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Abstract

Unraveling Geodesic X-ray Transforms on the

Heisenberg Group

by

Steven P. Flynn

We initiate the study of X-ray tomography on sub-Riemannian manifolds, for which

the Heisenberg group exhibits the simplest nontrivial example. With the language of the group

Fourier Transform, we prove a quantized version of the Fourier Slice Theorem and apply this

new tool to show that a sufficiently regular function on the Heisenberg group is determined by

its line integrals over sub-Riemannian geodesics. We also consider the families of compatible

Riemannian and Lorentzian metrics gε and giε, respectively, taming the sub-Riemannian metric

and prove that their associated X-ray transforms are injective for all ε > 0. In the latter case,

we show in particular that a function on giε-spacetime is determined by integrals over spacelike

geodesics. These results provide explicit examples of injective X-ray transforms in a geometry

with an abundance of conjugate points and with metrics of mixed curvature.
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Chapter 1

Inverse Problems and X-ray Transforms

1.1 Setting

This thesis presents results in X-ray Tomography on the Heisenberg group. In the broader field

of integral geometry, one attempts to reconstruct geometric information on a manifold from line

integrals over geodesics or more general integral functionals. Practical examples include X-ray

Computed Tomography used in medical imaging. At center stage is the X-ray transform, which

encodes data sampled from noninvasive measurements.

The geometry of the problem greatly influences the mathematical approach. If the

medium is highly anisotropic—constraining the degrees of freedom—such shale rock [24], then

the appropriate model is a sub-Riemannian manifold, i.e., a smooth manifold M equipped with

a distributionD and a metric g defined strictly on that distribution. In [17] the authors propose a

method to construct memematerial arrays where light or acoustic waves propagate according to

sub-Riemannian optics and for which resonance frequencies are governed by the spectrum a hy-
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poelliptic operator. X-ray transforms have been extensively studded on Riemannian manifolds

(see [26] for an exposition on standard results and applications), but to the author’s knowledge

the sub-Riemannian case is wide open.

Our primary object of study is the geodesic X-ray transform associated to the sub-

Riemannian geometry of the Heisenberg group, which is H := C × R with the multiplication

law

(x+ iy, t)(u+ iv, s) =
(
x+ u+ i(y + v), t+ s+ 1

2(xv − yu)
)
,

and a metric defined in Section 2.1. H is the local model for any 3-dimensional sub-Riemannian

manifold of contact type, in the same sense that 3-dimensional Euclidean space is the local

model for any 3-dimensional Riemannian manifold [30, Thm. 1]. This property positions H as

the natural homogeneous starting point for studying the integral geometry of contact manifolds,

just as Radon first inverted the X-ray transform in R2. X-ray transforms on symmetric spaces

are also extensively studied, for example in [15, 21], and the Heisenberg group arises as the

boundary at infinity of complex hyperbolic space in two dimensions [7, 51].

To a function f ∈ L1(H) we associate the function If , its X-ray transform, defined

by

If(γ) :=

∫
f (γ(s)) ds,

where the geodesics γ will be cast as (projections of) integral curves of the Hamiltonian flow on

T ∗H for the degenerate fiber quadratic Hamiltonian later described (2.2). Related integral trans-

forms on H have been studied, for example, by Rubin [44], and Stichartz [46], who consider

integration over left translates of hyperplanes. We ask whether If determines f .
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The sub-Riemannian setting, whose general theory is poorly understood, introduces

qualitatively new features to this question. For example, fibers of the unit cotangent bundle

U∗H (defined in Section 2.1) are cylinders, and there is no unique Levi-Civita connection.

Thus there is no canonical splitting of its tangent space into vertical and horizontal components

like there is in the unit sphere bundle of a Riemannian manifold as described in [38] or [26].

Furthermore, since the metric on a sub-Riemannian manifold is not invertible, there are no

normal coordinates.

A standard geometric obstacle to such inverse problems is presented by the presence

of conjugate points. In [13], [32], and [22] the authors show that conjugate points generally

inhibit stable inversion of the X-ray transform on Riemannian manifolds, with unconditional

loss in two dimensions. Unfortunately, the conjugate points in the Heisenberg group are ubiqui-

tous; the cut locus to any point passes through that point—a feature generic in sub-Riemannian

geometry, where the exponential map is never a local diffeomorphism at the origin [47, p.222].

Therefore, standard tools for proving injectivity, such as Pestov energy methods, which typi-

cally require a positive-definite second fundamental form [26] do not apply without a closer

look. We prove that, nonetheless, the X-ray transform on the Heisenberg group is injective.

Helgason [21] created a framework for describing a large class of such integral trans-

forms with symmetry. SupposeX and Y are homogeneous spaces of a Lie groupG with closed

subgroups H and K and consider the following double fibration:

G

X = G/K Y = G/H

p π

Assuming the existence of G-invariant measures on G, X and Y , define the abstract Radon
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Transform of a suitable function f : X → R by

Rf(x) := (π∗ ◦ p∗) f(x) =

∫
H
f(xh)dh; x ∈ X

(See [20] for microlocal aspects of this picture.) The principle tasks to address are

• Characterize the range and kernel of R.

• If invertible, in what functions spaces is the inverse R−1 bounded?

• Explicit inversion formulas for R on suitable function spaces.

• What differential operators onX are pushed forward byR to differential operators on Y ?

Inversion formulas for Radon Transforms are usually have the form

DR∗Rf = f

where R∗ is the adjoint of R and D is an operator on X which is usually a function of dis-

tinguished G-invariant differential operators as in [3, 43]. We show that the Heisenberg X-

ray transform I is a Radon Transform for a natural double fibration. However, defining I∗I

poses technical problems—even on the domain Cc(H)—due to the singular nature of the sub-

Riemannian exponential map; any neighborhood of the origin in H contains geodesics of arbi-

trary length. Instead, we focus on studying the transform I directly. We observe a convenient

identification of the space of geodesics with a quotient of the Heisenberg group (4.2) for which

I is a convolution operator. We apply the group Fourier transform on the Heisenberg group and

its quotient to express I essentially as a multiplication operator (Theorem 2), from which we

deduce that I is injective (Theorem 1).
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1.2 Approach and Main Theorems

The Heisenberg geodesics exists for all time and are left-translates of helices and straight lines.

Let G be the set of all Heisenberg geodesics without orientation, and Gλ the set of all geodesics

having a fixed value λ, for the “charge” λ, which is a constant of motion. Left translation by

any element (z, t) ∈ H is an isometry of H and so H acts on G. This action does not change

the value of λ, and is a transitive action on each leaf Gλ, λ 6= 0. (It is not transitive on G0 since

it does not change the direction of the line in the plane which the λ = 0 geodesic projects to.)

These facts are verified by inspecting the exponential map in (A.19). Thus we can use H to

parameterize Gλ, λ 6= 0 by fixing a particular helix γλ ∈ Gλ and left-translating it about. We

take this helix to be one whose projection is a circle of radius |R| = 1/|λ| centered at the origin

and parameterized by arclength. Thus our parameterization of that part of G having λ 6= 0 is

s 7→ (z, t)γλ(s), γλ(s) =
(
Rei(s/R), 1

2sR
)
∈ H; R = 1/λ. (1.1)

Using this identification, we may parameterize geodesics by (z, t, λ) as above, uniquely modulo

the isotropy group Γλ := {(0, kπR2) ∈ H : k ∈ Z} stabilizing γλ, and write the X-ray

transform concretely as

If(z, t, λ) := Iλf(z, t) :=

∫
R
f ((z, t)γλ(s)) ds, f ∈ Cc(H).

We ignore the case when λ = 0 where the geodesics are straight lines. Furthermore, since

λ < 0 corresponds to a λ > 0 geodesic with opposite orientation, we will always take λ > 0. In

Proposition 8, we prove that Iλ : L1(H) → L1(Gλ), with a natural measure on the codomain,

is well-defined and bounded. In [46, p. 392], Strichartz proves indirectly that a function on the
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Heisenberg group may not in general be recovered from its integrals over λ = 0 geodesics, but

does not consider λ 6= 0 geodesics.

We may now state our main result:

Theorem 1. The Heisenberg X-ray transform I : L1(H)→ L1(G, dG) is injective. In particu-

lar, if f ∈ L1(H), and Iλf = 0 for all λ in a neighborhood of zero, then f = 0.

We prove this result using harmonic analysis adapted to the group structure, modi-

fying familiar results in Euclidean space. Consider, for example, the Radon and Mean Value

Transforms on R2:

Rf(s, θ) :=

∫
R
f
(
seiθ + iteiθ

)
dt, M rf(z) =

1

2π

∫ 2π

0
f
(
z + reiθ

)
dθ (1.2)

where, say, f ∈ Cc(R2). Taking the Fourier Transforms in s and z, respectively, yields

Fs 7→σRf(σ, θ) = f̂(σeiθ), Fz 7→ζM rf(ζ) = J0(r|ζ|)f̂(ζ),

where J0 is the zeroth-order Bessel function. These results are known as Fourier Slice Theo-

rems, or Projection Slice Theorems [37]. They reveal that R, thought of as a projection onto

{θ}, becomes a restriction operator onto the “slice” σ → σeiθ in the Fourier domain, and that

M r becomes a multiplication operator by J0(r|ζ|) when viewed in the Fourier domain. Fourier

Slice Theorems exist for more general Radon transforms as well; for example, in [16, 27].

The Radon and Mean Value Transforms can interpreted as integration over straight

lines or magnetic geodesics in Euclidean space. In the case of H—which is a “flat” sub-

Riemannian geometry—we prove a corresponding Fourier Slice Theorem for Heisenberg geodesics.

We use the operator-valued group Fourier Transform FH associated to the Bargmann-Fock rep-
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resentation βh (defined in equation (3.1)), which has proven a useful tool, for example, by Nach-

man in [36] to find the fundamental solution for the wave operator for the Heisenberg Laplacian.

The theory of FH is extensively developed in [14, 50]. In particular it has a Plancherel Theo-

rem and Inversion Theorem [11, 13, 50]. In the Fourier domain of FH, the Heisenberg X-ray

transform is simultaneously a restriction and a multiplication operator:

Theorem 2 (Heisenberg Fourier Slice Theorem). If f ∈ L1(H), then

(
FH/Γλ (Iλf)

)
(n) = (2π/λ)Jn ◦ (FH (f)) (nλ2), ∀n ∈ Z \ {0},∀λ > 0.

The Heisenberg Fourier Slice Theorem is an equality of operators acting on Bargmann-

Fock space (originally described in [6]),

H :=

{
F ∈ Hol(C) :

1

π

∫
C
|F (ζ)|2e−|ζ|2dζ <∞

}
. (1.3)

Jn : H → H is the operator

JnF (ζ) =
1

2πi

(
e

|n|

)|n|/2 ∮
z|n|−1e−|n|ζ/zF (ζ + z)dz, (1.4)

where the contour is a circle around the origin oriented counterclockwise. Loosely speaking,

the Heisenberg X-ray transform I is “block-diagonalized” in λ by the group Fourier Transform,

and each block is essentially a multiple of Jn.

The classical Fourier Slice Theorem for R in (1.2) states that knowledge of Rf for a

fixed θ0 determines the Fourier transform f̂(ζ) for all ζ ‖ θ0. Similarly, the Heisenberg Fourier

Slice Theorem says that knowledge of Iλf for fixed λ determines the group Fourier transform

FHf(h), up to multiplication by the operator Jn, for all h ∈ λ2Z∗. Therefore, injectivity of I

follows once we show that
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Proposition 1. The map Jn : H → H is injective whenever n is an odd integer.

Finally, in Section 6.1, we consider the ray transforms Iε and Iiε for the families

of left-invariant compatible Riemannian and Lorentzian metrics gε and giε parameterized by

ε > 0. We prove Fourier Slice Theorems (Theorem 7) for the compatible Riemannian and

Lorentzian geodesics which we apply in the same way to show that the X-ray transforms Iε and

Iiε are injective (Theorem 8). In [40], the authors prove that the X-ray transform is injective

on step-2 Nilpotent Lie groups of rank greater than 3 with a left-invariant metric. However,

this result assumes the existence of 2-dimensional totally geodesic surfaces, which excludes the

Heisenberg group.

1.3 Heuristics

The heart of the proof is the following idea, which we describe informally. All of the relevant

objects in this section will be defined in the sequel. We stress that this section is not entirely

rigorous.

In analogy with the Peter-Weyl theorem, the Heisenberg Fourier Transform exhibits

the following isomorphism of L2 spaces

FH : L2(H) ∼=
∫ ⊕
R∗
S2 dµ(λ); dµ(λ) = π−2|λ|dλ

where S2
∼= H⊗H∗ is the space of Hilbert-Schmidt operators onH. Similarly

FH : L1(H)→ C (R∗, S∞) , FH/Γ : L1(H/Γ)→
⊕
n∈Z∗

S∞

9



where S∞ is the Banach space of compact operators on H and C (R∗, S∞) is the space of

strongly continuous S∞-valued functions.

Given a parameterized curve c(s) in the plane, its horizontal lift γ(s) to H is defined

by prescribing Θ( ddsγ(s)) = 0. If the curve c(s) is closed, then its holonomy at a point is

the change in the vertical variable of its horizontal lift to H after traversing one period. Since

Heisenberg geodesics are horizontal lifts of magnetic geodesics in the plane to helices in H,

they are periodic modulo their holonomy. In Section 4.3 we show for fixed λ = 1 (and later

proceed using a dilation argument) that the X-ray transform factors as

I1 = I red
1 ◦ P,

where P : L1(H) → L1(H/Γ) is the periodization map and I red
1 : L1(H/Γ) → L1(H/Γ) is

the X-ray transform I1 descended to the quotient H/Γ. Intuitively, P captures the periodicity

of Heisenberg geodesics, and I red
1 captures their holonomy.

The following diagram commutes.

L1(H) C (R∗, S∞)

L1(H/Γ)
⊕

n∈Z∗ S∞

L1(H/Γ)
⊕

n∈Z∗ S∞

I1

P

FH

res

FH/Γ

I red
1 2πJn

FH/Γ

So on the Fourier domain, the periodization map P is essentially a restriction map of continuous

functions from R∗ to Z∗, and the reduced X-ray transform is a multiplier. (We ignore zero in this

above diagram to avoid considering continuous functions on a non-Hausdorff space.) As λ > 0

varies, the restriction operator restricts to the varying set λ−2Z∗. Given λ in a neighborhood of

zero, we recover the Fourier Transform FHf of a function f ∈ L1(H) on the entire domain R∗.
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Preliminaries
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Chapter 2

Heisenberg Geometry

2.1 The sub-Riemannian Structure

We define the sub-Riemannian metric on H by declaring the left-invariant vector fields

X = ∂x −
1

2
y∂t Y = ∂y +

1

2
x∂t (2.1)

to be orthonormal, and the length of T = ∂t to be infinite. Then any finite length smooth path

in H must be tangent to the nonintegrable distribution Dq := Span{Xq, Yq}, q ∈ H. We call

such a path horizontal. The length of a horizontal path equals the length of its projection to the

plane by the map

π(x, y, t) = (x, y).

A minimizing Heisenberg geodesic is a shortest horizontal path joining two points of H. That

any two points in H are connected by a horizontal path is guaranteed by Chow’s Theorem and

the fact that D satisfies the Hörmander condition (i.e. D is bracket-generating).

12



The fiber quadratic Hamiltonian H : T ∗H→ R given in canonical coordinates by

H(x, y, t, px, py, pt) = 1
2

(
(px − 1

2ypt)
2 + (py + 1

2xpt)
2
)

; (2.2)

generates the Heisenberg geodesics. By ‘generate’ we mean that any solution to Hamilton’s

equations forH projects, via the canonical projection T ∗H→ H, to a sub-Riemannian geodesic,

and conversely, all Heisenberg geodesics arise this way [34, Sec 1.5]. If we want geodesics pa-

rameterized by arclength we only take solutions for which H = 1/2. (Thus, we define the

unit cotangent bundle U∗H as the set of all (q, p) ∈ T ∗H for which H(q, p) = 1/2.) These

geodesics can be best understood by their projection under π to the plane: they are circles or

lines. Indeed

ṗt = −∂H
∂t

= 0,

so that λ := pt is a constant of motion. (Note that t is not a temporal variable, but rather the

vertical variable in H ∼= R3.) If we interpret λ as the charge e of a particle, then H , viewed as

a Hamiltonian on T ∗R2, is the Hamiltonian for a particle of charge e = λ traveling in the plane

under the influence of a constant unit strength magnetic field. These solutions are well-known

and easy to derive [34, p. 12] . When H = 1/2 they are circles of radius R = 1/|λ| for λ 6= 0,

and lines when λ = 0. In the next section, we find a concrete expression of all geodesics.

2.2 Left-Trivialization of the Cotangent Bundle T ∗H

In contrast with the Riemannian case, the sub-Riemannian geodesic flow has no natural real-

ization on the tangent bundle. To avoid unnecessary choices (as mathematicians typically do),

13



we work on T ∗H, and cast all the geometric information of interest there. To the horizontal

distribution D defined in the previous section, associate the left-invariant contact form

Θ := dt− 1
2 (xdy − ydx) ,

so that Dq = ker Θq.

For any vector field V on H, define its momentum function PV : T ∗H→ R by

PV (ηq) := ηq(Vq); ηq ∈ T ∗qH.

On other words, PV identifies the vector Vq at any point q ∈ H with its double dual, which maps

T ∗qH → R. The functions PX , PY , PT : T ∗H → R are related to the canonical coordinates

(x, y, t, px, py, pt) on T ∗H by 

PX = px − 1
2ypt

PY = py + 1
2xpt

PT = pt.

The utility of this formalism is that (x+iy, t, PX+iPY , PT ) are global left-invariant coordinates

on the cotangent bundle T ∗H. These coordinates establish the following isomorphism,

T ∗H ∼= H× h∗, (2.3)

ηq 7→ dL∗q−1(ηq)

called the left-trivialization of T ∗H. In particular, for any ηq ∈ T ∗qH,

ηq = PX(ηq)dx+ PY (ηq)dy + PT (ηq)Θ,

14



—since(dx, dy,Θ) is the coframe dual to (X,Y, T )—which we simply write as

ηq = (PX(ηq) + iPY (ηq), PT (ηq)) .

The above identification is the meaning of the isomorphism 2.3.

The cotangent bundle T ∗H carries a canonical symplectic structure. In the left-

invariant coordinates (x+ iy, t, PX + iPY , PT ), the Liouville form α is

α = pxdx+ pydy + ptdt

= PXdx+ PY dx+ PTΘ.

The canonical symplectic form ω = −dα on T ∗H is then

ω = dx ∧ dpx + dy ∧ dpy + dt ∧ dpt

= dx ∧ dPX + dy ∧ dPY + Θ ∧ dPT + PTdx ∧ dy

since dΘ = dx ∧ dy.

2.3 Derivation of the Geodesic Flow

We find the geodesics for the sub-Riemannian and its compatible Riemannian, and Lorentzian

metrics simultaneously. We see that all these cases, the geodesics only differ by a constant

motion in the vertical direction.

For τ ∈ R, consider the following perturbation of the Hamiltonian in 2.2

Hτ : T ∗H→ R

Hτ (q, p) =
1

2
(P 2

X + P 2
Y + τP 2

T ).

15



The term 1
2τP

2
T represents the energy “penalty” incurred by integral curves of the Hamiltonian

flow that leave the contact distribution D spanned pointwise by X and Y .

Remark 1. The Hamiltonian Hτ models the following cases:

When τ = ε2, it is the Hamiltonian for the Riemannian metric gε := dx2 + dy2 +
(
1/ε2

)
Θ2.

When τ = −ε2, it is the Hamiltonian for the Lorentzian metric giε := dx2 + dy2 −
(
1/ε2

)
Θ2.

When τ = 0, it is the Hamiltonian for the sub-Riemannian metric g := dx2 + dy2|D.

The Poisson bracket {, } of functions f, g ∈ C∞(T ∗H) is given in canonical coordi-

nates by

{f, g} :=
∑

q∈{x,y,t}

∂f

∂q

∂g

∂pq
− ∂f

∂pq

∂g

∂q
.

We have the following Poisson bracket relations on T ∗H:

{x, PX} = 1 {t, PX} = −1
2y

{y, PY } = 1 {t, PY } = 1
2x

{t, PT } = 1 {PX , PY } = −PT

with all remaining relations zero.

Hamilton’s equations, written compactly as dH = ιXHω, are equivalent to

ḟ = {f,Hτ}
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as f ∈ C∞(T ∗H) ranges over the coordinate functions of T ∗H:

ẋ = PX ṖX = −PTPY

ẏ = PY ṖY = PTPX

ṫ = −1

2
yPX +

1

2
xPY + τPT ṖT = 0.

Let z = x+ iy. Solving these equations with initial condition

q0 = (z(0), t(0)) = 0 ∈ H; p0 = (PX(0) + iPY (0), PT (0)) = (reiθ, λ) ∈ T ∗0 H;

yields

z(s) = r
ieiθ

λ
(1− eiλs)

t(s) =

∫ s

0
(−1

2yPX + 1
2xPY + τPT )ds′

=
1

2

∫ s

0
(xẏ − ẋy)ds′ + τλs

=
1

2

∫ s

0
Im(z̄ż)ds′ + τλs

= r2λs− sinλs

2λ2
+ τλs.

Furthermore

PT = λ

(PX + iPY ) = reiPT s(PX(0) + iPY (0)) = reiλseiθ = rei(λs+θ).

So the integral curve γτ(q0,p0) : R→ T ∗H for the Hamiltonian flow of Hτ with initial condition

q0 = 0 and p0 = (reiθ, λ), and for which λ 6= 0, is

γτ(q0,p0)(s) =

(
r
ieiθ

λ
(1− eiλs), τλs+ r2λs− sin(λs)

2λ2
; rei(λs+θ), λ

)
∈ H× h∗ ∼= T ∗H.

(2.4)
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For the case in which λ = 0, just take the pointwise limit of 2.4 as λ→ 0. Since the Hamiltonian

is left-invariant, we may left translate this integral curve by (z, t) ∈ H to account for initial

condition q0 = (z, t).

The sub-Riemannian flow ϕs : U∗H→ U∗H, is then given by

ϕs

(
z, t; eiθ, λ

)
=

(
(z, t)

(
eiθ

(eiλs − 1)

iλ
,
λs− sin(λs)

2λ2

)
; ei(λs+θ), λ

)
∈ H× S1 × R ∼= U∗H,

for λ 6= 0, otherwise

ϕs

(
z, t; eiθ, 0

)
=
(

(z, t)
(
seiθ, 0

)
; eiθ, 0

)
.

The sub-Riemannian flow talks to the group structure in the following ways:

Left-Invariance:

ϕs(z, t; θ, λ) = (z, t)ϕs(0; θ, λ)

Roration-Invariance:

Rφϕs(z, t; θ, λ) = ϕs(e
iφz, t; θ + φ, λ)

HereRφ(z, t; θ, λ) := (eiφz, t; θ + φ, λ).

2.4 Double Fibration of the Heisenberg Motion Group

In this section we observe how the X-ray transform fits into Helgason’s double fibration picture.

Two covectors (q, p) and (q′, p′) ∈ U∗H determine the same oriented geodesic if and

only if ϕs0(q, p) = (q′, p′) for some s0 ∈ R. In this case, say (q, p) ∼ϕ (q′, p′). We identify the
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space of oriented geodesics with the quotient

G ∼= U∗H/ ∼ϕ . (2.5)

In Appendix A.3, we prove that G is a symplectic manifold for which of the quotient

map πG : U∗H→ G is a symplectic reduction cotangent bundle T ∗H.

Consider the following double fibration:

U∗H

H G
πH πG

Define the pullback and—with respect to the volume forms dvolG and dvolU∗H—the pushfor-

ward on functions:

π∗H : Cc(H)→ C(HM) (πG)∗ : Cc(U
∗H)→ Cc(G)

We would like to define the X-ray transform as I = (πG)∗ ◦π∗H. However, the fibers of U∗H are

not compact and neither of the above maps are proper, so it’s not clear that (πG)∗ ◦ π∗H makes

sense. Instead of introducing a cuffoff function, we restrict this picture in the λ variable as

follows.

The additional ingredient that we will need is the Heisenberg Motion group HM :=

H o U(1), defined in Appendix A.1, which is (the identity component of) the isometry group

for the sub-Riemannian metric on H. The action of HM preserves the Hamiltonian H =

1
2

(
P 2
X + P 2

Y

)
and therefore it acts on U∗H on the left via

(
(z, t); eiθ

)
·
(

(z0, t0); eiθ0 , λ
)

=
(

(z, t)(eiθz0, t0); ei(θ+θ0), λ
)
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Recall that our model sub-Riemannian geodesic with λ 6= 0 is

γλ(s) =
(
Reis/R, sR/2

)
; R = 1/λ.

The geodesics γλ is an integral curve of a Hamiltonian flow H with initial condition

pλ =
(

(z0, t0); eiθ0 , λ
)

=
(
(λ−1, 0); i, λ

)
∈ U∗H ∼= H× S1 × R.

If we identify HM with its orbit in U∗H over pλ ∈ U∗H,

Φpλ : HM → U∗H :
(

(z, t); eiθ
)
7→
(

(z, t); eiθ
)
· pλ

then we obtain the following restriction of the previous double fibration:

HM

H Gλ
pr πλ

The sub-Riemannian geodesics are exactly orbits in U∗H of certain 1-parameter subgroups

of HM , analogous to the relationship between to magnetic geodesics in R2 and 1-parameter

subgroups of SE(2). Indeed, the sub-Riemannian flow has the form

ϕs

(
z, t; eiθ, λ

)
=
(
z, t; eiθ

)
es(X+λV ) · ((0, 0); 1, λ) (2.6)

(with the vector fields X an V defined in the Appendix A.1) and one may check directly that

es(X+λV ) :=

((
(eiλs − 1)

iλ
,
λs− sin(λs)

2λ2

)
; eiλs

)

is a 1-parameter subgroup of HM . Thus, the projected curve s 7→ pr
(
es(X+λV )

)
∈ H is the

geodesic with initial condition ((0, 0); 1, λ), and its isotropy group in HM is

{es(X+λV ) : s ∈ R} ⊂ HM.
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Let HMλ be the stabilizer of γλ for the action of HM . Since pλ =
(
(λ−1, 0); i

)
· ((0, 0); 1, λ),

we have

HMλ = AD(λ−1,0;i){es(X+λV ) : s ∈ R} =
{(

0, s2λ ; eiλs
)

: s ∈ R
}
.

For Γλ := {(0, kπλ−2) ∈ H : k ∈ Z}, consider the maps

H HM OrbHM (pλ)

H/Γλ HM/HMλ Gλ

i Φpλ

πλ πG

iλ

where i : H ↪→ HM is the inclusion, and

HM/HMλ → Gλ; (z, t; eiθ)HMλ 7→ (z, t; eiθ)γλ

is the orbit-stabilizer isomorphism. Using the relation

(
(0, t); 1

)
HMλ =

(
(0, 0); e−2iλ2t

)
HMλ; t ∈ R,

(which is the helical symmetry (0, t; 1) · γλ = (0, 0; e−2iλ2t) · γλ on the level of cosets) the map

iλ : H/Γλ → HM/HMλ; (z, t)Γλ 7→ (z, t; 1)HMλ,

is well-defined and is an isomorphism with inverse given by

HM/HMλ → H/Γλ : (z, t; eiθ)HMλ → (z, t− θ
2λ2 )Γλ.

Therefore we identity

ψλ : H/Γλ → Gλ; (z, t)Γλ 7→ (z, t)γλ.
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With the volume forms dGλ = λdx ∧ dy ∧ dt and dvolHM := dx ∧ dy ∧ dt ∧ dθ we define the

following pullbacks and pushforwards on functions.

pr∗ : Cc(H)→ Cc(HM) (πλ)∗ : Cc(HM)→ Cc(Gλ)

Here the pushforward (πλ)∗ is defined by

∫
Gλ

(πλ)∗fgdGλ =

∫
HM

fπ∗λgdvolHM

=

∫
HM
HMλ

∫
R
f
(

(q; eiθ)es(X+λV )
)
g(q; eiθ)ds d(q; eiθ)HMλ, see 2.7

=

∫
H/Γλ

∫
R
f
(
qγλ(s); ei(θ+λs)

)
ds d(qΓλ)

We may then show that the following is an equivalent definition of the X-ray transform.

Definition 1 (The X-ray Transform). For f ∈ Cc(H),

Iλf(z, t) :=ψ∗λ ◦ (πλ)∗ ◦ pr∗f(z, t)

=

∫
R

pr∗f
(

(z, t; 1)es(X+λV )
)
dsHMγλ

=

∫
R
f ((z, t)γλ(s)) ds

Theorem ([11]). If G is a locally compact unimodular Lie group with left Haar measure dx,

and H is a closed subgroup with Haar measure dξ, then there exists a G-invariant measure

d(xH) on G/H . This measure is unique up to a constant factor, and if this factor is suitably

chosen we have

∫
G
f(x)dx =

∫
G/H

∫
H
f(xξ)dξd(xH); f ∈ Cc(G). (2.7)
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Applying 2.7 with G = HM and H = HMλ yields a version of Santaló’s formula.

∫
HM

f(q; eiθ)dvolHM =

∫
HM
HMλ

∫
R
f
(

(q; eiθ)es(X+λV )
)
ds d(q; eiθ)HMλ

=

∫
H/Γλ

∫
R
f (qγλ(s)) ds dqΓλ
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Chapter 3

Heisenberg Harmonic Analysis

3.1 Bargmann-Fock Representation

We start by giving a brief description of the representation theory of the Heisenberg group. A

more detailed discussion can be found in [10]. Denote by U (H) the set of unitary operators on

Bargmann-Fock space, defined in (1.3). For each h ∈ R∗ = R \ {0}, the map (motivated in

Section B.6)

βh : H→ U (H)

given by

βh(z, t)F (ζ) := e2iht−
√
hζz−h

2
|z|2F (ζ +

√
hz), h > 0, (3.1)

and βh(z, t) = β|h|(z,−t) for h < 0, is a strongly continuous unitary representation of the

Heisenberg group on H. Moreover, it is known that these representations are irreducible, and

by the Stone-von Neumann Theorem, up to unitary equivalence, these are all of the irreducible

unitary representations on H that are nontrivial on the center of H [10].
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3.2 The Group Fourier Transform

We define the group Fourier Transform of an integrable function on H. Denote by B(H) the

space of bounded operators on H. The Heisenberg Fourier Transform of f ∈ L1(H) is the

operator-valued function

FH(f) : R∗ → B(H)

FH(f)(h) :=

∫
H
f(q)βh(q)∗dq

where the integral is taken in the Bochner sense [50, p. 11]. Think of h as a semi-classical

parameter.

Remark 2. Many authors define FH alternatively with the Schrödinger representations. Our

definition seems more natural for studying the X-ray transform due to the simplicity of (1.4),

and is equivalent by conjugation with a unitary intertwining map anyway; the choice is largely

a personal preference. We also normalize the representations βh in such a way that they all act

on the same spaceH, rather than a family of spaces parameterized by h ∈ R∗, as in [10].

If f ∈ L1(H) ∩ L2(H), then FH(f)(h) is a Hilbert-Schmidt operator on H [13,

14]. Let S2 denote the space of Hilbert-Schmidt operators on H, and define the Hilbert Space

L2(R∗, S2; dµ) = L2(S2) via the inner product

〈A,B〉L2(S2) :=

∫
R∗

tr (A(h)B(h)∗) dµ(h), dµ = π−2|h|dh.

Theorem (Plancherel Theorem). If f ∈ L1(H) ∩ L2(H), then ||f ||L2(H) = ||FHf ||L2(S2).
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Theorem (Fourier Inversion Theorem). If f ∈ S(H), Schwartz space on R3, then

f(q) =

∫
R∗

tr (βh(q)FHf(h)) dµ(h), q ∈ H. (3.2)

ThusFH extends to an isometry fromL2(H) intoL2(S2). In fact, it is onto as well. Furthermore

if f ∈ L1(H), then by convolving f with an approximation of identity, we may use (3.2) to

prove FH is injective on L1(H).

While the definition above is sufficient for our purposes, we remark that FH has been

extended to much more general classes of function such as tempered distributions [4]. In [5, 48],

and much more generally in [28] the authors use the group Fourier transform to develop theory

of pseudo-differential operators.

3.3 Fourier Transform on the Reduced Heisenberg Group

For any τ > 0, the set τΓ := {(0, kτπ) ∈ H : k ∈ Z}, is a discrete subgroup of the center

of H. Since βh(z, t) = e2ihtβh(z, 0), the representation βh descends to the so-called reduced

Heisenberg group H/τΓ if and only if h ∈ τ−1Z∗. To a function g ∈ L1(H/τΓ), we associate

the reduced Fourier Transform, defined as

FH/τΓ(g) : Z∗ → B (H)

FH/τΓ(g)(n) :=

∫
H/τΓ

g(q)βn/τ (q)∗dq,

where Z∗ := Z \ {0}.

Remark 3. The reduced Fourier Transform defined above is not invertible unless we also con-

sider the representations (z, t) 7→ eiz·ξ; ξ ∈ C, which are trivial on the center, in the definition.
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(Indeed, if ∂tf(z, t) = 0, then FH/τΓf = 0.) This extension is not necessary for our purposes.

For simplicity, we will take τ = 1 and rescale as necessary in the sequel. Consider

the following subspaces of L2(H/Γ)

L2(C) ∼={f ∈ L2(H/Γ) : f(z, t) = f(z, 0), ∀(z, t) ∈ H/Γ}

0L2(H/Γ) :={f ∈ L2(H/Γ) :

∫ π

0
f(z, t)dt = 0, ∀z ∈ C}. (3.3)

Lemma 1. We have the orthogonal decomposition

L2(H/Γ) ∼= L2(C)⊕ 0L2(H/Γ). (3.4)

Proof. If f ∈ L2(H/Γ), let f0(z, t) := 1
π

∫ π
0 f(z, t)dt and g = f − f0, then f0 ∈ L2(C) and

g ∈ 0L2(H/Γ).

Furthermore, for arbitrary f0 ∈ L2(C), and g ∈ 0L2(H/Γ),

∫
H/Γ

f0(z, t)g(z, t)d(z, t)Γ =

∫
C
f0(z)

∫ π

0
g(z, t)dtdz = 0.

Note that the above decomposition remains true for L2(H/τΓ), τ > 0.

See [50, Ch. 4] for a proof of the following theorem.

Theorem (Plancherel Theorem for the Reduced Fourier Transform). The reduced Fourier Trans-

form FH/Γ is an isometric isomorphism between 0L2(H/Γ) and L2(Z∗, S2).

The author could not find a source that explicitly states the following inversion theo-

rem for the reduced Fourier Transform on H/Γ, so we provide one here:
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Theorem 3. Let Γ = {(0, πk) ∈ C× R : k ∈ Z}. For f ∈ S(H/Γ), the usual Schwartz class,

with
∫ π

0 f(z, t)dt = 0

f(z, t) =
1

π2

∑
n∈Z∗

|n|Tr
(
βn(z, t)FH/Γ(f)(n)

)
. (3.5)

Proof Sketch. We use the inversion theorem for the Weyl Transfom W̃hg :=
∫
C g(z)βh(z, 0)∗dz

associated to the Bargmann-Fock representation (see in B.31 in the Appendix) which says that

g(z) =
|λ|
π

Tr
(
βλ(z, 0)∗W̃λ(g)

)
, g ∈ S(C) (3.6)

and the fact that

Tr
(
βn(z, t)FH/Γ(f)(n)

)
= πTr

(
βn(z, 0)

(
W̃nfn

)∗)
e2int

= πTr
(
βn(z, 0)∗

(
W̃nfn

))
e2int

=
π2

|n|
fn(z)e2int

where fn(z) := 1
π

∫ π
0 f(z, t)e−2intdt.

3.4 Convolution and Fourier Transform of Measures

Let G = H or H/τΓ. Define

f ∗ g (q) :=

∫
G
f (p) g(qp−1)dp; f, g ∈ L1(G). (3.7)

Similarly, given a Radon measure ν on G and f ∈ L1(G), let

ν ∗ f(q) :=

∫
G
f(qp−1)dν(p). (3.8)
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The Fourier Transform interchanges convolution and operator composition:

FG (f ∗ g) (h) = FG(f)(h) ◦ FG(g)(h); f, g ∈ L1(G). (3.9)

If ν is a compactly supported finite Radon measure on G, then we may define its Fourier Trans-

form

FG (ν) (h) :=

∫
G
βh(q)∗dν(q). (3.10)

Then 3.9 extends to convolution of measures and functions:

FG (ν ∗ f) (h) = FG(ν)(h) ◦ FG(f)(h). (3.11)

For more details on group convolution and Fourier Transforms of Radon measures, see [10] or

[45].

3.5 Lemmas on the group Fourier Transform

We now prove a few general properties of the group Fourier Transform. In the first, we observe

how the Fourier Transforms behave with respect to dilations.

Lemma 2 (Dilation Property). Fix λ > 0.

If f ∈ L1(H), then

FH (δ∗λf) (h) = λ−4FH(f)(h/λ2), ∀h ∈ R∗.

If g ∈ L1(H/τΓ) for τ > 0 then δ∗λg ∈ L1(H/λ2τΓ) and

FH/(λ2τ)Γ (δ∗λg) (n) = λ−4FH/τΓ(g)(n), ∀n ∈ Z∗.
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We expect the above exponent of λ because the homogeneous dimension of the Heisenberg

group is 4.

Proof.

FH (δ∗λf) (h) =

∫
H
f(λz, λ2t)βh(z, t)∗d(z, t) = λ−4

∫
H
f(z, t)βh

(
λ−1z, λ−2t

)∗
d(z, t)

= λ−4

∫
H
f(z, t)βh/λ2(z, t)∗d(z, t) = λ−4F (f) (h/λ2),

and the proof of for the reduced Fourier Transform is nearly identical.

Next is a Poisson Summation formula for H→ H/Γ - a consequence of the classical

version. The author has not found a reference for this version, but does not believe it is new.

Lemma 3 (Poisson Summation Formula ). If f ∈ L1(H), then

FH/Γ (Pf) (n) = FH(f) (n) , ∀n ∈ Z∗. (3.12)

More generally, if τ > 0, and PτΓ is the Poisson summation for for the discrete subgroup

τΓ = {(0, kπτ) : k ∈ Z}, we have

FH/τΓ (PτΓf) (n) = FH(f) (n/τ) , ∀n ∈ Z∗. (3.13)

Proof. For F,G ∈ H,

〈FH/Γ (Pf) (n)F,G〉H :=

∫
H/Γ

∑
k∈Z

f(z, t+ kπ)〈βn(z, t)∗F,G〉Hd(z, t)Γ

=

∫
H/Γ

∑
k∈Z

f(z, t+ kπ)〈βn(z, t+ kπ)∗F,G〉Hd(z, t)Γ,

(since βn(z, t) = e2intβn(z, 0), )

=

∫
H
f(z, t)〈βn(z, t)∗F,G〉Hd(z, t),
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where the third equality follows from (4.8), and the fact that f(z, t)〈βn(z, t)∗F,G〉H ∈ L1(H)

by the Cauchy-Schwartz inequality. Since F and G were arbitrary, (3.12) follows from the

definition of the Bochner integral.

Next, observe that

PτΓf = δ∗√τP
1δ∗1/

√
τf, f ∈ Cc(H).

Then

FH/τΓ (PτΓf) (n) = FH/τΓ

(
δ∗√τP

1δ∗1/
√
τf
)

(n)

= τ−2FH/τΓ

(
P 1δ∗1/

√
τf
)

(n)

= τ−2FH

(
δ∗1/
√
τf
)

(n)

= FH (f) (n/τ)

as desired.

3.6 Matrix Coefficients

Most of the discussion here follows Thangavelu, but we record the following facts to establish

our notation and perspective.

We describe an important class of functions which are the cylindrical harmonics of

the Heisenberg group.

Definition 2 (Matrix Coefficients). The matrix coefficients of the Bargmann-Fock representa-

tion with respect to the standard basis of monomials {ωk} are defined as

Mh
jk(z, t) := 〈βh(z, t)ωj , ωk〉H.
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Proposition 2 (Multiplicativity of Matrix Coefficients). For (z, t) and (w, s) in H,

Mn
jk ((z, t)(w, s)) =

∞∑
l=0

Mn
jl(w, s)M

n
lk(z, t); ∀j, k ∈ N, n ∈ Z∗. (3.14)

Proof.

Mn
jk ((z, t)(w, s)) = 〈βn ((z, t)(w, s))ωj , ωk〉H

= 〈βn(z, t) ◦ βn(w, s)ωj , ωk〉H

=
∞∑
l=0

〈βn(z, t)ωl, ωk〉H〈βn(w, s)ωj , ωl〉H

=
∞∑
l=0

Mn
jl(w, s)M

n
lk(z, t).

With respect to the standard orthonormal basis ωk = ζk/
√
k!, k = 0, 1, ..., of H, the

matrix coefficients of the Bargmann-Fock representation, (3.1),Mh
jk(z, t) := 〈βh(z, t)ωj , ωk〉H

are given for h > 0 via a brute force computation by

Mh
jk(z, t) =


√

k!
j!

(
+
√
hz
)j−k

L
(j−k)
k

(
h|z|2

)
e−h|z|

2/2e2iht j ≥ k√
j!
k!

(
−
√
hz
)k−j

L
(k−j)
j

(
h|z|2

)
e−h|z|

2/2e2iht j ≤ k

, (3.15)

and Mh
jk(z, t) = M

|h|
jk (z,−t) for h < 0 (see Appendix B.7 for a conversion between Folland’s

[10, p. 64] and our conventions).

Here L(α)
j (x) is the generalized Laguerre polynomial, defined recursively by

L
(α)
0 (x) = 1

L
(α)
1 (x) = 1 + α− x

(j + 1)L
(α)
j+1(x) = (2j + 1 + α− x)L

(α)
j (x)− (j + α)L

(α)
j−1(x). (3.16)
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The matrix coefficients are not in L2(H). This means that the infinite dimensional irreducible

unitary representations of H are not square-integrable representations. Nonetheless we con-

struct a natural family Hilbert spaces in which the matrix coefficients live.

Definition 3. For each j ∈ N and h ∈ R∗ let Hhj ⊂ C∞(H) be the space of smooth functions

f satisfying

Lf = (2j + 1)|h|f −iTf = hf

and the condition f(z, 0) ∈ L2(C).

Proposition 3. For each j ∈ N and h ∈ R∗, the spaceHhj together with the inner product

(f, g)Hhj
:=
|h|
π

∫
C
f(z, 0)g(z, 0)dz, f, g ∈ Hhj . (3.17)

is a Hilbert space for which the set of matrix coefficients with first index fixed

{Mh
jk : k ∈ N} (3.18)

are a complete orthonormal basis.

See [51, Ch.3]

Proof. We only show orthogonality. Note that

Mh
jk(z, 0) =

√
2πVψj (ψk,

√
2hz), h > 0

(see B.29 in the Appendix) with z replaced by z if h < 0.
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Given Mh
jk, Mh

jk′ ∈ Hhj we have

〈Mh
jk,M

h
jk′〉Hhj =

|h|
π

∫
C
Mh
jk(z, 0)Mh

jk′(z, 0)dz

= 2|h|
∫
C
Vψj (ψk,

√
2|h|z)Vψj (ψk′ ,

√
2|h|z)dz

=

∫
C
Vψj (ψk, z)Vψj (ψk′ , z)dz

= (ψj , ψj) (ψk, ψk′)

= δ(k − k′).

3.7 Fourier Modes on the Reduced Heisenberg group

Let Γ = {(0, kπ) ∈ H : k ∈ Z}. We call H/Γ the reduced Heisenberg group. Since

βh(z, t) = e2ihtβh(z, 0) by definition, the Bargmann-Fock representation descends to the re-

duced Heisenberg group if and only if h ∈ Z∗. More generally, given τ > 0 the representation

βh descends to H/τΓ if and only if τh ∈ Z∗.

Definition 4 (Normalized Matrix Coefficients on L2(H/Γ)). Let

mn
jk(z, t) :=

√
|n|
π

Mn
jk(z, t); j, k ∈ N, n ∈ Z∗. (3.19)

Then by rescaling Proposition 3 the functions {mn
jk : j, k ∈ N, h ∈ Z∗} are orthonor-

mal on L2(H/Γ) with respect to the inner product

〈f, g〉L2(H/Γ) =

∫ π

0

∫
C
f(z, t)g(z, t)dzdt. (3.20)
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The functionsmn
jk for n ∈ Z∗ and j, k ∈ N form an orthonormal basis for 0L2(H/Γ).

First

Theorem 4. For f ∈ S(H/Γ),

f(z, t) = f0(z, 0) +
1

(2π)2

∑
n∈Z∗

|n|
∑
j,k∈N

(
f,Mn

jk

)
L2(H/Γ)

Mn
jk(z, t). (3.21)

where f0(z) = 1
π

∫ π
0 f(z, t)dt = 0.

Proof. Suppose
∫ π

0 f(z, t)dt = 0. We expand the inversion formula in Theorem 3 with respect

to the orthonormal basis ωk = ζk/
√
k! onH.

Tr〈βn(z, t)FH/Γ(f)(n)〉 =
∑
k∈N
〈βn(z, t))FH/Γ(f)(n)ωk, ωk〉H

=
∑
j,k∈N
〈FH/Γ(f)(n)ωk, ωj〉〈βn(z, t)ωj , ωk〉

=
∑
j,k∈N

∫
H/Γ

f(w, s)〈βn(w, s)∗ωk, ωj〉d(w, s)〈βn(z, t)ωj , ωk〉

=
∑
j,k∈N

∫
H/Γ

f(w, s)Mn
jk(w, s)d(w, s)Mn

jk(z, t)

=
∑
j,k∈N
〈f,Mn

jk〉L2(H/Γ)M
n
jk(z, t)

Then 3.21 follows form Theorem 3. If
∫ π

0 f(z, t)dt 6= 0, then set f0(z) := 1
π

∫ π
0 f(z, t)dt and

apply the previous result to g = f − f0.

Corollary 1. Let f ∈ L2(H/Γ) such that
∫ π

0 f(z, t)dt = 0, then we have

f =
∑
n∈Z∗

∞∑
j,k=0

〈f,mn
jk〉L2(H/Γ)m

n
jk. (3.22)
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Part III

Proofs of Main Results
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Chapter 4

The Heisenberg X-ray transform

4.1 The space of geodesics

Recall that H acts transitively on Gλ on the left. Since

(0, πR2)γλ(s) =
(
Reis/R, R2 (s+ 2πR)

)
= γλ (s+ 2πR) ; R = 1/λ, (4.1)

the subgroup Γλ := {(0, kπR2) ∈ H : k ∈ Z} stabilizes Gλ. Upon fixing γλ, we have the

identification

Gλ ∼= H/Γλ

(z, t)γλ 7→ (z, t)Γλ. (4.2)

When λ = 1, we omit subscripts and write Γ = Γ1.

Let d(z, t)Γλ ∼= dx ∧ dy ∧ dt be the Haar measure on H/Γλ, and let Gλ inherit a

multiple of the Haar measure dGλ := λdx∧ dy ∧ dt, normalized to agree with ι∂λdvolG , where

dvolG = λdx ∧ dy ∧ dt ∧ dλ, in Appendix A.3. Furthermore, set dG = e−λdvolG , chosen to
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ensure boundedness in Proposition 8.

4.2 Symmetries of Iλ

We discuss basic infinitesimal and integrated symmetries of the X-ray transform Iλ. The results

in this section are not necessary for proving injectivity of Iλ, but are informative nonetheless. Of

particular interest ot the author is Theorem 5, which says that Iλ does not commute with the left-

invariant Heisenberg sub-Laplacian L0 (defined below) on H and H/Γλ, but rather intertwines

L0 with the wave operator �λ := λ−2T − X2 − Y 2 on the H/Γλ for the Lorentzian metric

giλ := dx2 + dy2 − λ−2Θ2.

Lemma 4 (Equivariance of Ray Transform). Iλ : Cc(H) 7→ Cc(Gλ) has the following symme-

tries:

Iλ

(
L∗(w,s)f

)
(z, t) = L∗(w,s) (Iλf) (z, t) (4.3)

Iλ (R∗θf) (z, t) = Iλf
(
eiθz, t− θ

2λ2

)
(4.4)

Iλ(S∗−1f)(z, t) = Iλf(z,−t) (4.5)

whereRθ(z, t) = (eiθz, t); S−1(z, t) = (z,−t); and L(w,s)(z, t) = (w, s)(z, t).

Proof. For f ∈ Cc(H), λ > 0, (z, t) ∈ H/Γλ and (w, s) ∈ H

Iλ

(
L∗(w,s)f

)
(z, t) =

∫
R
L∗(w,s)f ((z, t)γλ(τ)) dτ =

∫
R
f ((w, s)(z, t)γλ(τ)) dτ

= Iλf ((w, s)(z, t)) =
(
L∗(w,s)Iλf

)
(z, t).
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Generalizing (4.1), we see the cylindrical symmetry of γλ:

Rθγλ(s) = (eiλ(s+θ/λ)/λ, s/2λ) = (0,−θ/2λ2)γλ(s+ θ/λ).

So

Iλ (Rθf) (z, t) :=

∫
R
f (Rθ ((z, t)γλ(s))) ds

=

∫
R
f (Rθ(z, t)Rθγλ(s)) ds

=

∫
R
f
(

(eiθz, t− θ
2λ2 )γλ(s+ θ/λ)

)
ds

=

∫
R
f
(

(eiθz, t− θ
2λ2 )γλ(s)

)
ds

=Iλf(eiθz, t− θ
2λ2 ).

Observe that S−1γλ(s) = S−1

(
eiλs/λ, s/2λ

)
=
(
e−iλs,−s/2λ

)
= γλ(−s). Then

Iλ
(
S∗−1f

)
(z, t) :=

∫
R
f (S−1 ((z, t)γλ(s))) ds

=

∫
R
f (S−1(z, t)S−1γλ(s)) ds

=

∫
R
f ((z,−t)γλ(−s)) ds

=Iλf(z,−t).

Proposition 4. If f ∈ C∞c (H) then Iλf ∈ C∞c (Gλ).

Proof. If we define the measure νλ on H by

∫
H
f(z, t)νλ(z, t) :=

∫
R
f
(
γλ(s)−1

)
ds
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(here we use a bar because ν will be reserved for a related measure in the sequel) then for

f ∈ Cc(H),

Iλf(z, t) = νλ ∗ f(z, t).

Therefore if f ∈ C∞c (H) then Iλf ∈ C∞c (Gλ) since convolution of a Radon measure by a

smooth function is smooth. (See [8].)

Recall the standard left invariant vector fields on the Heisenberg group

X = ∂x − 1
2y∂t Y = ∂y + 1

2x∂t T = ∂t.

The standard right invariant vector fields on H are

X̃ = ∂x + 1
2y∂t Ỹ = ∂y − 1

2x∂t T̃ = ∂t.

We will also use the definitions above to denote the standard left and right invariant vector fields

on the reduced Heisenberg group.

Definition 5. For α ∈ R the left and right invariant Heisenberg Laplacians are defined, respec-

tively, by

−Lα := X2 + Y 2 + iαT, −L̃α := X̃2 + Ỹ 2 + iαT.

Explicitly,

Lα :=−
(
∂x − 1

2y∂t
)2 − (∂y + 1

2x∂t
)2 − iα∂t

=
(
∂2
x + ∂2

y

)
+ 1

4

(
x2 + y2

)
∂2
t + ∂θ∂t − iα∂t.
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and

L̃α :=−
(
∂x + 1

2y∂t
)2 − (∂y − 1

2x∂t
)2 − iα∂t

=−
(
∂2
x + ∂2

y

)
− 1

4

(
x2 + y2

)
∂2
t + ∂θ∂t − iα∂t.

where ∂θ := (x∂y − y∂x).

Proposition 5. If Ṽ is a right-invariant vector field on H and f ∈ C∞c (H), then

Ṽ (Iλf) (z, t) = Iλ

(
Ṽ f
)

(z, t).

Proof. This follows from the fact that Iλ is a convolution operator. For f ∈ C∞c (H),

Ṽ (Iλf) = Ṽ (νλ ∗ f) = νλ ∗ Ṽ f = Iλ

(
Ṽ f
)
.

Corollary 2. For f ∈ C∞c (H),

Iλ

(
L̃αf

)
= L̃α (Iλf) .

Differentiating (4.4) yields the following infinitesimal symmetry:

Proposition 6. For f ∈ C∞c (H),

Iλ (∂θf) =
(
∂θ − 1

2λ2T
)
Iλ(f).

We compute the pushforward of the left Laplacian by the X-ray transform.

Theorem 5. For f ∈ C∞c (H),

Iλ (Lαf) =
(
Lα + λ−2T 2

)
Iλf.
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Proof. By the above remark, we have

L̃α − Lα = 2∂θ∂t

Then

Iλ

(
(L̃α − Lα)f

)
= 2Iλ (∂θ∂tf) =

(
2∂θ∂t − 1

λ2∂
2
t

)
Iλf.

so

Iλ (Lαf) = Iλ

(
L̃αf

)
−
(
2∂θ∂t − 1

λ2∂
2
t

)
Iλf

= L̃α (Iλf)−
(
2∂θ∂t − 1

λ2∂
2
t

)
Iλf

= Lα (Iλf) + 1
λ2∂

2
t (Iλf)

as desired.

Remark 4. It is interesting to note that for α = 0, Proposition 5 says that the pushfoward by Iλ

of the sublaplacian L0 on H is the wave operator �λ = λ−2T −X2 + Y 2 on H/Γλ.

4.3 Reduction to Ired

The dilation map, δλ(z, t) := (λz, λ2t), is also an automorphism of the Heisenberg group for

λ 6= 0. Furthermore,

δλ : Γλ 3 (0, kπλ−2) 7→ (0, kπ) ∈ Γ,

so δλ : H/Γλ → H/Γ is well-defined. Denote by δ∗λ the pullback relation defined on functions:

δ∗λ :L1(H)→ L1(H) δ∗λf(z, t) = f(λz, λ2t)

δ∗λ :L1(H/Γ)→ L1(H/Γλ) δ∗λg ((z, t)Γλ) = g
(
(λz, λ2t)Γ

)
.
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Remark 5. In the sequel, we write any function g : H/Γλ → C as g(z, t), in place of

g ((z, t)Γλ), understanding that the t variable is taken mod πλ−2.

The dilation map δλ is especially relevant because it is a conformal map for the sub-

Riemannian metric (with constant conformal factor λ2). Consequently, we have the following

homogeneity of the ray transform:

Proposition 7 (Homogeneity of I). For f ∈ Cc(H),

Iλf(z, t) = (1/λ)δ∗λ

(
I1(δ∗1/λf)

)
(z, t). (4.6)

Proof. Note that dilation preserves geodesics but rescales their speed:

δ1/λγ1(s) = γλ(s/λ). (4.7)

Then

δ∗λ

(
I1(δ∗1/λf)

)
(z, t) = I1

(
δ∗1/λf

)
(λz, λ2t)

=

∫
R
δ∗1/λf

(
(λz, λ2t)γ1(s)

)
ds

=

∫
R
f
(
δ1/λ(λz, λ2t)δ1/λ (γ1(s))

)
ds, because δλ ∈ Aut(H),

=

∫
R
f ((z, t)γλ(s/λ)) ds, by (4.7),

= λ

∫
R
f ((z, t)γλ(s)) ds = λIλf(z, t).

Next, we exploit the periodic symmetry of Heisenberg geodesics to reduce the X-ray

transform to one period.
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Proposition 8. For any λ > 0, Iλ : L1(H) → L1(Gλ) is well-defined, bounded, and factors in

the following way:

L1(H) L1(Gλ)

L1(H/Γλ)

Pλ

Iλ

I red
λ

where the maps which we call Poisson Summation and the reduced X-ray transform are given

by

Pλf (z, t) =
∑
k∈Z

f
(
z, t+ kπR2

)
, I red

λ g(z, t) =

∫ 2πR

0
g ((z, t)γλ(s)) ds; R = 1/λ.

Furthermore, I : L1(H)→ L1(G, dG) is well-defined and bounded.

Proof. By homogeneity (4.6), and since pullback by δλ is bounded in the above L1 spaces for

λ 6= 0, it suffices to prove the proposition for λ = 1. For this case, we omit subscripts and write

P and I red. The map

Cc(H) 3 f 7→
∫
H/Γ

Pf (z, t) d(z, t)Γ

is a left-invariant positive linear functional on Cc(H). By uniqueness of the Haar measure on H

(which is just the Lebesgue measure), and the Riesz-Representation theorem, ∃c > 0 such that

∫
H/Γ

Pf (z, t) d(z, t)Γ = c

∫
H
f(z, t)d(z, t), (4.8)

and one may check that c = 1 (see [11, Thm. 2.49] for the general statement). So in particular,

||Pf ||L1(H/Γ) ≤ ||f ||L1(H).
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For g ∈ Cc(H/Γ),

||I redg||L1(G1) =

∫
G1

|I redg (z, t) |dG1

=

∫
H/Γ

∣∣∣∣ ∫ 2π

0
g ((z, t)γ1(s)) ds

∣∣∣∣d(z, t)Γ

≤
∫ 2π

0

∫
H/Γ
|g ((z, t)γ1(s)) |d(z, t)Γds

=

∫ 2π

0

∫
H/Γ
|g ((z, t)) |d

(
(z, t)γ1(s)−1

)
Γds

=

∫ 2π

0

∫
H/Γ
|g ((z, t)) |d(z, t)Γds, since H/Γ is unimodular,

= 2π||g||L1(H/Γ).

Thus P and I red extend to L1 bounded maps. Given f ∈ Cc(H), since Pf ∈ Cc(H/Γ) and

I redPf(z, t) =

∫ 2π

0

∑
k∈Z

f ((z, t+ kπ)γ1(s)) ds

=

∫ 2π

0

∑
k∈Z

f ((z, t)γ1(s+ 2πk)) ds, by (4.1),

=
∑
k∈Z

∫ 2π

0
f ((z, t)γ1(s+ 2πk)) ds

=
∑
k∈Z

∫ 2π(k+1)

2πk
f ((z, t)γ1(s)) ds = I1f(z, t),

we have ||I1f ||L1(G1) ≤ 2π||f ||L1(H). The third equality follows from uniform convergence

of the integrand on the interval [0, 2π] 3 s. Therefore I1 extends to a bounded map from

L1(H) to L1(G1). In particular one may check, using (4.6), that ||Iλf ||L1(Gλ) = ||I1f ||L1(G1) ≤

2π||f ||L1(H).
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Finally, for f ∈ L1(H), we have

||If ||L1(G) :=

∫
G
|If(z, t, λ)|dG

=

∫ ∞
0

∫
Gλ
|Iλf(z, t)|dGλe−λdλ

≤2π||f ||L1(H)

∫ ∞
0

e−λdλ = 2π||f ||L1(H).

as desired.

Remark 6. The reduced X-ray transform I red : L1(H/Γ)→ L1(G1) is not injective. In fact, if

g (z, t) = z2e−|z|
2
e4it,

then I redg = 0. In Appendix 5.3.2 we give essentially a Singular Value Decomposition of I red.

4.4 A sub-Riemannian Santaló Formula

Remark 7. From these computations, we may also deduce a sub-Riemannian Santaló formula:

∫
Gλ
Iλf(z, t)dGλ = 2π

∫
H
f(z, t)d(z, t), f ∈ L1(H). (4.9)

This is an example of a Santaló formula like those proven in [41], but without the latter’s

restriction to the “reduced unit cotangent bundle.”
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Chapter 5

The Fourier Slice Theorem

5.1 Statement and Proof

We show that I red is a convolution operator by a compactly supported measure. Thus, it should

be a Fourier multiplier in a generalized sense. The next propositions make this heuristic explicit.

Definition 6. Define the compactly supported measure ν on H/Γ by

∫
H
g(z, t)ν(z, t) :=

∫ 2π

0
g
(
γ1(θ)−1

)
dθ; g ∈ Cc(H/Γ).

Lemma 5. For g ∈ L1(H/Γ),

I redg = ν ∗ g.

Proof.

ν ∗ g(z, t) :=

∫
H/Γ

g
(
(z, t)(w, s)−1

)
dν(w, s) =

∫ 2π

0
g ((z, t)γ1(θ)) dθ = I redg(z, t).
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Proposition 9. If g ∈ L1(H/Γ), then for all n ∈ Z∗,

FH/Γ
(
I redg

)
(n) = (2π)Jn ◦ FH/Γ(g)(n).

and more generally, for λ > 0 and g ∈ L1(H/Γλ),

FH/Γλ
(
I red
λ g
)

(n) = (2π/λ)Jn ◦ FH/Γλ(g)(n)

with Jn defined in (1.4).

Proof. Applying the reduced Fourier Transform to I red(g) = ν ∗ g, we obtain

FH/Γ
(
I red) (n) = FH/Γ(ν)(n) ◦ FH/Γ(g)(n).

So it remains to compute

FH/Γ (ν) (n) :=

∫
H/Γ

βn(z, t)∗dν(z, t)

=

∫ 2π

0
βn
(
γ1(s)−1

)∗
ds

=

∫ 2π

0
βn (γ1(s)) ds, since βn is a unitary rep,

=(2π)Jn

where the “multiplier”

Jn :=
1

2π

∫ 2π

0
βn (γ1(s)) ds (5.1)

is the same as (1.4).
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Remark 8. Jn is similar to the “representation integral” considered in [25], though s 7→

βn (γ1(s)) is not a homomorphism. Such integration of representations over geodesics also

appear in [19], where the authors used the Principal Series representations of SL(2,R) to show

that the normal operator I∗I associated to the X-ray transform on constant negative curvature

surfaces is a nontrivial function of the Laplace-Beltrami operator.

Together with Proposition 8, these imply the Heisenberg Fourier Slice Theorem:

Proof of Theorem 2. Let f ∈ L1(H), λ > 0 and n ∈ Z∗. By Proposition 8 and 9 , we have

FH/Γ (I1f) (n) = FH/Γ
(
I redPf

)
(n) = (2π)Jn ◦ FH/Γ (Pf) (n) = (2π)Jn ◦ FH(f)(n).

(5.2)

Exploiting homogeneity of I ,

FH/Γλ (Iλf) (n) = λ−1FH/Γλ

(
δ∗λI1

(
δ∗1/λf

))
(n), Proposition 7

= λ−5FH/Γ

(
I1

(
δ∗1/λf

))
(n), Lemma 2

= 2πλ−5Jn ◦ FH

(
δ∗1/λf

)
(n), by (5.2),

= 2πλ−1Jn ◦ FH (f) (nλ2), Lemma 2

as desired.

Remark 9. In the special case when n = 0 or h = 0, the group Fourier Transforms are

qualitatively different; they are the Euclidean Fourier transform in the z variable (the precise

sense in which this limiting behavior occurs is formalized by Geller in [13]). In this case, the

Fourier Slice theorem takes the form

(̃Iλf)(λζ, 0) = (2π/λ)J0(|ζ|)f̂(λζ, 0); ∀λ > 0, f ∈ L1(H),
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where J0 is the classical Bessel function of order zero, and

f̂(ζ, 0) =

∫
C

∫
R
f(z, t)e−iζ·zdtdz, f ∈ L1(H),

g̃(ζ, 0) =

∫
C

∫ πλ−2

0
g(z, t)e−iζ·zdtdz; g ∈ L1(H/Γλ).

5.2 SVD of Jn(r)

The following mild generalization of (5.1) will be useful for subsequent computations.

Definition 7. For n ∈ Z∗, let

Jn(r) :=
1

2π

∫ 2π

0
βn

(
reiθ, θ/2

)
dθ, r > 0. (5.3)

In particular, Jn(1) = Jn, defined in 5.1.

Lemma 6. For any τ ∈ R∗, j, k ∈ N and n ∈ Z∗,

1

2π

∫ 2π

0
einθM

n/τ
jk (eiθ, 0)dθ = M

n/τ
jk (1, 0)


δ(|n|+ j − k), if τ > 0

δ(|n|+ k − j), if τ < 0

Proof. Note that

∫ 2π

0
einθM

n/τ
jk (eiθ, 0)dθ =

∫ 2π

0
e−inθM

n/τ
jk (e−iθ, 0)dθ

=

∫ 2π

0
e−inθM

−n/τ
jk (eiθ, 0)dθ.

If n > 0, and τ > 0 then

M
n/τ
jk (eiθ, 0) = ei(j−k)θM

n/τ
jk (1, 0)
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and if n > 0 and τ < 0, then

M
n/τ
jk (eiθ, 0) = ei(k−j)θM

n/τ
jk (1, 0)

hence the result.

Proposition 10 (SVD of Jn(r)). For every n ∈ Z∗ and r > 0, the operator Jn(r) : H → H

is bounded in the operator-norm topology. Furthermore, J−n(r) = Jn(r), and, with respect to

the orthonormal basis {ωj = ζj/
√
j! : j = 0, 1, 2, ...} ofH, we have

Jn(r)ωj = (−1)n

√
j!

(j + n)!

(
nr2
)n/2

e−nr
2/2L

(n)
j

(
nr2
)
ωj+n, ∀j ∈ N, n > 0. (5.4)

Proof. Jn(r) : H → H is bounded in the operator-norm topology for any n ∈ Z∗ since

||Jn(r)||op ≤
1

2π

∫ 2π

0
||βn

(
reiθ, θ/2

)
||opdθ = 1.

Note that, for n ∈ Z∗,

J−n(r) =
1

2π

∫ 2π

0
βn(re−iθ,−θ/2)dθ =

1

2π

∫ 2π

0
βn

(
reiθ, θ/2

)
dθ = Jn(r).

For j, k ∈ N,

〈Jn(r)ωj , ωk〉H =
1

2π

∫ 2π

0
〈βn

(
reiθ, θ/2

)
ωj , ωk〉Hdθ

=
1

2π

∫ 2π

0
Mn
jk

(
reiθ, θ/2

)
dθ

=
1

2π

∫ 2π

0
einθMn

jk

(
reiθ, 0

)
dθ

= δ(|n|+ j − k)Mn
jk(r, 0), by Lemma 6 with τ = 1/r2 (5.5)

in which case,

Jn(r)ωj = Mn
j,j+|n|(r, 0)ωj+|n|,
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and, by 3.15

Mn
j,j+|n|(r, 0) = (−1)n

√
j!

(j + |n|)!
(
|n|r2

)|n|/2
e−|n|r

2/2L
(|n|)
j

(
|n|r2

)
. (5.6)

Corollary 3. Let r > 0 and n ∈ Z∗ be fixed. Since Jn(r) is bounded, it is injective if and only

if L(|n|)
j

(
|n|r2

)
is nonzero for all j ∈ N.

Proof of Proposition 1. Given n ∈ 2Z + 1, by Corollary 3, the operator Jn is injective if and

only if the sequence {L(n)
j (n)}∞j=0 is nonvanishing.

Set a(n)
j = j!L

(n)
j (n) ∈ Z. Then a(n)

0 = a
(n)
1 = 1, and by (3.16),

a
(n)
j+1 =(2j + 1)a

(n)
j − j(j + n)a

(n)
j−1

=a
(n)
j (mod 2)

since n is odd. Therefore a(n)
j = a

(n)
0 = 1 (mod 2) for all j = 0, 1, 2, .... In particular,

L
(n)
j (n) = a

(n)
j /j! 6= 0 for j ∈ N. Therefore Jn is injective whenever n is an odd integer.

Remark 10. We know what J2 is not injective since L(2)
2 (2) = 0. However, the author is not

currently aware of a general statement characterizing all (j, n) ∈ N×N∗ for whichL(n)
j (n) = 0.

While knowing this is not essential for proving injectivity of I , it would provide more ways to

invert I . This is because the space of geodesics is four dimensional, and so we only need a

subset of the overdetermined data to reconstruct f from If .
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5.3 Applications

5.3.1 Proof of injectivity of the X-ray Transform I

We now make use of the Heisenberg Fourier Slice theorem to prove injectivity of I (Theorem

1); the proof is now almost immediate.

Proof of Theorem 1. Suppose Iλf = 0 for all λ ∈ (0, η), where η > 0. By the Heisenberg

Fourier Slice Theorem,

0 = Jn ◦ FH(f)(nλ2), ∀n ∈ Z∗, ∀λ ∈ (0, η).

By Proposition 1

0 = FH(f)(nλ2), ∀n ∈ 2Z + 1, ∀λ ∈ (0, η). (5.7)

In which case

0 = FH(f)(h), ∀h ∈
⋃

n∈2Z+1

n
(
0, η2

)
= R∗.

Therefore f = 0 by the Fourier Inversion theorem for FH.

5.3.2 SVD of I red|0L2(H/Γ)

While not strictly necessary for our main result, the computation in Proposition 10 also gives

us the SVD of I red when restricted to a specific subspace.

The next result is a consequence of the fact that I red is convolution by a compactly

supported distribution, but we proceed explicitly.
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Proposition 11.

I red : L2(H/Γ)→ L2(H/Γ)

is well-defined and bounded.

Proof. For g ∈ Cc(H/Γ) the Cauchy-Schwartz Inequality gives

|I redg(z, t)|2 =

∣∣∣∣ ∫ 2π

0
g
(

(z, t)(eiθ, θ/2)
)
dθ

∣∣∣∣2 ≤ 2π

∫ 2π

0

∣∣∣∣g ((z, t)(eiθ, θ/2)
) ∣∣∣∣2dθ. (5.8)

Then

||I redg||2L2(H/Γ) =

∫
H/Γ
|I redg(z, t)|2d(z, t)Γ

≤ (2π)

∫
H/Γ

∫ 2π

0
|g
(

(z, t)(eiθ, θ/2)
)
|2dθd(z, t)Γ

= (2π)

∫ 2π

0

∫
H/Γ
|g (z, t) |2d(z, t)Γdθ, by left translation,

= (2π)2||g||2L2(H/Γ),

so I red extends to a bounded function from L2(H/Γ) to itself.

Proposition 12. I red preserves the orthogonal decomposition in Lemma 1. i.e.

I red|L2(C) : L2(C)→ L2(C) (5.9)

I red|0L2(H/Γ) : 0L2(H/Γ)→ 0L2(H/Γ). (5.10)

Furthermore, the restriction I red|L2(C) is essentially 2π times the Mean Value Transform M1.
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Proof. For f ∈ L2(C),

I red|L2(C)f(z, t) =

∫ 2π

0
f
(

(z, t)(eiθ, θ/2)
)
dθ

=

∫ 2π

0
f
(
z + eiθ, t+ θ/2 + 1

2 Im
(
zeiθ

))
dθ

=

∫ 2π

0
f(z + eiθ)dθ = 2πM1f(z),

and so I redf ∈ L2(C).

For g ∈ 0L2(H/Γ),

∫ π

0
I redg(z, t)dt =

∫ π

0

∫ 2π

0
g
(
z + eiθ, t+ θ/2 + 1

2 Im
(
zeiθ

))
dθdt

=

∫ 2π

0

∫ π

0
g(z + eiθ, t)dtdθ = 0,

so that I redg ∈ 0L2(H/Γ).

We know that I red|L2(C) = 2πM1 has a continuous spectrum (see (1.2), or Remark

9), so we restrict the reduced X-ray transform to 0L2(H/Γ), where is has a discrete spectrum,

and compute its Singular Value Decomposition there.

Theorem 6 (SVD of I red|0L2(H/Γ)). For all j, k ∈ N, n ∈ Z∗,

I red|0L2(H/Γ)m
n
jk = 2π(−1)n

√
j!

(j + |n|)!
(|n|/e)|n|/2 L(|n|)

j (|n|)mn
j+|n|,k

with mn
jk defined in (3.19).

Proof. This is really nothing more than the expansion of Proposition 9 with respect to the
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orthonormal basis {ωj}j ofH and the multiplicative property of the matrix coefficients Mn
jk.

I red|0L2(H/Γ)m
n
jk(z, t) =

√
|n|
π

∫ 2π

0
Mn
jk

(
(z, t)(eiθ, θ/2)

)
dθ

=

√
|n|
π

∞∑
l=0

∫ 2π

0
Mn
jl(e

iθ, θ/2)Mn
lk(z, t)dθ, by (3.14),

=

√
|n|
π

∞∑
l=0

∫ 2π

0
M
|n|
jl (eiθ, θ/2) dθMn

lk(z, t)

=

√
|n|
π

∞∑
l=0

2πδ(j − l + |n|)M |n|jl (1, 0)Mn
lk(z, t), by (5.5),

= 2πMn
j,j+|n|(1, 0)mn

j+|n|,k(z, t)

= 2π

√
j!

(j + |n|)!
(|n|/e)n/2 L(|n|)

j (|n|)mn
j+|n|,k(z, t).

For n ∈ Z∗ functions f(z, t) ∈ Hnj ⊂ C∞(H) are periodic in t with period π. Thus,

we may identifyHnj with a subspace of L2(H/Γ) in fact

0L2(H/Γ) ∼=
⊕

j∈N;n∈Z∗
Hnj

Corollary 4. The reduced X-ray transform I red decomposes as a collection of weighted shifts

on the spaces of matrix coefficients

I red|Hnj : Hnj → Hnj+|n| (5.11)

where component each is essentially a multiple of powers of the creation operator:

I red|Hnj = 2π(−1)n
j!

(j + |n|)!
(|n|/e)|n|/2 L(|n|)

j (|n|)
(
−Z
)|n|

. (5.12)
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Chapter 6

Compatible X-ray Transforms

6.1 X-ray Transform for the Riemannian metric gε

We use the same machinery to prove injectivity of the X-ray transform associated to the family

of left-invariant taming metric on H

Consider the family of left-invariant Riemannian metrics for ε > 0:

gε := dx2 + dy2 + (1/ε)2 Θ2,

where Θ := dt− 1
2(xdy− ydx) is a contact form for the Heisenberg distribution Dq := kerΘq.

Geodesics of (H, gε) converge uniformly to the sub-Riemannian geodesics as ε→ 0, [7, p. 33].

The explicit expression for gε geodesics is derived in [7, Sec. 2.4.4]. We record the exponential

map for gε in (A.20).

Remark 11. To avoid quantifying ε in every proposition of this section, with the exception of

Theorems 7 and 8, we will assume that we have chosen a fixed ε > 0.
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Let Gε be the set of geodesics for gε without orientation, and Gελ be the subset of

geodesics having charge λ (which is still a constant of motion). Geodesics with λ 6= 0 still

project to circles in the plane, and those with λ = 0 project to lines; they only differ from sub-

Riemannina geodesics by an ε-dependent velocity in the T = ∂t direction. Left translation by

any element (z, t) ∈ H is a gε-isometry, and so H acts on Gε by pointwise left multiplication.

This action does not change the value of λ and is transitive when λ 6= 0.

We choose a particular geodesic γελ to be the one whose projection to the plane is a

unit-speed circular path of radius R = 1/|λ|, and parameterize the set of gε geodesics having

charge λ by

s→ (z, t)γλ(s), γελ(s) =

(
Reis/R, s

(R2 + 2ε2)

2R

)
∈ H; R = 1/λ. (6.1)

Remark 12. The geodesics described by (6.11) are not arclength parameterized; indeed,

gε(γ̇
ε
λ(s), γ̇ελ(s)) = 1+ε2λ2. Instead, we insist that their projections to the plane are unit-speed.

We define the X-ray transform associated to the taming metric gε by

Iεf(z, t, λ) := Iελf(z, t) :=

∫
R
f ((z, t)γελ(s)) ds, f ∈ Cc(H). (6.2)

Note that

γελ(s+ 2πR) = γελ(s)(0, πR2 + 2πε2). (6.3)

Therefore the isotropy group of γελ for the action of H by left translation on Gελ is

Γελ := {(0, kπ(R2 + 2ε2)) ∈ H : k ∈ Z}.
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We have the identification

Gελ ∼= H/Γελ

(z, t)γελ 7→ (z, t)Γελ.

Remark 13. Again, when λ = 1, we omit subscripts and write Γε = Γε1. We will also write

g(z, t), for any function g : H/Γελ → C, in place of g ((z, t)Γελ).

Let d(z, t)Γελ
∼= dx ∧ dy ∧ dt be the Haar measure on H/Γελ, and let Gελ inherit a

multiple of the Haar measure dGελ := λdx ∧ dy ∧ dt. Furthermore, let dGε := λe−λdx ∧ dy ∧

dt ∧ dλ.

Note the homogeneity of geodesics with respect to dilation:

δ1/λγ
ελ
1 (s) = γελ(s/λ); R = 1/λ. (6.4)

6.2 Mapping Properties of Iε

Proposition 13 (Homogeneity of Iε). For f ∈ Cc(H), we have

Iελ(f)(z, t) = λ−1δ∗λI
ελ
1

(
δ∗1/λf

)
(z, t). (6.5)
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Proof. This is essentially the same proof as 4.6:

δ∗λI
ελ
1

(
δ∗1/λf

)
(z, t) = Iελ1

(
δ∗1/λf

)
(λz, λ2t)

=

∫
R
δ∗1/λf

(
(λz, λ2t)γελ1 (s)

)
ds

=

∫
R
f
(

(z, t)δ1/λγ
ελ
1 (s)

)
ds

=

∫
R
f ((z, t)γελ(s/λ)) ds, by (6.4),

= λ

∫
R
δ∗1/λf

(
(λz, λ2t)γελ1 (λs)

)
ds

= λIελf(z, t).

Furthermore, in virtually the same way as Proposition 8, we reduce the X-ray trans-

form Iε to one period:

Proposition 14. For any λ > 0, Iελ : L1(H)→ L1(Gελ) is well-defined, bounded, and factors in

the following way:

L1(H) L1(Gελ)

L1(H/Γελ)

P ελ

Iελ

Iε,red
λ

where

P ελf (z, t) =
∑
k∈Z

f
(
z, t+ kπ(R2 + 2ε2)

)
, Iε,red

λ g(z, t) :=

∫ 2πR

0
g ((z, t)γελ(s)) ds; R = 1/λ.

(6.6)

Furthermore, Iε : L1(H)→ L1(Gε, dGε) is well-defined and bounded.
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Proof. By homogeneity (6.5), and since pullback by δλ is bounded in the above L1 spaces for

λ 6= 0, it suffices to prove the proposition for λ = 1. For this case, we omit subscripts and write

P ε and Iε,red.

For exactly the same reason as (4.8), P ε maps Cc(H) to Cc(H/Γε), and∫
H/Γε

P εf (z, t) d(z, t)Γε =

∫
H
f(z, t)d(z, t). (6.7)

So in particular, ||P εf ||L1(H/Γε) ≤ ||f ||L1(H).

For g ∈ Cc(H/Γε),

||Iε,redg||L1(Gε1) =

∫
Gε1
|Iε,redg (z, t) |dGε1

=

∫
H/Γε

∣∣∣∣ ∫ 2π

0
g ((z, t)γε1(s)) ds

∣∣∣∣d(z, t)Γε

≤
∫ 2π

0

∫
H/Γε
|g ((z, t)γε1(s)) |d(z, t)Γεds

=

∫ 2π

0

∫
H/Γε
|g ((z, t)) |d

(
(z, t)γε1(s)−1

)
Γεds

=

∫ 2π

0

∫
H/Γε
|g (z, t) |d(z, t)Γεds, since H/Γε is unimodular,

= 2π||g||L1(H/Γε).

Thus P ε and Iε,red extend to L1 bounded maps. Given f ∈ Cc(H), since Pf ∈ Cc(H/Γε) and

Iε,redP εf(z, t) =

∫ 2π

0

∑
k∈Z

f
(
(z, t+ kπ(1 + 2ε2))γε1(s)

)
ds

=

∫ 2π

0

∑
k∈Z

f ((z, t)γε1(s+ 2πk)) ds, by (6.13),

=
∑
k∈Z

∫ 2π

0
f ((z, t)γ1(s+ 2πk)) ds

=
∑
k∈Z

∫ 2π(k+1)

2πk
f ((z, t)γ1(s)) ds = Iε1f(z, t),
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we have ||Iε1f ||L1(Gε1) ≤ 2π||f ||L1(H). The third equality follows from uniform convergence

of the integrand on the interval [0, 2π] 3 s. Therefore Iε1 extends to a bounded map from

L1(H) to L1(Gε1). In particular one may check, using (6.5), that ||Iελf ||L1(Gελ) = ||Iε1f ||L1(Gε1) ≤

2π||f ||L1(H).

Finally we have, for f ∈ L1(H),

||If ||L1(Gε) :=

∫
Gε
|Iεf(z, t, λ)|dGε

=

∫ ∞
0

∫
Gελ
|Iλf(z, t)|dGελe−λdλ

≤2π||f ||L1(H)

∫ ∞
0

e−λdλ = 2π||f ||L1(H).

as desired.

We note a Poisson summation formula for P ελ:

Lemma 7. For f ∈ L1(H),

FH/Γελ (P ελf) (n),= FH (f)

(
nλ2

1 + 2ε2λ2

)
, ∀n ∈ Z∗. (6.8)

Proof. Observe that Γελ = (λ−2 + 2ε2)Γ, and apply the Poisson Summation Formula (3.13)

with τ = λ−2 + 2ε2.

Observe how the Fourier Transform respects dilations:

Lemma 8. For g ∈ L1(H/Γε), λ > 0,

FH/Γελ (δ∗λg) = λ−4FH/Γελ(g)(n), ∀n ∈ Z∗. (6.9)

Proof. Observe that Γελ = (λ−2 + 2ε2)Γ, and Γελ = (1 + 2ε2λ2)Γ. Then apply Lemma 2.
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6.3 Fourier Slice Theorem for Iε

As before, Iε,red is a convolution operator by a compactly supported measure. We compute its

Fourier multiplier.

Definition 8. Define the measure νε on H/Γε by

∫
H/Γε

g(z, t)dν(z, t) :=

∫ 2π

0
g
(
γε1(θ)−1

)
dθ; g ∈ Cc(H/Γ).

Lemma 9. For g ∈ L1(H/Γ),

Iε,redg = νε ∗ g.

Proof.

νε ∗ g(z, t) :=

∫
H/Γε

g
(
(z, t)(w, s)−1

)
dνε(w, s) =

∫ 2π

0
g ((z, t)γε1(θ)) dθ = I redg(z, t).

Proposition 15. For g ∈ L1(H/Γε),

FH/Γε
(
Iε,redg

)
(n) = (2π)Jn

(
1√

1 + 2ε2

)
◦ FH/Γε(g)(n), ∀n ∈ Z∗.

Proof. Applying the reduced Fourier Transform to Iε,red(g) = νε ∗ g, we obtain

FH/Γε
(
I red) (n) = FH/Γε(ν

ε)(n) ◦ FH/Γε(g)(n).
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So it remains to compute

FH/Γε (νε) (n) :=

∫
H/Γε

βn/(1+2ε2)(z, t)
∗dνε(z, t)

=

∫ 2π

0
βn/(1+2ε2)

(
γε1(s)−1

)∗
ds

=

∫ 2π

0
βn/(1+2ε2) (γε1(s)) ds, since βn is a unitary rep,

=

∫ 2π

0
βn/(1+2ε2)

(
eis,

s

2
(1 + 2ε2)

)
ds

=

∫ 2π

0
βn

(
δ1/
√

1+2ε2

(
eis,

s

2
(1 + 2ε2)

))
ds

=

∫ 2π

0
βn

(
1√

1 + 2ε2
eis, s/2

)
ds

=(2π)Jn
(

1√
1 + 2ε2

)
.

We may now prove the Heisenberg Fourier Slice Theorem for gε:

Theorem 7 (gε Heisenberg Fourier Slice Theorem). If f ∈ L1(H), and ε > 0 then

FH/Γελ (Iελf) (n) = (2π/λ)Jn
(

1√
1 + 2ε2λ2

)
◦ FH(f)

(
nλ2

1 + 2ε2λ2

)
, ∀n ∈ Z∗, ∀λ > 0.

Proof. Combining Proposition 14 and 15,

FH/Γε (Iεf) = 2πJn
(

1√
1 + 2ε2

)
◦ FH(f)

(
n

1 + 2ε2

)
. (6.10)
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Now, exploiting homogeneity of Iε,

FH/Γελ (Iελf) (n) = λ−1FH/Γελ

(
δ∗λI

ελ
1

(
δ∗1/λf

))
(n), by Propositoin 13,

= λ−5FH/Γελ
(
Iελ1

(
δ∗1/λf

))
(n), by Lemma 8,

= 2πλ−5Jn
(

1√
1 + 2ε2λ2

)
◦ FH(δ∗1/λf)

(
n

1 + 2ε2λ2

)
, by (6.10),

= (2π/λ)Jn
(

1√
1 + 2ε2λ2

)
◦ FH(f)

(
nλ2

1 + 2ε2λ2

)
, by Lemma 8.

Proposition 16. Let ε > 0 and n ∈ Z∗ be fixed. Then Jn
(

1√
1+2ε2λ2

)
: H → H is injective

for almost all λ > 0.

Proof. Set r = 1√
1+2ε2λ2

. By Corollary 3, the operator Jn(r) is injective if and only if nr2

is not a zero of L(n)
j for any j ∈ N. Since there are only countably many such zeros, the

proposition follows.

Theorem 8. For all ε > 0, the Heisenberg taming X-ray transform Iε : L1(H)→ L1(Gε, dGε)

is injective. In particular, if f ∈ L1(H) and Iελf = 0 for all λ in a neighborhood of zero, then

f = 0.

Suppose, Iελ(f) = 0 for all λ ∈ (0, η), where η > 0. Then by Theorem 7 and

Proposition 16,

0 = FH(f)

(
nλ2

1 + 2ε2λ2

)

for almost all λ ∈ (0, η), and all n ∈ Z∗. Let A be the set of all such λ ∈ (0, η), and
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B = {λ2/(1 + 2ε2λ2) : λ ∈ A}. Then in other words

0 = FH(f)(h) ∀h ∈
∞⋃
n∈Z

nB.

Since B has full-measure on the interval (0, η2

(1+2ε2η2)
), we know FHf(h) = 0 for almost all

h ∈ R∗. Therefore f = 0 by the Fourier Inversion Theorem.

6.4 X-ray Transform for the Lorentzian metric gε

We repeat the computations from the previous section for the Lorentzian metric, which are

almost identical. The author thinks the two sections can be unified elegantly, but there are

enough differences to warrant repetition for sake of juxtaposition.

Consider the family of left-invariant Lorentzian metrics for ε > 0:

giε := dx2 + dy2 − (1/ε)2 Θ2,

The explicit expression for giε geodesics is derived in 2.2.

Remark 14. Again we will assume that we have chosen a fixed ε > 0.

Let Giε be the set of geodesics for giε without orientation, and Giελ be the subset of

geodesics having charge λ (which is still a constant of motion). Geodesics with λ 6= 0 still

project to circles in the plane, and those with λ = 0 project to lines; they only differ from sub-

Riemannina geodesics by an ε-dependent velocity in the T = ∂t direction. Left translation by

any element (z, t) ∈ H is a giε-isometry, and so H acts on Giε by pointwise left multiplication.

This action does not change the value of λ and is transitive when λ 6= 0.
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We choose a particular geodesic γiελ to be the one whose projection to the plane is a

unit-speed circular path of radius R = 1/|λ|, and parameterize the set of giε geodesics having

charge λ by

s→ (z, t)γλ(s), γiελ (s) =

(
Reis/R, s

(R2 − 2ε2)

2R

)
∈ H; R = 1/λ. (6.11)

Remark 15. We say a Lorentzian geodesic γ is spacelike if giε (γ̇, γ̇) > 0, timelike if giε (γ̇, γ̇) <

0 and lightlike if giε (γ̇, γ̇) = 0.

Note that giε
(
γ̇iελ , γ̇

iε
λ

)
= 1 − λ2ε2. Therefore, γiελ is spacelike if 0 < λ < 1/ε,

timelike if 1/ε < λ <∞, and lightlike if λ = ε.

Definition 9. We define the X-ray transform associated to the taming metric giε by

Iiεf(z, t, λ) := Iiελ f(z, t) :=

∫
R
f
(
(z, t)γiελ (s)

)
ds, f ∈ Cc(H). (6.12)

where λ ∈ (0,∞) \ {1/(
√

2ε)}.

Remark 16. We omit the case in which ε2λ2 = 1/2, in which the geodesics are closed. In-

deed, the X-ray transform in this case is just the Heisenberg spherical mean operator studied by

Thangavelu in [49].

Note that

γiελ (s+ 2πR) = γiελ (s)(0, πR2 − 2πε2). (6.13)

Therefore the isotropy group of γiελ for the action of H by left translation on Giελ is

Γiελ := {(0, kπ(R2 − 2ε2)) ∈ H : k ∈ Z}.
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We have the identification

Giελ ∼= H/Γiελ

(z, t)γiελ 7→ (z, t)Γiελ .

Remark 17. Again, when λ = 1, we omit subscripts and write Γiε = Γiε1 . We will also write

g(z, t), for any function g : H/Γiελ → C, in place of g
(
(z, t)Γiελ

)
.

Let d(z, t)Γiελ
∼= dx ∧ dy ∧ dt be the Haar measure on H/Γiελ , and let Giελ inherit a

multiple of the Haar measure dGiελ := λdx∧ dy ∧ dt. Furthermore, let dGiε := λe−λdx∧ dy ∧

dt ∧ dλ.

Note the homogeneity of geodesics with respect to dilation:

δ1/λγ
iελ
1 (s) = γiελ (s/λ); R = 1/λ. (6.14)

6.5 Mapping Properties of I iε

Proposition 17 (Homogeneity of Iiε). For f ∈ Cc(H), we have

Iiελ (f)(z, t) = λ−1δ∗λI
iελ
1

(
δ∗1/λf

)
(z, t). (6.15)
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Proof. This is essentially the same proof as 4.6:

δ∗λI
iελ
1

(
δ∗1/λf

)
(z, t) = Iiελ1

(
δ∗1/λf

)
(λz, λ2t)

=

∫
R
δ∗1/λf

(
(λz, λ2t)γiελ1 (s)

)
ds

=

∫
R
f
(

(z, t)δ1/λγ
iελ
1 (s)

)
ds

=

∫
R
f
(
(z, t)γiελ (s/λ)

)
ds, by (6.14),

= λ

∫
R
δ∗1/λf

(
(λz, λ2t)γiελ1 (λs)

)
ds

= λIiελ f(z, t).

Furthermore, in virtually the same way as Proposition 8, we reduce the X-ray trans-

form Iiε to one period:

Proposition 18. For any λ > 0, Iiελ : L1(H)→ L1(Giελ ) is well-defined, bounded. If λ 6=
√

2ε,

then Iiελ factors in the following way:

L1(H) L1(Giελ )

L1(H/Γiελ )

P iελ

Iiελ

Iiε,red
λ

where

P iελ f (z, t) =
∑
k∈Z

f
(
z, t+ kπ(R2 − 2ε2)

)
, Iiε,red

λ g(z, t) :=

∫ 2πR

0
g
(
(z, t)γiελ (s)

)
ds; R = 1/λ.

(6.16)

Furthermore, Iiε : L1(H)→ L1(Giε, dGiε) is well-defined and bounded.
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Proof. By homogeneity (6.5), and since pullback by δλ is bounded in the above L1 spaces for

λ 6= 0, it suffices to prove the proposition for λ = 1. For this case, we omit subscripts and write

P iε and Iiε,red.

For exactly the same reason as (4.8), P iε maps Cc(H) to Cc(H/Γiε), and∫
H/Γiε

P iεf (z, t) d(z, t)Γiε =

∫
H
f(z, t)d(z, t). (6.17)

So in particular, ||P iεf ||L1(H/Γiε) ≤ ||f ||L1(H).

For g ∈ Cc(H/Γiε),

||Iiε,redg||L1(Giε1 ) =

∫
Giε1
|Iiε,redg (z, t) |dGiε1

=

∫
H/Γiε

∣∣∣∣ ∫ 2π

0
g
(
(z, t)γiε1 (s)

)
ds

∣∣∣∣d(z, t)Γiε

≤
∫ 2π

0

∫
H/Γiε

|g
(
(z, t)γiε1 (s)

)
|d(z, t)Γiεds

=

∫ 2π

0

∫
H/Γiε

|g ((z, t)) |d
(
(z, t)γiε1 (s)−1

)
Γiεds

=

∫ 2π

0

∫
H/Γiε

|g (z, t) |d(z, t)Γiεds, since H/Γiε is unimodular,

= 2π||g||L1(H/Γiε).

Thus P iε and Iiε,red extend to L1 bounded maps. Given f ∈ Cc(H), since Pf ∈ Cc(H/Γε) and

Iiε,redP iεf(z, t) =

∫ 2π

0

∑
k∈Z

f
(
(z, t+ kπ(1− 2ε2))γiε1 (s)

)
ds

=

∫ 2π

0

∑
k∈Z

f
(
(z, t)γiε1 (s+ 2πk)

)
ds, by (6.13),

=
∑
k∈Z

∫ 2π

0
f ((z, t)γ1(s+ 2πk)) ds

=
∑
k∈Z

∫ 2π(k+1)

2πk
f ((z, t)γ1(s)) ds = Iiε1 f(z, t),
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we have ||Iiε1 f ||L1(Giε1 ) ≤ 2π||f ||L1(H). The third equality follows from uniform convergence of

the integrand on the interval [0, 2π] 3 s. Therefore Iiε1 extends to a bounded map from L1(H)

to L1(Giε1 ). In particular one may check, using (6.5), that ||Iiελ f ||L1(Giελ ) = ||Iiε1 f ||L1(Giε1 ) ≤

2π||f ||L1(H).

Finally we have, for f ∈ L1(H),

||If ||L1(Giε) :=

∫
Giε
|Iiεf(z, t, λ)|dGiε

=

∫ ∞
0

∫
Giελ
|Iλf(z, t)|dGiελ e−λdλ

≤2π||f ||L1(H)

∫ ∞
0

e−λdλ = 2π||f ||L1(H).

as desired.

We note a Poisson summation formula for P iε:

Lemma 10. For f ∈ L1(H), and ελ 6= 1/
√

2,

FH/Γiελ

(
P iελ f

)
(n),= FH (f)

(
nλ2

|1− 2ε2λ2|

)
, ∀n ∈ Z∗. (6.18)

Proof. Observe that Γiελ = |λ−2−2ε2|Γ and apply the Poisson Summation Formula (3.13) with

τ = .|λ−2 − 2ε2|.

Observe how the Fourier Transform respects dilations:

Lemma 11. For g ∈ L1(H/Γiε), λ > 0,

FH/Γελ (δ∗λg) = λ−4FH/Γελ(g)(n), ∀n ∈ Z∗. (6.19)

Proof. Observe that Γiελ = |λ−2 − 2ε2|Γ, and Γiελ = |1− 2ε2λ2|Γ. Then apply Lemma 2.
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6.6 Fourier Slice Theorem for I iε

As before, Iiε,red is a convolution operator by a compactly supported measure. We compute its

Fourier multiplier.

Definition 10. Define the compactly supported measure νiε on H/Γiε by

∫
H/Γiε

g(z, t)dνiε(z, t) :=

∫ 2π

0
g
(
γiε1 (θ)−1

)
dθ; g ∈ C∞(H/Γiε).

Lemma 12. For g ∈ L1(H/Γ),

Iiε,redg = νiε ∗ g.

Proof.

νiε ∗ g(z, t) :=

∫ 2π

0
g
(
(z, t)(w, s)−1

)
dνiε(w, s) =

∫ 2π

0
g
(
(z, t)γiε1 (s)

)
ds = Iiε,redg(z, t).

Proposition 19. For g ∈ L1(H/Γiε), if 0 < ε < 1/
√

2, then

FH/Γiε
(
Iiε,redg

)
(n) = 2πJn

(
1√

1− 2ε2

)
◦ FH/Γiε(g)(n), ∀n ∈ Z∗,

and if ε > 1/
√

2, then

FH/Γiε
(
Iiε,redg

)
(n) = 2π(−1)nJn

(
1√

2ε2 − 1

)∗
◦ FH/Γiε(g)(n), ∀n ∈ Z∗,

Proof. Applying the reduced Fourier Transform to Iiε,red(g) = νiε ∗ g for ε 6= 1/
√

2, we obtain

FH/Γiε
(
Iiε,redg

)
(n) = FH/Γiε(ν

iε)(n) ◦ FH/Γiε(g)(n).

72



So it remains to compute

FH/Γiε
(
νiε
)

(n) :=

∫
H/Γε

βn/|1−2ε2|(z, t)
∗dνε(z, t)

=

∫ 2π

0
βn/|1−2ε2|

(
γiε1 (s)−1

)∗
ds

=

∫ 2π

0
βn/|1−2ε2|

(
γiε1 (s)

)
ds, since βn/|1−2ε2| is a unitary rep,

=

∫ 2π

0
βn/|1−2ε2|

(
eis,

s

2
(1− 2ε2)

)
ds.

For ε < 1/
√

2,

FH/Γiε
(
νiε
)

(n) =

∫ 2π

0
βn/(1−2ε2)

(
eis,

s

2
(1− 2ε2)

)
ds

=

∫ 2π

0
βn

(
1√

1− 2ε2
eis, s2

)
ds

= Jn
(

1√
1− 2ε2

)
.

For ε > 1/
√

2

FH/Γiε
(
νiε
)

(n) =

∫ 2π

0
βn/(2ε2−1)

(
eis, s2(1− 2ε2)

)
ds

=

∫ 2π

0
βn

(
1√

2ε2 − 1
eis,− s

2

)
ds

=

∫ π

−π
βn

(
1√

2ε2 − 1
ei(s+π),− s+π

2

)
ds

=

∫ π

−π
βn

(
−1√

2ε2 − 1
eis,− s

2

)
einπds

= (−1)n
∫ π

−π
βn

(
1√

2ε2 − 1
eis, s2

)∗
ds

= (−1)n
∫ 2π

0
βn

(
1√

2ε2 − 1
eis, s2

)∗
ds

= (−1)nJn
(

1√
2ε2 − 1

)∗
as desired.
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We may now prove the Heisenberg Fourier Slice Theorem for giε:

Theorem 9 (giε Heisenberg Fourier Slice Theorem). If f ∈ L1(H), and ε > 0 then for 0 <

λ < 1/(
√

2ε), (note that all such geodesics are spacelike)

FH/Γελ

(
Iiελ f

)
(n) = (2π/λ)Jn

(
1√

1− 2ε2λ2

)
◦ FH(f)

(
nλ2

1− 2ε2λ2

)
; ∀n ∈ Z∗, (6.20)

and for 1/(
√

2ε) < λ,

FH/Γελ

(
Iiελ f

)
(n) = (2π/λ)(−1)nJn

(
1√

2ε2λ2 − 1

)∗
◦ FH(f)

(
nλ2

2ε2λ2 − 1

)
; ∀n ∈ Z∗,

(6.21)

Proof. We start with λ = 1. Combining Proposition 18 and 15,

FH/Γiε
(
Iiεf

)
= 2πJn

(
1√

1− 2ε2

)
◦ FH(f)

(
n

1− 2ε2

)
; ε < 1/

√
2 (6.22)

FH/Γiε
(
Iiεf

)
= 2π(−1)nJn

(
1√

2ε2 − 1

)∗
◦ FH(f)

(
n

1− 2ε2

)
; ε > 1/

√
2

Now, exploiting homogeneity of Iiε, if ε < 1/(λ
√

2), then

FH/Γελ

(
Iiελ f

)
(n) = λ−1FH/Γiελ

(
δ∗λI

iελ
1

(
δ∗1/λf

))
(n), by Propositoin 17,

= λ−5FH/Γiελ
(
Iiελ1

(
δ∗1/λf

))
(n), by Lemma 11,

= 2πλ−5Jn
(

1√
1− 2ε2λ2

)
◦ FH(δ∗1/λf)

(
n

1− 2ε2λ2

)
, by (6.22),

= (2π/λ)Jn
(

1√
1− 2ε2λ2

)
◦ FH(f)

(
nλ2

1− 2ε2λ2

)
, by Lemma 11.

and (6.21) follows by the same homogeneity argument with ε > 1/(λ
√

2).

Proposition 20. Let ε > 0 and n ∈ Z∗ be fixed. Then Jn
(

1√
|1−2ε2λ2|

)
: H → H is injective

for almost all λ > 0.
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Proof. Set r = 1√
|1−2ε2λ2|

. By Corollary 3, the operator Jn(r) is injective if and only if nr2

is not a zero of L(n)
j for any j ∈ N. Since there are only countably many such zeros, the

proposition follows.

Theorem 10. For all ε > 0, the Heisenberg taming X-ray transform Iiε : L1(H)→ L1(Giε, dGiε)

is injective. In particular, if f ∈ L1(H) and Iiελ f = 0 for all λ in a neighborhood of zero, then

f = 0. Furthermore, if neighborhood if sufficiently small, the X-ray transform integrates exclu-

sively over spacelike geodesics.

Suppose, Iiελ (f) = 0 for all λ ∈ (0, η), where 0 < η < 1/(
√

2ε). Then by Theorem

9 and Proposition 20,

0 = FH(f)

(
nλ2

1− 2ε2λ2

)
(6.23)

for almost all λ ∈ (0, η), and all n ∈ Z∗. Let A be the set of all such λ ∈ (0, η), and

B = {λ2/(1− 2ε2λ2) : λ ∈ A}. Then in other words

0 = FH(f)(h) ∀h ∈
∞⋃
n∈Z

nB.

Since B has full-measure on the interval (0, η2

(1−2ε2η2)
), we know FHf(h) = 0 for almost all

h ∈ R∗. Therefore f = 0 by the Fourier Inversion Theorem.

Remark 18. Note that in the Theorem 10, by taking η < 1/(
√

2ε) < 1/ε we restrict to space-

like geodesics. Therefore only integrals over spacelike geodesics are needed to determine a

function f ∈ L1(H). However, inasmuch as the (H, giε) models a real spacetime, sampling

over such geodesics is not physically realizable.
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In the timelike case, when λ > 1/ε, we have

|n|
2ε2
≤
∣∣∣∣ nλ2

2ε2λ2 − 1

∣∣∣∣ < |n|ε2 , n ∈ Z∗.

Therefore we conjecture that the kernel of Lorentzian X-ray transform restricted to timelike

geodesics is the set of all f ∈ L1(H) whose Fourier Transform FHf(h) is supported on |h| ≤

(2ε)−1.

6.7 SVD Computations

For τ > 0 the space 0L2(H/τΓ) has orthonormal Hilbert basis given by the functions

τ−1mn
jk(z/

√
τ , t/τ); j, k ∈ N, n ∈ Z∗ (6.24)

with respect to the inner product

〈f, g〉L2(H/τΓ) =

∫ τπ

0

∫
C
f(z, t)g(z, t)dzdt

which is seen by rescaling (3.22).

6.7.1 SVD of Iε,red|0L2(H/Γε)

Proposition 21.

Iε,red : Lp(H/Γε)→ Lp(H/Γε)

with 1 ≤ p ≤ ∞ is well-defined and bounded.

Proof. This follows from the fact that Iε,redg = νε ∗ g and that νε is compactly supported.
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Proposition 22. Iε,red preserves the orthogonal decomposition in Lemma 1. i.e.

Iε,red|L2(C) : L2(C)→ L2(C) (6.25)

Iε,red|0L2(H/Γε) : 0L2(H/Γε)→ 0L2(H/Γε). (6.26)

Furthermore, the restriction Iε,red|L2(C) is essentially 2π times the Mean Value Transform M1.

Proof. For f ∈ L2(C),

Iε,red|L2(C)f(z, t) =

∫ 2π

0
f
(

(z, t)(eiθ, θ/2)
)
dθ

=

∫ 2π

0
f
(
z + eiθ, t+ θ(1 + 2ε2)/2 + 1

2 Im
(
zeiθ

))
dθ

=

∫ 2π

0
f(z + eiθ)dθ = 2πM1f(z),

and so Iε,redf ∈ L2(C).

For g ∈ 0L2(H/Γε),∫ π

0
Iε,redg(z, t)dt =

∫ π

0

∫ 2π

0
g
(
z + eiθ, t+ θ(1 + 2ε2)/2 + 1

2 Im
(
zeiθ

))
dθdt

=

∫ 2π

0

∫ π

0
g(z + eiθ, t)dtdθ = 0,

so that Iε,redg ∈ 0L2(H/Γε).

The functions

mε,n
jk (z, t) :=

√
|n|

π(1 + 2ε2)
M

n/(1+2ε2)
jk (z, t)

obtained by setting τ = (1 + 2ε2) in (6.24), are an orthonormal Hilbert basis of 0L2(H/Γε).

Theorem 11 (SVD of Iε,red|0L2(H/Γε)). For all j, k ∈ N and n ∈ Z∗,

Iε,red|0L2(H/Γε)m
ε,n
jk = 2πM

n/(1+2ε2)
j,j+|n| (1, 0)mε,n

j+|n|,k
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where

M
n/(1+2ε2)
j,j+|n| (1, 0) = (−1)n

√
j!

(j + |n|)!

(
|n|

1 + 2ε2

)|n|/2
L

(|n|)
j

(
|n|

1 + 2ε2

)
e
−|n|/2
1+2ε2

Proof. By multiplicativity of the matrix coefficients,

M
n/(1+2ε2)
jk ((z, t)γε1(θ)) =

∞∑
l=0

M
n/(1+2ε2)
jl (γε1(θ))M

n/(1+2ε2)
lk (z, t)

and

∫ 2π

0
M

n/(1+2ε2)
jl (γε1(θ)) dθ =

∫ 2π

0
M

n/(1+2ε2)
jl

(
eiθ, θ(1 + 2ε2)/2

)
dθ

=

∫ 2π

0
einθMn

jl

(
eiθ, 0

)
dθ

= 2πδ(|n|+ j − l)Mn/(1+2ε2)
jl (1, 0) ,

where the last equality follows from Lemma 6 with τ = 1 + 2ε2. Thus

Iε,redM
n/(1+2ε2)
jk (z, t) =

∫ 2π

0
M

n/(1+2ε2)
jk ((z, t)γε1(θ)) dθ

= 2πM
n/(1+2ε2)
j,j+|n| (1, 0)M

n/(1+2ε2)
j+|n|,k (z, t)

Rescaling by the normalization factor
√
|n|

π(1+2ε2)
yields the result.

For n ∈ Z∗ functions f(z, t) ∈ Hn/(1+2ε2)
j ⊂ C∞(H) are periodic in t with period

π(1 + 2ε2). Thus, we may identifyHn/(1+2ε2)
j with a subspace of L2(H/Γε). In fact

0L2(H/Γε) ∼=
⊕

j∈N;n∈Z∗
Hn/(1+2ε2)
j .

This is essentially (3.22).
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Corollary 5. Iε,red|0L2(H/Γε) decomposes as a collection of weighted shifts on the spaces of

matrix coefficients

Iε,red|
Hn/(1+2ε2)
j

: Hn/(1+2ε2)
j → Hn/(1+2ε2)

j+|n| (6.27)

where component each is essentially a multiple of powers of the creation operator:

Iε,red|
Hn/(1+2ε2)
j

= 2π(−1)n
j!

(j + |n|)!

(
|n|

1 + 2ε2

)|n|/2
L

(|n|)
j

(
|n|

1 + 2ε2

)
e
−|n|/2
1+2ε2

(
−Z
)|n|

.

(6.28)

6.7.2 SVD of I iε,red|0L2(H/Γiε)

Proposition 23.

Iiε,red : Lp(H/Γiε)→ Lp(H/Γiε)

with 1 ≤ p ≤ ∞ is well-defined and bounded.

Proof. This follows from the fact that Iiε,redg = νiε ∗ g and νiε ∈ E ′(H/Γiε).

Proposition 24. Iiε,red preserves the orthogonal decomposition in Lemma 1. i.e.

Iiε,red|L2(C) : L2(C)→ L2(C) (6.29)

Iiε,red|0L2(H/Γiε) : 0L2(H/Γiε)→ 0L2(H/Γiε). (6.30)

Furthermore, the restriction Iiε,red|L2(C) is essentially 2π times the Mean Value Transform M1.
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Proof. For f ∈ L2(C),

Iiε,red|L2(C)f(z, t) =

∫ 2π

0
f
(

(z, t)(eiθ, θ/2)
)
dθ

=

∫ 2π

0
f
(
z + eiθ, t+ θ(1− 2ε2)/2 + 1

2 Im
(
zeiθ

))
dθ

=

∫ 2π

0
f(z + eiθ)dθ = 2πM1f(z),

and so Iiε,redf ∈ L2(C).

For g ∈ 0L2(H/Γiε),

∫ π

0
Iiε,redg(z, t)dt =

∫ π

0

∫ 2π

0
g
(
z + eiθ, t+ θ(1− 2ε2)/2 + 1

2 Im
(
zeiθ

))
dθdt

=

∫ 2π

0

∫ π

0
g(z + eiθ, t)dtdθ = 0,

so that Iiε,redg ∈ 0L2(H/Γiε).

For ε 6= 1/
√

2, the functions

miε,n
jk (z, t) :=

√
|n|

π|1− 2ε2|
M

n/(1−2ε2)
jk (z, t)

obtained by setting τ = (1− 2ε2) in (6.24), are an orthonormal Hilbert basis of 0L2(H/Γiε).

Theorem 12 (SVD of Iiε,red|0L2(H/Γiε)). Suppose ε 6= 1/
√

2.

Timelike case: if ε ∈ (0, 1√
2
), then for all j, k ∈ N and n ∈ Z∗,

Iiε,red|0L2(H/Γiε)m
iε,n
jk = 2πM

n/(1−2ε2)
j,j+|n| (1, 0)miε,n

j+|n|,k

where

M
n/(1−2ε2)
j,j+|n| (1, 0) = (−1)n

√
j!

(j + |n|)!

(
|n|

1− 2ε2

)|n|/2
L

(|n|)
j

(
|n|

1− 2ε2

)
e
−|n|/2
(1−2ε2) .
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Spacelike case: if ε ∈ ( 1√
2
,∞), then for all j, k ∈ N and n ∈ Z∗,

Iiε,red|0L2(H/Γiε)m
iε,n
jk = 2πM

n/(1−2ε2)
j,j−|n| (1, 0)miε,n

j−|n|,k

where

M
n/(1−2ε2)
j,j−|n| (1, 0) = (−1)n

√
(j − |n|)!

j!

(
|n|

2ε2 − 1

)|n|/2
L

(|n|)
j

(
|n|

2ε2 − 1

)
e
−|n|/2
(2ε2−1)

and where we set Mn/(1−2ε2)
j,j−|n| (1, 0) := 0 if j − |n| < 0.

Proof. By multiplicativity of the matrix coefficients,

M
n/(1−2ε2)
jk

(
(z, t)γiε1 (θ)

)
=
∞∑
l=0

M
n/(1−2ε2)
jl

(
γiε1 (θ)

)
M

n/(1−2ε2)
lk (z, t).

If ε 6= 1/
√

2, then∫ 2π

0
M

n/(1−2ε2)
jl

(
γiε1 (θ)

)
dθ =

∫ 2π

0
M

n/(1−2ε2)
jl

(
eiθ, (1− 2ε2)θ/2

)
dθ

=

∫ 2π

0
einθM

n/(1−2ε2)
jl

(
eiθ, 0

)
dθ

= 2πM
n/(1−2ε2)
jl (1, 0)


δ(|n|+ j − l), if ε ∈ (0, 1√

2
)

δ(|n|+ l − j), if ε ∈ ( 1√
2
,∞).

so for ε ∈ (0, 1√
2
)

Iiε,redM
n/(1−2ε2)
jk (z, t) =

∫ 2π

0
M

n/(1−2ε2)
jk

(
(z, t)γiε1 (θ)

)
dθ

= 2πM
n/(1−2ε2)
j,j+|n| (1, 0)M

n/(1−2ε2)
j+|n|,k (z, t)

and for ε ∈ ( 1√
2
,∞),

Iiε,redM
n/(1−2ε2)
jk (z, t) =

∫ 2π

0
M

n/(1−2ε2)
jk

(
(z, t)γiε1 (θ)

)
dθ

= 2πM
n/(1−2ε2)
j,j−|n| (1, 0)M

n/(1−2ε2)
j−|n|,k (z, t)
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Rescaling by the normalization factor
√
|n|

π|1−2ε2| yields the result.

For n ∈ Z∗ functions f(z, t) ∈ Hn/(1−2ε2)
j ⊂ C∞(H) are periodic in t with period

π|1− 2ε2|. Thus, we may identifyHn/(1−2ε2)
j with a subspace of L2(H/Γiε). In fact

0L2(H/Γiε) ∼=
⊕

j∈N;n∈Z∗
Hn/(1−2ε2)
j .

Corollary 6. Iiε,red|0L2(H/Γiε) decomposes as a collection of weighted shifts on the spaces of

matrix coefficients:

If ε ∈ (0, 1√
2
) then

Iiε,red|
Hn/(1−2ε2)
j

: Hn/(1−2ε2)
j → Hn/(1−2ε2)

j+|n| (6.31)

where component each is essentially a multiple of powers of the creation operator:

Iiε,red|
Hn/(1−2ε2)
j

= 2π(−1)n
j!

(j + |n|)!

(
|n|

1− 2ε2

)|n|/2
L

(|n|)
j

(
|n|

1− 2ε2

)
e
−|n|/2
(1−2ε2)

(
−Z
)|n|

.

(6.32)

If ε ∈ ( 1√
2
,∞) then

Iiε,red|
Hn/(1−2ε2)
j

: Hn/(1−2ε2)
j → Hn/(1−2ε2)

j−|n| (6.33)

where component each is essentially a multiple of powers of the annihilation operator:

Iiε,red|
Hn/(1−2ε2)
j

= 2π(−1)n
(j − |n|)!

j!

(
|n|

2ε2 − 1

)|n|/2
L

(|n|)
j

(
|n|

2ε2 − 1

)
e
−|n|/2
(2ε2−1)Z |n|.

(6.34)
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Part IV

Future Work
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Chapter 7

Next Steps Regarding Iλ

7.1 Stability and Smoothening Properties

It is well-known that the Euclidean X-ray transform in a disc Rn is a smoothening operator

of order −1
2 , and that the transform is stable. This amount to showing the X-ray transform in

bounded above and below with respect to the right Sobolev norms. The natural question is to

prove the analogous theorem for the Sololev spaces associated to the Heisenberg Laplacian. See

[9][12].

7.2 Explicit Inversion Formulas

For n ∈ 2Z+1 one might expect to choose a left inverse of Jn (such as J −1
n := (J ∗nJn)−1Jn)

and apply the Fourier Inversion theorem to

(λ/2π)J −1
n FH/Γλ (Iλf) (n) = FH(f)(nλ2); f ∈ S(H); n ∈ 2Z + 1
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(with h = nλ2) to obtain an inversion formula for If .

n2

π3

∑
σ=±1

∫ ∞
0

Tr
(
βσnλ2(q) ◦ J −1

n ◦ FH/Γλ (Iλf) (σn)
)
λ4dλ = f(q); f ∈ S(H).

However, the operator J −1
n is not exactly explicit. Furthermore, since Jn is compact, its inverse

is not bounded and therefore this is not a stable inversion formula. Fortunately, the inversion

formula is completely independent of n. We expect that the right approach to a more explicit

and stable inversion formula is to find a ”generating function” for the family of operators of the

form

∑
n∈Z∗

anJn = K; an ∈ C

where K : H → H is bounded below. We have, for example, that

∞∑
n=1

(n
e

)n/2
JnF (ζ) =

1

2πi

∮
F (ζ + z)

eζ/z − z
dz, F ∈ H (7.1)

counterclockwise over |z| > |ζ|.

7.3 Support Theorems

Proving Helgason-type support theorems for the X-ray transform should be a straightforward

application of the Paley-Wiener theory developed in Chapter 2.4 of [50], which relates support

properties of a function f on the Heisenberg group to decay properties of ts Weyl transform

Wf .
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Part V

Appendix
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Appendix A

Further Results in Heisenberg Geometry

A.1 A characterization of left-invariant geodesics on H

We show that sub-Riemannian geodesics are 1-parameter subgroups of the Heisenberg Motion

group:

Definition 11. The Heisenberg Motion group HM = Ho U(1) has the multiplication law

(
(z, t); eiθ

)(
(w, s); eiφ

)
=
(

(z, t)(eiθw, s); ei(θ+φ)
)
. (A.1)

Let X = ∂x− 1
2y∂t, Y = ∂y + 1

2x∂t, and T = ∂t be the standard left-invariant vector

fields on H, and D(z,t) = Span(z,t){X,Y }.The standard the left-invariant vector fields on HM
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are

X = cos θX + sin θY

X⊥ = − sin θX + cos θY

T = ∂t

V = ∂θ.

Definition 12. We say that a left-invariant nondegenerate bilinear form on TH is compatible

with the sub-Riemannian metric g := dx2 + dy2|D, if its restriction to D agrees with g.

Theorem 13. The compatible metrics for the sub-Riemannian metric on the Heisenberg group

are exactly the family of left-invariant Riemannian metrics,

gε := dx2 + dy2 + (1/ε2)Θ2 (A.2)

together with the family of left-invariant Lorentzian metrics

giε := dx2 + dy2 − (1/ε2)Θ2 (A.3)

for all ε > 0.

Theorem 14. Every complete geodesic for gε, giε or g on H is a projection via pr : HM →

H; (z, t; eiθ)→ (z, t) of a 1-parameter subgroup of HM to H or its left translate by (z, t; eiθ).

In particular, if

γ(s) =
(
z, t; eiθ

)
esW ∈ HM ; W = X + cT + λV ; c, λ ∈ R
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then the curve (defined for λ = 0 by taking the pointwise limit as λ→ 0),

pr ◦ γ(s) =

(
eiλs − 1

iλ
, cs+

λs− sinλs

2λ2

)
,

1) is a geodesic for the Riemannian metric gε when c = ε2λ ,

2) is a geodesic for Lorentzian metric giε when c = −ε2λ,

3) is a geodesic for sub-Riemannian metric g when c = 0.

Furthermore, the projection of every 1-parameter subgroup on HM is a geodesic for the sub-

Riemannian or a compatible metric.

Proof. Since the quotient

q : HM → SE(2) :
(
z, t; eiθ

)
→ (z; eiθ) (A.4)

is a homomorphism, we have

q∗X = cos θ∂x + sin θ∂y (A.5)

q∗X⊥ = − sin θ∂x + cos θ∂y (A.6)

q∗T = 0 (A.7)

q∗V = ∂θ (A.8)

If γ : R→ HM is a 1-parameter subgroup, then so is q ◦ γ : R→ SE(2), i.e. q ◦ γ(s) = esW

for some W ∈ se(2) on. There exists constants c, λ ∈ R for which

γ′(s) = X + cT + λV, ∀s ∈ R. (A.9)
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Then since,

W =
d

ds
esW |s=0 =

d

ds
(q ◦ γ(s)) |s=0 = dq ◦

(
γ′(0)

)
(A.10)

= dq (X) + cdq (T ) + λdq (v) (A.11)

= q∗X + λq∗V (A.12)

which is the magnetic vector field for a constant magnetic field in R2, we have

q ◦ γ(s) =

(
eiλs − 1

iλ
; eiλs

)
∈ SE(2) (A.13)

Thus

γ(s) =

(
eiλs − 1

iλ
, t(s); eiλs

)
∈ HM (A.14)

for some undetermined function t(s).

Let Θ = dt− 1
2 (xdy − ydx) = dt− 1

2 Im (zdz) be the contact form on H with Reeb

field T . Then since Θ(T ) = 1 and vanishes on the other vector fields, we have

c = Θ
(
γ′(s)

)
. (A.15)

Then

cs =

∫ s

0
Θ
(
γ′(τ)

)
dτ =

∫ s

0
t′(τ)dτ − 1

2

∫
γ

Im (zdz) (A.16)

and since t(0) = 0 (because γ(0) is the identity in HM ),

t(s) = cs+
1

2

∫
γ

Im (zdz) = cs+
1

2

(
λs− sinλs

2λ2

)
(A.17)

from which we obtain

γ(s) =

(
eiλs − 1

iλ
, cs+

λs− sinλs

2λ2
; eiλs

)
. (A.18)
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When c = ε2, the projection of (A.18) to H is the equation for a Riemannian geodesic for the

metric gε. When c = −ε2 it is a Lorentzian geodesic for giε. When c = 0, it is a sub-Riemannian

geodesic for g.

A.2 Exponential Map for Heisenberg Geodesics

The sub-Riemannian flow maps from the unit cotangent bundle U∗H := H−1(1
2) to itself. We

work in the left-trivialization of the unit cotangent bundle: U∗H ∼= H× S1 ×R 3 (z, t, eiφ, λ).

The exponential map exp : R× U∗H→ H is given in these coordinates by

exp(z,t)

(
s(eiφ, λ)

)
= (z, t)


(
eiφ (eiλs−1)

iλ , λs−sin(λs)
2λ2

)
λ 6= 0

(
seiφ, 0

)
λ = 0

. (A.19)

(see [34, Ch. 1]), which describes the unit-speed geodesic with initial point (z, t) whose pro-

jection to the plane is a counterclockwise circle of radius R = 1/|λ|, and has initial velocity in

the direction of φ if λ > 0, and φ + π if λ < 0. If λ = 0 this projection is a strait line in the

direction φ. The geodesics in (1.1) are obtained by rotations and left translation of (A.19).

The Riemannian exponential map expε for gε is given in the same coordinates by

expε(z,t)

(
s(eiφ, λ)

)
= exp(z,t)

(
s(eiφ, λ)

)
(0, ε2λs) (A.20)

(see [34, Thm. 11.8] for an explanation). Because we are using cylindrical coordinates in the

fibers, neither of these exponential maps describe geodesics with initial condition strictly in the

λ direction. In the case of g, these geodesics are fixed points in H, and in the case of gε these

geodesics are integral curves of the Reeb vector field ε2λT . In both cases, the X-ray transforms

are inverted without considering these geodesics.
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A.3 The Space of Geodesics as a Symplectic Reduction of the Cotan-

gent Bundle

Proposition 25. G is the symplectic reduction of the cotangent bundle T ∗H by the sub-Riemannian

flow.

We will use the following lemma.

Lemma 13. SupposeG is a Lie group acting continuously on a manifoldM . We say this action

is proper if the map G ×M → M ×M ; (g, p) → (g · p, p) is a proper map. That G acts

properly on M is equivalent to the following statement:

If {pi} is a sequence inM and {gi} is a sequenceG such that both {pi} and a {gi ·pi}

converge, then a subsequence of {gi} converges.

See, of example [29]. For the following theorems on symplectic reduction, see [1].

Definition 13. Suppose G is a Lie group with a Hamiltonian action on a symplectic manifold

(M,ω). A moment map µ : M → g∗ is a map for which

〈dµp, A〉 = ιApω; p ∈M, A ∈ g (A.21)

µg·p = Ad∗gµ; p ∈M, g ∈ G. (A.22)

Here 〈, 〉 : g∗×g→ R is the dual pairing. We also implicitly use the identification Tµ(p)g
∗ ∼= g∗

and let dµp : TpM → g∗.

Theorem. Suppose G is a Lie group having a Hamiltonian action on a symplectic manifold
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(M,ω) with momentum map µ : M → g∗. Further suppose η ∈ g∗ is fixed by the coadjoint

action of G. If the action is smooth, free and proper on µ−1(η), then

1) µ−1(η)/G is a smooth manifold of dimension dimM − 2dimG, and π : µ−1(η) →

µ−1(η)/G is a principle G-bundle.

2) There is a unique symplectic form ωred on µ−1(η)/G for which π∗ωred = i∗ω. Here

i : µ−1(η)→M is the inclusion map.

Proof. R acts on T ∗H via the sub-Riemannian flow ϕ : R × T ∗H → T ∗H; (s, (q, p)) 7→

ϕs(q, p). By definition, this action is Hamiltonian for

H =
1

2

(
P 2
X + P 2

Y

)
. (A.23)

Furthermore, for trivial reasons, H : T ∗H→ R is a momentum map for the action of R by the

sub-Riemannian flow. Indeed,

dH = ιXω (A.24)

and

H (s · (q, p)) = H (ϕs(q, p)) = H(q, p) = Ad∗sH(q, p) (A.25)

where the last line follow from the fact the Ad∗s = IdR. If we take η = 1/2 then η is coadjoint

fixed since the coadjoint action of R is trivial, and H−1(1
2) = U∗H.

Because R acts on T ∗H by the flow of a smooth vector field, the action is smooth.

Since the geodesics exist for all time and none are closed, the action is free. Suppose the action

is not proper on U∗H. Then these exists sequences {si} and {(qi; θi, λi)} in R and U∗H,

respectively, for which
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• {(qi; θi, λi)} converges as i→∞

• {ϕsi(qi; θi, λi)} converges as i→∞

• {si} has no convergent subsequence.

We may assume without loss of generality that |si| → ∞ as i→∞

By (2.3), we have

ϕsi(qi; θi, λi) = (qi; e
iθi)ϕsi(0; 0, λi) (A.26)

Therefore ϕsi(0; 0, λi) converges as i→∞.

Passing to a subsequence of {λi}, if one such exists, suppose λi = 0 for all i = 1, 2, .... Then

ϕsi(0; 0, λi) = (si, 0; 0, 0) , i = 1, 2, ... (A.27)

which doesn’t converge since |si| → ∞ as i→∞, a contradiction.

Otherwise, passing to a subsequence of {λi}, suppose λi 6= 0 for all i = 1, 2, ... Then

ϕsi(0; 0, λi) =

(
eiλisi − 1

iλi
,
λisi − sinλisi

2λ2
i

;λisi, λi

)
, i = 1, 2, ... (A.28)

But the term λisi−sinλisi
2λ2
i

does not converges as i→∞ since {λi} converges and |si| → ∞ , a

contradiction.

Therefore, R acts properly on U∗H. By the Marsden-Weinstein-Meyer Theorem,

G ∼= U∗H/R is a symplectic manifold with the unique symplectic form ωred for which π∗Gω
red =

i∗U∗Hω. Here iU∗H : U∗H → T ∗H is the inclusion map, and πG : U∗H → G is the quotient

map.
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We compute the symplectic form on G in a specific coordinate chart. The coordinate

function PT : U∗H → R; (z, t; θ, λ) 7→ λ is continuous. Since λ is a constant of motion, PT

descends to a function on G. Because πG : U∗H → G is a smooth submersion, PT : G → R is

continuous. Thus G+ := P−1
T (0,∞) is an open submanifold of G.

The inclusion iU∗H : U∗H → T ∗H induces the relations PX = cos θ, PY = sin θ,

and PT = λ, where θ and λ are the angular and vertical variables of the cylindrical fibers in the

left-trivialization U∗H ∼= H× S1 × R. We then have

i∗U∗Hω = (cos θdy − sin θdx) ∧ dθ + λdx ∧ dy + Θ ∧ dλ. (A.29)

Define the maps

H× (0,∞) U∗H

G

ψ

Ψ

πG

where Ψ(z, t, λ) = ((z, t); 0, λ) ∈ U∗H and ψ = πG ◦ Ψ. Then by inspecting the expression

for the geodesic flow (2.5), we see that Ψ(z, t, λ) = Ψ(z′, t′, λ′) if and only if z = z′, λ = λ′

and t = t′ (mod π/λ2). Thus ψ : H × (0,∞) → G+ is an injective smooth submersion, and

hence a local diffeomorphism. In the coordinates above, we have

ψ∗ωred = (πG ◦Ψ)∗ωred = Ψ∗π∗Gω
red

= Ψ∗ (ω|U∗H)

= λdx ∧ dy + Θ ∧ dλ.
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Therefore, if we define dvolG := 1
2

(
ωred ∧ ωred

)
, then

ψ∗dvolG :=1
2φ
∗ (ωred ∧ ωred) = 1

2φ
∗ωred ∧ φ∗ωred

=λdx ∧ dy ∧ dΘ ∧ dλ

=λdx ∧ dy ∧ dt ∧ dλ.

So in the above chart for G× we make the identification

dvolG = λdx ∧ dy ∧ dt ∧ dλ. (A.30)

The symplectic manifold G is foliated by leaves Gλ = P−1
T (λ). For λ 6= 0, the volume form on

Gλ is given by

dGλ = ι∂λdvolG = λdx ∧ dy ∧ dt.
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Appendix B

Representation Theory

B.1 Schrödinger Representation

Recall the definition of group multiplication on H ∼= R3,

(x+ iy, t)(u+ iv, s) =
(
x+ u+ i(y + v), t+ s+ 1

2(xv − uy)
)
,

and its left invariant vector fields

X = ∂x − 1
2y∂t Y = ∂y + 1

2x∂t T = ∂t.

There is a unique unitary action of H on L2(R) for which respectively x, y and z act on

ϕ ∈ L2(R) via

τxϕ(ξ) := ϕ(ξ + x) myϕ(ξ) := eiyξϕ(ξ) itIϕ(ξ) := itϕ(ξ).

Their infintesimal actions are given by

ρ∗X = ∂ξ ρ∗Y = iξ ρ∗T = iI.
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Define the Schrödonger representation ρ : R3 → U(L2(R)),

ρ(x, y, t)ϕ(ξ) := e(x∂ξ+yiξ+tiI)ϕ(ξ), ϕ ∈ L2(R).

A application of the Baker-Campbell-Hausdorff formula gives

ex∂ξ+yiξ+tiIϕ(ξ) = ei(t−
i
2
xy)τxmyϕ(ξ) = eitei(xy/2+yξ)ϕ(ξ + x).

Consider the family of automorphisms of the Heisenberg group

S−1(x, y, t) := (x,−y,−t), δ√h(x, y, t) := (
√
hx,
√
hy, ht), h > 0.

Then for h > 0,

ρh :=ρ ◦ δ√h

ρ−h :=ρ ◦ δ√h ◦ S−1

are irreducible unitary representations of H. These representations are pairwise inequivalent,

and by the Stone-Von Neuman theorem, exhaust all irreducible unitary representations for which

the center of H acts nontrivially. Furthermore,

ρ±h(x, y, t)ϕ(ξ) = e±i(ht+hxy/2+
√
hyξ)ϕ(ξ +

√
hx). (B.1)

Theorem 15 (Stone-von Neumann). Every unitary representation of H is unitarily equivalent

to one and only one of the following representations.

i) (x, y, t) ∈ H 7→ ρh(x, y, t); h ∈ R \ {0}

ii) (x, y, t) ∈ H 7→ ei(xξ+yη); ξ, η ∈ R.
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B.2 Fourier and Weyl Transforms

Since we will see later that the representations in (ii) are negligible in the spectral decomposi-

tion of f ∈ L2(H), our definition of the Heisenberg Fourier Transform does not include them.

Here we use f̂(h) to denote the Fourier transform defined using the Schrödonger representa-

tions.

Definition 14 (Fourier Transform - Schrödonger Representation). For a function

f ∈ L1 ∩ L2(H), it’s Heisenberg Fourier Transform f̂(h), for h 6= 0, is the operator on L2(R)

given by

f̂(h){ϕ} :=

∫
H
f(z, t)ρh(z, t)∗{ϕ}dzdt, ϕ ∈ L2(R)

=

∫
H
f(x+ iy, t)eih(−t−yξ+xy/2)ϕ(ξ − x)dxdydt

which we will show is a Hilbert-Schmidt operator on L2(R).

We care about this transform because it’s inversion formula gives a useful spectral

decomposition of f ∈ L2(H). Note that ρh(z, t) = eihtρh(z, 0), so the interesting part of f̂(h)

is not in the t direction:

f̂(h) =

∫
C

∫
R
f(z, t)e−ihtρh(z, 0)∗dzdt

=

∫
C
fh(z)ρh(z)∗dz,

where fh(z) =
∫
R f(z, t)e−ihtdt, and ρh(z) := ρh(z, 0). Thus, lets momentarily consider

Definition 15 (Weyl Transform). For a nice function g ∈ L1 ∩ L2(C), its Weyl Transform
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Wh(g) is an operator on L2(R) defined for h 6= 0 by

Wh(g){ϕ} :=

∫
C
g(z)ρh(z){ϕ}dz, ϕ ∈ L2(R)

=

∫
R2

g(x+ iy)ei(yξ+xy/2)ϕ(ξ + x)dxdy

=

∫
R2

g(x− ξ + iy)eiy(x/2+ξ/2)ϕ(x)dxdy

Set h = 1 for now and denote the Weyl transform by W (g). Then for ϕ ∈ L2(R)

W (g)ϕ(ξ) =

∫
R
Kg(ξ, x)ϕ(x)dx, Kg(ξ, x) =

∫
R
g(x− ξ, y)e

i
2y(ξ+x)dy (B.2)

Lemma 14. Wh extends to an isometric embedding of L2(C) into Hilbert-Schmidt operators

on L2(R, 2πh−1dh).

Proof. For g ∈ L1 ∩ L2(C), we have

||W (g)||2HS :=

∫
R2

|Kg(ξ, x)|2dξdx

= (2π)

∫
R2

|g(x, y)|2dxdy,

where the last step follows from the Euclidean Plancherel Theorem. For h 6= 0, this generalizes

to

||Wh(g)||2HS = 2πh−1||g||2L2(R). (B.3)

Proposition 26. Since Wh(g) is a Hilbert-Schmidt operator, it is also trace class. We may

recover g ∈ S(C) via

tr(ρh(z)∗Wh(g)) = (2π)|h|−1g(z). (B.4)
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Proof. First,

ρ(w)∗W (g) =

∫
C
g(z)ρh(−w)ρh(z)dz

=

∫
C
g(z + w)e−

i
2

im(wz)ρh(z)dz

=W (gw), gw(z) := g(z + w)e−
i
2

im(wz).

Then, since Kgw(ξ, ξ) =
∫
R gw(x, 0)eixξdx,

tr(ρ(w)∗W (g)) :=

∫
R
Kgw(ξ, ξ)dξ

=

∫
R

∫
R
gw(x, 0)eixξdxdξ

=2πgw(0) = 2πg(w)

Therefore g 7→ Wh(g) is a one to one map from L2(C) to the set of Hilbert-Schmidt

operators on L2(R).

Theorem 16 (Plancherel). If f ∈ L1 ∩ L2(H), then

||f ||2L2(H) = (2π)−2

∫
R
||f̂(h)||2H.S.|h|dh (B.5)

Proof. Note that f̂(h) = Wh

(
fh
)∗

. Then

||f̂(h)||2HS = ||Whfh||2HS = (2π)|h|−1||fh||2L2(C) = (2π)|h|−1||fh||2L2(C) (B.6)

so ∫
||f̂(h)||2HS(2π)−2|h|dh =(2π)−1

∫
R
||fh(z)||2L2(C)dh (B.7)

=||f ||2L2(H) (B.8)
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where the last step follows from the Euclidean Plancherel theorem.

Theorem 17 (Fourier Inversion - Schrödinger Version). If f ∈ L1 ∩ L2(H), then

f(z, t) =

∫
R
tr[ρh(z, t)f̂(h)](2π)−2|h|dh (B.9)

Proof. Use Proposition 26 and the fact that f̂(h) = Wh

(
fh
)∗

.

B.3 Fourier-Wigner Transform

Given ϕ,ψ ∈ L2(R), consider the function

Vϕ(ψ, z) = (2π)−1/2 (ρ(z)ϕ,ψ)L2(R) .

This is called the Fourier-Wigner Transform of ϕ and ψ. It is given explicitly by

Vϕ(ψ, z) = (2π)−1/2

∫
R
eiξyϕ(ξ + x/2)ψ(ξ − x/2)dξ

Theorem 18. Let f, g, ϕ, ψ be in L2(R). Then

(Vϕ(ψ), Vf (g)) = (ϕ, f)(g, ψ).

Proof. By the usual Plancherel Theorem in the y variable

||Vϕ(ψ, z)||2L2(C) =

∫
R

∫
R

(2π)−1

∣∣∣∣Fξ (ϕ(ξ + x/2)ψ(ξ − x/2)
)

(−y)

∣∣∣∣2dxdy
=

∫
R

∫
R
ϕ(y + x/2)ψ(y − x/2)dxdy

= ||ϕ||2L2(R)||ψ||
2
L2(R).

The claim follows by polarization.
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B.4 Harmonic Oscillator and Hermite Functions

The operator

Ĥ = −∆R + |ξ|2 : S(R)→ L2(R) (B.10)

is called the quantum harmonic oscillator Hamiltonian. If ∆H = X2 + Y 2, then

(ρh)∗(−∆H) = |h|Ĥ, (B.11)

which is why we care about Ĥ . L2(R) has an orthonormal basis of eigenvectors for Ĥ , given

by the Hermite functions indexed by k = 0, 1, 2, ...:

ψk(x) := ck(−1)kex
2/2 d

k

dxk

(
e−x

2
)
, ck = (2k

√
πk!)−1/2. (B.12)

Their eigenvalues are

Ĥψk = (2k + 1)ψk. (B.13)

Alternately, induction on the product rule yields

ψk(x) = ck (−∂x + x)k e−x
2/2 =

1√
k!

(A∗)k h0(x), (B.14)

where

A∗ =
1√
2

(
− d

dx
+ x

)
A :=

1√
2

(
d

dx
+ x

)
. (B.15)

In fact, for k ≥ 0,

Ahk+1 =
√
k + 1hk A∗ψk =

√
(k + 1)hk+1. (B.16)
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Remark 19. For Z, Z defined as,

Z :=
1

2
(X − iY ) Z :=

1

2
(X + iY ) , (B.17)

we have

ρ∗

(√
2Z
)

= A ρ∗

(√
2Z
)

= −A∗ (B.18)

These creation and annihilation operators are related to the Harmonic Oscillator in

the following ways

A∗A =
1

2

(
Ĥ − I

)
AA∗ =

1

2

(
Ĥ + I

)
, (B.19)

Furthermore

AĤ = 2AA∗A+A ĤA = 2AA∗A−A (B.20)

ĤA∗ = 2A∗AA∗ +A∗ A∗Ĥ = 2A∗AA∗ −A∗. (B.21)

Combining these, we obtain

[A, Ĥ] = 2A [A∗, Ĥ] = −2A∗. (B.22)

which are equivalent to

ĤA = A(Ĥ − 2) ĤA∗ = A∗(Ĥ + 2). (B.23)
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B.5 Bargmann Transform

Definition 16 (Bargmann Kernel). Define the kernel B : R× C→ C,

B(x,w) :=

∞∑
k=0

ψk(x)ωk(w)

=
∞∑
k=0

Hk(x)√
2kπ1/2k!

e−x
2/2 w

k

√
k!

=
1

π1/4

∞∑
k=0

Hk(x)
(w/
√

2)k

k!
e−x

2/2

=
1

π1/4
e2x(w/

√
2)−(w/

√
2)2
e−x

2/2

=
1

π1/4
e−

1
2

(x−
√

2w)2
e

1
2
w2
.

The series converges uniformly over compact subsets of C.

Definition 17 (Bargmann Transform). The Bargmann Transform takes functions f ∈ L2 (R) to

entire functions Bf(w) on C. Let

Bf(w) :=

∫
R
B(x,w)f(x)dx (B.24)

=
1

π1/4
e

1
2
w2

∫
R
f(x)e−

1
2

(x−
√

2w)2
dx. (B.25)

Remark 20. The constant π−1/4 is a result of out normalization choices for the inner products

on L2(R) andH.

Note that, by construction,

Bψk = ωk. (B.26)

Theorem 19. The Bargmann Transform is an isometric isomorphism of L2 (R) andH.
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Proof. By the dominated convergence theorem

Bf(w) =
∞∑
k=0

(f, ψk)ωk(w) (B.27)

Hence Bψk = ωk. Then B maps the orthonormal basis {h0, h1, ...} of L2 (R) to the orthonor-

mal basis {ω0, ω1, ...} ofH. In particular,

∫
C
|Bf(w)|2e−|w|2dw =

∞∑
k=0

(f, ψk)
2 =

∫
R
|f(x)|2dx. (B.28)

Therefore B is an isometric isomorphism from L2 (R) toH.

Theorem 20. B : L2(R)→ H intertwines ρ2h and βh.

Proof Sketch. Since ρ2h and βh vary by precomposition of Heisenberg automorphisms as h

varies, it suffices to prove the proposition for h = 1. One may check that B∗(A) = (1/
√

2)∂ζ

and B∗(A∗) = (−1/
√

2)ζ. Thus B∗ ◦ (ρ2)∗(Z) = β∗(Z) and B∗ ◦ (ρ2)∗(Z) = β∗(Z). By

integrating these relations, one may obtain

B ◦ ρ2(z, t) = β(z, t) ◦B; (z, t) ∈ H.

Corollary 7. The matrix coefficients for the Schrödinger representation ρ2 with respect to the

Hermite functions {ψk} are the same as the matrix coefficients of the Bargmann-Fock repre-

sentation β1 with respect to the standard basis {ωk}.
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Proof.

(ρ2h(z, t)ψj , ψk)L2(R) = (Bρ2h(z, t)ψj , Bψk)H , by Theorem 19

= (βh(z, t)Bψj , Bψk)H , by Theorem 20,

= (βh(z, t)ωj , ωk)H , by (B.26)

= Mh
jk(z, t).

In particular

M1
jk(z, 0) =

(
ρ1(
√

2z, 0)ψj , ψk

)
=
√

2πVψj

(
ψk,
√

2z
)

(B.29)

One may also alternatively define the Weyl Transform using the Bargmann-Fock representations

W̃h(g) :=

∫
C
g(z)βh(z, 0)dz : H → H.

Then W̃ is related to the usual Weyl Transform via

W̃h = B ◦W2h ◦B−1. (B.30)

We then have an analogous inversion theorem for W̃h:

tr
(
βh(z, 0)∗W̃hg

)
= π|h|−1g(z). (B.31)

B.6 Infinitesimal Representation

Define the complex vector fields on H

Z :=
1

2
(X − iY ) , Z :=

1

2
(X + iY )
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where X and Y are given in (2.1). Then βh : H → U(H) is the unique strongly continuous

unitary representation of H onH for which, on the level of Lie algebras,

(βh)∗ Z =
√
h∂ζ (βh)∗ Z = −

√
hζ. (B.32)

Note that ζ and ∂ζ are the creation and annihilation operators onH. One may check that

βh(z, t) = e2iht+
√
h(z∂ζ−zζ)

is the same as (3.1).

B.7 Alternate Conventions

Folland [10] defines the Bargmann-Fock representation on the 1-parameter family of Hilbert

spaces

Hh :=

{
F ∈ Hol(C) : h

∫
C
|u(ζ)|2e−πh|ζ|2dζ <∞

}
, h > 0,

andHh :=
{
F : F ∈ H|h|

}
for h < 0.

For h ∈ R∗ and λ > 0, the maps

Sλ : Hh → Hλh; S(F )(ζ) :=F (
√
λζ)

c : Hh → H−h; c(F ) :=F

are all isometries.

Folland defines the Fock representation, for h > 0, as

βFol
h (z, t)F (ζ) := e2πhit−πhζz−πh|z|2/2F (ζ + z), F ∈ Hh
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and βFol
h (z, t) = c ◦ βFol

|h| (z,−t) ◦ c for h < 0.

Our definition is rescaled so that every βh acts on the same spaceH = H1/π. Follands

definition, βFol
h , is related to ours via

βFol
h (z, t) = Sπh ◦ βπh (z, t) ◦ S−1

πh , h > 0.

An advantage of this convention is that as h varies, βh varies by precomposition with automor-

phisms of H:

βh(z, t) = β1(
√
hz, ht), for h > 0

βh(z, t) = β|h|(z,−t), for h < 0.

Granted, an advantage of Folland’s definition is that the Fourier transform defined with βFol
h

does “converge” to the Euclidean Fourier transform as h→ 0.

109



Appendix C

Special Functions

C.0.1 Bessel Functions

The classical Bessel function of order n is defined by

Jn(r) :=
1

2πin

∫ 2π

0
eir cos θe−inθdθ.
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[30] John Mitchell et al., On carnot-carathéodory metrics, Journal of Differential Geometry 21
(1985), no. 1, pp. 35–45.

[31] François Monard, Functional relations, sharp mapping properties and regularization of
the x-ray transform on disks of constant curvature, arXiv preprint arXiv:1910.13691
(2019).

[32] François Monard, Plamen Stefanov, and Gunther Uhlmann, The geodesic ray transform
on riemannian surfaces with conjugate points, Communications in Mathematical Physics
337 (2015), no. 3, pp. 1491–1513.

[33] Richard Montgomery, Canonical formulations of a classical particle in a yang-mills field
and wong’s equations, letters in mathematical physics 8 (1984), no. 1, pp. 59–67.

[34] , A tour of subriemannian geometries, their geodesics and applications, no. 91,
American Mathematical Soc., 2002.

[35] RG Mukhometov, Inverse kinematic problem of seismic on the plane, Math. Problems of
Geophysics. Akad. Nauk. SSSR, Sibirsk. Otdel., Vychisl. Tsentr, Novosibirsk 6 (1975),
pp. 243–252.

[36] Adrian I Nachman, The wave equation on the heisenberg group, Communications in Par-
tial Differential Equations 7 (1982), no. 6, pp. 675–714.

[37] Frank Natterer, The mathematics of computerized tomography, SIAM, 2001.

[38] Gabriel P Paternain, Geodesic flows, vol. 180, Springer Science & Business Media, 2012.

[39] Leonid N Pestov and Vladimir A Sharafutdinov, Integral geometry of tensor fields on a
manifold of negative curvature, Siberian Mathematical Journal 29 (1988), no. 3, pp. 427–
441.

[40] Norbert Peyerimhoff and Evangelia Samiou, The x-ray transform on 2-step nilpotent lie
groups of higher rank, arXiv preprint arXiv:1601.04614 (2016).

[41] Dario Prandi, LUCA Rizzi, and MARCELLO Seri, A sub-riemannian santaló formula
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