ. (6.8)

Proof. Observe that I'§, = (A2 + 2€2)T", and apply the Poisson Summation Formula (3.13)

with 7 = A\ 72 4 2¢2.

O
Observe how the Fourier Transform respects dilations:
Lemma 8. For g € L*(H/T), A > 0,
Fiyre (039) = A Fyren(9)(n), Vn € Z*, (6.9)

Proof. Observe that I'§ = (A\™2 + 2¢2)I', and I'* = (1 + 2¢2A\?)I". Then apply Lemma O
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6.3 Fourier Slice Theorem for /¢

As before, 1< is a convolution operator by a compactly supported measure. We compute its

Fourier multiplier.
Definition 8. Define the measure v on H /T by
2w
/H/F g(z,t)dv(z,t) :_/0 g (fyf(&)_l) df; ge C.(H/T).

Lemma 9. For g € L'(H/T),

Ie,redg — 1 % qg.

Proof.
2m d
eget)= [ (0 s = [T ol i) =)
O
Proposition 15. For g € L'(H/T¢),

Fhjre (Ie’redg) (n) = (2m)Tn ( > o F/re (9)(n), VneZ’.

1
V14 2¢2

Proof. Applying the reduced Fourier Transform to 1¢¢(g) = 1€ % g, we obtain

]:]HI/F€ (Ired) (n) = ]:H/FE(VE)(”) 0 }—H/FE (9)(n).
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So it remains to compute

Fuyre (V) (n) := Brya2e2) (2, 1) dve (2, 1)
H/Te

2m
= 0 671/(1—1—262) (75(8)_1) ds

2w
= Brj+2e2) (Vi(s)) ds,  since 3, is a unitary rep,
0

2 N
= B, o (€, 2(1+2€%) ) ds
| Onja2 )( 5( ))

27
— is S 2
_/0 Bn (51/\/m<6 ,5(14—26 )))d&’
2 1 )
= [ Bl ——=se"5/2)d
/0 & (\/1-!-2626 S/> i

We may now prove the Heisenberg Fourier Slice Theorem for g.:

Theorem 7 (g. Heisenberg Fourier Slice Theorem). If f € L'(H), and ¢ > 0 then

1 A2
Fuyrs (I5f) (n) = 2m/N) T <m> o Fu(f) (1_?26%2) , VYneZ®, VA >0.

Proof. Combining Proposition[14]and

Fayre (I°f) = 2nTn ( (6.10)

7)) (73
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Now, exploiting homogeneity of /¢,

‘FH/Fi (I5f) (n) = /\_1}-H/F§ (5;1? ((ﬁ/xf)) (n), by Propositoin [13]
= /\75]:1%11/1“GA (If)\ (5T/>\f)> by Lemmalg]
— 9. \—5 n
—IA (m) i) (mw) by G109,
nA?
=27 /\)Tn = 262)\2 T 200 by Lemma(g]
O

Proposition 16. Let ¢ > 0 and n € Z* be fixed. Then J, ( : H — H is injective

1
V1+2e2)\2 )

for almost all A > 0.

Proof. Setr = . By Corollary I the operator 7,,(r) is injective if and only if nr?

\/1+2 22
(n)

is not a zero of L, for any j € N. Since there are only countably many such zeros, the

proposition follows. O

Theorem 8. For all € > 0, the Heisenberg taming X-ray transform I¢ : L' (H) — L'(G¢, dG°)

is injective. In particular, if f € L'(H) and I3 f = 0 for all X\ in a neighborhood of zero, then

f=o.

Suppose, I5(f) = 0 for all A\ € (0,n), where > 0. Then by Theorem (7| and

Proposition

nA2
0=7ulf) <1+22‘A2)

for almost all A € (0,n), and all n € Z*. Let A be the set of all such A\ € (0,7), and
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B = {)?/(1+2€e2)\2) : X\ € A}. Then in other words

0= Fu(f)(h) Vh e fj nB.
neZ

, we know Ff(h) = 0 for almost all

Since B has full-measure on the interval (0, %)

h € R*. Therefore f = 0 by the Fourier Inversion Theorem.

6.4 X-ray Transform for the Lorentzian metric g,

We repeat the computations from the previous section for the Lorentzian metric, which are
almost identical. The author thinks the two sections can be unified elegantly, but there are
enough differences to warrant repetition for sake of juxtaposition.

Consider the family of left-invariant Lorentzian metrics for € > 0:
Gic = da® + dy® — (1/6)2 e?,
The explicit expression for g;c geodesics is derived in[2.2]

Remark 14. Again we will assume that we have chosen a fixed € > 0.

Let G be the set of geodesics for g;c without orientation, and g;G be the subset of
geodesics having charge A (which is still a constant of motion). Geodesics with A # 0 still
project to circles in the plane, and those with A = 0 project to lines; they only differ from sub-
Riemannina geodesics by an e-dependent velocity in the 7' = 0, direction. Left translation by
any element (z,t) € H is a g;.-isometry, and so H acts on G’ by pointwise left multiplication.

This action does not change the value of \ and is transitive when A # 0.
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We choose a particular geodesic 'ygf to be the one whose projection to the plane is a
unit-speed circular path of radius R = 1/|)\|, and parameterize the set of g;c geodesics having

charge )\ by

(R? — 2¢%)

i€ _ is/R
s (i) () = (Re/m s

>eH; R=1/\ 6.11)

Remark 15. We say a Lorentzian geodesic 7 is spacelike if g;c (7,7) > 0, timelike if g;c (7,7) <
0 and lightlike if g;c (7,7) = 0.
Note that g, (f'yf\e,*}/ﬁf) = 1 — A\?€2. Therefore, fyf\e is spacelike if 0 < A < 1/e,

timelike if 1/e < A\ < oo, and lightlike if \ = e.
Definition 9. We define the X-ray transform associated to the taming metric g;c by

[ F(2, 8 0) = T f(2 1) = /R F (2. 0074(s)) ds, f € Cu(ED). 6.12)
where A € (0,00) \ {1/(v/2¢)}.

Remark 16. We omit the case in which €2\? = 1/2, in which the geodesics are closed. In-
deed, the X-ray transform in this case is just the Heisenberg spherical mean operator studied by

Thangavelu in [49].
Note that
(s + 27 R) = ~i(s)(0, TR? — 27€?). (6.13)
Therefore the isotropy group of fyﬁf for the action of H by left translation on gf\e is
€= {(0,kn(R* — 2¢%) € H : k € Z}.
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We have the identification
G = 1T
(2, )75 = (2, )T,

Remark 17. Again, when A\ = 1, we omit subscripts and write [''¢ = T'%. We will also write

g(z,t), for any function g : H/I' — C, in place of g ((z,)I'¥).

Let d(z,t)[' = dz A dy A dt be the Haar measure on H/T¥, and let Gi° inherit a
multiple of the Haar measure dGi¢ := Adx A dy A dt. Furthermore, let dG' := e~z A dy A

dt A dA.

Note the homogeneity of geodesics with respect to dilation:

51 M (s) =7 (s/A); R=1/A. (6.14)

6.5 Mapping Properties of [
Proposition 17 (Homogeneity of I°“). For f € C.(H), we have

LE() (2, 8) = A (6708 (200). (6.15)
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Proof. This is essentially the same proof as }.6}

I (1/08) (2:0) = 1 (1)08) (A2, X2)
/51/Af /\z  A2E) N (s )) ds
= / f ((Z t)51/A7i€A(3)> ds
= [ 1 tnitrn) ds by ©.19),
:)\/Réi‘/Af (()\Z,)\Qt) “A(As))d
= N f(z,1).
O

Furthermore, in virtually the same way as Proposition 8| we reduce the X-ray trans-

form I’ to one period:

Proposition 18. For any A > 0, Ii¢ : LY(H) — L'(G%) is well-defined, bounded. If X # v/2¢,

then [ ﬁf factors in the following way:

LlH)I—ie> LY(Gi)

x|

& red

Lim/ri) D

where

2rR
Pif(zt) =Y f(at+kn(R?—2%)), I™g(z1) ::/O g ((z,0)5(s)) ds; R = 1/\.

kEZ

(6.16)

Furthermore, I : L'(H) — L'(G%, dG™) is well-defined and bounded.
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Proof. By homogeneity (6.5), and since pullback by d) is bounded in the above L' spaces for
A # 0, it suffices to prove the proposition for A = 1. For this case, we omit subscripts and write
Pie and Iie,red.
For exactly the same reason as (&.8), P maps C.(H) to C.(H/T'*), and
/ Pf (z,t)d(z,t)I = / f(z,t)d(z, ). (6.17)
H/Tie H
So in particular, HPiefHLl(H/Fie) < fllz2 )

For g € C.(H/T%),

||Ii€’redg”L1(g§5) — /g |Iie,redg (Z,t) |dgie
1

2m . .
< [ (e nie) e oreas

/0 i g ((z, t)vie(s)) ds|d(z, t)I‘i6

2m
=[] et a (e onie) ) T
0 Ju/rie

21
= / / g (2, 1) |d(2,t)T"*ds, since H/T"*¢ is unimodular,
0 Jm/ri

= 27T||9’|L1(H/Fie)-

Thus P and I'¢ extend to L' bounded maps. Given f € C.(H), since Pf € C.(H/T*) and

2m
Iie,redPief(th) — /0 Zf ((2;715 + km(1— 262))’}/%6(8)) ds

kEZ

:/0 ”Zf (2, t)yi(s + 27k)) ds, by 613),

kEZ

27
= [ £ oms +2mb)) as

kEZ

2m(k+1) ’
= [ S o) ds = Hpen,

kez ’ 2k
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we have |[I¥ f|| .1 (gie) < 27[| f |1 er)- The third equality follows from uniform convergence of
the integrand on the interval [0, 27r] > s. Therefore i€ extends to a bounded map from L' (H)
to L1(G). In particular one may check, using (6.3), that HI;‘\EfHLl(gg\e) = H[{EfHLl(gie) <

27THfHL1(H)-

Finally we have, for f € L!(H),
L f]lz1(giey ::/gi [T f(2,t,\)|dG*
= [ [ inseplagzeay
0 i
<27 fll gy / e\ = 27| fl 11 e
as desired. ]

We note a Poisson summation formula for P*:

Lemma 10. For f € L'(H), and e\ # 1/v/2,

. )\2
Fuyrie (PS) (), = Fu (f) <|1—712€2A2|) , Vnez*. (6.18)

Proof. Observe that I'® = |A\~2 — 2¢2|I" and apply the Poisson Summation Formula (3.13) with

T =22 -2

O
Observe how the Fourier Transform respects dilations:
Lemma 11. For g € L'(H/T%), A > 0,
Fiyre (039) = A Fayren(9)(n),  Vn € Z*, (6.19)

Proof. Observe that ' = [A\=2 — 2¢2|T", and I'"** = |1 — 26A?|I". Then apply Lemma O
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6.6 Fourier Slice Theorem for [

As before, 1°“™d is a convolution operator by a compactly supported measure. We compute its

Fourier multiplier.
Definition 10. Define the compactly supported measure v on H /T by
[ snaren= [Toarert s ge o=,
H/T 0
Lemma 12. For g € L'(H/T),
Iie,redg — yie % g.
Proof.
) 2 ) 2 ) )
verglet)i= [ g (s ) dr (s = [ ((5071(9) ds = 1z,
0 0

O

Proposition 19. For g € L' (H/T%), if 0 < e < 1//2, then

Fayrie (1I'"*%g) (n) = 207, ( ) o Fyrie(g)(n), Vn €Z7,

1
V1 — 2¢2

and if € > 1/1/2, then

i€, 1e n 1 ’ *
FH/rie (IZE’ dg) (n) =2n(-1)"T, (\/2627_1> OfH/Fi€(9)(n)a Vn e Z’,

Proof. Applying the reduced Fourier Transform to I'“™(g) = 1% x g for € # 1/+/2, we obtain

Fie (Ik’redg) (n) = ]:H/Fis(Vie)(”) o Jie (9)(n).
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So it remains to compute

'F]I-]I/FiE (Vi€) (n) = Bn/\l—?ez\('z?t)*dye(zat)
H/Te
2w ) N
=/ Bujii—2e2) (Yi(s) ™) " ds
2

= Buyii—2e2) (Vi(s)) ds,  since B,/ is a unitary rep,
0
= ; ﬁn/|1_2€2| (6“, ;(1 — 262)> ds.

For e < 1/\/5,

ie °n is S 2
Frric (I/ ) (n) = Bn/(l_gez) (e ,5(1 — 2¢ )) ds
0

27 1 )
/0 ’ (%1 —2¢2 2)
1
S oriz)
1 — 2¢2
Fore > 1/v/2
F e (1/“) (n) = ; Brj(2e2-1) (e’s, S(1—2e¢ )) ds
o “\W2ez—1 2
— i(s+m) _stm ) g
- n € ) S
/—7‘( B < 262 -1 2 >
T -1 )
_ » ezs,_g T g
/_,r b ( 2¢2 — 1 2>
( 1)n /7r 6 ( 1 1S s)*d
=(— | ————¢"%, % s
. 22 -1 2
27 1 ) *
=(-1)" n | ———¢",2 | ds
S 6(262_1 )
_ (—1)”] < 1 >*
- "\V2e2 -1
as desired.
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We may now prove the Heisenberg Fourier Slice Theorem for g;e:

Theorem 9 (g;. Heisenberg Fourier Slice Theorem). If f € L'(H), and € > 0 then for 0 <

A < 1/(v/2€), (note that all such geodesics are spacelike)

. n 2
Fayrs (I f) (n) = (27/N) Tn (@) o Fu(f) (1—21%2) . VYneZ*, (6.20)
and for 1/(v/2€) < ),

Fayrs (IEF) (n) = @ /(=" (1) o Fu()) (’”) -

Proof. We start with A\ = 1. Combining Proposition [I8|and[13]

Fpie (Iief) =217y <1> o Fu(f) (n) Coe<1/V2 (6.22)

Ny 1 2&
Frrie (I'f) = 2n(=1)"Tn (\/2617_1> o Fu(f) <1_71262> ;oe>1/V2

Now, exploiting homogeneity of I, if e < 1/(\v/2), then

Fiyrg (IF) (n) = X Fg e (5§I{EA (5T/,\f>> (n), by Propositoin[I7
= )‘75]:H/Fid (Ife/\ <5T/Af)> (n), by Lemma [L]]
1 n
=20 | =5 I 5 22
™ <m>ofﬂ(5l/m<1—2ew>’ by (6:22).
/N (— Falh) (2 by L
= —_— @] —_—
A T —2ene ) T\ T ) y Lemma
and (6.21)) follows by the same homogeneity argument with € > 1/(Av/2). O

Proposition 20. Let € > 0 and n € Z* be fixed. Then J, <\/|11272A2> : 'H — H is injective

for almost all A > 0.
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Proof. Setr = \/ﬁ By Corollary the operator 7,,(r) is injective if and only if nr?

(n)

is not a zero of Lj for any j € N. Since there are only countably many such zeros, the

proposition follows. O

Theorem 10. For all ¢ > 0, the Heisenberg taming X-ray transform I : L' (H) — L' (G, dG®)
is injective. In particular, if f € L'(H) and If\e = 0 for all X in a neighborhood of zero, then
f = 0. Furthermore, if neighborhood if sufficiently small, the X-ray transform integrates exclu-

sively over spacelike geodesics.

Suppose, Ii€(f) = 0 for all A € (0,7), where 0 < i < 1/(1/2¢). Then by Theorem

[9)and Proposition [20]

)\2

for almost all A € (0,7), and all n € Z*. Let A be the set of all such A € (0,7), and

B = {)?/(1 —2€2)\2) : X\ € A}. Then in other words

0= Fu(f)(h) Vh e G nB.
neZ

Since B has full-measure on the interval (0, %), we know Fygf(h) = 0 for almost all

h € R*. Therefore f = 0 by the Fourier Inversion Theorem.

Remark 18. Note that in the Theorem by taking < 1/(v/2¢) < 1/e we restrict to space-
like geodesics. Therefore only integrals over spacelike geodesics are needed to determine a
function f € L'(H). However, inasmuch as the (I, g;c) models a real spacetime, sampling

over such geodesics is not physically realizable.
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In the timelike case, when A > 1/¢, we have

n\2
2¢2)02 — 1

i '<, n e Z*.

In
2¢2 — €2

Therefore we conjecture that the kernel of Lorentzian X-ray transform restricted to timelike
geodesics is the set of all f € L!(H) whose Fourier Transform Fy f(h) is supported on || <
(2¢)~L
6.7 SVD Computations
For 7 > 0 the space °L?(H/7T) has orthonormal Hilbert basis given by the functions

T_lm;-‘k(z/ﬁ, t/T); j,keN, nelZ” (6.24)
with respect to the inner product

TT
o = [ [ Fe vtz
which is seen by rescaling (3.22).
6.7.1 SVD of ]E’red‘olﬂ (H/T)
Proposition 21.
1o [P(H/T¢) — LP(H/T°)

with 1 < p < oo is well-defined and bounded.

Proof. This follows from the fact that /¢™dg = 1€ % g and that ¢ is compactly supported. [
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Proposition 22. 7™ preserves the orthogonal decomposition in Lemma ie.
19 12y« L*(C) — L*(C) (6.25)
I9 %Yo o g ypey : O L*(H/T) — O L*(H/T). (6.26)
Furthermore, the restriction 774 r2(c) 18 essentially 27 times the Mean Value Transform A/ L

Proof. For f € L?(C),

2w .
P () = [ (0 0/2)) a9
2 . .
— / f (z +e? t+0(1+2¢%)/2 + iIm (26’9>) do
0
21
:/ f(z+ew)d0:27rM1f(z),
0
and so I¢™df ¢ L2(C).
For g € °L?(H/T*),
T T 27 ) .
/ 190%g (2, £)dt = / / g (=4 e 04001 +2%)/2 + bim (26 ) d
0 0 0
27 pm .
_ / / g(z + & 1)dtdo = 0,
0 0
so that I¢™dg € OL2(H/T¢). O

The functions

€n V n n/(14-2€2)
my, (z,t) := mMjk (2,t)

obtained by setting 7 = (1 + 2¢?) in (6.24), are an orthonormal Hilbert basis of ° L2 (H/T¢).

Theorem 11 (SVD of Ie’red‘0L2(H/Fe)). Forall j,k € Nandn € Z*,

e,red €n n/(1+252) €n
I ’OLQ(H/Fe)mjk = 27TM],]+|'IZ| (1, O)mj_i_‘n"k
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where

: [nl|/2 —|n|/2

n/(14262) n 7! || (np) (7| 5

M 1 = (-1 L — 2¢
i3 +In| (1,0) = (1) (7 + In|)! <1+26 J o

Proof. By multiplicativity of the matrix coefficients,

and

/ MO (46(6)) do = / M) <6i9,0(1+2€2)/2) 0

:/0 "0 (¢,0) o

= 21| + j — )M/ (1,0,

where the last equality follows from Lemma|§| with 7 = 1 4 2¢2. Thus

e/ 0426) / M/ (2, 0)95(0)) do

. n/(1+2€2) n/(14-2¢2)
= 2mM; i) (1’0)MJ+\TL|J€ (21)

Vinl

m(14+2€2)

Rescaling by the normalization factor yields the result.

O

For n € Z* functions f(z,t) € 7—[”/ (1+2¢%) C*°(H) are periodic in ¢ with period

7(1 + 2€2). Thus, we may identify Hn/(IHE ) with a subspace of L2(H/T"¢). In fact

Y2 @ H O

JEN; neZ*

This is essentially (3.22).
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Corollary 5. 74|, r2(H,Te) decomposes as a collection of weighted shifts on the spaces of

matrix coefficients

e red L aym/(142€2) n/(142€2)
I |H?/<1+252) : Hj — Hj+|n|

where component each is essentially a multiple of powers of the creation operator:

Is,red’ - QW(_Un ]‘ ‘n‘ nl/2 L(|”|) ‘n‘ e;':;‘g (_7)
7—[?/(”26 ) (7 +|n)! \ 1+ 2€2 J 1 4 2€2

6.7.2 SVD of [, L2(H/T€)
Proposition 23.
14 LP(H/T™) — LP(H/T")
with 1 < p < oo is well-defined and bounded.
Proof. This follows from the fact that [*“™dg = 1 x g and v*¢ € &'(H/T"%).

Proposition 24. '™ preserves the orthogonal decomposition in Lemma ie.

Ik’red‘lg((c) : L2 ((C) — LZ((C)

"o po g piey : OLP(H/T™) — OL2(H/T™).

(6.27)

In|

(6.28)

(6.29)

(6.30)

Furthermore, the restriction 7?4 r2(c) 1s essentially 2 times the Mean Value Transform M L
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Proof. For f € L?(C),

21
Ize red‘ 2((C / f z@ 0/2)>
0
21
:/ 7 (=€ 4001 - 2) /2 + bim () ) a6
0

/%fz—i—ew do = 2r M f(2),

0
and so '™ f ¢ [2(C).

For g € "L?(H/T),

T s 27
/ I’E’redg(z, t)dt = / / g (z +e ¢+ 6(1 — 262)/2 + %Im (§€i9>> dfdt
0 0 0
/27r /7‘(

g(z + € t)dtdd = 0,
so that [*¢™dg ¢ O L2(H/T%).
Fore # 1/ V/2, the functions

i€, n(z t) V |n| Mn/(1_262)(z,t)

ik Tl — 2¢€2|
obtained by setting 7 = (1 — 2¢2) in (6.24), are an orthonormal Hilbert basis of L% (H/T"%).

Theorem 12 (SVD of I'“™|o 2y pic)). Suppose € # 1/v/2.

Timelike case: if € € (0, %) then for all j,k € Nandn € Z*,

d . n/(1—-2€2) i€,
IZG xe ’OL2 H/er) =27 M] ]+|TL| (1, 0) m;E_FT‘Ln',k

where

B 1] In| In|/2 In| —|n|/2
M2 (1 0) = (1) | 2 AL (P L S [P e =
el (1) = (=1) (G + [n)! \1 — 22 i \1-22)°
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Spacelike case: if € € (%, o0), then for all j,k € N andn € 7,

T o g rieyms™ = 2 M2 (1,0) mien

=Inl| j=Inl.k
where
n/(1-22) w JG=InDY (ol NV gy (Il g
Mt (1,0) = (=1) 51 <2e2 — 1) Lj <2e2—1> ety
and where we set Mn]/(llnfe ) (1,0):==01ifj—|n| <O.
Proof. By multiplicativity of the matrix coefficients,
MO (2, 08 ZM"/ 0229 (yie(9)) M/ 72 (2, ).
If e £ 1/\@, then
/ MO (yie(9)) db = / MO (e (1 - 262)9/2) d9

:/0 et A1/ (1-2) (ei9,0> d6

S(In| +5 1), ifee(0,%)
= 200/ (1,0) V2
(|n| +1—17), ifee(%,oo).

1
so for e € (0, ﬁ)
I“redN”/l 2¢2) / Mn/(l 2¢2) (=, )<(6)) do

. n/(1—2¢€2) n/(1—2¢€2)
=2m Mg (L) My (21

and for € € (%,

00),

2w
Iie,redM;Lk/(17262) (Z, t) = /O M;Lk/(17262) ((Z, t)r}/ie (0)) do

n/(1-2€2) n/(l 2¢2)
= 27 M5 (1,0) M j—Inlk (2,1)
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Rescaling by the normalization factor ”_'"'2 yields the result.
m[1—2€2]

For n € Z* functions f(z,t) € ”H?/ (1-2¢%) C°°(H) are periodic in ¢ with period

9 . . n/(1—2¢%) . 2 i€
|1 — 2¢%|. Thus, we may identify 7, with a subspace of L*(H/I"¢). In fact

072 e\ ~v n/(1-2¢%)
L2 fH H .
JEN; neZ*
Corollary 6. ¢, r2(H/Tic) decomposes as a collection of weighted shifts on the spaces of

matrix coefficients:

If e € (0, 12) then

S

n/(1-2€2)

ie,red 4/ (1-2€2)

J

6.31)

where component each is essentially a multiple of powers of the creation operator:

Iz'e red| 9 ( 1)n ]' |n| nl/2 L(\”D |n| (Ilng‘/;) ( Z)VL‘
’ o2y = 2m(— - . —— | ell72e — .
g/ (17262 (G + In|)! \1—2e2 i \1-2¢

Ife € (%, 00) then

n/(1—2¢€2)

iered L qm/(1-2€2)
I ’Hn/(1_2€2) . H] — 7_[]—|7’L|

J

(6.33)

where component each is essentially a multiple of powers of the annihilation operator:

‘ ) In| nl/2 In| —Inl/2
Ize,red =21 (—=1)" (] |n|) L(‘nl) 5 9 1 (2% -1) Z|n| .
|H;L/(17262) m(=1) 4! 2¢2 — 1 J 2¢2 — 1 €

(6.34)

O]
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Part IV

Future Work
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Chapter 7

Next Steps Regarding /)

7.1 Stability and Smoothening Properties

It is well-known that the Euclidean X-ray transform in a disc R" is a smoothening operator

of order —%, and that the transform is stable. This amount to showing the X-ray transform in
bounded above and below with respect to the right Sobolev norms. The natural question is to
prove the analogous theorem for the Sololev spaces associated to the Heisenberg Laplacian. See

[9][12].

7.2 Explicit Inversion Formulas

For n € 27+ 1 one might expect to choose a left inverse of 7, (such as J,, ' := (J* J,) 1 Tn)

and apply the Fourier Inversion theorem to

(A2m) T, Fayry, (IAf) (n) = Fu(f)(nA?);  f € S(H); n € 2Z+1
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(with h = n\?) to obtain an inversion formula for I f.

n2 0
3 Z /0 Tr (Bonn2(q) © Ty ' o Fuyr, (Inf) (on)) MdX\ = f(q); f € S(H).

o=%1

However, the operator 7! is not exactly explicit. Furthermore, since 7, is compact, its inverse

is not bounded and therefore this is not a stable inversion formula. Fortunately, the inversion

formula is completely independent of n. We expect that the right approach to a more explicit

and stable inversion formula is to find a ”generating function” for the family of operators of the

form

Zanjn:lC; a, € C

nez*

where K : H — H is bounded below. We have, for example, that

Toomi | oellr — 5

S () gur) = = f EEE D pen
n=1

counterclockwise over |z| > [(].

7.3 Support Theorems

(7.1)

Proving Helgason-type support theorems for the X-ray transform should be a straightforward

application of the Paley-Wiener theory developed in Chapter 2.4 of [50]], which relates support

properties of a function f on the Heisenberg group to decay properties of ts Weyl transform

W .
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Part V

Appendix
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Appendix A

Further Results in Heisenberg Geometry

A.1 A characterization of left-invariant geodesics on H

We show that sub-Riemannian geodesics are 1-parameter subgroups of the Heisenberg Motion

group:
Definition 11. The Heisenberg Motion group HM = H x U(1) has the multiplication law
((z,t);ei9> ((w,s);ew’) = ((z,t)(eiaw,s);ei(“‘ﬁ)) : (A.1)

Let X =0, — %y@t, Y =0,+ %x&t, and T' = 0, be the standard left-invariant vector

fields on H, and Dy, ;) = Span, ;) {X,Y }.The standard the left-invariant vector fields on H M
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are

X =cos0X +sinfY

X, = —sinfX + cos Y

Definition 12. We say that a left-invariant nondegenerate bilinear form on 7'H is compatible

with the sub-Riemannian metric g := dz? + dy?|p, if its restriction to D agrees with g.

Theorem 13. The compatible metrics for the sub-Riemannian metric on the Heisenberg group

are exactly the family of left-invariant Riemannian metrics,

ge = da® + dy* + (1/%)©? (A.2)
together with the family of left-invariant Lorentzian metrics

Gic 1= dz’® + dy* — (1/€°)0? (A.3)
forall e > 0.

Theorem 14. Every complete geodesic for g., gic or g on H is a projection via pr : HM —
H; (z,t;e%) — (2,t) of a 1-parameter subgroup of HM to H or its left translate by (z,t; e?).

In particular, if

v(s) = (Zat;eie)esweHM; W=X+cI'+AV;c,AeR
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then the curve (defined for A = 0 by taking the pointwise limit as A — 0),

eirs — 1 AS — sin As
pro~(s) = i aCS—FT )

1) is a geodesic for the Riemannian metric g when ¢ = €2\,
2) is a geodesic for Lorentzian metric g;c when ¢ = —€e2\,
3) is a geodesic for sub-Riemannian metric g when ¢ = 0.

Furthermore, the projection of every I-parameter subgroup on HM is a geodesic for the sub-

Riemannian or a compatible metric.

Proof. Since the quotient
g: HM — SE(2) : (z,t;eie) = (2 ) (A4)

is a homomorphism, we have

¢+ X = cos 80, + sin 00, (AS)
¢:X| = —sin 69, + cos 00, (A.6)
T =0 (A7)
@V =0y (A.8)
sW

If v : R — HM is a l-parameter subgroup, then sois goy: R — SFE(2),i.e. goy(s) =e

for some W € se(2) on. There exists constants ¢, A € R for which

Y(s) =X+cT+ AV, VseR. (A9)
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Then since,

d d /

W= @‘fswbzo = (go7(s)) |s=0 = dg o (v'(0)) (A.10)
= dq (X) + cdq (T) + Mg (v) (A.11)

= X+ M.V (A.12)

which is the magnetic vector field for a constant magnetic field in R?, we have

etrs _ 1 .
qgory(s) = ( o ;eMS) € SE(2) (A.13)
Thus
6Z>\S —1 Y
v(s) = ) ,t(s); e € HM (A.14)
{

for some undetermined function #(s).
Let © = dt — 3 (zdy — ydz) = dt — 3Im (Zdz) be the contact form on H with Reeb

field T'. Then since O(7") = 1 and vanishes on the other vector fields, we have

c=0(v(s)). (A.15)
Then
S S 1
s — / 0 (v(r)) dr = / Pirydr — / Im (2d2) (A.16)
0 0 2/,
and since ¢(0) = 0 (because (0) is the identity in H M),
1 1 [ As—sinA
t(s) = cs+ 3 /Vlm (zdz) = cs + 3 <32)s\12ns> (A.17)
from which we obtain
e — 1 As —sinAs
7(S):< UL VR ) (A18)
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When ¢ = €2, the projection of (A.18) to H is the equation for a Riemannian geodesic for the
metric g.. When ¢ = —e? it is a Lorentzian geodesic for g;c. When ¢ = 0, it is a sub-Riemannian

geodesic for g. O

A.2 Exponential Map for Heisenberg Geodesics

The sub-Riemannian flow maps from the unit cotangent bundle U*H := H~! (%) to itself. We
work in the left-trivialization of the unit cotangent bundle: U*H =2 H x S' x R 3 (2, t, e, A).

The exponential map exp : R x U*H — H is given in these coordinates by

(ew(ei*;—nj As—;i}\r;(As)) A£0

exp, 1) (s(ei‘b,A)) = (z,1) . (A.19)

(sew, O) A=0
(see [34, Ch. 1]), which describes the unit-speed geodesic with initial point (z,¢) whose pro-
jection to the plane is a counterclockwise circle of radius R = 1/|)\|, and has initial velocity in
the direction of ¢ if A > 0, and ¢ + 7 if A < 0. If A = 0 this projection is a strait line in the

direction ¢. The geodesics in (I.1)) are obtained by rotations and left translation of (A.T9).

The Riemannian exponential map exp® for g, is given in the same coordinates by

expiz’t) (s(eid’,A)) = exP(. ) (s(ew’, )\)) (0, €% \s) (A.20)

(see [34, Thm. 11.8] for an explanation). Because we are using cylindrical coordinates in the
fibers, neither of these exponential maps describe geodesics with initial condition strictly in the
A direction. In the case of g, these geodesics are fixed points in H, and in the case of g, these
geodesics are integral curves of the Reeb vector field e2\T". In both cases, the X-ray transforms
are inverted without considering these geodesics.

91



A.3 The Space of Geodesics as a Symplectic Reduction of the Cotan-

gent Bundle

Proposition 25. G is the symplectic reduction of the cotangent bundle 7*H by the sub-Riemannian

flow.
We will use the following lemma.

Lemma 13. Suppose G is a Lie group acting continuously on a manifold M. We say this action
is proper if the map G x M — M x M; (g,p) — (g - p,p) is a proper map. That G acts
properly on M is equivalent to the following statement:

If {pi} is a sequence in M and {g;} is a sequence G such that both {p;} and a {g;-p;}

converge, then a subsequence of {g;} converges.
See, of example [29]. For the following theorems on symplectic reduction, see [[1]].

Definition 13. Suppose G is a Lie group with a Hamiltonian action on a symplectic manifold

(M,w). A moment map p : M — g* is a map for which

(dpp, A) = ta,w;  pEM, Aeg (A.21)

pgp = Adgu; pe M, geq. (A.22)

Here (,) : g* x g — Ris the dual pairing. We also implicitly use the identification 7}, g* = g*

and let dyy, : T,M — g*.
Theorem. Suppose G is a Lie group having a Hamiltonian action on a symplectic manifold
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(M, w) with momentum map 1 : M — g*. Further suppose 1 € g* is fixed by the coadjoint

action of G. If the action is smooth, free and proper on u=1(n), then

1) u=t(n)/G is a smooth manifold of dimension dimM — 2dimG, and w : p~'(n) —

pw=Y(n)/G is a principle G-bundle.

2) There is a unique symplectic form w™ on p~='(n)/G for which 7*w™? = i*w. Here

i:pu~t(n) — M is the inclusion map.

Proof. R acts on T*H via the sub-Riemannian flow ¢ : R x T*H — T*H; (s, (q,p)) —

¢s(q, p). By definition, this action is Hamiltonian for

H= % (P% + P?). (A.23)

Furthermore, for trivial reasons, H : T*H — R is a momentum map for the action of R by the

sub-Riemannian flow. Indeed,
dH = ixw (A.24)
and

H (s-(q,p)) = H (vs(q,p)) = H(q,p) = AdgH(q,p) (A.25)

where the last line follow from the fact the Ad’ = Idg. If we take = 1/2 then 7 is coadjoint
fixed since the coadjoint action of R is trivial, and H~*(3) = U*H.

Because R acts on T*H by the flow of a smooth vector field, the action is smooth.
Since the geodesics exist for all time and none are closed, the action is free. Suppose the action
is not proper on U*H. Then these exists sequences {s;} and {(¢; 0;,A\;)} in R and U*H,
respectively, for which
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e {(qi; 0;, \;)} converges asi — 0o
o {vs,(qi; 0, \i)} converges as i — 0o
e {s;} has no convergent subsequence.

We may assume without loss of generality that |s;| — oo asi — o

By (2.3), we have
0. (a5 05, M) = (a5 €%) s, (00, \i) (A.26)

Therefore ¢, (0;0, A;) converges as i — o0.

Passing to a subsequence of {);}, if one such exists, suppose A; = 0 for all i = 1,2, .... Then
vs;(0;0, ;) = (s4,0;0,0), i=1,2,.. (A.27)

which doesn’t converge since |s;| — oo as i — 0o, a contradiction.

Otherwise, passing to a subsequence of {\;}, suppose A; # 0 forall i = 1,2, ... Then

eisi — 1 \;s; —sin \;s;
N 2\

@Si((); 0, /\Z) = ( N )\Z'Si, >\z> s 1= 1, 2, (A.28)

But the term m%?’\m does not converges as i — oo since {\; } converges and |s;| — oo, a
contradiction.

Therefore, R acts properly on U*H. By the Marsden-Weinstein-Meyer Theorem,
G = U*H/R is a symplectic manifold with the unique symplectic form w™? for which Wéwred =

i7r.gw. Here ig+y : U*H — T™H is the inclusion map, and g : U*H — § is the quotient

map.
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We compute the symplectic form on G in a specific coordinate chart. The coordinate
function Pr : U*H — R; (2,¢;60,A) — A is continuous. Since A is a constant of motion, Pr
descends to a function on G. Because ng : U*H — G is a smooth submersion, Pr : G — R is
continuous. Thus G := P (0, 00) is an open submanifold of G.

The inclusion iy« : U*H — T*H induces the relations Py = cos, Py = sinf,
and Pr = A, where 6 and A are the angular and vertical variables of the cylindrical fibers in the

left-trivialization U*H = H x S! x R. We then have
irregw = (cos Ody — sin Odx) A df + Adx A dy + O A dA. (A.29)

Define the maps
H x (0,00) Y, UH

\ lﬂ'g
where U(z,t,\) = ((2,t);0,A) € U*H and ¢p = mg o ¥. Then by inspecting the expression
for the geodesic flow (2.5), we see that U(z,¢,\) = U(Z/, ¢/, N) ifand only if z = 2/, A = X
and t = ¢ (mod /A?). Thus v : H x (0,00) — G, is an injective smooth submersion, and

hence a local diffeomorphism. In the coordinates above, we have

w*wred (7‘(‘(_;0\1/)* red — U * red

=U* (w

U*H)

= Az Ady+ O Ad.
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Therefore, if we define dvolg := % (wred A wred), then

w*dVolg ::%(b* (wred A wred) _ %¢*wred A ¢*wred
=Xdx Ady AdO A dX

=Adx Ady A dt A dA.
So in the above chart for G we make the identification
dvolg = Adx A dy N\ dt A dA. (A.30)

The symplectic manifold G is foliated by leaves G, = P L(X\). For A # 0, the volume form on

G is given by

dGy = tg,dvolg = Adx A dy A dt.
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Appendix B

Representation Theory

B.1 Schrodinger Representation
Recall the definition of group multiplication on H 2 R3,

(z +iy, t)(u+iv,s) = (+u+i(y+v),t+s+ 3(zv—uy)),
and its left invariant vector fields

X:(?a;—%y(?t Y:8y+%x8t T = 0.

There is a unique unitary action of H on L?(R) for which respectively x, i and z act on

¢ € L*(R) via
T2p(€) := p(€ + x) myp(§) := e p(¢) itlp(§) := itp(S).
Their infintesimal actions are given by
px X = O pxY =€ o =1l
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Define the Schrodonger representation p : R? — U(L?(R)),
pla,y, )p(€) = WOHVEHDp(g) o € LA(R).
A application of the Baker-Campbell-Hausdorff formula gives
€x8§+yi§+til¢(€) _ ei(t—gxy)%mygp(g) _ eitei(xy/2+y§)gp(5 + ).
Consider the family of automorphisms of the Heisenberg group
S_i(z,y,t) := (v, ~y,—t), I 5(x,y,t):= (Vha,Vhy, ht), h > 0.
Then for h > 0,
Phi=pod /5
poni=pod oSy

are irreducible unitary representations of H. These representations are pairwise inequivalent,
and by the Stone-Von Neuman theorem, exhaust all irreducible unitary representations for which

the center of H acts nontrivially. Furthermore,
pen(@,y, (&) = FTRVPVIE) o ¢ 4 Vi), (B.1)

Theorem 15 (Stone-von Neumann). Every unitary representation of H is unitarily equivalent

to one and only one of the following representations.
i) (z,y,t) € H pp(x,y,t); h € R\ {0}
i) (z,y,t) € Hw— /@y € n e R,
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B.2 Fourier and Weyl Transforms

Since we will see later that the representations in (i7) are negligible in the spectral decomposi-
tion of f € L%(H), our definition of the Heisenberg Fourier Transform does not include them.
Here we use f (h) to denote the Fourier transform defined using the Schrodonger representa-

tions.

Definition 14 (Fourier Transform - Schrodonger Representation). For a function
f € L' N L2(H), it’s Heisenberg Fourier Transform f (), for h # 0, is the operator on L2(R)

given by

f (e} = /H F(2 pn(z ) {p}dzdt, o € IA(R)

:/ Fla 4 iy, t)ethTvE /2 o (¢ — p)dadydt
H
which we will show is a Hilbert-Schmidt operator on L?(R).

We care about this transform because it’s inversion formula gives a useful spectral
decomposition of f € L2(H). Note that py,(z,t) = e py,(z,0), so the interesting part of f ()

is not in the ¢ direction:

f(n) = / F(z,t)e™ M pp(2,0)*dzdt

CJR

= | M2)pn(2)"dz,
C

where f'(z) = [ f(z,t)e~™dt, and py,(2) := pp(z,0). Thus, lets momentarily consider

Definition 15 (Weyl Transform). For a nice function g € L' N L?(C), its Weyl Transform
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Wh(g) is an operator on L?(R) defined for h # 0 by
Wilole} = [ ook ¢ e IR)
= /]R2 g(x + iy)e'VEFTD o (¢ + 2)dady
= /]R2 gla — & +iy)eV D () dady

Set h = 1 for now and denote the Weyl transform by W (g). Then for ¢ € L?(R)

W(g)p(€) = /R K& n)p(a)de,  Kyl6x) = /R g(r — E)e2" &y (B2)

Lemma 14. W), extends to an isometric embedding of L?(C) into Hilbert-Schmidt operators

on L*(R, 2rh~'dh).
Proof. For g € L' N L?(C), we have
IWalhs = [ 1Ky6.)dedo
=) [ lato.9) Py,

where the last step follows from the Euclidean Plancherel Theorem. For h # 0, this generalizes

to

IWh(9)Iirs = 27h ™ |gl[72 () - (B.3)
O]

Proposition 26. Since W},(g) is a Hilbert-Schmidt operator, it is also trace class. We may

recover g € S(C) via

tr(pn(2) Wi(g)) = (2m)|h|~"g(2). (B.4)
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Proof. First,
p(w) W (g) = /C 9()pn(—w)pn(2)dz
- /(C gz + w)e™ 5 gy ()
=W(gw),  gu(2) = g(z +w)e M@=,
Then, since K, (£,£) = [5 gw(z,0)e™ dz,

tr(p(w) W (g)) = /R K, (€.€)de

_ /R /R o, )™ dade

—27g,,(0) = 2mg(w)

O

Therefore g — W (g) is a one to one map from L?(C) to the set of Hilbert-Schmidt

operators on L?(RR).
Theorem 16 (Plancherel). If f € L' N L?(H), then
11y = @x) [ 17 bl

Proof. Note that f(h) = W, <F)* Then

1/ Wiz = [IWafPlIzs = @m)Ial = 212y = @m)RITHI e e

SO
/ ()| 2ys(2m) 2|l =(27) ! /R 17 (2) 2y
111
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where the last step follows from the Euclidean Plancherel theorem.

Theorem 17 (Fourier Inversion - Schrodinger Version). If f € L' N L?(H), then

f(z,t>::lA;tr[ph<z,t>f<h»]<2w>2|hwdh

Proof. Use Propositionand the fact that f (h) = Wy (ﬁ) )

B.3 Fourier-Wigner Transform
Given ¢, € L?(R), consider the function
Val,2) = (2m) 2 (p(2)0, %) ey
This is called the Fourier-Wigner Transform of ¢ and . It is given explicitly by
Volthz) = )™ [ (e 42000 = a2
Theorem 18. Let f, g, ¢, be in L*(R). Then

(Ve (¥), Vi(9)) = (¢, /)(9:9)-

Proof. By the usual Plancherel Theorem in the y variable

Vot 2lltxey = | [ 2m!

// (y + 2/2)¢(y — x/2)dzdy

2
dxdy

Fe (o6 +2/2)0(E—2/2)) ()

= llellZ 2w 191172z

The claim follows by polarization.
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B.4 Harmonic Oscillator and Hermite Functions
The operator
H=—Agp+[¢*: S(R) = L}(R) (B.10)
is called the quantum harmonic oscillator Hamiltonian. If Ay = X2 + Y2, then
(pn)+(—Am) = |h|H, (B.11)

which is why we care about H. L2 (R) has an orthonormal basis of eigenvectors for H, given

by the Hermite functions indexed by £ = 0,1, 2, ...:
k_x2/2 d" —x? k —1/2
V() == cp(—1)%e" /*—— (e ) , cr = (2°V/7k!) . (B.12)
Their eigenvalues are
Hepy, = (2k + 1)y (B.13)

Alternately, induction on the product rule yields

Do) = (<0, + ) e = o (4 o), (B.14)
where
A*:\g <—di+x> A::12<;;+x>. (B.15)
In fact, for k > 0,
Ahjyr = VE + 1hy, Aty = /(k + Dl (B.16)
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Remark 19. For Z, Z defined as,

Z = % (X —iY) 7 = % (X +1iY), (B.17)
we have
P <\/§Z> —A o <\/§Z> — A (B.18)

These creation and annihilation operators are related to the Harmonic Oscillator in

the following ways

. 1/~ ., 1/~
AAf§<H—I) AA fi(H+I), (B.19)
Furthermore
AH =2AA*A+ A HA=24A*A—- A (B.20)
HA* = 2A*AA* + A* A*H = 2A*AA* — A*. (B.21)
Combining these, we obtain
[A,H] =24 [A*, H] = —2A%. (B.22)
which are equivalent to
HA= A(H - 2) HA* = A*(H + 2). (B.23)
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B.S5 Bargmann Transform

Definition 16 (Bargmann Kernel). Define the kernel B : R x C — C,

)= Yp(a)wp(w)
k=0

o0

Hy(x) 2 wh
= E—— —_—
=0 V2kl/2k) VE!

1 — w\f
wl/kz_: /)

_ L saw/ v —(w/ V)2 a2

xl/4

1 1 1
= efi(wfﬂw)QeﬁwQ
l/4

The series converges uniformly over compact subsets of C.

Definition 17 (Bargmann Transform). The Bargmann Transform takes functions f € L? (R) to

entire functions B f(w) on C. Let

Bf(w) := [ B(x,w)f(z)dz (B.24)
R
1 1, 2 _Ll(p_ 2
=t /Rf(x)e 2R g, (B.25)
Remark 20. The constant 7~ 1/4 is a result of out normalization choices for the inner products

on L?(R) and H.

Note that, by construction,

By, = wy. (B.26)

Theorem 19. The Bargmann Transform is an isometric isomorphism of L? (R) and H.
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Proof. By the dominated convergence theorem

= (f, r)wr(w (B.27)
k=0

Hence B, = wy,. Then B maps the orthonormal basis {hq, h1, ...} of L? (R) to the orthonor-

mal basis {wo, w1, ...} of H. In particular,

/ Bf(w)Pe " dw = f vn)? / | (@) *da (B.28)
Therefore B is an isometric isomorphism from L? (R) to . O
Theorem 20. B : L?(R) — H intertwines paj, and (.

Proof Sketch. Since pop, and (5j, vary by precomposition of Heisenberg automorphisms as h
varies, it suffices to prove the proposition for h = 1. One may check that B,(A) = (1/v/2)9;,
and B, (A*) = (—1/v/2)¢. Thus B, o (p2)«(Z) = B+«(Z) and B, o (p2)«(Z) = B.(Z). B

integrating these relations, one may obtain
Bops(z,t) = B(z,t) o B; (z,t) € H.
O

Corollary 7. The matrix coefficients for the Schrodinger representation ps with respect to the
Hermite functions {t} are the same as the matrix coefficients of the Bargmann-Fock repre-

sentation 31 with respect to the standard basis {wy}.
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Proof.

(P2h(2’t)¢ja¢kz)L2(R) = (Bpan(2,t)j, BYg)y, , by Theorem
= (Bn(z,t)BYj, B), , by Theorem
= (Bn(z,t)wj,wr)y,, by (B.26)

= M;—Lk,(z,t).

In particular
My(2,0) = (pl(\fzz, 0)¢;, zpk) — V27V, (wk, fzz) (B.29)
One may also alternatively define the Weyl Transform using the Bargmann-Fock representations
Wi(g) == /C 9(2)Bn(z,0)dz : H — .
Then W is related to the usual Weyl Transform via
Wy, = Bo Wy, 0 B~ (B.30)
We then have an analogous inversion theorem for Wh:

tr (Bh(z,O)*Whg) = k| g(2). (B.31)

B.6 Infinitesimal Representation

Define the complex vector fields on H

1 — 1
7= 5 (X —iY), 7= 5 (X +iY)
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where X and Y are given in (2.1). Then 55, : H — U(H) is the unique strongly continuous

unitary representation of H on H for which, on the level of Lie algebras,
(Bn), Z = Vhoy (Bn). Z = —VIC. (B.32)
Note that ¢ and O, are the creation and annihilation operators on . One may check that

Bulz,t) = 2iht+V/h(z0¢—%C)

is the same as (3.1).

B.7 Alternate Conventions

Folland [10] defines the Bargmann-Fock representation on the 1-parameter family of Hilbert

spaces
Hh = {F € Hol(C) : h/ lu(Q)2e ™ q¢ < oo}, h >0,
C

and H" := {F:Fe?—['h‘}forh<0.

For h € R* and A > 0, the maps

Sy H — HM S(F)(¢) :==F(V/'A()

c:HY =1 c(F):=F

are all isometries.

Folland defines the Fock representation, for h > 0, as
BEOI(Z,t)F(g) — 627rhit77rh§777rh|z\2/2F(C + Z), Fe th
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and B (z,t) = co ﬂﬁfﬂ (z,—t)ocfor h <O0.
Our definition is rescaled so that every 3}, acts on the same space % = H/™. Follands

definition, ﬁg"l, is related to ours via
Fol -1
ho (Zat):‘s’ﬂ‘hoﬁﬂ’h (z7t)oSﬂ'h’ h > 0.

An advantage of this convention is that as h varies, 3 varies by precomposition with automor-

phisms of H:

Bu(z,t) = B1(Vhz, ht), forh >0
Br(z,t) = ﬁw(?, —t), forh <O0.
Fol

Granted, an advantage of Folland’s definition is that the Fourier transform defined with (3;

does “converge” to the Euclidean Fourier transform as h — 0.
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Appendix C

Special Functions

C.0.1 Bessel Functions

The classical Bessel function of order n is defined by

2
Jn(r) = /O eircos Hefineda.
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