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Abstract

Continuum Modeling and Finite Element Analysis of Cell Motility

by

Neil Eugene Hodge
Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor Panayiotis Papadopoulos, Chair

Cell motility, and in particular crawling, is a complex process, with many as yet
unknown details (e.g., sources of viscosity in the cell, precise structure of focal adhe-
sions). However, various models of the motility of cells are emerging. These models
concentrate on different aspects of cellular behavior, from the motion of a single cell
itself, to -taxis behaviors, to population models. Models of single cells seem to vary
significantly in their intended scope and the level of detail included.

Most single cells are far too large and complex to be globally amenable to fine-scale
modeling. At the same time, cells are subject to external and internal influences that
are connected to their fine-scale structure. This work presents a continuum model,
including the use of a continuum theory of surface growth, that will predict the
crawling motion of the cell, with consideration made for the appropriate fine-scale
dependencies.

This research addresses several modeling aspects. At the continuum level, the
relationships between force and displacement in the bulk of the cell are modeled
using the balance laws developed in continuum mechanics. Allowances are made for
the treatment of and interaction between multiple protein species, as well as for the
addition of various terms into the balance laws (e.g., stresses generated by protein
interactions). Various assumptions regarding the nature of cell crawling itself and
its modeling are discussed. For instance, the extension of the lamellipod/detachment
of the cell is viewed as a growth/resorption process. The model is derived without
reference to dimensionality.

The second component of the presentation concerns the numerical implementation
of the cell motility model. This is accomplished using finite elements, with special
features (i.e., ALE, discontinuous elements) being used to handle certain stages of the
motility. In particular, the growth assumption used to model the crawling motility is
represented using ALE, while the strong discontinuities that arise out of the growth
model are represented using the discontinuous elements. Results from representative
finite element simulations are shown to illustrate the modeling capabilities.
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Chapter 1

Introduction

The movement of cells can be divided into many categories. The active, energy-
consuming movement of biological cells (hereafter referred to as motility) is an im-
portant contributor to many biological processes in higher organisms. This is true of
sperm cells (reproduction), white blood cells (immune system response), and many
cell types in embryonic development. Additionally, cell motility contributes to various
disease-related conditions, including vascular diseases (atherosclerosis), inflammatory
diseases (e.g., rheumatoid arthritis), and the metastasis of tumors. For some diseases,
current research for treatments focuses on modification or prevention of the patho-
logical motility that contributes to the disease.

Given its importance in the functioning of higher organisms, a deeper understand-
ing of cell motility would have both research and clinical benefits. Much experimental
work has been performed on the factors that effect motility in particular cell types.
Because of the complexity of motility-related processes, as well as the high level of
differentiation between cell types, most studies consider only one (or, at most, two)
factors effecting motility. This makes the observation of general motile behaviors dif-
ficult. However, while the physics of crawling cells is generally quite complex, some of
its crucial aspects may be isolated and used to generate practical models. Researchers
studying cell motility frequently consider the movement of cells as consisting of several
distinct stages, which often occur concurrently and continuously, thus resulting in a
smooth apparent motion. At the same time, motility depends not only on the bulk
mechanical behavior of the cell, but also on various protein species which regulate
the extension and detachment of the cell scaffolding, as well as the interaction of the
cell with its surrounding matter.

When considering the modeling at the length scales and complexity of cells, a
question arises: what “type” of modeling to use? One fundamental choice is whether
to represent the cell as a collection of discrete mechanical elements (e.g., springs,
dashpots), a collection of generalized discrete elements (e.g., particles, fibers), a con-
tinuum, or some combination thereof. Certainly, there are discrete structures within
cells that might prevent the consideration of a cell as a continuum. As models get
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more sophisticated, some structures or processes within cells (e.g., protein folding)
may require non-continuum techniques. However, depending on the purpose of the
model, a continuum representation of a cell might be preferable to a discrete repre-
sentation. Indeed, the solution of problems in cell motility (i.e., the calculation of
the motion of a cell) fundamentally involves two features: force-displacement rela-
tions and the dependence of the motion on the spatial distribution of various protein
species. Since the behavior of motile cells is frequently experimentally characterized
in relation to the concentration of proteins, and not the behavior of individual protein
molecules, the consideration of motile cells as continua is tenable.

Early modeling efforts represented crawling cells as collections of discrete elements.
In particular, DiMilla, Barbee and Lauffenburger [15] represented the bulk material
behavior as a complex network of springs, dashpots, and “contractile elements”. More
recently, both one- and two-dimensional models have been used to model cellular mo-
tion. Choi, Lee and Lui [11] consider the the equations associated with the motion of
a nematode sperm cell as explicitly hyperbolic, i.e., they consider the solution of the
system of partial differential equations (PDEs) as being traveling waves. The work
of Gracheva and Othmer [23] and Larripa and Mogiler [34] are similar, in that they
both consider the motion of a crawling fish epidermal keratocyte in one dimension,
with the solution being calculated using the “generalized Gaussian method” (finite
difference). However, Larripa and Mogilner explicitly include treadmilling (via the
definition of polymerization/depolymerization velocities at the leading/trailing edge
of the cell), as well as additional species (myosin) dynamics. Two-dimensional models
are more recent. Rubinstein, Jacobson and Mogilner [48] used finite elements to model
a motile fish epidermal keratocyte. The model is similar to that in [34], with various
modifications made to accomodate the higher dimensionality, including the variation
of the protrusion velocity along the leading edge of the cell. Other two-dimensional
works use various models (most accounting for similar cellular behaviors), and a wide
variety of numerical methods. These including a continuum model solved by a com-
bination of finite elements, finite volumes, and the level-set method [33], a Cellular
Potts model and a Hamiltonian potential, solved using a Monte Carlo scheme [35],
and the phase field method (a boundary-based method) on an Eulerian grid [50]. A
first attempt at a fully three-dimensional model is presented in [26]. While the mod-
eling details are sufficiently described, many details regarding the implementation are
missing from this paper, so it is difficult to comment on whether the calculations are
reasonable. Most of the preceding models introduce simplifications in the kinematic
or constitutive description, or in the numerical solution, some of which are reasonable,
and some of which are unnecessary or unrealistic. This, in combination with a gen-
eral lack of mathematical rigor (to greater or lesser degrees), will become increasingly
problematic as the level of complexity of cell motility models increases. Ultimately,
ad-hoc derivations and implementations will not be sufficient for the calculation of
realistic cell motions.

The objective of this thesis is to introduce and analyze a continuum model of a
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smoothly crawling cell. Given the great diversity of cells, special attention is given
to fish epidermal keratocytes, owing to their constant morphology and relatively high
speeds. The proposed model is the first to apply a surface growth theory to the prob-
lem of cell motility. Indeed, given the physics of the problem (i.e., the dependence
of the motion on the construction and destruction at the boundary of the cell of an
actin fiber network), the use of a surface growth model appears to be a natural choice.
In particular, the current work uses the general theory of surface growth introduced
in [27] to represent the extension/detachment of the cell. In addition, the model is
formulated in a kinematically non-linear setting, which enables the consistent repre-
sentation of finite deformations. Another novelty of the present work is the formu-
lation of a finite element method which combines an Arbitrary Lagrangian-Eulerian
approach with the use of Lagrange multipliers to describe the continuously evolving
cell geometry. Through the judicious definition of the mesh motion in the ALE for-
mulation, this method enables the representation of the discontinuous displacement
field resulting from the addition of new material due to surface growth.

The organization of this thesis is as follows. Chapter 2 details the physics involved
in cell motility. Chapter 3 presents the continuum model of the cell (including the
necessary background), and in particular, justifies the use of a surface growth model
to represent cell motility. Chapter 4 summarizes the finite element formulation used
to solve the continuum model, with special emphasis on the methods used to account
for some of the unusual effects of the surface growth model. Chapter 5 presents the
results of the simulations, and conclusions are presented in Chapter 6.
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Chapter 2

Physics of Crawling Keratocytes

2.1 General Overview of Cell Motility

In the context of cells, “motility” is used to describe a wide range of behaviors.
In the current work, motility is taken to mean active cellular motion, powered by
the internal consumption of energy. Thus, a discussion of cell motility immediately
eliminates any consideration of cells undergoing passive motions, e.g., red blood cells,
which are carried along with flowing blood. Further gross classifications of the set
of motile behaviors can be made, the most obvious one being whether the motion
is swimming (three dimensional motion within a fluid) or crawling (fundamentally
two dimensional motion along a surface). Behaviors within each of these categories
exhibit a rich variety, and each is amenable to different types of analysis. It is noted
that the use of the term “motility” in the current work will always be in the context
of crawling cell motion.

A wide variety of cells, including both single-cell organisms and individual cells of
multi-cellular organisms, exhibit motility for a wide variety of reasons. White blood
cells are carried by blood vessels to local regions of the body, and then leave the blood
vessels and crawl over bodily tissues to get to regions of infection or intrusion of foreign
materials into the host. Fibroblasts (cells that create and repair connective tissue)
move toward damaged areas in order to facilitate wound healing. A very important
case of cell motility pertains to embryonic development: many cell types originate
in centralized locations within the embryo, and at a particular stage of development,
migrate to their final locations. Motility also plays a role in disease processes. The
dangerous aspect of many types of cancer is their metastatic nature, which is directly
related to the motile ability of the individual cancer cells. Recent recognition of the
importance of motility to the spreading of cancer is motivating research into new
cancer treatments [64]. Even cells that would appear to be stationary have some
motile ability. When placed in vitro, various completely differentiated cells, say liver
cells from an adult human, will frequently start migration when separated from their
neighbors [9].
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Cells change their motile behavior as a function of external stimulation. Tech-
nically, taxis refers to changes in both speed and orientation of a cell’s motion due
to external stimuli, while kinesis refers to changes solely in speed. However, taxis
is frequently used in a generalized manner to refer to either of the two phenomena.
Cells can change their motion due to all types of stimuli, with the most common
one being chemical gradients in their environment (chemotaxis). Other stimulants
include light (phototaxis), pressure (barotaxis), temperature (thermotaxis), electric
fields (galvanotaxis), magnetic fields (magnetotaxis), gravitational fields (geotaxis),
as well as physical contact1, both with their neighbors as well as with the substrate
over which they are migrating. In some cases, these behaviors are obviously intended
to achieve a particular cellular function, but in other cases, they are by-products of
some other activity within the cell, and do not serve any known useful purpose.

Observation of motile cells indicates that various types of extensions of the cell aid
in cell migration. Cellular extensions are most generally referred to as pseudopodia,
regardless of the process responsible for their creation (including volumetric or surface
growth, or deformation at constant mass). They often take the form of one of the
more commonly-characterized shapes, and in this case, they are often referred to
using more specific terms: balloon shaped extensions are called lobopodia, flat sheets
(adjacent to a substrate) are called lammelipodia, and long, thin rods are referred to
as axopodia. Note that these broad categorizations do not aptly describe all of the
particular variations in form that pseudopodia can take, but do represent some of the
common types.

While crawling cells exhibit significant variation of behavior during motility, crawl-
ing is frequently thought of as consisting of four distinct processes: (1) extension of
the cell in the direction of travel, (2) adhesion of the leading edge of the cell to the
substrate, (3) contraction of the cell, using the adhering region as an anchor point,
(4) and detachment of the trailing edge of the cell (Figure 2.1). In certain cell types,
these processes can occur in discrete, sequential steps. More commonly, they occur
in a continuous, concurrent manner [9].

To this point, the discussion of cell motility has been kept fairly general. However,
certain aspects of the development and discussion of the continuum model in the
following chapters will benefit from a particular choice of cell. Indeed, various types
of cells have been used historically to study motility. Fibroblasts (both mammalian
and avian) and various epidermal cells have frequently been used for motility studies.
However, these are not the best cell types for motility studies, due to their fairly
uncoordinated motion, and their less organized actin filament systems [57]. The
keratocytes of certain species of fish are a more suitable cell type than fibroblasts, as
they exhibit fast, coordinated motion and a regular shape, due to the concurrent and
continuous execution of the motile processes. While extreme specificity should rarely
be required for the current work, it is noted that the experimental work presented

1There appears to be no “-taxis” type name for sensitivity to contact, which is most commonly
referred to as contact inhibition.
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in [57] used epidermal keratocytes from the black tetra (Gymnocorymbus ternetzi).
Indeed, many researchers have used this cell type for experimental studies, and the
abundance of available results motivates its prominent use in the current work.

Figure 2.1: Stages of crawling cell motion [9]

The remainder of this chapter describes the processes of cell crawling (extension,
contraction, adhesion, and detachment), with a focus placed on the describing the
micro-biological nature of each of the components of the behavior.

2.2 Extension

When undergoing steady motion, a crawling fish epidermal keratocyte takes on
a characteristic wing-like shape, as seen in Figures 2.2 and 2.3. The molecular

machinery responsible for motility in these cells resides in the cellular extension known
as the lamellipod. As seen in the figures, the lamellipod comprises the entire width of
the cell (in this case, on the order of tens of microns), is on the order of one tenth of
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34 Kinneret Keren and Julie A. Theriot

Figure 2.1. Keratocyte cells and lamellipodial fragments exhibit similar persistent
motility. (a-c) Time-lapse phase contrast image sequence of a keratocyte cell and a
lamellipodial fragment. (d) The cell outlines from the images were overlaid on top
of each other. Image sequence courtesy of Greg Allen.

merize [30, 36, 37, 38]. The precise balance between protrusion at the leading
edge and inward contraction at the rear enables smooth continuous movement
of the cells such that they appear to glide forward without changing shape
[39, 40, 41].

Although individual cells in a keratocyte population may move over a
broad range of net speeds [43] and take on variable shapes [24, 43, 44], the
processes contributing to motility are precisely balanced within each cell such
that fast-moving cells and slow-moving cells are both able to maintain persis-
tent shape and behavior. In this chapter, we describe progress toward under-
standing the mechanisms of this large-scale coordination, using the geomet-
rically simple, rapidly moving keratocytes as a model system. We emphasize
the role of mechanical processes and their interplay with biochemical pro-
cesses in this coordination. For example, global biophysical parameters such
as the membrane tension and traction forces introduce effective coupling be-
tween biochemical processes occurring at different regions within the cell. We

Figure 2.2: Phase contrast image of a motile fish epidermal keratocyte [31]

a micron tall and ten microns along the direction of travel. The cell body, containing
the nucleus, is passively transported, although the precise nature of its attachment
to the lamellipod has not yet been determined.

At the smallest level, cells are composed of four primary classes of organic molecules:
sugars, fatty acids, amino acids, and nucleotides. Each of these has the potential to
join with other organic molecules of the same class to form various macromolecules
within the cell. Aside from water, these macromolecules comprise the highest per-
centage of the mass of the cell (in the range of 15% to 25%) [1]. In particular, amino
acids can join to create long chains which then fold into three-dimensional structures
known as proteins. Proteins are extremely abundant and widely used within cells.
Some proteins are used to create structural components of the cell. Others are used
to create dynamic structural effects, or transport other substances within the cell;
these are referred to as “motor” proteins. Another function of proteins is that of
enzymes, i.e., they initiate and catalyze chemical reactions. Finally, they can act as
intra-cellular hormones, assisting in the passing of information and the control of the
cell. In particular, proteins play a central role in cell migration, and the following
paragraphs and sections in this chapter will focus on the link between proteins and
motility.

The primary protein involved in the extension of the lamellipod is actin. The actin
monomer (G-actin) is a globular2 protein that can bind to itself, thus generating an
actin filament (F-actin). The filaments are right-handed double helices with a pitch
of 37 [nm] [9]. The filaments are oriented with one end typically referred to as the
“barbed” end, and one the “pointed” end3. The asymmetry in the fiber is associ-

2These are also known as “spheroproteins”, owing to their generally spherical shapes. This
categorization is as opposed to fibrous proteins.

3This is due to the appearance of actin filaments,with myosin fragments attached, in micrographs,
in which they resemble arrows [31].
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Figure 2.3: Labeled schematic of a motile fish epidermal keratocyte

ated with its function, as the rates of both association (i.e., binding) and dissociation
(i.e., unbinding) are faster for the barbed end (association is approximately 50 times
faster, and dissociation is approximately 5 times faster [9]). However, the associa-
tion/dissociation rates are influenced by the local concentration of G-actin, and the
ranges of the rates overlap significantly. One result of this behavioral asymmetry is
treadmilling, which is the ability of the fiber to have a conceptual “motion”, with
different rates at the two ends, even while particular actin monomers (as assembled
along the actin fiber) are fixed in space.

Experiments have shown that, within the lamellipod, F-actin forms into a rea-
sonably organized network [57]. The details of this formation are described by the
“dendritic nucleation” model, which, along with experimental justification, is pre-
sented in [39]. This model of the construction of the F-actin network postulates that
Arp2/3 (Actin-related protein) caps the pointed end of F-actin, and it can attach
anywhere along the length of an actin fiber. This allows it to nucleate new fibers at
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any point along an existing fiber. Additionally, the generation of very detailed elec-
tron micrographs allowed the authors of [39] to measure the angle between mother
and daughter fibers, which was a very consistent 70◦.

The precise molecular mechanism by which actin filaments cause the cell to pro-
trude is still an open question [37]. A primary hypothesis is the “Brownian ratchet”
model. Thermal fluctuations of the cell membrane and (potentially) the actin fibers
themselves create gaps between the actin network and the cell membrane, into which
monomeric actin is transported and subsequently assembled onto the end of the net-
work. A variation of this model assumes that some or all of the actin fibers at the
leading edge are attached to the cell membrane in a transient manner. Ultimately, it
may be the case that several of the current theories, or even new effects as yet undis-
covered, may together be responsible for the extension of a keratocyte lamellipod.
Regardless, the effect of F-actin and its growth at the leading edge on protrusion is
well established.

2.3 Contraction

It is noted that dozens of proteins are known to bind to actin; an incomplete list
is presented in Table 2.1. An ideal model of fish epidermal keratocyte motility would

Protein Effect on actin

MONOMER BINDING
profilin regulates barbed end
cofilin/ADF regulates pointed end, severs filaments
END BINDING
capping protein caps barbed end
Arp2/3 caps pointed end, nucleates
SIDE BINDING
α-actinin cross-links filaments
MOTORS
myosin-II cell motility, muscle contraction, cell polarity
myosin-V vesicle transport

Table 2.1: Actin-binding proteins [9]

probably contain many of these proteins. However, a useful model can be constructed
with a minimum number of protein species. The challenge is to choose species that
are most likely correlated to crawling motility.

The myosins are a large family of proteins, divided into more than 15 classes,
most of which contain multiple variants. All myosins act as motor proteins. They
are frequently described as having a head domain and a tail domain. In particular,
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myosin-II achieves its motor functionality by attaching its head to an actin fiber, and
its tail to another protein. Then, the presence of adenosine triphosphate (ATP) causes
the head of myosin-II to “ratchet” along the F-actin, thus dragging along whatever
is attached to the tail of the myosin-II. The motion of myosin-II along actin fibers is
directionally oriented such that myosin-II always attempts to move itself toward the
barbed end of the F-actin. In skeletal muscle, myosin-II molecules form a structure
called a bipolar filament. This consists of multiple myosin-II dimers stacked together,
where each dimer is simply two myosin-II proteins attached to each other tail-to-tail,
and facing opposite directions. In the presence of appropriately oriented actin bundles
(i.e., groups of actin fibers with opposite orientations), the bipolar filaments can pull
the actin bundles in opposing directions, thus causing muscular contraction.

The “network contraction model” presented in [57] is considered by many re-
searchers to most closely represent the influence of myosin-II when it is bound to the
actin network (B-myosin). Near the leading edge of the motile cell, the actin network
is newly created. This, in combination with the fact that the B-myosin density is
relatively low, results in a fiber network that the B-myosin is unable to perturb. As
the cell continues to move forward, the F-actin “ages”, i.e., it undergoes a sponta-
neous weakening. Additionally, the concentration of the bound myosin increases. At
a critical point along the length of the cell, the network has lost enough rigidity and
the B-myosin density is high enough so that the B-myosin start compressing (similar
to the muscular contraction described above) the actin fibers down into several large
actin bundles at the rear of the cell (see [57] for many illustrative electron micro-
graphs of myosin-II attached to a network of actin filaments). A schematic of the
spatial distribution and morphology change is given in Figure 2.4, with the red dots
indicating the myosin-II clusters attached to the actin network. Further contraction
of the bundles results in the rear of the lamellipod being pulled forward. Ultimately,
the combination of B-myosin-driven compression and aging of the actin network re-
sults in the destruction of the network at the rear of the cell, with the now-free actin
monomers returned to the pool of available G-actin.

Another aspect of the contractive process is the forward translocation (displace-
ment) of the cell body. It is known that the contraction of the lamellipod is related
to an increase in the size and density of myosin-II clusters attached to the actin net-
work [57]. The myosin complexes, being motor proteins, likely do this by exerting
tension on individual actin fibers in a coordinated manner. However, the precise
nature of the forward motion of the cell body is unknown. One hypothesis is that
the rear of the actin network maintains continuously-evolving fibrous connections to
scaffolding along the front of the nucleus, which results in the dragging of the nucleus.
Also, experiments indicate rolling of the cell body within the membrane [57] indicate
rolling. It is likely that, in general, both of these processes contribute to the forward
translocation of the nucleus.
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Figure 2.4: Schematic of actin network contraction within a motile fish epidermal
keratocyte

2.4 Adhesion

As with other aspects of motility, the interaction between a cell and its external
environment is complex. Given that the cell membrane does not have the structural
properties necessary to support the cell, any structural connection between the cell
and the outside world must traverse the membrane in order to connect the structural
elements within the cell to the external environment. While there is significant vari-
ation between the specific protein structures used for cell-cell connections and those
created for cell-substrate connections, they both can be discussed within the same
context. In both cases, the membrane is spanned by a single protein that connects
either to itself (cell-cell case) or to other external receptors (cell-substrate case). In
the case of cell-substrate connections in fish epidermal keratocytes, this function is
carried out by a protein called integrin. There exist a variety of internal structures
that can ultimately act to support the necessary load within the cell. For the purposes
of the current discussion, actin filaments will be considered. In either the cell-cell or
cell-substrate case, the transmembrane protein needs to be connected to the internal
supports. This does not happen directly, but through various multi-protein structures
that act as connective intermediaries. In the case of connections between a fish epi-
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dermal keratocyte and a substrate, these are called focal adhesions. These junctions
are quite complex, containing dozens of different protein types. For more informa-
tion on the overall structure of connections between cells and their environments, see
[1, 9].

The geometric structure of focal adhesions themselves is not completely known,
but many of the protein components are known. While it is the case that focal adhe-
sions are dynamic, Figure 2.5 depicts the relations between the major focal adhesion
proteins, with the lines denoting direct interactions, i.e., connected molecules. The
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Figure 2.5: Functional inter-relations of major focal adhesion proteins [44]

complex structure of a focal adhesion is due to the purposes it serves. In addition
to being structural supports, focal adhesions also serve in a feedback and control
capacity. A surprising property of focal adhesions is that mechanical tension at the
cell-substrate interface leads to the creation of additional focal adhesions, as the cell
attempts to keep the load on each focal adhesion within certain bounds. Various
models have been proposed to explain this phenomenon [8].
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2.5 Detachment

As described in Section 2.3, an important part of the contractile process is the
detachment of the rear of the cell. The basic nature of focal adhesions is that they are
strong at the leading edge of a motile cell, and along with the F-actin, tend to age,
so that by the time the rear of the cell catches up, they are relatively weak. Indeed,
this property is precisely what is needed for a cell to be able to detach from the
substrate at its trailing edge [37]. The fundamental molecular-biological mechanisms
that influence the aging process of focal adhesions are still poorly understood.
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Chapter 3

Continuum Model

3.1 Cell Motility as Surface Growth

Modeling cell motility involves being able to predict the motion of a cell. Indeed,
the framework of continuum mechanics is well-suited to calculating the motions of
bodies, and the relation between the motion and the forces exerted on a body. How-
ever, consideration of the actin network in a motile cell indicates that it is not the
case that all of cell’s motion is due to external forces. Indeed, much of the motion of
the lamellipod is due to the addition of actin monomers at the leading edge of the cell
and the removal of actin monomers at the trailing edge of the cell. This, along with
the fact that the bulk of the actin network is stationary (or nearly so) relative to the
substrate, leads to the idea of a treadmilling actin network. It is also well-known that
the (de)polymerization rates differ at each end of an actin fiber. As such, it is clear
that a fiber that starts out at a given length will, in general, after some time, have
a different length. Ultimately, this implies that consideration of the actin network as
the primary component of the lamellipod will not result in conservation of mass.

One of the fundamental premises of classical continuum mechanics is that mass is
conserved. If this assumption no longer holds, then all of the expressions of the kine-
matics and the balance laws must be re-examined. As it will be useful to have some
conceptual construct within which to interpret the resulting changes to the classical
continuum mechanical theory, consideration of this change in the basic assumptions
immediately yields that a body that undergoes a change in mass over some time
interval is often described as a body that is experiencing growth.

Many researchers classify growth as being one of two different types: volumetric
or surface. The literature is replete with theoretical descriptions of volumetric growth
[52, 47, 18], but significantly less work has been done on surface growth. The reason
for the initial inclination of theorists to tackle volumetric growth is not difficult to
understand. Consider the description of volumetric growth by Epstein and Maugin
[18, emphasis added]:

As time goes on, more material of the same kind is “squished-in” smoothly
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into the body, but in such a way that material points preserve their iden-
tity. In other words, the process of growth can be seen as an evolution
of material-point neighbourhoods in a fixed reference configuration, an
evolution that finds its expression in temporal changes of density and
concomitant distortions of material-point neighbourhoods.

That is, the set of material particles is fixed. So, while the change in the mass of the
body adds some complexity to the mass-conservative formulation of continuum me-
chanics, the extension of much of the theory is (relatively) straightforward. However,
the same is not true of surface growth. Consider the following description of surface
growth, as stated by Ateshian [3]:

In the case of surface growth, the evolving solid boundary may recruit new
material point [sic] or release others. Thus, in the intuitive example of
freezing water, molecules of ice are gained from liquid water as the solid-
liquid boundary evolves. In other words, new solid regions may be formed
which do not correspond to previously existing solid material points.

It is precisely this characteristic of surface growth, i.e., that it represents a change
in the set of material particles, that has caused a slower pace of theoretical investi-
gation, since the (arguably) most fundamental assumption of traditional continuum
mechanics (that of a fixed set of material particles) is precluded at the outset.

While the literature regarding the theory of surface growth is meager, there has
been some research done on the subject. Skalak et al. [52, 53] contain cogent discus-
sions regarding the kinematics of surface growth. In particular, these works promote
the functional dependence of particles on two time parameters, one being used as the
typical running time variable, and the other being the time of creation of a particle,
as well as the possibility for the existence of discontinuities in the motion. How-
ever, scant mention is made of how the kinematic formulation would translate into
a full theory, complete with suitable balance laws. Another description of a theory
of surface growth is presented by Ateshian [3], who clearly discusses the effects of
surface growth on reference configurations, e.g., choosing a reference configuration
at some fixed time for all material particles will result in a reference configuration
with gaps or overlapping regions. Additionally, a thorough review of the kinematics
of surface growth is presented by Garikipati [21]. Only two works were found (other
than [27]) that discuss the kinetics of surface growth on external surfaces. The first is
that of Epstein [17], where he argues that the distinction between volumetric growth
and surface growth is trivial (i.e., that either case can be represented as the other),
and thus that the concept of “material particles” is merely a convenient notion, and
not an essential part of continuum growth models. In a similar vein is the research
of Ganghoffer [20], which derives balance laws using variational methods and rep-
resenting surface growth via Eshelby tensors defined on the surface of the reference
configuration.
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It seems clear that, when considering surface growth, there exists no obvious way
to map between configurations, since there is not a correspondence between the sets
of material particles associated with each configuration. This leads to significant
additional difficulties, in both formulation (e.g., in defining field values for material
particles at some time t that did not exist at earlier points in time), and in interpre-
tation (e.g., in identifying a meaningful reference configuration for bodies undergoing
surface growth). The difficulties in modeling surface growth notwithstanding, it is
precisely the behavior that is exhibited by the actin network in a crawling lamellipod.
Indeed, actin monomers are added and removed at the boundary of the network, in
the direction of travel. As such, surface growth is the correct type of growth to con-
sider when attempting to model cell motility. Of course, growth can (and, in general,
does) occur simultaneously with deformation, and the combination of the two is what
defines the complete motion of the body.

It is noted that the use of the term “surface growth” in the current work is simply
meant to describe the change in mass of a body over time, where the addition/removal
of mass is effected only on the external surface of the body. In particular, any process
which causes mass to be added to/removed from a body solely at the body’s surface
could be considered surface growth. That is, the concept of surface growth implies
nothing about the underlying physics. For example, the change of mass of an ice cube
(via temperature-driven phase change) could be modeled as surface growth, as could
the wearing down of a rock in a stream (which loses mass due to friction-inducing
shearing tractions along its external surface). Certainly, the polymerization of an
actin network at its boundary will add mass to the network, and therefore can be
considered surface growth. Thus, a sufficiently general model of surface growth could
be applied to many situations in which bodies gain or lose mass at their surface due
to various physical processes.

The following sections present a general model, based on the typical formulation of
continuum mechanics, of a body simultaneously experiencing both deformation and
surface growth. The presentation includes a discussion of the kinematics, the balance
laws, some comments on the nature of solutions of surface growth problems, and
adaptation of the general equations for the case of modeling a crawling fish epidermal
keratocyte.

3.2 Kinematics

Let the body Bt be defined as a collection of particles at time t. Unlike conven-
tional continua, the explicit time designation is essential here due to the possibility
of growth. Each material particle P at time t is mapped into the Euclidean point
space E3 by way of χ̄t : (P, t) ∈ Bt × R 7→ E3. The map χ̄t will be refered to as the
configuration mapping of Bt at time t. Each point X ∈ E3 occupied by a particle
at time t is uniquely associated with a vector X relative to a fixed origin O in the
Euclidean vector space E3. The image of χ̄t, denoted by Rt, is the configuration of
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the body at time t, and is assumed to be open and to possess a smooth orientable
boundary ∂Rt with outward unit normal N (X, t).

It is customary in continuum mechanics to describe the motion of a solid body
relative to a fixed reference configuration, frequently taken to be the configuration
of the body at some fixed time t0. This poses a challenge in the present context,
since, when undergoing surface growth, the body may include particles at time t
that did not exist at some earlier time t0. Conversely, the body at time t may
have resorbed, such that material particles at time t0 may no longer be in existence
at time t. The difficulty in considering a time-varying set of material particles is
dealt with here by continuously updating the reference configuration and decoupling
surface growth from pure deformation by imposing surface growth on an intermediate
configuration induced by pure deformation. To this end, define a deformation map
χd : Rτ ×R 7→ E3, which takes points of the reference configuration Rτ at time τ to
an intermediate configuration R̃τ+t at time τ + t, such that

x̃ = χd (X, t; τ) = χτ
d (X, t) . (3.1)

The deformation map χτ
d is assumed to be invertible for a fixed t and characterizes

the deformation of the body at time τ + t relative to the configuration at time τ
by completely ignoring any surface growth processes in the time interval (τ, τ + t].
Note that χd depends on both τ and t, albeit in distinct manners. Indeed, the
former identifies the time at which the reference configuration is defined, while the
latter denotes the advancement of time to the current configuration. In conventional
continuum mechanics, it is customary to not include in the argument list of the
motion the time at which the reference configuration is defined. This practice is not
followed here, owing to the fact that, unlike conventional continuum mechanics, the
reference configuration is evolving with time. The notational convention adopted for
the argument list of χd in (3.1)1 is intended to emphasize that the variable(s) to
the left of the semicolon may only be defined after the variable(s) to the right. The
velocity vd associated with the deformation map can be defined on R̃τ+t at time τ + t
as

vd =
∂χd (X, t; τ)

∂t
. (3.2)

The motion χd is clearly material for all particles that are persistently in existence
during the time interval (τ, τ + t].

To account for surface growth, define a growth map χg : ∂R̃τ+t 7→ M2 from the
boundary of the intermediate configuration to a two-dimensional manifold M2, such
that the position vector of any boundary point of the current configuration Rτ+t at
time τ + t can be expressed as

x = χg (x̃; τ, t) = χτ,t
g (x̃) . (3.3)

The growth map χτ,t
g is assumed to be a local diffeomorphism between the manifolds

∂R̃τ+t and ∂Rτ+t. Here, the map χτ,t
g fully characterizes the growth kinematics in
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the time interval (τ, τ + t]. The map χg is generally not material, as it merely tracks
the evolution of the boundary of the body due to surface growth. It is useful in the
ensuing developments to define a mean rate of growth vg on ∂R̃τ+t during the time
interval (τ, τ + t] as

vg =
1

t

(
χτ,t
g (x̃)− x̃

)
=

1

t
(x− x̃) , (3.4)

where ñ denotes the outward unit normal to the surface ∂R̃τ+t. The normal com-
ponent vg · ñ of the growth velocity quantifies the rate at which material is added
(vg · ñ > 0) or removed (vg · ñ < 0) at the surface ∂R̃τ+t. No surface growth (or
resorption) takes place when vg · ñ = 0.

Taking into account (3.1) and (3.3), the apparent motion χa : ∂Rτ ×R 7→M2 of
points on the boundary ∂Rτ is

χa = χτ,t
g ◦ χτ

d . (3.5)

Once the boundary ∂Rτ+t is determined, the region Rτ+t occupied by the body at
time τ + t is defined by

Rτ+t = int
(
∂Rτ+t

)
, (3.6)

where “int” denotes the interior of an orientable surface. The regions ∂R̃τ+t and
∂Rτ+t defined by means of the decomposition (3.5) are depicted in Figure 3.1.

The decomposition (3.5) is an essential feature of the proposed theory. Indeed,
this decomposition enables the definition of the region Rτ+t for bodies undergoing
both deformation and surface growth. As will be established later in this section, the
decomposition (3.5) also permits the distinction between growth regions and material
regions in the time interval (τ, τ + t]. Note that the order of the composition of χg

and χd is important in the ensuing developments. This is because admitting that the
body first undergoes a pure deformation followed by growth enables the definition
of the maps χd and χg on ∂Rτ and ∂R̃τ+t, which are simple to motivate. Specifi-
cally, one may take χd to apply to the body in (τ, τ + t] by assuming that growth is
suppressed. This is followed by χg, which effects all surface growth without defor-
mation. The alternative of imposing surface growth first on the configuration ∂Rτ ,
while not in any sense erroneous, is conceptually less appealing. Indeed, if surface
growth/resorption were to be effected first, then boundary conditions would need to
be enforced on material particles that come into existence (or reach the boundary of
the body) simultaneously with the application of these boundary conditions.

The preceding development depends crucially on the elapsed time t between the
reference and the current configuration. Unlike conventional continuum mechanics,
some restrictions need to be placed on the magnitude of t. Specifically, t should be
much smaller than the characteristic growth time tτc , defined as

tτc =
Lτ

‖vg‖∂R̃τ+t
, (3.7)
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Figure 3.1: A schematic depiction of typical configurations Rτ (reference), R̃τ+t (in-
termediate) and Rτ+t (current) in the theory of surface growth.

where Lτ is a characteristic measure of length for the evolving reference configuration,
defined as

Lτ = min (Lτ1, L
τ
2, L

τ
3) , (3.8)

in terms of appropriately chosen characteristic lengths Lτi , i = 1, 2, 3, one for each
spatial dimension. Also, ‖ · ‖∂R̃τ+t in (3.7) denotes the L2-norm on ∂R̃τ+t. This
restriction ensures that some of the material particles in Rτ survive in Rτ+t, and
therefore that the deformation map χd is well-defined. Moreover, t should be small
enough so that the sign of vg · ñ does not change between times τ and τ + t when
tracking any point x̃ ∈ ∂R̃τ+t associated with a given point X in the reference con-
figuration. This restriction guarantees that the time resolution is sufficiently fine to
capture all growth/resorption processes within the time interval. Similarly, t should
be no greater than the smallest of all appropriately chosen characteristic times as-
sociated with any constitutive relation being used. For example, in order to resolve
viscous relaxation effects, t should be less than the relaxation time associated with
the material. Lastly, t should be small enough for the continuous interaction between
deformation and surface growth to be satisfactorily represented in (τ, τ + t] by the
composition of χτ

d and χτ,t
g in (3.5). A lower bound for t is provided by requiring

that the total linear growth in (τ, τ + t] exceed the characteristic length of a typical
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molecular constituent of the growing material (e.g., the length of an actin monomer).
Enforcement of this lower bound leads to the modeling of surface growth as a series
of discrete growth “spurts” intermittently superposed on a deforming solid.

The foregoing kinematic development allows for the decomposition of the current
configuration Rτ+t into two disjoint open sets in E3: a material region Mτ+t con-
sisting of material particles at τ + t that also existed at time τ , and a growth region
Gτ+t, none of the material particles of which existed at time τ . In addition, define
a surface στ+t, which corresponds to the interface between the material and growth
regions, as

στ+t = Mτ+t ∩ Gτ+t
. (3.9)

Now, the current configuration may be expressed mathematically as

Rτ+t = Mτ+t ∪ Gτ+t ∪ στ+t . (3.10)

Additionally, the ablated region Aτ+t at time τ + t relative to time τ is also readily
determined as

Aτ+t = R̃τ+t \ Rτ+t . (3.11)

Each of the regions Mτ+t, Gτ+t, and Aτ+t is depicted in Figure 3.1.
It is clear that the growth region Gτ+t needs to be endowed with density, velocity

and deformation information at time τ + t. The preceding fields are already defined
on the interface στ+t and will now be extended to the domain of Gτ+t. Generally, the
density of the material in the growth region may be different from the density of the
original material, hence it is not necessary to require continuity of ρ across στ+t. In
case the physical process of growth necessitates continuity, then a smooth extension
of ρ from the boundary region στ+t to the open set Gτ+t can be effected. In the
context of Sobolev spaces, such an extension can be formally shown to exist under
certain conditions on the smoothness of the boundary and the distribution of ρ on
στ+t. For instance, it is known that a constant ρ on στ+t can be smoothly extended
to Gτ+t using a version of the classical trace theorem [32, Theorem 5.6]. Likewise,
smooth extensions from non-constant fields on στ+t to the full boundary ∂Gτ+t of
Gτ+t have been constructed for specific geometries of Gτ+t [55, Lemma A.1]. Once
a smooth ρ is defined throughout ∂Gτ+t, the classical trace theorem [24, Theorem
1.5.1.2] guarantees the existence of a smooth ρ in Gτ+t. An alternative constructive
approach for polynomial extensions is discussed in [12]. Non-polynomial smooth ex-
tensions can be obtained by formulating a mixed elliptic boundary-value problem in
Gτ+t with Dirichlet boundary conditions on στ+t and homogeneous Neumann bound-
ary conditions elsewhere.

The extension of the deformation gradient into Gτ+t presents an obvious challenge.
Indeed, the deformation gradient, by definition, is taken relative to a reference con-
figuration and, in conventional continuum mechanics, this configuration consists of
the placement of all currently-existing material particles at a common previous time.
Here, such a deformation gradient cannot be defined, since the particles in Gτ+t did
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not come into existence until after time τ . Therefore, by necessity, the deformation
gradient at time τ + t is written relative to reference configurations taken at different
times. In particular, the deformation gradient inMτ+t is defined relative toRτ , while
in Gτ+t it can only be defined relative to Rτ+t itself, hence it is equal to the identity
tensor in this region. As a result, the deformation gradient is not uniquely defined
on the interface στ+t between Mτ+t and Gτ+t. In summary, one may write

Fτ+t
τ =


∂χτ

d

∂X
in Mτ+t

I in Gτ+t

undefined in Aτ+t

undefined on στ+t

. (3.12)

Clearly, the calculation of the incremental deformation gradient for any material
particle is performed relative to the position occupied by that material particle at or
after its time of creation. Of course, this time may vary for different material particles
in the body.

It is clear that it is also possible to calculate the total deformation gradient for any
point in the body, even though different material particles have come into existence
at different times. This is discussed further in Sections 3.4 and 3.5.

Extensions of other kinematic quantities from στ+t to Gτ+t can be effected, as
argued for the case of the mass density. However, different continuity assumptions
may be required depending on the nature of each quantity. For instance, the velocity
vd should be extended continuously from στ+t to Gτ+t to ensure that the growth
region remains attached to the rest of the body along στ+t.

The kinematic model defined herein includes as a special case the non-growing
deforming continuum, which corresponds to the case of χg being the identity map on

∂R̃τ+t and χd being a non-trivial map on Rτ . Likewise, a growing rigid continuum
corresponds to the case of χg being a non-trivial map on ∂R̃τ+t and χd being a
global rotation map on Rτ . In the former case, the motion of the body is purely
material, while in the latter the (apparent) motion is exclusively due to the addition
(resp. removal) of material particles to (resp. from) the surface of the body. As
already discussed, the meaning of a reference configuration is substantially altered in
the presence of surface growth. For instance, in the case of pure growth, while the
body is experiencing a shape-altering “motion”, it never actually leaves its reference
configuration.

3.3 Balance Laws

Balance laws are defined relative to a given frame of reference. Following Truesdell
and Toupin [58, Sections 196-197], a frame of reference is termed inertial if one may
express Euler’s two laws relative to it in the canonical form

Ġ = F , ḢO = MO . (3.13)
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Here, G is the linear momentum of the body (or any part of it), F is the resultant
external force, HO is the angular momentum about a fixed point O, and MO is the
resultant moment of the external forces about the point O. In contrast to inertial
reference frames are non-inertial reference frames, which are defined precisely by
the property that they are not inertial. Non-inertial frames may be characterized
other ways as well, including being a frame of reference that experiences acceleration,
relative to an inertial frame1, or being a frame which requires the use of forces in
addition to those described in (3.13) in order to properly describe the motion of
bodies with respect to the frame. When using a non-inertial frame, material time
derivatives on the left-hand sides of the two laws in (3.13) are replaced by frame-
specific time derivatives and additional forces (frequently referred to as “fictitious”)
are included on the right-hand sides to account for the flow of momenta across non-
material boundaries.

For the purposes of the current work, a non-inertial frame of reference is employed
to formulate the balance laws. Per the discussion in the previous paragraph, the char-
acterization of a non-inertial frame as one that is accelerating is used. In particular,
the frame of reference has a motion that is specified independently of the body, via
the velocity vf (x̃, t; τ)2. The goal is to have the frame of reference track the apparent
motion of the body, as described by (3.5), including the effects of both deformation
and growth. To this end, recall that the particle velocity in R̃τ+t with respect to any
fixed frame is equal to vd. The frame velocity vf is chosen on the boundary ∂R̃τ+t

such that
(vf − vd) · ñ = vg · ñ . (3.14)

This ensures that the non-inertial frame tracks the evolving boundary of the body, in
the sense that the coordinates of the boundary relative to the moving frame remain
fixed. The condition in (3.14) implies that there is no restriction on the tangential
component of vf . Additionally, the extension of vf to R̃τ+t is effected by appealing
to the standard trace theorem. No physical interpretation is assigned to vf in the
interior of the body, beyond the fact that it represents the velocity of a non-inertial
frame attached to the growing boundary.

A global statement of balance of mass relative to the inertial frame can be readily
derived by recalling the identity

d

dt

∫
P̃
ρ dv =

∂

∂t

∫
P̃
ρ dv +

∫
∂P̃
ρvd · ñ da , (3.15)

where
d

dt
denotes the material time derivative and P̃ ⊂ R̃τ+t is an arbitrary fixed

region of the body with boundary ∂P̃ . A corresponding identity can be similarly

1 This is true in almost all cases; certain simplifications occur if the motion of the frame is taken
identically to the motion of the body.

2It is noted that, in this context, the frame velocity can be specified multiple ways which would
result in it being inertial, including vf = 0 and vf = vd.
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derived for the rate of change of mass relative to the non-inertial frame as

df
dt

∫
P̃f
ρ dvf =

∂

∂t

∫
P̃f
ρ dvf +

∫
∂P̃f

ρvf · ñ daf , (3.16)

in an arbitrary fixed region P̃f ⊂ R̃τ+t with boundary ∂P̃f . Here,
df
dt

denotes the

time derivative keeping the coordinates of the non-inertial frame fixed. Recalling the
identities in (3.15) and (3.16), setting P̃f = P̃ , and imposing conservation of mass in
the material region P̃ , leads to

df
dt

∫
P̃
ρ dv =

∫
∂P̃
ρ (vf − vd) · ñ da , (3.17)

which is the desired integral statement of mass balance. A local form may be deduced
from (3.17) by using standard versions of the transport, divergence, and localization
theorems, and reads

dfρ

dt
+ ρ div vd = grad ρ · (vf − vd) . (3.18)

The preceding derivation follows closely the steps used in obtaining the equations
of motion in Arbitrary Lagrangian-Eulerian formulations of conventional continuum
mechanics [16].

In the special case P = R̃τ+t, namely when considering the complete body in the
intermediate configuration, the total rate of change of mass M is given by

dfM

dt
=

df
dt

∫
R̃τ+t

ρ dv =

∫
∂R̃τ+t

ρvg · ñ da , (3.19)

where use is made of (3.14) and (3.17).
Statements for the balance of linear and angular momentum in the growing body

can be derived in complete analogy to the derivation of mass balance. For linear
momentum, the integral statement of balance takes the form

df
dt

∫
P̃
ρvd dv =

∫
P̃
ρb dv +

∫
∂P̃

t da+

∫
∂P̃
ρvd [(vf − vd) · ñ] da , (3.20)

where b is the body force per unit mass and t the surface traction of ∂P̃ . The
corresponding local form of linear momentum balance is

ρ
dfvd
dt

= ρb + div T + (grad vd)ρ (vf − vd) , (3.21)

where T is the Cauchy stress tensor. Again, for the case P̃ = R̃τ+t, one may express
the rate of change of linear momentum for the whole body as

df
dt

∫
R̃τ+t

ρvd dv =

∫
R̃τ+t

ρb dv +

∫
∂R̃τ+t

t da+

∫
∂R̃τ+t

ρvd (vg · ñ) da . (3.22)
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Angular momentum balance for the growing body can be expressed in the non-
inertial frame as

df
dt

∫
P̃

x× ρv dv =

∫
P̃

x× ρb dv

+

∫
P̃

(
e
[
TT
]

+ x× div T
)
dv

+

∫
P̃

div
(
(x× ρvd)⊗ (vf − vd)

)
dv ,

(3.23)

where e [A] denotes the alternator tensor acting on a second-order tensor A. Ex-
panding the left-hand side of (3.23) and taking into account (3.18) and (3.21) leads
to ∫

P̃

dfx

dt
× ρvd dv =

∫
P̃

(
e
[
TT
]

+ vf × ρvd
)
dv . (3.24)

Since
dfx

dt
= vf , balance of angular momentum yields the usual symmetry condition

for the Cauchy stress tensor T.
It is noted that the local balance laws (3.18) and (3.21) are derived based, in part,

on the assumption of spatial continuity of the field values over the domain in which
they are defined. However, given the deformation gradient as defined in (3.12), it
is clear that, in general, there will exist surfaces within the body across which the
displacement is discontinuous. Indeed, these discontinuities are created by the choice
of extension for the deformation gradient. The following paragraphs will present
modifications and additions to the balance laws to account for this complication.

In order to discuss the discontinuous nature of the solution, the first step is to be
able to describe the geometry of the discontinuity. Consider a configuration R̃ which
is attained due to material deformation and growth, and which is split into regions
M and G (corresponding, say, to a material region and a growth region relative to
some earlier time) by a surface Γ̃d along which the displacement is discontinuous,
while the body itself remains connected (i.e., it does not suffer separation along Γ̃d).
A convenient way to describe the geometry of this surface is to use a signed distance
function, which can be defined via

f (x) =


−min

y∈Γ̃d

(dist (x,y)) ,x ∈M

0 ,x ∈ Γ̃d
min
y∈Γ̃d

(dist (x,y)) ,x ∈ G
. (3.25)

Given this definition, it is straightforward to see that any surface of discontinuity is
the (deformed) image at the current time of some previous growth surface. It is not
too difficult to imagine the existence of multiple surfaces of discontinuity Γ̃di , each of
which would have a signed distance function fi (x) associated with it. However, for
the sake of simplicity in the current discussion, the assumption of a single surface is
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made. Per the definition of Γ̃d, the region containing the points for which f (x) < 0
will be referred to as R̃−, and, similarly, the region containing the points for which
f (x) > 0 will be referred to as R̃+. The partitioning of the reference and intermediate
configurations is depicted in Figure 3.2.

Rτ+t

χd

Rτ

R−,τ

R+,τ

Γτd

R̃−,τ+t

R̃+,τ+t

R̃τ+t

Γ̃τ+t
d

Figure 3.2: A schematic depiction of typical reference and intermediate configurations
containing a surface of discontinuity.

Given the assumption that the solution fields are continuous over any region of
integration, it is noted that the local balance law (3.21) cannot be used to describe
linear momentum balance over the whole domain R̃. However, it can be considered
to hold in both of R̃− and R̃+ independently, i.e.,

ρ
dfv

−
d

dt
= ρb + div T− + (grad v−d )ρ

(
vf − v−d

)
(3.26)

and

ρ
dfv

+
d

dt
= ρb + div T+ + (grad v+

d )ρ
(
vf − v+

d

)
, (3.27)

for the case that the density is continuous and neither the body force nor the frame
velocity is a function of the displacement.
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Next, the presumed behavior of the body is invoked in order to determine the
necessary constraints along the surface of discontinuity. Considering the previous
description of χd as material and invertible, it is clear that the incremental displace-
ment is continuous. If this were not the case, then parts of the body would either
separate from or penetrate each other, neither of which make sense for the problem
at hand. In particular, the incremental motion of any surface of discontinuity itself
is continuous. As such, once a jump in displacement at any surface is created via a
growth process, it is constant for as long as that discontinuous surface exists. Thus,
the first constraint on the solution at the surfaces of discontinuity is that

u− − u+ = k on Γ̃d, (3.28)

where (·)± are quantities taken in the limit as any point y ∈ Γ̃d is approached from
within R̃±, respectively, and k (y) is the jump in the displacement that is independent
of time. It is important to reiterate that the discontinuities in the displacement are
created by the extension of the deformation gradient into the growth region G, and
are not a result of discontinuous motions.

Regardless of the presence of a discontinuity in the displacement on Γ̃d, it is
necessary to satisfy the balance of linear momentum at all points in the region. Given
that the displacement can vary independently in each of the regions R̃− and R̃+, it
is not assumed a priori that linear momentum balance will be satisfied along Γ̃d.
However, the necessary condition for the satisfaction of linear momentum balance on
Γ̃d can be derived, as follows. Consider the global form of linear momentum balance
on each of the regions R̃− and R̃+ individually, which results in the equations∫
R̃−

ρ
dfv

−
d

dt
dv =

∫
R̃−

ρb dv +

∫
R̃−

(grad v−d )ρ
(
vf − v−d

)
dv +

∫
∂R̃−

t− da (3.29)

and∫
R̃+

ρ
dfv

+
d

dt
dv =

∫
R̃+

ρb dv +

∫
R̃+

(grad v+
d )ρ

(
vf − v+

d

)
dv +

∫
∂R̃+

t+ da . (3.30)

At this point, split the boundary integral into two regions, one that intersects the
exterior boundary of the body, and another that is the surface of discontinuity, so
that the global forms become∫

R̃−
ρ
dfv

−
d

dt
dv =

∫
R̃−

ρb dv +

∫
R̃−

(grad v−d )ρ
(
vf − v−d

)
dv

+

∫
∂R̃−\Γ̃d

t− da+

∫
Γ̃d

t− da

(3.31)

and ∫
R̃+

ρ
dfv

+
d

dt
dv =

∫
R̃+

ρb dv +

∫
R̃+

(grad v+
d )ρ

(
vf − v+

d

)
dv

+

∫
∂R̃+\Γ̃d

t+ da +

∫
Γ̃d

t+ da .

(3.32)
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Next, consider the summation of the global integral expressions, which results in∫
R̃
ρ
dfvd
dt

dv =

∫
R̃
ρb dv +

∫
R̃

(grad vd)ρ (vf − vd) dv +

∫
∂R̃

t da

+

∫
Γ̃d

(
t− + t+

)
da.

(3.33)

Assuming that the balance of linear momentum holds globally, the summation of all
of the terms on the first line of (3.33) is zero, so that∫

Γ̃d

(
t− + t+

)
da = 0. (3.34)

This, along with the assumption that the tractions are continuous along Γ̃d, results
in the local form

t− + t+ = 0 on Γ̃d. (3.35)

Ultimately, this is the condition on the tractions along the discontinuous surface that
is necessary to ensure that balance of linear nonemtum will be globally satisfied.

Given the previous developments, it is now possible to state a strong form for
a body experiencing surface growth, with continuous density and discontinuous dis-
placement, as follows: determine the density ρ(x̃, t; τ) : R̃τ+t × I 7→ R and displace-
ment u(x̃, t; τ) : R̃τ+t × I 7→ R3 that satisfy (3.18) and (3.21), subject to the initial
conditions

ρ(x̃, 0; τ) = ρ0(X) in Rτ ,

u(x̃, 0; τ) = u0(X) in Rτ ,

vd(x̃, 0; τ) = v0(X) in Rτ ,

(3.36)

the boundary conditions

u = ū(x̃, t; τ) on Γ̃u × I ,
t = t̄(x̃, t; τ) on Γ̃q × I ,

(3.37)

the constraints

u− − u+ = k on Γ̃d × I
t− + t+ = 0 on Γ̃d × I,

(3.38)

and the extensions of ρ, u, and vd into the growth region G as discussed in Section
3.2. In the above, I is the time interval (τ, T ], where T is the terminal time of
the interval. Also, the domains of the Dirichlet and Neumann boundary conditions

(3.37) satisfy Γ̃u
⋃

Γ̃q =
(
∂R̃−

⋃
∂R̃+

)
\ Γ̃d = ∂R̃τ+t. It is emphasized here that
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the frame velocity vf is assumed to be known throughout the domain occupied by
the body in its intermediate configuration.

To this point, no comment has been made regarding the nature of the material con-
stituting the body. As such, nothing precludes the consideration of different materials
in R̃− and R̃+. Any material mismatch along Γ̃d would be handled in a straightfor-
ward manner, i.e., when calculating the Cauchy stress at any point, the constitutive
law associated with whichever region (R̃− or R̃+) the point occupies would be used.
In perhaps the ultimate generalization along these lines, it would not be difficult to
mark each growth region, and assign the material properties at each material parti-
cle for that particular region. The result would be various regions of discontinuous
stresses, each coinciding with different growth spurts, and, thus, materials.

Another phenomenon regarding the body’s composition relates to interface ef-
fects, which can be caused by impurities or defects at the interface. These can take
various forms, including crystallographic voids or densification of the material (va-
cancy defects and interstitial defects, respectively), or dislocations. The result is an
additional, surface-dependent stress field that is required to force the two surfaces
into configurations that will allow the materials to join together. Given the nature of
the material (F-actin) being grown in the current case, these effects will be neglected
hereafter.

It is possible that the body may experience a traction mismatch along Γ̃d, which
would violate (3.35), when the fields are extended as defined in Section 3.2, if no
additional treatment is specified. Additional kinetic features (e.g., initial Cauchy
stress) can also contribute to this lack of momentum balance on Γ̃d. Depending
on the physics of the problem, it is a simple exercise to restore equilibrium after
a growth spurt. This restoration would consist of calculation of the solution that
satisfies the strong form of the problem, over a domain which includes the newly-
deposited material. This would result in equilibration of the forces throughout the
body. Alternately, it is possible to allow the body to remain in a non-equilibrium
state at the end of a time interval. As soon as the balance laws are applied in the
following time interval, the body will reattain equilibrium. An example of this second
procedure for establishing equilibrium in the body is presented in the next section.

3.4 A One-dimensional Example

At this point, example solutions generated by the previously described model are
presented. Given the strong form previously described, consider a one-dimensional
continuum lying along the X-axis, such that R0 = {X ∈ E1 | A ≤ X ≤ B}, with
the body deforming and growing over the time interval (0, t1] with no body force.
Dirichlet boundary conditions that are linear in time are assumed at both end points,
namely

u(A, t) = v̄At , u(B, t) = v̄Bt , (3.39)
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hence
u(A, t1) = ūA = v̄At1 , u(B, t1) = ūB = v̄Bt1 . (3.40)

It follows that the positions of the boundary points in the intermediate configuration
are

x̃(A, t1) = A+ ūA = ã , x̃(B, t1) = B + ūB = b̃ . (3.41)

At the same time, the body is experiencing surface growth, with growth rates vg(A) =
v̄gA and vg(B) = v̄gB that are assumed constant over the time interval (0, t1]. The
initial conditions for the problem are that the mass density at time τ = 0 is homoge-
neous and equal to ρ0, while the initial displacement u0 and velocity v0 are equal to
zero. In this case, and for a given frame velocity vf , there are two balance equations
(corresponding to mass and linear momentum) and two unknowns, namely vd and ρ.

The frame velocity specified here is consistent with the condition in (3.14), which,
in the present case, reduces to vg = vf − vd at the two boundary points. This implies
that the boundary velocities of the frame are specified and equal to

vf (A) = v̄A + v̄gA , vf (B) = v̄B + v̄gB . (3.42)

A smooth extension of the frame velocity from the boundary to the interior of the
domain can be constructed by linear interpolation, such that

vf = vf0 + vf1Xf , (3.43)

where, using (3.40) and (3.42),

vf0 =
1

B − A

[(
v̄gA +

ūA
t1

)
B −

(
v̄gB +

ūB
t1

)
A

]
,

vf1 =
1

B − A

[
v̄gB +

ūB
t1
− v̄gA −

ūA
t1

]
.

(3.44)

Now, integrating the frame velocity in (3.43) with respect to time yields an expression
for the motion of the frame as

x̃f = Xf + (vf0 + vf1Xf ) t . (3.45)

A solution of the governing equations of motion is obtained using a semi-inverse
approach. To this end, assume that the material motion in the time interval (0, t1] is
of the form

x̃ = X + (v0 + v1X) t , (3.46)

where v0, v1 are constants to be determined. Therefore, (referential) balance of mass
implies that

ρ = ρ0 (1 + v1t)
−1 . (3.47)
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Proceeding with enforcement of linear momentum balance, note that, in the ab-
sence of body force and with a constitutive law that depends only on the (assumed)
homogeneous strain, (3.21) reduces to

dfvd
dt

=
∂vd
∂x̃

(vf − vd) . (3.48)

Using (3.46), the preceding equation can be rewritten as

dfvd
dt

=
v1

1 + v1t
(vf − vd) . (3.49)

The frame-time derivative of the velocity on the left-hand side of equation (3.49) is
determined to be

dfvd
dt

=
∂

∂t

[
v0 + v1

(
x̃f − v0t

1 + v1t

)]∣∣∣∣
Xf

,

=
∂

∂t

[
v0 + v1(Xf + (vf0 + vf1Xf )t)(1 + v1t)

−1 − v1v0t(1 + v1t)
−1

]∣∣∣∣
Xf

,

=
v1

1 + v1t

[
vf −

v1

1 + v1t
x̃f − v0 +

v1

1 + v1t
v0t

]
,

=
v1

1 + v1t

[
vf − (v0 + v1X)

]
,

=
v1

1 + v1t
(vf − vd) ,

(3.50)

where use is made of (3.45) and (3.46). Also, in (3.50) the notation (·)|Xf signifies
that a partial time derivative is taken keeping the frame coordinates fixed.

In summary, a comparison of the results in (3.49) and (3.50) shows that the
assumed motion (3.46) satisfies linear momentum balance. Lastly, note that the
constants v0 and v1 can be determined in terms of the Dirichlet boundary conditions
(3.40) and the end time t1 as

v0 =
1

(B − A)t1
(BūA − AūB) ,

v1 =
1

(B − A)t1
(ūB − ūA) .

(3.51)

The final configuration Rt1 is now readily determined to occupy the region (a, b),
where

a = ã+ v̄gAt1 ,

b = b̃+ v̄gBt1 ,
(3.52)
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with boundary ∂Rt1 = {a, b}.
A sketch of this motion is shown in Figure 3.3 for the special case v̄A = 0, v̄B > 0,

v̄gA > 0 and v̄gB > 0. In this case, the left boundary undergoes ablation, while the
right boundary experiences surface growth. Note that the ablation of material alters
the value of the displacement at the evolving left boundary, since the boundary point
upon which the Dirichlet condition is originally applied is ablated by the end of the
time interval. Also, note that the displacement field exhibits a jump induced by its
extension into the growth region.

x

u

x

u

u

x

xt1 = a

Mt1
0

bc

b̃x̃t1 = ã

X = A B

Gt10

u = 0

R0

R̃t1

Rt1

Figure 3.3: Configurations R0, R̃t1 and Rt1 of the growing body for v̄A = 0, v̄B > 0,
v̄gA > 0 and v̄gB > 0. Corresponding displacement fields are depicted by dotted lines
above each configuration.

Next, it is instructive to consider the deformation incurred during an additional
finite time interval (τ2, τ2 + t2], where τ2 = t1 and the reference configuration is
updated such that Rτ2 = Rt1 (therefore, Aτ2 = a and Bτ2 = b). Again, for this time
interval, Dirichlet boundary conditions are specified for each end of the body in the
form

u(Aτ2 , t) = ¯̄vA(t− τ2) , u(Bτ2 , t) = ¯̄vB(t− τ2) . (3.53)
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Also, no growth is assumed to take place during this time interval, hence the frame
velocity coincides with the material velocity.

Adopting again a semi-inverse approach, assume that the displacement u(X, t; τ2) =
xτ2+t −X is linear in X for each region Mτ2 and Gτ2 separately, namely

u (X, t; τ2) =

{ (
v−2 + v−3 X

)
(t− τ2) , Aτ2 ≤ X < Cτ2 , τ2 ≤ t ≤ τ2 + t2(

v+
2 + v+

3 X
)

(t− τ2) , Cτ2 < X ≤ Bτ2 , τ2 ≤ t ≤ τ2 + t2
,

(3.54)

where Cτ2 = c ∈ Rτ2 is the growth surface for the first time interval. The four
constants v−2 , v−3 , v+

2 and v+
3 in (3.54) need to be determined from the two boundary

conditions in (3.53) and the two conditions (3.28) and (3.35) that must be met at the
point of discontinuity Cτ2 . As stated previously, the first of the latter two conditions is
due to the fact that for all times t ≥ τ2 for which the region Gτ2 exists, it is considered
to be a material region. Given the displacement field at time τ2, this implies that the
displacement is continuous at point Cτ2 , hence(

v−2 + v−3 C
τ2
)

(t− τ2) =
(
v+

2 + v+
3 C

τ2
)

(t− τ2) . (3.55)

Linear momentum balance holds true at each interior point of the regions Rτ2− =
{X : Aτ2 ≤ X < Cτ2} and Rτ2+ = {X : Cτ2 < X ≤ Bτ2}. Indeed, in each of these re-
gions, given that the displacements are linear in the reference coordinates, the defor-
mation gradients are necessarily constant, hence the divergence of the stress vanishes
identically. Furthermore, the system experiences no accelerations, as dictated by the
assumed displacement in (3.54). Therefore, linear momentum balance is satisfied in
the absence of body forces. Given the assumptions that 1) the Cauchy stress is solely
a function of the deformation gradient, and not of field variables other than u (e.g.,
the density ρ) or other kinematic quantities (e.g., the velocity gradient L), and that
2) the materials on either side of Cτ2 are the same, a sufficient (albeit not necessary)
condition to guarantee satisfaction of the traction continuity condition (3.35) at the
interfacial point Cτ2 is that the deformation gradient be continuous3. Taking into
account (3.46) and (3.54), the deformation gradients F t− and F t+ of the two regions
relative to their respective reference configurations are easily found to be

F t− = F t−
τ2
F t1−

0 =
(
1 + v−3 (t− τ2)

)
(1 + v1t1) , (3.56)

and
F t+ = F t+

τ2
= 1 + v+

3 (t− τ2) . (3.57)

Equating the two deformation gradients in (3.56) and (3.57) leads to(
1 + v−3 (t− τ2)

)
(1 + v1t1) = 1 + v+

3 (t− τ2) . (3.58)

3Even given the assumptions stated above, it is entirely conceivable that, depending on the
particular nature of the constitutive equation for the stress, other solutions of the balance of linear
momentum may exist that effect a discontinuity in the deformation gradient.
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It is important to note that, while the preceding equation imposes continuity (and,
more specifically, constancy) of the total deformation gradient in the regions Rτ2−

and Rτ2+ , the deformation gradient relative to the configuration at time τ2 remains
piecewise constant, as implied by (3.54).

It is now possible to determine the constants v−2 , v−3 , v+
2 and v+

3 from (3.55), (3.58)
and the boundary conditions at time t = τ2 + t2. The latter can be expressed as

¯̄uA = ¯̄vAt2 , ¯̄uB = ¯̄vBt2 , (3.59)

which, with the aid of (3.54), become(
v−2 + v−3 A

τ2
)
t2 = ¯̄uA ,

(
v+

2 + v+
3 B

τ2
)
t2 = ¯̄uB . (3.60)

The resulting system yields a solution


v−2
v−3
v+

2

v+
3

 =



−B
τ2 ¯̄uA +Bτ2v1t1 ¯̄uA +Bτ2v1t1A

τ2 − ¯̄uBA
τ2 − Cτ2v1t1 ¯̄uA − Cτ2v1t1A

τ2

(Aτ2 + Cτ2v1t1 −Bτ2 −Bτ2v1t1) t2

−Cτ2v1t1 + ¯̄uA − ¯̄uB +Bτ2v1t1
(Aτ2 + Cτ2v1t1 −Bτ2 −Bτ2v1t1) t2

−−B
τ2Cτ2v1t1 +Bτ2 ¯̄uA +Bτ2v1t1 ¯̄uA +Bτ2v1t1A

τ2 − ¯̄uBA
τ2 − ¯̄uBC

τ2v1t1
(Aτ2 + Cτ2v1t1 −Bτ2 −Bτ2v1t1) t2

−Cτ2v1t1 + ¯̄uA − ¯̄uB + v1t1 ¯̄uA − v1t1 ¯̄uB + v1t1A
τ2

(Aτ2 + Cτ2v1t1 −Bτ2 −Bτ2v1t1) t2


.

(3.61)
A plot of the displacement is displayed in Figure 3.4 for the special case ¯̄uA = ¯̄uB = 0.
As argued, the total displacement is discontinuous.

It is emphasized that, in fact, this example depicts the relaxation of a body whose
configuration is specified by both deformation and growth. In particular, the bound-
ary conditions during the second time interval (when the relaxation occurs) are spec-
ified as zero displacement, and the displacement in the interior takes a value that
satisfies force balance everywhere, including at the point of discontinuity, as well as
the constraint on the jump of the displacement, which ensures the material motion
of all particles that exist at time τ2.

One final point regarding the nature of possible solutions for the surface growth
problem is illustrated with the following one-dimensional example, which has the fol-
lowing data: zero Dirichlet and surface growth BCs at the left end, positive Neumann
and surface growth BCs at the right end, and no body force. To this end, consider the
limit of the solution at some fixed time tf (taken here to be tf = 1.0) as the number

of growth time intervals n =
tf
∆τ

tends to infinity, where ∆τ denotes the (constant)
time between distinct growth events. A series of such solutions is depicted in Figures
3.5–3.7. The case n = 1 in Figure 3.5 shows the extension of the displacement
field into the growth region after a single time interval, as described in the analytical
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x

Bτ2Cτ2

x̃τ2+t2 = c

R̃τ2+t2

Rτ2

X = Aτ2

Figure 3.4: Configurations Rτ2 and R̃τ2+t2 = Rτ2+t2 of the growing body for ¯̄uA =
¯̄uB = 0, ¯̄vgA = ¯̄vgB = 0. Corresponding displacement fields are depicted by dotted
lines above each configuration.

example presented above. Increasing values of n show a regular change in the dis-
placements over the growth region. Figure 3.6 shows a detail of the displacement for
the case n = 100, clearly illustrating the discontinuities. It is clear from Figure 3.5
that the jumps in the displacement between neighboring growth regions are reduced
as n is increasing, while at the same time the total number of discontinuity points is
increasing. The limiting case of the displacement for n → ∞ can be approximately
constructed by taking a piecewise linear curve that connects the centers of each dis-
continuous segment in the case n = 100. This limiting case is plotted versus the case
n = 1 in Figure 3.7 and shows a trend of softening in the displacement with increasing
n.

This example illustrates that the displacement across the whole growth region
exhibits a negative gradient, reflecting the incremental addition of material particles
on the evolving surface of the body. At the same time, the existence of a tensile
force and the satisfaction of the balance of linear momentum clearly dictate that
the stresses remain non-negative at every point in the growth region. As such, the
displacement in the growth region is required to possess a negative gradient (at least
in some global sense), while maintaining a pointwise-positive gradient over most of
the same region. These two seemingly contradictory requirements are satisfied by the
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Figure 3.5: Displacement at time t = 1.0 for different values of n. The circle in the
lower right sub-plot defines the region shown in detail in Figure 3.6.

discontinuous displacement field depicted in Figures 3.5 and 3.6.

3.5 An Extension of the Theory for the Case of

Fish Epidermal Keratocytes

In this section, the theory is extended to describe the motility of fish epidermal
keratocytes. The proposed model assumes the presence of three protein species: the
filamentous actin, which is configured into a gel-like network (F-actin, i = 1); the
myosin-II which is bound to the actin network (B-myosin, i = 2); and the myosin-II
which is free and available to attach to the actin network (F-myosin, i = 3). It is
assumed that all three species co-exist at every point in the cell. F-actin accounts
for nearly all of the lamellipod mass [45]. However, the density of B-myosin plays an
important role in the determination of stress, as discussed later in this section. The
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Figure 3.6: Detail of displacement at time t = 1.0 for n = 100.

F-myosin enters the proposed model only through the assumption of total myosin
conservation within the lamellipod.

All species are assumed to experience the effects of both “reaction” (understood
here to mean attachment/detachment of the species to/from one another) and diffu-
sion. It follows that the balance of mass for F-actin and B-myosin can be expressed,
in general, as

dMi

dt
=

∫
R̃τ+t

(
dρi
dt

+ ρi div vd

)
dv = kij

∫
R̃τ+t

ρj dv +Di

∫
R̃τ+t

div (grad ρi) dv ,

(3.62)
where i = 1, 2, j = 1, 2, 3, kij is the reaction coefficient between the i-th and j-th
species, and Di is the isotropic diffusion coefficient for the i-th species. Also, it is
assumed here that both kij and Di are constant. The reaction coefficient k11 < 0
represents the spontaneous decomposition (i.e., “aging”) of the actin network, while
the reaction coefficient k22 < 0 describes the disassociation of the B-myosin from the
actin network. In addition, the coefficient k23 > 0 signifies the increase in B-myosin
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Figure 3.7: Displacement at time t = 1.0 for n = 1 and for n = 100.

due to the availability of F-myosin. All other reaction coefficients are neglected on
physical grounds. Taking into account (3.19), the balances of mass (3.62)2 for ρ1 and
ρ2 may be written in the non-inertial frame as

dfρ1

dt
+ ρ1 div vd = grad ρ1 · (vf − vd) + k11ρ1 +D1 div (grad ρ1) (3.63)

and

dfρ2

dt
+ ρ2 div vd = grad ρ2 · (vf − vd) + (k22ρ2 + k23ρ3) +D2 div (grad ρ2) . (3.64)

It is noted that the specification of surface growth via vg and the particular field
extension into the region G chosen for the F-actin (discussed further in Chapter
5) underlie the implicit assumption that free actin monomers are available from an
infinite source.

The mass M3 of F-myosin is determined by the constraint that the total mass of
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the two myosin species is conserved, i.e.,

M2 +M3 =

∫
R̃τ+t

ρ2 dv +

∫
R̃τ+t

ρ3 dv = constant . (3.65)

It is noted here that density ρ3 is not locally determined in the proposed model.
An argument supporting the spatial homogeneity of ρ3 is presented in [34]. Such an
assumption would be consistent with the results of experimental measurements of
diffusivity of F-myosin in a F-actin solution [2]. Finally, the conservation of the sum
M2 +M3 of the myosin species in the lamellipod reflects the fact that the time needed
for the cell to generate additional myosin is much greater than the time it takes for
the cell to occupy a substantially new configuration; see [22] for further information.

Filamentous actin plays a primary role in the support and generation of forces
during motility of fish epidermal keratocytes [4, 5]. For this reason, linear momentum
balance is written exclusively for this species, as in (3.22), hence

ρ1
dfvd
dt

= ρ1b + div T + (grad vd)ρ1 (vf − vd) . (3.66)

The Cauchy stress T depends on the protein densities, as well as on the deformation
and deformation rate of the cell constituents, therefore

T = T̃(ρ1, ρ2, ρ3,F, Ḟ) . (3.67)

Note that the deformation gradient F of a material particle is measured relative to
either the initial configuration of the body (if the particle existed in that configuration)
or to the configuration at the inception of the particle.

It is further assumed that the stress can be additively decomposed as

T = Ti + Te + Tv , (3.68)

where Ti, Te and Tv are its initial, elastic and viscous parts, respectively. The initial
stress is assumed to depend on the density of the B-myosin, which acts as an agent
of isotropic contraction even in the absence of deformation. As a result, the initial
stress is written as

Ti = Ti(ρ2)i , (3.69)

where Ti(ρ2) is a given scalar function and i is the spatial second-order identity tensor.
In the current case, it is assumed that

Ti = Tioρ2 , (3.70)

where Tio is a constant. The elastic response is modeled here by the isotropic
Kirchhoff-St. Venant law, according to which

Te = J−1

[
λ

2
(tr B− 3) B + µ

(
B2 −B

)]
, (3.71)
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where J = det F, B = FFT is the left Cauchy-Green deformation tensor, and λ, µ
are elastic parameters. The latter are taken for the case of fish epidermal keratocytes
to depend linearly on the density of the actin network, namely

λ (ρ1) = λoρ1 , µ (ρ1) = µoρ1 , (3.72)

where λo and µo are constants. The viscous behavior is represented by an extension
of the linear Kelvin-Voigt model to finite deformations [51, 28], such that

Tv = ηJ−1LvB2,

= ηJ−1F
˙

(F−1B2F−T )FT ,

= J−1F
(
ηĊ
)

FT ,

(3.73)

where Lv (·) denotes the Lie derivative of (·) with respect to the velocity [36], and
C = FTF is the right Cauchy-Green deformation tensor. In addition, the scalar
parameter η is proportional to the actin network density, namely

η = ηoρ1 , (3.74)

where ηo is a constant.
It should be noted that the functional dependence of the dissipative behavior on

ρ1 as defined in (3.74) is not meant to imply that the actin network is the exclusive
microstructural source of dissipation in the cell. Indeed, the precise origin of bulk
dissipative behavior in motile fish epidermal keratocytes is still an open topic. Various
works contend that it is a function of the actin network, the cytoplasm, the cell
membrane, or some combination thereof [46, 6, 61, 4, 30, 56]. Even if the viscosity
were solely dependent on the actin network, it has been hypothesized that some
portion of the viscosity is due to dynamic creation and destruction of actin fiber
cross-links [10]. In this case, there would be a multitude of time constants associated
with the viscosity. Thus, while the precise source of viscous behavior in cells is still an
open question, it seems that it is, at least partially, due to the actin network. Since
there are no sources other than the actin network considered in the current model,
the bulk dissipation is defined to be a function solely of ρ1.

The tangential surface traction tt developed between the cell and the substrate is
generally considered to be a function of the protein species and the relative tangential
velocity [[vd]]t of the cell boundary [15, 43], so that

tt = t̃t (ρ1, ρ2, ρ3, [[vd]]t) . (3.75)

Since the focal adhesions depend specifically on the actin network to help anchor the
cell to its (rigid) substrate, a nonlinear isotropic law for the tangential traction is
postulated in the form

tt = −φ (ρ1, ||[[vd]]t||)
[[vd]]t
||[[vd]]t||

, (3.76)
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where ||·|| denotes the 2-norm of a vector. In the current case,

φ = η̄ (||[[vd]]t||) , (3.77)

where the tangential component of the substrate velocity is taken to be zero, and
η̄ = η̄oρ1, with η̄o being a constant.

An important restriction of all constitutive relations is that they be objective. This
assumption states that the functional form of constitutive relations be invariant with
respect to particular changes of observational frame of reference. A mathematically
identical condition can be derived from the principle of invariance under superposed
rigid motions, which postulates that the functional form of constitutive relations
remain unchanged for configurations of a body that that differ by only a rigid motion.
The superposition of a rigid motion on the motion χd results in the motion

χ+
d = x̃+ = Q(t)x̃ + c(t), (3.78)

where Q(t) is a time-varying proper orthogonal tensor and c(t) denotes a time-
dependent translation. Ensuring the objectivity of constitutive relations requires
their evaluation using their arguments as calculated with respect to the motion χ+

d .
To this end, it is noted that tensorial quantities are referred to as objective if they
transform identically to the basis tensors with respect to which they are most natu-
rally represented. If (·)+ denotes the transformation of an object (·), then it is noted
that objective scalars transform as

ρ+ = ρ, (3.79)

while objective referential (V) and spatial (v) vectors are

V+ = V, v+ = Qv, (3.80)

and objective referential (A), spatial (B), and mixed (F = FiA ei⊗EA) second-order
tensors are written as

A+ = A , B+ = QBQT , F+ = QF, (3.81)

respectively. The definition of objective tensorial quantities given above leaves open
the possibility that certain quantities are not objective. As an example, consider the
velocity (a spatial vector),

v+
d = Q̇x̃ + Qvd + ċ. (3.82)

Clearly, the velocity is not an objective spatial vector.
Verification of the objectivity of the initial stress (3.69) is trivial, so it will not be

shown here. The objectivity of the elastic stress (3.71), the viscous stress (3.73), and
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the surface traction law (3.76) can be shown, as follows:

T+
e =

(
J−1
)+
[
λ+

2

(
tr B+ − 3

)
B+ + µ+

((
B+
)2 −B+

)]
,

=
(
J−1
)+
[

(λoρ1)+

2

(
tr
(
QBQT

)
− 3
)
B+ + (µoρ1)+

((
B+
)2 −B+

)]
,

= J−1

[
λ

2
(tr B− 3) QBQT + µ

((
QBQT

) (
QBQT

)
−
(
QBQT

))]
,

= Q

(
J−1

[
λ

2
(tr B− 3) B + µ

(
B2 −B

)])
QT ,

= QTeQ
T ,

(3.83)

T+
v =

(
J−1
)+

F+η+
(
Ċ
)+ (

FT
)+
,

=
(
J−1
)+

F+ (ηoρ1)+
(
Ċ
)+ (

F+
)T
,

= J−1 (QF) ηĊ (QF)T ,

= Q
(
J−1FηĊF

)
QT ,

= QTvQ
T ,

(3.84)

t+
t = −η̄+ ([[vd]]t)

+ ,

= − (η̄oρ1)+ [[vd]]
+
t ,

= −η̄
(
i+ − n+ ⊗ n+

)
[[vd]]

+,

= −η̄Q (i− n⊗ n) QT
(
v+
d − v+

s

)
,

= −η̄Q (i− n⊗ n) QT
((

Q̇xd + Qvd + ċ
)
−
(
Q̇xs + Qvs + ċ

))
,

= −η̄Q (i− n⊗ n) QT (Qvd −Qvs) ,

= −η̄Q (i− n⊗ n) [[vd]],

= Q (−η̄ (i− n⊗ n) [[vd]]) ,

= Q (−η̄[[vd]]t) ,

= Qtt,

(3.85)

where vs denotes the substrate velocity. Also, the fact that xd = xs is implied by
the fact that objectivity is considered with respect to the equilibrium (in this case,
the intermediate) configuration of the cell and the substrate, and the interpretation
of the points xd and xs as points of contact along an interface.

It is noted that functions that satisfy certain objectivity considerations belong to
a class of functions known as isotropic functions. Further information on isotropic
functions can be found in Smith [54] or Gurtin [25].
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Chapter 4

Algorithmic Implementation

In Chapter 3, the balance laws are derived relative to a non-inertial frame, whose
motion is specified by the frame velocity vf . The densities ρ1, ρ2 and displacement u
that satisfy (3.63), (3.64) and (3.66) can be calculated using an Arbitrary Lagrangian-
Eulerian (ALE) finite element method, where the motion of the non-inertial frame
coincides with the (generally non-material) motion of the finite element mesh, see,
e.g., [16] for a detailed technical description of such methods. Note that the frame
motion is prescribed on the boundary of the domain and is extended to the interior
(which now consists of finite elements), such that the mesh remains free of excessive
distortion. As will be argued in Section 4.2, the mesh motion in the interior of
the body is exploited to yeild an effective representation of discontinuities in the
displacement field.

The ALE equations of motion are solved using an operator-split approach, see [7].
This involves solving the incremental equations of motion first using a Lagrangian
grid (i.e., assuming that the mesh is material), and then updating the variables
to account for the convective terms reflecting the non-material portion of the mesh
motion. The latter step may be interpreted as one in which the mesh moves from its
original placement to a new placement at a fixed time and at fixed values of all of the
solution variables. The actual updating of the fields is performed via a least-squares
projection, with the goal of minimizing the difference between the fields globally over
the domain M.

4.1 Weak form of the governing equations and ALE

formulation

As will be fully elucidated in Section 4.2, it is the case that the surfaces of dis-
continuous displacement will always fall on inter-element boundaries. As such, the
derivation of the weak form will assume that the solution is continuous within each
subdomain (i.e., element).
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The strong form of the Lagrangian step is stated as follows: determine the densities
ρi (x̃, t; τ) , i = 1, 2 : R̃τ+t×I 7→ R and the displacement u (x̃, t; τ) : R̃τ+t×I 7→ R3

that satisfy the balance equations

∂ρ1

∂t
+ ρ1 div vd = k11ρ1 +D1 div (grad ρ1)

∂ρ2

∂t
+ ρ2 div vd = (k22ρ2 + k23ρ3) +D2 div (grad ρ2)

ρ1
∂vd
∂t

= ρ1b + div T

 in R̃τ+t, (4.1)

subject to the initial conditions

ρi (x̃, 0; τ) = ρi0 (X)
u (x̃, 0; τ) = u0 (X) ,

vd (x̃, 0; τ) = v0 (X) ,

 in Rτ , (4.2)

and the boundary conditions

ρi = ρ̄i (x̃, t; τ) on Γ̃ρi × I,
mi = m̄i (x̃, t; τ) on Γ̃mi × I,
u = ū (x̃, t; τ) on Γ̃u × I,
t = t̄ (x̃, t; τ) on Γ̃t × I,

(4.3)

where mi = −Di grad ρi is the mass flux vector. As described previously, I is the time
interval (τ, T ], where T is the final time of the interval. Additionally, it is assumed

that the domains of the boundary conditions satisfy Γ̃ρi
⋃

Γ̃mi = Γ̃u
⋃

Γ̃t = ∂R̃τ+t.
Note that (4.1) are derived by starting with (3.63), (3.64) and (3.66) and taking the
mesh motion to coincide with the body motion, i.e., setting

vf = vd, (4.4)

as well as taking the frame time derivative to be the material time derivative, i.e.,

df (·)
dt

=
d (·)
dt

. (4.5)

Indeed, the coincidence of the mesh and body motions is precisely the interpretation
of a Lagrangian mesh within the ALE framework. It is also noteworthy that the
strong form presented above has additional boundary conditions relative to (3.37).
This is due to the addition of the diffusive term to the mass balance equations.

The Lagrangian step in the ALE method is implemented using a standard semi-
discrete approach, in which the solution variables are integrated in time using (differ-
ent) one-step implicit integrators for first- and second-order equations. For the mass
densities, this is of the form

ρi,n+1 = ρi,n + ∆t [(1− α)ρ̇i,n + αρ̇i,n+1] , (4.6)
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while for the displacements and their rates, the Newmark time integrator [41] is used,
according to which

un+1 = un + ∆tvn +
∆t2

2
[(1− 2β)an + 2βan+1] ,

vn+1 = vn + ∆t [(1− γ)an + γan+1] ,
(4.7)

where 0 < α ≤ 1, 0 < β ≤ 1
2

and 0 < γ ≤ 1. Weighted residual counterparts of (4.1)

are readily derived in the intermediate configuration R̃ as∫
R̃

[
σ1
∂ρ1

∂t
+ σ1ρ1 div vd − σ1k11ρ1 +D1

∂σ1

∂x
· ∂ρ1

∂x

]
dv

+

∫
∂R̃
σ1 (m1 · ñ) da = 0 , (4.8)

∫
R̃

[
σ2
∂ρ2

∂t
+ σ2ρ2 div vd − σ2k22ρ2 − σ2k23ρ3 +D2

∂σ2

∂x
· ∂ρ2

∂x

]
dv

+

∫
∂R̃
σ2 (m2 · ñ) da = 0 , (4.9)

and ∫
R̃

[
ξ · ρ1

∂vd
∂t

+
∂ξ

∂x
·T− ξ · ρ1b

]
dv −

∫
∂R̃

ξ · t da = 0 , (4.10)

where σ1, σ2 are the arbitrary test functions for the two mass balance equations, and
ξ is the arbitrary test function for the balance of linear momentum. Assuming a
classical Bubnov-Galerkin approximation, the preceding equations may be written in
a matrix form as

σ̂T
i fi = 0 , i = 1, 2 , (4.11)

and
ξ̂
T
g = 0 , (4.12)

where σ̂i, i = 1, 2, and ξ̂ denote the global finite element nodal values of the arbitrary
test functions. The arbitrary nature of the nodal vectors σ̂1, σ̂2, and ξ̂ implies that
f1 = 0, f2 = 0 and g = 0 are the global discrete counterparts of the three balance
laws.

Discretization of the domain into finite elements is effected via the definition of
appropriate finite element subspaces. For the current problem, the spaces are defined
as

ρei ∈ Re
i =

{
ρi ∈ H1 (Ωe) | ρi = ρ̄i on Γρi

}
,

σei ∈ Sei =
{
σi ∈ H1 (Ωe) | σi = 0 on Γρi

}
,

ue ∈ U e =
{
u ∈ H1 (Ωe) | u = ū on Γu

}
,

ξe ∈ We =
{
ξ ∈ H1 (Ωe) | ξ = 0 on Γu

}
,

(4.13)
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where the superscript e denotes an elemental quantity. In order to represent the
solutions in these spaces in accordance with the semi-discrete approximation, they
can be written as

ρei
.
= N̄ (x̃) ρ̂ei (t) , σei

.
= N̄ (x̃) σ̂e

i (t) , (4.14)

ue
.
= N (x̃) ûe (t) , ξe

.
= N (x̃) ξ̂

e
(t) , (4.15)

where N̄ and N represent the interpolation functions for the densities and the dis-

placements, respectively, and the notation (̂·)
e

represents the values of (·) associated
with the nodes of element e. Additionally, the discrete forms of the various differential
operators are defined as

div ve
.
= ∆ev̂e,

grad ρe
.
= λ̄

e
ρ̂e,

(4.16)

where the components of the matrices ∆e and λ̄
e

are

∆e =
[
N e

1,1 | N e
2,1 | N e

3,1 | · · · | N e
nen,1 | N e

nen,2 | N e
nen,3

]
, (4.17)

and

λ̄
e

=

 N̄ e
1,1 . . . N̄ e

nen,1

N̄ e
1,2 . . . N̄ e

nen,2

N̄ e
1,3 . . . N̄ e

nen,3

 , (4.18)

where the subscript nen denotes the total number of nodes associated with element
e (i.e., the number of element nodes). In an effort to prevent the notation from
becoming too onerous, the time dependence of the nodal variables will be dropped.
Additionally, the superscript e notation will be dropped in all integral expressions,
with the realization that any integral taken over an elemental domain uses element
quantities in its integrand. Now, the element-wise equivalents of fi and g as defined
in (4.11) and (4.12) are given by

f e1 =

∫
Ωe

[
N̄T N̄ ˙̂ρ1 + N̄T

(
N̄ρ̂1

)
∆v̂d − N̄Tk11

(
N̄ρ̂1

)
+D1λ̄

T
λ̄ρ̂1

]
dv

+

∫
∂Ωe

⋂
Γ̃m1

N̄T
(
ñTm̄1

)
da , (4.19)

f e2 =

∫
Ωe

[
N̄T N̄ ˙̂ρ2 + N̄T

(
N̄ρ̂2

)
∆v̂d − N̄Tk22

(
N̄ρ̂2

)
− N̄Tk23

(
N̄ρ̂3

)
+D2λ̄

T
λ̄ρ̂2

]
dv

+

∫
∂Ωe

⋂
Γ̃m2

N̄T
(
ñTm̄2

)
da , (4.20)
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and

ge =

∫
Ωe

[
NT

(
N̄ρ̂1

)
Nˆ̇vd + BTT−NT

(
N̄ρ̂1

)
b
]
dv −

∫
∂Ωe

⋂
Γ̃t

BT t̄ da . (4.21)

The same appeal to the arbitrariness of the test functions made above may be invoked
here to justify the identities f e1 = 0, f e2 = 0 and ge = 0.

The nonlinear system of equations resulting from the assembly of (4.19-4.21) may
be solved for the nodal variables ρ̂1, ρ̂2 and û using any standard method, such as the
Newton-Raphson method, or any of its variants. Details of the Newton-Raphson so-
lution method, including the linearization of balances of mass and linear momentum,
are presented in Appendix A.

Once the Lagrangian step is completed, the mesh is convected by the relative
velocity vf−vd, with the goal of imparting minimal change to the spatial distribution
of the variables ρ1, ρ2 and u over the material region M (depicted in Figure 3.1).
This may be accomplished by a least-squares projection scheme, in which the nodal

values of a typical variable φ after the mesh convection (denoted as φ̂
+

) are deduced

from the values φ̂
−

before convection, such that∫
M

(φ+ − φ−)2 dv = min , (4.22)

see, e.g., [7]. Executing the minimization of (4.22) on the geometry of the convected
mesh, while sampling the values of the variable φ on the Lagrangian mesh, yields a

system of linear algebraic equations for the nodal values φ̂
+

relative to the convected
mesh. This process is repeated for each of the densities ρ1, ρ2 and for each component
of the displacement u, and results in the projection of these variables to the ALE
mesh.

4.2 A finite element implementation in one dimen-

sion

While the finite element method presented to this point is independent of spatial
dimension, the algorithmic aspects of the implementation discussed henceforth per-
tain exclusively to the one-dimensional case. Now, the configuration of the body is
taken to be a one-dimensional manifold embedded in three-dimensional space, which
results in a deformation gradient of the form

F = F11e1 ⊗ E1 + e2 ⊗ E2 + e3 ⊗ E3 , (4.23)

where ei and EA are the Cartesian basis vectors in the current and reference configu-
rations, respectively. The representation of a one-dimensional body it not unique, and
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this one has the advantage that the results will be consistent with a three-dimensional
model that is constrained to move in one dimension.

An additional result of the consideration of the cell as one dimensional is the
scaling of integrals over the various integration domains. Assuming that the cell is a

cuboid that occupies R̃ =
{
x1 ∈ L̃,−

w

2
≤ x2 ≤

w

2
, 0 ≤ x3 ≤ h

}
, where L̃ is the one-

dimensional region aligned with x1 and bounded by the leading and trailing edges of
the cell at a particular time, and w and h are constants, then the integrals can be
rewritten as

volume:

∫
Ω

(·) dv = w h

∫
L̃

(·) dx1,

surface with normal n = ±e1 located at x1 = x̄1:

∫
Γ

(·) da = w h (·)|x̄1 ,

surface with normal n = ±e3:

∫
Γ

(·) da = ±w
∫
L̃

(·) dx1.

(4.24)

The displacement field of a body undergoing spurts of surface growth generally
includes discontinuities, as discussed in Section 3.3 and illustrated in Section 3.4. To
represent such discontinuities in a one-dimensional setting, the present work assumes
that they always occur at inter-element boundaries, and employs Lagrange multipliers
to enforce the resulting compatibility conditions. Here, these conditions take the
specific forms

cρi = ρ+
i − ρ−i , on Γint

cu = u+ − u− − k, on Γint
(4.25)

where (·)+ and (·)− are the one-sided limits of (·) when approaching an inter-element
boundary Γint. Also, k is the jump in the displacement at every point of Γint at
which a surface growth event occurred at some earlier time and which, once effected,
is fixed at this point for all time. For any inter-element boundaries where there is no
discontinuity in the displacement, k is taken to be zero.

The resulting constrained system of equations is of the form

[
σ̂T
i ξ̂

T
θ̂
T

i γ̂T
]

fi(ρ̂i, û) + dρip̂i
g(ρ̂i, û) + duq̂

cρi(ρ̂i)
cu(û)

 = 0 . (4.26)

Here, pi and q are Lagrange multipliers for the density and displacement constraints
(4.25)1,2, respectively, while dρi and du are derivatives of the constraints (4.25)1,2 with

respect to the discrete variables ρ̂i and û, respectively. Also, θ̂i and γ̂ are the nodal
variables corresponding to arbitrary test functions for the two constraint equations.
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Taking into account the arbitrariness of all of the test functions in (4.26) leads to a
coupled nonlinear algebraic system of equations for ρ̂i, û, p̂i, and q̂.

It is straightforward to show that the Lagrange multipliers pi and q associated
with the density and displacement constraints (4.25), respectively, are equal to the
flux terms on the inter-element boundaries [19, 62, 65]. Looking only at the balance of
linear momentum, consider a domain Ω with the boundary defined as ∂Ω = Γu

⋃
Γq,

where the displacement boundary condition is defined on Γu and any specified trac-
tions are defined on Γq. Additionally, the domain is divided into two separate regions,
denoted by superscript “-” and “+”, such that Ω = Ω−

⋃
Ω+ and Ω−

⋂
Ω+ = ∅. The

regions Ω− and Ω+ are separated by a boundary Γd, along which the displacement u
is assumed to be discontinuous. Given this modified problem, the modified version
of the weak form (4.10) is∫

Ω

[
ξ · ρ1

∂vd
∂t

+
∂ξ

∂x
·T− ξ · ρ1b

]
dv −

∫
∂Ω

ξ · t da

−
∫

Γd

ξ− · t− da−
∫

Γd

ξ+ · t+ da = 0. (4.27)

Next, it is required that the constraint (3.28) be satisfied via the use of a Lagrange
multiplier defined on Γd, say ν, so that the expression to be considered is

ν ·
(
u− − u+ − k

)
= 0 on Γd. (4.28)

To the current end, several points are noted. First, the typical interpretation of the
Lagrange multiplier (that of Lagrange multiplier as the force necessary to enforce a
constraint) will be used here. Next, equivalence of the weak form with the principle of
virtual work, along with the association of the virtual displacement with the weighing
function ξ, results in a further modified version of linear momentum balance as∫

Ω

[
ξ · ρ1

∂vd
∂t

+
∂ξ

∂x
·T− ξ · ρ1b

]
dv −

∫
∂Ω

ξ · t da

−
∫

Γd

ξ− · t− da−
∫

Γd

ξ+ · t+ da

+

∫
Γd

ν ·
(
ξ− − ξ+

)
da+

∫
Γd

δν ·
(
u− − u+ − k

)
da = 0, (4.29)

which results in∫
Ω

[
ξ · ρ1

∂vd
∂t

+
∂ξ

∂x
·T− ξ · ρ1b

]
dv −

∫
∂Ω

ξ · t da

−
∫

Γd

ξ− ·
(
t− − ν

)
da−

∫
Γd

ξ+ ·
(
t+ + ν

)
da

+

∫
Γd

δν ·
(
u− − u+ − k

)
da = 0. (4.30)
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It is noted that the last term in the previous expression is analogous to the weighted
residual of the displacement constraint on Γd, where δν is the weighing function.
Given the continuity of the tractions and the Lagrange multiplier along Γd, along
with the arbitrary nature of the weighing functions ξ± and δν, the final expression
above indicates that not only is ν the force that enforces the displacement constraint
on Γd, but it satisfies the relations

ν = t− = −t+ on Γd , (4.31)

which implies that ν (which corresponds to the Lagrange multiplier q described in the
paragraph after (4.26)) is equal to the traction along Γd, and satisfies the constraint
(3.35). A similar result can be derived for the mass balance equations, so that

m−i = −m+
i on Γd . (4.32)

Thus, the formulation (4.26) satisfies both the displacement and mass flux/traction
constraints along Γd.

The use of Lagrange multipliers to describe discontinuous solutions in conjunction
with an ALE formulation introduces significant complications to the Eulerian stage of
the ALE algorithm. These are alleviated if the new mesh is constructed such that the
surfaces of discontinuity always coincide with inter-element boundaries. The process
of moving the mesh is depicted by Figure 4.1. In Figure 4.1a, the process starts with
an intermediate configuration (over which a field variable φ is known) and creates
the boundary of the current configuration ∂R according to vg. Figure 4.1b shows the
motion of the interior nodes, such that the growth surface and the interior surface(s)
of discontinuity Γd coincide with inter-element boundaries on the new mesh. Next,
the field variables are defined on the new mesh in the material region M in Figure
4.1c. This is achieved via the projection (4.22). To account for existing disconti-
nuities within M, each variable is interpolated over regions between discontinuities,
where the solution fields remain continuous. At the points of discontinuity, the nodal
values of the solution on the new mesh are inherited from the (discontinuous) nodal
values of the Lagrangian mesh. Finally, Figure 4.1d depicts what happens if vgn > 0
(i.e., growth occurs) at either end of the domain. In this case, the solution fields are
extended into the growth region G as dictated by the assumptions of the particular
problem (see Section 5.2 for the extensions used here to model crawling fish epider-
mal keratocytes). The algorithm used in the current work to convect the mesh is
summarized in Box 1.
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Data: mesh over intermediate configuration R̃, old field variables φ̂−, surface
growth velocity vg, time interval ∆t

Result: mesh over current configuration R, new field variables φ̂+

begin
Calculate ∂R: x(lr) = x̃(lr) + vg

(
x̃(lr)

)
∆t (l, r: left/right ends of mesh)

Assign quasi-uniform element distribution to M and G, per the criterion
nel(M)
nel

≈ len(M)
len(M∪G)

for idisc ∈ Γd do
xidisc = spatial location of idisc
Move nearest inter-element boundary to xidisc

Identify Ncont := {continuous regions}
for iφ ∈ φ̂ do

for icont ∈ Ncont do
Eicont := {elements in continuous region icont}
for e ∈ Eicont do

Calculate element contributions Me,Re

M = M +A
e

Me

R = R +A
e

Re

Apply boundary/jump conditions to M, R
Calculate new nodal field values φ̂+

icont
= M−1R

Extend field values for iφ into G
end

Box 1: Algorithm used to convect mesh
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Chapter 5

Representative Simulations

Simulations of cell motility are presented below. All simulations were conducted
using two-node linear elements with two-point Gaussian quadrature and constant
step-size ∆t = 1.0[s]. The time integration parameters were chosen as α = 1

2
for the

mass balance equations and (β, γ) = (1
4
, 1

2
) for the momentum equation. The models

were implemented in a FORTRAN 90 code, and the linear system of equations was
solved using routines from the LAPACK and SuperLU linear algebra packages [14].
The global stiffness was diagonally preconditioned by the reciprocal of the 2-norm of
every row to minimize errors associated with the solution of the system, a process
referred to by Demmel [13] as equilibration. The implementation was verified by
comparing its results to that of a reference finite element implementation (FEAP).
These tests compared the response of bodies satisfying the usual assumptions of
continuum mechanics, and having more typical constitutive equations (e.g., mass-
conservative, non-linear elasticity).

5.1 Problem data

In all the forthcoming simulations, the cell domain is assumed to initially occupy
the rectangular hexahedral regionR0 = {(x,w, h) | 0 < x < 10, −5 < w < 5, 0 < h < 0.1}
[µm], while the (normalized) densities satisfy initial and boundary conditions

ρ1(x, t) = 1 on x̃ = x̃r ,

ρ2(x, t) = 0 on x̃ = x̃r ,

ρ1(x, 0) = 0.5 in R0 ,

ρ2(x, 0) + ρ3(x, 0) = 1 in R0 .

(5.1)

Boundary values for the densities at the right face x̃ = x̃r of the mesh are shown
above. Boundary conditions for the densities at the left face x̃ = x̃l of the mesh,
as well as those for displacements or tractions at both ends depend on the specific
nature of the cell motion, and will be defined later in this section.
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Following standard convention, the densities ρi, i = 1, 2, 3, are normalized. This

is accomplished by setting ρ1 →
ρ1

ρ̄1

and ρ2 →
ρ2

ρ̄2

, ρ3 →
ρ3

ρ̄2

, where ρ̄1 and ρ̄2 are

chosen to be the non-zero boundary values of the F-actin and B-myosin densities,
respectively. It is noted that a crawling fish epidermal keratocyte has a single non-
zero value ρ̄1 at both the leading and trailing edges, while the non-zero value ρ̄2

occurs at the trailing edge, so that, for the current problem, ρ2 (x̃l, t) = ρ̄2. This
normalization results in straightforward rescaling of every term in the mass balance
equations (4.1)1,2. Likewise, the stress deduced from the linear momentum balance
equation (4.1)3 is rescaled by the boundary density ρ̄1.

The growth velocity on the right boundary of the cell is assumed to be given by

vg =
len (R0)

len
(
R̃t
) v̄g on x̃ = x̃r , (5.2)

where len (·) denotes the length of the cell domain at a particular time and v̄g is the
reference growth velocity at x̃r. This choice prevents the cell from growing to lengths
that would never be physically reasonable, i.e., zero and infinity.

The reactive and diffusive parameters kij and Di are specific to particular species
or pairs of species. In the current work, all constitutive parameters are taken from
[34], with the exception of Poisson’s ratio, which is taken from [49]. The specification
of the cell motility initial and boundary values is also motivated from the experimental
work reported in [57]. A summary of the constitutive parameters is presented in Table
5.1.

Description Notation Value

v̄g(x̃l), v̄g(x̃r) Surface growth rate constants 0.1 [µm/s]
k11 F-actin disintegration rate -6e-3 [1/s]
k22 B-myosin disassociation rate -0.01 [1/s]
k23 Increase in B-myosin due to F-myosin 0.01 [1/s]
D1, D2 Diffusion of F-actin, B-myosin 0.1 [µm2/s]
(λo, µo) Elastic constants (1.4e4, 3.6e3) [pN/µm2]
ηo Bulk viscosity constant 1e4 [pNs/µm2]
Tio Initial stress constant 5.5e2 [pN/µm2]
η̄o Traction viscosity constant 1e3 [pNs/µm3]

Table 5.1: Constitutive values for fish epidermal keratocyte

5.2 Stationary cell

This simulation explores the existence of an apparently stationary cell configura-
tion, as experimentally observed in [60]. It is demonstrated that such a stationary
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state is reached when surface growth and bulk contraction effects balance each other.
To model an apparently stationary cell, symmetry conditions are employed such that
the left end of the domain corresponds to the cell center and the right end represents
the cell boundary. Symmetry boundary conditions are imposed for mass, in the form

∂ρ1

∂x
=
∂ρ2

∂x
= 0 on x̃ = x̃l . (5.3)

Likewise, symmetry boundary conditions are stipulated for the the apparent velocity
va and prescribed traction t̄ as

va = vd + vg = 0 on x̃ = x̃l ,

t̄ = 0 on x̃ = x̃r ,
(5.4)

and a growth boundary condition is specified as

vg = v̄g on x̃ = x̃l . (5.5)

The boundary condition (5.4)1 is necessary to prevent the formation of a gap while
allowing for ablation of F-actin when approaching the center of the cell, as seen
in experimental results [60]. This condition, in effect, couples the deformation and
surface growth boundary conditions at the symmetry point x̃l.

Extensions of kinematic and kinetic fields into the growth region G are specified
as

ρ1 (G) = 1,

ρ2 (G) = 0,

ud (G) = 0,

vd (G) = vd(x̃r) .

(5.6)

The combination of the boundary conditions (5.1)1,2 and the extensions (5.6)1,2 of the
density fields into G guarantees continuity of the densities across the growth interface.
Alternatively, the boundary condition (5.4)2 along with the extension (5.6)3 effect a
discontinuity in the displacement field at each growth instance. In addition, (5.6)4

stipulates that the velocity vd in the growth region inherits the boundary value at x̃r,
as argued in [27].

Taking into account (5.4)1, it is concluded that for the cell to maintain a constant
apparent length for the time interval (τ, τ + t] it is sufficient that va = 0 on x̃r. In
light of (5.2), this translates to a requirement for the material velocity vd on x̃ = x̃r
to be equal to

vd(x̃r) = −vg(x̃r) = − len (R0)

len
(
R̃τ+t

) v̄g . (5.7)

This condition is met as the material velocity at x̃r reaches a non-zero steady state
due to the internal stress-induced contraction of the continuously added material in
the growth region, while the growth velocity is tempered by the changing cell length.
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Figure 5.1 displays the length of the stationary cell as a function of time, and
illustrates that for the given choice of material parameters and growth velocities,
the cell contracts from its initial configuration until it reaches a steady length [60].
Figure 5.2 shows the distribution of the proteins at the steady state. Note that
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Figure 5.1: Length of stationary cell [µm] versus time [s]

the contraction of the lamellipod is biologically consistent with the increase in B-
myosin density and simultaneous decrease in F-actin density toward the center of
the cell. In addition, the vanishing of B-myosin at the cell boundary is required to
enforce the homogeneous traction boundary condition. Figure 5.3 shows the material
displacement of the stationary cell at the equilibrium state. This is defined as the
change of position for all material points relative to their initial placement defined
either in the original reference state or at the time at which they were added to the
cell. As expected, the material displacement exhibits jumps reflecting the temporally
discontinuous reference state for different material points. The displacement starts
at zero on the boundary, as stipulated by (5.6)3, and decreases toward the cell center
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Figure 5.2: Spatial distribution of normalized protein densities in stationary cell at
time t = 200[s]

due to the compression effected by the initial stress field. It is important to note here
that a related model presented in [34] treats the symmetry point as purely material
with boundary condition vd = 0, which effectively neglects the fact that the F-actin
is disintegrating as it approaches the center of the cell, and would lead, in the limit as
the solution time t tends to infinity, to infinite strains at the center of the cell. Finally,
Figure 5.4 depicts the time evolution of the material displacement. Recall that the
material is ablating away at the “center” (left end) of the cell, and being added at the
“outer” edge (right end) of the cell, such that there is (nearly) no apparent motion.
Thus, the largest region of continuous displacements, which correspond to the material
points in existence at the beginning of the analysis, get smaller over time, due to the
ablation of material at the center of the cell. Eventually, the region of continuous
displacements disappears completely, and as the surfaces of discontinuity approach
the center of the cell, they too are ablated out of existence. The displacement is
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Figure 5.3: Material displacement field [µm] in stationary cell at time t = 200[s]

negative due to the contraction of the cell by myosin-II. Additionally, the last three
sub-figures verify that the displacement reaches a steady state by t = 200[s].
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Figure 5.4: Temporal evolution of the material displacement field [µm] of stationary
cell
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5.3 Crawling cell

In this problem, the cell is assumed to crawl over a substrate. Here, the left
boundary of the mesh represents the ablating (i.e., trailing) end of the lamellipod,
as illustrated in Figure 2.3. Following the experimental observations in [57], the
boundary conditions for the normalized densities at the trailing edge are

ρ1 = ρ2 = 1 , on x̃ = x̃l . (5.8)

Boundary conditions relevant to linear momentum balance are taken as

t̄ = 0, on x̃ = x̃l,

ud = 0, on x̃ = x̃r,
(5.9)

while the ablation boundary condition is

vg = v̄g, on x̃ = x̃l . (5.10)

The remaining initial and boundary conditions for density and growth on the leading
edge of the cell are as in (5.1) and (5.2). The displacement boundary condition (5.9)2

is physically justified as it represents the anchoring of the leading edge of the cell to
the substrate due to focal adhesions, which aids in the forward translocation of the
cell [38, 63]. Lastly, the field extensions into the growth region are specified identically
to those of the stationary cell case, as given by (5.6).

Figure 5.5 clearly demonstrates that the crawling cell attains a steady length,
which agrees with [34] in that they both predict a shortening of the cell from its
initial configuration. It is noted that the changes in the cell length are influenced by
two physical processes. In particular, the steep gradient region starting at t = 0 is
due to the bulk material response to the contractive initial stress. Also, the transition
to the final approach to the steady length that occurs at approximately t = 60 [s]
depends on the surface growth parameters. Specifically, the growth velocities vg(x̃l)
and vg(x̃r) influence the speed with which the cell reaches its steady state, while
len (R0) influences the value of the steady-state length. The distribution of F-actin
shown in Figure 5.6 is qualitatively similar to that of [34] in that it shows a smooth
decrease away from the leading edge of the cell, with a minimum at approximately 70%
of the way toward the trailing edge. The B-myosin distribution is not comparable to
[34] due to the use of a different boundary condition at x̃l, yet it reasonably replicates
experimental results in [57]. Figure 5.7 shows the material displacement field ud at
steady crawling. It is important to note that this field exhibits no jumps, since it is
extended homogeneously (hence, in this case, continuously) at the leading edge of the
cell. Also, the material displacement attains negative values in the forward portion
of the cell due to the presence of initial contractile stresses. The stress distribution
in the intermediate configuration during steady crawling is displayed in Figure 5.8.
Note that the relatively large positive stress at the leading edge balances the reaction
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Figure 5.5: Length of crawling cell [µm] versus time [s]

corresponding to the vanishing of the material displacement. The latter may be
attributed to the action of the focal adhesions that tend to firmly “anchor” the leading
edge of the cell, if only momentarily, as observed in experiments [38, 63].

The use of ALE with discontinuous elements results in a novel solution method,
whose convergence under mesh refinement cannot be asserted a priori by appealing
to classical finite element convergence results. For this reason, a numerical study of
the convergence behavior is included here. Convergence is investigated for both the
stationary and crawling cell models with the constitutive parameters and boundary
conditions as previously specified. All solution comparisons are performed at time
100[s]. Since it is not possible to determine the exact solution of this problem by
analytical means, all errors were computed relative to the numerical solution for the
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Figure 5.6: Spatial distribution of normalized protein densities in crawling cell at time
t = 600[s]

case of 1,000 elements. The L2 norm of the error in the total material displacement,

∣∣∣∣ued − uhd∣∣∣∣L2(R)
=

(∫
R

(
ued − uhd

)2
dx

) 1
2

, (5.11)

was reported in the comparisons, where ued is the material displacement solution for
nel = 1, 000, and uhd denotes solutions for coarser meshes of element size h. Figure 5.9
illustrates the results, including an overlay of the least-squares curve fit for each
case. The plots clearly demonstrate that the model of the crawling cell converges in
the total material displacement as o(h2), which is identical to the rate attained by
classical linear finite elements. In contrast, the model of the stationary cell converges
approximately as o(h1.1). This significant difference is because the stationary case
involves the approximation of a displacement field that is “maximally” discontinuous,
in the sense that a finite discontinuity is being induced in the displacement with each
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Figure 5.7: Material displacement field [µm] in crawling cell at time t = 600[s]

time increment, while the crawling case involves a continuous displacement field. The
results in Figure 5.9 indicate that the order of convergence is reduced in the presence
of strong discontinuities by nearly a full integer order of h.
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Figure 5.8: Material displacement field [µm] in crawling cell at time t = 600[s]
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Figure 5.9: Spatial convergence of the numerical method with respect to mesh density.
Results are presented for mesh cases nel ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900}.
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Chapter 6

Conclusions

This work presents several novel contributions to the study of cell motility. The
first is a theory of surface growth in continua, that couples surface growth with defor-
mation. The theory generalizes the notion of a reference configuration, since the body
includes material particles that come to existence at different times. This results in
a reference configuration that is a function of time through the time-dependent addi-
tion/removal of material particles. One important implication of this generalization is
that the displacement (and its gradient) needs to be calculated relative to placements
corresponding to different times for different parts of the body.

In the formulation of the surface growth model, an incremental formulation is
adopted, whereby a reference configuration is chosen to be sufficiently close in time
to the current configuration. Also, a decomposition of the deformation and growth
behaviours is effected to enable the analysis of both processes. The balance laws are
formulated with respect to a non-inertial frame of reference, which is used to track
the apparent motion of the body. A simple one-dimensional problem provides initial
evidence of the applicability of the theory. The example illustrates that, for certain
sets of boundary conditions, one solution involves a displacement field with layers
of discontinuities along surfaces which, at earlier times, were exterior boundaries
experiencing surface growth.

The second significant contribution is the application of the surface growth model
to the problem of modeling the motility of a fish epidermal keratocyte. The proposed
model integrates the kinematics of surface growth with the kinetics of the principal
proteins involved in the extension/detachment stages of the crawling fish epidermal
keratocyte. The novel ALE finite element method devised for this problem captures
the strong discontinuities in the displacement field and enables the accurate convec-
tion of all the density fields with the crawling motion. The numerical simulations
show that simple one-dimensional realizations may be employed to deduce and ana-
lyze apparent stationary and asymptotically steady crawling states of the cell. The
quantitative characteristics of the transition to such states from an arbitrary initial
state are controlled by biologically-induced initial stresses, viscous surface tractions,
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and surface growth rates. The method is shown to possess convergence rates un-
der mesh refinement which are consistent to those of conventional finite elements
for smooth solutions, but which are commensurately reduced for solutions in which
surface growth imparts strong discontinuities.

While the model described herein is a significant first step towards a rigorous
continuum model of a crawling cell, further work is necessary in order to attain more
biologically-relevant results. One obvious constitutive choice is to use additional
species to represent the behavior of the cell. Certainly, it is possible that a “reason-
ably” realistic model could contain tens of degrees of freedom: potentially 40 or 50
protein species, as well as a displacement for each spatial dimension. Even though
they do represent certain biological dependencies, the stress and surface traction con-
stitutive models used herein are idealizations, and improving them via comparison to
experimental data would certainly help in creating a more accurate model. Addition-
ally, while the one-dimensional model has been useful in the initial development of
the model described in the current work, more realistic results may be obtained by
considering the two-dimensional case. Of course, this will engender various complica-
tions in the numerical implementation, the primary of those being the representation
of the discontinuous displacements. While in the one-dimensional case it is assumed
that the surfaces of discontinuity always coincide with inter-element boundaries (and,
indeed, the numerical method constructs a mesh motion to guarantee that this is the
case), it is practically impossible to do so in the two-dimensional case. As such, the
finite element method would need to be re-formulated to account for elements that
can represent arbitrary intersections with discontinuous surfaces. This can be mod-
eled via the addition of new degrees of freedom to the problem, which takes various
forms, including XFEM (the necessary additional degrees of freedom are located at
the nodes of elements containing a discontinuous surface) and EFEM (the necessary
additional degrees of freedom are associated in a generalized manner with elements
containing discontinuities). Finally, the modeling of certain behaviors is desirable.
In particular, experimental observations verify the ability of a fish epidermal kera-
tocyte to change its direction of travel based on various external factors. It seems
likely that the coupling of the cell motility model with other physical processes (ther-
mal, electromagnetic), as well as the implementation of contact mechanics in the
model, could provide useful results, including potential constitutive specification of
the surface growth velocity, which would indeed be useful for modeling various -taxis
behaviors.
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Appendix A

Linearization of the Finite Element
Equations

Considering the discretized weak forms given by (4.19-4.21), with the unknowns
being the values of the fields at the nodes, the system of equations can be represented
as

R(ẑ) = 0, (A.1)

where

ẑ =

 ρ̂1

ρ̂2

û

 . (A.2)

Note that, in an attempt to keep the discussion as concise as possible, the handling
of the strong discontinuities presented in Section 4.2 will not be included in this
Appendix. However, the extension of the current discussion to include the constraints
(4.25) and the related Lagrange multipliers pi and q is a trivial exercise.

Several methods exist to solve the system of nonlinear equations R. Newton’s
method can be written as the iteration

ẑ
(k+1)
n+1 = ẑ

(k)
n+1 + ∆ẑ

(k)
n+1 (A.3)

where the superscript indicates the Newton iteration, and the subscript is the time
step. An expression to determine the increment in the solution ∆ẑ

(k)
n+1 can be derived

by calculating the linear part L
[
R; ∆ẑ

(k)
n+1

]
ẑ
(k)
n+1

of R at the point ẑ
(k)
n+1 in the direction

∆ẑ
(k)
n+1, and setting that equal to zero, which results in

L
[
R; ∆ẑ

(k)
n+1

]
ẑ
(k)
n+1

= R
(
ẑ

(k)
n+1

)
+ DẑR

(
ẑ

(k)
n+1

)
∆ẑ

(k)
n+1 = 0 (A.4)

⇒

∆ẑ
(k)
n+1 = −

[
DẑR

(
ẑ

(k)
n+1

)]−1

R
(
ẑ

(k)
n+1

)
, (A.5)
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where the operator Dẑ maps the system of equations to its Fréchet derivative with
respect to ẑ. Fréchet derivatives are discussed at length in various sources [59, 40,
42, 29]; only a few definitions will be presented here. Noting that the term

DẑR
(
ẑ

(k)
n+1

)
∆ẑ

(k)
n+1

in the previous equation is interpreted as the Fréchet differential of R, the Fréchet
derivative is defined via the Fréchet differential as

Dẑf (ẑ) ∆ẑ = Df (ẑ,∆ẑ) . (A.6)

Calculation of the Fréchet differential is effected via an expression similar to that used
to calculate directional derivatives,

Df (ẑ,∆ẑ) =

[
d

dε
f (ẑ + ε∆ẑ)

]
ε=0

. (A.7)

To provide a concrete expression for the Fréchet derivatives in the current case, con-
sider the system of equations

R =

 f1

f2

g

 . (A.8)

Then, the Fréchet derivative of the system of equations can be represented as the
block matrix

DẑR =

 Dρ̂1
f1 Dρ̂2

f1 Dûf1

Dρ̂1
f2 Dρ̂2

f2 Dûf2

Dρ̂1
g Dρ̂2

g Dûg

 . (A.9)

Next, the Fréchet derivatives for the balance of mass, with respect to both the
nodal densities and the nodal displacements, are required. First, note that use of
the time integrators as specified in (4.6) and (4.7) results in algorithmic Fréchet
derivatives of the rates with respect to ρ̂i and û as

Dρ̂j,n+1
ˆ̇ρi,n+1 = δij

1

α∆tn
, (A.10)

and

Dûn+1v̂n+1 =
γ

β∆tn
, (A.11)

Dûn+1 ân+1 =
1

β∆t2n
, (A.12)

respectively, for the case α 6= 0 and β 6= 0. The Kronecker delta symbol δij has the
usual definition:

δij =

{
1, i = j
0, i 6= j

.
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Note that the following presentation will drop most of the notation relating to the
nonlinear iterations and the time step, in the interest of conciseness. Then, the
Fréchet derivative of the balance of mass for species i with respect to the nodal
values of density for species j is

Dρ̂j fi =

∫
Ωe

N̄T N̄δij
1

α∆t
dv

−
∫

Ωe
kijN̄

T N̄ dv

+

∫
Ωe
Dkλ̄

T
λ̄δij dv

−
∫
∂Ωe

Dk

(
nT λ̄δij

)
da.

(A.13)

In order to elucidate certain nuances of the calculation of the Fréchet derivatives, the
expression for the derivative of mass balance with respect to the nodal displacements
will be written out in detail. Given the representation of the integral of the discrete
weighted residual of mass balance over an element as

fi =

∫
Ωe

Iv dv +

∫
∂Ωe

Is ñ da, (A.14)

where the volume and surface integrands Iv and Is are given in (4.19) and (4.20) as

Iv = N̄T N̄ ˙̂ρi + N̄T N̄ρ̂i∆v̂d − N̄TkijN̄ρ̂j − λ̄
T
mi (A.15)

and
Is = N̄TmT

i , (A.16)

respectively. Considering first the volume integral, the Fréchet differential can be
written as

D

(∫
Ωe

Iv dv

)
(û,∆û) , =

∫
Ωe

DIv (û,∆û) dv +

∫
Ωe

Iv D (dv) (û,∆û) , (A.17)

where the second term in (A.17) represents the variation of the domain of integration
due to the variation in the nodal displacements. In order to calculate the second term
above, consider evaluation of the whole expression on the reference configuration, as

D

(∫
Ωe

Iv dv

)
(û,∆û) = D

(∫
Ωeo

Iv (J dV )

)
(û,∆û) ,

=

∫
Ωeo

(DIv (û,∆û) J + Iv DJ (û,∆û)) dV,

=

∫
Ωe

(
DIv (û,∆û) + Iv (DJ (û,∆û)) J−1

)
dv,

(A.18)
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At this point, it becomes clear that

D dv (û,∆û) = DJ (û,∆û) J−1dv. (A.19)

In order to evaluate the previous expression, calculation of the Fréchet differential of
J is necessary. It can be shown that

DJ (û,∆û) = ∆ (∆û) J, (A.20)

and thus that
D dv (û,∆û) = ∆ (∆û) dv, (A.21)

where ∆ is as defined in (4.16). Finally, the Fréchet differential of the complete
integral expression is

D

(∫
Ωe

Iv dv

)
(û,∆û) =

∫
Ωe

(DIv (û,∆û) + Iv ∆ (∆û)) dv, (A.22)

It is noted that, of the two terms on the left hand side in each of (4.1)1,2, the (ρi div vd)
term is the only one that is (algorithmically) a function of the nodal displacements.
As such, it is trivial to rewrite (A.22) as

D

(∫
Ωe

Iv dv

)
(û,∆û) =

∫
Ωe

N̄TD
((

N̄ρ̂i
)

(∆v̂d)
)

(û,∆û) dv +

∫
Ωe

Iv ∆ (∆û) dv,

=

∫
Ωe

N̄T
(
N̄ρ̂i

)
∆

(
γ

β∆t
∆û

)
dv +

∫
Ωe

Iv ∆ (∆û) dv,

(A.23)

which results in a Fréchet derivative for the volume integral of

Dû

(∫
Ωe

Iv dv

)
=

∫
Ωe

N̄T
(
N̄ρ̂i

)
∆

(
γ

β∆t

)
dv +

∫
Ωe

Iv ∆ dv, (A.24)

It is noted that the matrix structure in each term of the resulting Fréchet derivative
results from the matrix multiplications N̄T∆ or, in the case of the diffusive term,

λ̄
T
∆.
A similar process can be used to calculate the derivatives of the surface integrals.

If the Fréchet differential of the surface integral is considered as

D

(∫
∂Ωe

Is ñ da

)
(û,∆û) =

∫
∂Ωe

DIs (û,∆û) ñ da+

∫
∂Ωe

Is D (ñ da) (û,∆û) ,

(A.25)
then it is clear that

D (ñ da) (u,∆u) = DJ (u,∆u) J−1ñ da+ DF−T (u,∆u) FT ñ da. (A.26)
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The first term on the right hand side of the previous expression was solved above,
and will not be repeated. Given that DIs (u,∆u) = 0, the Fréchet derivative of the
surface integral term is

Dû

(∫
∂Ωe

Is da

)
(û,∆û) =

∫
∂Ωe

Is ∆ da+

∫
∂Ωe

Is FGrad,n da, (A.27)

where the matrix FGrad,n is defined via

− F−T (Grad ∆u)T ñ
.
= FGrad,n∆û. (A.28)

Next, the linearization of the balance of linear momentum is presented. It should
be noted that the linearization presented here will be a bit more complex than that
required for a typical solid mechanics problem, owing to the dependence of many
of the terms on various species in the problem; however, some simplifications arise
out of the choices of constitutive relations. Proceeding, the Fréchet derivative of the
balance of linear momentum with respect to density j is

Dρ̂jg =

∫
Ωe

NT
(
N ˙̂v
)

N̄δ1j dv

+

∫
Ωe

BT

(
∂T

∂ρ̂j
δ1j +

∂T

∂ρ̂j
δ2j

)
dv

−
∫
∂Ωe

NT (ηoNv̂) N̄δ2j dv.

(A.29)

Finally, the linearization of the balance of linear momentum with respect to the
displacements is presented. If the spatially exact Fréchet differential is

D g(u,∆u) =

∫
Ωe

ξ · ρ
(

1

β∆t2
∆u

)
dv

+

∫
Ωe

∂ξ

∂x
· ∂ (∆u)

∂x
T dv

+

∫
Ωe

FT ∂ξ

∂x
F · 2 ∂S

∂C
FT

(
∂ (∆u)

∂x

)(SYM)

F
1

J
dv,

−
∫
∂Ωe

ξ ·
(
η̄oρ1

γ

β∆t
∆u

)
da,

(A.30)

and it is noted that various continuum terms can be represented in matrix/nodal
forms as

∂ (∆u)

∂x
T

.
= TKINB∆û,

FT ∂ξ̂

∂x
F
.
= FMAT,1Bξ̂,

FT

(
∂ (∆û)

∂x

)T
F
.
= FMAT,2B∆û,

(A.31)
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then the Fréchet derivative is given by

Dûg =

∫
Ωe

NT
(
N̄ρ̂1

)( 1

β∆t2
N

)
dv

+

∫
Ωe

BTTKINB dv

+

∫
Ωe

BT
(
FMAT,1

)T [ ∂S

∂C

] (
FMAT,1 + FMAT,2

)
B

1

J
dv

−
∫
∂Ωe

NTηo
(
N̄ρ̂1

) γ

β∆t
N da,

(A.32)

where

[
∂S

∂C

]
is the matrix form of the fourth order tensor

∂S

∂C
, using the mapping

described in [66].
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